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Abstract 

Thf' order GFm~ dectIo-\\'f'ak corrections to the <ken)' t -+ blrt- i\ll' caleu­
latC'd, arising f'sbC'lltially fIOm virtual radiation of tllP Higg~; hO",Oll For lal.!!.<' 
mt th('s(' represent the cloll1illant ('fff'd, '3('rving tt) shift tlH' top bfd11lH' fl(HII its 

tree k\'d vahlC'. In practirc, fOl mt < 240CL1' th('~(' COllectIons lin' tYl'i(ally 

0.1 %. A comparisoll v,'ith rt'cent ralculat\olls of the compkt<, <'il'ctro-\\'cak and 
strong C'ffcds is made. 

Sc\'crai cOllltibutions tn the branching ratio for thC' indusin' (Ir'cay Y -+ 

J /-:/.'X arc cak1l1atcd u:-.Îng pertUlbative Q.C.D. ta 10\\,(' ... t oIdl'l in tIlt' rd­
ativf' q11ark mOIllentHm and the strong cOllpling n". In H(IditlOH to tl\1' di­

rect tlilll'~iti()n, (keay to J /1./.' thlOugh tll<' states ~,f and \ 1 i~ ah,o ("oll:-,id('II'cl 
The following IC':-'\1ltS are obtaillf'd: Br(Y -+ ~,fX) ::::- (O,2G ± 0.13) ..: lO-'~. 

Br(Y -+ \ 1 X) S O.li x 10-3, and Br( l -) J / ,;,X) = (0,·1·1-1. 0 1G) 'y 10 -'1. TIlt' 
latte'!' tOny jll:-.t he COll<;j"teIlt with the ('Xl)('lim"Il1itll('~.;ult (1 1.1:0,1 ln 2) '0( 10- 1 

\\'h(,l'e the tirst ('1101' is stati~ticnl and th(' ~('c()nd ... y~II'lIl;lIic. 
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Résumé 

Les correctiolls é-lectro-fnibles à la désintégration t -+ bH'+ sont ca1cnlées à 
l'ordre' Gf.'m;, rés1\ltant cs!'>cnti{'llf'mcnt de la radiation virtuellc d'11n boson de 
Bigp;..,. POlir d{'~ val('urf, d(' ml a..,..,('z largf's, \ Plies-ci r('t>ré:;;cnt{,Ilt l'dfd dominant 
!-><'IVHllt il d("pla('('r la (ll>llli-vi(' du quark f de sa vnleur au niv(,l111 arbOl<,sçant. 

Eu practicl'lC', pom 7111 ::; 240 G( l' Cl'S corrections sont de l'ordre d<' 0.1 CJo. Ccci 
('f-,t COIlIj)lllC~ (lWC d('~ l(~~t1ltat~ récf'uts qui couf,idi'rent les effets électro-faihlcs 

l't fOl ts. 
Pbl~i(,llfl's ('ontril)1!ti()n~ au rapport de branchcIllpnt pour la dt~:,intégrntion 

i -1> J /1/'X c,nnt calc1l1é(>s en utilisant la chrolllo(lynmni(plf' qllantique p<'l tur-
1mbve a1l plu~ bas ordrc daIts la quantité de moun'lllent l'l,latin' du q1lark et 
dans la ('on::, tant (' dl' couplagf' forte (l ~. En plu,> de la t rall'>i t ion dil {'ete. les 
<h~:-,illh~~,ratiolls it travcrs <k5 états ~,I et \ 1 sont au~si cakulpes. Les IPf,tIltats 
suiV,1lltssont obtt'll11S: RB(Y -+ ~,'X) = (O.2ü±O.13) y lU- 3, RB(Y ~ \l X ) S 
n.li x lO-J, et Rfl(Y -+ J/I:'X) = (0.44 ± 0.15) x 10-3

. Cc' <krnipr potlrrait 

t'tIf' (,ollsi"tll1lt avpc la vnlf'\!f expf.riml'Iltalc de (1.1 ± 004 J: 0.2) x 10-3 où la 
Pl'('IlIi;'!,' ('1rCI!! est ~tlttistiquc et la df'llXième f,:y!->t(~rnatique. 
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AckIlOwlt'<Ip;<'IllCllt s 

~1()-.t of \Viwt 1 If'arll<,d in graduatt' ~('h()()1 C,\Ill(' f!<lIll oth('1 J)('oplt' 1 \\\ll\ld 

hk(' to élckwnv!edp,f' that (,l\ch of tilt' fOIl0\\1l1,C, !lcr"OIl" hd" ,!t\)WI1 111(' ,1 111'\\ 

type of prohlcm or a ll('W typf' of "olntHlIl' DI f3 ~li1r,c;()h". I!O\\',lld TII,ttl.'I. 

David Atwood, Cliff n\lrp;('~". Gt'rry nohilNm. Hilil ~ LIIII. D()Ill~ St ;111 ". CI\I'II f 
Hamzoui. Flilll('oi" Ikp.,m. Enc' TIJ('I11.'Il Pll'llt' St Bd;IIIt" H,df Blllllll11ll!,. 

Russ Letkf'IlH'fl. I\hVlta ~Illrty. I\{'Il ~ld.('all, :\'Oll!('drllIlt' Halll!>l!. .11\il1I Galll',I!,(). 
PiC'uc '-alill. JCilll-FullH'IO" :\lalo111I1. hall ~1a1 ~~ llJllk. A 1.111 (';111<" 1\11 Sal\l1. 
Sandy Ullltl'na. nt'J<,an GilaId. Pa nI Sltar<.kl. Scott IL\!~all. Jlll])!'lt J).',!.!,1I1".'. 

Chark~ Ho()r.?;f'. L\llrd SlIldair. n()hl'lto :\l.'IIr!I'1. AI!I'1l -\lIt!I'I>,I'll. .}"I11<':-O -\11 
glill. Dm'HI GdklIl"on. Catlllla Chat 11'~'\\()! th. Dao :\gll~ ('Il ~lal' 111 l'Ill! 'P", S('tlll 
Punch. HaclwI1l1 Uf>llll(Jt1Ill. F:ric H:--'Itt. :\'ollIt'ddilj(' ~1.,l)H1k1. :\1.1111 LI'l'.,:1l11t. 

naylllo!ld :\adc',lll GC'olge T"I!)()!ttl". , 

1 \\(Hlld Id-.. (' to t b,ml-.. Da\ id GdLlIl"()1l j()I ~\le,t!,l'..,t IIlt!, t Il,,t J P<'I fi Il 111 .111 

('1101 élllillY~·I:-O. a!ld ,111.\11 fOl il i!,<'W'I01I" "'llp)lly of <'i!.!,;IlI,tt(,.., witllollt \\ hl..!1 tlli', 

tIW:-OI~ cOllld Ilot hm!' 1)('('11 \\'lltt('1l l a!"'(l Ih,lIll: :\o\llt'ddllw fOI a""I..,tlll!.!, Ill!' 

III {Jll'pmillp, the 11).;111<''', Lyll(1a fOl 11<'lp with thl' Ltlw}.." .111"11 <I).;illlI fOI t""k.., 
to 1l1111H'lOU'i too lll<'!ltÎOI1. alld Pa111 fOl kC<'!)l!l,l!, Ill!' ..,~"tl'Ill ).;0111).; Hlld 11I~ lill':-O 

lutaet d('~pil<' il "ll~,pH'lO\l"'!Y Lll,!.!,\' !lIlIJllH'l of !>()\\ï 1 ["lInl<'''', 

~I()stly l wOllld hke tn :-ony tLat 1 [(,und ::"1('(;111 il \\'ollt!('lf1l1 ('11\ llOlllllt'ld III 

which to ~t lldy (,nd Ip<lfll alld do phy~i('''', 
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StatC!lWllt of Ori.e;illahty 

Tlll~ 11H'..,1" j" dl\'lr!f·d juto two part..,. III tht' fir~t part 1 b(\\,· IlWI1lCkd éI 

If'VÎf'\\' of tll(' ('\'ld('IH'(' f()r tll(' {''XI''t,'ncf' of tll(' top ql1illk \\"Itb tIlt' ('x"{'ptIOll 

of il dl-'{'ll~"'l()11 Oll tilt' "xtlacflOlJ of the b qllaIl" t()tit! w{'ilk I-,O-"jllIl flom an 
ilIUdy"j-, of t II!' dU11 e;('r! {'lIn('llt "()l1pllIlg Illilt llX, t Il(' llldkll:t! of 1 Ill" ... {·(·tIOll bd'" 

IW('1I ohlall!!'.! fl()lIl tlw ('XI"tlll,!!; htf'Iatllr(' TIl<' If IIll1dllt of tlw n: ... ! pdlt 1 ... 

{'{1I1{'( IIWc! \\1111 (('Italll l'I,·(tre) \\(';tk f()II('('II(I!l-- tCl tlll' top d'·'d:. \\HltL Tllj"'l" 

01 1 !.!,Il,;t1 l'· ... '·d!(!J ;tllt! IJ,I" ]W"II p t lhll"lH'd 1Il PL~,lC"" I.f'tt{·I" 2.')(iB .-):33 11G~1) 
TIl!' id('a tn "tll.j~ tlll" IlIflhl, III \\<1." Illy 0\\ Il. ;ll1d tlj/' l'ilk11].lIll)ll \\il." II1I\I,dl: 

1){'[f()lIllI'd ]):- lIly'-.(·lf \ty ('()llitbuzi\tol II''\\dld T1<.lflf'1 1I1I.! IJI: il{hl"'()1 Dr. 
B \1'tI!!,oll'-. t1\(,11 f()ll!ld ""\'{'Iill ('1101 ... III Ill: (ail 1lJ.t111l11. <lllcl tlll'1l1!.!.b 111,IIlY 

dl ... (·lI ...... !OII ... \\{' an 1\' d ilt th!' h,· ... t (boll'(' ,If l, 111lrII1,dl/;!f]'lll ... , h, IW' [01 tlll'" 

]l;tlti(11];I! jlTuhkm 

The ""·'·Olle! pitlt of tl!f' tb('~J". dJ(' illJal~. "'1'. of llw Illf 111,,1\1' .1,/1 \\Idtll (Jf 

tlH' T 1I1 ]l"ltll1lodtl\(' Q ('D, al,,() ('()lI~tltllt('" OIII!)lldll('" ;111'11 r ;Illl III tl\(' 

PI(H·'·"" (If Plf'P;llllll!; II f()l pll].ll< atlO11. Il '~I ,h 1 Ill', .... ')1Il<' (If tll!' (PI'· ... tl{)ll', th;tl 

alf' IIwllflOlWd 1I1"PIt- nif' d!'( l"IOll tu è-tllc!y thl" l'il! t1l1J!"r ]lI ()],klll \\ d" IJlIIII', 

thOllp,]]lt \\d" l\1!()\\ï1 tn Loth H()\\',tId TwttWI i\lld Dr ),1:trc,o!Jè- that du .... \\olt1d 

]11' <III 1II t (.\! "tlll!.!, tl!l)ll!!.lt p()!I'l1tlillly t(·dlOl\'" l'11I),Jc.ll\ Al! of tJw '·;tklI1,tfll'lJ'-. 

pl('~"ll!l'd III thl'" "(', flOIl W('1(' jWlf'>lIllCd by lll:"df TIlt' Illf'lllOd ()f (l'lIljllltlll/2, 

loop 11 JI (·!.!;l al ... th1lt llit\(' "'llll',lllalltW'> rf'I;llt'd t,. ,.1)"()j]lt.,(. (nt" \\-il'- Illl!.!,1I1illly 

d,·\,·I()]lf'd hy II TltlttWI <111(1 il ~Lugf)h" \1y ('0 li 1 1 d)\\Il<'II'" to rllh IlJI tllOd ;11<' 

11 !'Ilt('IIOll f'l! 1'l!()f)"lllt?; Ill(' l(Jlltjll~ of tilt' IC)()jl III()llwllta '-111'11 thdl tll!' !lllllllH'1 

(lf "1]t li "lllgIlLlIltl l '" 1 .... IllllJlllli/,·(1. aIld 11 llIf'tl!od fOI t!,'t"11l11IlllJl2, lllt' 1l11l1111111111 

111111\])('1 of F"~l1lllitl! dlill!,11lllh tllilt 11111"t lw <lIld('(l tn O!.tdlll all Illflit-It·d TIlllt(· 

1'· ... 11It It W;I~ ill Dl \lll1g()!t,' '-lIg,!!,f' ... tIOI1 that l llwl"1 t()()J.. II ... "tlld~ of tlH' 

illdll"ct pl ()c!t\I·tiOll (lf .fIL'\. 



1 

Contents 

1 Preface 

1 Top Decay 

2 [lItroduction 
2 1 TIl(' St<mdm cl ~l()dcl 
22 
23 

2.4 

Tlwofdlcéll "EvidC'llC(," fOl the Top 
E\'1<!('!1C(' fOi t IH' Top fwm b Quark AllalY-'l'o . 
231 Dct('llIlllllllP; That II Jlltn1u·j.., witl! U" 
232 Dd('llllllllllg; tll<' h· .... \\""ak I"o· .... PIll (;t'I\('I al 
2 3.3 T~ yaIw· .... of tIlt' Il ;\(,1\lral ('111'1('111 :\lIaly .... i .... 
23-1 T \·dh\(' .... of tlw II ('hal~(·d ('tllll'lIt Allaly .... i~ 
('on .... tl aiIlb ()Il 1/1 t III t hl' St 1tllrLI! d :-loc!('1 
2.4 1 LO\\tT I3011lld OH III, 

2.4 2 Cppf'f I301111d OH 1//, 

Indill'C't E\'ldi'!l( (' fOI tllC' Ilip;p;~ 1!O .... oll 

2.5 1 LU\"('l I30t11lc! OH t 1)(' Hi~~' ~las~ 
252 St'll .... lti\·lty of I\ildliltl\'(' COI'n'cti()ll~ tn tllf' Hip;p;~ 

3 Electro-weak Corrections to the Top Deca~, 
3 1 ~loti\'ation ..... 
3.2 Th!:' RPIlOI mali/f'd Lai!,ll1llgwll . 

3 2 1 S-mntrix, Gl(,f'II~ ftlllct ion,,> 
3 2.2 \Va\'(' Fll:l('tÎOIl I\('1l0rmalilntlOn 
3 23 FOI'Ill\11af' fOl tll(' Fwld Hf'.;;ralillgr.; . 

32.4 Effect" of ""av(' FUllctioll Rf'HOIIll,di/ation 
3 2.5 Tll(' RClloI'lIlaIiZf'd Lagr ;lIlgian 

33 ('olllpari'-ooll with n"+ --+ (+// 

3.3.1 \Vhy \\'(' COlllj)(lr(' to lr+ --+ l + /' 
3 3.2 SUll1lll,.ry of HClllllll1ah/atio'l SdwIIH' 

3.4 The FOI Il1111a . . . . . . . . . . . . . . . 

1 

4 

5 

fi 
G 
7 
o 

10 
12 
13 
1G 
18 
18 
lR 
23 
23 
21 

27 
2ï 
30 
30 
31 
32 
:3G 
38 
3~ 

39 
40 
42 

.. 



1 

1 
3.4.1 
3.4 2 

343 
344 
3 -1 ;j 

:\latI ix Ekm('nt and \'(,ftex Fllnrtion . 
Dt'('ay Rate and Spedrllm 

r;O) alHl tliC' Eqllivalence Tl!pof('m 
Yf'lt(·x F1\!lt,tl<m ln Fir..,t OnlPr 

Dt·\ léI t 1011" fI (JIll Tl C'(, Lt'Vf'l 
3;j F('ylllrJ:1Il Diagram,> 

3 !j 1 L(·adllll!; TIl 1 Dt'pendC'llce 
3;) 2 Ft'ylllllan RlIk.., 
3 ;) 3 Self Ewr!!,y Dlagl éill1~ 
3.5.4 ('c!lnplltallOll of ZtL. ZbL 

35.5 \'t'Y tex Corre,flOU Diap;! am" 
3 G R('~\llh 

3.6.1 Cntoff III<!('p('lldt'n('(' ... 
362 TIl(' Flllal RC'>1l1t . 
3 G 3 ('Olllj>;IlI·,Oll \Vlth Otllt'f \York . 

3. ï AplH'udlX. Effects of Llk('·Charge Quark :\fixing 

II Y Decay 

4 Introduction 
4 1 TIH' Dpeny Y --+ J N'X . ......... . 
4:2 Dc'cayt-> Cont 111>lltrng ta the Inclusi"e Rate 

·1.2.1 Dirt'ct D('('ny~ tn J /1.' 
4.22 Indu('ct Dp(,Ry'> tn J /Ii' 
42.3 SlllllllJary ....... . 

43 :\fahix E!PllH'llt5 of \\'('ahly DOllnd States 
4,3.1 ;.;'ormal Ff'yllmnn Rul('f, ... 
4 3.2 
4 3.3 
43,4 

:\f(>~OIl ,,'av!' Fllnctions ... , 

S-~fntrix and Tl~n"ltl()n Rate 
ColOl Rlllc~ . . . ... 

·1.4 ImplICatlolls of the C-Pallty SylllllH'try 
4.4.1 :\1(,~Oll C Pariti('~ ..... . 

4.4.2 
4.4.3 

Impli(''ltioll'' for Fe~ nman Diagram Con<,truction 
Implication" O!l Eqllnlity of Feynman Diagnul1s 

5 Y -----+ J /~/'gfJ 
5.1 Decny Rat<· alld Spcctrum ......... . 
5.2 !\1l111C'ri('nl E\'al11atioll of Hclicity Amplitudes 
5.3 Plln'ly St long Part . . . . . . , 

5 3.1 Feyulllan Dingt ams. . , . . . . . . 
5 3.~ Inf) arC'd Rnd tTltraviolet Fiuit('IleSS 
5 3.3 R('du!'! ion to Four Prapagators 

.) 4 ElcctlOlllagllt'tic Part ........... . 

2 

42 
43 

44 
4; 
:10 
.? o_ 
52 
53 
53 
55 
56 
58 
58 
58 
62 
64 

66 

67 
67 
GD 
6D 
71 
73 
74 
74 
74 
75 
7G 
76 
7ï 
77 
78 

79 
79 
82 
85 
85 
93 
96 

100 



• 

J 

::> 4.1 Feyllman Dla~tallls 

542 Rdall\'(' SlIt' (lf St ron~ alld EIl'ct[(ln1a~l1t'tlc P,\rh 
;j -13 Rdatl\l' Pha",' of Stt/lll,C; and EI(,ctI()Ilj;\~lll'til' P.uh 
RI'~It!h 

Appl'llrln.: E\all1atl!l1l of FOIlI PWPol)!;oItot Illtt'l',Iill" 

:) G 1 "Sl!ll',l1lallt 1f',," III t Il!' P.II ilmt'll'[ Illtt'1~1 al" 

:) G 2 Ot Il!,lll of IlIld~IIloIry Pdl h III FI'~ 1ll1l:1ll DI " !!,I il II 1" 

5 G 3 FOrIll1J!i\(' fot tll(' F{)ll! Pl ()pil).!,atol Illtq!,ral 

.J.GA l'llrt hl'[ SIll(,1Jlal Itl('" III IllI' "x" aile! "y" IIII!,)";1 al~ 

6 Y ---+ .J / If fl'J Y 9 
G.1 D('ray Ratf', Helletl:> .\lllplit1l<ks 

fi 1 1 D('cay Hatf' 

G 1 2 ;-;Ulllf·ll.':t1 C'OlllPIl!;ttioll (lf Ht'l1rÎty .\lIlpltt1ll1 .. s 

G 2 Ft':111ll<1I1 Dld~l a Ill" 

G.3 Rf'''111b 
G 4 E"till1atc of Hl'latl\(' SIl!' of JYI/ and ./1/1199 Dt'('ay" 
fi;) ApJ)('Il ,lIx ~rllltl- I30rly Pb;,,,t' Spact' 

7 Y --- \ 1 Y!Jg 
ï.1 F('~l1lllatl Rl1ll'''' f',r 'Pl StaIl'" 
ï.:2 Har\tonic \\ïdth (jf tll!' \1 
ï 3 DeCHy Rat(' 
ïA F('~ lllllal! DIIIgtalll" 
ï,j R('''nlt s 

8 Summary 
8.1 Dited Y -+ J Il.'X Dccay \\ïdth 
8.2 f( Y --t v' X) 
83 Final R('''lllt" 
8 4 C Otll1ll('ll h 

A Color Identities 
A,l ~ dl -= ·10/3 

B Appendix: Bound State \Vave FlIllctiollS 
13 1 );OllllitlilittlO!l 

il 2 C'o\'dfiali t \ \"<1\ (' FUlle! ion 
13 3 \·('ctot 13()1JJld Stat('~ , . , 
nA A .. ,ial \ '('ct 1 Il I30l! ne! St at('s , 

13.5 \Ya\'(' F1llld 1011" at t 1\1' 01 igm 

3 

WU 
Ill:) 

lOt 
1O~) 

10:-: 
1O~ 

111 
113 
Il ;) 

120 
121l 
1:!() 
121 
ln 
12{i 
12(j 
12S 

I;H 
1 :S 1 
1 :lï 
1 :~s 
1 :j!} 
HO 

114 
144 
1·1 G 
1·1 () 
1·1 ï 

148 
14S 

150 
1;)0 

1::'2 

l;jG 
1 G(; 



1 

Chapter 1 

Preface 

TIll" tlll':-I" ri!'..,! rilH'''' th(' li':-l1lt~ of two CS"I'lltially \1llrdatf'd :-.tlldif's in ",ulllclard 
l1lod(·1 pl li'llilJ llI'Ilol(lgy. 

III tlli' fir .... ! »;I/t. thi' older GJ.7//; COI1<'I'tIOll:-' tn thl' top hff'tinl<' HIC' CHI­

"111,,1<'(1. Wllldi Hl(' (· ........ r·tltlillly dll!' to the \Jrtl1al IadltltlOIl of Ilw J-1I.l!,,g:-, lHl"on 
Tf) Jllotn,lll' tlw J('adt'J il:- tn tl1l' 1l"'(.[1l1rH''':- of thi" (',('J( 1"1'. l 11<1\1' illl'!\I(kd III 

tll<' fil .... t (!t',!>!!'1 il IIlIIll-J('\ 1('\\ on \\hy Wf' ])('11(·\,(, tlw top (·XI',t". \\hat l)(>1llld~ 

\\ (' ,',111 JIll! (II' II', 111;\"" JlI t lw :-! Hlld;II d Ill( HIeI. and wha! (',11l he' .... étld "hmlt 
tll!' Ifl!!,!!," III t 1\1' "t,lllddlrllll()d(·1 01\1 Ill,!!, tl\l' (b"('11'."l{)ll l ;d,,() ('(>1llJlll'llt 011 tIlt' 

1I11).!,11l of C; 1 III; dl',·( t .... 'Il ).',(·lWI,t! .llld tht' ""t'1l1illi!; \'J(,1;1l1(11I (If tlj(' d(·'·()llJlI111,!!. 

tlw()J('m flw 1[('\\ lt '-('alf b 1" "('Iltallll'd III tlle -'('('(Hld dlapkl \}f par t 1. and 1" 

t'''H'lltlétlly ,,(,Ir t'(ll\tdllll'd 

III tlw "1', ()llr! pdl t tlH' Illt'lll..,I\C.J Il,' \\1<1t1l of tllf' Y 1" ""leulatcd Il''IIH!, p('r­
IllIll,1I1\(' q (' n (llu l.l~I1()Jilll\·(·()f tIlt' llJ(",OI1 \\;\\'(' fU1l1 tWIl" 1 .... CJI('ll111\('llICd by 
\l'ili klI1.l!, t() Im\(,,,t 01 dt J 111 tllt' 1t'lati\l' q11aJk lllfJllll'llta IlIl('!!,ldl to tlll" appJoi!cl! 
1" th., iI .... "lllllptl(ll1 tbat thl' Y ;I\ld .1/1.' ,IJ(' II(lll Iditt]\-]'-tl( ,,~,le1ll" TIll" po..,­

tlllélk lw" 1)('('IJ .·xtl'll .... I\(·!y dl'" li" ,(,,1 III Ill<' lIt('l ,lt1\)(' FllItIIl'I, Ihl" Caklll.!llOll 

"dlt'II\(' ()J Igl11Htt'" lll .... toilcally III t!J( ,tudy uf l'0"IIIOllll1111 bke ":,,tf'!Il:-', WlllCh 

lllay 1)(' f01l1l 1111 lllillly :-talldé\r<l textl)()ok" F(\I th('..,(, l('a"OIl". and tlw faet that 
l\:-, It .... t;lIld:... the IH(' .... I·lltall()Il of the céllcl1latlOn i:-, alr('ady :-olllt~what lonp;. only 
il \t'I: hJwf dl'" ll-·"I()ll of the' IIl"tor!cHl COlllt'xt of tl\l' ~t\lcly i:... prc"l'Ilu'd in the 

,,('colld pdi t 

4 
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Part 1 
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Chapter 2 

Introd uction 

2.] The Standard Model 

The stalldard lllodel[I, 2] of high energy physics is a Yang-Mills[3] theory based 
ou the group SU(3)c x SU(2) x U(l)y. The fermions faH into three families, 
ca.cl! containing 15 hyp('r-rhargcd fields, which transform in the following repre­
s('utatioIlS of SU(3)c x 5U(2): a (3,2) and a (1,2) of left-handed fields, and two 
(3,I)'s and Il (1,1) (lfright-handcd fields. The SU(3) triplPts arc called quarks, 
t Il(' sillp,ld s lf'ptons. 

It a}"o contaiIlS f'xactly one SU(2) doublet of color singlet, hyper-charged 
~('alars (which makes four rcal fields). These arc a~hum{'d to possess (renor­
Illalizahle) I1011-1ilwar sdf-interactions su eh that the grouud state of the theory 
prefers a nOll-zero vacuum expectation value (v.e.v.) for the scalar field. This 
fo>imultanc>ollsly S('l ves two purposes: 

1. Thl f'(' of four gn1\gf' howns of the e}ectro-wcak sector acquire mass via the 
llip;gsH] IlH'chanism. 

2. t-.lass t('rlllfo> for the fermions may be gcnerated. The lcft- and right-handed 
parts of the ferlllion fields trnr.sform differcntly under SU(2), preventing 
any Dirac ma.ss tcrms for thern. Sincc they are (hyper- ) chargcd , Majorana 
IllIl!>S terms are abo <'xcluded. But a couplillg between a left handed and a 
l'ight handed fipld and a scalar doublet is fully lorcntz and gauge invariant, 
and l}('('()mc~ a Dirac mass term it the scalélr acquires a v.e.v. 

A~ Il m:mlt of the scnlar sector performing thcsc two f\lndions, the sp('ctrum of 
phYf.irnl !'>t.ates of the ~tandard model cnds up containing exactly one, neutral, 
spin-O fi('ld which ouples to ('very partide in the mode! (fermion, gauge boson, 
('\'(,11 tlH' lI!!!,g,s itsdf) in proportioIl to the particlc's mass. 

Th(' standard modd has bcen tcstcd cxtcn~ivcly and sccms ta be able to 
aCcOll\lt fnr fi wid(' variety of phcllomena via the tuning of its 15 or so frec pa-
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rameters (particle masses, mixing angl<,s, couplillg coust ants, ('tc.). Howt'wr, 
two of the ff'rmions in the mod<,l, the top quark and lH'ut rinn of th<, t hinl gt'll­
eration have yet to be observed directly, though thcrc is nl\leh indin'd evid(lll<'€' 
for both. Furtll<'r, t 11cre is eS~(,llt ially no evidellc(', dired 01 IIldil pd for t h(' 
cxistf'!lCC of the singlf' scalar boson dl:-.cuss€'d a boY(' 

(The l)('~ t indiI cet cvidc'ncp fol' t h(' third gelH'rat ion m'ut 1 illn cOl1sist s of the 
LEP Z-width llwa~\1lc'ment.) 

2.2 Theoretical "Evidence" for the Top 

We wish to gcncrate the standard modpl by gauging a global SU(3)r x SU(2) x 
U(l)y symmdry. Howe\'('r, it hans out the global U( l)y sylllllldry is brokc'l1 by 
quantum mcchanical corrections. A gallgc theory ba:-.cd on a bl'Ok('11 symmdry is 
mathematically incoll~istent, it is nOI1-r<'I101 malizahlc and possihly llH'allingkss 
Thus this global ~ymmctry must l'>olIwhow he In,tiIltaiIlI'd if W(' Hll' to lH'li('v(' 
the standaz cl l1lodcÎ [6]. 

The simple},t way to sec tlwt the D(1)y syllllll<'hy i::; brokt'Il i:-. to Ilot(' that 
its associatcd nod h('r cmrent il'> not cOHl'>crv(l(l. Pidorially, t 11(' l()w(·~t o1'<lcr 
fcynman dingram call~ing the C'ffcct is gi\,(,Il in figUH' 2 1 (higlH'I 01 dt·!" diap,ralll ... 
do not <.hangC' thc l'>ituation [5]) wherC' ('aeh wavy lilH' rq){(':-'('nts tIlt' (,\I1T('l\t 
associ~tted wi t h a bymn1<'try. The contribution of t his dwgram to t h(' diwl'1.!,('Jj(·(' 
of the D(1 h noether C11lTrIlt is gi\'cn hy: 

where "}"" is the U(1), hypercharge couplillg matrix, and Tl, T2 are the coupling 
mat.rices of the other cunents Thcre ale four possihilities for the two other 
currcnts that rcsult in problems: 

• {eurrent 1, Clll'rcnt 2} = {SU(3) CUl'lCllt, SC(3) C1lrH'nt} 

• {current 1, Clll'rent 2} = {SU(2) cUrlrnt, SU(2) eurrellt} 

• {current 1, CUITent 2} = {U(l) currellt, U(l) clll'rent} 

• {current 1, C11rrent 2} = {lo[('ntz CUl'f('I1t, lor(,lltz C1\lTcUt} 

If wc allow cach of the f('rmiolls from olle g('fl(lration to cirClllatc' tbrough the' 
loop, the anomalous divcrgcncC'<; in tll<' hYP(,l charge nu rrJ\t an' proportion al to: 

A(Y33) 

A(Y22) 

A(Yll) 

A(Y LL) 

2YQ + Yuc + Ydc 

3YQ + YL 

6Y~ + 3Y;c + 3Yic + 2Yl + Ye~ 
6YQ + 3Yuc + 3Ydc + 2YL + Yec 
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Y,2,3,L 

Flgllr<> 2.1: Diagrnm leading to anomalous non-conservat.ion of hypercharge 

wherc {Q,u,d,L,e} represent the {quark doublet. up quark sillglet, clown quark 
~ill~let. l('ptcm doublet., lepton singlet} respectively. 

Amétzingly, tlH> bt nlldard model assignments fOl the quarks and leptons in 
('«Ich g('IJ('l'atioll le ad tn l'Ill four of thcse cquations fOltuitously vanishing. If any 
OTH' ft'lIllion ill Ct f!,('IH'lation is rcmoved, OllC or more of the abo\'e equations 
!WCOIlW<' nOIl-Zf'1O. Hlld the bt andard model bccome;; inconsistent; thus the thc­
ordical argll111f'nt for top quark f'Xistf'llCC. Note that this relics on our belief 
tllilt the' T. b qUaJk, :1ncl pr(,~llTnably l/T eacl! faU into f'xnctly thcir expccted 
posit ions ill the thinl gellcration. 

1 do Bot find this argument very compelling, bccause it relies on a number of 
assumptions which tllt'mselves imply the existence of somcthing vt?ry much like 
Il top q1l1uk. For eXHmple, suppose the thil'cl gelleratio!l contains aIl the usual 
f(,l'Illions, but has in addition a coloured field whose left- and right-hémdcd parts 
are SU(2) "ingletf., and whose hypercharge (= dectric chargc) = -1/3. Then the 
cOlltrihution of the "normal" fermions to the anomaly coefficients above still 
\'Hnishes, and the f'xtra cffed of the new "D" quark fipld 113: 

~A(}-33) YI) + }"De = 0 

~A( }-22) a 
~A.(Fll) Fb + yE,e = a 
~A(FLL) = }'D + }'Dr = a (2.2) 

Tlms this is also a consist,pnt model from t.hc anomaly standpoinL Now suppose 
that th!' b-qllark wc ha\'(' oburucd i~ this extra SU('2) r,inglet field, and the other 
quark firlds in the thircl gencratiun are very 11l'avy and have not yct bccn seen. 
The "top" quark that [(,,,ides in the third genel'ation could 1l0W have mass in 
('xc('ss of a Tc V or morc; in faet, wc II1ight 11ever sec it. 
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This model is rulcd out by phenomenologjral :"tl1dil'~ of t h(' il. wl11ch <t('1ll0ll­

strate that the b-quark lS almost sUl'cly not a wcak l''o-,,ill)!,ll't Ollrl' W(' haw 
macle this assumption. howevcr. tht' anomaly i\1p'1II1Il'llI 1'" t'oillplt'It'ly "tlpt'! fiu­
ous: jf t1.w b-qllark tran<;form~ non-trivially l1ndt'! SC\~). Il 7l/1/.~t ha\"l' a c1lHl)!;t' 

+2/3 pill'tut'r, whirh i" Jllst the tpp q\wr1, TII1l~. il'" d'1l11\t'11. (l1lt' of Illt' llIl 

dnlying a"~'lIllptions of tllt' anomaly dl"'(,ll,,~i()1l 1" (Ill Ih < 1\\ l' ..,,,lli( 11'111 to lI11pl~ 

top ('Xhtt'll('f'. Th('~(' 1I10n' ba~i(' mg,Ul1WlIts aIt' tilt' ..,u!l.l<,(·t (jf th(' 111'xI ~('ct1011. 

2.3 Evidence for the Top frolll b Quark Analy-
• 

SIS 

Herein l wIll review a somewhat model indt'pendellt nrgtllllC'llt t Itat t lw top quark 
exists[7] So for the l'est of this section, hy tlH' ":-.tanclaI d IIIod(,I" 1 Willlll<'Hn 
the theory descri bcd in the sf'dioll 2.1 \Vi th t Il(' ('x('('phOIl of t hl' :l:-.S('l t ion t ha t. 
the third family is a copy of the fiISt two. Wc will by tn (1<-<111('(' pl't'('i~('ly how 
the b extcllds the t\\'o gt'neration :-.tallda1<l Illodd, \\'C' Will cOll<'ll1dt' tltat. tll!' 
only way to add b outo the cxi~till)!, modcll~ tu iw'lndf' a char)!;(' +:2/3 partIH't 

with it. 
A'6 wc go along, 1 \vill hy to i(lelltify nlly 11Iodd dq)('lJ(kIH'(' wlllch do(':-, HI \:-'(' 

Of CO\1f!->(' ~()Illf' a!->slIfllptIOn'i ha\'(' to 1)(' mack ~()I1l('\\'lw!(' ;doll).!, t 11<' \Vay, ;!IIt! 

11ere l li~t the 11101(' iItlportallt nn:-.at/(':,; 1\jlOll wll1dl <llll ('(Ill ,I\I,,}(II1 .... \\·t1ll<'st: 

1. The lr- is a gaug!' b0'60Il iIltlOd1\('('(l tn loc;t!lI(' a l!,1r)1!,tI SI.(:2) ~ylll\l)('try 
of the mockl, \VIth a :-,imIlax claim ('OW'('llItll)!, il l'dl t (Jf 1 II<' Zn 

2. The glolnJ SU(2) symmetry is Ilot c.rplzcztly blOkt'1l j,P. !lIt' cOll1pl!'!,(' 

lag,rangian of aIl matter is an SU( 2) sClllar 

3. The light quarks (d,lI,S.C) lie in tlwir ..,talldnrd !I1odd Sü(2l 1l1\11tiplPl 
positions as dcscribf'd 111 , ... CLtJOII 2.1 

Assumptions #1,3 essf'ntially :-.ummarize a \'"..,t body of eXjH'liuwul;,] data. Tllf' 
remainillg one, #2, is very Illuch the wl'ak link and ils justifkatioll l('(plÏn'~ 
suhtlcr argmnf'nts. \Vf' rcturn to this point Inter. 

On the basis ofas<,umptions # 1-3, the argumeIlt fOl tll!' top ([llark l'xi~t(,lI(,f' 

goes like: 

• Experimenl <Illy, it i" inferred that the IJ qmlrk collplr''6 tn thC' lV- or t,}w 

StT(2) part of the' Zoo 

• By # 1 aho\'c, the b !1lu!->t ther('fole haV<' llotl-l,iv};t! vahl(''' of the SU(2) 
"wpak iso<,pin" quantuIll ll\lmbcrs i e. of Tl. awl Tl. 

• So by # 2, the b must actually be part of Ct I1ot-tnvliIl SC(2) lIlultiplC't . 



• But Wf> lHlH' a.<.,..,1lIrwc! 111 # 3 that the other known quarks are already aIl 
pam'd np Vv'j th (>ar li ot 1lf'1 III ! he weak iso- dou blet sand :,.illglf'ts of the two 
gew'tatlOll :"tnndnrd modd (Alt('fnately, if the b wa'i paircc! \VIth a lighter 
qu,uk, lh decay rate would he ·100 tillw<, that o!J:-,c!Y<,d [8J) 

• TIH'lf'folf' tlH' lJ-qllark 1l111:,.t have one or more 'in far llnnh"pI'\'('d partners. 
whiclt i~ (':-, ... (·lltl;tlly the :-,taterIl('I1t that ;t top qllark I11ll:,.t C'xi:-.t 

• FIOIlI tha! pOlllt, il more ddmlecl anôlysls of plwnollH'IHl yldd:,. th~ s!)('CJfic 

w('ak I:-.o-:-.pill ";11u(':-' Tl,. Tn. TR, T3 11 of hl. dUcl JiU 

Ld 11'" (h:-'('ll~'> a<":-'111l1p!IOIl #- 2 for n mO!lleIlt, It ... émnlo!',ll(, III the effecti\'{> 
tll<'ory [a] of thC' li).!,ht IlW"'()IlS ha:-'I'd on chiral SC(3) x SU(3) global f>ymI1lt'try 

wOllld fOlLid th<' illdu:-,ioJl of n U'rm tramfonning like the g('nerator "Tf',", an 
in! ('p;ra l part (lf t h(' model IH'('('s~ary to gi VC Illô%(':" t () t Ill' t he p~c\ldoscalar 
IlWSOll:-' ,me! p;('IH'tatc the' Gdl-~lmll1 Okuho relation Tbe diffele!lc(, hen' lS that 

ollr SU(2) SylllIll<'tly is qa.ngcd, so t.hat R~f,l1Il1ption 2 is :"c('ll1ingly ah:,.olutcly 
tH'(·c<.,~aly fro\ll the :-,t;\Ildpoillt of mathematical (,oIl~i::.t('ncy: a gau).!,<, t11cory 

],ascc! OIl an ('xplil'lt ly 1)Jokcn f,yrnIl1ctry is not r('nurmalizahle, 

lIowcvcr, f..UppOSf' w(> di:,.\itrd the rpql1il('lIl1'llt tllat the 'Standard monel he 
1('llOrmaliza]'k, Spc"d1cally, it c()uld mClcly !Jc an df('ctl\'C' thcory ohtain('(l by 
integlating out the h,..(\vy dcp;rC'c:-, of frccdOIn of snllle otlwr. fillitc, theory, The 

f'xist ('11('(' of a sect or in tht,> dfcC't Ive t henry viola ting a f,<., 1lIll pt ion 2, Iik0 an bo­

<!ouhkt b qllaIk \Vit hout its f quark parlner, would r('f>ult in largc correction" 
tu <Illy oh"'('r\'a1)k III the stRwlard mode! which i~ finite (-'Illy becall<':;(' of deli­
cah' (,;l1lcclati()ll~ 1)('tW('('11 f,('v('rnl amplit\lde~ rf'!ated hy global or 10(',11 SU(2) 
Îm'arÎance, TIH're \\,()1l1d exi-,t an upper cut-off fOI whÎch the modcl wou Id be 
p}H'lloIl1enolo,!),l<.'nlly illvalid, in<licating that Ill'\\' phy~icfo. would ha,'c to bc in­
cl 11 <h'd, \\'lwth('l thi" ph!:-,icc, is the top quark or not l~ HIloth('r qUP:-.t!nn Th<.> 
point is t ha t in pllllC'iple !llode! indqwndent bOllllds could be plnccd ou the 
('Xi",t(,lH'(' of e'xphCJt S['"(2) br('ahillp;, 

1 <lm Ilot fallllliar wit h any ~uch gencric stlldy Howcver, Rn analy:--I~ of the 

standard Illo<!pl in the Illuit mt --+ OC should give 11~ an idea of what kmd of 
bU\lllds are to })(' cxpccted. Thifo. WIll be('n rcvwwed in section 2.4, 

2.3.1 DctCflUÎllillg That b Illteracts with 1r 

Th<> argument tlint the> h or bR (= b) 1l1u:,.t COll pie to the lV- proceeds by 
contradiction Fit"t Ilote t hat quarks can only d('cay by couplillg to a light('r 
~p('ci('f, of quark; i C only if therc cxist flnvom non-diagonal coupling~ he­
tW('('Il the quarks, In t11(' fir<.,t two gel1erations of the ~t;1lldnrd model. the only 

Hannu' llon-diag,ol1éll cO'.tplillg~ at t1{'C lcyel oC'cur in th(' dwrg,ed ('111 n'tH ~{'c1or. 
in tIl<' ('onplings of the qmuk:,. to the U" bosons, Thi<., i ... l('quired 1 ... 11 (omodate 

stringcut. limits 011 Havonr dumgillg 11<'utm! CUITents So now suppu~e t.hat the 

(\.,'ak-(·i,!),t'w ... tatl') il quark is an SU(2) slllg,lct. Since the1e arc no other charge 
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Figure 2.2: Charged currcnt decny of a wenk iso-~illgld, b 
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Figure> 2.3: Neutra! current d('('ay of ft wl'ak i:--o-:--inp;ld !J 

-1 boson!', in the model, the b q1lark canuot couph' ln tlw ('lwI)!;!' 1-2/3 q1lHlk.., 
li and c. Tlns do es not mean it cannot decay !Jow('\'('l', :--ill('(, t IjI' lIlil"'~ (·ip;PIl­

state b' , which is what wc obser ve in our l'xlwrilll('llb, wIll ill )!;('IJ('I;t! 1 H' ..,Olll(' 
mixture of the charge --1/3 wcak eigf'ni>tatci> d,8,h TIlll.., t Il(' !JHl~'" !·J~!·Jl ... t afc> lI' 
will effecti"cly have couplillgs to the n' - via if"> ... or tI !'OIIl!Hllwllt Thii> !tond ... 
to the diagram of figure 2.2 for the oh:-,('r\,('d derny of // -~ cl -îÎ TIl(' pll'c1l1'­

tion for thi" rate dqwnds on tll(' magnitllde of Ill!' llllkllOWIl li '. ii-fi 111IXlIIP;'" 

~ow thl' prnhlcm If, that it i:-- ,,11"0 p()f-,~ible fOl tll!' 1/ tn d('cny n ... ill fi,1!,lJI(' 2.3, 
h' --; ... Z-Z+. III the ratio of th('f-,(' ratc:-- Ihe dqH'Il<I('llI'(' (lf Ill(' llld,ll()WII IlllXlIlll. 

angks cither c1isapp('ars or Illay 1)(' comIIéllIl<,d. (TIl!' latlO i<, Ilot "'lIll!,ly hl" 
»ccau<;c of complications ari~illg from tll(' faet tbat tlw l'aI "lodeI:-- of t III' 11I1;..ill~ 
must be fine tllllCc] to clilllinatp FCr-;C.., in tll(' hl!;ht q1lark "l'dOl) Ddf('II'nt 
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allth()r~[10J f'stÎmat(': 
f(b--+l-Z+X) <Je 

f(b --+ Z-ïiX) ~ 1 (' 

Exp{'r1lIH'lltally[ll], th(' lnanching ratio for tlllf-> mode is le:--,s than .1%. This 
(·!-,tablif,lw!-. tbat b i" Bot aIl SÜ(2) ~in~let 

A kw }l()jl1tf-> "hollld 1)(, made. One If-> that tllls di:-cll<""ioll ('xadly parallpls 
t h(' llImly~1 c;[ 12] (jf Dr( T - --+ 11- X) llscd to ('xcllld(' a "inglct a~~I).';llm('nt for the' 
T - l(·pton. Allot IH'r IS t hat ,\ c ~,hould not be ~ llrl'rise'd to sec t ha t t he final 
n)!ltut(lÏC'tlOll lIlvol\l'd prop<'rtif'<; of flawmI dIilIl)!.in~ BrutraI Cllln'llt~ S11ch 
prohlc-lIlf-> alwilY" H11"I' wlH'1l qU(tIk~ of ZZA:t dWIg,(' obtain the!r ma"~e:-. na two or 
ll1Ol(' (!JŒ('HoIlt Illt·challl"m,,[13]. In the ahovc C<lfof', the filst two )1;eIwratlOIls of 
ql\Hlks HIC ('bi1ll1 awl CflIl only gf>t t}wlr ma~~rf-> from S S 13 Îll\()h'illg an SC(2) 
doublet (Jf ,,('nlal~ \\,llI)e the slllgkt li quark adIllits only "cill(>ct" gaug,e lIl\'dllant 
Dirac llli""S t('[Ill'" 01 "]lollt;ml'ou!-,ly gennatcd lll;t~'W~ flom St"(:2) "lllp,let "('alnrs. 
Flp;llf(· ... 1 ;md 2 ilII' ('''''l'Tltlally glapbicaIllltl~tl~ttl()ll" of tIll- tll!'orell1 (lf [131 

FllltlLPr. ifC'xtlil dJ{îll~(' -1 bo<.,on::, ('xi~t theu f(b -- cl-li) ('(ln O('('l1r "la 

tIlt' ;ll1aIop;u(' of tlH' 11"l1a1 S:,,'l n"- f>XChHuge <!,'cay. '\lth 110 llllphi élt!()ll:- OH the 
('xi~h'll<'(, of FC'~C\ TIll~ is Olle fl'atllre of tllP (HlJOIllCHI "topk,,:.," 1ll()(lt·1[14] 
h,I!->I'd Illl tlll' )!,1<JUp Er .. \\"lH'lClll /1 t,q a 'olllgiet lllHkr tll!' S::'1 Sr(2). and tlwre 

i~ ail ('x!.ta n'- 1" a~~ot'la«>d \VIth a 11<'\\' gallgc :"yllllllf'tlY Sl'(2h nwkr \\hich 
lll( trall~fOllll" <1'., a doublet. Thi~ modcl ha~ tnélUy pIOhkm~ in ('xplniIlill~ n 
ho:-.t of otlll'l plH'1l01liCna, ('~p(,(,lé\l1y the pr('ci"îoll LEP datR as di"Cll~,,('d in [15J, 
wlH'H'in It i~ Il! OIlOHll(>(·d 111kd out. 

2.3.2 Detcnnilling the b's Weak Iso-spin: General 

lIaviIlg argue(] that tll(' ('1th('r bL or I,R must be p:'\rt of a non tri\'inl SU(2) 
rqm':-'('Il tilt iOIl, W(' HO\\' hllll to trying t,o dct<'I min(' ('xactly wh ze IL rl'pI ('~(>llt a t 1011. 

Put iluot1wr \Vay, llO\\' that wc l){'lwvc that th('ff' mllf-,t 1)(' oth('r quark" in th(' 
lllli\'('l'~(' othiT tlwn th(' fivc we hav(' ohservC'd. wc want to find (Jllt pXé\rtly how 
milll)' ~Ilch fJeld'-. the ('XÎ:-,tCIlCC of the weakly illtclacting b quark impIH's. This 
ÎIlfollllatioll IS cOlltallH'd in the coupling lll?trlC('b of the lr g;allge b{J~()Il~ to the 
b quarks. E~~('lltially. ~incc SU(2) is a himplf' IH>!l-abelinn group the F!,t'rwrators 
ol)!')' th(' fo110\\'lllg Ilon-1incar Idation: 

(2.3) 

\\'1](,IC the CI)/.. are Ilntl-symmetric and not all z<'ro for any fixed value of "1", 
sn)'. This lloll-lin('arity lllt'ans that t}}(' r('lati\'(' size of the coupling of a given 
.l!.ilUgc ],O!-.Oll to fl'Illllons within the sanl<' multipl('t, and tll<' relative size of 

t he' (,()l1plill~ of t h(' dtfft'rrnt gaugc bO'ions to tllP sarne multiplet, an' fixcd and 
dC'tt'llllinahk ~()I(·ly by g10Up theor('tic .ncnns. The non-lincarity of 2.3 fixes 

tIlt' Il'latl\"t' llOl111ali/iltioll of the int('raction strcngths and rt'lUO\'('S much of the 
aI hit rariIH'è>'-. fwm t h(' moclel. 
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Sa. suppose bL , bu oc'long ta TL, Til Sl7(2) f(,prt'sf'utations. 1I1Id ('(\ll~idl,t t1H' 
gange part of tht "inct ie cllcrgy tcnn for t IH' II'ft -hal1(kd llllllt 1 pkt l::.: f). 

L'lit = l[yif··T+g'fJ}·]p(f 

",hcr(': 

Rccall [lG]: 

Thus: 

Lee 
L 

~7 [1V+T+ + ~'-T._ )PLf + 7 [!lrr'T, t," fJ}']P1 t 

Lee + L se 
[, [, 

f3 BtLÎIL 

W± = (iF l =f dr~)1 v2 
T ± == (Tl ± iTz 1 

T±fI':13 

C±(T.T3 ) 

TL 

C±( T, 1; lf l .1:,1. 1 

/T(T + 1) '=- T;(I\ ± 1') 

.A L fm+1 [C+{Tt ,1Il),r+ t C-(7'1 ,11I)rr'-jI)IJrn 
- m=-1'r 

TL 

L 7m [gm1l-,3 + g'YLfJ1PIJm 
m=-TL 

( ~ fi) 

(27) 

Thp multiplet f contains the fklds ( ... ,Ct,b.D. ). wlll'1'<' U,D. !'II' ill(' 

t'xotically charged quark:-. Picking out only thl' 1l011·('xotir tf'llll:- (·ont;'IIIIII).!; tlJf' 

li quark from cqnation 2,7 yil'lds: 

CC 
L,b.L 

(2J, \ 

\Vc see that L"'c is ~cIl~itivc to the T3L nlld 1111 \abw,> of tlw b (PHU k. wll1l(' 
L~C "knows" about TL and TR al.,o, HO\Vf'\'ef, Üw Pxtl artioll of t1lf' .... (' ql1antlti('~ 
is eomplicatcd by the' faet that nl1 lik{' chargl'll fidc! .... in tlw tll1'Ol)' ('HII 1I1ix aftf'l 

the S,S,B, Wc first anal)'lC L·\'(· 

2.3.3 T'J Values of the b: Neutral Currcnt Analysis 

\Ve must as~umc the gRUgf' group of tlll' non·color .... ('dOI I~ J11'>t 8['(2) / U(1) ill 

01 der to cxtract Tn, T3R without étmbiguityfroIll f'Xpf'lillH'lIt111 data LlHl!'! tbi .... 
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t1!'l~11Illption, tl\!' ~piIl-OnC ma.ss C'ig('nstates ZO and A. can only be cornbinations 
of lt'J illJd [J. 

cos OwZD + sin Ow.4 

- sin 8w ZD + cos BU'A (2.D) 

Tlw! (' i" exactly O!lC' knowll rnas..,less color singh,t nf'utn-J spin-one boson, namely 
tll(' photoll. Sllpposin,g without los5 of generality that this 15 the "A." field in 
~.!). \W' Illll"t t}wr<'fon' idf'Iltlfy the A coupling matnx \Vith cQ: 

This r('!atiol1llHtY he so!ved by considcriug, the (lIe .c-h doublet. The repre­
~(,Iltation of q Oll these fields is dzag(O, -1). Sincc [Tk, Y] = 0, we havc that Y 
is proportional to the unit matrix on any irreducibk representation of the Tk. 
Thm,. (the Ù op('ration suhtracts IlC'ighbouring diagonal matrix dements) 

g::,inOn.'~T3 ===} 

CU' , 
Tn + -g YL 

e 

e = g sinBw 

(2.10) 

TIH' rdat.i\'(· normalization of g' and Y is compldely frce sinee the U(l) group 
is al){'liall[l ïl- A CCJJnmOll convention is ta set g'cU' = (. Tlwn: 

Thi~ l('(l(b tn t he C'xp~c~:-,ioll for the whole (i.e. left plus right) neutral ClllT('Ilt: 

Q",1l T,n,R - 8~,Q (2.11) 

'l'Il(' pnranlf'tf'rs l, B", arc known from a ~tlldif's of the two generation modC'l. 
QI. ha .... h('('11 dt·dllced [18] from the magnitude of "n" in c+e- -t had/'on,~ 
abo\'c t11rcsho1<1 for "b" productîon whcre the photon exchange is dominant 
TIlt' q\lalltitjC'~ T;[, and T;H may oc extracted fwm two appropriatcly chas en 
ZO f'X!W! illl(·llts. O!lf' is jll"-t the ZO partial b \vidth [la]: 

(2.12) 

\\'11<'1(' tlll' la~t IllIIllI)(,l" is t h(' expcrimC'Iltal r('sult. 
Tl1<' ot 11('r (,Xp<'l illlt'!lt mmt in\'olvc a sean·h for parity violation. This is 

1)('1'(1U5(' aIl pm ity C\,('Il obf-('rvablcs in the thcory will be functions of (Qi + 
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l 

1 

Q~). who,,<, valut' we alfcady kIlow from 2 1::? \\'p cl[()()-.,(' AI /II ( + ( • hh) a:o­

lllt'a:-.m'('d at tilt' ZO peak This h tl:lt' dlfft'Il'llCt' 1 lt'tWt't'll tlw IIlllllh"1 of l, ql1<1I!-'" 

("()Jlline; out III a fOl\\i1ld dlfC<'tWIl (\VIth 1(''''I)('(t t() tht' l''t - 1)('<1111) ftt'lll Ill" 

llIlIlJ1H'! COllll1l1.!, Ollt 1Il il hclckwil!d dll(·(·tloll, dl\ I(kd hy tll(' "111ll Ilf tIlt' ",Illlt', 

il "fOl "'ilIt! dl1t·c·tl()n" l'lt'l('t':o- tll(' }H'tIll"pll\'lt' ahollt tll(', lH'dIIl \ "1111(.\1' 

<t1l.!,llllJ('llt YI"ld" tIlt' fOII!Jllla fOf ,Ill'" qll;lIItlty 1Il tilt' ,'j'lltI" of 1l1111W':ltlllll fl.111!t' 

011 thl' Zll l'olt· \\hl'H' tilt' contlll'l1tloll of tli(' p!J()tllll 1.!1l 1,,· lI'·,I.d'·1 Il'.! fl'I l'Ill 

PllfPO"'( ':-, 

SdtlIlp, n11 ft'lïlll()!l lll" ... "t·:o- t() Il'10. tht' 1IIltwl { t( - Cdll (lld~ ;llllldll1.d,· lllto 

a ZO If tl[('y ail' ill il 11. ±1 > total aIl,!!,IlI,ll 11lOIlH'utlllll ... tcltt· \\ Ith 1""111" t III 

tll<' (+( - aXI" Thi~ follo\\':-, ftoIll tIlt' ('ll\l<tht: ('Oll""l\dlllltl of tIlt' ... t;llll],ltt! 

ZO llltl'ractt()I1,>[:20]. ilIId fro!ll the fitet th"t Ill(' Zn 1'" "l'Ill IIIW nit' t! "I,l.!,ll 

('Il! fe:-,pO!1(!:-' to l'1ght /kft handt'd t'll'('t!<lll~, SIl1l11arly, Illl~fillal li il 1" III a Il, j 1 . 
total 1tll,!!,ubr IllOlllt'I1tllm statc \\lth lf'''lwct II) tlll' [!-lI ;,\1" TIlt' i1ll1l,htlldf' 

Illll~t })(' plOj>ortlOllHI to the ZO -dlêllP;('~ of tlI(' 1(·ft- (JI 1Igltt-bHlld,·.j field" tllat 

RnIlihilatf' Of are prOdll('l'(l. and the "PIII (I\l(' J('P!(· ... ('lltHlltl!l of tIlt' tlll:!lI()ll 

matlH'('~: 

DL ± 1 ( fi) = (1 ± m:-, fi) /:2 

D ~ 1.1 (ln = (1 ± ('0:-' fi) / 2 

wl1<'1'<' (} i~ th(' augle l){'tw('('ll tIl(> (- illl(l li ax('..;. Thll~ [21] 

da 
d co~R 

I I da /() ria 
[ ----d(co~O) - -- - ---d(m" 0)] ° rl cos (} . _ t ri CO" fJ 

3 (Q t, Cl U,)2 + (CI f{, Cd Hb)2 - (Q 1 ((J ru.)l - (CI Ilt (2 Lb)2 - ------- -------- -- --- -- -- -- ---- ---- - - -- ---- -- - - --
'* (Q!-cQI.b)2 + ((JU,qU/J)2 f (QI.tQw,)l t (qU,Qlh)l 

~ QL_~ ____ 9h.!: ytL~ gJ!!_ 
4 CJL + Q7le Q7.b +-- Q7n 
(-133±!)!»)% 

The Humber in the final lillC is the Oh:-'('fVed valllc [22]. COlIlbiIl11l.l!; ('(l'Iatioll" 

2,11,2.12, and 2.13: 
2 2 • Qu + Qm = 003 ± 0.08 

Qib - CJkb = 005 ± 0.57 

lTJ[.1 = n.G!) ± (UG 

1 T3 1l1 = 0.17 i: () 1 G 

Thes(' fesll1ts are cOIl"i~teIlt with the vaIlle" 11'11 ! -= 1/2 ,lIld TIll _: (J. Cllfo! 111 

llately the :-.ign of Tn may not br d<'tf'IIIliw'" fIoIl\ thi" ('x!H'IiIJWllt. 1)1'('<111"" 
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for Tl/. = ±1/2 

"ÎIH'(' 2 ... ;',/3 ~ I/G TII11" th(' ... Î~n of AIIJ OH tll<' ZO !wak 1.., Ilot "'Pll"'ltÎ\'I' to tlw 

"1.L!;1l of TI L 

At lo\\,('! l'lWr~1f'''' ",11('r(' tl)(' mterf('[I'IH'(' of t lw ZO clIlcl photon ('Xdlilll~I' 
,L!,I :.ph.., i ... IIlOl(' ... iglllfinlllt, Al'IJ (lOI'" cll'j)(,Ild on t hl' "'l~)l of T.H The forIllula(' 
Hf(' lllorl' ('(JIll plie a t('d, ancl t hp analysi~ has brf'n pf'rforrnco hy several ~l oups 
[2:3] \VIth tll/' typlcal n· ... lllt 2Tn = -(1.15 ± ,41) (kclll('('d by o..,ptting T1U == 0). 
III ('Ol!!" 11l~1()1I' 

T~R = 0 (2 1-1 ) 

2.3.4 T Values of the b: Charged Current Allalysis 

\VC' 1I0W rd III Il to the chargpd Cllrr('nt portion of th(' cl('ctro-wcak b-qnark Ill­

kl actIon... Ht'('aIl ('f/llatioll 2.8. 

+ h.c 

III lif!:ht of the' ('f)llcll1"io!)s 2.14. l('t us mnk(' thr ... itnplifying 3<;sllmptinn that 

TI( . 0, "0 that t Iwt Lf~:;l == 0, but !P(lW TL ~rn(,I'nl: 

Lcr 
tb = + h.c. (2 15) 

~ai\'('ly, if wc wu Id ob<;rI'w tll(' t-b transition w(' could <h'ducc immcdJately iIlto 

what 1 ('pl('~I'IltatlOlI of Sl'(2) the b quark fall~, and thu" what extra fklds thp 
('xi:-.kw'l' of tIlt' 1/ llt'I'(':-. ... anly imp!il's, For ('xalllplC'. for T :::c:; 1/2 ('or!c..,!)()wllllp., 

tu IIlt' ~,tand;lld llloc!t'! :-'(,(,lIaIio, the lr+ wOllld C()Uple tn tllf' b Wltl! the ~;1l1l1' 

"tll'lIp,tl! wc lIa\ l' ... t·CIl It (OUillc to thr (-. wlllle fOl T -=- :3/2. ;)/2 it c()llph·'l 
\\'Ith 2.:3. tlllIC'l th.!t "otll'IJ,(!,th. maklIlg tll(' t!ét11"itl!JlI rate·1. 0. , laq!,l'r 

l'Ilfollllll:llt'ly, "'111'11 il "'llIlpk élnaly ... is i" !l()t pO""lh1. duc to the t'xi."teIl('{, 

of 1I11Xlllp, I)('I\\('!'11 Il)''{' char !!;t' q1lélI).." ThÎ" C()Illj>I!~'atc'" thc di..,Cllo..,"lOll Jll"ot a" 

tlj(' lIIi~lII!2. l)\'t\\'I'I'11 IIIt' hke charge' /1,(\11,11;1' l)()',oll<.., H'l IHld B culllph('at('(l the 
nllal~"'l"" (lf Ill<' Iwutl,tlcllrIl'lIt data S11Ic(' St'(2) is ~P()lIt(\Jl{,()tl"ly hIOb'Il and 
Ih ).!;1'lwratO!'" do !loi ('OIllIl\Ut(' wlth the hmniltollJaJl tlpprOpIlatf' to our \',1('Il11Ill, 

t 1\1' q1\al k IlW~" (,Ip,t'Il~t afl':-. w!ll III gellt'ral 1)(' llll('ar cOIlll11llatI0l1<'" of tll(' w('ak 
t'lp;t'lI~tat<' ... Spt'Clfil'ally. tholl~l! th(' Tl. VétIlle of thr li 1:-' clllII'utly arbltrary 
\\ hile t II!' d il Ild ." ('('rt ainly ar(' 1I1 T = 1/2 IllII!t 1 plet s, aIl have chargC' - 1/3 and 
('an I\IIX SlIIlIlarly tl\l' chargt' of the t quark IS -1/3 + 1 = 2/3 and cali comhin(' 
\\'1 th t Il(' 11 il nd (', Ld t Ill,!!; q. q', dt'Ilote th(' quark w('nk. 1 llIlSS , cigenstatcs. wc 
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.,. 

• 

al1o\\" fOl g;CIWIIC lllIXlll)!;' 

il; == \ d' , .-' , il' ) J 

, '" ) tl==(ll,(,t J 

~ (fi. r. Î) (1 1 

~ (ïï' • r' , t' ) ( [j' l' ) t 

JL ~. e f f , -1 VI' + P b' v'2 /} t / , • L} + he 

f li,' 

+ li,' 

(:2 1 G) 

Endf'Iltly th(' T, T3 iIlfo!mntion bCCOIll(':-; ab..,odH'd ill tlll' ('H','l'ti\"(' dJaI~(·d ('Ill 

rellt coUpliIlg malrix 

~TT(·'T·lJ(l L L 1./ l J..) + Il''J.. 1 ) (2 1 ï) 
k 

1 
(J 

2 

One ollht nlldl1l~ [('al 111(' of:2 18 i~, Illal tlH' 1'(>1lphlll.!. 1II,dliX 1'" lIul \11111 011 ~ 1'\11'1)( 

for t hr ('a ~,{' T = 1/:2 ('UII, '" pOil d 1Il~ t () Il w ... 1 illHla 1 d Ill' li l,·] ... ,'1 '\1" 1 Il) IIf 1 1 j(' (' 1\ \ 1 
[24] lIH'{'!J a 1ll:-1Il It 1" Ilol Illllllt'(lIatt-ly ()l)\ll)n~ \Vhat tlll' 1)('..,1 plll'lllll!ll'IIO]OI!,I' al 
impli('ations of tlll:- an' H()\\'('\'('l, 1 Ill" etr(",t 1.., III pl illnpl(' dl"! 11I).!,111..,llaLl,· flO!ll 

Iho<,(' pr()d\l('('cll)~ thl' l'XI .... lcll('t' o[ a fOllrtl1 ).';c'lll'lallllll FOI "lIJlI'O"I' tll,1I .If ""IIlI' 

IH)illt iu Ill<' fntllre all11/7/e (,011pltllG; lllatllx ('I(,l1li'l1to... lul\" 1)1'1'11 Illdl']l('l!rl"lllly 

dct('rIllil1('d, Illcll1dllll', tlH'11 plla,,('s i (' \\Itlt llO a .... "1l1iJjl!\lI!i (lf 1l1Ilt;tllt~ TlwlI 
(,()ll~id<T tll(' followillp; OL""l\'ahll' in thr thn'" ... ('(·Ililll() .... 1\\1. .1 ri, !.!;l'Itt'IHtHlll. 

and tht> gf'Iwral t hrc(' geuct at IOIl ('a~c il bo\·(': 

2:1\1.111 12 
1) 1 3 

I} 

2: 1\'/~912 < 3 
I} 

2: IFI~JfI2 3 + ~(! + (1'2 > G > :3 (:2 1 i-. ) 

I} 

Aclmittcdly, thb i" a wry pour ob:-('rvahk ftom 111<' 1><'1111 of vww of It l'\'('I l)I'lIl~ 
IIWUStl!'rc1, or rnca~Hr('d aCl'uratdy, A ~(ar('h for "lIbllf'r IlllpJiratl()lI~ of tlw Iypl' 
of non-unitarity di~phlyf'Ù abo\'(' is currmtly IH'iu,l!; llwl.·1 t ah1l 
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1 
2.4 Constraints on mt in the Standard Model 

2.4.1 Lower Bound on mt 

\VltIJlIl tl1l' COllt(,xt of tlw ~talldald mode1 the production rate of the top q1lark 
:11 b"r!tO\l ('ollid{'I" ('an 1)(' (\(,(,\lratdy predidcd [25]. For ex ample, the ('ro<:;s 
''>('l'I!O!l at F:\AL for tlH' PIO('{'hh 99 --+ ft 1"> nbout 0.1 n-barn for 111, = 100 GcV. 
1"lIItljl'r, tl1l' "talldillcllllodd nllo\\'s cssC'ntially only one decay lTlf'chanism for 

the' t.op: 

.t--.. bH·+ form,>mw+mb 

TIH'~{' t\\'o fads allo\\' the abspncf' of a top signal at FNAL to be translated [26] 
illt () Il !)()fYcI c()IlfidC'ucc k\'c 1 lowcr bound on m t: 

7nt>SOGd' (2.19) 

If t hf' ht IIn<!:1l cl modd i~ {'xtl'!Hlcd to include cf'rta.in types of ncw physics, 
t hl' J,olllld dIOP", The 1<1('(\ i" tllat tht~ top collld r('ally be lighter than 80 Ge V 
aud Ih in fnct 1wIrlp; "coplOl1.,ly" produced at FN A L, but is simply escaping 
clt"tcl'fil)ll 111('1(' Thi., ('0111<1 hnppPI1 if tht' top decnys predominantly through an 
('Xlltil' 1l1u(l!' that the f'XIH'lil11C'llb do Ilot seaI('h for or are not sensitive ta. Two 
('xlllllpl('~ ~ïl arf" 

• f --+ 'IH+ in lllodd:-, \Vith f'xtrn scalars. [2ï] 

• f --+ fi 11l hU!WIsymmf'tlic f'xt('llsions. 

Sinet' t h('~(' arC' t\Vo body (keays, t hey would dominate the three body mode 
f -t he + v apPIOpriate for m, < m H' + mb. 

A ~lj~ht 1)' kh~ Illodpl dqwlHknt hound on m t C0111('S from a mcasurement of 
tIlt' \r+ \\'Hlth. FOI a top quark \Vith mass sufficif'ntly bclow mw 50 that phase 
hpacc <'Ilppn'<..,:-.io!l can hl' Ig,norf'd, dlf' top quark makps a. 25% contrihution to 
rl\ Thi~ Ih of C011r"c illd('pmdf'Ilt of whf'tlwr tllf' top is dccaying through the 
"ill\'i..,ihl(''' lllo(ks dC'~CJ il)('d ahove or not. The iclea here is similar to that of 
(,OlllltiIl~ the 1l1ll111Jl'r of Jlf'l1trillOS by mC'a~urillg the zO width. An analysis [28J 
of dat il c()Illillg from CDF at FX AL yiclds the 90% confidence llluit of: 

mt > 41 GcV (2.20) 

2.4.2 Upper Bound on Tnt 

TIl(' an' h('\'('lal plu'llom('na in\'oh'ing only light part.icles whose standard model 
pU'dictiolls arc vcry seIlsitive to m,. This scnsitivity arises from the faet that 
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T 

radiative COl rections introduce into the 5tandard mod('l fnrlllUhl(' pi('ces tlwt art> 
proportional to: 

2 2m~ (mt)2 2 G Fmt ex 9 -2- ex -,-, .:x!ll"'( (\ t 
mw 

(2.21 ) 

wherc g, 18 the Yukawa roupling of the scalar douhld to tIlt' thinl falllily 
fermions: 

= - (~(V+H+l4>O)) (t) l, 91 t n 1 + 1.<. -6+ ) 
(2.22) 

Note that as 0'1 == gl/4rr becomes as large as L the:~' ":ldiativ<' cOllectiolls call 
rival the trec tcrms. This is a signal t.hat the IH'rtl1rhati\'(· t('chlli/l'l<' us(·cl to 
compllte the corrections is brcnking down: if'. for n, ;:::: 1 the ~('a!ltr-f('llIlj()11 

scctor of the t>tnndard lllodcl ha~ ('lItl'1'('<1 a !-,trong cOllpliug 1 <')!,IIIl1' ThiS OC('111~ 
for: 

mt;:::: j4"; 1'/V2 - Gl7G( \' 

'"f "." 1 1 l' f' I! 1 we want a mce pert1lr Jatl\"(' t H'OIY, t ll~ p\'('~ \1" our lI~t IlP!,!'l )Ollll( 

on the top quark mnss (S{'{' alc,o [20]). III adllallty, PI('cj"!OIl 1Il('a:-'lll('llll'llt:, \V(' 

will 1'eview l){'low are nurently aCC1llate l'IlOIlg,h to plal'(' sigllificlllltly 1H't.t('r 
constl'aints on the top mass: 

ml < 240Gc"\/ (223 ) 

This is equintlnlt to a cuupling C01l5tUllt of a, < 0.11 so that the u:-.c of pertur­
bation theory in the d<'Iivation of the f01'lllulac is consistent. 

Violation of Decoupling Theorem 

The existence on phellOIl1r'na who~e stalldard mod{'l fOl'lHlllae div(,l'~e as TH, --+ 

00 wuulel S(,Plll to vinlate the J( coupling theon'Ill [30]. The lattf'r COll<'('IIl"lIl'Jl(Jl­

malizablc th(·ori(·:-. containing partirles with wi(h'ly f-,cparat('(l ma~~t'<;. nOllp;hly 
sIW:lkil1g, the aI gmllent gocs as follow:-.. C'()ll~i(kr il, In 0('(''''''' lIlvol VlIlP; vlrt liaI 
heHvy pm tide ('xchnng(' If aU !'.ubp;ral'h" ("olltaillill,!!; th(' }l(':tVy plU tlcl(':-, aJ(' 

COll\'e1'geut, t IH'n the procp:-.s i!'. Sllppn'"f-,{ (1 hy lllvc'r"{' P()\\,('l.., of .\1 (li}> to !op; 
aritlul1s). If, on the ot}1<'1 hand, dw lwavy parti/ i, 'JI .. 1It~, III il PlilllillVdy 
di\'ergellt sllhg,mph, theI1 its eff"ct call ah..,or lH'd ÎIltn tlw ('Olll!l(') !l'lm ;to.,.,ocÎ­

att'ù with thl5 ~ubglaph. In this way, ail dfects of tllf' lll'avy partiel/' (il{' ('itlH'T 
supprc..,t>cd by it!'. 111<\,58 or ah~orhcd into n'l\IJlllUtlrzatlolh of ('()llpbll)!,'> lllvoivill).!, 

only light pa1'ticlcs. 
In the ~talldRl(l lllod<'l, ther(' if>, an illlportaut lImitatioll to I}no., J(';I~OIlIIlp;. 

Gauge invariance Illy fOI bid COUllt('1 tt'rms ('or rC'f-,poudillp; to (>('ft am pl ilIlil jw'ly 
divergent graphs. The fillitrIl('!'>s of the th('ory lcsult!'> f1'OUl ddjrate Cilll( <'1bttioIl~ 
bct",ecn diffe1'ent gr<\phs, sO!Dl'timcs l)('tW(,C'Il glaphs c()IltalTlillg }wavy virtllal 
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Figure 2.4: Dingrams gen('rating m~ corrections to gauge boson masses. 

partirks and graplu, containing only light virtllal particles. In this situation: 
the heavy particles certainly do not decouplcj on the contrary we should cJ\.pect 
C'ffccts which grom with the he[kvy-particle mass. 

What makps the violation of the dccoupling theorem espccially significant 
in the casc of t.he top is that these effects diverge quadratically. There are 
cHi-Iellt,iaIly two f,OUl('('[:, of this type of beluwiour: 

1. Ullivenml effects duc to large mass splitting between the third generation 
T3 = + 1 and T.l = - ~ isospin members. These upset the relation between 
t1l<' lr+ and ZO Il1l1::;ses and sin Ow as dctermincd in the neutral current 
col1pling to any 1ight fermion. ("p parameter") 

2. N Oll-ulli\'f'rf,al ('ffeds clue to the top quark as the iso- spin partner of the 
b qllark, as iu tlH' ZO-b-b vertex [31]. 

It i1' from thc' firs(, of thesc that the bound 2.23 is extracted. The second has 
Ilot yet !H'(!n 11l('a,...,ured to CllOllgh accuracy to be sensitive to m; effects, but 1 
disCllf,f, il !)('cans(' it i8 illustrativc of the caIculation performed in this thesis. 

p Parameter Analysis 

A shift of the Higgs field in the standard modellagrangian yields the terms: 

(2.24) 

which If.'ads to the' trcc l('vc! relation: 

lvEw 
p_ =1. 

MzcosOw 
(2.25) 

The diagrams in figure 2.4 generate corrections t,o the W+ and ZO masses that 
are proportional to m~. This induces a change in 2.25 [32]: 

(2.26) 

It is ('sscutinlly this cquation that leads to the bound 2.23. 
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The decoupling thcorem is violated here bcransl' we raunnt. just absorh t.ll<' 
radiative corrections lllto arbitrary gauge boson mass coulllel t<'rlll~, for ('xnInple 
like: 

8m 2 n' - n'+ I~ + 8m 2 Zo ZOII 
li l' Z Il 

The gauge hoson mn. ... :" tcrm:" III th(' st,ltldatd I1lodd '\Ii~(' III the \('lY ~p('<'1Hc 
fashion of 2.24. and nddillg th{'~(~ al hitl nry extra lW\~~ 1<'1 tll~ ill will typically 
dc:"tl'oy the (biddm) SU(2) gauge InvariaIH'{'. 

Though it is not npparent in 2.26 which \\"a~ d('livcd ~dtlll~ Il If, .-= 0, Il 
turns out that If If n,t = nib theu th(' fermÎol11C cOl1<'ctioll'-, tu l' ",dl VHlIish 
This is linkcd to the existellce of a spurious extra ~~ 11l1l1<'l1~ j'xhihit('(l by tIlt' 
standard model o.;calar sector. The SU(2) douhlf't Hip,p,~ H(·ld ba~ the Ill()~t 

gcneral potclltial: 

(2.:n) 

and 4> t 4> can he written as: 

-I.f-l.=_-I.t(4)1+t<P2) 2 2 2 2 
'1' '1' '1' = 1>0 + cPt + if!2 + (/J" 93 + t4>o 

(228) 

Thus V(4)) is invariant \tuder the group of 50(4) rotatIOns SO(·1) SU(2) "­
SU(2), and one of thcse SU(2)'s i~ the original wcak SLT(2) that nll t('ll1l~ III tIlt' 
standard modf'llagrangialllll1Jo.;t 1')(' invnriant under, whih' tll(' otlw1 i~, aIl extra, 
spuriol1s, symmetry. It arif;cs 1)('rause tlll' rOIlstraÎnt of lf'llOIlll.di:lal,iIJty t!OI'S 

not allow us to write PlOn' complicatf'd tel'ms in t1w ~clllaI PO«'lltial TIl!' t11n'(' 
fields "which are' a h::-01 bcd by the' gaug(' bo~()n~. 

transform as a triplet under the extla symmetry, and: 

(2.20) 

transforms as a singlet. III t he u~llal .vay, this global :-'ylllllld 1: WOllld 1('Bd t () 
a degeneracy in the eigenstates of t IH' hamiltonian. Sp('('ifkally, 1 he dial!;ollal 
elements of the gauge-boson mixing matrix g<.'nerated by ~poIltaIH'Oll~ hyIllIIl!'try 
breaking that corr<'spond to the t hrc(' fields: 

n'J, nrl . lV2 

are aU equal. It is casy to show that this statcmcnt i!:. ('rl'lÏvaI('llt to tll(' relation 

2.26. 
Let us now indu de one gcneration of qmuks [33]: 

(2.30) 
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wbc're 'P == $1 + lcPO Thuf> for 91 = 9b (and ignoriug the quarks hypercharge for 
Il mOIlwIlt), the f{'rmion-scalar sector also has the SO( 4) symmetry, sincc the 
tl ltllf>fOl rnation: 

causes the four fields (<Po, <Pl , <P2, cP3) t 0 transform a.<; a "cet or reprcsC'ntation of 
SO( 4), 1I~ abovc. So for mt = mb. wc have a i:>ymmctry which kC'f'ps the p 
pawmd,('r ('qllal to 1. This is the origin of the m;, or more accuratdy 

('01 [('ctions tn tllf' relation 2 25. Essentially, 9t - gb ochaycs as the order param­
dpI' for tll(' custodial symmetry t hat would ot herwisc kC'ep r('lation 2.25 t ruE' to 

ail or<1('rs. Rl'calliug the quarks' differcnt chargC's, a ~imilar statpmellt applies 
to tlw fille st! llctllre (,()ll~tallt n. 

The ZU - b - b Vertex 

The rml.iativ(· corrections to the ZO - b - b vertex im"olves a piece proportional 
[31] to 111;: 

a 
Q m2 

___ t 

16 '2 2 2 
7r SU' ln IL' 

(2.31 ) 

(This is the flsymptotic, large ml, limit.) Again, the decoupling theorem is 
viola tet! becausc of the bad behaviour of "a" as mt - 00. We cannot sim­
ply ahsorh "a" into a redefi11ltion of the left handed ZO-b-b trf'E' level coupling 
stn·ngth. bC('(Hlse this would dcstlOy gauge invarimlCf': the gnnge bosons must 
couple to a11 fi('Ids wlth the' ~alll(, "trength at tIf'C lcvcl. up to group-theotetic 
factors. 

It will be instructive for latf'r purposf'S to idcntify the particular feynman 
diagréll11s t hat h'acl to the fOI 111111 a 2 31. VVe pcrform the g,augc fixing using the 
~ class of gauges[34], in partJC'1l1m ~ettiI1g ~ = 1 (ff'Ylllllan-t'Hooft g,auge [35]). 
Undcr such a bchernc the \vould-lw gold~t()n(' h()<;(\ll~ a,prwar explicitly in the 
lagral1gmn, and thc propagators fOl t h<'Ill élnd dw n --t bosnn~ arc: 

(Note the llcgativc rcsiduc of the cP propagator indi<"ating it cannot be an asyrnp­
totic state.) The two diagrams shown in figure 2.5 are the source of the G Fmi 
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Figure 2.5: Diagrams gcncrating m~ correct.ions to ~v decay. 

dependence. The first diagram, for example, generates the amplitudr: 

2 J d
4
l '" go . g. -- "---

, (f - mt)2(12 - m~,) 

By power counting, this integral can only yield eithrr log(m,) or ~ pICCCS. 
m. 

Thus for large ml! the amplitude behaves as: 

'" go' g~ .log(m,) 

This is the promised gl = G Fm~ dependence. 
In general, by power counting the only radiative correctionJ to dlmenJion 

four operatorJ going aJ m~ mUJt involve the coupling of a would·be goldJtone 
bOJon. 

2.5 Indirect Evidence for the Higgs boson 

2.5.1 Lower BOUlld on the Higgs Mass 

LEP has recently ohtaincd [36] the following lower limit for the mass of a stan­
dard model Higgs: 

MH > 40CeV (2.32) 

The production rnechanism is ZO -+ H If, where "!" is any fermion. Note that 
there are sorne ambiguities in the argumrnts that mIe out a a very light Higgs, 
MH < 1 CeV, 50 that this may also he a possihility. 
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2.5.2 Sensitivity of Radiative Corrections to the Higgs 

A, for tlj(' top. tll<'[(, ('xi..,t Hig.l';s plwnomena which violatc the deco1lpling the­
OH'IIl The..,(' arC' a",o,·iated with pnmitivcly divergent diag,rams containing the 
Hl).!,).!," \\ ho",,, t'fred, \\'{' ('Hllllot ",IIll!>ly absorb lllto paranwtf'f rpdf'fillItions, be­
(,1111",(' of p,allt!,C' 1ll\,llian('(', 

111 tIl!' ('éI~(' of tll<' top, tlH'H' \Vere two a~ymptotic forms: 

1 lop,(lf1,) 

'1. 
Til, 2 

2. -2 = 9, 
11 

It was the s('cond typ(' ofbchaviour which was responsiblefor the stringent limits 
on t,h~ top mass. In the case of thc Higgs, the situation is entircly different. Now 
the bad large m /1 bchaviour has the forms: 

1. log( 1/1 ~ ) 
') 

m'il 
2. Il' --- = (f ,\ 

1'2 

1\ i~ t Il(' !'o('alar qunrtie interaction constant, and is the analogue of Yt aboye. We 
!'ope t ha t ('\'('11 in t he ('a~c of a strongly coupled scalar !'occtor corresponding to 
,\ = 1, t 1)(' second fmm of hdulYiour only prod uc('~ ('011 crt ions of order 0:. Tlltlf> 
tht' Ill('Challl..,m t hat k<1 to s1lch abundant information on the top breaks down 
in tbe ~('alar ~('ctor. TIns i!'o the f:.crcening theorem [37], for large Higgo;; mass, 
\\'(' hav<' a !-.t.rollf.!)Y coupkd theory f,crccnecl off from ob:"crvation by a factor n. 

H('T(' 1 dCSCI'll)(' two ob~('rV'lhks WhOSé radia ti\'c correct iOIls deppncl on m H: 

1. Corrections to the p paramcter, as for the top. 

2. Corrections ta the anornulous rnagnetic moment of the muon. 

p Parameter 

The p paramder gave us our best informat.ion about the top becausc of the 
quadratic dept'lldeuce of the radiative corrections, which was due ta the faet 
that (mt - Tnb) functioned as an order parameter for the global custodial syrn­
Ill('try. Hm\'f'ver, the phy!-.ical Higgs is a singlet (s. e 2.29) uutier the extra SU(2) 
s)'llllIldry, so t hat tlH' eustodml symmctry is prc~erv('cl a~ 71111 --t 00. Thus 
\\'(' shoulcl 110t expcct ln]! behaviour. which is consistent \\'ith the sClccnmg 
th(,ol'('ln, 

The wrrectiou to the p parallletf'I' comiug from figure 2.6 is [38]: 

30 [ Afil 1 kITf MJ[ 1 !vIii 1 
2 ~12 ~f2 og -~1'1. - 2 ( ~12 'f2 -- og M2 1Grr8U' H /1 - 1\ W 1\ W Cw 11' H - .1\ H ) Z 

_ - 30 _ log .\1;[ 
1, 2 '12 (jr.c w 1~ Hi 

a8 AfH -+ 00 (2,33) 
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Figure 2.6: Diagrams gcnerating Higgs dcpcndcnce of the gnuge boson ml\.<;S('S 

whirh has the promised log(mh) dcpendence, with an additional suppression of 
o. A rcrcnt fit to a host of neutral and charged ('urrent precision data kads to 
the following constraint [39]: 

A!h < 1.6 TeV 

Muon Anomalous Magnetic Moment 

The muon anomalous magnetic moment "ap " is defincd by: 

(JofJ qQ r er (2 0 2 m 2 ) -- i or + l' 'YIJIJ q'Y = ,Pe = e = .e"'{ al' 4 
ml' 

The Higgs boson contributes to al' through the diagram of figure 2.7, yiclding 
(where r = m~/m~): 

(2.34) 

The faetor: 
2 

2 ml' 
GFml' oc -2 

v 
originates in the Higgs-muon couplings, while the: 

m2 
l' 

m 2 
h 

part represents an additional suppression that can he explained by power connt­
ing and the faet that an anomalous magnetic momf'nt is genf'rated by a dimen­
sion six operator. This extra suppression is less important for a light Higgs: 

ap = (2 - 300) x 10-11 for mh < 3GcV 
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Figure 2.7: Diagrarn generating Higgs dependencc of the muon magnetic mo­
ment 

The W+ and ZO make contributions of 200 x 10-11 , and new experiments should 
probe a" to order 40 x 10-11 • Thus this experiment is sensitive to a light Higgs, 
though snch il. scenario is probably ruled out. 

In this case, the cxtrcmc accuracy to which this observable can be rneasured 
offscts the ubiquitous mass-suppression factor coming from the Higgs-muon cou­
pling. 
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Chapter 3 

Electro-weak Corrections 
to the Top Decay 

The rcsearch prcscnted in this chaptcr has he('11 puhlisl)('cl in Phy~i('s Ld.t.('I'S 

256B,533 (1991). (rcfcrcncc [40]) 

3.1 Motivation 

There is little evidence for the standard mode! physical Higgs bosoll. As wC' 
have seen, this mostly stems from the faet that the' Higgs collph's t.n plliticlps 
in proportion to their mass. However, the scrcening thcorem [37] m\lst nl~() lH' 
used to fully undcrstand the smallness of the radiative ('orr('cti()ll~, as wc llOW 

rCVlew: 

1. In the ca.c,e of ohs('rvablcs iuvolving light ('xt(,lual fermions, tllC' tncliatiV!' 
2 

Higgs corrections are proportional to Y, = 2 ~~, by the mll<,s-('oll}llill,!!; 
rule. 

2. In the case of observables with gauge bosons as the f'xt('rnal par tieks, llaiV!' 
application of the mass-coupling principle would le ad us to gll('S<, t hat t.he 

2 

radiative Higgs corrections are proportional to g2 = 4~. lIowc'v('r, ~ilH'(' 
the gauge bosons contain the would-bc gOl<btOIJ(' ~calan; it i~ p()s~ilJlc t.hat 

2 

the radiative corrections could be proportional to ,\ == ~, and thlls he 
large for large mh. This is whcre the :-;rrceuing tlwof('I!1 ("OIllf'S in; tlwf(' 
are no such cffC'cts. Thus the naive c~tirnate is correct. 

1 propose another ob~crvable which is naively o1\1ch morf' spw,itiw to tlu' 
Higgs than any process with light ('xtcrnal fermions or gaugC' bO;,OIlS, namdy 
the t-b-lV+ vertex. For cOI1~idcr the Feynman diagram in fig11fe 3.1. Dy ma.'~s 
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Figure 3.1: Higgs cOIrection to top decay in unitary gauge 

coupling arguments, this is suppresscd relative to the tree level diagram by: 

-- '" 
v v 919 

HowcvC'r, this ('sti:llate is cornplicated by the motneutum dcpcnd(,llce in the 
IlUIlH'rator of the W+ plopagator, which also introduces ambiguiti('s iuto the 
renormalization procedure. Thus, consider the description of this plocess in 
terms of the ~-gauge fixed Lagrangian [34], for the particular choice ~ = 1 
(FcYlllllan-t 'Hooft gauge [35]). The Feynman diagram associated with figure 
3.1 in the ncw ~ = 1 language is dcpicted in figure 3 2. N ow i t is easy to 
sec tllat the "~uppres&ion" of this radiative correction r('Iati\'e to the trrc levcl 
V('rtrx is typically: 

m2 
_t 

v2 

Sincc mt ('an he as large as 240 CcV (sec 2.23), thi.1 i3 really no -'uppre.won at 
ail. However, sincc figure 3.2 is a loop diagram, its contribution is down relative 
ta trrc lcvel by an additional 16

1;2' Thus a first estimate of the correction to 
the t-b- VV+ vertt'x due to figure 3.2 il': 

This is the typieal size of other eleetro-weak corrections in the standard 
model. This in itself is quite surprising from the point of view of our experi­
enee with Higgs corrections to light fermion processcs, wherc its effects could 
always be ignored. Nevertheless, a full calculation of ail strong and clectro-weak 

28 



1 

l 

, 
'H , 

t 

Figure 3.2: Higgs correction to top decay in Feynma.11-t'Hooft gauge 

contributions would haye to be perforrned if wc ever wanted lo dib{'lltang}e the 
effects of the virtual radiation of aIl the standard mode1 bosons. The purpo~(' 
of the rcscarch presented in this thesis was to stlldy only the magnitude of the 
"unsupprcsscd" Higgs radiative corrections, to sec if they n'aHy arC' as laI g" 1\."\ 

naively suspcctcd. 
The conlPxt in which this study \vmtld be ph<'1l011H'llologicaHy ll1t1-rt,~ting i~ 

the following. Suppose that the top quark has becn di~cover"d, but t hat the 
Higgs boson has not. It could be that cither the Higgs is very lwavy or that 
perhaps it does not exist at all -- sorncthing elsc is breaking t.he electro-weak 
gauge symmetries. Then wc will find that the rncasurcment of the top width to 
an accuracy of less that a per-cent will yield information di~tinglllshillg tllf'se 
two scenarios. It has been estimated [41] that top pnHiuction at the SSC will 
excced 108 pairs. so that such an acr.urate rncasUf('IlH'nt of its width is not 
obviously out of the question. By contrast, at a l'eV lincar e+e- collid"r it has 
bcen estimated [42] that the top width could he known to no bettcr than 25%. 

Lastly, the final nurnber we compute will reprc~ent a wdl <1l'fir1('d, gauge 
invariant, portion of the ('omplrte set of corrections to the <lemy width. l'hi., 
follows from the faet that gauge invariance is satisfied order by ord"r in p('r­
turbation theory: gaugc dependence in the cOf'fficit'nt of tl)(' g; tf'rm ('arlIIot 

be cancelled by othcr gauge dependencc in the co('fficient of tht' g2 t('rm, for 
example, becausc both 9, and 9 are free paramcters of the model. 

The cnsuing discussion is organized as follows. First 1 will d('~('fih(' the 
on-she11 rcnormalization prescription as it appHes to fixing the values of the 
field rescalings. 1 will spcnd sorne time deriving the formulae for the rescalings 
because 1 could not find a proof in the literature. Thf'n wc will go on to find 
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tlw ,I.!;c'IH'ral ('Xj>ff'''''''lon for tlH' d('cay wiclth III tCII11' of a .l!;f'nf'ral t-b- n-+ vcrt('x 
fllllctioll. La:-,tly. tljI' F('yrmwll dWj!;Iilm'" (Il(' plf,..,pnt('c! Hlld computf'd. awl ollr 
I(':-'lllu, :-'11I1lIrmri/.f>r! An nppf'ndlx i.., lIlclucl('(1 tn dl"'c1\f.~ ho\\' the d('\'latl()ll III 
tlH' top wldtlI ('aIl }J(' di~tlIlp;lIi~h('d fwm tll(' df('cb of fi 1\::'1 IllatllX. uutil that 
!>OlIlt. \V(' ..,ball alway.., ',d l ~h -= 1. 

3.2 The Renormalized Lagrangian 

3.2.1 S-matrix, Greens fUllctions 

O\ll .1!,oill i.., t() d('..,nJlH' the ou-:-,hell rC'IlonnalizatlOll plf'scriptioll. It will he 
1\<,,('[111 to I('V]('W tll(' rdatlOIl<'lllp het\\'c('n GIC('IlS fllnctlO11~ awl tll(' S-Illatrix. 
FOI thi.., PlllP0"'(' It will ~uffi('(' tn work withill the C011t('Xt of scalar fidd thcory. 

Thl' S-lllatllx for n partide !o,catt('fing i~ P;1\('11 in the H('ISenbelg; pictlll(' hy: 

5 =< (JI ···<]/,outlfJ/+l·· (jll: 171 > (3 1) 

1/1/ > alHl louf > al<' in and out a~yll1ptotlc :-.tatc:" whicl! arC' cigf'llstatcs of 
tlw total 111l1lliltonian and the other cOllf>erved chnrgf's. They contaill il (kfinite 
ll11mber of partiel('" Thl')' ,1re ('on~tructed from t lw \'acuum 10 > by ('rcation 
()pl'l'ator~, <1>Cl~(J'), which f-ati~fy. 

(3.2) 

HI'l't· li! is tlll' phy~ical, llwasnred, mass of the field. The asympt,oti(' fidd is 
J'(·lakd to tll<' fh·Id!:> </J in the Lngrangian aC('OIding to: 

(3.3) 

(Titis is actually the so-crtllcd wcak limit, or LSZ Rsymptotic condition.) The 
fador 21/2 is ju<,t th!' amplit11d!' that the op!'rator 0(1') ('[eatc a sinp,le partiel!' 
sUt!(· out of the vacuum. Since in general in an iuteracting tll{'nry o(.r) cali 
en'at(' Illally other ~tat('s in addition to just tlw "iuglt' partlcle OIlf', wc havC" 

(3.4 ) 

FurtlH'r Hnalysis uf>ing a spectral r('presf'utation of the propagator or t,,"o point 
fuuctinn fOl the <:> field tdls U~ that 21/2 ('an he calculatcd: it is the pole n'siduf' 
of the 0 propagator G(2) nt p2 = 171 2. 

(2) 2 _ 12 j'Xi 1 
G (p) - 2 2 + d(j p( (j ) 2 2 

P - m - 1 f 1 li rL~ h P - (j - 1. f 
(3.5 ) 

The S-matrix is rclntcd to the Greens functions G(k) via the reduction for­
Bmla: 

(3.6) 
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s J 

n 
'n ~ -n/2 2 (n) 
l Z IlcrI,(O,+rn )·C (I) •...•. t',.) 

1 

n 

in z-n/2 Il (171 2 - p~) . G(n)(1'I.) . ~ 

"Z- n/2 G(fI)( ) \ l . TIr Pk . U 

tions: 
n 

G~~)(pd = I1lG(2)(Pl)r)C;(tl)(p/.l (3 S) 
)=1 

The perturbati\'C' expansion of the truncatf'd Greens fllllcti()ll~ })I()('('('ds III t 1lf' 
usual way. with the exceptIOn tltat thr a.~.~octatrd dwgmm.q ha11c 1/0 ,qdf 1'1IfTtf!! 
bubble,q on the eÛt rnal lmccq. 

In futurc>. all Gleells f\lncti(ln~ n,>ec! will 1H' fllllcti()ll~ of 1ll1l1l1l'lItlllll • ..,0 W(' 

will henceforth Ilot l'xphcltly dl~plny that lllOlll('lltlllll dqH'IldplI<'('. 

3.2.2 Wave Functiol1 Rcuonualization 

Kow wc diSCll!-l'l rcnormalization conditioIl"> COll('('rlllng tll(' fil'ld l(',,((dlllg,> or 

wuye fllnction r('n()rlllalizati()ll~. The"e ('(Jllditio!l'> an' l}('(,(,'>~aty to COlllpllt.· 

GreC'ns functiolls. but they hav(' 110 ('ffeet on tIlt' "altH' of thl' S-lIwtrix. WllH'h 
only dep('nd~ on the fields and the wt>ll ddill('d 2 1 / 2 factor" III palticlllar. 
wc coulel proc('C'd without ey('r rl':-.caliIlg tlH' fidck <.,{) IOIlg éI!-> \V(' lf'I!WIlJ],(" to 

compute the 21/2 factors to tlH' ~nlll(' ortler in IH'l tllr!HltÎOIl thf'Oly tlwt \\(' 

computc the Grcens fUllctioIlS\ (lm1ll1scr t O\1r lC~lllts ill the (,()lIlpld<' <'qlllltioll 
3.7 for the S-matrix. Thi<; apPlOach is discll'>"f'd in [43]. 

Howcver, it is cOl1\'cnient to work with Grt'l'llS ftlIl('ti()ll~ thnt Hl(' tllf'llI'>(·I\'('., 
fini te. Tills can be a ('('0111 pIi:-.hcd by rl'~ca ling t he fie Id~' 

9(.1:) == Z)/2~,(I) (3 !)) 

This leads ta new qUéllltities, nanwIy Grcclls fuuctions of tll<' H'scalPd fidtls (f,I'(, 

3.G and 3.8): 

C(k) Zk/2 C(k) 
r 

C(k) 
Ir = Z-k/2 c;il.) 

r.lr (3 Hl) 

where: 

n 
C(k) 

r,tr I1[G~2)rl C~ l) (3.11 ) 
1 
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Fiuallv, th" S-matrix 3.7 hf'comes: 

S = n Z Cln) . ~ 
( 

_ ) n/2 

Z Z r,lr (3.12) 

(1)\'iClI1"ly, a pnrticlIlar dlOice for the rescalillg crics out: 

( 3.13) 

'Vit Il th!" icl"lltificatioll, w(' have chosen a l'('normalization scheme. It is 
"baract(,l i,œd by thf' equality of the rcscalings and the well-defined Z factors, 
which wC' kilo\\' an' th(' pmticlf' propagator rf'~i(hlf'S ahout thclr ma$S poles. This 
",.)WInf' is silllpl<' (IIHI COIlV('II1('llt since \ve ha\'(' to caktllatc the Z factors anyway 
to obtllill 11)(' S-1I1atrix ('lenlf'Jlt~. 

TIWl(' j" OIl1' more const Iai Il t to di:,>('uss. \\'c "hall sluft cnch mas~ parnmetcr 
11l tlw Lil)!,!illlp,Î'lIl ~lI('h that cé\ch i" eq1lal to the phy,,!ral Hlél.sS of tll(' asymptotic 
:-.taU> ! ('. Ill(' pole of th(' fl111 propagator. Thf' f'ffcct of this will be evideut in 
W]l.1t folio\\'" 

TlwM' Iwo pIC'<,c[iptÎom Illé\y 1)(' 11eatly ~tlmmanzcd in terms of the behaviour 
(lf tilt' ('<leh I('-:-,('"I('(} fidd's t\vo-point functioll near its pole (see 3.5): 

1 lZ 
---

Z p2 - 7l/ 2 - l€ 
as 

(3.14) 

In ot hlé'l' words: 

In the on-.~hell rcnormaltzatio1/. scheme the particle propagators have 
po[c.q at thr obur'1I('d partlcle ma.~.qes. and the re.Hdue about ca.ch of 
tht'M' J>olt.q t.~ "t" tl1nr,Q the umt. 

Th(, l1la~!- P<lIilllH'!I'!<; in thf' Lagraugian are ju~t the ma.q,>es of the asymptotic 
!-tat<~<;, /111(1 tlw fi('ld o})('rators cn'ate state~ containing asymptotic ~tates nor­
mali/('d 10 "1"; in !('nnc, of tht' LSZ 1imit 3.3, the field operators CH'ate the 
a~yll1pt()ti(' "t <lt(':-, \\'11<'11 wc t1lrn to the more g<'n('ral cuse of a field theory 
contaiIl1ll)!; diff(,It'ut fermions and bosons, it is these exprcs&ions of the renor­
malizatioll scl!ClllC tllat wc will use. 

3.2.3 FOrIllUlae for the Field Rescalings 

\\'(' now ha\'t~ to tran:-.late the prc:-,criptions of the last section into form1l1ae for 
t 11(' Z. This is not f}l1itc 50 ~traight-forward if the fields are fermions, which i8 

t h(' case W(' bave to consider in this thesis. 

32 



1 

T 
f 

Let us concPlltrate 011 Jtl~t the kmf'tic ('llerp,y and lllal-l- tclllll- fOI il fC'IllllOlI 

field !/-'. 

\\OC hél\"e illtrodllced the l-uh~('l'ipt "0" ou the' illltial fidd ... to (\\'(lid 1':>'['t'''''''I\I' 

OCCU!Teuc('s of "r" ... uh .... niph !cü('r III a thl'Ol~ wlth jlnllty \ iolntill).!. iult'lacIHlll--. 

the' 1('ft Hnd IIp,ht handed par h of th(' fI('ld al(' ddr"!('lltly !t'Int('d I() tIlt' Jt.ft ,lIld 

rig,ht IHllHkd pm b of the a"'Ylllptotlc field. Tllll~ 11 l', l Jt'('(':--''''lIl ~ t(l l't':--,t'al(' t'adj 

part ~('patatcly: 

t"oL ZI/2tj, 
L L 

l/.'oR = ZI/2 , 
Il l;'R 

171 0 m+6m 

The following comhinntions will nCC1lr frcqucllt ly: 

Zl,/Tl-- 1 

(IiZn + f,Zd/2 

(llZn - llZd!2 

Suhstituting; 3.16 into 3.15: 

L 

6L 

-;:'(fJ - 1II)l.' + ilL + ).,L ,nt 

{oZt, -:;:( iJ - 111 )4' + llZ<I~-;-:fJÎr)l,' 

(3 Hi) 

(317) 

(.1/1 Z l' /.' l, ' 

\Ve will sce bdow that the piccc foL is proportionnl to the .... 11In11 p;llamt'lt'l ,,\ 

in the on-she11 prC'scription. ~!ure arcuratf'ly, wc will fir ... t n ... ..,ll1IH' that \\'(' ""Il 

calcula te Green', f1t1l ct ions b~ l1"ing ti L anel )., L tn pf'l t 111 b li 1)( III t tIlt' fI,'" pm t id" 

solutions, and uIlder t bi~ a'-,~llmptlOll (kduce the <lfm l'IIH'llt !()llt't! u'!ntloll. TIll!" 
our approach 10.; c0I1',i ... t('nt. in the '-,('ll"(' of Illc'llIl field th('OfY 

Insp('ctill~ thi~ 111'\\' funn for L. \VP !-Ie(' that W(' La\,' i~il!llt'd il t"11l1 \\lth 

a nc\V lorclltz o.;trlld1llC Dot prt':-,ent in tlw mitlill La).!,lélIl).!,iml. 1l<11llt'ly 0~~1,,1,· 
Howcvcr, 3 18 :-.till doc!-I llot ha\'e the most geIH'lal fOllll jlo!-l!-libl,', dw' ln tlw 

a bsence of expl c::, ... ioll~ ltkc: 

The leaSOll f-ouch t<'llllf-o \\'ere ne,t )!;f'll('nÜCcllllHll'l tll<' ... lllfh illld I,,,.,,·,,ltll!.'> III 

3.1G if>: 

1. the tcrm in 3.19 is ocld un<lpr CP tranc,foflllatioT!";, 

2. the frcc field part of the initial Lflgraug,i'111 3.15 is CP ('veIl; 

3. and the transformations of 3.1G pn'SCI \'e CP. 
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Figure 3.3: The two-point Greens f\lnction 

Had W(' allowed Z ~/2 1 Z:/2 to have irnaginary part s, the term 3.19 wO'1l,ld have 
ari:..ell. Snell a procedure wou1(1 be neressary if there were CP vio1ating illterac­
tion:.. in the t.lwory, f'O that the a<""mptotic 1eft and right handed !Jieccs Requin:' 
a IP1atlvc l'hase diffcrf'ncc. In the standard modd, clcdro-weak CP violation 
on1y ari:..('~ in pl ocesse~ that il1volve aIl thrce families of quarks, which is not 
a chm iu'k! i:-. tic of oU[ proh1cm. Thus we h ,VI' lr rt t h(' rescaling fadors real. 
AllOt!H'l' way to know if the Illore gen('la1 pIocedure is necessary is if krms of 
th(' fmm 3 H) app('ar in the self energy fuudion as computr'd in perturhation 
thC'Olj'. 

\\"(' rf'!.nI'Il to the p1'oblcm of obtaining forrnulae for the Z. The final state-

1Il<'llt of the OIl-sll<'ll prescription was that G~?) must have a pole at m and a 

l'<'siduf' of "1" ahout. that p(.~~. So we must compute G~2). Diagrarnat.ically, 
thi:.. i:-, dOllc in figure 3.3. The diagrarns containing the "cross" and the "blob" 
If'!m'f,Pllt. tllt' contributions of the 8L and >"Lwt pieccs of 3.18 respcctively. \\re 
will "pp that it Îs ronsistC'ut to assume that the hL tenns are of the sarne ordC'r 
H!'. ,\L III /. \Vc rcplcsent the formula for tll<' bloD by 1:(p). 

G~2) (p _ m)-l 

+ (p - m)-l [Ï.-(p) + 8Zv(p - m) + 8ZaMs - hm] (p - m)-l 

III t1l(' absence of CP violation, ~(p) has the most gencral form: 

E(p) Ï.- t ,{p2)p + r-a(p2 )iy'(s + m~ .. (p2) 

r.dp2)pPL + Ï.-R(p2)pPR + m~ .. (p2) (3.21 ) 

where in the C1\se of masslcss particles, "m" may have to be replaccd with the 
llH\.."S parallldcr of 80111(' 01 ]\('1' partirlf' in the thC'ory. Note that pl' is the only 
four-vcdor in t IH' problem, so that other tcrms with al'V etc. in thrrn are absent 
or may he tran"folll1ed to t his form using dirac algcbra. A tenu proportional 
to just 15 has oppo~ite CP transformation prop<'rties from those above fllld will 
Ilot occu1' in our problnn as disrussed. 

Wc arc now going to taylor cxpand ~(p) about p2 = m 2. Due to our 
paramdl izatiol1 3.21 of ~(Jl) this turns out to he somewhat messy. Surpris­
ingly, wc wall find that it t,~ not neccs,~ary to expand Ï.- a; the higher order terms 
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in f.ts expansIOn affect nelther the pole nor the re,qiduc. 

'Ç'I = ~I 'Ç' "-'z -- 8 2 ~:c 
P m' 

E" E" + E:(p2 - m 2
) + 0(p2 _ m 2 )2 

- E" + 2mE~(.lS - m) + O(p - m)2 (3.22) 

Evp [Ev(m2
) + E~(p2 - m 2

) + O(p2 - m 2)2] X [m + (p - 111)] 

- mEv(m2) + Ev(m2 )(p - m) + mE~,(p + m)(p - m) + O(p - m)2 

- mEt,(m2
) + [Ev(m2) + 2m2E~,] (p - m) + O(p - m)2 (3.23) 

EaP,5 {mEa(m2) + Ea(rrI.2)(p-m) + mE:.(p-m)(p+m)}'5 + 0('''_-111)2 

{mEa(m2) + Ea(m2)(p-m)}'5 - mE~(j)-mh!i(p- 71/) (3.24) 

\Vc now sub~titutc aIl this into cquation 3 20 for G~2): 

Ercn = [m(E., + Et,},n2 - hm] + [El' + 2m2E~ + 2m2E~, + 6Zv] (p -- m) 

+m [Ea(m2) + 8Za]'5 + [Ea(m2) + 8Za] (p - mh5 

- (p - m) [mE~'5] (p - m) (3.26) 

No matter what happeus, we do not waut any '5'5 to infect the propagator near 
its pole. This lcads to the first condition: 

(3.27 ) 

The piece in 3.26 involving E~ represents a cOIIcctioll of O( 1) Jlf'ar tlw pole, 
so the furthcr condition E~ = 0 is Ilot implicd. It is surprisiug t hat tlH' OIH' 

condition 3.27 simultaneously climinates the ,5 clqwnc!cl1cics tn zClOth and firl>t 
or der in p. This 0111y happens bccause we arc n('glecting CP vio};tt inp; df(·cf.!,_ 
Dy contrast, the implications of the on-bhcll prc~criptiou to the' lIon-15 partI> 
will yield two such constraints. 

= 
1 1 1 

T-- + J.. {m(E" + EV)11I 2 -,sm} :J.--
l'-m r- m r- m 

+ ~- P::v + 2m2E~ + 2m2E~ + 6Zv} - mE~ AfS 
r- m 

1 + B 0(1) + 0(),2) 
p-m-A + 
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The on-shcll &chcmc demands that the A and B pieces be zero: 

(3.29) 

Tllll~ wc sec that oZ v, 6Za • and hm arC' caeh propor tional to the ~ functions. 
whicll rC'}llC':-,C'nt th(' cffeds of ÀLtnl Thus 8Z de. arc proportional to À, as 
promis(·d. Fiually, we obtain the formulae for ZL, ZR, and hm, returning to the 
more c()llveni('nt :,>('cond form for ~(p) in 3.21: 

ZL = 1 {1: L + m2 aa2 [EL + ~R + 2~ .. J} 
P m' 

Zn = 1 - {~n + m 2 ôa2 [EL + ~R + 2~ .. 1} 
P m~ 

om = m + {~8 + (EL + ER)/2} m' (3.30) 

Rccall that the Z's \Vere purdy reaI; but what if the self energy f\lnctions have 
imap,inary parts? \V(~ Hm\' addr('ss this issue. 

COl11l11ents on Absorptive Phases 

TIll' sC'lf (,IH'rgy [,met ion ~(p) can have an imaginary part if the associated field 
i:-, 1lllstahlP. It is po~sible ta clCIl1011~trate from unitarity that this imaginary part 
i~i <'sH'utially the pitrtirl(, width. up to kinematic factors. Since the imaginary 
pm t of the' self <'llcrgy i5 th('rcforr an observable, it can never be regulator 
d<'l't'udcttt and \\0C' do Hot n('cd to renormalize it. lt is only the real part of 
the sdf-f'llcrgy whosc rcgulator dcpelldence ha.cs to be eliminated by the field 
rc scnlillgs (if we wallt rcgulator indC'pf'ndcnt Greens fundions that i8). Thus 
tIlt' nppropriate formulae for the Z's and hm should rcally be: 

ZI- - 1 - Re { ~L + m 2 aâ2 [~L + En + 2~~]} 
P m 2 

Zn -- 1 - Re { En + m,2 aâ2 [EL + ~R + 2E .. ]} 
P m' 

f.m - m t- Re {Es + (Er, + ER)/2} 1712 (3.31) 

3.2.4 Effect.s of Wave Function RellOrIualization 

1 would like to ('OllllllCllt on the mechanisms by which our re-scalings, etc. will 
affect the outromc of n calc111atioll. At thi:'> point, the only cffcct of our ma­
nipulatiolls lias heen the w'n(,Httion of f'xtra terms in the Lagrangian 3.18, and 
the ml(' that we IlO longer hi1n~ lo di,-ide the truI1cated Greens functions by the 
pwpngatol' l('~idll('S to obt.élin th!' S-mat rix (sec 3.14 and 3.13). Since the latter 
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Figure 3.4: 1Ianifest. effect. of wave fuudion f<'IlOrmalizatioll 

on its own manifcstly produces a change, there must 1)(> F<'yIllnan dillgl mus to 
which those extra terms contribute 50 that final re~mlt l('llwins the' saIl\('. 

One class of probkms in which the extra tel ms apP('aI' (ln' Pl()('(':-'S('~ <1(,­
scribcd by Feynman diagrams that admit self ('n('rgy hubhk:-, ou mtt'1'1/CLllilH's 
(Diagrams wit.h S('lf-('llcrgy bubblcs on ('xtt'rnal lin('fo, an' ill<,l<'vaut hiIH'1' tll(, S­
matlix dq)('nds 501('ly on the truncatcd Gr('{')]~ functiolls 3.8). Such Il :-'ltllHtioIl 
is depict.ed in figure 3.4, wherc th(' extra tenns hav(' b(,(,11 depickd hy a ClOSS. 

The sum of the two diagrams will be of the fonn: 

... (~(p) + 8A) ... 

This combina tion will be r('g,lIla tOI' illllq)endt'nt, w hich i~ a (,ollv{'lli('nt lm t Ilot 
nccesmry propel ty for a Glcens function to have. 

What about a GIC('IlS functioll that do('s not ha\'(' thes(' types of diagtatm;'! 
Such is the case for the thrce point fuuction G(1) in Q.E D. and Illally oth('r 
thcorics. Since the extra ter111S do not enter in the formulaI', wIlC're i:-, th(' 
compensating effcct effcct pm,tu!ated ah ove? The (lll,>W('r 11<'5 tIJ(' L lllt part of 
the Lagrang,ian 3 18 thnt we hav~ 50 far ignored. In tll(' (,xéltllpl(' of Q.E.D. w(' 

have: 
>'L ant = eo~~o/1ot/'o = (OZcZ~/2 0/1~' 

The effective coupling of the interaction has bccomc: 

\ - Z Z1/2 
Ar = Co C A 

Using this everywhere in place of >., wc will obtain the saIlle IUlSW('rS as if M! 

had done no field re-scalings at aU. The situat.ion i5 cornplicated, howew'r, hy 
the convention of replacing this coml>ination with the l11('a~\ll'('d quantit.y ,,(,", 
which is the coefficient of the ",Ij" part of the e-e-, fonn fador lIH'a~lln·d at. 
q2 = 0 : 

"B" is customarily denotcd "1/Z1". The situation b fmthcr (,oIIlplicatcd in 
Q.E.D. by the subtlety that the gauge invariance of the theory l'C'l'>ult.r, in "il" 
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being, ta aU ordcrs in perturbation theory, ('quaI to: 

B=~ 
Ze 

Tll1ls, in Q.E.D., Il~C of the eOllpling e = eoZ~/2 everywhere yields the same 
aw".w<,rs as If no r('!-'calings had been done at aIl. Thus, m the computation of 
the thrce 1JOmt funciwn of Q.E.D. to one loop order. the fcrmwn field rescaling 
fador ne1Jcr appear3. 

In this f,('flse, our ('nIculation i8 less subt.le. 'Ve are computing one loop 
corr('dions to the t-b-lV+ vertex. so eonsider: 

The SU(2) gang(' invariance is broken 50 the fermion field rcscnlings bear no 

simple' l'dation ta the gallge boson resealing Z:?2, no matter what convention 
we chom.e ta defirJ(' n new cOllpling constant "g", the analogue of "e" diseussed 
above. The Ztl_ and ZhL will occur aIl over the place in 0111' Haal formula. Theil' 
1>1'<'8(,l1C(, tJ1f'1'<' rcflects the faet that wc have clcverly removed the propagat.or 
l'('sidu(' fa ct 01 <; fJOrn the formula for the S-mntrix. 

3.2.5 The Renol'lualized Lagrallgian 

V'./e will only ha\'e to rl'Ilormalize the portion of the st andard modcl Lagrangian 
contailling th(' fields that are present at tree level in the:' proeess under study, 
namcly t ,b, and W+. Also, recaU two simplifying aS8umptions that have been 
made: 

1. mb == a 
2. Ftb = 1 

T}lI~ rdevélut Lagnmgian is thus: 

- - 90 -
L = to(fJ - mo}to + bofJbo + J2toYl'bo + h.c. (3.32) 

\Vc PP} fOl m the following rc-scalings and shifts: 

fOL - Z1/2t 
IL L 

fOR - Z1/2t 
IR R 

bO/J - Z1/2b 
bL L 

bOR - Z1/2b 
bR R 

IV.+ 0 - z1/2n!+ w 
mw - mt + Ômt (3.33) 
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Given that the interaction part of tht:' Lagrangian 332 01lly ill\'ol\'I'~ tilt' h'fl 
handcd fields, it is impossible fOl a b-qllark lllai-~ tn 1)(' radiatiYI'ly )),l'l1t'l nln1. 
Thus wc do not perform any rcnormalizatiolls to kc'('p it lt'1O, 3 :32 lIO\\" hl'Ctll!lt'~, 

L 

fŒtb 8Z t ),(f!J - 1I1/)t + bZtat{JÎsf - Mllttt + /'>ZI»~~7JIJ +- i'Z,,)Ii}-;;,h 

t 3 :Jl) 

As we will dlSCUbS, it will also bc IH'CeSsnry to kilo\\' t!tt" !'t'nO] mali/I'd port iOIl 

of the standard modd LagIémgian cOlltaining, ( and /l, wllich i~: 

3.3 COlllparison with W+ ~ e+v 

3.3.1 Why We COlupare to lr+ ~ f+l/ 

\Ve are g,oing to comput(\ the standard modcl pl'l'diction fOl tilt" top wieltll r, 
to bCj"ond 10\\'('st orcler in tlle scalar top conpIi1l)!; y" If tbnt '.\"l'lc' oll ,,'(\ \\,('J(' 

g,oing, to cakulate, wC' \\'ould hm'(' two pl oblt\lll" , 

2, The ~t\ldy wunlel lw IlOIl-pl'eclll'tin', \\c ha\'e' ()Ill' ll11kl1o\'v'll }lill 11 Il lC't 1'1. '1,. 
and Oll(' C"xp(,lilli('ntal rc"ult ft. 

The f\lnoanlC"ntal id('a uf rf'norrnRlil.ation is that th('~t" two j>I()hklllS !tH\'(' il 

COl11mon solution. \\'(\ IllUSt UbC tI1C" lllOdd to comput!> II1I.othcr fOJ Il III la [01 i. 
second obst'l\'ahIC" to the sall1C" }wlhllbation Oldf'1'. A[t(T l'IiIllillit!illg tIlt' IIlI 

knowll paraml'tel lH'twCf'1l tIH'sC t\\'o forllllll;.:w, WC' 11<1\ \' 1('[1 illl 1\WllIlhl)..!;1\Oll" 

prediction for the rdatiV(\ outCOIlW of t WI) ('XP(OllllWllh. \\ hirl! lIllI,,1 1)(' 1IIr!('PC'Il­

dent of any regulator illtIoduced in tIll' int!'lIlwdwl(' '-tel''' Cn'('11 tlH' I(O",dt~ of 
the expNimellt s, the ll10dd may t hen 1)(' acc"!>tcd or di "nI! c!eel 

To be more h!H'cifk, our final [('suit \\ill he il fOlIllllla (OXl)I('''~lllp) Ill(' top 

lifetime as a fanctlOIl of tll(' followillp; Ln)!;lilIlgian pm itlllC'!c"'" 

In our rellorl11a1i~ation prescription, t}1(' lIW<"~, paralllC'tt'r" apP"illIll)!, III t Il!' Lit­
grangian are the actaal masses of the asymptotlc <.,Iiil('~: tlwy ;dll'i\lly Il'PIt''1C'lit 
the results of C'xperiment. Howc\'cr the pa ra 1Il('t<-1 go ..,\ dJHI" ill il ('olllphl'ill('cI 
rdation to physical phel1ompna. Thi., is wlwrc lr+ - -t ( + 1/ C'OI11("'- ill It 1" flOll1 

this expcrimcnt that. wc will cxtract go, alid 11<"(' the' \ah\(' to !Juil.;!' pJ ,oclic'Iioll" 
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for t -+ blV+ as a function of mH, etc. In ract, parametrizing the lV-e-v vertex 
as rnca. .. <;ured in this decay by: 

r i' (2 2 2 0) lVell q ::::; n~n', [Je = , 

WC' WIll COmp11te Cl fOllllula for the top width as a function of: 

(3,36) 

(3.37) 

The viability of this approach relies entircly on the fact that the underlying 
Ino(lpl is a ga11ge t hc'ory hnscd on a non-abplian group, This rm'ans that the 
H' mw.,t coupl(' 1Lnt/Jrr.~ally to all matter with the .'lame har(' eoupling sttcugth 
flo, IIp to gI011p-thC'orctically determined factors. (:\'ote that wc have ddcrred 
cOllsiderations illvolving mixing bctwecn likC' sign quarks till section 3.7). 

It might b(' argued t hat 1l/+ -+ e+ v is a erude source of information about 
t.he el{'ctro-wC'ak coupling, f-În('C' this decay is poorly known. This is not impor­
tant to our study for the following rpasons: 

1. I3y the' t ime tht' top (keay width is known to sufficit'rlt. accuracy to be 
sC'Il:...itIve to radiatIve eoncctions. n"+ -+ e+v and thus gev will al:o.o be 
knowll to great ac('urncy. 

2. Th('le aln~ady exist [44] detailed ::.tandard modcl calculations that predict 
what valuC' of f/I' will be nH'asured in Br 1 -+ e+ 1/. llsing C'xisting precision 
illfOllllation likc O'crn, GII , }.fz, etc. a') input. \V('re we 50 inclinpd, wc 
could insf'l't thcst' pl('(licted vahlps into our formulae and thus ohtain a 
pH'diction of the top width as a fundion of that input dnta. 

An alternntc calcnlation working directly from the precision data mentioned 
iu 2 wnuIt! be pxtl'(,llwly complicated, cntailing as it woulcl a cardul study of the 
ll<'utral C\lIlt'nt ~cctOl of the standard lllOdpl. On the onC' hand, thi~ would ohlit­
('rate the ~implicity of tht' stady. ~fof(' importalltly, in that nppIOach the zf'roth 
onkr top width is comrnltpd ll:...ing go as ddl'rmiIH'(l from trœ level relations 
lH't\\'('C'1l p;\lnmett·rs hkc O{m mcasmed at very low ('nergy senles. Going to the 
!H'xt ordn. many of the radiative COI rections would prodllcc largt' logarit hms 
of tll(' ratio of tll<' top !lHtSS and. the low encrgy ')cale, in ess('nc(' descrihing jllst 
the l'lmning of ocm HP to the top quark ,>cale. (Thcre may also be trrms pro­
portional to m;). EWIl at LEP energics 811Ch dfects arc knowl1 to be about 8%, 
which would dwmf the 1 % corrections that wc (·xpcct. Thcsc ::,ort of rf'normal­
izatioll phCllO\ll('ua, the llllllling of coupling constants, arc weIl understood and 
t hus boring. In our schf'me aIl the inputs arc mcasured at the Rame seale, and 
t he ('Ont ribllt ions wC' find will thus inyol ye only the "interes ting" physies. 

3.3.2 SlIullnary of ReUOrlllalization Schellle 

\\"r URl' an on-shrll l'ellormalization sehcme, characterized by: 
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1. The mnss paramctcr for each field identically cqual~ t lU' Illa:-i" of t hl' cor­
responding asymptotic firld. 

2. The two point funet ion of caeh fl'rnlÎon fidd must ~at i:-ify 

(338) 

where m is the mass of the afo,)'mptotic fermio1l 11('1<1. 

3. The two point fllnction of eReh physical hO:-'Oll fkld l\lUfo,t "tlll~fy 

\\'h('re m is tlH' mass of thp asymptotie boson fidd 

4. The primary. input, phenoIDena that wc will ('xpre".., a11 oth'T ()b""l\'abll'" 
in t<'rms of nre: 

ln H', mz. lnt, 111 /1, gril 

wh('rc the masses aIl rder tn the' H\ylllptotir fidll'i. ll11d y' Il i" <kfiJWc\ III 
terms of the W+-c-v vertex fllnctioll at tlw poillt \\'11<'1(' tIlt' H'~ • f -+. :lllcl 
II arc nH on-:-.hell: 

r ,l (2 2 2 0) 
~"'ell q = mw·pc = 

g( Il 
1--_,'1 PI + " 
J2 
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3.4 The Formula 

3.4.1 Matrix Elelnent and Vertex Function 

The invariant amplitude for t -. )n"+ is given in terms of the vertex function 

r lJ 
tbw: 

(3.42 ) 

The trall~itlOll ~tmb with a t quark. The b-quark can only be obtained from this 
initial htat(' via a rhargrd current interaction. Sneh intcractiCJns only produce 
le.ft-handcd q1larks. Further, wc are cvcrywhcre assuming mb == O. This means 
that the produccd kft-handed b·quark can never oscillate into a right-handed 
b-qllark. Thus wc kllOW that the outgoing b-quark produced in the top decay is 
compktcly Idt-handl'd. Thus wc can make the ff'plarcment: 

(3.43) 

in the prcvious cquation. 

(3.44) 

The most gClleral form for the vertex function that does not vanish when pro­
ject.<'d on from the Icft by PH b: 

(3.45 ) 

where wc have used the usuai Gordan [45] decornposition to couvert possible 
all"p" t('rms into the forms above. \Vc can throw away tel'ms proportional to 
qlJ, t,he n"r+ foul'-mOmclltum, appearing in r~bw' Thcre arc two cases to con.,idcr: 

1. Decay to a l'cal W+. The amplitude is "HJJ(~" but for a massive on she11 
\'('ctor boson, ql'(~) is idrntically zero by the equations of motion. 

2. Decay tlnough a virtllal W+ to light partic1es. The amplitude is propor­
tional to: 

MJA(gJJ" - qlJ q" f·U!)Jï 
wh('1'(' Jt is the left-handed current of the Iight particlcs to which the lV+ 
couples. A qJJ pi<.:C<' in AlJA thus malœs a contribution to the amplitude 
proportionai to q"J'L. which is in turn proportional to the light part;cle 
masses that wc are llcgleding. 

Thus the most gcncral fonn for the vertex function bccomcs: 

(3.46) 
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3.4.2 Decay Rate and SpectruIU 

Here wc present formulae for the deray rate and sp(·ctrmll in t('nns of t ht' 1llost 

general vertex function dcrivcfl in th<.> last section. Comhilling 3.44 and 3 4G: 

+ O( /J~) 

(3..1ï) 

The second line follows from the first by disCllI ding ql' pieccs, as dis(,\I~St'(L 

Decay Rate for t -+ blr+ 

Reralling that: 

(3,48) 

wc obtain: 

+ O(b'l) (3.49) 

The rate for a two-body deray is given in tnllls of IMI2 by [46]: 

r = _~J!L. ~ ~ IAfl2 

811" m 2 2 i.J 
pol 

and so: 

1 ( m~)2 [ 2 m: m2
] rI = ~mt 1- -2 a (2 + -2 ) + ab(-t - 1) 

3_11" mt rnw m?v 

Decay Spectrul11 for t -+ bc+ Il 

(3.50 ) 

Now wc turn to the deray t -~ be+ li. We will cOllsidcr this sincf' tll<' lq)toll 
spectrum for t.his df'('ay is probably a more easily m('a~1\l'('d quantity thall the t 
width. Graphically, it is given in figure 3.5. The amplitlld<, for this prcW('SS i~: 

AI,ID:~O JLo 
_gllft + qllqft /m~ 

q2 - Tn~, - lr wTnw 

u(p" ho PI, lI(Pe) (3.51 ) 

Squaring and summing o,,"c1' polarizations: 

L M~M" . D~!JO D':! . Lo~(PII,Pt) 
pol q pol 

2 [kO[.8 + k.8[O - go.8k·[ -+- uOpp'Ikpl'll 
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Figure 3.5: The decay t -+ be+ v 

Ills('rting 3.47 for fl.!t!v! into this: 

L IA(tbC/J)1 2 

1'01 

= ( 

A 2 ,. 2 )2 r 2 A 2 ] -1 m ell - n1w + wmw 

= 2Ee/m t 

{Pe + PII)2 (3.52) 

where "ri?" dcnotcs "rn/m," for each m, and Cl is a numerical constant that 
cloes not concern HS. The decay width is obtained by multiplying 3.52 by the 
threc body ph<ll>e space [46] (see also section 6.5): 

d3rtbc/I 

d';l,Pe/2Ee 

.--.. 2 2 
2-IA{xe ,m ell )1 d(3BPS,Pb,Pe'PII) 
pol 

- C2 L lX. IA(xe , m;/I)12d(171;II) 
pol 0 

(3.53) 

",here we have ncglectcd a11 final partiele masses in 3.53, and C 2 is another 
illcons<'q\l('lltinlnuInerical constant. 

3.4.3 r~O) and the Equivalence Theorenl 

Ld us now discuss the top width at trec level. To lowest order, we may ext,ract 
the paramctC'l's "a" and lIb" in 3.46 from the non-renormalized Lagrangian 3.32: 

b=O (3.54) 
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1~0 200 2~O 

mt (GeV) 

Figure 3.6: The top width to luw('~t (JI d('1 

The gC'Iwral formula 3.50 t hus b('COIIH'S: 

r~O) = !..ml Ü'e2'!!.. (1 _ m~.) 2 (~1~} + 2) 
16 Su> m, mw 

(3 0;)) 

where we have used the zeroth order, tree, rdation' 

This zeroth order width for the dccay t -+ blr+ i.., Il,Iap}j('(l 111 fiP;l ., 3.0 E\'I­

dently, the top width becoIncs very large. 
For mt large in comparison to m w , r~O) in ('Il'lalioll 35;) lw('()lIH"< 

As a decaying particle mal'S becomes larg<'f that é' 11 ot lwr III il. ~('s i Il 1 Iii' pioLl"11I 
wc expect on the basis of dimen~iollal allaly~is that thf' IHtrtlc;<> \\'idtb lW}li\\,(' 

as: 
r", o:A1 

where 0: is the coupling strength of the iutel action Inf'diating tlH' dl'('ay So 
what is going on hcre, whcre the decay width is going ru. m: ra t 1I1'f t han m t') 
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Figure 3.7: Equivalence thcorem view of top decay 

This bC'haviolll may be umkrstood [4ï] by rc('alling the equiva.l(,Ilce theolcm of 
spontallf'ou:--Iy broh'I1 gallgc theories [48]. It asserts that any pro ces:; ill\'ol\'ing 
IOllgillldinally polmizC'd gauge bosons is ",dl approximaterl by replacmg these 
bo~ons with tllP associatc \Vonld·he Goldstonf' boson:; that they mix \Vith, ln 

the ltmtt that the encrgy of the gallge boson t<~ large rompart'd to the ma.q$ of the 
gal/fi" bo,qon For lar~(' 111t. tllP H'+ nwrgy Ew t1}Jl'roachcs mt/2, ~() that the 
Eu.Jlnu. d()l'~ iIld('cd lW(,O!llC Illll('h largel than 1. 

TO\\'(II d an ('(l'1Ï\,ll(,I1cC tbc()[t'll1 calc1l1ati0l1 of the top wirlt h, 1('('a11 ho\\' t 

and b c()lIplt> to 4>+ and tht> Higg~ (<;cc 2 22) 

9t4>+ib + g, (!! ~ v) li (3.57) 

Thus (rccal1ing the analogous formula for m ti'): 

1 
1n U' = -gl1 

2 
(3.38 ) 

\Ye 1l0W use 3.57 to compute the rate for the decay t -+ b</>+, clcpictecl in 
figure 3.7: 

(3.59 î 

Dy (,()Il1pal ison, the large m, limit of cquation 3.49 for the zero or der (sec cqua­
tion 3.54) t -+ bHl+ clecay amplitude squared is: 

1 ~ 2 2 L- I·U,m 1 

pol 
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Figure 3.8: The t-b-1V+ vcrt<.'x to fir~t OI d('r 

= 
2 2 29 nt, 7n ----­

f 2 g2v2/4 
2 'l =9,171 , 

+ 

(3 GO) 

These two cquations are identical. Thus the ml })('haviour of tlH' top width 
makes bC'llse in the context of the cquivalencC' tl}('orem, If we a."''''UIl H' t hat t lH' 
decay wirlth for Il hcavy top is domiuflted by IOIlgitlldinally po!ariz('d nr~-'s in 
the final ~tate. 

3.4.4 Vertex Functian ta First Order 

t-b-w+ Vertex Function 

The t-b-H:+ vertex to first order is clc-pided in figuré' 3 8. Th(, partlcl1!f'r l-bop 
vertex correction diagram shown tlH're is gCTH'IÎc; the preci.,(· COlllhllHtion of 
such diagrams relevant to our proce!>s will be pr('!->('Ilted in the r:"xt chaptf'r 
Right now 1 only want to write a g('l1f'ral expI ('s:,ion fOT t}1(' ~('rolld ding! am(~,) 
to the right of the "=" r,ign in figure 3.8. AlIticipatillg !Il(' !(· ... 1\!t~, of Ilw !H'xt 

chaptcr, each of thesc loop diagrallls which g('lll'Iate the If-rH1lll)!; 111; dqw),d{·)j('{' 
is proportional to: 

90 2 J2 '9, 

Combining ti.is with the discussion of section 3.4 1 wh('rf'in w<.' <h'ducer} th(' lIlost 
general form of \'he vertex function, we can say that expn'",r,î, III" rl..,~()ciat<·cl with 
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t!H'!',(, OIw-lou}> diaJ.!,ram~ will alwnys have the form: 

(3.C1 ) 

v:h('1 (' 

'\,0 ,...., 9; 
l\()W collsiclt-r t.he first dingram to the ldt of tlw "=" sign in figure 3.8. It Iep­

rt'!-.('ut.s tll<' trCf' level t-b-lV f'ollpling obtaincd from the renormalized Lagrangian 
3.34 of tlw last chaptf'r: 

vVe willlequil'e fOfllll11ae for the Z's beyond zeroth arder, where they ",ere == l. 
Thi:-. wIll 1)(' dOIW Ilf>ing eqnntions 3.31, ill the Bext chaptC'l'. For now, we nced 

ollly Ilotl': 
1/2 1/2 Z =(1+8Z) =1+bZ/2+ (3.62) 

\\' 11<'1 (': 

8Z ,...., g; 
PuUinp, aIl this together, wc obtain an expression for the v('rtex fUi1CtlOI1 

tlOlll th(' diagrallls of figure 3.8. 

(S('(' <'qllai,i'Hl 3.60). This contains the annoying bare pararneter go, whose elim­
illatioll W(' now dif>cuss. 

lr+ -(-II Vertex Function 

To P1'<l('(,,'d fml her. we must compute lV+ --+ e+ v decay tu the same onlf'r in 
P"I t\ll batioll th<,ory, 5ince this is one of the input experiments in our reno1'­
lIlalizntioll :-,('l1"lIH' (5('e 3.40). ~Io1'e pl'<,ciscly, in equatiol1 3.4L "'c d('fined the 
<jllé1lltity yfl' "W' 

r i' (1. 2 2 0) 
\\ ('V q = 11In'·Pe = (3.64) 

The l'ight halld ~id(' l('pre~ents the cXIH:'rilll('Iltal data, and wc a~surne it known 
(set' ~('cti()n 3.3.1). Th(' ldt hand sicle is the n-+ -c-v wrtex function, which is 
(ksnilwd in our 111ode! to first ordc1' by the diagrams in figure 3.9. 
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Figure 3.9: The IV+ -e+ -lJ vertex to first 01 dt'r 

Proceeding anruogously to the t-b-lV+ cas€' abovc, we Il'call t}\(. Il'lIIH Illa}i/l'd 

~V+ -e-l/ Lagrangiml (3.35): 

L~II =- e{Je + ïïdJlJt + ~(ZeLZIILZ~dl/2 ,iJ1'( 

Also, the arguments of section 3.4.1 for the geIlPraJ f01Jll of the \'('I!I>X f1111' 111'11 

are applicahle h('re, so wc obtain: 

>.(CII) and Q(CII) r<:prpsent the resuJts of a orlf' 100p caklllat\(lfl. bll! I}jI'l!' ,III' 111I 

irreducible one loop feynman diagram~ for the lr+ -(-l' Vl'r \l';... t hat t'" f'll \ ('11! ;,1:' 

the top quark. Hf'l1ce t hey can have no m t <1('\>('IHl('II('(' alld III 11 "t i)l' 1'1 ( '1" ': l" Il 1"; 
to: 

Similarly, the lepton self-l'ncigies to one Joap orel"l CBllllo! \)(' fl1111'111111" "f 111, 

so that 6Ze , 6Z 11 arL also of order: 

6ZeL,8ZII L 'V g~ 

Hence the vertex function bccomcs: 

Z1/2 r( l)" .go w IIp + 0(902) 
weil == t--/2 'Y L (3 (jG) 
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C()mpari~on with eq1latioll 3.64 yiclds the relation between 90 and the observable 

rl' V
: 

(3.67) 

Final Formula for t-b-1V+ Vertex 

U:-.ing 3.G7 to elirninate 90 from 3.G3 wc finally obtain: 

r ( 1)" = 
rhw 

gell [1 + bZ'L + bZbL + .xl 'YI-' PL + gt/l Cl' (J!~) PR (3.68) 
v'2 2 v'2 mt 

whf're wc Ilsf'd the faet that 

(3.69) 

to replace go by gt!1I in the terms alrcady of or der g~ , even if go t,m't accompanied 

by th(' factor Z!!2. Equation 3.G8, when combined with 3.50 for r t, tells us 
almost t'\'erytbing w(' Ilccd ta know. AlI that remains is to compute the feynman 
di agrnms. 

As an a,:-.ide, 1 wOllld like to point out the Zw doe,~ have an m; depf'ndent 
pa.rt. cowiIlg from the diagram ili figure 2.4. Its contribution drops out in our 
SdU>JllC, thollgh. lwcallse in hoth our decay and the f('f('rence experiment, the 
n-+ is on-sbdl. 

3.4.5 Deviations frolll Tree Level 

Dccay Rate Deviation 

e sing our f'xpr('s"ion 3.68 for the vertex function, and equations 3.50, 3.55 for 
IlU' flrst alld Zt'loth order t --+ fJll'"+ dccay widths respectively, wc ohtain: 

(3.70) 

= 

(3.71 ) 
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Decay Spectrum Deviation 

\Ve now consiner dC'viations in the lC'pton energy sp('ctnull pl'()(hU't'd hy radintÎV(' 
corrections. Note tlwt wc may set: 

sinec the t+ solir!. angle just d('scribes the 0\,('1"(\11 orit'lltatiou of tht' clt'cay plalll" 
and we are <lveraging over the top polarizations. Tlms W(' Illa)' wlite: 

dt:J.rtbe",/ dXe 

dr~~~",/ dXe 

(3 72) 

\Vc can llOW use our C'quations 3.53 aIld 3 GS to O!Jt"ill: 

cl èlr tbe", / dl' e 
(0) / dr,bc", d.re 

for- d(T11;,JIDw(111;",W [,,\ + Cl + (bZtI, -+ hZhl,)/'2 - o/.r,] 
for. d( Til;" )IDw( 111;", 11:1----------- --- -- --

(3.73) 
Furt her making the "narrow width" approximation: 

= (3.74) 

(which just nsserts the rnajority of the time the W+ is on-shell), wc ohtain: 

dD.ftbe",ldxe = [À + a + bZtL + bZbL - ~ J. fi (J'e _ ~1_~) 
df(O) IlI.r 2 If' m, 

tbe", e 

(3 75) 
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3.5 Feynnlan Diagrams 

We have obt ailH'cl fOIIl111lac 3,71,3,75 for th(' oh<;('rvabl(' qmmtities in tC'nns of 
Il Z t/" Il Z"L, >., a Il el 0' Thr::,r are in t urn ('xprrs"ed in tl'rms of Feynman diag,rnms 
"ia ('(plat iOIl:-' 3 31 aIld 3.40: 

= 

A" == 19o [>'r ll PL + Q (.et.) PR] J2 TIl, 

Th(,M~ quantiti('s are in turn c01llputed pc1'turbatively using Feynman diagram 
t ('c!m i q 11('8, 

3.5.1 Leading 11I[ Depcndence 

The idclltificatioll of the Feynman diagrams wh1("h me leading 0[(1e1' in: 

2 
2 2 mt 

9, = 9 02 
_In IL' 

i~ ~1l11pk~t in tll(' FeYlllnan-t'Hooft, Of é, = 1 gauge. \\"hefe the dcg,rr(' of (1i\'('r­
,!!;P)l<'(, of a diagram may he detcl'Inined Ly nai \"C pnWf'r COtlut ing, As dise lls:"icd 
in tl1<' dCl'oupling thcorrm [30], the large ma$S lwhaviour of nu amplitude .,..!" 
i5 in gClIcral rdated tn its drgree of divergence "d" hy: 

A ex m d 

A ex log( m) 

fordiO 

for d = 0 (3,76 ) 

How('v('1'. the ahov(' neglerts the pos~ibility of cOllplings proportional to thr 
IH'ilvy particle mass. Thus in the case of tl1(' standhrcl mod('] ",ith 1I1t also l)(,lllh 
(':-'~(,lltially the' sralar-top ('()upling, wc finnlly obtaill tll<' followillp; IUle: 

Tht' lt'ad11lg TIlt dt'pClldClIfC ongznafes HL the rnu,~t (17uergcnt Feyn­
man d1/L(ITam~ fOT/tamll/y the 7Il0.~t ,~cal(Lr b{),~()71,~ cOlLpll'd tn top qn(JTk,~, 

III (JIll JllOl,kill. \\'C \\'ill ha\'(' t\\'o tYl)(':" of diagrams: 

1. f('lll1ioll self 1'111'1 gy dia.lZ;rams 

2, y('rtex con ect ion dingrams 

Silllple étllalysis )I~\'('als that in both casf'S, the associatf'd amplitudes can be at 
most log.,a1 i t 1 Jllllcally dl\'('I gf'nt, Thus our problf'm i8 now reduc('d to finding and 
('olllputillg t he' lo!',arithmically diwrg'f'ut diagrams cOlltaining the rnost number 
(lf ~('alar-t()p \'l'l'tices, 
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3.5.2 Feynulall Rules 

\Yith the following choice of paralllctcrs: 

1. Ftb = 1 

her(> are the standard modcl tree 1c\'('1 \'('l'tex functiolls [40J that \\'(' \\'illlll·(·tl. 

- -lgt 
• H-t-t: J2 

o - -gt 
• rjJ -t-t: J2 Î'5 

• 4>- -t-b: 19t PL 

• 4>+ -t-b: 19t Pn 

• nr + -I-b: i ~Î'I' PL 

• lr+ -cP- -H: 19 (p!/>- - Ph J"~ 

• lr+-ct>--Ç>°: ~(P<t>- -P<t>o)" 

3.5.3 Self Ellergy Diagraills 

Dcfinc the two fuudions "A, B" [50J: 

.I( 2 2 2) _ 
."1 P ,1TI f' 1n" = 

B(p2, m}, m~) 

D2(p2, m}, m~) 

Cuv 
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Figure 3.10: m~ contribution to b quark self energy 

TJms wc have: 

1 11 -x(l - x) 
-6 2 dx D (2 2 2) 1 7r 0 2 P • ml' m, 

1 11 -x(l - x)2 
- -6 2 dx D (2 2 2) 1 7r 0 2 P , ml' m, 

b-qunrk SE'lf Energy 

ThC're is only one b-quark self rI1ergy diagram that is of or der gf, shawn in 
figure 3.10. U~ing the couplings in section 3.5.2: 

t-quork Self Energy 

There are three t-quark sdf-energy diagrams of or der g~, shown in figure 3.11. 

where, using the ('ouplings in section 3.5.2, wc obtain: 

1 2B( 2 2 2 )J. = - 2 g, p, 771, , m h P 1 2A( 2 2 2) 29, p, m" mh m, 
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Fig1lre 3.11: m~ contribution to t quark self (>lwrp;y 

~tll'(p) (_lg,)2 J -d~! ____ r:..l:it ___ -' :t:_~~~,)pf.i_ --
(271)4 [(p -/)2 -- nl~l [12 - 1II~.1 

= -g; B(p'2, O. tT1~ )pPR 

Collccting thC'se rcsults and writing thf'tn in thC' rorm 3.21: 

~,h _ ~Ih 
"-'R - O-..JL 

~,z _ ~'l 
"'-R - ,..jL 

3.5.4 Computation of Z'L' ZbL 

~b = 0 
IJ 

",. th 1 2 '2 '2 2 
l..J IJ =-= -"2 9 1 A (JI ,171" 1/1 I, ) 

, .... ,: 1 2 A( '2 2 2 
'-~II =- +2 9, ]J ,m" 111:) 

\\'e now cowpute the 6Z's, u~ing equations 331 quutC'd at t}lI' }H'p;inTlill).!; (jf tlm 
section. 

- [~~h + ~~% + ~t + R( E] 

= ~g; [B(m;,m;,m~)+ B(m;,m;,m~) + 2fl(O.t1t;.1II~1')] - n, 1:' 

1~~2 [CU\! - .ll d.r(l- x)log (F/JL4)]_- RfE (3 il) 
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E = ') 2 Ô ["th "th + ,,1: + "t: + 1 "tU'] 
_TH t 81'2 ...., [, + .... ~ ..... L '-' Il 2 ..... Il m 2 

1 

} 'Ô[ ,) 22 2 2 ? ') 2] -Yi'/l;-Ô--ï B(p·,nl t ,11Ih) + A(mh) + B(m:) - A(m~) + B(p-,O,11l 11') 
p 

q2 II [ 1 - x + 1 1 - .r - 1 1 - .r 1 
~~ d,r .r( 1 - x) -n- (1 1 . 2) + D (1 1 . 2 + D 2 16 7i 0 2 , , 11) It 2" 111 : ) 2 ( 1. 0, ln IL' ) 

Note' t hat: 

D:.dl, 1, n?;) -
D 2 (1, 0, lÎÎ~L') 

x 2 + 1n2(1 - x) 
Il 

(1 - .r)( lÎ1~, - :r) - lE 

The first is pmitiw' d"finitc for 0 S; x S; 1, but the sccond has a ze'ro within th(> 
iutt>gratioll int<'rval. lTsing: 

WC' oht nin: 

g; 11 [2 - :r -x 1 -- .1'(1- x) ---- + 
16702 0 D2(1, 1. 6Î~) D2(1.1.1il~) 

g f [1 ~ 2 • 2 ( • 2 1) 1 ( 1 . - 2 )] +-6 2 -- + n1u. + rnu· mw - og -m1l' 
1 70 2 

(3.i8) 

3.5.5 Vertex Correction Diagranls 

TIH're lIH' ouly two \('l'tex COIrcctiOIl ding;raIllS that are proportional to g;. 
ShOWll in fig,llH' 3 12. AlI othf'r diagrams are elt}H'r manifc~tly cOIln'Igent by 
powel ('ollntill~ and t}l\1~ IX ~, or arc proportional to 95 or gb == O. 

nI
I 

FlOlIl "H" part of dmg,ram 3.12 wc ootain: 

\ 11 
--

'It -

(3.79) 
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Figure 3.12: mi contributions to t-b-1V+ Wltpx 

From </Jo part of diagram 3.12 we obtnin: 

= 

a, = 

where: 

nlï2 Dia) == D3(m~)/m~ = (1 - y) + y2(1 - x) - y2x(1 - x)tj! 

+ xym~ + y(l - x)(rn~ - 1) 

Finally, .x, a of 3.61 are given by: 
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3.6 Results 

3.6.1 Cutoff Independence 

Im,pl'ctioll of the fonrllliac of tht' last s('ction reveals that some of the quantities 
>., n, f,Zt/" hZ/.[, (,olltain the regulator: 

1 
Cu\' = - - "( E + log( 4 71" ) 

ê 

auc! th'., llH'lmiIlg,lpss seale pan\ll1<'ter pZ. \Ve will now see that both of these 
clisappC'ar in th<, expressions for the observables. To do 50, first note that Qh 

and ft z in 3.79 and 380 are already frec of sueh (kpendence. Next, observe that 
bot Il of tll(' o!)s<'l'vables 3.71 and 3.75 are functions of ouly thc cumbination: 

wl!os<' rf'gulator d<'pen<!t'llt parts wc now &tudy. 

>'h + Àz = 3~~Z [-Cuv + fol 11 dIdy ylog (D~h) D~Z) /IL4)] 

f,Zb/, tf,Z'L 1~~2 [CU\f -11 d.r(1-x)log(F(x)/ll 4
) -RtE] 

x 

Thus, as clailllCcl, the regulator CU\' and the scale J12 will completely drop out 
of the fillal fOlmulac. 

3.6.2 The Final Result 

\\'(' now makI' t11<' n'placement: 

222 .J!..L.- _ gel!" m, 
1671"2 - 3271"2 m~ 

(3.83) 

in ail om formulae: 3.71, 3.75,3.77,3.78, 3.79,3.80,3.81 3.82, to obtain the 
slIIlllllary: 

~r'bU' 
(0) 

r'bu' 
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d~rtbell/dIe 
2 2 [~ ( 1)] ( ') ~ TIl t =- + 1 _ - li . 0 l _ ~~ 

(0) / 
- 3211"2 711;,. 2 Xf r 111; dr'bell dXe 

X X / --1!L 16;r2 

= 11 11 dI dy y lof!, [b~h) b~z) 1 F(l - !Il] - Rt È 

[ [ [(r y - y - 1) (rli - Y + 1) 1 a dx dy y( 1 - y) - --. ---- + --' ---.;-- - -
D(lt} Dl:) o 0 :1.\ 

RcÈ 11 [2 -;r -;r } - x( 1 - x) " 2 + D1 (1,-T1TI;) o Dl(l, 1.111,,) 

1 • 2 • 2 ( " 2 1) 1 (1 " -2) - 2 + nlU) + n1w 1Hu> -- og - 111", 

. ( .. ) 
D3 = (1 - y) + y2(l - I) - y2 x(l- ;r)(j~. 

+ xym~ + y(l -, .r)( TÎt; - 1) 

F(I) - [D2(1.1,111~)Dl(1, 1,Tn;)] 1/2 D1(ü, l.lh';I') 

D2 (a, b, c; I) ax + b( 1 - I) - Î;r( 1 - .r) (3 8·1) 

To ohtain thf' an:,,\\'Cf, wc now rcquin' tlH' val,\(' of q;lI' \VI' wdl Ih(' Ill<' 
tr('(' 1cvcll<,lation 9 = cl :-,inOIJ" ~inc(' th!' d('vwtioll:-O iIl till" rdiltlllll :-ol!o\\' "I> a.., 
dcviatiolls to OUf c!c\'iation. and thus an' IIllilIljlOI tHllt 

\\"hat r('mams i:-o to (>\'a11111te tll!' iIltqjI al.." wlllcl! 1 11a\l' ({Oll(' llllll!!'l il'aIly, 
with the f<'SlIlts showlI in fig.llH> 3 13 and figlll(' 3 14. \\"(' :-oe(' tll(' COlI(,ctioll:-O aIl' 

typicllllyabout about a tenth of a percent for ft Hi1!;g:; of ma,,'1S grenter t1mn 100 
GcV, The e~"'(' of a 25-GcV Higgs is ,,1..,0 illel\ldpd to lllmtratl' Ihat di{' 1/2% 
or<1('r of magnitude ('f,timate we made in f,('ctioll 3 1 \\'n:-.. 1''':-O('lltially COI J(·d. of 

courS!', this value of 7nh is rulcd out by ('XIWliuwut 
The abo\'c expreSSIOns takc a simpk forIll ",ben III, 1H'collw" );Ilpr ('a..,(' 1. 

mt > 7nh: 

13 _IOg(rrl~) 
4 711,. 

~ l 2 2 
X(m, >mh,mw) 

~(2 2 2) 
Q TH t > rnh,mw 1 

~r/r = (3.85 ) 

Cas(' 2: mh > mt 

= ~ _ ~ log (m~) 
8 4 m~ 

1 
= 

2 
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Figure 3.13: m~ corrections to the tree level t -+ blV+ width as a function of 
mIl for various vnlues of nlh: (a) mh=25 GeV, (b) = 1 TeV, (c) = 100 GeV. 
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Figure 3.14: m~ corrections to the lepton energy spectrum for thc decay t -+ 

be+v of a 150 GeV top quark, for various values of mh: (a) mh = 25 CcV, (b) 
= 500 GcV. (~e == dtlor /dXe., Xe == 2Ee/mt where Ee is the clectton energy). 
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~r/r (3.86) 

It. tWIl~ ont that tbis approximation i", valid only for a very heavy top, 
ml '" J. f F. <1 .. '> wn<; ddrrmincd by compllt('r. ThllS the tl1(' non-leading terms 

illlplici t 1:: cOllt ailwrl III t h(' iutrgrab are making ~igIllficant contributions for 

utl < 240 G( V. 

3.6.3 COluparison with Otller Work 

TIl(' first-Olc!(,I' Q.C.D. corr('cticlllS to the t - blV+ decay have been known for 
sorne tlT!l<' [51] m1(1 au' ahout -10%. 

SII1>"'('(I11('l1t to IJ1\hlication of this wnrk. t\\'o glOUpS [52, 53] have performcd a 
('0111 plet (' ntlc1!b trOll of aIl ('leetlO- weak COI rediollS. Their results are in ag,ree­
llH'llt. Th!'y PC'I fmIll t IH' COl1lplltlltioll in two on-f·,lwll s('l}('nw~: 

1. C~illp, (l'Ill' 8;' .. J!;t, and fl'Ill1ion and Hig,gs m(\",,,C'<; h.'" input. ("O'-sc!wme") 

2. Usillg Cp, .. 'l\\" A/z, a"d f(,I'lllÏon and Hlp,p,S 111<1%eS as input. ("CF­
M'hrllH'" ) 

'l'Il(' lI'SllltS arp gi\,(,1l in figlln' 3 15 taken fmlll Dennrr élnd Sark [53]. In th(' 
(,(I~(' 1111 > HI il, D«'ull('r and Sa"k abo prm'id(' the kading ord('r lwha\'iollr in 
1/11 lIlHl /HI/TIl •• Tla'il expJ(,.,~iOIl agrc('s with the Olle "'f' hav(' dt'ri\'ed in 3.85. 
(,xct'pt for the 1I1/1Il1. tpnnf> whirh wc (10 not rOllsid('r. 

o-schellle 

III the' fil st -.c1wll1C. there is larg,c \'ariation \Vith mt, This COlUCS not from the 
tyj)(' of III; COll(>ctions that wc have computed, but flom another 111; cnntr:hu­
t iOIl wl11c11 \\'iI", Ilot pre~wnt in our r('!lOI malization ~cl}(,lll{, (which i~ more like 
the "«'('oIHI ~c1j('Ille) Thi~ ('xtra ('ff('ct b associat('cl witl! tll(' fllIlninp; of the /!,HI1p,e 

Cll\lpliJl/!, frolll tb(' l()\\, scale at which Oon i~ ll1('a~llr('d to tll(' lr+ ~,('al(' Thi~ 

\\ OIllcl ... 1 11 ft Olll IC''''lllt '" by t h<, Hmollnt: 

~ l' = __ ~_ _ J' cC!L' 1n / 
( 

1\' 2 2 ) 

4rr s~, 48~L' m ~" 
(3.8ï) 

Note- tltat th<, original definitÎoll of ÛI' ('nmes flom: 

M2. (1 _ ~Ut\') _ iT'Q 1 
U .U~ - V'iG~1-6r 

(3.88) 

Tlm tontnbutlOTI ~s r,q,qenüally the Ub7.quitou,Q m~ c.fJcct dl,qC!l,qscd zn ,qectlOn 
2.1.2. 

Th(' anthOIs inl'l'fer('I1ces [53, v4] find that th('f,(' ne\\' formlllili 1·.; lhe l<,acling 
Pl cler 711 ~ ('orredions i Il !'IdH'l1W 1 il pproximates t he full (' k('t 1'0- \\'l'c,), ,'orrcct.ions 

62 



1 

1 

1 

ln 
Z 
Q -t-
U 

"" cr:: 
cr:: 
Q 
u 

"" 

O.IOr---------~----------~--------~----------,_---------~ 

- -0.05 ---
(r. ) 

o ..... 
...... 

" 
" " 

! -o. OS .... 
G: 

"- (b) 
"-

..J 

"" a: 
"-

"-. 
-0.10 

..... \ ........ . . ........................................................... (:).................. \ 

" 
-o. 1 5 '--------'--------'------~--____ ----L. __ ___ _ 

100 150 200 250 300 350 

Figure 3.15: Rcsults of a. complete calculation of all fir~t orcier Q.C.D. and 
electro-weak corrections to the top width: (a) Q.C.D. contributions, (b) elcctro­
weak contributions in the "0" schcme, and (c) in the "G F" sclwme. Taken from 
reference [53J. 
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l 

(wlllch are of nnlN s('verallwr cent, &cc figl1re 3,15) to within a fador of two, 
How('\'t'l', t,llI' J('(l!-.on for ~u('h good agreement is due ta the fact that the "boring" 

('01 rection ~r ih('lf dominatc'~ a11 the ekctro-w('ak corrections, 

(,', -sche me 

'flIC' :-'('('()lJrI "'c!J('IrH' COfTC'>P()IHb 1}1r)&t closdy to t he ~ch('me we h<1\'(' uscd, be­

('II l1S(' tllf' (,ol1plillg (,O!1c..tant lllfolIIlation es~elltially ('0111('& from the nr+ mass 

illpllt. wlllclJ 1., nt the ~anlt' <,cale that our SC(2) muplillg gfll is IlWftSllr('d at. 
TII!>j)('ctlOll of figllrf' 3 ]5 ilHlicatf's the complet!' [('suIt is 4-5 tim('s larg('r than 
Olll:-', illld clwIJgf':-' httk ()\'('] th(' illdiratf'd I<'glO!l of top q1lark mas~. By con­

tI'W.;t"OI1I 1(''>1I!t" in fi,!!,lllf' 3 13 vary .,igruficantly Thu~ wC' mu,>t condudC' that 
tllollg;h \\'1' bav(' COIllj>l1tf'<! the It'admg OId{'f cOlltl'lblltWWo, to the top \\'idth, 
\Vithill tl)(' illt"l ,'al of top (l'lHrk lll,l,,>S nll()\\('c! by (,Xpl'l'illlC'llt they !Tl fact do Ih>t 

dOl Il illat(' 

Hc·('c'ully. YU(\l1 (l)ld Yllan [G411Iiln~ al.,o (,()lllJ>lltf'd th!' !cadlllg; 71/; t('lIU in 

Il)(' top wicllh. 1I"111~ tl)(' ('(!111va1t'Il(,(, tl!C'()!('nl flO!ll the Ollhf't They \YOlk Ifl 

l)(ltl! lh(' 0 alld Gr ~,('h('llj('", alld 0btain tll!' ~illll(' 1(,"lllt" (if, Ils in the latter 
:-.dH'IlH', 

Aftn :-.llbllli .... .,ioll of tlll<' \\,()rk for pt~hlirati()ll, \\'(' \W('èllllf' awarc (1f Il !'oilllliar 
Hllaly"i:-. by LUi alld Yao [55] Howcwr tlwir quot,'d ét.,>ympt()tlc limit dlffers 

frol!l ()lll:-', that of l'Han an(l Yuall, and of DI'lllH'r and Sack 

3.7 Appendix: Effects of Like-Charge Quark 
Mixing 

Till1l0W W(' llUw 11 <'glc-dcd the cffcctr:; of the K~1 Illccllanism [24] of the standard 

IIIO(kl, ill """('IlCt' a!>f,1I111IIlg thnt l'tb == 1. In facto l 'tb i" n complC'tdy ffCf' pararn­
dt'!' of 1 II!' t !I<'Oly. \\'Ith ,>OIlle h011lld[" on its \'aluC'b comiHg from the obsen'ation 
of \:." mltl "lib (tilt! tlll' \lllitarity of tlle ('hargcd CtllrC'Ilt cOllpliIlg II1Htrix In the 
l\~1 :-'('('U;Ir!O 

TIlt' jUlIO(ludlOll of tlll" ('xtra parauH't('r. ho\\,('\'('r, f,tllp" 0111' ~tlldy of its 
j>1t'(I\l'ti\'t'IW:-'~, PIl'vin1!!-.ly. aft"l 1J}l'a . ..,urillg th(' SC(2) coupllllg ('()Ilstnnt in the 
lr+ -( -II \'cllt'X, wC' \,()1l1il Plcchet th!' top wi(lth at trl'e l('\'('\' rlncl ally <llffcrerl<'(' 

lH'h\('('l\ tlll~ tlc(' k\'d }>lcdictioll and tht ob.,('r ..... cd vahl<' ('(lul(\ he eonvnted 
Illto ÎlIfollllatioll about the HIg,g:-. llla"s (petlwps poor1y, giwIl the logarithmic 
c{PPC!I(]c'IIC(' of tl)(' fOl'll1ul<H'), Howcw~r, no\\' wc do not kno\\' how l1\u('h of the 
c!C'\'iatioll of the top width fWIIl ils tn'(' 1('\'('1 pr('dll'tI()Il l~ rllle to radiative 
('0] !('c!IOIl" alld ho\\' lll\1ch is dw' to mixin)!; 1)('lween th(' ql1alk~, 

Tht' I)('~t \\'ily to p;d afol1ud o1lJ' ignorance of Vîb is to cOIl!>i(kr tIj(' inclu'ii\'C 
dcray 1 atl': 

(3.89) 
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1 

t 

T , 

Ld tu .-.. /llr+) dpIlote the' rat\.' pn'\hctiollllndn Ill!' a"''''lllllpIÎtlll Iltat tIlt' l\~1 
ll1atrix i" thl' unit. \Yt' have: 

wh('r<' the mass dt'pe'ndl'nce' ('nl('fS throngh tht' féll'! that the \'O!tIIIH' of phaM' 

~pnœ is differ('nt for the diffpn'Ilt quarks, \\"(' an' ('\'('r)'\\"I1('I/' \It'p,!I't'fillll, ~l1('h 
ma!'l~ cfrect~, !"o that: 

r'"'lt ~ Ir+,,) ~ [~W,,f'] r""U·~ Ir+!.) 

[(Ol(f --~ bll'+) 

It i:-; j\l~t rU -. (,H'+) t !télt wC" havt' l'()lllplltt'll. TLll'" OHI <'iI!rll];tlllIll j.., Il'illl~ 
Idl'\'é1llt to th(' Jll<'dictioll of th(' d('\'intio!J of 1 Ill' 111,.]11"'1\1' \\'ld!IJ FIIIIII;I plI!' 
tlOlll('IlOlogil'al poillt of vic'\\' tlll'- IS a llll\('h ],('t\l'r :--ltllatlllli all~\\dy, lH'(';lll"'l' 1\ 

is thnt q\lltIltity \\'bi('h j" ail tlmt wC' \\i111'1Ohahly 1'\1'1' hl' "LIt' tl) 1,1111\\' ;.l)OII! 
the top, 

TIl(' n",1l1t:-- 1)('1(' (';)111)(' l111dt·l..,lol)(! )!,1'l)"ldl1y lf aIl thI"I' q1JHIh.", \VI'\(' dC'~."11 
('rak III Illa,,". tll1' :--téllld;lld 1I1od.'1 LilgI<llI).!,idll \\'(l1)lel ban· a 1;lrgl'I ~~Illllldl~ 
\\'hil'h \\'olllcl allo\\" tl" to a1!"I\l), th(· 1\\[ 1ll.III1'>: IIlto 1 lit· dc'fillltlclli /If tilt' q

1
1:lIk 

fields. The dwrgc CIIIIPllt ulllpllIlg Illiltnx \\ollid bt" Ollll' tlll' Illlit 'l'hl'" 1'" 1'11_ 

tilt'Iy itnnlO.f!,olh to tll\' "ittlitt!Oll 1Il tIl(' ll'l,t0l1l(' ~t'I tnf. \dw!c' tilt' d.'p,c'l1t'I<t"~ 1'[ 

the' ll('lltrino ma-.,,{'", (they aIl' aIl /('IO) llHlke" (l K:\J 11l:ltli\ thc'lI' 111":llllllp,I,."" 

:\ow nllo\\lllg, th,' q11ark" to hit\", Illil,," tlJl' chilllgi' Jll ()111 pr"dll j !lnl" frolll tlw 

ca:-!' of il llllit I\:\l matrix lU\ht Il{' PI')lHlltIOIl<tl tq tll!' IIIUllk 1110\ .... "1'-.. "lllt'I' tlll'~ 
an' f\1l1diolling a~ or<!('l' pHrallll'kr~ fOI tll(' :--ylllIJlI'tI) 1 III" :.., ",ll,d \\',' flllilld 
il !JO\'P. 
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1 

Cl1apter 4 

Introduction 

4.1 The Decay Y -+ J /'l/J-IY 
nel·putl)' [56J tllP "sl'llli-inclusive" (kcn:>: 

r --+ .J/I.'X 

hns 1)('('11 oh"('fv(·(L with tllP hrnllchl1lp, lnti(): 

B,,(Y ---t J/vX) ::::: (11 ± -1 ± .'2) • 10 1 

",11('1'(' til<' fiht "11111 i~ ~tiltl:-.tl('al nllli the '-.e\·()wj""y...,tt·1l1,tlll· III tll1~ ;-"('(lild p/llt 

of the th('~i,,, l (,()1l1j)Utl' the !H'lhll!mtiH' Q C.D predit flOIl for tlll" III ()('t'..,.., TIll' 
n:-!:.t1lt~ Illf' 1>1I''''''1It<'<1 in c!l<lpt{,l S. 

\\'C' w111 \\olk to ImYI'"t ouler in tIlt' ..,trong (,ol1pliII).!; o •. \\llIch \\',' \Idl 1';.:IlIl('t 

from thf' IWItlllhat!\1' Q C D prf>did!()Il" of th,'!rildroIll" \\Idtll'" (Jf tlJl' \'<1111111, 

llH'~()n~, Thi .... applll<lch )'\1'1<1" [,j7] a typi".d \id'II' fi. ~- o:? .111.1 1r:1" 11\1' fl'.111111' 

tl1<1t n. i~ c!C<!llI'l'd JJl <III COI!<"l...,ft'llt fa""!Jloll Il Ilh rl'''pl 1 1 tf! Il'Il Illlldel 
Tht' 1)('1t111 b,lfi\-c Q C D ('~tiJl]at(' o[Ili1lI"lllfJlllatt'<" fUI Illl ",1 Il 1" tdl<''''' "II tilt' 

a~:-;\lmpti()ll tllat tll(' (,OIhtltli{'llt qllark·., 11l!)I'P Il''ll Id.tln l'-lit ;dl~ '1111.., ;t!!O\I'..., 

us to perfotll1 nll expnll<"IOll in tIH' aV/Tilg/' J('J.ttl\(· IllldlJ.. IIIO/lI.'IIIIIII\. "fi tlHIl III 

the ctld IW' Il('('d only kIlow th" \ahl<' I)f t11<' ',\';,\(, flllll 111)11 (ll If>-, ,j,'ll\"t l\t' ;11 

the oflgrn, The"e III tUIlI cau 1)(' (kehll'('<! ('O!bl"tt'IJI l~ fI UIII ;1 ), '1,1 {JIll' \1'ldl h of 
th~ l11(':.on, Gl\'PIl the vah(hty of 111(' Hfl!l-II'l"Ij\'t'-.It< """lllll!lllflll, IIl\'-. ('\pall 

:,;ion 111ak(,~ Just o.!:oo 111\1('11 "'P!l!:oo(' éb tllf' ('XP<llhlOII III fi. t lJf' t). Illl.tl 11l{)Ilj('tltlllll 

partides hOtlllcl by Cl. ('ol()llfllb type [01('(' of ... tr('llglh Il.1'-,1/)1 -. Il./11 

On!' attractive feiitlUe of th,' P{()('('~'" r ... l/l.' \' ;~ tlIllt \\t' t :"Pt'( 1 tll1' 
il""lllllptioll of 11011 Idati, i .... tl(' IllOI10ll tu tH' lI·d"'())I.tl)!~ \\1'11 .... 1I1~li(,d f"1 (';If b 
of the 1ll(,"()1l~ III the' trrlIhltioll A '>II!.IJ of thl'> 1,> tIlt' It,j.ltl\d: "'ltlidl 11,\,,1 
~plittillg,'" lWt\W{,ll dl(> ditfl'l('llt (l'l<lrk aHtl-rl'llilh bOllnd ...,,;tlt',-> 111 Ilw l ,llld 

J /1,' ~y,>telllf." ~Ially of t he,>(' :-.1 at('" dIffcr [08! frolJl ('fjl'I! !il ]]1'1 ordy III t 1 JI' way 
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that dl(' total quark r-plIl and the orbital anglllar IllnnlPIltllm are cornbilled 
10 proc!llc(, t}lf' total IlWr-.OTl r-.pin Thtl~ wC' can int('rprC't th(' IC'\'f'! splittings 
b('f\V('('TI "'W b :-.t ;If('.., a:, lH'ing prodllc('d hy ~pin-()rbit coupling, :"\ll'h cfff'cts arC' 

JlIOJ!0ltHlIlal tu t}w JI'latln' TllOJjWllt\lIll of t}w ('O!l..,tltw'nh awl \-anous pow('r~ 
uf tlw ('()lIpllll~ ('O[l"titl,t 

Alllltl!n ilttU\!'tJ\1' fl'<ltllTf' ahout tllP 1 ....... JlvX rate l~ that it lIlvolvC'~ 

q1\llI k-lll11il of tv·;() dlff"l"Ilt t~l){'''' Ail pH'vio\ls llr-.PS of prrt\llhativ(' Q.C.D. to 
d(·r-.n!lw lH'iI'.'y 11\(·...,011 ph~~i( r-. ha\{' I\lvol\'{'d illf'hl~l\'l' ,k('ay \\'Hlth..., of ouI y a 
..,11lP;1(· tYlw of tllt'Hlll. nr do not )'(·t ha\'(' ('XIH'll1lWlltaJ data tl) COJ1lpan' the 
pn·dI<'IIIl/J"" wlth Exalllp!('r-. of tlH'~(, two sittlatj()n~ an' thf' oec'ays 1 ---1 i.\ and 
y -+ JI,., TI, 1 (':-.p(·!'tl\C'ly. TIH' pr('(lict('d hranchinp; ratIO for the lattN dt'cay ib 
'" JO-Ii [.:>9] A "'111 \'cy of "ill~le 1ll(· ... O!l inclu<,in' rat('", llIay Jw found III r('[('H'UC(' 

[Dï]. 
The r(''''('arch to he If'porkd IH'ICin cOll<,titlltC'" the fir~t ..,tndy of 11 traIl1>itioIl 

IH'I\\'('('II two ddfl'lt'Ilt ~p('cie~ of c{1wrk-ouia. for which tl11'r(' PXl..,ts ('xpNimen­
tal flntil to cOlllpare th(' prf'dictlOIl with. and for which bolh :-.y~t(,IllS can he 
(('ar-.()lIahl) iljlpl'OXlIllated Hr-. lIIm-rf'lafl\'i"tic 

A It'}atl'c! poill! of illt('l('~t in tlllf, pro("c...,., Conrl'IW, tll(' 1)\)",",I1>11lty [GO] thnt 
t})(' i( 1.5') ..,tat(' df'('ays to JII!"~ an anomalour-.ly lar,e/' ll\uulH'r of tUlles. III 
('1l111Pilll:-.()ll t() tilt' df'cay 1(15) --; J/lf·X. Oue [GI] prop()~('d explanation of 
t!ll~ {po",,,!1)!"l aJlolllaly p()"tlllat{'~ that the' 1(45) har-. n lar.e;<' wiclth fOI (!cc'ay to 
"Olll!' otlll't Il il hOI\l\!1 "tat('. whidllll Innl ha" a lar.e;t' J/I.' wHlth If pntlllhati\'f' 
Q C D h "'w·<'(·""fllllll (k:-.ndllll).Ç th<' I11<'a.:.;urf'c! l(1S) ..... JI','.\. c!pcay, theu W(' 

('PuId fI \I·,f Il fo lllilh(, a ho ... t of ptt'(bctiou" hh(mt tll<' JI V widt h~ of tlH' other 
h-f[11i1l k ..,tatl'''. illld 1111lr-. cOIJfhlll or l<·fllt<' tlll~ IlUpOltallt (\.."l)('('t of th(' propo~ed 
"XplitlWf iOll 

l \\'ll1llot ntt(,lllpt to l'('vi('w the f'xtf'nsi\'c literatur(' tlIat ('Xistb on thc ~ubjcct 
of P('1 tlll batin-' de~('t iptlOU of transitions bctW(,(,ll non-rclativistic bOllnd states. 
SOIn(' pal t iC'lllal1y gond r ('feH'llcC's arc: 

• [G2] and [lG] npply tll<' l11<'tho<1 to tll<' (kcny of po~itroIli1lln to t\\'o or t11re(' 
photom, \\'hich war-. the (\rigma! COIÜ('xt in which it was dl'vC'loped. [63] 
wa . ..., tll(' th:--t pa\)('1 to app!y the method tn Ill('SOne;, compllting the leptonic 
widt hr-. of vcc!or :-.f ates. 

• [uS] élUc! [G4] COllt ain IllO! e sophist icatcd di~cm,fo,iollr-. of the condi tiO' lnder 
wIllch \\(' l'iII! t'xIH'ct the tedllliqtH' to he reliahk. 

• [65] contallls mflny tls('ful fOI mulac applicable to transitions involving P­
\\'iI \'t' IlIf·r-.OIlS, 

• [GG], [Gi] apply the llH'thod to rompute the decay of heélvy IneSOIlS to 
d('ctro-w('nk particks ltkl' the Higgs, <'te, 

HO\\,('\ cr, III appcudix n 1 do d('1 ive the co\'ariant form of a rlOn-rC'lativistic 
bOll11d ~tatt' wave fllllCtioll, which ~hould suffic(' ta jllstify the Feynman rules 
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for vertf>X fUllCt ion" assona tell wi th 111<'SOIlS ill Ft'ynllHl.n din!!;! a Ill"; 

Thi~ (keny was eOI\slr!erl'd \l',ill~ }leI turbahvt' Q C' D "hUllt il d"nlllt' IlP;O 

[û8]. Ho\\,('\·pr. III th()~(' ..,tudlt'~ uo att('mpt WH.'" made' to ('or1l·1<l1I' tht' final c1H111ll 

quark.., intn ddilllt(' llH':-.nll ... tates Rather tIlt' ratt' fm Y -t ('(-)/1/1 \\ a .... l'ollljlllh'd. 

ll!l(kl the cOIhtraillt that tL(' 111\ ill lilllt Illil"'''' of tht' rlWIlll <111.11 J... allt 1 qll:!1 k p.\I! 

lil·lwt\'(·t·ll .\I} jtlH! the tlll('"l!()ld fOI DD plodllt'tltlll n1<' illlf!I()I" dl).',I1(· that 
t hi~ llH't!W(! :. wld ... 1 Il!' /', )1l1pkt(' hranchlllp; 1 atJO ftH Y -. J,: r.', llIcltldlll,l!. 1 hl' 

('ff('eb of ca,,('a<\(' pl()dllctlO!i Ill1()lIgh Ill(' \.!'ll' :-.tal!'s, :\ Inaudllll!!; fI,,' IIO!l (lI' 
aho1lt lS1 i~ o!Jtaill('(1. wlth 1I0 <'UUI ('"lllllatt'. to hl' \'olllpalcd "llll tIlt' I('("llll~ 
o!>taiuC'd C'xpcriulCutal If·"ult of nlS{, 

The dj"nl""loll of the "f --, J/I.''\ \\ldth 1:-' (lI,C,Hlll/pd a ... foll,)\\" 1·'I1,t 1 
will Ji~r\l"'''' lw\\' incln"i\,f' hafhouic \\'Hlth ... HIe (·(l\llplltt·d III I~"lll'l." \l'''I\\g PI'! 

tnrbatj\(· Q CD, l will IH'xt 1,,\'j('W the 11l1('~ for calclll:ttlllg tilt' S IlItltl!': "Bd 
1ll\',lliilllt (l!llplitlldl' fOl tr,lll"ltiOl1:-i iIl\'ol\'iIlg IlW ... (lll"'. ;lIld l \' III dl".·I1 ...... izo\\' tll{' 

('()Il~('l\.!I\Ol\ of ('hal).!,t'-pallty III Q (' D l. ad ... III 11 \l'f!lI.'t1<l\1 111 tlll' 11\11111,"1 of 
FeyIlIJl1l11 dwp,lalll'" tlmt c!"..,nilw ... lj( la ;l\lIplItlltb'", C'h'\l'lt'r ... ;-J, G, 7 tlll'il COI/ ... tl 

tutf' the b1l1k of the cHk1l1atloll. \\h('I('1ll tll(' F")lllll:lll ,!J;\e;ldlll" dl/' 'flllllllllt'd, 

La~tlJ' l \\ ill ... I\lnlllilllle tlj(' 1(,~llJt', of t Il<' ... t \ld~ III l'htlptl'l S 

4.2 Decays Contributing ta the Inclusive Rate 

H<'l'l'Îll l dj~('l1"'''' t Ill' )!,l'llt'ral plan of att é\rk fOI o1Jr jllObklll, 

Th(, 1l1ChlC,I\,(' 1 ;lf(' r( l' --+ J Iv.\.) Ih (,olllj>llt('d h~ "'l1llll11ill.!!; 111' tll\' !l111 twl 
wic1tb~ for all d"cay mode" tb.1I ('\l'lltHally collI:\llI a JI!,' Thi ... :-'llllllllatÎoll 

lJln)' be hIOI\PII mtn t\\O par th: 

1. DC'l':lYs direct 1y fo JI l.' pl\l~ an:. thillg. 

2. Decay!> directly to Ilmro\\' I('~OlliU\C(,S "}'" pll\h allythill~. \\'11f'1'I' tlll' ... tatl' 

}' snhf,('qu(,f1tly d('cay<, to a J /l.' . 

Pictorially, this i~ deserilwd in fig,ut<' 4.1. Th(' mod<, lalwl.'cl 1 ('()llP:-,p()lHl~ tl) 

case 1, whik the Il1od('~ lnbcl('(i 2 and 3 a.re ('xamp!<'s of (,1\''';(' 2 

4.2.1 Direct Dccays to .J / If" 

The rate for r to c!ecay to J /~. pIns ally light hadron i.., t Iw ~1lI11 of t}J(' :-.q1l1tn· ... 

of the projectiom of !>tate < "fI against Ully hadroIlil' ~tat(' (,()lltèlilJill~ .J N' 

rJ.ar = L 1< YI,;, li >12 
= < il {I: 11/' Il >< 1/dt l} Ir > 

h:;;:had 'lt1.d 

(4 1) 

where the sum îs over the complete set of hadlOIlic ~tat('" ill t lw part of t IH' 
Hilbert space that is cIH'rgdirally allowl'd. Perturbative Q.C D, Pll!!·r:-. in th(· 



t 

Figure 4.1: Dccays contributing to inclusive J /tIJ production 
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followiIlg way Tlwrf' lS Hn {'(l'wlly ,l!,o(\cl ba-..I'-> for tlll" "111)" pa.'I' of h:1I II 11111\' 

... tat('s. namdy tlH' "et colOUr-IH'lltln111lally-quark and -t!,lll()lI ,-tal('" 

L II.' li >< 1.' hl = L II.' : IJ. Il ---." 1.' . IJ,lli 

q 9 

= 1l.'(UI >< 1.'I/fii + 11.'91111 >< l'III/yi t JI "1'1 l "/'/! 

-+11.'<JÏÏY><I'qifr/l t-II.'I/I/I/I/ ", 1"/IlI/"~ t (I~) 

:\ot(' tlIat 110 pari/( Illnr IwcltlllllC llla~ ... t'i~t'Il ... tatt' i ... )\(','t' ... "al tl~ \\..\1 al'plll\. 

IInatecl hy any Olll' 11I1tltl-'lllêllk êlllCl -,c.l1\oll ... talt', tilt' aho\t, \(jt'lltlt~ ft,ll,)\\· ... 

1)(,"1\1Is(' wc aIt' (,OIl'-ld!'llIlp, aIl 1111 ln ql'r' 1 att' 

TIl<' illl!>()llallt P()l1It j ... th"t BO\\' the pn)Jt'di()1l (lf <- YI a)!.:tlll"t t'HCl! of 
tlw:-e IlC\\' "tal(' ... i ... t'a~lly cbalilctl'II/('(l by a IlIlJ(lll(·!)()\\t'l of 1 lit' ... IIOII).!; "o\lpllll~ 

cOll:-lant o. \\'{' rdlll{'-'H~aIllL(' tlH' "'\lIll jllt() ail a"'Ct'lIclllll~ "t'lIt'" 11111. Flllêllly, 

ln tll!' l'xte'lIt te) \\ 11I( It Pt'llllll,:\tl\(, Q C D 1'- \abc!, \\C' f :11J 01 If "Iii" l!,()()c! 

appIOXlIlléltlOlI to tilt' "1I1ll (\f()\"lbp~ ill--11 h~ 11111l!'dtllll!, tlll' Il'('Il!,ê\lII/'',j -,('IIC'" 

al tll(' Im\,,,..,t (>1d('1 tl'llll 

r'"IF L 1< 111.'X'w d >1
2 

\ -- 1111 d 

( 1 :~) 

H('!T \\'t' Lave allll! Ip(\1<'cl f\ltme' IC'-\llb, tbal tIlt' dOlllllldll! It'IIII~ :Ilt "f IlI<!' 1 

CI~~, alld C()Il ... i~t (>f tIlt' Il.'flg > illld II.'!lYII!I > ..,l:tt(· ... TI/I' "\.t!l\êlll<lIl I)f tlll' 
O\!·t!Hp of ir > with tlH':-!> Iwo ... tatl·~ will ('011'-1111Itl' tlll' lilIl\.. tif 1111'" ... tlldy 

:\otl> tlwt at the ... "alf. of the Y , ()~ ~~ 02 [,j7]. Tll11 ... \\'1' ... hollld Ilnt t':-'I)I'('I 
our predlctlOl1 to aglee \Vith ('xpl'lillH'lIt to Rny !H'tter Ihan 20';{, 

4.2.2 Indirect Dccays to .J / V 

If the Y dent) pIO('('cds tlll()\I~h a IlarIO\\' illkllllC'dwt(' rl" .. OIl:,ll,'I' "}''', tlwll ttl 

a \'('ry goo(l approxlluation: 

f( y -4 }" X') , r ()" --. l.' X ) 
( l ,1) 

nud 1 ll\l~: 

B,.(Y-~}"-4tf'X) = Br(Y - .. FX'),Bd}"··.I.''\) (10) 

",h('r(' "Br" deIlot('s th(' branchillg wtio 
1 have made a ~ur\'('y of all th(' iIlÜ'nI1Cdiaf(' [('!'-.OIlHIIC'I" .. tlllOIl,f!,h whi,.)J t}w 

y coulel reach the J N' , \Ve will oIlly 1)(' it!t('J(':"!l'd 111 t hO..,I' lJlOc!I'<" 1 Itht (,01\ld 
COl11pctc with or dOlllillatc the "(l!r('ct" d(·cay to J11;' dl"'('Il~"'I'd III tlH' )l1"viIJll'" 
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... "chOI! TIl(' [ollowillg c!C'cay "f_'q\H'flC('S aIl warrant discussioll: 

l ~ Tl~ r --. J / ri'X 
--+ T/:X'-+JII.·'\ 

--. I,"X' -+ JI!.'.\. * 
........ \'"' \0, -+ J IvX 

--+ \'"' \ 1· -+ J/!;.'X * 
--. \ 2'\" -~ JI l.."'\' 
--. hcX'-+JIl,''\ 

"ft," 1'" tll<' 1--+. L=1. 5=0 ('-r llw!-.on. This li ... t has ))('('n arriv(·d at by: 

1. IgllCHlI1g alllllll'llllf'diatf' ('-ë ~tatcs that lie <tho\'(' the t11r( .... hol<1 for cl,'cay 

tn opell ('hallll kg, D-D), TllPse han> illfillitC':..imaJ hl'lI11Chillll, ll1tio:.. to 

JI!," 

2 ;\otlll,!!; tllat IIH' ollly h-h ... tate lying bclow tlw l i.., the 17b, (5tat('s ('on­

tlllIJIIl?, a "'Illc,k !J-quark l'an only l)(' rt'aclwd frolll l na weak dt'cay. and 
tll1l'" ha\(' tllly lJlan('hill~ ratios.) 

:3 1)!.1I<J! i\l)!. po~·.i)'lf' D (lI higlH'I \"an' c-ë bOlllHl ... t at('". (h\(' to om ClIrrPllt 

I,!!,IIDI HIl('t· of t 1 \t'11- !lat Illf'. 

11 tlllll:" ()Ilt that III PI'ltlltlJnti\(' Q.C.D .. tl}(' trallsitioll of Y to cadi of 

1 ... UIl(' (\l(lel n .• lOll1er tll<lll the Y to J 1-';' transition This is pssentinlly lwca\l!'.(' 
tll«' [OIllWI 11)(,"'011'" all ha\'l' po:..iti\(' charge' parity and Célll ('ouple' to jll~t t,,"o 
p,lIlOll"', a:.. \\'(' \\"111 dl"'I'11"':" 1Il ~('ction 4.4. Thus th('lr p()tf'lItially laI p,('r rat!'" cOllld 

tJlf ... t'! tilt' :..llpPH· ...... IOIl ('()lllill)!; [l<llll dl(' \'r<lndllllp, l1ItIO f;,!'lor in 4.j A r\ll(' of 
t 111\1111> 1:.. t hilt t IH'1l brilIlIll1ll!!; fi a 1'1 iOIl to J Il,::.. ... llO\lld 1)(' lm g(,l t IWIJ n., wlllch 
1:" ahont 0.2 nt thi ... "'(',lle [5ï] 

ln tlll:" th('~i:... wc ... hall ollly con~)(l('r the C()lltIlbuti()n~ of the indll('ct decnys 
·1 8 and 4 Hl. Jllal ke<! \Vith Cl "*", wlllch haw' the follO\\ IIlg ()b~('rV('d bran ching 

ratio" to .114' [·tG] 

n r (1;.' --+ JI v.\.) 

nr (\ 1 -...... J N' Î) 
(55±ï)1c 

(27.3 ± l.G)% 

(4 13) 

(4.14) 

The ra ft' for the d('cay t hrough the !.l" will be Pélsily obt ailH'd frolll our calcu­
lalloll of nI -+ J/v.\). The hlCluching ratIO 4.14 a ... :..ociatcd \\"ith the second 

l1I'H1I' 4 10 1'" actllally lillp,t'l tlwll Q~. and th\l~ thi!-. mode' l1light 1)(' plOdllcing 
I1100t' .Jiv·:.. Ihan the dilet't .kC(ly. Ddaikd aIlaly~i~ (chapteI 7) ... ho\\':., that the 
p1(·(ltrtl'd III illld11 llg flartioI\ for Y to \1 is ill faet Tlot ('u!wnccd with r(''''peel to 



1 

1 

the r to J/tL, modc, sn thnt in the ('Ud this llH'challlSIll l~ It' .... pon..;ihk for (lllly 
abont 10% of the si!jnal 

\Ye ha\"c not ('oll..,id('1'('d the otllC'! d('('ay~ !H'I't' !H'l'éllhl' 

1. :\lode..; -1 G. 4 ï and -l 12 Plllllili dy 1 lI,,\t' Ilot l()()kt'd ilt tht''''' llIIH!t-" Ilt' 
('11l1 ... t' lIollt· (Jf th\' Jl·(· ... ()I)-.. 'lb. 1/~. 01 Il, ha\ t·I)('I'1I (ll)"t'I \t·t! Thu ... \\(·It'I\" Illl 

way of klltlWIll!!, wh<ll tl\l'Il apJ>!tljlIlatt' \\d\t'-flll1t Ilt'lI at tIlt' ('ll)!,lll LII t(l! 
i.." or tIH'lI hI "Il! IIlII)!, IdtlO'" fOl d(·! "Y tt) .1,'/,' III Jllll1llp\t·. thh Illftlllll;\ 
tioll could 1)(, o1.talllt'd fx()m ~()llj(' jlott'lltlaI \Il(Hld ... llldy, al tIlt' t Il..,t (lI' 
('xpaIldlll~ tlv' 1ll1dl'I\~Îllg a:-. ... I1J1ll'tl011 ... of tIlt' 1'11·,11111011 Slldl' tlll"l'\"l" 

ti()lI~ aIl' n'~{,lvt>d for lat(T ..,tll<l) , :\1,,0. t!H'1 " h Illl l('a",oll tll t'\jlC'1 t th .. t 

tin' 1/~ or the hr wOI1It! ha\"(' "pprcnahl;. Ial,l!;(' .1/1.' Il!;lllt'hillg 1;lIio.., 

2 :\lodc -1 G: \Y{' caIl ... ay l11OJ(' ahout th!' dt'citY thlol1.1!.h tht' '/l, II-.. 1I(l11 

ob:;('natlOIllIl Y d('('fIy~ call })(' tlall ... Iakd illtll ail IIjlP('1 bOl1Ud (lll H, (y 
'/b'rJ [Ga], 

B 1'( T - -j> 'II, Î) < 1 /:2 c/; 

Tlllls tn lIlake Ill(,f(' thall a lO({ l'olltIJl!1ltl<lil to tlll' .1/1.' "1,!!,llil!. \\t' \\(lllld 

have to ha\"(>' n,,( 'lb ---. J / l.') '" 2(/{. Tilh \\ ()Illd 1)(' 20 tlJ!W ... H" 1;11 ,l!,t' :, ... 

th{' Oh:-;('l\"('d Y -~ J//.' hrallclllll)!; latÎCl. \\lllch do(· .... IlO! "t't'lll ltkt'Iy 

Br (\0 ---. 1.'; ) 

BI' (\2 ---+ Vi) 

On tbe one bal1(l, tl!{' ... e arc 1>oth beJo\\' the Il. '" :2 l'Ilhilllt't'Illt'Ilt f;\t'tlll 

that Br(Y -4 \) might ('xp!'Iiel)('(' O\{'I BT (r --+ .1/1,'), ('('I!niIlly ill tlw 
case of the \0 On the otlH'r balld, \Vt' will "Pl' ill ()Ill "'Indy ()f Ill!' \ 1 11lIH\!' 

that ot!U'l' fl1ctOl'" <'limiIlat(' ~llt'h ndlaW'(,Ill<'llh "IJ~ \\ay 0111 1 .. 1<-1I1;tf IOIl 

of Br(Y --+ \ 1) wl11"'I'I\(' a~ a lWllclllllillh th.1t ,ll\"tdi('" (111\ 11I'l!,lt'ct Ilf tlt,' ... " 

111nd{'''', :\(·\·(·lt!wk~". il ..,tndy of tlw \2 jJlIH C'",,, h (llIl"ldl;. lWllll', 111"d,' 

4.2.3 Slllluuary 

To ~tlmman/(" WC' will U~(, pel tUl'hative Q.C D, tn (,OIIlpllt" tlw foll()\\'ill).!; d('('i1Y 

widths: 

J. T --+ J/I."99, the dOIllinnnt (a~ \\c will ... ,"') pnrt of tll!' diu'ct d('('i1Y 

2. i -4 J /,'}:gggg, nnot 111'1 par t of nI<' diIt'cl d(·(·ay. 

3. i -~ l/"gg, l/g!Jgg, tti\"i<llly oblailled fwm tlH' If' .... l1!t!- of 1 llIld 2, 

4. i --+ \ l ggg. the lllO..,t pl oIlli~ing; indirect pro<1 net ion mode'. 

The firl>t thr('e éIll' C()1ll1HltC'cl ill clwptcr,> ;:) and G 11Ild tIlI' <,nllllllHIY 8. "Ild tlw 
last in charter ï. 
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4.3 Matrix Elements of Weakly Bound States 

4.3.1 NOflnal Feylllllan Rules 

1 wIll n~"llJll(' tbat tlH' rcad('r is faunliar with ail the rul('i'> for computing the 
S-matl ix awl illval I<tllt amplitude for pIOcl'S"('~ involving {l'CC quarks and gluons. 
n.·f(·I!·w(· [ïO] j>I()\'1<h, a thoro\lgh di .... cussion of this flllbjf'ct 

H('I(' 1 J11"t waIlt 10 pOlIlt out that 1 will ('\"('rywh('rc supprcss the factors of 
"/" aud "-1" tbat t)plcally appl'ar in cxpre"sÎous for tlw particlc propagators 
H1Hi V('lll'X fartor:--, wlth the ('xccptlon of section 5.4.3 whef{' the ff'lativc sign 
lH'tW('('1l two (,olllpiddy ddf('rpnt types of Feynman diagrams must 1)(' can'f1l11y 
comj>lltpd TIl(' n·~t of tht' timc. th(, Sf't of Feynman diagrallls that must he 
added to obtmll the amplitude will generatf' e;ractly the same oVt'rall comhination 
of / '5 ami -1 ' .... , lllld tllls cOllll)irwtion \vIll always disapp('ar wlwn we square the 
amplitlldf' to obtaill thC' rate. This approach i~ adopt('(l in the illterests of 
lIotatiollal "lI11pllCity, to avoid a plo1ifcli1tiol1 of sucll filctor~. It is only the 
rdati\'(' plta~(' !H'twC('1l Feyllman diagréll11s that 1 will makc a p()int of writillg. 

For "xalllplc, the vel Ü'X fUllctioll for tll<' coupliug of a gluon tu a quark 1 set 
cqual tn: 

\\'111'11' Ta an' the 3 repr(,sclltatioll of SU(3). Similady, for a fermion propagator 
1 <'Illploy: 

1 

jI-m 

The pr<'CibC' llll('s ineluding fadors of "z" etc. arc mentioncd in sections 5.4.3 
and 5.6.3. 

4.3.2 l\1cson Wave FUllctions 

TIl<' ('il~il':-.t way to ll11delfltnlld the forlllulae for procf.'t,s('s involving wcnkly 
hotlllCl ~taks 1!> tn ('oIllpa.n> tlw t'quations for diffelcnt partiele wavc f\lnctions. 

Single Fermion: This IS a onf'-lorClltz-spiIlor-ind('x object. Normalized 
~tlch tlu'[(' 1" exactly OUf' f(,llllioll in 11. box of volume "l'" the wa\'c function is: 

wht'l(' Uli = 2m. ni t Il<.' ff"l'miun I11MS. 

Single ~fassless Vector Boson: This is a one-Iorentz-vector-indf'x object. 
Normnlized ~llch tlwre is exactly Olle massless vcctor Loson in a box of volume 
"1'" the Wén't' f\llldion is: 

1 1 f./1(p À)e'P r 
2El' ' 
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l 

where (/'f. /I = --l. 
Non-relativistic Vector Bounrl State: This is a t",o-lon'Iltl-spinor­

abject, sinn' it cOllé>i:--ts of two f('rmions, Normaliœd sucb thert' is ('xactlv OI\(' 

,"edor hOllll<l &tnte in a box of \'OIIlII1e "lr" th(' \VnV(' fundioIl is: 

\\'he1'e Pq, mq are the quark four-l' 'llH'lIta and mass, This fortlltlln is \',,11<1 only 
ta lowest arder in t he' quark Idatiw 'llOlllcntum, To this sauH' ouit'r: 

Pli = ~p/l 
q 2 

1 
mq = -JU 

2 
(4 IG) 

\\'herc P, ~'I élrc t h(' hOllnd sta t f' four IllOlJH'ut m11 and mêl:--S, Th(, IlloJ\H'1l11l1ll 

and \'cetor polarizatioll lal)('1 dqwl1c leUC(' of the \('l't 01 1)()1l Il 1 1 :--t il te' pola! inlll\lll 

,"cetOl' hac; bC(,l1 suppn>é>!::>('d: 
( :::: ((P. ).,,) 

Dy working tf) lo\\'('~t orcier in the Idati\'c (l'lnrk IllOIlH'lItlllll, thl' fOII1l1\la(' lIO 
long('l' dep<'nds on tll<' C'Iltirc r('lativ(' }loé>ition wa\'l' fl1ucl!oll, ollly it:-- vall1t' al 

thc origin, 
Tht, latter f\lllll\l1ae cOllccrIlillg tll<' \'('ctOl h01lIld :--t;tt(, alf' d"li\'t'd ill al' 

p(,lldix n,3, \\'hat is !'-OI11l'\\hat ~ll1plhlllp, i ... that tlll're aIl 1I() IOII'IIt.z :'PIIIOI'" 

to (k!'l(,1l1H' th(' two con..,tl!\wut fl'Iluiolls. only tll(' OJlJI·(·t (p" t- 11/(1)( Tlll:- 1'" il 

(lilCct l'<''''1l1t of dl<' f"ct that t11(' t\\'() fl'Imioll "\1111'" III tl)(' j,()\ll1<l·,tat(' dl'l' I/lT-

1clat(d, and the cOl1datioll fnllctioll is p,ivf'll by tilt' Clc-b-,ch-Gordau ('odli('ll'Ilh 

in thc bound ~t<lk WiI\'C' fllllctioll. 
A é>imtlnl' fOl III 111 a for aIl axial \'('dol' m(':,on wa\'(' fllllctioll is di""'lh:",d 1Il 

chapter 7, which is the only placc wc will tise it. 

4.3.3 S-Matrix and Transition Rate 

Given the~c forIl1ul;w, wc cun now d('ciuc(' thc equatioll for the S-Illatrix in tlH' 
usual way: 

s (4.1G) 

where the invariant amplitude "A" if> calclllate<! acrording lo tll!' nt!('s: 

l, a factor of u(p, (j) for ('ach ('xtcrnal fermion; 

2, a factor of f.1' (p, ).) for eucl! externa 1 massiess v('dor; 

3, a factor of (pq + mq)( for cach cxtC'uml vcetoI' bOUIl(} state; 
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4 pl1\s ail th<' otllf'r rul('s ('oll('cruing propagators, vertex functions, loop 

illt('grals de. familiar from Q.E.D. 

The' fOl/lll11a for il "Jll" partide to "n" paltidC' ttall~iti()n rn.te is thus: 

(4.1i) 

4.3.4 Color RlIlcs 

If \\'(' "('l(' o\lly goÎnp; to cHlclllatC' ttttn"itions betwcpn lcpfonlC bound stnte's, 
t}1(' 1'111( .... W(' ha\'(' ,,('('n ~o far wOllle! be ~l1ffiri(,Ilt. Sillc(' W(' are im'('f,tigating 
<j1\1Il k itllti-qllilI k hOllIld ~t at('~, WI' 11l11~t 81,,0 introduc(' t 11(' rul('~ for halld!ing 
t II(' color pm t of 111ll ph t 1Idt'~ illyol \'JlII; 111(':,on~. Th('o,(' ruJc.~ ru (' \'t'ry ~irnplc' 

Sl1PP()~(' W(' lu.\ l'a Feynman dwgrnm in which (plark of colof :..tate "i" t'lllits 
thll'I' gilloll" \\'Itll colm odC't label" "a", "b", '·c". tlwrl'1>y cl!angiug illto a (llWfk 

(If colm ~t atf' "{. 'Ill(' total ill\'arial1t <Ilnplitu(k for the IH()(,('~S i<;: 

( 4.18) 

wlll'l'(' JH,/trl COll'('sponds ta the tl~\lal "lort.ntz" part uf the' amplitude' and is 
clIklllat('d a(,(,Olding to the mies ahoW', and the Ta arc eS~(,Iltial1y tlw Gel!­
),1;nIU Illatl in's. 

If tll<'~(, two qllark~ now helong t(. 1 t' san1f' nlC'son, the irn1lIÎCint amplitude 
')t'CI >llWS: 

Ahound (4.19) 

'l'hi:-- lW\\' fOll11llla <'IIIlW':' about bf'('<l1Is(' the color vnluf>s of the qultlk and anti­
'l'liIrk in a 1ll('~()1l III (' ('orrdafrd. The ('on l'latioll fllIletion is the ('olOf (,Iehsch­
G(lld,lll ('(lt'ffki('llt that (,()1I1hiIl<'S Il ('olOf triplet and anti-tnpl<,t iuto ft color 
~illg,ld, 1111 111<'1 Y 6,). In fact, the ('lltil(' lllC'~on co1or wa\'c fUIlction, including 
1I(lllllali/.iltiOll is. 

4.4 Inlplications of the C~Parity Symmetry 

Dot h t h(' !->t lOng and pIed ro-map,nct ie intrractiolls consefve C-pari ty (neglrcting 
Illlli-pertlllbatiw ('fl'cds) \Y(' willlllake frcqlH'ut use of this con:'('lvation prin­
ciplt· in our ~tudy, and ill this section 1 prC'<"(,Ilt d g('lwnt! discussion of why it 
jll m"cs so uSf'flll. 
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4.4.1 Meson C-Parities 

A bO\l1ld state witll relative orbital l\llglllar lllOIll('IltUIll "L" and total '11\1\11. 

~pill "5" is alltolllatically in a ~tat(' of ddlIlit<, parity "P" :Illd charg;('-pality. 
gi\'t'll hy [G 1]: 

P - (_1)"+1 (·1 ~()) 

\\'c \\'111 often ('mploy tll(' SlwctlO<.,copic llotati()n of atOlllic phY"lc:-> to d""ndH' a 
IIlCflon: 

(l''+I) r 
• J, 

Tlms. a 351 fltntf' has J[Jr "Hlu('h 1--, wlllle a JPI :-talt' COrI(':->POIl<!:- tn 1 f-+, 

rllld trnn"form as "cl'tors and axial \ t'dors rt':--IH'di\'('ly, 

4.4.2 IluplicatiollS for Feyullian Diagraul Construction 

Let 1\'" Ru"t le"iew tll<' (,oll:--traillb that ('-l'ality ('()I1'>('I\atioll pllh Oll tllC' 1It1l1tlH'1 

of photon" that a n'dor III <''-.CJ 1 1 l'aIl ('oupl(' to A photoll 1:-" fi "-1" (' pali!) 
('i1!.<'I!:--tak, alld the total ('-prlIil~ ()f il 1III\lti ph"toll :-Ial(' 1:- jll"t IIIf' i'lOdll"t (If 
tlll' illdi\'ldual pllOtoIl ('-paritle:- Thu", fOl ;111 Il-phot()11 !,,fal(' 

(·1 21 ) 

SiIlc(' il \('ctor lIlf'..,'m has ('-pm ity "-1", t hi.., llH'illl'> t hat It ,'ail !Jllly Clltlpk to 
all odd lllllllher of ph()t()Il~. 

\\'hen \\"(' tUIIl f\(HIl IJhlltom, to p,ltlOll~, tlw ~itt\alloll bt"'OIIH'!'> 1ll0I(' C()lllplt­

cat(·d. Thi~ ii> lJt'C<l11"C' the gltl()ll~ clIny ('olollI cllillgf', ancl at(· Ilot ill p;('lwlal 
chargc-conjugatio!1 ('ig,('n:-tatf'<', The plcci..,p dWI'g('-panty of Il c()lot\l-:--IIIp;kt 
ll1ulti-gluoll ~tatc dq)('nds on hoU! thcsc gluons me combiner! iutu a ~ill.c;ld The 
followillg rulc~ I\pply: 

• If n gluons arc com!lincd s~Illllletli('ally in color !'--jHl('('. tJwil ('-palily I!-. 

(_l)Jl i.e. th(')" bclta\'(' Il!'> pl!otOI1S witl! !('!'--j){'ct to ('hal~(' (,Olljll~iltloll 

• If n gluons are combilled tlnti !:» Illlllf'tli\'édly in c()IOt' ~paC(', tht'Ir ('-patity 
is (_1)11+1, 

This ha:'> the following implica tions: 

• A eolonr-siuglct t"'O-gluoll ~tate can only ha\'(' po..,itive C-parity. TJ11:'> 
is becausc thcre is only one t\'.:o-Illc!ex f1111ctiol1 tn cOIllhilH' thplIl illto 11 

colour-sillglet (bab) and it is sylllllldiie 

• A colour-~illgld three gluon ~tRt(' cali have (>itl1('l' PO..,itl\·(· 01 Jw)!,atiV(· C­
patlty. In the formcr cas<" tll<'ir co!our ~pace"\\'a"e flllWtiol1" i.., fa/Ir, alld 

in the latter it is dabe' 

These tlace f\lndions arc disctlsscd in appcndix A. TIH' ahovf' 1111(>:,> If'ad ln: 
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.\ \'f'l tOI IIW...,IIII w11l('11 1.., ('-()dd. ('lIl1llOt (Ollplp to two p;11l()1l~. 

') Ally (' ('V('11 1ll(·...,OII (p""('lldo-"(·alilr. ,,(';ditI. axwl-\·('ctOI. ) call ('Ollple to 

t\\f) III t)II('I' ,1!,htllll.., III t!w lath'I ('<["p. tht' )!;111011" Illlt..,t ))(' COl11hilH'<! illto 

;1 "1l1L!,1f'f WIIII t Ill' f.,/" flllj('t 1()1l 

:~ A \(,,'Ifll Il.'·...,!)11 (';111 (,()11ph· tu tlllf'(' Il,I1loll.,. wllt('lJ ar(' COIll),iIlCd illto a 

""111)!,ld wltl! t}lf' rI,d" fl)lJ! tloll 

:'\tltf' th;iI 1/0 1llf'''OIl ('all COllplt to (JI\(' 1l,11!()Il. l,y ('olour C0I1"'('I\atlOn Thi~ 

1111'<111:-' tltat 111 ;dl (jf ()l\l F(': IIIllHIl p;raph". Il)(' v\'clor IIj('''()lllllll~1 tOllCh tlup(, 01 

Ill()lf' Il,htl)ll" ,tIld t 1 If' (' ,'\'('11 !Jlf'..,OIJ .... Illl1"t tOllclt two or IllOl(' p;lllol1s, 

l"'lIlt!: IllI"'" 11Ilf'''', ail l'xllall''' i\ (' ""1 Il \ P: \\'a~ made of ail pm'''lhlt' Fl'yIlI1l<ln 

dl<tt~I;IIIl'" f·()llIdlllllll.!, ail r awl a J /1 .. alld itlly lllllllht'I of I,\lliat('d ltp.!tt qUaIk.., 
;1111)1',111/'11" 1 flJlIllfl tlUlt tlll' !O\\(·:,t ()Id"1 dl;l)!.l;llll"of t!Jj.., "oOlt \\('It' pII,poltl"llal 

1 Il 1/:' ;lIul, 1)11 ""pul1d II) 1 Ill' pIO('('"''(''' r - + .1/, q/I ;llJd r --+ .J /" !I/I/!II Tllf'!'l' 

t\\/, d('('dY' .tl(· / (1IIIjJlIII·d III , lliipt('I" ,j (Ill.! fj 

,1.4.3 Jillplications on Eqnality of F<'ylllllall Diagranls 

\\'1' lt;I\(' :-.('('11 Ill(' ('('Il"/'I\';tflOII of (ll;ll~('I';llltY pll,dleh thal th" all1plilllr!l'''' for 

"1111l!' IIW""II /1;111"'1111'11" ail' ('xn/'tly ;<'10 II,,\\!'\!'), tlll" du('" Ilot IIlhltl tlUtt the 

HIIlll'trlllll1 F('~ 11111;111 di<t~~lalll~ fOI /11('''(' pl/l'·(''' ... !' .. illl' /"ltJ TIll' \;llll"hiIlg of tll(' 

<tlllpllllld(' (JI 1 lit-. ))l'ri!ll''(' ('('II"ill F":IIIll;tll dJ;IL!,litlll" aIl' "([1wl illld ()]lpo"itl' 
I() \/1111'1 FI'~lll1l"lJ dJiI!!,lillll" Il tlll11" out tltat It 1'" Ill\' I)!'t'Iilti()!l of ,1wI).!;" 
( OIIJ li)!,; If IIlII \\ III (. h 1 'oIl \'( '1 1 ~ ()JI(' Ft 'Y III Il il Il dl il,1), 1 cl III l'X!>I (· .... 1011 III t Il ;\Ilot }w! . t i HWS 

a lIf ,L!,;ttl\t' "l/!)l. Th,. (lf'l1l011 .. tl;ltloll of tIlt' ('(111a1 alld O!,!>O";lt,· Ilatulf' of two 

fl'YlllllélIl dl;lI.!,lillIl'" for a fOl\J1ddpll l'rocl·..., ... PI()(·(·{'d" 111 [""Illoll "Jlllilax to the 
dC'llloll"tlatioll that 1111' tllll'!' photOll \,('ll('x III Q E D \illli"ht'':> [10]. duC' to a 

c<lw·('laliulll ... I\\I·('ll OUf' F{'~lllllall dlllg,ram wltb 11 f('nIlIO!l trian.e;lc and the> otlH'r 

()),tailll'd flllIlI It I,y t·"\C!Jillll!.llIl!, 1\\11 of the photon .... 

III thl' CH"'!' IIf alIlpltllldt'''' for étllu\\'('d lIlt'''()n Ilan ... ltlOl1 .... tll/' dlilr~(' cOlljuga-

1 I( III O!lI'l ,dl<lIl \\'Ill .'fdl ('O!l\'('rt tlw llldl\'idllal F('ylllllllIl dlil!!,1 alIJ" frlI t he plO('('~S 
illto Il!l(' all()lh,'!. hllt 7WW tltcr" t.q no rdlJtw(' 71fgatlUc MgU III titi" \\'<LY thl.' 12,1'11-

l'laI dl..,\·ll ...... I('1l of Ill\' ptCClf,f' étlllphtlldl' l(T()('S ll11plicI! by chmge-coiJjng,atlOn 
"ylllllWlIy ha" !cl! to 11 f\l1tbf'f lillplicalJ(Hl tlwl the 111l111lwr of distinct Feyn­
Illall ).!.laph~ that 1lt'('1! to 1)(' I·\alllat<·d raIl )w ~i!!,lJifi( ;,lltl~ k!-..., than lt iHllvely 

<lPlH'i\l'" Ail (',\illllpk (If this III Q E D, i::. tlH' fOllf-photoll Vf'ltcx. ~laIly of the 
dj .... t illd F\'ylllll1lll diilp,l1I11l<' can 1)(' , hOWll to 1w ('qllal tn ('1I('h other. and in t1w 
1 1Id tlH'r<' ail :1Il1: fi\'(' (bag;lalll~ that IlHl::,t lw ('(Jl1lplltl'd to l()\\pst ordn [G2]. 

1 Wl Il d( '1Il()1I~ t 1 a t t' explici t ly how t hi~ \\'01 ks in f:,('ctioll .J 3.1, ilnd C1I1 ploy the 
rl .... 111h in t'ach of tll<' otlH'r ('hapt('r~ Gand ï. 

78 



J 

f 

Chapter 5 

5.1 Decay Rate and SpectrtUll 

Th(, fOrJllllla fnI' th(' :-.pin i!v('rag('(l, alJCl ('olot alld "Plll :--1 II Il Illl'd , d.·, ay 1 id.' of 
aIl y to a .. J" pl t1~ t wC) gl \lOW, follo\\':-, fwm l'qllit t IOIl -1 li. 

1 1 1 1l.'·r(OW Ir."J(Oll'2 '"' 2 df = ------------ -------- L lA 1 ddLlf1S) 
:2 2.7. + l '2.\f-r Jf. .'1.1 fi 

ro/·/,,,1 

U·) 1 ) 

\\"11c'l'(, th(' fil'<;t fac·tor takC',> account of tIlt' faet that 1111'11' 1111' Iwo I!\t-Illi"nl pill 
ticlf's in the' final ~tat<', Rlld Ag i~ the' qllHlklc,\'('l illyariaIlt Hlllplitlldl' cilklllii!c·d 

\\'ith the Illlps of section 4.3.3. 
Lahelillg the t\\O g,luol1ii with "1" and "2", the 3·1JOdy pha!'of' "'pal'l' 1" I-!,I\I 11 

hy [il]: 

(,j 2) 

Illtrod1\cing: 

1 
nlo - 2J /Y 

1 
ml 2AfJ 

11/2 
f 

C 1- -
1/12 

0 

El/2 .tn/bTHO (1) ~3 l 
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té' ""' 
c/'l. 1-""/ 

Figllre 5 1: Allowcd region of phase [,pace for the T - J !tj'gg decay 

Tlwu the COH~traint 1 cos th 21 $ 1 rnay be restated: 

Thus wc have finally: 

Os Xl ~ C 

C - Xl 
<--~ 
- 1- Xl 

(5.4 ) 

(5.5) 

The illtcgl ation If'gion, i e. the allowcd rcgion of phase space for a decay ta one 
mas-;i ve and twa masslcss partides, is shown in figure 5.1. 

This lcads to the following fmmula for the decay rate: 

(5.6) 

lu the ensuing sections, wc sha11 compute the invariant nmplitude. We will 
find that the lowcst order purely stwng contributions are of 01 der g~, that they 
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,. 

cOlltaill Il loop. and tItat th(' color palt of tll(' HlIlplttlldt' 1" PI"Pllltl"lldl to ,\th. 
\\,11('1'(' "0, ,~" mt' ('0101 o('(et p,1\1()1I1abd~ TI III " 1 no\\' illtllldlll'c' tltt' dllll"II"inlllc'"., 

Cjllallt ity .\/" 

roi 

4 2 t, r J == ---- F li 
3- r -" 

1 
1'-17) 

Tht' pmHIIH'tf'l" n. aIHl L'(O) rail 1lC' ('\.tll1(·I,'oI fl'>111 Ilw toléll h"dl"lllC' alld 

Iq>t()llic \\'iclth~ of tlll' l1l<'<,OllS [57]. a:-. (lt"c\l"~I'cl in ,,('1'11'>11 B:-) F'II' XlIlllpl,'. 

lI'('a11 [G4] tbe ('(I\latlOu for th(' lllldlOllic wi,lth (jf a \t'\'tOI 1111'''''11 1" 11)\"" .. t 1)101"1 

III ft ~ 

Rather than Îm'clt ~lIch f0l111\llne for o~ and 1.'(0), aIld tlwlI "l1h.,llllIll' IIIf' 
\,(~!:>l1lts Înto C'qllntÎoI1 ,5.0, wc will expl css t Il(' J / Ij' IH andlilll!; 11t1.o III ">wh 11 \\ "Y 
that the unknown pnrallletefs drop 01lt llatllrally: 

f(Y-+Jgg) 
-------rT 

where: 

f( r --t IIf/fI) 
--- --- - --

r(Y -+ ggg) f( J --t qgg) r T 

B~ad :::: Br(X --+ hw/) 

l'(.J • Il'11/ 1 

rI 

(:)12) 

The hadronic braIlching ratios "Br'(X -+ had)" :tIC kUOWIl [rOlJl ('\I)('IIIIIC'Ilt. 

Thus wc lllUSt now turn to the l'valuation of th(' surn of t}t(' ÎlJ\allillJt 11111plitllcl(· 
!'1(l\1arcd oye! the POléll izations of the \,('l'tor field~. 
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5.2 N urnerical Evaluation of Helicity Arnpli­
tudes 

L,,! Ill<' L, e,lll tlu" ",'( !lllll L~ ,,! dt Ille, !llélt th, 1l1tl'~lill (j[ !ll!' .I11lj';IT 1ld,' ,-c111;\I('d 

"',, 1 pll.!'-" "1':11" "llli illlc,llwl. 1001'. illll'l!)al I!J;II \\(' \\111 ('Jj,'(nllIT"l Il,111 1ll/IJf 
'(lIII/lut,,j 1/1/711' Ilfl1llll TIll' ,":\,11· ...... )()1!'i Wt' \\111 I,),t;tlll ["1 Illt' 111\<tIIHllt <llllplt-

11lflt' ;II" ... n!li, 1"IJll~ '{)jjli'I]"oI!t'd tlJ<\t a)l;d~t]{· '(Jlll!'llt;t!)()ll of 1'11111'1 tYIH' of 

11)!!')!,I;d )" (""l'Ill lit Il;. 0111 ()f tlj(' IpWo"lJOlJ \\'1111 1 Ill'" III Illlllcl. \\ (' ll()\\' IllI Il to 

il clJ ..... ll'-o"lf'IJ of tlll' 1ljt')lh allc! 11Jt ,hot! of W,nklIJl.', ,lll",·tl~ \\llh Ill(' ilJ\'illli1llt 

dlllplttllt\t' of a tl;IU"'I!IOIl. l.ttllt'! Ihau tIlt' 1ll\;J11;lltI ;11l1])l!tllrlc "qllaler! 

Tlw ('h)t'f ad\dllla/!,(' IJ(''' III tIlt' faet Ibill I!J,' Tll1lll},.'J of t('llll'- III .H J'-o 1l11)('h 

"lIlal1('! t Itall t II(' 1l1111l1wr of kt 1Il0.., (,f 1.\1,2 J Il (1111 (iI',t> •• U \\'111 Iyplcillly 1)(' 

1\(''>('111)(,.1 il" 11 "lllll IIf .III: \\ hl 1(' 1)('1\\('('11 IO aile! ,j() F\';'Il111illl dl;j!.!Ialll". ~() thitt 

tlll' (1111111)1'1 of t"llll" ill 1.\/1 2 
\1f'('flJllf'" Ildin!lllll ... ly I:tl)!;f', 

Tht' l11alll dl"'il(h;ll1lat;(' to (CIJlljllltlllg: ",\f" (lll('( tly 1" l!Jat \\'(' Citll!lO lOIlg;('l 
IIHI!-(' 11'-01' of t JlI' \\",11 kII( ,\\'Jj "',.]1111111'('" f,)1' (OIllI)11 1 IIl,LÇ t Il/' :-'PlIl ~11l11l1j('r11ilt(' r~tll 

(''\dlllpl/', III {,111 (,1"'('. tlw dlt1l'hlndl' l',"> il fllll\l}!ll1 ()ffoll! lwltnty lil1H'!" tll1()ll~lt 
Ill<' f"ll1 P()hll/dtl')J1 \('( tOI" 

l'u.f/.f"'(2 

nIf' 11"1J,tl IIwtll()(1 nf "'llllllllilll!: tIlt' lait' ()\,('I étlly 1)11<' of t1w"'(' la1w10.." 

1" tu ('llll'!OY IIH' i(kl1tity: 

,-.. 1'(,\)1"'\)­
L- /' l' 

\ 

r x L I~~ . .\) ,\//' 12 

,\ 

Olle t}WIl ('()Iltlitl't!-> tll(' ahow' ('xpreo..,sions i!lto the quantity: 

to ohtaill tbe !-opin S11111111ert rate. 
Siut'c \\'l' do Ilot \Vallt to \Vo!k with AI1:M". wc Illust find a way to cornpllte 

.\!( '\0. >.. f' >'1 . '\2) for ('ach po~si bIC' set of ""cetor nH'son and ghwn helicity la \)1'18. 

:\~:-'lllll111g \\'l' ~ucl'l'l'll ill dOlllg :'0, wc Will then separately compute .U a total of 

3 >( 3 x 2 x 2 = 30 

ti1!ll':-'. as tlll' t\I(':-.()Jl" ha\'e t11r('(' polarizatiol1 statf'S and the gluons t\\'o, \Vith 
thl'~(, 3G clll11pl('x 1ll1ml)('rs in hand, wc can then "manually" square and smn 
tlwlll to obtain ~1.MI2, Thl' prohlem of eomputing; Al(>.o, '\1,'\1,.\2) for each set 
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of hdici t Y la \)('1" 1-- ... nl \'('<1 If W(' nUl fiu<l a wily of COII"t 1 \Id Illg il ~d uf 1 li ,Jal Il il t 1011 

f011l-\,('ctol::- a! ca rh prJlllt in pha:-.(' ~pnrt' fOl t'llch l'IlIll\ )lllat 11l!1 { \11. \f' \ 1. \ ~ 1 
To tbi:-. Wt' !10W t III Il 

Earll pm!1t 11l pha ... (' ... \It\('(' dt':-'ClllH'''' il pmticlllal ('()\lti\!,111olI11)1111f partlell' 
fOllt -1Il1 111lt'J Il il 

\\"1' ah\ay ... wOlk in tllf' dt'l'élYlIl!!, }lllltl"le It'~t flallll'. '-.u Ill(' tillaI tll\l'c' d""ay 
plodllC! t bll'('-1ll01ll<'llt a !il' III a plaw· \\"(' (';~I dd1tw 1 hl'" III \)(' tilt, "1' ~ .. p1.IIIt'. 

<1\1<1 withol11 hl..," of g(,llI'iality (\""'\I1IH' Ihdl J.) 11,· ... illll11~ 1111' "=" <l'\i,,. "Illet' Wc' 

illc' a'·('ra)..~,lll~ o\(T all plllail/d!iOll'" illld 11lt'IC' 1Ilc' 110 pII·fl·JIC·d d1It" 111111'" Thc'Il 

tll<' f01II-IllOIll('llla ;111' ail \\(·11 ddÎtlf'd fllw !IUIl'" of ./'1111111 /'2 ("'1'(' tigll1C';-I:2) 

1,'0 (1110. 0,0.0) 

1,'1 =. (Ef,n,o,I[,ll 
kt .rd L ro:-. °1• O. :-oill HI) 

J. . .! .r.z( 1. -- co ... lJ 2• O. "'lldJ2 ) 

·rl [El -Ik/l CO',;(II] 

X2 [El -lk/ll'o~81] --

1 

1 

• 'J. 
- 11/ 1 - .T2 

- 2 
-1II/- It 

( ,-1 1:11 

The Iwg,nti\'(' "ign in tllf' fOl III Il 1 a fOI I.''J. foll()\\'~ froIll thl' fill't !bill \\'" ~llilll al"'iIY'" 
tak(': 

0< (h <71'. 

1'h\1S, wC' ~('(' tliat at c(\ch poillt in pha~(' !:->piU'P wc l'an n'-c'oll"t J net tllf' 
pmticle fuur-mOllll'llta. \Y(' now wi ... h to cl('fiuc Il ~d of pilllicll' polalizatlOll 
v('ctors fOl earh pha ... c ~pacc pOillt. E"::'('ntinlly, the,>!' Illa)' Ill' ('h()~I'll iJl illI)' \Vay 

con~i~tcnt with the COll ... tlilint of orthog()llahty: f('\) . J... = 0, \'v'itb fllf' fllltlwr 
condition tbat t· k = 0 in th(' ca..,(' of the )!;IIIOllS. TI1<' lat tn c()Jj(litioll ad lIally 
con~titllt('S a chOl('I' of ~iI\1I!;t', :-.n \VI' an' rhoo ... iIlV; a (hfft'II'Ilt gllll~(' al j'i!cb 

point iu pha.;;/" spa('('. Th('l(' i ... of ('0\11.,,(' llotlllllg WlOIlg ",ith tlll~ I)("'all~(, tllf' 
amplitud(' at c<teh point in pha<,c ~pa('(' j., aIl ill priIH'iplt' OLc,(TVabk (l'HlIltity 
and thu<; gallge ilHlqwndcllt. 'Ill<' follnwing ddiIliti',ns arc' t'Oll~j"t<'IIt v/ith tllf' 
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Fig\l!(' 5 2. Thrcc-nH>IIH'lltlllIl vcdors of the final products in r -+ J /I.,'.gg 

nfol('uwllt iOlWd COIl~tt aints: 

(À) 
(0, ÔÀI, 6)"2, ÔÀ3) fO -

(À) 
(0, (hl, Ô>..2, 0) À = 1,2 fI ... 

- (\kl\,O,O,E,)!mj À=3 
( À) (0, -- sin BI,O, cos ( 1 ) À=l f l -

= (0,0,1,0) À=2 
P) (0, &in (}2, 0, cos (}2) À=l f 2 -

= (0,0,1.0) À=2 

Gi\'('11 th(~ polarizi\tion vl'ctors, the method of computing the spin-summed rate 
Lecomcs: 

• Wc wIll find an expression for the invariant amplitude, whieh is nccc>ssarily 
a fllllcti(\l1 of ka kb , k-a . (h, Rnd (a . fb, "a, b" E {O, f, 1, 2}. 

• The lHllIlenntl inkgIll.tor that is doing the sum o\'er phRse spacc will 
g,('I1l'latr a pair of phabl' space co-ordinates (Xl ,X2). T11ese wIll in tum be 
u~(·d to gCllt'fatc the particle four-momellta and thus the ka . kb 

• For ('(leh po~<,ihlc ,;ct of helici ty iabrl values, the l'article polarization vcc­
tOlS wIll be gC'lIrratcd. The invariants ka . (b and (a . fb may then be 
computro., Mid thus the invariant amplitude, and thus the invariant am­
pli t uo.e sqllared. 
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• At this pmticllhu' point ill phaRc spaCt'. the pW)Z;lillIl will <;111ll tilt' sqlllUt'<; 

of tll(' imnriant Hmplitlldl' ()\"t'l' tht' po:-. ... ihlf' ..,('1:-. of valllt's ftlr t hl' h"ltnty 
InlH'h, 

• Ln ... tly. Ill(' 111l1llt'lind Illtt'c,IHtor ",!lIn)!)\t' t<> il Ilt'W pUl1lt III l.ha..,l' "'Pill"I'. 
!('])('at tIlI' ,,!lo\'e 1'1el"I',I1II", allt! ,11111 tilt' \,tlllt'" (If Ill!' "plll "lIllllllt'd III 

\lll iallt dlllp1!r lIfk :-'<1l1all'<l ()\ l't tll!' )111i1"(' "pan' 

Ibm wc haVI' a \\('11 ddl1lt'd al~(llltlim for ('()H\t'I t 111~ ('\.PII'''''I( Ill" f\ll tIlt' 

illvariallt illilplilllt!" Illto a 1lI11111H'l' ft)! tlte 1l1tq!;Ial of d\l' "'\\l1I of dit' \\I\'jlll.I\lI 

atllplttude "qllil!('d 11\'('1 pol'Hint/lon ... , ,iIId th1l'" for 11lt' p;lIti;t! \\'Idtll tIf tilt' l 
iuto J /t.' qg 

\rl' 110\\' t 11111 ti) c!t>li\'ilH!, ('Xjll<'''''''ICJ!l' fi Ir 1 IH' 1I1\'al \lIl1t <lIIJpItllldt' l'III' 10\\ 1'''1 

o1<kr ]l\lIdy !->tlollg cOlltnhlltiOll 10 r --1 ./qg 1" of nI dl'I f/~. aIld ('tl!lI <1111" a loup 
The 1.J\\I':-.t ()uln 1'!crtlolllap;Il('\lc cOllllilJlltloll i.., of old,'! t li/:, alld \, a Irc't' 

chap,llllll Sllle( !O()P cliiIl1);Il11" Hlt' t~l))('ally c,IIJl)llt· .... ,,',cll.y a fdc'llll of 1/( ]G;:"2) 
l<'1atl\(' to In'(> cliil,l!,lillll", t!t('..,(, t\rO (,()lltl1hlltioll'" Illa~ h,' (otllpiltahlt' 

5.3 Purely Strong Part 

5.3.1 FCylllU<tll DiagratllS 

TII\' I(I\\C'-.t oldc'I FI'~IIIJldll dJéll~lil1l1" C'OlllIll'lltlll!!: 10 l -t .If/II illl' (If Clldl'l f/~ 

TIll'" fol!m\ "" f'lllll tll(' [ad tlml \('('IO! lIlt'''OIl'' 11111"t ('(lII}>ll' to af II'fI"l Illll'f' 

,e,lnom, , n" dl'-,('l1 ...... ('c1 ill ,,(,,'tlOl1 ,1 -1:? :;illl' ()f tl\l''''I' il! l' dC'jll< tc'<1 III ti~r,IIII' ,-):3 
TIl!' Il'lllai1l111g cli;ll-',l ;1111" ;\1 t' ol)! <tllwcl fllllll t 1)(',,(' hy ('),('11<111).',111,1.'; t}1(' 1 Wi) I!,I1lClIl'" 

in tllf' loop, aml Ly f';"l'h,m,!:!,lllg; Ill\' l\\lJ r;Il!l;twd gln()Il~, for Il totalllf ') ,·4 .- 3G 

DCllote t 1H' llilW Hillpltt\Hl<'.., ill H?,\Il(' ;) 3 hy .4.k. ilud tll\' illllpllt11lk:-. 1'1>1· 

lC'''pOlj(lill~ tn the dl,\p,Iilm" wilh n~h",'d 1(.0!J g,l\\\J!\'" IJy .. L, FOIIll;dly.I will 
dl'llott' tlw "11111 of t 11\',>(' 18 <11H11) ,Ull" b~" 

'-\.18 -= AI + ..1 2 + -1 Al + Al + 

L[ Al .·h 
A, 1 L[ Al Al Al ] = A j .45 A6 + AI .4.) :1., (!jJ.t) 

A7 A8 .-h A7 Ak A~ 

Each ampli t ude in the fh st array (lC'sCl ibc~ t 1l(' appl opllil.tdy pol-oit jllJl('c\ c1in)!,1 <t III 

III figmc 5,3. 
S('paratC' the amplitudes juta fi color anù 100f'lltz (lIorlllHl Q E D.) pmb: 

(f, 15) 

where F;:b is 011C of the following two rolor trac('s: 
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(:>.10) 

:\ ... (b~('l1",,{'d III ..,('ctio!l 4,3 4 tlH' trac(' an~('s !wCfitlSe the qllélrk ('olot' foIpiIlor" arr' 
(olldatl'd III tll(' coloI "1I1,l!;kt IIlC"Ionc." and tlH' 1/V3 factor i.., thf' w>11l1ali/.atiun 
fil <'1 III fOl tlj!' lllf'''Oll ('()Ior \\'iI\,P f"llction For pxamplf', lll~I)('cting figure' 5.4 
\\'1)('1'(' ouly tl](' ('0101 ];11)('1" ban' 1)('f'n f>howli. F{'b i.., tllf' ('olor portIOn of <lmpli­
tllrl(· A(, whJl(· F'/' h tlwt of illllplttu(h· .4 2, 

TIH' illllpht lld(·~ Ak aIld _4A. IH'c('~fo,arily hav(' oppo,qf(' ('0101' \\,iI\'(' flludioIls. 
dw' to t}J(' )H'rtlllltatH>Il of the lool' ,!!;lllOIl-,. Tll1lfo, WC' ha\'f'. 

[ 
Al Al Al 

L" [ 
FI F2 Pl 

1 
AI A., A" Fl. FI Fl 
,-h ..1/\ A'l FI Fl FI 

[ 
A( A 2 Al 

L,., [ 
F2 FI F2 

1 
AI AI) Al> FI F2 FI ( 5.17) 
II i A8 A9 F'}, FI F2 

1 HU\\' d(,IlIOIl"t 1 éltf' that t l!(' lon'ntz Of Q,E.D pal ts of the amplitudes, the Jh, 
fo,;di~fy: 

[ 
.ÙI ,Ù2 ,Ù,I 

1 
[ .\1, "f,z 

.II, 1 JÙ4 JÜ') ,Üti - Ah .U5 A14 ( 5.18) 

.Ù7 .U~ .\19 Ms llfs .\17 

P,OO/' Il will "ufTIc<' tn show that ifl - A13' The Feynman diagrams for t})('~e 
amplitude" are dlf>playt'd in figurf' 5.5, where a particular routing for the loop 
IlIOI!l('ntlllTl has })('('n ('ho<;('n Psing the usuai rlllls of Q.E D. and the rules 
of ~('('ti()1l -133 to t1C('OUIlt fOl th(' collelatcd :-piu:, of th(' quarb in the veetor 

1ll«'f>OIl: 

M3 

,Ùl 

[
"Olot 

\\l3 

/
-'08 
\01 

f 

l\UJ . K,/Z2(1- t)2 
- 2 2 

1\01 . K!l1 (l - t) 

f,. {U'u + 11Iu)fuÎ d (fo -'2 - f- 1110)-1'"('('0 -'2 -7no)-l;d 

= fr {('U + 1710)'0;2('2 -'0 - mo)-I,°(f+'2 - '0 - mo)-I,.B} 

= 2k l -t k, = 2"'0 - "'2 (5,19) 

1 hav(' SllPPI('~..,cd the illtegral O\'Cl' the loop momelltum "[", bCCnll"l' it do('s not 
il tf('t't the ('(pml i ty. The precise fOl rn of the final cm r('llt K, d()('e not conccrn 
11:-; h('CéltlSC it is Ill(' ~alIlt' in both (liagrams The problem is Il'' ri' luccd to 
(l('lIlollstliltinl!: the eqllality of I\"~t nnd f.:g)B. This is accompb"!,, ,1 by charge 
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1 k/y' krVk. 
-k, -k, -k, 

----~ 

k'l k'l ~ ____________ 
1 

lkO 1 
J 

1.0 ' -ko ko -ko 1 ko 

k, -kll __ J~'_ kJ -k, 
~k' 

k, 

__ 2k'l [ __ 5~'l _____ k l $ 
---- t-'f ~ 

ka -ka' 1 -ko -ko ka! 

-kf""- /k1 -k, k1 
".» 

""" 
+kt !kJ Pq 

A 

f~-~J----
-

---~ k'l~ 

r 1 

t ',,' 

ko , -ko 1 ko -ko' 
1 • 

Figure 5.3: 9 of the 36 purcly gluonic Feynman cli,lg;J ~l me;; for T - -+ J N'99 
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\ a 

d d 

Figure 5.4: Colour lahkd diagrams for the amplituflf's AI and A2 

(,ol1jllgatiOIl. a.<' di:-.('m~ed qualitativdy in &cction 4.4.3. \Ve will in~(,l t thr fol­
l()will~ ullit llIi1tlix: 

cc- 1 = C-1C .= 1 

IIlt 0 t 1)(' t [;H'(' for K 01. W l1('re: 

(,5.20) 

\Y(· tlICIl tl~(' this last id('Iltity to push the "G" matrix from one end of the trace 
to tht' otlil'I, wlH're it th('n lC'combilH's with C- 1 and di~app('ars: 

1\01 fT' {(fo + 7Tlo)ru'2(f2 - '0 -mo)-li°(f+'2 - to - mo)-I')'PCC- 1} 

(_l)'I'fT' {(-Ir +mo)fo(f(-I! +ll-mo)-I...,oT(-f -IT +Il-mu)-l./I 
fT' h 8(1o - h - (- mo)-l ;°(10 -'2 - mo)-I(do{-fo + ma)} 

The ';;('COIU! last l'qnality follows ftom the fMt that triE} = tr{BT }, aIld the 
la:-.t linr reliC's on the cyclicity of thr trace and the i(kntity' 

'0(0 = --rolo 

.... inc{' ~·o . fO = O. Thus wc have shown JÙ3 = . .\11 , 

The plOof of the other equalitH's invol\'<..'s !-imilar manipulations, bllt ulti­
lllatcly rdies on the chargf' conjugntion invariance of Q.E D. 0 

ss 

(5.2 



-kt 

:V" - ~I 

__ ~/" 1 - k, ~I + ~I 
-8--;1----

kl + kl t -1 k, 

. /k' 
kt - k, P 

t 
) 

~o -~ ke -~ 
,.., 
MI M~ 

COIllhinmg cq\lations 5.14. 5.lï. 5 18: 

[ F,.\1, F'2.\f2 p}.\J3 

1 L[ Pl.H I FI.\h 
hU, 1 A}s )= F2'\!4 FlA/s P2'\!6 t Pl.\ft, FiMr• FI.HI 

Fl l\h F2_\!s F j .\f9 F2_H'J FI.Hs }~lM7 

[ .\f
, .\/2 

M, 1 ab ....., 
J\ls .\h (FI + F2 ) 1..-1 .\14 (;) ~~ 1 

.\/7 .\ls M'J 

S!Il('C' thc two radiatcd gluons must be ln a tot al ('(llor ~llle;ld, (FI t F.: J,'h 1I1\I"t 

1w proportional to ô l1b • In facto 

as 1 deri\c in appcndix A. 
\Yc have so far fi"'dll('cd thc Il11Ill!)('r of FeyllTlli1IJ dJa~~I;tlll" \','(. l,,·(·d tl/ IIJIII 

pute by a factor of 2. Of the initial 3G. only 18 f('fl};1111 t)w llllll' ;tllljJ!ltllrl,·" 

A/}, . • \19 , and thosc ohtamcd from thcm by f'XclliIllP;lll,!!; t)lI' lilrll,t!f',j I!JIlt)11 
lahels. Tins was a('('()mpli~hed by rharge rorlJllgating t}l!' illlll;t! IltldfJ.. (III" lit 
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\V<:> hayc one more operatIOn to ('xploit, Ilallldy chal).!,\' 1'(llljlt~atl()Il uf tht' fillal 
quark current. This \\111 furth('r l('tltll'(' tllC' I1l1mb('1 of tl·lm .... 111 t!\(, "11111 l,y 
essentially aBot 11('r factor of 2, 

TIl(' lorcntz pmts of th(' filst nine <llllplitl1d('~ :-,ati~fy' 

(,-, ~,I) 

Proof: l will dClllomtrat(' that .Hi = Jf l , The' F(,~llln;lll dla.c,Iïllll fOI .H; ill 

cluding momentuIll labds ie" gi\"Cll ill flg.l1H' 5 G, Hwl Jf l W(' ha\'(' (llu'ady "'('('11 

in figure 5,5, USllll!; thc saIlle' kdlIliqlI{,~ of iIl~('rtillp, CC -1. tlaJl~P()~ltioll, alld 
cyclicity of the tracc, \\'C obtain' 

Af3 1\03' 1\f3/12(1-- t)2 

l\h 1\Oi ']{f7/i~(l-t)2 

1\07 tr {(fo + 117o)fof2(f2 - ~'o - mo)-I..,()(f2 - fo + y-- IIIII)-IÎ,'i[CC--Ij) 

{
TT T T T -1 Ci'] /' r 7/l' - 1 j 1 tr (-fo +molfo f2 (--f2 +"0 --mol Î (-1'2 +10 -, ---II/II) -,' l 

h' {(1'0 + mo )fo,B( fo - '2 - Y - nif) )-1 Î O( fo - 1'2 - I/Iu )1 il} 
i\u3 

l\f7 h' {(-ff + IIlf)'f,()(1f -- y- I/lf)-1..,3(-I'f - ~'I - illf)-I,dCC-ll} 

t r { ( -, f + 111 f ) f Ji d ~. f + ~'I - ln f ) - 1 Î .'1 ( f - l' fI - II/ f ) - 1 Î" } 

Thus we are donc, The other cqllnliticf> follO\\' ..,irnilarly, 0 
Combining 5,22 and 5,24 \\'c no\\' ha\'(' for the' purdy ~tr()Ilg im'anilllt 11111-

plitudc "Ar': 

.'118 + 1 t-t 2 

2Fab [AIl + A12 + Al:1 + A!, + .~h/2 + 1 ~ ~ 2 1 

and thus Û:; as dcfincd in equation 5,7 if>: 

ir q 

= 

2 [,ÙI + 4fh + JAfJ + il1 + Ji1,,/2 + 1 ( t 2 ] 

m6 ' 16rr
2 Ah 

g~ 

(;J,2G) 

(0,27 ) 

Note that the extra tpnns f('pn'~('nted by '"1 t-t 2" willllot lc'ad tf) ally t'Xliii 

work for us, The SUlU of the fin,t fi\'c amplitllde!'> ('()n~titl1t<, a fUIJC'lio!1 

(;j 2G) 
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t - 1 

ko - ko 

Figure 5.6: Momf'ntum labeled diagram for amplitude A17 

of tlw ~ltl()ni(' moment a ami polarizations. Once wc have a g('neral fOl rnuln for 
"G", the' tf'lm!': "1 +4 2" can be casily computed from this one function: 

TlJ\lS our plohlc!n is reouced to finding a procedure for calculating "G" as a 
rH Ile! ion of the four vl'dors kl , k2 , fI, (2. 

Expressions for Five Amplitudes 

The 1Il01llClltllIl1 labded Feynman diagrams for the first five amplitudes are 
~hOWll in figure 5.7. 1 have uscd "ka, J'b ,. and "fa, (b" to denote the final gluon 
IllOIll<.'nta aud spin, lather th,l11 "k l , k')" and "l'l, f/', to fucilitate the exchangc 
"1 H 2" di~cussed in the> lnst ~cct ion. \Ve obtflin: 

-= 
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Figure 5.7: Momentum labeled diagrams for the first five ampitudes 
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.Ur:, = 2 J dll f5 
mo ;:ï ABCDEF 

(5.30) 

Il = JOI . J/I 

h == J02 . J'1 

h - JO.! . J/I 

14 = JUI . J/3 

15 - J03 . J'3 
Jn!3 

Cl) - il" {(10 + mo)(0(b(1b - 10 + mohO(y - fo + ib + mo)rB} 

Jn!3 
• 02 = fI" {(fo + mo)(o"r°(f- fo + moh,B(1o - h + mO)fb} 

Jnt3 
• 03 

fI" {(fo + 17Io)(o"r°(f-'0 + mO)fb(f-fo +'b + moh 8
} 

Jn fJ = fI" {( -" + m')'J(a('J + fa + mf)'y°(1f + fa - f+ mùl} · fI 
r{3 
· f3 

t 1" { ( -" + 71l J ), J'o(' a J - r + rn f ) (a ( " + , a -- f + m ùr~ } 
t = 2A'J + A'a == 2ko - kb 

A. 12 - If 

B (l-t)2-u 

C == (1 - A'o)2 - m~ - u 

D == (1- A"o + kb)2 - m~ - if 

E == (l-k,)2-m}-u 

F == (1-- A"f - k"a)2 - mÎ - u 

]Ja - (A'J + ka)2 - m} = 21.: J · ka 
2 2 

1)b = (A'o-kb) -mO=-2ko·kb 

1 will not present the formu1ae for the f,." obtained by evaluat.ing the above 
t rac('s. TI)('~(' t'xpr('~sjoll" arc quite long and Ilot partiC'111arly illurninating (sec 
figun' 5.8). They han' h('('11 comput('d using the "yrnhol rnanipulntion program 
('all('(l REDUCE [ï2] The expr('ssions obtaincd from this program \Vere directly 
s\lhstitlltpd inlo a llIllll('lieal iutcgration program thnt computcd t11(' loop iut.e­
p,rnb, which \\"pn' ("(111\"('1 t('(l iIlto integrals o\"('r a unit hypercube Ilsing Feynman 
pmallll'ter It'cllllicl'H's (li~cuf,s('d extc'nsively in tlw section 5.G. 

5.3.2 Infrared and Ultraviolet Fillitcness 

TlwH' 'HP 110 nI t lIn'iokt di\'ergpnces in this prohlcm. AIl the loop intrgrals are 

fiuite by Po\V('l LOIIIlting, 
1 now dl~(,\lSS possibk Îllfrared divergc'11ces in the loop illt('grals, Naively, 

the pn'S('I1(,(' of the mas"lc~s gluons in the loop would lcnd us te expect an 
illfllll"rd di\'('lf!;cllce. Ho\\"ewr, a g<'lleral nrgulll<'nt implics that tlwre ('an be 
11011<'. The ll'~\Ilt is easily estab1i!'.hed from an intc'rmcdi,d' ,t('p in the proof 
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-,'EO ",.. • 2'L LIE. (r-(I ,,".r.: Jl,l • "Il LI(2 Er"ft ""'EO ., t l L.re' ro-r 1 [f .... 1 .. , - L l 'f~ 

l l'(~ .\tI[ \ f ,-"1' "'1 • 2_\. 

:'1.. t;;"l !V_(I lf'Cl .. \ .. ;'L [:2-l "', 
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~ 

of tlj(' ('<tIlC'('llatioll of illflaf('d dl\'('rg('ncc<, lwtw!'('n wdwtin· ("01[('ïtl011" alld 

1l!1·llI" .... trahlll11g [G2]. 
TIIC' poillt i ... tbal tll(' oro!) Inop dwglilm .... f()[ Y - Jgf) can 1)(' IllOught of 

"" l ,lIli,tt l\1' (()rn·cllon .... to an O( fi;) iunplItllrl!': Lllt tlll .... jl1c..t happcn ... to "aIli~h 
1)('('<111'-,(' of t1w 11111' Ihat ('ach \'('\'Ior IlH· .... ()lllll1\ .... t (,OIIJlk ln al 11·(\ ... t tbr!'f' f!,11J o ll"', 

a t IJlI"('(II\t'IJf'(' of C-pllI1 t) IIIY;IlI<lJl('C'. Let Il' lI',f' '\/(1]/ tu dr'Ilot" t Ill' 11Ijru T n! 

d1/1f7f)t Tif palt (Jf tlw (J(n!) il111phtlldf'. and '\/[2] to dl'n()t!' tht' 1I1llplitll<k at 

()(()~) <h)l' (';Ill "hu\\" [G2] Ihal '\!['lj{ h ~i\'t'Il 1)~ élllllJfilllk Lu'fOI (\\luch ClIll 

lw !( ~lIJafl'd hy a :-ouit ahle Illfl aI ('ri ('u!off. "l1('h a:-. a p;!tlf!ll Illil"" .\ 1 IJIllf'~ .\/[2J' 
On tIlt' fltlJ!'1 h;t!lrl, H[2J i ... lfkllti('ally /.('ro, il" (b"l'Il",,/'r! lIl'IH'(' 

(.j 31 ) 

Hm\·!·\I'I. \\ 1111<0 tll<' ('!ltll(' amphllldc 1:-0 illfl<llf'.! nlllll' tlw illdJ\ Id1\al F('yll­
IIlHIl dl,IL',lilIll'" lhllall~ ,II!' lIot Thi" i:-o jW('éllh(' t~ l'lf ;dl~ :-'1'\1'1,11 dlH!2,l<\IIl" hm/' 
ln 1)(' cOllllllIH'd 1o p1lt th<, 1Il1t'11l1(,dlélh·. 10< 'p. ghllll1" III a ... tate ()f dC'nlllt(· C­
p<lllty. wlwb \\'i1" al! llllJHJllilllt llIg1t'dI<'llt III th!' jlll'(('dlll!!; p1'o,)f of fillltelH''':-O. 
Sp("·lfindly. !lote tb;lt ('<teh of the (\Jllplitlld( .. ~ (10",1 'l'pt .\h) l'olltaill the tlIn'(' 

P!Opit).;;tI()[" [J. D, alld F. wlticb ran be ('Xplf':-.:-.cd a .... : 

B (l - t )2 

D '2 '} 
(l - t + 1..'0) - 111 Ô 

21..-0 . (1 -- t) + (l - t)2 

F = 21..'/ . (l - t) + (l - f)2 ( 3.32) 

~()t(' tllat tIlt' otl1l'r propngators A, C. E (U(' llOn-2('rO at 1= t. Thus npéU' 1 = f. 
1 Ill' illtf'!:!,lal ... bdw\'(' as: 

J ~ "-' 
BDF 

( 5.33) 

\\ hich i ... Inga! i t hmically diwrgcnt. This is an infran'cl di\ ('rg('nec t hat wc kno\\' 
l1l1lst Il()t ('xi~t. 

Thi:-. llall lH'ha\'iolll' ()nl~' di~app('nrs when :-,('\'eral of the amplitudes a1'(' 
... 1\1I11llf'(1. and t 1ll'1l it t!('p('wl" mo.:;t crucially on a "zero" that n certain combi­
nalioll of tlw ('l1l1 l'llt:-. 1l<1~: 

o 
o 

Proof: Fi!!.;t Wl' :"1Jh:-otitute 1 = t into the abO\ (' formulae for the ClIf1'Cl1tS: 

(JOI + Jo:do i3 (l = t) = 

( 5.34) 

(3.35 ) 

t,. {(1o + 7nu)(o [(b(1b -10 + nloh'o + "(oao -tb + mO)(b] (10 + mo}"(P} 

( 5.36) 

95 



., 
l 

Xow 1l0te that: 

6J
O(fo + mo )"'/(to + 1TIo) 

2mu8ao(1o + mo) == a( to + 1110) 

sinct' 1..'0 = (mo,O). l'sing this and insertillg 1 = CC- 1: 

(JOI + Jo·doJ(l = t) = (.:J :3~) 
a· tr {(fo + mo)ro ['b(tb - to + T11ohO + ..,n(fo -'h + 1110)fh]CC- 1} 

3 {T T[l' /' T r r [' /' 1 = a ( -1) t r (- , 0 + ni 0 ) r 0 ,., b ( -1 b + f 0 + 1T/ 0 h (\ + "',0 (-"0 -1 1 b +- 1/ 1 \1 ) f ,. j f 
= -Q. tr {[r°(1o -1b + mO)fb + fb(1b -- "0 + 1110);"] ,o( -10 + 11/ol} 
== -(JOI + JOJt~(l = t) \.-) :1~1\ 

TIJ11S (JOI + ./0.1)°3([ == t) == 0 a!:l clai!ll('d Here \VI' llH'cl tlH' :-'HlII(' t('cltlliqllf':-' 11:-' 

in ~('ction 5.3.1. wllf're \W' \\'('1(' ('OIlC('lIlPd \\'lfh Cll'I1101l"tlfltillp; th(' (''1llality of 
dHlglamc;. :\" tlWI('. this idC'lltlty i.., a COIl:-'('(!'l('IlC(' of ('-pallty 11l\'ariall('l' of tlH' 
theory TIlt' ot}wr Idl'ntity is PIOV('c! via ~illlllar IIHllliplllatlOJl" 0 

Thic; plOof IS d('JllOll<;tlatf'd pH'tolJally in fi.l!,1llP G n \\'1' WJlllhC' tlllo.; id('Iltity 
in thl' latt'l ~('ctl(llh to 1l1Ot!\,It!' th .. (,()ll"trlldlOll of 1lI1III1f('~,tly illfran'd filllt(, 

"olllbl1latlOl1~ of tlJ(' alllphtur!I'''' 

5.3.3 Reduction ta Four Propagat.ors 

Ta complltf' the Innp intq!;lal" !Il 5 30, \\'(, wIll illfrod\lcP F'c yllillall pal,lllll'tf'I:­
ac('olding to tll(' ll"'\1nllllcth()d~ [H3, 45]. AIl amplitude \\'Ith "n" Jlr()pll~llt()rf, III 

the (lf'nolllmntor will be ('Ollvel ted lIlto an iIltf'g,I.al ()\ef an "11-1" dllllt'Il',ioual 
unit hypercuhe. Obvi01I"ly, It is clC'sirnLle ta kt,,,p the dillwn<;10!l of thi~ ('\11)(> fi" 

lu\\" as po,>si hll' This may 1'H' nccolll pli~IH'd by llllli tipi) iug am pit 1 \Id,·" ('olll ai Il i Il,!!; 
3 01 mut(' plOpagn t()r~ in t hl' del1oIl1l11at or hy (lI}(' of t Il(' folllJ\\'111!!, r;1l t or ... of "1 " 

A + n -- c - D 
1 ---------- (.S 40) 

t 2 - ]lb 

A + n - E - F 
= ------ -- -- -- (0.41) (l - pa 

C + D - E - F 
---~----- --- (1) 42) 

Pb - Pli 

Thrsc may bc verificd by dirpd computation; for f'xalllph': 

A+B-C-D 

= 
(&43) 

Oô 



1 
-

" + + 0 ,., III 
~ -

~ ~ 

1 + ~ ..lo! ..... ,Jt 

'. .... 
~ 

Figure 5.9: Pictorial dC'monstration that JOl + J0 3 has a zero at 1 = t. 
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• 
We naw use these identitics ta CXplCSS the sum of the lII11plitlldl's in tNIIl~ 

of four-propap;ntor integrals. ~ot(' that uncler tilt' opf'rntÎon: 

l--+t-l 

wC' lw \'(', 

A. t--+ B 
C ~ ... D 
E .... F 

J08 
, 03 4--+ ,B") 

, 03 

J 0 8 
f3 H J Ho 

13 ( ,j,·I·t) 

Thp:-,p last two imply that: 

/5(1) = !s(t - 1) 

Tbm the intrgrctI1d of '\/5 is in\'ariant llIl(!f'r tll(' rhange' of val iahk [' -= t __ l, 
and wc ha\'c: 

ThcrcofofC: 

ïr 2 1 . 
-2 ?JI., 
11/ 0 -

= J 11
4 

[ f') 
ABDF2CE 

J dll /5 ç _±..!?,_-:-__ ~ - F 
.-lB D F 2C E ]>/. - Pli 

J d-il /5 C - E 

ABDF CE Pb - Pa 

FI = f5 + h - (Pbh + Cfl l/Pa 
F2 '- f5 + ft - (Paf .. + E fi )/!Jb 

ThH!> at 1 == t wc ha\'(': 
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1 
El, 

FI (t) 

-- (f - k'f)2 -11/~ = Jla 

-- [h + fI - ~~ ( f J -'- fI )] 
l)~ t 

.JIll [.J f! + .J fil (/ = f) -

-= 0 

Fi(t) [f', + ft - r'!..(f.t + fIl] 
Pb t 

.J fl ' [JOI + .103 ] (l =--= f) - [ia lOI . [.If! + .ln] ([ :::: f) 
[ib 

o 

wl11')(' \\'(' lw\(' 11,,(,(1 '),33, Tlm., ré\ch of th(' twü krm~ in ('<{nation 3,43 IS ,~('Pa­

lat!')y illf! <ln·d HlJ1tl, 

Tlw (·XIllf' ...... !Oll ;j 4~ for "C;" ('olilalll" .) propil,!!,ator~ in tlw df'ClOlllllwtor 
Fllttl)('! 11~(' (If tl}(' idl'lllitH's 3.42 It·ad.., tu a fOllllllla will! jll"t f011f proIHll!,iltor ... 
III t II!' d"1l0IllII1.ttol 

, J ~~_!~I- + f ~'!l. _!~~ J dll ,113 rr-
---,-(]l'l -1'1,)(; -= -+- ------
1/1 0 ABCE . ADEF ACDF 

-1- J ({~!~J~~ 
, ABCF + J ~~~~,l'i~ 1 rJ

4
i h" 

t, :J.C-DE (;') -l ï) 

hl -(115+ 11 6) 

h 2 
--F1 = ---

t 2 - Jla 

hl 
FI ---

12 - Pb 

ho$. = -(hl+h5) + Pa_-:'p~ il 
PaPb 

h5 
-F1 ----

t 2 - Pa 

h6 
FI 

= _._----
t 2 - Pb 

FAI i) = F;..(t - i) (548 ) 

Xotc Iimt 1 hm'I' Illa(k the' the' change' of \'ariable [' = t - 1 ",11(,1(, Il!'('(·:- ... my to 
('1I"'Ul'I' that O!lI' of th(' four plOpagator~ in ('aeh intl>gralld i~' 

l'hl' ('\,allla t IOIl of :-1\dl illtl'grals will i., di~;('u~~l'd in ~('ctlOn 5,6, 



1 

1 

5.4 Electrolllagnetic Part 

5.4.1 Feynnlall Diagrmns 

TIl(' t\\d\"t, l('d(hlu~ F('~ 1I!1l;11l dld)!;ialll'" fol' tll1'" l'!r1n' .... .., il! l' (If Il} dl'! (2.,:, dllt! ail' 

dq>l('(('d III H!!,t1lt' ,j l(J Tlw-.(' ;tl" all t1w dIHL;larll' cO!l"hklll \\llh 111<' llllt- tL,1f 
;1 \(·(·tOI lll(·-.Oll Jll'l--1 \ \)\Ipl,' tt> ('lt1I('I' dll (}']d 11llllllwr oÎ ph"!'lll" 01 cil 1,·cI..,t Illlt'(' 

tdtl()ll~ (~('(' ..,('<'tH,ll -1 l~) \rt' ..,et' that llldll"IOIl ()f <1 "llH!,k pllfll(lll lll\\t'l'" tllC' 

t()talllull!1)('I' ()f \(·111 .. 1' .... alld tbu.., cOl1pllllg (O!l-.tdllh ill 1111' F('~lllJlall dlagl;d!l. 

\\'Itb n''''l)('ct tu tlL" p1\ldy p;llllllllC cOlltIlhllt!Oll" of .... (.( tlllll j 3 
TIl(' d('\'tlOlllilglll't!C all1phtlldf' i~ !lI!' (,1lI1l of t 11\' !\\t·h (' dl,,!!,! Hill'" 

[ 4"" 
4. t nl 4'"1 

1 

• _ 1 • 2 · ! 

4 fm -\ rm 4,m 
4em L :~~m • 2 • 1 (;) 1~1) ::::: • q -l (fil 4'111 · ., • fi 

4 f fTI -lrm 4rm 
• 1 · ., • b 

Eadl éllllplitll rl(' in thl' éUI'ay ('()llt·"'polld.., to tll(' app!opndtl'ly jlo"ltio!wd tba 

l!;!éUll ill fil!,llf(·.j 10. S<,paratlll[.!; tll!' Hlllplltlld(·.., Illto 1'0101' dIlcllo!t'Iltl pOlit.... 

( )3) 2 f,. { h • ,d fI {Tf1 Tb} 

1 

2 

F~ ;'flh 
t "1 

whPI'C' 1 ha\'(' Il<.,('d tlH' idC'lltitks of apP<'ll<bx A. Each of thl' ditlJ!:!Hlll.., Ita\'f' tll!' 
~nmC' color factor. 

Dy C'harg<' c()tljl\gnting tlH' single fermion ('IIITent, it i.., pn"..,ihll' tll ,,11<)\\ tlIat' 

\~frrn _ 'f tm 
• 1. -. 1. 

The l'roof is <'XRctly 11Illllogoll" to wllilt wC' Ibd III "'('c!)Oll ;) ~3 1. \\'Ith tll<' jl11,II'}Y 
~tf()ng RmplituI!('s, III fart, thl' dl'Il10lhtratlOIl1ll tltat "l'ct J()1l that "1\'01 - /\0)" 

cOllstitutcs tll<' ('~"('Ilc(' of the JlIOof TIlll.., tll!' illlIplitlll!l. jW('()lIw:-,. 

D<'fine t11(' \I11itless qmllltitIy ù;m (thl' nllnl()~ll(, of .Ùq' III ('(l'wt)OIl ;j 7), by 
l'xtracting the ("ol1pling COI1:-.t1lnts, ('olnf factoI', élIld po\\'('r'" of Tlla~,,' 

.t ~m 
."1q 

Qc 2/3 

Qb = -1/3 
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r 

FigmC' 5.10: The twdw Feynman diagrams for the electromagnetic rontribution 
to r --+ J /~'gg 
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MI 

Figure 5, Il. ~romentum labelcd diagrams for Afim and .u;m 

Figure 5 Il depicts the momentum-lal)('lec1 form of the Feynman chagrarns 
corresponcling to a.mplitudes Af{trl and .\1; m T1H'5e are trec diagrnms, and 
there is no amblguity ln the monwntlllll WlllCh flows through each lme SlIllilar 
diagrams for the (Jt her amplitudes yields the fOl rnulae (note that defirlltÎol1s of 
the "J" arc local to this section; simllarly labcled objects in other s~ctiolls will 
generally descnbe rllfferent currents): 

Aiem 
q = 2 [.ù~m + .Ù2m + ,ùjm + Ai;m + Al;m + A7f6m] 

JÙ:m m5 ,JOl J,o/( QoP2P3) 

~/2m = fTl~' J02 ,J,O/(QOP1P'1) 

~rm 
3 = m~' J03 ,J/O/(qOPIPJ) 

Mtm 
4 = m~ , Joo J/l /(POQ2Q3) 

~f;m = m~ , Joo ' J/2/(POql q2) 
jt.'jem 

6 = m~' Joo J/3/(POQlQJ) (5 .~4) 

J~o = tr{('o +mo)(o)'O} - 4mol~ 

J~l = tr {(10 + mo)'o(2(12 - ko + mO)fl(11 + ~2 -10 + mohO} 

J~2 = tr {(10 + mO)(0(2(~2 - ko + mohO(1o - ~I + mo)'I} 

J~3 = tr {Uo + mo)(o)'olFIJ - k} - k2 + mO)(2(~O -11 -1 mo)()} 
Jlo tr {( - ~ f + mo)( /)'O} - 4m/fl 
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1 
J" , '1 
JO , 'L 
JO 

/1 

]JO 

Pl 

P'2 

Th 
qo --
q) 

q'l. 

(13 

fr {( -" + mf )'''2(1, + 12 + mf),d', + ~'1 + ~'2 + rnfhO} 

fI' {( -f, + mf H,(2(ff +'2 + mf )~/'( -" -'1 + rnf)(d 

fr {( --" + m! ) (ddo { -,', - "1 -'2 + 1I1f )'2( -If - 11 + mf )'1} 

(2ko / ::::: 4m~ 
'2 2 (1,'0 - h) - mo = -2,T) 

("'0 - "''2)2 - m~ = -2.r2 

(ko - "'j -- k2 )2 - m~ 
(2kf)2 = 4m} 

'2 2 (kf+"'IJ -n1f 2(c-.rJ) 

("~f + "':!Y - m} 2(c - X2) 

(h'f + h'l + "'2)2 - m} 
(5,55 ) 

ThC' aho\'c ('xpr('ssiolls arC' in a form appropriate for ntl11H'rical clIlcl1lation 
()~ th<,)" ~tnlld Pl ()('('('dillp; as in the purely !->trong casc, tl1f' trace':" are c\"alnated 
\\"lth the' symboj lllilnip1llation program REDUCE [ï2], The HlllplitudC's may 
t }WIl 1)(' l(·adily ('\'(11I1at,'cl for C'(1dl ~d of lwlicit.y labds at (':1ch poiut in pha"e 
"P;I<'('. (1,'" di~t'll~ ... ('d III ;..('rtion 5 2 

Tll1~ d('ct rOlll:l,l!,IlC't ie aTT/,pI1tlldf' Il111'>t 1)(' addf'd to tll(' J>nrdy ..:;tlO!l[!, mnph­
t.llde' of ~('cti()11 j 3. aft('l' which wC' ,an sqml1l' tllC' "'I1Ill and ÎlltcgratC' it oye1' 
pha~(' "pan' Tli1h tllC' lf'lilti\'t' ... i/!,ll lwt\\'('('n thes(' tIlt' two eontnlmtlOu", I111l ... t 

1)(' c;lldll11) C()lll]l\ltt'd: Ihis i~ tll(' topie of !--('ction [) 4.3 Fmtll('r. in th(' 11ext 

~('di()1l \V(' wIll rOll,Q)hly t'~.timate the l\'latlve mng,uituck of the pUfely !->trong and 
('!t'ctUllllil,C,lI<'ftc ('()lltllhlltlOIl"-. aIld Huc! that the)" arc cOlllparnble; tlu:" lllak(,~ 

tIll' til~k of (,()lllplltinp; the Ie'lativp pha~l' of the Iwo parts nU th(' lllOr(·nnpOltélut. 

5.4.2 Relative Siz~ of Strong and Electrolllagnetic Parts 

TIlt' illvariHnt illnplitlldc for the plOCCSS Y --+ J /1:'99 is the sum of the strong 
and (,ll'ctl'Olllagndie coutributions (sec 5 7 and 5.27): 

= 4 '~ + At'Jn 
• fi q 

~ . F bab . -~ . Â-r + TJg;e 2 QcQb • Fem Dab . -; . ilqem 
1G;r2 s 11ï5 q 1no 

.3~ Fsb ab 
. ~ [.Ü; + 77P.u;m] (5.5G) 

IG;r2 1110 

4;r [(~~n 1 [QcQb] [F;~ 1 (5.5i) 

",(is th(' rdatÎ\ " phase' bdw('cn th<> two amplitudes. \Ve saw in appC'ndix 5.6.2 
tllHt. nll Feyuman rlinp;rams yidd the same number of explicit factors of "t". (i,e. 
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those coming from ycrticps, propagators, and loops) ThuR it. is only th(' sigll of 
<41J"which is C\IlTf'ntly ullc<,rtain. In the n('xt Sf'ctiOIl wC' will s(>(' tltnt in fnet: 

sgn(l}) = +1. 

\Ve cstÎmatc "p"by setting: 

G .• ~ 0.2, O'~m ~ 1/(l00V2), 7r::::: 3 (5.58 ) 

and rccalling rql1ations 5.23, 5.50 for F~ and Fe".: 

p ~ 12 LO~V2 (0.~)21 [~21 [~
21

5
32

] 
1~'2 J2 ~ 3 (G.59) 

Thus the f'lcctromagnctic contrib\ltion SC<'lU:'; to makI' t}}(' larger dfl'ct, Oll tilt' 

othcr hand, t}wrc arc more dingrnms coutributing to tll(' pure}y ~tlOllg iIlllplit.lld" 
th an to the f'}edromagnctic. Titus Wf' !'!houl<l t'xpect 1}1('5(' two llH'dwllÎSlIlS for 
the tramition 1.0 makc ronghly eqnal contIihutions In ~('ctl()ll 5 G 1 wllllllIH'l('llt 

th(' results of the fu1l1l1111wrÎcal calrnlatlOll awl wp will ~('(' tbat tlll~ IS IOllghly 

the ca.s<" 

5.4.3 Rplative Phase of Strong and Elcctrolllaglletic Parts 

The fermion and ll1a~slpss ,"cetor boson propagator!'. arc: 

gauge IJ0801l : 

fermzon : 

-zg'HI 

p2 

1>-711 

The ncgative sign in the llumerator of the gaugc boson propaJ!;ntor orÎp;inatcs 
in our use of the metric (bag(tl,-l,-l,-l). It caus('" the' rp~idll(, of tilt' 
propagator for the spatial mock!; of the vcetOI field to he "1". jll<it lik{' t lw 
fermion, and con~istent with the rule t hat aIl phy~ical dq!;I'('f's of f\{'cdolJj of a 
field must have a propagator lesirll1~ of "l". TIl(' tlUH'-likp IIlOdf' of tlH' p;a1\p;f' 

h . l' 1 cl l 'cl"" OC;OIl IS 1I11-p lySIra an Hl~ resi \1f' -l , 

Pr('violl"ly 1 have evprywhere nC'glc'ctl'c! thesp ('xphnt ["dors of "/" Hwl tho<,(' 
comillg froIll w~ltex fnnctions (sec ,,('ct ion 4,3.1). ;\OW wc' IJ}ll~t C()1lllt tllf'fll 
carcfully ta ('lhure that we get th(' lelative ~ign oftlw strollp; and ('ketroIllap;J1dic 
contrihutions correct. \Yf' ('oul<1 ignore ~l1ch (,oJl<'iclf,l:ttiOII~ hl'for(' lwc<tw,(' tll(' 
relative l'hasf' bctwcen the amplitudes in pach tyP(' of ('(JIll 1 ilHll ion wa~ ju:-.t, 
"+1", and the ov('ra11 phaBe of thC' amplitude (li~app('ar('(l ilJ Ill!' mU', Siun' 
aU diagrams in each group have the :mmc pha.'-I' , it will ~nffiC'e to <!ptl'lmirJl' 
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Figure 5.12: Typical purely gluonic and eledromagnetic diagrams indicating 
sources of "," 

the relative phase betwccn two randomly chosen diagrams from the strong and 
dcctromagnetic parts. 

These explicit factors of "i" are labeled on two such diagrams in figure 5.12. 
U~jng the notation: 

wc obtain: 

strong : 

dedromagnetic : 

(i)6 . (i) • . (_i)2 . (i)1 =-1 

(i)· . (i):l . (-i)) . (i)G =-1 

(5.60) 

Notc thnt el\ch Feynman diagram is proportional ta ",", as discussed in appendix 
5.6.2. 

Thus the strong and clectromagnetic contributions have the same phase, a.nd 
the fOl'mulne as prcscntcd in scctions 5.3 a.nd 5.4 should be simply added. 

5.5 Results 

Rccall equations 5.11, 5.56, 5.57: 
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1 

B~h(l</) B~/ad). Fj). ~!.{~-2~ < .Ù,; '-, 
3"C} .\1-r 

< .ù; > L J d.1" l d.1'21.Ù'lI.! 
pol 

.JÙq~ + p.Ù;1II 

p 
4rr [ "~;" 1 [Q,Q,I [ i~" 1 

il; is givcn in eqllations 5.2i, 5.29, 5.47, an(1 5.30; .\[~ 111 i~ givc'Il il! ('(Pl:!! i"l1 
5.54. 

Wc require the following data: 

lI!J 

f] 
n(had) 

J 

lUr 
B(had) 

ï 

3.lOGcV 

(68 ± 10) x 10- 6 c( \" 
0.G22 ± 0.04"* 

9.,1GGfF 

O. i04 ± O.Olol 

Thr hadronic widths arc tnkl'l1 from an élllaly"j-. in If'fC!CllC(, [Ji], alld tllf' o!11f'1 
1l\1ll1bcrs arc from thr Partirlc Data Book HG]. T}l1l~' 

BI' (Y --t J N'gg) (O.S24±O.101) < .Ù,; > )(10-'1 

The Cl roI' 11pl'C is mostly from llIH'('! tainty in t lit' J /1/' widt h. 

The paramdcr iutegrals cOlltailH'd ill tl}(' fOl'llllllH {Clr .Ù'l~ WI'J(' l'Olllputl'c1 

m,ing the 1:1\ISL nUlllC'rical integrntion progrnm DQt'A.\'D [ï:3J. IIlld th(, "111),-" 
qtH'llt integratioll O\'pr phase> ~1)()('P WH" dOliC' ll"illp, tllf' plo(!,r:lIl1 \ EC.\S [7.1] 
To g<.>t an idca fOl the relative> size of the t>!('ct1 OlJlagllI'tJC, (lJ"'l)('J~i\'(. <.,fIOII.!.',. alld 

nbsorptive strong contrihutions, cOIl . ..,idt'r th(' vallll' of tlH· !lwtxix ('J('flj('lIt ,Ù// lit 

fi. typical point in pha.se 5pa.ce for a typÏ<'al sf't of lwlici ty la bd~ 

TI 0.5 

O.G 

{L1.1.1} 

tlsing the nota tion of section 5.2. The result: 

lÎ!q(TI' 1'2) = 31.1 + 87.41 

-- Ar!TI + Re Ar P q q + l lm JU; 
pllf;m = -16.3 

Re.!\.!; 47.4 
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l 
e pOIl int('gration oycr pha.<,e space and summation over the 36 helicity ('on­

fi.E!;llratiolls, the r('sult is: 

(2.0G ± 0.06) X 105 

TIl(' ~ourC<' of ('rror here originate!> in thc quantity Q" contained in p above. The 
v;tIue of Cl.9 u~('d wa ... : 

0'" = 0.175 ± 0.015 (5.61 ) 

ae.; d!'tpllllinpd in ff'fCfCIl('(' [57J from a snrvey of inclu~ive deeay widths of the 
T. (Thll~ it i ... <!f,tcllllinpd within th(' sarne model as wc have used.) The t'rrors 
011 tll(' IPsIllt for < .Ùi > W('rp obtaincd by running the program at the two 
('xtrPIIH' ",dll(,~ of ct". TIH'fe IS also a. !>mall ('rror of about 1 % in this n>sult, 
whiC'h was t h(' Henn acy to which the numerical integrator was asked to evaluate 
th!' intq?;wls. Thi~ paramctPf was chosen sueh that the computation coulu be 
P('I fOllllC'd 111 a n'a.<"ollable amollnt of time. 

Fl1rtlwl', 1 hilv(' }>elfOltnec! the following check of the computer program. 
IlI..,t<'ad of tll(' gluoll polarizatioll v('ctors gi\,(,I1 in s('dioll 5.2,1 had the program 
Il ... e the [olll-momcnt a of the con esponding gluons CUlfent conservation means 
t hat t Il(' arl~w('r ~hould he zero. The r!'stllts \\'cre: 

(fI = kt) 

(fI = ,\ d & (f2 = '\'2) 

< ij~ >= 0.82 X 103 

" 2 3 < Alq >= 3.12 >< 10 

which arc ('on~istent with zero given the 1% accuracy to which the numerical 
illft'gl ator \Vas working. 

Thus we finally ohtain: 

Br (T - J /tf;gg) (0.170 ± 0.045) x 10-3 (5.62) 
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5.6 Appendix: Evaluation of Four Propagator 
IntegraIs 

"·c now 1 C'quire f'xprC's"ions for integrals of t h"~ fonn: 

! 

,., 2 
(l - p,)* - 11/, - If 

= 2 'l 2 1 - 2/ p, + (Pt -- III.) - If (5.63 ) 

"!" can be convert('d into an intC'gral o\{'r Il lllUt hypt'I('1\!H' in tll<' n:-llal way 
[G2, 16J. The four propagator~ are comhincd U~iIl~ th(' id/'ntity. 

Then the intcgrab o\"er loop-moll1('ut a for Ct 1!,('!H'! al Il 11 Illf'nd or f11uet ion lllay 
thcn he perforI11C'd by shiftillg the OIigill. ~yllllll('(!II1I1!!; tllC' Jl1l1l1('rator, HUc! 

\lsing the two rcsult~· 

= Ga 2 ' 
(5.G4 ) 

:rvry goal in tlm ~C'ctioll i~ not to obtain allalyl!c t·xpU· ........ \OIl .... fot t ht' ~('I\t'I al 
four-propnp,ator inu'gral; tatllcr. 1 wish 10 manip1l1at!' tllf' },a .... jc f()rmula for 
"T' llntil J re(tcb a form that is l'a .... ily cOIrpnt(·d !llllllt'i ieally (1)(' Illi~ltt t hink 
that once the loop intC'gral has b('(,ll ""~-. ',." cd \Illo a JHtlltlll('tf'l illtf')!;I al 0\'('1 

a hypelcuhe, that our goal has hL'en Hchip\'('d, For eXHmplf', tlm HI'ProHeh 
suffice iu th(· ('alc11lat10118 of 1l1ulti-loop t'ontlIhntio)J .... to tll<' 1'11'( tlUll HIlIlIIIll!Oll:--' 

magndic !I10I1wut [ï5J. HO\\'!'\'er, it will not work III 0111 (';1'-,1', (1111' to tlw pn'''('lIC(' 

of non-n:rnol'ablc singulllliti('., that C'xi"t in th(' IHllllllwkr il1t(·)!;litl:-. 'Ill(' Oli,l!;ill 

of thesc H(bVergcIlCC'3" lies in the fnet that nll of our din,l!;llllll .... (o/lfain a ~(). 

callcd "ah"orptive cu t", wlH'I('in ~omc of t 11(' ficltl'î ill t Il(' Ioop 1 )('('()/JW 011 "}lI'll 

in certain rcgiolls of the illtcgration variahle, (Such ('1\t:--. art' IIt·('(·~ .... a!ily Hb~f'llt 
in the ch'ctron map;uf"?'tic 1ll001lPIlt rakulatÎoI1-;, :-t('1l1ll11111!; fWIIl t})(' faet t}wl Ih(' 
e1ectron is the lighte::,t charg,cd lepton and that Ill{' (alcl1lalioll:--. (ll(' }wlfOIlll{'(1 

at q; = 0,) Tlw bc~t way l ha.\"{· found to ha1l<11<' ..,\\('h pol('" of dl(' Illt ('~1il1ll1s i.., 
to perfollll the intcgral over one of the palf\Ill('t(,I~ HllnlJllcally Tl\(' 1('~llltill).!; 

exprc-'ssions art' thf'n aIm'nahle to numerical intq~rat iou 

5.6.1 "Singularities" in the Paralucter J lltcgrals 

Start by convcrting "r' into paramcter intrgral fortn: 
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( 

( 

J 1,1 11 J f(l)d'I J 
2 d.r ydy (/2 (11. 1 1 23 == (!J:dyy[(.T.y) 

() 0 -If) -2·(+() 

ri [rpl + (1 - x)p2l y + (1 - Y)P3 
'1 

( - [.f(/If -II/i) + (1- .T)(p~ -IT/~)] Y + (1 - Y)(p~ - m~) - If 

:'\ow. fOI t III' :--impk cas(' of: 

[(.r,y) 

It. is at this peillt that the probkm is c\"i(leIlt. It is quite possible that: 

2( e .T, y) o < ---2--- < 1 
d (.r. y) 

for ~0I11{, valuc(s) of "x" ond "!J". Tlms the "z" intcgral appcars to han' nOIl­

IClll()\"nhl(, ~ill!!;111ariti('s in th(' form of double and ~ingl(' poles. The r('~olllti()Il of 
this prohl('1ll stelllS fWIll the prrSf>IlCf> of the "u" in "(2". This puslws the pole~ 
off the n'al axi:--:--o that tll(' lIltrgud is wcll def}urd. II! the pIOces:--. the illtC'gral 
plt'ks \lp ;]11 illWp,iwlly part. \ Hl the id('ntity: 

_1_ = p(!) +i;rli(z) 
Z - lf Z 

(5.65) 

= 

[(.r.y) 

109 



1 

T 
1 , 

1 

Though wc havc now pelformcd the "zoo 11Itq~lal. aIl<l th(' "~1ll,L!;111i1lJty" 1"'!lo 
long('r é\ prohkm, the pOlllt l~ that WI' had tu lC~()rt tn illlalytlc llldllOd ... tn do 
so. Had \\(' ,,1 l'ply 1\'q11(''''\I'<1 a ll\lIlj('llcalllltq~riltt)r to pnfOlll1 t!Je llltt'~lal m·t·1 

aIl thrcf' ,atlahk:- "r, y, :", the plOl.';ldtll \\Uldd lul\(, Il'lll!tlt'd 1l()1l"'('1I"'(' It 1'" 

llufortullate that tlli.., Iilttn appl()(I,h 1'" lll"'l1fticj('llt. bl'('au'-I' lt 1'" pll.f(·l.dlk tu 

th(' analytic llIt't1!od ftom th(' ·,téllldpoillt of "'llllpllClty \Y(, \\ III filld tIlt' dllalytl" 

form1l1n(' a ...... ucwted \\ltb a 11101(' ,Il,('llf'ltt! f'lllctltlll "f(l)" ",ollH'\\ hdt dalllltlll)!; 

!\otc tbat l !J,n{' Idaiu('d tll(' "/f" III the n,pr('~ ... ltnl'" fO! tlte ".r" alld "'!J" 

intf'graIld; this 1" l)('cal1~(, the'l(, lllay t'xi ... t f1l1tl1('r "dl\('Ig(,Il("('~" of ('xactly tll(' 

sort that we jll,>t ellCollIltcr('d. Sp('cifkally, the !('lIns. 

1 1 
([2 - c2 - lf' 

(.s.GG) 

are !->ingular if ('ither: 

or 

1 will iutroducc a difff'rent method for lwndlillg sneh prohlplIls wh('11 HH')' (l('t'ur 
in the HI" and Hy" illtcgrations, Thi~ is di~("m::'l·d lwl()w ill ~('ctioll G.G.4, 

Also, note t hat the nmishmg of (2 or </2 - (]. 1Il 

cl)nbtitutcs an wtcgrablc bingl1lality. A good 1l111lH'li('al illtc,l.!;lat01" l'lIU ('olllpllk 

this intq~lal as it stanrls. 
Lastly, not e that t h(,1"e is a met hod t hat wOllld allow liS to IH,tf()llll the 

intf'gral 0\,('1' aIl th1'(,c variahlcfo. 11111l1('lically C ... ing Cauchy\' tl1('Ol l'Ill , '\'(' cali 
dcform th(' COl1tollr of integration for the "z" variable off of Ill(' l('al axi.., (in 
a direction ddenniucd by the "If") sucll tbat tlH're aI(' IIO l()lll!,('r é1l1)" poli'''' 

lying on it This conto11r illt('g,rallll the ('oll1pl(,x plllll<' ("!)1lId tlwlI 1)(' jH'lf()IIlWd 

numerically In fad, this is tllC llH'thod \\(' ~bi\llll"'(' (:-'('(' ... (,ctio1l5 G ,t) to h,tIlrll<­
furthcr singl11aritics of this type whell they ocnlr in tllf' "y" llJtq.!,Iill, l)(,("(I1I~(' 

analytic met hods Lccome p1'ohibiti\'ely complil'at('d f(lr t}1{' t~ pc ()f ll()lI-t 1 i\'ial 

jntegrand~ tbat appcar in the ''l'' and "y" lIlt('gnt!~. Awl It J:-' Jll .... t 1)('1'1111'-.(' \'.'(' 
will sonH'tillwc., ha\"(' to lInalytH'ally ("olltiIlllf' tll(' "y" \<tli"hl(· illt() tilt' ("Illllplf''( 

plane that wC' ma)" not ('mploy thi::. ~allH' lIH'tho.l to tf) h"Ildl!' thl' ..,iIl!-';l1l1\IItl(·~ 1Il 

the "z" intcgral. Tlw nC'Îunl contmll in tll(' ("olJlplex "z" plalll' wOllld lJ(·(·(' .... ..,:tnly 
l)('come a fllllCtioll of "r" and thf' compll'x vaIiablc "y", It tll/'Il h('("OIIlI'.., dlfficlIlt 

to ('I1S\l1(' that t Ill::' cOlltOur i~ Ilot pnc,'>lllg O\'('r aIl)' poIl"';; of t Ij(' Illt (').!,J illlI! \vlwl! 
both the contour and lllt('glétud are fllllClioIlS of a ('oIllpl(,x pm "ml't('l. SlI/·h 
cOI1!:>iderations aIe the domain of the thcory of cOlllpl(·x fllw t lOB'> of "'('V('I,t\ 

complex varin bIcs. 
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5.6.2 Origin of Inlaginary Parts in Feynnlan Diagrams 

In tlll' IH('Vj(llI~ ...,('l'fIOU wC' found that tlt(' Il)()p ;lItq!;ral" yÎf'ldt'd IJoth rpal and 
IlIwp;lIlary pm h HI'II' l ll'call tlt(, df'C'\...,ioIl ('J ,tl'na wll1rlJ nll()\\ S Ollf' to tpll from 

il ~};IIj("1' at tlw a ...... ()( wu'cl F('~IlIlWIl <l!np;rallll! palillllt't l '! II1tt'glnl :-mgul 'i ",~'s" 

wdl illl<"/' 

Fil"t If'ndl that fOl ('<tell n'Ikx, }llOpnp;atOl (fITIIJi<l1l or bo<.,on). and loop 

(..,(.(.;j Cl) lJl a Q E D/Q C' D F('ylllllan diagl'am tllt'I{, l'. a""~()(']at('d an t'xplicit 
fado! of "t" T11I1'> th!' êtmphtlldf' C()Ir(,~p()lldlllg; to a Ff'ynman diagram \Vith 
"\'" \'('!IIl'('~, "E" 11 1 tf'm III liIH':- (propnp;atol's), and "L" loops is proportional 

10' 

FIll t IlC'l' [{'calling Eukr's cquat ion for planar graphs, 

\' - E + L = 1 

this pro!>o! tionality fador becoUles: 

The S-mattix 1'> lelatcd to the invariant amplitude by a another factor of "l", 

Shoulc! w(' conclndc that the S-matrix is al ways purdy !ea}? \\rc know this 
C<tnIlot \)(' IlH' C{t~(' l)('('a\l~(, gf'11('ra} arglllI1('nt~ [lG]l>a,<.,pc! olll1nitarity l'clatf' the 
Îllla)!;lllmy palt of "5" to oh::,crvahlc qllallt,ti('s wltich wp kIlOW do Ilot vanish in 

"Il ('a~('~: 
lm S (X L < fin >< 1111 > 

n 

Berc "In >" is Rny el1f'lgctically allowcd "real" state (i.e, consisting of on-shell 
particl.'s) In pf'rturLatiol1 thcory, tbe imag,inary part of "5" thus first ari~es at. 
O1d.'1'9 1+), if "< fin >" alld "< lin >" arcofOIc!.'l gl and gl, 

\Vhat 1 heu bave W(' 0\ ('rloohed that could prodtH'f' a nOll-h inal pha~(' in 
t IH' S-lIlél t rix'? The '1Il~ weI' i~ t he type of paraIllct('r IIItf'gral ::,ingulari ties that 
wc f'ncOIlllt(,I'cd in the la . ...,t ~ection, \Yc saw t})('I(' t1lat the value of the Ioop 
ill t cp;lfIl a ('(1' lill'~ hot h n'al and imaglllary part ~ III SliC h a si t nation Sincc this 
is th(, only snch ~OUICc of non-tlivial phase in the amplitude, it mll~t b(' Illlked 
to tllf' presence' of lite ('!l<'lgctically allowcd :-tates "In >" dl!:>cussed in the last 
pnragraph, 

Now, in~pecti()n of the Feynman diagl'ams can tdl us if <,\1eh states C'xist. If 
a 1111(' can he chawn throllgh th(' Feynman diagIarn stlch that: 

1 a cut a}oug the lille would ::,plit the diag,ram iIlto t\\'o disjOlnt parts, and 

2, it is po~~ihlp for hoth the initial and final htates to mnkt' a transition to 
the sd of fidds tllat the "cutting" line intprsccts 
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Figure 5.13: Absorptivc cuts in the T ---+ J N·gg cli!lgrEuns 

then this latter set of fields is just the intcrm(·diatc state "In >" l1H'ntiont'd 
above. Certainly the product of the pcItm bativc orders of "< fin >" and 
u< iln >" must cquaI the order to which wc are> calclllntlllg tllf' arnplitlldp allc! 
thus the S-matrix. Therc exist two such cuts iu the cn."e of our pwn':-,'i, ~hown 
in figure 5.1~. The intelrncdiate statc is thc thrcc gluon ~tatc "199g >" in tll{' 
left diagram, and the state "Iccgg >" in the right. 

In summary, if tll<'re exists st:ch a cut in a F(,yIllJ1an dillgram, thl'11 tllf' 
S-matrix must have Cl non-tIÎvial phase' at the ordcr wc are WOl killg to in p{'r­
turbation thcory, and t Îl\1S the paramcter int('grands lllU,>t h,t\'(, po}es, ..,illC'{' thi~ 
is the onIy \Vay to introduce non-trivial phn.<;('s into the ,~xJ>n'~..,i(JIl for ft Feynma.n 
diagram. 

Conversely, if the FeYIIman diagrams have no s\1eh e\1t~, alld w(' bav{' propf'rly 
identified ail of the relevant diagrams for the transition, t}WII tlH'f(' ean he none 
of the states "In >" described above, and the S-rnatrix ml1~t be plIn'ly r('al; 
thus the paramcter integrals cannot have any poles. 
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5.6.3 Forllllllae for the Four Propagator Integral 

H"II'1l1 1'11· ... (·111 fi palilllwt"r Illtq!;lal formula for a JO()l> lIltq!;ral of the fOllll' 

(:J.G8 ) 

(5.69) 

\\1\('1(' fd/) Il'prl'!-!'uh a !H)""lh!p qumtlc pic('(' ;\ot(' that if rd/) jwlw.\·(·s as /4 

fllr !,Irgt' "/", J d1lfl(l)/[!2PIP2 P3] dm·rg(':-.log,aritllIl1IcnIl: \\.(' au' tlltl" fa('(·<1 
wit 11 il "lll.!,ht pm "do'\:. "lll('t' ()ll tll(' ()ll!' halld \\'(' kno\\' thnt (,<lel! of 0111' Feyllman 
diilp,1 ,1111" p,eJl('J ilt,·<1 illl ilJllphtlld.' tlli!t ,\ n5 OlJ ih 0\\11 nltra\ 1,)11'1 fillÎt,· l)y po\\'!'!' 
('()lllItlll.!!,. !11Jt IW\'·ltlwk ...... "'(I!ll,' of th" llllll)(,lafor f1l111·tlOll~ 111 ('qnatioll .j 3U 
( .... l''·,·ifi,·ally r.) ('('1 t:1ll11: do ('()lltilill q11,1l tle pal t~ 

III fa!'!. tlU' '1j>1H'<lldW'(' of th,·",' llancl: dl\('rgt'llt 1'.'[lIl· .... "IOll .... 1" an élIlifélrt 
()f OUI 1,·dl1<"tIOll of tlll' !1111ltl-propagatnl llltl'gJ al ... to f01ll-plopagatOl illt(>grals. 
:\ :-.Jll;tll ilJJI()l1l1t of ;lllalytw lllatlll'ulatlOIl of tll!' fiwIl fI· ... l1lt... ... l!0\\:-. that tIlt' 
(1'1:11 tH' pll'('('''' of ":tell of tllc ll\lllH'rator fllucfloll" 1 (';111y OIll:. iIlCl('iI"'(' as "Z1" for 

lal,1!;t' "r. That i!>. fd/) alwap ha~ tll(' fOlm: 

tI'V 12 [1 1] + f,·vn3 [1 1 / 1 1 Jota l'V r tb l,voJ r 

\\'lwl'e 1 hav(' intl'oduced the notation: 

l'" 
[1/J1"1 r - [/J[" _ [2 g_ 

4 
l' vOt ri 

[fI'[" [0 l~] r - [1'["[0 Z;3 _ [1 ~_ 
24 

glIIlO;3 - gPlIgQ~ + glJOtgll;3 + gJ18gllf"t 

Tll11<', i t will sl1{fiC(' to now pres/'nt formulac fol' the follO\viug intc'g,rals' 

(5 iD) 

As ill sl,l'tiOll [) G.!. 1 fir~t convert ('(1('h into pararnct('l' iIltq;ral fOl Ill. and tlwn 
Hnalytically IH'rfoI'1n th(' mt('gration ('01 rcsponding to thC' pm é\ll1l'tcr \\'hirh is 
\1s('d to c()lIlhiw' the pwpngatof "['2" wit h the otlwr thrf'(' propagatOl <. (Thj~ is 
the "last" pnrallll'fC'r introdu('cd,) TIl<' ot'Iivation of ('1Ich ('quatioll proC('crb in a 
fnshinll ('(jlllpl(,tdy Hnalogous to thc d(,li\'atioll of thc l'qllntions in ~('ction 5,G.l 
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1 

i 
for the ~impl(' nmlH'lator fllllctlOll Jo + ftl". La ... tly. it :-htlllid \)(' IlIldt'l ... ttltld 
that a factor (If 

I7r
2 J d.rdy y 

11l1l~t llIultlply thC' lt-ft haIHl :-lfk (If (',wh of tll<' IIlt('l!,lal ftlllllltlac' 

1 

[1 _ J2 

[dll(~~ 
(2 __ dl 

= 

= 

= 

dJl 
['/']'1 + (1- ·1')Plt Y + (1- Y)Jl~ 

('2 [.l'(]'i - mi) + (1 - .r)(p~ - II/~] Y + (1 - !J)(J)~ -- 1f1~) If 

a = e2 /d}, 
D"V 

2 

D/1I1À 
3 

D,lvo /3 

" 
S1I'IIÀ 

n,IVOP 

= 

= 

dl' dV - d2 g,IV /4 = [d'l (JVlr 
d,l(r il. - (FW,v).'j6 

[dlldv dOdO] r - d2Çlllvo 8/8 

gllVdA + gllÀdv + gVAdll 

y,lV D~8 + J'Ir> D~;3 + yl'8 D~o 

1 
log( 1 - .r) + .r + 2".r 2 + ... + 

for l.rl < 1 
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lu "'1l11Ilwry. 1 hav(' re(htcf'd th(' loop-illt('gral of four propngntorc; and a 
I!,c'Iwral 1ll0/lH'llhllll dl'lJf'nrl(,llt Wlll1<'rator fllIlrtlOI1. ta ê. <;pt of two-dl/lH'lhwI1nl 
IlItl'/SI al" that nUl })(' !f'adtly ('vahwtecl 1l11lIlf'rically. and sl1ch that tl1(' correct 
:lb.,Olptl\·!' (,!)lItril>1ltllJll tll tll<' illtC'!?;ral will be ohtaiIH'd (Sel' al..,o th(' I1('xt 
..,('('tloll fOl :\ (I!;-.Cl1..,..,jllll of fllI tllf'r .,ill~111anti('s in th(' "y" lute!!;rill ) 

5.6.4 Furt her Singularities in the "x" and "y" IntegraIs 

TIH' fOI ul1d:\(' of t]lI' la"t .,('l'tl<lll C()Iltam<; t hn'(' potential "din>rgeI1ce" probl('ms. 
it..,.,o(·iatt-d \VI tilt Ill' foll()wmp; (·xpn", ... ions: 

1. 
1 

dl. 

2 
1 

f 2 

3, 
1 

------
(2 -- d2 

fP --=. 0 "Divergences" 

n('call that "(r' i~ gi\'cn by the expression: 

(5.73 ) 

As "J'" ltlld "'!l'' vary from 0 ta 1, the tip of the four-vector \Id" traces out a 

two <lillH'llsjollnl trinllgle in ~link()wski space, ",hose vcrtices are Pl, P2, Imd P3. 
III·tH·(· If Olll' of th(' Pk is :-.paCf'-like, while the other two are time-like (or visa­
\·('IHa). thl'f(' lllll..,t ('xist som<- valuC' of "x" anri "y" for which "d" is timf'-lik(', 
1,('. fOl \\' III ('h. 

~()It, that (p Il()('~ not rOllla;n an If. tprm to pu.,h any 5uch singulariti('s off the 
l('al aXl" alld ke('p tIl(' inte'!!,l al .. w('l1 (lefincd. Thlls d2 = 0 cannot rpally be a 
-.illp;lllmity nf tll(' lIltcgrand. 

TI) :"('(' t hi". Hot!' t hat the only t('rms proportional to }2 are: 

As dl -+ O. 
l 

a 
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(wc will sec bdow thnt for aIl our dingrams we cnn a.lways choos(' tllt' r()\1till~ of 
the Joop mOllH'nta sl1ch that cl - (P f. 0 O\'cr th(' intq~ration rq~i()Il.) and 11111S: 

(1..·+l)a
k 

(-al) --~Jogk (1..' + 1 )a k 
[ __ -1 __ 

dt (1.: + 1 )(lld-I 

! + 0 (aI2 ) 

--lo 0 

\Ising cquation 5. i2. 
r-;ext, conc;idcr the other two ~Ottl('('S of ~illg;\llanty. It 18 cputt' po~~ihlt' Ihnl 

c'itJw[ c2 or c
2 

- d2 nmishes for ~oI1le \'ahl<.,~ üf ".r" and "y". IIO\\·(·\t·r. "IIlI't' 

(2 eontain" tlH' If factor. thes{' polcs will ju~t lead to th(' tYIH ' of "dl\'t'r~PIl('('~" 
di"'(,ll~..,('d ill ~ectioll 5.G 1. wlllch t hl'l'(, l('ad ll~ 10 pprfol III OJl!' of t]1(' pélrnlllct ('] 
lIltcgl'nJ" (jlll.l~ tJ('ally. 

f 2 -- d2 = 0 "Divergences" 

1 pr(,f,mt 11er(' ft cl'itclia to tell imllH'diately if (2 - d2 vnIlish('s or IlOt., Ht'c'all 
('(l'lIltioll .) il. 

2 J 1 l rr d.l'dy y --;-------
('2 __ dl 

TIte kft-lllInd <,l(lc i~ thi' cxplf,,,..,ion a"'~()('ial('d \\ il li n tI iHlI)!,ll];ll loo!, of ~(,illal ~ 
in a Feynman diagram. TI('calling ~('dion 5 G 2, Ihe J>lIIilIll!'fIot llJ!('glal [OUIl 

of "A" has sillguJar i t ie,> if aue! oIlly if this a ..,"OCia t('(l Ft'YllIllHIl (lwgra III hn . .., li 

"eut". Thlls wc net'tl ouly in",pcct the a~~()cjat('d FeynmHll diag,llllll tn ddt'lllllTl(, 

if c2 
-- d2 vRllislws in tll(' Îlltf'grntioll legioll or HOt" 

This l'nl(' Céln he Ilscd to choo<,(' lllO!l1<'ntIl1l1 l'011tln.!!;.., in F('Ylllll<ln dl!l)',lillIl 

loops which dilllilWlt' Ih(,..,(, type<; of pole" ill tlH' "l'-Y" illt('~',ral.., 'l'Ill.., h 11111" 

tratf'd in fig\lre~ 5.14, .) 15 Fig,1lle 5.Ha dq)J( h Ill<' g'YllIllilll dla)!,lillll fOI Ill<' 
,\Jlll,litude Jf l • ",Ith tlw ~él111(, lOlltin,e, of lllOIllI'lltlllll ln tl\(' Ioo!> t!Jill Wt' 11,,('d 
in :,,,etion 5,31 Flgnl'f'.) 14b dq)if't~ tll(' FeYTllIl'lIl di;II~lalll il ",,()( 1;II('d \\1111 tlw 
111[('(' propélgators Pl, P2. Pl It 1~ dl'lIf litaI thi~ lattt'! diilglol1ll lIa.., llO (111 ~ 
((ka -!..'d 2 < (mo + 7IIf)2. ah\ays), ~() fllat wc IH'('d 1]('\('1 \'oully (1ltlt,l d 2 

vaI1l~h 111 our "J'-y" Illtt'gral If wc' had louled the lonp J)Jt)Il\l'Ilta f()l alllphtlld(' 

J'Il as ill figure 5,15a the as',ociated Feyuman tl l<lllglP diil.1',1 ,1 III (figIIIC' :) 1:)1» 
woulà admit a .ut, as ~llO\\'n in fig11re 5.1:Jb TIlll" 0111 "l'-r/, llllt'.1',lillld W01\lrl 

hav(' il poh' that w0111d ha\'(' tu be (kalt wit Il ",olllt'how, pl'I hi'P" illlédyt.ically 
Sincc ('2 - J2 is a g,cllernl quadl'atic in both "J:" and "y", tlll;" wOllld (·I)ll<;/'Itllt(. 

a very cOlnplcx, tcJious ('x(,l'cisc. 
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Figure 5 14: (a) Feynman diagram Ml with the momentum routing we have 
llsed, and (b) its nssociated triangle diagram 

~ 

" .. -ji. of 
If: , 

1 

( o.) (b) 

Figure 5.15: (a) Feynman diagram Ml with an alternate momentum routing, 
and (b) its assol'iated triangle diagram with absorptive cut 
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l 

e2 = 0 "Divergences" 

c2 will in g('ncral vanish at some point in the ".r-y" int(·gral. As statf'd, this do('s 
not mean the intC'gral diverges, because tite if. pushes the position of tilt, polt' 
off the rea1 axis, which is the <'\lrrent integration <'Ontonr for the "y" intl·.!!,1 al. 
\Ye have: 

e2 

a(x) 
(J(x) = 

1 

e2 

u(x) -

O(X)y+(J-lf 

x(pi - mi) + (1- x)(p~ -111~) - (p~ - m~) 
(p~ - m~) 

1 1 
----

a(x) y - u(x) - If/sgn{o) 

f3 

a(x) 

Doing the "y" integral analytically, using tlw formula: 

__ 1_ = P( ~) + irrli(y), 
y - If. Y 

similar to the way wc clid the "z" int('gral in sectiolls 5 G.1 élIIcl ;) G 3 i~ pro­

hibitively complicated no\\'. This is !WCallS(' the ~~ kml" III o1lr fOl'lllll);\(, ml' 

multiplied by quite complicated fuuetlons of "x" alld "!J", s1\('11 as (~ ('if'(' l'qlla­
tion 5.71). 

To handlc thi~ prohlC'lll, the fnllowil1g Ilwthoc! was ('1l1ploycd B) CandI)'":" 
theOfCIl1, the int('glal of !J ;tlong the two paths in fi~III(' [) IG 11111"( YIf·lcI tilt' 
same an~ wcr, if t h('[(' art' no flU thcl polcs lying !wt \ ... ·(·(·11 t IJ('tll (t lus i.., 1 'asdy 
vcrified). Note that the direction we mw,t d(·foIl1l tll(' cOlltour l~ c!f'tf'IIIIIllC'c! 

by "u;jsgn( Q r. The int('gl alion may llOW be perfOlIllf'd Iltllll!'llcally by :-.illlply 
choosing SOIlle com'enieut parametf'ri/'éltion of tht' COll! ml! FOI eXillllJ!l{\ l lI~(·d 
a semi-cir cular path pm amf'teriz('(l hy the il ng,lC' 8: 

y(O) = 
1 1 -18 
- - --e 
2 2 

Sil1gularities in the "x" Integral 

() E [0, rr] 

The badly bchavcd tenus in tbe "z" illtegral (,oll~ist(·d of ~inp;k fine! double 
poles. Those in the "y" illtC'gral \"('re ollly ~ingle poks, whirh \WH' dl'riV<'d floU! 
the intcgral of th(' douhl(' pole' krlllf- in the "z" intf'gr al Tlw n'IIlilillinp; ".r" 
intcgral contains no pole~ AU ~ing\llaxitic~ h,,~()ciat('d witll the' vani"lllup; of (;2, 
etc. are at most int('grable, logarit hrIlle, ~i nglliari ties. 
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Figure 5.16: Contour used to perform the "y" integral 
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Chapter 6 

~) fJ/~gggg 

6.1 Decay Rate, Helicity Aluplitudes 

6.1.1 Decay Rate 

The fOlmula for thc spin avcraged, lUld col or aIld spin SlllllllH'(l. d(·cay ratC' of 
an y to a "J" plus four gluons follows flOllll'ql1atiol1 4.17. 

1 1 1 Itl'i(O)j2 II/'J(OW y.... 2 
dr = 4'?J 1 (P!- AI --'1- ~ 1..1,,1 d.,(LIPS) 

.... 1" + ... 11 1" i .1 J 
( ol,pol 

(CU) 

whcre the firl'lt fadaI' is the syll1lJlctry factor fI~sociatC'd with thc fOl1r idC'nticnl 
gluons, and Aq is the quark levcl inva.riant amplitude calclllated \Vith the rules 
of section 4.3.3. 

In section 6.5 wc Jiscuss the 5-body phase spacc, and define a set of variahh's 
"r" E RB snch that: 

ds(LI PS) 

1 (rr)4~6J8 
(2rr)11 2" NIl d r (û.2) 

The boundarics of the intC'gration region are discussed thcr(' also. 
Wc now extract the color factor, conplin& constants, and pOW('rs of Ul(' q1lark 

mass to dcfinc the dimensionless quanti ty Alq: 

(G.3) 

Note that the color factor is now a function of four octct labels, 011(' for ('(tch 
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~luon. \V(· will SPC that: 

F abcd 1 ~d d 
c = 12 L- abe cde 

e 

1111(1 l1~illg the id('ntitics of appendix A: 

F; == I: [F: bCd
] 2 (6.4) 

abcd 

Rc·tllnling to the decay rate, wc have: 

(6.5) 

Exprc'ssing the branching ratio in the !'-amc \Vay that we did in the Y -+ J N'gg 
('a~(> (S('C cqllatioIl 5.11) wc finally obtain: 

whcrc Cl is givcn in equat.ion 5.10. 

6.1.2 NUlnerical C0111putation of lIelicity Alnplitudes 

As in the ï -t J 99 case Wf' will compute the amplitudes directly, for each set 
of IH'licity lahels. :-.l'ote that. therc are: 

3 x 3 x 2 x 2 x 2 x 2 = 144 

Sllcll qllantitics. Buth the summation over amplitudes und the integration over 
phase spacc will be donc nUlllerically. In section G.5 where the 5-body phase 
~pa('(' variahles arc d('fincd, it is shown how to reconstruct the 5 particle's four­
lllomenta flom (,11('h set of phase spacc co-ordinates. Following the discussion of 
~wd.ion 5.2 of the' Y --+ J gg deray. wc must now givc a prescription for the par­
tidc poinri/atioll fotll-\'ectors if wc \',ant our computer program to numcrically 
comput(> t.lw hdicity amplitudes. l }',a\'c used the following definitions: 

(.\) 
(0, b~l, 8'\2, Ô.\3) fO -

( >') (0, 8~1, 8>'2, 0) À = 1,2 fI - ... 
- (Ik/l, 0,0, Ej )/ml À=3 

(>., ) (0, Ë.(~'») f. -
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T 

Figure 6.1: PolaIÏzatioll veetors for the gluons gCllcratcd by the complltt'I' pro­
gram 

whcre: 

-4 ... 
=-< 1) k. x kl 
fi -- Ik. x kIl 
=-(2) k. X (kl X k 1) 
El - Ikl X (kl X f/)1 

According to these definitions, fl(l), f'.(2) is respcctively !>f'rpf>ndicula.r, parallel 
to the plane defined by the momentum veetors of the J Iv' (U)(! gluon Hl". (Sec 
figure 6.1). 

Now that we have explicit f'xprcsc;ions for eaeh pal ticle's 1lI0llwnta. and polar­
ization veetor at eaeh point in phase spacc, wc may proc(,f'd with the IlIlJlH'rical 
evaluation of the intcgral over phase space. AlI that r{'maills is to (If-rive the 
formulae for the invariant amplitude. 

6.2 Feynulan Diagrams 

The lowest order Feynman diagrams contributing to i --j. J gggg are of oroer 
g!. This follows from the faet that vector mesons must couple to at least threc 
gluons, as discusscd in section 4.4.2. 
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TIlf'rf' arC' a total of 216 Feynman diagrams contnbuting ta this pro('('ss, 9 of 

whw!J arC' dC'pl\tl'd ill fig1lre' 6 2. The label "(1". for cxampl('. is ~hort for "Pa. (a. 

a", r('~p('( tively t}J(' partid(' I1I01IH'IltnIn, polarll'atlOn, Rnd octe't color lahel. Tu 
('adl of tlH'!-I(, !) dJa~~ramf, Illust 1)(' add('d the 23 graphh ohtainl'd by !)('lmnting 
tIJ(' [011f 1ê\1Jf'b-, {a.1J,r,d}. 

To th('<,(' !) dl<lgrams cOr!e'spond the!) amplitudes: 

1 will Il''(' the' llotation: 

[ ~: ~: ~: 1 
047 A8 Ag 

ia--b 
·'1.k 

to d('lIote t.ll(' amplitude obtaincd from o4k by exchnnging the labels "a" and 
"b" 111 .lJ. \. n'yuman diaglam. Csing the techniql\es of charge conjugation first 
('lllployf'd ill !-I(·ction 5.3 1, wc can l:>how that the arnplitud<,s Al, A3, A 7 , and Ag 
:dlll'tYf' the ~aIll(' lor('ntz (or Q.E.D.) parts. Tlms: 

Al + A j + Aï + Ag = 

(~) 2 [tr (T,T,T,) Ir (ToT,T,) + tr (T,T,T,) tr (nT,T,) 

+ tl' {TdTcTe} Ir {Tcl'aTb} + tr {TeTcTd} tr {TeTaTb}] Ml 

1
1
2 [~d,',d,',] M, = 

Similarly: 

A2 + As + (A2 + As)c ..... d 

A .. + 046 + (A, + A 6 t ..... b 

= Fcabcd AI2 

Fcabcd"U4 

F: bcd AIs 

1 now <ldinc the quantity ,M(ab)(cd), which is the sum of the loreniz parts of: 

1. the 9 Feyuman diagrams in figure 6.2; 

2. the 9 Feyuman diagrams obtained from those in figure 6.2 by excha.nging 
the lalwls "a" and "b" , 

3. the 9 Feynman diagl'mllS obtained from those in figure 6.2 by excha.nging 
the la~wls "e" and "(f'; 

4. the 9 Feynman diagrams obtaiucd from those in figure 6.2 by simultane­
o\l~ly exchanging the labds "a" and "b", and the labels "e" and "d". 
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Figure 6.2: 9 of the 216 Feynman diagrams for the decay r --+ J !t/igggg 

124 



t 

1 

J 

A[(ab)(cd) = [A[I + J\1f-b + Aff-d + AJl~:: + .\I2 + .\J~-b 
+ .\14 + Af~ .... d + Ais] 

- g~ [(Jo l + Jodll(JI I + ild'j + (JOI + Jod ll JI2 1l 

+ J~~(Jf1 + J/l)1l + Jtz J 12 1l ] /Sab 

g~ [Joi + JOI + J02r [J/l + JII + J/2L /Sab (G.ï) 

Wh(,fC: 

and: 

Jlj 
01 = il' {('a + mo}fofb(1b -'0 + mo)ia('a +'b -10 + mohl'} /(PbPab) 

JI' 01 = il' {('o + mo )fofa O'a -- '0 + mO)fb(1a + 1b - '0 + mo h 'j } /(PaPab) 
Jlj 

02 = tl' {('O + 1nO)fO(b('b -10 + mo)"yl'(--'a -'ù + mO)fa} /(PaPb) 

J" Il = 11' {( -11 + m/)f Ifd('d + '1 + ml )fc('c + 'd + '1 + ml hl'} /( qrlqcd) 
Jlj 

fi = il' {( -11 + ml )flfcC'd + 1, + ml )fc(1c +'d + 1, + m,)-y/j} /(qdqcd) 

JI' 
12 = h' {( -" + ml) f f f d ( , d + " + ml h /j ( -, r - 1, + m, ), c} / ( q c q d ) 

,sab = (21.'0 - ka - kb)2 

1)a = (1.'0 -l'a)2 -11l~ = 2~'0' ka 
Pb = (ko - kb)2 - m~ = 2ko' h 

pab = (ko - ka - kb)2 - m~ 

qc = (1.'0 - kc)2 - m~ = Uj' kc 
2 2 qc = (1.'0 - kd) - mO = 21.'1' kd 

qrd = (1.'0 - I.~c -- kd)2 -- m5 
Furt her defilling: 

W(' s('(' t.hat the expression: 

Aq,36 
6Fabcd 1 M~ - g, -'4' (ab)(cd) 

mo 

repr<'S(,Ilts the sum of 36 diagrams. To obtain aIl 216 diagrams, we must now 

distribute t.he gluon labels {1,2,3,4} over t.he labels {a,b,c,d}, taking care to 
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notf' that '\!(ab)(rdl is ~~'llln1('tric in {n,b} and {c,cl}. 

[.ù\ 1 2)( 31) + ,Ùl 1 J H 21) + .\I(l.j)( 2 1) 

+ JÙ(2'I)(H) + ,ÙI20 (13) -1- .Ù( \1)112\1 (li ü) 
J 

Thif, if, no\\' in a fonll I(,é\clily rompllft'cll\1l11H'l'icéllly. nlld wht'Il \"olllhlllc'd \\'it Il 
cquation 6.3 yidds t}lt' final mmlt 

6.3 Results 

Rccall the ('quation for the bral1clling ratio 6 G: 

Br ('Y --+ JoUr/g) = n(had) n(had). F; - .• U ~r) J l~ '---1 "f l' (G I(l 
:J ;) T) lSirr1 Jf? ( l' ~ • '1· .) 

1'''/ 

Th<> "alues of the paIHm<'t('rs .'1). B~had). pte (tl(> .e,j\{'11 awl \\C'II' cli..,t'II"'~(·c1 ill 
~('cti()n 5.5. In"c'! tiug thc!-.(' into t1w ahun'. alld n"lll).!; ('qlla! IOU GA. WC' ohl Hill' 

BI' (Y ~ J Uygg) = [(4.:39 ± 1.03) '" lO-!lJ . J dt'> /.2..= I.Ùq 12 

l'U/ 

(G.II) 

.Uq is g,i\'en in ('qnatioll G.3. G.ï. aIllI G.9. TIlt' pIUl:-O(' ~pH(,C' 11ltC·).!,1 .dl" })('I fc IlllwcI 

nf,ing th(' program YEGAS [ï4]. TIH' l'c''lIlt i~: 

(6.12 ) 

Thcre is esscntially no ('rror in this nlllllb('r, sincc thl're nI'P uo paI Hml'!('r:-o lik!' 
a" in Ùq• \Ye finally obtain the plcdiction: 

Br (1 -~ Jgggg) = (0.0777 ± 0 0206) x 10-1 (G 13) 

This resuit is about 46% as large as the Br cr --+ .1gg) (~('(' ~f'ctiO!l 5.5). Tlw 
fact that thesc t\\'o Illlml)('fS are ('ompawhlC' i" di:-O('I1..,,,('d ill t II(' lH'xt :-Ol'ct iOIl. 

6.4 Estinlate of Relative Size of J gg and J gggg 

Decays 

\\'e have SC('ll that the decay probahility of the> Y to th(' Jgf) :-otat(· 1'" of tllC' 
samc orde>r a.s that for the decay to Jgggg. This is hOllll>wltat (·011Iltcl-illtlliI.Îvc 
since typically the ll1any factors of (2iTr3 (H..,~o('iat('d with 1lI11lti }Hlltid(' pha:-o(' 
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hI>ac~ tf'nù to grf'at]y suppress the effeds of a decay to many partides. Hercin 
1 pre's('IIt a crude ('"timate of of the relative factors to sec that in our case this 
rlll(· of tllllIllh dcJ{''> Tlot apply. 

TIlt' ratio of t]1(' (lP<:ay widths for Y --. J 99 and Y ---t J 9999 folIow<i from 
('<!lIatiom 5 Il alld G.G: 

ny ~ '/9999) 
-----------
r(Y --. Jgg) 

1 F;5 L.:pol J d8rl.Ùq,512 _ 

6 - F;3 . L-pol J dx! dX2 1 Alq,3 12 
(6.14) 

w1l<'f(' from ('qllati()n~ 5 23 and 6.4: 

52 
F;3 = 26 .32 

(6.15) 

To lllakc a crudc' e~timat(' of the phase space integrals, first rccalI [71 J the 
formllla for the volumc of the n-bo(ly phase spacc in the case that all the final 
particl('s are 1l1tls~les:,: 

l' ( 0) (Tî)"-l 1 U2n-4 
'fi ml = ="2 . (n _ l-)!-(n--' 2)! . J 0 (6.16) 

This shollld al~o hold r('a:-'OIwoly \\'ell in the case of massive final particles if 
2 

~ft « 1, which is tll[' case }}('n:: "'13/.\/'4- ~ 1/0. 
o 

Note that W(' hav(' alre'ady extracted the: (Tî /2) and Ah- factors in 6.16 from 
the' ~l'Il<'rai phase' :-.pacc f'xpn·s:-.ions to ari"e at (quations 5.11 and 6.6. and }wnet: 
G.14. Tll1l:-' ratlier than G.16 we lllust \1:',e: 

f' _ 1 
fi - (n - l)!(n - 2)! 

for our ('stimatc of the size of the domains of cach of the integtals in 6.14. 
Next, let us aSSUIlle that in bath dccnys each Feynman diagram for cach set 

of hC'lieity labels is ('xactly ('quaI to "1". Our nude estimate of each integral 
l)('('omcs: 

I: 1, IÂ1ql2 ,...., (# helicity sets) . (# Feynman dlQgrarns)2 . Vn 
pol PS 

The J gg dccny has 36 helicity amplit.udes and 36 Feynman diagrams; the J gggg 
dt'cay has 4·36 hdicity amplitudes and 6·36 Feynman diagrams. Thus wc have: 

r(Y -+ Jgggg) 

rcr -+ Jgg) 
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Thus tll(' 5-hody dccay Iwi\ ('1~ d01llinait'" m'I'i 1 he 3- hody dt'cay Tbh ""II 

mat(' i~ aclmittedly ('xtrelll('ly CrtHlr. h\1t It "('1\'(':-- tn d"Ill(IJ!' .. lldtt· th,1I 1111'1"1" Ill) 
r('ason tn ('xl'ct't Ihat tIlt' 11"'11<11 "lI\lprt' ... "itl!l that 11111Itl-l 1(\tly tl"t d~'" t'\pt'IIC'IlCC' 

1" at play h('11' r"l1:111:. It 1" Ill\' IlldJl~ fdt tOl'o (lf :r tlldl Ill,d,t' ol .-1 II\ld~ dt" CI~ 
"'l1wlllfl ('lllllpaIl..,1l1l to d 3-hudy d,'c·;IY. 1111'" !lIt" llollll'olil 1" 1111'\""'111 L, l" lit' 
('(111"'(' thl' 3-\J()dy dl'c;l~ III 0111 l'Iohl"Illl" d,· ... , IJ1lt'd lt~ d 1-\': 11111;\11 ,l:d~lolili \\Itll 

i\ loup. \\hill' tilt' .j-],tl.!: d," il: 11,1'' l!<lll" r3l-\'<lll"" Ilf dll" 1,,>111 t11C' 1 . .11/'1 

;Illd tilt' Y ---+ .]!lI/I/!I <I,·".IY \\ldtL" "IlIllljl h'·I1I!..!, plllptlltlllIl,d t'l tIlt' "<lIIj(' ]\(1\\"1 

of 7i ("'('(' t'(jlldtl!1I1'" ~J 11 Hlld G G 1 III f;l\'!. \\,', .III dC·.\il'·'· IIIIJllt·,II,lIl'ly tlldt tlli" 

]nll~t 1)(' ~() by Jlotill,!!. thnt ;Ill~ t\\() ]1!O'·'· ... ..,t·'o t·'lll!])lllt·.! ttl II\!' --dlllt' tl!'!"! !!I 

pt'] tllb;ttÎo!l tlwIlI:\ wdl IW\t' th,' "'.1 IJlI , 1l11Il\IJt'I ()f I\t'I,dl l'dt tOI'" tIf;; II! tl1l'I'· 

flllai fOllll1l1ar tlll" i-, Jll"t tlw I,'d~()Jl that 11 1l1"k('", ... ,'11"" 1(1 lI"'" 11lt', '11l!1>JllédJ(1I1 

O. = g:/(47i) a ... tht' pl'ltlllhatl(l!l Pé\l,llIlf't('I 

GIH'Il tllélt tlwlI l''!JO 1,'I<lt1\l' "'llppl""'''')tlll ('('llllll,!!; fII'11l [;\l'tOJ'' uf ~r. \Vt' ha\,· 
"'('(11 that tIlt' [111tl1el ~1I1alltjl'"" of tll(' lllU!!1 IH)d~ phd·,t' 'oJld"" \'()llllllt' (tIlt' \"11 

is off~d n Imp,e[ ('0101 fa,·tol. ;\llt! Il)' th .. Illt'r".1,,(·d 11111111)(·) of d!a).!,I:tIlI" :tlld 

he'hcity éllIlpht11tle~ f()r tll(' J(/!JIIIJ fiual :--1;11<' \\11111""])('( t 10 .JI/II. 

6.5 Appendix: Multi-Body Phase Space 

Here 1 1('\']('\\' O!W of the ~)lllph-~t ]HN">!],Jt' lt·('1l1"'Wll Id,lIlt'lI" fOl Illlt!tl-Pilltlt'\t' 

phasf' "'paer. It 1" ba..,('rl ou IIH' phY"I(',d Pl!'!lllt' ()f;, "'("PlI'lItl,d d"t é\~. (·\lltllltt·r\ 

ill fig\lfl' (j 3 

Sp('Clfi(·éllly. "'llPpO"l' \\',' ha\'t' ll-h()d~ j}ll"'" "J''''''' \ l'·\\t·.\ ;\~ d(· ... ,·J JlII!I)!. tlll' 

fi dccay flOll1 ..,tnt(' of ll10111l'llt1\l!l "ko" to Il pdl tld,· ... of II\< lJllt'IJt 1JIIl "~'I". ) _~ 

1. .. n: 

2EI 

cl' J.: n 

2En 

dl/.. 
n rI _ " ....... 1. 1 

---(> l"O ~I"IJ 
2EH 

n-I dl/., 

Il -_1 '" [( /..() - k ) - - \:~ k ] 2F:
1 

Il ~I 1 

1-= 1 

(P/.'n 
:)-E- . Rn-l [( ko - 1..'11) -~ /"1] 
- n 

N'o\\' we illtroducc the clunntitics m~_] and pn-l, (l('firlf'd 1Jy: 

1 = J dm~_16 (m!_l - p~-]). J à1pn_184(~'n - k,. - ]>11-J) 

11ultiplying the phase space by this factor of "1": 
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Figure 63: Seq\H'ntial pic turc of an n-body deray used to generate the recursion 
forlllula 

= 

= 

The limits on m n -} arc easily deduced {rom physical considerations. On the 
one' hand, the particle "0" 1S dt'caying ta the particle "n" and the hypothetical 
particle af ma...,s mn-l j thus 

where eqtlality COI responds to threshold production, with the particle "n" and 
the system ocsClibed by mn-l both at rest. On the ather hand, the hypathct.ical 
l'article is dt.'caying ta the collection of particles i = 1. .. n-1i thus: 

Ml + ... -1- Mn-l ~ mn-l 

whcrc again cquality corresponds to the situation whcre aIl the particles i -
1. .. n-1 are at rest. 
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f\. 

Figure 6.4: Equl\'Rlcnt scqllPlltial c!f'cay for 5 hody phas!' :-'1',\1'" 

Thus wc have finally obt ainpd the (if.:,ircd rCC\lI SIOn f()\'I11llla. 

(6.10) 
::\aw recall that: 

d3 Pb d3 pc 4 

Eb E-;b (Pa - Pb - Pc) 

= À~(m~~n~~_~~~ 2dn o 

8m~ br 

À(X,y,z) = X
2 + y2 + Z2 - 2:ry - 2.rz -- 21):: (()2(J) 

m the lia" parttclc r(',~t frame. "d0'bc" is the ~()Iid angle of t he lI-( pal t 11'1,· ,LXI" 

in the a particle rest flUrne. TllIoughout t hi.., tlll'"is. w(' "bail always <ldilJt· 
this solid angle with re~lpect ta the diJ('ctlOll wc ha\c to boo,t to Idllm fI) 

the "actual" flame that the particle "f}" i, 1Il. If wc' mp alu·ady III tlw "(J" 

partidc r('st frame, thcn thcIC is no prdl'rI'cII Ilirection and tlJ(' i'o'lhd ;IIJI!;It· lIla)' 
bc replaced with "4".". 

5 Body Phase Space 
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A .... ail ('XhIIlpk, (,o!l"irl('r the r!ecay of fi. scalar particl<, ta 5 sCfl.lars, 4 of which 
are rnah~lf'f,:-', with Illomenta k j , kl , "'2, k'j, ko1 respcrtiye!y, (vVt> arc considering 
"l('atètlf, f,() that th('l'(' are IlO prcferrcd directIOns cxC"cpt the rclatn'c orientation 
(If tlw fillall'articlp ll1()fll('rüa ) 'Y(' ('hRin the phnse spncf' in the Olc!<'f dC:-'Clibed 
111 ti)!,l11 (' GA 

/,

(\l''--MJJ
2 lm~ 1111~ 
(bll~ drn~ dm~ X 

, 1) 0 0 
R-, 

R 2 [1"0 --. P4 kJ] , R2lJlt -+ P3 h'4]' R2 [P'i --. P2 k3] , R2 [P2 --. k1h'2] 

1(MO-MJ)2 lm! lm~ ,,\1/2(J\12 m 2 -'12) 
1 2 1 2 d 2 0 , 4" J d(") .. 
(m t (m 3 n1 2 /2 H4 

o 0 0 8.\ 0 
= 

,,\1/2(m~,m~,O) 1(")* ,,\1/2(m5,m~,O)d(")* ,,\1/2(m~,O,O) .. 
,- . (Hj'- "H2' dn 1 8rn~ . Snlj 8m~ 

Now Hot(' tllllt tlH' nnglc nt jll"t dcsnilws the (wernll orientatir'll of thp deC'ay 
pl'odu('ts ill t 11(' ini t ial parti de rCi> t frmt1c ~ 0 physical quant i ty can dcp<,nd on 
i t, Similarly, \\'1 i t illg: 

dfb = d( ('os 8.~ )d1j)3 (G.:21) 

\\'(' 1lotf' tlInt tlw ;\ll~l(' "63 " (k~(,llbcs tll ~ aZiIllllthal orientation of ail of the 
lIw~:-,l{,:-;s pal t 1cl(·s a!>ollt dl(' llHlS:-,i\'(' pm tid(' ll1011lelltnm axis; again 110 phy~ical 

(l'talltity l'an d('pend on thi--, Thus the th1CC variables n:, 93 ma)' lJe iuteg,ratcd 
ill1111('diat('ly. to oht ain: 

R (
4iT) 1 {(.\/

o
-.\IJ)2 1 2 {m~ 1 2 {mâ 1 2 \ 1/2( 12 2 2 / 2 

5 8 Jo ( Ill" Jo ( m 3 Jo ( 111 2 /\ 11 0 ' ln , , ,,11 J) .110 

(1- m~) (1- nl~) d(cos83 ) dO; dn~ 
1114 m 3 2 471' 471 

4 lO - MJ )2 lm: irh~ A C~) ·\/(1 rl61~ d1Îl~ dlil~ ,,\1/2(1, nl~, ,U]) 
2 (1 0, 0 

(1 _ ~Î1~) (1 _ !11~) d( cos ( 3 ) , ~n2 . dnr 
'1 2 (6,22) 

r7t o1 1Î13 2 4iT 4iT 

Tilt' 5 body pha:"C' spacc was initia11y an illtcgral over (3)5 - 4 == 11 variables, 
hl! t t hl ('(> of t he> illt('p;rat ions w('re trivial. sa t hat our final formula. i8 an 8-
dil\l('I1:-iollal Îutq!,wl In g,cIH'laL Il-body phase spaee is an integral owr a set of 
( lillH'll:"ioll: 

j1o[anzrd to po[on::((I' 3" 
ullj)()[al'l:::«! to pol(/1'izcd: 3 11 

llll]iol(fl'i.:.rd fo 11llpol(l1'l:::cd: 3" 

4 
4 - 2 
4 - 3 

3" - 4 
3" - G 
3" - ï 

:-.in('(' t h0 t1 iviali ty of fir"t f,olid angle int egral fo11ow5 from tlw un-polarized 
llahtr(' of tll(' d('C'nying pm tick, aud the ttivil'llity of the azimnthal angle integral 
l'clips 011 t h(' llll-polariz('(1 nature of all the final particles, 
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Lastly, 1 pr<.>sent formulac to rcconstruct. the partiel!' foUr-IllOllH'llta from tilt' 
illtcgration varia hIes: 

2 2 2 LI (\" n-
111'l' 1n3 , 771 .. , <,os 173, H'l' Hl 

for the case of one massive and four masf-Iess particl('s in the' final state, TIH' 
lllethotl is to work aiong the decay chain from the initial particl(' tu tht' final 
mnssiess partides "l" and "2", 

ko = MOU) 

p, - m,L(~,) U ) 
Pl m, L( l', ) [Rd 0; )L( l'H II ( ~ ) 

Pl = m2L(I'.)[R,,(0;)L('i'13l11R,,(~;)R,,(0;lL(I'32)] ( ~ ) 

l', = '~2 L('P.)[R,,(0;)L('P43)llR,,(9;)R,,(8;lL('P32l11R,,(~;)R,,(8;)] ( t ) 
wherc: 

[ cor 0 0 ,inh'P ] 
L(r.p) 

1 0 

co,~'" = a 1 
sinh r.p a 0 

[ ~ 
0 0 +] Rxz((J) 

cos (} 0 
= 0 1 

- sin () 0 cos 0 

1 0 0 0 

0 cos 4> sin 4> 0 

Rxy(O) = 0 0 1 0 

0 - 1>in 4> cos 4> u 
a 0 0 1 

132 



:{ .. 

L_ 

cosh 'Ç4 

co~h !.p3 2 

m~ + m5 
2rn4m3 

1115 +m~ 
2m37n2 

These fClnnl1laf.' correspond to the definitions: 

• BZ is th(> polar angle in the "k + 1" rest frame between the morncntum 
V<'dor jh and t he axis along, which wc must boost this frame to rcach the 
"truc" "k + l" frame . 

• <PZ is the élzimllthal angle in tll(' "k+ 1" rest frame of the momenturn vector 
FI. \Vith rC'spcct to the plane defined by the "J.. -i- 2" monwntum vector as 
viewed in t his frame and the axis along \vhich wc must Loost this frame 
to l'('(\eh the ·(tr1\e" "k + 1" frame. 
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Chapter 7 

T ) X1999 

'Ve now turn to the ('alculation of illrlnsivf' rate Y -+ \ 1 X a~ disnlf,~('d ill "'('1'1 ie III 
4.3.2, whcrc Xl is the 3 Pl c-c bOIlIlo statf'. ""(' will filld thnt tll(' lowe·..,t 01<1('1 

perturbative Q.C.D. description of this width is thf' deray Y ----4 \ 19Y9, alld lH 
of order O'~. This will follow from the faet that \'('ctnr l1I('!-.OIl:-' ll111st c()\lpl(· 10 at 
lcast 3 gluons. while the e\'PB clwrge pal ity \ 1 ..,t ate can couple tu two ~h\()ll~ 
(one of the gluon" l1111,>t be off-"llPll to H\'oid the coll..,traint of YHllg~ tlworl'tr1 
[iG]. discms('d 1)('10w). 

Till now. 1 ha\'e only prp"'t'utf'd the 1111(':-, for COlll}l1\tlIlP; FC'YllllHlIl dia).!,lalll!-. 
COll t aining \'1' ct or Illf'SOns. Belo\\' wc r:,l! all firs t l"('vicw t Il(' il 1\ alo).!,ollH ]'ull'~ fOl 

L=l. S=l 3 PI ~tates. \Vc shall tllC'11 di:-.cu:-,s tll(' h,I<!]'(JIIIC widt!J!-. of ~l\('h stail'!'>, 
for which the situation is complicated f,olllewhat duc to an illfm-l"('d typP loga­
rithmic diwrgellcc of the \\'idth for the pro('('ss 3 PI --+ ljqg with IPHIH'ct tn HH' 
quark binding C'l1crgy. Finally, wc will l'1->timate the r -+ \ 1 ygy In te , HU<l t 1111~ 
the width for J Il/; productlOIl in r <keny through this dWflIwl. 

7.1 Feynman Rules for 3 Pl States 

Following the discussion of section 4,3.2, wc first pre'sPIIt the wave flll1ctioll of 

an axial vedor, 3 Pl, state, dcri\'ed in appeudix B.4: 

(Î.l ) 
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wh('rc 1 havp made the definitions: 

= 

if 1 dR(r) 1 ----
8rr .\1 dr r=O 

~p 
2 
1 
-Al 
2 

where "Pl', "f"and "Ar' arc the Illeson four-momentllIll, polarization, and ma..c;s. 
awl "f' is ml arbitrmy four-vector. Processes im'olving P-wave mesons are 
propOl t.ional to the dCl'imtive of the radial wave fundion at the origin, for 
l'l'a),()IlS di~(,lls~(,d in thC' nppcndix n, chicfly stpmming fr om the faet that the 
W<lYC function of L = 1 states yanishcs nt the OIigin. 

Th(' analogu(' of l'quation 4.10 for the S-matrix be('omes: 

5 1 -4 [n fl] [n ~'(O)] [II ~"(O)] (2rr)' b (~p). V 2EV' ---. --. Aq (7.2) 
ail 351 m :-p\ vIM 

wIH'l'f' the invariallt amplitude ":tg " is ealculntcd according to the previous mIes 
of st'diol1 4.3.3, with the following additionalmles for tht:' 3 Pl VCl'ticcs: 

1. The quark and anti-quark comprislIlg the axial \·C'ctol' bound statc arc 
gi\'Cll mOllWntllm ~P ± t. 

2. The amplitude "Afq(t)" for the proccss is calculatcd by applying the usual 
Feynman dingram l'ules, with the exception that no "u" or "v" spinors are 
\\'rittf'n for the qunrk and anti-quark coming from the axial vector meson. 

3 .• Hq(O) and éhU'I(O)/ôtl' arc computed; the amplitude is then given by: 

3 PI Decay to Two Gluons 

1 illm,trate this pIOC\.'S~ with th!, example of an axial vedor meson decaying to 
two possibly nfT-~h('ll photons (ta avoid the complications of color factors for 
tll<' mOIl1<'llt). This is discllssed in rcfer('ncc [65]. 'Ve will use the lesults of this 
analysis lat<'r in sections ï 2, i.3. 

The two cliagrams for the (i<'cay are shawn in figure 7.1. We han>: 

135 



1 

1 

J 

--------------------

P/2 - t. W;z - t ---~1J\JyV' 
ka. 

-- ) - --<\J\j!\J If' 
fo:.b 

Ph-t-i'o. + 

-- -- +---
- Ph"i t 

Figure 7.1: Conpling of a 3 Pl state to two photons 

After lengthy manipulation, and by discarding pieces with a (-pq + mq) fador 
on the left or a (pq + mq) fador on the right (whkh it is r('adily 8('('11 vanish in 
the abon~ trace): 

,Mq(O) 

BAiq(t) \ 
{)t1A 1=0 

Pl 

- e2
• b P,'11a - 'a,P,'l] Ipi 

_ e2. [,p 1 ,/J 1 ,'1 
pq - '0 -mq pq - '0 -mq 

+ ,'1 ___ ~ _____ ,/J ____ l ___ ,p] 
-Pq + 'a -mq -pq + ~a -mq 

- e2 . [(ka' kb)gIAP,'1 - k: (gP'Ih + k:," - k~,P)] /p~ 

- (P12 - A'a)2 -- m~ 

Inserting this into the formula for tbe complete amplituclf', wc obtain the simple 
expreSSIon: 

(7.3 ) 

Note that the part proportional to 1/PI has disapp('arcd. Wc ~('e that the for 
both gluons on-shell, i.e. for k~ = k~ = 0, the amplitude vanishcs This is 
an example on Yang's theorem [76]: a &pin-one particlc callnot clecay to two 
identical masslcss spin-one particles. 
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7.2 Hadronic Width of the Xl 

A ... di~'ll"f,('d in sC'ction 4.2 1. the inrlllsivc hadrollic width is estimated in per­
turhati\'(' Q.C.D by l'omplltiug the transition rate of the \1 to the color singlet 
(j1tal'k and gl1l011 f,tatC' to whi,h it ('onpks at lowest ordcr. \Vcre it not for Yang's 
t}H'Ol('Ill, tl)}" wOllld 1)(' tlll' i99 > ,>tate at ouler 0;. The transition of a \1 to 
two ~l\l()Il:-' r\()(.:-, Ilot VIolat(' charp;<' panty lndct:'d, wc :,aw in the la.<.,t section 
t lm t if OI\(' or hot li of t he glll()n~ i:, off ~1H'11. the trau:,i tIOn rate is non-zero. 
Howevn, both tlw g1110Ilf, in the Igg > ~tatc are on-ûu'll so wc must proceed to 
:,tnt(·s ('ouplillg at hi!!,llf'r orcIer 

TIl(' \1 ('an couple to botb the Igqg > and Iqqg > ::-.tate, at onl('r n~. ~O\\' it 
tUIlIS Ol1t tlint tll{' traIlsition to tll(' Iqqg > f>tate has a prohlem: it diverge:, ifwe 
aS'>lllIH', a:i W(' hm'(' aIl along. tllat the mass of the quarks in the \ 1 is one haH 
of the \ 1 mn~s. Thr origin of this diw~rgen('e lies in the fnct that the formula 
/'.3 for t.h(' \ l-g*-g amplit11dr i5 proportional to: 

1 4 1 

[(P/2 - ~'g)l ~ m~] 2 1112 [Eg - b/2J2 

b = At - 2mq 

wlwrc ~'g if-, tll(' four-Illolllcntum of the radiated gluon in tl1e Iqqg > state, and 
"b" is ('sf-,('lltially th(' binding clwrgy of the Ilwson. In the integral over the three 
bocly ph:lS(' spacf', t hi~ factor g<>lH'l dtf'S a whopping infra-fNl type diVf'fgence at 
thr }>ojld Eg = O. if \\'C set b = O. Qllark CUIfCIÜ symmctri('s and charge-parity 
id('Jl ti tIcs :"oft ('Il t his di \'erg(,llce, but the final result ib that the dccay rate is 
pro}>ort ioual to: 

J dEg 
Eq - b 

"-' log(b) 

The 1IIg,\ll11Pllts of f-,cction 5.3:2 thnt l'nIe out such infra-recl di\'f'rgcnces break 
clo",n lwrt' hecalls(' thC' Il<'Xt lo\\,(,:-,t 0lc1(,1 amplitude is 110t zero 1wcause of chargC' 
symt1H'try arg,IlIllrllts, but in~tead becausc of Yang's theof(>m. For similar rea­
SO\lS, thif-, diverg<'!1c(, dof's not dl<iappear ",heIl the contrilmtion& of soft brem­
..,trahhmg diagrall1~ is incllld('d The logarithmic dep{'I1(lellcc on t.he hinding 
('Il!'l gy has ft physical 01 i~ltl. \\'hich is similar to that. of the lamb shift in the 
hydrogcIl atom [77]. 

Thi~ prohkm \\'as first I10tcd in Icfc1('nce [77], \\'lw1'e the contribution ta the 
\1 width from hoth the Iggg > and Iqqg > states \Vas computed. The authors 
found t hat the clecay to the Iggg > does not have a similar divergence problem. 
Th(')' "Iso fOllIld, ~p('aking in the cont<,xt of an expansion in the hinding f'nergy 
"b", tllnt the h'ading contribution ta the df'cay width if, giWIl by: 

(ï.4) 
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whcre "n l is the 11lllllbf'r of light quark flavours. Thf' nnn-leading pm ts of tht' 
clecay to Iqqy > a11(i the contribution of the decny to Iygg > are jll'l'H\lIlwbly 
negligi bIe, t houg,h no precise st ateIlleut of thell ~ize is g,i \"l'u 1Il rl'fcl'l'IH'(' [ii] 

\Vc will fll1d. I111ll1f'Iically, a ~ill111ar di\'('r~('Il(,(' in (ltl! (':-.tlIlHltt' of tht' tht' 

T -+ \l!Jgg rate. \YI1('11 wc llOImaliZf' tllt' hraIlching ratIO to tb' \1 wieitll. 
how('\'cr, the dl'pf'lltl('llcf' on the hinclmg C!lcrgy "b" WIll n,s('ntmlly di "a ppl'Itl, 
the Iogarithmic dep(,Ildcnce in our rate and t ha t in t hf' hadIOIlic \\'1< lt h will 
cancel. \Y<, now turn to thc f'stimat(' of f(T - .. \ 1ygg). 

7.3 Decay Rate 

The fOl m\lla for the spin a\'eraged, and color and spin ~l1mlllcd, decay ral<' of 
an T to a ). 1 plus t 1Ir('e gluons fo11ows from cqnation 7.2: 

",h<,re tbc fil:-,t factOl is the synulldry factor a.<;sociatcd wi th the t IIr('(' i<lC'ut ical 
gluons, and Aq i~ the quark kvel iIl\'miant RlIlplitudc caklllatl'd with tht' 111ll's 
of sert ion 7.l. 

In apP<'lldix G.G \\"<' discu'iscd lllultl- hody phase' ~pa('(·. FO\ll hody p1la:-,(' 
spacc has dimcnsio115, and mar}Je co-ordinatl/.(·cl \Vith a ~1\h~d of Ill<' \·illwhlt·s 
wc 11:-,c<1 ill the fi\'(' body <kcay of dHtpt('r G. DoiIlP; :-'0, \\'(' ohtaill: 

(7.G) 

The boundaries of the integration rcgion may also be taken explicitly from tlw 
five body formulae. 

\Vc now extract the color factor, C011plilll$ cou:-.taIlts, alld POW('I:-' of tll(' qlHU k 
mass to dcfinc the dimeIl~ionlcc;~ qllantity Jtq : 

A 5 Fabc 1 ~Af 
q = gll' (' ';;;:r' ,Il q 

o 
(7.7) 

Note that the color factor is now a fundion of t!n'ce octet lahel'i, O!H' for (';lI'h 

gluon. \Ve will sec that: 

and using the idcntities of appcudix A: 

F; = L [Fc
abc

]
2 

= 
abc 

138 

2·5 
33 

(7.8) 

(7.9) 



Rl'turuing to the decay rate, wc have: 

(7.10) 

\\'(' IlOW e'xpn'1,S the bla lching ratio in a fashion simllar to that in sections 5.1 
and G.1.1, toward" the' goal of climinatiug the unknown parameters. However, 
in this Cét.C,(' "(f~" will app('ar in our final formula, due ta the faet that the \:1 
IHldronic width is proportional to an extra power of (\'8 with respect to the 
:\ 1 -+ 99· ratf': 

rcr -+ :0999)r\ rer -+ ggg) r(X1 --+ qqg) 
= 

r( T --+ ggg )rh:l --+ qqg) rT r x 

B(had) B(had). F;_. !f\f, . Jd5 r '\,""""'" IÛ 12/1 [M\] 
T \1 ?8 C n. ~f2 L- q og?b 

- lu.. • T 1 -po 

= 

(7.11) 

wItI'n' Cl is givcn in f'quation 5.10. The amplitudes A. q are computed numerically 
for ('I1('h IH'licity S('t as d('~cril)('d in section 6.1.2 of the l' --+ J N'gggg decay. 

7 .. 4 Feynnlan Diagrams 

TIl<' Im\Tst O1(kr F('YBlllan diagrams cOlltributing to r -+ \. 1999 are of order 
gZ. Tbi::. follows flOlll the fad that W'ctor meSOll!'. must couple to at least t hree 
gluolls, while the axml veetor can couple to just two if one or more of them is 
off-shell, as discus::.ed in sectIOns 4.4.2 and 7.2. 

There are fi total of 36 Feynman diagrams contributing to this process. 6 of 
th"s(' arc dq)icte~l in figure 7.2. The label "a", for example, is short for "Pa, €a, 
a". f('~I)('cti\'('ly thf' partide mOIl1f'ntum, polmization. and octet color label. To 
('(\ch of thl'~(, 6 diaguul1s lllust be addcd the 5 graph" obtained by permuting 
the t.hr('(' labd:; {a, h, cl. 

To t hl'sC 6 diagrams correspond the G aIl1plitude~: 

[
Al 
A .. 

Using the notation Ar-b as in section 6.2, and the usual techniques of charge 
cOlljllgation, wc obtain: 

.41 + .43 + .-1 .. + ..16 = 

(~)' ~ Itr (T,T,) + tr {T,T,}] . [t,· {T,T.T,) + tr {T,T.To)] . M, 

pabcAf 
c 1 (7.12) 
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and: 

JII = g~ JOIIl Jj / Sab 

JU2 = g; .102 Il P/ j.~ab 
Sab (21.'0 - ka - J...·b)2 

JJl 
f 

where JI comes essC'lltially frOlll ('qllatlOll 7 3. and .loI Hnd Jo). aIl' p,in'll t'Xé\l't!y 
as in section 6.2 (Usually thi~ i:-. !lot the c(\:-.(' thOl1g,h :-.iluilmly d(·I\o!l't!. tlll' 
cnrrcnts "J" differ frol11 section ln section.) Introdl1clIlg tlw (l'I<lutity: 

(7 1:3) 

and distributillg the lllunbers {1.2.3} 0\'('1' the> l(1)('ls {a,b,c} \\'(' fil1ally o!ltalll: 

(7 Il) 

7.5 Results 

Rccall cquation 7.11 for the branching ratio: 

BI' (Y - \Iggg) 

Alq is giv('n in cquatiuns 7.7 and 7.14, and the color f;tctol' i!l ('qu:tf)()11 7.a. \\". 
r('quire the following data: 

1'1\\ - 3.51 G(\-, 

r .\\ < (1.3 X 10-3
) Gd' 

B(had) 
\\ = 0.73 ± 0.02 

AIl this data is from rcff'n'IlCe [4G]. B~~rld) i~ obtaitH'd hy "lubtradill)!; tlw brawh­
ing ratio for the mode \1 - J/~'''( from "l" and nf',!?;lectinp; all otl1<'1 ob!>('f\'('d 

oecay modes, whosC' branciling ratios arc of 01'<1('1' 10-3 . A:-. \ .... (. CIIIl '>PC, r \ 1 1'" 
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not known. Howc"cr, wc eXI)('ct it to be of the ordf'r of th!' upper 11Illit qlloted. 
siucc t h(' wid t hs of \ 0 and \ 2 are 14 ,U cl' and 2. G .\1 cl' rl'~pf'('t 1\'('ly. The ot lwr 
information n('C('SSRIY for th(' ('valuation of tht' ln 1111ChlI1g latlO Illay Il(' fO\111d ill 

section 5 5. \Vc obtain: 

wh(,fe l han~ not indlld('d ('1'1' Of s, :-incl' the' dominant sourC(' of ('no! !:.. III tilt' 
\ 1 total width which is not yet kIlOWIl. The pha.''!(' spacl' iutl'p,ral i~ IlI'l fOl'llwd 
llsing VEGAS [74], with t},(' n's1lIt: 

< I.'/:! > = 5 D3 ~ 10 1 (j IG) 

Note that thb is a funetion of th(' Lindillg \.'I1ergy li :.::: '\/\1 - 2mq hotb thwll,l!,ll 

.\/q and throllgh the ('xplicit logruitllIllic factor in the ddiIlltioll 7 10. TIll' 
quoted ntllubcr was obtnined hy u..,ing tht> nniv<" Bohr !Ilodl'l, (' ... tillialt' fOI thl' 
binding Cllcrgy: 

b = 

In faet the vahw of < !,Ù;! >. and Ihus tlw hlalll'bill~ latlO, i ... c' ...... (,lItilllly 

indC'peIHl('l1t of the \'alue of "b". This lllay \)(' :"('('11 flolll fiP;l!I(' j 3. w}1('1(' tllC' 
ratio Bl'(i --+ \tl(h)IBI'(i ---t \1)(O;1I1q) ha:.. 1)('('11 plotfc'd :\ot(, tllat wC' 

cxp('et "b" to De "mail if OllI' a!--"'lllllptlOll (Jf IIOll Idatl\htl(, Ill()tlOn i~ to 1)(, 
valid. and \\'(' ,aIl ... r(' that fOl (hl"l,,) < 2 thl' plot 1'" (,,,,,t'Iltl,dly Hat 

III fact. the "/J" iudqH'lldl'Il\'(' of th!' ],lillll'l1111!!, latw \\'.1'> Oll(' (lf tlll' rl'it"()lI'> 

that the fOIIll ï 11 \\'a~ t'Illplo)t'(l. dc· ... Plk PIt'''('lIt I)!,W1litllc'(' of tilt' total \1 

width. Thi!> lIl<!f'lH'lH\I'!lC(, tells U~ tbat our d('cil~ late. f(T -+ \ 1f}!UJ), ('outains 
the same logantllInic di\('rgcIl'c with n'~'l)('ct to "II" tbat f(\1 --+ qïjq) 111t~. This 
in turns IC;:t<!:" us to expect that al1 l\nalytic fOlul11l,1 in t1j(' ... wall "//' Illuit lIIight 
he çn<;ily obtnined. Sllrh cOllsiclf'mtions lue topic.., for fUI tllfT ..,tndy 

Finally, \\'(' ha\,(': 

Br(I-+\lgg[t} < O.lG5xlQ-1 (Î.lï ) 
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Chapter 8 

Surnmary 

8.1 Direct Y -4 J j'ljJX Decay Width 

The branching ratio for the "direct" trauf-oitioll (i e. llot tluollgh a rl''-()Uilll('(') ()f 
the Y to lN' is ohtnincd sim}>ly by acldillg thl' II'~\llt" of '''l'diollS 1).1) and G:1. 

Br(Y -+ l/~'X)I 
cllr 

Br(Y --t lil/'(N) + ilr(Y -+ JII/'(pjYY) 

(0 248 ± 0 ü(5) ± 10-'1 (8.1 ) 

To obtain the qllotcd f'rror, wc do not afld tll(' ('lro1'1-> of tlH' iIHlividl\alll':-"lllt:-.. 
This is becausc the error in t he ~l'parat(' rC':-"l1lt:-.. originatt·:-.. fwm 1l1le('rtainty in 
the same combinat ion of expcrillleutai oh!::.t'rvables. 

B (!.ad) il (had) r 
l'y . rJ . J 

Consider the following approach f\lr (,olllp\lting the dpcay wielt h. W" ('(J1lld 
have worked directl)' From e(l'tation 5.0, lllilll11ally in:-..('rtlllp; tlH' vahws for t,lw 
wave-functions-at-thc-origin and the stlOIlg l'OllpllIlg, (\::, ddl'I lIlilH'd ftoIll t!lI' 

leptonic widt hs (sec sect iOIl D,5) flIlÙ tll(' hadrolllC wid t Ils 1 C<"'j)('ct i vdy Th(' ('IIIlT' 

in the leptonie width (and thus 11/'(0)12) is typically lO(iL w!lI!!' [IOI!l Il.f(·J{'W(· 

[57] wc have. 
o .• = 0.1ï5 ± 0.015 

from varions 'T inclusive dccay widths, so that the ('ll'or on n, i.., :t!Hlut 8(J(,. 

(Actually, this refcrcnee cotn!1ared O'! as cid!'1 milwd flOm Illally :-"0 Il 1 CI'S, :-"0 t hat 
the error on a" as computed pur\,l~.' from th!' hadrollic widtli i.., ..,Iip,htly ~'IlHl!h'r, 
about 4%.) Sincc our rate is ploportional to o~, the final (,!101 oIJtalll<'clll..,iIlg 
this mcthod cnels up being aholit the !::.HIIH' as t hat qlloff'd al)()\'(' 

\\The11 wc turn to the dceay to 1/-" in tlH' llC'xt s(,ction, WI' WIll ~,('(' that th(' 
latter appro(lch Îs ÎIl fad tllf' pIC'ff'lable one, d1H' to the' U11Cl'rtaillt.y to which it~ 
width, etc. Îs known. 
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8.2 l'Cf -t "p' X) 
"TC' now \1<,e tlu' l('sults of chapters 5 and G to compute the rate of t/J' production 
Îll l' clC'cay Tlw fOI mll1ae of thosC' clmpters are va1id for any final vcctor meson, 
Ilot jll~t tlw IN', Tll1l~ no further Feynman diagrmm, nced to he cva1uated 
to COlllpl1tC' f'(Y --; t/J'gg) and [(1' -4 1//9999). \Ve on1y I!eed to replace the 
palll111<'t('r" .HJ. r J, and Brjlld) with thelr appropIlate nl1llcs for the 1//. Recall 
(,cl'tations 5.11 and G.G for dccays ta Jlti': 

n (had)B(had)._F; .A/JrJ.jd d "'1'"[ 12 
l' J 37rc2 Af2 Xl .T2 L-t J q,3 

1 l' pol 

Bdi -4 Jgggg) = n (had)n(had). F: . AIJr J . f d8 '" l ,A[ 12 (8?) 
l' J 18 2 \12 r L-t J q ,5 .-

7l'C 1 .. 1'. pol 

The two int!'grals change by only srnall amOllnts llnclC'r the replacement .. \IJ -4 

.. 'l,v Titus tilt' branching ratio for 1/-" production in Y decay may be simply 
ohtaiuC'd from the' J N' results: 

(had) 
, Alv" r !/J' Br "-,' \ Br(1' -4 tj) X) = ---. --. -_ .. Br(1' --; JjV.,X) 

AI J r J J3r(had) dlr 
J 

(8.3) 

The hranching ratio Br~ad) may he deduced from information in the Particle 
Dat.a Dook by subtracting from "1" the branching fractions for the following 
lllodl's: 

• II" ~ \'I.:"y, f.... = 1,2,3; 

which arc the dominant, decay modes not proceeding through three gluons. Us­
ing t his mct.hod, and quoting the values of the other pammetel s: 

wc ohtaill: 

JH1/." 3.üg CcV 

r 1/.,1 (243 ± 43) x 10-6 CeV 
B (had) 

1" !JI 1 0.163 ± 0.098 

Brtl -4 ~,'gg + 1/-"gggg) 1.11 . Br(i ~ J 11/:X) \ 

(8.4) 

dlr 

N ot.t' t hat 1 do not. inclucle the <'lfor on the proportionality factor, because they 
arc quite large. and because when 1 present the final result it will have been 
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computed working dir('ctly from expressions likl' 5.!) a.." disnl~:.;('<l at t lit' ~'Il<l (lf 
the last section. TIw jHcC('eding dic.,cussiol1 wa:-, illclll<!ed tn p0111( ont t hat \VI' 

can condude fnirly p;clll'rally t hat t here ar(' about as many 1;' nll'..,OIl'" h('\11~ 
produc('d 111 T decayc., a" t}J('r(' <Il (' 1 / ~. lll('c.,Oll __ , a:-, Olll' wOllltl (':-"'jH'l't. 

Finally, wOIking tlllcctl: flOI!l tIlt' for llllllnt' .j a and G.;', Il:-.in)!, n. flOlIl [Di] 
and Il.'(0)12 a~ dt't(,llIlill<'d flOIll v' -+ /+t- (:-.p!' :-.('ctIOll IL:» ,lIld It'('(lll1j,utill.e. 
th(' abo\'t' illt('g,ral" nt t1H' v' III a c.,:-. , wc have: 

BI'(T-'l."qq+l"gggg) = (ü.2G3±012G)>..1O- ' (8.r,) 

8.3 Final Results 

In s('ctio11s 7.5 and 8.2 wc h;)\"(' SCPIl: 

Br'(T --+ \tggg) 

BI'(T ~ ~J gg + 1 • ...' gggg) 

[{ccalling: the cquatiol1s 4 13 and 4.14: 

Br (11/ --+ lN"-'\.) 

Br hl --+ 1/ li' Î ) 

and cquation 4.5 wc finally oDtain: 

Br(T ~ 1//;,.\)1 
.III 

137'( T -~ v' --+ 111,.' X ) 
BI'(T --+ \1 -~ l/l,.'X) 

< 0.lG5 X 10- 1 

(0.2G3 ± 0.]2G) x 10 -1 

(55 ± ï)~1 
= (2ï3±1.G)(;{ 

= (0.2-18 ± 0 OG5) , 10- 1 

(0.145 ± 0.(88) " 10-- 1 

< 0 O,t3 '. 10- 1 

(8 Cl 

Thus, for a \1 width ('quaI to it" IIppC'r bound, \\'(' obtaill for tIlt' plOcl1\rtillll of 

J /1;' via tIH'h(, 3 n1('Challi~tlls: 

Br(T -~ llvX) (0.438 ± 0 133) ;< 10- 1 

~ote that tllf'l'C if; "l'ln an additlOualIllH'('rtalllt: of :W(!c ill t!Ji.., jlJ('dll'tt'd Il'' .. 1111. 
coming from the fad that the aho\'(' I1ll111!)('r ouly !(·j'I(·h(·llt.., tlw fil~t 1"1111 ill 11 
perturbation Sf'lics iu o~ ,...., 0.2 

This i:-, to be cOlllparcd with the' ('x!)('lilllf'Ilf<t! 1"~lllt [56]' 

Br(Y ---t J/1:-':'\) (1.1 ± o,t ± () 2) / 10--3 

wherc the first error is ~tatisti('al ~md tl1(' <;('c011(l i~ !>)':-.t(·llwti( 
Evidentl)', the~c two numbers ngrec to withill OIH' ~t;jllcllllcl (Jc.\'léItIOIl. if wc' 

add the statIstieal and l>)'stcmatic in thc t'XP('IIlIH'lltal l('hlllt If 111 .... t(·ad W(' 

combine th<, t,,"o .'rrors in quadrature, ohtalllillg ,\11 (·ff(·di,,!' (·rtor of 10.1,"), 
thcn th(' prediction li('s hclo\\' the 011(' ~igllla lilllit by () 06 Tbic., 1 .... witbin tlw 
ullccrtaiuty of th(' perturhation expanhion. Alt('lllatr'ly, li ('()llIbilJatioll of otllf'I 
modes such as T --.. \2 --+ J /tl<'( or y --+ lib --+ J h''\' Illigbt 11Ii1]..,· Il!> t hl" .... 1I1all 

(10%) amollnt. 
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8.4 Comments 

The aglf'('IlH'1l t )('t \YI'('Il the t heory and pxpeI inwnt i~ r('a~(Jnél hic but not 0\'('1'­

wI1l'ltllinp;' if\\'(' rUII'>Hlf'ronly Ill(' (,('!Itral \'alll(,::' ()fth('~(' fl'!-.lllt~. thp lWltmbative 

(l.C D plf·diction 1'> too ..,mall by ()\er li féll'tur of two \V(, ('xPI'ct('d lIg,l'('('IlH'Ut 

If) \ ... ·llhill (\~ ::::::: 20<,,{. ;\('\'1'1' thp k!"!f>. a.'i Ih~cu,>s('d aho\'c. the ('Irors 011 both 

IJl<' ('XP('IIIIJ('lltnl (Incl t}wOl('tical 1'('!'>lIlt-. arl' .... tlll ton laI)!;C' to dlaw n11y defilli­
In'(' cOllcll1!"!iOl1'" ('()Jl('('nlin)!; the 11l(l(!eqllélCY of élpplYlllf.!, pntul)Hti\'{' Q CD. ta 

IIl1'''OIl tlHll!"!itioll'> at tbi.., .... cale. 1 lltnprC'tinp; the l('''ult optllI1i:-'l](,éllly. '.YC coulcl 
('olH'lncll' Ihat 1Il f:lI't Ihi ... raklllatioll r('I>1<· .... l'l1l .... nllotJwr "l1C('~!-> of tll(' lIlodpl. 

TIll' approach 1 ha\'(' ndoph'<l of \VOl bllg \\ i 1 h 1 Il(' 1 a t 10 .... h k(·;) Il itlld ï Il has 
Ill<' [ollo"'lIlp; d(h,lIItal!;{'. I!ltllill\"<'ly, tl1(':-(' (,(llI1hination'>lllay 1)(' l('~~ '>(·n..,ltl\,(~ ta 
ladialn'(' COlH·('\10U"" thall If wC' hat! workcd dirertly wlth tliC qllalltiti('s o.~ and 

11/'(0)1 2 Hf> di~cuc,'>('(l in ~('ctlOn 82 Looking at the \'arlOu,;; F<'yllll1étn diagrallls for 
Ollf prO(·I'!"!!'>. th(' dred of addinp; an l'xII a gluolll" oft(,l1 to pl ()c!1l('(' a ladiatiw'ly­
CO! l'(,<"tt'd lw dl OIlIC' de\' ily ding! hlll fol' OHt' of 1 he t'x teIllaI IllCSOIl.., i II n part of 
1 II(' 11<'\\' dl(\)..!,l :1Tl1. 

ThC' (,('Ilt 1 al yallle o[ t h(' 1{,~111t 8 7 COI f(':"ponds to the valuc of () q il:-. d(,ter­

millpd fWIll tll(' 1ll('111~ive hadrollic wldth of the 1. wIuch i~ Os = 0.175. :-\ow 
suppmc \V(' hat! \\Ol}.:t'd di!f'ctly with Os allcllr;·(OW, a .... (ksClilwd alIO\·C'. Hnclieft 
(\. a [1('(' parallletr·l. 1",'>t'l1tinlly u .... inp, the .J Il+' ('XIWllllH'ntni Il'~\llt to dedllce Os' 

Siu{'(' thl' dOlllllldnl ('IJlllllblltioll<, to th(' tl!(,OlC'llcal predIction are 1>lOp01 tioual 

tu o~~, tbi~ Iw'aIl .... Ilwt o. IS giw'I1 by 

(
0 ... )" _ 1.1±04 --- ---- = 2..1G ± 0.80 o 170 0.45 

IlSillP; only the ~tati:-,tICH.lllIlC(·ltainty in the expcrin1f'lltal rc~;ult. Tll1ls: 

0.188 < as < 0.214 

This is to 1)(' cOlllpaIed with Os as detennincd in a g~neral survey of many 
illl'll1siV<' l d('cay wi(lth~ [ml: 

0' s = 0.lï5 ± 0.015 

Again. t l'1('S(' 1 ('suit s ju:-,t overlap, and mOfe so jf the systemat ic error is C011l hin('cl 
\Vith th" r..:tnti..,tical ('11'01'. Again, impIO\'ell1C'nt in th(' accuracy of the ('xperi­
IIIC'Il t al dat a is rc<p!Ïlcd to dtaw any definite conel \l~ions a hou t the \'alidi ty of 

p<'l t111 hati\'(' Q.C'.D in this tran"ition betw(,(,11 1l1eson" 
Finally. 1 IH' d('\'a~ t1lr1>11l:',h tht' \ 2 !"!hould <llso 1)(' con~ldelcd. Thollgh its 

1nallcbin).!,mllO to Jlv i~ ~lllall('l' than that of th" \1- it ha~ more hclicity ~tatc's 
tn ~\1111 OVl'l. and ib hadrollic \\ itlth i~ s01l1('what };lrger. Thus it cOllld cOlltrihute 
a~ 111\1('11 as or 11l0!C that the \1. wInch constituted a 10% eff('ct. This and a 
1ll0l (' ddillied ('I1m allaly~i& if, cllIfently lllHl(,f",ay. 
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Appendix A 

Color Identi ties 

A.t 

The' pmpose of this ,;;{'dion i~ to prm'e' the' idf'lltity. 

L d,li" da /. r 

"be 

for tll(' group SC (3). 
1 pl'uce('d f!;f·llt'wlly. Let "Ta" <l''11ot(' tll<' S'l - 1 ).!;f·IWlIt!lll.., of St'(~) III 

tIl<' fUlldnIll(,lltal or cldining IC!>lt'!';('lltatioll. TllI':->(' IlHltlif'('''', plll:-' lite' 11111t. fOl LI 
a ba:-.is fOl th!' spact' of S x :.V spccial llllltary lIlatllf',·..,. A ...,t:ttf'I1lf'III of 1 hi.., 
pl opel ty is: 

(Ta),)(Tt,)",n = ~ [6,"8)111 - ~~bl/\lIIrl] (:\ 1) 

Tbis id<>ntity ducs Ilut folIo\\' from tlH' stlll'tmp ('(llltanh of tlj(' ,I.!,IOl1p. il 1'"> \;dld 

o11ly for the fllIldalllclltal rcprchentation. 
Note the following SU(r-;) relati()n~ aIHl c!f'fillitioll:-" 

1 
tr{Ta Tb} "2/lab 

[Ta, Tbl -- 1 L!tlhrTr 

[Ta, Tbl+ 
1 L d,d,r T, - N

6ab + 
~ 

Flom t h('~c wC' obtain: 

dabe 2· tr{Ta [Tt., T"l+} 

I:T; 
N2-1 

-
2N a 
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l 

abr 

!'\ nt (> t hat: 

TII\l!--: 

abc 

abc 

4 ~ [e,n'Im - ~ ''l'mn 1 [T,T, + T,n!" rT.T,)nm 

- 4 L [tr{1b TcTbTc } + tr{TlT;} - ~~tr{TbTc}2] 
be 

[
;.V2 - 1]2 N 2 - 1 

4 ~ tr{nTcnTc } + 4 .. V 2N - 2-N 

( C 

abc 

= 

~ [bJ18k1 - ~8Jk8I'] (n)'J(n)kI 

-1 -1 
- 2Ntr{T~} - 4N 

N2 - 1 (N2 - 1)2 
N + N 

(N2 -1)(N2 - 4) 

N 

1,/2 -- 1 - ')---
- N 

Sllbstitllting N=3 in this yiclds the dC'sired rcsult. 

Other rcsults 

From t his basic id('ntity follows: 

and: 

2:: daefdbcf = 
ef 

L [L dabed(de]

2 

-
abcd t 

L dabedcdedabfdcdf 

abcde f 

[~r ~?'I = 8 ;:' 
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Appendix B 

Appendix: Bound State 
Wave Functions 

H('H'in 1 will deri\"c a COVélliant ('xprf'f-<"'ion of tlle Sc!tr(idillp;('r wa\(' fllllet IOn of 
Il n()n-rdntivi~tic hOUlld-~tHte, l1'wd in .... (·ctions 433 allel 7 1 to dl·dllc(' tlw rllk~ 
for the c()nstruction of the illvariant Hlllphtude· awl S-llIatrix ;\()t(' Ihat \\'(' 
r('c!llil(' 'iuch CO\atlélllt fOI Il 1111 ae in ollr ~tl1dy lwcéllI!->(, tll(' .1/1." 01 \ 1 1I1t'~()1l~ iII(' 

in gelleral produ('('c! \\'lth witli large \'('l()('it\('~, it i~ DilI:. III tllt'ir I('~t fI'IIIJ(· that 
they look IlOll-1<'!atl\ i~tic 

Thrnughout this ~wctioll wc will he lI~1llf,!; "Bjorkcll-Dll'll'" ~pIllOl"" 1I(]),rr) 

\\'hich ~atisfy. 
uu = 1 (D,l ) 

These me the lllost cO!l\'('nient !tere becau~c of thcir ~iIllpk fOlm ill tlH' partide' 
rc):,t frame: 

IL -+ (~) 
in the Dirac repre'sentation, 

B.1 N orlnalization 

Recall one [45] description of a sillgle fermioIl ~tate: 

(B 2) 

1 wish to disCIlf-"i the Ilormalizatioll of thi~ ~tat(' (,1\ll'fl111y, to (' .... tal)lt .... h a lIH'thod 
fur the more cOIllplicat('d tllf-k of lloI'malizillg tll(' hOllwl .... talt· lat('r, 

Suppose the felmion i~ part of ~(\llle IHOC(' ........ takillg plnc(' in a box ·)f VO!tlllH' 

"\"'. The probahility of fillding the ('le-ciron ~()m('wl!f'n' in tlw box Illl\~t })(' 
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lluity' 

lm ( ) 11/:C V EV li ]J, Cf té (B.3) 

Ld US llOW (kdllcC' tllétt sallW fOI main by first going to a fIRme whcre the electron 
i~ at n'~t. The W1[\'(' flllldioll tIter<' rends: 

( B.4) 

SlIICC (\.0) is the non-l(>lati\,j~tic limit of a Djorken-Drell I1ormal1zed spillor, To 
what sizt' box ~h()llld w<' confine the fl'nnioI1 in it& l'est frame, s11('h that it if> 
lIatmally cOllfiuee! to a box nfvolume "V" w!tC'1l wC' rf'turn to the flame in which 
t 1)(' who!c <,X!H'1 i lllCllt i~ t li ki Hg place? The all~ w('l' is "\ 'r = Î V", i Il ol'df>r to 
offsd tht' C()lltIHction the' ,'olullw will C'xp<'ri('I1ce in the boost to the lab frame. 
Thufo,: 

J(/3 I /I.t", = '/1[2 .1/ = ,,\'2.1(-. 
+rlfr "'r tr "'r ", (B.5) 

whicb yi<,lrb th(' SélIllC a1l,,\\,('r as \\'c obtaincd }wfore. 
Ne'xt, !'>uppo<;(' \\'e have a f(,lll1ion -- anti-fermion hound state (Ill<'Son) moving 

nt fo,OtlH' wlority in the ~anl<' hox of vO!lln1<' "\... Wc want the probability of 
O!'S{,1 \'ing thi!:'> obj('ct in t hi~ hox ta be' exactly one. In contrast ta the single 
partidf' CH:"!'. \\'<.' willl>IOf(·('(1 imI1wcliatdy to the bound statc 1 <,st framr, wherc 
ns ahov(' wC' I1lU~t choofo,(' the confiu(,IlH'nt volume \ ~ to be. 

Now 1 will pr(,~cIlt the Schrodinger wa\'e function of two non-relati\'istic 
ff'rmions in a box of \'olume Fr. For the' moment, we will ignore the drtails of 
110W the' Olhital p ·,1 spin part!'. of thC' wan~ fUllction are coml>incd to produce a 
!:'>tntf' of total allgulal' m011lf'lltnm. Howcvel', we WIll combine t}l(' fermion and 
nnti-f(,lmion !->pills illtn a ~tatC' of total spin 1. This is };ecallSf' the two cases \V<' 

aIe going, tn considel', \'t'ctor and axial-vcctor nwsons, both are S = 1 states. 
TIlt' pl opetly 1l()lll!ali~('d botmcl statc wm-c fuudion i!" 

Y(i),.r2,t) 

su. 

J d'-1~'(7-:),2 

ff~,(r). e- I (2m-EB) , Sl,k 

(1, ,,', 0' 1 • Cf2 ) ~ (11t) 0 \ (0'2) 

1 

(B.6) 

\\"h('l'e Eu « 711 is the billding t'nergy and \(11) is a Pauli twa-spinor. Note 
also t hat w(' are m.ing "cartcsian" labels fol' the diffcrent spin one polarizatian 
!:'>t alc's: l' = 1. 2,3. 
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1 
Thi", formula has ouly on(' fartor of ,--II.! (as OppU"I'I} tu tlll' IWIl Ihal il 

)2,('lH'ric two ft'llllioll W,I\'(' pélckt't typl' "Iatt' w/luIt! ha\(') rlll" 1" J11"t \\bdt \\1' 

nt'cd to lllakf' th<, S-lllatlix ~,i11l' witl! thl' vollll1l1' a~ If tilt' 1\l1· ... IHI \\ bel!' il "lllI.dl' 

pnrtick III ('''''('11('('' "callll)!; np tlll' \ O!llIl lt' ol11y c!Jall/!,v" tlll' plllhall\bt~ d('ll"lt~ 
(lf OIlt' of thl' fl·lllll()n~. hl'I'au"t' tilt' jlo"itioll of tlH' otllt'l I~ 1'1l111,j.ltt'd III thl' 111:-t 
by th(' \\'éI\I' fllUctioll 

B.2 Covariant Wave Function 

Iutrodllcing "f', th(' rdati\"(' lllOIllI'llllllll of Ill«' (,()lI~till\l'llt~. é1ud (,',(l\ tlll' "..,~() 
ciatc'd probahility amplitudc' (li~trilH1ti()n f\lll<'holl: 

~'(r) 

J dn6(t)1 2 

wc have th<, following idl'Iltity (f(f) arbitraI:): 

J dt ...... J dt ... { ----o(t)f(l) = ---;-,<;I(t) f(O) 
( ')_)3/2 ('?_)J/_ 

_II ... 11 

= /dO), f(O) + - , -, -Dl,' 1 Df 1 

Dr Dt-
111 t=o 111 I~:O 

i) 1 

-t f," iJ - '1 
1 III Î Il 

( 
- 1"'2 ) + () < t~' 

II/ • 
'1 

(13 il 

} 
(13 :-;) 

Thi~ l'xpall~ion is Il good applOxill1i1tioJl to tht' ('Xlf'Ilt Ihal ';1(1) 1" "l11al] fOl LII!!,I' ln. In faet. th(' aSf,eltioll that tlH' bOllud ~tat(' i~ 1I0!l 1('];111\ 1 ... 1 li' 1'> f'f!1 II \.df'ld 

to t 11(' st a tl'llH'llt: 

For llon-rdativi~ti(' bOlllld "tate" tllf' iI\'('ragl'11l()lllf'1l111111 h t~p\l"ally fi III, Wbl'If' 

"a"is the fine shuctufc c!l!}"tant characf('liïiIlg tll!' "tlf'II,c;!11 of tlll' !,Iwlill,f!; 111-

teraetion. Thus this approxllllatioIl is JI1~t a~ \'aIrd <1" tIHl"{' \Vf' lIl.d'I' III tll/' 1)111 

pCltnrbative cvahwtiom, of the tral1:-itioJl alllplit1J(lf'~ 
Equation 13.6 b(,\,OlW"S' 

(B,Cl ) 
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J'k 

P 
f/-l 

= (t,ik) 

(2rn o - Eb. 0) 

(O,i)/J 

Tlii~ i.., allllo~t a (,0\'111 ia.lt ('xpr('~~i()u d('~CI ibing h\'o particles with four-moffienta 
P/2 ± f. \Vilat fI'lWlillS is to Idf'lltlfy which lorcutz covariant will reduce to the 
Pal1li-~piIl()r factor SI ,k. Th!" Pauli-spillor corrt'~ponding ta the fermion wc 

fI'plac(' in t IH' f" . ..,hion: 
\((11) ---+u(P/2+t, C7 I) (B.10) 

TJw ()tll<'r tw()-~pin()r de~('l'ibes an anti·fermion which is lcaving the interaction 
rq;ion (and ('llt('IÎug the' bOllud-..,tate) so w(' bPI: 

(B.ll) 

Not(, that wc now ha\'(' [('latin' Il101l1entum dependence tin the spinor part of the 
w(lve fUIlctiol1. Thus wc have C'lllbodied [,ome of th(' dfects of spin-orbit couplinJ!; 
(more ac'llIatc'ly :-pin dqH'uckncC' of the' Hamiltollian) which alc typically put 
in "by JUlllel" 1Il the ll()n-l('lati\'i~ti(' th(ory. Thl'~(' are a150 t!H' sallW dfccts that 
atih(' llatlllally in tll(' Fo!dy-\\'Ollthu)~aI1 mOIllellturn ('xpan::.ion of the Dirac 
('CIllat IOll in a hackglOlIncl fid,!. \\'e will ~('(' the dfccts of thi~ dqwndt'nct' when 
:-tl1<1y the axial \"('dOf, P-wavC' !'otntes. 

Now 1 ('('"Il the id('ntities liS]: 

ll(p) = c-'t'!· ô/2 11 (0) - P + m u(O) 
V2m eE +m ) 

v(p) - v(O) -p + m 
J2m(E+ m) 

u(O) = (~) v(O) = (~) 

Thus SI,k Cflll be writt(,ll as the limit of the covariant: 

= 

= 

(B.12) 
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1 

The Clcbsch-Gordon f,um is 1ll0st ('at'ily rcdll('cd by mOllll'lltlllily IlSill1!: the' Diu\(' 
rC'prescntatlOIl for ")11" mabic('s: 

~, = 1,2,3 (n.13 ) 

Thus st,l. bc('omc~, to onkr "r": 

St.k - 1 ( 0 fi) [1 + ,0 k 1 ( 0 4 1+) + n1q 2J2-; 1--, +f/1/1 q ) 

[1+)0 k] 1 [1 + )0 1 + ..,0 ] + ()(~) - 2V2 -; + - (--,1. + ______ ,1.( 
.\1 2V2 2V2 

[0~ k] 2V2 'Y + __ 1_ [tk + ...,0al.llf ) 
V2.U JI + O(f--"2 ) 

1 a 1"1 

- :2 [-;Il, ,"] (13. J.l ) 

\Vc now retnrn to formula B,9 for the wave fnllction: 

/1 1 J df ~ 
Y(.r}. I2) = V:2EV' Vil (271')1/2 q,(t) 

x {[(pq + m"hl. + fI.. + ;Ool../'f/,] • (-I(l'/HI) rl( -1(/'/1.--1) r2} 

up to tcrms or 0Ic!('1 < fi. > /111~ 
Till now wc 11m'(' 1>('('11 ignOlillg the Cl('J) .... ch-Gordan facto!:.. that cOllple auy 

Olhital nngnlm IllOIlH'lltllm the f>tat(' mig,ht lIa\'(' \Vith it~ total ~piIl to put tlll' 
bOllnd ~tate in ail ('Îgenstate of total 'lllgnlai 1Il01lH'lIhl1ll. Il1tlOdlll'illp; .... H(·b 
labels on the l'dative pOf>itiol1 wave f\llldion' 

~,( r') = l}'[,,) (il 

.... J dt -# Ir, 
<PL,)(t) (21l")'l/2 th ,)(1')( 

t he final formula for the bouml st ate wa\'(' fllIlctioll l)('\()!Ilf':'" 

~-1 1 J df .... y J"(XI,:r2) = --, ru ·(l,IIL,): 1,~') ------'\-/-,.)l )(f) 
2EV v.\[ (21l') 1. r " 
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\rc' llOW turn to ming cqllatioll 13.8 to simplify this f(lrmula. climinating the 
rdati"f' IIl0IlH'I1hUll wave' function of which wc havc no knowlcdge, by ('xpalloing 
it to IOW('ht ord(>r in r. 

B.3 Vector Bound States 

TIl(' "('('lor me~OllS are total spin 5=1. relative orbital angular mOIl1PIÜUrn L=O. 
total flIlp"ular IllOIl1Cutum ,1=1 hound stat('s, denoted in f,pectroscopie notation 
by 3 SI, The CIC'h:-.ch-Gordan fador., which comhine tlw orhital and total quark 
:-.pill (II(' Il jyial. The relativc posItion WCl\'(' fUl1ctlOu of !o>\lch :-,tatt:'s does uot 
\':lIIi,,1t at the' oIigiu, Tll\ls the !e(l(ling term offormnla il S will suffict:' to t:'xpand 
ëllld :-.i1ll1'11fy ('<}lwtion il 1;) for thc hOllIld ~tatc \\'ét\'C' fUllction (Xote that wc 

illtroducl' a (cart( :-,ian) three-\'('('tor f m to ~pccify the polaril.ation :-.tate of the 
lot al aIlp;1l1al' !Il0111clltllln of the nw~on ): 

\\' 11<'1'(': 

(B,17) 

Thi:, ('xPl'l':,,,Îon i:-, fully cO\'al iant aud, though we lun'c bcen working cxclusi vely 
in the bOUilli !o>tatt:' rest fraIl1t:', its form in any other fraIlle is now trivially 
ohtained, 

B.4 Axial Vector Bound States 

Axial n'dOl' 1ll('~()Il" 1lrc total spin S=l, rdativc orbital angHlar momentUII1 L=l, 
t ot al augulm IllOlllt'Ilt um J = 1 oOllnd ~t ates, dt:'noted in s}>l'droscopic notation 
by '} PI The Ckh:-.ch-Goroon fador which combines t\VO spin-l 's into another 
spin-l 1:-' ('~"('lltial1y thc thlct:'-in<lex Levi-Ci\'Îta tensor: 

(B.18) 

"'}1<'[(' t h(' lai-t equnlity follows 1>('c(\use wc arc still in thc rneson rcst frame, Thl' 
[('latin' }lo:-.itioll wan' fUIlction of thf'sC L=l states vanishes at the origin, Thus 
\\'l' IlI\1f,t go lwyoBd th(' kading t('nn of fOllnula B.S to simplify equation B,15, 
To t his ('Bd ('Oll~id('r: 
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, 

+ r [!Y' ( r) _ R0J] 0,. } 
) 7' 7. 2 ') 

{ ,. III " --(l 

= 

{[; ' -R (0) . bJm -+- 0 
Srr 

Tll11S, uf,ing € as in f'qnation 13 1 ï to (!t'Ilote the nH'~()1l pola! int! ion: 

),"oting that: 

2/ Po t'.,-,oI1<>i
l
Î5 

2qOPh.., = '!.I.Hh·) 

(B ID) 

(B 20) 

\Ye finnlly ohtain the ~tandaJ'(l form for tl\(' wm'(' flluctioll of li J PI :-.Iall'· 

This is llOW in a fully covariant fonn. 

B.5 Wave Functions at the Origin 

The final fnr1ll1l1ac each contain an unknown: 1j'(0) or fi'(O), fI·sJ)(·cti\'I'ly tlH' 
value of the lda!ive po~itÎ()1l wa\"(' fUIlclion of the two ql1ark.. alld tlw dl'.ivntiw· 
of its radial pm t, t'vHhwt<-d at tll<' ongill \\'(' Hlll"t "!lI'C'lfy tll/' \'al11('" of t!t('hP 
to cOl1lplete uur dhCIl"SÎOl1 of tllC' Il}(''''Oll wav(' fl111<"tlO!l 

It is in prÎllcipl(' po~~ible to cHlculatc dO) aud n'(O) \l"ill~ ~(llll(' pot/'lItial 
mode1. Ho\\,('v('r, l1\tll"l' tlwn illtlOdll(,{' tlll' lICW ... pt of a .... "lIl1lptioll ... a ....... w·iatl·r! 

with a anotlll'r model, \\'hat i" u:-'lIfdly dOllt, i~ to tlllIlk of dO) Hill! U'((J) a:.. fn'(' 

pal<lml'tf'r:,. Each pmélllwtf'I i~ thl'Il ChO"('ll :"11('11 tliat Ill(' !H'ltll!1lHtiv/' Q.C.D 
prediction ()f on~ !IW-.OH t 1 mhi t ion agrl'('" wi t 11 l'XIH'llllH'lIt The j()\\,('o., t 01 rll'f 

pelturbativc Q.C.D pI('diction of tll(' II'j)toIllc \Viellh" of III1'~Ollo., (()lItitltl<, I!O 

ullknown panundprs otll('r than the \\'a\'('-flllldioIl-at-orJp'iIl factor ... , .... 0 tb(·,,(· 

Ij(j 



11n' the tran~itions usually u~ed. For f'xample, the dccay of a vedor to a lepton­
ilnti-le'ptoll pair i" given by [G3]: 

(B.22) 

wlwl'e' "q" is the' qllark ('harge' in nuits of "(". Similar formulac can be df'ri\"cd 
fol' the' de'cay of pseudo:',calar or P-wave ::;tatcs iuto t\VO photons. 
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