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SYNOPSIS

The behaviour of a clay soil beneath moving rigid
wheels was obtained with the aid of a cine~radiographic
technique, which uses high intensity, short duration X=ray
pulses to observe the movement of small tracer objects
imbedded in the clay matrix.

A visioplasticity method was used to compute
the so0il velocities and finally the strain-rate invariants.
The plastic work rate calculated from these invariants
after the examination of basic plasticity equations, was
equated to the deformation energy, the beneath wheel
component of soil-wheel interaction.

Examination of the energy'balance of the soil=-
wheel system, taking into account the energy dissipated
at the soil-wheel interface showed that good predictions
of the drawbar pull - the usually accepted soil-vehicle

criterion - was obtained.
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NOTATION

area of contact

wheel width (inches)

cohesion 1bs/square inch

wheel diameter (inches)

deformation energy

drawbar pull (1bs)

horizontal soil deformation

yield stress in shear(1lbs/square inch)

soil deformation modulus

Bekker soil parameters

horizontal distance travelled by wheel (inches)
net torque moment developed by wheel (in./1bs)
nomiral ground pressure (1bs/square inch)
rolling resistance

compaction resistance

bulldozing resistance

wheel radius (inches)

normal wheel slip rate

shear stress (lbs/square inch)
characteristic time (seconds)

instantaneous soil velocity

X velocity in spatial coordinates = VC—+—»au
Y velocity in spatial coordinates

soil velocity (inches/second)
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c carriage (translational) velocity

VS true slip velocity

w gravimetric moisture content

vertical wheel load (1lbs)

X interfacial energy (in.lbs/sec)

Ip sinkage to bow wave

Yo dynamic or rolling sinkage (inches)

Iy rut depth

n torque energy coefficient

A ratio of characteristic prototype to model

wheel length

A pull energy coefficient

§ soil density (1bs/cub. in.)

e density (lbs.secz/in.4)

4 Chudakov-Phillips coefficient of rolling resistance
'e” dissipated energy coefficient

e° coefficient of rolling resistance

o] best estimate of population standard deviaﬁion
P soil friction angle

w angular wheel velocity (rad./sec.)

w

angular wheel velocity (rev/séc.)
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ABBREVIATIONS

B.D.C.
I.s.T.V.S.

L.V.D.T.
S.F.D.
5.0.D.

normal strains

strain rate

strain rate intensity, (or effective strain
rate)

shearing strains

shearing strain rates

second invariant of strain-rate tensor

displacements

velocity components

normal stresses

shearing stresses

deviatoric stresses

second invariant of stress tensor

stress intensity (effective stress)

plastic work rate

X-Y components of body force

Bottom Dead Center

International Society of Terrain Vehicle
Systems

Linear Voltage Displacement Transducer
Source to Film Distance

Source to Object Distance
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CHAPTER 1

INTRODUCTION

Many centuries have elapsed since it was dis-
covered that the force necessary to move an object along
the ground was much smaller if the object was equipped
with wheels. In the off-road vehicle mechanics field the
ability to predict the force necessary to maintain motion
in a towed system, or the force that must be developed in
a powered system to maintain motion and perform useful
drawbar work is of prime importance.

The theoretical or semi-empirical methods avail-
able at the present time do not provide a gquantitative
measure of soil-vehicle interaction. It is obvious that
the beneath-wheel component of soil-vehicle interaction
has received insufficiént attention in the past, and a
greater effort should be directed towards the prediction
of the soil response behaviour under vehicular loading

if adequate soil-vehicle theories are to be formulated.

REVIEW OF EXISTING THEORIES

Rolling Resistance Theories
Bekker (1956), (1960) laid the foundation upon

which most soil-vehicle mechanics theories have heen dev-




eloped. He postulated that the pressure beneath a wheel
was similar to the pressure below a loaded plate and pro-

posed the following soil pressure-sinkage relationship,

p=[K_c+Kﬂ']zn 11
5

where p is pressure

namely:-

Kc, K¢ and n are 'soil?! parameters

b is the wheel width

z is the sinkage
The parameters Kc’ Kﬁ and n are determined experimentally
from two plate penetration tests. The method is described
by Bekker (1959). Reece (1965) showed that Equation (1-1)
did not provide the proper pressure sinkage relationship

and proposed the following equation:-

o= [ROrEM] (5" 1-2

where C = cohesion
¥= soil density

This equation is dimensionally correct and Wills (1966)
has shown from tests on sands and clays with plates of
varying aspect ratios that an equation similar to Equation
(1-2) was in closer agreement with experimental data, but
did not necessarily give consistent results. The Ké and
Kk terms are analagous to Nc and Ny terms used in conven-
tional bearing capacity formulas and Uffelmann (1961) has

used the formula p = 5.7C in his treatment of cohesive



soils.,

Bekker further assumed that the work expended
by the wheel in rut formation is constant and independent
of slip. Normal slip (s8) can be expressed by the following

relation:~

}
v
i

1=3
where V. = Carriage velocity

r = Wheel radius

w= Angular velocity of wheel
He equated the work producing this rut to the work expended
in forcing a plate vertically into the soil to a depth
corresponding to the sinkage. This work is named the com-
paction resistance, Rc- For an axle load W and a wheel
diameter D, Bekker used Eguation (1-1) to derive an expres-

gion for the wheel sinkage 2yt

2
Zy = 30 en+1 1-4
G=T K, + KT /5

b

and for compaction rolling resistance, Rc:-

2n+2
R, = 1 3W 20+l 1=5
(n+1) (K, + ) (1/72+7) |(3-n] /5

For cohesive soils, Uffelmann has obtained the following

formulas for sinkage, 2ot
2

z = W
(0] (m. )2b2D 1-6




and for compaction rolling resistance, Rc:'

2
R, = 577CoD 1-7

It is now generally accepted that sinkage is not
independent of slip for sands, (see Reece (1966), Yong et
al (1967)) and therefore static plate bearing tests can-
not be expected to apply to the entire slip range. For
cohesive soils, slip-sinkage is much smaller and Uffelmann
(1961) has shown for a wide rigid wheel that slip sinkage
was nonexistent. However, tests on tires conducted by
Wismer (1965) show some slip sinkage.

Bulldozing resistance due to bow wave formation
ahead of the wheel becomes important for loose soils and
wide wheels. Bekker approximated the bulldozing resistance,
Rb’ by the following formula:-

. 2 3
_ b sin(ex+ [220 Ke+ 2 K] +Tt° & (90-4)
By = 7 5Ine< cosg ’ T40
2 2

+ Ot + Ct° tan (45+2) 1-8
where Kc = (Nc-tangd) coszd
Ky = (2N = 1) c032¢
tan
t = 2tan® (45-¢/2)
& = Angle of approach. TFor a rigid

wheel & is approximated.
Equation (1-8) actually gives the resistance of soil be-
hind a grouser at some angle of attack. The second, third

and fourth terms on the right hand side give the resistance




to shear at the edges of the grouser and are usually small
when compared with the first term. Hegedus (1960) has
simplified Equation (1~8) and suggested the following
equation:-

R, = (22CK, + 2°Ke ¥ )b 1-9

K.b and Kg are 'soil' dependent properties. Methods for
calculating them are given by Hegedus.

Drawbar Pull

As mentioned before, the basis of all soil-veh-
icle interaction studies is the ability to predict the
useful drawbar work that can be performed by the system.
Bekker postulated that the drawbar pull represents the
difference between the gross tractive effort or thrust
developed by the system and the rolling resistance of the
wheel. This can be written as:-

F = H-R 1-10

where F = Drawbar pull

H

Gross tractive effort or thrust
R = Rolling resistance
The thrust H was equated to the force required to shear
the ground along the contact area A. Using Coulomb's Law,
the thrust at zero slip can be expressed as:-
H=4 (C+ p tan #) 1-11a
where Shear Stress, S =C + p tan &

If W is the vehicle load, the thrust becomes:-




H

A (C+ % tan g)

H=AC + W tan ¢ 1-11b
'The shear stress, S is assumed to be slip dependent and

the following equation can be written for the shear stress:-

S=(C+ptangd) (1-e =3/ 1212
K, the Deformation Modulus is obtained from a stress strain
curve of the material, while j is the soil deformation in
the horizontal direction.

Other attempts have been made to predict the
thrust developed by a slipping wheel, among these are the
works of Janosi (1961), Sela (1964), Poletayev (1964) and
Wong and Eggce (1967).

=

Torque

Drawbar Pull

Torque (in-Ibs
Pull{lb) o

Normal Shp Rate (/o)

Self Propelled Point

Towed PonV

Figure #1:- Measured Torque and Pull. Wheel on Clay

Figure 1-1 shows a typical curve of the measured
drawbar pull and torque versus norimal slip rate for a
wheel on clay. TFor wheels on sand the curves have the
same shape except that there is a distinet peak point in

the draw pull curve.



@ Energy Considerations

The soil-vehicle problem has also been studied
from an energy viewpoint. Schuring (1966) considering

the equilibrium of a wheel suggested the following form-
ulas-

Hw FV.  + LA 1-13

Torque Energy Pull Energy + Dissipated Energy

Torque Energy - This is the work done by the driving
Torque M and can be calculated as Mzswhere zwis the ang-
ular velocity in radians. In systems with internal re-
sistance, the driving torque to propel the wheel along the

ground is obtained by subtracting the moment to overcome

the internal resistance from the total torque.

Pull Energy - The work done by the horizontal axle force

(drawbar pull). 7P can be negative or positive depending
on whether the wheel is self propelled or is being towed.

The quantity can be expressed as F TV, where V. is the car-

riage velocity.

)

Dissipated Energy —'% represents the energy loss per unit

distance travelled by the wheel axle.

v The dissipated energy is then expressed as the

difference between the torque energy and the pull energy.



(D =uw-FY 1-14

Using the definition of normal slip, s = 1 - (%/rw), the
angular velocity wr can be expressed as:-

I/
W= == 1-15

Substituting for w in Equation (1-14) we can write:-

2w -u [l -rx 1-16

Rearranging, Equation (1-16) becomes:-

B =g Pori-r] Bt

Expressions are then derived for M, F and axial load, W.
These are written in terms of radial and tangential stress-
es and finally these stresses were transformed into vert-
jeal and horizontal stresses. Using these expressions it

was then shown that the dissipated energy could be expressed

®2
L
E=T—[Fs+rbj pede] 1-18
- 91

ass=

where p = vertical stress on interface

b = wheel width

84 ~ 99 defines contact surface

Comparison of Equations (1-17) and (1-18) shows that:-

®2

M-TF=rhb J p o de =R 1-19

T
®1

The quantity R is defined as the energy dissipated per




unit distance travelled by the wheel axle.

Schuring asserts that Equation (1-19) is similar
to Bekker's compaction resistance formula for a slipless
wheel where the rolling resistance is equated to the work

done in making a vertical rut. This formula can be written

as follows:-—
Z, _
R=bLJ p 4z 1=20
¢ o)

Equation (1-18) can then be expressed as:-

E = 1 [R\E-:- Fs] 1-21
To define E, R and F must be evaluated. Séhuring suggests
the use of the Bekker-Bernstein pressure-sinkage relation-
ship to define the pressure beneath the wheel and finally
the R term, The inadequacy of these formulations has been
discussed previously. To calculate F, a stress-displace~
ment relation is assumed and the equilibrium of stresses
around the wheel is considered.

The calculation of both F and R for a slipping
wheel to evaluate the dissipated energy seems to be an
unnecessary exercise, since the calculation of F only,
provides an answer to the vehicle mechanics problen.

Equation (1-19) can also be written as:-
E = ot [Fs + wi 1-22
1-8 €

where @” is a coefficient of rolling resistance

The term Gfis dependent on several input parameters and it

o<l



is assumed that this portion of the dissipated energy fol-
lows a Coulombic concept. Methods for evaluating e’are
suggested but they are approximate.

Phillips (1961), using a formulation of Chudakov
(1950) suggested a formula of the form:-

F=¢v 1-23
G{is a Coulombic coefficient and is considered to define
the entire dissipated energy. Expressions for p'are de-
rived by suggesting a new definition for "rolling radius"
of the wheel and a line of action for the vertical soil
reaction., Leflaive (1966) obtained a dimensionless re-
lationship by dividing Equation (1-14) by W and rearrang-
ing it to give:-

E/L _ My FY
e
"

S 3
3

- A 1-24

Dissipated Energy _ Torque Energy _ Pull Energy
Coefficient ~ Coefficient Coefficient

Here again the entire dissipated energy coefficient is

given a "Coulombic nature" by the division by V.

BEHAVIQUR OF SOIL BENEATH WHEELS

The stresses at the wheel soil interface have
been obtained by the use of various devices., Freitag et
al (1965) installed several transducers around the periph-

ery of tires and converted the readings into normal and

10




11

shear stresses. Pressure distributions have been obtained
at the interface by Hegedus (1965) while pressure and shear
stress distribution have been obtained by Uffelmann (1961),
Onafeko (1965) and Onafeko and Reece (1967). These meas-
urements have been useful in showing that the maximum rad-
jal pressure occurs ahead of the bottom dead centre, and
that negative shear stresses can exist for towed wheels.
Their usefulness has been limited because correlations
between the measured values and values predicted from
postulated theories are lacking.

McKibben (1938) observed the material paths of
sand particles beneath a driven wheel. Wong and Reece
(1966) used a glass sided box to observe the behaviour of
soil beneath rigid wheels. The behaviour of sand beneath
rigid wheels was investigated using a cine-radiographic
technique at the soils lab at McGill University. Partial
analysis of this data has been presented by Yong and Osler
(1966), Boyd and Windisch (1966) and Yong et al (1967).

The translational paths qualitative in the first two stud-
jes and quantitative in the last study mentioned above
showed a distinct horizontal component. Most rolling
resistance theories neglect this aspect of soil deformation

and assume vertical rut formation.
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PURPOSE OF STUDY

In the majority of studies mentioned previously,
the beneath-wheel component of soil vehicle interaction
has been accounted for by empirical relations which do not
adequately describe the response behaviour of soil under
vehicular loading.

The energy balance method seems to offer a solu-
tion for the soil-vehicle interaction problem. However the
forces and factors that affect the energy balance of the
system must be analysed from a more rational viewpoint. The
torque energy and the pull energy are clearly defined,
however new methods for the estimation of the dissipated
energy must be formulated.

This dissipated energy term can only be form-
ulated if the entire deformation pattern is analysed. The
dissipated energy term must include the following:-

i) The energy used up in deforming the soil verti-
cally and horizontally. This will be shown as

the Deformation Energy; J.

ii) The energy dissipated by the frictional stresses
at the wheel-soil interface. It should be noted
here that the "wheel-soil interface" is a very
thin region close to the spinning wheel and does
not extend to the bottom of the deformed medium.

This will be called the Interfacial Energy; X.
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To define the interfacial frictional stresses at
the wheel-soil interface the laws of friction

must be examined. These are discussed in Chapter

II.

Proposed Energy Balance Equation

For a rigid wheel travelling with uniform veloc-
ity and with zero slip at the wheel-soil interface, the

energy balance equation can be written as:-

Mw = FVC + J)
1-25
Torque (Input) _ Pull 4 Deformation
Energy ~ Energy Energy

For the general case of a slipping wheel, the energy bal-
ance equation can be written as:-
Mw = e + D + X

Torque _ Pull Deformation Interfacial
Energy - Energy Energy ~ Energy

1=-26

The ability to predict F is a useful criterion
in soil vehicle studies. In Equation (1-25) if the
deformation energy can be estimated, the pull, F can be
determined, whereas in Equation (1-26) estimates of the
deformation and interfacial energy are necessary.

Certain misconceptions which might arise from
the division of the dissipated energy will be discussed
briefly. Phillips (1961) states that a number of authors
argue that the power loss to the ground is divisible into

separate parts (i) that which is due to slip and (ii) that
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which is due to deformation of the wheel and gound. He
quite correctly asserts that coefficients derived from
such relationships are not very useful because of the arb-
trary definition of slip, and the methods for calculating
deformation energy are not precise. Reece (1961) comments
that in the study of the mechanics of a wheel on soil,
slip losses (due to horizontal deformations) and rolling
losses (due to vertical deformations) should be computed
separately. The deformation energy as specified above
defines the work in deforming the soil vertically and hori-
zontally. There is both horizontal and vertical movement
of the soil under all conditions. The interfacial energy
might be considered a slip loss (not according to Reece's
definition since there are horizontal movements down to
the bottom of the defprmed zone) because it represents
the energy quantity produced by the frictional siresses
at the interface, multiplied by the slip velocity VS. The
definition of slip velocity is exact however in this thesis,
since rigid wheels are used and the visioplasticity methods
provide the true soil velocity. In calculating slip velo-
city on each segment of the interface the relation below
is used:-
V. = rw-(Carriage Velocity, Vc + Instantaneous
Soil Velocity, au)
Vs = rw- Soil Velocity, V.
The normal slip velocity (rw - Carriage Velocity, Vc) is

not used to calculate the interfacial energy.
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SEARCH FOR NEW THEORIES

Considerable research has been conducted by
workers in the field of metals seekihg theories that will
adequately describe various metal forming processes. It
must be accepted that the behaviour of soil beneath wheels
bears some resemblance to some of the metal forming process-
es such as strip rolling, extrusion or material behaviour
under a punch. The slip line method has been extensivley
used for the plane strain case and allows the determination
of local stresses and velocity distribution in the plastic
gzone for rigid, perfectly plastic materials. Upper bound
1imit solutions have also been formulated. These two

methods however suffer from lack of uniqueness.

Visioplasticity Method - — A method for obtaining Deformation
Energy. : |

Visioplasticity is a technique for visualizing the plastic
flow of a material by determining the particle velocity
vectors.

For an extrusion process, Thomsen and Lapsley
(1954) obtained the displacement by photographing the
changes in a grid etched on the meridian plane of an axi-
symmetric lead billet. From the displacements the field
was evaluated and used to compute the strain rates and

finally the internal stress distribution.
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The cine-radiographic method developed at MeGill
University provides particle displacements through the use
of a matrix of small tracer-objects imbedded in the soil.
The location of these tracer-ohjects at successive defor-’
mation stages is obtained on film through the use of short
duration, high intensity, x-ray pulses. This radiographic
data is used to compute the velocity vectors and strain
rate invariants. From the strain rate invariants the
plastic work rate can be comﬁuted. If certain conditions
are satisfied, the plastic work rate can be equated to the
rate of deformation of the soil.

In the absence of any theory for soil-vehicle
interaction, it was envisaged that an initial two dimension-
al study of the behaviour of soil beneath rigid wheels |
using the visioplasticity method would be a big step for-
ward and it could be later extended to the three dimen-
sional case. The entire developement of the visioplasticity

method is given in Chapter II.

USE OF HMODELS

The use of models in soil-vehicle studies and
the extension of results to prototype behaviour is a very
attractive proposition because of the relative ease in
testing and also because of economics. MNost existing

scaling theories, theoretical or otherwise do not properly
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incorporate the beneath wheel component of soil-vehicle
interaction in the system parameters. Certain basic re-
lationships for prototype behaviour have been developed
from model testing, however the extension of model results
to prototype behaviour is still a haphazard exercise. In
the absence of any adequate scaling theory, it was decided
to vary the input parameters systematically and an attempt
would be made to emtablish basic reilationships.

SCOPE_OF STUDY

This study can be divided into two parts. 1In
Part I the deformation behaviour of a clay soil beneath
two driven rigid wheels will be obtained by the use of a
cine-radiographic technique. Clay soils are most often
encountered in néture and present the most difficulties.
A better knowledge of their behaviour under ¥wehicular
motion is necessary before soil-vehicle mechanics can be
studied on a more rational basis.

The measurement of the surficial and above ground
parameters, namely Load, Torque, Drawbar-pull, Carriage
Velocity, Sinkage and Angular Velocity is also included
in Part I.

In Part II the information obtained above will
be used to:-

i) Calculate the Deformation Energy, that is the
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‘ energy expended in deforming the soil vertically
and horizontally using a visioplasticity method.
ii) Examine the energy balance of the entire systen.
ijii) Pormulate a theory which explains soil-vehicle
interaction in the light of the above.




5&’%’%

CHAPTER 2

19

OBSERVED WHEEL PERFORMANCE

The main body of this thesis will concern itself

with the analytical treatment of the soil-vehicle inter-

action problem. To enhance the continuity of this section

the following have been placed in appendices at the end of

this thesis.
Appendix I -~ TEST FPACILITY

Appendix II - EXPERIMENTATION

Appendiz III - TEST TECHNIQUE AND
DATA REDUCTION

Description and Cali-
bration of Components.
Modifications to Exist-
ing Facility.
Radiographic Consider-
ations.

Clay Compaction and
Control.

Test Bed Geometry.
Testing Schedule.
Transfer of Radiographic
Data

Computer Programs.

A resume of the experimentally obtained surfiecial

and above ground parameters will be presented here, (see

Table 2-1). Some of the information discussed is obtained
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‘ID TABLE 2~1

SURFICIAL LOADING INFORMATION

Carr. Ang. ‘Normal Torque| Pull |Dynamic| Rut | M/C

Veloc. Veloc. | Slip Sinkage| Depth
Test v w 8. M P y v w
No. |.. ,° . .0 T

in./sec| rad./seq % in.1lbs.| 1lbs. ins. | in. %

Model Wheel 23.5 1lbs. D = 9.0 ins. b = 2.5 ins.

15 5.54. 2.387 | 48.39] 97.01| 8.45] 0.70| 0.18{53.7
16 5.68 1.257 | 1.73| 47.68|-26.18 0.95 | =0.12|53.8
17 5.6% 1.445 | 13.18| 74.00{-12.93| 0.75|~0.06|53.7
18 5.78 1.885 | 32.31| 76.78| 2.98| 0.51| 0.35|53.7
19 5.45 1.508 | 18.45] 67.10|- 8.96] 0.72| 0.15)54.7
20 5.59 2.95% | 57.52| 102.99| 9.67| 0.63| 0.15[54.6
21 5.63 2,953 | 57.94| 106.07| 9.40| 0.70| 0.18|54.3
22 5.73 1.131 |=12.17 9.76|-35.82] 0.62| -0.18|53.8
23 5.82 2.575| 49.86| 102.04| T.19| 0.56| 0.06(53.4
24 5.82 2,199 | 41.42| 88.00{ 7.19| 0.80| 0.00|54.7
25 5.87 4.7751 72.81| 99.65! 9.571 0.70! 0.38|54.6

Prototype Wheel 34 lbs. D = 13.5 ins. b = 3.75 ins.
28 5.63 2.2%36 | 60.37| 198.47| 17.45 O.31l 0.00}52.9
44 5.82 1.257| 29.89| 148.02{ 3.13{ 0.30| 0.00]|53.1
Prototype Wheel 51 1lbs. D =13.5 ins. b = 3.75 ins.
30 5.78 1.696 50.18| 214.61| 15.27| 0.61| 0.20{54.5
32 5.73 1.257| 32.14| 173.86| 5.86| 0.73| -0.05|53.9
33 5.59 .941| 14.52| 146.04|- 6.47| 0.74| 0.00{53.5
54 5.73 1.005| 17.50| 153.99|- 4.35| 0.76| 0.20|54.6
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0 Table 2-1 Cont'd
Test \ wr 8 K F y v w
To. c 0 r

35 5.59 0.817| 2.37| 80.94|-15.71 0.69| 0.20]54.6
36 5.68 0.754 |~ 9.64 8.39|-25.59 | 0.67| 0.10|54.6
37 5.78 2.513| 66.%0| 233.99| 20.52 | 0.55| 0.10 54.4
38 5.78 3,833 | 77.82| 238.47| 22.17 0.67| 0.15]54.9
39 5.63 1.068] 21.91| 157.47|- 2.70 | 0.74| 0.05 53.2
43 5.82 1.256| 31.02| 172.37| 4.94| 0.55| 0.05 52.0
48 8.8% 1.958| 31.94| 188.10| 3.43 0.62 0.10{53.3
49 7.28 1.508| 29.721 179.83 1.38 | 0.60| 0.00]|53.2
50 4.88 1.151| 35.95| 173.37| 2.34| 0.58|-0.10 53.0
51 3.94 1.8171 29.431 170.391 2.56 0.56 | =0.10{52.6
Prototype Wheel 68 lbs. D = 13,5 ins. b = 3.75 ins.
31 5.78 2.073| 58.57| 229.02 16.76 | 0.90 | 0.20y54.2
42 5.78 1.257| 32.67| 189.27| 5.55| 0.83 | 0.25 52.9
45 5.78 1.382| 36.701 201.691 10.694 0.79 0.00153.8
Prototype Wheel 79 lbs. D = 13.5 ins. b = 3.75 ins.

40 5.59 2.236| 60.70| 263.81] 15.80 1.15 | 0.25(53.6
41 5.78 0.942| 7.82| 206.17|=32.01 1,39 | 0.00(54.2
46 5.68 1.0681 19.75| 244.93|-17.43 | 1.18 0.00}54.0

47 5.68 1.131| 26.78| 252.88|-13.14 1.00 | 0.10}54.6
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qﬁp from the U. V. recorder traces while some are obtained
from radiographic data. In some cases explanations for
observed behaviour will be given in capsule form since
detailed explanations are dependent on the examination of
beneath wheel soil behaviour and the energy balance of the

entire system. These are discussed in Chapter 5.

Rolling Wheel Sinkage

The sinkage below the original soil surface is
measured before recovery for rut formation and is referred
to as the dynamic or rolling sinkage y,. (See Figure 2-1).

The sinkage versus slip curves for the model

wheel (23%.5 1b.) and the prototype wheel (51 1lb.and 79 1b)

are shown in Figure 2-2. The following features are

noticeable:-

i) %2 load scaling between model and prototype
produced the same sinkage.
ii) Sinkage, Voo Seems to be independent of slip.

The height and shape of the bow wave is accurately
determined by the cine-radiographic technique. The follow=-
ing were evident:-

a) Rut recovery was substantial,
b) The bow wave ahead of the prototype wheel (51

1b) was small and showed a small increase with

decreasing slip.

@% ¢) The bow wave ahead of the model wheel was larger
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and showed a larger increase with decreasing slip.
From b) and c) above it can be concluded that the sinkage

to bow wave increased with decreasing slip.

Slip Sinkage

In Chapter 1 it was stated that soil=-vehicle
studies carried out on soils (especially sands) show an
increase of sinkage with glip. Several explanations
have been offered for this phenomena. Reece (1966) shows
the velocity distribution beneath a wheel in sand, if
continuity relations are to be satisfied for an incom-
pressible medium. For the slipping wheel he shows that -
the average soil velocity in the deforming region is
larger than the initial soil velocity (carriage velocity
Vc) and therefore the sinkage can be calculated. Reece
was not able to specify the magnitude of these velocities
but it may be concluded that the higher the velocity, the
greater the sinkage. For the skidding wheel he shows
that the velocity at the interface is less than the
carriage velocity, while further down the soil velocity
is greater than VC. Reece, however, assumes that the
average soil velocity is equal to Vc and postulates that
sinkage must be zero. To reinforce this idea he shows
a photograph for a skidding wheel where the sinkage is in
fact zero, This experiment however, is questionable

because "the right shape of bow wave" was placed ahead of
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the wheel %o attain equilibrium. Reece's idea for the
slipping wheel is correct although the magnitude of the
soil velocities were not directly obtainable. However
the idea that sinkage must be zero for the skidding wheel
is not necessarily true.

Pigure 2-3 shows the experimentally obtained X
velocities below a skidding wheel (-9% normal slip) and
a slipping wheel. At the B. D. C., the Y velocities are
close to zerc and therefore the X velocities are the flow
tube velocities. It will be shown (in Chapter 4) that
incompressibility is a reasonable assumption and thus the
continuity equation can be applied to the flow tubes from
the interface to the bottom of the deformed zone. The
jnstantaneous sinkages calculated in this way are close
to the measured dynamic or rolling sinkages. Slip sinkage
is negligible because the X velocities do not become ex-
cessively large at high slips. This is due to the fact
that the wheel soil interface is a discontinuity and the
soil work hardens in a narrow region.

For dry sands however, the velocities will be
very large in a larger region near the interface since
dry sand does not exhibit a substantial strain rate
effect. This will produce slip sinkage. The lower post
peak stress for dense sand which has been suggested as a
reason for slip sinkage will in fact result in higher

velocities in the sand at high normal slips. However even
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if the soil strength is unchanged at high slips, there will
be higher velocities at higher slip.

Torque and Drawbar Pull Versus Normal Slip

The torque and drawbar pull versus slip rate for
the model wheel are shown in Figure 2-4 and for the pro-
totype wheel in Figure 2-5. The drawbar pull curves show
the classical relationship, rising to some peak value and
then staying relatively constant. The self propelled points
are achieved at relatively high normal slip (around 25 per
cent). This feature is also evident in the data review

of rigid wheel behaviour by Frietag (1965).

Torgue

Figure 2-6 shows the torque ratio between the
model and prototype wheels. For the prototypé wheel with
)? weight scaling,)\2 torque scaling is obtained over most
of the slip range; however)‘3 weight scaling did not
provide )\3 torque scaling. The inability of the /\3 weight
scaling to produce4k3 torque scaling is due to the limiting
shear stress which depends only on slip velocity. Thelk3
scaling produces greater sinkage and greater contact area

but the shear stress at the same slip velocity is identi-

cal.
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Pull/Weight Versus Slip

The pull/weight versus slip curves for both
wheels are shown in Figure 2-7. At slips above the self
propelled point the pull/weight relationship for the model
wheel and the prototype wi’ch./\2 load scaling are close
but not identical. However there is a significant diff-
erence in the relationship below the self propelled point.
Since4\2 torque scaling is obtained for4\2 welght scaling,
the torque per unit weight is the same for both wheels.
However since Wp =q§? at the same slip (for equal carriage
velocities), the input energy per unit weight for the model
will be A times the input energy per unit weight for the
prototype wheel. Similarly it will be shown that the
interfacial energy for the model wheel is A times that
of the prototype. If the energy balance equation is
considered, the;Kz scaling seems to offer a partial solu~
tion to the scaling of rigid wheels on cohesive soils.

The deformation energy component however does not follow

a specific scaling pattern at low slips and as a result

the drawbar pull/weight ratio deviates at low slips. The
reasons fer the additional deformation energy or "resistance"
at low slips for the model wheel is seen to be due to a rad-
ically altered strain rate field. This will be discussed

in detail in Chapter 5..
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CHAPTER 3

VISIOPLASTICITY AND LAWS OF FRICTION

In this chapter, a review of the visioplasticity
method will be given together with a brief discussion of
the soil~vehicle interfacial relationships. The governing

equations arrived at will be used in the analysis of results
shown in Chapter IV.

VISIOPLASTICITY

| For a metal forming process such as extrusion a
grid spacing as small as 1/10 inch can be scribed on the
meridian plane. If a clay box with glass or lucite is
used to study the behaviour below a grouser, 2 grid spac-
ing of 1/2 inch can be used. If the photographic technigue
is used an original picture of the grid is taken. At
successive deformation stages, additional pictures are
taken or a continuous record can be obtained with a cine
camera. These pictures can then be projected onto a sheet
of tracing paper with enlargements geveral times the
original grid size. Using reference markers, the displace-
 ments of the node points on the grid can be obtained. From
these displacements and distortioms, the flow paths can
be obtained for the deformation process. The cine-radio-

graphic technique with the marker matrix provides similar
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information when special data reduction techniques are
used.

Velocity computations can then be made either
in material or spatial x - y coordinate systems. This is
dictated by the type of analysis to be made. Having
established the x and y velocity components i.e. u and v
respectively, it is then possible to make plots of the
following relations:-

U versus X; V Versus X; U vVersus y; V versus y.

Strain Rate Analysis

The rate of plastic deformation of a particle
can be expressed in terms of the normal and shear strain-
rate components. These strain-rate components can be

written as:-

. . : o)

ex = % ) e}“"% )y €z= ‘a"vzy' .

, _9V..9u ., , _ow,9oV  __=9U, Iw 3-1
¥xy= X Yy’ 5yz—ay+az ’ XZX“‘az*'ax

where u, v, and w are velocities in the x, y and
z direction respectively.
The second iniariant, 12, of the strain rate tensor can
be expressed asi-
e 2 .2 ) .2 g2
2

Most definitions of strains and strain rates

32

apply only when there are infinitesimal displacements. The

deformation in metal forming processes or soft soil deform-
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ation beneath a wheel falls under the heading of unrestrict-
ed plastic flow. Prager and Hodge (1951) have shown for a
material in which the choice of reference state is arbit-
rary, (for example, rigid, perfectly plastic or visco-'
plastic materiels in contradistinction to an elastic or
elastic plastic solid in which there is one stress free
state,) that the instantaneous reference sta?e can be used

and that the rate of strain can be obtained with respect to

the deformed medium. For the elastic or elastic plastic
material, the rate of strain must be defined with respect
to the undeformed stress free state. These two definitions
of strain rates lead to different results only in the case
of finite deformations. Several definitions of finite

strain have been advanced, Love (1946) gives the following

relationship:~

A 2 2 2
=8ux 1| (Ouw) , (Quy) (Y
Tkt 2[<ax) +(ax *\ox

¢+ s . o . . . . . . - -

_AUy , DUy, AUx Juy , AUy OU, . OU; AUy
§xy 5x T3y ¥3x ay T 3x 5y 5% oy

3=3

where Uy uy, u, are displacements.
The components of rate of straining with respect to the
undeformed medium are obtained by differentiating Equation
(3-3) with respect to time. The resulting equations
although linear in velocity components referred to natural

coordinates, contain the derivatives of the displacement

with respect to these natural coordinates as coefficients.
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However the rate of straining defined with respect to the
deformed medium (spatial coordinates) is linear in the

derivatives of the velocity components computed with respect

to the spatial coordinates.

Stress Analysis

The state of stress at a point P in a continuous
medium can be defined by the six stress components Oy o'y,
o‘z,’tyz,’t zx’txy’ See Figure 3-1. The normal stress can
be decomposed into a spherical part corresponding to the
mean normal stress, s = 1/3 (04 +Gy + cz) and a deviatoric

part. Y

dy > [z

z

Figure 31: General State of Stress ata Point

Thé stress deviations can then be written as:-

14

Ox =Cx-s
/

Oy =Oy-s 3=4
/

Oz =Cg-s

The second invariant, dJ,, of the stress deviation can be

expressed as:i-
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) 3-=5
Instead of the second invariant of the strain

2 42 2 2 2 2
@ L o B o) Tz T Ty

rate and stress deviation the following relation can be
used:-

i) The effective stress and effective strain rates
which are the stress and strain intensities due
to Hencky (1924) cen be written as:-
Effective Stress: O = f?j;
Effective Strain Rate: € j___;

ii) The octahedral shear stress and strain rates due

3-6

to Nadai (1950) can be written asi-

Octehedral Stress :Togr= /%%.Jé

7 3-7
Octahedral Strain Rate:¥poct® [B IZ
3

Basic Plasticity Equations

The equations below must be examined when a
solutlon for any problem in plastic flow is sought.

The continuity equation for the plane strain

case can be written as:-

Se + Seu aev _
ox ay =0 3-8

Tn Equation (3-4), the density of the naterial

at various deformation stages must be examined. The volume
change characteristics of soils covers the whole spectrum
from dilation (volume increase) in dense sands %o small

volume decrease in clay soils. The researcher in soil

mechanics is therefore faced with a material whose "material"
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properties can change under varying loading conditions.
The equations of motion of a plastic mass

(momentmm equations) can be written as:-

Ox z eudu evdu . edY  _ X
ax + TN T 5y et ss
30 a‘xy eudv Levdv 5 esy =Y
5 & T & oy ot

The loading of soils by the passage of a wheel is a
transient phenomenon which falls between static and dyn-
amic loading. In Equation (3-9) the acceleration or in-
ertial terms must be examined. The third‘and fourth terms
on the right hand side are the convective acceleration
terms while the fifth term is the local acceleration. The
body forces X and Y represent the matrix and gravitational
potentigl. The changes in the matrix potential resulting
from possible density changes during shearing and total
effect of matrix potential on soil strength must be speci-
fied.

Heving satisfied the above relationships, a
sultable comstitutive equation which links the stresses
to the strain-rates must be selected.

The behaviour of soils in the deviatoric plane
and the provision of constitutive equations for the behav-
jour of soils under static loading conditions in cylindri-
cal and triaxial tests have been the object of intense study
in the soil mechanics field. The classical Mohr-Coulomb

failure criterion has found almost universal acceptance,
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although the von-Mises, Tresca and Extended Mohr-Coulomb
yield theories have been critically examined. (For a 1lit-
erature review see Yong and Warkentin (1966) and Yong and
McKyes (1966). Japp (1967) has also investigated the
strain rate effects of soil under dynamic compression.)
These studies have provided valuable insight into the
behaviour of soils under controlled loading conditioms.
Nevertheless many problems such as volume change effects,
directions of principal stress and strain rate increment
vectors, work hardening, strain rate and quasi-viscous
effects have only been partly answered.

The suitability of these equat;ons for use in
soil-vehicle mechanics studies must be examined and if
necessary, suitable constitutive equations for beneath

wheel soil behaviour must be developed.

A VISIOPLASTIC SOLUTION

For a plane strain plastic flow problem with the
following conditions satisfied:-
i) Steady state process
ii) Negligible inertial and body forces
iii) Incompressible flow
iv) Elastic strains small compared to the plastic
strains

The continuity relation reduces to:-

€ +€y=0 3-10
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and the momentum equations reduce to:-

SGX at)(y _
5% + 5y —-_O 3=11a

9oy _Ixy _ o
- * 5% 3-11b

The Levy-Mises relationship can then be used as
1ink between the strain-rate and stress. These can be

written as:-

. /
€y = [%_ Ox 3-12a
€y =/12 o 3-12b
K
Ky = 2!_1-_2_ Txy 3-12¢
K
2

where k© = J2 = Second stress Invariant

(von-Mises criterion)

W
il

Yield stress in shear or 1/3 yield
stress in tension or compression.

To determine the stress from strain rates for
extrusion of lead, Thomsen and Lapsley (1954) used the
effective strain-rates and effective stress Equation (3-12)
instead of the second invariant of the stress and strain-
rate tensor. -

If é'y is subtracted fromé x* the following

equation results:-

éx—Ly =T G-x"C@ 5=13
K A
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Solving forO‘ gives:i-

Ox =9y +— (Ex €y) 3-14

Differentiating Equation (3-12) with respect to y, gives:-

%—a_l k © £y e),
3y yﬁ‘gy( 4

The term _aai;z in BEquation (3-15) can be obtained by the use

3-15

of Equation (3-11b) and by differentiating Equation (3-12c).
The resulting equation is:-

30 ¥,

- = = X -16

oy ___X 2 J=28X( y) >
Substituting Equation (3-16) into Equation (3-15) gives:-

30y _ 3 (Ex€y) — _____(b'x) 3-17

2oX = y '

3y ‘/“‘12 3y 2 /1, o

The right hand side of Equation (3-17) can then be evaluat-
ed for any point in the flow field where the strain-rates

have been determined and for which k is krown.

Rate of Doing Plagtic Work

The rate at which stresses do work in connection
with the change in shape, W, can be computed when the
stresses and rate of strain are known. The quantity can
be expressed as:ie ) )

it = OxEx+ éyéy +0,€, +Tyz Syz+Tox¥zx+Trylys.18
If the soil is compressible, the total rate of doing work
on the soil must include the work done as volume changes

are accomodated. The total work (Deformation Energy) can
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then be expressed as:-

Deformation _}ﬁPlastic + Work done by
Energy ~J Work Rate producing 3-~-19
volume change

Application

For a material which follows the von-Mises
criterion, the rate of doing work under plane strain con-

ditions can be expressed as:-

. ! > ! \
W= Ox€Ex +°y€y+txyxxy 3=-20
Using Equation (3=12, Equation (3-20) becomes:-
. ' 2
W= ze[%—2+ °'yﬁ_’§_ +'ny2~/—2£ : 3=21a
, 2
= \/_172 (031-0’31» 2Txy ) 3-21b
k
- /12 2], 3-21c
k .

Since k° = J,y Equation (3-21¢) becomes:-—

W = 2k V1, | 3-22

Equation (3-22) shows that it is possible to calculate
the rate of doing plastic work without first determining
the stresses. If the material is strain-rate dependent,
the plastic work can also be obtained without calculating
the stresses as long as the rate dependence of the yiéld .
stress is available.

It has generally been accepted by workers in
sheet rolling theory that when slippage occurs, the exter-

nal frictional stress at the interface and its relationship
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with the shear stress of the material must be examined., A
deformation theory is incomplete unless interfacial be-

haviour is included.

INTERFACIAL STRESSES

The interfacial energy, X, is a measure of the
work done by the frictional stresses at the wheel soil

interface, and energy can be expressed asi-

X = :E Frictional x Elemental - Elemental
Stress Area Slip 3-23
Total Area Velocity

of Contact
To define the external frictional stress at the

wheel soil interface, the laws of friction must be examined.

Laws of Friction
i) Assume that a constitutive equation of the form
'ts(p,I) can be postulated for the yield point in shear
of the soil at the wheel soil interface. I is the strain-
rate invariant and p is the pressure. The frictional stress,
T, can then be defined in the following manner:-

1Tl T, (p,1) 3-24
This follows because the shear stress of a point in the
thin surface layer of soil (or in a layer parallel and
close to the surface) is less than on the slipping surface
at this point. The equality holds if the surface of contact

is a slip surface, that is, the maximun value of the
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frictional stress is given by the relation:-

[Tl=T4(p,1) 3-25
Prandtl (1951) has shown for an ideal plastic material
moving between rough platens that the flow boundary is
a slip plane and that on this slip plane the shearing
stresses reach the value Ts = k, 1.e., the shear stress
of the material. It is essential however that the normal

pressure p on the surface be greater than a certain value

Pge This condition is satisfied when contact pressure is
a few times larger than the yield stress of the material.
ii) One of the basic mechanisms of dry surface friction
is the plastic deformation of a thin layer. In metals,
it is customary to talk about projections on the surface.
These projections act independently at small pressure
and the effective cross sectional area is the sum of
these projections. Since the effective area in shear which
determines the capacity of these projections for a shear-
ing stress is directly proportional to the area of the
projections, the frictional stress will be directly
proportional to the pressure p. This relation is usually
expressed as Coulomb's law and 2an be written as:i-

| Ti=pp 326
where M= coefficient of friction.
The frictional stress can have the values given in Equation
(3-25) and (3-26) only at points of contact of the surface

where there is relative velocity, that is the rim velocity
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(rw) must be different from the goil velocity (carriage
velocity'plus instantaneous soil velocity). Points on the
contact surface where VS = o are zones of adhesion and in
thesebzones static friction applies. These zones of ad-
hesion can be locked upon as changes in the sign of T.
Equations (3-25) and (3-26) are the approximate laws of

gurface friction which can be used in deformation theory.
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CHAPTER 4

DEFORMATION AND INTERFACIAL ENERGIES

In this chapter the visioplasticity method as
applied to the soil-vehicle problem (Chapter 3) will be
used to calculate the deformation energy. This will en-
tail the following:-

1) Determination of flow paths from observed
experimental data and velocity computations.

2) Determination of velocity contours and calcula-
tion of strain rate invariants.

3) Application of basic plasticity equations and .
selection of a yield equation.

Special tests to define the interfacial friction-
al stress and use of these stresses to define the inter-
facial energy will be described.

The intent here is to provide a means for ob-
taining quantitative information from soil deformation
results (under the moving wheel). With this information
(e.g. deformation energy, interfacial energy loss, etc.)
it will be possible ideally to predict drawbar pull for
any slip condition if torque energy is known. The app-
lication of this technique or correlation between pre-—

dicted and measured deformation will be found in Chapter 5.
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COMPUTATION OF DEFORMATION ENERGY USING VISIOPLASTICITY

Flow Paths

Figure 4-1 shows the soil flow pattern below the
wheel for a typical test (Test 37). These flow patterns
are obtained in the following manner.

In program LINDA, described in Appendix III, the
X and Y co-ordinates are expressed with respect to the
optical centre of the pulser. It is known that the centre
line of the wheel is 6.1 inches ahead, exactly over, and
6.1 inches behind the optical centre of the pulser. The
wheel can then be considered to be fixed in space, and
the tracer object position plotted with respect to the

‘x—'ly

fixed wheel.

Wheel
5 O
> & BTG
Py Qg PR o)

Figure 4-2:- Velocity Computation

Calculation of Velocities (With reference to Figure 4-2)

1) At instant t = %, tracer object P has spatial
co-ordinates P, (x1,y1) and tracer object Q
has co-ordinates Q, (xz,yz).

2) At instant t = t2, tracer object P has co~ordinates




3)

4)

5) Distance tracer object has moved, due to an

6)

7)

50

P, (x3,y3) and tracer object Q has co-ordinates
Q (x97,).

Tracer object P has moved (x3-x1) while tracer
object Q has moved (x4-x2) in X direction.
Object P and Q both have an initial velocity
VC. This distanceaS travelled due to the
initial velocity can be expressed as:-

asS = (tz-t1)vc 41

additional instantaneous velocity caused by flow

around the wheel, can be expressed as:i-
For P: Distance = (x3-x1) -4S 4=2
Q: Distance = (x4-x2) -48 4-3

The difference of the two terms shown above in
Equation (4-2) and (4-3) represent the difference
in deformation urndergone by the two tracer objects
P and Q due to instantaneous velocity. This

distance Ax can be expressed asi-

AX = (Xg=x,) =88 = (x,~x%,) =4S
37 472 4-4

AX

H

(x3-x1) - (x4-x2)

An object placed at the same level below the

wheel will show the same deformatioan history.
. X=X

At time t, + A%t = -%z—g object Q will occupy

position P,. The instantaneous X velocity can

therefore be expressed as:-
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) (x3-x1) - (x4-x2)

Au X 4=5

This instantaneous velocity is assumed to act
midway between P2 and Q3. Therefore X velocity u
can be expressed as:-
u = Horizontal Velocity =au + V, 4=6
8) Similarly:--

(YB-Y»]) - y4_"y2)

V =AV = =T 47

For ease in computation in program JANE, the material co-

ordinate (0,0) was assigned to the initial object positions

as shown in Figure 4-3.

Wheel

e i —

M

PXQX " P O
(0,0)(0,0) (0,0)©,0)

Figure 4-3 = Velocity Computation

(P1,Q1) 'will coineide with P, ) and Qg o) and P, ,t, and
0 ) )
93’“3 can be expressed with respect to P(O,O) and Q(0,0)

Ax in Equation (4-4) can be expressed as:-
AX = P2 wrt P(O,O) - Q2 wrt Q(O,O)

4=8
Ay = By wry P(O,O) - Q, wrt Q(O,O)
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Iso=Velocity Lines

The instantaneous X and Y velocity components
were plotted relative to the wheel fixed in space. Points
of equal velocity were joined up as in Figures 4-4 and

4-5 to form velocity contours.

Plots of u and v versus X at constant Y

As shown in Figures 4-6 and 4-T7 smooth curves
can be drawn by linking the points at which the instantan-
eous X and Y velocities are known. From these plots, u
and v can be specified at 1/2 inch node points.

In obtaining the velocity contours and subsequent
plots of u and v, some interpolation is done, resulting in
some smoothing of the data., Smoothing of velocities is a
necessary feature of the visioplasticity method. The
extent of the smoothing necessary is directly related to

the grid size and time lag between incremental deformation

stages.

Density Check

Pron Figure 4-8 and using the principle of con-
servation of matter, we can write:-
€1A1V1 = €2A2V2 = 93A3V3 4~9
where @ = Density
A = Area
v

Velocity
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Figure 4-8:- Flow Tube

Equation (4-9) can be expressed as:-

A1V1 A.]V1
2 =lmy, =t & -Cmy 10

Q1, is given the value 1.00 and by dividing the original
area A1 contained by four neighbouring markers by the area
contained by the marker in subsequent deformation stages,

V5 V3 v
the quantities€2 v-1-, (?3 7-1-, 634 Vf;t’ and 95 were calculated.

This computation was done in the program JANE shown in
Appendix III. Table 4-1 shows the values of these quanti-
ties for markers enclosed by the two top rows of markers
for a typical test (See No. 40).

iecd2 T3V : :
The quantities 7-1-, 'V?’ T:L vary slightly from the first
quadriiatefal to the sixth, and also depend on slip cond-

itions. For Test 40 the following relationship can be

calculated from the velocity contours:-
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V2 V3 ;ﬁ V5

w v on v

.98 1.1 .99 1

The values of92,93 ,94 ,95 , calculated are
gtatistically very close to unity and therefore for the
clay soil used, incompressibility is a reasonable assump-

tion. The continuity equation for the plane strain case

with the condition @= constant is applicable.
TABLE 4-1
v v .
P’V% e V% ) 9=€% ex
.988 1.027 1.011 1.013
.988 .962 997 1.002
1,001 1.010 1.000 1.014
1.005 1.091 1.054 1.111
1.063 1,100 1.082 1.101
1.042 1.008 1.000 1.040

Check on Equation of Motion of a Plastic lass

In Equation (3-9) the local acceleration terms
?%;Eu andQ%% are equal to zero since for steady state flow,
the velocity at a point in space is unchanged with time

and % and%% which are the local acceleration terms must
. u u V. v
be zero. The terms(elg—x + @v%i) and(e\%i +Qv§—y-)
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‘HD represents the inertial terms due to convective acceleration.

An estimate of these terms can be made as follows:-

Value of @ = .000146 Lb,sec
in
Haximum Value of u = 7.5 in/sec
= 2,8 in/sec

0.5 in/in.sec
= .5 in/in.sec

= ,5 in/in.sec

o WYY W -

= .5 in/in.sec

These terms are very small compared to the principle and
shear stress increment and therefore the work done by
inertial.forces can be neglected.

The body force X and Y refer to the matrix and
gravitational potential. The gravitational force gradient
can be expressed as @ g. Using the quoted value of @ this
force will be very small. The changes which occur in the
natrix potential X and the total effect on matrix potential
has not been completely elucidated. However the matrix
potential of the almost saturated soil is small and the
short loading time of a few seconds precludes the extrusion
of pore air or water and the consequent changes in matrix

potential in the greater portion of the deforming medium.
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Selection of a Constitutive Equation

The characteristics and prbperties of the com-
pacted clay are described in Appendix IT.

The compacted soil is frictionless and the short
loading cycle for a test precludes the extrusion of pore
water and the consequent build-up of frictional resistance.

A typical stress strain curve for the compacted

clay is shown in Pigure 4-9.

Yield Stress of Compacted
Clay in Compression

STRESS

STRAIN

Figure 49 -Typical Stress-Strain Curve

There is an elastic or more correctly a piecewise linear
behaviour at small strains after which the material flows
at a fairly uniform yield stress. Tests at low strain
rates d4id not produce any significant change in yield
behaviour. Strain rates for the soil 1/8 inch below
interface to the bottom of the deformed zone did not
exceed 100% per second.

The behaviour of kaolin in drained tests or

undrained tests with pore~water pressure measurenent is
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under examination by McKyes (1969). If the yield of soil
is considered to be plecewise linear, the yield loci at
small strains before substantial water build-up or pore
water extrusion define concentric circles (See Figure
4-10) following the von-~-Mises criteridn. However as

failure strain is reached, the yield locus approaches the

Mohr-Coulomb criterion.

- OﬁJy

AN

Mohr - Coulomb
(fallure locus) Ox

} von MisesCircles

Figurée 4-10 i-Yield Loci I Deviatoric Plane
The above suggests that the Mohr-Coulomb theory begins to
define shear strength»chaiacteristics at large strains
when pore-water pressure has dissipated in drained tests
or in undrained tests when allowance is made for pore-
water pressure.  In draihed tests the extrusion of pore-
water allows the soil to develop frictional or quasi-
viscous resistance.

As mentioned before the short loading cycle
prevents any substantial pore-water pressure dissipation.
At low strains the soil can be congidered to be yielding

at a stress lower than the ultimate yield stress, however
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at a large enough strain the ultimate yield stress is
reached and because the soil cannot drain (i.e. pore-water
does not move sufficiently) this stress is maintained at
increasing strains. For the major part of the loading
cycle the strains are large enough so that the smaller
yield stresses at small strains can be neglected. The
compacted clay can then be considered to be a rigid,
perfectly~-plastic material under the loading conditions,

and a value of k = 0.95 lbs./in.szill be used.

Effect of Stress Reversals on Yield Stress

Figure 411 Low Shp -Soil Velocity Changes

A%t low slips, there is a large upward movement
of soil ahead of the wheel: However for the clay soil
tested the flow pattern is still continuous. This is a
major difference between the surficial behaviour of a
cohesive soil and a sand for example. For & wheel on

sand if the bow wave is large there will be discontinuities.
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O Consider the wheel fixed in space and the soil
moving with an initial velocity Vx equal to the carriage
velocity and V& equal to zero (Figure 4-11). At low slip,
Vx decreases in the bow wave, while V_ has some finite

y
value upwards; as we get nearer the wheel the soil velocity
increases from a vélue lower than VX o a value equal to
VX at the exit while Vy also changes sign.

In the so0il mechanics field, the effect of stress
reversals on yield strength has been limited to loading and
unloading cycles. The effect of going from compression.to
extension in one quick cycle hés not received any attention
because of difficulties involved in testing. This factor
must be considered in the ~"determination of ‘a‘con-

gtitutive equation for soil behaviour beneath wheels.

Calculation of Strain Rate Invariants

The X and Y velocities at each 1/2 inch node
point are known. Using Figure 4-12 the square root of the
strain rate invariant can be calculated as follows:-

@(L,K):SQRT[@ Dot X (L,K)}z-iz-(E DOT Y (L,K)}%

4-11
N {eanmA DOT XY (L,Kﬁz]
T
where E DOT X (IL,K) = u (L,K~1)=-u(L,K+1)
E DOT Y (L,K) = v (I-1,K)=v(I+1,K)

GAINA DOT XY (L,K) = {v(B,E~1)=v(T,K+1)J +
 {u@-1,8)-u(141,8)




- | .
WHEEL |
K:1 2 3 4 —~N

L=1
y, |
3
4
w and v specified for gath
+" node point
Y/
N
k DEFCRMED ZONE

FIG. 4-12, DETERMINATION OF STRAIN RATE INVAR 1ANTS
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FIGURE 4-12b, DETERMINATION OF DEFORMATION ENERGY
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The INVTS subroutine shown in Appendix III is used to

calculate the strain rate invariants at 1/2 inch node

e X

Calculation of Deformation Energy

The total deformation energy can be expressed
asi-

Volunme
Deformed

[N

412

Considering a small section (see Figure 4-12b), the de-

formation energy can be expressed as:-

L -
D = 2k Ig x5x% 4-13
Per
Inch
Width
and the total deformation energy as:-
i
D=2k > Z:IS x 3+ x 3 4-14
Per Y X
Inch
Width

The first sumwation sign implies summation from the soil
surface to the bottom of the deformed zone. The second
summation sign implies summation from beginning of de-
formation to end of deformation in X direction. The
calculation of 2= I% x Depth x Length in X direction in
the region above L = 1 is done manually because of the odd
shaped area involved. The instantaneous velocities close

to the beginning and the end of the deformation process
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are very small and somewhat erratic. ?he gtrain rate
invariants are extrapolated from the region where the
instantaneous velocity will give consistent strain rate
values back to zero at the beginning or end of the
deformation region.

Typical curves showing D per inch width with
depth are shown in Figures 4-13, 4-14 and 4-15.

DETERMINATION OF FRICTIONAL STRESS

AND
COMPUTATION OF INTERFACIAL ENERGY

Frictional Stress

As shown in Chapter 1, if the soil-wheel inter-

face is a slip surface the following must be defined:~

1) The strain rate invariants at the wheel soil
interface.

2) A constitutive equation which links up this

strain rate equation to shear stress so that

the frictional stress can be defined.

In the experimental technique velocities were
obtained for the soil 1/8 inch -~ 1/4 inch below the wheel
soil interface. Strain rate invariants cannot be calculated
from the rim velocity (rw) and the soil velocities 1/8 inch
- 1/4 inch below the surface since velocity discontinuities

can occur in the tangential direction across a slip surface.
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For non-hardening rigid-plastic bodies, these can be very
large and correspond to a small region where the shear
strain is very large. Tor work hardening materials, the
degree of transition depends on the rate of work (strain)
hardening of the material under consideration.

The strain-rate behaviour of the compacted clay
so0il was investigated using the dynamic tester of Japp
(1967). Pigure 4-16 shows that the compacted clay follows
a linear stress-log strain rate pattern above 100% per sec.

An attempt was made to simulate the conditions
wunder a slipping wheel by moving an aluminum plate on a
compacted soil surface at various speeds. This was ach-
ieved by using a high speed horizontal tester, see
Sylvester-Williams (1969). Figure 4-17 shows a schematic
of the experimental set up. The horizontal force necessary
to move the plate over the clay surface was measured by a
force transducer. The plate velocity was measured either
by a velocity transducer or a displacement transducer with
a known time base. The slip velocity was computed from
the plate velocity and the soil velocity.1/8 inch below
the plate. The soil velocity was obtained from a 1/2
inch square grid placed on the sides of the clay box. As
part of this study an attempt was also made to evaluate
the strain rate field at the interface. TFhotographs
were taken at the various stages of deformation, however

it was not possible to obtain accurate results for the very
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thin layer under study.

In the absence of a suitable stress~strain rate
law for the material at the interface, it was decided that
a stress-slip velocity relationship could be used to define
the frictional stress. The force measurements which gave
the value of the frictional force at various slip velocities
showed an increase in frictional stress with an increase
in slip velocity. This implies a strain rate dependence
of yield stress since the frictional stress is equal to the
yield stress of the soil under the conditions of the test.

Pigure 4-18 shows a plot of frictional stress
versus 8lip velocity.

Por the case where Equation (3-26) applies the

classical Coulomb equation can be used. A value of 0.3

was obtained for A.

Computation of Interfacial Energy

One of the major advantages of the visio-
plasticity method is the exact specification of soil
velocities. Since rigid wheels are used there is no
ambiguity in the definition of radius of the wheel, it
is therefore possible to define the slip velocity exactly
on each elemental area by the following relation:-

Slip Velocity, V_ = rw=- (Carriage Velocity &

8
Instantaneous Soil Velocity)

The frictional stress corresponding to the slip velocity
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was defined along each segment of the interface. The

frictional stress multiplied by the slip velocity was
then summed up over the entire area of contact to get
the Interfacial Energy X.

Pigure 4-19 shows the interfacial energy for
a typical test series.

Since the average soil velocity at the inter-
face changes with slip, the zero slip condition exists
for different values of rasr. In the range -10% to +10%
normal slip,the true siip of the wheel is close to zero.
With increasing slip, the soll velocity close to the
interface is greater than Vc’ the true slip velocity Vs
which is (rwr-V) is smaller than the normal slip velocity.
The interfacial energy therefore does not increase
significantly up to 30% normal slip.

A few simplifications can be invoked for the

calculation of Interfacial Energy, these are described in

Appendix IV,
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QIb CHAPTER 5

ENERGY BALANCE

The energy quantities computed on the basis of
observed soil-vehicle performance (Chapter 2) will now be
used to provide the basis for prediction of performance
of the mechanical system. In general, drawbar pull will
be used as this provides the most meaningful mechanical
parameters.

In this chapter, therefore, the computed values
of Deformation Energy (See Chapter 4) for representative
tests will be substituted into the energy balanceé equation
(BEquation 5-1) to determine the validity of the general
energy balance equation. This is done by comparing the

predicted and measured drawbar pull values.

PREDICTION OF PULL

The energy balance equation can be written as:-

M= BV, + D + X 51
The units of terms above are in.lb/second. These quan~
tities were evaluated per inch width of wheel. If
Equation (5-1) is divided by V, (the carriage velocity)
the terms will have units of in. 1lb. per inch of travel

and can be expressed as:i-

_ Mw X -
F-vc-gc-vc 5=2




TABLE 5-1
ENERGY BALANCE — PREDICTION OF PULL ENERGY
Per Inch Width of Wheel
Test Carriage |Angular |Normal | Torque| Torque Defor- | Inter- ~ Pull Energy
Velocity |Velocity| Slip Energy | mation | facial | Pre- Meas-
Rate Energy | Energy |dicted ured
in./sec |rad./sec % in.1b. |in.1b/inlin.1b/in|in,1b/in|in.1b/in|in.1b/in
[16-1123.5| s5.68 | 1.257 1.73 | 47.68| 4.31 | 15.2 0.0 [ =10.89 | =10.47
18-1123.5 5.78 1.885 32.31 76.78 10.09 6.7 1.85 1.54 1.20
21-112%.5 5.63 2.953 57.94 | 106.07| 22.41 6.9 11.50 4,01 3.75
32-P51 5.73 1.257 32.14 | 173.86 10.20 6.6 1.85 1.75 1.54
28-P51 5.78 3.833 77.82 | 238.47 | 42.47 6.2 30.10 6.17 5.90
\
LEGEND
Test
16=li2%.5 = Test Number 16, Model Wheel, 23.5 lbs.

8L
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The deformation energy calculated by the use of
the visio-plasticity method, was substituted into Equation
(5~2) along with the calculated interfacial energy and the
pulls were evaluated. These quantities are shown in Table
5-1.

As can be seen in the Table 5-1, the calculated
pulls compare reasonably with the measured pulls, and
therefore the validity of the energy balance and the terms
contained in it was established.

This fepresents the first study in which a semi-
analytical solution for the soil-vehicle interaction
problem has been formulated. The visioplasticity method
for the computation of deformation energy uses basic
plasticity relations and experimentally obtained velocity
fields., These velocity fields are obtained by measurement
of the vertical and horizontal soil deformation and they
reflect the exact soil behaviour beneath a moving wheel.
The biggest problem in soil=-vehicle mechanics research
has been the inability to properly assess the empirical
methods of solution which have been proposed. In these
analyses several simplifications have been made, and
therefore the true nature of soil-vehicle interaction has
not been properly incorporated. The visioplasticity method
is a very useful tool and should go a long way towards |

providing useful relations.
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ANALYSIS OF OTHER TESTS

For the remaining tests, the measured pull
energy and calculated interfacial energy could be sub-
stituted into Equation (5-3) shown below to obtain the

deformation energy per inch travel.

Mew F X
3 b7 -
(¢] VC VC

The results are shown in Table 5-2.

The deformation energy obtained (see Figure 5-4)
confirmed the general pattern which had been established
from the calculation of deformation energy using the
visioplasticity method. Plots of the components of the
energy balance equation are shown in Figures 5-1, 5-2 and

5-30

DEFORMATION ENERGY

The deformation energy versus normal slip for
the model wheel with 23.5 1b. and prototype wheel with
A scaling (51 1b.) and A2 scaling (79 1b.) are shown
in Pigure 5-4. An examination of Figure 5-~4 shows that
the deformation energy for the 23.5 1b. model is only
slightly greater than that of the 51 1lb. prototype wheel
over 30% normal slip; whereas below 30% slip there is a
slight increase in deformation energy for the prototype
and a substantial increase in deformation energy for the

model wheel. The sinkage to original surface is the same
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O TABLE 5-2

ENERGY BALANCE - EVALUATION. OF DEFORMATION ENERGY

Energy Per Inch Width

Test Carr. Ang., Normal Torgue Torque Pull Inter- Defor-
No. Veloc. Veloc. Slip (Input) facial mation
in./sec rad./sec % in.lbs. in.lbs/in.

Model Wheel 23.5 1bs.
15 5.54 2.387 48.39 97.13 16.68 3.35 6.50 6.83
17 5.63 1.445 13.18 74.00 7.57 - 5.18 0.25 12.50
19 5.45 1.508 18.45 67.10 T.41 - 3.59 0.85 10.15
20 5.59 2.953 57.52 102.99 21.54 3.86 10.60 7.08
22 5.73 1.131 =12.71 9.76 .80 -14.30 0.10 15.20
23 5.82 2.575 49.86 102.04 18.06 2.87 7.00 8.10
24 5.82  2.199 41.42 88.00 13.33 - 2.87 4.00 6.48
25 5.87 4.775 T72.81 99.65 32.58 3.83% 22.80 5.95

Prototype Wheel 51 lbs.

30 5.78 1.696 50.18 214.61 17.02 4.07 6.70 6.25

33 5.59 941 14.52 146.04 6.40 = 1.73 .30  T7.93
54 5.73 1.005 17.50 153.99 7.18 - 1.16 .70 T.64

57 5.78 2.51%3  66.30 233.99 27.42 5.46 15.80 6.16
39 5.63 1.068 21.91 157.47 7.97 - 0.72 1.20 7.49
43 5.82 1.256 31.02 172.37 9.88 1.32 1.70 6.86
48 8.83 1.958 31.94 188,10 11.10 0.91 3.10 7.09
49 7.28 1.508 29.72 179.83 9.92 0.37 1.70 6.85
50 4.88 1.151 25,95 173.37 10.68 0.62 3.36 6.70
51 5.94 .817 29.43 170.39 9.42 0.68 1.70 7.05




Table 5-2 Cont'd.

Test Carr. Ang. Normal Torque
o Xgl%ec i:é?;éec %mp in.1bs.
Prototype Wheel 34 1lbs.
28 5.63 2,236 60;37 198.70
44 5.82 1.257 29.89 148.02
Prototype Wheel 68 1bs.
31 5.78 2,073 58.57 229.02
42 5.78 1.257 32,67 189.27
45 5.78 1.382 36.70 201.69
Prototype Wheel 79 1bs.
40 5.59 2.236 60.70 263.81
41 5.78 0.942 7.82 206.17
46 5.68 1.068 19.75 244.93

47 5.68 1.131 26.78 252.88
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Energy Per Inch Width

Torque Pull
(In

Inter~ Defor-

put) facial mation
in.1lbs/in.
19.78  4.65 10.40 4.73
8.3%5 .84 1.65 5.86
21.8% 4.46 10.87 6.50
11.11 1.48 2.00 T7.63
12.79 2.85 3%.08 6.86
26.55 4.22 14.70 8.40
8085 - 8.52 0016 17027
12.06 - 4.65 1.28 15.43%

1%.65 - 3.50

3,08 14.07
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for both wheels and is slip independent.

The following reasons can be advanced for this
behaviour. Above 30% slip the entry condition: of ‘the-
soil is slightly different due to the smaller wheel at
the same sinkage, but the strain rate field in the re-
mainder of the deformed zone is similar. Below 30% siip
the bow wave and the entry conditions are radically
different for the smaller wheel at the same sinkage.

The Az load scaling criterion has therefore
produced close to dynamic similarity for clay soil res-
ponse behaviour at high slips. Identical dynamic sinkage
was a primary condition, whereas the influence of wheel
radius seems to be secondary. At low slips, the deforma-
tion energy depends on the slip rate and yo/D ratio.
Scaling of wheels in the low slip range requires a closer
examination of strain rate fields.

In soil-vehicle studies changes in rolling
resistance are usually ascribed to changes in sinkage.

If the deformation energy per unit distance can be

equated to a fictitious resisting force, the above results
show clearly that for the same rolling sinkage, the
deformation energy can be quite different over the entire
slip range since the deformation energy is prescribed

by the strain rate field which reflects both the vertical

and horizontal displacements in the soil beneath the

wheel.
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Figure 5-5 shows the deformation energy for the
prototype wheel with loads of 34 1bs., 51 lbs., 68 1lbs.
and 79 1bs. The dimensional sinkage ration yo/D for the
four loads are 0.033, .048, 0.060 and 0.070 respectively.
The wheels with ioads of 34 lbs. and 51 1bs. show a small
increase in deformation energy with decreasing slip
because of the slightly changed entry conditions. The
79 1b. wheel shows a substantial increase of deformation
energy with decreasing slip which is caused by a large
variation in entry conditions.

In can therefore be concluded that yO/D of .050
defines the small sinkage domain for clay soils and below
this value the deformation energy will show only small

changes with slip.

Increased Deformation Energy with Decreasing Slip

Figures 5-6 and 5-7 show the X and Y velocities
ahead of the wheel centre line for the 79 1b. prototype
wheel at 60.7% normal slip (Test 40), and at 19.7% slip
(Test 46). The following features are evident:-

1) The X velocities for the test with lower normal
slip show a larger variation.

2) There is a greater upward movement of soil
ahead of the wheel (caused by increased upward

Y velocity). This is reflected in increased

sinkage to bow wave. The downward Y velocities
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are similar but not identical.
These features mentioned above show clearly why
the strain rate invariants and the resultant deformation

energy increases with decreasing slip..

Velocity Effects

A few tests were performed to try to evaluate
the effect of changing carriage velocities. The main
test series were run with constant carriage velocity (Vc
approximately 5.6 in. per sec.). For the 51 1lb. prototype
wheel, tests were performed with carri.ge velocities
between 3.9 in. per sec. and 8.9 in. per sec. Test
conditions were so .arranged that the normal slip rate was
close to 30% normal slip. Within this velocity range it

was observed that the energy quantities per unit distance

were similar.

DISCUSSION RELATING TO ENERGY QUANTITIES

In the energy balance equation (Equation (5-2)),
the energy terms have units of in.lb. per inch travelled.
The pull force is the only force whose line of action is
specified. The pull energy divided by the carriage
velocity VC gives the pull energy per inch of travel. It
is possible to equate this to a force F 1b which gives an

energy of F in.lb. when the wheel axle has travelled one



@
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inch.

The following statements can then be made:-

1) (Input Energy - Interfacial Energy) per unit

distance i.e. %y-_‘§_ can be equated to the
c c

thrust.

2) Although the line of action of the rolling re-
sistance is unknown, it is possible to equate

)

Vc 1b. to a "fictitious" rolling resistance

force which provides energy% in. 1b. per inch
of travel. °

3) %c 1b. can be compared with Bekkers R,, R, or

the sum of Rc and Rb'

(Input Energy - Interfacial Energy)

Equating the (Input Energy -~ Interfacial Energy)
per unit distance to the thrust is suggested because at
high slips; it bears more resemblance to what Bekker
considers to be Gross Tractive Effort. However it is
possible to think of the Input Energy as a measure of
the Gross thrust, and the sum of the Deformation and
Interfacial Energy per unit distance as the total resist-
ing force.

At small normal slips the interfacial energy
can be neglected and the thrust is equal to the input
energy per unit distance %9{ This can also be expressed

Mrar c

as ?VZ. For true zero slip rw mnust be equal to V (Vc
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plus Instantaneous Soil Velocity) which is not necessarily
Vc, that is, rgfcan have slightly different values at true
zero slip since V changes. However it can be assumed that
the input energy reduces to % . The quantity'% gives an
estimate of the average shearing force which produces

the torque. Schuring (1966) has suggested that % should
be used as the gross tractive effort. Wismer (1965) has
also used % as a measure of the thrust developed.

At high slips the difference of Input and

Interfacial Energy per unit distance can be expressed as:i-

Mo _H's 5o
Vc Tr Vc
M Vs
In Appendix IV it is shown that T gives a good estimate
c

of Interfacial Energy.

Equation (5-4) cen be written as:-

Mrow M (rw-vs)

EV; T 5=5
which reduces to:-
R

c

At high slips %— is greater than 1 and therefore
c

% underestimates the gross tractive effort since it does

not allow for instantaneous soil velocity.

Comparison of % %—'with Coulomb's Shearing Resistance, AC
c

At the towed point where the torque is zero,
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the thrust is also zero. This follows because the result-
ant shear force on the interface is zero. This is caused
by a change in sign of the shear stresses which become
negative over a portion of the area contact. The torque
M is defined by the following relation:-
9o
M= Je1 Trde 5=T
where T = Elemental Shear Stress
r = Radius
o4 = & Defines Area of Contact.
The torque is zero when the moment of the positive shear

stress is equal to the moment of the negative shear stress,

i.e. the resuliant.shear force (traction force) is zero.

Mohr-Coulomb's theory using the entire area of
contact will only apply if the slip velocity 1s sufficient-
1y high that positive shear stress exist over the entire
interface, then an average cohesion value determined from
a stress-displacement, stress strain rate or stress slip
velocity law can be used.

Figure 5-8 shows the three guantities discussed
above. The quantities were calculated for the entire
wheel width for the prototype 51 1lb. wheel. It shows
that around zero normal slip the Mohr-Coulomb theory
using (AC) will over estimate the thrust. The area of

contact was obtained from the third radiographic pulse.
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0 Deformation Energy and Rolling Resistance

It has been suggested that the term "rolling
resistance" has no meaning and should be replaced by
energy dissipated per unit distance travelled. It is
true that in considering the equilibrium of forces on a
wheel that the line of action of the rolling resistance
is not defined and Bekker has prescribed a "fictitious"

" 1ine of action for the force. His method suggested for
finding this rolling resistance force might be open to

some question, but his idea is still basically sound.

To examine statements 2) and 3) above, two
dimensional footing tests on the clay used in the experi=-
nent were performed and showed that a pressure-sinkage

equation of the form below could be used, namely:-

P = 5.432% 5~8
Uffelmann's simple plastic theory uses the following
equation:-

p = 5.7C 5-9

These two theories assume that the compaction
resistance can be equated to the work in deforming the
soil vertically and the dynamic sinkage is used as the

rut depth. This work can be expressed as:i-

=]
]

z
c J pressure x width x dz

° 510

= pbz

ﬁ% Using Equation (5—16) the average dynamic sinkage




98

Yor 2 test series was used to calculate the compaction
resistance. These dynamic sinkages were measured by the
L.V.D.T. and were verified from the radiographic infor-
mation obtained in the third pulse and by the use of
continuity relations.

These compaction resistances for the prototype
wheel (51 1b. and 79 1b.) using Uffelmann's and Bekker's
pressure equation were much less than the computed de-
formation energy per unit distance as can be seen in
Figure 5-9.

In Bekker's bulldozing resistance formula
(Equation (1-8)), for a purely cohesive soil %%%g;%ggi
is equal to 1, i.e. the angle of attack drops out of the
formula and Rb gives the resistance behind a plate b inches
wide and z inches deep (z is sinkage) which is pushed
horizontally. The formula then reduces to R

b
Using the dynamic sinkage Vo1 bulldozing resistance

= szNc.

equal to the compaction resistance will be obtained.
These values seem to be quite high, especially for the
high slip condition where the velocity field ahead of
the wheel shows that bulldozing is small.

Since the sinkage to bow wave y (obtained by
radiographic information) represents the true downward
soil deformation, these values were then used to calculate
compaction resistances. It is evident in Figure 5-9

that these values are somewhat closer to the measured

S\\
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deformation energy.

Por the 51 1b. prototype wheel the bow wave is
small at high slips (.15 in.) and increases slightly with
decreasing slip. The difference between the computed
deformation energy apd the compaction resistance by both
methods stays relatively constant over the entire slip
range and the difference between the deformation energy
and the compaction resistances using ¥y can be attributed
to the small upward movement of the soil ahead of the
wheel.

For the 79 1b. prototype wheel, the compaction
resistances computed by both methods are close to the
deformation values at high slips. With decreasing slips,
the values using Bekker's pressure sinkage equations show
a larger increase than the values from the Uffelmann
method. This is expected since Uffelmann's simple plastic
theory covers the small sinkage domain, whereas the
Bekker's pressure sinkage equation was obtained for a
larger range of sinkages. However the calculated com-
paction resistances are still much lower than the com-
puted deformation'energy. This is evidence of increased
‘bulldozing resistance with decreasing slip.

The analysis above shows that equating the
rolling resistance to the work used in making a vertical
soil deformation is a good approximation when the true

vertical soil deformation is used and when the entry
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qﬂb conditions are such that the energy dissipated ahead of
the wheel is small. As pointed out by Bekker the splitting
of rolling resistance into compaction and bulldozing
resistance by empirical methods is a difficult exercise,
however the visioplasticity method seems to offer a means

of assessing existing formulas.




CHAPTER 6

SUMMARY AND CONCLUSIONS

SUMMA RY

A fundamental prerequisite for soil-vehicle
interaction analysis is the exact specification of res-
ponse behaviour of the soil under vehicular loading.

The behaviour of a clay soil beneath moving
rigid wheels was obtained through the use of a cine-
radiographic technique. This technique provides the
exact nature of the soil response to vehicular loading.

The information obtained highlighted the inaccuracies
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in assumptions invoked in existing empirical formulations

and provided a means of properly incorporating the be-
neath wheel component of soil-vehicle interaction into
a2 more rational overall theory which takes into account
the conventional surficial and above ground parameters.

The application of the visioplasticity method

to analyse the deformation behaviour represents the first

application of a semi--analytical method to the soil-

vehicle problem. In this analysis use was made of the

velocity fields obtained from the cine-~radiographic data,

and basic plasticity relations. It was then possible
to evaluate the work (Deformation Energy) dissipated in

deforming the soil vertically and horizontally.
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Considerations of the energy balance of the
system making use of the computed deformation energy and
the measured input parameters showed that reasonable
predictions of the usually accepted soil-vehicle criterion -

Drawbar Pull - were obtained.

CONCLUSIONS

Characterigtics of Flow of Clay Soil Beneath a Rigid Wheel

The observed behaviour of a clay soil beneath a
loaded spinning wheel represents a wheel-soil interaction
problem, therefore explanations and analyses must be
approached from this basic premise. The yield character-
istics of the soil, under the action of the wheel, pre-
scribes the soil behaviour. The following general
statements can then be made if the wheel is considered
to be fixed in space and'rotating, and the soil is moving.
(1) At high normal slips, there is a discontinuity
close to the wheel-soil interface where the soil work
hardens. The soil velocity, a small distance below the
interface at the bottom, dead centre of the wheel is
much smaller than the rim velocity, but larger than the
carriage velocity. The velocity decreases sharply at
shallow depths and then decreases gradually.

(2) At low normal slips the soil velocity is less
than the carriage velocity just below the interface. I%

increases with depth to some value above the carriage
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velocity and then decreases gradually with depth.

(3) The upward movement of the soil ahead of the
wheel increases with decreasing slip. At higher sinkages
the velocity conditions ahead of the wheel are radically
altered resulting in velocities much lower than the initial
soil velocity (carriage velocity).

(4) There is substantial recovery of soil at the

rear of the wheel.

Slip Sinkage

The two diménsional test on a cohesive soil
showed that dynamic or rolling sinkage was élip independ-
ent. The conditions under which slip sinkage occurs has
been the object of speculation in the vehicle mechanics
field. The following guide lines can be proposed:-

(1) Slip sinkage can be specified by the soil
velocity conditions existing at the bottom dead centre.
These velocity conditions are dependent on the yield
characteristics of the medium and . its interaction with
the powered wheel. For a cohesive soil which shows a
discontinuity at the wheel soil interface the velocities
a small distance below the interface although different
from the low slip condition do not become large. The
average_soil velocities under all slip conditions are
similar and there is no slip sinkage.

(2) On the other extreme,for a dry frictional
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material which does not work harden, there will be much
higher velocities over a greater portion of the deformed
region at high slip producing slip sinkage.

(3) For a material with both cohesive and frictional
properties the extent of the slip sinkage depends on the
yield characteristics of the material under the action of
the spinning wheel and will take on a value between co-

hesive and frictional behaviour.

Energy Balance

Maximum efficiency for the soil-wheel system
was attained around the self propelled point (ecirca 30%

normal slip). The efficiency then decreases with increas-

ing slip.

Deformation Energy

The deformation energy under varying conditions
reflects the changes in the strain rate fiélds computed
from the velocity values. For a cohesive material, the
deformation energy increases with decreasing slip. This
is caused by varying entry conditions of the soil with
decreasing slip. The entry conditions are radically
altered when a yo/D ratio of .050 is exceeded.

Az weight scaling produced equal sinkage and
dynamic similarity at high normal slips, resulting in

equal deformation energy. This can be quite useful in
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the extension of model behaviour to prototype behaviour.
At low slips velocity fields are dependent on yo/D ratio

and scaling is more difficult.

Torgue Energy

The magnitude of the torque, M, developed by
the wheel is prescribed by the shear stresses at the
interface. This shear stress is defined by the yield
characteristics of the material at the interface. The
measured torque can be obtained if the moment of the
elemental stresses multiplied by the radius of the wheel
are summed up over the area of contact obtained by the
radiographic technique. It is therefore possible to
define the‘torque if the expected yleld properties can
be specified.

%2 weight scaling produced AZ torque scaling
since equivalent sinkage was obtained and the rate de-
pendent shear stresses are equal at the same slip

velocity.

Interfacial Energy

Tor a cohesive material it has been demonstrated
that the external frictional stress at high normal slips
does not follow Coulomb's Law, when the normal pressure
exceeds a certain value. Under these conditions the

frictional stress is equal to the shear stress which is
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rate dependent. This points up the error in certain

dissipative coefficients which are weight dependent.

CLAIM TO ORIGINAL WORK

The use of the visioplasticity method to analyse
the beneath wheel component of a clay soil-rigid wheel
interaction represents the first semi-analytical method
that has been applied to the soil~vehicle interaction
problemn.

The validity of this theory was established by
considering the energy balance of the entire system. The
separation of the energy dissipated to the soil into
deformation energy and the interfacial energy was obtained
for the first time by considering the true interaction

between wheel and soil.

Implications and Utility of this Study in the General

Soil-Vehicle Field

.Although this study has been confined to the
study of clay behaviour under rigid wheels it is possible
to prescribe certain features which will cover a wide
range of material.

Explanations for the slip-sinkage phenomena
for materials other than cohesive soils have been given
before. The components of the energy balance have been

prescribed for clay soils, however estimates of the
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magnitude of these components for other soil-vehicle
systems can be anticipated from the expected soil-vehicle
interaction.

In clay soils, because of the discontinuity at
the interface, the deformation energy stays relatively
constant at high slips while the interfacial energy
increases rapidly. For a dry frictional materiél which
does not work harden there will be high velocities in a
greater portion of the deformed zone as mentioned before.
The soil velocities will actually approach the rim
velocity, and the true slip velocity will be quite low
in spite of high normal slips. As a consequence of this
a dry frictional méterial will show rapidly increasing
deformation energy at high normal slips with small inter-
facial energies. |

The behaviour of a material with frictional and

cohesive properties will fall somewhere in between.



109

CHAPTER 7

RECOMMENDATIONS FOR FURTHER STUDY

The visioplasticity analysis represents a sig-

nificant advance in the soil-vehicle interaction field.

It can therefore be used to investigate several aspects

of the soil-wheel problem. These include additional tests
on sands, clays, and soil with both cohesive and friction-
al properties, under varying input conditions and with
varying wheel sizes.

In this study it was observed that at high slips
dynamic similarity was achieved with Az scaling, however
for low slips a more detailed examination of velocity
fields ahead of the wheel is necessary to define the scal-
ing criterion. Particular attention should be focussed on
the behaviour when the dimensionless sinkage ratio yO/D
is greater than .050, the point at which Deformation
Energy increases rapidly with decreasing slip.

The capability of the existing pulser sets
certain limitations on the wheel width that can be accomo-
dated. A higher kilovoltage pulser and modifications to
the existing facility is necessary before the study can be
extended to the three dimensional case.

The developement of a constitutive equation

which defines the yiéld behaviour is necessary in all
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qu analyses. ©Special tests which simulate the action of a
slipping wheel to a greater degree than conventional

strength tests should be investigated.




111
qﬂb APPENDIX 1

SOIL-VEHICLE EXPERIMENTAL FACILITY

Test Facility

The facility has been described by Yong et al
(1965) and Yong et al (1967). Figure I-1 shows a schematic
of the soil-bin, the dynamometer carriage and the hydraulic
drive mechanism. The bin is 32 feet long by 4 feet deep.
The 6 foot width will allow future studies on model vehicles.

The dynamometer carriage which supports the wheel
carriage assembly, the wheel drive mechanism and an instru-
ment box is pulled along 2 rails located on either side of
the bin by endless double-link chains which are driven
hydraulically through two worm and wheel reducers. Carriage
velocities up to 35 inches per second can be achieved.
These velocities are measeured by a tachometer mounted on

the main drive shaft.

Wheel Carriage Assembly

The wheel carriage shown in Figure I-2 consists
of a frame attached to the dynamometer by two flexures.
For wheels of varying diameters the wheel carriage assem-
bly can be attached at various levels so that the flexure
frame remains level. Strain gauges mocunted on these flex-

ures and connected to a resistance bridge network provide
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a measure of the drawbar pull.

The test wheel is attached to an axle comnected
to the flexure frame by bearings. One end of the axle is
connected via a torque measuring device and a telescopic
drive shaft to & variable-speed constant torque, shunt
wound 1/2 horse power D. C. motor with a 29:4 reduction
ratio. A tachometer mounted on this motor gives the
angular velocity w of the wheel. The torque is measured
through a resistance bridge network of four strain gauges.
The other end of the axle is connected to a set of slip

rings which allow the connection of leads from the torque

strain gauges to the instrument box. Experiments have
shown that the torque necessary to overcome internal
resistance was very small (a few inch-ounces) and there-
fore an exact measure of the driving torque to the wheel

is obtained.

The sinkage of the wheel is obtained from a

linear voltage displacement transducer fastened to the

dynamometer carriage and resting on the flexure frame.

Accegsories

The power supply, switches and resistors for the
strain gauge and transducer circuits are incorporated into
the instrument box. Power leads to the D. C. motor and
the output leads from measuring devices are supported by

runners suspended from a guiding track on the ceiling.
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The D. C. motor leads are connected to a controlling
rheostat while the voltage outputs from the strain gauges,
transducers and tachometer are amplified and recorded on a
six channel ultra-violet light recorder. The conversion
of the signal voltages back to the measured quantities is
achieved by the "black box" technique. Calibration details

and electric circuitry are described at the end of this

appendix.

Flash X-Ray System

The flash x-ray train components were supplied
by Field Emission Corp., McMinnville, Oregon. A schematic
of the Cine-Radiographic system is shown in Figure I-3.

Mode of Operation

The high voltage power supply charges the pulser
rapidly to a prescribed charging voltage of 300 kv. The
pulser remains charged at this voltage until a trigger
signal from the limit switches arrives at the multipulse
trigger generator which, with the trigger amplifier,
commands the pulser to fire. The pulser fires and if the
multipulse trigger generator has been set for more than
one pulse, is recharged again to the charging voltage. A
spring loaded arm on the dynamometer carriage activates
the limit switches. The process is then repeated until

the predetermined number of pulses programmed on the
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trigger generator has been completed.

The flash x~-ray tubes use a cold cathode electron
gource resulting in high current densities and very large
information rates. A successive train of up to ten ex~
posures at a maximum réte of two pulses per second can be
produced by the system.

Specifications of the egsential features of the
McGill Unit are shown in Table I-1 below:-

TABLE I-1

Essential Specifications of ¥Flash X-Ray Unit

Model Number 730/233

Output Voltage (Kilovolts) 300

Output Current (Amps.) 1400

Output Impedance (Ohms) 215

Pulse Width (Microseconds) 0.1

Peck Power (Megawatts) 420

Source Size (mm.) 6.0

Dose Rate at Tube Face (r/sec) 1x 10°

Penetration of Aluminum (Inches) 6.0 (at 1 f£t. S.F.D.)

CALIBRATION PROCEDURES AND ELECTRIC CIRCUITRY

The wheel parameters are measured continuously

during a test by electric methods. The calibration pro-
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cedure for each circuit is given below. .
The equations of the calibration curves are, in

all cases, obtained using the least squares criterion for

the best estimate.

Drawbar Pull at Each Flexure

The wheel is placed on an aluminum plate so that
the wheel carriage is level. One flexure is disconnected
and the other is loaded symmetrically via a spring balance.
Deflections of the ultra-violet light recorder trace are
recorded against known loads imparted by the spring bal-
ance., The procedure is then repeated for the other flex-
ure. The calibration curves and the electric circuit

diagram are shown in Figure I-4.

Torque Applied to Wheel Axle

The wheel is placed on an aluminum plate so that
the wheel carriage is level. A certain torque is applied
by the D. C. drive motor and the wheel is loaded verti-
cally to a point where the wheel-plate friction prevents
rotation of the wheel. The deflections of the three
ultra-violet light recorder traces corresponding to the
torque and the two drawbar pull flexures are recorded. The
total drawbar pull is evaluated using the calibrations

obtained above and the torque calculated using the equation:-
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Torque = Frictional Force X Wheel Radius
= Total Drawbar Pull x Wheel Radius
The procedure is repeated for several values of
torque. It was necessary to repeat the calibration on
changing the wheel sizes as a different amplification was
required to accommodate the larger torques encountered
with the larger wheel. The calibration curves and the

electric circuit diagram are shown in Figure I-5.

Sinkage

A pair of vernier calipers is attached to the
linear motion transducer and ultra~violet light recorder
trace deflections are recorded against known transducer
extensions. The calibration curve and electric circuit

diagram are shown in Figure I-6.

Angular Velocity

The wheel drive motor rheostat is adjusted to
a constant setting to ensure uniform rotation of the wheel.
The angular velocity is computed from the time, (measured
on a stop-watch), required for the wheel to complete ten
revolutions and then compared with the corresponding ultra-
violet light recorder trace deflection. The procedure is
repeated for several rheostat settings. The calibration

curve and electric circuit diagram are shown in Figure

I"’7 e
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Carriage Velocity

The hydraulic flow control valves are adjusted to
a constant setting to ensure uniform motion of the carriage.
The carriage velocity is computed from the time (measured
on a stop—watch), required for the carriage to travel
twenty feet and then compared with the ultra-violet light
recorder trace deflection. The procedure is repeated for
several settings of the hydraulic flow control valves.
The calibration curve and electric circuit diagram are

shown in Figure I-T.




APPENDIX IT

EXPERIMENTATION

In this appendix certain preliminary consider-
ations and modifications to the existing facilites to
accomodate the testing of rigid wheels on clay soil are
discussed. The following are described:-

i) Construction of a moving cassette holder %o
obtain additional deformation history.
ii) Preparation, compaction and control techniques
uéed to enéure a uniform test bed.
jii) Selection of system parameters and testing

schedule.

RADIOGRAPHIC CONSIDERATIONS

X-rays are a form of electromagnetic radiation

having wavelengths in the region 10"'10 to 10_7 cn. The

two usual forms of x-ray generation are by thermionic

emission and by field emission.

Thermionic Emission

The emission of electrons across the boundary

125

surface that separates a heated electronic conduction from

an otherwise non-conducting space is known as thermionic
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emission.

Field Emission

The emission of electrons from the surface of a
conductor into a vacuum under the influence of a high

electric field is known as field emission.

ATTENUATION OF X-RADIATION

X-rays are absorbed or scattered in their passage
through matter. A complete description of the mechanisms
involved will not be given here; for detailed analysis see
MeMaster (1959) and Pano et al (1959). The predominant
interactions which can be summarized as follows are taken
from Mclaster (loc. cit.).

Photoelectric Effect:- A process in which a photon of

energy transfers its total energ& to an electron into the

shell of an atonmn.

Compton Incoherent Scattering:- A photon colliding with

an electron, instead of giving up all its energy, shares

a portion of it with the struck electron.

Rayleigh Process:~ Here the photon does not experience
an energy shift upon being scattered by an atom and the
process is said to be coherent. The electrons are set
into motion by absorption of the incident photon. They

i

then emit a photon of the same frequency as the incident

photon.
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Pair Production:- Very high energy photons are absorbed

in matter by a process in which a photon is converted
into the electrical field of a nucleus into an electron
and a positron.

Secondary Radiation Effects:- An electron, because of

its small mass, can experience a large deceleration in

1217

the electrical field of a nucleus, resulting in the emission

of radiation. This radiation or Bremsstrahlung is the

dominant influence in the energy loss of fast electrons.

NARROW BEAM ATTENUATION

A narrow beam of X-ray exhibits an exponential

absorption in its passage through matter. To calculate

the absorption of mono-energetic x-rays passing through a

given material, the following equation can be used -

Ip = I exp(—}é_ r)

where IT is the exit intensity
IO is the incident intensity

%% is the mass absorption coefficient
5 is the density of the body (1b/in?)
r is the thickmness
To calculate the mass absorption coefficientsé% for a
naterial, the values ofé?.for the elements contained in
that material can be combined by the following formula:-

A =2 By A
( € ) material N ( 9) N
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where(ébm.is mass absorption coefficient of
element 'N!

Ry is the ratio of the atomic weight of

element 'N' to the atomic weight of

the material

As an example of this consider the kaolinite used in this

study being radiographed with 300 kv. x-rays. Neglecting

traces of Fe203, TiOz, MgO, CaOl, K20 and Na20 shown in the

analysis the formula can be written as 2H20.A1203 810

The value of"é for kaolinite can be computed as follows:-
%':(%)H “'(é’)o 0"'( )Al Al’*'( )S:_ 51

From Table II-1

/g — .212x.0202 + .107x.5657 + .104x.2727 +
.108x1.414

Therefore?g for kaolinite is equal to .1085. Theég
values have been evaluated by Victoreen (1949). The
values used in the calculation pertain to the minimum
wavelength of 0.0413°A which depend only on the applied
voltage. The maximum wavelengths in the field emission
units is dictated by the wavelength filters covering the
x-ray tubes and an upper wavelength value of .20°4 has
been suggested. In this wavelength range however, the

variation of attenuation coefficients is small.
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TABLE II-1

Mass Absorptign Coefficient of Kaolinite

X-ray Source = 300 kv. Wave Length = .042°%4
Element Number Atomic Atomic R Mass

of Weight Weight Absorption R 'g

Atoms in Coefficient
Material

Hydrogen 4 1 4 .0202 .212 .0043
Oxygen 7 16 112 5657 107 .0605
Aluminum 2 27 54 2727 .004 .0284
Silicon 1 28 28 1414 .108 .0153

v
Atomic Wt. of Kaolinite = 198 1.000 (Q)Kanlinite = .1085

Consider the compacted clay mixture used in this
gtudy being irradiated with x-rays. The gravimetric mois-
ture content of 54% at 100 pounds per cubic foot wet den-
sity gives a volumetric moisture content of 56%. The
small quantities of air in the mixture can be incorporated
into the exponential absorption law but will be neglected.
The soil can be considered as being irradiated with x-rays
at S.P.D. of 16.5 inches (see Figure II-1) and the follow-

ing relationship can be established:-

IT=Idqu(air)r(air)fp(kaol)r(kaol)ﬁﬁ(HZO)r(HZO)
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where r(air) = 16.5 - Claey Thickness, X.

r(kaol.) = r(keolinite particles) = .44%.
r(HZO) = r(water) = ,56X.
\«——— 165+ X ——-*F-44x-+-56x—"
-19—-» Air Ktcolm- Water [T
ite

—

Clay Th)l(ckness
_ SFD=165Inches —

Figurell1 Attenuation of X-rays

This type of analysis is very useful in evaluat-
ing a given source even if the x-ray emitter has a wide
bean geometry. However the final criterion is dependent
on film quality which in turn depends on type of filmn,

screens, type of chemicals and method of developement,

Film Radiography ‘

X-rays passing through the soil are absorbed
more by the small lead markers than the soil itself. The
variation in the x-ray beam is recorded on film by allowing
the photons to jnteract with f£ilm emulsion. After exposure
and development of the film, variation in intensity of the
x-rays aré recorded as variations of density. Since expos-

ure time is in the nano-second range, calcium tungstate
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intensifying screens are used. These screens beconme
flourescent in the presence of x-rays, therefore both

the x-ray photons and the visible light photons produced
by the calcium tungstate act on the film, consequently
the x-ray intensity to produce a radiograph of given den-

sity is less than that required by the film alone.

APPLICATION TO SOIL INTERACTION STUDIES

Roscoe et al (1963) used a thermionic x-ray
emitter to study deformations occuring in sand behind a
retaining wall under plane strain conditions. Wilson and
Krzywicki (1965) used a low #oltage emitter.to measure.
deformations that occured in organic peat when a rigid
wheel was driven over. This is the first radiographic
application to the soil vehicle problem. Bloedow (1962)
examined various radiographic techniques to determine their
feasibility for the study of dynamic soil behaviour. High
voltage, short pulse duration field emission units were
used.

At McGill University, a 300 kv. field emission
wnit has been previously used for a soil-vehicle inter-
action study on sand and is described in Appendix I. As
shown earlier in this appendix theoretical calculations
can be used to get a measure of the effectivéness of a
given x-ray system in penetrating a specific thickness

of material, however the final decision cannot be made until
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actual testing is performed. The x-ray beam geometry of
30 degrees along with a S.F.D. of 16.5 inches restrict
the area that can be radiographed to 7 inches by 7 inches,
and tests showed that good radiographs could be obtained
with the existing 300 kv. Field Emission unit with a six
inch thickness of wet kaolin clay. The case for two
dimensional testing was supported by the following reasons.
Pirst, there is some sideways movement of soil in the
three dimensional and it was possible that this' sideways
movenment could not be accomodated within the allowable
six inches when the 2 1/2 and 3 3/4 inch wide wheels were
used. Second, considerable modification and extension of
the existing equipment is necessary before quantitative
measurements of sideways heave could be obtained.

In previous work on sand, four pulses were fired,
one before the test, two intermediate shots registering
on the same cassette and a final shot after the test. It
was realized that an attempt should be made to obtain as
much information of the deformation process consistent with
the capabilities of the pulser. The fixed cassette holder
was removed and replaced by a moving cassette holder and

an additional intermediate radiograph could be obtained.

lMoving Cassette Holder

Figure II-2 shows a schematic of the moving

cassette holder. It consists of an aluminum frame attached
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to a single link chain which runs on a 7 rail attached to
the rear of the test bed container. The gearing was
chosen such that the cassette holder moves two and a half
times as fast as the dynamometer carriage. Using 13 inch
long cassettes, a minimum distance of 5.2 inches between
pulses could be achieved so that one cassette would be out
of place and a fresh cassette in position for the next
x-ray pulse. This minimum distance is compatible with
the pulser charging times for the carriage velocities
used in the experiment. It also allowed some overlap
between shots. To accomodate the moving cassette holder
a plywood trough 18 inches deep and 6 inches wide was
constructed along the entire length of the test bin. The
.return portion of the endless link chain was supported on
the bottom of the trough.

An aluminum plate with a lead reference marker
coinciding with the optical centre of the x-ray beam and
four other reference markers was inserted behind the test
bed in line with the pulser. These markers are used to
correlate the information from the five radiographs. Lead
screening 1/8 inch thick was affixed to the rest of the
far side of the test bed container to shield the moving
cassetts from x-radiation when they are not in position for
their own particular pulse.

The delay time from triggering to firing is in

the order of 10"6 seconds, while the duration of the X-ray
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flash is 10~7 seconds. Since this is very much faster .
than the loading time of the wheel, all motions within
the soil may be considered as ngtationary" for the instant
of the flash. For the same reason the moving casgssette
holder can also be considered to be ngtationary" for the
duration of the pulse.

Information collected from the previous work on
send was utilized (See Yong et al (1967)). A S.F.D. of
16.5 inches was maintained for all testing. The use of
tracer objects made of 94% lead and 6% antimony was con-
tinued. Kodak Royal Blue Medical Film, Du Pont Calcium
Tungstate intensifying screéns and General Electrix
Supermix Chemicals were‘used with development times for

the two penetrations varied to achieve best radiograph

quality.

Preselection of Wheel Position for Pulsing, Superposition

and Overlap

If the wheel loading of the soil achieves a
steady state condition and the soil medium is homogeneous,
one tracer-object will describe the same material path, or
considering the deformation in spatial co-ordinates, a
particle wili occupy the same position in the flow path as
another particle placed at the same depth initially. If
seven tracer-objects are placed in each row, it can then

be assumed that 35 image locations are obtained along the
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material path or flow path. To check this principle of
superposition, the wheel positions when the intermediate
radiographs are taken should be chosen so that the material
co-ordinates from two separate shots overlap or are close
t0 each other. This was achieved by taking the intermed-
jate pulses 6.1 inches ahead, exactly over, and 6.7 inches

behind the optical centre of the x-ray pulser.

CLAY PREPARATION AND COMPACTION, TEST BED GEOMETRY

Clay Preparation

A pure kaolin clay with the properties listed
below was used in all experiments., The clay - S 187
English Clay - was supplied through the courtesy of Domtar

Ltd. The chemical analysis of the clay is shown below:-

810, 47.39%
41,05 37.94
Fe203 0.36
MgO 0.18
Cal 0.32
K50 1.7
Na,0 0.07

Loss on Ignition 13.02
100.50
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Q Particle Size
% Residue on 300 lMesh less than 0.05
% Above 100 microns 0.5 max
% Below 2 microns 77.83

Consistency Limits

Iiquid Limit = 54.5%
Plastic Limit = 37.5%

The preparation and compaction of the large
quantities of clay required for the study presents several
problems. A moisture content just below the liquid limit
was decidedvupon gsince reasonable deformations were obtain-
ed by the passage of the lightest wheel; also the unconfin-
ed compression strength of the compacted clay was sensibly
constant in the range of 52% - 56%.

The dry;powdered clay was spread out in a thin
layer in a large aluminum lined box with a capacity of
500 1b. of wet clay. Sufficient water was sprinkled to
achieve the necessary water content. Another thin layer
of clay was spread above the Wet layer and the process was
repeated. The clay was left to equilibrate in the covered
box for about a week. It was then removed and placed in
50 1b. polythene bags where it was allowed to equilibrate
for another three or four days. The above procedure
resulted in a mixture with very uniform moisture conditions

in the range of 53.5% I 1%,
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Compaction and Properties of Compacted Clay

At such a high moisture content the clay density
achieved is not very dependent on input compaction energy.
A small vibrator was attached to a small footing as shown
in Figure II-3a. The passage of this compactor for a
certain number of passes resulted in reproducible densities.
The compaction can be described as vibratory kneading and
the degree of saturation is limited to about 96% by the
presence of entrapped air between the saturated clay
matrix, Figure II-3b shows the range of densities and
moisture content. Uncontined compression tests gave a
strength of 1.65 1b/in while shear tests give a yield
strength of 1.0 1b/in. )

Test Bed Geometry

Since the x~-ray beam geometry of 30 degrees
along with the 16.5 inch S.F.D. restricts the area that
can be radiographed to approximately 7 inches by 7 inches,
the test section must be long enough to ensure that steady
state loading pattern is achieved before the wheel passes
over the section in front of the pulser, and that there
should be no.end restraints after passage. The test bed
container shown in Figure II-4 has a total length of 8
feet and is 7 inches wide. The two 1 foot end sections
were 6 inches deep and the central 6 foot section was 2

feet deep. The side walls of the test bed are 1/4 inch
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thick plate glass on a plywood backing. The width of the
test section is altered by means of wooden spacers placed
behind the front of the test section.

The 3 foot portion of the test section in front
of the pulser was designed so that it could be lifted out
and compacted flat since preliminary tests had shown that
vertical in place compactioﬁ caused some layering due to
contamination of the edges with the vaseline used to re-
duce friction at the side walls. Figure II-4 also shows
the construction of this section. The top glass side is
removed and a three sided rectangular metal frame is fill-
ed on the greased bottom glass plate. The clay was com-
pacted in 1 inch finished layers. The matrix of lead
markers could be installed in one operation when the
levelled depth of the clay was one half the test width.
After filling the box, it was levelled with a soil trimnmer.
The top of the box was clamped and hoisted into place.
The metal frame was then removed and the very small gaps
1eft at the ends were filled by vertical compaction. The
surface was then levelled by removing the top 1/2 inch
with a soil cutter.

Although the test section width was slightly
larger than the wheel width, it was observed that the
entire width of the soil was deformed. This proved that

the vaseline had reduced wall friction to a negligible

value.
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One of the biggest problems in vehicle-mechanics
research on clays is‘the‘variability of moisture content
at the surface. In large scale testing on clay bins, the
soil surface must be covered or sprinkling usually results
in an oversoaked soil surface. Since the markers had to
be replaced at the end of each test the entire central test
section was renewed after each test. Compaction and test-
ing was completed in under 3 hours and therefore excessive

drying out of the soil surface was never a problemn.,

TEST WHEELS AND SYSTEM PARAMETERS

The two wheels used in the previous study on
sand were maintained for this series of tests on clay.
The dimensions of the small wheel — referred to as the
model wheel - are 9.0 inches diameter and 2.5 inches wide,
while the larger wheel - hereafter called the prototype -
has a diameter of 13.5 inches and a width of 3.75 inches.
The geometric scaling ratio A of the two wheels can be

expressed as:-

A o Dismeter P _ Width B _ 13.5 _ 3.T5 _ 1,50
= Diameter B~ Width ® ~ 9 ~ 2.5 ~

The wheels which were made from aluminum were supplied by
the De Havilland Company of Canada.

The system parameters which can be varied are
load W, wheel radius r, carriage velocity Vc, angular

velocityuwr, the wheel surface texture and the soil
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properties. The angular velocity and the carriage velocity
in turn define the normal slip.

The same wheel surface texture, i.e. finished
aluminum was maintained for all tests. For wheels on clay
maintained at the same moisture content and density, the
maximum frictional stress is not expected to be affected
significantly by the degree of roughness of the wheel.
surface, the reason being that slipping at some limiting
value of the frictional stress can take place either on the
surface of contact or on'a parallel surface with a thin
layer of the soil close to the surface, the thickness of
which in the case of a rough surface will be greater than
the "friction hills" on the surface. The above points
out the fact that in testing of clay soils it is most
important that the surface and near surface conditions
of the soil should be rigidly controlled if representative
results are to be obtained.

Yong et al (1967) postulated that the effects
of carriage velocity on soil vehicle interaction at small
speeds used in 1aboratory‘testing is probably accomodated
in the normal slip rate. In the main series of tests it
was decided to maintain the carriage velocity at the same
value (approximately 5.6 inches per second) while the
angular velocity and the resulting torque were varied to
cover the slip range from the towed point to about 80%

normal slip rate. Supplementary tests performed to try
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to evaluate speed effects.

The testing schedule adopted is shown in Table

II-2.
TABLE II-2
No. of

Wheel Weight Velocity Normal Siip Tests

Model Wy v Towed point to 73% 11
Prototype AW, v Towed point to 78% 10

3

Prototype A w, v S1,SZ,S3,S4 4
Prototype AWH v 8445, 2
Prototype 2NV, v 8495, 3
Prototype A2W1 Xv S, 1
Prototype MW, N s, 1
Prototype AW, 17V S, 1
Prototype AW, %kv S, 1

A few tests were performed on the model wheel,
W2 = 40 1lbs. Because of ‘experimental limitations a large
portion of the deforming soil could not be included in the
radiographs.

The loading for the model wheel of 40 1bs. (WZ)
and 23.5 lbs. (W1) produced deformations which were large
enough to be statistically resolved using the cine-radio-
graphic technique. A prototype wheel load of 51 1bs. (W3)

equal to A?W1 was chosen for series C. The X scaling
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assumes that equal pressures will be exerted on the soil
in both systems. This is similar to the assumption that
contact pressure is purely radial and equal to the normal
pressure beneath a plate at the same depth. Prototype
wheel load of 79 lbs. (W4) assumes a %?W1 scaling of
forces. Thiszis in agreement with the classical Froude

Number Fr= =%T’ if equal densities are maintained.

Supplementary tests were done with loads of 34 1bs., KW1
and 68 lbs. 2KW1.



APPENDIX III

TEST TECHNIQUE AND DATA REDUCTION

Measurement of Soil Response

Figure III-1 shows a schematic diagram of the
pulser, test section with marker matrix and the moving
cassette holder. Also shown are the wheel positions
relative to the undisturbed tracer object matrix when the
five shots are taken.

After preparation of the test section, the
initial positions of the tracer objects are obtained by
firing the first x~ray pulse, with the wheel lying on a
metal plate about 6 feet away from the centre line of the
pulser. This plate acts as a zero reference point for
the sinkage measurement.

Using a voltmeter wired in parallel to the
angular velocity tachometer, a voltage versus angular
velocity relation was obtained. Since the carriage
velocity is known, an approximate slip rate could be
determined. The wheel is then passed over the test bed

at a predetermined slip range. The spring loaded arm on
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the dynamometer carriage activates the three limit switches

which in turn trigger three consecutive x-ray pulses. The

1imit switches are placed such that the centre line of the

wheel is 6.1 inches before, exactly over and 6.1 inches
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beyond the optical centre of the x-ray beam.

The test is halted with the wheel resting on a
wooden plate four feet past the centre line of the pulser.
A fifth shot of the finai marker position is then taken,

From the U. V. recorder, traces of the following
are obtained:-

Torque

Carriage Velocity
Angular Velocity
Sinkage

Drawbar Pull

TEST DATA REDUCTION

System Parameters

A computer programme PARAM listed at the end of
this appendix was used to convert the U. V. recorder
readings back to the following vehicle parameters, namely:-

Carriage Velocity

Angular Velocity

Normal Slip Rate

Torgue

Drawbar Pull

Sinkage and Rut
The following were also included in the computer output,

namély:-
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Test date and number
Average soil moisture content

Wheel radius, width and axle load.

Transfer of Radiographic Data

A typical radiograph obtained from the third
x-ray pulse is shown in Figure III-2. The optical centre
marker, other reference makers and wheel rim are visible.

A light table was used to transfer the images
on the five radiographs from each test onto a tramslucent
"iatex" acetaté sheet. The optical centre marker and the
other reference markers that appear on each radiograph
were used for alignment. These tracer object images and
the optical centre marker image were transfered from the
acetate sheet to a sheet of graph paper positioned so that
the grid lines coincided with the marker matrix rows.

A data reduction technique developed by Mr. J.
T,. Vrooman of the liechanical Engineering Dept.; MeGill
University was then used. The graph paper was fixed in
position on a X-Y plotter and the carriage needle moved
manually, by adjusting two heliopotentiometers, to each
image location. The voltages corresponding to the
horizontal and vertical coordinates of each location are
then recorded on a printer by a Dymec 2010B Automatic
Scanning Digital Voltmeter. A typical print-out for the

five radiographic images of the tracer-object is shown
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' below:=-

25 +00416733
Image from fifth pulse

24 +0015123

T 094456

25 +0041303

Image from fourth pulse
24 + 0014713 . ‘

Paper 25 + 003926 3
Image from third pulse
feed 24 +00158T73

direction T 094445

25 +0042263

Image from second pulse
24 +00208053

v 25 +00431673
24 + 0018963
T 094429

is a time record in hours, minutes and seconds

Image from first pulse

3

where
24 is a channel number referring to X co-ordinate
voltage
25 ié a channel number referring to Y co-ordinate‘
voltage
Digit 3 in last column in each voltage record is

the negative exponent of D.V.M. value.
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The voltages are then punched manually onto I. B. M. cards,

one card for each tracer object. The card for the above

reads as follows:-

4011 1896 4316 2080 4226 1587 3926 1471 4130 1512 4163

Object X Y X Y X Y X Y X Y
Identi- Voltage Voltage Voltage Voltage Voltage
fication First Second Third - Fourth Fifth
Code Image Image Image Image Image

The first two digits of identification code
specify the test number.

The third digit specifies the tracer object
matrix row number,

The fourth digit specifies the tracer object

matrix column number.

Reduction of Radiographic Data

The ccmputer programs were first written for the
MeGill I. B. M. 7044. Minor modifications were necessary
to adapt these programs for use with the I. B. M. S360
which replaced the T044.

The computer program LINDA shown at the end of
the appendix was used with the punched D. V. M. values.
The following operations performed in this program,
namely:-

a) The integral values of the voltage records are

divided by 1,000, accounting for negative




- ORDINATE INCREMENTS, Y INS.

ABSCISSA INCREMENTS, X INS.

%- 219803 1ns/volt
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‘ exponent of 3 in the D, V. M. output and are
then converted to co-ordinate values of the
images in the plane of the film by means of
the voltage-displacement calibrations of the
X-Y plotter. The Calibration of the X-Y plotter
was performed as follows:-

The system is allowed to warm up for half-
an-hour in order to stabilize. A one inch
orthogonal grid is placed on the X=Y plot-
ter, the bridge needle placed on a given
ordinate and one inch abscissal increments
are recorded by the Dymec 2010B Dig;tal
Voltmeter. The heliopotentiameter control-
ling the ordinate value was left untouched
in this first phase. An analogous procedure
was carried out to obtain the ordinate
calibration. It was necessary tocdlibrate
the X-Y plotter for each test to accommodate
slight variations in the D, C. supply volt-
age. The electric circuit diagram and
sample calibration curves for a typical
test, (Test 40) are shown in Figure III-3.

b) The optical centre of the x-ray beam takes on

the co-ordinates (0,0). The co-ordinates of all

other points are expressed with respect to the

optical centre by using appropriate parallax
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correction described below. Figure III-4 shows
how this correction is obtained. The optical
correction D = ;% where Z1, is the S8.0.D, and
Z2, is the S5.F.D. The S.F.D. is slightly smaller
for the initial and final shots which are taken
on two stationary cassettes placed snugly against
the rear of the test section. This is accounted
for by using the appropriate C values.
The computer output is printed and also punched
on I. B, M. cards.
These I. B. M. cards with the co-ordinates
given with respect to the optical centre are used with the
program JANE listed at the end of this appendix and the
following operations are performed:-

i) The material co-ordinates of each object in each
row is defined by assigning the value (0,0) to
its initial position. The co-ordinates of the
other four positions are then expressed with
respect to its initial position.

ii) Bstimates of the density of the soil contained
by four neighbouring tracer objects were obtained.

iii) Velocity computations described in Chapter 4.

Reliability of Computed Results

Initial and Final Iracer-Object Positions

The output of program LINDA shows the co-ordinates
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TRUE
CO-ORDINATE

-ttt 5 - —

PRIMARY X-RAY BEAM

OPTICAL CORRECTION FACTOR,C;

L
IMAGE CO-ORDINATE Lo

TRUE CO-0RD INATE

—
-

Y USED IN

FIGURE TIT-4, OPTICAL CORRECTION GEOMETR

DATA REDUCTION
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with respect to the optical centre. From a mean depth
for each row, a population variance 6?, can be obtained. -
The principle of supperposition can be applied if the
objects are in line and therefore an estimate of the
population variance 6% of the finél object positions will
include errors which are caused by slight deviation from
the initial assumption. The F test, Wallis and Roberts
(1956) can be used to compare &: with 8. Results and
calculations for a typical test (Test 40), are shown in
Table III-1.

The standard deviation calculated from the final
object positions will reflect small errors due to the
following causes:-

(1) Transferring from radiographs to "Latex" sheet.
(2) Placing needle of X-Y plotter on image points.
(3) Small differences in stressing history due to

small differences in the initial depth of tracer

objects.
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INITIAL DEPTHS FINAL DEPTHS
2.021 1.777
2.020 1.810
2,060 1.798
(Note: co-ordinates
2.004 1.700
are relative to the
2,025 1.730
optical center)
1.937 1.662
1.914 1.693
A2 A2
G, = 0.00236 Of = 0.00343
P statistic = 6/87 = 1.46

F statistic at 95% confidence level with (6,6)

degrees of freedOMe.iseeee= 4.3

i.e. At 95% confidence level 6';’ is small enough

to justify superposition.

TABLE III-1. VERIFICATION OF ASSUMPTION OF SUPER-
POSITION FOR TOP ROW OF OBJECTS: TEST 40
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FORTRAN IV G LEVEL 1, MOD 1 MAIN DATE = 68261 18/746/22 PAGE 0N

0001 DIMENSION P{9)

0002 DU 8 M=1,42 :

0003 READ 1oP(3),P(1)sP(2)4(PUI)9J=5+9)¢AyBsCsDsESFIN

0004 IF(NeLTo20) GO TO 13

0005 P{4)=06.T5

0006 P(5)=3.75

0007 GO TO 15

0008 13 P(4) =445

- 0009 P({5)=2.5 .

0010 15 B=0e1391+44 6978

2011 IF(NeLEa4) GO TD 4

0012 IF(NeGEel4) GO TO 4
! 0013 A=A/1493 :
i 0014 | 4 A=04705140e3142%A+0. 0061 *A%%2 i
! 0015 ==0e105945,2948%C :
. 0016 D=0e09574143524%D
: 0017 C=0e0279¢0. 3083%E+0. 00468%EX*24P (8]
: n018 IF(NeGEa21) GO TO 14 ' i
i 0019 F=6e6093¢28e TSTHF=0s 6T6*F*%2 i
! 0020 G0 TJ 12 :
i 0021 14 F=94381+49.693%F i
; 0022 12 PULL=C+D :
: 0023 SLIP=(1e0~B/(A%6,2832%P(4)))*130.0 i

0024 PRINT 2,(P(J)¢J=196)4+CyD i
: 0025 8 PRINT 3,P(9) yAsE¢PULLByP{T) FySLIP :
i 0026 STOP |
! 0027 1 FORMAT(A2,A69A3910F6e2+13) . '
: 2028 . 2 FORMAT(141,10X,24HRIGID WHEEL TEST CN CLAY 3)IXs9HTEST DATE,2X A4y A
i 13,19X,L1LHTEST NUMBER $2X,A2//11Xs 1OHWHEEL DATA, 17X ,6HRADIUSFb6a2s5H o,
: 2 INSes5XySHHIDTH,F6e295H INSe//11Xs9HSOIL DATA,11X,24HAVERAGE MOIS
‘ 3TURE CONTENT,FB8elys4H 0/9//11X,13HORAWBAR PULLS y TXy4HLEFT 4F842,5H L
: . 4BSes5XsSHRIGHT,F6e295H LBSe) :

0029 3 FORMAT(1H-,10X,5HLOAD F21.2,8H LBS, 25Xy1 THANGULAR VELOCITY +F9

1e2sl1H REVSe/SECe//11XyL1HSINKAGE 1 F1562,5H INSes3Xs5SHPULL F21 .
242,6H LBSe //11X,1THCARRAIGE VELOCITY,F9e2,11H INSo/SECe ¢2X912HDE :

: 3PTH OF RUTsFl4e2s5H INSe//11X,6HTORQUE yF20e248H INeLBSa s5Xs1 THNURM ’
: 4AL SLIP RATE 4F9e2y4H 0/0)
i 0030 END

TOTAL MEMORY REQUIREMENTS 002678 BYTES

-

(o2}
o

MeGILL UNIYERSITY COMPUTING CENTRE =




KIGIU WHEEL TEST 3N CLAY

WHEEL DATA
SOIL DATA

DRAWBAR PULLS

LOAD
SINKAGE
CARRAIGE VELOCITY

TORQUE

RADIUS 6475 INSe

TEST DATE «SEP.67 TEST NUMBER 46

WIDTH 375 INS.

AVERAGE MUISTURE CONTENT 5440 270
LEFT ~8410 LBSa. RIGHT =-9,33 LBS,
79.00 LBS. ANGULAR VELOCITY D417 EVSL/SEC,
1.18 INS. PULL -17.43 LBS.
5¢ 68 INSe /SEC. DEPTH OQF RUT Uo0 INS.
NURMAL SLIP RATE 1975 2/2

264492 IN.LBS,

009t

McGILL UNIVERSITY COMPUTING CENTRE -
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FORTRAN IV

1901
nNYv2
30903
7024
0325
2006
0207
0308
N009
0010
0011
012
0913
0014
0015
0916
vy
0018
0019
N020
0021
0022
0023
0024
n02%
2026
0027
0028
7029
0030
0031
0032
0n33
2034
0035
0036
3037
0038
0039
0040
0041
0042
0042
0044
0045
0046

0047
' 0048
0049
0050

L

LEVEL 1+

MOD ! MATN 537>
DIMENSION l(7v7o\))cJ(3))yX(7v7y5)yV(7'7yb)'C(“)
READ E9JasRXsKY NNyAyB (CIHM) gM=245)
PUNCH SeJday'ili

PRINT TyJ& XX KY

20 270 k=17

DO 290 L=1l.7

0J 270 M=1,19

[(KoyLoyM) =D

03 297 =14 NN

READ Bedé KoLy (J{M)pM=1010)

no 22 M=l,149

[(KyLoMYI=J ()

00 232 K=146

DD 202 L=1.7 R
IF(I(KeLyLllaEQeN) GO TO 202

PRINT quQ'KiLv(X(K'LvM"M=l'1q,
CONT INUE

PRINT 10

=KX

PX=A%Z2/1000e0

=KY

PY=8%2/100040

PRINT 12444

DN 104 K=1,6 .

DO 195 L=1,7 .

IF(I(KyLs1)eEQed) GN TO 1N5

DO 173 MM=1,9,2

L=1(KyLy#M)

M={MM+1)/2 :

X({KeLoeM)I=(A%2/10006D-PX )} *C (M)

IF(I(KyLaMM)eEQaD) XKyl yM)=0a0

CUNTINUE

DU 192 MM=2,10,2

2=T( Kyl y MM)

M=MM/2

Y(KyLsMI=(B%Z/1107.0-PY) *C(M)
IF(I(KeLeMM)oEQeO) Y(K,LoM)=040

CONT INUE

PRIMT 13QK'L'(X(KvL'M,'Y(K'LyN"M=1v5)
PUNCH 141J47K7L1(X(K,L,W)'Y(K'LvM)1M=1,5)
CONTINUE

PRINT 10

STOP

5 FORMAT(A2,13)

6 FORMAT(A292X+21591397F7a4)

7 FORMAT(LIHL L0X,24HDIGITAL VOLTMETER OUTPUT,66X,12HTEST NUMBER 442/
1/38X.5HPARAXV!BQIOKQ5HPARAY,IB//10X'5HOBJECTQSXQLUHPQSIYION 198Xs1
20HPOSITIUN 2,8X,10HPQSITICN 348X, 10HPOSITION 448X, 1IJHPOSITION 5/11%
3X,4HCOJEbeylHXyBXylHYyBquHX;SleHYyBX11HX'5X'lHVyHX'lHX'BXngYoB
4Xy1HX 98Xy 1HY/ ) : )

8 FORMAT{A2,11,11,101I5)

9 FURMAT(H s10XsA2411,11,1019)

10 FORMAT(/)
12 FIRMAT( 1H1 10X 924HCORRECTED CUORDINATES

200

203
202

103

192

105
104

166Xy 12HTEST NUMBER 4A2/

187657453

Dafe Vv

—

o

N

McGILL UNIVYERSITY COMPUTING CENTRE ————J
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. DIGITAL VOLTMETER OUTPUT TEST NUMBER 47 .
PARAX 3731 PARAY 3952 '
OBJECT POSITIUN 1 POSITIUN 2 POSITION 3 POSITICN 4 POSITION 5
CODE X Y R Y X Y x . X \
4011 1896 4316 2080 4226 1587 3926 1471 4130 1512 4163
4912 2486 4315 2665 4637 2218 3861 2094 4142 2109 4184
4013 3111 4340 3309 4495 2934 3714 2723 4146 2699 4176
4014 3786 4305 4022 4478 3316 31588 o+ 3469 4762 2474 4115
4015 4378 4318 4623 4468 46493 3567 40TY 4946 3992 “134
4016 4981 4263 5223 4409 5208 3826 %697 3971 4538 67
%017 5506 4249 5898 4381 5928 4163 5413 3944 5265 4198
1 - -
1 4021 1535 3789 1308 3563 1281 3467 1202 3632 1253 15664
4022 2084 3778 2369 3753 . 1851 2365. - 1767 35A8 1784 3525
4023 2700 3763 2951 3g32 2538 3251 2428 3579 . 24la 2618 i
4024 3453 3753 3676 3892 3431 3175 3217 3544 3188 3418 :
4025 4032 3740 4265 3894 4164 3162 3829 3500 3772 3503
4026 4607 3826 4818 3968 4855 2337 6412 3574 4332 1632
4027 5250 3864 5461 3999 5593 3601 5094 3554 4379 3713 '
, 4031 1595 3116 1878 2960 1432 2790 1402 2954 1430 3736
! 4032 2231 3072 2524 3061 2196 2696 2062 2911 2079 2977 . ' ‘
t 4933 2864 3080 3121 3130 2820 2621 2705 2891 2795 2969 : .
! 4034 3477 3131 3721 3219 3530 2658 3335 2926 3319 3123
i 4035 4049 3132 4248 3268 4215 2684 3929 2916 3888 3126
i 4036 4617 3176 4806 3279 4931 2301 | 4527 2937 4456 3153
f 4037 5224 3234 5419 3311 5599 3016 5124 2952 5037 3119 ’
4041 1612 26494 1862 2362 1543 21864 1485 2324 1516 2411
4042 2226 2481 2482 2427 2198 2120 2122 2311 2431 2132
4043 - 2878 2469 3131 24864 2921 2096 2792 2285 278" 23a6
4044 3503 2503 3708 2542 3622 2125 3411 . 228¢ 32946 2007 .
4045 4081 2491 4282 2554 4294 2151 4019 2266 3974 2394 .
4046 4602 2509 4773 2518 4913 2217 4547 2292 4512 2422 :
4047 5215 2535 5391 2591 5572 2330 5189 2255 5119 2472
4051 1639 1926 1852 1804 1605 1646 1538 1749 1563 1824
4052 2257 1963 2485  19ll 2267 1655 2165 1795 2299 1375
4053 2901 1947 3114 1933 2979 1617 2832 1774 - 2826 1372
4054 3497 1954 3709 1970 3653 1650 3443 1780 3436 1376
4955 4056 1959 4253 1976 4287 1695 4035 1761 4900 1372
4056 4614 1950 4782 1980 4911 1726 4592 1741 4546 1362
4057 . 5211 1921 5366 1964 5545 1771 5204 1687 5148 1937
5061 1745 1444 1932 1346 1748 1175 1630 1285 1684 1363
4062 2258 1397 2466 1330 2306- 1122 2276 1278 2196 T
4063 2906 1437 3105 1406 3006 1170 2862 1259 2849 1337 .
4064 3548 1435 3721 1418 3710 1168 3511 1253 3489 1347 *
4065 4080 1413 4268 1414 4308 1178 4084 1232 4043 1320 .
4066 4665 1416 4812 1416 4925 1211 4665 1211 4612 1333 -
4067 5267 1404 5399 1428 5552 1258 5279 1172 5212 13213 . g:
McGILL UNIVERSITY COMPUTING CENTRE =




COkRECTED CAOORDINATES

0BJECT
CODE

1
12
13
le
15
lo
17

PASITION 1
X Y
=2e943 2,021
-1.937 24020
-0.995 2000
NaN88 2004
1.7386 2a025
2935 1637
34194 le 914
=3,522 1lo179
-Zo 6‘?2 1.].61
~le65¢6 1,137
~00 446 lel21
Ne483 1. 100
16495 1e238
20437 le299
-3e426 Dald2
=244 De 032
-l 391 Ja 045
-0e 407 Oe 126
Ve 510 00128
let 2l Del98
24395 D6 291
-3.399 ~Ne892
=2.414 ~06913
-1le363 -0.932
-Ue 366 -0eb78
De561 -0e 897
1397 -0. 868
20330 -06827
~3.356  =-1e80L
-2e 364 ~le 742
-1la331 ~1le 767
=-0.375 ~1.756
0.521 —1- 748
lesl6 ~le 702
20374 -1.896
‘=3e.186 -24572
“2.353 -20647
-)e323 -24583
-0e294% ~-20586
0e500 =26621
le@3% =26616
2.4564 ~2e4 636

X

-24583
~leb668
=Je 660
Ja 455
14395
26334
34390

-3.,008
=2.131
-le22U
=Ne 086
00835
le 701
20 706

-?24899
-1.888
-Na 954
~De N16
0. 8999
l.682
24 64)

—-2e924
-14954
-0e939
-DsN36
Jead62
1.630
26597

=20940
-1e949
-Je 965
~-)e D34
Ne BL7
le 644
24558

-2.3814
-l-q.,q
=-NDe 979
=Je 016
0 899
10691
2.609

POSITION 2
y

la831
24150
2025]
2209
26117
20073

0e 797
11909
le295
le310
1213
te629
10477

-Delé3
NeVL&
0,122
Te 260N
Oe 3006
0,354
Ng &4

=-1.076
=-0975
-0.886
=0.795
=N 777
-Nea 739
~0e719

~leG47
-1.,780
=1.745
~1.688
-1.678
=1.672
~1.697

-2+661
=2.686
-24567
-2a 549
-24555
-24552
-2a533

POSITIUN 3
X Y
-3.35‘0 ‘.9363
=2 357 1- 231
~le 247 1,033
0,133 Je B36
1e192 00959
20311 le 237
30437 le733
-2,933 0o 647
-2+94] 05488
=1.866 Ne 317
00669 2,192,
D677 Jol72
1,758 00 445
2,913 Jn 856
-3.597 =05 409
=%.542 =0.555
~le425 -0.672
=0e314 =0. 615
0e 757 =Ju 574
1877 -Je 392
20922 =Je956
=34423 -le 354
-20398 “-1a2654
-1.267 -1. 491
-0s L 71 -1e446
0,881 =)o 435
1.849 =1e.302
22880 —10126
-34326 -20193
-24290 -2e4179
-1.,176 -2,238
~0e122 -2,187
0,870 -2.117
1846 =207
249338 -1,998
=3,102 -20928
-20229 =3,03.0
=-1e134 -22935
-0,933 =-2,939
0,903 -2.323
1,868 -20872
20849 -2.798

POSITION &

X Y
-34536 Je681
-~2e561 16700
=1.577 le 706
-04410 1575,

D532 1e550
1+51) 1o4332
2.631 1391
~34955 04905
-3.073 0836
=2«038 0ed22
=Je B804 0,767
Je153 04699
1,065 VaBlsb
2.132 N.783
~3e 646 ~0e 153
-2.611 ~0s220
=1¢635 =0e251
=0e618 -0s197
99295 '0.212
le234 ~0,179
2e173 -0e156
=3e512 -1l.136
=24517 ~Js.156
~le472 -le196"
"0.531 -1.102
3.451 ~14226
1.277 ~1.185
26267 =1e243
-3 e431 ~24032
-2445% -12961
=-14,406 -10993
=Ja bt -l.984
Da&75 -2214
lo347 -2.045
24304 -20129
=3,207 ~2.756
-2e385 =24845
~le 343 ~-24T97
=05 344 ~2876
De552 -2.839
Lle 461 -24872
2e429 -2932

POSITION 5
X

-34 559
~2e¢ 602
-l-655
-0e508
De 419
1,375
26661

=3,975
’3-123
-24113
-Ve 671
Je D66
Ne 964
2,702

-3. 69!.
-2+4650
=le 646
-0 661
0e252
la163
2095

=3.553
'20566
-1.524%
=0 537
0, 390
10253
24212

-34478
-2 456
~1e452
-Ne 473
Da 431
1307
2,273

-3.283
=2e462
-le 415
=N, 388
0598
le413
22376

TEST \JMBER 40

Y

1e 777
1319
1799
1o 730
1730
lebb2
le673

0e 979
0ed16
7.9)5
0,389
0. 389
1798
Leud57

=0.029
-0.,120
-0s133
=De D46

-0e )42

%710
00093

~14025
~1.072
=1.268
=1.032
-1.052
=108
-1¢728

~le964
-1.882
~-1.887
-Ye881
-1. 887
-1.903
~1e943

-2s701
2784
~24743
~-24727
-24756
'20749
=2,797
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FORTRAN IV G LEVEL 1, MOD 1 MAIN DATE = 68251 18/646/48 PAGE AL - “
0001 DIMENSION XCTsT7e5) oY (ToT 5D e XX{T4T¢5)9YYiT70T¢5)9P15)»Q(5)+0ENIG,6
15).AREA(6.6.5).01(20).U(20).v120).xxvtzo).vvvtzn),xV(ZO),vvtzo),T(
22019 XRV(20),YL(T)
0002 DATA X19X2¢X3/6e190e04-6e1/
0003 DO 120 NXYO=1,4
0004 READ 111+J4sNN,PY,YB
0005 111 FORMAT(A2,1342F542)
0006 DO 3000 K=1,7
0007 DO 3000 L=1,7
oons DO 3000 M=1,5 .
0009 XX({KysLyM)=0s0
0010 YY{KyLyM)=0s0 .
0011 X(KyLyM)=0.0 .
0012 3000 Y(KyL¢M)=0a0
0013 DO 400 N=1,NN
0014 READ 2¢J%sKoLo(PIM)4Q(M) ¢M=1,5)
0015 2 FORMAT(A2411411910F743)
0016 DU 4U0 M=1,5
0017 X{KyLyM)}=P(M)
0018 400 Y(KyLoM)=Q(M)
2019 PRINT 13,J4
0020 13 FURMAT{1HL,10X,24HPARTICLE TRANSLATIONS  »66Xs12HTEST NUMBER A2/
1710X s 6HUBJECT 95X+ OHPOSITION 1,8Xs10HPOSITION 298Xs10HPISITICN 3,8
2X,10HPOSITION 4,8Xs10HPOSITION 5/ 11X 4HCODE 45X s 1HX, 8
3Xe1HYs8X v1HX ¢ BXe1HY s BXeLHXy8X o1 HY8X s1HXsBX ¢ LHY s 8Xo LHX8Xs 1HY/)
0021 DO 107 K=1,7
I 0022 DO 108 L=1,7 .
{ 0023 IF(ABSIX{KyLos1))elLTa0,00001) GO TO 108
; 0024 DO 109 M=1,5 .
i 0025 IF(ABS{X(KeLyM)}1aLT40400001) GO TO 109
! 0026 XX(KoLoM)=X{KyLyMI=X(KyLyl)
0027 YY(KoLeMISY (KoL MI=Y(Kolol)
0028 109 CONTINUE
0029 PRINT 12 9KoLe{XXiKsL M) pYY{KoLoM)oM=1,5)
0030 12 FORMAT(1H 911XeI11,1141Xs10F9.3)
0031 108 CONTINUE
0032 IF(KeEQe6) PRINT 11
0033 11 FURMAT{1H1)
0034 IF(KeNEe6) PRINT 10
0035 1.0 FURMAT(/)
0036 107 CUNTINUE
0037 PRINT 113,J4
0038 113 FORMAT(1HLslOXs18HRELATIVE DENSITIES,T2Xs12HTEST NUMBER ,A2//)
0039 DO 300 K=1,6
0040 DO 301 L=1,6
0041 DO 302 M=1,5
0042 AREA{KsLoM)=(ABS ({X(K L+ oM =X{KsLoMIIR(Y(KILyL4LyHI=Y KoLy M))=LX(
CLKALeL41oM)=X{KoL oMII®{Y(KoL+LeMI=Y(KyLsM)) I +ABSULX(K+LoLyMI=X (KoL
MR (Y (K Lo LAl M)=Y (KoL M) )= (X{K+LyLtLyMI=X (KoL sMP 1LY (K41oLoM)-VI
3KeLaM)31) /72,0
0043 DEN{KoLosMI=AREA(KyLs1) 7AREALK Ly M)
0044 IF(ABS(X{KsLyM))oLTo0e0000)) DEN(KsLsM)I=0eD .
0045 IF{ABS{X({K+1yLsM))alTe0.00001) DEN(KsLsM)I=069
0046 IF(ABS{X(KsL4+LyM))eLTe0e00001) DEN(KyLsMI=T01
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FURTRAN IV G LEVEL

1067
nneA
0049
1080
1951
2052
D053
0054
1955
0056
2957
29058
159
nNe6o
2061
0962
90463
0064
2065
2066
2067
0068
0069
0070
2071
2072
0073
cNT4
0uTs
0076
77
0078
0079
0080
n081
0082
0083
0084
0085
9086
0087
1088
0089
0990
0091
0092
0093
0094
2095
0096
0097

0098
0099

302
301

14
300

402

115
403

116

117

129
14

18

1y, 43D 1 MAIN UATZ = /3261 VE/anlbd
IF(ASS(X(&*!,L‘!.*))aLT.1.0J001) DEN{KoLM)=7s)
CONTINUE

PRINT 14.K,L.(DEN(K-L-M).M=\'5)

FUORMAT( A Wil Xel1o1Lp1Xs5FGo3)

PRINT 10

PRINT 114,04

D0 493 K=1e7

S=0e?

R=T7a 0

DN 492 L=1,7

IF(A&S(X(K.L.l)).LT.0.0JQO!) R=R=1,0

S=S“Y(K'L'1’

[F(ReLTeUe0I00L) GO TO 403

Y1(K)}=$/R=PY

PRINT 1159K,yY1(K)

FORMAT(1H=9111,F20e3)

CCNTINUE

PRINT 169J%

D0 120 K=1l,06

N=6

DN 116 J=1yN

L=N+2=J

M=J+N

MM=J+N&2

DTIJ)=({X{KyLgL)=X{KsL=1,1))/YB
U(J)=(XX(K-L—1'2)-XX(K'L'Z))/DT(J)
V(J)=(YY(K,L-I:Z)-YV(K.L'Z))/DT(J)
XXV(J)=(XX(KvL-1q2)*XX(KVL'2’)/2.0
YYV(J)=(YY(K:L—I;Z)*YY(K'L,Z))/2.0

DT(MI=DT(I)

UMD = (XX (KoL=Ls3)=XX{KeL03))/DT(I)
V(”)=(VY(K.L—1.31-VY(K'Lo3))/DT(J)
xxV(M)=(XX(KyL-1'3)*XX(Kqu3))/2.0
YYV(M)=(YY(K.L—I;B)&YY(KyL,B))IZ.O

DT(XAM)I=DT LI

U(MH)=(XX(K,L-1v4)-XX(K.L'4))/DT(J)
V(HM)=(YY(K;L-1:4)—YY(K;L'6))/DT(J)
XXV(MM)=(XX(K'L-L.4)+XX(K.L,A))/2,0
YYV(WM)=(YY(K,L-1,4)+YY(K,L,Q))/2.0
XV(J)=-x1*(X(K;Lv1)*X(K'L—lel))/2.0
XV(MM)}=XV(J)}=X3+X1

XV{H)=XV{J)=X2+XL

N=N#%*3

90 117 J=L1sN

T(Ji=XviJ)/YB

XEVIJI=XV{J)=XXV{J)

YV(J)=PY+YL(K)+YYV(J)

PKINT IB,K.JyU(J)'V(J).XXV(J)oYYV(J).XV(J)oXRV(J)oDT(J)-T(JDvVV(J)
IF{KeEQe3) PRINT 11
PRINT 10
FORMAT(1H1 10X 18HINITIAL DEPTHS
1HROW »9H DEPTH)
sToe

FORMAT(YH o10X011'13'11F9.3’

o T2X 9 12HTEST NUMBER e A2//10Xy 3

PAGL J?
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FURTRAN

0100

0101

TOTAL

IV G LEVEL 1, MOD 1 MAIN DATE = 68261 18/46/48
16 FDRMAT(1HL,10X,23HVELOCITY CALCULATIONS +66X.12HTEST NUMBER 1A2//
10X'8HPOSXTIONv4X.10HVELOClTlES,7X,12HTRANSLATlDNSsBX'ZSNDISTANCE F
2ROM WHEEL DELTAs4Xe1l4HTOTAL Y REL TO/11X 94HCIDE 4 X9 5HDX/ DT 4 4X ¢ SHDY
3/DTe5XeLlAX 18Xy LHY 14X 16HINITIAL ACTUAL 94X ¢ 4HT1ME; 5X ¢ 4HT IME » 4Xy 5H
4PARAY/)
END

MEMURY REQUIREMENTS 00293C BYTES

PAGE 9uJ3
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PARTICLE TRANSLATIONS TEST VIJM3ER 40 .

O8JECT PUSITION 1 POSITINN 2 POSITINN 3 PUSITION 4 PISITION 3
CNDE X Y X Y X Y X Y X Y

il Ne D Je 0 De360  =0e190 “-Ne&ll -9 558 -)e593 04 340 =Je 616 -0 244
12 Ue 0 Dal) 7.329 00169 -0.371 -, 789 «1,55% -0,320 -0,695 -0 211
13 0.9 Qe Y4335 Ns191 =0,252 =1,217 =J.582 -04354 =N, 5669 =%02462
‘4 0sn Ne 0 Ve 367 Ne220 04945 -1,163 -1,498 -0e429 -1,596 ~0a3)4
'5 Na? Ne0 )a357 Jel 86 N4 210 =1sJ66 =)a5%% ~0,475 ~0,5619 -9, 29%
‘o 0s9 DoV 72329 Je 180 Do 306 -1, 73) ~VebIb -Na504 -0,630 -94275
17 Ue? Jou )a 2806 Jad5S 0,333 -Je181 =Jeal3 ~0e523 -0,663 =N, 241
k) Te N 0.7 De514 -0.3282 -0.311 -20,53? =0.434 -0.274 =25%53 - 7))
22 el Ne O Yo 511 -Ne.052 ~0,299 -)a673 -2,431 -0a325 =Y631 -0,245
23 Ge 0 Do) Veb3b D.158 -0.212 -1.827 -).3864 -0, 315 -,459 -%,.7232 .
24 TN) Tel) Na367) J.189 =2.023 -17.929  =).358 -0.354% ~1)e 425 -0,732
25 Je 0oV Ne352 Ne213 NDol94 -0,928 =2,33) =0e4N1 - =Ng617 ~0e211
%26 OeV 0eV Ve 296 Nel91 Ne353 -Ja 793 =Je 34D =00424% e 44] -0, 230
27 0.7 00 00269 Nel78 0e476 -No 4643 -4 305 ~0a516 -0)e 435 -00e.242
3] 0e®) Ded Ja527 -Ne 245 -0el71 -0a.511 -Y.213 -0e 255 =3 265 =06 131
32 0e® Ne9 0,518 -24018 -0.136 -0.587 -34205 -Ne252 -)e 244 “0e152
33 e ¥ 0.0 De %37 0.077 ~Je034 - T17 -Ne216 =0.296 -00255% =0a178
X 0.0 0.0 Je 391 9913" 00093 -’)04710! -)o le "Oe 323 =0s 25“ -0. 1.72
35 040 J.0 Y. 299 0.178 De247 -0.702 -Je2l6 =04 340 -00258 “0 17N
3 NeD 0.0 o 261 Uel%6 Ne&56 -Je 590 -J.187 -0.377 -2.258 -0, 188
37 Ne0 Ne0 e 246 Jel13 0,527 -0, 347 =3,216 =%e%s6T =03309 -3.198
41 Ne0 Je9 0e475 -0,184 “NeN24 -De 462 -).113 ~0e264 =0el54 =0e4133
42 0e 0 Ne0 De 460 =0e052 0,916 -0,561 =%.103 =04 263 -0e152 =04159
43 0.0 Je D Da4h29 00046 0e1N1 -2,559 -0.124 -0s264 =04156 =04134
44 Ne 0 0a0 . Ne330 0. 083 0.195 =04568 -04135 -De 314 =171 =Ne 154
45 0.0 Do 0 Yo 300 D120 Ne 320 -00508 -0a11) ~0e329 =0.171 ~06155
4h e 9 Ve 04233 Nel29 0e452 -00434 -J,12) “J)e317 -0s1644 =0o'40
47 00 0e0 Ne217 N.108 0.529 ~0e 299 =J.113 ~J.416 -0.148 =%.131
51 0.0 0 Je4lé -00146 0.030 -0.392 -3.075 -0.231 -0.122 -0 153
52 0.0 .9 Y4415 -0s038 0.074 =04 437 -04085 -0 219 -0.092 ~%el49
53 0o %.0 04366 0022 Nel55 -0e4T1 -90,075 -0.226 -0,121 -0s120
54 Ve 0.0 D¢ 34l 0.068 De253 -0,431 -Je066 -De228 -0,098 -0 125
55 a0 0.0 0,296 N.070 0. 349 -0.3569 -6 045 -0e266  =0e099 ~0.139
56 0.0 0 N.228 00 099 0.430 =00 309 =)+069 ~0e283 =92,109 =0.l61
57 0.0 N.0 0184 Ne?12 00464 -3,189 =0e070 ~0,320 =N,101 -%.134
61 - a0 0.0 0372 -Ne 89 0,984 -0. 356 -2.023 =N0.184  =04097 -0e129
62 De0) De2 De384 -N4039 Ns134 -J. 363 -Je.023 -0.198 -0.099 =0.137
63 0.0 0,0 Oe 344 Ne 016 0.189 -Ne 352 -0.025 -0e214  =N.092 ~0.1560
64 Qe 0 0.0 00278 D. 037 Ne261 -0, 353 -0,052 -04220 -0.094 =014}
65 Ned (] Ve 249 0,066 0e343 -0, 302 -)4078 -0.218 -0.052 -0,135 '
66 0.9 00 7+193 0.064 0.370 -0a256 -). 037 =0,256 =N,085 ., =04133
67 0e0 06 0 Nel45 2.103 0.385 -0o162 -0e044 ~De 296 -0.038 =0a161

—
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RELATIVE DENSITIES

11
12
13
14
15
16

21
22
23
24
25
26

31
32
33
34
35
36

41
42
43
44
45
46

51
52
53
54
55
56

61

1.000
1.0%0
1.000
1.000
1.000
1.000

1.000
1. 000
1,000
1.000
1.000
1.000

1.000
1,000
1.000
1.000
1.000
1.000

1.000
1.000
1000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1. 000

D0.988
0.988
1,001
1.005
1.063
1e 042

1039
1. 025
0. 986
1. 010
1,023

0.975 °

1.027
l.020
1.038
1. 015
1,024
1.002

1047
1.040
1. 046
1.005
1.033
1.013

1.023
1.043
1,025
1.022
la 054

1.025

0e 0
0.0
0.0
0.0
0.0
0.0

© 1027

06962
1710
1091
1.100
1.008

1. 069
1260
l.032
1. 053
le 034
le 041

1. 034
1.038
1074
1,053
D998
1,048

1,073
1.052
1. 045
1.069
1,050
1.101

1.023
1. 057
le 045
0,988
1013
1. 019

0e 0
0e0
0.0
0.0
0.0
o.o

le 012
0997
1,000
le 054
1.082
1+000

1. 055
1.032
1016
1.0643
1.036
1.056

1. 004
1.031
le034
1001
1.022
1.055

1,021
1.036
1.099
1.070
1.080
1.076

1.050
1.015
1.020
1.001
1081
1.043

0.0
De0
o.o
N.0
00
0.0

TEST N!MBER 40
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INITIAL DEPTHS

ROW DEPTH

N

~0e153

-0.974

-2.218

-3.037

-3.919

-4e759

-5. 664

T=ST NUJV3ZR 4)
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o
o VELOCITY CALCULATIONS TEST NUMBER 40
POSITIUN VELCCZITIES TRANSLATIONS DISTANCE FROM WHEEL DELTA TOTAL Y REL TO
COVE DX/0T oY/DT X Y INITIAL ACTUAL T IME TIME PARAY
! 1 0s219 N6137 0.308 0.170 ~8a4654 -80962 Je197 -14548 2167
12 De162 0.N23 00343 D.182 -T.621 ~Te964 Del73 ~le363 2¢179
1 3 Ue 059 0e212 0.362 0.202 ~6a663 -7.025 Jel7) ~lel92 24199
1 4 ~0e 165 -0e150 060351 0.206 =54646 -5.997 J0194 -le01N 20203
15 -Ne032 -Ne285 0e332 0166 -4o 604 -4e936 0e173 -0e824 24163
1 6 0e183 -1+ 950 Oe 345 -0s025 =-3:630 -~34975 Ja169 -0s649 1e972
1 7 -0e137 24792 06320 -0e455 -20554 ~2.874 Je 197 -0e457 10542
18 -0e555 -1le942 De 258 -Ne 898 -14521 1779 Ne 173 ~-0e272 1099
v o9 -0e971 -0e600 J0127 =lell7 -Ne 563 -00690 JelTI -0e1N01 0.880
1 10 -14533 00728 -06103 -1.097 0e 654 N6557 J.194 0,081 0990
LIS A -0.658 l.328 ~Je311 -0.908 1,496 1,807 Del73 0e 268 1.089
112 -0e 242 Oa774 ~De 390 -00723 24470 24 860 Del6? Delsts2 1274
113 -0 127 0.097 -0.483 -0s513 3.546 4e 029 0.197 Deb634 le 484
1 14 -Ne 069 N.168 ~Js 500 =-0s490 4,579 5. 078 Ns173 0.819 1. 508
115 06047 Da2M -06502 -Net52 5537 6. 039 N4172 0.991 1e 545
1 16 ~0e434 00387 -De 540 ~06391 6e 554 7,093 D194 1e172 1.606
117 Oe 10O 0,190 -00573 -26337 fe 596 80169 Jel73 le359 1660
1 138 -0.171 -Ne118 -Na578 -0e330 84570 90148 Je 1569 l.533 1e 667
2 1 Oe 146 0070 De282 D184 ~84021 -8.303 De185 -1le435 1,361
2 2 De 360 00133 Ne 324 0,202 =7. 044 -7« 368 Del65 ~1e260 1378
2 3 Qe 048 -0¢ 144 06356 D201 ~-60118 -bebT4 Del66 -1.095 . 1377
2 4 Oe 342 -0el143 D4397 De 174 =5. 050 ~50447 De216 ~06903 1350
2 5 De 430 -1,188 De&2 N.053 ~34952 ~bo 425 24177 =3 707 10229
2 6 0e”16 ~2.096 Ve 512 -De217 -3.9218 -3,531 0e)57 -0e540 0.959
2 17 =04 6606 ~1.896 Oe4l4 -0e 618 -le921 -20335 0185 =06 344 Ne558 .
2 8 -0.964 ~0.818 04273 =04 860 -0e 944 ~-1.217 Je 165 -0.169 04316
2 9 ~1.306 -0.006 - 0.086 -0Ne928 =-0.018 -Je 104 Jel65% -0.003 Ne 248
210 ~0e 875 De672 ~0e117 ~0e 878 1,050 1,167 Jo215 00188 0,298
2 11 ~0e492 04871 -0e256 ~0. 750 2.148 24403 06177 0.384 De 426
2 12 ~0a076 0e 896 -Ue 305 -0e602 3.082 3. 387 Nel57 De551 Ne 574
2 13 -0e190 De 498 -e 322 =-06470 4e179 4,501 J0185 0748 04706
2 14 Je 0061 D6 139 ~06335 -0e&l2 54156 Se 491 Delb5 0,922 0. 764 .
2 15 ~0s158 0.283 -0e 344 -Ne 377 6.N82 60425 Oelh5 1.088 0e 799
2 16 =0e120 001380 -04371 -06334 T7.150 To521 De216 1.279 Oa 842
217 -04 266 -0s057 -Ne 408 =0s320 Be 248 80655 Jel?7 16475 2. 856
' 2 18 -0.019 0e324 -0 433 -Ne?299 9,182 Fo 614 Je157 le643 0877
: 301 0,086 0e247 e 253 0,135 -8,008 ~84261 Jel74 -1.433 06 266
‘ 3 2 04233 De135 0.280 06167 -T7+765 -T70345 Jel63 =-1e264 04 299
i 3 3 0561 -0 268 Ne 345 0s156 -6e151 -b6a 496 00164 -1le100 Ne 288
3 4 Ne 261 -0e324 00414 Ne 105 =54 201 -5,615 Q6175 -06930 06237
: 3 5 De 446 ~04523 Ne4T7 06029 =44 201 -4+ 679 JelB2 -0e752 De 161
! 3 6 Ne 044G -le244 00523 -Ne131 -3.184 -3 707 00182 ~0e570 040920
: 3 7 =0e4N7 . =1e395 De 492 =N 468 -1.938 -24399 Je 174 ~0es341 -06337
; . 3 8 ~le282 ~0e 687 Je 352 -0e 646 =0e 965 -1le 317 Je163 ~-0e173 =0.514
: 3 9 =06 939 -0.238 Oel70 -0. 721 -0.151 -0e 221 0e164 -0,009 =0,590
i 3 19 ~0.721 0s 136 Ne N3N ~0e729 0899 Do 369 De176 Del61 -Ne 597
| 3 11 -0e562 0. 716 -0Ne 085 ~0e652 1.898 1.983 Oe182 04340 ~04520
; 3 12 ~0e192 De417 =-Jde 154 -~Je549 2916 30169 D182 NDe522 ~0e 417
! 313 0166 Oe 492 -Ue 201 -Ne 412 44192 44 394 Nel74 Qe 750 -0e 280
| 3 14 -0e1 56 06227 -Je 20!, -N.358 5.135 5e 335 Q163 0919 -0e227 . -
! 3 1.5 0,018 0e 104 -)e213 ~0a331 6o V49 64261 Delb% Je0B2 =0e 200 . ~
LA, 3 16 -0. 017 Q6153 -Je212 ~Je 209 60999 To211 Jel76 Y4252 ~0e178 . : W
YT 1 PYAA1R T-7%7 =TT- 7119 e Py £ 3 7-OOR A-7TH ToTHD T-oTT == T1%oMcGILL UNIVERSITY COMPUTING CENTRE




4 1 06091 0ellQ 225 NDell18  =T7+988  =802.3 YellTh =1.429 ~0.768

nHno 2 Deldd =0, NoYV Ve 267 al24 -7.779 =Ts 346 Do 152 -14266 =-De 762

6 3 Nel 75 -Ne223 Ne3ld Ne 1Y -66197 60513 Nelb5 -1e109 =1e 785

4 6 Ne 552 -0 276 Je379 e N6G -50233 -5,612 2,173 -0e936 -J)aR22

4 5 Ne l b0 -0a577 Nobbs -0,008 —4e 209 -44653 0,187 ~0e753 =0 R3I5

4 b Ne 1S -0e6H92 Vo ab7 -Ne123 -3,19¢4 -3,5661 Js175 -0e571 =101

6 7T =0,27F  =Ue15h3 Ye4T6  =0e366  ~=1.B838  ~2,364 30276 =0o338 -1a253

4 1 ~Q0e 8332 -De 495 Ve 380 -NabT) -14979 ~1le 365 Del5D ~0el75 -1,358

4 9 -0e754 -0a362 V257 -0.538 ~0e0G7 =N4355 Nel65 -06017 ~1e425

4 1) -)abH24 Ne NS0 Ve 143 -Ne563 4367 Ja 719 7,173 0e 155 “1445)

4 1 —Ne&454 0eN96 Je 053 =0e 550 1,891 1,332 Ja.187 Oe 338 -1.437

4 12 -1)e227 Jo 448 L P I8 13 -1e501 2¢976 209190 Jel75 0520 =1.388

4 13 ~0e 040 00563 =Joll6 -24356 4,212 40328 Jel73 Na753 ~-1,253

4 L& Na06T =0 089 =Jell5 -Na323 5121 5e 236 )a 150 De316 -1.210

4 L5 -UelH5i 000090 -)e123 =-Na321 60002 60125 Nelb5 1074 =1,298

4 16 Je173 0e279 =De120  ="%289 6967 7.986 24173 1.266 =1e176

4 L7 Ve )5 Oell2 -0a103 =Ne 253 Te99) 8. 194 Ne 187 1.430 =-1s149

4 13 -1e057 =0es 006 =04 108 -Ne 243 9,906 90114 Jel75 le617 -1e13) .

- .‘

5 1 0.257 ~0Ds 128 Ne 206 0e121 -74995 ~84221 041712 -1le430 ~-1le 668

5 2 06425 -De 125 0e262 Je 080 =768 ~Te 330 Ve162 -14264 -1e639

5 1 e 281 ~-0e012 Je 318 NeN6Y -64173 —b6e 491 NelbD ~le 0% -1, 700

5 4 Neldt -0e 269 0e3%3 0,045 -56267 54600 Ne 171 -0a939 -1ls724

5 5 Jo 265 -De 325 0e 390 -0, NOA ~44253 ~40643 D185 =0a 761 =-16777

5 6 Qe 006 -Ne 699 Ne&lb -0e092 -34240 -3.655 0el77 -0,580 -1s 861

5 7 ~0o198 -0a TIO Ne 447 —-Ne 249 -1,895 =20 342 0e171 -0e¢339 -2e0 8B

5 8 =Ne5N6 -0e375 e 390 =0.339 -De 968 ~-1.358 0el6) ~Del73 -2.108

5 9 ~Jae599 ~-0e387 0e 30V =0e400 =DeN73 -0e374 06260 -0.013 -24169 M

S 1) -0e573 -0.234 O 204 -Net51 0,853 Ve 649 2.17L Qe l53 24220

5 11 ~0e 438 Qe 184 Nellé =-Qe 454 1e 807 10733 Ue185 0e331 -26223 .

5 12 . =Ne248 Ne254 NeN52 =0e4l15 " 24860 24308 Del77 06512 -2.184

5 13 Qe N J6 0e 216 -0eN69 =-0e3N2 44205 44274 DelT71 0752 -24071

5 14 De 150U Del06 -06057 -Ne215 5¢132 5.188 De 16D 00918 -2e044

5 15 -0el31 Ve 237 =JsN56 -0e2647 66227 6,082 De 169 1.078 =-2¢0156

5 16 -0.053 Ve 0112 ~0e 079 -e227 66953 To023 JelT1 le 244 -1e996

5 17 =0,060 Ne038 ~0e NEL -Je222 Te947 8,028 De 185 1o422 ~-1e992

5 18 06062 =0s 068 ~0e081% -0a4225 Be 960 94040 Nel77 1603 ~1e994

5 1 0,278 ~0e226 Qe 169 0.N83 ~B8,081 ~-8,250 0.173 =le2b6 -24525

5 2 0e334 0.012 Ne221 04065 -T.129 -T«350 00168 ~14275 =2.544

6 3 0el90 -0e130 Ne263 04051 -6e233 -be 496 04,153 -1s115 ~26557

6 4 04359 -0e114 Ne31} 0.026 ~5.291 -50,602 O.l84 =0s947 -2+582

6 5 0e215  =Da296 Ue364  =0e012 44257  -—4e521 Del86 =0a762 =2.620

6 -5 =N, 082 ~0e340 2,378 -0e 064 -34325 -3,703 Qe la? -0e595 =-26673

6 7 -0.087 -0e544 Ne 378 ~-0,209 -1,981 -2.358 0el73 -0e354 -7.818

5 8 -0.161 =0es274 De 356 -Na279 -1.929 -1,385 N0e168 -0e184 -~2.888

6 9 -06537 ~0e334 Oe 302 =06 227 -06133 ~0e 435 De153 -0.024 -20936

6 19 -0e39) Ve 0I5 0225 -0e352 Ne809 D, 584 0.18% D.145 -2.961

6 11 -Je296 ~0e059 0e162 ~Ne358 le843 1. 681 00185 0.330 -2¢966 :

6 12 =0e340 0e 048 N6 109 -0e359 2774 20665 Del47 06496 -2¢968 ;

6 43 Oe 041 0. 231 ~0e 041 -0.276 4e119 45160 24173 0737 ~24885

6 14 N6l 73 Qe 226 -0e022 -%.237 50071 54193 Ne168 0907 -2e846 ) . ;

6 15 -0as275 -0.013 =06 029 -0s219 50 967 50 9396 0153 14067 ~2e828 ' —

6 16 Oe 130 0033 -Ne 038 -0s217 6908 60946 O.18% le236 -24826 ~J
i 6 17 N.016 Ne 086 =De N24 ~0e206 Te943 Te 967 Je 186 le42 -2.815 - B o
R 5 18 060 0.095 -0.023 -Je 191 84874 80897 Dela? 1.588 ~24800 o 2
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g oeTr D SR - S . .

FORTRAN IV G LEVEL 1y MOU 1 MAIN CATE = 68074 12721750 PAGE 1001 !

cool DIMENSION !(l3o19)'J(l3-19)pEPSI(l3ol9)'EETA(l3ol9)qGAMMA(13v19)v
1GAMMB {13416) s STRIN(13419) +GAFMX(13,19)

0Cd2 DO 4 L=1,13

occ:2 READ 3¢(I(LsK)}K=1,19)

co04 - 4 READ 3,(J(LsK) +K=1,19)

ocos 2 FORMAT(1G14}

000¢ DO 5 K=2418

9CcC7? 00 5 L=2,12

0o0¢ EPSI(L,K) =(ABS(FLCAT(I(LvK—ll-I(L'K)))4ABS(FLOAT(l(LvK)-l(L-K¢l’)
11)/71C%C

cocs GAMMB(L'K)=(ABS(FLCAT(J(LpK-l)-J(LvK)))*ABS(FLOAT(J(L-K)-J(L.K'I))
11)/710C. G

QC1C BETA (LK) =(ABS(FLCAT(J(L-1qK)—J(LyK)))+ABS(FLOAT(J(L'K)-J(LOIoK))
1))1/71C0.C .

0011 GAMMA(L.K)=(ABS(FLCAT(!(L—l.K)—I(L.K)))+AES(FLCAT(l(L.K)—l(L01vK))
1)1/71C0.C

0012 GAMMX (LK) =GANMA(L ¢K) +GAMMB (L 4K}

ocCl3 5 STRIA(L.K)=SCR7((EPS!(LyK)*#Z*BETA(L'K)“Z!/Z-OO(GAMMX(LoK)*‘Z)IQ.
10}

0C1l4 PRINT 7

0015 7 FORMAT{1HL s1OX,SHEDCTX 60X 1 SHTEST NUMBER 327)

oCle DO S L=2,12

oCc17? - G PRINT 8yLy(EPSI(L,K) yk=2,18)

ocie PRINT 1C

001S 10 FORMAT(IH1 +10XSHEDCTY60X,1SHTEST AUMEER 32/)

ocac DO Ll L=2,12

cceal 11 PRINT E,Lo(BETA(LsK) 4K=2,18)

Qc22 PRINT 12

0023 12 FORMAT (LHL +1 CX o1 OHGANNADCT XY 460X y15HTEST NUMBER 32/) : '

0Cc24 DO 13 L=2,12

¢cas 12 PRINT 8,Lo(GANMVMX(L,K) ;K=2,18)

002¢ PRINT €

Qc217 6 FORMAT(1H1,10X,2LHSTRAINRATE INVARIANTS ¢60Xy LSHT EST NUMBER 32/)

oQ2¢g DU 2 L=2412

aceas 2 PRINT 84Ly (STRIN(L #K) yK=2,18)

coac 2 FORMAT(LHO5X,12417F6.2)

CcC31 sTup

Qc22 END

|
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TEST NUMBER 32/ ) . |

Ce24 C.29 0.36 C.37 0.35 0.34 0.30 0.16 0.1B 0435 0,42 0.50 C.59 0.52 0.34 0619

Ny
o
.

—
©

3 0.18 0.25 C.31 C.35 (.36 031 0.20 0.10 0.05 0.10 0.21 0.36 0.45 0.44 0.45 C.38 0.20

4 0.17 0.25 C.231 Co.34 0,36 0.32 0.15 0.02 0.04 0.10 0,17 030 0.39 0.38 0.37 0.34 0.22

5 0.15 0.21 0.28 C.3) 0.31 0.30 0.20 0.07 0.06 0.12 0.18 C.27 0.34 0.33 0.33 0.30 0.20

& 0.14 0.18 C.26 0.30 0.26 0.19 0.12 0.07 0.04 0,07 0.18 0.27 0e27 0026 0.27 0.27 0.19

7 0.09 0.1& C.24 0.27 C.24 0,20 0O.l4 0.06 0.03 0.07 0.16 0.23 0.22 0.22 0.23 0.23 0.19

8 0.07 0.14 C.2C 0.24 0.22 0.19 0.13 0.06 0.04 0.08 0O.l4 0.18 . 0e20 0.18 0.18 0.22 0.18

S 0.06 0.15 C.léd Co17 0.24 0.23 0.15 0.05 0.03 0.08 0,13 0.17 0+20 0.17 0.17 0.17 0.14

10 0.02 0.€8 0.12 C.l6 Ce20 0.17 0.17 0.13 0.04 0.07 0.1l 0.15 0.20 0.17 0.13 Q.13 0.12

11 0.0 0.C5 0.10 0.12 0.15 0.18 0O.l6 0.09 0.05 0.06 0.1l 0.13 0.12 0.11 0.1} 0.09 0.10

12 0C.C 0.C C.C5 G.C9 0.C9 0.17 0.16 92.07 0.04 0.04 0.09 0.1l 0.09 0.06 0.06 0.08 0.0C8

[ LLY

MeGILL UNIVERSITY ' COMPUTING CENTRE
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; EDOTY TEST NUMBER 22/
2 0.2) 022 Cu37 Ce4C Co40 0,42 0.37 0.09 0,92 0.03 0.18 0.39 0.42 N.70 Ce85 Co%2 0013

£.27 0.06 0.02 0.05 0,16 0.45 0.37 N.50 0.59 .38 27

W
<
.
—
-~
(=
.
~
v
[a]
.
w
-~
(=)
.
>
(2}
o
.
+»
o
(=]
.
>
o

4 0£.20 0.22 C.3C Ce38 €.38 0.40 0.18 0.02 0,04 0409 0.14 0.26 N.36 0,42 C.44 0.35 3,31

0.16 0.N3 0,95 0N.10 0.l6 0O.ll 0.2 0.35 0435 0.33 .30

An
[}
.
—
W
n
.
~N
-
(=]
)
n
o
o
.
w
w
o
.
w
o
(2]
.
w
Q

i ¢ (.15 0D.22 0.25 C.28 Ce32 0,20 0el13 0.05 0.04 O.11 0.17 0.23 0.27 0.29 0,29 0.29 0.30
.16 0,20 0.25 0,26 0.27 0.27 0.28

L)

7 0.12 0.20 C.21 C.25 €.24 G.l6 0.08 0,05 0.04 0.l4
i @ 0.08 C.l4 C.15 Cel9 Cel? Goll 0.09 0.05 0.04 0.12 9.16 0.20 0.22 0.26 026 0.27 0024

6 0.11 Col2 0.13 C.l4 .Cel3 Coll 0.10 N.04 0.04 0.1l 0.16 D0.19 0.20 0.23 0.24 C.Z; 0,24
16 0.11 C.l2 C.14 C.13 C.13 Q.13 0.06 0.05 0.03 0.11 0.16 0.15 0.16 0.17 C.l9 0.18 9.21
; 11 0.16 Col4 Cel5 Cala 0C.olé 0.13 0.09 0.08 0.03 Q.08 0.12 0.17 0.16 0.15 0.14 0;16 N.12

12 n.11 0.12 C.ll1 0.12 C.10 0.06 0.07 0.04 0.03 0,05 02.09 0.13 0415 0.11 0Ol.11 C.10 90.06
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w

10
11
12

3

GAMMADOTXY
0.52 0.51
0.40 0.22
Ce24 C.24
0.29 Q.21
0.22 C.l8
Cel? 017
0.09 0.06
0.05 0.07
0.05 U0.C9
C.06 0.C5
0.02 0.C2

0.25
C.19
C.16
.13
C.18
0.21
Ce.l6
0.14
O0.11
0.13

0.12

.32
0. 24
0.26
0.31
0.30
Ce29
0.22
0e.21
0.20
0.21
0.18

C.71
0.60
Ce56
0.53
0. 44
.35
0.24
0.24
0.27
0.26

C.20

0.89
0.72
0.57
0.53
0.46
0.31
0.23
0.27
0.25
0.19

0.23

1.07
0.89
0.69
0.68
0.02
0.48
0.39
0.29
0.31
0.32

0.27

1.07
1.00
0.79
0.75
0.72
0.58
0.45
0.35
0434
0.30

0.28

0.98
0.86
0.64
0.59
0.55
0.47
0.37
0.29
0.29
0.26

0.28

0.98
0.76
Q.46
, 050
Ne44
0.41
0.36
0.25
0.29
0.30
0.27

0.75

0.67

0.53
Q.47
0.43
0433
0.27
0.21
0.28
0.32
0.25

TEST NUMBER

0.54
0.50
0.51
0.34
0.29
0.25
0.19
0.17
0.18
0.23

0.21

0.40
N.23
0.18
9.16
0.14

0.15

0.15

O.14
0.10
0.11

N.1l4

32/
0.48 0.55
0.25 7.31
0.C9 0.20
0.05 0.12
0.05 0.11
0.04 0.11

0,06 0.09
0.10 0.07
0.07 C.06
0.05 0.07

N.12 0.06

216
2415
N.12
N.14
N.14

0. N4
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11

12

P ox

STRAINRATE INVARIANTS
032 0e39 0040 D640 0e42 0652 0657
Ne27 0e30 0e38 0639 0640 0Ne47 0643
0e25 0026 0432 0e37 0639 0646 0433
Je 21 9.23 0e28 0633 0637 0.40 0432
0e19 0422 0e27 0630 We33 Ne29 0.26
Oel4 0a20 0024 0028 0a28 0025 0619
0e09 0a)& Oal18 0623 0623 0a20 0elb
0e09 Qeléd 0elé 0617 0a22 0622 0619
0408 0Oell 0Oel4 0el6 0e20 0.20 0.18
Del2 0Oall 0el4 0.15 0el8 0s20 Delb
0e0B 0009 0e09 0612 06013 0016 0617

GO END STEP TIME «08 MINS

0e58 055
0.45 Na50
Na35 0,40
Je34 0,38
0032 0.36
0.25 0.29
0020 De23
Ds15 0.8
Nel8 0017
0.18 016
Cel5 Dol4a
TUE SEP

0,51 Je56
0e4t 0De42
0.33 0.28
0431 Da30
0.29 .28
D26 De26
Je21 D23
017 9el9
0.7 De20
Ja15 D419
0.15 9Dal6
17y 1968

0.55

e 21
De 21
Ne 22

" 0.17

TIME O

0453
Q.48

0e45

0068

TEST NUMBER 32/

Do 74
0.54

Neal

De 25
Ne23
0,21
0,17
013

Ne il

F DAY 1847982 HRS

Ns 7
0ol

Je 36

Jalh
Yal3

Ja 1D

&

Dok ook e o i o o e i e o ok ke ook ok vk o ofe o e o a3tk o e o o o el ok o o Rk ek ok ok e 2w ok A o e o A o ek ok e ke kol sk e R R ok e ko ok ok ek e ek

‘% 360/50-1 71-CARDS READ
' YOU HAVE 274286 MINSe LEFT
L * JUB  INVTS END TOTAL TIME

HASP

JOB STATISTICS --

«4?2 MINS

70 CARDS READ --

201~LINES PRINTED

TUE SEP

0-CARDS PUNCHED

17,

1968

130 LINES PRINTED --

JJB SCO NUe

TIME OF DAY 18e 7984 HRS
e sk e e e oK e o o e ok A e o e e o e o o o B e 0 8 O e ol XK o A o O e o R R R e R e o o K B R R ek ke ek

4%

£ 3

9 CARDS PUNCHED ~- JJ8

e 39
Ys 34
Ja 32
1028
.27

1» 25

13 =<
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APPENDIX IV

SIMPLIFIED METHODS FOR COMPUTING INTERFACIAL ENERGY

Mean Frictional Stress

There is a variation in soil velocity around the
area of contact. For example, in Test 38, the soil velocity
varies from 6.7 in./sec at inlet to 7.4 in./sec at bottom,
dead center and finally to 6.6 in./sec at exit. If an
average soil velocity is assumed for the entire contact
area, a mean slip velocity for the entire contact area can
be obtained and from the stress-slip velocity relationship
for the soil, average frictional stress can be selected.

The interfacial energy can then be expressed as:-

. Average Total Area  Average
X = Frictional x of x Slip IV-1
Stress Contact Velocity

Estimation of Frictional (Shear) Stresses from Torque

lieasurements
M
de 2
4
©
=) 4
2 7
The following Equation can be written for torque:-
2
M = br I rlde Iv-2

94
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where b = width of wheel
T = shear stress on an elemental area.

If it is assumed that the shear stress is constant over
the interface, Equation (IV-2) reduces to:-

M= br2 |2 V-3

®1

For clay soils and especially at higher slips the assumption
of a uniform shear stress is reasonable since the soil veloc-~
ity over the entire interface is similar, the shear stresses
defined by the slip velocity will be similar.

In Equation (IV-3) all the terms except for T are
known and stresses calculated from the torque are in close

agreement with mean frictional stress calculated by assuming

an average slip velocity.

Calculation of Interfacial Energy from Torque

As stated before, the torque can be expressed as:-

%2
M = br J ride V-4
®4

The area of contact is given by:-

2
A=D f rde V-5
®q

If Equation (IV-4) is divided by Radius, r, we obtain:-

o .
u = [ 2 T rde IV-6
r

4
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Therefore using Equation (IV-5), Equation (IV-6) becomes:—

T At V-7
where At = Average shear force over the area of

contact.

The Interfacial Energy can then be expressed as:-

X=A‘t‘Vs=

Vs Iv-8
where Vs is the average slip velocity.
Equation (IV-8) was used by Fitzpatrick-Nash
(1968) to calculate the interfacial energy. For cohesive
s0ils at higher slips where the shear stress is fairly
uniform over the contact surface % represents a very use-
ful approximation. Calculations of interfacial energy by

this method were in close agreement with the method des-

cribed in Chapter 4.
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