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l' Â .Jn.y 11; 81 n of v&I'loua meth041 for Ixtraotlnc 
ourYatur. and tangent le meaeure •• nts trom boundary pointa ot 
Q.uantlt:ed abapea., orlglnt.l m.thod~1 prop08.d whioh )ll'I th. 
entropy of a hiat am of the~ of 11ne legmenta joinlng the 
diloreto boun a~y p01nt.. ~hl. m~t~ i.pltmented e~per1mentàllyJ 
uaing a oomputer and 1tl valldity and theqret10al balia 1nvelt1gated 
and .etabl1lhed. A rel.tione~ip between the propoaed me.lure and 
the ol.e81~al mealure of ourvature i. ,lven. Some v .. rlations of 
th~ propoaed method ~r' IUBlelted and their oonee~u.noee are 

, , 

l~vtetlsat.d. In addition, a •• thod for data reduotion of 11ne 
drawinge la propoaed and lnveatlaat.d whlOh la~ ... ed on the entropy 
m ... eure ot ourva ture. \ 

: lnd'l Terms t Ourvature. Entropy HeasUH t, r.ature Eztraotion. 
~lcture P1'o_oe8alna. Preproo'aaiDs. SlIloothing, Tangènt 
Angle Neaaurement, Lin. Drawingl, Data Reduotion, 
oo~put.r Graphiea. Pattern Reoolnltlon~ 
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Une 'tudo-de. diff6rentea m'thodeo d'extraotion do 
meeur~a do ~oourbur" et do'allBlea de ta~Qno. À. PQrtlr dos polnte 
d61im1t.nt 1'8 forme~ quantlfi6ee est iQl-pr'sQnt'~. Une 
m6thode no-uvelle ost propos'. utillsnnt l'entrople d'un -
,h1atoll!'o.mme dee anales form's par les'segments de droito joisn~nt 
le. polnta.discl"ets d611mitant le oontour. Cette &dthode est 

1 

rialis5e experimentalement à l'~' d'un, ordinateur 'ot éa' , 
validlt6 ainsi ~~e sea fondem~nts tn'orlq~e8 sont loi exnmin6e 
et fitablla. Une.'relation est donn •• entre la m'tbode de mesure 

1 

propos'e .t' la mithode claasique de mesure, de oOUl'bUrff. ~ Sont 
.USier~'8 'salement cortaines variantes do la m6thode propose' 
et 18ur8' oona'quenoeta ~ont 'tudi6ea. Flnalement Une m'thode 
bas', en prl~o1pe sur la m~8ure par entrople de la courburo. 
et ay~t pour ~ut la riductiou du vol~~e de donn6ea requlsea 
pour ~rao's. est propos'e et lnveatlgu6e. , 

a'pertolre: 

\ 

Oourpure. ~esure d'introple. ~xtract1on des 

caract6r1atiQues. Traitement des imaCes. Pr6-
, ,ri 

traltement. ,Flltrage, Nesure de l'angle de 

t&nt:;ence. Tr:l;c~$.' I\6ducticr~ des dô'f.r:t'is.­
GrarhiQ.ue's d' Ordinateur. ~\'coMD.1tHlt\.nQe d.es 
formes. 
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1. IN!RODUQTION 
-1 

Ever ainee phya~ologiats and expe~imental PSYC~Ologists 
have conce~tualized the ~icture proces~1ng m~Chan1am8 of visual 
systems, this knowledge has inst~gated the develo~nt of many 
preprocessing techniqués and mathèmatical models to simulate theae 
p1cture processing procedu~es and properties. Host of them proeess 
piètures that are digitized and quantized in various ways and then 

1 

applied as a part of preprocessing and feature extraction to some ' 
viaual pattern recognition system. 

o 

, " 

procesBor in viaual pattern recognition syste~a. 

'" 
Ft 
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KathemAt1cal Concept of Çuryature 

V1th reterellce to F1g. 1.1. /g1ven a twice differe~ti~ble 
.funct10n t(t). ve denote T(t) as the unit tangent to the po~nt P 
at t1me t, .and Q(t) as the angle lof the tangent At p01nt P at'time 
t.. Ve vant to know the rate of change ot 0 as t increases, that . - . 
1a, as we fion Along the curve t(t), as A measure of ourvature ,.of 
the tunct10n f(t). 

y 

J J, 

1 

~ . 
!(t+At)-.. 

tunct10n 

~-----+t----~t-+~A~t---------------. t (time) 

Fig. 1~1: The curvature of the funot1on f(t) 
18 the rate e changee ae a tunct10n 
of t, time. 

Formally, tne cùrvature !t P~1~t P 18 the' value of the 
derivative of the polar angle (Q) of the un1t tangent vector T vith 
respect to arc lengtn at that point. Intu1.tively, one can also 
interpret curvature as ~he rate of change of ,arc length per unit 
change in 1nclination (Q), but it is preferable to conslder lts 
reciprocal, that 1a, the rate of change of inclination 6Q (or 
turn of the taagent vector) par As, the unit change in the arc 

~ 

l.ength along the curve. 

! 
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So, the ourvature .t P oan be repreaented hl': 

I! • -4i- _ l1m -éi-
" da #> As-.O da 

If ve denote the alo~ tan Q aa Y t, • ~ t i.e. Q,. arctan ytt 
then: 

thus t us1ng ,~ _..Ai.. *...i:L crs dt da 

1 where 
ia the reciprocal 

:of the rate of change of arc length per unit ch~. in t1me t, ve 
get the expression for the ourvature: \ 

(1.2.1) 

ln terme of polar coordtnates, ve subst1tute for tar-coa Q "and 

yar. sin Q ~o obtùn: ( 
1!'. 'r2 + 2(r,}2 - f*r" 
r (r~2 + (rt )2) (1.2 e 2)J 

v 50, 'curvature measuréa the rate at which (the tangent lin 
, 't 

turns per unit distance moved*along the curve, that 1a, the rate 
ot ohange of direction of the curv~. This ca!culus notion of 

pl 

ouna.ture will be referred to as the olassical def1n1t1on of r 

curvature. 

1.' Some ShaEes and their cuivaiure 
\ 

Functions 

As an example, cons~der a few aimple curvea and the1r 
curvature funct1ons. 

\ 

(1) '\Tbe Circle: its equation: x2 + y2 = r 2 

1 

To determine 1ts curvature function, ve determine their 
\ 

derivatives y', and y" and substitute tbem ~to Eqn. 1.2.1. 

For f(x) =Jrt 
- X

SC = y, ve d1fferentiate to get: 
_r2 

y" 1: 
(r2 _ %2)1 and 

Tbus tbe curvature function: 

- \ 

:ft _[_...L for y) 0, i.e. when y. < 0 
. ..L

r

r 
for y<O. 1.e. vhen y·)O 1 

,\ 

.J 
ç , , 

. 
--------------------------------..... ____ ~ __ .. ag;.M~ .. ~g,k~~ .... _=4!~~~.--~--~~--~'~-~, 



,;:. ., ct' ~ 
. 1 
'\".-

.. 1tII!IIA __ ._..:.-.. _________ ..;.;, :.....-_____ ._ •• , _____ • 

/ 
(2) The Ellipse: \ ita equation: 

. ( 

/ 1 
\ 

2 2 
~+, -1 

a. b -
1 

Ag~n, ve determine the derivativea and substitute them in)p 
Eqn. 1.2.1. In th1s oase, the fUnotion 1a: 

y:& tJ a 2 - z2. ThuG their derivattves are: 

Th1s ri~e, we deter:ine the po~ar coordinate derivatives and 
substitute them into Eqn. 1.2.2. SOt ve have: 

r' • a*sin Q and r" • a.cos g' . 

Thus, the curvature funct1on: 
)é) - , 

Y' - 2Ja*r 

The Spiral of Arch1medes: Its equatlon: 
Aaain, ve use Eqn. '.~.2 'for: 

r" K 0 
1 r' • a __ and 

Thus-the curvature function: 
/ 

,.2 + 2 
~ -= a (g2 + 1 jl: 

(5) The Parabola: 1ts equation: 
. 2 

Y ~ x 

r :: a*'i> 

In t~è similar ,steps, ve get Its curvature funct1.on:. 

4 

(1.3.10) 
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1.4 Scope of Thea18 

• A brief survey 1a given in Cbapter 2 on tbe methoda ot 
extraoting curvature an~ tangent angle m~asurements and their use 
in obtainlng features for visual and P1&torial'pattern recognition 
systems. In Cbapter 3, a. method is Ipr~'poseù to measure curvature 
and tangent angles us1ng tWO-d1menSi~nally quantized boundariea of 
shapes. This me~od 1nvolves ua1ng entropy measures as 1ndicators 

/ of curvature, produc~ng an entropy value graph plotted against the 
1inear boundary point positions."' from which one could easl1y dis­
tlnguish higher curvature points from lover èurvat~ pOintsj 
These methods are implemented uaing a computer and their valldity 
and dependabl1ity investlgated and established. 

The tbeoretical st~cture of thls method ia explored in 
Chapter 4 and 1ts bas1s establishe~ by stud1ès and experlmental 

, ' 

resul ta. A congruous endeavour deteradnea the tangent angle \ 
\ \ 

directions of ~he given boundary on the t~O-d1mensional quant1zed 
grld. 

The computer implemen~ation provides for a useful tool 
" 1 

, trom wh1.ch 1nv,estlgative studies on the method la d~~e. Some," \ 
/ / 'variations of" it are atud1ed ln Chapter 5, section 5.1 to 5.3, an~ 

; , '0 

thelr e~fects determined. Sect~Qn 5.4 outl1nes the effects of 
quantization on the method's performance. Finally. ln section 5.5. 
a method based on using entropy measures as indicators of curvature 
la suggested for use in data reduct10n of l1ne drawings. Th~n 

~~ - 1 ~ 

conc~usi.ons are drawn in Chapter 6 wi th regards to this· method • a 
performance in terms of lta time involvement in its computer 

;' 
iJllplementatlon. 

1.5 Some Comments 

Throughout this thesia, many terms have been used selec­
t1vely at my discretion. Terms llke wlina-points" and ;, -stë-p 
staircases" will be deflned when f1r.s't encountered and subsequently 
used qUi te freely vhen required. other t~rms like ftnoise". , 
"picture retina", "transformation" and "entropy" hàve been adapted 
from ooncepts in picture p7-0cessing aM informat1on the~ry. Some 

1 

\ 

-.' . 
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8tat~st1cal terme l1ke unb1asress, expected values, means, proba­
bili ty, frequency 'd1stribution and histograms haV/e l' been used wi th 

the assumption .~hat readers are 'fam1li~r w1th them, and thus they 
w111 not be defined. ,-

" Some effort has been made to maintain oonsistency in the 
symbols uaetl. A l1st of the main ones used throughout the thesie 

1 follows: 
Q ~ the angle of the 11ne (Jl) between two p9ints ( Pl & 

Pab} lI1 th reference to an arbi trary zero line (lf ). 
In most cases, cr la chosen as the x-ax1s. 

,-

~ - subtending angle of an angle sector of &,circle 
~ - the radius of the circle 
p "1" perpendicular distance from the orig1n to a line 
,~ - class1cal curva ture 
4{- curvature est1~ate\obtained by taking the e~tropy 

of a h,istogram 
~-,an expression that gives a value indlcat1ng curvature 

With reference to ,the programmed system, 1.e. the computer lmple-
lIlentation of this lIlethod. the kth point ls the midpolnt of the ~ 
segm~nt under consideratio~ and ls the point und,er cons1derat1on. 
When referring to histograms, the terms "ce1l" and "slot" are ~ 
synonylllÇ>us • 

" ;'1 , 

1 1 
.'" 1 • " 
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2. Methoda of Curvature ·ind Tangent Angle Measuremente 'and. ' 
their Appf1catfQns in Pa~tern.Reoogn1~ion 

2.1 IQ)tQguct1on 
, ,~tr 

Sin~e this the sis follovs two Ph. D. theses (2,,) related 
to the mea8~ment of curvature, many references of physiological 
results and related background in Pattern Reoognition involving the 
~se of(ourvatùre and tangent angles for various purp?ses arè omitted 
te reduce the amount of repetition. The 1n~ention here ia to give 
a brief survey of some of the more èOmlll~nl:y used methods from wh1ch ;~ 

t~e curvature and tangent angle measurementa can be derived. 
Many researchers have employed these measures to create - . 

a description wlth wh1ch to categorize two-d~mensional binary 
shapes or silhouettes. ot all these worka, only a few metnods 
have beeu repet1tious~y used, although variations of them are . \ 

u8ually adapted for each particular prob1em. Inadvertently, these 
curvature or tangent angle measures have been easy to derive and 
have proven ~o be useful as representatlves of shapes an1 flgures. 
Most often, they are extracted trom digitized or quant1zed versions 
of the original shape or pattern. Methode involvill8 !iig1tized or 
quantized pictures vith more than two gray levels i8 not considered r 

in this thesis, (e • .8- Symon (4)-

2.2. Representation of Curves 

Most often one can eaai~ prov1de adjectival descriptors 
of shapes like compact, jagged, compléx, beaut1ful, etc. One can 
also correlate physieal measures 11ke perceivable complexity with 

. " ----more geometrical terms like the number of sides, angular variabl1ity. 
, symmetry or rack of symmétry, .per1meter l /area, etc. For example, 
Kazm1erczak. (5) used some descriptive terme for line forms that 
produced shape cri ter1~ charaote'r1stics when using the potent1al 
d1stribution to characterizè the shape. Rere, he used terms lika-
peaks, exposed marginal points, protected points, curve shape open' 
to the 1eft or to the right, straight line, çlosed linea, continued 
lines, etc. Also terme llk.e convex, concave, straight, etc have 

/ 

. / 
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been. suff1cient for some purpostts (6). On -,the other hand. p1cture 
subsets oan be completely 'determined by Sptrcifying t~eir edges .; 
as a set of direoted curves'whioh oould be represented bY,tbeir 
equations. 

1 

2.2.1 yg1ng Chains ot 90ded DireotionS 
( 

Attneave (1) èstablished through some exper1ments that 
information 'of shapes vas ooncentrated at points, of higher ~ontrast 
and where the oontour changes direotion moat rapidly. the r&lative 
looati'ons of the points and their connè'c,tlvity. These. points on 
the contour, having max·lmum ourvature t vere important for the 
representat10n and reoognition of the shapes. 

~ , Attneave &' Arnoult (7) approximated a curve by ohooeing 
- ' , 

sample point~ so that the difference be~veen the original and the 
1nterpolated'"-curves does not exce'ed a pre-speoif1ed amount. 

/ , 

Alternately, a pre-specified number of sample po1nts can be 
selected to minimlze th, d1fferenpe. 

Freeman. (8) uaed the gxJld-lnteraection method to approxi­
mate a curve. The set of po1nts apr,roximat1ng the 11ne are those 
grid-1ntersection"points' for whioh thè ourve passes the olosèSt or 
thro~h some pre-specified neighbourhood about that point. In the 
polygonal approximation obtatned 1n this vay. each side of the 
approxima\ed curve 18 el ther hprizontal. vertioal of unit length, 
or d1Qgonal w1 th length of- the ra \i 0 of,f2 to the unit length. 
This 1s the basis of chain encod1118 from' whlch one oao represent 
,lines by tneir start~ng point and the sequence of slopes ~f i ts 
sides. These slopes, the tangent,angle approximations, are~ 

\ 

usually ood~d into six (hexagonal grid representation) or eight 
numbered directions to produce a chain of coded directions which 
most often ~an be used as an efffoient deser1ption vith some 

\1nvarianoe properties for the purposa of classlfication.~ 
Others have done'this bl selectine" brèakpoints for which 

'the edges or the bord ers of ~ pioture subset may be segmented to 
1 

produce polygonal approximations of the original oontours. For , 
instance, Freeman (9) chose points o:f infl.ections. Hason and 
Clemens (10) used 100al extremas of the contours; i.e. the 100a1ly 

( 
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lowest, highest, lett-most, right-moat points ot the edge to 
, ~ 

'generate a simple,oode for classif1~at1on ot 1alpha-numerlcs. 
Gauohi. et' al (1') segmented edges by locat,lng shape features like 
straight strokest bays, notéhes, spurs. eto, on the contoUr in 
seven1stroke se~ent directions and used thia sequenoe of geometri­
cal teatures ~f the oharacter for classifioation. Gluoksman ('2) 
and Symon (4) both chose points on the ourve that have high 
curvature values. ~Jma.n (f.3) chose intersections for his Qwn' 
purpose; where two ·or more lines wi th different slopes meet~-.. :t one 

, _ rl
l
..)'" 

point, end point~ and 1so1ated points. Sherman (14) ~hose nqdes: 
, where t~o or more'aros,end or meet in thelr line-llke flgUr~s~ 

l, \ This breaks 'the contour luto "branches 11 j oined to one another ~ t 
a;r~ ends. A connectlon ,matrlx 18 then used to de scribe the group 1 
joining these nodes and" cont,lns the sign, maximum degree ani tr..e 
amount of curvature of the br~ches jolning the node. 

2.2.2 As Fun9tions of Picture'Subsets 
l ' 

An important method .of describing the edge of a pipture 
subset 1a by its intrins1c equation which g1ves 1ts,ourvature as a 
function of ,arc l~ngth measur~d trom an arbltrary startlng point. 
This method 'completely de termines the edge and can be made inde-

/'pendent of sl&8 and orlg1n. 

1 

il ternat1 vely, as can be observed in Fig. 2.1, one can 
use the slope of the edges (tangent angle estimates) rather than 
the curvature measura, as a f'unctio~ of arc length, although this 
would not be independent of orientat1on, or as in Fig. 2.2, taka 
tbe angle between the radlus vector, 1.e. the l1ne from the origin 
~o ~point on t~e eate, and the, t~ent to this edge at ~hat point. 
'sra tunction of arc,length. This ~s inde pendent of position, 
orie~tation and scale (15). Stlll another vay, as in Fig. 2.', is 
to take the radial angle as a funct~on of the arc length (, 6) • 

f(s) = e 
e 

Fig. 2.1 .-- Fig. 2.' 
" 

", Y -----:--- - \ 

'~'i '1 
,~., <il 1 

/ 1 

'II~~ 
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, The oha1n encoding of an arc. &s a sequenoe of steps of 
pre-determ1ned lensth 1n one of a S1 ven set of directions, can be' - ~ ~ 

~ought of as a d1~te lntr1nsio equat10n a1nc. it Sives quantised 

> slopes (tangent angle measure •• nts) as a ~ct10n of :t;t1Sed arc 
l.enath. The q,u.a.ntized c~ture measure. the rate of c e of the 
a~op,. as a funct10n of arc length i8 'then obta1ned by . 1ng the 
diff~ren~es of sucoess1ve slopes {17-19}. Canton! (20) used, th1s 
approaoh to otita1n opt1mal ourve f1ttlng.us1ng ~ linear p1ecew1se 
funct1on. 

2.2.' Other ~etb9ds of Representinc Çurves 
, ' , \ 

Hough (21) t~roposed, an 1~terest1ng and co~putationally 
qui te eff1cient procedure'" ta repres~nt cunes and eve'nt~ally detect 
~1Xles, (:ven dotted l1r.es in ptctures. In,cases of line-like 
figures, sequent1al methods adapted trom h1s point tocurve (s~ope-
1ntercept) tr~sformatioll s{h-eme CM he used to ,search for and 

, 
follow aunes to provide J.nformat1on about 1 ts shape i for 1nstance', 

\ 

to ob tain the curvature as a tunct10n of arc length. 
Du.da a: Hart ·(22) ahoved that the use of the anale-radius 

\' 

rather than tlie .. slope-lntercept parameters of Hough t~ represent 
9urves would simplify computat~ons even turther. The1r method 1s 

" used for more general curve fi tting and has b'een improved t'o detect 
11nes 1n no1ay pictu.res by' Oohen ~ fous saint (2,). 

1 

/ 

y 

~~------+''-l--~'X 

118- 2.4: Hough Trans­
formation. 

the 11ne J. 1s represented 
bl the parametera: -

(...!!... • li > 
Xe. 

,.. ... 
1 , 

'0 e ~ 

-~-1g. 2-.5: Duela a:' Hart' s 
b-anaformat1on 

The =}: 1s represented byi 
the ' atara:' 
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;. An .A.rb1 trary Sha»t 
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---·--l, 1. Sq.uare Gr1d: • 
',,' ,. '\11. Hex.agonal Grld; • >J" ~d traversed 1n 
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/' \ \: d1nct1on. 
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F±8- 2.7: The 'C~ture, Oraph. / 
<Curvature values are expressed as ~he d1fference 
~ the &.ABles (in radians) of the tra1~1ng vector 
and the~~eading vector. FQI instance, '\ra11ing 
vector l)f. leading vector f2 C1 ves a clockv1se -
d1fferen:ce in angle of qr /2', thus .stabllshes the 
value as negatlve - f-or a concave point. 
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, >o! ,\ 1 2.' ' SQlDe Plisses of Techniques, for l-Ieaw,rlM Çumtu." __________ ~ 
: ~-------- ' ( and ~an&!nt' Anales 

We have already ~een some ways of represent1ng d1g1 tlli~ 
or quantiaed lines and! f1gu.ree. In this section, lie class some 
more commonly uaed ideas from which ono could der1ve or extract . . 
meas~res of curvature and t~nt angles. It should be kept 1n 
m1nd that some of these are not d1re~t procedures from vhieh one 

\ 

can ob tain these measures; inst~ad. 'they are means uald to 
facil.i tate the ~~traction of the curvature .pd tangent anale 
measurements. 

\) l. 
Br the,def1n1t1on of an Imrulse of eurYatute , 

, \ .. 
The mensure of eurvature at a point, of a 11nearly 

" aegmented arb1trary Qhape is 11terally taken as the d1fference 1n 
1 ( .' -

&.n4Nl.ar directions of the vector leading t'rom the prav10ua po1nt 
, \ 

and th~ vector l~ading to the next p01nt, the figure' be1ng 
1 

traversed in ~ ~e-speclfied direc~lon trom vhlch arbitr~ standard 
notations may' be' set. For 1nstance. 1f the shape 1s be1ng traversed 

l' 

ln an anti-clockvlse direction. ve can set clockwiae difference ln 
utle as beln& of nega.,tl va eurye.t~e and counter-clockwlse differ­
enee as being of positive curvature. - Thus concav~' segments will' 
have negative, curvature values and c~nvex segments vi~l ha~e 
poa1t~ve '~ues of curvature. "\ \ Tc lliustrate th1s method, ve quantized an arb1trary 
shape (Fig. 2.6) partly on square gri4s and partl.y on hexagon~ 

,Cl 

grids. Distances between po1:nts are aceounted for by di~fe:.rent\ 
, 1 

distances on the x-axis of ~e curvature gr.~, shovn ln F1g~ 2.7.-
Possible values obtained from shapes'~uantiEed on square gr1ds are: 
±'Ir. ·'i ,~l4t ±~/2. ±'f'()4 'and O. S1liù.larly, poss1bl.e values 
'?)*ained !rom shapes qUant~ted) on ,hexagonal ,gri!ds ~~: ±'lf t ± ~/, t 

, -i.1r l', \(Ll1d 0 • (24) " 0 

2,.'.2 l', Via' Chain-Ençodins 

~ Rere..- sJ.ope\ funct1.on i8 quant1.sed into a set of elght 
J, \ ~ \ " 

poss1.ble standard slopes, or SU, to -produce representations based 
l ' . . .. ;~~ ___ ~--:.------ ----7 

_1 _______ 

--~-~~,-----
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on a hexagonal grid. Th~ curve i~ represented by a-seq~e~ce- of 
small vectors in a~imited set of possible directions which 
des~ribe the features-of the shape b~ the associated chains and 

t 

12 

chainlets of coding used. It was Free~n (8,18,'25) who first "(, 
introduced the-chain-encoàing method that used the eight basic 
directions, .to 'quantize the directions along a, curve traced out 1'r 

by a line follower., This technique has been adapted &by many( others 
Q26-31) for use int"the recognition of handwritten charactcrs and 
~umerals.' 80me defined chainlets ~s port~ns of larger chains 
that represent curves between slope discontlhuitièS or inflection 

, , 

points, and-describe the shapes of the pieces by features 
J(ts , 

assO'Ciated wi th the l'roperties of the associated .. ,Qha1ns and 
• ,\r' ...--

chainlets. 
In a similar way, Groner (28) quanrized his curvé using 

only the four main directions. Still others (32,33) used these ' 
techniques on their nork to detect overlapping chromosomes, 
other biological objects. 

, 
principal 
cells,and 

.<il 

Essentially, curve following techniques require well­
defined contrast bOUndaries which are usually obtained ·after sorne 
for~.·of preprocessing if they are not ini tially present in the 
origi~al figur~. Kasvand (34) uses a simple teChnique that does 
not require a curve'follower'Rut it does not account for the 
effects of imperfect data or'the ,presence of noise. He suggests 
qu~mtizing a contoqT or edge using a hexagonal array as the basis 
of his operations on monochromatlc two-dimensional abjects and 

using ~urvature asJa descriptor. 
Wi th rei rence to Fig. 2.8, au a.~ a .. , 

if a o. = 1, the assembly of points 1s' ~,;-:--:~\au 
on the con.tour, and the expression: /' a \ \ 

a~ at+/....... \8.11 \a... 
• Il 

o = a.1 + r al;' + L 8..&; is di'rectly, 
l-' l"~ 

althoug~\non-liriearly related ta the 
angle ~f curvature. This is then 

.. ~sed~.,a~ a -basis for hisf coding. 
L, Yamada 0:( Fornanago (35) used 

allother method where they quantized 
, 

and labelled boundary points in a 

\ 

\ ." }' 1 1 

\ ,/,/ 
a.'t-----'B.. A:Z,I2. 

1 " ()"> 
~ 1 

~-a""'L-Ul-~~'" 

Fig. 2.8: Hexagonal 
1 

grid assembly used by , 
Kasvand 

". 

~----------------.~ :r~_ ... ~ ,.,:.... ~-
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( 
scene according to a scale of eight directions of a line through 
the point in question using a 5 by 5 quantized grid. This method 
a1so does not require the use of a curvb follower. 

2.3.3 Via the Angle versus Length (AVL) TecrJ.dgue 

Attneave and Arnoult (7) outl:!.ned a few methods tb 
describe contours so that they woui~ be independent of their size, 
pl.ace and orientation. Generall.y, normalizàtion o~ the bouhdary 
would render it independent of size while location and orientation 
are intrinsically dormant in .these techndques. 

(al "Plot the reciprocal of the radius of curvature versus the 
distance along the contour ~t each point. This gives a pericdic 
function (of 2~ ,if the contour is closed and ccnvex) that can 

-easily be made indepenàent of the scale of the origihal shape. 
For instance, the function cao be norm~lized by scaling the peri­
meter of the figure as one unit and expressing (r) the radius of , 
curvature in comparable terms, or alternately, set the area under 
one period of the function to one unit. 

\ 1 
(b) Plot the angle deviation (g) versus the distance ~ong the 
contour. This can be real.ized as in Fig. 2~9, by guiding a tri­
cycle over the contour such that the point between the rear wheels 

, 01
' i 

- follows the contour 11ne. The angle dev1àtion g, the angle 
< 

measured between the front wheel and 
the forward direction la then pl.otted 
against the distance travel.led by the -
front wheel to give a period1c funct10n 
déscr1ptive of the contour. Since the 
front wheel moves in an arc concentric 
vith.the segment of the contour being 
followed, the function maintains a .. 
range of values between -90· and 90·. 

_ Fig. i.9 

The r~ius of curvature 18 glven by: r = cct g,. where LiS' the 
distance between the front and rear wheels. This function coulo. 
al.so be normal.ized by g~ing the p~rimet~r of the t'igilre unl/t 
value and setting L,at some small fraction; the smaller L'is, the 

1 
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more'"co~tinuous" would be the resulting ~ction. • 1 

(cl We can divide the figure into individually homogeneous parts 
which

l 
are âmenable to approximate descriptions in terms of a.few 

standard dimensions. 
Given a "complex" figure, ve construct a polygon about 

it by drawing tangents 1 . 
Ci) at points of zero c~ature, i.e. nt' straight segments of 

the boundary and at inflection pOints--when the curve 
) 

changes from concave to convex or vice versa, ~ 
(ii) at points of minimal curvature-, when decrease in' curva­

ture is followed ~y an increase, or vice versa, 
(Iii) at discontinuities of slopes o~'angles. 

T~ls makes it possible to àescribe the figure by stating successive 
sets of slopes ~d the le~th of each line in the constructed 
figure. It may te ~àe orientation-free and scale-~ree by speci-
fying i+steaà, for each pair of adja~ent segments, , 

(i) the change in direction in degrees or radians, 
(ii) the change in length'(in logarithms), as the· contour is 

followed aroUnd in a clockwise direction, 
which is what is essentially required for the description of shapes 

~ 

of successive segments of the polygon taken in pairs. 
In this case, as can be seen in Fig. 2.10, a curve is 

approximated by an arc located tangent 
to two successive lines of the polygon, 
like a rounded-off angle. The size of 
the arc i5 limited by the shorter of 
the two segm~n~s. Hence- the curvature 
can be expressed ~s the ratio St/s •• 
Va1ues of this range from zero, 
iDdicating an abrupt angle vith the 
radius of curvature == 0, to one, 
indica~ing an arc which is tangent' to 

the shorte~ regment at its end. I~ 
~ 8180, attain, values greater than 

Fig. 

\ 

~~e"ts , 
1 Ccn'ls1r .. tftcl 

2.10 

1 one for s~~ series of bu1bous projections that ~:~ne '~ght introduce 

or find in a f~gure. 

~ 1 
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This method provides descriptions that are invariant of 
size.or prientation. Since general normaliring factors are avoided, ~ 

part similarities of two objects are refleoted in their numerical 
descriptions between same contours and repetitious sequences of 
elements, so, auto-correlation techniques could be used. 

The number of terms required to adequat~ly describe a 
curve is related to t~ complexity of the 'figure. Fehrer (36) 

,showed that it is proportional to the difficulty in a reproduction­

learning situation, while Attneave (7) showed that it is propor­
tional to the number of sides. The major disadvantace of this 
method i5 that some figures like spirals do not yield unique 
descriptions since we approximate curves by straight lines ar.i arcs 
and ibnore hicher order inv~riances. 

/ 

(d) Plot the t~.~ent ru.gle versus the arc iength~ Starting at an , 
arbitrary point anj tracing the contour of the shape clockwise, 
the sum of the anp-ular changes of the directed tangent to the 
boundary is plotted against the length along the "boundary. If we 

1 
let clq'ckwise angular changes be considered negative and counter-
clockwise, positive from~the po~ition of the initial tangent, th~ 
resulting wave-form, woul~ be a, single valued continucus function 
of the boundary length. This method wasfirst used by Brill (37) 
and many others ln the University of Ohio group, (Gee 3,24) and 
Zahn <:~8}. 1 

2.3.4 Hl Syntax-Directed Methods 
i 

.. 

Ledley and Rotolo (39) used a syntax-directed pattern 
recognition technique using the programming system FIDACSYS to 

, classify objects by matching characteristic shapes and other "-

aspects of the object with a syntax description. The boundar,y ls 
& 'characterlzed ln terms of successive segments, each described by 

Its direction and curvature. 
Here, curvature ia approximated 

aa the ang1e between the leading (L) and 
trail1n8 vector (T) that divldes the arc 
length equally T 'see fig. 2. 11 ~ The 
tangent angle ia the sum of the two vectors. 

\ 

Fig. 2.1 '1 
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Ledley (40) used this same method to obtain boundary curvature as 
a function of arc length for automatic chromosome analysis and 1 

\ classification of blood cells and other biological shapes~ The 
karyotyping was performed by syntax-directed boundary analysis 
from which these measurements were made for ~he purpose of classi­
fication. A related teGhnique was used by Ledley, et al (41) 
while us~ng film as input to a digital automatic computer progr~ed 

. -< ' to use antassociated syntax~irected pattern recognition system.' 
This same method of evaluating curvature and tangent angle was 

ü 

also-.used by Shirai (421 in the scene anal.ysis of polyhedral 
\1. 

objects and by Johnston & Rosenfeld (43). 
\~ The analysis of ~ocal curvature of the chromosome 

boundary pioneered by Ledley (44,45) has since~been refined by 
many others. One of them, Gallus & Neurath (46) introduced a 
simplïfied f6rm, of cuna~ure analysi.s which aims specifically at 
locating regions of negative curvature which Indicates the end of 
the centromere line. This method includes analysls of the symmetry 

1, 

of the, ~hape'in re!atl~n to (he various prospecti~e centromere lines 
jOlning pairs of oppos~ng concavities. 

By Fourier Analysis \ ( 

1 
1 
/ 

The ~ourier Descriptors of Brill (37,47) are simply 
related to'the Fourier components of the curvature function. ~he 

boundary ls traced to produce a characteristic wave-form by 
plottlng the tangent angle versus the arc length around the figure. 
This uniqu~ one-dimensional wave-form representing the !xterior 

, ' 
boundary of the shape is expanded Into the Fourier se~ies from 
which the coefficients of the series are used as descriptors of 
the character. This method ls the first successful attempt to 

• ! 

desQribe a charaèter's boundary by its Fourier coefficients which 
are then used for their classific~on. 

Rutovitz (16) described chromosome shapes as closed 
curve outl1nes· in polar co-ordlnates ~y a Fourl~r analysis of r, 
the radius, as a function of the polar angle, G.. In taking the 

./ 

orlgin of. the coordjnate" system as the centroid of the enclosed 
area, the results would depend on the choice of the origine 

'li l '. 

l 
~ , 
1 
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Moreover, this technique is restricted to single valuedt curves for ., 
any given value of Q. 

Bennett (3)- extensively used and investigated the use of 
c~ature and tangent angles ~s a function of arc length, in terms 
of distance around the boundary, and its resulting exp§llsion of 
the periodic function in a Fourier series for shape r~cognition. 

\ 
Via ,Lateral Inhibition and the Area Operator 

The-use of l~teral ililiibition models to Jbtaln a form 
related to ~urvature has been extensively stuated by Connor (2). 
It was 'used by Kasvand (48-50) to extract and smooth the curvature 
of boundary points, and using the concept of area operators, ' 
extract curvature values at isplated points .in lnvestigating the 

" €'.\. 

use of curvature in nerve endings and watèr droplet countings. 
The concept 01 area operators stems from an enormous 

background of psychological and p~siol~gical results and ~athema­
tical models built on the basis of lateral inhibition netJprks. 
Tne' area operator simulates the activity in a lateral inhibitory 
network and produces values when operated along an intensity 
boundary to gi ve k description of the boundary related to i ts , 
intrinsicodescription -- curvature as a function of arc length. 
These concepts and techniques were dealt with extens*velY by 
Connor (2) and Bennett (3) in their Ph. D. theses. -

1 

2.4 Sorne Feature Extraction.Schemes 

1 

Some examples of tangent and curvature measure extraction 
procedures should provide a feeling of how the abov1 methods are 
utilized for the purpose of frature extraction. _;'~ ~ 

Kazmierczak (5) usèd two imensional fields of flow in 
which to represent characters and t n extracted shape descriptors , - . 
cla~s~j as gross convexity open ttward he l~ft or right. Guzman 
(13) pointed ou~ that two curves have the ~ame shape if the function 
that gives thè radius of curvature as a function of s', the normaj 
li~d distance along the curve, is the s~e for both_ Although 

r 

this function of s' ls ,independent ot size, .position and orienta-· 
tion of the curve, visuàlizing the curves described by it ls rather 

f ~ 

" 
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difficult. So, he chose intersections -- w~~two Jr more lines 
vith different slopes meet at one point~ end-p6ints ?i lines and 
isolated points. Thenjhe determined the main axis of the curve, 
the tangent angle direction, by' findlng the maximum total contri­
bution of this curve in each of the 64 directional axes used. The 
function of the curve is obta1ned by coding the direction using 
two ~erms~ the slope code, i.e. the tangent ~le direction code, 
and ~he midpoint of the curve. With this, ~~~/curve was normalized 
t~.make the functlon lndependent o~ curve si~e and ,its orl6}n. A 
c&terion used for 'two curves to have the Isa::e sr.aF€ ls thf.t t::ey 
must have the same total contribufion at the s~e ar~les. 

Barro" & fopplestone (~1) repr~sented -curves 1:. t~e s-Q 
coorùinoEL te t (see Fig. ' 2. , ), wher~ Q was the angle that the tangent .. 
to the 'curve cakes "".~ th a referer.ce line t usual1y the x-axis', and 
s ia. the leneth alollg the curve from an arbitrary starting point. 
This function Q(s) is slngle-valued and is/suttable for curves of 
arbitrary complexity. For a closed curve it is periodic with a 

1 

perlod o~_2~. If ve conslder'~(s) = 9(s)~2~s/s., where s. ls 
the Yength of the perim~ter, we subtract the steadily rising 
component as s lncreases. This function ls also single-valued and 
cyc11c, since ~(o+s}=~Hns+s) for ari.y integer n~ 1, thus, well-
sui ted for fourier analysis. "f 

. For example, a circle has constant dO/da = 2~/s. = l/r, 
so Q{s} is a ~traight li~e of slope 2~/8. and ~(s) ia also constant. 

-Thus an arc of a circle transforms to a straight line on the s-~ 
- \ 

or s-Q plot. The magnitude and' direction of the slope gives the 
radius and sense of the .arc. Straight ~es also transform to a 
straight line'on the s-~ or s-9 plot. Th~he average curvature , , 

measure ls computed by fittlng the best straight line to the 9(8) 
repre.sentat,ion of the boundary curve and normal.izing it by dividing 
i~ by 2~/s., the average curvature of the whole boundary • 

.. 
'\' 

\ 
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,. The Proposed Method 

\ '.1 Introduction 

This method c~e about 1nitially through int~t;ive 
apecUlati_ns on how a higher proportion of all possible lines that 

. -----
can be d~,a.wn· through pairs of pointa 0Il a segment of a digi tized 
curve seem to give us the general or axial direction of the segment 
in question. Then if one were to count the number of lines in 
each direction 'to give a histdgram, the entropy va1ue of this 

- l ' -(1 

histogram would reflect the curvature of the curve. . 
* Ideally, a preprocessed ,and eight-way connected digitized 

bQundary' of a shape is used. For each boundary point. we consider ' 
a string of conneçted points on each side. In determ1~ing a good 
size for the n~iehbourhood, heuristic approximations ~d co~sidera­
tions of the shape ~n question are employed to obtain a value that 
will give the most realistic set of curvature and tangent angle 
measurements. 

The necessity of the boundary pOints being all connec~ed 
is rather arbitrary since the importance of this method lies in -
working with a linear list of boundary point coordinates. If a 
shl:tope or pattern happens to have more than one b,oundary, then more 
than one linear list of boundary point coordinat~s -would have to 
be considerèd. Also, depending on the classification scheme 
involved, it may be sufficient to consider only the "ma~orlt boundary 
of the given shape, or pattern. 

The Proced~es lnvolved 
\ 

Tais met:~ can be segmented into three steps to- clearly 
illust ate the tec 'que lnvolved. 

~ 

cells are termed four-vay connected if they are defined 
to be connect~d only to their four surrounding cella vi th \ which 
they share common edges. Otherw~se, they can be eight-way connected, 
1.e.- they are defined to be 8lSQ connected to those four cells vith 
which they sharè commori vertices. This obviously applies only to 
picture c~11s on quadruled grids, as picture cella on hexagonal 
gr1ds'which have common vertices also share common sides. 

\ 

--------------------------~------~,. 
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Step 1: Given a segment of n points" we connect all possible pairs 
of points in the segment to obtàin a total of n*(n-1)/2 such lines. 
We ahall refer to these lines drawn between pairs of points as 

1 

"line-points" as eaeh of these lines will be mapped into a one-
dimensional space. 
Step 2: We arbitrarily select the origin as the center of the 
picture retina, a 120 by 120 array of points. A perpendicular ls 
dra~n from this center to eaeh line-poi~ of the segment under 

1 
consideration. The radial angle Q of the perpendicular is deter-
mined and entered as a eount into an appropriate cell of the Q -

histogram; ~hat is, we map all n*{n-1)/2 line-points of the segment 
into a one-dimensional Q spaee. 
Step 3: v.'lth the eompleted histôgram eontaining at most'~n*(n-l )/2 
points, we can now deter.mine the tangent tO the k th eoordir.ate at 
the midpoint of the segment and the measure of eurvature at point 
k using the following: , 

/ . 
(a) , At the Q-histogram cell w1 th the highest value, we ean say 

~ 

. \ 

that the estimate of the tangent angle lies in this vicinity. 
1 1 

So, we take the expected value of 0 ualng the çounts of eaeh 
,"1 

o cell as its probability, that is, 

Tangent estimate = E(O) = 

,.. () ~ount in tn~ 0
1

1 th slot 
P 9i = total ~umber of, line-points 

where 

ia an e~timate of the probability of aline-point being mapped 
~to the 91th slot of the histogram. 

(b) To evaluate the curvature me~sure at/POint k, we ealculate the 
entropy of the histogram, that Is, 

, 
,.. !,.. ,.. 

Curvature ~stimate = H = I-l: P(Si) * ~og P(Qi) 
" peei) Is as defined in Eqn. '.2.2. .vhere 

" 

In the ne~t chapter, theoretlcal resUlts will be given ta support 
the~e Intuitiv~;approaêhes ta obtain the-tangent angle and cutVa-
ture measurements. Let us nov consider so~e examples. , 

Eg. 1: For a given straight segment of a boundary, see Fig. 3.1, 
we will get only one value of Q for all the n*(n-1)/2 line-

1 

l 
1 
\ 

i 
l 

t. , 
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points. This would result in that the Qi~h slot of the . , 

h1stogram contains all the points and correctly implying, 
by our method of estimation, that the tangent to the k th 

point is the line with ~he,tr~sformed C09rdinàte of Qi. 
/ To calculate the curvature at the k th point, we substitute 

~ #\ 

P(Qi) = 1 and P(Qj) = 0 f~r all other j ~ i, into Eqn. 
3.2.3 to get a value of zero, which also ia a correct 
estimate of the curvature of a stra1~h~ line .. 

,.,i th a (nicely) curved boundary segment ).ike an arc of a 

( 

\ 

circle, see Fig. 3.2, we will get the estimate of the ~ 

J 

tangent a.ll8le as the angle of the line with; the transformed 
coordinate of the expected value of Q, using Eqn. 3.2;1. 
The curvature estimate obtained using Eqn. 3.2.' ia always 

1 a real non-negative value. 

Fig. '.1 Example 1 

"' , 

Fig. '.2 Example 2 

Definition of the T~sformation Used 

Essentially: as can be seen ~fFig. 3.3. we map line­
points (.R.. • L') to their radial angl.es (Q) of their perpendicul.ars 
from-the center with respect t~ an arbitrarily chosen reference , 
line 1". In our case, i t was convenient to use the x-axis as the 
reference l1ne lf. This mapping will be ref.-erred to as the line to 
angl.e (,.2.- Q) transformation • 

Glven a line (1.) join1ng two pointa Pl and Pz on the , 

picture retina, as defined in Section '.2 Step 2, a perpeDdicul.ar 
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Fig. ,., The 1. - 9 Transforma tion 
\ 

to this line is constructed from the center of the retina. The 
perpend1cular ta the line (Jl) or the extension of it makes ~l 
angle of ~ w~th,respect ta the reference line ~ 1n,a pre-specified 
~~ar direction. Thus, 9 represents the li~e going through points 

, , 

Pl and Pl; moreover, it represents all lines paralle1 to it. 
The range of values for Q is defined to be between 0 and 

4ff' radîans. This would make the G histogram obtained independent 
of the position of the origin, the center of the retina, as ~il1 
be proven in Section 4.7'-
l ' 
'.4 

-
The Programming Design of the System 

( 

, 
Those who are not interested in a system de~ign,and 

computer imPlementaJion of this method may skip this section, t~e 
purpose of whioh is primarily to provide a sufficiently complete 

jdocumentation of a program used'to study and investigate this 
1 proposed method. \ , 

In thls method t a picture is quantized on a 120 by 1 20 , 
Bri~ -frame. The use of simply connected {in the topologic~l sense} 

-single-boundary test patterns ia assumed. When studying.the 
\ effeots of quantization, plctures of varylng sizes are presented . 

on- this same size array. Smaller pictures 8i ve the effect of gross 
quantization,and produoes similar resUlts ta that obtained when 
the picture la actually quantized on a larger sized grid frame • 

\ 
·1 . \ 

" 
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\ 
Some variations,to the original system will be discussed later to ' 
provide some alternate ideas for the purpose of compar~son. 'Models 

1 1 . 
of some sub-processes used'will also ~ d~scussed. 

We consider programming:t:~ syètem vith a fev variables ~ 
that may eventually be fixed for givrn problem. Ve define: 

(i) NB as the size of the neighbo ood about a point. This 
'makes the number of points in the segment = 2*NB+l, where 
the pOint under consideration is the (NB+1) st point -­
the point at the middle of the segment. 

(ii) NS as the number of equal size angle ~artitions between 0 and 
1Tradians to provide NS distinct cells in the 9 histogram. 

,(iii),XX as a threshold. a fraction of one, determlned heuristically 
and used to determ1ne the Q range of the h1stograœ in the . 
evaluations' of the curvature measures. The reasens for 
including a threshold variable in~his Implementation will , 
become clear in the following sections • 

3.4.1 r The General Subsyslems 
• J 

, . 

~he process 1s divided into tbree main components out­
lined. here.. .Aach will be covered in more detail in the sUbSeqUenj 
sections. Detailed algorithms and listings can be found in 

\Append'ix 1 .. 

(1) Read in and determine the boundary points of a given test 
u • , / 

pat.tern.- . ~he set' is then preprocessed and the sign of the 
curvature determtned for each point; convex points being, 
positive and concave points negative. denoted by'+l and -1 
respe~ti vely in the array cal:led "SGN". 

(II) Read îP the system variables 1NB,N~,XX) and produce the 
- measures of curvature and tangent angl~ estimates for each 

port on the boundary of ,the test pattern. " 
(III) For research and evaluation purposes, graphs are produced 

from the resul ts obtained. The original. and reconstructed . 
pictures of the test patterns are &lso ~1(ll us~ the 
CALC~œ Digital Plotter. 

" 

, , 

i 
" 

1 
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1 }.4.2 Subsystem l 

The algorit~s used to determine the boundary points, the 

sign of'thelr curvature. and the pre-processlng probedure are brlefly 
'~ J 

outllned here. A simple contour follovlng method froœ Duda and 
, p 

Hart (52) ia uaed tô det~rmine the boundary since we do not antloi7 
,J~' ~ 

pate disconnected' 'boundary points. ,Obviou patterns vi th 

mOre ~han one set of co ~und~y points, this p~ocedure is 
mer~ for each. 
~ " The ,co~rdinat~s of the starting boundary point can be 

~~~~~.v~-----.. '\- -

! manually supplie.d .. or determined by a scan from the left edge. The 
. 1 \ 

,j boundary tracing al.gorithm ia'as f~llOVS: _--.--------
1 If the poin! __ is~LoL~~ake a step left, 

othel'JtiSe~--take a atep right. Terminate when the boundary 

of the test pattern has been clrcumvented. 'See Fig. 3.4. 

1 

This bug vould trace out "he boundary in a clockwise direction. In 

mathematical notations, the coordinates of the' next point (x~.ï"y~.d 

are deterudned as l'ollows:, 

X .... l = Xtt +. {'{Yft. -Y&-'J [1-2R(Xtt,Ytt)]} 

Yfl.H = YIt.. +{[XIt-X~"IJ[2R{ik'Yr.)-']} \ 
'1. 

whère (XK'Y~) i8 
previou8 location 

the present location, (X.,-hy,,-J) ls the immedlate 

and R(~~.Y~)={~ if (X~~~) is part,of the plcture, 
o otherwise . 

r- -

Fig. 3.4 
\ 

Co~tour tracing by a "bug" • 

~ ,the clockwise direction. 

\ 

--, 
- - ------ --- ---- ~--..-- -- --, ' 

1 
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After the set nts has been estab1ished, 
1 they ("are preprocessed. to e p nts that we believe produce 

stogram. rore going any further, conaider a 
--------~+-~dr,e~f;in~1tion. Given th~ee nseéutive points on the boundary, 1,2 

and 3, if this orde sequence of points fits in a 2 by 2 window, 
then it 18 c a "t-step staircase". lil configurat~ons 
of 1-s etaircases are illustrated 1n F~g. 3.5. 
~ ~ ... 

~ GIi1 GT1 [2f1] ŒJ ~ cm [iD, 
ŒJ ~,-[il2J [ill 11TIJ rn ~ (![!] 

o 

Fig. 3~5: 1-step',staircases -:5 points in a 2.x: 2 vindov, 
JI 

We want a minimum 8~way connected boundary as muoh as 
possible, so ~e rem ove the second point of al1 '-step stairC~ej 
that can be found on the boundary. The algOrithm for this pre-
processing procedure 1s as fo11ovs: 

! ' 

,. Take 3 con.i3ecutive points and check fw- the exist'ence of a 
'-step statrCase. 

2. If it exista, :then re~ove the midd1e po1nt and set point(3) 
as pOint(1), othervise, set point(21 as point(l) for the . 
ne:xt sequence of three consecutive points •. ~~ 

,. Repeat step 1 uptil the boundary has been traversed. 
,The 10g1.e for cheeking for ~he existence of 1-step staircases ls 
bes~ represented as a fIowchart in Fig. 3.6, vhere the coordlnates 
of'the thrée poi~ts are: (1,.31). (12,32) and (1,,3,). 

, 1 

Fig. 3.6: FIol( 10g10 for de"tecting 1-step staircases 

J, , 

1 
t 
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ln programming this logic, we use'the knowledge that . ' . 

... ,g .. 

_ approximately 15 ~ of the points will be remov~ so that at about 

: Il 

l, 

. 
85 % of the time, only two evaluations and comparisons out of the 
possible ei~ht are done. This has shown to be relati~ly more 
efficient than other logics for this procedure.! 

To determiile !the Sign' of the curvature, we comply wi th 

" ' 

the standard (claS~ica~ convention of crnvexity and- concavity. As 
boun~ary tracing is done in a clockwise ditection around the test 
pattern, the following heuristic algorithm was adequate for tne 
determination of the signs of t~e curvatUre for each boundary point. 

1 ·.collsidered, in Fig. 3.7, three ordered points, Pl', pz. and 1 1 

P3 w~th coordinates (Xt,Yl), (X2,y~) and (xJ,y~) respectively and .• , - -the vectors PJP2 and PZP3. We want to determine the sign of the 
curvature for point P2 '. Let 'Ql be tbe angle between Pi P2. and the 
in! tial coordinate system' s x-axis {ej J as shown.' If v:ector M.J 
deviates negatively, 'i.e. in a clockwise dinection from the -. ' vector PjP2, then P1 is a convex point; othe~ise, P2 is a concave 

\ -
point :,./Knowing this, we oply need to determine the y-coordinate _ 
value of point'/ Pl wi th respect· tb the coordinàte system paving 
point Pt as the origin ana vector P.P~ indi,cating the' direction of -'"', 
ita x-axis. 

fi 

~~'~ 
li 

1 p-
e.a 1 

1 

L 1 8? ., - -- -- -- -J...A 

et' 
Fig. '.7: Curvature s1~ 

0 0,- p~ = slgn of Y 

1 1" 1 
.' 

f~' 
, 

ID4 -= Viii'. )..,-
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First, we translate the orlgin to point Pl, to give us 

tb~, ·tlystem ",..i th basis {e 1 t ,e z' }. Then we ;otate the e l'-ê z taxis -~deerees so that the positive x-axis aligns with t~vector F1P~ 
\ 

to gi ve us the sys tem wi th (the basia {f 1 • f ~ J. • "On thia coordina te 

system, we want to determine the y-component of polnt P3 • 

Let ,(xJ'Y') be the coordinates of p~/ in the {el',e.1'J 

system. Then the coordinates (XJ,YJ) of Pl in {fl :f~l are given 
by:- .... 

X3 = Xl * co~ Q1 - Y3* sin 0, (3.4.2) 
YJ = XJ * ain Q1 + Y3* cos Q, ,_ 1 (3.4.3) 

TO'extract the y-component value, y" from the above equations, we 
-

perform the operations: cos QI. Eqn. 3.4.3 - sin Qi* Eqn. 3.4.2 
to get: y~. cos Ga -,j'~J. sin Q, = y, (cos2.0 1 + sin2 0L). Thus, 

, 
Y, = (Y5-Y' ).cos 0, - (xJ-x1).sin Q, 

1 

50, we have that 1~ y~~ 0, P~ 1s conve~J otherw1se, P~ ls co~cave. 

To real1ze the .\~~~ficance of Eqn. /3.~.4, ,we Ca!:.. ~educe 
_ 1ts terms and interpret i~ as: (with reference to Fig. 3.7), 

Y]= (YJ-Yl)*(X3-X,)/IPiBI - (X3-Xl)*IAB'/I~1 

1.e. Y, = (fp~~i) *{(Y5-Yl) -IABI} 

In effect, if IABI >IAJ?,I then Y3 is neeative, thus Pl 1s convexe 
1 

\ ) 

Otherwise, yi will be po~1tive, thus P2 la concave. 

! 
3.4.3 SubsNstem II 

) 
/Subsystem l presents a list of boundary point coordir.ates 

'and the ~/ibns of their curvature to Subsystep II which then cont-inue 

process~b usir..S· this, ~educed data from theYoriginal pattern by J 

/ t ' , 
j,~,going lhrough the foll,owing steps: ..-

, / 
i. / :ead 1;.n the system variables ,and es~abl.ish the first n points 

4' 

" - as the segment to be used for C'omp"tation, and the middle 

point as the k th point under co~Jiqeration. 
11. ,Determine the n*(n-1 }/2 values of g"'(as defined in Zection 

'.3), from this segment o~,n pothts. 

1 1; J' Iw.p these linef-points into their proper cells in the Q-value 

hlstogram. '" J 

,)t 

, 
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F1~. 3.8: Case 1 
when (y~ -y 1 )=<> 
:. 9 ={'iT/2 - (for 0) 

- ri. - 'fY/2 (-for 0 t ) 
• 1 

(x 

\ 

( , , , 

~ 

\ . -' " 

...( toc 
"~O· 

J ' , 

Fig_ 3.10:~ Case 3 
when sl.ope ( 0 
,', a -{1r/2 - ~ctan,(-slope) 

Cl - 11'/2 (for O·) 

( 

(x, JI) 

-.F1;;;"rf.-? .-.....;3..;;. .... 9 : Cas e 2 
when {X~-Xl )=0 

={O', (for 0) -
IX - 'l1/2 (for 0') 

... e 

( 

/ ' 

o,f.. , , , , 

... , , , , , 

, f~ 
" . 

Fig. 3.11: Case 4 

\ 

when sl.ope )' 0 1_ 

. e =l'Il"I~_ + arctan(slope) 
1 [ex. - /2 (for O·) 
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iv. Determine the-measUres of curvature and tangent angle 

v. 

~ ~ 

estimates from this ~stogram. 
l-love the segment "ahead" bYJl.one point and 1 "recopy" the "matrix 
of Q-values", leaving out ~a1ues in the first rowand 
determining values for the last column. This step will be 
explained in,more detail later. 

vi. Repeat step (iii) until the k th/point reaches the startlng 
position, indicating that the boundary bas been traversed. 

vii. Produce graphs of the measures and copy the arrays of values .. 
onto disk or card files to be used ~ Subsystem III. 

Vie can briefly discuss an algori thm used to detemine 
the Q value for each line-point. DY the defini tion of the l ~g , 
transfo~ation, t~e range of the radial ang~e Is from 0 to 1I"i.e. 
modulo qr. Given t~p pbints, (X1,Yl), and (%1,Y1) on the, bOULdary 
,of the test pattern, we use the slope (Y~-yl)/(X%-X1) tô determine 

th~~~ial angles. Foints marked 0' in Figures ).~ - ).11 denote 
arbitrary alternate centers of the picture retina.1 Consider the , 
four cases: 

Case 1. 

Case 2. 

Case ,. 

Case 4. 

The line-point 
1 

. 1 6 ope 1.S zero. 
The lir.l.e-point 
Q =-0 

is horizon1:;a1, i. e. (Y2 -y 1)::0 , or the 
Then the radial angle 0 = ~/2 

i8 vertical, i.e. (X2-X1)=O and thus , 
1 

( 

If the slope ia less than 0, then 9=~/2-arctan(-s~ope) 
If the slope > 0, then 9=~/2 + arctan(slope) 1 

For a known NS, the number of equal size partitions 
between 0 and crr, a gi ven value of Q will be mapped into \ the 

l iT'NS /+ 1 J th slot on the Q-~i6' of the histogram. That ia, one 

vould be added to the present histogram count of that slot. / -, , 

i Be~ore explajn1ng Step v, a point on the atorage structure 
and data manipulation technique of the g values ought to be made. 

\ 

For a given segment of n - 2*NB+1 po~ts, ve have to store at moat 
n*(n-1 )/2 g values. These are stored in a virtua1 upper triangular 
matrix vhere one can easily identify each Q value by its location 
in-the arraYj a g value in the (i,j) th position of the array ia_ 

1 / 

.. , .. S$@ 

l, 
1 

Î 

, · l • 
~ · 
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the radial angle of a line-point betw~en point 1 land point j of 
the se~ent of n points, i" j ~ n and i 1 j. Obviously, the use of 
the whole matrix would be inefficie~t 1n terms of the etorage !~ 

- ~ 1 ~ 

space used. Moreover, the use of' an array structure is unnecessary. 11 

Sinee there ia no need to reter to the G va1.ues by their pos1 tion Il 
in the matr~x, ve use a linear vector of size n*(n-1)/2 vith an ~ -,> 
index k that is related to the matrix structure indices 1 and j 

by ,the relations: k = (i-1) *(n-1) + j. 

1 In Step v, -when ve move the segmen,t "ahead" py one point, 
only t~e values related ta the previous first point beco=e obsolête 
and the new values froD all the remaining pei~ts te the new cr.e 
Just ad~ed- te the end of the segment are calculated. In tte 

\ - . ' 
procedure to "recop:;" the ":natrix", arE: si:Lply omit the first row 

t. 

and calculat~ values for the las~' column of th1s imaginary matrix; 
thus,only (n-1) nev value~.are needed each time it ie moved ahedd 
by one point. Thie techniq~~ resulta in è: substantial reducti~n 
in the amount of computai11ons required in this program

l
, 

'.5 Analys1s of the, Parameters Involved 
\ 

The/presence of three variables, NB, NB and XX1defined 
in Sec, '.4 each ought to be justifi~d and the effecte of their 
varying values investigated in order to arri've at an ideal set of 
these variable values that would l g1ve the best or most desirable 
resul ta. TwQ of the se, NB and NB are an lntegral part of the 
proposed method. The purpose of NB 1s to segment the boundary into 
n point partit10ns from which the deacribed procedures could be 
appl1ed 10 ob tain ,values that vquld b,e assigned to the point at the 
midpoint of each partlt1dn. 

• 1 

The purpose of the parameter Na, ie to provide a histogram 
-

vith.the indicated NS'number- of cella into which the Q values of 
line-points can,~e mapped. The th1rd parameter XI, the tHrestold, 
vae ~troduced in order to make the technique attain a higher 
degree of accuracy and corre~ation to ~tui~ive senses of 4urvature. 
The exact reason as to why :11; vas lntroduce~Jand' the vay this 
parameter le used will be given vhen v~ get to the analysis of this 
variable, 

1 
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3.5.1 NB ,- The Size of the neighbourhood 

Gi~en an unprocessed boundary like i~ Fl~. 3.12, a small 

Bize ~"B of say, two, would produce results for the- boundary that . 
could be mis-interpreted as part of a l~ne that ls relatively 

, 1 0 

convex (11ke line a) or concave (like line b). If this sarne 

boundary segment was preprocessed to remove l-step staircases, 

~sing a small neighbourhood size would not produce loca1ly convex 

or concave sections of the boundary, see Fig. 3.13. Thus measures 

" from a preprocessed bo,und~ would be relatl vely mo~e acbura te. 

On the other hand, th~ Bize of t~e neighbourhood would 

also ~eflect the amount of nOiSe\prese~; a larg~~ lm size used 

on the unprocessed boundary could reduce the amount of noise iL 
\ \ 

the resulting measures •. So, we want to select a suitàble ::.eir:l:lor-
, '1 c 

hood size that might provlde more \[eallstiC correlatioLs toI :r.c 

actual curvat~-re and tangent ang~e meas;}lres. 1 
ln order t6 avold or red ce the effects of noise, we car. 

1 • 

do one or some of the following:. 1 

~) Qu.antize the given pattern using a much
o 

smaller grid in order -

to obtaln more detalls. Then use its preproeessed verBion. 

Repeated use of this' ls undesirable in terms~of the storaee 
1 ... '1' _ 

space required. Besides, it would involve a lot more c ~puta-
'" -- f ~ 

tions than on~ 1 can" aifON or wish to have. . ! 
b) Increase,the Bize of ~e neighbourhood to smooth out som of 

the noise. This size shou).d also be limi ted to a propor 

of the size of the smallest bulbous apPEfndage that one mi 
- \ 

have on the pattern and wou1d want to have recogniz~d and 

present- in the- resulting pat'tern. A large size NB I~ould end 

,- to give axial directions instead of local tangent directiops. 

c) Stri ve to obtain a mi ni nrum 8-way connected boundary. This \ 

impl.ies eliminating as many 1-step stairc'ases as we ean. t}'i th , -
this change, we obtain ~ much less noisy picture vith less 

boundary points, and a ft good n size of NB, the neighbourhood 

woul.d tend to be smaller, thusr also reduc~ the amou:nt of 

-comprtations.. \ 
One cannot say if there Is a neighboùrhood si,ze tha t 

vould produce op,timal performance for all evaluationa ainee ital 

\ 

/ 
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depend~ on the test patte{n and the quantization level of it. But 

for a given(cla~s of test patterns, 1t can be derived by heuristic 

methods or ;by trial and error; that is, by varying the size of lœ 
1 ~ 

and objectively deciding which produces'results that most closely/ 

resemble and correlate with theoretical measures. This would be 

rather tilDe consuming since for a segment of size n, at most 

n*(n-1 )/2 line-points are being considered for each point on the 

Doundary, thus the amount of computation increases by an order of 
l' , 

n. This process of objectively selecting the best resul ts has 
l ' 

been applied to other recognition procedures like selecting the 

- ~st skeletonizat1on alborithm or image processing techniques. So 
i t may weIl be a sui table and practical method \ for our case. ~' 

We use a test pattern shown in Fig. 3.14, that has 

severa! "d1fferent curves having different degrees of c~ature to 

generally represent the class of patterns which may include Chinese 
\ 

characters, chromosomes, handwri tten alphabets Lt- ete. The best h"B 

size obtained ~~om this could also then~e suitable for other 

patterns in thi~ category of shapes. To demonstrate the difference 

in the res~ts w~en using different ne~hbourhood sizes, consider 
the cases for ItB := 5 and 13. 

\\'i th reference to the eurvature v8.1.ue graphs in Fig 0 3'0 15 , 

some observations specifie to these variables can be made. One 

quickly observes that the range of the values for" NB" = 13 is Iarger 1 

1 

than that for 1ij3 := 5, and that N.B = 13 produ9'es a much smoother 1 

and regularly varying graph as op:posed to a more rapidly varying 
1 

graph o~ h1l = 5. rie also note that the NBI = 5 curve attains the 

zero valuermore frequently than the NB = 13 eurve. 
This phe~omenon of a more rounded eurve is evidently 

caused by a Iarger neighbourhood size whj.ch tends to average up 
, 

and smooth out the eurvature measur~ments giving sllght ehanees to 

correspondingly slight variations, whereas the graph of the smaller 

NB size exhibited sensit.1vity to loc,al changes on the boundary, 

giving a jagged-Iooking CUIVr' We can conel.ude that the graph of 
) the larger 113 size ean primariIy be used to ,identif'y points of 

higher eurvJtwoe a1 tho~ i t_ la qui te far f'rom a real1stic point 

by point representation of' the pattern' s curvature. A smaller NB 
! 

j 
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1 1 
.. gives a more realistic local representation of the curvature, 

although a ,smoothed version of it wQu1d practical1y be more useful. 
For the tangent est~tes, ve observe ~n Fig. 3.16 that 

a larger 113 size gi ves more averaged-out estimates of the tangent 
angle. Vlhen reconstruct:1ng the pictw;-e bl" drawing a short line 
through each point wi th the estimated, tangent angle, ve ob~erve in 

1 Flg. '", .17 that the larger 1"B size gi ves more local.ly m1.s-directed 
\ lines, whereas the smaller NJ size gives a 10ca11y mo~e !ealistic 

set of tangent,esticates. So, a smaJ1er size neighbourhood like 
5 hl3(s provideJ more accurate and realistic tangent estimates. ' 

3.5.2 NS - The Number of Anele Sectors 1 
This diviè.<.s'1'( radians into l~S equal size partitions 

, 
fro~ w~e~Ct ca:c~la:(d ~ val~es can be placed into their respective 
cells of the'O histogram. 'In using this histogram, the cell vith " 
the hiehcst count :1s first located. - , Then a scan of the counts of ~ 
cells on either side of it is done untl1 a zero cell ls encountere • 
This region of non-zero cells on both sides of the cell vith the 
highest count will be known as the high frequenéy region and it 
would be used in the calculation ,of th~~curvature and tangent angle 

1 r' " measures. 
In assum:1ng a uniform distribution of e values in each 

angu1ar parti tien, the mean, being the va1ue~. of the angle at-. the 
center 'of the parfition, vould sufficiently represent the angle / 
~ector. Rence, Sn odd number of partitions vould be ideal to ' 
ensure the availabiJ..itl" of the'value -rt/2 radians,~i.e. 90·. If NS 

ia larg,e, like t 80, then each angle degree wou1d be represented by 

a histogram slot. The only disad:~antage in this ls that the 
resulting histogram'could have a generally known high f~equency 
reglon vi th emb~dded zero-value ,cells. These would indicate cut­
off points vhen using the abov~ procedures, causing subsequent 
cells to be ignored in the computations. Furthe~oret due to the 
presence of any vertica1ly or horizontally aligned quantized 
boundary points, the poss1bi1ity of selecting an incorrect high 

,frequency region is higher; this woul.d evidently result in bias 
. and/or incorrect measurements. 
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O_n the other band, a small value ot Ils may not enable 

one to di~criminate Q values sufficiently weIl, thus, it may·not 
~ 

provide enough information to de'fer.nine which G val.ue would best· 
, 

represent.the taneent angle. 

Let us observe the effects of us1.ng different NS va).ues 
by briefly cqnsidering th~ three câses: 
i. Using a small NB vith a large NS, e~g. (5.35 ) 
ii. Using a S1:lall 113 with a smal.l US, e.g. (5,11) 

,"-. 
iii. Using a 1aree lŒ with a large- IlS, e.g. (13,35) . 

i) Small liB and large liS: As can be seen in Fig. 3.18, we notice '1 

an irregutar graph that attains the value zero quite f"requently 

and oftén without sny sort of gr~dual \approach to ft. The 

occ~ce of this erratic back and forth movement fro~ zero,to 

a non-zero value and back at some rebions can be explaineà as 

follo'Ws. 

A large NS valué implies \s~ histogram parti t1.ons for G values. 

Thu~" only lices vi th very J small Q value differenges accumula te , 
~ l , 1 

ln tl.l'e Same histor;ram slot. Having a small NB value ls 11ke 

considerlng a sma11 seiœent of a l~ge curve. Consequently, 

at times, t~ey are percei ved as straight' line~. This wouti .(' 

resUlt in line-points being classed ~ only a few slots of the 

histogram. The small size 9 partitions w'ould make the possibi-

11 ty of having the lu.ghest slot separated on both sides by zero 
• 

va.?-ued sl~ts even 1 higher. ConsJquently, the curvature measure 
\ - would be evaluated on a high frequency region containing only .. 

a single slot and thu~. the résul tirig value woul.d ,be zero. So 

only at regions where the curve varies regula.rly 1n1'a smal1 

segment would'this measure behave differently. This comblnation 

of a small lù3 and a large,. NS has shown to have made the 
- q,. ,1· 1 

measuring mechanism too sensitive ta vary proportionately with 

d1fferences in curvature on the digit1zed curve. 

11) Small NJ3 and s~ NS: Reducing the -value of NS, as can ~e 
observed in'Fig. '.19, causes the curvature graph·to become 
relatively smoother. This ls due to the"greatly reduced 

occunence o~ hav~\the higpest slot separated on both sides 

) 
, \ 
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by zero-valued\slots. Blight variations at so~e stretches of 
</)~_.' 

the ,graph can be interpreted as points having'ê1m11ar curvature. 
1 

't Likewise, prominent peaks are seel'J. as gradual increases and __ ~ 
cl: 

decreases in curvature. In other wo~s, one can perceive some ~ 

contin.i ty in the calcu;lated curvature measures. Thus, a 
\ -.-

sma11er NS provides a much better representation of the 
curvature" as can be observed by the indicator lines in Fig. 
3.20. -

1i1) Large 1~ and large NB; When using a large neighbourhood size, 
a 1arge NB size produces nicely prominent peaks as can be 

! o~served in Fig. 3~21, highlighting the regions, and ~~t po1nts 
1 of higher curvature. We notice a lack of lo~ curvature regions 

wQtch we can assume exist somewhere between thé high curvature 
regions. So, tnlfl combination of h1gher values of !Œ a.r..d lŒ 

can fe used for the purpose of detectin~.high,curvature recions 
althoueh a sma11er aize US would not c!rastically reduce its / ' 
performance; compare Fig. 3.22 with Fig. 3.20. ,,,-

For tangent e~t1mates: Gene;allJ, ~Jlarge lŒ ~alu~\would pro~uce 
relatively averaged-out versions of the original shape. rn our 
examp~e in Fig. 3.23, the ta.ne;ent tends to take on the gener~,l 
d1rection of the section, resulting-<in m1s-direct~d 'lines at 
pointà'~\of higher curvature and points of lnflection. A smaller 

} , 1 

- BB v~d only glve some ,smoothly varying tangent vectors at some 
reglons of h1gher curvature. l 

When NB ia ama1ler, 1ikc in Fig. 3.24 when ~=5, 
. " reasonable:local estimates qf the tangents are generally obtained, 

but a smaller s~ze US would give relativ~ly be~er values, even 
at regions of higher curvature. For a larger NS, the maln axial 

,-direct1pns obtalned give more locally mis-dlrected llnes. Thu~ 

a smaller NB hnd US bas shown to produce better t~ent estimates: 
l ' In thls cace, lt was-vhen NB ='5 and NB = 11. 

\ 
, 3.5.; XX - The Acceptable Fraction 

1; our methp4 of locat1~ a higher prpbab111ty region on 1 
~ the histogram, where the neighbour1ng slots of the hlshes~ Blot 

are scanned unt1l a:\zero 8~O! ~s encountered, there 1s always a' 

-,-' t i 
j 
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chance that the whole histogram becomes the high frequency region. 
All that needs to happen is that every slot has one count or more. 
In evaluating the entire histogram, chanees are that the estimates 
of curvature or 'tangent would not be as realistic. If Iwe can 
isolate a more specifie higher probability region, then the esti­
mated tangents and eurvature values would obviously tend to be 
closer to actual values. 

It i8 with this in mind that the use of a fractional 
variable; XX, was introduced. This fraction functions by only 
allowine; slots wi th countsl that are more thal'l thls fracticr. cf the· 
,highest slot count to be ineluded in the high f~e;ue~cy reeicn of 
the histOgrarr.! ~n. th~ sean from both'sides of the slot ",it~ th.e 
tigtest COU!4t. as soon as a slot is €Lcountered with a count that 
15 lese than this fraction of the hit:hest count, the hlgh frequency 
regiôn ends. 

The initial idea on this thresholding value is tha~,it 
shouldvary propbrtionatelY with the size of NB, since for ~'larger 

" " 1 
NB, there ia a higher tefdency that the larger number of line-
points would produce a 'histogram wi th no zero value slots. fA small 
value of XX wduld tend to retum a larger g region, if not the 
entire Q range. If XX is higher, the O"region singled out as the 

• c • 

h1gh probabllity region would tend to be smaller and very probably 
not the entire hlstogram grange. Without these other Blots that 

.cause estimatesO to deviate from the actual values,/the measures 
obtained would be much more realistic. 

) 

As XX approaches 1, the reglon reduces ta one or very 
few slots, all havlng very close 1 or equal values. This resuJ. ts in 
tangent estlmat~s showlng a step-like graph due to 1ts llmited 
field of Jefinltion. Moreover, curvature estimates would often be 

"\ \ • , 1 

zero if not close to 1t. So, a high value of XX is undesirable. 
1 Furthermore, i t has b'een observed tha!t aS .xx becomes less than 0.5, 

more reasonable regions vere chosen and more realistlc· measures of 
curvature and tangent angle estimates vere produced. 

~ 1 , 

Prom all tbe'abov~ observations, we c~ now provide some 
su1tab1e sets of varlables for the 8YS~em. If ve only want to, 
determine the regions of b1gher curvature, we use a large value of 

, 

, 1 
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NB and NS, like 13 and 35 respective1y. If only points of higher 
c/u-va ture are required, a sm.all.er NB valu~ 8nd a large v~ue' of 
NS wo~d do, like 7 and 35 respectively. If we want 10cally good 
e'stimates~ of curvature, the graph of which Is qui te smooth to 
represent graduaI changes in curvature, ve.use a small value 01 
NB and NB, like 5 and 11 respectively. If we only want local1y 
good and accurate tane~nt estLmates, the small NB and NS, 1ike 5 
and 11 would also be suitable. 

1 

Since we wa~t curvature measures to be as smoothly 
varying as possible and showing differences of hlgher and lower 
curvature poir.ts di~tlnctive1y, and tangent eetimates to show more 
detai1s ln terme of small variations of angles on the boundary to 
realistically r~present the intended sh~pe là! the t1st pattern, 
w~have selected the set of variables ~~ = 5, NS = 11 and ,XX = 0.1 

as the best ta most reasonab1y aehleve our requirements. This 
value of XX had shown to produce the best result fo\vthe hm =-5, 
NS' = 11 comblnation. 

1 

.: 

,,# 

_1 1 

.. 

, 

/ 
-1 

/ ~, 

\ , 1 

, -' 



-
\ 

/ 
Tangent ta 

J p"oint b 

/ 

Fig. 4.1 

1 

J 

\ 

\ 
" ' 

/ 

- 1 

If the length of the arc ,.. -
o b 1a .4 a, then 

"" e Il ~ = Aa/r 

If b 1a at the midpoint of 
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4. Some Theoretical Considera~ions 

4.1 Introduction 
, , 

40 

J In this chapter we consider a few models of the proposed 
m{thod of measuring curvature in order to establish some backg,oUnd 
that might give us more insight as to ~how and why this method worlfs. 

jSection 4.2 gives a discrete,model and its simulated results, 1 
Section 4.3 gives the theoretical background to this system with 
respect to the cqntinuous e1~vironment and finally, Sections 4. \ to 
4.7 give~scme theoretical implicatio~s from our oethod. 

Arcs of circles of various radii L3ve been iQeal ~2 tRe 

cbject of our cor:sideration because they give us a re.:,-ulari ty th3.t 
13 rat~tr ~11~e; they are geOffittrically easy to handle, their 
Cl,;.r-,;,dure 15 t:-.>s ,s3.::.e at cvery }:-oi:-.. t on the arc and classically 
known to ~e 1/radius. Furthermore, if we cao consider an alternate 
way of measuring the curvature of a segment of an arbitrary curve 
as taking the curvature of.tpe circle that best fits the segmént, 
then clrcles are a bafis for measuring-~ature. In this respect, 
oU; results using arcs of.circles can be ~onsidered as bases fo, 
the proposed method of measuring curvatUfe. 

4.2 Discrete Case 
; 

Given n cpnercutive boundary points, we employ ~stogram 
to show the frequency of the radial angles of aIl the 1ine-points. 
~ow, we want to determlne the f~equency dlstributioo-of the radial 
angles generated by -al.l minor chords of an arc of a circle of 
radius r and subtended by an ang1e of size~. ln Flg.\4.1, the 
tangent to(the arc at point b ia a vector of angle 

Q. = ( oC.. + ri) (4.2.1) , 

vith reference to the llorizontal ~ine 1f as. the zer? di-rection. 
Obv1ously, if ~= 0" the angle of the tangent to point b would be 

In our considerations, ve can assume cc.:: O. 1 

1 
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li 
! We nov resort ta a discrete pracess to simulate the 

'" proposed metnod for a digi tized version of an arc ab. If we have 
(n+l) eq~lly spaced points*, 6 s distance apart on the arc, ve 
would have n*(n+1)/2 possible line-points and their correspond~ 
g values. An easy vay ta account for all these Q values would be 
ta establish their ranges in an orderly manner. 

If consecutive points are Il s distance apart, tJen the 
angle between the radiLdrawn to 8ny tvo consecutive points on the 
arc Is .1 ~ =.1 sIr, wher, r 18 the radius ·of the arc. If ve number 
the ~n+1) points on the arc sequentiallyas point 0 to ~ and define 
~i as the range of the g values of a1l line-points originating 
trom point i to ail points j ~ 1, then 'Ïto = { Q. +t4~, Q. ~ J is the -
range from the first point, point 0, as can be verified in Fig. 4.2. 

\ 

In general, 
~kr= { 9. +(k+t)A~, 9. + ff1 T tkA~ } (4.2.3} 

for a11 k = 0 to (n-1), as can be verified in Fig. 4.3. Note that 
the range frof point k = n-1 is a single value of Q. + ~ - t Â ~, 

and ~ ::; n A~, thus, thle range of point k = n is not defined. _e 
<' also note that the left limi t ot. the ra,nges moves to the right by' 

4 ~ as the right limi ts move by t ~ ~ lior each consecutive pair of 
ranges. Thus the width of the rangeh decreases as in the 

, i, 

sequence: .L ~ L k+1 .A.ê 
( 2 - 2 ,... , 2 - 2~~' ... , 2 ' 0 ) 

ar.d the entire rar~e for the' values 1s: 

~::; ( Q. + ~@ ,.Q. + ~ - A2@ ) 1 
w~ere g. is as defined in Eqn. 4.2.1. 
imply!-ng that 'ft .... ( Q.,' G. + ~ ) 

As As' -. 0, A~ -+ 0, 
(4.2.5) 

. Nov consider the follow~ example vith an arc of a 

circle of ~1us r; subtended at the center by an angle 0t size ~. 
The entlre range of the 9 values ls then ~ =' (Qo, 9 0 + ~ ) tram 

, 1 

Eqp. 4.2.5. If tbis arc vas divided into 20 part1~10ns by 21 
equally spaced points â8 distance rpart, ve, can represent the 
ranges for each point, k = 0 to 19 as defined in Eqn. 4.2.3, using 
the discr~te process described, as j.n Fig. 4,,4. If Wè sum up the 
number ~f bars representing the e rang~s over each slot on the 
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1 1 

x-axis, weobtain a model histogram showing the frequency distri­
bution of Q over the entire range. iie note that if As ~ 0, the 
histogram will approach a continJous symmetrical shape over the 
entlre range 'K... 

With a symmetrically shaped distribution, the mean, or 
the expected value of e, will be at the peak of the hiBtogram, 

'i.e. G - 6.+ t~ "as 4s - O. We apte that this iSjactuallY the 
e valué of th~ tangent at the mid-point of the arc; Bee Fig. 4.1'. 

\' 

4.~.1 The Trobability Distribution 
, \ \: 

We generalize the above example by taking s partitions 
on the arc, instead of 20, gi ving us s slots on the hiat<?gram. In 
the ~imiting; case whe~ s -"00, the probability at the center slot 

\ approaches 2/~, the maximum height of the density functioo. Using 
t~is as our guideline, wi th ts sI;ots ,90 each side ,> ~f the his~ogram' s 
c€:'nter, the value of each Blot has to differ by;~, =.;, units. 
Thus, the generalized alot counts are: (for sl'even), 

1. 
ci = { (1-;-) * ~~, ~ = 1,... .., ts 

2 1 (4.2.6) 
T - Ci ~ - 1) ,." 1 = t~+1, •. .'.,8 

we normalize these counts by their sum Jt Cl = ~. to ,obtair 
th~ir discrete probability: 

Pi = { sf;:i) 
4(8+1-i) 
s(s+1) 

4~2.2 The Estimate of the Mean 

1 = 1, .. .., te 

i = ts+1, •. •• ; ,s 

, 
t 

'. The expected/alue of this frequency distribution ~s our 
eatimate of the tangen angle. We evaluate, for any value' of B -
the numb~r of partitions using values of Pi from Eqn. 4.2.7, 

f l>i * + flS = f it 28;1 *, ::i . TakJ.ng the lim~ t 
{:1 

as s -. 00, we get: = -!-. This ~plieB that the estiffiate of 
;pf the tang~nt angle approaches the midpolnt of the angular range 
'as the number of slots inéreases. ,Thua, the estimate ~~ unblased. 

( 
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4~2.3 The Entropy Value - '. 

• 
,_ The entropy value of this frequeXlcy dl str:i.buti on 1 la our 

estimate of the curvature of the arc under consideration, that -1s, . ~ 
- ~ Pi if log Pl. Substl tut1ng the Pi '08 from values ln Eqn. 

1· 
4.2~7, into the positive component of the en~ropy, y;lelds, after 
much algebra: 

= 2 (s8+1 ) loge ~(S!1) ) 'T 2(:!~} log(' a(s!, ) 0 ) 

2 "YI. 
+ 6{s+1) L (21-1) * 10g (21-1) , 1 

'-1 0 

~ 
~ • 

,?tJ 
f 

* 10g(s+1:'i) + s(s+1) (s+1-1) 

Tlius, the estimate "of the curyature is the negative" value of the 
above e~pression. 

\ 0 

4.' Continuous Case 
o 

A1thougb the "primary aim, as the ti tle of the thesis 
suggests, is the measurement of curvature on a 'quantized grid,· , 
i.e.-thediscrete case, in this séction~ we would like to gain . '. 
insight ~~o the method ~rom the theoretical point of view: One 
vay to do thls 1s to have a cobt1nuous mode1. ,,+' ...... 06ntinuous model 

\ ~ 

~ssumea that the quantizàtion of t~e Fid ia extre~ely fine ~ or' J , 

alternatively, that a particul~r se~nt of the conto~ o~ a / 
,. pattern e6senti~lly consis~s of an Infinite number of points. 

1 .' In the discrete case;, ~I the tangent ~e ~st1:ma te ls the 
.' average value of 9 obtained f~om the Q- histogram. ln the . 

contlnuous model, ·the prob1em of measuring thè· tangent .angle \ 
".". '4' _ 

- becomes: gi ven an arc ab, what, ie the expeèt.ed value of Q when 
o 

t~o points are chosen at random on the arc to producT a random 
segment. As belore, the analys1s'belov 1s based on a,circle for 

/1. 
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4.3-.1 A Contlnuous Hodel 

We want to know "the pr~babl11:t, del,lsl ty functlo11 of the 

~adlal __ angl~ from a\l~ne-polnt between two rabdomlY,placed polnts 
on the arc of a sec or ot a ~1rcle subtended by an angle of slze 
~. With th~s, or~ would knowVthe-frequency of line-polnts fO~ 
80y radial angle Q. ln our consideJ'latlons" ve let 0( as det1ned/" 

" in Eq~. 4.2.1 be zero to make t~1ngs eaeler to man1pulate, thûe 
under$tand., . " 

Let «& and ex.. bEf' two un1,formly distributed angle values 
between 0 ~nd ~ radians. ' W1th ~e.fer~nce to F~. 4.7. v~ have:' 

'~~, • i{ 1f-IOl&-«3Ij. theu ... by simple &eometry. 
}é. = S + max (a." C(&) . ' 

tJr J «. - ct .. J +' ( """ ;"',) " • 2 - '2 max """ "" / 
If' 1Ie let ,ut 1: max(a,,~IJ and A ... min (CX"a.), ,th~n At ar.d PJI. 

~ w~ , 

àre two unlform random varia.bles wi thtlf the J"~ of ( 0 , ~ ). 
" ~-- .." 

Aga1n, -by simple geometry, ve have: . ' 

1. f... MI! ..ut <{ 

'F 1 '. ( 1 / 

Henc~, ve have that the probability distribution o~~~hè ,variable 
}A. 18 the distribution oi (f{A,+..u..} .. ."./2), Wher~~/~ ~s_ S· 

constant, affecting the dene1ty funct1pn by a 8h1!t or~i8place- " 
ment ot that value on "t,be g axis. ,( -, 

. tle know 'What(the.-,d1str1but10~ of 'he 8Um ,of tvo'uniforme 
each 'in the range o'l (O,~) would look like:.:<5'), thUs, 've h8v, the 

. probab11i ty donsi ty 'lunetior • .of halt the eum 01', two un1tOrttB, each­
'~irJi; in ,this rang6, in the raneé of (O,~) a~ IJhown ,in ?'1~. 4.6., \, 

4.'~2 ~h, Probabilitx DenBitY,IBPcttoa 

.t 

. fo dete%"m1ne the' densi~y t1mction, we hàve, tor any' g1ven 
~, !~(E~) • 0, J..: t#(O) de. • 1, and the general èquation~ . 

, ' _ t; (.") • ( c ~ ,0 , Q , ~ / ,1 

" '" " è?'(~-Q) ~ < Q ~ _ '" . (4.,.1) , 
/ Q .1,evh.n. wh.re c ie "the elope.' 

{ ", 

, t 
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Geometr1cally, the he1ght of th1s funct1on, by symmetry 
~ l, ' 

of the two equal size triangles bn both sldes of ~, le obta1ned . , 

by B~lv1ne for the area equatlon: t base x height = 1. ~ith the 

base .='~, the he1eht.;:: 2/'/;, the elope = hel~t/~.base, fe 4/~2. 

That 1s: C ~ ~ (4.,.2) 
'/; . 

I~ Analyt1cally, ~e conf1rm th1e by solving i~r the system: 

'J.: t~\(Q) dQ ;: 1. That ~.s, J! 0 Q dg + fl c (~-g) ~9 :: 1-
Ta~1ng th~ 1ntegi'ale, Je l''I! + c g'('/;-tG )1. = 1 

, Subst1tutlng, ve have (0 f/J2)/4 - 1 

. lmplying that C,. 4/'/;2, and the height is the value of the function 

'f,(Q) at QI~ '/;/2, and le equals to 2/'/;. : 
, , ' The dlstr1butlon function D(Qi> -1,' f.(e) d~ ,1e wcrked 
\ . 

out to be: 

D(Q) • ( 2*( e)2 TI 
, 2 

! . 
- tor 0 E g ~ t,/; 

1- - 2*(1- i), 
lt le,' interestlng to. note tbat the dedal ty of Fig. 4.6 1s 1ndeed 
the cont1nuou8 v~rsion ot the histogram ot lig. 4.4 tor the dlecrete 
case. ' / 

4.'." Calculation of the )l~an ! 
, , 

- ,'Glven the probabillty density tunctlon trom Eqn. 4.'.1, 
we calcul.te the' exp~cte<1 value a~ r.: g t,(g) c'-'~. Tha-t- 1e, 

o ~ 

_ rl.c ;2 dg + t, c g ('/;-Q) dQ. 'Tak1ng the i 1ntegrals, 
Jo f JI '1' ( -- ~t Q' t + c fi2 <f - t> f · Sub,tltutlng,-

" \ - ' - N., / + fi~'· Add11l8 alll1 aubet1 tut1ne; tof c. 

_ '/2 . ~hue the mean 18 unblaeed and. 18 at f/J /2 ~ 
AgI4Îl,. thls"value ,agree. v1th the value obtaine4 in the' discrete 

, ' 

ca.e. , , 

CilcUlat10n 01 the intropy' 
~ , -

S.ince th1s probabl11 ty 4~n81 ty tunct10n 1s e)l'lDJi1otr1c 
about fi • 49, .ve need onl)' êvaluate the entropy for the range ,. 

.. 
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(o,~-> and multiply thie by two to give us 'the entropy of the whole 
density funct10n. That la, entropy = - 2J.' f.(Q).log f.CQ) dg • 
50, subst1tuting f.(9) = c g = 4Q/~j into 

t 1 Jo :1',{g) * log f.(Q) dQ, we get, a:ft~r 60n61d~rab~è algebra, 

II: t (log 2 - log ~ - t). Thus, .. the entropy indicating 
1 

curvature 18: 

~ • t + log (~/2) 

4.4 The Theoret1çal~D1eerete Case 

Binee the distribution 0:1' the angles of linea formed 
) 

between two,un1formly'random points on the arc between O~nd ~, 
radians is evidently t~e ~ame as the limi ting case 01' the freque,ncy 
distribution of line-point angles, the proeess 01' taking line-

, ~ , . , 

point angle~ ie equivalent in some vay to taking angles 01' lines 
betwe~n two) randomly selected points on t}1e arc. ,Thus ve ean 
J.mpose a d1sferete 1'ramework on the resul ts o~ the eont1nuous model 
to investigate the theoretical discrete case. Purthermore, in 
addition to being able to relate the curvature,measure (Eqn. 4.'.4) 
vith the claasical measure in the continuous domain, wa can a1so 
relate the curYature aeasure of the theoretical d~screte case to 
the Clas8ic.~) curvatur~ measure. .' , 

We\start by part1tioning the distribution funct10n of· 
Eqn. 4 •. '.' into Il partitions to give us a frequeney distribution 
~~ the angles, each value Pi • D(Xi} r D(X1-1),' vhere xo • O. The 
resulting histogram wou~4 bave the v~e8: (for D even), 

" . \ : Pi ~ { t * ~t~ \ to~ 1-1 ••••• (.ft> 

t * 2~~~+! tOr t-in+l •••• ,n 
1 . . 

-.œ "for JJ 044, 

-Ht~ iPi • ••• J1:1. .. ,-'~ 
in::1 

n 
. .2.. 2(n-1)+1 

Il . n ••• ,n 



/ 1.) 
"!'~ !lI'ItMllIIMiI ___ afl ....... a ____ .L_t_' _. _______ -:.. _______ *_ -__ . ____ ~\ .... "!'----_---__ 

" 

1 
, 

\ 

1 

'" -0 

N -0 

" -0 ... 
~ 

..J,.. 

-" ID. 
a:o 
ID 
D 
a: 
ca.. 

'" 0 

é 

'" Q 

fi 

;1 
é 

CI • • -
c ,., 

W' 
a:c 
::;, 
(f) 
a: 
Wc 

,Z:c 
,... 
l5 
a: 
..... c 
Z": 
wc , 

Ct 
III 
• .. 
• 

r 

, 
,- / 

" 

• SYHBOL 
0.25 1 
0.50 2 
0.75 '3 
1.00 .. 
t.25 5 . 
1.50 e \ 

HISTOCAAH OF ANCULAA FAEQUENcr DISTRIBUTION 
. FOR SOHE VALUES or • 

Fig. 4.7 

/ 

2.00 2.'p . 1.QO 

, 
+ • "ATUAAL Lali 
• • CGHHa" LOIi 

lis. 4.8 Gr,aph of t~ Entrop, l':UnOt10Jl 
;. + 10, ,~) 

1 

/ 

/ 

\ 

\ 

\ 
\ 

\ 
\ 
\ 
; 

o 
'. J 

1 

() 

.'. 



'''''"'_1113: ____ ..-.-___ • __ , ..... _n ____________ -..:~ ..... _-______ .-L-___ _ 

o 

1 

\ , 47 

If ve take theee,values of Pi to evaluate'the entropy, 
ve would get, after much algebraic manipulation: 

-1(.= Ê Pi log Pi = ~ L 1I 2i-1 'log (.l...2i-1) + '[2n-1 log (2n-1] 
,_. f:t n n n n 2 2" 

, n n ~ 
+ ~ 2(2(n-i)+1) log (~,:<2(n-i)+12) 

f.r.. n2 ,J) n2 

\ 9(11): f log 2 - log n
2 + ~ *{1jk log k - 2* ~ k l~g k1 

n ... , t 1 
i, 

for n being even (4.4.1J' 

6(~= 2(n-1) log 2 - log n2 + (2n-1) log (2n-1) 
n2 n 

+ ~ *(f k log k - 2* t k log k] for n odd (4.4.4) 
n ~." Jo°L 

Thus the int,ropy :: - F (",) . 
JA-. 

~iereasing a little, ve note that wben UGing the v~lues 
of Pi trom Eqn. 4.4.1 and Eqn. 4.4.2, the expeeted value of these 
trequene1es'tor a given ~ i8: 

'tP1 * f iii - ~ i!(2~~1) * t iii + p:~l ·1~ ~J.'J. 
Il 

+ ~ 2i2n+1-21) .. ..!. ~ 
"r' n2 n 

;

1 A1'ter mueb all$ebrai~e manipulation, we get: 1_ 

"' * a:t1 • n tor n even, and 

• 1 + ..L tor n odd. 1 '2 n 
We note that they are equivalent and ,the 11JIJ1 t as n ... ..,' 1s ~/2. 
whièh 18' the unb1~s&d estimute of the tar~eent ~ngle. 

, , 

, An illustration 01' som~ trequency d1str1but1o~e tor eo~e 
\ ' 

values ofJ ~ ean be seen 1nF1g. 4.7. 'Bere, one can observe what 
c 

,happ,ns to the dena1ty function as ~ 1ncreases. This 1n effect 
1 

produces the ,Ai!1'erences in the entrow measures /to ('how the 
d1!!erences in their curvature ~alue8. \ . 

Getting back to the en~ropy value ot thJ cont111110US model­
obta1ned in Eqn. 4.'.4, one s~e8 in l~g. 4.8 that the graph of the 
entroJ)Y tunction i + loS (!9J) 18 negative tor some value3o! ~( ~ •. 

/ -
1l.eal~zing that the e~tropy ot the h1stoçam 1~1cat1ng curvature, 

" 

, 1 

, , . 
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1 
1s always non-negat1v&, ve suggcst a translation of the graph by 
~. to g1ve a non-negative funct10n of tlie entropy. To determine 
the value of ~o, one simply solves for its root, 1~e. solve for 
t + log (~) == 0, -or log ~ = log 2 - t. Thue, we obtain ~C7= 2/lb 

, 1 

wl.ere b iD the base of the logarithme. l;ow we can eq~te'. the' 
curvature to non-negative values of the entropy by the equat1on: 

Kt (~) = t +--log (t(~~~o» (TranslateCl Entropy) (4.4.5) 

1ndicat1r!B that the curvaturc for ~ = 0 is e. As such, we obtain 
the graph 'as i~lustrated in FigJ 4.9. With this, we still do not 
bave the curvdture of ~ = 1 a$ one wh1ch~ 1a the case for circlee. 
Wb can obt~1n this bj normalizing' the values of the entropy by i~s 
value st ~ = 1. Thus, the normalized values of entropy indicating 
1ts curvature 1s: (Normal1zed Entropy) 

(n(l1!) = t ! î~~ WtS: II = -t:ffi 1 (4.4.6) • 

The graph of the normal1zed values of entropy cao be obeerved in 
P'ig. 4.10. 

Now let us cons1der the entropy values obtained,1n Eqn. 
4.4.' ~ 4.4.4 by usir~ the histogram frequencies of Eqn. 4.4.1 
and Eqn. 4.4.2. Ve note that this entropy lxpress10n 1s 1ndepen­
dent of~. At t1rst th1s may seen 1~Cor.3istent aiter kncw1nc 
that the entropy measuree 1nd1catine curv3t~re are d1rectly related 

o to the size of~. .E-..t we will Bee 1r~ thf3 r.t:xt 'sectien t~a: fer an 
ir..l t1al (arb1 trary J value 0-; ~, a, d~c1sion. 1'111 be mad ': au te l'.c:" 

·rt&.!.y slots in th~ histogram-.:.parti tions of the derJ.si ty funet1on, 
are to be used tor th1s {value of {6., ThUG, fOl' al.l subsequent 
values of-~ enJvwntered, th1s same sized partition will be uoed. 
This impliea thlt'~he number ot slots d1rectly retlects on the 
size ot~. Sinee the expressions 1n Eqn. 4.4.' and 4.4.4 are 
tunetions of the number ot partitions, n, 1t ind1cates that 1t 1s 
relate4-to the s~ze of the ~e ~ after al1. 

/ 

( 
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Fig. 4. 11 The rate the ane1e 

of the taLgent to the arc Cr~&e8 
( A 6) i.e un1for:n for 1i1xed size 

char.cee in the arc lerlcth (A a). 
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1 2 , 4 AS 

Ffi. 4.12 ,,~he 41!!erence in the rate o~ 
change of Q vith respect to arc length is 
the eize o~ the radius of the arc, r. 
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4.5 Entropy Keasurc versus Classical J.Ieasure of Curvature 
. r / 

Classically, curvature is defined as the rate of chanie 
of the ~le Q with respect to its arc 1ength; see Section 1.2. 
50, ve vant to se~ in a discrete~wa1, the graph of the rate of 
change of g as a function of the arc length s. 

~ 

Consider a eector of radius r = 1. We div1de this arc 
into n equal size sectora eacn. having an arc leneth of Ll s, and 

'l\ subtended by an auele of 4 ~ s: ~/n as illustra ted ir. F1g. 4411. 

Since r = 1, As = f:. ~ = ~/ n, and the dif:f'ere~ce in the ar:.c1e 
betveen vectors Q,1 and Q%. 18 A9 = ~~ = ~/n, easily verified by 
simple geomertry - UGing the t'act that the su;n of U~e ant;les c~ a 
triar .. gle ia 1r radians. 'l'hus wc ~ee that ~Q == ~~ = Aa = '/JIn, 
1x:plyir..c thet the c!::lnce in G ,( Il g), ia un1form, for equal aized 

char~E:s il' .. a (,4 fi). This ia rE:pr~sE:nt~d in Fig. 4.12 by the r = 1 
graph. 

In general, we consider the, case t'or any integer value 
of r) 1 . Using the same size 1:. s as bef'ore, ve now parti t10n the 
arc 1nto (n*r) equal size sectora, each aector now being subtended 
by an angle of 1l(J = /ls/r == (JI (n*r) . Similar1y, the difference 
'in the angles of the two vectors 9 Jo and, Q~ 1a ..19 == AfJ .. ~/(n*r) 
l1ke as before. Thu8 the graph showing the uniform change of Q 

tor equal s1ze changes in s can be repre~ented as in '+g. 4.12. 
for var10us values o~ r. ' 

In e~8~nce, the change in Q, .à Q.. il.a/r • fJ/(n*:r), when 
difterentiated vith respect to 1ts arc 1ength, .1 s, gives us the 
rate of the change of g vith respect ~o the èrc length, i.e. the 
class1cal. ~ature tunct10n. ,'That 18 f 4Q/4s • 1/r, v~1Ch 1e the 

, ' 

class1cal. curvature tunct10n ~or a'c1rcle. 
To elaborate br1e!ly on our concept ot curvature meaeure, 

let us cons1der a model. As a basi. for reterence, cons1der a one 
, loS , 

radian sector of a unit c1rcle. '01a8810a1ly, the curvature tor 
,fJ • 1, r III 1 1. one at' anl po1nt on the l'arc regardles. of the size 
ot the arc length taken 1nto consideration, ana fo~ any other 
value. of r exten41ng trom th1s one radian eector, the curva ture 

~. 1/r. V1th re!erence to '1&. 4.,~" ve preeent t~e mode1. 

/ 
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C~ass1cally, the curvature ot the arcs. 
being 1/rad1us, show a decreaslng trend 
as the radiu8 increases. In using 
the prop~8ed method, only a !1xed'sized 

(~8egm,nt of each arc 18 cona1dered, 
'vhereby the decreasing va~ues ot the 
8ubtendJ.n& angles woul.(l resul t in a 
correspondi~ decrease ln the entrop7 
measure to correlate 111 th the c1a.es1oa1 
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We set the curvature of a ~ = 1, r = 1 ar6 to one by 

appropriate nonna11zat1on of the entropy, like as was \ done in 

::=:~O:a1~~ ~;rr~:ed:::r::~z::m:o::~:u::: ;::e~·:::~u:::o~ / . 
,A~ r lncreases, the angles of the .flxed arc-length seetors (~) 
success1vely decrease. Subsequently, there 1B a correspond1ng 
decrease 1n the entropy measur~. Thus ve Bee a corre~ation 
betweeb the entropy an4\c1aseica1 measure o~ curvature. 

------~--

This sets the importance of using a flxed length segmen~ 
as the bas1s for measuring curvature in the proposed method; a \ 
fixed s1ze neighbourhood of the p01nt under cons1derat10n ls 
used for our evaluations. Hav1ng establlehed thls, ve now seeK 
. ... -- - -~-~--------"... --'" 
to determine a suitable size of As which will remsln :t'ixed for 
all cases of ~ being consi1ered. Analogouely, the neighbourhood 
size ls to rema1n constant for all evaluat10ns done ln the quantlzed 
case. Note that all~lculations done in the proposed method baye 
been made independently o~ the size of the radius, and the entropy, 

jOur curvature est~tef remained solely a functlon of the Bize of ' 
the angle ~. .. 

The constralnt wh1ch A s has to satisfy 18 that n of 
/ 

them on ,a ope radian sector would gi ve a frequency à1stogram that j t 

has an entropy of one or close ,to lt'. That 18, we solve for the 

Pi' s in the equatiQ}fs - t Pi • log Pi - 1 , Pi as detined in 1 

Eqn. 4.4. 1 and Eqn. 4.4.2. When ueing common logari thms, we get 
n = 12 for a unit f6 to g1 ve an entropy value of 0.9994 _ Ve note 
that thi8' 18 determined iD4ependently ot th~actual sizo/ of ~ or 
"the radiUs r. We also/note tbat,when using propose,d methoc1, 
the curvature est1mates of a11 the c~p1ete a cs ,i~ ~ig. 4.13 
vould be equa~ sinee the)" all sive 1dentlcal h stograms. Thi's 
vould come about if, eB;ch arc 18 4ivided ,into l!- or ",2) equal 

s1zed segments, each subtended, by 8Jl angle 01~! re&ardles8 o~ 
the size of the rB:diu.e. ~ith an equal nuaber". of a~ sectors, 
the ~h18tOgr8.1D8 obtained, and indeeA ,the re8Ul t~nB ntropy values 
vou14 be equal. Thue ve voul4 want to establi8h no for the 
valuee of ~ and IJ.. trom vhtch al1 other meaoures c be 

, 1 

norma1ieed u81ng the result~ entroP.J value obta1ned tram th!s 
, . 

set 01 1l0l"Jll8-. / 

/ \ 
\ 
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fle ean ehoose IJ. s vi th re:pec~ tô ~ ?= l' radian and vi th 
Â ~ :: ~/12. We woulQ. then be able to partition any given ~gle ~t 
into (~'/~)*12 eq~l sized angular s~etor8, and for varying s1zes . ' 

of" f6', the correspond~ng variations in the number of angular 

sectora would give entropy1measures of the histograms that depiet 

1-

- \: 
the1r curvature as a non-11ne~r function as can be seen in Fig. 4.14.," 

So, in t'aet, we are uair.Lg 'the entropy value of the Q-distribution 
h1stagram for so~e ~. vith reterence to an initial ~ which ve have 
established as the norm. Fig. 4.15 shows the entropy values for 
var10ue angle s1zes. And a-1"ter norœa11z'ation by the value of the 
entropy when~' :: 1, 80 that ve can get a curvature indicatine Ohe 
when ~he size of the ar~lc 1e actually one radian, ve note that 
the two curves in Pig. 4.16, obtained whenuaing ,c~mmon an~ T.~tur~l 
~oearitr~s coincide. It can be shown that recardlese o~ th~'~c~ 
ot the 10garithms uoed, norma11zed entropy,valuee will al~aJs oe 

, ' 

equivalent. , . 
1 -
nov that ve have seen the theoretlca1 equ1valence of this 

, ,method, wc vant to knov what these resulte imp1y when they are 
re1ated to the actual application of the method. The range of the 
~ dcffni tion 18 t'rorn 0 to -n'. ,It l~S li: n ~ 2 1s used, then r ~ 1 
p~rt1tlons would enclose an angle of o~e rad1an. WC'can thus set. 
the entropy" of a his;tolram w1 th _ r 'i-l ceÙs as the "!Value . of the 

:: norm, i.e. eq\Ûvalent to' 'a" èurvature measure of one.~ Thus, vc 
c~ relate the proport10nai,tactor that aesociates entropy values 
and curva;ture 1n teZOfs of n, 1,... "\ 

Curvature 0< Entropy tr~m ~. , ( 4 n) Blot; (4(.5.1 ) 
. EntrO~Y .rtrom r f·l elots , 

~ . ObVl0US1Y, d1fterent ~aluee 0'1 n would 6iye dif!ercnt. 
Jalues ot the norm. , Ué1nt the re8~lt that the entropy ~s on~ lor 

. n .,'12 when \181%18 co." l.ogaritbJu~ e~ch histogram ,cell ~o,.ûd ! 
aetually represent 1/12 (or 0.08") radians. Thus lm sl:lould be .1 . 

12.-11' in order that the one radtan .eect~r 1Iou14 sive an entropy . 
measure that 18 close to 1ts curvature value of one. V1th th1a, 
the theoretical nwnber ot anau1ar parti tione (liS) vou14 be '7.699. 
A larsor 8i~ed partition and an 0<14 number 0'1 th •• 18 ideal ~ so } 

, .> 

~'7 woul4 eatie'f)'" both 14eale. ~ 

/ 
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., It 18 alao 01 1n.tcreat. tO" note that when the sector 18 
1 . . 

paz:t1 t10ned °1nto 12 equal 8ectore, 'we .qui valently get, an arc 
leneth: ot 1i ~'ij;e w~1ch means), pOinte on thEt arc ~8 rEtq~1red. 0 

~1a iropl1ee a nc1ghbourhood 8jze of 6 wh1ch 113 what'we can . 
:ri' " . ' 

"con~1der aa . the ttLcoret1oal n'~ebbourhood e1ze (0). 

Gongœl Rolut1opeh1po D,tw,stA th, 11:0P·08f4 
l1nd the Cle.,e1çal Neaqure of Curyatut' / 

~'~ , 

• ",.' j 

Irl S<lct1011 4.' t tri. der1 ved an eXprttbB1o,n for the (S.n tro l'Y , ~ .. 
ot the }>l'obab111 ty der •• .J. ty ·t~ot1f.n obta1~(jd. !J'om a u~r.tj,nu.o~.i . ~ . 
Çlodol of our proj?oB.d ttetbod. Eqn. 4., .. 4 t;ive, ua: 

c 1. • 

~(~) • ;. ... 10C (~) '~/ ~ " (4.6,1) "fI ccn ~~:.;!l.ï r(:lfa~ il.in T.cult 11:.;li.d by th. oOllt1nuou. mod.el 
ot trj" llroj:.oc '-' j IL<I'tn"d "'to clal,,~1car curvatur., , ,. 

, JI;. 

CCll~cil1(#l' CU'). ane1Cl "ector f rad1u8 r, Iu.bt.ndfld. br an angl. 
~ with an arc lonsth " ~he 01al.1081 OUl'VatU%'. ,'. 1/1: ., rJ/fJ, 
tbu. ~. '. ,. fJub.t1tut1ng t~11' .quiv~l.nè" relation into Iqn, 

) 4 .6. 1 ,v. set s " . 

,..r . ,<1( <ill) • il + lOB ( !/- ) /.. (4.6.2) 

.', ,.,. tbi •• how. ~ .xact r.lat1on.h~p b'1,woon ~tho ilntropy mea.ue of 
th. oont1nuou. o ••• and 01 ••• 10&1 ourv.ture. 

J 
.~ , 

/ 

On. "OOM .~:thOUShi, v, .1".Al1z. that the .n'troP1 1un.ot1on 
, J 

iD the oontinueu. oa •• at t1me • .ba4 ntsativ. value. wh10h 40 not 
d.piot the di.or.t. b1.to;ram" .ntroP1 oon.i.t.utll, i.~. th., . ' 

,ha4 to b. iran.10~4 ~ normal1z.4 b.tor. tb-.f Ihow.4 Any dir.ot'" 
N ... blano. to hi.to,ru .ntroli ••• ,~ Vi th th!. in min4, v. vant to 
•• tabl1.h .ou ,.n."al r.1atio.l1.b1;. to -41 •• ,,1oal ovvatÎll'. bl 

~~û.ine J""ult,"ot tb~'~b.or.tioal di.or.t. ~4.1 01 J.otion 4.4 
vh10p t,.t 4 •• o:'1b •• 01W" 'pJ'OIJO •• 4' Aft.tb04. 

Ibert al" ivo dittèr.GC" ~.t~.n thl ola •• icil an4 
'.Dt"o.P~ me .... ot OU"Vatu.. i . / ' 
1 • ln 'i,. 4.17, v. oouJ4.l' the ou. 01 " &CCl' _ lI.av1ne -

d1lt'J'.ni .1~ • .aroa" Ola •• 1oal11, tu ",,"at,," 1. tlUA I.e, 

.the r.o1".oo&1 ot the ,.a411&11 to~ lAI .1 •• uo lIn,tb a, th. 
OUI'YatUl", , ,., • _/a~ Jw uy oi~l'&J'o ot 1e~h (.~ • ~.( 

~--------------------"""""".F". 

, . 
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Clae.~cally, 'tbe curvature 
01 both arOD 1. the iBm', 
wher.a. the entr.opy' valut. \ ' 
evaluat.4 on th. .1zo ot th.ir 
tsubt'fl41ng ansl" woulc1- be 41ft.r.nt. 
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the ourvature ~ (0') - +. --%, ~(,,). 
I(~) .. %8, thon the curvature 

'ie' note that' if 
/ 

:p ("8) • ): (1(%» • '* ~ (1(1» • -f. ~ (82~.,,-" 
ln evaluating the entrpPl 01 a hi8tosram Irom a eector 

ot angle eiz, ~ div1de4 inta n,partltione, ve vould ,et an .ntrapy 
val.ue ot 4<J~) --J üÙ, w~re " 18 from Bqn, 4.4,' 'or 4,4,4 

, l ' • 

4ep.nd1ne on~hether n +e even or 044 reepectlvely. When 
'normallzed by 4{ (~.1 ), the normallze4 entropy 1e s J 

ct\n(~) • )~f~i)' 
80 th. flrl~ 41lfer.noe 1. that 4(n(~) 1. In4ep.n4.~t of the eize 
of • and 4epondcDt on the 81z. of ~,' wh.reae, olae.lcal curvatur. 
)8 C.) 1. d.p.~ent on the • .1ze 01 • or r, the ra41u.. 

/ - ,~ 
2. I~ 716.4.18, VI con.14.r a !ix.4'.lz.4 r v1th/varyins e1z.4 

, • j 

ucle. arl4 th.il' proportionat.ly v.ryine arc 1.n,th.. 1'hue, 
1t • ..etor ot ans1' ~ ha. an aro l'Dlth 01 • on • 011'01. ot 
1'a41u, J'" ••• etor ot at1Sl. C~, tOI' " a positive r.al numb.r, 

,wou14 hav. an aJ'o, 1.DBth ot IC~ on th. .... 01r01., becaua. 
~ ~ • ,/1', 01 ... 10&111, the ourvature ot both arc. i. 1/1', 

1 1 _ On the othel' bu4, th • .oo~11z.4 • .otropy Ma.Ur, 'froiD 
• h1.tp,ram 01 &nB1. .1z. _ bavinl ft .lot. w~4 be lite ln Zqn. , 4.'.' f VUl' .... , 11'011 an anal' 01 .1z. :co ~ ha/iDI "n .lot., the 

_ • .o"'tl'OPY ... IUJ". woul4 b. s 
l , 

~ ,,,~) •. ""A) , 
'''n " , J,iftl) ,,' '_ 

OlAarl)', ,i! ~ ~ 1, 4(n(~) ~ KIl(JC,~) .1" r.ot !.qual, liMr ••• , 

--::-

,/ 

-", j 
4-la •• 1o&1 ourvatv. 11241cat •• ~oth aJ'o, to hav, the .... out"Vatur •• .. 

, tM.1' i. tht •• 00114 41tl.J'IAC •• 
/. - ' , , 

1011 11. VlAt to 'PU~IJ' tbe .1 tuat10A wheJ" -ioth .ntl'o" 
âD4 ouyatur • ..uu.r •• b.U'" .tatia,ly.' lA 'lit ~ ... 19: tvo &Jloa 

.. JI&y~ tu ... ,ltaltb .,' &l'. nbt.1IU4 by fut ... ~ .j.~.4 .~.' 
~ 'aü C_,1tÀn. "i. ,; J'Hl po.iti". "'2'. 01u.UdlYf/t~ , . 

. cnâ7'atUl", 01 .&ob &l''' i. "ttw ~.~1J11'ou1 01 .~~J' ~1i, a/fJ, '/(., " • 
~, l,o / .. , ...... 

'/ ' .,. . \ , l ' 
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111g. 4.20 The G;Z'&ph of the (J] .••• 1cal ): 

la • • /tunct1on of t~. 8.Q61e ~ 
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/ /. 
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That 1e, the relat10noh1p betwce~! 
J:(~) • 1/r • ~7B, 1s: 

~ (~~), ~here 

)("~). tE' 
8 

• --:Je y (~). 
/ 

As baIorc f claosicsl eurvaturc provos to be 11near; the ratio ot 
the angloa 18 the oame-as tbe ratio of their eurvaturee;. 1 : " • 

Th10 can be ObBCrvC~ in lig. 4.20 which shows a graph of the 
ola8810a1 ourvature as a tunot1on 'ot ~. ' 

- 1 / ' . . ' 

It the hietogram ent'ropy tor the ranett ~ 18 taken over 
n elote, ~e denot~ 1 t by K(~). - J (nL/'··-;.lhen n'orma11zed by 

4\, (~.1 ), 1 t bscomee, 4\,n (~). 1 (n) 

/ ,JErtl) -, 
!'rom a hi8toeram ,,1 th a l'anse ft ~ ~, vi th th. 8ize of the angular 
part1t~on. (or equ1val.ntly, t~ ·.~z. of the~'arc , rema1nins 
oonetrint, the number of Ilots il then JCn. œhul th. entrol>Y . 
"hen normal1z.4. 18 4f(A ( ~(6) • J < :c n) 

/ ~ )(ftl' 
ln th1. cae., • i1near;1noreal., over -th./a1ze of , 408S not reoult 
in a lintar 1ncreae. in th. entropy valu., but in both 81 tuat1one, 
there ex1st. a oorr •• pon41ng 1noreao~ if ~)1 or 4ecroaoc if "'1. 

œh. relat10118hip betw •• n Kn{~) ~ cK..n(:c~) I.e thufJ 
1 der1ved to bel (froM E'1n. 4:6.4 a.n~ !-.;n. 4.6.;) / 

4(n(~~) • "·nl .;: {le,,} • 1 (rë) 
/ 

! 1 

J<f-j-7> J (Il) _J'ftl) 
. ! (&nl.. <f(n(~) 

" / / _ / 1 (n) , 
Th1, relat1on.h1p·can be expree •• d a8 a eraph BI ahown in FiG. 4.21. 

~ VI' caocnov •• ta~11.h aD .• xact alg.brai~ r.lat1onlh1p 
b.tv •• D'ola.11cal OurY.tur. an4 .nt~opy meaeur.4 from a h1etosram. 
V. 4.AOt. ourY.tu.r~.. ~ (" &nA n,or...liz.4 .ntropf.e 4Vi (~) . 
J'or ". 1

0
, V. baVI S 

/ 

/' 

1 



/ 

_. ___ "'lJ_~ _ ...... ___ • _._. _"_. ___ ~......:.__; .... h._,..r....o.......... .. 
, ., 

• __ ~_~ ........ "f 

( ) 

e 
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1 Thu8 1Ie have: n 1 
j: (~) • ( + * ~ ) 

c 
( 

* cf(n ({6) 

/ 

or equi valently, . 1 

• 
I~ ({6) 1. " ) 4(n(~) • ( + * ,(ril» * 

In gener!11, for an)" ", we have s 

and thua: \ 

):("{6) • ( ~ * ""0)2 /). 
s .J (n) J(f91) 

or equ1valentlYf / 

"''»] , (fBl> 
) • 

·leXn) 
J(fB]> 

/ 

1 

(4.6,6) 

/ 
/ 

r Vith th18 relai1onsh1p eetab11lhed, we have shown tt~t 
the hi8togram entropy 10 theoret1Q&lly sound .s an 1ndicator of / 
eurvature. In th!s eontext, entropy meaeuree the amount of change 
in th6 tangent angle (Q) to the arc ae a !unction of~. lt ahou14 
bo remembere4 that entropy 18 801.1y dep.ndent on the .{ze of the 
r&41al (or lubten41D6> ql.. lt il W1t~ tb1.1epepdence on ~ 
that .a1ler1 tiri of th1. m'&8U%'e CM be drawn to ~1a.11cal 
.curvature by w.ins the known fact tbat _ .. e/r for c,ire1 ••• 
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l1g. 4.22 To determ1ne the g h1atosram 
ve tiret con.14er the .xtent of the r~ •• 

/ 

p.4.f. 
l' 

JiS. 4,,2, the ))robabU1 ty 4enait, 
tUAOtion u1n& O. al the ,"0J'J.&j.A". 
lA teJIJU ot J'14~ I~.,f! e,. ct ,u4 li 

11' tel'JUo! Une-Ioi,,-t "~., 
e~ • .j1r.. .. " 
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/ 
4.7 A Relevant Theorem 

Whe~ ae!ined the 1- g transformation in 'Sec. ,." 
l , 

re:t'erence vas made to an "orig1n" trom wh1ch the perpend1culars .... ; 
to line-points or1einate. This theorem states that: ' 

/ / 

/ \ 
The Q histoeram o~tained :t'l'om a e1ven arc 1s 1ru1~pendeJlt 

. of the pos1tion of this origln. 
1 / 

In l1g. 4.22·, ve consider an arc of a cil'cle of radius 
r eubtende4 at the center O. by an angle of slze~. Wo know from 

/ 
resulte 1n 6ec. 4.4 that the hlstogram ot Q values obtained while 
ue1ng th18 center O. ae the origin }oOke 1ike the probabil1ty 
dene1ty !unc~ion in 'ig. 4.2'. The range of the g values (il) in 
the h1etogram ie de!ine4 to be from the j'erl'endicular (P,) ~ 
voctor Vi to the perpendicular. (fI.) to vector v". We note that 1t 

- ' le equlvalent ta the d1tterence ln angle betveen vector Vl and V~, 
1.e. the range of 11ne~polnt angles 18 also ot .~ze ~ • 

• rst ws want to show that the range_4et1ned,wlth respect 
to center O. 1e equal ln size to the l'anses 4etine4 for ·any other 

, / 
01'1gin8. fh1e can mo.t easi1y be ver1tie4 Beometriea111, keepins 
in mlnd'tbat line-point angle8, thue radial angles Q, are express.d 

( . ~ 

relative to lIf radians, 1.e. modulue 1f(4O In 'ig. 4.24, let 0, 
an4 O. be alternate ,oris1ne. Con.14er t~e,perpen41cular.·lrom 0, 

. an4 C .. to veotor. " and #V." By 81m11ar tr1ansles congruence . , 
relat1one, v •• ea that both the r&n6e. are 01 .ize 'equal Ito _. 

-Jov cone14s1" an arbitral')" 1ine-po1nt on the arc. Vith 
r •• peot to O. AG the ori&1n, 1.t the 4111.r.ncl ~.tveen vector f,_ 
AJ'l4 t)1a p.rpeJ14icular to, thi. l1M-point be ,,, Con.14er the 

, , 

,erpen41cu1ar. 11'08 the alternate o1"1B1n., 0, an4 CA to thi. 11ne-
point. It U# ,u11y ba .hovn 1))' ,,1œ,Pl. e.omet17 that the 4il1.1"- ' 

. anoe in ~ ht1t.en t~ ,.rp.~i~. to th1. l1M-po1nt an4 the 
,e.n4ioul.&l'to v.otO%' Yj fJ'l>J1 .1tller 0, n O. 1 •• q,ual to ,,, 
'rOll 'il. 4.2' w. 'bow the~1".tu.QCI 41.tnlmiiOA 01 tiu. liM­
l'oiAt' •. -"'.1&1 ~ ~ 'J. IrOl4 f.), &D4 th1. (i. &180 the t~quénoy 
v&lu of l1Ae-IOUi'. ~1al/.~ vith re.peot to~Jw o~r oris~. 
10 v. ••• • 1-1 .,liIW of the • tr.4,UeCOY Y&1u. trOll the ~ 
il. to tü nqe. ft. ad. R,.", Sine. the '.1u t4 the nq. i. 

, . 
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exactly the same, 1t 1mplies that the h18tograms'are 1dentieal in 
shape and s1ze. '; The only d1fterenee between them 1s merel)" in a 
lateral ahif't. 

J 

OOROLLABY The ent~opy value of a ~en arc obta1ned by th!8 
propoaed method i8'i~ep.nd~nt of tbe p081ti~n of its 
orig1n. 

/ 
Proot': Trivial. Sinee .ntropy 1a taken ove,r h1stograms that are 

o! the .ame shape and Bize, their va~ue8 must be .q~l. 

, 
, ' 

~ . 
• 

arh1 trary t ","JI; ~ 
,f' M lille-point ,,,; 1 
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/ 
5. Inv.stlgative etudi.e on th. Implementation 'of thi. Hethod: 

'.1 .80me Varlations to th,'8xettl 

ln this s.ction, minor variations made ,to th. pres.~ 
sy.tem al" studied and thelr 'ieeul tl br1.f1y dlDcuseec1. Indj,vi ua1 
modiflcation8 or comblnat10n./ot,them have b~~n implemented to 
th!s stu4y. 

d' ~r 

5.1.1 Vse ot 10earith;8 t9 anx bige 1 

" 81nee 'l~tropy .. alue, vere not normal1zed in the 
implem.ntation ot th1, .y.t.m,' thi, mer.l, imp11e. a c11fftire ce 
in the order of an .%~n.ntial funct10n betve.n valu.s ~rom 

/ 41ft.r.nt base a u8od. ln our syst •• commoP,losarithm. vas' 
arb1trarl1y choa.n for ua •• 

5.1 .2 Ab,ene, 9' &Jine1. iQWl4au ASMae.a ~/ ~ 

If v.' ~an ... UIN that th. pa:~umi~or lhape. tha are 
b.1Jl6 cone14.r.4 40 n.ot have "ainsi. b0UD4ary\ .pp,ndas.... 1k. in g 

th. 'UIlple in yie. ~; 1, th.n th. pNe.nt syet.m can b. e1 pl1f1.4 
to eome .xtent-. \te oan r.move th. " .. c1wû.emfl that CMCl9'. tor 
th.e •• 4eo, AP4 ban41e. them a./b~ potAte on 41ff.r. t .14., 
ot the app.G4~., If 'a patt.rn ha. 1 b0W24aJ7 po~nt. ao4 of , 
the.. pOintl beloDB to th. appen4as". boundary, 1.'. can 4 t.rm1u 

. tht apgrox1lDat. _"",t of cOJD;utat1OD ~.4 b1 thi. me bard •• m. 
~t A b. the .1z. 0( tM neJ4hbourh004 aM u ..... upl ., . . / 

.oOnAeot,.4, b0u.G4aJ7. 1f(itb r.tflJ"flO. te) tilt line ~b.%'. 0 th. 
j,rouu U.i1ftl1 in .p,.n4iS 1 u4, ~ .u,.%'~oript. l'.p&-'. '.tlt1n,,' 
c for oompari.on., ~ tot' U.~At. and , tor 1'0 tot" 11 hav.s 

':. / 
Un. 29-'2. an',-') • {1 +0 ... ta + (a+i' l' } .' ,~'~-'9S .. ,1: * { .''-, , • ,,(1 0 t 1~) J ' ? 

Liu 119·12%s 1 * (28-1', • 'f1iO •• ~ .. , ... ,. J 
Ad41a1 t1M abew. ,1.14., . 
" '(2A-t, -*/~'A+i) ... Ai} ~' 

, 1 

. (A -,:+' .. (A~+ ,1', .,')' ~.f..IMfAt., 
.. (2A-1) ,* (11(1'" -+ li ;.~)) ~-,IO ;t9f. 

l-

.. v 

, 1" \ ~ 

1, l '" 

" 

1 i'>. ' 
r' ! '*; ... ,. 

l. , , ~ 
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/ 
Note that it m .0, on1y Eqn. 5.1.' wou1d show a~y'/change, J 

implying that;the remaining computationé are wasted. In re~oving 
thi. "mechanis.", the reduetion in the amount ot computations wou14 
be the s~ ot Eqns ,1 5.1. 1, 5. 1 ., ~ 5.1.'. 

5.1.' Incorporate Pre-proeelsing 1nto th. Mfip Program. 
This implie8 the incorporation ot t,he contour or line 

1 

tollow6r and smoothing algoritbm tor b0un4ary pointe'into the 
, , 1 

ma~n program. fhere are two, waye ab0f.~ whieh onè could do thiel 
(a>' Â phyeical concatenation ot the two ayst.ms. Thie means 

1iterall1 placing the p~e-proce8eine proc~4ur. betore the main 
/ procedure and, mak1Q6 sure that the pr.proo ••• ,4 boundary point. 

a~e etored an4 oarried oyer into the main procedure. vIn thi. 
eue, there 18 no need" for 41.t or car4 .torag. of the b0un48t')' 
pointe an4 no 4i.k or card input i. requir.4 tor the main / 
prograœ. AlthouÎh -rt wi~l be one .inti1e unit, the,,' space r,.quire4 
inCreaee. due ta the exi.tenc. ot a 120 x 120 p1ctur. matr1x. ' 
Thi. matrix 18 .tor.d in OM byte chataote~ tora to .neure -

/ ' 

minimal etoras'; aoo ••• to 1P4iv14ual bit. Ar. n't pO.lible when 
J ' -

ue1ns the lortran "H compiler .xcept vhen 10,io.1 (bit) variable. 
, -' - 1 are ,.e4, in wh10h oa •• , l'.adins, outpu.tti~ and manipulating 

tbea b.com. v.r.y in.ttic1ent &D4 un4e.1rab1. in ter.me ot time. 
(b) AA ~140~J.tbaio "l'B' oi'the tvo .y.t.... fh1.-Man. 40tnc 

both proo.4ur •• 'at th. .... time ... the bOWl4&17 1. b.in, 
~ . ~ 

tr~.r •• d fi Ap.i.r.( thi. requir.. mol" 8tora.l' .l'AO' an4 1nour. 
JDOt-. cOJlpUtation. lOI' clari t7 an4 ••• 1.1' un4'J'.tan4ina ot the 
".t •• ,'/thi' apll'oaob wu DOt 1&1.4. 'lh~1 tollowilll -180I'i tba 
voul4 .hov it. r.latiV' oOla'pl.sity ~n OOJaJ)Ar.4 to the ~tuall 

) 1m1'1 .... nt~t1on of th. ~tb04. 

\ 'OiVO'. 120 s 120 -p10~.r matris, ot the, ~tizd .ha~ vi-th a . 
• ~ b0W"d87!l .tOl'.4 ~ ut. 0&ft1" the' alBorithll tollov.s 

-1. ..'&4, the/ giotv. 'iDto ra -120 s 120 ~;. u4 priat i t "out to~ 
" -the P&arIO •• ,t 4oOU1leAtatioA, 1 r~, ' 

2. Lo~.t. "~ut1Dl JO~t 1tI' "~ .ou OS' ~ •• tA .. 1'1&N&111' 
1oO.iN. , 000J'd :t.. of tta. .t,nial ,oiAt t~oa 4&ta -oard. ~ 

,. le. J.A ..... Il '. yariable. (D~.I,Il). ~ 1 -! ',' ~ ,; , 

< _ • "". • 'lof ; ~ if 
~ , 

, 
" , ' , 

-\ 1,.: ' \ 

.r ~, ~. .'\ f lot t 

,.)1 '" , ... , 

/ 
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'4. Determine the ~r8t ~ points ueine the éontour follower, 

(n > 1 and approx~t.ly 125~'ot 2*NB), and smooth the 
./ ' 

boundary points by, removing 1-st.p staircae.e. 
5. Ch.ck to se. if th. number ot rema1ning'point8 sat18ty the 

r.quir.4 .'sment 1.ngth ot 2BB+1. If not, continue to obtain 
more boundary :pointa, emooth th.m and rep.at step ~ 1 • 

6. ' Determine and. store the s.iBn ot the ci1rvature. ot the" (1;:8+1 ),,~ 
point -- th1s 18 the point ~er oonsideration. , > 

7 • Det.rD11ne the tiret eet ot &Ul61e. trom th. line-l'ointe. ;\ 
< - , 

'e. )1ap the atl6lee into th. Q hieto6%"am. 

i 

9, Z.tablioh th. hlsh trequency"reeiQn, 4.termino 8n4 etor. th. \ 
tl.U'leeJlt ~. and .ntropy ,.ua.ure.." , 

1 0 • Z-.ro, out tlle hietoeram 
, . 

11. Hove ta th. tlext b0un4ary point; l'.cop)' r.levant 4ata, 
o • 

d.termine a 'lev more bOW'ld.ary' point., .mooth them and .xecutc 
~ -', 

.top 5 and 6.. It 0 

12. %J.termine MW lJone-.po1nt ADel' y,alue •• 
" . 00 to .tep 8 an4 l'.p.at.liA tu the/tiret evalu.a.t.4 point .1e 

pest 1r~ the l'roc ••• to b •• valuat.d, ~ •• , tho boundary hae 
, Ib •• n travcr&J.4 'AD4 all r •• uttiJlB value •• tor.d, . 

14,,',.,y/'or IdocwuDtation PlU"Po",,' Fint 'the .moo~h.4 b0un4az,r poi~t 
, coo1TcU,ui.. &Cd i~il" ",,"atv. '!sU. .. 

~thouF v. know that tb1. AlIonthm 1. l'J'uti".l 'no\1Sh 
to b. 1œplem.At.4~ the nuab.%' ot timf. ,~oo ••••• lit. in .t.j 5 , " , . 

aA4 11 al" 40M &D4 tbe l'.qu1w4 .tOJ',,' tOI' anay. l'I' ••• ,Ut. 
a441tioWlrl pobleJU,.' Allo .w. tht u. ,ct owaot.f' or-lo~o.l 

,1 , 

variabl •• in 'ort~ao 14. unav.i1a~l. aD4 un4 •• irablt 1' •• p.otiv.1Yl 
poi4t. have tb b •• iol'.4 lin tu1l vol'4., ,:~ ••• , tOur "",t •• lCl'IDAt, 

1 _ 1 

iutiu Ot .ou 1Jyw tcr ,ohanot'-~ I)toftlai U4 ou :bit 101' 10610&1 
" \ ~ 

) tonïat~. /'}l1' ia,lu, the iAvol.~At of • ,:"S. tUDOUAt,o'l r.q\H.l'o4 . 
• ~ tbat v~ ". ,Wl,. ",tilize4 /1 / ~'OY'I', ,il Cnt- J.~1.t. ori .., 
uaiAI ohaI'aot.1' Yariab1e., tUA iJw VWlY ooçil.1' bu to b. ut.",. 

fi 

l' • ' ~ \ 

OOJlH~lltl, , .• .uoutton. tw' vOta14 &J' •• tl, 1DoNAH )y .t l.ut 
2OOJ' tlhUh.-~~tIIIIIcHf'~ - to lIÎ&Io ÙN4Yllltap u. 
,'N of,." " ' .. '. . ,'. 

~ , ' ,/' ! • 

, ,'.' 1· 
, 'f' , , 

• 0 \ 

J 

, '. 

: ,,::.a • oq J" 1 Ct 1\ ~ .J.. " ". ~ , l • ~ - ü.-

Î ,-' :. , 
• r 

t ~ ! 1 j- • 

". 
, , ' -J,~ __ -, .. ' t· 
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5. L 4 "fig Pl'p .. nroSlqopiM or D9\UWIU'Y ,Eoin\1;.I 
Tho ,QOnRuQ.uonoo13 or \ul1", t\U unlll'OOOl.HlOd boundlll',y IU'G , ' 

,1'0" And ln(t1v1duc\lly l'fithor innlgn1.f:loAnt, but t9Aoh dé60rV08 Domo 

mcmtlôn. . . '} 

, _ If thé proo~nt\ to romovo 1.' -rltOl) ~ti\irQl\ao6\ la ami ttod) th~rQ 
'itl tu}. D.Pl'l'Ox,imflt.a dOOl'OtlRO ot Àbout 10 " ln O~U tlmo whon \l@lna 
tho WA'l\~'IV QOIl\p11or. 'rhi. rirAi Qub-oyutom uauAlly tl\k~. About 

o1Sht ta ton looot\da. thuo ami tti.ng tho pro .. prooolains d.'oeD l'lot 
o1gn1ficH\ntly l'oduoo tho Mount of oomputl\tion ilmo _ On th. 

~- othor hnnd. do1ns thht prol)rOOoo8ing r"dU008 tho numbor of 
boul\<\l:\r,y pOinto by o.n AVérA,_ of~" t,or .. - Iho.PQ ~l~Vln6 l'bout 600 
boundary pointa. Thia l'oduotion ln tho tott\l number of pointu 
would aft~ot tl)o M\ount of oomputAtion t1ma r@q,uirod in th. 
mAin ay8tom. 

2. To obta.:ln a limillu' "q,u&liotyt' of tAn,ont l\nd' ontropy mOD.8\l1'Otl . ' 

AD in th.a on DO "hon boundary pointa WGro proo_al,od;. tbo vAluo ot 
lm ftnd XX hnve te o;lishtly lnoroaeo whilo NS ahould' a118htly 
d001'01\10. NB. th. noighbourhood 8110 b"8 to inor.AIIO to roduoo 
tho influonoo of mort horilontally And vortloAlly alisnod 
boundary pointa ",hloh eonorate "noia." for th. Bosmont und.r 

1 

oonsiderAtion_ XX haB to lnorGAoo to oxoludo th~oê linQ-pointa 
th~t produo ... ,mort tno18Y" h1Ito8r~. A. e11ghtly 10.rso1" vt\lue 
ot,Xx would e"MUre ihat we diorosard any potentiall,y prOBont 

\ 

"nolae·I poak. in th. hiatoeroJ1h NS. th. number of ansular 
pClrtlt1on~, ,hould door08.0 to ob tain bettor m.aluroa al lt 
eneurol th~t the al~t with th. h1Sh •• t oount 1. nct Al~A.Y. th. 
alote "here horizontal l'nd vertioal lint-pointa Qooumulnto. 

'co { 

\ 

Tho 1nor.aoo in, the. ailo ot NB would ovidontly oaU80 Al1, 

il\orêaae in oomputatiOll",~ timo, Dut thoinoroa.oe of XX and th. 
door ••• o 0'1 NS aotually help to redu08 i t, al thoush no~ fJuff10iel'l\ 
Inoush to warrant any e~8nitloant ditfe~onQe ln th. ov.~&ll aY8~.m, 
Th, total inareaee in ·time would be approximat.ly ,~ _ more 
than th. or1alnal .,etem. 

,. 'Fo; r.e\a~oh purpo •••• & tangënt ~wâï-d;a"n at .aoh boundary 
point to .id ln th. obJeotive .valuation. of th. method·a por­
formanoe, An 1noreaaed numbor of boundary pointa cau'ld the 

\ 
. __ .~-~~--------------...... 
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r •• ult1ns piOtu~~8 to look more untidy aD mo~o tanaont"linoa 
woro drl\:wn J)OI" abllolut. lonsth on th~ boundo.~y ~ Of oourDO. 

\ 

mor~ timo ",aa involved, 

11'\ sonorAl, u..ins an unpro o ••• d bO'1l'\dary would 1"01'11 t 
in an ovorall lnoro~D' in 00 ù~at1onal tlmt" A,riek ot 1080 

(aOOUl"Ato, tangent and on.tropy àtlmo.to. and an inor.a •• 'in th~ 
numbGl' of pointra boil\g oonold l'Id ~ \', 

\ ~hl0 Dam~ unproo •• od 'onv1ronmtnt •• omo OhAnsG. ln 
1 ta 106io hAve b •• n Itudi .. d, Wt ot.n iinore the Q &l\llo, valu •• 
of lia\o-polnta tho.t o.r't bttwotn pointa le~D than .rr or 2. oto" ' 
uni ta "pArt ~ In thi. way. wo tl'lod to l'.duoo th. uov.nt 01' noi,o 
that 0l'iaino.to8 fro~ h~ri~ontally and vtrtloally alll~.d bouhdAry 
pointa, InDt~u.\d. ",e .obâtrved an lnor.o.G. in the numbor of m1o­
d1rootod tMtltnt lino. booau.o thi. 10lio makoa th •• yatom r.o.y 
mort attont;on to lino-pointa tha.t 0.1" tarthtl' .. part, AnaltH1 or 
line-pointe t~at 0.1'0, f .. rthor t\part ,roprotJtnt tho,axial dirootion 
01' tho .,smont botttr than th. ~ooal tanaent dlreotion. 'l'hua thia 
.y.tom ~ould worR botttr for a om .. l~or ne1Shbour.hood alao and 
10.1'&.1' angle part,1 tlan.. 1. Ct. .mall@J' NS. 

\ - . 
" 5.2 9th.r AAothodp 0: 'l'anggut l.t1mAt~gQ 

For th.,~urpo8' af performanoe oompar1cou, two alternate 
moihoda have baon atud1ed. Thoao mothoda aléo US! th. Q-hlatoaram: 
In fact th.y are minor varlationa of the exloting method; thtir ,r , 
ottootlvinG88 would bo brieflY disouea.d, 
1. Takt th. anSlt at the centor. of th. angle partition in the 

hiatoeram that haa th. h1she.t count. Theorotioally. th1s 1~ 
aooeptable ~8 we oan refor ta reaulta obtainod in Chapttr 4~ 

1 Hovever, in th! ~~ant1"d o1tuatlon. a8 only NB value. of the 
tana.nt ar~ p0881blo, Wt ,et a attp.11kt and d18oont1nuoua 
tangent eraph .howlna value. !hat are approximated to half the 
al.e of th. angle partitlons. ln thie oaoe. pne misht want to 
inor.alo NS, but reaulto haVI ohown that tOI' ND greattl' thcm 
aome value, we may l't vary1ns valutJ, w1th amaller atep aiao ~ut 
they oooaa1onally tluo~uato evon in l'tlionl of ~ow.r ourvaturt. 
'l'hl. 18 due to th, •• na~tiv1ty of the hlatoarAm when mapp1ng 

~ \ 

\ 
'. 

• d 

" 
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1ino-pointt) into t\ltutllol' C\ne1o llnrt1tiouo. ~hU.Anothod iu t\Qt 

rooornmond6d, if prCl-pl:'OOODil1he 10 not d~no, O,th~l'"il}o, i t l, io­
t'Airly rcli~blo ~xou~~ tOl' 1 ta non-~ontin~1 ty in (\nt'tl.~ Otlt1nlQtoo, 

TAngont o6tim:\t~u obtt\in94 lr\ t,h111 \lay ~f\V~ I4hown l'allaOnf\\~:Y (\ood 
pioturct..\ tOl\ Iilmf\llor vo.lu'Oft ot NS. 80. Fte. 5,2, 

~. Thi. m~thod Wft.U houl"iot1oQlly 'fonnulatod 8.0 lm oxtenà1on bt the} 
'1"4 ~ 

Qbovu ot\tl~ wi th tho bfllic QQuuIYtptio.\ thrit' tho to.n(tont ~icn olo(\~ 
to the ~nl\\a{\l' v,,-lua of tbQ h1-ehoat 0011 of th(l ~1otoBram. It 
hao ba.1n atudicd nnd ,tOQt~\Ï in dlpth tlnd tound to J)O to.",\OI' a.nd ., . 
1n. dom~ 'tIt.yu ~ottGr than tho 1mplomQfi\od mothod. À br1t~ I\ooount 
of thiu atudy if! diaoUfiutd ~har.. The only d18o.d.Vt\t.tt\8C ot th1. 
mothod 10 that, lt oannot handll nOley p1otur •• AS Will an tho 
proucmt ayatom. 

, Th~ VQlut of the; throoholc1 XX 1a inl tlCllly a~8_urnlJd to 
,bo llu"c~. DAY srQnt~r that). 0.4 \ fhu.o only .. tew h18to8rt'ru ~10t6 
ara 11koly t~ b, aolpoted fo~ UOI ln thG oalou~Qt1ona. If wo 
donoto tha hlUhilut 0011 a" thè,k' th alot tlud ita oount aD Ok. 
thon tho nt~aulo.r VAlut l'oprolJtn<t1nc tho k th alot lfS (k-i') .. '1 • 
"horo ", 10 t~\) 8~1I0 ot an Cltlfilc ,partition for l\ el vO~ v~}lue of 

.. NS. 1.0. '\. f1f INS. ln ctnoro.l, let 01 bo ~ho ,oount of th~ i tb 

coll of tho hiate,sram. T~ùn th. tangont oat1rnntù uaina tho 9 

Oonsidor tho tollow1ns. oXQJnplo t talto an QI'b1 trary histOt\l't\m . , 

hom whioh four oorls w1th oount., 12.22,.," ,11 have b~.n atl'Ootod 
for oaloulation. Thon uaine ~qn~ 5.2.', v. lubctl~uto tho oounta 
to 60tl 

, • (k-t) * '\ + <5t~..:t} + <!!·T> +, <st-T) , 1 > 

• ~k - if) .. '\ a (k - O.'5'~ * "-
As Cl oompo.r1son, w. note t!).G.t usina the f1rst rncthod would l"~tm'n 

Q t&nt)ent Got1mn.to of (k-i)* ~ Md whl10 \laine tho or1sinl\1 
method t the tQ~et~t WOU.l~' be esti.~.d atl 

,~ .. ~1 .. i • { *~(k+2) +'~(k+n + ~ + !f*(k.')} * ~ 
• (k + O,'75) • '\ 
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liC. 5.' Tanacnt Estima'. 'N,thod 2, 
Tho Ixtrome 0,'1 ot .. hiatoaram 
,havina th. 0111 ,,1 th the hian.et 
oount fl~k on lta 6idt by many 
ollla w1th oount. 111shtly ll.e 
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1 

ohowir~ ftha:t thcy nl.l. l\r~ wi'thln tho r~. ot ont "lot l " rkd1nn. 
If wo h~vo two o~~al-v~lucd .loto, ont ot whioh 10, 

dOtiienl\ tod Q.U tho hlchtot olot, th'ï)n tho taUU\\nt oetlmt\te u~)ins 
thiaa mù:tl~()~ would b~ tlval\l&tod aa. • ,(k-+>* ~ + + • ., • k*, w,~\ioh 

, 1 
10 the lu~ltl At thG 'oountlQry oommon :to bqth ooll.." ~hla iD of 

, . " oour.. th. oxtonalon ot tho t1rlt .'thod and 1 int t~Vtly 
lound, W. ob$orv. that if Iymmotry 1 •• noo~lt.red on:~ h 
11dol of tho h1~h08t hlatoSI'Am 0011, thl. mothod. weuld r~tul'n " 
tho Vtlluo of (k - 1 .; > * '1 al tho t&naln t· oGtlma to ainoe 

01;!k '~ f-k • \0. ~h1a roault 'o~~noldOO wlth both ot th. oUter 

1ft t~odo of tMi~nt ontl.nAtion. l : 
. We uao th. expre •• ton ia Bqn. 5,2.1 to •• tlmate th. r 

ta ont al\Slo trom a alv.n h1atoaram, .0 wo oan·.imply •• timato 
~ 

tbo ranee ot it. value, 1f we oonoidor t~. extrtmt oa •• s. In ( 
F1S 5" t'W, oon.ldor tho hleh •• t' ooll flank on i t. rlant by " 
ID oolla wi th valu ••• 11sh'ly ~.aG than~, In, thla, ons. t tht! 
tOI' ... 1: cl~êk' * R ~howa Q, soomttr10 prosr.sal01\ ln (r.!.x) a.nd 

aln 0 Ci' èk. th, o,proaalon Ci ~èk 4 .; to:r al1 voJ,utaà of 1, BO 

th. uP11or" bound beoomoa. .. t .. * t· ~ tir., Al thoueh _ 

~ dlv.raea, for a •• all., .ay' 10, ~. ~~.r bound b$aom •• ' 

(k-+ + ~ on )*l\. \k - I~'" ~465) *" 
" f.t , (k... 1 > .. ~" , 

S1m larly t the lowor bound ta e.tlmo.ted for III , , 0 at t 
, "~ (k - 2) '* ~ 

\llt thls ... sumption. thtr-.nst ot th. tans_nt ontlmo.to laI 
,{ ( -2)* 1t. (k1:')* 'Ï\ l whoa. extHlIle "valu,. oan onl.y ~e o.t;alntd 
on boae oxtremo oa'" whor. we have le.& tban or .~uals to ton o. la OO~.GOUt1V'ly adjao.nt to the h1Sh.ot 0111 wlth valuGs 
.1 ahtly 1 ••• than\tb& lt th .lot. Oenerally. the bounda·oan bo 
aa umed at {"Ck-t';)* l'l- (~+)* 'l } \ that 1a. the ranp of, the 
t - nt .at1matu 1a 1 ••• '\han the .1 •• of one anale part1 tien. 

"~b~ •• thi. meth~~ wo~d plaoe th. t~t •• ti ... at. very olooe to 
tA~ "alot W1tll 'l'l1 hiane.t blato6r~ oourit. . " 
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~ Now that th •• xtont of tho ranae of 'th. tana.nt .atlaat •• 
baa b.en rOAll •• 4 to bt a.&11, tho valUt/of lX dOo, not n&vo tO 

, r-

bo rtatrlotod in o.ny "aya. 1 t w111, not lubltant1ally ohanst th. 
re.ult., ln oompar1ne tho reoult. obtained by thi •• tthod that 
wo refor t~ .a TAN,2 ~n FiS, 5.4 and .our implemontod method. 
(~A.N.,)', wo olJ'~ Jako I01fte senoral ob.ervatlona, 'V. note that 
TÂN., iivoa G mOrt av.ractd-up·and roundtd .tt of valu •• than 
~AN,2. 1,e, lta araph would .~ow a rllativ.ly amooth.r ourv. 1n 
to~, ot Ito r~t. of lnoreaao and d.or.al~. For a am~~er valu. 
of NB, tho n'1Bhbourhoo~-oilo. tho plotur. trom TAN.2 1n Fla, 5.5 
abowa looally mort aoourate taneent oatl.at." HOYlver, the 
laok ot amoothly vary1ns lin •• at resiont of h16her ourv.tur. 
rç,ulta ln ~ rathor a~uar1.h-lookina p1oture. 't ND br NS 
inor •• aoa, 1t lto'Ùd att more unt1dy at hisher CUI'Vlturo rQ~iona. 
!l'his m.,thod t If ua"h bal the' advant"" ot belne ta.t.r to 

\ oompute and th. r.auita obt&1nod are rtlattv.ly juat •• lood. 0 

A atudy vaa done,on the m.al~roment of ourv.t~, uaina 
"hat we wl11 rofer to aa tho , - e tran.formation.reprt •• ntod 11'1 
Fla. 5;6, alm11ar to the tran.formation u •• d i~ our m.thod. For 
•• oh palr(of polnt. of the .ecment on the quanti.oa. bOUndary, the 
11no j01nli~ them, the'llno-polnt, 18 mapped Into the ,~-', ap&oe, 
whore e ia th. radial anale and , i. the p.rpe~dloul.r distanoe 
to the lino or'lt •• xt~naion. · Ol.arly, for a .~ral,ht "smont. 
an the et a Md ,'. are oonatant· and ,henoe the ,-e hiato8ram 1a 
perfootly peaked aivine "1'0 entroP7 and ~onoe indioatinS no 
ourvature. '.'.,! _ 

Thia •• otion di.o~.a,. thia h.urlatl0 .,thod ~1th lomo 
·ceneral exporimental rt.Ulta~ Th,oret1oal oo~a14'l'at1on. abow 

~ 

th~ ... ,1\od to be un8~urid. ThuI, th. purpole ot thi. pre.,ntat1on 
11 primarlly fol' th, .t.tt of thOI' who ·m1Sht think of n,e.robins 
it 0.8 al feaslble t:tten,ion of our .tthod to -..... UN ourvature.' 

th. uae of thl, tran,formatlon entall. an additional 
ay8~.m variabl. ~~l'd NP, the n~b.r ~ tq,u&l-w1dth qpar~itiona 
on the pioture rotlna. indt~nd.nt of orientat14f' Thi. 18 u.ed 

\ 
l , 
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!ft ezample ahov1ns the !'anae of 1 
to d1ft,!' wh en taken w1th r.apeot 
to the tVQ oriS1na. 01 and O •.• , , 
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to cl ... a 11~.-p01n'a at dlft.~nt ~latano'8 ~vay trom the o.nter 
of the l'ttln''. wbtoh we Hfor to' o., th.' or1cln" !h. add1tlenù 
ua. and ,.Taluatlon.of " Wl~ th18 ~lo.bl. for ... ch 11no-po1nt 
"ault. ln an 1AOHm~nt ot Oft~ ~OO " ln O.l'.U. t1ae ln th. teata 
don.' on lt. l1al~ th18 vul_\l. al.o Hq,uil'ta th.\ ua. of a larse 
uray ~f al •• NS x ~, .. a th. hlatosrUl" th. , •• tl_tlen of th, . ~ 

, "tancent la clon. lnd,ptndontly of tble ml .. bl. and th. _ oUl'vature . 
. .ataatt la tlk.n _. the .ntorppy of the two-dllltnalonal blatoaram. -, 

, ! ... - l ~. . ~ ~ 

.. ;' J'rom ,xp~rlmtntal Haulta, a 1aretr al., NP producta 
. . ,ntropy·:n.luta wlth .. ?Ucer rani-" whioht ;aub.tantially a1da ln '1 

'0 - diff.r.~tl .. tlns h1sh ~01D lov ourv .. t~rt [pôtnta. A ~ .. ~I' Nli al •• 
will slve, amoother O\1rvatun ,rapha. Nov, for the tb.eorttloal .... 
.. apéot o~ ___ tblé ~ethod that -makea 1 t '.mdeal.rable'-. ~-

Qonald.r th. f~llovlna th.prtml 
Th, tutropy ,,'''SUH of th. tvO-d1m.rialoaal , - '. h1stcil"'U 
obt,ÙIlId-, bi uSlne the " ~ • 'tn.nafonnatlon on llne-pointa 
1a NOT,lnd,pendent of tho poattl~n of l't. or1lln. 

\ - ~ ~ 

<;lne ft)l' to pro", thla 1. by "88umt~ indepondeneo and procluoina .. 
oounter-exit.raple to oont.radlct the, .... U\Ptl0Ih Vl th. r-forenoo to 
'li. 5:'. 8~,"n an arc of a cirole of radlu8 ; aubten4.d at the 
e.nter by an ansl' of •• oon8t~ot the two oriclna at O •• (0,0) 
an4 01. (2itr.ooa(ii'l. 0). Wolmow th .. t entropy m.".~8 trom 
hlatocrù8 hav1q .. dlU,ront Aumber ot oolla are not oQ.Uù, 

l , 

hl'th..~ore, alnoo the q,uutl.atlon of , l'e1ftùna flx'd irLa llven, 
,pI'oblem ... d1Uerent n.n.se for, , d.t.~n.a" dlffe-rent numbol"' 
of h.latoBru oolla. Ve nov only ilO'd to abow that the ~8 of 
, troa the two orlein. 0, and O. haVe dlffe~nt al •• a~ , 

th.' An60 ot , with Hapeot to Ot la clearly (reos .... r). 
!hu. ihe 'al.o of 1'/ la~ r it (1 - ooa(~» (5.'.') . , \ 

SlaUvly, th, ftIl8t of' , vlth reapeet to th. or1g1n 0& la 
'o&loul .. ttd to b. (-r+2r.atn&(iiI), -!'*COa("'»,. !bua the .xto.,.t 
1.~ T .. (ooa(~) + 2.aln'(iif) - ,). '1 (5".2) 
Obv1oual,J, the ai.. of ~~ raDIt. 18 l'lot lClual ln senera!. It la 
oqual for all • 8uch th .. t ooa(H)+a1lla(Hl ~ 1. 1.,.' eOB(~) • i'. 
Tb.a.t .eana tba'\ • lIuat b. .01'0' 01' " tOI' \he alJo of the two 
rucea to be equ&l., 

" \ 



~I SYMBOL NS BRSE 
~ 21 - "E 0 , ' a1 E 

\&J , C S3, E 
uti •• 21 to "'--. 
z, • 21 \0 
CI: 0 '* S3 10 

-- .... 
1 

a: 
\ 

Œ 
> , • , \&J-
Xa .... 
\L. 
D \ 

\&JI \. J 
::la " 
-1 \ CI: 

~= '> '. 

f . , 
\; c • ) c 

~ 1 ~ S' 6 , 8 1 t 
SIlE CF N8 

FDA1 CIACLE If ARQIUS"SO \ ' 

< < "-
~ 

a SYMBOL NS BASE \ ) '~ .-- R 21 E 
8 2' E 
C 33 E 
• 21 tO 

0 • 21 tO 
b z-

< ' f 33 tO Œ_ 
\ù 
Z 

\ù / ~i ~ 

\a..0 " 

\ 
t:) 

~ 
, 

\ù 
:::la 
-1'" 
4Zo 
> \ 

l " --
" 12 

~ 1" '1 S e , .. 1 t 
SIZE CF N8 

FIIR CI:t: OF RAUIUS SO . 
FiI- 5,8 Ci LOf the htroPl' Xean. .' 

(! 
t.Dd Vvlanoe. 

1 

1 
\ 

J '" 



, " 

68 

Î 0 

, . 
5.. Sa' BI.yt. op, 'bR IUe9" ot SMittl •• titOn 

JI l " - ' 

Vhen disi'111na ploturea ,~~1~ ~uantl •• d arld •• a .h~PQ 
1. rep~.ent.d d~tf.rently and ~~iff.rtnt de,re •• 'ot-àoouraoy 
by ~.1na dltf.~nt al •• d ,rida; a ploturt 4111t1 •• d uaina a 
Raller' Ir1d. sl •• \l~ulcL, pr~duo. mor~ do\ta1l.d 811oUhott •• w}\ich 
vould Hs'omble ~e ,or1s1n~1 shape mu~h better. ln o\\r o.~o. to ~ 

:1&Ul&to quanti._t1an On d~tf.ront .1,ed 6r~da" w. ~~.d only to 
vary ~ the ala. of. our aha.pos on tb.: 0 .... 1a. 1-20 z , 20 ploture . 
trame ia.d tOI' lnput lnto ~ho ayat.m.' " 

th. mot1vat1ns bail. of :thi8 ~tudy. 1a to .~. bow t1\t8 
prQpoa.d .• ethod's performance is,.ft.ot~d by d1ft.r.nt l.vtls of 

• 1) , 

quant1&o.tlon wh.n th. aamt pa~.t.ra art u8~d. l ab"p, aul tably' 1 

ohalon foro ~h1a-atu~ la \hi oi~l.. Sino. d161tlaat1~n ~tf~o~ 
tlvelt r.mOV'8 th. prop.rty of cont1hu1ty. renult1n; rn.a.uros 
vnon oompartd to tA.or.tlo~l r..ulta t.nd to'look rathor dl$c~nt1-

, " t nuou. and .JW'ipHdlotably, fluct':latlns inatead of the r141dl)t " 
oonalatent val~. of' tb. Nolprooal of the radiua. fh~8 vt· have 

\ '\ " .. 
a good raSla tram whioh to compare en'troP)' values obtalned trom 
01rcl •• wlth th.1r Qlaaaloal-ourvat~ valuea. Sine.oona18t.noy­
ot \valuea 01.1\ bo" r~ali.ed lf, lie kl\O~ 1t. mean and variance. thoae 
,tatlat10a of tho ~ntropy v~u.a w111 •• ~bl. us/to d.t.~lne whloh' 
a.t ot varlablea for the syate. would produce,"better" m.aaurem~nt8 
lD. tema of &mûlor var1at~o~8.way trOll thè. meù. fh~. ft can 
,Hlate the oorreapond:1ng dlfferonces of val~.s obtalne4 trom 
. dift.rent siaod o1rcl.~. Rea~ta ot t~eae atat18tios when.~otted 
wl11 e.~llY ahQw their rela tiollab.1p, ~n terrils ot perf,ormance .. , J' • 

In ':the flràt ~o .. s. ,a ~1n Fig,. 5.8, we uae a olrole of .. , 

rad1us .50; vith the proo~ss of diglt1aatlOn., and ~proc'8s1~ of ' 
:the boundary, '" end.d.\lI) w1th a. 282 point boun'darl~ !rhen-wtl 

. dete-ft1ne 1. ta' ehtropy values tOI' ~l pointa on the boundary for 
mlo~. ftlue. ot NB and N'S.. We ob.e"", a. exp.oted·" that /the 
vMue. obtatned 'Uairlfl oouon lop.rl tbaa .tt.,ln m'lob. -amaller ," .; 

1 1 • _' 

Variano.s and CU.ral.~,lo"'r _an value... Ve allo note that for 
\" 

, \ 

* ainoe value. of l.op.rl tba "\0 the bue 2 li larser tban 
~ Tal.ues of the loaarl thm to the base '0.. ---;> , 

i '" l', ,,- J , , , 

" 

" 
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a f1xed 011'.0 NS. 3S ND inOrel\Sl!s. the mOQns increase and, at tho 
samQ time, the v~riallces decroo.ae. For (\ fi:xod siEe NB. as NS 
inoreasos, both the man.ns tuid variancoo incr~aae. These resul te 
reinforce our intui tivo ides. that the vo.l~innce would deoreaoe and 
becom~ smnli for suitnbly chosen values of NB and NB. 

o 

Similnrly. the Damo wns dOlle ta dig! tieod oirolea of . 
ro.dius 30 and 10. We obnervo thnt 0.13 thè 012.0 of the radius 
incroasos, the moans of the ontropy values decre~8e as expooted 
of thorn. As NB (or NS) inCr08.80S, the values of the menn o.lso 

, ~oase. As for the varianoes. they gcnera1ly decrease as the 
radiU8~increnaes and &leo as the variable NB inoreBses •. The \' 
variances incronse as tho variable NS' decroAses. Thus we soe . 
that for n f1xed set of variables, they correspond relativoly 
well to \he differcnces of their theoret1cal curvnturo measure­
men.ts of 1 /rndius. 

-
To sum theso obsorvations, we can say that the proP9sed 

metho~ produoes entropy va~uos--curvature in~ioators that corrclnto 
very well to theoretical reaults, and differe~t levels of quanti­
zation merely caus~s the estimatoa to vary slightly depcnding on \ 
the value~ of the system variables used. Gross qUBntizat10n. llke 

1 
in the ,case when the radius equals 10. in Fig. 5.10. evi~ontly 
dOGS not produoe as consistent or 8.ccurate résults as finer 
quantizat1on. This la exhibited in the graph when the variances 
of the entropy values do not_show muoh consistenoy for improve­
ment w1th varying values of NB and NS like the graphs in ,Fig. 5.S 
and Fig. 5.9. Most evldently, finer qu~ntization would produce 
better 'results. 

5.5 Application tg Data Compression of Line Drawings 

In many applioations dealing with line drawings. data 
compression is of cruci~l~mportanoe. For e~amplet in communication 
theory ve would have to transmit much less inform$~~on if we 
consider only a small subset of the\Points making up a line 
d~awing (54). In the rapldly expànding field/ of automated oarto­
graphy, 1 t is important('Jto store maps wi th elevo.tion profiles 

. \ 

,.) 
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NB-S NS-'l xx-a.lO 
lOP ~1X. \3$ Of 296 PTS 

Ne-s NS-ll xx-a.tO 
lOP ~7X. 38 Of 239 PTS 

Ne-s NS.t' XX-C.tO 
TOP SOX. 67 OF';U Pts 

, 

Na-s HS-tl XX-O.tO 
TO~ sax. 30 0' 239 PTS 

1 
" ... --......... -'-~ .... -~ ...... _- .. -

Ha-s MS-tl xx-a.to 
,TOP S3X, 93 OF' 296 PTS 

HS-S HS-tl XX-O.lO 
Topfs3X. 2S Of 239 pTS 
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Fia- 5.11 Reeulte obtalned by.thresholding the 

entropy graph'of var10us shapes 
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efficitmtly (55,56). F1nnlly, in ?omputer graphies, dnta rcductionl 1 
la important to (a) reduco storag~ re~uirements for tho displny. 1 
file, (b) l'l'ovide fOl' fnster image tl'l\nsmit~sion nnd bu~ldup. und l 
(c) l"l'ovide fol' fnGter tl'~nsformt\tio1'l.n (57). lu this scctlon, wc \ 
propor.(~ nnd invcoticntc fi mothod for red-ucing the nurnber of pointa , 

'of (\ lino drf\will.e bnaed on tho cntro1~Y mensure of ourvnturc. 
Âs ol"i(tinnlly intendcd, tho mcaS\ircmonts prod\\~('d by tho 

proposed mothod 0.1'0 sUPl')osud to ennblû on~ ta distine--uinh 10\'1 
c\u"vnt\l.ro polnt~ (ret;ions) t'rom hil.1h curvaturu points (r~t1ions). 
Jo, " one ceu1d \~:3C the l'c::mltillt:), ûlltropy t'nluos in tw~ wn.vn: 
(,) Apply n tlH'c~lholdit~ proces:3 to the vnlueo obtnined fl'om ~ 

Ci veu :3htlp~. This nctua11y sêlecta n,ll p~intlJ nbovo n pl'O-
\ . 

sl'ccifiod frnction of thû maximum nbsolute entropy value fOl' l\ , 
gi vC}~ sh"l)(~. l~o attention le [tivon to the sian of th.c ~ntropy 

vnines in sclnctine th~t30 points which s'l-'-C th~n j oincd bl' 
ntrnight lines indic:1ltin~ tb.n.t the roglon betwè~n thorn huvc 
lowcr CUl'vntul'c. 

Ex,pcrirnclltal rasul ts ho:vc show~'l tho.t a reo.sol'l.ob1S good 
rcscmhlnncc of the ol"ic;innl shape ia obtnincd by usine n 
thrcsholol lcvèl of al'proximntcly 50% of its absoluto mnximum 
ontl'opy vo.luc. A/lowcr value wou1d incrco.se the number of 
points se1cctod mo.king th/! resulting pictul'c look more liko the 
original. Of cour8~ thie 1a accoptaple unless one were to be 
lookiu& for il millims.l numbor 'of points to best repl'escmt n 

, --
pictUl'C t thon ono would have more points thon nccessary or 

_ requircd. A lfighcr value will reaul t in a roduction of the 
numbcr of POil~ts' so.leçtod" nnd i t may also omit some crucial 
points on tho boundnry lleoessnry for the connected set of points 
te resemblc tho' ori~1rHll shape. If a process using this method 

h~s no 
higher 
higher 

neod of a j oinod set of th.e se_lected points, then a 
threshold love l, would essentio.lly exhibit rcgions of 
curvat'U.re, 

. 
FiS. 5.11· shows some l'esul ta of this thresholdinl,! process 

applied to some slfpes. The second wlnpe ia the first quadr~lt -
of 0. four-leaved roao, the third i8 a cardioid and the fourth 1s 
the top section of the Spiral of Archimedes. VIe note that whcn 
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·NB-S NS-Il XX-O,IO 
Dln-O,Oa. \\0 cr 2821'15 

\ 

NB-S NS-ll XX-O,IO 
Olff-O,Oa. 9" or 296 l'lS 

Fig. 5.12 

N8-S NS-ll XX-O,ta 
01 rr-o, os. 103 or 619 l'1S 

NB.S NS-Il xx-a.tO 
01 ff-O. os. 36 flr 282 1"1S 

N8·S NS-tl xx-a.IO 
01 fr-o. os. 33 Of 296 Pl$ 

'1, 

N8-S NS-Il xx-a.IO 
Dln-o. os. 26 ,Of 239'lS 

,- \ 

N8-S NS-It xx-a.tO 
OI'f-O.09. 2t Of 282'lS 

N8-S NS-ll XX-0.10 
Olfr-o.09. 18 Of 296 'TS 

/ 

N8-S NS-ll XX-O.tO 
01 f'''-O. 09. 20 or 239 1'15 

Resulta Obtain~d by Selecting Peaka 
of EntrQPY Graphs of Varioua Shapes 
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theae sh~pos are thrcshold nt 4~ of its absolute mnximum , 
• entropy vo.lue, the reduc,tion in tho numbor of p01~lts ranged 

trom 5'" to 84". At the throshold loval of, 5~. the Mount of 
\ / 

roduot10n rangod trom 6~ to 8~, and at tho throohold leve1 
, / 

of 5"", it ro.n.(tod frOID 6~ to 9~. Objoctively, it so~m8/that 
a throsllold lovol of 5~ 1a the' "bordtlr-line" case, wh0p'e if i t 
eots greater, the ~ount of distortion may not mako the 

.oon.nootod romain1ng points ror~osen: the original ,~hape as we~l. 

(2) Seleot poaka of tho' e~tropy value graph and dea1enate them 
o.s locnlly hisher qurvaturo; points. If. one intends ta s~leot 
regiomlll.y higher ourvature poi~t8. as opposed to global t so 
that l~~gher ourvature points of oaoh reg10n or segment 9.l;'e 

retnined to enable the oonneoted set of seleotod pQints to 
bettor rosemble the original, thon one could intl'oduoe a 
differenoe. fnotor to iron 0':lt th.e. prosen,oo of fluctuati~ values 
within a small range; that i~. we choo~e.moreJprominent poaks 
whose val.ues differ from neiBhbouring values by a oertain Mlount • 

. Fi..g ~ 5. 1'2 shows two levels of diffel"enoo app11ed ta the 
entropy value graphs of some' shapes. W'hen DIFF la a t 9011 local 
peaks are selected. We observe that as this value ino~eases, 
less points would be ~elected thus reduo1ng its resemblance ta 
the~r original shapes. This techn1~ue enables one to obtain a 
r.e~atively more oomplete reduoed sha~e. We observe that if 0.11 
looal peaks are selected O .• e. DIFF • 0), the reduction in the 
number of pointa ro.nged,lfrom 617' to 7~. With DIFF :: 0.05, the' 
reduotion ranged t'rom a,,, to 8~, and wi th DIFF :: 0.09. i t 
ranged from sa,; to 94"- We note that while the llumber of points 
are reduced to a g~éater extent than in the first teohnique, ~he 

/' . 
reduOed shape still aeems to resemble the original figure mucn 
more. , 

The firet teohnique essentially soloots h1gher curvature 
regions depending on how high the threshold leve~ 1s; the: higher 
the threshold, the higher would the ourvature of the remaining 
points be. Thus it would be usetul for the extraction of higher 
curvaturé re8ions. The seoond techp.1que, pin-points --reg,onally or 

t.;::) 

locally higher curvature points 1nstead of regions depending on 
\ 

1!!'~""S"", ,~: ~,. -. -.,,----..... 

1.., 
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the va.lue ot the d1tforonce tacto~. _ These techniques oou14 bo 
\ 

uaed as a data roduc:tion proO.&ss for lin& drawin.gs in p1cture 
proceas1ng Pattern Reco8nitio~ a~11cat1on8. . '" 

/' 
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Nt iahbourhcod No. ot Angular A.ccepta.ble NO. ot Timt \ Si .. , S,ctc!'a fraction POi~t8 (a,ca) () \ 

NB NS XX 
$ 

1) 5 11 0.16-,-011 - 619 2.0667 
5 " ,-'t· 

0.10 6'9 2.250 
5 15 0.10 619 2,.1"" 
5 17 ' 0.10 

1 
6'9 

2. '"'' 5 19 0.10 
\ 

619 2.250 
5 21 O.H) 6'9 2.28'" 

,) 5 2' 0.10 619 2.2'" 
5 25 0.10 6'9 2.11667 

5 27 ~ 0.10 
"" 

619 ' 2.10 
5 29 0.10 619 2.1667 
5 

-" 0.10 619 2.21667 
5 '5 0.10 619 2.08'" 
5 2' O." 619 2.2'" 
5 '5 O." 619 2.08'" 
6 19 0.10 619 2.58":; 
6 21 0.10 619 2.650 
6 2' 0.10 619 2.6'" 
'7 21 0.10 619 '.4500' 
9 21 0.10 619 5.'50 , ( 

9 '5 0.10 619 ( 5.41667 
J 619 

t 

" " 0.10 8. ,'667 , 
\ 

" 
21 0.10 619 8\ 1667 

, 

1 
. 

" '5 0.10 '619 8.'8'" 

" 
21 O." 619 8.4", 

" '5 O." 619. 7.950 
2) 5 1 1 0.10 54 0.2'" 
,) 5 n, 0.10 166 0.48'" 
4) 5 11 0.10 282 0.8''':3 
5) 5 11 ' 0.10 2'9 0.7500 '\ 
6) 5 , , 0.10 296 0 .. 98'" 

F1.s~ 6.1 

A Tab~e showlng the C.P. U. tlme involved for 
varlous va~ues of the parameters NB, NS, n. 
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6. Summary and Conclusions 

In this thesis. a method was Fropoaed to meaaure the 
- 9urvature of bOEdarièS or linos Q,ut\ntized on two-dimensional 
square grida. An implementation of thia method on the computer 
showod desirab1e results whi~e thel study and investigation Into 

/ the theorotical aspect of this method established relationships , 
a • 1 r 

to the elassieal definitio~ of ourvat~. A suegostion vas a1so 
made as to the use of\ these entropy values ln a data reductlon 
procoss for lino drawings. Cl, 

While c~parative evaluations of this method have yet 
to bo done 'wi th other direct methods of measurina curvature, ve 
can only express i ta performance in terms of the time taken to , , 

evalunte all the entropy .values for the bO\ludary points of a. 

shape. These mensured timea shawn in the table in Fig. 6.1 are 
C.P'.U., times' nnd ,do not Incluge prellml11ary input-output 1 

functions. That 1s to say, that if this 'syste~ Is incorporated 
, Into n pic[ture pr~cessinS applfcaticin, the~ will be the addl tlonal 
amounts of tlme involved. Also note that the tlmes listed (in 

~ , 

seconds) shou:l.d bc consiaered in conjunction wi th the number of 
points the shape possesses. 

In this thesls, a means of measuring ~d express1ng the 
curvature of digiti2ed lines, curvGS or contours have been 

\ ,established, through the use of the Q transformation and the Q 

histoB~am·s'entropy. The propo~ed method in Chapter, has beeh 
substant1ally ~upported by its theoretical equ1valenoe and 
1mplieations given in Chapter 4 and 5; its equivalenoe to the 
classical definition of curvature, and its independence of the 

, 1 
position.of the orlgin used, Implying independence of the positi~n 
and4 orientation of the shape. Furthermore, we showed that,)he 
'I-"Q transformation is not as effect~ve or theoretically and 

r • , 
praotically as desirable as the proposed Q transformatIon. 

A relatlonship between classical curvature and the 
entro~y mensure as defined has been established. This forms t~e 
backbonJ to the validi ty of our method which can &lso be used to 
determine the axial diroctions of quo.ntiled segments. Furthermore, 

1 

1 " , 

\ '. 
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a smoothilllI p.roOC8$ 't the removal ,of 1-step~\ stairou.ses, . has 
8uccessfully improved and enhnnced the results and performance of 
our method. Thus the results of this thes1s fom a·contr1b~tion 

1 "' 

to the area o"f curvaturo moasure~ent, tangent,' IJlGle measur,ment, 
, i 

boundary pre-process11~, feature extraction and information or 
dat~ reduction, and more gen.era,1ly, to thQ 'l'ield of p1cture 
procèssil~ and computer graphies. 

The approaeh to th1s the sis h~s mainly been in ~e 
direction of a proposed technique, the study into 1ts val1dity. 
an investigation into its 'practicality and the establishment 
of i~s theoretical,basis~ A variety of extensions of the work" 
~.ser1bed in th1s thos1s are possible. The most 1mmed1ate oneS 
art comparat1ve evaluat1~ns of '<4this metbod t6 other me'thods of 
measurins cu~aturet anà other methods of data reauction process. 
Then one could york on the implementat10n of this method into 
picture processing and other pattern recognition applications 
,. , 

that could use a curvature measur1ng or data reduct10n process. 

" 

\ 

1 fI,. 
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PPENDI' , 

Al.corith1p for §Ubayate. 1: Preprocea81nc 

l 'f 

1. Read 1n troa ~.ta> carda a c~.c~ed d1g1t1aed plcture of ala. 

2. 

,. 
4. 

5. 

6. 

7. 

8 • 

'20 x 120 and print the original ahape .. 

R,ad in or de termine the coordinate. of the atart1ng point. 

Determine the bOlmda.r1 by the contour tra.cing method and 

store thelr coordinatea in two 11n.~ Ttotors (lB & .m) .. 

lU~. ,out .input array .. 

Do procedure to remOT' ~1-8tep ataircasea-. 
- , 

Recopy the re~nlng boundar.y pottt. into a 11near 11st. 

Determine and record the CUrTature a!.sn of •• ch poillt. 
, 1 

Store the coordinates and signa of the boundary point .. 

.usorl ta, tof SubSiste. II; Main Pl-ogra-. 

,é 

1. Read in boundat'1.coordinate. and signa trom stcrase device .. 

2.. S\art CLOOX1 procedure to beg1n ~1IIl1DS of prOcesa .. 

,. Read in the ., &Je'te. ~lablea and .stabUsh constants to be 
\ 

,\8ed in the oomputati:ona.. . 

4. COP7 tirst segment of pointa 1nto the lforking array (IL &- ,JL) .. 

5.. Determine the tirst ~ set ot &Dgle 'ftlues vhUe cheoking for 

ooinciding bound8Z1 po1n~, 

'6.. .Hap angle Tal.ues 1nto the histograa. 

7 • ~term1ne the 'range for computation by scanning t'rom the 

\81ot vith the ~est cOWlt~ ) 
, - . -

8.. Dete~e ~d store the cunaturè aD.d ~~nt aDglef .. asures .. 

~. Zero out the hiatogram and 1I0ve ahead b1 one point. 

/ 
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, ( 

»eteraine the nev rues o~ the angles &Jld CO, to step 6 

and repeat untll, e~ch boundarl polp\ h~s beeu consldered. 

caU OL0CK2 to tera1nat. the timing 8ubroutlne. 

'2. St OH resul t1ng arr'àya of the •• aaures. 

, • Dra" the original shape by- indlcating poal tiens of the 

bo~dary points. 

2. Drav' the tangent angle at each boundarl point. 
\ 

,. Plot the graphs of the lIeaaures. 

4. Dra" indlcators of cumture at .• ach boundan point and 

recoDstr\Îct the picture 'by- threabolding curntu.re Talues. 

1 
• 1 

1 

... 

, ( 

,~ 
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cO~Pt~~R O~ftO~5 - N~~~_ ~A,~.O~T.O~,Lt~~CNT~~O,~l~~tOOaOK. 

.. 

,~J 
1 SN ooo~ 
l "àN O()O3 
t SN oou. 
1 S"I 0005 

1 ~~ 0006 
, S"I OOO? 
1SN ooo~ 

1 SN OOOQ 
L<iN ooio, 
lSN 0011 
t S~ OOI~ 
1 SN 0013 

t SN 00 1" 
ISN 0015 
1 ~'N ct'OO\ 6 
t S,"" 001" 
IS ... OOlèl 

1 S'" 001~' 
,1SN Oo~o 
'SN OO~l 
1 SN OO~~ 
ISN 0023 

1 SN 002. 
UN 002S 
t SN 0020 
1 SN 002'1 

c 
c 
c 
c 
c 
C 
C 

C 
C 
C 
,c 
C 
c 
C 
C 

C , 

C 
C 
C 
C 
C 
C 
C 
C 
C 

1 
., 

~ 

• 

::. 
C 
C 
C 
C 

) SIluRe!:, t:SC::H t. NI)L t <; T. Nl')t)~C", ,LnA ,). Nn",,~p, N~t:() n • 11), Nll)(~~" 

. \lo\~HùLf"S "lQUlRft ~nR "f~E UN1()\,H: ST o\Tt: OF rHE ~ysn,,-

------------~--------------~-~-----------------------

. 
Sllt:. nt-' NI;IGHd"'U~tiO"O R"f)IUS <.14 UN EA.CH StflC 
NU~tH:'R ~F t:QUAL "N~_ SI!CTOt:lS IN lOP t'E~ tSPH~IH! 

- ~"LuF. aF'TH~ ~CCr-~l" E F~"cTtaN 
o 

iH ""1" MOI l'lili T ,tU ( lSO' ,C\J~'l( 750 l, "Nt.L: : (4JS ; 
tNf~G!~ Ht.T(1~"'~(l50t.~~('~Ol,S~III(?SOl.t~t~~l.JL(~9' 
n"tA TA.t.ll.CùRl,'NG~E,1i(cH.I,-,J'- '1<135*0 ,O,~f.O' '. co"-,,,n"l ,,,qt.; ,.,~, ~90 

!. ' 
COI\j'iTANT V"':-I Aet.F.'S USEO IN ~ROGI~A." 

1 0 :~~-:--:;;~;;-~~~;~;~~~~~~-~:-~-~;,~~o 1 NAoTt::S Of T~E pnUN:lA qy 

l'-.Jt. - "~R"VS CONUtNtN ... C~')RCllN"Tt..S Of , ... e, S~G'4E"'T .OINTS 
A'lQ VAl.U!': OF t1ALF • PI tqO Ot:GREES IN no\OlA.NSl 
t t NUM,~ëP (IF POl NT'i ON n~t ~OI.t~OAQV 

~90 : Il.'? 
~~"O (U tthJlhSGN 
1 t - lrH l'''SO) 

pot IIIT S 

--------------------------------------------------------------. 
Nil 1 
Nli2 

CNS 
PNS -l 

IN 

'-ENGr ... t~ SrG~r"'T C~ ~"~IIIOA4Y UNQ~R CUN~IQhPA.Jl0N 
POl Nt S ln nit: ,ir-Cr:NI.> L.\ST t~L€"'rNr OF THe ~t.G""rN'f 

.. ur nF ANGL.l. aF' .. t.:CTaw, 1"'. u~<.()t:I::S 

AWH t~ nt ('II,CH SI.CTI)Q ( IN ~"Ot"NS. 
POStT'lv,,", tJI' i:)uINT IJ",~EI~ C()NSI')~I.o"TrON· 

IP PlICïntoN rJf '-""T .. ~(;"'tNl POINT ..... 110UN!),qy llST 

CA.U. CL('Ctoe: 1 
~t:"o \ .Mh N'hOt 
FUQMA.' (~13,fS.l!!) 

nRIN' ~. N~.Ns,Xx.rl 
FORMAT (!l)( .. 'SllE QF St-(,~E"'T PA'>tu" "",13.4K.-" OF "NGLES :',11,_X. 

'''CC(PT"aL~ f-P"'CTtm~ ..,t .. f'5.2,.x,·. OF IltllNTS "",14l 
Nnl a ;i!""i"+1 
N8P • Nf'l-l 
Nil • NO .. t 
CNS • 1"0 .. J'filS 
RNS. ,i~.I'(l •• N!il 

IN • Nil, 
I~ 

00 
• NUI 
.1 l"'l.Nt~t 

, . 
IL(I'.IS(I'/ 
A(' ).,JR( t) 

, 

\ 

"0 OETE~MINe T~E FtRST SET 
N • QF AécEPT"at..E 

N • f) 

DO 5 Kl.1. .... 82 
.... lU + 1 
'X) 5 K~ • .J. NB l 

/ 

OF .NGLES 
\.tN~ f'A.tRS IN THE SEGME~T C(-N8t*Nd2/2) 

/ 

, 
\ 

l' 

',1 

0' 

. 
; . , 
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rSN l002e 
r SN 0029 
1 SN 0031 
1 SN 00,'2 
1 S""' Ol).1.­
l ':iN 0035 

l'iN 003() 
ISN 00.17 
1<;"1 003~ 
r SN 00.0 
ISN 0041 
ISN 00.2 

1<;'" 0043 
ISN 00 •• 
Ir:.N 

00 "ft ISN 00. l' 
l~'( OO.U 
1 !:iN OO.q 

ISN OOSO 
tSN OO!:>I 
ISN OOS? 

,. 

~ 005.-
0055 

IS.., OOSf> 
1 !:iN \lQS1 
1C;.., OO~q 
15"1'0.061 
(SN Q062 
ISN 0063 
15.., ilOt'). 

~t 
0.065 
0.066 

1 _ .... OP67 
I!,N 006Q' 
ISN ..lOU 

ISN 0012 
ISN 0073 
1 SN 001" 

1.\ ;\ 

15"1 0075 
ISN (JO ",b-:-. 
IS'" 0077 

, é 

'" 

" 5 
C 
C 
C 

10 

15 

20 
C 
C 

C 
c 
C 

?~ 
C -
C 
C 
C 

21 

24 
25 

C .,. 
C 

1 

C 
C 

C 
26 

" 
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CONTINùF 

/1 

N '" "1 .. 1 
1,.. (-IL(Kll,NF.ILIK;») (,0 Tn " 
~N5LF(N) t ~q? 

IF (JL(IC.l).t:O.JLCtC») .. o f(f~ 
<"AL.L. t:INO( ILtl<1 , .. H,(KI ),IL.(1I.2) • .JL(K2) ._",GL';!N») 

Ta FIT THf ANGLr VALUe~ INTO TH~ HISTOGR"~ 

Glon 20 1*1."1 
IF ('N(tl~(tI.NL.999.' GO Ta 15 
GO TI) 2.0 
l<1="NI',;LC(l)Ir~NS .. Il 
HtST(KI) 1: HISf(Kn .. t 

CONT INùr 

J 

\ 

"t= NO .. HAV(: THt: "'ISTUG~AM. t'IND THE:~SITtlQN OF Tl-tt:.\H1Gli€ST Sl\1T • 
KI :: VALut; or HICH1E..ST Hlc:;TI)(ï~AM "NC\L~-fOl\;IJP'oI-l,TI'--------
IC~ = rm .. IN H1STUGnA'I wITH H1GHc<iT ANGLE COUNT 

KI :: .0 
DO 2< t.::: 1 • N <; 

11'\ (Hl'5TCIl.Le.KI' Gr) TO 2~ 
"KI ..::: tt 1 S T ( t ) 
K2- :: 1 

CONT INu( 

INCLUOf Nt:IGHOOI.NING HllI\ CflÙNTS r,Pt;ATEP THAN TH'; ACCf-',)tA.t3U; FIlACTION al 
ta Dt.TUHo\l"JE TH!:' RAt.H,C OF 'I1E iHllIIS Tn ~c 'NCLUl)~j IN T ... ~ C~L.CULATtON 

! 
1{ .. 1 
Jt. ~ 1( 1 • 1<)(, 

IF (JN.EO.O » JN :oz 1 
XK :: IC) 

r .. 1( '>. 
J :: 1(,2 -
IF (.1.(0.0) .1 r N" 
It' (11t ST(J, .LE • .1N) GO T~-2. 
XK ::: XK + tHST(J) 

K::I<.+I 
t ::; J 
.1::'.1-1 

GO 1'0 ;>3 
J .". K:2 .. 1 
r F (J. (j T • N<;) J ~ 1 

IF 'HI<;T(J).Lf • .1N) GO TO 26 
XK :: XI<. + ~IST(J) 
K = K .. 1 

J=J+l 
GO T'r) 2 'S 

l' 

,j 

} 
NOW. OET~~INE TANGF.NT.~ AND CU~VATU~E.J 

TA"'.l '" t:.XP!:CT'EO VAL.Ue OF rHE ANGLES USING ROw CDUN!'; A,S w!::t GHT 
CUR.l = TAKE ENT~O~Y ~t:ASURE ON THE ENTtRE HISTOGRAM 

SLP t O. 
CURV .: O. 
JN .. 1 

\ 

---==---=-------==-

\ 
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I<>N 0078 
tSN 0079 
ISN OOf\O 
1 SN 0061 
t<;N OO~~ 
I~"I 0083 
rS"l ooa. 
I~"I 0066 
ISN 0087 
I!>),j 008A 
ISN 006'i 
1 SN 0090 
lSN OO~1 
l'iN 0092 

l~ 

, [SN 009tl 
lS"I 0097 

[SN 009H 
IC;N 0099 
lSN 0100 
ISN 0101 
ISI'o 0102 
ISN 0104 
IS", OlOS' 

[SN OIOt) 
[SN 0107 
1 SN 0106 
IS'" 0109 
ISN 0110 
ISN 0111 
) SN 01\2 
l'SN o 11.J 
IS", 0115 
(C;'" ,Ollb 
(SN 0117 
I~N Olle 
ISN OUf) 
IS"! 0121 
1 S'II Oi22 
(<;N 0124 
(SN o 12!l, 
ISN 0126 
1<;"1 0127 
1 SN 'b129 

(SN 0130 
ISN 0131 
lS"I 0132 

"$ ,. 

---

t , 

, 

00 ~7 J1I: 1 ; K It-

«;LP 11: SLP + ~IS'(t).(J~-~.sO) 
P~ li Hl S Tt 1 ) nu( 
CUPV : CURV - P~.'LQGIOCPR) 

JN ,. ..IN + 1 
1 11: t + 1 
IF H .GlT.NS) 1 le 1 

on CONTINUE 
SLP .. (SLP/)( .... » .. C"IS 
SLP Il a.;.;Ol)(SLP.IE\O.O) 
T~NI~( IN) ;z C;LP 
CURfJCINl .. CURV • SGNt IN) 
IN :: l~'l 

.._____-IF l IN.r,T .11) r"l li: 1 
IF (IN.tO.NH Ge 1'0 40 

---_. --_ .. ----'---

c 
C 
è 

lfRe OUT HISTOGw~~ IN PP~P'R~TION FOR TH~ ",EXT DOINT 

2~ 

C. 

Où 28 lel.NS 
1'" ST ( 1. :: 0 

\ 

~j 

80 

-\ 

c: MOVE TC rH~ NEXT C~LL. I.E. ~Ov~ SEGM5Nr AHE,g ~Y 1 C~LL tiOUNOAUY U 
O~LtT~ THt IST RO~ ANO DETE~Mt~E TH~ L~jr COLv~N OF THE 'N~L( ~'T C 

C 
00 -'0 l:l.N32 

11..(1 ''''ILCI+J) 
..IL { 1 ) ... ,JL ( 1 + , ) 

If' z: ÎiY"+ 1 

J . 
l 

JO 

c 
c 
C 

.' 0 

32 

IF (lP.I';T.lU IPsl 
ILlNIH )::ltH IP) 
.Il.. ( Mq ,,. ,JlH r P) 

lO UFT~R~IN( NEw V~LUfS OF ANGLe 

.IPO .. 1 

..IN .. NB? 
te 1& NB2 
.1 '" 1 
JN ... .IN - , 
IF (J/,;.[ 0.0) GO TC J. 
00 -'.3 1" 1 .. ..1 N 

IC.'RI<+\ 
AIIIGl.E (.1) ~ANGLF.: ('1() 

\ 

\' , 
3.' ,,J s ..1 + 1 

3. 
35 

c-
40 

IF (tl..(,JP).~E.~l' GC ra 3_ 
ANGLE(J) ... 99q. f}, 

IF (JL(.IP}.Er..K2) GO rn J~ 
CALL FINO (fL(~P).JLl,J~,.KI.I<~.ANGLE(J') ~ 
,JP ... ,JP .. 1 1 ~. 
J .. J + 1 
IF lJP.LE..N~U 'GO ra 32 
GO Tn 10 

.. 
r 

\' 

CUR3C147 .... N6-0.5 
CU~3(7_8' '" NS+O.5 
CUR3( ,.Q) ... xx 

•••••• END OF JOe •••••• 
\ 
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t~N 0133 
t'iN 0130\ 
1 SN 013~ 
1 :'i .... 013(: 
1 SN 01.3 7 
ISN Ol.3f1 
l'3N Ot39 
1 SN 0140 
1 SN 0'41 .~ 

tgN 014? 
1 SN' 0\'43 
1 S'l Ot4. 4S 
rs .... Ol.!) 
tgN 01.6 

CtO,!)TrUNS IN EF~.2cT" 
"'OPT lClNS IN f.H-t:.CT .. 

'.sr"Tlsr lCS'" 

CUR~t7!:)O) IR Il + O.S. 
TAN)(7.7) • Nd-O.S 
)~N3(7_~) a NS+Q.S 

T""IJe 749' .. )(1( 

TAN](7~O)':: 11+0.'5 
CAI..L CI..OCI(~ eN) 
)(1( .. NI'I'O. 
pl~rNT 112.)(1( 

Frm"lAT ((O)(.'Tl""€:. 2·.t="~.S,· SECON!)S., 
w~ITE (7 ... ::,. TA..,3 
.. ~I1t: (7.0\~1 CUQ3 
F-niHu.'r (20"4\) 
STOP 
END 

.:iTA TI snc S. NI) OII\GM''lSTIC:i GENE~r 1::0 

.~ ...... END OF CD~PILATION ••• * •• 

rSN 0002 
l'lN 0003 
ISN 0004 
1 SN OOO~ 
ISN 0007 
tSN 0001' 
t SN, 00 1 0 
1 SN IlOl1 
t SN 0013 
l '>N 0014 
1 SN 0015 
JSN 0010 

JtSN 0017 
1 SN 0018 
1 SN 001~ 
l'>N 0020 
1 SN 0021 

·OPTIONS IN 

C 
C 
C 
C 

1 

2 

3 

.. 
EFFECT. 

SlJdP!2.UTINt., FtNU( Il •. Jl,I?.,J2.TH(n 
CO~~ON ,,,~, "JI R90 
.\X'll:J2-J 1 

If ("I(.~Q.OI GO TO 
f3x .. 12-1 1 
IF (SI(.~Q.O) GO TO 2 
SLP .. ,,)(,"X 
IF tSLP.LT.O.) GO TO ~ 

TH~T:ATAN(SI..P. + R90 
RETuRN 
THE:T:I=IQO 
RETURN 

THET '"' O. 
RETURN 
THI:;T:R~O 

RETURN 
EI'IO, 
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