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Abstract

The necessity of modelling multibody systems with flexible links in high-speed

operations and space structures has become apparent. In this thesis, a general

formulation for the simulation of multibody systems with multiple kinematic

loops and flexible links of arbitrary shapes is developed. Parallel manipulators,

space structures, multi-armed manipulators, and cooperating seriaI manipulators

are examples of these systems.

Finite clement method is used for discretization of the flexible links, while the

Lagrange formulation is used to derive the equations of motion of the uncoupled

links. The kinematic constraint equations are generated next by using the natural

orthogonal complement (NOC) of the twist-constraint matrix. Here, the formu­

lation of the problem is obtained both in joint and in Cartesian spaces. Using

the NOC, the constraint forces are eliminated from the equations of motion to

obtain the governing equations of the system in minimum coordinates. Moreover,

the formulation incorporates geometric nonlinearities in the elastic displacements,

which can be very crucial in large rigid-body motions.

A simulation environment is developed to perform the procedures underlying

the above formulations for different types of robotic manipulators with kinematic

loops and flexible links. To highlight the link flexibility effect, the governing

equations of motion are used in the simulation of the aforementioned systems to

compare the results obtained with the rigid and the flexible-link models.
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Résumé

La modélisation de la flexibilité des membres est nécessaire pour les systèmes

mécaniques opérant à hautes vitesses ou pour les structures spatiales. L'auteur

de cette thèse présente une formulation générale de la dynamique des systèmes

mécaniques à multiples boucles cinématiques et membres flexibles à géométries ar­

bitraires. Les manipulateurs parallèles, les structures spatiales, les manipulateurs

à plusieurs bras, ainsi que les manipulateurs sériels en opérations coordonnées,

sont des exemples de tels systèmes.

La méthode des éléments finis est utilisée pour discrétiser les membres flexi­

bles, alors que la formulation de Lagrange est utilisée pour obtenir les équations

du mouvement des membres non couplés. Les contraintes cinématiques sont

déterminées au moyen du complément orthogonal naturel de la matrice de con­

traintes de vitesses. La formulation du problème est obtenue à la fois dans

l'espace articulaire et cartésien. En utilisant ledit complément, les forces de con­

traintes sont éliminées des équations du mouvement, obtenant ainsi, un système

d'équations en coordonnées minimales. En outre, la formulation inclut la géométrie

non-linéaire des déplacements élastiques, qui peuvent être cruciaux lors de grands

mouvements.

Un logiciel de simulation a été développé afin d'étudier différents types de

manipulateurs robotiques à multiples boucles cinématiques et membres flexibles.

L'effet de la flexibilité des membres est démontré en comparant les résultats de

simulations utilisant un modèle rigide et flexible.
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Claim of Originality

The major contribution in the course of this thesis is the development of a general

formulation for the modelling and simulation of multibody systems with flexible

links of arbitrary shapes and multiple kinematic loops.

Additional contributions are also made as a result of the thesis, namely,

• Development of a methodology to generate kinematic constraint equations

that is applicable to general multiple kinematic loops using the natural

orthogonal complement of the velocity-constraint matrix;

• Modelling and simulation of cooperating seriaI manipulators as weil as pla­

naI' parallel manipulators with flexible links in both Cartesian and joint

spacesj

• Kinematic and dynamic simulations of a spatial parallel manipulator with

flexible links.

These contributions have been partly reported in a preliminary form in (Fattah,

Angeles, and Misra, 1995-a, 1995-b, 1994-a, 1994-b) and (Fattah, Misra, and

Angeles, 1995, 1994).
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Notation

Mathematical Symbols

Bold-face upper-case letters are used to denote matrices, while bold­

face lower-case letters denote vectors. Italie letters denote scalars

[.];: vector or matrix (.) expressed in frame :Fi

[.Ji;: subscripts i and j i.. vector or matrix (-) stand for the labels of

link i and element j, respectively

Il . Il: Euclidean norm of vector (.)

Greek Symbols

ai: angle between joint axes Zi and Zi+3

'Yi: joint angle associated with the flexibility of link i

'Yki: components of the rotation of the tip of the link i associated with

the flexibility of the same link

ri: mapping between Vi and qi

[elrj: nonlinear terms in Green's strain tensor

th: joint angle ceIltred at origin Ok

8: vector of generalized coordinates

8D: vector of dependent generalized coordinates

8[: vector of independent generalized coordinates

il [: vector of independent generalized speeds
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{): dimension of vector 9

Ki: number of elements of link i

Ai: mapping between qi and Vi

v: number of joints of the system

rrK : power developed by nonworking kinematic constraint forces

Pi: mass density of link i

[U]ij: state of stress because of the inertia loading of element j of

link i

Ti: vector of the external torques applied at joint i

<Pi: angle of orientation (planar system) of frame Fi with respect to

Fo

if>ij: connectivity matrix of e1ement j of link i

if>i{ connectivity matrix of the rigid-body position vector of element

j of link i

'Pi: total angle of rotation of the joint centred at Oi

t/Jl: j'h column of Wim, an ni-dimensional eigenvector

Wim: modal matrix

""i, Wi: angular velocity of frame Fi with respect to F o in the spatial

and planar case, respectively

""e: angular velocity of the moving platform of the spatial parallel

manipulator

ni: cross-product matrix of ""i

ne: cross-product matrix of ""e

Latin Symbols

aik: position vector from Oi, origin of the frame Fi, to Of, origin of

frame Fk, expressed in the inertial frame
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• ai: position vector from Oi to Oi+3 on link i expressed in the inertial

frame (spatial case)

A: twist-constraint matrix

bf, bD: dissipative wrench of link i and that of the system, respec­

tively

bf, bE: external wrench "flink i and that of the system, respectively

by, bG: gravity forces of link i and that cf the system, respectively

bf, bK: kinematic constraint wrench oflink i and that of the system,

respectively

br, b S : system wrench of link i and that of the system, respectively

c: position vector of the centre of mass of the moving-plattorm

di: position vector of any point Pi expressed in the inertial frame

[deilij, [deik elastic displacement of point Pi expressed in the :Fij and

:Fi frames, respectively•
C i3. C i4. C iS. Cil CiZ.

k3' kJ' kJ' , .

matrix of link i

constant matrices for computing the mass

•

DOF: degree(s) offreedom

Di: cross-product matrix of vector di

E: 2 x 2 orthogonal matrix that rotates vectors in plane through !JOC

counterc1ockwise

fi: vector of generalized forces of link i

f,A: algebraic constraint wrench of link i due to the algebraic con­

straint among the components of the Euler parameters

fp: dissipative wrench of link i

ff: external wrench of link i

f,G: gravity forces of link i

fI': kinematic-constraint wrench of link i resulting from the kinematic

coupling of the links

ft: system wrench of link i
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Fi: rotation matri~ associated with the f1exibility of link i

:F;: spatial coordinate frame XiYiZi or planar frame XiYi, attached

to link i

:FO: spatial inertial coordinate frame XoYoZo or planar XoYo

:Fir spatial coordinate frame Xij Yij Zij or planar frame Xij Yij, at­

tached to element j of link i

:Fe: coordinate frame attached to the centre of mass of the moving­

platform of the spatial parallel manipulator

Ii: inertia matrix of link i

Ki: stiffness matrix of link i

Kij: stiffness matrix of element j of link i

Kij: conventional stiffness matrix of element j of link i

Kr;: geometric stiffness matrix of element j of link i

Li(POi), Lij(POi): shape-function matrices of link i and element j of

the same link evaluated at point POi in the undeformed configuration

of link i

Lf(POi), Lfj(POi): shape-functioll matrices for the rigid-body position

vector evaluated at point POi of link i and element j of the same link

L;"(POi): shape-function matrix based on the modal coordinates

mi: dimension of vector uf

m;: dimension of vector Vi

m': dimension of vector V

M: generalized extended mass matrix of the system

Mi: mass matrix of link i

M: generalized inertia of the system

ni: dimension of vector Ui(t)

n;: dimension of vector qi

N: natural orthogol)al complement matrix of the twist-constraint ma­

trix A
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Pi: a nominal point on element j of link i

Pi: position vector of point Pi in the inertial frame

q: number of degrees of freedom of the system

qj: prescribed manoeuvre for the actuated joint centred at Oj

qi: vector of the flexible-pose of link i

Qi: vector of Euler parameters representing the orientation of the

frame :Fi

r: number of ail moving links in the system

rJ: number of ail flexible links in the system

ri: position vector of origin Oi in the inertial frame defining the global

position

8.;: rotation matrix of frame Fi with respect to the inertial frame

Re: rotation matrix of frame Fe with respect to the inertial frame

t: time

T: simulation time

Ti: kinetic energy of link i

Ui(t), Uij(t): vectors of generalized coordinates (nodal elastic displacc­

ments of link i and element j of the same link) associated with link

flexibility

ur: nodal rigid-body position vector of link i

uY'(t): modal coordinates (modal elastic displacements) of link i

Vi: volume of link i

V;: elastic strain energy of link i

V;r elastic strain energy of element j of link i

Vij: conventional elastic strain energy of element j of link i

Vir: elastic strain energy due to the effect of geometric nonlin')arities

in the elastic displacements of element j of link i

v: vector of generalized flexible-twist of the system

Vi: vector of flexible-twist of link i
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Wik, Wik: spatial and planar angular velocities of frame :Fk with re­

spect to frame :Fi resulting from the elastic displacement of link i

y: state-space vector

Yij: rotation matrix of frame :Fij with respect to :Fi

Zk: unit vectcr parallel to the joint axis Zk
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Chapter 1

Introduction

1.1 Basic Robotic IvIanipulator Terminology

A mechanical system can be modelled for dynamical analysis as a kinematic chain

of interconnected rigid and flexible links. In turn, a kinematic chain may be sim­

ple or complex. It is simple if each link is connected t~, at most, two other links.

Moreover, a simple kinematic chain is closed if alllinks are connected to two other

links; otherwise, it is open, these two concepts being illustrated in Fig. 1.1. Open

kinematic chains appear frequently in seriai robotic manipulators, while closed

kinematic chains appear in linkages. Complex kinematic chains are composed of

more than one simple kinematic chain and contain both open and closed sub­

chains. Complex kinematic chains with open subchains are known as tree struc­

tures, while complex kinematic chains comprise closed subchains as kinematic

loops, as depicted in Fig. 1.2. Tree structures can appear in multi-armed manip­

ulators such as the Special Purpose Dexterous Manipulator (SPDM), shown in

Fig. 1.3, one of the robotic manipulators of the Mobile Servicing System (MSS) of

the International Space Station Program. Kinematic loops occur in many appli­

cations. Examples are parallel manipulators, space structures, cooperating seriaI
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Figure 1.1: Simple kinematic chains

manipulators and multi-armed manipulators in a coordinated activity.

Robotic manipulators, as defined above, can be classifiéd into three basic

groups, namely,

a) serial manipulators;

b) multi-armed manipulators;

c) parallel manipulators.

Most industrial robotic manipulators have traditionally been designed as an­

thropomorphic serial manipulators. Seriai manipulators usually have merits such

as larger workspace and larger reachability; higher dexterity; simpler modelling

requirements. However, they also have drawbacks such as low rigidity because of

their cantilever-type configuration, pOOl' dynamic performance during high-speed

operations, low accuracy and larger inertia load. To overcome these drawbacks, an

alternative type of manipulators, comprising kinematic loops, known as parallel

manipulators, has been proposed. The main advantages of parallel manipula­

tors, as compared with their serial counterparts, are greater rigidity, lower inertia

load, higher accuracy due to the lack of cantilever structures, and higher load­

carrying capacity. Parallel manipulators have potential applications where the

demands on workspace and dexterity are low but the dynamic loading is severe,

and high-speed operation and precision motion are of primary concern.
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From the kinematic and dynamic modelling points of view, multi-arlllcd and

seriai manipulators can be considered the same, while Illulti-armed manipulatol's

in a coordinated activity, cooperating serial manipulatol's and parallcl Illanipu­

lators can be regarded as robotic manipulators with kinematic loops. Thel'cfol'<l,

from now on, the term robotie manipulators !Vith kinemldie loops shall be used to

refer to these manipulators.

Robotic manipulators can he modelled with l'igid links in some instances.

However, in high-speed operations, the inertia forces become large and the system

undergoes substantial elastic dispiacements. Moreover, space structures usually

contain long and light-weight links, and thus, the elasticity of the links bccomes

important. In these situations, the necessity of modelling robotic manipulators

with flexible links becomes apparent. In this thesis, a modelling procedure will be

introduced that is applicable to robotic manipulators with kinematic loops and

flexible links.

•



•

•

•
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Robotic manipulators are modelled for dynamical analysis as multibody mechan­

ical systems, as described in the previous section.

1.2.1 Dynamics of Multibody Mechanical Systems

The modelling of multibody mechanical systems with flexible links is a challeng­

ing task. Extensive research in this area, especially for closed kinematic dJains,

such as linkages and mechanisms, has been reported. The achievements of the

seventies have been reviewed by Erdman and Sandor (1972) and Lowen and Jan­

drasits (1972). A review paper on the subject was published later by Lowen and

Chassapis (1986). Recently, sorne important works in this area arc addressed in

(Erdman, 1993).

Earlier modelling efforts can be classified into two groups. Sorne research

works were based on a method that considered the elastic body as a continuous

system (Jasinski et al., 1971; Chu and Pan, 1975; Badlani and Kleinhenz, 1979;

Badlani and Midha, 1982; Tadjbakhsh, 1982; Tadjbakhsh and Younis, 1986).

This method assumes infinite degrees of freedom for e1astic links, which brings

about sorne difliculties in modelling the system. For this reason, in most cases,

researchers considered examples with only one e1astic link in the mechanism.

Sorne other investigators used a method that was based on discretizing the

links, so that they have a finite number of elastic degrees of freedom. Earlier

work in this group was based on the assumption that elastic displacements have

no effect on the rigid-body motion of the system (Winfry, 1972; Erdman et al.,

1972; Imam et al., 1973; Imam and Sandor, 1973; Baghat and Willmert, 1976;

Ho, 1977; Midha et al., 1979; Cleghorn et al., 1981; Sunada and Dubowsky, 1981;

Turcic and Midha, 1984-a; Naganathan and Soni, 1986). This assumption cannot



give accurate results when high-speed operations come into play, since it ignores

the coupling between the rigid-body motion and the elastic displacements.
•
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Later, Song and Haug (1980), Shabana and Wehage (1983; 1984) and Yoo

and Haug (1986) used a method that attempted to consider the coupling be­

tween rigid-body motion and elastic displacements. They used the Lagrange

equations of motion and either the finite-element method or the assumed-mode

method to account for the elastic displacements of the links. Lagrange multipli­

ers were introduced in order to account for the constraint forces. By considering

the coupling between the rigid-body motion and the elastic displacements, a sys­

tem of nonlinear algebraic equations was adjoined to the differential equations

of motion. This method thus increases the number of equations and leads to a

mixed set of differential and algebraic equations, which brings about additional

numerical difficulties. Nagarajan and Turcic (1990-a; 1990-b) used an approach

that was similar to the above method but the differential equations of motion

were in symbolic form and in terms of minimum variables. In their approach, the

dependent rigid-body constraint variables were e!iminated and expressed in terms

cf the r:gid-body degrees of freedom. However, constraint forces still should be

ë:Jmputed.

An alternative approach can bé used to derive the governing equations of mo­

tion in terms of a minimum number of equations. Extensive research works using

different methods to reduce the generalized coordinates and also to eliminate

the constraint forc~s have been reported, name!y, the joint-coordinate method

based on a velocity transformation (Jerkovsky, 1978; Kim and Vanderploeg,

1986; Chang and Shabana, 1990; Nikravesh and Gim, 1993), the singular-value­

decomposition method (Mani, 1984; Singh and Linkins, 1985); the zero eigenvalue

method (Kaman and Huston, 1984); orthogonal complement arrays (Amirouche

and Huston, 1988; Ider and Amirouche, 1988); and the pseudo-upper triangular­

decomposition method (Amirouche and Jia, 1988). Another method uses Kane's



equations (Kane and Levinson, 1985; Singh et al. 1985; Everett, 1989; Amirollche

and Xie, 1993). In this method, the constraint forces are eliminated from the

equations of motion by introducing partial velocities and partial anglliar veloci­

tics derived from the kinematic constraints. Cyril et al. (1991), Saha and Angeles

(1991), Ma (1991) and Darcovich et al. (1992) llsed the Lagrange or Newton­

Euler equations of motion and incorporated the natural orthogonal complement

(Angeles and Lee, 1988) to eliminate the constraint forces from the equations of

motion to obtain the governing equations in minimum coordinates.

•
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One of the important issues in the area of multibody dynamics is consideration

of the effect of geometric nonlinearities in the elastic displacements of the flexible

links, also known as geometric stiffening and dynamic stiffening. Althollgh wc

can, in sorne instances, obtain acceptable simulation results without considering

this effeet, we can also obtain incorrect results in simulations involving large

rigid-body motions. The effect of geometric nonlinearities has been studied by

numerous investigators (Likins et al., 1973; Turcic and Midha, 1984-b; Kane ct

al., 1987, Modi and Ibrahim, 1988; Ider and Amirouche, 1989-a; Hanguad and

Sarkar, 1989; Banerjee and Dickens, 1990; Banerjee and Lemak, 1991; Meirovitch,

1991; Sadigh and Misra, 1993; Banerjee, 1993). Most of these researchers studied

the geometric nonlinearities in beam-shaped links, while Banerjee and Dickens

(1990), Banerjee and Lemak (1991) and Sadigh and Misra (1993) considered this

effeet in the dynamics of multibody systems with elastic links of arbitrary shapes.

1.2.2 Dynamics of Robotic Manipulators

The governing equations of motion of a robotic maniplllator can be derived in

terms of nonlinear differential equations by modelling the manipulator as a multi­

body mechanical system. Two basic problems related to the dynamics of robotic



manipu!ators arise, namely, inverse dynamics and direct dynamics. Inverse dy­

namics is dcfined as fo11ows: Given the motion of a robotic manipulator, determine

the actuator forces or torques required to produce the desired motion. Direct dy­

namics, also known as dynamic simulatioIl. is defined as fo11ows: Given the time

histories of the actuator forces or torques and the initial state of the system,

determine the motion of the robotic manipulator.

Extensive research work on the dynamics of seriai manipulators with flexible

links has been reported (Hughes, 1979; Kelly and Huston, 1981; Sunada and

Dubowsky, 1983; Book, 1984; Usoro et al., 1986; Sharf and D'Eleuterio, 1988;

Nagathan and Soni, 1988; Bricout et al., 1990; Bremer and Pfeiffer, 1992; Cyril

et al., 1991; De Luca and Siciliano, 1991; Sharf and D'Eleuterio, 1992; Hu and

Ulsoy, 1994). A literature survey on the subject was published by Gaultier and

Cleghorn (1989). Sorne works in this research area are explained below.

Hughes (1979) used the recursive Newton-Euler formulation for chains of elas­

tic bodies and carried it out for simulation of the Shuttle Remote Manipulator

System. Sunada and Dubowsky (1983) used the finite-element method to con­

sider the dynamical behaviour of robotic manipulators with elastic complex-shape

links. Howe;;er, they did not consider the effect of elastic displacements on the

rigid-body motion of the system. One of the earlier important works on the

dynamics of elastic seriaI manipulators was presented by Book (1984). He used

4x 4 transformation matrices to represent the joint and deflection motion. The

recursive Lagrangian formulation, which has been proven efficient in the rigid-link

mode11ing (Ho11erbach, 1980), was used for developing the governing equations of

motion for elastic-link manipulators. Moreover, Book considered the coupling be­

tween elastic displacements and rigid-body motions. Usoro et al. (1986) used the

finite element and the Lagrangian formulation to model a two-link flexible ma­

Ilipulator. Sharf and D'Eleuterio (1988) proposed a general simulation procedure

for chains of elastic bodies using the recursive Newton-Euler scheme (Hughes,

•

•

•
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1985). They used this method to study the effect of f1exibility on the dynamics

of robotic manipulators. Sharf and D'Eleuterio (1992) studied parallel simula­

tion dynamics for elastic seriai manipulators, which is a new solution method for

the simulation of these systems. They used the modelling procedure that was

suggested in a series of works (Sincarsin and Hughes, 1989; Hughes and Sincar­

sin, 1989; D'Eleuterio, 1992) describing the dynamics of an arbitrary multibody

system composed of chains of elastic bodies. The advantage of this method is

that it concurrently evaluates the solution for constraint forces, using parallel

iterative techniques, and the accelerations of the bodies. While the above investi­

gators studied robotic manipulators with open and single closed-chain structures,

Bremer and Pfeiffer (1992) treated systems of elastic bodies, such as c!astic ma­

nipulators, with tree structures.

Nevertheless, the study of the dynamics of robotic manipulators with kine­

matie loops has been the subject of very few investigations (Lee and Shah, 1988;

Sugimoto, 1989; Ma and Angeles, 1989; Reboulet and Berthomieu, 1991; Ma,

1991; Lbert et al., 1993; Gosselin, 1993; Sun d al., 1994; Lilly and Orin, 1994).

Most of these works studied the dynamics of rigid-link parallel manipulators,

except the last one (Sun et al., 1994), which reported a solution to the inverse

dynamics ar.d force optimization of multi-armed manipulators with flexible links.

Moreover, Lilly and Orin (1994) presented an algorithrn for the dynamic simula­

tion of multiple-chain rigid robotic mechanisms.

Until now, to the best of the author's knowledge, most of the formulations

for the modelling of robotic manipulators with flexible links have been confined

to open, tree-structure, and single closed-chain systems, white the modelling of

robotic manipulators with kinematic loops and flexible links has remained vir­

tually untouched. One of the motivation~ behind this work is to aùvancc the

state-of-the-art of modelling and simulation of robotic manipulators with kine­

matie loops and flexible links, besides the many applications in space structures

•

•

•
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that give rise to robotic mû,nipulators with kinematic loops. Moreover, long and

light-weight links, high-speed and accuracy are sorne important features of space

structures whereby consideration of link flexibility in the computation scheme is

required. As an example, Carr et al. (1990) consider the SSRMS (Space Station

Remote Manipulator System) and the SPDM mounted on the Mobile Servic­

ing System (MSS), and participating in a coordinated activity consisting of the

SPDM servicing a payload held by the SSRMS, as shown in Fig. 1.4. These ma­

nipu!ators have long flexible arms and form multiple kinematic loops during their

activity.
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This research aims at furthering the modelling and simulation techniques meant

for robotic manipulators, while extending it to multibody systems containing

kinematic loops and flexible links. To achieve this goal, the research work is

divided into the fol1owing items:

1. Develop a formulation for the simulation of multibody mechanical systems

with multiple kinematic loops and flexible links of arbitrary shapes, which

cau be accomplished through the fol1owing steps:

a) Model each link as a discrete system. To this end, the continuous system

is reduced to a discrete system with a fini te number of degrees of freedom

usip,,; a finite-element approximation. Finite-element analyses (FEA) pro­

vide a reliable and systematic modelling technique for mechanical systems

with flexible links of arbitrary shapes. The Lagrange dynamical equations

of motion for the link are then derived under no consideration of kinematic

couplingj

b) Generate kinematic constraint equations. This will be accomplished

using the natural orthogonal complement (NOC) of the twist-constraint

matrix and will be applicable to multhle kinematic Ioops. The NOC will

eliminate the constraint forces, thereby leading to a minimum number of

equations of motion;

c) Incorporate geometric nonlinearities in the e1astic displacements, which

ca'"1 be very important in high-speed operations;

cl) Transform the nodal coordinates to modal coordinates, so as to reducc

the number of the generalized coordinates. In large mechanical systems,

using finite elements results in a large number of generalized coordinates,
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2. Develop a simulation environment to implement the procedures underly­

i~g the above formulations for different types of robotic manipulators with

kinematic loops and flexible links, namely,

a) parallel manipulatorsj

b) multi-armed manipulators in a coordinated activityj

c) cooperating seriaI manipulators.

1.4 Thesis Outline

The kinematics of multibody systems with closed-chains and flexible links is dis­

cussed in Chapter 2. The first part of this chapter is devoted to deriving the

kinematic analysis of a flexible link. Here, a flexible link is discretized by us­

ing finite elements. The flexible pose and flexible twist of a link are defined to

specify the global position and velocity of the link. The formulation of kinematic

constraints is derived by using the methodology of the natural orthogonal comple­

ment in the second part of Chapter 2. It is also described here how to formulate

the problem in Cartesian space as well as in joint space. Moreover, the procedure

to calculate the natural orthogonal complement is explained.

In Chapter 3, the dynamics of multibody systems with kinematic loops and

flexible links is discussed. First, the modelling of an individuallink is described.

Here, using expressions for the kinetic and potential energies of the link, the La­

grange equations of the link are derived. Then, the governing equations of motion

of the system are obtained by assembling ail the links together via their kinematic

constraints, as explained in Chapter 2. The number of the generalized coordi­

nates can be reduced by changing the nodal coordinates to modal coordinates,

which is explained in this chapter. Thereafter, the approach to consider the effect



of geometric nonlinearities in the elastic displacements is addressed. Finally, a

simulation scheme is proposed in this chapter.

The next three chapters are devoted to developing a simulation scheme to

carry out the modelling formulatioas described in Chapters 2 and 3 for different

types of robotie manipulators with kinematie loops. The dynamics modelling and

simulation of two cooperating lIexible-link manipulators are obtained in Chap­

ter 4. The simulation results of the formulation in Cartesian space and joint space

are compared in order to obtain insight into the speed of operations for both for­

mulations, as weil as to show the accuracy of the simulation results. Moreover,

the effect of structural damping on the simulation is studied in this chapter.

Chapter 5 covers another type of robotic manipulators, namely, planar parallel

manipulators. The modelling of the manipulator at hand is formulated both in

Cartesian and in joint spaces. Sorne simulation results are presented in this

chapter as weIl.

•

•
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The first part of Chapter 6 is devoted to the direct kinematics solution of

a spatial parallel manipulator. Direct position and direct velocity kinematics

solutions are accomplished in this part. The modelling and simnlation of this

manipulator are carried out later in this chapter.

In Chapter 7, conclusions are drawn based on the achievements of this research

work. Sorne suggestions for further research are also put forward.

Three appendices are included for completeness of this thesis. Euler param­

eters and several important relations, which are used in Chapters 2 and 3, are

presented in Appendix A. Appendices Band C give the detailed description of

the derivations of two equations in Chapter 3.



•
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Chapter 2

Kinematics of Multibody

Systems with Kinematic Loops

and Flexible Links

2.1 Introduction

As mentioned in the previous chapter, robotic manipulators with kinematic loops

can be modelled for dynamical analysis as multibody mechanical systems. The

pre-requisite to the modelling of a multibody system is the understanding of the

underlying kinematics. To this end, the kinematics of multibody systems with

kinematic loops and flexible links is studied in this chapter.

First, an arbitrary elastic link, which is a continuous system, is approximated

as a discrete system, with the assumption that its dynamics can be described

by a finite number of degrees of freedom. Different means for discretizing ~.

flexible link such as the assumed-modes method, the cubic-splines method, the

finite-element method, etc. exist. Some of these methods are confined to beam­

shaped links. Nevertheless, the finite-element analysis (FEA) provides a reliable
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and systematic technique for discretizing the flexible links of arbitrary shapes.

Therefore, the finite-element approximation is used here in order 1.0 reduce the

continuous link to a discrete system with a finite number of eiastic degrees of

freedom. However, there are sorne drawbacks associated with FEA, such as large

CPU time consumption, and the appearance of a large number of eiastic degrces

of freedom in large mechanical systems. To overcome these drawbacks, FEA is

often done off-line, the results being used in on-line simulation in order 1.0 redllcc

the execution time, which is V"C'y important for real time control. Moreover,

the nodal coordinates can be transformed into modal coordinates in arder 1.0

reduce the number of elastic degrees of freedom. Both finite-element and assumed­

modes methods can be applied 1.0 simple flexible links such as beams and plates.

However, the main advantage of FEA, as compared with the assumed-modes

method, is that the former can be applied 1.0 flexible links of complex and general

shapes. Using FEA and modal coordinates together with the classical theory of

elasticity for the discretization of the elastic displacements lead 1.0 a linearization

of kinematics and dynamics relationships (Shabana, 1991; Banerjee, 1993). This

linearization may lead 1.0 errors in large rigid-body motions. How ta overcome

these errors, which are very crucial in high-speed operations, will be discussed in

Chapter 3.

Here, the position and velocity vectors of any point on link i are obtained in

order 1.0 use them in the next chapter for derivation of the equations of motion.

The kinematic constraints are then formulated using the methodology of the

natural orthogonal complement, henceforth abbreviated as NOC. Il. is also ex­

plained here how 1.0 define the NOC. Finally, the procedure 1.0 evaluate the NOC,

which depends on whether the formulation of the problem is in Cartesian "pace

or in joint space, is discussed.
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For modelling of a flexible link, a general multibody mechanical system with

multiple kinematic loops and flexible links of arbitrary shapes is considered first,

as shown in Fig. 2.1. Then, an arbitrary link i, which is connected to Vi links at

. . t 0 0 2 Ok d Ov,· t d' dJOIns i, Î"", i,···an j,lSSUle .

• Figure 2.1: A multibody system with kinematic loops

In order to specify the global position and velocity of link i in space, the

nH= 7+ni )-dimensional vector of flexible-pose of link i, with ni determining the

number of nodal coordinates of the same link, is defined as

•

qi = [êJ.T rT uT r
and the m:(= 6 +ni)-dimensional vector of flexible-twist of the same link is

V,' = [wT,. 'T 'T]Tri Ui

where, with reference to Fig. 2.2,

Oi is the origin of the coordinate frame Xi"YiZi (.ri) attached to link i;

cli is the 4-dimensional vector of Euler parameters representing the

orientation of the frame .ri;

(2.1 )

(2.2)
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Figure 2.2: An arbitrary lillk i

r; is the position vector of origin 0; in the inertial frame XoY~Zo (.:Fo)

defining the global position;

•
U; is the n;-dimensional vector of independent nodal coordinatcs asso­

ciated with the link flexibility of link i (u; shall be describcd in more

detail later on in this chapter) j

Wi is the angular velocity of the frame .:Fi with respect to .:Fo.

Moreover, vectors q; and Vi, defined in eqs.(2.1) and (2.2), al'C composcd of

three parts, the first two are related to the rigid-body motion of link i and the

third is related to the generalized coordinates and their time rates of change

associated with link flexibility.

Note that the vector of flexible-twist Vi is not simply the time derivativc of

the vector of flexible-pose because W; is not a time-derivativc of any 'luantity.

One can write instead,

V; = r;q; (2.3a)

or• q; = A;v; (2.:3b)
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where fi is an m; x n; matrix, while Ai is an n; x m; matrix. The forms of fi

and Ai are found from the relation between Wi and ~.. (Angeles, 1988) and are

included in Appendix A.

2.3 Modelling of Flexible Links

From now on, a vector a or a matrix A expressed in frame:F.. is represented as [a]i

or [A]i, respectively, except for the inertial frame :Fa, in which neitrer brackets

nor the sllbscript 0 are used. Note that the sllbscripts i and j in ail vectors and

matrices stand for the labels of link i and element j, respectively.

To model a flexible link, link i is considered as shawn in Fig. 2.3. The position

vector, in :Fi coordinates, of any point Pi on link i can be written from Fig. 2.3

as

(.) 4)\_.

•
where [dO;]i is the position vector of point POi in the undeformed configuration

of link i in frame :Fi, while [d,;]i is the elastic displacement of point p.. after the

deformation of the same link.
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To obtain [de;]i, an element j, with point Pi being located on it, of link i is

considered. The elastic displacement [de;]i; of point Pi is first expressed in the

Fi; frame, which is attached to the j'h element of link i, as shown in Fig. 2.3.

The elastic displacement [de;];; can be discretized :"y the finite-element method

as follows:

(2.5)

•

in which ail the quantities have been expressed in the Fi; frame, Li;(POi ) is the

3 x ni; shape-function matrix of element j evaluated at point POi and Ui;(t) is

the ni;-dimensional vector of nodal e1astic displacements of that clement, with

ni; determining the number of nodal elastic displacements of the same clement.

The form of Li; depends on the approximation chosen for the problem al hand.

The type of the elements used for the flexible links dcpends on the complcxit.y

of the shape of the links (Cook, 1981; Zienkiewicz, 1979). lt. is assumcd that

the elastic displacements of link i are small, so that. eq.(2.5) can be l1scd. This

relation cannot be used for large elastic displacements because the component.s

of matrix Li;(POi ) are only functions of the spatial coordinates.

Furthermore, Ui;( t) can be expressed as a linear transformation of Ui( t), wher"

Ui(t) is the vector of independent nodal elastic displacements of the whole link,

namely,

(2.6)

•

with ~i; defined as the ni; X ni conneetivity matrix of element j, whose entries

are filled with zeros and ones to indicate the locations in Ui(t) to which elements

of Ui;(t) are to be assigned. It may be noted that Ui(t) is used as generalized

coordinates associatcd with link flexibility, as shown in eq.(2.1).

Moreover, [dei]i and [de;]i; can be related by Yi;' the rotation matrix of the
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ph-element coordinate system with respect to the frame :Fi as

(2.7)

Finally, [de;]i can be expressed using eqs.(2.5)-(2.7) as

(2.8)

or in a more compact form

(2.9)

where

(2.10)

•
Here, L;(Po;) is a 3 x n; matrix. Note that, at any time, one of the Lii(Po;)

matrices (the one associated with point POi) has a nonzero value and the other

ones are ail zero.

The other component of [di]; from eq.(2.4), i.e., the position vector [do;]; can

now be written as

(2.11)

where uii is the mwdimensional nodal rigid-body position vector of element

j measured in the frame :F; and is constant (Nagarajan and Turcic, 1990-aj

Zienkiewicz, 1979), while Lii(POi) is the 3 x m;i shape-function matrix for the

rigid-body position vector evaluated at point Po; of element j. Moreover, m;i

is the dimension of the nodal rigid-body position vector of that element. The

m;-dimensional nodal rigid-body position vector of link i, ui, is related to uii by

(2.12)

•
where oIiii is the mii x m; connectivity matrix of the rigid-body position vector

of element j, with m; determining the dimension of the nodal rigid-body position

vector of the link i.
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Upon substitution of uri from eq.(2.12) into eq.(2.11), one obtains

(2.13)

in which

(2.14)

where Lr(POi) is a 3 x mi matrix.

Therefore, the position vector [d;]i can be obtained substituting eqs.(2.9) and

(2.13) into eq.(2.4) as

[d;]i = Lr(pOi)Ur +Li(POi)Ui(t) (2.15)

•
2.4 Position Vector and Velocity of a Point on

link i

The position vector, in :Fo coordinates, of any point Pi of link i, can be written

from Fig. 2.3 as

Pi = ri +di = ri +Ri[d;]i (2.16)

where Ri is the rotation matrix of the frame :Fi with respect to the inertial frame,

while di and [di]i are the position vectors of point Pi in :Fi coordinates expressed

in :Fo- and :Fi-coordinates, respectively. Note that, [di]i is defined in eq.(2.15).

The velocity of point Pi on link i is then obtained by differentiating both sides

of eq.(2.16) with respect to time as

By differentiating both sides of eq.(2.15) with respect to time and recalling that

the first component of [di]i is constant, [d;]i can be expressed as•
Pi = ri +Ri [d;]i +R.;[d;]i

[di]i = Li(POi)Üi(t)

(2.17)

(2.18)
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Moreovcr, by substituting [di]i from cq.(2.l8) into eq.(2.17), Pi can be expressed

as

Pi = ri +Ri[d;]i +RiLi(Po;)Ûi(t)

where R[di]i can be written as

• _. T • T
Ri[d;]i = RiRi Ri[d;]i = RiRi di

Now, we use the above equation and take advantage of the relation

(2.19)

(2.20)

(2.21 )

whcre ni is the cross-product matrix of the vector Wi, that can be defined as

•
...... = B(Wi X c)
"", - Be '

It is then possible to write Ri[di]i as

v e (2.22)

Ri[d;]i = nidi = Wi x di == -DiWi

wherc Di is the cross-product matrix of vector di.

(2.23)

Upon substitution of Ri[di]i from the above equation into eq.(2.19), one ob­

tains Pi as

Thus, from eq.(2.24), Pi can be written as a linear transformation of the

flexible-twist vector, namely,

•

Pi = ri - DiWi +RiLi(POi)Ûi(t)

Moreover, Di in :Fa takes the form

Di = Ri[Di]iRT

where [D;]i is the cross-product matrix of vector [diJi.

Pi = WiVi

(2.24)

(2.25)

(2.26)
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where

W i = [-Di 133 RiLi(POi)] (2.27)

•

Wi being a 3 x m; matrix, while 1 33 is the 3 x 3 identity matrix; Vi is defined in

eq.(2.2).

2.5 Formulation of the Kinematic Constraints

In the course of this thesis, it will be assumed that ail links are coupIed to each

other by lower kinematie pairs of the rotational type. Hence, the constraint equa­

tions for the system at hand can be expressed in terms of generalized coordinates

of the system, i.e, only holonomie systems are considered here. ln addition, it is

assumed that ail joints are rigid. Moreover, the constraint equations are derived

in linear homogeneous form in the flexible twists, with possibly time-dependent

coefficients. In other words, there are no prescribed motions in the system, and

so, the systems considered are assumed to be catastatic.

The twist-constraint equations of the multibody system at haml with kine­

matic loops, as shown in Fig. 2.1, can be expressed as

Av=Op (2.28)

where v is the m'(= L:i=l mD-dimensional vector of generalized flexible-twist,

which is composed of the vectors of flexible twist of ail moving links, namely,

(2.29)

•
with r defined as the number of aIl moving links in t,he system, matrix A is the

p X m' twist-constraint matrix, and Op is the p-dimensional zero vedor, with p

defined as the number of kinematic constraint equations of the whole system.
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Figure 2.4: Kinematic coupling of links i and k

The twist-constraint matrix can be derived using the kinematic constraint

equations of kinematic couplings of the links as a series of equations in terms of

the flexible-twist vectors of ail moving links.

As an example, we derive the kinematic constraint equations due to the kine­

matic coupling of links i and k of Fig. 2.1, that are coupled by a revolute joint,

as depicted in Fig. 2.4.

The derivation below is the same for the kinematic coupling of link i and ail

other links. The position vector of point Or, the origin of frame :h (XkYkZk)

attached to link k, as shown in Fig. 2.4, in :Fo, takes on the form

(2.30)

whcre [aikl. can be obtained using eq.(2.15) as

(2.31)

•

Bere, Li(OOi.k) and Lf(Ooi,k) are the same as defined in eqs.(2.10) and (2.14),

but evaluated at point O~i in the undeformed configuration of link i, and other

quantities are as defined earlier.

Upon differentiating both sides of eq.(2.30) with respect to time, one obtains

(2.32)
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Using eqs.(2.18) and (2.23) and replacing the position vector [d;]i with raidi, h

becomes

(2.33)

The kinematic constraint equations due to the coupling of links i and k can

then be expressed, in light of eq.(2.33), as

h = ri +Wi x aik +RiLi(OUi,k)Ui(t)

(2.34a)

(2.34b)

•

•

where Wk is the angular velocity of the frame :h with respect to the inertial

frame. Moreover, Wik is the angular velocity of Fk with respect to Fi, resulting

from the elastic displacement of link i, while th is the joint angle and Zk is the

unit vector parallel to the joint axis Zk.

There are six scalar linear homogeneous equations for each kinematic cOllpling

of the two links, e.g., eqs.(2.34) for coup!ing of links i and kj it can be readily

shown that these equations are linearly dependent (Saha, 1993). In fact, the

number of dependent equations are related to the number of degree-of-freedom

(DOF) of the kinematic pair, e.g., the number of dependent eqllations is one for

a revolute joint that permits one DOF. Moreover, the general spatial six DOl" of

a rigid kinematic pair is restricted to one due to the live independent constraint

equations for a revolute joint. Here, link i is connected to Vi links, which leads

to 6Vi kinematic constraint equations. Therefore, the number of twist-constraint

equations p is 6v, where V is the number of all joints in the system at hand.

2.6 The Natural Orthogonal Complement

For a q-degree-of-freedom (DOF) system, the genera!ized flexible-twist v can be

expressed as a !inear transformation of 8[, which is defined as a q-dimensional



• Chaptcr 2. Kinematics of Multibody Systems with Kinematic Loops and Flexible Links 26

veetor of independent generalized speeds, namely,

v=N6r

and N is an m' X q matrix.

Upon substitution of v from eq.(2.35) into eq.(2.28), one obtains

ANiJr = Op

(2.35)

(2.36)

Binee ail the components of iJ rare independent, the above equation holds if

and only if

AN = Opq (2.37)

•
where Opq is the p x q zero matrix.

Therefore, from eq.(2.37), it is apparent that N is an orthogonal complement

of A, which was termed the natural orthogonal complement of A in (Angeles and

Lee, 1988).

The DOF of the multibody mechanical system (Fig. (2.1)), q, is composed of

two parts: the rigid-body DOF, q" plus the DOF associated with link fiexibilit.y,

q., namely,

(2.38)

The rigid-body DOF for the system at hand is obtained using Chebyshev-Grübler­

Kutzbach formula as

qr = 6r - 5v (2.39)

•
where r is defined just after eq.(2.29) and v is defined already as the number

of ail joints in the system. It may be noted that the first part of the above

equation, i.e, 6r, determines the DOF for ail moving links under no consideration
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of kinematic coupling of the links, while the second part determines the nnmber

of independent constraint equations that arises because of the kinematic joints,

which are assumed to be all revolute. The DüF associated with link flexibility

can be written as

(2.40)

Here, ni is defined just before eq.(2.1) and rJ is the number of all flexible links in

the system. Therefore, upon substitution of eqs.(2.39) and (2.40) into eq.(2.3S),

one obtains the DüF of the system a"
rI

q = 6r - 5v +L ni
i=l

(2.111 )

•
2.7 Formulation of the Problem in Cartesian

and in Joint Spaces

•

It is apparent from eq.(2.35) that the form of N depends on the definition of 8[.
The veetor of independent generalized speeds 8[ depends, in turn, on whether the

system is being modelled in joint space or in Cartesian space. The formulation

of the problem in joint and in Cartesian spaces are discussed in the subsections

below.

2.7.1 Formulation of the Problem in Joint Space

In open-chain systems, vector 81 is usually composed of joint speeds plus the

generalized speeds associated with link flexibility. Ali joints are actuated and

independent of each other so that they can be considered as components of the

vector of independent generalized speeds. Therefore, the components of v can be

specified in terms of 81, which leads to N by using the equations constraining

only the twists of the two coupled links, i.e, eqs.(2.34).
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On the other hand, not all joints are actuated in systems with kinematic loops.

Here, the 1?-dimensional vector of generalized coordinates can be defined as

(2.42)

•

where 81 is the q-dimensional vector of independent generalized coordinates com­

prising the vector of actuated joint angles and generalized coordinates associated

with link f1exibility and 8v is the (19 - q)-dimensional vector of dependent gen­

eralized coordinates consists of the vector of unactuated joint angles. The loop­

constraint equations, which are usually nonlinear, allow one to solve numerically

for the dependent generalized coordinates in terms of the independent ones. The

form of the loop-constraint equations for different examples will be obtained later

in detail.

Additionally, 8v can be expressed in terms of 81 as follows: Upon differenti­

ating the loop-constraint equations with respect to time one obtains

(2.43)

where NI is an 1x q matrix and Nv is an 1 x (19 - q) matrix, with 1 denoting the

number of loop-constraint equations, while 01 is the l-dimensional zero vector.

Note that, usually, 1= 19 - q, i.e, the number of loop-constraint equations equals

the number of dependent joint angles in the system. Hence, 8v can be expressed

as a linear transformation of 81, namely,

(2.44)

•
The components of vector y from eq.(2.29) can now be expressed in terms

of the independent generalized speeds by substituting 8v from eq.(2.44) into

the kinematic constraint equations, i.e., eqs.(2.34). Finally, using eq.(2.35) leads

to N, which is the linear transformà.tion mapping the independent generalized

speeds into the generalized f1exible-twist.
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This procedure, however, needs sorne time-consuming kinematical analysis,

e.g., the direct kinematics solution in case of a parallel manipulator. Nevertheless,

wc will show that there is no need for this task in formulating the problem in

Cartesian space.

2.7.2 Formulation of the Problem in Cartesian Space

Veetor iJ[ can be defined, in Cartesian space, as the array containing the end­

effeetor flexible-twist plus the generalized speeds associated with link flexibility,

namely,

(2A5)

•

•

where w" rr and ùr are the end-effector flexible-twist. The formulation of the

problem in Cartesian space is possible when the end-effector motion is prescribed,

as is the case in many applications. Matrix N can then be evaluated using the

equations expressing veetor v in terms of iJ[ and resorting to the linear rela­

tions between the flexible twists of the links and ih Then, using the kinematic

constraint equations and rearranging the expressions thus resulting, one obtains

expressions for ail components of v, eq.(2.29), in terms of iJ [. Therefore, vector

v can be specified as a linear transformation of iJ[, which leads to N.

The approaches explained in Subsections 2.7.1 and 2.7.2 will be examined

later in detail with different examples to show how iJ[ and matrix N are derived

for robotic manipulators with kinematic loops.
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Chapter 3

Dynamics of Multibody Systems

with Kinematic Loops and

Flexible Links

3.1 Introduction

As mentioned in Chapter 1, many methods for modelling the dynamics of robotic

mechanical systems have been reported, namely, Newton-Euler, Lagrange equa­

tions, virtual-work principle, Hamilton's principle, and Kane's method, also known

as Lagrange's form of d'Alembert's principle. Among them, the Lagrange equa­

tions (Nagarajan and Turcic, 1990-aj Bricout et aL, 1990; Serna and Bayo, 1989;

Cyril et aL, 1991), and Kane's method (Kane and Levinson, 1983j Everett, 1989;

Ider and Amirouche, 1989-bj Banerjee and Lemak, 1991) have been found to

be more efficient for modelling the dynamics of mechanical systems with flexible

links.

Sorne researchers derived the equations of motion of an individual body first

and then obtained the model of the mechanical system by assembling all the
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bodies together (Sunada and Dubowsky, 1983; Nagrajan and Turcic, 1990: Cyril

et al, 1991). The drawback of this method is to consider the kinematic-constraint

forces which should be eliminated from the equations of motion. On the otllcr

!land, other investigators considered the mechaDicalsystem as a whole and derived

the equations of motion for the whole system. As an example, Lich (1991) nscd

the virtual-work principle to derive directly the equations of motion of nexiblc­

link manipulators for the whole system. The drawback of this approach is that

it leads to lengthy, and cumbersome equations.

In this chapter, the equations of motion of an individuallink arc first dcrivcd

for an uncoupled body using the Lagrange equations. I-Icre, nodal coordinatcs are

transformed into modal coordinates to reduce the number of generalized coordi­

nates associated with the link f1exibility. The effect of geometric nonlinearitics

in the elastic displacements is considered by adding a term to the e1astic strain

energy which requires introduction of a geometric stiffness matrix in addition

to the conventional one. This consideration results in compcnsating for thc cr­

l'ors caused by the use of finite-element analyses and modal coordinates together

with the c1assical theory of elasticity in high-speed operations, as mentioned in

the previous chapter. Thus, large rigid-body motions can be considered even in

high-speed operations.

Then, the governing equations of motion of the entire mechanical system

is obtained by assembling al! the links together. The method of the naturaJ

orthogonal complement, applied previously to systems with open-chain or single­

c10sed chain structures, is used to eliminate the constraint forces and to derivc

the minimum number of equations of motion.
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Basic to any modelling of a mechanical system is the understanding of the dy­

namics of each link. 1'0 this end, the position and velocity vectors of any point

on link i, which w~re obtained in the previous chapter, are used to modellink i.

First, an expression for the kinetic energy of the link is derived in terms of the

link mass matrix. Then, the e!astic strain energy due to the elastic displacements

of the link is obtained in terms of the conventional stiffness matrix plus the ge­

ometric stiffness matrix. Next, the nodal coordinates are transformed to modal

coordinates in order to reduce the number of the generalized coordinates. Finally,

the Lagrange equations of motion for link i are derived without consideration of

kinematic couplings.

•

•

3.2

3.2.1

Dynamics of Link i

Kinetic Energy of Link l

The kinetic energy of link i is given by

T 11'T' d. = . -p. P'p' V·1 ? 1 1 1 1
V. ~

(3.1)

where Pi and Vi are the mass density and volume of the ith link, respectively. It

may be pointed out that the expression inside the integral is in:egrated over the

entire volume of ail the elements of link i. Moreover, for each element, the proper

value of Pi should be chosen from eq.(2.26), in light of eqs.(2.27) and (2.10).

Introducing the values of Pi from eq.(2.26) into eq.(3.1) yields

The kinetic energy can thus be written as a quadratic form in the flexible twist,

namely,

•
11 T TT· = -y. w· W·y·p·dv·1 ? 1 1 1 1 1 1

V. _

1 TT·= -Y·M·v·
1 2 1 1 1

(3.2)

(3.3)
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where Mi is the m: x m: positive-definite and symmetric mass matrix of link i,

defined as

Mi = 1PiwTWidv,
v,

(3.4)

Matrix Mi can be obtained by inserting W i from eq.(2.27) into eq.(3.4), name!y,

_D2 D· D;R;L;(Po;), ,

M i = 1 -D; 133 RiLi(PD;) p;dVi (3.5a)
Vi

-Li(Po;)RfDi Li(POi)Rf Li( PO;)Li(Po;)

in which ail quantities were defined in eq.(2.2ï).

Thus, Mi can be written in block form as

• where

Mr:r M,d M,', , ,
Mi = M~' M~d M~', , ,

M~' M~d M~', , ,

Mi' == -1. p;D~dv;
v,

M ,d - (Md')T = j p.D·dv·t - 1 - 1 1 1
v,

Mi' = (Mi'f == LPiDiR;L,(Po;)dvi

Mt
d == Lp;h3dv i

Mt' = (Midf == 1. p;R;Li(PO;)dvi
v,

Mi' == Lp;L;(POi)L;(Po;)dvi

(3.5h)

(3.5c)

(3.5d)

(3 ..5e)

(3.5f)

(3.5g)

(3..5h)

in which Mi', Mid and Mfd are ail 3 x 3 matrices, while Mf' and Mi' are 3 x ni

matrices and Mi' is an ni x ni matrix, with ni as defined in eq.(2.1). Moreover,

133 is the 3 x 3 identity matrix.

• Inserting Di from eq.(2.25) inta eq.(3.5c) and noting that

[0;]; = -[D;]; (3.6)
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with the understanding that the rotation matrix of link i, Ri, is not a function

of Vi, matrix M? can he written as

M rr _ R·vrrRT
i - • i i

In the foregoing equation, Vi' is the 3 x 3 symmetric matrix defined as

where [D;]T[Dil i can he expressed in terms of vector [d;]i as

(3.7)

(3.8)

.'he last equality follows hecause the Euclidean norm is frame-invariant. More­

over, the components of vector [d;]i are

• dj = IrUi(t) + (Ij)Tui j = 1,2,3 (3.10)

where dj is the j'h component of [diJi' while If and (ljJT are j'h rows of matrices

Li(Poi ) and Lr(poi ), defined in eqs.(2.10) and (2.14), respectively. Furthermore,

Ui(t) and ur are ni- and mi-dimensional vectors, as defined in eqs.(2.6) and (2.12).

Now, we introduce 27 constant matrices, namely,

i3 r T
Ckj = lu; IjlkPidVi

C~; = LIj(I%JTPidvi

C~~ = l, 1j{I%JTPidvi

(3.l1a)

(3.11b)

(3.11c)

•

in which k = 1,2,3 and j = 1,2,3. It is then possible to express the components

of v~r as
1

(3.12a)

vt 2 = V?l = - [uf(t)CgUi(t) +ur(t) (C~~ +C~~) ui +uiTC~~ui] (3.12b)
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while other components are obtained by using suitable permutations. Here, cg,
C i4 d CiS dt' t' 1kj an kj are ni X ni, mi x mi an ni X 7ni ma flces, respec Ive y.

Upon substitution of D; from eq.(2.25), into Mid and expandillg the equation

thus resulting, one obtains

Mid = LR;[D;];RTPidv; = Ri {l, :c ([d;]; x C)Pi dV;} RT Vc (3.13)

Using eq.(2.15) for rd;]; and noting that u;(t) and ui are not functions of Vi, Mid

can be written as

(3.14a)

in which Vid is the cross-product matrix of vector vid , defined, in turn, as

(3.14b)

•
where Cil and C;2 are 3 x n; and 3 x m; constant matrices, defined as

C;l == LL;(POi)pidvi (3.15a)

C;2 == 1, Li(POi)p;dvi (3.15b)

Moreover, Li(POi ) and Li(Po;) are defined in eqs.(2.10) and (2.14), respectively.

FinaUy, expanding eqs.(3.5e), (3.5g) and (3..5h), Mie, Mte and Mie are ob­

tained as

It may be noted that aU constant integrals can be calculated off-line and the

results can then be used to develop the mass matrix of link i.•

in which

Mëe = R,·Vëe, ,

Mec _ C;3 +C;3 +Ci3
i - Il 22 33

uT(t) (C~~ - C~~) +uiT (C~t - C~2)T

v~e = uT(t) (Ci3 C;3) +uoT (C;S _ C;S)1'
1 i 13 - 31 i 31 13

U T(t) (C;3 C;3) +UoT (C;S _ C;S )1'i 21 - 12 i 12 21

(3.16a)

(3.16b)

(3.16c)

(3.16d)
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The potential energy of link i comprises two parts: the elastic strain energy and

the potential energy duc to other sources such as gravity. The latter will he

considered later in this chaptel'. The elastic strain energy of the element j of link

i, as shown in Fig. 2.3, can he written as

(3.17)

where V;j is the standard elastic strain energy of the element j of link i (Cook,

1981; Zienkiewicz, 1979), namely,

w = ~uT.(t)K"U"J.(t)
1) 2 lJ 1]

(3.18)

•
where Uij(t) is defined in eq.(2.5) and Kij is the nij X nu conventional stiffness

matrix of element j of link i, and can he ohtained for different types of elements

from the literature, e.g. (Przemieniecki, 1967), or from direct integration for­

mulas (Cook, 1981). The elastic strain energy "Ir arises hecause of the effeet of

geometric nonlinearities in the elastic displacements of element j of link i, namely,

(3.19)

(3.20)

where Kfj' is the geometric stiffness matrix, to he obtained in Suhseetion 3.2.3.

Introducing V;j and "Ir from eqs.(3.18) and (3.19) into eq.(3.17), one ohtains

1 T
Vij = 2'ui (t)KijUi(t)

in which

(3.21 )

•
Therefore, the stiffness matrix K ij can be thought of as composed of two parts:

the conventional stiffness matrix, which is constant, plus a geometric stiffness

matrix, which is configuration-dependent.
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The elastic strain energy can be written for link i by assembling the stiffness

matrices of ail elements as

1 T f
lI; = 2"lli (t)Ki lli(t) (3.22)

where lli(t) was defined in eq.(2.6), while the ni x ni stiffness matrix K{ of link

i is a matrix defined as
<;

K{ = L <l'ljKij<l'ij
j=1

(3.23)

where <l'ij was defined in eq.(2.6) and Iii is the number of elements of link i.

It is also possible to write the elastic strain energy in terms of the flexible

pose qi of link i, namely,

•
1 T

li; = 2"qi Kiqi

in which Ki, the n: x n: stiffness matrix of link i, is defined as

0 44 0 43 O"ni

Ki= 0 34 0 33 03ni

Oni4 Oni3 KI•

Here, Omn is the m x n zero matrix.

(3.24 )

(3.25)

•

3.2.3 Effect of Geometric Nonlinearities in the Elastic Dis-

placements

High-speed operations give dse to significant coupling of the longitudinal and

transverse displacements of the flexible links of multibody systems. This cOllpling

results from consideration of the effeet of geometric nonlinearities in the ela~tic

displacements of the flexible links. As a simple example, in a laterally loaded

beamed-shaped link, it aCCOU!lts for the faet that axial compression tends to

increase the transverse displacement and, thus, decrease transverse stiffness, while

axial tension tends to decrease the transverse displacement and, thus, increase
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the transverse stiffness. This is the effect of geometric stiffening that has been

introduced for the modelling of the rotating beams by Likins (1974).

The effect of geometric nonlinearities in the elastic displacements of the flexible

links arises because of a term that should be added to the standard elastic strain

energy of the clement j of link i, i.e., V;r. This term can be written as

(3.26)

in which [D'loj and [E:nllij are 6-dimensional vectors of state st.'ess because of the

inertia loading and nonlinear terms in Green's strain tensor (Novozhilov, 1961),

respectivcly, i.e.,

• Here,

[D'lij = [ O'xx

[E:nlt = [ fXX

O'yy

f1"y

O'zz O'Xy O'xz O'yz]~
'J

fZZ fXY fXZ fYZ] ~
'J

(3.27a)

(3.27b)

[ 1 1 [ aU)2 (av )2 ( aw )2]fXX ij=2' (ax + ax + ax ij

[ ] 1 [( aU)2 aV)2 (aw)2]fyy ij = 2' ay +(ay + ay ij

[ l.. - ~ [ aU)2 av 2 (aw 2]fZZ 'J - 2 (az' +(az) + az) ij

[
au au av av aw aw]

b·yJij = ax ay +ax ay + axay ij

[
au au av av aw aw]

[fxzlij = ax az +ax az + ax az ij

[
au au av av aw aw]

[fl'zlij = ayaz + ayaz + ayaz ij

(3.27c)

(3.27d)

(3.27e)

(3.271')

(3.27g)

(3.27h)

•
where Uij, Vij and Wij are the three components of the elastic displacements [de;]ij

l'rom eq.(2.5). Moreover, Xii> Y;j and Zij are three orthogonal axes, as shown in

Fig. 2.3. Furthermore, the state stress vector [D'lij is the same as explained in
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Banerjeeand Lemak (1991), i.e., it is a6-dimensional array containing the distinct

entries of the stress tensor.

Using the same approach as in Zienkiewicz (1979), v;r can be written as

lion 1 TKon
Vij = '2Uij ij llij

Hence, K;; can be obtained as

(3.29)

in which ~ij is the 9 x 9 matrix defined as

•

(O'XX )ijh3 (0'Xj')ij133 (O'XZ)ij 133

~ij = (O'xY)ijl 33 (0'1'1' )ij133 (0'1' Z)ij 133

(O'xz)ij1 33 (0'1' Z )ij133 (O'ZZ )ijh3

with H ij being the 9 x nij matrix defined, in tum, as

8Lij ( Po;) /8Xij

Hij = 8Lij(POi)/8Y;j

8Lij (POi) / 8Zij

(3.30)

(3.31)

•

where Lij(POi) is the 3 x nij matrix defined in eq.(2.5), and h3 is the 3 x 3 idenlity

matrix. The form of K;; will be obtained later for links that can be modelled

as beams. An empirical speed limit can be used as a condition where the effeet

of geometric nonlinearities in elastic displacements of the flexible links becomes

significant. This limit can be defined as follows: if the ratio of the rigid-body

angular rates to the lowest natural frequency of the system be of the order 0.1 or

more, the effect of geometric nonlinearities should be considered.

3.2.4 Modal Coordinates

In large mechanical systems, using finite elements results in quite a large di­

mension of the flexible-pose qi and the flexible-twist Vi of link i, because of the
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number of nodal coordinates of the same link. The number of nodal coordinates

can be reduced by changing the nodal coordinates to modal coordinates, using

the standard component-mode technique (Hurty, 1965), as explained below.

The n;-dimensional vector of nodal coordinates u;(t), as defined in eq.(2.6),

and the I;-dimensional vector of modal coordinates oflink i, ui'(t), can be related

as:

Ui(t) = lI!;mui'(t) (3.32)

where lI! im is the n; X 1; modal matrix, which can be evaluated by computing the

normal modes of link i. The ni normal modes of the elastic displacement of the

same link can be evaluated by solving the eigenvalue problem derived from the

model, namely,

• Mieüi(t) +K{u;(t) = On, (3.33)

where On, is the n;-dimensional zero vector and Mie was defined in eq.(3.5h).

Moreover, K{ is the same as given in eq.(3.23), unless only the conventional

stiffness matrix Kij is used to derive K ij .

By choosing the first 1; eigenvectors (mode shapes) of the above model, lI!;m

takes on the form

(3.34)

where 1/11, the jlh column of lI!;m, is an n;-dimensional eigenvector. The value of

1; is chosen based on the desired accuracy for the computation and also the CPU

time. It will be shown later how 1; is chosen for different numerical examples.

Dpon substitution ofui(t) from eq.(3.32) into eq.(2.9), the elastic displacement

of any point P; of link i, [de;];, can be written in terms of modal coordinates as

• [d.;]; = Li'(Po;)ui'(t) (3.35)
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with

(3.36)

•

where Li(POi) is the same as defined in eq.(2.10), while L;"(POi ) is a 3 x li matrix.

The above transformation should be carried out in order to Use modal coordi­

nates. This transformation leads to modifications in the definitions of the vedor

of flexible-pose, qi, as weil as the vector of the flexible-twist of link i, Vi, as de­

fined in eqs.(2.1) and (2.2), respeetively. The ni-dimensional nodal coordinates

Ui(t) and its time-rate of change, Ùi(t), should be replaced by the li-dimensional

modal coordinates u;"(t) and ù;"(t), respectively. To this end, the dimension of

vectors qi and Vi are changed from n;(= 7+ni) and m;(= 6+ni) to ni(= 7 +li)

and m;(= 6 + li), respectively.

3.2.5 Lagrange Equations of Motion of Link i

Having the expressions for the kinetic and the elastic strain energies, the Lagrange

equations of motion of link i are written as

(3.37)

where Ti and li; are the kinetic and the elastic strain energies of the link i, as

given in eqs.(3.3) and (3.24), respectively, and qi is the vector of flexible-pose of

link i, given in eq.(2.1). Moreover, fi is the ni-dimensional vector of generalized

forces, decomposed as

(3.38)

•
where ft>, ft, fp, fi

K and f? are generalized-force vectors accounting for ex­

ternal wrenches, algebraic constraint wrenches, dissipative wrenches, kinematic­

constraint wrenches, and gravity forces, respectively. The wrench ft arises duc

to the algebraic constraint among the components of the Euler parameters, while

ft< results from the kinematic coupling of the links.
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fG = arr?
. aqi

where 11? is the power developed by gravity forces and is defined as

I1G' T'
i = Po, . gi = gi Po,

(3.39)

(3.40)

in which gi is the 3-dimensional vector representing the gravity force acting on

link i and po, is the velocity of the centre of mass Ci of the same link, with

respect to the inertial frame. Inserting rr? from eq.(3.40) into eq.(3.39) and

differentiating the result with respect to qi, with the understanding that gi is not

a function of qi, one obtains

•
a'T

Po,=-a'giqi

Now, using eq.(2.26), po, can be written as

Po, = WO,Vi

where

(3.41 )

(3.42)

(3.43)

(3.44)

in which Do, and L i ( COi) are evaluated at point Ci, while other quantities are

defined in eq.(2.27). Introducing po, from eq.(3.42) into eq.(3.41) and recalling

that W 0, is not a function of qi, one ohtains

G av; T
fi = -a'Wo·giqi •

!nserting Vi from eq.(2.3a) into the ahove equation, and noting that ri = l'i(Qi, i)

is not a function of qi, leads to

•
The extemal wrench fiE can he derived, in tum, as

fE = arrf
• aqi

(3.45)

(3.46)
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where TIf is the power developed by the external wrench and is defined as

provided that ail external wrenches wf are applied at the joints.

procedure as in deriving fiG, one m:ty readily show that

(:1.47)

Using the s<tl1\e

(3.4S)

Upon substitution of eq.(2.3a) into eq.(3.3), the form of the kinetic energy is

obtained in terms of the time-rate of change of the flexible-pose of link i as

•

'T' l' TrTM r .
1; = -q. . . 'q'

1 2 1 ~ 1 1 1

Now, the inertia matrix li of link i is defined as

li == rTMiI';

which is a positive-definite n; x n; matrÎl:. Thus,

(3,49)

(3.50)

(3.51 )

(:1.52)

By differèntiating the kinetic energy, eq.(3.51), with respect to q; and then

with respect to time, d(8T;f8qi)/dt can be obtained as

d (8Ti) d (1 ') 1" 1 ..dt 8qi = dt ;qi = iqi + ;qi

Similarly, 8T;f8qi is obtained by differentiating the kinetic energy given by

eq.(3.51) with respect to qi as

8Ti 8 (l.TI . )- = - -q; ;qi
8qi 8qi 2

(3.53)

•
Introducing d(8T;f8qi)/dt and 8T;f8qi from above equations into eq.(:l.:17),

the dynamics model of link i is "btained as

(3.54 )



Chapter 3. Dynamics of Multibody Systems with Kinematic Loops and Flexible Links 44• where the system wrench of link i is defined as

f s a (1 . TI ') 1" av;i = -a -2qi iqi - iqi--
aqi qi

while fi is as defined in eq.(3.38).

(3.55)

Moreover, the dynamics model can be expressed in terms of the flexible twist

as follnws: Introducing li from eq.(3.50) into eq.(3.54) and multiplying both sides

of the equations thus obtained by AT, with Ai as defined in eq.(2.3b), one obtains

Differentiating eq.(2.3a) with respect to time leads to

. r" r'Vi = iqi + iqi

(3.56)

(3.57)

•
Therefore, substituting riqi from above equation into eq.(3.56) and, in light of

eq. (A.10), one obtains the m:-dimensional vector of the dynamics model of link i

in terms of flexible twist as

(3.58a)

or

Here, introducing f,G and fiE from eqs.(3.45) and (3.48) into eqs.(3.58g) and

(3.58d), in light of eq.(A.10), br and bf can be written as

•

where

M · bS bE bD bK bG
iVi = i + i + i + i + i

S T S ••
bi = Ai fi +Miriqi

bf = ATfi
E

bP = ATrD• • •
bf = ATf,K

br = ATfi
G

br = ATrTw~;gi = W~;gi

bf = ATrTwf = wf

(3.58b)

(3.58c)

(3.58d)

(3.58e)

(3.58f)

(3.58g)

(3.58h)

(3.58i)
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Moreover, if al! links are connected by revolute joints, the external \Vrench bf
can be decomposed as

(3.58j)

(3.60)

•

•

where Ti is the 3-dimensional vector of external torque applied at joint i.

For most structures, the exact form of the damping matrix is llnknown, since

the mechanisms of energy loss are complicated. For structural damping it is

general!y assumed that the existence of damping does not cause coupli~g of the

undamped natural modes of vibration. In this thesis, structural e!amping is ap­

proximated by a suitable viscous damping coefficient for different modes as in

Midha et al. (1979) and Turcic and Midha (1984-a).

It may be noted that A[fiA vanishes (Cyril et al., 1991), i.e.,

(3.59)

where Om: is the m:-dimensional zero vector.

Determination of the System Wrench br
The system wrench br given in eq.(3.58c), in light of eq.(3.55), can he simplifiee!

as (Cyril et al, 1991)

s 1 T [a T ] T av; T • T .
bi ='2Ai aqi(ViMiVi) -Ai (aqi)-2Ai ri MiVi-MiVi

The first term of br is written in this form providing that the derivative of

(v[MiVi) with respect to qi is only applied on Mi. In other words, it is assumed

that Vi is not a function of qi. This modification is applied to ease partial­

derivative computation, namely, by taking the partial derivatives of a scalar and

a vector, instead of a matrix, with respect to qi. The latter leads to Christoffel

symbols in tensor analysis which we try to avoid. Expressing the flexible-pose
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vcetor qi in terms of eomponents, â(v;Miv;)jâqi obtains as

Ô T-(v. Mv·) =
Ô

• ••qi

ô(v;Mivi)jôêji

ô(v;Miv;) j Ôri

ô(v;Miv.)jôu,

(3.61 )

Using eqs.(3..5) and (2.2) and expanding the result thus obtained, v;MiVi 15

eva! uated as

Using the above relation and e!iminating the terms whieh are not funetions of qi,

in !ight of eqs.(3.5), the eomponents of eq.(3.61) are given by

• ~( TM . .) _ .)~( TM,d'). ?~('TMd".)
ô . v, ,v, - ~ô. w, ,r, + ~â. r, ,u. +

qi qi qi

? Ô ( TMr.') â ( TMrr )
~ â. W i i Ui + â· W i i W iqi qi

â T
-ô (Vi Mivi) = 03

ri

~( TM . .) _ .)~( TMrd '.) ?~( TMr.'.)
Ô

vi ,v. - -ô wi i r, + ~ô Wi i U, +
Ui Uj Uj

â ( TMrr )-ô wi i Wi
Ui

(3.62)

(3.63a)

(3.63b)

(3.63e)

The detailed derivation of eqs.(3.63a) and (3.63e) are included in Appendices B

and C, respectively.

Mi is obtained by ·differentiating Mi given in eq.(3.5) with respect to time.

vVe now take advantage of the relations

• Rf = Rf!!f = -Rf!!i

(3.64a)

(3.64b)
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where ni is cross-product matrix of w. as defined in eq.(2.22); hencc, the com­

ponents of matrix Mi can be identified as

. dd
Mi = 0 33

Mt' = (Mid? = n.Mt'

(3.65a)

(3.65b)

(3.65c)

(3.li5d)

(3.li5e)

(3.65f)

•
where Vid is the cross-product rnatrix of vector vrd , whil" vid is obtaincd by

differentiating vid from eq.(3.14b) with respect to time as

(3.6.Sg)

and Vi' can be evaluated by differentiating eq.(3.16d) with respcct to timc,

namely,

unt) (c~~ - cg)
v:' = uT(t) (Ci3 _ c·3 ): i 13 31

uT(t) (C~~ - cg)

(3.li5h)

Moreover, differentiating the components cf Vi' given in eq.(3.12) with rcspect

to time ieads to Vi', namely,

(:3,6.Si)

(3.6.Sj)

•
with other components of Vi' obtained by suitable permutations.

Finally, inserting ô(vTM'Vi)/Ôqi from eqs.(3.63) into eq.(3.60), expanding

ATtT using eqs.(A.8), and substituting the result thus obtained into cq.(3.60),
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vector bf can be decomposed into rotational, translational and elastic parts as

follows:

(bf)R

bf = (bf)r

(bf)E

(3.6Sa)

where (bf)R and (bf)T are 3-dimensional veetors, while (brJE is ni-dimensional.

These veetors arc defined as

(3.66d)

(3.66b)

(3.66c)

(bS) 1G [2 a ( TM,d') 2 a (' TMde ') 2 a ( TM,e' ); R = - i a. wi i ri + a. ri i Ui + a. Wi i Ui +
4 ~ ~ ~

a~ (wTMi'Wi)]- 2GiGT[Midri +Mi'w; +
qi

M~cu'] - (M~dr' +M~'w' +M~cu')1 t 1 J J J 1 1

(bf)r = - (Mtdri +Mt'wi +MteUi)

(bS) a ( TM'd') a ( TM,e.) 1 a ( TM" )i E = aUi wi ; ri + aUi wi i U; + 2: aUi wi i Wi

K I (M'ed' M'" M'ee' )- i Ui - i ri + i Wi + i Ui•
where the components of Mi are defined, in turn, in eqs.(3.65), while K{ and Gi

arc defined in eqs.(3.23) and (A.4a), respectively.

3.3 Dynamics of the Entire Mechanical System

The dynamics model of the overall mechanical system is obtained by assembling

t,he dynamics models of ail links, represented by eqs.(3.58), thereby obtaining

(3.67)

where v is the ml-dimensional vector of generalized flexible twist defined in

eq.(2.29) and M is the ml x m' generalized extended mass matrix of the sys­

tem, given by• M= diag (Ml M2 ••• M,) (3.68)
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Here, Mi is the m; x m; extended mass matrix of link i dcfined in eqs.(3.5), whilc

bS , bK, bE, bD and bG are m'-dimensional generalized-forcc vcctors accoulltiug

for system wrenches, kinematic-constraint wrenches, external wrenchcs, damping

or dissipative wrenches and gravity forces, respeetively. MOl'cover, bE, bG and

b S can be written by assembling external wrenches, gravity forces and systcm

wrenches of ail links as

bE = [ (bff
'f

(bff (b~)'f ] (3.ml)

bG
= [ (b~Y

'f
(b~)'f (b?)'f ] (3.70)

bS = [ (bW (bW Mff (3.71 )

where bf, bf '~nd br are as defined in eqs.(3.58i), (3.58h) and(3.66), rcspcctivcly.

By definition, the power TIl( develulled by the nonworking kincmatic con­

straint wrench bl( vanishes, i.e.,

(3.72j

Upon substitution of v imm eq.(2.35) into eq.(3.72), one obtains

(3.73)

Since ail components of iJ1 are independent, the above equation leads to

(3.74)

•

where Om' is the m'-dimensional zero veetor, Le., bl( lies in the nullspace of NT.

Upon multiplication of both sides of eq.(3.67) by N'f, the vector of nonworking

constraint wrenches is eliminated from the dynamical equations of motion. 'l'hus,

the dynamics model of the mechanical system is given by

(:3.7.5 )
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Morcovcr, diffcrentiation of eq.(2.35) with respect to time yields

(3.76)

Upon substitution ofv from eq.(3.76) iuto eq.(3.75), q independent dynamical

cquations of the mechanical system, which are the minimum number of equations,

arc derivcd as

(3.77)

whcre M is the q x q positive-definite matrix of generalized inertia, defined as

(3.78)

•

•

Therefore, it has been shown that using the methodology of NOe leads to the

climination of the nonworking kinematic-constraint wrenches as weil as to the

dcrivation of the minimum number of equations.

3.4 Simulation

The dy(w.!!li~s model of the manipulator represented by eq.(3.77) involves highly

nonlinear coupied ordinary differential equations defining an initial-value problem

that is solved with Gear's method (Gear, 1971) for numerical integration, as

available in the DIVPAG package from IMSL.

The dynamic simulation can be performed using the following steps:

" Off-line computations

- compute constant matrices Cil, C i2 , C~}, C~~ and C~ using eqs.(3.15)

and (3.11);



• Chapter 3. Dynamics of Multibody Systems \Vith Kinematic Loops and Flexible Links 51

•

•

- Compute conventional stiffness matrix of each element of a lillk using

expressions available in the literature (Przemieniecki, 1968) or direct

integration formulas (Cook, 1981).

• On-line computation

Give initial values for 81 and il 1 as well as the time history of the actuated

joint torques.

For i = l" .. , r do

- Compute Pi and rk using eqs.(2.16) and (2.30), respectively;

- Compute Pi, Wk and rk using eqs.(2.26), (2.34a) and (2.34b), respec-

tively;

- Compute the mass matrix Mi and its time-rate of change, M;, using

eqs.(2.5) and (3.65), respectivelyj

- Compute the geometric stiffness matrix Kfjn of each clement of the ith

link llsing eq.(3.29)j

- Compute the stiffness matrix of link i, Ki, using eq.(3.25)j

- Compute the system wrenches bf, bfl and br using eqs.(3.66), (3.58i)

and (3.58h), respectivelYi

end do

.-
- Compute bE, b G and b S using eqs.(3.69), (3.70) and (3.71), respec­

tively;

- Compute M using eq.(3.68)j

- The following steps depend on wh"ther the formulation of the problem

is in joint or in Cartesian space.

Formulation of the problem in joint space:
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* Compute BD as described in Subsection 2.7.1;

* Compute iJ D using eq.(2.44);

* Compute NOC matrix N as described in Subsection 2.7.1;

Formulation of the problem in Cartesian space:

* Compute BD and iJD as described in Subsection 2.7.2;

* Compute NOC matrix N as described in Subsection 2.7.2;

- Compute M using eq.(3.78);

- Compute 91 using eq.(3.77);

- Compute the state-space vector y (change 91 to first order derivatives)

as

y= [~: ]- [:: ]
• and

[~: ] [:: ]y= -

(3.79a)

(3.79b)

- Use a direct numerical integration scheme (Gear method) to compute

the state vector for a new step in time, i.e, t +- t + t..t.

The inverse dynamics can be carried out by rearranging the dynamical equa­

tions of the mechanical system represented by eq.(3.77), namely,

(3.80)

•

The time history of motion of the mechanical system, namely, BI(t), iJ I(t) and

91(t), is given, while M, N and Mare computed as explained in the simulation

algorithm. However, ail computations are carried out by setting to zero the

generalized coordinates associated with link flexibility, namely, lli(t) and Ùi(t).

Therefore, using eq.(3.80), in light of eqs.(3.69) and (3.58i), the time histories

of the actuated joint torques can be derived for the rigid-link mode!.
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Chapter 4

Dynamics of Two Cooperating

Flexible-link

Manipulators-Planar Case

4.1 Introduction

Cooperating seriai and multi-armed manipulators are expected to be used in

many situations, especial1y in space applications. This has prompted rescarch

work in this area. Sorne researchers have studied the dynamics of multi-armed

manipulators with rigid links (Lilly and Orin, 1!i94; McMillan et al., 1992; Zhcng

and Luh, 1989). However, long and light-weight links, high-spced, a:!d accu:'atc

manoeuvres are sorne important features of space systems, requiring considera­

tion of link flexibility in the corresponding models. Cooperating manipulators

can be modelled as multibody systems with kinematic loops. Hence, the mod­

elling formulations described in Chapters 2 and 3 can be used for modelling these

manipulators. As an example, the dynamics simulation of two planaI' coopcrating

manipulators is considered here using for both rigid and flexible-link models to
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show the effect of link f1exibility. It may be easier to develop the dynamical equa­

tions of motion for planar systems starting from the beginning instead of using

the general ones developed earlier. Therefore, modelling of the planar system at

hand is first carried out. The formulation of the problem is usually carried out in

Cartesian space, since the end-effector motion is prescribed in many applications

for cooperating manipulators. On the other hand, the formulation of the problem

in joint space is also conducted to compare the speeds of operation for the two

formulations. In addition, the effect of structural damping on the simulation re­

sults is also considered. The chapter concludes with the comparison of the results

of the formulation in Cartegian and joint spaces in order to ah<'w the consistency

(lf the simulation scheme.

x,r,

;1!~~~0'
x,

.~::::::r:~."
y, ~

3'j - '",~:::::::::...l.---.:. ~a~'~2 -<!~~--.:x:..<!'_0,,0,
/

•

Figure 4.1: Two cooperative f1exible-link manipulators

•
Figure 4.1 shows two identical planar manipulators separately mounted on the

same base structure and participating in changing the position and orientation of

a rigid object coupied to the manipulators via revolute joints of centres 05 and

0 6 , The two manipulators have four flexible links 0.0'+2, for i = 1, ... ,4, which
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are connected to each other by revolute joints. The DaF of this example can be

obtained by rewriting eq.(2.41) for planar systems, namely,

and n; determining the number of nodal coordinates of link i associated with

link flexibility. Inserting the above relations into eq.(4.1), one obtains the DaF

of the system at hand as

Hence, this example has three rigid DaF. Four motors, located at 0 1, O2, 0 3 and

0 4 , drive the joints. However, the motor at joint 0 4 becomes idle by using a clutch

when the two manipulators are participating in a coordinated activity, which gives

rise to a manipulator with a kinematic loop. Moreover, !J;, for i = 1, ... ,5, is the

angle of rotation of the joint at 0;, while !Je and r e describe the orientation of the

manipulated object and the position vector of its centre of mass, respectively.

•

rI

q = 3r - 2v +~ n;
1=1

where

r=number of moving links=5,

v= number of joints =6,

r1= number of flexible links=4,

4

q=3+~n;
1:1

(4.1 )

(4.2)

•

4.2 Modelling of the Flexible Links

The approach for modelling the dynamics of link i is similar to that described in

Sections 2.3, 2.4 and 3.2. However, sorne modifications are applied on sorne of

the definitions, in order to ease the modelling for the planar systems as follows:

The m:(= 3 +ni)-dimensional vector of flexible-pose of link i is dt'jned as

qi = [<Pi rT Ui(t)Tr (4.3)
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Element j

\
Link i

P.

"'--- Xo
00 /

.1,

Figure 4.2: Modelling of the planar flexible links

while the m;-dimensional vector of flexible-twist, Vi, of the same link is defined,

for this particular case of planar motion, simply as the time-derivative of qi, i.e.,• Vi == qi (4.4)

With reference to Fig. 4.2, Oi is the origin of the coordinate frame XiY; (.ri)

fixed to link i, ri is the 2-dimensional position vector of Oi in the inertial frame

Xoyo (.rD), <Pi is the angle of orientation of Xi with respect to Xo and Ui(t) is the

ni-dimensional vector of generalized coordinates associated with link flexibility,

with ni determining the number of nodal elastic displacement of link i. The 2­

dimensional position vector, in .rD coordinates, of any point Pi of link i can be

written from Fig. 4.2 as

Pi = ri +di = ri +R;[d;]i (4.5)

•
where Ri is the rotation matrix of fr:J.me .ri with respect to the inertial frame,

while di and [d;]i denote the position vec~or of point Pi, of frame :Fi, expressed

in the inertial frame .rD and in frame .ri, respectively. The position vector [d;]i

can be obtained using eq.(2.15). Here, it may be noted that Li(POi) and Lf(POi)

are 2 x ni and 2 x mi matrices, as defined in eqs. (2.10) and (2.14), respectively.
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The velocity of any point Pi of Enk i can then be written as

Pi = ri +B.i[d;]i +RiLi(PO;)Üi(i)

where B.i[d;]i can be written for planar systems as

B.i[d;]i = wiEdi = EdiWi = ERi[di]iWi

5i

(4.6)

(4.7)

while Wi = ~i is the scalar angular velocity of the frame :Fi of link i with respect;

to the inertial frame and E is the 2 x 2 orthogonal matrix that rotatcs vectors

through 90° counterc1ockwise, namely,

It is thea possible to write Pi as

(4.8)

Thus, from eq.(4.9), Pi can be written as a linear transformation of the vcetor of

flexible twist, namely,•
Pi = ri +Ediwi +RiLi(POi)Üi(i)

Pi = WiVi

where W i is a 2 x m: matrix, namely,

W i = [Ed i 122 RiLi(POi )]

while 122 is the 2 x 2 identity matrix.

Now one can derive an expression for the 1,: 'etic energy of link i as

(4.9)

(4.10)

(4.11)

with Mi = 1PiwTwidvi
Vi

(tl.12)

where Pi and Vi are the mass density and volume of the link i, rcspcctivcly.

Moreover, Mi is the mi x mi mass matrix of link i derived by introducing W i

from eq.(4.11) into the above equation, and is given by

dTd· dTET dTETRiLi( Po;)• 1 •

• Mi= 1 Edi 122 R;Li(POi) Pidvi (4.13)
Vi

LT( POi )RTEdi Lf(POi)RT Lf(POi)Li(POi)
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Finally, the Lagrange equations of motion for link i can he derived from

58

(4.14)

in which Ti and V; are the kinetic and elastic strain energies of link i, eqs.(4.12)

and (3.24), respectively, whilefi is the m:-dimensional vector of generalized forces,

defined as

in which f,E, fP, f,K and f,o are the contributions to the generalized forces from

the external forces and torques, dissipative or damping forces, nonworking kine­

matie constraint forces resulting from kinematic coupling of the links, and gnvity

forces, respectively. Upon substitution of eqs.(4.4) and (4.12) into eq.(4.14), the

dynamics model of link i is obtained as

• MiVi = fiS +fi

where the system wrench of link i, f,s, is defined as

S a (1 T • av;b· = - -v· M'V') - M·v· --'-a 2'" "aqi qi

(4.15)

(4.16)

(4.17)

4.3 Formulation of the Kinematic Constraints

The m' = Er=1 m:-dimensional vector of generalized flexible-twist is obtained for

this example by using eq.(2.29) as

v = [w r'T üT1 1 1 (4.18)

•
where Wc = Oc is the angular velocity of the manipulated object and rc is the

velocity of the centre of mass of the manipulated object. The position vector of

point 0H.2 of Fi, expressed in the inertial frame, as shown in Fig. 4.1, takes on

the form

(4.19)
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where [<Ioi,i+2]i and [a,i,i+2Ji are, respectively, the position vector of point 0;+2 in

the undeformed configuration of link i and the elastic displacement of point Oi+2,

expressed in link i. Differentiating ai,i+2 with respect to time leads to

(4.20)

where eqs. (4.6) and (4.7) are recalled and Li(OOi,i+2) is the 2 x ni shape-functioll

matrix evaluated at point 0i+2 in the undeformed configuration of link i, as

defined in eq.(2.31). Hence, the components ofv are computed hy using eqs.(2.34)

for planar systems, in light of eq.(4.20), as

•

Wi = !Ji

Wi+2 = Wi + 11;+2 +Wi,i+2

ri+2 = ri +Eai,i+2w; +R iL i(OOi,i+2)Ùi(t)

Wc = !JI + !Ja +Wla +Wa5 + !J5

r c = ra + ~wCEa56 +Eaa5Wa +RaLa(Ooa,5)Ùa(t)

(4.21a)

(4.21h)

(4.21c)

(4.21d)

(4.21e)

(4.21f)

where i = 1,2, and Wi,i+2 is the angular velocity of the frame :Fi+2 with respect

to :Fi, resulting from the elastic displacement of link i, that can he written for

small displacements as

Wi,i+2 = xTÙi(t) = (If/11 <Ioi,;+2Il) Ùi(t) (4.21g)

•

Here, Xi is ~n ni-dimensional vector, while If is defined as the second row of

L i(OOi,i+2) and Il.11 is the Euclidean norm of the vector (.).
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(4.22a)

•

The approach exp!«ined in Subsection 2.7.1 is now applied to this example. The

(q +2)·dimellsional vector of generalized coordinates is obtained as

0= [or Ob r
where 0/ is the q-dimensional vector of independent generalized coordinates, de­

fined as

0/ = [o[ O2 th ui(t) uf(i) uni) uJ(i) r (4.22b)

Bere, Oi, for i = 1,2,3, is the actuatedjoint angle and ui(i) is defined in eq.(4.3).

Moreover, 0D is the 2-dimensional vector of dependent generalized coordinates,

defined as

(4.22c)

in which Oj, for j = 4,5, is the unactuated joint angle, as shown in Fig. 4 1 The

loop-constraint equation for the problem at hand can be derived using Fig. 4.1,

as

(4.23)

Il is possible to write the above equation in terms of local coordinates as

with Rj, the rotation matrix of frame:Fj with respect to the inertial frame, given

as

for i = 1,2

for i=I,2,3

(4.25a)

(4.25b)

•
whcre

for i = 1, ... ,5 (4.25c)
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Moreover, Fi is the rotation matrix associatEod with the flexibility of link i, which

can be written for small displacements as

F; = [1 -';],i 1
(4.25d)

where ,i is the joint angle associated with the link flexibility, as dcpicted in

Fig. 4.1, and is given by

(4.25e)

•

Here, [aei,i+21i and ao;,;+2 are defined in eq.(4.19), while Ch is the second COIll­

poner" of vector (.). Introducing R j from eqs.(4.25) into eq.(4.24) and expand­

ing the equation thus resulting, one obtains two nonlinear scalar equations that

should be solved numerically to obtain the dependent generalized coordinates 9[)

in terms of the independent ones, 9/. The Newton-Raphson method is uscd to

solve the above-mentioned equations.

The vector of dependent generalized speeds 9[) can be expressed in terms of

ih by differentiating both sides of ,~q.(4.23) with respect to time and applying

eqs.(4.20)-(4.21) and aS6 = wcEaS6, namely,

R 1L,(OOl,3)U,(t) +9,Ea'3 +R3L3(003,S)U3(t) + [0, +03+
T .., TT'

x, u,(t)]Ea3S + [0, +03+Os +x, u,(t) +x3u3(t)]EaS6 - 02Ea24

-R2L2(002,4)U2(t) - [92+94+xfu2(t)]E~6 - R4L4(004,6)U4(t) = O2

(4.26)

The above equation can be written in compact form as

where N / is the 2 x q matrix defined as

•
(4.27)

(4.28)



• Chapter 4. Dynamics of Two Cooperating Flexiblc-link Manipulators-Planar Case 62

with further definitions, as follows:

•

C3 = E(a3S +aS6)

C4 = RILI +E(a3S +aS6)xf

Cs = -R2L 2- E146Xf

C6 = R3L3+Eas6x j

In addition, ND is a 2 x 2 matrix, namely,

ND = [ -E146 EaS6]

Now, use of eq.(4.27) leads to

. l '
BD = -ND NrBr

Here, the inverse of the 2 x 2 matrix ND can be readily computed as

(4.29a)

(4.29b)

(4.29c)

(4.29d)

(4.2ge)

(4.29f)

(4.29g)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)•

Upon substitution of NDI from eq.(4.32) into iJ D, one obtains the dependent

generalized speeds in terms of independent generalized speeds as

iJD= [ ~4 ] = [ -:k:f6Nr.iJr ]
Os Xa46NrBr

Introducing i}D from the above equation into eqs.(4.21), the components ofv can

then be expressed in terms of the independent generalized speeds iJ r, which leads

to the m' x q NOe matrix N, in light of eq.(2.35), as follows:

N = [DO ot NÔ Ofq Nf ni Nf n2 NI r
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while the q-dimensional row vectors nl, nT, and nI together with other matrices

are given by

n5' = [1 0 0 O~I

nT = [0 1 0 O~I

nf = [1 0 1 xT

[

0lnl Onl On,No =
o 0

0~2 O~,

x T OT OT] - ..!:..aTsNI
2 ",". .tl. 5

0~2 xI O~.] + ~aTsN I

lnini Onln2 Onln3 On1n4]
OT OT OT OT

nt n2 na n...

(4.35a)

(4.35b)

(4.35c)

(4.35d)

•
(4.35e)

(4.35f)

where 0; is the j-dimensional zero vector, Oi; is the i xj zero matrix and l;; is the

j xj identity matrix. Moreover, NI is as given in eq.(4.28), while Li == Li(OOi,i+2)

is defined just after eq.(4.20).

4.5 Formulation in Cartesian Space

The approach explained in Subsection 2.7.2 is used for the problem at hand.

The q-dimensional vector of independent generalized speeds iJ I can be defined in

Cartesian space as

• l'

üf(t) üf(t) üI(t) ür(t)] (4.36)



• Chapter 4. Dynamiw of Two Cooperating Flexible-link Maniplll~tors-Planar Case 64

The NOe matrix N is obtained by resorting to the linear relations between the

flexible twists of the links and iJ f as follows. The position vector r c can be

obtained using two different paths in Fig. 4.1 as

1
rc = a'3 + aa5 + 2"a56

1
r c = a'2 + a24 +~6 - 2"a56

(4.37a)

(4.37b)

(4.39a)•

Differentiating eqs.(4.37) with respect to time and introducing ai.i+2 from eqs.(4.20)

and a56 = WcEa56 into the equations thus obtained yields

rc = w,Ea,a +R,L,u,(t) +WaEa35 +RaLaua(t) + ~wCEa56 (4.38a)

rc = W2Ea24 +R2L2U2(t) +w4E~6 +R4L4U4(t) - ~wCEa56 (4.38b)

The scalar angular velocity Wh for j = 1, ... ,4, is obtaiued in terms of (h by

rearranging eqs. (4.38) as

[
Wi ] =y i,i+2iJ f for i = l, 2

Wi+2

where Yi.i+2 is the 2 x q matrix given by

Yi,i+2 == [Eai'i+2 Eai+2.iH] Xi,i+2

and

X,a = [-!Ea56 122 -R,L, 02n2 -RaLa 02n,]

X 24 = [!Eas6 122 02nl -R2L2 02n3 -~L4]

(4.39b)

(4.39c)

(4.39d)

Inserting Wj from eqs.(4.39a) into eq.(4.21d), ri+2 can also be expressed in terms

of iJ f as

(4.40)

(4.41)•
where (.)(i) is i th row of matrix (.). Hence, using eq.(2.35), the m' x q NOe

matrix N takes on the form shown below:

N = [Yfa(l) oIq NI oIq Nf Nl Nf Nr N§' r
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One has, additionally, the definitions given below:

The comparison of the two formulations shows that the formulations in joint

space requires more computational work than the one in Cartesian space. The for­

mer needs the direct kinematic solution, which requires the solution of nonlinear

equations. Moreover, the direct kinematic solution will be a very time-consuming

task in case of systems with more than two cooperating manipulators. It will be

shown later that the CPU time for simulation of a numerical example of the

problem at hand, formulated in Cartesian space, is 75% of the one formulated in

joint space.

4.6 Simulation Results

The equations of motion of the entire mechanical system are obtained by assem­

bling ail the individuallink models together, as mentioned in Section 3.3.
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Table 4.1: Physical parameters of two cooperative manipulators

Link Length Mass El
(metre) (Kg) (Nm2)

1(010 3 ),2(020 4 ) 0.45 .0623 7.815
3(030S),4(040 6) 0.55 .0761 7.815

manipulated object(Os06) 0.40 0.665 Rigid

The physical parameters of this example are given in Table 4.1. It may be

noted that 2, 4, 6 and 8 beam elements for each flexible link are used to discretize

the flexible links, the results in ail cases being nearly the same. Hence, from now

on, two beam elements for each flexible link are used to discretize the flexible

links in our examples in order to reduce the simulation t.ime. Similarly, it has

been found that using the first two, four or six modes of each flexible link for

defining modal coordinates leads to nearly the same results. In this example, two

beam elements for each flexible link are used to discretize the flexible links as

weil, and the first two modes of each flexible link are used.

4.6.1 Comparison of the Simulation Results in Cartesian

and Joint Spaces

The simulation of the problem at hand is performed for formulations in both

Cartesian and joint spaces under the same conditions in order to compare the

simulation results for both cases.

A prescribed cycloidal manoeuvre for the centre of mass of the manipulated

object, which undergoes a horizontal translation, and the angle of orientation of

the manipull1ted object, are chosen as follows:

• (
t 1. 211"t\

Xc =0.2 +0.5 T - 211" sm T) o~ t ~ T
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O::;t::;T

Here, Xc is a horizontal translation, i.e., the component of f e along the Xo axis,

measured in metres, and (Je is the angle of orientation, measured in radians, of thc

manipulated object, as shown in Fig. 4.1, while T = 0.5 s. Hence, one may carry

out the simulation based on the prescribed motion of the manipulated object in

Cartesian space. To this end, the inverse kinematics of the rigid-link modcl is

used to derive the nominal actuated joint angles and their time-rates of changc,

which are shown in Fig. 4.3.

Joint 1

Joint 3

--------

-g 2f'--C-~-:'::~-~-~:=:~-_-~~--- - __
c: - -_
00 1 ---

~ r- ~J:o~in~l~2 J
~ O~
ë5..,

-1 '------'-----'------'-------'------'
o 0.1 0.2 0.3 0.4 0.5• lime, S

Joint 1
------:=:;.,..-j...... ~.;; .....

.... "" "".......
..... .-. -.;; ""~"'::.::.....

,
, '

...... - - ....... JolnI2

, , , ,

.-.- - - -'­- - -

~2,...-----r-----,----...,....----r------,

c: Joint 3

en
~ 0

'"Cl
'6>-2
le
~o _4L- -:-'- -"''::- ,-',- --' ---'
.., 0 ~1 ~ 0.3 OA M

lime, S

Figure 4.3: Actuated joint angles and their time-rates of change of the two coop­
erative manipulators

•
On the other hand, the joint trajectories shown in Fig. 4.3 are chosen for the

prescribed manoeuvres of the actuated joints for the simulation in joint space.

The actuated joint torques are then computed using inverse dynamics for formu­

lations in both Cartesian and joint spaœs, the results of which arc dep:,-ted in

Fig. 4.4. Next, the actual motion of the manipulated object, i.e., its orientation
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and translation, are computed by performing the simulation of the formulations

in Cartesian space as obtained in Section 4.5. At the same time, the manipulated

object motion is also computed based on the formulations in joint space using

eqs.(4.21e) and (4.2lf) for the actual mode!. The simulation results for both cases

are depicted in Figs. 4.5 and 4.6. Given the manipulated object motion and joint

angles 'Yi associated with link flexibility, as depicted in Fig. 4.1, the total angles of

rotation 'Pi, as weil as the joint angles Oi and their time-rates of change are derived

using the inverse kinematics for the model containing flexible links in Cartesian

space. On the other hand, using the simulation of the model in joint space, as

obtained in Section 4.4, joint angles and their time-rates of change are computed

for the given joint torques using a model containing flexible links. The results for

both formulations are shown in Figs. 4.7-4.9. Significant elastic displacements

are observed in the flexible links, the results of which are shown for both cases

in Figs. 4.10-4.13. The simulation results for both formulations are shown in

the same plots in order to compare them. The overall results presented in the

above-mentioned figures show that the simulation srheme is quite consistent for

both formulations.
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Figure 4.4: Actuated joint torques of the two cooperative manipuiators (Cartcsian
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Figure 4.5: Orientation of the manipulated object and its time-rate of change of
the two cooperative manipulators (rigid -, Cartesian - -, joint - . -)
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Figure 4.9: Joint angle 3 and its time-rate of change of the two cooperative
manipulators (rigid -, Cartesian - -, joint - . -)
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Figure 4.11: Tip deflection and its time-rate of change for link 2 of the two
cooperative manipuiators (Cartesian -, joint - -)
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4.6.2 Structural Damping

III ol'del' to illustrate the dfect of structural darnping, simulations have been per­

formed for two cases, olle illciuding structural damping and one without il. The

dalllping coefficient for ail the modes of the fiexible links are taken equal to 1%.

The simulation results fOi' manipulaied object motion, joint angles and tip de­

f1eet.;ons of the flexible links along with their time-rates of change are shown in

the following figures. As it is apparent from the figures, the oscillations grow un­

"ounded especially toward the end of the simulation, in the absence of structural

dmnping. However, there is no S(drCe of energy in the system to explain the

growth of the oscillations. Moreover, the smoothness of the trajectory for the ac­

tuated joillt torques doesn't allow any initiation of real e!astic oscillations. Hence,

this growth is not duc 1,0 physical reasons but rather numerical integration errors

associated with discretization. On the other hand, consideration of structural

damping does not allow the growth of spurious oscillations. It is evident from

the reoults that consideration of structural damping leads to a reductioIl of the

oocillations at the end of the simulation. Moreover, it is possible to inCl'ease the

timc step of the simulation time by inciuding structural damping in the system.

Furthermore, consideration of structural damping and smail time step compen­

sate for the errors that result from using the tabulated values of the actuated

joillt torqucs, computed based on a rigid-link model, to obtain the actual motion

of the system at hand.
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Figl1l"e 1.20: Til' deflection and its time-rate of change for link 1 of the two
cooperative manipu!ators (with damping - -, without damping-)
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cooperative manipulators (with damping - -, without damping-)
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Figure 4.22: Tip deflection and its time-rate of change for lillk :1 of 1.11" \.wo
cooperative manipulators (\Vith damping - -, withollt dalllpillg --)

O.S0040.30.20.1o

1

~ fJ,

~~A
- ~ li--

1

E...­
c
g
al
:; 0
"0

~

•

Time, s

11..
~

O.S

MMN~,c 0.g
"ID
'iii-o.s
"C
a.
1= -1

0.3 004 O.S0 0.1 0.2
lime,s

Figure 4.23: Tip deflection and its time-rate of change for link 4 of \.h" \.wo
cooperative manipuiators (with damping - -, withollt damping --)



•
Chapter 5

Dynamics of Planar Flexible-Link

Parallel Manipulators

• 5.1 Introduction

•

ln this chapter, another type of robotic manipulators with kinematic loops and

lIexible links, namc!y, planaI' paraIIcI manipulators, is presented. ParaIIel manip­

nlators arc mechanical systems with multiple kinematic loops. They comprise

(,wo platforms, one fixed to the ground and one movable. The modeIIing formu­

lations described in Chapters 2 and 3 are applied here to perform the simulation

or the manipula.tors at hand. Sorne modifications in the modeIIing are made in

order to simplify the formulation for planaI' systems, in the light of the modeIIing

described in Section 4.2.

Figure 5.1 shows a planaI' paraIIeI manipulator that contains flexible links and

kinematic loops, the end-effector being assumed l'igid. It has six flexible links,

OiOi+:\, for -i = 1", .,6, and a rigid triangulaI' end-effector, 070S09.
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Figure 5.1: A planaI' flexible-link parallcl lllanipulator

The DOl" of the system at hand can be oMained by usiug eq.('1.1 ), nall\(,ly,

6

q = 3 +L ni = 3 +61'
i=1

(ri. 1)

where the number of generalized coordinates associated with f1(,xibiliLy I(lI' "II

flexible links is assumed to be the same, i.e., ail flexible links have the sall\('

number l' of nodal coordinates. Equation (5.1) shows that the systelll has thr""

rigid DOl". The motion of ail links is planaI' and three motors, located iI.t (JI, (J,

and 0 3 , drive the fixed joints.

•

If the end-effector motion is prescribed, the formulation of the problelll in

Cartesian space should be applied, which is discussed in Section.5.2. Ilere, Lo show

the effect of geometric nonlinearities in the e!astic displacclIlents, " prcseri bed

manoeuvre for the centre of mass of the end-effector is given with a very SlIlidl

time period T, in order to account for a high-speed operation. StructllI'al daInping

is not considered in this example.

On the other hand, the formulation of the probJem in joint space IS used



when the motion of the actuated joint angles and their time-rates of change are

prescril",d, which is studied in Section 5.3. In formulating the problem in joint

SI"'CC, the direct kinematic solution of the pat'allel manipulator, which is a very

tinIe-consuming task, is required. However, there is no need for this task in

fOl1nul,tting the problem in Cartesian space.

•
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•

5.2 Dynamics of the Planar Parallel Manipula­

tor in Cartesian Space

'l'he dynarnics of the planar paralle! rnanipulator, as shown in Fig. 5.2, in Carte­

siml space is 1110delled firs!" With reference 1,0 Fig. 5.2, Îi is the joint angle

associated with the f1exibility of link i, while 'Pi is the total angle of rotation of

the joint ccntred at Oi, i.e., it is the sum of the joint angle, Oi, and that due to

the link Ilexibility. Using this model, some simulation results are obtained, and

presented subsequently.

'l'he dynamical model of an individual beam-shaped!ink i, as shown in Fig. 5.3,

is first formulated as an uncoupled body, as explained in Section 4.2. Then, the

dynamical mode! of the entire system in Cartesian space is obtained by assembling

alllinks together via their kinematic constraints, using the method of the natura!

orthogonal complement.

The twist-constraint equations of the holonomie system at hand can be ex­

pressed as

•

5.2.1 Modelling

Av=Op (5.2)
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Figure 5.2: Geometric configuration of the planar parallcllllanipniator

where v is the m'(= I:i=l m: +3)-dimensional veetor oL generali~ed twist, whirh

is composed of the vectors of flexible twists of ail 1lI0ving links, whieh are the

same as defined in eq.(4A), plus the twist of the rigid end-efl'eetor, nalllely,

(!i.:l)

•

With rcference to Fig. 5.3, ri is the 2-dimensional position vector of origin (Ji with

respect to the inertial frame and Wi is the scalar anglllar vclocity of the l'rallie

Fi(Xili), attached 1.0 link i, with respect 1.0 the inertial frame. MOI'eover,I/) and

c denote the angle of orientation of the end-effector and the position vedor or the

centre of mass of the end-effector with respect to the inertial frame, respectivdy,

as shown in Fig. 5.2. In addition, ,. is t~e number of ail moving links in the

system, which is six here, and the matrix A appearing in eq.(5.2) is the li X 'III.'

twist-constraint matrix, while Op is the IJ-dimensional zero vector, with li defined

:lS the number of t.wist-constraint equations. Additionally, Ui == u;( 1) is the '/t­

dimcnsional vector of generalized coordinates associated with the f1exibility of

link i. Vector v, defined in eq.(5.3), can be expressed as a linear transformation

of iJ l, which is defined for a q-degree-of-freedom system as a q-dimensional vector
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of ùlIlcpr:ndcnl generalixecl speecls, Ilamely,

where N is the m' X q natura! orthogonal complement (NOC) of matrix A.

85

(5.4)

• o
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Figure 5.3: Moclelling of the flexible beam-shapecl link i

'l'he fonn of () 1 depencls on whether the system is being moclellecl in joint

'pace or Cartesian space. Vector iJ 1 is usually composecl of actuatecl joint speecls

plus the genera!izecl speecls associatecl with flexibility in joint space; while, in

Cartesian space, iJ 1 can be c1efinecl as the array containing the encl-effectol' twist

plus t,he gelleralized speecls associatecl with flexibility. The (3 +6n )·climensiollal

vectnr iJ l, in the laLter case, can be written as:

(5.5)

•
whel'e al! quantities are as c1efinecl just after eq.(5.3).

[n fonnulating the problem in Cartesian space, using an expression for the

position vector of the centre of mass of the encl-effector, il, is possible 1,0 express
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vas a linear transformation of ih, which leads 1.0 th" Noe N as fo\lo",s. \','dOl

c can be determineclllsing three cliffercnt paths in Fig. f),2, nall\l'\~', O,U.,O,(',

0102050SC and 0,030GO"C 1.0 go l'rom origin 0, 1.0 C, t.h,' ('('lItTC or IIlass or

the encl-effector, as shown in Fig. 5.2. l'hesc t.hree pat.hs til('n yi"ld

(rdia)

(rdi!> )

•

where ai,i+3, for i = 1, ... ,6, is the positioll vedor of point (he" in Fi, iI'l<l a"

for j = 7,8,9, Ï3 a vector on the encl-effector O,OsO" frolll the origin Oj 1,0 point

C, expressed in the inertial frame, as shawn in Fig. 5.2, while VPC!.OI'S t\1:.! i\.lld

al3 are fixecl, Using the same approach as in Section '1.:1, th" tin,,, '!<-l'ivativ(' or

vector ai,i+3 takes on the form

ai,i+3 = WiEai,i+3 + RiLiÜi( 1), '/, = l, ... , Ci

where Li == L i(OOi,i+3) is the 2 x n shape-fllncl;ion lIIatrix evalll",t"d al, point (he"

in the undeformed configuration of link i, as clefincd in e'l.(2.:11),

DifIerentiating eqs.(5.6) with respect 1.0 time alld applying (''18.(.1.7) l'or ili,i'\'"

and using aj = ',pEaj, for j = 7,8,9, olle obtains

•

è = w\Ea\'1 + RILlül + w,\Ea'I' + R1L,\Ü'1 +liEa,

è = W2Ea25 + R2L2Ü2 + W5Ea5S + R 5L5ü" + </;EaH

è = W3Ea36 + R3L:JÜ3 + W6Eali" + R<;L<;ü" + ,iJEa"

Rearranging eqs,(5,8), Wi is obtained in terms of iJ 1 as:

[
Wi ] = [Eai'i+3 EaWJ'i+Ü] -\ Xi,i+"iJ 1

Wi+3

where i = 1,2,3, and Xi,i+' are 2 x (:1 + 6n) matrices defined as

(!i.Sc)

(!i.!J)
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X 3G = [-Eag 122 02n 02n -R3L 3 02n 02n - R GL 6 ] (5.12)

wit.h 1 22 defined already as the 2 x 2 identity matrix, while O 2,, is the 2 x n zero

matrix. lIere, the 2 x 2 inverse appearing in eq.(5.9) can be readily computed as

Now, r;, the vclocity vector of Oi in the inertial frame, as shown in Fig. 5.2,

cau be derived, in light of eq.(5.7), as

•
(5.14a)

(5.14b)

•

where ·i = 1,2,3, and O2 is the 2-dimensional zero vector, while other quantities

have been defined already. Vpon substitution of Wi from eqs.(5.9) into eqs.(5.14),

r;+3 can also be expressed in tel'ms of iJ[. Therefore, suhstituting eqs.(5.9) and

(5.14) into eq.(5.3), v can be expressed as a line~.r transformation of iJ [, which

leads 1.0 N. V pon assembling the dynamics equations of all links and using the

above modelling scheme for deriving the NOe N, the model of the system al.

hand can be obtained by using eq.(3.77). It may be noted that, in this example,

m' = 21 +6n, while q = 3 +6n.

Effeet of Geometrie Nonlinearities

As mentioned in ehapter 3, coupling of the longitudinal and transverse displitce­

ments of the beam-shaped links results from consideration of the effect of geomet­

rie nonlinearities in the elastic displacements. The latter arise, in turn, because

of a term that should be added 1.0 the elastic strain energy of the beam clement j
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of link i in Fig. 5.3. This tenn can be obtaincd by usiug cq.(~1.2G) roI' planaI'

beam-shaped links as

(5.15 )

where the fo\lowing assumptions for planaI' beal11-shapcd links arc rccalbl.

(5.IG)

Introducing [Exxli; from eq.(3.27c) into eq.(5.15), one obtains

(5.17)

•
where li; is the length of the element j of linki and Vi; is its t,ntnsvel'se diH­

placement. Moreover, fi; (X, i) is the axial internaI force, which can rCHnlt rrom

sources such as centrifugai effects associated with the angnlar velocity of link i.

Equation (5.17) is obtained under the fo\lowing assnmptions: Thc beam has a

constant cross-section throughout the element and the axial displacement can be

ignored, i.e., the first tenn of eq.(3.27c) vanishes.

Then, using eqs. (3.28)-(3.31), one obtains Kr;' for the bcal11 elcment j of

link i as

where Li; == Li;(POi ) is the 2 X ni; shapc-function matrix of elel11ent j evaluated

at any point Pi in the undeformed configuration of link i, as defined in eq.(2.5).

If it is assumed that J;;(X, i) is constant along the element, the form of Kr]', for

a given axial force, can be obtained from (Przenlieniecki, [9(7). Therefore, the

stiffness matrix can be thought of as composed of two parts: the conventional

stiffness matrix (Cook, 1981), which is constant, plus a geol11etric stirrness matrix,

which is configuration-dependent, namely,• Ki; = Ki; +Kr;

(5.18)

(5.19)
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Table 5.1: Physical parameters of the planaI' parallel manipulator

Link Dimension Mass El
(metre) (Kg) (Nm2)

1(010 4),2(02 0 5 ) 0.45 0.0623 7.815
and 3(03 0 6 )

4( 0.,07 ), 5(05 0 8 ) 0.55 0.0761 7.815
and 6( 0 6 0 9 )

End-effector( 0 7 0 8 0 9 ) 0.40 0.0959 Rigid

89

•

This expression is used to account for the effect of geometric nonlinearities, which

lead to a coupling that has a considerable effect on the elastic displacements of

beams in high-speed operations.

5.2.2 Simulation Results

The physical parameters used in this example are given in Table 5.1. In this

example, two beam elements for each flexible link are used to discretize them

and the first two modes of each flexible link are used for defining the modal

coordinates.

A prescribed cycloidal manoeuvre for the centre of mass of the end-effector,

which undergoes a horizontal translation, at a constant orientation, is given below:

x = ~ +~ ( 1. _ .l.. sin ~r.t )5 2 T 2. T
(5.20)

•

Here, :1' is measured in metres and T = 0.25 s, which amounts to a high-speed

operation. The inverse kinematics of the rigid-link model is used to obtain nom­

inal joint angles and their time-rates of change. Actuated joint torques for the

rigid-link model are then derived using inverse dynamics, the results of which are

shown in Fig. 5.4. The actual end-effector motion and elastic displacements of

the links are computed solvil1g the equations of motion given by the the model
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Figure 5.4: Actuated joint torques of the planar parallcl manipula.tor

described in Section 5.2.1. Figure 5.5 displays the horizontal displacenwnt of the

centre of mass of the end-effector and its time-rate of change for the rigid-link

model(dashed lines), as weil as for the flexible-link model (solid lines). The joint

angles and their time-rates of change for the mode! containing flexible links have

also been calculated using the inverse kinematics of the parallel manipuiator; as

a sample, those for link 1 are shown in Fig. 5.6.

•

Finally, in order to i1lustrate the effect of the geometric non!inearities, sim­

ulations for two cases have been performed, one including the above-mentioned

effect (ail the other results include this effect) and one without it. Tip deflectior"

of links 1 and 4 and their time-rates of change for the two cases arc shown in

Figs. 5.7 and .5.S. One can observe from these figures that the simulation is nn­

stable if geometric nonlinearities are not included. This is because the cffect of

geometric nonlinearities in the elastic displacements of flexible links is very CI'1)­

cial in high speed operations and without considering them, wc could not obtain

correct results.
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Figure 5.5: End-effector motion and its time-rate of change for the planar parallei
manipulator (flexible -, rigid - - -)
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Figure 5.6: Joint angle and its time-rate for link 1 of the planar parallel manip­
ulator (flexible -, rigid - - -)
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Figure 5.7: Tip deflection and its time-ratc of changc for link 1 of the phllHII'

parallcl manipulator (with gcometric nonlincaritics -, without thclll - - -)
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Figure 5.8: Tip deflection and its time-rate of changc for link Ij of the plamtr
parallcl manipulator (with geomctric nonlinearities -, without thcm - - -)
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• 5.3

93

Dynamics of the Planar Parallel Manipula-

tor in Joint Space

•

ln this section, the modelling and simulation of the planaI' parallel manipulator,

as shown in Fig. 5.1, in joint space is presented. The geometric configuration of

the example at hand is shown in Fig. 5.9, while 7i, 'Pi and Oi are the same as

shown in Fig. 5.2. The vector of indepcndent generalized speeds is composed of

t.hree time-rates of change of actuated joint angles plus the generalized speeds

associated wit.h link flexibility. The unactuated joint rates are the dependent

genel'alized speeds. The mode! of an individual link is formulated in the same

way aS in Section 4.2. Then, the entire system is modelled by assembling ail

links t.ogether via their kinematic constraints. The kinematic constraints are

rOl'tnulated and the system dynamics for this example is simulated below.

x,

0,

a"

r,

\
\
\
\,

~~~':'-:"7.Q o. \

Y,

0,

Figlll'e 5.9: Geometrie properties of the planaI' parallel manipulator

•
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5.3.1 Formulation of Kinematic Constraints

\H

In formulating the problem in joint space, for systems with kinematic 100ps, th,'

NOe N can be evaluated using the e'luations constraining the twists of tw"

coupled links as well as considering the loop-constraint e'lnations 01' the syst,'nl.

This procedure needs the direct kinematics solution of the paralld manipniat,or.

The kinematic constraint e'luations of the paralld manipnlator are derived

using eqs.(2.34) for the planaI' systems, in light of eq.(tI.20), which lead" to

•
ri+3 = Eai,i+3wi +R;Liui(t)

W7 = W4 +07 + 1047

(" ') l' )d .... d.

(1i.2Ih)

(1i.21 c)

(1i.2Id)

(1i.21e)

where i = 1,2,3 and qi is the actuated joint angle of the joint cent,red at Oi,

while Li == Li(Ooi,i+3) was defined in e'l.(5.7). Ali other quantities are as ddin"d

earlier.

It is apparent from Fig. 5.9 that there arc thrce 100p8 in this parallel nHlnip­

ulator, namely, 010.10708050201' 0104070906030\ and 0,0,,0"0,,0,;0:/),.

However, from Euler's formula for graphs (Harary, HJ69), only two of th"se thr""

loops are independent. There is a 2-dimensional vedor con8tmint eqnation for

each loop, these equations taking on the forms

(1i.22a)

• By differentiating the loop-constraint equations from eq5.(,5.22) with re81"'ct to
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Lime, one ob1.ains

. . T T
Ea'l7 + (,j, + O., + 07 + x, ÜI +x., Ü.. )Ea78 - q2Ea25

-R2L2Ü2(l) - ('h +05 +xIÜ2)Ea58 - R5L5Ü5(t) = O2

R1L,üI (i) +q,Ea,., +R 4L..ü.,(t) + (ql +0.. +xiüIl
. . T T

Ea'17 + (q, +0.. +07 +XI ÜI +X.1Ü.. )Ea79 - q3Ea36

-R3L3Ü3(i) - (q3 +06+xfü3)Ea69 - R 6L6Ü6(t) = O2
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(5.23a)

(5.23b)

•

where eqs.(5.7) and (5.21) have becn recalled, while Xi is definecl as 1?/lIaOi(i+3) Il,
wit.h Ir defined, in t.U1'11, as the second row of Li(00i,i+3) of eq.(5.7) ancl lIaoi,i+311

is t.he Euclicleall nonTI of the position vector of point Oi+3 in the undeformecl

configuration of link i, as clepictecl in Fig. 5.9.

The above t.wo equations can now be expressecl in compact form as

(5.24)

wherc () 1 is t.he (3+6n)-climensional vector of independent generalizecl speecls,

and () D is the 4-dimensional vector of clependent generalizecl speeds, namely,

BD = [iJ.. 05 06 07 r
(5.25)

whilc NI is the 4 x (3 +6n) matrix defined as

[ fI f2 O2 BI B2 02n B3 -R5L5
O

2
" ] (5.26)NI =

g, O2 g2 G3 02n G.. G5 O2" -RoL6

Moreover, O2" is the 2 x n zero matrix, One has, aclclitionally, further clefinitions,

as follows:

• (5,27a)
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(" ')~I ):J .... 1 )

(ii.2;(')

( " 'r 1)t.l. ~ Il

(:;.2;,,)

while ND in eq.(5.24) is a 4 x 4 matrix dcfincd by

[

E(a'17 + a7S) -Ea58
ND =

E(a47 +am) O~

Ea78 ]

Ea7lJ

Therefore, from eq.(5.24), the dependent generalizcd spceds cali 1", expr""",,d itl

terms of the independent ones, as indicated below:

•
( " ·H)· ),) ......1,

(".2!Jb)

( " ')l) .),J ..... c

(5.2!)d)

with

(".:10)

and

(".:11 b)

One has, additionally, the definitions given helow:

•
(5.:12a)

(".:I2b)
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Table 5.2: Physical parameters of the planar paI'allei manipulator

Link Dimension Mass Stiffness
(m) (Kg) EI(Nm2

)

1(0, O.d, 2(0 20 5 ) 0.8 0.1108 7.815
and 3(03 0 6 )

1(0.,07 ),5(050 8 ) 1.2 0.1652 7.815
and 6( 0 6 0 9 )

7(07 0 8 0 9 ) 0.8 0.381 Rigid
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•

lIaving obtained the values of Ô", Ô5 , (h and Ô7 from the above equations, one

can derive the vector of generalized speeds v in terms of the independent gener­

a.!iwd speeds. Thus, vector v can be expressed as a linear transformation of the

independent generalized sreeds, namely,

(5.33)

where N is (21 +6n) x (3 +6n) NOe and v is a (21 +6n )-dimensional vector,

I.c.,

(5.34)

•

5.3.2 Simulation Results

Now, t1sing the formulation of kinematic constraints obtained in the previous

snbsection, the entire system can be modelled by assembling ail links together

via their kinematic constraints, using eq.(3.77).

The physical parameters of the light-weight example are given in Table 5.2.

Moda.! coordinates are used for this example using the first two mode shapes

of the flexible links as obtained from the finite element mode!. The damping

coeflicient for ail the modes of the flexible links are taken equal to 0.01.
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A prescribed manoeuvre is chosen for the actuated joints as follo\\'s:

where i/ = 1 s, and

(5.:\li)

'11(0)=rr/3

'11(i/)=2rr/3

'12(0) = 2rr /3

'12(i/) = rr/3

'1,,(0) = rr /2

'13(1/) = 2rr /:3

•

•

Nominal joint torques are calculatecl using the inverse dynamics or t.he rigid-link

mode! for the prescribed joint trajectories, which are pJott.ed in Fig. 5.10. 'l'hell,

simulating the direct clynamics, joint. angles and their t.ime-rat.es or challge are

calculated for the given joint torques using a model cont.aining flexible links.

There are sorne remarkable cleviations in the case or joint. angles dlle t.o t.he

structural flexibility, as depicted in Fig. 5.11. lt is secn in Fig. 5.12 t.hat. great.er

deviations from the rigid-link model are observed in the t.ime-rates or change or

the joint angles. Significant eJastic displacements arc also observed in t.he flexible

links, as shawn for link 1 in Fig. 5.13.
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Figure 5.10: Actuated joint torques of the planar parallel maniplilator
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Figure 5.12: Time-rates of change of the joint angles for Lhe planaI' paralld
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parallel manipulator
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Chapter 6

Kinematics and Dynamics of a

Spatial Flexible-Link Parallel

Manipulator

6.1 Introduction

Many research works in direct kinematics of parallel manipu!ators have been re­

ported. Some works (Merlet, 1992; Raghavan, 1993) focus on the direct kinemat­

ics of parallel manipulators to find ail possible moving platform poses (positions

and orientations).

The study of the direct kinematics of parallel manipulators to find the twist

of the moving platform, i.e, the velocity of centre of madS of the moving plat­

form and its angular ve!ocity is the subject of other investigations. Mohamed

and DuITy (1985), and Sugimoto (1989) used screw theOl·y for solving the direct

kinematics of parallel manipulators, while Shi and Fenton (1992, 1994) presented

a methocl for solving the direct kinematics of a general 6-DOF Stewart Platform,

which is based on the velocities of three points attached to the moving platform.
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Lee and Shah (1988) have also studied the kinematics of a 3-0üF parallelma­

nipulator. Until now, most of the methods for solving the direct kinematics of

parallel manipulators are based on rigid legs, while the direct kinematics of par­

allel manipulators with flexible legs has remained virtually untouched. ln some

applications, link flexibility cannot be neglectecl. For example, in spacc applica­

tions, two or more robotic manipulators that usually have long anJ1S, separat.dy

mountecl on the same base structure and participating in a coordinated acLivity,

give ri se to a mechanical system with the aforementionecl features.

A method is introduced for solving the direct kinematics of a 3-0üF spatial

parallel manipulator with fl~xible links in Section 6.2. The mdhocl is based on

the position vectors and velocities of three noncollineal' points on the Illoving

platform, that is assumed rigid. Many techniques to obtain the twist of a rigid

body, i.e., the velocity of one of its points and the angular vc1ocity, fronl the

given position and velocity vectors of the three noncollinear points, are availablc.

Fenton and Willgoss (1990) reported a comparison of dirfel'cnt methods. Hel'e,

the method reported in (Angeles, 1986), which is both robust and nnlllerically

weil conditioned, is used.

As mentioned above, many research works on kincmnlics of pal'allc1 man iPll­

lators have been reported, but the stlldy of the dy,wmics of parallc1 malliplliators

has been the subject of very few investigations (Rcbolliet and Bel'thomicu, 1991;

Gosselin, 1993). Moreover, most of the works on the dynamics of parallc1manip­

ulators are based on rigid links. The modelling and simulation of the maniplliatol'

at hand are discussed in Section 6.3.

Shown in Fig. 6.1 is a parallel manipulator composed of three legs 0,.0;+,,0'+1;'

for i = 1,2,3, a rigid moving triangulaI' platform 0 7 0 80 9 , henceforth abbreviatcd

as MP, and a fixed platform 0 10 20 3 , assumed rigid as weil. Each lcg contaius

two flexible links that are coupied by a revolute joint. The legs arc connected 1,0
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Figure 6.1: A 3-DOF spatial parallel manipulator

the MP by spherical joints and coupkd to the base by revolute joints.

The 001" of the manipulator at hand can be obtained by using eq.(2.41) with

the following values:

,. = number of moving links = 13,

/.1 = number of joints = 15,

l'J = number of flexible links = 6,

11; = number of nodal coordinates of link i associated with link flexibility = 11

where the generalized coordinates associated with flexibility for ail flexible links

arc assnmed to have the same dimension, Le., ail flexible links have the same

nnmber 11 of nodal coordinates. Here, note that each spherical joint may be

rcplaced by 3 rcvolute joints and 2 intermediate links with negligible length.

Thcrefol'e, the 001" of the manipulatol' is

This manipulatol' has three l'igid 001" and three motors, located on the fixed

platform, that drive the actnated joints.•
6

q = 3 +E 11i = 3 +611
1=1

(6.1)
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• 6.2 Direct Kinematics Solution

6.2.1 Modelling of Flexible Legs

Figure 6.2 shows the manipulator of Fig. 6.1 with its leg links in their dcformed

configuration, leg i carrying the flexible links i and i +a. The flexible link i is

now modelled as follows: The position vector of point Oi+3 on link i, in frame

Xi y;Zi (.:Fi) , which is attached 1.0 link i, as shown in Fig. 6.:1, exprCHsed in the

inertial frame .:Fo, can be written as

where Ri is the rotation matrix of the frame .:Fi with respect 1.0 the inertia.l

frame, while [ai]i is the position vector of point Oi+3 in fra.me .:Fi. Moreover, frolll

• Fig. 6.a,

ai = R;[ai]i

[a;]i = [aO;]i + [a,i]i

(G.2)

(G.:l)

where [ani]i is the position vector of point OH3 in the undeformed configuration

of link i, i.e., point 00i,i+3 and [a,;]i is the e1astic displaccment of point Oi+3 in

the deformed configuration of link i, both in frame .:Fi.

Using eq.(2.a1), ai can be expressed as

ai = Ri[a;]i = Ri{[aoi]i +Li(00i,i+3)Ui(t)} (GA)

where Li(OOi,i+3) is the a x n dimensional shape-function matrix evaluatcd nt

point 00i,i+3 in the undeformed configuration of link i, as defined in cq.(2.:H),

and Ui(t) is the n-dimensional vector of generalized coordinatcs associatcd with

link flexibility. The time derivative of ai can be derived as

•
â; = Ri[ai]; + RiL;(00i,i+3)Ûi(t)

Here, Ri[a;]i can be written as

R· ·[a·]· - W· x a·1 1 J - t l

(G.5)

(6.6)
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0 7

a ai +3
\+3

0,

Leg i

Figure 6.2: Geometrie properties of leg i and Ml' of the spatial paralle1 manipu­
lator

•
where W; is the angular veloeity of the frame F; with respect to Fa. Thus,

ai = Wi x ai +R;Li(Oai,i+3)Üi(t) (6.7)

6.2.2 Direct Position Kinematics

The dircct position kinematies is defined as follows: Given the vector of indepen­

dcnt gcncralized eoordinates () l, whieh is eomposed of actuated joint angles and

gcncralizcd eoordinates assoeiated with link ftexibility, determine the pose of the

Ml' in Cartesian spacc, i.e., the position and orientation of the Ml'. The veetor

of independent gcneralized eoordinates () 1 ean be written as

• whcre 01, O2 and 03 are the actuated joint angles measured in radians, as shown

in Fig. 6.4 and Ui(t) is as defined after eq.(6.4).
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Xo

i

k

~
li+31

J.;k
Xi+3

Zi+3

Figure 6.3: Modelling of spatial flexible links

• The configuration of the MP is obtained l'rom the position vcct.ors of the three

noncollinear points on the MP, i.e., 0 7 , Os and Og. The position vedor of point

Oi+6, depicted in Fig. 6.2, can be written as

(G.D)

where ri is the position vect.or of the origin Oi. Upon substitution of ai froIn

eq.(6.4) into eq.(6.9), one obtains

with

Ri = RoiQi

(G.IO)

(G.lliL)

(G.II b)

Here,

cosOj - sin Oj 0

Qj= sin Oj cosOj 0 for j=I,· .. ,G ((;.12)• 0 0 1
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where Oj is the angle of rotation of the j'h joint. Rai is the rotation matrix of

frame Xo;Yo;Zoi, attached to frame Fi(Xi Y;Zi) at the home configuration Oi = 0,

as shawn in Fig. 6.4. This matrix is constant, while Ai takes on the form

1 o o
Ai = 0 cos Qi - Slll Qi (6.13)

o Sln ai cos Qi

where Qi is the angle between joint axes Zi and Zi+3, depicted in Fig. 6.4. More­

over, Fi is thc rotation matrix associated with the flexibility of link i, which,

t1ndcr thc asstlmption of smal! displacements, can be written as

1 -I2i 13i

Fi = 1 o (6.14a)

(6.14b)

with

. - t -1 (([aoi]i)k) '01' k = 2,3
lb - an llaodl l'

where 12i and 13i are the components of the rotation of the tip of the link i
•

associated with the link flexibility, depicted in Fig. 6.3, and [a,;]; and [an;]; are

dcfined in eq.(6.4). Moreover, (oh is the k'h component of vector (.), and 11·11 is

the Euclidean norm of the same.

Substituting R; and R;+3 l'rom eqs.(6.11) into eq.(6.10) and expanding the

cquation thus rcsulting, one obtains ri+6 in terms of the independent generalized

coordinates and three dependent joint angles, 04 , 115 and 0,;. These dependent

joint angles can be expressed in terms of independent generalized coordinates by

using tlll'ee constraint equations, which can be obtained by writing the expression

fol' thc Euclidean norm of the three sides of the MP as

lIa 7811 2 = aJ8a78 (6.15a)

• II a7911
2

= aJ9a79 (6.15b)

Ila8911 2 = ar9a89 (6.15c)
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x,

x,

Z02. Zl!
~0~~~-:'~~8j, fï~:::::,;;;;;#"!) 0,

3 X"Ix r,02 Oz
Pixed Plalform

Figure 6.4: Geometrie configuration of the spatial parallcl manipnlator

Here, a7S, a79 and aS9 are derived by writing three loop cquations, as shown ln

Fig. 6.4, namely,

• (G.IGa)

(G.IGb)

(G.IGe)

•

where 03 is the 3-dimensional zero vector. Moreovcr, vcctors a7S, am and as" arc

obtained by substituting ai from eq.(6.4) into the above cquations and expanding

them, with the aid of eqs.(6.11) for Ri. Then, these vcctors can be substitnted inl.o

eqs.(6.15) 1.0 derive three llonlinear equations that should be solvcd nUlllcl'ically 1.0

obtain the three dependent joint angles in terms of known quantities. Therefore,

one ean express the position vectors of points 0 7 , Os and 0" in tenns of t.he

independent generalized eoordinates.

The position vector of point C, centre of mass of thc MP, depicted in Fig. G.2,

ean be readily written as

(G. j 7)
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FinaIly, ta dctermine the orientation of the MP with respect 1.0 the inertial

frame, one assigns frame Fe 1.0 point C of the MP, with unit vectors ex, ey and e=

along Xc, Ye and Ze, respectivcly. Here, Xc is parallel 1.0 the side Or09 of the

MP and Ze is perpendicular to the plane of points Or, Os and 0 9 , The rotation

rnat.rix Re of frame Fe with respect to inertial frame can then he written as

(6.18)

wit.h ex> eu and e= expressed in the inertia! frame. These unit vectors are, in

tlll'n, calclliated as

•

ex =
111'9 - rrll
ex x e78e_ =

- Ilex x ersll
ey = e.~ x e;z:

where ers is the unit vector along the side OrOs of the MP.

6.2.3 Direct Velocity Kinematics

(6.19a)

(6.19b)

(6.19c)

The direct vclocity kinematics is defined as follows: Given the vector of inde­

pendent generalized speeds li l, with (} 1 defined as in eq.(6.8), and the geometric

configurat.ion of t.he manip"lat.or, determine the twist of the MP, i.e., the velocity

of the centre of mass of the MP and its anglliar velocity. This can be donc by

lIsing the vclocity of three noncollinear points on the MP, i.e., Or, Os and 0 9.

The velocities of these three points can be obtained by differentiating both sides

of eq.(6.9) with respect 1.0 time, thus obtaining

(6.20)

•
where it is recalled that ri, for i = 1,2,3, in eq.(6.9) is constant. Substituting ai
from eq.(6.7) into eq.(6.20) yields

(6.21 )
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where Lj == Lj(Ooj.j+3) is as defined in eq.(6.4) and

( ")0) )l. ....... il.

(G.221»

•

where i = 1,2,3 and Zj is the unit vector parallel to joint aXIs Zj, d"pict."d in

Fig. 6.4. Moreover, Wi.i+3 is the angular velocity of Fi+3 with rcspect. to Fi,

resulting from the elastic displacement of link i, that Can he writtcn for snlal\

displacements as

Wi.i+3 = Ila~dl [0 -(Liu;)3 (Liuih] (G.2:\)

with [ao;]i defined in eq.(6.4) and Clj is the j'h component 'lf vedor (-). 11er", lIi

and Li are as defined in eq.(6.4) aS weil.

Dpon substitution of eqs.(6.22) into eq.(6.21) and expansion of the eqnation

thus obtained, one derives three equations for the vcloeity of the three l1on­

eollinear points, that are expressed in terms of the inclependent generali~ecl speeds

and the tluee dependent joint rates 4.. , 05 and OG. Three constraint eqnationH arc

required to eliminate the clependent joint rates from the"e equntions. They 'LI'"
obtained by differentiating both sides of eqs.(6.15) with ,·e"peel. ta tiIlle, llanlely,

aré'78 = 0

T'a79a79 = 0

(G.2~a)

(G.2~b)

(G.2~e)

•

where a78, a79 and a89 ean be obtained from eqs.(G.16), while their tillle deriva­

tives are derived from differentiation of the both sides of the eqs.(G.IG) with

respect to time. Dpon expansion and simplification of eqs.(i.2~), one derives

three linear equations involving the dependent joint rates. By solving these three

!inear equations for 0.. , 05 and 06 , and substituting the results into eq.(i.21), one

obtains the velocity of three nor,cüllinear points that are now expressed in ternIS

of veetor of the independent genera!ized speeds.
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The rnethod presented in (Angeles 1986, 1988) is used to obtain the twist of

th" MI' from given velocities of three noncollinear points. The velocity of point

C of the MI' is calculated as

where ne is the cross-product matrix of the angular velocity of MP, Wc. If one

takes the vector of both sides of eq.(6.27), one obtains•

. 1( . . ')c = :3 r7 + rs + rg

Now, the 3 X 3 matrices P and Parc defined as

P = [ r7 - c rs - c rg - c ]

P = [ r7 - è rs - c rg - è ]

where c and è are defined, in turn, in eqs.(6.17) and (6.25). Moreover,

p=ncp

vect(P) = vect(ncP) = Twc

with

T == (1/2)[tr(P)133 - Pl

(6.25)

(6.26a)

(6.26b)

(6.27)

(6.28a)

(6.28b)

with 1:1:1 deHned as the 3 x 3 identity matrix (Angeles, 1988). Thus, the angular

velocity Wc can be obtained as

(6.29)

•
with T- 1 derived, under the condition that neither tr(P) nor tr2 (p) - tr(p2 )

vanish, in the form (Angeles, 1988)

(6.30)
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Table 6.1: Physical parameters of the spatial parallcl manipulator

Dimension a Mass El" EII/ll

(m) (deg) (Eg) (Nm2
) (Nm2

)

Leg 1 (0,0,,) 2.109 25 0.292 7.815 a1.25
and (0,,07 )

Leg 2 (020 5) 2.470 25 0.342 7.815 al.25
and (050S)

Leg 3 (03 0 6) 2.700 25 0.37a 7.815 :11.25
and (0609)

MP (OIPSOg) 2x2x3 - 2.748 Rigid Rigid

6.2.4 Numerical Example

•

•

As an example, consider the geometric parameters in Table (i.! fol' the m<lllip­

ulator of Fig. 6.1. In this example, beam elements are nsed ta discrcti~e the

flexible links and two elements for each flexible link are used, each clement thns

having eight nodal elastic displacements. Moreover, the generali~ed coordinates

associated with the f1exibility of ail flexible links are assnmed 1.0 be gronpcd in

12-dimensional vectors. At a certain instant, the vec!.or of independent gener­

alized coordinates 8[ and the vector of independent generali~ed speeds 8/, are

given as

8[ = [2.570 2.732 2.027 u; '1' 'J' 'J' 'J' 'J']'I'u 2 u:J U., tif! ur.

9[ = [1.047 0.523 - 1.047 ''1' ''1' .'[' .'J' ''J' .'l'rI'u l u 2 u 3 U" Us un

with (G.:II)

Ui = [0.00 0.00 0.00 0.00 0.05 0.02

0.06 0.0:3 0.14 0.07 0.13 o.llf

Ùi = [0.00 0.00 0.00 0.00 0.65 0.11

0.50 0.13 1.40 0.35 1.25 0.45f
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Tablc 6.2: Configuration of thc MP of the spatial parallel manipulator

Rigid Legs Flexible Legs
c(m) [0.05, 2.35, -1.55]' [0.03, 2.11, _1.72)1

-0.200, 0.588, -0.784 -0.248, 0.405, -0.880
Re -0.266, -0.802, -0.533 -0.337, -0.889, -0.313

-0.943, 0.102, 0.31'1 -0.908, 0.219, 0.356

Table 6.3: Twist of thc MP of the spatial parallcl manipulator

Rigid Legs Flexible Legs
c [-1.46, -3.05, -0.49]' [-1.20, -3.92, -1.02 ]'

(mis)
Wc [-0.76, 1.60, 1.92]' [-0.37, 1.33, 0.29]'

(radis)

whcrc thc values given for lii and Ui, for i = 1, ... ,6, are arbitrary. However,

t.hcsc valucs are obt.ained from the simulation fœ- a practica! application, as will be

shown in Section 6.3. In order to highlight the effect of leg flexibility, the above­

IlIcnt.ioncd example is solved fol' two cases, one with rigid legs, and one with

flcxiblc Icgs. Ul'on substitution of the numerical values of (} l into the equations

givcn in Subsection 6.2.2, the configuration of the MP is obtained for both cases,

as shown in Table 6.2. The twist of the MP is also calculated by substituting

t.hc numcrical values of q and the geometric configuration of the manipulator, as

shown in Table 6.2, into the equations given in Subsection 6.2.3. The velocity

of point. C of thc MP and t.he angular velocity of t.he latter for both rigid and

flcxible cascs are shown in Table 6.3. The results show that. there ie noticeable

crfce\, of t.hc flexible legs on t.he mot.ion of the moving platform, especially for t.he

diffcrent.ial mot.ion .
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6.3.1 Modelling of the Manipulatûr

The dynamics model formu!ated in Chapters 2 ,wd :3 is al'plied here 1<)1" t.hl'

manil'ulator of Fig. 6.1. The modelling of the dynall1ics of each flexible link ix

first carried out as explained in Section 3.2. Then, wc rewrite e'l.(2.:15) ax

(li.:12)

•

•

where N is the m' x Cf NOC and 9/, for the ll1anipulator at. halld, ix t.hl' t.int"

derivative of (J/ defined in eq.(6.8). Moreover, the 1/1.'(= 42 + lin)-dillt"lIxiolial

vector of generalized flexible twist v is defined as

'/' ''/']"/'Wc c

where Wi, for i = 1, ... ,6, is defined in eq.(6.22), while é alld Wc are obt.a.illed,

respectively, from eqs.(6.25) and (6.29). Furtherll1ore, ri, for i = 1, ... , li, ix t.he

position vector of the point Oi, as shown in Fig. 6.3. The NOe N cali be eval­

uated by using the kinematic constraint equations as wcll ax t.he loop-conxt.raillt.

equations of the manipulator al. hand. This requires t.he direci. kinemat.ic xolnt.ioll

of the manipu!ator, which was derived in Sectioll 6.2. The depelldellt. g"lleralixed

coordinates can be expressed in tenns of the independellt ones hy collsiderillg t.hl'

loop-constraint equations using the method explained in Slibsect.ioli li.2.2.

Upon substitution of Wi and i-; from e'ls.(6.22) and (2.34b) into e'l.(li.a:l),

and expansion of the equation thus obtained, vedor v is obtailled in t.el'lllS of

9/ and three dependent joint rates, 04 , 05 and 06 , Therefore, IIpOIl eiilllillat.ion

of the dependent joint rates with the rnethod explained in Suhsection li.2.:1, v

can be expressed as a linear transformation of 9/, which leads t.o N. Fillally,

using the NOe N, the dynarnics model of the rnanipulat.or ix obtaincd froll!

eq.(3.77). The model formulated herein has considcred the erreci. of geolTwtric
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e1a.stic nonlinearities ."ith the same method as suggested for planar beam-shaped

liuks Ilsiug Subseetions 3.2.3 'ind .5.2.1.

6.3.2 Simulation Results

Some ullmerical results arc obtained using the governing equations of motion of

the malliplliator at ha'"': for both rigid and f1exible-link models. The physical

parameters of this example are given in Table 6.1. In this example, two beam

elemellts for each flexible link arc used to discretize the flexible links, the first

four modes of each flexible link being used for defining the modal coordinates.

The dampillg coefficients for ail the modes of the flexible links are taken equal

to 0.03. Wc choose a larger number of modes for each flexible link in the spatial

case, as compared with the planar one, because the link has more elastic degrees

of frcedom in this case.

A prescribed manoeuvre was chasen for the actuated joints as follows:

Oj = Oj(O) + [e; -Oj(O)] [1 -; sin ("I/IJ)] /1.3.5 (6.34)

where j = 1,2,:J and 01(0) = 1.872, O2(0) = 2.340, 63 (0) = 2.987, CI = 2..570,

Cz = 2.776 and C3 = 1.940, ail in radians and IJ = 0.15 s. Nominal joint torques

l'cre calculated Ilsing inverse dynamics of the rigid-link model for the prescribed

joint trajectories, which are plotted in Fig. 6..5. Then, joint angles and their

time-ra.tes of change were calculated for the given joint torques using a model

containing flexible links by performing the simulation of the model obtained in

Subseetion 6.3.1. The results show considerable differences between rigid links

and flexible links. As an example, Figure 6.6 shows the deviation between rigid

and flexible link, in the case of joint angle and its time-rate of change, for link l.

Significant elastic displacements are also observed in the flexible links, as shawn

for link 4 in Figs. 6.7 and 6.8. It may be pointed out that the tip deflections !ly

and Il: arc along the Y; and Zi axes of Fig. 6.3, respectively.
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Although there are noticeable e1astic displacements, there arc no dast.ic oscil­

lations in the simulation results due to the smoothness of the t.rajed.ory for t.h"

actuated joint torques that don't allow any initiation of vibrat.ions.

lt was noticed that in this manipulator, flexible links a and (i of leg :1 ha\'('

larger elastic displacements than those of the other two legs, beca\lse they have

longer length as well as higher angular velocities, which arfecl. directly the da.st.ic

displacements of the flexible links.

2,5'r--~--~--~--~-~--~--~,

Torque 1
2
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"'--- ..

'. , , , , ,

, , , , , , , ,
... - -'-
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o

•
-0,<1;0--"0,"'02;;--;0";.0"'4---;;-0,';::06;;--;0:';,0"'8--;;0';','--;;0:';,'''2--~0;;',;';,4,---J

Time, s

Figure 6.5: Actuated joint torques of the spatial parallelmanipulalol'

•



•
Chapter G. Kinematics and Dynamics of a Spatial Flexiblc-Link Parallcl Manipulator 117

~1.95

<Ù

j1.9~__~_:.:-_-_--~
o 0.02 0.04 0.06 0.08

Time,s
0.1 0.12 0.14

~ 1.5r--~--~--~-~r--~--~--~-'"

ilœ

o0l--";0F.'0;;2;:::::;0.~04~::;0~.0~6:::::=0~'~08;;----;0",.1;--;0"'.:;-;'2;;--;;0-,:;.1-;4J
Time, 5

Figure 6.6: Joint angle and its time-rate of change for link 1 of the spatial parallel
manipuiator (flexible -, rigid - - -)•
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Figure 6.7: Tip deflection and its time-rate of change along the Y axis for link 4
of the spatial parallel manipulator
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Chapter 7

Conclusions

ln Lhis chapLer, conclusions are drawn based on Lhe resulLs of this thesis worle

Some suggesLions for future research are also put fOl·ward .

7.1 Summary of the Work in This Thesis

ln this thesis, a general formulation for the modeIIing and simulation of multibody

systems with mul1;iple kinematic loops and flexible links was presented. This

Lhesis links together the subjeet of the isolated field of flexible manipulators and

thaL of Lhe ones with kinematic loops in a very efficient way.

The kinematics and dynamics modeIIing were presented in Chapters 2 and 3.

The prerequirement for the modelling of a multibody system is the knowledge

of the underlying kinematics. 'l'othis end, two descriptions of the global posi­

Lion and ve10city of a link are defined together: a description using the notion of

flexible-pose of a link and a description introducing the flexible-twist. These two

seLs of variables are linked together via two maps. Thereafter, the finite-element

approximation is used 1,0 reduce the continuous link to a discrete system with

a fini te number of elastic degrees of freedom. After defining the velocity of any



point of the link in terms of the flexible-twist, the kinetic energy of the link l'an

be written as a quadratic form in the flexible twist.. The elastic strain encrgy is

then obtained as a quadratic form in the flexible-pose. Berc, the dfect of geomet­

l'il' nonlinearities in the elastic displacements, also known as dynamie sWfening

and geometric stiffening, which cannot be ignored in high-speed operations, \l'as

considered. Moreover, the Lagrange equations of motion for the link arc \l'rit.t.en

in terms of the veetor of flexible pose and using the mapping relations between

the flexible pose and the flexible twist, the dynamics model of the link cau be

expressed in terms of the flexible twist. The formulation of kinema.t.ic constraints

allow us 1,0 assemble the equations of motion of the system. The natnral or­

thogonal complement (NOC) of the twist-constraint matrix was nsed 1,0 derive

the minimum number of equations of motion and 1,0 eliminate the nonworking

kinematic constraint forces due 1,0 the kinematic coupling of the links. The fonnn­

lation of the problem, which depends on whether the end-cffector mot.ion or t.he

manoeuvres of the actuat.ed joints and their time-rat.es of change arc prescrihed,

was obtained in Cartesian space as weil as in joint. space.

Chapt.ers 4-6 were devoted 1,0 developing a simulat.ion scheme Imscd <ni t.he

modelling described in the preceding chapters for dilferent types of robot.ie ma­

nipulators with kinematic loops, namely, 1,11'0 cooperat.ing manipulat.ors; planaI',

and spatial parallel manipulators. '1'0 highlight the link lIexibilit.y cffect, t.he gov­

erning equations of motion were used in the simulation of the aforelllentioncd

systems 1,0 compare the results obtained with the rigid and t.he lIexible-link mod­

els. Several researchers have developed dynamics modeb of rnnltibody syst.ems

but they have often used some simple examples for simulation results. liowever,

results for several realistic systems were presented in this thesis. The simulation

results are needed 1,0 praduce a realistic representation and understanding of t.he

system in the absence of a physical prototype.

•

•

•
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The dynamic5 simulation of two planaI' cooperating manipulators was pre­

5ented in Chapter 4. 'l'othis end, the modelling of the planaI' systems was carried

out from the beginning 1.0 simplify the formulations for the problem al. hand. The

formulation of the problem in both Cartesian and joint spaces were conducted

in ol'der 1.0 compare the results and the effort involved in the two formulations.

II. was observed that the formulation in joint space requires more computational

wo'.'ic Moreover, the results show that the simulation scheme is equally accurate

l'or both formulations.
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St.ruct.ural damping was approximated by a suitable viscous damping coef­

ficient 1'01' dirrerent. modes. II. is evident from the results that consideration of

st.ructural damping leads 1.0 a reduction of the oscillations al. the end of the simu­

lation. St.ructural damping also avoids the growth or oscillations due 1.0 numerical

roundorr errors.

The overall results presented in Chapters 4-6 show that there are sorne sig­

nificant. dirrerences in the end-effector motion and the behaviour of joint angles

as well as t.heir time-rates or change between robotic manipulators with flexible

links and those with rigid links. Signilicant e!astic displacements were also ob­

served in the flexible links. These results indicate the importance of considering

link flexibility in modelling the light-weight robotic manipulators with long arms

as well as in high-speed operations. We believe that the dynamics of robotic

manipulators with flexible links is a subject that is of signilicant importance in

robot.ics.

7.2 Recommendation for Further Research

The rollowing topics for further research are recommended in order 1.0 improve

t.he formulat.ion for the simulation of multibody systems with flexible links and
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kinematic 100ps:

• Consideration of nonholonomic as weil as acatastatic systems;

12'2

•

•

• Incorporation of other types of kinematic pairs as well as joint f1exibility;

• Investigation of the use of other numerical intl'gratioll schellles as 'l'dl as

supercomputers 1.0 rl'duce thl' execution timl' of the simulatioll;

• Comparison of the results with expl'rimental data obtained frolll 'tll adual

prototype;

• Singularity analysis of Ilexibll'-link mallipulators with killl'Illatic loop";

• Solution of the inverse dynamics for fll'xibll'-link modcl ill order j,o iIlCl'"as"

the accuracy of the results.
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Appendix A

Euler Parameters

The Euler parameters of the orientation of a frame Fi, as defined in eq.(2.l), with

respect to an inertial frame Fa, are defined as

•
where

qi = [ ri l
1'0 ., J

ri = cisin (jJ;f2) , l'? = cos (4);/2)

(A. la)

(A.lb)

Here, Ci is the unit vedor along the axis of rotation, and 4>i is the angle of

rotation about that axis. The algebraic constraint among the Euler parameters

is expressed as

(A.2)

The rotation matrix Ri of frame Fi with respect to the inertial frame Fa can be

related to the Euler parameters (Angeles, 1988) as

•
Ri = [(2r?? - 1] 133 +2rirT +2r?Ri = GiLT

IVherc Ri is the cross product matrix of ri, namely,

R- . = ô(ri x v) V v
,- ôv

(A.3a)

(A.3b)
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Moreover, Gi and Li are 3 x 4 matrices that have the forllls (Nikrav<'sh et al..

1985-a; 1985-b):

G i = [ Ri + ,.?133 -ri]

Li = [ --Ri + 1.
0 h3 -ri]

(AAa)

(A.'1b)

where 133 is the 3 x 3 identity matrix. The Euler paralllcters call be express<'d in

terms of Ri (Angeles, 1991) as follows:

ri = vect(v'R,),
tr(vRi) - 1

1"0 =
2

(A.5)

where vRi is the proper orthogonal square raot of Ri.

The angular velocity Wi of Fi with respect to Fa can be related to ~i as

•
or

Wi = 2Giqi (J'dia)

(J'dib)

The flexible twist of link i, Vi, and the time-rate change of its flexible pose, Cti,

are related by

or

cli = Aivi

(1\.7a)

(1\.7b)

where ri and Ai are m: xn: and n: xm: matrices, respeetively, that ;I.r(' defillcd

as

• Ai=

2G i 0 33 03n i

0 34 133 G3Tti

On,4 Oni3 Inini

lGT 0 43 04ni2 1

0 33 133 03ni

Oni3 Oni3 Inini

(1\.8a)

(1\.8b)



where Ojk anul",,,, are thejxk zero and the rnxm identity matrices, respectively.

MOI"eover, n; is as uefineu in eq.(2.1)
•

AppCJl(lix A. Euler Pararneters

Using eq.(A.'1a) for G;, it can be reauily shown that

TG;G; = la3

139

(A.9)

wh""e 133 is the 3 X 3 identity matrix. Moreover, using the above equation, it

Illay !Je shown that r; and A; are rdated by

(A. ID)

•

•

wherc lm'm' is the mi x mi identity matrix., ,



Upon substitution of Mir, Mid, Mie and Mile from eqs.(~l.7), Ul.J1), (:1.1(;a) all<l

(3.16b) into eq.(3.63a), one obtains

•

•

Appendix B

~( TM . .) - ,)~( TD .y,dRT') ?~('TR.Ydr'.)a... Vt IV, -J"a" W,.I.'-1 t Ir +""a'" r t t tUt +q; q; q;

2 éI ( TR yre') a ( 'fR Y'TR'f )a" Wj i i Uj + aA (",Ji i i i Wj
q; q;

(Il.! )

•

It may be noted that R; is the only tenn which is a function of q; inside 1.11"

parentheses with the assumption made just after eq.(3.60).

The derivation of the above equation leads ta the computa.tion of partia.l

derivatives of aTR;b; a.nd aTR;H;RTb; with respect, to q;. lIere, a; a.nd b i are

3-dimensional vectors and H; is a 3 x 3 matrix. For simpiicity, sullscripl. i is

henceforth delei.cd.
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The derivative of the expression of interest with respect ta q can be represented

ô(aTRb)Jôr

(B.2)

ô(aTRb)Jôro

By dirferentiating aTRb with respect ta rand 1.°, respectively, we obtain

~(aTRb) = ôaT + ô(bTR
T

)a = [Ô(Rb )] T a (B.3a)
ôr ôr ôr ôr

~(aTRb)= ôaT +ô(bTR
T

)a = [Ô(Rb)]T a (B.3b)
uro ôro Ô1'O ôro

whel'e a is not function of r, and hence, ôaT/ôr and ôaT /Ô1'0 vanish. Upon

substitution of R from Appendix A into Rb, one obtains• Rb = (2(rO)2 - l)b +2(bTr)r + 21,O(r x b) (BA)

(B.6)

Dirrel'Clltiating the above equation with respect ta rand 1,°, respectively, one has

ô(Rb) _ ?ô[(bTr)r] +? .0B (B.5a)
ôr - - ôr _1

ô(Rb) = 4rob +2(r x b) (B.5b)
ôro

where B is the cross-product matrix of b. Recalling that ôv1'jôv = 1, V v,

and expanding eq.(B.5a), one obtains

ô(Rb) T
ôr = 2rbT +2(b r)133 +2roB

where 133 is the 3 x 3 ic!entity matrix. Finally, substituting eqs.(B.5b) anc! (B.6)

into eqs,(B.3), ô(a'fRb)/ôq becomes

2brTa +2(b'fr)a - 2roBa

•
Ô

Ôq(a'fRb) =

4rO(b'fa) +2(r x b . a)

(B.7)
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'1'

B.2 Partial Derivative of aTRHR'I'b

1·12

The derivative of the expression of interest with respect to q ('an bl' rl'I)l'('",'nt,'d

as

8 T T _ 8 T
8q(a RHR b) = 8q(a Re) =

D(aTRe) j!Jr

a(aTRe) j DI'''

where e == HRTb. Differentiating aTRe with respect. 1.0 rand l''', we obtain

Vpon differentiation of e with respect. 1.0 rand 7'°, and using the vaine or R 1'1'0111

Appendix A, one obtains

ôe ô(RTb) ô 02 T
ôr = H 81' = H 81'[(2(1') - l)b +2(b 1')1' - 2,"\1' x b)] (11.JOa)•

!.-( TR ) _!.-( TRT ) _ 8e
T

RT fJ(a'J'R)
8 a e - '" e a - 8 a+ " e

l' vI' l' or

a ( TR) fJ ( TRT ) ae
T

RT fJ(aTR)-a e=-e a=- a+ e
Ô7'0 éh'o Ô7'0 01'0

( Il.!)a)

(1l.!Ib )

ôe ô(RTb) ô ° 2 T
ôro = H 81'0 ,= H ôro[(2(7') -l)b +2(b 1')1' - 21'°(1' x h)] (Il. lOb)

Expanding the above expressions and performing the corresponding dirl'crcnt.ia­

tions gives

ôe T T °- = 2(b r)H +2Hrb - 21' HB
ôr

ôe
- = 47·oHb - 2H(r x b)
ôro

(1!.lla)

(I!.II b)

•
Finally, by substituting the above eguations into the eqs.(13.9) and appiying

eg.(B. 7) for 8(aT R)ejôr and ô(aTR)ej01'° and suhstituting the rC8ult into cqs.( lU!),

one derives

(1l.12)
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Appeudix B. Derivation of ü.~ (v!'Mjvj)q,

where

il == 2(b'l'r)f +2(r'l'f)b +2/'°Bf +2er'l' a +2(e'l'r)a - 2roEa

1 == ~l·ub'l'f - 2(r x b)'I'f + ~/,U(e'l'a) +2(r xe· a)

alld E is the cross-product matrix of e and f == H'I'Rl'a.
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(B.13)

(B.14)



Upon substitution of Mi', Mid and Mi' from eqs.(3.7), (3.1~) and (:3.IGa) int.o

eq.(3.63c), one obtains

The derivative of the expression of inter"st with respect 1.0 li; can he rewrit.t.en as

•

•

•

Appenàix C

Derivation of a~i (vTMiv,z)

8 T 8 T ,d 8 T'" •-a(Vi MiVi) = 2-
8

(b i Vi Si) +2-')-(bi Vi lii) +
Ui Ui CUi

~(bTV:'b')
8 1 1 1lii

where Si and b i are 3-dimensional veetors defined as

_ T
bi = Ri Wi

Note that b i and Si are not function of lii.

The three terms of the right-hand side of eq.(C.la) are deriveci hdow.

8 T ,d a l'-a(bi Vi Si) = -a (bi Ci)
Ui Ui

(C.la)

(C.l h)

(C.Ie)

(C.2a)
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( IJ,

where

C · = VdS 't- 1 1
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(C.2b)

UpOIl diiferenLi"1.ion of Lhe eq.(C.2a) with respect to U; and noting that b; is not

fl1l1ctioll of U;, one obLains

!!..-(b'l' .) _ Dcl'b. _ D(Vids;)'l'b'
'CI - 1 - 1

au;' Du; Du;

lIellce, we noLe Lhe relation

V rdS' - _S·vrdi ,- 1 i

(C.3)

(CA)

where vid is the vedor of Lhe skew-symmetric maLrix Vid and S; is Lhe cross­

pl'Odl1ct matrix of vecLor s;; iL is then possible to write

DifrerelltiaLing -S;vrd with respect to U; and, in light of eq.(3.14b), one obtains•
D(V,ds')'l' Ô(_S'Vrd)'l'

1 1 b.- lIb.
Du; ,- Du; ,

Thus, illserLing the above eql1ation into eq.(C.2a), one obtains

D:;(b{VrdS;) = -(C;lf(S;fb;

where s; alld b; are defined in eqs.(C.1c) and (C.1b), respectively.

(C.5)

(C.6)

(C.7)

C.2

Upon difrerentiation of the expression of interest with respect to U;, one obtains

The 3-dimensional vector (Vrrb;) can be written as

• (Vr"b;) = [ v;b vfbr
(C.8)

(C.9)



where (Vj); is the j'h mw of the matrix Yi". Substituting e'l.(C.9) into cq.(C.~)

and differentiating the result thus obtained \Vith respect 1.0 Ui, onc ohtaills
• Appendix C. Derivation of -88 (vi'MiV;)u, I·\li

!!...-(bTy,rb' = a(YirbJr b
a ",J a 'Ui lli

= [(avuaU)b (DvUDu)b (üvIjiJu)b J. b i (C.lll)

Bere,

«:.11 )

where j = 1,2,3, and the components of the ~l X ~ll1latrix [av]/iJu] i arc ohtaincrl

uBing eqs.(3.12) as

•
( aVll) ? (Ci3 +C i3 \ (i) +.) (Ci[, +Cir.) "au i = ~ 22 33) Ui ... '22 :J:J U i

(
aVI2) _ _ ?Ci3u.(i) _ (cir. +Ci") u'!a -... 12 t 12 21 1

U i

(
aVI3) __?Ci3 .() _ (Ci5 Ci") 0
au i - - 13 U , i \3 + 3\ ui

(C.12)

(C.I :l)

(C.I~)

The other components arc obtained by suitable permutations. lIere, hi is ddinl'd

in eq.(C.1b) and matrices C~, were defined in e'ls.(:l.ll). 1VI0reov",", ui(i) a.\lll ui

are defined in eqs.(2.1) and (2.12).

C.3 D . t' f a (bTV"C' )enya Ion 0 au; ii Ui

Differentiating the expression of intercst with respect 1.0 lIi b,ds t.o

(C.I!i)

•
Using the same appmach as in Sections C.l and C.2, olle thns obt.ains

(C.IG)
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where I;" is the ni X :3 matrix dcfincd as

Ir" - [(Ci" C(3) . (C i3 C(3 ) .i - 32 - 23 Ui 31 - 13 Ui (C~~ - Cg)Ui l
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(C.1i)

•

•

wher" b i is defincd in eq.(C.li.'l and matrices C~ arc dcrincd in cqs.(:3.11). Morc­

over, ui(l) and u; arc dcfincd in eqs.(2.1) and (2.12).




