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ABSTRACT 

Experiments were performed by discharging hot water upward 

through an orifice at the channel bot tom inta an open channel cross -

flow with a free water surface . The buoyant jet was observed to 

bend over and forro a pair of vortex- like circulations within cl short 

distance from the e xi t . As t he vortex pair approaches the free 

surface it bifurcates inta two turbulent vortex elementS i between 

them a clear space could be observed e xtending continuously . This 

phenomenon has been pointed out by Hayashi (1971) as one possible 

mechanism through which pollutant effluent disposed off-shore may 

drift back toward the shore line and contaminate the coastal 

environment . 

I n the expcriments , c r oss - section and trajectory of the 

bifurcated jet were determincd from visual observations . The results 

were correlated by dimensionless variables derived from a line impulse 

mode 1. With proper interpretation of the results, the dcvelopmcnt 

of the bifurcated jet was shown to follow essentially the same 

behaviour as a non-bifurcated jet , undeflected by the free surface . 

The rnean vortex circulation in each of the turbulent element was fOW1d 

to decay with distance from the bifurcated point. Th e observations 

have invalidated the theoretical models proposed by Hayashi (1971) and 

by Turner (1960) in which circulation. in each of the scparated clements 

was assumed ta remain constant . 
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RESUME 

Des expériences ont été éxécutées en déchargeant de l'eau 

chaude , par un orifice pratiqué dùns le fond d 'un canal découvert, 

dans un écoulement transversa l d'eau à surface l ibre. Il fut 

observé que le jet f l ottant adoptait une forme courbe et bi furquait 

en une pa i re de circulations semblab l es à des tourbil lons en deçà 

d 'une courte distance de l'orifice. En s ' approchant de la surface 

lib re , l a paire de tourbillons se transforme en deux tourbillons 

turbulents; entre ces .tourbi ll ons l' on remaique un espace continu . 

Ce phénomène a été signalé par Hayashi (1971) comme étant un mécan i sme 

possib l e par l eque l un effluent polluent déchargé au large des côtes 

pui sse se r ' abattre et contaminer l' environnement côtier . 

Dans les experiences, les profi l s et l es trajectoires furent 

déterm inés par observations vi sue lles. Les resu1tats furent mi s en 

corré l at i on par des variables sans dimens ions dérivées à portir d'un 

modèle de pulsations alignées. Une interprétation appropriée des 

résultat s a mo ntré que l e déve l oppement du jet bi furqué suivait 

essentie ll emen t l e même comportement qu'un jet non-bifurqué, non -

ii 

dévi é par la surface libre. Il fut constaté que la circulation moyenne 

du tour bill on dans chaque élément turbulent diminuait en fonction de 

l a distance du point de bi furcation. Les observations ont inval idé 

les modèles théori ques proposés par Hayashi (1971) et par Turner (19 60) 

dans lesquels il est supposé que la circulation dans chacun des élements 

séparés demeure constante . 
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OIAPTER l 

INTRODucrION 

The bifurcation phenomenon of turbulent buoyant jets in a 

cross-flow was investigated here expcrimentally . Ilot and co Id 

water we re dis charged upward through an orifi ce at the channe l bottom 

into an open channel cross-flow with free water surface a s shawn in 

Figs . l and 2. The turbulent jet was first observed to bend over 

and form a pair of vortex-like turbulent clements . As the jet 

approache d the free water surface it bifurcated inta two separat e 

regions i between them a clear space can be seen e xtending continuously . 

The bifurcat i o n phenor,lenon describcd above has bcen cons idercd 

by Hayash i (1971). fi c sugges ted that this could be one poss ible 

mechan ism thro ugh which sewage effluents , disposed off-shore may drift 

back toward the shor e 1ine a nd contaminate the coûstal environrncnt . 

Similar bifurcation process is expec ted when buoyant clouds of pollutants 

are impinged on s trong ly stratificd rcgions s uch il S inversion laycrs or 

thermoclincs in bath the atmospherc and the oceans . Bifurcation of 

stack plumes h as also been observed in a neutrally stable atmosphe r e by 

Scorcr (19 50) . He pointcd out that such phcnomc non is oftcn obsc rvcd 

in washed thermal p lumes in co ld weather whcn r apid cvaporation o f 

condcnsed water droplets Occur . 
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Fig. 2 Photograph of the Bifurcation Phenomena 
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A theoretical model was introduccd by Turner (1960) for 

bifurcated plumes (a buoyant jet with no exit momentum flux) in a 

unjform surrounding . He suggested that circulation in each of the 

v ortex elements should r emain constant , once the elements a re clcarly 

separated . Based on this assumption , h e then predicted that the 

separating distance between the buoyant vorte x elements WOu Id increase 

exponentially with height . However , the exponential behaviour has 

not been supported by experimental observations . To study the cffect 

of a free surface on the bifurcate d jet, Hayashi (1971) has introduced 

a theoretical model in which the free surface was simulated by an image 

vortex pair. Assuming again that the ci rculatio n remains constant , 

as in Turner (1960) , he found the separating distance to vary linearly 

with distance from certdin virtual origin. Although his theore tical 

solution was shown to be in qualitative agreement with experimental 

observation , it gave an incorrect limit, namely : bifurcation is no t 

predicte d in the limiting case when buoyancy vanishes ta zero (i.e ., 

the case o f momcntum jet) . 

Bifurcation phenomena will be considered in this thesis fOt" 

bath buoyant and no n-buo yant jets . The e xperimental results will be 

correlated by dime nsionless variables derive d from a li ne impulse model . 

Comparisons will be made with existing cxperimcntal rcsults of non-

bifurca ted turbulent jets and plumes in cross - flow . Finally , a 

number of a n a lytical modc ls for buoyant jets in uniform c ross -flows 

will be revie wed in the light of our experirnental observations on 

bifurcated j ets . 
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OIAPTER 2 

nlEORETICAL CONSIDERATI ON 

Theoretica l solutions are obtained in this chapter ta descrlbc 

the bifurcation phenomena of buoyant jets in cross- flow . Cons iderable 

simplification of the problem can be achieved by introducing a number 

of simplifying concepts . These concepts are the "line impulse model " 1 

the "point source model ll , and the II momentum redirection modC'l " ta be 

illustrated la ter in this chapter . 

We shall begin with dimensional consideration to bring out 

the impor t ant length scales and dimensionless variables . Then the 

formulation of the problem will fol l ow from an entrainment hypothesis . 

2. l Dimens ional Analys is 

The purposc of this section i5 ta show how dimcnsional 

reasoning together with the concept of a " line impulse model " and the 

concept of a "point source mode l " could simplify the problem . We shall 

begin with a s i mple minded dirnensional analysis to bring out some of 

the important l ength seales and dimensionlcss variables that are commonly 

used in the literature . Considcr , for example, the trajectory of the 

jet . It can be expressed in a functional form as follows: 

s f (U , Qo ' Mo ' F 0 ' p , Il , x ) (1) 
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where the important physical variables aro: 

s ; trans verse migrating distance (see Fig. l( c) ) 

U ; cross-flow velocity 

Qo volume flux at the exit 

Mo ; momentum flux at the exit 

Fo buoyancy flux at the exit 

p fluid density 

H depth of the cross - flow 

x ; longitudinal distance along the direction of the cross-flow. 

In deriving Eq. l, the fluid is assumed to be uniform in 

density but variable in specific weigh t following the Boussinesq 

approximation. The jet trajectory is defined on a curved surface as 

shown in Fig. l( c) . The transverse migration distance 5 follows 

initially along the vertical p l ane of symmetry and is eventually directed 

along the free water surface after bifurcation . Three basic length 

seales can be defined in terms of the variables in Eq . 1 as follows : 

i 
q 

i 
m 

ib 

volume length scale [ J
! 

4 Qo 
lTU 

rnomenturn length scale (2a ,b, c) 

buoyancy length scale ; [ 
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Now the jet trajectory can be exprcssed in dimensionless forrn : 

f ( 
H 

~ 
m 

x ~b 
9-
m 

( 3) 

If the buoyant fluid is in je ct cd inta the cross-flow through a circular 

pipe of diameter d , and if the buoyancy per unit mass g ' = (g~p/p) and 

the velocity V are bath assurned uniform at the e xit, ,the length seale s 

in Eq . 2 will give two dimensionless parameters as follows : 

Exit ta cross - flow velocity ratio R 

Densimetrie Froude number 

(based on cross-flow velocity) 

F 
r 

v = - =( 
U 

(4a,b) 

u 
= (g' d) § 

In terms of these parameters , Eq . 3 can be e xpressed alternatively 

by 

s 
d 

f(~ , R , F H 
d r ' d ( 5) 

The dimensionless pararneters in Eqs . 3 and 5 are the most commonly used 

in the litera turc. Obvionsly , these are too many paramctcrs fo r 

systematic correlation with the experimental results. An attempt will 

be made to simplify the problem further by introducing the concept of a 

Il line impulse model " and the concept of a II point source rnodel ll . 

• 
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l'le shall now describe the concept of the " line impulse model " 

fol l owing · Priestley (1956) , Scorer (1958) and Chu (19 76 ) . In this 

mode l , the motion of the jet will be considered in a coordinate system 

moving \vith the cross - flow . In the moving coordinate system, the 

ambient fluid is stationary. The jet is seen ta be rcsulting from a 

continuous source wh i ch ejects buoyant fluid and is moving with a velocity 

U equal and opposite in direction ta the cross - flow . This continuous 

source is characterized by its volume flux Qo ' rnomcn tum flux Mo , and 

buoyancy flux Fo at the exit. The velocity distribution along the jet 

wi ll be assumed to be "top- hat "*. Thus , it is possible to follow a 

segment of the jet AB by moving along the path line A' A and 8 ' B as s hown 

i n Fig . la . The segmen t AB could be chosen such th~t A left the source 

A I at a unit time earlier than B left ni . In such a manner. the volume , 

momentum and the buoyancy force associated initially with the segmen t 

are defined a nd are equal to the vo l ume flux Q , the mome ntum flux ~I , and 
o 0 

the buoyancy flux Fo at the source . 

As the segment moves away fram the source, it gradually rota tes 

t owards th e direction of the cross - flow. The length of the segmcn t is 

equal to th e magnitude of the cross-flow v e l ocity U. The problcm is 

now two-dimensional and is reduced ta th e determination of the motion of a 

l ine turbulent element in a stationary ambient fluid. The initial 

* The assumption of a top-hat profi le i s no more r es trictive than the 

assumption of any similarity profiles for velocity and buoyancy distribution . 

'l'op- hat profiles and Gaussian profiles have been shown to be equivalent 

by Morton , Taylor and Turner (1956) . 
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impulse per unit l ength of the line element is Qo/u, M lu and F lu. 
o 0 

The relevant physical variables ,for a "line impulse model" are depth 

of cross - flow H, the fluid density p , and the strength of the impulse 

These basic variables will generate two 

independent length scales , 

~ 
q 

and a time scale, 

t 
s 

~ 

(6a ,b,c) 
• 

~ 

In the moving coordinate system the ambient fluid is stationary . 1he 

transverse distance of the line segment s is a function of time t. 

Expressing in dimensionless form, 

s 
~ 

s 

~ 
....9. , ~ 

s 

H 

' 9:" ( 7a) 

s 

Since time is relatcd to longitudinal coordinate in the direction of 

cross-flow by x = ut , the jet trajectory can be expressed in tcrms of 

coordinates fixed with the source as follows: 



• 

• 

JO 

Il 
~ 

s 
( 7b) 

At this stage the "point source model" should b e introduced . 

It is argued that at sorne far field region, due ta turbulent entrainment 

of ambient fluid , the volume flux of the jet will eventual ly hecome very 

large compared with the i nitial volume flux at the exit . The effect 

of exit volume flux Qo may be negligible (i . e ., ~ + 0) and Eq . 7b 
q 

reduced ta : 

s 
~ 

s 

H 

~ 
s 

This approximation is r eferred ta as a "poin t source model " . 

( 8) 

For a 

fixed ~m and ~b the limit ~q + o is ey'uivalent ta 0 - )0- 0 (point source) 

and R -+ 00 . 

The traject ory of the buoyant jet bafere bifurcation is 

r ather unaffected by the free surface. Under this condition/the dcpth 

dependence will he e liminated from Eq . 8 and 

s 
~ 

s 
f ( (9) 

The explicit dependency on H/2 in Eq . 8 could be eliminated also for d1e 
s 

rcgion after b i furcation . This can be done by introducing the nmorncnturn 

• 



• 

• 

II 

redirection mode l" at the b ifurcation point . Further de tails on t his 

model will be illustrate d in the later sections wh en th e problem i s 

formulated based o n en trainment hypothesis . 

2 . 2 Formul at ion 

A number of assumptions will be made to simplify the formulation . 

One o f these assumptions i s t o neglect the l oss of momentum and buoyancy 

from the jet into th e wake . In a neutrally s t able c ross-flow , t h i s 

means that the buoyancy force F!U associated with uni t length of the 

linc segment is conserved , i.e . , 

F 

U 

F' o 
U 

( 10) 

Before jet bifurcation, the rate o f change of rnomentum per unit l ength 

i s given by: 

where 

dm 
(1 + k) dt = for t > t B (11) 

m = mornentum per unit l ength of the two-dimens i onal eleme nt 

k the added mass coefficient 

t = time . 
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The subscript "0 " refers to the condition at the exit and the subscript 

IIB II refers to the conditi ons at the bifurcation point . Eq. 11 includes 

the added mass effect which was virtually neglected in all other 

analytical models for jets and plumes in cross-flows . The importance: 

of the added mass effect has been pointed out recently by Escudier and 

Maxworthy (1973) in formulating the rise ofaxisymmetrical thermals . 

Integrating Eqs . 10 and 11 with respect to time , 

m = + 
U(l+k) 

for t < t
B 

( 12) 

Once the turbulent element reaches the free surface , bifurcation occurs , 

momentum will be redirected sideways and from then on the momcntum in 

the horizontal direction associated with each of the bifurcated elements 

wi l l remain constant . The momentum , per unit lcngth, just before 

bifurcation is: 

= + 
M 

o 
U 

( 13) 

If the bifurcation is assumed to occur rather rapidly, th en the fluid 

motion arOW1d the point of bifurcation could be treatcd as invicid and 

follows the Bernoulli equation along a stream line . The horizontal 

momentum associated with each of the bifurcated e l emen t will be half ~ . 

• 
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Since the buoyancy force is acting in the ve rtical direc tion , the 

horizontal momentum of each of the bifurcated elements will r e main 

half ~ for all time after bifurcation occurs, 

Ta proceed further it is now necessary ta in troduce an 

entrainment hypothes i s . According t o Morton , Taylor and Turne r (1956): 

where 

~ 
dt 

27fCt ru ( 14) 

q volume per unit l ength of the two- dimensional element 

Ct entrainment coefficient 

r , U = char act e ris tic rad i us and characteristic velocity 

of the elemen t r espec tively , and a r e defined by : 

q 

u = ds 
dt' 

m 
q 

( 15) 

(16) 

Initially , before bifurcation occurs , the trave lling distance of the 

elemen t S is meas ured along the vertical direction , i. e ., s = z. 

After the j et has bifurcate d inta two separated elementsJthe distance 5 

f ollowing one of th e e l ements is s = SB + Y (see E'ig ,l(C ) , Note that 

the vo lume p e r unit length of each o f the b ifurcated e l ements is ~ q ; 

but , the characterist i c radius r is defined based on the total volume 

of b oth elemen t s , 
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Substituting Eqs. 15 and 16 into Eq . 14, 

dr 
ds 

( 17) 

This defines the entrainment coefficient as the rate of change of 

the characteristic radius with distance. The entrainment coefficient 

will remain constant if the rate of change of radius r with distance s 

is linear. 

The entrainment coefficient is known ta rcmain essc ntially 

constant before the bifur cation of the jet , i . e. , for non-bifurcated 

jets (see Chu and Go1dberg (1974) and Chu (1978». Once the bifurcated 

elements are directed a10n9 the free surface in the horizontal direction, 

entrainment will be affected by the stab le density stratification a10ng 

the turbulent and laminar interface . The entrainment coefficient may 

depend on the local Richardson number. The turbulent entrainrnent may 

collapse at certain critical Richardson number as in the surface jet 

experiments of Ellison and Turner (1959) and Chu and Vanvari (1976) . 

For simplicity , an analytical solution will be developed here 

assuming the entrainment coefficient to remain constant befo re and 

after bifurcation . Such an assumption is expected ta be val id at least 

for momentum jets that are unaffected by buoyancy. The sol u tian will 

be compared with experimenta1 results in a 1ater chapter. The dev ia tian 

of the solution with experiment will possibly determinc how the entrain­

ment coefficient of a bifurcated jet may be affected by the buoyancy 

effects . 



• 
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For constant entrainrnent coefficient Eq. 17 can be 

integrated and gives: 

r a s ( 18) 

in which the distance s is rneasured from a virtual origin where r = Q. 

Making use of Eqs . 15, 16 and 18, and the fact that x = Ut , Eqs . 12 

and 13 can be rewritten as follows: 

For x ~ , before the bifurcation 

= (1+k)U 3 x 

and for x > ~ , after bifurcation 

F 
o 

(1+k)U3 "B 

+ ( 19) 

+ (20) 

Furthcr simplification ls obtained by introducing the dimcnsionless 

variables : 

s 
s ::; 

~s 
and x = ( 21) 
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In dimensionless form Eqs . 19 and 20 are: 

4 ",2 d~3 x 
d;{ ( l+k) + 1 , for x ~"B ( 22) 

3 

4 ",< dg 3 "a 
i< = + 1 , for > x ( 23) 3 di< (l+k) a 

These equa tions can be integrated t o give trajectories of the jet 

before and a fter bifurcation as f o11ows: 

~3 = (4k- ) 
2 (~+k) 

[ -2 + xJ , for x ,;: -x.a 

53 - 3 
s a = (4 ;2 ) [~!k) + 1J (~-~a) for x 

At the bifurcation point , a ccording to Eq. 24 , 

= + 

Subs tituting into Eqs . 24 and 25 , 

5 f o r x < -x a 

and 5 + J
I; 

- 3 x , for; > "R 

( 24) 

> xe ( 25) 

( 26) 

(27) 

( 28) 
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where the longitudinal location of the bifurcation point 

- (l+k) + + (l+k) s; (29) 

Now the jet trajectory before and after bifurcation point is determined. 

The location of the bifurcation point remains ta be determined. 

According to the estimate given in section 4 . 2 , s ~ 0 . 78 H. 
B 

It should be mentioned again that the solution Eqs. 27 and 

28 were obtained based on the assumption that the entrainment coefficient 

remains constant. For non-bifurcated jet , the entrainment coefficient 

is known ta remain approximately a constant (see , for e xample , Chu and 

Goldberg, 1974). Once the j et bifurcates and spreads along the free 

surface , the entrainment coefficient will be affected by stable stratification 

and may possibly depend on the local Richardson number . The limitation 

of the solution given by Eqs . 27 and 28 will be discussed in "a later 

chapter where they are cornpared with the experirncntal observations. 

At this stage, tWQ limiting cases may be mentioned. For 

momentum jet in which buoyancy effect is neg l igible (i. e ., ~b + 0) , 

both Eqs . 27 and 28 reduce to a one-third power law: 

s 
~ 
m 

( JO) 

• 
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On the other hand , for the buoyant plume in which the exit momentum 

is negligible (i. e ., R. -, 0) , a two- thirds power law is obtained for 
m 

the non- bifurcated rcgion of the jet , i . e ., 

13 3 
-8-( '""'1 +::...k...,.)-"' ..... Z ) for x ~ 

There is , however , no simple power Law for x > ~. 

( 31) 

The one- tllird 

and the two- thirds laws will be used in a later section (§4 . 1) for the 

determination of the entrainrnent coefficient and the added mass 

c oeffici ent from experiments of non-bifurcated jets. Note that the 

je t trajectory for a momentum je t is independent of the added mass 

coefficient . 

Wc are nQW in a position ta dcterminc the dilution and con-

centration decay along the jet axis . Due ta turbulent entrainment 

o f arnbie nt f luid , the rad i us of the jet i ncreascs continuous1y as it 

penetrated through the cross - f10w . According t a the cntrainmcnt 

hypothesis (Eq. 18), the volume per unit length of the vortex clement 

i s given by , 

Q 
u 

; ; (32 ) 

whcre Q is a characteristic volume flux . 
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The jet dilution is characterized by the dilution ratio , 

( 33) 

Note that concentration of certain conserved substances discharged 

through the jet is equal to the inverse of dilution ratio . A 

-1 
characterist i c concentration could be defincd as D = Q IQ . Eq . (33) 

a 

can be rewritten in dimensionless form: 

DQo 
U~ 2 

s 

(34 ) 

Experimental observation of the concentration distribution in a cross-

sect i on of the vortex element has shawn that there are two maxima of 

concentration and they are located at the vortex cores . Acco rding to 

Fan (1967) the maximum concentration at the cores is 50 to 75% highcr 

than the maximum at the plane of symmetry . 
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CHI\PTER 3 

EXPERIMENTAL SET- UP AND PROCEDURES 

3 . 1 Experimental Set- Up 

Experiments wcre performed in a wide rectangular channel 

800 cm long , 60 cm widc and 15 cm deep. Due ta the construction of 

the channel, only a section of the jet can be observed through the side 

window. The s i de window is 40 cm long and is located at 20 cm down -

stream of the discharging nozzle as shown in Fig. 3 . 

Hot and cold water \ ... ere discharged fram a nozzle located at 

the bot tom of the channel. Two nozzles of different inside diametcrs 

were used in the expcriments . There were two stages of fluw contraction 

before the fluid was discharged through the nozzles . This reduces the 

non- uniformity of the velocity distribution at the exit . Most of the 

experiments were carried out with the nozzle flush with the channel 

bottom. A short stack (3 cm in length and with the same diamcter as the 

nozzle) was added on top of the nozzle in one series of the t es t (series 

2000) . The purpose of the stack was to study the effect of the 

channel bottom on the development of the bifurcated jet . 

and the stack are shawn in Fig. 4. 

The nozzles 

To trace the jet paths photographically, the jet fluids were 

mixed with dye (potassium permanganate solution) . A pressurizcd dye 

in je ct or was built . It consists of two inter- connec ted plexiglass boxes 
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and a venturi-meter as shO'Wn in Fig. 5. The in je ct or can be 

pressurized by opening valve #1 and closing valve #2 . During the 

experiments/valve #1 was closed and the dye was injected through valve #2 . 

The dye concentration in the jet was generally low and it is bclieved t o 

have little effect on the observed phenomena . 

For buoyant jet experiments , the water was heated by using two 

electric water heaters (model Cas cade 60 , John Wood) . The maximum water 

t emperature gained from the water heater was 170°F. The dis charging 

water temperature was recorded by a calibratcd thermistor p r obe (Earling 

model 19-0140 Thermistor Thermometer) which was connected to the nozzle 

as shown in Fig . 4 . Ta el iminate heat 1055e5,a11 p iping hases , the 

thermistor probe and the nozzle were thermally ins ulated . 

The dis charge through the nozzle was dete rmined by us ing a 

small rotamete r (Brooks - tube sizu R-6-2 5-B ) wh ich was calibrated and 

c l eaned several times duri ng the course of d1e experiments . 

Ta reduce the swirling and secondary cur re nts in the cross-flow , 

a screen and a series of flow s traighteners were installed at t he upstrcam 

end of th e open c hanne l. Within th e range of velocity in ou r experiments , 

the c ros s -flow was practically l a minar and the strearnlines werc essentially 

paral l e l to each other. 

Pictures of the t op and side views o f the experime nts were 

taken by two cameras , one located at 150 cm above th e c ha nne l and the 

other 200 cm from the s ide window. At least fOllr p i c tures of the dycd 

jet were taken for each run of the t est. 
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Fig. 3 Experimental Set-Up 
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Fig. 4 Nozzles and Stack used 

in the experiments 
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• 3 . 2 Experimental Proce dure 

There were six series of exper i ments being carried out for 

different e x it and cross-flow conditions . Test series 1000 , 2000 

and 3000 were for momentum jets with no tempe rature difference between 

the discharging jet and the cross- flow . The other tes ts, series 4000, 

5000 and 6000 were carried out for hot jets with buoyancy . 

Test series 2000 were pcrformed with a stack added on top of 

the nozzle (see Fig . 4). Test series 1000 and 6000 had almost the 

sarne flow conditions except for temperature diffe rences . AIl the test 

conditions are summarized in Tables land 2. 

Cross - flow velocities U shawn in the tables wcre determined on 

the free water surface along the center line of ~le channel. Experi-

• mental observations were made in the central region wherc the velocity 

di stribution is relatively uniform . vertical and horizontal velocity 

distributions in a cross-s'ection of the open channel were determined . 

Horizonta l cross - flow velocity distribution was obtained from photographs 

of small floating pie ces of paper (punched out by an IBM key - punching 

machine) which were dropped on the water surface at sorne upstream 

stat ions . For the vertical veloc i ty distribution , fine particles of 

potassium permanganate were dropped into ~1e open channel . The velocities 

were netermined from photographs of th e dye trace as obsc rvcd through th( ~ 

side window . Velocity distributions obtained in this manner are shawn in 

Figs . 6, 7, 8 and 9 . 

The exit velocity distribution from the nozzle is not cxactly 

uniform . The boundary l ayer thickness ins ide the nozzle was estimated 

• and the e x it mornentum flux was calculated with a correction factor as 

described in Appendix II. 
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The jet trajectories (s versus x) and the jet widths rs 

and r n were determined from the photographs (see Fig . 1 for definitions 

The r esults were corrected for parallax and they 

are presented in the tables given in Appendix III. 

All the experimental results in Appendix III were obtained 

i n a region downstream of the point of bifurcation . Due ta t he size 

and c ons truc tion of the experimenta l channel , it was not possible f or 

us to determine the jet development in the r e gion upstream of the 

bifurcation point with acceptable accuracy . sorne unpublishcd e xper i -

mental results of a non-bifurcated momentum jet obta ined previously 

in a deepe r tilting flume at McGill are also inc luded h ere for dis ~uss ion. 

The tilting flurne for these non- bifurcated jet experiments is 30 cm wide 

and 45 cm deep . 'l'he inj e ction was made by using a two-foot long stack 

of 1 . 42 cm ins ide dial:\e ter . The cross- f10w ve10city was 10 . 1 cm/sec . 

Test conditions for these previous non - bifurcated jet e xperiments are 

s ummarized in Table 3 . 
• 
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H = 10.4 cm, U1 = 3 cm/sec, U2 = 6 cm/sec, U3 = 12 cm/sec . 
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TABLE 1. Test Conditions for Bifurcated Momentum Jets 

Test Symbo1s d U H R To Ta 1m 1b "B 0a ( Ri) B 
No (cm) ( cm/sec) cm ( OC) ( OC) ( cm) (cm) (cm) (degree) 

1001 • 0.20 8 . 43 14 . 29 28 23 . 5 23 . 5 5 . 75 13 . 76 15 . 02 

1002 • 0.20 4 . 13 14 . 76 28 23.5 23 . 5 5.81 14 . 86 14 . 4 

1003 4 0 . 40 8.18 14 . 76 14 23 . 5 23 . 5 5 . 81 14 . 86 1 4 . 4 

1004 T 0 . 40 4 . 09 14 . 76 14 23 . 5 23.5 5 . 90 14 . 42 14 . 81 

1005 • 0 . 20 8 . 43 14.29 32 23 . 5 23.5 6 . 56 10.57 19.25 

1006 + 0 . 20 4 . 15 14 . 76 32 23 . 5 23.5 6 . 63 Il. 43 18 . 45 

1007 -- 0 . 40 8.49 14 . 76 16 23 . 5 23.5 6.62 Il. 44 18.44 w .... 

1008 ~ 0 . 40 4 . 19 14 . 76 16 23 . 5 23.5 6 . 72 11.13 18 . 92 

1009* 1:,. 0 . 20 8 . 46 14 . 29 36 23 . 5 23 . 5 7 . 37 8.374 23 . 78 

1010* 'Y 0 . 40 4.06 14 . 76 18 23.5 23 . 5 7 . 54 8 . 83 23 . 37 

1011* a 0.20 8 . 49 14 . 29 40 23.5 23.5 8 . 18 6.80 28 . 49 

1012* ? 0.20 4 . 16 14.76 40 23 . 5 23.5 8 . 25 7 . 37 27 . 37 

1013* Q 0 . 40 4 . 23 14 . 76 20 23.5 23 . 5 8.35 7 . 19 27 . 94 
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Test 

No 

2001 

2002 

2003 

2004 

2005 

2006 

2007 

2008 

2009' 

2010' 

2011 ' 

2012* 

Symbols 

~ 

[J 

d 

V 

() 

~ 

~ 

~ 
<> 
0 

Do 

'V 

d u 
( cm) ( cm/sec) 

0.20 12 . 20 

0.20 6 . 11 

0 . 40 12 . 03 

0 . 40 6 . 21 

0 . 20 11.87 

0 . 20 6 . 38 

0 . 40 1 2 . 53 

0.40 6 . 10 

0.20 11. 70 

0 . 20 6 . 15 

0 . 40 12 . 30 

0 . 40 5 . 71 

TABLE l ( continued) 

H 

cm 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

7.62 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

, 

R 

12 

12 

6 

6 

16 

16 

8 

8 

20 

20 

10 

10 

To 
( OC) 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

Ta 
( OC) 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

i m 
( cm) 

2 . 48 

2 . 51 

2 . 51 

2 . 56 

3 . 29 

3 . 33 

3 . 33 

3 . 38 

4 . 11 

4 . 15 

4 . 15 

4 . 2 1 

• 
i;, "B 
( cm) ( cm) 

fla 
(degree) 

( Ri)B 

11. 21 9 . 96 

10 . 92 10 . 22 

10 . 91 10 . 22 

10 . 55 10 . 57 

6 . 35 1 7 . 21 

6 . 23 17 . 54 

6 . 22 17 . 55 w 
IV 

6 . 02 18 . 10 

4 . 09 25 . 70 

4 . 01 26 . 13 

4 . 01 26.13 

3 . 89 26 . 86 
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Tes t 

No 

3001 

3002 

3003 

3004 

3005 

3006* 

3007* 

3008 * 

3009* 

Symbo ls 

~ 

IJ 

,1,. 

V 

() 

;f 

D. 

<? 
4 

d 
(cm) 

0.40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0.40 

0 . 40 

0.40 

0 . 40 

u 
(cm/sec ) 

3. 09 

6 . 05 

2 . 98 

6 . 03 

11. 87 

3. 06 

6.06 

11. 62 

3 . 02 

* Tests with e >20° 
B 

H 

cm 

7.65 

7.6 5 

7.65 

7 . 65 

7 . 50 

7.5 5 

7 . 60 

7 . 60 

7.55 

TABLE 1 (continued) 

R 

6 

6 

8 

8 

8 

10 

10 

10 

12 

TO 
( OC) 

25.5 

25 . 5 

25.5 

25 . 5 

25.5 

25 .5 

25.5 

25 . 5 

25 . 5 

Ta 
( OC) 

25.5 

25 . 5 

25 . 5 

25 .5 

25 . 5 

25 . 5 

25 . 5 

25.5 

25 . 5 

• 
i m 
( cm) 

~ "B 
(cm) ( cm) 

0a 
(de gree) 

(Ri) B 

2 . 64 10 . 00 11 . 18 

2.64 10 . 00 11.18 

3.52 5 . 62 19.36 

3 . 52 5.62 19.36 

3 . 52 5 . 30 20 . 05 

4.40 3.46 29 . 41 

w 
4 . 40 3.53 29 . 09 

4 . 41 3 . 53 29.09 

5.29 2.40 39 . 07 
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Test 
No 

4001 

4002 

4003 

4004 

4005* 

4006 * 

4007 * 

Symbols 

() 

(] 

à 

~ 

0 

0 

6 

d 
(cm) 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

TABLE 2 . Test Conditions for Bifurcated Buoyan t Jets 

u 
(cm/se c) 

6 . 06 

5 . 88 

Il. 80 

Il. 92 

5 . 986 

6 . 04 

I l. 9 1 

H 

cm 

7 . 78 

7 . 78 

7.62 

7 . 62 

7 . 78 

7 . 78 

7 .62 

R 

6 

8 

6 

8 

10 

12 

10 

TO 
( 'C) 

39 . 5 

39 . 5 

38 

38 

36.5 

36 . 5 

36 . 5 

Ta 
( 'C) 

25 . 5 

25 . 5 

25.5 

25.5 

25 . 5 

25.5 

25 . 5 

~m 
(cm) 

2 . 56 

3.39 

2.52 

3 . 33 

4 . 21 

5 . 03 

4 . 15 

~ 
( cm) 

0. 1 2 

0 . 16 

0 . 02 

0 . 03 

0 .1 7 

0 . 20 

0 . 04 

XB 
(cm) 

10 . 28 

6 . 13 

10 . 73 

6 .16 

4.06 

2 . 87 

3.97 

8s ( Ri)B 
(degree ) 

11 . 96 0 . 0478 

1 8 . 86 0 .0 246 

10 . 62 0 . 0114 

17 . 86 0 . 0050 

26 . 75 0 . 0114 

35.29 0 . 0069 

26.35 0 . 0026 

w 

"" 
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Test 

No 

5001 

5002 

5003 

5004 

5005 

5006 * 

5007* 

500 8 * 

5009* 

Symbols 

• 
• 
~ 

• 
.,. 

<> 

" 
.0-

2( 

d 
( cm) 

0 . 40 

0.40 

0.40 

0 . 40 

0 . 40 

0 . 40 

O . ~O 

0.40 

0 . 40 

u 
(ern/sec) 

3 . 04 

5 . 90 

6 . 00 

11 . 90 

11.85 

3 . 03 

3.04 

5 . 97 

12.01 

TABLE 2 (continued) 

H 
cm 

10.30 

10 . 40 

10 . 40 

10 . 35 

10 . 35 

10.30 

10 . 30 

10 . 40 

10 . 30 

R 

6 

6 

9 

8 

10 

1 0 

14 

12 

12 

To 
(0 C) 

66 . 5 

65 . 5 

67.5 

66 . 5 

69 . 5 

68 . 5 

67 . 5 

67 . 3 

68 . 3 

~ 8'C) 

24 

24 

24 

24 

24 

24 

24 

24 

24 

i m 
( cm) 

~ 
( cm) 

2.62 1. 79 

2 . 56 0.48 

3 . 80 0 . 76 

3.33 0.16 

4 . 15 0 . 20 

4 . 29 2 . 91 

5 . 94 4.20 

5 . 03 0 . 99 

4 . 96 0 . 24 

"B 
( cm) 

10 . 47 

16 . 65 

9 . 70 

14 . 12 

9 . 51 

6 . 21 

3.89 

6 . 19 

6 . 69 

• 
0a ( Ri ) B 

(degree) 

21. 84 0 . 2466 

12 . 50 0 . 1833 

18 . 42 0 . 1092 

11.69 0 . 0530 

1 6 . 49 0 . 0332 

29 . 68 0 . 1652 
ln 

39 . 12 0 . 1040 

25 . 69 0 . 0613 

22 . 30 0 . 0189 
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Test 

No 

6001 

6002 

6003 

6004 

6005 

6006 

6007' 

6008* 

6009 ' 

6010' 

Symbols 

... 
+ .. 
+ 
l 

,. 
<> 
;:r 

'Q 

A 

d 
(cm) 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0 . 40 

0.40 

0 . 40 

0 . 40 

u 
(cm/sec) 

6.08 

6 . 08 

12 . 01 

12 . 01 

1 2 . 01 

12 . 01 

6.08 

6 . 08 

6 . 08 

12 . 01 

* Tes ts '.vi th e > 20 0 

B 

H 

cm 

7.62 

7 . 62 

7 . 62 

7 . 62 

7 . 62 

7.62 

7 . 62 

7.62 

7 . 62 

7 . 62 

TABLE 2 (continued) 

R TO Ta ~m 
(OC) (OC) ( cm) 

6 66 . 5 23 2 . 56 

7 67 . 5 23 2 . 97 

6 67 . 5 23 2.51 

7 66 . 5 23 2 . 92 

8 67 . 5 23 3 . 33 

9 67 . 5 23 3 . 74 

8 67 . 5 23 3.38 

9 66 . 5 23 3 . 80 

10 66 . 5 23 4 . 21 

10 66 . 5 23 4 . 15 

~b 
( cm) 

0.45 

0 . 54 

0 . 12 

0 . 14 

0 . 16 

0 . 17 

0 . 62 

0.68 

0 . 78 

0 . 19 

XB 
( cm) 

8.21 

6.51 

9.97 

7 . 58 

5 . 96 

4.79 

5 . 365 

4 . 344 

3 . 62 

3 . 93 

8 
B 

( degree) 

16.32 

19 . 45 

12 . 10 

15 . 33 

18.94 

22 . 93 

22 . 76 

26 . 35 

30 . 32 

27 . 143 

• 
( Ri) 

B 

0 . 1180 

0.0919 

0 . 0496 

0 . 0340 

0 . 0235 

0 . 0171 

0 . 0706 

0 . 0531 

0 . 0425 

0 . 0128 

".., 
'" 
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Test 
No 

9201 

9202 

9203 

9204 

Symbols 

o 

• 

d u 
( cm) ( cm/sec) 

1. 42 10 . 1 

1. 42 10 . 1 

1. 42 10 . 1 

1.42 10 . 1 

R 

2 2869 

4 5738 

6 8607 

8 11476 

~m 
(cm) 

2.84 

5 . 68 

8 . 52 

11. 36 

TABLE 3 . Test Conditions for previous Non-Bifurcated 

Jet Experiments 
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• OIAP'rER 4 

EXPERIMENTAL RESULTS AND DISCUSSION 

4. 1 Non- Bifurcated Jets 

Due to the r e 1ative1y sha110w water depth in the present 

e xperiments and the construction of the channel, it is not possible ta 

determine the deve10pment of the jet in the region upstream of the 

bifurcation with acceptable accuracy. An atternpt is made in this 

chapte r t o estab1ish a number of basic prope rties of the non- bifurcùted 

jets based on sorne unpub1ishe d e xperime nta1 r esu1ts obtained previous 1y 

at McGi 1 1 University and other pub1ishcd works made by pratte and 

Baines (1967) , Fan (1967) , Margason (1968) , Chu and Go1dberg (1974) 

Wright (1977) a nd others ( sec Table 4) . These rcsults will be used 

as standard and refe rencc in the discussion of bifurcated jets te b e 

presented 1ater in th is chapter. 

The McGi11 unpub1is hed resu1ts of momentum j ets will be 

conside r ed first . The e xperiments were carried out in a tilting flume 

30 c m wide and 45 cm deep . The momentum j e ts werc m~de visib l e by 

inj ected dyed water vertically downward into a horizontal open channel 

cross - flow . The traj ectory (s versus xl and widths rand r of the jet 
s n 

were determined from photographs of the top and the side vi ews of the jet . 

A series of t ests for e xit te cross - flow velocity ratios R = 2 , 4 , 6 , 8 and 10 

wcre made . The test conditions are s urnmarized in TcJ.ble 3 . 

• 
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• The jet trajectory was defined in the photographs as the 

mid- point b e tween the uppe r and the l ower visual boundaries . The 

trajectory (z versus x) for each e xit te cross - flow ve l ocity ratio 

is seen in Fig . 10 to f o llow essentially a one - third slope in a 

logarithmic plot . Comparing this ~ith Eq . 30 , the ent r ainment 

coefficients a re determined and the results are p r esented i n Fig. 11. 

The e ntrainment coefficients are s een ta decrease with inc rease in 

velo city ratios R. For large velocity ratios , the en trainment coefficient 

is known to approach a constant (see , for exampl e , Chu and Goldberg, 1974) 

and this asymptotic value can be estimated from Fig.ll to be Cl ~ 0 . 45. 

The entrairune nt coeffïcient can be dete rmined alternatively 

from the growth o f jet widths rand r with he i gh t s (or z). 
s n 

According 

• to Eq. 17 , the en trainment coefficient is equal to the rate of growth of 

characte ristic radius r with distance s. In the e xpe rime nts ,two j et 

width s r and r measured'a l o ng and perpendic ula r ta the direction of s n 

travel , were dete rmined from top view and side view photogr aphs . Since 

these j et widths rand r are in proportion ta the characterist i c radius r 
s n 

defined in th e theore tica l model , seve ra i o ther e ntrainmen t coef ficients 

can be defined as follows : 

r ; ~s s 
s 

r Sn n s ( 35a , b , c ) 

r r 82 s2 
s n ; 

It is anticipated that a ll these entrainment coefficients S , e and S 
s n 

• 
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are proportional ta the entrainment coefficient ex detcrrninOtl from jet 

trajectories . The cross-sectional area ( r . r ) as dete rmined from 
s n 

the experiments is presented in Fig . 12 . Th e entrainment coefficient 

was obtained for each velocity ratio by fitting the experimental data 

by the quadratic relation , Eq. 35c ; the results are presented in Fig . 13. 

Also presented in this figure are the entrainment coefficients 8
s 

and 8
n 

as defined in Eqs . 35a , b . AlI three coefficients are seen ta decrcasc 

with increase in ve l ocity ratio R. The extrapolated values for large R 

are: 8 s = o. 58- 0 . 77 and 8 = 0 . 66 . 

Although the tWQ entrainment coefficients ex. and B are detc rmined 

from jet paths and jet cross - sections independently , the ratio of these 

two coefficients is app roxima t e ly a constant independent of the velocity 

ratio R. This not only gives confidence to the value of the en trainme nt 

coefficient determined from the experiment , but it also points out the 

corre ctness of the theoretical formul ation which leads to the one-third 

power law me ntio ned in Eq . 30 . 

Similar cxperirnents on momentum jets in a cross-flow have boen 

performed by a very large number of previous investigator s . A review 

of sorne of th ese previous works was give n by Rajaratnam (1976)_ Most 

of the e xpcriments we re concerned with the path of the jet . The only 

other e xperime nt that has inc luded measure me nt of jet widths was by 

Pratte and Baines (196 7 , see also Correction , 1968). The coef ficients 

obtaine d from fitting their res ults are included in Table 4 for comparison. 

Note that the coefficients 8 , 8 and 8 of Pratte and Baines in Table 4 s n 

were obtained based on the averages of four experiments of R = 5 , 15 , 25 , 35 . 
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Fig. 11 Entrainment Coefficient " for Non -Rifurcated Jets 
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Fig. 12 Cros s-sect i ona 1 Area of No n-Bifurcated Je t s 
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1.6 

0.8 

• 

·14 

------ es =0.77 
--~ ----- 8 = 0.66 

- ---- ~n = 0.58 

4 8 R 
12 

Fig . 13 Entra i nment Coeffic i ents as' an and a for 

Non -Bifurcated Jets 
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I nvestigators 

McGi ll unpub lished 

r esults 

Prat te & Baines (1967 , 

see a l so Correction , 

1968) 

Margason (1968) 

Fan (1967 , see also 

Chu , 1978) 

CL 

0 . 45 

0 . 42 

0 . 43 

0 . 50 

Chu & GOldberg (1974) 0 . 50 

Nright (1977) 

Fay , Es cudier & 

Hoult (1970) 

Hewett, Fay & 

Hoult (1971) 

0 . 43 

0.57 

0 . 50 

1 ; 

1: 
s 

0 . 58 

0.68 

0 . 68 

Bn S 

0 . 77 0 . 66 

0 . 89 0 . 78 

Remarks 

Momentum jets ; 

asymptotic values 

for R .,. « 

Mornentum jets ; 

R = 5 , 15 , 25 , 

Momentum jets ; 

R = 2 to 10 

Buoyant jets ; 

R = 8 , 16 

35 

Momentum and buoyant 

jets; R= 5 to 40 

Momentum and buoyant 

jets • 

Stack plumes ; field 

data of TVA and 

Bringfe1t (1968) 

Plume s in stably 

stratified wind tunnel 

TABLE 4 . Entrainment Coefficients for Non - Bifurcated Je t s and 

P l umes in Cross - Flow . 
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It is , therefore, not surprising that they are slightly higher than the 

asymptotic values of McGill presented in the same table . The entrain-

ment coefficients CI of Pratte and Baines (1967), Margason (1968) , Chu and 

Goldberg (1974) , and of Wright (1977) are not significantly different from 

the asymptotic value of CI ; 0.45 obtained from McGill ' s results . 

The motion of buoyant jets and plumes in cross - flow are affected 

by both entrainment and acceleration of ambient f luid. Chu (1978) has 

recently re-analyzed the experimental data of buoyant jets by Fan (196 7) . 

The entrainment coefficient B (which can be determined independently of 

the added mass coefficient k) was found to be the same constant for 

both momentum-dominated and b uoyancy- dominated regions of the jets . The 

added mass coefficient kwas found to be equal to 1.0 (the same as for a 

two - dimensional solid circular cylinder) . Taking k % 1 . 0 , the entrain-

ment coefficients were determined from r e sults of severai other previous 

inves tigators. The valùes a r e li sted in Table 4. They are generally 

nc t significantly different from the entrainment coefficient obtained 

from mornentum jet e xperiments. It should be pointed out that the path 

of a buoyant j e t is rather insensitive to the choice of value of added 

rnass coefficient k . The value k ; 1.0 was not determined in Chu (1978) 

with great certainty (see discussion of Chu (1976» . 

Many other experimenta l investigations arc nct includcd in 

Table 4 for comparison . This is because sorne of the other e xpe rime nt al 

results are nct readily conve rted inta the same thcoretical formula 

derived in this thesis . A rather extensive revicw on mome ntum jets has 

been given by Rajaratnam (1976). Jet trajectory obtained by aU the 
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other invest i gators was found to be not significantly differcnt from 

Pratte and Baines (1967) . 

There has been also a great deal of previous work on stack 

plumes but only the work of Fay , Esc udier and Boult (19 70) which is 

believed to be most reliable , is being mentioned in Table 4. A 

review of the entra i nment coefficients obtained fram stack pl wne studics 

is summarize d in Table 5. Again , for comparison purposes , the added 

mass coefficient k is taken to be 1.0 . As the r e sults are arranged 

in chronological arder , it appears that the entrainment coeffic i ents 

determined by various i nvestigators in the past years have been increas ing 

continuously to approach the value given in Table 4. 

Invcs tigator 

Csanady (1961) 

Briggs (1965) 

Slawson and Cs anady (1965) 

Bringfelt (1968) 

Hoult , Fay and Forney (1969) 

Fay , Es cudier and Hoult (1970) 

Entrainrnc nt Coe fficient 

Cl 0 . 15 

Cl = 0 . 17 

Cl 0 . 14 

Cl 0 . 20 

a 0.36 

Cl 0.57 

TABLE 5 . Entrainment Coefficients obtaine d from Stac k Plume 

Studies ; k = 1.0 . 
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In conclusion , the coefficients obtained from McGill ' s 

unpublished work are believed to be acceptable. The set of coefficients 

given in Table 6 will be referred to in the later chapter as NB (the 

IInon- bifurcated" results) . They will be used as a reference for 

comparison with the experimental results of bifurcated j e ts in later 

sections of this chapter . 

k = 1. 0 

Ct = 0 . 45 

S 0 . 58 
s 

Sn = 0 . 77 

S = 0 . 66 

TABLE 6 . Coeffi'Cients f or NB (the "Non-Bifur cated" Jets) 
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4 . 2 Separation of the Vortex Elemen t in the Vicinity of 

the Bifurcated Point 

Theoretical solutions wûre obtained in the prcvious chapter 

for regionsof the jet upstream and downstrearn of the bifurcation point . 

Since the pressure drag is neg l ected in the formulation , the solution 

is not strictly applicable in the regio n where the j e t is just beginning 

to split up into separated e l ements . A simplified description of the 

bifurcation phenomena is necessary here in arder that the solution 

obtained for the upstream and the downs tream regions can be joined 

together. 

Let us begin with a review of the vortex model of Hayashi (1971). 

In his model the free surface 1s sirnulated by a pair of i mage vortices 

as shown in Fig. 14 . If the separation of the pair is half of r 
n 

the traj ectory of the vortex pair (in a coordinate system rnoving wi th 

the cross - flow) will be given by : 

l 

? + 
l 

? 
16 
o 

n 
(36) 

where y ' and z' are the coordinates originated from the mid-point at 

the free s urfa ce. From the symmetrical propcrtics of Eq. 36 , it is 

possible ta show that the hor izontal momen tum associated with each of 

the separa Led elements is equal to half of the vertical mome ntum 
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initially associated with the non-bifurcated vortex pair; i . e. , half ~ . 

Once the jet is bifurcated into separated elements , the momentum 

associated with the element will remain constant. 

Due to the turbulent entrainment, the velocity scale will 

decay as ~/q or ~/r2 and the circulation associated with the separated 

vortex element will not rernain constant but decay as ~/r For this 

reason , the model of Hayashi (1971) is not applicable far away from the 

bifurcation point . 

In fact , as we shall see in the e xperimental results , the 

region influenced by press ure drag is rather small, and for all practical 

purposes can be treated as a point . This leads us to the more simplified 

description of the bifurcated jet as described in Fig . 15 . 

In this model the jet will be assumed te bchave as a non-

bifurcated jet until the top edge of the jet touches the frec surface . 

This point is defined as th e bifurcation point . 

sinee according ta NB 

r 
s 

= H -
r 

s 
2 

It occurs at 

( 37) 

( 38) 

at the bifurcation point . Substituting into the former equation yiclds , 

0 . 775 H ( 39) 

• 



• The vortex e l ement i s assumed ta maye along the frae surface 

i mmed i ate l y after the jet reaches the bifurcation point. Thus , 

s ~ z ( 40a) 

upstream of the bifurcation point , and 

s = 0.775 H + Y (40b) 

downstream of the bifurcation point . Eq . 40 will be used to ca lculate 

the latera l migration distance s for aIl the experimental results ta be 

presented in the later sections. It is interesting to note that the 

lateral migration s calculated by the Hayashi model , Eq . 36 , gives: 

s = 0 . 780 H + Y ( 41) 

f o r th e jet far downstream of the bifurcation rcgion. This rcsult is 

almost in e x act agreement with Eq. 40 which is based on a more simplificd 

model. 

Once the lateral bifurcation distance sa is determincd , the 

longitudinal l ocat ion of the bifurcation point can bc obtained from 

Eq . 29 : 

= - 2 + ~4 + 0.503 ~ ) 3 (42) 

s 

• 
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Th e inc linati on angle of the non-bifurcated jet at the bifurcat i on 

point is 

o 
B 

-1 (dZ) 
t an dx B 2 . 052 

( t m) 2 
H 

Il + 0 . 125 (..!:.'..) 3 
t 
s 

( (43) 

This angle e
B 

will be refe rred te as the "angle of impingement ". 

In the limiting case of a rnomentum j e t , t b + 0 , Eqs. 42 and 

43 r educe to 

~ 
0 . 126 (..!:.'..) 3 

~ ~ 
( 42a) 

m m 

~ 

0 = 2 . 052 (2'.) 2 
B H 

( 43a) 

On the othe r hand , in the limiting case of a buoyant plume ( ~ + 0) , 
m 

x 
B 

/0 .503 (..!:.'.. ) 3 = 
~b ~b 

( 42b) 

2 . 0 52 /0 .125 
~ 

0 ( ..È.) 
B H 

( 43b) 

It should be pointed out at this stage that the b i furcation 

phenomenon at the j e t imp ingement i s in general more compl icated th an 

the simplified description given in Figs . 14 and 15 . Th is is part i 

cularly 50 when the j et incl ination angle 0a is large, say larger than 

20°. Under this condition , a thin layer of upstream wedge is observe d 

to f orm , in whi ch the j et fluid can be seen to flow in al l radial direct i ons . 

Owing t o this , the e xperime nta1 results to be presented in the later 

sections are divided into two groups according to whether the jet impi nge -

ment angle i s smalle r Or 1arge r than 20· . 
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4 . 3 Bifurcation of Momentum Jets 

The first three series of experiments were carried out for 

momentum j ets in which there was no temperature diffcrencc bctween the 

exit and the cross- flow. The test conditions are smrunarized in Tab l e 1 . 

Two basic differences between the three series of tests should be me ntioned : 

(i) Test series 1000 and 2000 were both performed in the same range of 

H/ i varied from 2 to 3; s e ries 1000 were performcd at a higher depth , 
m 

H = 14 . 7 cm , in comparison with series 2000 which !lùs a depth of fi = 7 . 6 cm ; 

(ii) The two series of tests 2000 and 3000 have exactly the sarne t est 

conditions except. that series 3000 were performed with short stack (see 

Fig . 4 attached on top of the nozzle . Although both series have the 

same H 7. 6 cm , the total depth of the cross-flow in test series 3000 

is 10 . 7 cm deep. 

The typical behaviour of the bifurcated momentum jets i s shown 

in a series of top view photographs in Figs. 16 , 17 and 18 . 

Fig. 16 shows a comparison betwecn a series of bifurcated 

momentum je ts with the same i and H but with different cross - flow 
rn 

velocities and nozzle diameters. The purpose of this figure is ta show 

the impor ta<lce of both scale lengths fi and i . 
m 

As long as fi and i are 
rn 

maintained the s ame , other parameters do not h ave any significant effect 

on the jet bifurcation. Aiso compared in the samc figure are the rcsults 

of series 2000 and 3000. The addition of the stack and the change of 

total water depth in test series 3000 are shown to have negligible effect 

on j et bifurcation . 
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• Fig . 17 is a series of photographs taken from test series 1000 . 

In comparing with the test conditions in Fig . 16 , we find tha t both 

length scales H a nd i are double but the r at io H/ i i s maintained. m m 

The increase in length scale has r esulted in inc r eas ing the scale of 

turbulent motion. Furtherrnore, sinee ~ i s double , what is seen in the 

pictures o f Fig . 17 are , in fact , rathe r earlie r stages of bifurcation 

(compare also Figs . 18(a) and 18 (b» . In th i s ea rly stage of bifurca-

tian, clear separation of the two v ortex e lemen t s is sometimes not obse rved . 

The behaviour of the jet at various impingement ang~es OB is 

s hown in Figs . 18 (a ) and 18 (b) . When the angle OB i s large , the j e t 

near the bifurcation poi nt is s een ta f orm a spreading layer flowing in 

ail radia l directions a l ong the free surface . For a test with large 08 ' 

it i s sometimes difficult , at l eas t in the regio n near the bifurcation 

point, to define the inner bounda ry of the bifurcating jet. For this 

r eason , e xperimental results wi th high and l ow angles of OB are prcscnted 

separate ly. The resu1ts for OB < 20° are presented in Figs. 19 , 20 , 21 

and 22. The r esults f o r OB > 20° a r e shawn in Figs. 23 and 24 . 

Jet widths rs , r and cr oss -sectional arca r r as de t ermined 
n s n 

from phot ographs of the bifurcated j e t s were p l otted against the latcra1 

migration distance s in Figs . 19 , 20 and 21 . The results are scen to 

follow c10sely the linear and quadratic r elati onships proposed in 

Eqs . 35 (a ,b , c ) . The jet trajectories are presented in Fig . 22 and they 

are seen to follow the one- third l aw of Eq . 30 . 

There are no noticeable differences between the two sets of rcsults 

of t est series 2000 and 3000 . This suggests that the addition of a stack 

• 
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Test 2005 

d = 0 . 2 cm 

U = 11.9 cm/sec 

Test 2006 

d = 0.2 cm 

U = 6. 4 cm/sec 

Test 2007 

d = 0.4 cm 

U 12.5 cm/sec 

Test 2008 

d = 0 . 4 cm 

U = 6.1 cm/sec 

Fig. 16(a) Photographs of Bifurcated Momentum Jets 

without stack; ~m = 3.4 cm, H = 7.6 cm, OB = 19° 
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Test 3003 

d - 0.40 cm 

U = 2 .98 cm/sec 

Test 3004 

d = 0.40 cm 

U = 6.03 cm/sec 

Test 3005 

d 0.40 cm 

U = 11.87 cm/sec 

Fi g. 16 (b) Photographs of Bifurcated Momentum Jets 

• wit h stack; i m = 3.4 cm, H = 7.6 cm, OB = 19° 
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Test 1005 

U 8.45 cm/sec 

dO.2 cm 

Test 1006 

U = 4.15 cm/sec 

d 0.20 cm 

Test 1007 

U = 8.49 cm/sec 

d = 0.40 cm 

Test 1008 

U = 4.19 cm/sec 

d = 0.40 cm 

Photographs of Bifurcated Momentum Jets; 

i m = 6.60 cm, H = 14.7 cm, OB = 19° 
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Test 2001 

e 10° 
B 

U = 12.2 cm/sec 

d = 0.20 cm 

Test 2005 

e = 19° 
B 

U = 11.87 cm/sec 

d = 0.20 cm 

Test 2009 

e = 26° 
B 

U = 11.70 cm/sec 

d = 0.2 cm 

Fig. 18(a) Photographs of Bifurcated Momentum Jets 

~ at various eB 
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Test 1001 

o = 15° 
B 

U 8.43 cm/sec 

d : 0.20 cm 

Test 1005 

o 19° 
B 

U = 8.43 cm/sec 

d = 0.20 cm 

Test 1009 

o = 24° 
B 

U = 8 . 45 cm/sec 

d 0.2 cm 

Photographs of Bifurcated Momentum Jets 

at various 0
B 



• and the change of total depth of the cross - flow in test se r ies 3000 

do not affect the jet (at least , this is true for the present range of 

test conditions) . The growth of jet width for test seri es 1000 is 

somewhat l arger . This cou l d be due to the presence of a larger 

scale of turbulent motion ; or it could be due to the way in which s is 

defined . In fact , a slight adjustment of the coefficient in Eq . 40(b) 

(say , s = 0 . 70 H + y) would bring the three series of experiments to 

closer agreement and a better fit to the linear and quadratic relation-

ships of Eq . 35 (a , b , c). 

Th e entrainment coeffi cients a , a, a and B determined from 
s n 

best fit of experimental results are summarized in Table 7 . The set of 

coefficients will be referred to as BM ( "Bifurcated Momentum" j e ts) . 

Il = 0.50 

S = 0.65 

S = 0.55 
s 

Sn = 0.77 

TABLE 7 . Entrainment Coefficients for BM 

The entrainment coe fficients in Table 7 for BM a r e not signifi-

cCl ntly di fferent from the coefficients in Table 6 f o r NB . This shows 

that entrainment characteristics for non- bifurcated jets and for bifurcated 

jets are essentially similar , at least in the regio n s uffic iently f ar away 

from the bifurcation point . 

• 
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Fig . 21 Cross - sectiona1 Area of Bifurcated t~omentum Jets (0[l < 200) 
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The behaviour of the impinging jet near the bifurcation 

point is somewhat different. A surface l ayer was observed near the 

impinging point where the jet fluid spreads in all radial directions . 

Fig . 23 presents the configuration of such a spreading layer for tests 

with ° > 20° . 6 
The locus of the outer jet boundary is plotted in a 

coordinate system originated from the bifurcation point . An upstream 

wedge can be seen to form, the extent of which is approximately one to 

two tirnes the momentum length scale t . 
m 

Similar spreading layer was observed in tests with 06 < 20° . 

6ut the extent of the layer appears to be smaller and the boundary was 

not so clearly defined in the photographs . 

The same set of experimental data in Fig . 23 i s replotted in 

Fig . 24 to compare with che results obtained for low impinging angles 

(06 < 20°). The r esult for the low impinging angle is represented in 

the figure by the one-third law: 

s 
o 

i 
m 

with a = 0 . 50 and B = 0 . 55 . 
s 

(~ 
~ 
m 

y 
) 3 ( 44) 

Despite the dependency on ° in the 
6 

region near the bifurcation point 1 the two sets of data for low and high 

angles 06 are seen in the figure to approach each other in the far field 

region . 

• 
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The jet width r n / H for the whole r ange of impinging angles 

is plotted against x/~ in Fig . 25. Note that r is equal to twice 
n 

the thickness of the surface l ayer (see Fig. l(c». Again, sorne 

dependency on the angle 0
8 

can be observed, particularly for tests with 

o > 20° 8 . The reduction of the jet thickness in these cases could be 

explained by the fact that the jet fluid at high impinging angles dis tri -

buted more evenly in ail directions rather than concentrated along two 

vortex e l ements , as in the case with low impinging angles . 

For low angles of irnpingement , the experirnental results are 

seen to follow the one- third law: 

S n 

0 . 77 and SB = 0 . 775 H, 

r 
n 

H 

l~ 
0 . 596 (~) 

~ 

1he coefficient Sn has been determined previously in Fig. 20 . 

(45) 

(%) 
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4 . 4 Bifurcation of Buoyant Jets 

Three series of tests were carried out to study the bifurcation 

phenomena of buoyant jets. The excess temperature AT at the exit and 

the depth of cross-flow H are as follows: 

Test series 4000: b 'f 15°C 

Test series . 5000: !!l. T ; 44°C 

Test series 6000 : A T; 44°C 

H 

Il 

7.6 cm 

10 . 4 cm 

H;7.6cm 

Tes t conditions for each test in the series arc summarized in Table 2 . 

A selection of top view photographs of the bifurcated jets is 

presented in Figs . 26 and 27 . Fig . 26 compares a series of tests with 

different exi t temperatures but keeping all other conditions exactly the 

sarne . The effect of buoyancy induced by temperature differe nce can be 

se en ta have a rather significûnt influence on the jet bifurcation. 

The cross- section of a bifurcated buoyant jet was observed to 

have a rathe r different shape. In gcneral , a thin layer was obscrved 

attaching in front of the vortex element as shown schematically in Fig. l(c) . 

Fi g . 27 compares tests with differont dcpths whilc kccping other conditions 

identical. Thin spreading layer is observed in cases when the depth 

is shallower. The spread ing layer i n the present e xperiment was generally 

observed to be rather thin. It also has a tcndcncy ta mcrge with the 

vortex clement and disappear at sorne downstream regian . 
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Test 2004 

t.T = oOe 

Test 4001 

t.T = 14°C 

Test 6001 

t.T = 44°C 

Effect of Buoyancy on Bifurcated Jets; 

U = 6.1 cm/sec, d = 0.40 cm, t " 2.6 m 

H 7.6 cm, R = 6 

cm 
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Test 5004 

H = 10.4 cm 

l:::.T = 44°C 

U = 12 cm/sec 

d = 0.40 cm 

R = 8 

Test 6005 i = 3.30 cm 
m 

H = 7.62 cm i = b 
0.16 cm 

Test 5005 

H = 10.40 cm 

l:::.T = 44°C 

u = 12 cm/sec 

d = 0.40 cm 

R = 10 

i 4.20 Test 6010 m = cm 

i 0.20 cm 
b 

H = 7.62 cm 

• 
Fig. 27 Photographs of Bifurcated Buoyant Jets 
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To distinguish the th in layer from the main bulk of the 

vortex e l ement , two jet widths can be defined from the top view photograph . 

As shown in Fig. l(c) , the jet width of the main bulk, ignoring the thin 

layer, is rs' 

, 
The total width including the thin layer is r'. 

s 
Both 

rs and rs are presented in Fig . 28. The jet width of the main bulk r 
s 

is observed ta grow linearly with the transverse migration distance 5 

(following a 45° slope in a log-log plot) . This gives an entrainment 

coefficient ~ 
s 

0.52 which is slightly below the value of 0.58 and 0 . 55 

for NB and BM , respectively . The appare nt reduction of ~ sould be 
s 

the result of ignoring the thin layer. The width of the thin layer 

appears ta vary in a rather complex manner , and we have not been success-

ful in providing a proper description of the phenomena . 

The jet width r is presentcd in Fig. 29. 
n 

The individua l test 

can be seen ta relate ta the distance 5 by a lincar relationship. But 

the entrainment coefficient e appears ta vary somewhat from test ta test ; 
n 

the values are generally below the value of 0.77 for NB and BM. The 

reduction in entrainment coefficient 8 in this case is believed ta be n 

affected by stable density stratification and it may be related to the 

local Richardson numb er 

Ri 
9 IIp r 

p 
(47) 

Since u = ds/dt and r = as , the Richardson number defined in Eq . 47 

can be expresscd in dimensionless forro and related ta the jet trajectory 

as follo ws: 

• 
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Ri 

where 

s 
9-

s 
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and 

for a jet trajectory given by Eq. 27. 

bifurcation point is 

- 2 
"a 

[ 2(l+k) + 
(Ri) 3" 

S 4 Xs 
[( l+k) + 

( 48) 

The Richardson number at the 

~] 
( 49) 

1F 

" = 0.40. 

The maximum value of (Ri)B is equa l to 3"/4 and it occurs at 

Richardson number (Ri)s i s calcu1ated in Table 2 based on 

The entrainment coefficient 8 is correlated with the 

Richardson number (Ri)s in Fig . 30 . 

n 

The reduction of 8 is rather smal l 
n 

even when the (Ri)a reaches its maximum . It i5 not certain whether the 

turbulent entrainrnent would eventually c01lapse as in other density 

stratified shearing flows (see, for e xamp1e, Chu and Vanvari (1976)). 

Sorne evidence of col lapse is apparent at least in tes t No. 5001 with 

the highest (Ri)s' The growth of jet widths in this test can be seen 

to 1evel off in the far field region . 
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In one or two tests performed under very low cross-flow 

velocity (U ~ 1.5 cm/sec, not listed in Table 2) , the bifurcated vortex 

elements were observed ta break down and ta form a vortex street as 

vorticity vectors rotating toward the vertical direction. The vortex 

street was also observed ta have a tendency te merge back inta a single 

thin layer at sorne downstream regian . The merge at this low cross -

flow velocity was , however , affected by the boundary layer deve l opment 

alongside the channel . It was not possible to establish with certainty 

whether the merging i5 , indeed, the result of vortex interaction within 

the street . 

It should be pointed out that merging of the vortex street 

was nct observed, at least within the test section , in any of the tests 

listed in Table 2. The phenomenon , if it exists at aIl , would 

probably occur only in cases when (Ri)a i s very c lose to its maximum 

of 0.3 or, in a regian very far downstream from the bifurcation point. 

Since the dependency of entrainment coefficient on the 

Richardson number has nct been established with satisfac tion, from 

now on our analysis will be based on an average d coefficient . The 

variation of an is not large . It i5 possible te fit the experime ntal 

data in Fig . 29 by a single linear relationship and obtain an averaged 

coeffici ent B = 0 . 54 . 
n 
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The cross - sectional area of the bifurcated buoyant jet 

r r , ig~oring the thin spreading layer , is plotted in Fig. 31 against 
s n 

the lateral migration distance s. An average coefficient 13" = 0.53 is 

obtained by fitting the data with a guadratic relationship . 

The jet trajectory is presented in Fig. 32 . In evaluating 

the centerline , the thin layer was ignored . The expe rimental results 

were found ta follow very closely Eq . 28 if an average entrainment 

coefficient a 0 . 40 and an added mass coefficient k = 1 . 0 are chosen . 

In the range of H/~ = 0 . 5 to 4 . 0 of the present experiments . ,Eg . 2B is 
s 

seen to follow essentially a one- third law . In fact, Eg. 2B would 

eventually approach a one - third law in the far field r egion . Note that 

a and (~ , 8) are determined independently based on jet path and jet 
n 

width, respectively . The reduction of a is consistent with a similar 

reduction of if and 8 . Average coefficients for BB ( "Bifurcated Buoyant " 
n 

j ets) are summarized in Table B. 

• 

k 1.00 

Ct 0.40 

Ils 0 . 52 

Fn 0 . 54 

Jr 0.53 

TABLE B. Average Coefficients for BB ("Bifurcatcd Buoyant " jets) 
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Test Series 4000 () D .. <) 

5000 • • • ... 
6000 ,,· + -,,+ .l.T 

Fi g. 28 Jet Wi dth rs of Bi furcated Buoyant Jets ( eB <: 20') 
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The results for buoyant jets obtained 50 far were base d 

on tests with 0 < 20· . 
8 

The configuration of the radially spreading 

laye r around the bifurcation point obtained from tests with 08 > 20· 

is presented in Fig . 33 . The l ength scale for norrnalization in this 

figure is based on rnomentum ~ at the bifurcation point: 

":s ,::-i-=b'-::-:_'2 ] 1 i2 9. [1 + -;-
m (l+k) 9. 

m 

( 50) 

In comparison with the momentum jet in Fig. 23 , the radially spreading 

layer for buoyant jet is seen to have a slightly wider lateral 

dimension. 

The experimental results in Fig.33 (0 > 20· , H/ 9. ~ O. 5'v2 . 0) are replotted 
8 5 

in Fig . 34 and compared with an equation deduced from test results of the 

lower impinging ang l e. The equation is obtained by adding rs/2 to the 

jet center line trajectory given by Eq. 28: 

s 
o 

- 2 
[ 2x xg - XB 

2 (l+k) 
+ 

where , for t ests with Ga < 20°, ex = 0 . 40 and Bs = 0 . 52 . 

Eq. 51 does not include the thin spreading laye r . 

( 51) 

Not" that 
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The vertical jet width r for ail ranges of impinging angles 
n 

is shawn in Fig. 35 . The growth of jet width i s seen to follow nearly 

a one-third slope in the log-log plot . In the r adial spreading region , 

the j e t width r is affected by both the impinging angle and the 
n 

Richardson number in a r ather complicated rnanner . 
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OIAPTER 5 

SUMMARY AND CONCLUSIONS 

Experimental investigation was carried out ta study the 

bifurcation phenomena of buoyant jets in a cross - flow. The jet was 

observed ta consist of three regions , namely : the non- bifurcated 

region upstream , the irnpinging region around the bifurcation point , 

and the downstream region where the jet split up into two separated 

elements . 

The development in the impinging region near the bifurcat i on 

point is rnost complicated . A r adially spreading layer was observed 

ta farrn around the bifurcation point . The layer would eventually 

bifurcate iota two separa te elements at same downstream region . 

In the lirniting case when buoyancy is zero , the entrainment 

and spreading characteristics of each of the bifurcated elements were 

found to behave exactly the same as non-bifurcated jets in a cross - flow. 

The width of the elernent was observed to g r ow linearly with a lateral 

migration distance. The trajectory of the elernent was found to follow 

a simp l e one - third pm.,rer law . 

The bifurcation processes undcr the influence of buoyancy are 

more compl i cated . The entrairuncnt coefficients, within the present 

range of experiments, were found wcakly dependent on th e Rich a rdson number . 
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Th e entrainment coefficients and added- rnass coefficients 

determined from the ce nte r line trajectory and growth of jet widths 

a r e summarized in Table 9 for NB ("non- bifurcated" j e ts) , SM ( "bifurcated 

momentum" j ets ) 1 and BB ( "bifurcated buoyant" j e ts) , respe ctively . 

NB BM BB 

k LOO LOO 

a ; 0 . 45 0 . 50 0.40 

S ; 0.66 0.65 0 . 53 

Ss ; 0 . 58 0.55 0 . 52 

a n 0 . 77 0 . 77 Q.54 

TI\l3 LE 9 . Entrainment and Added- Mass Coefficients 

for NB , BM and BB 

Note that the ent r ai nment coefficients in Table 9 were 

ùetermined fo r l a rge exit to cross- flow velocity ratios (i. e . , for R > 6) 

only. Th e e ntra inment coe fficients for BB are weakly dependent on 

the Ri chardson number . The values in Table 9 are the average over 

the range of the Richardson numbers covered in the present experiment. 

The e xpe rime ntal investigation for buoyant jets is incomplete . 

lt has not b een estab lished with certainty wheth e r the bifurcated vortex 

ele me nts may , in Sorne cases due ta vortex interaction , merge back inta 

a s ingle thin layer in the downstream r egion . The problem is an 
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important one because it determincs , for e xample , in the submerged 

dis charge of pollutants, th e maximum area of contamination . Further 

experiment in a wider channel is obviously needed t o r esolve this question . 

The observatio n in the present experiment has been res tricted 

t o only widths and tra jectory of the bifurcated jets . However, the 

more important information concerning the concentration and dilution 

of th e bifurcated j et can be inferred from the dilution measurcment in 

non- bifurca ted jets . Chu (1978) reanalysed the expe r i mental r esult 

of non-bifurcated jets by Fan (1967 ) and found the f o llowing relationship 

between the jet width r and minimum dilution ratio on the cent e r plane 
s 

of symmetry: 

1.47 
r 2 
(~) 
~ 

s 
( 52) 

Assuming that the minimum dilutio n ratio D. at the vort ex core is about 
m1n 

O. 6 D and tha t r r Ir 2 = 1. J 3 , 
c n S 5 

D . Q 
m~n 0 

U~ 2 
s 

= 
r r 

0 . 66 ( ~ ~ ) 
s 

0 . 66 8 2 (~) 2 
~ 

s 
(53) 

Because entrainment characteristics between bifurcated and non - bifurcùted 

jets wc re simi lar , Eq. 53 cou l d be used to estimate dilution in bifurcated 

j e t s as we ll . 
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APPENDIX l 

EXIT MOMENTUM CORRECTION FACTORS 

The boundary l ayer development inside the nozzle affects 

the exit velocity profi le. In order that the exit rnomenturn flux 

can be calculated based On uniform velocity distribution , a momentum 

correction factor is evaluated in this Appendix . This factor de pends 

on the nozzle lcngth x , fluid kinematic viscosity v , fluid density p 

anù the exit velocity V . 
max ' . 

The formu l ae given for the dis placement thickness and the 

momentum thickness of the laminar boundary layer are (see Daily and 

Har1eman (1966) , pp . 195- 198): 

1. 73x 
( 1-1) 

Rx
1 

0.664 x 
(1 - 2) 

Rx~ 
o 

where the Reynolds number based on the nozzle length Rx is given by: 

V x 
Rx 

max 
V 

The average velocity V is given as follows : 
av· 

V 
av 

(1 - 3) 

( 1-4) 

• 
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where Q and d are the discharge and the inner diametcr of the nozzlc, 

respectively . 

The maximum velocity at the center core 

is estimated to be: 

4 ç 
( 1-5) V ; 

TT(d-2ô*) 2 max 

From Eqs . 1-4 and 1-5 , 

2 V 
( max) l 

8ô* 
(1-6) ; + + .. . 

V d av 

The actual exit momentum flux is 

M 
o 

TT 
4 

TT 
4 

V 2 (d-2ô*)2 - v2 TTd0 
max max 

Neglecting (2 Ô*) , Eq . I-7 can be approximated to be: 
d 

M 
o 

TT V2 d2 [1 _ 4 (ô* - 0 J 
4 max d 

e 

e 

Since the moment um flux based on the average velocity is: 

M ; TT v2 d2 
av 4 av 

, , , 
Vmax--: 

1 

Vay -~ , 

( I-7) 

( 1 - 8) 

( 1- 9) 

s* 

t 
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From Eqs. 1- 6 , 1-8 and 1-9 

M = 1T V2 d 2 [1- d
4 

(0*- 0) J [1 + 80
d

* + ... J 
o 4 a v 

1T v2 d 2 [1 + 40* 
4 av d 

40 -+ 
d 

. . . J 

Making use of Eqs . 1-1 , 1-2 and 1 - 3 , the exit momentum flux can be 

ca l cu l ated by: 

M = [1 + 1 [4 . 264 
o d 

For the first nozzle , 0 = 0 . 20 cm , x 

v Q 
av 

0 . 40 cm , 

For the second nozzle , 0 0.40 cm , x = 0.60 cm , 

(1-10) 

( 1-11) 

M = [1 + 8 .26 ( \) )!] V Q (1-12 ) 
o V av 

For the stack of l ength 3 . 00 cm , the above method of calculating 

the momcnturn correc tion factor i s inaccurate . 1~e v elocity d i stribution 

at the exit of the stack is assumed to fol1ow a power law: 

V --= 
V 

max 

(1_ 2r)" 
d 

(1-13) 



• 

• 

<)7 

1 
where a is chosen to be 6 for the range of Reynolds number of the 

discharging jet in the experiment . 

Thus , 

d 

J
2 

= 2 n V r d r 
o 

Substituti ng from Eq . 1- 13 into Eq . 1-14 , 

= 

= 

.'!. d 2 V 
4 max 

0.198 " d 2 V max 

( 1- 14) 

(1-15) 

Simi1ar1y, the actua1 exit momentum flux M will be ca1cu1ated as 
o 

fo11ows: 

M 
o 

d 

f2 2 n v2 r d r 
o 

Again substituting fram Eq. 1- 13 inta Eq . 1-16 , 

M = 0.161 n d 2 v2 
o max 

(1 -16) 

(1-17) 

Since V ; 0.7912 V , the exit mome nturn flux will be givc n as , 
av max 

M = 1. 03 P Q V 
a av (1-18) 



• 

• 

lB 

Eqs . I-ll and I-12 were used ta calculate the exit mamenturn flux in 

tests in which nazzles with diameters 0 . 20 cm and 0 .40 cm are used 

while Eq. 1-1B was used ta calculate the exit mamentum flux in t ests 

with a stack . 



• 
SUM!1AR'i OF EXPERHlENTAL RESULTS 

Test Mo/Po Fa /Po is ( Re) ( Re) s 5 x 0 
0 a - r No (cm4/sec 2) (cm4/sec 3) (cm) i i 

m m m 

3 . 535 2 . 506 3 . 086 

7 . 070 3 . 023 3 . 851 

1001 1850.8 4723 12050 10 . 60 3 . 464 4 . 403 

1 4 . 14 3.683 4 .731 

17. 67 3 . 906 5 . 066 

3.497 2.461 2 . 952 

6 . 994 2.761 3 . 554 

1002 453 . 20 23 11 6092 10 . 49 3 . 226 4 . 045 

13 . 99 3 . 444 4.373 

19 . 23 4 . 045 5.193 

3.496 2 . 624 3 . 280 

6 . 992 2 . 843 3 . 717 

1003 1780 . 3 4581 12078 10 . 49 3 . 239 4 . 1 8 1 

13 . 89 3.717 4.809 

17 . 48 4 . 045 5 . 246 

s. 
rs ~ 

r r 
m m 

1. 926 1.160 

2.194 1. 657 

2.526 1. 878 

2 . 636 2 . 095 

2 . 746 2.320 

1. 969 0 . 984 

1.969 1. 584 

2 . 406 1. 639 

2 . 515 1. 858 

2 . 898 2.295 

1. 969 1. 311 

1.969 1. 748 

2 . 296 1. 885 

2 . 624 2.1 85 

2 . 843 2.404 

r n 
r 

m 

1. 826 

2 . 248 

2 . 636 

2 . 104 

2 . 370 

2.708 

1. 839 

2 . 146 

2 . 676 

• 

;l> 

'" '" t>l z 
tJ 
H 
x 
H 
H 

'" '" 



• • 
Mo/po Fo/PO .ts ( Re ) ( Re ) x s s s 

rs r n Test 0 i 
( cr:t4/sec2) (crn4/sec 3) ( cm) 

0 a 
~ ~ ~ r No t rn ~ rn 

3 . 445 2 . 640 3 . 340 1. 940 1.400 2 . 174 

6 . 89 1 2 . 802 3.660 1.940 1. 723 2 . 358 

100 4 458 . 36 2291 6040 10 . 34 3.259 4.201 2 . 317 1. 884 2 . 646 

13 . 78 3.663 4.740 2.586 2.153 

17 . 23 4.086 5.270 2.901 2 . 369 

3.098 2 .2 34 2.739 1. 729 1. 009 1. 626 

6 .196 2 . 754 3.391 2 . 117 1. 275 1.929 
::; 
0 

0 

1005 240 7 . 5 5395 12045 9 . 294 3 . 424 4.354 2 . 494 1. 860 2.290 

1 2 . 39 3. 704 4.714 2.794 1. 92 

15 . 49 4 . 064 5 . 06 8 3 . 0 60 2.008 

3 . 06 7 2.302 2 . 877 1. 727 1.150 1. 692 

6 . 134 2.709 3.452 1. 967 1. 4 86 1. 952 

100 6 594 . 30 2654 6122 9 . 201 3.141 4.027 2 .25 4 1. 773 3.324 

12 . 27 3.38 4 . 411 2.350 2.061 

1 5 . 33 3. 62 4 . 794 2.446 2 . 348 

, 



• 
Test 

No 

1007 

1008 

MO/PO 
(cm4/sec 2) 

2487 . 7 

622 .1 6 

FO/PO 
(cm4/sec 3) 

R.s 
(cm) 

(Re) 
o 

( Re ) 
a 

5432 12531 

2679 6 1 80 

, 

x 
R. 

m 

s 

i 
m 

s 
o 

R.m 

3.068 2 . 323 2 . 919 

6 . 137 2 . 707 3 .494 

7 . 671 3.186 4 . 166 

9.205 3 . 411 4 . 423 

12.27 3.565 4.635 

1. 513 2.157 2.61 

3 . 026 2.406 3 . 068 

6 . 052 2.959 3 . 765 

9 . 078 3.302 4.148 

1 2 . 10 3.606 4 . 532 

S, 
1 

R.m 
rs 

R.m 

r n 
R.m 

1.728 1.19 1 1. 604 

1. 920 1.575 1. 843 

2 . 207 1.958 2.076 

2 . 399 2 .024 2.308 

2 . 495 2 . 140 

1. 704 0 . 906 

1. 744 1. 324 1. 532 

2.152 1.613 1. 700 

2 . 456 1. 692 2.194 

2 . 680 1. 852 

• 

~ 

0 ... 



• • 
Test ~\:, 1Po F o/Po 2.s (Re ) ( Re) x x-XJl Yo rn 

0 a - -r- 2.rn No ( c rn " Isec 2 ) (crn"lsec 3) ( crn) "B rn H 

- 1.1365 0.4309 

- 0 . 4471 0.8618 

2.426 0 . 24 2 4 1. 2065 0.7378 

0 . 9318 1. 5512 

1009 3058 .3 6089 12084 3 . 640 1. 6212 1. 8098 0 . 7724 

2 . 3107 2 . 0683 

4 . 85 3 3 . 0001 2.3268 0 . 8426 

3 . 6895 2. 5854 t-' 
.) 

.v 

7 . 279 4 . 3789 2 . 6715 0 . 8776 

-1. 1706 0. 6738 

-0 . 4968 1. 0738 

2.302 0 . 1769 1. 4739 0 . 6796 

0 . 8507 1. 7476 

10 10 739 . 26 2926 60:)0 2 . 878 1. 5245 2 . 0213 0 .7680 

2 . 1983 2 . 1056 

3.454 2 . 872 1 2 .1897 0.8038 

3.5458 2.2 951 , 
4 . 029 4.2196 2 . 400 3 0.9170 



• • 
Test !i /p o FO/PO is (Re) ( Re) x x-xB Yo r n 0 a -No ( cm4 /sec2 ) (cm4/sec 3) ( cm) xB i m i m 

1r 

- 0 . 8315 0 . 6989 

- 0 . 2103 1 .1648 

2 . 989 0 . 4120 1. 7473 0 .7028 

1. 322 1. 9413 

1011 3793 . 1 6790 12126 3 . 736 1. 6534 2 . 1743 0.7374 

2 . 2747 2 . 4073 

4 . 483 2 . 8959 2 . 5626 0 . 7724 

3 . 5171 2 . 7955 
:-.:: 

5 . 977 4 . 1384 2 . 8512 0.8426 W 

- 0 . 8927 0.4233 

- 0 .2771 0 . 9234 

2 . 758 0 . 3385 1. 2697 0 . 6796 

0.9541 1. 6159 

leU 926 . 12 3324 6135 4 .137 1. 569 7 1. 8084 0 . 7476 

, 
2 . 1853 2.0010 

5 . 516 2 . 8009 2 . 1546 0 . 8154 

3 . 4165 2 . 3085 
, 

8 . 275 4 . 0320 2.3 854 0 . 8494 



• • 
Test Mo/Po FO/PO 1s ( Re) (Re) x x-xB Yo re, 

( cm4/sec2) 
0 a -

No (cm4/sec 3) ( cm) "B ~ -:ç H 

- 0 . 8611 0 . 8363 

- 0 . 2529 1. 3685 

2.758 0 . 3554 1. 8247 0.6796 

0 . 9636 2 . 1288 

1013 982 . 82 3384 6245 4 . 137 1. 5718 2 . 3759 0 . 7476 

2 . 1801 2.4710 

5 . 516 2.7883 2 . 5850 0 . 8154 

c 
3 . 3965 2 . 6991 .t> 

8.275 4 . 0047 2 . 8131 0 . 8494 

" 

, 



• • 
Test Ho/Po FO/PO Ji.s ( Re) ( Re) x s So Si r s r n 

0 a 
Ji. No (cm4/sec2) (cm4 /sec 3) ( cm) Ji. Ji. Ji. Ji. Ji. 

m m In m m m 

4 . 096 2.957 3 . 533 2 . 381 1. 152 

8 . 193 3 .195 4 . 009 2 . 381 1. 623 2 . 220 

2001 721. 56 2929 9300 16 . 39 3 . 765 4 . 749 2 . 781 1. 968 2 . 614 

24 . 58 4 . 141 5 . 197 3 . 085 2 .112 3 . 114 

36 . 87 4 . 813 5 . 965 3 . 661 2 . 304 

4.043 2 . 792 3 . 234 2 . 350 0 . 884 

8 . 086 3 . 082 3 . 813 2 . 350 
.... 

1. 463 2 . 310 0 
ln 

2002 185 . 74 1466 4656 16 . 17 3 . 547 4 . 443 2 . 650 1. 793 2 . 762 

24 . 26 3.767 4 . 724 2 . 809 1. 915 3 .102 

36.39 4 . 111 5 . 177 3 . 045 2 . 132 

4 . 042 2 . 854 3 . 360 2 . 349 1. 010 

8 . 083 3 . 017 3 . 686 2 . 349 1. 337 2 . 296 

2003 720.21 2887 9166 16 . 17 3 . 802 4 . 749 2.854 1. 894 3 . 150 

24 . 25 4 . 307 5 . 307 3 . 307 2.000 3 . 788 

36 . 37 5 . 011 6 . 138 3 . 884 2 . 254 
, 



• • 
s s 

rs r n Test MO/Po Fo/po t s ( Re) (Re) x s 0 i 
0 a 

No (cm4/sec2) (cm4/sec 3) ( cm) tm tm tm tm R-rn R-rn 

3 . 973 2.827 3.344 2 . 309 1.035 

7.946 3.034 3.758 2.309 1. 449 1. 916 

2004 19 8 . 74 1491 4734 15 . 89 3.861 4.793 2.930 1. 862 2 . 548 

23 . 84 4 . 394 5 . 443 3 . 344 2 . 099 3 . 122 

35 . 76 4 . 802 6 .053 3.551 2.502 

3 . 517 2.621 3.198 2 . 044 1. 154 

7 . 034 3.253 4 . 022 2 . 484 1. 539 1.630 ~ 

0 
<7> 

2005 1203.7 3798 9043 14 . 07 3.649 4 . 610 2 . 687 1. 923 2.516 

21.10 4.293 5 . 396 3.190 2 . 206 3.248 

31.65 4 . 588 5.726 3 . 450 2 . 275 

3 . 053 2.363 2 . 953 1. 774 1.178 

6.105 2 . 762 3.382 2 .1 42 1. 240 1. 734 

2006 354.48 2040 4858 12.21 3 . 447 4 . 336 2 . 559 1. 778 3 . 522 

18.32 3 . 931 4.922 2 . 940 1. 982 3 . 454 

27.47 4 . 170 5 . 304 3 . 036 2 . 268 

, 



• • 
i 

5 s. rS r n Test Mo/Po Fo/po ( Re) (Re) x 5 ' 0 1. 
5 0 a 

No ( cm 4/sec2 ) (cm 4/sec 3) ( cm) i m ~ ~ i m i m i m 

3 . 052 2.418 3 . 061 1. 774 1. 287 

6 .104 3.040 3 . 872 2. 208 1. 664 1. 530 

2007 1371. 3 4011 955 1 12.21 3.531 4 . 587 2. ~75 2 .112 2.288 

18 .31 4.151 5.255 3. 047 2.208 2 . 822 

27 . 47 4.580 5 . 875 3. 285 2.589 

3.002 2.409 3 . 038 1. 780 1.2 58 

6 . 005 3.004 3 . 618 2. 390 1. 368 1. 448 
f-" 
0 
'-J 

2008 335 .2 8 1951 4646 12 . 01 3.712 4.666 2 . 758 1. 908 2 . 148 

18 . 01 4 . 066 5 .140 2.993 2.148 2 . 904 

27 . 02 4 . 462 5.78 3 .144 2.636 

, 



• • 
Test Ho/po FO/PO is ( Re ) (Re ) x x-xS Yo rn 0 a No (cm4/sec 2) (cm4/sec 3) ( cm) xB ----.ç- "Ç H 

- 0 . 9960 0 . 0000 

0.2411 1. 4690 

4 . 968 1. 4781 2 . 0877 1.0344 

2 . 7152 2 . 3965 

2009 1 818 . 6 4681 8917 9.936 3.9523 2 . 6288 1. 2758 

5 . 1893 2 . 8613 

14.90 6 . 4264 3 . 1314 1. 5862 

7 . 6634 3 . 3247 '=' 

8 . 9005 3.4794 

- 0 . 9676 0.6126 

0 . 2576 1 . 4549 

5 . 065 1. 4828 1. 9 145 1. 0002 

2 . 7080 2 . 2973 

2010 511 . 50 2459 4684 10 . 13 ,3 . 9332 2.5271 1. 3448 

5 .1584 2.8333 

15 . 19 6 . 3836 2 .9866 1. 5172 

7.6088 3 . 1014 

8.8340 3 . 2162 



• • 
Test Mo/po FO/PO is (Re) ( Re) x x-"a Yo r n 

( cm4/sec2 ) ( cm4/sec 3) 
0 a -

No ( cm) XB im im H 

- 0 . 9677 0 . 00 

0 . 2575 1. 3784 

1. 4827 1. 8378 

2 . 7080 2 . 2208 

2011 2049 4921 9374 3 . 9332 2 . 4504 

5 .1584 2 . 6036 

6 . 3836 2 .7567 

7.6088 3 . 0630 

'" 
8 . 8340 3 . 3694 

<D 

- 0 . 9225 1. 020 3 

0 . 2833 1. 8088 

5.229 1.4892 2.3365 1. 0000 

2.6950 2 . 7132 

2012 456 .1 2285 <1353 10 . 46 3.9009 2 . 9394 1. 2758 

5 .1067 3 . 0901 

15 . 69 6 . 3126 3 . 2408 1. 5518 

7 . 5184 3 . 3161 
, 

8 . 7243 3.3916 



• • 
Test Mo/Po FO/PO 9.5 (Re) (Re) x -ç 50 Si rs r n 

No (cm"/sec2) ( cm"/sec 3) ( cm) 
0 a "Ç 9.rn 9.rn -:ç 9.rn 

3 . 845 2.935 3 . 626 2 . 244 1. 382 

7 . 69 1 3 . 529 4 . 394 2 . 664 1. 729 2.160 

3001 52 . 43 741 3245 1 5 . 38 3 . 845 4 .785 2 . 905 1. 881 3 . 0 08 

23 . 07 4 . 112 5. 199 3 . 025 2.174 3 . 728 

34 . 6 1 4 . 5 15 5 . 885 3 . 145 2 .700 

3 . 845 2 . 845 3 . 445 2 . 244 1. 202 

7 . 690 3 . 085 3 . 806 2 . 364 1. 442 2 . 388 .... .... 
3002 201. 2 1451 6357 15 . 38 3. 626 

0 
4 . 407 2 . 845 1. 862 3 . 41 8 

23 . 07 4 .173 5 . 368 2 . 978 2 . 390 4. 066 

34 . 6 1 4 . 534 5 . 849 3 . 2 18 2 . 630 

2 . 884 2 . 629 3 . 170 2 . 089 1. 082 

5 . 768 3 . 215 3 . 846 2 . 584 1. 552 1. 656 

3003 86 . 73 953 3131 11 . 54 3. 52 8 , 4 . 389 2 . 663 1. 721 2 . 308 

1 7 .30 3 . 692 4. 671 2 . 713 1. 958 2.986 

25 . 96 3 . 85 7 4 . 941 2.774 2 . 167 

, 



• 
Test Mo/po Fo/po t s ( Re ) (Re) 

0 a No (cm4/sec2) (cm4/sec 3) ( cm) 

3004 355 . 62 1929 6336 

3005 1377 . 7 3798 12294 

, 

x l>-
So Si 

2m 2m 2m 2m 

2.884 2 . 487 3 . 021 1. 953 

5 . 768 2 . 994 3 . 697 2 . 291 

11. 54 3 . 524 4 . 373 2 . 674 

1 7 . 30 3 . 974 4 . 914 3 . 035 

25 . 90 4 . 493 5 . 545 3 . 440 

2 . 884 2 . 326 2 . 821 1. 830 

5 . 768 2 . 794 3 . 533 2.055 

1 1. 54 3 . 243 4 . 142 2.343 

17 . 30 3 . 479 4 . 502 2 . 456 

25 . 90 3 . 848 5 . 088 2 . 608 

r s r n 

2m 2m 

1. 068 

1. 406 1. 513 

1. 699 2.338 

1. 879 2 . 796 

2 . 104 

0.9913 

1. 477 1. 284 

1. 798 1. 842 

2 . 046 2 .786 

2 . 300 

• 

.... .... 



• • 
Test M,,/p o Fo /po is ( Re) (Re) 

x - xa Yo r 
x n 

( cm4/sec2) ( ,,!,,4 /sec 3) ( cm) 
0 a 

~ i m No xB H 

-0. 2856 1. 2978 

0 . 8680 2 . 0 1 88 

5 . 874 2 . 0216 2. 3794 0.8448 

3 . 1751 2 . 6678 

3006 143.1 1 224 3184 11. 75 4 . 3287 2 . 8720 1. 0860 

5 . 4823 3 . 0562 

17. 62 6.6359 3 . 2023 1. 3878 

7.7894 3 . 3887 ... 
-,. 

8 . 9430 3 . 6043 

- 0 . 5014 1. 0815 

0 . 6521 2 . 0186 

5.758 1. 8056 2 . 5233 0 . 8392 

2 . 9691 2 . 8837 

3007 560.5 2423 6334 11 . 52 4 . 1126 3 . 1522 1.1790 

5 . 266 1 3 . 3247 

17 .27 6 . 4196 3.5211 1. 1388 

7 . 5 731 3 . 7772 

8 . 7266 3 .7814 



• • 
Tes t Mo/po FO/PO R. ( Re ) (Re) X-"!l YO r x n s 0 a - -No ( cm4/sec2) ( cm 4 / sec 3) ( cm) XJ3 R.m R.m H 

0 . 0375 1. 3521 

0 . 7511 1. 6075 

5. 759 1. 6532 1. 9623 0 . 6594 

2 . 412 1 2 . 2743 

3008 2062 . 5 4648 1 2152 11. 52 3 . 3913 2 . 6013 1. 0096 

4 . 2832 2 . 7498 

1 7 . 28 5 . 4892 2. 9432 1. 15 78 

6 . 2832 3 . 0521 .... 

7 . 1983 3 . 1213 

0 . 054 7 1. 4420 

1. 066 2. 1029 

8 . 458 1. 9679 2 . 4033 0 . 7844 

2 . 9293 2 . 5836 

3009 200 . 16 1 447 313 8 16 . 32 3.8906 2 . 7638 1. 0860 

4 . 8519 2 . 9740 

25 . 37 5 . 8132 3 . 1544 1. 3274 

6 . 7745 3 . 3345 , 
7 . 7359 3 . 4848 



• • 
Test MO/PO FO/PO 9.s (Re ) ( Re) 

5 s. r r x9.b s 0 1 S n 
No (cm4/secf ) (cm4/sec 3) (cm) 

0 a 
9.mT tg tg 9.s 9.s IS 

0 . 1793 1. 2470 1.500 0 . 9938 0 . 5064 

0.3587 1. 5210 1. 883 1.1600 0 . 7228 0 . 7060 

4001 190 .1 20.32 7.185 1453 4712 0 . 7173 1. 7490 2 . 217 1. 2810 0 . 9360 0 . 8542 

1. 0760 1. 9380 2.440 1. 4360 1. 0040 0 . 9022 

1. 6140 2 . 2160 2 . 753 1. 6790 1. 0740 

0 . 1450 1. 0620 1.398 0 . 7266 0 . 4711 

.... 
0 . 2901 1.2510 1.595 0 . 9095 0 . 6875 0 . 7478 .... 

A 

4002 313.3 26 . 27 9 . 297 1 880 4571 0 .5801 1.6160 2.202 1 . 2120 0.8081 1. 0668 

0.8702 1. 8270 2 . 323 1. 3320 0.9920 1. 6398 

1.1600 1. 9240 2 . 465 1. 3830 1. 0820 

0 . 0370 0 . 64980 . 76860 . 5309 0 . 2377 

0.0740 0 . 7684 0 .9531 0 . 5837 0 . 3694 0 . 4570 

4003 696.1 29 . 90 12 . 02 2831 8988 0.1480 0 . 8941 1.12 5 0 . 6630 0.4622 0 .5624 
.' 

0 . 2220 1. 0330 1.291 0 . 7950 0 .4960 0.6176 

0 . 3330 1. 1040 1. 393 0 . 8149 0 . 5781 

, 



• 
Test 
No . 

4004 

MO/PO 
( cm4 /sec2 ) 

1248. 4 

Fa/po 
( cm4/sec 3) 

40 . 29 

R.s 
( cm) 

( Re) 0 ( Re) 

16 . 01 3815 90 85 

a 
x f.b 
R.mL -1>. 

R.s 

So 

R.s 

s. 
l 

R.s 
r s 

R.s 

0 . 0275 0 . 5268 0 . 6500 0 . 4036 0 . 2464 

r 
n 

R.s 

0.0550 0 . 6618 0 . 8687 0.4549 0 . 4138 0 . 3394 

0 . 1100 0 . 8383 1 . 0500 0 . 5868 0 . 463 1 0 . 4766 

0 . 1650 0 . 9592 1 . 2120 0 . 7061 0 . 5062 0 . 5188 

0.2475 1 . 0160 1. 3060 0 . 7259 0 . 5800 

• 

.... .... 



• • 
Test HO/po F O/PO is ( Re) CRe ) x-xa YO r x n 

No ( cm4/sec2) (cm 4/sec 3) ( cm) 
0 a -

xa iS iS H 

0 . 3211 1.693 

1.1411 2 . 554 

4 . 999 2 . 2480 3 . 326 0 . 65 1 2 

3 . 4550 3. 742 

4005 501.9 29 . 31 12 . 20 2394 4657 9 . 997 4 . 6620 4 . 039 0 . 9434 

5 . 8690 4 . 395 

15 . 00 7. 0760 4 . 633 1. 0448 

8 . 2820 4. 870 >-' 
te' . ' 

9 . 4890 5 . 108 

0 . 0721 1. 495 

0 . 6732 2 . 189 

7 . 075 1. 9790 2. 834 0.7132 

3 . 1020 3.233 

4006 730 . 2 35 . 51 14. 65 2901 4702 14 . 15 4 . 2700 3 . 481 0 . 9296 

5: 2810 3. 670 

21. 23 6 . 1910 3 . 928 1. 0512 

7 . 2010 4 . 227 
, 

8 . 2120 4 . 475 



• 
Test 

No 

4007 

MO/PO 
( cm4/sec2) 

1929 . 2 

FO/PO 
(cm4/sec 3) 

50.29 

is 
( cm) 

19.88 

( Re ) 
o 

4762 

, 

(Re) 

9071 

a 
x 

xB 

5.092 

10 . 18 

15 .28 

x-~ 

T 

-0 . 0874 

0.2625 

1. 4870 

2 . 7120 

3 . 9360 

5 . 1610 

6 . 3850 

7 . 6100 

8.8340 

Yo 
"Ç 

0 . 000 

1.627 

2 .169 

2 . 651 

3 . 073 

3.375 

3 . 616 

3 . 796 

3 . 977 

r 
n 

H 

0 . 6466 

0.9156 

0 . 9744 

• 

.... .... 
-.) 



• • 
Test Mo/po FO/PO ~s (Re) (Re) x lli s s, r r 

s 0 1. S n 
No ( crn 4/sec2 ) ( crn4 /sec 3) ( cm) 

0 a 
2 ~rn2 1; Ros Ros Ros Ros 

2 . 6520 3 . 492 4 .141 2 . 843 1. 2980 

5.3030 4 . 292 5 . 404 3.181 2 . 2230 2 . 10 4 

5001 50 . 78 40 . 22 2.975 729 3126 10 . 610 5.610 6 . 464 3 . 857 2.6070 2 .174 

15.910 6 .188 7.808 4 . 568 3.2 400 2 . 318 

23 . 860 7.855 9 . 825 5 . 884 3.9410 

0 . 7352 2 .183 2 . 572 1. 794 0.7775 

1. 4700 2 . 327 2 . 819 1. 836 0 . 9835 1. 338 .... 
~ 

'" 5002 183.2 78 . 21 4.492 1416 6137 2.9410 2 .71 5 3.35 3 2 . 077 1. 2760 1.518 

4 . 4110 3.1 20 3.9 85 2 . 254 1. 7320 2 . 032 

6 . 6170 3.918 4 .9 11 2 . 925 1. 9860 

0 . 5321 1 . 566 1.892 1. 239 0 . 6543 

1. 0640 1. 843 2.295 1.392 0.9030 1.024 

5003 415.9 130 .7 6 . 51 2159 6238 2.1280 2 . 311 3.010 1.611 1 . 3990 1.160 

3.1930 2 . 715 3 . 476 1.953 1.52 30 1. 330 

4.7890 3.119 3 . 937 2.301 1.6360 

" 



• • 
R. s s. r r 

Test MO/PO FO/PO ( Re) (Re) x R.b s 0 ~ s n s 0 a 
R.m2 R. s r,;- r,;- r,;- R.s No ( cm4/sec2) (cm4/sec 3) ( cm) 

0.1469 1. 0800 1. 283 0 . 8759 0 . 4074 

0 . 2938 1. 1530 1. 395 0 . 9106 0.4840 0 . 7456 

5004 1260.8 2 16 . 9 9. 16 3807 1231 4 0 . 5877 1. 2710 1.614 0. 9279 0 . 6856 0 . 8890 

0.8815 1. 4500 1. 886 1. 0150 0 . 8715 1. 0552 

1. 3220 1.6500 2 . 181 1.1190 1. 0620 

0 . 1194 0 . 9264 1.147 0.7063 0 . 4403 

0.2388 1. 0960 1.389 0 . 8042 
.... 

0 . 5846 0.5772 .... 
"" 

5005 1939 . 3 270.1 9 .51 4742 1 2268 0 . 4775 1. 3430 1. 763 0 . 9230 0.8400 0.6654 

0 . 7163 1 . 5460 2 . 071 1. 0210 1. 0500 0 . 7860 

1. 0740 1. 8090 2 . 423 1.1960 1.2280 



• • 
MO/PO Fa/po t s (Re) ( Re) x-"B Yo r 

Test x n 
0 a 

No (cm4/sec2) (cm4/sec 3) (cm) xE t s t s H 

- 0 . 9830 0 . 000 

- 0 .2511 1. 572 

3 . 273 0 . 8571 2.006 0 . 5720 

1. 9590 2 . 765 

5006 135 .14 64 . 76 4 . 88 1211 3117 4 . 092 3 . 0600 3 . 415 0 . 5821 

4 . 1620 3.903 

4 . 910 5 . 2640 4 . 337 0 .5828 

-
6.3650 4 . 771 '" 0 

6.547 7 . 4670 5 . 204 0 . 6032 

- 0 . 2511 1 . 554 

0.8676 2.209 

1. 7210 2 . 650 

2 . 6110 3 . 027 

5007 262.33 97 . 08 6.62 1705 3134 5.212 3.4210 3 . 517 0.4346 

4.2130 3 . 926 

6 . 515 5 . 02 10 4 . 294 0.5316 

5 . 8800 4 . 581 

9 . 121 6 . 8110 4.892 0 . 6382 



• • 
r 

X-XE! Yo n 
Te st Mo/Po Fo/Po .1,5 (Re ) (Re) x H 0 a - t s rs No (cm4/sec2 ) (cm4/ s ec 3) ( cm) xB 

-0.2417 0.000 

-0.1621 1. 352 

3.284 0. 7863 2 . 276 0.5942 

1. 7920 2. 672 

5008 721. 56 168 . 17 8 . 652 2863 6204 4 . 926 2 .7970 3 . 068 0.6726 

3 . 8030 3 . 464 

6 . 568 4.8080 3 . 859 0.7744 

5.8140 4 . 156 

9 . 031 6 . 8190 4 . 453 0.8796 '" IV ,., 

- 0 . 0663 0 . 000 

0 . 0542 1. 410 

3.034 0 . 6977 1.964 0 . 5560 

1. 72lO 2 . 41 7 

5009 2845.9 338.39 13 . 55 576 3 12365 3 . 793 2 . 7440 2 . 92 1 0 . 5898 

3,. 7680 3 . 425 

4. 552 4.79lO 3.87 8 0 . 6356 

5 . 8150 4.1 80 

6.069 6 . 8380 4 . 382 0.6842 



• • 
s s, r r 

Test Mo/Po Fo/po 1s (Re) ( Re) x lli s 0 ~ s n 
0 a 

No (cm4/sec2) (cm4/sec 3) (cm) 1m2 t s 1s 1s 1s 1s 

0.7205 1. 926 2.409 1.444 0 . 9654 

1. 4050 2 . 264 2 . 810 1. 718 1. 0920 1.122 

6001 194 . 3 81. 75 4.56 1460 4636 2.8100 2.900 3.550 2 . 250 1.3000 1. 491 

4.2150 3 .194 3 . 912 2 . 475 1. 4370 1. 734 

6 .3220 3.723 4 . 609 2.837 1. 7720 

0 . 6265 1. 733 2.1 70 1. 296 0 . 8744 

1. 2530 2.151 2.772 1. 530 1. 2420 0.939 

6002 262.2 98 .3 4 5 . 23 1704 4636 2.5060 2.643 3 . 464 1. 823 1. 3600 1. 263 " " 
3 . 759 0 3.143 3. 891 2.395 1. 4960 1. 412 

5 . 6380 3.494 4 . 402 2.586 1. 8160 

0 . 1926 1.160 1.439 0 . 881 0.5589 

0 . 3852 1. 353 1 . 710 0 . 996 0.7139 0 . 824 

6003 730 . 9 166.4 6 . 93 2882 9151 0 .7704 1. 674 2 . 139 1. 209 0 . 9302 1.041 

1.1560 1.868 ' 2 . 420 1 . 317 1.lO 30 1.195 

1.7330 2.193 2 . 890 1.537 1. 3120 

, 



• • 
s s r r 

Test Mo/Po Fo/po R.s ( Re) ( Re) xili s 0 i s n 
0 a 

R.m2 R.s R.s R.s R.s No . ( cm4/ s ec2) (cm4/sec 3) ( cm) R.s 

0 . 1662 1.031 1. 280 0 . 7829 0.4967 

0 . 3324 1.197 1. 519 0 . 8760 0.6425 0 . 6634 

6004 988 .2 194.11 8 . 05 33 62 9151 0 . 6647 1. 588 2 . 07 1 1.1060 0 . 9654 0 . 8622 

0 . 9971 1. 767 2 . 270 1. 2640 1.0060 1. 0 122 

1. 4960 2 . 147 2 . 711 1. 5840 1.1270 

0 . 1418 1.035 1. 394 0.6764 . 0 . 5179 

0.2835 1. 228 0 . 8232 0.6701 0 . 5564 
... 1. 653 ov 
w 

6005 12 83.8 215 . 13 9 . 27 3843 9151 0 . 5671 1. 522 1.970 1. 0740 0 . 8958 0 . 7640 

0.8506 1. 787 2 . 332 1. 2420 1. 0900 0 . 8988 

1. 2760 1.967 2 . 553 1. 3820 1.1710 

0 . 1266 1 . 000 1.321 0 . 6789 0 . 5025 

0 . 2532 1 . 206 1 . 541 0.8703 0 . 6708 0 . 4842 

6006 1617.7 242. 0 3 10 . 39 4323 9151 0.5063 1.487 1.937 1.0371 0 . 8820 0 . 6642 

0.7595 1 . 753 2 .334 1 . 1710 1.1630 0 . 7204 

1 . 1390 1.927 2 . 563 1 . 2920 1.2710 

, 



• • 
x- "B y r Test Mo/Po Fo/po t s ( Re ) ( Re) x 0 n 

0 a -No (cm4/ s ec2r (cm4/sec 3) ( cm) xB t s t s H 

- 0 . 3851 1.909 

-0.15 32 3 . 523 

3.721 1. 1430 4 . 478 0.5822 

2.4240 5 .182 

6007 339 . 0 112 . 09 5 . 95 1947 4636 7.612 4 . 0150 5 . 799 0. 80 24 

5 . 5070 6 . 166 

11. 52 1 6.9990 6 . 680 0 . 9344 

8 . 4900 7.047 .., 
"" 9. 9820 7 . 194 

- 0 . 3982 2 .113 

0.1930 3 . 317 

4 . 761 1. 5250 4.162 0 . 5500 

2 . 8570 4.261 

6008 427 . 6 122.63 6 .74 2190 4636 9.421 4.1890 5 . 408 0 . 7782 
, 

5.5210 5 . 801 

1 4 . 23 6 . 8530 6 . 227 0 .9024 

8 . 1850 6 . 555 
, 

9 . 51 70 6 . 81 7 



• • 
Mo/po FO/PO t s ( Re) (Re) X-"B YO r 

Test x n 
(cm 4/sec2) (cm4/sec 3) 

0 a -
No ( cm) xB t s t s H 

- 0 . 3013 2.281 

0.3474 3 . l70 

5.621 1. 5510 3 . 940 0 . 5222 

2.7550 4.473 

6009 524.82 140.4 7 . 38 2434 4636 Il. 32 3.9590 5 . 066 0.7606 

5.1630 5.628 

16.23 6.6370 5.895 0 . 9344 

7.5710 6 . 251 
..... 
'V 

8.7750 6 . 576 '" 

- 0 . 2812 1. 386 

0.2789 2 . 434 

5.212 1. 5030 2 . 928 0 . 6084 

2.7280 3 . 435 

6010 1989.5 268 . 9 Il. 5 4803 9151 10.48 3.9520 3.856 0 . 8402 

5.1760 4.248 

16 . 12 6.4010 4 . 670 1. 0024 

7 . 6250 5.001 

8 . 8400 5.242 



• • • 
Test x 50 Test x So Test x 50 

No R-m R-m No R-m .i.m No .i.m .i.m 

1. 379 2 . 063 1. 231 2.61 8 2 . 474 3.332 

2.758 3 . 226 2 . 462 3.233 4 . 948 4 .067 

1009 4 . 137 3.916 1012 3.694 3.541 2009 9 . 896 4.917 

5 . 515 4 . 347 4.925 3 . 810 14. 84 5.304 

8.273 4. 605 7 . 387 4 . 157 22 . 27 5 . 729 

1. 348 2 . 865 1. 216 3.043 2 . 450 3.415 
... 

2 . 695 3 . 539 1. 825 3 . 613 4 . 901 4 . 028 " :-> 

1010 3 . 369 3 . 707 1013 2 .433 3. 727 2010 9 . 802 4.947 

4 . 043 3 . 876 3.04 1 4.259 1 4 .70 5.176 

4.716 3.960 3 . 649 4 . 487 22.05 5.713 

1. 242 2 . 907 2 . 450 3 . 300 

2.485 3.528 4 . 901 3 . 798 

1011 3 . 106 3 . 917 2011 9 . 802 4 . 870 

3 . 727 4 . 227 14.70 5 . 406 

4 . 970 4 . 460 22 . 05 5 . 866 

, 



• • • 
Test x So Tes t x So Tes t x So 

No ~ ~ No ~ ~ No ~ ~ 

2 . 412 3.813 2 . 307 3.492 1. 923 3 . 330 

4.823 4 . 303 4. 6 14 3.948 3 . 845 3.781 

2012 9.647 4 . 906 3006 9.229 4.501 3009 7. 69 1 4 . 202 

14. 47 5 . 547 13.84 4. 934 11. 54 4 . 382 

21. 71 5 . 924 24.23 5.474 17 . 30 4 . 953 

2.307 3 .609 ... . " 
4.614 4 . 378 

3007 9 .229 5.0 87 

13. 84 5.663 

20 . 76 6.000 

2 . 307 3.032 

4. 6 14 3.500 

3008 9 . 22 8 4. 041 

13 . 84 4.582 

20.76 5.159 
, 



• 
Test 

x1.
b sa Test 

No ~ rs No 

0 . 04956 1. 376 

0.09911 1. 642 

4005 0 .19820 1. 888 5006 

0 .29730 2.093 

0.39650 2 . 257 

0.04087 1.149 

0.08174 1. 385 

4006 0.16350 1. 607 5007 

0 . 24520 1. 760 

0.32700 1.948 

0 . 01112 0.637 

0 . 02225 0 . 750 

4007 0 . 04450 0.939 5008 

0.06675 1. 052 

0 . 08899 1.127 

r 

• 
x 1.

b sa 
1m2 IS 

0.8044 3.122 

1. 6090 3. 531 

3.2 180 4.863 

4.8260 5.734 

6 . 4350 6 . 554 

0 . 6178 3.244 

1. 2360 3.652 

2 . 4710 4.452 

3.707 5 . 169 

4.942 5 . 720 

0 . 1985 1. 886 

0.3969 2 . 261 

0.7939 2 .724 

1.1910 3.186 

1. 5880 3.533 

Test x \ 

No 1.m2 

0.0503 

0 . 1006 

5009 0.2013 

0 . 3019 

0 . 4025 

s a 
IS 

1.106 

1. 309 

1. 660 

2 . 010 

2 . 195 

• 

'" (X) 



• • -
Test X~ 50 Test X!b So Test X~ So 

No Q" "Ç No Q" "Ç No Q" "Ç 

0 . 2761 3 . 012 0.05718 1. 390 

0 . 5522 3 . 558 0.ll440 1. 567 

6007 1. 1040 4.315 6010 0 . 22870 1. 902 

1. 6570 4. 820 0 . 3431 2.195 

2 . 2090 5 .ll4 0 . 4570 2 . 40 1 

0 . 2394 2 . 75 5 

0 . 4789 3 . 234 ..... 
'" w 

6008 0 . 957a 3 . 939 

1.4370 4.403 

1.9160 4 . 737 

0 . 2234 2 . 612 

0 .4 467 3 . 053 

6009 0 . 8935 3 . 696 

1. 3400 4 . 170 

1.7870 4 . 560 

, 



•• 

• 

13( 

APPENDI X III 

LENGTH OF THE POTENTIAL CORE 

The length of the potential core z has been estimated 
p 

from the measurements made by Prat te and 8aines (1967). The results 

are summarized in the following table. 

Test Series d zp ~ 
( cm) (cm) cm 

0.20 1.10 - 1.14 0.075 - 0.078 
1000 

0 . 40 1. 88 - 2 . 08 0.128 - 0 . 141 

0.20 0 . 94 - 1.04 0.123 - 0.136 
2000 

0.40 1. 48 - 1.72 0 .194 - 0.226 

3000 0.4 1.48 - 1.88 0 . 195 - 0.247 

4000 0.4 1. 48 - 1. 88 0 . 195 - 0.247 

5000 0.4 1.48 - 1.92 0 . 143 - 0 .186 

6000 0 .4 1.48 - 1.72 0.194 - 0 . 226 

, 


