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(i) 

ABSTRACT 

Two opposite approaches have been used in the past for the prediction of 

plastic anisotropy in defonned materials : (i) the crystallographic Taylor

Bishop and Hill approach; and (ii) that of continuum mechanics. The latt..,r 

method has p'roved its ability to represent ~e plastic anisotropy of metals in a 

simple way. However, major deficiencies in the predictions obtained by this 

me ans are observed, which are reviewed in the present report. 

An alternative method, called CMTP (continuum mechanics of textured 

polycrystals), is described, whioh combines aspects of both the crystallographic 

and continuum approaches. Two parameter yield functions are used, the 

principal axes of which are selected to coincide with the < 100> axes of the 

texture component of in\.erest. These two parameters are adjusted so that the 

continuum loci give best fits to the Bishop and Hill polyhedron pertaining to a 

disoriented single crystal displaying a given scatter width. The macro~copic 

yield locus for a metal containing several ~exture components is calculated by 

combining the appropriate CMTP surfaces, each of which corresponds to an 

observed ideal orientation. Stress and strain rate characteristics are deduced 

from the size and shape of this locus, respectively. Three types of averaging 

procedure are used in this work : the Taylor (unifof11l strain), Sachs (uniform 

stress direction) and Kochendorfér (law ofmixtures) grain interaction models . 
. ' 

Typical experimental pole figures for FCC and BCC metals are decomposed into 

a limited number of texture components, each of which is characterized in 

terms of its Miller indices, volume fraction and scatter width. A comparison 

between the CMTP predictions and Bishop and Hill calculations for yield 

ttrfaces as weIl as strBin rate R(8) and yield stress 0(8)/0(0) ratios is carried 

out using the three deformation models mentioned above. The CMTP 

predictions give satisfactory results when compared with experimentai 

observations reported in the literature. The present method is aiso employed to 

account for the axial strains produced during free end torsion testing as well as 

for the tanomalous behaviour' of rolled sheet in tenns of the texture displayed 

by the material under consideration. 
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RESUME 

) 
Deux approches ont été généralement utilisées pour la prévision de 

l'anisotropie plastique ~e m~tériaux déformés" La première, de nature 

purement cristallographique, se refère aux travaux de Bishop et Hill ainsi que 

de Taylor. La seconde, à l'inverse, consi~te essentiellement en une description 

macroscopique du comportement du polycristal étudié. Sa formulation 

extrêmement simple 'lui confère un certain nombre de faiblesses qui sont 

discutées dans ce rapport. 

Une méthode intermédiaire, appelée CMTP (continuum mechanics of 

textured polycrystals) est décrite. Elle combine les principaux attraits des deux 

modèles cités plus haut, à savoir simplicité et prise en compte directe de la 

texture du matériau. Pour cela. une surface d'écoulement continue est utilisée, 

dont les axes principaux coïncident avec les axes < 100> de la composante de 

texture considérée. Les deux paramètres qu'elle contient sont calculés de telle 

sorte que la surface continue s'ajuste le mieux possible à la surface 

d'écoulement cristallographique d'un monocristal désorienté. La courbe limite 

d'écoulement plastique d'un polycristal contenant plusieurs orientations 

idéales est alors calculée en moyennant de façon appropriée les surfaces 

. correspondant à chacune d'elles. Les propriétés de contrainte et de vitesse de 

déformation sont alors déduites respectivement à partir de la taille et de la 

forme de cette courbe résultante. Trois modèles de déformation plastique ont 

été utilisés pour la dérivation de ces propriétés plastiques; le premier, dfl à 

Taylor, suppose que tous les grains sont soumis au même état de déformation; 

le second (hypothèse de Sachs) soumet tOus les cristaux à la même direction de 

contrainte; finalement le modèle de Kochendôrfer permet de calculer la vitesse 

de déformation du polycrystal soumis à une traction uni axiale par une simple 

loi des mélanges. 

Des figures de poles typiques des métaux CFC et CC so~t décomposées en un 

nombre fini d~orientations idéales. Chacune d'elles est caractèrisée par ses 

indices de Miller, sa fraction volumique et sa dispersion. Les prévisions 

obtenue~_par la méthode CMTP ainsi que par un calcul classique de Bishop et 

\ \ 
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Hill ~nt comparées,à des résultats. expérimentaux publiés dans la littérature, 

comprenant surfaces d'écoulement, coefficients d'anisotropie R(e) et rapports de 

contraintes d'écoulement 0(8)/0(0). Il en résulte qu'un bon accord d'ensemble 

est obtenu entre les propriétés plastiques expérimentales e~ celles calculées par 

la méthode CMTP. De façon analogue, les déformations axiales produites lors 

d'un essai de torsion à longueur libre ainsi que le comportement 'anormal' de 

certaines tôles laminées sont expliqués grace à cette technique par la présence , 

dans le matériau de certaines composante~ de texture. 
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"On a beau avoir une santé de fer, 

on finit toujours par rouiller" 
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Yield locus F(al, a21=ct in a two-dimenslOnal (01.°2) 

stress space. The stress vecJor â tenninates on the locus 
~ 

and the corresponding st~in rate vector C, is nonnal to 

the yield surface at the loading point. 

System of coordinate axes for rolled sheet. 

Uniaxial yield stress curves 0(8) for (a) an Al-kdled steel 

and (b) Cu-1I4H. (0 ) experimental values; (- -_._) 

predictions based on Hill 1948 cri tenon, ( ) Gotoh 

calculations(Eq. 2.61). After[25]. 

(a) Typical variations in the R(8) curves for low carbon 

steel; (b) relative sizes of the deepest cups that can be 

drawn from the materials with the average strain rate 

ratios indicated. After [31]. 

Comparison between experimental R-values and strain 

rate ratio culves predicted by the Hill 1948 theory. (a) 

mild steel [27] and (b) zinc [20] , 

Earing behaviour and maximum cup depth obtained in 

drawing of copper sheet. (a) "rolling-type" texture; (b) 

"balanced" texture and (c) "cube" texture. The arrow 

indicates th~ rolling direction in the sheet. After [36]. 

Variation of limiting drawing ratio (LDR) wlth average 

R-value. After (30]. -
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Figure 

2.8 Correlation between LDR for cylindrical flat bottom cups 

and average strain rate ratio. Experimental points from 

Refs. [30,36]. Note that the predictions based on the Hill 

yield surface do not fit the data. After [65]. 

2.9 (a) Dependence ofLDR on R for various materials and (b) 

LDR vs. R relationship for annealed FeC and BCC 

metals. The fullline (a = 2) corresponds te the predictions 

based" on the Hill 1948 criterion. After [40J. 

2.10 Work-hardening characteristics for a kllied steel. (1) 

Experimen tal curve, Simple te nSlOn, 0° to ro II i ng 

direction, (2) expenmental curve, simple tenSIOn, 45° to 

rolling direction; (3) experimental curve, simple tension, 

90 0 to rolling direction, (4) experimental curve, 

diaphragrn test; (5) theoretical curve based on average R

value and corresponding work-hardening 

characteristics; (6) theoretical curve based on 90° tensile 

curve; and (7) theoretical curve based on 00 tensile curve. 

After [21]. 

2.11 Uniaxial and biaxial stress-strain curves for (a) an 

annealed rimmed steel (R = 0 38) and (b) annealed 

titanium (R = 3.8). After[50). 

2.1 2 Theoretical (Hill 1948) and experimentally determined 

relationship between Ob / Ou and R. After [50]. 

2.13 Dependence of biaxiaVuniaxial strength ratio, X , on the 

strain rate ratio R .. Ea~h point is a randomly chosen 

rotationally symmetric mixed texture. The Hill theory 

prediction is shown by the line a = 2 and the Hosford 

(xi) 
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19 

19 

22 

22 

24 

predi~tion (Eq. 2.50) by the line a=6. After [55]. 24 
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Figure 

2.14 Dependence of the plane strain (éy = 0)/ uniaxial strength 

ratio, A, on the strain rate ratio R. Each poin t 

corresponds to a randomly chosen rotationally 

symmetric mixed texture. The Hill theory prediction is 

given by the line a = 2 and the Hosford prediction (Eq. 

(xii) 

Page 

2.50) by the line a = 6. Aftef'-{55]. 24 

2.15 Schematic representation ofgroove geometry After [56]. ----
2.16 The course of strain concentration in the groove. After 

[56]. 

2.17 Correlation between theoretical and expenmental strain 

limits presented as a forming limlt diagram. 

Experimental strains were obtained with the rolling 

direction transverse to the major axis of groove length. 

25 

27 

After [58]. 27 

'2.18 Experimental and theoretical forming limitcurves for (a) 

steel; (b) copper and (c) aluminum. After [59]. 

2.19 Schematic representation of various loading points on a 

two-dimensional locus: uniaxial tension in the (UT1, 

0-2=0) and (UT2, 01 =0) directions; biaxial (BT, 01 =02) 

and plane strain (PSI, é2 = 0; and PS2, t l =0) tension. 

2.20 (a) Yield locus plotted in the n-plane for a mild steel. The 

arrows, indicating the externally directed normal to the 

yield locus, are determined from strain rate ratio 

measurements. After [27]. (b) Experimental locus 

corresponding tO a {001} < 110> texture. After [63]. (c) 

Hill 1948 prediction based on yield strength 

measurement and R=O for a {100}<011 > texture. After 

[63]. (d) Measured yield locus for a recrystallized 

aluminum tube. After [63]. -

28 

30 

32 
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Figure 

2.21 Comparison of experimental data with predicted yield 

loci normalized by uniaxial tension, X. Experimental 

data are indicated by solid points and by horizontal and 

vertical tangents obtained from plane strain tests. The 

Hill 1948 predictions are referred ta as Hill "old" 

(xiii ) 

Page 

criterion. (a) steel and (b) aluffimum. After [22,23]. 33 

2.22 n-plane representation of a calculated FCe yield surface 

after a rolling reduction OfC33 = - 2. After [11]. 

2.23 (a) n-plane representation of the FCe theoretical yield 

surface corresponding to a copper rolling texture. The 

texture data were taken from a eODF representation. 

The three angles 8 = 0, 30 and 45° pertain to the angle 

between the l-axis and the rolling direction. After [70]. 

(b) Yield locus calculated from CODF data for a 90% cold 

rolled copper sheet. After [10]. 

2.24 

2.25 

Plane strain compression results comparing predictions 

vs. experiment for Cu. Cases (1) to (4) refer to predictions 

obtained from Eqs. 2.40 ta 2.43, respectively. After [72]. 

Yield loci based on Hill 1979 yield criterion (case (iv), Eq. 

2.49) for R = 1.0. After [78]. 

2.26 Estimation of rn-value from work-hardening 

eharacteristics in simple and biaxi al tension for a 

particular steel (R = 0.44). (1) experimental curve, simple 

tension, based on average of curves along 0,4.5 and 90° to 

rolling direction; (2) experimental curve, diaphragm test; 

(3) balanced biaxial tension curve predicted from curve 

(1), based on Eq. 2.49 with m = 1.5; and (4) balanced 

biaxial tension curve predicted from curve (1), based on 

average R-value and Hill 1948 criterion. After [78]. 
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Figure 

2.27 Theoretieal fOrming limit eurves showing the influence 

of the index m (Eq. 2.49). After [60]. 

2.28 Experimental flow stress ratios OgO/OO and 045/00 

compared with parameters for predieting these ratios 

(Eqs. 2.54 and 2.55, R = R(O), Q = R(45) and P = R(90»). 

Data are for various grades ofstee!. After [24]. 

2.29 Yield loci for (a) [100] ideal texture, R = 0.092 and (b) 

[110] ideal texture, R = 7.3. After [76,77]. 

2.30 (a) {110} < 1 Ï2 > ideal orthotropie texture and (b) 40% 

{100}<OOl> + 20% {213}<475> + 10% {112}<lÏO> 

+ 10% {112}<uï> + 20% isotropie texture. Broken 

(xiv) 
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42 

46 

46 

line : phenomenologieal yield funetion of Eq. 2.60. After 49 

[76]. 

2.31 Experimental and theoretical R-values for (a) an Al

killed steel and (b) Cu-1I4H. ( 0 ) experimental values; 

(- _. ~ Hill 1948 predictions and ( ) Gotoh 

calculations. After [25]. 

2.32 (a) Comparison ofealculated (based on Shih and Lee [83] 

formulation) and experimental yield stresses for 

difTerent materials. (b) Plane stress yield loci based on 

the Shih and Lee [83] theory, Hill's theory and isotropy 

2.33 

as eompared to experimental data for Zirealoy-2 tested at 

350°C. 

Theoretical Hill 1948 ànd experimental yield loci for a 

cold rolled Al sheet. After [65]. 
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Figure 

3.1 {Ill} pole figures of high purity cube textured 

aluminum. From Ref. [90]. 

3.2 Representation of the orientation difTerence between two 

grains by the rotation axis d (referred to in tenns of the 

angles B and 'V) and the an,gle of rotation W about this 

aXIS. 

3.3 {100} pole figures corresponding to a series of gaussian 

distributions of increaslng scatter wldth WQ. (a) WQ = 0° 

(xv) 

Page 

57 

57 

(single crystal), (b-f) WQ = 5°, 10°, 15°,20°,45°, (g) random. 59 

3.4 {Ill} pole figures using contour lines corresponding to 

gaussian distributions of increasing scatter widths : "(a) 

wo = 5° (b) UlO = 10° and (c) wo = 15°. Plotting subroutine 

from Ref. [98]. 60 

3.5 The mean Taylor factor M, averaged over aIl the grains, 

is represented by the distaIlce to the tangent hyperplane 

associated with a particular applied. strain rate. The 

broken line represents the projection of the yield surface 

onta- two dimensions defined as the inner envelope of aIl 

the hyperplanes. 63 

3.6 

3.7 

n-plane sections of the polycrystal yield surface 

corresponding to increasing scatter widths : (a-n· WQ = 0, 

5, 10, 15,20,45°; (g) random distribution 

Shear plane sections of the polycrystal, yield surfaces 

corresponding to increasing scatter widths : (a-n WQ = 0, 

5, 10, 15,20,45°; (g) random distribution. 

67 

69 
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3.8 Dependence of the mean Taylor factor Mon scatter width 

(&)0. For each value of CAlO. M was calculated for a set of 400 

grains. (e) Ml (uniaxial tension); (.) M2 (plane strain 

~n8ion); ( • ) ratio Ml1M2. After [98]. 70 

3.9 Determination of the yield strength as weB as the plastic 

strain rate ratio from the (n, S12) section of the yield 

surface. cp is the projection on the n-plane of this three-

dimensional yield surface and Po is the projection of the 
~ 

loading point. The yield strength is determined from the 

distance OPo and the strain rate ratio from the tangent 

to the projection q> at the point Po. 74 

3.10 (a) Yield stress ratio 0(8)/0(0) and (b) strain rate ratio 

R(a) vs. loading direction a in the plane of the sheet for 

the present grain distributions: 76 

3.11 n-plane cross-sections of the yield surface corresponding 

to a cube ~xtured sheet. The perfect hexagon pertaining 

to a single crystal (CAlO = 0°) is derived from Eqs. 3.22 or 

from Eqs. 3.25 with n = CIl. The rounded hexagon 

corresponds to a cube texture wi th a spread CAlO = 7.5° and 

has been calculated from Eqs. 3.25 witli n = 8.75. 80 

t 
3.12 Dependence of the coefficients A, B, C (normalized by Ys 

1 te) and n on the gaussian spread üJO. 
, 

80 
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Figure 

4.1 Two-dimensional section of the five dimensional 

crystallographic yield surface (schematic). The three 

vertices Si, ~ and Sk of the critical polyhedron should be 

compared with the points Sl', ~' and Sk' of the ellipsoidal 

yield surface to which they correspond. Ip the fi tting 

procedure for the determination ofa and~, the sum of the 

(nii) 

Page 

squares 181 Si'l2 is minimized. 89 
" 

4.2 n-plane sections of the Bishop and Hill polyhedron 

(broken line) and th,e gen~ralized CMTP yield surfaces 

for five values of the exponent n. 

4.3 

4.4 

4.5 

Shear plane sections of the Bishop and Hill polyhedron 

(broken line) and the generalized CMTP yield surfaces 

for six values orthe exponent n. 

Intersections of the Bishop and Hill polyhedron (broken 

line) and the CMTP locus with the planes 

S12+S23+S31=K for K=O, 0.5 and 1. (a) n=2 (b) 

n=1.7. 

System of coordinate axes in torsion testing. 

4.6 Relative positions of the four orientations {hkl} < uvw >, 
{hkÏ}<uvw> , {hkl}<ûvw> and {hkÏ}<üvw> on a pole 

figure for a rolled material. 

4.7 {Ill} pole figures for the idesl orientatï'ons known as : (a) 

Goss {110}<001>; (b) Bs {110}<lÏ2>; (c) Cu 

{112}< 1lÏ >; and (d) 8 {123}<634>. 

93 
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106 
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4.8 (a) Combination of two yield ~urfaces by the Taylor 

n.ethod. The crystals associated with each of the loci 

strain at the same rate as the polycrystal. 

(h) Combination of two yield surfaces by the Sachs 

method. The crystals associated with each of the loci 

experience the same stress direction as the polycrystal. 

4.9 (a-b) Crystallographic yield surface cross-sections 

associated with a random polycrystal. (a) n-plane; (h) 

shear stress plane section. 

(c-d) Continuum yield sudace cross-sections associated 

with Eqs. 4.75 and 4.76, respectively. (c) n-plane; (d) 

shear stress plane section. 

5.1 (a) Typical {100} pole figure for rolled steel. After [108]. 

(b) Typical {Ill} pole figure for rolled FCC me taIs. After 

D j 

(xviii) 
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118 
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123 

[116]. 125 

5.2 Values of R(S) predicted by the CMTP, method for 

COIDnlon ideal orientations. The symmetry requirements 

of the rolling process are taken into account. (--

Taylor uniform strain assumption; (- - - -) Sachs 

model. (a) CMTP n =2; (b) CMTP n = 1.7; (c) CMTP PL4 

criterion and; (d) crystallographic (Bishop and Hill) 

5.3 _ 

approach. 128-131 

Comparison of CMTP predictions «---) Taylor and 

(- - - -) Sachs models) and experimental data (À ) fOr 

various metals displaying the texture components 

indicated., The predictions are based on the CMTP n = 1. 7 

criterion 

(a) copper with a strong {100} < 001> texture; data from 

Ref. [38]. 

(h) iron single crystal sheet - {100}<011> orientation; 

data from Ref. [122]. 133 
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Figure 

5.3 (c) col<t rolled and annealed low C steel - {100} < 012 > 
(cont'd) orientation; data from Ref. [106]. 

(d) iron single crystal sheet - {110}<001> orientation; 

data ( 'Y ) from Ref.(122); cold rolled steel sheet : 70% 

{110}<001> + 20% {211}<011> + 10% random 

components; data (. ) from Ref. [123]. 

(e) cold rolled and annealed low C steel : 60% 

{111}<uvw> + 30% {554}<225> + 10% random 

orientations; data from Ref. [l06]. 

(0 iron single crystal sheet : {112}<lIo> orientation,; 

data from Ref. [122]. 

(g) cold rolled and annealed low C steel: {411} < 148 > 

orientation; data from Ref. [106]. 

(h) cold rolled steel sheet : {5U} < 149> orientation; data 

(xix) 
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·from Ref. [123]. 133 

5.4 Earing in aluminum deep drawn cups as related to their 

textures ({Ill} pole figures). 

(a) strong cold rolling "tube" texture associated with 

earing at 45°; 

(b) "balanced" eigh t ear texture wi th sma Il ear 

amplitude; 

(c) strong cube texture associated with earing at 0 and 

90°. Adapted from Ref. [125]. 

5.5 (a) {100} pole figure for the {111}<112> (.) and 

{554} < 225> (60) orientations. 

(b) _CMTP (Taylor n = l.7) predictions for a steel 

containing 50% {554}<225> + 25% {111}< 110> and 

25% {111}<112>. Experimental data ( • ) from Ref. 

136 

[126]. 137 
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Figure 

5.6 CMTP predictions for the yiefd strength ratio 0(8)/0(0) of 

cube textured copper sheet containing 80% {100}<001 > 
• 

+ 20% {100}<011>. ~;perimental data (~ ) from Ref. 

[14]. 

5.7 Orientations leading to R> 1.35 together with ~R<0.2 

as calculated by the CMTP n = 2 cri terion. The 

crystallographic planes (a) and directions (b) associated 

with these orientations are plotted on Fricke [129] 

(u) 

Page 

-137 

. diagrams. 140 

5.8 Orientations leading to R>1.50 together Wlth ~R<0.2 

5.9 

as calculated by the CMTP PL4 criterion. The 

crystallographic planes (a) and directions (b) of these 

orientations are plotted on Fricke [129] diagrams. 

Ratio orthe biwal over the average uniaxial yield stress 
'* 
vs R as predicted by the ~ill non-quadratic yield 

criterion (Eq. 2.49) for various exponents m. 

Experimental values from Pearce [50] (e) and 

140 
( 

Woodthorpe and Pearce [49] (+). 144 

5.10 Ratio of the biaxial over the average uniaxial yield stress 

vs R as predicted by the CMTP n = 2 cri terion for 

randomly gen-erated orientations. 

5.11 (a) Ratio of the biaxial over the average uniaxial yield 

stress vs R as predicted 'by the CMTP PL3 cri terion for 

randomly generated orientations. 

(b) Crystallographic planes and directions of the 

orientations leading to obf'ou> 1 together with R < 1 as 

144 

predicted by the CMTP P,L3 criterion. 145 

, 
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Figure 

5.12 (a) Ratio of the biaxial over the average uniaxial yield 

stress vs R as predicted by the CMTP PL4 criterion for 
randomly generated orientations. 

(b) Crystallographic planes and directions of the 

orientations leading to obiou> 1 together with R < 1 as 

(ui) 

Page 

predicted by 'the CMTP PL4 criterion. 146 

5.13 R-values (top number in pair) and O(blaxlall/OCumaxlall for 
ideal transversely isotropie textures, as .calculated by the 

crystallographic (Bishop and Hill) model. Each point on 

the spherical triangle designates an ideal transversely 

isotropie texture [76,77]. 146 

5.14 Ratio of the elongation strain rate (xi) to the torsion or 

shear strain rate (y) as a function of the angle a between 

the (100) and tangential directions for different ideal 

orientations. ( ) CMTP prediction, n = 2; ( 0 ) 

experimental data and (- - - -) theoretical 

calculations ofRef. [91]. 148 

5.15 Comparison between the experimental 

(O(tangential),O(axial) y~ld surface cross-sections of 
Althoff and Wincierz [63] and the present theoretical 

predictions for a strong cub~_texture {lOO}<OOI > 
(orientation spread Cùo:z:::5°) nonnalized by the uniaxial 

tangential yield stress. The Sachs and Taylor models are 

in this case equivalent. Note that the experimental data 

are represented by squares and lines for the stress and 

strain rate characteristics, respectively. 
(a) crystallographic (Bishop and Hill) model 

(b) CMTP predictions, n = 2 

(c) CMTP predictions, n = 1.4 

(d) CMTP predictions, PL4 criterion. 150 
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Figure 

5.16 

5.17 

5.18 

Comparison between the e~perimen tal ' 

(OCtangential),OCaxial) yield surface cross-sections of 
Althoff and Wincierz [63] and the present theoretical 

predictions for a strong {1 OO} < 0 Il> texture (orien tation 
spread CAlO ~ 5°) normalized by the uniaxial tangential 

yield stress. The Sachs and Taylor models are in this case 
equivalent. Note that the experimental data are 

represented by squares and lines for the stress and strain 
rate characteristics, respectively. 
(a) crystallographic (Bishop and Hill) model 

(b) CMTP predictions, n = 2 

(c) CMTP predictions, n = 1. 7 

(d) CMTP predictions, PU criterion. 

Comparison between the experimental 

(O(tangential),OCaxial) yield surface cross-sections of 
Althoff and Wincierz [631 and the present theoretical 
predictions for a strong {001}<370> texture (orientation 

\ 

spread (,Jo-50
) normalized by the uniaxial tangential 

yield stress. The Sachs and Taylor calculations ar~ 
displayed as inner and outer loci, respectively. Note that 

the experimental data are represented by squares and 

Unes for the stress and strain rate characteristics, 

respectively. 
(a) crystallographic (Bishop and Hill) model 

(b> CMTP predictions, n = 2 
(c) CMTP predictions, n = 1.7 
(d) CMTP predictions, PU criterion. 

Comparison the experimen tal 

(OCtangential),O(axial) yield surface cross-se'ctions of 
AlthotT and Wincierz [63] and~the present theoretical 

predictions for a {l12}<lïo> texture (orientation 

sp~ad CAlO = 10 to 15°) no~alized by the uniaxial 

( .. ~ 
%Xl1, ' 
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152 

tangential yield stress. The Sachs and Taylor 153 
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5.18 calculations are displayed as inner and outer loci, 
cont'd respectively. Note that the experimental data are 

represented by squares and lines for the stress and strain 
rate characteristics, respectively. 
(a) crystallographic (Bishop and Hill) model 

(h) CMTP predictions, n = 2 

(c) CMTP predictions, n = 1. 7 
(d) CMTP predictions, PL4 criterion. 153 

5.19 Experimen tal {Ill} pole figures for rolled and 
recrystallized sheets. After Hirsch et al. [121. "R" - as 

rolled ; "P" - Qartially recrystallized; and "F" - fully 
recrystallized materials~a) Cu; (h) Cu-50/0zn; and (c) Cu-

20%Zn. 157 

5.20 Experimental (100) pole figures for rolled and annealed 

steel sheets. After [135].(a) Al-killed steel; and ~b) 

rimming steel. 160 

5.21 Simulated {Ill} pole figures (employing about 600 

grains) for rolled and recrystallized sheets. Texture data 

(idealorientations + volume fractions + spreads) from 
Hirsch et al. [12] (see aiso Table V.4). ''Rit - as rolled ; ''Pit 
- partially recrystallized; and ''F''- fully recrystallized 
materials.(a) Cu; (h) Cu-5%Zn; and (c) Cu-200/0Zn. 161 

5.22 Simulated {100} pole figures (employing about 600 

grains) for rolled and annealed steel sheets. Texture data 

(ideal orientations + volume fractions + spreads) 
estimated from Ref. [135].(a) Al-killed steel; and (b) 

rimming steel. 162 
-' 

-0 

.... 



• 

,c· Figure 

5.23 - Crystallographic n-plane loci calculated for 8 = 0, 22.5 

and 45° for the (a) Cu-R, (b) Cu-20%Zn-R, (c) Cu-F and (d) 

Cu-20%Zn-F sheets. The outer locus is computed using a 

classical Taylor (uniform strain) approach wi th 

restricted distributions made up of about 200 grains 

representing each of the pole figures of Fig. 5 19; i t 

corresponds to the inner envelope of the hyperplanes 

specified by Eq. 3.6. The inner locus IS obtalned from the 

combination of loci by the Sachs method using Eqs. 3.18 

in conjunction with the texture data of Table V.4.. 

5.24 Crystallographic n--plane loci calculated for 8 = 0 and 45° 

for (a) an Al-killed steel and (b) a rimming steel The 

outer locus IS computed using the Taylor approach wlth 

restricted distributions made up of about 200 grains 

representing each of the pole figures of Fig. 5.20. The 

inner locus is obtained from the combination of IOCl by 

/- -th~~chs method using Eqs. 3.18 in conjunction with the 

(xxiv) 
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164-165 

texture data of Table V.5. 166 

5.25 Theoretical CMTP n-plane yleld surface cross-sections 

calculated for 8 = 0, 22.5 and 45° for (a) Cu- R, (b) Cu-

20%Zn-R, (c) Cu-F and (d) Cu-20%Za-F sheets. Texture 

data from Table V.4 [12]. Outer locus. Taylor model; 

inner locus: Sachs mode!. Predictions based on the 

CMTP n = 1.7 criterion. 169-170 

5.26 

.. 

Theoretical CMTP n-plane yield surface cross-sections 

calculated for 8 = 0 and 45° for (a) an Al-killed steel and 

(b) a rimming steel. Texture data from Table V.5 [135]. 

Outer locus: Taylor model; inner locus :- Sachs model. 

predictions based on the CMTP n = 1.7 criterion. 171 

~. 
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Figure 

5 27 Theoretical CMTP n-plane yield surface cross-sectiOns 

calculated for 8 = 0, 22.5 and 45° for (a) Cu-R, Cb) Cu-

20%Zn-R, (c) Cu-F and (d) Cu-20%Zn-F sheets Texture 

data from Table V.4 (12). Outer locus: Taylor model; 

inner locus. Sachs mode!. PredictlOns base-d on the 

CMTP PL4 critenon. 

5 28 Theoretical CMTP n-plane yield surface cross-sections 

calculated for 8 = 0 and 45° for (a~ Al-kllied steel and 

(b) a rimming steel. Texture data from Table V 5 (135). 

Outer locus: Taylor model; mner locus' Sachs model 

Predictions based on the CMTP PL4 critenon 

5.2~ Companson between the experimental (011,022) yleld 
" 

surface cross-sections of Viana et al [38) and the 

theoretical predictiOns obtained from the CMTP n = 1.7 

criterion. The curves are normalized by the unlaxial 

yield stress 011. Texture data from Table V.6 [38). Outer 

locus: Taylor model; inner locus: Sachs model. (a) 50% 

cold rolled and annealed rimming steel; and (b) 70% cold 

rolled and annealed Ti-bearing steel 

Comparison between the experimen tal (0 11,022) yield 
\ 

surface cross-sections of Viana et al. [38] and the 

theoretlcal predictions obtained from the CMTP PL4 

criterion. The curves are normalized by the uni axial 

yield stress 011. Texture data from Table V.6 [38]. Outer 

locus: Taylor model; inner locus: Sachs model. (a) 50% 

cold rolled and annealed rimming steel; and (b) 70% cold 

rolled and annealed Ti-bearing steel 

(xxv) 
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( Figure 

5.31 Comparison between the expenmental (011,022) yield 

surface cross-sections of Viana et al. [38] and the 

theoretical predictions obtained from the disoriented 

crystallographic locus of Eqs. 3.18. The curves are 

normalized by the uniaxial yield stress 011. Texture data 

from Table V.6 [38]. Outer locus: Taylor model; inner 

locus: Sachs mode!. (a) 50% cold rolled and annealed 

rimming steel; and (b) 70% cold rolled and annealed Ti

bearing steel. 

5.32 Comparison between the expenmental (011,022) yield 

surface cross-sections of AlthofT and Wincierz [63] and 

the theoretical predictions obtained from the (a) n = 1.7, 

(b) PL4 and (c) dispriented crystallographic (Eqs. 3.18) 

criteria for recrystallized Al tubes. Texture data from 

[631. The yield stresses have been normalized by the 

uniaxial yield stress 011. 

5.33 Comparison between experimen tal (0 Il ,022) yield 

surface cross-sections (-) ofViana et al. [38J and tneir 

theoretical calculations based on a pencil glide model 

(- - - -). Outer locus: Taylor model; inner locus: 

Sachs mode!. (a) Rimming steel; (b) Ti-bearing steel. 

(xxvi) 
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179 

Taken from [38]. 180 

5.34 (a) n-plane yield locus for rolled copper calculated from 

the experimental CODF data [70]; (b-c) (011,022) section 

of the yield locus using the CODF texture representation 

for a mild steel sheet, at e = 0 and 45°. (b) according to the 

FC model; and (c) according to the RC (pancake) model. 

Taken from [134]. 181 
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Figure 

5.35 n-plane representation of a theoreticai yield ,surface after 

a rolling reduction of ~33 = - 2. The texture data have 

been calculated using an RC model. Note that the Il and 

22 axes must be irrverted for comparison wi th the 

(uvii) 

PaKe 

previous figures. Taken from [11]. 182 

5.36 Derivation of the yield stress 0(8) and strain rate R(8) 

ratio from a yield surface. 0(8) is the distance from the 

orlgin ta the locus in the loading direction Sll and R(8) is 

deduced from the nonnai ta the surface at the Ioading 

point. 0(0/2 - 8) and R( 0/2 - 8) are derived from the 

characteristics of the yie ld surface in the S22 direction 

5.37 R(8) CtlTVeS for the following rolled sheets : (a) Cu-R. (b) 

Cu-5%Zn-R, (c) Cu-200/0Zn-R, (d) Cu-P, (e) Cu-5%Zn-P, en 
Cu-200/0Zn-P, (g) Cu-F, (h) Cu-50/0Zn-F and (i) Cu-20%Zn-

F. (e) experimentai R-values taken from Ref.[ 12); (x) R

values derived geometrically from the Bishop and ~ill 

loci of Fig. 5.23 and ( ) R(8) curves calculated fr~ 
the disoriented crystallographic yield function of Eqs. 

184 

3.18. 188 

5.38 R(8) curves deternfined by the CMTP method for the 

sheets of Fig. 5.37 : (a) Cu-R, (b) Cu-5%Zn-R, (c) Cu-

20%Zn-R, (d) Cu-P, (e) Cu-5%Zn-P, (0 Cu-20%Zn-P, (g) 

Cu-F, (h) Cu-5%Zn-F and (i) Cu-20%Zn-F. (e) 

experimental R-values taken from Ref. 12. ( ) 

n=2; (------) n=1.7 and (--- --) PL4 

predictions. The texture data used are those reported in 

Table V.4. 189 

5.39 Experimental earing behaviour of rolled (R), partially 

recrystallized (P) and fully recrystallized (F) Cu, Cu-

5%Zn and Cu-200/0Zn. After[12]. 
/ 

191 
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Figure 

5.40 R(S) curves for copper and brass sheets; (. )experimental 

R-values from Ref. [140]. ( ) CMTP n = 2; 

(- - - - - -) CMTP n = 1.7 and (_._. -) CMTP PL4 

predictIons. The texture components employed are 

{311}<1I2>, {1l0}<112> and {110}<001> in the 

volume fraction ratios: (a) 4:2:0 for Cu ( • ) and Cu-

2.5%Zn (. ); (b) 3:2:1 for Cu-5%Zn; (c) 1:4:2 for Cu-

10%Zn and; (d) 0:5:2 for Cu-15%Zn, Cu-20%Zn, Cu-

25%Zn, Cu-30%Zn and Cu-35%Zn. 

5.41 R(S) curves for various grades of steel; ( • 

experimental R-values taken from Ref. [126]. ( 

CMTP n=2; (- - - - - -) CMTP n =1.7 and (_._~ 

CMTP PL4 predictions. The texture components used are 

{554}<225>, {111}<IÏO>, {111}<112> and 

{1l0} < 001> in the volume fraction ratios: (a) 25:25:50:0 

for steel 1; (b) 15:35:50:0 for steel 2; (c) 30:40:30:0 for 

steel 3; (d) 50:20:30:0 for steel 4 and (e) 45:20:20:5 for 

steel 5. 

5.42 R(S) curves for two grades of low' C steel sheet; (. ) 

experimental R-values from Ref. [106]. ( i CMTP 

n=2; (- - - - - - ) CMTP n= 1.7 and(-'---) CMTP 

PL4 predictions for (a) a rimmed steel with 40% 

{100}<01l > + 40% {111}< 112> + 20% random; and 

(b) an Al-killed steel with 50% {111}<110> + 25% 

(xxviii) 
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194 

{111}<112> +25%{554}<225> components. 196 

5.43 R(S) curves for cold rolled steel sheet; ~ • ) experimental 

R-values taken from Rer. [123]. ( ) CMTP n = 2; 

(- - - - - -) CMTP n = 1.7 and (_.-.-._) CMTP PL4 

predictions for steel sheets displaying 196 
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Figure 

5.43 
cont'd 

(a) 60% {111}<011> +10% {111}<112> + 10% 

{110}<001> + 20% random; (h) 10% {1l0}<001> + 
20% {111}< 112> + 70% random; and (c) 60% 

{110}<001> + 20% {112}<1ïo> +20% raridom 

orientations. 

5.44 R(S) curves for an Al-killed steel; experimental R-values 

taken from Refs.-l08. ( 0 ) and 104 (.). ( ) CMTP 

n=2; (- - - - - -) CMTP n=1.7; and (_.- -) CMTP 

PL4 predictions. The texture was decomposed inta 40% 

{111}<lïo> + 25% {1l1}< 112> + 25% {554}<225> 

+ 10% random orientations. 

5.45 R(S) curves for (a) an Al-ki lIed steel and (h) a rimming 

steel; ( • ) experimental R-values taken from Ref. [135]. 

(x) R-values derived geometrically from the Bishop and 

Hill yield surfaces of Fig. 5.24; ( ) R(S) curves 

deduced from the disonented crystallographic function of 

Eqs. 3.18. In case (a), the two crystallographic 

" (xxix) 
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197 

predictions lie entirely outside the frame of the drawing. 197 

5.46 R(S) curves for (a) an Al-killed steel and (h) a rimming 

steel; (. ) experimental R-values taken from Ref. [135]. 

( ) CMTP n = 2; ( - - - - - - ) CMTP n = 1.7; and 
-

(- -- .... CMTP PL4 predictions. The textures used for 

the two steels are displayed in Table V.5. 

5.47 R(S) curves for a commercial punty aluminum sheet; (Â ) 

experimental R-values taken from Ref. [65]. ( ) 

CMTP n=2; (- - - - - -) CMTP n= 1.7; and (----., 

CMTP PL4 predictions. The texture employed consisted 

of 25% {lOO}<OOl> + 25% {110}<112> + 15% 

{123}<634> + 5% {112}<11Ï> + 30% random 

components [65]. 

197 

198 
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5.48 Yield stress ratio 0(9)/0(0) curves for Cu and brass 

sheets; ( Â ) experimental stress ratios taken from Ref. 

[140]. ( ) CMTP n=2; (-'- - - - -) CMTP 

n= 1.7; and (---- -) CMTP PL4 predictions. The 

texture components used are the {311}<Î12>, 

, {110} < 112> and {110} < 001> orientations in the 

volume fraction ratios: fa) 4:2:0 for Cu and Cu-2.5%Zn; 

(h) 3:2:1 for Cu-5%Zn; (c) 1:4:2 for Cu-10%Zn and (d) 0:5:2 

for Cu-15%Zn, Cu-20%Zn, Cu-25%Zn, Cu-30%Zn and Cu-

35%Zn. 

5.49 Yield stress ratio 0(9)/0(0) curves for rolled and annealed 

Cu and brass; (Â ) experimental stress ratios taken from .. 

Refs. [14,15]. ( ) CMTP n = 2; (- - - - - -) 

CMTP n= 1.7; and (-- -- -) CMTP PL4 predictions for 

(a) Cu rolled to 90% reduction with 30% {1l0}< lÏ2 > + 
30% {123}<634> + 30% {112}<111> + 10% random; 

(b) Cu-10%Zn cold rolled to 90% reduction with 60% 

{1l0}< 112> + 10% {123}<634> + 10% {111}< 1ÏO> 

+ 20% random; (c) Cu-30%Zn cold rolled to 90% 

reduction with 65% {1l0}< 112> + 10% {123}<634> + 
25% random; (d) annealed Cu with 70% {100}<001 > + 
10% {~00}<011> + 20% random and (e) annealed Cu-

30%Zn with 20% {111}<112> + 20% {100}<011> 

(xxx) 
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+200/0 {110}<112> +40%random. 203 

5.50 Yield stress ratio 0(9)/0(0) curves for aluminum and 

steel sheets; (Â ) experimental stress ratios taken from 

Refs.[28,32]. ( ) CMTP n = 2; (- - - - - -) 

CMTP n = 1. 7 and (- --'i CMTP PL4 predictions for 204 
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Figure 

5.50 
cont'd 

(a) aluminum cold rolled to 80% reduction with 40% 
- -

{311}<112> + 40% {llO}<112> + 20% random; (b) 

aluminum cold rolled to 10% reduction with 40% 

{100}<001> + 60% random; and (c) steel cold rolled to Il 

80% reduction with 50% {113}<141> + 30% 

(xxxi) 
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{001}<110> + 20%random. 204 

5.51 Yield stress ratio 0(8)/0(0) curve for highly textured 

copper sheet; (. ) stress ratios [38] for a texture severity 

of 8.57; ('Y) stress ratios [69] for a texture severity of 5.64 

and (6.) stress ratios [69] for a texture severity of 1.72. 

( ) CMTP n = 2; (- - - - - - ) CMTP n = 1 7; 

and t-- -- --) CMTP PL4 predictions for a texture made 

up of75% {100}<OOl > + 25% random components. 204 

5.52 Geometric derivation from the (Ozz,09z) yield surface 

cross-section of: (a) the axial stress developed during 

fixed end torsion testing; and (b) the rate of length 

change produced by a free end torsion test. 

5.53 (Ozz,08z) yield surface cross-sections corresponding to the 

{111}< 110> orientation for three values of the tilt angle ' 

<l> around the radial direction observed on experimental 

pole figures: 4> = - 5°, 4> =0° and <l> = :t 5°. (a) CMTP n = 2 

predictions and (b) crystallographic approach. 

5.54 (a) Experimental [133] and (b) simulated {Ill} pole 

figures corresponding to a copper bar twis~d to ë = 0.84 

at room temperature. 

207 

208 

209 
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Figure 

5.55 (Ozz,09z) yield surface cross-sections corresponding to a 

copper bar twisted to e =0.84 at room temperature. (a) 

crystallographic results obtained from a 200 grain 

orientation distribution; (b) CMTP n = 2 and (c) CMTP 

n = 1. 7 calculations based on a texture made up of 60% 
- -AJA (tilt = _5°) + 10% BIB (tilt = 0°) + 25% C (tilt = 

- 5°) + 5% Al· (tilt = 0°) orientations. 

6.1 Yield stress ratios 0(8)/0(0) predicted by the CMTP n = 2 

method used in conjunction with the CODF technique of 

texture representation. An averaging procedure similar 

to that specified by Eq. 6.1 was used. Calculations and 

( 

6.2 

experimental points from Ref. [142]. Commercial purity 

1100 Al (a) cold rolled 30%; (h) cold rolled 60%; (c) cold 

rolled 60% and annealed; (d) cold rolled 90%; and (e) cold 

rolled 90% and annealed. 

R-value vs length strain for an 1100 Al sheet cold rolled 

30%. (a) 8 = 0 and; (b) 8 = 60°. From Ref. [142]. 

6.3 Values of R(8) predicted by the CMTP n = 1.7 criterion 

for common ideal orienta tions. The symmetry 

requiréments of the rolling process are taken into 

account. (-.-) uniform strain model; (- + -) law of 

mixtures model. 

6.4 Values ofR(S) predicted by the CMTP PLI, PL2, PL3 and 

PL4 (from left to right) criteria using the Kochendbrfer 

(law of mixtures) model. The symmetry requirements of 

the rolling process are taken into account. (a) 

{lOO}<OOl>; (b) {100}<012>; (c) {110}<001>; (d) 

{110}<112>; (e) {111}<lïo>; (f) {112}<110>; (g) 

{l23}<634>; (h) {554}<225>; and (i) {411}<148> 

..,i orientations. 

(xxxii) 

Page 

210 

216 

217 

222 

223-224 



o 

o 

~~--- -~----------

• 
Figure 

6.5 Values ofR(8) predicted by the CMTP two exponent 

( ) and the n = 1.7 (- - - - -) criteria using the 

Kochendorfer model for seJected ideal orientations. The 

symmetry requirements of the rolling process are taken 

into account. 

6.6 Values of R(8) predicted by the CMTP two exponent 

criterion for various grades of steel using the 

Kochendorfer model. (a) 25% {554} < 225> + 25% 

{111}<lIo> + 50% {1l1}<112>, after [126]; (b) 50% 

{554}<225> + 20% {l1l}<IÏO> + 30% {111}<1l2>. 

after[126];(c) 60% {l11}<lIo> +10% {111}<112> + 

10% {110}<OOl > + 20% random, after [123]; (d) 60% 

{llO}<OOl> + 20% {221}<lïo> + 20% random, after 

[123]; (e) and (f) ideal orientations and volume fractions' 

(xxxiii) 
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226 

of Table V 5, after f1351. 227 

6.7 Position of the loading point ln the (012, n-plane) 

subspace for (i) strictly uniaxial (point Po) and (b) not

strictly-uniaxial (point Pl) tensile testing, as specified by - ~ Eqs. 6.10 and 6.11, respectively. 00 and to are the stress 

and strain rate vectors corresponding to the completely 

uniaxial test (Eq. 6.10); 07 and e7 correspond ta the non-

uniaxial test (Eq. 6.11). 233 

6.8 R(8) curves predicted by the CMTP two exponent 

criterion for an Al-killed steel using the Kochendorfer 

mode!. ( Â ) experimental values from Ref. [114]. CMTP 
predictions (-- ) before tensile deformation; ( - - - - ) 

after tensile de formation in the rolling direction; and 

(_. _. -) after tensile deformation in the transverse 

direction. 236 
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Figure 

~.9 

III.2.1 

V.1.! 

R-value vs length strain (Ilt) at various angles e for a 
rolled copper sheet. Aner [107]. 

Definition of the (Ût, Ui) vectars. 
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CHAPTERl 

INTRODUCTION 

Because of the fabrication processes employed ln its manufacture, e.g. 

solidification, hot and cold rolling, annealing, etc., a sheet ofmetalls frequently 

anisotropie. Its constituent grains adopt elongated shapes and specific preferred 

orientations. As a consequence ofthis crystallographic anisotropy, the physical 

properties and particularly the mechamcal properties of the polycrystal as a 

whole are anisotropic. 

In processes such as press forming, deep drawing and stampmg, the limit 

strains attainable along either of the two extreme strain paths (drawing or 

stretching), depend on the amsotropy charactenstlcs of the sheet. Because of 

the effect of anisotropy on metal formabili ty, e.g. of steel sheets in the motorcar 

industry and alumÏr.um alloys in the productIOn of beverage cami, numerous 

attempts have been made to both predict and control the anisotropy. 

For this purpose, it i,s necessary to know (i) the lnfluence of the 

metallurgical parameters affecting texture evolution during the fabrication 

process and (ii) the relation between the texture ~nd the plastic properties. It is 

the latter topic which is the main concern ofthis study. 

Texture information can be obtained relatively easily by me ans of pole 

figures or CODF (crystallite orientation distribution function) data, both of 

which are derived from X-ray diffraction measurements.--Bnly Aualitative and 

sem.i quantitative estimates of the ideal orientations are given by the former, 

whereas the latter is an accurate, albeit more sophisticated representation of 

the grain distribution. 

Having quantified the texture information, we then face the problem of 

calculating the macroscopic plastic properties. The following sequence has 

frequently been used . 
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2. 

1. Define the single crystal yield surface. 

2. Define the plastic deformation model. 

3. Calculate the polycrystal yield surface using the texture data. 

4. Derive the plastic flow properties. 

One can ask why the calculation begins with the Single crystal yleld surface 

The main reason is that the plastlc behaviour of a single crystal 1S quite weil 

known and understood. The yield locus can be readily derived from knowledge 

of the slip systems activated in the crystal. Assuming for example that plastic 

deformation occurs on the {Ill} crystallographic planes ln the < 110 > 
crystallographic directions, Bishop and Hill [l] showed that the single crystal 

yield surface for Fee metals is a polyhedron in stress space, whose 

characteristics have been well identified. 

The second critical step is then concerned with the transitIOn single crystal 

-+ polycrystal. Since the texture bas a crystallographic (and hence microscoplC) 

nature and since the plastic behavlOur is a polycrystalline (and bence 

macroscopic) characteristic, 1 t IS necessary to make sorne assumptions 

regarding the interactions'between the indlvidual grains of the workpiece.For 

example, assuming homogeneity of the deforrnations in the polycrystal [2] 

generally leads to difTerent results than when the polycrystal is considered as a 

superposition ofsingle crystals, without any interaction [3]. 

Texture data, single crystal yield surface, plastic deformation model . we 

now have everything in hand to calculate the polycrystal yield locus. The 

texture information is used to reorient the yield surfaces of the indlvldual 

crystals into the testpiece axes, and the plastic deformation model provides the 

averaging technique to be used over the complete set of grains. Thls sequence 

leads to the polycrystallocus. 

, 
The plastic properties, as expressed by yield strength or strain rate 

characteristics, are then readily deduced from the size and shape, respectively, 

ofthis overall yield surface. 

This crystallographic approach is considered to give a reasonably accurate 

____ estimate of some important plastic properties. However, the two first steps in 
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the computation sequence described above are based on question able 

assumptions. What is the 'exact' single crystal yield surface and what are the 

'exact' interactions between the individual grains? Obviously each grain has its 

(wn characteristics of shape, orientation, h'ardness and degree of 

Cl '«lrientation, for example. AlI these parameters mfluence the size and shape 

of t1. l yield locus applicable to each grain and/or the in teraction each crystalli te 

has w th its neigbbours. Furthermore, because of the hundreds or even 

thousands of grams involved in this type of approach, extensive computatIons 

have to be carried out to obtain reasonable predictions, leading to 

incompatibility with on-line measurements or the rapid analysis of data. 

A potential alternative ta the above approach exists in' the analyses of 

continuum plasticity. According( to this method, the calculation sequence 

described above is greatly simplified and reduces to . 

1. Determination of the polycrystal yield surface from a fini te 

number of experiments 

2. Derivation of the plastic properties in analytic forro 

As can be seen, no reference is made to the onentations of the individual 

grains, 50 that this approach remains essentially macroscopic. The yield locus 

of the polycrystal under consideration is described by an assumed analytical 

function, the parameters of which are determined expenmentally. As an 

example, the quadratic yield function derived by Hill (41 in 1948 for orthotropic 

materials contain~ six parameters. However, only two experiments are needed 

in the particular case of plane stress loading and only one if planar isotropy is 

further assumed. The extreme simplicity of such continuum approaches makes 

them especially sui table for engineering applications related ta metal fonning. 

The different ~isotropic yield criteria proposed in the literature are not, 

however, of general applicability and only lead to rough estima tes of the plastic 

properties. Two of the main limitations of such continuum approaches can be 

summed up as follows : 

1. They do not take account of the arystallographic texture, which 

is ~e primary source of plastic anisotropy. 

2 .. Generally more than one experiment is necessary to derive the 

parameters of the yield function. 

.. 
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The prediction of the yield surfaces and plastic properties of anisotropie 

medi~ has thus been approached by two alternative extreme methods. On the 

one hand, the crystallographic (Bis~o.p and Hill) analysis is unsuitable for the 

rapid assessment of maeroscopie properties; on the other, the continuum 

approach is seriously limited in many instances sinee it does not take account of 

the texture of the material and is generally restricted to fairly simple cases. 

Recently, Montheillet et al. [5] have proposed an alternative method which 

combines aspects ofboth the previous approaches; it is known as the continuum 

mechanics of textured polycrystals (CMTP). This has been the first attempt to 

correlate analytically the plastic anisotropy of a polycrystal with its texture. It 

is somewhat surprising that such a general theory is missing in the literature. 

The method is based on a modification of Hill's anisotropie continuum theory 

which pennits the observed ideal orientations to be linked directly with the 

consequent plastic anisotropy of the material. The macroscopic stress and 

strain rate characteristics can thus be readily obtained from knowledge of the 

texture components displayed by the polyerystal. 

In this report, the continuum yield surfaces found in the literature are first 

reviewed critically, with special attention being paid to their ap~lications in 

metal forming. The principles of the CMTP method are then described in detail 

and it is shown how plastic properties and texture data can be correlated in a 

fairly simple way. Specifie polycrystal yield surfaces are then described by the 

CMTP method and the corresponding plastic properties are calculated. Finally, 

these are compared with erystallographie (Bishop and Hill) predictions and 

with experimental observations taken from the literature. 
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CHAPTERII 

CONTINUUM YIELD SURFACES AND PLASTIC PROPERTIES 

- A REVIEW-

6 .. 

Crystallographic texture is recognized ta be the primary source of plastic 

anisotropy. The non-isotropie distribution of grain orientations leads ta non

isotropie macroscopic properties. As described above, two extreme approaches 

have been used ta deseribe this anisotropy, namely the crystallographic and 

continuum or macroscopic approaches. 

In the former, plastic deformation 15 usually assumed ta be accommodated 

by the activation of five independent slip systems. Each grain is generally 

eonsidered ta undergo the same uniform strain as the aggregate. For FCC 

rnetals, the five activated {Ill} < 110> systems are those for whieh the 

absolute sum of the glide shears is a mininTtfm [2]. The Taylor model was 

eonfirmed sorne 13 years later by Bishop and Hill [1,6] through the use of the 

principle of maximum work. These two basic analyses have been proved ta be 

strictly equivalent [7]. They were used by Baekofen and eoworkers [8,9] in 

successful attempts ta predict yield surfaces and R-values for textured sheets 

(see also Ref. [10]). Reeently, both full and relaxed constraint models have been 

used by Canova et a1.[11]. Yield surfaces with fairly sharp corners were 

obtained in this way for two deformation paths, rolling and torsion, and 

reasonable agreement was observed between predicted and experimental R

values. Furthermore, the crystallographic methods for the calculation of 
/ 

rnacroseopic anisotropie properties have received considerable attention during 

the past two deeades [12-15] in correlation with development of the CODF 

(crystallite orientation distribution function) analysis (see for example Ref. 

[16]), However, the mathematieal complexity of these approaches makes them 

difficult ta manipulate and is not conducive to a ready physical understanding 

of the phenomenon (i.e. of the link between a given ideal orientation and its 

effect on formability). Furthermore, they require extensive computer 
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calculations and are thus unsuitable in their current fonn for rapid on-line 

measuremen ts. 

The anisotropic continuum plasticity theory of Hill [4,17J, on the other 

hand, has the great advantage of simplicity. However, because of sorne 

important deficiencies in its predictions, more complicated yield criteria have 

been proposed, which are nevertheless simple enough to be used for 

engineering applications. It is the purpose of the discussion that follows to 

develop sorne of these points. 
,c 

n.1. SOME GENERAL PROPERTIES OF CONTINUUM YIELD SURFACES 

To begin with, it is very important to point out two major characteristics of 

the continuum yield loci described in the literature : 

- They are aIl expressed in terms ofmacroscopic stresses and thus 

do not directly account for crystallographic text!üre. 

- They are aIl represented by analytical functions, whose forms are 

assumed without ariy detailedjustification. 

The most general form of this function May bo wri tten : 

(2.1) 

where the oi,} are the six components of the stress tensor expressed in the 

re(erence frame of interest. If the material is deformed plastically, the 

corresponding flow stresses are expressed by Eq. 2.1. If it only deforms 

elastically, the stress vector remains inside the surface characterized by this 

equation. This kind of transition between elasticity and plasticity is not qurte 

so sharp in the case of an actual polycrystal. Should the aggregate be 

considered to deform plastically at the exact moment when one of its grain 

begins to do 80, or when aIl its crystals are finally in the plastic state? It seems 
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that the second assumption has received much more attention than the first in 

the classical approaches. 

It is furthennore generally assumed that the material under consideration 

does not exhlbit any Bauschinger effect, ~e. that 

(2.2) 

Extension to the hexagonaT metals~is thus somewhat questionable and has not t 

provided particularly impressive results. 

A second major hypothesis regards the absence of any effect of the 

hydrostatic pressure. As a consequence, the yield surface is a function of the 

deviator stresses only, i.e. 

F (011 -022,022 -033,033 -0 II. 012.023,031 ) = 0 (2.3a) 

or, equivalently, 

(2.3b) 

where SlJ = OiJ -(Okk / 3) 01J a{e the stress deviator components. , 

As pointed out by Saint-Venant in 1870 and then by Levy in 1871 and von 

Mises in 1913, the strain increment characteristics of a material can be deduced 

from. the deviator stresses themseives 

(2.4) 

where dÀ is a positive scalar which depends on the hardening properties. This 

speculative hypothesis appeared to be a particular case of the more general 

relation between plastic strain increments and stresses known as the 

normality principle or flow role : 

(2.5) 

/ 
1 
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where F(Oij) is the yield function corresponding to the material being 

considered. Equation 2.5 leads to the Saint-Venant principle when the von 

Mises isotropie criterion is used. Furthermore it leads to a simple geometric 
-+ 

interpretation of the flow behaviour, Le. the vector de = (Cle lj ) is normal to the 

yield surface at the point (olj), Fig. 2.1. 

U.2. THE TRESCA AND VON MISES CRITERIA 

Two criteria were widely used in the past to reproduce the yield behaviour of 

an isotropie material. The first was proposed by Tresca [18] in terms of 

principal stresses: 

al - Om = 00 tf a 1 ~ a El ~ cr III (2.6) 

and the second by von Mises [19] who put forward the quadratic function : 

Plastic defonnation is assumed to occur when the maximum shear stress in the 

former case or the elastic energy of distortion in the latter reaches a critical 

value. 

II.3. THE HILL 1948 CRITERION 

After being processed, a material is generally anisotropie. As a consequence, 

the flow behaviours characterized by the Tresca and von Mfses functions only 

provide a rough and frequently an incorrect, estimate of the plastic properties. 

For this reason, Hill [4] proposed in 1948 a generalization of the von Mises 

criterion which takes the anisotropy into partial account: 

2 F(ou) = F (Oyy-ozzJ2 +G {o.o;-ozzJ2 +H (ou-oyyf 

+2Loy/+2Mox/+2No:c/ = 1 (2.8) 
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locus 
F(~,Oi}= ct 

Fig. 2.1 Yield locus F(ol, o2)=ct in a two-dimensional (al, oz) stress space. 

The stress vector â terminates on the locus and the corresponding strain rate 
..... 

vector ë is nonnal te the yield surface at the loading point. 

z ND 

Fig. 2.2 System of coordinate axes for rolled sheet. 
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This criterion is restricted to materials with orthotropic physical symmetry, 

Le. to those with three mutually orthogonal symmetry planes. These can 

generally be inferred from the symmetry of the strain path employed to produce 

the anisotropy. The F, G, H, L, M and N parameters characterize the current 

state of anisotropy and can be determined by means of six uniaxial tension or 

pure shear tests : 

G+H=lIX2 F+H=lIY2 F + G = 1/ ZL 

2 L = 11 R2 2 M = 11 S2 2 N = 11 '["l (2.9) 

where X, Y and Z are the tensile yield stresses in the principal directions of 

anisotropy and R, S and T the yield stresses in shear with respect to these axes. 

In the case of isotropy 

L = M = N = 3F = 30 = 3H (2.10) 

and expression 2.8 reduces to the von Mises criterion. 

The Hill 1948 yield criterion has been widely used to evaluate the plastic 

properties of anisotropie me tais. The sections that follows present a critical 

examination of some of i ts main applications. 

ll.3.1. YIELD STRESS 0(8) 

The anisotropy displayed by a rolled sheet can be characterized by a set of 

tensile experiments carried out at ditTerent angles 8 in the rolling plane (Fig. 

2.2). The dependence of the yield stress on orientation can be calculated very 

simply from a 'reduced' (plane stress) criterion 

(G+H) ox2 +(F+HJ 0/-2HOxoy+2Nox/ = 1 (2.11) 

The tensile stress in the 8 direction is then given by 

0(8) = {(G + H) cos48 +(F +H) sm48 +2(N -H) sm2e cos28J -112 (2.12) 
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leading to 

0(0) = (G + H) -/12 

0(90) = (F+H) -/12 

and 0(45) = {(F+G+2N)/4} -/12 

11. 

(2.13) 

Bramley and Mellor [20,21] applied the Hill theory to the case of steel, 

titanium and zinc sheets. The parameters F, G, H and N were determined 

experimentally and used to calculate the yield stress anisotropy, as expressed 

by the ratios 0(0)/0(90) and 0(0)/0(45). Since the theoretical values they 

derived did not seem ta confonn to the values ex~ected from Equations 2.13, 

these. \Vere recalculated by the present author and are shown separately in 

Table II.1. Reasonable, although not 'perfect', agreement between the Hill 

analysis and the experimental observations is seen for the steels and zinc, 

whereas sorne discrepancy is observed for the titanium ; i.e. 0(0) is greater than 

0(45) and 0(90), while the theory predicts the revers~ condition. This was 

attributed by the authors [20] to a difTerence in the rate of work hardening 

between the rolling and transverse directions, which cannat be accounted for by 

the Hill analysis. 

, 

For materials obeying power law work hardening, 0 = K ën 
, the ratio of the 

tensile flow stresses has been shawn to depend on the hardening coefficient n 

[22-24] 

0(8)10(0);; fA /(G+H) -1I2J"+1 (2.14) 

where A is the right hand side ofEq. 2.12. The predictions of the Hill quadratic 

criterion were nevertheless shawn ta diverge from the e!perimental 

observations [24] for various grades of steel. 
• 



•• 

Steel Ti Zn 
Steels [21] 

-
[20J [20] (20J 

A B C D 

0(0)/0(45) 
theoretical .951 .984 .933 .854 .886 870 .951 

presen t work 

0(0)/0(45) 
experimental .983 1.039 862 .953 .944 .968 .983 

0(0)/0(90) . 
theoretical .932 .874 625 .990 ..980 971 .932 
Refs.( 20 ,21] 

0(0)/0(90) 
theoretical .953 .936 .644 .988 .981 973 .953 

present work 

0(0)/0(90) -
experimental .992 1.063 694 1.011 .989 1.013 .992 

Table n.1. Theoretical (Eq. 2.13) and experimental (from Refs. (20] 

and (21] ) yield stress ratios; A, B, C and D refer to the four steels 

investigated in Ref. [21] 

12. 

Gotoh [25,26J also reported large discrepancies between Hi 11 type 

calculations of yield stress anisotropy and experimental points for an Al-killed 

steel and for Cu-1I4H, as sho~ in Fig. 2.3. This is more striking in the case of 

the steel which displayed strong anisotropy, as expressed by an R-value 

varying from 1.5 to 2.4. Similar conclusions can be drawn from the work of 

Dillamore et al. [27] on a rimming steel. 

By contrast, Svensson [28] reported very good agreement when comparing 

theoretical (Hill quadratic) and experimental 0.05% proof stres~es in cold rolled 

and annealed steel and aluminum. 

.. 
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Fig.2.3 Uniaxial yield stress curves 0(8) for (a) an Al-killed steel and (h) Cu-

1I4H. ( 0 ) expenmental values; (-- ---) predictions based on Hill 1948 

cntenon; ( ) (}QJ;oh calculations (Eq. 2.61). After [25]. 

2 

RI 

e 900 $ 90 0 e 90 

mm 
GOCO FAIR POOR 

DRAWABILI TY 

Fig.2.4 (a) Typical variations in the R(8) curves for low carbon steel; (b) 

relative sizes of the deepest cups that can be drawn from the materials with the 

average strain rate ratios indicated. Aner [31]. 

" ( 
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II.3.2. STRAlN RATÉ RATIO R(8) 

The anisotropy of a rolled sheet is often eharacterized by the strain rate 

ratio R(S) [29J calculated from ~nsile tests carried out at various angles 8 to the 

rolling direction -(Fig. 2.2). It is defined as the ratio ~f the ineremental strains in 

the width and thickness directions 

R(a) = f-yy / ëzz (2.15) 

Whiteley [30J dernonstrated the Importance of this ratlo in the evaluatlOn of 

directionality in steel sheet. The R-value lS readily derived frorn the yleld 

funcl10n (Eq 2 11) by usmg the assoclated flow rule (Eq. 2.5). It can be shawn 

that 

R(8) = rH +(2N -F -G -4HJ SLn2.6 cos28J / [F Sl!128 +G cos28) 

50 that 

and 

R(O) =H/G 

R(90) = H / F 

R(45) = N /(F+GJ -1/2 

1 + 2[R(45)1R(O) + R(45 )IR(90) - 21 Sin 2e cos
2e 

R(9)= --------------
sm 2eIR (90) + cos2SJR(O) 

(2 16) 

(2 17) 

o 

(2.18) 

The strain rate ra~o R is a measurernent of the degree of anisotropie flow 

that occurs during drawing. The lack of drr.wability is in turn related ta the 

inability of a material to resist local(zed thinning in the tube wall. A high R

value favors resistance ta thinning and a large variation in R is related to 

extensive earing. Two parameters are commonly used to characterize the 

drawability ofa sheet. The average strain rate ratio ~ 
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R = (R(O) +2R(45) +R(90)] / 4 (2.19) 

is a measure of the degree of normal anisotropy and 15 related to the depth of 

draw [30]: the higher the R value, the deeper the draw, as illustrated in Fig. 2.4 

[31]. By contrast, the planar strain or anisotropy ratio 

'" 
{~~~;, {R = (R(O) -2R( 45) + R(90)] / 2 (2.20) 

is a measure of t~e degree of pl anar anisotropy. For an Isotropie material, R = 1 

and ~R = 0 r 

Equation 2.18 has been wldely used for assessment of the R(8) curves 

pertaining to various metals. In most cases, good agreement with experimental 

points is reported [20,21,26,27,32-34], as shown for illustration in Fig 2 5 

However, this result IS not really surprising since the R(8) curves must coinclde 

by construction with the expenmental points In the rolüng, transverse and 

diagonal directions. More interesting conclusions can be drawn regarding the 

limitations of the Hill predictions when more than four ears are obtained in 

deep drawn cups, as shown in the next section. 

n.3.3. EARING BEHA VIOUR 

When a sheet of metal is deep drawn, the resulting cup very often exhibits 

peaks and troughs along its periphery. This inhomogeneous deformation, 

known as earing, origina tes in the cryst.allographic anisotropy of the workpiece 

[35]. As shown by Wilson and Butler [36], ears form in the rolling and 

transverse directions (Fig. 2.6) in the case of a material displaying a major cube 

compone nt and in the diagonal directions if a rolling-type texture is present in 

the specimen. Little earing is observed, however, ID the case of a balanced 

texture (see also Ref. [37]). 

As discussed by Boume and Hill [34], the positions of the ears depend on the 

relative values of the parameters F, G, H and N. Although their locations 

correspond theoretically to R(8) maxima for uniaxial stresses applied in the 
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Fig. 2.6 Earing behaviour and 

maximum cup depth obtained in 

drawing of copper sheet. (a) 

"rolling-type" texture; (b) 

ttbalanced" texture and (c) t'cube" 

texture. The arrow indicates the 
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circumferential direction, there is experirnental evidence that ears form at 

positions where R(8) is maximum for a uniaxial test performed in the radial 

direction. For a material displaying a strong cube texture, for example, 

experimental R-values vary from about 1 in the 8 = 0 and 90° directions to about 

0.1 in the diagonal (8 = 45°) direction [38]; this situation is consistent with the 

observed earing behaviour (Fig. 2.6). 

Aust and Morral [33] reported that the Hill quadratic criterion predicts the 

nght ear positions for annealed 28 aluminum. However, Bourne and Hill [34] 

have cited the CQunter example of a brass sheet in which six ears are found. In 

this case, the Hill quadratic criterion (Eq. 2.11) is revealed to be unsuitable, 

since it can ooly predict four maxima (corresponding to four ears) in the R(8) 

curve. A cubic plastIc potentIal would be more appropriate for this material, 

following the remark [34] that a homogeneous yleld function of degree n can 

lead ta the predictlOn of a max.lmum of 2n ears. 
( 

Logan [39] used a Hill type of flow criterion wlth planar amsotropy \0 FEM 

simulations of sheet metal formability. The calculated mean ear height was 

J'lotted versus the planar anisotropy parameter 2~RJ R suggested by Wilson 

lnd Butler [36]. It was concluded that th~Hdl 1948 yield function 

underestimates the true earing behaviour for various d-egrees of anisotropy. 

Furthermore, it was shown that it overpredicts the amount of strain under the 

punch ( Le. in the biaxial region) relative to that \0 the flange. 

II.3.4. LIMITING DRAWING RATIO (L.D.R.) 

An interesting characteristic of a given material being deep drawn lS the 

largest blank that can be successfully drawn with a given die. This property is 

usually quan tified as the li mi ting dra wi ng ra tio 

LDR =D/d (221) 

where D is the diameter of the largest blank successfully drawn and d is t~e 

diameter of the drawn cup. Whiteley [30] demonstrated the importance of the 
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average strain ratio R in the assessment of a high LDR (Fig. 2.7). His analysis 

was based on the faet that a high R-value is indicative of a high wall strength 

tagether with a low resistance ta width (circumferential) strBin. These two 

combined properties allow larger blanks to be drawn without failure. 

Whiteley's work .was confirmed by other authors for difTerent kinds of metals 

[36,40-46]. The LDR was shown [30] ta be related theoretically ta the ratio P of 

two plane strain flow stresses corresponding ta éyY = 0 and ézz = 0 : 

ln (LDR) = Il P (2.22) 

where Il is an efficiency coefficient essentially associated with frictional forces; 

normally Il = 0.7 to 0.8. When using the Hill anisotropie theory (Eq. 2.11), 

Whiteley further demonstrated that, for radial isotropy, P can be predicted 

quite easily to be: 

p = V(R + 1) / 2 (2.23) 

so that LDR = exp( Il yi (R + 1) /2) (2.24) 

As can be seen, the drawing ratio is very dependent on how weIl the Hill 

criterion approximates the shape of the yield locus for real materials, since its 

value is based on two flow stresses and one strain rate (nonnal to the yield 

surface) derived from the assumed locus. Furthermore, planar isotropy is 

assumed through the use of the R-value, a condition which is more the 

exception than the mIe. Moreover, no work hardening is considered. Under 

these conditions, the curve of LDR vs R expressed by Eq. 2.24 has been proved 

ta he highly deficient. The trend generally reported is that the theoretical 

results obtained from the Hill theory indicate a far greàter dependence on R
value than actually <lbserved in practice, as illustrated in Fig. 2.8. 

Furthermore, the discrepancy seems to increase with increasing R [41]. On 

sorne aluminum alloys, however, Riggs [42] has observed that a better 

correlation between LDR and strain ratio is obtained when the mlOlmum 

instead of the average R-value is taken tnto consideration. 
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Fig.2.8 Correlation between LDR for cylindrical Oat bottom cups and average 

strain rate ratio. Experimental points frorn Refs. [30.36]. Note that the 

predictions based on the Hill yield surface do not fit the data. After (65). 
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Meuleman [40] studied the efTects of mechanical properties on the deep 

drawability of a selection of sheet metals, Le. annealed Bee and FeC metals, 

annealed zinc, as weIl as some as-cold-rolled materials. His results (Fig. 2.9) 

show that the annealed cubic materials follow a definite trend, which is not, 

however, reproduced by the Hill quadratic analysis. By contrast, the 

drawabilities of the annealed zinc and the as-cold-roIled metals seemed to be 

almost independent of the average strain ratio and feU weIl below the predicted 

values. 

II.3.5. WORK HARDENING CHARACTERISTICS 

As discussed above, the comparison between predicted and experimental 

R(S) curves is not a very sensitive test for the Hill anisotropie theory. A more 

realistic assessment consists of ealculating the hardening characteristies of a' 

metal following a certain de formation path (say biaxial tension) and then 

comparing them with those obtained along another path (say uniaxial tension). 

(2.25) 

" 1 +R(90) 
a =[ )+0 

bI 1+R(90)lR(0) 90 

(2.26) 1 + R(90)JR(O) t 
c = [ ) c 

tH 1 + R(90) 90 

l+R 
a =[--)+0 

tH 2 av 
(2.27) 

where (00, tO) \nd (090, t90) are the flow properties in the rolling and 

transverse directions, respectively, and (oav, tav) are taken from the stress

strain curve corresponding to the average R-value. 
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An interesting consequence ofEq. 2.27 is that the R~value can be calculated 

from knowledge of the stress-strain curves detennined in biaxial tension and in 

a uniaxial tension test carried out in the direction corresponding to R [47,48]. If 

these curves are fitted to the empirical expressions 

(2.28) 

Oau == B cau
fl (2.29) 

and if it is assumed that the two hardening exponents m and n are equal, as is 

implicit in the Hill anisotropy theory, then from Eq. 2.27 

Rau == 2 (A / B.) 21(fI+1! -1 (2.30) 

Bramley and Mellor [21J carried out simple tension tests in the e = 0,45 and 

90° directions of four stabilized steel sheets. The biaxial curves were obtained 

by the diaphragm method. Eqs. 2.25 to 2.27 were then employed as theoretical 

bases for prediction of the latter. As shown in Fig. 2.10 for one of the tested 

steels, good agreement is observed when the average R-value is used. Similar 

conclusions were drawn for the other steels. 

Nev:ertheless, these results have been eontradi,.cted by many other 

investigations carried out on different metals. Bramley and Mellor [20], for 

example, reported good agreement for titanium (R= 2.85) but a very poor one 

for zinc sheet (R=0.31). In further studies, Woodthorpe and Pearce (49J and 

Pearee [50] demonstrated that a low average strain ratio (R < 1) i~ conducive to 

a strong underestimate of the strain hardening behaviour in biaxial tension 

(Fig. 2.11a). However, better results were obtained for materials h~ving higher 

R-values (Fig. 2.11b). Similar comments are applicable to the work of Ranta

Eskola (51], Horta et al. [52], Kular et al. [53] and Vial and coworkers [22,23]. 

j 
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Fig. 2.10 Work-hardening characteristics for a killed steel. (1) Experimental 

curve, simple tension, 0 0 ta rolling direction; (2) experimental curve, simple 

tension, 45° ta rolling direction; (3) experimental curve, simple tension, 90 0 ta 

rolling direction; (4) experimental curve, diaphragm test; (5) theoretical curve 

based on average R-value and corresponding work-hardening characteristics; 

(6) theoretical curve based on 90° tensile curve; and (7) theoretical curve based 

on 0° tensile curve. After (21]. 
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Fig. 2.11 Uniwal and biaxial str~ss-strain curves for (a) an annealed rimmed 

steel (Ïf=O.38) and (b) annealed titanium ([=3.8). After(50]. 
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II.3.6. ANOMALOUS BEHA VIOUR 

One of the interesting features ofEq. 2.27 is that the ratio obi / oav must lie 

on the srune side of unit y as the average strain ratio R ; 

li <" 1 $>Obl /oav S; 1 

R ~ 1 $> ObI /oav ;? 1 (2.31) 

Woodthorpe and Pearce [49] carried out experiments on commercial purity 

aluminum cold rolled to difTerent reductions. Although the corresponding R
values were less than unit y, a11 the measured Obi / oav ratios were above 1, thus 

contradicting Eqs. 2.31. This behaviour has thus been qualified as 'anomalous'. 

Pearce [50] reported similar conclusions for 70/30 brass, as did Vial [22] for 

brass 260 : in these cases, the biaxial curves were considerably above the 

uniaxial ones although R < 1. The theoretical and experimental Obi / oav vs R 
curves derived by Pearce [50] are shown in Fig. 2.12. With the exception of the 

'anomalous' metals mentioned above, the experimental relatlOnship is similar 

in shape to the predicted one, but displaced to a higher level 

It is also interesting to compare the Hill predictions expressed by Eq. 2.27 

with calculations carried out on a crystallographic basis. Dillamore [54] 

concluded from a crystal plasticity analysis that the Hill theory approximates 

the biaxiaVuniaxial stress ratio ~asonably well for R-values between 1 and 2. 

He furthennore demonstrated that the maximum value of Obi / Oum is 1.18; by 

contrast, according to Eq. 2.27, increasing the R-value to infinity should lead to" 

an infinite value ofthis ratio. 

Logan and Hosford [55] also calculated the dependence of the 

biaxialluniaxial stress ratio on the strain rate ratio R for randomly chosen 

rotationally symmetric mixed textures. It can be seen from Fig. 2.13 that the 

Hill analysis does not fit these crystallographically calculated points at aIl weIl. 

Similar conclusions were drawn regarding other strength ratios, i.e. the plane 

strainJuniaxial or plane strainlbiaxial stress ratios (Fig. 2.14). 
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Fig. 2.12 Theoretical (Hill 1948) and exprimentally determined relationship 

between Ob / Ou and R. After [50]. 
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Fig. 2.13 Dependence of biaxial/uniaxial 

strength ratio, X , on the strain rate ratio R. 

Each point is a randomly chosen rotationally 

symmetric mixed texture. The Hill theory x 

prediction is shown by the Une a = 2 and the 

Hosford prediction (Eq. 2.50) by the Une a = 6. 10 

After [55]: 

X • Ale 

U, 

. . .. -. 

." 

A 

13 02 04060810 

Ir, 

12 

Il 

02 03 

.. . . . .. 'il: .. . ; .~. 
/, ':" . 
,p' 

v·· 

O. 0:' 06 07 
.. At1A411 

l 
1 

08 

06 07 06 
,. A/IA+l) 

Fig. 2.14 Dependence of the plane 
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line a = 2 and the Hosford prediction 
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ll.3.7. LIMIT STRAINS IN SHEET ~TAL 

Many metal forming proeesses, such as stretch drawing, bulging or ta a 

certain extent detp drawing, involve uniaxial or hiaxial stretching paths. The 

main limitation of such deformation techniques 1S that fracture generally 

occurs at relatively low strains. For this reason, it is of interest ta predict the 

maximum strain that can he undergone by a sheet without fracture. In 

principle, this eritical value is the equivalent for stretching of the LDR for a 

drawirrg process. 

The basis for limit strain prediction was first fonnulated by Marciniak and 

Kuczynski [56] in a well-known paper. An initial inhomogeneity in the sheet 

(such as a groove, see Fig. 2.15) is assumed to develop with increasing strain 

into a localized neck in the direction perpendieular to the largest principal 

stress. Their theoretieal analysis made use of the Hill anisotropie criterion (Eq 

2.8) applied ta the cases of plane stress and planar isotropy (i.e. the R coefficient 

is' assumed ta be constant in aIl directions of the sheet). This leads to the 

reduced plastic potential 

where op denotes the equivalent yield stress for an isotropie material, and the 1 

and 2 directions are those shown in Fig. 2.15. The classical flow rule (Eq. 2.5) 

was used ta derive the strain rate eharacteristics corresponding to the ahove 

yield locus and the following strain hardening la w was assumed 

a p :: 00 (€o + cl" 

cr. 

Fig. 2.15 S che mat i c 

representatlon of 

groove geometry. 

After (56]. 

(2.33) 

, 



• 

o 

26. 

In this investigation, the material properties, as expressed by the hardening 

coefficient n and the strain rate ratio R, as weIl as the loading conditions of an 

element of the metal, are supposed to remain unchanged during groove 

evolution .. However, as, pointed out by Sowerby and Duncan [57], this is 

unlikely to be true in real sheetforming operations. Marciniak and Kuczynski 

[56] were able to derive the stress state in the groove in this way, as weIl as the 

relative strains inside and outside the localization. The evolution of the latter 

quantities is illustrated in Fig. 2.16 for the case of equal biaxial tension 02 = al 

and for difTerent geometric factors tb/ta = fo of the initial inhomogeneity. The 

~~ limit strain e· is then defined as the maximum strain that can be attained 

before aIl the deformation is concentrated in the groove, as characterized by the 

points identified as C on the curves. This localization results in the 1055 of 

stability of the stretched sheet. 

Marciniak's work. originally focused on bia;ial loading, was extended by 

Sowerby and Duncan [57] to include aU positive strain ratios ranging from 

plane strain to equal biaxial tension. They derived the principal consequences 

of the theory "non-mathematica11y" by considering the plane stress yield locus. 

Conclusions regarding the influence of the various material properties were 

drawn which are similar to those of the original paper by Marciniak and 

Kuczynski, as explained in more detail below. 

Venter et a1.[58] compared the predictions of the Marciniak analysis with 

the experimental limit strains obtained from the hydrostatic bulging of 

annealed aluminum plates. The results are presented in Fig. 2.17 as a forming 

limit diagram (FLD). Empirical values of the material properties were used (co, 
n, 00, tblta); however, the strain rate ratio R was determined by fitting the 

corresponding yield surface (Eq.2.32) to expenmental points, leading to a value 

R=1.036 (rather high for aluminum), compared to a measured Lankford 
, . 

coefficient R=O.54. "Encouraging agreement" was report~d, although the 

predictions are very sensitive to a11 the parameters listed above. 

In a f~erJ~aper. Marciniak et a1.[59] generalized their original work by 

introducing the strain rate sensitivity m and planar anisotropy, as expressed by 

(2.34) 

\ 
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Fig. 2.16 The course ofstraln concentration ln the groove. After [56]. 

040 

04(J 

03.0 

.. .. 
c 
ë .. 
~ 0 zo 
E .. ~ 

• deOlll 01 QrooY. -000/1 ,/1 

o la • d~l" 01 Qroov. -0 COJZ II\. 

• deolri 01 Qroove • 0 0067 ,/1 010 

• no Qroov. 

°O~----7070----~O~ZO~----O~3.O------O-~-----O-~------O~~ 

Lllftl r "roi" "2. 

Fig. 2.17 Correlation between theoretical and experimental strain limits 

presented as a forming li~it diagram. Experimental strains were obtained with 

the rolling direction transverse ta the major axis of groove length~ After [58J. 



, 
, -

28. 

and 

(2.35) 

where RI and Rz are the strain rate ratios pertaining to the two principa-l-- ----

directions in the sheet plane. A distinction was made between the two extreme 

positions of the fracture, i.e. parallel to or nonnal to the rolling direction, 

leading ta an asymmetry in the FLD. The experimental results reported for 

steel and copper (Fig. i.18.a-b) closely approached the theoretical curves for 

geoll1etric ratios fo = tb/ta of 0.99 and 0.97 or 0.98, respectively. For alummum, 

however, considerable discrepancy was observed (Fig. 2.18.c). 
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From the difTerent theoretical investigations carried out on the basis of the 

Hill anisotropy analysis [56-62], the following trends concerning the influence 

ofmaterial properties on the limit strain can be summarized: 

(i) The geometric (or inhomogeneity) factor fo = tl/ta, which is very 

clifficult to estimate experimentally, has a very strong influence on the limit 

strain c*. The latter increases dramatically when fo is increased, i.e. when the 

inhomogeneity is made smaller A shown by Aznn and Backofen [62], fa is a 

function of the accumulated stram as well as of the ratio of the surface strains 

(il) The hardening coefficient n and strain rate sensitivity m have 

similar efTects on the limit strain [59], which is increased when n or mis larger. 

(tll) The stram rate ratlO R seems to have only a secondary influence 

on the fonning hmit curve [56]. However, thlS predicted Influence (smaller 

hmit straInS for higher R-values) still overestimates the experimental on es 

associated with steel sheets [61]. 

(iv) The initial strain ro has an effect similar to that of the Lankford 

coefficient R. 

These variations in c· were quantified by Marciniak and Kuczynski [56] 

de = 74 dfo -0.294 dR + r25 dn -0 76 dco (2.36) 

where the relation expresses the departure from the 'typical' plastic properties 

described by fo=0.95. R=l, n=0.25 and co=O.05. It is ofinterest to note that 

the strain rate ratio R has opposite influences on stretching and drawing : an 

increase in R leads to better drawability but concurrently to a deterioration in 
\ 

the behaviour during extension. Stretch forming thus requires a material 

having high n and Iow R values. 
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II.3.B. YIELD SURFACES 

Experimental yield surfaces: 

30. 

The approximate validity of the Hill anisotropy tbeory can be verified by 

comparing the yield surfaces predicted by this analysis with experimentalloci. 

In this way, the plane strain and biaxial behaviours of a workpiece can, for 

example, be readily visualized. " 

Only a few experimental yield surfaces have been determined 'completely'. 

Completely here means that more than the five conventionalloading conditions 

shown in Fig. 2.19 have heen examined. Five points in the principal stress 

plane appear in faet to be enough ta estimate the yield locus, as they are 

sufficient to determine the Slze of the locus. However, there is a great deal of 

indeterminacy concerning the shape of the yield surface, which is closely linked 

to the strain rate behaviour of the material. The Hill quadratic criterion 

obviously predicts a smooth yield locus, which will fit the yield stress data 

reasonably weIl. The question then remains : what about the strain rates? It is 

clear that much more data are required regarding the experimental surfaces. in 

particular their local inclinations, Le. the values of the strain rate components. 

PS2 
02 

UT2 -::::; ..... ------==--

PSI 

--f'-----..... .......;~a; 

Fig. 2.19 Schematic 

representation of various loading 

points on a two-dimensional 

locus: uniaxial tension in the 

(UTl, 02=0) and (UT2, 01=0) 

directions; biaxial (BT, al = oz) 

and plane strain (PSI, é2 = O. and 

PS2, ê1 =0) tension. 

( 
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In 1971, Dillamore et a1.[27] carried out experiments on stabilized stainless 

steels using combination ofaxialloading and internaI pressure. One of the loci 

obtained in this way is displayed in Fig. 2.20a. As noted by the authors, these 
• experimental yield surfaces cannot be fitted by an expression of the form 

proposed by Hill; but require at least a sixth power equation in the stresses. 

Similar loading conditions (biaxial loading under internai pressure and 

simultaneous axial tension or compression) were used by AlthofT and Wincierz 

[63] for yield locus measurements of annealed copper and aluminum. The 

specimens tested were prepared 50 as to exhibit rather sharp textures. As 

shown in Fig. 2.20b, the yield surface of copper tubes with a (001)(110] sheet 

orIentation displays rounded corners and fIat edges, a geornetry which cannot 

be accommodated by a Hill quadratic criterion (Fig 2.20c). These are better 

duplicated by crystallographic calculations [63]. However, the experimental 

yield locus pertaining to recrystallized aluminum tubes IS more rounded (Fig. 

2.20d) and may be fitted by an analytic function of the Hill type (Eq. 2.11 or 

2.32). From this work, it can be deduced that the classical continuum approach 

does not seem to fit the yieiding behaviour of highly textured metals. 

In an investigation of copper and aluminum single crystals, Grzesik (64) . , 

found good agreement betwee,n experimental and crystallographic yie~d loci. 

Nevertheless, the lack of values in the uniaxial directions due to his use of the 

Knoop hardness test renders any comparison with analytic yield functions 

difficult, ifnot questionable. 

Vial et aL [22,23] measured the uniaxial tension, uniaxial (throug~ 

thickness) compression, balanced biaxial tension (bulge test) and plane strain 

compression properties of sheets of various metals (steel, Al, Cu and brass). It 
was shown that the Hill 1948 eriterion is not able to give a good fit to the plastic 

behaviour of aIl the samples tested (Fig. 2.21). Its inability to reproduce both 

the plane strain and biaxial behaviours was partially overcome by the use of 

more sophisticated erit~ria, as discussed in section rr.4. Similar conclusions 

were reached by Benferrah [65] regarding the behaviour of cold rolled Al sheet. 

Also of interest is the investigation carried out by Stout et al. [661 who studied 

systematically the behaviour of 1100 aluminum from yield to large strains 

(> 1.0). Thei.r measured (back extrapolated) yield stresses diverge from the von 
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TANGENTIAL STRESS (J'T. N IMM ~ 

(d ) 

Fig. 2.20 (a) Yield locus plotted in the n-plane for a mild steel. The arrows. 

indicating the externally directed normal to the yield locus, are determined 

from strain rate ratio measurements. After (27]. (b) Experimental locus 

corresponcüng ta a (001)[110] texture. After [631. (c) Hill 1948 prediction based 

on yield strength measurement and R=O for a {100}<01l > texture. After [63]. 

(d) Measured yield locus for a recrystallized aluminum tube. After [63]: 
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(a ) 

"Old" Hill 

Hosford 

"new" Hlil --' 

05 tO 
a,IX 

Fig. 2.21 Comparison of experimental data with predicted yield loci nonnalized 

byuniaxial tension, X. Experimental data are indicated by solid points and by 

horizontal and vertical tangents obtained from plane strain tests. The Hill 1948 

predictions are referred to as Hill "old" criterion. (a) steel and (b) aluminum. 

Aner [22.23]. 
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Mises locus and are better approximated by the theory of polycrystal plasticity 

(67). 

Calculated yield surfaces: 

il-

Polycrystal yield surfaces can also be calculated by various crystallographic 

approaches, as explained in more detail in chapter ID. These methods are based 

on the TaylorlBishop and Hill theory [1,2,6] of polycrystal plasticity, according 

to which the overaIl yield locus is calculated as an average over the reoriented 

single crystal loci. Canova et a1.[11] used a modified version of this analysis (i.e. 

the relaxed constraints (RC) method of texture prediction) to calculate the 

grain orientation distribution after a given deformation This calculated 

distribution was used to plot sorne yield locus projections, an example of which 

is shown in Fig. 2.22. Although the vertices and edges displayed by the se 

surfaces are probahly tao sharp when compared with experimentalloci (because 

the textures predicted by the RC model are too pronounced), it is evident that 

the overall shape cannot be reproduced by sorne quadratic function. 

Similar comments can be made with regarèi to the use of experimental 

(instead of calculated) orientation distributions (OD's). Bunge [10,68], Da C. 

Viana et al. [38,69] and van Houtte [70] have aIl employed OD facilities to 

determine the yield loci of deformed metals. The surfaces obtained in this way 

by the Bishop and Hill (or modified Bishop and Hill) method display smootner 

shapes than the on es of Canova et al.[ll] (see Fig. 2.23). However, the presence 

ofsome fiat regions still renders the Hill quadratic criterion unsuitable. 
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Fig. 2.22 n-plane representation of a calculated FCC yield surface after a 
rolling reduction of ~33 = - 2. After [11 J. 

d, 

(a ) (b ) 

Fig. 2.23 (a) n-plane representation of the Fee theoretical yield surface 

corresponding to a copper rolling texture. The texture !data were taken from a 

CODF representation. The three angles 8 = 0, 30 and 45° pertain to the angle 

between the l-axis and the rolling direction. After [70]. (h) Yield locus 

calcul~ted from CODF data· for a 90% ~old rolled copper sheet. After (10). 
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II.4. OTHER YIELD CRITERIA 

During the la5t decade, sorne new yield criteria have been introduced in 

ord1r to overcome sorne of the deficiencies observed in the original Hill (1948) j 

analysis, as reviewed above. The general properties of such functions remain 

unchanged; Le. they are expressed in terms of macroscopic stresses, the 

Bauschinger efTect is not taken into account, the hydrostatic pressure is not 

considered to influence yielding and the parameters of the yield function are 

determined experimentally. These new criteria will be classified into four 

groups: those of (i)JHill 1979, (ii) Hosford, (iii) Bassani and (iv) sorne 

miscellaneous yieid surfaces proposed in the liter'ature. 

rIA. 1. Hill 1979 yield function 

Following the work of Woodthorpe and Pearce [49] on the anomalous 

behaviour of aluminum, Hill in 1979 [71] (and prior to this date in private 

communication) put forward a new non-quadratic yield function for orthotrapic 

me taIs 

ffo2-a3f" +g /a3 -al/'" +h /01-02r +a /201-02 -a3/"' 
+bj2a2-0z-a3r +cj203-a2-aJ/m::: am (2.37) 

Here the ai are principal components and mis an exponent which can be a non

integer. When m::: 2, Eq. 2.37 returns to the foim of Eq. 2.8. Eight parameters 

have ta be determined experimentally, Le. a, b, c, f, g. h, m and a. As noted by 

Hosford [24], this general form recognizes the possibility of planar anisotropy. 

However, it cannat be used for loading conditions which involve shear relative 

ta the 1, 2 and 3 principal axes of anisotropy. If in-plane isotropy is assumed, 

then the criterion is valid; i.e. shear stress terms are not neces5ary since the 1 

and 2 axes May be oriented in any direction in the sheet. 
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By applying the nonnality Tule and assuming in-plane isotropy, Hill (71) 

calculated the biaxiaVuniaxial stress and strain rate ratios as a function of the 

locus parameters 

(2",-1-2)(a-c) 
o /a =(t(l+R)(l+ li-li'" 

b IJ 2m - Z r a + c+ 
~ -

R = [(2\' +2)a - c + hl / { (2- -1 -lia +2:+ fi 

For practlcal use, trunèated forms for planar lsotropy and 

conditIOns (03 = 0) were derived wlth the followmg coeffiCients 

(t)a=b=O,f=g,h=O 

(ii) a=b, c=O, f=g=O 

(iii)a=b,c=O,f=g,h=O 

(iv) a = b =0, f= g=O 

.. 

(238) 

(239) 

plane stress 

, , 

(2.40) 

(2.41 ) 

(2.42) 

(2.4~) 

However, if exception is made for the work of Kobayashi et al. [72] and Dodd 

and Caddell [73], only case- (iv) has been investigated experimentally ta any 

degree [22-24,55,60,74-78]. The advantage of these Hill crIteria is that the y 

provide greater flexibility than does the earlier 1948 version. The shape of the 

yield locus can be changed by considering difTerent exponents m, leading ta 

difTerences in the R-value predictions (Eq. 2.39). 
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Dodd and Caddell [73] studied the relation between the parameter R and the 

exponent m which is required ta encompass the anomalous behaviçur [49]. The 

four cases derived by Hill (Eqs. 2.40 to 2.43) were considered, but only under 

the simplified assumption of planar isotropy. For a given ratio obiou> 1, the 

limit curve m(R) was calculated using Eq. 2.38. It was shown that case (iii) 

requires special attention since its use is limited ta a minimum value of R. 

Apart from this restriction, Dodd and Caddell [73] showed that the exponent m 

can be bounded as the Lankford coefficient R varies. Reporting also the strain 

rate ratio results obtained from Refs. [49,60,74], they stated that cases (i) ta (iii) 

require m values greater than 2 ta predict anomalous behaviour, whereas case 

(iv) induces m exponents less than 2 (see Table II.2). 

Similar results were obtained by Kobayashi et al. [72], who derived the 

stress-strain relations for plane-strain compression, as expressed by the ratio 

o(plane strain)/a(uniaxial). One of the problems involved in the equivalence 

between the two tests (as in the case of the biaxial vs uniaxial relationship) is ta 

define the generalized stress and strain increments. As proposed by Mellor and 

Parmar [78], these can be calculated by considering the equivalence of the 

plastic work : the work per unit volume should be the same when derived from 

the stress-strain behaviours of the two tests under consideration. 

R m Reference Material 

0.6 1.47 49 Aluminum 

0.5 1.38 49 Aluminum 

0.44 1.5 60 Rimming Steel 

0.72 1.8 60 Soft Aluminum 

0.63 1.7 74 Soft Aluminum 

0.86 1.8 74 70/30 Brass 

Table II.2. Experimental values ofR and m (from Ref. [73]) 
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If (2.44) 

and (2.45) 

then the equality Wu = wp implies that 

(2.46) 

so that 

K (n + 1) 
c =[ U p cflu+1jl/(flp+ll) 

P K (n + 1) U 

(2 47) 

p U 

Similar relations were derived for the biaxial case. The plane strain stress op is 

then calculated as follows : 

(2.48) 

where ep is given by Eq. 2.47 and op/ou is obtained theoretically from the yield 

surface (Eqs. 2.37) and the normality rule. 
~ 

Using the experimental results of Vial et al. [23] on Al, Cu and brasa, 

Kobayashi et al. [72] reported rn-values (fitted from data obtained at a strain 

e=O.l) in the range 1.717 to 1.743 for case (iv) of the Hill equation and above 2 

when the other reduced criteria are employed. The reverse results were 

obtained for an Al-killed steel. Except for the latter example, the correlation 

between the calculated and experimental true stress-true strain curves was 

reasonable, as shown in Fig. 2.24. The slight discrepancies observed wer~ 

attributed to the observed dependence of the exponent m on straÎn as well as to 

the questionable assumption of in-plane isotropy : the R-values given by Vial 

[23] vary from 1.47 to 2.32 for the s~el and are in the range [0.45, 0.87] for the 

copper'Sheet, for example. 

As discussed above, the most commonly used Hill 1979 criterion corresponds 

"..-'to case (iv), Eq. 2.43. When expressed in tenns ofR (planar isotropy), this gives 
" 
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(2.49) 

Snch a potential is of particular inter~st for materials with strain rate ratios 

less than unit y, since their plastic properties are not weIl reproduced by the 

quadratic function of Eq. 2.8. The influence of the exponent m ~n the shape of 

the yield locus is shown in Fig. 2.25. As can be seen, a decrease in--tn results in 

an increase in the biaxial and plane strain stresses. Mellor and Parmar [78] 

used the experimental work of Taghvaipour et al. [79] to determine the flow 

curves in simple and biaxial tension, employing Eq. 2.38 a~plied to case (iv). As 

illustrated in Fig. 2.26 for a steel, the use of an exponent m = 1.5 gives a 

satisfactory fit to the biaxial stress-strain curve, despite the low R-value (0.44). 

In the case ofaluminum (R=0.72), m= 1.8 is best. 

This 'experimentally' determined m-value was used by Parmar and Mellor 

[60] for the prediction of limit strains. The Marciniak-Kuczynski model [56] 

described in section 113.7 was used, and the principle of the equivalence of 

plastic work was assumed. The influence ofrn on the fonning limit calculated in 

this way is shown in Fig. 2.27. It can be appreciated that the use ofan exponent 

m = l.8 instead of 2 in the yield criterion reduces dramatically the limit straip 

in aluminum near balanced biaxial tension. This is of particular interest wh en 

the experimental points of Marciniak et al. [59], reported in Fig. 2.18c, are 

examined, as these are overestimated by the Hill 1948 function. However, it 

must be borne in mind that the effect of m (as well as of R) on limit strain is 

probably less than that predicted by the Marciniak mode!. Thus, care is 

required in the conclusions drawn from studies of the critical influence of the 

various parameters incIuded in this kind ofmode!. 

< • 



c 

Fig. 2.26 Estimation of m-

value from work-

hardening characteristics 

in simple and biaxial 

tension for a particular 

steel (R=0.44). (1) 

experimental curve, simple 

tension, based on average 

of curves along 0, 45 and 

90° ta rolling direction; (2) 

experimental curve, 

diaphragm test; (3) 

balanced biaxial tension 

curve predicted from curve 

(1), based on Eq. 2.49 with 
m= 1.5; and (4) balanced 

biaxial tension curve 

predicted from curve (1), 

based on average R-val ue 

and Hill 1948 criterion. 

Aner (78). 
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II.4.2. Hosford criteria 

Hosford and coworkers [8.23.24,41.43.55.75.80] have ,.carried out many 

theoretical and experimental investigations on sheet anisotropy. Sorne of them 

were focused on a comparison between the predictions obtained frorn 

continuum and crystallographic methods of analysis. Their basic technique 

consists of the generation of textures with rotational symmetry about an (hkl) 

direction normal to the sheet. averaging the Taylor factor M vs R curves for the 

individual orientations. and then calculating the R-value (by detertnining the 

minimum of the M vs R locus), as well as sorne stress ratios of interest. Both the 

TayIorfBishop and Hill [1,6] crystallographic approach based on {111}< 1ÏO> 

or {11û}< 1Ï1 > slip [8.41,75,81] and the Piehler technique [9] founded on 

< 111 >-pencil glide [55] were ernployed in these studies in order to calculate 

the various parameters of inter~ (M. R, oiJou. LDR .... ) 

As already discussed in section II.3, the Hill 1948 theory predicts ao.greater 

dependence of LDR on R than observed experirnentally. underestimates the 

bi~"{ial flow stress for R < 1 and overestirnates the plane strain strength for 

R >0.5[ 41]. To overcorne these difficulties. Hosford considered a generalized 

anisotropie yield eriterion whieh appears to be a particular case of the Hill 1979 

function (Eq. 2.37) : 

(2.50) 

This criterion was used [55.75] to evaluate theoretically sorne stress ratios 

corresponding to biaxial tension, uni.axial tension and plane strain 

compression. In contrast to the Hill case (iv) function. Eq. 2.50 is not able to 

explain the "B:nornalous" behaviour reported by Woodthorpe and Pearce [49]. 

When compared to the crystallographic ealculations for Fee or Bee metais 

(with {li 1}< 1ÏO > or {110}< 1 ï 1> slip), it was shown [75] that the best fit 

corresponds to an exponent a = 8 ta 10 in Eq. 2.50. When cornpared with the 

predictions obtained ~ th ~e < 111 > p~neil glide assumption [55], a similar 

continuum criterion proved to give good agreement with an exponent a neat 6 
; 1 

(see Fig. 2.14). The same value was obtained when fitting to the calcula~d 

isotropie yield locus for a randomly oriented ~aterial. However, it wae/not 
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known ~pw weIl these upper-bound calculations are able to represent the 

yielding behaviour of actual materials. 

In that spirit, a very interesting experimental investigation was carried out 

by Vial et al. [22,23]. Two main questions were asked. namely : 

(i) How can stress-strain curves under complex loading paths be 

predicted from simple uni axial tension tests and strain rate ratios? 

(ii) Which yield criterion best fits the experimental data ? 

For that purpose, the three functions expressed by Eqs. 2.11 (Hill quadratic), 

2.49 (Hill 1979) and 2.50 (Hosford 1979) were employed, but the first and thlrd 

equations were somewhat modified to take account ofa certain degree of planar 

anisotropy. 

(2.51) 

(2.52) 

Here Rand P represent the strain rate ratios in the rolling and transverse 

directions, respectively. The exponent a was equal to 6 for Fee and 8 for BeC 

metals. In Eq. 2.49, the exponent rh was fitted to the experimental 

observations. Four sheet metals with quite difTerent R-values and hardening 

behaviours, were tested, i.e. Al, Cu, brass and an Al-killed steel. From the 

comparison between the experimental and theoretical biaxiaUuniaxial tension 

curves and plane stra~n data, it was concluded that no single criterion can 

provide the best prediction for aU the materials investigated. This is also 

illustrated in Fig. 2.21, where it can be seen that the "old" Hill, "new" Hill and 

/ Hosford criteria give sequential good fits to the experimental yield loci. 

In a recent paper [24], Hosford reviewed briefly the effect of the difTerent 

flow criteria on th' prediction of the yield stress ratio 0(9)/0(0) (see section 

n.a.l). The latter is overestimated by the Hill 1948 analysis. The introduction 

of shear terms in his own function (Eq. 2.52) proved to be inconsistent since it 

led to an obligatory exponent a = 2, whereas mUéh larger values are intended. 

\ 
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To overcome this difficulty, it was proposed that the yield function should be 

expressed in the principal stress axes, i.e. 

(2.53) 

This is formally the same function as Eq. 2.52, but is expressed in difTerent 

axes. Applying this yield criterion to different directions 8 and assuming power 

la w work hardening 0 = Kt", i t was shown tha t 

0(90) 10(0) = (R(90)(R(0) +1) (R(O)(R(90) + 1) /"+11/0 (2.54) 

0(45)10(0) = [2R(90)(R(O)+1)/{R(O)+R(90))(1 +R(45)) /"+11/0 (2.55) 

" The experimental data displayed in Fig. 2.28 i~dicate the necessity of a high 

exponent near 8 in the Hosford criterion in order to reprod'c1ce the 0(8)/0(0) 

variations for 8 = 45 and 90°. 

Clearly, aIl the data reported by the Hosford team are better reproduced by 

high exponents (6 or 8) when using Eq. 2.50 or Eq. 2.52. This is in apparent 

contradiction with the results obtained with the Hill 1979 criterion (case (iv», 

from which the best exponent seem to lie in the range [1.6,2.0]. 

More recently, it was shown by Dodd and Caddell [73] that different 

versions of the Hill 1979 function can lead to completely different exponents m, 

sorne of which can adommodate the anomalous behaviour. For exarnple, case 

(iii) (Eq. 2.42) leads to rn-values as high as 5 or 7 for a material exhibiting a 

strain rate ratio of aroUJld 0.4. By contrast, for case (iv) (Eq. 2.43), the 

corresponding exponent is in the range (1.3, 1.5]. Furthennore, it is easily 

shown that, for R-values less than unit y, the biaxial vs uniaxial behaviour 

(obiou) is a decreasing function of m in the Hill locus (Eq. 2.49), but an 

increasing function of the exponent a in the Hosford criterioo (Eq. 2.50). Thus, 
-' 

the above apparent contradiction may be due simply to the difference in the 

type of standard considered. 

\ 

• 

( 
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Fig. 2.28 Experimental flow 

stress ratios 090/00 and M45/0 0 

compared with parameters for 

predicting tbese ratios (Eqs. 2.54 

and 2.55, R=R(O), Q=R(45) and 

P = R(90». Data are for various 

grades of steel. After (24]. 
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II.4.3. Bassani criterion 

Bassani [76,77] has also characterized the yielding behaviour of metals with 

transversely isotropie plastic properties. His approach was similar to the one 

adopted, more or less at the srune time, by the Hosford group: namely, the 

fi tting of con tin u urn yield functions to crystallographicaIly calcula ted loci. 

His study was restrieted to ideal transversely isotropie textures as specifiE'd 

by their Miller indices [hkl]. In such a case, aIl the crystals of the aggregate 

have an < hkl > crystallographic direction parallel to the 3-axis of transverse 

isotropy. The crystallographic calculations were carried out using a classical 

Bishop and Hill method for restricted {111}<110> or {110}<lïl> slip. Both 

the envelope cpnstruction and stress averaging techniques [82] were used for 

this purpose. The resul.& obtained' for the [100J and [110] ideal t~xtures are 

shown in Fig. 2.29. 
~ 

{., 

A new continuum function was introduced by Bassani to fit these loci: 

o +0 0 -0 

1 
1 2

1
/1 1 1 2

1 
ln -- +-- =1 

20
b 

2 • . ~ (2.56) 

"\ . 
whieh was found to be flexible enougb to incorporate the behaviour of a wide 

range of transversely isotropie textures. Note the presence of two differen t 

exponents in this criterion, whieh have to be greater than or equal to one for 

convexity reqUiremen~in rate ratio R is e~pressed by 

(2.57) 

50 that Eq. 2.56 can be written 
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This reduces to the Hill 1979 criterion (Eq. 2.49) when n =m. The relationship 

between R, OU and Ob derived from this function is thUS 

ObiOu = ff 1 +(nlm}{l +2R) jIln (2.59) 
------

which can incorporate the 'anomalous' behaviour. Three of the four parameters 

(Ob, Ou and R) were fitted ta the data of the Bishop and Hill yield surfaces. m 

was equated to l, 2 or n for convexity purposes (m ~ 1). In this way, the two 

classes of loci (crystallographic and continuum) coincide in the uniaxial and 

biaxial directions, and their slopes for uniaxial loading are identical, as 

illustrated in Fig. 2.29. The best fit was found to correspond to m= 1 with n

values varying in the range [1.3, 5.6] for the different textures investigated. 

Even though such criteria are not homogeneous in the stresses, they appear to 

be of greater flexibility thaIt the Hill 1979 function. 

Another set of textures was investigated by Bassani [76], namely the 

orthotropic textures, su ch as the one produced by rolling. Planar isotropy was 

also assumeq. In this case, an ideal orthotropic rolling texture (hkl) [uvw] was 

defined as one comprised ofequal percentages of(hkl) [uvw], (Ïikl) [uvw], (hk}) 

[uvw] and (hkÏ) [uvw] (because of symmetry requirements). Bishop and Hill 

calculations were carried out for single textures and combinations of ideal 

orientations (Fig. 2.30). These loci were then approximated by a family of 

orthotropic yield loci 

(2.60) 

" The necessary five parameters were fitted to the calculated (crystallographic) 

values of OUI' 0U2' Rt, R2 and Ob, 50 that the corresponding yield stresses and 
slopes coincide for both the crystallographic and continuum loci. However, such 

functions, for a particular ratio 02/ 01 , ha'l.e generally more than one solution 

in the stresses, some of them violating the convexity requirements. In the 

examples irivestigated [76], only one of the yield surfaces was round to be 

convex for each case. The locus predictions made in this way are presented in 

Fig. 2.80, from which a reasonable agreement is observed. Nevertheless, it is 

not known how well functions such as Eq. 2.60 are able to represent a wide 

range of plastic behaviours. It can be objected al50 that too Many parameters 
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are necessary for practical use: the more coefficients (and hence the more 

complicated the yield function). the better the results. but at the cost of a IOS5 in 

simplicity. 
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II.4.4. Other yield behaviour descriptions 
'1 

-
Gotoh cri terion 

50. 

/ "----
After a s~~ent of sorne of the disadvantages of the Hill quadratic yield 

function, Gotoh [26] proposed a fourth order criterion which includes nine 

parameters 

f = AIOx4 + A20 ;/Ùy + A30 ia/ + A40 xa/ + A50 / 

+ (A60l + A 7OxOy + A BO/) 1x/ + A91x/ (2.61) 

The expressions of the strain rate and stress ratios derived from Eq. 2.61 

depend on the Ai coefficients, as is the case for the type of ear formation. Gotoh 

determined the range of variation o~ his function parameters so as to be able to 

reproduce the occurrence of 0, 2, 4, 6 or 8 ears in drawn cups (as shown by 

Boume and H~ll [34], a polynomial yield locus of degree n can predict a 

maximum of2n ears). AlI the information required for the determination of the 

AI's is given by a series of 4 uniaxial tests at 8 = 0,22.5,45 and 90° as weIl as by 

a biaxial (or plane-strain) tension experiment. In this way, the theoretical and 

experimental R(8) and 0(8) curves coincide at the four directions 8 mentioned 

above. 

In a further paper [25], an investigation was carried out on a commercial AI

killed steel and on Cu-1I4H sheets in order to verify the validity of such fourth 

order criteria. The results obtained for the R(8) and 0(8) curves are shown in 

Figs. 2.31 and 2.3, from which it can be seen that a m\,lch better fit is produced 

by the Gotoh criterion rather than with the Hill quadratic function. This is 

however not surprising since the Ai parameters were chosen 50 as to permit the 

predicted yield stress curve to pass through the four experimental points. 

Shih and Lee cri terion 

An interesting extension of Hill's formulation for anisotropie plasticity was 

carried out by Shih and Lee [83]. The propose.d yield function 
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(2.62) 

has the following characteristics : 

(i) F is a quadratic criterion involving linear tertns in the principal 

stresses. 

(ii) the M1j coefficients describe the dependence of yield stress on 
orientation ("distortion" of the yield surface) 

\ 

l ' 

(iii) the Qi pararneters descrlhe the strength differential between 

tensile and compressive behaviour (Ba,uschinger effect) 

(iv) k quantifies the size of the locus. 

These pararneters were aIl determined from uniaxial tension and compression 

tests carried out along the principal axes under the assumption of orthotropy. 

The Shih and Lee formulation proved to give good agreement with experiment 

for the yield strength and yield locus calculation (Fig. 2.32) for Hep metals. 
, 

However, the R-value predictions were sOI1\ewhat less convincing and only a 

reasonable consistency with the experimentai points was reported. 

Benferrah cri terion 

In an experimental study of the development of anisotropy during the cold 

rolling of aluminum sheet, Benferrah [65] was confronted with the anomalous 

behaviour reported in [2]; the Hill quadratic locus was found to diverge from 

the experimental one in the biaxial region (Fig. 2.33). The use of the 

generalized 1979 criterion to overcome this difficulty led to an average 

experimental exponent m= 1.7 in Eq. 2.49. However, because of the planar 

anisotropy observed, a somewhat modified Hill type criterion was proposed 

(2.63) 



o 

1%00 .--( , .... -o.oo-t......--~---.......--,,-:'I/ 

li: • ZUICAI..OT-ZIJI, 450'C / 
o 1000 • Z IflCAI.OY-Z (J), 150'C ./ 
~ 0 ZI~CAt.Ol·ttJI, 15'<; / 
~ • TITUIUII-O, t~·C / 

• llRCAI.OT - llll, l"C ,i/ ~ aoo 
• A. 
:II 
- .00 
s ... 
ut 

:: 400 • ... .. 
~ zoo ... 
;: / 

1 
/ " / 

" 
.,(, 
~a; 

y 

YlELD !TREHGTH (MPal. EXPERIMENTAL 

(a) 
( b ) 

t 2.0 
cr'z 

-LS 1.0 -0.5 
1 

'/ { -0.5 

1 \" -ta 
~ ~--:; 
'-- ./" -15 
~ 

1 -~o 
KILL" THEORY 

PRESENT THEORY 

.... , --r--" 
ISO Tiopy " 

1 
1 

52. 

• 

Fig, 2.32 (a) Comparison of calculated (based on Shih and Lee [83] formulation) 

and experimental yield stresses for difTerent materials. (b) Plane stress yield 

loci based on the Shih and Lee (83] theory, Hill's theory and isotropy as 

compared ta experimental data for Zircaloy-2 tested at 350°C. 

2 

E EXPERIMENTAL LOCUS 
C/ 

o / 
HILL'S LOCUS 
(R • 0.90) 

2 

Fig. 2.33 Theoretical Hill 1948 and experimental yield loci for a cold rolled Al 

sheet. After (65]. 
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This criterion does not violate the condition of the non-influence of the 

hydrostatic pressure, since the first term on the L.H. side of Eq. 2.63 can be 

thought to come from a more general criterion involving 

I<F+G)03-Fol-Go2Im. Altho~gh no evidence of the reliability Qf such a 

function has been demonstrated, it has the advantage oftaking into account the 

in-plane anisotropy often observed in rolled and annealed materials. 

II.5. CONCLUSIONS AND SUMMARY 

As illustrated by aIl the examp~es given above, the correlation between 

theory and experiment is relativei1.y poor. No single criterion is able to 
1 

reproduce the behaviour of a wide œ-ange of metals and to fit an extensive 

variety of plastic properties. In facd most of the characteristics reviewed are 

strongly dependent on how well the assumed criterion approximates the shape 

of the reai locus. Continuum quadratic or non-quadratic yield functions are 

thought to be un able to characterize the complete shape and size of actual yield 

surfaces. 

The properties predicted by the classical criteria used in the literature (Hill 

1948, Hill 1979, Hosford 1979, Bassani and Gotoh functions) are summarized in 

Table il.3. The blanks correspond to situations which, to our knowledge, have 

not been investigated. The interested reader is referred to the following review 

papers for more information: Hosford and Backofen [8], Backofen (82], Sowerby 

and Johnson [84], Hosford and Caddell [801, Mellor and Parmar [78], Blickwede 

[31], Sowerby (85), Mellor [86,87] and Hosford [81]. 
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Hill 1948 \ Hill 1979 HosfQrd 197~ BBaa.Di ~tQb 
Yield stress variations - better than Hi 11 - very good 

Wi2 overestimated 1948 with a = 8 

Strain rate good - - - very good 
" 

mtiQRitu . 

Earing . underestimated right no of ears with - - -
behaviour mui. no of ears:4 - adequate parameters 

LDRvs.R greater dependence better than Hill good in certain. - - 1 

than observed 1948 with m<2 cases 

Biaxial work underestima ted .... 

hardening forR<! better than Hill good in certain - -
'character. overestimated 1948 with m<2 cases 

forR>! 
.# Anomalous not predicted predicted not predicted predicted predicted 

behilviour with mE ]1,2[ 

Limit strains too large rather good - - -
dependence on R for R< 1 and m<2 

Yield toosmooth irregular good agreement reasonable -
surfaces irregular predictions with B&H calc. approxima tion 

-
predictions . with a=6(BCC) ofB&H loci 

, and a = 8 (FCC) Possibility of corners 

General best wi th mat. adjustable exp. m high exp. (6 to 8) 2 exp. n and m with 9 adjustable 

comments having R~l,2[ m varies wi th compared.to m < 2 m = 1,2 or n(adjustable parameters 
en 
~ 

or planar isotropy strain for Hill 1979 and greater than 2) , 
-~ .. -
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CHAPTERill 

CRYSTALLOGRAPHIC YIELD SURFACES OF PERFECT 
AND DISORIENTED SINGLE CRYSTALS 

m.l. DESCRIPTION c1FTHE SINGLE CRYSTAL YIELD SURFACE 

The yield surface of a 'perfect' cu bic single crystal is weIl known. It is 

derived from knowledge of the activated slip systems·. More precisely, if the 

slip plane is represented by {hkl} and the slip direction by < uvw >, then the 

shear stress acting on the {hkl}< uvw> system is 

(3.1) 

where OlJ is the state ôf stress and bl and nj are the nonnalized components of 

the slip direction and slip plane nonnal, respectively. Or: ~e assumption tha{ 

the {1l1}< lÏO> family of slip systems is dominant i1\ FCC metals (or 

equivalently that the{1l0}<lÏl> systems dominate in BCC metals), Bishop 

and Hill [1, 6] demonstrated that the yield surface is a polyhedron in stress 

space with 56 vertices and 24 faces. Each of the latter is associated with one of 

the 24 {lll} < lÏO > possible slip systems and is characterized by Eq. 3.1. When 

the stress vector terminates on a face, slip occu~ on the corresponding system; 

when it intersects an edge, th~ two to six adjacent systems are activated; 

finally, when it intersects a vertex, the adjofning 6 or 8 systems can be 

activatef· 

• This chapter is based substantially on Ref. [88]. 

. -
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Similar polyhedra can be constructed by assuming that other slip systems 

operate as well, e.g. the {112}<:: 11i> in BeC metals (89]. However, such 

models are more complex because the difTerent sets of systems generally have 

difTerent critical resolved shear stresses associated with them. 

m.2. ANALYTIC REPRESENTATION OF THE SCATTER OBSERVED IN 
EXPERIMENTAL POLE FIGURES 

A given polycrystal cannot be realistically described by the superposition of 

discrete ideal orientations since a spread is generally observed around the 

various texture components detected experimentally. An example is presented 

in Fig. 3.1 for an Al sheet containing a cube texture taken from the work of 

Lucke et al. [90] {see also Rose and Stuwe [911 and AlthofT and Wincierz (63]). 

Similar conclusions can be drawn regarding melt-grown single crystals, in 

which a scatter ~f around 2° has been reported for Al and Cu single cr~tals 

grown by the Bridgman technique [64]. In coarse grained crystals defonned by 

rolling [92,93], this clln increase up to 5°. Furthennore, Van Houtte [94] and . . 
Lucke et al. [90] have reported still larger misorientations (e.g. la ta 15°) in 

rolled polycrystals. 

For computational purposes, it is useful to represent such an orientation 

spread by means of a gaussian distribution. Although not entirely realistic 

physically, the scatter is generally assumed ta have rotational symmetry about 

the < 100 > axes, which leads to simplifications in subsequent calculation. This 

approach was adopted by Bunge [16], who propose.d the following function for 

the distribution density of a particular orientation g: 

((g) = ((go) exp ( _w2 1 wrr ) (3.2) 

Here w isthe rotation angle responsible for the spread, and WQ is the scatter 

width, both ofwhich are defined in more detail below. 
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Fig.3.l {Ill} pole figures of 

high purity cube texture-d 

annealed aluminum. From Ref. 

[90]. 
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RD 

~------~----~TD 

d = rotation 
axis 

y 
----~ 

Fig.3.2 R1!presentation of the orientation differenc,e between twl grains by 

the rotation axis d ~referred ta in terms of the angles Band q.r) and the angle of 

rotation CI) about this axis. 
f' 
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\ 

Let us consider two different orthogonal reference systems: (Co) associated 

with the < 100 > axes of the ideal orientation go, and (C) associated with ,the 
o 

< 100 > axes of each disoriented crystal g. In the present case, the Co axes 

coincide with the sample axes, which provide the reference system with respect 

to which the strain rate tensor is defined. It is always possible to go from the 

first to the second orthogonal system by a single rotation w about a specifie axis 

of rotation d. The orientation of this axis can be characterized by the spherical 

coordinates 8, '11 (Fig. 3.2),50 that the orientation of grain gis in turn specified 

by the three angles (8, '11, w). These angles should not be confused with the 

Euler angles which are also associated with the' orientation of grain g, but 

which are less useful for the present purpose. The transformation matrix for 
\ 

passage from the (Co) to the (C) axes as weIl as the relation between the two 

sets of angles are given in Appendix III. 1. 

A rotationally symmetric gaussYctn distributlOn of misorientation wo about 

the ideal orientation gO can thus be generated by randomizing: 

1 

(i) the position of the rotation axis (i.e. by setting up random 

values of cos 8 and 'V according to uniform distributions in 

the ranges (0,11 and [O,2n] ); and 

(ii) the rotation angle w itself, according to the gaussian 

probahilîty distribution specified below: 

p(w) = p(wo) exp ( - f( W/WO)2 ) (3.3) 

Figures 3.3a to 3.3f show the evolution of {100} pole figures corresponding to 
, . 

a series of gaussian distributions of increasing scatter width wo. For this 

purpose, 200 orientations were used with scatter widths wo c 0,5, 10, 15,20 and 
\ 

45°. It should he noted that this definition of the scatter widtb differs from the 
" one used in the metallurgical literature (Eq. 3.1), but is consistent with the 

notation generally employed in statistics. The {Ill} pole figures pertaining to 

c.ùo = 5, 10 and 15° are shown in Figs. 3.4a to 3.4c. This representation, with 

lines of equal intensity, should be compared with the experimental pole figures 

of Fig. 3.1, from which it can be seen that the experimental scatter width is 

about 10°. 

-



----------j-.------------------......--o 0 

~ 

(0). w.- O· (b) wo s: 5· 

• __ .. l 

". ~ 

(e) woc20· (f) woc 45· 

(C) woclOO 

-

Cd) Wo _150 

'.. ,"'" 
\' ~ ''cj'' ,. .. t .. ~ :., 

,Mf'. '" . 
'" 1 " ~ _ • 

" t;·., ,1_ ~ '4 

. \, ! 
." ... 

.... .. .. ,.\, t _ 

(g.) rondom 
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(C) wo=ISO 
r---------+---------~ 

.. 

Fig.3.4 {Ill} pole figures using contour lines corresponding to gaussian 

distributions of increasing scatter widths : (a) WQ = 5° (b) wo = 10° and (c) 

WO = 15°. Plotting subroutine from Ref. (98]. 
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, 
The random orientations were generated by employing the following 

elementaryvolume [16,95] : 

) 
dg = ( 1102 ) sm2 ( w /2) dw d(cos8) d'l! (3.4) 

An example of the dIstribution obtained in this way is given in Fig. 3.3g. 

111.3. CALCULATION OF THE POLYCRYSTAL YIELD SURFACE -

TAYLOR MODEL 

In the present investigation, the Taylor uniform strain assumption [2] as 

weIl as the Bishop and Hill maximum work principle [1] were employed and 

applied to each crystallite of the various representative polycrystals described 

ab4we. The relevant corner or edge of the single crystal yield locus is the one for 
which the rate of plastic work per unit volume: 

(3.5) 

attains a ma~imum value .. In the above equation, Sil and êil are the 
<' 

components of the deviator stress and strain rate tensors associated with each 

grai~. 

The yield locus of the polycrystal as a whole was then calculated from the 
averages of the power tenns associated with the inruvidual grains [11,76,77], as 
given by: 

l,) = 1,2,3 (3.6) 

for aIl éij. Here use is made of the Taylor assumption êij g = ëij, where êij and Sij 

refer 'to the po~ycrystal, summation over repeated indices is indicated, and the . 
bars denote averaging over the single crystal orientations being considered. For 

an ëij, ex~ression 3.6 defines a set of hyperplanes in stre~s space, the inner 
envelope otwhich characterizes the yield surface. As the power dissipated is a 
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~alar quanUty, this computa~on only gives the distance from the origin to the 

tangent hyperplane representing eaçh particular strain rate (see .Fig. 3.5) and 
not the stress component itself. 

Because of the lack of influence of the hydrostatic pressure on the yield 
stress, there are only five i~dependent components of the stress tensor, and the 

yield surface can therefore be represented in terms of five, as opposed to six, 

dimensions. In carrying out this si~plification, there is nevertheless sorne 
freedom of choice regarding the representation of the stress components in the 

reduced stress space. Kocks et al.[961, for ~xample, selected the sets : 

(3.7) 

-r. =(èJ = (r.1I-r.22,F.33,2r.23.2r.31.2r.12) (3.8) 

for their stress and strain rate vectors. Canova et al.[ 11] have shown that, a~ .... ... 
long as the Sand è vectors are work-conjugate (Le. if SiJ ëÏJ = Sk ék), the 

normality rule is satisfied in the r~spective five-dimension~l space. However, 

as a result of the differences in scaling between the vanous stress and strain 

rate components, care is required when plotting or deriving yield surface 

sections because of the normalizations that are required. To simplify the 

plotting procedure, the following modified notation- is therefore proposed : 

• Van Houtte [97] has independently derived a similar type ofrSpace, differing 

only in the definitions of the two unit vectors in the Il-plane (Van Houtte's axes 

are rotated c10ckwise by 15° with respect to the ones used here). Any rotated 

reference system in this particular subspace will in fact lead to such an 

improved representation as long as the cgndition Sk ék = Sij éiJ is respected. 

/ 
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Fi,.3.5 The meaD Taylor factor M, averaged over a11 the grains, 18 

proportional to the distance from the origin to the tangent hyperplane 

asaociated with a particular applied StraîD rate. ~e broken line represents the 
projection of the yield surface o-nto two dimensions defined as the inner 

envelope of a11 the hyperplanes. 
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Note that, as these vectors are work conjugate, the normality mIe continues 

ta apply,. and that, unlike earlier reference frames, the present one is 

orthonormal: the five base vectors defining the five dimensional stress or strain 

rate space have the same length. The derivations orthe transformation matrix, 

as weIl as orthe unit vectors used in this work, are given in Appendix lll.2··. 

The hyperplanes defined by Eq. 3.6 can he represented by: 

l = 1 to5 (3.11 ) 

For each grain, the stress vector (SIg) is calculated using the maximum work 
--' 

principle or equivalently the flow ruIe: Le. the prescrihed strain rate vector (èi) 

is taken as normal to the yield surface assoc~ated with the single crystal heing 

considered at the point sig. 

In this way, a section [11] of the locus in the n-plane (S3=S4=SS=0),,for 

example, is characterized by the inner envelope orthe lines 

(3.12) 

The four ratios êv'è}, è3lèf, ê4l'è1 ànd èslÈl thUg have to be varied for the 

-complete description ofsuch a two dimens.ional section. 

By contrast, the projection onta the n-plàne (é3 = ê4 = ès = 0) is given by the 

envelope of another set oflines specified by 

SlF.I +S2è2 = SlllF.l +S~F.2 
for aIl ê 1 and ë2 . 

(3.13) 

•• It shouid be noted that, with the present five-dimensionai notation, the von 

Mises equivalent strain rate is defined as éeq = (Jéijéij)t = (Jèjêj )t so that the 

equivalent stress is given by 0eq = W / éeq = oij êij 1 èeq. By contrast, when the 

Kocks ët al. notation (Eq. 3.8) is used. the von Mises equivalent strain rate is 

given by éeq = (!è'12 +é22 +(ê32 + é42 + ê52)/6H. 
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It is readily seen that the projection leads ta much simpler computations 

because Qllly the ratio é'1/é1 needs ta be varied in order ta define the operative 
stresa vector. The detennination of Si' from a section necessitates instead the 
'sweepin( ofstrain rate space with up ta four parameters. 

The envelope method described above is only valid under the Taylor unifonn 
strain assumption and can only lead, from a practical point 0f view, ta two 

1 

dimensional projections of the polycrystal yield surface. 

The two dimensional subspaces presented below were prepared with the aid 
of the 'equilibrated' components described above, which lead directly ta n-plane 
and other stress space projections of sui table shape. Because of the orthotropic 
symmetry, the different subspaces used in this work (n-plane and shear stress 
pianes) are 'cwsed' in tenns of the definitions of Canova and coworkers [11] and 
the hyperplanes defined by Eq. 3.11 describe projections of the yield surface 

which coincide with its ~ctions. Thus, in each sub~ace, the distance from the 
~igi.!!. ta the tangent is M v'2i3, where M is the m'ean Taylor factor defined by 

M = VI/te èeq . Here te is the cri tical resolved shear stress and êeq is the 
conventional equivalent strain rate. 

111.4. YIELD SURFACE INTERSECTIONS FOR CUBE TEXTURED 

POLYCRYSTALS 

Two types of yield surface intersections were prepared by the method 
described above : (i) the n-plane <SIl, S22. S33) cross-section (Fig. 3.6); and (ii) 

that containing two of the shear stress axes (Sij, Sik) and therefore passing 
through the origin (Fig. 3.7). For this purpose, the minimum number of grains 

required for an acceptable representation of the yield surface was first 
determined. This wu done by calculating the dependence of the mean Taylor 
factor along three loading directions. hl th~ n-plane (plane strain, ê2 = 0; 

uniaxial tension along the 1 direction È2=r.l/'-"3; and plane strain, ê2=-él~) 
on the number of grains under consideration for the random and gaussian 
(scatter width 6)0 = 10°) cases. As illustrated in Tàble IIL1, about 800 
" 
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crystallites are required to at~n representativity for the random miteri~l, 
whereas 400 grains are sufficient for"1l géod approximation of the bebaviour of 

,- the textured samples (which only contain a single texture component, of 
course). 

\ 

Taylor factor M 

Orientation Numberof . 
ê2 = ê1 of the grains grains É:2 = 0 E2 = 

" • ê1/V3 Va" . . 
'" 200 2.820 2.999 2.831 

random 400 2.861 3.042 2.860 
, 800 2.893 3.062 2.861 

1 

~ 

gaussian .. 200 2.336 2.421 ,- 2.367 

scatter width 400 2.347 2.424 2.360 

Cùo=10° 800 2.349 2.424 2.359 

Table m.l. Dependence of the Mean Taylor factor M on the 

numoer of grains along three loading directions ë2 = 0 (plane 
strain), ë2 = ê1 / ~(simple tension) and êz = ë1 V3 (plane 

1> 

strain). 

The evolution of yield surface shape in the n-plane with increasing scatter 

width is presented in Fig. 3.6. The initial fonn of the yield surfaoe is the well-
, .... 

known single crystal hexagon which corresponds to a scatter width CùQ =0°. The 

hexagon becomes more and more rounded as Cùo is increased to -5 and then to 

10°; it then remains relatively circular in the intervallOo<Calo<20Q
, and thus 

, corresponds fairly weIl to the Hill quadratic yield criterion (with cu bic 
symmetry) in this interval. For Scatter widths above 20°, flattened faces appear 

once again, separ~ted by rounded vertices; finally, as the random distribution is 
appro«ched, the 'rounded Tresca' shape first found by Bishop and .Hill [6] 

becomes evident. ~ 

\ 

\ 

r 
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Fig. 3.6 n~plane sections of thl! pOlycrystal yield surface corresponding to : 
increasing scatter widths : (a~O (.)0 = O. 5, lU. 15. 20. 45° ; (g) random 
distribution. 
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These shape changes find a ready explanation in the evolution of the mean . , 

Taylor factor as CAlO is increased, which is differentfor uniaxial and plane strain 

deformation [98]. In uni axial tests, M decreases from 2.45 at CAlO = 0° to ~bout 

2.42 in the range 7.5° < CalO < 10°, finally tending to 3.07 in the random -configuration (Fig. 3.8). By contrast, in the plane strain case, M increases 

regularly from 2.12'at CAlO -=0° to a value of2.85 in the random polycrystal. Thus 
the n-plane cross section has the same approximately hexagonal shape \Vhen 
the ratio M (uniaxial tension)/ M (plan,e strain) = 1.07 (e.g. at wo = 5° and in the 

random pol~crystal. see Fig. 3.8), but conversely is roughly circu)ar when this 
ratio has a value ofabout 1.02, Le. in the range 12.5°<ClJo< 17.5°. 

The evolution of the shear plane cross section is somewhat ditTerent (Fig. 

3.7). Although it beiins :-vith a clearly defined polyhedron for wo=O°, which is a 
square in this case, progre$s towards a circulàr shape is much slower, and the 

latter is only attail.led when the polycrystals are randômly orientated. It is of 

particular in~rest·that the yield surface still exhibits a relatively angular form 
in this subspace when the scatter widths are in the range commonly ob~rved 

experimentally (Le. Calo~7.5 to 15°). The so~what roùnded vertices in these 

c~ses are associated with loading in pure or simple shear on planes normal to 

(and in directions parallel to)two otthe < 100 > axes .. 
l . 

It should be noted that the two type~ of cross section illustrated above only 

give partial information on the shape of the yield locu~ as a whole. This is 
be,cause they show the shape in the vicinity ofonly 12 ofth~ 0,6 Bishop and Hill 

vertices,.Le. the 6 n-plane vertices of the normal str~ss type (type A in the 
Kocks [99] classification) and the '6 C type vertices in $e three perpendicurar 
shear stress planes passing'through the origine Thus Figs, 3.6 and 3.7 do not 

throwany light on locus shape in the vicinity of the 44 other vemc8s (i.e. near 

)* 8, 24 and 12 corners of the B, D and E types). 
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Fig. 3.7 Shear plane sections of the polycrystal yield surface corresponding ta 

increasing scatter widths : (a-f) (,)0=0, 5,10,15,20,45° : (g) random 
distribution. 
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Fig.3.8 Dependence of the mean Taylor factor M on scatter width wo. For 
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each value of Cùo. M was calculated for a set of 400 grains. (e) Ml (uniaxial 

tension); (' ) M2 (plane strain tension); (. ) ratio M\fM2. After {98]. 
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m.5. DEGREE OF ANISOTROPY 

As shown in Ref. [88], the yield locus of an isotropie material must be 

cireular in any two-dimensional shear stress spaee (and for any reference 

frame)~Fig. 3.7 clearly shows that this necessary condition is fulfilled by the 

random polycrystal. Thus the shear stress cross-sections provide direct 

evidence for the anisotropie nature of a given material. The degree of plastic 

anisotropy which results from the application of a normal stress cannot be 

judged with the same ease, however, from the n-plane sections present~d in Fig. 

3.6. This is because the section of the yield surface associated with the isotropic·· 

(random) material is not circular, whereas the nearly circuler yield lOCi 

presented above (e.g. for scatter widths of 10 to 15°) are, by contrast, not , 
identified with planar isotropy. Thus the shape of the n-plane yield locus is not 

of direct utility for an evaluation of the degree of anisotropy present in these 

materials·. Two measures which are by their nature more useful for this 

purpose are the dependencies on orientation of the 'uniaxial' yield stress and of , -
the transverse strain rate ratio or Lankford coefficient. 

The usual experimental test for the determination of both the yield stress 

and the strain rate ratio can be described by the following stress and strain rate 

tensors : 

~ == [~ ~ ~' 
000 

and 
. [ë ll

? 
e == ? ? 
-v 

? ? 

(3.15) 

Here the reference axes are those of tll'e sample, ë1l is imposed and the 

remaining strain rate components are unknown. Note, however, that for the 
- , 

• Some of the conditions affecting the possible shapes of the n-plane loci 

pertaining to both eubie and isotropie materials are discussed in Ref. [88]. 
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present cube texture, as for rolled (or orthotropic) materials more generally, the 

Z axis or normal' direction (Fig. 2.2) is an axis ofmirror symmetry. As a result, 

prescribing 013=0 is equivalent to the condition'é13 =0, and likewise for 023 

and ê23. Thus the strain rate tensor can be simplified to give: 

éu ? 0 

€ = ?? 0 (3.16) 

o 0 ? 

In anisotropie materials, the condition 012=0 generally implies that é12J1!:0. 

Consequently. the tensors described by Eqs. 3.15 and 3.16 are rigorously valid 

ooly for long samples (because of the constraints due ta the shoulders 10 short 

samples). 

The yield stress 0 Il (8) and strain rate ratio R(e) pertaining to such a 'true' 

uniaxial tensile test carried out 00 a sample orÏeI1ted along the e direction (Fig. 

2.2) can in principle be calculated from average polycrystalline yield surface 

data as follows. A Taylor approach is generally used in which strain rate 

directions are imposed on the polycrystal as weIl as on its constituent grains. 

However, it can be seen from Eq. 3.16 that two degrees of freedom are left in 

defining these directions, i.e. é33 (or é22) and è 12. The yield surface section 

(012=013=023=0) is thuscompletely determined by the inner envelope of the 

hyperplanes: 

(3.17) 

when expressed in the five dimensional notation of Eqs. 3.9 and 3.10 for aIl 
~ 

directions é. It is evident that the necessary variation of both the é2 lé l and 

éslél ratios would le ad to extensive computationr for this reason the following 

simpler method, used in Refs. [11) and [16], was employed. 
\ 

In this case the tensile test is specified by the following stress and strain 

rate componen ts : 
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and . [é ll 
0 0 1 r = 0 ? 0 

'" o 0 ? 

(3.18) 

Here t ll is imposed, ê22 and b3 are unknown, and the nul values of the shear 

strain rates can be associated with non prescribed (and generally non-zero) 

vàlues of the corresponding S\J' The latter are considered to be induced by the 

shoulders or grips. Since the normal direction is an axis of mirror symmetry 

(see above), the conditions 013 = 0 and 023 = 0 can be additionally specified, 

leading to: 

[

? ? 0 1 2= ? 0 O. 

000 

.(3.19) 

Note that the condition 012;é0 cannot be fulfilled at the free surface of the 

specimen, 50 that Eq. 3.19 only applies to the interior of the specimen. It can be 

seen from the strain rate tensor specified by Eq. 3.18 that only one degree of 

freedom is left since ê12 = O. The calculation of yield surfaces is greatly 

simplified in this way. Under these conditions, the locus projection rp in the n

plane (see Fig~.9) is readily determined for a given grain distribution (Le. a 

given value ofW) by the inner envelope of the hyperplanes 

(3.20) 

when varying just the ratio ÊVÊ 1• The yield stress 011(8) is then deduced from 

the locus obtained in this way and the strain rate ratio R(a) from the tangent to 

the surface at the loading point Po(see Fig. 3.9). 
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Fig.3.9 Determination of the yield strength as well as the plastic strain rate

ratio from the (n, 812) section of the yield surface. P is the projection on the n

plane of this three-dimensional yield surface and Pq is the projection of the 

loading point. The yield strength is determined from the distance OPo and the 

strain rate ratio from the tangent to the" projection cp at the point Po. 
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Figure 3.10a shows the dependence on scatter width of the 011(8)/011(0) 
cUfVes obtained with the yieid surface projections (é12 = 0). Note that 011(8) is 
constant for the random distribution, which is a requirement for isotropy, but a 

property-that is not evident from the n-plane yield locus for this material. The 
fairly smooth dependence of the single crystal flow stress is aiso of interest. 
This contains two cusps, which do not, 'however, violate the normality -rule 

regarding the yield surface itself. The cusps disappear when the scatter width is 
increased. For the range wo = 10 to 20°, which is of interest from a practical 
point of view, it can be seen that the 011(8)/011(0) plot has a generally 

undulatingshape. 

The depe.ndence on orientation 8 of the stFain rate ratio 

" 
(3.21) 

was calculated for the same type of tensile test as employed for the yield stress 

ratio dependencies presented above. Here the ratio -él/é2 is the slope of the 

tangent at the load,ing point Po which is part of the projèction <J' described 

above. The R(8) curves are illustrated as a function of increasing scatter width f 
in Fig. 3.10b. 

It should be noted that, whereas the yield stress ratio was determined wi th 

reasonable accuracy using only 400 orientations, calculation of the strain rate 

ratio requil'es a larger number of grains (600), particularly when the n-plane 

cross-section exhibits fairly sharp curvature near the 811 axis. The latter 

description applies to small scatter widths (CAlO < 7.5°), and ta 8 values close ta 
the symmetry axes of the material. Under these conditions, as well 'as for a 

random distribution, the R(8) values obtained in this study involve errors of up 

ta ±10%. 

It is evident from Fig. 3.10 that, whereas the single crystal yield stress ratio 

exhibits two cusps, which are linked ta changes of vertex, flie strain rate ratio 

varies smoothly at the same values of 8. It displays instead an approximately 

parabolic shllpe in the central region, with singular points in the rolling and 
" 
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transverse directions. On IDcreasing the scatter width, the discontinuities 

disappear and the shape of the central part of the curve is essentially 

unchanged, even for a scatter width of 45°. This is essentially due ta the strong 

anisotropy displayed (over the who le range of scatter levels) by the shear plane 

sections (see Fig. 3.8a-O. By contrast, when the orientations are fully 

randomized, the ratio changes dramatically and adopts a constant vJllue of 1, as 

required. The large difTerence between the flow behaviours of random and 

wo = 45° samples ls of particular interest. 

The large variations in R value with e associated-with scatter widths in the 

'realistic' range 10 to 20° display the qualitative features expected from the 

literature [38]. By contrast, R(8) curves for low scatter widths (see Fig. 3.l0b) 

are in apparent contradiction with experimental investigations carried out on 

single crystals. The cups drawn from crystals of {100}<001 > orientation have 

four ears [35], whereas eight ears of unequal size are predicted for the single 

(wo=OO) and near single (wO=2.5°) crystals of Fig. :t.lOb. At this point it must 

be recalled that the texture itself changes during deep drawing [114], 

modifying the anisotropy of the testpiece. Hence a ~rawn single crystal will no 

longer retain its unique and precise starting orientation, but will instead 

increase its 'spread' and perhaps contain sorne secondary texture components as 

weIl. For this reason, the crystallographic predictions based on higher 

misorientations (e.g. Wo> 10°) are probably more sui table for comparison with 

éxperimental single crystal observations, as in this ~se four ears are predicted. 

m.G. ANALYTICAL REPRESENTATION OF THE YIELD SURFACES 

PERTAININGTO 'PERFECT' AND 'DISORIENTED' SINGLE CRYSTALS 

m.G.1. Single crystal case 

It is now ofinterest ta quantify the evolution of the single crystal locus with 

increasing misorientation. For this purpose, a tive dimension al representation 

of the classical Bishop and Hill polyhedron will tirst be given, and then 

enended ta the case of disorien ted crystals. 
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As described above, the yield surface of a cubic single crystal displaying 

{lll}< lio> or {llO}< lÏl > slip is a polyhedron in stress space, with 24 faces 
;) 

and 56 vertices. These faces are characterized by Eq. 3.1. When these equations 

are expressed in terms of the components SI (referred ta the crystal < 100 > 
axes, Eq. 3.9), it is readily shown that 

{ 

/28 t/ + /83/ + /84/ = Y2 
/81 - V382/ + /84/ + /85/ = Y2 
/81 + ....;382/ + /83/ + /85/ = v'2 

(3 22) 

The single crystal locus is defined as the in'ner envelope of these planes. This is 

of particular interest when a section of the polyhedron referred ta particular 

axes (say the specimen axes) is desired. In this case, the stress deviatar 

components SI(e) have ta be expressed in terms of the 81(5) values in this new 

reference frame 

• 
(3.23) 

The matrix Q employed for this purpose charactenzes the position of the crystal 

axes with respect to the specimen axes. For a grain having its < hkl > and 

< uvw> directions parallel ta the normal and rolling directions of a sheet, 

respectively, Q is given by 

{r12-rz'1 + ur -U12)12 V3(ui -ri )12 U2uJ- r2rJ u1 U3-q r3 U1U2- r 1r2 

V3(nz'1-nz 2)12 (3ni-1 )/2 V3n2nJ V3n 1n3 Y3n ln2 

Q= U2n2-uz n Z V3U3n3 U2n3 +U3f'l2 u[n3 + U3 n [ U[ n2 + U2n1 

r2n2-rz nz V3r3n3 r2n3 +r3n2 r1 n3+ r3n 1 r[n2 +r2nr 

U2r2-u Zr Z V3u3r3 U2r3 +U3r2 u[rJ + UJr[ 'U[r2 + U2rt 

(3.24) 

where nz =h l'V hJ +k' +[2, n2 =k tv h2 +k2 +[2, n3 = uv' h2 +k2 + [2 

rI = U Iv' u2 + r; + ûf2 . r2 = v l'V u2 + [J2 + ûf2. r3 = w IV u2 + V2 + UJ2 
u = nxr 
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Eqs. 3.22 can thus he expressed in terma of macrosCopic stress components, 
from which any section in stress space is easily derived. An example of such a 
calculation is shown in Fig; 3.11 for the cube {lOO}<OOl > component. 

m.6.2. Case of a disoriented cryStal 

As the misOrientation around an ideal orientation is increased, it has been 
-~ 

shown (Fig:;. 3.6 and 3.8) that the shape as well asthe size of the corresponding 

yield surface both vary. An attempt ta quantify 'these variations has been made, 
which consists of calculating the evolution of specifie points on the locus,with 

increasing scatter width (,,)0. These points were chosen to be half the vertices 
(28) and half the mid-points of the faces (12) of the polyhedron (because of the 

symmetry). 

In ord~r to carry out this calculation in a simple way, a Taylor approach *as 

used in which some strain rate directions are prescribed to the disoriented ideal 

orientapon. F9rty (28 + 12) such vectars werè selected as follows: 

(i) 12 correspond to the normals to the faces of the single crystal 

polyhedron; 

.-
(ii) the 28 others are the central 'normals' ta the yiel~ surface at the 

vertices. Given that a vertex is defined as the intersection of6 or 8 planes, each 

su ch normal c~,n be taken as the average over the 6,or 8 corresponding vectars. 

When these 40 strain rate directions are' applied, the corresponding stress 

vectors, can be ~àfculated using the normality rule and then averaged over the 

crystal distribution. The angles 'V between the stress vectors calculated in this 

way and the ones asSDCiated with the single crystal were also determined: this 

gives an estima te of the e.rogressive distortion orthe locus as the misointation 
is increased. 

The positions of the vertices and mid-points of the faces, as well as of the 

'quasi' vertices and of the mid-points of the 'quasi' faces, are given in Tables 

m.2. and m.3 for the 6)0 = 00 (single crystal) and CAlO = 150 grain distributions, 

, 



o Fig. 3.11 n-plane cross-sections 
of the yield surface corresponding 

to a cube textured sheet. The 
perfect hexagon pertaining to a 

single crystal (6)0 = 0°) is derived 
from Eqs. 3.22 or from Eqs. 3.25 

wi th n = 00. The rounded hexagon 

corresponds to a cube texture 

with a spreacj wo=7.5° and has 
been calculated from Eqs. 3.25 

with n =8.75. 
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Table m.2. Positions of the vertices (types At Bt Ct D ans! E) and of the mid
points of the faces in the 5-dimensional stress spaèe of Eq. (3.9), Case of the 

Bishop and Hill polyhedron (000 :: 0°), Stress units :: Vs "te 

Type Vertex SI S2 S3 S4 85 11811 
1; 1 

J~ -Vjf _ 0 0 0 
A 2 1I~ 0 0 0 v'2I3 

. 3 11 6 0 0 0 

4 0 0 V2 0 0 
C 5 0 0 0 Y2 0 v'2 

6 0 0 0 0 Y2 

7 -1/2~ -3/2~ 0 1/~ 0 
8 -1/2~ -3/2~ 0 -11 2 0 

E 9 -lW 3/2~ 1I~ 0 0 1\ 
10 -1/2 2 3/2 6 -11 2 0 0 . 
Il 1/ 2 0 0 0 1IV2 
12 1/V2 0 0 0 -VV2 

13 1/2~ -112~ 1~ 0 1I~ 14 1I2~ -112~ -:~ 0 1I~ 15 1/2~ -112~ 0 -11~ 
16 1/2~ -112~ -1 2 0 -11 2 
17 -1/2~ -1/2 6 0 1~ 1I~ D 18 -112~ -112~ 0 -1~ 1I~ V 7/6 
19 -1/2~ -112~ 0 l' 2 -11 2 
20 -1/2 2 -1I2xt 0 -11 v'2 -1IV2 
21 0 1I~ 1I~ 0 
22 0 ~/~ -1I~ 1I~ 0 
23 0 1I~ 1I~ -11 2 0 
24 0 11 6 -11 2 -1/V2 0 

-
25 1I~ 1I~ -11~ 0 0 
26 0 0 1I~ -11~ 1I~ B 27 0 0 -11~ 1I~ 1/~ v'3i2 
28 0 0 11 2 11 2 11 2 

. 29 0 0 0 -ltV2 l~ 30 0 0 l~ ~ 0 -11 2 
31 0 0 -1 2 1~ 0 
32 0 0 0 1/ 2 1/~ 33 0 0 -1N2 0 -1/ 2 

Faces 34 0 0 1IV2 -1~ 0 1 
35 0 ) 0 0 1/ , -1IV2 
36 {) 0 ~ 0 1tv'2 
37 0 

. 
0 - 2 -1/~ 0 

38 0 0 0 -11 2 -l/~ 
39 0 0 -11~ 0 1/'\1'2 
40 0 0 11 2 1/V2 0 

• 

\ 
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Table ID.3. Positions of the vertices and the mid-points of the faces in the 5-
dimensional stress space of Eq. 3.9. 'II is the angle between the stress vector . 
of interest and the corresponding one associated with ~e Bishop and Hill 

polyhedron. Disoriented yield surface co'rresponding to 000 = 15° . 

. 
Type tvertex 81 82 83 84 85 11811 'P(deg) 

1 0.005 -0.823 0.015 0.008 0.005 0.824 1.28 
A 2 0.706 0.423 -0.006 0.001 0.003 0.823 1.04 

3 -0.703 0.426 0.000 -0.002 -0.003 0.822 1.24 
• 

4 0.012 ':"0.ü23 1.322 0.018 0.013 1.322 1.48 
C 5 -0.015 ....:0.023 -0.013 1.322 0.013 1.322 1.43 

6 -0.021 -0.003 -0.010 -0.009 1.324 1.326 1.09 

7 -0.322 -0.548 -0.015 0.806 0.001 1.026 6.80 
8 -0.314 -0.542 0.002 -0.796 -0.014 1.013 6':85 . 
9 -0.312 0.535 0.805 0.015 0.006 1.016 7.48 

E 10 -0.321 0.542 -0.813 -0.007 -0.012 1.029 7.28 
Il 0.628 0.010 -0.016 -0.005 0790 1.009 6.61 
12 0.628 -0.002 0.008 0.013 -0.811 1.026 7.30 

'" 13 0.310 -0.202 0.713 0.086 0.699 1.068 5.13 
14 0.315 -0.177 -0.683 -0.075 0.726 1.063 4.93, 
15 0.346 -0.191 0.699 -0.059 -0.697 1.065 3.23 
16 0.325 -0.175 -0.710 0.078 -0.705 1.070 4.66 
17 -0.328 -0.196 0.063 0.712 0.694 1.067 3.66 

D 18 -0.337 -0:171 -0.075 -0.683 0.723 1.067 4.67 
19 -0.307 -0.191 -0.085 0.701 -0.716 1.068 5.21 
20 -0.300 -0.185 0.082 -0.704 -0.714 "1.067 5.29 
21 -0.002 0.370 0.699 0.703 0.084 1.062 4.86 

4 
22 -0.014 0.370 -0.711 0.696 -0.076 1.064 4.57 
23 0.010 0.380 0.701 -0.699 -0.078 1.{>64 4.41 
24 0.001 0.400 -0.693 -0.703 0.071 1.068 3.84 

25 0.016 -0.022 0.667 0.676 -0.667 1.161 1.39 
26 -0.003 0.005 0.678 -0.661 0.681 1.166 0.80 

B 27 -0.020 -0.003 -0.685 0.664 0.668 1.165 1.26 
28 -0.014 -0.018 0.656 0.677 0.686 1.166 1.55 

29 0.068 -0.089 0.018 -0.686 0.736 1.012 6.74 
30 0.070 0.099 0.681 -0.025 -0.736 1.010 7.38 
31 -0.116 -0.009 -0.690 0.743 0.005 1.021 6.88 
32 0.051 -0.-l17 0.008 0.718 0.699 1.010 7.31 
33 0.055 0.114 -0.690 -0.043 -0.740 1.020 1.79 

Faces 34 -0.121 0.009 0.695 -0.713 0.026 l.004 7.14 
35 0.069 -0.116 0.019 0.675 -0.149 l.018 8.25 
36 0.041 0.109 0.749 0.020 0.671 1.012 7.40 
37 -0.125 . 0.014 -0.699 -0.713 0.021 1.006 7.30 
38 0.066 -0.107 -0.007 -0.743 -0.677 l.013 7.62 
39 0.062 0.087 -0.718 -0.011 0.715 1.019 6.05 
40 -0.121 -0.012 0.696 0.722 0.024 1.011 7.12 
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1 
respectively. It can be seen that the A, B and C vertices evolve isotropically 

vvhen the scatt.!r width is increased, as expressed by low';/alues of the angle q1 . 

This is not surprising since these corners belong to "closed" subspaces, as 

defined by Canova et al. [1 ~]. 

In a manner analogous to the one employed for the case of the perfect single 

crystal, the equation of the yield surface pertaining to the disoriented grain can 

be expressed as the inner envelope of the four loci 

/251 1 CI + 153 / BI + 154 1 BI = 1 

/(51- V352) / CI + 154/ BI + 155/ BI ~ 1 

kSI +V352) / CI + IS3 / BI + 155/ Bt = 1 

/2 5 z/ rt + 151 - v'3 S 21 rt + 151 + v'35 2/ rt = Art 

(3.25) 

Here A, B, C and n depend on. the misorientatlOn wo and A = t (2 + 2n)llnC. For 

the perfect crystal (CAlO = 0°), A = B = C = v2 and n = CIO. The fourth expression In 

Eq. 3.25 has been added to take into account the evoll'.tion of the shape of the 
~ 

locus in the n-plane (SI, 82) : the exponent n equals 2 for CAlO = 15°, SInce the n-

plane section is almost circular (Fig. 3.6). It is to be noted that the slightly 

rounded faces and vertices observed in the shear stress plane (Fîg. 3.8) for 

typical scatter widths CAlO < 20° has not been considered here Tne evolution of 

the A, B, C and n parameters is shown in Fig. 3.12 as a functlOn of CAlO. The yield 

locus of a polycrystal displaying a strong cube component (CAlO = 7.5°) calculated 

using Eq. 3.25 is also illustrated in Fig. 3.11. It should be noted that this 

method permits an estimate to be made of the yielding behaviour of highly 

textùred aggregates, by the use ofonly one ideal orientation (together with the 

components required by the symmetry). When many texture components are 

present in a given material, the corresponding loci can be readily combined, as 

shown in more detail in chapter V. 

li.7.8UMMARY 

Idealized cube textures were set up which (i) are rotationally symmetric, 

and in which (ii) the misorientation angle obeys a gaussian distribution of 
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scatter width increasing from 0° (single crystal) to 45°. Crystallographic yield 

surfaces were calculated for these textures, leading to the following 

concl usions: 

(1) The five dimensional form of the yield surface can be given an 

improved representation by employing the following 'equilibrated' deviator 

stress and strain rate 'vectors' : 

s= (SJ = ((S22-SIl)IY2, V§ï2S33. v2S23. Y2S31. Y2S12) 

r = (éJ = ((é22 -rIl)IV2, v'3ï2 ë33. V2 f.23. V2 f.3J. v2r.12) 

This representation has the advantage over earlier notatlOns that it leads 

directly to the two dimension al cross sections~he yield surface. 

(2) As the scatter width of the idealized cube texture 1S lncreased. the 

yleld surf~ce cross-sections ln shear stress space gradually evolve from a square 

fonn (single crystal} to a circular one (when the onentations are fully random) 

For the scatter widths of 5 to 20° commonly found expenmentally, the three

dimensional yield locus remains distmctly angular Thus ~aterials of cu bic 

symmetry can be readily distinguished from isotropie materials (with spherical 

yield loci) in this subspace 

(3) As the scatter width of the 1dealized cube texture is increased, the 

yield surface cross sections in the n-plane gradually evolve from a hexagonal 

fonn (single crystal) to a nearly circular one (when the scatter widths are in the 

range 12.5 to 1'1:-Q°) , to a rounded hexagonal form once again (when the 
'\ 

orientations are fully random). Thus analytical descriptions such as the 

quadratic yield criterion of Hill can give a good approximation of the yieldmg 

behaviour in this subspace for scatter widths of 15° ± 2.5°.' Because the same 

rounded hexagonal form is observed at 6° (for the idealized cubic materials), as 

weIl as for the fully randomized samples, materials of cubic symmetry cannot 

be distinguished from fully isotropic on es in this subspace. 

(4) Because the degree of planar anisotropy cannot be readily evaluated 

from the shape of the n-plane yield locus alone, it is more useful to represent the 

directionality in stress properties in terms of the yield stress and strain rate 
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ratios. These are highly anisotropie for the single crystal, become slightly less 

'lobed' as the scatter width is increased, but only adopt constant values when 

the orientations are fully random. By these measures, samples with a scatter 

width of 6°, as weIl as random materials (both of which have II-plane cross

sections of identical shape) display distinctly different degrees of plastic 

anisotropy, essentially because of the changing contributions made by their 

shear properties as the scatter width is inëreased. 

(5) Analytical representations of the yield surfaces pertaining to 'perfect' 

and 'disoriented' single crystals have been proposed. Sections of the loci 

corresponding ta highly textured polycrystals can be readily assessed using 

these functions. As the texture of an aggregate can be decomposed inta a finite 

number of disoriented ideal orientations (each with a specifie volume fraction 

and scatter width), the overall yielding behaviour can be derived in a semi

analytic manner from suitable combinations of the individual yield surfaces. 
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q CHAPTERIV 

THE CONTINUUM MECHANICS OF TEXTURED 
POLYCRYSTALS: BASIC METHOD 

The CMTP (continuum mechanics of textured polycrystals) method was 

developed sa as to permit the anisotropy of textured polycrystals to be described 

in a simple way. It has the advantage that it involves a straightforward 

analytical representation of the yield surface, and that the yield locus lS 

spatially oriented with respect to the ideal orientation of interest rather than 

with respect ta the symmetry axes of the workpiece. In this way, the direct link 

between texture and anisotropy is made explicit rather than implicit. 

In the original work of Montheillet et al. [5], the quadratic yield criterion 

proposed by Hill (4]: 

F(S) =f(Syy-SzJ2 +g( Szz-Su,? + h(Su-Syy)2 +21 Sy/ +2m Sz/1t-2n Sx/ = 1 

(4.1) 

was assumed to give a good approximation of the Bishop and Hill single crystal 

yield surface . .ÂS explained in more detail below, the six parameters f, g, h, l, m 

and n (which reduce to two for cubic symmetry) are adjusted sa thQ.t they give a 

best fit to the Bishop and Hill polyhedron. A question regarding the fitting 

process can be asked by the reader at this point: what kind of information is 

lost when ,.the single crystal polyhedron is approximated by a smooth yield 

locus of the present type? In terms of the yield stresses, the 1088 is probably not 

too important as long as the assumed function does not significantly over- or 

underestimate the distance from the origin of the various vertices of the 

polyhedron. In terms of the strain rate characteristics, however, (which are 

given by the normais to the yield su,9'ace> the assumption is more questionable 
~ , 

and can be thought ta give rise to possibly undesirable errors in plastic 
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properties 8uch as the strain rate ratios. Fortunately, the crystallographic 

calculations of the yield surface for a disoriented single crystal presented in 

Chapter m give" a partial justification of the CMTP assumption : Le. a crystal 

with a spread of around 15° hmra circular yield locus in the normal stress plane. 

Nevertheless, the extent to which the shape of the yield surface is faithfully 

reproduced in other types of stress space remains to be assessed critically. 

IV.I. PRINCIPLES OF THE CMTP METHOD 

The calculations carried out on the disoriented single crystals clearly lead to 

the following comments. For typical experimental scatter widths (5 to 15°), the 

yield surface does not exhibit any vertices in the n-plane (Fig. 3.6) : it has a 

smooth rounded shape. ln consequence, it could be weil approximated by a near 

quadratic continuum yield function. A Hill type locus, as will be seen below, 

gives a quasi-perfect fit in this particular subspace. However, one has to keep in 

mind that the shear stress cross section shown in Fig. 3.7 does exhibit sorne 

rather sharp vertices. Thus it can be expected that a good representation could 

only be obtained by means of an analytical function with an exponent of low 

value, that is near 1.4. 

The above remarks indicate that the crystallographic locus of a disoriented 

single crystal can at least be approximated by a continuum yield function 

without the Ioss of an unacceptable timount of information regarding the size 

and shape (stress and strRin rate characteristics, respectively) of the yield 

surface. 

In the CMTP method (originally proposed by Montheillet et al. [5] for the 

quadratic case) a yield function of the Hill type: 

F(8) = a( /Sl1-822/" + /822-833/" + /833-8 11/") / (Y6L
C

) " 

+2 li (18z2/ m + 1823/m + 183z1m ) 1( V6 Le) m = 1 (4.2) 

is assumed to represent the yielding behaviour of a highly textured fcc or bcc 

polycrystal containing a dispersion of orientations about a single ideal 
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orientation. In this expression, the Sij are the components of the deviator stress 

tensor S referred to the < 100> axes of the ideal orientation; a and pare two 
N 

coefficients to he determined (see section IV.!.!); "Le is the critical resolved shear 

stress;' and n and mare two exponents equal to or greatèr than 1. This condition 

arises from convexity requirements, asshown in Appendix IV. 1. 

At this point it is important to underline the two main features of the CMTP 

method , as opposed to the traditional continuum methods : 

(i) The principal axes of anisotropy are chosen to coincide with the 

< 100> axes of the texture <!omponent of interest (rather than with .. 
those of the specimen); 

(ii) The values of the yield function coefficients a and pare detennined 

from crystallographic (as opposed to mechanical) considerations. 

IV. 1. 1. Evaluation of the coefficients a and P of the yield function 

In the CMTP method, a and p are acijusted 50 that a 'best' fit is obtained 

between the yield function of Eq. 4.2 and the crystallographic yield surface for 

fcc or bec disoriented single crystals displaying {Ill} < lÏO> or {110} < 111 > 

slip, respectively. The fitting process is carried out by minimizing the root 

mean square dista.Dce l: between some specifie points of the 

crystallographically calculated locus and the continuum yield surface taken 

along the radii leading to the points considered (see Fig.4.l). 

Some freedom regarding the choice of the crystallographic yield locus as 

weIl as the points to be considered is available. One possibili ty consista of 

minimizing the l: associated with the vertices of the Bishop and Hill 

polyhedron. An alternative, more complicated method is to carry out the fitting 

process by considering both the 'rounded' vertices as weil as the faces of the loci 

calculated above for the difTerent scatter widths. ~ 
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Fig. 4.1 Two-dimensional section of the five dimensional crystallographic 

yield surface (schematic). The three vertices Si. Sj and Sk of the critical 

polyhedron should be compared with the points S1', S/ and Sk' of the ellipsoïdal 

yield surface to which they correspond. In th~ fitting proèedure for the 

determination of a and p, the sum orthe squares 181 8i'l2 is minimized. 
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Once different sets ofN vectors OSi in the five dimensiona! stress space have 

been sef~cted, the root me an square distance 1: can be calculated in the 

following way. US\ is defined as the intersection OfOSi with the yield function 
F(S, a, P) = l given by Eq. 4.2 (see Fig.4.n, then 

(4.3) 

,=-1 

l.e. 
N 

E = , o. - 1 ) 052 
~, , 

(4.4) 

,= 1 

where ~i is defined by 

(4.5) 

Since (S\) belongs to the yield function FŒ, a, P) = 1, ÀI can be calcùlated by 

solving the equation : 

Using Eqs. 4.2 in conjunction with the 5-dimensional notation ofEq. 3.9: ... 

/AJ" a 2 -flI2 [/281J" +/81' - V382J" +/81' + v'382J" ) 
+ /AJ na p 21 -""2 [ /83J na + /84J na + /8sJ na ) - 1 = 0 

~ 

(4.6) 

(4.7) 

For a given set of vectors aSi and for given exponents n and m, a and pare ---calculated sa as to minimize the distance 1:. Tables IV.I to IV.3 show the results . -obtained with different sets ofvectors OSi. 

In Table IV.I, the two exponents n and m of the yield function were assumed ~ 

to be equal and the fitting process was carried out \Ising the vertices of the 

Bishop and Hill polyhedron. The minimum of the 1: values is obtained with an 

exponent n =m = 1.6. This indicates that the 'best' fit between the single crystal 

polyhedron and the Hill type yield function with one expon.ent is obtained for 

n= 1.6, a=0.46 and p=0.51. It is to he noted that the quadratic criterion used 

primarily by Montheillet et al. [5], also leads to a good approximation of the 

( 
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yield surface. It is also of interest that a perfect fit (l:=0) with respect..to.lhe 

vertices is obtained in normal stress space wi th a = 1/2, whatever the exponen t 

n; by contrast, when solely the shear stresses are taken into consideration, a 

perfect fit corresponds to the values p= 1/2 and an exponentn = 1.6. 

n a 13 1: 

1.0 0.37 0.39 1.168 

1.4 0.42 0.46 0.085 

1.6 0.46 0.51 - 0.030 

1.7 0.47 0.54 0.041 

1.8 0.49 0.57 0.065 

2.0 0.52 0.64 0.138 

2.2 0.55 0.72 0.223 

2.5 0.59 0.88 0.352 

3.0 0.63 1.24 0.537 

4.0 0.64 2.49 0.784 

6.0 0.65 9.38 1.009 

12.0 0.68 416. 1.202 

Table IV.l. Dependence on exponent n of the coefficients a and p in 
the CMTP yield criterion. The root mean square distance E 

indicates the quality orthe overall fit, which is be~t for n= 1.6 

CAlO n a p -- 1: 

0° 1.6 0.46 0.51 0.030 

10° 1.6 0.47 0.53 0.024 

15° 1.7 0.46 0.56_ 0.015 

20° 1.7 0.45 0.60 0.009 

Table IV.2. Dependence on scatter width CAlO orthe coefficients a and p and the 
exponent n when the CMTP method is based on the 'disoriented' single 

crystal. For each value of CAlO. a, p and n were optimized so as to minimize the 
root mean square distance E. 
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• 
(0)0 n m a p 1: 

0° 3.0 1.4 0.47 0.58 0.366 

15° 2.6 1.5 0.49 0.62 0.213 

15° 1.7 1.7" 0.43 0.68 0.280 
\ 

Table IV.3. Dependence on scatter width wo of the coefficients a and p and the 
exponents n and m when the CMTP method is based on the '::lisoriented' single 
- crystal. For each value of wo, a, p, n and m were optimized so as to minimize 

the root mean square distance L. 

In Table IV.2, the minimization of E was carried out using the 'vertices' 

calculated for various grain distributions (Table III.3) and the one exponent 

(n=m) yield function of Eq. 4.2. The minimum E-value was obtained with the 

exponent n=1.6 for the cases wo=O° (single crystal) and <.ùo= 10°, and with 

n = 1.7 for higher spreads, Le. wo = 15 and 20°. 

In Table IV.3, the same type offitting process was carried out using both the 

'vertices' as well as the mid-poi~ts of the faces of the di50riented yield surface 

(Tables III.2 and 3). Two difTerent e:r.ponents n and m were considered in Eq. 

4.7. The introduction of these extrR points (mid-points of the faces) led to an 

improvement in the fit of the locus. Only the two grain distributions 

corresponding ta WQ = 0° and wo:; 15° were treated. The ditTerence in the two 

parameters n and m (n = 2.6 and m = 1.5 for wo = 15°) finds a ready explanation 

in the discrepancy observed in the normal and shear stress behaviours of Figs. 

3.6 and 3.7. The higher values ofE reported in Table IV.3 compared to the on es 

shown in Tables IV.l and rV.2 are readily explained by the introduction of the 

mid-points of the faces. If the two exponents are equated to give n = m = 1.7, for 

example, it is found that a=0.43, p=0.68 and 1:=0.280,50 that the condition 

n =m, for which E =: 0.213, provides an improvement in the fit (see Table IV.3). 

IV.1.2. Yield surface cross-sections 

The yield loci estabHshed by the tint method (Table IV.I) are illustrated in 

Figs. 4.2 and 4.3 in terms oftheir n-plane and shear plane intersections, 
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n=1.0 

~n=1.4 

~n=2 .. 

Fig.4.2 n-plane sections of the Bishop and Hill polyhedron (broken line) and 

the generalized CM'I'P yield surfaces for five values of the exponent n. 
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Fig.4.3 Shear plane sections of the Bishop and Hill polyhedron (broken line) 

and the generalized CMTP yield surfaces for six values orthe exponent n. 

• 
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respectively. It can he seen from Fig. 4.2 (which corresponds to the fit to the 
Bishop and Hill poiy~edron) that the rI-plane section of the CMTP yield surface 
eVDlves from a hexagonal shapt to a circular one as the exponent n is increased 
from 1 to 2. As n is further increased in the range 2-1;0 12, flat edges and 

rounded vertices begin to appear, until finally a rounded hexagon is seen at 
n = 12. In the shear planes (Sij, Sik) (Fig. 4.3), a somewhat similar behaviour is 

observed. In this case, the yield surface cross-section is a square when n = 1, 
becomes circular for the quadratic case (n = 2), and evolves towards a square 

again as n approaches 12, but inclined at 450 to the original one. It should be 
noted that the effect of increasing n in the rI-plane cross-section of Fig. 4.2 
(hexagon ..... drde-.hexagon) is qualitatively similar to that of increasing the 

scatter width shown in Fig. 3.6. Similar remarks apply to the shear plane cross

sections (Fig. 3.7), except that the effect of increasing the scatter width is fully 

represented by n-values in the range 1 .;; n ~ 2 

Some further information regarding the extent of convergence and 

divergence displayed by the CMTP and crystallographic yield surfaces may be 

gained from the shear cross-sections taken at some distance from the origine 

This can he done by setting 812 +S13 +823 =K, ~d then representing the cross
sections in a manner analogous to that employed for the deviator stresses i~ the 

n-plane. We refer to this cross-section here as the n'-plane (which i& not a closed 

subspace, although the three-dimensional subspace (812, 813, 823) is dosed), in 

which the coordinates are (Sî2-Kl3, S13-K/3, 823-Kl3). For purposes of 

illustration, cross-sections corresponding to n = 2 and n = 1. 7 have been 

prepared and are presented in Figs. 4.4a and 4.4b, respectively, for three values 

of K (K = 0, 0.5 and 1.0). It should he noted that the Bishop and Hill vertices of 

the B type [99] « 111> tension or compre'ssion) are located on the K = 0.5 
section and that these are reasonably weIl simulated by both continuum ytèld 

surfaces (n=1.7 and n=2.0). By contrast, the yield corners of the C-type 

({100}<010> sbear), which are on the K = 1.0 section, are better cir,cumscribed 

by the D = 1.7 than the n = 2.0 representation. It thus appears that, whereas the 
quadratic yield surface is easier to use (e.g. the normality rulë can be readily 

applied analytically), a non-quadratic yield function with an exponent of 1.7 

provides a closer approximation in this particular subspace' to the ones 

calculated from crystallographic considerations. 
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Fig.4.4 Intersections of the Bishop and Hill polyhedron (broken line) and the 

CMTP locus with the planes S12 +S23 +S31 = K for K=O, 0.5 and 1. (a) n =2 (b) 
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W~ now examine the difTe'rences in the extent to which the five classes of 

single crystal vertices [99] are suitably fitted by the various sets of coefficients 

n, a and P listed in Table IV.! (and interpolated values when necessary). For 

example, the six A type vertices corresponding to < 100> tension or 

compression are best fitted by the yield locus with the exponent n = 2.1; èty 

corttrast, the eight B type corners ( < 111> tension or compression) are better 

circumscribed when n = 1.8. The six C type vertices in turn, which cm-respond to 

{100} <001 > shear, lie close to the yield surface with an exponent n = 1.6. 

Finally, n values of 1.5 and 3.5, respectively, are in the best agreement with the 

24 D «100> tension or compression + {100}<011> shear) and 12 E 

({lOO} < 010 > shear + {lIO} < 110> shear) type vertices. 

Thus, depending on the sharpness of the texture present and on the type of 

laading encountered (which determines the dass of vertex that is the most 

frequently activated), difTerent values of the yleld locus exponent are likely to 

lead -to the most precise resul ts. 

When 'inhomogeneous' functiQns are considered (n ~ m), such as those 

referred to in Table IV.3, similar shapes of the loci are obtained, but with a 

somewhat difTerent size, in the two subspaces investigated (n-plane and shear 

stress plane). ~ 

As a result of these computations! the following conclusions pertaining to 

the choice of the exponents n and m as weIl as the parameters a and p can be 

drawn: 

· The 'best' fit between the Bishop and Hill polyhedron and a one 

exponent yield surface of the Hill type is obtained with n = 1.6, a = 0.46 and 

11=0.51. 

· A good estimate is also given by a quadratic criterion with n = 2, 

a = 0.52 and 11 = 0.64; the latter is easier to manipulate for analytical 

calculations. 6 

· A further significant improvement is obtained when two difTerent 

exponents ar~ considered and when both the 'rounded' vertices and mid-points 
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of the faces corresponding to the disonented single crystal are taken into 

account. In this case, the best fit corresponds to n=2.6, m=1.5, a=0.49 and 

p=0.62. 

IV. 1.3. Different types of continuum yleld surfaces 

In this study, different types of continuum or seml-contInuum yleld 

functions were used, which were assumed to give a good representation of the 

locus of a single or disoriented single crystal. The simplest of these 15 the Hill 

quadratic yield functlOn [41. which can be wntten : ., 
a [(S11-S22) 2 +(511- 833) 2 +(S22 -833) 2 J +2~ [812 2 +S13 2 +S23 2 J = 1 

(4.8) 

or 

aJ2 f (281) 2 +(81- v'382) 2 +(81 + v'38û 2 J +P [S3 2 +S4 2 +8.s 2 J = 1 (4.9) 

when u5mg Eq.3.9. 

This expression, when developed, reduces to a very simple one: 

As shown above, Q =0.52 and p=0.64. 
\ 

(4.10) 

As will be demonstrated in paragraph rv,2, this simple function permits the 

plastic properties of samples containing several difTerent texture compone.?ts to 

he derived in a straightfonyard manner. 

The second type of locus used i5 the Hill non-quadratic function [71] with a 

single exponent : 

afISll-S22/"+/Sll-8331'l+/822-S33/'i J +2PfISI2/"+ISI3/f1+IS23/" J = 1 

or a2- rtl2 {j2SJ/"+/SI-Y3S2/"+181 +v3S2/" J (4.11) 

+ P 21 -rtl2 [/83/" +184/" + ISs/fI J = 1 

( 
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The coefficients a and ~ pertaining to the above two criteria are given in 

Table IV.I as a function of the exponent n. Although more accurate, the 

generalization of the quadratic case involves longer and more complicated 

calculations, especially when the normality principle has to be-inverted, i.e. 

when stress components have tù be derived from knowledge of the strain rate 

components. This criterion will be referred to as the "new" Hill criterion. 

The yet more complex (in tenns of computations) Hill yield function with 

two difTerent exponents (Eq. 4.2) was also investigated. It will be referred to as 

the Hill "two-exponent" criterion. 

Other yield functions based on the Bishop and Hill locus were also used in 

this wor~ Recalling that slip occurs on the {UI} < IÏO > or {UO} < 1 Ï 1 > 
systems in the fcc and bec metals, respectively, it was shown by Bishop and Hill 

(28] that the condition for slip can be written : 

{

A+G±H=±V61 C 

B :t F ± H = ±v'61 c 

C+F±G=rv'61 c 

(4.12) 

where A=022-033, B=033-011, C=Oll-022, F=023, G=031, H=012 and 

tc is the critical resolved shear stress. 

When written in the five dimensional notation ofEq.3.9, this leads to : 

1
/281/+/83/+/84/ = V2 -
/81 - V382/ + /84/ + /85/ = V2. 

. /81 + V382/ + /83/ + /85/ = v'2 
(4.13) 

where the stress deviator components are normalized by v'61 c. 

The single crystal yield surface is then given by the inner envelope of these 

three polyhedra and can thus be expressed by me ans of the two relations: 
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F(8) = [ /28 Il + /83/ + /S4/ - Y21 [/8 1 - v'382/ + /84/ + /85/ - Y21 
{ /8 i + V3 82/ + /83/ + /84/ - Vi ] = 0 

.' 
for a given stress directlOn. 

It is interesting to note that development ofEq.4.14 produces. 

100. 

(4.14) 

(4.15) 

The first two terms look familiar : they have exactly the same fonn as the HIll 

criterion (Eq.4.2), with an exponent n = 1, however, and a = 13 = 1IV2. They thus 

represent a kind of 'partial' development of the Bishop and Rtll criterion 

involving only the linear tenns. 

One could al;ijo take into consideration only the squared terms ln order to 

obtain anotheJ' analytic yield function which represents another partial 

development of the Bishop and Hill criterion. Finally 1 if the stresses are raised 

to a power n, the followlng type of equation is obtained . 

o [/28I/ft/81- Y382/ ft +/281/ft/81 +V382/n +/81 -.V382/ft/81 + v382/ft 1 
+ 13 [( /83/ n ~/84/ ft) (/84/ ft + /85/ ft) + (j83/ n +/84/ ft)( /83/ ft +/85/ ft) (4.16) 

+ ( /84/ fl + /85/ ft ) ( /83/ fl + /85/ ft ) J + y [ /281/ ft ( /83/ n + /84/ ft + 2/85/ ft) 
+/81- Y382/ft( 2/83/ft +/84/ ft +/85/ fl) +/81 +Y382/ ft( /83/ fl +2/84/ ft +/85/ fl )1 = 1 

When n = 1 and a = 13 = y = 1/2 , the squared terms of Eq. 4.15 are found. When 

n = 2, the expression reduces to : 

90 (81 2 + 82 2) 2 + 13 [ (83 2 + 84 2 + 85 2) 2 + 83 284 2 + 83 285 2 + 84 285 2 J 
+y [83 2(781 2 +982 2 -2V38z82) +84 2(781 2 +9822 +2v'38182) 
+ 85 2(10812+6822)J = 1 (4.17a) 

which is a quartic yield function. The coefficients 0, p and y were calculated 

using the same method as for the Hill criteria described above and it W8S found 
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thato=0.205 and 13=y=0.305. If the condition y=O is now prescribed in order 

to avoid the presence of mixed stress terms (i.e. normal x shear stresses), then 

the fitting process leads to a=0.40 and 13=0.48. These two new criteria (i.e. 

n=2 with y~O and n=2 with y=O) will be referred to as PLI and PL2, 

respectively. 

Two other criteria were derived in a similar way : 

(4.17b) 

and 

30 (81 2 +82 Z) + 13 (83 Z +84 2 +85 2) +y ( /8384/+/8385/+/8485/) = 1 (4.17c) 

identified here as PL3 (a=0.38 and P=0.59) and PL4 (a=0.54, p=O.60 and 

y = 0.20), respectively. 

IV.2 THE PREDICTION OF PLASTIC PROPERTIES 

In this section, the manner in which plastic properties can be predicted from 

texture data is considered. Only the Hill "one-exponent" function is treated for 

simplicity, whereas Most of the analytical results were obtained with the 

simpler "quadratic" criterion. 

It is assumed that the crystallographic texture of a given material is known 

in terms of sets of Miller indices {hkl}<uvw> or Euler angles (see Appendix 

m.1). These data can be obtained experimentally from X-ray diffraction 

measurements, which lead to pole figures and eventually to CODF (crystallite 

orientation distribution function) data [16]. They can also be calculated 

theoretically : the full constraint (FC) and relaxed constraint (Re) methods of 

texture prediction have proved their ability to reproduce experimental pole 

figures satisfactorily [98, 100-102]. However, they generally predict textures 

which are too sharp when compared to experiment and do not reproduce the 

differences observed between materials such as Al and Cu. 
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The basic information needed for the CMTP method can be summed up as 

follows: 

(i) a set of ideal orientations (Miller indices or Euler angles) into which 

the polycrystalline texture has been decomposed; 

(H) the volume fraction of each of these ideal orientations. as weIl as the 

spread around them. if possible; 

(iii) the volume fraction of the random component (i.e. of the 

'1>ackground" generally observed in pole figures). 

Two sets of axes need to be considered : 

(a) the specimen axes (S). i.e. those in which the experiment (tenslOn. 

torsion .... ) is carried out for the measurement of the plastic propertles of 

interest; 

(b) the crystal axes (C). i.e. the < 100> directions of the ideal orientation 

under discussion. The CMTP function F(~) = 1 (see paragrape;.2.2) is taken to 

represent the yield surface of this crystal. 

The material under investigation is assumed to be submitted to arbitrary 

stress and strain rate tensors, which are expressed in the axes of the specimen: 

a (S) = (0'1(S)) 
IV 

and é (S) e= ( F.IJ (S) ) 
IV 

(4.18) 

Here the prescribed Olj components correspond to non-prescribed ë~ values and 

vice versa. For example, in the case of a uniaxial tensile test, the only unknown 

oij is the tensile stress 011 (the ,other Ol/S are prescribed to be zero); the 

corresponding strain rate componen t ë 11 is by con trast the only fixed 

component of the tensor ë (5). 
N 



o 

h 

'"' 103. 

IV.2.1. Plastic anisotropy induced hy a single idealorientation 

Aetual materials usually exhihit more than one ideal orientation. However, 

it is of interest to see the influence e~ texture component {hkl}<uvw> can 

have on the plastic properties. In the section that follows, tensor analysis is 

used to derive these stress 8.Ed strain rate chQ.racteristics. The equivalent 

vector technique will be employed in the next section, for comparison purposes. 

First case - Prescribed strain rate tensor. 

Here the material is considered to he submitted to the following arbitrary 

straÏn rate tensor, which is preseribed in the axes of the specimen (8) : 

(4.19) 

U sing the crystallographic {hkl} plane and < uvw > direction, the orien tation of 

the specimen axes (8) can he deduced with respect to that of the crystal-{C) axes 

through a transformation matrix P whose coefficients depend only on the Miller 

indices. To derive the deviator stress tensor S in the (S) coordinate system, ë CS) 
N N 

must first he converted into the (C) representation: 

(4.20) 

IV 

Here P is the transpose 'of P. 8 (c) is then ohtained from the CMTP yield 
N 

enterion and the norma,lity principle : 

(4.21) 

. 
where A is a positive sealar (it should he noted that the differentiations 

involving 8ij and Sji must he carried out separately). This leads to : 



o 

0 

18 -8 III 18 -8 III 
• • .c: yi .c: zz 
e =Àan[ + 8 -8 J 

0: 8 -8 
.u yy U li 

18 -8 'III 18 -8 III 
• ; ( u yy + yy zz 
e = I\a n -

YY 8 -8 S -8 
.EX yy yy zz 

" 18 -8 III 
.' LX U 
e =.\on[-----

zz 8 -S 
%% zz 

. . ISu l '" 
e =.\f3m---

.u S 
u 

104. ' 

(4.22) 

where the éiJ and Sij are expressed in the crystal axes. The stresses themselves 

can then be derived when inverting the~ expressions. For a non-quadratic , 
function (n and m ~ 2), this is done numerically, as shown in Appendix IV.2. 

However: for the quadratic case, a complete analytic calculation can be carried 

out. It is readily shown that 

[38U 48xl3 48rz/3] 
t (C) = i 48xyl3 38yy 48yz/3 

48xz/3 48yz/3 38zz 

(4.23) 

and that 

ëu /3 3ëxyl4 3~x~4 J . 
3èxl4 éyyl3 8(C) = liA. 3eyz/4 

N 

3éxz/4 3iyz/4 ézz/3 

(4.24) 
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Finally, since it can be demonstrated that i=W/2, where W= S.ë is the power 
-"" 

dissipated per unit volume, the desired stress tensor 8(s) can be readily deduced 
N 

by uansforming S (c) oato the (8) axes: 
N 

N 

S (S) = P S (C) P (4.25) 
AI ~ 

The stresses themselves can in turn be derived from the boundary conditions 

regarding the hyclrostatic pressure at the surface of the workpiece. 

The plastic anisotropy of strongly textured cu bic polycrystals displaying a 

single ideal orientation can be predicted in this way with relative ease. 

The quadratic theory was applied to the case of the fixed end torsion test by 

Montheillet et al. [5]. The developed axial stress Ozz was of parti.cular interest. 

It was demonstrated that the latter is associated with specifie texture 

components, as weIl as with small rotations of these components about the 

radius of the specimen away from the nominal ideal orientation. The predicted 

axial stress vs. crystallographic texture relationships were in good agreement 

with experimental observations relating to the torsion of Al, Cu and a-Fe over a 

wide range of temperatures, suains and strain rates. The analysis is extended 

here to the case of the free end torsion test [103). 

In this case, the suain rate tensor is specified by 

[

-ri/2 0 

€ (8) = 0 -ri/2 
N 

o ë 
(4.26) 

where 2ê is the applied torsional strain rate and 1} is the induced rate of change 

orthe specimen length. The specimen axes (S) = (r, e, z) are shown in Fig. 4.5. If 
{hkl} is the crystallographic plane parallel to the shear plane (r, e) and < uvw > 
is the crystallographic direction near the shear direction e, then the 

transformation matrix P from the specimen to the crystal axes is 
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Ul 

U2 

u3 

(4.27) 

where u 1 = U 1 v' U
2 + if + UJ2, u2 = vi v' U2 + if + UJ2, u3 == w 1 v' U2 + if + LJ 

nI= hlv'h2 +k2 +z2, n2 = k/Vh2+k2+l2, n3 = llv'h2 +k2 +l2 

r = uxn 

Following the method described above, and employing the quadratic yield 

criterion, it is readily shown that 

Srr(S) = ~/2A.[ -1I6a-3(lIp-1I30)12 r,2 n ,2 J -F-/ ~(l/p-113a)r,2n,u, 
S()()(S) = ~/2i[ -1/6a-3(Up-1/30N2 u,2n ,2 J -è/ A (1/p-1I3a)u,J n , 

szz(s) = i} / 2A. [ -1/6a -3 (llp -1130)/2 n,4 J -r. / i (l/P -1/3a) u(n, J (4.28) 

Sr8(S) = -zi/2i[3(lIp-1I3a)12r,n,2 u,J -ê/X(lIP-1130)r,n,u,2 

Srz(S) = -q/2 A. [3 (lIp-113a)12 r,n,3 ] -r./ À(1IP-1130)r,u,n,2 

S()z (S) = - ri /2 i [3 (llp -1130)12 u,n, 3 ] 

-ê / i (llp -1/30) [U,2 n, 2 -1/2P( 11p -1I3a)/ 

wi th i = WI2 = {3q 218 [ 3/2P -1160 -3 (1Ip -1130)12 n, 4 ] 

+ ë 2 [l12p - (I Ip -1130) u, 2n, 2] - it~ 312 (1Ip -1130) u,n, J } 112 (4.29) 

z 
Sense ot 
r ne snecr 

r 

Fig.4.5 System of coordinate axes in torsion testing. 
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The boundary conditions imposed on the sample are concemed with the free 

end (ozz=O) and free surface (orr=O), leading to Srr=Szz (deviator stresses~._ It 

is thus readily deduced that 

(4.30) 

which expresses the rate oflength change per unit torsional strain rate which is 

induced by the presence of a given ideal orientation. For an isotropie medium, 

p =3a, 50 that Ii =0. 

The iink between the fixed end and free end torsion tests can now be made 

explicit. This is done by calculating the ratio of the rate of length change Il 

(ozz=O, free end) to the axial stress ozz( Il =0, fixed end), Using Eqs. 4.28, it is 

found that 

1 1 1 2 2 t 
';(0 =0) ( - -(- - -lu n ) ., 4 2(\ A 30 ' , __ z_'_ _ _ ...... lél 
o (rI = 0) 3 1 1 1 2 2 4-

zz -+(---)(n r -n) 
p p 30 " , 

(4.31) 

For a11 the ideal orientations investigated, the RHS term of Eq. 4.31 IS 

negati ve, leading to the following cond usions: 

Fixed end torsion Free end torsion 

ozz<O compressIon lengthening 

ozz>O tension shortening 

ozz=O no axial efTect no length change 

This is in complete agreement with the intuitive comment that a compressive 

force should correspond to the lengthening of the sample, and vice versa. These 

predictions will be compared with experimental observations in Chapter V. 

Second case - Prescribed stress ten50r - Strain rate ratio R(S) 

The plastic ani5Otropy of a sheet can be characterized in terms of the 50-

called R-value. Following Lankford et al~~9], we define the strain rate ratio 
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R(S) pertaining to a direction inclined at an angle S to the rolling direction (Fig. 

2.2) as 

(4.32) 

where eyy and êzz are the width and thickness strain rates experienced by a 

tensile sample which was oriented and is being pulled along the S direction. 

In the literature, different strain levels have been employed for the 

measurement ofR(S). For example, Semiatin et al.[104] carried out tensile tests 

to elongations of 18%, Goodman and Hu [105] ~nd Helias and coworkers [106] 

adopted a strain of 15%, whereas Truszkowski and Jarominek [107] measured 

R(S) at the limit ofuniform elongation as well as at zero elongation (obtained by 

back extrapolating the R(S) vs. Éxx relation determined over a range of strains). 

In a similar manner, Stickels and Mould [108] made their measurements at 

maximum load. Unfortunately, the lack of a standard procedure for 

determining the Lankford coefficient leads to difficulties when the observations 

of different workers are compared. As a result, when the other sources of error 

are taken into consideration, there remains an uncertainty of as much as 10 to 

20% in the published values ofthis ratio for a given state'ofmaterial. 
/ 

During the tensile test employed for the determination of R, the fonn of the 

stress tensor is prescribed : 

[ ~u 
0 

~l cr (:tyz) = 0 (4.33) 
N 

0 

although the yalue ofcru is generally not known . 

... 
The cr (c) tensor with respect to the crystal axes can then he deduced from 

IV 
the developed 2 (xyz) tensor and the experimentally determined ideal 

orientation. é(c) is derived next from the CMTP criterion and the normality 
N 

principle, after which ~ (xyz) is obtained by transforming t (c) onto the specimen 

axes. The detailed calculation is pre~nted in Appendit IV.3 for the quadratic 

case and leads to : 

. .. 
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(4.34) 

where the parameters ri, ui, ni (i = 1,2,3) are the components of the specimen 
axis vectors (RD, TD, ND) along the (C) axes and the summations over the 

index i are extended from 1 ta~. The stress parameter au is also easily derived: 

au (8) = [ 5/61: ( r, cosa + u, sm8) 4 + 1/6 J -/12 (4.35) 

as is the yield strength ratio: 

5E(r4 )+1 
o (9)/0 (0)=[ 1 )t 

.c: u 5 E (r rose + u sm9) 4 + 1 

(4.36) 

1 1 

Symmetry considerations: 

In rolling, the deformation path is such that the texture normally has three 

planes of symmetry, viz. the planes normal to ND, TD and RD, respectively 
(Fig. 2.2). The strain rate ratio must also obey these symmetry conditions, the 

last two of which lead to : 

R( -8) = R(a) 

R(ll-9) = R(S) 

(4.37) 
(4.38) 

It is evident from the form ofEq. 4.34 that relations 4.37 and 4.38 cannot be 
satisfied for an arbitrary ideal orientation. However, the symmetry 

requirement can he met by recognizing [109] that an ideal orientation described 

by the set of Miller indices {hkl} < uvw > generally consists of as many as four 
distinct Ol-ientations {hkl}< uvw >, {iik,Ï} < uvw >, {hkl} < üvw > and 

{likl}<ûvw>. As shown on the pole figure of Fig. 4.6, each of the last three 

orientations can he deduced from the tirst by a suitable symmetry operation. 
Nevertheless, orientations of maximum symmetry, such as {lOO}<OOl>, 

{lOO}<Oll >, {llO}<OOl> and {llO}< lio>, are completely described by a 

single set of poles; orientations witlÎ intermediate symmetry, such as 
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{II0}< IÏ2> and {112}< IIÏ >, require two sets of poles; whereas orientations 

of minimum symmetry, e.g. {123}<634> require the maximum of four 

equivalentsets, see Fig. 4.7. As a result, in the most general case, the R-value 

must be calcùlated by taking a weighted (0.25) average over the four equivalent 

sets : 

ê ({hkl}<uvw>Hê ({hkl}<uuw»+e ({hkl} < ~~; »+é ({hkl}< ~~; » 
yy yy yy yy R(S) = __ _ ___ _ __ 

è ({hkl}<uuw>Hé ({hkl}<uuw>Hê <{hkl}<uuw»+i ({hkl}<uuw» 
zz zz zz zz 

which leads to : 

l 44 222 22 2 3 - E (u +r -2 u r )Sln (28HE (u r )cos (28)--
4 1 1 1 1 l , 5 

R(S) = -----------------
2 2 -'b. ~ 2 2 2 3 E (r n ) cos -tt"'f E (u n ) Sin 8 - -
, , l , 5 

(4.39) 

(4.40) 

A similar procedure must be employed to satisfy symmetry conditions 4.37 and 

4.38 for the yield strength ratio, Eq. 4.36. 

It ~hould be noted that this averaging procedure does not correspond to a 

classical Taylor model and is presented here for its ease of use. It will be 

discussed in more detail in C~apter VI. A more realistic avera~ng technique, • 

~h as that of Taylor, leads to comparable results. However, this comment only 

/ apvlies to the quadratic or near quadratic yield criteria, which are by-nature 

smooth. 

The strain rate R(8) and yield strength 0(8)/0(0) ratio predictions obtained 

in this way for the commonly observed ideal orientations will be presented in 

section V. These will concern the Hill quadratic and non-quadratic functions 

applied to the textures present in cubic metals. 
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RD 

TO 

(hkl) [üvw] 

Fig.46 Relative positions of the four orientations {hkl}<uvw>. 

{hki}<uvw>. {hkl}<~;';> and {hkî}<~~;> on a pole figure for a rolled 
material. ~ 

RD 

o 
RD RD 

,. 

Fig.4.7 {Ill} pole figures for the ideal orientations known as : (a) Coss 

{llO}<OOI >; (h) Bs {IIO} < IÏ2:>; (C) CU {112}< 11 ï> ;.(d) S {123} < 634>. 
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IV .2.2. Plastic anisotropy of textured polycrystals 

Defonned aggregates of actual materials usually exhibit more than one 

ideal orientation. Their plastic properties must therefore be calculated as sorne 

particular average over the distribution of grains (or orientations). For this 

purpdSe, it is necessary to define the interactions between the individual 

grains. Sachs [3~ took the view that aIl the grains are subjected ta the srune 

rnacroscopic stre4s 'direction' (the magnitude of the stress components may 
ij 

difTer, however)~ This assumption does not allow for any accommodation 

between individu al crystals, nor does i t permi t stress equih bri um to be 

attained; thus it is not conducive ta a satisfactory descnptlOn of real metals. At 

the other extreme, Taylor [2] assumed that aU the grams deform at the srune 

macroscopic strain rate. The latter approach leads ta the better agreement 

between prediction of the plastIc properties and experimental observatiops. 

More recently, sorne mixed boundary condition methods have been proposed in 

which only a part of the macroscoplC straln rate tensor 'is prescribed, together 

with the complementary stress components These models, known as the 

'relaxed constraint' (98,100-102] and 'continuaus constraint' [110] methods, are 

intermedlate between the Sachs and Taylor approaches. They involve 

considerations of the change in shape of the grains during deformation, as a 

result of which sorne of the conditions regarding the shear components 

associated with the grain 'edges' can be relaxed. 

Only the two extreme deformation models (i.e. Taylor and Sachs) are 

employed here; they can be considered ta indicate the two limits for the efTects 

of grain interaction. 

For simplicity, the section that follows will be restricted ta the evaluation of 

R(S) in roUed sheet. As mentioned above, the strain rate ratio R(S) is measured 

in a uniaxial tension test carried out along a direction inclined at an angle S ta 

the rolling direction (Fig.2.2). It is defined as the ratio of the width ta thickness 

strain rates (Eq. 4.32). 

\ 
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Taylor model " 

In order to apply the Taylor model, in which aIl the grains undergo the same 

strain as the polycrystal, it is useful to characterize the tensile test as follows 

[

011 

5! IxyZ) = ~ 12 

012 

o 
o ~l [

r ll 

~ (xyz) = ~ Ll (441) 

This is the condition usually employed when crystallographic TaylorlBlshop 

and Hill calculations are carried out [11, 16]. However, the possIble non-zero 

value of the shear stress 012 is in contradiction with the boundary condltion 

012 = 0 related to the free surface of the specimen. Tnus Eqs. 441 only apply to 

the mterior of the sample. When expressed ln terms of vectors and devlator 

stresses, these relations become : 

-... 
Srxyz) = 0 

o 
S5 

rI 

- f2 

f(xyzJ = 0 

o 
o 

The strain rate vector must now be transformed inta the crystal axes 

• J = 1.2 l 
The matrix Q employed for this purpose is given by: 

cos 28 0 0 0 -sm28 

0 1 0 0 0 

Q= 0 0 cos 8 -sm8 0 . Qo 
0 0 sm8 cos 8 0 

sm28 0 0 0 cos 28 

(4 42) 

(4.43) 

(4.44 ) 

where Qo is given by Eq. 3.24 and corresponds to Q(8 = 0). In order to derive the 

stress components Si (Ch the normality rule is appJ..ied : 

/ 

( 
J 
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L = 1 tD 5 (4.45) 

where F is the CMTP yield function, for example Eq. 4.2. For simplicity, only 

the case of the Hill quadratic (n = 2) yield surface is considered, since a non

integer criterion renders the inversion of the normality rule more difficult (see 

Appendix IV .2). 

Setting the exponent n ln the Hill locus equal ta two, the straln rate 

components can be readily deduced 

L = 1 tD 5 (446) 

with Al = A2 = 60 and A3 = A4 = As = 2p. This leads. equlvalently, to 

l = 1 tD 5 (4 47) 

and then to 

k = 1 to 5 (4.48) 

Since the function being considered is homogeneous and of degree 2 ln the 

stresses, À can be calculated as follows : 

(4.49) 

. 
Thus À == St(C) ê, (C) /2 = Sk (xyz) r.k (xyz) /2 (4.50) 

or ( 4.51) 

When more than one ideal orientation is present, the deviator stress 

components (Eq. 4.48) are averaged on a volume fraction basis. 
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The yield stress as well as the strain rate ratio R(S) can now be calculated as 

follows : the ratio é 1/é2 in Eq. 4.42 is varied until the loading direction 

'S2(xyzySl(xyz) = 1Iv'3 dèrived from Eq. 4.48 is reached. Under these conditions, 

the complete stress vector is determined (i.e. the yield4!tress 011 and the shear 

stress 012) and the R-val'l1e is given in turn by 

((4.52) 

Sachs model 

In the case of the Sachs model, the uniaxial tensile test can be characterized 

in the normal way by the following stress and strain rate tensors : 

[

Oll 

2 (xyz) = ~ 

o 
o 
o 

o 
o 
o 

eu 
e (;cyz) = C12 
"" o 

e12 0 1 
~22 ~33 

(4.53) 

Here the stress direction is imposed on the polycrystal, but not the value of 011 

itself. By contrast, t ll is prescribed and é22, ê33= -€1l-822 and ë12 are 

unknown. The possible non-zero value of é12 (correspo~ding to the condition 

012 = 0) makes the tensors strictly valid only for long samples. In the five 

dimensional notation ofEq. 3.9, the deviator stress and strain rate vectars are . 

SI 
. 
el 

----. S2 = SI / V3 e2 
:--+ 

S (;cyz) = 0 e (;cyz) = 0 (4.54) 

0 0 

0 es 

When using this kind of vector, the Taylor defonnation model is difficult to 

apply because bath of the strain rate ratios é2 / è 1 and és / ë 1 need ta be varied 

simultaneously (see section ill.3), leading to extensive computations. By 

contrast, the Sachs.approach can be relldily employed in the following way. 

First the stress direction 82/ 81 is imposed on each grain of the polycrystal 

with the specimen axes oriented along the e direction. If the ideal orientation of 
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the grain is {hkl} < uvw >, then the stress vector can be transformed 'inta the 
"'" crystal axes by means of the matrix Q, which is the transpose of Q (Eq. 4.44)-. In 

this way 

-+ ""'-+ 
S (C) = Q S (xyz) (4.55) 

50 that SI(C) / SI (xyz) = Q(1 ,l) +Q(2.l) S2(xyz) / SI (xyz) (4.56) 

-+ 
Since the vector S (Cl must tenmnate at the yleld surface specified by Eq 4.2, 

the following relation applies . 

SI (xyzl = {a2 -nf2[!2S1(Cl/Sl(x'yzl!o+!(SI(Cl+Y3S2(Cl)/81(xyzl!n 

+ 1 ( SI (Cl - v3S2 (C)) / SI (xyzll n + 2p2 -n/2 [ !S3 (Cl/SI (xyzll n 

+ IS4 (C) / SI (xyzll n + 185 (e) / SI (xyzl! n 1 } -lin (4 57) 

When more than one ideal orientation is present, the SI (xyzl values associated 

with each ofthem have ta be averaged on a volume fraction basis 

Thus, the tangent to the overall polycrystal yield surface can be calculated 

by prescribing three difTerent stress ratios 82 ISI = 1Iv3, 1I(V3 -0.01) and 

lICV3 + 0.01), fitting a sui table polynomial, and then evaluating the R-value in 

the e direction by means of the nonnality ruie. 

Both the Taylor and Sachs deformation models wtll be used in Section V for 

derivation of the strain rate and yield stress ratios pertaining to rolled and 

recrystallized metals. 
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IV.3. PREDICTION OF MACROSCOPIC YIELD SURFACES 

One of the objectives of the CMTP method is the derivation of macroscopic 

yield surfaces from knowledge of the polycrystalline texture. The following 

sequence is used for this purpose: 

{i) The yield surface of a disoriented crystal is assumed to be represented 

by a CMTP yield function of one of the types described in section rv.1.2. 

" (iO For each ideal orientation, this yield surface is reoriented inta the 

testpiece axes by.means of the texture information. 

(iii) The loci reoriented in this way for the various grains of the 

aggregate are averaged (on a volume fraction basis) using a suitable 

deformation model (Taylor, Sachs or intermediate techniques), leading ta the 

overall macroscopic surface. 

If the yield function is gi ven by F(Si (C) = 1 in the crystal < 1 00> axes, i t 

can he rea.,dily expressed in the specimen (8) reference frame by means of the 

1 matrix Q (Eq. 3.17). This leads to 

~ F(QJiSJ(S)) = 1 (4.58) 

which is the equation of the yield surface in the specimen axes pertaining to a 

single texture component. When dealtng with more than one ideal orientation, 

these loci are combined : 

(i) at constant strain rate ratio (Fig. 4.8a). ln this case, aIl the grains are 

&tbjected to the same strain rate as the polycrystal (Taylor mode!); or 

(ii) at constant stress ratio (Fig. 4.8b). The same stress direction is 

prescribed to each crystal (Sachs technique). 
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( b) ( a) 

Fig.4.8 (a) Combination of two yield surfaces by the Taylor method The 

crystals associated with each of the loci straln at the same rate as the 
polycrystal. 

(b) Combination of two yield surfaces by the Saehs method. The 

crystals associated with each of the loci experience the same stress directiOn as 
the polycrystal. 

j 
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In each case, the strain rate or stress ratio has ta sweep the subspace of 

interest (shear stress plane, normal stress or n-plane, etc ... ) by increments. 

which can be varied depending on the desired accuracy of the polycrystalline 

locus. Three-dimensional loci are theoretically accessible. However, the 

necessary two dimensional sweeping (a direction in three dimensional space is 

characterized by two parameters) renders the computations unrealistically 

lengthy [111]. For this reason, only planar cross sections of the yield surfaces 

were calculated in this study, as discussed in Chapter VI. 

IV.4. CONTRIBUTION FROM THE RANDOML y ORIENTED GRAINS 

A polycrystalline texture very often cannot be realistically represented by 

onlya finite number of disoriented texture components. As much as 10 to 20% 

of the grains can remain randomly oriented in many deformed materials. as 

characterized by the more or less uniform background' observed in pole figures. 

For the present analysis, it is necessary ta incorporate the efTect of this random 

background by means of an analytic function representing the yield surface of a 

random polycrystal. 

If the crystallographic loci of Figs. 3.6g and 3.7g (random aggregate) are 

compared to the continuum surfaces of Figs. 4.2 and 4.3, respectively, the 

following comments can be made: 

" (i) In the shear stress plane (Si, Sj) (i, j = 3, 4, 5), the yield locus of a 

randomly oriented polycrystal can be represented by a quadratic function 

l.) =3. 4.5 (4.59) 

(H) in the n-plane (81, S2). the shape of the crystallographic surface 

suggests a representation of the fonn 

(4.60) 
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Let us first derive the three parameters n, Y 1 and Y 2 . It is well known [6] that 

the Taylor factors in uniaxial and plane strain tension for a random aggregate 

are respectively MT = 3.06 and MpST = 2.86. This has been confirmed by our 

calculations (Table III.O. The coefficients n and Y 2 ofEq. 4.60 can be estimated 

from these two values. Defining the Taylor factor [6] as 

• T"" 

M = W/C1: c (4.61) 

and using the normality rule (Eq. 4.45) at a specifie point (Slo) together with the 

definition of the equivalent strain rate 

(4.62) 

it is readily shown that 

M (S ) = fi ~ ( aF (S ) S J / [ aF (S ) 2 1 t 
,0 2 ~ ilS ,0 ,0 ilS ID 

(4.63) 

C, , 

Furthermore. if the yield function FŒ I ) = constant = c is homogeneous and of 

degree n 

(4.64) 

leading to 

fil di" 2t 
M (8 ) = "':... - n c / ( - (S ) J 

10 2 t as 10 

(4.65) 

c 1 

Applying th,is relation to the yield criterion ofEq. 4.60, it is seen that: 

for uniaxial tension: MT = v'32 -1/11 Y2 / v'61: c (4.66) 

for plane strain tension: Mp8T = 3 (2 +2 ")-1111 Y2 / -V61: c (4.67) 

Consequently (4.68) 

Substituting for MT = 3.06 and MpST = 2.86, it is round that 
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(4.69) 

(4.70) 

The parameter YI can now be derived by considering sorne symmetry 

properties. For this purpose, let us define two sets of axes : 

(i) (80), in which the n-plane sectIon of the locus pertaining to a random 

aggregate is given by Eq. 4.60; and 

(ii) (8), derived from (80) by a matrix Q (Eq. 3.17). By choosing Q in a 

suitable way (Tt = cos 8,r2= sin8, r3=0, ul=-sin8,u2= cos8, U3=0, 

nI = n2 = 0, n3 = 1) it can be shown that 

81 =81°cos28 -8sosm28 

82 = 82° 
83 = 83° cos 8 -S40 sm 8 

84 = 83° sm 8 +S40 cos 8 

S5 = Slo sm 28 +S50 cos 28 

(4.71) 

From the definition ofisotropy, the yield locus in the n-plane, referred to the (8) 

axes, is gi ven by : 

(4.72) 

which leads (with 8 = n14) to 

(4.73) 

This proves the strict equivalence between 81 and 85 (and by symmetry 83 and 

84), Le. the Taylor factors in plane strain tension and pure shear are identical 

for the random grtin distribution. Applying Eq. 4.65 to the yield criterion ofEq. 

4.59, it is seen that 
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Y1 = MpSTI 3 V6r. c = 0953 V6T. c (4.74) 

Furthermore, as shown by Canova et al [Ill, any of the coordinate axes can be 

taken as an co-fold axis: it therefdte appears that the yield surface pertaining to 

a random aggregate is a sphere in the subspace (81,83, S4, 85). 

Tbe locus corresponding to a random polycrystal can thus be described in 

difTerent subspaces by the following two functions : 

Plane (S2~2 i = 1, 3, 4, 5 

/2SJfI+/S,-Y3SZ/fI+/S,+V3S2/fI = Y2 f1 

wLth n = 9 and Y 2 = 1 908 Y6 T. c 

S1 2 +53 2 +54 2 +55 2 = Y1 2 

wLth YI = 0.953 V61 c 

(4.75) 

(4.76) 

A comparison between the n-plane and..-shear stress plane cross-sections 

calculated by both the TaylorlBishop and Hill and the present models is carried 

out in Fig. 4.9. 

\ 
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(a ) (b ) 

(c) (d ) 

Fig. 4.9 (a-b) Crystallographic yield surface cross-sections associated with a 

random polycrystal. (a) n-plane; (h) shear stress plane section. 

(.c-d) Continuum yield surface cross-sections associated with Eqs. 4.75 

and 4.76, respectively. (c) n-plane; (d> shear stress plane section. 

\ 
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CHAPTERV 

YIELD SURFACES AND PLASTIC PROPERTIES 
-RESULTS-

In this chapter are reported most of the results obtained by the 

crystallographic and CMTP methods. In the first section, attention is focussed 

on the influence of each common experimental ideal orientation on the yield 

locus of rolled sheet and on its plastic (strain rate) properties. In the second 

section, the present predictions are extended to polycrystalline textures aod , 
compared with experimental data published in the literature. 

V.l. YlELD SURFACES AND PLASTIC PROPERTIES FOR COMMONL y 

OBSERVED IDEAL ORIENTATIONS 

V.1.!. Principal ideal orientations observed in roUed or annealed sheets , 

Bec metals - Rolled BCe metals, su ch as plain carbon steels, commonly exhibit 

the {Ill} < lÏO > and {Ill} < 112> components [108, 109, 115-120). After 

annealing, two further components, the {lOO}<Oll> and {112}<lïo>, are 

generally reported [106, 109, 115]. The above ideal orientations, together with 

others that are less frequently cited, are collected for reference in Table V.1. An 

exaniple ofa typical experimental texture is reproduced in Fig. 5.la. 

Fce metals - The rolling textures observed in the FCe metals depend on both 

the stacking fault energy and the homologous temperature. The principal 

componen ts in the high stacking fa ul t energy me taIs are {112} < Il ï > (the Cu 

texture), {123}<634> (the S component) and {110}< 112> (the brass or Bs 

texture), whereas the {110}<lÏ2> (Bs) and {110}<001> (Goss) are the most .1 

intense in the low stacking fault energy metals [14, 15, 109, 121]. Annealing 

leads to the appearance of the cube texture {100}<OOI > [14]. These 

.. 
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Metals and charaeteristics Textures Ref. 

, bccmetals {1 00 ~ < O! 1 > , {112 t < 1 ï Q > 109,115,116 
{111 <110>, 111 <112> 

Law carbon steel, Cr = 0.96 {111}< lÏO>, {lll}< 112> 
{lOO}<Oll> 

117 

Steel major comQ.onent 
{11l}<110> 

116,117,119 

SteeI0.2%C {100}< 011>, {112}< 110 > 120 

À!·killed low carbon steel, {111}< lÏO>, {11)}< 112> 108 
,Er = 0.64 at room tempo {554}<225 > 

Al-killed low carbon steel {111}<1l0> 
Rimmed steel 

Er = 0.95, annealed at 870°C ~411}< 148> 106 
Cr = a 99, annealed at 870°C 100 <012 > 

cr =O.99, annealed at {lOO}< 011 >, {111}< 112 > 
1090°C 

Table V.1. Principal ideal orientations ob5erved ln rolled or annealed bec 

sheet. Cr is expressed in terms ofreduction in height. 

... 

TD TD 

Fig.5.l (a) Typical {IOO} pole figure for rolled steel. After [108]. (b) Typical 

_ {Ill} pole figure for rol~ Fee metals. After [I16]. 
> 
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Metals and Textures Ref. characteristlcs 

"""" -
fcc metals 

{112} < 111 > ,118 24 51} < 32_2 > , 
{81223}<734>, {135}<211>, 116, 154,155 
{20 35 64} <945'>, {146}< 21ï> 

fcc metals 
high stacking fault {112}< 111>, {123}<412>, 

energy {11J>}<lI2> 109 
low stacking fault {110}< 112>, {llO}<OOl> 

energy 

Brass, cr=O.96, room {110} < 112 >, minor {1l0} < 001 > 116 
temperature 156 

a-brass, cr = 0.90, { 110} < 112 > , {123} < 412 > , 15 
room temperature {lll}<lïo> 

a-brass, annealed {111}< 112>, {l10}<011 >, 14 
30mn at 350°C {110}<1I2> 

Al, ~r = 0.96 at room {146}<211 > 157 
temperature 

Al, Cr = 0.80 at room {110}< 112>, {311}< 112> 32 
temperature 

Al and Cu, ~r>0.99 {110}< 112> 116, 156, 158 

Cu {110}< lÏ2>, {112}< 111 > 116, 159 

Cu {135}< 211 >, {110}< 112 >, 116,160 
{112}<11I> 

Cu, ~r =0.96 at room {123}<412>, {110}< 112 >, 116, 157 
temperature {112}<11I> 

Cu, ~r=0.90 atroom { 112} < 111 > , {123} < 412 > , 15 
l tempe rature {ll0}<ln> 

Cu, annealed 30mn at {lOO} <001>, minor {100} < 011 > 14 
350°C 

Gilding metal, {ll0}< 112>, {123}<4l2 >, 15 
cr =O.90atroom {111}< 1ÏO> 

temperature 

Table V.2. Principal ideal orientations observed in rolled or annealed fcc 

sheet. Cr is expressed in terms of.reduction in height. 

( 
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components, and others less frequently cited, are listed in Table V.2 and a 

typical experimental texture is reproduced in Fig. 5.1b. 

V.1.2. 8train rate and yield strength ratios predicted by the CMTP method for 

selected ideal orientations. 

The strain rate R(8) 'as weIl as yield strength 0(8)/0(0) ratios predicted by 

the CMTP method are now presented for the main ideal orientations observed 

experimentally. The two types of experiment represented by Eqs. 4.41 (not 

,strictly uniaxial tensile test) and 4.53 (uniaxial tensile test) will be considered 

in turn to describe the tenslOn test carried out to measure the R-values. The 

former will be used in conjunction with the unifonn strain (Taylor) model, 

whereas the latter with the uniform stress direction (Sachs) assumption . 

. 
In Fig. 5.2, R(8) predictions are illustrated for the following orientations: 

{lOO}<OOl> (cube), {lOO}<011>, {100}<012>, {110}<OOl> (Goss), 

{110}<112> (Bs), {111}<lïo>, {111}<112>, {112}<lÏO>, {112}<l1Ï> 

(Cu), {123} < 412>, {123} < 634> (8) and {554} < 225 >. 8ep~rate sets of 

predictions are given in Figs. 5.2a to 5.2d for the CMTP Hill quadratic, CMTP 

Hill n = 1.7, CMTP PL4 and crystallographic yield surfaces, respectively. By 

ideal orientation, we refer here to a group of four sets of Miller indices, as 

discussed in the previous chapter. The full and dashed lines in Figs. 5.2a tQ 5.2d 

represeq.t the predictions obtained by the Taylor and Sachs models, 

respectively. 

It is immediately apparent that the two types of predictions do not difTer 

significantly for most of the cases when the continuum yield functions are 

involved (Figs. 5.2a ta 5.2c). This can be readily explained by the relatively 

smooth contours of such yield loci; as a result, when the rounded continuum .. 
surfaces associated with the four sets of Miller indices are cOnlbined, whether at 

constant stress ratio (Sachs) or at constant straÎn rate ratio (Taylor), similar 

overaU yielding characteristics are obtained. Nevertheless, as the yield locus 

becomes more angular (PL4 function, Fig. 5.2c), the difference between the 

Taylor and Sachs approaches is increaseci, i.e. there is a stronger dependence of 

the strain raté characteristics on the stress state and small variations in the 
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account. ( ) Taylor uniform strain assumption; (- - - -) Sachs model. (a) 
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crystallographic (Bishop and Hill) approach. 
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Fig.5.2 Values of R(8) predicted by the CMTP method for common ideal 

orientations. The symmetry requirements of the rolling process are taken inta 

account. (--:-) Taylor uniform strain assumption; ( - - - -) Sachs mode!. (a) 
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CMTP n=2; (b) CMTP n=l.7; (c) C~ITP PL4 criterion and; (d) 

crystallographic (Bishop and Hill) approach . 
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Fig.5.2 Values of R(8) predicted by the C~lTP method for common ideal 

orientations. The symmetry requirements of the rolling process are taken into 

account. ( ) Taylor uniform strain assumption; (- - - -) Sachs model. (a) 

CMTP n=2; (b) CMTP n=1.7; (c) C~lTP PL4 criterion and; (d) 

crystal1raphic (Bishop and Hill) approach. 
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applied stress induce large variations in the strain rate ratio. The strain rate vs 

stress relationship becomes even more sensitive in the Bishop and Hill model, 

for which the R-coefficient often attains an infinite and therefore unreasonable 

value (Fig. 5.2d). This comment is expected to remain valid when calculations 

are carried out on polycrystalline materials displaying a cornbination of texture 

components. 

Several features of the dependence of strain rate ratio on ideal orientation 

are worth noting. These are highligbted below by comparing the Taylor and 

Sachs predictions obtamed from the CMTP n = 1.7 cnterion with experimental 

data. 

Cube component {lOO}<OOl > - AIl the continuum functlOns investlgated 

predict a large dependence of R on angle 8 for this component. A value of 1 is 

found in the rolling and transverse directions, whereas the diagonal (8 = 45°) 

tensile test is characterized by a low expected R-v,alue near 0.1. These 

predictions are in very good agreement with the experimental data reported by 

Viana et al. [38] on a very strong cube textured copper smt (Fig 5.3a). 

{100} <011 > component - Similar comments can be made for this ideal 

orientation as it is simply the cube component rotated by S = 45° around the 

normal to the sheet plane. Experimental measurements reported by Parnière 

and Roesch [122] on iron single crystal sheets led to R(O) = 0.05, R(45) = 1.00 

and R(90) = 0.04. These values are also consistent wlth the CMTP predictions 

(Fig.5.3b). 

{l00}<012> -component - This unique orientation is produced experimentally 

in cold rolled and annealed low carbon steel sheets [106]. As shown in Fig. 5.3c, 

the CMTP predictions obtained with the n = 1.7 criterion (as weil as with the 

other continuum functions, see Fig. 5.2) are in good agreement with the 

experimental points. 

Goss component {1l0} < 001> - The general shape of the R(S) curve is again 

similar for the various continuum yield criteria (Fig. 5.2); a high R-value is 

obtained in the transverse direction, indicative of a high resistance ta thinning. 

Parnière and Roesch [122] reported values of up to 32 at e = 80° for iron single 
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Fig.5.3 Comparison of CMTP predictions «---) Taylor and ( - - - -) 

Sachs models) and experimental data (Â ) for various metals displaying the 

texture components indicated. The predictions are based on the CMTP n = 1. 7 

criterion 
(a) copper with a strong {100}<001 > texture; data from Ref. [38J. 
(b) iron single crystal sheet - {lOO} < 011 > orientation; data From 

Ref. [122]. 
(c) cold rolled and annealed low C steel- {100}<012> orientation; 

data from Ref. [106}. 
(d) iron single crystal sheet - {llO}<OOl > orientation; data (.) 

from Ref.(122); cold rolled steel sheet: 70% {110}<001 > + 
20% {211}<oIl > + 10% random components; data (.t.) From 
Ref. (1231. 

(e) cold rolled...and annealed low C steel: 60% f111}< uvw > + 30% 
{554}<225> + 10% random orien!ations; data from Ref. [106]. 

(0 iron single crystal sheet: {112}< 110> orientation; data From 
Rer. [122]. 

(g) cold rolled and annealed low C steel: {411} < 148> orientation; 
datafrom Ref. [106]. 

(h) cold rolled steel sheet: {51l}< 149> orientation; data from 
Ref. [123]. 

\~ , 



o 

o 

134. 

crystals. By contrast, the results of lta and coworkers [123] fall well below the 

CMTP predictions (Fig. 5.3d), the best agreement being obtained with the n == 2 

criterion, Fig. 5.2a. As their data pertain to a steel having only 70 or 80% of its 

grains in the Goss orientation, better agreement is observed if the CMTP 

calculation is modified to include a more realistic distribution of grain 

orientations: e.g. 70% {110}<001> + 20% {211}<011> +10% random, see 

Fig.5.3d . 

..,.;::..:;;..;;...L_;;;;..;....'-'----..:..=~F-=-'en=t - This type of texture has beeIf.shown experimentally 

to increase the draw ility ofsteel sheet [124] because it entails the presence of 

a high average R-value together with a low planar anisotropy ratio L\R. These 

requirements are consistent with the CMTP predictions obtained from the 

Sachs and to a lesser degree the Taylor models The conditions for optimum 

drawability as predicted by the CMTP method are discussed in more detail in 

section V.1.3. Comparison with the R-values corresponding to a cold rolled and 

annealed low C steel containing a strong {111} < uvw > texture tagether with 

the {554} < 225 > component [106] shows that the CMTP method slightly 

underestimates the variation ofR with e (Fig. 5.3e). 

{112}< 110 > component - The study by Parnière and Roesch [122] ofiron single 

crystal sheets having orientations near the {112} < 110> led to experimental R

values of around 0.65 in the rolling direction, between 2 and 3 in the diagonal 

direction and between 0 and 1 in the transv~rse direction. These trends are weIl 

reproduced by the CMTP predictions (the Taylor results are best), as illustrated 

in Fig. 5.3f, especially when it is taken inta account that the experimental R

values refer ta single crystals, which are considerably more anisotropic than 
J-

highly textured aggregates. 

{411} < 148> component - Fig. 5.3g shows some experimental R data reported 

by Elias et al. [106] for a low C steel displaying a strong {41l}< 148> texture. 

The CMTP predictions are in good agreement with the measured values. 

{511}< 149> component - The texture and R-value results ofIta and coworkers 

[123] pertaining ta a cold rolled steel sheet can be used in a similar manner. In 

this case, the continuum predictions based on the observed strong {511}< 149> ~ 
texture underestimate the experimental R-values near the roHing direction 
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(Fig. 5.3h). However, they predict the overall magnitude of R with reasonable 

accuracy. Note also the difference in measured R-coefficient between the 

dependences of Figs. 5.3g and 5.3h, which correspond to similar orientations. 

This underlines the errors (up to 10 or 20%) that characterize the measurement 

of strain rate ratio. This is accentuated by the lack of a standard procedure for 

determining the Lankford coefficient, which leads to additional difficulties 

when the observations of different workers are being compared: i.e. different 

strain levels are frequently employed for the definition ofR-value. 

FCC rolling texture (Bs, Cu and S components) - The Bs, Cu and S ideal 

orientations are the most commonly observed components in rolled FCe 

me taIs. They fonn the so-called 'rolling tube' in the CODF representation. As 

can be seen from Fig. 5.4a [125], such a combination of orientations leads to 

ears at45°, the presence ofwhich is consistent with our continuum calculations. 

The relative absence of ears (R = ct) (Fig. 5.4b) can be ensured by balancing 

these components against another which promo tes ear formation at S = 0° and 

90°. This is done industrially [125] by introducing appropriate quantities of the 

recrystaUization (cube) texture (Fig. 5.4c), whose R(S) peaks and troughs are 

also weIl reproduced by tlle CMTP predictions (Fig. 5.2). 

BCC r.cUing texture - The {111}<112> and {554}<225> orientations 

commonly appear together in rolled steel sheets. They are,very close on a pole 

figure (Fig. 5.5a) and thus are rather diflicult to distinguish. However, it 

appears from our calculations (see Fig. 5.2) that distinct flow behaviours are 

predicted for these two orientations, especially when the Hill quadratic 

criterion (Fig. 5.2a) is used. This underlines the importance of being able to 

determine with accuracy the presence of the various ideal orientations as weIl 

as their respective weights, as can be done with the CODF (crystallite 

orientation distribution function) method of texture representation. It is also of 

interest that the PU yield function predicts less divergence in the properties of 

these--two close orientations. The experimental R-values reported for a steel 

[126] having around 50% of {554}<225> and 50% of {111}<uvw> are 

compared with the CMTP predictions (n = 1.7) for this material in Fig. 5.5b. 
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Fig.5.4 Earing in aluminum deep drawn cups as related to their textures 

({ Ill} pole figures). 

(a) strong cold rolling "tube" texture associated with earing at 45°; 

(b) "balanced" eight ear texture with small ear amplitude; 

(c) strong cube texture associated with earing at 0 and 90°. Adapted 
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Fig.S.S (a) {100} pole figure for the {111}<112> (.) and {554}<225> (6) 

orientations. 

(b) CMTP (Taylor n= 1.7) predictions for a steel containing 50% 

{554}<225> + 25% {111}<IÏO> and 25% {11l}<112>. Experimental data 
(.) from Ref. [126]. 
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Fig.5.6 CMTP predictions for 

the yield strength ratio 0(8)/0(0) 

of cube textured copper sheet 

containing 80% {100}<001> + 
20% {lOO}<Oll>. Experimental 

data (Â) from Ref. [14]. 
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Finally, it should be mentioned that the predicted yield strength ratios 

0(8)/0(0) are aiso consistent with experimental data reported in the literature, 

as illustrated in Fig. 5.6 for an annealed sheet of cube textured copper [14]. 

Nevertheless, the predictions seetn ta slightly overestimate the yield strength 

ratio in the diagonal direction. 

V.1.3. Optimum drawability 

As discussed in section II.3.2., the drawability of a metal sheet can be 

quantified in terms of the Rand LlR parameters (Eqs. 2.19 and 2.20), The 

drawability ii strongly influenced by the crystallographic texture [124, 127-

129] and it has been shown [124] that, in the case of a steel sheet, the former is 

enhanced by the presence of a {lU} < 1 io > type texture. A high R in 

conjunction with a low ~R is desirable since they le ad to a deeper draw and to 

less earing, respectively. 

Although the R and ~R coefficients have been generally expressed by Eqs. 

2.19 and 2.20, somewhat different definitions will be used here, following the 

work of Meuleman [40]. This modification is related to the observation that a 

material exhibiting R(O)=0.5, R(45)= 1.0 and R(90)= 1.5 has the same Rand 

~R values. as a sheet with planar isotropy and R = ct = 1. More rigoroi.ls 

definitions can be given as follows: 

2 fnn R = - R(a) de 
n 0 

(5.1) 

2 f nJ2 
6..R = - 1 R - R(e) 1 da 

n 0 

(5.2) 

The latter equation has the advantage of giving a true indication of the extent 

of pl anar anisotropy. Furthermore, Eq. 5.1 gives a true average value of the 

strain rate ratio, even in the case ofsix or eight ears. A possible development of 

these expressions leads to, for example : 
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R = [ R(O) +2R(5) + +2R(45) + +2R(85)+R(90)] /36 (5.3) 

Ml = [/R -R(OJ/+2/R -R(t))/+ . +2/R -R(45J/+ 

+2/R -.R(8SJ/+/R -R(90J/l / 36 (5.4) 

These are the equations which were used in our calculations. 

In order to determine the texture components which should lead to 

optimum drawability, random ideal orientations were generated by means of 

three randomly chosen Euler angles. For each component derived in this way 

(plus the three symmetrical components mentioned earlier), Rand LlR were 

calculated using the Taylor mode!. The results are displayed on Fricke 

diagrams (129] which provide a simple way of plotting ideal orientations, Figs. 

5.7 and 5.8. 

The CMTP quadratic criterion (n=2, a=0.52 and.p= 0.64) was used in Fig. 

5.7 ta calculate the average Rand planar LlR strain rate ratios. Only the 

orientations which lead to R> 1.35 tagether with LlR<O.2 were retained. No 

orientation was found ta fulfill the more severe condition R> 1.40 and LlR<0.2. 

It can be seen from this diagram that optimum drawability is obtained wh en 

the crystallographic plane (111) lies in the plane of the sheet, whatever the 

crystallographic dir~ction (which must lie between the (l10) and (l.12) 

positions). The calculations also indicate that no other texture component can 

provide the ,same combination of properties. This prediction provides 

quantitative confinnation of thé observation which is weIl known emp'irically 

[124]. Si,milar results were obtained with the new Hill criterion (h :::s..1.7, 

a=0.47 and P=0.54). \, 

ldentical predictions are shown in Fig. 5.8 , which were obtained with the 

PL4 yield function. In this case, however, the imposed conditions were 

sOlpewhat more severe: R>1.5 and ~R<O.2. The conclusions are the same as 

those reported for the Hill quadratic criterion, Le. a {lll}<uvw> texture 

favots the drawability. However, the larger R-values obtained with the PL4 

yield function (compared to ,th~ n = 2 locus) can be associated wi th predictions of 
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Fig.5.7 Orientations leadin~o R> 1.35 ~gether with LlR < 0.2 as calculated 

by the CMTP n = 2 criterion. Tlie crystallographic planes (a) and directlOns (b) 

associated "vith these orientatiohs are plotted on Fricke [129J diagra,rns. 
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Fig.5.a Orientations leading to R> 1.50 together with AR< 0.2 as calculated 

by the C~ITP PU criterion. The crystallographic planes (a) and directions (b) of 
these orientations are plotted on Fricke [129] diagrams. 
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a deeper draw and are doser to the experimental measurements reported in the 

literature (R max = 2). 

By contrast, calculations carried out with the PL3 yield function CEq. 4.17b) 

lead to the prediction that the presence of both the (111) and (112) planes will 

improve drawability. The latter result is not, however, confirmed 

experimentally. Furthermore the R-values attained with the PL3 criterion are 

relatively small (maximum of around 1.2). 

Since no method was found which permits the application of the Taylor 

model to the PLI and PL2 (Eq. 4.17a) functions (beca,use of the problems 

associated with inversion of the nonnality rule), only the Sachs approach was 

used in this case. When such a combination is employed over the four sets of 

Miller indices ±{hkl}±<uvw>, aIl the yield functions investigated (n=2, 

n = 1.7, PL l, 2, 3 and 4 functions) lead to the necessary {Ill} < u vw > texture 

for optimum drawability. 

It was also of interest to investigate the 'influence of the differeI}t 

experimental ideal orientations on drawability. This is illustrated in Table V.3 

for the n = 2 and PL4 yield functions. it can be seen that the drawability 

requirements CR maximum and ~R minimum) are best satisfied by the 

{111}<lÏO> and {111}<112> components (observed only in BCC materials) 

and to a lesset.degree by the {123}<412> orientation. By\contrast, the common 

FCe deformation and annealing textures (Bs, Cu, Cube, Gass and S) are aIl 

intrinsically unsuitable for deep drawing applications. The Goss component, for 

example, is expected to give rise to a very deep draw (associated with a high R
value) but concurrently to highly developed ears (associated with a high ~R

value). 

V.1.4. Anomalous behaviour 

• 
As already discussed in section n.3.6, the so-called 'anomalous behaviour' 

refers to a material simultaneously displaying the two properties 
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R ~R 

Texture componen t 

n=2 ,~L4 n=2 PL4 

, 

{100}<OOl> (cube) 0.461 0.408 0.270 0.288 

{100}<011 > 0.461 0.408 0.270 0.288 

{100}<012> 0.403 0.339 0.070 0.073 

{110}<001> (Goss) 1.943 2.873 1.501 3.041 
Q 

{110}< 1 ï2 > (Bs) 1.159 1.240 0.219 0.386 

{111}<lÏO> 1.365 1.814 0 0.357 
, 

{111}<112> 1.365 1.814 0 0.357 

{112}<110> 1.199 1.400 0.255 0.551 

{112}<11ï> (Cu) 1.199 1.400 0.255 0.551 

{123}<412> 1.159 1.263 0.105 0.179 

{123}<634> (8) 1.157 1.357 0.182 0.372 

{146}<211> 1.085 1.195 0.188 0.358 

{554}<225> 1.365 1.805 0.131 0.389 

Table V.3. Average R and planar ~R strain rate ratios (Eqs.5.3 and 5.4) for the 

main ideal orientations. taking into account the symmetry requirements of 

Fig. 4.6. R and ~R are calculated from the n = 2 and PL4 yield functions. 
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These experimental values are in contradiction with the predictions of the 

classical Hill macro§Copic the~ which indicates that R and at/au should lie on 

the same side of unity. It is therefore of interest to see if the vafÏous CMTP 

criteria, which are more soundly based from a crystallographic point of view, 

can explain this anomaly. 

A procedure was used which is similar to the one described in the previous 

section; Le. random orientations were generated and R and at/au values were 

calculated according to the unifonn strain rate model. The Hill quadratic, PL3 
and PL4 functions weré;used for this putpose. For ease of reference, tlte at/au vs 

R curves predicted by the classical Hill approach (at/au =(2(1 +R)l/m /2 from 

Eq. 2.49) are reported in Fig. 5.9 together with some experimental 

measurements. The computational results obtained with the Hill quadratic 

criterion are shown in Fig. 5.10. It can be seen that such a yield function does 

not allow for any anomalous behaviour. Furthennore, the calculated points 

(obiou, ÏÜ faH c~ose to the zn = 2.0 curv~ of Fig. 5.9. 

When the PL3 function is used (Fig. 5.lla), a lèss extended alY'ou vs R 
relationship is observed; in this case, aIl the simulated orientations lead to R in 

the range [0.45, 1.2]. However, sorne of the data can indeed account for the 

anomalous behaviour, R<l and obiou> 1. They are plotted on a Fricke [129] 

diagram, Fig. 5.1Ib, and correspond to orientations having their 

erystallographic planes near the (011) or (012) planes. 

l 

When the PL4 criterion is used, Figs. 5.12a and 5.I2b, a smoother and more 

dispersed version of the obiou vs R curve is obtained. It falls just below the 

m = 1.7 plot of Fig. 5.9. The orientatiQns leading to the anomalous behaviour 

are shawn in Fig. 5.12~ and are aIl eoneentrated near the (012) plane. This 

supports the Bishop and Hill ealeulations carried out by Bassani [76,77] on 

. ideal transversely isotropie textures, as shown in Fig. 5.13. 
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Fig.5.9 Ratio of th! biaxial over the average' uniaxial yield' stress vs R as 

predicted by the Hill non-quadratic yield criterion (Eq. ~.49) for various 

exponel1ts m. Experimental values From Pearce [50] (e) and Woodthorpe and 
Pearce [49] ( + ). 
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Fig.5.10 Ratio of the biaxial over the average uniaxial yield stress vs R as 

predicted by the CMTP n = 2 criterion for randomly generated orientations. 
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Fi~.5.11 (a) Ratio of the biaxial over the average uniaxial yield stress vs R as 

preficted by the CMTP PL3 criterion for randomly generated orientations. 

(b) Crystallographic planes and directions of the orientations leading 
ta abl~>'l together with R < 1 as predicted by the CMTP PL3 criterion. 
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Fig.5.12 Ca) Ratio of the biaxial over the average uniaxial yield stress vs R as 

predicted by the CMTP PL4 criterion for r~ndomly generated orientations. 

(b) Crystallographic planes and directions of the orientations leading 

to at/a u > 1 together wi th R < 1 as predicted by the CMTP PL4 cri terion . 

• 
Il'1.1 ... 

UI .. 
" It 

U 
\ ~. 

'" 11 

'!' \l 
Il l~1 .. l' )!t U 

Lf' U ,. 
" 'f 10 .l' II J! J' u 

" 'fI U 
'1 ,IClCI 

'JI 1. ~' ,OO 
.lI 'D'''" - Il J! ~ 

'1 Il " ~ . '1' L~' ~ 

"1 JI ., Il JI IJ 1 ~ ~I ~I '!' " ... u ao 'j' l~) 

'] 1\ JI JI JI Il 1/ II Il JO J! .l1 J] I! lI' I~, L~' 1.1'1 , 
~ III Jtt J' JI JI .,. JI Il " U 

011 .. " JO Il J, '" 'JI 00' '190 f'.1 
0 10 20 lO 40 1'001 

'IO[GI 

Fig.5.13 R-values (top number in pair) and OCbiaxiaJ)/OCuniaxiall for ideal 

transversely isotropie textures, as ealeulated by the erystallographic (Bishop 

and Hill) mode!. Eaeh point on the spherieal triangle designates an ideal 
transversely isotropie texture (76,771. 
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It should be noted that, to the author's knowledge, no experimental evidence 

of the textures leading to the anomalous behaviour has been reported in the 

literature. Thus the present predictions regarding the role of the (012) 

component remain to be confirmed. 

It must also be stated that, although the continuum functions investigated 

here aHow for the anomalous behavio';1r, they do n t reproduce the high al/ou 
values (near 1.3 or 1.4 with R < 1) reported by Pe rce [50] on aluminum. It is of 

course possible that sorne comblnatwn of textur components would lead to 

such an ensemble of properties. 

V.l.5. Axial stresses and length changes in torsion testing 

Several papers have been published [91, 130-133] dealing with the axial 

stresses developed and length changes taking place during torsion testing. The 

most complete study was carried out by Montheillet and coworkers [133], in 

which the axial forces induced and the textures developed during fixed end 

tests were determined for polycrystalline samples of Al, Cu and a-Fe over the 

temperature ranges 20 to 400, 500 and 800°C, respectively. Depending on the 

temperature and strain range, the experimental ideal orientations were 

observed to be rotated about the radial axis either parallel to, or in the sense 

opposite to, that of the shear. From the evolution of the inclinations with 

respect to the sample axes, the signs (tension or compression) and magnitudes 

of the axial stresses were predicted by the CMTP quadratic method and found 

to be in good agreement with those observed [5]. 

The length changes reported [91, 130, 131] during the free end torsion 

testing of metals are not normally correlated with the textures developed. 

However, the link between the plastic amisotropy and the preferred 

orientations can also be made explicit by means of the CMTP method, as shown 

in section IV.2.1. The approach described permits the deviator stress 

components Sij with respect to the specimen axes to be determined as linear 
1 

functions of the axial strain rate it and Y=2ëez. By means of sui table boundary 

conditions (ozz=O for the free end and orr=O at the surface), Ii and y can be 
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linked analytically (Eq. 4.30). Thus xi can be positive', negative or zero; its sign 

and relative magnitude de pend on (i) the particular texture componen t 

developed in the material; and (ii) the degree of asymmetry (or inclination) of 

the relev.ant ideal orientation with respect to the axial (z) and tangential (8) 

directions of the specimen. As an illustration, the CMTP quadratic predictions 

for the {IOO}<Ovw> texture (i.e. {IOO} plane parallel to the shear plane of the 

specimen and <Ovw> direction parallel to the shear direction) are shown in 

Fig. 5.14 [1031. together with the experimental data and calculations of Rose 

and Stuwe [91] relating to the twisting of copper at room temperature. The 

agreement is reasonable, particularly when it is recognized that a 100% volume 

fraction of the {IOO}<Ovw> component was employed in the present 

calculation, whereas the experimental fraction was likely to be somewhat 
• 

lower. 
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Fig.5.14 Ratio of the elangation strain rate (Ï1) ta the tOr:ilOn or shear strain rate 

(y) as a function of the angle a between the (100) and tangential directions for 

different ideal orientations. ( ) C~lTP prediction, n = 2; (0 ) experimental 

data and ( - - - -) theoretical calculations of Ref. (91]. 

V.1.6. Yield surface prediction 

Yield surface cross-sections were calculated following the method described 

in section IV.3 with the various CMTP functions stuctied. The experimental 
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results used for comparison purposes are taken from the work of AlthofT and 

Wincierz [63]. Their investigation included three sets of annealed copper 

tubular specimens having a {001}<100>, {OOl}<llO> or {001}<730> 

texture (here {hkl} refers to the radial and < uvw > to the axial directions, 

respectively) and one set of aluminum specimens \Vith a pronounced 

{112}<lÏO> texture. The experimental points are displayed as solid points in 

Figs. 5.15 to 5.18. AlI the yield surfaces (of the uniform strain type) have been 

normal.ized to the uniaxial tensile stress in the tangential direction. 

Bishop and Hill surfaces (Figs. 5.15a to 5.l8a) - As can be seen, the agreement 

between calculated and experimental surfaces is relatively good for the 

{100}<001>, {001}<110> and {OOl}<730> components. Nevertheless, the 

vertices predicted seem to be too sharp when compared to the apparently more 

rounded zones of the experimental loci. In the case of the {112} < 110> texture, 

the shape of the experimental yield surface reported by AlthofT and Wincierz 

[63] is better approximated by the Sachs model. It should be added that the first 

three orientations studied were associated with very S'tnall spread~ (around 

CAlO ~ 5°), whereas the {112} < 1 ÏO > component appears to be more dispersed 

(CAlO"'= 10 to 15°). This suggests that su ch crystallographic calculations are more 

appropriate for very strong textures, where the polycrystal can be identified as 

a 'quasi' single crystal. 

Hill guadratic surface (Fig. 5.15b to 5.18b, Eq. 4.9) - As expected from the fonn 

of Eq. 4.9, which has to be reoriented for the difTerent ideal orientations of 

interest, the loci obtained have elliptical shapes. Thus, the rounded corners and 

flats edges observed in the case of the three above-mentioned components 

cannot be reproduced in an accurate way, although the general symmetry of the 

surface is maintained. By contrast, for the locus corresponding to the 

{112}<1ÏO> texture (Fig. 5.18b), an almost perfect fit is obtained. The latter 

orientation displays a higher experimental scatter (around 10 to 15°) than the 

cube texture (around 5°). The CMTP n = 2 function thus seems to be again more 

sui table for orientations displaying conventional scatter. 

CMTP D = 1.4 surface (Fig. 5.15e ~ 5.l8e, Eq. 4.11) - In this case, mueh less 

smooth surfaces are obtained. Good agreement is observed for the cube and 

{lOO}<Oll> textures, which have low experimental scatters. For the 

\ 
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(a ) \1 -

creaxlaU 

(d) 

Fig.S.IS Comparison between the experimental (o(tangentla\),O(axiall) yield 

surface cross-sections of Al thofT and Wincierz [63] and the present theoretical 

predictions for a strong cube texture {lOO} < 00 1> (orientation spread Wo "'=5°) 

normalized by the uniaxial tangential yield stress. The Sachs and Taylor 

models are in this case equivalent. Note that the experimental data are ., " 
represented by squares and lines for the stress and strain rate characteristics, 

respecti ve ly. 

(a) crystallographic (Bishop and Hill) model 

(h) CMTP predictions, n = 2 

(c) CMTP predictions, n = 1.4 

(d) CMTP predictions, PU criterion. 
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(a) 

cr(aalaU 

, (c) cr (tcm •• ntlaU 

~g.5.16 Compari80n between the experimental (O(tangentlal).O(axial)) yield 
surface cro88-sections of AlthofT and Wincierz (63] and the present theoreticai 

predictions for a strong {lOO}<Oll> texture (orientation spread wo==5°) 
normalized by the uniaxial tangential yield stress. The Sachs and Taylor 

models are in this case equivalent. Note that the experimental data are 

represented by squares and lines for the stress and strain rate charaeteristicS. 
respectively. 

(a) crystàllographic (Bishop and Hill) model 

(b) CMTP predictions, n = 2 

(c) CMTP predictions, n = 1.4 

(d) CMTP predictions, PU criterion. 
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(a) 

CT(axlal' 

tr (tan,tntlaU 

(c ) 

(d) 

Fig.5.17 Comparison between the experimental (O(tangentia!),O(axial) yield 
surface cross-sections of AlthofT and Wincierz [63] and the P!esent theoretical 

predictions for a strong {OOl}<370> texture (orientation spread (,Jo-50
) 

normalized by the uniaxial tangential yield stress. The Sachs and Taylor 

calculations are displayed as inner and outer loci. respectively. -.Hote that the 

experimental data are represented by squares and lines for' the stress and 

stlrain rate characteristics, respectively. 

(a) crystallographic (Bishop and Hill) model 

(b) CMTP predi.ctions, n = 2 

(c) C~ predictions, n = 1.4 

(d) CMTP predictions, Pu. criterion. 
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(a ) 

(c ) tr (ton9.nttol) 

Fig 5.18 Companson between the experimental (O(tangentlall,O(axlall) Yleld 

surface cross-sections of Althoff and Winciel"'Z [63] and the present theoretical 

predictions for a {112} < 110> texture (orientation spread wo = 10 to 15°) 

normaliied by the uniaxlal tangential yield stress. The Sachs and Taylor 

calculations are displayed as inner and outer loci, respectively. Note that the 

experimental data are represented by squares and lines for the stress and 

strBin rate characteristics. respecti vely. 

(a) crystallographic (Bishop and Hill) model 

(b) CMTP predictions. n = 2 

(c) CMTP predictions, n = 1.4 

(d) CMTP predictions. PU criterion. 
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{OOI}<730> orientation, the curve predicted by the CMTP method approaches 

the one corresponding 10 the cube component and underestimate~ the "pure 

shear" behaviour (O(aXlal) = - o(tangentlal). Finally, the {112} < 110 > 

experimentallocus does not seern 10 be weIl reproduced by either a Taylor or a 

Sachs model. Both of these underestimate the plane strain (t(axlal) = 0 and 

é<tangentl81l = 0) vs uniaxial behaviours as weIl as the ratio of the uni axial 

stresses ou(tangentI8Iyou(axlal). 

PL4 function (Fig. 5.15d 10 5.18d, Eq. 4.17c) - This functlOn has a form similar 

to that of the Hill quadratic criterion except for sorne cornplementary shear -
components (see Eqs. 4.9 and 4.17) The predictIons are thus similar ln the case 

of the three (100) type components. For the {112} < 1 ïo > orientatIon, however, 

the additional shear terms produce a less regular form. The agreement with the 

experimental points is acceptable, but the plane stram (é(tangenllaD = 0) vs 

uniaxial behavlOur as well as the uni axial stress ratio ci ted above are 

underestimated. 

PLI and PL2 functions (Eq. 4.17a) - These predictions are not reported here. ln 

both cases, the yield surfaces are smooth and comparable to those obtained wIth 

~e n=2 or PL4 criterion. However, for the {lOO}<Ol1> component, the PL2 

~ction predicts a rounded square shape rotated 45° (about the radIal 

directIon) away from the experimentallocus, and is thus in disagreement with 

it. 

As can be seen, no unique surface, whether crystallo~aphic or continuum, 

is able 10 predict the whole range ofexperimental yield loci. Nevertheless, sorne 

general trends can he discemed : 

- The Bishop and Hill rnethod predicts the shape of the )'leld surfaces ... , 

corresponding 10 highly textured polycrystals (with scatters WQ less than 5°) 

very weIl. 

- The quadratic (or near quadratic) CMTP locus as weB as the PL4 

function give reasonable fits to yield surfaces corresponding 10 more scattered 

orientations. i.e. with spreads of around 15°. 

1 
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- It seems that there is a relationship between the spread CAlO and the 

exponent n in the Hill type of function (Eq. 4.11). A lower exponent (n = 1.4, for 

example) leads to a better approximation of the locus pertaining to highly 

textured aggregates (e.g. CAlO = 5°, Figs. 5.15c and 5.16c), whereas an exponent 

n = 2 is more appropriate for more dispersed orientations (e.g. CAlO = 10 ta 15°, 

Fig.5.18b) 

- For typical experimental scatters (around 10 to 15°), the best 

compromise seems to be attained by a Hill type ofcntenon with an exponent n 

between 1 4 and 2.0 (say n = 1.7) or by the PL4 function (the latter leading to 

much easier computations). 

At this point, i~ lS worth noting that such compansons between theoretical 

and expenmental two-dimenslOnal surfaces only provide an incomplete 

assessment of the validity of one method or another A more faithful test would 

consist of a comparison of the plastic behaviours (which are related to the size 

and shape of the overall five-dimensional yield locus) in difTerent directions of 

the wgrkpiece. These can include the strain rate or stress ratios, the biaxial vs 

uniaxial behaviour, length changes or axial stresses in torsIOn testing etc ... , as 

shown previously. 

V.2. PLASTIC PROPERTIES AND YIELD SURFACES FOR TEXTURED 

POLYCRYSTALS 

" 
\ 

In this section, the results of the CMTP predictions for the ideal orientations 

presented above are generalized to the case of more complex polycrystalline 

textures in FCe and BCC me tais. The first step in this study requires the 

accurate determination of the distribution of grain orientations in the sample. 

This can be done approximately by looking at the experimental pole figures and 

deducing the principal ideal orientations that are present together with their 

respective volume f~actions [134]. This, of course, only leads to a first 

approximation of the real grain distribution. However, as long as the CMTP 

yield functions already take inta account the scatter around a given texture 

component observed experimentally, such an estimate may be sufficient for 
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many purposes, as will be ~en below. For use of the crystallographic model, 

more accurate representation of the polycrystalline texture is necessary; in this 

case, the Bishop and Hill polyhedron represents the yield surface of a 'perfect' 

single crystal without any misorientation. The complete information needed 

can be provided by a CODF (crystallite orientation distribution function) 

analysis (see for example Ref. [16]) which gives the probability that a crystal 

has a given orientation. The many applications of this method to various kinds 

of metals (FCC, BCC, HCP ... ) have proved its ability to give a good 

representation of the true grain distribution. 

In this study, the CMTP calculations were carried out using the 

decomposition of polycrystalline textures into a finite num~er (1 ta 9 plus the 

symmetricsl components, i.e. 4 rto 36) of idesl orientations. For the 

crystallographic (Bishop and Hill) model, the distribution of the crystals was 

simulated from CODF data, which were generally found in the form of (i) 

texture component; (ii) scatter width; and (iii) volume fraction. 

V.2.1. Typical rolling and recrystallization textures 

V.2.1.1. Exper.lmental observatIOns 

Fee metals - The sheets of copper and a-brass investigated by Hirsch and 

coworkers [12] were tested by,these authors in three difTerent states: (i) as

rolled (R),-(ii) annealed to a partially recrystallized state (P) and (iii) annealed 

-la a fully recrystallized state (F). For ease ofreference, their experimental (111) 

pole figures are reproduced in Fig. 5.19 for the, Cu, Cu-5%Zn and Cu-200/0Zn 

metal sheets. The etTect ofincreasing the Zn content and the annealing time (a --

few minutes for the partially recrystallized and 30 minutes for the fully 

recrystallized statei,-respectively) is well illustrated in these pole figures. The 

typical rolling textures (copper-, transition- and Bs-type) and recrystallization 

textures (cube component with twins. mixed texture and Bs-type) are seen in 

the first and third rows of Fig. 5.19, respectively. As expected, the partially 

recrystallized state lep.ds to an intermediate, and therefore balanced, texture. 
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-TD 

Cu 20·/. Zn - R 

Cu 20·'.Zn - P 

Cu 20·/.Zn - F 

( C) 

Fig.5.l9 Experimental {Ill} pole figures for rolled and reerystallized sheets. 

After Hirsch et al. (12]. "R" - as rolled ; ''P'' - partially recrystallized; and "F" . 

fully recrystaHized matenals. (a) Cu; (b) Cu-5%zn; an~ (e) Cu-20%Zn. 
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) 
The quantitative analysis based on the published CODF data [12] is reported in 

Table VA. 

Bee metals - In Fig. 5.20. some typical pole figures are reported for Al-killed 
and rimmed mild steels. taken from the work of Parnière [135]. Tbese display 

the classical(lll)type texture ({111}< lÏO> and/or {111}< 112> components), 

together with sorne {554} < 225> and to a lesser degree sorne of the 
{lOO}<Ol1> and {310}<OOl> orientations. A detailed ODF analysis was 

unfortunately not available for these steels. Tbe various texture components 
present were thus derived only approximately, directly from the pole figures, by 

taking account of the intensity levels. They are listed in Table V.5. 

V.2.1.2. Texture slmulatwn 

The pole figures shown in Figs. 5.21 and 5.22 were reconstructed (and not 
• predicted) from the texture data pertaining to Figs. 5.19 and 5.20. This 

operation was carried out in order to check whether the ideal orientation / 
scatter width / volume fraction method leads to a reasonably faithful 

reproduction of the experimental distribution of grain orientations in each 

ma te ri a!. For the copperlbrass series, the quantitative analysis of Hirsch et al. 
(12] reported in Table VA was used. Good agreement with the experimental 

po!e figures <Fig. 5.19) is observed. In the case of the rolled steels, the simplified 

e~timates of the ideal orientations, together with their volume fractions and 

scatter widths, alsa appear to simulate the experimentai pole figures of Fig. 
5.20 quite weIl. 

V.2.2. Predi.ction ofpolycrystalline yield surfaces 

Yield surface cross-sections were calculated for the various grain 

distributions considered in the previous section. These were perfonned for both 

Taylor and Sachs conditions (see Fig. 4.8). and by both the crystallographi~ as 

weIl as the continuum methods. 

'. 
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Texture 
Cu Cu-5%Zn Cu-20%Zn 

component 
(R) (P) (F) (R) (P) (F) (R) (P) (F) 

Bs-{01l}<21l> 21.5 9.7 - 29.3 27.4 6.25 64.9 32.5 5.9 

Cu-{1l2}< IIi> 29.1 7.9 - 19.4 10.7 - - - -
S-{123}<634> 47.3 22.5 4.3 36.5 43.9 20.6 - - -

Ooss- - - - 4.1 2.4 5.8 17.1 14.6 7.5 
{Oll}< 100> 

{236}<385> - - - - - - - 48.9 72.7 

Cùbe- - 29.7 44.0 - 2.1> 7.8 - - -
{lOO}<OOI> , 

{122}<221 > - 17.7 22.1 - - - - - -rS7r18
!> + 23.3 20.8 148 <744> + - - - - - - -

418 <744> 

{527}<12510> - - - - - 34.1 - - -
{625}<79 i2> 

Table V.4. Volume fractions (%) of the main texture components observed in 

Cu, Cu-5%Zn and Cu-20%Zn : (R) = rolled; (P) = partially·recrystallized; (F) 

= fully recrystallized. From Ref. [12]. 

Texture Rimmed steel Al-killed steel compone nt 

{111}< 110> 46 54 

{111}< 112> 8 16 

{554} < 220> 23 30 

{lOO}<Oll> 8 0 

{310}<OOI> 15 0 

Table V.5. Volume fractions (%) of the main texture 

corbponentsobserved in two grades ofsteel as estimated 

from the pole figures or Rer. [135] . \ 
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Fig.5.20 Experimental {IOO} pole figures for rolled and annealed steel sheets. 

After [1351.(a) Al:killed steel; and (b) rimming steel. 
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Fig.5.2l Simulated {lll} pole figures (employing about 600 grains) for rolled 

and recrystallized sheets. Texture data (ideal orientations -+ volume fractions 

+ spreads) from Hirsch et-- al. (12] (see also Table V.4). "R" - as rolled ; l'P'' -

partially recrystallized; and "r"· fully recrystallized materials.(a) Cu; (b) Cu-

5%Zn; and (c) Cu-20%Zn. 
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Fig.5.22 Simulated {lOQ} pole figures (employing about 600 grains) for rolled 

and annealed steel sheets. Textur~ data (ideal orientations + volume fractions 

+ spreads) estimated from Rer. [135].(a) Al·killed steel; and (b) rimming steel. 
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V.2.2.1. Crystallographlc calculatlons 

Taylor averav.ing - The cr;yStallographic approach is easy to employ under these 

conditions. The envelope method described in section Il was applied to 

restricted distributions made up of around 200 crystals (symmetry included) {in 

order to keep the computation time within reasonable limits>. The results of 

some of these computations arl! shown as outer loci in Fig. 5.23 for the rolled 

and fully recrystallized' copper and brass and in Fig. 5.24 for the two steels. 

Three e directions were considered (6-= 0, 22.5 and 45°) for the first series and 

only two (8 = 0 and 45°) for the second one. These correspond to three and two 

different positions, respectively, of the Sil axis in the sheet plane. 822 is, 

associated with the (8+nJ2) direction and S33 with the nonnal to the rolling 

plane. 

The behaviours of the rolled copper and brass (Figs. 5.23a and 5.23b) are 

completely different because of their difTerences in texture: the former is 

charactJ4tzed by a mix of the Bs, Cu and 8 components, whereas the Bs 

compon~t is much stronger than the others in the latter. In the' ca§.e of the 

fully recrystallized materials (Figs. 5.23c and 5.23d), the above-mentioned 

difference is more striking in directions other than the rolling direction (8'1: 0); 

in these cases, the cop'per locus is elongated along the 'S11 =0 direction. Note 

that the symmetry in S11 and S22 observed when the axes are oriented 45° away 

from the rolling direction simply reflects the symmetry of the rolling process. It 
is of interest that no really sharp edges (corners in the yield surface projection) 

are obtAined with the present method. This contrasts wjth the predictions of 
\ 

Canova et al.[11] for rolled sheet, which VIere obtained by'means of the full and 

relaxed constraint methods of texture prediction, and which implied the 

preseJlce ofsh8.J'P. corners after rolling. The introduction of disoriented grains in 

our calculations (in the simulated distributions) leads to a smoothing of the 

overalÏ'locus, which is considered ta be more faithful to the nature of deformed 

materials. 

" 
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(b) 

Fig.5.23 Crystallographic n-plane loci calculated for 6 = O. '22.5 and 45° for the (a) Cu-R, (b) Cu-26$Zn-. '---&, (c) Cu-F and (d) Cu-20~Zn-F sheets. The outer locus is computed using a classical Taylor (unifomi--' 

strBin) approach with restricted distributions made u,ofabou;t 200 grains representing each of the pole 
figures of Fig. 5.19; it corresponds to the inner envelope of the hyperplanes specified by Eq. 3.6. The 

inner locus is obtained ftOm the combination of loci by the Sachs method'using Eqs. 3.25 in conjunction 
with the texture data of Table V.4. 

~ 
·0 

., 

". 

-• en 
01=1-



. . , 

e· 

(c) , 
Sai 

>1 

"'" 

o( d) 

" 

Fig.5.23 Crystallographic n-plane loci cal~ulated for 6=0. 22.5 and 45° for the (a) Cu-R, (b) C~20%Zn-
, 1 

R. (c) Cu-F and (d) Cu-20%Zn-F sheets. The outer locus is computed using a classical Taylor (uniform 
suain) approach with restrieted distributions made up of about 200,grains representing each of the pole 
figures of Fig. 5.19; it corresponds 10 the inner envelope of the hyperplanes specir~d by Eq. 3.6. The 
inner locus is obtained from the combination of loci by the Sachs method using Eqs. 3.25 in conjunction 

with the texture data of Table V.4. -
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( a ) 

(b ) 

Fig.5.24 Crystallographic n-plane loci calculated for e = 0 and 45° for (a) an AI

killed steel and (b) a rimming steel. The outer locus is computed llsing the 

Taylor approach with restricted distributions made up of about 200 gralns 

representing each of the pole figlJres of Fig. 5.20. The inner locus 15 obtained 

from the combination ofloci by the Sachs ~ethod using Eqs. 3.25 in conjunction 

with the texture data of Table V.5. 
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In the case of the two steels (Fig. 5 24), very few difTerences are observed 

when changing the directIon 8 of the SIl aXIS, 1 e when consldering difTerent 

projections of the overa1l5~dimenslOnal yield surfacè. ThIs IS readlly explalned 

by the presence of a more or less strong fiber texture of the {lll} type 1 e. a 

(l11) dIrection which lies parallel to the nonnal ta the sheet plane However, a 

more dispersed fiber ln the case of the second steelleads ta a yleld surface WhlCh 

looks more random when compared to the one of Fig 3 6g 

Averagmg by the Sachs method· We turn now ta the Sachs deformatlOn model. 

for WhlCh a completely dIfTerent approach must be used Here the dlsonen ted 

SIngle crystal yleld loci of Eq. 3 25 (instead of the Bishop and Hdl polyhedron) 

were reonented 10 the speCImen axes by means of the vanous texture 

components. They were then combined at constant stress ratIOS. as illustrated 

ln Fig. 4.8b. The results obtained ln thiS way are plotted as lOner loci in Figs. 

523 and 5.24 for the Culbrass and steel series, respectively These surfaces are 

smaller than the Taylor loci, which is an expression of the geometric condition 

that a projection (say rIz = ë 13 = €Z3 = 0) is al ways at least equal ta if not larger 

than a section (say 0IZ=013=023=0). As a result, the presence of large 

dlfTerences between the loci obtained wi th the two approaches generally 

suggests that higher shear stresses OIJ are assoclated with the corresponding 

prescnbed straIn rate components ëlJ . 

Of particular interest is the non~conveXl ty of the Sachs polycrystal loci ln 

most of the cases, which is inconsistent wlth the thennodynarnics of flow (136) 

By contrast, as shown in Appendix V.I, a Taylormodel al ways leads to a convex 

overall yield surface, provided that the loci being combmed are also convex, 

which is the case for ours. It can be anticipated that R(8) curves predicted from 

these non-convex Sachs loci WIll be 'unreasonable', SInce they are related to 

their shape. 

V.2.2.2. CMTP moclel predlctwns 

The continuum surfaces were also evaluated by the two methods illustrated 

in Figs. 4.8a and b, i.e. the uniform strain rate and constant stress ratio 
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methods of averaging. For simplicity, only thé'two CM1]> predictions obtained 

with the n = 1 7 and PL4 criteria will be shown here. The other CMTP yield 

functions generally led to similar shapes of the plotted sections. The- texture 

data of Tables V.4 and V.5 were employed to reorient the CMTP criteria in the 

specimen axes (using the Miller indices of the ideal orientations). The 

reoriented surfaces were then averaged on a volume fraction basls (using the 

___ e~x--,-p-,,~_n_' men ta 1 wei gh ts) 

The results obtained wlth the n = 1 7 locus ar~ shown ln Figs 5.25 and 526 

and those pertaming ta the PL4 cri tenon in Figs. 5.27 and 5.28 for the Cu/brass 

and steel senes, respectively. Once agam, three angles (8 = 0, 225 and 45°) 

were used for the FCC calculatlOns and two (8 = 0 and 45°) for the BeC ones. As 

can he seen from these figures, the dlfTerences between the Taylor and Sachs 

yield surfaces (outer and inner loci) are small, so that the dlsslmilarities 10 the 

derived R(8) c~rves can be expected to be small. This contrasts with the 

observations reported above for the crystallographic method. It should also be 

noted tbat the departures from convexity mentioned for the Sachs averaging 

condition remain theoretically possible in the CMTP calculations, although no 

actual concavities were observed in the predicted yield surfaces. 

Tne lack of sharp difTerences between the Sachs and Taylor predictlOns is 

prirnarily due to the smooth nature of the continuum yield surfaces. The 

combination of such rounded surfaces at constant stress ratios (Sachs) or 

constant strain rate ratios (Taylor) is thus seen to result in similar overall 

yielding characteristics. 

When compared to the crystallographic loci ofFigs. 5.23 and 5.24, the CMTP 

surfaces (Figs. 5.25 to 5.28) look different : i e. they are much smoother. 

Nevertheless, the PL4 predictions are somewhat less smooth in the case of the 

steel series, and sorne rounded vertices as weil as flatter regions can be 

detected. It is also of interest that the general orientation of the CMTP surfaces 

is similar to that displayed in Figs. 5.23 and 5.24. This is particularly striking 

for the case of the Cu-20%Zn-R at e =0°, where the polycrystalline locus is 

oriented along the SIl = 0 direction. It should be noted that the overall sizes are 
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Fig 5 25 Theoretical CMTP n-plane yield surface cross-sections calculated for 

fi = 0, 22.5 and 45° for (a) Cu-R, (h) Cu-20%Zn-R, (c) Cu- F and (d) Cu-20%Zn- F 

sheets Texture data from Table V.4 [12). Outer locus: Taylor model; inner 
locus: Sachs model. Predictions based on the CMTP 11 = 1 7 cnterion. 
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(c ) 

5331152 

(d ) 

e =0' 8 =22·5' 8=45' 

8=0' e =22·5' B =45' 

Fig.5.25 Theoretical CMTP n-plane yield surface cross-sections calculated for 

8 = O. 22.5 and 450 for (a) Cu-R, (b) Cu-20%Zn-R, (c) Cu-F and (d) Cu-20%Zn-F 

sheets. Texture data from Table V.4 [12], Outer locus: Taylor model; inner 

locus: Sachs model. Predictions based on the CMTP n = 1. 7 cri terion. 
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(0 ) 

8=0' 

(b ) 
8 =0' 

Fig.5.26 Theoretical CMTP n-plane yield surface cross-sections calculated for 

e = 0 and 45" for (a) an Al-killed steel and (b) a rimming steel, Texture data 

from Table V.5 [135]. Outer locus: Taylor model; inner locus: Sachs model. 
Predictions based on the CMTP n = 1.7 criterion. 
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5331152 

(b) 

8 =0· B = 22·5· 8=45· 

8=0· e =22·5· 8=45' 

Fig.5.27 Theoretical CMTP n-plane yield surface cross-sections calculated for 

e = 0, 22.5 and 45° for (a) Cu-R, (b) Cu-20%Zn-R, (c) Cu-F and (d) Cu-20%Zn-F 

sheets. Texture data from Table VA (121. Outer locus: Taylor mode!; 

locus: Sachs model. Predictions based on the CMTP PIA criterion. 
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(c) 

5331152 

(d ) 

8=0' 8=22-5' 8= 45' 

e =0' e = 22·5' e =45' 

Fig.5.27 Theoretical CMTP n-plane yie)d surface cross-sections ca)cu)ated for 

e = 0, 22.5 and 45° for (a) Cu-R, (h) Cu-20%Zn-R, (c) Cu-F and- (d) Cu-20%Zn-F 
sheels. Texture data from Table VA [12]. Outer locus: Taylor model; inner 

locus: Sachs model. Predictions based on the CMTP PU criterion. 
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(a ) 

8=0' 8=45" 

(b) 

8=0' 

Fig.5.28 Theoretical eMTP n-plane yield surface cross-sections calculated for 

e =0 and 45° for (a) an Al-killed steel and (b) a rimming steel. Texture data 

from Table V.S [135]. Outer locus: Taylor model; inner locus: Sachs model. 
Predictions based on the CMTP PL4 criterion . 
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similar for the crystallographic and continuum ealculations (at least for the 

Taylor case). This is not surprising, sinee the yield criterion coefficients were 
fitted ta the Bishop and Hill polyhedron (section 4.1.1). 

V 2.23. Companson wLth expenmentalloCL 

The previous section dealt wi th the parallet between the crystallographlc 

and CMTP calculations. We turn now ta a comparison between the CMTP 

predictions and experimentally determined yield surfaces. Here the 

experimental f'esults of Viana et al. [38] (shown as tangent lines) are used 

together. with their CODF data for two steels : (a) a 50% cold rolled and 

annealed rimming steel and (b) a 70% cold rolled and annealed Ti-bearing steel. 

The constituent texture components as weil as their respective weights are 
reported, for ease ofreference, in Table V.G. 

The results of these computations are shown in Figs. 5.29 and 5.30 for the 

n = 1. 7 and PL4 criteria, respectively. The surfaces obtained from the simplified 

'disoriented' crystallographic approach described by Eqs. 3 25 are plotted in 

Fig. 5.31. For comparison purposes, the caleulated loci have been nonnalized by 
the uniaxiill tensile stress in the rolling direction. In the case of the two steels, 

the two CMTP predictions as weIl as the simplified crystallographic result give 

a good approximation of the tensile stress ratio O(TO)/OtRD)' which equals 1.02. 
However, different cpnclusions have to be drawn when the R-valuestl1'e 

examined, as well as the ptane strain stresses, which are given by the tangents 

ta the yield surfaces in the TD and RD tensile directions. 

For the rimming steel, the ratios of the plane strain ta the uniaxial stresses 

are markedly underestimated by the three yield functions under consideration. 

The Sachs model appears ta give somewhat better results when applied to the 

n = 1.7 or to the PU criteria. The two continuum functions aiso lead ta good 

estimates of the strain rate ratios in the TD and RD directions, whereas the 

ctystallographic model shows a much stronger divergence from the 

experimental tangents . 

\ 
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Texture Rimmed steel Ti-bearing steel cdmponent 

.{100}<Oll > Il 3 

{211}<Or1 > 18 9 

{111}<110> 16 20 

{1Il}<112> 12 19 

{223}<:ll0> 18 15 

{332}<llO> 12 14 

{lI lIS} 13 20 
<4411> 

Table V.6. Volume fractions (%) of the main texture 

components observed in rimmed and Ti-bearing steel 

sheet. From Ref. (38]. 
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Fig.5.29. Comparison between the experimental (011,022) yield surface cross

sections of Viana et al. [38] and the theoretical predictions obtained from the 

CMTP n = 1.7 criterion. The curves are nonnalized by the uniaxial yield stress 

011. Texture data from Table V.6 (38]. Outer locus: Taylor model; inner locus: , 
Sachs model. (a) 50% cold rolled and annealed rimming steel; and (b) 70% cold 

rolled and annealed Ti-bearing steel. 
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(a ) 

Il 

Fig.5.30 Comparison between the experimental (011,022) yield surface cross
sections of Viana et al. [38] and the theoretical predictions obtained from the 
CMTP PL4 criterion. The curves are normalized by the uniaxial yield stress 
011. Texture data from Table V.6 [38]. Outer locus! Taylor model; inner locus: 
Sachs mode!. (a) 50% cold rolled and annealed rimming steel; and (b) 70% cold 
rolled and annealed Ti-bearing steel. 

(a ) 

Il 

Fig.5.31 Comparison between the experimental (011,022) yield surface cro88-
sections of Viana et al. [38] and the theoreticaJ predictions obtained From the 
disoriented crystallographic locus of Eqs. 3.25. The curves are normalized by 
the uniaxial yield stresa 011. Texture data (rom Table V.S [38]. Outer locus: 
Taylor model; inner locus : Sachs model. (a) 50% cold rolled and annealed 
rimming steel; and Cb) 70% cold rolled and annealed Ti·bearing steel. 
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By contrast, the predictions obtained for th~ Ti-bearing steel are in much 

better agreement with experiment. An almost perfect fit is seen when the 

Taylor averaging technique is applied to the n= 1.7 and PL4 continuum yield 
functions. The crystallographic approach also gives a good estima te of the plane 

-strain vs uniaxial behaviour. However, the strain rate ratios in the latter case 
are in rather poor agreement with those reported by Viana et al. [38]. 

Similar sets ofresults are shown in Figs. 5.32a to 5.32c for the recrystallized 
aluminum tubes tested by AlthofT and Wincierz [63]. Here the 1 and 2 axes 
refer to the tangential and axial stresses, respectively. As suggested by the 
authors [63], the texture was decomposed into 4 ideal orientations: 

{Oll}<lil>. <111> fiber (approximated by equal parts of {112}<llÏ> "+ 
{123}<UÏ> + {134}<1l1»,{01l}<611> and{OOl}<310> (whereJhkl} and 

<uvw> are parallel to the radial and axial directions, respectively) in the 
volume fraction ratio 5:3:1:1. The CMTP continuum predictions normalized by 
the uniaxial tangential yield stress are in rather good agreement with the 

experimentalloci. The experimental strain rate ratios (tang~nts to the locus) 

are in this' case rather weIl approximated. However. the near plane strain 

stresses (ëtangential = 0) are somewhat overestimated. By contrast, while the 
simplified crystallographic approach based on Eqs. 3.25leads to a reasonable fit . . -

for the stresses, it fails to reproduce the strain rate ratios, especially in the near 

biaxial region (Otangential = 0axial). 

c-

V.2.2.4. Comparison wlth other models 

Such compansons are '\ifficult to carry out since,the inputs are generally 
non-UDÜorm due to the diÎrerent methods employed by the various authors. 
However, some interesting comments can be made at least from a qualitative 
point ofview. 

Viana et al. (38) carried out calculations of the upper bound (Taylor) and 

lower bound (Sachs) solutions of polycrystalline pencil glide yield loci. For this 

purpose, they employea the spherical harmonie (CODF) analysis of texture 

data. Both the rimming and Ti-bearing steels of section V.2.2.3 were treated . 
The results they obtained using the pencil glide model are shown in Fig.5.33 in 
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cr22 (c) 

Il 

Fig.5.32 Comparison between the experimental (011,022) yield surface Cl'Oll

sections of Althoff and Wincie~ [63J and the theoretical predictionlobtaine,d 
from the (a) n= l.7, (b) PU and (c) disoriented crystallographic (Eql. 3.25) 

criteria fot' recrystallized Al tubes. Texture data from (63). The yield strellel 
have been normalized by the uniaxial yield Itre .. 011 • 
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the fonn of broken lines. The yiefd loci predicted in this way display a rounded --
shape similar ta the ones calculated by the CMTP method (see Figs. 5.29 and 

5.30). N evertheless the latter are somewhat more falthful to the experimental 

yield surfaces. These similarities can be explained in that the yield locus of a 

BCC single crystal in which pencil glide takes place is much more rounded than 

the Bishop and Hill polyhedron for a BCC metal undergoing {110} < I ï 1> slip 

Such a yield surface is thus probably better apprOlomated by the rounded 

CMTP yield functions 

(a ) ( b ) 

RD 

Fig.5.33 Comparison between expenmental (a11,022) yield surface cross

sections (--) of Viana et al. [38] and their theoretical calculations based on a 

pencil glide model (- - - -) Outer locus Taylor model; Inner locus: Sachs 

model. (a) Rimming Steel; (b) Ti-bearing Steel.Taken from [38]. 

« 

CODF data, as expressed by sphencal hannonic coefficIents, have been 

widely used in the' past fifteen years ta reproduce accur-ately the distribution of 

grain orientations in deformed materials. The distribution function, which 

gives the probability tb.at a crystal has a given orientation, is used as a 

weighting factor in the calculation of macroscopic values which must be 

averaged over the orientation distribution. By applying this technique te the 

Taylor factor, the polycrystallir:e yield surface can be readily calculated. The 
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(a } 

4 

( b) ( c ) 
3 

-4, - 4 - 3 

-4 

Fig 534 (a) n-plane yield locus for rolled copper calculated from the 

expenmental COOF data [70]; (b-c) (0 11,022) sectlOn of the yield locus using the ( 

CO OF texture representation for a mild steel sheet, at 8 = 0 and 45°, (b) 

according ta the Fe model; and (c) accordmg to the Re (pancake) mode!. Taken 
from [134]. 
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results obtained in this way by Mols et al. [70] for a pure Taylor model (aIl f: 1J 

prescribed in the crystals as weB as in the aggregate) apphed to an Fee rolling 

texture are presented in Fig. 5.34a. These calculations based on {Ur} < 1 io > 
slip lead ta a behaviour which is similar te the one calculated for the rolled 

copper (Fig. 5.23a) using the present crystallographic mode!. 

T~ u~ of more complicated (and also more realistic) deforrnation models 

can lead to rather difTerent shapes of the surfaces. In a more recent paper, van 

Houtte (111] employed a relaxed constraint (Re) theory, in which only a part of 

the strain rate tensor in the crystals was prescribed. ThIs in turn is related to 

the change in shape of the grains as the deformation proceeds. Their f1a t 

pancake aspect at large strains renders the prescription of sorne of the shear 

components unrealistic. This difTerence between the Re and Fe deforrnation 

models is illustrated in Fig. 5.34 b-c for a mild steel [111] in WhlCh the operation 

of both {lïO} and {112} < 111 > slip systems was assumed. It appears that 

sharper vertices are obtained in the latter case. 
au 

\ (f.,·a]] 
2 

Fig.5.35 n - pla n e 

representation of a 

theoretical yield surface 

after a rotling reduction of 

c33 = - 2. The texture da ta 

have been calculated using 

an Re model. Note that the 

11 and 22 axes must be 

Inverted for companson -

with th~ previous figures. 

Taken from [11]. 

In a similar vein, the calcula tians carried out by Canova et al. [11] for a 

texture predicted by the Re model also show this apparent accentuation of the 

fiat regions and sharp corners (Fig. 5.35). By comparing it ta the loci displayed 

in Fig. 5.23a, it is seen to resemble the surface obtained by the Sachs aVeraging 

technique (note, however. the permutation of the 1 and 2 axes). This suggests 
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that the 012 shear stress associated with the è12 =0 prescribed condition may 

not be too large. Associated with the further requlrements 013 = 023 = 0 of the 

Re theory, a SInall value of 012 can be expected to lead to a yield surface 

projection (ë 12 =ê I3 =ê23=O) which would be more or less identical to its 

section (012 =013 = 023 =0). The above statement is verified for the eu 
component (for which the conditions 012 = 0 and i 12 = 0 are associated), which is 

the most intense orientatiOn round ln rolled Fee metals, and is also true to a 

lesser degree for the S component 
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V .2.3. Prediction of the plastic properties of textured polycrystals 

The stress and strain rate characteristics of a metal workpiece can be 

readily deduced from knowledge ofits yieid surface. More specifically, the locus 

size gives the amplitude of the stresses, whereas its shape leads to the values of 

the strain rates, as obtained from the nonnality ruie. In this way, once the 

polycrystalline yield surface has been determined (see section V.2.2), yield 

stresses as weIl as Lankford coefficients can be assessed geometrically, as 

illustrated in Fig. 5.36. 

" 

Fig. 5.36 Derivation ~f the yield stress 0(8) and strain ~ate R(8) ratio from a 

yield surface. 0(8) is the distance from the origin to the locus in the loading 

direction SIl and R(S) is deduced from the normal to the surface at the loading 

point. o(n/2-8) and R(n/2-8) are derived From the characteristics of the yield 

surface in the 822 direction. 
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However, as long as only a part of the yield locus pertaining to the aggregate 

i'8 needed or nuseful" for many applications, somewhat more direct methods can 

be employed, as described in Chapter IV for the CMTP Taylor and Sachs 

predictions. For example, the yield stress vector 0(8) induced during a tensile 

test, carried out in a directi~ inclined at an angle 8 to the rolling direction and 

in the rolling plane, describes a single curve on the complete five-dimensional 

yield surface. Determination of the normal to this "loading" curve (which is 

related to the R-value) necessitates, however, sorne knowledge of its 

neighborhood on the locus. It can thus be readily understood that the 

computing time involved in R-value calculations can quickly attain 

unreasonable limits. 

V.2.3.1 R -value predlctwns Ln the LLterature 

The relation between texture and plastic properties has been investigated in 

the past by many authors. If exception is made of the predictions based on the 

traditional continuum analyses (see Chapter ID, the strain rate R(8) and yield 

stress 0(8)/0(0) ratios have usually been calculated by crystallographic 

methods. Tucker [35] first suctèed€d' in predicting the important features of 

earing in cups pressed from aluminum single erystals. The eritenon of the 

maximum resolve'd shear stress for slip on {Ill} < 110 > systems was used for 

this purpose. Fukuda [68] extended this analysis in a successful attempt to 

correlate crystallographic texture and R-value in steel sheet. In this case the 48 

{lÏO}, {112} and {123}< 111 > slip systems were assumed to be activated in the 

same order as the sequence of magnitude of their resolved shear stresses. 'l'he 

{Ill} and {100} types of texture were found to lead to high and low R-values, 

respectively. Svensson [32] expanded the Taylor calculation (minimum of the . ~ 

sum of the glide shears) for polycrystalline yield strength predictions by 

introducing specific volume fractions for averaging over the orientation 

distribution. Reasonable agreement with yield stress ratios measured in an 

1100 Al cold rolled sheet was obtained. (' 

The CODF analysis which appeared in the 1960's received a considerable 

amount of attention because it attempted to quantify the texture/plastic 
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properties relationship in an improved way. As the CODF gives a "true" 

representation of the probability that a grain has a specific orientation, it can 

be used as a weighting factor in the prediction of the various properties of 

interest. The method generally employed (see for example Refs.[8] and [10]) 

consista in calculating the Taylor factor M(q) by means of a classical Bishop and 

Hill approach. Here q (unknown) is the contraction ratio q=RI(R+l). The 

mean value ofM(q) for aIl the orientations present in the material is given by 

M ( q) = f M ( q • g) tr g) dg (5.7) 

where fig) is the orientation distribution function of the crystallites. The 

contraction ratio of the specimen is then assumed to be that value of q for which 

M(q) is a minimum. R is readily deduced from R = q/( 1-q). Such a technique 

generally leads to reasonable but not perfect agreement with experimental R

values and stress ratios. For example, Bunge [10) reported quite good results 

for a stabilized steel sheet, whereas Dabrowski et al. (114) observed that the 

discrepancies with respect to the measured R-values of an Al-killed steel can be 

fairly large, depending on the type of slip system selected. Sowerby et al. (69] 

stated that a good fit to experimental yield stress ratios can be calculated, but 

obtained sorne divergence with regard to the R(S) curves pertaining to 

commercial purity copper sheet. Semiatin et al. [104], on the other hand, found 

reasonable agreement in their investigation of three cold-rolled and annealed 

low C steels. More sophisticated approaches including the sol'ttion of the stress 

equilibrium in the flange of drawn cups as weIl as the addition of a work 

hardening law [37,137] were conducive to adequate predictions of ear shape in 

cups of an aluminum aIloy. Similarly, Kanetake et al. [138] satisfactorily 

reproduced the cup height in a drawn Al-Mg aUoy and in Cu sheets by varying 

two parameters in the work harde?ing role pertaining to a single crystal. Mols 

et al. [70] and van Hou tte [111 ] have deri ved general methods of yie Id surface 

prediction from CODF's. They both used the hyperplane method in suitable 

five-dimensional stress spaces. However, the lengthy computations necessary 

for reasonable R(8) predictions render this method unsuitable in its actual 

form for on line use . 

Finally, the publications of Avery et al. [139], Elias et al. [106] and Wei 

[134] are worth noting in that they differ completely from the previous ones. 

'\ 
\ 
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They developed methods which permit the rapid prediction of plastic amsotropy 

for any crystallographic texture, using (222) pole figures. Although reasonable 

predictions were reported for the HCP [139] and BCC [l06] metals. fairly large 

divergences were observed in the case ofaluminum sheets [134]. 

The sections that follow deal with a comparison between the expenmental 

strain rate R(8) and yleld stress 0(8)/0(0) ratios round in the IIterature and the 

theoretical calculations obtained from both the present crystallog-raphic and 

CMTP methods. The fundamental bases for these predlctions have been 

reviewed in Chapter IV for the continuum mode 1. Similar'procedures are used 

for the disoriented Bishop and HJll (Eqs. 3.25) crystallographlc method. the 

princIp les ofwhich can be very simply visuahzed from Fig. 4.8. 

V 2.3.2 R -value precUetLOns usmg the crystallographLc and CMTP methods 

The aim of th~s section is to illustrate the validity as weil as the limitations 

of the CMTP method for predicting R(S) curves for polycrystalline sheets. Only 

the Taylor predictions are shown since the non-convexity of the Sachs type of 

crystallographlc surface renders the use of the nonnality rule unsuitable. The 

results obtained from the crystallographic (and disoriented crystallographi.c) 

approach, as weIl as from the present n=2. n=1.7 and PL4 criteria are 

compared to experimental R-values. 

Results of Hirsch et al. [12] 

R(6) curves were tirst detennined geometrically (see Fig. 5.36) from the 

" -Bishop and Hill yield surfaces of Fig. 5.23 for the five angles 8 = 0,22.5,45.67.5 

and 90°. The predictions obtained in this way are shown as crosses ln 

Figs.5.37a-i. The texture ~diSplayed in Table V.4 were then used in the 

conjunction with the disonented crystallographic locus (Eqs. 3.25) to produce\ 

the light continuous lines in Figs. 5.37 a-i. Finally, the three CMTP criteria 

cited above were employed ta obtain the predictions shown in Figs. 5.38 a-i. It 

can be seen that the crystallographic models strongly overestimate the

experimental variations in R-value, especiall,. in the diagonal direction S = 45°. 

1 
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Fig. 5.37 R(9) curves for the following rolled sheets : (a) Cu·R, (h) Cu-5%Zn-R, 

(c) Cu-20%Zn-R, (d) Cu-P, (e) Cu-5%Zn-P, (f) Cu·20%Zn-P, (g) Cu·F, (h) Cu· 

5%Zn-F and (i) Cu-20%Zn-F. (e) experimental R-values taken from Ref.[12]; (x) 

R-values derived geometrically from the Bishop and Hill loci of Fig. 5.23 and ,- -' 
( ) R(9) curves calculated from the disoriented crystallographic yield 

function ofEqs. 3.25 . 
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Fig. 5.38 H(8) curves detennined by the CMTP method for the sheets of Fig. 
~ 

5.37 : (a) Cu-R, (h) Cu-5%Zn-R, (c) Cu-20%Zn-R, (d) Cu-P, (e) Cu-5%Zn-P, <0 Cu-

200/0Zn-P, (g) Cu-F, (h) Cu-5%Zn-F and (i) Cu-20%Zn-F. (e) experimental H

values taken from Ref. 12. ( ) n =2; (- - - - -) n = 1. 7 and (- --) 

PU predictions. The texture data used are those reported in Table V.4. 
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The most likely explanation for this observation is the questionable nature of 

the Taylor assumption that aIl the grains undergo exactly the same strain as 

the polycrystal as a whole. If instead the pancake-shaped grains are permitted 

to shear, as in the relaxed model [11], a better representation of the properties 

in thé e = 45° direction is obtained, a t least in the case of rolled copper, as 

reported by Canova et al. [11]. In the rolling and to a lesser degree transverse 

directions, on the other hand, the predictions obtained from our 

crystallographic calculations agree quite well with experiment. 

In the case of the rolled copper and brasses tested by Hirsch et al.[12] (Figs. 

5.38 a-c), the CMTP predictions deduced from the n = 2, n = 1.7 and PL4 

functions underestimate the experimental values. It should be noted that the 

experimental R(~curve for the Cu-5%Zn brass is probably in error since it does 

not reproduce the ~ring behaviour shown in Fig. 5.39. In particular, the high 
.~ 

R-value measured at 8 = 90° does not coincide with the relatively small ear 

observed at 8 = 0°, as it should. Similar comments apply to the partially 

recrystallized Cu-5%Zn sheet. Note that the n = 1.7 and PL4 CMTP predictions 

give somewhat better results, in that th,e calculated variations are larger than 

the ones associated with the quadratic criterion. If exception is made for the 

experimental R-value mentioned above, then the predicted CMTP curves are in 

good qualitative agreement with experiment in terms of the positions of the 

maxima and minima, which are expected to correspond to the experimental 

peaks and troughs in the drawn cups. One has ta keep in mind that very large 

uncertainties were involved in the experimental de~rmination of R-value in 

the case of the rolled and of the partially recrystallized copper and brass, since 

inhomogeneous deformation and early fracture were reported [12]. 

Tuming now to the recrystallized materials, it can be seen from Figs. 5.38d·i 

that the CMTP calculations le ad to good quantitative agreement with the 

measured anisotropy. Except perhaps for the fully recrystallized copper sheet, 

the conti~uum calculations seem to be more accur~te than those of the 

crystallographic methods, which caB for R(8) variations which are tao lar~e. 

Finally, it can be observed that the n = 1.7 and PU criteria lead to almost 

identical predictions, although the latter has the advantage that it permits 

much easier and faster computation. Its quadratic rorm facilitates the 

necessary inversion of the normality principle. 

.. 
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Fig. 5.39 Experimental earing behaviour of rolled (R), partially recrystallized 

(P) and fully recrystallized (F) Cu, Cu·5%Zn and Cu-200/0Zn. After (12). 
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Results ofStephens [163] 

Stephens studied texture and mechanical anisotropy in the copper-zinc 

system. Since no CODF facility was available to him, the v~lume fractions of 
the various texture components present in his materials were estimated 
directly from the pole figures, i.e. with a certain degree of uncertainty. 
Specimens were eut from the various cold roUed sheets at angles of 0, 10, ... ,900 

to the rolling direction in order to measure both the yield stresses and the 

strain rate ratios. Three major texture components were detected, Le. the 
{311}<Ï12>, {110}<112> (Bs) and {llO}<OOl> (Goss) orientations in 

difTerent volume fraction ratios. The results obtained with the three CMTP 
criteria are presented in Fig. 5.40 a-do The predictions of the disoriented 

crystallographic method are not reported here. as these were found to 
overestimate the R(S) variations by a very large amount and to lead to 

unreasonably pronounced peaks and troughs. By contrast, the CMTP 

predictions agree weIl with the experimental values for aIl four materials 
investigated. As mentioned earlier, the n = 1.7 and PL4 functions lead ta very 

similar results and show an acceptable ability to reproduce the experimental R 

variations, although a slight overestimation of the Lankford coefficients is 

observed. 
\ 

Results of Arminjon (126J 

The textures pertaining to the five grades of steels studied by Arminjon 

were decomposed inta the four major components {1l1}< lÏO>, {111}< 112>, 

{554}<225> and {Oll}< 100>. The experimental and theoretical R(S) curves 

are shown in Figs. 5.41 a-e. It can be seen that the n = 2 predictions 
underestimate the variation in the Lankford coefficients to a considerable 

degree. This is not surprising wh en reference is made to Fig. 5.2a for the 

orientations considered here. By contrast, the PL4 criterion seems to 

overestimate the R variation amplitude. Furthermore. the peaks predicted at 
6=30 and 600 (see also Fig. 5.2c) do not appear in the cups drawn from these 

steels. Finally, the calcula tions based on the n = l. 7 function are in reasonable 

agreement with the experimental R-values but are still unable to reproduce the 
full range of the deviations with 6. 
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Fig. 5.40 R(S) curves for copper and brass sheets; ( • )experimental R·values 

from Ref. [140]. ( ) CMTP n=2; (- - - - -) CMTP n = 1.7 and (- - ~, 

CMTP PL4 predictions. The texture components employed are {311} < ï 12>; 

{110}< lÏ2> and {llO}<OOl > in the volume fraction ratios: (a .. or Cu 

( • ) and Cu-2.50/0Zn (À ); (b) 3:2:1 for Cu-50/0Zn; (c) 1:4:2 u-10%Zn and {dl 

0:5:2 for Cu-15%Zn, Cu-200/0Zn, Cu-25%Zn, Cu-30~ând Cu-35%Zn . 
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ResultsofEliasetal [106] 

These are related ta two grades of low C steel sheet· an Al-killed steel wlth a 

{Ill} type of texture and & nmmed steel heavily reduced and annealed 

displaying a combination of {100} < 011 > and {Ill} < 112 > components. The 

three CMTP cnteria investigated lead to good agreement with experiment in 

the former case (Fig 5 42a); in the latter (Fig 5 42b). however, the limitations 

pertaming ta the results of Armmjon [126] once again 5eern ta apply 

Results oflto et al. (123J 

The texture detenninations of Ito and coworkers on cold rolled steel sheet 

were used in the sarne manner. Three difTerent textures were produced and 

tensde tests were carned out ta measurt;> the R-values at a stram of 0 15 It is 

evident from Fig 5 43c that the sharp R-value vanatlOn 15 well predlcted 

However, in the case of the first twa steels, a samewhat less convlncing 

predictlOn is obtained (FIg 5.43 a-b), in that the overallievel~f R lS somewhat 

hlgh 

Results ofStickels and Mould [108] and Semlatin et al. [104] 
6 

R-value measurements for an Al-killed steel taken from these two papers 

are reported ln Fig. 5.44. The CMTP predictions are consisten t wlth the 

experimental strain rate ratios, but call for samewhat more variation than may 

be detectable experimentally, as already noted for the other types of steel' 

discussed above. 

Resul ts of Parnière (135] 

Simllar comments hold for the R(8) predictions obtained from the work of 

Parnière. The texture components used are those of Table V.5. The 

crystallographic predictions based on the Bishop and Hill yield surfaces of Figs. 

5.24 at the five angles 8=0,22.5,45,67.5 and 90<1 are illustrated in Fig. 5.45b. 

In the case of the first material (Al-killed steel), the results lie entirely outside 

the plotting frame; for the rimming steel, they also strongly overestimate the 
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Fig. 5.42 R(S) curves for two grades of low C steel sheet; ( • ) experimental R

values from Ref. [106]. ( ) CMTP n =2; (- - - - - - ) CMTP n = 1.7 

and (-_. -- -) CMTP PL4 predictions for (a) a rimmed steel with 40% 

{100}<011> + 40% {ll 1}< 112> + 20% random; and (b) an Al-killed steel 
- - -

with 50% {111}< 110> + 25% {111}< 112> + 25% {554}<225 > components. 

9J Fig 5.43 R(S) curves for cold rolled steel sheet; (. ) experimental R-values 
taken from Ref. [123]. ( ) CMTP n = 2; ( - - - - - -) CMTP n = 1. 7 and 

(-_. -_. -) CMTP PL4 predictions for steel sheets displaying (a) 60% 

{lll} < 01 ï > + 10% {1l1}< 112> + 10% {110} <001> + 20% random; (h) 10% 

{1l0}<001> + 200/0 {lll}<112> + 7û% random; and(c) 60% {llO}<OOl> + 
20% {112} < 110> + 20% random orientations. -co 

(J') 
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Fig 5.44 R(S) curves for an Al-killed steel; 

experimental R-values taken from Refs 108 

O. ~---'--_-.-J 
o 45 90 

( 0) and 104 ( .). ( ) CMTP n = 2. 

(- - - - - -; CMTP n = 17; and (- - -1 

CMTP PL4 predictions The texture was 

det:omposed mto 40% {lll}< l io > + 25% 

{11l1<112> + 25% {554}<225> + 10% 

random onentauons e 
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Fig. 5.45 R(S) curves for (a) an Al-killed steel and (h) a nmming steel; ( • 

experimental R-values taken from Ref. [135]. (x) R-values denved 

geometrically from the Bishop and Hill yield surfaces of Fig. 5.24; ( ) 

R( e) curves deduced from the disonented crystallographic function of Eqs. 3.25 

ln case (a). the two crystallographic predictions lie entirely outside the frame of 

the drawing. 
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Fig. 5.46 R(e) curves for (a) an Al-kiiled steel and (b) a rimming steel; ( • ) 

experimental R-values taken frlm Ref. [135]. ( ) CMTP n == 2; 

( - - - - - -) CMTP n = 1. 7; and (- -_. -) CMTP PL4 predictions. The 

textures used for the two steels are displayed in Table V.5. 
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R( e) curve. Simi lar di vergences are obtained wi th the di sori e n ted 

crystallographic method (Eqs. 3.25). By contrast, much better agreement is 

observed with respect to the CMTP predictions, Fig. 5.46, although the 

variation in R-value is not fully foreseen. 

Results of Benferrah [65] 

Ln a study of the development of anisotropy during the cold rolling of 

alummum sheet, Benferrah carried out sorne tenslle expenments at three 

angles 8 = 0,45 and 90° on his rolled materials. Only the R-values pertalnlng to 

small rolling reductlOns (ë~0.52} could be measured dlrectly, as 

inhomogeneous deformation occurred in the thinner sheets. His expenmental 

results together with the CMTP predictions are illustrated in Fig 5.47, ln 

which relatively good agreement is observed. 

3·--------, 

2.~ 

Fig. 5.47 R(8) curves for a commercial-purity 

aluminum sheet; ( Â ) experimental R-values 

taken From Ref. [65]. ( ) CMTP n = 2; 
(------)CMTPn=1.7;and(--- -1 

CMTP PL4 predictions. The texture employed 

consisted of 25% {100} < 00 1> + 25% 

{110}<lï2> + 15% {123}<634> + 5% 

{112}< 11 ï > + 30% random components [65]. 
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I.~ 4 -.-, .-.----
O.~ ____ ~I ____ ~~ 

o 45 90 
e 

General considerations 

From aU these comparisons, carried out on both Fee and Bee metals, i t can 

be concluded that the CMTP predictions agree better in most of the cases with 

the experimental R-values than the results of the crystallographic approach. It 

should be kept in mind. however, that these calculations are "aU based on a 
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uniform strain approach. A more detailed discussion of the various defonnation 

models will be carried out in Chapter VI. It should be noted here that large 

errors can he produced in the crystallographic calculations when fitting 

tangents to angular yield loci. Of interest also is the fact that CMTP 

calculations based on the Sachs assumption (and not reported here) do not lead 

to significant difTerences with respect to those carried out according to the 

Taylor mode!. As already discussed above for the yield surface predictions, this 

can be attributed to the much smoother nature of the CMTP functions. 

An important feature of the present results involves the relative weakness 

of the CMTP functions in reproducmg the full extent of the R-variations, 

especially for the steels displaying a {lll} type of texture. In this case, a slip 

plane lies parallel to the rolling plane, so that very large shear stresses are 

expeded to develop in the defonned materials The predictions obtained are 

eonsequently highly dependent on how weil the CMTP functions fit the 'reaI' 

locus in this partieular subspaee. This is illustrated in Fig. 4.4 &et the n == 2 and 

n = 1.7 loci, from which it can be noted that the C types of vertices are better 

approximated by the latter criterion. It is thus not surprising that the n == 1. 7 

yield function leads in this case to a better reproduction of the R(8) eurves. 

However, these improvements are obtained at the co st of increased computing 

time. To be more specifie on this point, sorne data are reported in Table V.7. 

These are related to the time needed on an IBM PC AT microcomputer fitted 

with a DSI32 acceleration board in order to calculate the strain rate ratio R(8), 

as weIl as the uniaxial 0(8) and biaxial Ob yield stresses for one ideal 

orientation (including the four rolling symmetries) at a specific angle 8. The 

large difTerence observed betweeo the n = 2 or PL4 cri tenon on the one hand 

and the n = 1.7 function 00 the other is solely due to the necessary inversion of 

the nonnality rule, which has to be carned out numerically (as opposed to 

analytically) in the latter case. 

V.2.3.3. Y Leld stress predLctwns 

Yield stresses can be predicted by the classical crystallographic method, as 

has been done by Svenssoo [32] or Sowerby et al. [69], for example. In this 
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Time to compute R(S) at 19 

values ofS (S =0.5 ..... 90°) 

for 3 
Computing time per 

Yield ' - orientation ( + symmetries) 
for 3 orientations 

cri terion' 
orientations (+ their 

and per angle S (no random 

(+ their symmetries) 
component) 

symmetries) + random 

component 

CMTPn=2 24 sec 40 sec 0.42 sec 

... 
CMTP n= 1.7 360 sec 403 sec 6.32 sec 

CMTPPL4 35 sec 51 sec 0.61 sec 

CMTPPL3 39 sec 55 sec 0.68 sec 

disoriented 

crystallogra. 90 sec 107 sec 1.58 sec 

function 

(Eqs.3.18) 

Table V.7. Comparison of the computing times necessary to calculate R(S) 

values according to difTerent CMTP criteria when using the uniforrn strain 

assumption. The computer employed was an mM PC ATextended with a DSI 

32 acceleration board. 
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section, the texture components displayed by the material before the tensile 

test is performed are used to estimate the yield stress ratio 0(8)/0(0) by means 

of the various CMTP criteria. The theoretical bases for these calculations have 

been given in Chapter IV. 

Results ofStephens [140] 

The experimental investigation carried out by Stephens and already 

presented in the previous s~ction included yleld stress measurements These 

are reported in Figs. 5.48 a-d for the various brasses studied. The CMTP 

predictions based on the n = 2 (full lines), n = 1 7 (dashed hnes) and PL4 (mixed 

lines) criteria are seen to be in good agreement with experiment, especially 

when it is consldered that the textures were decomposed lnto only two or three 

components (plus their symmetnes). 

Results ofKallend and Davies [14,15] 

Kallend and Davies employed the',CODF technique of texture 

characterization togethh with Taylor averaging and the Bishop and Hill 

maximum work procedure to calculate yield stresses in cold rolled and 

annealed copper and brasses. They found good agreement with the 

experimental measurements of the 0.2% proof stresses [14,15]. CMTP 

predictions were made by using the texture components they reported. The 

results obtained in this way are presented in Figs. 5.49 a-e. It is apparent that 

the predicted yield stress ratios are consistent with the observed values for both 

the roHed and annealed materials. Nevertheless, the theory leads ta larger 

deviations in this l.ase than those measured, especially in the brasses and in the 

near diagonal (8 = 45°) tensile directions. 

Results ofSvensson [28.32] 

Svensson studied the anisotropy of yield strength (0.05% proof stress) in 

aluminum and steel sheets cold rolled ta various reductions. The experimental 

and CMTP stress ratios are shown in Figs. 5.50 a-c, from which it can be seen 

that the agreement is not good in the case of the two aluminum sheets: Le. the 

measured 0(8)/0(0) variations are considerably overestimated by the three 
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Fig. 5.48 Yield stress ratio 0(8)/0(0) curves for Cu and brass sheets; ( Â ) 

experimental stress ratios taken from Ref. [140). ( ) CMTP n = 2; 

(- - - - - -) CMTP n= 1.7; and (----. -) CMTP PL4 predictions. The 

texture components used are the. {3Il} < ïI2 >, {IIO} < lï2 > and {IIO} < 00 1 > 
orientations in the volume fraction ratios: (a) 4:2:0 for Cu and Cu-2.5%Zn; (b) 

3:2:1 for Cu-5%Zn; (c) 1:4:2 for Cu-l0%Zn and (d) 0:5.2 for Cu-15%Zn. Cu-

20%Zn, Cu-25%Zn, Cu-300/0Zn and Cu-35%Zn . 
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Fig. 5.49 Yield stress ratio 0(8)/0(0) curves for rolled and annealed Cu and 

brass; ( Â. ) experimental stress ratios taken from Refs. [14,15]. ( ) 

CMTP n=2; (- - - - - -) CMTP n=1.7; and (-- _. -) CMTP PL4 

predictions for (a) Cu rolled to 90% reduction with 30% {110} < 1 ï2 > + 30% 

{123} <634> + 30% {1l2} < UÏ> + 10% random; (b) Cu-10%Zn cold rolled to 

90% reduction with 60% {110}<lÏ2> + 10% {123}<634> + 10% 

{1I1} < 110 > + 20% random; (c) Cu-30%Zn cold rolled to 90% reduction wlth 

65% {1l0}< lÏ2> + 10% {123}<634> + 25% random; (d) annealed Cu with 

70% {100}<001> + 10% {lOO}<Oll> + 20% random and (e) annealed Cu-

30%Zn with 20% {11l}<112> + 200/0{100}<Oll> +20% {llO}<lï2> + 40 

% random. 

.~ 



(1 

• 

12, 
0-/0: 

1·0 

·8 
0 

(0) 

45 
() 

ID 

·8 
90 0 

( bJ 

-'--", .",;----- .. ,~ 
~;" ',~. ,. "-

".."'.A • " 

45 
e 

204. 

le) 

1·2~ 

& 
90 0~--4...L5---190 

e 

Fig. 5.50 Yield stress ratio 0(8)10(0) curves for aluminum and steel sheets; (Â ) 
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aluminum cold roUed ta 80% reduction with 40% {311}<ï12> + 40% 
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40% {lOO}<OOl > + 60% random; and (c) steel cold roUed te 80% reduction 
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Fig. 5.51 Yield stress ratio 0(8)/0(0) curves for highly textured copper sheet; 

(Â ) stress ratios [38] for a texture severity of 8.57; ( y) stress ,'atios [69] for a 

texture seventy of5.64 and ( A ) stress ratios [69] for a texture severity of 1.72. 

( ) CMTP n =2; (- - - - - - ) CMTP n= 1.7; and (- -_. -) CMTP 
PL4 predictions for a texture made up of 75% {lOO}<OOl > + 25% random 
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criteria used. This can be explained, at least in the first case of the specimen 

containing a high volume fraction of cube component, by the relative inability . 

of the CMTP functions to reproduce the 'true' yield surface in shear stress 

space, as already noted in the previous section 

Results ofViana et al. [38,69] 

Experimental stress-strain data were reported by Viana et al. on highly 

textured copper sheets exhibiting the cube component. An excellent fit was 

obtained with the CMTP calculations, when the experimental and theoretical 

R(8) curves, Fig. 5.3a, were compared. However, the CMTP yield stress 

predictions are in complete disagreement with the measured values, as seen ln 

Fig. 5.51. The theory predicts an increase in stress ratio followed by a 

diminution when the test direction 8 changes from a to 45° and from 45 to 90°; 

the experimental measurements indicate a reverse variation. However, an 

interesting feature in the data of Viana et al. is worth noting. The first set of 

values [38] (~ in Fig. 5.51) is related to a very severe cube texture (severity 

parameter • = 8.57); the specimen in this case is nearly equivalent to a single 

crystal, as noted by the authors [38]. The second set of stresses [69] (~ in Fig. 

5.51) refers to a similar component, but with a texture severity of 5.64: i.e. the 

cube orientation Îs more dispersed, as confirmed by the experimental pole 

figures. The stress ratio in the diagonal direction is observed ta be much higher 

(0.98) than in the first example (about 0.77). Finally, the ~ symbols 

characterize a cube textured sheet with a severity parameter of only 1.72. In 

this case, some secondary texture components are present in the material. Fig. 

5.51 shows a still higher stress ratio (1.05) pertaining to, a tensi-le test carried 

out at e = 45°. The CMTP calculations are in somewhat better agreement, at 

least from a qualitative point of view, with the last data. This suggests (and 

also confirms) that the CMTP criteria are more sui tatHe for dispersed 

orientations (spreads of around 15°) than for near 'single crystal' components. 

• The severity parameter is defined as the standard deviation of the orientation 

distribution function from that for a random material [141]. 
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V.2.3.4. Predictwn ofother plasttc propertles 

Strain rate and yield stress râtio calculations are of practical importance as 

long as they characterize the anisotropie properties ot the rolled and annealed 

sheets used in the production of beverage cans (for Al alloys) or motorcar parts 

(for steels). From a more theoretical point of view, however, it is of interest to 

study the plastic behaviour of twisted bars (or tubes), sinee torsion testing, as 

opposed to rolling, allows very large deformations to be attained without 

intermediate annealing. 

Torsional axial stresses 

No attempt was made in the present investigation to solve eompletely the 

texture/plastic anisotropy relationship in twisted samples. This is because 

Montheillet et al: [5] have already explained the main features of the link 

between the axial (tensile or compressive) stresses induced during the torsion 

testing of Al. Cu and a-Fe bars [133] and the textures developed. In this work" 

the CMTP n = 2 cri te ri on was used and successful quali ta ti ve predictions were 

obtained by means of an analytical description of the axial stresses developed. 

The aim of the present short section is to review the geometrieal derivation~f 

this behaviour, as also discussed by Canova et al. [11]. 

For this purpose, the (ozz,oaz) yield surface section has to be plotted. When 

dealing wi th fixed end torsion testing, the boundary condi tion ézz = 0 can lead to 

a positive or a negative (Le. tensile or compressive) induced axial stress Ozz, as 

shown in Fig. 5.52a. Similarly, when the specimen is permitted to lengthen or 

to shorten (free end testing, ozz=O), the ézz componentcan be derived from the 

normality principle and characterizes the rate of length change of the sample 

(Fig. 5.52b). This purely geometric approach can be applied to the various 

texture components observed in twisted bars in order to explore their influence 

on the axial stresses. These are the {lil}<UO>, {ÏIÏ}<Ïio>, {ïil}<112>, 

{11Ï}<112>, {lï2}<110>, {ï12}<ïïo> and {100}<OI1> orientations in 
~ - -FCC metals, respectively referred to as A, A, Al· , A2·, B, Band C in Ref. [133]; 

here {hkl} is the crystallographic plane near the transverse shear plane and 

< uvw > is the crystallographic direction near the macroscopic sltear direction. 

( 

\ 
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(0) (b) 

Fig.5.52 Geometrie derivation from the (ozz, 0Sz) yield surface cross-section of: , 
(a) the axial stress developed during fixed end torsion testing; and (b) the rate of 

len,. change produced by a free end torsion test. 

-"'" 

The crystaUographic and CMTP (n = 2) (ozz,OOz) yield surfaces for the A texture 

component are compared in Fig. 5.53 for three values of the tilt 4> around the 

radial direction frequently observed in torsion pole figures [133]. It can be seen 

that the axial stresses in~uced during the fixed end torsion testing of a sample 

containing this unique orientation are highly dependent on the small tilt angle 

~. It is also to be noted that the CMTP and crystallographic models predict 

similar signs for the Ozz component. The results obtained for the other 

orientations mentioned above confirm the ones- obtainéd analytically by 

Montheillet et al. (5]. 

An attempt to generalize the above predictions ta polycrystalline materiafs 

containing several texture components is shown in Figs. 5.54 and 5.55. An 

experimental (111) pole figure pertaining ta a copper bar twisted to a strain of 

O.M at room tempe rature (Fig. 5.54a) was simulated in a manner similar to 

that described in section V.2.1.2. The texture was in this case decomposed inta 

60% of A/A (tilt ~ = - 5°), 10% of BIB (tilt <t> = 0°),25% of C (tilt <l> = - 5°) and 5'70 
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(8) CMTP n = 2 predictions and (h) crystallographic approach. 
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of Al· (tilt <t> = 0°), a11 with a spread WQ = 12.5°. The result of this simulation is 

shown in Fig 5.54b, from which a reasonable similarity with the experimental 

pole figure is observed. The (0 zz,osz) yield surfaces (calcula ted from a 

representative set of 200 grain orientations in the case of the crystallographic 

!.~proach and from the 6 components cited above with their respective we1ghts - . 
in the case of the two CMTP calculations) are shown in Fig. 5 55. Slight 

inclinations of these loci are observed, WhlCh are nevertheless difficult to 

quantlfy, indicatlve of a posltive (compressive) axial force. This 1S consistent 

with the expenmental axial force/stram curves reported Ln Ref [133] However, 

as accura.te quantitative forces are difficult to produce from this simple 

geometric approach, lt is not known if the ampli tu des of the predicted stresses 

are reasonable or not 

z 
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Fig. 5.54 (a) Expenmental [133) and (b) slmulated {lll} pole figures 

corresponding to a copper bar twisted to € =0.84 at room temperature 
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(a ) 
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(b ) (c ) 
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Fig. 5.55 (Ozz,Ot)z) yield surface cross-sections corresponding ta a copper bar 

twisted to ë = 0.84 at room temperature. (a) crystallographic results obtained 

from a 200 grain orientation distribution; (b) CMTP n = 2 and (c) CMTP n = 1 7 

calculations based on a texture made up of 60% AJA (tilt = _5°) + 10% BlE 

(tilt = QO) + 25% C (tilt = - 5°) + 5% Al· (tilt = 0°) orientations . 
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Anomalous behaviour 

The study of anornalous behaviour (obiou < 1 together with R > 1) carried 

out in section V.1.4 will DOW be generalized to polycrystalline materials 

containing more than one ideal orientatIOn. In this case, the average strain rate 

ratio Rand uniaxial yield stress Ou (here averaging means over the angles 8) 

can be evaluated, for example, by the uniforrn strain assumptlOn applied to the 

vanous CMTP criteria. The biaxial stress only needs to be calculated III one 

direction 8, as long as it does not depend on the testing direction. ThlS is 

because a biaxial stress state (011 = 022> is equivalent to a through thickness 

(033) compression state, as long as the superposltion of a hydrostatic pressure lS 

assumed not to influence plastic yielding. Thus the through thickness 

behaviour is not modlfied by the planar anisotropy which may be observed ln 

the sheet plane. , 
Such calculations of the obiou and R ratios were carned out for a1l the 

examples investigated in sections V.2.3 1 and V 2.3.2. The n = 2, n = 1 7 and 

PL4 criteria were tested on the various materials using the experimentalldeal 

orientations and their respective weights. From a11 these data, only one case of 

'anomalous behaviour' was found, and that was for the copper sheet studied by 

Stephens [140]. The latter was rolled to 96% reductlOn and displayed two major 

{311}< ï12> and {llO}< 112> components in a volume fraction ratio 2·1. For 

this material, the PL4 criterion predicts R = 0.973 and obiou = 1.012. It is not 

known, however, if the latter value is consistent with the experimental 

observations, as the biaxial stress was not measured by Stephens [140]. 
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CHAPTERVI 

DISCUSSION 

Considerable attention has been focussed in the fabrlcatmg industry on the 

metallurgical aspects of plastic anisotropy, i.e. on how changes ln the 

fabrication processes affect the texture on the one hand and the macroscopic 

anisotropy on the other. However, a link has been missing in this cham, i e. a 

simple quantitative relationship between the texture and the consequent 

plastic properties has not been available. Such quantifications have in faet been 

derived and are based on the crystallographic methods associated with the 
• Bishop and Hill single crystal yield surface. This approach has even been 

extended ta the case of slip by pencil glide. The predictions obtained by these 

means appear to be consistent with experimental results when the crystal 

orientation distribution is described by the full CODF. However, the 

crystallographic methods unfortunately lead to lengthy computations and are 

consequently unsuitable for the rapid assessmen t of plastic properties. 

Moreover, they are still undergoing rapid development and have not yet been 

stabilized into a standardized procedure. By contrast, the CMTP method 

provides an alternative, very simple way to quantify the texture/plastic 

anisotropy relationship, as discussed in the previous chapters . 
... 

In this chapter, the first section is concemed with some of the metallurgical 

parameters that can affect the texture of metal sheets. Sorne of the practical 

uses of the CMTP method are also given, before a critical examination of the 

various deformation models is carried out. Finally, the main advantages and 

limitations of the CMTP model are considered in turn . 
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VI.l. The relationship between texture and certain metallurgical parameters 

'. 
The study of the plastic properties induced in defonned materials is a very 

difficult matter if one wants to take account of the full set of parameters which 

can play a role in the fabrication process. In this work, only the crystallographic 

anisotropy (or texture) has been considered as long as lt is recognized ta be the 

primary source of plastic anisotropy. However, one has to keep ln mind tha t the 

final texture of a sheet results from a11 the successive modifications undergone 

by the initial texture during the various fabrIcation stages. For example, the 

hot rolled texture depends on the hot rolhng charactenstics, e.g. the 

temperature of the ingot as weil as the rolling and cooling ternperatures. The 

cold rolling texture, on the other hand, is influenced by the total reduction 

applied to the sheet, by the amount of reduction per pass, as weIl as by the hot 

rolling texture. Finally, the annealing texture IS dependent on the heating rate, 

the annealing time and tempe rature, the atmosphere employed and the 

previous treatments of the sheet. It is thus possible to favor or to diminish the 

volume fraction of certain texture components 'at will' by varying these 

parameters. 

Bliekwede [31] published an excellent review paper on the influence of sorne 

of the rolling and material characteristics on the strain rate ratio R as weIl as 

on the strain hardening exponent n. For good stretchability, a high value of n is 

desired in order to avoid loca~ized necking early in the stretching process. 

Similarly, high R and low planar ~R strain rate ratios are reeommended for 

good drawability. The problem is thus : how to obtaln these two specifie 

properties in combination? 

It appears [31] that control of the strain hardening exponent of steel sheets 

can be reduced mainly to control of the grain size : a larger grain size is 

associated with a higher value of n. However, the former is concurrently 

detrimental to the surface appearanee after forming. The average strain rate 

ratio R is raised by the presence of a {Ul} type of texture, which also reduces 

the planar anisotropy (~R). The latter texture is frequently observed after 

recrystallization at the expense of the {lOO} exponent; this is because the {lll}-
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oriented grains have the highest stored energy, 50 that they are the first to 

recrystallize. A larger R-value seems to be obtained by increasing both the 

annealing temperature and the grain size. In this case, the recrystallized {Ill} 

grains continue to grow at the expense of the other orientations; su ch oriented 

gr.-!lin growth thus favors the production of higher R-values. Consequently, a 

low heating rate Oeading to a larger grain size) as well as a long time at high 

temperature are both desirable. The interested reader lS referred to Rer. [31] for 

a detailed discussion of these metallurgical factors. 

VI.2 Sorne practical uses of the CMTP method 

'" A question the reader may ask is the following : how can the CMTP method 

be applied to on-line measurements? The comparisons carried out in chapter V 

between theoretical (CMTP)' and experimental R(8) curves show that good 

agreement is observed when only a few texture components (say 3 or 4 plus 

their rolling symmetries) are considered. It is thus not unrealistic to think of an 

experimental device which could assess quickly the relative intensities ofthese 

3 or 4 orientations. Such a device would be composed of 3 or 4 X-ray facilities 

oriented in 3 or 4 specific Bragg directions of interest. The assessment of the 

relative weights of the texture components is in this case very fast, as is the 

CMTP estimation of the corresponding R(8) and/or 0(8) curves. The 

metallurgical paranieters afTecting the texture can consequently be adjusted on 

line until the desired anisotropy (or absence of anisotropy) is attained. For 

roÎed FCC metals, the orientations that play a significant role are the Bs

{Oll}<lÏ2>, s- {123}<634>, Cu- {112}<11Ï:> and Cube- {lOO}<OOl:> 

components; by contrast,the {lOO} and {Ill} types of textures have to be 

investigated ir.. steel sheets. 

Another interesting practical application of the CMTP method is related to 

the possible series developmentofthe calculated analytical expressions for R(8) 

and 0(8). This approach is currently under investigation at the ALCAN 

research laboratories in Kingston [142]. According to this method, the 

orientation distribution function fCg) is used as a weighting factor in the 
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calculation of the R(8) (or 0(8» coefficients pertaining to the polycrystalline 
aggregate . 

R(8) (polycrystal) = f ((g) R( 8.g ) dg (6.1) 

Here R(8,g) is the analytic CMTP expressi6n for the strain rate ratio 

corresponding to a given orientation g. Nonnal1y the COpF fig) is not known 

analytically (unfortunately!); thus R(8,g) has to be éxpanlied in the form of a 

Fourier series with certain Rl mn coefficients to glVe R(6') for the polycrystal. 
1 

The application of such a technique to aluminum alloys', Fig. 6.1, reveals the 

weakness of the n = 2 criterion (which was the only one to be tested) in 

reproducing the full extent of actual 0(8) variations, as already noted above. 

This problem is accentuated by the variability in the R(8) measurements which 

are generally used for comparison purposes, as shown in Fig. 6.2. Here it can be 

seen that the strain rate ratio is highly dependent on the length strain in the 

tensile test and that accurate R-values cannot be ascribed to the specimens at 

low strains. Nevertheless, without entering into detailed comparisons, it 

appears that the R(8) curves predicted by the CMTP n = 2 function and 

averaged by the CODF technique (Eq. 6.1) are not able to reproduce the 

observed variations with accuracy. A possible improvement could come from 

the use of the n = 1. 7 or PL4 criteria. Aiso another averaging technique could be 

used such as the following : 

f fig) r.
Z2 

(8,g)dg 
R(e) :::: --.---

(polycrystall f fig) c
33 

(8 ,g) dg 
(6.2) 

This is based on the Kochendorfer [143] (law of mixtures) model of averaging, 

which is discussed in more detail in section VI.3 below. Furthermore, the 

necessity of usmg a CODF representation in conjunction with the CMTP model 

should also be questioned. It has been shawn indeed (see chapters III and IV) 

that the CMTP function already takes into account a certain dispersion (10 ta 

15°) about a specifie ideal orientation. As a result, the complete texture of a 

given material need only be decomposed inta a limited number of diso~ented 

components. In fact, using the full CODF apparently leads to an 

'oversmoothing' of the CMTP polycrystal yield surface (in as much as the 'single 
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Fig. 6.1 Yield stress ratios 0(8)/0(0) predicted by the CMTP n = 2 method used 

in conjunction with the CODF technique of texture representation An 

averaging procedure similar to that specified by Eq. 6.1 was used. Calculations 

and experimental points from Rer. [142]. Commercial puri ty 1100 Al (a) cold 

rolled 30%; (b) cold rolled 60%; (c) cold rolled 60% and annealed; (d) cold rolled 

90%; and (e) cold rolled 90% and annealed . 
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Fig.6.2 R-value vs length strain for an 1100 Al sheet cald rolled 30%. (a) e = a 
and (b) e =60°. From Ref. [142]. 
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crystal' surface is relatively smooth). Such 'oversmoothing' is responsible for 

the reduced extent of the R(8) and 0(8) variations. In that spirit, it would be of 

interest to apply the CMTP method only to those orientations which correspond 

to the peaks of the orientation funetion f(g). The weights of the texture 

components derived in this way could simply be the required components off(g). 

One of the other practieal applications of the CMTP model could be 

associated with FEM calculations. Most of the codes in service are based on the 

isotropie, von Mises flow behaviour. Obviously, after large deformations, the 

metal workpieces investigated (motorcar parts, for exarnple) are textured; these 

induced anisotropie effeets strongly influence the flow of the metal when a 

further deformation is applied. It is believed that the employmen t of anisotropie 

yield criteria (of the CMTP type, for example) eould eonsiderably improve the 

accuracy ofFEM calculations without adding too mueh eomputing time ta what 

may already be a long ealculation. 

VI.3. Grain interaction models 

The predictions of plastic properties obtained by crystallographic means are 

very dependent on the grain interaction model employed, i.e. on how the 

various crystals of the aggregate are assumed to behave. In the previous 

chapters, only the two Taylor and Sachs deformation models were employed. In 

the former case, a11 the grains are assumed to undergo the same uniform strain 

as the polycrystal; in the latter, the same stress direction is prescribed to aIl the 

crystals (Fig. 4.8). In this way, two difTerebt overaIl yield surfaces are obtained 

from the unique yitld locus pertaining to a single crystal. 

The Sachs model does not allow for any acc0IIll1?-0dation between individual 

crystals, nor does it pennit stress equilibrium to be attained internally; thus it 

is notconducive to a satisfactory description ofreal metals. This is confirmed by 

the occasion al non-convexity of the polycrystalline surfaces calculated using 

this assumption. At the other extreme, the Taylor uniform strain model (FC or 

full constraints) is often eonsidered td'give a reasonable approximation of the 

behaviour of equiaxed grains, for which strain compatibility is an important 
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requirement. However, a.fter large defonnations, the grains are no longer 

equiaxed and adopt elongated pancake shapes. In this case, sorne of the strain 

components can be 'relaxed', as long as the respective small boundary 

interfaces cao allow for some strain incompatibilities without inducing large . 
reaction stresses. This model has generally been referred ta as the Re (relaxed 

constraints) model, see for example Refs. [67,98,101,102,111,144], and has been 

shown to le ad to better agreement with experimental pole figures. Canova et al. 

[11] used such an approach successfully to calculate the yield surfaces of 

textured polycrystals, as weIl as the R(8) curve for rolled copper. Of interest 

aisa is the self-consistent model, as developed by the team of Berveiller and 

coworkers [145,146], in which each gram is considered as an inclusion 

embedded in a h<>mo.g:eneous matrix. 
~'\ 

In the previous chapters, the Taylor and Sachs models have been applied ta 

the different CMTP functions and have been shown (see Figs. 5.25 to 5.28, fo" 

example) ta lead ta similar overall behaviours. This is again essentially due ta 

the smooth nature of the CMTP surfaces. Consequently, an intermediate 

model, such as that of relaxed constraints, is not expected to lead to significant 

improvements in the predictive accuracy of the CMTP method. Nevertheless, 

there are other reasons for trying further grain interaction models. This is 

because the uniform strain assumption leads to rather long computations when 

the non-quadratic (n;i: 2) function is used (see Table V.7). It is therefore of 

interest to now examine other models for the calculation of R(8) which take 

much ~ess computing time than that of Taylor. 

As already noted in Chapter IV, the use of the u.niform strain model for 

predicting R-values necessitates the definition of the stress tensor as a non

uniaxial stress tensor, i.e. with a possible non-zero shear component 012. By 
contrast, it appears that the tensile test actually carried out to measure strain 

rate ratios is purely uniaxial, Le. it is specified by the following stress and 

strain ra te tensors : 

o (xyz) = 
N [ ~

? o 
o 
o ~ 1 

· [éIO?·1 e (xyz) = 
IV 

? 
? 

o 
o~. J c (6.3) 
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in the (xyz) Le. the tensile axes (see Fig. 2.2). The value of the strain rate 

component eu is prescribed and Ou is unknown. The above conditions are 

ideally suited to the application of the Kochend6rfer [143] hypothesis: Le. that 

each crystal is submitted to the same stress direction (Oy = 0 for (ij) :t. (1,1» as 

well as to the same arbitrary value of ëu as the polycrySital. A calculation 

sequence similar to that developed in section IV.2.1 (Eqs 4.33 to 4.39) can then 

be employed for any analytic CMTP function, a procedure which can be 

summed up as follows: 

(1) Transfonn 2(xyz) in the crystal (C) axes by means of the matrix P (Eq. 

IV.3.3 in Appendix IV.3) 

N 

o(C) = P o(xyz) P 
N N 

(6.4) 

(2) Apply the nonnality rule to obtain the strain rate eomponents 

pertaining ta the crystal axes 

(6.5) 

Here F(Stj) = 0 is the CMTP function sel~{'ted. 

(3) Caleulate the scalar factor A. For a homogeneous function F(81J) = 0 of 

degree n, it is readily shown that 

(6.6) 

50 that (6.7) 

when expressed in the (xyz) axes. As éu is prescribed (é ll = 1s -1, for example), 

011 is readily calculated sinee the stress vector must lie on the CMTP yield 

surface. 

(4) Transform ~ (c) into the (xyz) reference frame 

• IV • 

e(xyz) =Pe(C)P 
N IV 
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By this means, the complete strain rate tensor ~ (xyz) can be very simply 

assessed for each texture component under consideration since the nonnaUty 

rule does not need ta be inverted. When the polycrystalline texture is 

decomposed inta N texture components, the resulting ~ (xyz) tensor can be 
obtained by applying the following Kochendorfer averaging procedure: 

1 N 4 

f. = - ~ ~ f. {(h k 1 )[u u w If 
AI (xyz) 4 L.. .:..... AI (xyz ) Il Il Il V Il Il 

1 == 1 J == 1 

(6.9) 
, 

where the summation over j includes the four necessary sets of Miller indices 
(hkl)[uvw], (hkl)[uvw], (hkl)[ùvw] and (hïd)[üvw]. This averaging procedure is 

not equivalent to Taylor averaging, in which a single set of strain rate 

components is calculated from the overalliocus. 

Fig. 6.3 illustrates the difTerences in the predictions obtained from the 

Taylor and Kochendôrfer models when the CMTP n = 1.7 yield surface is 

employed. It can be seen that the general trends remain the -same in the two 

cases, and that the amplitudes of the R variations are similar. Nevertheless, 

the Kochendorfer predictions are somewhat smoother than those founded on 

TayIOT's mode!. However, an important practical difTerence must be pointed out 

which involves the times necessary to compute the R-value at a specifie angle S 

and for a single orientation (plus the required symmetriesL The latter is about 

3 sec for ~e Taylor averaging technique (see Table V.7) and only about 0.08 sec 

for the present mode!. This ratio of about 40 renders the Kochendorfer type of 

calcula.!!on very attractive. 

The PLI, PL2, PL3 and PL4 functions were also employed in conjunction 

with the latter mode!. The results obtained are presented in Fig. 6.4 for Sorne 

common orientations. It can be seen that the general features of the R(S) curves 

remain the same for the four types of yield ,criterion : in particular, strong 

anisotropy can be observed for the cube (a), Goss (c), Bs (d), {l12} < 1 ïo > (0, S 

(g) and {554} < 225> (h) orientations. Concurrently, nearly planar isotropy is 

predicted for the {Ill} typeilfcomponents, Fig. 6.4e. The PL2 and PL4 criteria 

seem to best reproduce the relatively high~ R values (near 2.5) frequently 

observed in steel sheets displaying both {l1l}<uvw> and {554}<225> 

components. The four functions cited above also lead to predictions that are 

. " 
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into account. (-. -) uniform strain model; (-- + -) law ofmixtures model. 
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Fig.6.4 Values of R(8) predicted by the CMTP PL!, PL2, PL3 and PL4 (from 

left ta right) criteria using the Kochendorfer (law of mixtures) model. The 

symmetry requirements of the rolling process are taken into account. (a) 

{lOO}<OOl >; (b) {lOO}<O 12 >; (c) {UO} < 001 >; (d){llO} < 1 Î2 > orientations. 
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Fig. 6.4 Values of H(8) predicted by the CMTP PLI, PL2, PL3 and PL4 (from 

left. ta right) criteria using the Kochendorfer (law of mixtures) model. The 

symmetry requirements of the rolling process are taken into account. (e) 

{lll}<lIo>; (0 {112}<lÏO>; (g) {123}<634>; (h) {554}<225>; and (i) 

{411}<14A"> orientations. 
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similar to the ones reported in section V.2 for multicomponent textures. 

However, the PL3 criterion (because of its quartic fonn) is un able ta reproduce 

the large R values pertaining to steels. 

The Kochendorfer analysis also permits the use of a Hill type of yield 

function with two difTerent exponents. This criterion is very attractive since it 

takes account of the difTerent behaviours observed in the normal and shear 

stress subspaces (see Chapters ID and IV). The unifonn stram assumption was 

difficult to apply in thlS case because the necessary inverslOn of the normality 

rule Ied to unreasonable computing times. By contrast, when the Kochendorfer 

model is used, rapld assessment of the R(8) curves can be made (0.17 sec of 

computing time for each value of S and for each onentation compared wi th 0.08 

sec for the single exponent calculation). It 15 the inhomogeneity of the yield 

function wh~ch requires the use of a numencal method to determine the scalar 

factor A. of the flow rule (Eq-. 6.5), and-Ï!5 re5ponsible for the latter increase. 

The R(S) results obtained with the aid of the two exponent yield surface for 

sorne common ideal orientations are shown in Fig. 6.5. When dealing with 

muiticomponent textures, the predictions obtained by the present analysis do 

not difTer significantly from-the ones dispIayed in Fig. 5.38 for the Cu-bra'ss 

series of Hirsch [12], determined using the n=-1.7 and PL4 criteria. Only slight 

changes are observed, which still do not predict the full R variations measured 

in these rolled me taIs. For the vânous steels investigated in section V.2.3, by 

contrast, better predictions are obtained with the present two exponent locus 

than with the PL4 or n = 1.7 criteria. This is illustrated in Fig. 6.6. When 

compared with the corresponding predictions reported in Figs. 5.41 to 5.46, it 

cao be seen that fewer uodesirable peaks and troughs are observed than in the 

PL4 calculations. The curves are smoother and predict the R-values quite well 

and the planar anisotropy LlR to a lesser degree. The two exponent yield locus 

thus appears to lead to the best overall predictions when used wit-tI the 

Kochendorfer analysis . 
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Fig.6.5 Values of ReS) predicted by the CMTP tWQ exponent (-----) 

and the n = 1.7 (- - - - - -) criteria using the Kochendorfer model for 

selected ideal orientations. The synunetry requillments of the rolling process 

are taken into account. 
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Fig.6.6 Values of R(8) predicted by the CMTP two exponent criterion for 

various grades of steel using the Kochendorfer mode!. (a) 25% {554} < 225 > + 
25% {111}<lÏO> + 50% {11l}<112>, after [126]; (b) 50% {554}<225> + 
20% {lll}<lÏO> + 30%{111}<1l2>,after[126]; (c)600/0 {111}< lïo> +10% 

{1l1}<1l2> + 10% {1l0}<001> + 20% random, after (123]; (d) 60% 

{llO}<OOl>,J+- 20% {221}<lïo> + 20% random, after(123];(e) and(f) idesl 

orientations and volume fractions of'J:..able V.5, after (135] . 
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VI.4. The CMTP method : advantages and limitations 

In this section, a critical examination of the CMTP model is carried out. As 

already noted in the course of this report, the CMTP technique has many 

advantages as weIl as sorne deficiencies which are underlined below. 

(i) Simplicity of the procedure - Once the main texture components of a 

defonned material are known, the CMTP technique provides an easy way to 

assess the corresponding R(S) or a(8) curves. This is because the analytic fonns 

of the various functions are very su pp le and allow the plastic (strain rate) 

properties to be expressed analytically in rnost of the cases. This is especially 

true when the Kochendorfer hypothesis is used (section VI.3), which gives 

results comparable to those obta~ned from the somewhat less direct Taylor 

deformation model. In the former case, it should be noted that sorne of the 

calculations (involving the n =2 criterion for example) can be carried out on a 

hand held calculator. 

(ii) Fast assessment of the plastic anisotropy - This property, which is 

essential for on line-measurement purposes, is directly related to the analytic 

character of the CMTP analysis. The law of mixtures (Kochendorfer) grain 

interaction model applied to the uniaxial tensile test leads to the fastest 

computation. At the other extreme, the uniform strain (Taylor) method is 

rather slow when used with the non-quadratic criteria. 

(Hi) Finite number of orientations - The crystallographic calculations 

carried out in Chapter III on disoriented single crystals led to yield surface 

cross-sections which are quite smooth in the n-plane. For typical experimental 

spreads (around 10 to 15°), these are almost circular and thus permit 

representation in near quadratic form. This conclusion only holds, however, in 

the subspace containing the normal stresses. The CMTP functions considered 

in this work can thus be considered to approxima te rather well the yield locus 
1 

pertaining to a disoriented grain with an orientation spread ofaround 10 to 15° . 

For more general polycrystalline predictions, the texture of a given aggregate 

can he represented by the superposition of a finite numher of such disoriented 
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grains, each with its own CMTP locus. By contrast, when the Bishop and Hill 

polyhedron is used instead of the present continuum approach, the full CODF 

must he known since the former surface only relates ta a "pure" cuhic single 

crystal. For accurate predictions ofR(S), it has been shown (Chapter III) that at 

least 600 grains are necessary for the crystallographic approach, whereas less 

than 10 (plus the rolling symmetries) are sufficient for the CMTP mode!. The 

computing time saved is thus appreciable. 

(iv) Good R(8) and 0(8) predIctions - From a11 the compansons carried 

out with experimental data, It can he concluded that the CMTP technique leads 

to good approximations of observed stress and strain rate ratios. However, the 

average R-value is generally better reproduced than the planar ~R coefficient, 

e.g. the high R(S) variations observed in rolled FCC metals are underestimated. 

This is essentially due to the smooth nature of t~e CMTP functions, which lead 

to yet smoother loci when they are comhined. There was sorne hope that the 

PLI, PL2, PL3 and PL4 functions which were derived from the equations of the 

Bishop and Hill polyhedron would overcome this deficiency. Unfortunately, 

because of the difficulties encountered in the inversion of the normality rule 

when the Taylor assumption is used, only the quadratic types were kept. As a 

result, the interesting features of such functions are not readily available. The 

law ofmixtures grain interaction model allows these 4 criteria to be used with n 

exponents less thap 2. In these cases, they could lead ta improvements in the 

calculated R-values. This possibility remains to be verified as only the 

quadratic form was investigated and this was not able ta reproduce the full 

extentofthe R(S) variations. 

(v) Yield surface predictions - No final comment can be made here 

regarding the accuracy of the CMTP predictions of macroscopic yield loci. This 

is because a )ield surface has 5 dimensions in stress space, whereas the 

experimentally determined yield strengths almost always pertain to two 

dimensional sections and only provide a very limited representation of the 

overall yielding behaviour. It seems, nevertheless, that the CMTP functions are 

poor in reproducing the strain rate features of the loci pertaining to the highly 

textured materials which are similar to single crystals. In these cases, there is 

some experimental evidence suggesting the presence of rounded corners on the 

yield surfaces, a feature which is ignored by the CMTP predictions (Figs. 5.15 to 
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5.17). However, when dealing with polycrystalline materials displaying larger 

dispersions around their various texture components, much better agreement is 

found (Figs. 5.18 and 5.32). 

There is considerable question in literature [11,147) about the presence (or 

absence) of vertices on polycrystalline yield surfaces. Canova et a1.(11] found 

very sharp corners in the loci they calculated (Fig. 5.35) using a rolling texture 

predicted by the RC method. By contrast, the yield surfaces corresponding to 

torsiùn were found to be much smoother, although flat edges were reported. 

Van Houtte [111] predicted FC and RC loci pertaining to fcc and bcc metals 

using the CODF technique of texture representation. In the latter case, both 

{lÏO} and {1l2} < 111 > types of slip system were considered, leading to an 

ove rail smoothing of the surfaces, so that no vertices were obtained. 

Nevertheless. his isotropie n-plane section of the fcc yield locus was 

characterized by a corner (for 822 = 833 = 0) when calculated by the relaxed 

constraint model [111]. The presence of a vertex is of practical importance since 

it can be related ta the occurrence of flow localization. lndeed, a smaH stress 

variation around such a corner can be associated with a large variation in 

strain direction. Such small changes in the stresses are not unrealistic, when 

the material is not severely constrained. 

The CMTP criteria (n = 1. 7 and PL4) display a kind of vertex in the shear 

stress plane section (see for example Fig. 4.3); these are, however, not 

pronounced. When the functions are averaged over difTerent orientations, the 

corners disappear and a smooth overall locus is obtained. Consequently, the 

CMTP formulation in its present form is not suitable for even a qualitative 

study offlow localization or shear band formation (148]. 

(vi) What is the "best" yield surface? - One of the major problems 

encountered in the use of the CMTP model is the selection of an appropriate 

yield function. By 'appropriate' is meant a criterion which is able ta reproduce 

the main features of the five dimensional yield surface pertaining to a 

disoriented grain. It is indeed easy ta find criteria which give almost perfect fits 

in various sections of the crystallographic locus. However, it is much more 

diflicult to invent a function of the stresses which is able to reproduce the 

surface shape and size in the normal, shear, and mixed (normal + shear) stress 
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subspaces. Such an attempt was carried out with the PLI to PL4 criteria which 

are kinds of 'partial developments' of the Bishop and Hill polyhedron (see 

section IV.1.2). The necessity ofusing them in quadratic torm (with the Taylor 

analys$) renders them less attractive and convincing. TheJ.wo exponent type of 

criterion was also introduced for the purpose of providing a better fit to the 

crystallographic surfaces. The two exponents take in to accoun t the two 

difTerent yielding behaviours observed in the normal and shear stress planes 

(see Chapter Ill). The irnprovernent brought about by the introduction of these 

criteria is significant. lndeed, in the work carried out to date with the 

Kochendorfer (law of mixtures) assumption, the PL4 and two exponent yield 

/ functions seern to best reproduce the plastic properties (R-values) 

corresponding to a wide range of textures. However, it is possible that the law of 

mixtures analysis (section VI.3) applied to the PLI to PL4 criteria with 

exponents less than 2 (or even with two difTerent exponents) may lead to still 

better agreement with experimental observations. 

(vii) What kind of loading conditions? - As already noted in the previous 

chapters, the R-value is calculated from a tensile test carried out along a 

certain direction e of a sheet. Two types of testing condition can be considered : 
,.' 

(a) the uni axial tensile test characterized by a possible non-zero ë12 

shear component : 

[ ~ 
0 

0= 0 
1'1 

0 

0 

0 

0 

c= 
N 

? 

'1 

o ~l (6.10) 

ëll is imposed on the polycrystal. Such a test is rigorously valid only for long 

sampI es, in which the constraints due to the shoulders are small. The sheet type 

&, 

of specimen recommended in ASTM standard A370 is not fully consistent with ""< 
these loading conditions (because the gage length is only 2 inches); 

(h) the not-strictly uniaxial tensile test characterized by the following 

stress and strain rate tensors : 
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(6.11) 

Here êll is imposed, and ë22 and ê33 are unknown. Note that the condition 

0'121:- 0 cannot be fulfilled at the free surface of the specimen, so that Eq. 6.11 

only applies to the interior of the sample, where the homogeneity of the 

deformation is questionable. These loading conditions are the ones usually 

adopted in R(8) calculations [10, 11, 13, 16]. This is because the strain rate 

tensor only has one degree of freedom (sinee ë 12 = 0 and è33 = - è Il - è22) and 

thus allows easy computation when the Taylor assumption is used. 

It should be noted that in both cases the conditions 013 =0 and ~13 =0 (or 

0'23=0 and ê23=0) are equivalent. This is due ta the faet that for rolled (or 

orthotropic) materials, the Z-axis or normal direction is an axis of mirror 

symmetry [LI]. The differences attributable to the two tensile conditions are 

illustrated in tenns of the stress and strain rate characteristies in Fig. 6.7 for a 

hypothetical (oI2,n-plane) anisotropie yield surface. 

. 
The lengths of the samples used for R(a) measurements in the literature are 

generally small : Benferrah [65] and Truskowski and Jarominek [107] used 1 

inch speçimens, whereas 3.5 and 4 inch lengths are reported by Elias et al. [106] 

and Stickels and Mould [108], respectively. Thus the "not-strictly-uniaxial" 

tensile test may be more appropriate for the representation of at least tbe first 

two sets of experimen tai condi tions. 

(viii) Texture prediction - The theory of texture prediction is based on the 

possible activation of slip systems in order to accommodate the imposed 

macroscopic dt:!formation. From knowledge of these activated systems, the 

orientation of a crystal can be ealculated as the deformation proceeds. As long 

as the CMTP continuum funetions are Dot strictly crystallographically based, 

crystal rotations cannot be calculated since no reference to any slip system is 

made. Nevertheless, since the CMTP criterion is fitted to the Bishop and Hill 

polyhedron, it has been suggested [153] that it may still be possible to extend 

the method sa that texture predictions can he made. 
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Fig.6.7 Position of the l~ding point in the (012, n-,.plane) subspace for (i) 

stnctly uniaxial (point Po) and (b) not-strictly-uniaxial (point Pt> tensile ... ~ 

testing, as specified by Eqs. 6.10 and 6.11. respectively. 00 and Co are the stress 

and strain rate vectors corresponding to the completely uni axial test (Eq. 6.10); - -.. 
01 and él correspond to the non-uniaxial test (Eq. 6.11). 
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VI.5. Sources of error 

VI.5.l. Errors associated with the CMTP method 

The intrinsically ellipsoidal shape of the CMTP eriterion 1S its most 

attractive aspect as weIl as its major source of error. However, the latter may 

not be large. Indeed, the functions considered should not be compared to the 

Bishop and Hill polyhedron (which relates to a pure cubic single crystal) but to 

the yield surface of a disoriented grain, as calculated in chapter ill. This is 

because, in its spirit, the CMTP model is applied to a finite number of scattered 

ideal orientations into which the overall texture has been decomposed. When 

such a compa~$on is carried out, it appears that : 

(a) the general symmetries orthe locus are retained; 

(b) the normal stress plane section is very well approximated by aIl the 

criteria considered; 

(c) the shear stress plane sections are generaUy oversmoothed (to various 

degrees) by the CMTP approximations; 

(d) it is difficult to estimate the quality of the fit in the mixed stress 

spaces; 

(e) the errors attibutable to the CMTP model are more important with 
regard to the strain rate characteristics (which are related to the shape of ~e 

locus) than with regard to the stress state (given by its size) . 
..ri 

It is difficult to quantify the error due to oversmoothing of the yield surface, 

as it depends very much on the texture and loading conditions being consideJ;'ed . ..,.. 

Furthermore, an error must be defined with respect to something known. 

Unfortunately, the loci calculated by purely crystallographic œeans do not give 

a l'ully accurate estimate of the plastic properties (in fact, the CMTP loci may be 

more realistic). When it cornes to the experimental R-values, these are always 

determined with a fair degree ofuncertainty, as discussed in more detail below. 
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A word must be added here regarding the slip systems considered in the 

crystallographic calculations (Le. {111}<110> and {1l0}~lïl». Obviously 

more slip systems CaB. be employed in the BCC metais in which pencil glide (or 

restrided {1 ïO}, {112} and {123} < 111> glide) is often assumed. However, such 

additions lead to more rounded crystallographic yield surfaces [149], the sizes of 

which are not significantIy difTerent from the ones caiculated above (Chapter 

ID) for disoriented grains. Consequently, the CMTP fit to such surfaces is not 

expected to be changed to a significantdegree. 

VI.5.2.Errors associated with texture characterization 

Texture charaderization is aiso a possible source of error. This is not 

necessarily because of error in the determination of the main ideal orientations 

produced by rolliQ.g (these can be derived from simple pole figures, except in a 

few cases), but because of errors in the estimates of their respective volume 

fractions. The difTerence between 30 and 40% of the Goss component can lead ta 
significant difTerences in the R(90) predictions (see for example Fig. 6.4c). 

Furthermore, the percentage ofrandom component is difficult to estimate when 

a CODF analysis is not performed. It plays a non-negligible role as it can be 

quite intense, even in highly textured metals in which it has been estimated 

[69] to represent about 15% of the complete orientation distribution. 

An important factor which has not been investigated too extensively in the 

Iiterature is the change in the texture that occurs during tensile deformation. 

Interesting studies have been carried out by Ruano and 'Gonzalez [150] on 

aluminum alloys, as well as by Dabrowski et al. [114] on various grades ofstee!. 

In the former case, deformation tends to align a < 111 > direction wi th the 

tensile axis, whether the tensile direction is paraUel or normal to the rolling 

direction. Although these results ho Id for large tensile deformations (greater 

than 100%), it appears that such texture evolution can even affect the R~value 

significantly under more conventional experimental conditions (Le. at 

de formations of around 10 to 15%) . 

In_the case of a cold rolled and annealed Al-killed steel sheet, Dabrowski et 

al. [114] demonstrated that the {111}<lïo> telilture component increaseso 
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considerably at the expense of the {11l}< 112> orientation (or more precisely 

the {554} < 225» during tensile testing in the rolling direction. The reverse 

occurs after tension in the transverse direction. In these examp!es, the tensile 

elongations were about 20%. R(8) predictions based on the CODF method of 

texture representation [10,16] showed a small increase in the strain rate ratio 

in the transverse direction. Similar calculations were carried out in this 

investigation with the CMTP mode! Their texture was decomposed into 

{111}< IÏO>, {554}<225> and random components in the density ratios 5:3:2 

before tensile defonnation, 9:2:2 after testing in the rolhng direction and 3:7:2 

after testing in the transverse direction. As can be seen from Fig. 6.8, only a 

small difTerence in the Rte) predictions is produced by the second orientation 

distribution. Nevertheless, the larger volume fraction of the {554} < 225 > 

component obtained after tensile deformation parallel to the transverse 

direction, Le. in the third distribution, induces a more pronounced anisotropy 

and leads ta an R(90} value greater than in the undeformed state. These 

simplified simulations are consistent with the calculations reported by 

Dabrowski et al. (114J. 
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Fig.6.8 R(6) curves predicted by the CMTP two exponent criterion for an Al-

killed steel using the Kochendorfer mode!. ( Â ) experimental values from Ref. .. 

[114]. C:'wITP predictions ( ) before tensile deformation; (- - - -) after 

tensile deformation in the roUing direction; and (_. -. -,) after tensile 

deformation in the transverse direction. 



1 
• 

• 

237 . 

Finally, it should be kept ln mind that a texture gradient is always present 

through ~e thickness of a rolled sheet, with a more intense shear type of 

texture at the surface because of friction against the rolls. Such a gradient can 

also influence the R-value measurements, and should, ideaIly, be taken into 

account when predictions are being made. 

VI.5.3. Errors associated with R-value measurement 

Measurements of strain rate ratio are always very cntical, in that the R

value can vary wi th strain, as described above, and therefore take dIfTerent 

values at difTerent strains. In its ori~l fonn [29], the R-value wus defined as 

«the ratio of the width Cw and thickness et strallls in the tensile test". It is thus 

related ta the slope uf the ew vs et curve. However. as these strains frequently 

vary in a non·linear manner during tensde defonnation, an instantaneous 

criterion relating the instantaneous rates _ of con tractlOn in the width anô 

thickness directions IS preferred [151]. Welch et al. [152], among others, have 

discussed the difTerences associated with these two definitions, as weIl as with 

other integrated fonns. Of the various possibilities, tht:> incremental fonnula 

(R =dcw/dct) has become the most popular for R-measurements. Furthennore, 

as Ù\e strain rate ratio should indicate the anisotropy of the sheet prior to 

tensile defonnation., a back-extrapolation of the Cw vs Ct curve to zero tensile 

strain should be carried out, the slope of which at the origin gives the R-value. 

As illustrated in Fig. 6.2, such a definition can lead to difficulties at low strains 

wh en applied to rolled materials. Benferrah (65] avoided these problems in his 

extrapolations by using least square fittings on nearly linear ew vs et curves 

and neglecting the points associated with very sm~ll strains. After high 

reductions (ë ~O.52), inhomogeneous deformation takes place, as in the 

experiments of Hirsch et al. [121. 50 that still larger uncertainties are 

associated with the measured values after significant processing strai~. An 

illustration of the difficulty of giving a "true" value to the Lankford coefficient 

is given in Fig. 6.9, taken fro~ Ure work ofTruskowski and Jarominek (~07] on 

a. rolled copper sheet; very different R ratios can be deduced from the 

experimental points, depending on the way these are treated . 

In order to avoid the difficulties iitvolved in such extrapolations, Welch et al. 

[1521 proposed the use of an "integral" anisotrop)' parameter P defined over a. 
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particular strain range: 

(6.12) 

However, this definition necessitates more computational work than the slope

based methods described above. In the literature, R-va1ues have been generally 

determined at difTerent strain levels, as already noted in this report. Because of 

the lack of a standard procedure, cor~parisons between difTerent authors are 

difficult to carry out. Similarly, comparison with predicted R-values, which 

correspond to the ratios of incremental strains at zero tensile deformation, a1so 

,involves ambiguities. 
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Fig,6.9 R-value vs length strain (Ilt) at various angles e for a rolled copper 
sheet. Alter [107], 
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CONCLUSIONS 

The CMTP (continuum mechanics of textured polycrystals) method, tirst 

introduced by Montheillet et al. [5] for the prediction of axial stresses in torsion 

testing, has been"..generalized to pennit the calculation of plastic anisotropy in 

rolled sheet. New yield functions have been lOtroduced, and three difTerent 

averaging techniques employed over various grain orientation distributions 

pertaining to FCC and BeC rnetals. For comparison purposes, crystallographic 

calculations were a1so carried out according to the Bishop and Hill method. 

From this work, the followirlg conclusions can be drawn: , 

1. Quadratic or near quadratic yield criteria are useful for approximating the 

yielding behaviour of grains displaying an experimental spread of around 10 to 

15°. This conclusion is based on the shapes of the yield surfaces obtained From a 

classical TaylorlBishop and Hill analysis applied to rotationally symmetric 

gaussian distributions of misorientations with scatter widths varying From 00 

(single crystal) to 45°. For typical experimental spreads (10 to 15°), the 

crystallographic n-plane (or normal stress) sections are almost circular and can 

therefore be given a near quadratic (n == 2) representation. However, the shear 

stress plane sections remain quite angular, and so are better fitted with lower 

exponents (n::::= 1.5). An ove raIl good fit is obtained with n = 1.7. The disoriented 

yield surfa-ces described above thus provide a good physical basis for the CMTP 

yield criteria. 

2. Different continuum yield functions were derived according ta the trends 

displayed by the crystallographic yield surfaces. Of these, the two exponent 

criterion gives the best fit ta the shear and normal stress behaviours. Oilier 

functions based on the classical Hill criteria (quàdratic and non-quadratic) as 

weIl as on a partial development of the equation of the Bishop a'nd Hill 
polyhedron (PLI ta PL4), have also been investigated. In order ta retain the 

relative simplicity of the analysis, only the homogeneous forma were 

considered. AU these yield criteria give good fits ta the n-plane cross-section of 

the yield surface pertaining to a disoriented grain. By contrast, tbey lead to 
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smoother loci in the shear stress planes than the crystaIlographio surfaces 

(with the exception of the PL4 and two exponent functions, which give 

reasonable overall f'its). 

3. Yièld surfaces as weIl as R(8) and 0(8)/0(0) curves pertaining to 

polycrystalline materials were evaluated by considering three difTerent grain 

interaction models. On the one hand, the Taylor approach assumes that aIl the 

grains undergo the salI{, strain as the polycrystal. The Sachs model, by 

contrast, prescribes the stress direction to be identical in aIl the grains of the 

aggregate. In these two cases, the overall loci can be readily calculated, from 

which the stress and strain rate characteristics can be derived. Finally, the 

Kochendorfer hypothesis, in which the uni axial stress direction as well as the 

value of the é11 strain rate component are prescribed for a11 the crystals, was 

employed for the calculation of R(e). This method does not lead to the 

preparation of a yield surfa.ce. The predictions obtained from the three models 

are similar, because of the smooth nature of the CMTP functions. 

Consequently, it appears that a more sophisticated approach, such as that of 

relaxed constraints, will not le.ad to significant improvements in the CMTP 

predictions. Nevertheless, the Kochendorfer or law ofmixtures analysis, which 

aHows for much faster computation than the Taylor approach because of an 

almost completely analytical description of the yielding behaviour, appears ta 

be the most promising for industrial purposes. 

4. The CMTP yield surfaces calculated using either the Taylor (unifonn strain) 

or Sachs (uniform stress direction) grain interaction models were compared to 

those obtained from crystallographic calculations. In the continuum cases, a 

limited number of disoriented texture components was sufficient to represent 

the behaviour, whereas, according to the classical approach, a simulated 

orientation distribution made up of a minimum of 200 grains is required. The 

CMTP functions, although they respect the symmetries of the crystallographic 

loci, are much smoother. N evertbeless, some fiat regions are observed for the 

PU and n < 1.5 criteria in some cases. When the crystallographic approach is 

used, the Sachs assumption leads to concave yield surfaces, which violate the 

thennodynamics of flow and which thus differ distinctly from the fully convex 

ones obtained from the Taylor model. By contrast, the Sachs and Taylor 
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surfaces obtained from the CMTP predictions lead to similar overall shapes 

because of the smooth nature of the functions investigated. 

5. Good agreement is observed between the predicted CMTP yield surface 

sections and experimental data for various me tais when the orientations have 

dispersions of around 15°. However, for the highly textured polycrystals which 

can be considered as near single crystals, the CMTP method is unable to 

reproduce the rounded corners and flat edges of the experimentalloci. 

6. The strain rate R(8) an.d yield stress 0(8)/0(0) ratios pertaining to rolled 

sheet were calculated for the common ideal orientations observed in both FCC 

and BCC me taIs. The general features of empirical R(8) curves are given a 

ready analytical formulation in this way. In FCC metals, the cube {100}<001 > 
orientation leads to ears (maxima in the R(8) curves) in the rolling and 

transverse directions, whereas the Cu- {U2} < 11 ï >, Bs- {UO} < l Ï2 > and S

{123} < 634> components favor ear formliJ.tion at 8 = 45°. In BCC materials, the 

{Ill} type of texture is conducive to almost planar isotropie flow as weIl as to a 

high average R-value (and thus ta a better drawability), similarly the Goss-
\ . 

{110}<001> orientation is characterized by a very high resistance to thinning 

(high R-value) near the transverse direction. AlI these predictions are 

confirmed experimentally. When compared to experimental data pertaining to 

polycrystalline sheet, the CMTP calculat~ons lead to a gdod estimate of the R(8) 

and 0(8)/0(0) curves. However, the average value R of the Lankford coefficient 

is generally better reproduced than its variation (L1R) with the angle 8, 

especially in the case of rolled FeC sheet. The posi tions of the extrema in the 

strain rate ratio curves (which give the locations of the ears in deep drawn cups) 

are also weIl approximated. There is a slight trend that the two exponent and 

PU criteria are better able ta reproduce the full range of R(8) curves observed 

in different c'lbic metals, especially when used in conjunction with the 

~ochendorfer analysis. 

7. The CMTP method was also used ta predict the rate of axial defonnation in 

torsion !esting as weB as ta reproduce the an,omalous behaviour of shee~ me taIs. 

In the former case, a good estimate of the ratio of longitudinal to torsional 

strain rate is produced wh~n (lOO} < Ovw > tntures are present in tubes 

submitted to free end torsion testing. In the latter, the PU criterion ie able to 

\ !~ Je' 'i? 
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explain the anomalous behaviour when applied to a {OI2} type of texture or to 

some specific combinations of the texture components found in rolled copper 

sheet, although no experimental evidence has yet been found to support these 

predictions. Finally, a study of the orientations leading to optimum drawability 

(R maximum and ~R minimum) was carried out, which indicates that the 

presence of the {Ill} type of texture is required, wha tever the CMTP cri terion 
t 

considered. The two exponent function was not investigated in these examples. 

8. Finally, it is suggested that the PL4 and two exponent criteria can be 

readily used for on line control purposes when a Kochendorfer (law of mixtures) 

analysis is employed. This is because the plastic anisotropy present in the 

material can be linked analytically and id a rapid way to the main texture 

components as weIl as to their respective weights. The ideal orientations 

displayeâ must of course be assessed on line for this purpose by using ultrasonic 

test methods or X-ray devices oriented in the Bragg directions of the specifie 

orientations of interest . 

, 
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SUGGESTED TOPIes FOR FURTHER INVESTIGATION 

The CMTP analysis described above is a practical tool for correlating the 

plastic anisotropy of a metal workpiece to i ts texture in a simple and 

satisfactory way. For this reason, further investigations in which the validity of 

the CMTP method is tested should be carried out. These could include the 

following: 

1. The derivation of new yield criteria in order to better reproduce th.e R

variations observed in FCe metals. 

2. The theoretical and experimental study of the relation between limiting 

drawing ratio and texture. 

3. The theoretical and experimental investigation of the efTect of texture on 

the characteristics ofbiaxial and plane strain work hardening compared to that 

ofuniaxial defonnation. 

4. The theoretical and experimental evaluation of the influence of various 

orientations on limit strain in sheet metals, i.e. on the forming limit diagram. 

The last three projects should lead to particularly useful data as the 

predictions depend sensitively on the shape of the locus being considered. 

Finally, furtber investigations should be carried out regarding the possibility of 

predicting defonnation textures with CMTP yield functions . 
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STATEMENT OF ORIGINALITY AND C)NTRIBUTION TO 
KNOWLEDGE ,\J. 

\ 
',,-

The present work includes the following original contributions: 

1. A new five-dimensional orthonormal reference frame was introducëd in 

which the five base vectors defining the stress and strain rate spaces have the 

same length. In this way, stress and strain rate vectors can be decomposed onto 

a single set of axes along wqich the five unit vectors lead to equilibrated work 

conjugated components. Compared to oider representations, this notation 

facilitates the plotting of yield surface cross-sections. Furthermore, it permits 

an orthogonal 5x5 transformation matrix to .be defined which enables changes 

of reference frame to be carried out more rapidly. 

2. Classical Taylor/Bishop and Hill crystallographic calculations were 

performed on a series ofidealized cube textures which were specified in tenns of 

a rotationally symmetric gaussian distribution of misorientations with scatter 

widths increasing from 0° (single crystal) to 45°. The normal stress (n-plane) 

cross-sections were shown ta evolve from a hexagonal fonn (single crystal) to a 

neafly circular one (when the scatter widths are in the range 10 to 15°), to a 

rounded hexagonal fonn once again (when,the orientations are fully random). 

This evolution has not been previously described in the literature. By contrast, 

in the shear stress planes, the shape of the yield surface cross-sections was 

demonstrated to evolve gradually from a square fonn (single crystal) to a 

circular one (random aggregate). This analysis of the effect of scatter width on 

the shape of crystallographic yield surfaces provides a good foundation for the 

fitting of continuum yield functions. 

3. New continuum yield functions were derived, which were formulated so as 

to represent the yield surface ofa disoriented grain. These were generalizations 

of the quadratic CMTP criterion first proposed by Montheillet et al. (5]. Sorne of 

these Dew functioDs were deduced from a development of the equation of the 
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Bishop and Hill polyhedron and adapted so as to preserve the relative 

simplicit.y of the present type of calculation. 

4. The random contribution to plastic properties was simulated using a simple 

analytic representation. In the n-plane, the random TaylorlBishop and Hill 

yield surface was fitted by an analytic function of the 9th order. By contrast, a 

quadratic criterion was used to reproduce the spherical shape calculated in the 

shear stress subspace. The parameters of these functions were computed from 

knowledge of the uniaxial and plane strain tension Taylor factors calculated by 

the Bishop and Hill technique. This new representation of the random yield 

surface allows the contribution ta the plastic anisotropy made by the random 

'1lackground" observed in experimental pole figures to be calculated in a simple 

manner. 

5. Algorithms were developed which pennit the calculation of (a) strain rate 

ratio R(S) curves; (b) yield stress ratio 0(8)/0(0) curves; (c) the biaxial stress Ob. 

and (d) any two dimensional cross-section of the macroscopic yield surface. The 

method applies to any cornbination of texture components (with their respective 

weights) and employs the Sachs (uniform stress direction), Taylor (uniform 

strain) or Kochendorfer (law of mixtures) grain interaction models for 

averaging purposes. The particular advantages for engineering calculations of 

the Jattermost method of averaging have been illustrated. The R(S) and a(S) vs. 

ideal orientation relationships which have been implicit in the past with the 

use of crystallographic methods, have received for the first time an explicit and 

simple formulation. Similarly, the "anomalous behaviour" of metals is linked 

readily to the presence of certain texture components. The only investigation 

ca.rried out earlier, to our knowledge, on this particular subject was based on a 

crystallographic Bishop and Hill analysis [77]. Finally, the axial effects 

observed in fr~e end torsion tests have been correlated analytically ta the 

orientations present. Only a rough description of this relationship has been 

proposed in the past [91] . 
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APPENDIX m.l 

RELATIONS BETWEEN THE ROTATION AXISd AND ANGLE CA> AND 
THE EULER ANGLES 

Three independent parameters are required for the description.-af the 

orientation of a crystallite in a polycry~talline material. For ease of reference, 

the relations derived by Pospiech [95] between the Euler angles of Bunge (<1>1, 

~, 4>2> and the rotation axis d(8, 'l') and angle Cil employed here (see Fig. 3.2) are 

given below. 
J 

{

sm (Cil/2) sm 8 = sm (c:1>/2) 

cos (wI2) = cos(~/2) cos ((<1>1 +~ÛI2) 

'P = f(~I-4>2) 
(m.!.l) 

The tr$llsfonnation matrix for passage from the Co reference system ta the C 
system is [16, 951 :_ 

[ 

cos4>lcos~2-81n~lsm~2coscz" SIn~lCOS~2 +coB~zBm4>2cos~ 
p = -cos4> Z sm~2-sin~ 1 C084>2COScz, -sin4> lsm~2 "+ COS~ IC084>2cos~ 

sm4>zsinc:1> -co84>18m~ 

S~n4>2Sm~] 
cos4>2SlneZ» 

coseZ» 

[

(1-dI2)C08Cil +d12 

= dld2< l -cOSCil) -d3B1nCil 

dld:J{l -COSCil) +d2S'~Cil 

dldz{l-cosCiJ) +d3SinCil 

(1 - dt )coSCù + dt 
d2d:J{ l -COSCiJ) -dl s,nCil 

(m.1.2) 

dldJ{ 1 -cosw) -d28lnCil] 
d2dJ{ l - COSCiJ) + d 18lnCil 

(1 - dl )cOSCiJ + di 

An element of volume in each of the two orientation spaces is specified as 

follon: 
.-

{
dg = d( cascz,) d, 1 ~ /8nJ 

dg = sinJ( CiJ/2) d6l cl( cos8) dtp / 0 22 (m.I.3) 

1 i.i,] 

\ 1 
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- APPENDIX m.2 

FIVE-DIMENSIONAL REPRESENTATION Of STRESS AND STRAIN , 
RATE VECTORS 

It is the aim of this appendix to express the stress and strain rate vectors of 
interest to crystal plasticity in a five-dimensional orthonormal reference frame. 

This preoccupation is related to the l.act that the six component tensors under 
consideration only have 5 independentcomponents . 

.... 
Let us consider a vector V = (V ij) that can be decomposed on a 9-dimensional -orthonormal basis (ik) : 

--- .... --- ..... ..... -+ - ... ... - /' 
V = Vll;l + V22i2+ V33'3+ V234 + V31'5 + V12'6+ V32'7+ V131S+ V21'9 

(ID.2.1) 

From symmetry considerations, let us also define five vectors (ut> as follows: 

-+ 0 0 0 0 0 0 
~ 

UI a11 a12 al3 '1 
U; 0 0 0 0 0 0 

... 
a21 a22 a23 '2 ... 
0 0 0 0 0 0 0 (IIl.2.2) U3 - a34 a37 .... 
0 0 0 0 0 0 0 u.., fLl5 Cl48 • ... -uS 0 0 0 0 0 aS6 0 0 aS9 '9 

-+ Here, the aij's must he calculated so that the (Uk) vectors fonn an orthonormal 
set. The U1 and ü2 vectors are chosen arbitrarily in a plane perpendicular to the 
dlrection (1,1,1,0,0,0,0,0,0) : this plane corresponds to the so-called n-plane in -

. deviator stress space (SU +822 +833=0) (see Fig. m.2.1). In this way 

(III.2.3) 

~i 
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Fig. m.2.1 Definition of the (il'1,~> vecton-. 

Since the <f"k) set is àrÙiogonal by definition, the (ü'k> one is also orthogonal in as 

muchas: 

' ...... 
"'k.Uj = 0 forj ~ k 

The <Ok> reference frame will therefore he orthonormal if 

th~t is, if 

1/ü,,1/=1 fork = l toS 

'a12=1/V2 -
423 =~ V 2/3 
a:J.I.f-O.3-1 = l 
fl45l + lJ4il = l 
a5t1 + 4Sg'l = l 

, . 

\ 
) 

(m.2~) 

(m.2.5) 

tm:2.6) 

-

. ,'i@ . 
~ 
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-tJl. ... - .... 
V can DOW be expressed in the two'bases (Eq. m.2.1 and V = Vk Uk), from which 

it can he shown that : 

V11 = -Vl/V2- V2/V6 

V22 = +Vl/V2-V2/V6 

V33= +V2V213 

V23 = Q34 Vi 
V32 = Q37 V3 (m.2.7) 

V31 = 045 V4 

V13 = Q.48 V4 

Vl2.. = QS6 Vs 

V21 = QS9 Vs 

... 

.. 
" 

Hthe 'shear' componentsofV are assumed ta be symmetrical (Vij = VJi), which 

Js ~e case for the current stress and strain rate vectors, Eq. m.2.6 can be 
employed to deduce that 

{

Q34 = Q37 = :tl/Vi 

CJ4S = Q.48 = :tl 1 vi 
QS6 = QS9 = :tl / v2" 

although only the positive values are retained here . 

... 

(m.~.8) 

A vector V verifying th~ conditions V ij = Vji and V 11 + V 22 + V 33 = 0 can thus 
he decomposed onto two difierent' reference frames :' 

v = Vl1iT+V2212+V33l3+V2:l4+I7J+V31(Ïs+"l8J+V12fi'6+19J 

= vlüT + vlü2+ V3ü3+ V4Ëi4+ Vsü5 (m.2.9) 

with ~ = (12-ii)lV2 '-

i2 = "2/3 (li -(ri + t2JI2) 

ü3 = (l4+T1J1Vi r (m.2.10) 
... (~7J-vi "4= 15+1/ 
.... ~ ~-vi' '-
U& = (16+19) / 2 - -

A 

l' 

• 1 

- ' , 
~ 

• 
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and VI = (V 22 - V 11) / Vi' 
V2 = V3/2 V33 
Va 'V2V23 

V4 = V2V31_ 

Vs = v'2 V 12 

.~' 
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1 

·(m.2.11r 

" 

... 
An interesting consequence of Eq. m.2.1). is that the two sets of stress S and - ' strain rate è vectors1are work conjugate, i.e. 

(m.2.12) 

A verifieatf'on of the ~orma1ity rifle ean also be performed. The problem 

consists of determining lf the r=(ék> 'veetor expressed by-Eq. m.2.11 is 

perpendicular to the 5-di~ensional yield surface-F'(Sk)=O, provided tha~ r 
= (eij) is normal to the 9-<:limensionallocus F(Sij) = O. J" 

, 1 

The latter 'condition is represented by 

.. 
(m.2.13) 

, , 
The difTerential dF can be expressed in the following two ways :' 

dF = (aF / aSij) dSij = (aF' / aSIJ dSlc (m.2.14) 
,1 

\ 
sinee F(Sij>=F(Sij(Sk»=F'(Sk). Furthermore, using Eq. 111\2.11 and the 

condition thatdSu +dS22+ dS33 =0, it can be shown that 

, , 

dSl = -dS11/V2+dS22/-Y2 
dS2 = -.....rii2 (dB Il + dS22) 

d83 = V2dS23 
dS4 =V2dS31 
dSs =V2dSI2 

1) 

o ," fi 

(m.2.19> 

. " 

, . 
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s; 

so that, by identity : 

àF"laSI = (àFlàS22-dFlàSll)/V2 = (€22-F.1I)/V2;À = el/À 

àF' / aS2 = V3i2 àF / a833 = V3i2 r.33 1 i = F.2 /}.. 

263. 

aF'/aS3 = Y2àF/à823 = Y2 €231 i = é3/ À (1lI.2.16) 

aF' / aS4 = Y2aF / a831 = V2F.31 / i = €4 1 i 
àF' / aS5 = v'2 aF / aS 12 = V2 é 12 1 i = €s / À 

The normality principle fs-thus obeyed in the 5-dimensional space specified by 

Eq. ill.2.10. as long as it is valid in the complete 9-dimensional space. 

It should be noted that the /same kind of demonstration could have been 

carried out starting directly with the conventional 6-dimensional stress or 

strain rate space (in which the 'shear' components are already symmetrical) . 
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APPENDIX IV.I 

CONVEXITY REQUIREMENTS OF THE YIELD SURFACES 

ASSOCIATED WITH MATERIALS OFCUBIC SYMMETRY 

The convexity of a general yield function defined by 

F(81j) = af /8Il-822/n +/822 -S33/ n +/833-811/" f 
+2P{/8I2/"'+/S23/"'+/S3J/m f -1 = 0 (IV.1.I) 

can'be tested using.the so':.called Hessian matrix [112,113]. The ex e elements 

of this matrix are defined as 

(IV. 1.2) 

The function F(St) = 0 is concave with respect to the origin if H is a positive 

semi-definite matrix, i.e. if aIl its e eigenvalues are positive or zero: 

t=1,2, .. ,e (IV.1.3) 

In thls appendix, it is shown that the continuum yield functions defined by Eq. 

IV.1.1 are convex in the present five-dimensional space (81, 82, S3, 84, S5), 

whatever the two exponents n and m ~ 1. Using the definitions ofEq. 3.9 : 

SI = (S22-SlI)tV'2,82 = v'3i2S33,83 = Y2S23,84 = v2831,85 = v'2812 
(IV.1.4) 

the yield function can be written as: 

F( S J = a 2 -n/2 [ /281/ n + /8 1 - Vi82/ fi + /8 1 + V382/ fi J 
+2P2-mJ2 [/83/'" +/84/'" +/85/"' ) -1 = 0 (IV.1.5) 
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where the coefficients a and p are positive. When the cubic symmetry of the 

present materials is taken into account, the convexity requirements can be 

restricted to the ranges: 

(IV.1.S) 

The two first conditions follow from the symmetry properties of the n-plane 

yield locus for cubic materials. 

In this reduced range, the yield function can be expressed more simply as : 

F(8J = a 2- nl2 {(281)" +( -81 +V382Y" +(81 +V382) Il J 
+2p2-m/2[83 m+84 "'+8sf' }-1 = 0 (IV. 1.7) 

The non-zero second derivatives ofF(Sl) are the following . 

hll = a:lF / aS 1 :l go an(n -1)2 -JJi2 [2"81"-2 + (V982 _81),,-2 +(81 + v'382Y"-2) 

h22 = a 2F / aS2 2 = Qn(TJ. -1)2 -nl2 3 {cVi82 _81)11-2 +(81 + V3S2),,-2 J 
h12 = h21 = a 2F / a81aS2 = a 2F / a82aSl 

= an(n _1)2- ral2v'3 [ -tv'382 _81)11-2 +(81 + V382Y"-2) 

hll = a2F/dS,2 =2{lm(m-1)2-mI2 S,",-2 ,=3,4,5 (IV.1.B) 

The eigenvalues of the Hessian matrix are the roots o!.the equation : 

hU-À, h12 0 0 0 

h12 h22-À 0 0 0 

det(H -M) = 0 0 h33-À 0 0 

0 0 0 h44-À 0 

0 0 0 0' h55-À 

which leads to : 

À 2 -(h11 + h22) À +hllh22- h 12 2 = 0 

À = h33 

À=~ 

À = hS5 

=0 (IV. 1.9) 

(IV.1.10) 
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or to: 

ÀI À2 = hll h22 -h12 2 

ÀI +À2 = hlI +h22 

À3 = h33 

À.4 = h44 

As = hss 

It can be seen from Eqs. IV.l.B that 

and that (t =3,4,5) 

266 . 

(IV.l.1l) 

forn ~1 (IV.l.12) 

for m ~1 (IV.l.13) 

Furthermore, it is easily shown that h 11 h22 - h 12 2 ~ 0, 50 that, whatever the 
exponent n, 

(IV.1.14) 

It therefore follows that the five eigenvalues of H are positive or zero, 50 that 

the five-dimensional yield locus defined by Eq. IV.1.7 is convex for aIl n and 
m~l . 
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APPENDIX IV.2 

INVERSION OF THE NORMALITY RULE IN THE CASE OF A HILL 

TWO EXPONENT YIELD FUNCTION 

The prediction ,of certain plastic properties as weIl as the calculation of 

polycrystalline yield surfaces on the basis of Taylor (uniform strain) averaging 
, 

necessitates the inversion of the normality principle. In su ch cases, the stress 

components have to be calculated from the knowledge of th~. characteristics of 

the strain rate. 

This can be done by first expressing the Hill two exponent yield function in 

the present five-dimensional stress space (Eq. 3.9) 

, 

F(8J = a2-N2 [/281/" +/81-V382/" +/81 +V382/" J 
+2~-~[~~m+~~m+~~mJ_l=O 

Applying the normality (or flow) rule 

i t is readily shown that : 

18 1'" 
t =Apm21-1IIfl-1-

1 8 
1 

i = 3,4,5 

(IV.2.1) 

(IV.2.2) 

(IV.2.3) 

. i 
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Here the Ëi components are prescribed, and the Si'S are unknown. 

No attempt will he made to de scribe the complete method used in this work; 
only the key points will be outlined. 

It is first of in terest to note tha t 

for 1 = 1 to 5 (IV.2.4) 

(ii) Si and fi have the sarl\1e sign (IV.2.5) 

1 

This is an expression of the syrnni~try.of the yield function being considered . 

The discussion that follows is restrifted to the case Ê1 =0. When Ê1 =0, similar 

techniques can be used for the estimation of the Sî'S. 

Bearing in mind that 

{
SI = S cos 4> 

82 = Ssm4> 

'. 

(IV.2.6) 

we calculate the ratio i?Jë1 from Eq. IV.2.3 in order to eliminate the factors i 
and 8 : 

_r;;. • • 1 2oos(CP-n/3 li" ~rn . • 12cos(CP+nl3ll" . 12ooscpl" (IV27) 
(v3e-c' -(v3c+e) -c =0" 

1 Z' 2 COB ( cp _ n/3 l 1 2 2 cos ( cp + nl3 ) 2 2 cos cp 

A secant method can be used at this point in order to calculate ct> ,leading to the 

ratio X2 = S2I81 = tan ct> . 

We compute now the ratio Ëi/ë1 (i =3,4,5) from Eq. IV.2.3: 

(IV.2.8) 

: j 

: i 
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Sinee the -;"ector (Si) must ~rminate on the yield locus, the value of 81 can be 

evaluated from the following equation : 

/SI/" {a2 -"'2 [2" +/1 + -v3X2/fI +/1 - v'3X2/" J} (iV.2.9) 
+/SJ/mlfI-lJKm-IJ {P2 1 - mJ2 [/X3/~(m-1J +/X4/ mJ(m-1J +/Xs/mJ(m-V] }-1 = 0 

The other stress eomponents 82, 83, 84 and 85 are then derived using the 

respective ealeulated ratios Xi. 

When the Hill one exponent yield funetion (n = m) is employed, the 

computations are somewhat shorter sinee the value of SI is given direetly by 

Eq. IV.2.9. In..the case of the quadraticcriterion (n=m=2), however, analytical 

expressions for the Si components can he derived, i.e. 

The scalar i is then ealculated : 

so that 

1=1,2 

}=3,4,5 

, 

(IV.2.10) 

(IV.2.11) 

(IV.2.12) 
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APPENDIX IV.3 

PREDICTION OF R(S) AND 0(8) BY THE CMTP QUADRATIC 

METHOD 

Let {hkl} < uvw > represent the ideal orientation of interest, where {hkl} is a 

crystallographic plane cloSé to the rolling plane, and < uvw > is a 

crystallographic direction close to the rolling direction. For the present 
purpose, the subscripts (S), (C) and (xyz) represent the specimen (RD,TD,ND), 

crystal < 100 >, and reference axes for the measurement of R(S), respectively 

(see Fig.2.2). Let Pl and P2 be the matrices for transformation from the crystal 

to the specimen and from the specimen to the (xyz) axes, respectively. 

UI 

U2 

U3 

(IV.3.l) 

whererl =u/vu 2+v 2 +w 2,r2 =v/Vu 2 +v 2 +w 2,r3 =wl VU 2 +V 2 +W
l 

nI = h/Vh 2 +k 2 +1 2,n2 = k/Vh 2+k 2 +l 2,n3 = l/Vh 2 +k 2 +l 2 

and u = n x r 

[

COS e 
sme 

o 

-sin S 

cosS 

o 
(IV.3.2) 

The matrix for transformation from the crystal to the (xyz) axes i~ therefore P: 

where 
{

ai = r, cose + Ui sIne 

bi = - ri sine + u, cose 

Cl] 
C2 

C3 

(IV.3.3) 

for i=l, 2, 3 (IV.3.4) 

,<1' 
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The stress tensor in the crystal axes can now be expressed as 

[ ~ 
0 

~ 1 
,., 

a (C) = Pa (X]Z) P where 2(X]Z) = 0 (IV.3.5) _ N 

0 

which leads to . 

~ (C) = a [ 

a}2 a} a2 
al a

3
] 

a} a2 a2 2 a2a3 (IV.3.6) 

a} a3 a2a3 a3 2 

The deviator stress tensor is then given by 

[ 0/'-113 a} a2 
al a3 1 

S(c) = a al a2 a2 2 -113 a2a3 (IV.3.7) 
N 

al a3 a2 a 3 a3 2 -113 

Applying the normality principle to the CMTP yield criterion, we obtain 

[ 

(3a12 -1) /2 

! (c) = 2 i 0.. 2al a213 

2al a3/ 3 

. ""'. 
and finally, e (xyz) = P e (c) P, or 

N IV 

2al a2/3 

(3a2 2 -1) 12 

2a2 a3/3 

[

(5(a;4)+1)/35(ai3bJ I3 

!(XYz) =Aa 5(a,3bJI3 ,5(ai2b,Z)13-1 

5 (a, 3nJ 13 5 (ai 2binù /3 

5 (ai 3nJ / 3 
5(a,2b,nùI3 (IV.3.9) 

5 (a, 2n,2) /3-1 

where the summations over the index i are extended from 1 to 3. 



• 272 . 

• The strain rate ratio ean he dedueed from this tensor to he : 

,-
• ~ ~ (a 2 b 2) _ 1 
e 3 1 1 

R(9) = .'1 = ____ _ 
e 5 2 2 

lU -~(a n )-1 
3 1 1 

\ 

(IV.3.l0) 

With the aid ofEq. IV.3.4, this leads to 

1 4 4 2 2 'l~ 2 2 ~ 3 3 3 
;. - ~ (u + r - h r ) sm ,9 + ~ (u r ) 008,8 + t~ (r u - ur) sm48 - -
"yy 4 1 1 1 1 1 1 1 1 1 1 5 

R(8)= ~ = ------------------------
e 222 222 2 3 
lZ ~ (r n ) cos 9 + E (u n ) sm 8 + E (r un) stn29 - -

1 1 1 1 1 1 1 5 
(IV.3.l1) 

... . 
Furthermore, sinee W = 2 A. = 0 (zyz) ë (zyz) = À 0 2 ( 5 E a, 4 + 1) /3 , it ean he 

N AJ 

shown that 

or (IV.3.l2) 

o 
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APPENDIX V.l 

CONVEXITY OF A YIELD SURFACE DERIVED FROM A 
COMBINATION OF CONVEX YIELD LOCI 

In this appendix; it is shawn that the cambinatian of convex yield loci at 

constant strain rate ratios (Taylor) leads to a convex overall surface, whereas 
the Sachs av'~raging technique (~arried out at a constant stress ratio, Fig. 4.8) 

may lead to locally concave results. 

Definitions oftherconvexity 

, 

(i) geometric definition 

• A function F{Si) =0 (and thus its representation. in Si space) is convex if 

... ~~ 
(S'-S).ê <0 (V.l.1) 

~ - ~ ~ 
whatever the vectors S and S' located on the locus F<Si) =0. Here, é is the 
normal to the surface at the point S (Fig. V.l.1). This expresses the geometric 

faet tbat the point S' can never be exterior to the tangent to the locus at the 

pointS~ 

C1k1 

~ .. 
IJ 

, 

Fig. V.1.1 G e 0 met rie 

derivation of the convexity 

condi tiôn for a general yield 
surface. è is the normal to the 

locus at the point S. 
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(H) mathematical definition 

A function F(Si)=O (and thus its representation in Si space) is convex if the 
_ Hessian matrix H =à 2F 1 asi àSj is positive semi-definite, Le. aIl its eigenvalues 
are positive (or zero). This definition provides a very practical test for the 

convexity of a continuum yield function whose equation is known. It ~as used 
successfully in appendix IV.-l. 

Yield surface combination at constant'strain rate ratio 

In this case, the first definitio~ is the easiest-to use. Let us define N yield 
surfaces, Fi(Sk) = 0 (for i = 1 to N and k = 1 to P), which are assumed to be 

convex. The 'average' locus is defined as the locus of the points 
N 

S = '" aS ) L , ') 
,~ 1 

J=l toP (V.1.2) 

where Qi are the weighting factors (I: Qi = 1). The N components Sij are 

calculated from the imposed strain rate components by mea~s of the normality 

rule 

:. = \ aF,(Sk) 
.. 1\ (V.1.3) 
) , as 

1) 

applied to the ith yield locus Fi (Sk) = 0 and inverted to give the Sij components. 

Each of the N functions Fi is convex, 50 that ... -. ... 
(S'-S)ëso 'VS'EF (V.l.4) 

1 l , 1 
- .. 

where Si is the point on the ith locus whose normal is ë. It is equivalent to wri te 
Eq. V.1.4. in terms of the Si and ë components 

p 

, (S' - S )i s 0 
L.. 1) Il) 

(V.1.5) , 
'Vs E F 

1 1 

J'al 

Since the Qi parameters are pos~tive (ai E [0,1] ), it follows that 

p 

, (a S' -Q S )é s 0 
L.. 1 1) '1)) 

, . 
'VS E F 'V iE [l,N] 

1 1 
(V.1.6) 

) .. 1 

50 that 

4 
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~ [~ (a S· -Q S li ] S 0 'VS', E FI ] ~ ~ '1) Il)) 
, ,-1 )-1 

Usi~e permissible permutation o~the sums, 'the follo'\ving is obtain d 
~~~- P N N • 

(V.I.7) 

, [' Q S· - , Q S ] ë S 0 
~ ~'I) ~'I)) 

. 
'VS E F 

1 1 
(V.1.B) 

)-1 1-1 1=1 

As long as the S'i vectors can be chosen arbitrarily on each surface Fi, it is 
possible to select them to correspond to the same strain rate state. In this way, 
the vector S' defined as S'j = t ai S'ij belongs to the overall locus since its 
components satisfy Eq. V.1.2. Eq. V,I.S thus leads to : 

P 

, (S' - S )é s 0 
~ ) )) 

(V. 1.9) 
)=1 

and then to: 

.. ~-. 

(S'-S).é <0 (V.1.10) 

whatever the vector~. As long as this demonstration can be carried out for any 
vector rand therefore for any vector S of the overalliocus, the latter is.convex. 

1 

Yield surface combination at constant stress ratios 

The simple example shown in Fig. V.1.2 illustrates the local non-convexity of 
such a combination. The two functions FI and F2 are obviously convex, whereàs 
their combination is not. 

, 
Fig. V.1.2 Yield surface 
combination ·at constant 
stress ratios. FI and F2 are 
convex, whereas "FI + F2" is 
note .. 

.. 1 


