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ABSTRACT 

The aim of this thesis is to present coherently the 

theory of ringoids from a purely ring theoretical point 

of view. 

Chapter 1, 2 and 3 are devoted to extend the 

results in theory of non-commutative rings to ringoids. 

In Chapter 4 we characterize torsion theories in 

abelian categories by using techniques in topos theory. 

In Chapter 5 and 6 we apply the results in previous 

chapters to characterize torsion theories in ringoids 

and prove the additive Giraud's theorem. 
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RESUME 

Le but de cette these est de presenter de fa~on 

coherente la theorie des annoides vue A travers la 

theorie des anneaux. 

Dans les trois premiers chapitres nous prolongeons 

des resultats de la theorie des anneaux non-commutatifs 

a la theorie des annoides. 

Dans le quatrieme chapitre, nous donnons une 

caracterisation des theories de torsion en utilisant des 

methodes de la theorie des topos. 

Dans les chapitres 5 et 6, nous appliquons les 

resultats des chapitres anterieurs au probleme de la 

caracterisation des theories de torsion et demontrons 

une version additive du theoreme de Giraud. 
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c PREFACE 

The notion of ringoids was introduced by B. 

Mitchell in 1972 as a generalization of rings with 

unity. The aim of this thesis is to present coherently 

·the theory of ringoids from a purely ring theoretical 

point of view. The language of category theory is 

adopted in the presentation. That is instead of 

considering a ring as a set with algebraic structures, 

we regard elements of a ring as maps between objects in 

a small preadditive category. 

Chapters 1,2 and 3 are devoted to constructions 

such as tensor products, calculus of fractions, and 

characterizations of special objects such as the prime 

radical, the Jacobson radical, injectives, flat objects 

and such classical results as Watt's theorem and Morita 

equivalence in ringoids. 

Chapter 4 is concentrated on the characterization 

of torsion theories in abelian categories. But I have 

adopted a topos theoretical approach, by observing the 

notion of a topology in Topos can be defined for any 

category with pullbacks! 

In Chapters 5 and 6 I use the technique and results 

of Chapter 4 to characterize torsion theories in 

ringoids and prove the additive Giraud's theorem. 
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All results are original unless otherwise stated. 

I would like to point out that this work is inspired by 

B. Mitchell's paper "Rings with several objects" in 

1972. 

Finally, I would like thank my research director 

Professor Michael Barr for his valuable assistance and 

Adam Barr for his excellent job of typing. 
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CHAPTER 1 

PRELIMINARIES 

§1. Basic definitions. 

O.finitian. A ~inQoid a consists of a small catego~y 

together with an abelian group structure on each of its 

hem sets such that composition is bilinear. 

Notation. 

I a I. 
(1) The sets of objects a will be denoted by 

<2> Suppose A,B E tat~OAB denotes the zero element of 

the abelian group a<A.,B> and lA denotes the identity 

map of A € I a I . 

<3> The additive functor category Aba will be denoted 

by mod-a and similarly Aba~ will be denoted by a-mod. 

Suppose & is another ringoid the additive functor 

category Abao~ will be denoted by a-mod~. We next 

obtain a few easy properties of a. 

Proposition. For •very a E a<A,B) and b,c E a<B,C> 

(1) a(b+c) • ab+acJ 
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(4) (-.)(-b) - •b. 

Praaf. < 1 > is trivial ; 

<3> OAc = ao8c = a<b-b> = ab+a<-b>, so -ab= a<-b>. 

Similarly <-a>b = -ab. 

<4> Replacing a by -a we have <-a> (-b) = -<a<-b)) 

- -((-ab)) •• 

Remark. The composite 

a b 
A------~8------~c 

is denoted by ab. <1> implies that for any a <which 

need not be small>, there is a distinguished element 

If A E tat, a<A,-> is denoted by hA and a<-,A> by 

D•flnitian. A left idaal L of a is simply a subobject 

of hA in a-mod for some A E IQI. This means for every 

BE tal, L<B> is a subgroup of a<B.A> and if a E L<B>, 

bE a<B',B> then ba E L<B'>. Similarly, a right ideal 

- 2-
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R of a is a subobject of hA for some A € tat and an 

ideal I is simply a subobject of a<-y-) in a-mod-a. 

Examples. 

1. Oa is an ideal. 

2. If a € a<A,B>y the right ideal of a generated by a 

is given by 

aa<X> = <ax € a<A,X> lx € a<B,X> for every X € tal. 

Similarly the left ideal aa generated by a is 

given by 

aa<X> = <xa € a<X,B>Ix € a<X,A> for every X € 1«1. 

The ideal [aJ generated by a is given by 

tal<A',B'> = {Lfin<i>a'ab' € Q(A',B'>Ia' € Q(A',A>,b' 

E Q(B,B')} 

where fin<i> means over some finite index i. It is 

easy to check aa S ha, aa s hA and [aJ Sa<-,->. 

3. Let F:a~& be an additive functor, then 

<kerF><A,B> ={a € a<A,B>!F<a> = Oa} 

- 3 -
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is an ideal of a. 

Operations on ideals. 

1. If L S hA is a left ideal and R S h8 a right ideal, 

then the product RL is given by 

RL is a subgroup of R<A> and L<B>. 

2. If I, I' are ideals of a, the product II' is given 

by 

<II'><A,B>- <~in<i>aibilai E I<A,Xi>, bi € I<Xt,B>, 

xi e 1a1>. 

II' is also an ideal and II' SI, II' SI'. 

Remark. In particular, if a € a<A,B>, a' E a<A',B'> 

than 

<a'a><aa> = <~in<i>xtYtlxt E aca'a><Xt>,yt 

E <aa><Xt>,Xi E 1a1> = ~in<i>a'uvalu E a<B',Xi>,v 

E a(Xi,A>,Xi € tal>~ a<A',B>. 

Hence if we regard a as a diagram, <a'a><aa> is 

the abelian subgroup of a<A',B> generated by all finite 

paths 

- 4 -
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§2. The category a-mod. 

L ... a <Yon•da). Far •v•ry A E 1a1 and TEa-mad, th•r• 

is a natural isomorphism 

--~> T<A>. 

Praaf. See CB. Stenstr6m, 1972J. • 

Natation. (1) Given T € a-mod and x E T<A>, the 

corresponding map hA~T will be denoted by <x>. Then 

<x>CB><a> = T<a><x> for every a E hA<B> = a<B,A>. 

(2) If T E a-mod<H,N> and g E Q-modCH,K>, the 

composition is denoted by goT. 

Suppose H € IQ-modl. A set <xi € H<Ai>li € 1) 

generates H if for every x € H<A>, there exists ai 

p:LiEihA~~H is an epimorphism in a-mod where p is 

induced by <xi> : hA~~H. H is finitely generated if 

I can be finite and H is cyclic if I can be taken a 

- 5 -
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singleton set. Notice that for every H E a-mod there 

always exists a set of generators U<H> = UAEIQIH<A> 

the underlying set of H. 

Prapaaitian. Far avery H E 4-mad,H ~ calimieihA~ far 

aama aat af I. 

Proof. See CMac Lane, 1971l. • 

In particular H is free if H ~ LiEihA~ for some 

set 1. 

Operations an a-.od. 

1. Suppose HE Q-aod and x E H<A>, the subabject Qx 

generated by x is given by 

(Qx) <X>- <H<a><x> E H<X>Ia E Q(X,A)}. 

2. If HE a-.od, x € H<A> and L ~hA is a left ideal, 

the product Lx is given by 

<Lx> (X)- {H(a)(x) € H<X>ta E L(X)}. 

Then Lx E a-mod and Lx ~ H. 

3. If HE a-mod and R ~hA a right ideal, the product 

HR is given by 

- 6-
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Then HR is a subgroup of H<A>. 

4. If HE a-mod and I an ideal, the product IH is 

given by 

<IH><X> = {Lfin(i)H(ai) <x1 >1ai E I<X,X'>,x1 E H<X1 >,X1 

E IQJ}. 

Then IH E a-mod and IH ~ H. 

5. If H' is a subobject of H in a-mod and x E H<A>, 

then the left ideal CH':xl ~hA obtained by pulling 

back H' along <x> is defined by 

CH':xl<X> ={a E a<X,A>IH<a><x> EH' <X>>. 

§3. Jacobson radical, Prime radical and the center. 

H € a-mod is non-zero if there is an A E IQJ such that 

H<A> ~ 0. 

L•mma. Every non-zero finitely g•n•rated H has a 

maximal prop•r subobJ•ct. 

Proof. Let • be the set of all proper subobject of • 

partially ordered by inclusion. If ~ is a totally 

ordered subset of ., let H' be the sum of all N E ~. 

If we can show that H' ~ H, then H' will be an upper 
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bound far • in ., and Zorn's lemma can be applied to 

give a maximal proper subabject of H. If H' - H, there 

exists a finite set of generators <x1 ,···,xn> far H'. 

Each xi lies in same abject belonging ta ., and then 

far same H € • we have <x 1,···,xn> ~ U<H> since • is 

totally ordered. This implies H - H a contradiction. • 

Corollary. Far •v•ry A € tat, hA has a prap.r maximal 

l~t id•al. 

Now we shall extend same classical results of non­

commutative ring theory ta a. 

(1) The Jacobson radical <Mitchell). 

Let A € tal and JA be the intersection af all 

proper maximal left ideals af hA. Then we have 

Proposition. JA<B> • <a E 4<B,A>11A-ba is laft 

inv•rtibl• far all b E a<A,B>> 
• <a E «<B,A) llA-ba i• invertible far all b 

E 4<A,B>>. 

Proof. If 1A-ba has no left inverse for same b 

€ a<A,B>, then a<lA-ba) is a proper left ideal and it 

is contained in some proper maximal left ideal L. If a 

€ L<B> then ba € L<A> which implies lA € LCA). Hence a 
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Conversely, if a E JA<B>, there exists some proper 

maximal left ideal L such that a E L<B> which implies 

aa+L = hA. In particular lA € <aa+L> <A> there exists b 

E a<A,B> and c € L<A> such that lA= ba+c. Since L is 

proper, c = 1A-ba is not left invertible. 

To complete the proof, it suffices to show that if 

lA-ba has a left inverse for all b € a<A,B>, then the 

left inverse is also the right inverse. 

If x € a<A,A> such that x(1A-ba) = lA we have x 

= 1A+<xb>a = la-<-<xb>> so x also has a left inverse y 

E a<A,A>. Hence 1A<1A-ba) = yx<lA-ba> = y1A = y. This 

implies x<lA-ba) = xy = lA. • 

L.mma. Bivan a E a<B,A> and bE a<A,B>, then 1A-ba ia 

right invertible if and anly if 11-ab ia right 

invertible. 

Proaf. Suppose x E a<A,A> such that <lA-ba>x = lA. 

Then lA = x-bax and 

<18~b><18+axb> = 18-ab+axb-ebaxb = t 8-e<1A-x+bax>b 

= ta- • 

- 9 -
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If J 8 denotes the intersection of all proper 

maximal right ideals of h 8 , then the last two results 

J is an ideal. 

Lemma CNakayama). If HE a-mad is finit•ly gan•rated 

and 3H • N, thwn H • 0. 

Praaf. Suppose N<A> ~ 0 for some A E tat, and let <xi 

E N(Ai)}~-1 be a minimal set of generators of N. Then 

Hence N is generated by {xi E N<Ai>>?-f,a 

contradiction. • 

Dwflnttlan. a E a<A,A> is ntlpatant if an = 0 for some 

n E ~- A left ideal L ~ hA is nilpotent if every 

element of L<A> is nilpotent. 

Prapasitian. Suppas• a laft id•al L ~ hA is nilpat•nt, 

thwn L ~ J<-,A>. 

Praaf. Suppose BE IQI and a € L<B>. Let bE a<A,B>, 

- 10 -
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then ba E L<A>. Since Lis nilpotent~ so (ba>n- 0 for 

some nE N, and hence <1A-ba>-1 - 21-f<ba> 1+1A. This 

implies a E J<B,A>. • 

(2) The Prime Radical. 

De4inition. An ideal P is prima if given ideals I and 

I' such that II' ~ P then I ~ P or I' ~ P. 

Theorem. P is a prime idaal i4 and only i4 whenever • 

E QCA,B') and bE a<A',B> such that (aQ)(Qb) ~ P<A,B>, 

then a E P<A.B'> orb E P<A',B>. 

Proo4. Suppose Pis a prime, a E a<A,B'> and b 

E a<A',B> such that <aa><ab> ~ P. It suffices to show 

tal[bJ ~ P, then simply observe a E [al<A,B') and b 

E tbl<A',B>. Recall 

Since composition is distributive over addition 

enough to consider each summand of [aJCbl<X,Y>, we have 

the following diagram 

- 11 -
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belongs to (aQ)(Qb) ~ PCA,B>, and since Pis an ideal 

we have [aJ[bJ ~ P. 

Conversely, suppose I, I' are ideals such that II' 

~ P. If I ~ P, there exists A,B E IQI such that I<A,B> 

~ P<A,B). Choose a € ICA,B> such that a « P<A,B> and 

suppose b € I'<A',B'>, it suffices to show <aQ) Cab> 

~ P<A,B'> since in that case we have b € PCA',B'>. We 

can use the same argument as before. Clearly we have 

aa ~ I<A,->, Cal ~I and Cbl ~I' so taJCbl ~ II' ~ P. 

But a E P<A,B> sob € CbJCA',B'> ~ PCA',B'l. 

Dafinition. <1> rad(Q) • n<PIP is a prime ideal of a> 

<2> a E acA,B> is strongly nilpotant if every sequence 

<a0 ,a1 ,···> such that it is constructed by a0 =a and 

E Q(A,B> for all n E N. 

Thaor.m. rad<«><A,B> consists of •11 tha strongly 

nilpotant alamants in a(A,B>. 

- 12 -
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Praaf. Suppose a E a<A,B> and a E rad<A,B>, then there 

exists same prime ideal P such that a E P<A,B> sa 

<aa><aa> ~ P<A,B>, select a 1 E <aa><aa> and a 1 

E P<A,B>. Continue this construction so we have a 

sequence {a,a1 ,a2 ,a3 ,···} such that an~ 0 for all n, 

since an E P<A,B>, sa a is not strongly nilpatent. 

Conversely, if a E a<A,B> is nat strongly 

nilpotent, which means that there exists a sequence 

{a0 ,a1 ,a2 ,a3 ,•••} such that an~ 0 far all nand an+l 

E <ana><aan>· Let E denote the sequence then consider 

the family o ={I an ideal of QII<A,B>nE = e>. Clearly 

I ~ 0 since the zero ideal of a has nothing in common 

with E. Order I by inclusion, then the usual Zarn's 

lemma argument says o has a maximal element P. If we 

can show P is prime we are done, let I and I# be ideals 

of a such that I~ P and I' ~ P. Since Pis maximal, 

<I+P)nE ~Band <I'+P)nE ~ B hence ai E <I+P) <A,B> and 

aj E <I'+P><A,B> for some i,j EN. Put • = max<i,j) 

then we have 

But aa+l E P<A,B> implies •a+l E <II'><A,B>, so II' 

~~· 

Observe if a E a<A,A> is strongly nilpatent, then 

it is nilpatent. Then the result in last example an 

the Jacobson radical says: 

- 13 -
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Corollary. rad<4> ~ J. 

(3) The center of a. 

Before we consider the center of a, recall the 

following result of ring theory: Let R be a ring with 

unity and 1R-mod denote the identity functor. Then 

there is an isomorphism 

So we have this result to guide us. 

Given e E Nat<la-mod,la-mod) we shall to describe 

e in terms of morphisms of a. By definition e should 

satisfy the condition: for every H € a-mod, there is a 

map eH:H~H such that for all f € a-mod<H,H> the 

diagram 

commutes. In particular, for every A E 1a1, let eA 

for every e we get a set of endomorphisms <eA 

€ a<A,A>IA E Jal}. Bute also implies the following 

- 14 -



c 

0 

relationship among eA: for every b € a<A~B> 

~ a-mod<hA,hB>, we have the following commu~ative 

diagram: 

Evaluating this diagram at lA € a<A,A>, we have 

eAb = be8• We define a set of endomorphisms E = <eAIA 

E IQI} is a central element if and only if for all b 

€ a<A,B>, eAb = beB. The collection Z<a> of all 

central elements of a is called the center of a. 

Suppose E = <eAIA € tal} E Z<a> and H € a-mod, 

Suppose b € Q(A,B> and x E H<B>. Then 

H<b>•en<B><x> = H<b>•H<e8 ><x> = H<be8 ><x> = H<eAb> <x> 

= H<eA>•H<b><x> = eH<A>•H<b><x>. 

Hence eH € a-mod<H,H>. Now suppose 7 

e a-mod<H,N>, A e tat and x e H<A>. 

This implies Z<a> ~ Nat<la-mcd•la-mcd). 

- 15 -
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Suppose E =<eA € a<A,A>lA € tal} € Z<a>. Define 

an 1deal [£J by C£J(A,B> = {eAb € a<A,B>Ib € a<A,B>> 

= <be8 !b € a<A,B>}. If a E a<A',A> and C € <B,C>, it 

is easy to check the following diagram commutes. 

C£J(!,B>------~C£J(!,C> 

[£J(A',B> CEJ<A',C> 

for every A € 1a1. Let B<a> denote the set of 

idempotent central elements of a, then B<a> has a 

Boolean algebra structure (£v£' = E+E'-EE',EAE' = EE> 

moreover (£] is an idempotent ideal that means C£J[£l 

= CEJ. Clearly C£J[£J ~ CEJ. On the other hand, if 

be8 € CEJ<A,B>, then be8 =be§= bei = <be8>(ej> 

€ C£J[£J<A,B>. 

§4. Calculus of fractions 

Given a, we shall construct the ringoid of 

fractions of a with respect to a certain set r of 

morphisms a, moreover given M € a-mod we shall contruct 

its functor of fractions. 

O.finitian. A set r of morphisms of a is called an RMC 

set <RMC stands for riQht multiplicatively clas•d> if 

the following conditions are satisfied: 

- 16 -
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<1) r is closed under composition and lA E r Tor all A 

E I a 1. 

(2) A diagram 

s r 
A----~8 

in a with s E r can be embedded in the commutative 

square 

r r 
A-----_,.8 

with S 1 e r. 

<3> For every a E a<A,8> with as - 0 for some s 

E rna<B,B'> there exists s' E rna<A',A> such that s'a 

= o. 

Definition. A non-empty category D is called quasi­

directed if the following conditions are satisifed: 

(a) Any diagram in the Torm of a cc-angle 

- 17 -
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r--------~A' 

can be embedded in a commutative square 

(b) For any a,a' E D<A,B>, there exists bE D<B,B'> 

such that ab = a'b. 

Given ringoid a, r an RMC set of morphisms of a 
and A E tat, let <r,A> be the full subcategory of the 

comma category <a,A>, which means an object of <r,A> is 

of the form s:A'---?A E r, and if t:A0 ---7A € r is 

another object then 

<r,A><s,t> ={a € a<A",A'> las-t}. 

L.mma. If r 1• an RMC sat of morphlam• in a, than for 

any A E 1a1, <r,A) la quasi-directed. 

Proof. Suppose that every diagram in a 

- 18 -
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B'' 

b"/ 
/ 

B' s" 

Vs"\ 
B A 

with bath triangles commute and s,s',su Er. Then it 

can be embedded in 

in which the auter square commutes and t E r_ Then ts 

E r, hence the ea-angle has been embedded in a 

commutative square in <r,A>. 

Ta show second condition af quasi-directedness, if 

in <r,A> we have 

a 

such that as =a's = s' with s,s' E r_ Since r is RMC, 

there exists t:B0 ---7B' such that ta = ta'. Clearly 

- 19 -
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belongs tor and it equalizes a and a' in <r,A). 

Definition. A category e is connactad if it is non­

empty and if for any two objects i and j there is is a 

finite set of objects i 1 ,i2 ,···,in and a diagram 

in e. 

This means that any two objects may be connected 

by a path containing a finite set of oriented 

morphisms. Obviously <r,A> is connected for any A 

e tat. 

D~inition. A category D is dir•ct•d if the following 

conditions are satisfied: 

(a) for any pair of objects D and D1 of D, there is a 

diagram 

D'------~D"~<------D 

-20-
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<b> for every parallel pair of arrows d,d':D~D', 

there is a map d":D'---?D" such that dd" = d'd". 

It is easy to show that if D is quasi-directed and 

connected, it is directed. Hence cr,A> is directed. 

D•finitian. Let r be a RMC set of morphism of a, a 

rinaaid of fractions of a with respect tor is a 

ringoid r-1 ca> together with an additive functor 

~=a~r-1 ca> satsifying: 

Fl. ~(s) is invertible for every s E r. 

F2. For every •=a~5 such that •<s> is invertible in 

& for every s E r then there exists a unique 

a:r-1 ca>---7& such that a•• = •· 

Clearly if r-1 <a> exists then it is unique up to 

isomorphism. Now we shall confirm its existence. 

Let A,B E tat define E(A,B>:<r,A>---?Ab by 

E(A,B><X---?A> = acx,B> and if x:X'~X is a map 

sending <s:X---?A> to <s':X'---?A> in <r,A> then 

E<A,B><x> = a<x,B>. Now we can construct r-lca>, let 

Jr-1 <a> t = 1a1 and given A,B E tr-1 ca>t, put 

r-1 ca><A,B> = colimsecr,A>E<A,B><s:X~A> 

= colimsecr,A>a<X,B>. 

- 21 -
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The explicit construction of r-1 <a> CA,B> is given 

by putting 

then impose an equivalence relation on P: if b 

E E(A,B> (s:X---+A>- a<X,B> and b' E £<A,B><s':X'---+A> 

= a<X',B> then b-b' if and only if there exist 

<t:Y---+A> E <r,A> and maps x:s---+t, s'---+t where x 

E a<Y,X>, x' E a<Y,X'> such that a<x,B><b> 

= a<x',B><b'> that is x'b' - xb. All this amounts to 

is that we have the following diagram 

such that x'b' = xb and x's' = xs - t E r. 

It is routine to check - is an equivalence 

relation. Now we have a less confusing picture of 

r-1 <a> <A,B>, a map between A and B consists of the 

equivalence classes of a pair of maps in a, namely 

<b,s> with s:x---+A, b:X---+B and s E r. 

- 22 -
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Suppose <b,s> and <b',s'> € r-1 <a><A,B> that is we 

have 

in a, since r is RMC we have the following commutative 

diagram 

in a with t € r, the define (b,s)+(b',s') = (ab'+tb,ts> 

e r-t<a><A,B>. 

Suppose <b,s> € r-lca> CA,B>, <c,t> € r-lca><B,C> 

that is we have 

X y 

:/~/~ 
A B C 

in a, since r is RMC we have the following diagram 
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a 

in a such that ub =at and u Er then define <b,s><c,t> 

= <ac,us> with <ac,us> E r-1 <a><A,C>. It is routine to 

check these operations·respect the equivalence relation 

-- Moreover r-l<a><A,B> is an abelian group with 

<0,18 > as the zero element for addition and (1A,1A) is 

the identity for composition. 

Now we shall construct •=a~r-1 <a>. Obviously 

we put •<A> = <A> for A E 1a1 and if a e a<A,B> we put 

~(a) = (a,lA>- It is easy to verify that • is 

additive. Moreover if s E a<A,B> and s E r, then •<s> 

= <s,lA> so it is represented by 

in a. Since r is RMC we can embed it in 

t 
X B 

lA ·1 s 
118 

AE A B 
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with t = as 9 then (a 9 t) E r-1 <a> CB 9 A). Consider 

the composition <s,lA><a,t> E r-l<a> <A 9 8). We have the 

following diagram 

with t' e r and both squares commute. That implies 

that <s,1A><a,t) = (ba,t'). Moreover we have t's 

= bas. Hence there exists u:Z~Y E r such that ut' 

is an additive functor such that v<s> is invertible in 

& for all s E r. We define an additive functor 

a:r-1 <a>~& as follows: a<A> - v<A> for all A 

e Jr-1 ca>t. if <b,s> e r-1 ca><A,B> for some be a<X,B> 

and sE a<X~A>nr then put aCb,s> - v<s>-1v<b>. This 

desired properties. 

If r is an RMC set of morphisms in a and H 

E a-mod, we would like to construct the functor of 
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Definition. Given a RMC set r of morphisms in a and H 

ea-mod, then r-1 <H> e r-1 <a>-mod is a functor of 

fraction• of H if there exists PH E a-mod<H,r-1 <H>·~> 

with the following universal property: for every H 

E r-1 ca>-mod and 7 E a-mod<H,H••> there exists a unique 

a e r-1 <a>-mod<r-1 <H>,H> such that the following 

diagram commutes: 

Notice we regard a E a-mod<r-1 <H>,H> by 

restriction and the definition of r-l(H) simply states 

Now we take on the construction of r-1<H>. For A 

IA<s:X~A> - H<X> and suppose x E a<X',X> has the 

property that «:<s:X~A>~<s':X'~A> in <r,A>. 

Then IA<x> = H<«>:H<x>~H<X'>. We put 

r-1 <H><A> = colimse<r,A>IA(s:X~A> for A E Jr-1 <a> I 

= colimse<r,A>H<X>. 
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letting 

and then imposing an equivalence relation in P: if x 

then x-x' if an only if there exist (s 0 :X0 ---?A> 

E a<xu,x>, «' E a<X',X) such that H<«> <x> = H<«')(x'). 

Again it is routine to verify - is an equivalence 

relation and elements o~ r-1 <H> <A> consist of 

equivalence classes of pairs <x.,s> where x E HOO and 

s:X---?A E r. 

If <x,s>, <x',s'> E r-l<H><A> then we have 

s s' 
x------~A~------~' 

in a which we can embed it in 

a 

{ $ F· 
x-----~A 

0 
-27-
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with ts =as' and t er, then we de~ine <x,s>+<x',s') 

== CH<t> <x>+H<a> <x' > ,ts>. 

have 

in a, since r is RMC we can embed it in 

b' 

s' I b I$ 
tr-----+.A 

B 

with s'b = b's and s' Er, then define r-1 <H><b,t><x,s> 

= <H<b'> <x>,s't> e r-1 <H> <B>. 

Let X e H<A> and put ~H<A><x> = <x,lA>· If a e a<B,A> 

we must show the following diagram commutes. 

- 28 -



0 

0 

H<A> "'tt<A> >r-1 <H> .. • <A> 

H<a>l lr-1 <H>• <a> 

+ + "'tt<B> HCB> >r-1 <H> .. • <B> 

If a € QCB,A>, then qa(a) = <a,la>, we have 

= (lf(a' > <x> .,s> 

far every x € H<A> and a' is obtained from the 

following diagram: 

with s € r. Since s18 = lxs = s, 

<H<a> <x>,18 >-<N<a'><x>,s> = CH<sa> <x>,s> 

= (lf(s)olf(a) <x> .,s>. 

Now if HE r-1ca>-mad and 7 E a-mad<H.,H•cp>, we 

must construct a E r-l<a>-madcr-lclf>,N>. Suppose A 

€ Jr-1ca>t and <x,s> E r-1 <H><A> where x E HCX> and 

s:X---+A € <r,A>. Since 7 € a-mad<H,Hocp) we have that 

the diagram 
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f(A) 

commutes and ~<s> = <s,lx> is invertible, sa define 

<a,t> E r-1 ca> <B,A> where (a,t) is represented by 

t a 
8~----~Y------~A 

with t E r, we have ta verify that the square 

o<A> 
r-1 <H><A>----------~HCA> 

r-l<H><a,t>l lN<a,t> 
l<B> r-1 <H> <A> NCB> 

is commutative. Let <x,s> E r-1 <H> <A> be represented 

by s:X~A and x e H<X>. Then 

On the ether hand we have a diagram 
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s' t 

a' I s I a------318 

z----~A 

in a with s'a =a's and s' E r, hence 

I <B>·r-1 <H> <a.,t> <x,s> =I <B> <H<a' > <x> ,s't>. 

= H<s't,lz>-1•f<Z>•H<a'><x> 

fer f E a-mad<H,H·~>. Se we must show that 

equivalently <s't.,lz><a,t>-<a'.,lz><s,lz> in 

r-lca> <Z,A> .. 

Observe the fcllcwing diagram in a 

Using the fact that s'a =a's, we have 

<s't,1z> <a,t> = <s'a,lz> = <a's,lz>· 
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Hence a E r-1<a>-mod<r-1 <H>~H>. Moreover i? X 

E H<A> then 

a<A>•~n<A> <x> = a<A><x~1A> = H<1A,1A>-l·~<A><x> 
= f'<A> <x>. 
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CHAPTER 2 

§1. Projectivity and Injectivity 

p e a-mod is a projective if 

a-mod<P,->:a-mcd~Ab is exact, which means that fer 

every epimcrphism ,:H~N and every ~:PP--~)N, there 

exists ~':PP--~)H such that p•~' - ~· 

Clearly, for all A € tat, hA is projective. 

Lemma. ~teiPi is projective if and only if each P1 is 

proJective. 

Proof. A simple application of the isomorphism 

a-mod(~iEIPi,X> ~ fli€Ia-mod(Pi,X> • 

Corollary. (a) Ev.ry free functor is projective. 

(b) Every direct summand of a free functor is projactiv•. 

Proposition. The following are equivalent for P E a-mod 

(a) P is projectivaJ 

(b) P is direct summand of a free functor; 

(c) Every exact saqu•nc• O~N~H~P )0 splits. 

Corollary. P is projective if and only if there exists 

a s•t <xi E P<A1>1i E I> and maps <~i E a-modCP,hA~>Ii 
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E 1> such that far all A E 1a1 and x E P<A> an• has x 

• ~1 e 1P<•1 <x>><x1 >, •<x> • Oa far all but a finita 

number af i E 1. 

Praaf. Let p:Lie 1hA1~P be an epimorphism of a free 

functor onto P. Since Q-mod<Lte 1 <hA1 ,P) 

~ fite 1a-mod<hA4 ,P> ~ n1e1P<A1 >, p induces a set <xi 

E P<At>li E 1}. If Pis projective, there exists 

•=P~LiEihA4 such that p. = lp. But a-mod<P,Lie 1hA4 > 

= LJe 1a-mod<P,hA4
) says that • induces a set {•t 

€ a-mod<P,hA1 > fi E 1} with stated property. • 

Note that the set <xi € P<At> li E 1} generates P, 

and that it can be chosen finite if P is finitely 

generated. 

E E a-mod is injective if 

a-mod<-,E>:<a-mod)~~Ab is exact, which means that 

for every monomorphism «:H~N and every •=H~E, 

there exists •':N---?E such that •'« = •· Dually we 

have the lemma: 

Lamma. A dir•ct praduct.n1e1E1 is inJ•ctiva if and 

only if ••eh E1 is tnJ•ctiv•. 

When determining whether a module is injective, it 

suffices to consider a very restricted clas of 
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monomorphisms: 

lemma>. 

<A generalization of Baer·s testing 

Theorem. E E a-mod ia inJective if and only if for all 

A E 1a1 and L ~hA a left ideal of a, if • E a-mad<L,E> 

there exists an x E E<A> such that the diagram 

E 

commutes, which means that far all x E 1a1, a E L<X>, 

•<X)Ca> • ECa)(x). 

Proof. The stated condition means simply that every L 

~hA and • E a-mod<L,E> can be extended to •=hA~E, 

so it is of course a necessary condition. Assume that 

E satisfies the condition. Let «:H~H be a 

monomorphism and • E a-mod<H,E>. Consider the set E 

- <•'=H'~EIH ~ Ns ~Hand •' extends.}. E can be 

partially ordered by declaring •' S •" if •n further 

extends •'· If l is a. totally ordered subset of E, we 

define~ as the sum of all N' E o, and define 

.~:H~~E so that it extends all •' E o. .~ then is 

an upper bound for o. The set E is thus inductive, and 

we can apply Zorn's Lemma to obtain a maximal 

•o=No~E in E. We must show that Ho =H. Clearly N0 

~H. Let x € N<A> and A € IQI put L<X> = {a 
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E a<X,A>IN<a> <x> E No<X>}. It is easy L ~hA and Lis 

a le~t ideal. There exists ~ E a-mod<L,E> given by 

~<X><a> = •o<X>CH<a><x>J, and by hypothesis there 

exists yE E<A> such that ~<X> (a)= £<a><y> for all X 

E IQI and a E L<X>. Recall that if x E N<A>, \Ax the 

sub~unctor functor generated by xis given by <ax><X> 

= {N(a)(x) E N<X>ta E a<X,A)}. Now define ~:Ho 

+ ax---+E as ~<X><z + N<a><x>> = •o<X><z> + E<a><y> 

where z E Ho<X>. We claim that~ is well-defined. 

Suppose z + N<a><x> = 0 in <Ho+ ax><X>, then -z 

= H<a><x> E H0 <x> implies a E L<X>, and then E<a><y> 

= p(X)(a) = •o<X>CH<a><x>J, so we have ~<X><z 

+ H<a><x>> = •o<X> <z> + E<a> <y> = •o<X><z> 

+ •o<X>CN<a><x>J = •o<X>Cx + H<a><x>l = 0. Furthermore 

~ E a-mod(Ho + ax,E> and extends •o· This contradicts 

the choice of H0 • • 

Definition. H E a-mad is divisible if far every Da - a 

E 4<A,B) and x E H<A> there exists y E H<B> such that x 

• H<a> Cy). 

Corollary. If E E a-mad is injectiva then £ is 

divisible. 

Proof. If a E H<A,B> and x E H<A>, we can define • 

E a-mad<aa,E> by •<X><ba> = H<b><x> then apply the 

lemma. • 
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§2. Tensor products. 

Let H € mod-a and H E a-mod. We shall define the 

tensor product of H and N as an abelian group with 

universal mapping property. 

Put HxH = LAEiatrH<A>XH<A>J and let G be an 

abelian group. A map •=HXH~G will be called a­
bilinear if 

(1) The composite 

•<A>:H<A>«H<A>---igA __ ~>HXH---·~~G 

is Z-bilinear, which means •<A> factors through 

H<A>~<A> for all A E 1a1. 

<2> For all x E H<A>, yE H<B>, a € a<A,B> we have 

Definition. A tensor product of H and H is an abelain 

group T together with a a-bilinear map ~:HxH~G, such 

that for every abelian group G and a-linear map 

••HXH---+G there exists a unique homomorphism «:T >G 

such that «~ • •· 

It is easy to check that the tensor product is 

unique up to isomorhpism. As for existence, let T 
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= LAEIQICH<A>eH<A>J/-, where- is the abelian subgroup 

generated by elements of the form H<a> <x>~ 

- x.W(a)(y), x € H<A>, y € H<B> and a € a<A,B>. It is 

routine to check that ~:HXH~T has the desired 

universal property. 

Because is it unique <up to ismorphisms>, we will 

speak of the tensor product of H and H and denote it by 

n•aH. 

Theorem. Far all A € 141, HE mad-4, HeahA ~ /f(A). 

Praaf. First we notice HXhA = IBEJQI[/f(~)XhACB>J 

- LBEIQICH<B>xa<B,A>l. Define ~:HXhA~H<A> by 

~<B>tx,aJ = H<a><x>, B € IQI. Since His additive ~<B> 

is bilinear. To check that~ satisfies <2>, let x 

E H<X>, yE hA<Y> = QCY,A> and b € a<X,Y> then we have 

~(Y)[/f(b)(x>,yl = /f(y)a/f(b)(x) = H<by><x> = ~(X)[x,byJ 
= ~<X>Cx,ha(b)(y)J 

Hence ~ is a-bi 1 i near. Suppose qn HXhA~G is 

also a-bilinear. Define «:H<A>~G by «<z> 

= ~<A>Cz,lAJ, we have to verify «•~ = •· It suffices 

to show for all X € IQI, «•~<X> = •<X>. Let Cx,yJ 

E H<X>XhACX> = H<X>xQ<X,A>, then 

-38-



0 

0 

Similar·ly, we can show lt~aN ~ H<A> for all A E IQI, H 

E a-mod. 

We will now look at tensor product from a 

functorial point of view and show that the tensor 

product may be considered as a functor 

mod-axa-mod~Ab. Let A E a-mod<n,H') and~ 

E a-mod<H,H'>. We claim that there is an induced 

homomorphism «=~aN~H'eaH'. Define ~:HxH~H'eaN' 

by ~<X>tx,yJ- A<X><x>•a~<X> <y>. ~<X> is clearly 

bilinear on H<X>XH<X>. Suppose x E H<A>, yE H<B>, a 

E a<A,B> then 

~<A>C.x,N<a> <y>l = A<A> <x>e,.dA>oH<a> <y> 

= A<A> <xHI'IH' <a>o~<B> <y> = H' <a>•A<A> <x>CIIp.&<B> <y> 

= A<B>•H<a> <X>~<B><y> = •<B>C.H<a> (xl,yJ. 

Hence • is a-bilinear, so there exists a unique 

a:HeaH~H'eaN'. The homomorphism «is denoted by 

AG:Ip.t. Also observe in the construction of HeaH it is 

generated by elements of the form x8y where x E H<X> 

and yE N<X> then l(x8y) = <A~><x8y> 
= A<X><x>CIIp.&<X> (y). 

Proposition. If Hi E mod-a for i E 1, and N E a-mod, 
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th•n th•~• is a natu~al isamo~phism 

P~aaf. See CHitchell, 19721. • 

Moreover, Hitchell has shown: 

Preposition. Th• t•n•o~ p~oduct is a right •xact 

funct~ in ••eh af th• two variabl•s. 

Cc~olla~y. Suppos• Ai E 1a1, i E I and N.E a-mod th•n 

Similarly if H E mad-a 

Corollary. If n1 E mod-a is • direct system of objects 

and N e a-mod, th•~• is a natu~al iscmo~phism 

Exampl•s 
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1. Tensoring with cyclic functors. 

Let L ~ hA be a left ideal and H € a-mod. From 

the exact sequence O~L~hA~hA/L~D we get an 

exact sequence 

where Im(a) 

= {~in(i)H<ai><xi> € H<A>Iai € L<Xi>,xi € H<Xi> and Xi 

e tan 

= HL. 

2. Direct Unions. 

If H € mod-a is a direct union of subfunctors Hi 

fori € I, then H8aH- colim<Hi8aN>, but it should be 

noted that Hi8aH is not in general a subgroup of HeN. 

3. Split exact sequences. 

If O~H'~H~Hn~o is a split exact 

sequence of functors in a-mod, then it follows that the 

sequence of abelian groups 
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0 4. Dual functors 

Let H E mod-a and G E Ab the dual functor HCGJ 

Ea-mod is defined by HCGl<A> - Ab<H<A>,G> for A E tal. 

If N E a-mad we also h~ve NtGl E a-mad defined by 

NCGJCA> - Ab<N<A>,G> for A E tal. 

P~aposition. If H E mod-a, the~e is a natu~al 

i•oma~phi•m 

Ab(HeaN,G> ~ a-mad<N,HCGJ) 

which m.an• Hea ~ HC-J. Simila~ly, if N e a-mad we 

have the adJaint functo~• -eaN ~ NC-J. 

P~aaf. Since H•a- preserves direct limits, it suffices 

to show the isomorphism far the representables. For A 

E 1a1, we have hA € a-mod and then 

§3. Characterization of flatness. 

Definition. F € a-mad is flat if the functor -eaF is 
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exact. 

Since the tensor product is always right exact~ F 

is flat if and only if -8aF preserves monomorphism&. 

P~apa•itian. If F1 E a-mad, than ~iEIFi is flat if and 

only if each F1 i• flat. 

P~aaf. If H'~H be a monomorphism of functors in 

mod-a there is a commutative diagram 

H'malL;e 1F;> HmalL;e 1F;> 

Liex<H'8aFi>--------~LiEI<H8aFt> 

The upper row is a monomorphism if and only if the 

lower one is, and this happens if and only if each 

H'eaFi~H8aFi is a monomorphism. • 

Ca~alla~y. Ev•~Y p~ajectiv• P E a-mad is flat. 

Proof. For all A € tal, hA is flat since HehA ~ H<A> 

for H in mod-a. It follows that every free functor in 

a-mod is flat. Then use the fact that every projective 

is a direct summand of a free functor. • 

Co~alla~y. Ev•~Y di~•ct limit af flat functa~• i• 

flat. 
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Praaf. Direct limits are exact in a-mod. • 

O.finitian. H E a-mad the character functar af N ia 

given by HCO/.ZJ E a-mad. 

Since 0/Z is an injective cogenerator of Ab~ there 

is an intimate connection between flat functors in 

a-mod and injective functors in mod-a. 

Theorem. F e a-mad is flat if and anly if FCO/ZJ is an 

tnJective functar in mad-a. 

Praaf. If F E a-mad is flat, which means -eaF is 

exact. But we know -eaF ~ FC-l and 0/Z is injective in 

Ab, hence FC-J sends injective to injectives, in 

particular FCO/ZJ is injective in mod-a. 

Assume instead that FCO/Zl E mod-a is injective. 

Let a:H'---7H be an arbitrary monomorphism in mod-a. 

It induces a commutative diagram 

Since FCO/Z) is injective, mod-a<a,1F[O/ZJ> is an 

epimorphism, and so is Ab<«~a1F,1o/Z>. But 0/Z is an 

injective cogenerator which implies that «~alF is a 
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monomorphism in Ab, which is what we want. • 

Corollary. F E a-mad is flat if and only if far all A 

E 141 and R • hA the cannanical map ReAF~hACDaF 

~ F(A) is a monomorphism in Ab. 

Praaf. A simple application of the dual version of 

Baer·s testing lemma. • 

Corollary. <LAEIQihA)tO/ZJ i• an injactiva caganarator 

far 4-mad. 

Proof. Clearly <~AEI«IhA>tO/Zl is injective in «-mod. 

We have to show that if H E «-mod and H ~ 0 then 

mod-Q(H9<~AEI«IhA>tO/Zl) = Ab<HCDa<~AEI«IhA>,O/Z> 

= Ab<:LAEidl <HCDahA> ,0/Z) = Ab<:LAEIQIH<A_> ,0/Z) 

which means that for all A E tat, H<A> = 0, i.e. H = 0, 

a contradiction. • 

Corollary. Every H E a-mod is a subfunctar of an 

injactiva. 

Prapo•ition. F E Q-mad is flat if and only if for all 

A E IAI and R • hA such that R is finitely generated 
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right id••l th• cannonical map ~aF---+hAeaF ~ F<A> is 

• monomorphism in Ab. 

Proof. It suffices to show that if ~aF---+F<A> is 

manic for finitely generated right ideals R S hA, then 

it is manic for arbitrary right ideals. Let R S hA be 

an arbitrary right ideal .and ~==lai~axi E ~aF where ai 

E R<Ai> and xi E F(Ai). Then 11==taia S hA is finitely 

generated with ~=laia---+RR---~)hA and the composed map 

~-1a1aeaF---+~aF---+F<A> is manic, then so is 

~=laiaeaF~~aF· Hence if ~.1F<ai> <x1 > = 0 in 

F<A>, then ~-taieaxi = 0 in ~aF· • 

L.mma. L•t <y1 E N<A1>1i El> ba a .. t of generators 

of NE .a-mod and <xi E H<A1 >1i E 1> b• a ••t of 

•l•m•nts of H E mad-a such that all but finitely many 

xi •r• o. Then ~1 e 1x1 •aYi • 0 in HeaN if and only if 

thara •xists <u1 E H<A1 >1J•1,•••,n> and a family <aji 

E a<A1 ,Ai>li E 1, J•1,•••,n> such that1 

(i) All but finit•ly many AJi • O, 
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Praaf. It is clear that the given conditions are 

sufficient to make a Lte 1x 18aYt = o, because they give 

E I} generates N, there is an epimorphism 

p >N----~)0 

with H. We have the exact sequence 

LJetx1 ealA~ e ker<ln•a-) = Im<tn•a«>, hence some finite 

j = l,···,n such that u1 E H<A1>, z 1 E ker<~> <A1> and 

~-1u1ea«<A1 > <z1> = Lie 1x18a1A~· But for each i, 

«<A1 ><z1> E Li=thA1 <A1 > = Lieza<A1 ,Ai>, so LJeiaii 

= «<A1 ><z1> for some a11 E a<A1 ,Ai> and the fact that 
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,« = 0 implies that 

which is condition (ii). We also have 

l: -~ 1x .Q)a1A = L'l-1u .QI).~~« <A·> (z · > = L'l-1u ·8nl: -~ 1a · · .z or;;;. .z 1 ~- J \A ~ J ~- ~ "' .z '11:;. J l 

= ~j-lu ·•al:·~ 1a ··lA = L'i!:'IL'l-1u ·•na ··lA - ~ .z~ ~.z ~ z~ 1- ~ u. J.Z • 

= 1: -~~~-1 1f <a · · > <u · > •at A • l <;;;. .1- ~J J :1 

condition (iii). • 

Now we can characterize flat functors internally. 

Th•or•m. F E a-mod 1• flat if and only if it 

sati•ft••• if I7.1Fca1 ><x;> • 0 far •t E a<A,A;> and x1 

E HCA;), th•n th•r• •wi•t uj E FCA1>, J•1,•••,a and b;J 

e (Q(A1 ,AJ)I1 ~ l ~ n,1 ~ J ~a) such that 
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then R ~hA is a finitely generated right ideal. The 

flatness of F implies Rx4F~F<A> is manic, so we must 

previous lemma. 

Conversely, if F € 4-mod satisfies the condition, 

let R ~hA be an arbitrary right ideal and consider the 

€ R<At> and xi € F<Ai> goes to zero in F<A>, this means 

.i=l,···,a and bij € <Ai,A> for 1 Si S n,l S j S • such 

that <a> and (b) are satisfied. We have 

=~ 1(-'? 1a·b··CDnu·) =~ 1 <0CDnu·) =0. 4 )= '-1= l .l J "" J '-}= "" J 

Hence the map is manic. • 

§4. Regular ringoids. 

Definition. (1) A ringaid 4 is v.N.-regular (for van 

Neumann> if far each • E a<A,B> there exists some b 

E «<B,A> such that a = aba. 
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(2) • E a<A,A> is id.mpatant if •2 • •· 

<ii) Evary principal right id•al af a is genarated by 

an id•mpatent. 

Ciii) Ev•ry finit•ly g•n•ratad right id•al af a is 

generated by an idampatant. 

Proof. (iii>-+<ii) is obvious. 

<i>-+<ii): Suppose a is v.N.-regular and a E a<A,B>, 

choose b E a<B,A> such that a = aba then ab is 

idempotent since (ab)2 = <ab)(ab) = <aba>b =ab. Now 

recall that aa<X> = {ax E a<A,X> lx E a<B,X)} and 

observe that aa = <aba>a £ (ab>a £ aa. Hence <ab>a 

= aa. 

(ii>-+<i>: Given a E a<A,B> choose an idempotent e 

E a<A,A> such that ea = aa. But a E ea<B> = aa<B> 

implies a= ea 1 for some a' E (A,B> then ea= e(ea'> 

= e2a' =ea' =a. Similarly e E ea<A> = aa<A> implies 

e =ab for some bE a<B,A>. Hence a= ea= aba. 

(ii)~(iii): It suffices to show that if e,e' E a<A,A'> 

are idempotent then ea + e'a is principal. First we 

observe ea+ <e' - ee'>a Sea+ e'a. On the other 
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hannd if ex+ e'x' E Cea + e'a> <B> then 

ex+ e'x' =ex+ <lA- e + e>e'x' =ex+ <lA- e>e'x' 

+ ee'x' = e<x + e'x'> + <e' - ee'>x ~ <ea+ (e' 

ee'>a><B> 

Hence equality holds~ Consider the principal right 

ideal Ce' - ee'>a, there exists T € acA,A> such that e' 

- ee' = (e' - ee)T(e' - ee'>. PutT' = (e' - ee'>T, 

then T' is idempctent and (e' - ee'>a = T'a, moreover 

ef' = e<e' - ee')f = ee'f- e 2e'f = 0. Hence <e + T' 

+ T'e)T' = T'2 = T'. But we also have (e + T' T'e>e 

= e + T'e - T'e2 = e, se <ea + T'a> ~ <e + T - T'e>a. 

This implies ea+ e'a =ea+ <e' - ee'>a =ea+ T'a 

= Ce + T' - T'e>a. 

Corollary. If a is v.N.-regular, then ev•ry W E 4-mod 

1• flat. 

Proof. If a is v.N.-regular, then condition (iii> in 

the previous preposition says that every finitely 

generated right ideal is generated by an idempctent. 

Let R ~hA a finitely generated right ideal, then R 

=ea fer some idempctent e € a<A,A>. Hence (lA 

- e>a~a ~ = hA. New let H € a-mod and tenser it with 

hA we have hA~aH ~ <<lA- e>a~aH>~<ea~aH> ~ H<A> se 

ea~aH>~HCA> • • 

Definition. (1) A *-ringcid is a pair ea,*> where a is 
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a ringaid and •aa---+a~ is an additive functar such 

that **•la· Given a E a<A,B> we shall danata *(a) 

E 4<B,A> by a*. 

<2> ~t a E a<A,A>, then a is a self-adjaint if a* • a 

and a is a projection if it is bath self-adjoint and 

idempatent. 

Here are some useful properties of *= 

Prapasitian. <a> ol8 • o8A and 1~ • lA far all A,B 

e a. 

<b> <a+b>* • a*+ b* and •** • a for all a,b E a<A,B>. 

Cc> If a E a<A,B> and bE a<B,C>, than Cab>* • b*a*. 

(d) If a E a<A,B> and a* • 0 E a<B,A>, then a • a** 

• OAB• 

<e> IT R ~hA is a right ideal, then R* • hA is a leTt 

ideal where R*<B> • (a* E 4<B,A>Ia E R<B> ~ a<A,B>>. 

Praaf. The only statement that requires proof is (e): 

let a E R<B> and bE «<B',B>, then a* € R*<B> S a<B,A> 

and we must show ba* € R*<B'>. But ba* = b**a* 

= <ab*>*, hence b* E Q(B,B') and R being a right ideal 
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implies that a*b € R<B') and ba* € R*<B'>. • 

D•-Flnitian. L•t a b• a r·inQaid, 11 E a<A,B>, 'R s; hA a 

right id•al and L s; hA a 1•-Ft id•al th•n 

(i) Th• l-"t annihilator af a is giv.n by 

l(a)(X) • <x E a<X,A>Ix• • O>; 

<ii) The right annihilator of a is giv•n by 

r(a)CX> • <a E acB,X)Iax • O>. 

<tti> Th• l•ft annihilator af R is giv•n by 

&<R>CX) • <x E a<X,A>I -Far all A' E 1a1 ~tnd 11 E R<A'), 

xa • O>; 

Civ> Th• right annihilator af L is giv•n by 

r<L><X> • <x E a<A,X)I far all A' E 1a1 ~tnd a E L<A'>, 

iiJt - 0). 

Remark. It is easy to verify that 

(a) A left annihilator is a left ideal and a right 

annihilator is a right ideal. 
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(b) If a is a *-ringoid, then r(a) ~ <i<a*>>* and i(a) 

= <r<a*>>* for a € a<A,B>. 

• 0 as w•ll. 

(ii) a is Rickart if for all a E a<A,B)l(a) • ae far 

sam• projection • E a<A,A>. It follows that r(a) 

• <&<•*>>* • <a•')* • •'a. 

Lemma. If a is a proper *-ringaid then ab • 0 if and 

anly if •*•b • o. 

Proof. a*ab = implies b*a*ab = 0 which implies that 

(ab>*ab = 0 and hence that ab ~ 0. Similarly, ab = 0 

if and only if abb* = 0 if * is proper. • 

Lemma. If a 1• *-Rickart then * is proper. 

Proof. * Let a € a<A,B> and a a = 08 , then choose e 

E a<A,A> a projection such that &<a> = ae. Hence a* 

E t<a><B> ~ <ea><B>. So a*= xe for some x E a<B,A> 

which implies a*e = xe2 = xe =a*, and hence a =a** 

~ <a*e>* = e*a =ea. Bute € <ae><A> = i(a)(A) so a 

-~-



0 
= ea == 0. • 

Definition. Biv•n a *-ringaid a w. say that a is *­
r.;ular if * is prap•r and a is v.N.-r•gular. Cl•arly, 

if a is v.N.-r•gular and *-Rickart, th•n a is *­

ragular. 

Th.ar.m. The fallawing are •quival.nt far a *-category 

a, 

(2) Far all a E a<A,B> ther• •xists a praJ•ctian • 

E aCA,A> such that aa • .a. 

(3) a is v.N.-regular and *-Rickart. 

Praaf. (3)==Hl> is done. 

To show (1)~(2) we need the following lemma: 

Lemma. If a is a proper *-cat•gary and a E a<A,B>, 

then r<•> - r<a•> and &<•> - &<•a>. 

Proof. Clearly r(a) ~ r<aa>. Let x E r<aa)<X>, then 

for all A~ E tat and a' == aCA',A>, a'ax == o. In 

particular pick A~ == B and a~ = a* E a<B,A> we have 

a*ax == 0 so ax = 0. Hence x E r<a>. Similarly i(a) 

= &<aa>. • 
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Now let a € a<A,B>, then we can show aa = ae for 

some idempotent e € a<B,B> and then it is easy to 

verify r<e> = <1 8 - e>a and ae = t<1 8 - e>. So we have 

r·<a> = r <aa> = rae> = < 18 e>a and t<r<a>> = t<<t 8 

e>a> = t<18 - e> = ae = aa. Hence for all a 

€ a<A,B>t<r<a>> = aa, in particular for all a € acA,B>, 

t<r<a*a>> = a<a*a>. But since ab= 0 if and only if 

a*ab = 0, r(a) = r<a*a> and aa = aca*a>. Since a 

€ aa<A> = <a*a>a<A> implies there exists b E a<A,B> 

such that a = ba*a. Now put f = ba* then f* = ab* and 

f = ba* = b<ba*a>* = ba*ab* = ff*. This implies f* 

= <ff*>* = ff* = f and t2 = ff = ff* = f. Moreover we 

have aa = fa since a = ba*a = fa and f = t* = ab*. 

<2> ==H3) Let a € a<A,B> then ea = aa for some 

projection e € a<A,A>. This implies &<a> = t<aa> 

=.&<ea> = .&<e> = auA- e). So a is a Rickart *-

ringoid. On the other hand, ea = a a implies there 

exist b € a<B.,A> and f e acA,B> such that e =ab and a 

= ef. So we have ea = aba and ea = e(ef) = ef = a. 

Hence a = aba. • 
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CHAPTER 3 

§1. The category a-mod-&. 

Recall that if a and U are ringoids~ then the 

additive functor category Aba~ is denoted by a-mod-B. 

If K E a-mod-& and H € a-mod~ the tensor product K~ 

€ a-mod is given by 

CK~> <A> = K<A,->~ for every a E 1a1. 

Similarly if H € a-mod~ then H•aK E mod-& is given 

by 

<HeK><B> = HeaK<-,B> for every & € 1&1. 

It is easy to verify the desired functorial 

property, moreover we have K~B ~ K<-,B> and hA~ 

~ K<A,-> for every A E tal and B € 1&1. 

If K € a-mod-& and T € a-mod, the hom functor 

Hom<K,T> E &-mod is given by 

Hom<K,T><B> = a-mod<K<-,B>,T> for every BE JUt. 

Similarly if S E mod-&, then Hom<K,S> € mod-a 

Hom<K,S> = 8-mod<K<A,->,S> for every A E tat. 
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Prapasitlan. lf W E a-mad, N E &-mad and K E a-mad-&, 

th•r• is a natural isomorphism 

a-mad(KeN,H>--·~~)8-mad<H,Ham<K,H>>. 

Praaf. First we observe that it is routine to show Ke­
is right exact and preserves exact sums. Since K®­

preserves direct limits, it suffices to show the 

isomorphism for the representable. If N = h 8 for some B 

E 1&1, then a-mod<K~8>,H> ~ a-mod<K,<-,B>,H> 

= HomCK,H><B> ~ &-mod(hB,Hom<K,H> •• 

The above proposition states that every K 

E a-mod-& induces a pair of adjoint functors: 

&-mod a-mod 

Hom<K,-> 

The next proposition says every pair of adjoint 

functors as above is induced by some K E a-mod-&. 

Proposition. Th• following as••rtions ar• •quival•nt 

far a functor 8-mod---?a-mod: 

(1) F has a right adjoint. 
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<2> F is right exact and preserves direct sums. 

(3) F ~ Ke- far same K e a-mad-& which is unique up ta 

isamarphism. 

Praaf. (1>-*<2> and (3>-*C1> are clear. Suppose F is 

right exact and preserves direct sums. Put K<A,B> 

= F<hB>CA>, then clearly K Ea-mad-&. If NE B-mod, 

there is an exact sequence 

Applying both functors K~ and F ta this sequence, 

we obtain the following commutative diagram with exact 

rows. 

Hence there is an induced isomorphism K~~F<H>. 

Corollary. If H E a-mad, K E a-mod-& and H E B-mad, 

there is a natural isomorphism 

Proof. Let G E Ab then for every B € ISI we have 
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Hom<K,HtGJ<B>> = a-mod<K<-,B>,HtGl> ~ Ab<H««<-,B>,G> 

= <HtJ'IIO tGl <B>. 

This implies that 

Ab<H8<K~>,G> ~ a-mod<K~,HtGJ> ~ 8-mod<H,Hom<K,HCGl> 

~ 8-mod<H,<HeK>tGl> ~ Ab<<H««>~,G> •• 

If K1 E a-mod-6 and K2 E &-mod-e, the tensor 

product K1««2 E a-mod-e is given by 

<K1mK2><A,C> = K1 <A1,->««2 <-,C> for every A E tat and C 

e 1e1 

Corollary. If H e e-mad, there i• a natural 

isamarphism 

in a-mad. 

Proof. If N' E a-mod, we observe that for every C 

E I e1, 

Hom(K1e«2 ,H'><C> = a-mod<<K 1mK2 ><-,C>,H'> 

~ a-mod<K1««2 <-,C>,H'> ~ B-mod<K2<-,C>,Hom<Kt,H'>>. 

This implies that Hom<K1mK2 ,H') 

~ Hom<K2 ,Ham<K1,H'>> in e-mad. Now if H' € a-mod we 
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have 

a,-mad ( <Kt(J)I(2)0W~N' > :::;:: e-mad <N ,Hom<K1CK2,N')) 

:::;:: e-mad<N,Ham(K2,Ham<Kt,N')) :::::: B-mad<K20W,Ham<Kt~N'>> 

~ a-mad<Kt~<K2®H>~N'> • • 

If K Ea-mad-a, we shall canstruct·a ringaid a<K> 

as follows: Ja<K>I = 1a1 and given A,B E Ja<K>I then 

a<K><A,B> = a<A,B>XK<A,B> = <<a,x)Ja E a<A,B>,x E KCA,B>>. 

If <a,x> E a<K><A,B> and <b,y> € a<K><B,C>, then 

<a,x><b,y) = <ab,K<A,b><x>+K<a,C><y>> E a<K><A,C>. 

It is routine to verfiy the biadditivity af 

composition. If <a,x> E a<K> <A,B>,<b,y> € a<K><B,C> 

and <c,z> € a<K><C,D>, 

C<a,x><b,y>l<c,z> = <ab,K<A,b><x> + K<a,C><y><c,z)) 

= ((ab>c,K<A,c>CK<A,b><x> + K<a,C><y>J + K<ab,D> (z)) 

= <a<bc>,K<A,c>K<A,b><x> + K<A,c>K<a,C><y> 

+ K<ab,D><z>> = <a<bc>,K<A,bc><x> + K<a,D>K<B,c>Cy> 

+ KCa,D>KCb,D><z>> = Ca<bc>,KCA,bc>Cx> 

+ K <a , D > [ K ( B , c ) ( y > + K ( b , D) ( z) J > = <a , x) (be , K < B, c > ( y > 

+ K<b,D><z>> = <a,x)[(b,y)(c,z>J. 

Hence campasitian is associative. The ringaid 

a<K> is called the trivial extension af a by K. There 

are two obvious additive functars u:a~a<K> and 
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V <a,x> - a fer a ·e acA,B> and (a.,x> - a<K> <A,B>. 

Moreover we can embed K as an ideal K in a<K> by 

sending x E KCA,B> tc (O.,x> E a<K><A,B> and KK:: 0 •• 

12. Additive Kan extensions. 

Let F:a---?B be an additive functcr, then F 

induces three additive functcrs. 

F* 
F* 

a-mcd~<--------F-Jr.------~BH-mcd 

such that F* -1 F * -1 F 1 • 

(1) The construction of F* is quite easy. Let H 

E D-mcd then put F*<H> <A> = H<F<A>> and if a E QCA,A'> 

we have F<a> E B<F<A>,F<A'>> so we simply put F*CH><a> 

= H<F<a> >. 

<2> Here is hew we construct F! • If H E a-mod and B 

E B<B,B') = B-modchB,hB'> se we simply put F! <H)(b) 

= a-mod<F*<b>,H>. 
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We show that a-.od<F*<N>,H> ~ B-mod(N,F! <H>> for H 

€ a-mod,H € &-mod. First if N = hB for some B € IBJ, 

then 

The general case follows easily from the fact that 

N can be written as a colimit of the representables. 

<3> The construction of F*: Let H € a-mod and B € IBI 

we put F*<H><B> = <ha•F>~ and if b € B<B,B 1
) 

~ B-mod<h8~,h8 > we simply put F*<H><b> = <b•F>81H. 

We show that B-mod<F*<H>,N> ~ a-mod<H,F*<N>> for 

all H € a-mod, N € B-mod. Let H = hA for some A € 1a1 

then 

a-mod<HA,F*<N>> ~ F*<N> <A>- N<F<A>> ~ B-mod(hFCA>,N> 

~ &-mod<F*<hA>,H>. 

The last equality is obtained by calculating 

F*<hA>, since 

Again the general case follows easily from the 

fact that H can be written as a colimit of the 
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representables 

Since F* ~ F* there exists, by the previous 

theorem, K E &-mod-a such that F* ~ K®-, moreover 

K<B,A>- F*<hA><B> ~ &<B,F<A>> as we have calculated 

before. We also have F* ~ Hom(K,->. 

Example. Recall in Chapter 1, given a and r a RMC set 

o+ morphisms in a, we constructed r-1 <a> the category 

o+ fractions of a together with an additive functor 

•=a >r-1 ca>. Moreover • induced a pair o+ adjoint 

functors r-1(-) ~.*between a-mod and r-1 ca>-mod. 

This implies r-1 <a> ~ •*· We also have. 

E r-1<->-mod-a with •cA,A')- r-1ca><A,.<A'>> 

= r-1 <a><A,A') such that r-1 <-> ~ §8-. Notice the maps 

on the second variable are induced from a. 

D•finition. An addttiv• functar Faa---+8 is geom•tric 

if F* is l•ft •xact. 

Since F* ~ K.- where K E 2-mod-a and K<B,A> 

= &<B,F<A>>, it follows that if F is geometric, then 

for all monomorphism «:H---+N in a-mod, 

<K~><B>---+<K.W><B> is manic for all BE l&f. 

Equivalently K<B,->®H---+K<B,->.W is manic for all B 

E 1&1. Hence we have 

Proposition. F:a---+& is geometric if and only if when 
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K E &-mad-a defined by K<B,A> - &CB,F<A>>, then KCB,-) 

is flat far all BE 1&1. 

Praaf. It suffices ta show that if a:H~H is manic 

in a-mod then r-1 <a>:r-1 <H>~r-1<N> is manic in 

r-1 <a>-mad. Let <x,s> € r-1 <H><A> be represented by 

s:X~A and X € H<X> then r-l(a)(x,s) = (a(X) <x>,s> 

E r-1 <H><A>. Suppose <a<X><x>,s>-<O,t> in r-l<H> <A> 

for some t:Y~A € r. This means there exist u:Z~A 

er and maps be a<X,Y>, b' e a<Z,X> such that u- bt 

= b's and N<b'>•«<X><x> = 0 in H<~>- But« 

E a-mod<H,H> so H<b'>•«<X><x> = a<Z>•H<b'><x> = 0. Now 

use fact« is manic H<b'> <x> = 0 in H<Z> hence 

<x,a>-<H<b'><x>,u> = <O,u> in r-1 <H> •• 

§3. Morita Equivalences for ringoids. 

Let a and & be two ringoids. In this section we 

will examine the significance and implications of an 

equivalence between the functor categories a-mod and 

&-mod. First of all we note the following lemma. 

L.mma. Let P be projective in 4-mad sa that 4-madCP,-> 

preserv .. dir.ct sum• then P is finitely ;enerat•d. 

Proof. Let «:LiEihA~~P be an epimorphism in a-mad. 
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Then there exists' € a-mad<P,~ieihA~> such that «•ft 

= lp since P is projective. But a-mad<P,~i€IhA1 ) 

= ~ie 1a-mad <P,hA1 > sa ft = ' 1+,. 2+· • ·+ftn where fJ i 

€ a-mad<P,hAJ). Thus we also have «•ftt+«•ft2+•••+«•ftn 

= lp. This implies that if we restrict « to ~-1hAJ it 

is still an epimorphism so P is finitely generated. · • 

Definition. An abJect P in an Abelian category ~ is 

called small if e<P,-> preserve direct sums. 

Definition. Twa categories e and 0 are call•d 

equivalent if these are functars cae---+0 and 1:0---+e 

such that c•l ~ 10 and l•c a 1~. 

Prapasitian. A functar ca~---+0 is an equivalence if 

and anly if c full and faithful and far each D E 101 

there is aCE 1~1 such that c<C> a D. 

Praaf. See CPareigis, 1970J. • 

Carallary. If e and 0 are equivalent as in the 

definition then c ~I and I ~ c. 

Theorem. <Freyd> 0 is equivalent to Aba far same 

ringaid a if and only if 0 is an Abelian category with 

capraducts and a faithful set af small praJectives. 

Praaf <Sketch>. If D is equivalent to Ab4 then the 
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image a~ the set ihAIA E IQI} is a ~aith~ul set of 

small prajectives. 

Conversely, suppose~= <PiE IDIIi El} is a set 

af small prajectives. Considering & as a ~ull 

subcategary generated by ~ o~ D, let T:D~Ab~ be the 

functor de~ined by 

Then it is routine to veri~y T is an equivalence. • 

NoN suppose that 

«4Rod &4Rod 

is an equivalence of categories. Then E ~ o implies 

there exist S E 8-mad-a such that £._ ~ E and I 

~ Hom<S,->. Since Ne also have I ~ E, there exists V 

E a-mad-u such that I~ VB- and E ~ Hom<V,->. Moreover 

Ne have E•o - 1&4Rod sa that given H e B-mod 

In particular, i~ N = hB for some Be 1&1, 
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By symmetry we obtain 

('VQJE) GDH ~ If for If E a-mod and ('YE) cnA = 'Vtl)(elthA) 

~ VE<-,A> ~ hA,. 

Thaar... Lat a, 8 ba ringaids and a E a-mad-B. Than 

tha following assartians era aquival.nt• 

Cb> -IBimad--8~--~)mad-a is an aquival.ncaJ 

Cc> HamCE,->•8-mad---+a-mad is an aquivalanca; 

(d) Ham ea,-> 1mad-a---+mad-B is an ~uivalanca; 

Ca> C'!C-,A>IA E 1a1> is a sat of faithful small 

praJ.ctiv .. and far aach pair A,A' E tal thara is an 

isomorphism 

acA,A'> ~ 8-modC'!C-,A),'!C-,A'>>; 

(f) CECB,->IB E 181> is a sat af faithful small 

prajactivas and far aach pair B,B' E 181, thara is an 

isomorphism 

8C8,8') ~ 4-madC8C8',->,SC8,-)). 

Praaf. <c>=Ha> and <d>==Hb) .follow from the 
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discussion preceding the theorem. 

To show <a>_.<e> we let hA E a-mod be a 

representable since senA - £<-,A> and the fact that em­

is an equivalence so <£<-,A>IA E 1a1} form a set of 

faithful small projectives. Moreover if we let A' 

E taJ, since e®a- is an equivalence and c®- ~Home£,-) 

so Hom<£,-)o Cc®-) <hA'> ~hA'. But Hom<£,-)o (£®-> ChA'> 

- Hom(e, <-,A'>). In particular, if A E JQI, QCA,A') 

-hA' CA>= HomCc,C-,A'>><A> ~ a-modCcC-,A>,cC-,A')). 

To show Ce)=*(c) let &' be the full subcategory of 

&-mod with <£<-,A> lA e JQJ} as the set of objects, then 

T:&-mod---7&'-mod defined by 

T<N>C£<-,A>> = 8-mod<£<-,A>,N> for HE &-mod. 

is an equivalence. But by the second condition of <e>, 

&' ~ a so T ~ Ham<£,-> is an equivalence. 

Dually we have <b>=*<f> and Cf>-+<d>. 

To show Ca>=*<f) requires a little work. First we 

have Ham<£,-) ~ £®- and se- ~ Ham<£,-> so there exists 

V E a-mod-& such that HomCe,-) ~ ~. Then the 

associativity of tensor products gives e~ ~ &<-,-> and 

~ ~ ac-,->. In particular we obtain e<B,->~<-,B> 

~ &<B,B> and V<A,->~ ~ hA = a<A,-> for A E 1a1 and B 

E 1&1. This implies that if BE 1&1 we have ~i-leiedi 
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= 18 for some ei E ~<B,Ai> and di E V<Ai,B>. Let 

•=~<B,->~X2=lhA1 be given by •<A><e> = I1=tdi~ for 

e E ~<B,A> and let •=I1=thA~~e<B,-> be induced by 

•i:V<Ai,->~<-,->~e<B,->, where •t is defined by: If 

A E IQJ and Lfin(i)dj~j E V<Ai,->~£<-,A> for some dj 

E V<Ai,Bj>, ej~<Bj,A>, then •i<A><~tn<i>dj~j> 

= ei 8<Ifin(j)dj~j> = ~in<i>eie<dj~j> 

= Lfin(j)<ei®dj)~j· Notice that V € £<-,A>~ hA and 

£<B,->8ahA = e<B,A>, so ~in(j) Ceiedj)~j is indeed in 

e<B,A>. Since X2=tei®di = 18 it is easy to check that 

£<B,->~I1=thAs~£<B,-> = ls<B,->· This shows that 

e<B,-> is finitely generated and projective in mod-a. 

But in Grothendieck categories every finitely 

generated and projective object is small, so e(B,-> is 

small projective for each BE IBI. 

Next we show that a-mod<e<B',->,e<B,->> ~ BCB,B'>. 

Clearly if b € &<B,B'>, b induces e<b,-> in 

a-mod<~<B',-),e(B,->>. If we fix B € 1&1 as before, 

~=lei®di = 18 for some ei E e<B,Ai>, d € VCAi,B> and 

then we can express b = I1-1£<b,At><ei>flldi. Suppose 0 

= e<b,-) € a-mod (e(B' ,->,1HB,->). Then in particular 

£Cb,Ai> = 0 for all i which implies b = 0; i.e. the 

map B<B,B'>~a-mod<e<B',->,e<B,->> is faithful. On 

the other hand if, E a-modCeCB',->,e<B,->> and e 
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e ~(B',A>, Ne no~e that ~(B',-) ~ e(B',-)~(~) 

~(~CB',-)~)~ and a-mod(e(B',->,S<B,->> Ea-mod-a so 

,cA><e> = ~=lejedje,<A><e> E E<B,A>. But 

!1-1e 1ea1e,<A>Ce> = I1=1 p<A><e1 >8d1~, where e 1 

E ~<B',Aj)dj E V<Aj,B') such that ~=lej®dj =la, is 

obtained from the isomorphism &CB',B> 

~ ~<8',->~aV<-,B'>. Since p<A><e1 > E ~<B,A1 >, we have 

~=1p<A><e1 >®di E ~<B,->~<-,8'> ~ &<B,B'>, so the map 

&<B,B'>---+mod-Q(e(B',->,S<B,->> is onto. 

Trivially <~<B,->IB E IBI} is a faithful set in 

mod-a since V<A,->eE ~ QCA,-> = hA for each A E IQI and 

(hAIA E IQI} form a faithful set of small projectives 

in mod-a. 

Dually Ne can shoN that (b)~(e). • 

Remark. We note that the key to the argument lies in 

the existence of ~ E &-mod-a and V E &-mod-a such that 

We called the 4-tuple <a,e,V,B> with the above 

property a Morita context. 

Corollary. Giv•n a Marita cant•Kt ca,!,V,&>, we hav• a 

ringatd av& with 
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I a v&l • I a I u IIU , 

<av&><A,A'> - acA,A'>, 
(Qv&> <8,8') - &<8,8'), 
(Qv&> CA,B> • V<A,B>, and 

(Qv&) <B,A> • '!CB,A>, 

far A,A' E IQI and B,B' E 181. 

Proof. Apply the associativity of tensor products. • 

§4. Epimorphism of ringoids. 

In this action we shall study the general 

properties of epimorphisms in the category of ringoids. 

Recall that if a and B are two ringoids and 

F:a~& an additive functor, a functor F is an 

epimorphism if for any ringoid e and additive functors 

If F:Q---7& is epic and A,A~lat, it is well-known 

that the map Q(A,A'>---?&<FA,FA'> induced by F may not 

be onto. 

Lemma. Let F=a~& be epic, then far each B E 181 

there is soma A E IQI such that F<A> - B; i.e. F is 

onto on obJects. 

Proof. Suppose there exists B0 E 1&1 such that B0 

~ <F<A>IA E IQI}. .... "' Construct a ringoid & by letting 1&1 
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\._.., 

..... 
= llifU{*} and for B,B' € I & I , 

ll<B,B'>, if B 91=* and 8' 

- llCB0 ,B'>, if B = * and B' 
ll<B,B'> = 

llCB,B0 >, if B :#* and B' 
IHB0 ,80>, if B =* and B' 

..... 
Obviously B is mad• by adding an identical copy of B0 

together with its additive structure in & . 

..... 
Now define H:llR-~)& by H<B> = B if 8 € till and 

H<b> = b if B € ll<B,B'> • 

Also define G:B 
..... 

)Jl by 

{ B., if 8 .,. Bo G<B> = *, if B - Bo 

and if b € &<B,B'>, H<b> =b. 

Note that G :# H, since G<Bo> == * and H<Bo> = B0 • 

But GF = HF since B0 is not in the image of F by 

assumption, which is a contradiction. • 

Suppose F:a~s is epic. Define Q € &-mod-a and 

K € a-mod-& by QCB,A> = &<B,FA>, K<A,B> == &CFA,B> for A 

€ 1a1 and B € IBI. Note that the morphisms of a acts 

on Q and K via F. 
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c 
Now consider Q8K € B=mod-B and construct the 

trivial extension &<Q~) of & by Q8K <see Chapter 3, 

§1). Let G,H:& )iHQGIIO be two functors defined by 

G<B> == B = H<B> if B € I &I and suppose b E &<a,a'>, 

G<b> = <b,O> and H<b> = <b,beta,-t8~>. It is easy to 

check that G and H are additive and note that H makes 

sense since F is onto on objects. 

Observe that H•F = G•F and F is an epic implies H 

=G. Hence fer all be &<a,a'>, beta,= la~· 

Now suppose F:a---7& is onto on objects and Q, K 

defined as above such that for all b € &<a',a>, bet8 

== ta'~ in [QeKJ<a',B>. But F induces a pair of 

adjoint functcrs: 

F* 
a-mod &-mod 

with F* ~ F*' where F*<H><A> = H<FA> and mcrphisms of a 

act on F*B via F, for H € &-mod and A € tat. 

2.) 

<See § 

Since F is onto en objects~ 

8-mod<N,H'>---+a-mod<F*H,F*H'> is faithful. Suppose • 

€ a-mod<F*N'F*H'> and H,H' E &-mod. Let B € 1&1, x 

€ N<a> and define •x E &-mod([QmKJ<-,a>,N'> as follows: 

Let B' € 1&1 and b' € Q(B',A> = &<a',FA>, b € K<A,B> 
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= B<FA,B>. Then b'~ E (Q~l<B',B> and we put 

•x<a'><b'~> = H' Cb'>, •<FA>•H<b><x> which is simply 

the composite 

H<b> •<FA> H'<b'> 
H <a> ----7H <FA> H' <FA> H' CB'> 

applied to x. •x is well-defined since • is a-linear. 

It is easy to see that •x is additive and &-linear. 

Now let bE &<a',a> and A',A E tal such that FA 1 

=a, and FA =B. Since beta = la'~' we obtain 

Now suppose F:a~B is onto on objects of·B such 

that F*:&-mod~a-mod is full and faithful. Let e be 

any ringoid and G,H:B >e be two additive functors 

such that G•F = H•F. If a E IBI and HB E 1e1, then 

H*(hHB> E B-mod where H*:e-mod~B-mod is induced by 

Praaf. If A E 1a1, 

and 
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Since F is onto on objects of & and G•F = H•F, 

H<B> = G<B> for any B € 1&1. Then GA simply sends 

&<FA,B> to e<G<FA>,GB> = e<H<FA>,HB>. It is easy to 

check that G is a-linear. 

Since F* is full and faithful, G 

commutative diagram. 

which is the same as 

GB 
&<B,B>--------------~e<HB,HB> 

&<b,B>l le<Hb,HB> 
GB' 

B<B',B> e<HB,HB> 

Then for 18 E &<B,B>, we have 
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Hence H = G and so F is am epimorphism. Combining 

these results: 

Thearem. Let F:a---+& be &n additive functor between 

two sm&ll preadditive categories. Then the following 

are equivalent: 

(1) F is an epimorphism. 

(2) The following two conditions are satisfied• 

(i) F is onto on objects of &. 

Cti> If Q E &-mod-a and K E 4-mod-B·ara de+tned by 

QCB,A> • &CB,FA>, K<A,B> • &<FA,B>, then for all b 

E &CB 1 ,B), be1 8 • 18,~ in CQeKl(B',B). 

(3) F is onto on objects of & and F* is full. 

Corollary. Let F•4---+& be onto an objects of 8 and Q 

E &-mad-a, K E 4-mad-B be defined as befara. Then the 

following are equivalent• 

(1) F* is full. 

adJunctian F* ~ F*. 
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(3) Th• map QeK~&<-,-) d~in•d for b' E &<B',FA) and 

b E &<FA,B) as b'~~b'b, is a na~ural isomorphism. 

Proof. (1)~(2). Since F is on~o on objects, F* is 

faithful as well. 

<3>~<1> Since for all bE ~<B',B>, bet8 - 1 8~ in 

[Q~l<B',B>. Then apply the implica~ion <2>~<3> in 

the previous theorem. • 

Remark. In general, F* is full and faithful if and 

only if ~he counit a:F*•F*~1~ is an isomorphism and 

they imply (3) in ~he corollary. These arguments de 

not depend en the fact F is onto on objects of ~- But 

the following example will show the fact that F* is 

full and faithful does not guarantee that F:a~& is 

an epimorphism in the category of ringoids. 

A 

Given a ringoid a, let a be the idempotent cover 

of a <introduced by P. Freyd.) where IQI = <<A,e>IA 

E JQI and e an idempotent in a<A,A>> and 

A 

ar<A',e'>,<A,e>l ={a E a<A',A>Ie'ae =a}. If 
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A 

composition in a is same as composition in a and • acts 

as an identity for <A,e>. There is an obvious functor 

A 

F:a~a such that F<A> == <A.,tA> for A E tat and which 

.r. 
is the identity on morphisms of a. a has the following 

properties <see [Freyd, 19641): 

(1) a is idempatent complete in the sense that every 

A 
idempatent in a splits. 

A 

<2> If a is a ringaid, sa is a and F is an additive 

functar. 

<3> If e is idempatent complete, the inclusion F 

..... 
induces an equivalence of categories: Func <a••,e> 

Given e such that every idempotent may be factared 

into an epimarphism followed by a monomorphism, then it 

is easy to verify that e is idempatent complete. In 

A 

particular Ab is idempotent complete and sa a-mad 

~a-mad such that <F>* induces the equivalence. 

Hence <F>* is full and faithful, but clearly 

F:a~Q is not necessarily onto an objects of a. 
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c CHAPTER 4 

This chapter is devoted to a comprehensive study 

of the general aspects of torsion theory in Abelian 

categories with injective effacements. 

91. Topologies and radicals. 

Let a be an Abelian category. We define 

sub:a~ )S•t as follows: 

For A € 1a1, let sub(A) be the set of subobjects 

of A. If a € a<B,A>, A' € sub<A) then B'- sub<a><A') 

is given by the pullback 

in a. 

o.4inition. A topology is a natural transformation 

J:sub~sub satisfying 

Cl) j is incraasinq i... if A'~A in a, it can be 

factor•d as A'---7JACA'>---+A. 
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(2) j is idampot•nt, i ••. J~(A'> • jA(jACA'>> • JA<A'> 

for A' E sub <A> • 

(3) j is monotone, i.e. if AN~A~A then 

jA(AN)~jA(A'>~A. 

Lemma. Suppose 

is a pullback in a. Than 

I'> jAIA')> ti~ 

B' >----~JA<B') >,-----~B 

are pullback squar••· 

Proof. Since j is a natural transformation we have 

that 

sub<B>----~JM8----~)sub<B> 

sub(~) 1 l•ub(~) 
sub<A> JA )sub<A> 
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commutes for all A.,B E IQI and 'f E a<A,B>. 

Now follow B' E sub<B> around two directions. 

Clockwise gives sub('f)<j8 <8'>> such that the square in 

subCflC18 cB'll If 

B'>------------~Js<B'>>------------~'8 

is a pullback. Counter-clockwise we have 

JA<sub<'f> (8'>> - JA<A'> so we have the following 

commutative diagram: 

I'> jA(I'>> If 
B'>----------~Js<B'>>--------------~.8 

in which the right hand square and the outer square are 

pullbacks. 

It follows that the left hand square is a pullback. • 

Praof. An ~ A' ~ A implies 
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r----~r 
A">----------~A 

is a pullback in a. Naw apply the previous lemma. • 

Definition. Let A' ~ A then A' is J-clased in A if 

JA<A'> • A'. A' is J-denae in A if JA<A'> • A. 

Clearly, if A' is bath j-dense and j-clased in A 

then A = A'. 

JA<A'> is J-clased in A. 

Praaf. Clearly jA<A'> is j-clased in A. Since A' 

lA·I·>----------~JA(I') 
A'> A 

is a pullback this implies 

A'> JjA(A")(A")) 

1 1 
A"> jA<A'>> 
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c • 
Lemma. Bivan a pullback in a, 

I'> I 
A'>--------~.A • 

Than (1) A' J-clasad in A implies B' is J-claeed in B. 

(2) A' J-dense in A implies B' is J-danse in B. 

Praaf. The hypothesis implies we have the pullback 

squares: 

I'> JslB'>> I 
A'>-----------~jA<A'>>------------?A 

from which both results follow easily. • 

Lemma. Biven A* ~ A' ~ A such that A* is j-dense in A' 

and A' is J-denee in A. Then A* is j-dense in A. 
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Proposition. Suppose An, A' E aub<A>, than 

Proof. Since j is monotone. it follows easily that 

jA(A11 nA'> £ jA<A11 )1\jA(A'). Hence it is sufficient to 

the pullback squares: 

A"IA'> jA.<A"IA')> I" 
A'>--------------~·jA<A'>>---------~A 

dense in it. 

Similarly we have the pullback squares 

1 
which implies jjA(A')<A"njA(A')) - jA(Au)njA(A') and 

A0 njA<A'> is j-dense in it. 

Hence A"nA' is j-dense in jA(A11 )1'\jA(A'). So we 

obtain 
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jA(A»)njA(A') = jjA(Au>njA(A'><A"nA'> ~ jA<A"nA') 

~ jA(Au)njA(A') •• 

Trivia·lly, if A"' ~A' ~A, then jA<A"nA' > = jA(A"> 

= jA<A">njA<A'> ~ jA<A'>. Therefore the monotonicity 

axiom for j is equivalent to the above proposition. 

D.Tinitian. A radical is a pair Cc,l) such that 

c•a---+a is a left exact functar, l:c---+14 is a 

natural transformation satisfying 

(1) c<A/c<A>> • 0; 

(3) I(A)Ic(A)---+A is manic far all A E 141. 

Given an Abelian category a, we are going to show 

there is one to one correspondence between topologies 

and radicals. 

Suppose J is a topology. Let A € 1«1 and put 

Ej(A) = jA(Q) and let lj<A> be the inclusion map. 

Suppose 7 € a<A,B> we form the pullback 
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karlTl>--------~IT 

O> :B 

which implies we have the pullback squares 

kei!Tl> jA!klr!Tl> I 

0>------------~Js<O>>----------~B 

define «j<f> to be composition 

jA(0)~jA(ker<f>>~J8 <o>. Under this definition lj 

is trivially a natural transformation. 

To show «J is left exact we need the following 

lemma: 

~•mma. If th• cammutativ• diagram 

is such that that th• battam raw is •xact, th•n th• 

squar• is a pullback if and anly if 

O---+Bt 1~B12---+s23 is exact. 
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P~oaf. See CFreyd, 1964], p. 54. • 

Now suppose O~A~B~C~O is exact. Then 

we have a commutative diagram 

in which the bottom row is exact and the left hand 

exact. But lj<C> is manic, hence 

ker<J8 <o>~Jc<O>~C> = ker<Ja<O>~Jc<O». This 

implies that O~JA<O>~Ja<O>~Jc<O> is exact. • 

lemma: 

L•mma. If A ~ B, th•n A is j-clos•d in B if and only 

if JA/8(0) • O. 

P~aaf. If A is J-closed in B, consider the pullback 

r I 
0>---~8/A 

This gives the pullback squares 
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But Js<A> = A, so 

0'---4A 
1

A 

is exact. Since B---?8/A is epimorphic, so is 

is exact which implies Js/A<O> = 0. The other 

implication is immediate. 

Now given A E 1a1, JA<O> = cj<A> is clearly J­

closed in A and so cJ<A/cj<A>> = JA/JA<o><O> = 0. 

manic for all A E 1a1. 

Suppose <c,4> is a radical and A ~ B define 

J1, <A> = ker <B---?8/A---? <B/A> /c (B/A) >. 
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Then we have an exact sequence 

O~Jj<A>---78~<8/A)/E<8/A>---70. 

Trivially there is a manic map A~jj<A>, so Jj 

is increasing and (8/A)/E(8/A) = 8/JJ<A>. Notice 

E(8/Jj<A>> = 0 since (E,l) is a radical. 

By definition Jj<J8 <A>> = 

Since E(8/Jj<A>> = o, 

is exact, so Jj is idempotent. 

To show j~ is monotone; if A" S A' £ A, then 

is exact. Since E is left exact, 

is exact, which induces the following commutative 

diagram 
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0,--~£ (I/ A·) ArA·--<A/A") r <A/A"> ----7)0 

0-----~e(A/A'>------~A/A'~(A/A')/e(A/A'>----~)0 

This implies that the following diagram 

~I ArA"---?IA/A·>r<A/A")-~)0 

A----------~A/A'~<A/A'>/e<A/A'>----~)0 

is commutative. So we have a map j~(A0 )~J~<A'> such 

that J~<A">~J~<A'>~A = j~<A">~A, hence 

To show j 6 is a natural transformation, given A' 

SA and T E a<B,A>, we must show the following diagram 

is commutative: 

jE 
sub<A>------~A~--7)sub(A) 

sub!f)l lsub(f) 

sub<B> Jj )sub<B> 

First we observe if C' S C then 

O~e(C')~e<C>---+e<C/C'> is exact. Since 

e<C/C'>~C/C' is manic, O~e<C')~e<C>~C/C' is 

exact. From the previous lemma we have the pullback 

diagram 
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·IC'l -.ell 

C'--------------+C 

Now follow A' € sub<A> around two directions: let 

B' = sub(f)(A'>; i.e. the following diagram is a 

pull back 

r 
A' A 

Then J3<sub(f) <A'>> =·Ji<B'>. On the other hand 

we have a pullback 

sub(~)Ij~(A'll I~ 

j~<A'>----------~A 

Hence it suffices to show the following squares 

commute: 

sub(~l(j~(A'::l I 
0 CB/B") /E. <B/8' > 

For <1>, the fact that <*> is a pullback implies 
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there is a manic map B/B'~A/A' such that 

0 B' B T' 0 

1 1 
0 A' A A/A' 0 

commutes. This induces a manic map 

0---+E(I/B'l (
3

) B~'~(B/B')Ic(B/B'l---+0 

O~E(A/A'>----~A/A'~(A/A'>/E<A/A'>~O 

commutes~ since (3) is a pullback. Then so does 

., I B~'---+ (8/B' ) /1 (B/B') 

A >A/A'~(A/A' )/E <A/A') 

Hence (1) commutes. On the other hand, we have 

the commutative diagram 

sub('fl(j~(A'>>---+IT B~' !B/B')/1(8/B') 

j~(A'> AA--------~)A/A'-----?(A/A')/E(A/A'> 

But 
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0 

then so is 

since <B/B')/E(B/B')~(A/A')/E(A/A') is manic. Hence 

<2> commutes and this shows that jE is indeed a 

topology. 

Let Top<a> denote the collection of topologies an 

a and R<a> denotes the collection of radicals an a. We 

are going to show the constructions we have done give a 

one to one correspondence between Tap<a> and R<a>. 

Let <E,l) E R<a> and A E 1a1 then 

j~(O) = ker(A~A/O~(A/0)/E(A/0)) 

= ker <A~A/E <A> > = E j• <A> • 

This implies E(A) = Ejc<A>, so we have 

R<a>_____,.Tap<a>~R(Q) = 1R(Q)• 

On the other hand, let j e Tap<a> and A E IQI then 

j~.j (0) == ker<A~A/O~(A/0)/E j CA/0)) 

= ker CA~A/E j <A>) = ker <A~A/jA (0) >. 
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This implies jA<O> = j~~<O> for all A E tal. Now let 

A' ~ A then 

I' I 
0~----------~A/A' 

is a pullback, which implies 

jA(I') Al j~l<A'l I 
jA/A<O>------~A/A' j~7A' <0>-------+A/A' 

are both pullbacks~ since j and j~~ are topologies. 

But jA/A'<O> = j~7A' <O> so jA<A'> ~ j~~(A'> for any A 

E 1a1 and A' E sub<A>. Hence Top<a>~<a>~Top<a> 

= 1Top<a>· This establishes the one to one 

correspondence between Top<a> and R<a>. 

12. Construction of sheaves 

D•finitton. A torsion th•ory on an Ab•lian cat•gory e 
is a pair <~.~) of cl••••• of obJ•cts of e satisfying 

(1) ec~.~) • 0 for all T E ~. F E ~; 

(2) If C E 1e1 such that eCC 9 F) • 0 for all F E ~ then 

CE~ 
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(3) If C E 1e1 such that etT,C> • 0 fa~ all T E ~then 

c e w; 

<4) ~ is closed unde~ th• subabjects. 

~ is called a to~sion class and its objects are 

torsion objects while ; is a torsion-free class 

consisting of torsion-free objects. 

If e is a complete and cocomplete Abelian 

category, then we have the following well-known result: 

Th•a~•m. Th•~• is a an• to an• ca~~••pandence betwe•n 

Cl) Ta~sian th.a~ies an e, 

<2> Radicals an e. 

P~aaf. For a formal proof see CStenstrOm, 197~1. But 

we would like to paint out the main idea of the proof. 

Given a radical (e,l> we associate a torsion theo~y 

<~e,:Je> by putting 3'£ = <C E telle<C> = C> and :lie= <C 

E ICIIe<C> = 0}. On the other hand if <3',:J> is a 

torsion theory then it is easy to verify that J is 

closed under quotient objects and coproducts as well as 

subobjects. Now suppose C e ICI and e3'<C> equals the 

sum of all subobjects of C belonging to 3'. Then 

clearly e3'<C> e 3'. Finally, one verifies E3' is a 

radical with the usual inclusion IJ• • 
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Corollary. There is a one to one correspondence 

between torsion thaorias and Top(A). 

Similarly, given j E Top<A> the corresponding 

torsion theory (~J'~J) can be described by 

D~inition. Given an Abelian category a, then 4 has 

inJective effacement• if for every A E 141 there is an 

I E 141 and a manic map A---+I such that the diagram 

r------tB 
A>~~>-----~) I 

can be completed to a commutative square 

r r 
A)~~>-----~) I 

by some map B---+I. 

Example. If a has enough injectives, clearly a has 
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injective .effacements. 

Given a with injective effacements and j € Top<a> 

we shall construct a full reflexive subcategary Shj<a> 

with exact left adjaint in this section. 

Definition. A E tal and J E Top<4>, then A is a J­

shaaf if 

(2) If A E sub(B) and Js<O> • 0 than Js<A> • A. 

We let Shj<a> be the full subcategary af a 

generated by the collection af j-sheaves. 

We shall construct the left adjaint P:a---?Shj<a> 

in twa stages. First let S:a---?a defined by S<A> 

= A/jA<O>. Evidently S is a functar, since Ej is a 

functor. 

Lemma. S preserves manomarphiams and Js(A)(O) • 0 far 

all A E 1a1. 

Proof. If A' e sub(A), we have a commutative diagram 
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0 

jA'lO> Al A'/jAlCO> 

0------~jA<O>------~'A------~A/jA<O> 

in which the left square is a pullback and the bottom 

row is exact. Hence O~jA' <O>~A'~A/JA<O> is 

exact so the induced map A'/JA<O>~A/jA(O) is manic. 

Since JA<O> is j-closed in A9 Js<A><O> = JA/JA<o><O> 

= o. • 

Now we restrict ourselves to *J =<A € IQIIJACO> 

= 0}. 

L.mma. If X € ~J• then w. can choose an inJ•ctiv• 

•ffac•ment 1 for X such that 1 E ~J• 

Praaf. Suppose X E *J and X>----~)I be an injective 

effacement for X, then we have a commutative diagram 

== 

I SI 
I--------~51 

in which X>---?I implies that X = SX>~SI, since S 

preserves manic maps and if Jx<O> = 0 then X = SX. Now 

given a diagram 
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r-.----+Y 
X>--------~I------~>51 

it can evidently be completed to a commutative square 

r I 
X>------~5 I 

• 
Lemma. If A' E sub<A> and A E ~J' th•n A' E ~j• 

Proof. A' E sub<A> implies there is a pullback diagram 

r r 
0'-------~A 

Then we obtain a pullback 

jA'10)) I' 
jA<O>>--------~A 

But jA(O) = 0 and A' c A imply that jA'(O) = 0. • 
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Praaf. Since J induces a radical (Ej,&j> we have a 

commutative diagram for any 7 E a<8,A>, 

EjlBl ~ ~-jlAl 

8--------------~A 

reduces to 

i I 
8--------------~A 

from which the conclusion is evident. • 

Lemma. If A' E sub(A), then A' is j-danse in A if and 

only if jA/A'(O)- A/A'. 

Praaf. Since JA<A'> =A and 

we have an exact sequence 
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Hence A/A' = jA/A' <O>. On the other hand <*> 

implies O~jA<A'>---?A---70 is exact if A/A' 

= jA/A' (0) • • 

Carallary. If A• E sub(A) and ~aA---+B ar• such that 

A' is J-d•nsa in A, B E ~j and A'>---+A~B • O, th•n 

~- o. 

Praaf. A">~A~B = 0 implies A"~ A' = ker<~>. A" 

j-dense in A implies A' is j-dense in A. Furthermore ~ 

induces a commutative diagram 

Tr·----7:/A'--~<A' :7A/A' (0) 

B---------3>8/jB <O> 

Hence ~ = 0. • 

Now we are ready for the second stage of the 

construction. Given A € ~j~ let A>---?I be an 

injective effacement of A such that I € ~j <such choice 

of I is always possible> put T<A> = JI<A>. Notice A is 

j-dense in T<A> and Jz<A> = T<A> € ~j since T<A> 

€ sub<I>. Now we shall show T<A> is in Shj<a>. 
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Lemma. T<A>>---+1 is an injective effacement far T<A>. 

Praaf. Let T<A))~--~)I' be another injective effacement 

for T<A> and I' E •j· Then we have a commutative 

diagram 

1 
T(Al---~r 

A------~T<A>------~1 

and the two maps T<A>---+I agree on the dense subobject 

A, hence are equal since A>---+I is an injective 

effacement of A. This implies T<A>>---+I 

= T<A>>---+T'>---71 since A is j-dense in T<A>. • 

Lemma. The following are •quivalent far A E IQI 

(2) Any diagram of th• farm 

r·--~)· 
A 

such that B' is J-dense in B can ba completed ta 

- 103 -



c 
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A 

Nith a uniqu• map B---+A. 

Praaf. <1>=*<2> Choose an injective effacement A>~I 

such that I E ~j• Then we have a commutative square 

r r 
A I 

which gives a commutative diagram 

8" 

~ 
~ 
8'> 8 

l 
A> I 

in which the square is a pullback. This alsa implies 

8' is J-dense in B. Then we have two pullback squares 
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18'> JBIB'>> 

A>--------~JxCA>>--------~1 

B'>~B~A is our choice. The uniqueness follows 

from the fact Bn is j-dense in B. 

<2>=*<1> Since 0 is j-dense in JA<O> there is a 

= O~A. But both the cannonical injection and zero 

map have this property, so JA<O>~A = JA<O>~O~A 

which implies jA(0)~0 and hence JA<O> = 0. This 

Suppose BE ~j and A € sub(B), since A is j-dense 

in Ja<A> there is a unique map J8 <A>~A such that 

1 i 
A---7A = A>----7" Ja <A> ---7A 

This implies that J8 CA) = A. • 

L-ma. Suppo•• A>~I is an inJ•ctiv• affac:em.nt for 

A suc:h that 
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(2) A is J-clos•d in I. 

Then A E ShJ (4). 

Proof. Suppose we have a diagram 

r---~B 

A 

such that 8° is j-dense in B. We can embed it in the 

commutative square 

r 
A-----~ I 

and follow the same argument as in the previous lemma. 

to obtain a unique B---?A such that B"---?A 

Corollary. T<A> is a sheaf. 

Proposition. Let A E ~J than 

(1) there exists an abJect T<A> E Shj<a> such that A 

E sub(T(A)) and A is J-dansa in TCA>; 
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(2) far.any map F1A~B such that Be Shj<a>, there 

eMista a unique map T<A>~B and A>~B 

m A>~T<A>~B. 

Proof. The proof is trivial. • 

This shows Shj<a> is a coraflaxiva subcategory of 

;j• It is shown in [Barr, 19?1J that ;j is 

coraflective in a, hence so is Shj<a>. Let P = <P,u,~> 
be the triple corresponding to the coreflector. 

Evidently PV = TSX where PX is simply ji(SX> in any 

injective effacement SX---7I such that I E ~j• Now we 

are going to show P is exact. 

Lamma. Lat A'>~A>~I, where the second map is an 

inJective effacement. Then sa is the composite 

A'>---+1. 

Proof. The proof is trivial. • 

Proof. We have shown that SA'>~SA. Suppose 

SA>---7I is an injective effacement such that I E ~j 

then so is SA'>---7SA>---7I. Hence we have 
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0 

SA'> SA 

r r 
PA' PA 

r = l 
I I 

where PA' = J 1 <SA'> and PA = JI<SA> so we have 

PA' >-----?PA. • 

Lemma. Th• following ar• •qual for a manic map 

A'>~AI 

(3) A'>~A is a r•gular monomorphism in ~J (or 

Sh J <a>). 

Proof. The only non-trivial implication is <3>-*<1>. 

If 0---?A'---?A---?8 is exact and 8 E ~J' then A/A' 

E sub(B). Hence A/A' E ~j as well. • 

Proposition. P is l•ft •xact. 

Proof. Suppose 0---7A0 ---7A'---7A is exact in a. We 

know that PA9 >---?PA'. Note that in the above lemma we 

can replace ~J by Shj<a> in (3) <since A/A'>---?T<A/A'> 

is manic> so PA 0 >---7PA' is a regular monomorphism in 
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ShJ(a) as well. Hence it is the kernel in ShJCa> of 

its cokernel in Shj<a>. The coreflector preserves 

colimits, so that the cokernel of PAn>~PA' is 

PA'~PA, and the sequence is exact in Shj<a>. The 

inclusion preserves limits, so that the sequence is 

exact in a. • 

Combining these results, we have 

Thearam. Let J E Tap<a> and a have injective 

effacements. Then the full subca~egary Shj(a) is 

careflec~ive such that the careflectar is exact. 

Corollary. Le~ a be an Abelian category with injuc~ive 

effacements. 

Then 

(2) Shj<a> has injective effacamants. 

Praaf. <1> See [Mitchell, 1965l. Mitchell has also 

shown that if a is cocomplete then so is ShJ<a>. 

<2> Let A € Shj<a> and A>~I be an injective 

effacement with I € #j• Then it is clear that 

A>~I>~T<I> is an injective effacement in Shj<a>. 
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• 
Remark. If a is a complete Srothendieck category, then 

a full coreflective subcategory B with exact 

coreflector is called a Siraud subcategory of a. It is 

also a complete Srothendieck category. 

We have shown that a radical <E,o) induces through 

jE a left exact idempotent triple P- <P6 ,aE,~E> on a. 
Now if we are given a left exact idempotent triple P 

- <P,a,~>, we would like to find our way back. 

Let P - <P,a,~) be a left exact idempotent triple 

on a and A E 1a1. Put· •p<A> - ker<a<A>:A---+P<A>>. If 

7 E a<A,B>, we have a commutative diagram 

PC7) 

Obviously we let lP be the cannonical injection. 

To show Ep is left exact we suppose 

0---+A---+B---+C is exact in a. Then we have the 

following commutative diagram with two lower rows and 

all columns exact: 
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0 0 )0 

! l l 
~pr '"P 18) "PlCl 

0 A 8 c 

! l l 
0 PA P8 PC 

Then PA>~P8 and O~ep<A>~A~PA exact imply 

O~ep<A>~A~PB is exact; O~ep<8>~8~P8 

exact implies 

EI(A) E (8) 

p 1 
A------------~8 

is a pullback. This implies O~ep<A>~ep<8) )C 

is exact. But ep<C>>~C, so we have 

O~ep<A>~ep<8>~ep<C> is exact. 

Corollary. If A E sub<B> than 

•piAl> )•prBl 

A>..-------t)B 

is a pullback. 
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Corollary. For any A E IQI, «p<«p<A>> • «p<A>. 

Proof. Apply the previous corollary to Ep<A>>~A. • 

L•mma. For any A E 1a1, «p<PA> • 0. 

Proof. The triple identity ~A•uCPA> = lpA implies that 

u<PA> is manic. But 

u<PA> -? 
0------~EPCPA>------~PA------~~A 

is exact, hence Ep<PA> = 0. • 

Suppose A E IQI. Then 0 

exact, sa we have a manic map A/Ep<A>~PA. Then the 

corollary implies that Ep<A/Ep<A>> E sub<Ep<PA>> so 

Ep<A/Ep<A>> = 0. This shows that (Ep,lp> is a radical. 

Note that in the construction we did not use the fact 

that P = <P,u,~> is idempotent. 

Th•ar•m. A left •Mact tripl• P - <P,a,~> induces a 

radical <«p,lp>• 

Corollary. A l•ft •Mact tripl• P • <P,a,~> induces a 

topology JP on a. 

Remark. The only assumption required far these results 

is that a be Abelian. 
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Definition. If e ia an Abelian category, than a full 

raplet• careflective aubcatagary 0 is a Siraud 

subcategary af e if the caraflactar is exact. 

Remark. If j is a topology on a where a is Abelian with 

injective effacements 7 then Shj<a> is a Siraud 

subcategory. 

Prapasitian. Let <c,l> be a radical an a where a is 

Abalian with inJective effacaments, Sh<a> be the 

corresponding Biraud subcategory with careflector P and 

(c',l') be the radical induced by the left exact 

idempatent triple associated to Sh<a>. Than <c,l) 

• <c',l'). 

Praaf. lf A € 1a1, then •<A> = ker<aA:A~PA> = E'(A) • 

• 
Proposition. Let 0 be a Siraud subcategory af a with 

carll'flectar P' wher-e a is Abelian with inJective 

effacement•, <c,l) be the corresponding r-adical and 

Sh<a> ba the Biraud subcatagary of a with coraflactar 

P. Thus 0 is equivalent to Sh(Q). 

Pr-aaf. We have a diagram 
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where i and i' are inclusion Tunctors. We Tirst note 

that P'•i•P ~ P', for if A € IQI then the exact 

sequence 

a A 
0----~>ker<aA>----~>A )(i•P><A>----~)coker<aA)----~)0 

gives P'A ~ P'<<i•P><A>> since ker<aA> and coker(aA> 

are torsion. Similarly we have P•i'•P' ~ P, because the 

adjunction a':la~i'•P' gives the exact sequence 

a' A 
0----~)ker(a'A>----~)A )(i'•P'> <A>---->~coker<a'A>----~)0 

and P'<a'A> is an isomorphism, so ker(a'A) and 

coker<a'A) are torsion, and it follows that P<a'A> is 

an isomorphism. From these two natural equivalences we 

obtain <P'•i>•<P•i'> ~ P'•i' ~ lo and (Poi')• <P'•i> 

M. Barr has also shown 

Theorem. Let a be an exact catagary with injective 

effacement.s. There i • a ana ta ane correspandence 
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between natural equivalence cl••••• of left exact 

idampotant triples and Siraud subcategorte• of e which 

assoctat .. to each triple the category of alg•bras and 

to a Siraud subcategory the corr .. ponding idempotant 

triple. 

Proof. See CBarr, 1984J. But observe that given T 

= <T,~,p>, eT is the full subcategory of e consisting 

of those objects C for which QC is an isomorphism. • 

Combining these results we have, 

Theorem. Given an Abelian category a with injective 

effacaments. Thara is a ona to ona corr .. pondance 

between 

(2) radicals on a, 

C3> full coreflactive subcategories of a with exact 

coreflactor, 

<4> topologies on a. 

Corollary. 

triple on a. 

Let P • <P,a,~> ba a laft exact idampotant 

Tha category aP has injactiva 
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§3. Geometric morphisms. 

In this section, we introduce the notion OT a 

geometric morphism between Abelian categories and study 

its Tactorization. 

D•ftnitian. A g•am•tric mcrphism F14---78 batw••n twa 

Ab•lian cat-vari•s is an additiv• functcr F*18 >4 

which has an •xact l•ft adjoint F*•a---+&. 

Examples. 

1. IT j is a topology on a, then Shj<a>--•i--~>a is 

a geometric morphism with leTt adjoint Pj. 

2. IT G:e---?D is a geometric Tunctor between two 

ringoids, then G*:D-mod---?e-mod induced by G is a 

geometric morphism. 

Let P = <P,a,~) be a l~t exact triple on a and A 

Ea. Then for any A' E subCA>, we define jAA' so that 

the following diagram is a pullback. 

a A 

PA'>------------~PA 

- 116 -



c 
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Clearly j is increasing. Since P is left exact 7 

P A'>--------~PA A 

PaA 

pz.A' >-----7p2A 

is also a pullback and hence there is a unique map 

PaA' PaA 

P'2A' >--~p2A 

commutes. Now for any A' ~A in 141, the outer square 

of 

is a pullback and the lower one is a monosquare, so 

that the upper one is a pullback. Comparing this with 
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P applied to tMe square defining JAA', we see that PA' 

- PjA', from which it is immediate that J is 

idempotent. 

If A">---?A'>~A, the map to the pullback in the 

square 

a A 

PA">----------~PA 1 )------------~PA 

gives the required inclusion jAAu ~ jAA'. Hence J is 

monotone. 

Finally we are going to show j:sub<>~sub() is 

natural; i.e. if 7:B~A then the diagram 

subA>----~j~A~--~)subA 

sub<~> 1 lsub!~l 
subB> jB )subB 

commutes. Now follow A' E subA around two directions: 

let B' = sub(T)(A'>, i.e. the following diagram is a 

pullback 
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r 
A' >>-----~>A 

Then J 8sub<~><A'> = J8B'. On the other hand we 

have a pullback 

sub(fl(jAA'l> Blf 

jAA'> A 

Hence it suffices to show the following squares 

commute: 

sub<fl(JAA'::l I~B 

PB'>---------~PB 

To show (1) commutes; observe the following commutative 

diagram: 
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0 By definition of jAA' there is a unique map 

On the other hand since 

commutes and 

~' PIPf 
PA'--------------~PA 

is a pullback, there is a unique map sub(T)(jAA')~PB 

such that <2> commutes and this shows that j is a 

topology. 

Next observe the radical induced by j is precisely 

the radical <Ep,lp> induced by P and, since there is a 

one to one correspondence between radicals and 

topologies, we have: 
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Theorem. The tapalagy jp induced by <•p,lp> is j. 

Ca~allary. A manic map ••A'>---7A in a is JP-dansa of 

and only if 

I 
is a pullback. 

Lemma. Let J be a tapalagy an a with cannanical 

gaametric marphism iaShJCa>---7a. Than a geamatric 

marphism ~=DH--_.)a factors thraugh i if and anly if F* 

takes J-den .. mantes to isamarphisms i.e. F*<T> • 0 

far all T E ~J in 4. 

Praaf. Let a:A'---7A be j-dense in a, and B be an 

abject of D. We have a commutative diagram 

::::: 

B<F*I'Bl a<AIF*li) 

~ 
a<A',F*B> U<F*A',B> 

where the left map is induced by a and the right by 

F*<a>. The left map is an isomorphism of and only if 

F*B is a J-sheaf. The right map is an isomorphism far 

- 121 -



0 
all B E IBI if and only if F*ca> is an isomorphism. It 

follows that if F factors through i~ F* takes j-dense 

monies in a to isomorphisms. 

Conversely, if F* has this property, then F* 

factors through i, let F* = i•u* for some 

and it is left adjoint to u* since for any A 

E JShJ<a>t, BE IBI we have 

L•mma. L•t J b• th• topology on a induc•d by the ;aom•tric 

marphismFa& )a. Th•n a manic ••A'> )A in a is j-

d•n•• if and only if F*Ca) is an isomorphism. 

Proof. As a corollary of previous lemma, since 

i:Shj<a>~a factors through itself, the 

sheafificatian of a dense manic is an isomorphism, so a 

j-dense implies F*Ca) is an isomorphism. Conversely~ 

if F*<a> is an isomorphism, let P = <P,a,~> where P 

= F*•F* is the left exact triple induced by F. Then 

F*oF*A ~ F*•F*A', so A' is j-dense in A. • 

Th•or•m. Every ;aometrtc marphism F1& )a can b• 

factoriz•d into 8 4 )e~a wh•r• G* r•fl•cts 
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isomorphism and H* is full and faithful. 

Proof. Let H:e---?a be i:Shj<a>--~ where j is the 

topology on a induced by F. By two previous lemmas F 

factors as HoG with H full and faithful. 

Suppose F:A---?B in Shj<a> is such that G*<f> is 

an isomorphism. In the following diagram, 6 is the 

diagonal map, T = G*•G* and do and dl are the 

projections from the pullback. All vertical maps are 

components of the unit ~ corresponding to the 

adjunction of G* and G*. 

do 
dl ) f 

A Ax8B A B 

1 1 Td0 
~ 1 To 

TA TAXrsTA TA TB 
Tdl 

) 

The composite across the top is f and Tf is an 

isomorphism by assumption, so Tdo•Tdt. Thus To is an 

isomorphism. But A € Shj<a>, so A € ~J' and hence the 

left square is a pullback. That means 6 is an 

isomorphism, so f is manic. But that implies f is j-

dense, and so f = H*•H*r is an isomorphism. • 

Moreover, we have, 
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Prapa•i~ian. let F:& >a be a ;eametric marphism far 

which F* reflects isomorphisms and F* is full and 

faithful. Then F* and F* are adjoin~ •quivalences. 

Praaf. Let ~ and a be the front and end adjunctions. 

Since F* is full and faithful, ~is an isomorphism, sa 

F*~ is an isomorphism. But F* reflects ismarphisms, so 

~ is also an isomorphism. • 
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§1. Basic definitions. 

In this section we shall introduce the notion of 

Srothendieck topology on a ringoid a and show there is 

a one to one correspondence between Srothendieck 

topologies on a and topologies on a-mod. 

Suppose e is a Srothendieck category then it is 

well-known for each C € 1e1 there is an essential 

monomorphism from C to an injective object E<C> where 

E<C> is an injective envelope of C and it is unique up 

to isomorphism. And we have an alternative definition 

of a torsion theory <J,~> one <see Chapter 4, §2). 

L•mma. Giv•n ea,~> a torsion th•ary an e. Th•n th• 

prap.rty that a is closed under aubabjects ia 

equivalent ta ~ ia closed under inJactive env•lop••· 

Praaf. Since ~ is a Grothendieck category and <J,~> is 

a torsion theory on ewe have a radical <E,l> an e 

associated to <J,•>. Then E<E<F>>nF- E<F> - 0 for any 

F € ~, which implies E<E<F>> - 0 that is E<F> € ~. 

Conversely, let T € J and C € sub<T>. Since J is 

closed under coproducts we can construct t(C) € sub(C) 

such that t<C> is the sum of all torsion subobjects of 
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C then C/t<C> E ~- Hence there is a map 

w:T---+E<C/t<C>> such that 

commutes. But E<C/t<C>> E ~, sow' = 0. This implies 

• = 0 and hence C = t<C> E J. • 

Lemma. Let I be a class af objects in e closed under 

subabjacts and quotients, • • <C E lettecT,C> • 0 far 

all T E I) and J • (C E tetleCC,F) • 0 far all FE.,. 

Than <J,•> is a tarsian thaary an e. 

Praaf. It suffices ta show ~ is closed under injective 

envelopes. If F € ~and 7 € e<T,E<F>> far same T € 1. 

Then Im(f) € I and Fnlm(f) € sub<F>. But~ is closed 

under subobjects so Fnlm(f) E In~ = <O> so E<F> € #. • 

Prapasitian. The following prap.rtias af • class ~ af 

objects af e are equivalent: 

(a) ~ is a torsion class far soma torsion theory; 

(b) ~ is closed under subobjacts, quotient abjacts, 

caproducts and extensions. 

Praaf. A class I is said to be closed under extension 

of for every exact sequence 0---+C'---?C---)~C"---+> 
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with C',C" ~I, thenCE I. 

Suppose <~,~) is a torsion theory, E is obviously 

closed under quotient objects, subobjects, and it is 

closed under coproducts because e<LiEITi,F> 

~ niEie<Ti,F>. Let O~C'~C~C"~O be exact in 

e with C",C' E ~. If FE. and T E e<C,F>, then T is 

zero' on C, soT factors over en. But also eCC 0 ,F) = O, 

so T = 0. Hence C E •· 

Conversely, assume (b) holds. let # = <C 

E lette<t,C> = o for all T E ~}and J = <c E lettecc,F> 

= 0 for all F E #}, then <J,#) is a torsion theory. We 

must show that J = ~. Suppose e<C,F> = 0 for all F 

E #. Since ~ is closed under coporoducts, there is a 

largest subobject T of C belonging to ~. To show C 

= T, it suffices to show C/T E #. Suppose T 

E e<T',C/T> for some T' E ~. Then Im<f> E ~,and if T 

~ 0 then we would get a subibject of C which strictly 

contains T and belongs to ~, since ~ is closed under 

extensions. This contradicts the maximality of T, and 

so we must have T = 0., and C/T E #. • 

Theorem. Suppose e is a Grothendieck category. Then 

there is a ana to one correspondence between 

(1) topologies on e, 

<2> radicals on e, 
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(3) to~sian cl••••• of obJects of e, 

Notice the previous proposition allows us to 

define a torsion class to be a class of objects closed 

under subobjects, quotient objects coproducts and 

extensions. 

If a is a ringoid, then a-mod ia a Srothendieck 

category. From now on we shall restrict our attention 

to this category. 

D~inition. Suppose a e 1a1 and 1 ~ sub(hA) ia a left 

ideal of a. Than if a e a<A',A>, tha left ideal t1:al 

e aub(hA'> is dafinad by t1:al<B> • (be a<B,A'>Iba 

e 1<8)). Equival.ntly, t1:al is tha left ideal in the 

pullback diag~am 

tr··l I:· 
1------------~hA 

in a-mod. 

D~inition. A B~othendi.ck topology on a is a sat 

<B<A)IA e 1a1> such that far each A, 8CA> is a sat af 

subfuncto~• af hA, that is the left ideals af a, 
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sa~isfying 

C2) If lE BCA> and a E a<A',A>, then tl:al E B<A') 

(3) If l E sub<hA) and there exis~s J E S<A> such ~ha~ 

far all A' E 1a1 and a E J(A'>, which implies tl:al 

E GCA'>, then lE G<A> as well. 

Note that a E J<A'> S «<A',A>. 

Lemma. Suppose (G(A) lA E 1«1> is a Grathendieck 

tapalagy. Then 

<1> If r, J e sub(hA) such tha~ l e G<A> and 1>---+J, 

then J E G(A). 

(2) If l, J E S<A>, then lnJ E GCA>. 

Praaf. <1> Suppose I, J E sub(hA> such that I E GCA> 

and I>~J. Let A' E IQI and a E I£A'> S Q£A'A> then 

[J:aJ<B> ={bE «<B,A') lba E J(B)} = a<B,A>, since 1 is 

a left ideal. So CJ:al =hA' € G<A'>, hence J € G<A>. 

<2> Suppose I, J E G<A>. If a € I<A') then 

[(lnJ):al[l:aJn[J:al = hA'n[J:al = [J:aJ E G<A'> so InJ 

€ G<A>. • 
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Definition. Suppaaa HE a-mad and x E H<A>. The 

annihilator af x is definad by 

Ann(x)(A') • (a E a<A'A>tH<a><x> • 0 E H<A'>> 

Equivalently, Ann<x> • ker<<x>>. Clearly Ann<x> 

E sub<hA) is a left ideal. 

Suppose <GCA> lA E IQJ} is a Grothendieck topology 

on a. Letting ~G- <HE Q-modiVA E IQI, Vx E H<A>, 

Ann<x> E G<A>>, we are going to show ~G forms a torsion 

class of objects. 

Clearly, ~G is closed under subobjects. To show 

it is closed under quotient objects we need: 

Lemma. Suppose H,N E a-mad, f E a-mad<H,N) and x 

E H<A>. Than the squara 

is commutative in a-mad. 

Praaf. Let a E hACA'>- Q(A',A>. Then 

F<A'>•<x><A')(a)- f(A'>•H<a><x> = N<a>•f<A><x> 
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- <f<A><X>><A'><a>. • 

Corollary. Suppos• H,N E a-mod, ~ E Q-mod<H,N> and x 

E H<A>. Than ther• is ·a manic map 

Ann<x>>---+Ann<~<A><x>>. 

This corollary implies J 0 is closed under quotient 

objects. Now if H,N E a-mod such that H,N E J 6 and 

suppose <x,y> E <H~><A>- H<A>~<A>, then Ann<x>, 

Ann(y) E G<A>. But clearly Ann<x>nAnn<y> is a 

subobject of Annt<x,y>J this implies ~G is closed under 

coproducts. • 

Lemma. Suppos• HE a-mod, x E H<A> and a E Q~A',A>. 

Th•n Ann<H<a><x> • tAnn<x>aal. 

Proof. Ann<H<a><x>> CB>- <bE a<B,A'>IH<b>•H<a><X> 

- 0}-

(bE Q(B,A'>IH<ba)(x)- 0}- {bE 4<B,A0
) lb 

E Ann<x><B>>- CAnn<x>:aJ(B). 

Now suppose 0---7H'~H~H0---70 is exact in 

4-mod such that H",H' E ~G· Let x € H<A>. Then 

g<A><x> E H"<A> and nu E J 6 implies Ann<g<A> <x>> € G<A> 

where 

Ann(g(A)(x))(B)- (bE QCB,A>IH°Cb>•g<A><x>- 0} for B 

E I a1. 

- 131 -



0 
Let be Ann(g(A) <x>> (B) then H0 (b)•g<A>Cx> 

= gCB>•H<b>Cx> = 0. This implies H<b><x> € ker<g<B>> 

= lm(fCB>> so there exists some y € H'CB> such that 

fCB> Cy> = H<b> <x>. Since H~ E J 6 , Ann<y> E GCB>. 

Since J 6 is closed under homomorphic images, 

Ann(f(B)(y)) € G<B>. Then AnnCfCB><y>> = Ann<H<b><x>> 

= CAnn<x>:bJ E G<B>. Since this is true for any b 

E Ann<g<A><x>><B>, BE 1a1, and Ann<g<A><x>> E G<B> so 

Ann<x> E G<A>. This shows J 6 is closed under 

extensions. 

Suppose J is a torsion class of objects of a-mod. 

E 3l and we shall show that <GJ<A>IA E IQI} forms a 

6rothedieck topology on a. 

Evidently, hA E GJ<A> for each A E 1a1. Suppose I 

Since 

[I:al r:· 
1--------------~hA 

is a pullback in a-mod so O~CI:al~hA'~HA/I is 

exact. Hence hA'/ti:aJ E sub<hA/I) which implies CI:al 

- 132 -



c 

0 

Proof. Since aa<B> = (ba € a<B,A>Ib € a<B,A'>>, we 

always have an epimcrphism hA'~aa given by composing 

with a, hence an epimcrphism hA'~a~aa/<Inaa>. 

Now suppose we let K 

= ker(ha'---7aa---7aa/<Inaa>>. Then 

K<B> = <n € a<B,A'>lba € (Inaa><B>} = {b € a<B,A'>Iba 

€ I<B>> = CI:al. • 

Corollary. Suppo•• l € •ub<hA) and a € a<A',A>. Than 

New suppose I € sub(hA> such that there exists 

same J E GJ<A> and ~er all a € J(A'>, [I:al € GJ<A'). 

We consider the exact sequence 

0 
I+J 

I 

Clearly hA/(I+J) E J since it is a quotient object of 
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hA/J € J. Since a € J<A'> implies 

I+a.a 
I -= 

A' h 

CI:al 
€ 

and J is closed under coproducts~ <I+J)/I € J. Hence 

the fact that J is closed under extensions implies hA/I 

€ J, so I € GJ<A> as well. • 

Proposition. L•t J be a torsion class and (GJ<A>IA 

E 141> be its induced 8rothandiack topology. Then J 

Proof. If H € J6~ then each cyclic subabject of H is 

in J so H E J. Conversely, if H € J and x € H<A> then 

hA/Ann<x> € sub(H) so hA/Ann(x) € J, hence Ann<x> 

E GJ<A> and it follows H E J6~. • 

L ... a. Suppose I e sub<hA>. Than every cyclic 

subfunctar of HA/I has the farm hA'/tlaaJ for soma a 

E tlCA' ,A>. 

Proof. Let x E <hA/I><A'> and a E a.<A',A> = hA<A'> be 

a preimage of x under the map hA<A'>~-+<hA/I><A'>. 

Then the diagram 
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camft'IUtes in 4-mad. Hence 

Ann<x><B> =<bE a<B,A'>Iba E I<B>> = [!:al(8) •• 

Prapaw:lt:lan. Let CBCA) lA E lt.ll) be the Srathend:lec:k 

tapalogy an a and ~B be the aswaciated tarsian claws. 

Then SCA> • s~.CA> far all A E 1a1. 

Praaf. 1 E G<A> then by previous lemma hA/1 E :r8 sa 

hA/1 E G:r.· an the ether hand, if 1 E G:r.<A> then hA/1 

E :r8 ,- sa far each x E <hA/I>CA'>, AnnCx) = [1:al E GCA> 

far same a E a<A',A> and thus 1 E :r6 • • 

Combining these results we have 

Th~~arlltll. Th..-e :1. • a an• ta an• car,.ewpandenc• bet....-n 

Cl> tapalagi .. an 4-mad, 

(2) ,.adicals an a-mad, 

(3) tarsi an cl••••• af abJect• af a-mad, and 

- 135 -



0 Remark. Given <G<A> lA € 1a1> a Grothendieck topology 

on a then EG the associated radical is defined for H 

€ a-mod by (EGH><A> = <x € H<A>IAnnCx> € GCA>>. And JG 

the associated topology is defined for H' € sub<H> by 

Jn<H'> = ker<H~H/H'~CH/H')/EG(H/H')). 

R•mark. Let E E a-mod be injective. Suppose JE = <H 

e a-modJa-modtH9£> = 0} and #E =<He a-modta-mod<T,H> 

= 0 for all T E JE}. Then (JE,#E) forms a torsion 

theory on a-mod, since if H' E sub<H> and H E JE, then 

consider T € a-mod<H'E>. T must factor through H which 

implies T = 0. 

On the other hand, if (J,#) is a torsion theory on 

a-mod. Put F<A> =<I € sub<hA>IhA/I E #}and E 

= UAEIQJUIEF<A>E<hA/I>. Then E E #, so a-mod<H,E> = 0 

for all H E J. Now if H ~ J there exists some cyclic 

subfunctor C of H with a non-zero T € a-modCC,F> for 

some F E ~. The image of f is cyclic and torsion free, 

so T induces a map C~E which can be extended to a 

non-zero map H~E. Hence H € J if and only if 

a-mod<H,E> = 0. Combining these results we have 

Prapasitian. a is • tarsian class af abJ•cts in 4-mcd 

if and anly if th•r• •xists an inJ•ctiv• E E a-mad such 

that 

- 136 -



0 
~ • <H E 4-mcdl4-mod<H,£) • O>. 

1. Principal Srothendieck topologies. 

Definition. A G~othendieck topology <G<A>A E 141> is 

p~incipal if fo~ each le G<A> th•~• eMists a E lCA'> 

BUCh that 4a E G(A). 

Suppose <G<A>A E tar> is a principal Srothendieck 

topology. Put r<G> =<SE a<A',A>Ias E G<A>, A',A 

E 1a1>. Clearly for each A E tal, lA E r<G>. Suppose 

sE a<A',A> and t E a<An,A'> are such that s,t E r<G>. 

Let bE hA'<B> = a<B,A'>. Then for any DE 1a1, we 

have 

ra<ts>:bsl<D> =<dE a<D,B>fdbs E a<ts><D>> 

2 <de a<D,B>Jdb e <at) <D>> = rat:bl<D>. 

Since at E G<A'> so rat:bl E G<B> and ra<ts>:bsl 

E G<B>. But this is true for all bs E as<B>, hence 

a<ts> e G<A> sots e r<G>. 

On the other hand suppose a E a<A',A>, a' 

E aCA",A'> such that a'a E r<G>. Then since a<a'a> 

E sub<aa>, we have aa E G<A> hence a E r<G>. 
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E GCAn>. Since G is principal there exists t 

E Cas:aJ<B> such that atE G<A 0
). Notice at 

E sub<Cas:aJ). Consider the following diagram in 

a-mod: 

such that the square is a pullback. Clearly t 

E <at><B> and ta E <as><B> se there exists some b 

E a<B,A'> such that ta = bs. 

Conversely, suppose r is a set of mcrphism 

satisfying 

<1> lA Er, fer all A E 141; 

<2> r is closed under composition; 

<3> i~ a E a<A',A>, a' E Q(A0 ,A'> such that a'a Er, 

then a E r; 

<4> ifs E rna<A',A> and a E a<A",A>, then there exists 

t E rna<B,An> and bE «<B,A'> such that ta = bs. 

Put Gr<A> = {1 € sub<hA>I fer some A' E 1a1, 
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then there exists s € I<A'>~r. Let a E a<A"~A>. Since 

s € I<A'> ~ a<A'~A>, there exists t E r~a<B~A") and b 

€ a<B,A'> such that ta-bs. Now consider CI:aJ<Bl 

= (d € a<B,A">Ida E I<B)}. This implies t E CI:al<B> 

sa CI:aJ € Gr<A">. 

Now suppose I,J E sub<hA) and J E Gr<A> such that 

far all a € J(A'>CI:al E Gr<A'>. Since J E Gr<A> there 

exists B € 1a1 such that s € r~J<B>. Then in 

particular CI:al € Gr<B>, so there exists DE 141 such 

that t E r~ti:sl<D>. Butt E CI:sl<D> implies ts 

E I<D>, and ts € r we have I E G<A>. Hence we have 

shown Gr is a Grothendieck topology; moreover it is 

principal. 

Proposition. L•t G be a principal Brothendieck 

topology and r 8 b• th• set of morphisms associat•d to 

G. Th•n G • Gr.· 

Proof. Let I E G<A>. Then there exists same s € I<A'> 

such that as E G<A>, so sE r 6 • But clearly as 

€ Gr
9

<A> and as E sub<I>, so I € Gr.<A>. On the other 

hand, suppose I € Gr.<A>. There exists s € r6~I<A'>. 

Clearly as € G<A> and as E sub<I) so I € G<A> • • 

Proposition. Let r be a ••t of morphisms satisfying 

the four conditions and Gr be the associated principal 

6rathendieck topology. Then r • rGr• 
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Praaf. Lets E rna<A',A>. Then clearly as E Gr<A> so 

sE rGr· On the other hand i~ sE rGrnQ(A',A) then as 

E Gr<A> so there exists~ E as<B>nr. Hence there 

exists b € a<B,A'> such that~ = bs € r so s € r .• 

Combining these two results we have: 

(1) Principal Grath•ndi.ck tapologi•• an a 

(2) S•t• r of morphia• of a ~atisfying 

(a) lA Er far all A E 1a1; 

(b) r is clas•d und•r composition; 

(c) if a E a<A',A>, a' E a<A",A') such that a'a 

E r, th•n a E r; 

Cd) ifs E rna<A',A> and a E a<A•,A> then there 

exist t E rna<B,A") and bE a<B,A'> such that ta-bs. 

Remark. <1> Notice in the construction o~ Gr we did 

not need the property (c) of r, sa in particular if r 
is a RMC set af marphisms af a then Gr is a principal 

Grothendieck topology. 
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<2> let G be a principal Grothendieck topology on 

a and <~6 ,•6 > be the associated torsion theory. Then H 

E ~G and x E H<A> implies Ann<x> E G<A>, so there 

exists sE a<A',A>nr6 such that as E sub<Ann<x>>. 

Hence H E J 6 if and only if for all x E H<A> there 

exists some sE r6 na<A',A> with H<s><x> = 0. 

2. Bounded topologies. 

Lemma. Suppose <G<A>IA E IQJ> is a B~othandiack 

topology an a and put " 6 <B,A> • nlEG<A>I<B>. Than "G 

ia an ideal af a. 

P~aaf. Clea~ly q 6 <-,A> = niEG<A>z E sub<hA> fo~ all A 

E fQI. On the ather hand suppose a E a<A,A'>. Then 

ti':aJ E G<A> for any I' E G<A'>, so q 9 <B,A> 

= niEG<A>I<B> ~ ni'EG<A'>CI':aJ<B>. This implies that 

for any bE q<B,A> ba E q 6 <B,A'>. And it is easy to 

check if a E a<A,A'> and bE a<B',B> then the diagram 

q 6 Is,Al q 6 <s

1
A., 

q 6 <B',A>----------~·~6 <B',A'> 

commutes, so q 6 ~a<-,-> and hence q6 is an ideal. • 

Definition. A Grathandiack topology G is bounded if 
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Suppose G is a bounded Grothendieck topology and 

q6 be its associated ideal. Evidently q~ ~ q 6 • On the 

other hand i~ a E Qa<A',A> then q6 <-,A'> ~ Cq~C-,A>:al 

so q~<-,A> ~ G<A>. This implies qG<-,A> ~ qj<-,A>, 

Conversely, i~ q is an idempotent ideal put Gq<A> 

=<I E sub(hA) lq<-,A> ~I}. Clearly hA € Gq<A>. Now 

suppose I E Gq<A> and a E a<A',A> then CI:al<B> = {b 

E a<B,A'>Jba E I<B>}. Let d € qCB,A'> we have da 

E q<B,A> ~ I<B> so CI:al contains qC-,A'>, hence CI:al 

E Gq<A'>. 

Let I, J € sub(hA> and J E Gq<A> such that for all 

a E J(A'> CI:aJ E Gq<A'> then we must show I E Gq<A>. 

But J E Gq<A> implies q<-,A) ~ J so without loss o~ 

generality we can take J = q<-,A>, aince q(-,A> 

€ Gq<A>. Hence for all a € q(A',A) q<-,A'> ~ CI:aJ. 

this implies q2<-,A> ~ I. But q is idempotent so I 

E Gq<A>. This shows Gq is a Grothendieck topology and 

evidently it is bounded by q since niEG~(A)I = q<-,A). 

This construction of Gq also implies 

Prapoaition. L•t q be an idempotent ideal and Gq b• 
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the aaaaciated bounded B~othendieck topolaQy. Then q 

- Qa· 

P~opoaition. L•t G be a bounded B~othendiack topalOQY 

an a, Qa be ita aasociatad idempot•nt id•al and G' be 

the G~othendieck tapoloQy aaaociated ta Qa• Then G 

• G'. 

P~oof. Let I E G<A> so ~ 6 <-,A> ~ I which implies I 

E G'<A>. On the other hand I E G'<A>, by definition. 

~<-,A> ~I. So I E G<A> • • 

Combining these results we have 

Definition. Given H E a-mod than the annihilate~ of H 

is given by AnnCH>CB,A> • <a E 4<B,A>I fer all x 

E H(A).H(a)(x) • 0). 

It is easy to check Ann<H> is a two sided ideal af 

a and Ann<H><B,A) = nxEH<A>Ann(x). hence suppose G is 

a bounded Grothendieck topology on a, then H E JG if 

and only if ~G ~ Ann(H). 
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Theorem. The fallawinQ a~e equival.nt fa~ G a 

G~athendi.ck topology in a. 

(a) G is bounded; 

(b) ::r6 is closed unde~ p~aducts; 

<c> tha~e is an ideal a6 such that H E ::r0 if and only 

if ao Si. Ann <H> 1 

(d) th~e is an idempatent ideal q0 such that H E ::r6 if 

and only if q 6 Si. Ann<H>. 

P~aaf. <a>=*<d> and Cd>=*<c> are clear. To show 

Cb>=*<c>-+<d>, consider the cannonical map 

hA~VIEGCA>hA/I then Im<«> is also in JG so niEG<A>I 

= ker(«) E GCA>. Hence put aG<B,A> = niEG<A>I<B> and 

we have shown aG is an ideal; furthermore it is 

idempotent. This also shows Cb>=*<a>. 

To show (d)=*(b), suppose <Hili E Il ~ J 6 so for 

all i E I, qG ~ Ann<Ht>· This implies that qG 

~ Ann<HieiHi> so HieiHi E J 6 • • 

Rema~k. Suppose (eA E «<A,A>IA E l«ll E Z<«> CRecall 

zca> is the center of a> such that e~ = eA for all A 

E 1«1 i.e. it is a central idempotent of a. Then the 
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ideal g~nerated by it is idempotent so ~e can associate 

each central idempotent element of a to a bounded 

Grothendieck topology on a. 

§2. GT<a> forms a Heyting algebra. 

In this section ~e shall show the collection of 

.Grothendieck topologies on a forms a complete Heyting 

algebra. But first ~e observe from §1: 

Proposition. Suppose a is a ringaid. Then the 

callectian GT<a> of Grathandieck topologies on a is a 

set •. 

Definition. Suppaae G, G' E GT<a> than we say G' ~ G 

if far all A E Jal, G' <A> ~ G<A>. 

Lemma. The following are equivalent for G', G E GTta>. 

(1) G' S Gt 

(3) ~G ~ ~G'• 

Proof. <1)==H2>: if If E :.r6 , then for all x E lf<A> 

Ann<x> E G'<A> so If E :.r6• (2)~(1) is evident. 

<2>=+<3> follo~s easily from the fact that a-mod<T,F> 

= 0 for all T E J'G and F E ~G· • 
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Suppose ~ is a collection of 6rothendieck 

topologies we define Gn~<A> = ~e~G<A>. Then clearly 

Gn~ E GT<a> and we have Jn~ = ~e~J6 • It is easy to 

verify: 

Lemma. If G' S G for all G E 1, than G' S Gn1 • 

To define v~ on GT<a>, suppose G E ~- We denote 

the generalization of G by the set gen<G> = <G' 

E GT<a> IG S G'> then put w = n<gen<G>IG E ~}and Gv~ 

= 6 nw• 

Lemma. If G ~ G' far all G E 1, then Gv1 S G'. 

Proof. G S G' for all G E ~ implies G' E gen<G> for 

all G E ~'so G E wand hence Gv~ S G'. • 

Let G' = Gv1 • Then it is easy to verify that for 

all G € 1, G S G' and .G' = ~e1•s· 

Lemma. Let G E GT(Q) and l be a non-empty collection 

of Grathandiack tapalaoias an a. Than 

Gn~ • V(GnG'IG' E 1>. 

Proof. Let Gn =-V<GnG'IG' E 1}. Then GnG' S G for all 

G' E 1 and GnG' $ G' for all G' € 1 so GN $ G and sn 

S Vl; hence Gn S Gn~. 
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To show the reverse inequality we are going to 

show J'GnV$ S J'G"• Suppose If € J'GnV$ and If ~ J' G". 

Without loss of generality we can assume If € :FGII' sonce 

J'GnV$ is closed under quotient objects. So If € J'V$ 

which implies there exists G' € '5 such that If E :FG, 

since :FGn'5 = ~'€'5:FG'• Hence 0 ~ a6 ,H € :r6 ,, and since 

:r6 is closed under subobjects e0 , (If) € :r6 so we have 

EG' (If) e :rG'nG· But EG' (If) is clearly in :FG, = ~e~:F~ 

where~= <GnG' lG € '5} so it is in :FG'nG and J'G'nG'• 

which is a contradiction. • 

Evidently, GT<a> has a unit with respect to n 

namely, U<A> = <all left ideals of hA)and a unit with 

respect to v namely O<A> = <the zero ideal of hA}. 

Combining all these we have: · 

Th•ar•m. GT<a> tag•th•r with S farms a campl•t• 

HIIYting algebra. 

§3. The category Sh6 <a-mod>. 

In this section we shall characterize the full 

reflective subcategory Sh6 <a-mod> with respect to a 

Grothendieck topology G on a. 

L•mma. Suppas• G E GTCa> and H'>---+H in a-mad. Then 

th• topology j corresponding ta G is given by 
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Jw<H'><A> • <x E W<A>ItW':xJ E G<A>> far all A E 1a1. 

R.call that tH:xl<B> • {bE a<B,A>IH<b><x> 

E H'CA>>; equivalently 

is • pullback in a-mad. 

Proof. Recall that given G € GT<a>, then the 

corresponding redical (E,a) is defined by E(H)(A)- {X 

E HCA>IAnn<x> E G<A>>. And the associated topology j 

is defined by: If H'sub<H> then 

Now suppose x € jH<H'><A>. Then it induces <x> 

the cannonical dense monomorphism. So the manic map 

CH':xl>~hA must be dense as well, hence CH':xl 

€ G <A>. 

Conversely, suppose x E H<A> such that tH':xl 

E GCA>. Consider the following commutative diagram in 

a-mod 
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[H'lxl> )lA )hA/[Hl:xl 

H'>·----~H--------~H/H'------~<H/n')/E(H/H'> 

such that the left hand square is a pullback. Then the 

composite hA/CH':xJ~H/H'~<H/H')/E(H/H'> is 0 

since hA/tH':xl E ~and <H/H')/E(H/H'> E ;. Hence x 

E ker(H~H/H'~(H/H')/E(H/H'> == jH(H'> <A> • • 

Definition. Suppasa 8 E BT<a> and H E a-mad. Than H 

is G-injactiva if and anly if far every 1 E GCA> and ~ 

E Q-modC1,H) thara ~ists soma ~, E Q-mad(hA,H) such 

that the diagram 

Remark. Cl) The existence of f' is not necessarily 

unique, and by the Yoneda lemma, there exists some xf 

E H<A> such that if bE ICB) then fCB> <b> == H<b><xf> 

E HCB>. 

C2> Equivalently, H is G-injective if and only if 

for all I E GCA> the map H<A> 
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~ a-mad<hA,n>~a-mod<I,H> is epic in Ab. 

Prapositian. The following are equi·valent far If 

e a-mod• 

(1) If is G-injactiva; 

(2) for all H' E subCH> such that JH<H'> -Hand~ 

E a-madCH',If>, there exists soma~ E a-mod<H,If) such 

that 

is commutative in a-mod; 

(3) If is J-closad in its injactiva enavlope £(If); 

(4) If If E sub(lf') than there exists H' E sub(lf') such 

that HeN' is j-closed in If'. 

Proof. <1>~<2>: Let N' E sub<H> such that jN(H'> = H 

and T E a-mod(N',If). Consider the set of all pairs 

<K,•> where H' S K S H and ~ € a-mad<K,H> extends T. 

Order this set by putting (K',•'> S CK,•> if and only 

if K' S K and •IK' = •'· Then this set is inductive 

under S and so by Zorn's Lemma it has a maximal 
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element <K,~>. We must show K =N. If not, there 

exists A € IQI such that K<A> E N<A>. Let x € H<A> and 

x E K<A>. Since N' is J-dense inN so K is J-dense in 

H. Hence tK:xl € G<A>. Define •=CK:xl---?H as 

follows: Given B 

E I a I, 

•<B><b> = ~<B>H<b><x> for all b € rK:xl<B>. 

It is easy to check • € a-mod<CK:xl~H>, so there 

exists y € H<A> such that •<B><b> = ~<B>H<b><x> 

= H<b><y> for all bE CK:xl<B>. 

Now define ~1 :K+ax---?H <Recall: <ax><B> 

= <N<b><x>lb € Q(B,A)}) as follows: ~1 <B> (z+H<b><x>> 

= •<B> <z>+H<b><y> for all B € 1a1. I claim~~ is well­

defined: suppose z € K<B> and H<b> <x> € <ax><B> such 

that z+H<b><x> = 0. Then H<b><x> = -z € K<B>n<ax><B> 

S K<B> sob € CK:xl which implies H<b><y> 

= i<B>N<b> <x>. Hence 

• 1<B><z+H<b><x>> = ~<B><z>+H<b> <y> 

= i<B><z>+•<B>N<b><x> = •<B><z+H<b><x>> = O. 

It is easy to check • 1 E a-mod<K+ax,H> and 

evidently •t extends K so K = H. 
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(2)=9(3) If H>~E<H> then we have 

monomorphism so there exists«' E a-mod(j£(H) <H>,H> 

such that «'•« = ln· Since H>~ECH> is essential, so 

is «, and hence «' is manic.. Evident! y « 1 is epic so 

«' is an isomorphism. 

(3>=*<1> Suppose~ E a-mod<I~H> and I E G<A>. 

Then since E<H> is injective, there exists a unique g 

E a-mod<hA,E<H>> such that 

~I r: 
H E<H> 

commutes in a-mod. Since the top map is j-dense and 

the bottom map is j-closed, there exists a map hA~H 

with the required property. 

<3>=*<4> If H € sub<H') then there exists H 

Ea-mod such that E<H'> = E<H>eH. If N' = H'nN then 

H'/CHSH'> is a subfunctor of E<H'>/<HSH>. But 

E<H'>/CHGW> ~ <ECH>+N>/<HeH> ~ E<H>/H. Thus E<H>/H E ~ 

inplies H'/<H + N'> E ~. 

<4>=*<3> Since H~E<H>, there exists N'sub<E<H>> 

such that HeN' is j-closed in E<H>. But H>___,E<H> is 
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essential hence H' - O, soH is j-closed in E<H>. • 

(b) ~ E ~ and ~ is G-inJectiveJ 

(c) if lE G<A> and~ E a-mod<I,~>, th•r• exists a 

unique ~, E a-mod(hA,~) such that 

commutes in a-mad. 

Proof. Evidently <a>-+<b> and <a>-+<c>. 

<b>-+<a>: Suppose He sub(lf') and If' € ;. Then 

there exists H' € sub(lf') such that H&H' is j-clased in 

H'. Consider the exact sequence 

0>--~ 
HflfH' 

H 

H' 
If 

If' 

HflfH' 
0 

in a-mad. But <H&W')/If ~ H' €; and H'/<lfflfH'> E; sa 

H'/H E ;. Hence If E Sh6 <a-mad>. 
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<c>~<b> Cl~arly H is G-injective. Suppose x 

E H<A> is such that Ann<x> E G<A>. Consider the 

composition Ann<x>---+hA---?H. There exists a unique 

map hA---?H such that the diagram 

commutes in a-mod. Thus x- 0 E H<A> and hence e<H> 

= o. • 

Carallary. Suppose HE Sh0 Ca-mad). Then the following 

are equivalent far N E subCH): 

(2) N is J-closed in HJ 

Proof. (3)~(1) and <1>~<2> are evident since N E ;. 

<2>~<3> Suppose k' is j-dense in K. Since H is G-

injective, if~ € Q-mod<K',N> we have a map T':K---+H 

such that the diagram 
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N> If 

commutes in a-mod. But the top map is j-dense and the 

bottom map is j-closed. Hence there exists a map 

K>~H with the required property. 

§4. The category aG. 

In this section we shall construct the category of 

quotients a6 with respect to G E GT<a>. 

Suppose 11 Ea-mod and G E GT<a>. Let F be the 

radical corresponding to G and put s 11 = 11/E<If>, so Slf 

= ;. Let P:a-mod~Sh6 <a-mod> be the left exact 

reflector. Then Plf = jE<Sif> <Sif> since ; is closed 

under injective envelopes. So we have 

Plf <A> = <x € E <Sif> <A>lCSif: xJ € G <A>} for all A € I a I. 

In particular we shall denote SA= hA/E(hA> and PA 

Now we can construct a6 the category of quotients; 

the objects of a6 are the same as those of a. If A', A 

€ IQI we put ao<A',A> = PA<A'>. Evidently it is an 

abelian group and we note that PA<A'> ~ a-mod<hA,PA> 
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= Sh6 <a-mad) <PA',PA> sa if a' E a6 <A',A> and a" 

E QG(A0 ,A') then the composite a'a8 is simply defined 

by composing their corresponding maps in Sh6 <a-mad). 

And it is easy to check the composition is distributive 

over addition so a6 is small and preadditive. 

We also have an additiv~ functar ~=a~a6: If A 

E IQI, ~<A>= A. Suppose a E Q(A',A> = hA<A'>. Let a 

be its image in PA<A'> then we put ~<a> =a 

E Sh6 <a-mad)(PA',PA>. Note that a is an element of 

ECSA><A'> such that CSA:aJ E G<A'>. 

Sa ~ induces a pair of adjoint functors 

a-mad aG-mod 
~---------------

and ~ e a6-mad-a such that •* ~ ~' •* = Ham>~,-> and 

~<A',A> = a6 <A',~A> = a6 <A',A> far A' € 1a6 1, A € IQI. 

If H E ShG<a-mcd> we define ~H E aG-mod by ~H<A> 

= HCA>. Note that ~H<A> ~ <hA,H> ~ Sh6 Ca-mad><PA,H>. 

Then suppose X e ~H<A> and a e aG<A',A> 

~ Sh6 <a-mad) <PA',PA>. We let ~H<a><x> be the 

composition of maps in Sh6 <a-mad). So we have the 

following diagram 
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a-mod aG-mod 

.* / 
// 

" ShG<a-mod) 
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CHAPTER 6 

§1. The Grothendieck topology by ~-

Let a be the ringoid ~ ~ a-mod (not necessarily a 

set) and N E a-mod. 

D~tnition. H is •-torsion if for all x E H<A> and all 

H E • the cannnanical marphiam 

is an isomorphism. The collection af •-torsion abject• 

in a-mad is denoted by ~ •• 

Lemma. H E ~. if and only if far ~=L~N in a-mad and 

any H E • the cannanical map 

4-mad<L,H>~a-mad<ker~,H> 

is an isomorphism. 

Praaf. The "if" direction is obvious. Now suppose 

f:L---?N and N E ~~- Let I be the disjoint union of 

the underlying set of abelian groups {H(A) lA E 1a1l, 

and AI= ~aEia<-,Aa>· Then there is an epimorphism 

p:AI---?H. Now consider the commutative diagram 
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with exact bottom row, ka, ia, k cannanical injections 

and Ta induced by the bottom row. 

Let H € • amd u:L~H such that U•k = 0. Then 

have U•P•ia = 0 which implies u•p = 0. But p is epic 

sa u = o. Hence a-mad<L,H>~a-mad(kerT,H) is manic. 

Suppose u:ker.~H. We have 

Ta•u:ker<T•P•ia>~H which implies there exists a 

= Ta•u far each a € I. That is if b € ker(T•P•ia><B> 

= u(B)oL(b) (a). The set of marphisms {aTia E I} 

induces a unique map f:AI~H. Hence we must show f 

vanishes an kerp. For a finite subset J ~I, let ~ 

= ~jEJa<-,Aa>~ Define P3:AJ~L to be the cannanical 

canonical inclusion. Also let ~a:A3~a<-,Aa> and 
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This implies f(B>• <~~EJL<ba><a>> 

- f(B)•L<~a€Jba)(a) = 0. But ker(fop) 

This completes the proof. • 

Obviously, if H € ~- and N' € sub<H> then H' € ~-

as well. Suppose p:H~H' is an epimorphism and 

f:hA~H'. Consider the commutative diagram 

i' 
o--------~ )kerf' 

lp· 
k 

o~------~ kerf 

The rows are exact and p 0 is an isomorphism. 
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If H E • and u:hA~H such that u•i - 0, then 

epic implies u = 0. 

Since p' is epic and hA is projective in a-mod 

there exists q:hA~hAxH'.H such that p'•q ::11111 lhA• Then 

a simple diagram chase shows that q•i•p" = . , 
l • Now if 

= ii'o i I = rr. qo i. p 11 so u = rr. qo i. Hence H' € J •• 

H', H" E J•, f:hA~H, then consider the commutative 

diagram 

kerf 

k 

i' hA kerl:T 
i 

l~ 
p 

0 H' H H" 0 

where <kerf,j) is the kernel off', <kerf,k> is the 

kernel off and (ker(pof),i') is the kernel of pof. 

If H E • and u:hA~H, then uok - 0 implies 
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u•i'•j = 0, but N' E J~ implies u•i' = 0 and N" E J~ 

implies u = 0. 

If u:kerT~H, then N' E J~ implies there exists 

u:ker<p•T>~H such that iToj = u and-N" E J~ implies 

there exists u':hA~H such that u'•i' = u. Hence u 

= iT•i- u'•i'•i = u'•k soN E J~. It is routine to 

show by induction that J~ is closed under coproducts. 

Hence J~ forms a torsion class. There exists a 

Srothendieck topology G corresponding to J~ (see 

Chapter 5) such that I E G<A> if and only if for all H 

E IEI, the cannonical morphism H<A> 

= a-mod<hA,H>~a-mod<I,H> is an isomorphism. This 

In particular, when ~ = tal 

= {hAIA E tal}. G is known as the cannonical topology 

on a. 

When E is a full preadditive subcategory of a-mod 

there is an obvious full and faithful additive functor 

F~=-~ShG<a-mod> and we have a diagram of functors 

~ 

// ", 
~ '<' 

r:/ i '\, 
ShG<a-mod> a-mod 

p 

- 162-



0 

with F' == ioFil and poF' =F-.. 

§2. Embedding Grothendieck categories. 

Let e be any category, C an object of e and « 

= <7i:Ci~Cii E I> a set of morphisms in e with 

codemain c. « is epimorphic in e if whenever 

g,h:C~C' such that h•Tj = g•Ti for each I E I, then 

g = h. A set r of objects of e is said to be a set of 

generators for e if for every C E 1e1 the family of all 

morphisms with domains in r and codomain, 

{7:A--7CIA E r> 

is an epimorphic family. Obviously if e is cocomplete 

then (7i:Ci--7Cii E I} is epimorphic if and only if 

2ieiCi )C induced by 7i's is an epimorphism in e. 

Recall that a cocomplete abelain category e is a 

Grothendieck category if direct limits are exact in e 
and e has a set of generators. 

Proposition. The following stataments are aquivalant 

in a cocomplete abalian category e: 

Cb> e satisfies ABS, that is directed unions praserva 

finite intersections; 
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Cc) far •very marphism ~1c 1---+c2 and dlr•c~ family 

<C1 1i El) of subabjec~s of c2 one has 

Proof. See [8. Stenstr6m, 19751 • 

Suppose e is a Grothendieck category with a set of 

generators r and a a small full preadditive subca~egory 

(i.e. a ringoid) such that r £ 1«1. We construct the 

functor S:e~a-mod by: if C E e, A E 1a1, then 

S<C><A> = e<A,C> and if f:C~C' ~hen S<C>(f) 

= e<A,f>. 

Prapa•l~ian. S is full and faithful. 

Proof. Since the family of all morphisms {f:A~CIA 

E r> is epimorphic, then so is the family {f:A~CIA 

E 1«1>. Hence S is faithful. 

Now suppose I E a-mod<S<C>,S<C'>>. We must show 

there exists a unique f:C---?C' such that for any a 

E S<C><A> = e<A,C>, I<A> <a>= f•a. If I is the set of 

all morhisms with domain in tal and codemain C, then I 

is epimorphic. Hence there is an epimorphism 

P=LaeiAa~C such that the diagram 
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commutes for any a € I. Then I induces q:~a€IAa~C' 

such that the diagram 

is commutative for each a € I. If q vanishes on ker(p) 

then there exists a unique f:C~C' such that f•p - q 

and hence I<A> (a) = f•a for any a € I. Let J be any 

finite subset of I and KJ be the kernel of the 

cannonical morphism PJ=~aeJAa~C induced by p with a 

Suppose 8 € 1«1 and b:B~KJ. We have 
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the cannonical morphism indiced by q, we have 

We conclude that aJ•hJ = 0, and hence KJ is 

contained in kerq. 

Now let • = {S<C> IC E tet}. There is a 

Grothendieck topology G induced by •· Since every C 

E Jet, S<C> is a G-sheaf, there results a diagram of 

functors 

e 
/~ 

~i~ 
Sh6 <a-mod> a-mod 

p 

with S' = P•S and i•S' = S. Since S is full and 

faithful, S' is also a full and faithful. • 

Proposition. S' is •xact. 
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Praaf. Since S' -PS is left exact so it suffices to 

shaw s' preserves epimorphisms. Hence if p:C 1~c2 is 

epic in e we must show cokerS<p> E J.. If x 

E coker<S<p>><A> ~ a-mod(hA,cokerS(p)) we have the 

following commutative diagram. 

With ~ induced by x since hA is projective in 

a-mod,· the square is a pullback and the bottom row is 

exact. This implies ker<x> - [lmS(p):xJ. Hence we 

have to show for all C E .1e1 the cannonical morphism 

S<C><A> ~ a-mod(hA,s<C>~a-mod<timS<p>:xJ,S<C>> is an 

isomorphism. Let yE SCC2><A>- ecA,C2> 

~ a-mod<hA,s<C2 >> correspond to~- Then we have the 

following commutative diagram in e 

i' p' 

0------~r i CliC2A p )ry--------?0 
o------~.K--------~c 1----~--~c2--------~o 

with exact rows and the right hand square a pullback. 

Now apply the left exact functor S we have the 

following commutative diagram in a-mod 
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with exact rows and the right hand square a pullback. 

Note that S<A> = hA. Now consider the following 

commutative diagram in a-mod. 

s (i I) 

where 

is the epi-mono factorization of S(p') in a-mod. Hence 

ImS<p') = tlmS(p):xJ. 

Now suppose u E a-madChA,scC>> = a-madCSCA>,S<C>> 

such that u•i = 0. Since S is full and faithful, there 

exists a unique u' E e<A,C> such that S<u') = u. Then 

u•) = 0 implies u•i•q = uoS(p') = SCu'>•S(p') 

= SCu'•p'> = 0 hence u'•p' = 0 in e. 
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But p' is epic in~ sou' -0 and then u- S<u'> 

-0. Now suppose u E a-mod(lmS<p'),S(C)). Then uoq 

E a-mod<S<C1xc
2

A>,S<C>>. So there is a u' 

E ~<C 1 xc2A,C> such that S(u') - u•q. But q•S(i') -0 

implies u•q•S<i> - S(u'>•S<i') = O, hence u'•i' = 0 in 

~- So there exists u:A~C such that u' = u•p'. Then 

S<ID•i•q = s.<u>oS<p" > = S<u•p' > = S<u' > = u•q since q 

is epic in a-mod, S<u>•i = u • • 

Proposition. S' prasarvas direct unions. 

Proof. Let <Ctli E l} be a directed family of 

subobjects of c0 E 1~1. We must show the cokernel of 

in the proof of the previous proposition it suffices to 

cannonical morphism S<C><A> 

= a-mod(hA,s<C>>~a-mod([Iml:xl,S<C>> is an 

isomorphism for every C E 1~1. Let yE e<A,~iEICi> 

such that Sty> = x. Then if C' = ~iEICi, we have, for 

all i E I, the following pullback diagram. 

«' . 
0 Aic'Ci l >A 

«t 
ly 

0 >Ci >C. 
1 

with exact rows. Since S is a left exact we have the 
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o------31 S<Ar,Ci) 
S(«'i> )hA 

S<«i> 
l<x> 

S<Ci> )SC' 0----~. 

for each i E I .with exact rows. Since a-mod satisfies 

AB5 the square 

«' hA 0 )l:iEirAxc• Ci) 

l<x> 
0 LiE IS <Ci) S<C' > 

is also a pullback with exact rows. Hence we have 

~ a-modCS<A>,s<C>> ~ a-modChA,scc>>. • 

Corollary. S' prasarvas diract sums. 

Let H E Sh•<a-mod> ~a-mod we can choose an exact 

sequence 
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in a-mod. But p' E a-mod<LiEia<-,At>~LjE~<-,Aj>> 

= a-mod<LteiS<At>,LjEJS<Aj>> 

~ a-mod<S<LteiAi>,S<LjEJAj>> = e<LiEIAi,LjEJAj> so 

there exists u e S<LiEIAi,LjEJAj> such that S<u> = p'. 

Now let H = ccker(u) that is 

is exact in e then se is 

= S<Aj> fer each i E I, j E J, S'<u> = p' and since 

P:Q-mod---7Sh.Ca-mod) is exact so S'CH> ~ P<H>. But H 

Combining these results we have 

Thear.m. Let e ba a Grothandieck catagary with a sat 

af generatars r and a be any small full preadditive 

subcategory such that r ~ 1a1, than there is an 

equivalence between e and Shs<a-mad> where G is the 

Grathendiack tapalagy induced by e. 
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Ca~alla~y. Th• fallDNing ••••~tians •~• •quival•nt fa~ 

a catega~y e: 

(1) e is a B~othendieck abelian catego~y; 

(2) The~• eKists a ~ingoid a such that e is a l•ft 

•KaCt ~-t~act of the functo~ catago~y a-mad i.e. 8 is 

th• cat•;a~y af sh•av•s fa~ some topology G. 
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