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REMOVAL OF FINE PARTIC~ES FROM WATER 
( 

" , 

BY DISPERSED-AIR FLOTATION 

Abstrilct 

, 

Flotation rates of v~ry fi~ glass beads and of styrene 

divinylbenzene latex partic1es have been measured as a ftlpction of 
1 

particle siz~ and bubble size using bubbles of diameter less than 

100 rn:i.crons. . ... . The f1otation rate of glass be~ depends strongly on 

bath partic1e size and bubble size. The observed rate versus size 

relationships agree quite weIl with the predictions of a simple 

hydrodynamic collision model. Wi th latex particles, ,the effec t of 

bubble size 1s similar to that fo~nd for glass beads but thê effect 

of particle size 1s very much sma1ler, part1cularly at smaller 

bubble sizes. The latter result can be explained if the simple 

hydrodynamic model is correctQd to take account of electrical 

attraction between particles and bubbles. More sophist1cated 

hydrodynamic models which ignore electrical forces give no better 
,/ 

agreement than the "simple mpdel. 

A technique 18 developed for calculating collision 

efficiency while taking unsteady stete drag forces into account. 

A criterion i5 derived for predicting when these forces can be 
t 

neglected without serious error. 
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On' both economic and environmental grounds the laTgE! sur­

factant 'requirement 18 shown to ba the main reason why froth flo-

---------- , 
tation cannot be used wtàèly for non-selective removal of fine 

hydrophilic particles from water. A new process called efferves-

cent flotati~n~ which uses surfactant concentrations belo~ one 
'.1' . ; 

part per million, is p,roposed and is found to work efficiently. 
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EL HUJ.\:\T IO~ oc FI1\'ES PARTIeLLES EN srspc.;s LO:~ , 

D.AJ.'lS L' [At.' AU :'rOY[;-J DE LA FLOTATW:-l PAR AIR DISPERSÉ 

r Résumé 

Les vitesses de fJotation de billes de varr~ tr~s fines 

nt de particulps de latex de divinyJbcnzene-styrene ont êt~ 
t 

ft .;---. 

mesurées en fonction de la dimension des particules et des bulles, 

en utilisant des bulles de diamêtre inférieur a lnO microns. La . 
.. 

vitesse de flotation des bjlles de verre dépend fortement à la fois 

de la dimension des particules et de celle des bulles. Les rela-

tions observées entre la vitesse et les dimensions sont e~ accord , 
\ 

satisfaisant avec les prédictions d'un modèle hydrodynamiq~e simple 

de collisions. Pour les particules de latex l'effet de la dimen-

sion des bulles est semblable à celui trouvé ~our les bulles de 

verre mais 

faible, en 

l'eff~e la dimension des parti~uI~S est beaucoup plus 

particulier pour de très petites bulles. Ce dernier 

résultat peut être expliqué en corrigeant le modèle hydrodynamique 

, simple de façon à tenir compte des 
, 

particules, et bulles. Des modèles 

attractions électriques entre 

hydrodynamiques plus compli~S 
qui ignorent les forces êlectriqùes ne pannent pas un meilleur accord 

que le modèle Sim~le: 
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Une methode est mise au point,pou~ le calcul de lieffi­

des collisions en tenant compte des forces de trainée en 

stationpaire~, Un critère indiquant jusqu'à quel point 

l'on peut negliger ces forces est .dé uit. 
~ 

\ Du poi~t de vue économique et pour des considerations 

r 

écologiques on montre que la nécessiJé d'utiliser dè grandes quan-

tités d'agent surfactant ~st la, raison principale qui empèche 

l.'utilisation fréqu~nte d,e la flotation par mousse pour l'élimi-

na~ion non sélective de Ines particules hydrophiles en suspension 

d~ns l'eau. Un nouveau procédé appeté flotat~on par~ effervescence 

lst proposé; il fitilis des concentrttions' en agent surfactant 

inférieures à l ppm el foncti-onne ef}icacement. / 
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1. INTRODUCTION 

1.1 Situations Reguiring Removal of Fine Particles from'Water 

The following are examples of situ~tions where a separation 

i8 required between w~~er and suspended partJcles which are too fine 

to settle at an appreciable 'rate or to be fiJt'ered out economically 

using conventional filter fabrics. 

(a) Removal of fine suspended solids fr~indust~1al and 

municipal waste streams. 

(b) Removal of fine clay particles and micro-orga~sms 

from turbid natural surface water to make it potable 

after chlorination. 

(c) Recovery of single cell protein and algae from culture 

media. 

(d) Recovery of trace quaùtities of valuable metals from 

ores by leaching and precipitation as insoluble sa1ts. 

(e) Precipitation of traces of toxic metals from indus trial 

waste stream8. 

The partic1es may range from sub-micron colloids up to a 

maximum diameter of the order of 20 microns. Particle concentrations 

are generally several hundred milligrams per litre in cases (a) ta 

(c) above, but may be less than 10 mg/l. in (d) and (e). In cases 

(a) and (e) where the effluents are discharged to receiving waters 

the lega1 requirements ta ,be met by the treated effluents are typically 

20 mg!l. maximum for suspended solids and 0.5 mg./l. tn4x1mum for toxic 

metaIs (1) • 

• 
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treatment process may have lo removc' -more lhan 951. of the suspcnded 
4 

'. 

\ particles. In the other cascJ·~ower parti cIe removal efficiencles 

may suffice. 

li . 
The conventional processcs for separatJnr: fine particlcs 

from w~lt cr arc COdf!)Jlation and dissolved air ilotatlon (2). Typically, 

~hcsc acldcve 80 ta 90/, rcmova] of particulates and may bave to be 
~.~" 

foll6\oJL'd by filtration through a bed of finC'ly-gradcd sand to mr..:et 

discharge standards. Bath reguit-ç, ,the ac1diUon oi; a [locculant such 
/' .~ ... 

as lill1e or alum la neutrâlJst:r the charge on the particles and ta 
a 1 

\ .... p.~çciPitate a floc, e.g. i,nsolublc Al (Oll) 3' in which the agglomerated 

\ :~I.~, 
( . , .... \ ":/~particles are trappcd. 

". ' \. 
~ Polyelectrolytcs may also be added to provide 

',-

, 

\,\roSS-linking bctwccn flocs. 
\ 

In coagulation the particle-Iaden floc 
<t 

is\separated by settling in a large sedimentation basin. with a 
". 

typical residence time of 30 to ~O minutes. In dissolved air flotation 

air i6 dissolved in the feed under 4 to 5 atmospheres pressure; when 
. 

the pressure is released the air precipitates out on and inside the , 

~article-laden flocs and raises their buoyancy. Th~y float up to 

the surfac~ and are skirnmed off. Residenc~ times are low (10 to 20 

minutes) ~o the eqù~pment 15 compact, but to provide a,\quate dis­

solved air a substantlal portion of the slarified effluent must be 
\ 

recycled, compressed, saturâted with air and mixed wi~ fresh feed. 

Both ~agUla~iOn and dissolved air flotation have been used for many 

yea~aqd several more or less empirical design procedures Rave been 

developed. They both produce a lime or alum sludge which ma~ present 

a so~d waste disposa! prob!em. 

, ' 
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Filt,ration lhrough a sand bed may be used by itself if the 

init~al particle concentration is low enough. Eventudl1y, the bed 

becomes SQ clogged \lÏth particlcs that the avuilablc ph:Asure head 

is unable Lo Sustill n nn adequ3le f Iml nnd the bl'd musL he cleaned 

" 
J:ilhcr anotJll'r hed must be 

supplied in paraiiei lo mainla~n conunuous operatioll or else adcquate 

buffer storag; capacip must be supplicd upslream. Capacity must 

a1so be provided for storage of back.-wash \J~tEï'r beforc: use. Sand 

-bed filtration has bcen used for over a hundH:!d years. 

In conlrast, the use of d~sperspd air f1otation for flne 

particlc rcmoval has been canfined Jnrgely ta the labor..:ttory 50 far: 

Most of the work on it has beert done in the last len years, therc 

are no well-established design guid~lii1~d and the first large-scale 

application was only reported in 1968 (3). In this process the 

particles'are adsorbed on small, ~ising air hubbles, typically of 

diameters up to 0.1 rr~. These bubbles may be generated either by 

electrolysis (in which case the name "-e1ectroflotation" is often 

used) or by forcing air through a porou~ plate or through spargers. 

As the y rise through the water they contact part!cle's either thrdtlgh . 
~ 

collision or through Brownian diff~sion, depending on particle size. 

At the top they f6rm a seum o~ 1roth which can ~e skimmed off. For 

partiele-bubble attaehment to occur the partieles must be at least 

partly hydrophobie. If they are not already in this state in the 

feed to the flotation unit they must be made so by adding a suitable 

surfactant. 

.,' -, 

• <" .. ... 
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At first sighL this process looks likc a straightforward 

adaptation of the froth flotation piocess uscd for about fifty years 

in mineraI dresslng, but in faet LhE're. arC' some importanL physlcal 

differenc0s and these will be brought out in subsequent chapters. 

Laboratol"Y studies \.'ith a conL 1.nuous f1 ow unH (7) indicatc that 80 
l ' 

l~ 90% re11\oval 1.5 atUnnable \lj th 15 La 20 minutes rcsidence lime, . 
sa perfOrIfk'1ncC' ls roughly comparable with l hat of dis,c;olved ai!' • 
floLation. Capital cosLs shoulcl be lower since thcre -Ls no recycling 

and cornplC'ssion of c~arif~ed effluent. Capital costs should also be 

lower Lhan for coagulation or sand bed filtration since therc is no 

nced for a large sedimènLation tank or for backwashing. On the other 

hlgher for dispersed air flotation if 
,~ 

has to be added. These econornic aspects are explored 

in Chaptc'r 12. 

1.3 Objectives of this Project 

Most research on solid-liq~id separation by dispersed 

air flotation has been directed towards studying the sensitivity of 

flotation rate to chemical va~iables such as pH, ionic strength, 

~
factant type and the chemical nature of the particles. Very little 

~ \ 

- w k has been done on the effects of physical variables, yet it is 
\ 

important ta know these effects if engineering design and scale-up 

from laboratory tests i8 to be' done in a scientific manner. This 

project's att~ntion i8 focussed on two of the most important physical 
, 

variables, particle size and bubble size; its objectives are to formu-

late a theoretical model of bubble-particle interactions which enables 

• # 
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predictions to be made concerning the sensitivity of. flotaLion rate 

to these variahl es, and then La test these predictions by measuring . ' . 
[~otation ratcs in ldboratory apparatus using particles and bubbles 

v 
o~ various s izcs . 

( 
The pract iCü1 significdnce of the project is as follows: 

(a) li l'article size. is found tü have a large cffect then 

it may'he possible to control upstream processing, 

e.g. precipiJation conditions, in order tü produce a 

particlC' size \lith good fJ otal;i..on charactC'ristics. 

AlternaÇively, particle size modification could be 

carried out in the flotation celi itself, e.g. by 

coagulation. R~liable quantitative kno\"ledge of the 

effect of particle s\ze on flotation rate is needqd 
1) " 

in order to evaluate such alternatives. 
, 
1 

(b) Bubble size is an independent vàriable under the 

1. 4 Cl'bsure 

A 1 

direct control of the process designer. Furtherm~re, 
1 1 

the cost of the bubble-generating equipment is likbly 
1 
1 

to be a major part of the overall cost of the flotr-

tion unit. Rence, any design prepared without a 1 

1 
quantitative knowledge of the effect of bubble sizf 

on flotation ,rate is likely ta be sub-optimal. 

\ 
\ 

1 

The next chapter reviews sorne tapies in surface c~emistrr 

and hydrodynarnies which ~re fundamental to a propéT understanding 

of dispersed air flotation. 
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2. BACKGROmm S8RFACE CHDlISTRY AJ'JD 

}lost solid partdc1es acqllire an elccLrluü chargl' \oJ 
1 

immerscd in \,-ater due to ot<~ of the follO\.Jing effeèts. 
\ 

(~) Ionization of sllrféice groups, ('.g. - COOH--?"COO + 

t. OII 

Cb) Adsorption of ions from flolution. 'This uRualJy 

the ~articlc a negatJvc charge sinee anions 

less hyo.n.l.ted in sol u tion thnn cations can get 

closl"r ta the solid sllrf~ce. 

(c) Lo~s of ions from the solid surface. 
lI' 

Ag l ma)' refe'ase either Ag+ or l ioto solutiOn depending 

On the existing cortccntration of these ions in solution. 
l ' 

The charge thus created i8 partly neutralized by 8 fairly 

strongly held layer of ions of opposite charge (counter-ibns) callect 
• 

the Stern layer (AB t~ Fig.2.1). These are heJd partly by electro-
~ 

static attraction a cl pal'itly by Van der Haals forces. The residual 

potential at plane B is neutrhlized by a diffuse layer BD which 

con tains ions of b th signs but has a preponderance of counter-ions~ 

When the particle ves relative ta the surrounding liquid the hydro-

dynamic shear plane C is a little way outsid~, ~~e Stern layer. The ~ 

potential of plane is called the zeta potential. This can be 
l', 

measured sinee it i proportional to the velocity of the particle 

in an applied eleet ie field (the electrophoretic mobility)~ It is 

not proportional to the surface charge but it i8 closely related to it. 

o 

-

~ 

\~ , t 
1\' ! 

, .( 'l'" , . 
.-- ' 
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Fi~ure 2.1 

DOUBLE LAI;ER STRUC1!pRE AT A SOL!D-PQUID Il\TERFACE 
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, (~ 
The following ac tions reduce the _cta potentlal. 

t< 

(a) Incrcnsbg the ionic strength of the solution. This 
f 

increases the adsorption of counter-ions in the Stern 

layer. 

~ 
(b): Adding a 8ma) 1 c;uarti.ty of an electrolyte containing 

multi-valent courl't;er-ions. Their neutral i.zing effect 

increases greatly vi th thei r charge. 

(c) AddinR a small quantily of a surface-active C0unler-

(d) 

ion. Van dér \"Taals adsorption forcés are wiry stro~'g 

for surfactants, sa again this markedly itrcreases \ 

the nWllber of coun tEr-ions in the Stern layer. , 

Reducing the surface potential b~1 adjusting the con-
1 

centration in solution of those~ions:vhich de termine 

the surface potential.' , FoX; examp1é, the pH could be 

+ -changed if H or OH is pote~~al-determining, 

If any of these actrons i5 carri~d @r -enO~ghl the ~dsorbed 

counter-ions more thàn balance "the s~rface charge anJ the ~Of 

Zeta potential is closely related to the ~tability of a 
& ,~' 

suspensiôn ",since, it. i~' a ~tro~.tatic 

two particles ~hich come è!ose,togethe~. Riddick and 
~, 1 

rep,ulsion between 

Ravina (87")' 

pr~sen~ data on the stability ~f ~ 'aq~~ous suspension of silica 
, " , 

particles (average diameter 1.1 microns, avera:ge z'. p. in distilled 

water - 30 mV) as a function of zeta potentia!, with -zeta-·potential 

changes ma\e, b~ addin~ electro,lyteo' 
1 

/ ' 

i 

.. 
-~ 

" 

- 1 
1 • 

"~ ,-

-', 

" 

, 

,.-. 

"., 
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J ,~.p. (mV) 

maximum agglomeration 0 to 3 

strang ag-gloï.\C'l".'ltion 5 ta 5 

thn'sll'Old of aggl ornera tian -10 ta -15 

\ thrcshoJd of de]ieate dispersion -16 ta -30 

moderate stabi li ty -31 ta -40 
) 

~O~d stabiHty -41 ta -100 

2.2 Surf ae tan U,_" 

, Surfnetan \8 are long-chain hydrocarbon moleeules or ions 

... , 

" 
\ 

with a polar group at one end to give them a limited solubitt"ty in 

water. They have a high free energy in solution due tb repulsion 

between the hydrocarbon chain and the surrounding water-1l101ecules, 

so if an air-water or solid-water interface is present they congre-

gate at the interface' in ~rder ta reduce the free energy of the 

system: 
( 

As the hydrocarban chain length increases' the solubili ty 

"tn water decreases and the driving force for adsorpti0!1 at the 

i~erface increases. 

-
If the sur~ant is an ion the driving force for ad~orp-

tian on particles also ~pendS on the particle charge. If the particles 

and surfactant ions h~fe opposite charges the adsorption is strengthened 

by electrostar;~ction, probably into<,t~e Stern layer. If they 

have the samf charge electrostatic repulsiàn weakens, the drtving force 

for adsorpltion-and may even prevent adiorption complete:ly, depending 

on the magnitude of the par~cle charge and the hydrocarbon chain 
"-, " 

length. If the surfactant forms a <hemical bond with the P?rticle 

\ 
) 
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surface this also incrcascs the strenglh of adsorplion. An example 

is the adsorption of :-'dnlhatp ion on suljPlt1-'de mineraIs. 

Adsorption 

. "l 
,/" ./ 

of surfact!lnt «V0S t.Rt" parUcJe some hydro-

phobie chdraclcr 51n('(' al lC[l!-.t part of thE' hydrocclrhon chain i6 . 

stiJl cxpospd to \';dlcr. This makes' thE' partide f]oatablc, bcca\lsc 

by b('coming all.:1chcd to an air bubhlc il cnn repLlce parl of t1w 

solid-\laler inte rf ace by a solid-ai r :i nlerfélce and thercby rc duce 

the system free t'nr>rp,y furth(:r. 

Best flotation rcsults arc obtnined wh en tIte surfactant· 

is sLrongly adsùrb(>cl by the partic]es, \-.'ith the TIatural tendency to 

adsorption reinfprecd cither by 

bonding. A surfactant added to 

e le c tros t~ tl c a t tr ac ~ion or Chemit 
make the particles hydrophobie i8 

tcrmed a "eollector ll
• 

2.3 Adsorption of Ionie Surfactants bY::T-d Particles 

• The various stages involved in the adsorption of ionic 

surfactants by charged inorganie solids when no chemical reactions 

oecHr are illustrated by ~he work of Jaycock and 0jfewill (69). 

They measured the adsorption of dodecylpyridium br~de by negatively-

c~arged sil ver iodide particles at a series of increasing surfactant 

concentrations and also measured the floatability and zeta potential 

of the particles at each surfactant concent~ation. Their results 

are presented schematically in Figure 2.2. , 
Adsorption increased steadily and flotation fncreas~d 

, 
quite rapidly up to the point of zero charge, which occurred st a 

surfactant concentration of 4.S x lO-SM. 

-

, ' , 

ln this region the surfactant 

2 
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Figure 2.2 

ADSORPTION OF CATIONIC SURFACTANT ON SILVER. IODIDE 
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Figure 2.3 

ORIENTATION OF SURFACTANT IO~S ON SILVER IODIDE SURFACE. 

.. 

,(A) BELOW POINT OF ZERO CHARGE 
~ 
(B) AB OVE POINT OF ZERO CHARGE 
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ion~ were pictured as lying at a smaii anglp to-the solid surface 

(Fig. 2.3.:1). 
... 

They arc not fIat bec311';e \.;ratcr has an icc-like structure 
_,1 

adjacent ta ct holid surfclC'C'. l',eyond the zero point of ch,~rgc 

ac1sorp tian con lilltled lo 1 ncr.:>asc s t('adil y but fl olat Lon dC'crCflscd. 

In this regl<lfl they aq~lJL·d that the acJüitio!1,ll surfilctant jan" \.;('rc 

bcing held hy V,111 der (,'aaLs attraetloll hl'l\·lf'en bvdrocnrbon chains 

\"ith lhe pO].:1r groups of the aùditlonal ions poinUng out,,'drcls 

(rig. 2. 3b). Thu~~ , the hvc1rol'hob:i ci.ty of the surfacc Hould bcgin to 
) 

decreé!se after the point of zero ch,Hf,c had becn passcd, ,·'hich 

accounted for thc' deereél'-,E' in floaLlbility. r:ventuaIly, at a sur'"'.:: 

-3 
factant concentration just above 10 M therc was a sudden increase 

\ in é:ldsorption and f10atahiJi ty droppcd ta zero. They hYR-J~h(,sised 
that this corrcsponded 1.0 miee 11(' forma tion. 

1 

Adsorption on tq latex particles fo11ovlS a different 

" type of isotherm, as ShovlO by the work of Connor and Ottewill (56) .. 

\. -

Figure 2.4 shoHs in seher.latie for'm the isotherm obtained by them for 

the adsorPtion of hexadeeyltrimethylammonium ions on polystyrene 

latex. The surface of latex particles 15 largely hydrocarbon with 

a small percentage of the area containing carboxyl groups which 

ionise to give the particles a negative charge at intermediate pH. 

-7 It required on1y a very small surfactant concentration (about 10 M) .. 
to neutralise the charge on the particles. These initially-adsorbed 

surfactant ions were he1d by both elec"trostatic attraction and 

Van der Waals bonding of their chains to the hydrocarbon. surface. 

They could not be washed off with distilled water. As the surfactant 

-
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Figure 2.4 

ADSORPTION{'F C~TIONIC SURFACTANT ON POLYSTYRENE LATE~ 
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concentrntion \,'as raised beyond the point of zero Ghargc tllP 3TIlOunt 

adsorbed increased much more slow1y lh.:m before bec3usè the Var! der \.Jaa] s 

attraction b('t\lcen Surf.:lclilnt ion chc1jnc; And the hydrocarbon surface 

\Vas noY.' opposcd by elcctro:-,t<.ltic rcpuJsLon. Thc:,e lfller ionc; could 

bE' \Jashcd off qU1.te c<18ily \l11h distillcd \.'3ter. ln. this region the 

adsorbed ions "en" stijl pictured as isolated dHnns 1ying a11110st 

flat on lhe"';F'.1JrL1ct'-~ sa floatahilitY' c.,llOUld stiJl be quite high 
o 

allhough Dot <1'-, l11gh GR <lt the point of zero charee. As lhe surfac­, 
tant COIlcentri"ll10n rises abovl' lO-SN there i8 [ln in,rease ill the 

slope of the i sa Lherm. Jn. this region il \.'as lhough t thal aSsociation 

of hydrocarboD chiiins on the particlc surface was beginning to occur. 

Eventually, at the critica1 miceJle concentration the surface was 

1 
saturated wi th close-packed vertically oriente~ i ons and no [urther 

adsorp tion could occur. 
-4 

ln this candi tion (reached bet\Veen 10 1'1 ahd 

1O-3M) the particles would °be hydrophilic and unfloatab1e. In the 
) 

1 

region of increased slope leading up ta this point' the flaatabili ty 

must be continual1y decreasing as the orientation of the surfactant 

hydrodarbon chains becomes more vertical. 

2.4 Froth Stability 

The lifetime of an undisturbed froth depen~s mainly on 

two factors: 

(a) The rate of drainage of liquid from the interstices 

between bubbles. 

(b) The rate of thinning and eventua1 collapse of the film 

of liquid separating adjacent bubbles • 
• 
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If hoth rates are sldH the froth ,YiU have a long life and Hill 
1 

appear s t'lb] e. 
\ 

(53) haVE' 

The first frctor dépends on the bubble 

shmm c;.;p('r~lPCnto.llY Lhat the drélinélge 
1 

size. Wac~ et al. 

rate i8 inversely 

~proportjonal ta the s of the bubblc dL'1îcter, in direct analogy 

wi th the flow of ] iq Il ds throup,h _ packed bt~dE;. 

The s(·cpn.d,' acLor dl'pcnds on the SUrfo.c0 vüscosity. The 
" .. -..:'" . 

greater the surface VJ ;COS] Ly the grealcr \,il1 be the resistance ta 

thimd ng (81). 

If the colle tor is adsarbed strongly at the air-,o,'ater 

interface, as is the c.se witl! fatty acid and amine .collectors, it 

stahilizes the froth b influencing both'lfactors. High surfactant 

concentration at the i terfacc increases the surface viscosity greatly 

if the surfactant is n t very soluble in wo.ter, and the lowering of 

surface tension caused surfactant tends ta reduce the bubble 

8ize by reducin~ yancy force needed to detach a bubble from 

the distributor. ~he distributor is a parous frit a mu ch 
\ 

more effective way of r ducing'ihe bubble size i8 ta add 0.1 ta 0.5 

per cent of. a short-cha n aleoho1 such as ethanol or isopropanol to 

the water ~9). The s Il, fast-moving~lcohol molecules adsorb at 

the interface while th~ bubble is being f~ed and aet by preventing 

coalescence 'between bU1:les growing at adjacent sites. Porous frit 

distiibutors giva very Istable'foams whe~ the water above them contains 

~ 

about 40ppm of a 10ng-~hain,::~o}lector and 0.5 vol. p~r cent of iso-
, 

propanol; such a ~ystem was ~sed in thi~ pro~e~t (or the experimental 

work to be reported in Chaptèr 7. 

-

c 
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In o're fJ otation the bubbles are latge and stirring 15 

vigorous.- The [l'oth \vould he rathcr unstable j f collectO'Ts wcre 

used alonc,".so nOrFEllJy a flfrotl1C'r" is also added. These a1)c usually 

long-chain al collois slleh a~ terpincol which form molecular ppnetra-

tion ~comp1cxe,s \dth lhe> adserbed film of collecter (81). This 

" 
increases the rigidity of llte fj lm greatly. ShoH-chain a1co1101s 

cannot form complexes \o'ith long-chai.n coJ1ectors '(62). 
\ 

!., 

2.5 HO.tioiJ9f Small_J}llbh~\?s~~lIrfa~ta[l~~.1utions 

, , 

'... ~ <.Â 

The terminal voleci ty U of a rigi cl "pherE' . ; 

and densi ty Pl mOVi~g through a fluid orde!1s/ity P2 
'1 , 

of di ame-ter D 

and viscosi ty 

under the influence-~of gravi ty at a Reynolds number Re less thàn 
, . 

0.5 1~ given by"Sfiokes' Law as 

f) 

DU _ 8 n2
/ tl'pl 

st 1.8,j wherc Ap:::' Pl - P2 

If the sphere i5 ,not a solid but a second fluid of vis. 
-'-

o If the sphere 18 ari 

R2{A l' ' u = _g __ ~e ::. 1. 5 
H 3f-

where 

air j)ubble aud the medium i8 water 'If ~ 0 and 

Ust· The Stokes ~ase hat' a zero ve1o.city boundary 

condi tion a t the sphere surface' whereas th~ Hadamard-Rybczinski case ~ 

... 

" 1 

1 
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o { has continuity of tangential stress as the boundary conditions resulting in a 

moving surf~é and internaI ~irculation in the fluid sphere. This 

circulation has been observed experiment~lly in very pure systems (51). 

If a fluid sphere is moving'through a medium containing 

traces of a surface active substance the surfactant will be adsorbed 

at the sphere surfâce and swept to the back of the sphere. If the 

is moving fast enough lhEt-.,.front of its surface will 
;1 

fluid sphere 

contain less surfactant than the b~d a surface tension gradient 

will be set up. This gradienl sets up a tangent~al stress which tends 

to retard surface motion and internaI circulation. Photographs 

taken;y Savic (51) show that in f~ct the surfactant accumula tes in 

a stagnant cap at the back of the fluid sphere. Circulation persists 

. forward of the cap but ls non-existent inside it, 

In such a situation the terminal ve10city U of the s'~ftere 
1 _ 
\ 

will be intermediate between U
H 

and Ust ' Let Y :: U/U , 
st Then for 

an air bubble in water Y will be 1.5 when there is no surfactant in 
\ 

the system and 1.0 when there is enough surfactant for the stagnant~-
- -, 

cap to completely cover the bubble surfâce. In the latter cas~ the' 

bubb1e will behpve hydrodynamically as though it is a rigid sphere. 

• - D2 , Cl r ' 
The Eotvos number Eo = g Â cr f .is a convenient dimens,ion-

~ 

less gr?up against which to correlate Y. 11er is the difference in 

surface tension betwe~n the fron't -and rear stagnation points of the 
.;, 

~'bubb1e. EO,characterises the ratio of the -gravitational force 

promoting int~rnal circulation to the surface force retardin~ it, 

so ve expect Y to be an increasing function ~f Eo. We also expect 

that, the smaller the bubble the smaller will be Y and the closer will 

be the appro~ch to rigid spher~ behavior • 

\ 

\. 
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Figure 2.~ i~ the correlation of Y with Eo obtained by 

Clift, Grace and Weber (60) from the ca1culations of Davis and 

} ,~ 

Acrivos (52). These calcu1ations are in rough a~reement with the 

experimental data of Bond and Newton (61). 
-. 

Figure 2.6 is the cor-

relation of Y with the half angle 8 subtended by the mobile portion 

of the bubble surface; it also cornes from the calculations of Davis 

and Acrivos. 

We are interested in air bubbles of diameter up ta 100 

microns rising in water. The water will normally contain strong . 

~ \ 
surfactants at concentrations of the arder of 20 ta 40 ppm. wh1ch 

.-
will redùce the surface tension of water by 5 ta 10 dynes/cm. (81). 

-Taking t1cr=-lO dynes/cm., Db ::::',0.01 cm., IApl = 1 ~./m1: and g 

, 2 -2 
981 cm./sec. gives Eo ~ 10 • From Figures 2.5 we find Y ~ 1.0 ~d 

c 
from Figure 2.6 we fi~ e = O. Therefore, the stagnant layer of 

surfactant ions covers the enti~ bubble su~face~ the surface of 

the Dubble is rigid and we bave Stokes flow around the bubble. 

~ Bubble diameters as large as 0.3 cm. are common in min~ra1 

flotation. e ~ lfoo. Of This g1 ves Eo ~ la, y = 1.3 and course, 
\ 

the ca1culations on which Figs. 3.5 and 3 .. 6 ar~ based are not valid 

for such large bubbles because their Reynolds numbers will be much 

greater than unit y , but ~evertheless' 1t will ~ tru: that a sub-

.. s-tantial part of the surface of minèral flotation bubQ..l./es w\ll be 
~ 1 ...' 

mobile. 
,1 

The flowe'pattern around ,such bubbles will be 'described best 

by pofential flow (54) • '"t, 

1 • 
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.Figure 2.5 
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CORRELATION OF Y = ulu WTTH EOTVOS NUMBER 
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Figure;- 2.6 
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CORRELATIO~ OF y = U/U ~ITH HALF-k,{GLE e SUBTI:~DED 
st 

BY HOBILE PORTIO~ OF BUBBLE SURFACE . 
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2.6 Closure 

In this chapter sorne aspects of surface chernistry which 

are important in dispersed air flotation have been rC'viewed bricfly. 
( 

l11e motion of smalt' bubbles in \l1atcr containing surfactants has a1:so 

been descri. .. bed fmd it has boen concluded that bubbles of diameter 

up ta 100 microns are sm.:111 enough to behave like rigid spheres. 

In the 'next chapter a reviev will be presented of previous experi-

mental work pertinent t!> our objective of establishing the relations 
, , 

between flotation rate, particlc size.and bubble size. 

, 
\ 

'. 

'" " 
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3. REVll~H OF PREVJOUS \-lORI<: EXPERIHENT/\L STUDIES 

3.1 Introduction 

Dlsperbod air flotation lb one of a group of processes 

callcd adsorpllw' hubb10 beparation proccsscs, iIl \oJhich a componcnt .. 

is n'lllovec! fron solution or suspension by sclc'ctive Rdsorplion at an 

alr-\Vater lnlllface. In lhis it diffcTS from dissolved alr flotdtion 

\'llIerc the bubbles arc lrapped mechan ically insidc or undcrneath 

flocculated clusters of particles. Adsorptivc bubble separation 

proç-,esscs are lhe subject of a n'cenl book edited by Lemlich (8) 

and of excellcnl revieioJ articles by K.:uger and DeVivo (9) and 

Somasundaran (10). ln the present reviciV only those studies releval~t 

ta the objectives of this project will be hjghlighted. 

The first prqblcm confronting any rcview of this field i5 
" ',. 

that of nomenclature. AlI authors àgree that a primary classificatton 

of adsorpti,re bubble separation processes can be made according to the 

nature of lhe species l"emoved from water. Thus, narnes such as ion 

. 
flotation, colloid flotation, micioflotation, precipitate [lotation 

and mineraI flotation are self-explanatory. There, however, agreement 

ends and any secondary classification depends on the purpose for which 

the classification is being made. Karger et al. (11) sub-di~ide 

according to whether or not a foam is generat~d to carry off material 

raised to the surface of the bulk liquid; Rubin (12) sub-divides 

according to wheth'er a low or a high air rate is used (without ever 

definilng "low" and "high ll
) and Somasundaran (10), in a review oriented 

mainly towards fourface chemistry, sub-divides accordfng to whether 

2 
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the p,uticlcs are natu1:.dlly bydrophdbic or have to be made 50 by 

adding a surfactant. 

\{e \1i5h tu (oeus attenlion on the proccsse5 by I..Jhjch 

bubble-parllclc conl<1ct is achü:ved. Studic~) reporlcJ ,in the 

p<.Htjclcs takc8' plac(' (rom Lhe bulk liquic1 on La buhblcs r151ng 

"'-

through'~tflat .1iqUld or from ] iquid dralning bDck lhrollgll the foam. 

It scérns' logic:fil to Cd 11 lhe f In,l situation "flotallon" élnd the 
1 _ 

second "f~k-l-;;'parnliol1". 'TIlese de[initions rl'present t\vO extrcl11CS 

of a contjnuum rather thélil <1 rigid ?emarcation. The present dis­

sertation is c~ncerned onlY,with notation as defined dbovc. Included 

within our dcfinition of flotation i5, for cxample, the ,,,ork of 

Sebba on ion flotation (13), that of Cassell et al. on flolation 

of sub-micron co11oid5 (14), that of Rubin and co-workers on flota-

tion of micro-organisms (15-17), lhat of Kalman and Ralcliff (6,7), 

of Pinfold and eo-workers (18-22) and of Rubin (12) on f] otation of 

precipitates, that of DeVivo and Karger on flolation of clay particles 

(23) and also Saint Gobain's commercially successfu1 Electroflotation 

process for effluent treatment (3-5). AlI the above workers used 

small bubbles (average diameter less than 100 microns), low air 

2 rates (less .than 1 ml. per min. per cm. cell area) and a very small 

, 
foam head above the bulk liquid. They were working at the flotation 

end of the flotation-foam separation continuum. Grieves and his 

ca-workers (24-31) always use 1arger bubbles (200 ta 700 microns 
1 

2 
diameter), laz:ger air rates (4 to 12 ml. per min. per cm. cell area) 

and a substantia1 foam head, sa their work 15 intermediate between 

. , 

f 
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. 
flotaUon and [oam separation. In sueh cases the work reported jn 

thls dissert,d:ion is applicable to the priTïary separation by flota-· 

tion in tlH' pool. of bulk liquid bill not npcess.:1rily ta the subsequen\ 

" en ri.chmen t by d rai Tlap,e Un ough the f üam col un::n. 

~anernl flotation (32) j<; jncJudcd jn our d,efinition, but 

because of the J arge sj ze of the particles thcr~ ,He son,c i:,.portdnt 

1 

physical cl) fferences ln flotation technique cOl1'pélred ta prQccsses 

specifieRl]y dcsigned fur f]oatlng flnc particlcs. The m{neral 

particles procJuced by grilldlng orcs can oe as large as 200 miclOns 

ln diametcr. Vi gorous stirring is n('cdecl to kcep the se in suspension 

whercas the cclls used for floating fine part icles are uns tirred. 

In addition, ] nrgè partj cles need large bubbl cs Lo lift them, and 

sinee min~ral pulps typically contajIl 30 ta 40 wt.% saHels each 

buhble has ta life maI1o/ particles. Ullually the air is introduced 

• 
by downd.raught through the impellcr and flnng...out inta the liquid 

where i t foms bubbles up ta 3 tnm. in diame ter. Under these condi-

tions very small partic]es of the size.range we are interested in 

are regarded as natoriously difficult to float and strenuous efforts 

are made in the design of grinding circuits ta minirnize their pro-

duction. The flow pattern around these large bubbles will be quite 

different from that around the very small bubbles used for floating 

1 
fines and the large particles will have ~uch more inertia than the 

small particles. Therefore, although most of the work done on the 

surface chemistry of mineraI flotation is directly applicable ta 

the flotation of fines the effects of physical variables may not 

be the same in the t'Wo systems. 

, 
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• 
3.2 Effcct of ParUcle Size on Flotation Rdte 

In the past a lypical laboratory study on lhe dispprsed 

air flotaUan of finc particlcs has consisled of bubbling air through 

a sm,'ll balch CL'11, wi lhdrm:ing samp] cs at yoguLn- interva) s, analysing 

the Lamples 'fOl' particlc CO\lcentraUon b)~ chemicc11 or turbiJimetric 

meLllOds and pl ntlin/j a curve of per cent removal versus time. Given 

1 

a suitable surfaet.:lnt and l'II it appcdrs lhat prccipitatcs of p,nticle 

size 10 ta 20 InICrOnS can be· flodted rapldly with bplLer Lh,:lll 95% 

removal 1n tc>n mi.nutes or ,)(>ss (7,25). FJotation rate i6 incrcascd 

balh by' inercased tCl1lp0raturc of prccipiL.{ltion élnc! incrcasC'd time 

Jag bctHecn precipitation ,1llc1 start of flotatian, both of \.,rhich tend 

to Increase particle size (J9), Micro-organisms of diameter of the 

arder of 1 to 2 microns ean be floatcd at an appreciable rate only 

. 
if the pH is near their isoclectric point!, i.e, \Vhere they are 1ikely 

to agg10merate (17). Adding alum and àdjustittg the pH to give a 
1 

1 
gelatinous floc of Al(OH)3 impl:oves thp f1otation rate and enables 

high remüvals tü be obtain~d ov~ a much wider pH range (15-17), 

~./ .., 
It has been hypoLhesized that the micrb-organisms'become enmeshed 

in the growing floc and that it is, the floc which becomes attached 

to the buobles, either by adsorption or by'providing a mechanical 

barrier to the rise of the bubbles. Sub-roicron particles such as 

polystyrene latex can only bel floated by adding alum and precipitating 

an Al(OH~ floc .(14). 

From the abovè evidence it appears that flotation rate 

must increase quite rapidly with increasing particle size. In this 

context there is a result given by DeVivo and Karger (23) which ls 

;-

? 
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" 

puzz] ing. They floalpd HnPly-ground kaolln <lnd mon tmoriJ] 0111 lc 

using l\,'0 different cl·lls. Cp] l A cl'1ploved \.\l1)hlps of diameter 200 

? 
microns, [10\01 rate 2.7 ml. pPf ill1n. per cn: cel1 are;) and a very 

'<:l 

5mall [0,1111 hOAt!. ('c·] 1 B pmplllyecl buhbh-s l'[ dialTc>l0r 2 mm., flo\\7 

2 
r.Jte 27 ml. l'Cl min. pCl; (;:m. CL]] awa and ,1 stib'sUmtl.ll foam head. 

The partiele si?('s arc not givL'n, but il \':1-.. st.:ltecl that th(> montmorl]-

lonite ajll)(~éll'cd f1ner trl<m the kaolin. In the' uncodgulatc'c1 st.:ltc the 

kaolin fl"i1tf'd the faster of thl' t\oiO} as c;'pcctcd. Thc· jlcu-fic]cs 

\.Jere thrll (oaguJatl'd hy adJing :'<)2~;o4 to rl'duce their zC't<l potentiel! 

ta zero. In this sicHe lhe f]otatjon ratf'S in cell A v.'ere incrf'ac;ed 

subs tan t ia l1y, as expected, bu t in cel 1 B the re v'as éll1 ~nexpec tec! 

fall in lh~ flotation rales of both types of particlC'. 111ère ha~~ 

been no séltisfactory expJ.anMtion of this resul t. ~' 

The only systematic studios of the effcct of ~article size 

on flotation rate- have been in the mineraI flotation field. No 

r'" 
clear-cut relation has emerged. If the first order flotation rate 

constant is k and the particle diameter is d then Morris (33) found 
p 

k ~ ln d . Bushell (34) found k 
p' 

independent of d ; Tomlinson and 
p 

Fleming (35) found k 0<. d
2 

for easily floatcd mineraIs and k 0(.' d 
p p 

fo~ poorly floated minerals; Ga~din et al. (36) found k to be 

independen t of d..... for d = l to 4 microns and k 0<. d 
t' P .... P 

for d ~ 4 to 2Q 
p 

microns. ,The two latter investigations are probably the most reliable 

since they were earried out in specially designed laboratory ce Ils 

under controlled conditions. The other two studies were performed 

1 
CO)trol of variables would be mu ch more 

, 
on full-seale plants where 

difficult. Only Tomlinson and Fleming reported the bubble size used 

• 
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in thcir expl'.r~ents (0.3 to 1.6 mm .. , average 0.8 mm.). the other 

studics probabJy had sjudlar bubble sizes sincl' their air \.JLiS intro-

,cluccd by dmvllùraught through an impellcr. ln'all cases lhe cells 

'velC stlrrL'd vit;orous1y and- ~hc f1otatioll pu1p~ .... ~erc compara'tivcly 

conccntralcd. For the rca~s ~jscusscd in lh~ preVlous section 

the i r appllc[! bility to di] ute st\spen~'ion~, of fine parU cl cs us ing 

5mn}] bubbies in an, ul1f-,tirn'd ccl1 js doubtfuJ. 

The élbove jnvcstigntions a11 found that flotation rate 
" , 

follO\vcd f .lrst aiùer: kinctl ~s weU. The expcdrr.ents of Smlclnasjng 

i 
(37), using f,irnilar equlpr'lent ta Toml inSOfl .11ld Fleming, cave a 

.! 
bet:er fit ta f,p.cond (Jr(\l'[ kint'lics. The second arder rate constanl 

wa.s f'Dund la jncrease Ij;1carly with cl fo{-:galcna and to be indcpendent 
i' ", 

of d for siliea. \Thf S highlights further ~he confusing 5 tate of 
p 

experimental data in this field. 

3.3 
~ 

~ 

Ef"fect of Bubble. Size on Flotation Rate 

Jt 1s gènerally accepted.that as ~ong as the particles are 

" . 

not too heavy or the pulps too concentrateg th en for a giveri air rate 
, .{ 

the flotation rate will increase as the bubble size i8 decreased due 

to the smaller bubbles sweeping out a greate~ volume"of liquid. A 

subs1diâry function of the frothers (long chain alcohols) used in 

- , mineral flotation is to reduce the bubble size (37). The :çesults . 
'; 

of DeVivo and Karger ~h uncoagulated clay particles cited earlier (23) 

indicate that their low air rate cell (bubQae diameter 200t.icrons) 
~ 

gave roughly the same flotation ~ate as their high air rate cell 

(bubble diameter 2 mm.)"even though the air rate in the l~tter was 

Q 

• 
l ,;. 

-~-
~ ... , , ., ~ . , 

" ' " . 
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ten timef; highcr than in the formér. Thi,8 sU~Aests that within this 

range of bubble sizes the flot:1tion relLe i8 i versc]y py;.oportional' 
• 

to buhhlc diarnc ter, - as \youlcl. be predic ted s' mply ~y t\omparing swept 
~ . . ' 

VO]UTÎlCf;. (~epl vo]um(' ;:; 3GL/2D
b

, where G ::, dir ~Îhte, L = hubh1e 
, 1 

- }--path lcnglh ard J)h = hubbJe cll;J1lleter). 'tlE.'re have been no other 

<-
experimental' stlldlCS on the cffect of b lbbJe size on flotation rate. 

. '/ 
/ 

3. I~ Clüsure 

This chnpter has. revle\,r d the availablC' expcrimental dat'a 

regarding the cffects of parti c e size and bubhle size on flotatio.n 

aIl obtained rale. The data on the effC'c1 ~f partj cIe size wpre 

under mineraJ f1otation c0o/l1 tians of large bubbles and, frequently, 

large particJes. Thf>re:iA3 reason to bclfovc that thcy are not 

~ppl~c?ble ~hen the bU~l<.;~ and partiC~l'S are very small as in the 

. j 1. 
use of dispersed ai~ flQtation for effluent treatment. Furthermore, 

/ 
the data from diftferent studies are often contradictory, which 

•• 
suggests that the parameters governing the relation between flotation , \ 

rate and particle size have not been identified co;!ectly~ The 
i 

effect of bubble size on flotation' rate has not been studie~directly, 

although it i8 known that flotatiQn rates are enhanced by reducing 

the bubble size. 

The next chapter ~reviews attempts which have been made to 

formulate theoretical models of bubble-particle interactions in 

flotation • . ,-'" 

, " 

r • . . , 
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4. R1WIE,H OF PREVIOUS HORK: TII_EORT.n~CAL( HODELS 
-, 

4.1.1 Introduction 

Hhen the particles atc large cnough, ta. have no appr~clable 

Brmminn motion a complete' theoretical model of their capture by 

bubbles will involve: 

(a) an account of th~ interplay of thosC' forces (primar!ly 
, , 

hydTodynand~ and gravitation.:l1) which',detcrmine the-

trajectory of a partk1e as \j t approaches a huhble; 
, . 

- (h) an account of the interplay of those forces (primarily 

surfacE'-molecular and elec~rica'" which determine 

whether a particle whose- trajectory has brought it :: 

close ta the bubblc surface will form a stable bond 

with the bubble. 

The above distinction i8 somewhat a.rtificiéll 114 that ib reality 

there will be, an overlap region in which bath type (a) and type (b) 

torcés are important. However, the division into two non-interacting 
e> 

zones i~ normally made in order ta simplify analysis of the situation. 

The range of action of the surface forces is known ta be of the order .. 
of fractions of a micron (73), so for many pruposes the boundary 

between zones can be considered-to c~incide with the bubble surface. 

The situation is expressed mathematically by writing 

\ o 

" 

• (3.1) 

\ .. 

\ 

l' 
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wnere E = collection efficieney, i. e. the fract-ion of particles 
, , 

whose centres initia11y lie in the bubble's path which 

are actudJly eo}Jeetcd by the buhble; -, 
collision efficieney, j .c. the fr<lction of particles ) 

\\'hose cen tres ini tidl1y lie in tIlt? bubble' spath which 

aetuaI1\' CUIPC ln contact \dlh the bubblc; 

and E2 = attachmenl efficlencv, j .e. the fraction of particles • 

COn"t8Ctill.i., the bubblC' \ddch actually form a sLable 

a t tadlll.en t to i t. 
i 

The forccs in 70n(' . .ta) nre cons1.dered to deterdne El and Lhasa in 

zone (b) ta determine E'). The flotation rate is p1:oporti<mal ta 

the collection efficiency E,-

Dcrjaguin élnd Dukhin (74) postu]ate the existence of an 

intermediate zone of thickness l to la microns consisting of a dif-

fusional boundary layer on the bubble. It is claimed ta arise with 

bubbles of diame ter l l"~'i. ot' larger. Such bubbles rise sa rapidly 

that a considerable degree of surface ~ircu~ation exists despite 

the retarding ef~ect of adsorbed surfactant. Fresh surface is con-

tinually being created at the front of the bubble and this new .. 
surface has the surfactant concentrat~n of the bulk liquide There 

is a I~rge driving
7
force for adsorption of more surfactant ions on 

the freshly-created surface and this giyes ri9~. ta a strong diffuaional 

flux of' surfactant ions towards the bubbie. As a consequence it is 
,. 

claimed that strong diffusiophoretit and electrophoretiç forces exist 

which domina te the" particle:s motion in ~his zone. However, our 

, bubb!es are sa sma!l that their surface is covered completely by a 

stagnant monolayer of' adsorbèd surfactant and no surface circulation 

o 

& a 

" 

. . 
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r 

is possible (sec Cha~ter 3, section 3.4). There[ore, thcre \l7i1l be 

" 

n~ fJux of sllrf<.1ctanl ions tO\"llrrls the bubblc surface and no inter-
1 #, '.of 

medi<1te I-onc \.JiJ1 cxist. 

4.1.2 Coll i c,i. (111 r~od('ls 

~, 
Hhen vj c,,,cd 3S a collision bet,"een ·t\.;o spheres flotation 

diffen, from rai_nl'trop cO"llesccnce and spray declu'-,ting only in that 

~ 

the two spherc" arc of l'nnrkedly cliffc}"cnt densities al~d Inay move 
1 

in opposite directions ~md,:l the influcnèC' of gravityj. CoJ]ü,jons 

bct'-lccn falling raindrops have hecn s l udil'd intensi vJly by me teor-
1 

ologists in an attempt to exp] ain observed rates of taindrop grml7th, 

whilC' the work on spray 'dcdllsLing was stiP1U1atecl by ,the mining 
, \ 1 

1 

industries'need to supprèss dust in mines. Hork up 'to 1962 was 

summadsed by lIerne (75). 
,~ 

~e physical situation is depicted in rigure 4.1. Hydro-

dynamic dra8 tenfs ,to s'l7eep the particle around thei co11ector sphere 
1 

following th~ fluid streamlines, but particle iner1ia tends to make 
, 1 

the particle continue in a straight line towards tl~e collector. 
1 
1 

The result is a particle traje~tory deviating from,the fl~id stream-

lines. Gra\l'ity tends to. reinforce the eff~ct of particle inertia 

if the collector is moving downwards relative to the col1ector and 

opposes it if the particle is moving upward rela~ive to the collector. 

The usual procedu!e ls to assume that the drag on the 

particle follows Stokes' Law and to write the equation of motion 

of the particlt!'"às: 

(' 
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Figure 4.1 and Figûre 4.2 

4.1 APPROACH OF A PARTICLE TO À COLLECTOR 

4.2 GRAZING TRAJECTORY 

'. 
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(u* - u* - u* ) 
-p -f -pt 

u* =- di mens ion1e88 p~rtic1e ve10cjty 
-p 

u* -f =:. clirncnsion]ess fluid velocity 

, (4.1) 

~t '=- dlmensionless pclrticlc Lerminill vel od 1 Y unc1er gravi ty 

2 
2p li r 
__ L-------P .. 

9 f- Re 
St ::: 

Pp :::: paniele density 

f1llid viscosity 

r ::: particle radius 
p 

R ~ colJector radius 
c / 

U ::: fluid velocity an infinite distance from the collector •• 

U 1s the refercnce velocity for u* u* and u*. A trajectory is 
-p' -f -pt 

calculated by selecting a starting point far away fJ:"om the collector 

; and then ~egra ti.ng eq lÎation q.1 nume rically. A particular flO\o1 

pat tem round lhe COll,tor, for e~atnple Stokes flo\>1 or potential 

flow, has to be assumed; this gives the spatial variation of ~~. 

~ 
The distance of the starting p~int from the co11cctor's axis is 

varied until a trajectory is found on which the particle Just grazes 

the collector (Fig.4.2). ·On this trajectory the particle's centre 

crosses the equatorial plane at a dimensionless distance (r + R )/R 
. pcc 

= (1 + r*) from the collector's centre. If this trajectory is a 
p 

d1~tance y_ from the collector's axis at an infinite distance from 
Y..o 2 

the collector then the collision efficiency El = (~) , since aIl 
c 

trajectories within this one will result in the partic1e contacting 

the collector. 
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It 15 apparent from equation 4.1 and the boundary 

" condition that E1 'wi11 be a function of the three dimensionless 

groups, St, u* and r*. The pt p 

ratio of particle inertia ta .. 
Obviously, E1 is an increasing function of 

of El with u* will depend 
pt 

relative to the collector. Langmuir (76) 

variation 

of the particle 

if gravi ty is 

ignored and r* is ... so small that i t can be neg1ected there is a 
p 

minimum value of St below which El Is zero. It was shawn later by 

Michael and Norey (47) that if gravit y is taken into account and 

u* is positive then there 15 no such limit. pt 

Two at tempts have been made to apply this approach ,to 

flotation. Derjaguin and Dukhin (74) ignored gravit y and predicted 

lncorrectly that there was a limiting value of particle diameter 

below which no collisions could accur. For particles of density 

2 gm./ml. and bubbles of diameter 0.08 cm. they predicted this limit 

ta be a particle diameter of 40 microns. There i8 a great deal of 

data testifying to the fact that particles much smaller than 40 

microns can be recovered by 0.08 cm. diameter bubbles (see, for 

example, ref. 35). 

Flint and Howarth (42) al10wed fo% the effect of ~ravity 

but ~glected r*. This is equivalent to saying that a particle only 
p 

-callides with a bubble if the tr~jectory of the centre of the particle 

grazes the bubble surface, which can anly be correct if th~ particle 

la very small relative to the bubble. Figure 4.3 shows their curves 

-
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\ 
of El versus St nnd U;t for bot'I~ StokC's and POu'11tial flm.; round 

thc buhble. ];elow St = 0.1. [1 is a]most: indC'pen.dC'!1t of St. The 

lilnlting value of [1 <lt St = 0 \laS dcdu(ccl by ,1Iwm to be el =.:. 

u* __ y.J:-.._ 
] + 1I~ 

pt 
i rrC':,pcc li Vl' of \"h(' tller the fi 0\-1 rcllll1d tlw buhbh~ ' . .Jas Stokes" 

or pott:'ntiaJ. llo\-ll'ver, thLs e),pr('"sjo!1 for the lif11itlng f-J is 

crlLically ù('rclldellt on thcir aSSlll1Jption thnt r'~ C<l11 he neg]ccted. 
p 

11; lh i s as~,ul1'l-' l1 on i c; rc:"u1\'vd the grazl ng lraj ccl ory i s de finec1 by 

r'" ~ 1 + l'X :: '1\ <li 8",1(/2. \lQrking through, tl1C'ir derivation with 
1 p 

1'*;: j ins tCJd of r* =: l \IC obtain the fol] dwi ng expressions for the 
1 

limiting El at St ::0 0: 

(a) for potential [low round the bubblc at St ~ 0 

; 

(b) for Stokes f10w round the bubble at St = 0 

2,,(1 +- u* ) pt 

(4.2) 

(4.3) 

A second'criticism of their work is that when water i5 
1 
>. 

the medium i t is not accurate in gGÏneral to assume that the drag on 

the particle obeys Stokes' Law. When a particle i5 aeeelerating 

relativ,e to a fluid, which it is here sinee it deviates from stream-

1ines, the instantaneous drag on the partiele is only equal to the 

steady stat1t (Stokes' Law) drag at that veloeity if the fluid inertia 

is vanishingly smal!. With a fluid of non7zero inertia the flow pattern 

" 

-
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\ , 

Figure 4.3 
." ~, 

. 
VARIATION OF COLLISION EFFlCIE~\CY WITH STOKES Nm-mER IN 

STOKES ~D POTEXTL\L FLm.: (FLINT-Hm:ARTH HODEL) 

• 

• 
. , 

-
" 

,'/- ." ,. 
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} 
round the acu::lerating particle hm; not had time to adjust itself· 

(' 

tü the steadl' state pattern for a glvell ve]ocity beforc the v('locitl' 

-has moved on ta a nCH vallH:. Whe\1 the f1uid dellsity is very smaii 

~aH', for ('}.<l11lple) 6r the prHticlv acccleratioll rc]ative tn the 

f)uid is V('lY <'li1r111 (St L~l.O wHh \"atc1' as the lllpdiutn, as \<lil] be 

and cquation 4.1 is val id. \:l}lcn the medium j~; ' ... .:1ter and St '/1.0, , 

wldch Ü~ the C:lr~e for the' ~~reat('r part of nint dnd Hm"arlh's t11eo-

retical curvcs, (J',humption.of the ste<1c1y f.tél.tC' drag vlil] Heriously' 
. .---

undercstimnte the ;'lct-urli drag on the p,HlicJe and rcsult in over-

estimatecf' collision eHidencies. This is explored in greater depth 

in Chapter 11. Flint and HOHarth did observe sorne trajcctori,es 

experjmentally nnd conc]uded on the basis of goot! agreem(>nt with 
, 

theoret i.ca] trdjectories lhat use of the, steady state drél~ was suf-

ficientIy accurate. lIowever, aU thl'ir cxperimenta1 data were obtained 

at St 4.. 0.1 sa their claim cannat he accepted. 

Rec~ot work on raindrop collisions has concentrated on 

.-
three refinemènts ta earlier models. 

(a) Allowance for the fact that a particle of finite size 

will perturb the flow field round the collector (63,78). 

(b) Allowance for viscoôs resistance ta thinning of the 

film of fluid separattng particle .and collector when 

they are close together (63). 
, 

(c) More sophisticated representations ~f the flôw field 

rou~d the collector (78). This 15 important at col­

lect~r Reynold~ number Re
c 

?' l, and also at Re c ~ 1 

if the particle is approaching the collector from the 

/' 
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do\vnstream side. 

TIw ,,'ork of Hod:ing d~Ù JonA~, (63) \"rélP': (.1) and (l» 

togclher by lIlakill h 118(' of rcc<,ntly~ckvl'lorecJ sol\\ti()n~, to th\~ Ndvier­

" Stoke'> equ3t10i1 for flo', ]l.l~-;t a pdir of sphcrc~. 1t je; onlv vnlid 

for Re "--.<- 1. ThL', ,ll'~HOach i~, ,lpplit'c\ t'Ll flotaUon in Clwpter 8. 
" ) 

• RCllilC"'L'nt (c) l', not \vorth é'pp]ving t(, (]otaLillll \dth ~l1lall bubbles 

bec<Jusc ,Je have Re .c... ] (lnd <ljljJfoél.ch frol,1 lhL' upstn>;111l sjde. 
• C 

ln the spray ckùu">Ung field Zt2bc] h'n e , cunc,j dcred t1H' 

c[fl'ct of cJect rical cLargL'f' ('Il the jlJrticlL's ,mù colJeclor drops 

(79). Electric[\l cffccts llélVC a)so beC'n considerel1 in mode1:: of 

~ 

aerosol filtraLion, ,,,herc th~' collcctllT ie; ct cylindrLcal fibre (80). 

Thcy have not bcen taken 1nto account Ùl flotaUon models because 
\ 

very litt1e i8 knmvn about the electrical propcrti0s of buhhlcs. 
,. 

Davies and Ridcdl (81) 8UOtC that pure 'Jatcr has il surface poten<tial 

of -0.1 td ~O.2 mV, indicating a prefcrcntjon orientation of water 
• 

. molecules at the interface, hut undoubtedly this \ViII be altered. 

by the presence of surfactants. Chapter 10 outlincs a possible 
"\.f 

approach to including e1ectrical forces i~ flotation collision 

efficiency calculations. 

l 
Collision models have been developed recently for filtra-, 

tion or water through a sand bed (82,83,41). Since in this case the 
.. 

collector is a solid it is likely that London - van der Waàls forces' 

of attraction between colloçtor and particle will be important; 

these have been taken into 'account by Spielman and Coren (83). How-

ever, they are unlikely to be important when the collector is a bubble. 

) 
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Thcr~ je:; on~ KypC of collision model ... "hich is totalJy , 

differenL from Lhosc dtseusscd above and it must be mentioned briefly , " 

~ bccause it has ho,ne eurrency ln minera] dreSc,ini; circ]cs. It ,.,as 

'introduced by PhUippoff (II) and dl'.\"('loped furt1l0r by Evans (67). 

It focusses· on the deformiltion of LIll' bllbblc surface c:auc;ed by tl1P 

iltlljH)ct of the p<1rt1cJl'.. If the bubbJe surfJ.ce is treated as an 

elaslie bkin it i5
1 
casU)' shown that the rc~storing force js propor-

tiünal tü tl!C ckforJ:1ati.on l 50 lhe moti.on 
1 

of the penc·trating partic]e 

1 

fÙlTnon1 C. 
1 
'~ • .,t! 

ls simple The contact tif'lc t , d.cfincd as halE the period 
c ' 

., Il ln max f
,;;;- 'i\h 

of the sJmple harmonlc motion, i5 calctllatcd tü be 20- or --v--
wherc rn is the rrass of the partic:le, 0- th~ surfac.e tension, h T11ax 

f> the maximum dcformation of the surface and V the normal veloci Ly of 

appro~ch of the particle. Attaehment 15 supposed ta take place if 

the contact time exceeds sorne magic but unspecified value. Cc;msider 

two c~ses. J 
(a) 0.3 mm. galena partiele, 3 mm. bubble r1sing at 25 crn./sec. 

(b) 

Taking 0-= 60 dynes/cm. and V equal ta the bubble 

rising velacity we obtain t _ 1.2 x 10~3 secs. and -
c 

Db 
0.09 mm. = 30' h 

max 

10 micron glass b,eads, 100 micron bubble rising at 

its terminal velocity of 0.5 em./see. Again take 

t:r=. 60 dynes/cm. and take' V = 0.5 crn./sec., Le. we 

are considering the maximum deform,ation ,case where 

the partic1e is 

obtain t :: 6 x c 

on1the bubble1s axis of motion. 

-6 ' 
la secs. and h = O.Olr::> max 10,000 

1-
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Thercfore, Hhile this moclel may have S'orne use' \dth large bubblcs 
/ 

, andCpartjcles L1lge -enough for their n:0tion ta be alrJo~,t rectilinE:'ar, 

it is not appltcdb](' to swJ.lL huhbles and smnll partlc]E:s. In our 

" case the bubblp" hnrdly dl'fonn A.t a11 and lü the part icl('s the)' appear 

as rigid sphsrcs. - • 

4.1.3 AttacJwE'nt ;!oJelf; 

Ver.,' li tUe -\.,rork h;JS been done on t 11e nttach',lent proces". 

By pUTsuing an J.ll."logy belPIJen part':1c]e-bubble attll.c::,,;,crlt and the 

hetcroc()a~ulaliol1 of unljk(> colloidal p<lrtic]es Derjaguin and Dukhin 

E ~ f 2 

A 
(74) weTC able tü adapt hpterocoagulD.tlon theory to predlct 

as .the critcrion for attachnr.-2nt ta take place, \<i'hcre (: is the di-

electrié consuint of the mediu:n, .~ i5 the pélrticle's double layer 

thickness and f ils zeta potential and A i5 the Hamaker constant 

for the hetero-system. None of the above parameters is affected 

. 
significaptly by particlp size or bûbble size when the particles 

are larger than one micron in diameter. 

The only experimental work on attachmen t efficiency 1s 

that of l.fuelan and Brown (48) who photo,graphed the collisions of 

large pyrite, gale na and coal particles with the large bubbles. 

They found the attachement efficiency .ta be an increasing ~unction 

of the normal velocity of impact. 

.-
v 

'. 

.(. 3 

" 
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4.2 Sub-:-!j cren Parti cl cs 
.. 

No work has becn don~ on the collection of sub-micron 

partj cles bl' bllbb10S. but the sc!avengjng of suh-micron parti cles by , 
watet" drops nnd fiblOUS filt0rs has"recejvcd attention (46,RS). 'The 

approach is to apply the t hin concentration boundary layer theory 

dcveloped f~r :;ldSS transfer and tG use the StoLcs-Einstein equat.ton to 

obtain the diffu~ivity o! the particles. H~ f\lwll apply thh rethod 

to Lhe flot<.1tion case in Chapter 5, section 5.3. 

Coo1:son (86) anù Y<!o et al. (lll) ha\'e reac;Uled the removal 

of sub..tmlcron pdrtioc]es from ,,'ater flo\ling through a pa~kcd bed • 

They round the predictions of the above type of model to be in 

agreement "li th their expe~i men tal 'dAta provide~l pre ffer'; corre'ction 

(68) for the influence of neighbouring spheres \·'ns appliert. 

4.3 Closure 

This chapter has reviewed the models of bubble-particie . 

cdllisions which have been proposed to date. In genera!, they have 

been ~eveloped with Ia'rge bubbles and minera! dressing applicati~ns 

in mind. Only_ the Flin.t-Howarth Illodel purports to be applicable also, 

to 8mall bubbles and its defècts have been pointed out. In the next 

chapter a si~ple~collision mode! is ,developed 'specifically for the 
.... 7-

case of 8mall ·bubbles and 8ma!! particles;. 

" 

\ 
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,\ 
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5. A PRJ:LH!1NARY NOl)]'!. OF FTN!:: h\R'j ICLE COLLECTlON 
-----+ - - --~~- ------- ----- -------~--

BY StrALL J\UliBUS 1 --- -- --------

5.1 Introduction 

'1'0 mode1 the col1('ctlon ~fJno p;ll:t-iclps h;y Sll1rl]] bubbJes 

we nole fjrsl of ,Ill that.pardcJc<> L1rgc'r thnn 2 ta 3 microns in 

~ dia[uetcr 1'1 il 1 Dot hl..' affected -;lpllficilnt}y by Rr('l\.:nr~n notion and 

,...,U] ~oatact t~e hul,b10 ~nly j.f thC'ir hydroctvI1Jmjcally-dl'tc'rmin('c1 

t rajc( loric<> cOl~ Ilithin one parlÏcle radi us r of the hubhle surfacé. 
o~ p 

In thts rCf\ion, whie): \lC cal] the collision n>gime, the coJ1ecUon 

1 officielle)' E sl1ou1d iIlen'<'I,~c \,1j t'h inen~d"ing r duc ta t-ho gcolilt~tric 
p 

fnet lltal tlw traj<.'etory of a j argoT PrTtic}C' neecl not come sa close 

to Lho bubb] (: for the partiel e aI~d bubbl<:. surfaces Lo touch. Sub-
I r 

micron parlieles wi J 1 reaeh the lYubhle maLnly by BroFnian diffusion. • 

In this regime E shouJd d~creasc with increaslng r ~lnce largcr 
p 

partie] f'S di ffuse ITlOJ;'C slowly. Hence, in the intermcdiate regian 

where bath mechanisms contribute 8igni fican'tly ta particle c~rttJre 

1 
we expeet E = f(r ) ta have a minimum. The existence' of such a 

p 

minimum has been eonfirmed experimentally for aerasol filtration (35) 

and for liquid filtration (41) in which slmilar mechanisms are 

operative. 

Our treatment of the collision regime has an important 

conceptual difference from that of Flint and Howarth (42). As WdS 

mentioned in Chapter 4, their boundary conditio~s imply~that a col~ 

lision is énly con~ered to occur if the trajectory of the ~~entre . '---...... 
of the particle grazês the bubble surface, whereas we define ~ collision 

when the surface ~the particle gr~zes the bubble surface. 
\. -.C> 

\:', 

, 

, .. 

• 
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5,2 Collision R~glmR 

Let 

where El := collisioll efflc1ency, Le', the fraction of particles in 

the bubb]("s path \.;h1ch actually collide \"it.h the hubble, 

~ attachrrlE'nt pffjdency, Le. the fraction o[ p~Hticles 
~ 1 

conidjng ,,,ah the buhhl(> which actuaJ]y stick ta it. 

It seen's likelv that [2 ,,,ill clcpcnd ï.\ainly on the ch"micill natures 
" ' '" 

of/the particle surface, the huhblc surface and the th in film of 
, 1 

liquid drai ning from hG bveen them.' Therefore, as an initial hypothesis, 

let us aSSume that the effect-5 of particle, size and buhble size on E 

are given by their 'effects on El' , 
Consider a spherical bubhle of radius ~ rising vertically 

at constant velocity Db' Take coordinates (r,e) centred at the center 

of the bubble and moving with the bubble. 9 = a is the vertical axis. 

Figure 5.1 shows a typical particle trajeclory. Consider the limiting 

\ 
trajectory in which the partiele Just grazes the bubble at e=- {(/2. 

Let, ~his trajectory be a diStance Yoo from e = 0 at r::.. 00. AlI particles 

whose centres are ini tia11y c10ser to ()::. \ than y_ will collide wi th 

the bubble, and if the particles are uniformly distributed in the 

2 
liquid we have E ~ (y~/~). In the general case particle trajectories 

must be calculated by a step-by-step the particle's 

éqûation of motion and the grazing found by trial and error. 

However, for the special case of sma!l particles and 6mall, slowly 

rising bubbles encountered in effluent treatment, a simple-analytical 

solution is possible. 
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Figure 5.1 

OF PARTICLE APPROACHING A BUBBLE 
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We"make the fo11mving assumptiolls. 

• 
(1) .. The flou pattern al'ollT1d the front of the bubble is 

(2) 

(3) 

given by the Stokos solution for crccping flow'around 

a rigid spherc. It \vélf> shm;n in Chaptl>r 2, Scction 2.5, 

that this 'is a rC3sonalbe [',:"c;u'T'ption for bubbJes of 

diar:',eter up to 0,] mr.1. ris:ins al: their lermiflal vclo-

ci ty in \_ater \;h1cl1 has not lwcn rigorously puri Hed 

to eliminJte f,ur[actants. 

Electrical intcractio:1S bet\:c.pn particle and bubble 

have a negliglbl~ effect on the particle trajectory. 

Any particlcs co11eeted arc immediateJy Sylept or , 
rol1cd to the back of the buhble 50 that the full 

fron t surface i5 abvays c lear. Photographie eride~ce 

cited in Chapter 6 shows this ta be true. 

(4) The motion of the bubble is not affeeted by the presence -f 

of the particles. 

(5) The fluid veloeity used in computing the drag on a 

particle is the 

occupied by the 

were absent. 

velo,city whi\l} would exist at 

centre of thl pa~cle if the 

the point 

pa;rticle 

Obviously, these last two assumptions are strictly valid 

on1y at rp/l), = 0 and become less vaUd ,as rp/\, increases. 

Ignoring unsteady state drag terms and taking upwards as 

positive, ~he particle's equation of motion is: 

., 

• 
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- 61'1' /--t r (u - u
f 

- IJ ) 
J f p -.E. -.ll t 

(5.1) 

tl ;:: installtaneous particle vc]ocity relative to bubble 
..J2.. 

Ut ::: insLmtaneous fluid vC'locity relative" tn hubble 

u _ partjcl~' LerIl{inal fa]]ing velocity " 
~_. , 

l'p ~ partiel€' de.nsity 

Pr ,::. fluid dens:i, Ly 

rf : fluid viscosi ty 

t :=. t;lme. 

\ 

\ \, 

Introduce dimensionless quantities: 

where 

and 

" 

~ ':1 ï/Ub ' Ut :=. u/Ub ' U;t 4: ~/Ub " 

2p ub r
2 

p p 

9rf~ 

1 p~ r 2 
=- -9 (~) (.-E.) Re

b ff ~ 

U
b 

= bubble rising velocîty 

2ff Ub \ 
Re

b 
= -'-..;::"..~-=- = bubble Reynolds number. rf 

• 
Equation (5.1) becomes: 

St 

1· • 

du* 
u* - u*f + u* - St ...::::2.dt.&. _.p - - - pt .. , ., (5.2) 

1 

, 
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Host of l,he interaction ),ct,."ecn buhble hnù particlo Dccurs within 

a <1istdnce Rb of the bul)ble surface, Le. for a Ume> of 

dndng uhich O(u ) incrL'.1',es from al le,lsL (-U -u ) ta 
P b pL 

'L'hen'fore, O(du:,jdt:") Z 1. For bublJJe of dial11ctl'T u)J la __ 1' 

rl',in~ al tht'}r :,!okps tVlïlilrwl veloC'ity in \JatPT (Rob ~ O.:»' and 

-2 
p~jrt 1.(')e dl:111, t (,1" ur ID :>0 nieron',) l'e' have St L.... JO for rca,,;;o,nubJc.' 

VdlUI-!"i off
p

' 

tude larijcr th~1l1 St (Ju"jc1t:'). u,', r.c:,)' or ma.' not he of the ban.C order 
---..Jl pt 

of miJf~nitlldc ilS u'" and tif" o('Dcndillg on the vallll s ()f r dnd L? • 
--p -- p _ r p 

Thcr<.'fo1'c, 1.t S('CffiS reu',('nabJc to IH-'r,1(~('l the final term on the right-

hand side of l'quation 5.2 ,md ,,[rite 

(S.3) 

Thus, gravit y is the only factor which'may cause the partic1e.'s 

trajectory to deviate signi fican tly from the fl uid streamlincs. 

Particl~ inertia has no significant effect because the\particle 

adjusts almost instantaneously ta changes in the fluid flow around 

it. (St can he considered as the ratio of particle relaxation time 
2 \ 

2f>p rp/,9f'f to ,the characteris tic time \/Ub for changes in the fluid 
, 

flow.) This contrasts with the situation in aerosol capture (40, 

45-47) and in minyral flatation (42), where particl~ 

dominant factor 6aU5ing deviation from streamlines. 

inertia ls the 

It means that 

in the present case the particle 1 s equation of motion (5.2) can be 

braic equation (5.3); this is what 
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makes possible an analytical solution for thc collection pfficiency. 

Also, sinee (un - tlf) is vil-tual1y constant and equal ta t1 , rhe 
-L ..J?..~ 

relativt- acc(']oraUon oel\:t'C'il parllclc <Incl flule! le; lwgl1gihle, which 

sup,gesls tl13t our ncglc,l of the unsle<.ldy state drag terr'1S i5 justifipd. 

A-!l~orc rigorou'-, justific:'tion idl1 be prcsenlC'ù in Chétpter 11 in a 

gcnerdlized t n!dlmen t of p"rtie le caplure prOCCSb('S. , 

Consic1eri_ng the radial componenls of thcse veloe} Li<'s He 

have 

-.\J __ u + U C()S e 
pr fr pt 

(5.4) 

'" Vos e [1 + U~t ; <;l + t<;/ J (5.5) 

where wc have ubed the creeping flm.: solution for u fr (see Appendix E) • 

The rate at which particles collide \."ith the btlbble is given by the 

.flow NI of particles acrOS5 the hemispherical surface defined by 
, , 

r :: lb + r and lei ~ '[(/2. If tfiere ar~ c particles per unit 
p \ p t. 

volume uniformly dis tributcd in the liquid ~ we have 
1 

The flow of particles through the cy1indrical volume swept out by 

. ~2 2 
the bubble i8 N ... -1l'Rb(U

b
l'U

pt
)c

p 
=- -'rrRbUb(l+u~t)cp, . Therefore, col-

1is10n efficiency El :=. NI IN. 

:=. 

r 
2(1+ 1)2 

'\, 
Ub(l ..- u* ) pt 

• sin9 dB (5.6) 



" 

\ 

, 

\ 

-50-
1 

Substituting for u frOlu Equation (5.5) and putting r =. ~ + 1'p gives 
pr 

(1 + u* pt 
3 1 

- -+-) 
2K 2K3 

(5.7) 
1 

\ . 
A 1itt1e aigebraic manipulation ShOI'iS (>quatjon 5.7 to be cxacLly 

\ 
equivalent lo equalion If .i, the Flint--HO\"arth Stokes flow cm,e takcn 

ta tlw lilli l of zero Sto){('s number cmd ('orrected for non-zero 

pal-tide radjus. (In equ<1tion 4.3 À\Tas used instead of K tü avoid 

confusion with l'lint and lIowarth's USi? of K for Stokes number.) 

<, 

Sincc bath partiele and bubble obey Stokes La\v, wc have 

u* pt 

r 2 
= (î) 

~ 
(5.8) _ 

Therefore, 

1 

Figure 5.2 shows the theoretical relations between El and rp/lb 

predic.ted from Equa tians (5. 7) and (~. 8) • for;.fpl fi = 1. 0 and 2.5. 

They are fitted very weIl by the straight line approximations 

El = 1.25 (r r/~)1.9 for f 1 fi :=.1.0 and El = 3.6 (r 111,)2.05 for 
pp, p 

- \ 2 
~/ Pi = 2.5. Therefore, El is raughly propartianal ta _ (rp/\) 

OV~1 this density range, which cavers most practicàl situations. 

Since the va'lurne swept out by a bubble ls proportional to ~, the 

age number of particles picked up by a bubble, assuming constant 

should be raughly independent of bubble slze and the flotation 

4 
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Figure 5.2 
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COLLISIO~ EFFICIE~CY El AS A FVNCTIO~ OF r /Rb and'p /t'f 
1 Y P P 

WITH STOKr:S FLO\v ,(PRELINI~ARY HODEI.) 
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, 
rate shouJ d he proportlonal to bubhlt: frcqlléncy. Tlwn.!forc·. for a 

~ 

givell air rate"thc flQt3tion r;tt(' should he praportiol131 ta l/~. 
~ ',l ~ 0 

\Vhich provLdes ~~ pmlerflll inc<,-ntÎ\c to \11ake the bllhh]c~, as small as 

pbSslblc. r 'Of course, tllis ml/st be balélnccd dgi1inst tllL'cJ('},tr3 cast 
" . 'ID 

of ~l"encra,tinf, ',I,.:111c1" bllhble~ in the "'<lS(' of spil1ï;ers :mû pora~s, p]i1tcs. 

1'118 collJ'don cffidl'llcle" rI r1oltC'd in Figure 5.2 can tw 
Q 

n.'r,arùed ..1<; :m uffv,-'r Ihjt on tilt. .. collecticlll cfHocncy L corrcïPondlnp. 

" to an attadll',ent 'cfficleTlCY 1:
2 

'-=- 1.0. 1 f 1.; je; less tlLlD 1.0 <mel 

docs not depend on rand \, the collt.~ction cfficicnry JinC's \liJI 
.' P . 

be }m.;er thal1 the callhdon effic..jenC':' linec, but wil1 helVe the same 

, ri" 
s]ope., Th,' rcsult~ of Phe]an and Brol'n (48) <,hm' that at ]east for 

\ 
mineraI p..1rticJes and Jarge hubbles EZ is ccrtainly le~s thnd 1.0. 

" 

l,. 

5.3 Diffuslorl )\egir'c ------_ ..... _-
1 

f To model thls regime we exrress the partic1e diffusivity 
/' ' 

by the Stok~s-tinstein relation 0 = kT/6f(ffr
p 

where k = Boltzmann 

1 
cons tant and T ::. abso] ute temperatm:e. This is then inserted" in 

l ' 1 

f , 
exls ~ing theore tical expressi,ons for mass trans fer to spheres. 

1 • 
For creeping flow around a sphere~ thin concentration 

bou"ndary layer theory (49) y~lds 
1 

, 
(5.9) 

" 

" t • 

J 
whère Sherwood number Sh = 2\kp/,1), Peclet number Pe = 2\Ub/~ and 

<. 

kp =- partic1~ mass transfer coefficient. Equation (5.9)' i5 a very 

good 9Pproxima.tio~ for Pe ,. 10
3

• Let c be the concentration of 

particles in the bulk liquid Zlnd c 
ps 

'-, 

--~ 1 
"-. '-.~ 

p, 0« 

the concentration of unadsorbed 
-' 

.: 

-



• 1 

\ 

\ 

• 

_ . 

partides in the layer adjacent ta the bubb1e surface. l llw partich's \ ;-__ 
~ 

an' aJsorbed rapidly by thf' buhble c ~ O. ,,,hl le if the are nnIy 
lJS 

slO\oJJy ildso!:llC'd e ~ c • The net now ,of part1rIps te Il(' 'hubhlc 
ps p 

surface in ~nit timt' i8 :-.l""", 47r,Jk (c - c ). lu unit til'C' the b p P pb ft 

bubbJi: sHeC'ps out .1 volume 1/Jz
1
2

U
b 

eontaining ~;" rr'Rb2111 c l articl'es. 
", ) ) p 

TIlP collec~ion cfflcjency 
". lit 

Nil 
E = l\ 

c - e 

• j 

(5.10) 

: 

whC're f ":: ~E.._~ 15 the dlmcl1$ion]('ss ddving forcC' for mass' 
e 

'" p 
transfcr. For stron8 adsorpliop f ~ 1 and for ,,,eak adsorpl(on f ~;,..o. 

. . , 

It seerns plausi-hle that, like the attachrnenl effj ciency E
2 

in the 

, 
coll~sion re~ime., f \vill dcpcnd main Iy on thc o chemical natures of 

,,' 
the parti cIe surface, uthe hub'le surfacC' and the liquid phase. Wc 

make the hypothe~.is that f 1.s independcn t of ~, rp and Pp' 

Expressing U
b 

fiS the Stokes terminal velocity and iI1serqng 
(1 • 

the Stokes-Einstein relation for0,· wc obtain: 

" . , 2/3 
'E :::. !!!.. ( 3ld' ) ., \ 

R.2 8rrgr \ 
-b P"" 

• 

:1 

(~ .11) 

o 10-16 0 -1 -1 \ .' 
Taking T ::. 298 K, k = 1. 38 x ergs K molecule ,g - 981 cm • . -
sec.- an~ e~~essing R. and r tn cm. we have 2 ~ , 

~ . '\ \ -0 P 

.. ' 1. 17 ~ 10 -11 " 
E ~ 2 2/3 ,1 x f 

Rbr .P 

(5.12) 

" , 

'\ ; 

" 
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- . 
The fo11ôwing points should be noted: . 

2 S . 
(1)" Again we have ,E al.. l/Rb' so this relation is predicted 

(2) 

over the complete range of particle sizes whe~ we have , 
creeping flow round the bubble. 

" 

E is independent of particle density. 
- \ 

.' ~ 

(3) For this regime we have calculated the collection 
o 

... . 
efficiency E rather than the collision efficiency El 

because the laws of diffusion refer ta the net transfer 

Thèrefore, 

(4) 

of particles. 

From Fick's first law of diffusion th~ particle mass 
( 

transfer coefficient k ~SD/~, wh~re ~ is the average 
p 

thickness of the concentration boundary layer. He~ce 

'.. -6 ,fË:3.42 x la 
'!j f 2R r 1 / 3 

, -b P 

~~ 3.4'2 x 1~-6 
o ","" 1/3 cm. ::l::;: 

-6 4.45 x 10 

(2r )1/3 Ci' 
J) - r' 

p 

• . lt 

For the concentrati[on boungary layer approach to be valid, we must 

have ~ »- 2rp' Thjrefbre, Equati~ns (5.ld) to (5.1~ can only b'e 

app1~d when the particle diameter is less than 0.2 microns (fS' ~ 1. 6 

microns) . 

5.4 C.omparison o't Efficiencies " 

So far we have calcul-ated collision for 

particles wi,th diamet~r9 greater than 3 microns and collection 

effictr~cies ~or particles with diameters less than 0.2 microns, 

( 

" 
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... 
Figure 5.3 ('()lT'p:1res coll('ctlon cfficicnCiec; for the' t,{() re~imes for 

:1 b\lhh](> (lj~,~I1:l·tcr Uef 75 microns, rp/~f = 7.5. él rangl' of values of 

EZ in t)1l' t 011 isi~'lT; r('gJln0 .'lnd !1 r.-:mge of \,i1Jt ' l'S ~f f ln the diffusioq 

ragiFc" For ('qunI \'alues of r) ,:nf f th,' pr",Hctpd cf[uü'ncy,is 

" 1 .' 
,m onlC') (lf m"~,nl tu']-' I,! [',1IC'l' in t \\(' ('(JI 1 i c, i"n;H>,glllle th.ln in thC' 

ùiffu.,ioll rlTjl,~C'. I1Il'rC'fore, th.' j lotaLioJ1 of sub-r,lCTon particl~c; 

'l> , 

fJoce; IHg (,llnp;-;h' to he in thl' collisjon n'gi'1c. TIU~S ("':p ain~ rung's 

, ob':;ervdti(l!1s on tlw fJoUltion r)f fL'rril' o ... idv (50). e rounù thDl, 
~ 

fub-micron p,ll-U.cle" of ~~llolCLd f,('rric o~i.ù(' in~~-4~( s1Jrf~ctant 

Eiolution flo:1ted ver;. poorly, hut \,ben visJl!]e 60C5 ','ere fonned 

by raic;ing tJ pH tu the isocJeC't':riç point fI tation becaI~e very 

·ràpid. 

, 
Coupling of the col Ji sion ano diffusion meehanisPls in the 

transition regioq- i~ rOmPleX matter which we h~ve not res?lvfd Yet.,~ 

Howeve r, this i8 Itkp~y to be ~mportant for practical purposes. 

The effieienc ' therc is so 10\'" that l f the partieles in the feed , 

are in th~size range, one would certainly try to flocculate them 

into f.. colUs ion Te gi~~. 'If the partieles are initi a11 y, in the 

diffusion regime, the theory suggests that they must be,flocculated 

b~yond the transition region, otherwise flotation performance may r' 
( 

actu&lly be worse. 
>. 

• 

" 

1 

" 



\ 

, 

, . , 

( 

., 

• 

1) 

.. >-

Figure 5. ~ 
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COLLECTION EFFICIE~;CY E AS A FUNCTIO~ OF PARTICLE DIAHETER , 
WITH Db = 75 ~aCRONS, f/ if :;> 2.5 AND STOKES FLOH 
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5 . 5 Al l c rh d t i 'W J J uv r il t tE' l'Jl'; 

thC' ,bllbhlC' is tllrlt of ('l'l'l'ping floo. llo\'( v"r, the lil,-'L110dology 

, , l '1 ,. f' JJ" rf' f b L\'ll1Ç' <11 an.:1 VlJ(d c"prcs~llm or lnl' co 1-,1l111 PJ !Cll!Hy or 

U
f 

is Ln>('t'lLcl ln cqll,ltion (),!I) ta gh't,: U ,\mL~h i', tllen 
r q . )':.-

int'("f,rtltvd i;l ,'qu il il']) (5.6\ (0 ~i\'l' Cl' . The l~lt'tlwd \,'11] 1)(' D.p!>Jicd 

" hcre lo ll.1J.JL'drd-f\\'bc:z.insk1 fl (l\.] allJ lp polcntic11 flo\', 
~ 

Thisu fhm pdt,t:crn cl(':,criht.'s the [1('\1 ln and ûrouncl a bubble 

or drop (dbperscd phas(' d) moving in " cClI1tinuow:: l1lt'dium (phase' c) 
~ 

\,,1hcn thl'rf' i c; no H.lardation of lhe i-ler f~lce by surfac t ants, i. e. 

1 
the surface of the hubble or, drop can move frcely, It h38 been 

Â , 

discussed already in Charter 2, S~ction 2.5. 

The Hadamard-Ryb czinski stream function j s 

. 2 

{ X ; - (2+3X) r } J 
where X ::: ~'.~J~~ir_ in this case, i.e. ~ O. . rc rwater 

"'. 

\) 
r 

1 u =. --;;:;....-
Ifr 2 8 ,./ r sin 

e-1JI" û '\ 
-1- =- U cos r:7 (1 - -) 
~e b r 

(5.13) 

Let K ::::t 

('+rb 

\ 
as before. 

ç 

" 



• 

• 

-58-

Then, inserting this expression for u
fr 

in equation (5.4) 

to obtain u and integrating equation (5.6) we obtain pr 

El =- 1 + u* 
pt 

1 
(1 + u* --) 

pt K' 
(5.14) 

Figure 5.4 shows El ;:. f (~) for ~ ::: 2.5 and 1. 0 as calcu1ated from 

equation (5.14). The lines 3re slightly more curved than for Stokes 

flow, sa in bath cases it has been necessary ta simulate them by 

three straight Hnes instead of by a single straight Hne. As rp/~ 

increases the slopes incre;ase fram 1.1 to 1. 5 for P pl ff = 2.5 and 

,.Trom 1.0 ta 1.4 for f/ff""" 1.0. 

5.5.2 Patential Flow 

The flow pattern round the front of bubbles of aiameter 

greater than 1 mm. is known ta approximate patential flow whether 

surfactant is present or'not (54). Altho~g~~ this study is concerned 

~ainlY with 

e~ate El 

bubbles much smaller than this it is of interest ta 

for this càse since sparger pipes and mechanical aerators 

tend' ta ~,roduce bubble's bf this orde~f magl'rl tude. A 1 mm. diameter 

bubble ri~es at ro'ughly 12 cm. (SèC • in water containing sur~act~t 

" . 
at the sort of concentrations used in ~lotation (48), 50 for particles 

fi 
~ - -2 

of diameter less than 20 microns we still have St 4.. la and, the 

methadology df section 5.2 i8 applicable. 

potential flow u
fr 

= U
b 

cos e 
K2 1 

El =- 1 + ü* (1 + u* t - ---j 
pt P /\ K 

For 

This 1eads to (5.1S) 

, , 

-

< .' 
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Figure 5.4 

'\ 
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COLLISIO~ EFFICIE~CY :El ÀS A FUl\CTION OF r /,\ AND f, /ff 
• p P 
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A1gebrrtic Inélnipu]cltlnn ShUh'S cquatlon 5.J5 to he cX3.cLly ('quivalent 

• 
to C'qu<Jllon 4.2\ the FUnl-l!o\';jrlh potL'ntLtl [Jo,", CZ15C taken Lo 

" the llntÎ t of 7cro Slcl!:CS 11Ul:W1' rtnd corrc('tcd for 

r 

Z1ncl~) .0. ,1~1 = 3.U C·y-) 
]'b 

'JIll 

to hl' pr\'r0rtHJn,ll tCI Pb' and fi); il pV('[l aIr rate flutilL1.01l ratc, ib 
. ') 

preclictl'd to hl' prclpllrtitrn,ll tü l/Rh' 'l:H',,,hc;oll1tl' Jl'vel 9f EJ 15 

sharper curvdturl' of thl' str~'1: lilws. 111.:' ]lncar rvl"tlon prcdictt'd 

for L = f (r ) a\1l'('es ] p t, 

1 

by ~audln el a]. (16) 

5 • 6 . C] 0 q Il n' 

velJ \:i lh the expert! '.-'ntnl rl'sul ts obtaincd 

fo~finc Pdrlic] cs and Luge bubblcs. 
1 

";').1. 

In ,this chap ter a sil~ple hydrodynami c mod€'l of the capture 

of small particles by small bubbles hras bf!'en dev~loped. The next 

chapter presents some cxperil<'0ntal data on the- flotation of g~ass 

\. \ 

beads. These data permit a erude test of the modei '5 predictions 

"; 
regarding the effects of particlc size and bubble size on collection 

f' 

efficiency in the collision regi~e. 

\, 
\ 

-

aq 

, r 
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6. TIIE CH:EPIIOTŒ-l1C1WCJ\I\PJlY LX1'r:!U';I~;TS' . ' 
.. 

6.1 Jntru~uct inn 

(,?~cf'rn(·d \"1<" ta hO dn"ct]y 10 tl1t' h;ltch (~y,.'n.r:'l'IJt<, clc'[,crJbc(l 
. .:,...}-- ,. , 

ln th~ nC':.t s.hapLcr. !lol'VV( r, L1h'H' h.1d t0. be' p(1(,li)(l!l('r! fur all'lo:;t 

scope. ThL' f 11'18 g..t\'l' d qlldl i Lit ive in:; 1i~11t Into \oJhal ou·ur,., in a. 

flolalinn c~11 and enahJcd sorne crudL qunnlltatlvc data ta be abtalned 

on the effccls of particIe si7e and bubble si~e (ln collecl ion efficlcncy. ' 

6. 2 ~uip!:'ent ,'Incl l'raccdurf' 
, 

A sIDaI1 rettangu]ar flotatjon cclI Kas built of Plexiglas 

and mounted on a mJcroscope slide as shawn in F~gULI\!. 6.1. The cell 

cpntained 2 g./l. of glass sphcres of nominal diamcler 1 ta 20 ~icrons 

/ 10-/1' f . and dcnsity 2.5 g. ml. suspended in a molR.r solution a a cationle 

surfactant, ethylhexadeeyldimethylammonium bromide~ in distilled 

water. The solution also eontained 150 ppm of N~ 50 to givê it 
24 ' 

adequate canduetivity. The glass spheres were Na.4000 ~!icrobeads . \ 
supplied by Cataphote Corporation, nominal diameter 1-30 micr'bns, from , 
which the + 20 micron fraétion had peen ~moved bl' sieving if\ an 

Allen-Bbtdley Sonie Sifte.r al (Npminal hote diameter 20 microns, aetua1 

hole diameters 18-22 ~icrons). Measurements with ; Zeiss ey~sphero­

meter at the Pu1p and" ~aper Researeh Institute showed the beads to 

, \ . 
t 

1 

\ , 

J 
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Figure 6.1 
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: ~ 

.' , 

... 

Section through c'r ctrode 
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" 

" 
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A. Microscope Slld~,~ 
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C .• Solution with ~Iass beads In~ suspension: 
D. Vent. 
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Figure. ~"2 

~~GE~ŒNT OF CINÉPHOTOMICROGRAPHY EQUIPME~T (VIE~iED ~ 
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. . 
, 

have a zeta potenti.:ü of -24 mV in pure \-later and zero in the cell 

salut ion. A.!; teady stream of hydrog~n bubbles vas generatc:d at the 

botlom eleclrode by applying a pOlenLial differcnce of la volLs 

IlcrOSS Lhe electrodes with a Harrison voltage generator. R~hles 

W('re gcneratf'J simultancollsly at m:my sites nlong the electrode 50 

a broad spcc.Lrum of bubble sizcs was obta'!lhed. 

The slide wHh the cell mounted on il Has dC'signed ta fit 

on a vertical travelling microscove ~tage nor~11ly used for medical 

re.search at the }!ontrMI General lIospi~al (39). The stage could ~e 

4 
moved up or dm.;rn at spceds up to 0.4 cm./seé. by means 'of a variable 

speed motor acting throL1gh a gear drive. \o.Then in position on the 

stage the cclI was viewed through a horizontal microscope giving 

200X magnif i'eation. From the microscope the image passed through 
, 

a beam splitter which gave two identical images. One image was 

obsE!rved by the experimenter while the other was filmed by a Hycam 
1 .... ~ _ 

high speed cine camera. Figure 9.2 shows the ovufall arrangement. 
, ...... t-

A special shutter was. used on the camera \othich o~ty exposed each 

1 

frame for one-tenth of the time lt was in position; for example, 

wh en t6e fiim speed was 125 frames per second, the exposure time 

was 1/1250 sec •. 

. \ 

The objective of the experiments was to ,film two types./9f 

sequence. For type A the stage was stationary, ~hè mic~sco~e 
Il 

focussed on tne ~niscus and the arrivaI of the bubbles at the 

meniscus filmed at 1~5 frames per second. The film was projected 

on a screen and the sizes of the bubbles and of the particles attached 

to them were measured. This gave the following informat.ion • 

1 

J 
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j 'f~ 

\ , 

,\ 
The average number of particlcs collcctcd per buLblc 

as a function of bubble size. According to our 

theorctical analysis, thib shüuld be almost independent 

of bubble size up to a buhLle diaf.1e1('T of ]00 rnjcrons. 

(b) TIH~ s~ze distrjLution of the"collcclctl polrtlcles. 

For a lype B ~equ('nc e no bubblcs uere genpYdted. Inilially 

the "microscope \,'dS élf;,lln focusscd on the neniscus but this LilnE:~ the 

stage was given an IIp\,,ard veloC'ity of 0.1 c.n./sec. ~o trhat the field 

of vie\>: lravellcd dmm thc cclI from the mcniscus to the bottom 

electrotl<.!. The sequence was filmed at 40 frames pel" second. By 

projecting this filn on a scrcen, the size distribution of the 

particles in the suspension was obtained. For any narrow size frac-

tion the ratio (partic.les eolleetcd/particles in suspension) wjll be 

proportional to the collection efficicncy E of that fraeiion. Henee, 

by comparing the size distributions obtained in the type A and type B 

sequences, a eurve of E = f(r ) ean be eonstrueted. Our simple col~ 
p 

1ision theory predicts E ~ r 2.05 for a partiele denqity of 2.5 g~./m1. 
p w 

It was recognized that sinee the larger particles had an 

appreciable settling ratet the partic1e concentration and size distri­.... 
bution in the suspension would be a function of time. To al10w for 

this the filming of aIl sequences was started at the same time 

(2 min. 53 sec.) after agitating the cel~ contents. Repeated type . .. 
" "-
'-Bruns showed. that this gave fairly reprodueib~e s~pensions (Table 6.2~ • 

AlI séquences were about one minute long. 

The main experimental diffieulties were as follows: 

\ 
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f. 
1. The travelling stage, ~icrosc.ope and hI'gh-speed ciné 

camera ~rc in constant use for an aclive mcdical 

research progrnm nnd so-were only available occasionally 

for flotalion work. This WdS partly bdlanced by ha~ing 

a.n cxpcrienced opcrator al hand ,.,hen the equipment \Vas 

avaUnble. 

2. At 200X rnagnific.ation the dCplh of [oeus of the micro-

scope i8 very ndrrow. Wilhin 2 min~. 53 secs. a focal 

plane had to be locatcd containing suff1ci~nt bubbles 

in'focus for analysis of the filn to be worth,·:hile. 

This was very difficult to j~dge since lhe bubbles 

were moving very rapidly when viewed through the micro­
- t 

scope. In fact, only two successful ty~e A sequences 

were f ilmed . 

3. When the films were projected on a screen the bubble 
\ 

and particle outlines had varying degrees of sharpness 

depending on how close they were to the focal plane. 

The decision on which bubbles and particles to measure 

and which to reject as being too fuzzy was to so~e 

extent subjective. The criterion adopted was to include an 

image if, despite sorne fuzziness, it couid be assigned 

unambiguously to one of t~e size ranges in use and to 
"'" 

~eject' it if there was some doubt. 

Because of these problems the number of bubbles and particles 

actually observed and measured was quite small. Nevertheless, it was 

obviouS that collection efficiency increased strongly with increasing 

-
., 

" 
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.. particle size and decreRsing bubb1e sit:e and a rough check cou1d be 

" , made op the preliminary mode] developed in Chapter 5. 

/ 

. , 

6.3 l:{esults 

Table 6.1 presents the results from the two type A sequences 

fj]mL'd. The bubble size distributions are quiLe different, probab1y 

due to focussing on differcnt planes in the cell, and the average 

buhblc sizc ls one-third largcr in A2 than in Al. In sp;i.te of Othis 

the average mllr.ber of patt~cles per huhble is 0.42 in both cases. 

If we take the t\.;o sequences togetherLP /?-.b appcars to a first 
c 

approximation ta be indcpcndent of bubble ~ize, at least up ta a 

bubb1e diameter of 100 microns. This is'ln 1ine wHh the theoretica1 

prediction made assuming Stokes f10\.[. The higher value for bubbles 

J.arger than 100 microns may be due ta the f10w at the front of the 

bubb1e deviating appreciab1y from Stokes flow and start~ng ta move 

towards potentia1 flow. It 18 striking that a 90 micron bubb1e shou1d 

col1ect no more particles than a 30 micron bubble even though it-

sweeps out nine times the liquid volume. 

The function 

x _ average number of particles per bubble 
- cros8-sectional area of bubble 

c,:.p ~b) 
c 

18 proportional to the callectian~efficiency E. Therefore, accarding 

ta the collision theory developed ln Section 5.2, X should he propor­

. 2.05 
tional to 1/D for particles of density 2.5 gm./ml •• Figure 6.3 

• b 

18 a log-log plot of X versus Eb. A straigh~ line of slope -2.05 fits 
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Bubble 
diameter Db 

(microns) 

20..;,39 
40-59 

,60-79 
- 80-99 
100+ 

Total 

-t 

-;.,.. 
"'. 

TABLE 6.1 

No. of 
bubbles 

:; b 

43 
47. 
15 

l 
2* 

108 

Sequence Al 
No. of 
partic1es 

= Pc 

16 
21 
7 
o 
1 

45 

Pc 
b 

0.38 
0.45 
0.47 
o 

0.50 

0.42 

*average 124"microns 
**average 133-microns 

No. of 
bubbles 

:::b 

38 
48 
31 
17 
15** 

149 

Sequence A2 

No. of 
partic1es 

;:, p 
c. 

21 
11 
14 

7 
9 

62 

***based on average Db ~ 132 microns 

Average bubble ~amctcr (microns): 

Sequence ," D r;;r 
b JDb 

Al 
A2 

Al A2 

46 
62 
56 

49 
69 
61 

~'" 

1 

1 
1 

P 1 c 1 

-b 1 

0.55 
0.23 
0.45 
0.41 
(J.60 1 

, 1 

0.42 1 
1 
1 

.,' 
In calculating X for each bubble size range, the 
value of Db at the",~.d-point of the range has 
been used, except where noted. 

~. 

2-.P _c 1 

1..b 1 
i 

'1 

l 
0.46 
0.34 
0.46 
0.39 
0.59 

0 .. 42 

~ 
-=:.. 

2::. Pc 
X 

(---) y. 10
4 

= Lb -' 

fT' D.
2 / 4 
b -2 (microns ) 

6.50 
1. 73 
1.19 
0'.613 
0.431''<** 

") 

--

.;, 

1 

i 
> 1 

1 

J 

1 
C]\ 

\.0 
1 
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the data quite weIl. 

Table 6.2 presents size di.stributions of collect.ed particles 

(A sequC'nccs) élnù pnrticlcs in SUSpCllSj on CB sequ~ncE's). For BI and 

B2 the field of view of the mtcr~scopc travelled from the meniscus 

tn lhe tip of the bottom eJ('ctrode, \,,1101'o<1s for B3 and B4 it travelled 

from the lTIenÎscuf, to the bottom of the bare ,porUon of the hol,tom 

elcctrode. 
i 

Il is apparenl tllat due la sedimentation the bubbles tram 

thé>" llottom of the elcctroclf:' saw noL only more particles but also a 

high'er p::-oporli on of laq~("r particles than those from the ti p. Btibble 

2;cneration <ll'peareù to be uniformly distributed aJong the e]ectrodc. 

The reaso.nably good agreement betwcën BI and B2, and again het\.reon 

B3 and B4, confirms that our .suspensions were fai rly reproducihJe. 

.. , 

Tab le 6.3 shows tha t there was compara U vely li ttle agglomeration 

of particles in the suspension. This was important since thore was 

no ..... ay of c;\ecidi'hg whe ther collocted particles had come from singlets ,. 
or agglomerates ~ ~ 

Comparing the A and B sequences it is obvious that the 

larger particles are collected preferentially. 'D1e function Y 

p 1 p is a measure of the probability of collection of particles 
c s 

i~ a given s~ze fraction and is proportional to the collection 

efficiency E. According to the collision tneory of Section 5.2, 

Id b i l d2. 05 f l it shou e proport ana ta or partie es 
p 

of density 2.5 gm./ml. 

Figure 6.4 is a log-log plot of Y versus d. A straight line of • P 
slope 2.05 fits the data well up ta a'partic1e diameter of 15 microns 

(just over a quarter of the average bubble diameter)" suggesting 

that our\ theory i9 valid in this region. At 1arger particle diameters' 

the increase in collection efficiency with i8 much 
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1 

TABLE 6.2 

~.' -- .' ' 
1 

• 

N\lmber (')f particles in focus (p) 

Partic1e 
diarneter cl Sequt.·nce r.. Pc 

• Sequence 
,~ Ps 

~Yc (microns) P 1 Y ::: --
Al A2 - BI B2 B3 \ B4 LYs 

,,1 . ( , 
2-4 0 0 0 2 3 1 ! 3 9 0 
5-7 0 0 0 7 6 1 7 25 

. 
0 5, 1 

l~' 1 

8-10 l, . 2 3 7 10 8 ~O 0.100 
11-13 5 10 15 17 19 . 15 1 67 0.224 
14-16 18 23 41 26 20 i 39 4' 1 12~ 0.3J8 <+ 1 

17-19 11 17 28 5 

j 
11 12 : 33" 0.8/19 

20-22 10 la 20 2 
3 ! 1 : 8 2.500 

- ! 

., 1 1 
Total 45 62 107 66 82 1 88 1 301 ! 

... 

. , 
1 

TABLE 6.3 

• 
1 

, 1 

Sequence 
1 

BI B2 B3 1 B4 
1 
1 

Singlets : 62 61 77 86 1 1 , 
! 1 , , Doublets 2 2 i / 1 

1 
1 1 0 0 0 • 
1 Triplets , , 

# • 

1 1 

Total Particles 
, 

66 65 82 
1 

88 
i 1 

1 
, 

.... 

) ( 
." " 



Il 

" ' 

• 

\ 

_, "J 

• '. 
,', 

, . 
" .. ~,~ ,'''':-' 

• < 

-73-

, 

Figure 6.4 
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Figure 6.5 
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f 

greater than predicted. This i8 shown dramatically on a linear 

plot (Figure 6.5). The fol10\'<'1ng are sorne possible explan-ations. , 

(a) Tte staljstical precision of the results is tao low. 

If a lot more particles and hubbles had been observed 

perhaps a better fit to the model might have bef!D 

obtaincd. 

(b2 Perhaps the collision ana]ysis ls oversimplified and 

for cl /Dh ~ 0.25 it i5 not realistic to ignore the 
p ~ 

effect of the particle on the flow field round the 

bubble. This will be considered further in Chapter 8. 

(c) Perhaps when filming the A sequences there w~re more 

of the 1arger particies in suspension than when filming 

the B sequences despite allowing the same time after 

shaking the celi. This could occur if the thin stream 

of bubbles in the A sequences ret3rded settling 

appreciably. 

(d) Perhaps the attachment efficiency becomes strongly 

de.pendent on d above d ' -= 15 microns. 
p p 

It was observed that collected particles were always held 

at the rear stagnation point of hubbles arriving at the meniscus 

(fig.6.6). When a bubble carried more ,than -one particle they,were .. 
t. " alw~ys grouped in a spherical cap around the reSr stagnation point 

(Fig.6.7). When the bubble'a motiQn became horizontal as it began 

to roll along the meniscus, the particles readily rolled around ta 
\ 

the new rear stagnation point but remained firmly attached to the 

. bubble. Just below the meniscus one collision resulting in stable 
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Figure,6.6 and Figure 6.7 • 
6.6 BUBBLE CARRYING ONE PARTICLE 

6.7 BUBBLE CARRYING 1WO PARTICLES 

1 

,,, 

Jt ~, 

~ , ',. ~.~~.~s·~~~l'~~t 
.. 

\ \ 
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at'tachment was observed \o1Ïth sufficient clarity for it to be'obvious 

that the collectcd particle was swept to the~ear stagnation point __ . 

while the bubhle rose through one bubble diameter. This ~é~ 

that in a t~dlcr cell or a more concentrated suspension, the eol-

lection efficiency of a bubble should remain constant until it has 

collected sufficient particles to cover completely the back half 

of its surface. 

The angle of conlact between bubbles and partieles i5 too 

Amall to be reasurable, yet once attachment had occurred it seemed' 

to be very stable. A possible explanation 18 suggested in Chapter 

8, Section 8. 4. 

6.4 ClosurE" 

The experiments deseribed in this chapter show that the 

flotation rate of glass beads inereases strongly with inereasing 

particle 5ize and decreasing bubble size. The preliminary model 

developed in Chapter 5 gives fair agreement with experiment, but 

the data are too sparse and too uncertain to be decisive. 

lU th the arri val of the Celloscope particle counter it 

became possible to observe flotation on a macroscopic rather than 

a microscopie scaIe, thereby obtaining results which are much more 

significant from a statistical viewpoint. These ~xperiment8 are 

described 1n tpe next chapter • 

:' 
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7. THE nATCH CELL EXPERHŒNTS 

7. 1 In troduc tion 

The expcd ml?nts d1?scribed in the previ ous chapter con-

firml~d thal p.lrticle size and bubble si2'€.. have large effcctb on 

collection cfficiency. Ta estimate the magnitude of these effects 
• 

wi th sorne pTè èi8ion j t ls essential that measuremen ts be made over 

mllch ]arger numbers of particles and bubbles than was possible with 

the cinépholomicrography C'Clùlpment. This was donc by carrying out' 

batch flotntion runs in cclls containing 400 rn1~, of JiqlWl and many 

mUJions of particJes and bubbles. Sanrples '''ere "lithdrawn at regular 

intcrvals and analysed for particle concentration and size distri-

bution. This enabled the fall in concentra ti.on of p~rtic1es of 

various sizes ta be measured simultaneously and indivfdual rate 
" 

constants ta be calculated for each size fraction. Thè fbubbles were 

generated by forcing nitrogen through a porous glass frit in the 

base of the celle By.carrying out runs with frits of different pore 

sizes the bubble size could be varied and an estimate obtained of 

the effect of bubble size on the rate of removal of the various 

particle sizes. The following sections describe in detal1 the equip-

ment, materials. preliminary tests, experimental procedure and final 

results. 

7.2 Eguipment 

J Exhibi.t 7~1 lists the principal equipment used. Fig.7-l 

depicts the gas supply system • 
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EXHIBIT 7-J , 

Equip~nt 

Flotation Rig 

600 ml. Pyrex Buchner funnel '-li th fri tted dise: 

(a) fine frit 4 - 5.5 r- pores 

(b) medium frit 10 - 15 r- pores 

(c) coarse frit 40 - 60 r- pores 

Foam suction plate (see Fig.7.2) 

Rotameter - Brooks model 1-15-6 

Flm.;r controller - Hoore model 63BUL 

Hercury manometer 

Stirrer - Eberhard "Labstir", variable speed (see Fig. 7.2) 

Stroboscope - General Radio "Strobotac" Type 1531-AB 

Sampling 

8 x 10 ml. pipettes 

8 x 50 ml. conieal flasks 

8 x 13 ml. test tubes 

Analysis 

Celloscope model ll1L8 particle counter with 24r. 76r and 300 r 
orifices and 16r~' 320r~ and ~rt'lf vo~~tric 8ect1.~ns. 

Nuclear Data model ND-IIO pulse hei~t analyzer. 

Te1equipment model S51B ôscilloscope. 

Dohrmann model 8Y-850 str1p chart recorder. 

Acoust1ca AS200 ultrasonic bath. 

Geotee model 349-1838 plan1meter. 
"(" 

l 
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" 

Figure 7.1 

BATeH CELL FLOTATIO~ RIG; FLOWSHEET 
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Figure 7.2 

(A) BATCH CELL; SIDE VIEW (ACTUAL SIZE) 

(B) BAT CH CELL; TOP VIEW (A,ctuAL SIZE) 
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Figure 7.3 

BATCH CELLS; BUBBLE SIZE prSTRIBUTIONS (TAKEN FROM' 

KAbHAN (7) AND KAUfltAN (45» 
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.. The 600 ml. Pyrex Buchner funnels used as flotation cells \ 

are availahle cOTTunercially in the three frit siz-es listed. The , 

only modification made to them w~c; to glue fou: vertical Plexiglas 

baffles to 'the side walls as s'hmvo in Fig. 7.2 in arder ta preven,t 

vortex fOrITldtion \,'hem the stirrer l.Jas uscd. This type of flotation 

ce11 was selected bC'cause i t had been shawn in the pas t tü gi ve very 

reproducib]e bllhbJt' size distributions in the range dcsired when 

0.1 to- 0.5 vol. 7, of, a1coho1 I"as nùded to the \.Jate r ln the cel1 cr, 55) . .. 
Also, the buhbl c size cou] cl he varied easi] y by uc:;ing frits with 

differcn t pore 
. \ 

Slzes. Gent'rating the bubbles electrolytically at 

a grid of platinum wires \01<13 considererl "and rejected. On the hasis 

of experience l.Ji th the small c,ell used in the cinéphotomicrography 

expedments it I,'as expected that in such a celi ageing of the 

electrodes lvould lead to poot teproducibility of bubble size dist'ri-

hution. AIso, variation of the hubb1e size and measureLlent of the 

gas rate would be difficult. 

Except for the baffles the cells ied ,.,ere identical to 

those ernployed by Raufman (55) and Kalman <i. Using a photographic 

technique for bubble size measurement and employing similar gas flow ., 
rates ta those used in the present experiments Kaufman found that 

the fine frit generated bubbles of average diameter 42 microns when 
\ 

tQe cell liquid was water containing in ,excess of 0.1 vol.% of s 

low moletular weigbt alcohol. As the slcohol concentration was 

increased to 0.5 vol.% the bubble size distribution became narrower 

but the mesn did not chang~_ .3ignificsntlt;" The mean was a1so not 
. -

c~anged significantly by adding surfactant in concentrations up to 
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50 ppm or by varying the gas flow rate within the Hmi ts used in the 

present experiments. Under similar conditions Kalman found an 

average bubble diameter of 71 microns \vith the m(>dium frit. Typica1 

bllbb1e size distributions obtained by KauffTIan and Kalman are shown 

in Fig.7.3. Tests descrihed later in this chapter indicatp thal 

the bubble siL(> distribution~ wete not aHected significanlly by 

the presence or absence of stirring in the;~ell. 

Thp chief problem with the f10tation rig was control of 

t~ gas flo\1 rate. The control system uscd often gave very good, 

steady control but on other occasions the gas flow rate could be 

very unsteady, possibly due to particles of dirt s'ticking in a need1e 

valve. \.Jith the fine and medium frits it was found essentiel before 

begi~ning a run to wash them with the surfactant solution te be used 

in the run, otherwise there was a jump of 10 ta 15 per cent in the 

gas flow rate when surfactant was injected inta the cell liquid. ... 

Samples were taken with 10 ml. graduated pipettes rather 

than syringes because i t was found that when samples were' ejected 

from syringes a significant proportion of the partieles stuck in the 

\" neck of the syringe and were lost. 

The partiele eounter and aneillary equipment used for 

analysing the samples are described fully in Appendix A. 

7.3 Materials 
" 

The principal materials used are listed in Exhibit 7-2. 
J 

The glass beads and styrene divinylbenzene (SDB) latex 
• 

both cons1sted of perfectly spherical pa~tieles so there was no 
" 
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EXHIBIT 7-2 

, ," 
}Jt!terials 

f ,._ 4 

.... #' .jrl"",,,.-t$' 

Glass beads - C] aSB IV, No. 4000. t)'pe A glass microbeads, Cataphote 

Latex -

Corporation, Jackson, }iississippi. :\ominally 1 - 30 

microns, density 2.5 gm./ml. Sieved in Allen-Br~dley 

Sonic Sifter fitted \.,ith 20 microns electroformed 

sieve to remove + 20 micron fractj on (hole size actual1y 

18 - 22 microns). Exhibi t 7-3 shmolS a typical size 

distribution. 

1 
Styrene divinylbenzene copolymer, average dia"ter 

5.7r' density 1.05 gm./ml. Diagnostic Products Divi­

sion, Dow Chemical Co., Indianapolis, Indiana (supplied 

as suspension containing 10% latex by wt.). E~libit 

1-4 shows a typical size distribution. 

• Ethylhexdecyldimethylannnoniurn bromiâe (ERDA-Br) -

, . 

Isopropanol 

Practical grade, }latheson, Coleman and Bell, Inc. 

(œA)- 1 
A&C American Chemicals, Ville S~Laurent, Quebec. 
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Exhibit 7.3 

GLASS BEAD SIZE DISTRIBUTION 

" 

« 
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Exhibit 7.4 

STYRENE DIVDfYLBENZENE LATEX SIZE DISTRIBUTION 

"' . 

• .. 
.. -

• '. ' , " 
.. ~. 1 l' .~~!.oi: i~~kq .. "1'"~~"1 ~I 
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ambigui ty about the d('fini tion of particle size. Furthermore, the 

fact that the particles were s~herical reduccd their tendcncy ta 
< 

caagnlate in suspension. The initial concC'ntration of gJass heads 

in flotaU on runs \·la5 1000 Qg. Il ., made up by suspendi ng O. 4g. of 

bcads in 400 ml. of distil1ed \,ratC'r. This gave an initial partiele 

cotin t of rough1y 140,000 part1.cles per ml., represen Ling an average 

partie le to partiele separation of about 14 particle diameters. 

The latex WdS supplied as a suspension containing 10 \vt.% so11<1s. 

For flot.'Jtion rUT1S 20 drops of this were ni )..cd \4i th 1.00 ml. of \Vater 

ta give a solids concentration of aboul 130 mg./l. (approximate~~' 

1.3 x 106 partic)cs per ml. or an average particle separation of 

about ]6 particle diarneters). Both types of partiele had a negative 

charge in distillt'd water at pH 6.0 (the \wrking pH for flotation 

runs ). The ze ta po tential of the latex particles, measured by 

observing the notion of thirty particle~ in a Zeiss cytospherometer, 

was -7.5 rnV. TIle zeta pote~ial of the glass beads was very dif-

ficult ta measure due to the rap~ settljng of the particles, but 

appeared to be in the region of -20 mV to -30 mV. 

The same cationic surfactant, ethylhexadecyldimethylammonium 

bromide (ERDA-Br), was used in aIl flotation runs. The critical 

micelle concentration of this surfactant is about 5 x lO-~ (56). 

The coneen trations used in this 'work ranged from 0.25 x lO-4M to -

lO-4M• At the lower end of this range the froth had to be stabilized 

by adding a few drops of a solution cont~inin,g 1 part Dowfroth 350 

to 1000 parts water. The EHDA-Br and the isopropanol (IPA) were 

made up into a stock solution (heneeforth referred to as SF solution) 

~' 
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containlng 50 vo1.% IPA snd 10-
2

1'1 EnDA-Br. This solution could be , 
stored indcfinitely wilhout micelle formation. Di1u'ting 1 part of 

-4 
SF solution witll 100 parts of water gave 10 M EUDA-Br + 0.5 vol.% 

IPA. The l<1tex particles had a zeta potential of+19.3 mV in lO-4M 

ElIDA-Br and -rlO.6mV in 0.5 x 10-4H t,HDA-Br. The glass beads had a very 

-4 
small positivE:' 7.C'ta potenUal in 10 N EIIDA-Br. 

Thd stdrting s~spensions for aIl flotation runs were made 

up t1sing orclinary dislilled ,vale..r produ\I::>d in a Corning AG-3 still 

and adjtlstlnfl its pH ta 6.0 hy ad ding a drop'or bJO of standard 

NaOH or Hel solution. Tests with the partiele counter shm,'ed that 

this water \vas virlually [ree ~f particles larger than 3 microns. 

Initially an attempt was made ta be super-hygienic by 

fi] ter~ aIl distilled waler through Nill1 pore NF filters of pore 
.. 

size 0.22 microns. Hm.,ever, the resul ts ob tained showed no repro-

ducibility whatever, flotati on rates obtained under apparently 

identical conditions differing by two orders of magnitude. It was 

suhsequently revealed by a Millipore salesman that MF filters are 

impregnat~ with a powerful wetting agent which ls leached out into 

the filtrate. This is not mentioned in any of Millipore's promo-

tional literature. Undoubtedly the wide variation in observed 

flotation rates could be ascribed ta whether our distilled water had 

been filtered through a fresh or an old filter. ~eproducibility 
I, 

of flotation rates was good when suspensions were made up in dis-

tilled water which had not been filtered. 

Fil~~red water had one use. It was found that the wetting 
l..l 

agent leached out from the f11ters prevented ~oagulatiQn of particles 
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in samples more cffectively than any other wetting agent tricd. 

Therefore, a+1 samples \Jere diluted ,·1ith fl1tered ,,,rater as soon as 

they \.;ere taken, the dilution water ha\'ing been prepqred by filtcring 

>J 

,. 300 ml. of water per filter. It was subsequent1y discovered that 

the wetting agent involved 1s Triton XlOO . . 

7.4 Prelirdno.rv Tests -------"----

It \<'as apparent irr.mediately that at the lm., gas rates 

used the updraught provided by the rising gas bubblcs \las not suf-

ficlent Lo prevcnt substantiaJ scttling of the glass beads during 

a flotation run. 1berefore, a''"'stirrer \vas necessary. The stlrrer 
J 

is sketched in Fig. 7.3. In turn this necessit~ted the fi tting of 

vertical baffles to the sides of the cell (shown in Fig.7.2) to 

preven t the formation of a vortex which Y.'ould suck froth back in to 

the liquid. The stirrer speed Y.'as measured by a stroboscope. The 

maximum permissible stirrer speed was found to be 185 rpm, since 

above that speed inter facial turbulence began to ~ause re-entrainment 

of froth into the liquid. - To allow sorne safety margin the stirrer 

speed was set at 165 rpm for aIl flotation run,~involving glas~ 

beads. The stirrer was posltioned centrally ih. the cel1 with the 

bottom edge of its blade 5/16" above the. distributor. A check was 

now carried out to de termine whether any settling of glass beads 

was taking place under these conditions. 

400 ml. of water was placed ln a cel! and the stirrer 

allowed to warm up unt!! tts speed was steady at 165 rpm. Then 

.'" 
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~ 

0.4g. of glass beads was dropped into the cell. There ~as no gas 

flow or oddi tion of surfactant or- alcohol. 0 One minute was allowed 

for dispersion of the beads and then 3 ml. samples were taken every 

minute for the next five minutes. The particle concentrations found 

in the somp)es are listcd in TabJe 7.1. 

Tiroe (rotns. )1)-

1 

2 

3 

4 

5(1) 

5(2) 

<> 

TABLE 7.1 

, 
Particles per ml. 

136,000 

149,000 

131,000 

137,000 

134,000 

139,000 

The two 5-minute samples were taken simu1taneously, sample 5(1) 

being from à" above the distributor 'and sample 5(2) from l!" above 

the distributor. It was cond1uded that1 no sett1ing Or stratification 

~f particles was occurri~8 in the cell. Since the test was carried 
.. 

\ . 
out With no gas flow, obviously the same conclusions will hold when 

additional mixing is provided by gas bubbles. 

Since particles are made floatable by adsorption of sur-

factant ions of charge opposite to that on the particles lt ls clear 

that their zeta potent1al must be raducad ana conditions in the 

't 
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flotation cell could be conducive to particle coagulation. If sub-

stantial aggJornerntion \"a8 occurring during the few minutes of a 

flotation run lt would be revcaled by tht> appl::'arance in the samples 
. , 

of particles apparent1y larger than the largcst particle$ in the 
, , 

starting material. ~o such partiC'les Here ohserved. It was con-

cluded that therc was no significant coagulation of particles during 

flotation runs. 

Sample andlysis took up to fiftcen minutes per sample. 

tlsually eight samples werc taken during 8 flotation run, so the 

las t sarnples to be analysed could have been 'Standing for up to two 

hours. It was found ini tially that signs of coagulation began ta 

appear afl~r haif an hour's standing and thjs got progressively 

worse as time wcnt on. This was prevented effectively by the 

following measures: 

(a) using filtered wal~r for sample dilution inst~d of 

ordinary distilled water (see Section 7.3); 

(b) giving each sample five minutes in an ultrasonic 

bath immediately before analysis. 

Neither of these measures by themselves was sufficient, but vhen 

used together they ensured that when analysed the par~icles vere 

not'coagulated. (Note: for the tests described in Sections 1.4.2 

and 7.4.5 the samples vere- analysed as soon as they were taken; 

they vere diluted with unfiltered water and were not subjected to 

ultrasonic treatment.) 

• 1 

, 
" 
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, 
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" 

The sarnples ~ere stirred vigorously during analysis. It 

was expected that this \'JOuld prevent settling of glass beads and 

partit.le cOdgl.ll aU on during ana lysis. Repent analyses on the same 

sarnple fifteen !l'inutes apart sholled no chanse in size distributIon, 

indicating that the assump~ion ~,'as valid. HOI.:ever, \vith the glass 

beadc; it was found that if the sarnples 'contained no surfactant there 

was a reduction in particle count due to deposition of particles on 

the sides and bottom ().':f the analysis beakcr. SlTlall p"articles \Vere 

deposited just as readily af, large onee; so it was not a gravitatfonal 

effect. It w'as prevented by adjusting all diluted samples to a sur-

-4 factant concentration of la M prior to analysis. Cationic and 

anionic surfactants were equally effective in prev.enting this phe-

nomenon. 

For the flotation runs with SOB latex the latex suspension 

was made up and SF solution added to it 15 minutes before placing 

it in the flotation celi in qrder to a110w plenty of time forèur-
, 

factant adsorption. The suspension was not stirred. Samples taken 

at the beginning and end of this period showed no evidence of coagu-

. lation dud.ng lt. 

. . 

r 

The gas hold-up in the cell llquid vas estimated cruqely 

• 
by ~thdrawing a sample vith a graduated pipette, noting its apparent 
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~olume, discharging it to a 10 ml. mea~uring cylinder, allowing 

aIl ~pIes ta rise ta the surface and noting the final volume of 

the liquid. The percentage reductian in volume was taken to be the 

gas hold-up in the liquid. The cells \.:ere not stirrcd and the ce11 

liquid cantained 10-
4

H EHDA-Br and 0.5 vol.% IPA .• :Results wcre as 

fal1aws: 

TABLE 7.2 

Frit Gas ,Rate (ml. /rnin. 2 % Gas HaId-uE 
, 

4-5.5r- 19 6 

10-15 P'- 411 2 , 
40-60 f 41 -0 

, 
Happ~l and Pfeffer' s analysis of buhble or particle assemblages 

suggests that at these concentrations the drag on the bubbles is 

unlike1y to be much different from ~hat on isolated bubbles (57). 

\Uth the 4-5.5r- frit at gM rates above 40 ml./min. the 

froth-liquid interface was difficult to distinguish and gas hold-up 

in the liquid was greater than 20%.' Under such conditions the 
- - . 

carry-over of liquid into'the foam phase must be so great that the 
• 
va~e of flotation as a separation_piocess becomes doubtful. No 

, -, 

flotation runs were carried out tmder thpse conditions. \\ 
1 

1.4.7 Y!r!~!!2~2!-Li~~_~~!S~~~~_!!~ 

The heigbt of liquid in the cell decreased Ilnearly with 

tlme as liq~d ",as carrled up lato the froth. . If h 18' the liquiK v 

l 

l 

\ 

. , 
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height in cm., G the gas flow rate in ml./miy;t. and t the time in 

minutes, tht.: tallO\~ing correlations were obtained: 

-. 

fine frit:. h ::::: 6.1 0.0067 Ct 

medium frit: h = 5.6 - 0.0055 Gt 

In the flotation runq la be describe~ the gas rates were 

law enough and the run times short cnough to make carree tians for 

reduction in liquid height .. unnecesE!ary . 

... 
7.4.8 L05s of Surfactant with Time 

lt was recognizcd that the surfactant concentration in 

the c.ell 'vould fa1l with time clue ta pr~fereAtial adsorption of 

surfactant on the hubbles. A test was carried out in which 400 ml. 

-4 
of water conta1ning initia11y la M EHDA-Br and 0.5 vol.% IPA was 

plaèed in the cell with the medium frit, ~itrogen was bubbled through 

at 44 ml./min. and no particles were present. 
L f}~--; 

at five-minute intervals and their absor~~nce ... 
) 

Samples were taken 

measured at 218mr in 

a Beckmann UV spectrophotometer. EHDA-Br had been found to ohey 

Beer's Law at thi wavelength with no.interference from the IPA. 

The results we follows: ~ 
\ 

; 

't.; 

Time (mins.) EHDA-B.l1conc • 
1. 

10-4M 0 

5 1 0.81 x 10 ... 4M 

10 
~ 

0.62 10-4M x 

15 0.53 X 
10-4M; , 

, 
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Most of the particle flotation runs ,,,,ere carried out at 
_t 

l'i,' ~. 

half this air rat~ and lasted for seven rrJnutC's. No falling off in 

flotation rate ,,,,ith U me ,,,,as observed, which su;;ges ted that notation 

rate was not sensitive ta minor reductions in surfactant conccntra-

tion. 

~ 

A dose of dye was injected into a cell under operating 

condi tions. J t dispcrs0J immediately to give a comple te 1)' uniform 

colour within 10 seconds. 

Fine and medium porosi ty fri ts were to be used bath wi th 

and without stirring. Bubble size measurements ,vere reported by 

Kaufman (55) for a fine frit with,stirring and by Kalman (7) for a 

medium frit without stlrring, both under operating conditions similar 

to ours. Therefore, it was necessary to check whether stirring 

altered the bubble size. 

The comparison bet,.,een bubb1e sizes wi th and without stirring 

was made using the particle eounter fitted with a 300-micron orifice 

tube and a 5 ml. volumetrie section. To the eounter bubbles are 

indistingujshable from partieles sinee they have zero electricai 

conductivity. The orifice was pIaeed in the flotation cell and 
1 

connected to the eounter by a length of plastic tubing. The outer 

electrode was also placed in the cell and was conn~cted to the counter 

terminaIs by a flexible lead. 0.1% NaCl solution was used in the 

'-
J 

• 
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cel1 instead of distilled water in arder to give the Jiquid suf-.. 
ficient conductivity for the caunter to function. Othenlise, 

candi tians \vere eXélctly as in flotation runs (cxcep t for the absl'nce 

of particles). It \ .. as n'alized that the NnCl \vQu]ù dcpress the 

bubbl(' size sOll(',.;hat hut Z;pfîinski's clélla (58) 5h01\' that at 0.1% 

concpntration the reduction in bubble diclmeter shoulcl not be: more 

than 2 or 3 per cent. 

An abs01 ute meaqurement of bubble si'ze cou] cl not be made 

since the concentration of buhbles was so high that coincident 

appearance of sevpra] hubb]('s in the urifiL:e at once was Inevitable. 

HO\.cvcr, a reduction in buhble size should ] ead ta a reduction in 

the relative particJc diameter at which the peak of the apparent 

si~e distribution occurs. 
\ 

The log 6 outpt~t Dode ~o]as used throughout. 

Table 7.3 lists the results. KaufT'lan ans! Kalman had shawn 

previously that varying surfactant and alcahol concentrations 

withln the limit;; used herc has no significant effect on the bubble 

.. 
siz.e. These data'" show that stirring has no effect either, at least 

not with our stirrer at 165 rpm. It seems that increasing the gas 

rate may increase the bubble siz~.slightly with the fine frit, but 
, 

othe~o]ise it appears that the data of Kaufmap and Kalman can be used 

for both stirred and unstirred situations. 

With the coarse frit gas distribution was very poor sinee 

only a few sites were generating bubbles at the low gas rates which 

Il had ta be used with our equiprftent: 'Ta obta1n a rough estimate of 

the size of the hubbles a cathetometer was focussed on the bottom 

layer of bubbles in the froth and the hair-lines moved aeross the 

c~ 
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TABLE 7.3 

Run number 1 2 3 

Frit size 10-15 10-15 10-15 

Cas rate (ml./min.) 44 44 23 

Stirrer speed (rpm) 0 165 0 

EBDA-Br mo1arity 0.5 x 10 -4 10-4 ~ -4 .5 x 10 

Vol.1 IPA 0.25 0.5 0.25 

COunter settings: 

G 41. 41. 4t 
1 1/16 1/16 1/16 

-Belat1 ve peak -diameter' 100 101 98 . '" - i-.--- ~- --- ---- ---- ------

'-- ""-

.., , 

---..., 

--

4 1 5 

10-15 4-5.5 
i 

23 23 

165 
• 1 

0 1 

10-4 1 . -4 
1 0.5 x 10 

0.5 ! 0.25 

4k 8~ 

1/16 1/16 

100 71 
-- ---- -~-----

6 

4-5.5 

23 

165 
10-4 

0.5 . 
, 

8! 
1/16 

73 

e 

" 

7 

4-5.5 
"-

44 

0 

0.5 x 10 

0.25 

6 

1/16 

79 

-4 
1 

\.0 
co 
1 
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bubbles. Bath \dth and \-dthout stirrinf, the average bubble diameter 

was of the orcier of 0.6 Illm. wlth the range C'xtending from 0.4 mm. 

ta 1. 0 nID1. 

7.5.1 GJass })C'ads 

The pH of 400 r,\l. of disti 11l'd 'oJater was adjusted to 6.0 

by adding a le\\' drops of sLélndard NaOl1 or Hel solution. The '.Jater 

~llt into të," cqual l'0rtioos of 200 ml. One portion wa' placed 

in the cell, after v;hich the gas flow and stirrer ,,,ere started. 

The gas flow \,'aS adjusted' ta the desired rate and the stirrer speed 

adjusted to 165 rprn. 1'1ean\.;hi1e, O.l. grn. of glass geads was \.Jeighed 

out and added ta the other 200 ml., 5til-ring ,,,ith a rnagnetic stirrer 

tü kcep the beads in suspension. Hhen the gas ,rate and stirrer speed 

were steady at the desired settings the water containing the glass 

beads was added to the water in the cell. Tnirty seconds was 

allm.;ed for mixing, then the first sample was taken. Four ml. of 

. -4 
SF solution were added to give a concentration of 10 M EHDA-Br + 

0.5 vol.% IPA; this was taken as zero time. Thereafter samples were 

t~en every half minute with the fine frit, every minute with the 

medium frit and every two minutes with the coarse ftl t.' 

The sample dilution procedure .took one of two forros 

depending on the frit size in use. With the medium an. coarse frits 

the samples (volume V ml.) were ej~cted straight from the pipettes into 

50 ml. flasks already c~ntaining (40-V) ml. of filtered water. This 

immediate dilution of~amples helped to minimdze coagulation prior to 
, 

analysis. 
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The fine frit presentcd a probJem in that the snmples tAken whcn 

it was in \Ise containcd a substantial propoTtLon of very fine bubbles. 

111(>5e inflélll,d the apparent sarnpJe volume and ~vould also havI.! a large 

riuiOber of p;1rticles dttae!led ta them ,·,hich \.;otlld distort the results 

if allowed Lü remaltl in the sanples, sinee il \vDS the rcsidual 

partic1c cO!1ccntr;:ttion in the liquicl \,'hich \,'C wanted ta l1.casure. 

Thcrefore, cach sample was ejected from its pipette into a test-

tube and nllO'.,·ed ta bland for é1 fcw minutes until all bubbles had 

risen ta fonl a froth on the surfnce. This froth was then sucked 

(jff Ilith <1 clro;'per nnd discarded. The underlying liquid \,'as pal\n~d 

into a 10 ml. l"ea'>\lring cylinder, its volume V ml. notcd, and then it 

'18S tran~fl'rrcd to an e:-'pty 50 Pll. flask. The test tube and measuring 

cylinder ,,]orp then washcd with (40-V) ml. of fiJtered 'water and the 

washings ildded to the sélnple in the f] ask. 

to suck off the froth \.;i thout taking any of 

Il was very di{ficult 

. \ 
the underlying liquiô; 

( 

i t i8 qui te possib le tllél t a fe\v of the larger particles which had 

heen floated first d:id, in faet, r(>main in the samples. 

Each diluted sélrple was given five minutes in the ul tra-

sonic bath to break up any agglomerates which may have formed while 

it was waiting its turn to be analysed. 40 ml. of 1% NaCl solution 

were then added to it, followed by suffi'tient SF solution to restore 

-4 
the EHDA-Br eoncentratipn to la M. The sample was now analysed on 

the particle eounter for partlele concentration and size distribution. 

A 76 micron orifice and 320 microlitre volumetrie section were used. 

The current and amplifier settings were ! and 6~ respectively and 

the output mode was Log 6. With the pulse height analyzer output 
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on 10
3 

counts full sca1e the bulld-up of the siz~ distribution curve 

was fol] oVled on the osc:llloscope unti1 the peak almos t reaC'hcd full 

scale. This could take up to 15 minutes depending on the particle 

concenl1"ntion. \{hile the C'urve wns buildIng up five replicate counts 
, \ 

'vere taken \vith th .. trigger set al a lc~vel 111gh enough tü screen out 

noise. These counts gave the total parlic]e concenlrdtion ahove the 

trigger leveJ. 

\·,11en the size distribulion curVl' h{1d been huilt up it h'dS 

plon-cd out on the slrip cll;Jrl recordpr. Each curV0 ,,'as divided 

into seven sections, cadl corresponding ta a narrow size fraction. 

The area of pach section was mcasurcd ti.'i'CC \vi th <l planir.eter and 

the <Ive rage takel1. If this ilrca is A., the total area under the 
1 

curvcLA. and the total particJe concentration Z-p. then the concen-
1 A ] 

tration Pi of parUcles in sir.e range i jS2~i XZ-Pj. Hence, the 

fall in parti~Je concentration with time for any size fraction cDuld 

be fol] owed. 

At the particle concentrations uscd the background count 

and coincidence of two or more particlcs in the orifice were negligible. 

7.5.2 SDB Latex 

The stirrer was not used (except for run L5) sinee these 

particles had virtually the same density as water. Aga;n 400 ml. 

of dis tilled watcr was adjusted ta pH 6.0. 2 ml. of SF solution 

was added ta 
-4 -

give 0.5 x 10 M EHDA-Br + 0.25 val.% IPA, together 

wlth 10 ml. of a solution of 1 part Dowfroth 350 in 1000 parts water. 
, 

The latter was added ta ensure froth stability at this lower surfactant 
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concentration. 1\Tenty drops of the J07. SDB latex suspension ,."ere,.~ 

1 

thcn added and the mixture stirred rnorncntari ly to disperse the 

particles. It was thcn allowed ta stand for 15 minutes ta allow 

adequate tin.e for surfactant adsorption. NeamJhilc, the gas rate 

ta the fJotation cclI il8S adjusted ta the dec,ircd valuc. A(ter lS 

minutes standing the first sélPlple '·las taken imd the suspension poured 

into the ccl]. This "Tas taken as tire zero. 

lhereaftcr, the procedure was the samc. as for glass beads 

except that the particle counter settings wcre eurrent = 1/8, amplifier 

::3, output ::-: log 6; ct 2/i micron orifice and a ]6 ml. volumetrie section 

'vere used. 

7.6 Resu)ts 

The detailcd output and ealcuiatiolls for one run are given 

in Appendix IL In this section we present for eaeh run: 

, (a') eurv~s of log (P Ip ) versus t,ime for eaeh size frae­
o 

tion, where P is the initial partiel~ concentration 
o 

and P is the concentration at time t; 

(b) a log-log curve of first arder rate constant k versus 

partic1e diame ter d • 
P 

Table 7-4 1ists the runs performed, the operating condi-

tions and the Figures on which the curves of log (p/p ) versus time 
o 

and log k versus log cl may be found. With each material two runs 
p 

were performed with the medium fri t and two with the fine frit. W'ith ,. 

the latex partic1es one run was performed with stirring (LS) in order 

to assess the effect of stirring. One ~un was performed with each 
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Figure 7 .. 4 
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Figure 7.S 
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Figure 7.6 
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Figure 7.7 
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Figure 7.8 
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Figure 7.9 

LOG P Ip VERSUS TUŒ 
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Fig}1re 7.10 
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Figut;e 7~11 

Rù'N L3; LOG P Ip VERSUS TlME 
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Figure 7.12 
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Figure 7.13 
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Figure 7.14 

GLASS BEAD RUNS i LOG k VERSUS LOG d 
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material \~ith the coarse frit but no YC'sults arc prescnted for latex 

heCdtlse no floLltiol1 was ohr,ervC'd. 
\, 

ln a11 ca::-.es flrc;l order kinclics h','YC ob.:;prve'd. The 

first order rdte constant'> q\lotC'd in Figs. 7.4-JJ Fl'rt:' ohtéüncd by 

("rror i.., quotcc1 \;j lh th(:' f'c;tlmated rate ('('In,;! an!. 

In figs, 7.1L! [Incl 7.15, where log k is rlot,ted ubrtinst 

log d , r0prodllci hi 1 i Ly be t 'vJce!1 nms carried oul unècr the' S,lI;C 
P 

conditlo:1S is s(>cn ta he n'dsonabh:, l'Ile k V<l]ucs [or L4 have bec'n 

multiplicd hy L; 3/25 to cnrrL'( t for the' diffcrence in gas rat(· beL"een 

L3 and L4. Good agreement bet\veen the. L3 k' s and the C'orrected L4 

k's confirms that flotation rate ls praportional Lo gas raLe. 

In Fig.7.14 the soUd 11nes nYe straight lines of slope 

2.05 which have been forced ta coincide uith the glass bead experi-

men tai data at cl == 11 microns. These lines represent the predic-
p 

tians of the prclimlnary mode! developcd in 6hapter 5, Section 5.2 

-
assuming Stokes flm. round the front of the bubble. It ls apparent 

that for g]ass beads this model slightly overestimates the dependence 

of flot~tion rate on d • 
\ p 

Best straight lines were fitted to the curves in Figs.7.14 

and 7.15 by least squares regression with each data point being 

weigh ted inverse1y by the variance of the line from which i t was 

derived. For the glass bead runs with bubbles of average cliameter 

71 microns (Gl and G2) a straight line of s10pe 1.43 fits the data 

best, indicating a relation of the forro k 0<.. d 1. 43. This 18 close 
p 

to the slope of 1.33 predicted for these partic1es by assuming < 

.\ 

. ., 
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Hadamnrd-Rybcünski Dm," round the front half of the bubble. \Hlh 

the Sl'lallcr hubhh'c; of nVCTi"lgc diamete}' !12 nô crow; CG3, G4) :.1 straight 

linc could n:.l<';t'nahly be fj lted on]y tü those d,lLl points up tü 15 

micron". Tills Une hdS .:l ..,l(lj)c of 1.57, a littlc clos0r ta the' slope 

of 2.05 preclLcl~d .. by i1""S\l;;Jnl~ Stokes f]O\! round the front half of 

the bubble. The datd pOlIlt.., at 20 microns fa]] h(>JO\.,r lhe Jinc. A 

poC;Sl.b)c c.:Pl.;."l.J!l.UT1 fur Lllis lies tn thé' ('xperiLl~ntdl procedure 

whi( 11 llad ta he adoptcd ~dth sart,plcc, lélh.Cn \"hen the fine fn t \vas , 
in use. Tt \'as nen t lOf1eci in Scction 7. ') that i t '''<'1S diffiC'u] t la 

suck oft .'111 the' froth \-:1 Ulf,ut taking any of the undcrlying liquiù 

and it was likelv that sorne partic)cs uhich shauld have been dic;-

cardcB ,dth Llle froth djd remain in the s:l.mplcs. Sjnce the. froth 

would be riC'hel' tlldn thp liquid in large particles this would ffiean 

that the apparenl rate of [lotation of large particle~ would be less 

than the t rue val ue • 

Hi.th regard ta the e.ffcct ~f bubble 8ize on flotation rate, 

assume 
(. n 

that collection eff1cienc~E i8 proportional to (l/D
b

) • 

Stokes f] 0\>1 predicts n :0 2.05 for our glass beads and Hadarnard-

Rybezinski fJow predicts n = 1. 31. AU the runs Cl ta C4 were 

carried out \-:ith the same gas rate. At a given gas rate the volume 

swept out by the bubbles Is inversely proportional to bubble diameter 

Db' Flotation rate equals the product of collecti ('0 efflc1en("y and 

swept volume. 

compariog flotation rates for a given particle size in the GI/G2 

and G3/G4 funs \ole Céln estimate n .for that particle size. The results 

are shown in Table 7.5. 

.. 
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TABLE 7.5 ----

d (nicro'1s) , 
k(G3,r:4) 

p -k(Gl,G2) ,E.. 

7 3.56 1.4 

10 3.76 1.5 

13 3.90 1.6 

16 3, 72 (4.10) 1.5(1.7) 

19 3.00(4.21) 1.1 (1. 7) 

The nurb-ers in hr,-1(l.cLs for d = 16 and 19 microns arc the values 
p 

obtnim·J by fol1o','ing the straight linc extension on the G3/G4 plot. 

Of course. sinee for caeh particle size \0/12 are cornparing only t\o:o 

n points \,'e cannot prove that tlte relation lS of the farm r: 0( (l/Db ) 

as prc·di..el~d in Cllapter 5. Ho·,.:evE'r, we cnn say that the results 

are not inconsistent with that relation with n tsking valùes in~er-

mediate between those predicr-f>~ for Stokes and Hadarnard-Rybczinski 

f1ows. 

The run performed with ~~,coarse frit (GS) gave no obvious 

~" log k versus log dp re1ationship. A relation o( the form E 0< dp 

" proposed in Chapter 5 for potential flow around the front of the 

.... #' 

bubble looks as though it cou1d be valid up to d = 12 microns, but 
p • 

at 1arger partic1e sizes it is not supported by the ~ata. It ls 

noteworthy that when corrected to equal 'gas rates the flotation rate 
1-

w!th the medium frit is very roughly ten times that with the coarse 
, 

frit, which 18 not far from the inverse ratio of the average bubb!e 
t 

diameters (600/71). 

f 

( " , 

• 
j 
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The log k versus lo~ cl curves for snn latex (fig.7.15) 
p 

are con~pleldy diffl'n'nl from Lhoc;(> for glass veads. \·.'ith the 42 

micron huhhlrs (L1,L4) there is virtual1y no pIfect of pdrticle size 

on floL1Lion r.:Ül'. h1ilh llH' 7J 1TI1.cron buhhl0'S CU ,1,2) lhere il" a 

Sl1léll1 eff('(l (':>lope ~ 0.11/')' These rcsu1t3 an.' cOIT,plctcly nt variance 

\"lth the pn'c1ictions of CltaptL"r 5 for the nC\1tr,q] buoy.::mc; Célse 

. 
(predictcc! slope :=.'l.9). The cffel.t of stjrnn~ i8 ta douhll' the 

flotatlon ralc \\1ilhout ~llt'ring <;ignificantly l:18 slope of the Jog 

k versus log cl curvc. Po~sibly Lll(' hlCrC:l&e in flotati on ra te corneR 
, P 

about becauc,c the tangential veloci ty irrlparleJ to the btlbbles by the 

stirrer inCH':lSCS their re<.adence Ume in the liquid. 

The rat(> const.ants in the two cases (Ll,L2) and (L3,14) 

may be con~ar~~ as for t.he glass bend Yuns to obtain an estimate of .. n 
the expom'ot n in the relation E c<., Cl/Db) •. 'DIe vaiues of n obtained 

with SDn latex are 2.0 at cl - 4 microns and 1.6 at cl =- 8 microns. 
p p 

\-.Then correcti.on i5 made' for the diffcre-nce in gas rates 

the flotation rates of SDB latex and glass bends are roughly the 

same in the' overlap reglon of 7 1..0 8 microns with bath the 71 micron 

and th, 42 micron bubbles. 

7.7 Discussiort of Reaul ts 

It Is temptlng ta conclude from th~ glass bead results 

that the preliminary model developed in Chapter 5 i~ substantial1y 

correct except that the flow pattern at the front of the ~ubble 18 
, 

closer to Hadamard-Rybczinski flow than ta Stokes flow. This imp~ies 
l, . 

that a substantial portion of. t~ fr~t half o~ the bubble surface 
i 

fs mobile and does net carry any exceS8 surfactant. Unfortunately. , . \ 
\ 

" 1 

, 
\ 

'" 
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this piC'lure confJjcts with t\w evidencc prt:'sented in Chapter 2, 

Section 2.5 that even [1 t surfilctan l coneen l Tdtions \-e 11 belm.,r those 

emplo'{ed here the' s\lrface of bubblcs of di éF]lE' ter 1p'>5 tlwn JOO 

micron~ will he covcred COIll'Jeter. by ,; st<1gnant Llypr oi surfactant. 

The latter picl\lle ha:, sound e; ... p~ri::ent<11 and tllcor .... tical b;\cking,' 

50 th\..' mobi1p surfACe' bypotilL'sis cdnnot be accc?ted. Of cours€', 

anothcr reas~l1 for nat accC'pting it b lh"t it f<li le; to explain the 

results C'bta~ned \'ilh SDC late .. '. 

7. 8 ~uscelLmeou<, Flotation Runs 

A fe\v rtms were performed liith SDB latex in which o,nly the 

recluction in total particle concentration was l'leac;ured. Their 

objective was a.rapid screcning of the effect of surf~ctant and 

frothc r concen trat ion on fIoUl tion rate. In aU of thern the medium 

frit \,'as used \lith a gas rate of 43 ml. fmin. and there was no stirring. 

The surfactant concE'ntrallons for the runs without frother were: 

Run EHDA-Br IPA 

L6 • 10-41'1 0.5 vol. % 

L7 0.5 x 10-411 - 0.25 Il 

-4 , 
LB \. 0.25 x la H 0.125 " 

The resu1ts are shown ih Fig.7.16. Also shawn i5 the total part1cle 

concentration curve for,LI which\was identical to L7 ~cept that la 

~of a solution of 1 part Dowfroth 350 to 1000 parts water was 
1 

added. 
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Figure 7.16 

EFFECTS OF SURFACT~~T AND FROTHER CONCENTRATIO~S ON 

FLOTATION RATE 
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\ 

4 
TIle curve~ for L7 and L8 Rre almost identlcal, showing 

that a modest reduction in sllrfactant concentration bpJop 0.5 x 10-4H 

has no nollce<1ble ('ffcct on flotation relte. This ,,:as import<:lOt, 

becau'-,c ir \.Jas 1<"n(I,.J11 lhat tIlL' surfaclant concentration dccr~asèd 

by 20 tü 30 pC'r cent dunng El flotation run (sec SC'c.LÏOl1 7./1.8)'. 

11\(." fr0th appcarl'd c1 little tlllSlflblc al surfactanl cun-

-4 
cenlri1lÏons belo',,' 10 ;'1, Ylhich l.Jas '\Vhy Do",froth I.'a', addeà [or r'ost 

J 

of tlw SDB lalex rU:1s. Il \vas <,uspcctL·c1 tlwt if Dm,'flolh uas n0l 

lIsee! ',o'ne parU c1es \,'ould LlJ 1 hacl} into the liquLd. This \vas 

confi ymcd hy cümparing tl1C' Ctlrve for LI ,vi th those for L7 and 1.8. 

Othcnvisc:, the éld(h tian of DOi.'froth did not appear ta make any dif-

fcrcncc tü lhe flotation ratp. 

-4 
A]most no flotation \Vas übscrvcd at 10 t-l (L6). In the 

light of Connor and Ottc\vi Il' s adsorption data (dic:;cussed in Chapter 

-II 
2, Section 2.4) a poc;si ble exp 1 ana tion ls tha t a t 10 N the surface 

of the particles 18 saturiltpd with surfactant ions, the close-packed 

ions are aJignéd vertically vith their polar ,.groups outward and the 

surface is hydrophilic. At lower surfactant concentrations the ions 

are less tightl y, packed on the surface, thei r ,orientation is between 

vertical and hori zontal and the surface has sorne hydrophobie character. 

1.9 ClOBure 

ln thi's chapter batch flotation experiments wi th glâss 

beads and latex particles have been described. The resuite show t~at 

tre ~reliminary model of Chapter 5 slightIy overestimates the ~ffects 

of pa;ticle size and bubble size on the rate of flotation of glass 

.. 
1 t 
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beads. Hith latex partic1es the effect of bubble size i6 again over-

estimated slightl)J but the effect of particlc size i5 overestimated 

grossly. In the next chaptC'r correction \Jill be madt!' for two of the .. 
weaker-looking assumptions of the prel-iminary model in an at tempt 

to improve agreement \vi th the e:-.perimentaJ data. 
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8. THE VI seous INTERACTIO;; HODEL 

8.1 Introduction 

T\vO of the \-icab-.s t, as~,ur;Jptions in the prelilninary mCldeJ developed 

in ChaplPr 5 werp the following: 

(a) that th(~ !rotion of the bubhlc is not af f eclcd by the plesence of the 

particIo; 

(b) that the fh>id vcloci ty to \le used in (or,'puting the drag on a particle 

i9 the velocity ,·:hich '.-lOulù <-;xist at the point occupied by the centre 

of the particle if thp particle were absent. 

Thec;e assur.lptions are strlctly valid on1y at r/\ == O. Since, 

for the purposc of calculating its trajectory, the parti~le i9 effectively 
1 

replaced by a point mass located at its centre, theories based on these 

assumptions may be lermed "polnl replace::Jent" theories. The Flint-lImvarth 

collision modèl i5 another example of this type. Su ch theories neglect 
t 

the fact that when the bubble a,nd particlq are close togel\er vis-'cous 

forces retard thinning of the film oJ liquid be,t:ween their surfaces and 

deflect the particle froID its point replacement trajectory. This effect 
\ 

'rnay b~ important when the particle surface is within one particle radius 

of the bubble surface. 

In the present chapter we construct a speculative model of bubble-

particle interactions_wHich takes this effect into acçount. ~ereas the 
" 

prelim~nary model of Chapter 5 was based on Stokes flow round a single 

sphere this model Is based on solutions which have been obtained to the 

problem bf Stokes flow round two spheres. This sort of approach has been 
d 
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used by Hocking and Jonas (~3) to simulatP collisions betwe~n raindrops. 

It 18 assumed that the surfar.c of the bubhle i5 r~gjd but the bubhle is 

[ree> ta ratate. r" 

,vihen apPIÜ~ to the i lotat ion of gldss 
\ 

r 
bcrtds' and comparC'd witlt 

tJ1C e~:p(~rü;c;ntal dalil '~ predictions of tllis madel dre ,,>li~ht],/1)('tter 
\ 

than t hosp of the point llcplacl!menl 1'10Ùe) as regards the e[[cct of 
'", 

partjcle siz(~ bul ;1~'e wor5e ilS regards the, effect of ).1ubhlc: size. Hhen 

dpplièd to the flc'laUon of lalex particlcs the model predicts au un-

expe~ted cffoct; it appears that if 

'bubhlc sUlface al rcrtain values of 

a particlc gets close enough la the 

the boJbb]e/part~c radills_rat~o the 

particle can be pullcd round ta the back of the bubble and held at the 

. 
rear stagnation point by purely hydrodynarnic forces. 

Consider t\oJO rj gid sphercs of r:ldii RI and R? movi,ng through a 
1-

fluid of viscosity fA- as shown in Fig. 8.1. At any instant their' li,ne of ~ 

centres 15 at an angle e to the vertlêal, the vertj caJ cODponents of / 
, ~ • 

their velocities are ul and u 2 and the horizontal comp'~nents are 1, and v 2 · 

R~solved along the line 

\ 
U

2 
and perpendicular to The s have 

of centres their velocities have cornp 

the line of centres VI 

about 

pendicular to the plane of motion. The coordinate system ts 

the centre ~f sphcre.~; the centre of sphere 2 ~as vertical c 

~nd horizontal coordinate y. The positive directions 

the left and gravit y aets down'Wards. Sphere 

itl the partie le. 
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AlI velocities are dimensionless, with the reference vclocity 

being the Stokes terminal rising velocity U
lT 

of the bubble in isolation, 

Le, 

4 3 
'" - -- 'lI'R <(JI- Af ) 3 l 

g • 

or = -

9 ~ If 
CoordjndtC's x élnd y élre dimenslonles& \o!ith R

1 
the refcrence {I 

lcngth, 
~ f. 
'~\Vith the Stol~E's approxh'.3.t:ion (omissjon of the non-linear fluid 

Incrtia tcrms) the Navier-Stokes equation hecomes lincar with respect ta 

fluid velocity, A consequence of this ls that drag forces can be rcso]ved 

into directional components. 

Let drag on sphcre l,along line of 
, ....... -.. 

Let drag on sphere 2 along line of 

Let drag on sphere l perp, ~o line 

Let drag on sphere 2 perp, ta linè 

1 2 Let torque on sphere 8.'irr Rl hl' 

Let torque on sphere 2 = Brr' 2 
1 rR2 h2 , 

centres '" 

centres '" 

of centres 

of centres 

61trRl fI' 

61rfR2f2' 

::: 

== 

6frr RIgI' 

61T'r R2g2' 

. 
,~"t~' 

j • 

1 1 { fI' f 2 , gl' g2' hl and h2 are dimensionless velocities. 

Let ,the rati", of Stokes terminal velocities U
2T 

= b. 
~. 

UIT For P2 > ff > fI ' b will be negative. , 
1 

Gravitational force on sphere 1 along Une of centres El 61T'r RI cos e. 
, 

Gravitational force on sphere 2 , along line of,centres .,. 61rrR2 b cos 9. 

Gravitational force on sphere 1 perp. to line of ,:entres ... 611"r RI sin 9. 

Gravitationai force on sphere 2 p.erp. to line of centres ... 61f'r R2 b sin 9. 

...... ~~~ -t. 
We1~ke il similar quasi-equilibrium assumption ta that made for tne 

,. 
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rI, 

prelimfnary model, i.e. we aSbune that the inertias of the particlc- and 

the bubble are 80 &nlélll that, ,,,hen a ch.mge occurs in· the flow field 

surro\lnding them, thei r v('lneities adjust al!TIo~t insti'1I1taneou"ly Lo the 

new cquilibriu.n values. l t ""lS pointed out in Ch:1pter 5 that the Stok.es 

number St is the ratio of the particle re13xdtion ti"e to the charncter-

istic time for changes in the "'flo\o.' fie Id round the Lqbble, and '';0 are 

d J • h S k . . f 10 -6 to 10 -2. concerne lore Vlt .to·cs nUi1l.>ers rnnrlng rom Of course, 

the velocities are never exactly at lheir 0quilihriuw values sinee the 

flo\·, field is chanljlng consUmtry, .\t~t pe aSSUP1e that at any instant the 
. 

deviation from equilibrium i5 sa snlt'l11 that it can be neglected. Hence, 

for c3ch sphere the net force acting on it at any ti~e i8 approximately 

zero. 

Force balance on sphere 1: 

(a) alang line of centres: 

F = - cos 8. 
l 

(b} perpendicular to 1ine of centres: 

61Tf RI (gl + sin 

g = - sin 
1 

a. 

Cc) torque: 

2 
8'iYr- RI hl = 0 

h :cs 
1 

O. 

Similarly, a force balance 

f 2 = - b c.os 9 

g2 .. - b sin 9 

h2 - O. 

9) = 0 

or sphere 2 gives: 

.' 
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The vclocf t je" fI and f 2 
can he _ expr('s~('d as: 

[1 k
1 VI + k

2 y? = - cos e (8.1) 

l'} 1:
3 

U + k, U b cos 8 1 . ~ 2 .. (8.2) 

The coc:fbc;Lnts hl to k4 can he found fra," the results of Pshenay~Scver"in 

" 

infinito s~·ries \·.h1c11 forlunatelv converge <-1uic~ly. le) fafilitate 
'. -

computation the coeffic.ients Here evaluatcd for P-
1

/R
2

:= 2,3,4, -i and 10 

-1 -2 -3 
and S/R

2 
-= 10, J, 10 • 10 amI 10 \.;rhcc' S is the sdrfact' to surface 

separation, and for E'ac..h value of R
1

/R
2 

POlY:lO r lial approxir3.tions \.;ere 

'Obtained in the foro: 

ln (Zk ) 
n 

A + B 1 n X + et( InX ) 2 + D (InX) 3 + t: (lnX ) 4 • 

Where X = ~ , Z = 1 for n = land 4, Z ~ - 1 for n = 2 and 3. 
R

2 
Details are given in Appendix C. 

The velocities G1 , g2' hl and h
2 

can be exprcssed as: 

g = kSVl + k
6
V

2 
+ k71\ + k ,.,r = - sin 8 

1 S 2 

g2 = k 9
V

l + klO V 2 + kll\\ + k I2 hl 2 == - b sin 8 

hl = k
13

V
1 + k14V2 + k1SWl + k16~2 = 0 

are given by Davis (65) tor Rl/R2 e 2, 5 

(8.3) 

(8.4) 

(8.5) 

(8.6) 

Numer'ical values of kS ta k20 
-1 and 10 at S/R2 = 10, 1, +0 , -2 -3 10 and 10 and by O'Neill and Majumdar 

for R/R2 = 4 at the same valu~s of S/R2• Values for Rl/R2 == 3 were 

found by interpolation. For computation at intermediate values of S/R2 

cubic approximations were derived of the forro: 
\. 2 3 

kn - A + B loglO X + C (10&10 X) + ~ (10gl01X~ 
.1 

wherê X - S/RZ' Details ~re given in Append~ c. 

" 
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Given RI' R2' S, e and b equéltions 8.1 and 8.2 Cél.TI be solved 

for D] and Uz and ('quations 8.3 ta R.6 c~n be solved for VI ;nd V
2 

using 

~ 

Cramer's Tllie, (\~I Llfld ":2 pre not nceci\'d for c<l1c:u]dUng Lhe trajectory 

of spherc i n1.:1tive to sphere 1.) 

\Il UI cos 8 -\- V 
l 

sin e 

u
2 

U
2 

cos 8 + V 
2 

sin fl 

UI sin @- V e -' 
VI = cos 

l 
v

2 
U

2 
sin 8 \' 

2 
cos 0 

The rates of chdngc of coordinatc8 of sphere 2 relative ta sphere 1 ore: 

cl}, (U
2 

U
I

) cos e + CV - V ) . ft (8, 7) H
2 - u

l 51n 
::: 2 1 dt 

~'- (U - UI ) sin e - (V2 - Vl) 9 " (8.8) v - VI cos r '-= 2 2 ') .. 
dt 

" 
(t i8 dirncnsianless \·,i th the reference Cime hcing Rl/U

1 
T' ) Hence, given, 

an initial position the trajectory of sphere 2 relative to spherc l can 

be calculatccl. 

The most convenicnt procedure i5 to start with the s~Heres 1n 

the collision position and work backward5 slong the trsjcctory until the 

particle's motion is almost vertical. This gives the grazing trajectory, 

gnd hence the collision efficiency, directly. (This would not have been 

possible without the quasi-equilibrium assumption. The velocity at the 

collision point wou Id not have been known, so the trajectory would have 

had ta be calculated forwards and the gr~zing trajectory found by a search 

procedure.) 

Since the spheres can never touch, an assumption must be made 

regarding the surface to surface separation corresponding to a "collision" • 

• 
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A cl\1l> ls provldcd hy th~ cxpprimpnts of TW:1l1S (67). Ile obs(>rve~l the 

thinni!'llg. of tlw \vcltC'r film bct~"een <ln air bubbJe and rcr-

phobIe si 1 ica under \'hieh the htlbhlc W<lB film 

rliptutL'd at ,1 tlli,'l:nf>sc; of about 0.3 mi('l\)n~. l'n",UTI"l !'>onll' (" orm of 

mO;11L'nt drv jnsLltlJ lit y provirled a p01.nt rupture and sin '-' the surface Ih)" 

hydr0])lwhic tlw r\lpLl~r[' sprl·,1d. Colll,',ion SC'pi1l"dtLcns Sa ot 7lS order of, 

tmaf~nJtudc \lould ',('l'lIl ta he app,'opriate. 

S and v/x s 0.00] 
o 

sinee ~'(]t1IP\ltéltlO\l,'~ prohlcm·- i:l'rC encouilll'1:ell.if Cut> 8 \.;ras :initially ZC1~. 

1 A Rllllgt'-r;utta-}!prso!1 numcrlcal jntegréltion procedure ildS llscd. The HerSO!1 
l, 

varj aLlon of the Rllllge-Kuttrl methoJ if. pal'liruldrly C'onv(>niellt lien: sinee 

il <1uton13ti('ally aJjusts the step length to the 1ürgC'st possible value 

consislent "ith pr('-bet intl'gration to]['rances (89). Bence, the sleT' 

length j ncrt'a~;cd rapidly as the separat ion S lncTC'ilspd and the flm" field 

chnnged mort' ErlOh1ly. The partic]e coordinaLes and the separation S 

(convC'rLed to miclons) together with the tine (in dirncnsionless units) 

,,,en' pl" lnted at frequent ~nt('rvals. The integrati on was stopped when, avel' 

-6 
one doubling of y, the ratio 4. x/lly W3S. less than 10 . This usually 

occurr(>d at twenly'to thirty bubble diameters upstrcam. Exhibit D.2 is a 

sample computer OUlput. The ~rogram is documented in Appendix Dl. Fig. 

8.2 shows a sélmple traj eclory and compares it with a point replacement 

trajectory computed from the same starting point. They are very similar as 

long as the surfaces are more than about 5 microns apart, but when they are 

c10ser viscous resistance to thinning of the film causes c6nsiderab1e 

deviation from the point replacement trajectory. 
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Figure _ 8.2 

VISCOVS rt-;Tr:RAC.:rION HODEL; PÂRTICLE TRAJECTORY RELATIVE 

TO BtTBBLE 
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Figure 8.3 

VISCOUS I~TERACTlO:l MobEL; ROTXflO;;r OF PARTICL!: AXD BUBBLE 
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A h:wd cn]cu1ation PrlS carr:lcd Ollt wittl It
l

/lt
2 

'= ,S, S/iz
2 

"=-" 0.01, 
, 

e = 90° [me! Pp '"' 2.5 bm./ml. This 'repl'cscnts a r,Inso..; bl'ad cro<><,inr, the 
.,., 

bubb1e's equatociilJ pLme on ",hat mJg!1t be a gr[l7inl~ tr3jecton'. The 

fol1D~jng velorities WCTe found: 

0.984 

0.0336 

Vz == 0.7CJ9 

H2 ==(- o.] p 

Thesc velociti0~ are dirncnsionLcss wlth refcrcncc vclncity the bubble's 

terminal risini! velo'CIty. ~iS posit iv€' bccausc the up\"ard drift of 

f1 Ulft causee! hy t hc- hubblc' s 
, .. \ 

velocity. The dtr~ctions of 

ntott? (')<;u:~eds the p';lrtlcle's ten.üna: faI] ;nt; 

rotation \.;ill be thob(~ skctchec1 in Fig. 8.3. 

The rotation31 vclocity of the bubble is negligible but that of the particle 

is significant. 

Rune; \oIere perfo~med withP2 =--= 2.5 grn./m]., bubble dialJl'eters 42 

and 71 microns (the avera~e bubble diameters generated by the fine and 
( F 

medium frits), R1/R2 = 2, 3, 4, 5 and 10 and Sa == 0.75, 0.5 and 0.25 microns. 

For Sa = 0.5 Dicrons runs were also pcrformed with bubble diapeters 30, 60, 

90 and 130 microns in arder ta cover the bubble size range encountered in 

the cin1;Photomicrography experiments. From the results curves were Con­

structed of collision effici~ncy E versus d/ Db' These are ShO\offi in Fig. 

8.4. 

,It is obvious that the relation between E and d depends strdngly 
p 

on So and Db' For So =tO. 75 microns the slope of the E versus cl curves 
p 

approach the value of 2.05 predicted from the point replacement mode!. In 
~ 

general, the point replacement slope is approached more closely for smaller 

than for larger bubbles. At first sight this seems surprising, butOit may 
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oe because \-lith srnaller buhbJes S is a larter fractipn of the hubhle 
o 

radi~s, 50 on a dimensionlcss hasis thv particlc is furtller out from the 

bubble sur[.:l('('. 

so = 0.5 microns gives the best f-it to tlw e}.pcrimpnta] data. 

Fig. 8.5 cor.'parC'~ the predictions of thi" rr.odel (henccforth refcrrcJ to 

as the vlscotls interaction modcl) at S = 0.5 Il)J.cro.1S \"ith those of the 
o 

point TC'plncexent mode] and with the cypcrimental Jdta obtaineJ in the 

batcl! cel1s. The prer1ictions of bath models are madc ta coïncide with 

the data at particle JiameLcr Il microns. As regards the effect of 

partie le size on collection cf[iciency, the present ~odel1s predictions 

are slighlly closer to the data than tll0se of the point replacement model, 

but there is little to choose between them. 

Let liS nOH compare tlle predicti ons of the two models wilh regard 

ta the effect of hubble size on col1ect10n cfficiency. With the same gas 

rate and two bubb1e diametcrs DA and DB the ratio of flotation rates is 

- x 
E 

B 
Ilhcre the Els are collection efficiencies. For bubble 

diameters DA = 42 'microns and DB = 71 microns the point replacement model 

predicts kA 

k
B 

4.8. With the viscous interaction model kA/kB 

o will dcpend on d and S. Taking cl = 14 microns (the median diameter 
pop 

of the partic1e size distribution) and 50 = 0.5 microns we obtain 

k 0.167 '71 
A ~ x 42 = 13. 
~ ~.02l8 

From the experimental data kA = 1.50 = 3.8. 

~ 0.39 
Bence 9 

the point replacement model ls much closer to the experimental data than the 

viscous interaction model. 

If, for sorne reason, the collision separation S -were to be o 

proportional to bubble diameter. So s 0.25 microqs would be a more appropriate 
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curve for the 42 micron _diameter bubbles. We would have then 

kA 0.054 71 .' 
--k a X ~ = 4.2, which is close to the experimental value. However,~ 

B 0.0218 

we have no physical or chemical basis for such an assumption and S = 0.25 o 

microns gives a poorer fit to the log k versus log d data for the smatler 
p 

bubbles. 

Figures 8.6 and 8.7 compare the predictions of the two models with 

the cinéphotomicrography da~a. With the vis cous interaction model d = 14 
p 

microns has been assumed in Fig. 8.6 and Db = 60 microns (the average bubble 

diameter in the cinephotomicrography experiments) in Fig. 8.7. The curves 
\ 

have been positioned to coincide with the data at these points. Again, the 

vis cous interaction model does not predict the effect of bubble size on 
• 

collection efficiency a$ weIl as the point replacement model. With regard 

to the effect of particle size it gives a better prediction at the higher 

particle sizes but a poorer one at the lower end. However, the poorer fit 

àt the lower end may be misleading because the experimental point at d = 9 
~ P 

microns was obtpined on the basis of ooly three caftured particles. If a 

four th had been observed it would have brought the experimental curve up to 

exactly the point predicted by the viscous interaction model. 

8.4 Application to SBD Latex Flotation 

When applied to the flotation of SDB latex of density 1.05 gm./ml. 

the viscous interaction computer program worked satisfactorily for Rl/R2 -

2 and 10, i~sofar as it generated collision efficiencies which looked reason-

able. It also worked for 42 micron diameter bubbles with a collision gap 

width S 0 - Ô. 75 microns and RI/R2 - 4 and 5, so for this value of Soit was 

possible, ta cover the experimental range of runs L3 and L4. The result is 

,. 
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Figure 8.7 

VISCOUS INTERACTION HODELj CO}1PARISO~ OF PREDICTED COLLJSlON 
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shawn in Fig. 8.8, The 1 i ne through the points hab il slopC' of 1.9, which 

was the pn'clictLon o[ the prcli'nin;try nooc], \'ht>re,lS thL' c'q)L'rimental 
1 

\;ould he l" Fu't, cl to d,·c re;tc,(' as S je; cll'CTC'.'l<,('d. 1I01]('ver. at Sa véllill-S 
(J 

of 0,5 ,md n,')) -ll~nc, the particlc refuspd to rctrl'i)t to.infinitv, lm,tl'nd, 

(J.~5 IIJr]'on" \,ith i1 bllbbJc clld,11etPl' of 71 nierons and intCrlllCdiatc 

j, l, d Il cl r) • Il ( Il C (', col lis i ('Il. C' f f i (' i. elle i e 5 COli l cl Il 0 t 

ohl,dn,_'rJ for these situationo-. <-;0 a full tt-'st of the modp] \vae; not p(lss1.b10. 

Tlds appd!,rl:Lly anomalou', 1'C'havioLlr nt intennedjate radius ratios 

\,'35 cxp]()rpd furtlH:'r bj' slightlv a)tcring L1w' program to penait fOr\ldrd 

-' integratjon alang t:ll' Lrajcctory. (Details arc given 111 Appe.nelix Dl) 

Integration \idS sLarted \>lith the particle th'cnty huhblc diameters upstream 

and WdS terminated \olhcn tbe particle \o.'as either tVlcnty bubble diameters 

downstrcarn 'or within 0.05 microns of the bubblc's vertical axis. Table 8.1 

presents tl1\' resu1ts of several runs. y i5 the horizontal coordinate of 

the centre of the partic1e (distance from the bubb1e's vertical axis). 

The purnose of the first run in Table 8.1 was to check the ftvised 

program by simu1ating a grazing trajectory which l].ad already been obtained 

with f2 = 2.5 gm./ml. starting from So ='0.5 microns. Agveement was satis­

factory. The second run had tl1e same starting point but a density of 1.05 

gm./ml. With less help from gravit y it could not thin· the film 50 mu ch and 

only achieved S e 1.13 microns at 0 ~ 90°, The down§tream traj4ctory was 

(' 

'. 
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e T'ABLE 8.1 _.----
.:. 

Rl/R2 RI R
2 P2 Initial y S at a :: 90° Final y Finnl S 

.r ---. ----- "'----- ~---

5 36 7.2 2.5 ').3 ' . 0.50 5.3 1397 
\_) 

36 7.2 1.05 5.3 L13 St3 1397 

" 
36 7.2 1. 05 10.0 2.54 10.0 1397 

36 7.2 1.05 3.0 0.90 3.0 1397 

36 7.2 1.05 1.0 0.80 0.9 1397 

'36 7.2 1. 05 O.) 0.79 0.35 1397 
, 

36 7.2 1.05 0.1 0.78 < 0.05 0.375 
,\ 

22 4.4 1.01)' 1.0 0.50 0.94, 814 

22 4.4 1.05 0.5 0.485 Q,: 4'2 . 814 

... 
22 11.4 1. 05 0.1 0.48 < 0.05 0.23 

ft '" 

4 22 5.5 1.05 1.0 ;b.61 0.78 813 

22 5.5 1.05 0.5 0.p1 < 0.05 • 0.18 

22 5.5 1.05 0.1 0.61 < 0~05 c 0.18\ 
\; \ . 

<-
"~·81l ," \'~) 3 22 7.33 1.05 1.0 0.62 0.70 J 

22 7.33 1.05 0.5 0.62 < 0.05 0.21\ 

G 22 7.33 1.05 0.1 0.62 < 0.05 0.21 

F"'" 

RI' R2 ' Y and S in microns.' 

f 2 in gm,/mi. 

1 .. ... 

~e ~ 
.. .. 

1 

" 
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still a mirror image of the up~m trajectory. If the starting distance 

fro~ the axis was reduced to y = 1 micron as in the fifth run this was no 

longer completely true since the particle was being pulled slightly closer 
'~ 

to the axis downstream than upstream. As the initial y was reduced below 1 

. 
mit:ron the trajec tories crowded together very closely at the 90

0 
pofnt; 

there appeared to' be a limit "t.ri how close the particle could get to the 

btiPble at ihis point, the limit being ab<>u t S = 0.78 microns. At the same 

time the particle was being pulled further in towards the axis on the down-

stream side. Eventually, at an initial y of 0.1 microns', the particle was 

pulled right: in to the rear stagnation point tvith S decreasing continually. 

At sma1ler radius ratios this phenomenon occurred earlier, at an initial y 

of 0.5 microns. 

Now aIl the equations governing o the particle's trajectory are 

linear, so the downstream portion of the ttajectory should be the mirror 
'. 

image of the upstream portion. The fact that in sorne casés it is not 
1 

indicates sorne ,error or inaccuracy in the simulation. It is tentative1y , 

suggested tnat the lack of symmetry is due to approximations being used 

instead of absolute values for the force coefficients k
l 

to k
20

• 

From both forward and backward trajectories it is apparent that • 

an approaching latex particle cannot get closer to the bubble than a 

critical gap wisth which depends on the sizes of the particle and the 

bubble. In the cases investlgated the critical gap width Is of the order 

of 0.5 to 0.8 microns. It seems from the simulations performed with 
~ 

backwards integration that trajectories closer to the bubble surface than 

,the cr!tical gap aIl have their origin at the forward stagnation point 
1 . 

(aD4 presumably terminate at the rear stagnation point to preserve symmetry) • 
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Figure 8.9 
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• particle traj('ctories cannot get as c10se ta the hubble as tht:' glass bead 

trajectories. OveT the bnck half of the bubblc thcre is a negative eXCCQH 

pressure at the surf c1ce 50 thv pressure> will incre<1sP \.Jith radial distanc e 

oul from the sllrfac('. This ptf'~>s1Jrc gradiC'ot ,<'ill tend ta pllsh the particle 

tO\wrds the bubhle. Fig. E. lU shows the directionc:: of the variollb forcc-, 

u( t ing un d pclrt 1clc upstre,ï!'l dnc! dOPI1c,trcam of the bubble. The> closer t lie 

partie 1 c is ta tllf:' bllbhJe tll" stronger pi JI he the' pressure !"rad lent, so if 

tlw pa~t ie 1 e Ü, cJ ose cnollgh Ol'\ the clmms t rcan s id c <111c1 the dOlinv.','n-d pu11 of 

gravLl", i5 \vcul: enG\1I-~h the pdrt iclc \lill he SUCKC'J ln tO\,'~rd the> bubbie. 

AnotheJ; \,'ay of loo1::ing at it 10 that upstreBm therc i5 viscous resistance tü 

filPl thil\ning .l1lel dc\'nstrcar:J there is vir-,cous rcsistancc ta film thickenjng. 

A gl <18S he:.ld of (kns) ty 2.5 gm./ml. '.Ji Il have tü b0 much closer to 

the bubble surface thon a latex partic10 of density 1.05 gm./ml. for hydro-

dynamic. capture to nccur, \"h i ch i8 prl?Bumably Hhv j t was nevpr obst>rved '.Jith 

glass bead grazing trajectorics at collision gap widths down tü 0.25 microns. 

However, if the trajectory 11 es weIl inslde the grazing trajcctory the gap , 

width could be very much less than this at the cquator and it might be small 

enough for capture to occur despite the dowmvard pull Qf 'gravity. To an observer 

" it Vlould appear as if thl' particle was roiling round the bubble 'vith thcir 

surfaces touching. This i8 put forward as a possible explanation for the 

infinitesimally small contact angles observed in the cinephotomicrography 

experiments. (Refer back to the photographs in Chapter 6.) 

Conversely, hydrodynamic capture should be facilitated if the 

density of the partlcle ls less th an that of the medium - for example, if 

the particle ls an oil drop. In the latter caset and possibly also in the 

neutral buoyancy case, there should be an observable increase in flotation 

.'" 
f 
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FORCES ACTING O~ PARTICLE UPSTREAH A.'W DOH~STREAN OF BUBBLE 
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rut:c nt radius ralios favouring hydrodY11élInlC capture. Tt n-ay cven be 

p'os<3ihle to aclde\'e app.red<:Llle flotatiu.l ratC's \·:I1"'ll chemic.a1 condit:lons 

are unLlVollrJ.l,lp. F'xpérir:10nls along t!lC'se Iines dre included in OUl" 

/ 
sllgges lions for furLlH>l rl'~, c~,\rch. \·;hl î c..hcrnical conditi on~ :lH- LlVourahle 

for "chcmtc.1)" capture thp proccss shoulcl bc as<;j~;led hy 

Cdjlture provitt1jnl~ grcD.tlv i;'creè.sed contact Urnes during 

can tdl~f' plac,:·, 

hydrodynamic 1 
dlich f i1m ruptu - , 

It \.i0Uld he an lnteresting l~}.ercise ta abt<:lin for cl set. of bllhbJe 

SiZCb, particl p qlZCS and p~rlicle dC!l~jties the critlca] trajcctories for 

the ons~t of .hy(l",-odynan.Lc captur<2. If, at an illfiî1Ïte dist2ncL' upstn'dTl' 

1, 

[rom lhe bubhIe this trajcC'tory is a distance y from the buhble's vcrUcal 
c 

axis. c0111 sion effici cney could be dC'f Ineel ae; (V cil)) 2. Th.: rvariation 

with bubble si7P, pd' Liclc size and partic]e density of a collision effici-

ency defined III this 1,.."2.V could be Jcten:n.ned and compared \vith our 

expcri~enla] ciat2. 

8.5 Closure 

ln this chapter i.t has been shawn that correcting the pre1im:inary 
) 

model to take into account viscous resistance to film thinning and also the 

effect of the particle on the flow field round the bubble does not improvc 

the agreem0nt with experirnental data. However, it does prediet a phenomenon 

which we have ca+led "hydrodynamie capture" whereby in sorne circurnstances 

the partiele can roll round to the rear stagnation point of the bubble and 

be held there by purely hydrodynarnic forces. This could be an explanation 

of the apparcntly zero contact angle observed with glass beads in the cine-

photomicrography experiments. 

In the next chapter the effect of correcting the preliminary model 

to take into account interactions between neighbouring bubbles is explored. 

" 

1 
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9. THE BUBBLE SY/ARM MODEL • 

Another assumption of the simple model which seems weak is that the 

bubble can be treated as though it were in isolation and interaction 
/ 

with other bubbles can be ignored. At 6% gas hold-up the bubbles 

generated by the fine frit will have on average a surface-to-surface 

separation of 1.5 bubble diameters. At 2i. gas hold-up those from the 

medium frit will have on average a surface-to-surface separation of 

2.7 bubble diame ters. (This estimate agrees weil with Kalman's 

photographs (7).) In this chapter we explore the effect of removing 

the isolated-bubble assumption. 

We apply Happel' s "free surface model" of flow past an ' 
1 

assemblage of spherical particles (57,68) to flow past an assemblage 
t.-I 

of bubbles with rigid surfaces. Happel mode1s a random assemblage 
~ 

of particles by a set of identical cells, each consisting of a 

parti cIe surrounded by 'a spherical fluid envelope having a friction-

• 1 

less or "free" outer surface. The ratio of fluid volume to particle 

volume in a cell is set equal to the void fraction e of the whole 

assemblage. (In our system the "void fraction" is the ratio of 

liquid volume to total volume.) If lb is the partic1e radius, b 

is the free surface radius, a spherical coordinate system (r,e) is 

centered at the centre of the particle and the particle moves through 

the fluid enve10pe with a constant velocity Ut then the solution 

-
to the Navier-Stokes equation with the inertial terms removed 18 

given ln terms of the stream function as 
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2 . 2 () li r Sln 

2\{ 

\·:he re '( --
b 

,,~c have é '" O.9tî for the Ir~Gillm frit élnd 0.9:1 for the finp frjt, sa 

le r.:'.S conL:J.ininf\ '6 5 dnd (6. This lenves 

Thcrefore, if the Stokes stream funcLÏon iS1.!' ,-e have 
J st 

/1(1 2 ri 
·V - ~ 
1 2-30'Jst 

and 2 () , U COb~ [1 _ l(~) + !(~) 3 ] 
l1fr=2-3~' ufrst = 1-- 2 1_2( 2 ". 

2 

of section 5.2 \ .. e obtain the Fo11owing the procedure 

K
2 

collision effi ciency El ::: '1 + u* 
pt 

[
-11* + 

pt .' 
3 • (l--(}(l 
2 

_~+_l_)J 
2 2K3 

r 
\.;here K =- 1 + t-. t'h;i,.s exp:t:'es~,ion fpr E i8 the same as equa-

-b \ .. ,.. ... 

tion (5.7) except for the \a-ppear~ of the tem (1 - i t). 
~ 

For the fine grit ?f= (0.06)1/3 = 0.39 and for the medium 

v' 1/3 
f ri t 0 :: (0, 02) :: O. 27 . 

for both frits and for 
. 

. 
Figure 9.1 is a log-log plot of El 

;a~icle densi ties f '= 2.5 and 1. 0 
- p 

versus 

gm~ Iml. 

For comparison the corresponding li~es for the isolated sphere.case 

~ are shqwn (broken 1ines). The 1ines for this model are almost exactly 

parallel to those of the isolated sphere case 80 there will be no 
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Figure 9.1 
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change in goodness of fit ta experil.entaJ data on flotatlon rate 

versus partic)e sizc. As cxpccted, the collision e:fficiency is a 

litt le higlJ('T lor this model due ta the st rC~l'l'lincs hcing puslwrl 

in lm,'ardf> the buhble surf[~ce, the eff~cl bcin;~ hi?)wt" for the finE' 

frit \.;rhere the bubhJcs arc closer tOf;(·thpr. Because 1:, 18 hig1tcr 

for thE' fine frLL the rate of, chan;;:e of t"] ·,.,.i th buhb)c diameter 

predicted by this T'lodel is sli."htJy hir;'ler than th,ll prt~clictcd by 

the sü\)le mode1- Ac; the sirple ::oùc] aJî'e-dd\' overec;til1'ates the 

influ~nc~ of buhble dior1etcr 0; flotation ralc we conclude that the 

buhbJ(' swarm model offers 110 i!1lpr(lvp"",~nt. 

Clos ure 

AlI the aspects of the prelininary model \\'hich looked ~'eak 

from a hydr'odynamic vielYpoin t have been corrected. Agreement w~ th 

the experimental data has not been inproved. In particular, we still 

have no ehplanation for the very 8mal1 effect of particle size on the 
tJ. 

flotation rate of SDB latex.! 

In the next chapter a speculative attempt i8 mad~ to correct 

the model to take into account pèssible electrical interaction betwcen 

a particle and a bubble. 

,' ...... 

ç 
, 
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10. THf. EUCTRICAL ATTHACTIO:i llYPOTIlLS IS 
--------------~-------------

In the prey; ous t,·o ~ll~ptl'rs aIl t llosc élssumptlons in 

the pr,el:i mi nary modcJ \:hj ch looked \,Jcuk from a h:'drodynnmic view-

point hnvl' hccn corr~cl0d and wc arc still no cloGl'T tü c~p]aining 
..J 

lllc anom:üo\Js t').pcrj"mental lcsults oDlained \7ilh SDB late::. In 

thls charler Fe atLr'lil~L tn correct for the on1)' rem3ining arbitrary 

a~surnption, lhnl of no elpctrical inleraction h~lwcen paTtjcl~s and 

bt!llhles. TIIC dpproach 1I,l'd i8 nec('~.<;Jrily very specuIaLi\t' c;ince 

very Jj ttle ie; knmm ahout the clectrical propcrtics of hubbles. 

The' SDl\ lat€'x particlc~ hacl a 7eta potcntial of +-10.6 mV 

at the working surfactant concentralion. The glass bcads had a 

very small positive zeta potentinl, much les~ than~)O mV, which 

cou] d not be m2i1surcd hecausc the glass bends scttled rapidly. 

Pure water has a burfdce rotential of -100 ta -200 rnV relative ta 

air (81), so \,Te might expect hubbles rising in pure water ta have 

zeta potentials of this arder. How~ver, surface-acytve cations 

such as EHnA~ will adsorb at the interface and, if !ufficient numbers 

are adsorbed. \-li11 reve.Tse the sign of the charge on the bobbles. 

If EHDA-Br was the on1y surface-active solute this charge reversaI 

would probably occur and the bubbles would tend to repei the particles. 

But in the 'batch celi experiments we alsp had isopropanoi (IPA) 

present at about 700 times the molar concentration of EHDA-Br • 

.... 
Even though EHDA i8 much more surface-active than !PA it 15 likely 

.,.. 
that there were still many more IPA molecules than EHOA ions adsorbed 

on t~e ~ubble surface. These molecules would orient themselves with 
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their slight1y negative -OH groups on the water sidé of the inter-

face. If there was a sufficient excess of IPA at the interface it 

i8 possible that the bubbles still had a residual negative charge 

which would attract the positivel~ charged particles. The latex 

partic1es would be attracted more strong1y than the glass beads 

because of their higher charge. 

Analysis of the, interaction between electrical double 

laye.~ of un1ike species is a formidable problem which has been 

reviewed recently by Usul (98). However, an estimate of the maximum 

possible magnitude of the attractive force can be obtained quite 

s1mply by assuming that the water between the hydrodynamic shear 

planes of the particle and the bubble con tains no io~s. In other 

words, the reduction in e1ectrical potential due to an excess 

concentration of counter-ions outside the shear planes ls neg1ected. 

The problem then becomes one of ca1culating the attractive force 

between two spheres immersed in a dielectric. 

Let a partlcle and a bubb1e of radii rp and ~ have zeta 

potentials Zp and Zb respectively. Then partic1e charge ~ = 

411' éo ~ Zp rp and bu~ble charge Qb - 41l"Eo /3 ~\ where fo =- permit­

tlvity of free space and f3 Co dielectric constant of water. The 

repulsive force E between particle and bubble when thelr centres are 

a distance r apart ls glven by 

\ 
QpQb 

2 . 1 
r 

where i -unit vector along 
line of centres 

• i 

-;--~---

-; 
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We now add 1 to the right handl:ide Qf the equati~n of motion of f 
...... \ 
~~ 

the particle (equation 5.1 i~ spter 5). 

Dividing both sides by 6'frT" rf rp U
b 

to make the equation dimensionless 
4 

we ob tain: 

du* 
St --=:P.dt* = - (u* - u*f - u* ) + ..::E. _ -P:!.. 

. i 

Neglecting the left hand term as in Chapter 5 and multiplying by 
1 

~ gives,' in place of equation 5.3, the following equation: 

\ 

where 

X will be directed along the Itne ~oining the centres of the particle 

,and the bubble, so in place of equation 5. 4 _~e have: 

~2 
u :II u f + u t COB 9 ... X (-) • pr 'r p 0 r 

Insetting the Stokes flow equat10n for uf~lelds: 
() .. 

e rI+' u* _ 1, ~) ... b ~)31 ... X(~) 2• 
up"=- Ub cos L pt 2'r2'r J r 
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u 
At r :::: r 

~~ 
wc have: 

p 

U
b cos e (1 -\- u* 3 

1 J X (10.1) u = --+ 
2K3 + K2 p'" pt 2K 

~ 
r +\ 

\oJhere ::. 
p 

, \ 

FollOiving through the derj vatlon of the collision efficiency El in 

Chapter 5 but using equation 10.1 for u gives: 
p 

, 
whe,re Li is the collision efficiency ealeulated ignoring eleetrical 

interactions. puttin~l 

'2ff\2g ~ 
9 rf we obtain: 

tb the Stokes termi~al veloeity 

6 E. (!> Z Zb > 1 
El =- Ei -

o E 
. 3 . 

(1 ... U~t) ff g ~ • 
~ 

- E' - Ee1 
- l 1 

(10.2) 

• 

el where El i8 the reduction in collision efficiency due to 
el 

electrostatic repulsion; When Zp and ~ have opposite signs El 

will be negative and the collision efficiency will be increased • 

\1 

.. f.. .. 

• 

~ 

? 

\ 

\ 
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ConsidcT the neutral buoyancy case (SDS latex partic]es) 

for which u* is zero. In this case EC

1
I 

15 independent of rp' If pt 

it can be ShO\offi ta domina te El' \.Jith Z zlO flV and reasonablc védues 
- p . 

~ 

of Zb then \Je have a possible explanation of the experimental resul ts. 

In SI units: 

HZ 
P 

- 440 

L ~ 8.85 x 
a 

10-1~ coulombs/va] t metre 

::. 9.81 Il:etres/sec. 
2 

g 

,of ::: 10-3 
kg. /tT'etre 

3 

(1 ..... 8] for walcr. 

.. 

el 
nnd Zb are in mi l1ivolts dnd 1), ls in microns then El = 
Z Zb L_ 

~ 
Consider ~ = 20 microns (40 microns diameter). 

(! el 
Then El = - 0.55 Zb' For a particlc diam€ter of 6 microns (the 

r 
average diameter of the SDB latex particles) we have ~ ==: 0.15 and, 

from Fig.5.2, Ei ~ 0.034. A bubble,surface potential Zb = - 0.6 mV, 

el 
whieh Is not unreasonable, would be sufficient ta make El :. 10 Ei' 

This "lOuld result in the flotation rate being almost independent of 

particle diarreter, which i8 what .. las ob~erved with an average 

bubblc diameter of 42 microns in runs L3 and L4 (Chapter 7). 
~ i 

As~ increases E
el 
1 decreases ~.re rapidly than Ei sinee 

1 1 . 
~ it 15' proportional t0""3 instead of 2. Hence, at larger bubble 

sizes the electricai i~eractions Sho~d be less dominant and some 

increase of flotation rate with increasing p~rtic1e size should be 

noticeab1e. This i8 what was observed in runs LI and L2 (see Fig • 

'7.15). 
, 
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I~ Tdble ]0.1 tol~l col]ision efficientics have been 

ca1culated for ]atèx particlcs of diametcrs-4, 6 .:md 8 microns and 

bubl;](' cli.3meters 40 élnd 70 microns, assu'nlng in a11 Cdses a bU;lble 

ZE'to potentin] of -O.5mV. 11lt' results i1re compaTPcl ' lith the cypcrl-

mental delta in 1"1[:.]0.] with lh" C'(l]clI]ated l'ffîcil'ncles heing 

forcl ù ta fit the: c},perin:C'nUd C\1rve !1t (1 ::::. 6 mtcrons. AgrecT1C'nt 
p 

i8 1I,IlCh hetter tllan ,,,i th <loy pr(;'viouc; mc1de1. 

The zp ta potcn tj 3.1 of the g 1 éle;s beade; i'~ not knmvo. lIaw-

('ver, we do kllO\v th:Jt it jr, "Juch Jess than lOrn" hut still positive'. 

Tl f Ee l . Il 1 1 11 1 . 1 1 . ] lerE' ore, l \"J. )C muel ',m,l er tlno Wlt1 atex part1.c es, 

espcC'ially \.Jhen the Lerm u* is taken inta acC'mmt. In contrast, 
pt" 

El \ ... 1 Il he mu('l! ] arger thi1n \,Ti th latex particles becausE' of the 

larger partic]c size. A<, dn cxample, suppose "e take Z ~ + 2rnV, 
p 

~ = - O.5IllV, d]>::: 14 mlcrons and D
b

= 40 microns. Then Ei = 0.40 

and [~\. 0.04. In thj s ca'>C:' e1ectrical attraction has very little 

influence, which explains v1hy the preBmLnary model of Chapter 5 

gàve a much better fit tü the glass bc>ad data. 

Of course, for given partlc1e and bubble zeta potentials 

the above method of ca1cu]ation probably over-estimates the attractive 

force considerably due ta neglect of the counter-ions outside the 

shear plane. But suppose it i8 over-estimated by a factor of ten. 

The same conclusions could be reached hy assigning ta the bubble 

a zeta potential of -5mV, which ls still not unreas o,nah le • Clearly, 

sorne experimental data on bubble zeta potentials in surfactant 

solutions would he very welcome • 

\ 
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• III 

TABLE 10.1 
1 

Z + 10 r:JV ~ 

::. p 

Z "'-
b 

- 0.5 mV 

<f 

Ee1 _ Ee1) 
Db (microns) d (microns) Et El (= Ei 

E 1 1 1 

• 40 4 0.015 -0.225 0.240 

40 6 0.034 -0.225 0.259 

40 8 0.057 -0.225 0.282 

70 4 0.005 -0.042 0.047 

70 \6 0.011 -0.042 0.053 

70 8 0.019 -0.042 0.061 

• 
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Ffgure 10.1 

PRELININARY :-rODEL lUTH ELECTRICAL ATTRACTION CORRECTION; 

\ 
COHPARISON OF PREDICTIOXS \.aTR BATCH CELL SDB LATEX DATA 

" 

.1 (' • 
, 
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ln the case of latex particlcs the prcs0nt mod~l pr~dicts 

a ~rl'ill(>r depC'ndcllcc of Dotation r,llE' on buhh] e si7<?- than does the 

jnU?raclions d(l(,b not jr'-'l'rove f1,ttt0n~ becéHl<,P tb' prf>lini;l<1ry ruodc1 

aln;i:.!clv s]j;"ht]y ovcrcc.limatcs the effE'ct of bu' ,!-dc. size. 

It HOU]Ù be intcr\!Sllng to rcclucc ttlt> ,('td potc'1tinl of 

• 
the SUD l.1.tl!x p.ntj cl('C' tn z('ro by ndrling ch ~'troh'lc or a trace 

of an élnlunj(' surfacldlll d.Tld then to !11,'<1'>\1rc the variatil'i1 of f10-'-

Lltion rale \vi th partlcle dLlmetcr. If th" h\'Dothesis of t.1Ï-s chaptcr 

ls Cnrrpct a purely h;.-dloclYllamic 1llodel should appJv in tllé1[ situation 

and the> slope of lhe lof, k ~crsus log cl cur'1c should approach 1.9 
r '" 

(scp ChDptc'r 5). 

Actuany, He lfI<l)' h<1Ve COlle close ta do'ng tilis JnadvE>rtently. 

It ,.a<> ment100cd in Ch~rlel" 7, seclion 7.3 lhdt the pl:'actice of 

filtering wnlC'r through }ü llipore HF filLers be[ore ma;'-'ing up the 

suspensions was sloppcd bCC8USC unpredictahle quantities of we.tting 

agent leached out from the ffiters gave rise tü unpredictable and 

irreproducible flotatLon results. The wetting agent is Triton XIOO 

(octyl-phçnoxy-polyetho>.)'-ethanol, manufactured by Rohm and Haas. 

+ 
This material ,,,ill compete strongly with the EBDA ions for Ine.). 

space on the hydrocarbon surface of the latex particles. Any reduc­

+ 
tion in the number of EllDA ions adsorbed will result in a reduction 

of the positive charge on the particles. If the Triton Xi00 is 

+ adsorbed much more strongly than the EHDA ions and enough of it 

is present the charge on the partlcles could be reduced almost to 
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+ 
zero, with very I1ttJc EliDA Deing adsorl)cd other th an that required 

to nE.'utra Lise the ori[;inal neL'.:ltivc charf,c [111 the partic]c>s. ll'itll 

this picturû in p'Jnd t i1rpe fc llures nf the rcsu]ls obt.ail1ed pith 

attr.:lcti.oll ll\poth2SL'~, 

particles, '1C\"('T \dth glass heads. This t_s consjc;tenl 

\-.'ith the' glass bends hein1 J1~H"h Jargcr ;-l11d h:lvlnf, a 

mue!l s,lal]f>r c\wTge tha~teX_JHlrticlC'S so that 

e]e~trlcal altraction ~lays on1y a v~ry ~inor rolc. 

(b) The f]ol3tion relle of latex parlic1es \;35 usually 

(c) 

murh ]o',,,er in filtcred , ... atcr tl1i.ln in unfiltcred \..'ater. 

The log k versus log d curvcq obtdined with latex 
p 

\. particlcs in h ltercd water and 71r bubhles had 

"', . -s-lop(ts ranging fro~ 0,7 ta 1./, «(J.44 in unfiltered 

waler) . 

Thesc l;,w;t two observations are consistent \olith electrical attraction 

playing a major yole in latex flatation, the effect of the non-ionic 

we tting agent being ta reduce the charge on the particles. Obviously, 

it would be dcsirable to repeat the experiments with a controlled 

reduction of the particles' zeta pDtential. 

If the electrical attraction hypothesis is correct then 

in the absence of isopropanol the bubbles should be positively 

CI ~ 
charged and should repel the latex particles quite strongly. It 

would be interesting to generate smal1 hubbles electrolytically 

without the nid of isopropanol and see whether latex particles can 

still be floated. 
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C]osure 

In tllis chapter it has becn propor.ed that if the prelimlnary 

mode1 15 corrccted to a110\·: for electric:lJ nllrélction bctpE'cn particlps 

élrtd bubbJes it \vi 11 be possjb1c lo explain the IO:lÎn featt{rcs of the 

flotation rate vers", l'article sizé curvos obtained with both snB! 
latex and gIass beads. 

ThiR conclud(>~, c>ur at ternpts ta finci a mode 1 \,Thich fi ts the 

expC'~irr.ental do.ta obtained U5.ln<s the'hatC'h ccll. The next chapter 

réturns to the question of the deviatlan of the drag on the particle' 
~ 

frorn the steady state dr3g and its consequences for collision 

efftciqncy calculations. 

l' 

-'- . 

. , 

1 • 
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• 11. A CRITrRTON fOR Si\l'C Nf:GL1=Cr Q}' lr:\STJ:ADY ST~TE DRAr. 

TEmlS TN THE CALCU1ATW'\ OF COLL1 SIm; EFFICIJ:NCY 

1].1 IntroductIon 

1hjs clwptc-t" refc~ Lo any p,wticle c01lc(',t1~n system, 

not jm~t the colJcctiO.l of sm~l1 partirJcc; hy sT'all btlbhl~çs. 

Tf the partic](' trajectory cleVJ_dtcc; from the fluid strean-

lines thl'le èS rclat ive accelcréltion betpcc'l1 the parLi~]c and the 

fJuid as they opprodrh the. collector. 1;,f at any instant thdr rela-

tive velocitv is uR the flO\>1 field iHOtmd the particlp, and hence 

, 
the drag on the parliele, i8 not t!te Sdme a<, jf the relative veloeity 

'was stenclj nt u
J
( Tho drag can h~~- regflrded as the Sllm of the steady 

state drag force and an additionfl1 drag force arising [rom the 

relative acce]eratioll (ircqucnt1y cailed the unste<1cly sUIte dra-g). 

Exact calculation of the latter 1s extrem(J]Y difficult. \.'hen computing 

collision ef[icienc L('s the mos' cor.Jmon practicc is to nssume that it 

is small compared lo the steady state drag and ta inscrt ouly the 

steady staEe drag in the particlc's equation of motion. TI1C purpose 

of this chapter is to dcrive a criterion for assessing the merit of 

this approximation. 

The critcrion ~ill be derived by estimating the relative 

magnitudes of the steady stale and unsteady state drag terms, the 

basiê assumption bcing tha~'a Jarge error in estimating the drag on 

the particle will lead to a large error ln the collision efficiency. 

For simplicity a point replacement approach will be adopted and 

•• electrical interactions will be negl~cted • 
l 

, , 
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11.2 Derivation of the Criterion 

The velodty and acceleration of the particJe relative ta 
~ 

. the fluid are not in the same dillcction, a situtltion \.'hich has not 

yet received satisfactory analysis in ihe theory of f]uid-particle 

systems c':cept for tlHo special co.se of a partid e moving in a circle 

(43) . The hest that Cdn he done at prcsC'nt is to use Corrsin and 

Lumley' t' forr;ulation of the BilF, se tt equation (88) \.,7i th Odar's 

generaliscd coefficients (44). This formulation is~a gross general-. 

isation, repre~entlng a rather Lomplico.ted field problem by a single 

integra-di fferenticll equation, bu.t it has been justifi<:>d a pos teriori , 
" 

for rectiHnear motion by the experiments of Clift, Adamj i and 

Richards (94). 

The total drag! on the particle is the sum 

where 

F = steady state drag F ss 

+ addcd f,'\ass 'drag F A~! 

+pressure gradient drag FpG 

CA a addéd mass coefficient, 

~ ... hist'ory coefficiÉmt, 

r • partic1e radius, 
p 

U
f 

a fluid velocity, 

dz ] 
(t-z)! 

(1l.1) 

.. , 
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, 

~ ': parth-le velocity, 

UR ::. ï - u f ' 

z =dum:ny vélriab1e (dimension -::>. tiMe) 

ft = fluid density, ({) 

1-\ :::: f)uid visCOi'd ly. 

__ 2 ff 1 !lR1J 
We lIny.:! assureù that the péJrLi cIe Revnolds nunber I:c 

'; - P ï'f 
i5 smaJl enoug~l for F

SS 
to Le given by Stokes' Lm,. This 18 rcason-

able fdr r 0<' t pr2.cl i.cal cas",,, of collpc tion of sm.:d 1 particles. In 

mas t practical cases Stoke.;; 1 La", ·,."il1 a1so apply al the paTtic1e' s 

tetminal falling velocity li 

~ 
We CBn then write the particlcls 

equation of Qotion as 

where 

and 

4fÎr 3e p p 
3 

particle density 

- 6 'i/IJ. r (tL - u ) 
1 f P _K -....E.!. 

(11. 2) 

... and we have assumed'gravity-to be the 001y body force 'acting on the 
, 

particle. 

The physleal significance of. the added mass drag FAM 18 

that the fluid surrounding the particle mayes at a veloc1t~ between 

~ and~. Therefore, ~hen relative acceleratlon occurs the partiele 

\ 

'r 

.. 
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,) 

must exert a force on this fluid to make it accelerRtp ~ith the 

partiele. The resul ting reaetioh force gi v('s <ln adcli l i l'nal cor:po­

, 
nent of clrng. 

, 
Si nec the ve loci ty (l[ the f] uid varles around the co]] ceter 

the> flt 11cl \'c10city u
f 

in the vidnity of the l';n"ticlc "LU cl18npe 

as thl' parUcle nr)vé'S édong Ils trajeclory. IJc>nce, there \dl] be 

a prés'::;ure grRdjL'lll in Llw flUld surrounding the particle and this 

"dJl e>.crt .:1 [orc(! on the particlE' acldJtlnnal to thnl ,.;hich .,.:ouJd 

be exerLcd if l!f wao; const.:::nt aJong the lr<15'C'ctory. Th1s is the· 

orif,in of the pressure gradient drélg. 

The ins Lan lancous drap, 15 dcterrJincd by the i ns ::antancouc; 

flow field round Lhe partic1e. 1 f the fluid inertia i3 non-zero 

the flm: tn1<.es a fini te time to l't'spond to changes in the paTticIo' s 

veloel ty. Hence, the instan taneous flo", \,'Ul be a funclion of the 

past h1Gtory. of the motion of the partiele and will be inrluenced 

most strongly by the most reccnt history. 11lis is the origin of 

the history drag term which includes the integral of past relative 
l . 

accelE'ration weighted by (t - z) -2. 
c 

Let the reference velocity U be the velocity of the fluid 

relative ta the collector at an infinite distance from th!,! 'collector. 
R 

Let the reference time be üC
' where Rc = collector radius. The 

dimensionless equalfon of motion ià 

du * (u* - u* ) 
(ff) 

du* -=:E. - _ ~ -pt -R 
dt* - St cA Pp dt* 

+(ft) 
du* -f 

f'p dt* 

Q 1 fi! t* du* dz* ) -R -'il' (8iSt A > o (dt.) 
. 

(t*-z*>i 
(11.3) 

p " t* ... z* 
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\.,here u* _ li Iv, 
..Y~ - ~ z* =- z V/R 

c 

and St ~ 
2fT V r

2 
_LE_~ 

9 rf Re' 
In the literature on particle col10ctio~ 

St 1s refprrcd to as the Stukcs nucber, part1c1e parameter or Impae-

tion paramctér. 

Sillct' ~1] the unstcaJy state tCl"'ï.lS are \"('j ghted by the 

dcnslty ratio Pf/fp it i8 ob\"ious thpt the)' ui11 be li1uch more 

important Hhe\l the mcdiu:'") 15 pater th,1'l \,hen it is air. Also, 

inspection of I?quation Il.3 sho"·~s that relative to the steady st~te 

term they Hill be more ifl1portan t at hi gh St than at· low St. \ SiD'r u*-
u* equation (11 .3) l'Hly be rewritten: . 2 ....E.. R 

lJ 

e du* (u"" - u* ) 
(l _ 2.) ~ = -R ---pt 

Pp dt* St 

&- d:!R 
(CA + 1) (~) dt* 

P . l J t d~~ - "dd 1 D- 2 
- CH . (8'!rS t' ) (dt*) • ' 

fp o t*~z* (t*-z*>! 
- . 

Most of the deviation from streamlines occurs within a 

distance R of the.collector surfac~. ~ when the particle 
c 

enters this region. At this time uR* = O(u* ). _ ,- pt At dme t* = 0 (1) 

the particle either collides with the collector or crosses the 

equatorial plane. 
1 

Let u~ = ul at this time. Let square brackets 

(11. 4) 

[ ] denote the average value over the interval t* - 0 to t* .... 1 of ~ '1 

the quantity inside the braekets. Since only orders of-magnitude 

are ~e:ft~~ s~~ght let equatiQD 11.4 be rewritten in the following 

approximaie,iorm. 
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[ u* - u*' J -R =:pt 
St 

t* du* 
H ;:: f (-=-~) • __ ~z* l 

dt* 2 o t*=z* (t*-z*) 

, 
~ 

[ d~] dt* 

, " 

Replacing the actua1 variation of ~; with t* by a linear , 
approximation in order lo ob t~:d n ord'&rs (If ttagnitude y'i,e1ds: 

[ d.':!~}" dt* 

:::. 0 {~( u;!;} - u* )} 
--R """1l t 

;: 0 . (!1!1 - u* ) 
-r\. -pt 

Alimadi and Goldschmidt's theorem (40) states that the upper limit. 

on the history Integral H is given by: 

u*( t*) - u*(O) 
H ~ -=R -R 
-~ ;;; .. 

Now we can compare the orders of magnitude of the three 

-
terme on the right hand aide of equation Il.5. The first term 

\ 

represents the steady Btate drag. The second term can be neglected. , , 

J. 

G 

, 1 + 
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fi . 
in comparison toTith it lf 2 St(c

A 
+ 1) ( ) <.:.: 1 and ,the third term 

St fi ~ ('p 
can be neglected if cH (af( r;) «]. .CUft, Aùamji and Richards 

(94) show that IVhen the parU cIe' s terminal Reynolds number is sma1~a-

"-
which is the case here. the appropriate values of cA and cn dre the ) 

Bnssett valtlcs cA -:::: 0.5 nnd cH = 6. Therefore. the second term can 

Ff 
be ncglected if St(----) <<. 0.33 élnd the 

(J l Pp P-
third t~rm can be neglected 

H h{8{r . ~) 2 « l or Sl(L~) ,« 0.70. Bence, 
(p [) Pp r 2 

negJected if StC -) « 0.33. Le, if (_-E) Re 
Pp 2 ff U Rc

J
\ C 

lec tor Reynolds mmber Re ,= -
c rf 

both terns can be 

Z<" 9 t.here the col-

The particle's equalion of motion can then be. written as: 

()~ du* 
(1 - Lf) -=::E. 

Pp dt* 

(\l)~ -'u* ) 
-R ::p t_ 

St 
(11.6) 

Only lfe~« l, Le. on1y if the medium ls air, can the equation 
Pp 

of motion be wri tten in the conventional forro: 

(~ - u* ) 
-H. ;:pt 

St 
(11.7) 

'For the case of an aqueous medium let equation 11.6 be rewritten as: 

At t* =. 

~ 0 (1) • 

du* 
u* - u* + u* 
~-~ -El St ~ 

0", du* 
St (Li, -=::E. fp' dt* 

(11.8) 

IdE!] 0, u* ~ u*, At t* ~ 1, u*' 1 + u*. Therefore, --L 
-p P' -pt -p -pt dt* 

ln the vicinity of the co1lector the particle and fluid 

velocities will be a Htde less than the col1ector velocity (or , \ 
1 

, ; 
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the frec stream velocity if the c.ollector is slationary) but \"ill 

be of the s3mé order of magnitude. Bence, as a rouci11 approxim<ltlon 
o 

O(~) '" ] nnd O(~f'-) =- 1. Hence if both St « l anà St(U) .« 1, u* 
t"' {'p --1J 

con bp ~btain~d with ncgl1gible Error frn~ the quasi-equilibriu~ 

..L u* +- u* ~.p.=, -f ,,7l' t (11.9) 

Usuôl1v, in an aquC()tlS t'2diur 0.2 ~ ff ~ 1.2 (the u7per limi t 

corresponding to an 

satis fied if S t(fl) 0) 

(-'p 
0i1 drop), bD both 

<....'-- 0.33. 

St « 1 and St (ft) <..< 1 are 
Pp 

To stlmmarise, the criterion for safe neglect of the un-

Pi 
steady state drag terr,.s is St(--) <..'-- 0.33. ,,'"ntn the IT'edium i5 air 

Pp 
and the criterion is satisfied equation Il.7 can be used fo~ the 

particle's equation of Dotio;1. \,~nen the r.èdium is ,,-ater and the 

criterion is satisfied the partic.le velocity can be obtained directly 

from equation 11.'. In the case of particles of diar.e ter up to 20 

microns colliding '.ri th bubbles of diarneter up ta 100 nierons St is 

-2 
le5s than 10 for reasonable values of Pp' 50 use of equation 11.9 

15 jus tified. 

11.3 Computation of Collision Efficiency Inc1uding Unsteady Sta~e 

Drag Terms 

The criterion was tested by wrlting a program to calcula te 

collision efficieneies as a function of Stokes number both with and 

without the unsteady state drag terms. The collector wss assumed 

to be t'an air bubb-le rising vertically. 

1 
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The particle 's equation of motion \vas \.,ritt('n in the 

follo\vi.ng foml. 

du 
-~:. 
dt 

- 6îYk r (u - u - u ) 
1 f P -p -f -pt 

3 2 
4'iT'r d !:l..f tr \J ~-f +_J.l..P( __ ) 

3 f dt ff 

..... (11.10) 

This is the same equation of motion as was used in the previous 

section efcept that: 

(a) the Bassett values 0.5 and 6 have been used for cA 

• -and cH; 

(b) Corrsin and Lumley's correction to the pressure 

gradient terro has been included (88)J 

Rearranging equation Il.10 and putting it in dimension-

less forro gi ves: 

du* { -=:E..= _ 
dt* 

"" 

(u* - u* - u* ) p,. dU*f 
=-p -=of :pt + 1. 5 .(11.) 

St fp dt* 

2 

2 (rp 111, > "2 u* 
9 St • v -f 

l 

... 
J 

.(.J.> H lj(l + 0.5 fi) 
Pp - j fp . (11.11) 

\ 
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where 
H :.:::: (t* {cl (~; - ~) 7 'dz* j 

Jo dt* Jt*=z~· (t*-z*)i 

d~~f 
Sincc the [luid fJO\ol round 1..hE' bubble ls stendy dt.;: ls just the 

du:', 
-f . 

canvect1ve acccleratlon ~; en* mov1ng \Vith the particIe, \~hcn) 1* 

i8 dimensionless distclncc a]ong the particle's trajectory (reference 

Inch of the tcrms in equntion 1].]] 18 now resolved into 

-vertical 2nd horizontal cornponents with dimensionles§ vertical and 

horizontal coordinateq x and y (re[crencp lf'ngth 1),) defining ,the 

particle' s position relative ta the centre of the bubble. 

where 

The vertical component j5: 

1 du* ... ~ 
d1..* 

:.:::: {_ f_(_u .... ~_x_-_uf x -
St 

2( r
p

/ 11)2 
9 St 

u* px 

du* 
fx 

d:x 

(11.12) 

The horizontal compone~! is similar except that u* does not exist pt 

in the horizontal direction. 

du* 
-PY 
dt* ~ {- (u* - u* ) py fy 

St 

2 
2 (rJ/~) 

9 St 

r-

+ 1.5 

2 * 2 
(è) u f'Y.. + Ô u* fY) 
ra 2 ~x2 .Y 

1.20 1ff /f l!) H /(1 + 0.5 t.!. ) 
St y f p 

(11.13) 
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t~ {d(U* - \1* )} 
-- . dt ,,< • 
-J -~ ____ L:_ 

t*;. z* 
o 

dz* --------, 
(t* - Z*)2 

Thf' rat,:, (\f't:hallge of particle position i5 g:iven bY: 

dx dt .~ 

~::! 
dt 

u* py 

(11.14) 

(11.15) 

, ' 
" . 

The particle traj~ctory was COl'lputed by integrating 

equations IL J 2 to 11.15 nUPl€rically using the fourth order Runge-

Kut ta-~lerson technique (89) and starting from x = 30, 1. e. wi th the 

particle centre initially 30 buhble raclii upstreaî.1 of the bubble 

centre. Increasing the initial.., to 50 made less than 1% diffcre.nce 

ta the compu~ collision e.fficie~Cies. 

ù 

The contributio~ of the history integral compenents H x 

and H r,,:ere approximated by sub-dividjng the interval 30 ~ x ~ 0 into 
y 

a series of sections of variable length x. When the partic1e has 

traversed N sueh sections let the titre be t~. ln its previous motion 

suppose it completed the nth section (n~ N) at time t~ (t~ 4 t~). 

Then for the interval t* = 0 ta t* Q t* the Integral in the x dlrec-
N 

tion is approximated by the summation: 

( 

H -x 

A(U* .. u* ) 
'-l px fx • A z* t* { [-] } ~ t lit' Jt.... (t'-'*)! 
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u~X> at the 

- t* )!. 
n-l 

(1i.16) 

end of the nth section 

The valué of H ca1culated using equation Il.16 at the end of the x 

Nth section is then used as a constant throughout the (N+l)th section. 

H is ca1culated and used similarly. 
y 

The mechanics of the computation,are simple. Four arrays 
.... 

are set up to hold values of (uR* ) , (u*R~)~' t* and T. At the end 
x n y-n n n 

of a section the 1atest values of (uR* ) , (uR*) and t* are placed" 
x n y n n 

in the nth position of their arraysj previous values occupy positions 

1 to (n-1). This latest'value of t~ i8 t*N. The entire T array is 
n 

then recalculated u8ing the new ~, after which Hx and Hy are calcu­

lated. 

Obviously, the values obtained for H and H become more , x y 

accurate as Ax is made smaller. The following sequence was found 

to be adeq ua te. 

(a) For 30 . .). x , 3 set Ax :t. x/2. In th1s region the 

relative acceleration is small so the sections can 

be large. 

• 
(b). For 3 > x , 0.25 set Ax - x/B. The relative accelera-

tion 1s greater as the parti cIe approaches the bubble 

" and the streamlines curve -more sharply, so the sections 

must be smaller. 

) 
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(c) For 0.25 > x ~ 0.025 set 4x == x/4. The sections are 

still small because x is now small • 

.. (d) For x ~ 0.025 set ~ = x. This has to be done even-

tually if x is to reach zero. 

Halving the section lengths in sections (a), (b) and (c) made less 

thati 1% difference to the computed collision efficiency. 
,.~. -

The initial value of the horizontal coordinate y (designated 

YI) was a guess for the first trajectory. The value 

grazing trajectory was found by a dichotomous s~~rch 
). 2 

Then the collision efficiency El equals YlC" 

ique. 

search technique are shawn in Fig. '11.1. H denotes a trajectory 

the 

whose YI is too high~ i.e. it reached x ~ 0 (the equator) without 

the parti cIe surface touching the bubble surface. L denotes a 

trajectory whose YI is too low, i.e. the surfaces touched at x > O. 

When the contents of the registers Y
H 

and Y
L 

di!fered by less than 

, 0.5% their mean was taken to be YlG • The collision efficiency had 

then been located with a precision of ± 0.5%. Usually, about ten 

trajectories had to be calculated before Y
1G 

was found. 

• Expressions for the fluid velocities u1x and u1y for 

Stokes and potential flow together with their differentials are 

given in Appendix E. The complete program is documented in.Appendix 

Dl together with a sample output. 

The total computing time with the ullsteady state drag terms 

included was very little greater than when they were omitted, so if 

the method outlined in this section i8 considered valid there seems 

to be little point in omitting them in future calculations • 

. . 
.. 
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, 

~ 

figure 11.1 

.. 

Së:ARCH PROCEDlT-E FOR LOCATI~G GRAZI~G TR.-\JECTORY 

) 

/ 

• 

\. 

., 

.{ 
1 

, , 
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no 

•• 

H 

yes 

select InitIai Yi 

H=O 
L::O 

compute troJectory 

compute and_P!'int 
'grazing. traJectory 

STOP 

% 

L 

no 

nO 
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state cirng tE:nl~ could he eilhc'r illcludcC: or C",c1uded. ColJision '. 

cfficiC'llcies ,'erc, cllculi1ted"î:::' a fUlctiün uf Stokes I1lwher St for 

boJh r O(lC'~, llsing a dellslly r,lt1o f' 1 P of \1.4. This corresponds ta 
~ 1 ,p 

glass bCdds or s111(.,1 parlic]cs 1.n \,';;ter. foc thi~ û,_'nslty ratio 

the (rilt'ric'n st(fL) <<. 0.,'33 1,r~·(l1ctt. that li c unste~dj state terlT,; 
. fI) 

shotlld r,c' lInir lport,lI1t if St (<. 0,8. 'llll! Yllrhus ratio rp/l~ ,,'ilE' set 

arh]tr~~llv at 0.1. TheIl \vj tl} Stokes f10;' ilwl1nd the hu!)~le .u·~ ::::. 
pt 

u* W2S ~el arbitrarily 
pt 

at th~ b~r~ value. 

l'igurc 11.2 shows the COï,Jtlted lolHsion (lffjciencies [or 

-2 2 
Stokes nu 1bcrs [rom ]0 - to 10 . ·'.':ith Std',('s f10\-l thL unstcady state 

terms ace seen to have a neglirib1c effeet ~elow St = 0.1. Hence. 

St <<.. 0.8 i s a vaU cl cri teriorl for theil nCf-lect. Above St = 0.8 

including the un~lcady state terns reduces tne computed collision 

effici(:>Dcy by Ù~) to 60%. Bdo\<' St = 0.1 the collisjon efficieney 

i5 effectively constant at 0.033. TI1is i5 the value obtained for 

rp/~.= 0.1 and f/ff =2.5 in Chapter 5 (Fi!;.5.2) by neglecting 

particle inertia. Bence, the quasi-equi1ibrium assumption tNhich 

is the basis of equations 5.3 and 11.9 is a good approximation when 

St~O.l. 

With potential flow the unsteady state terms have a much 

smal1er effect than with Stokes flow. They never reduce the calcu-

lated collision efficiency by more than 10% a~ at low St they increase 

it slightly. Therefo!e. our criterion for their neglect is on the 

\ 

. ' 
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.. ,. 

" L , . 
f 

'Figure 11.2 

CO!-lPARISOi1 OF COLLISION EFFICIE~CIES \HTH A..'-l'D WITHOUT ". , , 
UNSTEADY STATE DRAG TERHS I~CLL'DED .. 

• 

,. 
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conscrvalivc side. Ih~ reason for this 

" f 

.; <, ... " app;:rent if one c:xa.ni ncs 

lhe vari,ltion of ('.,cess pr~s011rc (P-l~) dL Lhe :-,urLlc.(' of a sphcre 

\dth ;m;~l(' e frol" lLé nose of the sphere (ri;> lJ. 3, taLpl1 from 

rcfcrt'I1c(, .(0). In StL,kes fll';,' (r-J~) ie; a'lpdvs posHlve up tü 

\ 
90

0 
so the prt!b',Url2 grdc'ient _lh':1Ys pusllc,-; thc' partjc\lo ['.way from 

, Il 
t 1 l . l fl (r},) . for 1:80

./ e < 900
• tl1e sp1crt:'. n·pDt\~nl13 0" 1'-00 lS I/C;:'1t1"\"(' «....... , 

so in the re~:.ion \Ljeh is n:05,[ criticdl [!, f.:lr 3S the ~rdzlng t.rajec-

Lary 'is cO!lcerncù l'le prec;suc,' ;;racl i l nt is pulling Lhe pnrtidc in 

Laward the bubh](' <.1JTL1ce. Sincc lhe adc1cd mns(~, and bisLory Lt'nT's 

ah'ays ll'nd ta n'CIllee.: ~he collision efficie;-.cy by incyc3sing the 

drag i11 the direction uf fluid r.otlon, thü, 1N3ns thal 'the pressure 

gradjcnt U~rm rCln[orces the 1 atler tHO len:1s in Stokpi [10\01 but 

opposes lhcm in pOL('nt1a1 fla...,. This i.s illustrated in Fig.l1.2 

where the ----- ] incs sho-,,' cnlljsion cffi.cicncies calc.uVlted with 

the pressure gradient term fiS the only unsteady state terme 

Il. 5 Closure 

In this Ch<lpter the criterian St<Pf/fp) « 0.33 has been 

developed for cleciding un'J(lr what circums tances unsteâdy s tate drag 

f~rms can be ncgl ected when calculating collision efficiencies. 

Sample calculations for the case Pf/~ ~ 0.4 confirmad the validity 

of the criterion for Stokes flow round the collector but showed it 

'. 

.to be conservative for potential flow. The quasi-equilibrium approxi-

mati on was shawn to be valid for St < 0.1. 

The next chapter analyses' the econornic$" of removing fine 

particles from water by dispersed air flotation. 

1 
,/ 
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Figure 11. 3 
, 

EXCESS PRESSURE AT THE SURFACE OF A SPHEREj COMPARISON , 
. "1. t 

'OF STOKES AND POTENTIAL FLOW 

'.' , • 

'" ,1 '1 ; 
l , • .> 

-~-' . . 
-, 
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12. Eco:wmcs OF DISPERSED AIR FI01ATION 

\ 
12.1 Introducti0n 

This i& no t li detailed cos t s tudy. Tt is in the nature 

r 

of a pn>1il1linary fca<"Lbility study such as \!Ould be performed E'ar1y 

in a TeS('drch projC'ct in arder to select thoE'e arens in whj ch effort 

should hc coor'clltr,lted. The cast datd arc v'~ry approximate at best 

and shou1 ct on] y he. taken 3S representi ng the orc!er of magni tude of 
1 , 

the costs jnvolved. Conclusions Hill be based only on differences 

in orùers of magni tude. 

\\'Âegin by taking as a base case the \vell-es tablished 

. 

. ~ 

coaguJation-sedimentéJtion proc.ess for fine particle removal. The 

receRtly-co~mercialised Electroflotat1on prucess, in which smal1 

bubbles are generated clcctrolytlcally, 15 considered next. FinalJy, 

costs are estimated for f10tation with bubblcs generated a\ a porous 

distributor. 

6 
In aIl cases the design ~apacity of the unit i8 aS8umed 

ta be one mi 1lion U.S. gallons of effluent per day. This i8 the 

order of magnitude of the effJuent from a sroa1l town or a medium-sizeà 

industrial unit (90). Other ~ssumptions are! 

(a) construction in 1973; 
\ 

(h) annual capital charges are 157. of ~nitia1 investment 

(7~% for capital recovery plus 7!% interest); 

(c) no profit required from a pollutiod contrQl investmenti 

(d) 

(e) 

average throughput i,~~ of design capac1ty; 

fixed operating costs :~e same for a1l cases • 
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12.2 Coagulation-se.dimen_ tation 

The data source is Smith (9]). 

1967 capital.cost c $50,000.00. Assure 6~ p.a. co~t 

escdlJtion ~et~epn 19'7 and ]973. 

TIl~n 1973 capital cost ~ $70,000.00. 

Capital charges ':::. $10,500.00 p. a. 
1 

::. 3.6 c!lOOO CSG. 

The rrlpdpal vélnab1e opE'rating cost is the cost of the 

coagu1nting ClI2i Oicél1,.., herf' assuillcd to be lire uc,~d at a do-;agc of , 
300 rg./l. and costing $20/ton, i.e. 2.5 c/lQOO rsc of efflu2nt. 

Sumn:ary: 

capi tal charges 

chemicals 

TOTAL: 

c!IQQa CSG 

3.6 

2.5 

6.1 

.'" ; 

l 
Coagu1ation-sedir;:.entation units usually only reuove 85 to 

, 
. 90% of the incOining soUds (90), 80 if greaterr purity is required 

• 
a final polishinp sand filter may be needed., This could add at least 

_/ 
5070 to the capital charges. Coagulation-sedimentation works regard-

less of whether the partieles are hydrophilic or hydrophobie. 

12.3 Electroflotation . 
The data source ls Kuhn (4,5). An eX&JDPle 18 quoted in , 

which Electroflotation achieves 90 to 95% removal of so11ds and oil . . 

• 3 from steel rolling mil1 wastes. For a flow rate'of 75 m /hr. (475.000 , , 

3 USG/day) the cell volume le 2S m. (6600 USG) and the power consumption .. 

, 
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i5 2/5 \·:h peT m.
3 

trcélted (1.0 K\.Jh per 1000 USe;). Bubble dlameters 

are said Lü be loss thafl 100 mi crons (3). 

i\c;c;ur;,<-' that cclI volll.J.2 rcquilcd je; proportioIla] ta volu-
1 

ture .1 te', Lost (",tUtIe electroc1es imd skjr.LOcr) should he jn the S:lme 

region pc; t I,ll: of ci stoT.:lge tclflk \'it 11 the SDî',: capaciLy. Peters 

and 1Îïr~rh<1'J':; (97.) fivc il 1967 purchac,e C0St of SS008 for a 14,000 

use· C31'o('11 c;tl'l'l '-,LU~3~L' tank.. 111e reC0r;l,llCnèf'-d naleriill of cons truc-

tion for ;:lC'ctrof)otnlion (:(,1]<; ls polyetil\'J~ne or sildlar matcrial. 

;';0 cost èdla could be found for plastic tan}:s, hut P~C plping is 

kno\'n Lo 

App1Y.lng 

oe about-L'\' J>;ore expcnsi ve lhan c.3rbon steel piping (92). 

tl'ie sa.1J(> ditferential to ta;lks and C'scalatin~ ta 1973 gives 

a cost of SS400. 

1h8 electrodc~ corrode and fouI 3nd have ta be replaced 

severnl tine" during the life of the plant sa the y are treated as 

a vari3b]c opeating cost rathcl' tIla'n a capj tal cost. The skimmer, 

\"hich skin..5 floatcd r.::aterial off the top· of the liquid, i5 a 

completely nnknmm quantity. As a pure guess its cost is put at 

20% of the tank cost, giving a total equipnent purchase cost of 

$10,000. Instrumentation, piping, foundations, paint, power supply, 

construction expenses, engineering fees, cantractor's profit, contin-

gencies and working capital are accounted for by multiplying the , 

purchase cast by a Lang factor of 5 (92) to give a total installed 
\ 

cost of $50,000. The working capital allowance of 15% in the Lang 

factor can be taken in this case to apply to the initial pair of 

electrodes. 

, ( 
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• Bence, cdpital charges are $7500 or 2.6 c!lOOO USG, 

\vhich i8 40% lefiS th [ln for coagulation-sedirnl"utation. Tf clectrld ty 

i5 élvcl'iJahle dl 1.5 c/KHh (92) -the pm-'er cast is 1.5 c/lOOO use;. 

Kuhn r:uuleos [ln dPl'lic3.tj~1l 1nvnlving the purifjcaLion of painl-

bearing \;ntpr and states that the opcrcltlng cost js "0.7 c/1000 gdl., 

HlIicl! includcs the cos t of cl10Illical d()~;ing i"gcnts ;md e1ectrodé 

rep]:lCl211lent co~,tS." Tn vip"" of the stélted pO\,'er requiremcnt Kuhn's 

oper"t lng ('ost must refer to a situation \Vhere the cosl of clC'ctricity 

is ahn(lrmal1y 10',7. It \1ill be nssumecl lwrc lhat the variable oper.3.ting 

cost 'is 0.7 c/lOOO USG plus the power cast, provided no surfactant 

i5 rcquired. Since both oUy iron dust particles and paint droplcts 

are hydrophohic j t i5 presuIllcd thal no surfactant j s used in Kuhn' s 

examplcs. The " che1l1jcal dosing agents" referred to are probably 

alkali to raisc th(~ conduc:ti vi ty of the \,'ater and possibly also a 

flocculan t. 

To summarise for situations where no surfactan t is needed: 

c/lOOO USG 

capital charges 2.6 

power 1.5 

chemicals and electrodes 0.7 

TOTAL: 4.8 

Therefore, in these situations Electro~lotation i5 at least competi-

tive with coagulation-sedimentation a~d may be cheaper. It 81so 

e· offers the follo~ing benefits, which may often be important: 
.\ -

-, 
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(a) Greater Z salids re~oval (90 ta 95~ versus 85 to 90%). 
{ 

(b) l'lore COllly<lcl. 

(C) No lin;e sludgl'. 

(d) pxygend t Lon of the i'!élS te s l rean by oxy;~cn f?cr1C'rated 

at onc of t1](~ electrodcc.,. 

llnforlun:llé' Ly, thc' pn'cc" L' hccore" T'uch too e: pl''lc;Ï\'e if 

surfélctnnt hdS lo bc' d(hleo to lhe p2rtir1c.<, "'ti ck tn l)w bubbles. 

Alnost aIl the' lahordtory studies l'n h\dror1il.l1c particll:'s reported 

hydrophobie. Taking dn average f1gurc of 30 t'pm (0.24 1,h./IOOO USe) 

Ol1d élssur'lin~ 3 co.tionic surLlctaI1l COo,ti,1g t::pically 40 c/lb. the • 

.. 

~ur[aclant ('ost i8 10 c/l000 11SG. lïds trip]c~ the cast of the proC'èss 

émd l'lo.kes 1 t FlllCh marC' C":pcnsive lllém COo.guI2tfon-seclllflL':1lation. 

Il also cre~lcs a pollution probJRn Bince surfactants cause 

foaming on rivers and DiaS t authori lics prohihi l the dischargc 0\ 
.r 

\t7asle slrcn!llc; contnininr, nore than ] pprn of cktergents (Le. long-

chain surfactants SUcll as are used in flo~ation). Probably not 

more than onc-thinl of the surfé:ctant \o'ould bp removed in the fJo-

tation cclI (see Chapter 7, section 7.4.8)~ 50 the remaining 20 ppm 

would have to be rCPloved by do~"nstream procE'ssing. Removing it by 

• foam fractionation or adsorption on activated carbon would at least 

t 0 

Qouble the cost of flotation (26). If ~he surfactant 19 biodegradable 
>1 

it could be removed hy biological oxidation, but the S-day B.O.D. 

, 
of 20 ppm of surfactant is about 40 ppm and this could be a signi-

ficant increment unlcss the effluent already"has a very high B.O.D. 

A further drawback i9 that cationic surfactants are mild disinfectants 

and could have delcterious effects on the operation of biological 

l'V 

\ 
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oxidation units. 

The conclusi~n ls that Electroflotation is only applicable 

when the particles stick to the bubb1es without the aid of surfac-

tants. Yet. one or two of the applications quoted by Kuhn refer to 

materials which one wouid expect to be hydrophilic, e.g. glass fibres 

and asbestos wastes. 

12.4 F10tation with Bubbles Generated at a Porous Distributor 

The only way that commercially available porous frits can 

be used to ge~erate bubbles as small as those generated in Electro-

flotation is to add 0.1 vol.% or more of ethanol or other short-

chain alcoho! to the water. This technique has been used by Rubin, 

Cassell, Pinfold, Sebba, Ratcliff and others (6,7,12-23,50,55,59) 

and was used in the batch celi experiments described in Chapter 7 

of this thesis. However, while this technique may be very convenient 

in the Iaboratory it is a non-starter for large-scale applications. 

Ethanol costs about 30 c/USG, so at a 0.1 vol.% dosage the cost of 

generating small bubbles by this method would be 30 cll000 USG. 

Furthermore, 1400 ppm wouid be added to the 5-day B.O.D. 

Suppose that a fine (4-5.5 ) frit i8 used without either 

surfactant or alcoho!. Our own visuai observations in our batch 

cell suggest that at an air rate per unit frit area of about 0.3 ml. 

2 per min. per cm. the bubble diameter ia of th~ order of 0.5 mm. 

We now suppose that such a frit i8 instal1ed in the Electroflotation 

cell of the previous section in8tead of the electrodes and we pro~eed 
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to esLiU!at~' the air rate n'quircd to give the sar;;e performance as 

the bubbJl'<" .,hich \,'cre gencrated e]ectro]ytj cal1y DL the statcd 

pOl·'cr COllSl1 r il ti on of 275 HI1 /Pl. 3 (1.0 Kt,:h/J 000 LSC). 
l ,1 

111e pO'Jer (,()JlSumption of corii,':!rci~J1 ':atcr elcçtrolvt>is 

units i5 d':10tlt J50 Ld' pel' ]000 SC)· oï !i
2 

'(93). Assuming that 

hydrogC'll ;::~1d o;..ygC'n "re ge'l.L'ratcd in tlW volu;'etric ratio 2:1 the 

r<ltC' of U1S rrocllJctillll is ]500 sel' per 150 k.'il, i.e. 10 SCF per 

lü'h. Tf thp elc:ctycdc' efficiC'llCY of Ut:ctroflota.tion uni.tf, is 

SUPPC,f)C the <,j;te of Hw l:lectroflotatlon bubblc.s i8 of 

the sa;:->\:' \lrc:c>r ae; thO'~e in our hatch cc] 1 rune; Cl And G2 (average 

dlar.letcr 71 nierons). Our electrùlyti cally-gcnerated bnhhles in the 

cinépboto;ll cYl'graphy experimel1 ts \olere d li t tl (' su.aller (average 

dia!l1cter al,out 60 f'1.UOnc;) but they calï,e fro;:]. a fine wi.ce rather 

than i1 grid. eOPl~arlng our l'un CS \dth TUl.1S Cl and G2 in Fig.7.14 

~nd cC'Trectlng for thr:: differcllce in air rales bel-ween runs we 

obtain for a constant air rate the ratio of flotation l'ale constants 

~SO.5 tnrl.) 
k(71) 

. ,0.05 
~ û.4 

24 1 
x 43 :::. 14" 

Bence, the air rate requirf'd to give the same performance i5 14 x 10 

:=.140 SCF/lOOO USG. Given a ceU height of 1 metre, whieh is what 

2 
Kuhn recol'lmends, the cell arca i5 2S m. and the air rate per unit 

2 
eeU area is 0.4 ml. per min. per cm. . This- is similar to that used 

in pur batch eeU. A typiea1 factory cost for filtered, 'dried 25. psig 

air i8 10 c/lOOO SCF (92), so the cost of 
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c~se is 1.4 cll008 GSG. This i5 si~ilar to :~e ~ost of gen~ratlng 

cf] . 5 ch'., l. 

that 0.5 --. ')\..'"\>le~ ~;~11 p-rri~vp ôt ~:-:e 1-j~l~~C '-I_!~· .. ~~:( .. \."it·~ -t~C'1 -ore 

k~JI8ti.: eOîc'r-.::· t:~,?.n t~e 

~'~" t~:s 
~~aller elec:rol~tic 

.. . 
!"":: -1.,.. '!. ~:- ::-- r";) 1 c. ~ ~ of ~;\t('délJ 

\ 

/ 

//of 38 ri-'~ or 

t c(\ns'..-,ticn. de\'c}r:t''''C: ln st c ti ();-) 

against the u~e of surfactants at thi~ sort of concentr6ticn apply 

here a1so, 

12.5 Clos ure 

Ïn this chaptcr it has becn sr:c'· ... n t>',at dispersed air f10- . 
....... 

tatio~ Day he Che2?er than ccagu1ati(>n-sedi~en~3tion if the partic1es 

are already ~ydrophobic. If the particles have ta be ffiade hydro-

p.hobic br adaip.g 30 pp::1 of a surfact3'1t the process beco::1CS econom.cally 

and environîenlally undesirable. 

In the next chapt,er a ne.v process l.;ill be suggested ",hich 

enables hydrophilic particles to be floated at surfactant concentr.1-

O\ons belo.,r 1 ppn. 

'r 
1 
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13. EFFLR\LSC} ::r 1~lOT.\T}(I"; 
-.---~---

AlI IHbor~tory Etudies to date rul the renovdl of hydrophilic 

f L'O~, \,'-d·:r h:' dlSf'crscd air fJoL,iLion have thed surf,1etant 

Cl der (If ~ te ~O Pî"';--. l t '",a<; sho·m. in the 

nt t:IE-e cdrfac.ta~t J,'\'01s the process ls l\i0re 

(>;'lh'nc.·v.:. tIl,ln altC' r n::ti\'e pdrt-'clc lC-;;OV<I] pr:Jcesc:C'c, <lnd \o.'ill 

probal'l\' ) 'quir(' c;(l~ ll~tn:=a;.: prc.r,,-~Ço eGUU~ t~(' surfactant 

concentr.üion 0 1>('10;,- l ppr:: ! clore the' ac;tc ~tr('am can be dis-

c.hàrgcd to n-.-irumrent. .\nJ yet ycb a l1igh cO;lcentration of 

surfaclmt 1.S 11'0 . o.n 2.dsorpLic-.n vic·.;point. The data 

• of Connor <l'ld Otts··iJ 1 (56) on ?c1s r rption of cationic surfactants 

by polysLyrene ]~t('x and of Jay20ck and Otte~ill (69) on adsorption 

of ~irnilar surfact~nts by silver bro~ide show that less than l ppm 

i5 enough ta reducc the zet<3 potential of the partic]e5 tü zero, 

at whicb point ~;lC particles l'ould pc hydrophobie enough to float. 

The real rea50n for using suC'h hi g!l concen trations of sur.factants 

i5 that they are essential if a stable froth i5 to be formed, and 

a stable froth 1s a very convenient '.1ay of collecting particles. 
o 

In the experiments described in chapter 7 i t vas found that at an 

ElIDA-Br concentration of 0.25 x 10-4H (~10 ppm) the froth did not 

seem very stable. In the absence of isopropanol DeVivo and Karger 

.1' 4 
$23) eould not gct a stable fro th ~th EliDA-Br 'below 10- M. Such 

high concentrati\ns '.lould not he n~eded 

the floated parti~s could be devised. 

if another way of collecting 
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Recent work jn ocean6graphy 5ugge"t'> a possih]e lechnique. 

OCêilnographcrs have bl'en intl'reslcd for sonle lltre in the mQC'hanism 

of fOrr'lfllion of hlabh marinl' fogs. Â favouri te curn'ut theory is 

lhal \'lIen thE ~I.'il ie:; rOU))l, Wélves C'rclc;h~ng dm'n on tü tll(~ sea surface 

C'nlr<1in mi 11] (Ill'; of c;mal1 a;ir bubhJes dO"Il ta a depth of l\vO or 

three fCt't. Ils lhey rJse ht!ck up they pjck u;) solid particlcs (dlJ(.Hl 

plankton, win.'ral debris, etC'.). The hu\tbles t-urst at thE' surface 
i 

and ejecl tlw!,(' jntn ~hé' nir VlhC'rc the v'ind cduhes thcm and ev<'lpo-

rates the> \'i1teL Th~ atnlo,;pl!ere dhovl' the ~,l;) C'onlnill'o :1 ]ol of 

lhcsE' IHlttlc]es and ",he,n cOlldilions <lre ripe' fhey Ret <:" nuclei for 

fog fonnall on. 

\~all ace ct <'l]. (70) have R~lOwn thal the 10\01 level of sur-

factant naturrtlly prCSll1t jn sea \,'atcr (rrlUch lo~,'er than ] ppm) i5 

sufficient to rendrr fJoatable part:ic]es present in the waler. (The 

surfactant cumes from lysing of cleatl eclls - in artificial sea water 

the parU cles didn t t fJoat.) We knOH from our cinéphbtomierography 

experin1ents (Chapter 6) that collected particles are s,,'crt round ta 

the tiack of bubbles. Maclntyre (71) has shoHn by high-speed photo-

graphy that when a buhble bursts at the surfacE' of a Iiquid the 

Ifquid \vhich was at the baek of the drop i8 carried fOrHard by its 

own momentum and is ejeeted into the ai. as n jet droplet. Recause 

they come from the back of the bubble we would ex-pect the se droplets 

to be richer in particles than the underlying 1iq4id. Blanchard and 
/ 

Syzdek (72) have measured the concentration of hacteria in jet drops 

and found it to be up to 10
4 

times higher than the concentration in 

the bulk liquid. If a rnethod cao he devised for catching these drops 
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we have the partide collection technique h'C are J ooking for. \~C 
1 

cal] it pffervpscent flotJtion. 

13.2 Exoe ri Ir'.:'n t -----'--- ------

TlH' Deltcll cclI vlith the nèdlurl frit \,'OlS fi11ed ta :, in. 

from th~ top \vith distilled \,'clLer contnining 70 m~>/l. of SDn latex 

. péuticles. ~it illgen \\as hllbhl(>d thr(111z,~l i1t 41 r.ll./mln. Il picce 

abOVè it to kc>ep il fIat. 7 m]. s::I!"plcs \.;cre Laken . .::it eighl-10 JJwte 

intl?rva]s nnd t!lf>lr totall'drtic1c cüunt n'e96url'(~ on the Ce}]oc;cope. 

\.Jith no surfactnnl present thpre \Vas) no ren10val of partic}es. 

Particlc rcmova1 bcgan whel! 0.8 rpm 0f LHDA-13r \.,Jas aùded. Figure 

13.1 ShO"elS the Tate of removal: 85:-: of the particles \.Jere H'17loved 

in 53 minutes. The absorhc"Ill paper I,'as changcd dt tl.Jenty minllte 

intervals ,lS by then i t uq.c; very .;et. The paper ",as th:~let and aftér 

drying in an oven 

clearly visih le. 

11.3 1)iscus~ f' 

a white dise of c~lle('ted latex particles waS 

FigUle 13.2 is a\hotOgraPh of the fi'rst disco 

85% removal in 53 winutés is as go~d a performance as 

rnost coagulation/sedimentation l\1lits achieve. The gas rate used was 
1 

very low, and lmdottbt:edly particle rernoval would be faster at hi'gher 

.. gas rates .• Cornpared to coagulation/ sedim~nta tiont ef.fervescent 

flotation has the great advantage. of giving aeration at the same 

time às particle removal. Compared to conventjonal dispers~d air 

&.-
(froth) flotation the ndvantage of having less than 1.\ ppm of sur-" 

~ 
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• factant far outweif,hs an)" incrcased capi. tal cos t due ta the longer 

rcsidcnce time. At 0.8 ppn of a surfactant c0sling 4oc/lb.) the 
, ~ 

chemical costs arp O.25c/lOOO [SG, i.e. one-tenth tho~~ of coagula-

tian-sedinenlation. 

Patents on the process have becn appljrd for. 

13.4 Cloc.ure 

ln this c..lw.pter a novel process for reiTIoving fine hydro-

philic particles fron \,'3. ter h.::,) been described and shown ta be 

feasiblc. It has several advant48-S over existing processes. 

This concludes the Leseri performed in this 

project. The next chapter co} lects ogether the rrain conclusiçns. 

,. 

" -\ . 
.... l' 

'\ 

• 

... ' 
./ 
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14. Co:\CL{1STO:~S 

are floatcd by hU',l)J(H; ",f dléll'lCtl'T 1ess than 100 T~il.n);-,' the flotR­

• 
tJ(l:1 rat'- ,d',,"1)'; 111('),'(c:;('. l".:lllitlly \,rilh ù('crti1<.,Ln:-. tH,11 l-le ..,i7'~. ft 

, 
be e}:l)lal..)('~l by c-01l1-,lCIl lht2orll'S bas('d pure1y on hydrodYllamics 

"hich al1,.;nys predl ct .:: 1 arge dCl't.:'l'dc.'ncc of flotatioll rate on particlt> 

si.!e. It is spcctll[>tL>~ thJt ",hen the particlLs are very small and 

posses~ an L~prccié1ble ~eta poteqtial electricAl interactions 

bet,'eE:n particles and l.H.hhles he(Ol~le inpéJrUll1t anù that this. accounts 

for the obscrvcd v3ri ation in the effect of pi1rU cIe size .. 

Speci.fical1v, the mnin featurec; of the experir-·ental data 

on the flot ation of gla~s beads and styre~ divinylbE.nzene latex 

partic]es C,Ùl be predl.cted by <a collision mode1 based on the follmylng 

• as Surlpti ,')n', : 

(a) The bubble has a rigid surfnee and its motion ts not 

affected either hy the presence of the particie or 

by neighbouring bubbles. Consequently, the fluid 

flow round the bubble can be represented by Stoke» 

flow. 

(b) Viscous resistance to thinning of the film of liquid .. 

be>t"'cpo the !;urfaces of the particle and the bubble 

can be neglected • 

(c) As a consequence of (a) and (b)J the particle can be 

regarded as a point mess when calculating its trajectory. 

\ 

f 

1 
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• 

• (d) The inertia of the particle i8 negligible compared 

to the fluid drag force but the effect of gravit y is 

not necessarily negligible. 

(e) The bubbles are negatively charged under the experi-

mental conditions of the batch cell runs. 

(f) The attachment efticiency is independent of particle 

size and bubble size. 
o 

, '. Models which ignore electrical effects but refine the hydro-

dynamic treatment by taking into account viscous resistance to film 

thinning, the effect of the particle on the flow field round the 

bubble and the effect of neighbouring bubbles on fluid streamlines 

i are unable ta explain the rela~ively small effect of particle size 

on f10tation rate observed with styrene divinylbenzene latex partic1es. 

Experimental data on bubble zeta potentials is a pre-requisite to 

further progress in this area. An experlmental study of the effect 

of particle zeta potential.on the relation between flotation rate 
- . 

and particle size would a1so be very us~fu1. 

-~ 1 The cril1~rion St<fflfp) « 0.33 appears ta be valid for 
"- "''"''( ~~ 

. deètding whether unsteady state drag terms can be neglected without 

serious error when computing collisitn effi~iencies. The effect of 

these terma is less for potentia1 flow than for Stokes flow round 

, 
\ , 

• 
) 
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the co) lector becduse in the former case the pressure gradi.ent opposes 

,..,the uther un~t~aJy St3tC tC'rIl,'i \olhereaq in the lattC'r case thC'y re-

infdrcc eRch other. 

Dispersed air flot~Lion may he a cheapcr ~pans of removing 

fine p<1rt:icl('s fror.l \,'8ter tlWll co:tgdl,ltion-sLdir'cntatloll if the 

pdrlilJ~q in th~ [ced are alre~dy hyclrüp~ob1c. Jf 30 ppn of s~r-

factant has t~o bE' nc1clcd to the [ccd to ;~2kc the partic1es hydrophobie / 

and/or to provide n stable f ro:', to retain th." at the,' liqui d ',urfder 0 
the prDccss :bR riènd\:'red undcsi1 nble on bDth economic and environ- ~_ ,;' 

nlE'nLJl grounds. Ihth hydror-hilic particlcs efferyesccnt flotaLion, 

which T~quires lf'C;S than one part per million of surfactant, appears 

ta be mueh more atLractive. 

.. 
, , 

\ 

/' 
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15. CLAIMS TO ORIGINAL WORK 

1. Measurement of the effects of particle size and bubble size on 
>\> 

the rate of flotation of fine particles by sma!l bubbles with 

Reynolds numbers less than 0.5. 

2. Development of a mode1 which :successfully predicts th~ main 

features of the experimental results. 

3. InventiQn of the effervescent flotation process for removing 

fine hydrophilic particles from water by dispersed air flotation 

at a ~urfactant concentration below one part per million. 

4. Development of a method for including the effect of unsteady 

state drag terms when computing collision efficiencies for 

Stokes or potential f10w around the collector. Derivation of 

a simple criterion for predicting when such terms can be neglected 

without appreciable error. 

\ 

\ 

\ 

• 

" . 

• 
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t 
16. SUGGESTIONS ~OR FURTHER RESEARCH 

1. Measurement of the ra~ of flotation of SDB latex particles as 

a function of particle size with the zeta potentia1 of the 

particles reduced to zero by controlled addition of an eleetro-

1yte. If the slope of the log k versus log d curve approaches 
p 

the predictions of a purely hydrodynamic model the e1ectrical 
1 

attraction hypothesis will be eonfirmed. ,This will be an 

important step forward in our understanding of fine partic1e 

flotation. 

2. ~velopment of a technique for measuring the zeta potentials 

of small bubbles in surfactant solutions. Experimental data 

in this area are a prerequisite to further progress in modelling 

the flotation of fine partic1es by small bubbles. / 

3. ,Development of the effervescent flotation process. The most 

irnmediate needs are: 
l ' 

(a) proving that it works on a variety of partieulate materials; 

(b) measuring the effeet on process efficiency of co1leetor 

'height above the liquid surface; this will be related to 

bubble size and air rate; 

(e) designing and testing a practieal large-seale spray eol-

lection system. 
{\ 

4. Measurement of flotation rate as a funetion of partiele 8ize~' 

and bubble size for sub-micron particles •• 6 may be found 

that in the toodel proposed in Chaptèr 5 tfll'rarticle diffusivity 

calculated from the Stokes-Einstein formul~ will hav~ to be 
.- 1 

modified to take electrical attraction into account. 

r 

,. 
, 
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ean', be floatcd pUl"cly by hydrodynnnrlc capture; c)Ç1H'rimcntal 

stlldiE'S élir t'd ut dü;covedng Fllet.her tilt' f]otat~on r:J.tc of 

hydropll0hic pf'lTticlcs i~ inCrf>élbVd ~i~ni.fjc:mt1y given the 

ph)' '3 i c,d c(ln,di t ion::.> favou rin g hyJ.l"odynani c cap t ure. 

5. '.~e~sun'l'dlt of flotBUol1 rate as il funcUon cJII€ partlclc size 

, 
and bu'-,;)](, 'oize fC'l" sub-micron l'article c,. It may be founcl 

calculdted fron the' SLokcs~Ejnc;lf'in for",mL'! \;:111 haVe' to be 

modifleJ to ta~e ~lpctrical attraction into account. 

If • , , ' ., 
, 

.. 
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'1". .... 
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KO:'\L~CLATF1{} --------"";. 

i~ 
din-", ter of sphprc 

Eo tvos Ilu.r.bc r 

terr'lnal veloc1 ty of sphere~ 

ter,"iilaJ vC'locity ~cording to Iladamarcl-Rybczinski cquation 

terminal velocity acc:orcling ta Stokes' Law 

V/li 
st 

fl/rl. 
yi scoC;i ty of IT.CCU U;'] 

viscosity of drop . 
density of sphere-

density of mediu~ 

, t 

difference in surface tension between front and rear 
stagnation points of a bubble 

ha]f a~gle subtcnded by mobile portion of bubble surface 

particle diameter '\ 

bubble diame ter 

'volumetrie gas flow rate 

first order flot a ti, 011 rate constant 
" 

bubble path length 

," 

\ . , 
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Ham~kcr's consLant 

bubl>le diamctcr 

colle·clion efficiency 

collJsion cfficlcncy 

altachrr,2nL ef rideney 

parti cJ e m:1Sb ' 

parti clL' r.:1diu:.; 

collector radius. 

r IR 
P c 

Stokes nUlllbe~ 

contact time 

fluid vploeity al infinlty 

.. J 

dimensionless' partic1e velocity' (reference 'veloclty U) 

dimensionlcss fluid velocity (reference "elocity U) 

dimel1sionless partic1e terminal velocity under gravi ty 
(reference veloci ty U) j\ .Y 

/' "-

. . 

-
dist ance of grazing t.rajectory from collector axis at infinity 

surface tension 

double layer thickness 

J'dtelectric constant 

1 + r'lf 
p 

fluid vi~cosi ty " 

pâ~ticle density 

angular coordinate 

particle ze ta potent1al 

" 
.,j, 

\ 
• 1 
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\. 
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nu,,' E'r ('l).lcentralJ."n .()~ unad~Olh(·d particles in layer 
adj,ccnt to buhbl~ surtace 

n 

ndIiii)er eo~entrati.~n of partiëles 

4rtH'Jl' (lLfflls'iVilY 

Db bubh 1 (' dl (1,1(' ter 
, 
" 

E collcctio1 cfficlpncy 

" E' 
l 

collislon efficlenry 

};: 
2 

attachr..cnt ('fficie'ney 
, 

f (c -(' )/e P !,q P 

/.) g aceëlcration due to gravit y 

k Boltzmann nu~bcr 

k 
p 

partiele nass transfer coefficient 

K ] -t- 'r /\ 
,N floH of pélrtieles through voluule swept out by"bubble in 

unit tiI:1c " . 
• 

< N' rate at ",hieh particles collide with the bubble. 

Nil net flow of partic]es ta bubbJe sur6ace in unit time 

Pe Pecle t numbe r 

r radial coordinate 

r 
p 

partic1e radius 

r* p 
, 

1\ bubble radius 

Re
b 

bubble Reynolds numb~r 

Sh Sherwood number , . 
, 
St Stokes nutnbel: 

t (~, time 

.~ t 
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\ 

absolutc~ t(~'ïper:ltur(> 

partic12 ve10cjty relative to bubble 

f] uid \-èloci ty relative to b ubble 

pé-n-tic] e tt:'n.,inal fail i tlg \'clocity 

u IF 
pt' b 

bubb]e tend nal rising VP~,OCi ty \ 

rd/~~ 

" 

l ' • - l 
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'. 

; 

dis tance of 'graz'ing trajectory fro:n bUQble aHs at infinity 

.?vera'ge thickness of concentration boundary layer 

streBjl functtcn 

:iscosity of c8ntinuous phase 

viscosi ty of dispersed phélse 

fluid viscosity • 1 • 

1 fluid dens~ ty 

.. 

p3rticle density 

) \ 0 

angular coordinate', ï 

• 1 • 
llumber of bubbles observed 

bubble 'diameter 

collection eff1ciea~y 

1 . 
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• 
'. 
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'1 

number ~f parlicles collected 

number of particles in suspension 

partlc]e radius 

o 

.. 

? çj 
x àverage number of particles per b\lbble per ~H1it bubôle 

, cross-sectional area 

y 
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CRAPTER 8 

A 
n 

b 

J 

area of section i -her curve 
1 

"1 

particle diametcr 
• > 

(i) volumetrie gas Flow rate (bec'tion 7.4.7) 
'(ii} amplifier gain (Tab]~ 7.3~ 

.1 
'liquid height in cell 

jJ 

c\lrren t 

first order flotation rate constant 

e~Qnent in the relation E ~ l/D~ 

particle conc~ntration 

initial partic1~' concentration 

time 

sample volume 

Subscript 1 
- \_) 
larger spltére 

Subscript- 2 -- smaller sphere 

para~ter in-approXimation for kn 

, 1 

.. " ... 

\ 
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/ 

., 



, • 

! 

• 

. 
• 

1 
" 

B 
n 

0 
n 

cl 
p 

'D 
b 

D 
Il 

E 
Il 

E 1. 

f 

g 

h 

k 
n 

p 

p 

R 

lb 
s 

s 
0 

t 

u 

U 

UT 

v 

V 

w 

W 

x 

• 

-207-

parame ter in approximation for k 
n 

paralTlC ter in approximA ti.on for le 
n 

~ , 1 

particlc dj"1.,et(~r 

" hubhle df-afi"ter 
• 

p,'IraJ'lC ter in approxi nl:1tion for le 
Il 

prrramcter in apprOXiT:11tion for k . n 

coUi sion (0 f fi cif'ncy 

(drag COrpOi1Pn t alon3 li ne of centres) /6!fr r Ji. 
(drag Cot:'!'u.len.t pexpl'ndi cular, to line of cenl~es) /61'r (R 

2 
(torq ue)/8'iYr R 

nth forct> coe.fficien t (n :::. 1 ta 20) 
", • 

pressure at surface of lar~er sphC're 
"). 

pressure at infini ty 

sphere radi us 

bubb le radi us 

separation bf sphere surfaces . -

value of S at è:= 1r 12 

time 

vertical velocity cornponent 

velocity cornponent along line of centres 

Stokes tel~nal velocity 

horizontal velocity component 

velocity componenet perpendicular to line of centres 

angular velocity 

wR 

vertical,coordinate of centre of sphere 2 

\ 
\ 

./ 
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•• y horizontal coordinate of centre of 'sphere 2 

Yc 
horizonti11 disté.!t1ce From hubhle aXlS at infini ty of 
criti cal trajectnry for hyd rodvnarru c capture 

fA 
flul cl vis('o~ity 

p densityof spherC' 

ff fluid cknsity 

1 

j angulé1r coordinat!.· 

,r' 
,1 \ 

~ 
.. 

i 

. ," ~ 
CIIAPTgl{ 9 

1 

,'b free surface radius 
,l? 

'El' collision efficiency 

K l +- r /\ p 

r radial coordina te 

r parti cle radius 
p 

~ bubble radius 

U. sphere velocity 

ufr 
radial c'omponent of fluid veloç~ty 

~~,l 

u* pt upt/U 
<i 

Upt particle terminal velocity ;t'. :~ 

~ 2 - 31> -+ 3~S 2~6 • ~f 
W - , - . , .. 

E: void fraction 
J 

t 3} 1- é 

fi> p.rt~e density 
, ) 

e angu ar coordinate 

'" 
stream function • 

1'st Stokes stream function fol;' an isolated sphere· 
f 4 • .'. 

\ " 

" , 
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CIL\PTI:R 10 

-
E , 1 collision ~frjciency 

!
.,el 
"1 component of El dM~ to elrctrical jnteraction 

El compollet1 t of El dbtai ned hy isno1'ln b c 10ct1'ic81 interacti on 

F repulsive forcc' betwc~cn partic1C' alld bubb1e 

Qb charge on bubhlc 

Qp chf1r~c on particle 

~ 2 [0 foZpZb/OrfHb ) 

Zb _ bubhJ e (':é' la rOlen ti,al 

Z particle zeta potential 
p 

~ dielectric constant 

. 
permittlvity of frce spuce. 

Gther symbols have, the S<1me meaning as in Chapte); 5. 

CHArTER 11 
l, o,_'\. 

Subscript x --- vertical component 

Subscript y ---horizontal componen1t 

c ~ 

~ 
added mass coefficiènt -

cH history coefficient 

F total drag on particle 

F· 
ss' 

steady state drag 

FI 
ss F 04- 61KM

f
r u ss v., P pt 

FAM added mass drag 

FR l1i~ tory drag - , 

FpG pressure gradien.t: drag 

H history integral 

1 

'-l. 
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step pu~.lJers 

collector radius 

li:,>:! at l'no of nth-step 
l 

( 2, t f - t", - t:'< ) 2 
.\ n n-J 

1.'1 

fluic1 \'c'l,)(,ilY at <ln infinile ài:.tance frû:;J the collecter 

vertical courdinal~ of p~rticle c~ntre 

hori~o,tal c00rdlnntc of partjcJe centre 

initial-value of y / 

val UE' or.: :, l givin g il grazing tY<1.;cctory 

dU~!1y \'driahh (dl r.x'Tlsion tirv) 

z R ,le 
" c 

Other s:' l~';:,ols have the same rreaning as in Chapter 5. 

APPC\DIX A 

a 

al 

A 

b 

b l 

C 

CL 

Cs 

d " 

D 

G 

G" r 

(1) arca of slie€" through parti:.:le (section A.l) 
(fi) slope of calibration curV'f! (se·ction ,A.3) .. 

a/3 (st-cdon A.3) 

orifice area 

intercept o( calibr.ltion curve 

(h T,log(6/~))/3 

chart division 

chart division corrcsponding to VL 

chart division cortesponding to Vs 

particle diameter 
. 

'orifice dia~eter . , 
ampUfier gain 

o 

. , 

value of G at which'calibration vas performed 

.' 



• 

u 

~J., 
1 
.~ 

.' 

-

l 

l 
r 

k 

" h 

r 
o 

r 
p 

v 

V 
L 

Po 

Pp 

-211-

current 

vaIlle of l at ,.;rhich c<;llibr3tion ','élS performed 

\ 

nun:ber of p.:ut ic1es per r:l. 

~ C'rifi ce ra:liué> 

1 cticle radius 

volnme. of l::n:gel: ~ef€'rencc particle • 

vulume of 8,':0]] cr re ference particle, 

dislance of sJice frow centre of partic1e 
1 

r /r 
p 0 1 

resistivity of electrolyte solution 

resistivity of particle 

\ APPE~DIX B 

Symbols have the same rneaning as in Chapter 7. 

APPENDIX C ~ 

An parame ter in Pshenay-Severin ~uation..=y 
"< , 

x parame ter in equations 
n 

., 

.r" 0<.. parame ter in 

PShenaY-Zrin 

Pshenay- everin equations 
.: 

1$ ,. 

APPENDIX E 

1 
t 

parélmeter in Psnenay-Severiq equations 

Other symbols have -the same meanlng as in Chapter 8. 

• 
Symbots have the same me.aning a~ in Chapter 11. ,f, 

" 

• 

" 

, 
' . 
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A. CELLOSCOPE P,"RTTCLE COl",TI:R 

" 

The Celloscopc l':odt~l IIILS partie] e counter i5 T:13de by . 

Parti.Gle DatLl Inc., I..:lI:'lllrst, I111.'101'8. 

A.l 

- . 
Conslder a cylindrical orifice of ra2ius rand area A 

o 

filled I,dth e1ectrolyte solution of resisti\'ity and containjng 
o 

a partic]e of radl~5 rand resistivltv D (il~.~.l). 
p, ' "P ~ 

çOllsj(1er a 
, 

\ 

slice of thicknes5 dx perpE'lldicular t() the ori flce axis and cutting 

the particle at a di.stancc '{ [rc::! i ts ~'(,èn tH'. This element. of the 

partic]c has an arca a and a resi",tcmce in the direction <of the 
• 

od fiee egua l 
fpdx 

to '--"--'--
2 2 

1T'(r -:~ ) 
p 

The resistance of the nnnl11us 

of electrolyte solution 

\:,' 

P cl;.;: 
• 0 

is "2 ? 2 '" 
'îT'[r -(r- .... x ')) 

The tota~ rcsistance 

across the.ele~~nt is! 

, , 
r 

dR :: 
toery dx 

apo + p{A-a) 

= Po dx 
A - a k 

o . p 

The increase in the 

po dx 
1s d (4 R) .. A _ a k 

resistance of the element due to the particle 
Po dx 

kpo a dx 

A
2 (l-ka/A) 

A 

Integrating over the particle gives the total increase in 

resie tance as: 

o 

o • 
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Figure A.l .. 
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1 + ~ k..J2 + 24 2 f. 'J 5"'"' 35 le (, •••• (A 1) 

where v 15 the vo1Ulre of the partiele Rna oZ 1.S the ratio of parU cIe 

radius r ta orifice -radius r. Henee, if cf... is small the inerease 
p 0 -' 

in resis tance \])1('11 <l parti cIe en ters the ori fice i5 proportional ta 

the particle voltll<lc. Bateh (95) has derived sioilar expre.5sions 

l for cylindrical and conieal partic..les. In practice. the partieles 

ahvays bchave as if they are non-eonducting even if thcy are metallic, 

presumably because of a large interfacial l'c"sistance ta electron 
, 

tranflfer, so k is alwJJ?,s unity. Therefore, the relation between R 

and v is linear ta within 10% if 0<. <:: 0.35. 

A.2 I The Instrument 

Fig.A2 (adapted from the Particle Data instruction manual), 

i8 a basic schcmatic of the instrument. The heart of the instrument 

ia a glass tube with a smaii jewel set in its wall. Through the 

j~w~l'is drilled a ti~y orifice of accurately controlled diameter. 

ln the present work tubes with orifices of diameter 24, 76 and 300 

microns were used~ 
1 

The 'tube is immerse<J -in a beaker of eIectrolyte 
• 
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Figure A.2 

CE LLOSCOP:r; PARTICLE COUNTrR; BAS lC SCHDtATIC 
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Functional sequence 
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"!?' 

essentia·ls of Elect.rozone/CelloscoP\"?~ 
(see·text on next page). 

* Outputs for multi-channel siz distribution analyzers, parti~le 
data accur.1Ula,tlon, cOil"put.er p ocess ing, etc. 
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solution (0.)7, sodium chlaride salut"ion in the present \oJOrk) 

contnining t11l' p<.lrtid"s jn hUSpl·llé>lon. Ont' clcctrodc is locatccl 

l nc; i de t 1le lul,(' dncl t ;1" oL1ll~r in t hL' heükcr. fi Yé1C'lll1!11 pump suc.les 

, 
throu/-;h tlie' (Jrifirc.' thl' n",istan?e lJ,,'t\Jccn the elcctrodc:" ch.::mg('s 

" .' " 
aC'co~J~n[, lo ecJ\lcltio.t Al and d vell ti1~',e pulsC' proportion,il tü the 

vo11l!1'C of Ille PdrUc 11 is gL'llCréltcd. 'l'Ids j'UhC lS éllllplificd 

and ben! l1 thcr la .ln ('}.Lcrnal pul~,c hei glit ~:jHllvzcr or lo d gate 

~ 

cirluit. The pulse', l'~(7'!W [:l'n"l'atcd nt the rnte of f>C'vc'rJl hl1n(h'l~d 

per second dC'!,l'l1Cling 011 'Bhe concclltrdtjoll of the Su"'pcl1<;ion. 

rig./c1 c;hO"'s LllC' callnt~r in rc]nti.on ta the nneillary 

jnslru~r.C'l1tc;. The pu1·,C' hright (Jllaly7C~r Ü. D t~uC'leélr Data nodel 

~ml)O idc'îtical tü tlw'îc uscd in rndiochcmlr<ll \\'ork exeept thnt its 

input ci rcui try ha'-, bcc:n modified by Pdrtic1e Data ta handle the 

longer Tise time of the signaJs produccd by the caun~Er. The ND-UO 

sorts the inc:oming si gnals 1nto 128 ch;mnels aceording ta 'pulse height 

(Le. part LeIe volume) 50 lhat in its meoory a particlo volume fre-

quency dis lribution curve 18 buil t up. The hui ld-up of the curve 

is follO\.Jed on the X-y oscillo::.cope (Telequipment Model SSlB). When 
A 

sufficicnt partlclcs have been sized the curve is plotted by a 

Dohrntann SY-8S0 recorder. In the size distribution curves produced 

in the present work full seale represents 1000 partieles per channel. 

The orifice tube is conn?eted to aU-tube eontaining mercury. 

When the vaeuum ls applled tho mereury is in the position shown 'ln 

Flg.A2. \o.1hen the vacuum ls shut off the mere,ury risés up the 1eft 

leg bf the U-tube. Suspension i8 still being sucked through the 

• * , 

'. 
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Fig!lr~ A.3 

CELLOSCOPE PARTICLÉ COUNTER; A..~CItLARY INSTRL-xI:NTS 
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od[icc', the vo.lllp·e sud.l'cl thro1..!f,h bcing equ,Jl to the vo]tlf'!~ s~;ppt 

contact~. Thif, VO]1!'," is ki1o,', ;;ccuralc1y. HE:nce, if the refcrE'llc(, 

volta~c j ~ spt al ;; lL'",cl hi[n l':lOu2h to SCTLcn 01.lt nni <;0 but 10'.'; 

enough for the sr l11cst iJ.:lrticL's in thp <.uspcnsion to Le counted 

\ 

. , 

the tO~éll COl1centrPt ion of p2rticles in the suspension can be measured. 

Sincc v.',' alreacly han: tht:' siz(~ distribution curve the concentration 

of partjclvs in any siz2 rai1~(, is readily oblained. 

The left leg of the (-tube i5 ca] Led the volumetrie section. 

These arE' avaiJahle \.J1.th various sizes of bulb between the start 

and stop· contacts. To keep counling times reasonably short smal1er 

bulbs are used in conjunction with soaller orifices. In the present 

work a 16 microlitre volumetrie section was used with the 24 micron 

" o~ifice, a 320 microli.tre section with the 76 micron orifice and a 

5 ml. section with the 300 nicron orifice. Counting times were of 

the order of 15 to 20 seconds • 

... 

• 
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~ 
The t\W prit-,, h'I>Ml operilLing C'ontrol<; are ~h(' ctirrent l 

supp]icr 10 the el(>ctr()rlo~ (ddrn circ hp]d élt a p.d. oÏ a::'out' 200 

vo) t:-.) Jnd lbp ('ctin c: of the ":-;'l'lifier. TlH' he1 0h t of t.;-e output 

sigl'cd j s proDclrt iO,l.'1l ta Ow prüduct Ir:, T Céln be v,",rl~d ü'-,er a 

128:1 r.1Jlgc ,'1nù (' o\'L'r. il 118:1 range. The la:-gcr valut's cf, JG arc 

2% of th-~ odfi,l' dilî',>tt'T.c,m he d('[C'ctcd, hut in PL1Ctic(' \,'f' 

found 5~: tü hL' thL' lil'1j t; tht' pulse!:; frolll brlnller partlcl.:'s could 

not ho ~! LS tini;uj '.hf'cl [rom h.:lckground noise . ., 
The Olttput signal' May be jn the ~ange 0 lo 8 volls. 

Lar~('r s] gn.qlé- are truneatr-d. The oUlput si gnals may be ùbscr\l"d • 

as horizontal nncs on a Slra]] r.onitor o',ciJJoscopE' built into the 

instrument (sce rip;.A2). - The length of the line is plcportional 

to the pulse heie,ht "ith the rj ght hand tdd0 of the seree:>. corresponding 

ta 8 vol ts. The curr~n t l clTld gain Gare adjl1s te cl until se ttings 

are found at v'hi ch the pu]s(>s fTom the laTges~ticl(':s 'Qf interest 

are just inside the 8yolt eut-off. rine tuning of the current 18 

availilble. 

There i8 an alternate output mode in \oJhich, after leaving 

the amplifier, the output signaIs' are attenuated so as to be propor-

tional to the logarithm of the parti cIe volume instead of linearly 

related to the volume. This is extremely useful since most particle 

size distributions fol1ow a log-normal rather than a normal distri-

bution curve. The proportionality constant can he varied by means 

• 
--- " 
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of R sc ector s\dtch in orcier to C1hLll{n 4, 6, 8, JO, 12 or J4 

of r<lrtic.lC' vol u~;e over the full '0 to 8 vol ts ran~c. In 

pn:cLICC tht:' LS2fùlncss of t1(' bjgher seltin~s i<o ur.ck·rrdnc:3 by a 

sericlUS jh"r~;bè in tllf' n(l.i~C' level. ;\11 ,wrk l'Il the prl!t,cnt project 

\,'2<:: c2rricd (dt ;:i~n tll( 102 selector :"h'itch al cot?tting 6, 1.L'. 6 

Iï?,\-'+, la\en fro7> the PélrtieJe nata instruction IlanUJJ, 

A.J Calibr2tion 

D~t~j15 will ouly be presenled here for calibration vith 

the logaritlr'lc output :"'ode since lhe llDQar li:ode \,'as not used in 

the present \,·orlz. 

o 

1\':0 sa:-::t"'lcs of fairly r.1ono-dispe.rse particles arc required. 

Thei..r siz('s ~~1oul~ be di f fcrent but close enough together so that 

at a single ~l value both peaks are b210w the 8 volts eut-off but 

above the noise level. Let the volu:TIe of the larger particles at 

the peak of th~ir distribution curve be V
L 

and that of the sr.1aller 

particles \'S 0 

\ü th the recorder chart drive on High setting 8 volts 

corresponds to 84 chart divisions counting horizontally along.the 

chart paper. Let the peak of the turve obtained with the larger 

particles be at chart division CL and that of the smaller particles 

be at·c
S

' The relation be~een Ipg V and C 1s linear as shown in 

Fig.AS • 

, 
f"0 
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Figure A.4 
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CELLOSCOPE PARTICLE COL~TER; EÀJŒ~~AL VIEW 
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Figure A . .s 
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Cr:LLOSCOPE PARTICLE CO~TER; LOG V VERSUS C 
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log V .... b + a C 

or 

log d =. b' + a' C 

where d = partic~e"diameter 
a':;;.a'/3 

b' :. (b + 10g(6/11') /3 • 

• 

The slope a 1s given by 

a= 
log VL - log Vs 

CL - Cs 

and the intercept b is given by 

b :: log V L - a CL. 

Bence, a' and b' can be found., 

'" 

Let G l beothe reference value of GI at which the cali-r r " -
( 

brition has been made. Suppose that at this setting a particle of 

volume V generates a pulse which, after amplification and attenua-
r ' 

tian shows up at position C on the recorder chart. 

Then 
-

b ... a C =- log V • 
r 

' .. 

Let the current and/or the ga:ln. be altered to g1.ve' a new value. of 

Gt. Pos1 ~on C will now be oc:cupiêd by 

~ 
of vol~ V' ... V 

r 
,< 

, , 

G l ' 
r r 

~GI . 

" 

pulses eoming fram partiele. 
_q.M-

: 0 

o 

~I 
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. GI 
b + a C - 10g(V--) . , - G l 

r r 

6 l 
or . r r 

V = Gr antilog (b + a C) 

or d -!-3 r
1

r il (b ' 'C) - GI 'ant og + a 

~ 

This is the calibration equation. 

The parlfcles used for calibra~ing the three orifices 

used in this work were as follows. 

24 r orifice: 

(a) polystyrene latex particles of me an diameter L~l~. 

(b) Polystyrene latex parti,cles of mean diameter 1. 95f' 

76 r orifice: 

(a) paper mulberry pollen particles of mean diameter 16. 0 r; 
, (b) ragweed polle!1·part:icl •• of" mean fiameter 18. 35r" 

300r ori~ce: 

(a) pecan po~len particles of mean diameter 42.2~. 

(h) corn pollen ~articles of mean diameter 88.5r. 

The latex particles were obtained from Dow Che~cal CQ., Diagnostic 

Products Division, Indianapolis. Their mean diameter had been 
4- C 1 

measured by the manufactur~rrU81ng an electron microscope. u The 

pollen particles were ob'tained from Greer Chemical cP •• Allergy 

Divi,~on.' Lenoir, North Càrolina: To obt~in the~r mean diametera 
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", 

samlJles \olere suspended in water cOIltainlng 10~4N F]!DA-Br and 

0.5 vol.% IPA. A few drops were pldced on a rrlcroscopc.s1ide and , 

pho tograpl~cd through a micro~;.cope. Ahout 300 particles of cacll 

p'ollen wcrc photogro.p:wd. A sco.le \vas aho photogr2.phed. The 

partie]e dinr,ctprc; on the photographs FI~re m(>é1sured >"ith, caljperc; 

and convc·rted tü :l'i crons by cor.lparison \dth the sea]e. 

\The cali.braUon cquations ohtained \·:ere as follo\v!3. 

orifice: 

( 

d 3 f:.-~ 
;:. V (;1 antiJoR (0.00635 C - 0.114). d' 

761" orifice: ;:--: 

d - 1/.!~ 
- 'V CI 

.. t 
antiJog (0.00727 C + 0.773) 

300r- orifice: 

d = /1 ~~~ antilog (0.0137 C -t 1.414) 

These calihrations a11 re fer to the log 6 setting. The ~~~ and 76,.. 

calibrations ,,'cre ob tained using O. Si, sodium chloride solution as 

the electrolyte and the 300f calibrat~on was obtained using 0.1? 

sodium chloride solution. They are valid only for the electro1yte 

strengths at which they were obtained. 

The 24r calibratio~ predicted the 5.7~.peak of the styrene­

divinylbenzene partic~es accurately and the '76~ calibra~ion predicted 

the. 22ï cut-o"f.~"point of the glass be<1ds accurately. 
". 

,-

\ 

') 

• 
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-ore than one particlc 

if the 

CO~ll1t n-fic,ter i8 activ.'J.tC'd :J s}-uriotls1y 10',; count \d Il De accurnu-

lated. Obvio\l'-.:ly the probabi1:i t.: of this occurn:lg \d Il he 1arger 

ulé l<lrl:~,'r the orifïce and tht> higtlcr the narticle concentration. 

A nenSUTf' of. the scliousn2',s of t :118 effect is tne pe>r cent coinci-

. 
~ence lo,.s" dC'fj n0<1 ~~: the P,L'Y"cc;lta~e by v~i C:1 tlLe actual count is 

b(>lo • .,' thC' tr;ul.' LOl.hlt tlue to coi lctdent pas...,a~e Qf particles through 

the orifice. Mattern ct al. (96) showed l~at the arrivaI of particles 

a t thé orif j ce eoul d he repn- sen te d by a Pois s on dis t r ih" tian and ( 

derived the form11la: 

" 
~ coincidençe 108s = 0.13 X0

3 

where... N = nU,mber of partiçles per ml. 

and "D = orifice diameter (17_11.). 

For the three orifices used in the present project ~ particle 

.0 concentrations at ,,,hi ch -che coincidence 10ss reaches 17. are as follot-Ts. 

560,OOO/ml. 

17,500/nl. 

286/ml. « 
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In the batch cc11 runs descri/, 

obtain'2c1 \"11('<1 u-,Lng the 2tj r ()rifj ce 

.. 

Ch2pter 7 the raxiryu~ counl 

~DS of the or0cr of 1000 S~B 

latex pm tic~(,- L(>r 16 rèÏcrulitres. Le. 62,1JOI:-1., so distortion 

bÙbble sizes 

to 100,0)J ;:Jer J -1., .... 0 t~lt!le "-uc..t !il. <"" loave hel.'n several LuhhleS 
l 

" , 
of UIO bubble s~z~ di~tribJ: Lons w~s i~no~~i~]e and aIl that cDuld 

be inferred ~2- n crucle indlcation of relative bubble sizes under 

various cond1li r ns. 

/ 

lhe résistivity of COt1Jï\on clectrolyte !?olutions such as 

0.5% sodiu;-:J c:,loride in \;ater changes by about 1% per OF at room 

temperature. To preserve constant resistivity the instrur.ent V.'as 

localed in a room whosc tenperature was naintained at 72°F. 

The particles are kept in suspension during analysis by 

means of a variable-speed stirrer. lt ~as found inportant not ta 

have the stirriTlg".,too \rigorous as air b~bbles would then he preci-
\ 

pitated out froll the ~ater and counted as particles. For the same 

reason,diiution of sanples and pouring of diluted samples into the 

lysis beaker had to be done very gently. 

'~ The orific~ had ta be watched constantly through the micro­
~ 

~--~~u~ring the course of an analysis. If any debris or clumps of 

u. 

J 
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pdtt1cles were secn to block or partialJy caver the orifice the 

vacuum had ta he shut off immpJiatEly and il back pressure applJed 

by pu.;hing in tlw hack-fluc,h plungc r (fJ);.,\lI). Uc;ual1y, thjs ua.:; 

suffici0nl la cJe,lr the bl(lcl~d)'(>' Tf H f;J.l]ed the next recourse 

was to t;·--ntly hCr<lre the orlfjce entrônc" ,.'eth the tip of a plac,t-:ic 

droppl'r. ~'\l!lal or glass pOillU, could Ilot he uSècl d', thcsc mi[l,t 

scratch tJw ori fl cc. lhp lr,st resort \:c!~ 'ta rcmove the orifice tube 

frop1 t1ll' cOllnt('r, fill it with "2.ter or ;-.cet0nc ,Incl force a smn]l 

cork Into the top L'lltrancc. llnder nl' Clrcurst<Jl1CCS ('oulel the tube 

be inlliler-,('t! ln 211 ultrasonic h.:llh as t:lls \'ould fracture the tube 

at the point \,'I1<:'H' the orifjcc' ".::s set inta it. 

Od fic c' 1,10ck3ges duo ta s trav èebris \Vcre mi nimised by 

~ keeping a] l fJ a~kc, s toppered \\'hcn not)n use and aIl bcakers cavered 

with )\C fi ln. Tile only particles whj ch shm·:ed a tendcncy ta form 

clumps \Jere the pilper m'J] berry pollen particles. Î 
A.6 Rcpeatability of Counts 

One hundred repeat counts were taken wi th a suspension of 

glass beads, the 76~orifice and the 320 microlitre volumetrie 

section. The standard deviation ~was 2.17. of the arithmetic mean 

The ratio of mean deviation to stàndard deviation was 0.79. 

The theoretical ratio for a normal distribution is 0.80, so it was 

concluded that the counts were distributed normally. 

Let the above 100 counts be regarded as ~ population. 

Suppose a sample of n counts 1s taken and has mean x. The standard 

deviat10n ~ of the sample mean ; 1s expected to be (2.1/!n)% of 
m 
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the true mean r. Speei fically) if n -= 5, cr is expected to be 0.94% 
m 

of~. ,Then we have 68% probability that thE' true l'lean fA i5 \dthin 

:t. 1% of x an.d 95% probabili ty tlwt f 15 \1Ti thin _ 2% of x. 

In the chperiments df'scribed in Chapt,c.'r 7 al1 particle 
c 

concentration measuremcnts .... ·cre bAsed on an av~rdgc of five rcpeatcd 

eounts. 

\ 

A single coun t ,took 15 to 20 seconds. 

h11Cn building up the size distribution curves the pulse 

height analyser was set so that for individudl channels full seale 

was 1000 pulses. Therefore, wlH'11 the peak of the curve "Tas approaching 

the top cM' the oscillas cope scrcen a1mos t 1000 pulses had been 

acc11mulated in the most highly ropu1nted channel. Given a total of 

128 channèls and the fai rly sprcad-out nature of the glass bead and 

SDB latE1.iX size distributions this meant that sornething like 40,000 

particles had been measured. Analysis was stoppcd just before the 

peak !'eached full Beale. It took frorn tHO to fifteen minutes to 

reach this stage depending on the particle concentratiod in the 

sample. Samples from later in the,flotation runs were larger than 

those taken earlier and were diluted less to ensure that curve 

build-up was not excessively slQw • 

, 
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B. SAHPLE RBN (G2) 

10 - 15r fri t. 

Glass beads in 10 -4N EHDA-Br + 0.5 voL 7. IN..~ 

pH = 6.0. 

Stirrer sp~cd = 165 rpm. 

N2 f10w rate = 24 ml./min. 
.' 

Eight sanl'll's of volume V ml. t<1Ken at on(> l'1inute inter-.. 
vals, cach dÜuted Hi th 40 ml. of 1% NuGl and (40-V) ml. of water.· 

76r orifice, 320rl volumetrie section. 

1 = ~, G = 6!, output mode = log 6. ,. 

Trigger s(>tting : Il.5% of full scale. 

'Background coun t Cn := 15. 

Total parti cIe concentration 

where C .= average CO\lnt. 

p ::: 
(C- Cl) 

0.32 
x 

V 

Table B] presents the counts ob tained on each sample, the 

calculàted value~ of P and the ratio ~ P / (~P) of residual partic1e . a 

concentration to initial partie le concentration. 

Exhibit BI shAwS in reduced form the size distribution 

curves plotted by the recorder for each sample. Also shown are the 

sections into which the curves were divided for area measurement with 

the planimeter. The partiele diameter at the mid-point of each 

section is as fo11O\17s • 

! 

J 
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L\tLE BI 

\ 

1 --
1 ~p 

S3mp1e Ttr.e \' 1· 1 ("i..P) 
~"\o~_ j.!.::'!~~ _(ïlL-)_ Counts C z- p 0 

J 5,15 \ 1546 0 0 3.1 l~.\"4 1555 1585 1529 122,100 1.000 

1 1 4.05 1402 !1418 1428: 1444 1476 1434 87,500 0.716 
, 

5.05 \ 1253 2 2 1218 1230,1197 ]156 1211 59,200 0.485 
1 

3 3 6.1 1049 1052 1090,1076 J036 1061 !t2,900 0.351 
1 

4 4 7.25 917 90'7 935 \ 931 980 934 32,200 0.264 
1 

5 5 8.1 736 696 731 688 714 713 21,600 0.176 

6 6 9.2 539 533 549 508 509 528 13,900 0.114 

7 7 10.2 472 497 490 514 511 497 11,800 0.097 

1 ) . / 

• ~-
., 
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0 

.'" - • 
Mid-point dp(f~ Section Chart Divisions 

A 7.5 - 17.5 7.3 

B 17.5 "- 27.5 8.6 

C 27.5 - 37.5 10.2 

D 37.5 '- 47.5 -- 12.1 

E l,7.5 57.5 14.3 

~ 57.5 - 67.5 16.9 

G 67.5 ;/7.5 20.0 
~ 
-~ 

Il For each sample i and section j the area A, j under the 
l- • 

curve \Tas measured u:wice with a planimeter and the average taken. 

These data occuPY the first three co1umns of Table H2. The four th 

column shaHs the fraction F •. n of the total area under the curve 
1J 

accounted for by that section. Then for the particle size range 

represen ted by lhat section the ratio pIF of residual particle 
.0 

concentration to initial particle concentration is given by 

• ". It ..... I" 'JI 

# -". 
The last column cont&ins the values of p/p. These are the values 

o .. 
which were plotted in Fig.7.5. 

\ 
) 

. -, 
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1 • 1 

1 TABLE B2 
! • 

i p 

Section ge~? Ai' F
ij 

P 
_1:..1. 0 ----

OA 0,.65 0.63 0.64 .038 l.,t'PO-

OB 1.09 3011 1. JO .066 1.000 

oc 1.77 1. 76 1. 765 • ]06. 1.oào 
GD 3.29 3.25 3.27 ."J 97 1.000 

OI: ~ 4.21 4.19 4.20 .252 1.000 

OF 4.05 4.08 4. Q-65 • 24!~ 1.000 

OC' 1.60 1.60 ,,/, 1.60 .096 1.000 

~ 

''7 lA 0.83 0.85 0.84 .048 .904 
, > 

lB 1,29 1. 31 1. 30 .074 .803 

1C 2.07 2.05 2.06 .118 .797 

lD 3.29 3.34 ' 3.315 .189 . .687 

If! lE 4.31 4.30 4:305 .246 .699 

fi) IF 3.99 4.00 II.OOS .228 .669. 

le 1.71 1. 70 1.705 0. 097 .723 

2A 1. 22 1.21 1. 215 .069 .881 

2B 1.59 1.57 1.58 '.090 .661 
, 

2C 2.35 2.39 2.37 .135 .618 

2D 3.74 3.71 3.725 .212 .522 

2E 4.32 4. 35'~ 4.335 . .246 .473 ., 

2F 3.22 3.18 3.20 .182 .362 

2G 1.16 1.18 - j.17 .06ti .333 

. 
- -- --- .,.' 3A 1.43 1:-4i.i'" 1.42 .076 ~ .702 ......... 

3B 2.08 2.10 2.09 .112 .. .596 . 
3e 3.09 3.12 3.105 .167 .523 

-
3D 3.99 4.01 4.00 .215 .383 

3E .. 4.29 4.26 4.275 .230 .320 

, • 3F 2.64 2.69 2.665 .143 .206 
~ 

3G 1.04 1.04 1.04 .056' .205 , 
1 
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" • \ 
TABLE B2 (cont 1 cl) '. 

F 

Sectj on Arcas 
A
ij ~. P 

'-4.~ 0 

" 4A 1.55 . - L54' 1.545 .0.85 .591 

4H 2.3 l j 2.31 2.325 • J 28 ,. 500 
t .. 

I,C 3.25 3.27 3.26 .179 ,.446 

4D 4.17 4.15 1~.16 '.229 .307 

4E 3.94 3.96- 3.95 .217 r .227 
A 

<Ii. 

410' 2.32 2.33 2.325 .128 .138 " 
4G 0.65 0.63 0.64 .035 .096 , 

, , , 
SA 1.52 1. 54 1. 53 .108 .500 '\ 

SB 2.18 2.19 2.185 .155 .413 

SC 2.83 2.87 2.85 .202 .335 

sn 3.2R 3r27 3.275 .232 .207 

SE 2.60 2.57- 2.585 .183 .128 

5F 1. 33 1.37 1.35 .096 .059 

5G 0.36 0.36 0.36 .025 .046 

6A 2.59 2.61 2.60 .130 .390 
! 
. 

6B 3.54 3.51 3.525 .176 .304 

6C 4.09 4.08 4.085 .204 .219 

6D 4.46 4.41 4.435 .222 .128 , 
6E 3.20 3.20 3.20 .160 .072 

6F 1.66 1. 70 1.68 .084 .039 

6G 0.49 0.4·7 0.48 .024 .028 

\ 
7A 2.97 2.98 

~ 
.151 .385 

7B 3.53 3.57 3. .180 .265 
, 

7C 4.26 4.26 4.26 ~" .216 .198 

7D 4.07 4.09 4",08 ,'-un .102 
~ 

7E 3.03 3.00 3.015 .153 " .059 

7F 1.27 1. 29 l.Z8 .065 .026 • 7G 0.53 0.50 0.515 .026 .026 
,., 

1 . t> 

\ ,. ~ 
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C. .FORCE COFfoTIClENTS FOR V1SCOl.jS I;::TLPu\CTI o:~ ~10DEL 

C.I t!.?_~ ion Pl:' l_l'!:'..!!AL~ll] ,11" t 0 tJ~J~~~~~ ~'.f_~~n~ 

Consid~r Lwv spheros of radij RI and R2 movlng ?orpendicular 

to thd r line of cc'n Lres ~'iLh transI a Li ()l1cll ve locj ties \'1 <'Ind vi. 
Let the ~,phcres hdVC angu]ar v"loC"'itiE's tJ I = i:1/R1 rnd W 2 = \;2!R2 

'l 
aboul ..... es througll lh~ir c('nLn~s perpendic\I]nr to the pla:w of mollon. 

tllat on spherc 2 af. 6Î(r·R~b2 \vhere f js the fluid V1SCOSlty. Let 

thé tc'l'que on sphere l be 8'îr'fR12h1 and that on ~pher(' 2 be A'iTf-R/h
2

• 
~ 

'Davjs (Gii) and O'Uéill and tl<lJumdar (66) formulatcd the probleT'l in 
\ 

\ 
sphcriull'bipo)ar cDordinatp-s and sh9\<Jccl th;}l if the. non-line.1r 

term:'1 arc neglectpd in the Ndvi<:r-Stokes ,,-quation gl' 13
2

, hl and h
2 

take the follo'ving [orms: 
~ 

\. 

The nomenclature of Chapter 8 has been preserved in the ab ove 

~.-
equations . Table Cl shows the relation between our coefficients 

kS t~ k20 , Davis' coeffiè~fbts Cl to C16 and O'Néill and Majumdar's 

coefficients. 

... !. 
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Let S be the di'3t':ll1.ce bet,.:cen sphere surfaces. The coef-

on \o.';,icl1 radjus is seleelcd as the rcfercnce lcngth; Davis tlSPc; S/R
2

, 

tabulprJon of l1\1",_rieal valul's of the coefficicnt<, fOl R
1

/l;'2 0= 1, 

2, 5 and 10 at S/R
2 

= 10, l, 10-1 , 10- 2 ~nd 10-3 . O'~8jll and 

;'1ajur dar prc~C':1t addltionnl v,11ues for R]/R2 = 4. \'alues for n1/RZ == 3 

\.;erc found by .'nterpoli1Llon. 

For eac~ coefficlenl a cubje regression (~7) ~as per[or~ed 

on the tabulatcù values at a f,iven radltlS ralion ~ ith logIO(S!R
2

) as 

the lndepencl~nt \',lriable. The cqu.:ltion hdd tbe fC'Tlê: 

.k
n

= An + Bn 10gJOS / R2 -+ C
n

(lOgI0s/R2)2-1- D
n

(1ogI0S/Rz )3 ••. (C.l) 

~ . ., 

For a given coefficient An' Bn' Cn and Dn were functions of R]/R
2

• 

Table C2 presenls the values obtain~ for RI/RZ = 2, 3, 4, 5 and 10. 

Values of k calculatcd from equation C.1 agreed ~ith the tabu1ated 
n 

values of Davis and of O't,eill and Najtundar to within 1% in most 

cases and alwa~s ta vithin 2%. 

C2. Hotion Parallel to the Line of Centres 

Suppose the two spheres are now moving parallel to their 

lioe of centres 'vith velocities VI and U2" There i8 now no rotation 

of the spheres. Let the steady state drag 00 sphere 1 be exp,9ssed 

as 6 Tf,u RIf 1 and that on sphere 2 as 6 'i7' t< R2f 2 • pshenaY-Seve~n 

(64) formulated the problem in sphericai bipolar coordinates and 

showed that 'j f the oon-linear terres are neglected in the Navier-

i 

/ 

1 
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• Stokes eC]uatio:l f
l 

and f
2 

take the forn;: 

"f 

C:lfortunall.;'lv, he did not present tabulated numerical 

value;;, of Instead, they were prescnted 

as the> fcllc.:ing in.'il'ite st'ri\ s: 

, 

~ ::" J
L

:, (2:1-1) Cn· 3) ( exp (- L2n+]J~) -exp (- [2n./-1)01..) ] 
6n L 

n:::: 1- . 

-2 (2n+- J) (2n~3) si :-,,] [Cn .. 3/2) (d. -~) exp [-(n-1/2) (.,(.-+$) 

.. 
-2(2.n+ 1) (2n-]) sln'1 [(n-l/:?) («<.-~) e>:p[ -(:10\-3/2) ( .... -t~)]} . 

• ~ (2n+l) 2sinh (cl. -J) [(2n+3)exp (oI.-~) + (2n-l)exp (~-·9 J 

+ (2n-l) (2n+]) (2n+3) (sinh 2~-sinh 2~ J } 

k
3

.: -(sinh~ /sinh~-)k2' 

oC 

k4 .: - Si~h ~ ~ ~: {2 (202-) (20-+3) [exp(f2ri~I}'9 -exp([2n-41]ti>] 

n"l 

-2(20+1) (2n-+3) sinh (n 3/2) (--,.~exp( (n-'l/2) (.c.+,&)] L 

-2 (20+1) (2n-l)sinh (n-1/2) (~-,)J exp [(n .. 3/2) (""+~»)}. 
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0<. and;; are functions of the coordinatc=;:; o~ the sphere 

ccnf.r\?s. I1H'Y are obtéduccl Ii10St sir..ply by the follov.'ing so2qucnce 

of, equations ~dapted fro~ lhose prcsonted by Davis (65): 

1(2C/R~) 

JI == lnl(D1 /R2) ,+ (B/R2)] - In(R1 /R2) r. eo{' . 

.f 2 :::. ]n[CD2/l{Z) + (B/R2 ) ] ::: -~. 

Hence, ci.. and f3 are functi~ns on1y of S/RZ and Rl/RZ' This implies . 

that k l to k4 are also functions on1y of S(R2 and R/R2' 

1 t would have been very cUQbersome ta eva1uate the above 

infinite series at every step in a collision efficiency calc.u1ation. 

-1 -2 
Instead, they were eva1uated on1y at S/R2 = 10, 1, 10 , 10 and 

-3 10 using R1/R2 : 2, 3, 4, 5 and 10, i.e. the same conditions for 

."" 
which the perpendicular coefficients had been tabulated. Convergence 

was ra~id. For each coefficient the numerica1 values obtained at a 

» 
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" given radius ratio were subjected to a quartic regression (97) with 

ln(S/R
2

) as the inJl..'pcndeat variable. lje::.t Tt:;sûltc \;ere obtaincd 

\,'ith ]n k as the' dep('il(:ent yarL.l;"le for n :: 1 and 4 and In(-k ) [or 
n n 

n = 2 and 3. Th~ quartic cquations are: 

n ;:::. l <:n~ 4: 

) 

+ E (ln -S/RrY" n _ (C.2) 

n = 2 aad 3: 

't 

In'( -k ) A ln S/R
2 

+ C (ln 
2 

= + B S!R
2

) 
n n. n n 

-+ D (ln 
3 

E (ln 
4 (C.3)' . S/R2) 4- SiR,,) ; n n - ... 

For a given coefficient A , B , C , D'and En are functions of R1/R2 , 
n n n n 

Table C3 presents values for l1./R2 ::. 2, 3, 4, 5 and 10. Values of 

k calculated from these equations agree "71th those ohtained from 
n 

the Pshenay-Severin formulae to wi thin U in, mas t cases and always 

to within 27. • 
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Coe f fi d C i1 t 3-
--------~-

kS 

k6 

k7 

k8 

k 
9 

k
lO 

k n 
k

12 

kJ3 

k14 

k
1S 

k
16 

k
I7 

k
18 

k
19 

k
20 

~ 

• 

T.\:"LL CJ 
--~ 

~' .. :".l'i s O'Neill anù Haj urr.dar 
Coe::.:..c:'è'1~3 - -----~-~- -

Cl 

c 
) 

C9! (;~/R2) 

Cu 
C

2 

C
6 

CIO/(~/?.2) 

C
14 

C
3 

Cl '\ 
'-.; 

Cll/(Rl/~2) 

C
15 

C
4 

Cs 

C12 ' (RI /R2) 

C
I6 

RI;:: radius of larger sphere 

~ ~ radius of sma11er sphere 

.' 

.. 

CoeffjcH'nts ---

-f
21

(k,€) 

-1 -1 
-f (k € k ) 22 ) 

-f
ll

(k,é) 

-1 -1 
f

12
(k ,E:k )x(R/R

2
) 

-f22(k,~) 

-1 -1 
-f Cl' E.k) 21 .. , 

-f
12

(k,f)/(R
1

/R
2

) 

-1 -1 
f 11 (k ) E. k ) 

-g21 (k,fJ 

-J -1 
-g22 (k ) E- k ) 

-Sn (k,€) 

-1 -1 
g12(k )t.k )x(R/R2 ) 

g22 (k, E) 

-1 -1 
g21 (k , é k ) 

g '(k t.)/(R fF:;:j----- --
12' 1 2 

-1 -1 
-Sn (k ) !. k ) 

.. 

j 
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TABLE C2 _(con~L • 

R
1

/R
2 n A il C D 

n n n n 

3 5 -J. J 11L,8 0.15,)66 -0.042'35 -0.00901 

6 0.20026 -0.17490 0.02:'85 (). ('05"11 

7 0.08369 -0.145j3 0.05(15,) 0.00319 
1 

8 0.04592 -0.06313 o 'fH~2 3 r .ODJ 05 

9 0.6020/j -0.53186 O.0532g tl.01715 

10 -1.19816 0.33395 -0.142:>6 ~0.020l..8 

11 -0.47223 0.5 n69 -G,.13i62 -0.02945 

]2 -0.O!jR68 0.13171 --0.Oï9C'S -0.00394 

13 0.06300 -0.11303 0.04299 0.00789 

l/j -0.10870 0.13505 -O.O~251 -0.00650 

15 -1.05377 0.11892 -0.05133, -0.00771 
of 

16 -n...01579 0.02626 -0.00995 -0.00095 . 

17 0.10770 -0.14833 O.04ï09 0.00334 

18 -0.03646 0.09881 -0.05999 -0.00297 

19 -0.(')4668 0.07711 / -D.02920 -0.00209 

20 -l. 04555 0.-19124 1 -0.12209 -0.00067 

4 5 -1.10620 0.13766 -0.03375 -0.00736 

6 0.17328 ,.-0.14728 0.02317 -0.OO46.? 

7 0.08734 -0.13640 0.04044 0.00753 

8 0.033/j6 -0.04437 0.01414 0.00045 

9 0.69308 -0.58913 0.09271 0.01863 

10 -~2727 0.40995 -0.14479 -0.01879 

11 "-0.53454 0.61524 -0.13385 -0.02789 

-12 -0.04821 0.12690 -0.06470 0.00052 

13 0.06546 -0.10232 0.03035 0.00566 

14 -0.10023 0.11538 -0.02511 -0.00524 

15 "- -1.05878 0.105&4 -0.03614 -0.00547 

16 -0.01190 0.01965 -0.Q0722 -0.00037 

17 0.09998 -0.13330 0.04299 0.00165 

• 18 -0.03614 0.09517 -0.04852 0.00039 e,-

19 -0.04786 0.07833 -0.02581 -0.00141 

20 -1.05563 0.20169 -0.11912 0.00495 

\. 
.. 
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• 1'ABLE C3' 

) 

• Rl/R2 n A g C n E 
n n TI n n 

.. 
2 1 0.30935 -O. 26287 0.07706 -O. ootl1 8 -0.r0073 

" 2 -0.61273 -0.66304 n.02056 -0.0068L, -0.0007/, 

3 0.08042 -0.6~1304 0.0:2056 -0.0'1)684 -O. OU07 l, 

4 
~ 
0,1+ 70 8t\ --0.37598 0.08739 -0.00238 -0.OU080 

" -. -----------

3 1 0.27666 -0.23459 0.0744] -0.00469 -0.00071 . . 
2 -0.79292 -0.63234 0.02868 -0.00753 -0.00090 

3 0.30568 -0.63233 0.02868 -0.00753 -0.00090 

4 0.55323 -0.[;1709 0.08879 -0.00168 -0.00077 
-
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D. Cû:PtIER PROGRXlS 

0.1 

0.1.1 Bacblards lntt'c:rélt.ion --------------"------
~ 

The progr2.7 i5 èc'signeè SD thàt several ~trajeclories at 

varions siz\:' rat:iof; C,tfi be co-~uted in .:? single run . .The trajec-
-j 

"tories are f,:-o\l;:Jed ac.rording to rAdius ra.tio; i.e. aIl trajectories 

::ire cO:-'lJuled before "loving on ta , . 
thê ne"t l"dtio. 

" 
î,. 

The input data deck is :i n- the fa] lo:dng 'o'rdl'r. 

Cal"d 1: 

(a) (-10"" no. of radius ratios in this group of runs. 
r 

(b) LIt.\{:;. previaus run n1J::Jber (requi red for li tIes) • 

Cards i to' 21: 

F6rce coefficients for fhe first radius ratio; each ca rd 

cantains A, B, C, D and E for a given coefficient (see 

Appendix C). 

E A 0 for perpendicular coefficients kS to k
20

• 

Card 22: 

M~ no. of runs at first size ratio. , 

Cards 23' ta (22 ... ~O : 

Each card refers to'one run and ~ives the fol1owing ~àta: 

(a) IU:;::. bubble radius (microns). 

(b) R2::. particle radius (microns). 

(c) E :: separation S of surfaces at e = 90° (microns) 
o 

(d) RHû2 .... pa;ticle density (gm./m!.) 

.~. 
1 

\ 
) 

.. 



• 

• 

. .. 

• , 
/ 

u 

Additianal Cards: 

'" \ 

\) 
The a~ove. SC<;U€:1ce (e.xcept Card 1) i8 rer-~ated for each 

radit:5 ratie. 

Exhir:i t Dl 15 a pr0i=ran listing and [xlti.bit D2 is d 

typical Ol:t:l\lt: "l"::-.itin~ I.l· (2) IDY (1)" 1s ti:e ratio dy/c-.x"at 

\·.rhich j nte ~r2.:lc', ~;as l to-;,p.;>c. J.·OL':~'1 i5 the <,ccuracy requi n~d for 

evaluation 0: ::fle cepepCc;1t '/r,ria!::lcs 1'1 ~ pU' ~rical integratü:>rl 

subrou tice C'~~·,5J::). 

\ 

rne i1''Jt.. t data cec.~c i5 idenlü al ta that for backl.:ards 

integratio:'. e:~c'2?: that tarès 23 to (22 + ~n have t,,'o extra fields 

giving the initial vertical a~d hori~ontal coordinates Y(l) and ~(2) 

of the centre of the particl~. The third field on these cards (S ) . a 

may be left blank. 

E:·.hibit D3 i5 a progra;n listing and Exhibit D4 i5 a typic81 

output. 

D2. C~lculation of Collision E:fficiencv Including Vnstead~ State 

Drag 

Card 1: 
-. 

Ter:-:s (Chapter Il) • 

Tne input da",-a deck is in the (ollowing order. 

(a) H, or whatever single alphanumeric character 18 
/ 

des~red to indicate on the output a trajectory whose 

starting value of y was too high. 

, , 

" 

G 

1 
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"Ch) L, OT whatcve'r iS desired to indicate. a lm1 trajectory. 

Cc) 
i 

}\O =- number of runs in this deck . 

(d) NOl = sequence nun'ber of first run (required for titi~ 

Cards 2 ta ,(1 -\- H): ) 

Each card refers to one run a.ld giyes the follm.dng data: 

output. 

• 

(a) 

(b) 

(c) 

G .:= dil"lcnsionless terr.inal velocitv u* of thE: particle • 
• pt 

K;::. StokCf: 111l11'ber St. 

RHOPF == flui.ù to partic1e d~n3ity r.:::tio (;;f/~p)' 

(d) RPS -- ratio' of partic]e rJdius t~' f'u~ble radi uc;. 

Ce) YI;~ = in1 tial value of y, the hDrizon\tar coordinatc 

of the centre of the çarticle. 

(f) FLo\.[::; f10\, pari'll1'eter (1 for'StokEs, anything for potentl al). 

(g) NSS ~~ drag term para~eter (1 if only steady sLate term 

is 'to be in'c1uded; 2 if pressure gradient ter::: is to be 

inc1uded; 3 if a11 unsteady state terT"..s are to be includcd.) 

Exhibj t D5 is a program listing and Exhibit D6 i5 a typicaJ 

\ 

... 
1 , 

.:.r. . 
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., 

( 

E>.hibit D.1 

VISCOUS INTERACrTOX ~~ODEL; cO~œtJTER PROGRA.'1 
FOR BACK',;APJ)$ I~\TEGR";.TIO~ 

) 

" 
,;~ 

1 

.. 
<' 

.... .. ) .. 
.. 
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1 

i 1 QtMENSION Y(101.0Y(\OI 

: 2 
3 
4 

5 
6-
7 

8 

CGMMON /DFP/Y/~RAD/DY/ACC/TUlKM(10) 
COMMON K(2~.~I.~I.R2.S.H.RATIO.TOL 

1 9 
10 2 
1 l l 

/ 

12 
13 
14 
IS 
16 

_------t--7- -

KLAL K ..,. 
RFADC5.,)<)))M(l:L~N' 

999 FOR~AT(Il.15) 
DO 303 LA=I.MO 
UO 1 1=1.20 
RFA?(S.2)(K(I.JI.J=I.S) 
FOR!'AT(5F1S.'H' 
CUNT l,iUF 
PFAD(">.'J<)8)M 

998 FJJRMAT (lZI 
no 100 L= J • M 
L=L+LRN __ --
t.:':C'-"'.CLA-l) 
WJ.ut~(o.Z53IL 

.~ '\ 

18 
1') 
ZO 
ZI 

22 
23 
Z4 
2S 
26 

253 FOR~ATC'l,,///////.60X"RUN NUMBFR',I4) 
L=L-"'. (LA-Il 

L=L-LRN 
IIIRITE(6.274 ) 

274 FQRMATlS-".)(.-+----------------,) 
READCS.210IRl;R2.E.RH02 

210 FOR~ATC4FJO.5) 
RAT=~1/R2 

rOL=-.OOCOOl 
FACl=.Ol 
FAC=.OOI 
wRIT~(o.211)RJ.R2.RAT.RH02 

... 

.. 
~7 

28 
29 
30 
31 

32 
33 
34 
35 
36 

211 FORMAT(///.20x.'Rl='.F6.2.' MICRUNS'.//.20X,'R2:'.F6.2.' MICRONS', 
;//.20x.'Rl/R2 ='.F~.2.~/,20~.'OENSITY OF P~RTICLE :'.F6.2.' GMS/NL 
.') 

WRITE(6,212)E.TOL.FAC1,FAC 
212 FORMATC/.20x.'INITIAL SEPAR~TION :'.F5.3.' MICRONS'.//,ZOX,'LIMITI 

N~ DY(21/UYCl) ;'.E9.2.//.20x.'TOLKM =',F~4"/Rl,.//,20X"lNITIAL 
+ YCll/Y(2l :'.F6.4) 

37 WRITé(6.1011 
36 101 FORMhT(/////.20~.·VERTICAL OlSTANCë'.10X,'HORIZ0NTAL DISTANCE',10X 
39 ~.'SEPARATJON·,16X.'TIME') 

40 RHOl=.0012~28 

41 C 
42 C 
43 C 
44 
45 C 
46 C 
47 C 
48 
4<) C 
50 C 
51 C 

DENSITY (i/F AIR. 

RHOF=l.OO 

OENS'lY OF FLUIO. 

UF=O.Ol 

VISCOSITY OF FLUID. 

52 Y(2)=(Rl+R2+EI/Rl' 
~3 V(ll:FAC.y(Z) 
54 UIT=-(2*(RHOl-RHOF)*RI*Rl*?81,/(9*UF.10.*8.' 
55 A=(RZ*R2*(RHOF-RHOZ))/(Rl*Rl*(RHOF-RH01)) 
56 x=O.O 
57 TOLK~(I)=FACI/RI 

58 TOLKM(2)=FkCl/RL 
L--_____________________ _ 

" ~ ,j ~ 1 ;-- :-; 
:"':'v VI 

\ 
\ 
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59 

• 60 
61 
62 15 
63 
6. 
65 
66 16 
67 13 
68 C 
69 C 
70 C 
71 C 
72 C 
73 C 

7. C 
75 rl 76 
77 

PCi 78 
79 5. 
tsO 

i ~- '11 81 
82 

~ =:: j 1 
83 

.. 8 • 

~tl 
85 c 
86 C 

" 87 C 
88 C 

~ 1 89 C -1 

'l0 C 
91 C 
92 c: 

f -, 93 C 
f" • ! 9. C r 1 
1 1 9!> C 1,-1 -, 

96 C - , 

: 1 97 C 
t 

98 C ~I 99 c 
100 C 
101 C 

102 C 
103 C 
la. la 
105 
106 
107 
108 
109 12. 
ua 
III 
112 
113 

1 
II. C 
115 C 

L 
lib C 

----- -----~-

- , r,; Î ri 1 

N=Z 
OX=Y(l) 
J21 
D)(MIN=YII)/ZOOOO 
IF(YII).GT.0.25) GO TO 16 
DELX=O.25 
GO TO 13 
L>ELX=Y(I) 
YOI=Y(I' 

AT THIS POINT wE HAVE DEFINED ALL THE QUANTITiES THAT ARË NECCESSARY 
FOH THE ~NTEGRATION OF THE DEPENDENT VARIABLES YIII Ta Y(2~. WITH 
RESPECT TO x THé INDEPENDENT VARIABLE. OVéR THE RANGE x Ta X+DELX. 
4CCORDINGLY THE CU~RENT VALues OF Y(l).y',l ARE HANDED ovER Ta 
~~HSON WHICH THEN RETURNS THé VALUtS OF Y(11.Y(2) AT X+DELX. 

CALL MERSON(X.DELX.DX.DXMIN.IFAIL.ITS.N.Ll.L2.L3.L4) 
IF(J.cO.l) GO Ta 54 
OIVl~Y(ll/YOl 

IF(OIVI.LT.l.010) GO Ta 50 
J=J+l 
CONTINUE. 
IF(L4.EO.40) GO TO 40 
iFILI.EO.10) GO Ta 10 
IFIL2.cO.20) GO TO 20 
lF (L 3.Ea'. 30) GO TO 30 

Ll=10 INOICATES INTEGRATION HAS BEE~ SUCCESSFUL IN THE RANGE X Ta • 
x+OELX. 

L2=20 OCCVRS WHEN MERS ON FAlLS Ta INTEGRATE Yll) AND/OR Y(2) FRO~ X 
TO X+OELX. THIS IS DUE EITHER TO A LARGE DXMIN OR A SMALL TOLKM 
WHICH IS USEO. 

L3=30 OCCURS wHEN THE LIMITING R~Tlu OF DY(2)/Dy(11 HAS OEEN REACHEO. 
THIS INDICATES THAT A FURTHER INCREASE IN T~E VERTICAL DISTANCE 
LEADS TU NO SIGNIFICANT CHANG= IN THE HURIZUNTAL DISTANCE. THAT 
FOR ALL INTENTS AND PURPOSES. !HIS POINT CAN BE CONSIDERED AS A 
POINT AT INFINITY FROM WH1CH THt PARTICLE IS STARTING IfS 
JOURNEY. 

L4=4Q INDICATES THAT TH~ SEPARATION HAS BFCO~E NEGATIVE. ANY FURTHER 
CALCULATIONS WILL LEAD Ta ERRORS AND EXPENSIVE STOPPAGES. MOlT 
P~O~ABLE CAUSF FOR SEPARATION BECOMING NEGATIV~ 15 THE LOW V.~UE 
OF fHE INITIAL SE~ARATtON WHtCH WAS SPECIFIEO. THE TRAJECTORY 
IS UNSTABLE AT LaW SEP~HATIONS AND MESULTS IN A N~GATIvE 
SEPARATION. 

STEP:OX.UIT/Rl 
'1 ( 1 ,:- y ( \ ,.~ 1 
Y(2)=V(Z}.Rl 
S=S.~2 
WRITE(6.12)'t(1).V(2).S.X 
FOR~AT'//.23X.F9.3.19X.F8.3.15X.F9.3.16X.Fe.3) 

'1( .,:Yl lll'Rt 
Y(Z)=Y(Z)/Rl 
S=SI'~2 

GO TO l!:> 

WE HETURN Ta 15 AS THE WHOLE TRAJECTORY IS NOT YET COMPLETEO. 
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- ; 
~r 

::--1 
"" 1 

.": 1 
l 

.:.:1 
'::"1 -- ' 
~l 

~ 

~II 
::.: i 1 
:'1 

-0 1 

.-., 

." 

7~')10a 
, L+ • .) 'or 

117 .!O 
118 21 
110 
120 
121 
122 
123 
124 22 
12::, 
126 
127 C 
12~ C 
12'1 C 
130 C 
131 30 
132 31 
133 
1.34 
13S 
136 
137 
13~ 

139 lI44 
140 
141 440 
142 
143 445 
144 
Ill"> 441 
146 
147 
148 446 
14') 

150 44,z 

151 
152 447 
153 
154 500 
155 

ISe> 401 

157 
158 443 
159 
160 
161 
16..:! 

163 

448 

164 449 
lbS 
166 
167 C 
168 C 
16) C 
170 C 
171 40 
172 41 
17.3-
174 42 

'N~ITE(b.21) 

FOR~Ar(//.5x.'S~ALLER D~~!N OR LARGER TOLK~ RèOUIRED FOR SUCCESSFU 
",L l'<TFGRATIO~'1 

YCl,)=YC1) •• H 
Y(2)=Y(2).IH 
S=$.~2 

wnIT~C6.22lYCll.Y(2).S.lF41L 

FUR~AT(///.·IOX,'Y CO-ORDINATE ;'.F8.~.lOX.'K CO-ORDINATE :',F8.5., 
%/.10X.'SLPARArIO~ ='.FH.5.10X.'THE VARIABLE WHICH FAILS=·.I]) 

GO TO 10C 

SINCE THE INTEGRATION HERE HAS FAILEDC AND RECTIFICATION MEASURES ARE 
REOUIRED I.E SIMPLY MOVF. ON TD THE N~XT RUN. 

.... dTE(o.H) 
FùRMAT('l' .//////////.20X.' ••• 1t •••••••••••••••••••••••••••••••••• 

~* •••••••••• ~.** •• * •••••• ** ••••• " •••••••• 'l 
COLLI:::oy(21*vC2) 
YCll=Y(ll.Rl 
Y(2l=Y(2).Rl 
E::S*R? 
wRITLCo.444) 
F uR"" AT 120 X ••• ' • 7 d X ••• ' • / • 20 X. ' ••• 78 X • ' • ' ) 
lII~rH:«).440) 

FO~~Ar(20x,·*'.3l~,'ULTl~~~ VALUES·.32X.'.·) 
.... Il rt(b.44S) 

FUR" A T ( 2::; X •••• ,1 <; X , ' • , ,/.2:; X • ' • , • 78X • • • • ) 
.. \.Il Tf: C 6.44 1 ) Y ( 1 ) • V C 2 ) 

~P~AT(20X.'*·.7X.·VERrICAL UISTANCF='.F9.3.10X.'HORIZONTAL DISTAN 
CE:·.F ).3.5X.·.') 
.. Id Tt; ( (. • 44 n ) 

FURMAT(20X.·*'.1RX.·.·./.20X.·.·.18X.'.·) 
WRITëlb.442)F.X 
FO\.l~ATI2CX ••• '.7X.'StPARATION=·.F9.3.17X.·TIME=·~F9.3.20X.·.') 
IIIlnT!:c(6.447) 
FORMAT(20X.·.·.7~X.·*·./.20X.'.·.78X.'.·) 

WRIT~(6.~oo)CnLLE 

FORMAT(20X.'*'.24X.'COLL1S/ON EFF/CIENCy::·.E9.3,24X.·." 
',\IRITFlb.401) 
FORMAT(20X ••••• 78)(. ·.·./.20X. ·.·.78X. '.') 
IORIT;:"(6.443) 
~UR~AT(20X.' ••• ** •••••••• *.**.*.*.*······*·····**~· •• • •••••••••••• 

1** ••• ··.*** •••• **· •• ··.*·.') 
w~ITc:.(6.448) 

FOR~ATI//////.20X •• NOTE: •• 8X.'DlSTANÇES AND SEPARATION ARE IN MICR 
.'J".S· ) 

IIoQITF(6,449) 
FORMAT(l?X.'-------· .7X,·TIMF 1S D1MENSIONLESS 
d8LE ~AOIUS/aUaaLE TE~MINAL VELOCITY l'> 
GO TO 100 

(REFERENCE TIME=8U 

AS THE FULL TRAJECTORV HAS NOW 8~EN CHARTED. illE CAN MOVE ON ro THE NEXT 
RUN. 

tiR 1 T'flIC 6.4 1 ) 
FORMATC///.40X.'RUN TERMINATtO AS SEPARATION BECOMES NEG~TIVE" 
tlRITE(6.lIL) 
FOq~AT(3QX,·-----------------------------------------------'. 
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~I 

, :; 1 

L l 
::.. 

---1 

1 t l .j 

175 
l1b 
171 
118 

179 .3 
180 
181 
18Z .. 4 
183 • 
te. 
185 C 
186 C 
181 C 
t8b !:JO 
18) 
1':)0 
l cH 
192 52 

193 
194 
195 
196 100 
197 303 
19d 
I,)~ 

1 200 
201 C 
202 C 
203 C 
~04 C 
205 C 
ZOo C 
207 C 
20ts C 
20-) C 

210 C 
211 
212 

213 
214 
215 
216 
211 
Z18 
21l 
Z20 
221 
222 
223 C 
224 
225 

226 172 
221 
226 
22'~ 113 
230 
231 
232 

174 
C 

Y(l)::Y(l,*Rl 
Y/ZJ",Y(Z)*Rl 
S=S*R2 
WRITt(6 •• 3)Y(I).Y(2).S 

~ 
FORMAT(I/.ZOx.'VERTICAL DISTANCE ::'.FR.3.10X,·HORIZUNTAL' DISTANCE 

?::'.FS.3.1/.30x.'SEPARATrON :·.F8.31 
-Wf~l TE l 6.44) 
FURMATt/I.20X.'NUlE :'.10X.'A80VF DISTANCES ARE l~ MIC~ONS'.1.19X. 

i1'-------.) 
GU TO 100 

AGAIN RëCTIFICATION IS QEOUIRED. AS THE SEPARATION HAS BECOME NEGATIVE. 
AND wE CONTINUE ON TO THE NEXT SET OF DATA. 

Y(I)=Y(I)*RI 
Y(Z)=V(Z)*RI 
S=S*R~ 

WRITEt6.S2IY(II.Y(2).S 
FOR~AT(III."OX.'LE5S THAN lX CHANGE IN VERTICAL OlSTANCt ·.I/.20X 
.'VERTICAL DISTANCE :'.F8.3./1.20X.'HOQIZONTAL DISTANCE .='.F8.,)./1 
.ZOX,'SEPARATION =',F8.J.///.20X.'NOTF : •• 10X.'AAOVE DISTANCES ARE 

& IN MICRONS'./.19X.'-------·) 
CONTINUE 
CONTINUE 
STOP 
END 
SUB~OUTINE MERSON(X,OELX.DX.DXMtN.tFAtL.tTS,N.Ll,L2,~3.L4) 

INTEGRATES FROM X TQ_(X+OELX) 
ex IS ESTtMATE FOR INTEGRATION STEP NECESSARY 
uxMl~ IS MINIMUM STEP LENGIH TO UE PERMITTED 
TOLKM IS REOUIRED ACCU~ACY 

MERSNOOZ 
Ml=;RSN003 
MfRSN004 
MEQSN005 

N IS NU~8~R OF DFPENDENT'VARIABLFS M~QS~OC6 
CONTROL TRANSFERREO ro FtRST LAAEL IF I~TEGRATION FALLS:~ AND Y(ll~ERSN007 

ITHFN CONTAIN NEW VALUl=;S 
CDNTROL lRANSFERRt.D TU SECOND LA!lFL IF- l''lTEGRATION FAlLS: IX AND 

2Y(11 THEN CONTAIN ~OS~ RECENT COR~ECT VALUES 
IN EITHF.~ CASE. Ox CUNTAI~~ CURRE~T STEP LENGTH 
DIM~NSION Y(101.YOLO(IOI.FK(~.I01.DY(101.ERR( lOI 
COMMON /OEP/Y/GRAO/DY/ACC/TOLKM(IO) 
COMMON K(2S.51.Rl.R2,S.U.RATIU.TUL 
REAL K 
TOLI=i'lO. 
ITS=O 
FINTS=DELX/DX+O.S 
INTS=lFIX(FINTS) 
IF ( tNTS.L T. t) INTS=l 
Ox'=OELX/INTS 
FMULT=Dx/3. 
GO TO 4 

ME~S:'ll008 

MEr~SNO)? 

"'ERSN010 
MERSNOII 

MERSN016 
MERSN017 
"'ERSNOI8 
MF4SNO".J 
r-'ER9'N020 
ME.RSN021 

ERROQ CHECK MERSN022 
Où 17;> 1= 1.2 
IF(ERP~ 1 I.GT.(TOLKM( 1).5.0)) GO TO 20 
CONTINUE 
DO 173 1 = 1.2 
IF(ERR(II.GT.ITOLKM(J)/32.}) GO TO 17~ 

CONTINUE 
GO TO 21 
CONT INUE 

/../~ 

INT~GRArION SATISFACTORV: CALCULATF NEw POINTS "'ERSN025 

------_._--------- --

.. 1 ~ f'\ 
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,. ,-----.1&------- -- , 
233 
234 
?3~ 

236 
237 
238 
239 
240 
241 
242 
243 
244 

#l 
245 
246 
247 
~4tl 

249 --, 
~. ! 250 

'-. 251 
-i 

~I 
252 

:-:, ..... 253 
254 

"".) 1 :!55 
256 

IFJ 257 
~. 

--< - 258 
~. 25<) 

=1 260 
"";:' , , 261 

1 

~ 
262 
263 

S 264 
' . 26~ . -
~l 

266 

.-;;; 1 267 

~ 
268 
26') 
270 

:;. 
271 
272 
273 
274 
275 
276 
271 
278 
279 
Z80 
281 
282 
283 
284 
28~ 

286 
287 
288 
2ü9 
290' 

7"J'11 1 i.'. ' • 1. 

3 DO ? 1= 1. N 
2 YII)=YOLOIII+O.5*FKI1.I)+2.0*FKt4.11+0.<;*FKI5.1) 

ITS"'ITS+I 
C 
C 

LALCULA{i AND TESTS 
TEST ~h~HER THE VALUE OF YI?) 
IFIRATIO.GT.TOL.AND.S.GT.TOLI) 
GU TO 203 

202 L3=30 

203 

L2=O 
Ll=O 

'L4=O 
RF TUR:-.I .. 
IF(I~TS.Ea.l) GO TO 201 
GU TU ô 

201 Ll=IC 
L2=~ 
L3:1o ' 
L4=0 
R>,:TURN 2 

6 INTS=INTS-l 
C PRESeRVE CU~RENT~ VALUES 

4 XOLD=X 
DO 5 1 = 1. N 

5 YOL:::dl)=Y(I) 
IHALf=O 
(,U TU '7 

C ~R~OR EXCESSIVE: HALVE STEP 
20 D)(=O.<;"'Ox 

IFIGX.LT.DXMIN) GO TO 19 
l''ITS=INTS+INTS 
IHALF=l 
COO TO fi 

IS LESS THAN ZERO 
GO Ta 202 

C STEP LENGTH TOO SMALL: INTEGRATION FAlLS 
19 x=- XOLD 

1 FA 1 L= 1 0. 

no 23 l=l.N 
23 YIII=YOLD(11 

L2=20 
Ll=O 
L3=0 
L4=O 
H~TURN 3 

iJ 

C rRROP S~ALL: STEP LENGTH MAY SE INCREASED IF POSSIBLE 
C CHFCK IF STéP PREVIOuSLV HALVËD (PREVENTS CVCLING) ~ 

c 

C 

21 IF(IHALF.EO.l) GO TO 3 
ChECK IF INTS EVEN 
IUUëlLc=lNTS/2 
IFI(I01It;LE.2).EO.INTS) GO Hl 22 
NOT POSSIBLE: INTS 000 
GU TO 3 

C DuuaL~ ~TEP LENGTH 
22 INTS=lDUBLE 

DX=2.·DX 
C GO BACK Ta LAST POINT. AND INTEGRATE WITH NEW DX 

8 F"'ULT=OX/3. 
DO 7 l=I.N 

7 Y Cl.) = YOL~ ( 1 1 

X=XOLD 

IoIERSN026 
MERSN027 

IoIERSN029 
MERSN030 
MèRSN031 
IoIERSN032 
MERSN033 
MtR<;N034 
IoIERSN035 

.MERSN036 
MERSN037 
!oIt::.RSN038 
MERSN039 
MERSN040 
IoIE:~SN041 

MERSN042 
IoIERSN043 

IoIE:RSN044 
MERSN045 

MERSN047 
MtORSN048 
toIERSN049 
"'EHSNO~O 

MERSN051 
IoIERSN052 
MEHSNO~3 

M~KSNOo;4 

IoIERSN055 
"'ERSN056 
IoIERSN057 
MERSNO'S 

, ME:.RSNQS9 
IoIERSN060 
MERSN061 
l'IéRSN062 
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.,J 

f _ 

d' 
'\,.. 

.~ 

i 

291 C 
292 C 
293 9 
294 
295 
290 
297 
29a 
29') 

300 
301 
302 
303 
30!. 
305 
306 
301 
::lOIj 

lO\l 

310 
31" 
312 
313 
314 

315 
316 
311 
316 
319 
32'0 
321 
322 

(;: 

C 

C 

C 

C 

C 

323 C 
324 16 
325 
326 
321 
32d 
32'J 

17 

C 
330 C 
33\ C 
332 C 
331 
33. 
335 
336 
337 
J3tt 
33\1 
.HO 
341 
342 
34J 
3 •• , 

345 
"146 
347 
348 

, 

31 

301! 

33 

JO 

1 1 

12 

13 

14 
10 

", 

MAIN INTtGRATION PROCESS STARTS HERE ••• * 
ADVANCE 1( SV DX 
CALL UER[VS(X.N.L4) 
IF(L4.EO.40) RéTURN 4 
00 18 IS= 1. ~ 
ÛO TO (Jl.JO.32.tJ.30).IS 
X=X+FMUL T 
GO TO 30 
X=X+0.5*FMULT 
GO TO 30 
X=XOLD+DX 
UPOATE YI 1) 

DO 1 (). 1:; 1 • N 

FK( IS.1 )=F/IIIULT*OYC 1 1 
GO TD (11.12.13.14.10l.IS 
PREQICTOR AT (x+OX/3.' 
y( t )=YULD( J )+FK( 1. 1) 
GO TO 10 
CORRFCTOR FOR IX+OX/3.1 

" 

y ( [ ) = V OL 0 ( 1 ) + 0 .!:> • ( FI< ( 1 • [ 1 + F K ( 2. 1 1 ) 
GO TO 10 
ADVANCE Ta (X+OX/2.) 
Y(I'=YuLO(!,+O.37!:>*FK(I.[,+1.125.FK(3.1) 
GO TO 10 
ADVANCE Ta (X+OX) 
y ( 1 ) = V DL 0 ( [ ) + 1 .5. F K ( 1. l ,- 4 • 5 • FI< ( 3: 1 , + 6. O. F K ( 4 • 1 ) 

CONT[NUt 
tF(IS.EG.!:» GO TO 16 
EVAL~ATE OERIVATIVES 
CALL DERIVSlx.N.L4) 
I~(L4.Eu.40) RETURN 5 
GU TU 1 ~ 
ON LA~T INTEGRATION. EVALUA TE ERROR 
VU 1 7 1 = 1 .2 
ERRe [) =A~S e FI<. Cl. [)-4 .S*FK 1 3.1 )+4 .O*FK( 4.1 )-O.5.FK{ 5.1) , 

18 CUNTINUE 
GO TO .. 

------ .--PAGE 6 

MERSN063' 
MERSN064 

MERSN066 
MERSN067 
ME:~SN068 

~ERSN069 

"'ERSN070 
MFRSN071 
M~~SN072 

MERSN073 
M:::RSNO 74 

MERSN075 
MEf.l~N076 

"'E:.t-lSN077 
MF.:.:?SN078 
MERSN079 
il'ERSNOeo 
MEY SN 0 loS 1 
"'ERSN032 
MERS"I083 
MFRSNOtl4 
M!:I?S"IOes 
ME~SN086 

MERSN087 
ME<SNOBb 
ME'~SNOi\? 

MEQSIIIO'JO 

MERSNO<J2 
MERSNO'J3 

MERSNO~9 

Mé;"/SN100 
MERSN101 

,. 

\. 

DE~IVS 15 THE SUBPRUG~AM WHICH CALCULATES THE OIFFERENTIALS OY(I)'S 
GtVtN YII)'S AND X. 

SUBROUTINE OERIVS(X,N.L4) 
DIM~NSION Y(lO)~OYCI0).T(30) 

-. 

CO~MON /OEP/Y/GRAD/OY/ACC/TOLKM(10) 
CUNNUN K(25.~).Rl.R2.S.B.RATI0.TOL 
REAL K _ 
R=SQRTC (y( 1).Yll)+YI2).,,(2'" 
COST=Y(1)/R 
SINT=Y(2)/R 
S;R.Rl/R2-Rl/R2-1. 
IF(S.LE.O.O) GO TD 10 
SLOG=ALOG10CS) 
SLO:ALOGIS) 
DO 1 1=1.4 
T ( 1 ) =K CI. 1 ) +K ( 1.2) .SLO +K ( 1 .3) .SLO.* 2+1< « 1 • 4 ). SLO*. 3+K 1 1 .5) *SLO •• 4 
TC 1 )=ExPITI 1») 
IF(t.EU.ll GO TO ~ __ ~____________J 



i 

-~ 

r .~ 
I"~ 
1 .::-, 1 -71 

H 
t-~l 
1 T! 
l:J 

34~ 
35 

~ 

351 
352 
353 
354 
355 
356 
357 
358 
359 
360 .. 
361 
362 
363 
364 
365 
366 
367' 
.368 
369 
370 
i7l 
372 
37.j 
374 

• 375 
376 
377 

-- - ------------------------------------------------------------------------------------------------------------. 
-- - - ------ --- --- . -------

'~ PAGE 7 • 

IF 1 r ora./d GO Ta 3 
GO Ta 1 

3 rlII=-TIII 

2 

.-

CONTINU~ 

00 2 1:5.20 
T( I)=K(t.l)+K(1.Z).SLOG+K(1.3).SLOG •• 2+K(I.4)*SLOG**3 
tONTINUE • 
P= { ( T ( 3 ) -+ T 14 ) - B'" ( T ( 1 1 -+ T ( 2 , l ) / ( T ( 1 , * T ( 4 ) - T 1 2) • T ( 3) ) , .C OS T 
Q= 1 (T ( 15' *T ( 20' - TI 19). TC 16) ,. 'T ( 9) + T ( 101- 1 TC 5) +T 1 6) ).1:1) 

1 + 1 T ( 1) .B~ T( 1 1 ) ). ( TC 20).1 TI 13)+ TC 14) ) -T' 1 fi). ( TI 171 -+ Tt'18) ) ) 
? + 1 T (a) ... fl- T ( 12 , , ... ( -T ( 19 ). ( T ( 13) + T ( 14 ) ) +T ( '5 ) * ( r ( 17 J,.* T ( 18) , ) ) "'S 1 NT 
? /1(T(15l.T(~O'-T(I?).T(16».(T(~'.T(10)-TIQ'.T(6» 

1 +(T(11'*T(ZO)-T(lQ).T(12».(Tl13).Tlt)I-T(5).T(U» 
1 +(T(11)*!116)-T(\S)H(12»*ITISIU(181-TIl71UI6» 
? .(T(7)*T(20)-T(19~.T(~)'.(T(~).T(14)-T(131*r(lOII 

1 -+(T(7)*T(lô)-T(15).T(8)1*(T(17).T(lD)-T(9)*T(lb» 
? +(T(71H(lZ)-T(11)·T(81)*(T(13)*r<lS)-T(17hT(I4») 

Dvll)=-P*CUST-o*srNT 
OYI~)=-P.SINT+a*COST 

RATIO=OV(2'/OY( II 
L4=O 
~~TURNf 

10 L4=40 
C 
C L4=40 tNOICATES THAT SEPARATION HAS BECOME NEGATIVE. AND RETU~NS 
C TG SUBRQuTINE M~RSONo 
C 

.... 

~t:TURN Z 
t:NO ~ ", 

... 

.... 

" 

.... 

(. 

• 

l 

'------------~----- - --- --- ----

8743113 . ' . ......................................... ~.~.~.~.~ •••••••••••••••••••••••••••••••••••• '* •••••••••••••••• !........................... ~t 
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Exhibit D. 2 

VISCO'LS I~TERACTIO:, ~:ODEL; SA)fPL~ OUTPUT ~ÜTH 
BAC~~ARDS I~TEG~\TIO~ 

." 

o • 

, 

( 



t 

. '-'r, ~~ 8 ), 1 
._, VI. i. \ 

1îîî6îII: ------.--• 
Ris 36.00 MICRONS 

RZ- 7.20 ~ICRONS 

R1/~2 " 5.00 

DENSITY OF PARTICLE • 2.50 GMS,,"IL 

INITIAL SEPARATION =0.500 MICRONS 

llMITING DY(2)/OY(ll :-0.10E-05 

TOUM sO.OlCO/Rl 

INITlAL Vell/YI2) =0.0010 

" , 

RUN NUMBER 253 

'" 

VERTICAL DISrlNCE HORIZONTAL DISTANCE 

2.089 43.651 

'\ 

4.125 ... 43.508 

6.147 43.273 

8.145 42.948 

10.113 42.536 

12.280 41.913 

0'\ 

14.838 41.151 . 
11.800 39.993 

21.144 \.t 38.375 

"'-
24.791 36.200 

'-

.... 

" 

• 
... 

~ 

SEPARUION TI ME 

0.501 0.7.50 

0.'>03 0.500 
f 

0.508 0.750 

0.514 1.000 

0.522 l.HO 

0.5n 1. Hl 

0.550 1.812 

0.'H6, 2.28" 

• 
0.615 2.17<J 

0.615 3.366 



--------32.371 29.997 0.937 4.84<J 
" 

35.978 26.106 1.250 5.148 

C 
39.456 21.961 1.950 6.748 

43.499 17.894 3.826 7.844 

50.3n 14.344 1\ 9.205 9.052 

, 
6lt.662 

~I ~ 

93.363 

V"" 1 1 l't8.8S8 

22.500 10.451 

50.65' 12.2 .. 13 

105.810 '14.841 

1,1.613 

9.'18 

7.989 
1 ..... 
~ 

~·-ll .- 256.303 f .... ~ 
JS 

~11 ") 
410.611 

,J ~' 
~ 

926.253 

213.190 18.976 

427.444 
,. 

26.095 c. 

883.065 39.168 

6.7"3'0 

5.809 

5.140 

~I 
.. 

~ 

" ."' 
~ --;:f 
~L~ 
=1 

@j - -
:~ 

" 

• 

" 
--'-

a. 
, 

• 

-'':D!q 
_ :.. ,,' t .; 

--, 



'l.' 
1 ...... 

~ 
'. . . " , 
~~ 

,- . 

"-

/ 

'J( 

~ 

- '. 

~ . 

'. ' 

t, 
•• " ... -- -, 

.. 
------- • . , 

-7 ~ 

•••••••••••••••••••••••••••••••••••••••• * ••••••••• * •• ~ •••••••••••••••••••••••••• 
• • • ; 

• • UlTlMATE VALUES • 
• .0 
• • 
• VERTICAL DISTANCE- 1125.133 HORIZONTAL DISTANCE2 5.321t .. -? 

• • 
• • 

.... 
• h -' SEPARATION- 1081.944 TlME2 44.314 

• ~ 

• • 
• • '"'* • 

C9LLlSION EFFICIENCY:O.219E-Ol 

11 • • ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
~ 

~ 

\ 
NOTE: DISTANCES AND SEPARATION ARE IN MICRONS 

lIME IS DIMENSIONLESS (REFERENCE TIME~SUBSLe RADIUS/8UBBLE TERMI~AL VELOCITY 

è 

5 

• 

",,-

t p 

{ t 
e. .... {\ 

-------• l' .. 

• ~ .. ~ .. ~ .. ~~ ...•. ~ .............................................................•.. 
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Exhibit D.3 

VISCOUS INTERACTIO~ MODEL; co~œurER PROGRAM , 
FOR FOR\.JARD I~TEGRATI01~ 

• ... 

:. 

• f' , 
, 

• 

\ 

'.' 
l­
I 

{ 
1 • 
!, 



,........ 
f .... 1 

I·S. 
:r:.~ 
~. 
~ l 

Id 
l'El 
t :::: ! 
1 r=J 
Œ1 
f-= § 

l
:} 
~....:~ <·r ..... 1 

! î':" 1 
l ,i. 1 

I:J,~I 
~-

~, 
'::::1 

t;:: l 

p 

f'I 
1 

~Qa?nn 

" 

1 
2 
'3 

• 
5 
6 

.~~~ 

o 
, 

, 

... 

<) 

10 
11 
12 
13 

1" 
15 
11'; 
11 
18 
19 
20 
21 
22 
21' 
24 

~2'5 

26 
27 
28 
29 
3n 
31 
32 
'n 
34 
35 
36 
37 
38 
39 
4'l 
41 
.z 
43 
.. 4 

45 
46 
47 

41.1 
49 
5<) 

51 
52 
53 
!5. 
5'5 
'56 

.. 0; 7 

'S~ 

OI"lENSIUN Y( IC) ,oye 10) 
CO~~ON /OCP/Y/r,qAD/nY/ACC/TQLK~(I~) 

CO'-1'40N K(ZS.S).Rl,Ff2,S,H,RATIO,TOL.Y2"'IN.'t'IN 
REAL K 
REAO(~.999)~a,L~N 

999 FO~"'AT(Il.I~) 
DO 303 LA"~,,,C 
00 1 1=1.20 
REAO('5.2)(I« I,J,.J=I.S' 

2 FOR~AT(5Fl~oql 

'" 

C'JNTINUI:.' 
REAi:>15,998)M 

<J98 FOf'~AT( Il) 
0.0 lCO L=l, 101 

L=L+LRN 
L=LHt*(LA-ll 
wRITE(6.253IL 

253 FùP""'T('I'./I/II/I.60X,'PUN NUMB!::R'olAI 
L=L- ..... (LA-I' 
L=L-LRN 
W'HTEff>.l74) 

~7. FDR'4"Tt5~)(.'----------------' 1 
, R~AO(5,210)Rl,R2,E.RH02,VI ll.vll) 

210 F~~~~T(~F10.51 
PAT=RI/P2 
TflL=-.CO')OOI 

FACl=.Cl 
FAC=.OOI 
w~JTE(6,211)Rl,Q2.~AT.~HC2 

... 

211 FORMAT(III.20X,'RI='.Fo.2.· "'ICRUNS',I/,20x,'r.?='.Ff>.l,' "'IC~lJ"'S'. 

;/1.20x.IfH/Rl =' .F5.2.11.20X,'()[NSITY OF- ~ARTICLE :'.F6.2," G~S/'~L 

* • ) 
\1 R t TC (b .212 1'1' ( 1 1 • '1' o( 2 1 

212 FUR"AT(/2JX,'INITI"L Y(ll ~ ',F9.3.' "ICRCNS'// 
? 2 (, l(. ' [N l T 1 A L y ( 2) = ',F l.~ :1.' '" l (: Re 1\ S' 1 
w~!TE (6,1 JI) 

101 FOR~AT"1111.20X.'VERTICAL OISTANCE'.10x.'Hn~IZCNTAL DIST~NCf~.IOX 

c 
c 
c 

c 
C 
C 

c 
c 
c 

".'SEPA~ATIUP<J' .1,.,X.'TI~E' 1 
RHOI=.(lr.129Z8 

OlNSITY OF AIR. 

RHOF::I.JO 

DE~SITY OF FLUIO. 

" UF=O.OI 

VIScnSlTY C~ FLUID. 

.-
Y(2':Y(21/Rl 
V2MIN=O.0'5/Rl 
Y(1)=Y(ïï/~1 

-
vl"'=-'I'(I) 
U1T:-(Z-(QHl)1-RHUF'·"H*Q1*9H11/(9*UF*IO .. "P., • 
B= ( R2* ~2 II" (R~IOF -R~!O 2 1 '1 ( q 1. k 1"' ( J<liOF -P Hill) , 

x:p.O .. 
TDLt<.M( 1 ) ::FAC I/iH 

---- - - - ------ ----.-----

> 
..../ ~ 

(r 

PAGE 

. .. 
'._~~ 1 

'-. ':. '-

, 

-- -- ---~ -- ------, 



n ! ,o' 1 

"=1 
:::1 

0--: 1 

:..:l ,.51

1 
/7 
;:. 

ro~ 

t

l

_=; 

1 il 
t ~I 
I:~ i 

i~l 
ô 

( 

:689201 

// 

0 __ - _ ~ _~ ~ _________ ~~ __ _ 

T~L<M(~)=FACl/~l 

N=2 
0>(-:'0'(11/10 

J=1 
1~ AY=AR:;,(Y(lll 

/ 

'59 
(')0 

(,1 

62 
63 
6'\ 

6'> 

OXIoOIN=AY/2'::''):lJ 

IF(AYoGT.Call GO TC 16 
~f) OELX-2.AY 
67 GO TO l~ 

6~ l~ OELX=AY/2 
6C; 13 Y81=Y(11 

70 C 
7\ C 
7~ C 

---- --

73 C 
74 C 
70; C 
71; C 

77 

"'T T'"115 PCI!',T WI- ","VI:" DEFINiO t.LL T'il. f)llf,f'.TITIFS 1I-iAT ARE N.CCCfSSM,Y 
1-('-( TH";. rf\Tt'c.PAT;IJN OF TH .. : lJ':Y-~ùJ.l'l'r ·y~RIA.'~Lc:5 y( II Ta Y(2), 'NITH 
,"(C:",;C>E.CT TO x TH':: lf'.nEn-r-,':lf-NT VA"'Î"~LC;,CYEP TI-F ql'lNGë X Ta X+OE1.X. 

• ACcuRùl", ... LY THt:; CU,"",'CNT YALVL}> CT' Y( 1 1,.'0'(21 !H~E HANOt::D OYFR TO-~ 
'1CRSlN ",HICH Trr:r-. f.I::TLJPNS TH'" VALUES 0,f '0'(\),'0'(2' AT X+DFLX. 

')- , 

7e 
79 
81) 

RI 
q2 

ln 
1'14 
~c; 

~6 

87 
~8 

8<; 

90 
QI 

10 

tl2 12 
Q3 

S4 

CALL Më"SO~(X,I)LLX'I.X,C)("'I,..,'tt=°,,1L,YTS,N,t.'l,L2,L",L41 
" YTt=5T=Y(I)~~1 r 

IF(YTEST,G~.v.01J Ge TC :'4 

I~(yT~~T.L[.(-~.Clll Gu Tr} '54 
': '1'(11=-(..':1 

7 ,CNTINU::: 

IF(1..4.L.~.4C.) (:l:J TC _tSD 
IF(Ll.L(J.!: ) ~TC 10 

,~ 

\ . 
~~ ) oJ "'" V 

~~\ 

IFCL2.cu.;»1 Gt: TC ?O 
IF" (L.3. EIJ. 3r. 1 Gll TC 3e 
5.E,.>=)x.Ulf/i<I \ 
y ( 1 ): V ( l ) '" l 
Y(21=Y(21"'Pl '" 
5='5""'2 

\ 
\11« 1 Tr' (to. 12. ) v ( l ) ,V ( 2 1,5, X 
~ ) i~'~A r ( / / • ~ - x ,f- 'J • .3 , 19 x • F 13.2.1 <; x ,f- '}. -j ,1 t- X, Ffi. 3 1 

Y(l,=Vll)F'l 

• 

94 ~ V(2)=~I/>-Il 

s=s/r:!r' 
. , 

90; 

9" 
97 C 
c;e C 

99 C 
l0C 300 
1'H 21 

1"2 
103 
1~4 

105 
106 
1 C7 22 
lC'B 
10C; 
110 C 
1 Il C 
112 C 
113 C 
114 
Ile 
116 

3e 
311 

GJ TO 1::> 

",f ~t:T.U>:N TO 15 AS THi; l:,mu: TPAJECTLJkY Ys "CT YET COMFLETtôO .. 

.,.C? 1 Tr ( :, .21 1 
FaR~AT(//,~X.'S~ALLER ~X~I~ OR LAPG~~ TGLKM HECU[RfO Fn>-l SUCCESSFC 

alL I~JT~(;~ATI<J""I j • 

'1'(1)='1'(1).,<'1 

V(?I=V(~I .... 11 
5=5""2 
w~ITF(~,22IT(1I,V(2I,S,IFAIL 

:0 

-" 
riJR~AT(///,I"X.'Y CC-Oo;ùINATE =',F-o,"i.1 ,x.'ox CC-C~(';INATE :',F8.5,1 

';/.l')",':''::i='AHAT11l''l :',FE-.5.1(.x.'THC IIARIAF'LE ,"'tllCH FAILS=' ,13) 

GO TO le C 

..>~ 

~INCE THE. ",~TEG.~ATIC" HU~t;: HIS FAILLP( AND QECTIFICATICN MEASVRf-S ARE 

REQU\hFO I .. F. SI"PLY l'!CVE ÙI< Tf) T>iF NëXT ~vN. 

WR 1 TF (t,. 311 1 
FQPMAT(///,4~X,'TRAJECTC~Y COI'!PL~TCD'1 

GO Ta lO'j 

l'A.t: 2 • 
" 

,.. 

" , 

~ ------- ---------- ------~------------------------------------------------~ 

~ 



................ ,- ..... 

---'" 

1 - , 

- , 

-----...1 

# 

,"-, .. • .. ·\l"Int'\ 

117 
1 l '! 
119 
121) 

121 
122 
123 

"24 
12': 
126 
121 
12P 
lZQ 
1 ::!I) 

131 
132 
t :? 3 
134 
1 ~'5 
136 
137 
1~'! 

13 .. 
14" 
l "1 
142 

l " ! 
144 
145 
146 
147 
1411 
149 
ISO 
1 ~1 
152 
1';3 
154 
155 
151) 
1 «;1 
1';1i 
15q 
160 
161 
162 

11)3 
164 
16'5 
16~ 

167 
168 

1"" 
17C 
171 
172 

173 
t74 

------
~- - --- ---~-~---~---~--~----_-..I 

, 
31 FORMAT(·I·./II////I//.20x.· •• ~ •••• ~*.*.*.**.**~.**.*.* ••• *'***'~.~ 

S*.·.***·*.*·~.·~_*··.·*··*.*·k •••.. ~~ •• *~.) 
COLLf=Y(?I"'Y(?1 
'1'( 11=Y( II.Pl 
Y(21=Y(21.Pl 

E=':'''P2 
wRITE(b.4441 

444 F1R'AA1(2CX ••• • .7tiX,'.· .1.2CX.'''· .7RX.· "} 
Io/RITE.(b.44CI 

44~ F~R~~T(2CX,·~·.31X.·ULTIMATE VALU~S·.3?X.·*· 

wKITf (6.4451 
445 FÙM· .. AT(2Cx.·.· .. 79X.' .. • .. /.2GX,·.·.7L3( •• "' ... !) 

wQITE.(6.441IY(II.Y{21 

... 

441 F,JP"AT(;:(X.·.·.7)(.·\IE"TlfAL DIST"",rf=·.FG.:?lCx.·Hcr;JlrNTIlL D15TAI\ 

446 

-CE-=·.F ... ~J.C;X. '.'1 
w~ITE(6, .. 4(,1 
F JR~ AT ( 2' ex, .~ • '178 X '1 ' .. l' • / '12 C' X • ' • , '1 7 'X , ' * • ) 
""RI TC (t,. 4421'1:. X 

442 ~OR~AT(2CX.'*·.7X,·5EPARATION='.~9.3.17X.·T!~E='.FÇ.J.2"x ••• • 
W>llTE(f ... 447) 

447 

500 

401 

F'Jf:(~AT (2:';( .... • • 7A X. '.' ,/. 2C,X '1 t,. • ,7io1 X •• ". • ) 

wRITf(~,~COICCLLE 

FnQ;~AT(2C)(.·.·.?4X,· .. CCLLtSION E~fICIEI'jCY=·.Fo<::.24X.·"· 

IIoQITE(.,.4CII 
Ff)>I.I4ATI2C,(,·.· ,7tlX ••••• /.20X.·' ·.7"!)( " "1 
W~ITE:(O."431 

443 F~R~AT(2CX.··*~ •••••••••• **~.* •••• • ••• •• •••• *.· .. *.·.-........... . 
1 •• *M.** ••• ** ••• ~-** ••• -.*.') 
WRITE(6.44~) 

449 FOR~AT(//////.2~X.·~OTE:· ,8X,'CISTA"'ClS A~J S~~APATICN ~RE I~ YIC~ 

44<) 

SONS' ) 
wI.lIH'(6,44Q) 
FOR~AT(1~)(.'-------'.7X,·lIMt I~ nI~=~JI~'LESS 

RHLE QAUIUS/~U~3LC TER~INAL V~LCCITY 1') 
GO Ta lC~ 

; 

(~ë~~Kf~C~ TIV[-=CL 

C 
C 

C 

C 
40 
41 

AS THE FULL TRAJEÇTC~Y HAS ~Cw ~f~N CH~RTED. ~c (A~ ~CV~ O~ Tn T~[ N~xT 
RUN. 

.,RITElt.41) 
FOR.I4AT(I/I.4CX.·PARTICLE wIT~IN .rs ~ICR(~S CF 2U~FLC AXI~'I 
W~ITf(6.42) 

42 FQRMAT(3/X.'---------------------------------~-------------., 

~ 

Y( II=Y( 1 ).Pl 

Y(2'=YI2)*nl 
5=S·R2 ..... ,. 
'IIR 1 TE (6.431 v ( 1 1. V ( 2 1. S 

~ ~,,; , 
43 Fll\ol\\AT(II • .:!)X,'VCRTICAL OISTANC~ =' .Ff:I .. o.H'x.'I-'Cfd.zUt\TAL CISTAr-.CI'-

1:=' • F 8.3 • 1/,10 X. • ::; E" lA RAT 1 eN :='. Fe • .3 1 
Wi{lTE(6.44) 

44 FQR"4 ... T(//.20X.'NOTE :·.IOX,·AOC'IIE DIST"NCE~ ARE lM "'IC ... CNS·,/,14X. 
.il' ------- • ) 

GO TD lCO 
C 

w 

C AGAIN RECTIFIeATICN 15 ~EUUIPEO. A~ TH~ SEPAP4LIO~ MAS 8LCOV~ ~-C.TrV:. 

C AND lOt: C1NTINUE eN TC THF NE:)(T seT )F- CATA. .. 

50 V(ll=Y(II.Hl 

Y{ZI=V(.:'.Rl 

~--- - - ------• <il 

PA(~E 3 

" 

_____ ----1 



J 
~I " .... 

: 
~I 
~~I :;i : 
~, 

:::-i 

., . 
~:;-' , 
:' 1 

11 
_r~! 1 

"2' 
2-1 
..::J 

/ 

.. 

689203 

• 17!; 
17(> 

171 
1 7e 
179 ... 11\0 
181 
IF!2 
183 
194 
19<; 

186 
If! 7 
18" 
l "3 c; 
lQe 

1 c/I 
1 <;2 
1<;3 
1 Q4 

1<;5 

196 
197 
198 
lQq 

2"" 
2')1 
202 
2C'I 
204 

205 
2Cé 
::!'H 
?"I" 
?')q 

21" 
2 Il 
212 
213 
<'14 

21'i 
216 
217 
219 
219 
229 .' 
221 
222 
223 
224 
22'1 
220 
227 
22/1 
2210 
230 
2~1 

232 

52 

le'J 
3G3 

.c 
(: 

C 

C 
C 

C 
C 

C 
C 

C 

, 

c 

172 

173 

174 
C 

5-";>";<2 
",QrrE.(0:.<>Z}Y(1).Y(2).5 

-~-~ - --

" 
F'JRr~AT(///.4J)(.·lt=SS T~'\"" lX CHII.~Gr IN Vi-kTICAL DI5Tjl.NCtO '·./1.2~X 

-.·~=.JTICAL DISTANCE ='.F:l • .3.//.2(X.'t10'7!ZCNTAL crC;TANC: ='.FS.J.// 

.èf~X.·s.:rb,RATICN =' .F8,,~.///.2Cx.·'10TF :' .1('X,'JlE'C.\lF DrST~""CES APE 
& t ...... ·MIC.:lC'lS· .1.19)(.'-------· 1 

CÙNTl~UE 

Cll"Tr"";t: 
STO~ 

t=)4.) 

• 

S~3.JCUTr~~ ~~~C;U~(X.D[LX.CX.OX~I~.lrIlIL.115.,....Ll.L?L3.L4) 

I~T~G~ATfS r~c~ X TC (X+U~lX) 

DX IS Ô:STlMb,Tc H1R INTE.GRJlTIOr-; "T[P r-.C:CES~M<y 

DX"IN 1", '~I'Jl"\J"'" ST"P LE",r.TH TC il~_ O:;..I"ITT[D 

TCL~~ 15 ~"'QUl~lD ~CCU~ACY 

"'':or.' ':Nr (,2 

PIE. 1 ... !::PlJC ( ~ 

"FI., ~"'êl4 

"t-D~Nr;C5 

,... IS ~0M~~q C~ ~~Pt~OE'T VAwl~PL~~ W[~~N(Cb 

CO.HI·,JL!' T~I\.,jSFrr~o./fO TO ~IRST Lf,':'lL IF l'''TF'GRATICI'. FALlS:X ANe Y(II"[-SNC r 7 

1 Tt~F >J CorlT ... 1:-1 r-.t:" V A LU':: S 

~CONT"~ .... TRA·,Sf'fCl'<E..!l TO Sr-Ct~,,) LA"fL IF l''T[G~ATI(CN 

2Y( 1) T,-iEN Cl/',TAI'; WC5T I.,rCE-NT (('P'r-( T V.\LLé-S 1 
IN "ITM=~ CAse. IlX ([I\TIIII-<5 CU .. r.lr-.T C;Tf>" L ... ~ 
DIA::: 1. S J ,; 1\ y ( 1 C ) • y C L f) ( 1 ( ) • f " ( èl • 1 C ) • ') y ( 1 .~ ) • r!- i-I ( l ': 1 

c.c" ~(lN /;):::P/Y /G-<NC/CYI Acc/T',LK'" (1 ) 
C':;"I4,\'" p(125."').~1 •• ,2.!:>.H.kATICl.TOL.Y:"!Mlr-..YtN 
R:;:.>.I... P( 

TDL1=~':'. 

Ir~:(\ 

FI~TS=O~L./OX~C.~ 

1 N T ,= l ,IX ( r= l '" T .:; ) 
1 F ( 1'. T ~ • L T. 1 ) l '\j T S:% 1 

DX='lf-LX/INTS 
~'1\"LT=ux/~. 

GO TU ,. 
t:"1R JI' CH" CK 

DO 172 1=1.~ ~ 

lF('::""(Ilor.T.(TClLKIJ(I)'t'.J.C)) Gc. TO ~ê\ 

CUNTI'IUt: 

:)'l 173 1=1.2 
IF(EPo.iII).GT.(T'lLK"'I)/32."'l) GC TO 1 7 4 

(ll'llTINU':: 

G'1 TCl ?1 
C0NTl"lUc_ 

, 

IkT~G~AT10~ SAT1SfACTC~Y: CALCULAT~ ~[~ peINTS 
::; D') .2 1 = 1 • " 
2 Y(I)=Yl)LD(I)+C.~.FK(1.I)+2.""'F"(4.1)+>'::.5.FK(~.I) 

IT5=IT5+1 
IFIY(l)oLToYII\) GC TO 202 
Gn T~ 2C3 

FAlLS: X 4NO 

~ 

r.>C. .. 5NCC" 
~~J..lC:1"(" ..... '1 

"~i~C,N~10 

"ER~NCII 

~t-k~N"ltJ 

"FR~N" 1 7 
,,~ r; s r.J ( 113 

"r- f~!:: /'oC 1 C; 

"E."~N"2C' 

1Jf-I./S/,V21 

"'f- nSNC 22 

~ERSNCZ5 

PJC4~"""~2b 

IiER~"'('27 

Pjl.Gt:: 4 • 

202 L3=30 

2"3 

2')1 

L2=) 
Ll=1') 
L4=) 

"':TùRN 
If ( r. ... TS. Fa~ 11 GO TC 201 
GO TU 0 

Ll=10 
L2=O 
LJ=i) 

- -------------------------------------~ 

\-



OUU~uUU -~----

233 
234 

23'5 
2"16 
237 
2J6 
239 

.- 240 
?41 
242 
24:! 
244 

Vo"!: 
246 
247 
248 
249 
25') 
2'';1 
?52 
253 
254 
25<; 
256 
2<;7 
258 

~ . . .-ri" '41 -o-
f-.' 
\~ 

t ~~ 
!?j 

~ ".::--
.~: 

?59 
?60 
261 
262 
2~3 

264 
265 
26~ 

2f>7 
261! 
26<; 
27C 
271 
272 
273 
274 
27<; 
27'15 
277 
278 
279 -, 
2eo 
2AI 
292 
2~~ .. 2'14 
2e5 
2'16 
2 '37 
zee 
289 
29') 

.. __ .... ~ft • 

- --- ~ -- ------"---

C 

C 

C 

C 

c 

C-

C 

C 

c 

c 
C 
q 

c 

L4=:) 
RETURN 2 

b INTS=lthS-l 
P~"'SER"t:- CI.JRRI:I'<IT VALUçS 

• XOLO=X 
00 ;; 1 =1 • N 

5 YOLO(I'=Y(I' 
IH4LF=O 
GO TO 9 

~ 

ERROR EXCESSIVE: HALVE STI:.P 
20 ox:=û.s*ox 

IF(UX.LT.OX'III\, GO Ta 19 
l""r~;:INrS+lNTS 

IHALF=l 
GO TO 8 
STt:P LENGTH TGO S", .. LL: I~TEGRATION FAlLS 

19 X=XOLD 
IFAIL=I ... 
0, 23 t:: l ,N 

23 Yll )=YOLO( J ) 

L2=20 
Ll=O 
L3=0 
L4=':> 
RETURN 3 
ERIWR SMALL: srEP LENGTH MAY RE I""C~EASED IF PC~SleLEI 
CHECK IF STEP PREVICUSLY HALI/LD (P~EI/E~TS CYCL!~G) 

21 IF(IHALF.EO.l' GO lC 3 

CHECK IF tt.fTS EllEN 
1 OUfILE= 1 NT5/2 
fF«ICUBLE·2,.eO.II\TS) Ge TO 22 
NOT POSSIOLEl fNTS COD 

Go.) TO 3 

DOUBLE STEP LENGTH 
22 lNT5=IDUf1LE 

OX=2 •• 0X 
GO OACK TO LAST POI~T. A~D INT~GRATE WITH ~f.w ex 

a FMULT=DX/3. 
00 7 1 =1 .~ 

7 Y(I)~YOLPII) 

X=XOLD 
~AIN INTéGRATION P~~ESS STARTS HERE •••• 
AOIIA"lCE. X 8Y OX 
CALL D~WIII~(X.N.L41 
IF(L4.EO.40) ~ETUR~ 4 
DO 18 15=1.5 
GO TO (31.3C.32.33.301.15 

31 X=X.FMULT 
GO TO 30 

32 X=X+O. S"FMUL T 
GO TD 30 

33 X=XOLD+DX 
UPDAH: Y( l' 

30 DO 1 0 1" 1 • N 
F K ( 1 S • 1 ) =F MUt. T" DY ( 1 ) 
G0 rD (11.12.13.14,10).15 

c P~EOICTUR AT (X+DX/3o' 
11 Y(I,=YOLIHf,+FKll.I, 

.­
-"'f"RS'J'.;:>C 

At":::R ~ ..... c ~""tc. 
"'F"SNC31 
IV c l-o?C:'\:I""'2 

_-__ v~~=~~3J 

----~~C:4 

J" 

fv~~5'\l(-'~ 

,,~~C:'\j'2:t 

tyF-P5"~:37 

"" h' !:r-..r "3 S 
""f:~; 5'\l~ 19 
~t..;""C::'\lrAC 

lI~ ~~ ~"'!~,~ 1 

""r:.~ ~~.- 4;: 
wE-~S:"1..~3 

ftrIFLJSNr44 

"r:fJ~M 4~. 

"''':RSr-..':47 
"E~5NC4~ 
~Fr. c.~ ... ~ 49 

~E~~~I S~ 

tlfQc:t-..::Sl 
~r~SN(C)? 

~Eh;~,f"=:'3 

vf"S'\j(~4 

"'frçl\jr"", 

"'~RS'\lr: ~t. 

t',,-~C.!\'C57 

"'Et:. <'N'<O" 

..... rh'~'-c:f"') 

"t- r. ~ "r , : 
... r~S'(fol 
"'E p~~r ""J? 

Nr;:;~·''''e~~'' 

~t '- !:'\I( f 4 

'-tt-R.::,rr~ 

"w't: q 5"· r 7 
,.,,;"~.,I ~ '\,!r f '" 

"1- P ~r.,j( ':"s, 
"'CI-' <;'.C 7( 

"'"-h.<:'\jr71 
... rOSI\i""7? 

~:'-h ~"~l. 7-: 
~:'-"-'CN( 7~ 

" - -<~, _ 7'; 

.., ~ r t-1'.{" 7i­

~l ' .. -: ..... '..-,7 

~C"R -:;t\4\. "7~ 

PAG!O '5 

~ 

- --------.--~ 

.\ 
~\~ 



rJ 
::1 
,'::-1 

f .. j 
r21 
~'-3t' 
! -;g l 
1 ~!I r -. 1 ::::-1 
1 -: i 

.

1 .J l "- i i ';. l 

1 ~:J 1 
l " t 

AI 
1 -, 

: '; 1 

l-I' 

JJ~~ ~ :~ 
, -

1-

, 

" 

689205 

... 

-- ~l,' ... 

,-

291 
292 
2Q3 
294 

29'5 
<::l 

2 9 6 
297 
2"98 
Z9C; 

3CC 
31)1 

_.3"2 
3')3 
3')4 

3')5 
30!5 
307 
3Ce 
3')<) 
.. 1 C 
3 Il 
312 
~ \ ~ 

314 

31'5 
31é 

"17 
31~ 

31<') 

32C, 

3"1 
3?? 

323 
,~~ 

32'5 
326 
327 

32'3 
32<; 

31'J 
3]1 

3T' 

33'1 
'1:4 
31'; 

:n" 
3 37 

339 
:31<; 
34~ 

341 
342 

34~ 

344 

345 
346 
347 
341'1 ~ 

c 

c 

C 

C 

C 
If, 
17 

c 
c 
c 
C 

3 

2 

._------------- • 
PAGE " 

Gù TU le 
CJ;;'1ECTJ;< f'lR (X+DX/3.1 

12 Y(II=vOLD(!I+:>.'ï .. (FK(I.IHFK(?I» 

G 1 TG 1 C 

AlViNCE Tn (~.DXI201 

13 Y( t I=V(,L(){ t 1 +r.37':; ... Ft<.( 1. l )+1.12'5>-fKI3.1 1 
GO T'J 1 J 
AüVM,Ct:: Tl ()( +') xl 

14 Y(I)=YGLO(I)+I."'*FK(1.I)-4."i"FK(:3.II+"~':.Fo«4.I) 

le CO~H 1 ~U:: 
1 F ( 1 S D 0:: ,l., ') ) Ge TC 16 
~VALUQT= ~r~lvATlvC~ 

CALL ~~~lV3(X.~.L4) 
I~(L4.cJ.4() ~CT~~~ 5 

GO T,) l ~ 
(J', LA5T f,HéG':;ATIG",.~EVAL"'ATf t.(;PCk 

'on 17 1=1.2 

.... 
----- -

L Cl -l 1 l ) '" .\., 5 ( f- Kil • 1 ) - 4 • 5 .. F K ( 3. , ) + 4. ~ .. F K ( 4 • l ) -C • " .. F K ( 5. l ) 

IH C )~T P,U': 
G,l TG 1 
E'+) 

"lNSN(79 
"'FR~",(qc 

"Fr; ~,,: '31 

"fP~Nr~2 

l'f,,5NCA3 

"'Ck5~.Ch4 

"F!<SNCIl5 

"r"C;N:t.6 
"Ekc~lr <17 

,.,cr..5NrMe 

"F"'5N(89 
"f f"' SNe", 

l'U/SN .. Cl2 
fI/!:P ~NC4; 

/l'''I,''NC,,q 

",F f, "NI 1'1 (' 

,., E r. ~t~ 1 C 1 

~E~IVS 15 TH~ ~~~pw~GRA" ~~ICH CALCULATlS T~C DIFF~~ENTIALS DY(I)'S 

GIV~N 1(1 )'~ ANe x. 

SI.-l~':-:UTr~C" ùC~IVS,X~t--.l4) 

DI ... -=r-,S!c..N Y( lCI.OY( 1':) .T(C'rl 
C ,," ~ .. Pl/\) Er>/ y / G " A L. / C y / .\ CCI T Cl .... " ( 1 ~ ) 

CG~~0~ ~(?~.S).Ql .~2.S.~.PATln.TJL.V?~IN.vIN 

th'AL .... 
r;= 5' JFl T ( ( y ( 1 1 .. 't ( 1 1 ~ 't ( 2 1" V ( ? ) 1 ) 
C,,5T=A,-..,(Y( 1 ) )/~ 

SINT=Yt21/>.: 

S"''' ~ R 1 / K? - ) 1 / R,' - 1 • 
1 F ( Y ( 2 ) • L'" • y? " 1 ~. 1 Ge Tel G ç.. 

SLLlG'=.\LLG1)(SI 

SLC=ALOGCS) 

0D'J 1 1=1.4 

.. 

T ( l ) =K ( 1 .1 ) + K Cl. 2) '" SLC +K ( l .3) '" <;Lu.· <: +1', ( l .41. SL ( .... :3 tK ( l .51 ·SLO* '>4 

TIl )=rXP(T( 1» 
1 r cr. c: \). 1 ) (je; T~ :3 

1'(I~;-J .. 4) ..:..0 TIl j 

Gù LI l 
T(l)=-T(I) 

CCNTI~\J-

DO ? l =:::. .. 2l 

T ( 1 ) = K ( [ • ! ) ~ r< ( 1 .2 ) " SLO G. K CI. ' ) • ',L",,' .? +" ( 1 • [; ) '" :0 L CG • * .3 
Cu~T l '.\ __ 

.=>; ( ( T ( 3 ) + -;- ( '- ) - f,,,, ( T ( 1 ) .. T ( <' ) ) ) / ( TIl) " T ( ~ - T ( ;:: ) .. T ( = 1 ) 1 • C () ST 
Q; ( ( T ( 1 - ) ·1 ( ",- ) - T ( l '1 ) - T ( 1 f, ) ). ( 1 ( " 1 • T ( 1 . J - ( T ( '5 ) + T ( " 1 1 .. ,1 ) 

~ 

7 + ( T ( 7 ) • d- T ( Il ) ) • ( T ( 2 c· ) ,,( T ( l ' ) .. T ( 14 ) ) - T ( 1 t ) * ( T ( 17 j + l ( 1",) 1 1 

'1 + ( T ( .. ) ... ~ - T ( 1,-' 1 1 .. ( - T ( l q ) .. ( T ( 1 3 1 + T ( 1 4 1 ) + T ( l '3 ) ~ ( T ( 1 7 1 +.,f.' l'i ) ) , ) .5 1 :-; T 
? 1 ( ( T ( 1:')'" T ( ? ~) - Til q 1 .. T ( 1 t ) ) • ( T ( 'j) .. r ( 1') ) - T ( <; 1 • TI b ) ) 

7 

'1 

.. ( T ( 1 1 ) .. T ( 2 .:; ) - T ( 1 ::l 1 .. T ( 1 2 ) 1 .. ( T ( l ,l ) • T ( " ) - T ( ':> l '" T ( 1 .. ) 1 
+ (T ( Il 1" T ( 1 f )-1 ( 15) ~ T ( 1.2»' (T (" 1 - T ( 1 Il - T (17)" T (h 1 ) 

7 +(T(7) .. TC2))-TCI<;)"T("'))·(T(,,)'T(1 .. )-T(I~I"'T(1::')l 

'1 +IT(7) .. T(lcl-T(lS) .. T(-l».'ITI171-'I':{1-:I-T(C;J*T(IP») 
? .. ( T ( 7 1 • T ( 1 2 ) - T { 11}'' T { FI )1'. ( T ( l '3 ) , T ( 1" ) - T ( 1 .. )." T ( l 4 1 ) ) 

, . 

~. 

'~J 



.,,,,,,,y,,,,,, 

.........., 
.... 1 
-;:;.1 
>- • 

~"t 
.~ 1 

-':':1
1 

, !;\ '­~ 
,-~ -::"'1 

. 1 
"~ 1 
~f 

~ i 
" :;,. 
';~ 

" 

:~, 
, ... 
7 - , s 

\nn"n~ 

3 ... 
350 
351 
3~2 

353 
30;4 
3'55 
356 
357 llJ 
3Se C 
3SQ C 
360- C 
361' _C 

( 31';2 
363. 

~J,-. 
~ 

DV(l'=-P.COST-p.Sl~T 
OY(2,=-P$SINT+O-COST 
OY(l):::-DV(l' 
IF(V(l'.LEcO.O' Ge TO 4 
OY(?'=-f)Y(2' 

• RArlO=OY(~'/OV{l) 

L4=O 
~ETU~Nl 

L4=40 

~ 

." 

'" 

L4=4~ INOICATES THAT SF.PA~ATluN HAS Beco~s ~rGATlv~. A~D QETUQ~S 

Ta SUHROUTINE ~EkSON. 

,~ 

RE:TURN 2 

END. 

... 

1 

" 

fi 

~ 

.. 
\ 

~~t: 

------ ---------' 
'pI\G" 7 

-{ 

~ 

i 

i _________ --1 
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• 

Exhibi t ,D. 4 . 

VISCOUS INTERACTIO:: ~10DEL; SA:.ffl.E OLl'PUT ~\I'IH , 
FORHARD IXTEGRATIOX 

1 
... 

~(/. " 

.-
.~ .. 

1 

"'* 
• 
f 

r 
/' 

, , ~ 

; 

• ... 

.' 



, 

fJ 
t~ 
) : ... 

t'~ 
f .~J t ,.~ 
t:~ 
~-î 
1..--; 
~?::; 
,·~I 

lfJ 

- ..... .{., .... 
- '""'1 J ..., 

~' 

• 

7. 

-".-.;. "l .... .t: 

~ T~~JECTQ~~_COMPLF.rEU 

4' 

RI= 22.00 MICRGNS 

R2: 7.33 MICRONS 

RlIR2 3.00 

D~ITY OF PARTJClE = L.OS GMS/Ml 

INITIAL YiI! = 88ù.000 MrCRO~S 

"NITIAl YI2l =" 0.500 MICRONS 

• 
RUN NUMBER 34 L 

~ 

..-



~. 31)7 "~O63 1./)"11 44.30/_ 

1 -. 10.134 2./tiC) 0.901 4').994 

29.9~9 2.R32 'O.79"} 50.67') 

29.876 3. ~ll 0.729 51.'\60 

29.110 3.865 0.690 52.039 

29.655 4.'306 0.665 52.716 

29.517 5.247 0.649 53.390 .' i 

29.342 6.100 0.639 54 t ,060 

( 29.114 7.018 0.632 54.727 
- _ ..... -" 

2!:1.816 8.191 O.62f\ 55.389 

.. .~ " -, 

-",- ~ 

28.425 9.450 0.625 5b.04.'!. 
"'="H" 1 
~ 

--1 
i ~ 27.916 10.856 0.623 56.690 

I,~i , 
"'1 ·~l 21.261 12.406 0.621 57.324 

! '~l 
I~l, 26.433 1<.083 0.620 57.944 

t-_1 
-=:;:1 

. :rj 1 25.407 15.858 0.&20 5!\.~45 

l:J 
1 

~ 24.169 17.687 0.619 59.122 

~ 2'2.720 19.512 0.619 59.671 

21.084 21.270 0.619 60.188 

19.302 22.899 0.619 60.667 

17 .435 24.350 0.619 61.10b 

'15.551 2'>.594 0.618 61.502 ..-

1."711. '''_/..'4 O_l'>lA 61.S5e; 
- - .... " r') ,i C' 

• .. 



11.978 21.449 0.61«1 6Z.1f>7 

10.318 28.0cn 0.611\ 62.4~q 

A.934 ........ 28.585 O.61A 62.675 

, 

. _ 7.653 28.954 O.bl~ 6Z.A7R 

6.532 29.227 0.611\ ' 63.052 

5.559 ~28 -Q.b18 6'.700 

4.721 29.'H3 0.618 6'3.'\27 

:~I· 4.004 29.679 0.61P 61.414 

;. ~ L 
1 

3.392 29.755 0.61Q 63.525 
1 

~I 2.811 29.810 0.618 63.607 . /" 
.,~ 1 

~-i 1 
.... _ l 

2.428 29.849 O.6tA 6J.667 

,= ~ 1 
.~ 

2.053 29.877 O.61R 6l.72~ 

; ,:- f 
'" 

0.781 29.937 O.6lA 61.'l0'1 

~ - 0.296 29.Q46 0.618 63.980 
~_ i 

-:::- . , _ .. , 

~l 
0.112 29.947 D.6lA 64.007 

0.043 29.948 0.618 6 1,.v17 

0.016 29.947 0.617 64.021 
\. - ~ ( 

-0.220 29.947 0.617 6' .. 02'3 

-0.3.57 29.946 0.618 64.04 ) 

-0.578 ZQ.Q43 0.618 64.075 
Î 

-... , 
-0.937 . " 2Q.q-13 O.61P 64.12P. . , 

1 

----29:910--~--- --- - - O:l>l/\ ------ -- ---64-.71 r -.J 



---~--~ -- --- -----~---

-2'.456 ?q.~47 0.b18 b4."151 

-2.835 29.813 0.618 64.401 

-.- ---

, -3.211 29.769 0.618 64.471 
(0 

-3.171 29.109 0.618 64.545 

-4.346 29.631 
., 

0.618 &4.631 

6 

-5.005 29.521 0.618 M.130 

-5.756 29.3~9 0.61El 64.844 

-6.612 29.209 0.618 64.914 

~ ~ CI> 
r~ 

,~\, -1.561 28.972 0.61Q 65.125 

Il ~ 

-8.671 • 28.665 0.617-.::. 65.297 

:.~ - -9.888 2B.268 O.b11 65.494 -',. 
"~1~1 " 

~ 
-11_.232 27.161 0.6L7 6').119 

~ ." . "~. ·1 -.lZ .697- 27.123 0.617 65.974 ,-..... 
~, 1 

1 
-14.261 26.330 0.611, 66.262 

-st Z· ~ -l5A 919 
'-r.~"" <I.,.11iJ. ... ~ 25.366 0.617 66.587 ,..-

.::::J 
• 1 

-17.613 24.220 0.611 66.949 

-19.306 ... 22 .893 "- 0.611 67.349 . 

-20.946 /' 21.402 0.616 61.108 

-22.481 19.780 0.616 M.264 

-23.871 18.072 0.615 68.17"> 
• 

-25.099 16.13-1 0.614 69.311 

.. " -, (': '::' -26 
;-



-26.993 1~.9'>5 O. bU 7".482 

-' 

-2".-631 11.401 O.bO~ 71.09') 

• -21).225 9.971 0.60', 71.724 

\ 

~ --28.61+2 8.679 0.59/3 72.366 

-" - .. 
\, .,ur' " . -28.958 7.525 0.5<m ;3.017 

; 

~ 1 .. 
... -29.VH 6.506 (1.571 ,73.67~ 

.' d-
. 

-29.J5" S.6n 0.560 74; 3}A 
~ 

9 

01 -2~.471 4.flH 0.')36 .. 75.00r; 

~ël 
( 

~ ~ '., -29.541 4.165 0.50'\ 75.675 ,,-..c 

I~ t ~ 
\ 

-29.574 
, 

3.586 0.461 70.347 
.~, 

-1 . ~ 
... i":: 

-29.57Y 

~ 
3.090 0.410 77.QI? , • 

. 
< f -29.566 2.665 0.356 . 71' .'691 

L~î t r;;,~ 

: , 1 . ....:-. ; . , -29.546 2.303 0.105 7~.363 
\ , , 

:~l 

~l -2,9.51'9 1.993 0.2'66 79.034 

f 
! == 1 -29.520. 1.727 0.241 79.706 
t ~_ J 

- 1 

L.-J 
-29.519 1.497 

.. 1 

0.227 80.376 

-29.522 1.299 0.220 81.047 

-29.525 1.127 0.217 g1.71P. 
,... .... ~ -.. 

-29.529 0.918 0.215 

( 
R2.3B9 

'. ./ 

-29.5B 0.849 0.215 8~.O60 

..:...-1 
-29."n5 0.737 ,0.215 ln. 137 

~ , p' .. :' -29.518 0.63<) 0.11'. 'lC'41n ~ 

.. • i, 



0."\5'> 0.714 B'>.074 

, ---.-----2<).540 0.4R2 O.~14 85.145 

'-»\': 0.418, 0.214 8f,.417 
.' Q' 

-29.542 .. 0.363 0",214 87.088 
) l 

... 

-?9.543 0.315 0 ... 214 , 81.160 
", 

, 

. 1; 
... 

-29.543 .0.273 0.214 BR.431 

, .. (; . 
-29.543 0.2"1 0.214 89.102 

[il ----, -29.544 0.206 0.214 89.174' 
...... 

·t'~ 1 
.... 
v 

fÎ' 
-29 ... 544 0.118 0.214 90,,44'> 

.'. t Q , .... 
..; -29.544 0.155 0.214 91.111 ' -

'---1- 1 
;0 

-29.~44 0.134 0.214 
" 

91.7RR .. ,.t--

~1 i 0.117 
, 

t -21.544 0.214 92.460 __ 

1 ::. 
-29.544 0.101 0..,214 9~.131 

'1r :'" 
0.2i4 

~ 
-29.544 0.088 - 93.803 

0 Q 1 
0.214 ~ 

, 
-29.544 Q..076 <)4.414 

.-
-29.544 ;-: 0.066 0 .. 214 95.14') '4A '. . 
-29.544 ~ 0.057 ~ 0.214 -95.8,17, 

PAPTIClE ~'THIN .05 MICRO,S OF BURBlE AXIS / 

------------~----------------------------------

VERTICAL DISTA;~CE = -29.544 HO~IZO~TAL DISTANCE = 0.050 
.«, 

SEPARATION = 0.214 
~ • ç' 

\ 
NOTE. : ABOVE uTSTANCE~ ARE lM MICRONS 
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COLLISIO~ ['fFICIL~CY inTH L~~STEADY 1 

S1ArE DRAG TE~lS;-
CO~211TER PROG~l 
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CI't:'l <::>1,,\, ~';rv'" YIIOI,DYIl')) 
(' ~,~ 2 Q C c:r ~ .... ,',j /;) t='" / '/' / GO JI. f) / 1) Y / AC C / T OL K ", ( 1 f'\ ) 

,)O:;~3 (:1\1'.1'1 ft 11.,K,G."9S,I'H,Wr-,ù,rFIN,MH,~,NU"',Ll,L2.L3,L4,L5,NSS 

CO"'4 
00')5 
OC')6 

C"07 
O~08 

.,0"9 
0 '" " . -
C'l11 

"'" \2 • 
1 C'''! 3 

i 
1)1; 14 

O'l15 
/CCU .. 

t '.C~17 n 0018 

L5111 0019 
1 :3j 'lC20 

f § 1 CO~l r -, , ,., "22 

~
l .... ~~p 

"024 
, C025 
•• 01'~6 

-! 0'::27 

k~~ï 1 ~~;: 
l Î i <'\(\30 \ , 1 OC31 

t': l 0032 
'. 0033 

,.:.: 1 nl'l~4 

-1 

i f 0015 
, :> "036 

C037 

C038 
OC39 
"1)40 

OQ'41 
"C42 

"04' 
O~44 

0045 
0046 

3 

"; 

! NT F. ;= r. f- L j .. 

Ii\iTt:.Gf~ 1"4.0.CP 

QI:::AL J< 

Q~4CI5.:)HIGH.Hr~C."'~.MOl 
FOc' • A T ( Al. 1 :: X , AI. 1 0 x. 1 2 , l "X , l 3 ) 
TLJLY=.:--S 
FACl=C.:': 1 
FAC2=C ..... Sl 

DC 1',2 L"-l. '11 

"'UT-=~ 

JP=] 

~~~J(5.~)G.K.~HvPF.WpS.YIN.FLOW.NSS 

CC"" 'AT(5FlC.4.Il.Qx.ll) 
L 1 r-.=L~"Ol-1 .., 

17~ ";::"IT:.(.,,J73ILIN 
173 F~~~AT(·I·.////////'6CX.'PU~ NUM~ER'.I4) 

"f"'"iT;::{h.17:.) 

174 Fr~·1"'T(5~X.·----------------' 1 

1 F- ( 'JSS, 'J" QI 1 GC ra 178 

,,'l1r:('0.177) 
177 .. rq"·\-'oT(//.2~X.'5Tf"AOY STATC DRAG ONLVf) 

GJ Tl 1.'3: 

17'i 1 F ( N.>', • E ~. 2) GOT 0. 1 1 7 ~ 

.. l?lrt..(~ol7<J) 

170 FO"I'.l..TI//.2"x,'IJNSTE.t;"Y· STATE DRAG TERMS l''CLUDEDO) 

11 71-> 

1179 
1 ~n 

GI, T l l '"le 
'O'/P.T-'(b.l1 7 91 

FOr.''1\T(//,Z:l(,'o<'cssunc ~ADltNT T!::.RM INCLUDëD') 

IF(FLu ... f'a.tl GO TO 171 
.KITE(o,4C~l~.G.RPS 

4"'0; F(];:"~;'T (////.2C,X,',LO" TYPE= P'JTt'NTIAL' ,/.32X,'---------· ,/.20X.'1( 

171 

'''-07 

17:> 

4('" 

=',F7, 1.//.2cx,'G=',F7.3.//.20X.'PARTICLE QADIUS/BUA"LE RAOIUS='.F j..' 
[, 7. 11 

GC T" 17? 
WRITcto.4J7)K.~.~PS 

;=n.-"->.TC////.'::':-X.'FLC" TYPE:: STOKF,S •• /.32X.·------ './.20X.'1( 
_='.F7.1.//.2'X.'~=',~7.1.1/.20X.'PARTICLE R~DIUS/6UR8LE RAOIUS=',F 

&7.~) • _ 

(.) 'Ir I/.UL ~~ 
",-... l Tt. (()" .... ':t.) ~ HC .... r. TLJ~Y.;- ~c t 
;=u~.\.l..T(/,":'JX,'FLJIa DIi~SrTY/,J;\><TICLE' 0CNSITY='.F7.3.//.20x.'FRACTl 

~O"'AL TnL~R4"CC O~ V(2)='.Fac4,//,2~X.'tNTEGRATION TOLERANCE=',F8.4 

1 
NKITt:(6,~5C l 

~'5r, F CR "~ T ( 1 ~ X. / / / / / / / • 1 1 x. 'Y' 2 ) C • , 1 5x , 'H U", L·. 1 5)( • ' v ( 1 ) F' , 1 5 X •• y ( 2) F 

là' • 1':> l( • ' s = P IJ..'" AT! (11'.' • l~, X, ' T 1 ~'f • 1 

"''<1 T-::( 'J.2-)11 
251 FO~"AT ( 1 : x. '- ------ , ,1 J.( , ,--------- , • 1 3X • • ------ -, .13)(,' -------, .13 

"()(--..:,' ------------, .13Xl' .------. 1 
~U~=) , 

Y(21=,,65 

1 _____ -

6548229 
" 

~ 

.1' 

, 

.-----

• 
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-:; ~ 

• 1 
- i 

.:..j 
" -= 1 ,-
~.::; 1 

~ -1 r~~ 
, r 

~ .:;- 1 

~ . 
., ":,,1 
, • l 

; -=1 : -~ , --
b1 t ,- ~ 

• 

.. 

OC47 

"~4'" 
0.,,,9 

6o~o 
0" '51 

01"0;2 
'l': S3 
0"">4 
C"'55 
0"'S6 
0,,0;7 
O!l58 
:)Co;q 

"""0 
:: 0-61 
C.,"'?, 
0')63 
~"~4 

OC65 
I}066 
t'''1',7 
"C68 
!l069 
~C70 

0071 
O'l?2 

0"73 
~ ') 7" 
01) 7'5 

""76 
1)')77 

01'78 
CC?9 
O,:,qO 
OC'~l 

Ol"'R2 

CC:!3 

1)0"''' 
oJjes 
"1)86 
OllS7 
1)013a 
0l)e9 

0090 

0~91 

0092 
"093 
0094 
1)~95 

"1"' A nt"! ')n 

e 

RE-LFAS 

21'3 
Q""2 
Qor 

Cl::! 

12'i 

'SI' 

<;42 

lA 
12Q 

~(I 

4 

c 
c 
C 
13 

.1 

IFIOP.EQ.O) GO TO 12M 
"'QITC«().9("~ ) 

-UA TC-;'-7 -3220 00/19/52 

f- O,.J Io1A T ( • 1 • • 11111 • 1 1 X • • V' ( 1 ) • • 20 X • • y ( 2 1 • • 1 r, X • • 5 f PAR AT 1 eN' • 20 x. • T l "1 E • 
~.14X.·HX· .14X.'HY·) 

OiRI TC(6.9Cl) 

F GR'-A ~ T ( 1 : x. • - ----- •• 1 "IX .' ------ '" 14 X. ,~-- ------ ---, .1 8l(. • - ----- •• 1 
&?)( •• ---- •• 1i!.X •• ---- •• 

Y(l,;VIN 
YllljT:::Y(2) 
IF(VINT-LT.O.~!) GO TD 100 
0=1 

'JN=I 

HX:::J.O 

HY=t.C· 
II/U"'=NU~+ 1 
1 F'( NU"'. C'.1.1) G~ 50 
"<ATI J=( V2H-~/Y~H. 
IF("lT>r:O~l') GO TO <;0 
IF(q~TIO.LT.TOLY) GO TO 70 
C,p"'T 1 NUE 
TnL.t<'!(ll=FACl 

TOLK/HZ' =FACI 
TOLK'~( ~ I=FAC2 
TOLKM(4):::FAC2 
EFIN=C.Oùl 
x=C, .0 

~=4 

AcY( 1 ).V( 11+Y(2)*Y(2) 
H:S').T( AI 
Z=l/tl 
C=A-1 
O=2 .. ~-3"Y( 2) 

F='"i*'C5" 0-
5=B-l-R"PS 
IFIOp.EO.r., GO TO 12] 
W~rT~(b.19IY(1).V(2'.S.X.HX.HV 

FOP~~T(//~~X.F7.3.17X.F7.3.1bA.F7.3.20X.F7.3.1CX.F7.3.9X.F7.31 

CO~H 1 NUE 

IF(FLo«.~a.ll GO TO 80 
UX:;-l+ù/(Z·F) 
GO TD 4 ;J 

UX=-I.l+C~~/(4.FI 

V(3,=UJ(-G 

Y(4)=J~: 

O")(=Y( 1 )/2(' 

o ~ "" 1 ~3Y CIl ,1 <;G Q 0 

[~IT[AL VALUES OF Y(31.Y{4).DX.OX~tN AqE SET HEqE. 

IF(,Y(1).GT~100C) GO TO 15 
IF(Y(11.GT.O.-25) GO TO 415 
IF(Y(11.GT.O.0251 GO TO 215 
DEL.x=y( 1) 
GO T,) 13 
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oC 

. ~-' '·:\1 ! 

f 1 

"fi '.:.: 1 

/1 
,..;. i 

~I 
~I 

-~ 

0'1C)6 
')~g7 

0(:93 

0099 
OICO 
011)1 
01')2 
0103 

Cl". 
(,1~5 

CIC6 
0107 
Olne 
.,lCC) 
0110 
0111 
0112 
0113 
CIl 14 

0115 
0116 

0117 
0116 

(l1!9 

0120 
0121 
01"32 
(\123 

012. 
0125 
C126 

15 D!:L>.=Y(: 1/2 
(,C TG 13 

41'3 i)t.LX~V( 1 J/'" 

GO T J l' 
21'0 )fL(=Y( 11/ .. 

11 COl\oTII\oUE 

C 

c 
r: 
c 
c 
c 
c 
C 
c 

1:' 

'547 

12 
2') 

C 

C 

e 
c 
?" 
21 

22 

c 
c 
c 
c 

10 
31 

," 
c 
c 
C 

411 

L1=J 
CALL ~EMSn~(>.,D[LX.CX,UXMIN.IFAIL.ITS,N,O,ON.HX.HYI 

Ll=IC" !\li)!CAT-S THAT Ir-.T':GRATIGN OVIOR THE INTERVAL X TO X+OELX HAS 

~CfN ~UC:2SSFvLLY CO~~LËTED~ 

~-'=?( 1',;)!CAT",S T'"<AT H .. TrC;~AT!ON OVER THE INTERVAL X Ta X+OEI:..X FAILEO 
J.J[' Tl LA:;>éE ,))\'11 ~ Of=; S'~ALL TOLK..,. 
L)=': nCCURS ~hE' NE H~VE A GRAllNG TRAJFCTQRV. 

L .. ="é. OCCURS "H:'" ",E '-1 AV " J< HIGH TI~AJ[CTORY. - ç 

LS=S: ~CCU~S WH~N ~E HAVE A LON TRAJECT(RV. 

1"(Ll.'::O.l)1 Ge TO 1 v 
IF(L2.::--...I.Z'"" G(1 T,J 20 
P'(L"ëJo3') GC Ta 3,) .. 
Ir'{Le..,-J.4',) Gr) Tu 41 
IF-(L-;.rfJ.S:' J~ TO 51 
CO",T: MJE 

Ir=('J;>.2.J.") G:J TO 29 
5"'"-I-,,P5 
'N'" l T,: ( 'j, 1 2 ) y ( 1 1 • Y ( 2 ) ,s, )(, H)( • HY 

4-

r O::J \\ AT ( / / , ~ x , F 7. J , 1 7 X , F 7 .. -, , lm x ,F 7 • .3 ,2. 0 x , F 7 • .3 • 1 0 X , F 7 • .3 .9 X • F 7. 3 ) 

GO T) 

, 

A5 Trl~ ~RAJ=CTURY IS NeT COMPL~TEU YET, Wé RETU~N Ta MERSON WITH 
~ "'ë<l VALUE OF ~ELX. 

wR l T'" ( 'Cl,,, 1 ) 

FD',MAT (//,;;x,' SMALLF>i ')X""N OR LAI~GE~ TOLKM Rt:'QUIRe.D FOR SUCCESSFU 

i)L !'IT,;;::;"TI-J'" 1 
",RITr(,.22.IY(1I,Y('2I,t3,t"'AIL _ 
~O~~AT(///,l:x.'Y CC-O~~INATE =',FQ.ô,lCX,'X CO-ORDINATE =',F9.6,/ 

~/,lJ~,'SFoA"'ATI:J~ =',F~.6,lCx,'THE VARIAOLE WHICH FAILS=',I3) 

AS Tn::: ['lTEG'<\TIDN FAlLS AT THé POINT x, WE SIMPLY STOP AT THIS 
PllNT A,"O CO~TINUL ~ITH THf N~XT RUN. 

GO T ,1 "t C: 
..,::IIT":[:-,31 

"'C-",,,,,,T('l',////,::.-:x,'SUCCES'if-UL TRO\JECTfJRY') 

.;<IT~(0,3L)Y( 1 ),Y( l),S 
F -''''4.H (// ,1 (. X, 'VFRT rCAL [) ISTANCE=' ,FQ.6. 10)C,' HORlzf.m AL DI STANCE=' 

l(,.] J .. ij>,//,l'·X,'SS~AQATION=' ,F9.0) • • 

T, ... T~J-CrC-I'f tiElN(, SuCCr-SSFULL'f PLOTTEO, iolE .. ove: ON TO THE NEXT RUN. 

Ge. T' 10C 

S=,l- ..... PS 
rF(~.~~.I) GO Ta ?60 

! 

654B2J1 _ ... 
_1 

PAGE 0003 ----.--

-L. 

" 



U;J'tUGJ/ 
., • FOIHQUI IV Gl 

-, 

, 
--1 

• _t 

.1 - . 
i 1 
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• 1 
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! 1 
--! 1 '.. - 1 

L...J 1 

CI27 
0128 
Cl:!C) 

13 1313 

fH31 
C 132 

0133 

0114 
(1115 

"1~6 

Cl]7 
011Q 

0139 
(lt4() 
et4t 
0142 
0143 
0144 
0145 
014", 
0147 

--o-...a 

• 

'"';lIn"-."),, 

~. 

...... 

QE\..!:A ''iE' 1.1 ~Al'" ·DATt:: :: 73220 ----- ----130/ 19-/52 

C 
C 
C 

C 

C 

41 

~OT::1 INOICATES THAT tHE RATIO TEST (AET~EEN HIGH AND LC~ VALU~S OF 
l'lITI"L 1'(21 ) HAS [3FÈ ... SUCC~SSFUL, A'l'l THAT TH~ PR"CEDU;{E FOR LeCATING 

A N~~ VALU~ ~;2Y( ) CAN STOP. 

.WITE(6.41IYINT,H! ,Y(II.Y(2I,S.X , ,.. , 
FOI< 10\ ~T 1 / / .1 eX, F7 • 1 oX • Al , 1 4 X , f- 'J. i , 1 2 X , F J. :3 , 1 4 X • F q. 3, 15 X. F 7. 31 
V 2H=YI NT 

C 

C 

C 

C 

C 

C 

2~Q 
C 

C 
(" 

C 

SET THé: HI,d VALUfO OF 1'(2) AT THE INIT!AL VALUfO CF '1'(21, 
/ 

A 
IFINU~.LE~11 GO TO 2130 

ON THE ~IRST LOOP Ga TO 2ee, 

GC TO 2(1 
Y2L=0.'> 

O~ THE FI~~T LODP. SINC€ A VALUE FOR Y~L HA~ NST BEEN GENERATEO. WE 
SET IT FOUA\.. TO ZERO. 

201 Y(~'~(Y2L+Y2H)~O.5 

C 

C A NEW VALUE OF l''ITIAL '1'(2) IS GEN':RATEC 81' HALVING THE DISTANCE 
C O~T~EcN THE LaW AND THE HIGH VALUE~ • 
c 

51 
GO T::J 28 
S=g-I'JJ~PS 

IF(~OTo~ù.1 GO TO 260 
WRIT~(~.~~.YINT.HIGL.Y(1).Y(21.S.X 

5~ FoqM~r(//"CX.F7.4.16X.Al'14X.F9.3.1?X,F9.3,14X.F9.3.15X,F7.31. 

t: 
C 
C 
C 

wHEN ~f HAVE A LC~ TRAJfCTORY. A SI~ILA~ pOOCEDURE IS USED AS FOR A 
.H!GH TRAJ~CTORY E~~T T~AT Y2L YS seT HERf INST~AD OF Y?H. 

V2L=vtNT ~ ~ 
If(NU~.L~.1 GO ra 2C2 
GO Tn 203 

?0? V2H=?Y2L 
20~ Y(?I=(Y2L+Y2HI.0.5 

GO Tf1 2''Î 
70 Y(?I=(Y2L+Y2~'·O.5 

OP=) 

"40T =1 

.;;-

c 
C 
C 
ç 
C 

r IIHEN THE RATIO TEST IS SA.Tl"FICO. "'1" GENERATE A NEW VALUE FOR '1'(2) AND 
'J-~~~PE~ THè swITCHES FOR PRINT our HY SETTI~G OP=l A~U- ~OT=1 ANOaSENDING 

C 
C 

C 
C 

, - THE I--'KOG>-IA"'1 BACK Tù 28 WHFPE THE" TqAJEC TCkv l S THEN CHARTED. 

GO TU 2~ 

WHEN THE FINAL TQAJECTORY IS PRINTED OuT, 2013 TAKES OVER AND pqINTS OUT 
THl COLLISION EFF1CIENCV. 

~ 

- -----~ 
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FORTRA. Gl 

0149 
~150 

0151 
1:>152 
0153 
OlS. 
01'55 

"'56 
01S7 
C'1!':.9 
01,.59 
/)160 
0161 
"162 
~ 11;3 
(1164 
01e5 

Cll;6 
01'i7 
"168 

~ 

/ 

, 

PE.LFA.5F. 

2">1') 
19 

--1-;-1-·------ --~-"ATN -- --ç:-QATE = 7322C 

","!T':ô(-,.1'-'),((1),'((2I,::i,X,H,l( y 
~S~AAT(//.Qx.F7.3,17~,F7.3. ~X.F7.3.20X.F7.3.10X.F7.3.9X.F7.3) 

CC'LLf.=Y' uT ,y l "'T 

- -OO-;'19/52-~'--

110 

111 

112 

11~ 

114 

11'> 

116 

c 

WPJT":(ntll~ 1 
FùO~AT(/I//III~rr-
",,« 1 T ". ( 6 • l l 1 ) 
FQW~~T(q~X.t** •• ~« •• ** •••• * •• - •• ** •• * ••••• *.*."* •••• ') 
,.PIT:(".112> 
Fùl-l~"\T, ...... ~Xt·"· .J~.x. '.' ./.4C\X.'"w;'. 38x.·.·) 
NR:T:(~.113)CCLLF 
F ü ;: " \ T ( 4 r ;( •• ,. • • ">,l( •• CUL L l '3 ION l r FIC 1 E /10 CY ~ • , F 7. 4, 5 X • • ... 

li <: T .: ( ". 11 ... ) 
F (.;"" .. T ( 4 ( X .... , .1 'i)( • ' .. • • / ... (1 )(. • li: , .3 qx. ' .. , ) 
"/,, l T ':l " .1 l ;) 

FU,,~aT(4~X.' ••• *' •• * ••• ·-•• ~.·*~*··.·····.···.·······) ~ 
«~rT:(o .. 11t.\) 

F'J" ..... T(///I//.2 .. )(.·I\CTE:.:-· ... X.'ALL GUANTITIES ARE OIMèOljstOlloLESS'./ 
1.1'))(,'--------',8)(, 'FOR V(1).V'2) AN') SEPARA.TION. THE· REFERENCE LE 
NGT~ 15 3un~LE RADIUS·./.35X.'KEFcwENCE TI~E 15 BUOBLE ~AOIUS/BUBB 

>LL: vCLOCITY') 

C TriC ~~XT SET CF DATA. CARDS tS ~EAO "T~R THtS~ 
C 
1"1" C"'",TINUE 

ST41P 
ENù 

; .OPTIONS IN EFFF:T- NOT~qM.IO.CRCOIC.SOuqCE.NCLIST.NOùECK.LOAO.NaMAP.NaTEsT 

-OPTIO"S I~ EFFECT- ~A~~ = MAIN • • LI "tôC'\IT. = 56 
*STATISTICS~ soupeE 5TATE~E~TS = \od.PPOGRAM SIZE = 
*ST"TI~TICS. ' NO O!4G"I05TICS <'ëNC-IATEO 

,-­
~'. 

c 

" 

/ -/r 

.. :.:."'" 

~ 

/ 

" 

"'--

• 

4762 

" 

6Saa233 ./ 
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..,~ 

i~ 
!~ 1 

: ! 

z1 

!-,~ 
~'-:I t _ J 

i .: 1 
:..........-

ocot 

00"2 
C~03 

O"C4 
C CIJ5 
('10':'6 
t;' tyf)7 

l)')OfJ 

OC'.)Q 
CCle 
OC 11 

""12 
0013 
0014 
Ot;15 

C')16 
C!<J17 
0"18 
"e19 
CC 20 

(1"21 
0022 
0023 

0"\24 
0(125 
CI)26 

0027 
OO~B 

C"'29 
1"1"00 

tSc:n 
01) "'? 
01)33 
n034 

0."35 
O~36 

OC37 
ornS 
0039 
011 .. 0 
0041 

('O.,..."'"". 

1 , 

Jt ... 

-
y 

.. 

c 
c 
c 
c 
c 
c 
c 
c 
c 
C 

c 

t72 

.---
173 

SO,"" ~iE =--7~22C -O~/ 19/52 

C;U8POVT1~,E MERSON( X.OELX.DX.OXM!N.IFA!L.! TS.N.O.CN.HX.HY) 
JNTE:GRATLS'FC~OM X Ta (x+OELXI 
DX 15 FSTIMATE FOP INTeGRATION s~~ NECFSSARY 
OXMI~ 15 MINI~U~ STED LENGTH TO BE PE~~ITTtO 

TOL~~ 15 ~LQUIPFO ACCURACY 
N IS NUMJE~ CF otPF~DE~T VARIAOLE5 

CrIljT;.jllL T~.HjsrfR7~1) TG f-!R~T LAI:1t:L IF INH:G"'AT)GN FALLS:X AND Y(I)'" 
lTH[N CONTAjN "<t:w VALUE'> 

CONT40L Tf>b,"I3FEQI-'EO TO SECUND LABEL IF INTEGRATION FAlLS: x AND 

2Y(11 THEN CGNTAIN MCSt R~CCNT CG~RECT VALUES 
IN ElTHlfl CAS!:. DX CCf\jTAINS CURRFNT STEP Lf:NGTH 
o 1 '~F ·~s ION y ( 1 {' 1. YOL D ( 10 1 • Ft( ( 5 • 1 ('1 ) • DY ( 1') 1 • E RI< ( 1 C 1 

CC~M0N /D~P/Y/GQAD/CY/ACC/TOLKM(lC' 

C ['~ "",ùN F L 'J" t t( • G • J.J P S • LlHO r' F • B • C FIN. MH • S • N' J '.4 • LI. L 2. L 3. L4 • L 5. N 55 

INTr:GE~ FLOW 
INTEGER ::lN.D.CP 
RE4L K 

TOU<.=Oc 00 1 
t T ~='J 
FINT~=DELX/D~+o.5 

INTS=IFlx(FINTSI 
1 F ( l '-IT S. ~ T • 1 1 1 ~ T 5 = 1 
QX=DéLX/INTS 

F!4UL T::ox/30 

GO T) 4 

E~R.Jil CH~K 

00 .172 1=1.4 -
IF(f,n'«Il.GT.(TOLKM(II*S.OII GO TO 20 
C C'fI,ITl NUE' 
DO r73 1=1.4 
IF(E~h'JII.(.T.(TOLK",(J)/32.') GO TO 174 

CUtn t NUF 
GO TD 21 

17. CO"'~INUE 

C INTCGR4TIO~ SATISFACTORY: CALCULATE NeW POINTS ...- ... 
"' 00 ~ 1 = 1 .. N 
Z "y ( t 1 =V JLO ( 1 1 + C • .,. F K ( 1. t 1 + 2.0. t K ( 4. t ) + o. '>.F K ( 5 • t 1 

lT">=IT5+! 
C CALCULATE AND TESTS 

IF(t3.Le.( l+?DS+I::FINI.AI'>IO.ABS(Y( l Il.LC.TOU<1 GO TO 2C2 

IF(J>LT_(I+~PSllMW.Y(l,.G!.O.oc, Gd TG 2:JQ 
GO Tù 203 

2C2 (3="1>1 
LlcO 
ü'=lj 
t4=':) 
L5=O 
~F:TU~N 

2t)Q l5=50 

Ll=O 
L2=O 
1.;3=:> 
L4=0 
~ETunN 

~-..; 

---------, p'GE 000'- 1 

• 

: 
1 
1 

1 
1 
1 

i 
Î 

, 
___ J 



'" r FORT":G1n,Ü:,''''; i -.- ---. /'EPSON - --- --- --- - --oA-f"E-:: 7:!220 -------.-00/ 19/5-2--------

_. -' 't- .- . 
0('42 2"13 IF( l~JTS.'=Qo I·L,.-.;o:.-TG 2Cl 
C:>43 GCl T.J ., , 

OO~4 2~1 LI=I' 
0(145 
11046 
0'''7 
0048 
0049 
COSO 
0051 
0052 
0"53 

0054 
'='1)'55 

CO~' 
OC 
005 

C"'S9 
00...,0 
0061 
{' ~"2 
00,63 

Jl1 

c 

c 

IF(~5S.N~.3) Ge TD 311 
CALL OeRIVS(X.N.O,ON.HX.HY) 
CONTINUE 
L2=:: 
L3;:;; 

L4=: 

L5=C 
Ré:. TU'<'J 

... l'ITc;'''tNrS-1 
P~C~~~VE cuqRE~T VALUES 

4 xlll,)=)( 

D') c; 1=1.'" 
5 Y,lL;)(!'=Y(11 

IHALr=c 
Gd TO ~ 

2"1 
~~~a~ rXCESSIVE: HALVE STEP 
DX='.5-<UX 
IF(O<.LT.OXMINI GO Ta 19 
1 NT 5 = l-'H 5 + 1 NT 5 
lr1ALF=l \ 
GC' T,) '3 

,/ 

c STrp Lr~GTH Tao SYALL: I~T~G~ATION FA1~s 
1Q X=XOLD 

Q 

~ 

IF4.lL=[ 
D02~I=1.N 

l3 YC!I=YOLD(II 
L2=2~ 

LI;) 
L 3'=<' 

L4=C 
LS-C 
KFTU~N 

~'\ 

• 

0064 
0065 
OO~6 

OO'ft 7 

00"8 
0069 
0070 
0071 
')072 
0.,7J-

C 
C 

E~~U~ S~ALL: STE~ L~NGT~ MAY BE INCR~ASEO IF POSSI8LE 
CHEC, IF STCP'P~~VIÇUSLY HALVED (P~CVENTS CYCLING) 

0'074 

0075 
01)76 

0077 

OC78 
"'379 

---
OO~ 
CI)81 
~Cg2 

0083 

0~H'4 

""- ., 

C , 
C 

C 

C 

.. 

(" 

C 
Cl 

21 IF' frlALF.C::'t1 1 Gl~ TG 3 
CI'fEC< IF I~'),.S EV,,,, 
lDUn .. t.:=INTS/2 
JF'(~DUBLË.2,.Ea.INTS) GO TO 22 
"GT 'Pfl55IüLi':: INTS aOG 
GC' TJ 3 
DOU~L~ STFP ~E~GTH 

~2 INTS~IOUJLE 

.))(=~,*DX 

GO ~~C~ TJ LAST ~OINT. AhO INTEGRATE wrTH NEW DX 
"l F~ULT=uX/3. 

'>0 7 l:I.N 
., V(ll-=YJLù(II 

P X::XOLO 
~AIN lNTrG~ATICN P~CCCSS STARTS HERE .* •• 
"'ov~"C": )( tlY llX 
CALL D~~IVS(X.N,J.u~.HX.HY) 

PACE 0002 

6' 

-'- -~ 

.::>~ 
..- ,s ~ 

, 

6548235 . . ,C '\ 
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U\J'tuc,"'\J • -

r "' f l 

1 

t~
· 

.­--
0" 7'.' 

f 

• 1 r .-i 
l' , 

l 
1 
r 
r-· 
• - j 

t:J 

• 

FORTRAN IV Gl qELEA5E 1.1 MERSON DATE 7.3~- 00/19/S2---------PAGEOOC3 

f)C85 
OCI!6 

~""7 
~"~8 

.,t; '!9 

C':~O 

,,: 'n 
"'; C02 
C'~q3 

o.,q_ 
0095 
!}C96 

0"97 
cr,qa 

,=~qq 

01CO 

"1?1 

"~2 

')1')3 
01"_ 
011)5 

01"6 
Cl"7 
1)1"e 
01')9 

c 
Il 

ON:::ON+l 
1 F(I..'i.~O •• O' .{;C TO 73 
DO 1'3 IS=I.5-
GQ T0 (31.30.32.33.3C).15 

"1 X=X+F~UI..T 

G'J T<J 3e 
32 )(=l(+J~~ .. FMULT 

GO T 'J .F' 
'1l X ='<tlLIl+DX 

C Up~ATr V(I' 

C 

:'IJ 00 1:1 I=t."l 

FK( 15.[ '=F"IULT-OV(I) 
ro TJ 111012.130\4.10,.15 
~HFl)'rCTIl~ AT ()(+0X/1.' 

1 1 v ( 1 ) =V JL 1 l ( 1 ) + F" K (lof) 

GO ,,"'J 1 ~ '" C CO~R<::CTOfi FtJ~ ()(+I)X/3.) 

C 

c 

C 

1 2 V ( l ,= y DL [) ( T , .. C • C; • ( '= K ( 1 • 1 t + F K ( 2. [ ) , 

GO T,) 1') 
AOVANC~ TO (X+Ox/Z.I 

Il V(['=VOLO(II+O .. 375-FK(I.1)+t.lZS*FK(3.II 

GO TD 1(-
AOVANCE T~ (x+ox' • 

lA V ([ I:VOLI)! 11+1 .. S",f'K( 1.1 f.!'4.S*FK( 3. 1'+60 O*FK(4. l' 
1') CO'lTl"lUE 

IF( 15.CO.-' GO Ta 16 
EVALUAT~ DE~IVATIVES 

CALI.. O~~lVSIX.~.O.O~.HX.HY) Ô 

.. 011/=011/+ 1 
IF(L~.Ea .. 4J) Ge Ta 73 
GO TIl HI 

C ON LA5T INTeGRATION. EVALUATE ERROR 

, 

0110 
0111 
0112 
0-113 
QI14 

'lllS 

If> 00111';1.. ' 
17 ER~('t.l=ABS(FK(I.I)- •• 5*FI<:<3.1)+ •• C"FK(4.t)-O.5 .. FK(5.l)) 

~
~: !~ 
lll! 
119 
120 

... 

-l 

73 

• 

113 CONT INUE 
GO Tll 1 

>-
L4=4' 
Ll:0 

L2=:l 
L~=J 

L5;0 
RETU~N 

E'NO 

....... - ~~ 

,.. 

-OPTIONS IN E~FECT* ~OT~~~.[D.E~CDIC.SOURCE.NOLlST.NODECK.LOAO.NOMAP.NOT~5T 

-OPTIONS IN ~~FECT~ NA~E = ~E~SON • LINEC~T = ~~ 
, '*STATJSTJCS- 1 C:;OURCE STATEloIIFNTS = 12C.PROGRAIoI SIZ~ ::: ' 3168 

-STAnSTICS. 1110 O!A(.NOSTlCS GENE\.IATEO 
Y-" _. -~ - • 

, 

• 

c 

.... 

....... 

, 

o 

• 
,. 

/-

'. 

-.. , --...-

-< 

~ 
1 

• i 
i 

/ 



1 

r 

_\fl ;-1 
• - j 

f ~ 1 
t -;;'1 ! 
i .:; 1 1 

id 

rI 
I~I 

j 

'1~ ~'I 
-71 

~: d11 
1 

~ 

FCQT.-Gl--t.;-':î...EA-S.r:-j;l -- - -- --- u..o,UVS UA-TE 7.3~20 ---00/19/52-

'C'0:l1 • .". S\.",)JTII-:ll:::,;:tv3(X.I'..G • .J .... llX.riyl 
C ,.. '= 2 > ! '':: '15 1\,. Y ( l J ) • DY ( l ) ) • U 4-X ( l ()" ) • U~ y , l 00 ) • T S ( 1 00 ) • TI 100) 
"'C~3 CJ'V,JN /~:~/Y/û~An/CY/ACC/TCL~~{lOI 

~"'''''4 
0/)')5 
(1(.'06 
00"17 
00')8 
(:'C"'9 

COti) 
01:'11 
0('12-

On3 
0'::14 

cns 
:'':'16 

OC11 
1)/"118 

Or:19 

0:21\ 
0':'21 

"022 
C''''?3 
CO?4 
OO~5 

O"?6 
(1)27 
(,02~ 

0029 

"C~" 
OC:'!1 
(1"32 
0"'33 
C"'l4 
0"'35 
01)36 

"C~7 
()"~8 

.,-!39 
1)':'40 

0""1 
O,,4~ 

~'=43 
!)-(' .. 4 

aC45 
CC .. t­
OC47 
C"'l&~ 

1)049 

"''''4150 
1)05; 
C" !iL>, 
CC53 
O::!:'4 

f 

/ 

4 

~Q 

::-.~ 
~ 

"qc 

<lI 

C"~U1N F~~f.~.G.~PS.QHüP~.rl.EFIN.MH.S.NU~.Ll.L2.L3.L4.L5.NSS 

l '" T .:. 'Ji- ~ F' L ,) '" 
II'.Tt:Gi-R !lN.n.cp 

që""lL K ~ 
Tj::;'-:::J.J':· ... l 
A=Y(1)nY{1)+Y(2)~Y(2) 

rI:::SQ,;r ( Il) 

l=l/l 
IF(Y(ll.Lc.TùLI Gù TO IG 
1 F ( Y ( 2 loG T, ( 1 + "pc; 1) Gn TO 1 C; 

C =A-l 

i)=2* \-1~Y (2) 
E=V ( 1) "y( <') 
F=j ..... 5.(· 
H::"*--c7.'''' 

Q=-( -)"-3,") 

IFIFLC .•• .::-:..l 
lJ x = - 1+') / ( 2 • F ) 
UY=31:E/(2"1'~) 

GO TG 

li,. 
0UK=Y«()·(2/~-5*~/(l·H) 

~UY=1.~y(Y(1)/F-S.:.y(2)/H) 

r.o TO 4 

UX=-\+Z+C·V/(~*F) 

Uy=~ ... t:*::/(4*F) 

"' 

.. 

0\):( =y ( \ ) .. t l /:} + {2 '" C +::. II ( 2*F ) -5"'C .DI (4*H) ) 
DUY~).7~~{(~.Y{l)+2~C.Y(2»/F-(5.ë.C.y<2)/H)) 

DY(!)=V[..>I 
OY(21=Y('., 
1 r ('\1 'S.lt.c.. Il (,J TL) ~Q 

DY(3)=(-(,+UX-Y(3»)/~ 

VY(4)=(UY-VU.) )/K 
GO T 1 2.l 

-IFIFLO ... EOil 

">~=J 

Py=c 

GO TJ <;1 
~1=M."'9.,,: 

GO TD ... :> 

~ 

Vl=1/~+(~.~C+l~D)/(2·F)-lo25·C.D/H 

V? = 7/," - ( 1 .: 'C + " .. ,) ) / ( 1 .. H 1 + H • 7 5" C * [) IH 1 
V3~1/O.(-:·C+l-C)/12.~)-1.25·C.O/H 

~4=I/r.l~ ~C-5.~)/(1·H).H.7~.C*O/HI 

Cl\JX">(='V~ .. ,(1 ) .. y(: )* ... ? 

~U~yY=V3 .. Y(~ILY{;)*V4 

.~ 

":lU Y X 0(:::( • 7~ .. ( ~, r. /1'- - ( 15*::" C +., C .. y ( 1 ) .. y ( l ). E ) / H + 3 c;. Y ( 1 ) .Y ( 1 ) * E .C/H 1 ) 
DUYYV=-c7~.(~.F/F-{15*E.'.2~*V(2)*Y(21*t)/Ht351Y{2).Y~2)·E.C/H1) 
C J ,; = ? ., " ...,J.,J" ,..(,J S /'~ ~ 

;J ~"'(d~. (:JUXXX+DUXYY) 

'p y =(,)"1. ( ,lUY X ... +OUYY y ) 

CO ... TINUé: 
IF(O"'.NE.I) GO T" 44 
DY( ,,::,:.:;_ 

.... 

'-. 
" 

PAGE 0001 
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FORTQAH 1'( G'J 

..---; 

r., 
t . i , .. ~ 

- j 
-1 

, ' • 

t .:..:f 

t~~ . .... .. -

" -JI 
~ \; 

,-
-::. 

• 
_..-~<\ 

( ~ 
f - , 
.t»:j 

c"c;'S 
~e'5~ 

oros.., 
ct;o;e 
O"li9 
0"'6:" 
~c !Il 

!''''''2 
C,)~3 

"064 
O!'65 
CO~6 

C/)6ll 

0('70 

tif'''' 1 
or. 72 
'-'''1'3 ,. ".,,, 
007~ 

C076 
0"77 
('/)78 ~ 
0"79 
(11)"0 
I;'('8t 

0-,,\2 
('''''3 

~""4 
00-'5 
~nfl6 

c~e7 

,,".,Fr 
t' 0139 

.""T tt)..,s 

/' 

IN 
*CPTIONS, TN 
.sr .TlSlI Ct;* 
-ST A-Y 1 STI c.e:;-

*ST.aTlStICS* 

1 

.... _ .... ----"... , 

é 

R~LL"SF 1.1 OERIVS 

"'" 
DATE:;; 73220 -----. - -00/19/52 

1 

2"' 

•• 

'-* 
2t'" 

OV(41=C.C 
URX,(11=-û 
URY(ll:;;-UY 
TS(l);~ 

CONTINUE 

IF(N~S.FO.31 GO TO 20 
OY{3>:{-G+UX-V(3)+K*Y(3'*Ddx",RHOPF)/K-~X/K 

DY )= (Uy-yU. 1 +I(*Y( 4 ).,)UY*P~OPF )/K-PY IK 
T,) 22 .. 

IF(LI.EO.IOI ~c TO 24 

./ 0 

'24 
• Go. T:J 25 

\1::,)+1 
URX( lI:Y( 3'-UX 
ur:;-YCO)=Y(4)-UY 
~S(,J)=X 

00 l'Je J=2.LJ 
T(JI:SU~T«2*TS(O'-TS(J'-TS(J-l')) 

1 ot' C ONT 1 NUE' 
5IGII=(,,: 
5IGY=0.0 
DO 101 J=2.0 
S~X=SIGX+«URX(JI-URX(J-l)I/T(J)) 

S ~Y:SIGY+( (URY( J I-URY( J-l) lIT (J») 
1(11 C.ONTINUF 

2-5 

22 

In~ 

OUE=1~6Q·SQ~T«RHQPF/K)) 

HX=-QUE-SIGX 

HV=-11UE*SIGY 
GO T) 22 
~Y(1)=((-G.U~-~(3»)/~.RHOPF*1~.Y(3).OUX.~X-PX/KI/(1.0.5.R~OPF) 

Dy (41:: ( C UV-y ( 4' 1 /K ... ~HtJPf- '" 1. 5*Y (41. OUY+HY-PY/K '/ ( 1 +0.5 *RHOPF) 

L4:" 
RE:.TU~N 

L4=40 
R,ETUilt.j 
r"lo 

FFFECT- "'OTl;~"" II> .EOCOIC. SOURCE • NOL IST • NOOE:CK .LUAD.t.o,lAP. NOTEST 
F.rF~rT* 'NA~C :: Ol;RIVS • LINECNT : 56 

SOURCE STAT~~ENTS = \ 89,PROGRA~ SIZE :: 42E6 
NO OIAGNùSTICS GE~E~ATE~ 

NO OIAGNOSTlës THIS STEP ---

--'- .,.r , 
i 

--~- -~ -.. . 
.J 
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'" 

r~ 
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, . 

. ~ .. UNSTEAOV STATE DRAG TERM$ INClUOEDJ 

! 

~;I , 
;:: t 1 ", .- ,1 
, .1 

-,.::1 : 
· • , 1 

~';Vt, :::t '-, 
-:.. .. , 
-=1 • • 1 

'.1 
, 1 

· .::- t 1 

, 1 

- ; 1 
~-~~ ~ 

. ' - ~ 

, 

.. ~....:..,.._ .. " 

Y(2'O 

.. 

FLOW T~PEa paTENT 1 Al 
,""'-- , 

K"'- 1.000 

G~ 0.015 

PARTICLE RADIUS/BUBBLE RAOIUS­

FLUID OENS~TY/PART~lE OENSITY­

FRAéTIONAl TOÙRANCE ON YI2': 

INTEGRATION TOLERA~CEz 0.0010 

"-

H OR l 
------. 

. " 

~.6500 './~ 
• 0 1 

'-, 

l 

tl.'9-l5(k H 

• ~ , 
0.8125 - L 

./ 
J " • 

,0.8937 H 

~ 
0.8531 H 

0.8128 .~ .. 
.. 0-;8227 H 

_ JS 

.,-- ------
1 

:n'j,n~ 
~76 L 

• 
,0 

6noo 

0~400 

0.0050 

y( l' F 

0.706 

0.761 

0.Z79 

'0.385 

0.241 

0.150 

0.103, 

0.165, 

RUN NUH8ER 22 

... ", ......... 

c 

.. 

.... ..,., 

• 
Y(Z)F 

0.819 
0 

1.100 

1. Q63 -

1.105 

1.101 

1.101 

1.101 

c 

1.081 
" 

( 
1 

.~ 
1 

, ,... ___ 1 

J 

• 
--l' 

--
~ 

SEPARATION TtME 
------

~-§~18_. 29.092 

·0.238 28.968 
~ ~,~ .:r' • 

-O.OEH 29.ltf45 ... 

0.070 
~. 

'\ 29.310 7 

0.021 29.476 

0.011 29.5,51 
• Q 

0.005 29. 589 .~ 

-0.000 29.539 



:JU34zua--

.. ~~ -., 

" 

;-

, 
:::~ 

.. 

-' 

1 
, f 

1 

~. 

• 

-{ 

• 
YIU 

30.000 

14.716 

7.283 

3.601 

1.836 

·1.;6.19 

1.432 

1.268 

1.124 

, 
0.996 

0.181 

0 0 • 771 

"0.682 

0.595 

.0.511, 

0.446 
III 

0.383. 

.~ , 

~ 

F ~ \ /' 

'\ 

/ 

ve2' 

0.819 

0.819 

t·~20 
0.823 

0.842 

0.850 

0.861 

0.815 

0.8~2 

0.911 

0.932 

0.954 

0.976 

0.996 

1.015 

1.031 

\ 
1.04~ 

;:. 
SEPARAT.[ON 

28~911 

, q.699 

6.229 

2~601 
~ 

0.920 

0.729 

" 
0.571 

t·440 

0.334 

0.250 

0.182 '. 
l 

.... 
Ç.130 

0.090· 

0.060 

..-,. 0.039 

0.024 

0.014 

'-

" 

TI"'e 

0.0 

15.000 

22.388 

26.030. 

27.834 

28.064 

2~·.266 

28.445 

78.603 

28.144 

28.'868 

28.976 

29.075 

29.161 

29.2"5 

29.300 
-:-

29.355 

0.328 1.0580.007 29.403 
~ - - -------....,- --- -

)n" 1 non '~ 

.. 

as Z..9 11-------, 
" ;. 

HX 

0.0 

-0.000 

0.000 

J 
0 •. 002 

o. Q,14 

0.016 

0.014 

• 
0.006 

-0.009 

-0.031 

1 _ 

-0.057 

-0.083 
:,. ~ 

'-0.104 
, -
-0.116.r-

- - V 
-0.118 

-0.112' ; 

HY 

0.0._ 

-0.000 

0.-000 

0.002 

0.03-2' 

" 
0.065 

0.0% 

0.129 

0.164 

.j 
0.194 

0.211 

o.~~~ 

~ 
0..180 

0.128 

0.056 

-O ... O~7 

Cl 

~ 

r 
1 
1 
1 

1 

1 
1 

'-: 

'L 
1 

1 
'1 
1 

'\ 

1 ~ 
, 

t 
1 

1 

1 
! 

-0.100 -o.rn 'jt 
___ -o. Q.S4 -0.1.:.95 ___ _ 



'OIJ'fZlOîJ 0.219 1.007 O.OU'> ~'1.~"''' -V.VIOI 

-, 
-, ' 
,,1 

1:.01 .:.:! ,'- , 
1 

~Io 
'=1 '-

.~ 
'~--I 

·-'t .-
" 

'. , 
... - ~ 

.::j 

=-1 :::.' 
1 j 

.:: j 1 

~ 

'.-~ • AJi-""" 

, 'LlO ~---1~07-5----
- , , 
0.165 ,; 1.0n. 

0.001 > 29'.479 

29.539 

-0.050 

0.001 -o.où 

0.11" -------..... .. -
0.079 

~ 

NOTE:-, 
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E.l Stokc~ Flc~ 

In pàlar cGordinatcs (t,D) centred at the sphere centre: 

k< 

ufr ==: C COf' e [1 

\-lbere U fr :::. flUld rJ.dial ve] ad ty; 

u ..:. fluid \'t'loci ty êt an iI1finit~ distanee from t:le sphere; 

R == sphere. l"é.dillS. 

U?t!= U~r =; cos e l 1. - te;) + ~(;) ~. 
~ 

In di~~nsionless Cartesian coordinates {x,y) aS uscd in 

Chapter Il (reference length R) the dimensionlessl veloèïties are: 

The free 

u* == ,y 

u 
X 

-II: 

U 

l' 
---~l -

22 2 (x + y) , 

2 2 
3(x +-y -l)xy 

4( 2 2)5/2 x+y 

stream veloci ty U is in the minus 

Let A = 2 2 
x+y 

B ..: 
~~ -

-) 

C ~ A~l 

D 2A-y 2 
= 

E = xy 

.. 
• 

x-direetion. 
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Then 

/ 

F'= B
S 

H = fi7 

J = B
9 

. 3 
Q =- --B 

ou",!: ;;: -1 + n +- CD 
x 4F 
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\ 

1 

1 

It 1s easi1v shovn by differentjation that: 

• < 

ox [
1 4-

.• X B 2C-+-D 
2F 

_ SCD] 
411 

+ 2Ey _ SE,CY] 
F H 

2 / .. 

ô u* [ x :: l-\- 2CotD _ scn + x 2 l _ 5(2C+D) 
-2- Q 2F "'fi- F - H . ox . 

+ 35cn] 
4J 

1 D-C " scn + 2[ l .1. 5(C~n) + 35.CD] 
Q .Ir 2F - 4il y F'" H 4J 
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E.2 PotcntlalFlow 

Syu~o]s ha,e the same ~eaning as in E.l. 

ln polar c0ordinat~s: 

ll* __ cos e [1 
fr 

In dill~ns.l ooless Cart l!.sial1 'coon.1j nJt'es: 

n 
ll~~ = -1 + 

x 2F 

ôu* 
X 

>--::::: 
ch: 
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x[l -~~] y 2H 
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