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Abstract ‘ ¢ '>

Flotation rates of very f{ng\glass beads anq of styrene
divinylbeqzene latex particles Have been measuréd as a fupction of
particle size and bubble size using bubbies of diameter l;s;’than
100 microns. The flotation rate'oflglass beég§ depends strongly.on
both particle size and bubble size. The observed rate versus size

relationships agree quite well with the pfedicéions of a simple

hydrodynamic collision model. With latex ﬁarticles, the effect of

- bubble size is similar to that found for glass beads but the effect

of particle size is very much smaller, particularly at smaller
bubble sizes. The latter result can be explained if the simple
hydrodynamic model is corrected to take account of electrical
aétraction between par&icles ;nd bubbles. More éophisticated
hydrod&namic models which ignore electrical forces giye no better
agreement than the‘simple model.

A technique is developed for caiulating collision
efficiency while taking unsteady state drag forces into account:
A cr%terion is de¥ived for predicting when these forces can be
neglected w{thout serious error. )
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‘ On both economic and environmental grounds the large sur-

%
factant requirement is shown to be the main reason why froth flo-
. \‘//‘ B
‘ tation cannot be used wfﬂély for non-selective removal of fine
hydrophilic particles from water. A new process called efferves-
cent flotatio“r‘ﬁ which uses surfactant concentrations below one
x‘_)'
part per million, is proposed and is found to work efficiently.
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ELIMINATION DE FINES PARTICULES EN SUSPENSION '

DANS L'EAU AU MOYLN DF LA FLOTATION PAR AIR DISPERSE

£ . - ! Résumé
. . 1

Les vitecsses de flotation de billes de verre tr&s fines

4

et de particules de latex de divinylbenzene-styrene ont été ®
2 ) S ) .
mesurées en fonction de l1a dimension des particules et des bulles,

en utilisantldes bulles de diamétre inférieur a 100 microns. La, '
¥

vitesse de flotation des billes de verre dépend fortement & la fois

de la dimension des particules et de zelle des bulles. Les rela-

A : . T
tions observées entre la vitesse et les dimensions sont en accord ,
A}

s
- ¢

satisfalsant avec les prédictions d'un modéle hydrodynamiqée simple
de collisions. Pour les particules de latex l'effet de la dimen-
sion des bulles est semblable & celui trouvé pour les bulles de
. .
verre mais 1l'effet de la dimension des particules est beaucoup plus '
faible, en particulier pour de trés petites gulies. Ce dernier

»

résultat peut &8tre expliqué en corrigeant le modéle hydrodynamique
- simple de fagon a tenir compte des attractions électriques entyge
particules et bulles. Des ﬁodéles hydrodynamiques plus complidués
) .

qui ignorent les forces électriqués ne donnent pas un meilleur accord

que le modéle simgle. .
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Une methode est mise au point pour le calcul de l;effi—

cagité des collisions en tenant compte des forces de trainée en

égime :non stationpaire.,, Un critére| indiquant jusqu'd quel point

3

v

1'on peut negliger ces forces est -.gl)é uit. F

Du point de vue &conomique et pour des considerations

écologiques on montre que la nécessilé d'utiliser de grandes quan-
tités d'agent surfactant est la,rais&n principale qui empéche
1'utilisation fréquente dé la flotation par mousse pour 1'élimi-
naﬁion non sélective de fines particules hydrophiles en suspension

/
dans 1'eau. Un nouveau/procédé appe#é flotation par effervescence

) 4
st proposé; il utilise des concentr%tions en agent surfactant

inférieures & 1 ppm et fonctionne ef*icacement. )/
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‘ 1. INTRODUCTION

1.1 Situations Requiring Removal of Fine Particles from Water

The following are examples of situations where a separation

is required between water and suspended parthles which are too fine -

to settle at an appreciable rate or to be fierred out economically

using conventional filter fabrics.

(a) Removal of fine suspended solids frzﬁlindustﬁial and
municipal waste streams.
(b) Removal of fine clay particles and micrp-orgamisms

1

from turbid natural surface water to make it potable

after chlorination.

(c) Recovery of single cell protein and algae\from culture

media.

(d) Recovery of trace quantities of valuable metals from

ores by leaching and precipitation as insoluble salts.

(e) Precipitation of traces of toxic metals from industrial

waste streams. - -

The particles may range from sub-micron colloids up to a
maximum diameter of the order of 20 microns. Particle concentrations
are generally several hundred milligrams per litre in cases (a) to
(c) above, but may be less than 10 mg/l. in (d) and (e). In cases
(a) and (e) where the effluents are discharged to receiving waters
the legal requirements to be met by the treated effluents are typically

20 mg/l. maximum for suspended solids and 0.5 mg./l. maximum for toxic

“ metals (1).
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treatment process may have to remove dnore than 957 of the suspended
i cl
FaY ~

particles. In the other cases Jower particle removal efficiencies

may suffice, : °

- .
1

4

1‘2 Particle Removal Processas
. , i . . ;
The conventional processes for separating {ine particles

y

from water are coupulation and dissolved air {lotation (2). Typically,

) \\\\gbcsc achieve 80 to 907 removal of particulates and may have to be

N

b

N oA N
nﬁ“tiﬁpgrticles are trapped. Polyelectrolytes may also be added to provide

\
\

\\

folldwed by filtration through a bed of finely-graded sand to mcet

discharge standards. Both requi?g the addition of a flocculant such
VTN

A

as lime or alum to ncutréLisg the charge on the particles and to
Q

li‘cipitate a floc, e.g. insoluble A1(OH) , in which the agglomerated
pre . 3 8

’ -

\gfoss—linking between flocs. In coagulation the particle—%@den floc
is\separated by settling in a 1arée sedimentation basin with a

A ' ]
typical residence time of 30 to 60 minutes. In dissolved air flotation

air is dissolved in the feed under 4 to 5 atmospheres pressure; when
the pressure is released the air pfecipitétes out on and inside the
particle-laden flocs and(raises their buoyancy. They float up to
the surface and are skimmed off. Residencg times are low (10 to 20
minutes) 50 the equipment is compaci, but to provide a{gsuate dis-
solved air a substantial portion of the clarified effluent Tust be
recycled, compressed, saturated with air and mixed wigh fresh feed.
Both cbagulation and dissolved air flotation have been used for many
year§ ‘and several more or less empirical design procedures have been

developed. They both produce a lime or alum sludge which may present

a soi@d waste disposal problem.
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Filtration through a sand bed may be used by itself if the
initgal partiéle concentration is low enough. Eventually, the bed
becomes sa clogged with particles that the available pYessure head
is unable to sustain an adequate flow and the bed must be cleaned

.by backwashing with clarified cffluent. TLither another bed must be
supplied in parallel to maintain contanuous operation or else adequate
buffer storage capacity must be supplied upstream. Capacity must o
also be provided for ;torage of backwash vater before use., Sand oY ‘
bed filtration has beLn used for over a hundijed years.

In contrast, the use of dlsper;pd air flotation forrflne
particle removal has been confined largely to the laboratory so farx
Most of the work on it has been done in the last ten years, there
are no well-established design guidélinéé and the first large-scale
application was only reported in 1968 (3), 1In this process the
particles ‘are adsorbed on small, Sising air bubbles, typically of
diameters up to 0.1 mm. These bubbles may be generated either by
electrolysis (in which case the name ''electroflotation" is often
used) or by forcing air through a porous plate or through spargers.
As they rise through the water they contact part%kles either thrdugh
collision or through Brownian dif%&sion, dependirig oh particle size.
At the top Ehey form a scum oy Yroth which can be skimmed off. For
particie—buﬁble attachment to occur the particles must be at least
partly hydrophobic. 1If they are not already in this state in the

feed to the flotation unit they must be made so by adding a suitable

surfactant.



' X At first sight this process looks like a straightforward
adaptation of the froth flotation process used for about fifty years
in mineral dressing, but in fact there are some important physical
differences and these will be brought out in subsequent chapters.
Laboratory studies with a continuous flow unit (7) indicate that 80

!

to 907 removal is attainable with 15 to 20 minutes residence time,
so performance i; roughly comparable with that of dissolved ain K
flolation. Capital costs should be lower since there is no recycling
and compression of cdarified effluent. Capital costs should also be
lower than for coagulation or sand bed filtration since there is no

need for a large sedimentation tank or for backwashing. On the other

ing cosTs may be higher for dispersed air flotation if

hand, oper;

[
surfactynt has to be added. These economic aspects are explored

ully in Chapter 12.

1.3 Objectives of this Project

Most research on solid-liquid separation by dispersed
air flotation has been directed towards studying the sensitivity of
flotation gate to chemical variables such as pH, ionic strength,
sgrfactant type and the che@ical nature of the particles. Very little
-~work has been done on the effects of physical variables, yet it is
important to know these effécts if engineering design and scale-up
from 1abo;atory tests is to be done in a.scientific manner., This
project’s attention is focussed on two of the most important physical
variables, patéicle size and bubble size; its objectives are to formu-
late a theoretical model of bubble-particle interactions which enables

° - )

~e
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predictions to be made concerning the sensitivity of. flotation rate
to these variables, oand then to test these predictions by measuging

flotatien rates in laboratory apparatus using particles and bubbles

b ~
of various sizes. -4

4

The practical significance of the project is as follows:
(a) 1f particle size is found to have a large effect then

it may be possible to control upstream processing,

©

e.g. precipifation conditions, in order to produce a

particle size with good flotation characteristies.

Alternatively, particle size modification could be

carried out in the flotation cell itself, e.g. by

coagulation. Reliable quantitative knowledge of the

effect of particle size on flotation rate is neede -
o

)
A Y

in order to evaluate such alternatives.

|
(b) Bubble gize is an independent variable under the 3

4 4
direct control of the process designer. Furthermore,

/ |
the cost of the bubble-generating equipment is likbly
; )
to be a major part of the overall cost of the flot?-

1

tion unit. Hence, any design prepared without a l

' i
quantitative knowledge of the effect of bubble size

) [
on flotation .rate 1s likely to be sub-optimal.

; ‘ ’ |
1.4 Closure '
e e ]

{

|
The next chapter reviews some topics in surface chemistry

1 -

3

and hydrodynamics which gre fundamental to a propér understanding

1
o

of dispersed air flotationm. . i



2.1 Electrical Properties of a Solid-Liquid Interface

Most solid particles acquire an eclectrical charge w Y
immersed in water due to ome of the following effects.
A - _- -
(g) Ionization of surface groups, c.g. —~ COOH—>COO + i
w : ‘ ” NH, + 1H.0—NH. + o
B . n o+ H,0>RNE +

.+, (b) Adsorption of jons from solution. This usually

- \

o the 5art1c1c a megative charge since anions(tel to be
less hydrated in solution than cations and sqg can get ’
* closer to the solid surface.
(c) Loss of ions from the gblid surface. For ample,

2
¥ -
Ag 1 may rele'ase either Ag+ or I dinto soclutidtn depending ¢

on the existing corcentration of these ions in solution.

'

The charge thus created is partly neutralized by a fairly

s

strongly held layer of ions of apposite charge (counter-ibns) called ‘
‘ [
the Stern layer (AB im Fig.2.1). These are held partly by electro- &Y
. i
static attraction ard }antly by Van der Waals forces. The residual /7fff

potential at plane B is néutrhlized by a diffuse layer BD which

contains ions of bdth signs but has a preponderance of counter-ionms.

When the particle mpves relative to the surrounding liquid the hydro-

dynamic shear plane]C is a little way outside,uhe Stern layer. The g

potential of plane { is called the zeta potential. This can be
I

measured since it i3 proportional to the velocity of the particle

in an applied elect}ic field (the electrophoretic mobility): It is °

not proportional to |the surface charge but it is closely related to it. Q

r
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The following actions reduce the geta potential.

(a) Increas¥ug the ionic strength of the solution. This
7
increases the adsorption of counter-ions in the Stern
layer.

(b).” Adding a small qua&tity of an electrolyte containing

0

- multi-valent coultier-ions. Their neutralizing effect
N increases greatly with their charge. .
(¢) Addinp a small quantity of a surface-active counter-

ion. Van dér Waals adsorption forcés are very stfoﬁg

\

for surfactants, so again this markedly increases

the number of counter-ions in the Stern layer.
1]

¥

(d) Reducing the surface potential by?adjusting the con-
§
centration in solution of those\ions'which determine

the surface potentlal. Fox example, the pH could be 7

2
”

changed if H+.or OH  1is potential-determining.
If any of these actfons is carriLd far';no gh: the adsorbed o
counter-ions more than balance "the surface charge and the si of
the zeta péten!ial,is reversed.

Zeta potential is closely're;ated to the stability of a

suspension since it is'a measure of the eleetrostatic repulsion between

~

two particles which come close.together. Riddick and Ravina (87)'
- M b . ' lf ®
present data on the stability of ap -aqueous suspension of silica

particles (average diameter 1.1 mfcrons, averége z.p. in distilled
water - 30 mV) as a function of zeta potential, with.zeta potential .

changes m;h? by adding electrolyte. - Co - ! -

PN ' N LI 2
s . 40
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maximum agglomeration 0 to 3
strong agglomeration 5 to 5
threshold of agglomeration -10 to -15
v threshold of delicate dispersion -16 to -30
moderate stability -31 to -40

fOOd stability ~41 to -100

2.2 Burfactantsy
' Surfactants are long-chain hydrocarbon molecules or ions
with a polar group at onec end to give them a limited solubirfiy in i
water. They have a high free energy in solution due th repulsion
between the hydrocarbon chain and the surrounding water-molecules,
so 1f an air-water or solid-water interface is present they congre-
gate at the interface’ in ‘order to reduce the free energy of the

LS
system. As the hydrocarbon chain length Increases:the solubility

N
\ .
\:;twater decreases and the driving force for adsorption at the

¢ »

interface increases. 4

If the surfagiant is an ion the driv{ng force for adsorp-

tion on particles also d’pends on the particle charge. 1If the particles

and surfactant ions haye opposite charges the adsorption is strengthened

e

by electrostatjcattraction, probably into_the Stern layer. If they
have the sam% charge electrostatic repulsibn’weakensethe driving force

for adsorption"and may even prevent adgsorption completély, depending

“~

- on the magnitude of the paftig}e charge and the hydrocarbon chain

. length. If the surfactant forms a-chemical bond with the particle

h bl

t

-




surface this also incrcases the strength of adsorption. An example

J
Adsorption of surfactant g{ves thé particle some hydro-

is the adsorption of xanthate ion on su}Pthe minerals: \\\)
phob;c character since at lceast part of the hydrocarbon chain is
still cxposed to water. This makes the particle floatable, because
by bccoﬁing attached to an air bubble it can replace part of the
solid-vater interface by a solid-air interface and thereby reduce
the system free energy further.

Best flotation results are obtained when the surfactant.
is strongly adsorbed by the particles, withh the natural tendency to
adsorption reinforced either by electrostatic attracéion or chendz?ﬁ
bonding. A surfactant added to make the Barticles hydrophobic is
termed a "collector".

&

2.3 Adsorption of Ionic Surfactants by Solid Particles

. The various stages involved in the adsorption of ionic

surfactants by charged inorganic solids when no chemical reactions

occur are fllustrated by the work of Jaycock and Oii:will (69).

They measured the adsorption of dodecylpyridium br de by negativeiy—

charged silver iodide particles at a series of increasing surfactant

¢

concentrations and also measured the floatability and zeta potential
of the particles at each surfactant concentration. Their results
are presented schematically in Figure 2.2.

\

Adsorption increased steadily and flotation increased
&

quite rapidly hp to the point of zero charge, which occurred at a

surfactant concentration of 4.5 x IO—SM. In this region the surfactant'

‘i
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a

Figure 2.2
ADSORPTION OF CATIONIC SURFACTANT ON SILVER, IODIDE
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Figure 2.3
ORIENTATION OF SURFACTANT IONS ON SILVER IODIDE SURFACE.
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ions were pictured as lying at a small angle to-the solid surface
]

M A
(Fig.2.3a). They are not flat because water has an ice-like structure
: f

~

adjacent to a solid surface. Peyond the zero point of ch@%go
adsorption continued to i1ncrease steadily but {lotation decreased.
In this region they arpgued that the additional surfactant fons were
being held by Van der Waals attraction belween hydrocarbon chains

with the polar groups of the additiponal ions pointing outwards

('ig.2.3b). Thus, }he hvdrophobicity of the surface would begin to
. >
decrease after the point of zero charge had been passed, viich ¢
accounted for the decrease in floatability. FEventually, at a sur=—
. . -3 .
factant concentration just above 10 "M there was a sudden increase
in aHsorption and floatability dropped to zero. Thev hyg&thesised .
S

that this corresponded to micelle formation. ' -

Adsorption on té latex particles follows a different
[~

type of isotherm, as shown by the work of Connor and Ottewill (56).
Figure 2.4 shows in schematic form the isotherm obtained by them for
the adsorption of hexadecyltrimethylammoniunm ions on'ﬁolystyrene
latex. The surface of latex particles is largely hydrocarbon with

a small percentage of the area containing carboxyl groups which

‘ N

ionise to give the particles a negative charge at intermediate pHe -

It required only a very small surfactant concentration (about 10—7M)
- .

to neutralise the charge on the particles. These initially-adsorbed

surfactant ions were held by both electrostatic attrabtiop and

Van der Waals bonding of their chains to the hydrocarbon surface.

They could not be washed off with distilled water. As the surfactant

§



‘ ~
. p ,
A\
Figure 2.4
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concentration was raised beyond the point of zero charge the amount

adsorbed increased much more slowly than before because the Vad der Waals
attraction betueen surfactant ion chains and the hydrocarbon surface
was now opposcd by electrostatic repulsion. These later ions could
be washed off{ quite casily vith distiltled water. In, this region ghe
adsorbed ions ere still pictured as isolated chains lying almost

\

flat on the‘surface, so float%bility*«hould s1111 be quite high

although not as< high as at the point of zero charge. As Lhe surfac-

: 35
tant concentration rises above 10 "M there is an increase in the ‘
slope of the isotherm. Tn. this region it was thought that association
of hydrocarbon chains on the particle surface was beginning to occur.
Eventually, at the critical micelle concentration the surface was
satu#ated with close-packed vertically oriented ions and no further
adsorption could occur. In this condition (reached between lO—AM ahd
10—3M) the particles would be hydrophilic and unfloatable. In the

region of increased slope leading up to this poinf the floatability

must be continually decreasing as the orientation of the surfactant

hydrocarbon chains becomes more vertical. 0

v ¢ ‘ |

2.4 Froth Stability ’ .

The lifetime of an undisturbed froth depends mainly on
two factors:

(a) The rate of drainage of liquid from the interstices

t
-

between bubbles. .

<

(b) The rate of thinning and eventual collapse of the film

of liquid separating adjacent bubbles. .
e



o

If both rates are sl?w
|

apﬁear stable. '

The first fhe

16~

the froth will have a long life and will

\

tor depends on the bubble size. Wace et al.

(53) have shown experimentally that the drainage rate is inversely

, proportional to the square of the bubble diareter, in direct analogy

with the flow of liquid

The sccpndi fia
Ve

"greater the surface vib
thinning (81).

If the colleg

|

s through packed beds.
ctor depends on the surface viscosity. The

cos1tly the greater will be the resistance to

tor is adsorbed strongly at the air-water

interface, as is the cgse with fatty acid and amine collectors, it

stabilizes the {roth,by
concentration at the in
if the surfactant is no
surface tension caused
size by reducing the buy
the distributor. HoweV
more effective way of r
per cent of.a short-cha

the water .459). The sm

the interface while the]

influencing both”factors. High surfactant
terface increases the surface viscosity greatly
t very soluble in water, and the lowering of
by the surfactant tends to reduce the bubble
byancy fo;ce needed to detach a bubble from

°

er, if the distributor is a porous frit a much
i

bducing the bubble size is to add 0.1 to 0.5
in alcohol such as ethanol or isopropanol to

all, fast-moving alcohol molecules adsorb at

bubble is being formed and act by préventing

o v
L

coalescence between bujbles égowing at adjacent sites. Porous frit

distributors give very stable foams when the water above them contains

about 40ppm of a long-ghainjﬁoblectof'and 0.5 vol. per cent of iso-

propanol; such a éystem

work to be reported in Chapter 7.

.
'~

wds used in this pro}éct for the experimental

-

—
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Q

’ . ) In ore flotation the bubbles are latrge and stirring is

[ . ¥

vigorous.  The froth would be rather unstable if collectors were

used alone, «so normally a "frother" is also added. These are usuall
) y , y

long-chain alcohols such as terpineol which form molecular penetra-

tion gomple>:qs with the adsorbed film of collector (81). This

¢

increases the rigidity of thie film greatly. Shori-chain alcohols

- " cannot form complexes with long-chain collectors (62).
. . ‘ejt’ ‘\ ° »
) % \ . .
;2.5 Motion iof Small Bubbles in Surfactant Solutions '
' ' The terminal volocity U of a rigid sphere of diameter D
N ¥

and density /01 moving through a fluid of<‘derxs,ity pz and viscosity /LL

| under the influencerof gravity at a Reynolds number Re less than

. ‘

0.5 1d given by Stokes' lLaw as
\ J 0—\ © )
“ ’ g p2[ap
Yo ™ g where Ap= 0, -0,

-

If the sphere is Jot a solid but a second fluid of vise»

.- cosity /-Ll immiscible with the first and both fluids are pure then

the terminal velocity UH is given py the Hadamard-Rybczinski equation |
\ £ .

~A5L) as: ‘

2 fAl
3 _ gD lapl 1 4Y 0 :
L UH = 6“ (2 +3T) where Y i

X

PR

o lf the sphere is an air pubble and the medium is water ¥ & 0 and

o ' Haol |
. . - U, = 5——R—-——f‘ = 1.5 U . The Stokes case h{a zero velocity boundary
° » H 3’.{, St .

. ! - condition at the sbhere surface whereas the Hadamard-Rybczinski case™ .

. L
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. has continuit%' of tangential stress as the boundary conditions resulting in a
moving surface and internal circulation in the £luid sphere. This

circulation has been observed experimentally in very pure systems (51).

!

If a fluid sphere is moving through a medium containing

traces of a surface active substance the surfactant will be adsorbed

o~

at the sphere surflce and swept to the back of the sphere. If the

fluid sphere is moving fast enough }heﬁfront of its surface will
P
¢ - contain less surfactant than the b and a surface tension gradient

will be set up. This gradienl sets up a tangential stress which tends

[+ 3 [

,to retard surface motion and internal circulation. Photographs

takenwsy Savic (51) show that in fact the surfactant accumulates in

a stagnant cap at the back of the fluid sphere.l Circulation persists
. forward of the cap but is non-existent inside it.

In such a situation the terminal velocity U of the sghere

3

will be intermediate between UH and Ust' let Y = U/Ust' Then for

an alr bubble in water Y will be 1.5 when there is no surfactant in
. . | -
. the system and 1.0 when there is enough surfactant for the stagnant - o

cap to completely cover the bubble surféce. In the latter case the”

bubble will behave hydrodynamically as though 1t {s a rigid sphere,

4
The Eotvos number Eo _.3L2~19#L is a convenient dimension-
»

less group against which to correlate Y. Ao is the difference in
/// *  surface tension between the front and rear stagnation points of the
KN

‘?bubble. Eo,characterises the ratio of the gravitational force
o

[A

promoting internal circulation to the surface force retarding it,
so we expect Y to be an increasing function of Eo. We also expect
Q\) that the smaller the bubble the smaller will be Y and the closer will

be the approach to rigid sbherg behavior. ’ >

[
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. 3 Figure 2.5 is the correlation of Y with Eo obtained by
Clift, Grace and Weber (60) from the calculations of Da;is and
Acrivos (52). These calculations are in rough agreemént with the
experimental data of Bond and Newton (61). Fig;re 2.6 is the cor-
relation of Y with the half angle £ subtended by the mobile portion
of the bubble surface; it also comes from the calculations of Davis
and Acrivos.

n

We are interested in air bubbles of diameter up to 100

-~ microns rising in water. The water will normally contain strong _
p ) surfactants at‘concentrations of the order of 20 to 40 pp;h which
/- : . will redice the surface tension of water by 5 to lOMaynes/cm. (81).
"Taking Ao~= 10 dynes/em., D, = 0.01 em., ldpl= 1 g{n./ml.' and g
981 cm./sgc.2 gives Eo zﬂlO-z. From Figures 2.5 we find Y = 1.0 avd
. 7 from Figure 2.6 we fimd £ = 0. Therefore, the stagnant layer of
P o

surfactant ions covers the entiig bubble surface, the surface of

the bubble is rigid and we have Stokes flow around the bubble.

+ Bubble diameters as large as 0.3 cm. are common in mineral
. flotation. This gives Eo == 10, Y = 1.3 and 9{= lfgo. Of course,
- the calculations on which Figs. 3.5 and 3.6 are based are not valid

for such large bubbles because their Reynolds numbers will be much
N L)
greater than unity, but nevertheless it wil].}E true that a sub-

s sStantial part of the surface of mineral flotation bubhies will be
1

[

. . . . .- . .
N mobile. The flow pattern around such bubbles will be described best

\\ by potential flow (54). 1. 1'

Y
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CORRELATION OF Y = U/USt WITH EOTVOS NUMBER )
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2.6 Closure

.

In this chapter some aspects of surface chemistry which
are important in dispersed ?ir flotation have been reviewed briefly.

The motion of small bubbles in water‘containing surfactants has alkso

B "

been described and it has been concluded that bugglcs of diameter

LR

up to 100 microns are small enough to behave like rigid spheres.

.

In the next chapter a reviev will be presented of previous experi—‘

[
B

mental work pertinent to our objective of establishing the relations

between flotation rate, particle size _and bubble size.
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3. REVILW OF PREVIOUS WORK: EXPERIMENTAL STUDIES

3.1 Introduction

Dispersed air flotation is one of a group of processes
called adsorptive bubble separation processes, in which a component
is removed from solution or suspension by selective adsorption at an
air-water intciface. In this it differs from dissolved air flotation
where the bubbles are trapped mechanically inside or underneath
flocculated clusters of particles. Adsorptive bubble separation
progesses are the subject of a recent book ediged by Lemlich (8)
and of excellent review articles by Karger and DeVivo (9) and
Somasundaran (10). 1In the present review only those studies relevant
to the'objcctives of this project will be highlighted.

Thenfirst prgoblem confronting any review of this field is
that of nomenclature. All authors agree that a primary classificat%én
of adsorptiye bubbie separation processes can be made accord;ng to the
nature of the species removed from water. Thus, names such as ion
fiotation, colloid flotation, micf&flotation, precipitate {lotation
and mineral flotation are self-explanatory. There, however, agreement
ends and any secondary classification depends on the purpose for which
the classification is being made. Karger et al. (11) sub-diyide
according to whether or not a foam is generated to carry off material
raised to the surface of the bulk liquid; Rubin (12) sub-~divides
according to whether a low or a high air rate is used (without ever
defining "low" and "high") and Somasundaran (10), in a review oriented

mainly towards surface chemistry, sub-divides according to whether
) -



the particles are natuxally hydrophdbic or have to be made so by

—

adding a surfactant.

We wvish to {ocus attention on the processes by which
bubble-particle contact is achicved. Studies reported in the |
Biterature nmay be classifigd according to whether adsorption of !
particles takes place from the bulk liquid on to bubbles rising
througgﬁ;hat_liquld or from liquid draining back through the foam.
1t seéms® logical to call the {irst situation “flotation" and the
second ”f;}m4gabaratiun”. These definitions represent two extremes
of a continuum rather than a rigid demarcation. The present dis-
sertation is concerned only with flotation as defined above. Included
within our definition of flota?ion is, for example, the work of
Sebba on ion flotation (13), that of Cassell et al. on flotation
oflsub—micron colloids (14), that of Rubin and co-workers on flota-
tion of micro-organisms (15-17), that of Kalman and Ratcliff (6,7),
of Pinfold and co-workers (18-22) and of Rubin (12) on flotation of
precipitates, that of DeViva and Karger on flotation of clay particles
(23) and also Saint Gobain's commercially successful Electroflotation
process for effluent treatment (3-5). All the above workers used
small bubbles (average diameter less than 100 microns), low air
rates (less .than 1 ml. per min. per cm? cell area) and a very small,
foam head above the bulk liquid. They were wdéking at the flotation
end of the flotation-foam separation continuum. Grieves and his
co~workers (24731) always use larger bubbles (200 to 700 microns

diameter), larger air rates (4 to 12 ml. per min. per cm? cell area)

and a substantial foam head, so their work is intermediate between

-

-y
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flotation and foam separation. In such cases the work reported in

thig dissertation is applicable to the primary separation by flgta-'
tion in thg pool of bulk liduid but not necessarily to the subsequent
enrichment by drainage through thce foam column.

Mineral flotation (32) is included in our d@finitionf but
because of the large size of the particles there are some iuportant
physical differences in flotation technique cowpared to processes
specifically designed for floating fine particles. The mineral
particles produced by griunding orcs can be as large as 200 microné
in diamoter.- Vigorous stirring is neceded to keep these in suspension
wherecas the cells used for floating fine particles are unstirred.

In addition, large particles need large bubbles to 1ift them, and
since mineral pulps typilcally contain 30 to 40 wt.7 solids cach
bubble has to life marty particles. Unually the air is introduced
by downdraught through the impeller and fldng/out into the liquid
where it forms bubbles up to 3 4. in diameter. Under these condi-
tions very small particles of the size“rahée we are interested in
are regarded as notoriously difficult ﬁg float and strenuous‘efforts
are made in the design of grinding circuits to minimize their pro-
duction. The flow pattern around these large bubbles will be quite
different from that around the very small bubbles used for floating
fines énd the large particles will have much more inertia than the
small particles. Therefore, although most of the work done on the
surface chemistry of mineral flotation is directly applicable to

the flotation of fines the effects of physical variables may net

be the same in the two systems.
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3.2 Effect of Particle Size on Flotation Rate

In the past a typical laboratory study on the dispersed
air {lotation of fine particles has consisted of bubbling air through
a swall batch cell, withdraving samples at regular intervals, analysing
the samples Tor particle concentration<b§ chemical or turbidimetric
methods and plotting a curve of per cent removal versus time. Given
a suitable surfactant and pH it appears that pregipitatcs of particle

. a

size 10 to 20 microns can be floated rapidly with better than 95%
removal in ten minutes or less (7,25). Tlotation rate is increased

/
both by’ increcased tcmperature of precipitation and increased time

lag between precipitation and start of flotation, both of which iend
to incrcase particle size (19). Micro-organisms of diameter of the
order of 1 to 2 microns can be floated at an appreciable rate only

if the pH is near their isoclectric poﬁnté i.e. where they are likely
t; agglomerate (17). Adding alum and ?djusting the pH to‘give a
geclatinous floc of Al(OH)3 improves th# flotation rate and enables
high removals to be obtained ové: a much wider pH range (15-17).

It has been hypothesized that the micrb-orgaﬁigmsfbecome enmeshed

in the growing floc and that it 1is the floc which becomes attached

to the bubbles, either by adsorption or by providing a mechanical

~

barrier to the rise of the bubbles. Sub-micron particles such as
polystyrene latex can only be, floated by adding alum and precipitating
an Al(OH% floc (14).

From the above evidence it appears thét flotation rate
must increase quite rapidly with increasing particle size, In this

context there is a result given by DeVivo and Karger (23) which is

~N
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1

puzzling., They floated finely-ground kaolin and montmorillouite
using two different cells, Cell A emploved bubbles of diameter 200

) 2
microns, flow rate 2.7 ml. per man. per cn. cell area and a very

©

small foam head. Cell B employed bubbles of diamcter 2 mm., flow
' . 2 o
rate 27 wl. per min. pery em. coll aea and 4 substantial foam head.
The particle sires are no{ given, but it vas stated that the montmoril-~

*

lonite appeawrcd finer than the kaolin., 7Tn the uncoagulated state the
kaolin floated the faster of the two, as expected. The particles
were then coagulated by adding ha2304 to reduce their zeta potential
to zero. Tn this state the [lotation rates in cell A weré increascd
substantially, as expected, but in cell B there was an dnexpectod
fall in the flotatioh rates of both types of particle. THere has ;
been no satisfactory cxplanstion of this result. /&(

The only syst;matic studies of the effect of particle size
on flotation rate have been in the mineral flotation field. No
clear;cut relation has emerged. If the first order flotation rate
constant is k and the particle diameter is dp then Morris (33) found
k & 1n dp; Bushell (34) found k independent of dp; Tomlinson and
Fleming (35) found k « di for easily floated minerals and k o« dp
fop&boorly floated minerals; Gafldin et al. (36) found k to be

‘independent éf ip for dp = 1 to 4 microns and k cfédp for dp = 4 to 20
microns. .The two latter investigations are probably the most reliable
since they were carried out in specially designed laboratory cells
under controlled conditions. The other ﬁyo studies were performed

on full-skale plants where coW%rol of variables would be much more

difficult, Only Tomlinson and Fleming reported the bubble size used

-




not too heavy or the pulps too concentrated then for a giver air rate

-~

in their experiments (0.3 to 1.6 mm., average 0.8 mm.). The other

studies probably had similar bubble sizes since their air was intro-

.duced by downdraught through an impeller. In'all cases the cells

were stirred vigorously and the flota?ion éu]ps were comparafivcly
concentrated., For the reasons Hiscusséd’in the previous scction
their applicability to dilute suspcnéionﬁlof fine particles using i [
'

small bubbles in an, unstirred cell is doubtful.

The above dnvestigations all found that {lotation rate

* e,

followed first okder: kinetics well. The experiments of Suwanasing

i .
* v . 0 N ’ :
(37), using similar equipment to Tomlinson and Fleming, gave a
3

W

better fit to second br&cg kinttics. The second order rate constant
was found Lo increase lincarly with dp fof’galcna and to be independent

of dp for silica. This highlights further “the confusing state of Yt
. £

experimental data in this field.

i

3.3 Effect of Bubble Size on Flotation Rate

L

Tt is generally accepted -that as long as the particles are

4 - z
the flotation rate will increase as the buﬁb}e size is decreased due

to the smaller bubbles sweeping out a greater volume-of liquid. A
subsidiary function of the frothers (long chain alcohol;S used in
mineral flotation is to reduce the bubb}e size (37). The results

of DeVivo and Karger oh uncoagulated clay particles cited earlier (23)
indiiate that their low‘air rate cell (bubRle diameter ZOO(nicrons)

gave roughly the same flotation rvate as their high air rate cell

(bubble diameter 2 mm.), even though the air rate in the latter was

+
Q 1

*~
.
.
.
2

-
2



“+path length apd D, = bubble diameter).
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ten times higher than in the former. This suggests that within this

1

range of bubble gizes the flotation rate is inverscly proportional -
4
to bubble diamcter, “as would.be predicted simply by dqomparing swept

= air %ﬁte, L = bubble
;1
There have been no other

. <
experimental studies on the effect of hiibble size on flotation rate.

. // | 5 ?

volumes.  {(Swepl volume = 36L/2Db, where G

b =

3.4 Clésure

This chapter has. reviewegd the available experimental data

-

regarding the effects of particfe size and bubble size on flotation
- .

rate. The data on the effecs/of particle size were all obtained _ .

under mineral flotation coqditions of large bubbles and, frequently,
[
large particles. There i4 reason to belfcve that they are not

§pplicab1e when the bqﬂ(qu and particles are very small as in the

use of didpersed air/flotation for effluent treatment. Furthermore,

e
the data from diftferent studies are often contradictory, which

suggests that the parameters governing the relatlon between flotation

rate and particle size have not been identified coQ;ectly: The
- . i
effect of bubble size on flotation® rate has not been studiedﬁhirectly,

although it is known that flotation rates are enhanced by reducing

the bubble size.

The next chapter ‘reviews attempts which have been made to

formulate theoretlical models of bubble-particle interactions in

¢

flotation.
< b=

—
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. . 4. REVIEW OF PREVIOUS WORK: THEORETICAL, MODELS
o ] . * ~ "
- N v ] .

4.1 Particles not Affected by Brownian Motion \

°

., 4.1.1 Introduction -

-t e e o e S o el e

»

When the particles atre large enocugh to have no appréclable

~

Brownian motion a complete: theoretical model of their capture by

-

bubbles will involve:

(a) an account of th® intexplay of those forces (primarily cd
hydrodynanic and gravitational) whichydetermine the s s
trajectory bf‘a particle gs)it approaches a bubble; ’

“(b) an account of the interplay of those forces (primarily
. su;face—molecular and elec;ricég’.which determine
- l*‘%\ ) whether a particle whose trajectory has brought ig .
.' close to the bLbblc surface will form a stable bond

with the bubble.

The above distinction is somewhat artificial in that ih reality

°

there will be an overlap region in which both type (a) and type (b)

E forces are important. However, the division into two non-interacting
» [~}

~ zones is normally made in order to simplify analysis of the situation.

The range of action of the surface forces is known to be of the order
"

of fractions of a micron (73), so for many pruposes the boundary

between zones can be considered- to cbincide with the bubble surface.

The situation is expressed mathematically by writing
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4

where E collection efficiency, i.e. the fraction of particles

1

whose centres initially Iie in the bubble's path which
are actually collected by the bubble; i
E. .- collision efficiency, i.c. the fraction of particles a\\
whose centres initidlly lie in the bubble's path which
actuallv come in contact with the bubble;
and E, = attachment efficiency, i.e. the fraction of particles ,
coﬁ%actiné the bubble which actually form a stable

attachmnent to it. p
b

The forces in 7one.&a)-are considered to deterrine El and thosge in
zoné (b) to determine E,. The flotation rate is proportional to
the collection efficiency E.«

Derjaguin and Dukhin (74) postulate the existence of an
intermediate zone of thickness 1 to 10 microns consisting of a dif-
fusional boundary layer on the bubble. It is claimed to arise with
bubble; of diameter 1 mm. or larger. Such bubbles rise so rapidly

3

- ’ - . s .
that a considerable degree of surface circulation exists despite

the retarding efﬁ;ct of adsorbed surfactant. Fresh surface is con-
tigually being created at Ehe front of the bubble and this new

surf;ce has the surfactant concentratten of the bulk liquid. There

is a iarge driving7force,for adsorption of more surfactant ions on

the freshly-cfeated surface and this giwves ris?.to a strong diffusioemal
flux of surfactant ions towards the bubble. As a consequence it’is
claimed that strong diffusiophoretit and electrophdzetie forces exist
which dominate thetparticlefs mdotion in this zone. However, our

bubbles are so small that their surface is covered completely by a

stagnant monolayer of adsorbed surfactant and no surface circulation
(,
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e .
is posgible (sec Chapter 3, section 3.4). Therefore, there will be !

no flux of surfactant ions towards the bubble surface and no inter-
N

mediate czone will exist.

4.1.2 Collision todels

When viewed as a collision between -two spheres flotation

.

differs from raind¥op coalescence and spray dedusting only in that

the two sphercs are of markedly different densities a#d may move

i

in opposite directions under the influence of gravityL Collisions

between falling raindrops have been studied intensiveLy by meteor-
|

ologists in an attempt to cxplain obscrved rates of %aindrop growth,
while the work on spray'dedus§ing was stimulated by the mining
v - !

!
industries'need to suppress dust in mines. Work up 'to 1962 was
!

summarised by Herne (75).
ey,

-

Me physical situation is depicted in Tigure 4.1. Hydro-

dynamic drag teqﬂs to sweep the particle around thefcollector sphere
‘ J

following the fluid streamlines, but particle inerqla tends to make

the particle continue in a straight line towards t“e collector.

H
!

The result is a particle traje¢tory deviating from, the fluid stream-
lines. Gravity tends to. reinforce the effect of particle inertia

if the collector 1s moving downwards relative to the collector and

—
S

opposeé it 1f the particle is moving upward relative to the collector.
The usual procedure is to assume that the drag on the
particle follows Stokes' Law and to write the equation of motion

of the particle‘as:
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s ‘ ." Figure 4.1 and Figare 4.2
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4.1 APPROACH OF A PARTICLE TO A COLLECTOR

4.2 GRAZING TRAJECTORY

1

»
{i ¢
a I+
4
y y
- | e -
/’////
{
» \
| N
- P
\
4 ~ a ‘
) ° ‘

-



4, -
2 8=1/2 ,
Radius r
, P
ﬁ ) ‘/t/
’T*R -
’C’/ - 1‘
8=0 Yoo




“w

du*

: —B = (u% - ux = u*

St ook (uk - uf - ux) C(4.1)

"where u* = dimensionless particle velocity

g% - dimensionless fluid velocity

E;t:_dimension]ess particle terminal velocity under gravity
: 20 U r -

g¢ = PP

9/./.Rc

%% = particle density
fL = fluid viscosity
rp = particle radius
Rc = collector radius

. /

U = fluid velocity an infinite distance from the collector.,

U is the reference velocity for u*, u¥® and u* . A trajectory is
- —f —pt

calculated by selecting a starting point far away %rom the collector
,and then %';egrating eqdation 4.1 numerically. A particular flow
pattern round Lhe colligtor, for example Stokes flow or potential
flow, has to be assumed; this gives the spatial variation of g%.
The distance of the starting ﬁéint from the collegior's axis 1is
varied until a trajectory is founﬁ on which the particle just grazes
the collector (Fig.4.2). On this trajectory the particle's centre
crosses the equatorfal plane at a dimensionless distance (rp-k Rc)/Rc
= (1 +-r3) from the collector's centre. If this trajectory is a
distance y. from the collector's axis at an infinite distance from
the collector then the collision efficiency E1 = (;Z)z, since all

c

trajectories within this one will result in the particle contacting
- -~ o

the collector.
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It 1s apparent from equation 4.1 and the boundary

"

condition that El'will be a function of the three dimensionless

groups, St, u;t and r;. The Stokes number St chafactexises the

ratio of particle inertia to viscous drag on

* '

particlq. .
Obviously, EL is an increasing function of . The varigtion
of El with u;t will depend on the direction|\of motion of the particle
relative to the collector. Langmuir (76) sho that {1 f gravity is
ignored and rg is.so small that it can be neglected there is a

minimum value of St below which El is zero. It was shown later by

Michael and Norey (47) that if gravity is taken into account and

I

~

u;t is positive then there is no such limit.

Two attempts have been made to apply this approach to
flotation. Derjaguin and Dukhin (74) ignored gravity and predicted
incorrectly that there was a limiting value of particle diameter
below which no collisions could occuéf For particles of density
2 gm./ml. and bubbles of diameter 0.08 cm. they predicted this limit
to be a particle diameter of 40 microns. There is a great deal of
data testifying to the fact that particles much Smaller than 40
microns can be recovered by 0.08 cm. diameter bubbles (see, for
example, ref. 35). - -

Flint and Howarth (42) allowed for the effect of gravity
but ngglected r;. This is equivalent to saying that a particle only
collides with a bubble 1if the trajectory of the centre of the particle

-

grazes the bubble surface, which can only be correct if the particle

is very small relative to the bubble. Figure 4.3 shows their curves

\
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\

of £, versus St and ugt for botl, Stokes and poto&tial flow round

1
the bubble. Lelow St = 0.1, El is aliost independent of St. The
liwiting value of Rl at St = 0 vas deduced by them to be El =
u=
__pt

T un irrespective of whether the flow round the bubble was Stokes
pt

or potential. However, this enpression for tﬂé limiting E] is
critically dependent on their assumption that r; can be neglected.
14 this as&u;ption is rerwyed the grazing Lrajector§ is defined by
rA = 1 4—r; = A af'f9z7f/2. Vorking through,th;ir derivation with
r*='% instead of r* = 1 ue obtain the fol]?wing expressions for the
limiting E., at St = Q:

1

(a) for potential flow round the bubble at St = 0

4

2 1
ST I “-2

(b) for Stokes flow round the bubble at St = 0

2 32 -

N N Ve FuED : -3

. 4

A second’eriticism of their work is that when water is
{

the medium it is not accurate in ggneral to assume that the drag on
)
the particle obeys Stokes' Law. When a particle is accelerating
. relative to a fluid, which it is here since it deviates from stream-
lines, the instantaneous drag on the particle is only equal to the

steady stags'(Stokes' Law) drag at that velocity if the fluid inertia

is vanishingly small. With a fluid of non-zero inertia the flow pattern
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i , Figure 4.3
. VARIATION OF COLLISION EF.FICIEI\'CY WITH STOKES NUMBER IN

STOKES AND POTENTIAL FLOW (FLINT-HOWARTH MODEL)

LY
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round the accelerating particle Was not had time to adjust itself .
q N

to the steady statc pattern for a given velocity before the velocity
has moved Bn to a new value. When the fluid density is very small
{air, for crample) or the pgrticlv nccelcrat%on relative to the
fluid is very s%al] (St « 1.0 with water as the medium, as will be
shoun in Chaprer 11) the steady state drag is a good approximation
and equation 4.7 is valid. When the medium s water and St > 1.0,
which is the case for the greater part of T'lint and Howarth's theo-

~ v

retical curves, assumption of the stcady state drag will seriously
J— .
underestimate the actual drag on the particle and result in over-
estimated collision efficiencies. This is explored in greater depth
in Chaptér 11. Flint and Howarth did observe some trajectories
experimentally and concluded on the basis of good agreement with
theoretical trajectories that use of the steady state drag was suf-
ficiently accurate. However, all their experimenthl data were obtained
at St < 0.1 so tbeir claim cannot be accepted.
Recent work on raindrop collisions has concentrated on
three refineménts to earlier models.
(a) Allowance for the fact that a particle of finite size
will perturb the flqw field rodnd the collector (63,78).
(b) Allowance for visco®s resistance to thinning of the
film of fluid separating particle and collector when . »
they are close together (63{.
(¢) More gophisticated represéntations of the flow field
round the collector (78). This is important at col-
1ec§3r Reynolds nuﬁber Rec'> 1, and also at Rec¢; 1

if the particle is approaching the collector from the



~

downstream side.
The work of Hocking a&d-Jonas (63) wraps (a) and (b)
together by making use of recently-developed soiutinnb to the Navier-
L4
Stokes equation for flow past a palr of sphecres. 1t 1 only valid
for Re «« 1. 'ﬂnb.(q%roach is applied to flotation in Chapter 8.
L)
Refinerent (¢) 1% not worth applving to {Jotation with small bubbles
because we have RCC < 1 and approach {rom the upstream side.

In the spray dedusting field Zebel has concidered the
effect of electrical charges on the particles and collector drops
(79). Electrical effects have also been conslidered in models of
aerosol fiitrntion, where the collectur is a cylindrical fibre (80).
They ﬁavo not becen taken into account in flotation models because
very little is known about Lh; electrical p%opertios of bubbles.
Davies and Rideal (81) stmte that pure w;ter has a surface potential
of -0.1 to =0.2 mV, indicating a prefcr?ntion orientation of water
.molecules at the Interface, but undoubtedly this will be altered.
by the presence of surfactants. Chapter 10 outliﬁcs‘a possible
approach to including electrical forces 1n’ flotation collision ?
efficiency calculations. ' N

Collision models haYe been déveloﬁzd recently for filtra-,
tion of water through a sand bed (82,83,41). Since in this case the
collector.is a solid it is likely that London - van aer Waals forces'
of attraction between collector and particle will be ipportant;

these have been taken into 'account by Spielman and Goren (83). How-

ever, they are unlikely to be lmportant when the collector is a bubble.

3
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i3 ]

Therg is ont Sype:of collision model which is totally
different frsm those discus;cd above and it must be mentioned briefly
* because it has some currency in mineral dressing circles. It was
‘;ntroduced by Philippoff (/7) and developed further by Evans (67).

It focussecs on the deformation of the bubble surface caused by the

$
impact of the particle. If the bubble surface is treated as an

|

1

elastic skin it is easily shown that the restoring force is propor-
t

tional to the deformation, so the motion of the penctrating particle

(

B t
is simple harmenic. The contact time €. defined as half the period

0
- = h

T m Y max

Im 1%

of the simple harmonic motion, is calculated to be 5o 7 y

" where m is the mass of the particle, 9 the surface tension, hqu
(11 &

£y

the maximum deformation of the surface and V the normal velocity of
approach of the particle. Attachment is supposed to take place if
the contact time exceeds some magic but unspecified value. Consider

two cases.

o

(a) 0.3 mm. galena particle, 3 mm. bubble rising at 25 cm./sec.

Taking 0= 60 dynes/cm. and V equal to the bubble ~

rising velocity we obtain t, =1.2 x 10_'3 secs. and ~
D

: b
. b =0.09 .= 57

. ~ (b) 10 micron glass beads, 100 micron bubble rising at

Y

its terminal velocity of 0.5 cm./sec. Again take

o

60 dynes/cm. and take V= 0.5 cm./sec., i.e. we
are considering the maximum deformation case where

‘the particle is on, the bubble's axis of motion. We

D,

obtain t, =6 x 1078 secs. apd h = 0.01{‘@
o 10,000

’
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Therefore, while this model may have some use with large bubbles
. N M 2

and’particles laige -enough for their motion to be almost rectilindar,

it is not applicable to small bubbles and small particles. 1In our

«
casc the bubbles hardly deform at all and to the particles they appear
— »

as rigid spheres.

4.1.3 Attachment llodels - -

o e e~ N

Very 1ittle work has been done on the attachwent process. ,

I3

By pursuing an analogy betveen particle-bubble attachwent and the

heterocvagulation of unlike colloidal particles Derjaguinm and Dukhin
. eys? |
(74) were able to adapt heterocoagulation theory to predjct —~—j§—*-< 3 |
as .the criterion for attachment to take place: where € is the di~ - /
electric constant of the medium, ¥ is the particle's double layer ;
thickness and f its zeta potential and A is the Hamaker constant

for the hetero-system. None of the above parameters is affected
. 8 |
significantly by particle size or bubble §ize when the particles : :

“

are larger than one micron in diameter.

The only experimental work on attachment efficiency is
that of Whelan and Brown (48) who photographed the collisions of -

la}ge pyrite, galena and cecal particles with the large bubbles.

They found the attachement efficiency to be an increasing function

o
-

of the normal velocity of impact.
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4.2 Sub-Micron Particles :

No work has been done, on the collection of sub-micron

particles by bubbles, but the sc¢avenging of sub-micron particles by

. !
water drops and fibious filters has received attention (46,85). ‘The

approach is to apply the thin concentration boundary laver theory

3 " ¥
developed for mass transfer and to use the Stoles-Einstein equatfon to
obtain the diffusivity of the particles. Wé shall aﬁbly this method

to the flotation case in Chapter 5, section 5.3. i

[y

Coolson (86) and Yao et al. (41) have reasured the removal \

of sub#micron particles from water flouing through a packed bed.

;

They found the predictions of the above type of model to be in

. @ :

.. agreement with their expe%imental‘data provided Pfeffer's correction

(68) for the influence of neighbouring spheres was applied.

-

- o . |

4.3 Closure

This chapter has reviewed the models of bubble-particle e

°

cdllisions which have been proposed to date. In general, they have
been Qeveloped with large bubbles and mineral dressing applicatiéns
in mind. Only the Flint-Howarth model purports to he applicable also-
éo small bubbles énd its defects have Been pointed out. In the next

chapter a simple ‘collision model is developed ‘specifically for the

, case of small bubbles and small particleé.
~ fa

-
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5. A PRELIMINARY MODI'L, OF FTNE PARTICLE COLLECTTON
BY SMALL BULBLLS

§

5.1 Tntroduction
To model the collection ‘fino particles by small bubbles
we note first of all that particles larger than 2 to 3 microns in

dianeter will not be affected =ignificantly by BrownTad motion and

will contact A&e bubble only 3f their hydrodyvnamically-determined

s
>

trajectories comg within one particle radius rp of the bubble surface.

Y
g
In this region, which we call the collision regime, the collection

cfficiency E should increasc vith increasing rp due to the geometric
fact that the trajectory of a larger particle need not come so close
to the bubble for the particle and bubble surfaces to touch. Sub-

{ - ~
micron particles will reach the bubble mainly by Browvnian diffusion. -

In this regime E should decreasc with’increasjng rp-since larger
particles diffuse move slowly. Hence, in'the iptermcdidte region i ’
where both mechanisms contribute significantly to particle cafture
we expect E = f(rp) to have a minimum. The existence of sucH a
minimum has been confirmed experimentally for aerosol filtration (85)
and for liquid filtration (41) in which similar mechanisms are
éperative.

Our treatment of the collision regime hasuan important
conceptual difference from that of Flint and Howarth (42). As was

a~ . -
mentioned in Chapter 4, their boundary conditions imply "that a col-
lision is énly coqéigsﬁed to occur if the trajectory of thetéentre
=~

of the particle grazes the bubble surface, whereas we define a collision

as ocdurring when the surface ofthe particle grazes the bubble surface.
N, o




-

5.2 Collision Regime

Let “

where El = collision efficiency, i.é.'thc fraction of particles in
the bubble's path which actuaily collide with the bubble,

Y

and EZ = attachment officjency, i.e. the fraction of particles
)

colliding with the bubble which actually stick to it.

It seems likely that E, will depeud mainly on the chemical natures

o

of .the particle surface, the bubble surface and the thin film of

2

!

1iquid draining from between them.s Therefore, as an initial hypothesis,
let us assume that the effects of particle,size and bubble size on E

are given by their effects on El' \
Consider a spherical bubble of radius Rb rising vertically

at constant velocity U Take coordinates (r,0) centred at the center

b
of the bubble and moving with the bubble. © =0 is the vertical axis.

Figure 5.1 shows a typical particle trajectory. Consider the limiting

\
trajectory in which the particle just grazes the bubble at 9==ﬂ72.

Let this trajectory be a distance y, from =0 at r=o0. All particles

whose centres are initially closer te % =b than vy, will collide with -
the bubble, and if the particles are uniformly distributed in the

liquid we have E =-(x,/Rb)2. In the general case particle trajectories
must be calculated by a step-by-step nuperical solution of the particle's
équation of motion and the grazing ra: ct found by trial and erro;.
However, for the special case of small particles and small, slowly
rising bubbles encountered in effluent treatment, a simple.analytical

solution is possible.
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Figure 5.1

ECTORY OF PARTICLE APPROACHING A BUBBLE

~
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Wehmake the following assumptions.

(1). The flow pattern around the front of the %ubble is

given by the Stokes solution for creeping flow around

a rigid sphere. It was shoun in Chapter 2, Section 2.5,

that this'is a rcasonalbe assumption for butbles of

diameter up to 0.1 mm. rising at their termiral velo-

city in water vhich has not been rigorously purified

. ' - &/
to eliminate surfactants.

(2) Electrical interactions betuwcen particle and bubble

B

have a negligible effect on the particle trajectory.

(3) Any particles collected are immediately swept or
t
rolled to the back of the bubble so that the full

.

front surface is alwavs clear. Photographic ﬂvidence

cited in Chapter 6 shows this to be true.

x /

) (4) The motion of the bubble is not affected by the presence

3

of the particles.
(5) The fluid velocity used in computing the drag on a
occupied by the centre of th paquhle if the particle
were absent.
Obviously, these last two assumptions are strictly valid
only at rp/Rb:: 0 and become less valid.as rp/'Rb increas?s.
Ignoring unsteady state drag terms and taking upwards as

positive, the particle's equation of motion is:

particle is the velocity whijF would exist at the point

.

f
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4,..3 *p . 4
3T, A 6Tpgrp (i, = ug) = 3 (o, = s
- 617 - - .
THep i ~ o 7 e .
where EE_: instantaneous particle velocity relative to bubble

-

up = instantaneous fluid velocity relative” to bubble
u . particle terminal falling velocity =~ - -
g= P g Lty .

pp = particle density

. . \

/Of = fluid density ] \ Y

b /’Lf = fluid viscosity
t = time. !

Introduce dimensionless quantities: <

* " x ' *

Ey_“fg/ub ’f_f_ "f_f_/Ub R ut‘=ut/Ub .

\
» Ut %o U r r 2
ehe 2 se= 220 1 /oy (B g
R FeRo e B
where Ub:.: bubble rising velocity
2L
and Reb = ———— = bubble Reynolds number.
P f
Equatién (5.1) becomes:
a up
= — (u* - u%x - y*
St Te* ' (u ?_.. u t)
du*
. * * : S i .
fe e _g‘pr_ w4+ u ot St Jow ; , (5.2)



Most of the interaction between bubble and particle occurs within

a distance Rb of the bubble surface, i.c. for a time of order R} Ub’
)/

during vhich 0(up) increaces from at least (--Ul -u L) to at mostf/ (-u ).
> pt

Therefore, O(dur/dt*®) < 1.  For bubble of diamcter up to 100 wmikrens

rioing at their Stokes terminal velocity in water (Re, < 0.5) " and

b

. . . , -2
particle dian teis up to 20 nicrons, ve have St <. 10 for rcasonable

vatues Oflo . uf and ul are generally at least an order of magni-~
PR Wi »

tude larger thom St (du*/dt¥). u® may or mar not be of the same order
P pt :
of magnitude as u* and u., depending on the values of r cmd/ .
~p —f P P

Therefore, 1t scems reasonable to neglect the final term on the right-

hand side of cquation 5.2 and write

e ll:if_-,‘ut (5.3)
Thus, gravity is the only factor which may cause the particle's
trajectory to deviate significantly from the fluid streamlines.

. \

Partitle inertia‘has no significant effect because the‘particle
adjus;s almost instantaneously to changes in the fluid flow arou:k
it. (St can be considered as the ratio of particle relaxation time
2ppr§/}9/uf to the character\istic time Rb/Ub for changes in the fluid
flow.f This contrasts with the situation in aerosol capture (40,
45-47) and in min¢ral flofatio; (42), where particle inertia is the
dominant factor Ziusing deviation from streamlines. It'means that
in the present case the particle’s equation of motion (5.2) can be

braic equation (5.3); this 1is what




¥

makes possible an analytical solution for the collection efficiency.

Also, since (u_ - u.) is virtually constant and equal to u__, the
P £ pt

relative accelaration betueen particle and fluid is negligible, which
suggests that our ncglect of the unsteady state drag terms is justified.
A~wore rigorous justificotion will be presented in Chapter 11 in a
generalized treatment of particle capture processes,

Considering the radial components of these velocities we

!
have

W= U uptcos 6 (5.4) «

pr
3 .
:.:‘chos 3 [l + Ugt - % (*i—b-) + % —l;—b*) J (5.5)

where we have used the creeping flow solution for Ueo (see Appendix E).

The rate at which particles collide with the bubble is given by the

»

flow N' of particles across the hemispherical surface defined by

T = Rb + rp and |9‘ < W/, 1If there are Cp particles per unit
'

{
!

volume uniformly distributed in the liquid, we have

' = . e
N' = -2cp 50 ‘(upr)r’:Rb+r .TI"(Rb+rp)sin 7] (Rb+rp)d
1%

The flow of particles through the cylindrical volume swept out by

° e 2
the bubble is N = .mi(ub*upt)cp = Ub(1+u;t) cp. Therefore, col-

lision efficiency E; = N'/N.

i

2
201 + 7,3)2 /2
= — ) . sin®d8 (5.6)
’ U (1 + u*) j (upr
:3.5 b pt 0 r.Rborp




4 -~

Substituting for upr from I:Z(luation (5.5) and putting r = R'b 4- rp gives

2

K 3 1
B, = ———— (14+ u¥%_ =~ 5+ —3) (5.7)
17 Tk pt = 2K .3 k
where K=14+ rp/Rb.

P i

f

. i
%

A little aigebraic manipulatio;l :s,hows equation 5.7 to be exactly
equivalent to cquation 4.3, the Flint-Hovarth Stokes flow case L"uken
to the linit of zero Stokes number and corrected for non-zero
particle radius. (In equation 4.3 "Avas used instead of K to avoid

confusion with Tlint and Howarth's use of K for Stokes number.)

Since both particle and bubble obey Stokes Law, we have

r 2
S By -k - n2le
u;t-—(Rb) ({0f 1) = (K - 1) (/_,f 1) (5.8) _
Therefore,

r

E =1f(’2,&‘)- v
1 Ry e
) |

Figure 5.2 shows the theoretical relations between El and rp/Rb
predicted from Equations (5.7) and (5.8) foxj_lﬂp/ﬁ. =1.0 and 2.5.
They are fitted very well by the straight line approximations
E, =1.25 (r r/Rb)l'9 for‘0 /lﬂ = 1.0 and E, = 3.6 (r / )2°05 for
1 P S 1 =20 (R
/@ =2.5. Therefore, E, 1 ‘ighl i 2
,ap /Of » E; 1s roughly proport onal to_(rp/Rb)
ov?ﬁ' this density range, which covers most practical situations.
Since the volume swept out by a bubble is proportional to RE, the
aveyage number of particles picked up by a bubble, assuming constant
°Ez, should be roughly independent of bubble size and the flotation

Q
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. R i
rate should be proportional to bubble frequdnecy. Thercfore, for a
4 3 i
given air rate, the flgtation rate should be proportional to 1/Rb’
} W o
which providcs‘g powerful incentive to make the bubbles as small as

s : . . &
pbéSLble.r‘Of course, this myst be balanced against the extra cost ‘o
ofxgeneraﬁing sr:aller bubbles in the ease of spargers and porous plates.

The collision efficiencies Yl plotted in Figure 5.2 can be

- o N
regarded as an uffper liudt on tht .collectio e¢fficiency L corregponding

’ A
= 1.0 If 1, is less than 1.0 and

to an attachrent cfficiency L )

2

Y

docs not depend on rp and Rb’ the collection ¢fficiency lines vill

be lower than the collision efficiency lines but will have the same s

) ¥
slope., The results of Vhelan and Brorm (48) shov that at least for

mineral particles and large bubbles Hz is certainly less than 1.0.

5.3 Diffusiod Regire :

n

s

' To model this regime we express the particle diffusivity
by the Stokes-Linstein relation Q)=-kT/6ﬂ}%rp where k = Boltzmanr

constant/and T = absolute temperature. Thils is then inserted in

existing theoretical expressions for mass transfer to spheres.

! . R
For creeping flow around a sphere, thin concentration

boundary layer tﬁeory (49) ytlds ;o
Q R
Sh zPel/? ) ' (5.9)

>

¢

—_ )

. } ‘
where Sherwood number Sh = 2Rbkp/0, Peclet number Pe =.2RbUb/i>and

o

kp = particle mass transfer coefficient. Equation (5.9) is a very

good approximation for Pe > 103. Let cp be the concentration of

<

particles in the bulk liquid and cps the concentration of unadgorbed

-
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-

particles in the layer adjacent to the bubble surface. If the particles
" ° ' )
are adsorbed rapidly by the bubble Cpq >0, while if they arc only

slowly adsorbed Cpq"’cp' The net flow of particles to the bubble

. . , 2 ,
surface in ynit time is N" = 4Rk (¢ - c ). In unit tive the
u
n P p ps o
2 . 2 .
)U containing N = TR U)Cp particles.

bubblé sweeps out a volume TR

“ b'b bt
The collection cfficiency : : ! »
o ¥ ’ i f;.
\f > - -
bk (c - c¢c ) : !
h " g S
E = 1;-« S P'u‘%””‘&‘ :.q;j—rh- o f= 4%4_ (5.10)
b p N pée
co-co ) :
where f =->ll:;—L3- is the dimensionless driving force for mass®
» p

transfer. For stroeng adsorption f -+ 1 and for weak adsorpL{onJ:*>¢L
- t

1t seems plausible that, like the attachment efficiency E2 in the

co]lision regime, f will depend mainly on Ehc~chemical natures of

the particle surface, “the bubﬂle surface and the liquid phase. We

\

make the hypothesis that f is independent of Rb’ rp andf%f ,

-~ .

Expressing U,_ as the Stokes terminal velocity and inserting

b

. o .
the Stokes-Einstein relation forQ);*we obt%in:

) v , ' (5.11)
P .
Taking T = 298%K, k = 1.38 x 10718 ergs %k molecule™, g = 981 cth.
-2 : )
sec. any \expressing and r_ in cm. we have
- Rs\xg\ % P

)\é 1 -11. . . - )
E = 273 A f . . (5.12)
P

v

e

v
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. The following points should be noted: _

(1)° Again we have E « l/R_i, so this Telation 1is predicted
over the complete range of particle sizes when we have
L. k o . .

creeping flow round the bubble.

- (2) E is independent of particle density.

' (3) For this regime we have calcuolated the collectio\n
P nefficiency E rather than the coliisi;n efficlency El
/m i because the laws of diffusion refer to the net transfer
. ,
A . -~ of particles.‘ .
- | (4) From Fick's first‘law of diffusion thd:e(, particle mass ¢ '

\ gﬂ transfer coefficient kp =0 /&, where & is the average

thickness of the concentration boundary layer. Hehce

P ' N -
) e g \ , - : \

ol o 1 B3 42 % 10 |
: oo 2R~ Sh 1/3 173

2Rbp

o

T 3.42 x 108 . 4.45 x 1075

Thérefore, § . —-—-—1—/—3———- cm. x —~————17—5—®-n
- . (zr ) - i ' B
p P \
" r
| ° . . L4
For the concentratlion boundary layer approach to be valid, we must -
I3 f
have § » er' Thgrefore, Equations (5.10) to (5.12) can only be
ﬁ\ applied when the particle diameter is less than 0.2 microns (&= 1.6 .

microns). - ' ! -

by

5.4 Comparison of Efficiencies . '

So far we have calculated collision efficiencies for
particles with diametems greater than 3 microns and collection

/
‘ ’ effic'if:'lcies for particles with diameters less than 0.2 microns,



L™

3

'

Figure 5.3 compares collection c¢fficiencies for the two regimes for

a bubble diameter of 75 microns,/ﬂp/f} = ?.5, a range of values of o ////

. Lot . . .
Ez in the tollision regime and a range of valves of f in the diffusion

regigpe.  For cqual values of T oanf f the predicted cfficiencys is
g " ‘ ' f ! *

an order of maenituwls higher in the collisionzregime than in the

E

diffusion reyinwe. Therefore, the tlotation of sub-racron particles

should be ifmproved < uvbstantiall. 1f they can be agglororated into :
o N ,

flocs big enough’ to be in the collision regice. Tnis exp

rs

ains Fung's

observations on the flotation of ferrie oxide (50). e found that,

4

. . < , . -4
sub-micron particle« of collowdal ferric o¥ide 10 A0 surfactant

"

solution floated very poorly, but when visible {locs vere formed

by raising the pH to the isoelectric point flgtation becare very

~

rapid.

Coupling of the collision and diffusion mechanisms in the

transition regiog is/}/éomplex matter which we have not resolv’d &et.
| 4 ‘ "

lfkojy to be important for practical purposes.

<

However, this is

The efficiency therc is so low that 'if the particles in the feed g

N 1

are in thié/size range, one would certainly try to flocculate them

into the collision regime. 'If the particles are initially.in the

..

diffusion regime, the theory suggests that they must be‘fiocculated

byond the transition region, otherwise flotation performance may '

" (

v
* ’

actually be worse.
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5.5 Alterhative Jlov Patterns

So far it has been assumed that the flow pattern around
the bubble is that of creeping flow. Hoycver, the nethodology

‘developad 10 Sectign 5.2 for the cellision regime ie capable of

glvine en analvtical cvpression for the collision efficicncy for

any flow pattern having a sirnle analvtical exprewsion for ug
) r

u i< insereed an equation (b.4) to give u , wnich {+ then
fr gy . pr
et
integrated in equition (5.6 to give El' - The method will be applied
»
here to Hadavard-Rvbezinski flow and to potential flov.
&

5.5.1 Hadanard-Pvbesainsh: Ploo

‘

Thise flow patfern describes the flev 1n and around a bubble
or drop (disperscd phase d) moving in a continuous medium (phasc c¢)
“

«
.

when there is no rctardation of the i-terface by surfactants, i.e.

the surface of the bubble or drop can move frecely. It has been
£ \
discussed already in Chapter 2, Section 2.5. :
4 o L

The Hadamard-Rybezinski stream function is

2
1 2g( 2, %
- on—— — + e gt ———— - P
’}t/ =3 Ub sin T 2(1+%) X - (243X)r
where X :_t‘_@'; aix in this case, i.e. x O. -

: 1.2 2 K.

. Y =5 Ur sin 9(1-r)

Y = 3 1 ?-—'f':qub cos 6 (1 - Eb) (5.13)
/r r sine be . r . .

(\5*'%

let K = ————— as before.
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¥

Then, inserting this expression for U in equation (5.4)

to obtain upr and integrating equation (5.6) we obtain
E. = —— (14 ut -3 (5.14)
u pt K’

r
= f(—R) for/fp— = 2.5 and 1.0 as calculated from
1 Ry Pe

equation (5.14). The lines are slightly more curved than for Stokes

Figure 5.4 shows E

flow, so in both cases it ha}; been necessary to simulate them by

s»’

three straight lines instead of by a single straight line. As rp/Rb

increases the slopes increase from 1.1 to 1.5 for Pp/,ﬂf = 2.5 and

~from 1.0 to 1.4 for /Dp//of = 1.0.

/
/

5.5.2 Potential Flow /

e et 1t e o e st e

The flow pattern round the front of bubbles of ¥iameter
greater than 1 mm. is known to approximate potential flow whether
surfactant is present or-not (54). Altho{gh this study is concerned
A\mainly with bubbles much smaller than this «iwt is of interest to

evalwate }3l for this case since sparger pipes and mechanical aerators

tend to produce bubbles bf this orderwof magnitude. A 1 mm. diameter
! X

bubble rises at roughly 12 cm./séc. in water containing surfattant
~
at the sort of concentrations used in flotation (48), so for particles
0

of diamdter less than 20 microns we still have St < lO“2 ands the
methodology of section 5.2 is applicable.

3
= Ub cos & [1 - ('?_‘E) J.

For potential flow u

KZ o 1 ’
This leads to E, = —————— (1 4+ u* - =~ . (5.15)
> *
, 17 T+ PtA K3)

*%

&
Fai
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Figure 5.4 -

COLLISION EFFICTENCY Ll AS A FUNCTION OF rp/Rb AND Iop//Df
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WITH HADAMARD—WCZINSKI FLOW (PRELIMINARY MODEL)
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;
b
‘ Algebraic manipulation shows equation 5.15 to be exactly ¢quivalent

t .
to equattron 4.2, the Flint-lHovarth potential {low case taken to

the limit of zcro Stokes nwber and corrcected for non-zero particle

r
radius (again with K=X). ti~ure 5.5 «aoea b, = f(‘r) for [%} =2.5
[ R P
b f

r
8]
and .1.0. L, = 3.0 (TL) pivee a guod approztnation resardle .« of
N N\

tﬂl " h ' -

The average nunber of particles colleeted per bubble is predicted
rr ‘
to be proportional to Rb’ and for a grven air rate {lotation rate is
12 -

. 2
predicted to be proportional to l/Rb' lhviahqo]uLp Jevel gf EJ 1s

-

an order of ragnitude higher thien for Stokes filow ‘Because of the

f ?

sharper curvature of the strea Tines. The linear relatfon predicted

for El = f(rp) agrees well vith the expcriiontal results obtained
f ] * el

by &audin et al. (36) fogfine particles and large bubbles. ‘
! B o

v

5.6 Closure

v

In this chapter a sirple hydrodynamic model of the capture
of small particles by small bubbles has been devgloped. The next
, chapter presents some experirental data on the flotation of glass

;
> ]
beads. These data permit a crude test of the model's predictions

s
(¥ regarding the effects of particle size and bubble size on collection
} ! B -
y efficiency in the collision regire. .
k) “ . A
« 7 - 4 N
; .
. ! . *
. ' .
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6. THE CINEPHOTOMICROGRAPHY LAPERIMI~ITS'

6.1 Tntroduction
T t

The original wntention as [ar as euperimental worl was

»

cogeerned vas to go diiectly to the batch (Mpn:rlnwnt& descrbed
-;“}.“. i Y
n the nent ghapler. Hovever, these had te be postponed for almost

a year duce to late delivery of the Celloscope particle counter.

r

Part of this trve was uscd to obscrve the flotation proccss on a o

microscopic scage by taking hipgh speed ciné fiims through a micro-

scope. The filags gave « qualitative insight into what occurs in a.
flotation cell and enabled some crude quantiatative data to be obtained

on the effects of particle sivce and bubble size on collection efficicncy. 7

6.2 Equipwent and Troccedure

-

A small rettangular flotation cell was built of Plexiglas

°

Ed
and mounted on a microscope slide as shown in Figurg 6.1. The cell
contained 2 g./l. of glass spheres of nominal diameter 1 to 20 thicrons
and density 2.5 g./ml. suspended in a 1074 molar solition of a cationic

surfactant, ethylhexadecyldimethylammonium bromide, in distilled

Y
water. The solution also contained 150 ppm of NaZSOA to glivé it

adequate conductivity. The glass spheres were No.4000 Microbeads

supplied by Cataphote Corporation, nominal diameter 1-30 microns, from
\

which the +20 micron frattion had ))een removed by sieving ifA an

Allen-Btadley Sonic Sifter. (Npminal hole diameter 20 microns, actual

’

/ ——

hole diameters 18-22 Xcrous). Measurements with a Zeiss cytosphero-

meter at the Pulp and Paper Research Instftute showed the beads to

@

L I .
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L Y
have a zeta potential of -24 mV in pure water and zero in the cell

solution. A steady stream of hydrogln bubbles was generated at the

3

bottom elecirode by applying a potential difference of 10 volts

across the electrodes with a larrison voltage generator. Bupbles
A J -

were generated simultancously at many sites along the electrode so

a broad spcetrum of bubble sizes was obta%hed.
The slide with the cell mounted on it was designed to fit
on a Vertical travelling microscope stage normally used for medical

research at the Montreal General Hospital (39). The stage could be
a .
moved up or down at spceds up to 0.4 cm./sec. by means 'of a variable °

speed motor acting through a gear drive, When in position on the
stage the cell was viewed through a horizontal microscope gi?ing
200X magnification. From the microscope the image passed through
a beam splittér which gave two identical images. One image was

observed by the experimenter while the other was filmed by a lycam

E ey
.

high speed cine camera."?fgure 6.2 shows the ovegall arrangement,
. LY -

A special shutter was. used on the camera which ohfy exposed each
!

frame for one-tenth of the time it was in position; for example,
when the film speed was 125 frames per second, the exposure time
w;s 1/1250 sec..

The objective of the experiments was to film two t&pesf@f
sequence. For type A the stage was stationary, Fhe mic‘oscoge
focuss;d on ;he meniscus and éhe arrival of the bubbles at the q
meniscus filmed agllés frames per second. The film was projected

on a screen and the sizes of the bubbles and of the particles attached

to them were measured. This gave the following information.

L]
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(a) The average number of particles collected per bubble
as a function of bubble size. According to our

theoretical analysis, this should be almost independent

of bubble size up to a bubble diametc¢r of 100 microns.

¢ (b) The size distrilution of the collected particles.

For a type B sequence no bubbles vere generated. iniLially
the“microscopc was again focussed on the reniscus but this time the
stage was given an upward velocity of 0.1 cn./sec. so that the field
of view travelled down the cell {rom the meniscus to the bottom
electyode. The scquence was filmed at 40 frames per second. By

‘*projecting this filn on a screen, the size distribution of the
particles in the suspension was obtained. For any narrow size frac-
tion the ratio (particles collected/particles in suspension) will be
proportional to the collection efficiency E of that fraction. Hence,
by comparing the size distributions obtained in the type A and type B
sequences, a curve of E = f(rp) can be constructed. Our simple col~

2.05

lision theory predicts E a.rp for a particle dengity of 2.5 gm./ml.

M *

It was recognized that since the larger particles had an

appreciable settling rate, the particle concentration and size distri-
~

-

#.’.‘y

bution in the suspension would be a function of time. To allow for
this the filming of all sequences was stgrted at the same time

(2 min. 53 sec.) after ggitating the cel% contents. Repeated type
B runs showed. that this gave fair1§\re§£;£ﬁcib}e suspensions (Table 6.2).
All sequences were about one minute long. ) .

The main experimental difficulties were as follows:

’

!
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. ] 1. The travelling stage, t\}icrosco‘;Se and hfgh-—speed ciné
camera were in constant use for an active medical
’ research program and so-were only available occasionally '

\\ ' for flotation work. This was partly balanced by haying

~ an experienced operator at hand when the equipment was
available, )

2. At 200X magnification the depth of focus of the micro-
scope is very nl1rrow. Within 2 min%. 53 sccs. a focal
plane had to be located containing sufficicnt bubbles
in focus for analysis of the filn to be worthwhile.

This was very dif{icult to juidge since the bubbles
weré moving Vfry rapidly when viewed through the micro-
" scope. In fact, pnly two successful type A sequences
were filmed.
3. When the films were projected on a screen the bubble
and particle outlines had varying degrees of sharpness
depending on how close they were to the focal plane.
The decision on which bubbles and particles to measure
and which to reject as being too fuzzy was to some
extent subjective. The criterion adopted was to include an
image 1f, despite some fuzziness,lit could be assigned
unambiguously to one of the size ranggs in use and to
reject it if there was some doubt.
Because of these problems the number of bubbles and particles
actually observed and measured was quite $mall. Nevertheless, it was

g . obvious that collection efficiency increased strongly with increasing

"
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particle size and decreasing bubble size and a rough check could be

made on the prelimingry model developed in Chapter 5.

6.3 Results

Table 6.1 presents the results from the two type A sequences
filmed. The bubble size distributions are quite different, probably
due to focussing on_differcnt élanes in the cell, and the average
bubble size is one~third larger in A2 than in Al. 1In spite of this .
the évcrage number of particles per bubble is 0.42 in both cases. .
If we take the two sequences Logether}}pcﬂib appears to a first

-

approximation to be indepcndent of bubble size, at least up to a

bubble diameter of 100 microms. This is'in linec with the theoretical ’
prediction made assuming Stokes flow. The higher value for bubbles
larger than 100 microns may be due to the flow at the front of the
bubble deviating appreciably from Stokes flow and starting to move
towards potential flow. It is striking that a 90 micron bubble should
collect no more particles than a 30 micron bubble even though it-’

sweeps out nine times the liquid volume.

The function

Gp /£b)
X = average number of particles per bubble _ c
- cross-sectional area of bubble Tl 2
3 o,

is proportional to the collection” efficiency E. Therefore, according
to the collision theory developed in Section 5.2, X should be propor-
< ,.2.05
tional to 1/Db for particles of density 2.5 gm./ml.., Figure 6.3
.

is a log-log plot of X versus Db. A straight line of slope -2.05 fits



TABLE 6.1

~ \
Bubble Sequence Al Sequence A2 ! i o
diameter D No. of No. of No. of No. of ! Ech | EL‘C) ¥ lO4
(microns) bubbles | particles p bubbles particles ’ P sb | £5 2 -
-5 = b =P '—C— =b = ( "S“ t w 2/4
- = Pe b = =Pc. | B A Byt
, (microns )
|
2039 43 16 0.38 | 38 21 | 0.55! .46 | 6.50
40-59 47, 21 0.45 48 11 l 0.23 0.34 | 1.73
., 60~79 15 7 0.47 31 14 | 0.45 ¢ 0.46 1.19
- 80-99 1 0 0 17 7 i 0.41 1 0.39 0.613
100+ 2% 1 0.50 15%%* 9 [ 0.60 1 0.59 | 0.431%k%
1
© Total 108 45 0.42 | 149 62 l 0.421 042
*average 124 microns
- *kaverage 133 microns
. ***hbased on average Db = 132 microns
‘\ Average bubble dilamcter (microns): 2
\ [
Seguence e /DZ
b Vv b
Al 46 49
A2 62 69
) Al A2 56 61

"

L=l

In calculating X for each bubble size range, the

value of D at the mid-point of the range has
been used, except where noted.

..,69..
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the data 4uite well,
Table 6.2 prescnts size distributions of collected particles
(A sequences) and particles in suspension (B sequences). For Bl and
B2 the field'df view of the microscope travellced from the meniscus
to the tip of the bottom electrode, whereas for B3 and B4 it travelled
from the meniscus to the bottom of the bare portion of the bottom
electrode. 1t is apparent that due to sedimentation the bubbles from
. : ;
thé bottom of the electrode saw not only more particles but also a
higher proportion of largcr particles than those from the tip. Bubble
zeneration appeared to be nniforﬁly distributed along the electrode.
The reasonably pood agreement betwcen Bl and B2, and again between
B3 and B4, confirms that our suspensions were fairly reproducible.
Table 6.3 shows that there was comparatively little agglomérétion

of particles in the suspension. This was important since there was

no way of decidihg whether collected particles had come from singlets
p .

or agglomerates, ,//f\\\\

Comparing the A and B sequences it is obvious that the
larger particles are collected preferentially. The function Y
pc/ P, is a measure of the.probability of collection of particles
in a given skze fraction and is proportional to the colled¢tion
efficlency E. According to the collision theory of Section 5.2,

it should be proportional to d§'05

for particles of density 2.5 gﬁ./ml.
Figure 6.Q is a log—log.plot of Y versus dp' A straight line of

slope 2.05 fits the data well up to a particle diameter of 15 microns
(Just over a quartér of the average bubble diameter), suggesting .

that our theory is valid in this region. At larger particle diameters’

the increase in collection efficiency with increasing dp is much
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TABLE 6.2

Number of particles in focus (p)

Particle
diameter d Sequence « Sequence o]
(microns) 2:'pc T .§1ps = 2Pe
AL | A2 | - Bl | B2 B3 B4 2Py
7! -
2-4 ol o o 21| 3l 1 ; 3 9 0
5-7 0 0 0 7 6 5., 7 25 0
8-10 ] 2 3 7 10 g 5 30 0.100
11-13 5 10 15 17 19 |15 | 16 67 0.224
14-16 18 23 41 26 20 39 , 44 129 0.318
17-19 11| 17 28 } 5 | Sjo11] 12) 33" 0.849
20-22 10 10 20 2 2 31 1 | 8 2.500
- J |
Total 45 | 62 107 | 66 | 65! 821 88| 301
: i
Y
TABLE 6.3
.
Sequence Bl B2 B3 | B4
T T
Singlets 162 61 77 1+ 86
Doublets ;2 2 1 | 1
Triplets ¢ 0 0 1, 0
7 1
Total Particles E 66 65 82 i 88
y a ’
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. Qgreater than predicted. This is shown dramatically on a linear
plot (Figure 6.5). The following are some possible explanﬁtions.

(a) The statistical precision of the results is too low.
If a lot more particles and bgbbles had been observed
perh?ps a better fit to the model m£ght have been
obtained.

(b) Perhaps the collision analysis is oversimplified and
for dp/Db » 0.25 it is not realistic\to ignore the
effect of the particle on the flow field round the
bubble. This will be considered further.in Chapter 8.

(c) Perhaps when filming the A sequences there were more
of the larger particles in suspension than when filming

1 the B sequences despite allowing the same time after
shaking the cell. This could occur if the thin stream
of bubbles in the A sequences retarded settling
appreciably.

(d) Perhaps the attachment efficiency becomes strongly

dependent on dp above dp”: 15 microns.

It was observed that collected particles were always held
at the rear stagnation point of bubbles arriving at the meniscus
(Fig.6.6). W;\en a bubb}e carried more than-one particle they were
: alwagys grouped in a spherical cap around the re;r stagnation%oint

(Fig.6.7). When the bubble's motign became horizontal as it began
to roll along the meniscus, the particles reac_lily rolled ‘around to
the new rear stagnation point but remained firmly attac;hed to the

‘ - - bubble. Just below the meniscus one collision resulting in stable

iy

v

-
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at'tachment was observed with éufficient clarity for it to be-obvious
that the collected particle was swept to thei?car stagnation point
while the bubble rose through one bubble diameter. This ETB}IE;
that in a taller cell or a more concentrated suspension, the col-
lection efficiency of a bubble should remain constant until it has
collected sufficient particles to cover completely the back half
of its surface.

The angle of contact between bubbles and pafticles is too
small to be reasurable, yet once attachment had occurred it seemed
to be very stable. A possible explanation is suggested in Chapter

8, Section 8. 4.

6.4 Closure

The experiments described in this chapter show that the
flotation rate of glass beads increases strongly with increasing
particle size and decreasing bubble size. The preliminary model
developed in Chapter 5 gives falr agreement with experiment, but
the data are too sparse and too uncertain to be decisive,

With the arrival of the Celloscope particle counter it
became éossible to observe flotation on a macroscopic rather than
a microscopic scale, thereby.obtaining results which are much more

significant from a statistical viewpoint. These experiments are

described in the next chépter.
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- . 7. THE BATCH CELL EYPERTMENTS

1

7.1 Introduction

The experiments described in the previous chapter con-
firmed that particle size and bubble size have large effects on
collection efficiency. To esﬁ}mate the magnitude of these effects
with some precision it is essential that measurements be made over
much larger numbers of particles and bubbles than was possible with
the cinéphotomicrography equipment. This was donc by carrying out’
batch flotation runs in cells containing 400 mll of Jiqdﬁﬁ and many
millions of particles and bubbles. Samples were withdrawn at regular
intervals and analysed for particle con;entration and size distri-
bution. This enabled the %all in concentration of particles of
various sizes to be measured simultaneously and individual rate
constants to be calculated for each size fraction. Thé/bubbles were
generated by forcing nitrogen through a porous glass frit in the
base of the cell. By.carrying out runs with frits of different pore
sizes the bubble size could be varied and an estimate obtained of
the effect of bubble size on thé rate of removal of the various

particle sizes. The following sections describe in detail the equip-

ment, materials, preliminary tests,'e&pe}imental procedure and final

results. ‘
7.2 Equipment

"Exhibit 7.1 lists the principal equipment used. Fig.7-1

depicts the gas supply system.



EXHIBIT 7-1
L LE L

Equipment

Flotation Rig

600 ml. Pyrex Buchner funnel with fritted disc:

(a) fine frit 4 -~ S.SrL pores
(b) medium frit 10 - 15 ﬂ' pores
(c) coarse frit 40 - 60 rk pores

Foam suction plate (see Fig.7.2)

Rotameter - Brooks model 1-15-6

Flow controller - Moore model 63BUL

Mercury manometer

Stirrer - Eberhard "Labstir", variable speed (see Fig. 7.2)

Stroboscope -~ General Radio "Strobotac' Type 1531-AB

Sampling
8 x 10 ml. pipettes
8 x 50 ml. conical flasks

8 x 13 ml. test tubes -

Analysis

Celloscope model 111LS particle counter with 24#, 76r.and 300r4
orifices and IGFQ 320{,&1 and 5mf volyetric sections.

Nuclear Data model ND-110 pulse heiéht analyzer.

€2 e

Telequipment model S51B oscilloscope.
Dohrmann model SY-850 strip chart recorder.
Acoustica AS200 ultrasonic bath.

Geotec model 349-1838 planimeter.
Jf’

i




* Figure 7.1
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Figure 7.2 .
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w The 600 ml. Pyrex Buchner funnels used as flotation cells

-

are avallable commercially in the three frit sizes listed. The
4

only modification made to them wgs to glue four vertical Plexiglas
baffles to ‘the side walls as shown in Fig.7.2 in order to prevent
vortex formation when the stirrer was used. This tyvpe of flotation
cell was selected because it had been shown in the past to give very

reproducible bubble size distributions in the range desired when

\

0.1 to 0.5 vol.? of-alcohol was added to the water in the cell (7,55).

L

Also, the bubble size cogld be varied easily by using frits with
different pore sizes. Generating the bubbles electrolytically at

a grid of platinum wires was considerecd ‘and rejected. On the basis
of experience with the small cell used in the cihéphotomicrography
experiments it was expected that in such a cell ageing of the
electrodes would lead to poor reproducibility of bubble size distri-
bution. Also, variation of the bubble size and measurement of the
gas rate would be difficult.

those employed by Raufman (55) and Kalman (

Except for the baffles the cells ed were 1dentical to
x. Using a photographic

technique for bubble size measurement and employing similar gas flow
r;tesuto those used in the present experiments Kaufman found that
the fine frit generated bubbles of average diameter 42 microns when
the cell liquid was water containing in excess of 0.1 vol.X ;f a

low moletular weight alcohol. As the aleohol concentrationAwas
increased to 0.5 vol.Z the bubble size distribution became narrower

but the mean did not change significantly! The mean was also not

changed significantly by adding surfactant in concéntrétiopa up to
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50 ppm or by varying the gas flow rate withip the limits used in the
present experiments. Under similar Conditiégs Kalman found an
average bubble diameter of 71 microns with the medium frit. Typical
bubble size diqtfibutions obtained by Kaufman and Kalman are shown
in Fig.7.3. Tests described later in this chapter indicate that
the bubble sicze distributionq-wefe not affected significantly by
the presence or absence of stirring in the,cell.
The chief problem with the flotation rig was control of
:ke gas flow rate. The control system used 6ften gave very good,
steady control but on other occasions the gas flow rate could be
very unsteady, possibly due to particles of di;t sticking in a needle
valve. With the fine and medium frits it was found essential before
beginning a run to wash them with the surfactant solution to be used
in the run, otherwise there was a jump of 10 to 15 per cent in the
gas flow rate when surfactant was injected into the cell liquid. L
Samples were taken with 10 ml. graduated plpettes rather
than syringes because it was found that when samples weré‘ejected
from s&ringes a significant proportion of the particles stuck in the
neck of the syringe and were lost. ' !

The particle counter and ancillary equipment used for

analysing the samples are described fully in Appendix A.

7.3 Materials
The principal materials used are listed in Exhibit 7-2.
°  The glass beads and styrene divinylbenzene (SDB) latex

both consisted of perfectly spherical particles so there was no



-85~

<

EXHIBIT 7-2

Glass beads ~ Class IV, No.4000, twpe A glass microbeads, Cataphote
Corporation, Jacksoﬁ, Mississippi. Nominally 1 - 30
microns, density 2.5 gm./ml. Sieved in Allen-Bradley
Sonic Sifter fitted with 20 microns electroformed
sieve to remove +20 micron fraction (hole size actually
18 ~ 22 microns). Exhibit 7-3 shows a typical size
distribution.

Latex - Styrene divinylbenzene copolymer, average dia Qer
5.7r, density 1.05 gm./ml. Diagnostic Products Divi—‘

sion, Dow Chemical Co., Indianapolis, Indiana (supplied
as suspensioé containing 10% latex by wt.). Exhibit
7~-4 shows a typical size distribution.
« Ethylhexdecyldimethylammonium bromide (EHDA-Br) - ‘
| Practical grade, Matheson, Coleman and Bell, Inc.

Isopropanol (IPA) -

A&C American Chemicals, Ville &Laurent, Quebec.

yg
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: Exhibit 7.4

STYRENE DIVINYLBENZENE LATEX SIZE DISTRIBUTION
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ambiguity about the definition of particle size. Furthermore, the
fact that the particles were therical reduced their tendency to
coagulate in suspension. The initial concentration of glass beads
in flotation runs was 1000 mg./é., made up by suspending 0.4g. of
beads in 400 ml. of distilled water., This gave an initial particle
count of roughly 140,000 particles per ml., representing an average
particle to particle separation of about 14 particle diameters.
The latex was supplied as a suspension containing 10 wt.? solids.
for flotation runs 20 drops of this were mixed with 400 ml. of water
to give a solids concentration of about 130 mg./¢Z. (approximate}y'
1.3 x 106 particles per ml. or an average particle scparation of
about 16 ;articlc diameters). Both types of particle had a negative
charge in distilled water at pH 6.0 (the working pl for flotation
runs ). The zeta potential of the latex particles, measured by
observing the notion of thirty particles in a Zeiss cytospherometer,
was -7.5 mV. The zeta poteﬂ%ial of the glass beads was ;ery dif~
ficult to measure due to the rapifl settling of the particles, but
appeared to be in the region of -20 mV to -30 mV.

The same cationic surfactant, eth;lhexadecyldimethylammonium
bromide (EHDA-Br), was used in all flotation runs. The critical
micelle concentration of this surfactant is about 5 x lO—ﬁM'(56).

The concentrations used in this work ranged from 0.25 x 10—4M to

lO_QM. At the lower end of this range the froth had to be stabilized

by adding a few drops of a solution containing 1 part Dowfroth 350

to 1000 parts water. The EHDA-Br and the isopropanol (IPA) were

made up into a stock solution (henceforth referred to as SF solution)
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containing 50 vol.7Z IPA snd 10-2M EIDA-Br. This solution could be
stored indefinitely without micelle formati&n: Diluting 1 part of
SF solut{on with 100 parts of water gave 10_4 M FIDA-Br + 0.5 vol.Z
IPA. The latex particles had a zeta potential of +19.3 mV in lO—aM
EHDA-Br and +10.6mV in 0.5 x lO—AM EHDA-Br. The glass beads had a very
small positive zeta potential }n ]0~4M LUDA-PBr.

The' starting suspensions for all flotatioé runs were made
up using ordinary distiiied water produced in a Corning AG-3 still

and adjusting its pH to 6.0 by adding a drop‘or two of standard

NaOH or HCl solution. Tests with the particle counter showed that

this water was virtually {ree of particles larger than 3 microns.

Initially an attempt was made to be super-hygienic by
fi]ter%ﬁl all distilled water through Millipore MF {ilters of pore
size 0.32 microns. However, the results obtained showed no repro-
ducibility whatever, flotation rates obtained under apparently
identical conditions differing by two orders of magnitude. It was
subsequently revealed by a Millipore salesman that MF filters are
impregnated with a powerful wetting agent which is leached out into
the filtrate. This is not mentioned in any of Millipore's promo-
tional literature. Undoubtedly the wide variation in observed
flotation rates could be ascribed to whether our distilled water had
b%en filtered through a fresh or an old filter. Reproducibility
ofnfloéation rates was good when suspensions were made up in dis-

tilled water which had not been filtered.

Filtered water had one use., It was found that the wetting

-

agent leached out from the filters prevented coagulation of particles
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in samples more effectively than any other wetting agent tried.

Therefore, all sauwples were diluted with filtered water as soon as
they were taken, the dilution water having been prepared by filtering
" 300 ml. of water per filter. It was subs;quently discovered that

the wetting agent involved is Triton X100.

r

7.4 Preliminary Tests

7.4.1 Settling of glass beads

It was appdrent 1lmmediately that at the low gas rates
used the updraught provided by the rising gas bubbles was not suf-
ficient to prevent substantial settling of the glass beads during
a flotation run. Therefore, a*ktir;er wvas necessary. The stirrer
is gketched in Fig.7.3. 1In turn this necessitfted the fitt;ng of
vertical baffles to the sides of the cell (shown in Flg.7.2) to
prevent the formation of a vortex which would suck froth back into
the liquid. The stirrer speed was measured by a stroboscope. The
maximum permissible stirrer speed was found to be 185 rpm, since
above that gpeed interfacial turbulence began to cause re-entrainment
of froth into the liquid. To allow some safety margin the stirrer
speed was set at 165 rpm for all flotatioﬂ‘runiyinvolving glass
beads. The stirrer was positioned centrally ih‘the cell with the
bottom edge of its blade 5/16" above the.distglbutor. A check was
now carried out to determine whether any settling of glass beads
was taking place under these conditions.

400 ml. of water was placed in a cell and the stirrerxr

allowed to warm up until its speed was steady at 165 rpm. Then
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O.4g. of glass beads was dropped into the cell. There was no gas
flow or addition of surfactant or alcchol. " One minute was allowed
for dispersion of the beads and then 3 ml: samples were taken every
minute for the next five minutes. The particle concentrations found

in the samples are listed in_fab]e 7.1,

a0 !

TABLE 7.1

Time (mins.% Particles per ml. °
1 ‘ . 136,000
2 149,000
3 131,000
4 ‘ 137,000
5(1) 134,000
5(2) 139,000
?

The two 5-minute samples were taken simultaneously,lsample 5(1)

being from 2" above the distributor -and sample 5(2) from 11" above
the distributor. It was condluded that no settling or stratification
of particles was occurring in the cell. Since the test was carried

4

w
out Q&th no éas flow, obviously the same conclusions will hold when

L

additional mixing is provided by gas bubbles.

7.4.2 Coagulation During Flotation

Since particles are made floatable by adsorption of sur-
factant ions of charge opposite to that on the particles it is clear

that their zeta potential must be reduced and conditions in the

\

' .
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flotation cell could be conducive to particle coagulation. If sug-
stantial agglomeration was occurring during the few minutes of a
flotation run ig would be revealed by the appearance in the samples
of particles apparently larger than the largest pafticlggfin Lhe

starting material. No such particles were observed. It was con-

P

cluded that there was no significant coagulation of particles during

-

flotation runs.

[ S S

Sample analysis took up to fifteen minutes pex sample.
Usually cight samples were taken during a flotation run, so the
last samples to be analysed could have been standing for up to two
hours. It was found initially that signs of coagulation began to
appear afPer half an hour's standing and this got progressively
worse as time went on. This was prevented effectively by the
following measures:
(a) using filtered water for sample dilution instgad of
érdinary distilled water (see Section 7.3);
(b) giving each sample five minutes in an ultrasonic
bath immediately before analysis.
Neither of these measures by themselves was sufficient, but when
used together they ensured that when analysed the particles were
not'coégulated. (Note: for the'tests described.in Sections 7.4.2
and 7.4.5 the samples were analysed as soon as they were taken;
they were diluted with unfiltered water and were not subjected to

Y]
ultrasonic treatment.)



The samples were stirred vigorously during analysis. It

was expected that this would prevent settling of glass beads and
particle coagulation during analysis. Repeat analyses on the same
sample fifteen minutes apart showed no change in size distribution,
, 1indicating that the assumption was valid. However, with ghe glass
beads 1t was found that if the samples contained no surfactant there
was a reductioﬁ in particle count due to deposition of particles on
‘the sides and bot&om of the analysis beaker. Small particles were a
. " deposited just as readily as large ones so it was not a gravitatfbnal .
effect. 1t was prevented by adjusting all diluted‘samples to a sur-
' " factant concentration of 10~4M prior to analysis. Cationic and
//" anionic surfactants were equally effective in preventing this phe- ' :

9

. nomenon.,

- o o it o e

For the flotation runs with SDB latex the“latex suspension
-(was made up and éF éolution added to it 15 minutes before placing
it in the flotation cell in grder to allow plenty of time for Bur-
factant adsgrption. The suspension was not stirred. Samples taken
at the beginning and end of this period‘showed no evidence of coagu-

¥

. lation during it. . .

7.4.6 Gas Hold-up in Liquid

The gas Hold-up in the cell 1liquid was estimated crudely

. ! by withdrawing a sample with a graduated pipette, noting its apparent .

3

» d)

-~

Il
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301uﬁé, discharging it to a 10 ml. measuring cylinder, allowing

all K‘bbles to rise to the surface and noting the final volume of
R |

the liquid. The percentage reduction in volume was taken to be the

gas hold-up in the liquid. The cells were not stirred and the cell

liquid contained 10—4M EHDA-Br and 0.5 vol.Z TPA. «Results were as

N

follows:
TABLE 7.2
Frit Gas Rate (ml./min.) %Z Gas Hold-up
™ 4-5.5 1 19 6
10-15 P 44 2
' 4 40-60 (.A, 41 0

Happel and Pfeffer's analysis of bubﬁie or paréicle assemblages
suggests that a} these concentrations the drag on the bubbles is
unlikely to be much different from that on isolated bubbles (57).
With the 4—5.5r.frit at gas rates above 40 ml./min. the
froth~liquid interface was difficult to distinguish and gas hold-up
in the liquid was greater than ZOZ.Q\Under such conditions Ehe
carry-over of 1liquid into'the foam phase must be so great that the

valpe of flotation as a separation process becomes doubtful. No

flotation runs were carried out under those conditions.

7.4.7 Variation of Liquid Height with Time

The height of liquid in the cell decreased linearly with

time as liquid was carried up into the froth. If h is\the liquid/q

#
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i
height in cm., G the gas flow rate in ml./min. and t the time in

minutes, the following correlations were obtained:

-

%

fine frit: h=6.1 - 0.0067 Gt

medium frit: h = 5.6 - 0.0055 Gt
In the flotation runs Lo be described the gas rates were
low enough and the run times short enough to make corrections for

reduction in liquid height. unnecessary.

>

"
7.4.8 loss of Surfactant with Time

It was recognized that the surfactant concentration in
the cell would fall Qith time due to preferential adsorption of
surfactant on the bubblés. A tést was carried out in which 400 ml.
of water containing initially 19-&M EHDA-Br and 0.5 vol.7 1IPA vas
placed in the cell with the medium frit, ﬁitrogen was bubblied through

at 44 ml./min. and no particles were present. Samples were taken
! 3

-

at five-minute intervals and their abSOng;ce measured at 218mr.in

Ao,

a Beckmann UV spectrophotometer. EHDA-Br had been found to obey

Beer's Law at this’wavelength with no interference from the IPA.

The results weyé as follows: x
¢
ﬁ'
Time (mins.) EHDA-B# conc.
!
0 10”4
4 )
5 y 0.81 x10 M
10 " 0.62 x 107"
15 0.53 x 1074

§

)



Most of the particle flotation runs were carried out at

-t

half this air rate and lasted for seven minutes. No falling off 1in

flotation rate with time was observed, which suggested that flotation
rate was not sensitive to minor reductions in surfactant concentra-

tion.,

7.4.9 Hixing

A dose of dye was injected into a cell under operating
-
conditions. Tt dispersed immediately to give a completely uniform

colour within 10 seconds.

Fine and medium porosity frits were to be used both with
and without stirring. Bubble size measurements were reported by
Kaufman (55) for a fine frit with‘stirring and by Kalman (7) for a
medium frit without stirring, both under operating conditions similar
to ours. Therefore, it was necessary to check whether stirring
altered the bubble size. o

The coﬁparison between bubble sizes with and witheut stirring
was made using the particle counter fitted with a 300-micron orifice
tube and a 5 ml. volumetric section. To the counter bubbles are
indistinguishable from particles since they have zero electrical
conductivity. The orifice was placed in ﬁhe flotation cell and
connected to the counter by a length of plastic tubing. The outer

electrode was also placed in the cell and was connected to the counter

terminals by a flexible lead. 0.1% NaCl solution was used in the
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cell instead of distil%gd water in order to give the liquid suf-
ficient conductivity for the counter to function. Otherwise,
conditions were exactly as in flotation runs (except for the absence
of particles). It was rcalized that the NaCl would depress the
bubble size souncowhat but Zieminski's data (58) show that at 0.1%
concentration the reduction in bubble diameter should not Bé&more
than 2 or 3 per cent.

An absolute measurement of bubble s¥ze could not be made
since the concentration of bubbles was so high that coincident
appearance of several bubbles in the vrifice at once was inevitable.
However, a reduction in bubble size should lead to a reduction in
the relative particle diameter at which the peak of the apparent
si%e distribution occurs. The log 6 outpﬁt node was used throughout.

Table 7.3 lists the results. Kaufman and Kalman had shown
previcusly that varying surfactant and alcohol concentrations
within the limits used here has no significant effect on the bubble
size. These datg‘show that stirring has no effect either, at least
not with our stirrer at 165 rpm. It seems that increasing the gas
rate may Increase the bubble sizg_siightly with the fine frit, but

.
otherwise it appears that the data of Kaufian and Kalman can be used
for both stirred and unstirred situations.

With the coarse frit gas distribution was very poor since
only a few sites were generating bubbles at the low gas rates which
had to be used with our equipment,. 'To obtain a rough estimate of
the size of the bubbles a cathetometer was focussed on the bottom

layer of bubbles in the froth and the hair-lines moved across the



TABLE 7.3
" [Run number 1 7 3 4 5 6 7
T - |Prit size 10-15 10-15 10-15 10-15 4-5.5 4-5.5 4-5.5
Gas rate (ml./min.) 44 44 23 23 23 23 44
Stirrer speed (rpm) 0 165 0 165 0 165 0
EHDA-Br molarity 0.5 x 107 1074 %.5 x 107° 107% 0.5 x 107 1078 0.5 x 107
Vol.Z IPA 0.25 0.5 0.25 0.5 0.25 0.5 0.25
Counter settings: ’
- G 43 43 43 4t 83 8% 6
1 1/16 1/16 1/16 1/16 1/16 1/16 1/16
Relative peak ’
diameter 100 101 98 100 71 73 79
- T
i ¢

..-8 6_.
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bubbles. Both with and without stirring the average bubble diameter
was of the order of 0.6 um. with the range cxtending from 0.4 mm.

to 1.0 mm.

7.5 Experimrontal Procedure for Flotation Runs

7.5.1 €lass beads
The pH of 400 ml. of distilled water was adjusted to 6.0

by adding a few drops of standard NaOll or HC1 solution. The water

s split into two equal portions of 200 ml. One portion was placed
in the cell, after which the gas flow and stirrer were started.
The gas flow was adjusted to the desired rate and the stirrer speed
adjusted to 165 rpm. Meanwvhile, 0.4 gm. of glass pgeads was weighed

|

out and added to the other 200 ml., stirring with a magnetic stirrer
to keep the beads in suspension. When the gas JLate and stirrer speed
were steady at the desired settings the water containing the glass
beads was added to the water in the cell. Thirty seconds was
allowed for mixing, then the first sample was taken. Four ml. of

SF solution were added to give a concentration of 10—4M EHDA-Br +

0.5 vol.Z IPA; this was taken as zero time. Thereafter samples were
taken every half minute with the fine frit, every minute with the
medium frit and every two minutes with the coarse frit. .

The sample dilution procedure .took one of two forms
depending on the frit size in use. With the medium and coarse frits
the samples (volume V ml.) were ejected straight from the pipettes into
50 ml. flasks already céntaining (40-V) ml. of filtered water. This
immediate dilution of(samples helped to minimize coagulation prior to

analysis.



The fine frit presentcd a problem in that the samples taken when

it was in use contained a substantial proportion of very fine bubbles.
These inflated the apparent sample volume and would also have a large
number of particles attached to them which would distort the results
if allowed to remain in the sarples, sinee it was the residual
particle concentration in the liquid which we wanted to measure.
Therefore, cach sample was ejected from its pipette into a test-
tube and allowved to stand for a few minutes until all bubbles had
risen to forw a froth on the surface. This froth was then sucked
off with a dropper and discarded. The underlying liquid was poured
into a 10 ml. measuring cyvlinder, its volume V ml. noted, and then it
was transferrcd to an eopty 50 rdl. flask. The test tube and measuring
cylinder were then washed with (40-V) ml. of filtered ‘water and the
washings added to the sample in the flask. It was very dif{ficult
to suck off the froth without taking any of the underlying/liquig;
it is quite possible that a few of the larger particles which had
been floated first did, in fact, remain in the samples.

Each dilutred sarple was given five minutes in the ultra-
sonic bath to break up any agglomerates which may have formed while
it was waiting its turn to be analysed. 40 ml. of 17 NaCl solution
were then added to it, followed by sufficient SF solution to restore
the EHDA-Br concentratipn to lO—QM. The sample was now analysed on
the particle counter for particle concentration and size distribution.
A 76 micron orifice and 320 microlitre volumetric section were used.
The current and amplifier settings were & and 6% respectively and

the output mode was Log 6. With the pulse height analyzer output '
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on lO3 counts full scale the build-up of the size distribution curve
was followed on tne oscilloscope until the peak almost reached full
scale. This could take up to 15 minutes depending on the particle
concentration. While the curve was building up five replicate counts
A

were taken with the trigger set at a level high enough to screen out
noise. These counts gave‘thc total particle concentration above the
trigger level,

When the size distribution curve had been built up it was
plotted out on the strip chart recorder. LEach curve was divided
into seven sections, cach corresponding to a narrow size fraction.
The area of each section was measured twice with a planireter and
the average taken. If this area is Ai’ the total area under the

curvoElAi and the total particle concentrathxmij} then the concen-

A

tration Pi of particles in size range 1 is —i-1(§jg. Hence, the

zA

fall in particle concentration with time for any size fraction cpuld

be followed.

At the particle concentrations used the background count

-

and coincidence of two or more particles in the orifice were negligible.

7.5.2 SDB Latex

. s o o e

The stirrer was not used (except for run L5) since these
particles had virtually the same density as water. Again 400 ml.
of distilled water was adjusted to PH 6.0. 2 ml. of SF solution

4

was added to give 0.5 x 10 'M EHDA-Br + 0.25 vol.Z IPA, together

with 10 ml. of a solution of 1 part Dowfroth 350 in 1000 parts water.

|
|
|
|
1
The latter was added to ensure froth stability at this lower surfactant
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concentration. Twenty drops of the 107 SDB latex suspension weéeﬁ
then added and the mixture stirred momentarily to disperée the
particles. It was then allowed to stand for 15 minutes to allow
adequate tine for surfactant adsorption. Meanwhile, the gas rate
to‘the flotation cell wvas adjusted to the desired value. After 15
minutes standing the first sample was taken and the suspension poured
into the cell. This was taken as time zero.

Tnereafter, the procedure was the same as for glass beads
except that the particle counter settings were current = 1/8, amplifier

=3, output = log 6; a 24 micron orifice and a 16 ml. volumetric scction

were used. N

7.6 Results

The depailed output and calculations for one run are given
in Appendix B. 1In this section we present for each run:

,(33 curves of log (P/Po) versus time for each size frac-

tion, where.Po is the initial particle concentration
and P is the concentration at time t;

(b) a log-log curve of first'order rate constant k versus

particie diame ter dp.

Table 7-4 1ists the runs performed, the operat}ng condi-
tions and the Figures on which the curves of log (P/Po) versus time
and log k versus log dp may be found. With each material two runs
were pg;formed with the medium frit and two with the fine frit. With

the latex particles one run was performed with stirring (L5) in order

to assess the effect of stirring. One run was performed with each



Fig. for Fig. for
Stirrer log (P/P ) log k v
Run Frit EHDA-Br IPA Gas Rate Speed e o log d :
No. Material Size conc. vol.7% (ml./min.) _ (rpm) v.t &
Gl  Glass 10-15 0™ .l o.s 24 165 7.4 7.14 =
beads .
Gz ” 10_15 A 1" 24 11 7 . 5 1
G3 " 4-5.5 " ' " 24 " 7.6 " L
G4 " & 4-5.5 " ‘ " 25 " 7.7 " E?
G5 " -40-60 oo " 43 "o 7.8 "
L1l SDB J0-15 0.5 x 10-4M Q.25 44 0 7.9 <7.15
latex
Lz 1" 10__15 " - " 46 11 7.10 "
L3 " . 4-5.5 " " 43 " 7.11 "
L4 " 45,5 " " 25 " 7.12 "
LS " 10-15 " - " 44 165 7.13 "
* 43 ’
k values multiplied by 25"
e
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Figure 7.13
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material with the coarse frit but no results arc presented for latex
because no flotation was observed.
L'

In all cases {irst order kinetics were observed. The
first order rate constant- quoted in Figs. 7.4-13 wvere obtained by
least squares regression on the data pajuts.  To ecach case a standard
error is gquoted with the estimated rate constant.

In Figs. 7.14 and 7.15, where log k is plotted against
log dp, reproducibility between runs carried out under the sare
conditions is seen to be rpasonable. The k values for L4 have been
multiplied by 43/25 to correct for the difference in gas ratce between
L3 and L4. Good agreement between the L3 k's and the corrected L4
k's confirms that flotation rate 1s proportional to gas réte.

In Fig.7.14 the solid lines are straight lines of slope
2.05 which have been forced to coincide with the glass bead experi-
mental data at dp = 11 microns. These lines represent the predic-
tions of the preliminary model developed in €Ghapter 5, Section 5.2
assuming Stokes flow round the front of the bubble. It is apparent
that for glass beads this model slightly overestimates the dependence

L

of flot%tion rate on dp'

\ Best straight lines were fitted to the curves in Figs.7.14
and 7.15 by least squares regression with each data point being
welghted inversely by the variance of the line from which it was
derive&. For the élass bead runs with bubbles of averagé diameter
71 microns (Gl and G2) a straight line of slope 1.43 fits the data
best, indicating a relation of the form k«x.dpl"3. This is close

. , to the slope of 1.33 predicted for these particles by assuming

E5Y N
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Hadamard-Rybe=inski flow round the front half of the bubble. With
the smaller bubbles of averaze diameter 42 microns (G3, G4) a straight
line could reascenably be fitted only to those data points up to 15
microns. This line has a «lope of 1.57, a little closer to the slope
of 2.05 predictud by asswung Stokes flou round the front half of
the bubble. The data points at 20 microns fall below the line. A
possible explination for Lhi; lies in the experitental procedure
which had to be adopted with samples taken when the fine frit was

~
in use. Tt vas rentioned in Scction 7.% that it was difficult to
suck off all the froth without taking any of the underlying liquid
and it was likelv that some particles which should have been dis~
carded with the froth did remain in the samples. Since the froth
would be richer than the liquid in large particles this would mean
that the apparcnt rate of flotation of large particles would be less
than the true value.

With regard to the effect %f bubble size on flotation rate,
assume that collection(éfflcienqnliiﬁ proportional to (l/Db)n.
Stokes flow predicts n = 2.05 for our glass beads and Hadamard-
Rybezinski flow predicts n = 1.33., All the runs Gl to G4 were
carried out with the same gas rate. At a given gas rate the volume
swept out by the bubbles is inversely proportional to bubbie diameter
Db' Flotatipn rate equals the product of collection efficlency and
swept volume. Hence, if E X (llDb)n we have k « (l/Db)“*l. By
comparing flotation ratés for a given particle size in the G1/G2

and G3/G4 runs we can estimate n for that particle size. The results

are shown in Table 7.5.
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TABLE 7.5
dE (ricrons), .%%%%fg%%~ a
7 3.56 1.4
10 3.76 1.5
13 3.90 1.6
16 3.72(4.10) 1.5¢1.7)
19 3.00(4.21) 1.1(1.7)

The nurbers in braclets for dp = 16 and 19 microns arc the values
obtainzd by folloving the straight line extension on the G3/G4 plot.
Of course, since for each particle size we ar; comparing only two
points we cannot prove that the relation is of the form L « (1/Db)n
as predictad in Cuapter 5. However, we can say that the results

are not inconsistent with that relation with n taking valtes inter-~
mediate between thosé predicred for Stokes and Hadamard-Rybczinski
flows.

The run performed with éhé’coarse frit (G5) gave no obvious
log k versus log dp relationship. A relation of the form E dp
proposed in Chapter 5 for potential flow around the front of the
bubble looks as though it coufﬁ be valid up to dp = 12 micronsg, but
at larger particle sizés it is not supported by the ?ata. It is
notewqrthy that when corrected to equallgas rates the flotation rate

*
with the medium frit is very roughly ten times that with the coarse

~

fric, whieh is not far from the inverse ratio of the average bubble

diameters (600/71).
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The log k versus log dp curves for SDB latex (Fig.7.15)
are completely difforent from those for glass beads. With the 42
micron bubbles (1.3,L4) there is virtually no effect of particle size
on flotation rate. With the 71 micron bubbles (L1,L2) there is a
small effect (slope = 0.44). These results are completely at variance
with the predictions of Chapter 5 for the neutral buoyancy case
(Ercdicted slope :‘1.9): The effect of stirring is to double the
flotation rate without wltering significantly tue slope of the log
k versus log dp curve. Possibly the increase in flotation rate comes
abou; because the tangential velocity imparted to the bubbles by the

stirrer increases their residence time in the liquid.

The rate constants in the two cases (L1,L2) and (L3,L4)

wmay be compared, as for the glass bead rumns to obtain an estimate of ™~

Iy
the exponent n in the relation E d\(l/Db)n. The values of n obtained

with SDB latex are 2.0 at dp = 4 microns and 1.6 at dp = 8 microns.
When correction is made for the diffcrence in gas rates

the flotation rates of SDB latex and glass beads are roughly the

same in the overlap region of 7 to 8 microns with both the 71 micron

and the 42 micron bubbles.

H

¢

7.7“ Discussion of Results

It is temptingato conclude from thé glass bead results
that the preliminary model developed in Chapter 5 i& substantially
correct except that the flow pattern at the front of the bubble is
closer to Hadamard-Rybczinski flow than to Stokes flow. This imp%&es

that a substantial portion of.tﬂg front half of the bubble surface
!
is mobile and does not carry any excess surfactant. Unfortunately,

»
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this picture conflicts with the evidence presented in Chapter 2, .
Section 2.5 that even at surfactant concentrations vell below those
emplovyed here the surface of bubbles of diameter less than 100

microns will be covered cowpletely by o stagnant laver ol surfactant.
The latter picture has sound ewxperinental and theoretical backing)t

so the mobile surface hypoihesis cannot be accepted. 0f course,
another reason for net accepting it s that it fails to explain the
results cobtained vith SDE late~r.

7.8 Miscellancous Flotation Runs

A few runs were performed with S$DB latex in which only the
reduction in total particle concentration was measured. Their
objective was a.rapid screcning of the effect of surfactant and
frother concentration on flotation rate. In all of them the medium
frit was used with a gas rate of 43 ml./min. and there was no stirring.

The surfactant concentrations for the runs without frother were:

Run EHDA-Br . IPA

L6 v 10™n . 0.5 vol.Z

L7 0.5 x 10" - 0.25 " o

L4

L8 w 0.25 x 107"y 0.125 "

13

The results are shown ih Fig.7.16. Also shown is the total particle

concentration curve for L1 which\was identical to L7 except that 10

mly, of a solution of 1 part Dowfroth 350 to 1000 parts water was
7
added. e ’

[
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Figure 7.16

EFFECTS OF SURFACTANT AND FROTHER CONCENTRATIONS

FLOTATION RATE
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. The curves for L7 and LB are alwost identical, showing

that a modest reduction in surfactant concentration below 0.5 x ]O_AM

has no noticeable cffect on flotation rate. This was important,

because it was ¥nown that the surfactant concentration deecreased

by 20 to 30 per cent during a flotation ruan (sce Section 7.4.8).

The froth appecared a little unstable at surfactant con-

centrations below lOmAH, which was why Dowfroth ?as added for rost

of the SDB latex runs. It was suspected that if Dowfioth was not

used come particles would fall back into the 1iquid. This was

confirmed by comparing the curve for L1 with those for L7 and L8.
I Othervwise, the addition of Dowviroth did not appear to make any dif-
ference to the flotation rate.
s ' Almost no flotation was observed at JO—AM (L6). 1In the
light of Connor and Ottewill's adsorption data (discussed in Chapter’
2, Section 2.4) a possible explanation is that at 10_4M the surface
of the particles is saturated with surfactant ions, thé close-packed
ions are alignéd vertically with their polar groups outward and the
surface is hydrophilic. At lower surfactant concentrations the ions
are less Light]y\packed on the surface,‘their,orientation is between

( vertical and horizontal and the surface has some hydrophobic character. .

7.9 Closure

¢

In this chapter batch flotation experiments with glass

r

beads and latex particles have been described. The resulta show that

W

the preliminary model of Chapter 5 slightly overestimates the effects

' Y . of papticle size and bubble size on the rate of flotation of glass

~ o
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beads. With latex particles the effect of bubble size is again over-

estimated slightly but the effect of particle size is overestimated

]

grossly. In the next chapter correction will be madd for two of the

-

weaker~-looking assumptions of the preliminary model in an attempt

to improve agreement with the experimental data.
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8. THE VISCOUS INTERACTION MODEL

8.1 Introduction

Two of the weakestvas&umptions in the preliminary model déveloped
in Chapter 5 were the following:
(a) that the wotion of the bubble is not affected by the plésence of the
particle;
{b) that the fluvid veclocity to be used in cowputing the drag on a particle
is the velocity which would exist at the point occupied by the centre
of the particle if the particle were absent.

These asaumptions are strictly valid only at rp/Rb = 0. Since,

for the purpose of calculating its trajectory, the particle is effectively
L

replaced by a point mass located at its centre, theories based on these
. *

assumptions may be termed "point replacement' theories. The Flint-Howarth

coglision model is another example of this type. Such theories neglect
¢ .

the fact that when the bubble and particlq are close togeeher vigcous

.

forces retard thinning of the film of liquid between their surfaces and

s
v

deflect the particle from its point replacement trajectory. This effect
S $ .

‘may be important when the particle surface is within one particle radius

of the bubble surface.

In the present chapter we construct a speculative model of bubble-

v
k]

particle interactions which takes this effect into account. Whereas the )
preliminary model of Chapter 5 was based on Stokes flow round a single
sphere this model is based on solutions which have been obtained to the

problem ®f Stokes flowdround two spheres. This sort of approach has been




3

4

* their velocities are vy and u, and the horizontal comﬁonents are
. ¢ \

.

o !
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used by Hocking and Jonas (63) to simulate collisions between raindrops.

o

It is assumed that the surfacc of the bubble is r%gid but the bubble ié

free to rotate. ™~ il ,

. When appliqg to the flotation of glass beads’ and compared with
\

the exﬁﬁrimcntal data ?hﬁ predictions of this model arc slight]y’botter
, -

A\
than these of the point replacement model as regards the effect of
~

particle size but are worse as regards the effect of bubble size. When

)

applied to the flcotation of latex particles the model predicts an un-

expected cf{fect; it appears that if a pariicle gets clese enough Lo the

v

bubble surface at certain values of the bubble/partic)e radius ratio the

-

particle can be pulled round to the back of the bubble and held at the

rear stagnation point by purely hydrodynanmic forces.

)

8.2 Development of the Model

Consider two rigid spheres of radii Rl and R? moving through a

3 [

fluid of wviscosity rLas shown in Fig. 8.1. At any instant their’ line of

centres is at an angle 8 to the vertfcal, the vertical corfponents of #~

> 7

Résolved along the line of centres theilr velocities have comp
U2 and perpendicular to the line of centres Vl and.vz. The sjjheres have
clockwise angular velocities W, =IW1/R1 and v, = W2/R2 about

pendicular to the plane of motion. The coordinate system is dentred at

ig the particle. ’ 4

A

\

vt
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A > - .
¢ N All velocities are dimensionless, with the reference velocity
being the Stokes terminal rising velocity UlT of the bubble in isolation,
i.e.
4 3, LB
SR Uy = =3 TR (O ) o
2
or UlT = - 2 (Pl- [)f) Rl g -
9 .
F f
)
Coordinates x and y are dimensionless with R] the reference {1
length.

LB
YWith the Stokes approxinmation (omission of the non-linear {luid

inertia terms) the Navier-Stokes equation becomes linear with respect to

fluid velocity. A consequence of this is that drag forces can be resolved
into directional components.
Let drag on sphere 1 ,along line of centres =.6¢Wqufl'
s s s i

Let drag on sphere 2 along line of centres = 6TnuR2f2

Let drag on sphere 1 perp. to line of centres = 6ﬂ}legl.

o

Let drag on sphere 2 perp. to lin& of centres = 6ﬂ74R2g2.
3 Let torque on sphere 1= SﬁWARlzhl.
y?* " Let tor?ue on sphere 2 = STWARZZhZ. (vég, .
fl, f2’ 81 By» h1 and h2 are dimensionless velocities, T 7';
Let the ratig of Stokes terminal velocities UZT = b. ! ‘fa
For p, > Ps >-f3 , b will be negative. ﬁI;' ’

Gravitational force on sphere 1 aléng line of centres = 6%7«R1 cos 9\
Gravitational force on sphere 2 along 1iﬁelof.centres = GTWARZ b cos 8.
Gravitational force on sphere i perp. to line of centres = 6ﬂ74Rl sin 6,
Gravitational force on sphere 2 perp. to iine of centres = 6“?4R2 b s8in 6,

<

We;ﬁéké a similar quasi~equilibrium assumption to that made for the

re

AN
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‘ preliminary model, i.e. we assume that the inertias of the particle- and
the bubble are so small that, when a change occurs in the flow field
surrounding them, their velocities adjust almost instantanecously to the
new equilibrium values. It was pointed out in Chaptar 5 that the Stokes
number St {s the ratio of the particle relaxation tire to the character-
istic time for changes in the Tlow field round the bubble, and we are

. . . -6 A
concerned here vith Stokes numbers ranging from 10 to 10 . Of course,
the velocities are never exactly at their equilibrium values since the
flow field is changing constantly, Rut ve assume that at any instant the
!

v

deviation from equilibrium is so small that it can be neglected. Hence,
for cach sphere the net force acting on it at any tice is approximately
Zero,

Force balance on sphere 1:

(a) along line of centres:

!
o

6ﬂ}aRl (fl + cos 8)

.. Fl = - cos 8, .

(b). perpendicular to line of centres:

- Gﬂ}LRl (gl + sin 8) = 0O
. 8y = - sin 8.
(¢) torque:
2 -

g =
8!|u-Rl hl 0

- . . hl = 0.

Similarly, a force balance or sphere 2 gives:

»

f2 = - b cos 8
gy = -~ b sin 9

h2“00 L o4
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The velocities f, and {, can be, expressed as:

1 2
f, = kl ul + kz H? = - cos @ k (8.1)
%2 = k3 Ul -+ k/4 U2 =~ b cos 8 (8.2)

The coefficiunts kl to kA can be found fron the results of Pshenay-Severin

a

(64) and a1 functions of R]/R2 and the distance betveen the spheres.
Pshenav-Severin's expressions for the coefficients are rather curbersome
infinite series which fortunatelv converge quicklv. To fagilitate
computation the cocfficients were evaluated for Rl/R2 = 2,3, 4, % and 10
-1 -2 - §
and S/R2 = 10, 1, 10 -, 10 and 10 g wher2 S is the sarface to surface
separation, and for each value of Rl/RZ polynonial approxirations were
obtained in the form: _— ) <
C 4k 2 3 , 4

In (zk ) = A+ BInX+ Cl1nx)" +D (inx)” + E (10x) -
Where X =S , Z=1forn=1and 4, Z =~ 1 for n = 2 and 3.

R2 ) )
Details are given in Appendix C.

The velocities Gl’ Bys hl and h2 can be expressed as:

gy = kSV + k6V2 + k P + k8w2 = - sin 8 (8.3)
8y = kgV; + kygVy + kW + koW, = - b sin @ (8.4)
hl = k13V + LlAVZ + lewl + k 2 =0 (8.5)

h2 = kl7Vl + k18 V2 + k19 1 20W2 =0 ’ (8.6)

Numerical values of kg to k,, are given by Davis (65) for Rl/RZ = 2,5
and 10 at S/R2 = 10, 1, 10-1, 10—2 and 10_3 and by 0'Neill and Majumdar
for Rl/R2 = 4 at the same values of S/Rz. Values for R /R2 = 3 were
found.by interpolation. For computation at intermediate values of S/R2
cubic approximations were derived of the form:

kn = A+ B loglo X+ ¢C (loglo £)2 4 P (loglo?x23

where X = S/Rz. Details are given in Appendi; c.
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Given Rl, RZ’ S, 8 and b equations 8.1 and 8.2 can be solved

for U] and U2 and equations 8.3 to 8.6 can be solved for Vl and V2 using

- ) . )
Cramer's rule, (wl ard W, 2re not nceded for calculating the trajectory

£

of sphere 2 relative to sphere 1.)

Resolving velocities:

“1 = U1 cos B8 + Vl sin ©
= 7 T i
u2 12 cos B8 + \2 sin 6
= sin & - V s - ’
Vl Ul in & \1 cos @
v2 - U2 sin 8 - V2 cos O

~

The rates of change of coordinates of sphere 2 relative to sphere 1 are:

dn _ uy v (U2 - Ul) cos 6 + (VZ - Vl) 31? e , (8.7)
dt

g.y_ = \’2 - Vl = (Uz - Ul) sin 68 - (Vz - Vl) cos © : ’,; ‘ (8.8)
dl ki "

[}
2

(t is dimensionless with the reference time being Rl/UlT.) he;ce, given,
an initial position the trajectory of sphere 2 relative to sphere 1 can
be calculated. _ _

The most convenient procedure is to start with the sfﬂeres in
the collision positfon and work backwards along the trajectory until the
particle's motion is almost vertical, This gives the grazing trajectdry,
and hence the collision efficiency, directly. (This would not have been
possible without the quasi-equilibrium assumption. The velocity at the
collision point would not have been known, so the trajectory would‘Have b
had to be calcula%ed forwards and the grazing trajectory found by a search
progedure.) ’ ‘ P

Since the spheres can never touch, an assumption must be made

regarding the surface to surface separation corresponding to a "collision”.

'3

B

S
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A clue is provided by the experiments of Tvans (67). lle observed the

thinnitip, of the water film between an air bubble and a4 vot

phobic siltica surface under vhich the bubble was trapped./ The {ilm

ruptuted at a thiclkness of abaut 0.3 microns, Precunadly, some form of
4
moment arv instability provided a pownt rupture and sinfe the surface was
Al
hydrophobic the rupture spread, Collaision separations SO of this order of,

v

"magnitude would scem to be appeopriatce.

il

The actual starting point was defined by § SO and yv/x = 0.001

since computationd roblem- were encountered if cus 8 was initially zero.
it . c

R B

A Runge-Kutta-Morson numerical integration procedure was used. The Merson
variation of the Runge-Kutta method is particutarly convenient here since
it automatically adjusts the step length to the largest possible value
consistent vith pre-set integration tolerances (89). Hence, the step
length increascd raﬁidly as the separation S increased and the flow field
changed more slowly. The particle coordinates and the separation S
(converted to micions) together with the tirme (in dimensionless units)

were printed at frequent intervals. The integration was stopped when, over
one doubling of y, the ratio Ax/ Ay was less than 10~6. %his usually

-

occurred at twenty ' to thirty bubble diameters upstrcam. Exhibit D.2 is a
sample computer o;Lput. The program is documented in Appendix D1. Fig.
8.2 shows a sample trajectory and compares it with a point replacement
trajectory computed from the same starting point. They are very similar as
long as the surfaces are more than about 5 microns apart, but when they are

closer viscous resistance to thinning of the film causes coémnsiderable

deviation from the point replacement trajectory.
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Figure 5.2
VISCOUS INTCRACTION MODEL; PARTICLE TRAJECTORY RELATIVE
TO BUBBLE ‘
Ny
] -
¢ - ) i R _ 8
. [




Viscous interaction trajectoy

= — — = Point -replacement trajectory

. " Ry = 25 microns_4
' 'R2= 5 micpons
VR . ’ P2= 205 gm./ml.
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A haud calculation was carried out with Rl/R2 =5, S/Rz“ﬂ 0.01,

«

B = 90° and f% = 2.5 gm./ml. This reprecsents a glass bead erossing the

Y
bubble's eguatorial plane on what might be a grazing trajectory. The

following velocities were found:

i

\ 0.984 vV, = 0.799

1 z
N, = 0.0336 W, =F 0.113

-

These velocities are dimensionless with reference velocity the bubble's

terminal rising velocity. \VEJES posit ive becausc the upward drift of

»

fluid caused by the bubble's motiop exceceds the particle's terminal falling

o« . '
velocity. The directions of rotation will be these sketched in Fig. 8.3.

The rotational velocity of the bubble is negligible but that of the particle

is significant.

8.3 Applicatjon to Glass Bead Flotation

Runs were pérformcd with FE = 2.5 gm./ml., bubble diameters 42
anq,7l microns (the average bubble diameters generated by the fine and
medium frits), Rl/RZ =2, 3, 4, 5 and 10 and S, =0.75, 0.5 and 0.25 microns.
For So = 0.5 microns runs were also pc;formed with bubble diaFeters 30, 60,
90 and 130 microns in order to cover the bubble size range encountered in
the cinﬁphotomicrography experiments. From the results curves were con-

structed of collision efficiency E versus dp/ D These are shown in Fig.

b
8.4.

=)
J

- It is obvious that the relation between E and dp depends strongly
on S and Db' For S, ='0.75 microns the slope of the E versus dp curves
approach the value of 2,05 predicted from the point replacement model. 1In

-

general, the point replacement slope is approached more closely for smaller

than for larger bubbles. At first sight this seems surprising, but°it may
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be because with smaller bubbles SO is a 1af§er fraction of the bubble

radius, so on a dimensionless basis the particle is further out from the
bubble surface, .
So = 0.5 microns gives the best fit to the enperimental data.

Fig. 8.5 comparcs the predictions of this model (henceforth referred to
as the viscous interaction model) at SO = 0.5 microns with those of the
point replacerent model and with the erperimental data obtained in the
batch cells, The predictions of both models are made to coincide with
the data at particle diameter 11 microns. As regards ghe effect of
particle size on collection efficiency, the present model's predictions
are slightly closer to the data than those of the point replacement éodel,
but there is little to choose between them.

| Let us now com%are the predictions of the two modéls with regard
to the effect of bubble sizc on collection efficiency. With the same gas

rate and two bubble diameters D, and DB the ratio of flotation rates is

A

kA EA Dh
—— = —— x == vhere the E's are collection efficiencies. For bubble
k E D

B B A

diameters DA = 42 'microns and DB = 71 microns the point replacement model

2 x
predicts Eﬂ - (%%_ X Z%_= 4.8. With the viscous interaction model kA/kB
kB

will depend on dp and So' Taking dp = 14 microns (the median diameter

of the particle size distribution) and S5 = 0.5 microns we obtain

Eﬂ - 0.167 x’%% = 13. From the experimental data Eé_h 1.50 . 3.8. Hence,
k,  0.0218 ' k, 0.39

the point replacement model is much closer to_the experimental data than the
viscous interaction model.
If, for some reason, the collision separation So-were to be

proportional to bubble diameter, So = 0.25 microns would be a more appropriate

~ =

o
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curve for the 42 micron diameter bubbles. We would have then

A
kB 0.0218

we have no physical or chemical basis for such an assumption and S0 = 0.25

0.054 x-%% = 4.2, which is close to the experimental value. However;'

microns gives a poorer fit to the log k versus log dp data for the smaller
bubbles.

Figures 8.6 and 8.7 compare the predictions of the two models with
the cinéphotomicrography data. With the viscous interaction model dp = 14

microns has been assumed in Fig. 8.6 and D, = 60 microns (the average bubble

b
diameter in the cinephotomicrography experiments) in Fig. 8.7. The curves
have been positioned to loincide with the data at these points. Again, the
viscous interaction model does not predict the effect of bubble size on
collection efficiency as well as the point feplacement model., With regard
to the effect of particle size it gives a better prediction at the higher
particle sizes but a poorer one at the lower end. However, the poorer fit
at the lower end may be misleading because the experimental point at dp =9
microns was obtained on the basis of only three caFtured particles. 1If a
fourth had been observed it would have brought the experimental curve up to

exactly the point predicted by the viscous interaction model.

8.4 Application to SBD Latex Flotation

¥hen applied to the flotation of SDB latex of dénsity 1.05 gm./ml,
?he viscous interaction computer program worked satisfactorily for Rl/RZ =
2 and 10, insofar as it generated collision efficiencies which looked reason-
able. It also worked for 42 micron diameter bubbles with a collision gap
width éQ = 0.75 microns and R1/R2 = 4 and 5, so for this value of S, it was

possible, to cover the experimental range of runs L3 and i&. The result 1is
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Figure 8.6
VISCOUS INTERACTION MODEL; COMPARISON OF PREDICTED COLLISION
EFFICIENCY VERSUS BUBBLE SIZE CURVE WITH CINEPHOTOMICROGRAPHY
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Figure 8.7
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. shown in Fig. 8.8. The line through the points has a slope of 1.9, which

was the prediction of the prelininary nodel, vhereas the experimental

results of L3 and L4 had a‘slopc of almost. zero. (Tip. 7.15.)
i

By analouv vith the glass bead trajectories the sloupe of the Kl

vVersus rp/lit curves 11 the espersfental rane r}/P (= RZ/R‘): 0.1 to 0.25
) ) b <

vould be o puctod to decrease as S, is decreaced, Houever, at 5o values
1

of 0.5 and 0.7 -1 s the particle refused to retreat to.infinitv., Instead,

it crept rgund to the front stacnation point vith S actuallv decreasing as it
did so. The same ocrurred at all three collision gap widths Sy = 0.7, 0.50
and 0.25 1aerons with a bubble dirameter of 71 microns and intermediate
radius ratios Ri/RZ = 3, 4 and 5. Hence, collision efficiencies could not
obtainud for these situations so a full test of the model was not possible.

This apparcutly anomalous behaviour at intermediate radius ratios
was cxplorved {urther by slighé]v altering the program to permit forvard

-t

integration along the trajectory. (Details are given in Appendix D1 )
Integration was started with the particle twenty bubble diameters upstream
and was terminated when the particle was either twenty bubble diameters
downstream or within 0.05 microns oé the bubble's vertical axis. Table 8.1

9

presents the results of several runs. y is the horizontal coordiﬁate of

the centre of the particle (distance from the bubble's vertical axis). )
The purpose of the first run in Table 8.1 was to check the Efvised

program by simulating a grazing trajectory which had already been obtained

with Py = 2.5 gm./ml. starting from Sq ="0.5 microns. Agreement was satis-

factory. The second run had the same starting point but a density of 1.05

gm./ml. With less help from gravity it could not thin. the film so much and

only achieved S = 1.13 microns at 0 = 90°., The down&tream trajéctory was

. '



-143-"

-

, - X,
@ . TABLE 8.1 ]
P ’ ‘
N %Ny G Inidely S0 Fimly o Ehels
",g‘ 1 s 36 1.2 2.5 5.3 - 0.50 5.3 1397
© 36 7.2 1.05 5.3 1.13 593 \f§97
. 36 7.2 1.05 10.0 2.54 10,0 1397
) ’ 36 7.2 1.05 3.0 Q.90 3.0 1397
36 7.2 1.05 1.0 0.80 0.9 \ 1397
36 7.2 1.05 0.5 0.79 0.35 ___ 1397
36 7.2 1.05 0.1 0.78 $o.05 0.375
22 4.4 1.0§} 1.0 0.50 0.94, 814
) 22 4.4 1.05 0.5 . 0.485 Q.42 814
* 22 4.4 1.05 0.1 - 0.48 < 0.05 0.23
"
o 22 5.5 1.05 1.0 .61 . 0.78 813
22 5.5 1.05 0.5 «'0.51 . < 0.05 . 0.18
22 5.5  1.05 0.1 " 0.61 < 0,05 o 0.18)
N ?
3 22 7.33  1.05 1.0 0.62 0.70 811 )
22 7.33  1.05 0.5 0.62 <-0.05 9.21y
. 22 1.3 1.05 0.1 0.62 < 0.05 . 0.21
. -
? o~ Rl’ RZ, y and S in microns.:

¢

,02 in gm, /ml.

)
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stlill a mirror image of the updtreanm trajectory. If the starting distance
from the sxis was reduced to y == 1 micron as in the f£ifth run this was no
longer completely true since the particle was being pulled slightly closer
to the axis downstr;am than upstream. As the initial y was reduced below 1
micron the trajectories crowded together very closely at the 90° po}nt,
there appeared to‘be a limit to how close the particle could get to the
bubble at this point, the limit being about $ = 0.78 microns. At the same
time the particle was being pulled gﬁrther in towards the axis on the down-
stream side. Eventually, at an initial y ;f 0.1 microns, the parfticle was
pulled right in to the rear stagnation point with S decreasing continually.
At smaller radius ratios this phenomenon occurred earlier, at an initial y
of 0.5 microns.

Now all the equations governing- the particle's trajectory are
linear, so the downstream portion of the ttajecto;y should be the mi{For
image of the upstream portion. The fact that in some cases it is not

)

indicates some error or inaccuracy in the simulation: It 1s tentatively
suggested that the lack of symmetry is due to approximations being used
instea& of absolute values for the force coefficients kl to k20'

From both forward and backward trajectories it is apparent that
an approaching latex particle cannot get closer to the bubble than a
critical gap wisth which depends on the si;es of the particle and the
bubble. In the cases investigated the critical gap width is of the order
of 0.5 to 0.8 microns. It seems from the %imulations performed with
backwards integration that trajectories closer to the bubble surface than
‘the critical gap all have their origin at the forward stagnation pé#pt

[
(and presumably terminate at the rear stagnation point to preserve symmetry).

S
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particle trajectories cannot get as close to the bubble as the glass bead
trajectories. Over the back half of the bubble there is a negative exccess
pressure at the surface so the pressure will increase with radial distance
out from the surface. This pressurc gradicent will tend to push the parLicic
tovards the bubble. TFig. 8.10 shows the directions of the various forces
acting on a particle upstream and dovnstream of the bubble. The closer the
particle is to the bubble the stronger vill be the pressure gradient, so if
the pdﬁtic]c i« close enough on the downstrean side and the dounward pull of
gravity is weal encugh the particle wvill be sucked 1n toward the bubble.
Another way of looking at iL is that upstream there is viscous resistance to
film thiﬁning and dovmnstream there 1s viscous resistance to {ilim thickening.

A glass bead of density 2.5 gm./ml, will have to be much closer to
the bubble surface than a latex particle of density 1,05 gm./ml. for H&dro-
dynamic capture to occur, which is presumably why it was never observed with
glass bead grazing trajectories at collision gap widths down to 0.25 microns.
However, if the L;ajectory lies well inside the grazing trajectory the gap
width could be very much less than this at the equator and it might be small
enough for capture to occur despite the downward pull ef :-gravity.To an observer

‘

it would appear as if the particle was rolling round the bubble with their
surfaces touching. This is put forward as a possible explanation for the
infinitesimally small contact angles observed in the cinephotomicrography
experiments. (Refer back to the photographs in Chapter 6.)

Conversely, hydrodynamic capture should be facilitated if the
density of the particle is less than that of the medium - for example, if
the particle is an oil drop. In the latter case, and possibly also in the

neutral buoyancy case, there should be an obgervable increase in flotation

v
e

-
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Figure 8.10
B
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rate at radius ratios favouring hydrodynamic capture, Tt pay even be
possible to achieve appreciavle flotation rates when chemical conditions
are unfavourable. Fxpédriments along these lines are included in our

/
supgestions {or further resceerch, When chemical conditions are favourable

for "chemical" capture the process should be assisted by hvdrodynamic
capture provigding greatly ircreased contact times during vhich f1lm ruptupd
can take place.

It would be an interesting excrcise to obtain for a set of bubble
sizes, particle sizes and particle den=ities the critical trajectories for
the onstt of hydrodynamic capture. If, at an infimite distance upstream

* " K3 ] ]
from the bubble this trajectory is a distance yc from the bubble's vertical

axis, collision efficiency could be defined as (VC/Rb)z. The wariation

) B “n /
.

with bubble size, pe:riicle size and particle density of a collision effici-
ency defined 1n this wav could be determined and compared with our
experimental data.
8.5 Closure

In this chapter it has been shown that correcting the preliminary
model to take into account viscous resistance to film thinning and also the
effect of the particle on the flow field round the bubble does not improve
the agreement with experimental data. However, it does predict a phenomenon

which we have called "hydrodynamic capture" whereby in some circumstances

~

,

the particle can roll round to the rear stagnation point of the bubble and

be held there by purely hydrodynamic forces. This could be an eiplanation

of the apparently zero contact angle observed with glass beads in the cine-
photoricrography experiments.

In the next chapter the effect of correcting the preliminary model

'

to take into account interactions between neighbouring bubbles is explored.

4
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9. THE BUBBLE SWARM MODEL

Another assumption of the simple model which seems weak 1s that the
bubble can be treated as though it were in isolation and interaction
with other bubbles can be igﬂ;red. At 671 gas #old—up the bubbles
generated by the fine frit will have on average a surface-to-surface
separation of 1.5 bubble diameters. At 27 gas hold-up those from the
medium frit will have on average a surface~to-surface separation of
2.7 bubble diameters. (This estimate agrees well with Kalman's
photographs (7).) In this chapter we explore the effect of removing
the isolated~bubble assumption.

We apply Happel's "free surface model" of flow past an
assemblage of spherical particles (57,68) to flow past an assemblage
ofﬁ?ubbl:: with rigid surfaces. Happel models a random assemblage
of particles by a set of identical cells, each consisting of a
particle surrounded by'é spherical fluid envelope having a friction-
less or "free" outer surface. The ratio of fluid volume to particle
volume in a cell is set equal to the void fraction € of the whole
assemblage. (In our system the '"void fraction" is the ratio of
liquid volume to total volume.) If Rb is the particle radius, b
is the free surface radius, a spherical coordinate system (r,®) is
centered at the centre of the particle and the particle moves through
the fluid envelope with a constant velocity U, then the solution

to the Navier-Stokes equation with the inertial terms removed is

given in terms of the stream function as
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2 2 ‘ R 3 2
o= Ursin € [ 2+37) - (3 + 2P><-R$~> Y S T3 J

2W

R
vhere b/ = -bl-; 3/ 1-¢ and W =2 - 3%+ 3E5 - 23’?:‘

- We have € = 0.98 for the wedinm frit and 0.94% for the fine frit, so

. 5 6 .
we can neglect terms containingd ™ and)y . This leaves

. 2 2 R/ R3]
U r sin 3, b 1, b
Vo= gy [l -5+ 53 J

Thercfore, if the Stokes stream function isﬂf’st ve have

/; -— 2 ,/
V27738 Ve
v
3
_ 2 . U cos 3 Rb 1 Rb
and e = 7-3v 0 Ui s gy [T T2@ ) J
2

Following the procedure of section 5.2 we obtaln the

k2 | 3,0 3 1
i = e * -2 - L
collision efficiency El T or [uptf (1 3 Yy EK + 3) J
pt 2K
r . v
where K=1+ ii— . This emrefiéion for E is the same as equa-
N\ ST 4
N P, e
tion (5.7) except for the appearance of the term (1 - %X). )
)

For the fine grit ¥ = (0.06)1/3

/3

= 0.39 and for the medium

fric ¥ = (0.02)1 = 0.27. Figln‘e 9.1 is a log-log plot of E, wversus

1
r h \ ) .
£ for both frits and for particle densities Fp = 2.5 and 1.0 gm./ml.

Ry

For comp:;r'ison the corresponding lines for the isolated sphere'case

are sho,v'm (broken lines). The lines for this model are almost exactly

parallel to those of the isolated sphere case so there will be no
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change in goodness of fit to experirental data on flotatlon rate

versus particle size. As expccted, the collision efficiency is a
little higher for this model due to the strearlines being pushed .
in towards the bubble surface, the effect being higher for the fine

frit where the bubbles are closer together. Because E] is higher a

-

for the fine frit the rate of change of L with bubble diameter

]

predicted by this model is slishtly higher than that predicted by °
the siwple model. As the sirple zodel alreadv overestipates the

influence of buhble diameter on flotation rate we conclude that the

bubble swarm model offers no improverent.

Closure
All the aspects of the preliminary model which looked weak .
from a hydrodynamic viewpoint have been corrected. Agreement with -

the experimental data has not been improved. In particular, we still
have no explanation for the very small effect of ggrticle size on the

flotation rate of SDB latex.,

¢
.

In the next chapter a speculative attempt is made to correct

the model to take into account pdssible electrical interaction between
- . o
a particle and a bubble. TN

bl |
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10. THIL ELECTRICAL ATTRACTION HYPOTHLSIS

In the previous tvo éh@ptors all those assumptions in
the preliminary model shich look;h weak from a hvdrodynamic view-
point have bcen corrgctod and we are still no %]oqcr to explaining
the anomalous experimental results obtained vith SDB latrex. In
this chapter we attewmnpt to correct for the only remaining arbitrary
assumption, that of no cleclrical interaction between particles and
bubbles. Tne approach u.ed is necessarily very speculalive since
very little is knoun about the electrical propertics of bubbles,
The SDB latex particles had a zeta potential of +10.6 mV
at the wvorking surfactant concentration. The glass beads had a
very small positive zeta potential, much lessg than + 10 mV,.which
could not be measured because the glass beads settled rapidly.
Pure water has a surface potential of -100 to =200 mV relative to
air (8l), so we might expect bubbles rising in_ﬁure water to have
zeta potentials of this order. However, surface-actfive cations
such as EHDA“‘j will adsorb at the interface and, 1if Zifficient numbers
are adsorbed, will revewrse the sign of the charge on tﬁe bubbles.
If EHDA-Br was the only surface-active solute this charge reversal
would probably occur and the bubbles would tend to repel the particles.
But in the ‘batch cell experiments we alsp had isopropanol (IPA) L
present at about 700 times the molar concentration of EHDA-Br.
Even though EHDA* is much more surface-active than IPA it is likely

that there were still many more IPA molecules than EHDA+-ions adsorbed

on the pubble surface. These molecules would orient themselves with
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their slightly negative -OH groups on the water side of the inter-
face. 1If there was a sufficient excess of IPA at the interface it
is possible that the bubbles still had a residual negative charge
wﬁich would attract the positively charged particles. ‘The latex
particles would be attracted more strongly than the glass beads
because of their higher charge. |

Analysis of the.interaction between électrical double
layers of unlike specles is a formidable problem which has been
reviéwed recently by Usuil (98). However, an estimate of the maximum
possible magnitude of the attractive force can be obtained quite
simply by aséuming th;t the water between the hydrod&namic shear
planes of the particle and the bubble contains no fons. In other
words; the reduction in electrical potential due to an excess
concentration of counter-ions outside the shear planes is neglected.
The problem then becomes one of calculating the attractive force
between two spheres immersed in a dielectric.

Let a particle and a bubble of radii rp and Rb have zeta

potentials Zp and Z, respectively. Then particle charge Qp =

b

” b = 4T - -
4 E’o 15 Zprp and bubble charge Qb 4 E’o ﬂ ZbRb where g, = permit
tivity of free space and ﬁgctdielectric constant of water. The

repulsive force F between particle and bubble when their centres are

a distance r apart is given by

‘ - 1 Qpr
F-= LTE S R § where i == unit vector along
op T line of centres
Y v
.;ATTEs 5 szb . rz . 1



.and the bubble, so in place of equation 5.4 we have:

We now add F to the right handl's‘ide of the equation of motion of i

~.,J
the particle (equation 5.1 in-Chapter 5).
S
4 du . ,
2 = - 61 - - .
ﬁpﬁpdt 6Ff~ Ll'p y-f Ept)+-li

€

Dividing both sides by 6'2'7’/‘4,5 erb to make the equation dimensionless

-
. d ¥

we obtain:

du* ° 2¢ zZz
= R e el

- 3y 0
Neglecting the left hand term as in Chapter 5 and multiplying by

Ub gives, in place of equation 5.3, the foll’owing equation:

5
©

%2 <
Y, =y -t-,tlpt-»-l(.(;‘-)
| 2¢ Bz2
where _)g:———3—°————-2—3'1:
‘ . S R

X will be directed along the line joining the centres of the particle

g+ x(f*-%2 )
Ypr = Ypr + Ypr ©°° e 0T \’__\

Inserting the Stokes flow equation for ug, yields:
i - 4 B ] *
' > 3.5 Rb J
ungbcose[1+ut -2—( )+ +X( )
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. At r = rp t{Rb we have:

3 1 X
- u = U cos8 [l-\—u* —--,"'—‘—J—}—-“ (10.1)
: A
P .
where ¥ = -—E~——~R—b- . . : 7

Following through the derivation of the collision efficiency El in
Chapter 5 but using equation 10.1 for up glves:
2 [ 3¢ 1 2
E. = ~ 1 + uk - —% j_. 7 .
* oK *
' I 1 a4u Ko o3 U (1 + ux )
) i '
u =E' ~ ._...___ﬁi______ (
V \3
1y @+ u;t) ’

-

where Ei is the collision efficiency calculated ignoring electrical

interactions. Putting U_ equal to the Stokes termixaal velocity

| 2 ‘\—Ih\/ )iN i i
e R, 8 ) ’

we obtain:

9rtf -

; : i e BB '
| 17" T, 3 (1 + u*) .
-, Fr e Ry pt
\‘ 4 g - ‘ (10.2)
1 1
* where Eil is the reduction in collision efficiency due to

; el
electrostatic repulsion. When Zp and Zb have opposite signs El

will be negative and the collision efficiency will be increased.

&

¢
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Consider the neutral buoyancy case (SDB latex particles)

for which u;t is zero. In this case Eil is independent of rp. £

it can be showvn to dominate Ei with Zp:y]O MV and reasonable values

~

of Zb then we have a possible explanation of the experimental results.

In ST units:

= 8.85 x 10_1? coulombs/volt metre
2

)
W

g = 9.81 metres/sec.
F} ::10—3 kg./metre3

2 =81 for water.

1f 2 nd Z are in millivolts and Rb is in microns then E81=
p7b 1

- 440 b . Consider Rb = 20 microns (40 microns diameter).

)

"‘c?"w

Then El = ~- 0.55 Zb. For a particle diameter of 6 microns (the
T

average diameter of the SDB latex particles) we have *R-; 0.15 and,

R

i = 0.034. A bubble surface potential 7y =" 0.6 mv,
el

which is not unreasonable, would be sufficient to make E1

This would result in the flotation rate being almost independent of

from Fig.5.2, E
- 1
= 10 El'
particle diameter, which is what was observed with an average
bubble diameter of 42 migrons in runi L3 and L4 (Chapter 7).

As Rb increases E81 decreases more rapidly than E! since

1 1

it is proportional to ~%’ instead of ~%—. Hence, at larger bubble

sizes the electrical iﬁ%eracttons should be less dominant and some

increase of flotation rate with increasing pérticle size should be '

noticeable. This 1s what was observed in runs L1 and L2 (see Fig.

-
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In Table 10.1 total collision efficiencics have been
calculated for Jatex particles of diameters~4, 6 and 8 microns and
bubble diameters 40 and 70 microns, assumning in all cases a bubble
zeto potential of -0.5mV. ‘The results are compared with the experl-
mental data in Fig.30.1 with the calculated efficiencies being
forccd to fit the experimental curve at dp = 6 microns. Agrccwonr
is wuch better than with any previous model.

The zeta potential of the glass beads i< not known. How-
ever, we do know that it is much less than 10mV but still positive. '

el ) , .
Therefore, E will be much <maller than with latex particles,

1

especially when the term u;t is taken into account. 1In cqutrast,

Ei will be much larger than with latex particles because of the

larger particle size. As an example, suppose we take Zp:: + 2nV,

Zb = - 0.5mV, dp = 14 microns and Dbzz 40 microns. Then Ei = 0.40
and E?lz 0.04. 1In this cawe electrical attraction has very little

influence, which explains why the preliminary model of Chapter 5
gave a much better fit to the glass bead data.

0f course, for given particle and bubble zeta potentials
the above method of calculation probably over—estimates the attractive
force considerably due to neglect of the counter-ions outside the
shear plane. But suppose it is over-estimated by a factor of ten.
The same conclusions could be reaéhed by assigning to the bubble
a zeta potential of -5mV, which is still not unreasonable. Clearly,
some experimental data on bubble zeta potentials in surfact;nt

solutions would be very welcome.
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TABLE 10.1 ,
Z = 4+ 10 mV
P
Zb = ~ 0,5 @V
D {(microns) d (microns) E! EEl E.(=E! -~ Eel)
b “p 1 1 11551 75
50 4 0.015 -0.225 | 0.240
40 6 0.034 ~-0.225 0.259
40 8 0.057 -0.225 0.282
70 4 0.005 -0.042 0.047
70 ﬁ\e 0.011 -0,042 0.053

70 8 0.019 -0.042 0.061
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Figure 10.1 N

PRELIMINARY MODEL WITH ELECTRICAL ATTRACTION CORRECTION;

\
COMPARISON OF PREDICTIONS WITH BATCH CELL SDB LATEX DATA

»

r

¥
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In the casec of latex particles the present model predicts
a yreater dependence of flotation rate on bubble size than does the
preliminary model.  With glass beads the predicted dependence is
almost unchanged. Therefore, in this respect inclusion of electrical
interacticns dees not improve natters because the prelininary model
alreadv slichtly overcetimates the effect of bu'ble size,

Tt wvould be interesting to reduce the reta potential of
thie SUB latex particlec to zero by adding e]«ctro]v{e or a trace
of an anionic surfactaal and then to weasure the variation of flo-
tation rate with particle diameter. TI{ the hvpothesis of tais chapter
is correct a purely hyvdrodynamic model should applv in that situation
and the slopc of the log k frersus Jog dp cur{f should approach 1.9
(see Chapter 5).

Actually, we may have come closc to do'ng this inadvertently.
It vas wmentioned in Chépter 7, section 7.3 that the practice of
filtering water through Millipore MF filters before maxing up the
suspensions was stopped because unpredictable quantities of wetting
agent leached out from the filters gave rise to unﬁredictable and
irreproducible flotation results. The wetting agent is Triton X100
(octyl-phenoxy~polyethoxy-ethanol, manufacturedwby Rohm and Haas,
Inc.). This material will compete strongly with the EHDA+‘ions for
space on the hydrocarbon surface of the latex particles. Any reduc-
tion in the number of EHDA+ ions adsorbed will result in a reduction
of the positive charge on the particles. If the Triton X100 is
adsorbed much more strongly than the EHDAY ions and enough of {t

is present the charge on the particles could be reduced almost to

Y



+
zero, with very little FHDA being adsorbed other than that required

to neutralise the original nevative charge on the particles. With
this picture in mind three feitures of the results obtained with
filtered vater can be explaired on the basis of the electrical

,

attraction hiypothesie,

‘ (a) The u;;redlctabi}ity vas only observed with SDB latex
particfes, never with glass h;ads. This ;s consistent
with the glass beads being ruch larger and having a
much sialler charge than lhtex particles so that
electrical attraction plavs only a very minor role.
(b) The flotation rate of latex particles was usually
much Jower in filtered water than in unfiltered water.
(c) The log k versus log dp curves obtained with latex
\ particles in {1ltered water and 71# bubbles had

T

.

D

-sdopas ranging from 0.7 to 1.4 (0.44 in unfiltered
water).
These last two observations are consistent with electrical attraction
playing a major role in latex flotation, the effect of the non-ionic
wetting agent being to reduce the charge on the particles. Obviously,
it would be desirable to repeat the experiments with a controlled ‘
reduction of the particles' zeta potentialf

If the electrical attraction hypothesis is correct then
* in the absence of isopropanol the bubbles should be positively
éharged and should repel the latex pai%icles quite strongly. It
would be interesting to generate small bubbles electrolytically

without the aid of isopropanol and see whether latex particles can

still be floated.

e
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Closure , )

In this chapter it has been proposed that if the preliminary
model is corrected to allow for electrical attraction between particles
dnd bubbles it will be possible to exp]gin the main features of the
flotation rate wversus particle size curves obtained with both SDB
latex and glass beads. :

This concludes our attempts to find a model which fi;s the
expofimental data obtained using the'batch cell. The next chapter
réturns to tﬁe question of the deviation of the drag on the particle’
from the steady state drag and its consequences for collision

efficiency calculations.

et 2

iy

ey
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11. A CRITIRION FOR SATE NEGLLUCT OF UNSTLADY STATE DRAG '

TERMS TN THE CALCULATION OF COLLISIOR EFFICIINCY

11.1 Introduction
- - 3 ot 2 P .
This chapter refers to any particle collection system,

~

not just the collection of small particles by srall bubblges.

,‘/
s

Tf the particle trajectory deviates from the fluid strear-
N ¥

lines theie 1s relative acceleration betveen the parLiu]E and the
fluid as they approach the collector. ;f at any instant their rela-~
tive wvelocity is Up the flow field around the particle, and hence
the drag on the particle, is not the same as if the relative velocity
'was steady at Oy The drag can be- regarded as the sum of the steady
state drag force and an additional drag force arising from the
relative acceleration (frequently called the unsteady state drag).
Exact calculation of the latter is extremely difficult. Vhen computing
colligion efficiencies the mos4 conmon practice is to assume that it
is small compared to the steady state drag and to insert only the
steady state drag in the particle's equation of motion. The purpose
of this chapter is to derive a criterion for assessing the merit of
this qpproximation.

The criterion will be derived by estimating the relative
magnitudes of the steady state and unsteady state drag terms, the
basic éssumption being that™a large error in estimating the drag on
the particle will lead to a large error in the coiiisio; efficiency.

For simplicity a point replacement approach will be adopted and

electrical interactions will be neglected.

=21
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11.2 Derivation of the Criterion

-

The veloci'ty and acceleration of the particle relative to
4

“the fluid are not in the same dirvection, a situation vhich has not

yet received satisfactory analysis in the theory of fluid-particle

systems evxcepl {or the special case of a particle moving in a circle

(43). 7The best that can be done at present is to use Corrsin and

Lumley'g formulation of the PBassett equation (88) with Odar's

generalised coefficicents (44). This formulation is»a gross general-

N

isation',' representing a rather complicated field problem by a single

.

integro-differential equation, but it has been justified a posteriori

for rectilinear motion by the experiments of Clift, Adamji and

Richards (94).

Y

The total drag F on the particle is the sum

F = steady state drag FSS

—_— {

+ added mass 'drag FAM

+pressure gradient drag FPG

' +history drag FH

.- ] & e’ f’:“g]

..—6’If[,1frp_u-B_—CA. 3 N
o o ]
¢ du '
et (@ ]
« - where Cy = added mass coefficient,

= hisfory coefficient,

of’

L2}

= particle radius,

?lc
. h

= fluld velocity,

-
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NS ~
u_ - particle velocit
B Y% = p Ys
e S T
2 = dummy varilable (dimension = time)

/% = fluid density, @
ﬁ% = fluid viscosity.

Bl U
Me
is small enough for Fg to be given by Stokes' Law. This is rcason-

able fdr rost practical caseés of collection of small particles. 1In

We have assured that the particle Reynolds murber e

most practical cases Stokes' Law will also apply at the particle's

terminal falling velocity u, We can then write the particle's
D

1 -

. {‘
-4Trr3p du g’ cod
3p (P d;? F + 6¢Ti4f rp _pt

equation of motion as

1

n

!
FSS + EAH + FPG + FH (11.2)

i

particle density

TOT e T T )

where {DP

and §§§

and we have assumed' gravity-to be the only body force‘ﬁcting on the

fi

I

-

particle.

The physical significance of_ the added mass drag FAM is

that the fluid surrounding the particle moves at a velocity between

u, and Ye. Therefore, when relative acceleration occurs the particle

\
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[}
must exert a force on this fluid to make it accelerate with the

particle. The resulting reactioh force gives an additicnal compo-

.

r
nent of drag.
Since the velocity of the fluid varies around the collector

the fluid veleocity u,. in the vicinity of the particle will change

[

f

as the particle noves along its trajectory. lence, there will be
a pressure gradicent in the fluird surrounding the particle and this

will excrt a force on the particle additienal to that which would

be exertcd if u,. was constant along the trafectory. This is thes -

f

origin of the pressure gradicnt drag.

" The instantancous drag is determined by the instantancous
flow field round the particle. 1f the fluid inertia is non-zero
the flosw; takes a finite time to respond to ch@nges in the particle’s
velocity. Hence, the instantancous flow will be a function of the
past history of the motion of the particle and will be influenced
most strongly by the most recent history. This is the origin of
the history drag term which includes the integral of past relative
acceleration weighted by (t - z)—z..

Let the reference velocity U be the velocity of the fluid

relative to the collector at an infinite distance from the collector.

R

Let the reference time be ﬁg, where Rc = collector radius. The

dimensionless equation of motion i3

4

% . - * *
——Rdg = - ———————:E—(Eﬁ - t)- c (!if.) d“_u R
dtx St Ap dt*
du* P
u
+(f‘f“ 3‘{'
AT |
& %
o ¢ 2 t* du da*

1
- o (. ) G Y (11.3)
R BTS¢ F% 50 dex t*e 2% (t*-z*)

Y
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vhere u* . u /U u* u
R4~ R"/’ pt =

/U u% = U U tF = U *'.-:
t /Us U _£/ , t U/R, z* = z U/R
2f9 3] r%
and St = ——%}};~%5—. In the literature on particle collection
’ {f ¢

St is referred to as the Stukes number, particle parameter or impac—

tion paramétér.

Since all the unsteady state termskéro veighted by the
density ratio F}/f} it is obvioés that they will be iuch more
importan; whep the medium is vater than when it is air. Also,
inspection of equation L}.B shovs that relative to the steadv state

term they will be more important at high St than at low St.

~ u; , equation (11.3) may be rewritten:
&

(uf - Eﬁt)

- St
dux .
f, —R
- (e, + 1)<¢;~> o
P ‘1

t
*
IR RN LR S
- T % - Vst - ;

Most of the deviation from streamlines occurs within a

4]
distance RC of the _collector surface. Léf/::T:‘; when the particle
enters this region. At this time uﬁ = O(gﬁpt). At time t* = 0(1)

the partiéle either coliides with the collector or crosses the

equatorial plane. Let uﬁ = uﬁl at this time. Let square brackets

iy
[ Jdenot:e the average value over the interval t* = Q0 to t* = 1 of °’

the quantity inside the brackets. Since only orders of: magnitude
are b“ei{ng? sought let equation 11.4 be rewritten in the following
e ..A'ﬁ'_ o .

app roximate ,,£ orm.

-

B e Sd Tl APNS FORi W &
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(), L]
o o2 (o) ad

St
du* L
lp_f _R "
. (CA+ 1)(p)[dt*:( *
: P . 3
Q 1 o
1 (x Vit
"~ CH(BTT'St ’ P) [ﬂ] (11.5)
p A,
% X
t* dug dz*
where H = (== .G ;
- de* ) . 1
- [o] L*:zk (tn-—z*)

Replacing the actual variation of u% with t* by a linear

R
Y
approximation in order to obtain ordérs of dagnitude yields:

. 1
o (o -] =0 {20g - wol

D [44).

1
S - *° - yu*
e = O.(us u t)

Alimadi and Goldschmidt's theorem (40) states that the upper limit .

on the history integral H is given by:

wk(t%) - uk(0) : :

VH &
S
SRR 8.4 0{*(21%“—‘*3::)} | ‘4

Now we can compare the orders of magnitude of the three

terms on the right hand side of equation 11.5. The first term
\

. i . represents the steady state drag. The second term can be neglected.
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in comparison with it if 2 St(c + 1) (ﬁ) << 1 and.the third term

P
can be neglected if 4 S*E F—f- & 1. .Clift, Adamji and Richards

(94) show that when the particle's terminal Reynolds number is small‘b_‘

3

which is the casc here, the appropriate values of S and ¢, are the

Bassett valdes ey = 0.5 and ¢y = 6. Therefore, the second term can

Fr

be ncglccted 10 St(—) &« 0.33 and the third term can be neglected

, p '
if 6(~—~ L—f)‘ « 1 or St(ﬁ) £ 0.70. Henee, both terms can be
/op ()p r 2

neglected if St( £) &« 0.33, i.e. If (Rll) Rec <& 9 where the col-

Fp UR "¢ .
lector Reynolds number Rec.: *ﬁf*—~—“ . )

The particle's equation of motion can then be written as:

£~

du (H* —‘u'k )
ﬁ = R__~pt. (11.6)
dt"‘ St

V%

Only if F—E &L 1, i.e. only if the medium is air, can the equation
P ' ’

of motion be written in the conventional form:

P = ~Rt (11.7)

*For the case of an aqueous medium let equation 11.6 be rewritten as:

CRWA
£ _ uk x - )
:12__11; 4+ u . St Jo SL(F, T (11.8)

du*
* = * * . * = * * P
At t O’Hp?gpt At t 1,3P$l+gpt Therefore, [dt*}

£0(1). In the vicinity of the collector the particle and fluid

velocities will be a little less than the collector velocity (or

!

N\
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the frec stream velocity 1if the collecter is stationary) but will

»

be of the sam® order of wmagnitude. Hence, as a rough approximation
, Pe

O(u*) = 1 and O(u:) = 1. Hence if both St <« 1 and St(—) < 1, u*
- -f o “p

tp
can be -obtained with negligible error fror- the quasi-equilibriun

relation-hip:

U*,-_-_ ur 4 u¥ (11-9

5 A N S )
, . “ .

Usually, in an aqueous rediur 0.2 £ ¢ £ 1.2 (the upper limit

j2)
i P -

corresponding to an oil drop), so both St «« 1 and St(é}) <« 1 are

P

-

satisfied if St(ﬁi) <« 0.33.
p
To summarise, the criterion for safe neglect of the un-
),

. . Fr . . .
steady state drag terrs is St(;r) 4 0.33. VWnen the wedium is air

P .
and the criterion is satisfied equation 11.7 can be used for the

parttcle's equation of motion. Wnhen the redium is water and the
criterion is satisfied the particle velocity can be obtained directly
from equation 11.%. 1In the case of particles of diareter up to 20
microns colli&ing with bubbles of diameter up to 100 nicrons St is
less than 10-—2 for reasonable values off9p, so use of equation 11.9

\
is justified.

-~

11.3 Computation of Collision Efficiency Including Unsteady State
Drag Terms

The criterion was tested by writing a program éo calculate
collision efficiencies as a function of Stokes number both with and
without the unsteady state drag terms. The collector was assumed

to be fan air bubble rising vertically.
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W
. The particle's equation of motion was written in the
following form.
3 hid ¢
4W}Pfi, dgp
. - 6T - -
3 ET: 61 ppx (o = up = ) :
v 4T *
’ s T p k)
{ ) XT3 Pf dt
|
| 2
qif
+ il——lﬂ P (-~~dy_f Y Y )
3 fdt f}

3 3 b ale) - u) dz
- 6rp(”’l°‘f(‘)f);l S {“’ZEEF“— T
(v} t=2 (t-z)

..... (11.10)
This is the same equation of motion as was used in the previous

section except that:

4

‘ (a) the Bassett values 0.5 and 6 have been used for cA

dc. ¥
cand ¢

3

(b) Corrsin and Lumley's correction to the pressure
gradient term has been included (88)/
Rearranging equation 11,10 and putting it in dimension-

less form gives: T

|
du* (u* - ux - u* ) du#* ) |
- P . —p £ -pr fi —_f : l
dt* .-;{ St + 1.5 dt* . 1
N D _
" 2(r
___(__P_/;RP_)__.Vzu*
9 St —f

. o ) ) .
]
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t* (d(u* ~ u%) ‘ *
where H = g {%_g g2k
o thzzR (tx-z*)*
: dug
Since the fluid flow round the bubble is steady pre is just the
du% 1

convective acceleration gg ai;—moving with the particle, wvhere 1%
is dimensionless distance along the particle's trajectory (reference
length is bubble radius Rb).
Lach of the terms in equation 11.11 is now resolved into
~vertical and horizontal components with dimensionless vertical and
horizontal coordinates x and y (reference length Rb) defining yhc

particle's position relative to the centre of the bubble.

The vertical component is:

, du* (u* -~ uk -~ u*) du¥
& px _J_ _ px 'fx pt + 1.5 (f%) uk fx i
g% St f% px dx

2 2 2 :
_ z(rp/Rb) Bu?x + aufx
9 St ) E)XZ a&Z

/
- 1.20 (£k~€h) H (1 + 0.5 [%5 (11.12)
St X f%

* * - ux
t d(upx ufx) dz*
where H = o7 # e
% o tkzzk (t*-z*)3

The horizontal component is similar except that u;t does not exist

in the horizontal direction.
"w
du* {(u* -~ u% ) . du*
S ) AU JEN ) A 5 A (ﬁf.) ak —iX
dt* St f% py dy
2 (r /R.b)2 azu* azu*
- P ( fy 4 fyy -
N ' 9 St /:ayz ax2

o /
- 1.20 gfg—z’fl) B J(1 + 0.5 L )] (11.13)
P
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t» fd(u* - u‘f.') Qo
whete H = _._—JE%I{QM“;M ._““_ngmv_ﬂr
g o t*. z* (e* - 2%) ¢

The rate of chaage of particle position is given bv:

dx . .

de [ UI’;X (ll.ll\\)
dy |

ac © "py (11.15)

N P

The particle trajactory was computed by integrating
equations 11.32 to 11.15 numerically using the fourth order Runge-
Kut ta-llerson technique (89) and starting from x =30, i.e. with the
particle centre initially 30 bubble radii upstream of the bubble
centre. Increasing the. initial 4 to 50 made less than 17 difference
to the compuégz collision efficiencies.

The contributioft of the history integral compenents HX
aruxd Hy were approximated by sub-dividing the interval 30 » x > 0 into
a series of sections of variable length x. When the particle has
traversed N such sections let the time be tﬁ. In its previous motion
suppose 1t completed the nth section (n.g N) at time t: (t: £ t§).

Then for the interval t* = 0 to t* = t§ the integral in the x direc-

tion is approximated by the summation:

t*

H = ’:A(u;x - u;"x):) . A z* :}
i z¥20 At thazk L (t*-z¥)
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N k- yk - (u* - u% * 4tk
. (upx ") n *(upx Y’ n-1 B2t tl_l"l
= t* - t* ;g

- * * *
n=2 n n-1 . (tN (tn +.tn—l)/2
N
(u* ) =~ (ux)
R - JZ’E Rx'n - Rx'n-~1 (11.16)
n=2 n
* - * - yuk
vhere (qu)n = (upx ufx) at the end of the nth section
3
- * - tk — %
and Tn = (2 r_N tn tn-l) .

The valué of Hx calculated using equation 11.16 at the end of the
. Nth section is then used as a constant throughout the (N+1)th section.
1 Hy is calculated and used similarly.

The mechanics of the computation are simple. Four arrays
are set up to hold values of (uﬁx)n’ (uﬁyi;, t; and Tn. At the end
of a section the latest values of (uﬁx)n’ (uﬁy)n and tg are placed”
in the nth position of their arrays; previous values occupy positions
1 to (n-1). This latest-value of t: is t*N. The entire Tn array is
then recalculated using the new tﬁ, afterléhich Hx and Hy are calcu-
lated.

Obviously, the values obtained for Hx and Hy become more
accurate as fAx is made smaller. The following sequence was found
to be adequate.

(a) For 303 x > 3 set Ax = x/2. In this region the

relative acceleration is small so the sections can
be large. |
(b). For 3 > x 3 0.25 set Ax = x/8. The relative accelera-

tion 1s greater as the particle approaches the bubble

and the streax;lines curve more sharply, so the sections

. .} . must be smaller.
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(c) For 0‘.25 > x> 0.025 set Ax = x/4. The sections are
still small because x is now small.
' (d) For x « 0.025 set Ax = x. This has to be done even-
tually if x is to reach zero. :
Halving the section lengths inrsections (a), (b) and (c) made less
tharr 17 difference to the computed collision efficiency.
~.”  The initial value of the horizontal coordinate y (designated
yl) was a guess for the first trajectory. The value Yy giving a
grazing trajectory was found by a dichotomous search te ique.
Then the collision efficiency El ;qnals ylcz. &he mechanics of the
gsearch technique are shown in Fig. 11.1. H denotes a trajectory
whose Yy is too high, i.e. it reached x = 0 (the equator) without
the particle surface touching the bubble surface. L denotes a
trajectory whose Y1 is too low, i.e. the surfaces touched at x » Q.
When the contents of the registers Yy and Yy d;¥fered by less than
0.5% their mean was taken‘to be YiG* Thé collision efficiency had
then been located with a precisié; of + 0.5Z. Usually, about ten
trajectories had to be calculated before Yig vas foﬁnd.
. Expressions for the fluid velocities u* and u* for

fx fy
Stokes and potential flow together with their differentials are

given in Appendix E. The complete program ;s documented in -Appendix
D2 togqther with a sample output.

The total computing time with the unsteady state drag terms
included was very 1itt1e‘greater than when they were omitted, so if

the method outlined in this section is considered valid there seenms

to be 1iMle point in omitting them in future calculations.
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a
Figure 11.1

SEARCH PROCEDURE FOR LOCATING GRAZING TRAJECTORY

ty?

-2

»



START

Y

select imitial ¥

v

—

] 11 ]
ON@)

ek

/2

no

compute trajectory;

no |

compute and_print
- grazing ,trajectory

1

STOP

A
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11.4 Testing of the Criterion

An option was provided in the program wherely the unsteady

state drag terms could be either included or c-.cluded. Collision .

[

cfficiencies vere- calculatedias a fuiction of Steokes nurber St for
?

both 1odes using a density ratio fk/ﬁ; of U.4. This corresponds to
i
A s

glass beads or silica particles 1n water. For this dunslty ratio

, . ] )
. the criterion Stdeﬁ < 0.33 predicts that tie unste.d;, state terms

, p
shiould bo unirportunt if S5t & 0.8. Tihe radius ratio Tp/Rb was set *
arbitravily at 0.1. Then with Stokes flev around the bubble-u;t - .
r 2
(é?—— 1)(?2) = 0.015. With potential flo ugt wes eet arbitrarily
f b

£
at the sare value,

.

I'igure 11.2 shows the corputed (ollicion efficiencies for
Stokes nubers {rom ]O“2 to 102. 'Hitg Stokes flow the unsteady state
terms ar¢ seen to have a negligible effect below St = 0.1. Hence,
St &« 0.8 is a valid criterion for theii neglect. Above St = 0.8
including the unstcady state terms reduces tne computed collision
efficiency by up to 60%7. Below St = 0.1 the collision efficiency
is effectively coustant at 0,033. This is the value obtained for
rp/Rb = 0.1 and f%//2:=2.5 in Chapter 5 (Fig.5.2) by neglecting
particle inertia. Hence, the quasi-equilibrrium assumption which
is the basis of equations 5.3 and 11.9 is a good approximation when
St « 0.1.

With potential flow the unsteady state terms have a much
smaller effect than with Stokes flow. They never reduce the calcu-
lated collision efficiency by more than 10Z apd at low St they increase

it slightly. Therefore, our criterion for their neglect is on the
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‘Figure 11.2
COMPARISON OF COLLISION EFFICIENCIES WITH AND WITHOUT

UNSTEADY STATE DRAG TERMS INCLUDED

1 4 A d
1
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’

conscrvative side. ‘lhe reason for this is apparent if one examines

the variation of ecacess pressure (P-D) ot the surface of a sphere
“ - *

with anule 8 from the nose of the sphere (TFic.11.3, talen from
reference 60). TIn Stokes flew (P-1,) is 2lwvavs positive up to ~

> \
\

o) , , . .
90" so the prescure gradient alvays pushes the particle away from

. -
the sphere. T potential flo- (F-F.) 1s negative for 48° < B < 900,
so in the region thich is most critical o, far as the grazing Lrajec—
tory "is concerned Lue pressuro pradiont is pulling the particle in
toward the bubble curface., Since the added mass and bistory termws
always tend to reduce the collision efficiency by’incroasing the
drag iu the direction of fluid rotion, this means that the pressure
gradient term reinforces the latter two terms in Stokn%fflow but
opposes them in potential flow. This is illustrated in Fig.11.2
where the -—~—- lines show collision efficiencies calculated with

4

the pressure gradient term as the only unsteady state term.

11.5 Closure

In this Chapter the'criterion St(fk/ﬁ%) << 0.33 has been
developed for deciding ufider what circumstances unsteady state drag
terms can be neglected when calculating collision efficiencies.
Sample calculations for the casefo/f%“= 0.4 confirmed the validity
of the criterion for Stokes flow round the collectorobﬁt shovwed it
.to be conservative for potential flow. The quasi-equilibrium approxi-
mation was shown to be valid for St < 0.1. |

The next chapter analyses' the economics of removing fine

particles from water by dispersed air flotation. ,//
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- 12. ECONOMICS OF DISPERSED AIR FLOIATION

12.1 Introduction

This 1is not a detailed cost study. It 1s in the nature
of a preliminary feaslbilityrstudy such as vould be performed early
in a research project in order to sclect those areas in which effort
should be concentrated. The cost datd are very approximate at best
and should only be takeg'as representing the order of magnitude of
the costs involved. Conclusions will bé based only en differences
in orders of magnitude.

wéabegin by taking as a base case the well~estab1;shed
coagu]ation—sedimg;tation process for fine particle removal. The
recently-commercialised Electroflotation process, in which small
bubbles are generated elcctrolytically, is considered next. Finally,
costs are estimated for flotation with bubbles generated a§ a porous
distributor.

In all cases the design ‘tapacity of th;aunit is assumed
to be one million U.S. gallons of effluent per day. This is the
order of magnitude of the effluent from a small town or a medium-sized
industrial unit (90). Other essumptions are:

(a) construction in 1973;

(b) annual capital charges are 157 of initial investment

(737 for capital recovery plus 73% interest);
(c) no profit required from a pollutiod control investment;

(d) average throughput 18,8Q% of design capacity;

(e) fixed operating costs ar®@he same for all cases.
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12.2 Coagulation-sedimentation

The data source is Smith (91).

1967 capital.cost = $50,000.00. Assure 67 p.a. cost
escalation between 19’7 and 1973.

Then 1973 capital cost = $70,000.00.
. Capital charges = $10,500.00 p.a.

= 3.6 ¢/1000 USG.

The pripcipal variable operating cost is the cost of the
coagulating chieirical, here assumed to be lirc u<ed at a dosage of

o
300 rg./1. and costing $20/ton, i.e. 2.5 ¢/1000 USG of effluent,

Summary: ¢ /1000 USsG
capital charges 3.6
chemicals 2.5 ‘3
¢ , TOTAL: 6.1
4

Coagulation~-sedinentation units usually only remove 85 to
<907 of the incoming solids (90), so if greatq} purity is required
a final bolishiqg sand filter may be needed.\ This could add at least
/

507 to the capital charges. Coagulation-sedimertation works regard-

less of whether the particles are hydrophilic or hydrophobic.

12.3 Electroflotation -

The data source is Kuhn (4,5). An example is quoted in
¢ ‘
which Electroflotation achieves 90 to 95Z removal of solids and oil

1

from steel rolling mill wastes. For a flow rate of 75 m3/hr. (475,000

USG/day) the cell volume is 25 m.3 (6600 USG) and the power consumption
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ig 275 Vh per m.3 treated (1.0 XWh per 1000 USG). Bubble diameters
are said to be less than 100 microns (3).

Assure that cell voluae requ%led is proportional to volu-
fretric feed rate. Then for 1 G/day a cell of capacity 14,000 1SG
is needed. Since the cell operates at ambient pressure ;nd tompera-
ture 1ts cost (pionue electrodes and skimmer) should be in the same
region 2s taiat of a storage tark vith the sare capacitv. Peters
and Tirrevhaus (92) pive a 1967 purchase cost of $5000 for a 14,000
USCG carbon steel stotage tank. The recommended material of construc-
tion for ilectroflotation cells is polyethvlevne or sinilar material.
No cosl data coul@ be found for plastic tanks, but P¥C piping is
knovn to be about-2Q) more expcnsive than carbon steel piping (92).
Applying the same dj}ferential to tanks and cscalating to 1973 gives
a cost of $8§400. -

lhe electrodes corrode and foul and have to be replaced
several tires during the life of the plant so they are treated as
a variable opeating cost rather than a capital cost., The skimmer,

’

which skims floated material off the top'of the liquid, is a

completely unknown quantity. As a pure guess its cost is put at,

20% of the tank cost, giving a gotal equipment purchase cost of
$10,000. Instrumentation, piping, foundations, paint, power supply,
construction expenses, engineering fees, contractor's profit, contin-
gencies and worging‘capital are accounted for by multiplying the

purchase cost by a Lang factor of S\(92) to give a total installed

cost of $50,000. The working capital allowance of 157 in the Lang

- factor can be taken in this case to apply to the initial pair of

electrodes.



llence, capital charges are $7500 or 2.6 c/1000 USG,

which is 40%Z less than for coagulation-sedimentation. Tf electricity
is available at 1.5 ¢/KWh (92) the pover cost is 1.5 ¢/1000 USG,

Kuhn cuotes an applicatidn involving the purif&caLion of paint-
bearing vater and states that the operating cost is "0.7 ¢/1000 gal.,
vhich includes the cost of chemical dosing agents and electrode
replacenent costs.'" Tn view ;f the stated power requirement Kuhn's
operating cost must refer to a situation where the cost of clectricity
is abnormally low. It~wil} be assumed here that the variable operating
cost tis 0.7 ¢/1000 USG plus the power cost, provided no surfactant

is required. Since both oily iron dust particles and paint droplets
are hydrophobic it is presumcd that no surfactant is used in Kuhn's
exanples. The "chemical dosing agents" rcferred to are probably
alkali to raisc the conductivity of the water and possibly alss a
flocculant.

To summarise for situations where no surfactant is needed:

c/1000 USG

capital charges 2.6

a power 1.5
chemica{F and electrodes ) 0.7
TOTAL: ‘ 4.8

Therefore, in these situations Electroflotation is at least competi-
tive with coagulation-sedimentation and may be cheaper. It also

offers the following benefits, which may often be important:
- " s \ -
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(a) Greatér 7 solids reroval (90 to 955 versus 85 to 907).
(b) More cowpact.

., (¢) No limwe sludpe.
(d) Oxygenation of the waste strean by oxyvaen generated

‘

at one of the clectrodes,

Unfortunately, the proce<e becorer ruch too erpensive if
surfactant h%ﬁ to be added to rake the particle« stick to the bubbles.
Almost all the laboratory studies on hydrophiilic particles reported
in Chaptcr 3 have used 2?0 to 40 pp. of surfactant to wzke the particles
hvdrophobic. Taking an average figure of 30 ppm (0.24 1b./1000 USC)
aad assuming a cationic surfactant costiang tvpically 40 c¢/1b. the
wurfactant cost is 10 /1000 USG. This triples the cost of the process
and makes 1t much more expensive than coagulation-sediwentation.

It also creates a pollution problem since surfactants cause
foaming on rivers and most authoritigs prohibit the discharge 6%
waste streams containing nore than 1 ppm of dcgergents (i.e. long-
chain surfactants such as are used in flotation). Probably not
more than onc-third of the surfactant would be removed in the flo-
tation cell (éee Chapter 7, section 7.4.8)4 so the remaining 20 ppm
would have to be removed by downstream processing. Removing it by
foam fractionation or adsorption on activated carbon would at least
double the cost of flotation (206). 1If fhe surfactant 1s biodegradable
it could be removed by biologicalﬂoxidation, but the 5-day B.0.D.
of 20 ppm of sﬂrfactant is about 40 ppm and this could be a signi-

ficant increment unless the effluent already has a very high B.0.D.

Y,
v

A further drawback is that cationic surfactants are mild disinfectants

and could have deleterious effects on the operation of biological

IRy



-187~-

oxidation units.

The conclusion is that Electroflotation is only applicable
when the particles stick to the bubbles without the aid of surfac-
tants. Yet, one or two of the applications quoted by Kuhn refer to
materials which one would expect to be hydrophilic, é.g. glass fibres

and asbestos wastes.

12.4 Flotation with Bubbles Generated at a Porous Distributor

The only way that commercially available porous frits can
be used to generate bubbles as small as those generated in Electro-
flotation is to add 0.1 vol.Z o; more of etﬂgnol or other short-
chain alcohol to the water. This technique has been used by Rubin,
Cassell, Pinfold, Sebba, Ratcliff and others (6,7,12-23,50,55,59)
and was used in the batch cell experiments described in Chapter 7
of this thesis. However, while this technique may be very convenient
in the laboratory it is a non-starter for large-scale appiications.
Ethanol c;sts about 30 c/USG, so at a 0.1 vol.Z dosage the cost of
generating small bubbles by this method would be 30 </1000 USG.
Furthermore, 1400 ppm would be added to the 5-day B.O.D. A
’ Suppose that a fine (4-5.5 ) frit is used without either
surfactant or alcohol. Our own visual observations 1in our batch
cell suggest that at an air rate per unit frit area of about 0.3 ml.
per min. per cm.2 the bubble diameter 1s of thé order of 0.5 mm.

We now suppose that such a frit is installed in the Electroflotation

cell of the previous section instead of the electrodes and we prégeed
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to estimate the air rate required to give the same performance as

the bubblce« which were gencrated electrolsytically at the stated

>
yoA

. oe 3 . -
power consurption of 275 Wh/m,” (1.0 Kwh/1000 LSC).
The pover consumption of corpercial rater elegtrolysis

units dis about 150 Levd per ]OOb SCF of i 193). Assumling that

2

hydrogen and ownvgen ore generated in tne voluretric ratio 2:1 the

rate of gas production is 1500 SCP per 150 kvh, i.e. 10 SCF per

keh.  Tf the elcctrode efficiency of Electroflotation units is

sivilar then their gas procuction is about 10 SCF per 1000 HSG treuted.
Suppose Lh; size of the Ilectrofletaticon bubbles is of

Lhe same orcer as those in our bateh cell runs Gl and G2 (average

diameter 71 microns). Our electrolyticelly-generated bubbles in the

cinéphotonicrography experiments were a little smaller (average

diameter alout 60 ricions) but they camg from a fine wixe rather

than a grid. Comparing our run G5 with runs Gl and G2 in Fig.7.14

end correcting for the difference in air rates between runs we

obtain for a constant air rate the ratio of flotation rate constants
L} .

k(0.5 mm.) ;\0.05
k(71 ) 0.4

Hence, the air rate required to give the same performance is 14 x 10
=140 SCF¥/1000 USG. Given a cell height of 1 metre, which is what
Kuhn recommends, the cell area is 25 m.2 and the air rate per unit
cell area is 0.4 ml. per min. per cm.z. This. is similar to that used
in pur batch cell. A typical factory cost for filtered, dried 25 psig

alr is 10 ¢/1000Q SCF (92), so the cost of generating bubbleg in this

»



Ai const-otien, but the arzurents develepsc in t

-189-~

o

case is 1.4 ¢/1000 USG. This is sinilar to the <ost of generating
bubblcs electrolyvticallv for the sa~e perforrance ziven a Peer cost
cf 1.5 c/xw.

A Ti%ely reason for preferring the electrolytic rauica is

that 0.5 --. Bo-bles a1l arrive at the licurd curese wits -uch -ore

kinetic enery than the smaller elactreiztic L. _~le<. In *toe acsance
™ [
1111 cause rach Teore ro=Jis_srsic: of ~Aterial
- A

bronle dig-eter is recwcsd to 0.2 - -, in tao orescnce

nt LUDA-Br (23) which would reduce, the air
e provious section

against the uvse of surfactants at this sort of concentreticn apply

here also.

12.5 Closure P
In this chapter it has been shown that dispersed air flo- -
.
~

tation mav be cheaper than ccagulaticn-sedirentlation if the particles

are already bydrephebic. 1If the particles have to be made hydro- °

phobic by adaing 30 ppm of a surfactant the process becomes economically

'

and environ—entally undesirable.’

-

In the next chapter a new process will be suggested which
enables hydrophilic particles to be floated at surfactant concentrd-

tyons belov 1 ppn. .

N |




e 13. EFFERVESCILT BLOTATION .

“

13.1 1Introducticn

All laboratory ctudies to date on the reroval of hydrophilic

particles {roro vvater by disperscd air flowation have used surfactant

cncentrations f the crder of 5@ te 40 prr. 1t was shown in the

-

previous chapter that at the-e <urfactant levels the process 1is nore

expen-\yvi than alterantive part-cle 1eqwoval procesces and will

probably Nqguire doiastrean proces ccuce the surfactant

: e . L
concentration e helow 1 ppm loiore the yaste stream can be dis-

charged to the &Qvironment. And vet ych a nigh councentration of

surfactint is not n an adsorplion viewpoint. The data
of Connor and Otte-i11 (56) on 9d5brp£ion of cationic surfactants
by polystyrene latex and of Javcoek and Ottewill (69) on adsorption
of similar surfactants by silver bromide show that less than 1 ppm
}s enough to reduce the zeta potential of the particles to zero,
at which point Ehc particles vould be hydrophobic enough to float,
The real reason for using such high concentrations of surfactants
is that they are essential if a stable froth is to be formed, and
a stable froth is a very convenient way of co}lecting particles.
In the experiments described in chapter 7 it was found that at an
EHDA-Br concentration of 0.25 x 10—&M (~ 10 ppm) the froth did not
= {
seem very stable. 1In the absence of isopropanol DeVivo and Karger
523) could not get a stable froth d{gh EHDA~Br below 10"4 M. Such

high concentrati{ns would not be needed if another way of collecting

the floated partﬂgifs could be devised. i ‘k
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; Recent work in oceandgraphy suggests a possible technique.
Oceanographers have been interested for sowe tiwve in the mechanism
of formation of stablc marine fogs. A favourite curront theory is
Lh;L vhen the sea is rouph, waves crashing dovn on to thae sea surface
entrain mjillions of small ai; bubbles dovn to a depth of twvo or
three feet. As Lhey risce back up they pick up solid particles (dead
plankton, nincral debris, etc.). The bu?b]es burst at the surface
and cject thesce into the air where the wind catches them and evapo-
rates the vater. The atmosphere above the sca containe a lot of
these particles and when conditions are ripe they act s nuclei for
fog formation. ) g

Wallace et al. (70) have shown that the low level of sur-
factant raturally present in sea water (much lower than 1 ppm) is
sufficient to render floatable particles present in the water. (The
surfactant comes from lysing of dead cells - in artificial sea water
the particles didn't float.) We know from our cinéphotomicrography
experiments (Chapter 6) that collected particles are swept round to
the back of bubbles. MacIntyre (71) has shown by high-speed photo-
graphy that when a bubble bursts at the surface of a liquid the
lfauid which was at the back of the drop is carried forward by its
own momentum and is ejected into the aiy as a jet droplet. Because
they come from the back of the bubble we would expect these dropletsA
to be richer in particles than the underlying liquyid. Blanchard and
Syzdek (72) have measured the concentration of bacteria i; jet drops
and found it to be up to 10A times higher than the concentration in

the bulk liquid. If a method can be devised for catching these drops
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.

we have the particle collection technique we are looking for. We

call it effervescent flotation.

I3

13.2 Experiment .

The batch cell with the nedium frit wvas filled to L odin.

from the top with distilled water containing 70 mg./1l. of SDB latex

“particles. Nitrogen was bubbled through at 41 ml.,/min. A picce

of stiff absorbtent paper was Jaid on tep of the cell vith a veight
3

above 1t to keep it flar. 7 ml. sarples were taken at eight-rinute -
intervals and their total particle count Weasuroduon the Celloscope.

With no surfactant present there was' no removal of particles.
Particle rémoval began when 0.8 ppm of LHDA-Br was added. Figure -
13.1 shows the rate of removal, 857 of the particles were removed
in 53 minutes. The absorbent paper was changed at twenty minute
intervals as by then it was very wet. The paper was ﬁiﬂe, and after
drying in an oven a white disc of c8llected latex particles was
clearly visible. Figure 13.2 is a photograph of the first disc.

13.3 Discussion ° . -

857 removal in 53 minutes is as good a performance as
most coagulation/sedimentation units achieve. The gas rate used”waé
very low, and umdoubtedly particle removal would be fastér at higher
gas rates. Compared to coagulation/sedimgntation, effervescent
flotation has the great advantageiof giving aeration at the same

time as partiéle removal. Compared to conventional dispersed air

(froth) flotation the advantage of having less than T\ ppm of sur~ .
4
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factant far outweighs any increased capital cost due to the longer
residence time. At 0.8 ppn of a surfactant costing 40¢/1b., the

5,

a
chemical costs are 0.25¢/1000 USG, i.e. one-tenth those of coagula-

tion-sedimentation. -0
Patents on the process have been applied for.
13.4 Closure
) Ig this chiapter a novel process for ;emoving {ine hydro-
philic particles fron water has been described and shown to be
feasible. It has several advantgges over existing processes.

This concludes the (escrifjtion of work performed in this

project. The next chapter collects Jogether the main conclusigns.

Al
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. 14. COXCLUSTONS

then narticle s with diaseters betueen 3 and 20 ricrous

are fleoated by bubbles of diameter less than 100 ricrons the flota-
¢

tion rats always 1ncreasos rapidly with deeveasing Duvhlle size. [t

mey or r=v not incre.s- rapidly vith dincreosirg particle size

dependins on the natu-e of the particles. 7the latter rosult cannot

be explaioed by COE]I%lCn theortes based purely on hydredyvnamics
which always predict c large deperdence of flotation rate on particle
sice. Tt is speculated that when the particlces are very small and
possess an cppreciable ieta poteatial electrical interactions
betiveen particles and bubbles become important and that this. accounts
' for the observed variation in the effect of particle size.
Specifically, the main features of the experirental data -
on the flotation of glass beads and styreng diviny]beézene latex
particles cah be predicted by @ collision model based on the following J
L
assumption-:
(a) The bubble has a rigid surface and its motion is not
. . affected either by the presence of the particle or o
by neighbouring bubbles. Consequently, the fluid
flow round the bubble can be represented by Stcokes
flow,

(b) Viscous resistance to thinning of the film of liquid »
belween the surfaces of the particle and the bubble
can be neglected.

. (c) As a consequence of (a) and (b), the particle can be

regarded as a point mass when calculating its trajectory.

. v @



(d) The inertia of the particle is negligible compared

to the fluid drag force but the effect of gravity is
not necessarily negligible.

(e) The bubbles are negatively charged under the experi-

mental conditions of the batch cell rums.

(f) The attachment efficiency is independent of particle

size and bubble size.

Models which ignore electrical effects but refine the hydro-
dynamic treatment by taking into account viscous resistance to film
thinning, the effect of the particle on the flow fileld round the
bubble and the effect of neighbouring bubbles on fluid streamlines
are unable to explain the relatively small effect of particle size
on flotation rate observed with styrene divig;lbenzene latex particles.
Experimental data on bubble zeta potentlals is a pre-requisite to
further progress in this area. An experimental study of the effect

of particle zeta potential,on the relation between flotatlion rate

and particle size would also be very useful.

\\\\, The criterion St(f}/f;) <& 0.33 appears to be valid for
— e aa
~ded{ding whether unsteady state drag terms can be neglected without
gerious error when computing collisi®n efficlencies. The effect of

these terms is less for potential flow than for Stokes flow round
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. the collector because in the former case the pressure gradient opposes

. mthe other unsteady state terns whereas in the latter case they re-

»

inférce each other.

Dispersed air flcotation may be a cheaper means of removing
fine particles {rom water than coagalation-sedirentation if the
particles dn the feed are alregdy hydropuobic. T 30 ppn of sur-

factant has o be added to the feed to rake the particles hydrophobic
- o

and/or to provide a stable {roth to retain them at the’liquid 'surface
/

the process is rendered undesivable on both economic and environ-~ N A

~

mental grounds. With hvdrophilic particles effervescent flotation, ;

which requires less than one part per million of surfactant, appears

]

to be much more attractive.

»

3 ) ) _ /
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15. CLAIMS TO ORIGINAL WORK

Measurement of the effects of particle size and bubble size on
%
the rate of flotation of fine particles by small bubbles with

Reynolds numbers less than 0.5. (

Development of a model which :successfully predicts the main
features of the experimental results.

Inventiqp of the effervescent flotation process for removing

fine hydrophilic particles from water by dispersed air flotation

at a éurfactant concentration below one part per million.

Development of a method for including the effect of unsteady
state drag terms when computing collision efficiencies for

+
Stokes or potential flow around the collector. Derivation of

a simple criterion for predicting when such terms can be neglected

without appreciable error.

“m
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16. SUGGESTIONS FOR FURTHER RESEARCH

Measurement of the ra¥e of flotation of SDB latex particles as
a function of particle size with the zeta potential of the
particles reduced to zero by controlled addition of an electro-
lyte. If the slope of the log k versus log dp curve approaches
the predictions of a purely hydrodynamic model the electrical
attraction hypothesis will be confirmed. -fhis will be an
important step forward in our understanding of fine particle
flotation.

Development of a technique for measuring the zeta potentials
of small bubbles in surfactant solutions. Experimental data
in this area are a prerequisite to further progress in modelling

the flotation of fine particles by small bubbles. g

- Development of the effervescent flotation process. The most

immediate needs are:

VI

(a) proving that it works on a variety of particulate materials;

(b) measuring the effect on process efficiency qf collector
‘height above the liquid surface; this wili be related to
bubble size and air rate;

(c) designing and testing a practical large-scale sbray col-

lection system.

X,
Measurement of flotation rate as a function of particle size

and bubble size for sub-micron particles.&may be found

that in the model proposed in Chapter 5 tM€ particle diffusivi&y

calculated from the Stokes-Einstein formula will have to be

-y

modi fied to take electrical attraction into account. .
4
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‘. can’ be floated purely by hydrodynamic capture; experimental
studies aired at discovering whether the flotation rate of
hydrophobic particles i§ increased significantly given the
physical c*on‘dirions‘ favouring hydrodynanic capture.

5. ‘Measurereht of flotation rate as a function & particle size
. and bumble size for sub-micron particles. 1t may be found
‘that‘in‘the rodel proposed in Cnapter 5 the particle diffusivity

calculaled from the Stokes<Einstein foraula will have to be

modificd to take electrical attraction into account. *
]
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NOMLNGLATURE
*

. {\k
CHAPTLR 2

D
Eo

Re

/

H

Ust

"
4

. Pz
ap

\

Ao

CHAPTER 3

dia~eter of sphere
Eotvos nusber
R@yho]d5 nurver

terrinal velocity of sphere’

terwinal velocity a&;ording to Hadamard-Rybezinski equation

. * '

terminal velocity according to Stokes' Law
uv/u =

/ st

L
B
viscopity of medium
viscosity of drop .
density of sphere.
density of medium
A-F,
v r

difference in surface tension between front and rear
stagnation points of a bubble

v

- L3
half angle subtended by mobile portion of bubble surface

particle diameter ™

bubble diameter

'volumetric gas flow rate

first order flotation rate constant

"

bubble path length ’
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A Hamgker's constant . .
Db bubble diameter M
E collcection efficiency .
EJ colljs%on efficicncy ,
E2 attachument efficiency
m particle mass - R
rp particle radius
RC collector radius. ) )
rg rp/Rc B p b,
St Stokes number " ,
tc contact time ‘ |
U fluid velocity at infinity
ug dimensionless particle vélocity\(reference~velocfty U)\
u% dimensionless fluid velocity (refereuce velocity U)
u;t ?iz?Zizgzieiilziig?czi terminal velocity under gravity -
y AN )/ -
Yoo distance of grazing trajectory from collector axis at infinity
Y surface tension
¥ double layer thickness i .
L& ‘dielectric constant . "
N 1 +-rg dn‘l
P fluid visgcosity ¥ ’ o ' v
"' particle density : r .

angular coordinate

particle zeta potential

*} ]
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CHAPTER 5
; 3
cp ndiljer coygentration of particles f
Sy "
Cps nuriyer coacentration of unadsorbed particles in laver 3

adjgcent to bubble suriace

D /p;:tjth' Aiffusivity )

Db ' bubble dianeter .
B collection cfficiency "’
'é} ‘ coilisxon efficlency .
EZ . atrachrent efficiency . %
f (cp - CPQ)/CP i ." o
g ) accelevation due to gravity
k , Boltzmann nurber ’ ‘ ? )
kp particle mass fransfer coeffic}en? ) )
K 1/ .
.N flow of particles through volune swept out byﬂbubble in
unit time B : LY
N' rate at vhich particles collide with the‘bubble
N ‘ net'flow of particles to bubble surface in unit time
Pe Peclet number | i
r - radial coordinate
rp - particle radius
r; L /Ry * “ '
Rb bubble radius -
Reb bubble Reynolds nunber i ’
" sh Sherwood number
St Stokes number Y . ] .
t ( tine ’
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Ut

bRy

absolute- temperature

particle velccity relative to bubble
fluid velocity relative to bubble

rudial ccrponent of u

radial co ponecent of ug

u /U
" b

ug /by, .
particle terminal falling velocity

N
z

. Up t / Eb ﬂ‘:

bubble terminal rising veyocity \

rh/p% ' .

r

distance of‘graiiné trajectory'from buhble akis at infinity

average thickness of concentration boundary layer

«

stream‘funct;on

yiscosit§ o{ continuous phase N
viscosity of dispersed phase !
fluid viscosity |
filuid density f
particle(@ensity

\ a
angular coordinate -,

1

humﬁer of bubblés obgerved
bubble -diameter

collection efficfendy

‘v
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”n
number of particles collected

numbetr of particles in suspension . ) ,

average number of particles per bubble per'#nit bubble
cross-sectional area .

pC/ pS , . ' ) ©
<,

o

partlcle radius i

area of section i MRler curve

. - t
v s ‘f

»
.

particle 'diameter

K
.

(1) volumetric gas flow rate (section 7.4.7)
"(i1) amplifier gain (Tablie 7.3)

‘liquid heiggt in cell ° o .

cuﬁgiht - ' ‘ Q,/
first order flotation rate constant ' ’ //

exponent in the relation E d,l/Dg . s

7

particle concentration ’«
initial particle concentration . ‘
time

sample volume

. - . o
R \ B

Subscript 1 larger sphere . Lo

Subscript 2 smaller sphere ~ ™

parameter in- approximation for k. .

Upr/Usr : -
’ N 1
. ' . ’ o
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parameter in appreximation for kn

parameter in approximation for kn

LY
3

particle diareter

bubble dfan-ter
- L 4

parameter in approximation for kn
parameter in approximation for kn
t

collision efficiency

(drag corponent along line of centres)/GTYfAR

(drag corpoaent perpendicular to line of centres)/61TrLR

i

(torque) /87 R’ |

nth force coefficient (n ='I to 20)
pressurc“at surface of larger sphere

R7 -
pressure at infinity o
sghere radius N
bubble radius
separation of sphere surfaces - -
value of § at 9.—:1‘*}2
time .
vertical velociéy component

velocity component along line of centres

Stokes terminal velocity ,
“ i/

.

horizontal velocity component
velocity componenet perpendicular to line of centres
angular velocity

wR . , . '

vertical. coordinate of centre of sphere 2

3

.

P
’
~
3
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1
- . N

horizontal coordinate of centre of 'sphere 2

horizontal distance from bubble axis at infinity of

[==}

critical trajectary for hydrodynamic capture

fluid viscosity
density of sphere |
fluid density

angular coordinate

- ¥

free surface radius

collision éfficiency

1+ rp/Rb

radial coordinate

particle radius . N
bubble radius

sphere velocity

radial component of fluid veloeity

‘ i

upt/U
particle terminal velocity
2 - 3% +3v - 29° 1

void fraction

3/ 1-€

particle density
angu ;r coordinate

stream function .

Stokes stream function for an isolated sphere

~

3
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CHAPTER 10
‘il collision efficiency
.Eil component of El dué to clhctrical interaction
E; ) component of El d%tained by ignoriné clectricdl interaction {J
¥ repulsive force between particle and bubble
Qb charge on bubble
Qp Chﬂ?gc on particle .
X 2 goﬂzpzb/@hub) o
Zb_ bubble zeta poteatial ' .
Z particle zeta potential
p dielectric constant
£ ‘ permigtivity of free space.

.

Other symbols have, the same meaning as in Chapter 5.

CHAPTER 11 ) ' e
Subscript x ——— vertical component

Subscript y —— horizontal component

e, added mass coefficient -
Sy history coefficient .

"
F total drag on particle :
s steady stage drag .

! + “ ’
Fss Fss 6"1‘:‘("frpupt: &
FAM added mass drag )
F hiétory drag £
H S -
Fo

FfG pressure gradient drag . . ‘
H . history integral . te



Y .

n,N step pusbers . i
Rc collector radius
t: tize at end of nth-step
2
T 2otk o~ £ — %
n & Y n n—])
84 fluid velocity at an infinite distance frem the collector
x ° . vertical coordinate of particle centre
y horicontal coordinate of particle centre
- o
¥1 initial.value of v /
Y16 “value orf 5y giving a grazing trajectory
z- . dumny variable (dimension time) .
z% z R /U . .
L] Cc

Other sywbols have the same weaning as in Chapter 5,

APPENDTX A °

a (1) arca of slice Lhrough particle (section A.1l)
(ii) slepe of calibration curve (section A.3) -
. {

a' *  a/3 (section A.3)

A orifice area _

b intercept of calibration curve .
b* (b + 1log(6/m))/3

c - chart division

CL ché;t division cor;esponding to VL N )
CS . chart division cor?esponding to VS .

d - parti;le diameter . FE o ‘

D‘ ‘orifice d%%geter - ‘e

é amplifier gain

C; ~ value of G at which calibration was performed
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i current
Ir value of T at which calibration was perforned
k 1 - . -
AL
N o nurber of particles per nl.
r ;=£: crifice radius
T wrticle radius )
p .
v particle volurme
VI volume of Llargex refervence particle
3
VS volume of smaller reference particle.
+ R distance of slice from centre of particle
r /r
o oo /
f% ) resistivity of electrolvte solution
f% resistivity of particle

_APPENDIX B

Symbols have the same meaning as in Chapter 7.

APPENDIX C '

"

An parameter in Pshenay-Severin equations,
\

b parameter in Pshenay—Z;;gfin equétions

- & parameter in Pshenay-Severin equations

B 4 parameter in Pshenay-Severig equations

~

Other symbols have -the same meaning as in Chapter 8.

'
]

APPENDIX E

[l

- Symbols have the same meaning ag in Chapter 11.

]

4

4
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A. CELLOSCOPE P RIICLE COUNTER o

.
'S
-

The Celloscope Model I11ILS particle counter is made by .

Particle Data Inc., Lltrhurst, Iliinofs.

A.1 The Ba<ic Principle

Consider a cylindrical orifice of radius r and area A

filled with electrolyte solution of resistivity o and countaining
a particle of radius rp and resistivity P (Fi7.4.1). Cousider a
N I3

A
’

A
slice of thickness dx perpendicular to the orifice axis and tutting
the particle at a distance % {ron its centre. 7This element of the

particle has an arca a and a resistance in the direction of the
¢

Pl
2 2
pE )

orifice equal to

dx
M . .
= éi—-. The resistance of the annulus
a
M(r

- .a
-« 1

fpodx fgdx

of electrolyte solution is —; 5 = -
: ﬁT(ri*(f;rxz)] A

The total resistance
&
across the elerment is:

= Pofp dx
dR apo + p(A—a) '

F% dx M
o where k{: 1 - f%AOP.

f
4
r ~

The increase in the resistance of the element due to the particle

f% dx /% dx .

A-ak A

is d(aR) =

kf% a dx

Az(l-ka/A) .

Integrating over the particle gives the total increase in

resigtance as:
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where v is the volure of the particle and« is the ratio of particle

radius rp to orifice ‘radius . Hence, 1f &4 is small the increase
P 3

in resistance vhen a particle enters the orifice is proportional to

the particle voluwe. Batch (95) has derived similar expressions

“for cylindrical and conical particles. In practice, the particles

alwvays bchave as if they are non—éonducting even if they are metallic,
presumably because of a large interfacial resistance to electron

traﬂsfer, so k is always unity, Therefore, the relation between R -

and v is linear to within 107 1f o < 0.35.

.

A.2 'The Instrument

Fig.A2 (adapted from the Particle Data instruction manual).
is a basic schematic of the instrument. The heart of the instrument
"is a glass tube with a small jeéel set in its wall. Through'the

jevel is drilled a tiﬁy orifice of accurately controlled diameter.

'

In the present work tubes with orifices of diameter 24, 76 aand 300

~

o , }
microns were used. The ‘tube is immersed in a beaker of electrolyte

!
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solution (0.57% sodium chloride solution in the present work)
containing the particles in suspension. One electrode is lecated

1nside the tube and the other in the beaker. A vacuum pump sucks
L eant

electrolyte solution through the orifice. When a particle passes

through the orifice the reqistante botucen the electrodes changes

2 4

o
accoré}nb to eguation Al and o voltage pulse proportional to the

[y
v

volure of the particlt io generated. This pulse 1s amplified

and sent cither to an external pulse height analvzer or to a4 gate
“

cireuit, he pulses wa?fbv generated at the rate of scveral hundi ¢d
per second depending on ‘Mhie concentration of the suspension.

I'ig.A3 shors the counter in relation to the ancillary
instruments. The pulee height analyrzer is a Nuclear Data Model
ND110 identical to thouse used in radiochemical work except that its
input circuitry has been modified by Particle Data to handle the
longer risc time of the signals produced by the counter. 'The ND-110
sorts the incoming signals into 128 channels according to'pulse height
(i.e. particle volume) so that in 1ts memory a particle volume fge—
quency distribution curve is built up. The build-up of the curve
is followed on the X-Y oscilloscope (Telequipment Model S51B). When
suff;;ient particles have been sized the curve is plotted by a
Dohrmann SY-850 recorder. 1In thé size distribution curves produced
in the present work full scale represents 1000 particles per channel.

The orifice tube is connected to a U-tube contalining mercury.
When the vacuum 1s applied the mercury is in the position shown‘}n

. o

Fig.A2. When the vacuum is shut off the mercury rises up the left

leg of the U-tube. Suspension is still being sucked through the

-
.

»



L

-222-

’ 1
t . . ‘\\-
Figure A.3
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orifice, the volure sucked through being equal to the volure swept

oulL bv ti¢ rising rercury renigcus,  Ceanvhlle, amplified pulsces
. o ] 1

have boen eatering the gate cirwulit vhere tocy are compared with a
variatle e ference voltage viose ragnitude is set by an external

trigeel dial,  Vaen the ercury monlccus reaches tne start contact

the couvat register starts cow.tr1y all the pulses larger than the

.

reference voltare. (cunting «teps wnen the - sniscus reaches the
<top cuntazt. The accu ulatee couat, displaved on clectronic glow

nuaerale, is the totol nuber of particles larger than the size

correspondine to the reference voltage vhicn are contained in a

_volure of suspension cqual to the volute between the start and stop

contacts., This volu o is kno.m accurately. Hence, if the reference

voltaze is set at a2 level hign eneugh to screen out neise but low

enough for the sir2llest particles in the <uspension to be counted
the total concentration of particles in the suspension can be measured.
Since we already have the size distribution curve the concentration

of particles in any size range is readily obtained.

The left leg of the U-tube is called the volumetric section.

.
-

These are available with various sizes of bulb between the start

and stop. contacts. To keep countiné times rgasonably short smallér
bulbs are used in conjunction with smaller orifices. In the present
work a 16 microlitre volumet;ic section was used with the 24 nmicron
orifice, a 320 microlitre section with the 76 micron orifice and a
5 ml. section with the 300 nicron orifice. Counting times were of

the order of 15 to 20 seconds.

» b

e
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5

The two priv« feul operating controls are the current I

, )
P

supplicd 1o the electroded (vhicn are held at a p.d. of adout 200
volts) and the pain ¢ of the amplifier. The helght of tre output
signal is pronortional to the product 16, T can be varied over a
126:1 range and C over a 46:1 range. The larger values cf 1C are
uscd va1th particles vapse diaraters are very «nall conrared to the
orifice diareter and which coasequently give relarivelv seak signals.
The roanufucturer clatirs thaet particles vith diameters a< small ss
27 of the orifice diwreter.can be detected, but in practice we
found 5% to be the limit; the pulses from smaller particloes could
not be ﬂistingujnheg from background noisec.

The output signalc may be in the range 0 to 8 volts.
Larger signals are truncated. The oulput signals may be obseried 3
as horizontal lines on a Sﬁg]] ronitor oscilloscope built into the
instrument (sce Tig.A2). :Thc length of the line is picportional
to the pﬂlse height vith the right hand side of the screea corresponding
to 8 volts. The current T and gain G are adjusted until settings
are found at vhich the pulses from the larges;,ﬁéfticles'ﬁf interest
are just inside the 8 volt cut-off. Tine tuning of the current is
available.

There is an alternate output mode 1n‘which, after leaving
the amplifier, the output signals are attenuated so as to be propor-
tional‘to the logarithm of the particle volume instead of linearly
related to the volume. This is extremely useful since most particle

Y

size distributions follow a log-normal rather than a normal distri-

bution curve. The proportionality constant can be varied by means
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of a sclector switch in order to obtain 4, 6, 8, 10, 12 or 14

doublings of particle volure over the full'0 to § volts range. In
practice the uvseialness ol the higher settings is undermined by a
serious ikgroase in the noise level. A1l work on the present project
vae carried cat witn the log selec;or switch at <etting 6, 1.¢. 6 .
doublings of varticle voluse or a 4:1 diareter r1otio over full scale.

. Fip.d&4%, ta%en from the Particle Data Instruction nanual,

shoivce an overall view of the instru ont.

A.3  Calibrotion

Details will only be presented here for calibration with

the logarith—ic output rode since the linear mode was not used in

-

the present vork.
. Two sarples of fairly mono-disperse particdles are required.
Theilr sizes should be different but close enough Loget@er so that
at a single (I value both peaks are below the 8 volts cut-off but
above the noiqcﬂlevel. Let the volurme of the larger particies at
the peak of their distribution curve be VL and that of the smaller
particles VS.
With the recorder chart drive on High setting 8 volts
corresponds to 84 chart divisions counting horizontally along the
chart paper. Let the peak of the curve obt;ined with the larger
particles be at chart division CL and that of the smaller particles
be at'Cs. JThe relation between lpg V and C is linear as shown in
Fig.AS.

o madnd g PR B
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log Vab+adc

or y c
log d =b'+ a' C
;
" where d = particle .diameter
¥
a'za/3 ) ) :
/ b'= (b + log(6/m))/3. )
The slope a is given by -
. log VL - log VS . 1og(VL/VS)
CL - Cs CL - CS
. 4
LY ” . ¢
\ and the intercept b is given by -
\\\ }’ .
b=logVL-aCL. §
vl ’
Hence, a' and b' can be found. )
Let G I be-the reference value of GI at which the cali-
. bration has been made. Suppose that at this setting a particle of =
‘volume Vr generates a puise which, after amplification and attenua-
tion shows up at position C on the recorder chart.
] * ° »
»
* Then b+ aC = Yog V.. ,
Let the current and/aor the gain be altered to give'a new value of
N : :
. Gl. Position C will now be occupiéd by pulses coming from particles
2£ volume v:sv xGrIt. - ‘
LT Gl

o

., ®
o

L8
[}
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i G1
b+ aC =log(Vgy) ,

rr

-

é1

or V= :;Ir antilog (b + a C) o
- iy
or d=3 o1 ‘antilog (b' + a' C)

~

This is the calibration equation?

.

The particles used for calibrating the three orifices

'

used in this work were as follows.

24,;. orifice:

~

(a) polystyrene latex particles of mean diameter 1.01,.4.
Vs

(b) Polystyrene latex particles of mean diameter 1.95H.

-

76,.40r1fice: ) .

A}

(a) paper mulberry pollen particles of mean diameter 16.0,.4;

(b) ragweed pollen -particles of mean riameter 18.35,4.

300'; orif.ice:

(a) pecan pollen particles of mean diameter 42.2p.

(b) corn pollen particles of mean diameter 88.5r.

-

The latex particles were obtained from Dow Chemical Co., Diagnostic

Products Division, Indianapolis. Their mean diamert”‘ser had been

- C

measured by the manufacturer'using an electron microscope.  The

pollen particles were obtained from Greer Chemical Co., Allergy

D:lvl.,sx.on,' Lenoir, North Carolina. To obtain their mean diameters

»

-
.
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samples were suspended in water containing lOpAM EHDA-Br and

0.5 vo].Z'IPA. A few drops were placed on a nicroscope slide and

'

photographcd through a microsgope. About 300 particles of each

Y

pollen were photograpned. A scale was also photographed. The

A )
A

particle diareters on the photographs vere measured with calipers
and converted to microns by comparison with the scale. N
The calibration cquations obtained were as follows.

24ﬂ orifice:

=
d = 3/%? antilog (0.00635 C ~ 0.114). g

76y orifice: ¥ T !

d =\§/Ef—’ antiloy (0.00727 C + 0.773)

’

BOOF.orifice:

d = ]é‘;G antilog (0.0137 C + 1.414)
[4

-

These calibrations all refer to the log 6 setting. The ggrgand 7%“
calibrations were obtained uding 0.57 sodium chloride solution as ’
the electrolyte and the BOOr calibration was obtained using 0.17
sodium chloride solution. nThey are valid only for the electrolyte
strengths at which they were obtained.

) The 24r4calibratio? predicted the 5.ﬁw.peak of the styrene-

divinylbenzene particles accurately and the~76r4calibra§ion predicted

the ZZr.cut-dff point of the glass bedds accurately.

3
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A.4 Particle Coincidence

’
sty

A

I1f at any time the orifice~€onfains -ore than one particle

] *'—,‘
a spuriouslv high pulse will- ed. Situltaneocuslyv, if the

cognt register is activated a spuriously low count will be accumu-

.

lated. OQbviouslv the probabilit,; of this occurriny will be larger
thé larger the orifice and the higher the particle concentration.

4 measure of_ the seiiocusncss of this effect is tne per cent coinci-

.

éence loss,.defined av the purcentage by wnich the actual count is
below the true couant due to coiicident passage oi particles through
the orifice. Mattern ct al. (96) showed that the arrival of particles
at the orifice could be represented by a Poisson distribution and

i

derived the formula:

7 coincidence loss = 0.13 ND3

wherib N = number of particles per ml.

and s D = orifice diameter (mm.). )

- [N

For the three orifices used in the present project L particle

Lconcentrations at which-the coincidence loss reaches 1% are as follows.

; 24 4 560,000/ml. L.
76p ’ 17,500/nl. .
3004 286 /nl. S



~232-~

In the batch ccll runs described ip Chepter 7 the razinum count

obtained vhen uwing the 24r«orifice was of the order of 1000 SDB

latex paxtic}cy rer 16 ricruiitres, i.c. 62,500/ 1., so distortion

of the resulte dre to particle coincideate was nogligible. When

using the 76ﬂ orifice the -.xinum count was of the order of 2000

per 320 micrclitzes, iL.e. 6,230/m1., 2 again coincidence effects

were negligiblic. Hewever, vaen atte-sti-g to measure bitbble sizes

with the BOOflCriflCQ tie counis obtained rere of tae eorder of 70,000

to 100,000 per 3 -1., <o there rust al.evs bave been several bubbles
)

in the orifice «i-ultancousiv, . Under sucn conditions neasurement

of the bubble =sizv distribua’ions whs irsossible and ai] that could

be inferred we~ a2 crude indication of relative bubble sizes under

various conditicrns.

A.5 Operating Frecautions ,

The resistivity of common electrolyte solutions such as

4

. . . . . o o
0.57 sodium chloride in water changes by about 17 per 'F at room

temperature. To preserve constaﬁt resistivity the instrurent was
located in a rocem whose temperature was maintained at 72°F.
The particles are kept in suspension during analysis by
-
méans of a variable-speed stirrer. It was found important not to
have the stirring 400 vigorous as air bubbles would then be preci-

pitated out from the water and counted as particles. For the same

reasonediiution of samples and pouring of diluted samples into the

anklysis beaker had to be done very gently.

\5\\\ The orifice had to be watched constantly through the micro-

uring the course of an analysis. If any debris or clumps of

v
'
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patticles were seen to block or partially cover the orifice the
vacuum had to be shut off immediately and a back pressure applied
by pushing in the back-flush plunger (Tig.A4). Usually, this vas
sufficient to clear the blockape. If it failed the next recourse
was to gontly scrape the orifice entrance wath the tip of a plastic
dropper. Metal or glass points could nof %c used as thesc might
scratch the orifice.  The last resort was to }emove the orifice tube
from the counter, fill it with vater or acetone and force a small
cork 1nto the tep entrance. Under ne circurstances could Eﬁe tube
be imwer<ed 1n an ultrasonic bhath as this vould fracture the tube
at the point where the orifice vas set into it.

Orifice “lockages duc to strav debris were minimised by
keeping all flasks stoppered when not in use and all beakers covered

with PVC filn. The only particles which showed a tendency to form

clumps vere the paper mulberrv pollen particles. ////

o

A.6 Repeatability of Counts

One hundred repeat counts were taken with a suspension of
glass beads, the 7ﬂjhorifice and the 320 microlitre volumetric
section. The standard deviation 0" was 2.1%7 of the arithmetic mean
P. The ratio of mean deviation to standard deviation was 0.79.

The theoretical ratio for a normal distribution is 0.80, so it was
concluded that the counts were distributed normally.

Let the above 100 counts be regarded as <a population.

Suppose a sample of n counts is taken and has mean x. The standard

deviation o, of the sample mean x is expected to be (2.1//n)% of

/
4
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the true mean F“ Specifically, if n = 5, oh is expected to be 0.94%
of{&. ,Then we have 687 probability that the true meaan is within
+ 1% of x and 957 probability that/i is within _ 2% of .

In the experiments described in Chapter 7 all particle
concentration measurements were based on an avé;age of five repeated
counts.

”

A.7 Time Required for Analvsis \

A single count Fook 15 to 20 seconds.

When building up the size distribution curves the pulse
hefight analyser was set so that for individual channels full scale
was 1000 pulses. Therefore, when the peak of the curve was approaching
the top o the oscilloscope screen almost 1000 pulses had been
acc¥mulated in the most highly populated channel. Given a total of
128 channels and the fairly spread-out nature of the glass bead and
SDB latex size distributions this meant that something Iike 40,000
particles had been measured. Analysis was stopped just before the

\
peak reached full scale. It took from two to fifteen minutes to
reach this stage depending on the particle concentratiod in the
sample, Samples from later in the. flotation runs were larger than

those taken earlier and were diluted less to ensure that curve

build-up was not excessively slow.
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B. SAMPLE RWN (G2)

10 - lSF,frit.
Glass beads in 10_41‘1 FEHDA-Br 4 0.5 vol.Z IH%
pH = 6.0.

Stirrer speed = 165 rpm.

N2 flow rate = 24 ml./min.

R}

Eight samples of volume V ml. taken at one minute inter-
-

vals, cach diluted with 40 ml. of 1% NaCl and (40-V) ml. of water.
76F orifice, 320r£ volumetric <section.
I1=2%, G=62, output mode = log 6.

“ .

Trigger setting = 11.57 of full scale.

Background count CB = 15.
€ gy €-cp)
Total particle concentration P = T3 RV = 250——;7—*

where C = average count.

Table Bl presents the counts obtained on each sample, the
calculated values of P and the ratioiIﬂ%iP)o of residual particle
concentration to initial particle concentration.

Exhibit Bl shows in reduced form the size distribution
curves plotted by the recorder for each sample. Alsc shown are the
sections into which the curves were divided for area measurement with
the planimeter. The particle diameter at the mid~point of each

»

section is as follows. .

7
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?
TABLE B1
) LE BL
Sample Tire v —-————(Zijl;
b | _No. (wins.) | (nl.) Counts C 2. P 2 o)
0 0 3.1 | 144411555 ]51511546 158511529 | 122,100{ 1.000
\\ 1 1 4.05 1 14021141811428°1444 (1476 {1434 | 87,500} D.716
| 2 2 5.05 1 1253(1218{1230,1197{1156 {1211 | 59,200} 0.485
| 3 3 6.1 |1049(105211090.1076 11036 {1061 | 42,900 0.351
|
| 4 4 7.25 1 9171 9071 935} 931} 980 | 934 32,200| 0.264
5 5 8.1 7361 6964 731! 688 714} 713 | 21,600} 0.176
6 6 9.2 539 533! 549 | 508| 509 | 528 { 13,900} 0.114
7 7 10.2 4721 497 490 | 514 511 {497 | 11,800| 0.097
’”’ »
/ ) v
%
@
‘
' ,) " o




-237-

' Exhibit B.1
| » SAMPLE RUNj; SIZE DISTRIBUTIONS OF SAMPLES
|
‘ {‘i
|
‘ »
\
|
|
!
|
' r
| »
i _
r 4 ’ -
‘ o
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Q [% hd

_ Section s‘ ) Chart Divisions \ Mid-point dp(}*}

A 7.5 - 17.5 7.3 m

B 17.5 = 27.5 o " 8.6 ]

C- . 27.5 - 37.5 : 10.2

D ‘ 37,5 - 47.5 o121

E ¢ 42.5 - 57.5 14.3 ;

F 57.5 - 67.5 16.9

c " 67.5 - 77.5 20.0

N "3
é For each sample i and section j the area Aij.under the . \

curve vas measured twice with a planimeter and the average taken. !
These data occupy thé first three columns of Tablol B2. The fourth
column shouvs the fraction Fijnof the t:ot:letl area under the curve
accounted for by that secltion. Then for the particle size ra/nge

represented by that section the ratio P/Po of residual particle

concentration to initial particle concentration is given by

2P ’ LN

I O , .
Po 1:‘oj G‘P)o

[ e
iy ¥ ~
»
-
-

» . '
The last column contains the values of P/Po. These are the values

e
- A

which were plotted in Fig.7.5.
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‘ ‘ : TABLE B2

Section Areas By
- 0A 0.65 0.63 0.64
0B 1.09 1.11 1.10
oc 1.77 1.76 1.765
oD 3.29 3.25 3.27
.ot ~4.21 4.19 4.20
OF 4.05 4.08 4.065
. 06" 1.60 1.60 ™ 1.60
| s
e - 1A 0.83 0.85 0.84
X B 1,29 1.31 1.30
| * 1C 2.07 2.05 2.06
1D 3,29 3.34 - 3.315
o - 1E 4,31 4.30 4.305
0 1F 3.99 4.00  4.005
1c 1.71 1.70  _1.705
2A 1.2 1.21 1.215
2B 1.59 1.57 1.58
2C 2.35 2.39  2.37
2D 3.74 3.71  3.725
- .. 4.32  4.357  4.335
2F 3.22 3.18 3.20
" 26 C1.16 1.18 - J.17
N 3A 1.43 143y 1.42
- 3B 2.08 2.10 2.09
. 3c 3.09° 3.12 3.105
3D 3.99  4.01  4.00
, 3E *4.29 4.26 4.275
| . 3F 2.64  2.69 2.665
. “ 3G 1.04 1.04 1.04

.038
.066
. 106
197
.252
L 244
.096

.069 -

.090
-135
.212
.246
.182

.066.

.076
.112
.167
.215
.230
.143

.056°

-

.904
.803
.797
.687
.699
.669.
.723

.881
.661
.618
.522
473
.362
.333

.702
.596
.523
.383
.320
.206
.205



4A
48
e
4D
4E
4F
4G

5A
58
5C
5D
5E
5F
56G

6A

6c
6D
6E
6F
6G

7A

¢
7D
7E
¥

®

Section

,\\

1.55
2.34
3.25
4,17
3.94
2.32
0.65

1.52
2.18
2.83
3.28
2.60
1.33
0.36

2.59
3.54
4.09
4.46
3.20
1.66
0.49

2.97
3.53
4.26
4.07
3.03
1.27
0.53

240~

TABLE B2 (cont'd)

- T 1.54
. 2.31
3.27
4.15
3.96.
2.33
0.63

1.54
2.19
2.87
3,27
2.57
1.37
0.36

2.61
3.51
4.08
4.41
3.20
1.70
0.47

2.98
3.57
4.26
4.09
3.00

» 1.29
0.50

My

1.545
2.325
3.26
4,16
3.95
2.325
0.64

1.53
2.185
2.85
3.275
2.585
1.35
0.36

2.60
3.525

" 4,085

4,435
3.20
1.68
0.48

\\\\ 975
o

4.26
4.08
3.015
1.28
0.515

.085
.128
.179

. 229

.217
.128
.035

.108
.155
.202
. 232
.183
.096
.025

«130
.176
. 204
.222
.160
.084
024

151
.180
.216

.153 -
.065
.026

. 500
.413
. 335
. 207
.128
.059
.046

.390
. 304
.219
.128
072
.039
.028

.385
.265
.198
.102
.059
.026
.026
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C. -FORCE COFFTICIENTS FOR VLISCOUS INTLRACTION ODEL

C.1 Motion Perpendicular to the Line, of Ceq&ysﬂ

Consider two spheres of radii Rl and R? moving perpendicular

to their line of centres with translational velocities Vl and Vé.

Let the spheres have angular velocities & = W2/R9

= \.'l/R1 ?ndtd

1 2

9
about s~es through their centres perpendicular to the plane of motion.

Let the steady state drag on sphere 1 be expressed as 6TTHR and

181

that on sphere 2 as 6TerR2g2 where H.js the fluid wviscosity. Let

. 2 2
- o , N s 2 .
:he torque on sphere 1 be BTrthl hl and that on sphere be BTTfLRz h2

* Davis (66) and O'Neill and tajumdar (66) formuletcd the problem in

“~

{
spherical’bipolar coordinates and showed that if the non-linear
P P C

terms are neglected in the Navier-Stokes equdtion Bys Op» h., and h

1 2

take the following f{orms: ”
3

A

gl"_kSVI + k6V2 + k7wl + kng

By = KgVy + kygVy + kyyHy # ko

N

3V1 + Ky Vg + kysWy + Kyl

\

h, = kl

hy = TppVy + Kygly + kygWy + koo

The nomenclature of Chapter 8 has been preserved in the above

equations. Table Cl shows the relation between our c¢oefficients

ke to k,,, Davis' coeffictéhts C, to Cyq and O'Neill and Majumdar's

»

coefficients. -
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Let S be the distance between sphere suriaces. The coef-

ficzents are functions only of Rl/RZ and S/R2 (or S/R., depending

1’
on wiich radius is selected as the reference length; Davis uses S/RQ’

*
while 0'Neill and Uajumdar use S/Rl). Davis presunts a convenient ~

tabulation of nur.rical values of the coefficicnts for Rl/R2 =1,

2, 5 and 10 at :;/R2 = 10, 1, 10“1, 1072 and 1073, 0'Nedill and

Majurdar present additional values for R]/R2 = 4, Values for Rl/RZ =3

werc found by »nterpolation.
For eacnh coefficivnt a cubic regression (97) was performed

on the tabulated values at a given radius ration tith loglo(S/Rz) as

the independent variable. The cquation had the form: *

\

. 2 3
.kn = An + Bn logJOS/R2 -+ Cn(loglos/Rz) + Dn(loglOS/Rz) (G

v ®

1/Ry-

Table C2 presents the values obtained for Rl/RZ =2, 3, 4, 5 and 10.

For a given coefficient An’ Bn’ Cn and Dn were functions cof R

Values of kn calculated from equation C.1 agreed with the tabulated .
values of Davis and of 0'Neill and Majumdar to within 1Z in most
cases and always to within 2%. -

[y

C2. Motion Parallel to the Line of Centres

Suppose the two spheres are now moving parallel to their
line of centres with velocities U1 and UZ' There is now no rotation
of the spheres. Let the steady state drag on sphere 1 be expyessed
M1 a . - ’
as 61 f&lel and that on sphere 2 as 6 lr(szz Pshenay-Sevefin [ (

(64) formulated the problem in spherical bipolar coordinates and

showed that if the non-linear terms are neglected in the Navier-

}
i



Stokes equation fl and fz take the forrs:

| o= WU, + k.U
1 ?

Cafortunatelv, he did not present tabulated numerical
values of tne ccefi{icients kl te k,. Instead, they were prescnted
4
as the fellcewing infirite serics:
, .

k) = 5-13—— Z f 2(2n-1)(2n=3) | exp (- [sth,B)-em( [Ln*ﬂ“‘)]

~2(2n+1) (2n+3) sina [(1143/2) (-8) expl~(n-1/2) (*x+8)

»

—2(20+l)(2n—])511\5[(n—1,’2)(d—p) e>:p[—(n+3/2)(d~*(3)]}.
D -
k?_ = —Sgg—i 2 Af{lG expf-—(nd /2? (4-5)3 sinh[fn-tl/Z) (d—p)J

"'(2n+1)Zsinh(d—ﬁ)[(2n+3)e:\'p(=<-p) + (2n~1)exp(F—¢()J

+(2n~1) (2n+1) (2n+3) {sinh 28-sioh 2«]}

k3_-.: —(sin‘nﬂ/sinho“s—)k .
. kl. = sir;‘\ B {2(21\ ~-1) (2043)[eXP([2n41]<*)—exp(f.Zn-ol]ﬁ)]
n-l
® ~2(20+1) (20+3)sinh [(n$3/2) (—plexp[(a-1/2) (x+8)] .

~2(2n+1) (2n~-1)sinh [(n-1/2) (<-g)] exp [(n+3/2) (-u@)l}.



~2b 4~

_ n{n+l)
n = (2n+3) (2n-1)

An= 4 sinh2&n4l/2)(4—ﬁ)}—‘(2n+l)zsinh2(4-ﬁ).

" & and g are functions of the coordinuates of the sphere
centres. They are obtained most simplv by the follawing sequence

of. equations adapted from those presented by Davis (65):

C/R2 = s/n2 + Rl/Rz + 1

; Dl/R2

il

2 2 S
[C/R) "+ (R/RY=1 /(2C/R))

]

D,/R, L(C/R2)2+ 1 - (Rl/nz)zj/(zc/;zz)

B/R

1

2 [(Dl/Rz)2 - (Rl/Rz)EJ1

H

5,
52

(D /R) + (B/R)] - In(R /R,) = =

In[(D,/k) + (B/R)] = -A-

It

Hence, X and B are functions only of S/R2 and R1/R2. This implies -

§

that kl to k4

It would have been very cumbersome to evaluate the above

are also functions only of S[RZ and Rl/Rz.

infinite series at every step in a collision efficiency calculation.
Instead, they were evaluated only at S/R2 = 10, 1}, 10-1, 10“2 and
10_3 using Rl/R2 =2, 3, 4, 5 and 10, i.e. the same conditions for

which the perpendicular coefficients had been tabulated. Convergence

was rapid. For each coefficient the numerical values obtained at a
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given radius ratio were subjectéd to a quartic regression (97) with
In(S/R.) as the independent variable. DBest resulte were obtained

2 ,
with In kn as the dependent variable forn = 1 and &4 and 1n(—kn) for

n = 2 and 3. The quartic equations are:

, )
Ink = A —3 1nS/R, +C (In 8/%:) % D (In S/R )3
n T n 2 n 2 n 2
FA
+En(ln -S/P\‘?) \ (C.-Z)

n = 2 and 3:

i

N ' 2
-l —— kel
In kn) = An,+ Bnln S/‘.2 + Cn(ln S/RZ)

Z,
. +D_(In S/R)> + E_(1n S/R,)" (c.3)

For a given coefficient A , 5, C , D ‘and E_ are functions of R,/R,.
n n n’ n n 172

Table C3 presents values for RI/RZ =2, 3, 4, 5 and 10. Values of

kn calculated from these equations agree with those obtained from

the Pshenay-Severin formulae to within 17 in.most cases and always

to within 27Z.



Our
Coefficicats

1]

Lavis o'

Neill and Majumdar
Coefficirents

Cyal (Ry/R))

6

radius of larger sphere

radius of smaller sphere

~£,, (k,€)
£, (T ek ™)
-f,008)

£1,0S ek (R /R)
~f,,(k,E)

-1 ,-1
~f, (K ek )
~f,(k,E)/ (R /R)

-1 -1
£,k ek D)

-1 -1
~8y,(k ek )
-gll(k,e)

-1, -1
81,k £k T)x(R;/R,)

gzz(k,e)

g, (K ek ™)
85 () /(R 7R~ -

-1,,-1
-8,k €k )
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TABLE C2

Y

Perpendicular Force Coefficients (Equation C.1}- ———o . -

A J—/‘\J
fl/RZ n An Bn ‘ Cn Dn

2 '5 -1.11178 0.17740 -0.06022 -2.01115
6 0.24115° ~0.22140 0.03230 0.005¢8

7 0.06935 -0.15879 0.07727 0.01283

8 0.07188 -0.10764 0.03705 0.00478

9 0.48231 ~-0.44280 0.006458 0.01196

10 -1.14410 0.29691 -0.13556 -0.02302

11 0.29834 0.40762 -0.11218 —0.61928

12 -0.03697 0.14668 -0.09898 -0.01235

13 0.05201 -0.11910 0.05796 0.00963

14 -0.11187 0.15286 -0.04208 -0.00723

15 -1.03815 0.12984 -0.07983 -0.01192

16 ~-0.01945 0.03715 -0.01589 —0.90220

17 0.10783 a -0.16147 0.05558 0.00717

18 .—0.03773 0.11001 #0.07423~. -0.00926

19 -0.03889 0.07430 -0.0317 ~0.00490

20 ~1.01366 0.17403 -0.1473 —9201566

f
o
N,
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TABLE (2 (cont'd)
Ry /R, n a A B c "”'bn
3 5 ~1.11148 0.15566 ~0.04295 -0.00901
6 0.20026 ~0.17490 0.02585 0.00511
0.08369 ~0.1455 0.05955 0.00319
8 0.04592 -0.06313 O.F]SQB ¢.00105
0.60204 ~0.53186 0.08329 /3.01715
10 -1.19816 0.35395 -0.14236  +0.02048
11 -0.47228 0.53369 -G, 13762 ~0.02945
12 -0.04868 0.13171 ~0.07905 -0.00394
13 0.06300 -0.11303 0.04299 0.00789
14 -0.10870 0.13505 -0.03251 -0.00650
15 -1.05377 0.11892 -0.05133. -0.00771
16 ~6.01579 0.02626 -0.00995 ~0.00095 -
17 0.10770 ~0.14833 0.04709  0.00334
18 -0.03646 09881 -0.05999 ~-0.00297
19 -0.04668 0.07711 ~0,02920 -0.00209
20 ~1.04555 0.19124 ~0.12209 -0.00067
4 5 -1.10620 0.13766 -0.03375 -0.00736
6 0.17328  4-0.14728 0.02317 -0.00466
7 0.08734 -0.13640 0.04044 0.00753
8 0.03346 -0.04437 0.01414 0.00045
9 0.69308 -0.58913 0.09271 0.01863
10 -.T§2727 0.40995 ~0.14479 -0.01879
11 .~0.53454 0.61524 ~0.13385 -0.02789
12 -0.04821 0.12690 -0.06470 0.00052
13 0.06546 ~0.10232 0.03035 0.00566
14 -0.10023 0.11538 ~0.02511 ~0.00524
15 -1.05878 0.10584 -0.03614 -0.00547
16 -0.01190 0.01965 -0.00722 -0.00037
17 0.09998 -0.13330 0.04299 0.00165
18 -0.03614 0.09517 -0.04852 0.00039
19 ~0.04786 0.07833 -0.02881 -0.00141
20 -1.05563 0.20169  -0.11912  0.00495




BABLE €2 (cont'd)

~ae

-
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A1

Rl)RZ n An Bn Cn Dn
5 5 -1.10270 O.l?QSQ @ -0.02441 -0.00435
6 0.15514  =0.12545 0.01683 0.00255
7 0.08587 -0.12005 0.03276 0.00570
8 0.02376 -0.03314 0.01261 0.00107%
9 0.77573 ~0.62727 0.08%414 0.0]275‘
10 -1.22300 0.4348%" -0.19248  =0.03150
' 11 ~0.63802 0.66452  -0.10803  —0.01673
12 -0.02768 0.12152 -0.08704 —0.0092]“
13 0.06439 -0.09005 0.02458 0.00429
14 -0.09571 0.09968 -0.01670 ~0.00251
15 ~1.0%618 0.09249 -0.03198 ~-0.00538
16 -0.00897 0.01545  -0.00667  —0.00057
17 0.08909  -0.12423 0.04729 0,00387
18 -0.02077 *.0.0911%  -0.06528  -OMY0690
19 ~0.04487 0.07727  -0.03337  -0.00283
20 ~1.01853 0.21551  -0.18145  -0.01883
10 5 -1.07760 0.07468  -0.01050  -0.00168
6 0.09905  -0.07061 0.00990 0.00090
7 0.07083  -0.07709 0.01293 0.00226
8 0,00893  -0.01084 0.00488  -0.00066
9 0.98721  -0.71288 0.10509 0.01379
10 ~1.28088 0.52183  -0.22455  -0.03577
11 ~0.89546 0.77373  -0.09877  -0.01204
12 -0,01806 - 0.10099  -0.07828  -0.00731
13 0.05312 -0.05781  0.00969 0.00169
14 -0.06748 0.05736  -0.00681  -0.00044
15 -1.04910 0.05943  -0.01210  -0.00223
16 -0.00400 0.00594  -0.00290  ~0.00041
) 17 0.06130  -0.09311  0.04724  0.00331
18 -0.01355 0.07574  -0.05871  -0.00548
19 ~0.03554 0.06877  -0.03745  -0.00248
20 -1.02177 0.23481  -0.19643  -0,02017

i
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TABLE C3
Parallel Torce Coefficients (Equations C.2 and C.3)
/2
‘R./R. n A B C D E

1 n n n n n
. 2 1 0.30935 -0. 26287 0.07706 -0.00418 -0.00073
2 -0.61273 -0.66304 N,02056 -0.00684 -0.00074
3 0.08042 ~0,656304 0.02056 -0.00684 -0.00074

Y
) 4 0.47084 -0.37598 Q.0873%9 -0.00238 -0.00080
3 1 0.27666 70.23459 0.07441 -0.00469 -0.00071
2 -0.79292 -0.63234 0.02868 -Q.00753 -0.00090
3 0.30568 ] ~0.63233 0.02868 ~0.00753 -0.00090
, 4 0.55323 —0.41709 0.08879 -0.00168 -0.00077
4 1 0.24015 ~0.20793 0.07241 -0.00316 -0.00071
’ ) 2 -0.95327 ~0.60674 0.03522 -0.00802 -0.00103
2, 3 0.43305 ~0.60676 0.03521 -0.00802 -0.00103
4 0.60321 -0.44001 0.08925 -0.00128 -0.00076
5 1 0.20846 ~0.18544 0.07036 -0.00553 -0.00069
2 -1.09449 -0.58621 0.04044 -0.00835 -0.00112
3 0.51494 -0.58621 0.04045 -0.00835 -0.00112
’ 4 0.63705 —0.454457 0.08933 -0.00103 -0.00074
" o

10 1 0.11&103. ~0.11456 0.06013 -0.00629 -0.00055
2 -1.61309 —0.52983 0.05642 -0.0086 -0.00133
3 0.68959 ~-0.52985 0.05639 -0.00866 -G.00133
4 0.71578 -0.48474 0.08913 -0.00051 -0.00071
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D. COMPUTER PROGRAMS e

D.1 Viscous Interactien lodel (Chapter 8)
e 0 7} a

. t

D.1.1 Bachwards Intecgration "

e ek n e st ot o e o S D e e A e

5 -
The progra~ is designed so that several trajectories at

N

various size ratios can be ce-puted in 2 single run. _The trajec-

4
7
¥tories are grouped according to radius ratio; i.e. all trajectories

o
‘at a given radius ratio (Rl/R7) ara computed before moving on to
4 Al

a

thé next ratio.

-

4
The input data deck is in“the fo]lowihgyérder.

-
2

Card 1: -

(a) MO = no. of radius ratios in this group of runs.
[+]

*
(b) LRY¥ = previous run number (required for titles),

Cards 2 to-21:

% -

Férce coefficients for the first radius ratio; each card

contains A, B, C, D and E for a given coefficient (see

n

Appendix C).

E = 0 for perpendicular coefficients ks to kZO'

.Card 22:

M = no. of runs at first size ratio.

, ¢
Cards 23 to (22 + M): - ,
. 4 .

Each card refers to-one run and gives the following dataf

{a) Rl = bubble radius (microns).w
(b) R2 = particle radius (micrens). ) -
(¢) E = separation So of surfaces at 6 = 90° (microns)

(d) RHO2 = particle density (gm./ml.)

i ~~'? 3 s .
T

N
s |

~

A



-~

N N d
. () 4
! »
- Additional Cards:
- . .
The above sequence (except Card 1) is repeated for each . P
’ EY
radivs ratic. ’ "

Fxhivit Dl is a preozran listing and L:hiibit D2 is a

-
\

typical out

which integraticn was 1t0?pec. TOL' XM is the cccuracy required for

evaluation

subroutirce

—

D.1.2 For:

Dut: "I rnitin

]
el
A
~~
to
~
Sy
(w)]
]
~
Y
~

}.4

n

tine ratio ay/ax‘at
!

'

ol tre cepercent varieahles in ‘Qi ru- erical integration
.

T T S Y - ¢
(.'-’_ \bu.\). -

arzs Integration

The irvut data ceck is identical to that for backwards

integration
giving the

of the cent

except that ¢cards 23 to (22 + 1) have two extra fields
initial vertical and horizontal coordinates Y(1) and Y(2)

re of the particle. The third field on thesevcards‘(So)

o

may be left blank.

Exhibit D3 is a2 program listing and Exhibit D4 is a typical
output. . ° _
D2. Calculation of Colilisicn Efficiency Including Unsteady State

" Drag Terzs (Chapter 11).

The input dasa deck is in the following order.

dard 1: ‘

(a) H, or whatever single alphanumeric character is

Ve
desﬁ%ed to indicate on the output a trajectory whose

starting value of y was too high. 4

+ 2 r



)
(c)
(d)

-253~

L, or whatdver i$ desired to indicate a low trajectory.

$
MO = number of runs in this deck.

MOl = sequence number of first run (required for titles\

~

Cards 2 to (1 -+ M)

Each card refers to one run and gives the following data:

(a)
(b)
(c)
(d)
(e)

(£)
(g)

output.

G

it

dimensionless terrinal velocitv ugt of the particle.
{ ’ s

K = Stokes numrber St. ;
RHOPF = fluid to particle density ratio (/EépD).

RPS == ratio-of particle radius to Fubble radius.

o
)

YI¥ = initial value of y, the horizontal coordinate

of the centre of the particle.

FLOW = flow parameter (1 for Stokes, anything for potential).
NSS =}drag term parameter (1 if onlv steady state term

is 'to be inéluded; 2 if pressure gradient terz is to be

included; 3 if all unsteady state terms are to be included.)}

Exhibit D5 is a program listing and Exhibit D6 is a typical

o . , ’ -
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Exhibit D.1

VISCOUS INTERACTION ODEL; CO:PUTER PROGRAM
FOR BACKWARDS INTEGRATION




“""'—_"F’—* T ) - PAGE 1
\ z . ‘ 7
E ! 1 QIMENSION Y(10)+DY{10}
: 2 COMMON /DFP/Y/SRAD/DY/ZACC/TULKM(10) N
- 3 COMMON K(25+9)sR1+R2,S,8.,RATIO0,TOL
- 4 RLAL K N .
s READ (5,795 ) M0 Ane
6- 999 FORMAT(I1,15)
! 7 DO 303 LAS1.MO
8 DO 1 I=1,20
/ 9, RFEAT(542)(K{I1sJ)sJ=1+5)
; 10 2 FORMAT(SF1S5.9)
1t 1 CONT InUF
: 12 READI(5,798)M —
/ 13 998 FURMAT(12)
. 14 DO 100 L=1,M e
1s L=L+LRN __ h
- 16 - t=CAME(LA-1)
\\wﬂﬁﬂ(_ﬂ,/k?“’ URJfF(b-ZSJ)L N
. 18 253 FOR}MAT('l'o///l///-6OX-'RUN NUMBFR*,14) ~ :
12 L=L~M*x(LA~-1)
20 L=L-LRN
21 WRITE(6+274)
’ 22 274 FORMAT (53X ¢y ¢t =mm memm e e mn v) -
23 READ(S,210)R1+R2 4E+RHO2 he
24 210 FORMAT(4F10.5) .
25 RAT=R1/R2
26 ;,  fOL=-.000001 " .
27 . FAC1=z.01
28 FAC=.001
29 WRITE(6s211)R1,R2,RATRHO2 -
30 211 FORMAT(///+20Xs*R1=4,F6e2+* MICRUNS® +//,20Xs*R2="+F6e2+* MICRONS',
31 377 220K *RIZRZ =0 sF9e2+//+20Xy *DENSITY OF PARTICLE = 4F6e2¢% GMS/ML
32 %) ‘
a3 WRITE(6.212)E+TOL,FACLFAC N
34 212 FORMAT (/,20X * INITIAL SEPARKTION =0sF5.3+s% MICRONS®+//,20Xe ' LIMITI (*
35 NG DY(2)/0Y(1) ='eE9e2s//,20X,*TOLKM =1,Flpas1/R1%,//,20%, * INITIAL
36 + Y(1)/Y(2) =*4F6.4)
37 WRITE(6+4101)
38 10t FORMAT(/////+20%+ *VERTICAL DISTANCE®,10Xs *HOR1ZONTAL DISTANCE".10X
39 X+ 'SEPARATION® 416X+ TIME®)
- a0 RHO1=.0012%28 - .
. 41 ¢
a2 ¢ DENSITY GF AIR.
a3 ¢
R 44 RHOF=1.00
45 ¢ . .
46 ¢ DENSIFY OF FLUIDa . .
a7 C
48 UF=0.01 .
49 ¢
50 C VISCOSITY OF FLUID. § !
st ¢
52 Y(2)=(R1+R2+E)/R 1’
53 Y(1)=FAC*Y({2)
54 . Ul T=—(2%¥{RHOL1-RHOF )*R1*R1%*981)/(9%*UF*10%%8,) v
55 B=(R2#R2%(RHOF=RH02) )/ (R1*R1*(RHOF-RHO1)) -
56 X=0a40
57 TOLKM(1)=FAC1/R1 -
s8 TOLKM({2)=FAC1/R]} 4

|
(]
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59
60
61
62 15
63

64

65

66 16
67 13
68 C

63 C
¢ C
71 C
72 C
73 C
74 C
S

76

77

78

79 Se
80
81
82
83
8e
85
86
87
-1
89
20
91
92
93
9a
95
96

98
99
100
101
102
103
104
105
106
107
108
109 12.
Lo

111

112

113

114 C
115 ¢
1te C
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N=2

OX=Y(1)

J=1

DOXMIN=Y(1)/20000
IF{(Y(1)e6T+0425) GO TO 16
DELX=0e25

GO 10 13

DELX=Y(1)

Yot=v(1)

AT THIS POINT wE HAVE DEFINED ALL THE QUANTITIES THAT ARE NECCESSARY
FOR THE INTEGRATION OF THE DEPENDENT VARIABLES Y(1) 7O Y(2)s WITH
RESPECT TO X THE INDEPENDENT VARIABLE. OVER THE RANGE X TO X+DELXe.
ACCORDINGLY THE CURRENT VALUES OF Y(1).Y(2) ARE HANDED OVER TO
MERSON WHICH THEN RETURNS THE VALUES OF YI1),Y(2) AT X+DELX.

CALL MERSON(XsDELXsOXe DXMING IFAILITSN.LL1stL.241L3,L8)
IF(J.tQel) GO YO 54

OIV1zY{1)/YD1l

IF(DIV1.LT.1.010) GO TO 50

J=J+1

CONTINUE,

IF(L4.EQ.40) GO TO 40

IF(L1.EQ.10) GO TO 10

IF(L2.£0.20) GO YO 20

IF(L3+EQ.30) GO TO 30

L1=10 INDICATES INTEGRATION HAS BEEN SUCCESSFUL IN THE RANGE X TO
X+DEL X,

L2=20 OCCURS WHEN MERSDN FAILS TO INTEGRATE Y(1) AND/OR Y(2) FROM X
TO X+DELXe THIS IS DUE EITHER TO A LARGE DXMIN OR A SMALL TOLKM
WHICH 1S USED.

L3=30 O0OCCURS WHEN THE LIMITING RATIU OF DY(2)/0Y(1) HAS BEEN REACHED.
THIS INDICATES THAT A FURTHER INCREASE IN THE VERTICAL DISTANCE
LEADS TU NO SIGNIFICANT CHANGE IN THE HORIZONTAL DISTANCE. THAT
FOR ALL INTENTS AND PURPOSESs THIS POINT CAN BE CONSIDERED AS A
POINT AT INFINITY FROM WHICH THE PARTICLE IS STARTING TS
JOURNEY.

LA=40 INDICATES THAT THE SEPARATION HAS BFECOME NEGATIVE. ANY FURTHER
CALCULATIDNS WwILL LEAD TO ERRORS AND EXPENSIVE STOPPAGES. MO?T
PROBABLE CAUSE FOR SERPARATION BECOMING NEGATIVE 1S THE LOW VARLUE
OF THE INITIAL SEPARATION wHICH wWAS SPECIFIED. THE TRAJECTORY
1S UNSTABLE AT LOW SEPARATIONS AND RESULTS IN A NEGATIVE
SEPARATION.

STEP=DX*U1T/R1

Y{1)zY(1)*R1

Y{2)=v{2)%R1

S=5¥R2

WRITE(6¢12)Y(1)sY(2)9SeX
FORMATU{//423XeF9e3019XsFB8e3515XKsF9e3:16X,F8.3)

Y{L)=Y(l)/R1 -
Y{2)=vy(2)/R1

S=S/R2 -

GO TO 15

WE RETURN YO 15 AS THE WHOLE TRAJECTORY 1S NOT YET COMPLETED.




117
118
119
120
121

122
123
124
129
126
127
128
129
130
131

132
133
134
135
136
137
138
139
140
141

142
143
144
145
146
147
148
149
150
151

152
153
1S54
155
150
157
158
159
160
161
162
163
164
165
166
167
168
163
170
171

172
173
174

20
21

WO non
- O

444

440

445

441

446

442

447

500

401

443

448

449

POEOD AN

- Q

WRITE(bL,21)

FORMAT{//+5X+ *SMALLER DXMIN OR LARGER TOLKM REQUIRED FOR SUCCESSFU
ol INTFGRATION')

Y{1)=v{1l)*r1

Y(2)=Y(2)*R1

S=5*R2

WRITE(6422)Y(1)e¥Y(2)+SesIFAIL

FURMAT (///+10Xs*Y CO-ORDINATE ' 4FBaeSs 10Xy *X CO-ORDINATE =',FBeS5e/
X/7+10Xs *SLPARATION =*,FB.5,10X, ' THE VARIABLE WHICH FAILS=%',13)

GO TO 14C

SINCE THE [INTEGRATION HERE HAS FAILED{ AND RECTIFICATION MEASURES ARE
REQUIRED )wE SIMPLY MOVE DN TO THE NEXT RUN.

wWRrRITE(6s 31)

FORMAT{NAS o/ / /2777777 220X s % 0 SREEEAXREESE RS EEXEEEEEEEERNRREERER RN K
stttta::*g#‘5;tttttt:tmxtvtm;taa’,tttttt*t')

COLLE=Y{(2)*v(2)

Y(1)=Y(1)*R]

Y(21=Y({2)*R1

E=S%*¥R2

WRITc(os44a)

FURMAT 20X s "% % 708X s "% 4/ 320X, %2, 78X, %)

WRITE(H.440)

FOQVAI(ZOX.'*'-3lx~'ULTIM&tt VALUES s 32Xs*x*)

WRITE{(64+.445) N

FORMAT (20X s %Y o THX 2" 2% 4/ 420X %8 ;78X "'%")

ARITE(64841)Y(1)Y(2)

ENRPMAT (20X, ¢ %0, 7Xs "VERTICAL DISTANCE=*+F9+3+10X+»*HORIZONTAL DISTAN
CEZ'4F Je3e5Xst%xt)

ARITe(6+a440)

FUORMAT (20X * %Y o 78Xe " %% 3/ s20Xe? %! ,78Xs"%")

BRITE{6,342)F o X

FORMAT(2CXy * % o 7X s " SEPARATIUONS " 3F Qa3 417X TIME="4F3e3,20Xs" %)
WRITE(6,447)

FORMAT (20X s *H* 4 78Xs " %% 4/ e20Xp ' %% 478X, '%"%)

WRITF(6,500)COLLE A

FORMAT (20X " %" e 24X ¢ CALLISION EFFICIENCY='4EQe3s24Xy*'*")
WRITF(bH.,401)

FORMAT(20X, *%%,78X ¢ "% ,/+20X+ %% ,78X,9%¢)

WRIT(6+,443)

FURMAT (20X " XEFERRR SR ER SRR X AL IR AR EREREREREREN SRS BRER RS SEE BRI RN RS
PHREEFEEERXESEEFERREERREEEREY )

WRITc(64448)

FORMAT(///7///+20X. *NOTEL* +8X*DISTANCES AND SEPARATION ARE IN MICR
$ONS)

WRITE(64+449)

FORMAT(12Xy v —==—mm~ "W7XH ' TIMF IS DIMENSIONLESS (REFERENCE TIME=8BU
38LE RADIUS/BUBBLE TERMINAL VELOCITY )*)

GO TO 1006 -

AS THE FULL TRAJECTORY HAS NDOw BFEN CHARTED. WE CAN MOVE ON TO THE NEXT
RUN .

WRITR(6.81)

FORMAT(//77:80X«*RUN TERMINATED A5 SEPARATION BECOMES NEGATIVE')
WRITE(6.42)

FOAMAT (39X 3 1wt e e e e v e ')

PAGE
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175
176
177
178
179
180
181
182
183
184
185
186
187
tas
187
130
191
192
193
194
195
196
197
198
192

Y200

201
202
203
204
205
200
207
208
209
210
211
212
213
214
215
216
217
218
213
220
221t
222
223
224
225
226
227
228
229
230
231
232

43

a4

[ 2N Xa)

S2

100
303

s NsNaNaNaNaNs NN N1

172

173

174

PAGE a

Y{1)=Y{1)*R1

Y{2)=Y(2)*R] \\\

S=S5%R2

WRITE(6+43)Y(1)eY(2)+S

FORMAT(//+20Xe 'VERTICAL DISTANCE ='.FR.3.20X.'HORIZUNTAL'DISTANCE
F9,FBe3e//330Xs *SEPARATION =*,FB.43)

‘WRITE(6,44)

FORMAT(//+20Xs *NOTE 1%v,10Xe"ABOVF DISTANCES ARE IM MICRONS'e/+19Xs
Rt ~—————— vy -

GU YO 100

AGAIN RECTIFICATION IS REQUIRED, AS THE SEPARATION HAS BECOME NEGATIVE.
AND WE CONTINUE ON TO THE NEXT SET OF DATA.

Y(L)=Y(1)*xR1

Yi2)=v{2)%*R1 ‘

S=S*R2

WRITE{6+52)Y(1)e¥(2).S

FORMAT(///7+40Xs*LESS THAN 1X CHANGE IN VERTICAL DISTANCE *+//.20X

2 "VERTICAL OISTANCE =®eFB8.¢3+//420Xe *HORIZONTAL DISTANCE =*sF8a3.//

220Xy "SEPARATION =9 ,F8,3e///420Xe*NOTFE :#,10X+"ABOVE DISTANCES ARE
5 lN M!CRDNS"/OIOXO' ““““ ')

CONT INUE

CONT INUE

STOP

END

SUBROUTINE MERSON(XsDELXsDXsDXMINSIFAIL,ITS,NsL 1oL 2s034L8)

INTEGRATES FROM X TO (X+DELX) MERSNOO2
DX IS ESTIMATE FOR INTEGRAT[CN STEP NECESSARY : MERSNOO3 .
DXMIN IS MINIMUM STEP LENGTH TO GE PERMIYTED MERSNGCOQ4
TOLKM IS REQUIRED ACCURACY MERQSNOOS
N IS NUMBER OF DEPENDENT: VARTABLFS ML RSNOCO
CONTROL TRANSFERRED TO FIRST LABEL IF INTEGRATION FALLS!X AND Y(I)IMERSNOO7
ATHEN CONTAIN NEW VALUES MEASNOOS
CONTROL JRANSFERRED TO SECUND LAHEL IF INTEGRATION FAILS:I X AND MERSNCJ9
2Y{1) THEN CONTAIN MOST RECENT CORRECT VALUES MERSNO10
IN EITHER CASE, OX COUNTAINS CURRENT STEP LENGTH MERSNO11
DIMENSION Y(10),YOLD(10).FK{(H+10)¢DY(10}.ERR{10)}

COMMON /DEP/Y/GRAD/DY/ACC/TOLKM(10)

COMMON K(25+5) sR1+R2+5+BesRATIU.TOL

REAL X .

TOL1=a0. )
1TS=C0

FINTS=DELX/DX+0e5 R MERSNO16
INTSSIFIX(FINTS) MERSNO17
IF(INTSLTL1YIINTS=1 MERSNO1B
DX=DELX/INTS MERSNOJ
FMULT=DX/3. - MERSINO20
GO 10 & MERSNO21
ERROR CHECK MERSNO22 -

Do 172 I=1.2

IFIERP{1)«GT.{TOLKM({ 1)%5.0)) GO TO 20

CONTINUE :

DO 173 1=1.2

IF(ERR(IN»GT{TOLKM({TIY/32,)) GO TO 174

CONT INUE »

6O 10 21 - -

CONT INUE

INTEGRATION SATISFACTORY: CALCULATF NEW POINTS MERSNO2S

-
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2313
234
235
236
237
238
239
240
241

2a2
243
244
245
246
247
248
249
250
251

zs2
253
254
255
256
257
258
259
260
261

262
263
264
265
266
267
268
267
270
271

272
273
274
275
276
277
278
279
280
281

282
283
284
285
286
287
238
249

290’

™
3 DO 2 I=1.N
2 Y(I)=YOLD(I)+0 S*FK(1,1)+2.C%FK{8,1)+0.5%FK(S,s1)
ITS=ITS+1
C CALCULAZE AND TESTS
C TEST whiETHER THE VALUE OF Y(2) IS LESS THAN ZERQ
IF(RATIOGT.TOL+AND+S«GT.TOLl) GO TO 202
GU TO 203
202 L3=30
L2=0C
L1=0
‘L&a=0
RFEFTURN 1 -
203 IF(INTS.EQ.1) GO TO 201
GU TU &
201 L1=10
L2=
L3%0
La=0
RETURN 2
6 INTSRINTS-1
c PRESERVE CURRENT VALUES
4 XOLD=X
DO S I=1.N
S YOLS(1)=Y(I)
IHALF=0 .
Gu TU 9 .
c “RROR EXCESSIVE: HALVE STEP
20 DX=0.530X
IF(GX.LT.DXMIN) GO TO 19
INTSZINTS+INTS
IHALF=1
G0 TO 8
c STEP LENGTH TOO SMALL: INTEGRATION FAILS
19 X=X2LD
[FAIL=1=%
PO 23 121N
23 Y(I)=YOLD(1)
L2=20
L1=0 y
L3=0
L4=0
RETURN 3

C FRRAOR SMALL: STEP LENGTH MAY BE INCREASED IF POSSIBLE
C CHFECK [F STEP PREVIOUSLY HALVED (PREVENTS CYCLING)

21 IF(INALF.EQ.1) GO TO 3
C CHECK IF INTS EVEN
IDUBLESINTS/2
IF{(IDUBLE®2).EQ.INTS) GO Ta 22

C NOT POSSIBLE: INTS 00D
GL TQ 3
C puuaLyE STEP LENGTH .
22 INTYS=1DUDLE
OX=2.%DX .
C GO0 BACK TO LAST POINT, AND INTEGRATE WITH NEW DX

8 FMULT=DX/3.
DD 7 I=1«N

7 Y{I3=y0LD(1)
X=X0LD

MERSNO26
MERSNO27

MERSNOZ29
MERSNQO 30
MERSNO 31
MERSNO32
MERSNO 33
MERSNO 34
MERSNO35
.MERSNO36
MERSNO37
MERSNO38
MERSNO39
MERSNOGO
MERSNO41
MERSNO42
MERSNO43

MERSNQAS
MERSNOAS

MERSNOA?
MERSNO4B
* MERSNOAY9
MERSNOSO
MERSNOS1
MERSNOS2
MERSNOS3
MERSNOS4
MERSNOSS
MERSNOS6
ME RSNOS7
MERSNOPS
Y MERSNQS9
MERSNOG60
MERSNOG61
MERSNOG62

PAGE
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O SN

B

SOOI S

"

291

292
293
29a
29s
296
297
29a
299
300
301t

302
303
304
305
306
307
108
309
310
an

312
313
314
315
316
317
s
319
320
321

322
323
324
325
326
327
324
329
330
33

332
333
334
335
336
337
338
339
340
341

342
343
344
3a5
346
347

348

ann

16

[alsNalal

31

32

33

30

11

12

13

14
10

18

MAIN INTEGRATION PROCESS STARTS HERE #¥e% MERSNQO63
ADVANCE X BY DX ' MERSNO64
CALL DERIVS{X¢N,L8)
IF (L4 +FQe40) RETURN 4
DO 18 15=1+% - MERSNO66
G0 TO (31.30.32.{;-30)'15 MERSNOG6T
R=X4FMUL T . MEQSNOGS
GO YO 30 MERSNO69
X=X40e5¢FMULT MERSNO70
GO TO 30 MERSNO 71
X=XOLD+DX MERSNQT2 T
UPDATE Y(I)} MERSNOT73
DO 10 I[=1.N MERSNG 74
FK(IS+1)=FMULT#DY(I) MERSNOT7S
G0 TO (11+12+13.18410)s15 ¥ MERSNO 76
PRERICTOR AT (X4¢Dx/3.) MERSNO?77
Y(E)=YOLD(I)+FK(1,1) MERSNO78
Ga 10 10 MERSNO79
CORRFCTOR FOR (X+DX/3e) MERSNOHO
Y(I)=YOLD(I) 40 .5%(FK{1,1I+FK(2,1)) MEDSNOB1
G0 TO 1o MERSNOSB2
ADVANCE TQO (X+DX/2.) MERSNOSB3
YOI)=YOLD(1)140.379%FK(1+1)414125%FK(3.1) MFRSNO B4
60 TO 10 MERSNOES
ADVANCE TOU (x+Dx) . MERSNQB6
YUI)=YOLDUI)+1 eS5S#FK(1+1)—2.S%FK( 3, 1) +6.0%FK{4s[) MERSNOB?
CONTINUE . MEISNOBY
IF{IS.EQ.5) GO TU 16 MERSNOBY
EVALMLATE DERIVATIVES MEQSMO30
CALL DERIVS(X¢NoLA) .
IP(L3.EQed40) RETURN 5 °
GO TO 18 MERSNOG2
ON LAST INTEGRATION., EVALUATE ERROR ' MERSNOD3
BO 17 1=1.2
ERR{I)=ABS (FK(1+41)=4s5*FK(3+1)+4.0%FK(8,1)=0e5%FK{S.1))
CUNT INUE MERSNOI9
GO TO 1 MERSNLOO
MERSN101

DERIVS IS THE SUBPRUGRAM WHICH CALCULATES
GIVEN Y(I1)?S AND Xe. N
SUBROUTINE DERIVS(XeN,L4)
DIMENSION Y{10)4DY(10).T(30)
COMMDN /DEP/Y/GRAD/DY/ACC/TOLKM(10)
CUMMUN K{(2535)sR1sR2:5¢BRATIO,TOL
REAL K : R
R=SORTI(Y(1 )oY (1 )+Y(2)%Y(2)))
COST=Y{1)/R
SINT=Y(2)/R
S=R&R1/R2-R1/R2~1,
IF(S.LE+0.0) GO TO 10
SLOG=ALOG10(S)
SLO=ALOG(S)
DO 1 I=1.4

TOIN=K (T 1) 4K T, 2)RSLO+K(T+3)2SLO**24K (1, 8)4SLO*¥*3+K(1+5)45L0%*xa

FCI)=EXP(T(I))
IF{T.EQ.1) GO TO 3

THE DIFFERENTIALS OY(I1)°*'S
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349
35
351
352
353
354
35S
356
3as7
358
359
360
361
362
363
364
365
366
367
348
369
370
371
372
373
374
- 375
376
377
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IF{1.7Q.4) GO TO 3
GO TO 1 -
T(1)==T(1)
CONT INUE
DO 2 1=5,20
TCII=K{T+134K(T+2)*SLOGHK{1+3)%SLOG**2+K({ 8 )%SLOGE*3 -
CONT INUE N
P=((T(3)+T(A)=B*(T(L)I+T(2)))/(T(1)%T(4)=-T(2)*T(3)))*COST ’
Q={(T(15)*T(20)-T(19)2T (161 *(T(I)+T{10)=(T(S)+T(6) }*p)
+(T(7)%B=T(11))&(T(20)*«(T(1324¢T{18))~T(L1O)®(T(LE7)+T(1B)}) ,
(T (B)*BR=T(12))1#{—-T(19){T(13)+T(14))+T(1SI*(T(1714T(18))))*SINT ‘
ZUUT(1SI%T(Z20)=T(12)3T(16))2(T(S5)*T(10)=-T(9)*T(6)) : -
FTULILIRT{20)-TL19IRT(12))%(T(13)3T(6)-T(5)*T(14))
S{TOIIIRTEIBI-T(1S)&T(12))%{T(5)%T(18)}=T{17)%T(6)) -
S (T(TI®RT(20)=T(1O)I*T{BII*(T()&T(18)-T(13)¢T(10))
H(TITIRTLLI6)=-T(1S)IST(B8IIHA(T(17I*T(10)=-T(9)*T(18))
FUT(7)ITCLI2)=T(L1II*T(BY & (T{1314T(18)-T(L7)I®T(14)))
DY (1)=~P*CUST-Q*SINT
DY(2)==P*SINT+Q*COST X
RATIO=0Y(2)/0Y(1)
La=¢
RE TURNT <.
L4=30

RUNC RS RS B I R I ]

L&=40 INDICATES THAT SEPARATION HAS BECOME NEéAV!VEv AND RETURNS

TO SUBROUTINE MERSON ,
RETURN 2
END

g743112
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Exhibit D.2

TERACTION MODEL; SAMPLE OUTPUT WiTH
BACKWARDS INTEGRATION



? . - RUN NUMBER 253 :

R1= 36.00 MICRONS

R2=x 7.20 MICRONS : R
"R1/RZ2 ¥ 5.00 ‘

DENSITY pF PA&T!CLE = 2.50 GMS/ML

INITIAL SEPARATION =0.500 MICRONS

LIMITING OY(2)/D0Y{1l) =-0.10E-05

TOLKM =0.0100/R1

'l

INITIAL Y{1)/Y{2) =0.0010 - , ' -
E? VERTICAL DISTANCE HORTZONTAL DISTANCE _ SEPARATION © TIME
e
= 2.089 43.651 0.501 0.250
= , ’ 3
—_ 40125 43.508 0.503 0.500
= , c
=2 6.147 43.273 0.508 i 0.750
B.145 42.948 0.514 \ 1.000
10.113 42.536 0.522 1.250
12.280 . 41.973 0.533 1.531
14.838° 41.157 0.550 1.872
17.800 . 39.993 0.576, ' 2.284
21.144 ¥ 38.375 0.615 i 2.779
~ : -
24.791 36.200 R 0.675 3.366

+
<D
o
e/
s
0



ul

‘ 28.591 33.402 0.722
, 32.377~ 29.997 0.937 4,849 :
’ 35:978 26.106 1.250 5.748
, 39.456 ) 21.961 1.950 6.748 - ) .
. c 43.499 17.894 3.826 7.844 L )
; 50;31; 14.344 9.205 9.052 )
644662 1}.?&3 22.500 10.451
. B . 93.363 9.578 50.653 12.248 )
o 148.858 7.989 105.870 14.841
. - 256.303 6.730 213.190 18.976
. 5 470.611 5.809 427.444 26.095 .
: n 926.253 5.340 883.065 39.168

g~

N

be

'

H

Lad it




ot

e

' - #O*‘##t##t*#‘*‘#tt#‘#‘#ttttttt‘*#tt**#t###‘#‘*‘ttt*tt?C##tt##t#t#"tt‘#t“t*##*#

*
L J
*
»
*
*
*
* .
* SEPARATIONs 1081.94%
*
*
*
*
»

NOTE:

—— i v o

VERTICAL DISTANCE= 1125.133

ULTIMATE VALUES

\

HORIZIONTAL DISTANCE=

TIME= 44.314

COLLISION EFFICIENCY=0,219E-01

~

DISTANCES AND SEPARATION ARE IN MICRONS
TIME IS DIMENSIONLESS

SRR REEBEERRBFBERS R SRR BE SR SRR N SRR RRSESIRBREEBFERESBEERRRLE RS R E SRS BREEE RSN

Q

*
*
*
*
*
5.324 *
*
*,
*
*
*

e

*
*
*

’ *
2

{REFERENCE TIME=BUBBLE RADIUS/BUBBLE TERMINAL VELOCITY )

[ N
; & {h .
\‘ \\
t Y
- 4
T Ty » v .
- ~
Ea el ’ ‘ ’ -
) ,
? Ll
o - L2 l a2 d 22 ] - R - - L 4
T Y T e et 2 2t e D e heninded sivindrdintntodedt e e LA DR DL LS Sl il bbb LA Db b A d b ah
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Exhibit D.3

[
«

VISCOUS INTERACTION MODEL; COMPUTER PROGRAM
FOR FORWARD IVTEGRATIOW

~
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S e——

g wa s
AR R

e

a

OB NONAD W™

1
WRNNRNNMNNND DN - ot o 4 e s e e
CONORE MV R OODRNDIPAPUWUN~O

30
3
32
33
34
3as
a8
37
38
39
49
41
a2
43
a4
AS
A6
47
LY:]
ASQ
59
51
52
53
-1}
55
56

~ 57
LY ]

999

-

%

253

276

212

101

[z NN} OAan

[a N alal

? 20X P INITIAL Y(2) =

~

OIMENSIUON Y(1C),.DY(10)

COMMON /DLCP/ZY/GRAD/DY/ZACC/TOLKM(1IN)

COMMON K{2545)sR1 sR2eSeHIRATI(«TOLAY2ZMINSYIN

REAL X

READ(S+999 MO LGN

FORMAT(I1.15) Lt
DO 303 LA=}.MC . -
DO 1 1=1,.20

READ(S+2) (K{Ied)eJ=145)

FORMAT(5F1569)

CIANTINUE

READIS.998)IM

FOPMWATL(12) .
DO 1CO0 L=1,M

L=L+LARN N
L=l +ME(L A=)

WRITE(5,253)L

FORMAT(* LY /777777 80X +?RUN NUMBER® 14 )
L=lL-Ms(LA-}))

L=L-LKN

WRITEtH,274)

FORAATIS Iy Ve o= -——t)
READ(S.1210)R14R24ELRHO2,Y(1)a¥(2)

FURMAMT(LFL1 0 S5) -

RAT=RI /7R2

TOL==4G5020G1

FAC1=3C1

FAC=,001 .
WRITE(6,211)R1,R2,FAT s ~HC2

FORMAT(/ /720X 4°R1I=*3Fbe2s? MICRUNS* ¢/ /220X e *RP=t,FHhe2¢%' MICIUNS T,
$/7/7020K,VR1/R2 =0 yFSe2./7 420X, POENSITY OF FARTICLE =1 ,F6,2,' GMS/ML

®e)

4

WRITC(6.,2121YL1),¥(2)
FURMAT (/20X * INITIAL Y(1) = MICRONS s/

MIZRCNST)

*3F9e 3,
*WFEco 34°
WRITE(6,101)

FORMAT(////7 420X+ *VERT ICAL DISTANCE® 417X, *HOKIZCNTAL DISTANCE® 410X

Xe*SEPARATIUNTY 16X, *TIVE"®)

RHOl1=40C12628
DENSITY OF AIR,
RHOF=1430 M
* DENSITY OF FLUID, > N
« -
UF=0e01 : -

. e

V1SCNSITY CF FLUID.
Y(21=Y(2 ) /81
Y2MIN=0405/R1

Y{1)=Y(1)/R1

YIN=-Y(I1)

UIT== (2% (RHULI=RHUF 1%R1 2Q1%GH1 )/ (9RUF X1 0xxpq) *
B=(R2#2* (RHOF-RHO2))/{R1sklx( KHOF-PH(11))
X=Ca0 .

TUOLAM( 1) =FACl/R]

RAGE

———— e e e e e 4
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A

Y

IO

i

D1y

i

IVESISRRTY

X

[oatl

59
60
61
62
63
64
&9
L1}
67
69
6S
76
71
72
72
74
75
76
77
78
7S
80
A1
a2
a3
/a
RS
AE
a7
A8
8s
1
91
82
93
94
cs
96
S7
se
9G
10¢C
171
102
103
104
1058
10¢
17
108
10S
110
111
112
113
114
11%
116

PASGE

TULKM( 2 ) =FACL/RY —
N=z2
DX=Y{1)/10
J=1 {/ ‘
15 AY=ARS(Y(1))
DXMINZAY/237233
IF(AYaGT2Col) GO TC 16
DELX=2¥AY

GO TO 113 B
16 DELX=AY/2 ,
13 Ya1=Y(1) .
c
< AT THIS PCINT wt -AVre DEFINTD ALL THL QUANTITIFS THAT ARE NLCCESSARY
C FO< Tru IRTEGRATION OF THE DEP-NOLRY *VARIARLcS Y(1) TO Y(2)s WITH
C RESPECT TG X THE INDEFENDENT VARIAILTIY CVER THF RANGE X TO X+DELXe
c ACCURDINGLY THE CURRCNT VALULS CF* Y(1)sY(2) ARE HANDED OVFR TO--*
c TMERSUN WHICH THEN RETURNS THE VALUES MF Y{1),Y(2) AT X+DFLXe 3
c .. ¥
CALL ME"SQN(X'I)LLXOLXoCKVINOYF/\"‘L'ITS'NO%XiLZvL‘oLa)
YTEST=Y{1)=R] r )
IF(YTEST,Gisuvedld GC TC 54 / ”ﬂlgﬂfﬂ,_'—/”””/
TF{YTI2TeLLal-3e01)) GG T Sa . A e
Y{11==Ce"1 - 9
S4 CCNTINUET / N a .
1F(LasLIs80) GU TC 4D g .
: IF(LlerGell) GlaTC 10 o
IF{L2eEue?d) G TC 20 .
IF(L3eEwWa3n) Ga TC 3C :
16 STEP=IXsUlT/R1 A
YE1r=Y (1) ey
Y{2)=v(2)=P1 A \\\ - ‘
S=5%2
. WRAITE(ELI2IY L)Y (2)4S54XK
12 FIPAATC/ /02" XoF 90 3419X,FB8e2415X4FP03,16X,F8e3) . s
Y(1I=Y(1) /21 , ’
| Y(21= /R ..
S=5/R
GJ TG 1>
C
c WwE RETURN TO 15 AS THE aynLc TRAJECTUKY IS KRCT YET COMFLETEDa
C
30 WRITE(S5,21) e
21 FORMAT(//+5X« *SAALLER OXMIN OR LARGLR TRLKM RECUIRED FOR SUCCESSFU
@l INTEGRATIGN®) i -
Y{ir=v{1)=R1 N -
Y(2)=v(2)ar1
S=SuR2 . .
WRITF(5.221%(1).Y(2)sSs1FRIL - =
22 FORAAT(///7/+15%e%Y CC=ORDINATE =9 ,F53541 .Xe?X CC~CROINATE =*,F8e35,/
N/ WL IR ISTRARATION =y FEeS 10X *THE VARIARLE WHICH FAILS=',13)
GO TO 1CC .
c
¢ SINCE THE INTEGRATICN HLRL FAS FAILED( AND RECTIFICATICN MEASURES ARE
c REQUIRED ) wi SIMPLY MCVE ON T THF NEXT QUNs %
c

3C WRITF(6«311)
311 FORMAT(///7+80X " TRAJECTCHY CUMPLETID®)

GO TO 1675

669201




vvv"vuv hd

117

113

119

12¢

121

122

1213

ol 24

12<

126

127

120

129

129

131

132

123

! 134
, 138
3 136
137
134
' 1 13§
o 141
jull 141
vy 142
' 143
144
145
1456
147
148
149
. 159

. i . 151
. 182
- 153
154
- 158
- 156
157
158
159
160
161
162
163
164
165
16¢
167
168
166

17
172
173
174

31

Aa4a
aa0
445

"

441

LYY

442

447

500

401

4473

448

449

LR el s NeNe}
e O

9

43

aa

[aNaNal

PAGE

FORMAT('['.///;//////,2OX.'l*ttt’*tlt*tt‘t*"ti(t#ltlt*!lix#t#tr:q
CERERXER I XKLL X FEB IR RENF R AR XA KR I X2 AF XX P YRR XN )

COLLE=Y(2)rY (2}

Y(1)=Y(1)=sP]

Ylz)=yl(2)xR1

E=5%R2

WRITE(H,444)

FIRMAT(2CXK 4?2 % o 78X 3% %7 4/ 420X '% 0 g7RX,"x*} -

WRITE(5,44()

FORAAT(2CX o *** 3 31 X4 "ULTIMATE VALUFES?® (32X ,*x")

wWHITE (64445) N

FORMAT(2CX o "% ® 473X s 28 4/ 420X %% ,73X,'x})

WRITE(6,441)Y(1),Y{2)

FAPMAT(Z( X o * ¥ 37X o *VERTICAL DISTANIF = sFQe 2, 1C X, *HCRIZCNTAL DISTAN
—CESY Fc3,5X, %)

WRITE(G6,4486)

FJRMAT(2CX.;§'-7BX-"'o/-?OXo"'v7‘X."')

WRITE (0,442 104X ‘.

FORMAT(2EX o' % g 7X s ' SEPARATIONS? b Qe 3,1 7X, ' TIME=® ,FGya 3,2nx%,%%1)

WRITE(E.447) ’

FORMAT(2LXK V50 478X e %%,/ 20X s %0, 7HX, %77 ) .

WRITE (AsSC0)CCLLE )

FORMATIZOX 3 *%* 324X *CCLLISTON EFFICIENCY=® ,FQe3,28X, 2"}

WRITE(H,,401)

FORMAT{Z2C X o' =¥ (THX 9% /420Xt ¥, 7X " &?)

WRAITE(b.4a83)

FORMAT(Z2C X ¢ ' "B sk E R A XX PR AR R A B A X F AR T X R KR T ¥ ML RN T R SRR ™ Mk BN~ KK W T F
PEXXABFREBE X R PYRRERPRE TSR U R L)

WRITE(6,449) - 4 N
FORMAT(////777 423X+ *NOTE® ,8Xs *CISTANCES AND SEOAPATICN ARE IN MICK
SONS?) N

WRITE{6,44G)

FORMATI I I g ? mmmmm =~ Py 7X W' TIME IS DIMINLICNLESS (QEP€4ENCE'TXV[=EL

ARLE QALIUS/AUB3LE TERMINAL VELCCITY )*)

GD TO 1¢%

/
AS THE FULL TRAJECTCRY HAS KNCw HEREN CHARTED, WS CAN MOVe ON TN THE NEXT
RUNS

WRITE(Es41)
FORMAT(//7 ACX"PARTICLE wITHIN 475 MICRCNS CF D2URFLE aAxXI<r)

WRITE(6.42)

FORMAT (3 3X st wmmmo e s e D e e ")
Y(1)=Y(1)%n] .

Yi{2)=v(2)1%R1 s Y »
$=S*R2 e,

WRITE(E.43)Y(1)eY(2)sS

FORMAT(// 42 K VERTICAL DISTANCE =* ,FB. 3 410X "HLRIZDONT AL CISTANCE -

=0 JFBe34/7330X,"SEFARATICN ="' 4FB,3) -
WRITE(6+448) -
FORMAT(/7420Xe*NOTE $® ,10X,"ABCVE DISTANCES ARE IM MICKLCNS® /419X,

G TO 1CO

AGAIN RECTIFICATICN IS REUWUIRED, AS THE SEFAFRATICN HAS RLCOME N"CATIVT,

AND wt CONTINUE CN TOC THE NEXT SCT I CATA, »
Y(1)=Y{(1)»K1 -
Yi2i=v(c)*R1

N Yelalala



178
176
177
172
179
180
181
182
183
194
138
186
187
ran
19S$
19¢
191
192
163
154
162
1956
187
158
1949
200
271
202
2¢3
204
205
2ce
207
2Ne
204G
210
211
212
213
214
21%
214
217
213
219
227
221
222
223
224
228
22n
227
228
226
2136
221
232

Lo

S=54R2 . r
WRITE(Z2,521Y(1).¥{(2),S
52 EORMATI(/Z/7 453X 'LFSS THAN 1% CHANGE IN VERTICAL DISTANCE V.20 X
~ ' VoITICAL DISTANCE =9 ,F3¢3+7//7¢20 Xe *HOPTZONTAL CISTANCI =%,F8e3,//
v 2 X " SCPARATION =3 FRa3,///7,20X NOTE 11 ,10X, "APLVF DISTANCES APE
& NMICRONSY 3 /419X g tmmmmmmat)
109 CUNTINUE #
ac3 CONT INUE
STGP
ENO
SU3IRCUTINT, MERSUNI X oDELX3CXa OXMINGIFATLITS NoL1,L2,L30L48)
C INTEGRATES FRCM X TC (X+UFLX) Mo NP (2
~ DX IS ZSTIMATc FOR INTEGRATIUN STLCPR NS CESSARY MEIWENCC
c DXMIN 1S MINIMUM STFEP LENGTH TC R PIRVITICD NELENCL &
C TCLEM 1S R-QUINLD ACCU~ACY MERENCCS
[ N OIS NUMECR CF NEFENDENT VART ARLTS NEEINCC E
C CONTIPOT TRRANSFEERIFD TO FIRST LAQEL IF INTFGRATICN FALLSIX AND Y(LINMETENCTT
C " 1THFN CounTAaDN ANe VALURS MORSNCC R
C JCONTARZL TRANSFEQRED TO SECCND LARIL IF INTODGRATIHCN FAILS: X AND NER SO
Cc 2Y{I) THEN CUNTAIN MCST SCCENT (ORRECT VALLES K [N Y ¢
C IM S1Tm-R CASCs DX CCNTAINS CURRENT STEE Lrugly/ ' MERENCTI
DIMENSICN YOICYH YCLDUIC) Fal{n,1C)DY(1C)TFR(L1T)
COVAIN ZOEPZY/GRAC/ZOYZACC/T KM (1 )
CUMAIN K{25+5) sR1sR2e5eH,RATIOTOLLYAIMIN, YIN
RIAL K
Cl1=30
1rs=0 L4 .
FINTS=OLLX/0X4Ce5 MERENT 1O
INTL=IFIX(FINTS) VERSNT 17
IF(INTSeL T 1) INTYS] MERSNC LR
, DX=OFLX/INTS MERENCLIG
FMULT=UX/ 30 MERENNZ20
G TO & MERSNF 21
ERR IR CHECK MEPSNC 22
1 DO 172 1=142 ~
IF(ERF(ID)aGTe {TOLKMITI ) *5eC)) GL TQ O
172 CUNTINUE
37 173 I=1.2 )
IF(ERPR(I)eGT e {TALKM(I)/32e7) GC TO 174
173 CUNTINUE
GO TO 2?1
174 CONTINUL -
C INTSGRATION SATISFACTORY S CALCULATE NO 4 FCINTYS * - MERENCZS
3 D) 2 I=tl.n NCRSENCZO
2 Y(IISYULOD(I)+CeoaFK (1, I1)4240%FR{4+1)+CeS5#FK{S41) NERENC27
ITS=ITS5+}

IF(Y{1)cLToYIN) GC TO 202
GN T3 2¢3
202 L3=30 .
L2=>
wi=n ,
La=3
Ko TURN 1
203 IFLINTSSFQL1) GO TC 201 .
GO TU o
271 L1=10 '
L2=0
L3=0

589203




2313
234
238
218
237
238
239
240
241
242
243
244
24€
246
247
248
249
259
251
252
253
254
ass
256
257
258
259
269
261
262
243
264
265
266
267
26#
26S
27¢
271
272
2713
274
27s
27
277
279
279
2e0
281
282
297
294
285
226
za?
288
289
290

VOO

2¢

19

23

21

22

31

32

33

3¢

11

- e s OB

La=)

RETURN 2

!NTS:I@?S-I i
PRESERVE CURRENT VALUES
XOLO=Xx

DO 3 I=1,N

YOoLO(1)=Y(1)

IHALF=0

GO TO 9

ERROR EXCESSIVE: HALVE STEP

DX=GeS*DX
IF{DXeLTSOXMIN) GO TQ 19
INTSSINTS®INTS

IHALF =1

GO TO 8

STLP LENGTH TGO SMaALL: INTEGRATION FAILS

X=xX0LD

IFAIL=I

DY 23 1I=1.N
Y({(1)=yY0OLD(I) !
L2=20

Li=0

L3=0

Lta=9o N
RETURN 3

+

v

s,

© e

ERROR SMALL: STEP LENGTH MAY BE INCREASED IF PCSSI8LE
CHECK IF STEP PREVICUSLY HALVED (PREVENTS CYCLING) /

IF{THALF+EQs 1) GO TC 3
CHECK IF INTS EVEN
1DUBLESINTS/Z2

IFL(ICUBLE=®2) Qe INTS) GC TO 22

NOT POSSIBLE: INTS COD
Gy TO 3

DOUBLE STEP LENGTH
INTS=1DURLE

DX=2e¢%DX

GO RNACK TO LAST POINT. AND INTEGRATE WITH NEw Cx

FMULT=DX/3e
00 7 I=1.aN
Y{I)=YOLP(I)
X=X0LD

MAIN INTEGRATION PRCLCESS STARTS HERE »xwx

ADVANCE X AY DX
CALL DERIVSIX No.L4)
IF(LAasEQsa0) RETURN &

DO 18 155145

GO TO (3143C+32,33430),41S
X=X+FMULT

GO TO 30

X=X+0e S2FMULT

G TO 30

X=XOLD+DX

UPDATE Y (1)

DO 10 1=1eN
FKEIS.1)=FMULT=DY(])

GO TO (11412s134514410),418
PREDICTUR AT (X+DX/3e)
Y{I)=YOLD(T)+FK(1+1)

ATRENL2G
NMIRENC 2C
VERSNE 31
NERENS D
VERING33
TTwEETNC A
vELENG X5
veRenDTE
vERENT 32T
MERENT I3
MERENT 39
NE R SNC AL
NE SN 4Y
Mo RENT 4P
NEL SN 43

MERENC g
VCRENC GBS,

:
MERSNTGT
MERSNC A8
MER<N~aG
MERENS £
METSNS ST
NELEND 52
NERLSNT 53
VERSN( 54
NEPSNASE
NERSNESE
NERENC ST
NEGLSNTBE
NER SN e
NELSNCP D
M S\C €1
MEBENE 8D
NFE YT

MR ENT A4

NERENT ¢ 6
veEREN e 7
MR ENFF @
FERPINIRG
MURSNCT7C
MERANT T
MTDRENT TP

PIRENLTZ
NORENC TS
£

[ N
ME TN
NER SN 75

PAGE >




NE

3
i

s

o

. '!\'t-' (1:‘("
: ' &“ww

e e e Py o Jair

il

'
~

291
292
293
254
295
2q6
297
298
295
30¢
301
302
302
3na
315
306
307
aos
319
¢
3t
312
313
314
315
31e
17
218
316
32¢
371
302
323
324
32¢
326
327
329
32
330
3
332
31
114
3135
336
337
318
339
34~
3a1
3a2
342
344
3as
345
347
3a8 .

C
16
17

O N0

689205

12

-
<

'

18

PRI R R R S

Gu TU 1¢

CIRRECT 4R FIR
YLI)=yCLODUI )45 (FKLL 1 M4FKR( 2, 1))

G131 TG 1¢
ADXVANCE TO

GO T2 12
ADVANCE T

YOID)=SYOLO(I)¢+1a052FK(1,y1)=4eS5*FK(3,1)+4Ra’*FK(a,1)

CONT INUE

{X+0DX/3,3)

\

(X+0X/20)
13 YLIUI=YOLOL L T +0 o 373%FK( 1104141252 FK{3,1)

{x+2x)

IF(IS=5de3) GC TC 1le
CTVALUATS JERIVATIVE 3
CALL DE~1V3{XNsLa)
RETURN 5

IF(L4erdebr
GO Tu 1%

}

U LAST YUTEGRATICAN L EVALLATE ERPCKR

00 17 1I=1,2

CRI(IITATS(FRKITI 21 ) -4e5*FK{ 35104847 2FK{8+])=CeS9FK(5,41))

TINTINUZ
Gy TG 1
END

¢

-~

MERGNC 7S
MERSN( RC
MELRENT AL
MERINCAR
MERENCRSZ
MCRSNCHS
NMFRENCHBS
FERSENTLE
MERSNT 87
MCRENMHE
MFRSENCR9I
ME 2 SNCIC

MERSNL 92
VIR ENCO 2

VERSNCYQ
MERENINC
NERENIC]

DERIVS I35 THF »ULP~IGRAM wH1CH CALCULATES THE ODIFFIRENTIALS DY(I)*S
GIVEN Y1) ANC X

SLIRITUTING

OIMSNSIUN Y(1I)DY(12)T(Z0)

SBTRIVS(XsNatl 4)

CuMAON /DEP/Y/CRAL/CYZACC/TCLRVL ™)
CUMAUN R(25,5)3R1 472,545 RATIN TILY?UIN,YIN

REAL K

R=SORTIL{Y(1l=Y(1)+Y(2)*Y(2}))
CusT=AAS(Y (1))

SINT=Y{2) /K

SER«R1/RF=21/Re-1.
IF(Y(2)3LTaYPMIN)
SLAG=ALLGIA(S)

SLC=ALOG(5)
DI 1 I=1.0

TCII=RK{T W)+ R{T+2)*SLOHR (I o 3)xCLURZ+K{1,4)8SLC*»3¢x(],5)*SLO*%4

TEI)="xP(T(1))

Ir{lerel]}
IF(I T304
GU Tu 1
T(1Yy==T(1)
CCNTINU-
DU 2 I=5,2¢t

TCII=EK{T 2L} ek (192)2SLAOGHK(IZ ) 2SL LG 22 4R {1 ,8)*SLLCGx=2

CuNT I

P{(T{3)+T (&)= (T{1)+T{)II/(TL1I2T(4)=T(Z)=T(2Z)) ) *CNOST

Q2 (Tl - I=T(2C)~T (1A aTLLA) ) LT )T LI ~(T(S)+T())+13)
FET(7)20i=T 011D )+ T(ET)2(T(1I )T (14))-T(1e )= (TL17I¢T(1R)))
F(TR)TR3=T (12} ) o (=TI Mo (TOI3)+T(1 )} +T(IS)A(T(L7I40(18)1))=SINT
ZEATOLISIAT(20)-T{19»T(1e Iy =(T()xTLIN)=T(S)=T(6o))
F{TCLI)«T(23)-TUIN«T(12MI)+A{TI8)+T{u)-T(5)=T(1a))
(TLIL)=T(1E)=T (1) »TLL2N) s {T(")-T(13)=-T{17)aT(6]))
FAT(7)RT23)=TO1S)I*TU3))» (T3 TLl+)-T(12)ET(10))
FITUZ) T (1e)=T(1S)=T (=) )=(T(17)=™12)-T(g)=T(18))
A(T(7IeT (123 =TI I=T(aM» (T(13) +T{1AI=T(17)2T(161))
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PAGE 7
. 349 DY(1)=-P*COST-P*SINT
350 DY(2)==~P*SINT+0=CAST . -
3151 DY(13=-DY{1) ’ .
3%2 IF(Y(1)sLEcOW0) GC TO 4 .
353 oY (2)=-0Y(2)
. asa RATIO=DY(23/0Y{1) . ‘
3ss L4=? *
356 RETURN] .
3s7 10 L4=40
358 C - )
359 C La=4" INDICATES THAT SEPARATIUN HAS BECOME NFGATIVE, ARND RETURAKS
380 C TO SUHROUTINE MEKSON.
- 361 C
4 352 RETURN 2 4
. 362 END .
¥ = ‘
-’.-‘w -
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-::1 s
.
1 s .
= s
= )
= ’ i
T
i - -
P . .
=2 \
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=
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Exhibit D.4 -

VISCOUS INTERACTIOXN MODEL; SAYMPLE OUTPUT WITH
FORWARD INTEGRATION
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TRAJECTORY COMPLETEL . .

, RUN NUMBER 341
Rl= 22.00 MICRCNS
\ . R2= T7.33 MICRONS i
7 . R1/R2 = 3.00
DENSITY OF PARTICLE = 1.05 GMS/ML .

INITIAL Y(1) = 880.000 MICRONS

- MNITIAL Y(2) =" 0.500 MICRONS

"VERTICAL DISTANCE HOR1ZONTAL DISTANCE SEPARATION T I ME e
A -
464.981 g 0.515 435,644 ‘ 20.000
7y :
= . 265.128 0.554 235.788 30.568
P - ~
,-4' . -~ - . h
=N ' 160.163 0.608 130.828 36,593
Xz 102.753 . 0,672 73.385 40.233 “
70.599 . 0.746 , 41,254 %2.569
- ’ 52.330 ) 0.835 , 23.003 g 44.173
41.936 0.947 12.623 45,363
36,146 1.089 6.845 46.316
33.067 .20 3. 774 47.137
31.515 1.492 2,228 47.889
e .
~ -~ .- . 30.750 B 1.755 1.472 48,605
- = - .

- .. ’ - Tere - .



. 3387 22063 1.097 49,1304
] ;
30.134 2.419 0.901 49,994
29.9R9 2.832 ‘0.793 50.679
29.876 N 3.311 0.729 51.360
: 29.770 3.865 0.690 52.039
29.655 4.506 0.665 52.716
29.517 5.247 0.649 53.390
29.342 6.100 0.639 54,060
<//"“ 29.114 7.078 0.632 54.727
28.816 8.191 0.628 $5.389
i 28.425 9.450 0.625 56.044,
1 27.916 10.856 0.623 56.690
-]
'.‘.“-‘1 ,
3
W 27.261 12.406 0.621 57.324
‘é <
- 26.433 14.083 0.620 $7.944
=]
ey 25.407 15.858 0.620 50.945
7T -
b 24169 17.687 0.619 59.122
22.720 19.512 0.619 59.671
i
21.084 21.270 0.619 60.188
. 19.302 22.899 0.619 60,667
17.435 24.350 0.619 61.106
£
*15.551 25.594 0.618 61.502
13714 38.67% 0517 ~5T.05%

ki K e




‘ 11.978 27.449 0.61% 62.167
10.378 28.093 _ 0.618 62.439
8.93¢  —w 28.585 0.518 62.675
L 7.653 28.954 0.618 62.878
6.532 29.227 0.618 63.052
5.559 WZS 0.618 63.200
4.721 29.573 0.618 631.327
I 4.004 29.679 0.61°7 61.434
§ 3.392 29.755 0.618 63.525
Eﬁ 2.871 29.810 0.618 63.602
e 2.428 29.849 0.618 63.667
i ! - o~
N 2.053 29.877 0.618 63.723 .
. ' 0.781 29.937 0.618 63.909
- 0.296 29.946 0.618 63.980
iz '
., 0.112 29.947 0.618 64.007
——
0.043 29.948 0.618 64.017
0.016 29.947 . 0.617 64.021 ,
-0.220 - 1 29.947 0.617 64.023
" -0.357 29.946 0.618 64.043
e
] -0.578 29.943 0.618 64.075
- - - .t
Z0.937 - _ 29.933 0.61° 64,128 ,
- _j
- T ~1-318 295910 " T I S L T 64.017%




64.351

-2.456 0.618
-2.835 29.813 0.618 64.407
. -3.271 29.769 0.4618 64.4T1
-
. -3.771 29,709 0.618 64.545
~4.346 29.631 0.618 b4.631
. ~5.005 29.527 0.618 64,730
-5.756 29.389 0.618 64.8644
-6.612 29.209 0.618 64.974
~7.581 28.972 0.618 65.125
-8.671 * - 28.665 0.617 «, 65.297
-9.888 28.268 0.617 65.494
“~
~11.232 27.761 0.617 65.719 |
-12.697 27.123 0.617 685.974
-14.267 ° 26.330 D.617¢ 66.262
= . .
ey -15.919 R 25.366 0.617 66.587
= '
, ~17.613 24.220 0.617 66.949
-19.306 " 22.893 0.617 67.349
-20.946 21.402 0.616 67.788
0 . / .
v . -22.483 19.780 0.616 68.264
) 3
~23.877 18.072 0.615 68.775
~25.099 16.331 0.614 . 69.317
i .
=36.137 14610 7 U613 3 P¥:1:1:

e




v
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1a
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g
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g
.
-

it

_.,.
Yy

o 1
e

il

!rﬂ\‘

Tl

.

{

®

0.611

‘ ~-26.993 N 12.955 11.482 -
-27.683 11.401 0.608" 71.09% -
; -28.225 9.971 0.604 71.724 X .
-28.642 8.679 . Na598 72.366 ! -
b -28.958 - 7.525 0.590 73.017
- ° * ’i .
-29.191 6.506 0.577 T3.675 ]’ A
—\ 4 é
~29.358 . 5.613 0.560 74,338
- 2 -
-29.471 4,837 ° 0.536 . 75.005 ‘
> {: [}
-29.541 4,165 0.50% 75.675
7 il \
~29.57 3.090 ° 0.410 - 77.019 \ )
' | )
. -29.566 2.665 0.356 - 77.691 ‘
Ve P .
-29.546 2.303 0.305 72.363
. -29.529 1.993 0.266 79.034
-29.520 . 1.727 0.241 79.706
. - -
-29.519 1.497 0.227 80.376
-29.522 1.299 0.220 81.047
-29.525 1.127 0.217 81.718
-29.533 0.849 0.215, 83.060
-29.535 0.737 0.215 23,732
- -29.538 0.639 0.21% - 747603 =




85.074

o e S g
- : -29.540 * 0.482 0,214 85.745
. -29. %1 0.418, 0.214 8h.417
» N ¢ .
-29.542 o . 0.363 0.214 87.088
Jt ™ , .
T ¥ -
~29.543 ’ 0.315 0214 , 87.760 .
-29.543 0.273 . =N\ 0.214 8R.431 . .
- ’ - . w‘ * . - . -~ &
. ~29.543 * 0.237 0.214 89.102
- - —~ °
. . =29.544 0.206 0.214 . 89.774
. . ';} -
-29.546 0.178 0.214 90,445 )
- ‘ o o
" -29.544 0.155 : 0.214 91.117 -
~29.544 0.134 0.214 91.788 S
. =29.544 s 6.117 ’ 0.214 ° 92,460 . »
r:?‘:‘ 3 - )
=iy T -29.544 : 0.101 0.214 © 93.131 ;
=] !
= ! -29.544 0.088 - 0.2i4 93.803
= -29.544 Q.076 0.214 * 942674
=
~29.5%4 e 0.066 0.216 95.14% .
-29.544 ¢ 0.0587 2 0.214 - 95.817,
PARTICLE WITHIN .05 MICRONS OF BURBLE AXIS .
VERTICAL DISTANCE = -29.544 HORIZONTAL DISTANCE =  0.050 .
PARATION = . )
SEPARATIO 0.214 - . .
. % - .
. NOTE 3 ABOVE UISTANCES ARE IM MICRONS - -
— . - K - - - 2
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Exhibit D.5%

COLLISION ;:'“FFICTENCY WITH UNSTEADY
STALE DRAG TER!USy
COMPUTER PROGRAM
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FORTR AN Gl  PELFASE 1.1

. T TTMA N DATE = 73220 00/19/52
r
cnrl DIMe 4SLuN Y(10),0Y(12} '
cne2 < CEAMON /OEB/Y/GRAD/DY/ACC/TOLKM(1IN)
55°3 COMA LN FL Ja g K s Gy PSSy RHINF 4B ot F INsMHeS o NUMGL I oL2sL 3, L44LSsNSS
¢canra INTES S FL 3w
B 0015 INTEGER IN.0sCP :
0(36 S REAL K
cNe? ReAl{5s 7)HIGH,HIGT MO, MO
i 0c08 3 FOR *AT(ALT 1TX2A1,10X,12410Xs13)
0079 TOLY=eZ"5 , ga""
orin FAC1=Ca.Z%1
cn11 FACI=Cao%1 '
n~y2 (Y DC 142 w=1.M)
e"13 MOT 22 ‘ -
[a X2 ¥ iP=2
1 n015S REas{5345)GiK e IHUPFE s RPS e YIN,FLOWNSS
0516 5 FAR IAT(SF1Ceb . 11,9X,11) o
cra7 ” LIN=L+MOL -1 - . _
0018 176 AT (el 73ILIN
0019 173 FLRMAT( Y1,/ /777772 7%6CX o * PUN NUMBER®, 14)
aAn2go WriTE{Aes17T4) " )
cn21 174 FOS AT (S 4X, o mrmm e ——————— -—=)
6022 IF({M3S. N1} GC TO 178
cn23 ARITI(4.177) T
0c2a 177 » FOCIAT(// 220X *STEADY STATE DRAG ONLY ') <
cn2s ? G2 Ty 132 )
0n26 174 IFEN3SeE 2e2) GC TO, 11738 "
on27 AP 1T {»+179) , .
nn23 179 FOSMAT(// +2 X« YUNSTEANDY' STATE DRAG TERMS IRCLUDED?®)
noRy G T 193¢ - ‘
an3o 1178 WRBT=(56+1179)
cec3t 1179 FORMAT(//7,2.%X,'2PE5SURE GRADIENT TERM INCLUDED®)
0032 1an IF(FLUxeEQal) GO TUO 171 - . *
no33 AR ITE(5+4C5)X,G4RPS
Y TS 4ns FODMAT (F777 20X 'FLON TYPE= POTENTIALY 3/ 432X ¢ mmmemmme=t 4 /20X 'K ~
=t F 7034/ /7020Xe7GS " F7e34//+20Xs "PARTICLE RADIUS/BUBBLE RADIUS=®sF 1~ T
€73 -
c01s GC Tu 172
9036 171 WRITEL0 437 1K e Gs~PS
co37? 0o FORMAT(// /7 20X *FLCa TYPE= STUGRES * e/ s 32K gt P o/ 20X 4K
T FT7e30// 02 X 'GT Gk Te 34/ /220X *PARTICLE RADIUS/BUBBLE RADIUS=',F
N £7e 1) .
€38 172 COTINUL .
0c39 : A ITE (et} THCRF, TULY 4 7 2C1T
rna0 ACA T FL~MAT(/423Xe 'FLJUID OGNSITY/PARTICLE OUNSITY= ', F7e3e/ /420X *FRACTI
YONAL TOLZRANCE Oh Y(2)=%eF3c8+7/ 420X+ *INTEGRATION TOLERANCE="*,FBs 4
) )
on4al ARITELEL250)
ncaz 250 FURMATILICX s 2/ 27777311 X *Yi2)1CT 015X 4% UR L*15X,°Y(1)F?,.15X.*Y(2)F
DY 315X, TSIPACATIONY 156X, "TINET) .
foad " - WRIT=(5%.231) - .
0744 251 FOIMAT(L1IX, P mmom e et 13K P mmmmm e = 8 [ 3N S mmmm = g1 3K gV mmmmmmm® 13 -
- - gt mmm o V13X, e mmmmmt ) /
cnas NUM=ED
0ca6 ¥Y(2)=2165 - -
-

PAGE 0001




VIO GLY Co-

I3
\ ~
- —- - ——— == e —A’_V—h"‘—“‘ﬁ
s

. FORTRAN IV G1 RELFASE 141 MAIN DATE = 73220 cosiessz2 PAGE 0002
- ¢ - L] -~
ncaz 25 IF(OPaEQe0) GO TO 128
1 qrar - aQr2 WRITE(6+9C7) . ‘
s 0149 _ 8or FONMAT( YL o/ /277 11X Y {1} 420X s Y{2) 416X *SEPARATIONT 920 Xs ' TIHME? |
Pl X THXY 414X HY?) , ot
o6o=0 WRITC(6,9C1) .
0nst a1 FORMAT(12Xyt=cwmmn LI T R elaXygtmmmmmmm e ' L18Xgt o .1
E2X o tmm=mt 412Xy tmm==t) - . |
ors2 128 Y(1)=YIN
nes3y YINT2Y(2) , . }
onsa R IF(YINT-LT.0401) GO YO 100 |
cass a=1 |
ensé6 OAN=1 ¥
0ns? HX=340 ;
o 0nsa HY=C ol
JCK9 NUMSNUMY 1
LG LY . © IF(NUM.COe1) GO IO S0
¥ cost - uATI):(vzm-yacT7¢gﬁ,
"y erez 1F{¥IT,F0,1) GO TO 50 -
B 0763 IF{RATIO.LT«TOLY) GO TO 70 !
d 73 crie S0 Cé)NT!NUE R ‘
g 9ChKS Toukv(1)1=FAC! .
' ! Ne6é TOLKM{2)=FAC] N
. ta67 TOLK4(3)=FAC2 . -
LITY:] TOLKM(3)=FAC2
0069 EFIN=Ce 601
oc70 X=Ce0 I
0071 Nz& . ‘ . o
onr2 A=Y {1)®YT{ 1) +Y2)%Y(2) .
cn73 B=S2IT(A) . )
nl74 - Z=1/0 ‘
- 0075 C=a-1 ) . . ' :
M no7é . D=2xA-3xv{({2) N
LT na?y F=a%e5,0
e co7s 5z8—1~RPS .
b cec7e IF(OP.EQeN) GO TO 127 \
e ora0 542 WRITSE(6,18)1Y(1).Y(2)4SsXeHXJHY
L::{x o0RY iR FOPMAT(//&\)X-F703cl?XnF7.3-lbx.F7o3.20XoF7¢3-ICX|F703.9X-F7.3)
= QrR2 129 CONT INUE - . -
- Go33 . IF(FLOWLEQsl) GO TG 80 ,
- 4 nons ~ UXS=1+D/(2%F) ’
b cses . GO TO & 3 (
nnee6 1o UX==14¢Z2+CHD/7(a%*F)
[ k- ¥4 a Y3)=uUx-G * -
noRs Y(a)=3:7
LY-1] ox=Yv(11)/2¢
0050 DRMIN3Y(1)/52QD0
— C ;
e c INITIAL VALUES OF Y(3),Y{8) DXsDXMIN ARE SET HEREs
c N
0791 B8 IFEY(1).GTa3e0C) GO TO 15
0092 IFIY(1)eGTe0e25) GO TO 815 .
0093 IF({Y(1)eGTe0ae025) GO TO 215 N
0094 - . DELX=Y(1)
- _ ores Go T2 13 , I

. - .
ol . X2323230] . -



-~
Fqc15‘,y WELTASE Yol TTTT AN T pave = 7322¢ 7 Tooriorssz2 i PAGE 0003
5196 15 DELXSY(1)/2
argy 6S T 13
~ [sXsl=2. ] a1s DELX=Y(1)/R
099 GO Ty 12
01c0 215 JELXZY( L) /6
0121 13 CONTINUE -
0112 L1=5 )
0163 CALL 4EmSONIAsDELX s CXyDAMINGIFAILoITS o NoQs ONeHX oHY )
c .
c L1210 INDICAT™S THAT INTTGRATIGN OVER THE INTERVAL X TO X4DELX HAS
. la ITEN SUCLSESSFULLY COMPLETED.
c 2220 [NDIGATmS TWAT INTFGRATION OVER THE INTERVAL X TQ X4DEEX FAILED
] c Ot T LARGE DXMIN OR SYMALL TOLKMe
< L3=°" NCCURS amEN 4S5 HAVE A GRAZING TRAJFCTORY,
c Le=s0 OCCURS wHIN WE HAVE A HIGH TRAJTCTORY.
c L5252 NCCURS WHEN NE HAVE A LOw TRAJECTCRY, . -
c .
cina - IF(L1eSGolas GG T 10 & .
0125 IF{L2ezwue2™) GO TJ 20 )
c1C6 IE(Ls2c 023" GC TO 30 -
107 [F{LYsZdu&>) GO Tu 493 ) ¥
o1ns IF(L3ecReS) 33 TQ 51
n129 10 CONT INUE
0110 IF({IPezde) G3 TH 29 -
0111 547 §=3-1-KwP5
o112 » WRITCIL eI Z2IY (1 3aYI2)sSeXsHXHY
0113 . 12 FORMAT(// y IXsF7¢3+s17XeF 70 3416X sFTa3420X+F703410XsFT0349X,F703)
o11a : 20 GO T 3
c
c A5 TH. TRAJECTURY 1S NCT COMPLETED YET. WE RETURN TO MERSON WITH
[ A NEW VALUE OF DOELX,
']
0115 2n WRITT{5,21)
0116 21 (1 IMAT (/7 s 3K * SMALLER DXMEIN OR LARGER TOLKM REQUIRED FOR SUCCESSFU
DL OINTEGRATION® ) .
0117 . ’ WRITE (54221013, Y{2) .8, IFAIL o -~
Q118 22 FOMAT(//7/7+1Xe'Y CC-ORRINATE ¢ 4F Q56 +1CXetX CO—0ORDINATE =%',FQe6¢/
e X/ o1 3Ks *SEPARATION =% ,F90641CXe *THE VARIABLE WHICH FAILS=',13)
A C
> c AS THZI INTEGRATION FAILS AT THE POINT X, WE SIMPLY STOP AT THIS .
c D IINT AND COMTINUC NITH THE NEXT RUN. ’
¢
a11g GO TJ 183
0120 30 ARITE(2,31) .
. 0121 . 31 FORHMAT(1 s/ /72X ' SUCCESSFUL TRAJECTNRY *)
. 0wz €173 (5,22)Y(1),¥(2),8
0123 3> FAMAT(//,10X,'VFRTICAL DISTANCE=',FOe6,10X.*HORIZPNT AL DI STANCE="
% D.g_n//.l"X.'SE:"A‘?ATION:'.F9.6)
c
lal Tid, TWAJ-CTLCIY BEING SUCCFSSFULLY PLOTTED. WE MOVE ON TO THE NEXT RUNe -
h c .
c12a GC T 108
e12s an S=.i=§mrPS
o126 IF( W, 2e1) GO TO 260
a .




VUL

»r
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-

e — ——

) .

s =y

- e em san

c127
0128
. ci29

o130

c131
ct32

0133

01 2s
01135
o .
137
21138

0139
0140
c1la1
0142
C1a3
0144
0145
0146
0147

G188 _

FORTYRAN IV G}

RELEASE 1l

[alNa} [aNaNaNaNal

ano

n
o
=)

nnnngnqnn
[

[aBaalslsl

la e Nalal

MA TN “DATE = 73220 o0/19/52

MOT=1 INDICATES THAT THE RATIO TEST (RETWEEN HIGH AND LCw VALUES OF
INITIAL Y({2) ) HAS BEEN SUCCFSSFUL, AND THAT THE PROCEDURE FCOR LCCATING
A Ney VALUE 0F' ¥ (2) CAN STOP,

HHXTEL6-“1)YINT.HI sY(114Y(2)eSeX A
FORMATL/Z/ 41X W F7 W1EXeAl 418X sF 7030 12XsF le3s14XeFTe2y15XsF 7e3)
Y2H=YINT —

SET THE HIACKVALUE OF Y(2) AT THE INITIAL VALUE OF Y{(2). -
s

A
[FINUMoLE®1) GQ TO 200
ON THE FIRSY LOOP GO TO 2CCo

GT TO 2C1 2 e
Y2L=Qs O '

ON THE FIRST LOOP, SINGE A VALUE FOR Y2L HAS NCT BEEN GENERATED, WE
SET IT FQUAL T0 ZEROe

Y(2)=(Y2L+Y2H ) %045

A NEW VALUE OF INITIAL Y{(2) 15 GENSRATED BY HALVING THE DISTANCE
DFETAEEN THE LOW AND THE HIGH VALURS,

GO T3 28

§$=93-13RPS <
IF(MQTokQel} GO TO 260

WRITE(HS2IYINTHIGLsY(1)eY(2)454X -
FOQMAT(//"OXQF704016"A1\lQX-F9-3o1?XoF903o14X-F90 3.15XsF7e3).

WHEN WE HAVE A LCw TRAJECTUORY, A SIMILASR PPOCEDURE IS USED AS FGR A
sHIGH TRAJECTORY E:?EPT THAT Y2L 15 SET HERE INSTEAD QF Y2Hs

vy2L=vINT  ° i »
1F(NUMeLELL) GO TO 202
GO TN 203

Y2H=2% Y21
Y(2)=(Y2L +Y2H ) *0eS

GO TN 29 ’
Y(2)=€Y2L4Y2H) 2025 . ’ .
op=1 -

MOT =1 -

» NHEN THE RATIO TEST IS SATISFICD, WE GENERATE A NEW VALUE FOR Y(2) AND
Y1 ~kDPEN THE SWITCHES FOR PRINT OUT HY SETTING 0P=1 AND MOT=1 AND:SENODING
LT THE PROGRAM BACK TU 28 WHFRE THE TRAJECTCRY IS5 THEN CHARTED.

GO TO 28 -

WHEN THE FINAL TRAJECTORY 1S PRINTED DUT, 260 TAKES OVER AND PRINTS OQUT
THE COLLISION EFFICIENCY.

Walnll Falakhs X1a )

PAGE 00Ca




2149 250
2150 19
9151
v182
//,/” 0153 110
4154
015S 111
: 0Ysé6
N187 1t2
0158
0159 113
0160
0161 114
01€2 .
©163 7/ 1us
o164
01€5 116
c
c
oy C
N C186 1ne
= Q1.7
’: n168
. .
= *OPTINONS IN EFFFCT>
] =OPTIONS rﬁ_srsscr-
! *STATISTICS*
= N *SIATISTICS"
{4
¥4
it B
-3

N

&

ch'mA. Gl PELFASE ta1- T MAIN T

SOURCE STATEMENTS =
NO OTAGNDSTICS GENERATED

0ATE = 7322¢

WRITS(H»el1Q)IY(1)eY{(2)4SeXeHX
FORAAT(// o3 X s F7823 01 TXeF 7630
COLLE=Y InT«YINT
WRIT=(6s112)
FOPMAT S/ /27777407
WRITE(H.,111)

EORMNAT(A T Xy * EXXEX KX AAKT XK RN ER AR B EE XK KA KX SR RN Rk ER R R )
APITZ(r112)

FORMAT (G0 X 080 g 3aX P80 s/ 40X ¥, 38X,0%")
WRITT(%.113)CCLLF
FOIMAT(G " Ke*x ¢ 45Xy "COLLISION LFFICIENCY ="' yFT703¢5Xes%%")

wIT L45,114) i

FURMAT (GO X% g 35X *%1,/ qud(0Xs " %0 ,338X, '3

WRITZEFAL113)

FORMAT(E8 T X ¢ A B A X IR X AR RRAMBELAXN KR KR XA ISR A XA SRR SR ESRRKKT ) ©
£RITZ(oslln)

FAMMAT (/77777 120K P NCTE 2= s UX s P ALL QUANTITIES ARE OIMENSIOM.ESS*,/
2219X gt mmmmmnm TyBXs 'FUOR Y(1)eY({2) AND SEPARATION,s THE- REFERENCE LE
NGT1 1S 3UBDLE RADIUS'./+35X,*REFeRENCE TINME IS BUBBLE RADIUS/BuUBSE
>LT VELOCITY*)

EXeF703420XsF703310XeF7a3+9XsF7e3)

v

+

THE Nz XT SET GF DATA CARDS IS &READ .f{sp THI Se

COANTINUE

STyR N

END

NOTEQM.XD-CHCDIC.SOUQCE-NOHIST.NOOECK.LDAD.NOMAP.NOTEST »
NAMT = MAIN  ° . LINECNT = 56

103+PROGRAM SIZE = 4762

'

P
P

TTTeos 19752

" TPAGE 0005
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FORTRAN 1V G}

0001t

oQn2
cno3
once ¥
ccos
0076
ceny
2208
0699
ccic
actt
* ca2
on13
nola
oc1s

en16 ,/0

L (3B I
on18
ne19
€cCc20
on21
co22
co23

Y ‘4.!
.

°

.
)

5

b v A
v il

- -

- .

R N

]
——iin

‘

0124 —
Qe2s
cn26

e

{l

e 7

L

Kb
—

ocar
6028
cNn29
[alaleXe}
do31
00532’
0n3a3
no3a .
073s

0°136

0¢37 -

0038 4
oc3s

00A0

ocat

!

RELEASE

OO OHOOOOH AN

O

209

1el MERSON BRTE = 7322¢C T T T oa/19/52

SUBRAOUTINE MERSON(X,DEL X DX eDXMINGIFAIL s ITS NeD,CNeHX,HY)
INTEGRATLS  FROM X TO (X+DELX) i

DX 1S FSTIMATE FOR INTEGRATION STEP NECFSSARY

DXMIN IS MINIMUM STEP LENGTH TO BE PERMITTED

TOLKM IS RCQUIRFD ACCURACY

N IS NUMJE® CF DEPFENDENT VARIABLES

CONTRUL TRANSFERZLD TO FIRST LAHeL IF INTEGRATIGN FALLSIX AND Y(I)W¥
1 THON COMTAIN New VALUES

CONTROL TRANSFEQFED TO SECOND LABEL IF INTEGRATIDN FAILS: X AND
2¥(1) THEN CONTAIN MCST RECCHT CORRECT VALUES

IN EITHER CASE. DX CCNTAINS CURRENT STEP LENGTH

DIYFNSION Y(1C)aYOLD(I0)sFK(S+10),DY (171 +ERR(CLIC)

CCMMUN ZDEP/ZY/GRAD/CYZACC/TOLKM(1IC)

COAMON FLO@ 1K oG NP yRHOPF B, TF INJMH S o N'JU,L1.L2.L3.L4,L5.NSS s
INTEGER FLOW

INTEGER 1JN,0,CP

REAL X

TOLR=0e001

1rs=5 . -

FINTSZDELX/DX+0e5

INTS=IFIX{FINTYS)

IFCINTSeTol ) INTS=] 1y
DX=DELX/INTS

FMULT=DX/30 -
GO T2 &

ERR IR CHigX -

DO .172 1=1.4

IF(ERR(I1eGTe ( TOLKM(I)1%5S40)) GO TO 20

CONTINUE

DO 173 I=1.4

IF(ERIRLT) e GTo (TOLKM{1)/3249) GO TO 174

CONTINUF .

GO TO 21

CONT INUE

INTCGRATION SATISFACTORY: CALCULATE NOw POINTS

DO 2 1=1.N -

A UII=SYJULDE 140 o55FK (141 142.0%F K {41} +CeSFK(S,1)

ITS=ITS+1

CALCULATE AND TESTS

IF(Belle( 1 +PPS+EFIN)eANDa ABSIY (1)) elLE«TOLK) GO TO 2¢2

I1F( BJLTa(’,#*{PS):ANDQY(l)QGIQOQOC) GJ) TO 2924

GO TU 203 .
L3=33 g
ti=0 . "
L2=5 -
La=2

LS=6 . .

KRETURN

L5=58

L1=0

L2=0

£3=2

L&=0

RETURN

PAGE 0001




Fonm‘i‘c: RELCASE 1.1 7 T mMemsen’ T DATE = 72220 T T60/19/52 o PAGE 0002
- - Y= oo
cra2 243 IF(INTS.FG. 1S T6 2c1
cra3 GO T3 » h ) VAN N
. 0%4a 301 Li=19 .
008 1F({NSS4NEe3) GC TO 311
goae CALL DERIVS(X +NsOsONsHXsHY ) &
00247 311 CONTINUE - T
0048 L2=: ‘- ‘ <
0048 L3=3 .,
ceso . La=: . - N
T 0081 L5=¢C e
ocs2 Re TURNM
QCes3 . A OINTS=INTS-1 -
c PRCSoRVE CURRENT VALUES »
0054 4 XOLI=X
0658 DY s I=t.N -
CO56 S YOLDLI)=Y(I)
oc% IRALF=C ) R
00S G TO 3 e T
o ERPIY TXCESSIVE: HALVE STEP
crsg 27 DXz a5aDX ,
0040 IF(DXeLTaDXMIN) GO TO 19 ;
co6t INTS=INTS+INTS .
0se2 . IHALF=1 3 - .
0663 G0 TH 3 . .
c STCP LFNGTH TOO SYALL: INTEGRATION FAICS
0064 19 X=X0LD
noes 1FALL=T . ”
00E&6 DO 23 I=1.N .
0067 23 v(1)=vyoLnl(l) .
00n8 ° L2=23
0069 - L1=) .
0070 L 3= .
0071 La=o
norz - “' L5-C i
6073 RFTURN ‘
c EriR‘UQ SMALL: §TE¥I-' LENGTH MAY 8BE INCREASED IF POSSIBLE
C CHECK IF STCP PR-VICUSLY HALVED (PRLVENTS CYCLING)
o0nTa T 21 IF{IHALFecEQel) GU TO 3
c CHECK IF r&s EVEN
on7s [OUBLETINTS /N2
0076 IF((IDUBLE*2)4EQ.INTS) GO TO 22 >
T c NGT 'POSSIGLE S INTS QDD
1 o077 : GO TI 3 .
c DOUMLE STFP LENGTH X
ncr8 22 INTS=I1DU3LE N
9979 . Ox=2,%DXx
- < GO AACK TJ LAST RPOINT. AND INTEGRATE WITH NEW DX
0080 - 8 FMULT=UX/ 3, .
nnel ” A NO 7 1=1.N
ga2 7 yv(l)=¥vaLO(l)
0083 - P x=X0LD
- c MAIN INTCGRATICN PRCCESS STARTS HERE #ks«
¢ - ADVANCE X 3Y 0X <
0084 9 CALL DERIVS{XsNsIJsUNsHXsHY )
:
- o

11

5548235 -
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vcv~1
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o, e v
1 \
N

.

v

v
toklem
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FORTRAN IV Gl RELEASE lal . MERSON DATE = 73226C 007 19/52 T PAGE 60C3 i
- £
nces ’ ON=0ON#+1 - ) i
oces IF(L4«EQe40) GC TO 73 - a |
srar DO 19 I1S=1.5. . é i
LLLY: | GQ TO (31,30432.33,3C),1IS .
ar a9 ] X=X4FMULT - . - *
[l te] G TAa 3¢ .
731 32 X=X+ 9=FMULT
ntg2 . GU TJ 30 . .
E 23 x=XULO+GX - ¢ !
. . c UPDATE Y(1) ’ .
[ LX-1 32 DO 13 I=ta.N * @ -
0195 FROISI)=FMULT#DY(I)
nCs6 O T3 (11412413,14.10),.15 . ’ .
c FREOTICTOR AT (X40X/7s) a
or97 11 YOIy LO(T)+FKCLs1)
cnas ca Y3 10 A
C CORRECTOR FUR (X+DX/3e) 3 N
9399 12 Y(l!=YOL()(I)fCosﬁ(EK(l.I)*FK(Z.I))
0100 GO YO 10 * l
- C ADVANCE TUO (X+4DX/24) - 3
"1} 13 YCII=YOLD(I)+0,375%FK(1.1)+1a125%FK{3,1}
a2 . GO TD 10
C ADVANCE TN (X+DX)
91103 14 Y{IN=YOLD(I)+1o5xFK(1,.1 4-5‘FK(3.!)0690¥FK(4.!) .
o117 N 17 CONTINUE
010s IF(IS.co.¥ GO TO 16 -
c EVALUATE DERIVATIVES
c1"8 CALL DERIVSIX «NsOeONeHX o HY) I}
ci1n7 *ON=0ON+ 1 -
o108 IF{L36EQo42) GC TO 73 . . .
0119 . GO TO 18 . b
: C ON LAST lNT"GRATION. EVALUATE ERROR - R
0110 16 DO 17 1=1.4 . L ’
o111 17 Enutﬁz—anstFx(x.x)—q.StFx(3.1)+4.c~Fx(o.x)—0.5-Fx<s.x»)
o112 ‘, B 18 CONT!NUE ’
¢113 G0 TO 1 . .
ari1a 73 La=ad
115 A L1=0 . i .o '
116 L2=2 > : M
117 L3=0 . » e
118 L5=0 -
119 RETUIN ™ = N
120 ‘ END ) . - .
» g
=OPYIONS IN EFFECT: NOTERM, ID2ERCDIC«SOURCE « NOLIST 4 NODECK s LOAD +NOMAP,NOTEST : R ’
«CPTIONS IN =?FECT* NAME = MERSON s LINECNT = 56
* wSTATISTICS= SOURCE STATEMENTS = 12C +PROGRAM SI1ZE& = ' 3168 .
SSTATISTICS® NO DIAGNOSTICS GENERATED )
Ve
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2301
d crc2
~fe3
nora
0045
ococe
cech7
onne
oLr9
coto
0011
oct2-
0r13
. 0c14
€15
An16

R 517
nnya

;4 0519
- az20
o cr2tl
1 noaz
il 0r23
:3 co2a
06258
0"26
027
np21
0029
ncan
031
an32
0r33
pnia
038
cras
5C3Y

. ea38
nd3s
orao
cnat
0042
€La3

L Yok 23
scas
ccan
GCa7
craa

- aca9
- 8A%0
DL
cns2,

- 0cs3
0cca

1
.

P i —

2

e

61 YFLEAST 1.1

"?EE?EiI'iT‘
Al

——y

AQ

oe

al

*

Tuer1vs

SUHIIJTI IS DZRIVIIXeNsCaONsHXsriY)

SELINS U Y{10).DYL12),UX{LICN )L URY(100).TS(100), TCI00) .

COAMIN /T=R/YZGRADZCYZACC/TCLNM(10) ) '

CMMVN FL?_{-K'G.RPS.QHOPF s s EF INGMH S oNUM L L1+L2eL340LA+1L-5¢NSS ©

INTouk 3 FLiIIN .

INTEGER UONGDLCP R ~

REAL K 1"‘_ .- ) -~ . N

TOw=35e370 0 -~ -

ASY (1))=Y (1)+Y (2)3Y(2)

B=SORT(A) ) N

=177

IF(Y({lleLraTOUL) GO TO 1C
1IF(Y(2)-GT,(1+RPS)) GO TGO 1IC
=A=1 -

D=2%\=-3>»Y(2)

E=v{(1)xY(2)

F=,e«540C

H=3% <7, " —

G=—={3*=3:0) -

IF(FLOAdo_Gel) GO TO 1 -

UX=~1407(2%F)

uYy=3zE/(2=%)

DUKEY (1)~ (2/5-6%3/(2%H))

DUY=1eS= (Y1) /F=5%TxY{(2)/H) .

60 TO &

UX == +Z+C*D/ (3 *F)

YY=2=gaZ/(axF) .

SUXEY (1) v €172+ (2%C+T I/ (23F)-5%CxD/ (4xH) ) -

DUYSde 7R {(LxY (1) +42%TxY(2))/F={Sec*CxY{(2)/H)}) R

OY(1)=Y(5) -

DY(2)=Y{4) .

IF(N3SAMEel) GO TO 89 )

DY (3)=(~C+UX=-Y(3))/K .

DY (4)=(UY=Y(6))/K -

S0 T 22 i s

TIF(FLOweEQ¢l) GO TO ¥ ,

EY W]

ay=_ 3

G0 Ta G

Hi=ARNG,

VIS1/734(2.=C+14D)/(2xF)~1e25%C*D/H

V2=T7/5= (10 C+S¥0) /(1 *H) +8,75%CxD sH1

VI /04 (=19 CH1¥C )/ (2aF )~1g25*CxD/H

V4&SI/F 415 «C=-5%xD)/7{1%¥H) 8, 75%C*D/HI

DUXXNX=V1eY (1) «Y{1)=xu> .

DUXYYSV2+eY {(2) =Y {2)*Vs

DUYXASCATER, 3~ E/F = (158 2xC420»Y (137 Y(1I®E)/H+35%Y (1) =Y {1 )*E*C/H1)

DUvac'c7§-(a-F/F—(xS*EtC~2'tY(2)*Y(2)~c)/H0355Y(2)*Y§2):E:C/Hl)

C o= P o225/ - %

D=l AM (OUXXX4DUXYY) b

PY=CINY (DUYXA+0UYYY)

CONTINUZ

IF(ONeNEel) GO T 44

DY(3)=3e5 S

W™

L 4 -

TLATE = 73220 7 7T "Tedsi9ss2” T T T paGeE ooot ".

5548237




FORTRAN 1Y Gl

2

eNss
CS6

v orsy ¢
' cese
Q089
gnse

' 2Cst

fann2
CneE3
[,2-11
0CHS
L1
Ca6T: -

RELEASF 11l

27

DERIVS a DAT
-

OY(A)}=Cel
URX(1)1=-G

URY {1)=-UY
TS(1)=_ - -
CONTINUE -
IF(NSS«FQa3) GO TO 20 ¢
=(=GHUX=-Y({3)+K*Y(3) *DUX*RHOPF ) /K~-PX/K

Y= (UY =Y {4) +KaY A )*DUY=RHOPF ) /K-PY /K

TO 22

IF(L1.EQs1d) GC TO 24
GO T2 25

Qa=J+1 -

URX{ ))I=¥Y({3)~UX !
UEY(OQ)=Y(4a)-UY
IS(II=x

DO 17¢C J=2.0

To0s19/s52

nr7l TCII=SURT((2%TS{O)~TS(I)~TS{I~1)))

™ 0c72 106 CONTINUE
2y nn?3 SI1GX=Col -
Py rn7a S1GY=0eC

L 0075 DO 101 J=2.0
o co76 S1GX=SIGX+{ (URX{JI=URX(I=13)/F(J)) :
; ;4 gn77 STEY=SIGY+({(URY(J)I-URY(I=1))/T(J))
y 2 cora ——" 101 CONTINUF

(pod orr9 . QUE=1¢69%SORT( (RHAQPF/K)} )

°:1§ 0nao ’ HX=-QUE=SIGX  ~ -

= ccat HY=~QUE*S1GY
-z L LLY] 60 T3 22

, cnal 25 DY(3)=((~GrUX~Y(3) ) /KERHOPE 1 o542 Y{ 3} 4DUX $HX~PX/K) /( 1404 SKRHOPF )

rC9a DY{43={lUY-Y(4)})/K+RHUPF *¥14 52Y (4 )¥DUY+HY-PY/K )/ (1+0¢5S*RHUPF)

v - oces 22 La=" .
o ongg n RETURN
M b cra? ' tn L&a=40 ‘
¢! orae RETURN
y T 7089 7 £ND .

. - )

— o ®NPTIONS IN FFFECT> NOTERM, IN EQCDIC s SOURCE «NOLIST (NODECK +LUAD +NONVAFP ¢ NOTEST
Rl ACPTIONS TN EFFEFTs "NAME = DERIVS 2 LINECNT = 56
£ L ASTATISTICSE SOURCE STATEMENTS = 89,PROGRAM S1Z2E = 4286
i»:i =STATISTICS=® ND DIAGNOSTICS GENERATED: .

s
aSTATISYICS®

NO DIAGNOSTICS THIS STER

-

.

o~

PAGE 0002

PL

L
o~ m o o o o #

R




i

» .

~  Exhibit D.6

COLLISIQN EFTICIENCY WITH
STATE DRAG TERMS;
SAMPLE OUTPLUT

o
MEN
.
.
.
»
5
< . -
'
v
e
N .
&
.
)'
-
-
f
! .
v
R .
¥ a
. .
-
. .
.
-
Il 5 !
« -
A .
N .
. -
b
. .
' ,oa
f 4
{ ~
i .
*® .

WSTEADY

i 3 ’
o~
‘ ®
&
’
»
a
“
! y
* w
4
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4
v,
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L
,v
.
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n

-
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+

Lzl‘u

e

e}t I,:

i
¢S

s

0.8937

0.8531

0.8328

P

0.8227

-3

e e e .

K= 1.000

6= 0,015

PARTICLE RADIUS/BUBBLE

FLUID oewsgrv/PAaruﬁlE

FRACTTONAL TOLERANCE ON Y(2)= 0.0050

INTEGRATION TOLERANCE=

HOR L

s

058176

¢

SEPARATION

- .y

TIME

-

29.092

28.968
— o

-

29445

T~X29.347

- I
29.476

29.551

29.589 "

~ RUN NUMBER 22
.V - —
*
RADIUS= 07100 '
¥
DENSITY= 0,400 ]
<
0.0010Q
\
Y{1)F Y(2)F
0.706 " 0.819
0.761 1.100
‘o -4
0.279 1.063
0. 385 1.105%
0.241 1.101
0.150 - 1.101
0.103 1.101
0.165, 1.087

29.539




H
‘_____‘g)bn " _0.029 102 0.00S
e ’
N -8
vi1) Yt2) SEPARATION TIME HX
30.000 0.819 . 28,911 0.0 0.0 0.0..
14.776 0.819 \ - 13.699 15.000 -0.000 . -0.000
7.283 ;.azo 6.229 22.388 . 0.000 0.000
3.608 0.823 2:601 26.030, 0.002 0.002
. - X
1.836 0.842 0.%20 27.834 0.914 0.032
1.432 - 0.861 ’ 0.571 28.266 ) 0.014 0.094
. .
1.268 0.875 Za.uo 28,6445 0.006 . 0.129
1.124 0.892 0.334 28.603 -0.009 0.164
0.996 A - 0.511 0.250 28.744 -0.031 0.194
0.881 0.932 0.182 o ' 28.868 - -0.057 0.211
.0.777 ' 0.954 " 0.130 28.978 -0.083 0.208
. Cos : ~ ‘|
s . N
0.682 0.976 0.090 . 29.075 -0.104 0.180
4
0.595% 0.996 0.060 29.161 -0.116 — 0.128 i
. Y ) 3
_0.517 1.015 ¢  0.039 29.235 -0.118 0.056
0.446 1.031 | 0.024 29.300_ ~0.112' -0,027
. ‘ \\ . B B
0.383 1.046 0.014 29.355 -0.100 -0.113
10953 O:QO" 290‘3_03 "0-0_8" _ -0- 1‘95

0.328
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NOTE:- '

-———— o

29.479

1.075 0.001 >
1.088. 0.001 29.539 -0.023
q
1.096 - 0.002 - 29.580 0.002
1.101 . 0.004 29.608 %\ 0.002
’ A
o
i L}
***ttt#‘t#t#t#ttt#tttt#t#t‘tttt*##it#‘ﬁ - - R
* p *
* ! * ' Y -
.o COLLISION EFFICIENCY= 0.6705 *
fox * .
* ! *
EREEEEE SRR ESEEREEB R R EEE SIS E Qe S ke nE
. < .

I ]

-

ALL QUANTITIES ARE DIMENSIONLESS .
FOR Y{1),Y(2) AND SEPARATION, THE REFERENCE LENGTH IS BUBBLE RADIUS

REFERENCE TIME IS BUBBLE RAOIUS/BUBBLE VELOCITY

o A ANA N
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E. ILUID VELCCITIES AND ACCELLRATIONS |,

<«

E.1 Stokes flcw

In polar ccordinates (+,8) centred at the svhere centre:

’& - ]
— M o Q _‘_3. _R._ + ;1. B_ 3 . ' €
- e Ugpm Lot [l PR A :
! ' ' .t
&
where Ue = fluid radial velocityv;
v U = fluid velocity {it an in_f'inite distance fram the sphere;
R = sphere radius.
. u, X
~ P S _g&+;§ﬂ
e VR T cos [l‘ 5 r) 2(r) . . ,
v

In dimensionless Cartesian coordinates {x,y) ag used in

Chapter 11 (reference length R) the dimensionless{ i_zeloc'ities are:

u* = Sﬁ._ - E‘ _ 1 (xzuszl)(2x2—v2}—}
= = , 5T - . s
X U (x2+y )¢ i lO(X2-0- y2)5/
b 2 2 | t
u -
B B o s 7
- "y 5 . R
oA yT) .
, \ <9 _
The free stream velocity U is in the minus x-direetion. -‘
' ! Let A = X2+ Yy .
« B= A% - s
C = A-1 ] - .
D = 2A~y
P 4
E = x'y N
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Then

It is easily s

-261-

)
Fo= BS /‘
H = B7
J =3
qQ =8
*
CD '
-1+ B o
‘ I
3EC f
iF ' '

hown by differentiation that:

9
%
U (W T (v
ox  {B TIF 41
?_L_li: 3{Cx + 2By _ SECY A,/
oy 4 F H -
™
2,1 e
2 u¥
x . 1, 2C+ _5CD 2 _7_-5(2C+D)+35CDJ o,
332 Q 2F  Aje F - H 43
£ ’2 * |
u [4
@Y% _ 1_D-C.. 2€2+y2[l+ 5(CsD) , 35CD
ay2 Q@ 2F & F R 43
Zux 2 2
2%y _ 3[ee _sE@esaxt | 35x°EC {
) ’
r.a" 2211* 2 2 \
Ty . 3[Ge _ sE(3c4say’) , 35y acJ
byZ 41| F H J -
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E.2 Potential Flow

Sywbols have the same meaning as in E.1.

1n polar coordinates:

€

u?r - cos B [1 - (%)%J

1 B . 1)
In dimensionless Cartesian coordinates:

S
- U- = 2F
u* = 35 :
-y~ 2F
M 2 Y
ox x'}, 24

*
. ?.U_}L-_-.E._fi_.éﬁi]
F H




