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Abstract 

i\ dist ing,llisll<'d rlass or cocyrlcs in the local Chevalley cohol11ology é-lssociated 

witll t11C' reprcsclltat.ioll of t.he Lie algcbm of vcctor fields ail the \'cetOl spacc of clif­

fcrential2-fol'lIIs is dcfilled and proven to he n011-zero, Two prerequisites to titis proof 

être; iL tltcorem that local openüors must hc locally differcnlÏal and a charactcrization 

of inva!'Ïéllll tenson; IInder thc representation of g,I(IRn
) on the tensor algebra. Finally, 

the (·ollsl. ... ld(·d ('ocycl(·:; 1I1C' :-,!town to he non-trivial evclI if the cochnins of the coho­

Illology al'c' J'('sLricl,{'d 10 the Lie algebl'ét of infinitesilllêll automorphisms of él highcr 

ordcr COllta.ct Hl.l'udurc. 

Rés luné 

NOliS construisons 1111(' class(' pl(~vilégi(~e de cocycles da us la cohomologie de Chevalley 

n:-,socipe il la \'('Pl'l;s('ll(,al ion de' l'algèbre de Lic de chdmps cie vecteurs sur l'espace 

,·(,et.ol'Îc·1 d0S 2-1' o 1'111 <'S difr(~l'<·Ilt.i(·lles, cl prouvons qu'elle n'est jamais nulle. Pour cc 

raire nOlis d(~lIlontrolJs qu'un opérateur local doit être locallement différentiel ct nous 

donllons une caractérisation des tenseurs invariants par la représentation de gl(ffin ) 

SIII' l'illgè~brc tenfo:orielle. Fillalement, nous démontrons que ces cocycles demeurent 

1I01l-triviallx lllrlllP )Ol'sqll(~ la cohomologie est restreinte iL l'algèbre de Lie des auto­

IllOrphisllll'S illlillit{;~illlall:\ li 'lIIIC' structure de contact d'ordre supérieur, 
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1 Introduction 

\V1,a!. is I.hi~ t.Il<'"i~ ,dIOlll'( AH <'xarnimttion of the table of contents would Recm ta 

illdi('itlc' tllit!, il i ..... Il 11Idikl'ly IIli~,tnre or several diverse tapies. SedioL 2 is analy­

~i~: ujJcrat(Jl s, flilldioll spaces, llorlllS aile! cOllvcrgencc, and il, thcorern rdating two 

dirrerclll. opNat,OI' prope!'ties. Section 3 is purc algcbraj il. is l'cally a mixture of fi­

lIit.e dil1lclIsiollal lincil!' algehra anù basic reprcsentation thcory. Sections 4 é:tnd 5 

arc difrerC'lItial geollldry: the Chevalley cohomology of vcctor field operators, the 

Lie dcrivntivC' or éI (ulln('cliol1, cOlltact stlucLurcs on t.he jet bunelle, and lots of 10c<\1 

(,ool'dillal(' comput,lI jOli:'. 

Actllally, ollly ill S<,dioll 5 do wc come to the issue that motivates this entil'c 

diss('rt.atioll; il\(, olhe!' sectiolls arc just prcparatory diversions (Iellgthy and tedious 

div('rsiolls if' olle is solely intC'rcstcd in the results of Section 5, but uscful diversions 

ir olle il' lryillg 1.0 Icarn some ma.tbcmal.ics). The origin of tllis issue is [6], a paper by 

Lichllerowicz (ll1d Pt'n'ira \)nSil\'a, in which the allthor8 dcmonstrate that therc is a 

Il:\\.lIl'al, IIUI\-ll'i\'iéd "d.\ 10 ('\;1,('11<1 the Lic algclJl'él of vcetOI fields by lIsing the space 

of dtll'('('('llti,t1 ~-rol Ill"'. Tite (·~t<'lIsil)lI il' bascd 011 the construction or a di&tinguishcd, 

1I01l-Zt'l u roholllOlogy c1a~s ill the Chevalley coholl1clogy of the Lie algebra of veetol' 

fic'Ids. The extensioll by the 2-forms turns out to be non-trivial precisely bccausc 

thC' ('oholIIology c1.1SS is lion-trivial, i.e. cannot be represented as éL coboundary. The 

Iloll-tl'iviality of the' cohomology class in question had becl1 pl'eviollsly demonstratcd 

Il,\' A. LichlH'rowirz ill [:{] ilnd by De\'Vildc and Lecomte in [10]. The authors of [6] 

tltt'Il (,ollsidl'l' 11Iélllif'olds with quile él T1umber of differcnt geometrical structures: fo­

liéltions, unilllOdllléll' stl'lIrllll'e'S, Poisson and Jacobi bracket.s. In cacl! case, they look 

at t.he l'cduccd Lie algebra of l.hose vector fields which are infinitesimal automor­

phisllls of the strll<..lure in question. Rcmarkably, they show that the cocycles in the 

abo\'c-IIH'lltioncd cohol1lology class remain non-trivial when rcstricted to these Lie 



subalgebras, and lhercby show tbat thesc Lie algchras GIll 1)(' l'xll'lIdt'd as \\'(,11 in il 

non-trivial \Vay. 

The pr('scIII \\'01 k (é\I'l'il'S l>llt 1 his progral1l for 1 hl' Li" alg('lml of illfillÎksÎllIal all­

tomorphisl\ls of fil:-.t alld Illgb{'\' onkl' l'Ulltat 1,,1 1'1\('11\1'('S. 1'\11\\', :-,pl'cifyillg ,\ .IacO';l! 

bl'élCkd on a lIlilnifold i:-. (!c!lli\'alc'Ilt, ill él 1 ('rI ain \Vay, 10 sp('cifyillg a firsl l>rt!,,1' ('(JIll <1('1 

structurc on t hc manHold (SC(' lur l'xarn',le [!i]); <llle! so [li] illlplirit.ly \'('!-io!\-{'S t 11l' ra~t' 

of the infinitesimal éllltOIl\Oq>hislIlS or flrst orcier contact s\.rucl li l'l'S. 'l'hus, 1 hl' 01' 1,)' 

original part uf this dbsclt.atioll is the o1>s('I'\,11tioll that IIJ(' a!Jo\'('-Il11'tlt iOIl('d r!a:-." 

or cocycles l'l'main" 1l011-I1'i\'ial \V Ile Il l'C':-.triclc,d 1,0 Ill<' Li(, .dg('lJ1·a ur ililillill'silll,d 

élulor:10rphl:-'l1l:-' of IlIgll('l' ()ldl'\' ('ont.act :-.Ltllcll1ll''>. 'l'III' kl'Y lu [>Iu\'illg t.ltis U":-'~'I­

\'atioll l'Ild:-. up lwillg \ hl' farl thaL t Il<' illfillitl':-.illl,d ctulullllJrplti'ollls 1)1' higlJ('1 III d('1 

contact structures ail êll'isp !'l'Olll the "prolong,lfjoll" of illfinit(':-.il1lal ,lIllnlllo\'phistll~ 

of first 01'<1('1' contact stl'uctur('s, thel'chy 1'<·latin11, the situatioll \Illd('1' di~ÇllSsi\)ll \'0 

t.hc Cl hovc-Illen tiolled cas(' of t h(' J acohi bracJ.wt. 

Section~ 2,:3, and ·1 ale ail c'xpo!-oitioll of SOIlH' of 1 Ill' ::-'SIl('S \,('1<111·<1 lu t.llt' «(J(',vcI(·s 

of ticction 5. S{'clioll,1 illtrodll( c:-. the CIJt'\'all('y ('oholllology (ill wlii!'!) ('()( liilill~ ilJ(' 

()pe\'ator~ that la"(' \'t'dol' field cll'!l,lII1Wllt'l and giw :!-IUI'Ill \(':-'111\;'), (011 ... 1 l'III'\!., t IJ(' 

cocycle in q1\(·~tioll, alld silows thélt t.he COholllology c lil~s i~, ill g('II('I',d, lIull-ll'ivj.d. 

Section 2 de\'c1ops t.he l'('stlll tlta!. a local c()cltaill is 11<'«'SS<llily dtf[('\'('nlial, tlll'\'{'Î>y 

permitting él les!::> \'{'stl'Îctiw' critNioll fol' wltich Cüc!lilills ('<Ill Iw ill< IlId(·d ill tll<' ill)()Y(·­

Il1cntÏollcd coholllology. S('clioll :3 <li:ictls:-,cs tile alg('l!l'élic PI'<'\'('qui"iiks fol' t!H' prool 

that t.he cocycle'i COIlSll'llcl<'d ill sectioll ·1 arc Ilot coholl Il ri ill'ic",. l'IJ(' :111'/11<' (If SC'cLio/l 

:3 is the l'cpl'c:-.cntat 1011 of tll<' pertllutatioll gro\! p und t!J(' J'('j>l (':-'C'lItiltioll of (1)(, Lic' 

algcbra gl(n) 011 various tCIlSOI' !>péL(,(~S; the seminal ideits COll\(' frolll the tr('éttlllellt of 

this subjcct by II. Wcyl in [9]. The ccntral result of ~cctjolJ :J Î'i the proo!' tllélL the 
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ad,iolls or tir" permutation grotlp on tcnsor SpélCC gCllcr;üc the comlTIutator (.Jgcbm 

or the actiollH of gl(Il). 

'l'lw lllost illq)Qrt.allt result of section 4 Îs tilt! praof that the cocycles of the abo\'e-

1\\('1\\ JCJl\et! d.\~<.; al<' lIot c()holll\dari(!~. Actually, tlll(,(' diffclent proofs at\~ pre~cnt.ed. 

'l'II(' SCc Olld or t.1\('~(, pl'otlf~ is il corollliry of th!' celltral t,lworclll of :-.ectioll :3; the other 

two prouf.'i ilJ(' ~df-coI1Litilled. The tltil'd vendon of tlte proo1' rcquires bcing able lo 

expl'('Sl'l t/H' giVC'1l ("ocyc\(~ as éI differcnli,d opcralorj The first version of the praof only 

neccll'l the aSSlIll1ptioll that t.he cocycle is a local opcrator. Thus, by rcstricting ollcsclf 

t.o v('rsioll lof the Ilon-triviality proof, one can eliminatc the IIccd for sections 2 ancl3. 
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2 Local Operators 

II i" Ilol dilficllit lu jllD\l' Ibdt élll 0J)I'I'<llo1' 1. : ("-'-'(IH") ---. ('''''(IHl!) \\"hil"h i., 

C0l1tiJl1l01l~ \\'illt 1("''1)('1'1 tu il ('('l':,lill lopology 011 C" (IW') is IUl",d if .1IIcl pIlI.\' if 

il i~ ditrl'lt'llti.d (~('" fUI ilht.\IlU· Dil'ildotllll', [1]l .. \çtu,dl\'. \hi., H,.,,!!I i" \1'I1t' 1'\'1'11 

\\'ithout the (Ontillllity d:,.,tllIlpliol\. l'lii:-- \\"tlS :--II\J\\'II J,y.1. 1\·t'\It· III 17]. 'l'Ill' ilpplll<ll"h 

takclI by thaL \\'o1'k is rat.hl'r ilb~t l'net.; tltt' aulltor U'>('S 1 I\l' l.ltl~It,IY,l' uf shl'af and 

distribution tlH'ol'y tn st.atc al1d pro\'(' the' l'l·still. A g('II('I'<llizaliutl or 1111' J'(':'ult tu 

lllulti-lincéJ\' opcratol's i~ gi\,(,11 hy DcWilde alld L('COIIllt' ill [10], TIIl'II' i1ppl'\>'Il'1t i·; 

\es::, ~ophi~lic-at('d, hut still J('<jllill'S PI'l'lre\; )'(')'\111. ,1:-' il PII'II'(l'lisit(· liS \\,(,11 .1'> 1 ('Iyill,!.', 

011 the lise' of the' H,lil(' CatC'gul'Y Tlteo),(·lIl. III tll<' 1>1 (':'('lIt ..,('{tHJlI I\,(' will gi\'(, dll 

orig,inal (lo t 1\1' 1ltllltol"" I)(,éot kll\lwlvd!!,l'). :--l'lf-colI\aillcd j>t'\lut Ih,t! .1 !u('allllltlt 1 1 llll'il l' 

L must be dirr(~I(,IlI),d, The 1('Sltltill,!!, IlrcOI('lll ~(')ll'I',d)z(':, ('cI:-Iiv 10 IDcal 0P('ldllll:-' 

whose argulllents and vaille arc Icnsol' lields 011 a fiIlÎI<'-dillll'll:-.iull,d 11IHllirold, l'HIII(,!' 

th an just fllllclioll!> on IHH
• \\le will Ill'<'c! this (·x1.('lldcd I('slllt ,d)!)llt t.h() ('<Jlliv,t\('I\( (' 

of local and difrc,'~'lltÎal 0lwl'atuIs in lit(' !>('ctiom tl1,ü folio\\', 

The a~sul1lpl iOIl tlwt t.he o]lcl'ators ill qUl,!>t.iuII hd\'(' ('" <ll'1!,1I1])('lIls, 1',111]('1' 1 !J.III 

analytic ones, is c'3s(·nt.ial for the abov(' lllClItÎ()\J('d plOUf. Th(, 1(',\:-'011. IOllgJdy sp<,ak­

ing, is that thcrc ('xi!>t C: .... , '·plat.cau" f\llldiolls: llt(,:-,l' tI)(· 11111<'1 iUII:- \\'II!J (1))lIp<l( l 

support that arc idcntically l'«ual to 1 011 s .. )IllC opell :-'('1.. Ui\,('l1 il {'\llldi()lI, l, dlltl il 

point, p, if wc Tl1ultiply f by a proper)j srak·d alld tralls)a!('d plat('éll! ftlllctÎOll, tlw 

1'esult will be a function with ilrbitral'ily srnall support, but with the sall1<' bdliLVi()\It' 

as .f in sorne neighborhood around p, In othe\' words, it is po:-,sibk lu ('xtC'lId .t giv('11 

functioll gC1'111 to a globally dcfillCd [uucliolJ with arbitral ily slJlal1 support. Sucl! 

a construction is Ilot pos!>ible \\'lIen \\'orkillg ill the "éllJalytit rat.(·g,ory" IH'('él1h(, 1.1)(' 

germ of an analytic functioll [ully dctermines global bc:haviol/l'. II. i" t.he (,W, ('xtclJ~i()!1 

property that makes possible the proof thal localopcmtoI's lllusl actually he diff'cl'-
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l'lilial. W(~ will show thal if" givcn linear opel,.llor, L, does not aet like a difl'erclitial 

operator al. slIflicielllly lIlétny point", tlrcn iL is possible to lIS(' the cxtcntion propcrty 

lu eOllsll'lld a Crx.. fUllclion, f, slIeh t.lrat LU) is not cOlltinuOlls, Such an L cannot, 

t.IlC'1'dore, 1)(' il !océd opel'ator. With a Iittle more work, wc will t.hcn be able show 

tira!. (t local operéltol IJllI~t. ad likc Ct dif('('rcntial Olle in a ncighborhood around cach 

puin!. 01 !Ir', 

2.1 PreliIninaries 

Let. C'<X>( IHn
) dC'lIot.e the spacc of infinitely diffcrcntiablc, rcal-valued functions 011 

IIr'. By a 11I1I!t.i-indt·\, (\', of orckr d wc will meôn a list of n non-negative integcrs, 

(n 1, ... ,(71), S1Iclt tIlid, L. n' = d. \Ve will l1~C o! Lo dellotc ol! ..... O"! and tise the 

sYllIbol S 1.0 l'dpI' t 0 t.he lexicographie partiel.! orcier relation on the hpacc of multi­

illdin·s. For 1III11t i-indicC's 0, Il of Oldel"l li and h, rcspecti\'cly, and for 1 S ~ S n, wc 

will lIS(' [il t.o denotc tire mttlti-indcx (0, ... ,0,1 (i-th position), 0, ... ,0); [ct, i] will 

dl'l1ote the' (a + 1 )-st arder TlIulti-index (01, ... , Q' + 1, ... , on); and Q + (J will dcnote 

the (a + b)-th ordeJ' Illtllti-index (0'1 + (JI, .•. 1 Qn + f3n). \Ve will u:::.c rnulti-indiccs 

1.0 s[)('cify helSic polYlloll1iah- fundÎollfJ, :1'
Q

, and basic multi-differcntial opcrators, ôo • 

t J si Il,!!, .1' 1 •••• ,.1'" to dt'Ilotc t 1 J(' (Oo1'd 1 naLe ru Hctions aIl Il{" \\'e defillc 

1 1 fi 

.r" = (x )" ..... (.r ll
)" , 

and 

Let lJ \)(' a subsd of IRn and cl a non-ncgative integer. 1"01' f E coo(m..n ) put 
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For U = IH" wc will sil11ply "'l'il<' Il {lld' Il is ilOt. ditlil'lIlt 10 \'('ril\, t h.lt ir (' i~ 

bOtllldpd, 1 hClI tll<' aho\'(' Ikfill('S é\ 1101'111 on (''''-'(IW' ). 'l'hi.., lIul"ll\ is usd'lIl h(·C.II\:-I· il 

"1II('c\SU l"l 's·· the' lIla:-.illl1\lJ\ \'.\l"iatioll or f 'Illd ;dl or il:-- d('ri",tt i\I'S tif> Il) ordl'r d 011 

tltct.ct U, 

2.2 Linear Local Operators 

The proof tll,lt 1I11llt i-lilll'il1' local opC'raton; are dilrpr<'llt.i.ti COllll,illl'S S('\'('r,,1 dilrl't('lIt 

idem;. For the :-.ak(' ni (1.IIil.\". \\"(' will fir:-\. ("nl1!'>idcr the' :--illlPlt-r cas(' nllill('ar 0p('latOl'S, 

i,e, Op('lator:-. \\il li ulIl;; ut\(, <I1'glltlH'IIt, TI~i.., wIll j>1'llllil 'h tu hip,ldi).!,ht 1 ('tLIlll 

cs~cllt.iéll ide".., \l'lthUIII 11l\·uh·l!l).; the' rulll'dlt)!,(' \JI' \t'l'lllll<,,1I dl'ldib IlI'l'dl'<I lUI 11\1' 

proof of tllc gencr,d ('a..,I', 

Let L : C''''''(IIl'') ----t C":X'(In") he' il lilWat' ope'l'<lt.ol. WII('1l \\'\' !'><l,\' \.hdt /, ie, 

local, wc lIIC,\l1 t.hat. fOI' It giW'll fUlIcL\Oll, f, l\w \'alll<' or /,/ ,\1, CI pl/ill\. j" \ Olllpkt(·ly 

dcterIllincd 1).)' Ill(' lwh.\\·iolll' or.r ill'OlIllrl tll,\I, poillt, A!'> d l'ip,OII/II" ddillit.illlJ, tlli.., 

('élll hl' <'Xpl('Sseri in (wo \\'a\'~, 

Definition 2.1 H'c Cl/II L a local o!'/'f'(!lo/, If tlsaluîjit." JI/( follo/l 11l1f/Il/1o ('(lUtl·IIO/I .... 

fo/' cvc/',Ij open U c mil and f,,q E COO(IH n
) 

(i) f lu= 0 iII/plies that (I".f) lu= O. 

(ii) J lu== g lu impUrs Ihal (lJf) lu= (l,y) lu, 

Proposition 2.2 COlldllioru; (i) alld (ii) (I/'C (!jlll/)(df:"t 

Pro of. This re'stIlt is ail irnmcdiat(· conseqlH'Il(,(' of tlJ(' lillC'arily or l"~ rJ 

Thcl'C arc several ways to intcrpret tlte notioll of dijjflT/I/Ut! Opr:I'llI01': wc ('OlIld 

be speaking about a global, a local 01' a. point-wise conJilioll. i\ formai, illfillit(· 



-

SIIIII )=u (J,))", W!WIC' t!l<' ('odficieuts, (Jeo are arbitrary fUllctiolls will spccify a wcll­

ddill<'d !uC'id o/l('lcllor as !Oll!!, as OIl!Y fillitely lllaIly of tlle cocfficiclIls are nOIl-zcro 

éd (·itl Il pOlllt. 'l'Il(' l'illIg,l' Dr ~\Icb ,li! 0p<'l'cl101' will not ill gC'lleral lie in the space 

01 c (J1J1 ÎIIlI011'i 11lIlrtjOIl": fOI 1 hed, II, j~ "lrffieÎ(,lIt t 0 e\<;SIIIJW t hat the coefficients me 

t!)('1I1:-'('!\,(''' «(jlltllJllOll'> If ..,wh j.., tl)(' Cil'i(', cl .,talldald COlllpctdlJ('SS argument shows 

t11ilt ill a giv('1J 1){)lllltl('d ..,cl ollly fillit(·ly many coefficiellts arc flot idcntically zero. It 

\\'ollid 1)(' fi tt Î IJ~ 1,0 cali :-, li clr ail opel'atûl' locally di Ifcl'cnLia.l. Of COut sc, just bccausc 

t1ICJ'(! i., aloeil! hOlilld on t II<' IIl1mber of thc 1I011-Zero (I,,,'S docs Ilot imply that a global 

/)olllJd ('xi~t'i as weil. Illd('C't!, 011(' Célll ea<;ily choose contillllOUS coefTiciC'nts so that no 

(Ill is idt'llticc\lIy Z('J (J. hllt, "'0 t hill only fillitC'ly llIally (I" 's arc IlOIl-zC'ro when n>st.l'irted 

to il IIolIlI<l('d !lolllillll III ()tllf'l \\'onb, just. lJl'cau~e éUl o]>clatOI' is Iacally equivalcnt 

1.0 a fillit.(· ~lIllI of i/.·o; !lo('s Ilot lIWclll that it cali be C'xpll'ssed tllal. Wcl)' globally. We 

will Ilot Iw dCillillP; \VÎth tlJ(' global difrerential condition. Haiher, \\'hat wc will be 

tlyillg, 1,0 show, is tltat il local operator must tlt'cessal'ily be locally difrcl'cntial. 

Definition 2.3 \VI' lOti! Cf/II /, [ocally (hJTc/'clliut! of o/'dcr d or lcss iJ JOT' CPC,.!) 

/wlilldull' C II{" wC ('(/11 ch ()() .... r: C""" JI/llclwII;' (Ill tlnl :::; tl) s/lell Ihal JOT' t'ver!) 

f E (., .... (IH") 

LJ = L ([li Dol, 
1(>I~d 

al all jJo/lllli ofU. 

Definition 2.4 /, i.'i :;aili /0 bc pOllll-ullse diffc/'cnlial of order dOl' less at a point, p, 

If Il .~([II.'iJirs tIlt fol/ou'lIlf1 l''IH conditiou::.: 

(i) (,'/L't'II aT/y f. If If'(' hal'r tlial Dli/(p) = 0 JOl' alliai S; d, thcn we also have 

(Lf)(p) = 0 
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(ii) Ci /Je Il any J al/d 9 J if we havr Ihai o,,J(p) = [)nfJ(P) fol' ail 101 :::; d, l!trl! Il't' 

also h(wc 

( fi J) (p) = (J, fi ) (11) . 

(iii) 'PhC/'c arc l'cal (,()Ilstalll,~, au;/, (101 :s; d), SI/ch Ihal fOI" l'I'f'I'!1 f Il'1' hll/'f 

(Lf)(p) = I: acq,' iJ,J(p) . 
\L,I$'/ 

( 1 ) 

We will shortly show that t.hcsc three conditiol\S are éH.:1.ually l'l\\Iivaklll. Why 

dcHnc the same concept in thrcc dirrc!'cnt ways? The' lC'l"m llO/lll-lO/sl' tl/Hf /'l'lIlial i~ 

ail apt dc~c!'iptioll 1'01' all opNator lltal sdtis!ips (iii)i <lrtn ,dl, (iii) ~illlply xay:-; tlt,,! 

tlH' actioll or f. al. JI is <'qllivnkllt. 10 the aclioJl or ~Oll)(, 1IlIiIli-dilrl'('('lItiill 0p('I'.do)", 

\Ve \\ ill M'l', howc\'('i', thcll. lJl'illg ahle 1.0 CXpl'l'SS t hj~ Ilot iUII ill 1.(')"1I1~ ur CI>IIdiliollS (i) 

and (ii) i:, p::,::,ential in showing thai a nOll-dill'erenlial 0P<'! ,tto!' Cêtllllot, lH' local. 

P,'oposition 2.5 Rach of the tll/'CC condition,'; of Defini/io/l 2 . .{ l/I/plies Ill!' 0111('1' 

ttUO, 

fJ/"Oof. (i)===>(ii) Suppos(' t.hnt. L obey:; (i) ulld thaL l illld .<J S()I.i~ry 1.1)(' pr(,lIlis(' 

of (ii). Tilus, aIl dC'l'i\ at ives of f - fi of ord<'1' d 01' I<'ss ill(' zero al. Il and \\(,Ilc<" 

(LU - g))(p) = O. 'l'he cOllclu:;ioll of (ii) 1'0110\\'s by t.1)(! lill('(\rit.y of /" 

(ii)=:;.(iii) Suppose that. L oheys (ii). For a giVCIl [lIlIdioll, f, W(' Cilll ,dwaj's rhoo:,c 

a polynomial, g, such tl1ût o,J(p) = Ü('IfJ(p) fol' ail 10:1 S ri alld h(~'I("C\ iL is cliolIgh to 

choosc the constants ((Cl,p so Lhat (l) !lolds for ail f = :r L
' (101 S cl). Sillœ 

JI 
') li Il, Il (Q:r = 'l -LI 

((J - o)! ' , 

if (1 :::; {3, and equélls 0 othcl'wisc wc llceJ tü dlOü!-'C the comtauls so t1mt 

( f3 ()" (i! {J-a ( 
Lx ) p = L..- aQ;p (fj _ o:)! :C p), 

a~{j l' 

(2) 
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fol' evel'y possible 1/31 < d. This can be accomplishcd with the following inductive 

ddinition. Fol' a givcn 1/31 ~ d, artel' having defincd aU ao;p (a < /3), put 

a(3;p = ~, ((LX(J)(P) - 2: aaiP ((3~! )' X
f3

-
O(P)) 

• • 0<f3 a . 

(ii i )=>(i) Trivial. o 

'l'he 1'('11S011 fol' the awkward phrase "of order cl or less" in Definition 2.4 is that if 

the conditiolls of the dcfinition hold for a certain cl = N, then they will aIso hold for 

d=N+I. 

Definition 2.6 We call N the dijJerential order of L at p if the conditions of Defi­

lIilion 2.4 holri for cl = N, but do not hold for any smalle7' d. If L is such that these 

('ondilions can1/ot !Je safisjied for any d, then we will say that the differential degree 

of Ij al jJ i8oo. 

IIaving givcn a rigorous definition of local and differential opemtor we ean now 

sLate the pl'imary l'csult of this section. 

Theorem 2.7 If L is local, then il is a/so locally dijJerential. 

The proo/' of this t.hcorcll1 rcquil'es a. llumber of Lemmas. First, we need to 

COIlSt.\'Uct. il "'canollical" plateau function. 

Le1llll1a 2.8 1'here exisls a COO (1Rn
) function, cp, with compact support such that 

V; = 1 ln 80/11C neighbol'hood of the origin. 

1)/'00)'. \Ve COlls(,rllct <p from a 1 climensional bump fllnetion, i.e. a positive 

Cc>" fUIldioll 'PI : IR ~ Ul \Vith compact support. We use the following standard 
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technique ta dcfine CPt. Fol':1' E IR pu t 

-1::; x ~ 

othl'l'wis<' 

Next, we dcfine a CC<:> fUllction 'P2 : IR ~ m whosc gl'ilph hm; 11 plateau of hc'ight. l, 

but a plateau that cxt.ends indchllitcly la the l'ighl. For.1: E m, pu l 

We can male a l dimcllsional "plateau" fUllction, tp.l, by shilling <.?:? 1.0 tht, kft. Hlld 

combining the resulting functioll with ils rcflectioll. Fol'.1' E I\{, pllt 

The l'csul t,ing, 'P3(X), has support in -3::; x $ 3 and Îs idcnt.ically 1 fol' -1 :::; :1: ::; 1. 

The dcsil'cd n-dimensiollal plateau function, 'P, cali IlOW be constl'ucl,('d hy 1Isillg 

the standard norm on IRlI
• For p E IRn put 

o 

An et:sential technique that will be use el in the proof of Thc(J!'el1l 2.7 is the COII­

struction of a functian by the superposition or a cOllntahle H1Imber of C'ry~ fuwtÎolIs 

with disjoint supports. The following lernma givcs cOllditiolls t.hal arc sufficiclll 1.0 

guarantee that the constructed functioll will itself be Coo. Jm\ced, let J'J. E C rh (lH,Il) 

be functions with disjoint supports and put f = L:k JI.. 

Lemma 2.9 In order for f to be COO, it is sufficient that limk_oo IIfkllrl - 0 f01' 

eve1'y d. 

la 



h·ooJ. Let us dCllotc thc support of fk by Ok; that b Ok is the set of points, p, 

such that Jk is Ilot idcnLically ~ct'O on evcry ncighborhood of p. Let 1 ~ i ~ n be givcn. 

Sillcc we art' aSlmming that lilll/;-.ov IIfl.lld = 0 for al! d, and since Il.hlld+l :::: Ilôdklldl 
wC! a/so have that /iJIII:-+ oo IID,}/;II" = 0 for ail d. Since the support of âJk is contained 

in Ok, the prell1ise of the lernma rcmains truc if wc replace cach fk by Ôdk' Therefore, 

we cau Pl'ove the ICrTlma by slrowing that â.j exists and equals Lk ô.j/.., and then using 

induction. Sincc cach Ok is open and the Ok'S are disjoint, .f is Coo at aIl points of 

UI..Ok. Thus, it is enough to show t,hat ôd(p) exists and cquals 0 for cvcry p rf. UkOk. 

Let. ::iuch ét II he givell. We have' tü show that lill1h ...... o f(p + he,)/ Il = 01
• Whatever 

Il > 0 iH, the point p + hc! is eithcr in sorne Ok 01' it is in none of thern. In the firsL 

case, J(p + he,)/ h == fdp + he,)/ h; and in the second case, J(p + he,)/ h = O. Now, 

for a. fixed k, we ccrt.ainly ha.ve that limh ...... O fk(p + heï)/ h = 0; we must show tha.t 

this limil Îs uniforrn over k. Let E > 0 be given. Since limk_oo Ilfklll = 0, there will 

be ollly fillitcly many k sueh t.hat I.h(p + he l )/ Il 1 is not always less than (. Therefore, 

by lI1élking h :-illléllI Cllotlgh wc wiII have t.hat Ifk(p + hei)/ hl ~ E for aU k. 0 

'/'11(· following, 1('llllllfL is al1othcl' technical result needcd for the proof of Theorem 

2.7. It shows how t.o extcnd a functioll gcrm to a globa.lIy defined function with 

al bit.rnrily sma.1l support, but extend it in such a \Vay that the resulting function is 

"just as fla.t" as the givcn germ. 

Lemma 2.10 Suppose Ihat f E COO(IRn
) is such lhat 8Q f(p) = 0 for alliai ~ cl. 

'/'11 C/l , fOI' (,l'fl'l] ( > 0 and cL1fry neighb01'hood 0 of p, there exisls Cl 9 E COO(IRn
) 

.";1/('11 l!Jal 

1 \Ve arc lIsing Cl, ••• , Cn to denoLc the canonical basis of IRn 
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(i) the support of9 is contaÎlled in O. 

(ii) f == 9 in sorne lwl!Jhborhood of p. 

(iii) IIgllcl ~ c. 

Pro of. Let cp be the "plateau" funciioll cOllsll'ucted in LClI\l\lil 2,8, scaled in 

snch a \Vay that the support of cp is containcd in the unit. bail. Fol' 1 > 0, d(·I1I1(, 

CPt: IRn 
---t lR to be the Coc function CPt(q) = c.p((q - p)ft). Thus, <Pt is a. "plat.eau" 

function whose support is conlained in a ]J-ball of radius 1, éllld fmt.h('l'lnol'<·, l-~t == 1 

in sorne neighborhood of 7). Fol' cach t :;:.. 0 put. Yt(q) = f(q)'Pt(q). 'l'Il<' l'('sl1lt.illg (.'f'V 

fUllction, gL, satisfics (ii) and bas its support. contaillcd ill the p-ball of r,ldills 1. 'l'hw;, 

if t is sufficicntly sll1all, y/ will also satisfy (i). What iSI\'t obviollS is t.hnt. hy lllaking 

t small we can also get Yt lo satisfy (iii); in other words wc arc g.oillg, !.O sllOw th,,!. 

limt .... o Ilytlld = O. For lai::; d, wc have by the Lcibnil~ l'ulc t1mt 

ûogt = L Cf3 D(d D,.,'Pt 
.B+'Y=Cl' 

where the Cr/s (fi ~ cv) arc posit.ive integel' constant.s which W(' do IlOt. tI(·pd t,o 

compute here. In finding, an upper-bolllld for YI wc need Gilly \Je col\cclll<,d with 

points whose distance froll1 p Îs less than t. As wc dcncase l, S\lc!t point.s lie closel' 

and closer to p, and hence, DpI at thcsc points goes to ~ero l'or alli/il::; d. lIow('V('!, 

(1 ) 

and hence, as t gocs to zero, the derivatives of CPt grow like iL hl-degl'œ polynol1lial in 

lit. We must show that as t goes tü zero the derivatives or f dccreasc "raster" tha/l 

t.he derivates of CPt grow. The constant. ]( == IIcpdld is ,1II upper hOlllld for !/J/CPI(q)! 

anù thus (3) and (4) imply that 

Iô ()I < " C J( IÔpf(q)1 
Qgt q - L...., p tl-rl 

13+"f=0 
(5) 
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'l'he af-lsumpt.iolls ahout J imply that J(q) is o(lq-pld) and that 8f3f(q) is o(lq-pld- 1f31 ), 

Sillcc for cvcl'y fi + 'Y = a, we have that III = 10'1 - 1,81 ::; d - lfi!' and sinee the sum 

in (5) is over a. finite numbcr of tcrrns, the preceding remark implies that 

Sill('c the bUppOI't. or 9! Îs cOllt.aincd in {q : Iq - pl S lit} and sinee the above holds 

fol' ail 10'1 $ li wc fan cùncludc that 1imt-+o IIgtild = 0, o 

The purposc of the next )emma is Bot to furnish a rigorous dernonstration of yet 

a.lIot.hcr technical Jetai!. Rather, in it we givc the cssential idea necded for the proof 

of Theorcm 2,7, Let {J)d be an infinit.e sequence of distinct points containcd in a 

botlllded rmhsel. of mn
, FOI' caeh k, let N k dcnote the differential ordcr of L ai Pk, 

Lemma 2.11 If L 18 local, Ihen lim SUPk-+oo NI; is finite, 

PraoJ. Suppose, on the contrary that 

lim sup Nk = 00 
k-+oo 

Th\ls, W(' can assume without loss of gencrality that Nk > k for each k, The fact that 

the Pk's come frollJ éI compact set will guarantee the existence of an accumulation 

poillt of the S<:'{, {pd, élnd hCllcc a convergent subsequence of {pd can be extracted, 

'J'ltus, wc l\1ély without loss of gcnerality a.ssume that the Pk'S are distinct, that they 

convcl'ge ta some point, ]J, and that Nk > k for each k, According to Defition 2.4, 

rOI' each l', we can choosc a function !k such that ô"fk(Pk) = 0 fOl' aIl 10'1 ::; d and 

yet. Ruch that (L,h)(pJ;) -:f. 0, Multilplying each fk by a sufficiently large constant, we 

l'an assume withoul Joss or gcncrality that the sequence (Lfk)(Pk) incl'eases without 

bOlllld. Let us choosc an OpCIl neighborhood, Ok, al'Ound each PI; in such a way 

thal tlte rcsultillg Ok'S arc disjoint, Using Lemma 2,10, we can replace each fk by 
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a function gl.. that has the sa me gf'r!11 al. Pk, has i\.s supporl ill OAI éllld SIlC!. Ihal 

IIgkllk < 1fk. Wc have chosen thc gk's to be sllOkicnt.ly "(lat" so th,,\. 

for ail li and hcncc, llsing LCl11l11ét 2.9, wc Œil SU\lt'l'iIII POS(' t.he !/I.'s lo ppL n (.":>., 

function 

.fi = L9k 
k 

The restriction of 9 to Ok is just 9k. Sin cc L ifi local, t.he prccccdillg rad ll1(',IIl:-i thal 

(Lg)(Pk) = (Lgd(pd and hencc, {(Lg)(l1k)} is unbotll1ded. Alld y<'l" sille{' w(' ilre 

assuming that Lg is contitlllOUS, wc mllst have t.hat. 

lim (Lq)(]Jd = (L9)(P) 
1.. .... 00 

This is a cOIltradictioll. o 

vVe nced one final tcchnicallemma before givillg the' proo\' of 'l'lwon'1I1 '2.7. 

Lemma 2.12 LelO be an 0Jlcn, bOllndcd subscl of lIlll • Suppose Ihat the dij)'l'I'clltial 

order of L is Icss !han 01' cqual io N tLtall but a Jinilc lIumb!'/' of fJo/ll/.'l of () ,/,1/('1/, 111l' 

diJJerenlial order of L is Lcss than 01' cqllal io N (Jl ail !Juilll,'; of 0, aI/ri fu/,t//(,/,II/o/,(', 

L is a local dij)'el'cntial o]Jcmlor of ordc/' N 0/,1(,.'\8 on (). 

Pl'Oof. For cach Ir:JI :s N, inductively denne Cr-.;; \'Illlcli()ll~ (lfJ I)y (h's!. ddillÎllg, ail 

a" for a < fi and thcll putting 

1 (L!3 ~ (J! fJ-(r) 
a,f) = fi! x - ~ au (fi _ Ci)! .1' 

This dcfinitioll is a global analogue of (2). Illdced, havillg ddill(·d the (lo'S this \Wty 

wc can bc sure by (iii) of Defillition 2.'1, that fol' cvel'y f E (,":0(IW') 

Lf = L: a{J o(Jf 
1f3I$N 
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at ail but finitely mail)' points of O. But, bath sides of the above equation are 

élssurn(!d to IJ(! continuons and thercfore we can conclude that the above relation 

holds (,vPl'ywlH'!p Oll (J. o 

Wc il\'(' Il 0\\' r('ady lo givc t.hc \)1'oof of Theorem 2.7. Il is a direct consequence of 

L('II11tlar.; 2.11 and 2.12. 

P1'OoJ of 'J'hcm'cm 2.7. Assume that L is a local operator, let 0 be an open, 

houndccl subsct of In't, éllld let 5' denote the set of points of 0 wherc the differential 

ol'de!' of L Îs infinilc. Lcmma. 2.11 tells us two things: there are at most finitely many 

poillt.s in S', illld t1l<'!C cxist.s élll upper bound, N, for Lhe differclltial order of L at 

poillt.s or 0\8. Titus, wc CciII US(' LClTllllél 2.12 to cOllclude Lhat S = 0 anù that L is 

il local difl'crcllt.i:d opcl'élLol' of 01 cl el' Nol' less 011 aIl of O. 0 

2.3 Multi-linear local operators 

\·Ve 1I0W t.Ul'II (,0 t.he (',,~,(' of l11ulli-lincal' opcratol's. We will follo\\' the trea.tment of 

t.ll<' pr('('('ding S('ct iOll. ('xt('ndillg definitiolls and pl'Oofs whcl'e necC'ssary. 

Definition 2.13 We call L il local operatorif it satisfies the Jollowing two conditions: 

fOi' C/lCI',Ij open U C lIln and fI,." ,f3' 91, ... ,93 E coo(JRn
) 

(i) l. 1/1= 0 fol' 011,1} i implics Ihai LUt, ... , fJ) lu= 0 

(ii) II lu=.f}, lu fol' l'III'/'Y 1 Ilnplies lllai L(Jl, ... ,j~) lu= L(Yl, ... ,9j) lu 

Proposition 2.14 Conditions (i) and (ii) are equivalent. 

Pl'Oof. Again, this is a direct consequence of the j-linearity of L. o 
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Ir. OUI' notat.ion for Tllulti·lincar diffcrential 0p<'J'UtOl'S WL' will 1I1ake IIS(' of lisis of 

multi-indiccs. Suclt a list. will he wriltcll 0'1 ... C\:J U1ld ("allet! il J-JlIII(,(, lI/1tlli-lIIdc.l'. 

Wc will Use ~ t,ü (!enolc the lc'xicog1'llphic part ial ol'dl'r 011 1 Jl(' SPill'(' Ill' j-plél<'(' Illllli i­

indices, In oth('1' \\'ords, \\'C will use 01", OJ S,dl'" dJ 10 Ill('dll lli.1I n, ::: ,:1, roI' 

every ~. 

Definition 2.15 Wc wtll call L locally diJJc/'cnlia[ of on!,'/' ri (JI' 11'88, If fol' l'IW1'!! 

boundcd U C IR
ti 

we can ch Dose C'x> junctio11S (tOI .. ,cr) (\0 ,1 ~ cl) 811('1! IlIlll fol' ('1'0',11 

fh"" fJ E C=(lHtI), 

at ail points of u. 

LUI" .. ,j~);:::: L Cl('q ,0) Ocq fi ..... (Jo) l, 
lu.l::;d 

Definition 2.16 L 18 said 10 bc point-wisc diJJcrclIlwl oi o/'dc/' li (JI' lt ... ,.; al a Jlolll/, 

7J E }Rn if il salisfics the follo1Oing Ihl'ec conditions: fol' fI" .. , I)l!h, . .. ,HJ E (/':>..>( IH n ) 

(i) the e:t:istcnce of (lll i SI/ch l''ai üal,(p) = 0 fol' (/1110'1 S d i1/11,lil'8 /hl/I 

(iii) Therc cJ'isls l'cal constants (la! ... o).Jl (101 1 ~ li) s'Uch Ihal 

LUt, ... , j~ )([1) == L lleq .. O'JiTI Der JI (p) ..... DoJ] (7') 
IQ,I:S;d 

1G 

(G) 
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Proposition 2.17 'l'he lhne conditions of the abovc definition are equivalent. 

f J1'O of. (i)=>(ii) Suppose thnt L obcys (i) and that fI,'" ,J3,f1l, .. · ,93 satisfy 

the prclIlise of (ii). FOI ('vcry 10'1 $ d wc have DcrU~ - 91) = 0 é,zl(l hencc, silice L is 

Illldti-lil\(,éll, wc' hav(' 

LUI, .1'2, ... , IJ)(p) L(91' f2," . 1 fJ)(p) 

= L(9},921 ... ,f;)(p) 

(ii)=}(iii) Wc' pl'occcd illlaiogously to the proof of Proposition 2.5. Just ae; beforc, 

wc Ilccd only choose t.he constants so that (6) holds fol' aIl basic polynomial fUllctions 

of degl'cc li 01' less. This can be élccornplished inductively by defining aOI ... oJiP for 

crcl'y ni'" 03 < {JI . •. fJJ and then putting 

( i i i ) =* ( i) 'l'ri vi ,d o 

Dt>finit.ioll 2.18 \1'(' clill N the differential orde1' of L al]J if the conditions of Defi­

ni/hm 2. f(j '/Dtd fur li = N, but do not hold f01' any smallel' d. If L is such lhal these 

rondi/ions cannol be salisfied for any d, then we will say that the differential degre of 

J, al ]J is 00. 

The follo\\'ing ICll1l1ltl is t.he "l\1l1lti-linear" analogue of Lemma2.11. The statement 

of the Lcmma do('s Ilot change, but the proof is complicatcd by the fact that L takes 

ml1lt.iple arguments. As bcforc, let {pd be a sequence of points containcd in a 

bOlllldcd subsct of lIlt!. For each k, let Nk den ote the diIferential order of L at Pk. 
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Lemma 2.19 If L 18 loral, then limsuPk_cv Nk Îs finit!? 

Proof. Suppose, on the contrary, lhai 

lim sup Nk == 00 
1.-00 

\-\Tc ll1ély HHfo>UIllC witholl\' 10ss or gellC'I'éIlity t.h;,t 1 he' H('<I"('I1<'(' {/)~} L'O"\'('I'~('H 1.0 fi 

point, ]1, and that ('ach l'oh> 1 .. , ,\ccol'dillg to Defillit iOIl ~,I(), 1'01' ('.\('I! k, W(' l'an 

choosc functions ll~>' .,', ljk) sucb that fOl' one or thl'HP l'lIlIdioIlS, say .r,\~l, Wc' have' 

â(>f~~)(pd == 0 for ail 10 1 ~ li alld yct sueh t!Jat. 

The sequence al, a2,.,. consisls of l1ull1bers from 1 la j éllld hellcc, 011<' of' t.ltl'~(' 

Tll1lnbers, say a, will 1)(' l'cpcatccl i"finit.ely m,plY t.iIlH'S. Wc ('<111 1. h ('1'(-1'0 1'<', élHS11111(' 

without loss of generality thal (Ii, = (l fol' ail 1 .. , As l)do!'(" rltu()!>(' di..,joilll, 0P('" 

neighborhoods, 01., é\.round cach ]Jk. Fol' cach 1. /Ind ('ad, 1 :f (l, lllult.iply j;k l l)y 

an appropl'ia.tc "platea.u" fUl\ctÎOIl 50 LitaI. the 1'('sultil\g fUllctioll, Id liS ('aIl il. ft), 

has ils support contaillcd in Ok and so t.hat. f;kJ == g~~) in SOI\W IIcigltbol lloO!\ of 

Pk. Wc know lIothil\g about how big Il.rt l ild is, alld thlls call1lol 1)(' S1Il'(' th"t L:J. ,ft) 
will be contillllOllS, DlllCh kss CC'-', \V(, cali, Itowever, dlol)!-o(' (,Ollht.allt~ (':~) ~() tlwt 

(1 = '"""" C(k)fj( kJ 
.JI L... t .1 

k 

I-Iaving donc sa, wc sec that 

for ail cl and !Jence, by Lcmma 2,9, the 9j'S are of c1ass cor.), Now, c!Joos(' constallts 

C~k) sa lhat the ntllnbel'!:i 
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incre<t.<,c wit.holll. bOlilld al'! k -) 00. Sillcc DankJ(Pk) = 0 for ail 101 :s; d, wc can use 

L()llllllét 2.10 ta choose g~lk) so that the support of each g~k) is containcd in Ok, sa that 

.'J~q == f~k) ill somc ncighborhood of Pk, and sa that 

\VC'Vl' chO::H'1l t.h(' y~/)'H in surit way that 

fOI' every d. That. will allow us to put 

g" ::: L C~k)g~k) 
k 

alld have Yu be of cla:;s (."XJ. Sincc L is local and multi-lillcar, we also have for cach 

k that 

L (C(k)f(k) C(k)f(k»)() 
..1 1 l' ..• , J J Pk 

(l! C~k») LUt), ... ,f;kJ)(pd 

t.hercby irnplying thal. 

which is illlj>ossiblt> bCCélllSC wc had aS!:H1lllcd that L(gl, ... , g)) is continuous alld that 

Pk -Jo p. o 

Wc also Ilced ta givc a multi-linear analogue of Lemma 2.12. 

Lemma 2.20 Let 0 be an open, bounded subset of Rn. Suppose that the differe71tial 

o/'del' of L is le."", than 01' cqllal to N al ail but Cl finile numbcl' of points of O. Thcn, the 

dilJr/'cllllal o/'cler of L i8 [css than 01' equal to N at ail poinis of 0, and furlhe1'mol'e, 

1. is a local dif]'c/'clllial operalor of ordcr N or less on O. 
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Pmof. Fo)' cach choiC(' of d j-placc Illult i-index dl . .. d) (1 .. :/1 :s .V). illdlld i"l 1.,' 

dcfinc C= fUl1ctions a!31 (3) by fil':.;t dcfining ail Cl"l .. "J fo)' (\ 1 . "<\J ..::: ,JI' • .-J, and 

thcn plltting 

( ,;' ) 1 ( ,dl ,13J ) " TI " ,.1,- ", (/ (JI ",) = ---c,---,., ,./ .... , .1 - ~ (lI) l ", -,--------1 / 
,fJ\., •• j'J) , . i l,J, -- (\,), 

"1 ,,)<1), !) 1 \, 

Let p 1)(' a poillt ",hl'I(' wc kilo\\' 1. to 1)(' poillt-\\'i,,(' dtll,'I('1I1 i,t!, Ik( .d 1 III.!!, hu\\' 1 Ill' 

cocflici('lIts (/IJ, /.1)'1' \\'('J'(' d('fill('d ill (7) wc cali !'>('(' 1 !t,II (I,l, '{j,l' '':; fI.i, .1)(/1). III ull\l'I' 

words, 

L(fl' , , , ,.fJ) = La", 13) iJ{1JI ' , .. ' iJlj)~ 
1,301:::;N 

at al! but finitely 111[111Y points of O. Bllt, both sidc's ur tlte ,dm\'(' ('qllitl iUII 011'(' 

assutlIcd ta be cOlltin\lOllS and t.hel'efo)'(' \\'l' ('clll ('Ollcllld(' that. III!' ;"H)\" \t,I;I! ÎIIII 

holcls c\'t'l'y\\'IlC'l'c on (J. Il 

Thcorcrn '2.7 n'Illclins \'1'11<' fol' a Illlilti-liIlC.Il' 1_; tll(·J'(' is /Iu p(Jilll ill 1<·:-,1.ltillg "illwl 

the thcol't'11l 01' iLs pIOOr. Wc shollid only Ilote th,IL tilt' pro!)\' uf titi' (>1('''('1\1. \'('1:-'1011 

should use Lellllllas '2.19 and '2.20 ralher tha1\ IA'llllllaS :!.11 alld :!.1~, 

2.4 Operators with Tensor Valued Argulllents 

lt is Ilot difTicult to g('IH'lcdize Ill(' PI('('('tlillg 1('~lllh tu U!><'lilll)l's "'llu .... (· 01 l'P'I Il 11<'11 h ill'f' 

tcnsol' ficlds 011 a g,Î\'('1l ('''- lIIallifold, .lI, As <l rflllollic,t! ('X.lllIpl(' W(' will ('0110..,1<11'1' ,\ 

local mulli-lineal' opcrator 

L : \f(M) )( ... x V(M) (1.: tiI1lC~) -~ C~(fIl) 

whercl' '!(J\I) dcnot.es the vcctor space or ail Co., \'('('101' fipldf> 011 M. Let Il.., fix il 

system or local cool'dinatcs (:Ct"., ,,1: 71 ) 011 M, tlH'l'dJY id('lItifyillg illl OJ)('11 f>1J!J..,d or 

!Il with an open U c mil. Accordingly, l, induccs ni; diff't'I('III. lIIulti-liIWill' 0JWltl!,Ol"i 

LJI ... Jk : COO(U) X ". X C=(U) (k times) --t CÇ,,(U) t:s; )1",. :JI::; n 

20 



whiclJ arc givcll by 

'J'II!' abuv(' l'XI'II'~..,i()1I i~ 1I1t'<lllÎIIgrlll eVCll thollgh thc \cetor fields Ilô/fJx). are only 

locally (!t-lilH'r) 'l'hi:, i" I)l'('allse /, is local and bceausc a loeaIl,)' dcfillcd \'cetOI' field 

rail (dwrlys 1)(' ('xt,('nd<,d 1,0 a glohal olle 2. It is Cétsy 1,0 sec that the assumption that L 

is local ÎIlIp!ies t.hat ('(tell [,JI' Jk is local as well. Thercfore, we can use the Thcorcm 

'2.71.0 show that pc\rlt /)1')1. is Il)cally diffcrential, i.e. 

L 71 Ik (fi, . , ,h) = L Golfl ' .... GL"~.fk a~/.::J~k 
('1 "I. 

wllt'I'c t.he SIII1I is fOrJlwlly illfinilc, although only finitely many of the coefficient 

fllllctiollS (1711 ::;C't/. arc Ilot identically zcro on any given bounded subset of U. Sincc 

X = LI X l ü/iJ.l'l) the action of Lean be Cxpl'cssed as 

L(X) = L L OOIX·11 
'., •• DC'ikXJk a;/ ... ~~k 

0') 0k)I")/, 

TllI'l'dOI'(', /, Î:-. il Jocall)' dirrerclltÎal opera tOI'. 

"One cali, for inslancc, multiply the givcn vcctor field by an appropriate "plateau" function 
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3 Invariant Tensors 

In the present. scclioll wc are g,oing to study a certaill11atmally d('fill('d 1't'!)l'('!;('lIlatiulI 

of gl( V), whel'e li is a finite-dinlC'l1sional l'cal vecto!' spac(', on t.he \.t'Ilsor illp,('bra or l! 
and give a l'l'suIt. t.hat characlerizcs t.he invariant. temon;. The \l1(·thods alld idl'èlS fOI 

doing so COIlle' from chapte'J' ;~ of 11. \~7eyl\; book [9], alt.hollgh wc M(' goillg 10 \\'Ul k 

\\'ithollt c()oJ'dillal('s C1l1d tise' Chapt01' l of [S] as t.he source of our Il lltl 1 i-liill'ar al~('lH"\ 

Ilotatioll. 'l'hl' chrHact,(·) il,;·tion of LellsoJ'S which are invariant. llllde!' t Il<' art.iolls uf 

gl(U) will proyide liS wit.h a proof of an importallt thcorc'lll ill Section·1. 

In this sectioll wc will onl)' cOllsider l'cal vedar spaccs. Ilom( (f, \1) will <1(,110\'(' 

the vCcLor spuce of lincal' maps from vcetOl' spacc U to vretor space Il, and l':l\d( (f) 

will dcnole II 0 111 ( V, U), the linear maps of U illto it.HclL 1 T* will deJIlll<' 1I0111( (l, IH), 

t.hc dual space of (r. GP( U) will dcnot(' U (J ... (.) {/ (JI t.illl(·s), t 11<' \,('ct (JI span' uf 

Lensors of Lypt' (/),0). S'" ( U) C CI'( (}) \Vi 11 denotl' t h(' spac(' uf :-. YllllJ)('1 rie t ('IIS0I'H 1111<1 

AP(U) c CP(U) will dC'lIote the :.;pace of sl\f'w-sYIIIII1<'iri( L('llSOl:-.. 1/1 ( 1':lId({f) will 

den ote the iuentity endomorphism of U. For LE End(U), w(' willll:'(' U E Elld(U·) 

to dcnoic the transpose of L. 

3.1 Lie Algebra Representations 

Wc begin by rccallillg the ba:-.ic faet<-. ahulIt Lie alg,<,bra r('!>I'(':';C' Il t.aLioll s. Let U he 

a l'cal vectol' spétce. The Lie algcbl'll, gl( U) is defÎlIcd as t.he vedol' space End( (j) 

togethel' with the bracket. opera tion 

[a,b] = ab-,- ba, (t,bE End(U) 

Suppose that 9 is a Lie algehra ovel' the l'<'als. A Lie algelm.1 ItOtrlOlllOl'Phislll 

C : g ---1 gl(U) 
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is callcd ét !'(!p!'cscnLatioll of 9 on U. In other words, t:. is a linear map such that 

f.(a)f.(b) - f.(b)f.(a) = f.([a, b]) , 

for aU a, il E g. Wc cali f.(a) E End(U) the action of a on U and for notational 

convcnicncc writc it as f.a.. Let us remark that throughout Section 3 we will be using 

the syrnbol f. to den ote rcprcsentations of Lie algebras. Ambiguity can arise wh en 

we will he cOllsidering several rcprcsentations at once. In these circumsiances wc will 

write f. with a superscripL so as to iudicate exactly the space Oll wllich 9 is operating. 

Definition 3.21 Wc callll E U invariant under the action of 9 if .ca.u = 0 for 

ail Cl E g. 

Suppose that we have reprcsentations of 9 on real vector spaces U and li. There 

is a BaLmal way to dconc repl'esentations of il on U ® V and Hom(U, V). Let us 

first l'ccall the "universal" property that characterÎzes the tensor products of vector 

Hpaces. 

Proposition 3.22 Lel UI (i = 1,2, ... , k) be real vector spaces and suppose that cp is 

'l1Iulli-ll1lCQ1' 1r/.llpping of Ut X ... X Uk into another' real vector space, V. Then, there 

c:ri8ls (l 1l7WIliC li7lcal' map r:p : Ut ® ... ® U/\ ---t V such that for aUlli E Ui 'We have 

COl'ollary 3.23 IJet U, 's bc as above and let LI E End(Ud be given endomorphisms. 

l'ken thel'e is CL uniqne endomorphism of Ut (2) •• • ®UkJ which we denote by Ll ® .. . ®Lk, 

whose action 1$ given by 
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Now, wc can show how tü COllstrl1ct a rcprcscntaiioll of g on U N V. For (( E g 

put 

Proposition 3.24 The abovef01'1nula defines a rcpl'escnlalioll, [,vOl', ofg onU0F. 

Proof. For a, b E 9 wc have 

.cf0V C~0V has tbe same expœssion, save t.hai (l and b are switcbcd. Takillfl, the 

differencc of the two expressions wc sec that the rnicldle two t.Cl'IllS of ('(tel! CHnC('! and 

thus we have 

[c~~W, Cf0V
] = .c~.cf 0 1 v + lu (9.c~ .cf - .c~' .c~ 0 Iv + lu (1.c~' .c~ 

.cur;!)\' 
la,bJ 

o 

Suppose that wc have repl'escntations of fi on vcetOI' spaccs {II, ... ,Uk. 'J'lwabove 

construction of a representation of 9 on a tensor producl of two spnces easi ly gellcr­

alizes to a method for constructing a reprcscntation of g on P = (JI 0 ... 0 th. Fol' 

a E 9 put 

Proposition 3.25 .cP, as defined above, is a repl'csentalwn of (1 Oll VI 0· .. v) Vk. 

P1'Oof. Put. P' == U2 ® ... 0 U3 and note that 

"p - fOUI 1 1 J'pl 
J.,a - ~a 0 pl + Ul ® J.,a 
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Since P = (Jt ca P' wc sec thaL cP is a reprcsentation, if CP' is one too. We can now 

lise induction OIl k 1,0 conclude that I:'p is a reprcsent.ation of g. o 

Now wc tUI'll t,o the> extension of a represeniation of 9 on U and V to a reprcsen­

taUoll of 9 on 1/ = IIom( V, \1). For a E 9 a.nd <p E Hom( U, V) put 

Proposition 3.26 CP, as rleflned above, is a representation 019 on Hom(U, 11), 

fJ7'oof. 1t is easy to verify that C~!, as given above, is an endomorphism of 

1 IOl1l( U, V). Fol' a, b E 9 wc have 

C;; cl\o - C~(Ctl'P) - (cf!<P)C~ 

- C~ Cr cp - C~ cpcf -- cr 'PC~ + cpcf c~ 

The exprcssion for cl! C~l cp is the same, save that a and b are switchecl. Taking the 

diB'crence of thc two exprcssions and cancelling the midclle two tenus from each wc 

have 

_ CV CYI/l + /I)CP CU - CV CVU) _ I/lCU CU 
a br r b a b ar rab 

l'Jl - J..,[a,b]'P . 

o 

Let us assume tha!. t.he ont y one-dimensional representation of 9 we shalluse is the 

triviall'cpl'cscntatioll. ln othc!' words wc define c~ to be mulLiplication by zero for 

al! (/. E g- The prcccding discussion gives us a nat.ural way to define a representation 

of (1 on U· = I1om( U, !Rn). Wc define C~· to be the element of End( U*) such that 

(C~· a:)u = -a(C~ u) (9) 
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fol' aIl a E U* and 11 E U. In other words, C~· is the Ilegative or (C.~;)t. 

If one dcals witll finitc-dilllcnsional vcetol' spaces, thl'II t.ltN(' (11'(' H('vc'I'al Ililt.ut·ally 

oceurring isomorphisllls bct",cell the spaees construc\,ed with the N, llOIll, mld t,hl' 

ùualiiy opcntiions. The rCpl'CRcntatiolls of (1 cOI1:5trul't.ed abo\'t' will coincide IIndl'l' 

sueh identifications, 

Let U and V be finite dirnensional vector spaccs. Thcre is il. natul'al iSOlllOl'phi~qll 

bctwcen li 0 U* and H = IIom(U, V) thal. identifies v CS> n E \f (:J (I- \Vit.h 1.\)(' 

homomorphislll 

tl 1-) o(u)v, 'll EU. 

Proposition 3.27 \Vith lhe abave identification wc have, .cJl = .cY'·)l1'. 

P/'Ooj. Let v el Q' E V el ij* he given and let us idcntil'y it with 1111 clPIII<!IIt. or 

Hom(U, V) as per above. Fol' LU E End(U) and LV E End(\!) it is (~asy to \'{'\'ify 

that 
v v L (v0n)= L u®a , 

and that 

Of course, C~ is an endomorphism of U and C~ is an endomol'phisrn of \1 alld t!tll<.;, 

= l'V tOI + tO. "u' L..a V 'U Ct' V \CI L.." n 

o 

For finite dimensiollal vector spaccs Ui (i::: 1,2, ... , k) thel'c is a natul'aJ isorllor-

26 



with the Iinear form 

Pt'oposition 3.28 J,Vith th e (loove identification the re7Jl'CSentation of 9 on (U1 ® 

... '1 (JI. t coincides with the 1'cp/'csentation on Vi ® ... ® Vk. 

P1'00f. Let Li E Eud( UI) be givcn. It is easy to verify that with the above 

isomol'phism 

correspollds lo 

llencc\ the acLion of (L E gl( V) on (VI 0 ... ® Uk)· cort'csponds to the following 

cndomol'phism of Ui 0 ... ® Uk: 

'l'he laUcr expressioll is equal to the action of a on Ui ® ... ® Uk because 1~, = lu,' 

( ) 
t U· 

and hccausc - Clj' = Ln' . o 

3.2 The Representation of gl(U) on the Tensor Algebra of U 

Let V be a finitc-dimcllsional l'cal vector space. In this section we will be interested 

in t.he \'c!>l'cs('I\\.at.ioll of gl(U) on the tensor algebra of U. As pel' (9), we can define 

il rcplCSPlllatioll of g,1(l!) on U* hy dcfin:ng CP' to be the neg,ative of the trans­

pose oJ>crat.ioll. Silice T(U), the tcnsor algebra of U, is a. direct sum of the various 

spaccs obtaincd by t.clIsoring together c\)pÎes of V and V·, we can use (8) to define a 

l'l'presenta.tion of gl(V) on aH of T(U). 
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The question of whcther a tcnsor is invnrin nt under t.h<' actioll of gl( U) is ('il~'y t.u 

answcr if the contravariant degree of the tensor is not. cquul t.o ils covariant. d('!!,l'<'(', 

lnclced, let us consider Lhc rcpl'cscn ta tion of gl( U) 011 {lI N ' , , N {lin \\' !t(']'(, ('a l'I 1 

U, (i = 1,~, ' '" k) is l'ÏLhcl' U 01' U", Let.,. 1)(' the 11\11111)('1'01' t.il11es Lhat (,', .:: (1 éllld 

s thc llumber or \ imcs that U, = U*, 

Theorem 3.29 If l' =F s Ihen 0 is the ouly elemc/li of Ut 0" ,(~ Uk Iha/ /.-: //1/101'/111/1 

tLnde1' the action of gl(U), 

Proof, Considel' how lu E End(U) nets on 'l'(U), Fl'om (H) we set' th,,\, th(' 

action of lu on U· is -lu- and Itcnce, by (8) theact.iol\ of 1(1 01\ III ()" ,Of l }, lllns\. 

be 

Therefol'c the only clement of the latter spucc annihilaf.cd by the itcl.ioll of lu is (l, 

o 

Characterizing invariant tCIlSOt'S of cqual covariant. HlIcI (,Ollt l'HvHriant. deg,n'(' i~ 

considel'ably morc difDculL. Let u:; fix p and put 'J' = (.'Ji(U), Th(, ~pilce ElId('/') is 

identificd with TOT", élnd sine<! T* is idelltificd \Vitlt C,I(li*) W(' CillI vi('w 1':lld('1') 

as a space of tcnsors of type (Z), p), Propositions ;3,27 and :L2~ tell ilS t!Jétt. w<' p,eL tlll' 

same representation of gl(U) on End(T) rcgardless of whetll('1' wc view Elld('/') as il 

space of endornorphisms or as the tensol' pl'Oduct of 7) copies of U alld p copie:; of [Jo, 

Therefore, a tensor, <.p, of type (p,p) Îs invariant undcr the adion of gl(U) if and ordy 

if <.p, when viewcd as an clemcnt of End(T), satisfics 

for al! a E gl( V). Thus wc have to find the cp E End(T) thal, COTlllllutc witl! idl 1:.;", 
In order to do 50 we have ta introduce the permutation group on II Icttcl'!;, 11/1' 
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The group of permutations acts on the spacc T in the following way: for a per­

lJ1utatioll 7f" E "p WI'! dcfinc 

thereby associétt.illg 7r \Vith an e1cmcnt of End(T). 

Proposition 3.30 IA:l a E gl( U) and 7r E 11p be given. Then J C~· commules with the 

action of 7r on '/'. 

P1'Oof. It is a matter of dircct verification that both Cr 7r and 7rCr map 1l10 •• • 01lp 

(Il, EU)to 

o 

'l'bus, the action of a permutation on T corresponds to a type (p, p) tensor that 

is illvariant uncler the action of gl(U). The relation of the permutation group to the 

inva.riant tenson; is actually even strongcrj we can classify aIl invariant type (p,p) 

t.CIISOI'S in tcrms of t.he act.ion of IIp on T. 

Thcorcm 3.31 Suppose lltal cp E End(T) commutes witlt c~· for every Cl E gl(U). 

Thcll cp ca n be !Ji ven as a lin ca?' combination of 1Jermutation actions; i. e. there are 

l'cal coelTicienis C ir (7r E I1p) sucl! that 

Wc will nccd to dcvelop somc preliminary results bcfore proving this theorem. 

Hecall that SI) ( LI) is gClIcratcd by elements of the form 
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where S Îs the symlTIctrizatioll opcraLor 

1 
S(l) = "1 L 1r(l). t ET. 

p. 1rEII/, 

Sincc End(U) is isomorphic ta LI NU' and End(T) is iso111orphic Ll) C"tU) C'~I ('1'(1l"). 

wc can idcntify End(l') \Vith 

CP(End(U)) = (V 0 U*) (9 ... 0 (U (~V*) (TI tÎlll(,S). 

Ill' aets on End(T) in a manuel' allalogous tü the way iL ad~ Oll '/'. For 1r E "" alld 

(l, E Elld(U), 

Thus, the symmctl'izatioll opcrator on C TJ (Encl(1')) cali he (~xpress(~d as 

rn the subsequcnt discussion we will necd a. formula for the COlllpositioll or Lwo ('1-

cll1cnts of SP(End(T)). For (I"b, E Elld(U), the composit.ioll or 1110 ... (.) (fI' alld 

bl 0 ... 0°1> is jmt (llÛl~) • .• 0a1,bp. Using this Idcntit.y, il. is \lot hard tu Vl'Iiry t.ha\. 

We should also note that there is a close relation bctween the acLion of 11/1 on T 

and the action of IIp 011 Encl(T). 

Proposition 3.32 [.rI 'Y E End(T) and 7f E !fp be gl/JCII. Tltrll, 

where on the right hand side 7f and 7f-1 denote the elemenls of l~nd(T) lhat (L1'e 

associated with these two permutations. 
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ProoJ. Th!! pro()f is él matter of vcrifying the abovc for t.p == al 0 ... 0 ap ' 0 

III vicw or this propositioll, the symrnctrization operator on CP(End(T)) can be 

cxpreRscd in lm'ms or the action or 11/) on T. Indeed, for t.p E End(T) wc have 

Wc will Ilccd the following definition in order to prove an upcoming result. 

Definition 3.33 Po/' li: = 1 \ 2, ... ,/1, lel us cali elements of SP(ElId(U)) C End(T) 

Ihal lu '1(; litt' frll'lTl 

S(al 0 ... 0 ah @ lu@ ... @ lu), ai E End(U) , 

symmctric cndomorphisl11s of order k. 

Lcmma 3.34 t.p E: End(T) fommules wilh ail [,~ if and only if cp commutes wilh ail 

rl"lI/cnls of 81'(End(U)). 

P/'oof. Let us note that 

.c~ = pS(a® lu ® ... ® lu) 

in other wOI'ds, {.c~' : (l E gl( U)} is just the set of symmetric endomorphisms of 

order 1. 'l'hercfol'<', if t.p commuteR with ail symmetric cndomorphisms, it commutes 

in particulétl' with ail clements of {[,~. : a E gl(U)}. 

Ncxt, wc will show that a symmetric endomorphism of any order (i.e. auy element 

of S"(End( U))) cau be generated by symmetric elements of order 1 (i.e. elements of 

{L~~' : a E gl(U)}). This will prove that if cp commutes with aH Cr then it must 

('ommulc wit.h aB of SP(End(U)). A calculation of the composition of lwo symmetl'ic 
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r 
endomorphisms of orcicr 1 rcvcals thc kcy to the pl'Oof. lllii n~ (1 ()) \\'(' S('(' t.hal 

S(a 0 lu (9", (3) lu) compos('d with S(b \9 lu N". 0 111) is 

p-l S(1lc.:)b()luc:)",Olu)+~S(llb(0ll U ,,\~}ll') 
P P 

The second tenlJ of the l'ight hand sicle is just il sylll!IH'1 rit: CndOIlI\ll'phislll of urd!'!' 

1, and therefore, syntrllct rie cndonlorphis1\\ of onlcr 1 cali g('\I('ral t' Oll<'S of ord{'r :!, 

More gcncrally, a symlllctl'ic cndolllorph iSlll of ord('r 1 COll 1 pO"icd \\'i t. h l)1I(' of ur<ll'!' ,,' 

glvcs 

S(a 0 lu C:j ... 0 Il )S(b l .J ... c b~ ~) lu". C::) 1(1) = 

/1- /.' S(a i) bl ()", 0 hl. (-) lu 0 ... \:' l{l) + 
JI 

l Il _ 

- L S(ab) \.y bl ~?J." vJ '" (:) bk 0 lu (')., ,(-) 111) 
P J=! 

and thcl'efol'e, if sylllmctl'ie clldomorphisllIs of ortler 1 C,IIl gC'!WI dt.!! OIl('S of ord('1' 

k, thcn the)' can also g,encratc olles of order , .. + 1. P!'Oc('('dill,l!, Ily indllction ull 

k wc can concludc tltat sYllIlllctric C'lldOlllorpltislIls or Ci! clc'r 1 !!,('Il('l'id,(' SYIIIIlW( 1 ic 

cndolTlorphislTIs of ol'clcr~ :2\ :~\ ' , , \ p, lJ 

Let li be a finite climclIsiolléll veeto!' ~pacc and let (-,.) be a bililleal' 1'01'111 (JlI 

li x li, Recall that (', ,) is callcd symmctric if fol' all1L, v E \1 wc have (1/, v) = (v, Il) 

and that it is calleel positive scmi-clcfinitc if for cvery 1t E \/ wc have (u, Il) 2: o. i\ 

sequence Ut in li is callcd almost orthonormal with l'espc('llo h') if (11,,11,) ii-;(,iU}('1' 

o Dl' 1 and if (H" ll)) = 0 whcllcvcl' i -:f j. 

Lemma 3.35 Supposc lhal (".) is (l vi/weal', 8JjJlll7wlri(', pO.'izlilJ(' l'il 1Il1-dejùlllr' fO/'l1l 

on V x li, l'hcn, thel'c exisls an a/mos[ orlhono/'rrw! !Jasi." , 1I 11 of V I/Jtl/t, 1'C.,,/)( ('1 10 

(-, .). 

Pl'oof. We will first prove that if for sorne u E V wc bave (u, tt) = 0, thell 

(u, v) = 0 for ail v E V. Suppose tha.t (u, u) == O. Thon for cvcry v E V and ev<'I'Y 
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l'eal 111l111bel' .c f:. 0, we have 

(u + xv, u + xv) = 2x(u, v) + x2(v, v} ~ 0 

illld Il(~nce, 2/3:(U, vi + (v, v) ~ O. Since x can be chosen arbitrarily, the latter is 

possible only if (u, v) = O. 

Let Ut be HI! almost orthonormal, lincarly independcnt scquence that. doesn't 

spall ail of \1. Clroo::,c éI v E \' which is not a lincar combination of the Ut and put 

'U = v-L:t(v, 1l1 )1l1' BeCétllSe of the way v was chosen u cannat b<:: a lineal' combination 

of t.he Ut'fi cit.hcr. Note thnt (u,uJ) = (v,u))(l - (u],uJ )). Certainly, if (llJ,Uj) = 1 

wc must /rave (H, u}) = O. If on the other halld (un uJ ) = 0, we remarked earlier thai 

(II"U]) = O. Thcrcfore, (H,U)) = 0 for every j. By multiplying U by a constant, if 

Ilccesfiitry, wc can assure t.hat. (u, u) is either 0 or 1. Appcnding u to the sequencc 

IL, creates a IOllgcl" a.llllost orthol1ormal, lineal'ly indepenclent sequence. A almosi 

orthonormal basis of \1 can be found by using the ab ove argument in an inductive 

confitnldioll . 0 

Lemma 3.36 Lel W E End(V) be such that tr(w<p) - tr(<p) for ail cp E End(V). 

'l'heu, w = 1\/. 

Proof. Fol' evcry v E V and every a E V* we have 

a(wv) = t.r(w(v 0 a)) = tr(v 0 n) = a(v) 

This is only possible if wV = v. o 

Lemma 3.37 1'herc exisls CL 7/J E End(T) such that 

2: tr(7/J7l'-1)7l'=lT . 
71" 
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1 

Prao)'. (,hoose il basb, C'1, •••• ('Il. off; and 1('1. {(;:.:::} hl' tll<'('orJ'(':,pulldillp, 

basis [or EIId(T). Lc\. Ti Ilc (\, perlllutatioll. lt is ca:-.y \0 \'('rily \ Ilt' follu"'Îllg thl'l'I' 

facts: 

tr(cJ1 .h') 
'1· 'IJ 

(')1'1 • ),,1' 

li· .11' 

5) 1 511' 
(,) ., •• ' (III 

/\ very simple proof of the lell1ll1éL is avnilable ill tlll' case Wltt'II Il :s Il, \\,Ill'n' 

a is the dimension of the underlying vec\.o!' spacc, U. The g<'IH'ral caSI' reqllin's il 

technique of SOIne sophistication, alld so il SCClIlS \\'ortltwltil(' lo fi li' Il hll 1 iL s<'paril!.l' 

proof for the simple case. 

Suppose that p ~ n. Put '1/.' == e:;. ~. Fol' a pcl'tnlll.atioll, 71', t.I\(. !ln'n'ding id<'nt.it.i<'s 

show that tr( //'71'-1) is equal 1.0 one if 71' is j h(' idl'Iltit,v !)('l'lllllt al il/II illId is l'qllétl 1 () 

ZCI'O othcl'\vi:>c. Thercfol'c ~, = 2:rr tl'( tP71'-1)71' I1IlIst be t!l<' idl'1I1it.y Illdp. 

Let ilS now gi vc the general pl'ùof. D(·n nt! the trallspos<' o(>e·I.1I iOIl 011 Elld (fI') 

with respect to the ab ove choice of basis, i.e put (c~: .. ·;;)1 = c~: .i;,. llsillg, dl(' nIHI\'(' 

identities, it is easy to vcrify that fol' c.p E Elld(T) and 7r E II/J, W(' have' 

Fol' c.p,O E 8nd(T), put 

(c.p,0) = L tr(71'c.p)tr(71'O) 

II, Îs easy 1,0 check that h') is él. bilincar, symmetric, positive sCl/li-defillitc f01'l1l (1) 

End(T). For c.p E 8nd(T) note that (c.p,c.p) == 2:11' tr(71'c.p)2 and hcnce (c.p,c.p) = 0 ill1(>li('''' 

that 1,1'( c.p) = O. Using Lemma 3.35, we can chool>e an almost orthollormal basis, 71)" 

of End(T) \Vith l'espcd to (" .). I-laving donc 50, put 

W = L L trCtP,)tr( 71'IP,)71' 
11 
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Ilelwc, 

The :;ccolld ('(l'litlity is j1lstilied bccau:;c (-Ij;)l 'l/JJ) is either 1 or 0 and because if the 

S('CO\I<\ case holds, W(> hho\\'cd carlier thal tr( lPJ) = O. Since l;}. is a basis for End(T), 

we llIust IHW(' tr(wtp) == tr(tp) for ail cp E End(T) and thereforc w must be IT. Put 

and Ilol!' tllat 

L: tl'( ~'7r -\)11" - L: tr( 7r ?jJt)7r 
7r 7r 

- L: I: t r( ~i) tr( 'Ir'IjJi) 'Ir 
i 7r 

- W = IT 

o 

J
1
1'OoJ of 'l'heol'cl1I .'1.31. Suppose that c.p E End(T) commutes with C~ for aIl 

li E gl(U). By Lf'l1Illlll 3.:3·1, c.p must comlJ1ute \Vith ail clements of SP(End(U)) as 

w(,11. By L('lllllln :L:n wc can choosc a ~ E 8nd(T) slIch that 

L t.r(ljl'lr- 1)'Ir = IT . 
1r 

Since End('l') is isol\lorphic tü T C9 7'*, wc can choose Uj E T and ai E 7'* so that 

lIellce, roI' any li E 7' wc have 

rr 1 
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cp commutes \Vi th S(V00i) because the latLer is an elclllcnt of SI'( E1J(I( {I)), illld henn\ 

c.pv = c.p L]J! S(u ® n,)It, 

= L]J! S(v 0 a,)c.pll, 

L L)O\ll'-liplli)7rV 
1f 

- L tr( c.p~1l'-1 )7rV 
Ir 

Therefore c.p can be exprcsscd as a Iincar cOlllbinatioll or pCI'Illllt.at iOIl a('t.iolls, ilS "'a ... 

tü be showll. 1) 
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4 A certain interesting cocycle 

Let, 1\1 I)e ilii lI-dillH'll:-,ional. COO, paracompad manifold. We will use V(M) to denote 

the veel()\' space of L',:;V vectol' fields on 1\1 and 9 to denote the Lie algebra which 

consists of \I(M) togdhcl' \Vith the Lie bracket operation. (]h(l\1) will denote the 

vecLo!' space of 0 00 diffel'cntial k-forms on M. For X E V(M), let 

dcnoLc illtcl'ior multiplication with respect to X and let 

denote t.he Lic clel'ivative opcrator with respect to X. Recall that X r-+ .cx defincs a 

reprCHcntatÎon of 9 011 <I>k(M). 

Let rt..k dCllote the vedor space of local, multi·linear, skew-symmetric operators 

C: \1(1\1) x .,. x V(M) (k Limes) -? <1>2(1\1) 

FOI' CE ftk étlld _X, E \I(M) (1::; i::; k+ 1) put 

aO(.\'" ... ,x/.+t} = L(-1)t-1.cx,C(X1, ... X:""Xk+d+ 

L( -1 )'+JC([Xi , X31, Xl, ... , Xi, ... , X;, ... , Xk+l) (11) 
i<J 

A stl'aightfol'\vard, hut laboriolls computation shows that aac = 0 and hence, that 

\Vit.h 

as the coboulldal'y Op<'l·a.tor, the rt..k's form a cochain complex. The resulting coho­

trlology is rcrerred to as the local Chevalley cohomology [10J associated with the 

rcpl'l~:3clltntion of 9 011 <l>2(M) and dcnoted by H~c(Q, <1>2(1\1)). We will denote this 

coholl1o}ogy sill1ply Gy H;:c' 
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The primary objective of this section is to describc a cCl'taÎlI clist,inguishC'd, 11011-

trivial clement S of II~c' This cohomology c1ass will be defilwd in the foHll\\'llI).!, 

wa.y. First, thcre is a natmal way to assign to oac1l cotllll'ct.ioll, r, l)ll M a cert.ain 

2-cocycle SI'. Second, any l\\'o such cocycles arc rclatC'd by a l'obolllldary. Sil\(,(~ M is 

paracompact, a cOl1llcciion 011 1\-1 can always he round and thu:-i ,'-{ Cilll \)(' delillcd ilS 

the class of ail cocycles of the type sr. The latter part of this sedioll will he devot.(·d 

to the demonstration ihnt Sis not trivial, i.e, that no coboul\dary can lwa C()cyc!t-

of the type Sr'. 

4.1 The Lie derivative of a cOl1nection 

Before defilling, Ct cocycle of the type SI' wc will nccd lo tl(·filJ(· the Lie dl'I'ivat.ive of 

a connection, r, \Vith respect to a. vcctor field, X. Wc will cio so by cOllsid('ril1,l!, t.11<' 

covariant dcrivative operatol', \1, associated \Vith the g,iven cOlll1cct.ioll. 

Recall that a covariant dcrivative operatol' associaied \Vit.h r' is il 1II111t.i-lilu·al' 

differential opcrator 

\1 : \1(1\1) x \I(J\!l) ~ V(M) 

such that fol' ail A, BE V(1\1) and ail f E C oo (1\1) 

\1IAB = f\1 AB , (12 ) 

\1 AIB - f'V AB + (AJ)B 

and such that in tcrms of local coordinates wc have 

(\1 D)k = r k 
a, J 1) l~i,j,k::;n. 

In faet, one can show that a differential operator \1 which satisfies the prcccding threc 

conditions completely charaderizes the conncction, r (sec [4]). 
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Likc a conncction, a type (1,2) tensor field, T, also has an associated multi-linear 

difrcrcntial opemtor 

T : V(M) x V(M) ---4 V(kE) , 

that satisfics slightly difl'erent. condit.ions. For all A, B E V(A1) and f E COO(M), thl! 

diff'crent.ial opcl'at.or, T, must sat.isfy 

J1'(A, 13) = TU A, B) = T(A, f 13) 1 (13) 

alld 

IL is also possible 1.0 show t.hat a differential operat.or which satisfies the preceding 

I.wo conditiolls completcly charactel'Îzes the tensor field, T (see [4]). 

The Lie dCl'ivativc of a type (1,2) tensor field, T, with respect to vector field X 

can be dcflned (sec [4]) as the type (1,2) tensor field: CxT, such that 

(CxT)(A, H) = [X, 7'(A, B)] - T([X, A], B) - T(A, [X, BD A, B E V(.M) . (14) 

'l'he Lie de ri véltivc or a. connect.ion, r, wi th respect to X is defined analogouslYi i.e. 

Cx r : \I(.M) x \I(A1) ~ V(.i\1) 

is the difrcrential opel'atol' given by 

(Cx r)(A, B) = [X, \l ABl- \l[x,A]B - \l A[X, Bl (15) 

Proposit.ion 4.38 'f'he dijJc/'enlial opcratol'.ex r salisfies (13) and is thel'efore, as­

sociafcd /(Ilth Cl type (1,2) te1l801' which is gi'Ven by 

(c .r)k = a· X k +" xia r~ - r~ a X': + rt...a·xl + r~ a·xl 
:" 1) 1) L.J 1 1) 1) 1 la 1 JI J (16) 

1 

39 



Proof. The proposition is proven by perfonning a stra.ightfo!'wal'C) calclllatioll 

using (15) and (12). o 

Since the Lie derivative operation dennes a. reprcsclltatiol1 of~; 011 the ,,('dOl' spa('(' 

of type (1,2) tcnsor fields on AI (see [4]) we have 

for aIl X, Y E V(1\l), An analogous identity can be proven J'or tltc Lie dcrivnt.Î\'(' or 
a connection, r: 

( 17) 

One met,cly ha!; to pCl'fOl'ltl the nC(,CSSé\l'y calculation using (1G) alld (1,1), 

4.2 Definition of Sr' and S 

For a l'eal vecto!' spa ce, U, let 

clenote the following contraction 

Now suppose that A and B are type (1,2) lensol' fields on M. Wc dcline A () /J to be 

the element of <1>2(1\1) given by 

Ao B = cfo(A 0 B) - rj;CB0 A) 

It is obvions from this dcfillition that A o1J = - HoA, III tel'llIS of loral r()ordillètt.(·~ 

we have 

(A 0 B)I) = I: A!k13;1 - B:kA;, 
k,l 
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Proposition 4.39 For' X E V(.M) and type (1,2) tensor fields A, B, we have 

P1'Oof. Recall thal. Cx commutcs with contractions and that 

L:'" (A 0 B) = (CxA) ® B + A 0 (Cx B) 

(sec, fol' instance, ILS of [8]) o 

Definition 4.40 Fm' a conneclion f and X, Y E V(M), define the cochain sr of ft2 

according iD the formula: 

( 18) 

Proposition 4.41 as'" = 0, i.e. sr is a cocycle. 

})1'00f. Let X, Y, Z be veetol' fields. According to the definition of the cobound-

ary opcralol', 

ast'(X, Y, Z) = S{CxSr(y, Z) - sr([x, Y], Z)} , 

whct'c S denolcs summatioll of the formulas which l'esult artel' the tll1'ee circulaI' 

l'eanélllgemclILs of X, }", and Z. Dy the definition of sr and Proposition 4.39 one 

has 

CxS"(Y, Z) = Cx(Cyr) oCzf - Cx(Czf) 0 Cyf , 

and hencc by (17) 

S{CxSt'(Y, Z)} = Cx(.Cyr) 0 czr - .cx(czr) <> cyr+ 

CI,(Czf) 0 Cxf - Cy(.cxf) 0 Czf+ 

Cz(Cxr) 0 Cyr - Cz(Cyr) 0 cxr 

= C(Â,nr 0 czr + cll',Z]r 0 .cxf + .c[z,x]f o.cyf 

= S{81'([X, Y], Z)} 
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Proposition 4.42 Fol' any Iwo connections, l'and l", Ihe COI'I't'8PO/lllil/!J ('()cyclt'.~, 

SI' and sr', diffel' by Ihe coboundary of Cl certaill onc-('ochaÎn. 

Pl'oof. Let \7 and \7' be the corrcsponding covariant dcrivnt.i\'cH. Hecal\ thnt t.\w 

action of \7' - \7 is given by an opcratol' associatcd with il. cert.aill (1,2) (,<.'11:-;01' fjeld, 

T. '1'0 be marc precise, onc has for any vcetol fields A, H 

Bence, the dcl1nitions givcn carher of CxI' and exT lllètkc il casy Lo sel' t.hat l'or a 

veetor field X, 

Harking back to the definition of sr one can now compute t}J(' dirrl'I'CI1('(' of S'l" 1I11d 

Sr, Fol' any vcetol' fields X, }'" olle has 

The desired one-cochain, call it R, can defined by the l'ollowing fOl'l1ltda: 

R(X) =Tô(Cxr) + 1/21'ô(Cx T) 

Using Proposition 4.39, by (17), and the formula for t.he Cobolllldar,Y ur N, 

Olle verifies that 

o 

The pal'acornpacLncss of M implies existence of a COIlIlCctioll (se(! [tl]) illld 1H'l1cc 

the existence of nt lcast one cocycle of the type 81'. This r'let. alld lhe precpdinp; two 

propositions make il possible 1,0 dcfine S' E I1~c as the equiva!c'Ilc(! ('Ia .. s of C(J(''yc\I'!> 

of type sr. 
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4.3 Threc proofs of the l10ntriviality of the cohomology 

class S 

l'heorem 4.43 A coc!Jcle of the type, SI', can neve7' be a coboundar'y. 

vV<, have' aln'ady provcd that ail cocycles of this type are relatcd by é\ cobollndary; 

t.hel'dol'e il. is cllouglt tü choose sorne connection, rand to prove that for every 1-

cochnin, T, wc cau lIever have DT = sr, We will consider two approaches to the 

pl'oof. Olle straLcgy is lo look for specifie vector fields 80 that the results obtained by 

opcl'ating 011 thelTl with {rI' would be different than the results obtained by operating 

with sr. The oLher stratcgy is to use local coordinates to express the actions of the 

t.wo opNélt.ors. NOIV, if f)T l'cally did equal sr, th en the corresponding expressions in 

local coordillat.('s wOllld be I.llc same for both operators. Thus, the second approach 

cOlIsiRlfl of R!towillg t.llal. tIJerc is 110 T for which the prececling is truc. 

Fil'st proof of Thcorem 4.43. Let l' be a given l-cochain. Choose a system of 

coordinales, (:c}, ... , x n ), so that some point, p, of the base manifold is rnapped to 

the origill. Derine A, /3, C, D to be vcctor fields on the eoorclinate domain which are 

givPIl by 

A = (X2)2 Ô1 , B = (x))2D2 , 

C = ;Z:1:C'201, D = :Z:lx2D2 • 

Extend \,hcsc' vect.oj' fields lo the l'est of the manifold by multiplying thern by a 

"plateau fUllction" t.hat !Jas the "plateau" around p. 3 Doing so does not change the 

nhove local coorùinate expression of A, B, C, D in sorne neighborhood of p. Note that 

in t.his IIcighborhood 

[A, JJ] = 2(X2)2 x1 82 - 2(xd2x2Ôl 

[e, JJ] = ('Z:2)2 X1 D2 - (Xt) 2X2DI 

:lThcrc is n dcscrlpl ion of plateau fundions in Section 2 
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and hence [A, EJ == 2[C, DJ thcre. Sincc this is a locnl rather t han jlll>(. iL point.-wil>(· 

rela.tion and sincc T is il local opcl'ator wc adunlly ha.\'{' '1'([:\, /3]) = :r/'t[c, nJ) at 

aIl points of the ncighborhood in qllestion. 

The other significC\llt property of veclor fields A, 13, C, J) is the faet t hat ail nI' 

their components and all the fil'st dcrivativcs of tItci,. COll1pOIlPllts an' :1.<'1'0 HI. p. As 

we are about to see, this faet means thal the formula fol' 01' and 8 1
' OIWl'à\.illg 011 

these veetor fields at ]J has a particularly simple [01'111. Hccall t.J10 followillg id('IIt.it.y 

for the Lie derivat.ivc opcrator 011 <Pk(.M). For f E C=(i\I), X E V(M) 

LfX == fLx + df !\ l.(X) ( 1 !l) 

Thus, t1sing local coordinatcs 1.0 rcprescnt. X as Et X'éJl wc Itav{' 

LX = LXk.cak + dX k 1\ i(fh) , 
k 

Therefore at any point where the components of X alld t.heil' first. dm'iv<ttiv('s arC' ail 

zero, the result of opcrating \Vith ex must givc a, zcro rcsult. Hecalling t.he (h'finitioll 

of 8T in (11) wc can thcl'cforc concludc that 

and hencc that 

uT(A, B)(p) = -T([A, 13])([1) , 

âT( C, D)(p) = -T([C, D])(p) , 

8T(A, B)(p) = 281'(C, D)(p) . 

Now, let HS comput.e sr(A, fl)(p) and S'r(c, /J)(p). By (lG) W(' 1111\'(' tlrat 

(CA T')(p) = (2d./: 2 0 d:1:2 () DI )(p) , 

(.cE l')(p) = (2dxl 0 dXl 0 (2)(p) , 

(CcI')(p) ::: (dXI ® dX2 0 al + dX2 ® dXI 0 ad(p) , 

(.cDr)(p) ::: (dXl ® dX2 ® 82 + dX2 ® dx) 0 ( 2)(p) , 
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alld hence hy the dcfinition of sr 

5'1'(A,B)(p) = (CAf 0 CBf)(p) =4(dx2 Adxt) 

S'I'(C, /))(7') = (Ccl' 0 CDr)(p) = d,VI A dX2 

Thcl'dore, .'t'l' Cilllllot be cqual to DT, ::lince unlike the cuse of the latter, wc have 

a.nd since llcit.her the Icft. or the right hand sides are zero. o 

In Section 2 we showcd that a local, multi-lineal' opel'ator with Coo arguments 

ilnd C'X) Véllurs llIust llCCC'SSfll'i1y be locally differential. That /llCèlnS that the cochains 

of' <r/: al'e, al. )(,<l.8t locally, eqllivalcnt to a certain rnulti-differcntiaI Opcl'a.tor \Vith 

coefficients tllat take values in <1>2(.1\1). Thus, for C E Itk and Xl,"" Xk E V(J\1) we 

have 

whcl'e 1 :5 )1,' .. , jk, a, b :5 11. <l.nd wherc the surn over the a, 's is formally infinite, 

alt.hollgh only a finite llllITIbel' of the cocfllcient functions, O'~l.:j~~a.b are not identically 

Z(,I'O on ail)' cOlllpact Slll>sct or the coordinate doma.in. 

For fixcd orders of ni, ... ,Ctk, 10'11 = di, the notation (J'~l.::~:~ab is reminiscent of 

the not.a.tion rOI' the components of a tensol' in the vectol' space 

(20) 

This obsl'l'vatioll sllggest.s the following definition. 

Definition 4.44 Fol' p E AI a1ld non-llegative integcrs dl, ... , dk wc define the as­

socinted tensor of C of order dl ... dk at p to be the clement of the vector space 

/II (:20) Il'ilh ('o/lljJollf'llls ()~~\ . .'~~~"b(P) <\ and denote this tensor by (T~.l.;.dk. 

'The associatt'd tl'Ill>or as it is givcn herc is a construction relative to a fixed system of coordinales 

in mil. Il is tCllIpting to try and dcfine the associated tensor in tenus of the tangent space at P, 
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It will be more convcnicnt tü regard the v('dol' spdce ill (20) ilS 

and idenlify a lensor, CY, from slieh a veelor spacc \Vith a tlIapping, 

k times k limes 
r ,... ""'----'--"" 

CY : mIl x ... x mn ' x IIr x ... IH" ---+ i\ 2( IH Jt
') ('11 ) 

which is homogcl\ouS of degl'ce dl,' .. , dl; ill the fin;t 1.' \'i\\'iahlt'~, éllld !illi'al' ill Ill(' 

last k variables. Fol' Ç, E IR71' élnd H, E 1H't, the actioll of t.ltis Illappillg is give.'11 by 

CY( çt, ... ,Çk; UI, .•. , 1Lk) = 
dl times d2 times dk lime:; 

...--"--. ~ ~ 
CY(Çl 0 ... 0 Çl 0 Ç2 0 ... 0 Ç2 1[) ..• 0 Çk 0 ... é:d.k (:Jill '.') ... (~) ud 

Using coordinatcs wc have 

"1 °k]1 ]k 1:::1 
lo,l=d, "b 

where fh •.. , en is the canonical basis of IRn
', alld w!tC're for Çl E IH'" and a 1I1lI1t.i· 

index aH we tll:ie (ed Q
, to denotc the homogcl1ouS product (ç! t! (ç; )ü~ ... (ç:T':'. 

Using associated tenson; Lo descl'ibe cochain::> lu1'Ils Ollt lo 1)(' iL useflll id(,<ti \VI' 

can use thcm lo pl'O\'(' Theol'e1l1 il.tl:L Fin.;t, wc l1lU:-'!, IIl<lkp '>tJllH' l'Pli l cl 1 k~ èll!()IlL tilt' 

rcpresenlation of gl( IRll) Oll the Lellsol' algehl'él of IR" .1I1e! 1Il('1l W(' !\('cd 10 l'l'ove il 

lemma about invariance of ccrtain types of tcnsors ulIdcl' titis l'epl'e:,wlltatioll. 

rather than IR"; this waulel be Jlossible if the componcllts of the :\.~so(,Jat.t'd lem,ur trall~rornll'd 

properly undur a change of coordl\lalcs. U nfortullately, only the Will poncnl <.; of tht' a ....... o('jalt'd 

tensor with rnaxim'll arders lransfarlll properly IIl1der arbitrary challgl's of roordlllalf'" 'l'he ~UIII of 

the components with maximal ordrr is uSlially rcferrcd to a::. th!! lolu/ ~yl/l{lO( alld givP'J f'oorclillatl' 

indcpclldcnt information about the opcrator. It il> not IIseJ in the IJlfJM!tI1 wo,k 
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Let us dcfine the reprcscntation of gl(IRn
) on the tensor algcbra of IRn as it was 

donc in Section 3. Wc nccd to state sorne explicit formulas for cxpressing the action 

or gl(lIl7l) 011 associate tenson;. 

Lemma 4.45 Lei (j E SI(IRn
) be a type (d,O), symmetl'ic lensor identified ·'itl~ the 

dcgrcc d, hOllwgwol/.s mappmg Jl'am IRn
• la IR, 

Tltcn, fm' 77 E lRII
• and v E lW' wc have 

• da( ç + t11) 1 
(.c u0,}0')(Ç) = ç(v) dt t=O ' 

CV0T)W = 1'} A i(v)w . 

Lemma 4.47 Fol' Ct Emu·, fol' 71 E m .. n ·, and v E IRn we have 

The pr<'c('ding tln'ce lCl1\tnas al!ow us to d(·velop a formula for tbe action of gl( U) on 

éln llssorialecl t<'llsor. 

Lcmmu 4.48 Lrt 0' be alypc (dt + .. . +dk\ k+2) lensol' fl'om the 1Jeda,. splZce in (20) 

/(!cllllji(,(/l1,/th li lIlafJpillg of lhe type given in (21). Fol' 17,f.J E ne· and t',u) E IR'I 

Il'1' //111'1' 

)=1 

1. 

.,~)-I,e, + 11/,e,+I," '€kitLl""'lldl 
cil 

-L 1/(u)) 11(6,.··.€killl, .... ItJ-I.'J,IIJ+I •..• t1k) 
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Lemma 4.49 Let a E S3(IRIl
) 0 IRlI

• 0 C2(lH.T1
·) be a type (3,:1) ICI/soI' Il'hic!J 1.'1 

invariant uudcl' the action of gl(IR71
). Then, idcnlifying a will! an delllclIl of 

a must be of the fOTIn 

a(6 0618) Ç3 0 a) == c L Ç1r1 (u) Ç1r~ (~~:r3' ~1,<2, 6 E Il\"> 1/ E lB" 
1rErb 

where c is sorne l'cal constant. 

Pl'oof. Dy Thcol'em 3.31, a must be of t.he 1'01'111 

a(çl 0 Ç2 0 çJ @u) = L CTr Ç1rl (Il) f,Tr2 0 f.Tr1 

1rE Il., 

for sorne l'cal COllstallts C;r (iT E 11 3), Br ilS~lIlllptÎ()Il, ÎlltI'rdlall,l),ÎIIg, t.!)(' urel,')' tll 

f,l, Ç2, çJ docs llot cha lige the \"tlIlC of a cUld l1('lIcc, fol' '1I1y P E ll:j \V(' ,dso hil\'(' 

Thercfol'c, by "avcraging" ove!' ail p E Ih, ilnd using the :mbstitutioll JL == PK, \VI' 

concludc that 

1 
- -6 L CIT ÇPTrI (1l) f,PTrJ <0 f,p;r1 

) p,Tr 

== ~ L (L CP-III) f.11I (lt) f.ltl G') (111 
Il p 

- C L Ç//) ( ll) ç/ll 0 ç/tJ 

'1 
where c = 1/62:11' c7r • o 

Second proof of l1~eOT'em 4.43. Let T E Itl be givclI and choose sorne JI E j\/, We 

showed in Section 2 that T is Ct locally dirrcl'l'lIliéd opel'iltor <tlld 11('11<'(' \.hat in ~(1I11(' 

l1eighborhood al'olllld p, 

T(X) = L I: Dc>XJa~abdxa 1\ dx/) (2:3 ) 
Q )ab 
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where ollly fillitely Illéllly of the fUlIctiolls a~ab are Hot identically zero in every compact 

lIeighhorhoocl of p. We are goillg to use associated tensors to compare the local 

coordinal.c expressions of 8T and of sr and thereby show that 8T -:1 sr. 

:.Iow, let. us compute the expression of fJT ill local coordinates. For vector fields 

X,V, wC have by (19) 

ixT(V) = LdXr /\ i(fJr)T(Y) + L::X' i8,T(Y) (24) 
r i 

(25) 
r 

gxpressillg [X, Y] in local coordinates we have 

1'([X, V]) = L L L fJcr ( X"fJryi - yr 8rXi)ajabdxa 1\ dXb (26) 
() J(lb 7 

L<'\. cl d<'not.c the difl'crelltial ordcr of T at 1'; i.e. the largest integer, d, such that 

a~~,b(]J) i= 0 for sorne' choie<' of 101 = cl and 1 ~ j, a, b :5 11. Sincc 

fJT(X, Y) = L.xl'(Y) - L.l,T(X) - T([X, Y]) 

WC cnll seC' l'rom the aboya equations that 81' cannat have terms at p of arder higher 

than (d + 1,0), (d, 1), (d -1,2), ... , (l,d), (O,d + 1). Now, let us consider the local 

('oordillnte expression of Sr. Referring to (16) and (18) we sec that for X, Y E lI(A1) 

W(' !IcI\"(' 

('1'( \" }l) ~ fJ \r/fJ }lkd A d + ,1 ., = L Ik- JI X, {\ XJ ••• (27) 
'JJ..I 

\vhe!"(' the ellipsis denotes tcrms of order (1,1) or less. If d = 1,2, it is therefore 

illlpossible for uT 1,0 cqual sr becase the latLer has a non-zero term of order (2,2). 

Thlls, wc 1I1ay élS8UlllC without 1088 of generality that d ~ 3. Equation (27) also shows 

thnt 8 1
' has 1\0 terms of arder (d, 1) at ]J and therefore, wc can prove that fJT =f:. sr, 

if W(' cali show thal the' associatcd tcn80r of orcier (d, 1) of {JI' is not zero. Another 

strutcgy for showing that 0'1' =f sr would be to prove that the (2,2) tenu of 8T 
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must be different l'wm the (2,2) t.crll1 of sr. This app\'l)ach will bl' pUI':.-Hl<'d Ido"" 

in Proof 3. 

From (25) and (26) we sec that only L}.·T(X) and T([.Y, }']) Cé1l1 fUl"Ilish t.erllls or 
arder (d, 1) fol' DT, Thesc tcnus are 

- L: L L DaX) Ôs yr a~!b li:!;., /\ i(ü,,)d.l'ct /\ d.rb 
rs J"b la I~d 

- L I: I: Dl< X' Ûr )' J a~lb (h'l /\ d:l:b 
r .1"b 101==<1 

L L L L' ,1- Ôh,.jXJ ÜIY" cr;tb d.l'" /\ d,l'h 

r Jrtb lal=rl b.l.)=ü 

The summation condition h, k] = Ct says tü sum over alll..: fol' which n:k # 0 and t.hat 

for each value of '", Î is the multi-index obtaincd fl'olll CI' by dccrcll1cnt.ing (l, ! Jsin,!!; 

(22) ta compute crg~iP and rccalling Lemmét Il.'18 wc cali sec t.ha1. 1'01' Il, 'IJ E lI~n alld 

for ç, 7J E m,n' we ha.ve 

Thus, in ordel' of (J'g~iP ta bc :wro, it is necessary that o.q',p is invariant under the 

action of gl(IRn
). Using Lemma 4.49 we see that a. type (3,3) tOllsor 

which is inval'Îant undcl' the action or gl( IIr1
) Illust satisfy 

a(ç; 'Il) = a(ç 0 E, 0 ç 0 u) == (le ç(u) f, 0 E. 

fOl' aIl ç E IRn
' and u E lRn, Thus, the values of (J' must he both sylTlmetl'ic and 

skew-symmetric, which me ans that a must he the zero tensoJ'. o{p canllot he the ZC'l'O 

tensor because of thc assumption that the ordcr of 'J' aL ]J Îs d. Thel'dOl'e, cr:f'iTJ catllloL 

bc invariant under the actioll of gl(lll1!), which 1I1<!éUIS t.hitt. a;;:}.,,, Îs Ilot ;Wl'O. 0 
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, 

Thini l'1'Oof of Thcol't:/11 4.48 Lel T bc a givcn l-cochain . In this proof we will 

compllt.e ".~!; éLnd show t.!tat il. cannat be equal ta "'~';. Let the expression fol' T in 

locnl coordilllltcs be as in (23). Wc have a.Jready mentioncd that LxT(Y) contributes 

term:> of order 1 and 0 in X and that .cyT(X) contl'ibutes terms of arder 1 and 0 

in Y. JI' DT is to have terms of order (2,2) they must come from T([X, Y]) and be 

gcnerated by thosc terms of T that have order 3. Thus, the (2,2) terms of 81' are 

givell by 

L L L cl(D-yXrôkr yJ - Ô",/yrôkrXJ)O';abdxa/\ dXb 
10:1=3 ][Ib b,kJ=o: 

'l'hel'cfol'e, we have 

22(è ) () dO'f(f,+t71;V)1 è( ) dO'f(71+ t f,;U)1 O'r;!l'c,,71j1l,V =71 71 -c,V d 
dt t=O t t=O 

(28) 

Now, let us compute O'~~. Recalling the local coordinate form of sr, given in (27), 

wc sec thal 

2.2(t ." ) "titk 1 J 1 k /\ t( ) ( )t /\ O'sr ... ,17,1I,V =~ ...... ll7171 V ek CI = ... V 17 u ... 17 (29) 
i)kl 

Lel us assume thal 

2,2 2,2 
(7ar = (7 Sr 

and a.rgue by contradiction. Let ç E IRn
' be given. Suppose that u E IRn id such t.hat 

f,(u) = O. Choose a v E IRn so that f,( v) = 1. By (29) we see that 

and hcnce, llsing (28), that 

-3(7~(ç; u) = 0 

On t.he othe!' hand, suppose that u E ne is such that ç(u) =f O. Again by (29) we 

have that 

O'~~(ç, 2ç, u, u) = 0 
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and hcnce, tlsing (28), that 

Therefore, fol' cvcry 1l E Ill1!, 

a~,(ç, u) = 0 

and this is absurd because ill11eans that both (J~:}, aHc! a;i:, al'c :l.CI'O. o 
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5 InfinitesÏtnal automorphisms of contact struc­

tures 

III the j>1t'vio\ls :;ectioll wc collsidered cochains that Wele' local opcrators on the Lie 

algebm of ail smooth vectol' fields. In this section we will suppose that the base 

mallifold is .Jk(IR71, Hl), the k-th arder jet bundle of smooth maps from mn to IR and 

fOClIS our atLent.ion on the Lie algebra of infinitcsimal automorphisms of the contact 

syst.elll ·"h id is él ttad1Cd to thc jet bunclle. The cochai ilS of the associatcd Chevalley 

COholllology ar<' tlltl!'> local operators, but opel'alors who~e choicc of arguments is 

restrict.cd {,o t.hosC' vcctOI' fields thnt are infinitcsimal aut.omorphisms of thc contact 

systclIl. Tite pl'ccedillg p1'oo1's that S is non-trivial consistcd of showing that there is 

IlO l' such that sr élnd DT are the samc differential operator. Tt is conccivable that 

distillct diffcl'(,lltia! opC'rators can aet identicallyon a rcstricted choice of arguments 

alld t.!t(,l'cforc t!t('re Illay he a dilferential operator T stlch that 81' and SI' spccify the 

saille co-chain. Thc\'e if> élIlOt.!W\' ohstruction: sincc our pl'oof that local opcrators are 

locéllly dill'('l'ClIlird (~(,l' Sectioll~) lclies on the fad that ally slllooth vector field can be 

Laken as an éll'gUfllCllt wc callnot. exclude (at least not without doing more work) the 

exist.ellcc of local cochains of a non-differential nature. That means that the second 

proo[ of the Iloll-trivialit.y of SI given in the prcceding section cannot be adopted to 

1,11(' pl'csent situation; i.e. wc cannot use local coordinates to express a l-cochain, T, 

as é\ dill'('l'(,lltial opel'atol' and thcn compare the local coordinate expression of al' to 

lltat or S'l', lkca.!l, 1l00\'('\'cr, t.hétt the fln;t proof of the llon-triviality of sr did Ilot 

1'('ly on 'f' Iwillg difl'<'l'l'Illial, only local. We could carry this pl'Oof o\'er to the present 

circull1st.allccs if we could choosc tlte four vecLor fields in questio11 so that they are 

infinilcsilllal automorphishms of the contact system. This turns out to be possible. 
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5.1 The contact structure on the bundle of 1-jcts 

Lel us bcgin by considl'ring the blllldie JI (lHlI
, IR), a manifuld dil!'l'olllllrphic (0 IH.!71+I, 

Using (xJ,Y, ,l};), \\'hclc 1 $ J S; Il, to dCllot.e the loral jd. ('onrdinall's\ \\'c' ha\'e t.ltal 

the contact system, n(1), on JI (IWt, IR) is gellernt.cd by t.h(' dif{'c'l'<'IIl.i1l1 1- f'OI'Ill 

Thus, an infinitcsimal autoll1orphism of 0(1) is a vedor field of ,J1(IW, lH) :m('h t1l1l( 

Cxw is sorne multiple of w. Wc al'(' going tü show tlta!. t.lte'J'(' is élll iSOlllOl'phislll 

bctwccn the veetol' spacc of infinitesilllal itULOlllOl'phiSIIlS or H( 1
) ,1IIr1 the' \'(,('1.01' spa!'(' 

of t'cal valucd l'ullclioJl::; Oll JI (lW, lit). 

Suppose that /1, B are vedor fields and Ti is a difl'crcllti,d l-I'Ol'lll. TI\(· !'ol1owillg 

identities are a basic computational tool fol' the pl'oofs thaL follow, 

i([A, EDIT = i(A).cBTi - .cHi(A)7l' . 

(:11 ) 

The fll'st is a. standard (seC' fol' :lIst.allce l/t]) and t.he !>('('Ollrl idC'lIlit.y fullo\\'" illlllH'di· 

ately bccaus(' [A, IJ] = -[[3, Al, 

Fol' a fllndion, J, 011 JI (IRI! ,IR) put 

Notice that l(Xf)w = f. Indced, \\'e have 

Proposition 5.50 Fol' ail fune/iolls f, /hc veclo,. fit/ri Xf i ... (lit illjinilr;sirna[ alllo 0 

morphism of O(1) ('ml !llrlhcrmol'c, every infinilcsi111a[ Iwl()rrwI'"hi,sm, X, ù; of lIH' 

Jorm Xfl whc/'c f = 'i(X)w. 
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Pl'ooJ. For 1 $ j S n, put 

Nole thaL the 2n vedol' fields hJ and fJ / ay) span the vcctor space of veetor fields that 

Ilnnihilate w. Thcl'cfore, X is an infinitesimal automorphism of the contact structure 

if !llld only if i(h))CXIJ.,' and i(û/fJYJ)Cxw are zero fol' aIl j. 

Let X he a \Il'ct.or field 011 .JI (IRn
, Jl1) and put J = 1(X)W. A simple calculation 

shows t.h,,!. 

c·; IJ.,' = cll/ 
IJ) "J 

ilnd t.héll. 

Usillg idcntity (30) with 'Tf' l'cpaccd by w, A replaced by X, and B rcplaccd by alter-

naLdy hJ and ô/üYJ' wc scc that. X is an infinitesimal automorphism of thc contact 

:;l.l'1Ict lII'(' if and only if 

-i(X)da') = fJf/Dy; 

and 

i(X)dYJ = ZJ! 

roI' every j. Thus, if X = Xg , for sorne function, 9, we may conclude that X is an 

infinitesimal autoll1orphisITI becausc 

f = i(Xg)w = 9 

-i(Xg)dx, = fJg/ ay, , 

élnd becétuse 
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On the other hand, if X is ail inOnitesimal étutoll1orphislll \\'l' ma)' condud(' t.hilt 

the X J and ?h componcllt.s of X are cqual tn t.he l'csp('di\'l' cotllpO\lC'llt.S of X" '1'0 

conc1ude Lltat .Y = 'YI \\'c nccd 10 show t,llilt 

But, this is true becausc by definition, 

f = i(X)dy - LYJ i (X)d.1'J 
J 

éllld becélusc as wc have' aln'ady sho\\'n, 

Ll 

Proposition 5.51 Suppose lilai X == Xi lIi nn illfini/c .... irTIIII (/1//ol1lO/·phi,.ul/ of H(I). 

Then, Cxw = (ôI/Oy)", ... 

Proo]. We arc asslIl1Iing that Cyw = l'W. Dy collsidel'ing t.ltl· local cool'dilld!l' 

1'01'111 for w wc sec t.hat the 1lI111tiplying functioll is give'1I by 

c = 'i( f) / Dy )Cxw 

Using identity (31) with w, a/ay, and X in place of ?T, A, and 13 w(' Itave 

c - ex l = -i(X)CDjDyW + Df / Dy 

A calculatloll in local rOOl'dillates shows th ai 

and hencc, 

c = DI/Dy 
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Fol' flllletiot!s j',g on .JI(Ue, Ill), put 

(33) 

ft. is clC'iIl' that the' bl'<H'kct {,} obcys the Jacobi idcntity because XU,g} = [X!, X g] 

iI!ld becallse the Jacobi identity hofds for the Lie bl'acket of vedor fields. 

Proposition 5.52 ln local coordznales we have 

J)roo/ Using idelltity (30) with w, X j , Xg in place of 71, A, B wc lHwe 

and this is cquivalcnt. ta ",hat wc are trying to conclude. o 

ft. is intel'cst.illg ln Ilote t.hat if.f étnd g arc functiolls which do Ilot depclld on y 

thcn {f,g} b just. il i>obsoll br,\ckct of the l\\'o functions. The case' of infinitcsimal 

élutolIIorphisms of POISSOII brackets was trealed by Lichnel'Owit2 and Flato in [3]. \Ve 

will 1'0110\\' thcir pl'Oof in showing that sr restricted to infinitesimal automorphisms 

of nt'> is Ilot eqllal to a co-boundary. 

Theorcl11 5.53 The co//Om%gy class S 7'ernain.5 lIon-t7'ivial in the local Chevalley 

co/iom%.'lY of IIIJiflil(,~lIT1(/1 lluto11/ol'phisms of n(J). 

/)1'00/ LcL T 1)(' ail)' local 1 co-chain. \"le will show that DT =f sr. Put 

.fI :::: (Xd'lYI' gl = Xt(yd 2 
, 

h :::: (XJ)3 , g2 = (Yl)3 . 
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According Lo (3·1) Wc.' have 

and th us 

evcrywhere, Hence, 

everywhcl'e as well. Sillce the four fUllclio/ls in questioll ail h .. \'e Zl'ros of dl',l!,I'I'I' a 
aL the origin, ,,'C ('éln SC(' by lookillg aL (32) that tlll' Îllfillil('silll,d i1l1lUlllOrphislllS 

gcncratcd by thcsc f\lnctions will hn,vc zcros of ai !cnst 01'<1(')' '2 al, tl)(· 01 igill. 'l'IIII~ 

wc can use the saille argulIH'lIt. <ts ill 'l'IH'orelll .I..(:J, 10 sho\\' t.hal 

Let us use (32) to cOlllpute the rom Infinitesimal autornorphisllls ill questioll alld !.Iu'll 

equatioll (16) to compute Lhe respective Lie dcri vali V('S of the COllIllXtioll, 1" <IL t hf' 

ol'Îgin. 

5\VC are IIsing 0 to denol t' t.he ollgill of If{u 
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lIen cc, accol'ding 1.0 the dcfinition of sr we have 

sr(x /ll XYt )(0) = .cXIt r <> .cXgJ'(O) = 8dxl /\ dYl 

Sr'(x ft, .YYt )(0) = .cx h r <> .cX92 r(0) = -36dxI /\ dYI 

éllld tltcrcfol'C' DT rilllllOt. cquéli sr bccause lIulike the forlllcr, 

-36Sr(X X )(0) - 8S'l'(X X )(0) ft,.'I1 - 12, g2 ' 

and bccause the preccding two expressions are not zero. 

5.2 Higher order contact systems 

o 

Now, Il'lus work wit It tilt' k-th or<lel' jet. bunclle, Jk(IRn, Ill), a manifold diffeomorphic 

Ck = (n + ~ -1) 
is thc ntlmbee of multi-differcntial indices of order k or Jess. Let us use (x J , YOt), where 

j is an index with range 1 :5 j ::; n and Q is a multi-index \Vith l'ange \(Y\ :5 k, to 

dC·llot.c cool'dinatps on the jet bundle. 'lrVe will express a vector field, X, on Jk(Iœl
, m.) 

ill local coordilla\.(·s by ",rit.ing 

).: = LXJ~ + L XOt~ 
J Ba.'J ICtI~k BUc< 

III other \\'or<ls, Xl = i(X)dxJ and XOt = i(X)dYa' The contact system, OCk), on the 

k-Ol'dcr jet bun(lle is a pfaffian system generated by the Ck-l differcntial I-forms 

(.(,.'~) = dUo - LU[n,JJd:l'J' lal:5 k - 1 
J 
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An infinitesimal élutoll1ol'phism, X, of 1 II<' c01ltact syslt'l1l IS illI~ \"('CllH' fh'ld 011 

.Jk(IRn
, IR) stlch that [xw~.k) E nlk ) l'or l'very Q. 

llefore procceding \Vith ail cqllivalcnl. of Tltcol'l'Ill 5,5:3 1'01' .Jk(IW, IH) \\'l' IIl'l'd (0 

study ltow the iufinitesimal automorphbl1ls of Ç!(kJ an' \'('ldkd lu t Ill' ill!illilt'~illl(tI 

automorphisms of 0<1), TIt('('c is Il, natural \\'ay to d<'fill(' il pl'ojt'r( iOIl fl'ultl d ltip,I\('1' 

arder jet bundlc to one of il lowcl' ordcr, Fol' 1 :s 1 < k , t.h<' P\'ujt'I'I iOIl ill (1'\1':-;1 ion i~ 

thc map 

thal acls by "forgctting" coordinates Yf3 (l < 1;31 ::; 1.-), i.C'. fol' /1 \:: .JI'(IIf', IH), \\'1' 

dcfinc Cf :::: 7rt(p) to be the point such thélt. 

Rccall thaL whcnevcl' thcre is a projcclioll rrom 011 t' Illallifold lu élllllt,!t"I', thl'/'I' :1/'" 

éH.:ompanying notiolls of a vcetOl' field prolollgatioll. rlldl·t'd, fol' a \'cetOI' lil'Id, ,\',1111 

Jl(!Rn, 111) and a. \'('clOI' field, .'r, on .J1.(lR'\ m) \\'(' say thal .X is a )llololl)!,at iOIl of .\' 

ir (n"t) •. X' = X 0 7r-t. This rather abslracl dcfillitioll ha!') a :>illlpl(·1' ('(jlli\'al('1I1 ill 1.1'1'/11" 

of local coordinates, 

Proposition 5,54 .\' I,~ (J pm/ollgll/lOn OJ80/l/{' nu'to/'ji,ld o/l.JI(IW, IH) Ifl/lld ol/Iy 

if Jo l' cvery 1 :S; j ::S; '/1 and 10:1 s l, j{J, llnd X" arc JU/ldWl/8 ll'Ilich ,lI'" IIIt!f/Jr'lI.d, lit 

of coonlinatcs Y;1, 1 < 1.61 :s k. 

We can f;ce fro111 tbe preccding proposition tltat il gIY('11 \'t.( toi fi,·ld, X, 1 illl !Jil\'" 

many differcnt prolollgatiolls and tltat th(~n! is no "IIé1tlll'ill" \Vay lu di,>l.ill)!,'li:.h lilll' 

of tllPrn, But., if W(' af;Stlflle t.hélt X is ail infillil.ef>illlili illltollll)l'plli"lfI of 01/'. \V(' 

will be able to I3ho\V tltat tltcre cxists a unique prolongatioll or .\ wlll( Il 1" id"o illl 
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illfillit('silliid alltolll(Jl'phi~1IJ of n1k
). Surprisingly, the COll verse is also truc, i.e. we 

will abo :-.how that e\'cry illfinitesimal automorphism of n(k) is a prolongation of an 

illlillitcsimai êtlltolllorphisTll of nCll . This rcsult is duC' to Backlund and is lypically 

rdelTed 1.0 as Biicklulld's Theorell1. 

Fol' CV('ry 1 :::; fi :::; Il, pli t 

The vcctOl' f[(·ltls h~k) will be a crucial aid in developing our results about the in­

fillitesillltd ûutolllorphisms of flCk), 

Pl·oposit.ion 5.55 11 difJerenlial I-fo1'm is in nCq if and on/y if il is annihilated by 

t'I't /',1} /.,~k) (llld ('l't"'!) Olaf/Ii (If;1 = k). 

fJ/'Oo{ 'l'lit' Il + Ck - C'k-I vedol' field::; Z~k), 8/üYf3 arc lillcarly independent 

alld illlllihilatL' cvery W~kl. Sincc the w~)ls are linearly independent themselves, the 

Sp1l(,(' of vedor fields that allnihilatcs thcm must have dimension n + Ck - Ck - t and 

lhcl'cfol'C Z,~k)'S and D/Dyo'::; span that space. o 

Pl'opositioll 5.56 .. 1 l'Cc/Of' field X 18 an infillilc::>ima/ llulomorphism of n<k) if and 

01/1,1} If bo!ll p:,,;q, Xl al/d Lj'~i!I' Xl annilulalt W~k) fol' ail a, I.BI::= k, and laI::; k - 1. 

Proof. This proposition is a corollary of the preccding Proposition and of iden-

tif,y (30). 

o 
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Proo)'. If the action or Z~k) Z~k) - Z~k) Z,~kJ ail IIi h ilal.es "Il t 1)(' ('oord i Ilate t'II Il et iOlls, 

thcll the veetol' field [Z~k),Zr')1ll1t1st he zero. Silice Z,\k)(.l')) Îs a rOllxl.\I\t (l'itll\'l' () 

01' 1) élnd Zrl(YiJ) = 0 fol' LBI = J.., wc ollly IIced to cOllsid('1' tltt' ('a~t' of ,II", \\,!tl'I'!' 

Inl S; k - 1. For stlch an (\ wc have Z(~k)(!Jtt) = y(", .. 1 ,\11<1 tlwrd'o('(' /,,;q/,~k)t!l.\) IS (J 

",lien Inl = /,: - l, alld is %"/0,,,1' ol.her\\'isl', TI\{' (,olldtl~ioll rollll\I's hy lIolill,l', thal 

Vr<>,b,a] == V[n,.,b]' L:] 

Let a be a givell Illulli-iIldcx. Choosc (/1, ••. , (lJ ti() th,\!, Ct = [(/1" ,Il;] alld plll 

Zlk1 _ r/(k) Z<k) 
':...Jo - /.J U1 ••• "-'n.) 

Sinc(~ the actions of the diffcrcntial operators Z~J.) ('Olllll1UI.(', the ild iUIl or 1.1)(' dilrc'I'­

ential opcratol' Z,(,k) is dctcl'll1 i JI('d by n aJld not h,v 1.111' 01'<1<'1' ur t, II<' 1/ J 's, III UI dl'I' t (J 

él void a Il)' po:-,si biC' ('011 fusioll, wC' should HOU' tha( Z,\k) t dt'I'S \'0 il ('i 1111'1' il v('cI or lit'ld 

al' a differelltial Opl'latOl' of ol<lt'I' l, wlti!e' Z,\k) 1 de '1'''; 1.0 ,\ 1I111Iti-dill'l'l'l'llt.i,d (Jp('lallll 

of orcier 10 l, 

Followillg a course silllilar t.o the one we took \\'11('11 wOl'killg \\'ith .JI (tH", lin, W(' 

shoulcl now try tü define êUl infinitesimal aut.üll1orphil>!Il of H(kl ill I.<'IIIIS of it t!.t'Ilt'I'at.illt!. 

functiol1, Let f be a funcLioll 011 JI'(1R'\ lIt) and l'II!. 

v(k) _ '" DI () '" (ZlkJ(j') " iJI ) \ f - - L.-, ---- -1- L.-, '.J - ~ '/1 1--. } a ,l/il 1 rh J ()~Itll'Sk-I cr J ' ") n!ll}l 

The next propositioll l'eCélsts titis definitioll illto a tlllot.hel', IH'rhaps IIIOll' 11sl'!'111 fUI l'l, 

Proposition 5.58 The following condilions characlcrÎ::c (l /!c('/o,. Jield X :::: Xjk J
• 

i(X)W~k) == Z:.k1(f) 

Xr3 :::: Zjtl(f) 

" Of 'v:::: ----
, aYI}l 

fOT' aU indices wilh rauges 0 ~ 10'1 :::; 1.; - 1) I{JI = k) 1 ~ j :::; IL 

Ci2 

(:~(j ) 

(:17 ) 

(:H;; ) 



0111' nexL goal is to prove the following. 

Theol'cm 5.59 '<"lIJ1I'().~t fhat .r i.'i a JIlncllOn of variables :/')' :t/o and YIn! only, Then, 

X = xy' 18 a p/,()/of/galioTl of r:vc/'y Xj'), 1 ~ / < k and is, furlhermore, an infiniles­

imal auto1l/,orphism oJW A
), 

Wc will procced via the foIlowiug thrce lemmas. The fi1'8t two lemmas are vcrified by 

simple local coordillate computations. 

Lemnlll.5.60 Fol' ('l'fl'!} a (lnd 1/11 = k wc have 

(k) {-da.: j 
LnW = - " ny~ 0 

if 10'1 ::; k - 2 

if 10'1 = k - 1 

if f3 == [a,jl Jor sorne j 

othel'wise 

Lemma 5.QI VOl' t'Il/l'y (l ulld IIJI ::; k we have 

[ 

< () ,Z~k)l = {a~<> if f3 = [a, al for sorne a 

()y{J 0 otherwise . 

Lemma 5.62 If J and X are as in the condition of Theorem 5.59, then fo1' alll.B1 = k 

al/cl 101 :::; l, - 1 /IIC have 

otherwisc 
(39) 

if f3 = [n,jl for some j 

Pl'ooJ. 'l'he pl'Oof itl by induction on k. The case k = 1 Îs trivially true, 80, let 

us suppose that t.he ICl11l11é\. has been shown to be true for a certain k = N and show 

t.hnt. 1 hl" kllllllil is élisa truc for k = .TV + 1. Let I,BI = N + 1 be given. If wc considet' 
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the dcfinitioll of z~q, we Cdl1 sC<! that. zg')CJ') i:; Cl. flllldiO!l of variahles ,l'J illld !I..., 

(hl::; lad + 1), only. lIcllcc, (:39) Îs truc fol' loi :::; N - 1. So, SllPPOS(' Lhat ln 1 =- N. 

If thcl'e js a j sllch thal f3 = [n,jl, wc can choosc a. hl == N - 1 Hnd all (l, suelt t.ltat. 

Cl' = [r,a] and (l = [r,a,j]. Using Lcmma 5.Gl and the induction hypot.ht\sis \VI' hilv(\ 

aZ~k)(f) 

DYf) 

If 110 sllch j cxists, tbcn il is possible tü choosc illl (/ élnd Irl = N -1 80 t.!tat. 0' == h,ll] 

and (la = O. Thlls, lIsing LC1l1m1t 5.61 wc haw 

()Z~I.)U) 

Dyo 
aZt<'~)( Z~h)U) ~ 

oy(J 

[~, Z(kJ] (Z(kl(f)) + h{'! (D~~"jfl) 
ôYf3 tul 'Y ta) rJYrJ 

- 0 . 

o 

Praof of 1'hea1'em 5.59. We first show that Xjk) is Cl. prolongatioll of xyJ fol' cv!'!')' 

1 < 1 < k. Wc do 80 by cOlllpéll'ing the local coordinat.e expn':-;::,iolls fol' t.h(·!'\(· 1.1\'0 

vector fields (sec (~~5)). Since ~,\k)U) i:-; a fUllctioll of vétl'iahks l'J illld .'h (1"/1 ~ Inl+ 1) 

only, wc can sec that Z~I)(J) = Z~k)(f) fol' 10'1 :::; J - 1. 'l'IIUS, ill orcl(~r 1,0 show I,hat 

X~k) is a prolongation of xy> wc need only show lltat fol' 10'1 = j 

Z~l)(f) == Z~4)(f) - LYtu,JI af 
j DYtJl 

Choose a j such that cé i= 0 and writc a: = [r,i]. Let us con~ider the diff'erell<:e of 

Z~l)(Z~')(f» and Z~k)(Z~h)(f». Since Z~)(n == Z~k)(f) èlnd since t/w::.e do !)oL dcpelld 
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on variables YfJ (1f31 > 1), the differcncc is one extra group of terrns that are present 

in Zj'·I(Z~"IU)), nalllely 

By Le III ma. 5.G2 tbis is cqllal 1.0 

thcrchy showing lhal (/10) is truc. 

Df 
LY[o·J]-D 

J Y[)] 

Now we t.Ul'l1 la tlte proof that X is an infinitesimal automorphism. Sincc X 

sat.isfics cOllditions (36) and (37) of Proposition .5 .. 58, wc have 

i(X)W(kl - ZCkl(i(X)wCkl ) = 0 
[u.a] a Q 

1(){)d!J[~.a] - Z,~k)(i(X)w~») = 0 

for ail a, lerl ~ 1.: - 2, and 1f31 = k - ]. Bence, using Lemma 5.60 and identity (30), 

wc have 

Agaill, usillg idcnt.ity (3D) and Lernrna 5.60 we have for I;BI = k and !cd $ k - 1 

.([~ \']) (k)_DZ~k)(f)_:(V)/ (k) 
l , . w - l .'\ Jo., 8 w'" 

DYIi Il DYfJ Dy~ 

If wc suppose I.hat lbcr(' is élll j slIch that f3 = [0', j], lhen by Lemmas 5.60 alld 5.62, 

botb of the Lerms of the right. sicle are -XJ and hence, the above expression is O. If 

wc suppose t.hal 110 such j cxists then both of the terms in the right side are zero by 

t.he :Hl1l1C two LCIllI1IélS, and t.hcrcfore 

i ([ â ~ p , X]) w~) = 0 

fol' ail li a.nd ü. Proposition 5.55 allows us to conclude t.hat. X must be an infinitesimal 

Hulomorphislll of n(k). o 

WC HOW prove the converse of the pl'eceding theol'em. 
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Theorem 5.63 (Backlund) SlIppose Ihal .\' i ... ail illjini/c,'il/I/a/ (/ulot/Jo/,/J/II.'i/1/ of 

!1(kl. 1'lLC/l, f = i(X)..<.J&kl is a fUllclioll litai drpclIds ol/ly (II/ VI//'il/b/f ... . /') , !lu, ,l/t"l: (1/11/. 

fUl'lhcrmorc, X = Xjkl, IhcI'cby /lnp/ying litai X i ... Il pl'%ugallOlI oI (III l/ljil/il(',~illl(/i 

automorpltisrn of nt l
) (namclIJ xy»). 

\Vc firl'il necd tü pro\'(' the {'ollo\\'ÎIlB con\'er~c or Lt'll111111 ;'>.(1'2, 

Lemma 5.64 Supposc Ihal (39) /to/ds for alllr/i = /., III/cl Inl s '" - l, Th( 1/, r ol/Iy 

dcpcnds on XJ' !Jo. y[nl; and -Xl = 'lof, 
l V[)] 

Pl'oof. Lel If3I = J.. - 1 alld Inl :s; k - 2 he givplI, C!tO()S(! illl)' 1/ éllld Il:'(' 1,('111111,1 

5.61 to sec that 

!) r.1(I.) (,') 
Uh[u ... ] , 

DY[/j ... ] 

Note that thc condition thal thcl'c cxists an J Sllclt LltaL fJ = [n,i] is 11'11<' il' ,III.! olliv 

if the condition that tl\Cre cxisLs élll j sncb thdt [(J', a] = [n,a,)] i:-. 11\1(' Il.., \\'1·11. Thl\~. 

the preccding calculat.ioll SllO\\'S t.ltat. t.lle pl'cllIi:,(' or t 11(' 1('111111" 1('IlI"jll~ 111\1' il' W(' 

replace /.- by k - l, Procc'('dillg illducti\'('ly \\'e :'C'(' Illet! I.h(' pre·lIti..,!· ur IIH' I(,!ltlilil i.., 

truc if we replace k by éllly of 1,2" , . ,J,; - 1. III paI'LÎcula!, Wc' IlilV(' 

and fol' 2 :5 I.BI ~ k wc have 

Df = D;;~kJ(.f) = 0 
()Yn fJYf1 

o 
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pf'Oof of '/'hco7'cm 5.G3. Oy Pl'Oposition (5.55) wc have 

• ([ ry( k) V] ) (k) 0 l Fia ",\ W o = , 

Hlld hCllce, (:W) alld (;j7) éll(' tlllC I)y idcntity (:30) and by Le III 111 a (5.60). We also 

. ([~ v]) (4) = 0 1 !l "~ WQ , 

UYf3 

roI' ail IlIl = ~. and ail 10'1 :::; k - 1. Using Lemma 5.64, wc concludc that X satisfics 

ail conditiolls of Proposit.ion 5.58 élnd t.hat f is a funct.ion of variables XJ , yu, a!ld Y[a} 

ollly. o 

\Vc> arc> IIOW ill Il positioll to pl'ove an analogue of Thcol'C'1I1 5,53 for higllC'1' ol'd('I' 

j('t, "li Il el les. For fUIICt.iollS, J, 9 OIl .JI.(IRn, IR), put 

Usillg basic propopertics of prolongations wc have ihat [XjkJ, X~k)] is a prolongation 

or or [Xl, X'/], bccéluse xt éllld X~k) arc prlongations of Xl and Xu' Thus 

{ /
• }(~) '([ \'(k) V(kl]) (k) ('([ ,r V]) (1) {f } . ,.'1 = l ' 1 ,.'\ fJ Wo = 1 .'\ l' .'\ '1 Wo = , 9 

ThcrefoJ'(' wc have defined exactl)' the same bracket operation as in (33) and just as 

lH'rorc \\'e hil \,(' 

\,(k) _ [v(k) V(k)] 
, {J,g} - ./\ f ';'\9 • 

'l'hcOl'em 5.65 'l'h(' co/w1I/%gJj class S 7'cmains non-i1'ü'ùIl 7n Ihc local Chcvalley 

l'O/iO/Ho/O,ll!l of lII.filll/C811I1al (/u/o/l/orpJml.lT/s of nU'). 

f)mof. \\ft' will rolIo\\' t 1\(, proof of Thcorcm 5.53. Let T oc any local 1 cochain. 

Taking 

fl = (Xt}2 Y[1) 

h = (:rt}3 , 

, 91 = Xl(Y[1})2 

92 = (y[I})3 
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wc have, as heforc, t.hat 

The computatioll of SI'(.\y), .\~k)) is quite il bit Illon' cUlIlplit'.tIt'd III 1 hl' pn'M'1I1 

case, bccausc the local coord i na te expressioll of Sjk\ is rOllsidt'l'i1 hl~' 11101'(' r\J11i ph ';'" 

than the expression of Xl' Sincc wc ,an wOl'k \Vith ail)' COIIIH'ct iOIl, 1" Il'!. liS \\'ork 

with t.he Hat COl\l1cction on Jk(IRtI, IH). Doillg so giVl's il silllpll'I' local coonlill.tt(, 

expression for .ex)', bcci\use for éI fiat [' wc hél\'(' hy (Hi) Ihill (1.'\,1');,1 • ..:.. iJ"b.\···. 

Hestl'icting OUI <llh'lltioll 1.0 (,OIllIHll.illg th" d.rl/\ dY\ll (,\}lIlj>OIl('I\\ of,'-il (.\f~), .\~:))(I\) 

and of 81'('\'f~1, Sb~»)(O) wc sec' litaI. .,,'1 (Xf~>' .\',~~))I[!J al. I.h(· oril!,ill i~ posili\'t' al1(1 t.h.I!. 

8r(Xf~)' X~~»)t[t] élt tll<' origill i:, IlcgatÏ\('; clll<l h('II('(', Illal 

:3S'I'( \'(k) \(4»)(0) -1:. ,:-:r( \,(k) X(k))IO) '- . fI ,. 91 1-" 12' 'Il , 

'Ibis mcans, of COUl'se, th(ü DT and SI' call1lot be the :~;()III(' 0P('l'iII.OI'. 
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