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A a.s T R ACT 
/ 

The flow of two-dl~enslonal turbulent wall jets in still 
1 

air oval" two logarithmlc spiral tlurfaces and over a circuldr 
. 

cylinder is studled both theoretically and experirnentally. The 

forme1:" surfaces permit th,e deve] opment of equilibrlum flows 

while ~\the latter iB an exâmple of a simple nOn-equil,t.brium 

case. 

~ 

The analysis of the equilibrium flowa ls based on Townsend' s 
1 

latest thcorotical model and uses experin,ental information', àbou't 
- / 

tho turbulonce structure - pr incipally ü""'V' /q.2 - in conjonction 

with the requircment of overall klnetic encrgy balance. 
'l'j 

The flow on the circular cylindcr 18 analysed using a 

momentum intcgral lechnique: momcntum Intogral equatlons are 

written for the lnncr and outer layers respccljvely and aolved 

togethcr with inforn~ation about the rate of growth of the jet . .( 

The unknown physical quantities appcaring in the equations are 

obtalned or inferred from data gathered in the oxpcrlments on . 
the equillbrium flows. Separation is satisiactorily preùlcted 

by asauming rapid retardation of the boundary layer} i.e. that 
' .... ' 

pressure forces are mueh larger than shear forces. 

0, 

The curvcd jets are characterizcd by highly intense turbu-

lcnce and the aecuracy of the shear mcasurüments in these flowa 

was suspeC'~. A measure of the possible error was indispensable 

because a satisfactory theoretieal predictjon of the flow 16 

hampcrcd by the pervading influence of thrce-dimenslonal effecte. ~ 

to whlch curved conyex fl~8 dre partlcularly susceptible - and ...... ~~ . 
~1 .. '" 
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li meaaura of the •• ' affecta can he obtain.ct by cOl1\p8ring th. 

c~lcula(ed and meaaured shenr ~XGDa distributions. Conae­

pentlY' spectal njtentiOl1 ls qlV{!~ .ln thia .WO~k to the .1nflu-

,~nce of hi9h intansl.ty turbulence 'on hot wite mensurèrnonta • 

Tho outer flow of a plAne wnlt j~b influencQR atrongly 

tbo inner bounùBry layer and t.he experimen,ts revealed thnl: thi. 

afrect increasas ~it'h curvature. This repreaentB Il rflthel. 

unlq':lG physical sit.uation and somo att.pnttk>n lra glven to th!. 

• part of th« t'loW. ln pal."ticular thora lB davelopod Il novel 
\ ,. 

todmtq\le. for menauring skln friction wi;.th ft hot filni probé. 
li 
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Chapter 1 

Introduction 

1.1 Curved shear layera. occurrence in practice and fLaw ~f 
Er.sent interest 

In recent yeara much of the re.earch on the nature of 

turbulent motion haa been devoted to underatanding and pre-

dicting the atreamwlae developmant of plane ahear flowa. 

M_thods of calculation ~hich are,increasingly general in 

their app1icability have evolved principally as a reault of 

the continual exploratory and pathfinding work of Townsend, 
• 

and his modela of the baaic turbulence mechanisma underlying 

the development of shear flowa have been largely responsible 

for catalyzing today's rese~rch activltles; 

But, while plane flows do occur Ln practice it trana-

pires that many situations of present engineering interest 
• 
lnvolve shear flowa that are curved. Examples of partlcular 

importance are boundary layer control by blowing wheroby a 

jet ls blown over an a8rofoil sùrface (or the knee of a flap) 

to energise the bo~dary laYer, . and air cushion vehicl •• 

which use peripheral jets to ma in te ln the high base pressure. 

Curvature ha& a marked influence on the turbulent mixlng 

but the mechanisms underlying thi. effect are uncertain. It 

la well known (T~send, 1956) that the atability of amall 
• 

diaturbancea in a curved laminar flow d.penda on the aign of 

~ th, angular momentu~ gradient, ~(ur) and it has been'po.tulated 
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(Taylor, 1932) that the same mechani.m acta on eurved turbulent 

flows to influenc~ the .cale and lntenatty of the turbulence. 

A fluld partl~le la coneidered to hG diaplaced wlth ft con.tênt 

angular momantum from ona fluid atratum to another of larqor 

radi~e And the pres8ure gradient neceasary for its equilibrlum 

18 notod. It 18 èaaily shawn (stratford, 1962) that the partl­

cle will he dlsplllced further outwards ln ft negatlve, ~nd hance 

unstablo anqular momantum gradient. ln a similar way the 

positive gradient leada ta atabl11ty. Such arguments can he 

extenùed to suggeet that elther the tt mlxlnq length" or the 

large eddy length seale will he lncreased in the un.table 
~ 

flow (see ~18o Sawyer, 1962: Margolla, 1963' 01l8s et al., 

1960: and NewmAn, 196', reapectively). Margol ia has mea8ured 

the turbulent <!norgy ha lance (u8in9 the laotropic relation to 

CAlculale dissipntion) in both convex and concltve mlxinq layera 

And has' round that in the stable case (concave) the transport 

of onergy away from the raglon of high production ls inhlbited 

And thnt the converse ls true for the unstablo case. In the 

latter, the overall production of onergy was much inCreBDGd 

due to the ava ilAb.l1ity, in zonee which would norma11 y he 

onorgy-elftrved in a plane flow, of Roynolds streeses agaln.t 
1 

whieh the mean flow could work to producQ more turbulent 

energy. TOWllSGnd (1969) in ft very récent paper, presenta 

evidonco whlch implles that tho dominant structure of the 

turbulenco in ft wall Jet la ~ aitered by curvature and t.hi. 

ia dlsc\lssed moro fully in aection 1.2.4 . 

The lnf1uence of curvature on the turbulent mlxlnq ha • 

.. 

-
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, 

luggeated that convex curved jeta (incr.~é~~ mi~in9) he app11ed 

to augment the hest tranaf.r trom a surface or to incr.a •• the 

entralnment ln an eje~tor. 

Of particular interest in the study of turbulent ahear 

~lows are cases in which the· motion ls lIelf-pr8.ervlng or 

se1f-eimilar. Such situations imply a stat. of movinq equl11-
:r. 

brium wherein the terme of the energy balance are always con-

stant fract.ions of aach other. tiarAmetere specifying tha 

turbulencê struC'ture or me.n flow at Any station ClUl\ he 

expressed non-dlmeneional1y by usinq elther a length or 

velocity scale which 18 ft f'unction of a 8ing1e varlab e 

(u8u~11y the downstream distance). In these flowB th posl· 

tion c.lowllstror\m le no longer relevant (providing the t leM la 

ful1y developed) and' measurements can he mr\de At onl~ ona 

station. It 18 lnteresting thst whenever ae1f-preservation 

i8 prediC'ted lheoretlcally by Ulling the non-dimension"l salf-

siml1nr forme, il almosl lnvariably occurs in the raal flow. 

(There are three known ~ceptions to th18 and they ara dia­

cussed by Tow~send (1969).) A number of authora have .ugg.8te~ 

that thi. indicateB a tandency in all flowa toward. salf-

presarvfttlon . 

"\ 
Much of the advaneo in undarstanding plana Ihear flow. 

ha. come from 8tudiee of the •• lf-.iml1ar ~sa. and information 

derived fram th ••• ha. been uaad with lama luce ••• to pr.d1ct 

the development of many relaxin9 flow.. Th. work d.acribed in 

thi. th •• i. ~ontlnue. thi. tradition. Por obv1oui r ••• ona 

.. 
,1 
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very simple curved shear flows are chosen. A number of two­

d1.~lonal and self-preserving coovex. curve~ wall jets in 

still air and a plane wall jet in sti'!l air (whfch has R = en 

and répresents the limitinq case of the preceding fIows),' are 

studied expe"rimentally and an attempt is made to ex tend the 

result5 to predict the development of a simple non-;-equili-

briurr. case; a wall jet 1.n still air dn the outside (convex) 

of a circular cylinder. 

The f~ on the convex surface i8 usually termed the 

Coanda effect -after Henri Coanda who first exploited thé 

'. 

p05sibility that a jet could stay attachcd to a nearby surface. 

Figure 1.1 il1ustrates the flow around the outside of the 

·cylinder. The jet emanates from the slot and flows around the 

. surface and there i5 formed Cl boundary layer at the surface -
1 

called the • inner layer' - and an 'outer laYfr l which resembles 
, 1 

a half-jet. The effects of rnixing wit~ sur~pUnding fluid at 

rest and, of lesser importance, skin frict l'~ diffuse the jet' s 

momentum with ~e resuit that the 'jet bccom s thicker and the .. 
maximum velocity decreases. Due td'" cent.rif gal effects .the 

""-
pressure at the surface is lowe~ than ambi nt, but, in the 

case il1ustra,ted, slowly rlses and the jet eventually separates. 
J 

The'curved self-preserving Jcases are those for which tho 
-4 

thickness of the jet (Ym/2) - conveniently deflned as the 

point where the velocity iB one-half "the mdximum and the 

radius of curvature (R) are both proportional ta the down8tream. 

distance "'(x). (See Chapter 2.) This 18 almoat exactly possible 
A 

" 



'. 

~. 

·1 

•• 

'i " ., 

- 5 -

at h1ih Reynolda number., on liurlece •• haped 11k. lOiar1thmiC' 
. 

• plral •• ('lqure 1.2 11lu.tret •• two log,apiral. tor whlch 

R • i x ~ R - x .r.apectlvOlr') At l~ Reynold. "humbor. the 

.ffec~f vlaao.lty et t~e wall becomea important and th. 

'.k1n friction coaff icient 1. not invariant. For' .imi1ar 

r ••• ona th. plane wall jet 1n atil1 a1r i •• 1.0 v.ry.n •• r~y 

•• 1f-pr.aorv1nq at high Reynold. humbera. 
'li 

/' 
previou. inv •• t1gat10nv"of th.,. f1ow. will now be 

1.2 IU.tory of "OsS '0ID! cOl!!D!nt. on p,ev10\l! 11}:t •• t19ation. ; 

A conci.e .ummary of the work on turbulent jet. to May 

1969:may he, found in Newman (1969) .. An 0.r1ior .ummary -. ralating to Coanda offect i. giv.n by Wille and 'ornholz 

(196~) . 

( 

---A n\lmber of experimenta on the Coanda effoc. hava been 
Q, 

~d. to atudy ( i) the eftect of geometric chang •• nuar 'the 
t 

elot 8uch a. gap. and oif.eta, Kçrbacher (1962)' ( 11) the 

effect of sma 11 a.~ct ratio." rernholz (1966), (ili) the' 

influence of .ound wave acting normal to the flow at the -.. 
.lot, Chang/ ( 1966), and (1v) th. ,large ~ ca.e in which ther. 

exlsta a potential core between th. boundary layer forming at 
. 

~ 

~tb~ wall and tbe externa1 ,hoar layer. Kado.ch (1957. 1~67)' 
~ "" -~~ 

h'r~'601z (1967). Ther. exi.t a180 a numbel' of experirne;nt • 
• 

dealin9 with the d.flect1on of a Jet by an adJacept boanaàry 

euch a. a flat plat. and ca ••• whera thora ia an eiter~.l 

.tr.a. abOYe the curved ah.ar layer. W1th1ri the limita'and 

'l' 
" . 

.' 

l 

, " 

0 
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90.1. illlPOa.d on th!. th •• La the flowa clted in thL. para-
c 

,(Jl'aph al'. c:onalcSerod hybr~d and will not he di.eu ••• d, 

1.2.1 plan, Will J.~ in It+&l tLr 
( 

7he aatli •• t known work on piAno wall Jet. 1. an eKperL­

_ntal investigation by rOrthmann (193"), Olftuert (1956) 

revlvod lntereat ln the flow and ftttemptad Il theoratle.l 

pr@diction of it. developMlitnt. Although hie analyala u •• d 

th, eddy vlecoelty concept wl'1eh lq,llod orron90\lIaly thllt 

tho .henr nt y. 1. zero it novertholo8. deacrlbod corroctly 

the blute IAhavlour of th. Clow. Ono pl'U'tl<!ularly relovant 

fbuUnq Will' that. vlaco.ity Mt"dIy affecte the jet 'a dev.lop" 
.. . 

IMmt provldlnq one la far onouqh dawn.tr'Hl'" or the elot. 

Th. lnOat r,,<..'Ont CJXlOll81 ve atudy or the plano WA 11 Jet 

in atll1 air 18 by I(ohan (1968) ln whlch h. 91ve .. a r •• ume 

of tho work to t.hnt date and no fUr'thor hlstorienl account 

IR Ju~qod uso(ul haro. K~lan haa con~entratod on the meaaure­

_nt of w"ll friction ftnd lnt.eJ;mlttancy and th •• e topica aIre 

d~aC'u.8ed ln auli •• quont chaptor.. Certain of hi. r •• ult. are 

not.d har.~ beC4U.. they ara of gan.ral 1nter •• t te th. propca.d 

.xper~ment. on curved flow. 
1 j 

L. 

acai •• -.. U and y /~. defln1nq 
• "'_, __ , 11\ c 

Flr.tly Kohan flnd. that the 

thQ ~low, change t~avldur 
\ 

• Mhen the alot wldth la amall th. po.ltlon oi the Jet'. hypo-
~Jtbet1c.1 or1g1n corr •• ponda n8.r1y to that of th, .lot. The 

_xi •. um veloclty u.t/varl •• approxlmately a. x-1 2 and 1nn.r 
layer thlC'~Qa., J.- llka x. Thua th •• k1n frietion coeffi-
cient Cf • (u,r.) dl x(M/2 ancS 1. very l.rg. at amal1 x. 

1 , . , 
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for .pprœt1JMtely. ~ ) 3001 the .lape of Ym/2 va x cbang •• 

and the .xpdnent 'a' ln U. ft x· changea to -1 trom .ppr~1m.t.ly 

- t. Kdhan-!lao clalma that the'turbulence .tructure, charac­

terlzed by \1 ':' ~oe. not ~~~ •• lf.:.pr ••• ~vl.ng untll ~ ~ 300. 
u. 

Thl. la surprl.lng beeauae wall .ffect~ are known not to play 

a .1gnifieant role ln th~ jet-development (Guitton, ':1969) and 

that for a plane free Jet the re.ulta of Heakeatad. show that 
, ~ x 

eelf-proservation of 2' occura beyond b::W 65 and that the 
Ulft 

enerqy balance reaches equl1ibrluR. for g QI 100. 

A conslderable amount of .xperIn~ntal data on the plane 

wall jet haa now been accumulated and Indeed at the onBet of 

the present inv.stigatian it had not been planned ta measure 

this flow. However, sOlne speclal experimontal tochnlques were 

requircd to correct Reynolds 8trese mea8urements (Guitton, 

1968) and to measure ekin friction (Guitton, 1967), and Inter-

mitteney, and lt wa8 found useful ta verify thesG techniques 
Î 

'--ln t~e plane flow before trying' them ln th. more unknOlfm 
, 

curved cases. As a eorollary to theae special meftsuremente 

in the plane f1ow, moet t_rma in the Reynolds streas tènsor 

~re obta1ned (aee Quitten, 1968), and when compared to the 

available data they showed. much to the author'a surprise, 

that the preeent maasurements were:probably of .uperlor qua1ity 

to thos8 of _.rlier workers. ~i. 18 .mphaalzed by figuras 

1.3 and 1._ and sene .pac1fie information will he 9ivon har. 

becauso the plane wall Jet la not con.Id.rad- ln datail e1 •• -, 
wh.ra in thi. work. Pigur. 1.3 allowa the normal atr ••• v 2 

Um 
.... ur.d by varioua other experLmenters.· The pre •• nt reault. 

are Judged favourably for three reaaona a " (.) the nw.aured 

" 

1 
'[ 
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. 
• h.ar .tre.. d1.tr1but1on aqre ••. ~ry well w1th the calculated 

on. (f1gùre 1.,.), (b) th. meaeure.nt. vere made u.1ng tech­

nique. more aoph1at1cated than thoae of the other exper1menterl 

(lin.ar1zed conatant temperature equipment, .1ngle alanted·.nd 

normal wirea, and long 1ntegrat1an tlmea - the method ia di.­

cu.sed ful1y in Chapter 5), and (c) the growth of the flow, 

Ym/2 t 
- .071 at Re • 3.0 x 10-, agre.e very well with the 

value calculated from the mean 11ne 

, -7 
'Jwv. • - 4· oS JI 10 R. + o· 0806 

plotted by Kohan through aIl the exper1mental data availahle 

to him. (Pointa (a) and (c) will ha elaborated on in the 

discussion of results.) In view of the quality of the re.ulta, 
~ 

and to provide constatency in th. maasurement technique and 

conditions (aIl measuremente were made at Re : 3 x 10~4). the 

author's own wall jet meaaurements will he uaed a. the plane 

flow standard aqainet which the curved flow resulte will he 

compared. 

1.2.2 Hea,uremtnta of a waAl Jet ov!r a cylind.r of 
constant radius 

Nakaguchi (1961) and Newman (1961) were the firlt to 

attempt detailed studie. of the fully developed two-d1menaional 

jet flowing ovar the out. ide of a circular cylinder of constanç 
\ j 

radius. Newman'. work la 'more ba.ie in that he wa. the firat 

to provide a general phyaical underatanding of the flow. He 

deflned the parametera d.acr1bing a univeraal flow and verified 
• 

/ 

.. \. 

" 
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their usefulness by usinq them to correlate bis expert.en~l 

data. Pekete (1963) lat;er undertook .ore accurate _asure-
. 

ments on a l'nuch improved piece of' apparatus, and furtller 
f 

dernonstrated the usefulness of Newman' s original concepts. , 

When a flow iB universal the flow developl8ent can be referred 

to a hypothetical.oriqin and the measurements taken on a given 

cylinder of radius IR are applicable to any otber. aew.Bn 

reasoned that for this to be possible the conditions downstrea.' , 

of the'.slot must be ~ependent of the particular slot ge~try 

(e.g. the slot width) but should ~e~d only ~ the jet's 
'<Ii 

tt:i. initial Jf.on,enturn. Universality is, moreover, only possible 

it the flow 18 independent of Reynolda numher {viscosity). 

Embodied in these two staternents are re~ire-.nts tbat the 

slot width, b, be not too large - or else t~ jet will retain 

the slot characteristics until it separa tes - and that it be 
... 

not too small ln order to avoid large skin-frictlon effects. 

i b. The experiments of Fekete glve the limits as .0 < R < .05 for 

Re > 1.3 x 104. In a recent publication Sridhar and TU (1969) 

presen~ measurernents made on a number of cylinders of different 

radii but they were unable to collapse their results on the 

basis of a unlversal flow.' Examination of thelr data reveals 
~ b that the slot width to radius ratio ls .055 < i ~ .161 and 

consequen~ly ls beyond the range specifled above. (A study 

by the author (Guitton 1964, 1967) of a wall jet on a concave 

surface of constant radius showed that the same universal 

... 
See footnote on page 6. ~ 

r 

. ,; 
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• 
CJrowth law 18 appllcable to bath·, the convex and concave flowa 

and 8eme d18CU8~ion of thla work la included in th1s thr81a.) 

Newman and Nakaquchi 8180 atte~ted. aimplified theoretical 

analyses. The latter obtained a relation between the veloclty 

and length scales by substituting lnto,the first order momentum 
. u-I-

equatian the sirnilarity form, ~ = f( ), of the veloclty 
m Ym/2 

\j profil~ and ~hen assumed, aa la usually done to obtain the 

mnditlona for self-preservatlon (Townsend, 1956) that the 

coefflcients of the resultlng equation are proportional to 

" each other. If this is done for a plane!!!! jet the result 

ls 

= Q. 

. . 
where • ails the exponent ln U cr xa and Nakaguchi aS8umed 

m 

the sa.me relation holds for 'the Coanda cylinder •. The arguments 

lea41n9 to thls are strlctly incorrect - the flow on the Coanda 

cyllnder is not self-preservlng - but the re~~lt ls equlvalent~ 
to ~ssumin9 the conservation of 11near momentum and it so 

happens that this la true ta first arder if skln frlction ia 
, 

.negle~ted (this will he shawn in section 3.1). Nakaquchi 

obtained a relation for Um from the abo,ve by uslng an empirical 

relation for Ym/2. His prediction of the veloclty decay la 

good but 'the result is somewhat decéiving sinée the ~heoretical .-

\ curve was 'orced throuqh a reference value chosen near the centre 

of· the experimental range. The ~ur~ace pressure was àlso pte-
.> 

dlcted by uslng the flrat order y-momentum equatlon. 

, 

, 
'! 
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. 
Newmah'. analyaie asaumes zero wall fttction and 1s 

baead on a eimplif1ed integral method which replace. the 

actual veloclty profiles by rectangu!ar profiles havlng the 

same mBSS flow and momentum, The'maximum velocity decay and 

the surface pressure ara predlcted moderately weIl 1f an 

empirlcal growth law ls supplied. 

Separatlon ia not predicted ln aither Of the above 

theorles, 

f 
The experlments on the convax cyllnder have estabilshed 

• 
wlth sorne confi~ence the bulk bahavlour of the flow,' 

experirr,ents wer~ assoclated wlth explora tory theories 

Theae 

and 

were prlncipally concerned wlth recordlng, the flow's mean 

\ 

veloc1ty and surface preasure, Consequently the skin frtctlon 

and the turbulence structure in both the inner and outer 

layera are largely unknown. 

The avallable theory ia limited to first order, does net 
~ 

conslder separation and requires empirical knowledge about 

the flOw to predict the flow and generallty la thu8 severely 

11mited. 
, 

A more Bophistlcated approach must bridge these 
1 

gaps and thia ia attempted in th!s .thesls. 

1.2.3 Mea8Urements of the self-preservinq curved wall Jet 

Recall that a self-preserving flow exista when Ym/2 « ft « x 

and that thi. i8 pOSSible on logarithmic spirala. There exista ..... 

only one detailed experimental 8t~dy, madé by Gilas et al (1966), 
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of the f10w over such surfaces. Another investigation by 

Sawyer (1962) preceded, and is included in, the above work. 

A pre1iminary experiment on one spiral by the author (Guitton, 

1965) yie1ded far dif!erent results than Giles et al. but the 
• 

eooditions in that test were such that it vas impossible to 
, 

measure far enougti;aownstream of the slot. Giles et al. 

'aeasured Mean velocity and ~urface pressure on three convex 

_ logarithmic spirals and two concave ones. They also present 

measurements of the Reynolds stresses u,' 2 , v' 2 and ü"'V", and 

h d ( xR 1) tntermittency taken on their most hig ly curve ~piral = • 

These results are then compared to similar experiments on the 

plane wall jet. The convex flows spread much more rapidly 

than the plane case i for example the jet on the ; = ~ spiral / ' -

had a growth rate aver twice that of the plane wall jet. On 
, 

the other hand, in the concave flow the spreading was inhibited; 

the x 
- = -R 

~ spiral had' a ~rowth rate about ! that of the plane 

wall jet. 

Giles et al. compared their growth rates vith that obtained 
,- dYm/2 Ym/~ 

by Fekete on his cylinder" (dx vs.~) and concluded, from 

the substantial disagreement, that the cylinder flow necessarily .' 

bas a large history effect and is not solely defined by local 

parameters. Newman (1969) subsequently reduced the disèrepancy 
I( 

by uslng the ~_iversal growth law proposed by the author and 

concluded that the hlstory effect is ~ large. This point will 

be further discussed in sections 5.3.1 and 10.3. 

A comparison of the maximum shear stress measured by 

Giles et al. on the ~ - 1 spiral. with that calculated from 
R 
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th. equations of motion reveala a diacrepancy of over 4~ and 

th. following principal reaBOna auggeat why the accuracy of 
, 

thelr measuremente la auspecta (a)' the two-dlmen8~onallty 

of thelr flows ia not adequately proven •. It ia shawn in thi.. 

theai. (chapter 6) that alight lrreqularitiea in the Blot lip 

can lead to l&rge amplitude and .small wave length variations 

of the jet thicknes8 in the lateral direction. (b) The 

~Reynolds stresses v,2 and ü'V' wer. measured with a atandard 

Disa X-wire (Type 55A38) p~obe and for this instrument Jerome 

,et al. (1910) have shawn that thermal wake lnt.rference may 

cause signifieant errors in n4asurements. (c) The anemometer . 
signal was not linearized. 

Giles at al. present a theory similar to that flrst used 

by Sawyer (1962) and later eorrected and extended by the 

author (Guitton, 1964). The analysis usea the well knawn 
"~ 

eddy viscosity approach in whlch the shear stress is related 

to the 16cal mean velocity field (see Chapter 3). Using three 

empir'ical constant.s (one of which is obtained from the plane 
et 

wall jet) they obtain a good prediction of the mean velocity 

profiles but a less Adequate "Qne of the shear streas gradient. 
" , 

They do not cà~:ulate either t~e yarla~lon o~ the velocity and 

length scales, nor the surface pressure dlstributlon ~d ln 
~ \ , J 

th~S respect the\\ork lac~~ campletenesa. Purthermore, they 

pr.dict, for all spirala, that th. velocity scale variea as 

x~1/2 and t~is la incorrect (Chaptera 2 and 3) .ven lf skin 

frictlon la neglected.' 

',-
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, 
The above discussion has sh~ that even the basic pro-

ferties of 

~certain. 

the self-preserving curved wall jets àre 

FUr~hermore, su~ unknowns as the shear . 
still 

stress 

at the maximum velocity point, the skin friction and the 

u 'v' turbulence structure parameter _ should he determined if 
q'2 

the equilibrium flow data is to be more useful for predicting 
1 

other curved flows: These reasons amply justify a more com­

prehensive investigation of the equilibrium flows and this is 

also attempted in this thesis. 

1.2.4 Theoretical attempts ta qeneralize curved flow data 

The theoretical analyses by Fekete, Newman, Nakaguchi 

and Giles et al. (in ~he reference cited above) have dealt 

solely with the particular flows under study and do not attempt 

ta generalize and verify the applicability of the results ta a 

vider class of flows. Their value, as data correlations lie 

in their abllity to shed sorné light on both the validity of 

assumptions and the quality of !he flow. Nevertheless, some 

attempts have been made ta predict a specifie curved flow using 
" rèsults taken in a different situation and these are discussed 

below. 

sawyer (1962) attempted to correlate experimental measure­

ments of curved free jets (formed by the attachment of a jet 

to a nearby surface), with measurements made on a logarithmic 

spiral, by using a single empirical constant based on an eddy 
. 1 

viscosity hypothesis. The local 'entrainment was relateà to 

both this constant and the curvature ratio (Y~/2) by using the 

equations of motion, and vas co~ared 'in the two cla •••• of 
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flow8. The reaulta cOUld not be porrelated on the baala of 
. 

a single value of the conatant but the conclusion ia not firm 

ainee thera were inaeeuraciea in the analyala and experimenta. 

. . 
Newman (1967) attemptad to predlct the development of a 
. L 

two-d1menBion~l free jet with amall ~urvature, by uBing the 

data of Fekete (1963) ta relate the local eurvature rat10 

(y~) and t~e inereaBe of entrainment over the plane flow. 

Using th!s entrainment relation in cOnjunction with an integral 

teerullque he attempted to calculate the flow of lnterest but 

found that more precise knowledge'waa needed about the magni-
o 

tude of the shearing stresa et the velocity maximum • 

. 
The boldest generalization haB beart attempted by Townsend 

(1969) ~n which he used integrals of the momentum and total 

energy equations in eonjunction with the principal aaaumption 
-r--ï 

that the turbulence structure, depictad by u~ is nearly 1n­
q 2 

variant among n,ost shear flows.-. Us1ng data from the plane wall 

jet he predicts with reasonable accuracy the.~ate of growth 
, 

of the Jet on Fekete's cylinder. But thera are Bome order of 

magnitude inconsistencles in Townsend's calcul~tions and a 

parallel analysis. presented in this work (section 9.5) ia 

shawn to he partieularly sensitive to slight variations in 
u·v· 
q'2' 

1.3 Purpose and Scope of Wor~ 

The particular aim of the pre •• nt inv.stigatJon la to pre­

dict the development up to aeparatlon, of a fully developed two-

- , , 
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dimensional turbulent wall Jet in .till air flowing over the 

outside of a cylinder of conatant radiu.. (The analysl. and 

experiments ar. not concerned w1th that raglon lnfluenced by 

810t conditions and all th.oretica~ prediction. u •• ae .tart­

ing conditions the parameters at the fir8t mea8ured station. 

Note howover, that the momentum at the elot is often uaed to 

make certain parameters non-dimensional and th1. impllcitly 

assumes that no moment~m i8 lost 1n the region preceding fully 

developed flow.) This flow, .s mentioned in prevlou8 .ections, 

const1tutes the simplest non-equil1brium (or relaxlng) convexly 

curved wall jet flow and its prediction impl!es the resolution 

of·throe important dlf~icultie81 

\, 

(a) the failure of the th1n jet assumption bacause 

the jet soon becomes thick with respect to the 

cy11nder radius and 

(b) the strong influence of rhe outer layer on the 

inner layer and 

(c) the occurrence of 8.parati~. 

This particular Coanda flow ha8 heen the eubject of a number 

of experimental investigations and it8 principal features have 

been satisfactorlly ostabllshed. Little ls known, however, 

about its turbulence 8tructure (88e .ection 1.2.2). 

'rh.e •• eence of knowledge i8 gener,alization J con.equent1y 

an attempt le made to predict the above non-equi1ibrium flow, 
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uelng data obtnined from equilibriu~ flowa. This, in â sense, 

derines a general alm of thi. work which ls ttJ provide more 

knowledge about the basic mec.hanism determinin~ the development 
" 

of curved wnl1 jets and, by extenèion, all curved shear layers. 

Tho backbone of the work ls provided by some experlmental 

datn gatherco on A pl<\ne wall jet and on two"'self-preservi..ng 

jets f10wtng over loqarlthmic (;pirals (dlscuseod in Chnpter 9). 

Ta fllcil itlltc compnrisoll the curved surfRc(!,; àro identical to 

two of the ~piralB usod by Gilos et nl. Sorne repelition of 

the work of thcsc nuthore Wll8 Judged 0sBonltill oocnuBe of 
and tho nerd for nddit10nal data 

possible unccrtaint1es in their datal\(Beo section 1.2.2). ln 

a11 thE:' experimente the veloC'Hif."B are low tmough that the 

flow cnn be treilteù as incompressiblo. AlI moaauroments of 

the oqu il ibr ium f lowa are taken <18 far from the Blot as possible 

to olimint\.tt' "history" effoC'ts. The distance downstream WMl 

\ 
limited by lwo-din,el1sionnlity problemfJ and it was never possible 

to ~in thilt range of distance where the Bcales doscrlbing 

the flow change- thoir behaviour (Kohan, 19(8)-. 

Threc thcories are presented (Chaptcr 3). In the firet 

and slmplcst ilppronch it i8 assumed thnt tho affects of skin 

fri('tion are smnll and thnt the wall jet profile can he re­

placed by a half Jet~ A linearized lntagrAl technique la ulad to 
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calculate the change, due ta curvature, of the growth and 

Mean velocity of the plane half-jet and the chang~ is added 
.' 

ta the known behaviour of the plane wall jet./ The maximum 

velocity decay ana the surface pressure coefficient are ex-

pressed in terms of an empirical constant related ta the 
.. '"' 

growth (or entrainment) of the jet. using the ,equilibrium 

flaw data the theary ls appl~ed to the flow on the convex 

cylinder. 

The second analysis is based entirely on Townsend (1969) 

and ls somewhat more sophl:sticated in its assumptions regarding. 

the turbulence. Momentum and total energy equations are corn-

bined together using specifie information about the turbulence 

structure which is taken from the plane wall jeti and a pre-

diction of the growth is made. 

In the third analysis airned principally at predicting the 

convex flow, an ,Integral approach ~s used. '!'wo momentum inte- , 

grals are taken in the 1nner and outer layers respectively and 
r' 

solved togother with an entrainn.ent relation. The unknown 

physical quantities appearlng in the equations are obtained or ~' 

inferred from the self-preserving data. Possible failure of 

the"cylinder flow to be px:edictecl with the self-preserving 

quantities 15 therefore a measure of the influence of history 

effects in its development and thls knowledgo i8 indispensable 

ta any more advanced theory. Separation 18 predicted (Chapter 

,> by assumlng rapld retardatlon of ~he boundary layér and 

l, 
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ln lh'o cuur •• or th", cucl'or1mclIlt',Al work lt. crAn.pirad th"t 

c:orlntu tl~tf't('\,ll10. Af,'UMfiI Jn t!Onjurn'l.Jan wtth lha r"ftH~"tlon • 
or twn",Hm"'fPtonnlJlY ",nt! U,,~rtil pxl~t;,q{l Inrgu tUrrClront'tt" 

lX!llw($~" the' ttw;tn,..ul'gtl nnt! CA1('ulnl~l1 ~hptH' Mt.J·~""" c1tMlr1bulJ.ona. 

Thes t'urvcnt tCilll4 lU'a t~hnt~.'H:t.~r-1"o(1 'l>y' h1(,Jh\y intcmua turbuhmmt 

And thg ,u·(It\~ .. t1"Y ()f "hoAr m~.umrCUnC:tt1l.A tn b\(H'I~ flow .. WA'" 

o'~\1 • .,(1('t, ·('on~cS(t\l(:ttlt.ly upcu·tAl At..tcmt.ton WIll. 9tv~n to th~ '"\ 

ll1fh'''IH'p clf' ht«..lla 1I\t"n .. Uy lUl.bultt.H'~ on hol .. wlrç, meHUm1'glt,"utaii 

Auet thiti jl" <1111(.''',:0:1",1 tn (~hnptor Il. 1'ha (~Url'cH·t'f'()rHlI to t'htt 
• 

SIn ~ut;thltf:ltdll,," I\101'g nt'c"'lFi'lt.C' t'vnlUI'tt'tnll nr th~ lH\r.t\II'1Ot.Qc. 
~ï, 0 

~t.:..y_ wh 1 d\ t ft ""fll1 t 1\ TOW"~~III.1·''R t\un 1 YIi,t ... 
~ q ,. 1 

" 
'N", C'HCp~l lnlt'ntu rQ~l,,(t lhnl tha i,l\u~r "lnynr (y < Y .• J ot' 

'" ":~ 
lhQ ("u'Vtul w'" 11 jc.'Jt tI t~ 1l~!Sm.'.1U t'la hWII{'gd by Lhu' 6uUtar ln'y'",r 

MltJ .. hH.'(~ t.hi .. l'C)IH'(;1C1(m LM " ~.-n Lho VIti (l\l~ phyA Jc.1" f "·1lun t t on 

fIt -­ t " 
d t~ 11 (Ch.,ptor U). In pArt i.eul" 1:' thoro wall dovCllopo<l 1'\ LoC'h-

1\ ll\t(.1 ('(li ","".mrln(j .. 'kl" friction whtm t.hore> ht no univlrru.l 

1(')c,~r1lhl11t<.' ll\w o~ "ha wnll. Tho kllowhHlgo 110 CjHlnod w". 
PlI r t. t cu 1 nl' 1 y uuol u l wh." prodi ~t.1rHJ lt0ll(1rn t ion on th. c lreu 1" r 

1 

cyl~lldor hot:""'H' nn "nGlYN1" ot tho dnt.. ur f'ukottl r.voftlClld 
1rlit1nl 

thnt "",,,11 .(~hnnCJo, inA"kin friction lnr~\loIlCO utt",)ngly tho 

prtt~ 1l'",od 1)0» 1 t ion of' lIopDra t ion. 

-J " 

, , 
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Cbapter 2 

2.1 equationa of M2tlon 

(...a.ctM ", ........... \ 
T'he full equations of IaOtIanland continuity for 'Steady, 

incompressible, two-dimensional, turbulent moan flow over a 

curved wall of radius R, are (8ee for ex ample Goldatein (1938) 

and Townsend (1956» 

R ~ll 1J~ - \.l- + 
R+':J ~ ~ 

A 
'" 'ê!llI ~ - +tf-

R+:1 ~~ ?-] 

where 

R 
+~ .--R"'ï 

l. ~ (,,~ r;{') +,t. ~ '" '!!.. 
,. ~..c " t tcA+:t) t:a ... 'J 

u.'a , -.. ) Q ~ fltt -;t -:;;-' -- • -f~(~·r" +~ oi; ... ~ Q+l 

.t. • - "-1f' 
f 

" -+ - .. 0 
Q+'j 

2.1 

2.2 

2.0\ 

In the flowa considered the vlscous contrIbution to ~ 18 neglig­

ible exèept near the wall. (R i8 defined to be p08itive for 

flow on a convex surfaCe and negatlve for flow on a concave 
" u 

surface.) , 

Multlply1Î\q aIl equatIon8 by (R:Y) ... (1 + i> and adding 
~ ---- , âx (pv· 2 ) to both 8I~ea of equation (2.1) yielda: 

." 

• 

1 1 • 

• 

" " 
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2.1 

For a _ glven surface the f'low. of a Jet ls ",elf-determin~ng 
• 1 • 

and ~ 1nflu.nced~ ~s in the case of the boundary layer 

by an arbl trary external pressure gradient. If 

orders of magnitude are consldered and lt ls assumed that 

u. ~ ot11 

'R\ ~ ott} 

:!- ~ ol:ll LL t 
\R\ Je 

and x and R are of the same order, it is then observed that, 

unllke the Prandtl boundary layer equatlons, the term: 

hence 

and it transp~res ~at 

,. 

pollowlng the order of .agnitude analys!s the equations (2.5), 

-: (2.6) and (2.7) Are wrltten to O[il, 0[1], O[il r~spectlvelY: 

2.9 

• .. 

, . 

• l, . , 
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'l!. + (, + 1) ~ + ~ .. 0 2".10 

If the jet ia thick, 1 ••• lf 

then the aimplificatlon embodled 1~ equation (2.9) 1. not 
-val id, the full y-momentum equatlon mu.t be uaed, and thl. 

presents a problam of con81derably increa •• d complexlty. 

The equilibrium flowa con.idarad ln th!a work sati8fy the 

thin jet aS8umption (Olil ". 1) and con.equent1y, th .. lalf-
II' .. 

~reservlng requlramentB 8àught in the followlng paragrapha 

are baBod on equation (2.9). 

2.2 Self-pr,eorvatign 

To investlgate the poa81bl1ity of a .1milarlty 8olution 

of equation (2.8) for ~ outer portion of the wall jet 

(y > Ym) as.ume the fO!10w1nQ non-d1men.1onal paranetera 

2.11 

" 2.12 

2.13 

wh.r. 
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r 1 • .. '1 .... - "j"", 

-.;' ~ t.he v1.cou •• tor ••••• Are ne91J.91b1y • niA l 1 , and 

". --;-:1 
;,). .. -"" r 

Al.o At y~ the m..n lat.ral velocity V. 1. not ~ero. 

1 

U.ln9'contlnulty 

) 

wher. f(O) ~ 0 And l'(p) ~ 1 by doflnltlon. 

t.l~ 

, J 
Integrfttlnq equallon (2.9) and .ub.tltutlng equatlon(2.11) 

yi.lda 
/ 

2.18 

"\/~Ub.tltutln<J aquationa t-l1)-~8) into equAtlon (8) and re" 

~ran91ng yi.Ida ( •• e allo Guitton (1964» 

• 0 
1.19 
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por self-presèrvation equation (2.19) must be ind.pendent 
'f-.. . 

'" ~ of x and it follows tbat the coefficients must be canatants. 
, . 

This condition resultaJin 

2.20 

4-' " 
The. sh«pe of a surface ~avin9 i~s radius of curvature pro-

portional to the distance Along the surface is that of a 1098-

rithmic spiral. (If x Œ R then in polar co-ordina~es .r,« eRB/X) 

These conditions should also pa compatible with' the behaviout 

of t~e inner layer (y < Ym). ln the fully turbulent part of 

this layer the similaritY.forma can he written (e-.g. TOWIlsend, 

1956) . 

2 .. 21 

• 
1 

For the flow considered the momentum1equation can be sirnpli-
y 10 

fied by neglecting curvature terms (sinee R~« Il <S 1) and .. ~ 

since tpe profiles are veryrfull (a typical profile with 

X =: (y-).l would have n = l~) it i8 permissible to 'adopt 'a 
y.. Um-. . 
profile form applicable to the smail deficit wake where 
tÇU ~ 

---- «1. Subatituti~9 equationa "(2.20) yields 
U. 

'cl)... ':f 1 1 ' __ -.t +j-O 
d~ 'i.. 1 . ta 

. 
,1 , 

" 

- ' ( " . '. 
and again a aelf preaerving flow will require 

\ 

.. 
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" 

and continuity shows that 
/ 

... 

" Compatibility of inner and outer conditions requirea 

that 

2.22 

',' 

and 

The last requirement ~8 never exaetly met beeauae 

c' 

2.23 

but the Reynolds number dependenee i& weak, especially at high 

Reynolds numbers, and the experirrental evldenee shawn later .. 
vèr1f1es that, w1thin experimental aecuracy, the flow ~ a 

logarlthmle spiral ls self-preservin9. consequently it 1& 

permi8&~ble to write 

>, d ail<, 

, 

- J.,,' 

-;i -;t 
u. -" 

1.1 
1. ,- l'"Ml 

o ~ .;. The axponent • a' definin9' the cSacay 0' the maximuBl velo .. 

~ . 

. , , 
, , 

0" 

, 
) 
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city may be found frOID the integral of the momentum equatlon 

(2.8). MUltiplying that equation by (R+y), integrat1ng' fram 

y - 0 to œ, and substituting the pressure obtalned from 
, •• 4l ac.;..c."-", ~ .. ,,~ ... \ ..... ~.1t. ... 

equation (2.9),L yielda after SOlDe manipulation 

-, 
+~,!~1JJ) 2.25 

o 

where terms of 0 [ 131 have been dropped and :w ia the skin 
R. 

friction. Substitutinq the similarity forms equation (2.24) 

yields 

2.26 

,,/ 

writing 

and using 

Equatiàn (~.26) gives 

~,' - 2.27 

, 
This result ia in disagreement with Giles, Hays and sawy~r who 

l ,~ qive a = - 2 for aIl values of the curvatur~ parameter, R • 

Measurements, which will he deBcrlbed in a later chapter, 

show that the sJçin friction coefficient doea not vary Bubstan- ' 

tially between different logarithmlc spirala, and equation 

(2.27) shows that the dependence of '.' on akin friction 
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• n.,l.ct of the .hear at CM :wall forma t.he baal. of Oft. of 
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Th,or't.1cal ADolyol. 004 B!QU1r,st "",ur'ment, 

Three dlff.rent, and ~ompl.mantary th.oretical approach •• 

are undertak.n and thay will he diBZ::CU8 in d.tail in th, 

•• cti~s which fo~low. The firat and aat sophilticated i • 

•••• ntlally a prellminary mathod wh e prin.ary aim 1. to yi.1d 

information on the order of magnitude of terme and the appllca­

billty of equl11briurn data to non-equlllbrium ca.'B. It la 

deaigned for flowa ln whlch the Jet 1. a •• umad to he thln ln 
f comparison to the local radius of curvature and it ia applied 

to bath the equLlibrium and non-.quilibrium flowa. Th. a.cond 

theory based on Townaend (1969), USe. the total en.rgy equatlon 

and hence lncorporates a88umptlon8 about the turbul.nce .truc-

ture that are unn,cGssary in the precedlng analy.!e. It u ••• 

the order of magnitude apprOKimations s.t forth by the firet 

but its treatment of t~e turbul.nce yi.lda information on th. 

princlp~l parameter. wh!ch influ.nce th. local growth of a J.t 

(ym/2')., This 1. u.eful to the third approach which,u •• 8 the 

growth (Y~/2') a. an auxl1iary ,quati~. Thi. approach la 

ailtl.d at predlctlnq the dav.1op_nt of the flow on th. Coanda 

cyllnder and cOl'laequ.ntly coma. to gripa with th. thr." prlrnary 
r 

difficultie. mention.d in •• ctlon 1.3 of the Introduction. 

failur. of the thin J.t a •• u~tionJ th. occurr.nc. of •• pa~ationJ 

and th.'.trong int_raction of the out.r vith th. inn.r lay.r. 

( 

" . 
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The the ory usea a 'atrip' integral method which, conaiderlng 

how little ia KnOWl'l of this flow, appeara to be the ooly 

reasonable approach at thi. stage. 

3.1 the Linearized Integral Method - applied to the 
spirals and to both the concave and convex cylinders 

The first and least aophisticated in its scope is 

essentiallyan extension of ideas first used by Ne~n (1961). 

It is noted from experimental work on plane wall jets, that 

the behaviour of the jet depends largely on the outer layerl 

the downstream variation being chiefly caused by entrainment 

of ambient fluid into the mixing layer rather than by a lOIS 

of momentum due to the wall friction. This will be especially 

true when there exis~s at the slot the combination of large 

momentum and thick boundary layer. (Some effects of f~iction 

on the jet on the cylinder have been discussed ln section 1.2.) 

Figure 3.1 shows the effect of friction on the maximum velocity 

coefficient of the plane wall jet (the plane free jet ana'lYl!lis 

;redicts that .054~um2x = 1). It Is' observed that It is 

possible to apply a frlctionless analys,is up ta approxiQ1ately 

100 slot widths and still he within 10% accuracy. The curve 

through the data of Gartshore and Hawaleshka (1964) shows a 

greater wall friction effect which i8 probably due to the care 

taken by these experimenters to assure the existence of a rec-

tangular profile at the slot (small boundary layer) • 

Skin friction does not substantially affect the 4evelopment 

of the plane wall Jet for a limited number of ~ and lt 1. coo­

venient tp assume that this ls alao tru. wh.n there exlsta 

• 
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.urf~ce curvatu~. In the method ~o be a •• cr1bed below, akin 

friction 18 negllctad, and the wall jet profila la replaced 

by a half-jet (1.e. there 1. adm1tted a fln1t. slip, velocity 

at the wall). A l1near1zed integral technique 1. uaed to cal­

culate the change, due to curvature, of the growth 'nd mean 

velocity of the plane half-jet and the change ls added to the 

known behaviour of the plane wall jet. 

Some empirical knowledge is required and, to complement 

the strlp 1ntegral analysis of section 3.3, it 18 convenient 
d . 

to use the local jet growth (!~L2 ~ Ym/2') as tho auxi1iary 

equatial. The theory of Townsend - to he discussed in the next 

section - shows, in conjunction with the experiments, that th!. 
t, 

paramete~ can be written generally aB (see Chapter 10) , 

For (the equi11br!um flows ~ the logarithmic apirals 

and'equation 3.1 i8 written 

but this i8 not the 8ame function aa qiven for lh. circular 

cy11nder by equation 3.1 when a' • 0 

(3.2b) 
/ 
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The result of Giles et al. and that of Fekete indicate -that 

linearized forms for functions 'f 1 and 'f 1 may be acceptable 
• l 2 

and thus 

" , 
1 

cylinder 'jwy. -~o + ~ 'j'W\h ,- (3.3a ) _J ~ -...:.. 

'J"""/t , 
~o + ~a'R '1""'!a - (3.3b ) spirals 

- ~. 

If the flow on the cy11nder. 1s in equilibrium, then there' is 

a relation between ao ' ~l and a3 and this will he d1scussed 

in Chapter 10. 

Note that 1n the flows considered Ym/2 ' is directly pro­

podional to the entra1nment rate. Thus 

'\. .. 
\Je '\, cl \ d 
-=-~u.iJ 
~ ~ 0 

and using equation (2.25) it 1s easily shawn that 
., 

;.> 

V. 1 \ 
dJ; "1W1/z. (3.5) 

U"'" 
.-/ 

" 
to !!!L2. Newman (1969) related the local entrainment rate and 

R 

obta1ned a similar result ~o equat10ns (3.3), but his theory 

sU9gested, contrary' to the above, that ~l =~~. Gl1es et al • 
.;>-'. 

(1966) als~ suggeste4.that al and ~3 are _qual for al1 curved 
.. 

flows in equilibJ!'ium. 

.. 
" 

\ 

" 

, 

.. 
1 

~ ..... ;... .. 
\ ? 

~ 

.' . . 
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r" .6 
It transpires that the assunptioq of a linearlzed ljrowth, 

though valid on th~ log spirals tested, does not hold for the 
1 

whole of the flow on the
f 

Coanda cylinder and consequentLy in 
'-. 

,'- that case the above analysi.s ls valid on1y for small. x (in the 
. 

present flow for about 91 < l4S0). However, it ls applied with 

8uccess to the flow on the iliside (concave) of a circu1ar 

cyli.nder where the jet remains thin (Guitton, 1964). 

An analoqous _thod Whi:;;". 
ra'ther than ()n integral appr ,~ 'is 

the eddy viscosity concept 

described by Guitton (1964, 
\ 

\-l967) but because of its 1imited usefu1ness and mathematical 
\ , 

Cdmplexity, it will not be discus8ed here. 

A. The self-preservinq cases 

Neglecting skin friction equation (2.25) is written , , 

eD 

~ \ u"c11 
, c1R .. + Ra. d";lll. ~ 

0 

.an<1 substituting the similarity 

II i (il - -
~ ~u.. 

~ 

yields -.,. 

where for a half-jet 1
2 

= 
o 

-
\ 'j ù dl -::. 0 

0' 

form 

"' =. 'j/~ 

, 2-

+ l R'('1~):: 0 
2cI. R 

• 0-76 

. , -

(3.6) 

(3.8) 

~ 
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•. 0·2.9 

Us1ng the assumed universal growth rate 

1 

':fwva-

. . 
dlscussed above and recallfng that for the self-preservlng 

'flaw , 

~--ex ls measured from the 0FJ~ ",of the surface) 

then equation (3.6) yields to 0 [ Ymf 1 

'Where ~ 
. R 

u. (2.22) 
, 

,(3.9) 

o (.3.10) 

.. 
As noted ln the Introduction relation (J.9) contradicts the 

y_~':t. 1 ' 

res,:!lt of Giles et al. who gave ~ - - ~ for all ~ • . 

To determine the constant of propdrtionallty in (2.22)~ 

It Is common, in self-preserving flows, to find a parame~ér 
, . \ 

'Whlch remalns constant downstream. 
a 

por ~e p~~ne free turbu­
i 

'lent jet the invariant i8 the jet momentum and it ls found 

tbat 

o 

• > 



~ , . 

" .~., -.., 
- ;; 

~ 

-~ - 3' • 

end thl. relat10n al.o almoat hold. for th. plane wall jet. 

Por the plane laminat' wall Jet the invariant. la 0lauert. '. 

·flux of Gxter10r momentum flux". Par the logarIthmlc 

aplra1a an invariant wa. found (ault,ton. 1968) but lt. 

val1dity appears to he 11mlted to only the •• lC-pre.erv1n9 

reqIon of the Clow and not to the flow at or l~_th. raglon 
... , 

of the .lot (Glauert t
• Invariant. 1. val1d at the .lot). A. 

an ~lternatlve, it wa. found convonlent, wh.n an81y81n9 the 

e9ul11brlum flow data, to reter the maximum veloclty tu a 
> 

known roférance value - uaually th. tlrat meaeuroAetation 

(Gartshore, 196~) - and thia glvG8 

_\ _ o"!-'X. 

.. U... • 1 ~) ft('-t-l) 
U- \ -x., ... " 

The aurfa~e~r •• aur. 1. Obtalned by lntegratlng, acro •• 

the tlow, the tran.verBO equation of motlon (2.?). .. 

~.-~ • 
t 

(3.13) 

Not1n9 that at the .dg. of the jet th. Bernoulli .quatlon glve. , 

~11 
t 

. ' 

lte 'I! 
- + -f c 2 

~ 
; 

, , 
f 
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.,,4 WI' ~ tin9 ocru.Uan (3.13) to 0 [ (f) 21 yi.ld. 

\ 

I~ Wila shawn by t.he author, Ouilt.Ot\ (1964) " that with the 

th!n jet aBBu...,t.lon the t.hlrd and fourth ~er"a Oh the rlght 

hAnd alde are hegl1qlble and lt will he a •• umed har. that 

the rlfth lB AIBO neqllglbl.. The .urface 'prelumre can thêru" 

fore be calculated from 

.. 
r • 

pro~idlh9 i " 1. SUbMt:ltutlnq t.h. veloclly protl1e (3.1) flnd 

u~1n9 the calculatGd IntQ~,a)R 12 and 12ft yieid. 

In torma of ft ref.rence value at som. upstream station. lha 

.urr~(~ preRa~ro la written (a.o equatiOn 3.12) 

\\.- "-- "'.X - (, .. 0-4 ~), 
(""~~t .. (-:;:.) . 

and ln aquatlon (3.17)' and (3.18) ~.th. valu. of Y'Y(2 1. obtalnG4 
.. 

from equatlon (3.10). 

B. lb. Coo.tant 8~~ly, Ctl. 

. 
Por thl. ca •• R' • 0 and oquatlan (3.6) r.duce. to 

. .. 
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• 
(3.19) 

and to the order of magnitude belnq considered the linear 

momentum (J) la con8erved~ COIIlb1nlng equationa (3.19) and . . 
(3.7) yi.lds 

(3.20) 

and. 

, 
(3.21) 

From the growth ~ate equatlon (3.3a) lt la eaally shawn that 

(3.22) 

1 

and aS8umlng an ana1ogou8. expansion for u. x2 (Guitton, 1964) 

yie1ds 

, ~ 
(3.23) 

Combining equatlon (3.20), (3.~~), (3.22), (3.23) and (3.3a) 

ylelds 

,. 
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The .urlace pre •• ure la, 91ven by ( ••• the .. lf-pr ... rvln9 

Brialy.ta) 

and .ubatltutlng the velocity decay (3.2') and the 9rowth 

(3.19) yielda 

, , , 

(~- p..) \R\ . 
(P·-f-)~ 

.. 2!!! 
R 

In the abova equàtion, ~o' ia the plane wall Jet growth .,-
and ~l' will be detar~ned tram the equl11briu. llow experi-

menta. 

3.2 Tho Structyral S1m11arlty Th.orx of Townlend (1969) 

In a recent paper Townsend (1969) demonstrat.s that the . ~ 

dominant turbulence structure (bot~ ahape and intenalty of -, 

large oddies) in a shear flow .eema to aria. trom the rapid 

distortion of originally near-18otropie turbulence whlch 1. 

creatod in the vicinity ol the interface (auperlayer), and 

thia 8tructure~18 very aimilar to that produced by plan. ahear-
''"' in9 of isotropie turbulence. From experiment~ and tbeoretical ' 

caleulatiooa he notos that after a"given atrain the atructure, 
ü"'V' defined by ____ ; dosa not change aubstant1allyr and uain9' 

" q'c 
this fact plu. the requirement of overall kin.tic .n.~9Y 

balànco he i8 able" to predict the develop~nt of a v1de var1ety 
"\ 

, 

• 
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Townsend applles these ideas to the prediction of 

curved wall-jets and in partièular the ex~riments of 

Pakete on the Coanda cylinder, and he shows that_the assump­

tian of a constant structure parameter predicts this fl~ 

with reasonable accuracy. _ }fOWever, there is an order of 
. ~-

aagnitude error in the early portion of the analysis as weIl 

as the liberal use of "baIl park" approximations, and it is 

the purpose of the following analysis to present a more rigor-

ous and correct calculation. 

For reasons cited in the linearized theory (sect.ion 

3.1) the inoer boundary layer is not explicitly considered, 

and the wall jet profile is replac~d by one of a free jet. 

The analysis furnishes information about the spread (or 

entrainment or eddy viscoslty Reynolds numbèr) of the jets 

and consequently is particularly ,comple.mentary to the "strip 

tntegral" theory whic~ requires the entrainment rate and its 

possible variation from equilibrium to non-equilibrium flow8. 

, 
3.2.1 Theorçtic~l ~9onsiderations 

The overaii kinetic energy balance 'in a curved flow &8 

written in the usual curvi~inear coordinates as 

- a. 71 i \ u l (~ + Jà) + u :" 1 cl} 
o 

-• --jl ~) E J:t 
o 

(3.53) 

where QO curvature approximations are made but where the term 
'\ 

..,....-.: 
"",,," + 
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1 •••• umad mu~ .maller than the .1aft ban4 a148 of the aboya 

equat.lon and 1. noglect.d: , 

U.ln9 

.. , 

.~ . , '.t .ll +u • 
1 

wrltten to .u.1t· an 0 (i), i « l analy.l1 and a •• umlng th. 

81milarity forma 

/ 
.,. ~/:1~ 

.? 
-. • q(,,) a;. J l 

(3.55) . 

'. 

and 

equatlon (3.53) il wr1tten " 

i . .1 ~ 'ï..,. rf·..I1 + ~ \ 'j'"(rl r~~l ,. . . 
.. '" -t, ':1. ( \ + o.~ t) 

whera ~2 1. 

The' equation 
.> 

il u!1 ..... ( 1- 1~~) + U;"{j.".~ 1 
. t-

a -( t) :1.. ( , 4- ••• l) 

::~ 

-, 



whel'e 

The momentum equatlon 1. Obtalned by lnt.9l'.tln~ equ_tion 

(3. ) ln •• ctlon 3.1 to yl.1d oquatlon (3.8) Ot 

• -J~ a 
1. iJ u;;. 1.,.,) + 1. ... ( ~ h;. u.... • - ~ 

whore 

In the cas •• con.1dor4d Cf li veryr.mall (Chapter 9 • 

•• ction 9"") and con.oq.\:nt1 y may Ibo droppolS irem th. precodlnq 

.quatlon" l rn 
In order to lntroduce ft Itructur. parometer. cholen for 

f 1 

convonl.nce lo he ~ , lt 1. necoI •• l'Y to find an oxpl' ••• ion 
Pq . y y 

for 'fMM " Still lOlYowtnq Town.cand, if F ',~. ~ the .qufttlon" 

of mot1on at Ym 1. ne.l'ly 
. 



and u.lng the y-~ntum equat10n (1.9) and the .1m11arlty 

profile. yielda 

(3.62) 

A •• umlng alml1arlty of ahoar .tr ••• profilo. 

whorQ 912 1 •••• u'med to he the la. functlon in both plane and 

curvGd jota (figure 9.1~a). yield. 

For ron::;01l8 ,lisclls.ell ln the introduction tho author·. plano 

wall jat monsuremonts Are u •• d." ('th ••• r •• ult. aro fully di.­

eUlisod ln section 9.8). The calculat,d .h.ar .tr ••• di.tri-!œL2 ~. . 
butioo corroBpon~in<J to a <jrowth x"" .071, a<;lrae. well wl-th 

the ,mo~surQdJ and aubacquent1y correctod diltrlbution, and 

ylo1ds 

1'"", -'f ___ 

{~( 'o/~--11 · ... 74 
l ~(~/~-Ie) .,... 

1 

Sub.tlt~ln9 oquntiona (3.59). (3.6~) and (3.65) into (3.62) 
Ym./2 2 

and nO<J~octin9 skin friction and tho term R' ( )() becau.e 

~ ia alr.ady of 0 { (~)2]Yi.ld. for a •• lf pr ••• rving 
pUm 



.. 
flow " ' 

't 
For the plane wall Jet the abova aquatian givas ~ • 

p~ 
.013 whlch' 18 in excellent agreement wlth the measured value 

" 

(see flgure 1.4 ). Comblnlnq equation (3.60) and (3.66) 

yields 

\ 

~ _ l ~ + 1, "r! f, _ (V.l.+o., .. &)~lo.,tL,. y:.,..l 
2 r R 2 ,~ l , ' ~ J j 

1 ) "- ..... 

[!~,. ~~Rf~) ~~1!(~J{o"'~~) ~ + ~ l'a. \ ft ~ ~\\ 1:..J,.,. (3.67) 

[, -(tl12~o.'46 )~1 (, +o.!S~Wf;.?) 
Replacing the plane wall jet profile by a half-jet resUlta 

in 
..... 

1 • 1 '·'2 ~ .. 0·60$ lp • o,~2 
(3.68) 

12 :- 0.'7& . la" ':. o. a~ 
-and it ie of interest to examine the roa8i~11ity of predictinq 

the spread of the wall jet on the logarithmlc spirala by 

a8sumlng that the parameter~ ym/2/Lf, Ye/Ym/2 an~o~/ITMAXI 
are Identical \0 those of the plane wall jet. Thara ls 

available little data which can shed liqhtoon the valldity 

of thls assumption. Gi~e8 et al. did not meaBure all the 
, 

Reynolds stresses and for reasona mentioned in the introduc· 

tion there Is some doubt regarding the accuracy of thelr hot-

t 

/ 

. . 

o 



, 

<. 

w1re work and the two-d1mens1onal~ty of tbelr flow. A purpoa. 

~f the exp.rimental inveJ~i9ation 1. to aupply seme of the 

missing exparimental data and the mea.ur.mente and re.ult. 
, 

are di8cus8ed in Chapter 9 • 

• 
The reduction of equation (3~67) to a form slmllar to 

the prop08ed universal growth relation (3.3), will a180 he 

diacussed ln Chapter 10. 

3.3 lhe strie Integral M@thod - applied on1y to the cy11nder 

This analysis is concerned with the prediction of the 

flow on the Coanda cylinder1 but it is limited to a region 

bounded upstream by an 1ll-defined zone corresponding to the 

onset of fully developed flow (or flow that ha8 'lost aIl 

significant memory of the slot conditions) and downstream by 

the)more prec1sely defined point at which separatlon occurs." 

If separation is to he predicted, the behav10ur of the 1nner 
"" 

layer must he considered and consequently the assumptions of 

the previous theory are too naive and the following must he 

accounted forr skin friction, shear stress at the velocity 

maximum (which 18 far from zero), the pos8ibl~variation in 

shape of the Inner layer veloclty profile, and the'impos8ibili­

ty of simplifying the y-momentum equation when Y~12 becomes 

large as it does when the jet tends towards separation. A 

strlp integral method is chosen becauae the velocity profile 

in fully developed jeta la almost invariant and because infor­

mation about the turbulent shear stre.s is required on1y at 

the .t1ir boundariea. 

. -, 

-'~1, '. 

~ , 

~~ , 
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Guidelines for the theory are provided by the experiments 

of Fekete (1963) (Section 1.2) and it is of interest to present 

a sample of his data. Because the results are universa1 it ls 

only necessary to consider one test. Figure (4.1) shows the 

pressure distribution, the ~ximum velocity decay and the 
1 

growth of the inner layer for the case ~ = .0531 anQ Re = 1.31 

x 104 . t - In 

figure (4.1) it ·is noted that the surface pre~sure is a1most 

constant up to say 120 or 130°, after which it increases rapidly 
" 

to ambient and the jet separates. 

. Y.1/o 
Beyond about 130°, where ~ = .5, the jet becomes very 

thicK and the 'thin jet' assumption necessary to sirr.plify the 

y~~omcntum equation (section 2.1) i8 untenab1e. This was 
" 

shawn by Newman (19b1) who attempted to calculate th~ surface 

pressure us ing 

and obtained progressively worse agreement wlth experirnent as 

~ R Increased. But It le very tedious to solve the x-momentum 

Integral equation when the pressure gradient term ls calculated 

from the full y-momentum equation. Furtherrnore, as dlscussed 

below, the stabllity of the num erical-solution la uncertain 

~.when y~/2 '-..:.. 1. 'therefore another approach was sought. 
! 

A simple system of equatlons valld for aIl y~L2 18 one 

written 1n strea~line co-ordinates, and this was adopted ln 

a pre11n.lnary attempt to solve the flCM development. This 

'-
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method gave rise to a third order., differential equation in 

whlch all derivatives of order higher than unit y had,coeffi-
y -

cients of 0 (~), but unfortunately, at small 9 where 

!.mLa R «l, the nu~rical solution was unstable. (Th~_ nature 

of the instability, though not fully understood, indl~ated 

that a method employing the curvilinear co-ordinates and the 
o Ym/2, 

full y-molllelitum equation would also he unstab.1e when R ls r 

small.) Two other approaches seemed feasible: (a) the use 

of simpllfied set of equations «2.8) and (l.9» which are 

~ valid for R «1 but nevertheless are applied ri9ht up 

to the threôhold of rapid pressure rise (6 : 130°) and from 

, there the use of ~n approximate technique to predict separa-

~ tion: or (b) the usé of the small R solution up ta an 

~ arbittary point where say R ~. 3 or .4 at which point the 

solution i8 used as the'starting condition for a method based 

on the full y-mornentum equation. The latter method 1s tedious 

and mlght still he plagued by lnstabl1ity problems and thUG 

the former technique was chosen as a reasonable introductory 

approach. 

To hegin the threshold point ls appraxlmately defined 

usln9 a criterian inspired by the Reshotko-TUcker (1955) theory 

of shock lnduced boundary laye.r separation. The essence of 

that theory is the assumption that ehear forces are small when 

compared to the pressure forces~, and that they can- he neglected. 

A prelimlnary version of th1s theory was published by Newman 

(1969) • 

, , MI, 



Conalder tho flow dovelopmont botwoen a point which 1. 

dawn.troa. of tho .lot and At whlch tho flaw 18 fully 

devo 1 oped , and tho throahold point. Tho 8ùrCnco pr.aauro, 

betweon thost1 la Almoat constant dnd hanc. iL HI porm18Bible. 

to 4S1;Umct 4 constant shapo of tho tnnor prof 110 and expor lence 

indicAtoB tbat the outor layer 18 well reprosontod by a h41f-

Jet prof 1lc:~. ,",reG unknowna axiat - the IMxlmum valocity and 

tho outer and 1nnor layer thlckno8soa - and throe equl;\tiona 

aro rQqulrod to tlolve tho flow. ThoBo are ta)um ta he 1 (a) 

two momonlum lnt<."gral oquatlons ovor the outor And (h) 1nner 

port.ions rcupoct l va 1 y, and (c) tho 9rowtl1 oqUè'l t ion. Two 

boundaa-y condltl<'Os on thollO lntogr'als "ra tho ahflar at y m 

and th6 skin friction and the80 parll~tor. arc introduced 

aB addition"l unknowns. Tho firat, ~ , 18 relatod ta the maxi­m 

mum t;ho .... r whlch in turn ls found by a ra laL lon slml1ar ta 

equnt\al (3.6) ln tha diBcuasion of Town.end's theory. The 

empirical information ln th18 oquatlon plus information qn 

skin friction 18 obtalncd frpm equiliùrium (lows. 

Tho f10-1 beyulll the throsho1d point 18 treatod us ln9 tho 

StratCord-To-In~cnd analysls of rapid1y'rotardcd boundary layera 

(Stratford. 19~9: Townscnd, 1960) in canJunctlon wlth an 

assumcd 1incar pressure rise." 

l'he full method is dcscrlbed in the followin9 soctions. 

To boq,in with the lnt.c9fé\1 equatlons are présentod and the 

roquircd <lddition .. ,l equations or unkn'own [Mramclera are notod. 

These are entralnn~nt, ahcar at ~ and, T and are discu •• ad 
11\ w 

, ' 

.. 
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the threehold point is d88crlbad. (tt weB decided ta i"olu~. 

the separation AhAlysls in 8 different chAp~e~ bèCaU8Q of ita 
J 

length and larqe number of subsecl1011s.) 

\ 

3.J.l Xhes1nt§g'Il equ~tiQna 

As described ln the previou8 section ~~ wall. jet 18 

brokel1 up il1to al1'\ inhet' l~yer extehdinq from the wall ta 'the 
c 

max~um veloci"ty point, Ym, and ·an outE'r layer. extendihq t'rom 
<'> 

Ym to the Qmhl ent Bur roundlnge • (JI'igure J.l.) 

The inteqral oC equat.lo11 (~.8) between the limite Ym 

and .. ' lB 

where 
f\' - ,. 
f 

..... 
,: .; .., t, 

.. 
ln section 2.1 the y"lllOtnentum ror 1.1;11n JgLO was written 

u" .. -
Q 

(1.9) 

" 

'" but there mtlY ùe Ata J nlorl1lêdlate I>c)1nl betweeh the VEilUQ. 

~. ,'1 and Y"(a""O(l], whara ~he lat.er~l vèlocity v i. 
still small wllh r~Bpect:. t.o u .uch thBt. tho .t:ronmllno. can 

" 

'. _ l 

, , 



, 
atl11 ba approx1&ated a8 concent~~c clrelea. In th18 zen. 

a better repreaentatlan for (1.9) 1. 
: . 

(3.72) 

,and th18 vas used by NeWIMn (1961) and Feltete (l963) and "(111 

be adopted in these calcu1at1ons • 
• 

.. 
'&: -

. 
(Hote that = R(X) for-- c~letene88.) , 

the cant1nulty equatlon 18 used in the 
\ 

r~ 

---..-1 1 , 
! 

. î 
1 

y . 
The inner layer Integral e~ation. written to 0 l am] 1~ 

(1+ ~) î<2 .. -u..)~.1J + ~ n '1~),,'".I, + T~(~~~d:1 
• • • 

" , 

'l'w (3.75) - -r 
if 

, 
:;,!, .. 

& ' .~ • 

~ ______ ~_,~ __ ............. >tI 
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wb.re the variatlen o~ pre •• ure ~r08. th. layer has ~.n 

inc:luded and p,,' la the 8ur~ac:e pre •• ure' gradient. Ordar, 
y. . 

hlgher than 0 [ Ra] are negl191ble tri ,the ragian of intereat 
Ym \ <at the threshold of rapld pressure ria. R S .1)., 

The 'outer velocity profIle 18 well rapresanted (figure 9:'-~ 

9.1) by the relatlon 

(3.76) 

where 1 •. o· ~'6' 

and (3.77) 

and the Inner profile la adequately described by the power law 

\l - .. (3.78) 
u..-

Recalling again that in the region to be analysed the surface 

pressure Is almost constant, It la permissible to assume that 
J the shape of the inner layer profil~ is Invariant. Consequent-

ly 

subst~tuting equatlons (3.7~), (3.16) or (3.78) into . 
p' 

either (3.73) or (3.15), puttlng RI = 0, and calculating ; ~ 

from (3.72) yields: . 

\ 

'. 
... 

4 , 

, 'a" .', 
.. ,::, ... ,' 



,f 

" \ .• ,., , ~1Lr::,';.o; ·'··"":-'r"'-'Jif ,'"",' :l!"~, ~~r.r~~-:"r.r.'~·~~~pr~~~ __ 
r _ 1 ~ ",r 

- SC) -

'. . . 
, . r ' 1. T(R+~ 0.&" ~-l ( u! ) R~ l o· ~'t8 + o. ~& l, Rt:t-' + o,'!.c • .&a -r)"';;;- 1; 

+ -î.,u! ['21. + 2.2.7I.~y'" ~ -aI"l Q~) -,~+1'1 

+ (II! [2.~71a +2,"71., !:jw. ~ 'ao21 1.. ( ":-jw.) ] 
/ 

, 

(3.79) 

INNER IN'ljtGRA& 

, 

The integrals are listed ln Appendix I. and fot conven1enca-, 
• 

there ,follows a summary of the 1mportant a88umptlon8: 

, 

.. ,~ .. 

, 

" 

e' ..,. 
\, 
" 

j 
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loBBY .or ASSUMP'tI9NS LlAQIMg 1'Q .. IQJJATIOttS (3 .79) NI) (3, Qg) 

(a> The ragian anelysad 1. one of n •• ~ conatant , 
pra.sure and the ahape'of the inner profila 

(b) 

l 

. 
le invariant. 

The ~·t.r and lnner l.y~r velocity profil •• 

are reprelented by 81milarity profil •• 

,~.fin.d by the .cal •• Um• 1
0

", (Y-l2:"Y.)' 
, 

.­. 
r/," 

(c) The aimplified y-momentum equ.ation (2." la 
',( '.' 

use4 to calculate al~ pressura terme. 
·l.; 

(d) The lnner intogral equation includee ~vatu~e 

ter~8 but only t~ 0 [,:1 : 
- The two oquations (3.79) and (3.80) introduce the 

follow.1ng unknowns 

and the informatlal nacessary to cIo •• the proble. la 41.-

cussed in Chapter 10. 
·t 

l ' 

, ' 
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Chapter 4 " 

\ 

lepa{ation on the Coanda CYlind,r 

~.l Introduction 

Ne~n (1961) has predicted,' by dimensional argumenta 

that for a flow aS8umed to emanate from a vlrtual origln, th~ 

angle for Coanda separation from a circular" cylinder la fixed 

at hiCJh enough Reynolds numbers. This prediction 18 sUbject, to 
b the limitation that R should remain large 8nough that friction 

b forces are unlmportant. If i does not become too large the 

slot position can he considered coincident ~it~he v1rtua1 

origin. 

The measurements of,Fekete (1963) sU9gest that the ~g1e 
ia 2l0~ ± 10" for jet momentum Reynolds numbers Re > 1.3 x 104 

b and for .0074 < i < .0531. The separation position has not yet 

beC) predicted analytically. 

( For a Coanda flow of this type two independent criteria 

,for separation can be developed by observ1ng that the pressure 

distribution over the cylinder remains essentially ~onstant ta 
. 

near se'paratian and then rises quickly to ambient conditions as 
. 

the jet separates. If this pressure gradient is severe enough 

• 1t becomes possible to divide the boundary layer into two 

• In the discussions that follow the term boundary layer refera 
ta the inner layer of the wall jet,' i.e. y ~ Ym' No direct 
refercnce is made to the flow ln the outer portion but 1ts 
presence ls 'implied through the use of the surface pressure 
distr ibution • 

et 

( 
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zoneBI (1) lan outer zone wh.ra tQ. presaure fore •• are much 

largèr than the shaar forcel and where the total'head alon9 

each atreamlino ia e •• entially conserved, and (il) an inn.r 
1 1 

zone where the inertia forces ara small 80 that the prelBure 

forces 'are balancod by the Ihoar forces • 

. The criterion to be di.cu8sed in the following page. lB 

baBed on separate analyses of each of these zoneB. The flrBt, 

8~ggested by Tyler and Shapiro (1953) and later modified by 

Reshotko and Tucker (1955) 1s the 'discontlnuity ana1ysiB of 

shock indueed turbulent boundary layer separation and 1s 

essentially an outer zone crlterion. It is uaed to dofine the 

position of the threshold from which the pressure rapidly 

increasos. A prelinlinary version of this analysis was PUbli,hed 

by Newman (1969). The second 8tems from an analysie by 

Stratford (l9~9), lster mod1fied by Townsend (1960) and con-

aider s the inner region of the boundary layer. The usefulnes8 ....., 
~ 

.... ~ of the method is assessed by comparing with ,Fekete 1 s measure-

mente. 

4.2 Condi tions for ya l'idisty of 80th Ana lyees _ 

The discontinuity and the Stratford analysie are based on 

the assumption that the Acceleration of the outer part of the 

boundary layer due to pressuré gradient should be much larger 
1 

than that due to shear. ~e91ecting curvature affects (assum1ng 
y 

, ~ « 1) an~ assuming the pressure constant.across the boundary 
• 1 

layer the integral of the x-momentum equation is.written 

• 



" 1 

\ 

+ 

The a~alY8e8 will therefore he valid if 

(4.1) 

b 'ekate's data for .01 ~ i ' .053 .at~sfi •• the cond~tion. 

for unlversal flow and consequently it ia only neces88ry ta 

evaluate the separation an~lysla for one -partlcular caso. 

Figure 4.1 whows the inner layer thlckness, the surface pressura 

and the maximum ve10city data of Fekete for b ' R la .0531 and 
{2(P -P)b2 ) 1/2 ' 

Re =: l 0 2 "" 1.3," x 104. It is obsarved thnt the 
pv 

pressure distribution consista Of a plateau raglon followed 

by ft steep pressure rise. For convenienco in evaluating rela­

tion 4.1, the start of this pressure rise or threshold, ia 
. 

defined to he at the intersection of the dotted lines in figure 

4.'1 which represent the asymptotes to the plateau and constant 

gradient regions. 

A conscrvative esttmate of 4.1 can he made by 'valuatinq 

Ym and the shear stresses at the threshold point where they, 

are most likely to be smàll and large reapectively. conalderln<j.· 

the idealized 11near pressure rise, ~nd doflninq subscrlpta 't' 

and 's' to imply 'threshold' and 'separation' respectively 

then expression 4.1 can he rewritten 
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... \ ' 

~-~ " 

t~) ~'=" \r~9~ ~1 
,~ - t ~-1'..lt R (_ •. 2) 

'kr~ 

whlch can be easl1y evaluate3 fram the data of Fekete provld-

ing an expression for '(Ill la found. 

Ç'f"CM' (" ~O.\i .0", ." •. ro. .... ~' ___ " .. ,~ ,fI'\ •• ~ l Q o:c \ctQ0 ,. "'-

~~f' .. + -t .. ~~ ......... s) ~ .\ 
" .. 

fi' _ 0.0\\ 
:::!D, 
f\h. 

, 
'The wall shear stress at 8t .ay be Obtalned tO.a aatis-

• r 

factory accuracy by using the drag law proposed by Escudier 
~ 

~ et al. (1966) for the two dlmenslonal turbulent wall jet in 
.. 

still surroundings. 

('.. 0-4 - .. ru:.- (4 .. 4) 

r 

and this relation evaluated at et ylelds 

( i~) · ~OO~? r ~ . 

The measurëd pressure distrlbut~on gives 

~-,,= - = 

\ 
o 

~, 

0, 
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Ualng the above values (4.1) bec~. 
• 

The pressure forcea are therefore approximately an order of 

ma~itude greater thon the ahear forces and an analys1. ba •• d 

on the neglect of the latter will be attempted. 

4.3 Theoretical Development 

4.3.1 Exten§12~ of the Roehotka-Tuckar Analyste to the 
Coanda Jet Doundary Layer 

" If a on~-parameter family of profiles is as.eurood for the, 

inner boundary layer (équat1on 3.1), two unknowns appo~r Ym 
) " /' 

and n (note that U and pare consldered known boundary ,m 

conditions) and two cquations are nocessary to ~pecify the 

flow. These are taken ta be the momentum and energy 1ntogral 

relations which yield simpler results ~han the moment of 

momentum and momentum e4uatlons used by Reshotko and Tucker. 

y . 
m Since Ft « l al~ curvatur~ terms are neglected, and it 

" follaws that the pressure Is essential1y constant across the 

layer (the contribution to the surface pressure comes almoat 

entirely from the outer flow: y > Ym). Dropplng all turbu-

lent stress terms and the skin friction, the momentum and 
l ' 

energy Integral equations for a power profile U
U 

D (~) ln 
m Ym 

are respectively: 

(4.8) 
, . . 

'J 

.1J 



,e 

,- " ': .. -,~_."--;r~ .. """,:",,,,!~""7""~~~""""'lI!!I!!"""o:'!"\""-~~~~'!'!l"""""'-'!'!~-~!I"I!'!r.l_ . , 
t 
1 

- 57 

(4.9) 

where " is "e usual shape parameter defined ae the ratio of 

displacement to momentum thicknesa8s. 

Equations (4.7) and (4.9) may he combined to eliminate 
( 

the terms containing ln y and ln U 2 to yield m m 

----'- \( t " \cl 
= ( .. " _')(~_')'"' cl~ 

Integrating between the start of the presBure rise 

(subscript t) and separation (subscript s) yielde . 
" 

(r--~). 

j tu! dl\>"'-\>..) 
('-~)t 

(4.10) 

(4.11) 

The laft-hand integral preacr1bes the overall influence of tho 

·boundary conditions on the inner layer and ls a fixed quantity, 

defined by'the right-hand lnte9ral, for parti~lar values of 
1 

the shape parameter before and after separation. The use of 

"s to define separation la usually considered a vaque crlterlon 

Bince values between 1.8 and 2.7 have been known to occur, but 

fortunately the 1ntegral' 18 qulte insensltlve to thi8 terminal 

• quantity. The difficulty lies rather in its aensltivity to the 
, 

initial value' of "t. This la 111uatrated in the fo11owing 

table where nt is the power profile exponent corre8ponding 

to "t 

, . 
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1H. sali nt (' Ht H' • H " H~3H-l~ la-l) 

" t 

12 1.166 2.2 .-09 
12 1.166 2.8 

... ... -1,_ 
1:143 2.2 

, 
.463 

14 \ 1.143 2.8 .49 

Partlcular valu •• of nt Ar. not availabl. lrom th. data 

of 'ekote, but th. range of nt and H. quoted abova .~.m 

phy.icftlly,plau~1ble and thu., for 

< 

f .. ., . 
-" .. 
'1 

2.2 < 
14 

2.8 

.lha 
~ 

8opnration cr1terion 1. . .. 

" .~ .. . " 

, 
~ 

~~ .. . ~ 
.. < 

.' .' > - 0.49 

The following section doacr1be. how thi. relation il u •• d to 

do~ermino t:he th~e8hold point • t • • 

9. 
Wlthln tho apprOK1m~t100. ot the anaiyala the total 

pressure la constant along the streaml'ln •• of th. boundary 

layer, and ln part1cu1ar at y • Ym the Bernoulli equotion 

q1vos 

1 

(1,. -ir~)~ • ( ~ + iru!.). (4.13) 

and thor.fore 

\ 
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·'r ,4_'. 1,'C" "I:::''';:!'::''1>~~.~ . . 
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"i; 

.. 
Combinlnq 

~ 
or 

- S9 • 
• 

" 

equation (4.14) wi't:h equation (4.12) 

0.&1." ~t .lU! '0,'&& 
. • U!: 

" 
" < 

yi.id. 

and \lslnl:j equAtion (4.13). hotln1jJ that at •• paratl\on P .". P , 
\ m 
\ 

y191ds 

o,~~ ~ \ i - r~~t) 1 ~ oO;.~16 <_.\6) 

Ul!lln'il the ntetlBured data of rl~ure 4.1 only tho left"hand 

la met_ and this at 

,9 • 1'6':J· t 

whlch corresponds exnctly to point deflnad by the ideallzed 

pressure diutr ibution given by the alymptotos. Tho followlng 

allal y818 ,is concernod wlth pradicting 0; once 0t la knOfm. 

~ .3.3 The Stratford-Tgwugelld 'GPArnt,lon srlterlsm 

In the Iketch below, atreamllno ~ 18 doflned •• th •• ppro- 1 

ximate division betweon the outer raglan of the boundlry l8yer, 
~ , 

unlnfluenced by lhear fo~caa, and the inner r0910n wh.re 1nart18 

.' 

'." \ 
;ai:; " ---
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1 

affects are _11'(a .ore preclse. definltion ls 91ven ·ln 

atate.ent 1 below). ~ 

~ 
~,~~~~~~~~~~ 

~s beforecsubscript 't' defines the point where thè pressure 

gradieQt begins and subscript 's' where separation takes .-
place. Superscript (d) refers to conditions along stream­

line -1. 'l'he analysis of Stratford modificd by Townsend pro­

poses a relation betwecn (~) , Ps - Pt' and ~ obtained 
s wt 

fram the following.equations and associated assumptlons. 

(1) I~ is assumed that changes are so rapid between 

St and Os that the shear stress distribution ln the upper 
\ ... }' ~'" 

layer is essentially "frozen", at the 0t conditions. In 

particular along ~ 

At et the pressure gradient 18 small and it wll1 be assumed 

* that a near constant stress layer existé and that y i8 lts 

* \ 

1 

In a CUrved wall jet the influence of the outer flow imposee .. 

... 

a stress gradient and the ass\UIlPtion must be verlfied experl- , 
mentally. It is not necessary ta have a constant stress ~891an, -
to have a log-law of the form 4.21. A linear stress reqlœ' 
would have d~fferent constants A and 8. ';", 

.. 1 
:J"'~' , ,. 

'" 
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approxlmate outer boundary. 'Henos 

,/ .l ' 

., 
( 

~'t' ) -( tf't' ) 
"l • 1.'..., ~ w t \- ~:J ~ c.a) ......! 

(4.11) 
jt 

(4.19") 

This i~~)OfJa~~lc! if ~'aùveC~ion of encrgy {rom t~~ oxtornul flow 

18 small and if near the wall the rate of turbulent energy 

dissipation la so la~ge that any decrease i~ production due 

" to a local docrcasc ln velocit~~lll lead to an lmmodlate 

decrcasc in turbulence lntensity. Where ~ .-:: 0, and close 

enough ta ,the wall whare a linear variation of shear ia Irepre-

scnt?tlve, dincnsianal reùsonlng yields 

't' 

\1:.. • C \J(~).) 2 .. (4.20) . 
<\) 

~ " * In the assumed near constant stress reglon' et St . \. 

" 
(~)~ = A .im t ~)t: + B' 

(4.21) 

• ~ 

* .sèe footnoto on prey lous. page. 

~. 

J 

1 

" 

.. 
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. . . 

and the values of the constants A, bEl dlsCUSSQd 

latar (Chaptoi" ,10). 

(3). The {lrst c~atlbll1ty condition 

le applicablo at separatlal. ~h18 assu~ltlon la known to ho 

lnexdct (s~e N~wm.'lI~, 1.951; Spanqenbcrq ct al*., 19(,.,) duo to 
(lU .2 

the lmportancc of tll(? qréldlcl)t -;;-- ln the momenLum balalTcQ. 
(1 .... 

Bradshaw and, Gdlca (19(/r) conC'ludc that it would he preferablo 

pariltioo cri terion ln tcrms of ~l rathor. thë\n 
<Y 

compa.: ison with the! r experimcnls Justify thia conclu-
• l' 

slon. HO\o/cvor, 1t is not practicê:tl to use the shoar gradient 

in the analyuis and it will not he conslùcroù. 

'l'he scpa.:."ltion criterion iD dctormincd by substituting 
1 

...equations (J .. ?O) and (4.21) into the condition thilt y
t

d and 

d lie on the streamline ,', 
Ys • 

(4.23) 

and then usinq relations (4.22), (4.17) and (4.18) to yield 

(4.24) 

, 
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Equation (".2Jt) may he uaed to prod1lct tho polnt of 

separation oh tho Coanda cylinder providinq th~ contitantu A, 

8 'and C ~ro known and that a linear pressura riso la Assumod 
, , 

Townscnd determlnes from the experiments of Stratford that 

c - 4. Tho constants of the log-law prosent Borne dlfficulty 

as lt ls not clear that tho va'lues A ... 2.30 'and D .,. '!;>.5 shown 

to Po applicable ta pipes, boundary'laycrs and wall jets 

(Guitton, 1~()9) arc valid for tho curvod wall Jet. Neverthe'f~" 
. 

lOBa. at thia stage it ls of Interest, ta use the data 

availablc and tho values quo~~d aboya will be usod for the 

.,time boing. The experimanta ,prosentod and dlBcussed in 

Ch\\ptcr 10 will vcrify ,the '\f\sumptlons. 

Usin<j t.ho skin frlction coefficient qiven by equatlon 
" 

(4 .~). tho abova constants, and the experlmental condi tions, 

\ 

"502 (4.25) 

Takinq the actual surface prcssur~ 

and recallinq that a linoar pressure qradlent is assumed, 
Il 

", . 

" 
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then the above e,quotior'l prodicta 8ep~tion at 200" which 18 
• 

in oxcellent agroement with export.tlent. ~f the 

skin friction coéfficienl 18 in~rea6cd by l~ to .0068 then 

sep,aralion 18 prodlctod ut 181 u ~which eonstltutes D, consider­

able clldngo in view of thù 67° angle betweeh threshold and 

separation. In' curved wall juts it wl11 he seen that the 

out.er layor exerts il strong influence on the lnner and the 

validity of both the logarlthmlc law of the wall (equatlon 

(IL21)) and the skin friction law given by E8cudicr ct al. 

(equiltlon (1~.4» ie unccrlnin. Thus li special investigation 

into the rnca su rClT\on t. of skin fr letion was undortaken and" la 

doscr D>l'lI in Chaptor 8. 

'. 

r ... 
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~ 
\ Experimental APparatus. Measurinq EquiplOOnt and Procedure 

, . 

;.1 Apparat~s 

5.1.1 Equi1ibriuIlI curved flowa 

PhoLographe of the d(>paratuB, inc1uding the traveraing 
\; 

gear è,lnd the end-plate 'laddor' arrdngemenl used for conla!'n-

lng sccondary/flows, are shoWn in figures 5.1a and 5.1b, and 

a schcmatic 15 prcsented in figure J.2. The experill.ental' 

a'rrangement conai~M cssantiall y of a ccntr 1fuga! blower , 

(Sturtcvant type 20062, 20 HP at 3~OO rpm: operated woll 
1 

away fr<ilm the fIat rcgion of ils characleristic curve) whlch 

sUPP,licd cl1r via a flexible rubbcr hose to an expansion 
, ... 

chambcr followcd by a contraction lcading' to il slot whosc 

width )~ould he varicd. 

Tho intakc to the blower WilS fitted with a filter box 
l 

to minimizc the quanti ty of dual carried by the jet (Jleccssary 
\, 

for hot-wire work). The flow was made variilblo by a bleed 

valve, which was followed downstream by a heat exchanger to 

control the air tempera ture. '. The expansion chaml>cr consü;~cd .,of a 40° expansion fitt.ed 

with two perforated plates to prcvent lSepar'atioFl ànd two turn-

lng vanes up:Jtrcam of the first pInte to cnsure equa~ distri.­

bution of the cntry flow. The diffuser was terminated by two .. 
9~uZC type scrcons fittcd into a frame which.~ould be casi1y 

• t 

.. . 
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remaved -1;.0 facilitate access. -Following this a section of 

honeycomb was installed (t inch celi size and 

The la"e r portion (the \e rm 'i"",e r' will 

refer to the side of the cont~action abutting 

2 iriches deep). 

b$ used to 

the' spiral 

surface) of the contraction could be moved and was terminated 

by a soft flexible rubber strip which rested against a can­

toured ~airing attached to the fIat plate baginning the ~piral 

(se~ belaw).. With this arrangement it was possible to vary 
1 

both the slot width (0 to l~':) and its pe,:;sition relative'to, 

'the spira 1 . The latter adjuëtment was always necessary when 

adjusting the virtual origin of the flow to make it coincide 

with thc- orlgin of the spiral. 

p 

The upper wall and 11p, shown in figu.re ~.2, are, the end 
\ 

produ<:t of nurnerous al terations cauBed hy the considerable 

< trouble cncountcred in realizing two-dimensionality. (The 

prinçipal difficulty was aSBociated with sUght irregularities 

in the Blot lip and this la discussed fully in Chapter 6). 

The upper wall, as shown, finally consiated of a very flat 
, 

Jsteel plate attachcd to the wooden backing ùnù abutting the 

honeycomb at one end and rosting on the slot lip, ta form a 
~ 

amall stcp, 

~teel 'block 
\ 

1 

at the other. The sl.ot lip w~s a massive mild 

carefully heùt treatcd to rclievc internaI ,stresses, 

'thon ground with great care and fin~lly rubbed with gun bluin9 

compound ta cspecially 'prevent corrosion of the sharp edge. 

The accuracy of the slot was'not cheèkcd for feùr of damaging 

• 



• 

". 

- 61 -

the .. harp odqe but experteHce wlt\l almilRrly gro\lud iltock 

aU9ge.ts t.hAt variation wa. 1 ••• th,," .OOO~". 

'!'wo convfut loqRt:" 1thmll' apt t'RIa WfJrR C'OIH1truct:.cad tand, ta' 

facUllBte the comp"rh~on of rdllult8, theil' 111181>08 weto 

purpoRPt,~ d~~)POIl ldonlh'nl to t:w~,~r lhe s P lralB\used hy 

Olles el al. A loq"r1lhmlc Rpirai 18 li curvo Wh~Q 10c8l 

1 radhlB of cu rvat ure lA proportJ onA l to lhe \listAnt'a from the 

'1r1ql,n nnd"'lhe splrnla (."h08GIl hRd equatlons 

and 

In pb)~r coordlllOten lh"sa <,~,rv ... can he wrlt/"n 

r. e 
.' 

And 
\9 

r.e. 

t"\?npoc\.lvoly. 

f,i1l'h '~Ul·fi\l'e W!,S ~'~'Ô wldo. Tho r .t.rst <i .. .." ~), bulle in 

lh(l M('G111 .Law ::;l~ocHi 1\el'odYIlt1mlcs Worknhop, 1 WAB con8truc~lld , . 
,0 

from four 1" thlck plywood l'tbs, st ronqt.hanud by n number 0(' 
, .' 

crcl'swlao ~lr il1rJ(H8 111ld COV(HQl! ~i Ut R bot ahoot ~r pl ywood .... 

The olh{!r nurCllCO w.u~ conBtr\lctod nt tho Von Knrm..'ln Jnstit.uto 

for Fluld nynamlcs, 'Bruxellos (Ouitton, 196~ and soe ackt\~­
/ ' 

/ 

. ' 

" 
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ledgeme.\l.) \lsin", ft quite dlfferc:mt technique. tt w"u bullt 

up of thick m. ... hl~any .trips qlued toqeLhor and (.·fuefully .hapctd 

t.O conform ln the '-'llOl'lClelt contour. Both lIurf"cell \IIerca 

repea tmll y 8nl,.)(1c.l nlut P'" lnt ('t) untJ 1 thay ~l'n mlrrOl"-rnnooth t 

. 
• Ol~./' III bnlAR luhh\tJ lhro\tflh th{' 11\11"Ca(''-'R, qJ\llnfJ lh("'m wJth 

epoxy, ",", nlon \.'nt"t'f\ll ,1 y fHmc.lln t l t h('m flush. Th{' pos l titl" of 

tht' sliltle ho1{'u "ru qlv("'n hy th", (")(p~rtm..llt"l pCllnle ln 

, 
) 

The fluor l'lf thft slot"wils m" .. lo ra-on' -~ •• lhlck, tj'~-nul1d mlld 

st{,lll 1'10lt.e? t.,olt('tl "ntl .. ,1\1(\" Cltl 01\(' AhlE" to tht:! wnotle" "plrn] 

"ml prnlonq()ll on lhp utllor hy Ü\(' WOflllN\ contoul-Qd fnlrtn'J 

.1I(\IIUUI\r-d ilhnvl' (110(\ .11110' raClure? ~~Hl) ~. Thû loclttlot\ of l'ho 
o 

pl.,lc l'Il tllf~ Fptl"ill Wilft .. 'IU)"PH 9\1d\ lh.ll wht"''' lho nplr"l W~A 

pOldt 11\11('111, wUh tho pl.", (., p.lrnll~l t.u th~ 'UPPf'l"' ,~1ot. IIp, 

j 

\ . 
st.aUt' l.lpB 'prot tulllnlJ Jluddo ."ud th(> ll\lt:C.,t'o moun\ 'IH18 roquitoll 

f\.lr 'whli"., Uw hnl rllm pt'ollQ ul;;('d ln:mcotlurlu" f4ki,,-fl"1('t:ioll • 

. -
... 
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Dlstl,"ca betwean. OOWJ1.·traam end of 
. Plat. and 'or1g111 oC Surfaco 

(inch.,.) 

.8~ 

Length of 
plata, 

(inch.,.) 
.te _ 

3 

9 

Tho Sith~R of th~ plonum chamlJer wer~ prolonq{Scl outwnrda to 

-form ),uqe ond plnleR (fl'JurE?1J !>.) nnd ~.2) held apnrt by stee] 

roc.1~ l' 1" C'P'tt a t tho fut' thosl eX t. HJI1lP.S • The sp j ra t p cou 1 d he 

jUllt qltllpd hotwppn lho l'tilleR And rJlInly uollt'tl tn pOAJtion. 

1\ fil il lnq Wt'lB flllo~l .ü'ou)Hl lho 91H1 plales lu pr~vent possiblo 

a~p"rnI1(l1l I)f lhp (!Illrohlt~(l nir flow. Some cOhtrol over lhe 

:.J 

'l'hn fltl\'I W'H4 pruhcd \Ifdn" lho lrnvursilll) (lf;!ilr AhowlI ln 

fl'Jure' ~).1". wh1('h t'OIl5tRtcc1 of ~ llilt.y (11~1 51,H1fl?, wH.h a 

(inply t'ont ro.l lnhJ.o U',wol ot: ~k" (nmôll1c:>pt tllvJ810n -.• 00]"1, 
, L 

nttilc1HJd lo il p) ldln'J lHH petmlllJ.lHJ ml ôl .. h1it 1 Ollit 1 rO\l"h travel 

of U". 'rhe whole \lllit eoul" ho mov('d vorUci'\11y t.u )ll'lmlt flow 

lhe fi",,} trnvC'rHPH W('l'O ",,,dp, all'prolJln<j dev.ll'lHJ - hol'wlr<"ts 
1 

or pltot. t:llh~!.H - wC'n~ f,lxed to il 101u..1 rr." dli'\lOOlqr rf)(l nttachftl'ü 

to t ho lli ,\1 qa\lqu itt on 1..' mul .'nLl p.HHd flq t: hro\lqh il q\! i.do hu~h-

proho. 'fh'o 'juiùe rtxt, Wt'lO posltlonf'd pèrpondleulilr to the surface 

tanqol1l ilL llw mOiltl\1rtnq st<l,tionyd WilS suf(lcicntly f~r' down.-

~ ~ 

. ' 

Il 
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stream of the station (2!") to etCectlvely ellu,inate inter'" 

ference i (This wes checked by comper inll the meaBuretœnts to 

some made uBing B ~II rad.) 

The slagna t: lon preBFlure wlth in the pl enujtl chtlmber WAB 
\j, 

meas\lrCHl hy a pitot tube plac~d al the exit of the Jet. The 

Air temperalure COll 1d be per iodleal Iy monltored by a' tele-

therll1olllP-t.er, tit(> B!?n~ltlg elemeul of which wae JnBe~·ted lhrough 

ft ho le J Il il aido wa 11 of the plenum chamber. 

Thp. ~xpf'll·i",fO>t1t.n1 procp.{lurE' nnd the meaFlurtng equlplll€'llt 

Are cl ls('uBsed ln 8uhee4uGuL sect lons • 

~).1 .2 ç iJ:TU ln.r çyl ilJ.!!'Sr - con veX 

'rhle iltJpariltuB wae d08igned, firet uHed, anù fully uee'crihed 

by F'E'Kl'lp (19(;'1) and its 'dclaJla will nol he di8C\lfH~EH] here. 

Some chal\qcs, howèv(>r, were nücessary lo 11l1J:lrove two .... dJn,9Ilsion-

AHly ilnd theAc will bl?' dl'ACribed' bp1aw. Schemal1cA of lhe 

al'pill,lt\lB ar,e shown tn figllres ~.3 and ~.J!'. 

'l'ho surfilee C'OIlSiAt.od oC il very accurilt.ely m~chtned, 

cadmi\llll pli1t-<"d, Htp.~l cylil1der havhHJ an 0.0. of,8". Air waA . 
s\.Ippl te<l to \\11 \\d.hIBti\b](~ Biot vln ~ plenum chmnuor f.ltuntod 

within lhe cylllld(:"r. (1'ho air s\lpply and c.ontrol were idQ~U.(·al 

lO',Lh.,t uoad in tho '?ll\dljhrlum flow.exppr1mElnta.) 'rhis COh­

flqur.üloll, il8 avidf-ll\ccd il\ figura ~.J~, elimin<lted almost com-

l')ote]\', ;tny inlcrfcl'pllcn wllh the curved Jel. 

The, slot whttll could ho vilricd, Uf~1ng il shim (rirJure J.I~), 

within tho l'ange .03 inchcfl to, .21~ inch, which con:ospondeù to 

- . 

\ ' 
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an ar4pcC'l rntio variAtion of Bpproxt.m~t.Ct)Y f~oo la 120 r~Rp"o­

tlvel y, 

Thr" anOtlt rle"t· tO'l~ "\1'\110 hy lhe nulhor to lhn ortglllnl 
# J 

Al'pnt:At.\lt-' ('\).wtrdrod or (fWO rlq\ltEJ 1),'1). tho vtllyl "hf1~l hl'" 

ulAlh?d 10 \Jln('k f\ nlilJo~ portion of Lha p(trfonttiolld wilhhl 

lhe plp'lIllll Ch.tlllhflt 1 Lhr" AdlltLtol1 of Ail Qxl-.rn perfb1"nlml plnbo 

nnd n hllllt'Y('(lmh, nlld lwo "hont matAl fnlrlllqn formJtHJ li hgW 

t'Oll 1 r.,t't i 01\ 11P('ll 011, Tho ~o dH,ntles J (oreod by lJo~r lWo-ù 11T1on-

n{!,n",lHy ol,tni.wd w,ilh thp orlqtunl nppi1ri1l\u~ (ne" n(1xL 

P{)(·t\OI1). WP1{' .:HII1'lPf1lt"1 hy ... /tol\1tlollf-l tu nlmt-lnr difCtculttoR , 
, 

ClxP(I.-tPIl('(·d 011 tho lofJ.lrtLhl1llc nplrill~ (ChnpLp[ L), tudoud, 

il flm.1' t v,Hl"t.loll '" tho Lhh'5IlPlH\Of the ùO\l1Hlnt'y lnya!' on 

t Iw UPPr>1 "1 <.Il ) Il' Willl kllOWIl ta lnfhlPIH.'u lho dowlll:1trf.1i\m rlow 

nnd tht:' ob1(:>t.'t: or lho (~l"J11I{ln W,," tu ,-~)i"dllnlo nl1y pn9nthlo 

t'll("'f('I''''I('U wlt1~lhu flow Ml il em<',-cJC1(\ frol1l lho plon\wn 

dlill1\h('1, 'rn f\lrl Iwr nf1~\lr(1 il htqh -quilllty fluw, tho 910t: 

Il 

'rho tr<lvpnlillq 11\(H·h.'lIllIl}' WiH1 idont lei1J in pr'im:tpnl to 
, 

lhtlL (]('nc:rlbl1d ln lh(' pnwJo\l1l HN't ion fU1VO LhilL no (Jui<h.' ro<1 
! 

l.llmnfixlllq Ul{)~ fl\U:rï\CC W.18 UIlO(1. Prouo VilHilLiolln warô no 

prohl cm, howuv{'t', bürtlUf:jO for \I\oat Qf Lhe lOOiHI\lrOmollt:a tho Jut 

dl ll/l<fCl of aL.,Uon WilG ,ol.fodcd bX rol;ltln<J tho cylJndor, 

Tho OXptH'tlll0llLlll proc:oùuro nnd t.ho mo .. ."mring oquipmont: "ra 

discusaQq in SlJÙt:loquon~ ooctiono. 
, . 

-1 

. ... "..:~ 
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5.1.3 the Plane Wall Jet in.estill Air 

The appnrl1tuB and oxporimental conditions were identical 

to tholle doser! beù by Gnrtshore and Hawaleshkn (1961l). ' The 

slot Reynolds numhor WAS Bet at Re ..... 3 x 104 for 8 nominnl 

slot width of .300 inchos. The oxporimenta1 procodure and 

instrun\OI\ tiltlon \!I('ro idontical ta thé\ t uBed for measur ing the 

curvod flowa "nd this la descrlbed Jn the noxt soction. 

Tho slot wiùlh was not uniform but varied by 2% due to 

dislorlion C;.ilU60d by the latar nddi tion or hold-down screws. 

Neverthelcs~J ~liB did not provo a hardship becauso the plane 

flow wnë Hot ilS Bensitive as the curved fla..t to initial 
. 1 

lrro<JuL\d lJOfl dt the slot. The two-din1ensionùlity was mOélsured 

in il numbu)" of diffurcnt ways~ (a) fiyures ~.G and ':;.7 ahow ~ < 

pitot tube trc1VCJ"E3Cfi tl:lken ë\t. lhrce transvoru(! positions -

the centre-line ilnd six i'lchos to oither, 8ide., - [or two down­

stream p@sit..iona. For x .= ~ort" corrcspondlng to ~ "' 136 'the 

tot.al prcsfmrcs dre lowe-r on the centre-1jne by approximatcly 

4. J~J. and velocitics are theroforo lower by about 2;~; (h) 
1 

figura ~.B shows a shear stress traverse takon at the centre-

llne and six lnchos to elthcr side. The varintion in nlaximum 

sho<'\r ia I~~\',r (c) figure ~.9 shows Preston tube readings taken 

",at the f,)rthest posl:llhle downatrcam station (~~ 200) • The 

wholo 5he.11." 5eems relative.ly constant two inches to either' sido 

of the centre-lino and the variation over 12" ls ±. 5~ ln f::..p 

. (whcre Ap ~ Po - Pw> which ls equlvalent to about ± ~,t ln u". 

, , 

" j 
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J 
\ 

!he aboya varlatlons ln two-dlmenslona1ity wace judged 
~ 

acceptablo because the qrowth of the jet (Ym/2' - .071 see 

section 1.2.~) was close to that found ~y Gartshore and 

Hawaléshka and th,:tt It also <lgreod weIl with a 1inear re1a-// 7 
tiooshiP bctwcen Ym/2' and Re obtainod by Kohan (196~) from ' 

ft suxvçy of much of the expcrin~ntal work to date. Further 

dlscussion i5 qivcn in çhaptcr 9. 

~.l." Ca.libration· rlq 

.. )1 

Cailbration of thc wire was performed ln n specially con­

s~ucted apparatus (figure ~.lb) consisling of a large steel 

drum - acting as a plenum chamber - fitted interna) l~ with 
, . 

some 5crcens to smooth the ~low and' provided with a 1 inch 
r. \ ., 

diamcter contourcd putlet nozzlc. The quantity of air into 

thc drum was varicd by ~ hand adjustcd sluiee valve. 

/ 
( ~ 

A hot wire prObe could 1>0 posiffoned aboya the nozzle, 'by 

• a holdcr which pcrmltted a 2 degrec of frccdom movemcnt in the 

plane of the nozzlë and with this arrangement t'he a~ls of the 
. 

probe could he adjusted to lie parallel to the ohcoming vcloc.ity 

vectol ~hiS adjustmcnt was especially important whon cali-:-

brating slant~d wircs and Ior these ca&cs the àdjustment was 

performcdjby repc<ltedly rotating the wiFc 180" untll the ane- . 
., . " ~ 

'",-

~ 
mometer output becamc invariant. 

" .. 
The tent>crat~r:c of the air flow was controllcd by a heat 

( . 
exchanger. 

) 
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5.2 Measurinq E9Uit?taent: Hot WiJ;e and Associated E9UiP~nt 

AlI 'mean velocity and turbulence measurements were madé 

* vith either Disa type 55A25 normal wires Qr type 5~29 single .. 
slanted wires used in cOIljunction with a type 55AOl anemometer.' . ( 

Th~ s1$al f,rpm the anelDOl'Dêter vaS' fed ,to là linearlzer (type 
/ 't 

551>10) • !l schematlc of the complete lnstrumen~ àrrangement 

Is shawn ln figure 5.5. 

The linear1zer output could be connected either directly 

to a vo~ge to fr~~~ncy (VF) converter~or to an RMS meter 
, 

having a DÇ o~tput linearly related co the measured RMS signal. 

The cutput of the VP converter - whether it be.representat~ve 

of th~ mean or fluctuating signal - vas fed tO,a digital counter 

which intcgrated the input signal over' a tine period determined . 
by the setting of an attached aud~o oscillator. Finally, after 

~ .. 
Integration, the output of the counter was printed. In order 

to guard against possible clipping of the linearizer signal 

~hich could be caused by an accidentaI overshoo~ of its range, 

the output of the linearizer vas continuousl~ visually moni~ 

tored 011 an ose i lloscope •. 

The pressures withln aIl plenum çhambers were measured 
, 

vith a mercury manometer.- Surface pressures were recorded 

from a Lambrecht alcohol filled manometer having an adj us table 
r 

inclination • -.., 

.. 
These are platinum plated tunqsten wi~eB of dlameter ~ and 
length approxi~ately 1 mm. 

, 
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'" Other more specialized instrumentation was used in study-

1n9 the affects oi hlgh '"b.t.enSit.y turbulence or ln measuring 

skin friction and a discussion of that equipmen~ ia reserved 
1" 

for the particular chapters devoted to these investigations 

(Chaptere 7 and 8 respectively). , 

5.3 Experimenta] procedure 

At the onset of each'experimentai investigation general 

flow visu,\liziltion etudies as well as ft number of exploratory 

total pressure traversel:) \tIero made. It was in lhe course of 

theae preUn,tnary studies that sorioue difficultiea were en'" 
i' 

, countorcd -in obta ining two-dimensionallty ln the curved f1 ows. 
J 

• The shcer Illdgnitude of thè possible irrcgularities Buggested 

that it would he worthwhile to discubs in SOlTle detaii the 

cxpcriencc enc-ountcrcd ln lracing tJ1e ir orlgins and Yh finally 

roalizing a more acccpt~lc fl ow. This la done ln Chapter 6 . .. 

Aftcr 1;1atil:ifactory two-dimensionality was obtained it 

was neccssary, ln the equilibrium tlow experiments, to match 

the origln of the flow to that of the spiral and for this a 
\ 

tr iai and error. procedure was adopted. The slot was set at an "'I~ 

arbitrary position relative to the flat bottom plate. velocity"- /" 

traverses were obtaincd at three or four downstream stalions 

by using a total head tube and assuming a linear static pressure 

distribution betwecn the wal\.. pressur~ a~d the ambient ~ condition 

at the edge of the jet assumed to he loca tad at::...:i-:- = 2.0 . 
... Ym/2 

This technique was much slmpler than using hot ,wires and i,t. had 

" 
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'" ftlrancly provod \lsn ru] ln the ConCAVO t lCM oxperimonllt (oui tton, 

~96~) "nd i ta ac,!urdcy Wl\S jutlcJt.,ct sut f laiont Cor tho ftdjustmonte 

being att-omptod '(M"e abo 8oct1on 9.?)J). Tho Jet'. 9fowth 

obtn inflcl from 1..ho profi 10ft wna thon oxtri\pol,,~od to 1.ara, the 

oriqtnll Cl>l1\pëltl-Hl, "nd tho prot:u()\lro rupontod untll n,nlehlll'l 

o,'curroù. 
( , X ~ 

Wilh- il Blot wJc.1th of .)~~ inch (1) lho R ." 3' spira). 
, 

n 3 inch lowor p.1nto pt.,rmltLocl auff1clont movomcnl to IMtch 

tho or lq lntl. For the ~ 
. 

1 aplrnl and lho UnJOO slot width. it 
,.. 

wau f()\l1\ù Ilc'.)('I-wunry, in ordor lo fil\:llly .,,,hiove c.-olncidcnco 

of or!lJirltl, tu oxLl..\Ild thu plut" t.u 9 lnc')wfi ,lIld th!R W41B simllAr 
-

to tho (.'xpOriC'lH'O l'epOI tot) by G11uo ct nl. Tho Ouai position 

of n,'wh nplrl'\ l W!\I.l dOllhl0 (..'hoC'kod hy tnk1nq hot wlro traverscfJ 

" 
nnt) "'Hl'~,linlll<J th.1L Llw jat llruwLh oxLri\poJatcd Lo X • o. 

".." 

Tlw ulot. Hoynolda l1umhllt {or boi.h 8urfacotS W~'8 mnlntalne\l al' 

1. 
Ho ~ . B x 10 wh tell hi (' l Ott.o Ln t.he Vcl] ua \Ulcd tn the p hnc 

W.l] 1 juL o)(I)(·\ril1lllllt.l.~; On the t'OIlVOX cylindf'r tho Bama two-

d1ll1onuloun1il:.y du~cktl woru \Jood .md Inrgo l.\lorn] vdrlations in 

the ,,1<1t thlcknelHl wore found. 'rho ('aUBC oC the difficulty was 

BUf'ipectod {on llw l>c,slu of eXl'>orlcllcc dcücribod ln Bcction (,.2) 

llnd ë\ccordlnql y tho m<.xllf lca tlotlts ùeucr il>ül1 ln ~.l. 2 woro undor-

taken. Tho difficulticB oncountoroù do not, h(MeVer, justlfy 

sk1lptlcism rluout the qunl1ty oC Pvkoto's,otlglncll flow, be'causo 

inapt"!C'Lion oC tho alot' lip revoalod that n(lJ;1Q corroBi~ had 

takon pli'lcC in tho time interv~l (1963-19()~i) dur.t.ng which the 

app(\r~t"s lay ldlo. (Indeed, lhe oxporimcnLn ,obtèll~cd in thls 

work dUDcribod in Chaptor 10 arc ln good aql'eoment wlth FOkete' 8 

r08ults. ) 

t . , 

"AS ." . ~ 

" 1 
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Acceptable two-dlmenaionality on the convox cylinder vas 

possible only for the smallcst slot-wldth, ~~' .007~. and th!. 

WllS adoptod afthough it WèHI reltllr.od th4t the value Wit8 Just 
t b i 

1 

00101l0I t.he lower I1n,it (ïi - .'Ql) sU9gos t ed by the expcr ln.ontu· of 
~ , 

Feketo (aoe Introduction 1.1) for ft uni~crsal flow. rCCi\lling 

that univerDi\llly CilUI:j nt osuch fJmall slot widLhs bocnuso oC 

lnrge Hkin fr lction affects attr ibuluble to a la-r boundal y 

layer Reynoldo numbt.lr, it scomed probcJble thnt the flow could 

be l'Mdo univorsal by sln.ply in\creasinq tho slot Reynolds number 

bcyond tlhlt uHod hy Fükëlo. Accordlnljly, tho ""'lX imum possible , 
value WdS uuuc), Rll .. 7.0 x 103 but this Wi\D 1088 th an twicc that 

givon hy Feketo and tho cxperinv..onts did not t'ompare, favouril'bly 

wilh hi b un ivorfldl flow al thotlqh the..·y did agrce wi th hi s SIRi\11 . , 

: refmltft (disC.lIf1scd in ChilptcrlO). 

The procedure for oblaining hot wire traverues Wila idon-

tical for aIl surfaces. 
,-

Ta beqin, it was nocessary to position 

the wire at a k.1\OWn distance from the BlIrfrlcc and this was accom-
\ 

pliahcd by the electrical contact method (DoddS, 1960). One 

terminal of an oscilloscope \\'05 atlacll<"d ta a gilugC blC><'k placed 

squarel y on t~e surface Just over the station. of lnterest, and 

the other terminêll wns attachcd ta the stem of the hot wire probe. 

By turning tho dial gaugl! the probe was slow1y moved towards the 

block and whcn it Just toucheJ: the extraopous electrical pickup 

.' 

one the sereon immeùLltoly dislIppeared. Th lB procedure W1I8 followed 

for both norm.:ll and slè\nLcd wires. The dintance betwecn the wire 

axis of the nor~l wire dr the mid-point of the 81~nted vire. 

and tho gauge block ~B determined by obtalninq, on an optical 
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, 
c~["ato[". the 'd1n\onsions of th. probe • 

\ AB notod prt}viously eàch voltsge ,waM ivaroged ovar a 

.convenlent tima periode This wa8 choson so that th. standard 
j 

devlatl~\ of tho volln~os ft~ y • Ym/2 waB lcs. thon 1~ of tho 

maan quanti ty and nt the furlheut dowl\stroam station it walJ 

u8u,1l1y IlQcQ8sary to use 0110 minuta or longer intogration 

times. \ . 

The Qxpërllllenl.a worn por(orm(,d at Iltghl - uBual1y betweon 

9 p .m. clnd II a .Ill. - .\!lei .1mhionl: candi tJ ons wora u8ual1y found 

to .... \')e parLh.'ularly slablo. (Tho maxim\1n\ ambiont. tomperntura 

v",~riation clH.'o\lnlerod W.'A about: l"F.) Al) travoroos necesftary 

tü ohlain 1l10iln voloc'jly nntl Roynolds Rtressos nt ona station 

wera complctod beforo movinq on le tho ncxt. ln f.1üs way the 

ü"""Vï --'-error in lhe structurl' pi'rnmetor /q 1 -, duo te ft al ighl 

dr Ul in tho cOfldill()Il~, was minimized. 

T\lthouyh tho m,tin air Bupply WilB filtcrod, it 800n mixod 

wlth ambi~l1l air and COllfil!\l\lC'nlly, at somo distance down'stream, 

the flow <.'onl.ained onou9h dust particluB to requin) clcaning 

of tho wlre aCter ~ traVOrL10 and tllis was accompliehed in 

an ultrasonic clean(~r. Baforo each now trav&rSQ the wire was 

agaln callbratbd. A measurc of the drift occuring dur1ng a 
{, ~ 

partlcU1ar ~raverse was obt"lnud by returning to the first 
~ 

measured point and, if the change was greater thanL 1%, tha 

traverse was repeate~ . 

If a sli9~t change in avorage locftl temporatura occurred 

\ 

it W8S compQhsatod {or 1n the tollow1ng wayl Koch and Gartehore 

---

,-
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(1?69) showad that tho calibration of ft 0118 hOt wiré 
; 

(~ypê 55A25) ovor ft ~d. r~nge of wire temperaturaa and a 

nartaw rall9a of ambiant' temper,atut"Gs can he èorrelatad by the 

whGre Ef la the voltage acrosa a w1re having a rosistallce Rf' 

"Il avel;'(\ge ton\pornture Tf and Re la its cold reoietance at 

."tampcrntul:c Tl' On è\ .Disa tYfl~ 5f>I\Ol anGmometer the rolntion 
? , ~ 

behlcen, "'ire vol tage i\nd oridge volt1'lga la nearl y 

For emall Chi\ngoB in \\ir tC'l1\pel"i\tul"G tho fluid propérties 

can bo COllsidored conotnnt nnd t\oting a lao that 

thon the 

and for an inv<lriont f! vs. U relation it la necassary that 
'1' 

0'4-

Ri (~i) 
s - ,. 

. (~VRc - q 

the parameto r 

l R 
which impU.es tha t for if- M 1..8. 
~ c 

Whenover a change 1n Re occurr,ed tpenAR f waa calculated from 

the above quant1tiea and added tO,Rf and wlth th1. procedure 

'f,. , 
7 

.~ 

" \ \ '. 
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tho error ln V vas mln1~1&cd • 

! 
~n idGa or the possible measurement accuracy cnn he ob-

\ l , 

talnad from d,o work of R.P .. l'ntol (1960) who; ull1ng sonlO of 

tho aboya techniques, obtall1ed consistenL agroemont withln 

J 
2-3',(. w1th tho calc'ulatod shoar streDS distribution in a cir-.. 
cular pipe ,< 1 r longi ludina 1 coolhlg corrections oro 1uclUded). 

Soma sl.mt:'ed and normtll w1re tr;tyorsea wera n IBO atlemptod in 

tho pipe by th! B nulhor and the Reynolds stressos ohtninetl 

wore in cxcellC"ut' agreement with thoRa givnn by Ptltel. 

hiqh 

In a c,urved Wê\ 11 ,let the turbu1 eneC" in tensl ty ia very 

( e . q. '~u -- . ~ il t Y ...,. Y /,,) and i ta AI f foct on hot m t. , 

wiro rendinqr. was 'largoly unknown at tho tinte, lhe author 

beg;\ll the preB<,nt. curvcd r 1 C1W lnycat,iqnt lon. Jl'\lrlharmore, 

the- d1fftcullles wlth two-dlmon6ionallty omphasizotl thal 

ag...-oatnent betw('en th~ calculat('d and moaaurcd shen .. - stresB 

distribution W(tS a rcliablo critt-rlon for <lscertnlnlng the 
, 

flow qua11ty. It a1so transplrcd that. ptcliminary mensuro-

monts oC th~ shear st.ress worQ in signlf iCi\nt d1sl\grooment 

( tw ~O\.) wlth tho ca1culated values and it was thoreforc 

dec~dcd to In~Q8t.igale the affects of h19h Intansity turbulence 

on the rGsponse of a hot wlre. This work 18 Cully discusBed 

in Chapter 7. 

lt 18 a1so known (Champagne et al., 1967) that', ~e r,\ad-
.-'~- ~ "v . ( , 

1ng8 of a w1re, of flnlte aspect ratio, lnclined to the 

ve1oc1ty vGctor, must be corrected Cor an additlona1 coollng 

effact (other than the normal veloclty conpononl) aacribed to 

/ 

. , _ ..... --------_. \,.' 
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,­, 

the longltudinal c~)onGnt o! v.l~lt~. Thi •• ft.c~ 1. a1ao 

inçludod in the analysl. of Chapter 7. 

Tho following 8Ulnmnr1zaa the precautions takon to obtl\ln 

accurnto hoL wirG fllell'suremc:mts. ~ 

(a) tho distl\t\co from tho surface waa vory accurately 

Qbtnlnod 

(b) n calibration ",a. performod prior to evory 

... ~ travorse! 

. " 

(c) tho ùrift ocC"urring during. a traverse wae verlfied 

t, (d) 

,«(1\) 

f (f) 

by nlwnys roturning to tho Clrst measurod point. 

all volt:.l.\<Je8 wore a~or~god ovor long tlmo periodl:l 
( 

local tAmpcriltura ChangeB wore accountod for by 

ch~nging tl,le wlro 'a 'hot' rosi'atnnce to relMin 

on tho samu calibrntion curvo, 
.. 

) 

at a partlculnr stalion aIl normAl and slanted 

w1re trav~r8eB were made durlng the .ame run 

(9) a nurnber of moasuroments were made ln a pipe 

flow whore, in partlculnr, the ehear steess 

can he easily calculated for comparlaon purpo8os 

( 
(h) corrections for longitudinal c0011n9 and hlqh 

lntonslty turbulence were applled. 

FUrther dt8cusslon of the accuracy of the mea8urementa ta ken 

on the log spirala and cOnvex eyllnder la 91ven in Cbapter 9 
< ) 

\J 

.. \ ~ 

~ . 

--------~------.... ;.· .... ~ï;.ijt.j' .. i.i.~ 
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and 10 respectlvely. 

1 

... . 

'( 

\ 

O\:jher paramoters -moasured on the convex curved surfaces 

'wereJakin friction and separation (only on the cylinder). 

The lattor was detocteù with a tuft made of down and could he 

ascertalnod to withtn + 3°. ~l& former parameter ls often . -
rneasured with a pre$ton tube or other technique whlch roquires 

the existence of ft uhiversal law of the wall. In the curved 

wall jot the outer rO\ion influences strongly t~ ~nner laye'r 
't-.. 

and tho ahear stress gradient ia very large evon, in 'a zero 

~ressure gradient. Conaequontly, it w~s not known' to what 

extent Pre-ston tube r,cadings (Wh080 acçuracy depend on the 

existenco of a univeraal law of the wall ln the fully turbulent 
. . 

rcgion) could bo truatod, ara a comparative lnvest19ation baaed 

on ttro uses of hot film flush elements was undertakcn and la 

doscrlbed in-Chapter 8. 

\ 
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Tw°-Dimensionality, 

- 8'~ -

Chaptor 6 

'Establishment' and verification 

The difficulties met in obtalnlng two-dimensionality 

can hardly be ovor-emphasized and the purpose of thl. chapter 

ls to dcscribe tfic principal pitfalls encountored and the 
't 

. 
remedics cmployed ta cure thern. 

The most common mcthod of vcrlfyinq two-dimcnsionalhty 
...,. 

ls to compare velocity profiles (and static pressure if 

neco6sary) measuroù at various stations situated in il plane 

r'iorma} to the principal flow direction and deciding, mor~ or 

lees a rbi tr,u il y, whether the variation is acc'èpt,ablc. Anothe~ 

approach, and ono th.lt givoB more quantitative r08ults, 18 to 

verify that the velocity and longth scalos that describe the 

flow vary downstrcam in a manner consistent with the 2-D momcn-

tum equùtion. However, evidence shows that the rnost sensl tlve 

technique ifho to compare.. calculated and measured 'shear stress 

distr ibutions. 

The latter point can be demonstrated for tho curved wall 

jets in still air, by detormining the effect of a small flow­

divergençe on the exponent 'a' (of U (l xa ) and thus on the 
m 

ahaar stross distribution. The effeet oC divergence onoa thin 

c~rved jet can be roughly estimated by using the integrated 
~ 

plane flow x-momentum equat~on 

\ 

1.'"" -: - r 

). 

{' 
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wh.ra 1t ha. been ' •• 'aumed that 

For a source type flow ~w1th or1q1n at x, .. -xo 

tA,) _ I.A.%. 
) 

(6.2) 

and equation (6.1) becomes 

~ - - (6'.3) . - .. " - 'f u. , .. dJ 
'X,+ oc:.. 

- 1 

o .' . - ~~ .. , A"j .f 
, 

AS8umlng ~imtlarity profites yields 
.'to 

'[''''Mlc.. 't'~ 
li Y""Ya (6 i 4.)-1& 

"/ U! + 
f'U! ~+'Xa 

» 
and assuming that a 24 inch span of tho jet has an-included 

angle of divorgence of 2°, thon 

and 

~ 
• --- + 0·00" )_~ rU! .~ 

vhere 12 '. (M (ij:-) 2 d (y"- ) •. 76, On the i . l .pirel, 
_.... ~ m m/2 

measuréments gave ~ - .272 and at x.- 20 inche., ~1ch 
x 

.. 

1a in the middle of the experimental range, equation (6~) . 

giv8s 
.. 
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3 ~· The additional term is nearly 2 and therefore for a 2° 
pUm divergence 

~ -

Us1ng the curved flow equations (2.8) ~o {2.10} and the 'known 

growth rate, it is easily shawn that the effective increase 
'tw 

in --:2 accounts for aboût a 4~ change in 'a' and a 2~ change 
pUm 

in the calculated shear at Ym/2. Furthermore, If the veloclty 

decay i5 given by 

x x x r 
then at - = 5 (which corresponds to b ~ 150 if b rv 30) there 

x r U
m Is an error of only 2% in u. Comparing calculated and 
mr 

measuI'cd shear st~ess distributions for a given growth rate, 

ls therefore a much more sensitive technique than comparing 

the variation of the velocity or length scales. 

Ideally, the three methods dcscribed earlier are ap~iied 
successively: a very poor quallty flow 18 first improve by, 

comparing traverses; further refinements are then made using l " '\ ,< 

the momentum equation as reference: and flnally, if nece&:8a.ry, 

an attempt 18 made to reduce the discrepancy between calculated 

.. 

" 

.ù~:~ 
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, .. 
and measured shear. 

Nhen verifying the flow on ail surfaces an effort was 
~ 

made to follow the above procedure. 

spiral surface (i =~) the value of 

momentu~ equation, was withln 210 of 

On the least curved 

uUm , calculated via the 
mr 

the experimental value 
g 

(see Chapter 9) but the maximum measured shear stress W4S 
, 

still 25% lower than the respective calculated quantity. 

(This difficulty cOUld not he resolved and the flow was 

finally measured as such.) x ' On the R ~ 1 spiral a less satis-

factory momcntum balance was achieved but the discrepancy in 

shcar was about the samc as for the previous surface. 

The difficulties with two-dimensionality originate from 

two sources: the one i8 related to conditions at the slot 

lip or wlthin the plenum chambCr leading to the slot: and the 

oth~r is due to secondary flows originating in the boundary 

layers forming on, the end-plates. These effects ~ill now he 
.... ,.W' . 

described individually and, sinee they are ••• 11 for aIl 

surfaces, attention is focussed on anly'one: the i = ~ spiral. 

The traverses, the momentum balance, and the shear stress 
, 

distribution, specifying the quality of the .flow on each 
, \ . ~ 

:surface, are presented with other experimental \ result:s in 
1 

Chapters 9 and 10. 

• 

\ 

This, of course, implies that the measurements of shear are 
accurate and, in view of the considerable discrepancies 
between the measurements and calculation, a considerable 
effort was made to lnvestigate possible sources of error 

(Chapter 7) ... 

• Ii : 
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6.1 Slot Lip Effect 
G . ( 

Fekete (1963) in a pre1iminary i~vestigation preceding 

nis adoption of a much improved apparatus discovered that 
, 

marked deviations from two-dirnensiona1ity, as measured by large 
" 

latera1 ~iations in the jet thickness, were caused by slight 

irregularities in both the wall 1eading to the slot lip and the . . 
, 

edge of the lip itself. He noted that "even a small imperfec-

'" tion of the slot lip will have a detrimental effect on two-
" 

dimensiona1ity due ta Coanda effect". 

The essence of the difficulty can he appreciated by con-

sidering the ratio of the radius of the edge of the slot lip 
" 

to the ,srot boundary layer thickness. As t1lis pararneter in­

creases there is a greater tendency for the jet emanating from 

the plenum chamber ta curl around the lip due te the Coanda 

effect and this necessarily. causes a loca1ly thicker flow. On 
( 

a convex surface, analysis ~eveals that this thick region ~ay 

~end ta grow compared to an adjacent thin reglan because the 

surface pressure under the for~r ls lower and consequently 

creates a centre of inflow. 

The apparatus used for studying·the equllibrium fl~s 

was designed with this hazard in mlnd. The slot 1ip was 

shaped like a knife edge and carefully ground sharp and the 
., 

wall, leading to lt wasl straigh't and free of obstructions. 
'\ 

&> .. • 
Nevertheless, ~he înitia1 measurements made 

.' . 
spiral revealed ~ flow of very poor quality 

on the!. ,. 2-
R 3 

(figure 6.1). 

'v 
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In theae .. a.ur ... nt. a Plt~t tube wa.~d parallel to, and 
, 

at a di.tance Y1 fra. the surface and the total head w •• 

recorded every inch on elther aide of the centre-line. (It 
i ' 

.hould ho ,noted tbat compar inCJ tr~ver.e. taken on the centre 

I1ne and 6" to either side wôuld have revealed littl. diaere­

pancy.) In figure 6.1 the reading_ tak.n thre. and live 

lnches below the centre lino dlffer alqnlflcantly from each 

• other and traverses taken at these position., and shawn in 
4 

o llgure b.2~onftrm the discrepancy at all value. o,f y. 

(Fi9ur~ 6.3 shows the 81gnlflcantly improved reaulta obtalned , 
after the te8t&~And changes deacrlbed'below.) 

,.' 
The r~sults of ..figuro 6.1 "Ore quit. une!'pected and the 

~ 

lnitial rèaC'tion was to suspect carly separation vith!n the 

diffuser. Conscquently turnlng vancs And addition"l sereens 

were installcd (figure ).2) but th~so were of no help. To 
, 

furthcr vcriCy that lrrcgularltles in the flow upstream of 

~ho honcycomb dld not c~uSo the difficulty, lengths of tape 

were strung acrOS8 the honcycomb to partiallY block the flaw 

but aga!n no signiflcant chanqo's ln the Jet could be detected. 

The p6ssibl1ity ,that loaks or a~ unevennes •. ln the 12 in. 

thlck rubbor 8eal (c!l.apter 5) 'ahould he the cause WAB next 

lnvestigated. A piece of corrug3ted' cardboard vas placed 

Along the "bot tom " of the plenum chamber, extending from the 

honeycomb, 'over the wooden contraction plece and cover!ng the 

rubber soal. Aga!n no chan go ln the jet thickne •• waa detected 

'~ 
"tJl 

although there waa aeme effect on Preston tube reading. taken 
~ ~ 

Just downstream of the s16t. 
" 



, '. 

~
~,.~ ... 

,0 

... \: 

- 90 -

Attention was now focussed OQ conditions at the upper 

wall although, as previously stated, the care ta ken to 

assure a very sharp lip and smooth entry made this area an 

unlikely suspect.. A length of masking tal'e (a few "thou. fi 

thick) was first 'placed over the smooth joint between ~he 

metal lip and the waoden plenum chamber and this had a 

remarkable effect (figure 6.1;' dotted line) which r~fnfar~ed 

'pekete's observations. Various changes were now at~empted 

in an effort to create a thicker boundary layer on the upper 
• 

wall. The metaf "lip was first shimmed ta forro a step pro- 1 

jecting .030" beyond the wood but <this was unsuccessful. So 
, 

also was an attempt to increase the b~ndary layer thickness 

by using large rods placed fIat on the 'upper' .wall and per-

pendicular to the flow direction. 

The last possibility, the edge of the slot, was now 

considered. The knife edge was honed fIat using a ha~d-held 

grind stone, and the sharp 90 0 edge formed re.sulted in an 

tmmediate improvement- in the flow. It appeared therefore 
/ ' . 

that a ground 90° edg~' is more likely to forro a ~niformly 

sharp lip than a knife edge, and this cou1d be due to diffi­

culties in avoiding small burrs in tne 11tter 'configuration. 

Accordingly, a completely new rectanguiar slot lip was 
~ . 

designed (figure 5.2) and to improve the quality of the flaw 

leading to it a piece of flat steel plate was placed ove'r the· 

wooden wall, its 'upstre~ edge abutting the honeycomb and its 
. 

d~tream edqe resting on the 1iP. and formin9 a step to it. 
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The resulting flow at ~ ~125 is shawn in figure 6.3. There 

1s only a smnl1 var1ation w1thln the central 8". Pigure 6.1 

x • 60 shows the lateral total pressure varlation al b"!ilr 2.. and 

t)lough tl~e va.r lation 18 still not excessive it 18 barely 

satisfnctory and the comparison of figures 6.3 and 6.7 cor rOb-
, 

orates the prediction that, ln convex flow, a thick reglon 

grows relativo to an adjacent thin one. ',~o further improvè­

mente in the slot region could ~conceived and attention vas 

now focussed on the influence of secondary flows. 

6.2 Sccondary Flow 

\ 

. . 
In the course of the work describeél ln the previous 

1 

section it was observeù lhat a marked build-up of flow was 

takil1g .... ~û.cc a10ng the side walls and that ln thls raglan the 

jet grcw much more rapidly t.han it did alon9 the centre Une. 

Somèwhat surprisingly thls secondary flow diffe~ {rom tha~ 

which occurs in a curveù channel. In the chann~/pressu..~ 

gradient imposed on the boundary layers formcd on the two plane 

side walls 18 balanced by an lncreased curvature of the slower 

moving fluid, and conscqucntly the flow alon9 these walls has 

" an addttional component of veloclty directed towards the cèntre 

of curvaturc of the channel. M .. 

Figure 6.4 shows schcmatlcally sorne flow directions 

detected, on the i ~ ! spiral, w1th smoke puffs and tufts 

made of down. Nanr the end plates the surface flow on the 

spiral ls directed inwards (towards the centre line),'indica-



• 
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ting that the-statid pressure is higher near the corner. Hot 

far abovc the curved surface (at approximately ~ in the case m 

studled) the secondary flow i5 directed outwards, and at the 

end plate it appears to split into twa parts - one complettng 

the vortex flow in the inner layer (y < y ) and the other can-
m 

( 

tributing ta the rapid expansion of the boundary flow • • 

The principal objective ~as to eliminate the secondary 

flow or at least to rende~ it negligible, and coosequently 

no detailed experiments ~ere made to determine its exact for~. 

Nevertheless, a few observations are shawn in figures 6.5 and 

6.6. In the former figure there 15 shawn a comparison of a 

-total pressure traverse taken at the centre line, with a 

number of traverses made very near the end-pla~e.· 
were 

at 

TWO static pressure ~~aversesAmade at the centre line and 

!" from the end plate respect1vely. In these mea8urements 
2 

an attenpt was made to align the static tube with the lOBan 

flow direction as indicated by a tuf t, and the error i5 

probably identieal for the two traverses. The static tube 

also agreed weIl with a surface static hole. The relatlve 

magnitude of the statie pressure readings 18 consistent vith 

the flow directions shqWn ln figure 6.4: bel~ Y the surface m 

pressure near the end plate i8 higher than at the centre and 

the seeondàry ~low is inward8: and the opposite i~ true for 

y > Ym• Figure 6.6 shows various sllces, made at constant' y, 

through the tràverses of figure 6.5. (Although the measure-

~ ments are not taken at the same valu~ of ~ figure 6.5 can be 

" J , 

. . 
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iwaqined as a qualitative extension to figure 6.3.) 

The rapid expansion of the side flow soon created a 

U-shaped wall jet (fi~ure 6.4) in which the interference 

between the side flow and the centre portion could no longer 

be disregarded. consequently, a number of techniques were 

attenq>ted to elirninate this 'runaway' 'expansion. The 'method 

fLnally adopted consisted of a number of end plates arranged 

in a ladder formation 50 that each succeeding p~ate cut off 
.. . 

the boundary layer formed immediately up5tream of it (figure ,.., 
5.la). An attempt was made to limit the number of plates in 

order.to minlmize çlockage and'brief trials indicated that a 

'ladder' consisting of thre~ end plates would be satisfactory. 

The position of each plate was determined by trial and er~or. 

With this method no U-shaped formation could be detected. 

Figure 6.7 shows the effect of the end-plate arrangement on 

x 6 ~ x the lateral total pressure variation at b ~ 2 0 for the R = 

~ spiral. The effect at the centre line ia negligible and 'it 

must be co~cluded that for this su~face the secondary flows 
f 

~ 

did not inf1uence the centre reglon eVèn at this extreme 

downstream distance. However, on the ~ ~ 1 spiral (shawn 

in fiqurella) the 'ladder' end plates were necessary and 

caused a T; change in Ym/2 at ~ = 284. 

-\ 
'\ 

" 

.. 
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DEVBLOPMENT OF SPECIAL ,ÈXPERIMENTAL TECHNIQuES 

(see Introduction) 
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Chapter 1 
. 

The Effect of 61gh Intensity Turbulence on the 

Response of a Hot Wire 

7.1 Introduction 

The usual approach to the calculation of a hot wire 

response is to assume small intensity with respect ta the 

local mean velocity and thus to linearize the heat balance 

• > While this R.ay be an acceptable procedure for equation. 

certain fl~s such as turbulence pipe flow, in which the 

\ -----obtainafile accuracy is better than ~ (patel, 1968), the 

.; perturbation approach beconles suspect when app1ied to 

1 

./ 
measurements made in fre~ shéar flows such as jets where 

the lntensity level 15 hiqh. This fact was noted by Corrsin 

and Oberai (1949) in their experiments with heated turbulent 

free jets. The table below gives sorne typical longitudinal 

turbulent intensities found in various jet f10ws at the 

point, Ym/2' where the velocity ls ha~f the maximum. None 

can be considerèd smal'l. (In the table and what follows 

(except for sect~on 4.1.2), the coordinate x 18 parallel ta 

either the wall or the line of symmetry of the flow, depend-

1ng on the case and U + u.', V'+ v' and W + w' are inst~n­

taneous ve10city components in the x, y and z direction res-

pectively. ,) 

• 

r .. 

." 
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------------------------------------~ ... ~ , 

Flow (Experimenter) 

Plane free jet ln still air (Heskestad, 1965) 

Swirling axi-symmetric free jet (Corrsin and 
Uberoi, 1949) 

Plane Wall Jet (Patel, 1962) 

Wall Jet on a Convex Cylinder (Fekete, 1963) 

(present results) 

J:.2 
. U at y = 'Y m/2 

51~ 

48,t( linearized) 

4o~ 

43% 

46%(linearized) . 

Before discussing nlore ,fully the effects of high intensity 

turbulence it is of interest to considèr tJP other sources of 

meas'uremcnt error; the effects of prong i~terference and of 

longitudinal cOOlih9.\ 

The former phenomenon 15 aS50ciated wit~ blockage of the 

flow due to the presence of the ,stem and prongs and can arise :. 

when a wire i5 be~ng used in an orientation other than the one 

for which i t was originally calibrated. Such mlght he the case 

in high intensity/~Ulence where the instantaneous flow angles 

are large. It transpires, however, that modern probe design nas 

largely elinlinated this error. (sorne measurements reported in . . 
this text were made with older type probes - the commercial 

tJ 
Disa ~5A25 and 55A29 miniature normal and slanted wire probes -

whiGi do suffer from interference effects (Gilmore, 1967). But 

more extensive calculations reported in a lengthier version of 

this work (Guitton, 1968) revealed that, for these sensors, the 

lnterference effect can he neglected when calculating high 

" 1 

~ 
, , 
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lntensl ty turbulence corrections.)-

The longitudinal cool.~ng ef/fect ls not pecullar to high 

intensity turbulence but la associated with additional heat 

convection e~fect~whe~ a wire ia yawed to the mean flOW.* 

The experlment5 of Champagne (1965), (also Champagne et al., 

1967) for yaw angle < 55°, indicate that the deviatian from 

normal component coollng is not due to altered end lasses but 

is primarily due to additional heat convection attributable 

., ta the tangential velocity component. He confirms an enpirical 

relation, identical to an earlier equation suggested by Hinze 
, 

{1959} for an effective cooling velocity: 

u: • U2. ( ~ A +..: co~ A ) 

2 Z 2 
== UN + \l Ul» (7. 1) 

which 15 the velocity'indicated by a wire whose axis ia inclined 
1 

at~ angle A to a velocity U. Champagne concludes that the 

factor k is primarily a function of the aspect ratio of the 

1 wire and 15 equal to 0.2 for d = 200 and tends ta zero for 

* In practice this difficulty may be surmounted without deter-
minin9 a quantitative relationship for the added heat 108s, nor 
indeed the wire angle, by experimentally determining the direc­
tional sensitivity of the wire. This procedure requires very 
precise knowledge of differences between yaw angles, and graphi­
cal differentiatlon, and ls therefore subject to error. In this 
~ork the other approach 1~ used whereby the fluctuating response 
Qf the wire ls calculated from a known response equation which 
incorporates longitudinal cooling effects, blockage effects, and 
a mea~ured vire angle. 
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J "600. Tho value k ... 2 for 01aa m1niftturo probtla (Cata­

logua No. 5~29, § .. \. 200) ha. bien corroboratod, for wlre 

Roynoldn llumbClr ~ .... Ra < lIt) by Gl1morQ (196.7) by cftllbrating 

ft normtl l wirt' nt vnr 10ull y\'\w,:S'nqlGII in PI w1nd tunnel, and by 

P~to~ (19ÜU) lr'lIll cnroful Nhonr lMnrmremonta in Il pipe. Tho 

neglacl ol lonqitudinlll cool in\} u!fact.H cnn lend to a19n1f1-

'('ant or"lorn (0.91 0 [10:(,] in üT'V') ln slnnteû wire monsuroJnl!tnta 

and (01 hiqh ihLo1\s1l.ios, ~ucond ardor. longitudlnnl coo11ng 

can~('U OIHI mny ho('ome naco8sn.ry • 

U~lnq a potturh"llon lhoory to ntH'llys8 hot wirG s1gnnla , 
obtninod in il h1qh tntansity llow lands ta two typos of ' 

error: 

n) it prot.1uco~ nn èrror nBBOt'tnt.ad wilh tho non-
o 

Itnonrity or- tho ro"pol\~n equi1tion 

b) lt producno an ~rror nseoclnted W1Ul Iftrgo 
\ 

,changos of flow ùiroction wilh respect ta the 

wlro. 

Tho f irat error Arising from nll\gnitude f luctuatlone can 

he convcniontly romovcd by linearizing the signal to 

E " U 

and th i 8 typl' of rel:\pon~e will he a88umed thraughout th1. 

wark. (Thia JH conveniently at:hiovod usln~l " Disa 11near1zer.) 

A simplo oxarnplo of the sôcond' source of error, that due . " 

to d1rectional affects. ,can he obtalned by p6stulatlng th.t 

;1 

~ 
~ 

j 
j.~ , 

...... 
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the wlre ls cooled by a simple 

\ 
\ 
\ 

\ 
\ 

\ 
\ 
1\ , 

turpulent flow having velocity 

componénts U + u' and v'~ The wire will be lnsensitlve to' 

the direction of ";~so that the same average coo1ing \)i8 

obtained whether v' ls positive or negatlve. Hence for 

this particular case, the average cooling sensed ia greater 

than the cooling squght: viz., that due to U a10ne. 

7.2 Review of Analytical Methods used to Correc't SignaIs 

Several analytical methods have been presented to correct 

the small disturbance approach. None consider the case of a 

wire oriented such that both the mean U and V components are 
~ 

present. Such i~ the case for measurementa done in rapid~y 

expanding shear layers auch as wall jets where it ia usually 

most convenient to keep the probe at a fixed orientation with 

respect to a given datum (e.g. parallel to the wall in a wall 

jet traverse). 

Rose (1962) has considered high intensity corrections ta 

the linearized constant temperature responae but he limits 

the correction terms to third order correlations (e.g. -u-·-v-·2~;). 

Heskestad (1963, 1965) corrects this by including fourth arder 

correlations (e.g. ~), but the resulting corrections to the 

Reynolds stresses are not given analytically. Furthermore, 'by 

using Heskestad's experimental data, it was not possible ta 

reproduce his plotted correction coefficients. Champagne and 

Sleicher (1967) have determined the instantaneous voltage 

response to third order correlations ~nd to 0 [k4] in longi­

tudinal cooling effects, but like Heskestad, they have not " 

.. 
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carried the work to its logical cOQclu8ion Which is to provide 
, 

analytic corrections to the mean velocity and Reynolds 

. stresses. Sandborn (1961) discu~ses the problem of high 

intensity and presents sorne experiwental data that indlcates 

errors of less than 2~ in nonlinear normal wire measurements 
~ /:;2. 

of,u'~ in intensities up to ~ = .50. No physlcal reason 18 

offered for this unexpected behaviour which, in this author's 

opinion, could rest on ~he complicated intetaction of ma9nl-
\ . 

tude and directional e~fe~ts. Sandborn does not diS;~~S \ " 
l, 1 t 

either the effect of a three-dimensional turbulence fie~d on 
\ 

the normal wire response, or the behaviour of a slant~d wire. 
• '1 

Wichner and Peebles (1963) suggest a method of determining 

the Reynolds stresses which requires an accurate knowledge 

of the mean velocity. 

\ 

\ 
\ 

'!'he purpose of this chapter i6 .tif provide a mea"ls...of 
1 

correcting mean velocity and Reynolds stresses which are 

being measured in a two-dimensiona1 mean f10w of high turbu-

lence intensity b~ means of a linearized constant-tempe rature 
\ 

hot vire ancmon.eter. The wire response i5 talten to fourth 

order in the velocity fluctuations and includes corrections 

due to deviatioris from normal cooling. !quations are glven 

which relate the mean and fluctuating v61tages of a ~ingle 

wire to the mean and fluctuatlng velocity components of the 

flaw for particular orientations of the wire. When a number 

of these equations are solved simultaneous1y it 18 pos'slble 

to express the desired Reynolds stresses or mean ve10cities 

10 
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(' ~ .. 

in terma of the measured voltages and ,orne correcti'OIl terma. 
~ 

To ova1uate these terms lt ls necessary to measure both 

triple and faurth arder turbulence corrolations. This has 

prcviously been done by Heskestad ~n a two-dimensional free 

jet, by Laufer (1953) ln a pipe and for these two flows the 
'\ " . 

correctlçn terms are determined. 
1 

An i~portant part of this chaptar 18 the experimental 

portion which 18 concerned with the datermination of t.he 

correction factors in 
~ pl~ne and curved 

dlmensional turbulent 
l " 

.c~ 

other hlgh intenslty flowa: 

wall jetsin stll1 surrOUn~lngs. 

7.3 Calculation of -Wirc Ilesponse 

7.3.1 General 

two-

"\~I 

The overall objective of this section 18 to present equa­

tions {rom which the mean velocities and Re'ynolds stresses in 

a specifled high intensity turbulent flow may be determlned. 

The flOW' conside ls two-dimensional and has a single domi­

nant flow directi 

gonal me(~n velocltles, 

V and W repre-km t the three ortho-

estrlction can he stated aSI 

w "" 0 

J~ = 0 (E) or 1ess 
U. 

,Q 

(1'.2) 

where ( represents the tlE1cai order of magnitude of th~ ~ur-

1;;;2 
bulent intenslty (e.g. -u-). In BUfh a flow the unknowna 

of interest are the mean velocity componenta U and V and the 

turbulent Reynolds stresses u· 2 , v· 2, w,2 and u'v' and lt' 
'" 

1 

~ 

! ", f 
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fo11ows that at least tw,o mean and four fluctuatlng response 

, ~quitlons ~re necessar;. These equations ~re obtalned by 

~in9 the signal fram a wire plaçed at various' orientations 

" to the flow. 

The ca1culation of the mean and fluctuating response 

equatio~ is bot~ lengt~y and algebraically tedioUB and only 

an outline of the a~lysls witl be presented Jere. For 

further details the reader uis referred to the original report 
<:) 

(Guitton, 1968). 

.. 
1.3.2 Determination of effective normal component 

" A co-ordiné\lte system is chosen coincident with the time 

dependent orthogonal velocity compOI'lEâlts, u, van' w as shawn 

in"figure 1.1.° The wire is arbitrarily positioned as shawn. 
1 1 

1 

EqQation (1.1) which links the,measured effective velo-

" ~ity to the actual velocity by correcting for longitudinal 

coolf1.ng effects can b~ rewrittJen 7" 

(7.3) 
, 

:,,( 
where ~ is the velocity componertt normal to the wire~ u

lAI the 

instanianeous angle of yaw of the,wire, and ~ the effective ~ 

normal component due to longitudinal c001ing. It i8 possible 

qN and !' ....... 
the orthOgonal ve loc ity compo-to express in terms of 

fi 

,~,.;,,,,, . 
~ • :11 

~~ 
, 

nents and the wire orientation, and <le can be written 94Wleral1y 

as .. 
l , 

-> 
: " .. i C

! L4, "" 9" 
.~ 

"'" or.. (7.-> '.' 
.-~ 

i ~ , <> .. , ... <, .... 1 ... ' 
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7.3.3 Voltage respon,e of lineari!ed !Iatem 

por linearized operation the output voltage 18 propor­

tional to the "effective coolJ.ng Velocity. u and at calibrl­. ( 
, tian con'ditions 

E 
,Uce ·'" 1: _ 

c 

where C is a.constant of prqportionality Obtained by cali-_ 

bration. This calibration ia obtained vith th. vire posi­

tioned in, turbul.ent flow of moderately 

Of, should he sufficlent, R.P. patel, 1968) \ 

arallcl to the calibration veloclty Uc 80 
" " 

" that both the V and W components are equal to zero. 

The volt~ge signal obtained in the test turbulent flow 

• is composed of a mean fluctuatinq component produced by the 

me a 1'\ and fluctuatinq components of <le. 

-. ~ +~. 
C C 

The'time dependent or fluctua~inq signal i8 given by 

, 
~ e - -e. c 

(7.6) 

and the mean signal by 
1 -

.e. ~ Ge - '1: -'C C , .. 
(7.1) 

• 
, 

• 

'f 

; 
)~ , 
" 
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The quantity d~ can now he 8~en to represont the varla-
. , 

tian of the effective coo1ing component about an operatinq 

polnt whose voltage on tne' Icalibration curve corresponds to 

a ca~lbratlon veloci~ uce • From equation (7.3) 

(7.8) 

where a c ~ 0 and Ac ls obtained from figure 7.2 when V = W = o. 
, For these conditions 

Equation (7.6) 18 now written as 

, 
e - = E 

It 15 possible to evaluate dqe by carrying'out a series 

~xpansion of equation (7.4) about the operating point and in- , 
) 

, 
terms of the velocity components u, v and w. This ls done 

such that the equation for ~ will ~ontain terms of 0 l€31. 
This will yield a mean square' resp~se, valid t'O 0 (e4] 1 i.e. 

u· 4 
to terms typically like -:4. The results of this calculatlon 

U 
are given, ln the followlng section, for some specifie wire 

posttions and the reader i5'referred to the original work 

for details. 

7.3.4 for s fic'wlre orientations 

g • 

It vas pointed out ln section 7.3.1 that four relponse 

.. -
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equat10ns are requ1red ta obtain t)1e Reynold •• tr ..... Uld' 

tw~ to obtain the mean ve10cltlea and tbe poeltlon. 91~ 

below are chpsen for convenlence. 

Pos1tion l (see figure 7.2 ) 8 - 0, a - 90 0 

MEAN: 

where 

TURBULENT: 

'. \ 

-~ 
e' 

- 1: 

E~ 
v'" ~ 

+ ---U:, ~ 

2' 

+ ..1.. [~4 _ ~] 
4 ~ U~ 

Position 2 (see figure 7.2 ) 8 a y, a - 0 

MEAN: 

where 

" 

(7. 10) 

(7.12) 

(7.13) 

• 

1 
" J~ 

1# ~~ 

~ 

,J 
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" al..,z. 
+- ----~"t Ur! 

N ' ~ 
Uc'! - .. -.. -~ 

... 

figure 7.2') 8 ::1 180° ~ t, a-O 
~. 

;Ji V , 
'II:. \ -. CAsl"'P - -Uc.. 2 ........ Uc..~ 

, 
-. ..:" 

• 

-~ -"~,~ .. -.. ~~, 

-r . 
'~ 

, 
,f (7.15) 

(7. 16) 
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Poaltlœ " (aee figure 7.2 ) 9 - 0., (J • ., 
-' , 

whara 

TURBULENT l ' 

\ 

, 
\ 

\ 
\ 

~ \ 

{ 

.. -'-
4"";'~" (7. 19) 

1 

~ , r 
' 
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7.3.5 Bquations for Me!n y!locitv and Revnolds Stresses 

7.3.5.1 M!an y.locity 

Th, four JDean velocity equations permit a number of 

independent evaluations of the two unkndwn components U and 

v. 'the equations given below, wbiàl do not represent all 

the pos6le ~OlutiOllS. are sufficient to obtain a check on' 

the measurements. 1hey are aIl written to 0 (€2). 

prom the two slanted wire equations (7.12) and (7. 15) . " 

(uv plane) 

v-
{ 

u= 

From equations (7.10) and (7.18) 

u • (7.22) 

and substitut1ng equation (7.20) ,into (7.10) 

'the last equatlon, fre. the normal wire re8pOllse, ls 

prObably less subject to error fram wire misallgnment and 
• 

tnadequate knowledge Of the wire ang~ "1 and ls ther.fore 

• c 

,­
" 
J 
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probably tbe most accurate evalua~ion of U. A. the correction 

terme are of 0 l €2] it i. not nece •• ery tbat they ahould be in 

"corrected" f~m'glven by the followlng section and hence they 

are subscripted 'm' for 'measured' value or value calculated 

by neglecting third and fourth order terme in the 'turbulent' 

equatiOns of section 3.4~ 

7.3.5.2 eeynolds stress aguatians for 8ing1e alanted 
ires having k - t €l 

It is convenient ta express the corrected Reynolds stresses 

in terms of coefficients multiplying the measured quantities • 

Defining • 

-
û.

t 

c • t ~ 
-;i 
u .. • F-;t "lI __ 

-, -• • 
UUc, - G • • - u.v~ 

--;i - \ 

" 
.~ 

Wc. CI co",.. 

the values of E, F, G and H are: 

,i~' • -v .. 7* aV ;J.ù' . '. E U" • \ "" u:. - ~ Ua. ~ <.~ "- . ~ "--
- ~ { ;14 _ (;;-)~) ,a '. "" 1--t 
~U" 4 u"~ "'-.... 

• 
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F • 

\-\ . + 

+ 

(1.26) . 

(E.-\) Ji ,,,' d'à 
~i" ~!."'" c.l" U' ~ 

-..... Ue..) 

Û~~ 

(1.21) 

and ft 
whore the correction, factor E appears in FAdue to the itera~ 

tion required for consistency in arder of magnitude. (Details 
~ 

regarding tho above equation are again available. in Guitton, 

1968). Note that to the order of magnitude beinq considerad 

the longiludinal cooling corrections appear only in the fir8t 

term and consequently i~what follow. theae effects will no, 

, , 
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longer be considered and the measUf'ements will be concerned 

solely with the high intensity turbulence effects (k = 0 in 

equation (7.25) or (7.26). 

7.4 APproximations to the quadruple correlations 

l The complicated correction factors presented in the 

previous section can he reduced ta forms more easily measur-

able by introducing certain plausible apprOKimatlons Whicb are 

justified later. A survey of experimental data (see Laufer, 

Comte-Bellot (1965) and Heskestad) for the circular pipe, the 

two-dlmensional channel and the free jet and wall jet in still 

air indicates that the flatness factors of the fluctuating 

velocity components are approximately constant in the flow 
. 

region of interest, and ~e given by 

-'" (7.28) 

the value associated with a GausBian~distribution of intensity. 
, 

A comparison of the correction coefficients obtained by us1nq 

the actual measured flatness factors, 'with those calculated 

from the above assumption, is made, later and shows 'a completely 

negligible difference. Relation (7.28) will therefore be 

assumed in the following discussion. 
J , 

f The fourth order correlations such as u·~·2 and -v·2,.,·2 

can he reduoed by noting that the instantaneous signals v· 2 
1 1 

and w· 2 are composed of mean and fluctuatinq componenta 

'>1' 

~
,,,, . .. 

~, 

... "" LI 
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v. ... ~ .. ~,(~) " 

t' 'tf • :J' ... ~. (~) 

'. - ~ .. (~) w • w" ... 
(1.29) 

wtuare - --
tl~\ .. ~.l~) 1L ~.t~) .. (:) 

Taklng the product u' 2 and v,2 yi.lda 

-a4,.".a .. -- -.t.. r r 
li. 11 + l,la 

and uainq equat10ns (7.20) and (1.30), lt can .aally b. ahown 

that 

1 L (1.31) 

The condi tion for zero f 1 f 2 in (1.30), corr.apondinq to 

the 10wer !J.mit ln (7.31) • II that th.re he no correlation 

bat.", •• n the magnitudes of 
.. 

ut and v' but 1t la evident lrom 

even aimple mlxlng length argumenta that u' and y' are 

definit.ly correlatad (note that HSBk8stad .I.umed the lower 

l1mlt). The quadruple correlation u· 2v,2 app.ara rn the 
\ 

correction factor. E and H. The formar ia amall and for lta 

calculatian lt li Judged acceptable to tak. an ar1thmetic mean 

• ~r.aa for üTVT • 0 it li neoea.ary and aufficlent tbat 
the 11q,n, of u' and y 1 ~~14 be uncorrelat.4. 

, 

~t' 
\ 
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fol' equatlan (7.31:) and to •• 8\1.' • 

.,J,.,,'. __ -- -:w •• 0 

~~ 
(7.3~) 

Por the latter correction, the correlation may contrlbute 

.1gnlflcantly to the re.ult and for th!. re •• on'the factor H 

1. le •• certaln. 

ln contrait ta the above, mixlnq length argument. would 
.1 .. 

prad let no correlation betw.en u' and w' or betw •• n y' 

and w' .uch that 

,J·w· -;l 7e • " W 

ul ';' • Je::;' 
2;; ~ (7.33) •••• Ulle.» • «AI 

If correlation. dO,exiat betwe.n the magnitude. of u' and w', 

and y' and w', then equatlon (7.33) repre •• nt. con.erYa~iye 

a.tin.at •• and .hould make the correction coefficient. lMr 

than actua 1 • 

It can be •• en that the hiqh intenlity correction factor. 

reduce to tbeil' .1IItp1e.t pO.lib1. fora ln a~ f10w where V • 0, 
1 

and an Appreciation of their importance can ba obtalned by 

lnveltlgat1n9 two fiowi whlch dlffer wldely ln thelr lntenalty 

'. 

~J 

" , 
r. '. 



level.. Ixperimental data i •• v.1~abl. for two .uch flowa, 

fully dev.loped turbulent flow in a circulaI' pipe (Llu'fer), 

and the free turbulent jat in etill air (~.aur.d by He.ke.t.d 

along mean flow streamline.). The •• flowa and thoir ••• ociated 

correction coefficient., a. weIl aa .ame n.w mea.ur.ment. in 
, 

the pipe, are dtscuss.d in .ection. 7.5.1.1 and 7.5.1.2. 

7.~.1.1 the Circular Pipe - ExP,rimant, by ,.yl,r (1953) 

Laut.r has measurad certaln,triple and quadruple corr.­

lations relevant to the correction coefficients cited in the 

previous sectiori, by using an x-wire and proce •• ing th. indi­

vidual 8um (e'A+B .. u') and diff,rence (e' A-B .. v') alqnala 

as shawn in figure 7.3. The ratio meter d,termine. R .2 • 
trom the relation • A-B' Af-S 

, ?-
+ K e"" •• 1 , ... R 

t 

\- R 

provlding the slgnals are equalized by adJuating KI' befo~e 

the mixing circuit. Lauïer hae verlfled the accuracy of the 

technique by measuring the correlation coefficient 

and comparing thi. with mea~urement. obtalned by the conven­

tional method uslng an x-wire and with th.ory. In hi. higher 

Reynolds experiment he found excellent agreement betwe.n th •• e 
r 

technique. and therefore only r.suit. trom thi •• xperlm~tal 
< 

condition vtll be consid,red hare. Lauter ••• ur.d triple 

correl.tien. to ob"in tb. convection t.m in the turbulent 

, . 

, 

... 

j' 
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en.rfY .quAtLon and Lt trln.pi!" .... ,chat only the eorrlotion . 
Thil il not 

t 

• mAjur l"eunv."i.n~., howovor, boe.u •• Lt will ~oomo ovld 

t.hlt th. lht@IUJit.y oorreot.ion. in the pipo Ar. oMtr.mol y A'Mil 

Ancl e~m h~ Qrr@t't.iv~ly notJlet1talu1. The flctor hl. b •• n olleu­

l"t.d Aud 1 ... hown, th 'Lvur •• ,.~. riQUr. ".~ Ihow .. th •• tl.ct 

ut (1 on th~ "Iv)! mg,unt",cuMntll!l m.-40 by ~Atol (19G8) UI.ltH;J " 

DilA typg ~~~9 ulnqlo .1A(tOd wi.ro prnb~ hlyln~ 1 ar~OO ln 

tu 11 y a"v"lUI"'" tu rh" 1."!1I 11'" rlow, Th. tnt.nl tt y tl~ltlUOl1 
1nlVrov~. Il t <lht..l V tho IH,fl·.omcmt bal;w".u t.h.,. t,hoory ."d .xpor i-

nl~t\t. (After th" lnltif\l mcuut\lrc:Jmcmtll hAve ho.n oorrwotod lur 

lon"UutHnAJ cool tny .tt.N~.) ilnd th. rOl1\A1111n9 dt."r"pAnoy 

egu h1 bo r~m{)"od by t'I\O()1I1t\Q A 1) 1. ~UCl r k. 

N.b. In thr ... o~t1on t.ho valocit.y (lamponont, 
ut .u\d v t :!' t.ft09C1ntlAl: And .NorlM 1 to the 
.tr.AIn,l. 1110 ~ 

~ "''''Ufdl,*Ut .. ot th. fr ... Jet ~1n .till alr hav. b •• 1l nvaA. 

by Ml C-"rul Com1no. ( 19~1) 1 <-' van .1 ... 1101/1/" Z lli!iotn t'19~8) and 

}I •• k.~t.d (1963). ot th .. thro. oxpcar 1n.ont., Il.lka.t,,d· 1 

rOMul LI •• om llr.torAulo ~CAU'O hi. IMU'M\aromont:. • ."or. carr-104 

O\lt to e- .... lob COma.»AfOd to e- ... "0 tor MU 10 .... -nd Comin;. (x.1. 

tho di.t,nle. from the Ilot and b .... th. Ilot w1dth) Ind th. ' 

tUfbul.n~o mo •• ur1ng equ1pmont and tochnique. w.ro more 

.oph1lt 1c:atod. 
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•• k.atact ha. alao correcte4 -hl. Reynold. .tre.... by .. . < ... 
uaing c~ectian coefficient. which ( ... latar paragraph for 

~ / ~ ~ 

di.cu •• ian) require triple and fOurth ~er correl.tian. '!he 

u·v· 2 correlation/vas calculated by taklng the ti .. averag. 

of the cubed inatantaneou. fluctuatlnCJ vOltage reaponae of a 

.ingle slanted vire. In th. UV plane thi. procedure-yielda, 

to firat order 

() 

and 

• e. -E 

--.~" U. 
'IL-

U~ 

{' , 

(1.35) 

Tbe correlations vare found by .aasuring e,3 at four different 

• •• • vire angles, -5, 60, 90 and 135 and aOlving algebraically. 

This method, as indicated by Comte-Bellot, tends to he inaceurate 

because the poSSible errors lntroduced.by sliCJht vire .i.a1ign­

_nt and the neglected higb intenaity:ter .... , _y ~ a aignifi­

cant portion of the aIM11 signal e .,3. 'rhia probably expla1na 
. 

the large acatter in Heske.tad's reaulta (Piga. 21-2\ of 

Heakestad). 
'--

. 2 ' 'the u 'v' correlation va. obtained by foralng the ratio 

of th. ..an square response of a nOl'lMl vire ln the UV plane , 

" (equatian (7 .1,7) 1 - 900
) e, Plnally Beak.stad obta1ned the ter. 

V 'v' 2 fr.. the a.sulIIPt'ion 
l' 

, , 
~ 

, ' 
l 
,; 
. ~ 
~~ 

~ 

1 
o _ • 

-\- _ - ~ '" r::P' ~"' •. r~. J." 
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The re.u1tlng lnt.nalty.corr~tion coefficients obtained 

uaing Beskeatad'. meaaurementa, are shawn ln figure (1.6). 
The intenalty correction8 to u,2 and UTVT are nearly constant 

l 1 

and of~der ~ 'and l~ respectlvely. The correction to' v,2 
- " 

ls ~rge at J Y/Ym/2 - 1. aeyand thl. polnt the corrections ar. 

auspect because the flow ~8 intermittent and the lntenslty 

becomes so high that it is lnsufficient to limit the,correc­

tions to 0 (€~). 
, 

The coefflcients F and G are "shawn in broken down form 

in figures (1.1) and (1.8)rto 111u8trate the weiqht of each 

contributinq terme It is observed that no particular term 

domina tes so that lt 18 not possible to further simplify th. 

ana1ytical correctlon factors. 

A compariaon between the present calculations and 

• Be8kestad's resulta is shawn in figures (1.9) to (1.11). 

Beakeatad's coefficients are 91ven as (note that the subscrlpt 

to U doea not impiy 'measured value') 
m 

(l;) 
ï1 

- fi t~L U'" c. 

-- ~ 

'(-~~ t G, ( lA"') - U!--

• lI 

'0 
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and th. pr ••• nt r.lult. ar. aooordtn91y modlfle" to aacount 

for th. lntonllty Gorreot1on to Um - the "Xl.uM Jet ve1oo1ty. 

Renee 

'J' • 

, . 

E, (~) • 

which uI1n9 .quatian (7.10) yl.1da 

~ E, t ,- -7*) " Co • U~ :t •• 
u'M 

or 

E • E, ( \- .;t') ua '1-0 
l' 

Similarly , . ' 
~ 

F • F, t ,- i· ):1- 0 

• ( :;t G \- J!: 
• U· )l- 0 

Figurel (7. 9) to (7 .11) Ihow the dl.cr.pancy bot ... n the 

coefficient. whieh li •• pecially lignifleant for P. !he 

difterenc. i. not dûe to allumptiona about the magnltude 

of th. flatn ••• factora, nor li lt du. to th. additional 

correctlon to Um (which S •• k •• tad may not have lnclud.4). 

He.k •• tad unfortunately doee not pr.l.nt th. cq,ffici.nta 

in analytical form arid it il tber.fore not pO.libl. to .. k. 

a more direct campari.on. 

~ Egul11br1qm WIll Jet. Ln 8&1\1 Al; 

The apparàtui and .x~r1mental cond! tienl wer. 14entlcal 

" , 

1J,f 
:.j, 

~_. .~. ....J! , .. 
~~If~' ________ """. 
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to those deacribed in Chapter 5. '. 
The method u.ed to obtain the triple and quadruple cor­

relations diftered fram Laufer'~ and Heekeatad'a. In the 

present experiments Disa equipment wa. uaed, in conjunction 

vith a precision full wave rectifier, and ,the .chematic' is 

ahawn in figure <r.3b). / 
~ ---

A Disa miniature x-wire was mounted vith its ste. parallel , 

to the plate. The linearized 8ignal. from the tvo ane.a.etera 
o 

eontrolling each vire were fed into the tiret correlator. Thia 

instrument was used simply as a 8ummin9 and difference device 

such that the s1gna1s eA- B and eA+~were respectively propor­

tional to v' and ut. This is, of course, only po •• ible if the 

wire calibration curves are 1dentical and thi. was assured by 

ad1ustlng the operating resistanee of each wire to Yie~d equal 

oc voltages at the maximum calibration velocity. ,lt tranapired 

that the voltages remained equal for all subsequent lower 

velocities, thus yielding a single calibra~ion curve valid 

for bath wires. The validity of this technique vas checked 

by measuring v,2 in the pipe and excellent agreement wa. 

obtained with R.P. Patel's results. 

If, for example, the correlation y·u· 2 Va. de.ired the 

,signal e'A+B was passed through a full vave rectifier and 

then squared ~y the Disa Linearizer. The rectifier - the 
.. 

only nev piece' of electronic equipment required - was necessary 

because the linearizer dosa not accept negative aignala. 
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Pinally the 8igna,ta e' A-B and e' A+1t were fed into the aeccnd 

correlator and the coefficient 

J 
, . ,e 

e~_e e:" .... , 

,Ri ,- 1 ~ 

fi!. fl!. ft ..... " vbez;e 
e. .. _e 

vas read dlrectly on the ratio mater. It should be noted that 

Rf ls not' the actual correlation coefficient becauae the Disa 

correlator can only accept the AC canponent of a signal and 

e 'A+82 has a OC component. The manner in which this affects, 

R can be shawn by finding the correlation of the two signals. 

, 1 

!he actual correlation coefficient ls 

R -

where -. , e,e. 
-RR: 

A nu.ber of tests, incloding the measurements of skewness 
. - - 3/2 -:4 

f,ctora (e. 9. u' 3/( u" 2) ) and fla tn,esa faétors (.a. 9. u' / 
-2 

(u· 2 ) ), vere made to assure the proper functloning of the 
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• y.tam and th ••• ara de.orlbad in .~h. orl0inal work (Quitton, 

1968). It wa. not po •• ibl. to me •• ur. th. correlation and 

thl. par.mater we. Obteln.d by notlnv that the .Kp.rlment. 

vive 

If lt 1 •• aaumed that 

then 

The correction factors E, P, Gand H abtainad fram equa­
: 

tion. (',.24) ta (1.~6) are ahown in flgur •• (1.12) to (7.15). -
The correction$ to u· 2 ar., lika 1n the fr •• jet, amall and do 

not exceed ~:(, axcept lor y " Ym/2 whora th~ correction. are 

lU'plct (aee diseu.aion of plane fr •• jet). Th. tranaverae 

.tr.a. v· 2 1. again .hown .uacaptibla ta large errora which, 

unexpectedly in ~h. plane wall jet (which l, a, lower 1ntenllty 

flow), exceed tho •• of the free Jet ,.and the Ipirala. The 

fol1ow1ng reaaona sU9ge.t why th!. n.ay only he an apparent 

lnconai.tencyl (a) the cor/rectlon factora E, Gand H vary 

ln a p.rfectly con,latent manner, (b) in figure 7.13 it ia 

Ob •• rved that at amall y/ym/2 the value of , for the t · J .pital 

axeeeda that of the t - l ca.e, and if th1. trend w.t. contlnuod 
< 

the plane wall Jet reault, would be1plauaible. Th. eorreet1on -

" 

" "\h 

factor to ~'!'. H, 1. very larq. and, of all the tertU contr1b\at1nv 
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to It~ the correlatlon u·2v· 2 18 by far the .ost tm,portant. 

Dl calculatJ.ng B~ equatlC1l (7.32) was used~ and ln vlew of 

the uncertaJ.nty of thls assumptlon the value of H should be 

regarded as uncertain. 

7.6 Conclusi<!!s , 
(i) ~ tntensity corrections to u· 2 are 98nerally 

amall and of the order of 5f, ln the free jet and plane and 

curved wall jets. 

(li) The shear stress intensity correction in aIl the 

flows 16 of order &,c over II08t of the raglan below y 

(iil) The correction 

in the free and wall jets. 

the correctlon la 

-
to v' 2 becomes large for 

J 
At Y/Y~2 = .32 ln' the 

< ym/2 

jet, 

and at Y/Ym/2 = 1 the correctlon la unlty. In the frée Jet 

the correction at th!s point la 

~ 

and i8 also a minimum. ~IOW, y/ym/2 ~ .5 it ls surprlaing 

that the correction to v' 2 in the plane wall jet is larger 

than the correction in the .are intensely turbulent flowa but 

close exaDdnation of the data reveals a trend which inttmates 

tbat the results are conslstent. 

-
(lv) " 'the correction to w,2 18 generally very large but 

"~ 
"'1 
'-" T 
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1. eu.pect due to uncerta inty in ~ cor:relatlèn u' 2y' 2 wblch 
" 

1 .... the .. Jor cœtrlbutJ.ng bra. 
1 

(y) ln the pipe the lntena1 ty cprrectlcne. •• expect'e4 
... 

are smal1. 
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rlu'b-ttwut.t4 III!tad r11 

in Still 6.&.' 

8.1 Intr~ctloD 

1 

1\ dov ieo ".ael tOI' mo"aur 1n9 .ktn lr let 10n ln a turbulent 

boundnl'Y lftyor .hou id. ld •• lly. moet tour bêalc roquiremont •• 

It IIhou 1<1 uo 1 
u , 

(" ) aimplo to mnnutn'ctura (or ro"dl1y aval1"bl. 
\ 

comma re 10 11 y) 
\ , 

(b) ./\11) Y cnllbrnlud 
\. 
,""" ...... If ... t 
( 

(c~ inlcmaiti.vo to thu Iovol And Ical. of turbu­

lance naar tho wftii 

, 

rondl1y corroctad for pro •• uro qrn 1.~t .lfocta. 
/-

. ~ 

T"blol.l 1 tata "dvltnt"q •• and diladvnnta901 of h. malt cana non 

tachniquo. ullad for moaluring wnll Ih •• r. Dav whlch 

rom,,!n in th. 8ublnyor are to ho proterred 10 they do' 

'not !nvoko un1vorMa~ity of the law of tho wall or the turbu­

lent pnrt or tho flow. Among thola the Stanton'tube and the 

boundary layer tance are the mo.t comment But tbay have an 

uncertain rospon.8 to veloc!ty fluctUAtionl (8rad~haw and 
Utd 

Qregory, 19;9), thair calibrations Dre dependant on y 

(d - height above aurfaca): and thoy are .ffected by dUit 

and other partiel •• in the atream. ~. flulh .ountad'h •• ted 
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. lilm, on the other hand, doea not., int.rlore phyalca11y vitb , 

tho flowf It can bo o.ally cle.nad and 1. relatlvaly aimple 

to construct nnd mount. Furthermoro, thore i. atrong avldonce 

(Brown, 196'7) tlolnt with ft proper1y de.ignod probo, the ca1i-

brati()nll in laminar and turbulent boundary 1l\yera can ho mnM 

idonticnl. This 18 an lRlpra.siva qUl'llity 1n v1aw of the hlgh 
,R2 

turbulonco lovol (7- ';:ts 32~, e.g. Mitchell "nd tlanrl'ltty (1966» 

in the ViSCOU8 sublayor of the turbulont boundary layer in zero 

pro.suro grlldiont. The hot film thttroforo 1. upoful for 

mGa8UrOll'lUnta in a wido vnrloty ol oxperin.ontal configurations 

and wn8 chouon for thosCl moasuromenta in th. curved wol1 jota 

-in atill air. In the plane wall jet th. turbulence intonaity 
1:. 2 

U w.tthin the Vi.COUD subloyor i .. , aurprlaingly, about the 

same ns thnt for ft turbulont bound"ry layer (Kohnn,_ 1966 f 

Tal1lnnd l'lnd Ml'lthlou, 1967) and" thorofore It should not vary 

appreclnbly if tho jet i8 curved. 

Tho surfnco hoated olement h~ beon studiod by a numbor 
/~ l' 

of nuthore Qnd ils history Is well reeorded. (Bellhouse and 

Schultz, 1966). Ta permit highly 10callzed ,mensuremente and 

ensure mobility it has bocn developed to consist of a very 

narrow ~1P of: metallic fil~ (usually p1fttinum) doposlted 

on the smo~ and of ft sm"ll cylindrieal rad (uaually glass) 

and connectod to external terminaIs wlth conducting paint. 

(o.g. the commercial Disa flush mounted hot film probe - ••• 

Section 8.3.1.) The above assembly ia eneased in a aleev. 
, 1 

of low thermal cQnduetivity 80 aa tQ foim a rugged probe whlch 

can be read1ly moved from one poaition to another. A calibra-
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tian curve can ba abtalned by pla~ln9 the probe ln a flow ln 

which the akin friction la known and ralatinq th. heat lnput 

ta the local skin friction. BollhoUSQ and Schultz have shawn 

that the calibration c~n bo repoatod wlth littlo .catter 80 

that ~w can he measured ta L 3%, but they obtained difforant 

calibrations -in laminar and turbulont boundary layera. 

(Liepmann and Skinner (19!)1!) had prey lousl y cla imed identlcftl 

calibrations in laminar and turbulent flow but Bollhou8o 

pointa out that tho scatter in thelr rosultB does not warrant 
. 

this conclusion.) Brown (196'() haB rocontly shod light on the 

controversy by obtnlnlng ldontlcal calibrations with a probe 

especially deslgncd ta I1mit its hoating cffecL to the vi.cous 

sublayer. The design 8uggestod by Brown attempts iO reduca 

the hoat lost ta the material around the film (and hence reduce 

the effective str~mwise length of tho elemant) by shielding 

it with a circumlorential air gap which la in turn surrounded 

by co~r. Reducing tho clement 1 s stroamwlse langth th!ns t.he 
1 

thermal boundary layer and wlth thls method it may be possible 

to obtain accurate cvaluations of the skin friction. The oxpèri-

n.nts descrlbed in this report wore done wlth a Disa hot film 

probe which has nelther air gap nor copper heat conductor. 

However, on the basis of a criterion developod by BroWn (section 

8~4.4) the resulta indlcatod that the haat transfer was alway8 

lirnlted to the sublayer. 
\ 

An element ia most uaeful when it can be calibrated in a 

known .imple flow and then moved to the flow under inve.tlga-

tian. ~ut it 18 often the case that the callbratlng apparatu. 
f -

, 
\ , -

\ 
\ 

" 

1 < 

.~~' 
{ " , . . J." 
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will bo conatructed wlth a differont material ot dlttorent 

physlcal tora. por example, in the MeOil1 University low 

apeed aerodynamica laboratory it wa. tound moat conveniont 
• 

to uso, as a calibrating flow, a long brasa pipe which had 

heen carofully aligned and thoroughly checked by R.P. Patel 

(1968). The film was then used to measure the skin t~~ction 

in ft turbulent boundary layer, a plane wall Jet boundary 

layer formed on Il plexiglas surface ahd in the boundary layer 
, 

of a curved wall jet formed on a wooden 8urface. These 
~ (.;. J 

measurements wcre complicated by the tact that there was a 
. 

different heat 1056 to the materiai lIurroundlng the film ln 

the calibration and the subsequent test runs. Sinee a 81gni-

ficant proportion of tho total heat input leaks to this 

J materlal a sliqht difference can lead to signlficant errora 

in moasu~ed skin friction. This problem, ~!r&t identified by 

Liepmann and Skinner but not yet invostigated by any Author, 

18 resolved in this chapter. A simple technique is developed 

and it i8 used to determine the skin frictlon in the pIano 

.~"'""~ " . . , 
" 

f 

-.) 

'11 

and curved wall jets in still air. Information on the validlty 

'. of the law of the wall ln these flowa 1& therefore obtalned. 
, 

The investigation 18 ~i~ited te air flbw at Jow Mach nUmDer& 
~ / 

ln~whlch the temperature is uniform far away trom the heat 

element. 

8.2 
,j 

Theoretical DPproach to the heat 108S relation 

8.2.1 Qtnopal 

por the purpose of the discussion it la ua.ful to aub-
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divide the total input of beat flux {o the film as follows: 

(~.l) 

where ~ represents the beat flux transferred by eitber forced 

or free convection from the film and surrounding material to 

the flow and q is the remainder. (The maximum film tempera-s 

ture conside~ed is 185°C and the he~ transferred by radiation 

can be neglected. Also, fhe experiments are at sufficiently 
.1'11 

high Rernolds numbers't~6rbulent flow) that the natural convec-

tion i8 very smali compared with the forced convection.) 

The requirement of any theoretical approach is a relation 

between q and ~ valid ln any pressure gradient. This can 
a w 

be dane by: (i) dimensiona1 analysis (Liepmann and Skinner, 

1954) : (ii) obtaining an eXact solution of the energy and 

momentum equations (Myers et al., 1961: Spence and Brown, 

1968): (iii) integra1 methods (Curle, 1962: Bellhouse and 

Schultz, 1966: Brown, 1967). The next section presents a 

dimensionai analysis which is more formaI than that used by 

Liepmann and Skinner. The other theoretical pethods are 

briefly discussed in section 8.2.3. 

8.2.2 Dimensional analysis 

The beat transferred, ~, from a beated surface due to 

fOJ;'ced convection within' the viscous 8ub1ayer whQn the 

pressure gradient la'zero will depend on: the skin friction, 

the temperature differen~ be~en the film and the flui~, 

~ \ 

.. 
v • 
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\ 

" 

, 
<, 

; 
-A 
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~
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1, 
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'''- ~ 

th. flultl properl:iea Antt a hun\bor of pftrAmtttarM d •• cribirfg 
o 

th. ,,_oluglry and compOlt1l:.1(}t\ of the mat.riAl lurro\UltlitHJ 

the gl.~l1t (c~~~)~,tr"te) 

\, ~ 't' .... (,. t .. T,). ,.: • l, u.a : r . 41 • " ~Cf. .u\..,",.~. 
~ .... """'.~ ..... 

Thor~ Ara Civu nUHlAlflQlllal unitl' ~1I8 (M), lcanyll\ CL), 

t1mcP (l). l~n\)lerALui4g (T), hoftt (Il,) ... The flltHIAI1\GntAl di",,,",, 

ChAIHJO h~lwpel\ mQl'!u\-nh'nl An\) th9rmnl q\lAntlthuat CI.\J. t.he 

heA\. pru~hH'ESlt by fhlitl frtcUon 1. iluHqtlJt'h'Aht (!ompnret1 ta 

thAt lrBtlFlrel rel' hy th ... extel'IlAl l'ource. Olmen. tonA 1 rOA.on" 

in.., yh,hlu 

Th!. very hRaie f\UH't,looAl r~lAt1on.hlp cnn !Je r.Cluecl by 

1,,\pl1~ll1y lnt.l·oJ\,cin9 the huundAry 1.I'tyca a .... umption. (Newman. 
'. 

19(7) inlo the din.cm8iona 1 anA 1 yli.. To do th!. .. , it. 1a not.d 
l , 

thftl ln A boundary lAyor two approxlmata~y lnd~pandant trAMa-
r ( 

port ",odos axiall ~onvoel1on 'or vOl'ticlty (alld hg~t1 in. the. 

x dll'oction (not aigu if iCRl1t in th. y dil.:actl0n) And d~ffu. ion 

of the.a quttiltltlaR ln tho y cllractton (not alÇJniflcaht in the 

x dlroctlon'). Thui t-wo lan(jth .cal •• ma'Y bca ct.t1n.d', Ll 

a •• oci3tod wlth tho .t:reamwi.e d.lroctlon x ~nd L
2 

aNoaiftted 

w1th y. The dlman.lonl of ."ch parâmater ln aq\1atlon (8.2) 

'~" !, 

1 
1 j 
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thor.foro ~ 

Q 

and boc.u.~ p ha. dlmon.lon. g 
LI L2 

ainee 

Sinee vortlclty 1. predOlllnantfy dlffulecS ln t'- y direction, 

th. abov. _re.ult i. perhap. obv'loua -'and could have bo.n 

wrltfon by ln.poction. Ullng ai.11ar Ir9Umenta 

(8.6) 

The ot.hor p~r.mat.r. have dlmanalon. whlch ara .. lf-evident. 

In relation (8.2) thera are now~A!lefundamental unit. 

and dlmanalonal an.ly.i, yield! 

and the heat IOlt by !oreed convection Iram the aurface el.ment 

la proportional to the cube root of the aurface ahear 

.. r S _ 

~~ 

~ 

" 

~ 
'.il 
" , 
1 



r CIr""" . , .. 
.. ""r' 

lt -'(.; . 

r ,. 
rf .. 
»' , 

, , 

IT -
- 131 -

(8.8) 

if the substrate parameters do not iqvolve the length scale 

L2 whi~h seems likely. Liepmann and Skinner derived the same 

result by study1ng the Rayleigh problem • .. 
Substituting equation (8.e) into the heat balance, 

equation (8.1), and noting that 

e.'2 
,~. R~ 

yields 

-
(8.9) 

l 
which is the working relation for analysing hot film results. 

This equatlon is compared in the following section with the 

results obtained by the integral and exact solutions. 

8.2.3 other theoretical approaches 

For: (i) small ~i: (ii) a "top hat" or recta~lar 

temperature profile of length! : (iii) constant fluid pro­e 

perties: and (iv) an infinite aspect ratio. Both t~ inte-

gral and exact analyses give , solution of the following form: 

(8.10) 

• 
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(,ee for example Brown', equation, (5) and (11». In the 

1ntegral analY818 'e~ the length of the equivalent rectan-

gular profile, i8 deflned by the relation 

whera the intcgral is 8valuated over the heated portlçn of 

the surface. For the "top-hat" tompera,ture d18tribution at 

temperature Tf' which may be particular1y applicable ta 

Brown's specially design~d prObe\Spence and Brown obtalned 

a ~ .807 and b a .10 by an exact olution of the boundary 
. ~ 

layer energy equation. In zero dx ' subatituting 'a' and 

combining equation (8.10) with (8.1) yieida 

.. + (8.11 ) 

Brown calculated ~ from eq'uatian (8.11) using the .lopes of 

calibration curvos obtained in a 1aminar boundary layer wlt~ 

a probe of nominal size twice the present Dlsa model, and ln 

a turbulent boundary layer with thé air gap probe previously 

discussed. He found ~ to be respective~y two apd three 

t.j.mes the actual physic;al 1ength Of the film. A1though th!s 

differenco may be duo in part to tho theoretlcal assumptlons 

which pormit the determination of the constant (a 2 1.9) ln 

equat!on (8.11), it ls prlmarily duo \0 substrate heatlng. 

This discrepancy between the calcu1ated and physlcal lehgth 

of film illustrates the difficulty of keeplng Qe small whlch 
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ia desirabie t.o 1imit t.he thickne-.s of t.he thermal layer and 

ben ce Jteep the heat transfer with!n the vi.eous sublayer. 

Furt.hermore, it casta doubt on the assuq>tion of il tOp-bat 

t.emperature distribution. 

The above evidence, eombined with the knowledC)e tbat a 

very precise heat transfer relation is required (see section 

8.4.5), indicates that a eompletely theoretical approach to , 

the problem does not eliminate the necesaity for calibratLng 

a probe. The usefulness of the theory ia that it provides 

Càrrections for the effect of pressure gradient and furnisbes 
~ -,. , 

design criteria (e.g. how to maintain the thermal layer with-
• 

in the viscous sub-Iayer). 
\ 

) 

8.3 Experimental Eguipment 

8.3.1 The flush probe and mountinq 

The hot film probe used in the experiments was the stand-

• ard Disa sub-miniature model type 551\92. 'l'he platinum film 

had an aspect ratio of 5 wlth smaller length, L = .008- in 

the streamwise direction. In ~ll the tests the probe was beld 

firmly in place, f~ush with th: surface of Interest, by means 

of the special mounting shawn in fig~re 8.la. A number cf 

these mou'htings were glued into the surface with epCDCy cement 

* , 
Disa Electroni~A/5, Herlev Dénmark supp~y two flush, b~­
film, probes type 55A92 and 55A93. The latter has a quartz 
,covered film to permit measurements in canducting fluide. 

~ 
, 
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and were eanded and pollah.d 10 aM, to bo porfectly amooth and 

fluah. The probe, fitt.d on th •• tandard miniature hot-wir. • 
holder, alid through the hole in the thre.ded pluq and wa. 

he1d f1ulh (see expérimental procadu~.) with the .urtace of 

the mount1nq by mean. of ft .qua.hed '0' rlng. The mountinq 

va_ made of bras. to a •• ure good conductivlty and compatabil­

lty with the brase pipe ua.d for calibration, 

The hot-film probe W88 hented and malntalned at constant 

te~râturo by the standard Dlla 5~Ol anemomete r, The Disa 

:, .... , ". . . 
1 • , 

-; 

-j 

11nearlzer was not u8od. In the pipa and boundary~ayar experi­

.enta the bridge o~tput wae fed to ft Hewlatt-Packard Dymec 

20108 sy.tem whlch read an~ printad the bridge voltage at 

... des1rad time illtervals. For tha wall jet experin.ents (plana 

and curved) the anamomator output was monaured by the VF 

converter and counter arrangement dascribed in Chaptor 5. 

8.3.2 PWo 

A very carefu1ly allgned, long, circular p~pô with air 

blown down lts length wa~ used for calibrating the hot film 

probe. The pipEt was made of precision brasa tublng 3 inchas 

o in diameter with a 1ength to d1ameter ratio of 142, and watl 

thorouqhly checked by R.P. Patel (19b8) ta Assura aymmetry, 

lack of sw1r1 and fully developed flow. A -t" hole waa drl11ed 

J.nto the wall of tho pipe, 1" from tho exit and the brasa 

.ountinq mcntloned in the previou8 section W8S inaerted and 

epoxled ln place. ,When firmly held, the mounting WA8 filed and 

/ 
,% 

,~ 
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buffed until 1t conformed perfectly to the 1nside contour of 
'\ 

the pipe.~ The air temperature was controlled by a boat 

excbanger placed down$tream of the compressor. 

8.3.3 Boundary layer and wall Jet 

O~e boundary layer and wall jet measurements were made 

1n the McGill blower cascade wind tunnel, a general descrip­

tion of which has becn g1ven by Wygnanski and Gartshore f1963). 

The,exit of the tunnel was fitted with a working section des­

cribed by Gartshore and Hawaleshka (l964Vwhich W8S designed 
,. 

primari1y to study wall jets. 

In the boundary layer study the adj us table blowing slot 

was closed tightly and a amooth fairlng 6 in. long and .2 in. 

high was installed downstream of the protruding slot lip. At 

the mea~uring station, wh1ch was '5~ in. downatream of the'~ 
fairing, a hot "film probe mounting was 1nstalled flush with 

the surface, at the centre-line of the plate. 

For the plane wall let experiments, four more brass 

mountings Were installed at distances of ll~ , 16~, '2~ 

and 4la ins. from the slot. 

In the curved flows the brass mountings were installed 

at each measuring station. (see Chapters 5 and 9.) 

. 
8.3.4 PrestOn and Pitot tubes. 

It was desired to compare the heated element resulta 

w!th predictions ohtained from Preston tubes and for th!a 

I~ b t Md 

., 
J 

.l 
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purpose<six diff.rent tubes w.re .ad_. Their characterietic. 

are listed'in table 8.2. It is obeerved that all haye the 

ratio of 'n temal diameter to el' ternal diameter well over .2, 

the value above which, according to Head and Rechonberg (1962), 

th~ calibration bacomee lndependent of the internaI diameter. 

The reading8 df the tubes ware intcrpreted u8ing V.C. Patol 

(l96~)'s calibration. 

Boundary layer velocity traversea were made u8ing the 

flattened tube shawn in fiqure 8.lb. 

8.4 Experimental Procedure and calibration rosulta 
.. 

8.4.1 General 

The Disa hot film probe was inserted into the pipe mount-

1ng and adjusted until visual examination, throu9h a powerful 

maqnifying glass, revealed that it was flush wlth the pipe 

wall and that the long dimension of the platlnum (ilm was 

perpendlcular to the flow direction. Tests with a surface 

gauge indicated th,t this visua~ technique satisfactorily 

positloned the film normal to the surface to an accuracy of 

about .001 in. a~ subsequent experimenls showed excellent 

repeatabl1ity. T~ boundary layer and plane wall jet were 

both on horizontal surfaces where~s curved jets were on verti-

cal surfaces and accordlngly the pipe was rotated until the 

film was in a plane corresponding to the approprlate experi­

n~ntal surface. The air teœperature, controlled by the hoat 

exchanger" was held to rOOPl tenperature with an accuracy of 

.' 
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. 
Calibration of the probe vas.done by varying tbe airflow 

while noting a re-ference static pressure readinq,. taken from 
v 

a pressure tap on the pipe wall, and recording the resultant . , 

'bridge voltage for a ale secald integration ,time. Figure 8.2 

shows a number of calibration lines obtained at constantr.' 

'J , 

ambient temperature for different film temperatures (expressed 

a~ overheat ratios) and these confirm the straight line rela­

tionship of,equation (8.10). (The parameters are expressed 

in dimensional form for,convenience.) It is emphasized that 

the ordinate of the figure is calculated fram the bridge~ 
. 

'101 tage '. of the anemometer and i, proportiala l to the powe.r 
..... Q 

supp1ied to È2!h the film and the resistance, Rl say, in' 

series with it in the bridge circuit. RI is composed of a 

100n resistance in one bridge arm plus the resistance of the 

cable and hot wice holder but the latter two amount to less' 

than 10 -and are negligible. The true power to the film is, -
on the other hand given as 

Pf : it~~ (8. i2) 

{. 
E 

, 
with i (8.13) :: 

Q, + q\ 

Bence _'Et 

~i • 
RS t ( '; )~ + z (~i ) .. 1) 

J 

f..2 

= ~-+11 
2 

Rftl~) + (8.1') 
, 
~ ....... t~ 
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1 
Pigure 8.3 gives the relati~ betveen the true power and '~w 13 

The lack in uniformity between the spacing of the lines for 

different overheat ratios seemed improbable (the prevailing 

conditions were the same for aIl c~rves) and the exper1ments 

were therefore repeated together with an additional calibra-
Rf 

tion (shown in f 19ure 8.3) for the overheat ratio R = l:_. 
c 0 

The new results were in excellent agreement with the previous .• ' 

set. The irregular distribution can be plausibly explatned 

by noting that the stated overheat ratios are, ln reality, 

only nominal values which could not be achieved exactly 

because, for a' given c61d resistance, the value of the' rele-

vant operating, resistance must be rounded off to the nearest 

one hundreth of an ohm due ta the limitations of the three 

decade adjustab1e resistance in the ,Disa control unit. Indeed, 

the shift in position required to bring the l1nes, correspond-

ing to the overheat ratios 1.35 and 1.30, into a more plausible 

for~ation would amount to approxiffiately .005 ohms in .800 

(.800 is the diffe~ence between the operating resistance at 

these two overheat ratios) or a .6% change. 

The result~ from the two extreme overheat ratios, 1.2 

and 1. 4,( are plotted non-din.ensionally J according to equatlon' 

(8.9), \n figure 8.4. The collapse i8 extremely good and 18 

not entlrely due ta the larger sçale, and substantiates weIl 
e 

l' 

the calibration results. This figure also shows that a large 

proportion of the total heat input ls last ta the.surrounding 

ma~rial and is not transferred to the air flow (see discussion 

i~ sections 8.5.5 and 8.5.6). 
, 

' ______ ----,-"-l' ~.. / kci.~, . 
• ai( ., 
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8.4.2 Effective length of syrfilce temperature profile 

An indication of the ,exte~ of substrate heating m~y be 

obtained by calcu1ating t fro~ the theorética1 relation el. 

(8.14). The slope of the line in figure 8.3 corresponding 

t~ an overheat ratio of 1.25 gives 

(8.15) 

} 

and noting that the tempe rature coefficient of resistance of 

the film (a) is approximately 2.5' x 10-3~oc then 

n~ % 
W )le ':::. o· 00 25 t \"ft) 

The width of the film is approximately .0472 in. (1.2 mm.) 

and therefore 

(8.16) 

fi 

which is 1.5 times·the actua~ physical length of the fiLm and 

compares very favourably with Brown's results. It will be 

seen in subsequent sections that, at a given overheat ratio, 

the slope of the line representing the probe response (E2 
« 

1 "'w /3) does no.,t alter when the hot film 18 1n8talled in the 

other surfaces of interest: the relation 1 = 1.5J i8 also e 
valid for these surfaces. 

8.4.3 Pressure gradient effect in flush probe measure­
ment in a piee and on the lçsarithmic spirals 

In a small pressure "gradient the theoretical solution 
\ 

1 

li 
;"'"r, " , 
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CJiven by Spence and Brown iSI 

whara 

, 

U81ng the calibration curve 
R · il - 1.25 ln figure '8.3' and 

c 

(8.17) 

'- ~18l 
corresponding to an overheat ratio 

the length ~ &'II 1.52, the effect 
,$ 

of 2 on the calculated value of ~ was determinod for the pipe w 

and the : = 1 spiral (which represented the worst case). The 

error was ,very small and 6'(/~w amounted to less than 10-4 in 

bath cases. (The surface pressure gradient on the spiral will 

hé d18cuased in Chapter 9.) 

8.4.4 Limit of film length 

1 

As discussed previously, the film length should he llmlted 

to malntaln the thermal boundary layer wlthin the viscous sub-. 
layer. It ls usu~lly assumed that the pararneter 

denotes the 8ublayer limit. Spence and Brown, solving the 
\ ;." . 

enerqy equation uSing an exponential tempe rature profile, à~aW 
J I@; 

that le88 thar:t lO~';, of the heat supplied te> the air at y - 0 -: 
, 

will cross a plane parallel to, and 8ituated at distance y • h 

from the wall, providing the criterion r 

, 
-- l' 

-1 : 
- I~ 

- , 
- , 
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· )"i 
(8.20) 

eOllb1n1ng the abov." .quation. yi.ld. a e! •• iC)l\ cri t.rion 

-given by Brown a. 
6 

r 

L 64~ (8.21) 

and for air with Pr - .7 

~L L 46 - ~ 

~ ~ 1-

1.51 1 1 
1 .. th. pipe, uain<j t. - and 'l'w 13 - .4 (~() /~ 

ft2 

(8.22) 
t 

· · ,.- , 
The maximum value of U measured in the expariment. wa. U • T . T 

7.5 ftf,l(Table 8.~) obtained in~th. wall j~e! in thi. ca •• 
o!' ) • 

-
: . 

--1 

and the heat tran8fer 18 sati.factorily Limitee! to the vi.-
' .. 

cou. 8ublayer in all c~". to be .tudied. 

. , 

. ~.: 

• ., 

; 

'~i 
l\ ~ 
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8.4.5 The ,tt,ct of voltaqg.'acçuracy on tbe measur!l!!!!nt 
of skin friction 

-
Rf 

The shaded band surrounding the 
Re -

. 
l • ~5 I1ne 10 f l<JUre 

8.~ indicates the açcucacy in voltage required if an' arbi-

trarily selected ± ~ error ln shear 
1/3 

ls tolerated. At Tw -

.3 this corresponds to a variat.ion 

cle.
2 

0·04-

~ 
"# -, ,.,.&+ (8.23) 

.. 

or 

dE - o-OO\\S - ~ 

·E 
'. 

Henee to remain wlthln ±,6~ shear tQlerance requlres ± O,l~ 

~ccuracy in voltage and grcat care must be taxen ln obtain~g 

the measurements. The recording system easlly met 'this 

required accuracy. 

8.5 Measuren.ent in the fiat plabe "boundary layer 

6.5.1 . General 

The boundary layer mcasurements were made to verify the 

generality of the pipe cali~ration. Before proceeding wlth 

the experiment_ the two-dimensionality of the boundary layer 

""" . was checked by notlng the read1ng of Preston tube no. -3 at 

lin. intervals up ta 6 ~n. on either side of the ceptre-line. 

A 10~ random variation in Cf W8S discov&red and, fOllowing the 

work of R.P. P~tel (1964) th!. was attribu~ed to screen •. 

( 

" 
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placed ~ownstrQl\m oC tho }lonl'YCOm\l in t.he aottling chambor. 

Accordingly, tho vnrilltlon in Cf WIlS _rOduc~d t~ by rQmov"-

1n9 nll dowilstream "creans and l08ving upstranm (~lY ft 

.lng10 Bcrcon of l)rassure drop coorrlciont K, "qunl ta lwo 

(1< ..... fP 2)' Thi. proceduro .t.ncrQQoed tho tunnol's lurbu-
~ pU 0 

lehco2" l intorudly lovel to nbout:. 1'(, nt:. U
1 

.~ 13~ fl/SClC., 
'-, 

but ax lullng ev ldanco S,hOW8 lhn t Bucll frea str\i1m turbuloncQ 

should nol "r-foet. lho wAll lnw roqi.on (Klino at, n1., i9uO, 

Junkh'HI nnd sorovy, 19(7)., 

with the Cluuh probo uat in the ptule the brid(~o DC 

voll;\(Jo ('lIld thcroforo, lho hc.., .. ,t lnpuL lu tho eJom,ent.) ùld 

not romain alû,ldy" :'\6 it dh! in the pipa l.'alihrnlion, but 

elowly droPlll.d .md thie WilS nttributod lo n grndu.1l h(!nLitlg 

of tho brl1ss mOulltillCj whiçh in thls cnso did nut bahllvo aa 

on ln(lnlte hCi\t aink due lo ita being nO'vl 8urroundod py 

ploKlglilG 

value ot 

ralhu( thnn brnss. Î:'lquro U,J HhowfJ the rCllultiny 
\:,2 

ohtainod aCtar {\ l.~ hour wai.ting perioù 
• C> .. 

and the rosulting prodi.ct.t.on of shcAr \.Is1ng tho pipo calibra-

tlon la Baon to bo l'l.ighl y lnaccurll to. 

Ono obviOUG solu-llon to lhiu difficulty le. to maa,Bure 

the voltage) \\Ihon the bJ;'8-S8 mounLing has not hild the time to 
, fJ' , , 

hoat up and whC'n, by dcfinition, conditions on tho plate nnd 

ln thopipe aro idontical. Accordlngly. it WftS docldod to 

obtaln a plot of voltage vs time and to extrnpolnte,tho ~urvo 
" , 

.... 

. 
1 



.7 

back to t = O. 

The Dymec digital voltmeter vas set at its maximum 

aampling rate of 3.5 s8NPles/sec. for a Bampl~ tlme of 0.1 

sec. 'and the output vas recorded by an automatic printer. 

The resulting time variation of film voltage was a damped 
.j 

oscillation and is shawn in Plqure 8.6. Also shawn is the 

value E = Il.12 volts: the voltage correspondlng ta 

Ea 
-Rtt~~&-,~ 11.45 whlch, uslng the pipe calibration of 

figure 8.5 i5 required to correctly predict the shear. No 

obvious portion of the E(t) curve could, a priori, he extra­

polated with any accuracy ta this point and the method had 

to be abandoned. 

In figure 8.6 it takes less than " seconds for the filn. 

voltage to drop below that specified by the pipe calibration. 

This illustrates how rapidly the brass mounting heats ta a 

level sufficient to invalidate, for the required experimental 

accuracy, the beat balance. and therefore the calibratiaJ 

curve, which was found in the pipe experiments. The technique 

proposed ta counter thls difficulty involves the construction 

of a hypothetical calibration line which is compatible vith a 

small change 'ln the brass mounting temperature. This ia des-

cribed in the following section. 

\ r 
8.6 The tran§lent ~echni9u~ for measuring I~ 

The transient technique makea it possible ta canstruct 

an instantaneOU8 calibration curve using the,'wind-off' 'voltage 

/" , 

, 
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read lh the te.t and the Blope of ,the original calibration 

obtalned wheh the probe 18 surrounded by an lnflnite hest 

~ Bink. The argument behlnd the procedure is baBed on two 

assumptionSt 

(i) that the dirr~rence; A; betw~en the wlnd-ofr 

readinq an(i) the point 91ven by' the inlersection 

of the calibration 1ine with the,. - 0 axis, 
\ 

ls due to free convection. (,Bee figure 8.2.) 

(li)' that 1\.. meaeured ln the calibration flow. will 

not change for the test fluw providlng the 

brase mountinq temperalure le effectlvely the 

same for the two caeee. 

The genera1 expreesiml for n ie 

and the f irat assumpti.on i'8 equi va lc;mt to assumlnq that the 

second and third terme' cancel so that 
) , 

A · ( . (8,26) 

Some justifica.tion for thls rcsult le obt.alned from the analy .. 

si. of laminar free dmvectlon {rom ~n upwi\rd facinq hortEon- . 

tal plate of length w and width f., Thi. lB given app~ximat.ly 
. 

uby (MCl\da~s, 19!J4) 



-e 

. 

(8.2'() 

The ~)ol')(ta (')f t.llG t'n) JlJl"ilt:ion l.lneA in ll(jura 0.3 Rr .. ftlmof't 

idE>ntit'nl fltld it followu from oqùnUotl (B.l!,) Lhnt wR:"- ia 

n\' .... 
n,lul y conut.Ant.. Henco I.U.t. will 0180 lxJ nonrly constnnt ~ 

and f1<l\li\ t 1 on (U. ~'n t'Mil ho wr i t ton 

A 

• 
ln tho rnlHJo nf film tompornlurcll ut'od in the nxpor1n\cntu, the 

pn1:Ml .... lpl· ('1'( - Ir,.) l/Jl han\ly V.ll tc~ nncl LhJs 10 ('orrohoroltod 

in flqllCl' ll:,·wllllnl tl in olH40l"vc.H) th.'\l lho oxporll1.C'ntnl 
,...P 

• 
bration nJl1\llh.l it 1" pc!rmttluih]" to ('ullnidot" /1 - conotant. 

rn lh(' toul flnw, ~{ thu tt'llIpOrilturn r1Bo of tho brass 18 

\ rcH1Lrlctod Bueh th<1t 

T~ - '\ 

Tf - "T, 
iL 1 

(in tho cilllhL'rtl.1on Tb - Tl - 0) U;on thu d~go1n""freo con-

voction from lhat which Q('c\lrr(ld in Lho p1po cal ibrAtion wlll 
) 

be Funall und fi l1lily bo lltHlumod oqunl lo the cnllhré\ lion value 

ftnd t,'onsblnt. l\fHmming fi .~ c,onHtnnt, for slMll ("hangcs ln tllO 

l~raOll 1tI0I1I1lill9 tcmpor .. ,tul."o, 18 tho koy to Lho construction of 

tho hyp'OthotiC'l\l c,,11brnt~on 1 tno. It 1e uBad in tho followJrag 

way • 

.... "' .. ,,-----_ .... __ ..... ------_ .... 

I~ 
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Tho eloctric power tothe film ia ft<Ja1n in1tiated at t olt 0 

and, as discu8sed before, the rocordlng eyatem luljueted to . 
sampie t.he voltnqu. At" tlme' 't' closo to t • 0', but far 

o»ough aWdy tlmt tho transicnts will hava Buft~clently 8uh-

• sided ,(uaunlly l~ , t. ~O soc. 0.9. figure 8.6) , a cap is 
, 

sur.tdanty plaC'cd ovor and "round the filn. so a. to eut oCf ill 

forcod convoction. An ex,'mplo of thls mothod npp1ied to il 

boundary layer ln zero pressure, gradient. 18 shawn in figure 

8.8. 'Thu rosu1liny E(t) locus whlch cloc\rly lndicates the 

aharply rcducod hcat 108a thi,lt occura. Tho time varying 'no 

flow' vol taye 1t! tlwn oxt.ri'lpolatod back in lima to n point 

Just procudiny tho aJr cut-off, nnd lhe two vollaq08, corros-
, ' 

ponding' Lo forNH) ,md frue convccti,$')tl arc notod. These values, 
Rf 

arc ploltoù iB fiqurc U.9 {or an 1.2. Tho poinL markinq. 
Re 

tho intcu.lCctiol1 of the propo6ed cllliLratJon lino with thu 

ordtnal"o iH round hy sUbtri\ct~in<J 1\ from the flow 'oÜrOclding. 

For thln purpOBC the' valuC' (1.'; 2.3 Wéltts, an average obt."llned 

from rJguro 8.2, ia chose~. 

18 l'law drawn with the slope 

corros~mlding to an overhC'at 

th 18 la sh<iJWn in figure 8.9. 

The Ilypothetical calibration I1né 

givon hy the pipe calibration line 
Rf"-

rdtio ~ , 1.2 (figure 8.1) and 
C ' 

The agreemaht be~ween prcdicted 

shear anù tho one given by the avern-?ge -.of fiva Preston tubes 

18 very good. 

if 

The actual value ls not critica1 since the slope of the 
lln08 la small. 
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8.1 purthor Mêa8uremon~s ln the Turbulgnt Boundary Layer . 

The valldlty of the method wae furtber e8~abl18h.d,by 

~a8ur1n9 a ,number of Qther wall 8hear.'produced by vary1ng 

.the tunnel's froe stroam velocity. Figure 8.10 compar~8 the 

flush probe resulta - each with 1ts own partlcular calibration 

11ne - wlth the valuos deterrnlned by Preston tubas., The roaulta 

are a180 tabulatcd in Table 8.3. 'Thtmaximum diacrepancy 

betwecn the hot filnt results and the averago Preston tube 

predictions la 19~ in ~w' and accurs in anly ono of the six 

cases - of the other 5, cases, two give f 6~, l givos + 2~ 

and 2 give O~(, (soe table 8.3) - and t.PJ.s ia no more than the 

maximum scatter ln the Preston tube readings. 

Although the aqrccment ,la good, the flush probe res\llts 

. do soom to he very allghtly but cons16tcntly .hi<Jhor and this 

a~y be attributod to three possible causes: (a) an incorrect 
,; 

D free convoct·ion allowanco 1\: (b) the existence of a differ­

ent law of the wall than that used by patel to give the Preston 

tube calibration;- (c) an incorrect ~lope whlch could be due 
. 

ta a diCferont effective lengthoof film than that which 

exlstcd in the pipe calibration. Point (â) la the most 

probable but it was, not possible to pinpolnt the ex~ct reason 

for the smali discrepancy and the present measuremonts in the 

boundary layer have determinod ~w to within 6% (neglecting 

the one hiqh di~crepancy cas~). The agreement botween the 

--hot film and pre~ton tubes, having V.~-Patel'B calibration, 

also tmplies a verification of ~atel'8 universal law of the 
U d 

wall. But the maximum extent of the tube was -I- ~ 100, v 
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which is well below the approxirna~e outer lirnit, 

and the experiments only imply a verification of 

in the logarithmic law 

u ~ yu,. --A -+& U..: ,., 

and where V.C. Patel gives A = 5.5, B = 5.45. 

U d ! .. 300, 

the 'Constants 

Table 8.3 sums up the boundary layer ~asurements. For 

one case, case A, the e.~perimental Cf was cqmpared with that 

given by the Ludwieg-Tillman equation and the agreement is 

excellent: Cf = .00301 and .00305 respectively. 

8.8 Measurernents of Skin Friction in a Plan~ Wall Jet in 
Still Surroundinqs 

8.8.1 Previous work 

" 

The skin friction in a wall jet in still air has been 

frequent1y measured (51ga11a (1958) Myers et al. (1961), 

Schwarz and Cosart (1961). R.P. Pat~l (1962), Bradshawanà 

Gee (1962), Kruka and Eskinazi (1964), parthasarathy (1964). 

Tai1land and Mathieu (1961). Alcaraz' et al. (1968) and Kohan 
~ . , 

(1968» but the un1queness of the relationship linking the 
YmUm 

skin friction coefficient with the Reynolds nurnber ~ and 
, . 

especia11y the universa1ity of the law of the wall are still 

in doubt. Newman (1968) has given a critical review of most 

of the work to da,te and some of the commenta below are based 

on that review. 

A number of experimen~ers have used either Preston tubes 

-~. 
,. ~~:~ ., 

_ rZJ 
~i 

. . , 

j \t , ,-
.1,. ... 



or Clauser plots but these methooa lmply or require -l-a-,.priori' 
J 

particular values of A and B in the log-lawof the wall (V.C. 

Patel, Dickinson 1964) and therefore canhot be used with confi-

dence ta establish other va~ues if such existe Schwarz and 

Cosart obtained Cf from the integral rnomentum equation but th;s 

ls known to be extremely sensitive ta three-dimensional effects 

(see Chapter 6). Taiiland and Mathieu, and Kohan used mean 

velocity measurements obtained with a hot wire in the sublayer, 

to infer Cf but this technique suffera from uncertainty in 

asscssing tho additional heat lOBS to the wall and none of the 

authors accounted for the effeèt. Kohan's mcasurements are in 

good agreement, while Tailland and Mathieu's results are 15 -

2~~ lower than those given by the floating elemont balance of 

Alcaraz ct al. 

YmUm 
Figure 8.11 shows the results of Cf vs ~ given by those 

experimenters who used either stanton tubes (R.P. patel, 1962), 

the hot film probe (Myers et al.) or the floating element balance 

(Alcaraz et al., parthasarathy). The results of Myers et al. are 

uncertain due to a lack of two-diruensionality (a variation of ro~ 

ln velocity in the central 30 inches). 

dU 
R.P. Patel used Star.ton tubes - with --1 ( 10 - calibrated v 

in a boundary layer, using boundary layer traverses and Clauser 

plots drawn for log constants A = 5.6 of B = 4.9 to give ~w. The 

tubes were placed l in~ to the side of the measuring station and 
. 

bance, in addition ta introducing an error due to the uncertainty 

of A and BJ- Patel' s calibration maya lso have been subject 0 

..... J 
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. 
to a calibration error causod by A lateral variation in ahoar 

,tre88 produced by ~pstream 8croena (R.P. patel, 1964). 

Tho floating element reaults ar,e shawn in figure 8.11 

by the atraight line which ls parthasarat)ly's mean lino and 

by the shaded band wQich dolineates the boundaries of the 
r , 

8catter in Alcaraz et al.·s data. parthasarathy obtained , 

gooO agreement (maximum 1~ discrepancy) between his balance 
yU 

data and that glven by a Preston tube (extending to .:.....I. ::"! 100) v 

callbratod in a pipe and found to have the sarna calibration 

8S tho one originally propo8od by Praston (A = 5.8, B = 5.5). 
U d 

v.c. Patel has shown that, at -1- = 100, the orlginal Preston 
~ v 

calibr<\tlon givos a skin friction approximatoly ~:' too low 

and, if this 18 accoptcd, Parthasarathy's lino ln figure 8.11 

should bo shifted to the r ight. Moreover, tflc readings given 

by the balance.wcrc corrocted for gap effects uslng empirical 

fiorrnula(~, and thus the agreement 'ia not fully conclusive. 

Alcaraz et al.'s balance predicts weIl the skin friction 

of the boundary layer in zero pressure gradient (see Mathieu 

and Alcaraz, 1967) and it 18 therefore probable that their 

measurements in the wall jet are quite reliable. Thelr results 

are a180 in good agreement (± 7~ in skin friction) wlth,mea­

surements usillg f ive diffcrcnt dlameter Preston tubes whlch 

were c~librated in a pipe and found to have a calibration 

ne~lY identical to the ono obtained by V.C. Patel. What ls 

surprising is their conclusion that.in the wall jet, a logarl-
, 

thmlc law hav1ng A = 4.15 and B ~ 1.5 exists. This resu1t la ,.. 
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cl.arly Inconaistent with thu cloq. agr •• ment they obtalned 

• between tho ha lance and Preston tube me •• uremunts bée.ua8 
yu 

the lattar, which ex~anded to ~ - 200,' wer. callbrated in 

a 41fforçn~ wall Inw r0910n (A - 5:6, 8 - 5.4). This point 

ls discusuod furlher in section 8.3. 

8.8.2 Abe exporitllOntnl conditions and erqcedure 

The appar~tus and e~perimQntal conditions wero di8cussad 

ln Chapto r !J. 

x In the prOBent work ·a11 measurements, at a given'b' 

wore made at the sftme point and should consequ~ntly he free 

of errors duo' to spanwiso v<\rliltions of Cf 8uch ~II thosc 
. 

causoJ by upstream Bereons. However, it B~uld he notcd 

that. the offect or threc-dimensional ity on the law of tho 

wall is unknown. 

'l'he skin friction was mCëlsured uBing techniques identlcal 
". 

\ 
to thoso doscr ibep carlier for the turbulent boundary layer, 

" _Rf 
savo that in this case an overheat ratio ~ 1.25 was used 

Re 
bocauso 

Rf 

experienco indieatcd le88 8catter in the results than 

for - ::% 1.2. 
Re 

Five differcnt Preston tubes, were used at- the 

farthoat downstream station wher~ the boun1ary layer was thlekest. 
, x 

Nearest to tho slot at b = 38, where Ym i8 only .13 tnche8, tho 
" . two sma1lest tubes were trlod. Table 8.4 lista the non-din~n-

U d 
aional distance ~ oecupied by the probe orifice. In addition 

to Preston ,tubes two eotimates of wall ahear were obtained fram 
/ , 

Clausèr pt?to d~awn ~ain9 the log-law constan~. A - 5.5, 8 -

5.45 and A = 4.15, B - 7.5 (soo Di8CUS8i~ in next section). To 
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• 1~1 .. 

• do th! .• rn.an val.ocity pro! lla8 w(u;a obtall1Qd wlth the rlatt.ned 

tuba <le8t'rtbo<1 in •• ~tion t:L3.~ (AllO ••• riyur. 8.lb). C.ftr. 
. ~ 

wa. t.f\ken Lo <1elflrmitl9 AC'C\ll'Aloly lho po.ltlon of the ileom.trlc 

centre 0,( the lJt'obe w.lth reMl~c:t lo the .urtace, by uBing Rn 

.1~t.·1cal conlAct 1ll0UH.lll to sC!t. lhg ~ero. Thvrel\fl('r th. 

probe wna ",ovat\ wlth A dinl q"ugv ndjuatAble to .0001
/'. 

three or' fi ve {,;H~(,8 th~ ).p 1 fil o)(cell ellt A,yroemenl hotwflon the 

Prestoll tuho Allll the ha;,lorl alememt. In t.hG llther two (~ -

38 and 139) lhe l'rGf,\loH t\lbG pr~dl{'LB n 10:(. lowor "w' This 

trend, whernby lho hot fUm rOElullu nre, 1f Anythin(j, hlghctr, 

"R 81n,ll;,r tu whnt WAS OÙI3f}l"vod tn tho turbulont bO\1lHlé\ry 

lAy9r mCH1Rur"mPI1f".ld or SOl't 1 on .U. '7, @)(e9llt thnt'_ now t.hp 1m\X 1-

mu", d lll<.'n!prlncy t f4 B 1 i\)h1 Y l il 1'<]or , (The 1,. r\)or d iscropnncy 

la nol o)(pl~1nf\hle on t ho qrO\lIltls of nn increAfu.ad turhu)nnce 

lnlollli1lty in thl~ 8ublnyor hoeilllfHl this would C~Uf!8 the Preston 
1 

tuba hl road h19her. 'rhe:' offoct on tho hôt fllm h. thought 

to bo !loq 11g iblo Il ince idem t le" l el\-l ibrt\tiul'\B have boan reported 

in 1amill:\r And lurbulent l>ountlë\ry loyers.) 

tl d 
Tahle 8. 14 1 lats -L- - the oxtcmt to whlC'h the Proaton v "_ 

~ " 
tube ponotratcu into lhe wnl1 law region - and the maxJ.mun;' 1. 

approxi"'i\t~l y 100. The 8Cjreemont bet~een the flush probe and 

tho t.uùOB tharc(tn'o lmplioa thAt the law of tho wall, 91yen by 

V.C. Pnlul, ls at Ioast valid in th1, zone (0 .:. ~t. .... 100) and 
" 

in partlcular that of,the log l.aw 

IJ 

, 1 

• .. -

- , , 
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holds in the regian' 30 < ~t < 100. 

j 

Alcaraz et al., however, show that in a zone atarting 

further- fram the wall - 40 < ~I < 300 - it ia possible to 

fit the curve 

',' 
,~, U 
"Üor '1: + 7·5 (8.29) 

But by def~nltion of the law of the wall it i8 the region 

~lose8t to the wall that should least he affected by chÀnges 

ln the outer portion of the boundary layer and, from the 

point of view of the establ~8hment of a logarithmic law, this 
yu 

suggests that ~ ~ 30 should be used as an 'anchor point'. 

If,this·is done then it can he shawn that the relation 

fits qùite well the data of Alcaraz et al. 
yu 

region 30 '-, .:...:.I. < 100 and substantiates the results obtai v 

by this author. 

The Clauser plots for V.C. patel's and Alcaraz et al's . ' 

log-law are shawn in figures 8.12 - 8.13, and 8.14 - 8.1~ 

respect1.vely. The pointa sh~ are uncorrected bût the two' 

" 

~ 
-~ 
'j 
~ 
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extreme cases - small •• t and large~t g - are mark8U by a hori-
~ 

zonta1 lin~ indlcatlnq the posslble shift tn position intro~ 

duced by a "ar iatiàn of ± .001 in. in y. The 'possibLe error 
yU 

ls very siqnificant at small~. Although Borne care was taken 

to accurately position the tube, by uaing the electrlcal contact 

method to establiéh the 'zero' point, a positioning errpr of 

.001 in. vas possible. In addition a dlsp1acement correction 

may he signlficant. Some recent results due to ozarapoglu and 

Dickinson (1969) Indlcate that the dlBplacement correction to 

fIat pitot tubes in a turbulent boundary layer, varies (rom ft 

large negative correction near and ~I, the wall (~y ~ - 0.3 

x height of tube) ta an identlcal but positive ono further out 

and th~t tl~ maxi~um corrections are larger in magnitude than 

any fiuggested for round tubes. lIence, the points ucar the 
, "W ~ 

'Wall - on the plots approxin.ately -.-l!!, 1500 or roughly _1 , 
v yU v 

o~ool are not considered rellable. Beyond about ~ ~ 100 the 

results are generally mon:! consistent wlth the Clauser plot 

based on Alcar~z et al's log law (figures 8.14 and 8.1~) than 

'With that qiven by V.C. Patells and the values of Cf obtained 

fr;om figures 8.14 and 8.1~ are qiven in Table 8.1l. Tho dis-

crepancy between these and the hot film reeult8 is, in three out 

of four cases, b1q9Cr than the discrepancy between the film and 

the Preston tuha. 

The above results support the existence of ft universal 109-

la'W in the zone 30 " ~l <" 100 and show that another loqarithm'l.c 

relation can he fitted throuqh the data if a different lower 



.e 

.. 
l' 

$ ,{ 
t ~"., 

- 15" -
yu 

value of ~ ls chosen as an 'anchar point' through whlch the 

llne ia forced to pass. ~is ls a180 true in pipe flowJ for 

axample, takinq the re8ult8 of Alcaraz et al. lt i8 possible 

to fit the line .' . 
... 

j' 

ln the range 100 ~ ~I < 1000 

whereas, in the range 30 300 

these authors show that 

f~ts the 'data weil. The existence of a number of possible loq-

arithrnic regions, vith the universal one OOing c10scst ta the . 

wall has also been obsorved in t~e wall jet by Kahan. 
r] 

YmUm 
The data i8 plotted as Cf. vs ~ in figure 8.11 and falls 

approximatcly with1n the shaded.str1p representing ~he scatter 

in Alcaraz et al's data. The results are aiso in good a9reeme~t 
\ 

with Parthasarathy..'s mean line and the experlmental range of 
yu" 

m m ls not large enough ta establish whlch mean line 18 correct. v 

8.9 Measurements of Skin Friction in the Wall Jet over the 
LOgarlthmic spiral 

See Chapter 5 and section 8.8.2 for the experin~~tal con-

• 

dltlons and procedure respect1vely. Note that for these Burface~ , " , .. 
\ 

the veloclty profiles used in the Clauser ~lot8 were obtained 

vith hot vires (Chapter 5) and they should not be subJ.ect' ta 

errors caused by displacement effects. The wire ~adln9s Jbuld 
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be in g..tror -duQ ln AlhU t LotH' t h(?At lmls tn thg 'HII'CAce bu,~: 
" , 

the pull1le of l"tenH~t ror the Cl nUPE"r plole wer(? n twnyfl we]) 

over 100 wli~ dJr:"uelet:R from the wnt i, ln lhte ee('ltol1, only 

the reRllJ~R'I-~lE>VAI1L Co lhe dlFH .. 'uRstun of .F\kill frjeUtlll 

Ot.h~r result.R wJIJ he couslclered 

• Th.. r~ "\Ill" 'lur t ",," ,~ - if A",l 

in lnldC'ri Il,', ill1d U,(, rp~ppl..'Llvply 
\~ 

, 

1 RplrnlR Are Allnmmrj~ed 

tll~Jtkp lh(>'l,.pvlou", lh~t-p WilR IHl lE'udPIH'Y for th(3 huI. fJlm 

"lI"nR\ll(1lnPlIll~ nI' t lu 11(1 R1JqhLly tdqltPI lhlll1 UlnAO IJlvell hy 
, W 

-, 'i _ "" . 
thp"l"t"r~t"l1 1\I"p, FOI tlH? ii i R\1rfi1('p, lhe vn)lIpn of "w 

y.lJlvPIl 'If Y ,tll~}l(1t fj)11\ WOlf' n'''" lB,\', il 1111 !.l'.t\~ or thE.' PnmLoll 

tulu"> 1'l"('I"('l,I(lllf1 (1 tlllll(li\l('~ Lhn hot fi 111\ '-PfHlH. t~ h'.'11H:'r), 
, 

'" wh~1 p",. 

X '" 
011 thn - -- -"" Elplrill, rJtVOfl nl1 

H j 
'l'tir> \'0111:1 dp nlb 1 {1 (H'ill.tet 

nVQ1,ll}f1 d"'vli,t t,," whiel\ in 11€'/ltly :r.~Jn) /l'Hl thtrq.f,\41IJllolltFl tltAI 

, 
. "naHt ~ ud Il',llN~ Lite. W.llt 1 nw l1IêlY (/lll (or, Lh 1 fi El l1.e t ulm) , . \. 

.: 
FlIrlhl'r ('vld('I\('~ to J\1Ht 1 t'y Lhln ln provt dnù uy UH.l f'xt.'olleut. 

nyrfl (1SltIo'" hC'Lw('PIl 111~ .. plPdtctlc'm of tho C"1.1\HHn plot, for thl" 

lOfJ-lnw çOllulilllLI~ 1\ - n - ~).~-(fi<J\1r.o ti,l'n, nflel ,Lhllt of the 
Xl 

hol rtlm. (r~·h(\~/.!i\,t.1 ,ro'~.l)' -- ~]I) la r~lt. Lu bo hloro rcllaLlt" 

T 

J 

:J 
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, 
~c.u.e the i"ner layer thickne •• , y. ~ i. twlce that at b -

1i6.) But the conclusion can only he tentative becau •• the 

prediction of the Clauser plot and Pre.ton tube. di.s9ree by 

1~ even thouqh the two methooa are ba.ed on the same value. 

, of A ftnd Band this will he di.cuasad in more dotoil below. 

~I 

For interest the Clauser Vlot, derlved u8ing the constants 

A ~ 4.15 and B - 7.~ glven by Alcaraz et al. for" tho plane 

wall jet (soo provloûs section), ls shawn in figure 8.18 and 
c 

the agreement with the hot film la not sa aatisfactory even 
yu 

though t~ points beyond about ~ "" 150 seom to agree battor 

with thls relation th~n wlth the loq-law given ln figure 8.17. 

x The results on the i = 1 spiral are few, but they do 
\, 

intlmate that the law of the wall falls for thls ·surfaC'o. 

The Clauser plot results ar~ IO~ lower than those glvon by the 

Preston tubes and thls discrepancy 18 Identical ta that found 
Xl X ':> 

for - ::=: 239 on the - =: .. surface. ..In vicw of thls 1 dlscrepancy 
b R 3 

bctwecn the C 1~u8er plots and the Preston tubes and betwecn thè 

latter and the hot film, it is of interost to examine whethor 

elthor the existlng pressure gradient or the shear 8tress 
, 
.gradient may ha rèsponslble for the failure of the logarlthmlc 

law. , 
It was shawn by Townsevd , ( 19(1) that the conditiora for 

() 

the log lew to,he valid 18 that 
~. 

"j ~'t' L.L t -If... ~'j 
.' 

YUt ,', 

and for the log-law to be valld at ... 200 8ay:-~ requlrea v 
~ , 

,f 

,/ 

• 

-
• 1 Jïa 
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C0I'\81dGr tho i yu 
Tho point .:.:..1 .... 200 v 

occurs at ~ - .071 and the .haar anù'.urfaco prossure 
Ym 

mea,uremonts rovea1 (Chapter 9) thàt ~ consorvatlvo C!.timnto 

for ~ nt this point cnn he calUèlatod trom (Iy >J /' 

(8.31) 

and tho results glvo 

.. o· 001+ 

.. 
This value 18 ll2S an ord~r of magnitude" les8 than the llmlt 

l .. posed ln, ëquati. 6.30 and thO~~iditY o{ the log-ln", on 

the i Ils l spiral ls thotefore doubtful. Thus. the disagreernent 

betweon the hot film und Preston tubes, on t~is surface, may 

be due to the affect of pressure gradiont rathor than the 
,. 

influenco of the outer layer. 

') " xi yUI 
On the !. "t: .. spiral .at -b .. , 239 the vlIlue '" 200 occurs 

R 3 v 

at Ï- ~ .145 and a9,airi us1n9 8.31 and the rosu1ts d~scribed in 
-Ym 

. Chapter ,9 ylelds 

J -~1: ' - - = o.oooSe 
r ~~ ~':I 

Or-

." 

,-. 
• 
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The value meets the ~riterion given by equ4tion (8.30) and , , 

supports earlier evidence asccrtaining the validity of the 

logarithmic law having\constants A = • = 5.5 

Figure 8.16 shows the hot film mèasurements plotted as 
~m u~ 

vs ----. It ia noted that at a given ---- the skin v v 
friction coe.fficient ls' higher on the i :: 1 spiral than for 

, 
the other surfaces and it follawa that a given u~ ia associ-

ated with a smaller Um• 

8.10 conclusions 

(1) A sucQessful method has been developed by whlch 

a hot film probe (Disa type 55A92) could be callb~ated ln 

a standard çalibration rig (in this case a clrçular pipe) 

and then moved .to the surface .of interest. (ThJ s has a great 

advantage when the device cannot he calibrated locàlly su ch 

.. as when. i t i8 used on a wing.) Shifting the probe to another 

appara tus al tered tha heat tranafer and therefore changed the. 
-'\ 

temperature in the material surrounding the film which caused 

a shift, in the calibration curve. This 'Was 'Overcome with a 

transient rneasuring technique which gave the heat 108S by 

fo~ced~nd free convection a very short time after the film 

was first heated. 

(2) When the flush probe was calibrated in the pipe ~he 

il 

results agreed well wi~h the well known linear relation between 

heat output and the cube root qf the shear stress. Using this 
., 

calibration, in conjunction'with the technique mentioned above, 

• 

\ ' 
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the flush probe W88 used to maa.ure the ahear stres. in a 

plane turbulent boundary layer ln zero pre •• ure gradient. 

The rosults wore in good agreement - an average ov.rall dis-

crepancy of 5~ (the ~1ximum wns 9~ in one reading) - with 

Preston tuba results obtained from calibrations given by 

v.C. Patel (1?65). . 
,~ 

(3) th the wall jet in-still air, good agreoment was 

obtalned hetween predictions of the hot film and of numerOUB , 

+ sign implics a high~r average Preston tube reading.) 
yu 

Preston tubes extended to .:.....I. ~ 100 and thia confirmed 
vyt] 
-vI· 100 - to within roughly .± 

th&! 

valldity in the range 30 

, " 

, . \ 
5~ ln tho constants - of the logarithmic'law of the wall pro-

posod by V.C. Patol 

and ia in substantial agree~nt with results given by 
\ yu 

Parthasarathy (1964), and Kohc\n (1969). Beyond.:...t. ~ 100, 
" Clauser plots indicated the logarithmic relation proposed 

by Alcaraz et al. 

fits tho data and this again ls in agreement with t~e obser­
YmUm 

vations of Kohan. When plotted as Cf vs " tpe pointa Agree 
'1 

satisfactorily with the floating balance measurernents of 

., 
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~ . 
Aleara. et al. (figure 8.11) and of parthalarathy. 

J 
On the logarlthmlc Ipi;all th. r.ault. wert not 

nu..roua enouqh to permit dafinitive conclu.ion •• 

tians ba.ad on the derivation of th. log-law indlcated that 

'it should he vall~ on the f - j Ip1ral a~d an aV.~.9. of the 

hot fl1m data tended to aubatantiate the axi.t.nce of the 
yUt ~ . 

constanta A pB· 5.5 in the range 30' < v < l~d. on th. 

li ~ -/1 surface the calculations indicated that the loq-law 
R ' 
.iqht fal1 ~nd th!. waa.aubstantiated by the hot film re.ulta 

""'"'-- ~ . 
whlch gave a ahear stress about 20~ hiqher than that prediêtèd 

by the preàton tubes. 

1 .. ... 
1 
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adjacent to the end platee. ~ree convenlent methode for veri­

fylng two-dlrr.eneionallty were augqeated 1 (a) a cotapariaon of , 
velocity prof1lea meaaured at vari~a lateral -poaitione, (h) 8. 

, ~ 

-verifict\tion that the veloclty antt lenqth acatea descrlblng the 

flow vary ddWnstream in a m~nner consistent with the two-dinEn-

siona 1 tt1otoontum equat ion, and (c) a compar 1Bon between meaaured 

and calc,ulated shear streas. The reBults of the firat approach 

Were coneidered in Chapter 6 and the results of the last two 

methods are discuaaed below. 

j'- ,; 

Line l of figure 9.10 ahowa th~ experimental variation of 

maximun. velocity ~n both the i ..." ~ and 1 ePiraia, (for conven­

ience the data le referred to the firat measured station cal1ed 

K - X ) and lines' 1 and 3 reprosent the respect! ve calculated 
r 

'\ 
variations o1~talned by solvlnlJ, with a Runqe Kutta technique, - '\ 

the lntegral x-momentum equation us1ng the known growth, skin 

fr lction, Reynolds stress distribution and shape of veloc ity 

profile. (1\11 these quantitiee are individually descrlbed Inlt 

the ensulng paragraphs.) It la observed that the calculated 

, x 2. 
beha'Îliour for the R. - 3 spiral gives excellent agreement with 

results measured by either pitot tubes (asBuming a linear statle 

pressure variation - Bee Chapter ~) or hot wlres and the adequate 

two-dlmà!1slonal ity or the flow appears conflrmed. ' The agreement 

for the ~, - l surface ia not as good and at ~ = 2, whlch corros­
Xr 

l?onda roughly to 1)0 slot widt.'hB downatream, tho difference 

~~weenJillculaLep and mcaaured mean velocily la 3~. 

For comparieOil the s'lac calculation 111 àppl1ed to the 

resultB 01 GUea ef-al. for the x ~ 1 surface, and thia 18 
R " '" 
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show" .th ri.t~ure 9.11.~ 'the ~kln friction c()effl~lent. watt hOt. 

meuumretl by lhese Aut.hors amI wes theretot'e taken from th. 

prQeent hot f j lm mea ~mrementR. but. thlB lA cOtlAldered acC'ep­

t.Able in Hghl or lhe relative ImnUlelHvlty of ,the rtow ta 

th~ pteelFJEI vAlue dr thif:J &.JAtamettn (to be dlsctlSRed beJOW) • 
..) 

'l'he two-dilOOnelonAl tty of thelr rlow ~eemA qulte Ral18factory 

up lo n}:.lprmt1ml1t.al y ~ - 2 but J t 18 evltMht ft'om fJtjur.1' 9.12 xr 
thttl thflir velot'it.y tlecny lloefl J.l.Wë fol1C1tr1 the IUJlt-ptepervlnq 

{on" t U ',,)tA. 
m 

[ 

~ 

'l'lUl mmoontum check 'pgrf()rmetl ahove appeAts tu t'onf l tm 

thRl hoU. or Lhe'p·l"egent 94ul1ibrlum ClOWIi wete lu.tiI:lCad:.orH.V 

lwo-dtM'?Iu:dottAJ. Uul A compnrieotl belW9~h the mensttt,etl (And 

corn?{'t:~tl for holh hhth int~)llllly t.urhùleh(~e AmI lonqltudiUAl 

coollt19 - ChAptal' 'r) Aml eAI{'ulnted uheAt' tttre~8 dllJlrlbutlotle 

shown hl rl4u r~a c/. 2~? 1111(1 9. ~}'( WAil flot a8 etlt'ot.u-oy1JH] ahd the 

(HBen1piltwy nt: t.ha point or hlbxintum IIhear strÇ!B8 WB8 (1]'(. Afld 
-' ~ 

19,(, o( t.hn en lcu t A Lecl vn lu~ for t.he ~ - ~ nhtl 1 Bpi ra) 8 re81'ec· 

t i've 1 y. J 

erroJ'El i ft I11GORUranlflul. Mlwh or rort WilB made tu n8ffure *'t'curat9 
, 

dntA .'Ilcl t h(1 mcC'el t~Jlt Iloll-c.lil11oIl91ont\1 ('0118p(l9 of t.h" pnnuootcata 

("t'a (HfH'\l~9 t on ho l ClW) nll we 1t na very fHlt. t fffnt'lory ItIQn9ureroont8 

of slwnr eltoug pgrformod in n pJpe ('onrtrmetl tho vnl1dlty oC 

tha fOOi\.mr'C1mOIlL tCLIdmlq\lo. 1\8 nn addition" l check on the 

nlOn9urOlnofllll lhe 8h(1R proCilo wnll mo'UtUred On dirCeront 

,d"y~tl(j, wlLh dt.frGt~nt 'IIi ras or typo !:>~29 Gnd tho oxcollont 

collapito of' tlht rOdult. lu .hwn ln figura 9.23., (Soo ."ottOn 

4 t 

.0 
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5.3 for ft detailed de.cription of the procedure.) 

It W8S shown in Ohapter 6 that' ft slight divergence of the 

flow (0(2'1 ), while giving riSé to only ft small; diacrepancy 

between the C'alculated and mellnured maximum vefoclty decays, 
\1 

'II 
can load to a large dlfference in the corresponding sheat stress 

distributions. The calcul~tod shèar stress is therefore not 

representative of the value in ft two-dimensionnl flow, and i. 

tn error ueC'nU8e the lOBS of mom~ntum due to flow divergence 

has becn incorroctly attr ibuted to the action of ah.ar forces. 

On tho othor hand ror' such a small flow divergonce the measurad 

shear la unlikoly to be Inrgoly in error and it will be assumed 

most ropres~ntativo of conditions in an Absotutaly two-
1, 

dimensionnl flow. 
(J 

It wns Boen aboya th~t .good -agrooment exists up to ~ .. 2 x r 
betweon the meaaurod and calculated maxln,um vcloclty decay on 

the : ~ 1 surface of ailes et al. Nevertheless, the discre­

pancy betwocn~their mOl'lsured and calculated shenr ls extremely 

large: nt y - Ym/2 tho calculatod value'ie 'fw/pum
2, "" .046,while 

thè meaeured quantity ia .016. 

9.2 Fixpe r 1mon ta l ~ Re sul ta 
i 

, 
9.2.1 Mean vcloC'ity profilas .. 
The mean velocity, Q, profiles, measured with normal hot 

wlres, arc shawn plottod for both sp~rals in figures 9.1 to 9.3 

and in thcse and subsequent figures the measurement atatl~s , 

are defined 1n terme of their distances' from both the alot (Xl) 



• 
165 

and the or191n of the apiral (x). Tho latter repre •• nta the 
\ 

dlstance to the virtual or19in of the flow' while the former 

lncludes a l~n(lth of fIat plate roqbi rad to pormit th!s virtual 

or191n t.o mntch the physical or1gin of the apirnl (Chapte<r ~). 

Tho tablo bolow shows the rolativo length of the fIat plate in 

rellltion to tho total distanco from the slot to the lat maaDur-

In9 station (a lot wldth b ~~ .12~ inches). 

Approximato numbor of slot 
Spiral wldthu bet-woen slot anù ond 

of fiat plate 

2/3 16 

l' 64 

Approxlma:to numbor of slot 
widths batwon slot and 
first meL\suring stntlon 

160 

Tho data af figuros 9.1.1 t~ 9.3, reducod non-dintensionl\lly by 

usinq the scaloa Ym/2 and Um, le shawn plottoù in figures 9.J~ 

and 9.~,. It la obsorvod that -the eollapso of the da~a ia good 

al though ""at the furthcst measurcment station tl1ero la Home 

tendency to stray from the Bolf-similar form but in each enfle 

thls takes place dt weI lover 200 slot widths. In these figuros 

thore ia also shown botb tho tot",l volocity, 0,' and the x com-
1 

panent, U, which was obta inod by calcu1atJ ng the y-component 

of voloclty V using thl~ con\.inuity equilt!on. The only 8ign1-

flcant corrections are ncar the outer edge of the jet. 

The shape of a wall Jet mean velocity profile suggcsts a 

,division bctwcen an inner layer, whlch resemblos the u8ual 

boundary layer and an outer layer whi~h resembles a half- jet " 

'" 
profile, and this observation hils,beon exploitad in a nymber 

of analyses of jet flows (e.g. G~rtshoro a~d Newma~, 1969) and 

~, 

f.~ 
~~ 

v ", -, 

, 
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18 used ln the pre.ent work to analy~ th. flow on the cir~ùl.r 
\ 

cy11nder. Camparlng flgures 9.4 and 9.5 lt la •• en that the 

relative thlckness of the ln~.r layer lncr.ases ~lth aurface 

curvature and rGsulta presonted below wlll show that th1a la 

due to an lncr.ase ln the lnfluence of the outer flow on the 
n 

lnner. 

\ 

The ou,ter layer profiles, plotted non-dlmensional!'y ln 

flguras 9.6 and 9.7, are,compared with sorne, analytical expres­

sions for the prot'iles, 'and with the present measuremonts of 

the plane :~ll jet. The 'sech2 , profile 1. ~hat given by a 

.const~nt eddy vlscoslty thoory (e.g. Glauert, 19~6) and agree. 

lllàst c10aely wUh the .. xper1me~ o8pa_c:.all~ in th" .ragian y < 
ym/2 which contains about 9~ of the tota~,jet momentum. 

Figure 9.7 shows that in that reglan the P~ on the ': 8 l \ 

surface Is funler and agrees more closely with the 'sech2 , 

profile than docs the velocity distribution on the : ~ ! spiral 

t: and this, intimates the existence of a more vlqorous mixing 

procoss which tends to sMooth out the velocity variations. The 

mechani~ms involved will bacome more evi~ent in the discussion 

of the turbulence paramcters and the intermittency. Figure 

9.5 also shows ;he mean velocity di~tributiQ~ given by 9iles 

et al. and the di~crcpancy with the prosent results ls note-

worthy. 

9.2.2 GrqWth of jets 

, 
The thlc ess of the wall jets ls c~ar~cterlzed' by the 

parameters y /2 and Its,d~stream development la shawn in . 

, 
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dYm.{2 
The results are (note that Ym/2' = dx )1 

Present results Ym/2 • "" .277 
Qifference 

x i = 1 spiral : 

Giles et al. Ym/ 2 ', == or 
Present results • == .155 !. :::' 2-

\ 

=I~ 
, , 

of mean 

") 

'" " Ym/2 Difference = l~ of' 'i 
Giles et al. y '- .180 

R 3 spiral 

m/2"- mean 

plane wall jet Present results Ym/ 2 
• .071 .......--'-== 

Differençe :: 8~ of 
Giles et al. Ym/ 2 

, 
:::: .0765 mean 

It is interesting that the presenu measurements are consistently 
1 

lower than those of Giles et al. It may be.that three dimensionâl 

effects, attributable to irregularitie~ at the slot lip are res-

ponsible (Chapter 6) but it is curious that these should cause 
) 

a difference having consistently the same sign, especially since 

,', 

r 

" 

the results of Giles et al'~_~~e composed of two indepen~~nt 
investigations: that due to Sawyer (1962) on a : = ! spiral 

with an 18" span and that due to Giles and Hâys (1965) on thé 

/ 

plane wall jet and on the ~ = 1 spiral with 12" span. (The 

,present SPïalS had 24" spans.) A consistent error cquld be 

caused byi secondary flows near the end pla tes but this explan-
, 

ation is not convincing becaus~ "the importance of secondary 

Jlows should decrease as the span width increases but the 

largest discrepancy hetween the present results and those of 

Giles et al. occurred between the spirals : = ~'~h~Ch had com­

para'le spans: .18" for Sawyer vs. 24" in the present cé\se. 

Photographs shawn by Sawyer (1962) of the traversing gear of 

Giles et al. reveal that it is particularly bulky and it may 

posslbly have caused some outward,-dlsplacemen~ of the flow. 

, . 

, 
" 

. " 
1 . . 
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Although no satisfactory explanation cAn be offered for 

~he ,ifferences encountered-it is emphasized'that the discro­

papcies are.not excessive and are weIl within the scatter shown 
,1 • ~ 

bv published plane wall jet résults. Indeed. fram the survey 
. ( 

of Kohan ~969») the range of:grow~s of Pl~ wall jets at 

Re > 1.2 x 10
4 i~ approximately .085 ~ Ym/2 11< .065 whi~ . 

represents a variation of ± l3~ of the mean value. 

~ 
The development of the inner layer i8 shawn in figure 9.9 

and the ll~r growth~, which give constant valu4 of the r~tio 

Ym/Yrn/2 ' further corroborate the existence of sélf-~re8erva­

tion. The results are: 

. x spiral Yrn/Yml2 R ,:=0 
1 = .202 

x ~ spiral .159 - = .~ == 
R 

plane wall jet ,» == a· lSO 

9.2.3 Maximum velocity decay 

'\. -

These results are contained in figures 9.10. 9.11 and 9.12. 

The first two were discussed at length in' section 9.1 and 

attention is now focussed aon.figure ~.12 which' sfows th~ data 

of figure 9.10 replotted using logarithrn1c scales and from 

which the value of the expon~nt 'a' in Um a x 8 can he calculated. 

Again it is seen that the exper1mental results fall approximately 

on one straight line and there i8 no clear variation in ~,'a' 

between the two spirals. Lines 2 and " are based on values 

of 'a' calculated fran the equation 2.21. They coincide vith 

p.iR •••• keR '5a. I1nes land 3 of fiqu~e 9.10 and thi. provldea 

1 1 
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& check on the computer ana1ys18., 
'1 

i; 

The discrepancy between the dfîéulated and ex~rtmental 

lines ie attributed to three dimensional effects. The differ­

ence in the value of 'a' on the i ~ 1 spiral is ~ of the mea~~e~ 

value and as seen in section 9.1 this resu1ts in a 3~ discre­

pancy in (UmlUmr ) at (x/xr > ~ 2. 

9.2.4 Surface pressure a~ static ~ressure variations 
throughout the jet 

, The full y momentum equation 2.6 or the simplified version 

(3.12) 
.. 

and the computed resu1ts for the two spiFals are shawn in 
, ' 

figure 9.13. The difference bet~en the two calculations is 

very small and," in the case of the i ~ ! spiral cannot be dls­

.cerned on the graph. The discrepancy wi th the measurements for 

the i ~ l spiral Is expected from the difference between the 

measured and ca1culated maximum velocities: the _measured 
... . 

ve10clty la hlgher and the surface pressure i8 con~quently 

lawer. 

Figure 9.'14 will be discuased 1ater (see section 9.4). l ,_ 

" ' p _('p + pv' 2) . 
Figure 9.15 shows the àistr.i.bution ro 2 .... calculated 

pUIJ\ 
uaing both the full Y-manentum and the relat10n t 

1 , ... 

. '. 
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c 

., The hlgher order terms become important for anout Y/Ym/2 > 0.6. 

The static pressure across the jet can be obtained from figure 

~ 9.15 by using the mea~ured d.istribution of ~ and t;h!s ia 
m . 

shawn in figure 9.16. comparison of the two figures shows that 

pv· 2 ia comparable ln magnitude to p and thls agrees with the 

observations of ~ewman (1961). The preliminary velocity tra-' 

verses required to estab1ish the equi1ibrium flows (section 

5.3) were obtained by assu~ing a linear static pressure dis­

tribution between the wall pressure and ambient conditions at 

y/y = 2 0 and figure 9.16 shows that the procedure gives ffJ/2 /- ,. 

a reaB~able mean line through the actual distribution, 

especlally ln the range 0 < y/Ym/2 < 1. 

9.2.5 Reynolds stresses 

The mean veloclty profi~e of a wall jet can he divlded 

into 1nner and outer layers 'corresponding to y < Ym and y > Ym 

respectively, and this observation was found mathematically 

useful when deriving the integral theory for predictlng the 

behavlour ~f the flow on the Coanda cylinder. However, it i. 

ii:'. 

now common know1edge that in the plane wall jet the shear stress 

at the velocity ~x1mum ls not zero, ~he 1nner and outer layera 

interact and it ls not possible to allume that each layer po ••••••• 

the properties of elther the uBua1 boundary layer or of the plane 

free jet • 

• 
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Indeed, ln the flCMs beinq oonslderad here, the outer 

layer dominates the inner and- the turbu1ënce structure in the 

outer portion is hardly affected by the~re1atlva thicknes8 of 
, -
~ '1)-

t.he inner layer'. This i8 shawn in figuJ:'os 9.l7a and 9.18 ~here 

t.he shear stress distribution - which will be discussed i~ , 

datail later - is shawn p1otted"as ü'V"ï jü'V'T ~x versus either 

t.he coordinates Y/Ym/~ or Y-Ym/YmI2-Ym respectlve1y. It is 

avident that using the distance from the wall provides a much 

• bettcr collapse of the data than using the distance from the 
-.....1> 

" 
maximum velocity point, and in figure 9.17 it i8 8e'On that. the \ 

point of max'imum shoar stress ia almost invariant for -the 

different flowa ShCMn. The above evidence auggests that the, .. 
, 

paramcfer Y/Ym/2 should: ba used to~ correlate aIl the turbulence 

data. In fig. 9.17b it la seen that the collapse is further 

improvcd if the- shear stress is referred to the wall value .. 

The Reynolds stress data ia presented in the follCMinq' 

way: the raw data la first shawn and the neceasary corrections 

for high lntensity turbulence and longitudinal cooling are 

appliedi the Roynolds stresses' are then compared for each 

surface and thcir variation with surface curvature examined. 

The measurad Reynolds stresses are shawn plotted in 

figures 9.19 to 9.23 and 9.24 to 9.27 forrthe i = ~ and 1 

spirals respectively. Attention 18 glven primarlly to the 

outer region of the flow. and detal1s ot the inner layer, auch 

88 the possible exi8tence of a law qf the wall, are reaervad 

for section 9.3. 

'"1 

" 
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A. i - J 8J?lral " 

u· 2 
The distribution of ---2 i8 shawn i~ flqûre 9.19 and it la 

Um 
observod that sll1f-prescrvation occurs first in the outer 

1 

portion lof the jet and then qradually oncompasses the ent,ire 

flow. This phenomenon can a180 be observed in the work of 

other cxperlmenters,(e.g. Wygnanski and Fiedlor, 1968) and i8 

not surprising Binee .after tho slot, a shaar lay+r firs't begi.ns 
, 1 

to forrn nt the outer edge of the 

pletely Belf-preservlng by about 

flow. The jet appears com­
Xl 
b ~ 116. Further downstream, 

it appears that deviations from self-preservation first begin ... 
Xl 

ln the inner layer at about 0 .- 197 and then move progressivcly 

outwards towards the edge of the jet. These deviatiot\s can be 
t' 

A!:1r Ibu ted ta 
u· 2 

um2 

three-dimensional effects and the incr~aae ~, 

suggests a divergence of the flow in tho inner layer whorQb~ 

vortex lines aligned in the z-direction are stretched sa as ta 
-

increase both u' and v'. lIowever. measuromenta of VI 2 shown in 

figure 9.20 contradict this hypothesls and show that the data 
Xl 

at b ~ 19'7 ls in excellent agreement with upstrcëlm mcasuremcnta. 

in figure 9.21 and again The mcasurements of wt2 /um
2 -are shawn 

Xl 
~he dcviation from self-preservation OOgins betwecn 191 '- b ._ 

239. The measured shear stress distribution i~ shown in figure 

9.22 and was discussed in sorne datail in section 9.1. It ia 

observed~hat it is narrower than the normal stress distributions 
". 

and ~his may he bccause shear ls zero and normal stresses are 

finite in the irrotatlonal f1uid outside ,the turbulent front. 

The 'dotted lines in the above flgures repr.~ent the mean Reynolds 

, 1 

j 
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stress distribution corrected for-, botb 'longitudinal cooling 

and high intensi ty turbulence effects. 'the latter corrections 

were discussed in Chapter , and are given in ligures 1.12 to 

'7.15. The former are calculated fraa the first ter. in equa­

tions 7 .2_ ~o, .27 usihg the longitudinal cooling correction 

factor k = .2 ~iCh i~ appropriate to the type of wire used 

(see section 7.1). 

B. 
x R = 1 spiral 

, 
These results are shawn in fi<JU~ 9.214- to 9.27. The 

scatter is more\pronounced than for the previous spiral but 
r 

there is no obvious trend away fram self-preservation as was 
xl J 

seen at large b for that case. Also shawn are the résults 

• of Giles~et al. who obtained their data usinq' non-linearized 

/ 

. normal and X-wires. Their measurements of ? lu 2 were obtained m 

with the normal wire and the agreement vith the present data 

la quite goOO below Y/Ym/2 = l, and the increasing discrepancy 

as y increascs may be attributed to errors Introduced by the 

non-Ilneari ty of their anemometer ,J'esponse. The aC}reement 

between the v· 2/U 2 measurements ls less satisfactory but 
0' m 

'/ 

nevertheless ls surprls1ngly good in vlev of t~ rather large 

scatter that exists bet~n the varlous publlshed measurements ln 

the plane wall jet (see 'introduction and figure 1.3 ). Indeed 
-:2 .. 

Giles et al. used a X-vire to measure v' and it Is known 
-.. 

(Jero~ et àl., 1970) that this probe ls susceptible to errora 

introduced by thermal wake interference. If to th!a error there 

ls added the possible errora due to non-linearity of tbe signal 

.... -



, 

If 

and divergence effects due to thr~e dimensional flow then the 

agreement sho..m in figure 9.;;5 is· inde~d goOO. Giles et al. 
-

did n~ mea5ure v·
2

/Um
2

• 
'~ 

The shear stress distribution is shawn in figure 9.27. 

The conunents made for the,/~ = j spiral are applicable and tlfe 
, -. 

relation between measured and calculated.shear 15 dlscussed 

in section 9.1. The result of Giles et al. again agree reasonably 

weIl with the present,~asurements up to say Y/Ym/2 ~ .8 but 

although their maxifi~m shear stress 18 hlgher than the present 

it does not agree mpre closely vith the calculated value; for 

the present results the ratio of calculated maxl~um shear to 

" the measured and corrected value Is 1.25 whereas f~r Gil~s et 

al. the ratio i5 1.35 (the growth of their jet Is y /2/x.= .30). 
m 

Again the dotted line in the pr~din,9 figures represent 

the mean Reynolds stress distribution corrected for both longl-

tudinal cooling and high intensity turbulence effects. 

. C. Compar ison of stresses èl)\d struoturè 

Figures 9.28 to 9.30 compare, for each surface, the 

measured and corrected Reynolds stresses. An immediate obser­

vation i5 that on the curved surfaces v· 2 has increased rela­

tive to u· 2 and this i5 brought out mor~ clearly in figure 9.35 

wh.ich sh~s the ,variation of the parameter u • 2/v ,' 2 • In ~iane 
flows the equ~tion describing the rate of change of u .2 

(DU,2/Dt) is the only Reynolds stress equation to contain a 

production terlll related ta the mean flow. In curved flow, <, 

", 
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however, i t transpires that the e,quation for v .2 a~o contains 

such a têrm and it i8 possible tq draw a paralle1-between pro-
, 

duction due to curva ture and production due tO' buoyant effects 

which occurs in flows having a density strabification. Indeed, 

Bradshaw (1969) has shown that the ~iO of v 1 production .~o u' 

production in curved flow is 

- u. 
2 d,,' -R+j 

• 

which to q( ~m~l2), and for the self-preserving velocity profile, 

can be written at y = Ym/2 as 

Il X -

The value of Rf for the R = 1 spiral is about three times that 
, x 

=: ~ spiral. for the - The --=:PTmental results,do give a R , 
of u· 2/v· 2 slightly smaller value for the former case than for 

f 
the latter and this i5 consistent with the above reasoning. 

\, There ie also a substantial change from the plane flow. It 

should be noted that the above observation~ remain unchanged 

if the uncorrected stresses are used. 

The effect of curvature as seen between the plane flow 

and the i = ~ spiral is to increase ~. relative to u' (figure 

9.36) and it i8 curious that this trend ahould be reversed 

between the ~ = land! spirals. It may he that divergence 

of the floJ, which tends to stretch favourably oriented vortex 

lines (see discussion of i := ~ s~iral) and thus increase. u' , 

relative to w', i8 'responslble but there ls no direct evidence 

:M 

• 

" 
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.to confirm this • 

. ' Figures 9.31 ta 9.33 shO\ll.' t.he variation of each normal 

Reynolds stressJw1th surface curvature and as observed above 

'it is only w· 2 that does not continuously increase. An inter-
. , 

esting feature of the se plots is that, in the outer part of 

the jets, the ~asured distrioutions of u· 2 and v· 2 tend towards 

a unique and isotropie relation. This data is in agreement 

with Townsend (1969) who suggests that at the interface between 

turbulent and non-turbulent fluid the newly created "burb~lence 

is isotropie and has not yet acquired the characterlst~cs of 

the partleular flow. 

.. 
The variation of turbulent energy, q2JU 2 on the surfaces 

m ' 
ls glven in figure 9.34 and confirma the overall increase due 

to the additional 'buoyant' production terme The structure 
1 -

parameter üï.V7/q.2 has been ca1eulated using the measured (and 

cor\:-ected) ,stresses and is shawn in figure 9.37. No obvious~ 

trend can he detected: the maximum scatter about an appraKi­

mate mean 1ine ls ± 6% and it appears that, within,the experi-
1 

mental accuracy, the structure is invariant. ~is 18 in agre~ 

ment with the hypothesls made br TownsendLjl969) (see section 

,',3.2) and will he discussed further in sectiDn 9.5. 
Il 

. 
In arder to correct the Reynolds stresses for the effects 

of high intensity turbulence it wa~ necessary to ~asure a 

number of correlations between the fluGtuatlng velocity compo~ " 

nents (see Chapter 7) and these are shawn in figures 9.38 to 

9.W. 

. . 
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Figure 9.38 shows the shear -,tress correlatièQ coefficient 

measured directly, wjth an electronic correlator, on the two 

spirals and in the plane wall jetl the measurements fall con-

vincingly on a single 'eurve and thus provide further evidence 

of the ~ructural sireilarity between these flows and indeed 
p ~ 

between most shear flows sinee the measurements do not differ 

substantia11y from those taken in a plane free jet by Bradbury 

(1965) or in the round jet by Gibson (1963). The shear stress 

calculated fram u·v·/J:·2 ~~.2 using the measur:d values of 

--"2 2 ' u' and v' is in good agreement with the one measured directly 

using a slanted wlre and this provides an additional check on 
o ~ 

the measurements. .. 
~ -2 

The flatness factor v' /(v· 2 ) is shawn in figure 9.39 

and, over most of the jet, is ~1ose to the value (= 3.0) given 

by a Gaussian distribution. 

The triple correlations u·v· 2 and u·w· 2 a~~ s~ownl in 
~ .. 

figure 9.40 and 9.41. In the former figure u·v· 2 becornes more 

)Positive with the increasing curvature and mixing 1eng{h argu­

ments (which postulate that a positive u· ls associated with a 

posltive v') suggest that convex curvature lnhibits the exist-, 
ence of negative v'.· , 

9.2.6 Inte~ittency 

Figure 9.42 compares the present measurernents of inter-

mitt~cy in the ~~e wall Jet in still air, with measuremant. 

by Garts re (1966) and Giles et al: (1966), and the ai,r.ement 
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18 lndeed poor. No obvious expl~ation can be given for the 6 

dlscrépancy. The growth and veloc\~y decay in the flows were 
1 

similar and both Gartshore and Giles et al. obtained 

their data with electronic circuits which were apparently 

checked by using a visual analysis, ida.ntical to the present: 

method. To be consistent, the present wall jet measurements 

will be used for comparison with the measurements on the 

logarithmic sp,irals. 

x 
R 

Figures 9.43 and 9.44 show the measurements taken on the 

! and l'spirala respectively. In the former figure the 

data collapses anto a single curva. In the latter, thera is 

a downstream variati~n which, at such a large diâtancc from th~ 
Xl ' 

slot (~ ~ 200), may be attributed to three-dimension~l affects 

but this cannot he c1aimed with certainty sinee sueh a varia-
I; 

tian did not appear in the measurements of Reynolds atress. 
;) 

Neverthelcss, it will be assumed that the morecreliable data 
Xl 

is at ~ = 205. The dotted 1ine in figure 9.44 represents the 

data of Giles et al. They did not measure beyond y/Ym/2 = 1.7 

but thcir results nevertheless indièate a muçh wider intermit-

tent zone. For small y/Ym/2 they agree with the present results 
Xl 

measured at b = 284',' but they disagree at l-arge values of 

y/Ym/2 where. the intermitteney is more easily ahd accurately 

measured. 

The present intermittency results are 

9.45 a,nd two important observations can he 

, 

'" 
gathered i~re 
made: (a) the v 

relative mean position of the super layer ~ves inward as the 

curvature lncreases, and (b) the relative width of the inter-

1 

',' 

, 
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inlttent zone - as speclfied by the standard de~.i~,tlon _ (0/Y';2) -

does not vary in a consistent' manner with increasing curvature, 

but it 18 nevertheleaa amàller for the two spirala than for the 

plane wall jet.' These results are particu1ar1y interesting in 

11ght of sorne recent ideas on the behav~our of turbulent shear 

flows. 
~ 

Gartshorc (1966) has suggested that the standard deviation 

of the superlayer from its mean posltion, is a measure of the 

length scale of the large eddies but Bradshaw (1964) 

suggests that the size of these èddies is more likely 

related ta the average position of the interface. The present 

results, in conjunction wlth eithcr 0(, the above hypotheses, 

show that the ratio of the large eddy length scale ta the width 
, 

of the flow decreases with lncreasing curvature • 

. 
By considering the large eddy as a vortex, Gartshore (1967) 

and Gartshdre and Newman (1969) argued that its scale, relative 

to that of the mean flow, ls primarlly Influenèed by the mean 

f i ;)u d ()u d h tl rates 0 stra n t\X an t\Y an t at consequcn y 

The function h is shawn to he even and Gartshore uses 

,2 

(~) ,~. ' 
a- " 

The present results are lnsufficient and tao scattered ta 

corroborate for curved flows, the forrn of the above relatlon 

(see table at end of section) but they nevetbeles8 do lndloate 



f 1 

1. 
- 180 -

) 

that the decrease ln .ize of tho largo eddie. re.poct to 

Ym/2 ln the ~onvQx flowa 1. qualitativoly in 
" 

offect: of ratQ of atr,ain OQ tho eddy. 

It has beeh 8\1qqestod by'Oartahore (1966), OJ\ the ba.il or '. 
! 

tho large eddy equil1brlum hypoth •• 18 (Town~end, 1956) that 

tho mlxing longth ln plane flow8 

(9.1) 

can bo takon as the length Icale of the large eddles and thu. , 

for identicnl profile ah"pes that 

(9.2) 

Newm..,n (196·r) haB u8od,f'equatlon (9.2) ln order ta predlct the 

,devolopment of curvod free jets but thla partlcular patt of 
t 

his analysie appêars ,incorrect for the followln<j rea.onal 

Tho form of equatlon (9.') changea for curv4d flow. 

~le corroct equation 18 obtalnod by writlng the energy equatlon . 
- in curvilinear coordlnatea - for the turbulent '~tion of t~ 

\ . 
large' eddy (Town8ond~ 1956) and then f'ollowlng the ànalyei8 _of 

" 
Gart~hor'e (l966~ ~ \ the production and disaipàtlon terme are 

oquated ~nd the kinematic vlaC08)fY v 1. replaced by the '.ddy 

'viacoaity' vT wnlch 18 aa8umad-to roproaent the aotion of the 
1 

emaller edd1ea on the large odd1.a. Furthermore, the large eddy 

1. aaaumed to have littl. energy .nd t~r.for. YT .·YTo, Th1. 
\ l 

'",-

o 

J • , . 

" 

! 
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, 

(J,i){~ 
, ' 

" . 

(9.3) 

._, where u Il is the character ist..1c velocity scale of the large 

eddy. 

(b) ~ aise •• eettlat:ieh ie i;fteslLpatU,le wiYl ëhe p ...... ~ 

aH,triMefttal euidence. Rewriting (9.3) ylelds ... 

Note that thisy,~quat~on la not the é8me as the rUaI mixing 

1ength formu_~ation which ls writt:n (G,:,i~ton, 1,_,: BradsMw, 

1969) , 
ft -l' 

"-n . ,,"..' lA) 
J.(~+- , 
~ ~+'j (9.5) 

conseq,uentlv iJ cannot he identified as the mixJ.ng length aa 

was done in plane flow equation (9.2). Equation (9.4) can 

also he rewritten as . --

-l' • 
\l\J -li! (9.6) 

. ' 

\ 

whera 1 following Gart~hore 1:( 1 ~6) RJ. has bae!" replaced by the 

standa~d deyiatlOn~ The exper1menta1 data glv8S u·Y·Ib.2 

~craasin9 wlth Ymf21whilè the right~6and aide of equation 

" 

• 
, . 

IJ r 
• ~ 9 
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(9.6), ln conJunct:.ion vith experilp8nta, decrea.... '!hua if 
l • 

the experlmenta have correctly ldentlfied, and meaaured, ~ . . 
large eddy scale, ~hen .quationa(9.6) and tharefore equatian 

(9.4) are invalld in curved flow. 

il. 

? flow 

Plane free jet ~ 
,.., in still air. " 

.' (aartshore, 1966) , 39.2 

Plane wall jet 1 

in still air 
(Guitton.) 

x ~. - = .il. spiral 

fGUi~tOO) 
x 'ij' ... 1 apiral 

(Guitton) 

22.1 

102" 

YrA/2 • 

31 6.25 . 1.81 .115 

69 10.9 f.82 

1.62 .155 

30 13 1.50 .211 
_____ ~ ________ ------__ ------------------~B----------------

, . ~ .. , • .. 

.(~ 
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Exporjmcntftl RefHl1ts i.n Inner I .. nyer 
1 

Tho 1nner Inyer of the oqullibrium wall jets 18 a" rather 

unique cknmplo of a Ibound!ll"y Inyor typo' flow which lB 8ub-

mi ttcd to tho in! luenco or 'lm inlonno] y turbulent ,extornal .. 
flow anù upon which thi Bouter flow imposes a slrong shoar 

stresa gradlNlt (fiC]Ure 9.27). 

Fiq\lrO 9 .ll() ~hows tho menn voloclty distribution in t.he 

inncl" lllyur. 
X 

'l'ho I?rO!ilo on the R "" 1 spiral-ls 
" 

fuI} ilnd th if; JlI1':ly,bc ,lttribut:où to the iÎ'lCroasod 

gradient in thtl::4 Oow; o.g. 
'\ 

Sli911lY 

prosfure 

lotis 

Fi gurc 9. JJ7 llhcM8 tho distribution of tho normal stresses 
- "2 
u,2 and VI and the di\ta from ench surfaco collnpses quite 

weIl. The tlhoLlr stress mensurome'nts nro shown 'in figure 9,1,8 

and ~hey ,extr;'polatc convincingly (considoring ,the difficulty 

of thls measurement) to'the wnl1 va1uo. The large 'shear at y m 

has already been discussod in the provious sectIon. ' 

The vclocity dO,fcct plots arc shCMn~1n figure 9.49. In . ..;; . 
deriving thia relation for 'classic~ boundary layera it ia 

thu 
assumed thathvolpcity diffcrcnce (Um-u) in the outer part 

of the layer la ind~pondont of viacos1ty and deponds only , 
> " 



~
." ~ .. 

" 
'.' 

" , , - 184 -

u"" - "" -
< 

For wall jeta where thera la a atrong ahear stress at 

Ym and lt has be'en 8u9CJeated by Tal11and and Mathieu (1967). 

that the prevlou8 argument can be extended to lnclude u'v' • m 

auch that 

The data in figure 9.49 does auggest a .light atreamwiae 
1 

variation in the shape of the defect plot. The logarlthmic 
~ 

, 
law of the wall can he derlved by aS8umlng that the defeèt 

law g1ven above and the 1nner law 
--" u. -UI'(' 

overl~p. Thus a fallure of the velocity defect law implie. 

that the 'log-law' fails but the acatter 1n the reBulta la 

important and no deflnitive conclusions can he dr~wn. (Note 

that in Chapter ~ it W8a SU9geated that the log-law hold. in 

the i ~ ! spiral but fails due ta pressure gradlen: on the 

i III 1 aurface.) 
. , 

tH ". 

The varlation of the Reynolda streaa in the wall reglan 

given 

there la 

8Ci1ainat 

ln figure 9.50 and the reaults lndlcate clearly that 

no tendenc~ for u,2JU 2 to collapsè when plotted 
te,. e:S 'I<1} or 

YU~/vkand thla eorroboratas the idea of 'inactive· 

. , 

\ 

.. 
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,'or awir11n9 motion parallel to the wall and impolè~ by the 

outer flow (Town.end, 1961). On1ya tew meaaur.menta ot 

v· 2 w.ro made but they auggeat a cOllapa. of the data for , 

both aurfacea aa far out
l 
a. YU~/v • 450. The hot film 

mea.ur.menta intimated that the ela •• ieal logar1thmic law 

(wlth conatante A • B ~ 5.5) fail. on the i ft l Ipirel but 

.orne rGaulta in 'Chapter 8 iugqeated (in agreoment with th. 

ob •• rvation8 of A1cAraz et al., 1968) that ft dlfferent wall 

law !My etill bG valid', and the plot of ;.t lu 2 aubatant1ate. 
~ 

thi •• o ( 

" 

• 

.. 
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9.4 Application oE the Friçtionless. Flrst Order Theory 
of Section 3.1 

It is r~called that thls simple and prelimlnary theo~y 
i 

was introducdd' to gain more insiqht into the order of maqni-

tude of the terms in the relevant equations, and to investigate 

the applicabllity of equilibriu~ data to non~equilibriurn flows. 

The empirical information ,for t e theory was provided by 

assuming equilibrium conditions whereby the qrowth of the jet 

is a funétlon of only local conditions and gi~en by 
'-

• 

where ~o is the plane wall jet grOt!tl1 rate (.071 in thls case) 

and ~3 is assumed universal for flow on thé spirale. 

The present experiments on the logarithmic spirala give 

(see section 9.2.2): 

( 9.6) 

The values of f3 differ by CX11y about 6~ which appeara to con-

firm the universality of equatlon (3.3b). 

The experiments of Gilea'et. al. qive: 
.. 

" 

\ 

-
,1 

. 
" 
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x l d~, 
la .077 + 1 .• 038 ~ - ... - spiral 

R ~ R 

dYe/2 ~ !. = i spiral - .077 + .857 R 3 dx R 

~ 
Y' 

!. =- 1 spiral =- .077 + .7"3 ~, 
R' R 

For reasons discussed in Chapter 6 and in section 9.1 the 
, 

present flows .are presumed to he of better quality and the 

• (9.6) and (9.1) average of the equations 
" 

~ 
d:1"')'a "'1 (3'êb

) 
• 0 0 07' + oo''''S ~ 9. 

d"JIC 
, 

will he taken as the required universal relation • 
" 

EquatH)1\ 

(9.8) can be rewritten as (see equation 3.10) 

":lWt/a 0-01. ~R (3. 1°) 
l - - < 

( , -' 0-1115 ~) 
9.9 

R 

Using the above relation, the maximum velocity ~ay 

(equations 3.12) on the spirals i8 given a8: 

, ':'ooS~ 

- (~) x 2- u"" - = -R 3 U~ .. 

x l ~ 
U-- - -R U..,. 

Q 

and th!. agrees extremely well vith a numarical solutlon whleh 

includea akin friction and the y-.omentum equatton to flrat 

order. (See figure 9.12.) 

The surface pre.aure distrlbution la glven by equatlon 

(3.17) and in ~junctlon vith equatiœ (9.9) yl.lda 

-
·~t ,', 

" 
j 

'-

" 
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~ -. R 
"-.-r... . 

.. 0.072 --

=. o·a\oS 
rU! , 
I.i \ 

and these predictions give good agrrement with ~he experl-

ments shawn in f iqurea 9.13 and 9.1". 

The 'frictionless firat order' theory~a8 confirmed, for 

the equil1brium flows, the ideas of Newman (1961) and Nakaquchl 

(1961) and it bas been shawn that 

(a~tlon 11mlted to 0 <i> glves ~xce11ent 
\ y 

agreement with exper,t.ment even up to ~ ~ .3 
/' .. 

(b) the bulk features of the equilibrium flows can 

he predicted qulte weIl by neglectlnq the 

influence of skLn friction. 

In addition it bas been ~hown that the llnear universal growth 

law 

- ~ o. 07\ .. o· 775 '1-ta 
~ 

qlves excellent prediction of th~ veloclty decay and the surface 

pressure. It .bould be noted that tbis relation does noê 
--

represent a eerturbatlon away fram the plane f10w growth. Thu8 

rewriting equation (9.8) yields 

" 
d'1...,. . l....,.) 
- • 0·0'" ( ,+ 10·7 R 
cl~ 

Il 
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... 
and, for a perturbation type" .. ~a_lyeis to hold it ia neceiusary 

that Ym/2/R « 1 and this condition i8 not met-in Any of t~ 
f10ws studied in this work. More lnslght into the nature of 

thi. relation (9.8) ls given ln the next section in which 

Townsend's theory 18 discussed. 

9.5 Townsend's structural 
refer to section 3.,2 

Theor'l 

In this theory a prediction of the development of the 

curved wall jets is attempted-by aS8uming that in equatlon 

(3.67), the turbulence parameters t/l 'l'w.ra\1 ':J./~--It and 

~/~are invariant between the plane and jürved flows. 

Sorne basic simp1ifiéat~ns to the working equatlons were made 

~ by calculating pressure ta 0 ( R ) and neglecting skin friC-

tion and these assumptions were shawn valid in the previous 

section. 

The plane wall jet measurements 

~ -

dlscussed earlier give 

'je 
- :. ',8 
":JWY-a 

, 
o· 0"" ~...,.., • 

a:. • 2 =: 4·'~ (9.10) 
\~~ .. \ ... 

and substituting thesa values into eq~tion (3.67) when Ymi2 -

9 yialda , , 

.. 

" 

,> 

.' 
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" (9.'11) 

, 

The equation (3.~7) for the spread of the curved jet 18 there-

fore written 

[ o·~ - o·?'Z ':I~ + 0·42" 4 ( ,- Hô.' ~) 1 \ ~ + O.f>,; R l i""n 
(9.12) 

and so1ving for the spirals i = ! and 1 yie1ds . ' 
':Il.fR • 2/'6 .\-''''~\ ':J-.,... • 0 ·100 

• ~ _ o.a"o 

Theae predictions are substantia11y lower than the resu1t of 

G11es et al (they obtained Ym/2' = .18 a~d .3 respectively) 

and are closer ta the present results (Ym/2' - .155 and .277) 

but the dlscrepa~cy la still large. The solution ls extreme1v 

sen~it!~ to errors in the coefficients (~ .611) of the right­

hand side of equation (9.12). For examp1e, if this number ia 

changed ~Y 10% to equal .556, then for the : = ! .pl~al the 

predicted growth la Ym/2' D .171 which represents a 7~ 

difference wlth the previous1y calculated results. This 

feature unfortunatély limita the usefulneaa of the method sinee 

the parame'ters Ye /Ym/2 alone changes by more than l~ between 
x the "plane wall jet and the jet on the i *' 1 spiral • 

It i8 of interest to con8iaer equation (3.60) which repre-

aenta equation (3.67) before the equat10n for the -.x~1DU1D .hear 
\ 

\ 
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.tres8 18 lntroduced. The jet growtha can bo obtalned from 

equatlon (3.60) by u81ng 

and taklng the present experlme"~~. valu.s_ of qo2/Um2 and y. 
'1 Ym/2 

whlch are ahOlln ln flgure. 9.5\ Thli pc.oœdure yielda , 

(9.14 ) 

The growth, predlcted for the ~ - ~. 8p~ral 18 more rapid than 
R 3, • 

that found ln the present experlment8 but agreGs well wlth the 

flow of Gllea et ~l. The qrowth on the i - 1 spiral Agrees 

m08t closely wlth, and 1& les8 than, the present data. More 
, :. 

Inalght Into the Influenco of errors ln the parameters ~./\~ __ J, 
':Je l'J ... and 'J...,./L,. on the grCMth cal~ulQte~ from equation (3.60) 

can be obtained by noting that the Qqua~ be con~lderably 
almplifi.,d, by neglecting small terms, to yield""",,-

'~'~ 

- "" (9.'i~, 

""" ln thla form the equatlon Is expllcit in Ym/2 and a 10% error 
\ , 

ln the rlght-hand side will cause a slml1ar arror ~n Ym/2' 

The possible error in the growth calculated from equation 

(3.60) 1. amaller than tbat for ,a calculatlon uslng equation 

·(9.12) and It ls tharefore aurpr181ng that ln rela~iona (9.14) 

the better agreement vith the preaent éxperlmenta la Obtalned 

for the i - 1 apiral. (The, two-dimen81onallty te.ta deacrlbed 

1 

• .. 
l 

À .'~r. 

'"t ~( 
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" in Chapter 6 and in section 9.1 iQdicated that the f10w on 

the present i == 1.sPlral is of better quality than that ob-' 
"' tained by Giles et al. on their spiral or by the author on 

, ...x ) the /'i = 1 spiral. 
, ' 

In figure9.5' there ia shawn the variation with curvature 

222 
of the quantitias Ye/Ym/2 ' qo /(TMAX ) and qo /Om It is 

aeen that Ye/Ym/2 changes quite consistently.with curvature 

and it appears doubtfu1 that it is much in error. It is clear 

from equatian (9.14) and, (9.15) that no matter how Ym/2/L€ 

varies with curvature (providing it is a consistent variation) 
.,,, .. tt.,,. 

it is not possible to have both of the predictions ln ~J9 .14) 
"~ 

agree with the present experinents. This suggests that experi-

mental scatter in q 210 2 la responslble for the unexpected o m 

predictions in equatlons (9.14).' The modifications to qo2/Om2 

that are required to make the oalcu1a~ed growths agree with the 

presen~ results (Ym/2 = .155 and .277 respectively) are quit~ 

plausible and"are represented by the full line in the 10wer 

plot of figure 9.51. 1\"'1> ~,' e..~.'.n.l w'-· ... ,·\&..A·-"'3 l't' eH' .... T~"O!' '\ oU . 

.... ~\~ \.- 4.,,,, ". ,,.. "Of"''' .,t, .. ,\c .( < .. ~ . . 

Figure 9.52 compares the variation, with curvature of the 

measured (and corrected) T
MAX

/PUm
2 with various predictions 

which are simi1ar, except in detai1s to the method used by 

Townsend and which was followed in deve10ping equation (3.66) 

(given by 11ne No. 1 in the figure). Line No. 3 is given ~y 

which represents &,best straight 1ine fit through a 

(9.16) 

polynomial ~ 
." 

"'\ 

f 
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y_/~ 2 
of o( (~) ), and wae obta1ned blf notlng thats (a) t'he col1ap .. 

of the almoet eelf-.i~lar shear stree. prof1lee in figure 9.17-

-èan be 1nproved by plott1ng a. in figure 9.I'7bJ (b) son. of 

the coefficients to,Y~2 are large and I1miting the calculatian 

to O(~) i8 inva1id (8ee laet paragraph in preceding .ection), 
y 

and (c) terma of O(~) a~e siqnificant. Line No. 2 ia ident1-
Ym/2 

cal ta No. 3 save th~t the coefficient of Ym/ 2 ', (- .25), in 

equation (9.16) was rep1aced by .215 ln order to force the 'line 

through the plane wall jet resulta. ThJ.s relation will be used 
~ 

in the analysts of the Coanda flow over the circular cylinde~ • 

.. , . 

.. ... 
.... 
'. .. 

/ 

, . 

" . 

, 1 

,1 

.,' 
'; 
~ 
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Chapter 1Q . 

Experimental Resulta and 'theoretica1 prediction of the Wall 
~ Jet over the Cy1inder of Constant Radius 

10.1 QuaI ity of the Flow on the Cylinder: verificatim of 
two-dimensionallty and universality of results . 

'\ 

Figure 10.1 and 10.2 show the lateral variation of total 
i ' 

pressur~ at y = Ym and ~~/2 for 01 = 60° and 150° respectively 
. 

and it is observed that, èven with the care taken, it was impos-
-., 

sib1e to prevent the occurre~è of large and very rapid varia-
,,~ ""'" \ 

, '; 
.. tions\ in the pressure. (Indeed,.~· the variations take place 1n '\ .. . " 

Buch shg!:-tt distances, that latera1 traverses taken every 2 inches' .... ;. 
~"" 

(Fekete, 1963) rnay not reveal - the difficu1ty.) The variations 

are more pronounced at Ym/2 than at 1m and thls lB consistent 

with suggestions (Chapter 6) that the variations are due to sliqht 

lrregularitles of the slot ILp. As mentioned in Chapter 5, it i8 

quite possible that corrosion and slight flaking of the cadmium 

plating is respanslble for the irregularities and this may not 

have occurred in Fek te' s original experiments .made ju'st after 

the apparatus 

The pronounced near the centre-

line and consequently no traverses tt~mpted at this loca­

tion. The irregu1arities wace a minimum for aIl angles, 9 1 , at 

~ inches ta the left of the centre-line and the measu.rement8 

were performed at this position. This, of course, subjected bhe 
1 

..; 
flow ta possibly more influence fram aecondary flowa near 

the end plates but a perusal of figures 10.1 and 10.2 and a 

/ 
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. 
consideration of the time spent in achievinq even this degree 

of quality (Chapters 5 and '6) revealed that there vas little 

f~t~r choicë in the ma\ter. 

The verification of momentum balance is, given ~n figures 
, 

10.3 which shows the measured decay of maxLmum velodity compared 
.. ' , 

with the results of two calculation methods. The f~rst. line 1. 

'" 

, 

i8 calculated using a Runqe-Kutta numerical solution of equations 

. (3.79) and (3.80) in cC;;njun~tion with: (a) the known growth: 
k\ 

,(h) the measured shear stress at Ym~(~m): and (c) the measured '\ 
J' t,;.*~ 

The second. line 2, is calculated llke the pre- ~~. skin friction. 

Il vioua except that,. is not the measured value but 18 calculated 
m 

f~om the inner layer equation (3.80) using thi known growth of 

,the inner layer. • 
If it is accepted that a small divergence of the flow does 

not si9nificantl~ change U'V" (Chapter 9) then the measured . 
shear stress distribution is most~epresentative of conditions 

,~ in a pe§fectly two-dimensianal flow and the dif~erence between 
, . 

lines 1 and the measureâ points ia a measure of the exist1ng 

three-dimensional effects. On the other hand for l1ne 2 the 

three-dirr.ensional effects are artiflcially compensated br incor­

pora~-them into'a fic~tous shear at y and bence the ,perfect , m 

agreement with experlment. These arguments also apply to-, (" 
figure 10.4 which shqwp the above numerical procedures applied 

to the calcu1atioo of Ym. ..:the excellent agreement between 

experirnent and I1ne 2 Qf figure 10.3 or line 2.. of--1J.gure 10.4 

, . 

.. 
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. 
prOv~d ••• verll1cfttion of the c~uter program. 

A furthor attempt to lnv.".tlgato two-dl .... n.lon.lity w •• -made ,~y me.I"tur 1"9, th. atres8 U.'w' At lhr ••• t.re • ...,l •• 8tA\lona 

and thl. la Sll<.Ml' in figura lO.!). Note that thé PQ{nta Wh~. .,. 

U 'w l 18 ft mAx!n,un OCl"ur roughly at the .. a. valu. of Y/Ym/~ And 

th! .. la AIAO close to whtU,"Ù '\i"'VT ... û'"'V'T
MAX 

(fl'qurQ 10.2_>. ~ 
ratio oC the maximum aheftr ~tro ..... 18 

-• • 
"''' MA" 

"MÂ-
• 

To veriCy the qunilly ol tho •• reimita the moa.ure .. nt At 01 "'" 

Ill!,)" Wl\9 ropoi'tted throe monlh. later wifh a dlfrerant w1r., 

anemomnlor, 11nenrlv.er, and R~~ mutor and the r08ult le 91von 

by thê dnrk points in flguto lO.~. The two Mensùromallte .ro ln 

gOO<1 ftqroomen,t eonsldar ing th. di ffieut ty ol th .... aurament and 

thG .xtrnmoly amnll magnltud~ of the paramoter bolnq meaaur.d. 

The nèqntive value of üï,;ë at 91 - l4~~ and y • Y';2 auqgoat a 

veloclty whlch l~ decroaelng wlth Increaalng dtatance fram the, , 
contre-llne and tho lateral total pr •• aure varlation ahOlm 1~ 

f1gure 10.2 tende to corroborate thl. d.ductlon. 

The moat accu rate mea.ure of, thre. dimena10nal effecta la. 

of coure., a compariaon betw.en .... ur.d and calcul.ted ah.sr 

atre.e. For the ••• xp.ri~nta the calculatt10n of ah.ar 1 • .ore 
~' 

tedioua th.n in the a.lf-pr.aervln9 flowa .nd lt ~.t he repeated 
• 

for .v.ry _aauN~n~ atstian. It wa. found Juat •• u •• ful to , 

---

\ 
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calculate one point, and the ahear et Ym w •• chosen (it wal 

u.ed in tti. computer program re1ated to the resulta of figur •• 
(ID) 

10.3 and- 10.4) a~d i, shown, in figuro' 10.26,teompared to the 
, 

m.alured and corrected va~. The aiscrepaneie. are very large . ' 

and are in the ran.ge 30 - 70% but they are re.panslb1e for on1y 

a ~ discrepancy 1n th~ maximum ve10city (figure 10.3). 
{ 

To verify universality 1t ~8 of interest to compare the 

m8lsuroments with those of Foketo (1963) but this will he 
o , 

reaarved or the discuse10n of the 1ndlvudual resu1ts. 

10.2 sults 

,10.2.1 ~ulk p~ram,ter8 And comparison w1tb th, re,ult! 
of FelSQtëo 

The m~asured mean velocity profiles are shown in figures 

10.6 and 10.7 and it is obaerved that the corrections due to the 
" , 

transverse v component, are negliglbly small except at the edge ,. 

of the jet and over thè whole,of station 91 • 200°. (The v com­

podent was ca1culated from the continuity equation and the 'u' 
CI 

profiles are shawn by the dotted llnes.) 

The non-dlmension~l profiles a/Om or u/Um versus Y/Ym/avare 

sho.m in figures 10.8: Thare is an excellent collapae of the 

data even up to 91 - 170 0 which ~s in the r.gion where the 

pressure gradient quickly steepena, and only at ,91 • 200°, whi~h 

18, near the separation point, doee the profile aHape 'undergo a 

marked change. These obeervationa are gen.ral1y in .gr .... nt 

\ 

, 
l, 

.~ 
,J 

, .. ~-:\t 
.L.:!·~ ... ..,..'So.. 
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" 

with Fekete's results bùt the present measurements g!va rise 

to a better collapse of the data. It is interesting to note 

that' th~ changing profile shape is mainly a result of a change 

in shape of the inner layer accompanied by a change in the 
vI 

ratio Ym/Ym/2. This is clearly seen in figure 10.,9 where the 

din~nsionless plot of the outer layer shows an excellent collapse 

of all data including that of 61 = 200°. This fact, plus the 

excellent agreement between the measurements and 'sech2 , profile, 
• 1 

provides excellent' justification for the 'strip' integral 

analysis described in Chapter 3 and used in section 10.4. 

The variation of both Ym/2 and Ym is shawn in figure 10.10: 

the surface pressure variation is also shawn and it is observed 

that the rapid thickening of the inner layer is associated with , , 
the sharp pressure rise. This phenornenon was discussed in 

detail in Chapter 4. It is observed that in this case the . 
plateau region seems not as weIl defined as for ·the results of 

Fekete and a comparison with these results will be shawn later. 

The surface pressure, referred to the local maximum velocity 

is plotted in figures 10.11 and 10~12. In the former it is seen 

that the pressure calculated from the full y-momentum equation 

agrees well with that calculated from the linearized integral 
-

theory (equation 3.17) and this is in accord with calculatlons 

made for the equilibrium flows. The dlscrepancy with the measure-

ments ls conslderable and no satisfactory explanatlon can be 

spggested. A comparlson wlth the equillbrlun. flow résults ia 

given in figure 10.12. 

• 
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". The position of the threshold is easily obt~ined by 

using equation (4.16) in conjunction with figure 10.11. The 

results glve 

and the threshold is predicted to lie somewhere between 91\ = 

1450 and 170°. This is in good agreement with the surface 

pressure distribution shawn in figure 10.10. 

The results are compared \ith Fekete's data in figures 

10.13 to 10.15 and the agreement is good. In particur~r the 

'. decay"of maximum velocity agrees very weIl w1th Fekete' s large 
#- he ' 

i result~ an4 th~s suggests that the present data 1s close to ' 

the'universal conditions discussed in t~troduction. Thus 

universality of the flow will be assumed for the present rasults' 

and no attempt will be made to apply the theoretical analyses 

to Fekete's data (except, of course, for the separation analysis ,. 
discussed in Chapter 4). 

10.2.2 Reynolds stresses , 

The theory of Townsend will not be app11ed explicitly to 

the flow on the circular c~l1nder (see discussion at beginn1ng 

of Chapter 3) and consequently the Reynolds stress measurements 
, '. 

are of less theoretical interest in the present case and they 

will net be discussed in detail~' They are shawn in figures 10.16 

* Recall that the 'threshold' point is where the surface pressure 
is assumed to begin ... ,the cascade type increase t.owards separa­
tion (Chapter 4). r 

-

• 
~

' 
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• • 
to 10.19 Cor the who1. jat layer and in 10.20 and 10.21 tor 

th. lnnor boundftry lAyer • 

. or preuant int.roet i. tho nbsorvnl ton thllt the} f10w tlOO8 , 

not appoftr clo •• to 8quilibr ium condilion.. The valu •• or 

~ obtninod on t~e tw,o .pir,,1. weC8 Ym/2/R ., .103 Bnd .'2'(''' 

for!. - 2. and 1 r08pocllvoly. Tho two plAtlon. on tho R 3 
cyllndo~ whil'h hnve valuo8 or Ym/

2
/R cloDO to thel!lo afa 

9 • 
• ':1""1ta 'Gi -, 

~ 
• 0·'0& 

~ 

9, • "1...,. • '10' R 
• o."jl.~ 

. , 

It 1. Baon ln r 19\Jre 10.16 thllt the ra' J I:J ft sign if icnnt hllSLory -
erf\oct nnd tht\t lho lOCi\! \\12/0 2 on tho (.·yllndor 18 amaller 

m , • 

than lhnt of on equillbrtum ftow wlth an oqalvalant, Ym/2/R. 

Thi. property will be dia'eus8Gd in •• ction 10.3. 

10.3 The Lll1çnt:.1~od Int.qg{"l Meth2Sl And ft .D1lcups1on ot th,." 
Sato of grQWth E9\!atioll 

\ 

Recall thnt the principal objective of th. linearized inte-

9l"81 method WAil to examino the applicabll1ty of a tirat ordor -

i.e. 0 (!~/2> - theory in conjunction wlth the aS8umptlon that 

th.' jet la in local aquilibr'ium and only 'tho.~ two aepecta will 

ba cOheldared in th!. aection. 

, , 
Th.' int~9ral of tho x-momentum .• quar1~ in conjunct1on w1th 

th. y-momantum written to 0, <i> ahow. that, to thi. order, the 
> 

lin.ar momantum i. con •• rved over the cylinder (equationa (3.19) 
, 

to (3.21). The tabla below 9i.e. th. relevant maa.ured data 
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\ 

91 "0" 7',)(> 110'~ 1_!J (- l'rol' 200 l' 

~ 
pUm Ymf2 1 

.. 
Tl' 0"1' .. , h 

1.99 1.9{l 1.9_ 2.00 1.91 1 .61Jt 

!mLa .0'( • l(, .2U ... ~ .60~ .96 1\ 

.. Flqurt':; 1.0.11 itnJ 10.)? uh\."lW tho (;Ut'('1('O pn.."Hmre dlat.r 1-

b\lliotl. Tn the fl.\l'mt'l" (lq\lh' thcro If' ohuwn n (,~ol1\p:arlBon 

to ilhout tht' "\.\ximwl\ poinl ln Uu' ("Ul"V~. Boyon" tht.s, l'Inly the 

prc~oure. The Intlt!r fl cluro Hh<'1WR .. , ("ol1\l)"r\"on uütwo<'n lho 10<]-

( ~-spiral and tho cyllnd~l' <""lit. Tho point R .4~ corroupon4s 

ln 0 l - lJ.~·· ilnd flquru 10. \(\ shows thnt U\O 'f1ow at th!. loca-

Just . 
tion i "heY<.)Jl,1 the 'plah"'\u' n'qion of prol1f1ure, and 

in th(> rcglon wheH"' th('l 8\11:'f.'1<:'0 prouRuro 18 rilplclly ln('rcftslnq 

(Chaptcr 4) and tllis cxp1ains the incrcaslnq d1fCoronce botwoen 

the cal-culationfJ b.'lR~d on the f\lll y-momentum and the almplif1ed 

relation, equatlon (3.11). 

-
~ 

,~ 

~
_:!J 

, . 
" ,. 
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It follows from the above table that if the streamwls8 

variation of Ym/2 i8 qlven experimentally (a8 was done ln the 

an~lysis of Ne~n, 1960) then the predlcted velocity decay 

should be ln excellent agreement with experiment up to 81 - 170°. 

, Of primary interest ls the development of a growth lave 

J:t W8S suggeste~ln Chapter 3 (sectior:t 3.1) on the basle of 

Townsendls analysis, that an equl1ibrium growth law shoufd be 

written 

(3.1) 

This formulation follows directly from equation (3.67) of .. 
sec~ion 3.2 where the growth l Ym/2', Is a functlon of thel'rate. 

~, dR 
of change of surface cu~va~ure (di = RI), if it ls assumed 

that the turbulence4tructure - characterized by the parameter 

~ land qo2 _ is a functt-on only of local condl-
LE ' Ym/2 ~MAX ~ 

tions, i.e. of R A form of functlon 'f' which 

suits observation and can be reduced to the linear relations 

3.3a and 3. 3b ia 

Thus for",equilibrium flowa the above ia written: 

. rJ _' _+, -.;,l_' ~_A--::'\L....._.1 
l +taT' J 

(10.1) 

(10.2) 

, , , 
• _ ... ~ o •• " ,'"'-
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l'or YUY .... 11 Yr ( •• cUon 9.4); and u.1n9 th. bln ..... l.l 

expan.ion to 0 (~) the abov •. becom.. 

, 6. + R». ~"Y! 
'jWt/. • r l ~ 

wh.re 

(10.3 ) 

but for the ~anq. ot Ym/2 ~ncount.r.d ln thl. work thl. proce­

dure i8 lnvalid. Nevorthelo88, an Dverg9' linear relatlonahip 

- equatlon (9.8) - CAn Ce ua.d. 

and 

,,, _,,, .. &\,.,, _'" T~ .... ~ ....... , 
The meaaurement8 on the loqarlthrnic apirala(qlve 

, '1.....' {'I )' .. 'j~. 0.0" + o.'" if - o.~ R' -;:- (10.4 ) 

theroforG the hypothetical linear equ~librium growth law, 

applicable te the c1rcular cylinder 1a 
e> 

, 
~ 

).,..1& • 0.0'" ... ,o.'" (10.5) 
~ 

') 

Th1. 1. ahawn in figure 10.22. Conlp~rad to th. relation 

, 
)...;,. • o· 0" + o .•• 

( 10.6.) 

.t' Y 
wh1ch 1.' a 11near fit through the mea."l'e4 data .'t .... 11 ~ 

on the cylln4er, the agreement 1. very poor. 

"1 
i , 
:: 
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It i8 of int.orelilt to compnra th1 .. , oqul\tlon with that 
~ 

derlv«!tl by,thQ Author ~ouit.ton·, 1964) troln expnrlmunt .. on thca 

C'OIlcnV() cylllHl$r ~ and Ct'om the oX!Jar lmcmtn of 

tt'okota (J 9(;3) . The,) f'uqlJolJlôd C}rowth wnu 

b 
ThJ .. ol}uOlUon wnA ohlninoù from tho lnr(j~ i rcumltll of tt'okato 

l.a naflurQ n moro lllllvorunl ft CM l>..\lh-.iL~('d PC!tnt.r1...-.~_IW.\.!.Irl 

Ymh 
i!.Ll.\i.J"'lO -ft" (<)r (Il .... '!!h!:.d' 'l"(.~.È{·y()nÙJ.h!!....J..hr.o~.hql <! ,1?ottû...fu-

~\H.~~{!{t_~!L"ÇJFU!.l;.~t...!L. Tho ovnnlll I.)towlh or th. jot, Ym/2', 

boyond lhill thn'uholù in clu:ll"ly flol <l\u" t.o the lU\nlO pro('('"JJ 

na t.hAl in tht' COflHtôlnl prORfJ\1t"n reqloll, ",ntl conFloquontly the 

fW('lmd ord(l)" tPfl1l ill t.ho nhovo nqu,.'Itlon in doubtCu). Ne(Jluct­

inq thJa LOU1\ Olnd lnktnq lhe x-dol"lv,,' lvo ylo1dn 

, 
'1:l! ':Jwy. ., O·O6~ + 0: 
~ 

Tho a v(~ r ë\ <Je qrowth 1"I\to ObUl t Ilaû on lhe conc'nvo cyliÎ1dor alona 

$-
WiUJ 

, 
'1wy. • 

and buth of t.ho obovo n'~ult8 nra ln goOO l\greemont wlth tho ... 

eqUl1 t. i on 10. (H\ • 

1\ more Pll\Uz:lb C (it through lhe cylinder data ahould 

!mL.a tho f ,t that tho point" Dt smnllost R appoars 

to 0 uillbrium and tho followlng polynomial fit 
/ 

nccount for 

ta ho closo 

throu<jh the da~3 18 8u9908~dl 

/ 

, 
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". t. 

t ~) , 
~ .. 0.0'" + o·~" 

(lo.6b) 

and ir shawn by line 4 in figure 10.22. 
/ 

The difference between the suggested equilibrlum rate of 

qrowth~- obta~ed from the log-spiral data - and the measured 

rate on the cylinder shows that the flow on the latter is not 

in equilibrium and that there la a hlstory effect. This is 
ft 

in agreement with measurements of Reynolds stresses discussed 

earlier. It is therefore impossible to use the equillbriurn 
o \ 

qrowth law for predicting the development of the flow on the 
~ 

cylinder and it is of interest to examine how this law may he 

mddified to account for history effects. 

The local rate of growth on the cylinder can be considered 

identical to that which w2Uld exist ln an equilibrium flow1but 
y * 

at a sroaller value of ~ Local conditions on the cylinder 
--.! 

are qoverned'by eddies ereated upstream and it is plausible to 

assume that they move downstream wlth essentially 'frozen' or , 

unehanging length and velocity seales and that their effect on 

the non-equi1 ibr ium flow is described by the particul'ar proper­

ties of the eorresponding equilibrium flow at their place of 

'birth·. Thus if in the non-equillbrium flov a large eddy is 

• 1 
'the author is indebted to Dr. B.G. Newman for 8uggesting the 
ensulng analyste. 
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'born' at the value (~)n corr •• pondlng to .the statlon x-A)( 

say, then ita affect on the flow et x wll1 be dascrlbed by th. 

equllibrlum flow a (Y";(2)n'" constant. N.ow the average dl.tance 

a la~ge oddy, whlch 18 centered et Ym/ 2 say, trave1. d~str.am 

18 glvon aonowhat crudely aa 

~ ..... ~D 
(10.7) 

a ( ,+ t1;rL + ~) 
oz 

where ;, la the • life' tin,e of the largo oddy. Town8end (1956) 

suggeatod that 

'"'f- -
\ ~ ,.~ ... (10.8a) 

and in an equil lbr iunl f low X 1. lndeterminent. Newman (1970) 

ha. shown by consldering the rotati,on and stretching of a 

vortex 11ne, asaumGd to be orlglna11y ln a posltion normal ta 

the surface, that app roximato1,v 

'\ , (10.Sb)' 

dependlng on where the large eddy spenda moat of its llfel the 

.ma1ler 11mlt corresponds to a llfetima and,decay spent mostly 

at an orientation of about 45° to the 8drface, the larger 11mlt 

corresponds to a decay near the x-axis. 

" ; , Canbinlng equatlona (10.7) and (10.8) for aalf-81mllar 

ve~OClty profile. yields 
\ 

\ 
\ , 

._~ - \ - " 
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-
(10.9) 

{ !mL2 
li 1. now of intoroet tOI (a) find tho valu. of ( R )n at 

tho ~ station X-Ax: .nd (b) ta examine the consoquonce or 

•• ,umine.} that tllo condition. at x aro dotormlnod by an oqul11-

brium structuro or gr<Nth rolatecl to th. valu. (~)n' 

(a) Uulng th&1 growth rate 9ivOn by equation (10.6b) 

ylo1da 

d( ~) 
(10.10) 

Combinlnq (10.10) wlth (10.9), Bnel intogr~tin9 yi. Ida 

~ .. ~I ~ o. ~ .. II - ,.~ l ~) .. 1 - ka.;' t ~ .... 11- ,.~ l ~) 1 
'\" ~ (10.11) 
\ = o·t.+ ~ ~ -, ... l~& ...... /p. c 

2 Y_/1'l 
(h) The equ111br1um growth rate at (~)n' (or at x-6x) 

::J~ • 0'01\ '" 0.4!)' ( '?l... 
!mL2 and Betting tIti. equal to the 9rowth rate at R • (or at x), 

y1eld. from equatlon (10.6b) ~ 

.5 

(10.12) 

., 
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COrnQining equations (10.12) and {iO.ll) and vritlng~. € 

then 

~.~ (o'8G? - \·~E ) 
(10.13) 

This equation represents the variation of X , which determ!nes 

the eddy/life that is necessary for the flow at ~ on the 
\ 

cylinder to he governed by the equilibrium relation. equation 

(10.5) and X i8 shawn plotted versus t (or~) in flgure 10.23. 

At ~ =:; 0 ~~ flow 18 near equllibrium and,Othe development is 
R 

determined by local conditions and the plot indicates that in 

an equllibrium flow X = O. It ls also seen that over the range 

~ of R of interest, the value of X is generally between the 

limits suggested by Newman (see equation lO.Sb). 

For the purpose of developing the lntegral technique to 

be discussed in the next seçtion, the plausible variation of 

~ X with R derlved above will be used, and this, of course, 

implies the use of the actual rate of growth law measured in 

the cylinder (equation 10.6b). 

10.4 Th9 Strlp Integral Method: (application of) .< 

10.4.1 The Closure Relations 

This analysis vas formulated in section 3.3 and 1eft 
<. 

with two' equations and the ,seven unknowns 

Ym, Tm' Tv, n, normal stresa terme 
~ 

'. 
:: 
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" , 
and a purpose of the investigation of the'equi1ibrium f1aw 

, 
on the log-spirals, and of the other theoretical studies in' 

section 3.1 and.3.2, was to supply the missing information. 

The suggested 'c10sure' relations are discussed below: 

, / 

(a) 
, Il 

The rate of gr~th will be taken as the one actually 
~ 

measured experimentally a~~ appraximated by equation (lo.6b) 
" . 

(see detailed discussion in preceding section). 

'\ 
: 0,07' .. (10.6b) 

Although this ia not a complete1y satisfactory., approach, in 

that thé required generallty has not been achleved, It 18 a 

plausib~e pre1iminary attempt in view of the difficu1ty in 

handling non-equiltbrium tlows. 

(b) A relation for 1 can be deduce~ fram the observation n, 
(section 9.5) that it is,possible to co1lapse a1l the mea~ured 

shear profiles by p1ott1ng 

1 equl1ibrlum 
flow data 

or 
• "r .. -rU! 

to write 

(10.15) 

" 

" 

" " 
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us1ng the shear profiles of figure 9.1"n> and the procedure uaed 
j • < 

in deve10ping equation (3.66) (and subsequent1y ~roved upen 
/' .J, 

for equation (9.16», and noting that, in équation (3.59), ~é 

term R' = 0, yie1ds 

(10.16) 

where the 1inear re1a~ion Y~/2 repreaents a very good fit through 

a polynomial of 0 (y~). Using the measured rate of growth 

given qy equation (10.6b) and the measured s~1n-frictian, the 

streamwise variation of ~MAX can be'ca1culated and i~ compared, , 

in figure 10.25, to the measured and corrected values (line 2 

in the figure). The agreement with measurement is very poor. 

In order ta verify that a failure of the shear stress profiles 

to he self-similar was not responsible for the discrepancy, the 
. 

shear stress measured on the cylinder was plotted in the manner 

of figure 9.l7b and this is shawn in figure 10.2\. There 

appears te he a slight change in shape of the profiles and 

accordingly new estimates of relations (10~1\) and (~.16) can 

be made from an average between 1ine 1 and line 2 of the figure. 

These are now ) 
\ 

Circular " 
Cylinder data 

or 

and 

~ ~ L. 0.4 (10.17) 

(10.18) 

(10.19) 

• J 

' .. 
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" 

Tho value of "MAX obtAinod trom tUo proceding oquat1on i8-ehown 

by l.ino 3 in figuru lO.2!; Ind the DgroulOOnt w1th 1ll6tlSUramtmt 111 

no bottor t.h,m botol'CI. For intcro8t thoro iu "lao shawn on thi. 

fiquro (lill~ Il) thtl VlH'iation of 1'UII.V prôdlc:lod hy~" •• umi;\(1 the 
, ,f;fI'.- I"lrV\ 

oqu4:1iul'hm, \.Irowth l~w oquation (IO.!;) nnd the difj('r6pl\ncy, aB 
, 

~ üxpoctod, 111 ('l'I;""UI<:,,' • 

'rho t,ihtJur tJLrCllf1 nt y prodicted from tho comb1naliolls ofa 
ln 

(n) oqu.\UOlll:l (10.1~) 11l1d (10.16) or (h) oquHllons (lO.lB) and 

(10.19), ifl lJIHJ\" 1 1 111 tit.lurt) 10.2(,. Tho clottod lin6 uaOLi th" 
. 

nlOlHlurl'll qf'owLh r"te in conjuf~d:ion w1.lh tho firtlt comùination, 

and il:) qivun by 

(10.20) 

-Tho 801ld 1.1110 in tlw fj<Juro (\lao \.lses tho rnans\lt"od growth rfttQ 

ftlld reprO'tlt.'l\ lu the (ioL"ond comlJin.,t ton 

c.~j rt'\ll .. , r 1'""", 1''-1 , ( ~) '!f"" (10.21) iîY~j rlZl"o'l":' A'll:l - ,. 
rU! - o. 4t.5 "j \- o ... ~ -

rU! -la R)....." 

Tho 'uot-d,Hill • lino on tho figure reprOBontu OQUd&on (10.2q) 

usaù ir~ C'on'Junction w-ith tho oC)ullibri\l~n growth rate. The 

~ - agroclOOnt l>otwoun thcoo oquations and IOOQSUl:'omemt le poor ,but 

it io novortholtHHi of interost to uao thorn 1'11 tho a_trip integral 

ann 1 ysl s. 

Tno rcm~in!ng 'closuro' relations are: 
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(c) The skln friction does not influencé tao strongly 

the developrnent of tne scales ~ (or Ym/2) and Um (e.g. see 

Chapter 9) but it does influence significantly the predicted 

posit~on of separation (see end of Chap~er 4) and to a lesser 

extent the rate of growth of Ym. The hot film measurements 

in Chapter 8 showed that the skin friction in the plane wall 

jet and on the ~ = ! spiral is satisfactorily correlated by 

the relation 

(10.22) 
;' 

x The data on the R = 1 surface was not correlated by this rela-

tion and it was judged that this was due to pressure gradtent 

rather than the increased influence of the outer flow on the 

inner. In the zone of interest on the cylinder - the plateau 

region - thé pressure la nearly constant and equation (10.22) 

will be adopted. 

(d) The value of the power exponent n did not vary signi-

ficantly between the log spiral lnner 1ayersJ and since the 

reglon of interest on the cy1inder ls one of essentially zero 

pressure gradient lt ls permlss1b1e to take a constant n and 
91 

the value 

1 la chosén on the basls of the equi1ibrlum data. 

(e) The normal Reynolds stresses will be taken aa the 

.. 
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equi1ihrium flow values. This i8 known fram previous etudiee 

to he incorrect but this term ie small and unimportant in view 

of the difficu1ties associated wlth. three dimensiona1 affects. 

The above information conatitutcs Bufficient knowlcdge/to 

attempt d prediction of lhe development of the jet up to the 

thrcsholù point. The solution lb given by a ,Runge-Kutta 

numerical procedure and, ia too standard to he discussod here. 

10,.4.2 ~Hc:ted riH)ulta 

Tho predictions of U J ~ J and Ym l'lN !:own in figures m 0 

10.27. 10.28 and 10.29 rospoctively. The cal lations arM 

stoppcd at el -= l'{O" bec<\use thls ùofincs the limitlng threshold 

position and the solution la not valld boyond this point. Line 

l rcprcsçnts the results calculùtcd using the growth luw, 

(lO.6b), in conjunctlon with a shear at y , (T ), taken from m m 1 

the cqui1ihrium data (equiltion 10.20). Lino 2 uses a growth 

rate identical to the prcvious calculatlon but ~ncorporates il 

shear profile rcprescnling the average simi1arity ahear 

1.""\ on the cylindcr belwecn 7'/' and 170" ,(eqUatù>n 10.21). 

following observation can bo made: 

\ 

profile 

The 

(a) Spectacular results should not be cxpo~ted because 

the quality of the flow ia uncertain. Indo~ù, in section 10.1 

a calculation of Ym' made using the mcasuretl vhear stress at 

y , W&S in poor agreement with observations and three-dimensiona1 m 

effecta were thought to he lnfluential. 

1 



- 214 -

(b) The prediction of Um 18 aatlafactory and la hard1y 

lnfluençed by the variation in, t or Ym and consequent1yl 

(c) The difference in the tw~predicted grawtha seems 

due to differènces in'Tm• 

(d) The prediction of y made ualng the equilibrium , m , , 

ahear stress profiles goes completely askew and conslderable 

improvcment is reallzed when an average cylinder shear profile 
" 

is used. In the region of y the ahear stress distribution 
m 

on the cylinder (figure lO.24) moves progressively'away from 

the plane flow profile and the above results suggest that 

further lmprovement ln the pre~iction of Ym could he obtained 

by. incorporating this variation. But this would amo\lnt to a 
~ , 

metho~ of calculatlon that 'uses the flow to prcdict the flow' 

and ls not very satlsfactory: 

It ls lnteresting to det~rmlne why the calculated Ym 
begins to decrc~se (see dotted line). It ls observed that the 

Il 

equation specifying ~m gives a shear, whlch 18 proportional to 
l 

Ym/Ym/2' Thus if Ym/Ym/2 decreaB~S, then Tm decreases; also 

the retarding f~ce on the inner layer'is reduced, and Ym/Ym/2 

further decrease~ and the unsta~le proces~ continues. ·Thu8 it 

la of lntereat to a~tempt a calculati~ when Ym/Ym/2 ls flxed ' 

and the equilibrium flows 8uggest the value 

• 0-'4. 
-~ 

":1 ..... /t 
and 11nes 3 and 4 in this figure represent the resultB of the 

calculation for a growth rate given by. ,quation (lO'.6b) and 
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VA1U91' ot 'lm glygn by lho .",. r-olallm., l' \ntod ln obt"lnlnc;J 

11t1"~ l "nll :' r~"'l*c"llvé'Y. Tho rrec.l1c·t.lon or ail lh" qtu'ntl-

t:~Ol\ ."1 m,,:'h moro ."tler"clory And, ln patll<:'\\lAl·. Y", "ow 

,HV~tl,PR n{'Af 01 ~ l~~ :"u1 nit maqnltu,kI h, q\llt~ \ltlreAU.lic 

Al Pl - )'(0". ft- ht ot lltt)e lnt.fSr" .. l l<\ (\lt~""tt lh~ _VA1'''­

U on AllAl yfd f;l rm' fml'h -In)"" l y lnM'Marnlv "ln .-llnq t"Ofllllt ltMUIi 

il h~ knuwn lhill th~ ~thO\h, u,,~\, t(ll)rOt~td l1lP lht('lshohl RI\\\ 

"~pi\",t tClH pptnl "1" pn.lI"f.u.'loty (,,~( .. tl(1n l(l,~.l nntt C.'''Al,lu ... 

'. lt1PI""" lvply) ,r y • \1 Ant' p .. n~ qlvon fu,· .. '\lr .. lcs1y. m m w 

II \II.-\P p{'{'n 11\ .~,'t.tOI\ \0.1 "'Al lhe t,frowlh of Y", 1. 

".",,\:'fi'·'lnt ly utl\1(2l'{lpth1li\tt'l',1 Ir it hl "t'cHUt'tVt1 uIltn'f th.,. 

"'Q""~\I,,,d ~h(3'H. ('"," "",1 thh~ w"" l('''lA\.lv~\y f\t'rlbu'~\' t.(l 

t.h"po~lllno('ltlrtlotl .... l t"rr~(·t.. COl'R~(a" ... tlt ly, 111 tllft pr"t'OtUnq 

Il h. ponn thutt1(OlO th\\t C"rlher pn)(J\'C,'A. lowftnla " 

mnl'{l i\c','\n','llo pn;(lh'\...lon or too r low hlnfJC'u 011 1 

(,,) mO((l <lut\t,tlt\\tlvo "nd ('~rlnlllv9 knodod(jo of 

thrgu-~HnlVn .. lon,'l'l arht(·t" or th.lr oll",ln4tlon, 

(h) ft furthor lmJ.11·ovemont oC th. ntlatlon dotinlnq tho 

IIhonr at V m 

(c) a mon, a"tlafactory account of hl.tory eff.ct •• 0 

thal th. oqul11hrlum flow data can be applled vlth MOre 

9_norality to othor non-equl11brlua flowa. 
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" S;hapter 11 

summary and Conclusions 
" 

The gencral di"" of the work in thls thosls has been to 

contrlbute to the study of the 8troamwiso development of two­

dirr~nsion,l turbulent wall jets in 8til~ air flowing ovor 

curvcd surfaces. A particular aim of the work has boon ta 

dovelop il calculatlon rncthod capable of predictinq the develop-

ment up to separation of lhe flow ovcr a circular cylinder. 

These two objectives have becn wed by studyin<j bot.h theorcti-

cally and cxpcr imentall y some equillbriur.. curved wall jets, 

developing on logarithmic spiral surfaces, and app~y(ng the 

inforn.ation so galnud ta prcdict tho non-cquilibriun. flow 

over the cyllnder. 

The thcorct ical method for predict lng the flow on the 

cylinder has becn bascd on thc observation that there are two 

distinct zones characterizing this flow: (a) the upstrcam 

'platca\\' reglon for which the surface pressure Is esscntially 

constant, ~Ollowcd by (b) a region where the 1nner boundary 

layer develops rapidly towards separation. The equl11brium 

, data 15 appl led to the f ir5t. The second 15 treatcd by uslng 

the theory of rapl.dly retarded boundary' layers 1n whlch shear 

forces are negligible wlth respect to pressure forces (Cha~ter 

4). 

The upstream zone ls analysed by uslng an lntegral metbod 

ln whlch momentum integral equatians are vrltten for bath the 
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outer (Rbova th. point of 'maximum valoclty) and tha lnner 

regioll" ot the llow (.ection 3.3). Th ••• equatlon. lntroduce 

additt.anal unknCMU •• 

valo{7 tt.y màx im\llll (Ym) and tha .kin lr ietton at the wall. 

Furthormore, an n()ditlonnl Auxl11nry aqufttlon la 'requir.d 

and 18 takan (Rl'O bu 1 ow) t.a be the 10eR 1 ra te of grOiith of the 

jot (tl y I~/ÙX)' In Corm.", t ton on thoRU pftrl\l1\CIlorll 18 obtlllnod 
m t:: \; 

from mOilouronlflntB mado in two Gquil1brium Jet8 flowlng OVGr 

log."rilhmic Etplr .. ,ls hnving i - ~ And 1 re.PQctlvoly. 

Soma ldena or Towllsund (1969) ara ua.ù to obta1n !ormul,,-

tion6 for tho rnto of qrowth and the ahenr, 1'm' His theôry 

bnued on tho lot il 1 ollorqy eq\1n tion i 8 u •• d (sGctlon8 3. ~ and 

9.~) and hlH bila ie "oa\lmpllon thnt Ul. structure pnrnrnotor 

\i'TVT/q'~ iM CIiRenttillly ullchRngocl by curvaturo, la vorllied 
Il 

for th(~ oqu il ibr lum f 1OW8. 1 t 1a aeaumed tht\t the ahen r .t.resil 
, , 

profileR tuo sl'milnr in ,,11 the flowa eonslderad and th. fact 

permi tH 'tm ta bo relatod to the maX1m\lffi shoar strells. The 

lattor 111 obtninocl by using the x-momontum equation wr ltten 

at Y
m 

in con jum:tion wlth tho aaaumption of sinlilar shoar 

prof iloA. A Runga-Kutta numerical technique 18 uaed to aol va 

all11ultanoomtly the differontlal oquations. 

/ 

In tho COUl'S. of the experlmental work it tranapired that 
, 

certain dlfflcultiea arOHe in conJunction wlth the reallzatlon. 

of two-d1monalonality and ther .. axietad 1.r<]8 diff.rences 

between tlut\ rnoasured and cfllculated ehear atro •• di.tr ibutlona. . . 
'The curvod jets are charact*rl •• d.by highly int.en •• turbulence 

\ 
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and the accuracy of shear measurements in these flows was 

suspect. Conseqùently special attention was qiven to the 

influence of h1gh i~tensity turbulence on hot-wire measure­

ments and this is discuBscd in Chapter 4. The corrections 

to the Reynolds stresses, developed in that chapter were 

also useful in establishing a more accurate evaluation of 

the parameter u·'v'/q·2 which is used in Townscnd's analysis. 

The cxperiments revealed that the inner layer (y < y ) m 

of the curved wall jets is stronqly influenced by the outer 
\ 

layer" (e.g. T 16 large) and since this represents a rather' m 

unique physical situation it was decided to investigate this 
~ 

part of the f low in sorne dota il (chapter 8). In particular 

there WdS, developcd a technique for rnedsuring skin friction 

whon thore ls no univorsal logarithmic law of the wall. The 

knowledgo sa gained wa6 particularly useful whon predicting 

separation on the circular cylinder because an analysis of 
./ 

the data of Fekete revealed that small changes in skin friction 
~ 

influence strongly the predicted position of separation. 

The principal theorctlcal ~hd experimental contributions to 
kn~ledge are:. 

A. General 

(a) The curved flows are remarkably sensitive to three­

dirncnslanal effects (Chapters 6, 9 and 10). 

{b} Limiting the gov,erninq equations ta terms of oeil 
gives an excellent description of the fl~ cven up to Ym/2/!t ~ .4 
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1 

(c) The shear at y. ia large m (of 0 l ~MAX) say) and 

increases as Ym/2/R increases. 

(d) The effect of high intensity turbulence causes an 

error of about l~ to the measurement of shear stress. Con­

clusions regarding the effect of high intensity are gi~en at 

the end of Chapter 7. , 

(e) The law of the wall with universal constants (A = B = 
, " 

5.5) seems valid in the inner layer of the curved flows up to 
yU 
~ ~ 150, but i8 not applicable when the pressure gradient is 

sufficiently large (e.g. the : = 1 surface.) ,The rel~ion 

1inking Cf to y u Iv is Identica1 to that confirmed for plane mm 

wall jets by Alcaraz ct al (1960) (Chapter 8). 

B. Equilibrium Flows on Log-Spirals 

(a) The development of the flow on the spirals is in 

reasonable agreement with the original experiments of Glles 

et al. but t~e present turbulence data i5 much more detailed 

and i5 of bcttcr quality. 

-
(b) ~e structure parameter u'v'/q,2 is invariant with 

curvature (c~ter 9). 

(c) The large eddy scale seemB to decrease with Ym/2/R •. 

c. Cylinder Flow 

(a) The flow on the circular cylinder ls conveniently 

an«lysed by subdlvlding It into two streamwlse zones (see 
r • 

above and Chapter "): zone 1 of constant pressure and zone 
2 of rapidly increasing pressure. 

w 

__ "~_ ••• ____ : •. <,."'-•.. .it,_* .... ,... ..... __ 

" 
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Separation can be predlcted uslnq rapld retardatlon 
1 

theory. 

(c) The flow in the upstream zone (zonel) la not ln or 

near ,equillbrium and its deviation from equllibrium can 

be explained on ,the basis of large eddy life time which 

is a\function of Ym/2/R. 
\ 

" 1 \ 

(d) 1be original universal growth law SU99csted by the 
~ 

author (Guitton, 1964) shou1d he modified to apply only 

to zone 2 of the f1ow. 

(e) A satisfactory theoretica1 prediction of the f10w 

was hampereQ by three-di~nsional effects and the remarks 

made at the end of chapter 10 suggest future directions 

"e of study. 

'/ 

, 
" 
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Type Method 

Direct Wall 
Measuroment balanco 

Indirect: 
requiring .. 
calibra­
tlon in 
known flow 

) 

• 

Preston 
tube 

Stanton 
tube 

.... 

.. 

1 

; 

Advantage 

(1) Measures Tv 
directly 

(i) easily manu-
factured -'1 

(il) Very mobile 
(lii) much data 
about behavlaur ls 
available (patel,V.C.) 

(i) in sublayer and 
hcnee no requlrement 
for unlversal regi6n 

. , 

.<J 

, ' " , 
: 

~ . -, . . 
) 

-, .. ' 

. , 

Disadvantage ' 

( i) -di f f leul t in . 
p~es8ure gradient (gap 
and frequcncy effect) 
(11) difflcult on in­
cllnb due to gravlty 
(lli) difficult ta 
manufacture and very 
costly . 
(Lv) cannet mE=asurt.' at 
a point 

(1) requir~s wall 
region of local ~q~il­
lbr lum - a fea turf" 
uneertaln in high 
lntenslty turbulent 
boundary layera 
(ii) respon!le unc-ertaln ~ 
in hlgh turbulênce . 
(lil) prr'SBure gradj·:..nt 
1 i m 1 ted (p a te-l, V. C . ) 

(i) rpsponse uncerta!n 
ln high int(;nsity turb­
ulence - r~qulres 
kn~l~dgc of total and 
statle prcDDur(' s. both 
of wh~ch are strongly 
lnfluenccd by larg~ 
velocity fluctuat.1oos. 
Rosult "i.8 d'iffcorf'nt 
callbraticne ln la~in,r 
and turbulent bour.d~r}' 
layer (Bradshaw, Gadd) 
(11) very tlny and 
th~refor~ diffi~ult te 
manufacture - lt·mu5t 
be made smaii enoug!l t.Cl 
lim1t ita fi~ld of in­
fluence to the sublay~r 
(Bradshav, Gadd) 
(il1) pressure gradient 
llmlted thouqh appr~i­
mate corrections aV3 il-­
able (patel, v.c.) 
(iv) roqulres mea8ur~­
ment of small presFuroa 

\ 



r, 

• 
1:. 

r .' 

Method 

B.L. 
fonce 

Hqt wiro 
noar 
surface 

~ 

AdvantagG 
~ . 

.. ame a8/stanton tuba 

(1) Aame aa &POv~ 
(ii) rgl\di.ly avall­
able commorclally. 

" .. 

'-
Meat from 

\ - surface 
(i) same 8B abov~ 
('il appar~nt inde­
pendencp on lQW 

Indirêct 
- no cali­
bration in 
known flow 
ia ro­
quirod 

'. 
elcmont 

_ turbulence intensity 
- sam~ calibrltion 
in lamina rand 

Extra­
polation 
of 
measurod 
shear 

Momentum 
balance 

1 
turbulent layérs 
(Brown) 

(iil) pros~nte no 
obstruction to t;:he 
flow r ~ 

(iv) quick re8pon~Q 
time (Bcllhouse) 
(v) roadilyavall­
able comm~rcially 
(Disa Electron1c) 

(i) gobd 1n any 
pros8ure gradi~nt 
(ii) no spC'"cial 
inatrull\f'Intatlon 
re~uirèd oth~r than 
ueual hot-wire 
equiprt\cnt 

( i) can he done 
with simplo pitot 
tube 

D 18advantaqE' 

( q h~ftt 10l"111 to wa 11 
which moy b\t a. funct Lon 
of wall velocity fluc-

'-tuallons - re8ultJ i8 
different calibration 
in tur})ulon t and lam­
inar boundary layÔr~. ~ 
(Orndshaw) 

(1) calibration ~xtrt":n ~ 
ely son8itlv~ on hoat 
lost to substratf " 
(prrtBont report) 
(li) roquirt"9 ~xtteme 
care th measuring 
heat input (pros~nt 
reoport) 
(111) non linoar r08-
pon~e to flucluatlon~. 
(lV) prosBuro grad~nt 
dep~ndent though cor­
rPctlons avnilablo 
(Brown) 

(1) requlrp~ thlck 
boundary lay~r 

( (i i). df"pendf' on hot­
wire measur~mcntA and 
their relatad d1ff~­
cultles 
(111) .~:procedure> 
qU8stionable in pres­
surp grad ifm t.o 

(1) extromoly A~nFl­
tiv~ to thrêe dimen-
81o!'lal flow efject8 
(Brad~haw) 
(li) èffect of turbu­
lence lnt~nslty must 
be lnel ude,d 

) 

J 
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P19~,la 

Piq,.8.lb 
( 

1 

+ 

. , • 
POlfshed smoQth sùrface placed 

flush with experimental surface 

Fig. la 

c 

l'ig. lb 

Brass (pipe) or 
Plexiglas 
(plate) 

, , 
, 

'0' r~nq holds probe 
firmly\' in place . 

Brasa mounting' 

'Thteaded plug squeezes 
'0' ring 

• 
.. ~:;~~ 
V 

" 

MountJ.nq ta hold hot film probe 
, , 

Plat ptfot uaed ta traverae boundary layerai 
," 
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Preston 'lUbe . 
Rœmer 

1. 

2 
.... 

3 
• - , 

t 
5' 

6 

/ 

". 

IJ.'a))Ze 8.2 Details of Preston Tubes 

~ , 
Approx. Ra~io of' Bxternal Diameter l"te J:'na,l to (')l.ternal d (inchea) D1ameter 

>:;\ 

, 
, .. 

.062 , .5 f . . 
f .04) .52 . 

.035 ".65 
~ 

.0255 .5 . 

.0225 .!)2 

.0284 .55 , 

\ 

• - 1 

~ 

',' 
, 
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'l'able 8.3 Boundary Layer on Flat. Plate - Comparison of different 
Measuring and prediction Methods to obtain the Shear 
Wall Stress 

PrE'ston U'( 
tube Case Measuring technique 
U1d ft/sec. 

V 

.t7 • 
A Preston tube no. 2 105 4.91 

J11 = 132.0 ft/sec 3 85!) 4.91 
4 62.2 5.01 

~8 = 9.6 x 103 5 54.9 5.01 
H :;: 1.25 Average 4.96 

Flush Probe !S. ,0 
, 

B Pre s ton tube no. 2 90.1 4.215 
U1 ::: 113.8 ft/sec 

\' Flush probe 4.37 
T; ." 

C Preston t.ube no. 1 120 3.87 
U1 = 101.0 ft/sec 2 8~.4 3.90 

3 6 .4 3.825 
4 49.1 3.95 
5 43.5 3.965 

Average 3.90 
Flush probe 3.94 . 

D Preston tube no. 1 98.4 3.17 
2 67.4 

. 
3.1~6 u1 = 84.6 ft/sec " 

~ ~5.4 3.181 

) 
0.7 '3.28 

5 34.25 3.12 
Average 3.18 
Flush probe 3.33 

E Preston tube no. 2 55 2.57 
~1 = 66.0 ft/sec Flush probe 2·57 

F Preston tube no. 2 38.9 • 1.82 
lUI = lJ6.6 ft/sec Flush probe 1.82 

J' 

. 



Table 8.4 'wall Jet in Still Air - Skin Friction Resu1ts Usinq 
Different Techniques 

Experimental Conditions: (same as Gartshore's and Hawaleshka's) 

~' a Ym/2 slot width : b = .3?Oj Re = 3.1 x 10 ; T = 80 F; x = .071 

heated probe Disa miniature (uncoated) operated at Rf/Rc = 1.25 

! Distance from 
Slot 

x bO:; 206 

u :::- 58.1 fs m 
y ==-m .65 in. 

x 
b 7"" 139 

Um 
~ 70.4 fs 

y :::: 
m 45 in. 

Ê ~ 89 
U = 89.6 f&) 

m 
y = m .3 in. 

» . 
x b :: ~5.5 
U =- 115.8 fs m 
y = m .164 in. 

x 38 b = 
U = 138 fs . 

m 

.13 y = ., . 
m 

Measuring Technique' 

. 
Clauser plot (using A:::4.15 

and B=7.5) 
f1ush'heated e1ement 
P1::'eston tube no. 2 

3 
~ 

, ~ 
Average (exc1uding No. 4) 

heated ,e1ernent 
C1auser 'plot 

Preston tube no. 6 

heated e1ement (two tests) 
·C1auser plot 
Preston tube no. 6 

heated e1ement 
Il Il 

Average 

Preston tube no. 6 

heated element (two tests) 

Preston tube no. 4 
5 

Clauser plot 

Ud 
-La 

v 

-
61.6 
50.1 
36.6 
~2.2 
0.7 
-

-
-

50.6 

-
-

66.8 

-
-
-

84.1 

-
93·2 
82.2 

f , 
1 

2U 2 
U ft/sec C 1 

'f f U 2 
m 

3.0S .0055 .. 

2.824 .00473 
'2.874 
2.876 -
2.906 
2.862 i 

2.844 
2.864 .00486 

, 

3.60 .00524 

3.86 .0060 , 

3.57 .00514 . 
4.97 

\ .00615 \ 
\ 

4.86 .0059 
4.11 .00552 

6.01 .00541 

5.846 .00511 

5.93 .0052§ 
5.944 .00527 

7.56 .0060 

7.33 .00564 
7.21 .00546 

7.81 .0064 

". 



Table 8.5 :; ~3,SPiral : skin Friction Measurements using Various 
~ Te~hn[ques 

Re œ 2.8 x 104 b \ .125 .T.= 71.So F 
Hot Film Probe operated at RfIR a 1.25 

C 

Position U d UT 
2U 2 

on MeaS,uring Technique Cf os 
~ 

Spiral -L U 2 v ft/sec m 
, 

x = 13.3 in. ~eated e1ement: test a - 5.905 .00~09 
x b 5.94 .00515 -!. =\ 116 -

~ 
, 

b c - ~.97 .00~21 
U = 117 fs average 5.94 .00515 m -
y == m . 35 in • Preston tube no. 1 194.3 6.09 .00~42 

UmYm 
2 131.6 5.95 .00517 

2.11x104 
3 107.2 5.95 .00518 v . - -
4 76.7 5 .81~ .00499 

5 67.8 ~.86 .00501 
average - 5.94 .0O?1? 

x = 19.6 in. heated "element: test a - 5.21 .00531 • 
xl 

166 b - '5.17 .oo?24 ....:::;t -_ b ~ 

c - 5.19 .00526 
U = 98.9 fs average 5.19 .00526 ln -. 
y == m . 5 in. Preston tube no. 1 158.2 4.96 .00503 

U y 4 2 108.0 4.88 .00487 
...!!!......I]"-=2.54x10 

3 87.6 4.87 .00484 v 
4 63.7 4.85 .00'.82 

5 56.4 4.87 .00486 
.., 

average - 4.89 .0048B 

x = 28;7 in. Iheated e1ement: test a - 3.57 .00455 ,. 
xl b - ~.47 .00432 b == 239 

3.52 .00444 average -
Um :: 74.8 \ 121.0 3.79 .00514 ifreston tube no. l 
Ym = v.71 in. 

2 83.2 3.76 .OqS05 
UmYm 2.73xlO~ \ ~ 

69.0 3.83 .00525 -:;: 

v .48.8 3.72 .00495 
0 average - 3.78 .00510 

Clauser Plot (log law 
constan~s A~B-5.5) - 3.54 .0045 

.. ~ 
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Table 8.6 i:= 1 Spiral : Skin Friction Measurements using Differen t 
Techniques 

4e =: 2'.8 x 104 ' b = .125 inch T = 80°F 

Hot' Film Probe Operated at R 
f/Rc 

Distance from 
Slot 

x = 14.26 in. 
Xl 
1)= 160 

Um 101.1 fa 

y == m .8 in. 

UmYm 
:= 4.04x10 4 

v 

, 

x = 29.75 in. 
Xl . 
b := 284 

u' = 69.4 fa m 
y = m 1.15 inch 

UmYm = 6.06xI04 

v 

• 

, 

Measuring Technique 

heated e1ement: test ~ 
1 "' b 

c 

average 

preston tube No. 1 

2 

3 
4 

5 
average 

C1auser (log 1aw c'on-
stants A=B=5.5) , 

heated e1ement: test a 
f b 

c 

avera,ge 

Pres1!.Qn tube no. 1 .' 
2 

3 
4 

, 5 
average . 

c,auser 

)' ' . ' . 

, . 

J 

/ . 

~ 

~ 

-

=l.~ 
, 

U d U'( .....I... 
ft/sec ( v 

g 
- 5.41 

# 

- 5.21 

- 5.13 

- 5.25 

15,5. 6 4.88 

106.2 4.80 

86.4 4.80 

61.0 4.65 

55.4 4.79 

- 4.78 

- 4.56 

- 3.54 

- 3.48 

- 3.54 

- 3.52 

100~7 3.16 

10.3 3.18 

57.3 3.18 

41.5 .3. 16 

36.7 3~17 
\ - 3.\11 . 

3.03 -

20 2 

C = :..:..:L 
f U 2 

m 

.00574 

.00531 

.00515 

.00540 

.00466 

.00451 

.00450 

.00423 

.00449 

1\ .00448 

.00407 

.00519 

.00501 

.00519 

.00513 

.00414 

.00419 

.00421 

.00415 

\ .00'\16 

.Q.0411 

.00380 

, 
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