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(-.0j8STRACT. '." (. 

\polling system consists of N terminah each with a buffer 'df un-

rèstricted length,. where customers arrive according to a Poisson process. The 
l' 

terminais are served by a single s~rver in a fix'ed cyclic order, the s~rvice time, of " 
- . 

a cù'stomer and the walking tirne of the ~'frve~:between terminais being independent . 
, l ' \ ' 

, u , 1. 

random variables. Two differe,~t service procedures are analysed : (a) The gatin~ 

mode-l, where ot each terminal only the customers that are present' at the momèrit of 
1 . <, 

the server's arrivai are served, ,(b) t~e exhaustive model" where each terminal is 
.J 

served un~i1 .• it is emptr ~ 
'. 

;: 
/ 

By introducing a basic random variabl~, the Terminal Servi ce Time, we 
• 1 

are ab~,e to obtain e')(act a~çI explicit expressions for variC?.u; moments of the cycle time, 

" intervisit time, buffer size, and the woiting t;me. As weil, results concerning the 

transienrond steady stote behaviours are obtained . 
Cf) 

.., 

the exhaustive model is superior to the goting model. 
1 

terminal system, both models are virtu'ÇJ,lIy the sorne. 
• fi 

, , 

__ .r 

, 
" / 

, . 

It' is shown thaJ in certain cas~ (t. 
However, for a symmetric multi-

.1 
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On système de ~ite'-e~ com-mu'n 'va"r'i'i' est f~it de -N "tèrm'j'naux,.' • 
rI... , ... 

" 

, 
\ 

chacun ayant u'n tampon de. longueur ~ÙÜmjtée~ù les arriv~de~:c1ie..nts so~t .) ,_ :.". 
.' . 

déterlT\in~e ... s J?ar le procédé Poisson. 
'" 

les termina~>.«sont,6e~vis p~~ un seut se'rvi"":, ... 

"teur 'dons' J~'ordre cyclique fixe. 
'. . ... 

Le temps de servi ce d'u 'client èt le ,temps de' 
<;0', - " 

, 
\ 

" '" ,~ 

;~ndonnée entre ~erl'ninaux,sont des variables indépendantes aléa't'Oir~~; ~~ux 
\ ~ • ~ ~-.,!~ J 

_) r .," , -

m~thodes de service différentes sont analysées! (a) le ~bdèle de Ici bQrrîè'~ où 
, .) . 

, 
a chaque terminal seulement les clients' qui sônt présents a l'arrivée du serviteur . --- , 

sont servis et (b) 'le modèle e~~,austif où, choque terminal est servi jusqu'ta ce qù~ 
o , , 

;Ie tampon soit vidé. 
- ~ 

~ 
En introduisant une variablè aléatoire de base" le temps de service 

" . 

~ 

. 'd' un term~al, nous po~von~. obteni r des expressi ons exactes et eXp li cites p<?ur P 

, • , " ., <,). , 
. 'li T 

,divers moments, soit le temps de cyclage, le temps d'intervisite, la longueur du 

tampon et le temps d'C!ttente. De plusp on obtient c!es résultats concernant les 

comportements transitoires et permanents. 

" -

On aémontre que da~s certains cas le f'!1oc1êle ex~austjf est sugêrieur 

1 

°a\.! modè~e de la barrière. Par contre, ces modèles sont virtuellement identiques 

pour le ~as -dlun sy~tème syrl!étrique de plusieurs' terminaux :" 

" 

f ' 

, . 
, 
'. 

,.::>, .. .. 
1 . 

l' 

. . 
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CHAPTER \, . 

INTRODUCTION 

. " '\ i 
Many,dat9 pommunicati~n n7twork~ require the conhecting of 0 large '. 

" 
t • • 

number, of termiools' to ~ach other ànd to a central pro.cessor. Becavse these terminais 
, .. 

ar.e usually characterized by dÇlt~ whicli bursts (.It high rat,es followed by longcperiods 

of q\:Jiet, a sin'gle dedicated commun~ation line to other terminais and the central .. 

processor is rother inefficien~. . This hos resulted in the study and ~uilding of cmulti-·· • 
, 

plexors which all~ terminais to share a communication channel at, hop~fully, ~o_ 

reduction ,in performance but a substantial reduction in cost." This thesis ôbtoit:ls, for . . , 
1 

the first time,; o..,aJy!ical results for some of the important data multiplexing.schemes. 
• ? 

Examp.es of systems of this sort are starting to become common place. 

~. Automatic reading of credft ca"rds by retC!il outlets, Hme shartng terminals~ point of 
- , ,. 

, , 

\ sa le systeqls, remot~-data base inquiry-response, and banking te'\ler terminais are just 
, f... . ,_ 0 

o 

a few: Unfortunqtely with the expl~ive technolCJJY' a nU(llber of the systems are being 

'" 
bui It ,~fore -they oreo rect Iy undêrstood. 

, -' J 
'" -

- .:-À recentÎiter.Qture survey by Chu and ionheim (1972) concf~des' that 
" 1 

t • !. 

present data multiplexing techniqu~s, su ch as frequ~nc.,y devision mulfiplElxin~ (FDM) 

1 

(each terminal is ossigned a fixed frequency band in the total channél band) and _ - ... 
~~ . ~ 

synchronous time devis'ion multiplexing (STDM) (each terminal is assigned' a fixed ·tr~e 
~ ~ # ~. • ~ , , 

period on thé communication channel) are "very inefficient in"'Chan~el ütili~ation a~d ';' . 

• ' re,po"!" ti~e. The simp,le, "storsy~~" (obb Hass\ng 'et .~I (19il'~) (e~:h' te~ ~ ,: '; 

( " 

. \ 

-? 
L 



, 
~ 

, 

\ 

, " 1 

: 1 

o 

.. 

" 
" 

, , ' 

• 
, * 

ii 

2 
" , 

t ~ ;' 
f , ~ 

is C~"e:ii.d dire~!:I~ a~<i indepe~dèn.tlr to the éentral. foit) is e~onomicolly Jn-
efficient in handling fhe busty i~ter",ittent kind of traffie involved in thDse compute?' 

communi cotton networks. 

The inherent disa't'antages of these multiplexing techniques initioted 
..J ~l '\i 1 

studie;'on statistic~1 multip-Iexi~g or a~ychron~us time devi~s-io-n-rl m-, -u-It-ip-'-ex-i-.ng (ATDM), 
, 1" ) ~, .. 

. which is o~t only a feasible technique for data communi,catioh b~t 'also greatly im-

, ,1/ • 

'proves the tran5missio~ &f{it;~r:-cy~ and system organization (Chu ,and Konheim (1972)). 
~ ~ ':0 • 

,\ ' ,..., :. 

The two~ain ATDM syste,f(ls'are closely relate.d ; they qr.ë the LOOP (0150 known 
. '" (' 

'Os~RING) and the ,POLLING (also known,as MULTtDROP or.DHUBPOLlING) 
.;' ,,,--' ' .f.l' ~,/ 

, l, '" f - , 

systems, 
'/ 

" 

ln this thesis, an_ exact, onalysis 9f a generol pollirig system is performed, 
, . ' 

The main results obtai,ned (especiaHy fhose which concern message w,!li,!irig times, ' 
è. f. ... 

~ t l, . ' 

buffe:s sizes, and intsr-terminal behaviour) are newand importanf in understand}ng 

and!designing polling systems,' ; 
) - 1 

, ------.. . 
, ' 
~,;;'I 

Jn bptl,(thé ~oop ancl the polling systems" t~? N termil'lol~ and the central 
, 

data ~rocessor are connected by 1i;?~ I~op,' as shown in Fig', J -1 . Data, i, e, messages 
_ '!., j J r , 1 

o From the. terminais to ~he ce'ntro~~!a prc:'~essor, ~mClY flow in one direction onJ~ (say 

c\ockwise as i~ FiS: 1-1), 
.1 . 

A message From termin~1 i (1. Y , to thé central data 
o l' 'll"~ ~ _ ~ ~- • 

'processor llJust pass through terminais i + 1, '." ~ N and in each CI certa\n delay occurs 
li ~ { ) • J 

1_ -;::.,.. j 0 

to enabre thè terminal to check the message1s address, c?"'trol symbol, anq the possibi-
v 

" , 

~ lit y of transmission. 
~... r ' --- -

,r 

-- .""7 , 

• 

" 

o 



• f 1 'a 

.; 

3 

ln the .Ioop system, ail messages are divided into'-\Jnits of constant time 
r , 

length, called a time slot. Each terminal can transmit its message (or part of it of 

one time slot leflgth) in any empty timê slot. Clearly, to achieve this, ail terminais 
.. - j <I.~ 

, t ' t 

have to he mutually synch"ronized to theïr dHferent be'ginning of tïme stots. Hence p 
.. f"C-

in~the loop system, Tl can use any time slot while T. mai transmit during a time 
1 0 

~ d 0 \ " 

slot only if it is AOt occuPied previously with messages from the previous i - 1 termi-- '\ 

nais. The 1~~~''Syst~m has inherent, fixed, preassigned priorities among the terminais. 

Tl experiences the hig~est service ,pr!oritY,and T N the lowest: r 

, ln the polling system, a control symbol (called th~ server and originating 

From the central data processor) 'ltyc'ew0ntinuously. Each terminal, when it en-. ~ 

\ ',,,;, ~ .. 
cou,nters the control ~ymbol, inserts its buffer's content (ail its waiting messages) ~fatre 

it. \;) Aft~r the .service of a terminal is comp~~~~d, c~ntrol is transferred ~o the nex~ 
< , 

h;rminal on the loop. _ Hence, in the poli ing siystem there are no inherent service priorities 
volt;" ~_ 

omong the'termj~als. 

, 
Using II'Queueing Theoryll terms, both systems are nonpreemptive, routti-

queues, single server models: whereas in--the loop system there is a fixed priorify se.rvice , . 

procedure accordin~ to the tern:'inal index (to be precise, 011 m'~ssages in thf~ case ace 

required to be of o!"e time slot). In the polHng system, we have an alternating pr,iority 

procedure in cyclic order 1 depending upoh the server's present location. 
4 • • .. 

Another approach to datp cQmmunica,tion is suggested by the ALO'HA . t 
system, Abramson (1973), which i~ at present undèr'd~velol?men,t at the,U~iverslty of 

. . 
l, - J -. ~<;;:--~ 
\,... '·~'11' ... . 

/ '. 
J 

- .~ 
• 1 



,. 
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• , " 
Hawai,i. ln this system, 011 terminais transmit rndependently using:the same 

channel and there are no priorities among them. Having a_'new ;"essage 1 a termi-

nal transmits it immediately but keeps holding it for retransmission until an acknow- " 

\ 

ledgement "message detected Il is rece ived from the addfessELe. If du ri ng ~ lixed 

waiting time 1 no.-such. acknowledgemeryt is 'received (due. to, interferences with othêr 
. - ,- .-

":,essages from nind~pendentn termin~ls), the message is ~etransmitted ..vithin a fixed 

time accordi~g to some probabilistic rute. Re~ransmission is repeated until an 
. .. 

ackndwledgement ~s red!ived. ,"- ln 'a sense, this is a control-freei~ystem. I=0mputer 
o .... ~ ~.,.' :;., ., 

simulations of the system with ,traffic intensities mu-ch below 1~ e, the theoretical 
b 

1 tI \ 

bound for such multiterm~'1al system; yield attractive results pertaining to waiting 
J .. ..'t.'..... '..J" -

tîmes, transmission efHciency', and channel utilization. Analytica~ results for this 
F 

ATDM system are few. 

t 
'1 ~"~ 

For the two other ATDM systems d~$cribed, the loop system is .. 
" 

- \ .. '1 

analytically easier to evaluate than the poli ing system. An exact explicit solution 

, ' < 

of average terminal buffer length and waiting time was derived by Spragins (1972a). 

Variations of thesè quqntities were .derived by Spragins 0 (1972b) an~a summary of 
.,. .• ~ ,'1 

"those results , as weil 9i~he simple d~rivation technique, may q" ~und in Spragins 
'.1 ~ 

(1971). Analysis of the sam; lo~ \~ystem model studied by Spragins,; b1t from-a 
.. - ~ , 

, \ 
different approcxh, was performed by Konheirn (1972) •. ,~is study yields th~ sorne l _ .. '1 

~ , (1 

, buffer length results, but a virtual (instead of an actual) waiting Hme. V~tual~ 
~ 1 

1"" , '" 
waiting tÎme is the time~ imagindry single-time-slot~ge woul.~ ,hâve to woit 

• ., 
. had it been inserted ct the top of th~ ,buff~r at some fi~~d' time. Konheim and 

-~I ' ... 
~ . 

, , 



5 

,'--
Meister (1973) extended Konheim's (1972) results by including traffic from the' 

, 
, .. ' 

central\data processor to the terminais, i.e., two way traffic where traific from thé 
• i...J1 ~r' fi 

\. • '~J .. 

terniinals have reemptive pri~rity over t~affic from the central data processor., Haye's 
> '~J -'7\ • 

.' 
and Sher 

-. 
attempted ta estimate the behaviour of such multiloop systems. 

~ 

While basÎc results, such as buffer size and waitiflg timê for the loop 
, ~ .... 

1 ~.,.. .: 1':> 

system are quite abundant, they are very limited for the polling system and thé common 
~ 

tendency is to use a~o)(imations. 

., 
, 

The general model.of the 'communication polling s,~stem, we analyze in· (> 

" .. detail in th-is thesis, is identical to a general multiqueue single server model studied in, 

operations research. For example, imagine a transportation system, Fig. 1-2 where 

• , . 
a srngle bus services N bus stops in a fixed cyclic,order. At eaeh bus stop potential 

d' ,," '< ." 

passet)9êrs mi~ht accumulate, according to ~ome probabilistie process. Eaeh po!senger 
~ 2 ~t-.. ~ y 
1 -- , / 

requir:s 'sème service timé while getting into the bus and the riding time of th~ 00$, 
C" 

betWeen the terminais is a nonzero quantity 1 governed' QY sorne stochastie proces~. Im-

portont.parameters in sl.Ich a system are the quality of~service (passenger waiting time ), 

the required waitin.g room ~apacity at each bus stop, and the cycle time of the bus. 
. . , () \ 

Another example might be described as follows: a pbysician who visits N cI~nics 

" in a cyclic fixed or,der, ~t ea'ch clinic clieQts ~ay be awaiting his treafjnent. Still 

another example might be a repair ma,n visiting N different factories'ln a fixed cyclic 

"order" at each sorne machines might require sorne service. / 

"'! -
~ , 

..Ii 
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, 
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. . or...... i' ,. 
The principal mathemôti,cbl mod~1 of the ~ommuni~ation polling system 

, l' 

is \identicol to those of the above three systems. 

""' 
Using general expressions From 

, , 

queueing the ory we refe; to the central data processor (or more exactly to its control 

symbol ), the bus, the ~hysician, and the repair mar'! as the "server". The data 

l' 'il 
terminais, bus stops, cl inics, and factories ara-- generally called "terminaIs" (or as 

in queue'jng theory "queues" ) 
~ • l'- f' 

The messages, passengers, clienfs( at'd 9,ùt of 

order machines are called IIcustomers". The time reqoired to transmit a message, or 
1 

" , 0 

to serve a passen~r, a client" or a machine is call~d,the "service time ll
• The pro-

ê 

) , J ~ 
pagatl,on and synchroni~(ltion delay_ between two succeS!LVe-data term,inols, th~idlng 

time of the bus between two successive bus stop~, :or thot of the physiciaft or the repair ' . 'J ~ --~"'j 

man between two successive'terminals are reFerred as the "walking time". An 
. l-

important parameter in this mode 1 , as weil as in any other is the 

"traffic ,intensity" of a terminal defined by the ratio o. the average,· CllIstçmer ser~ice 
, 1 \ 

.time in the terminal to the 'average interarrivol t,i~e of ~ customers in the terminal. - 0 

A weil known foct From queueing toheory is that unless the total traffie intensity in the 
'--- ' 

system (in)'our model - the sum of the N traffic ,intensities) is strictly less than one, 

the system is unstable (saturated). 

o " 
Using thes~ expressions, we now give an exact description of tbe polling 

- ~ " 
model we shall study in this thesis. 'A schematic figure of it is given in Fig. 1-2 . 

.. 
N terminais of unrestricf.ed length (infinite buffer or waiting room 

capacity) are atten,ed bya single server in a fixed cyclic order. Arrivais of new 
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customers to each,termin~1 are indeperidqnt and governed bya Poisson process wlth 

rate X., the average number of customeFS per second, at:ld i = l, 2, .• , N being 
l , 

, 0 

the terminal nu~bers. THe customer service time is a randoT variable with the pro- ' 

, \ 

l?ability de ns it y function p
s
. ( .). The server wa/king time from terminal i to i +) , 
1 

(from N ba'ck to 1) is an independent random variable with the probability density 

function P w. ( . ) 
1 

, 
~ " , , 

We study two ~ariations of the service procedure for this model. In the 
, ,~ 

, < 

first, ca~led the GA TING mode 1 , the.. server attends on/y to the customers who, are 

, \;j present at eachotèrminat'at the moment it arrives; customers entering a terminal which 

is being served must--wOltuntil the server departs and then returns to it (in the follow-
<, , -

ing cycle). In tehis model, at the instant, the server reaches a termi~a' a "gote lt 

\ 

doses !;>ehind the waiting custome!-s and' only those custçmers waiting in front o( the 

" 

gate are ser'Ved dup.ng that cycle. This sitvation is described in Fig. 1.,j2 ot T.. In 
1 

the second var'iation of the service procedure, cal/ed the EXHAUSTIVE mooel, the 

server attends each terminal until it is empty, i.e., the !erver advances -fo 0 terminal 

only when the previous C?,ne has no waitlng customers in it. 

ln both models, the service procedure'within each terminal ... ~s on a "first 
'", 

come first served" basis. The order in which thEOl terminais are served is according to 

their ihdices, From terminal i to i t 1 and from N bock to 1. If the server' reoches 

an empty !ermina/, it walks immediate'ly, to the following one. A sequence of N con-

, 0 

secutive terminal visits is a cycle, in which, each terminal i.s visited once by the server • 



• 

(. 

1 

" , ' 

, ... 

'" The intervÎsit time of a ter.minal 

l, \ 

.. J 
~ ( 

., ~"' ,(:r~ '\ 

is the time that separa tes ~he server's d~':ture From 

9 

the. terminal ta the server subsequent return to the sorne ter;ninal. 
~ \ .. :or • 

~ 

Special cases of these models are the symmetric case, where À., 
1 1 

, 4 

p (.), p (.) are independent of i , and the nonrandom case, where the 
~ .Wj ; C>~) 

service and watking tim.es are cons.tant. 

. \ "-\ 

Though the exhaustive procedure is apparently a more reasonable one, 

the gatin'g procedure, in the communication polling system, might b~ cheaper to 

- { 
implement. ( The buffer might be a shift register which cannat be loaded while 

messages ~re being tronsmitted 1 and the new messages are 'Stored on a different register ). 
u 

Another advantage of the goting procedure i5 that every terminal, while tronsmitting, 
/ 

\ 
does not seize control of. the server'. " 

, 
Analytica,l ,results for these modeh are very fewand explicit expressions 

'11> 'J -

for basic parameter's 'such os first moments of the waiting time, buffer siz«r, and cycJe 

• "time are almost nonexistent and the general approach is to use a'pproximations. , ~ 

.P " ~ 

, 

, 

A buffèr size onalysis of the nonrandom symmetric system (the exhaustive 

procedure) was done by Konheim dnd Meister (197~). Their resvlt for the,' average 
If ',' 

virtuel waiting time in such a system,is quoted by Chu and Konheim (1972). An 
• . , 

approximation for the nonrandom case (both the gatin,g and the exhaustive models ) 
" 

was done by Kruskal (1969) motivated by: "Better have approximations thon no 
, 1 -

analysis ot all"'~. "'Based on an important analytical result obtained by Mack et al .. 



10 

. '-

1 

symmetric, nonrandom, single buffer system w~s a'halyzed by Kaye (197-2) 
.... _ -- "J -

,.1. '" ,,~ 'II. 

and the first two moments of the nU~,ber of terminais that are served ln a cycle were 
~,ol, 

derived. An estimate ,for thé average waiting time in such a system was obtained by 

Kaye and Richardson (1973). A model'related to that used by Kaye, (in each te'rmi-

nal only one message con be served in a cycle, but buffers length are unrestricted ), 

was approximated and simulated by Yuen et'aJ (1972). Hayes and Sherman (1972)-

used apprJXimations obtained by Leibowitz' (1961) , for the symmetric gating mode 1 , 
- " ' ", ' 

in ord~ compute delays in~ the nonrandom.symmEitric case of ~e exhau;tive model: 

Most of the existing anal ytical results were derived by operations resear.ch , 
scientists. A symmetric, nonrandom, single buffer system (known as the repoir man, 

,_ f,I 

o 1 

probJem) was studied by Mack et 0,\ (1951), who obtained the steady state probability 
"'" 

\' j 

density functiori' ôf the' number of services per cycle ~ However, assuming random sér-

vice time, Mack (1957) d,erived intractbble equations. Leibowitz (1961) apptoxi~d 

the sy~metric gating model by assuming' independence' C1mo~~ the te~inals, since an 

. -
exaèt solution seemed extremely difficult. ln a later article (Leibowitz (1968)), 

~ 

this problem was cited as an example of ar' important queueins problem to which no 
1 . !"" . 

exactsolutfon has been obtained. Therefore, the terminals~ independence approxima~ 

tian is unavoidable. The general polling model, with the restriction of zero walking 

time (mainly for the exhaustive model) was analyzèd by Cooper and Murray (1969) 

with unwieldly equations ',1 Cooper (1970) extended the analysis to compute the waiting 

time and again met with intractable computattons. The sp~a.ial case of the exhaustive .., . - . ""'\ 

model, where N = 2 (two te}lJ'\i~s ), and with 3:!~ walking ti~~, was so/ved by o 

, J 
\/ 
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\ ( 

/ 

J 

., 

11' 

o ' j 
>t 

" 0 l ' 
Avi-Itzhak et àl (1965r, Takacs (1968)", at1d Jaiswall...(1968), and an explicit e~-

l , 

pression of the ,àverage ~aiting time • deriv~d. The s~~~' .~~;ueues exhaustive 
t ""~ 't'...~:' ... ~ ....-~" 

m0gel, but with zero walking time, was analyzed by Sykes (1970) 'ana an e~plicit 

expression for the average waiting time was obtained. 

The only complete an~lyticai solution of the general model (maÎl1ly 

the exhaustive casc;l.,) l was deri ved by Eisenberg (1972). However, the mqthematical 
, . , 

representation of the model and its basi~ ;andom 'VOriabfes yield su ch great n'umbers of 
j 

-

" .. 

1 , 

\" 

.'\ equations that, in concluding, he sug~stJd using leibo:';"i!z's (1961) approximation ,'!--
, , ' L __ 

, \ / 

method. It should be mentioned that even though Hayes and Shèrman (1972) were j// 
'1 

a~are of Eisenberg's (1972) exact results, they preferred leibowitz's (1961) 

~, -.\ 
a ~ 

For various sp~ctaJ mod~.Is, 5uch as the symmetriG and / or the non-
, . 

rand9m model, commonly used to describe communication~polling networks, we oblp!n 

.; 

exact, and s\,lrprisingly simple, explicit solutions for the first ",!oments of the waiting 
• ,~o 

time, buffer size, cy.cle and intervisit times. These expressions con be applied 

imm~diately instead of th~approximations used in past technical papers. More over , , ~ ~~ 

these' ~xpressions are of fundamentai importci~ce in predicting, understanc;/ing, and de-. .' 

signing pollin.g sys~ms. 
- " 

,i 
The,pecuHar choice of the models' basic random vari,ables, as, weil as 

\ . 
most of the mathematical analysis which follows, and the explicit expressi'ons obtainec:J--------

are original. The choice of the "Non cldssical 1f basic ranclom variables might be re" , . 
" ~ 

-' gorded as the main reason for the success of this study. 
: ' 
\ 

J 

! ; 



................ ------------------~ J 

1; -

',' f l2 

"" . 
The main contri.butions in this ~tudy are: , 

.; 

1. Simple mathemotical description of the polling system, for both the 

gating aqi the e~haustive service procedurés, which holds in the 
A '1 , . . 

"-1:-' , 

transien'! ciô<.i the steady states. , 

l " 

2. A rtudy of the transient behaviour of the' aver~ge cycle and intervisit 
, , ' , "" 

'" 
tîmes. 

, 

'( 
1 

3. " Explicit formulas in the sym~etric case for the steady state variances of ; 

"" 

( 

cycle time, int~rvjsit time l'and the number of customE:rs in a terminal" , , 

that are served in ~e cycle. -
4. 1 Explicit formJlas ln t~e symmitric nonrandom ,cas~ for the' steady stote 

l 

correlation between terminais} cy,c1es, and intervisits. 

l, 

5. ; Explicit formulas in t~e symn:'etric nonrahdom case for the third moment 

'+ of the cycle time for N = 1 ~ 2, 00 'for the gating model, ,and the thirCIJ . ' 

6. 

b 
moment of the intervisit time for N = l, 2., '3., ex> for the exhavsHve 

, ~ .... ".- .. 

model. ' 
) 

, /'" Il 

" An ~xplic,it formula in the sy.U"~etric.case for the average wai"ting time. 

. ' 
7. Exact results for the asymmetric nonrandom system concer~ing average . 

waiting time for N == 2 in the gating model, (and f~ N == 3 in t'?e ' " 

exhaustive mode 1 • 
• 

00 

J ' 

l' 

o 

-



8. 

9. 

~ , 

Explicit formulas for c:;I general case, for the average system waitilig 

time.' 

.. if' *' .... 
ExpliCitformulas in the symmetriç nonrandom case for the variances, of 

the 'waiting time for the ,gating model with N = 2, CD a~d:for the ex-

o haustiv~'model w'ith N == 2, 3, ex> ~ Using Chebyshev's inequality 

we c~n then find bound on the pro~bility that t~e actual waiting time 
~ , 

is less than someb~alue T. 

1,3 

ln Chqpter Il, we'gi'le,Jlfl exact 'description of the mode 1 , its basic 
) ... -'~ > • 

, ; f\ ' " 
rqndom variables, /çmd find, in a re'Cursive form, the Laplace transform of the prÇ>ba.,.. 

---' J " 

bilify densf'tyJon~tion of the bQsic random variables. The first three/ moments of thê 
'0 , .. 

cycle,and intervisit time, for varioP,s ca~es, are derived in Chapter III 'In Chapter 
~ . ~ 

, - l' 

IV we derive Cl 'generdhelation between the number of customers that are served in 
1 ~) 

a terminal in ·one c~cle ~nd oth~r quantities obtained,before:.. Explicit expression5 for 

.-

the first two momènts of this quantity are f~nd. ,Buffer size requirerriènts are analyzed, 
Ci 

• 
and bounds for those quantities are obtained. In Chapter V, we analyzé the transient 

.... # j tl 

-~havjouro,of the averape cycl~ and intervisit timés, and the (teady ~tat~ èorrelatio!" 
- n 

betWeen terminais, cycles, and intervisitS. rn Cha~ter VI, we derive' th~ Laplace 

transform of the probability density function of the waiting tÎme. General expressi~~s 

for ~é fIrst two moments of the waiting time are ~btai~ed. Analyticaf and numericot 
, ~ ,~ 

re$~lts !~~,,~ious cases '~re derived. S~~ons for further research and con~lusrons 
Q ~~ , 

• "~ ~r: .9i~n !~ Cfi~yll Ali detailed and technical computâti~n~ are pE!rformed in 

.- i' ',' .-.(\" Iô"t.. thft. ~pe nd i ces. 
t~ ., 

Q 

(o • . 

.,. . 

\ 

" 

I~ 
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THE MATHEMATICAL ANAL YSIS OF 
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201 M?thematica~ ~scripti~n'" of the Models 
J A , t 

, ~ 

\ . ~ 0 

--' 

" 
" ,," : ~~) 

, " 
" 

" 
c:.' • 

THE MODE'lS .:~ ( 

~ 
"1,.-,-' 

i 

f· 

, 
o 

iJ!' 
.'. 

; J 
., 

0 . 14" , 
." 

, 1.. 
<> ,", 

\ , • 

n 
c 

• r • 

( , J,'" Wei 
• 0 

;.. \ J 

r~f)eat it briefly here for complèteness. . 
1 • .. , \ ': 

N terminais, TT' ~. ", ToO , 
1 

il " 
00 , T N each with buffers of un~ 

. . 

. . 

restricted length and having messages (customers) coming with ct POi$s+ arrivai 

p;'o~ess having ~arameter ~. , a~e served b;:o :ingl~ }er~e,-f i~ a fixei cycl i corder 0 

~ \ al/) 1 ~, ~ t," ..,.... 

~he termi~al5'(J,te serv~d in ,the' order of their indices ("as ~hown in" Fit 1-2).' At 
... .. . ':4r' ... 1 

evel"y' terminal, say T. " the server serves some' of the customers, using independent" 
1 . . 't:> 

< • 

identicall~ distributed random serivce times hoving a probability density function 
o 

P~ (.) 0 

'0 i ? 
Then the server walks to the next terminal (T. 1)' where the walkiilg 

" 1 + . 
• 1. 

time is a random variable hoving a probability density function P (0) and is in': 
" ",~ wi 

• "'. ~J D • 

d,tp.endent of th~ service t~me. ~e st~dy two d!fferent service procedures referred !o 
q~·Jl.he goting and the exhausfive rQodels.> ln the gating model, ot each terminal th~ t11 ,. ~ / 

sefver se~ves ~nly 'thos:- customers thq; are present a~~th~ moment of its arrivai. In 
D. ' 

1 t> 1 1 

the exhaustive model the server serves each terminal until it. is empty,. ' 
\ '~ 

ln Queueing Thaory terms (~oiswo~(l968), .), these modeJs are 
, , 

, b , • 

Ml ' o. , MN'; G 1 ' •• 1 GN / 1 -multiquel,le having nonpr~etnptiv~ cyclic olter-

nating pt"ÏC?,rities and non~ero chonge9~er (walking) times. The classlcal ",ay or' 
,,~ J .... • _ 

, " '., \ 

anolyzing such a model, 'as weil as the simple M / G / 1 ~odel; is by jefining a 

, 
, . 

CQntinuous time N '- dimensional discrete state ranclom process, ,in whlch the elements -

/ 

, . 

<, 

~ 



" , 

Q 

, , , 

'\ 
, ) .. --

of the N - dimensional random vector are the number o(customers in each queue. 
, ~, 

~ 

. The nex.t step is to ,imbed tfiè- random process at its regenerating points" for examp\e . \ 

the set of cusiomer \ervice-beglnning instants in its, queue, custom~(ser~ice"" /Î' 
1 \ !J ' , '/ 

~ ~ 

completion instants, queüe sèrvice-he.ginning instants, or queue service-completion 
~ -

" 
--

instants. The property of these
o 
regenètating po!nts is that a new r~n~om ~rocess, 

~ 

derived From the aboya continuous time process, at these time instants, is (il Markov 
, • 11 • 

process and is céil,led,: the imbeJàed ~r,kov proce.-Ss~ ,,Applying ~sic steady'state 
e .. (1... b ~ "" ~ -, , 

• ~ fI""'" 1 • 

equations ta these proce~ses, We .finaHy obtafn discrete""time, 9iscrete stâte', imbedc/ed. 

Markov"chains. Details cOncer~ing'-t~}abôve ~~h;'iques ~i. fOU~~~' basic ~~' , 
on Mar~ov c~ai~ or Queueing the~y Iilre Takocs ~J962) ,;Joiswal 11'968), and ;,'~ 
Karfin (1~69)'. 

J 0 

Eoch of the~e tv\arkov çhains ,is dé~crlbed by an N - dimensiohal 
. ' 

random vector whose elements are the number ofvCustomers in each queue at'the appro-
• "ft ' 

(II '. 

priate regenerating point. ~ 'l, ) 
, • 0-

.,.q ... -
, .. r • 

'ft 
Four characteristics of the ~6ove approach cire f 

" ~ 4 

, ," 

1. The basic 'random' variables have discrete states. 
( 

2. Thè ~odel is analyzed in tlle steady state,: 

,3, " A ·\atge number, of equa'tfons i; required (for example, Eisenberg 
,1 '1 --:J--

~ 1 \~ _ 1 ~ ,. 

(1 W2) dêàh ,w,lth, 4N N - dimensional different imbeddec(Markov \\ 
• 1 

cllains) .' ' o 

.0 
~ 

4. - ,The basié randQf1Î'vector is a "picTure ll of ail the qoèues (the 
o 

, - ~ 't,.. 

number of éusté>mers in each' one) at particular time ~instdnts. 
-' 

o , 

.-
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\ , " ·The gool of researches of this typE!' is to -nnd the probability density 
.. ~ . .. . " ~ ~ .. , . 

Junctions of the sf(r,ver cyçle tim~1 terminal b~ff~tsizesi and cUstomer waiHng '\ 
~ • ~ 'f"-' \ 

i. ~ w '" .. ." 1 ..... ~ & ~ \ • \ , . ~ ... ' " -, . '. '.' .. ' \ 
: .. __ ) ,ttl~es., Havi~~. t.h.~~e probabflity ~ens'ity function,s,. ~"t ~~plicit or recur~iv~ for~s ~ 

l', it: of their Laplace transform, .tbe,next,step.!.5 to deri~E;.~xpticit.expressions for th?, () . 
• • li' , .. • ''l'~,,,,~f''h. \ .. \1.... .. \ . 

~ , '<> .' 

, . 

.. 

- ", overages .dnd variQ.')ces of the ir argu.irlt~nts~ Jhese quantities, which are essential 
~ ~ ~ - .JI" "(.~. ~ ,ft • 

in deigning and ooderstonding polli~g'systé~sf are obtained b 
t 1 ... -",-__ .r 

, 

" Laplace transforms of thos~ prQ,babiJ,ity. densi!y functions an 

equations. E>s.amples of this procedure can be found in leib 
.... ~. • l ,.:.. (1t .w 

(1968), Coop~r and M>trray (1969), Co~er (1970), and Eiser:'lferg (1972). The 
l " , .. l , 

.' . 
basic di;'dvantage,of th. ab,,';. approa~h is' thef~ac~abilrd~riVin9 explicit , \ 

expressions for the first mome'nts of the cycle and intervisit times, the bù"ffer -sizeSf (or . . ' 

'" the number of customers in a te~mtnal that are served in a cycle), and the waiting 

\ 

times. 
~ 

This rs due to the fact that a large number of 1 ineaç equations ore involved. 

in deriving these quantities.· Cooper (1970), who analyzed the N - terminClI exhaustive 
l ' 0 ) 

, , 

mooel with zero '~alking time; enc~untered an iJtractable set of (N+l) . N t!near 

" equations fot the explicit expressidh of the average waiting time in a terminal. 

. Eisenberg (1 ~72), who is the onlr one, tQ perform an exact analysis of the ~neral N 
. , 

terminal exhaustive moclel, obtained a set 'of N ~-1) linear equati~ns for the explï'cit 

expressions.of the second moment of the number of cu~omers to be served in one cyète. 
> c 

. ' 

Neither.Cooper nor Eisenberg' o~tained their gool. ,Even a.ssuming the symmétric case f, 
. ~ " 

their infractable sets of equatipns do not get more simp le. -'Beside the average cycle 
1 ~ 

c' and inte~visit timest~nd the over~ge numberhf customers to be·served in one cycle, 

~o explicit expressions for higher moments and ony moment ot the waiting tim~ were ) 

obtain.ed. . . , 
Il 
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, ln order to avoid this large set of Iinear equaHons, we, chose ar'! in- --
, • 0..' \ 

herently different basic randem vector which has no direct relation ,to the ctossièbl 
, ..' . \. 

, " • J"~ 1 ....... 

~er~v~tiQn ~cbnjqr~ut P,o~sesses the Morko~ion ~r'oper~", The ,-chçice of a ~iff~re.nt 

basic N dimènsibnal ra-~dom ~tor, which-! genèr~l1y has' conti-Qupus state~, enables ~s -t 
6 • 

, r 

to derive a tr'oiisient state ,modél, to end up withJhe- sm'allest set ye~ ~r'linear equotions, 
,. ,.' 

. and m~t important, to solve them and"obtain exact explitit eXP;~ssi~~'s',i()r{~ first 

,. ~ ... ' 

moments of the cycle and intervisit times, ,~·uffer 5i;zes, ànd wai.ting time's. 09r J~(Jsic 
III <1" }- ~ .. .. t , ~ ~. 1 • ~ , ~ 

'jandom variàbles do ~Qt e~i~t at the s~me ~imé':.' Therêfô~~'th-e' bo~ic !ôrrdom vdctor ls ' 
0, ~ /,-11 : r~ • ~ 4 .. ~. • ~ ""1' )" 

not,a "pictur:·t of the system at som~ t!m~'~}n~ta~~~ ;{~ J '/.~ , lJ: 
,.1 4.. -tf 1 6 t" 

'1# !" 

'li • 

We define the new randOm variable, ,,'9 ,'as' "Terminal Service Time" 
"',JI ~, .... • ()... .. 

',. 1 • ' 

-, . , . 
(TST) " To avoid unneces5ary comp'~exi!y iri future COf,YIputqti9n5, the TST5 are 

~ ~ \ . 
chosen' in a slightly different man,,~r. for tbe gqtir1g dnd the exhaustiv.è models. 

, 1 ",'",' 
~... 1" , ~ . , 

I~ the 'Qating m~ed': r tST, i'$ the:~um of- the' tim~s' re~uired to serve ;.tr~ 
" " - .' " - .' , ' 

customers in a termi'nol on,d to V:~Yk t~ ';hft' Qext~ne .. <. ,~ , { , ' , 

of ,- .. 

" , 
.' 

~.. • l " _ ~ , 1 

\ ln the exhausti,ve 'mOd~I: rST is' the sum E)f the times r~quj~'d fi:> V;olk . 
, ,,-, ,; ........ .- -, ~ ~ . . .... ' " \- - " ' , 

-_. to a terminal, (frOm the\p~e.vJous Q.~), and t~ serve the 'c~stoine~~ the.re. 
1 • , l'Vi l' .' \' 

j --=-l--=-.!... ----- . \ ;. 
"';7' \ 

, ;. .. ." ........... 
We deal with an N dimensfonal random vector, N successive 1STs, 

which descri~~~ a cycle~ time is divided' among ~he' 'N . te~~in~:ls·.o '0- 1~~~ld b~- .' 

mentioned th~t similor concept~ in defining a ve~tor of r~domo variables w~ioch dC?" nof 

" exist ot the some time were ,used by Mack et al (1957) and by' :Konheim' aod Mejst~r -
, 

(1971) • 

',' J 
/ 

. , . 

' .. 

-' 

, " 

f--· 
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ln the following,. we construct the basic randem variables for both . . ' , . 

":setyice procedures. Tb disti-nguish between the gating and the eX,haustive models 
" . . 

\, , 
" wè us~ the ~ubseripts . ~ and E respecti ve Iy . , 

), 
) 

., , ~ ) .. ~ 
Alt' • ) 

For the gating mode 1 , suppose ot the time 't == t G th~ server reach~s '\" 
. 0, 
.-

lhis.!ime instant is defineg os the beginning of the first cycle. 

For the exhaustive mode 1-" 's~p'pp$e at the time t = t the server 
, / t Eo 

" . 
. "Ieaves T N .' ' This time in~~~nt is defined as the beginning of the Yirst cycle. 

FQr t ~ t -: in.each model, w~ record the time instants when TST s o ",.' _ . 

are completed. To distinguish between the sa me terminal in different cycles, define 

terminal i ,( l sis N) in ~y~le ï (~ ~ 1 ) as terminal k' (T k) where: 

, .... ~. 

2. l . l 
. " 

For k,~ 1 
1... *. . 

defi.ne.. the following random varia~les : 
, . 

" 

. Foç both modèls : . -
, ,,. ~ 

~k The number of customers that are served ot T k • 2:1.2 
/1 :v .~-_ ". . 

For the gOting mode 1 : - ' 
" 

The t~me se'rver re~~he$' ! ~~ 1 

\. 
\ 
\.' .... 

G'TS~k é- Terminal k 'iè;vice Hme == t - t 
"IV .• N-.l Gk"> Gk_ 1 

The cycle time of Tk+N = L G Qk+i~ -:>---- --r 
i:::() 

2.1.3 

1----
.... ". 

. 
J 

,: 

J 
:, 

................. ----------~~~--~ 

" 

0// 
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1 
1 

tE 
k 

eQk 

E c k+N 

, " 
1 

~ 
r-

A 
= 

,'4 

Jo 

'1 ' 

For the exhaustive mode 1 : 

\ , 
The time server leaves T \ k , 

E TST k ~ Termina~ k service time = 
N, 

The cycle time of Tk+N =)' Qk 
!...J E, +i 

i=1 
-

, N-l 
The intervisit ti~-.()f T k+N = W k+N-l + L E Qk+i 

i=1 

wJiere wk~N-l is the walk times From Tk+N- 1 to Tk+N 

ln Fig~ 2-1 a schematic ~ep"'esentotJir of the models and their basic 
~ . 

~ ran"dom variables is 9iven. We consider the terminais k,'k+ 1, •. l' k+N where T k is 
~-........ ~ 

actually T
k
+N in the pre,vious·éycle. Whenever possible, we omit' the indices G 

.\ -
and E From the basic random variables. 

~k 
k ~ 1 

, 11 

--,-----f 

"The basic N dimensional random vector il'} our models is ~ 

*' 

\ 

2.1.5 

An important property of these random ~ectors is that the condjti~al joint Pfobabili'Y' / 

'of ~k given any set of previous time vectors, .depends on the latest ... vector of this 

set, i. e. 

• 1 



• 

.......... 
, . 
r 

, " 

,~ " .. ".~ 

.' 

.' 

, , 
1 ,.' , .' 
l' 

}.. 

r 
1 

• 

-, 
+-4-- )1-

, -

----Il:;~ 1 ] w

k

+i-1 1 T k~i 
1 

wk+i 1" "] 
,- ~ k+i+~ 1-----,·:---11 

.', 

< ,1 

" 

! j 

-,"1'. , 
,~ { • ,'" ~ .... 

i',:-;; 
1 ... ... 

, A schematic represen,tation of the models and theÙ 
• 1 

basic random variables. 

\ , 

'\> 1 
l ',' 20 
- 11 , 

-G ' .. 

'~. 

.. 

.. 

• d 
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Prob (~k /~k-l ' ~k .. 2' .. , ~k-I) = Prob (~k /~ k-l ) ... 
\ 

The a~ove property is due to the fact that the fir~t N-l elements of ~k are 
~ 

21 

"2.1.6 

identical to the last N-l elements of th~ given ~-1 ' and the remaining last element 

of ~., ~N~ l' is the su; of the walking/time (w
ktN

- 2 or wktN- 1 for the ex-, 

haustive or gating models respectively) which does not depend on any ~k-i (i ~ 1 ) 

and the service time of the customers in T ktN-l' This service time depends on the 

.v • 

, number of customers accumulated in T ktN-I' due to a Poisson arrivai precess. The 
.... . / 

timè length of this process is gi~en by ~-1 (and also w
ktN

- 2 for the .. exhaustive 

mode 1 ) , as shown in Fig. 2-1 .. Hence, given ~-1 ' 011 ~_I (1 ~ 2 f are ir- , 

, '. 
~elevant to the conditional probability density function of ~k . 

" . This propérty is known 

as Markov property. 

The following are definitions of quantities we use in the next sections of 

th is chapter. 

The joint probability density function of ~ is 

Prob (fori=O, .• ,N-l, TST
k 

.=Qk') 
tl tl 

2.1.7 

The Laplacetransform of Pk (~k) is 

Q) Q) N-1 N-r 
k G ~ = J . J exp (- I xi.~k+i) Pk (~) n:'> d Qk+i 

.. 

o #'Ô i=o i=o 

for 011 x. such that Re [x. ] ~ 0, an~ 
1 1 

" 
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kF (~) =: Ink G (~) 

l 

, \ 
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2.1.9 

The Laplace traosforms of the
t 
probability density functions of custo~er service time in 

T. and server~om T,\' ta T. 1 are respectively (' 1-, 
1 • 1 1+ 

o ' • 

. , 
for 

o S. (x) = 
1 

co 

J 
0 

00 

w. (x) = 
1 

'~J 
0 

i=l, .. ,N 

exp(-xt) P (t) dt 
s. 

1 

exp (- x t ) p' (t) dt' 
w· 1 

and Re [x ] ~ 0 
, , 

i 
1 

"2.1.10 

When no confusion is possible, we omit the dummy variable x in,the . . , 

expressipns of the Laplace transforms. 

ln the following two sections of this éhapter we find kG (~) in a 

recursive form fOr both the gotin~ and the exhaustive models. 

2.2 The Gating Model: Solution of the Basic Equation 

ln this section we find kG (~) ~in '0 recursive form fu the gatin,g model. 

kG (~) is the LaplQce transform of the joÏt,t probability d~nsity function of N 

successive TST s, Pk (Qk 1 9k+ 1 " •• , Qk+N-l)' 
0. 

r 
- {~ 

• <> 
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f 

By the law of totpl probability : 

.. 
1 

Pk~l (9k+1 , "0' 9k+N ) 

tO tO \ 

~ J ~ Pr+ 
2.2.1 

"i 
1 -

• 
Since 9k+N 

is.the time required to serve the n
k
+

N 
,customers (which the server finds 

f • .' 
.. at the moment he reaches T k+N and are the only ones to be servèd in this terminal) 

_, Co <.> _ "" 

and~towalkto ,TI<+N+l' 'Prob (QktN/nk+N' ony Hpa~t" TSTs) doesnotde1'end 
, -" 

<?n the post T ST s. We have : 

~-

Prob (~k+N (nk+N ' ~ k) = Proç (9k+N / nk+N ) 2.2.2 

. " 

. and because 9
k
+

N 
';s the independent sum of nk+

N 
service tÎmes and one~ walkt!"9 ti.me 1 

,f ) 

we obioin: .,. 
Î 

2~2.3 

. where- l '* 1 symbolizes the convolution operator. 

Since n
k
+

N 
;~ the result of a Poisson arrivai proce~s whic~ itarts at tG 

, . k-1 

f 
( refer to Fig. 2-1 ) , when no customers are present after the gate, and ends at 

Q , 

t and does not depend on t 0 :s; i s: N-2. We have: 
Gk+N_1 " Gk+i 

.-
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N-l 
~, . 

Prob (.nk+N / ~ ) 
. Prob (n

k 
N / '; 9k ·) + .... +1 

i=O . -
2.2.4 

" N-l 

" , 

n • \ k+N '., \' 
. exp (- \+N" L., 9k+i ) 

t=o 

- N-l ' 
, . We ide"lily \~ ;1\<+i- ~s-~~~N '. Ihe cy~I. lime of· \+N . 

, , 't(;' .. 

(, 

Substitutionof 2.2.3 and 2.2.~ in 2.2.1 yields' ;---

N-l en (X) 

= J.~ 
(nk+N) 

PS'k+N* (9k+N) * p (9) 1 (>... ' wk+N k+N - 'l<+N 

n 
\' Q ) k+N 
L. k+i 

'" ' 

o n =0 
k+N 

. exp (- À ''k+N 

N-l 
li" 
L Qk+i), 

i::;() 

, ' 
, , nk+~ i=O 

2.2.5 

Equoli on 2.2.5 is a recursive formula for oblGi" i"g P ~+ 1.: ( ~ 1 >. ;rotri p J (~k) ~ \ 

Given P, (~1) we con obtain Pk_(~ ~ for 011 k ~ 1. ~ k ... ~,' and total 
" . 

traffic intensity, is less ~han one, Pk (~k) converges to, Pk Mod (N) (~) - the ~tea~y . 
state joint probab~lity density function which does not depend on Pl (~1)' \ 

Applying the Laplace transform to Eq. 2.2.5 we have: -
(X) 00 (X) 0 N 

k+ l G ~ ;:. J . . S I exp (- l' Xi Qk+i) 
o 0 nk+NO i=l 

N-l" nk+N 
·f \+N L Qk+i) exp (- ~+N 

i=O 
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f 

L-----
1 <Ill 

7!O obtain the de,sired ~esul , k+1G (!)i os o.function ofl kG (:...) '. we f rst'integrate 
,1 ' 

over 9
k
+N ~ then sum ove 1 nk+N : For convenienee, fi ne 

J x 
o 

~ 0 

J~tegration ove; 9k+N yields 

Cl) 

::: ~k+N (XN) , l 
" . . 0 

Nlool . . 

0) 0) 

J L -~ 1--:-, f 
on::: 0 k+N 

Ie-+N ' 

• exp. (- L' (Xi" + \+N) 9k~T') ~ 
"i=O >~ 

~ . 
" Finally, sum.m0tion over n

k
+N yields 

" ex> 0) N:'l 

#, 

'. 

2.2.7 - , 

- " & 

. 
2.2.8 

k~lq . .c~) = Wk+N (x~J •• J exp t -I (Xi + Xk+N (1 - Sk+N <,x N)}) 9k+i J 
o 0 i=O 

.. , 
2.2.9 

Using defi'nition. 2.1.8, the right hand sider-of Eq. 2 .2. ~ is kG (=) where: 
, > 

, 

:1' 
1 
1 

" , 

i ::: 
/j 

1, .. ,N, X '=0,2.2.10 
./ .i . r

O 

'l.o " 1 

Sinee T k ~Clnd T k~N o..,p~fcally the some'.terminal 

l '" ' 1 . 
o 1 • 

. 
", 

... 
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.-' IJ 

~ 
~+N -\ 

" ., 
, 1 ~ 1- - ~----- W --(-, ) W (.) 

j k+N k 
\ / 

, . )/ 
Sk+N, ( . ) ~ Sk ( . ) p 

02 .2. 11 . 

, l -. 

Defiriing Yk (xN) ~ ~ ( 1 - Sk (xN)) 2.2.12 
1. 

Y{e ha~e z. 
A x

i
_1 + Yk (xN) 

1 
/' 

2.2.13 

,Using 011 above definitions in ·Eq. 2.2.9, ~jelds 

2.2.14 

0" 

or explicitly 

2.2.15 
, --, 

~ 

The recursive}orm'of Eq. 2.2.15 is the ma~n re,ult of this sec,tion ____ An important 

. 
fèature of this ~quation is . 

,At x = 0 , we have 
c -, 

Wk (xN) = Sk (xN) == 1 

Yk (xN) = () 
). • r 

~ 

) 

and hence z == 0 e"" -
. / 

2.2.16 

.\ 

0 



• 

. . " 

, 1 

Q 

, ' 

Therefore 1 at x = 0, Eq. 2.2.15 simpJy stat~~ the e~pected and consistent 
Il - ~tfl' ~ <J ~ , 

~ identity 1 = 1 • 

-, 

This behaviOur at x = 0 enables uS' to obtain 011 the moments of the TSTs". A more ..., 

convenient form of Eq.c 2.2.14,. which we use later 1 is obtained by using definition 

.2.k.9 in Eq. 2.?14 toobtaln '" 

2.2.17 

ln order to use Eq. 2.2. ~4 ,r~cursjvely more than 'one t~me\, define a'set 
, 0 1, r ~ ) 

~ " .. 
of coordinate transformations function~. Expressing Equations 2.2.12 and 2.2.13 in 

the form 
'" ., 

X := fror ,(x) .... \ 

-
Z = f(l) (x) ~ 

-cc ~ 
2.2~ 

. - , 

is regard~9 as one transf~mation. The result of two °successive transformations is : 
~ 0 

" 

,f . 
and 50 on, ofter i succ~iSive transformations, the N ,dimensi'onal vector 

obtain~d. Its la~t elem~-nt is defined as (fm ~»N 
, , 

Adopting 'the ab~ notatiorÙ white vsing Etl'. 2.2.14 rec'ursively N tÎmes, we obtain 
... .,\ ," .. 

k+1 G (~.> = 
N-1 _ ~ 

rTT W
k
' • «f\l)'(X»N)] G Ù~) (x» 

',=0 -1 - k+l-N·,-.;d: 
- " 
./ 

\. , 
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The above equation ties ~ogether two successive cycles 1 which r in the ~t~dy state,. 
. . \ ' 

have the sam~ joint .p~o~bilify density function. . , 

Using Eq. 2.2.14 'reeursively k times we have 
, 

" , '. 

k-l , .. . , .. 
= [TT w' . « f(i) (x» )]. Cl G (f(k) (x:» 

k-. - N 1 -
i=O .' . ~ 

, , , 

~Fot. Re [x] ~ 2, Equations 2.2.12 and 2.2.13 y,ield,: 
J"+*' -

o 

2.2.20 

-1 

\ p 

.-
'" 

.: \ .. ; Re [ffi) (x) J ~ Q fqr 011 i ~ k 
.. , ./ -

• 

, , 

Therefore, for a Il i ::; k,. 

,/ 

~J ~ 2.2.21 
/ 1" . ' 

J , •• t)'" n 

When total traffie in~ensity i$ less thon' one and ,Re r x ] ~ 0 ore fioite', as 1< - (X) 1 • 

.. c 

we have 

() 

\ . -
By 2.2.20 an~ 2ô2.21,\the'only way tosat.isfy 2.2.22 

",' .\ ~, 'c 

, 0 

.,,' \....r 
, 

" 

_ ,~_. fim 
k, i ... 00 

i s: k 

0) , 
k 1 G [f ( x ) J, == 1" 
+ -1 - -

o 

, 2.2.22 
" 

,1) 

• h \ --v-
IS w en \ Il 

,\ 

~ r . 

.', 

o 

, 
[J 

.' 

~ 

( 

o·' 
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o . 

. , 

, JI 

. ...... 

and we have ': 
." . 

,f', ' 

= 

, 
, ( --; .~ f 

. ~ ", 

, , 

.e 

Us.ing·steady state notation, we obtain for each T.,ri ~ l, • " N' "r­
I 

, . 

.G (x) 
1 -

where !-j is computed mpdulo N • ' 

" 

" 2',2.24 

, 0 

" The above equation iS,a direct solution of the basic equation in' the steady state: .' However 

this equation presents computational difficulti~wwhich preclude§ its practlcal u\e. It 
'-fi 

should be mentioned that a s-imilal' approach to that whi ch led to Eq. ,2.2.24 was 
r 

.. .. .. . . ~ 

by Cooper c:a.nd Murray. (1969) and Eisenberg (1972). However 1 since they used d 

basic' rcind'~. variables~ 'theïr resuits are diifer~nt From Eq. '2.2.24. /.-' .,' 
" 

'r " '" 

-, . 
2.3 TIt~~haustive..ModeL: Solution of the. Basic EquatiQ.Q .... 

i 1" C ~ I~'h '')1.. 
. .• '. t~-'J 

l 't ".. - • , -\,.4 ;. 
'" 1 ... , ÇjJr • v .... 

.. ~ in the previoùs sectio~ we n~ derive kG (~) for t~e è)(haust~:e 
0, • 

mOdeL, 'i~ a similor reèursive fbr,m. Herè however 1 we need a new random variable, 

the '"busy periodll' length in op 
~ f .f. \ .. , 

,l, 
"-? 

o 



f 1 

" J 

J . 
" 

, - __ __.......... 1 ~ 

-~, ~ ---.f~ 

.... 
l ' 

Define : 
, ~ 

o , 

.. , ~ 

The proba~lity density fun~;ti~ of ~h~ time, t,-Pb. (t) 
1 

A, 

~ fA 

sPent br the ser~r in queue i (i = 1" .. , N) 
} : , . 

, J" ~ 

,giveh 'hat exactly one çu,stomer was present in 
~ t v 

fhe l,queue at-the moment the server reached it. 

ln the exhaustive mode 1 , although one customer may exist pt T.:when the server re&ches 
.. • 1 

it, during t~e service Hme :ofthis single *omer, n:~ bnes may arriye ~ and according 

to the exhaustive service Pfocedu~e, the sèrver serve) them too, leaving ,T. only when 
. ~ - ...... , ~ 1 

~ , . -~ ~ ." 
it is empty. - ~ . ,~\", ~ 

. -" '''r.:.;,' 1,J 

\ 

'-- 1 t-r the first port of Appendix A; the relat~on, between the taplace trans-.. , 
'form of the busy period R,l'obobility density functi6n - B. (x ) , and other parameters 

- - - ~ . l " 
~ . , 

tt;J j fs~âeveloped. T"his ~elatjon is "weil knQWn. in queueing the ory and ca,n he found • 

in Takacs (1962): H0V!ever, becausê the met~od, leading to it is helping in under­

.tanding Ihis se':lion, we d~rive Il in canplele de~1 in Appendlx A. The basic 
f 

'expression obtained is : ~ 

, \ 
\ 

B. (x) = S. [x + À. ( 1 - \B. (x )) J 2.3.1 

Q ,1": ail, \~I 
A S,impie probabi)istic argument sh.ows t at given mi customers present at "\ when-

o _ j _ 

the se r~er ~aêhes il, the :rababillty dei ty functiOn of Ih. I~ l, sery i ce li,!"" al thi. 

< ~ueue IS -: • \ 

,- (m.)J 
Prob (b. ::: t 1 m. ) :: p * 1 j (-t) . ~\ 

lIb. 
, /1' 1 

o 

2.3.2 ' 
--,.; 

\ 

, , 

/ 

(" 

" 

o --
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. 
The reason: Since the total service time of a queuè does not depend on thé order 

\ , 
----~ ~ /~ 

bf service, we.-can imagÎne each ,of the m. custOOters 1nitiating cn in-
. ' l, 

dependent busy period. T~e length ,of,the totd-l-.-busy period is tlie sum of, mi 
, 1 , , 

indèpendent ranéfom vqfiabl~s each having the same probability density fundtiOn. 
-- - -- - l , 

~ 
.. ci . 

. Regarding the joint probabilily density fuhction of the basic random 

" 
• ' ,14 

vector, by the law of tot~1 probability, we have: 

.. 

where 

ex> \+~ 
== J. ... J f Prob (Qk+N' mk+N, t, ~k) dt dFk 

o 0 mk~NO, 

mk+N , = the number of customers present in Tk+N 

at the moment the server reaches it, 

-"'" t = th~ walking time from Tk+N- 1 to ~k+N • 
~ 

'\,. 

It should be mentioned, th~'t for thelxhqu~tive model we can deal with an '" N-l 
, 1 . 

dimensional randoll) vector. ,However, for the sake of symmetry. with the previ.ous 

2.3.3 

~ode l,. \'je use. th. ~ di me,1lS i onal random vect~' and as a resu 1 t ~ ;.fl 'wl th sc)n ... 

redundancy. ' / / 

• ,-~ ~ 1 

l,biÎ'lg Bayes chain rule in 2\-3.3, we obtain : 

9 
ex> ~N (X) 

.. . ~ . 

~+1) = J f L Prob (Qk+N /mk+N' t,~) 
oom= 0·-· 

~ k+N 

-ù 

Prob (mk+N / t 1 ~ ) -
2.3.4 

\ . 
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... '"l't", 
,hO ,,' 

~ A ' {~~l -

Since 9k+N is .th~ tÎme required to walkirom "Tk+N- 1 to Tk+~ \( =,:.!') and the]"" .. \:-/:. ' 

time required to serve ail customers in Tk+N (,mk+N of them ar~~'p~~se~t wh~n the,. --~' 
'.., . ~ 
, ~-server arrives) . \ 

- , ' 

Pr~ (Qk+N / ,mk~N ", t )- 2.3;5 l' 
,\ J 

Usi'ng Eq. 3~,l.2 il) Eq. 2.3.5, we obtain : 

S!n~e "'k+N is the result of Poiss.on arrivai process which star~s ~t "tEk bnd ends 

at the moment the serVér reaches
l 

T k+N 1 we have : ~ 

/' pr~ ,( mk;N / tJme length of the process; any past, ,TST s) = 
, r; 

~ Prob (!"k+N" / time le~gth of the pr~e$S ). 

" 

" ,--' 
" 

" 

" 

<, 

r .' 

.' 

, . .; . 

-: 
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Since future'walking time does'not depend on PQ~t T5Ts, we have: 

f 

Prob Ct /~) = P (t) 
wk+N- 1 

2.3.8 . 

• 
Substitution of Eqs. 2.3.6:7 - 8 in Eq . ...2~~~4 yields 

l 

Q) Qk+N co , N-t 

Pk+1 '(~+1) = S S ',-I 
o. 0' mk+~O 

l '\'" mk+N 
-,-.[).. N (t + L' 9k .) J m. 1 •. . 1<+ +l \ . 

k+ N ' . l .. 
1= 

" , 2.3.9 
N-1 

• exp r -:À~+N (t + 'I 9~+i) J P ~k+t1\ 
i= 1 ---,., 

As with the gating model (Eq.· 2.~.5), the above is a recursive form,of obtaining 

,,-P
k
+
1 
(~+1) ~f~,~ 'Pk (~k)' Applyi!'9 the Laplace transform to Eq. 2.3~9/' we 

obtain : 

.. 
v-''''',-

~. ""'J' ... ~ 
'>1 : 

. " 

. " ~. . 
Sinc:e Pb. (t) 

,J.. 

en co 9k+N en N \ (mk+N) 

~ J" SI· L exp (- I Xi 9k':i ), 

o 0 0 mk+'N0 ;=1 

'~b· (Qk+N- t ) 
k+N 

* 
N-1 m N-t 

l' ....,,' k+N -
. ;-r [Àk+

N 
(t + _ L Qk+i) J . exp [- !-k+N (t + l. 9k+i ) ] 

k+N ;=1~" i=1 
,.-/ 2.3.10 

, '. 

\ ' 

\ 
~ \ ... 

\ . 
==,0 fpr t < 0 I.\th~; up;,er limit of the jnt~grarn:)V~f' t COll be en 

, ",- ";, t", \ -",: , 

• Îns!ead of Qk+N • To obtainJ~4esired recursive form of.the'\.Qplgce transform, we 
." j ~: --- • ,. 

• ? - • 

.' 

. . , . 
o , 
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first integrate over Qk+N ~ then sum over mk+N , and finally integrate ovef t • 
1 

ln .or~er, integration over Qk+N yields: 

CD 00 CD 

= r !' '\ 
" .~ J L. m! 
o 0 m =0 k+N' 

k+~ __ 
t'J-l 

• exp [- (\+N + xN ) t - ~ (\.+N + Xi ) Qk+i J 
i=l 

• p (t) 
wk+N-l 

d Qk • +1 

b 

Then summation over m
k+N yields : 

2.3.11 

CD CD . N-l 
k+l G ~ <::: J .. S exp [ - {x

N 
+ ~+N ( 1 - Bk+N{ xN »)t- L (xi +\+N(l-Bk+N{xN»))Qk+i] 

o -0 i=l 

.• P (t) w . 
. k+N-l 

fi na 11 1 y , integration over - t yields : 

2.3.12 

'",-'" 
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We obtain the reéursive structure by n?ting that T
k 

and T
k
+

N 
are physically the 
1-

'-, 

... 
same terminàl, hence 

1 

/ 

Àk+N 
~ ~ , k 

W (.) ~ W - (. ) 
k+N-l k-1 - i 2.3.13 

, 

------~~ . 
Il --S ( • ...) B (.) ::: 

k+N k 

and defining 

Yk (xN) , 
A \(l-Bk(xN)) ','2.3.14 

. " 
\ : 1, 

J-"'> 
" , and-'-·o- --___ 1 

0 i = 1 
'. 

z. = 
" 

. 1 
xi_1 + Yk (xN) ~ 

/ 

i = 2, .. , N 

giving 

1 • 

1 = 2.3.16 

or explicitly 
o 

2.3.l7 

as in the gating mode 1 , the important feature of 2.3 .. 17 is: 
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,'. 

At x' o 

~k (xN) = 0 
.,. 

'" 

<,md hence 

xN + Yk (xN ) = 0 , z = 0 2.3.18 

Using the definition 2.1.9 we obtain : 

2.3.19 

Obviously, we can use Eq. 2.3.16 recursively N or Cl) times. 

~ 

Because of its minor importance to the course of the study and the similarity with the 

" gating model (where this development is performed) we will not r~peat it here. 

2.4 $ummary 

ln this chapter we defined our basic random variables, TST, for both 
" ' 

th~ gaft~~ and the e{<haustiv~ models (2.1.3 and 2.1.4 respectively). From them, 

we defined the basic N - ?imensional random vectôr, ~, (Eq. 2.1.5) and its joint 

'"" probability density function, Eq. 2.1.7, and its Laplace transform, Eq. 2.1.8. The 

\ 

main results of this chapter are the recursive forms of the Laplace transforms of the 

e 
joint pro~bility density function of ~, (Eq. 2.2.14· for the gating model and 

~, 
\ 

. , 
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~ , 

Eq. 2.3. 16 for the exhaustive model ) ln the next çhapter,we use this recursive 
, 

structure to derive explicit expressions for the first moments of the TST 1 the cycle 

tirne, and the intervisit time . 

. 
J 

;>-

1 
1 

J 

/ 

• 

" 

. \ 

.' 

. ' 

• 
1 ,.. 
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CHAPTER III 

, -
DERIVATJON OF THE FIRST THREE MOMENTS OF TERMINAL SERVICE -

" TIME, CYCLE- TIME, AND INTERVISIT TIME 

~ 

Technique of Derivation 

ln this chapter we d~rive explicit erressions for basic quant,ities used _.' 

in the remaining chapters. Explicit,'expr'essions for the first three mOments of the 

Terminal Service Time (T ST), Q.,' the cycle tim.e, Ct, and the intervisit time; . 

v , are essential in the study of the fU,ndoi'nental behaviour Qf the polling system. 
! 

These expressions enable us to study th,e basic beha~io.ur of ,the polling system in the 

. 
transient and the steady states, as weil as derive the first t'Wb moments of }he_ waiting 

t;'nes and the buffer sizes of t"he terminais. 

~ f' ~ 

ln the'cour~e"of the'derivation:~e obtain a cèrtain set of intractable 
o • • 

# • 1. 

equations involvir~g the second and rhird moments of the~e ranpQm vari"ables. When 
, , r 

this happens, we confine our study to .the symmetric and/or nonrandom cases!, - ~ , 

"'. ~ . 
let represent any of th~ follO'Ning random variables, .. -

. 
Q. , c. , v. , s. , w. , n. 

1 1 1 1 1 1 

we define 

',-

,. 
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2 
0'1 

3' , 

SI 

PI ( . ) 

,. L ( . ) 

L' ( • ) , L 
.. 

" 

A 

Â 

~ " 

Il. 
= 

~ 

~ 

" Â 
(·),Cl·)= 

39. 

o 

the nth moment of 1 , 

.. ' 
-J 

the sè~ond 'centra' moment (variance) of 1 1 
l ' • 

the thir~ ~entral moment of ,1 , '. 
..... ~f> 

the 'pr;œbi 1 ity· density function of 1 

"', '~' 
the Laplace fr~nsf.Orm of Pl (.)', 

the first, secohd, and tt1ird derivatives of 

~ 

L (.) w.' r. t. ifs argument.' 3.1.1 

'In the gen~ral (asymmetri~se, each terminal ~as djfferent 

" 

À. 1 P (.) 1 and Pw (. f;. 
1 s. • -"" 

l ,1 l ", '.-
,r-

I~ the symmetriç caSe ,'JII ~ and ps• (.) are the some, and 011 
-1 

central moments of the walking times 'are,the same. Thus, in' the 'symmet~ic case we 
, '--

~ 

have for i = l, •• I, N : 

l' À. 
1 

= "À 

Q 

Ps (t) . = . P (t) 
s 

1 

1:> 

-.Il; 

P (t) = P (t - w. ) - 3.1.2 w. W • 1 
1 

. - . (1" 
'n the symrnetric case, the nature o( the walking tîme probability density functionÂs 

closely related to that of practical p~lIing system, where the average changeover tîmes 

o betw!en tbe terminais are different. However" al~the central mon1~nts of the crange .. 

e 1 

d' , 
-, .. 

, 
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over times, which are due ta the achieve~nt 'of synchr:onization between the termij 
Q - _ .. 

\, . 
nais and the server, (the central data proc~ssor), are the sarne. 

, . 

frnhe nonrandom case, ail service and walking times are "fixed (nonrandom) 
fi' .. l ' .-' 

and we have for i = '1, •. 1 N: " • 

\. 7"" 
P (t) = 6 (t - s. ) 

S. 1 
1 

'p (t) = '6(t-w.,), w. • • 
3.1.3 

1 

where ô ( .) is the Dirac function. 

ln the s~mmetric nonrandom,case, both Equations 3.1.2 .~nd 3.1.03 

" 
are satis'fied and we have for ,i ~ 1, •• , N : 

À. = '""À 
1 

" \. 
~ -' P (t) '= ~}-~., 

s. ' 
1 .. 

P (t) = ô (t - w. ) 3.1",4 w. 1 
" ~ 

/" 

. In C~apter IV, we stu~y the socalJed discrete case which is a variant. 

of the ,symmëtric nonrandom case where ail À. are different. 
- . ' ' .' . 

- '" For ail cases, using queueing terminology we define t 
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• 

\ . 

,/ 
"" • 
p. 

l 

, \. 

, 'À 
o -

n • 

. " - , 

, ~ 

r 
/ , 

• 
0 

.4 . = 
.~ . 

~ = 

, - \ 

" ;.. l 

Traffie intensity in T. = À. S. 
1 1 1 

N 
\' total traffic in~ensity in the system ::: L 

N 

average cy~Ie wa~king time 2. = w. 
1 

N i=l 
3. 

\~ 

À. L. =-. 
1 0 

i=l 
. ' 

-

p. 
1 

-v 
,. 
--

~ 

3.1-.5 
~ .. ~{ .. 

J \ • ~ 

o p. and p. ore basic parameters in the'onalysis of PoJting systems. 
1 0 

As expected, the condition for ~tabiljty is : 

0 

~ ,J 

p < l 3.1.6 
0 

(:, . \ , 
3.2 ln Section we derive formulas for the follow.ing parameters in .. - ' . ' 

th~ goting model : 

l, • 

, 

2. 

J 

,J l ' 
-~ 0 

~. and C. in the general ease. 
I 1 

2 ( . 2' 
Equati ons for O'Q , ( Q. - :go ) (Q. - ~.) , and cr for the 

1 1 1 1 c. -' • 1 1 

ge ne ra 1 case. From them we obtain : 
" -

, 
2.1. Explidt expressions for the 'symmetrie ~lnd the syrrimetric non-

random cases. . . 
2.2. 

2 . " 
Explicit expressi~ns for O'c.' for N=l, 2, in the,gen~ra~ case. 

J _ 

1 3 • -. 
EXplicit expressions for 6 , for N =!? 1,2, ro, in the symmetric non­

e 
random ~t1se . ~/ 

, , 

c· : 
"-

l-

/ 
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, J ..,-

ln' Section 3.3 we derive formulas for t~. folJowlng parameters~ 
• 

'.in the exhaustive model ~ 

. 
1. . ~. , ë., and ~. in the t'lAneral case. 

\_ ,. 1 Ir f 

8 , . 
A • 

2. Equatj q,ns for 2 ( n ';t') (Q ~) - 2; and ',...2" (1 n 1 ~. - ~. • -, tjI. , (] 1 v 
~. 1 1 1 1 c. J V. 

l '" . 1 1 

.. for the general case. From them wè obtam : 
1( -

2.1 ~licit expr.essions for the symmetrie and the symr'netric 

- ~ 
nonrandom cases. 

2.2 ExplicH expr.e'ssions 'for fi , for 'N = l, 2,. 3, in the 
v. \ ' 

~ . , 
general case. -~ 

\ ~ . . 3 .1 

3 •. ExpJicit expressions for 6 1 for N =>!1, '2., 3, 0), in the symmètric 

nonrandom case. 
'? 

v ,1' 

~~ ~ ~~ 
. , 
!5:';:" 

ln deriving these m'oments for ,the gdting and exhaustive models, we 

, . 
use Equations 2.2.17 and 2.3~ 19, respect,ively. 

k+l p ~) =, 

" , , 

k+J F ~ = "I~ Wk- 1 (xN +Yk (xN» + il (:=) 

'where, for k ~ 1, 1 by defi~)~ions 2. 1. 9 a~d" 2.1.8 : 

l' 

, 
.' -J:~ ~ 

~~~~ ~ 

. 3.1.7 
" 

-;r" 

-. , 

j 

, 0 

... , " 

() 



'l, 

'\. 

• 1 

\" 

" 

-\ 

l,' , 

. , 
43, 

.~ .;-
1 -... . y 

\... ' 

:l
F 
~- _ =, : k+~ ~ N '0 J. - -~ 

( -

k+1 G ~ = f -- J exp (- ~>i 9k+i) Pk (\k~ 
i= l ' \, 

~ \' , 

_r 

N ,1 1-

TId " . '.i, ( 
~k+i ,'';-

i=l ' 

Define F. (0) ~ F •.• (0) ,'etc., as theOpart~1 deri~tives of F (.:.) 
1 - ',1 - ,,_, 

f w. r. t: -{~ ith, . ith and jth, etc., arguments at O. In Ap~endiX, ~'1 we show 
\ 

t~at for j, j, ~ = l , 
"" Q ~ 

S' 

k+1Fj Œ> 

k+l ~' . (0) 
.,) -

.. 1 N: " 
0 , ' 
\ 
\ 

'\ 
= -lJk • +1 

, . 
1" = 

~ > 
;. 
, , 

:: 
r-' 7f ". ',' '7f 

_ (9 - " ) (g ... ~ ) ,In - ~. ) 
k+i k+i k+j k+j \'I7k+l: k+ 1 

3.1.8 
) 

Anothër feature. ,of Equatrons 3.1.7 is that diffe;ent1atin'g each o'f them 
, 

W.r. t.~, x. 1 x. and x., etc:, 'vihere i, i =' l, .. N-l at _x = _0 yields, 
.. ,1 1 l, • 

= - 9k • +1 c ., 
= 3.1.9 ( 9 -'g' ,)(9 -lr ) 

k+i . k+~ k+;' k+! 
~ J 0 

" ' 

.... 

, . , ( 

which are identities and contain no useful infor~ation. 
, \ 1 

,~ 

'. î 
" Useful information is.obtained from-the derivatives of 3.1.7 wheJ 

at '4si ane a; the or~ments we differe~ti~te 'with ié spe ct to is x
N

. -This ';~th~' 
• • ~ , " ... l'" " .. a. ' 

, 
.~ 

'f) . . .- '~ \ 
\) , 

'0 

~,' 
o , 

\' 



: 
l 

----~----------~e.----~--------.......... .... '1" 

" , 

ft • 

~f~ . 

, I~'" _ .. 

...... 
~ '0 

. , 

• 

e 

\ 
• 1 

" .. 
,\ 

" . 

, equaftns connectine moments of var~ous t~J:minal;.' Explicit expression$ for the 

momept~e o~tained by so'ving the/se equations. 
1 ";, 

~o derive the rri~C)ntS in the steady sta'te, we use the 1fact thot when 
l ' 

1 

P <' 1,-, i.e., stabillty cOnditlon,exists, we have : o. 1 

. , 

e 0 

.. ' 

3.l.10 

o 

the sorne Tandom vector. 

.. 

1 _ 

3.2 Th~. Moments of the Gating Mode l ' 
, t 

1 
1 

'-Th~ oosic equotion we deo' ~ith is Equatibn 2.,2.'17. 

.. , 
r 

\. . For k ~ 1 

l " 

. 
z. = 

J '" 
.. ~ 

" , ' 

() 

\ ..., , . 
...... 

.. 

= 

',>\ (1 .. Sk (xN ) ) i = 1 

1 \ ,. 
i. =.2, x:- 1 + \ ( 1 - Sk (xN) ) D .. , ,-

.,~ " "r 

• ~, 

" 
) 

. : 

1 e 

:. cl' 

, 2.2.17 

3.2~1 

, 

N, , 
, . 
l 

c"\ r 

.' 
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"e '1l? 
~ 

., 
, , 

- \ 

" 1 

Re [X ] ~,O' - \ ~ 
• , , 

where from definitions 2.1.5, 2.1.8, and 2. L9 ;, 

2.1.5 

L---_ CD 'CD,. - N-1 

J s, \ \' 
= .. 1: ~Xp (- L x: Qk • ) 

• '. 1+1 +1 

" 

Q 0 i=O 

'f 
~. 'ô" 

--c;----"-- - -, ---

. , 

, 

\ 

~ 

'At x ::: 0, using Equation 2.4.16 we."find 
" - ,1 1. 

" 

k ~ 1 

N-l 
~.." ~ 

L -ok+i 
;=0-

.. 
, , 

3.2.3 

• "" 0 

The aboya equation enables us to study the .t'ransient behaviour of the àveroge 'T ST. 
Q 

~ 

T~us, given '"'Ql ' .• , ~N' ~e ~ay fi~d 'Q'k+N for ~II k' ~ 1 recursively. We use· 

this equation in Chapter V white studying the transie nt behaviour of the average ·cycle. time. - '. , , 

Jn the .steady s,tatè, by.virtue of Equation 3.1.10, we have: 

'" , 
, 1 

.. 
\. 

) , , \ . 

, 

\ 
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• 

, 

By'definition,~ 1 .3 
\ 

'1" N-, r: 
.... 1 .. 

~k+N 
} " ·'g'k':;"'~ 

L.. +I . .!: 
= 

" 
i;::() 

, ' 

In'the steQdy state, define for 
"Î Il. r..~. ~ , 

o. 

'g ," = 
• -l~rminal 
1 

a, 

. -
, 
-If' . 

• & •• .. 
\ 

= 1, 

and we have From Equation 3.2.5 

where c 

C, 
1 

'0'. 
1 

= c 

N , . .., 
= '0'. 

1 

i=l 

r' 

The above is.a set ~f N linear' equat~~ns with' 

we sum 011 tf/ N _quations 
" 1 

N 
\" 

'0':- ~ L c 
1 

N . .... 
~, 

l 
ri ' 

-' -1:' 
\ .. , 

= w~,+, C. 'IJ , . 
l, 

i=l i=l i=l' 
'" ... 

", 

À. 
1 

" 

"~ 

.­. .. , 

" 

'c:r,,~~ .)-
~ .. "" ", .... 

.. ~ ~ l"''' ~ " • .., r • 'l .... 

s.' 
l, 

. 
. .., 

~. 

(, 
\ , 

j,", . 
, " 

"-,_ . 
" . . ., 

"', 

=...1 . , 
1 

~ 
3.2-.8 

, 
to solv~ it, 

3.2.9 

Notinithe definiti9n 3.·1.-5 for average walking time d in 3.2.9 we obtain 

jI. 
1 '. 

1,1 

, . 
'"" . 

" 
N 

, " 
~ 

,-
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\ • , ' 

} , 

, whiéh implies that 

- d C =1 __ - 3.2.10 
" .'" 1 - PO' ., 

,... 
Using the above'Equation 3:2.8, We have for .,,'" 1 I~;;::, 1 .... , N 

, 
" '-
-'P. d 

Q. = w. +"_1- 3.2.11 
.. ' 1 1 1 _ P 

o 
• 

Equation 3.2:10 was ~Is~ obiained by Eisenberg (1972). It should be emphasized 

~bat this' equotion holds only for total traffie tntènsity, °0-, strictl/4ess than
o 

1 : 

-c = Otherwise co • 

Toderive the' second moments, we differentiate Equation 3.2:2 w.r.t.1 
., 

'" 
X. 1 = 1, :. , N, to obtain '" 

1 

o} 

; N N 
+ (\fSk (xN»2 I -I kF i,1 J ~) 

, ' 'i=l 1=1 
., , and for J = l".. , N-l 

" N 

\ " '\ 
= - Àk Sk (xN) L kFj ,J+l 3.2.12 

i=l 
" ' 

l ' :~~:,{ 
~ . ~~'.~ ~ .. -' 

, ,~. " 
1 .~ .. ~1.' 

~ .......................... ~e ___ ~ __________ _ 
.'0 
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<J. 0 

At x' = ~ , after some manipulation s~own in Appendix B 2, we obtain :-

• (1=",,- ' 

and for J = 1, .• ) N- 1 

N-l 

= \sk I ( 9 - "Q ~ ) (9 - "Q' ) 
k+J k~J k+i k+i 

o i=O 
3.2A3 

where 

The above equation, w;th the help of Equation 3.2.3, enables us to study the transient c 

\ ; 

behaviour of the second moments of Q and c. Given ail 'Q". , (~. - "O.) (9. - ft. ) 
• 1 1 1 l, 1 

for i, i = 1, .. N , i.e., second moments in the first cycle, we can recursively find 

011 the second moments in any future cycle. 

". 
\1 

As k .-. 00 and Po < 1 , we reach a steady state. Using 3.2.6, 

we define the steady state cross correlation between 1. and 1. as: 
,1 1 

, :J t 

R ( i, i ) 1 ~ (9. - 'Q". ) (9. - 'Q". ) where T. is visited 'before T. 
1 1 1 1 1 1 

3.2.14 

1 -

Clearly for i :<! je, R (i, j) is the cross correlation between T. and T. where 
l '"" 

from T. the server continues to 
\ 1 T. 1 J •• 1. l ' T. , but R ( j, i) is the cross 

1+ 1- 1 . 
( 

,e ~orrelation between T. and 1. 
l '. 1 

where From T.. the server continues to 
1 -

T i+ 1 ' .. , T N' Tl' .. T. l ' T .. 1- -1 ., 
, 0 

Co ... \...... 

.-; ..... 



,~ -

\ fJ' \ 
\ 
\ 
j 

" 

.. 

," . 

3.2.13 

R(i/j) = 

where 

2 cr = c. 
1 

, , " 

1 
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Using definiUon 3.2.}4 the steady state representat,ion of "!quation 

is 1 for i 1 i = 1 , 1 N, given by ---------
"" 

i-1 ' j- r N 
'1 

R (f, j) ~R(j,l) R ( i, 1 ) r·· P. [ ) + + L 
l '-' 

for < 

I=j 1=1 I=i 
" ,'ij 

(j2 2- 2 2 
+ ~ s. c + P. (je, w, 1 1 • 1 

1 1 -

for = 

N ,i-1 j-1 

Pi [ L. RO, n +. l R (l, j) + L R (i 1 1) l for > i 

I=i 1=1 I=i 

i-1 N 

L \' 

[ L 
1=1 m=i 

N 

+ \' [ L 
"1=; 

i-1 

R (1" m) 
\' +i R(m,I)J + L R(IJ-m) 

i 
m=i 

m=l" 

N 

R ( l, m) + 'L 
'm=I+1 

m=l+l 

i-1 

R (.m, 1) +.~ R (m, 1 ) ] 

,3.1'.15 

E~uation 3.2.15 i,s a set of N
2 

linear equat'ions with N
2 

unknowns. ObtaÎning' 

an explicit solution would seef!! complicoted. 
1 

However'ïds we shall show lat~r, the 
" 

solution for the symmetric case, c;fefined by Equation 3. 1.2, is surprisingly simple. 

For the gene!al (asymmetric) case we find an explicit solution of 3.2.15 

for the case N = 2 where there are 4 linear eCluations. (The solution for N = 1 is 

a special <:ase of the symmetric case, whieh we solve later) . 

we are looking for are d
2 and c ' 1 

The quantities 
'l" 

'. 
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Solution of 3.2.15 for N = 2 

Direct substitution of N = 2 in 3.2.15 yields 4 linear equations . 

.. 
,.,. -

R (C 1) 
"2 2 2 2 2 

== O"Q == (J + À1 51 '"e + ~p (J 
W

1 . 1 cl 1 
,~ 

0 

• 
R.(1, 2) = ~1 [R (2, 2) + R{2,l)] 

R (2, 1) = ~ [R (1, 1) + R (1, 2) ] 3.2l.16 

R (2", 2) == 
2 a2 ~ 2 2-

aQ = + 1.2 s2 ë + P2 a
C2 2 

w2 , 

2 R (1, 1) + R (2, 2 ) + 2 R (2, 1 ) 
,. 

(J == , cl 
where '1. 

2 R (l, 1 ) + R ( 2, 2) + 2 R (1, 2 ) a == c2 
J 

_______ ~~pp~ndix 83 the above equ~tion is solved and we obtain 
~. 

, 
2 

Il (J = 
, cl 

1 

[(1 - Pl P2)(1 +"2 '1.) - 2 'p; ] [ 1.1 s~ ë + a~l J t (1 + Pj P2:~ s~~ + CT~2) 
i 

--.' (1 - Pl - P2 ) ~~1 + ~ + ~ + 2 Pl ~) ( 1 - ~ ~) 

3.2.17 

l 'Îs obtained From 3.2.17 by interchangi~g the indices and 2. 
c_2 

Solution of Equation 3.2.15 for the Symmetric Case 
A 0 

ln the symmètric case the steady state cross correlat~on between T. and T. , 
1· 1 

R ( i; i ~I does not depend on- i and j separ~tely but on their différence .. This ~ 

" 



\ 

• 
'" 

., 

1(j 51 

~ '\'. property is due to"the complete sym!,"etry of the system; we have for j, i == 1, .• , N : 

< R(i-j) for ~. 
1 

R(i,j) = , 3.2.18 

R ( N +J - i) for i. < i 

" Substitution of 3.2.18 with i=N into 3.2.15 yields 

and for J::: 1, .. , N- 1 

N-J-l 

R (i ) + ')' R ( i )0] 
LJ 
i=l '0 

where 
N-1 ;J 
~ . 

= -N R (0) + 2' L ,( N - i) R ( i ) 3:'-2.19 

i=1 

3.2.19 is a set of N linear equations with N unknQwns. Defi ne 

N • 
2 L 2 N a2~ ad :::: CT., = 

w. w 
3.2.20 

i= 1 
-1 

ln 'Appendix B 4 we show that the unique solution of 3. 2. 19 is : 

j'I ---...... .... ------~--~--



• 
l' 

J 

and for 1 = 1, .. , N - 1 

2 
(J' = 
c 

l 

52 ' 

3.2.21 

Â surprising consequence of Equati on 3.2. 2{ is that the cross correlation 

betwee'n any two differeÎlt ~~rminals is the s?me. 

Define the normalized cross correlation between T N and T N-I as: 
t 

, 

= R (1) ,--
Cg 

$ubstityting 3.2.22 into 3.2.21 we find 

1-= 0 

Rg (1 ) = 
Po 

,ç 

N = 1, .. , N-l 

1 Pô) \ ( -- Po t N '-

1 

3.2.22 

3.2.23 . 

: 



'. 

", 

. . 

" 

, 

, , 
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As t\j, increases from Q to 1 1 Rg (1) 1 for 0 <: 1 < N 1 increases from 0 to 

~l. Thl,ls the normalized cross correlation is always non-negative and increases as , 

the total traf~ic inte'nsity incr~oses. 

ln Chopter V we stucfy the steady state n~rmalized crqss correlation 

, between different cycles. 

The Second Moments for the, Symmetr~c Nonrandom Gase ,. 
-. 

-i,r 

ln the symmetric no~random case, defined by 3.1.4, we Qbtatn by using 

3.2.10 in 3.2.21 and ~.2.23 

for 1 = ;.. 1 N-l 

• 

3.2.24 

.. 
'Po -----.5. ëJ = = 

~1 - lb) (1 +~) , 2 ~ 
(1 - ~) (1 +N') 

'- . -, "" 
J 

" 



1 
, -

• 

1 
1-

\ 
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The Third Central Moment of c 

The expre'ssions we are going to deaJ with are very involved. For 
o 1!If'!' 

" . 
si"!Rlicity we restrict the development to the symmetric nonranêlom case def.tne~ 
-. , 

by ~.1.4 .. 

* For the symmetric casa, differe~tiatï"ng 3.2.12 w.r.t. x f " 

P 

P = 1 f •• " N, and defining Wk (xN) = W (xN) ~ W, \ (xN ) :: S (xN ) ~ s 1 

/we obtain -
, 
----- ,. 

( 
) 

'. 

; ,rt4 

~ vl-W:. 3WWW+2 (yl)3 • >. S· Ï· kFj (=) , 

, (W)3 i=l 

N N' 
2 . 

.+3)\ S S~ l L 
i=1 1=1 

for J, P = 1~ .. , N-1 

N.~ . N 

k+1 FN,N,J (~) :;:' -).. s· L kFi~ J+l (.=) + (>tS)2 L 
i=1 i= 1 

,. N. 0 

N 

L 'kFi,l, J+t 
1=1 

(.= ) ... 

., 

k~ 1 F N, J, P (!) = - À S L k Fi, Jt 1 , P + 1, C~) 
'. ·-i=1 

3.2.25 

. 
ln Appendix 85, we flnd the steady state representation of Equation 3.~.25 for the 

1;) • 

\ 

, symmetric nonrcindom 'case, for k ::: K • N such that K ... CD, the' left hand side 

~ ~ 

"' 



.. 

. ' , 
, 'r 

\ 

0" 

'. 

) . 

of Eqûation 3.2..-25 are the steady state quantities of T
N

, T J' and ~:' Qu~tin9 

the resutt hom Appendix B5, vi!. have 

for J, P = t, .. 1 N-l 
~ 

N-l N-f 
P - 2 = - s (j + N c 

p2 I L'~ (9
J
-V

J
}(9

i
-l1

j
) (9,,-lJ,.) 

i=O 1=0 

. , 
, 0 , 

where' 

N-l N-l N- '_-., 
63 = )' J. L\~ _: -( 9-. -. ~-.-) -( 9-,---~,-)-, (-9 ---lJ-') v 

C '-' Ll· .JI,I 1 mm 
3.2.26 

i=O 1=0 m=O' . r 

and Ta is T N in the previoÙs cycle • 

Define, for 1 S P. is: J ~ N-

/ 

Substitution of 3.2.27 intQ41'3.2.26 yields:' 

.. 

... 

, 
, , 
(-

-- " 



" -----

/ 
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,., 

- "J'~ .. ~. ~ ~~... ~ 0 

'"'"' 
r 1 • ~- , 

,~ ~ 
"":::;. 11\ .... --:."'- .!,. .. . : 56 

, -

<J 

• 
\, 

for ~ J < N 

, ,.1+1 i .1+1 - N 

R (~, N-J) == ..e. 5 a2 ~ ,,2 [\' (). /R(J+l~i ,i-I) + ,\ R{J~t-I,I':'i) + l' R(I-J-l",Jtl-io) ) 
- N c L ï-' L 

. i=l 1=1 l=i+1 I=J+2 l>, ' 

IV * ... ~ CI • • .. 

(\-1 ~ ... __ 

N J+1 i .<.., N . ~ 

. + L (LR(i'-J-:l,J+l-l) + IR(i-I,I-J-l) + LR(I-i, i-J-1~» j 

i=J+2 1=1 .~ .. t=J+2 I=i+l / ..., 

for 1 s: P ~ J 
~. '~ 

<, N < 

P+ 1 <. '1 J+ 1 ~ , N 

R (N-J, J-P) ~ p [L R(J-P,'P+l-i) + 2: ~(J+l-i~, i-P-l) +~ L R(i-J-l, tP) ] 

i=l i=P+2 1 i=J+2 

whete 
D 

.. 
" , 

N i 0 1 i N 

~; ;::' L [ L ( i RO-I, I-m)~' L R(i-m, m-I) + L R(m-i, i-I) ) 

1=1 1=1 m=l m=l+l m=1+1 

.N if~,. 1 N 

+ I ( l ~ (I-i".l:-m) + ,L ~(I-m, m~i) + I R(m-i, I-i ) ) ] 

1=i+1 m:=l m=itl .: - m=l+l 

3.2.28 _ 

J 

The above equation is a set of N (N+1)'linear equations with the s'\Re number of 
#), 2 ' _'-

. '. ' 3 
unknow.{ls.· -The, g~l_is to find Pc ~or ail N ~ ~. However, an exphcit ,ex- v 

..pression for' S~ for c:t1f ~ ~ 1 se~ms difficult ta' ootain: 1 ln the Joli Owing(we find 

3 '-, 1-'" 
~xplicit expressiçms for ô in the'symmetric n~nrandom case for N := 1,2, CD • 

C 
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..... 

" 

0( 
'; 

'. , , 
0 ,,\ , 

~ 

1 . 
~, 

-'\:> , . 
6

3 ~ 
> 

for N = 1 
c 

.. ' 

. Using 3.2.28 with N = 1 (- Po = p) yields, 
l ' 

.. 

which implies 

. , 
J, 

f Il 

Using 3.2.,24 with N = l ," ~~ obtain 

• 

,p. (1 .. 2 o.?-) ~ ,:: ~. 
,·3 ,0 'U ~ .... 

6 = 
C 1 

63 
for N = 2 

c 

Using 
• ' Il 

0, l, 

2 
s c 

N = 2 (PO~' = 2 p) wè o~ta~ 
.~ 

• 

~J '­
~;"~ rI j ," 

• ~ "t. .. 

..' 

'We obtain 
, / .... ' .' 

3. \linear equatic;)flS wit~- !\'O3', un"knOwnJ : 
, ' 

- 1 

• (~--'-

..j' 

/ , . 

",' 

" . 

a 

" . 
' ... 

~ ,~ , 
" ) 
1 • 

.-. 

... 



1""" , 

•'. 
c , 

, ' . " J 

Q 

• 

l ' , , 

R (0, 0) 

; 1 

.. " 

3 
2 P -- 0 3 

, , 
.r 

l, 
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--------5 C 1 8 S 

,2 {17 Po~ ~ } c '. , .' , 

2 2' ~ '-, 
J.b ~ 2 .. ,'" 'b' " CJ 

:1 • 0."$ .ë + _ (R (0, ()) + 2 R (0, 1) + R (1, O)} 

4 (1 ~- p~(1 +r~) 4" 

= 

• 

, " , , , 
" 

,. ' '<" 

R(l,O) = 
Po ,. 
_(R(O,l) + R(O,O}} 
21' 

where , .. 
,1 

;:: '2 R' ( o~ 0) + 3 R LO, 1 '} + 3 R (.1, 0) 
. , 
, " 

'" ln. Appe'1dix 86, w~ der!ve the;Solution 
~ 

, 1 1 l 5 2 .3 3 ' 1 4) 
" 3 6 = 

~ ~ -: ~ 't> + 1r ,PO + 8 Po - '4 Po ~1 
< 'i " S 

2 1 2 t' 2 _ l, c 

" . . 
53 for 

,c ... 
N = ,00 

(1 - Ib)~ +2' PO) (1 + '4 Po (1 - TI\i)) 

\ 

o 

" 1 · 
.. 

.. 

• " For ..... ·s ,1 d f;nit~ p05iti~e qua9,iHies; aSf 

\ 
Equation 3. U~ yjeld~ 

, ~. 1 , . 
, 

.. 0 
o • as ' N .... oo 

1 l . 
\ > 

\ 

. and From E'quations 3.2 .• 0 and, 3.2~21 we fi'ld thot 
0' , " 

• 1 .,. 

3.2.30 

'\ ,', , 
~ - 3.2.31 c 

, . , 

1 " 

'" 

3:2.32 , . 
~ 

" , 
'1 

., , 

'~ 

If 

• 

• 1 . -

" 

-

( 4 



L ,"-

() 

-
1 ) 

, 

, '. 

. 

". 

-C' :: 

2 
0" = c 

. ' 
,'J. 

. 
1 

" 

, , , ' d? 

1 -" Po 

"""2 . 0 where ~ and (] ar-e finite. . 
c 

-t 
'. -
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". 

'1> 

. 
3.2,19 

• 0 

\ 
\ 

~ofi; 

~ 

<11' " 
3.2.33 

\. f-, 

, r . ' 
The probabilit5' of hàving n customers in a têrminal, given that th~' , 

" ~ 

i terminal. cycle time was a finite time c is,. according to th~ Poiss~n arri~1 proce..ss 

0 l(). 
)01 

" (Àc f ?' ,. Prob (n / c ) = exp (- )\ c ) 3.2.34 
.A ri 

, , ., 
.. 

" 
f, " Since 3.2.32 is.satisfiecf, ,t, 

' , 

.. 
~, 3.2.35 

'V we have . " 

, , .'1. 

" 
Prob (n=o/C) - exp (- À c ) 

' -
Prob (n, = l / C ) '= - 1 - exp ("; À C ) 

1 2 
'" prob (n~2/c)' :: o ( ( À c) )~ 

• 
! 

The abovê equation indicciles that ~ith probability one the ~ver finds in 'à terminal , ,. 
~ \ -~#' 
armost one ClJstomer ... 

The new arrivai process hére is the negative exppnentiaL,' , 

. 1 

u,' " 

" 

/ 

" . 
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~. 

An equivalent symmetric nonrandom model witn. single-buffer terminais, 
1. '. 

, __ ~~~e-,XPol1ential !,ew arrivai pr~ess, ~~r ail N .~ 1, wâs ~~udied by Mack et 

• 1 al (1957): They shovied that the protfbility that some specifie set of 1 terminais 

- ~a~e customers'dUring a service-- cye;e,(given that ~xa~tly 1 terminais have eust~s. 
,~ " . 

in this eycl~, is independent of the specifie set' of terminal.s t i.e., 011 ( ~ ), possible;' 
\ . ~. . - -
\ - eombinations have equal probabi lit Y • ' It 'Should be mentioned that MOck (1957) tried 

, , 
1 

to ~xterid this mode'l to the case of random service tÎme and was uncible to because this 
• 1 

georrietrie independence pr~èrty does not ,hold~ 

Using~'this geomètrie inde~endenee property that 011 ,possible eombinations 
. " \ . \ ~ 

of 1 nonempty terminais ~t of N (as N .~ al) have eq~al prohability, wel;l~. . 
from 'Equation 3,2 .. 2~ 

• .. - -il i 

:.';:(0,0) ~. R'(O) .~ 
" = 4 

R (i; ,0) = R ( l,) . 
\ . qll ). 

.Q 
. R (;0.1 i. ) ,- ail i ~ 0 

t 

1 

R ( i, i ) " -.. ~ R (2 ) 011 J, 3.2.~ 
Q 

-
> 0 

,,' .. 
Il 

.. 
N ~Q) 

...... " 
-' . 

,11>' 

" 

• l' 

., 1 \ < 

, -. ~ "';.~ .. 
, , ... 

" 

:. 



--'":: .. 

,/" 

, ' 

4 
( 

.. 
.... ), 

. , . 
. 

+ 

l' 

. , 

, ' 

.... 

R (0)' 

' .. 
R ( 1 ) 

~. 

R (1 ) 

R (2 ) 

'* 
where 

~. 

S3 
c , 

r' 
61 

U' 

, " 2 % pD, 
= - -; <1;+.!. (R (0) ~ 3 (N-l) R (1) + (N-1) (N"~) R (2» ~ 

N2 N . \' '. 

=, 

= 

~" (R (0) +' (N .. 1) R (1) ) 
N 

-' . . 
- \ 

= .• N R ~ 3N (N-:l) R (1) + N (1-1-1) (N-2~ Rj2) .•.. 

3.2;38 

.~ 

We hgve 4, linear équations with 3· un,knowns. " 

d 

Oefine, for N.' ... Q) 

0' 

r (0) = 

,..' t· (1) = 

r (2) • . , 

. 
'JO " 

" 

N R (0) 
~ô . 

3 N (N-l) R (1) 

" 

N (N-l) (~-2)' R (2) 

Equation 3.2.26 implies 

v 

= . -r (0) + r (1 >. + r' (2) 

. l' 

"-> 
cl 

,~. 

• It. 

0. 

3.2.39a 

3.2.39b 

Since S3 isfi~itedon%ero"each+of rra), i = 0,1,2 isafinitenonzeroquaptity. 
c' , • 

" 1 

l . , 

" 

.~ .. 

\ 
".. 
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" l 
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. . . 
~ 

) 

)~ 

'3 , 

•• 
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. 4 l 
. , 3' 

SUbstitU!in~~ 327 ihto 3.2.26 yields for N -+ CD '" 

. Po .• Il... ~ . 2' 'U 1/ r (0). = [( 1 -: PO) + \....,..- ( l + 2 ~)] 5 (J + -:-:T ( r (0) + r (1) + r (2» . N C N ~ 

,.1 ' "''' N-1 ~ .... 2 N-l 2 r (1) = _. 3 '1) s (Je + 2 . 3 Po (r (0) + r (1) + r (2» 
N.. _.N " 

.N-l 1 " = _. 3 Po (r (0) + ...:.- r (1) ) 
N 3 ~ 

r (1) -, 

\ , 
! 

r (2) 
N 2 2' . = -=- D....( -;. (1) + ri (2)) 

N 'u- 3 , 

. ,-
Performing the limit N '7' CD and replac.ing ri by Equation 3.2. 33 yiel~ c , . , 

. r 
, 1 

':'" Po . " . 
\ . 

l \ 

3 Po ( r (0) 
l' 

r (1 ) ::: +- r (l) X 
- 3 

~ \, 
~ 

r (2) = Po (-} f'(l) + r (2)') \ 
}-- ~ ...,. 

.{ .... ' 
, '. 

< EquatioQ 3.2.41c is satisfied.by exp~essions 3.2.41 a - b· . 

. ....... 
The final result is : , ,- ."" 

\ .. 

• 1, 

3.2.40 

3.2.41b 

'3.2 _,41 c 

3.2.41d 

1. 

( 
i , 



), 

• 

, ~ 

To find the third m~ment of c for the sy.mmetric nonrandom case with N =: l, r Q)', 

,we have 

G i _' 3" 3 2,.:.3 
c =: ((c - c) + ë) = ô ; 3 c 0' + C 

C C 
3.2.44 

... Using Equation 3.2.24 and each of Equations 3.2.29, 3.2.31 and 3.2.43,' Q 

\ 

,0' 

respectively, in 3.2.44, we obtain 

For'-N = 1 
f 

- \ 

-3 
c 

J3 .... 2 _ 3 Po 
- C +c ',5' -----

, , 
(1 - f.b) (1 ~ PO) 

-<Ji 

rr T 

f 
~ 

. . 



f 

-, 

<tI ',,,, 

, , 

For N = 2 

- For N ::: Q) 
J MI ~ ., 

3 .;..J -2.- 3Po --2 
c == c + cs· -- + c s 

3.3 

1 - P. o 

The Moments of the Exhaustive Model 1 • 

-,64 

3~2.45 

~1, ( -
o . 

Th~ derivation technique for this model is close/y re'Qt~d to that of the 
Il IJ -

gàting model. To avoid repeating similor arguments and d'erivotions weJrefe-r/ 
, ~ 1 

whenever p~ble, to Section 3.2. 

r ' The basic equation we deol with is 2.3.19. For k ~ 1 

2.3.1'9 

2.3.14 

...... . 

) 

, \ 

"-
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~ e- -
0 i=-l 

;b 

'" 
Z. ::: 

1 

.J .. 
. """."" ........ 1 "\-1 + Yk (XN ) i = 2, .. , N ~3:15 (' . 

~ 

-'-

Re [x ~~ 0 
. -

". " " .~ 

ln order f\> avoid lengthy subsaripts: define 
1 

\\ .-'" 

.â '" J 

Yk 
= Yk (x'N) 

â 
xN + Yk (xN ) 3.3.1 u

k 
= 

" ~ 

--

Using the above definition, Equation 2.3.19' is rewritten·as : 

" 
q, 

!n W
k
_1 ( u

k 
L + 

1 • 1 

• k+l F (~) " kF (!) 3.3.2 

\ 
./ 

~ 

Differentiati n9 Equatlon 3.3.2 w.r.~. X'N yields '0 c 
• . " 

. "1\ Wf<_l (\~ 
N 

k+1 FN (x) 
, . \' 

~ - - \ Bk (xN) L kFj (~) 3.3.3 1 • 
.;f; W ( u k) • k-l i=2 1 

/ ! 
;;'" , u~ 

, 
At x = .0 , using 2.3.18, we find . ~ - " #'7 

~ 1'4-1 

Qk+N (1 +}'k bk) - - "\' 
Qk . = wk_1 + Àk~bk L. 

+1 3.3.4 
.,; i=l 

~e 
• ; 

,.--' 

0 

': 

~ ----------~ ... 
.. ~J 

\ j..p~" 

, , 



, , 

. 

'. 

,~ 

\ 

l' } , 

R~placi,,!~ bk by Equation A-lp, we obtain 

N-l 

'O'k+N 
1 - ') = (wk_1 + p~ L.J 

1 - 1\ ;=1 
';> 

• . 
Or N 

0-

" 
'g'k+N = w

k
_
1 + 1\ /.. lJ. 

k+i 
0- Î=1 

> k ~ 1 

J 

lJk • ) 
'- +. ' 

. 
" .. 
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3.3.5 

3.3:6 

As in Equation 3.2.3, ~quation 3.3.5, enables us to study the transient 

. 
behaviouor of the ~verage TST . , 
Using definition 2.1.4 we obtain 

N 
'\ ~ - ; k • - c

ktN 
= ) 

'"" +r 
, i=l 

~('\:.r 

.In the $teody state, we have the random vector ~ defined by Equati on 3.2.6. 
) 

Substituting 3.2.7 into "3.3,6 yields for i = 1, .• ,~,: 

;. - -= w. 1 + p. c 
( , 1-

~ 
.< 

" N 

~-\ " - , 
l V. C = 

'. 1 

. , 

i=l 
'" 

/11--~ 

Using t.~e_sqme techn,i.q~e employed'i~ the solution of 3.2.8 wEt"have 
fT 

3~ 3.7 

. 3. :L8 

... > 

, . 

" 
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P.d 
Q. - 1 

;:: w. 1 + -1 I- l ... Po . .., . .. 

• 
-f-_o. i ...... , 

d '-I.e = '" ~. ; 

; 
, 1 - Po () 

... 
'" 

Eql,lations: 3.2.10 and 3.3.10 ore identi.cal indicatin~ that the average Icycle"1s1 the .---.:.~ 
, , { , . 

• s~me for ~oth the gati~9 and the exh~j's,tive models. 

" " 

" L 

\ The ave'lge Jnte')'i:it lime i, obt9ined l,cm definition 2.1.4 : 

~ , 1 N-l 
~ - ':i. =1 ....:. " g • -, "7\ -'1 k+N w.k_1 + L k+i = 'Ck+N - ~,k+N + W k_1 

i=l 

, 
~.3. 11 

and in Ihe;"teady ,tate ) 

v~ = ë .: lJ. + W.. 1 
1 . 1 1-

3.~ 

1 
Substitut~n.9 3.~ into 3.3.12 yields 

. ) 

~ 
(l-A)·ëf 

1 • 
V. ;:: ) 1 (1'- p . 0 

3.3.13 

v. = ( 1 - P. ) ë 
1 " 1 

3.3.14 '" 

, -. " 
~ 

,,4/ 
, , 

./1 ' 
<. 

The above equation, as weil as other relations' between v. 
1 .1 1 

and c, are dePi ved_also 

~-----

in ~~.ndix C . . "'. . .i 
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To derive the second mom,"ts, we differentiate Equation 3.3~3 w.r.t. 

,i = 11 •• 1 N and obtain 
~ . 
{' !> 4", _ 

* ~ 
WIC _1 (uk) [~k Wk_1 (uk) + (~,k)2 Wk_1 (uk)] - (~k)2\~k_l (ulI> 

2 

k+1.f-N,N (~.> = 
(Wk.-l (Ut~»2 

. . 

: 3.3.15 

, ' 

. , 

ln the analogy between the gating one! the exhaust!v.e models, ,Equation 3.3.15 and 

Equation 3.2.12 are related. .' , 

by : .. 
ln Appendix B 7 we show that at ~=!!.: Equation 3.~.15 is-roPresented ., ,~ 

" 

.. 
,( 

, 1 " 

. , 
Q 

~ .... ' .. --------------

- ), 
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'b N.,'1; 

= .' 1: ." l ~ , -( Q-'k-tJ---Q-k-+-J )-(-QkA'j-. ~-g-k-+i-) 
,~ i==l ,e ' --

3.3.16 ' 
1 

- -
(~+N" 9k+N )( 9k+J - 9k+) 

f' 

\ 
;, 

whe~e 1 0 
1 . 

N-l N-1 ...: 
,~ 

2 2 f. t ,,~'(Q 'O'k+i ) ( Qk+1 - Uk+1 ) 
'1.9 

cr J tl == cr + 
vk+N 

w
k
_

1 k+i 
i==1 1=1 

N. in Eq;,ation 3.2. J 3, the' above _quati or; holds for the tranSient state. ~or the ! 
. steady state 1 as k - CD -and Po < 1 , we have the random vector ~ , defined 1 

. . -. ." . i j.. 
by Equation ;.2 .6, and the steady state cross correlation œtween T. and. T . ., RI \1 1 j) , 

• _. 1 l ' 
... / 

, 1 defined by 3.2.14. .1' 

'! 
{ 

From that, thé steady state representation of 3.3.16 is Il 
for i, j = 1 i,~ . . 1 N-l : . 

)-='1- '. j-l N 

[L R(I, D+I R(j,I) + I R(j,I)) 

1=; 1=1 I=i+l 

~i<i 
1- p. 

1 

~~ 
1 + P. P~ À. s. ·2 2 .. 

R (i, n == • 1 - + 1 •• for ~v. cr. + Cl- = 
_. w. 1 . v. 

I- I (1- p.)J 1 1 . - (J. (1- p.)2 
/' ~/_I . l, 1 

/' I~" 

'ft --1 3.3.17 . , -
i\l N j-l If 

-p. iL L 
,...., .. 1 R (1, j) R (l, n' + 1. R{j/.!)] for i + >i 

't'. 

1 '- (J. 
1 I=j 1=1 I=i+l 

.tiJ 
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where 
i-l N i-l 

" , 

f? = 'C1; ,.r L TIR ( l, m) + I R (1, m) + }~ . R (mil) J ' 
vi i-1 I=f m=i+l m=l m=I+1 

o , 
NIN i-1 

• 
+ \'[) \- ,.., L L R(I,m) 4- i Rim, 1) +,~ R(m, I)J 

l=i+1/ m=i+1 c m=l+l m=1 

p 

. EC!Juation 3.3.17 is QQalogous to Equation 3.2: 15. Apparently we have -a set of 
" 

, 

N
2 

linear equations with.,.N2 unknowns. Howev~r, ail tlhe. N unknowns 
~ 

,\ 

R (1, 1+,1 ) 1;:: l, .. 1 N do ~ot cippear in the R-. ~I. S. of 3.3.17. 

i,j = 1, .. , N ar:ld i -11 + 1, ,Equation 3.~ 17~s really a set of N (N-I) i ~ 

equations with N (N-l) unknownf. 

.. ' 2 \ 
Solution of Equation,,3.3 . 17 yiel~s ail cr i = l, .• , N .,' 

c v. 
, \ 1 

2 
EiseJtberg (1972) needed N (N-l) ( ~quati ons ~or each of the tr ~ , 

v. 
• . 1 

for a totol ~~ N
2 

(N-l) equations. The ~.e~undancy in the nu~~r of eqUationsr 

due. ta th~ foct that 9k+t:-l does nol depend on 9k · (This is notrtrue in the ga:irg 

model): ')his !Qdepend~nce co~sed zl = 0 in 2.3. ~5. ",' 
. ", ' ~ 

, .;; < 

To obtajn eXl,>licit solution of. E9uatiofl 3.3.17 for the ~neràl 
, ~ 

asymmetric case and for 011 N ~ 1 is again rather complicated. ln the following, 
\) . .. c#l2. 

we derive rr 
v. 

1 

for N = 2, 3 <. with 2 'a'nd 6 linear-requations respective Iy ) . 

o • 

'. J 

Q " 
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o 
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! ~ . . ' . 

, • l' 
, N·=2 ( 

.. 

\ -

'- Su~titution of N = 2 in't~.: 3.3.17 'r.ields 
-~ " 

2 linea~ equati0"t 1 

for i. ::= ,1, 2 and . i = 3 - i )' 
,il< " 

( 

~ 2 
À. 5., 

,\ R ( i" i) -~ v.' + 
l' (i _ p.)3, t, 

- • 1 

& • 

, 

1 +1'. 
f 1 

1 - n 
1""1 

/~ 

4 " 
'2 

2 ' tl j . '2 
cr' + ---=- 1 A,j!" 
W. (1 ' ~2 '\,.' 1 - - p. " t 

" .1 ~ 

" 

. , , 

2 . ' 'r: 
o t cr Js obtained by interchanginQ the in'diœs 1 and 2 in '3.3'. 19, 
l" v2 ' '. 

Q 

"lIIt, 
3 . , 

. . " J. "'j 

2 -2 2 ' . ' 
Eisenberg. ,(l97f) computed ..ql = v 1 + cr V .4, , an~ found,~ le,ngthy > 

expre;.i on' ( EQl/Ot;'0fl:55 tH.re). H~e Ver; : sI~Pl~ 01 ge.br~ictni pU,l,ati ~ 'of h i. ~ .. , 
equCttions yiekl Equa!ion 3.3.19: ft se~~s that his lenghtY exprèssions .~n.d equations 
... 't- ( J.. 'fI" c> 4. N· . ~ \ \ ' -, 

p~evented his .seeiQ9 ~he 'pa~ic fa~t tha": aU c~ntral'moments ~~~nd ~n Cl ';~,L "W'j" 
• .II.... ,. 

, \t - - - . i=l 
. " arld ns>t o~ s~e :genero;l fu~~ion. f· ( w 1 1 ~ 2' .,; 'II N ~ 

_-v. \ __ yJ ~ " 1 

'1 .' .. 
.. .,. 

~ 
.. \ 

, . , -

,. - - . 

\ ' 

l' 
1 

1"1, 

, ~I ; 

\ . \ 

. , " ' 
'( 

,,', ,1 

. 
r 

.l 
~ ,-' 

j 

.11 
" 

> • 

o .. 

) 

" 

. ) 
t> •. 

lI',. • 

.. , 

.., . , 
.. 



- ----- ---~ ...... -_-_-_--::--_-_-:----o-;.,--------.---;---------.------------------ - ----------------:-------,--------;------

> " 

, , 

, l' 

e 

~.r;j , 
-e;r~ ~ 

\ . 

\t _ .... .. 

. 

"'1 • '" 
.. 

, ~, 
t 72 

" "'" '0 
, 

f 
r~t-

; 

So 1 u tton.·of for N = 3 
~' , 

, . SubstitJting N == :1: jnto ~. 3.17 yields 6· lineor equ~tion~. For. 
, " ' \ ~, ,. '" . 

i, == 1, ,~Y/e define Ti Qs .. ~h~ .terminal whicb imn1edia~ly f~lIows ~i -and, TI' 
... .. r, f J ~ 

œ the tenni"bl Rrior to T.,. Thus. for j =, 1, 2', 3 the sets, ( j, i,-I )/are (1, 2, 3 ), 
- JI. f -." \ 

., ' " 0' , ' , " 

J 2, 3, 1), a~d ~(3, 1, 2 ) :respec~ive'y.. Using th~s notatiofl and Equa!ioh 3.3.14 

o 

\ . 
R(i~i)#" = .. ~ 

. 

2-
~. s~ c + 

l , 

'0 • 

.~ . 
R(i,.i) = (R (j, i ), -+ \oR (j,' 1) ) 

where 

1 - (J. 
1 

~ 2 2 
0'.... - cr + R (j, .'j) + .R (l, '1) + 2 R (l,' i ) 
• '!'Vi ... w, ,tt : 

-~, 
fôr i 'x 1, 2, 3>Q 

1> 

" - , .. 
..... ".;' t 

cr2 .. fi" r ~ t ('l, t 1 ), 2. 
\ cr /~. = 
\ ~vi:, w. A' 

. ' \, 
~ 1) • \ 

" , 1 whér~.,· .. , . 1 -. 

Q >, • • .;; 1 ; . ' 

.,/' . 
.\ ' ' 

f , 

\ ' 
r ' ' 

, J 

3.3.ZO ... 
" " 

, ' 

'1 l" ~)~. '"9 .. 
n r.-t'penulx ,'0 , we • ' 

, '<l 

/ 

; 

o ~ \) , 

{, 

. 
" 

. ,. 

, .' 

" 

\ . 
\ ~ " 'J' ... : 
____ .. _ .. ___ .J~_~~..:...:...~~~<Ilt:,_ 

Jo, 

" 'e '. , 

\ 

f 

'\ 

} 

, 

. ' 
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e," '"\\ . 
.. A (~() 

~ 

= 

" ~ '- ' 

~. 2, .2 2 0 - • : 

( 1 -' p.) (1 - PI) [( 1 - p. ~ (1 - p.) ( 1 -- 'P, ) - ( 1 + p.) p. p. PI ) 
~ l " . .' r ;' 1 ... 1 1 1 . . . 

~ , . 
, ., 

~ - . B ( i ) 
/ ~ 

• 2 . , 
::.:, (1· A ) ( 1 - p'l) [( l:- P.) ( 1 - P.) ( 1 + Pt) - P. P. DI ] 

1 ': .1 1 1 1 ~ 

') 

.', . C (\i ) , 
'. 

2 '. ' 
=1 !"{ 1 - p. ) ( l - P.) [( 1 - P.)· ( 1 "! p.) ( t ... PI) '* p. p. P, ] 

, 01 " 1 1 1 1 1 1 . , 
. 

o (i ) .. 
1 '\ . 

F (i .) 
" 

= 
." ( . 2 < 2 

2 P. 01 ( 1 ., A ) ~ 1 - Pl) . 
1 1 ~ ; r fi _ J , 
. ---. ..f -t -

") ( 2 - Âo2) (i) ('\ .2 - 2) C· (O) ( 2 2 --' 2 . ) o (1 À. s. Co + v + B 1 1\.5.. <;; + cr + l, 'A 1 s, c + a 
1 1 0 • wei 1 1 1 w. w. 

Cl, • 1 1 
= 

.. 
'. . , 1 

F (i) 
) . ( 

. - P~ _8(i) - p~ '~I(i) 

Â == det A(j} ,,- P~ B(j) . 
. . ; T C(~,i,I),~ det . F(j) 

~ 

~ """(;0) . _ P~ C(l) . A.(I) , C> 

" 

, 

:: sgl~tion of 3.3.17 Jor the Symmetric Case , o 

1 • '~" • ,L..,.' .' ~ 
\ . . ". Applying the sorne' technique as for the'solution 'oftt:quation 3~2.15 iÂ . " \ \ .. 1 .. 

Q' 

, , the ,~.ting "mode 1 , ~ubstituting 3.2~ 18 ~i;'h i = N into 3:"3017 'yields 
, . 

" 

i1 ~ 2 l ,2 ~ ? ,2 ' 2""" 2 
= (] -= (Xs' ën-(l-p)a + pa) 

Q /( (1 _ p)2 w v 

;1' • 

., ," "for J ::: l, .. , N-l " 
" '. N 

, t "1 \, J-1 '-"t-_ J';' l 1 ~ r 
U l " ,,, I~' 

R (N· J) = _P- [ ~ . R (i) '- "; R '(.\~ ] ,,' 
~ 1 <>L ,--' \ 

- p" 'i=<1' i== l' ' A-~ .,", ~ .. -. . 
,'<> 

,of( • 

. i \ ~ . \ 
",\ ' 

.' .. .................. ~--~----~Q~,'-~ .. 

, () 

. '" .. 

,~ , 

... , 

l 

. , 
, " , 

,3.3.22 

, . 

1. ( 
" 
1 

-
..,1 
'" ' 
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1 

o ~1 

" 

f 

~j 

" , 

• 

, 
~ 

, . 

• 

\~\ 

\') 

\\ .. 
, 

" 

\ .'. 

~ wlfére ' 
r 

-N:"2 

2 
(j • 

V 0 

~~ + (N7 1) R (0) + ~ r· (N-l-i) R ,(i) 

i=l 
, , .. 

and as in 3:'2. 19 ~ 

~ 
N-h, 

(j~, \= N R (0) + 2 l (N-i) R '(i) 
c 

i=l • 1 

.The above is a "set ,ôf N-l lineor equations with N-1 unknowns';, ~ 
. ' -

~ 

IR Appendix BIO 
, - "!.' , 

.,.- ;1' ~ ç 

t1? ' 
t..., 

'~ "" " 

'/-

i 

a .. 

R (0) 

, , 

and for.~ ,= 1, .. ; N-l • 

. 

, \ 

,2 
cr 
v 

= 

-
" 

o (Q~ - l1.N1 (QN-I - qN-I) == 
il , 

" 

.. 
~ 

.( l ~ P ) ( 1 --) r ' o N \ 

2 2 -z2 
}Td N-1 (j'd + .~O s C 

-:--- + __ i' ------
W N. -.{ 1 - PO) 

or, 'ÇlS we show in Appendix,\< ~-~ , , .. ,fI" ., 
" ,.f- ~-

'--... 

'fO"" • 1 . , , 

" 

> ... '. 

" 

.\, 

" , 
'" 
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... 
Pa 2 

.' ",' (J 
2 

( 1 -
2 

= -) Cl 
y N c 

p .--
where f 

2 N(J 2 N p, (Jd = 1. Po .: w Xc = N À 

" : The aboye is analogous to Equati~n 3.2.21. 

r- ' 
The ~orma~ited <?~oss correlation ~~een T N-I and T ~: Rg (1) 1 defi~.ed b~ 

, . 

l " 

Equation 3.2.22 is the sorne as for the gating model and is giyen by Equation 3.2.23. 

, 
41"1 1 , 
~ 

Po 
N 

Po 
1-~+-. N 

'\' 
Il= 0 
~ 

, = 1, j~1 
l' 

ln Chapter V ~e find Rg 0) between differe"t cydes.', P, 

l,- . , 

3,2.2~ 

. ~ " - " , 

. The Second Moments, for t'he --;Symm~tric N n;andom Case 

-' 
'In the'symmetriè Abnrandom case, defined ,by J.~ 1.4, we obtairfby . \ \-

u$ing'3.3.10 and 3.3.14 i'1 3.3.23 and 3.2.23: 
,,0 '" 

" 

',' 

" 

. '. 

\ -

. .., 
, ... . 

, " '--

• 0 ( ". 
1. 

, ;. ~. " 

" 

l ' 

~, -
T', l 

'':.''\' ., . 1 
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(1 - ~ + Po ) 'b 
1'T -

N 
• s 

, - 2 Po 
(1.- Po) (1 - - ) 

- ~ 
•• 1 N-t, 

1 - 'ti'+ * '0 

, ..... 

::: .. 

.... - 1-'-

N-f Pci s y N-l 
== ::: -..-

~\1 _ ~)(~~) N 

N-l Po sc., 

, ~ 

(J - Po) N 

It should ~ ,n$iltto~ed that Mt as Equation 3~3.22 is reduced from a 
....Jr. " -:L ~. . 

set of (N-l)' ïi'near equatigti to only 2" Eis·enbeJ9 (1972) had,' even for the sym-
... f ~ ~ f ~ , 

,Jo • 1 - 1'1 '.- ,. ,f Il • 

metric case, 0 set of N (N- ) eq~ations'and had to sofve ail of them,- if he had Kied, 
\ 2' ~ j 

'to find _~,2 expdcitly. The, enor~ous riumber of equt,tions prevented him Hom reath ing v , 
, . '. '-.. "'" 

the surprisingly simpl'e solution, '~quation 3.3.23'-, ln c6,nclusion, he sug~sted 

o leibowitz's (1961,', (1968}, approximatibn~eth~whichsetall R (i»i= l, ."., N-l,' 
'\. • .1" 

(0/1 R (i, j), ï '1 i) to ~ zero. ~ we show (by Equotion'3:2.23 and in Chapter V);· 
't., ~ ~ ,. • '" 

R ,(i) :> 0 ,:for 011 i, This ki~ of qpproximatio~ always urider estimates 0
2 

or 
• '/' '- '.) V 
/', _, ~ :J' _ .... 

, (j2, For the symm~tric.nonraMdom ~ase, and, N »], the "approxim?ted" (iy <;) 

\ ,c 'Î ' J 
~ ~ o}. 

\ 
, \ 

r 
\ ) 

\ 
1 ............. --------~~~--~~ 

,~ 1 

, i 

\ 
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2 
or cre are (1 - ~) times the"exact expressi?ns ~9iven in 3.3.23. Whe'ri 1 for" 

\. 

. exàmple, lb = 0.9, the ap'proximated 'value is 0.1 of the exact one. Hayes 

and Sherman (197'2) used these approximations in order to evaluafe the average , , 

~ 

custq~r waiting time in the symmetric nonrandom çese. As ~ - 1 their .result 
\ . " .,.. . 

yj.~lds a s~\sfantially smaller value than the exact oné whi~h we will derive in 

Chapter VI . )1 .... 

. , 

. The Third Central'Mome~t, of v , 

, 
f • , . , 

.4 

.. 1 " 

. As in the gating mode\., we restrJct the development of the exhaustive, ~ 
" ',; 

model to the symmetric nonrandom:case. 

For the symm,~,ric case we define here 

1/ 

" 

W'~N) ~L W 

8 ( xN) , "è" s" 

'. 

l " J 

1 
,J 

r 

d' 

1 

01 

~. 
1) 

.. ' 
.. 

0 , 

, 
'-

4'=.1... 

1 ) 
- 1 

::.r 

~ 
0 \ 

-t. 

, 
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~ r -.. \ 
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\. 
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.. 

~ 

, 
~J..., 

..... ~~! 

, .' . 
" 

.t .- r 
<'J 

~ 

.::.' 

·e 
., fi 

~ 

t.J .J~ \" 

" 

1 

" 

for J, P 
~ 

k+l FN,N,J ~ 
IJ~ 

, 
k+ 1 F N 1 ~, p ~L 

... 
D 

" 1 

. \ 
'1" •• ". 2 •• 1 

- 2~ 'u W • (u w' + (u) W) ] ] W3 

4 l .. .. 2 .. . ~ ., 2 .. 
~ WZ [ 2 \J W r·( u W) - W -" ,( Il W + (u) W ] ] 

,N 

- X S'L 
j:::::2 

), N 
:',3 •• f'" 

V X B D 
i=2 

'" . 

N N 
\' -. 

L '> 
G 

1=2 m=2 

kF• 1 (z) 
l, ,m -

'.., 
-. 

'. 

',' .. 
== 1, .. ~ N ... ~t', " 

" '1 • 
N N, N. ' 

\ 

-
(X â )~ \, I 

,\ 

= - X B L kFj ,.1+1 (:) ~ . -'L ï/'~ 1 J+l , 6 , f, 1 

i=2 i=2 1=2 ~ ... 

·N . .... 
... .. /Iot." . "ï'"' ,", 1 

= - X B 0 \ , 

kF i ,.J+ 1, P+'l 
' ,-

. L (z) --. 
i=2': 

, -. 

( . . . 
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, 

3.3°.25 

; 

,-' 

(:) 0' 

"" 

We-derive in Appendix B'11 the stebdy stat~' representation Qf Equation f3.25: (In 

p 

" 

~ 

the sorne way ~e dealt'with ~quatio~ 3:2 .2~lf~r·t~e gating model)'. F~P ~e symm~tric \' 

nonra~d~ case we obtain for t'I,~ ~ 2 
, - .., - \ ... . , "," 

,\ 

,. u .. _~ , 
,,~ 

,~ . 

,1 t' v 

, , 

. , , 
-~, 

.. p, 
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.. 

2 2 . 3 
;: ~q1 - (N-2) pt (N-3) p ) __ + p ~ 3 

5 ( S v -3 0 

(1 - p) (1 - Np) '(1' _ p) v 

'" 

for J, P = 1, .. , N- 1 
'" 

1 ..... ~(.., . ~., 

.L + ,\ 2 2 N-l N-l_'_'...;;l,"' .......... ""'. ____ ----

(Q - ~ )2 (9 - Q ) = p ';v + ~ : I (QJ-.QJ)(9.,~;,;;;.Q~,i~,- QI) .. 

-' . 

N N J J (1 _ p)4(1- Np) (1- p)2' L.. , -~-'"k.,~~-"" .... ~"' .. »-

j=l ,1~1 -', " , "'~""-..... 

, 

where 
.~ 

N-1 N-1 N-1 ------------------
- \' ') '\ ( Q. - Q.) (g - g ) (Q - g, ) 

,-' -J L 1 1,1·1 m m 
..; ~=1 1=1 m=1 

UsingOdefinition 3.2.27 i,n 3.3.26 we obtain for N ~'\,2,: , 

L 

" II> 

and for ,~J < N 

i 

r i , 
3.3.26 

o 

" -'f, 

. \ 
1 

'. \," -4--
, \ 

,- , 

,.. 

l ,,', 

, 
o 

d 

, . 
• 1 

g 

. . 

~ , 
" 

, 1 . -, 
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\' J i J N-l 

.R (O,N-J) =' p24 '$2 V +~ [L' (I R (J-i, i-I) + I R(.H,I-i) + IR (I-J,J-i) 

(l-p) (l-N'p) (l-p) i=l 1=1 ' I=i+l I=J+1 

, N-l J .j N-l 
o' , 

+ l (~ Rfa-J, J-I) + L R (i-I, I-J) + ~Ro (I.-i, i-J)) ] 

i=J+1 1=1 'r~=:J+1 ï=Î;t>l 
( , 

o 

and,for, 1 ~'p S: J < N 
, , 

3.3.27 

where ... 
( 

N-'l i 
3;-"' ,C' . 

5 = > [ / ( ) fLO-I, I-m) + v ........ W ~..J' 

1F1 1=1 m=l 

.:.. N-1 , ...., \" ., L R (i-m,riI .. l) +!. R (m-i', i-D) 

1 1 ". 1 - m= + . m=l+ 

N-l i .. ' 1 --
.. ft" .. 

~ "J" 

'+ L (,l',R '(t-f/i-m) + l R-(I-m,m-i) 

N-l ' 

+ L R (m-I, 1-i ) ) ] 
, 

, ,'I=i+1 m=l m=i+l m=l+l 

Apparently Equation ~.3.c27 is a set of (N+~) N linear equotiori;,;.vith the same 
~ 

number of unknowns : 

l' 
R (i, j) ;--0. ~ i , i ~'N!L 1 and i+i ~ N-l 

" 

How~ver, in the R:H.S. of 3.3.27, an expres;ion ~ R (i, i} where ï+ i == N-l 
1 ~ 

H h Il h ~ f (N- 1) N 1" • ence t w ot we rea y a,ve.s a set 0 0' near èquatlons 
'2 ,". ' 

nevet appeqrs. 
fi' ' 

~ fo~' 
, ~\~ 

, -. 
.... 

, ...... --. 

-.. 
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,', • ~ -. 

R (i ') ,Os' •. s N 2 d" s:: N 2 .~, 1,1,,, ',1', - an 1+1 -. 

A~ explicit èxpression for 
.. "" li 

3 
6 for ~1I~j N ~ 1 seems very cOmplicated. 

v t-

et , 
" 

, , 

l '. Il . 11 ' 
, • 1 • - -- 1 \. 

~ldf.r we derive explicit expl'.eSlions for ô~., in the symmetric: nonr~ndom cC!sefQf 

N :::: l, 2, 3, Q), 

, , 

/ " 

\~ 
v 

--v 

cr'" v 

6
3 
v 

for 

\, 

For" N = 1 

, ..... 
= , w 

.~ 

'l 

= 0 ,.j 
'( \ 

= 0, 
G 

~ 0' . ' 
N ::: 2 " 

" 

" 

" 

o 
,0 

, ' 

'j, 

l ' < 

Equation 3.3.27 does not'hofd but we have ins,tead : 

-. 

~ 

, . 
, ' 

. ,~ 

-
, ' 

---

.' . 

. : 

" 0 

,', 

o 
'- . 

. Substit~ti~n of N = 2 into Equa,tion 3,3.27 (1b :;:' 2 p) yields 
o • " 

, ~ 'lb " .~ 3" 
, Il 3 A 3 T· ( 1. + rt:...2 _ .. ( T) c: 3 
~ (0, 9) =. 51\ =, .,5 v -' s v + 1 '.0 

, . 
, Hence, 

Il' 

'Q 

~ 

" Jt4 ." Po3 v 
. (1 - 2") (1 - lb) (1 - T) 

' .. . , 
c-

0' , 

" 

- .. 

, '" . 

) 

l' 

" , r 

.\ 

J / 
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, 3' 
fi for N = 3 

v 

() 
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2 
..- -

• 5 V 3.3.29 
,,/ 

" 

• , 1 

.'Su~'~itu'tion of N ':-,; int~ °Equ~tion 3:3j7 (th ,= 3 . .'~), yiel~s' 3 

equations : 

R (0,0) 

R (0,1), 

.'- : R {l, O}.- . 

1 

\ • 0 

\ '" where 1 

3' 
'b 
. v 

= 

l ' 

= 

= 

1f , ' 
~ 

- PO, 2 r Po 2 
- (--r) 2 (-r)' !;J' 

1 v + -----:;.... , (R (0,0).+ 2R (0,1) + R (1,0)) 
Po 2 

(1-- T) 

~o J 
, . 

~<j"'---)' 

-PQ"f"--. . (R (0" ~ + R ~1~1} J . 
1---

. 3 " 

, " , 

. ' \-, ' , . 
2 R (0, 0) + ,3 R (0, 1-) + 3 R .(le., 0) \ ' 

, ' ... 

'. 
" , 

.' 

\ ' 

" 
i 

-----. 1 • 

al 

.,' 
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" 

'1 ) 

... ...It .' 

\' 

"f 

6
3 

0 = v 

;,.,~~ 

-3 
S for N '= 00' 

v 
= 

.. 

.. 

. ! 

• 
.. 

,Il 

, " 

, 
l'· 3.3.31 

. i 

, 
\ ............................ --....-:. 

For St ëJ ftn,ite positive q~Çlntitie.s_ and Po < 1, as N --- 00 we , 

show in Section 3.2 that epch, ter,!,in~1 might ~âv'l~at most one custom~r. Thus, 
. ....., 

,{J , 

the gating and the exhaustive model are identical and we have from Equations 3.3.10, 
• 1 

'~ '\ -'- 0' , -PO 
3.3.23 and 3.2.43' ( since - - 0) 

'Ir 1 N ~ 

v' 

6 

2 
cr v . 

"":"3 
v 

.~ 

'c = 

, \ - -
,1 2 

"". 0 cr 
Pd' sc, 

= c " 1 i' "1 - % " 
" 

',-3 
::%: .. ~ S 

D (1 + il.) -'. o 'U' ,-2 -, , s 
C 

2 '. v 
(l - PO) 

= 

. 
-1' 

1 
,\, 
.1 
r 

'" 

f ..... _ ;.. 

As in, Equation, 3.2.43,~ we.ho, 

~. J f( 

-3 - 2 3 v + 3va +,ô~ 
v v 

= 
.,. 

.. 

.' 
" 

,-

. --," 

o . ,-. 

(' 

'. 

! 
; 

! 

;' ~/ 

i 
• 9>. ' 

3.3.33 

, , , 

Usi n9 Equation ~. 3,. 24 and each of Equations . ~ 
3.'3.28, 3.3.29, 3.:J: 31 'and 3.3: 32 . . " 

\ • <l • t ~ r{, •• ~ 

~ in 3.3.33, we obrain,. re~pectively·: ~, , 
, 0 

'/ .. 
, . 

.\ 

, .1 ."O~ 

i~ t:::C­
l'i 

.... ' 
l " 

: Cs 

, , 

1. _ 
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.' 
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\ 
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/' 

J • 
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.' 
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T 84 li. 0 

For' N = 1 ' " 
., ( 

= 
'. , 

For N = 2 . '" r---L-. . 
~ 

,~ , ,-3 3 Po , 
v c:: v '+ 

2{1-:- It)'(l-~) - . 
... 

% <..1 + ~) --2' _ 
5 V + S v 

2 /lo,Jb Po 
~l ~(i-~) (1-"'1" H1-~ (1-'1""")) 

.. ,. '\'1 ( 

1 

_~-'l. 

" 

For "N - 3 

,( 

For N == co 
.l' • 

'\ 

3 
v == 3. 3~ 34 

, " .., 

. ., 
, • li' 

(, 

1 J 

. 1-,-1'"---______________ " 

SummQry " '\ , ~------'" 

' . 
[) '" (!. f:f ..t ... Jo ~ 

ln";ï,is chap~r ~~ derived expli~it exp~~ssib~:.,for s~e moments of the ..,. 
Q -t ~ ~ .. ' 04f\ 

, .' • -I!ÏI 

Terminal Service time (TST), g " the.terminal cycle tirne, c,' and the tcfrrninal 
{>. _ u, 

,.... , .~ 

intèrvisi t time i 
~ . 

v, in vari 5 c..aser. IThe èlerivation in.olved s"omewha~ tedious ~ 
" Q 

• , , , ', /1, 
-,1- 100,4 ' .... _.. .. .~ ~ ~-I 

" - ) \~- ". / 
, .. ,1 ,_ /f>' \ . 

''11' 

/\ 
// 

\ 
" . , . 

- . .' .~,.:'-

; , 

• 0 l',' I~ .... ' 

... -, 
~ 
, l, 
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çprtlput~ti'()n, the expressio~,s obtained are essential in undérstanding the pollin~ 

system and are used in ail the folloy/ing chapters. 

The main results of this ch'tspter are : 0 

, . 
For the Gating Model 

1. 

2. 
1 r,,!", 

Q. in the transient state (Equation 3.~.3). 
1 

ë, and ~i~ in' the' ste~dy stàte .uq~~tion 3.2.10 - 11 ) . 

.,-./"" 

2" 2, 
0'" ,0' in the frans,ieht state (Equation 3.2.13) . 
". C. 

1 1 

85 

4. 2 2 
General expressions for (J , 0'" in the steady state ('Equation 3.2.15 ) 

c. ". 

-
5. 

1 1 

From it we obtained : 

4.1 

4.2 

4.3 

2 
0' 

C. , 
2 

0' 
c 

2 
1 0'9 ' for',oN = 2 (Equation 3.2.17) . 

i 
2 

, O'g' R (1') 1 = 1, .. 1 N-l for the symmetric case 

( Equation 3.2.21 ). 
t , 

~ " 
The same quantities for the syinm~tric nonrandom case 

(Equation ~.2.24 ) 

1 3 3 
General exPressions for Sc 1.5Q in the.steady stote '( Equation 3.2 ... 28). 

... 
From it we obtained : 

i!11·L---'~---
• 1 

\. 

, ' 
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5 .. 1 
3 fi for N =;= 1, 2, ex> for the symmetrical nonrandom case 
c 

o 

(Equations 3.2.29, 3.2.31 and 3.2.43 respectively). 

5.2 
3' . c for the same cases (Equation 3.2.45 ) ~ 

For the Exhaustive Model' ~' 

1. 

2. 

0'. in the transient'state (Equàtion 3'.3,..,6) . 
1 

9. , ë , v. in the·steady state (Eq4ations 3.3.9, 3.3.10, 3.3. t3 
J • J 

". 

3. cr~. ' ~: in the trdnsient state .< Equati~n 3.3.16) . 
1 J \ 

4. 
q 

. 5. 

Gener~1 expressio~s for cl , c1~ in the steady state ( Equation 3.3.17) . 
v. .,. 

1 1 

From it we ()btained : 

4.1 
2 2 (J'g. f,:r

V
• ' for N=2, 3 (Equatj~ns ·3.3.19and 3.3.21 respe~tively) 

J 1 -. 
\1 

22'2 4.2 . (j , (] , 100g , R ( 1) 1 = 1, 
o v c 

(EquatioI'l3.3.23) . \ 

, N-l for the symmetric case, 

" 

. ~'" . , 

4.3 The sQme quantities for the symmetric nonrandom cQse ( Equation 3.3.24) . . --/'" 

General exp~essions for 6
3 
v 

• '., > e,/ 

From it we obtained : '.:' 

Q ~ 

, ô~ in the steady stafe (Equ~ti on 3. 3.27 ) 

i' 
,1,.,.,' ..,\.0 

.. -
p 
!. 

" >:l' 

",,' 
/. 

1 1/ 
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5. 1 
1 • 

. , 
, ' 

, 
" . 

3 ~ ~ o for N = 1, 2, 3, (X) for the symmetri c !"ol'lrandC!'!' case-
v . 
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, ~ . 
(Equatipns 3.3.28, 3.3.29, 3.3.31 -and 1.3.3f' rre~pectivëly ). 

5.2' 
~. . 
v for the same cases (EquaH on 3, 3. 34) " 

, . 

Il shôuld be note~d th~t ;"'si~e 1I1~ :,,,v
i 

for b~th mode~' ~nd ,,~ 
,~ for the exhaustive model with N.::: 2, ail the ab0-À results are new. The first 

moments ~. , ë. and ·v. "for both models can be obtained by sImple probabilistic 
1 1 1 • • 

,- ~- ;" t , ~, 

approach. However, the higher moments require the tedious computationol mani-

pulation\j 
• 1 

..: 'è1 

.~ 

, , 

-----II 

" 

J 

" 

- ..... 
" 

.. < \ 

.. 

, 
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MODELS 
• J __ ~ ___ 

4 •. 1 ~ Introduc t ion l' -, 

f 

Jn derivlng the, basic equations for the gating and e>çhaustive models 
- ., 

of the poTling system, we ~gssumed terminais with u,,"restdcted buff~r sizes, This 

'\ 
âssumption of unlimited storage capacity or unlimited waiting-room facility is in-

valid in most practical polling systems. -
.. . . 

The goal of th,is c:.hapter 1S to derive" a practically suff.icient buffer 

size such tha~t the probability of custome~ rei~ction is arbitrarily small. Reiection 

occurs when a new eus tomer arrives dt aJ.ully oceupied buffer and cannot ente~ the 
~ 

system. 

Unlike the. M/G/l <;1ueue w]th zero walking time, t~e number of 

waiting eustomers in a terminal buffer is ehanging p~riodjeally'- During a terminal 

intervisit time, the number of customers in t~e terminal buffer attains the minimum at"' 

the' time the ·server leav~}it and the maximum ot ·~he,tiroe·.the server reaches it. 

For both the gating an~ the exhaustive modeJs we have,' From definition 

2.1 .2, for s~me terminal: .. 
n the number of eustomers that are served at' the te~ina 1 • 

1 

. _ in one, steqdy stat~ cycle,_ 

" ''''u' .-~ 

, ;. For the gating mode 1 1. n is th~ number of customers that exist af • 
J , "'F 

the t~r~j~éJ onhe, rnom~t th~ server reaches if: For the exhaustive m~el, n i's ... { .. 

, , 

,. 



........... --~------~------~--, . 

, \ 

-1 

, , . 

, ' 

the toto 1 number of customers that are/Served in the terminaJ ; this number is greater . ' 

.thon' or equa~ to- th~ number of customers that ex(st at the terminal at the mom~nt the 

server reaches it. For the gating mode 1 , we d~fjne 1 to be the sum of n and the -
\ 

, , 

number of customers in the terminal at-the- moment the server leaves tt", i.e., finishes 

~he se rv i ce "of the n eus tomers . 

= n + [" the number <?f customers in the t~rminal at the 

moment the' server leaves it } 
, 

.; 4.1 . .1 

" ' 

For the exhaustive model, we define m as the Ilumber of custOlTlers in .. 
the term; nal at the moment the servet n~'aches i t. 

A 
m =. the numl:ier of customers in the terminal at'the moment the 

, ' 
, 

server reaches it. 4.1.2 

~ 0" .~ ...... ~ 

For both moclels, we 'dëfine m as the maximum number of cusfomers 
, . ~ 

that exist at th~ terminal d\JÎ"i~9 t~e' servi ce cycle. 

For the exhaustive model, we have: 

m ~ m 
X 

~ n 

,- 1 

J<- "-+~-...­
, 1.., .... 

~~/·' 

ri ~;., ;, 
l ' I,~t .---,; 

t ~~ ~ ... \-: 1 

.l. ~ 

rt~l! 
, '1 , " 

, .. , - ,-

} , .. ,. 

4.1.3 



e', , " • 0 

'" 

, . 

,'" 
1 

.0;, 
• 0 

Using Chebyshev's inequality, which states 'that for any rondom varidhle 'U and 

(1 > 0 

and since 

, . 

1 

Prob ( 1 u - Ü 1 ;;;: '0 (] ) s 
u 

1 
~ 
a 

. 

il 

90 

, 1 

Prob (1 u - ù 1 ~ a CT ) ~ PrOb (u ~ ~ + a CT ) J" 
u .'"., u . \] 

, " 

we have: 
, , .- . 

1 Prob (m '~ni + a CT ) .~ -,ç. 
x x ,m ~ 

x' . a 

; ',-1 -=..---~ 
From" the above inequalit~!!10!lo....,s that from "the knowled~ of the quantities mx 

F • 

ond (] , a buffer siz~ of m + a (] . guarantees 0 probability of rejection not 
m x ,m . 

x ~ x 
2 

greater thon ~ 1/ a . 

Let i 

1 

P. ( • ~ 1 
L . 

J (.) 

J (x) 

represent one of the random variables- n, m, 1 
\ '"'- -!1 

, ft' rr' 
r:' 7' <:J:' 

.. ,l' .... "'II,,, <7 

~ - the pr~bili:t.r d~i!y fUJilcti~n of; i , 
-o,';.f' " 
~4r;;;-. 

Il (""'---
= 'the taplace trahsform of P. ~ '), 1 i.e., 

,1 • 
-' 

00 

Il l 0 exp " . , , 
= (- i ~ ) P. (i ) 

1 
i=O 

Wf! ~efine 

4 1.6 

Let c and v represent the terminal-cycle time and the terminal inter-
$ 

visit ti"!le,respectively. VIe define 



1 

i, 

Cl 

e 
1 

, , 
&. 

\\ 

o 

1· 

',~ 

J-

' . 

"" 

. 
:r 

<Jo 

; 

..... 
~ 

. ' 
f J l:.b 

. 
~ 0 

: ~ . 

'P ( ~ ) 
~Â 

c 

C ( . ) A 
:::: 

J,' 
~... ~ " 

. th~ terminal cycle ti~, probab:lï7 density.~unction, 
"J. <' 1 

, n 

the Laplace transform of P (4~)' e • . 
. J 

'p (.) é the t(trmindl intervisit time p~obability density functioh, 
v "Of ~ ~ c ~ l , 

" ( .')' ~ the Laplace transform ~f, P: ( .\) 
1 ~ 

. ~ 

" t' 

o. 

r; . ' , . 

For the gating model, Section 4.~~' we deriv~ the relation"'ip between 
I~ '/ 

( , 

N ("), L (. ) and ,e (:) . 'From Îtwe dériv~ n, ï 1 a; , and' a,~ Using 

resul~ obtainep in Chapter '!'-.2, we st~/he behavi~ur of these quantities. For 

.the e~~austive mod~Section 4.3, w~ d/e'rive th~ relQtionship be'tween N. ( . ) 1 

M ( ."> and V (. ) , evalua~ n, m{ t 2 
, and (J2 and, using results of. Chapte~ 

1 n m 

111.3, study the behavipur of the se qy~·ntities. J • 

A comparison 'petween" the models from 
i- ( " 

the buffer size point of view, is done in Section 4.4, 

For both m~els in the nonrandom case ~e have, for each " . 

T., i ::; 1, .. ,N, CI Iine7re'a~ion between. ni and Q. 
1 d- I 

( . 
<>t ' p 

Q. -= W.I+ n. s. 
1 y 1 1 

1 
i for the gating model, / 

'where i :::: 

1 
j-1) • for the_exhaustive·mod~l. .' 

,. . 
Q 

Equation 4.1.7 i~plies ': 

o 

.. 

. , 

C»' 

4.1.7 

'il' "0 , '. c,. 

• 1 

/ 
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t 

< . 

n. = 1 . . ' 

2 a = 
ni 

,1 
L' 

0'. - :fI-l 1 

S • 
1 

1 
~ 
s. 

1 

2 
aQ• 

1 . . 
, 

/ -

, 

.. 
92 
\ , 

. L/ 

4.1.8 

Qj,d the normali~ed cr~ cott'elation ~tween ni and ni' is equal to that between 
• 1 li 

... / ...... ~ ... 

~ a!,d Qi' Therefore, fo~ the sY!"'!letric nOr1random c~:e w~ hove~>f~OrQ Equotion 

3.2.22 Il-

,,(no - n.) (n.+I-'~'+I)· " ,-
1 1 1 1 l '= 'R Il") 

2 Q ~~ 
c> (J' 

.' n 

R (1) ~ 
n 

4.1.9 

t 
" , 

4.2 Thè Gating Model 

Derivation of N ( . ) 

. ~ . 
By the law 9f total probability, we have: 

.,' 
, , 

P n (1<) =:=,J Prob ( kit) dt';" =_ J 4.2.1 

o .' l'O 
.' 1 

, i 
\ ~ '""~ 

Iwhere 

k = fh~ number "of customers' that are served in the terminal, 
, .-

t = the cycle time of the terminal . ' 
:-

'\.. ' .. 

\-, 

-1Jsini,Equation'2.2.4, we obtain 
, ' , , 

o • 

.. 

, l'i 
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4.2.2," . 

o 

- . 
Applying the ..Laplace transform, we have . '. 

~ 

CI) CI) 

'. . ~ {xl J l J' [ (À t .' -exp '(~ x»~ Ik f] e~ (- À t r Pc -(t) d t 

.1(' 1<=00 .... · 

\.. Summing firsl over k, we Obtoin 
~ 

, 
, \ 

1 

. N (x) 

o • . 
and finally# integration over t,' yields 

~ . 
N (x) = C (z) 

where 
" ) (1."" 
~ 

Z ::: ~~ ( 1 - exp (- x » 
o 

At x = 0 ,',we have: 

o 

Z'yl __ ,= 
À exp (- 'x) = 

.,' 

4.2.3 . 

, ., 
~ . 

4.2.4 ' 

. tl' ( , 

4.2.5" 

" .. 
./ 

.' 

4,.2.6 

j 

. t 

" " 

, 

.". 

,. . ~ II~ ::'", ' .... À ex~ (',~·_x.) .=.~' ---,-À_' 

• \ • - .. ~ f 

~--------..-, -------('--~-------~----' 

, ~~iftere~tiatind fqucitj~~ 4~.~; w.r ~ t. 
, ' ... ' 

x yields' 

\ 
\ 

\ 

, " 

" ' . ~ - -or • 

. '. 

l' 

1 -
/ 

, .. 
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, 
e 

J 

o 

o_ 

\ 

1 

-'--t (, 0, 

.. \JI f". 

, 

" "' "1 

-

Cî ;:, 
;: z C-(z) ~ 

(~)2 
.. '\ 

;: zC (z) + C (z) N (x) 
\, 

... - .. , 

"At x ='.ot opplying Equation 4.2.6 in, 4.2.7 we obtain 
l'-

l ' 
: .! 

n . =~ À ë 
o 

'""'2 
n 

- 2 '=*1 1 

:;: À C + À c 

~' 2 2' • 
Sinc.e c = ë +. CI ,usmg 3.~:1O, we obtain 

c 

- , 
Àd 'd' -n -
l - Po \ 

;-

l;1Il ." ,) 

2 -, 2' 2 
(J' ;: n + À CI 
'<n C, 

lb 

, l' 

t 
T ... ....... ' 

\ 

94' 

.. 

4.2:7 

;; , .' 1 
4.2.8 

o , 

" 

, , 

4.2.9 

, , 0 \ 

,\ 'Ali exp;jcif expression\or: .<;'; which ~~r~ derlved in 'Secti?n 3.2 ,~ày be a~plied_ . . 
l '" 

• Q, , -
,1 for the symme!ric 'c.ase, using Equat;oÇl 3.2.21 vie have 
" f., , ' o.' 

\ , 

Of 

2 . , 2 
CT :;: n+À 4.2.10 n ' ... . '. 

"y~ 

--- --- ItShoold ~ mentio~~d that L.eibowit~ (1961) was unable to èJ;rive,the above equation 

r , . 
r 

, 1 

1 r , 
1 

1 

1 / 

, , ' 

,ohd 'S~~ge'ste~ ~n d~pr~ximation method .. , Howe~er: T~ the spe~i?i' cas1, N = 2, usiflg 

a, set of ~ equation~';.w.i,th three unknD;wns ,he found the result i~ a very complicated 

4J \ \\ ) , , "~_ \ 0 " 

r-'. ..' '" " ..\~ .... . . . 
. " ' /, 
- , -\, j , ~ 

1 

',11 



1 

1 

/ " 

l ' 

1 

e 

.', 
• '1 

" 

,-'--

\ 
_ ----- '-

~ 1. 

1'" 

- v 
J 
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1 

" 
Torm (Equation (44) in Leibowitz (1961 » We simpl ifiéd his results by stroight fi . 

-.. " . ... 
forward algebraic computation and obtained a simplified expression whlch is • 

... ".. f. ~ 

identical' to ~uation 4.2 . .10 with N:= 2 . 

'For the symmetric nonrandom case, subst;ttJting Eq~ation 3.2.24 'in . . ' ~ 

• 
. ~ 4.2.9 or 4~ 1.8, ,rields : 

, . 

, " 

-'Il -

(1 - q) 

:. (1 - Po + ~) 
n·------

: . " Po 
(1 ~ "\» (1 + "i\r~) , 

0' 

2 
CI := 

n 
4.2.11 

" 

. "\ - ~ 2 "À d 
ln tki~ case, for' N > > 1 'such that - < < 1 we havé cr = n := ----

N n (1 - PO') 
" . 

Derivation of L (x) _ 

~ (.i 

"-jl 

where 

By the, low of totol probability, we hcfve : '. • 0 

""'-
co Ç';) k J • 

Pl (le) = J :f 
J 

\' 
L 

Prob (k, l' , n, t) d T'(d t 

• 
'0 

0 0 n~ 
,< 

~ 00 k· 

= , J) l p,OI, (kIT",. 1) Prob (r /n,l) Prob, ("il lPc Ct), d't dl 

o 0 n=O ~ 1'.: ' " . , 
\ 

• .. .,,tj 
. . , \ 

" ........ .. .... ------------~~~~ 

-, 

.: 

• <' , . 
. . 

,) ''1 ~I 

-1)1 ... 



. ... 

, ..J 

é ' 

". 
~e ' , 

, 

l , 

, . 
n :; 

k -

" 
o. 

'1' 

". = 

t ::; 

/ 
'/"Î ." / . 

v 

, . 
" 

the number of customers thqt are sérved in th~· te,rminal, 
\ ." 

" 
n + the numbel'" of new cusf'omers that exist in the termi-

nai Q( the ~o~nt th~ service of the terminal (its n 
~ 

customers) is over. 

, 
the servi çe time of t~e n customers, 

," 

the'cycle time of the terminal. 

... 
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,.:-" 

Since givén :r and "", the "probobility density function of k does not dépend on -t, 
u ' 

,and is go~erne,ty a Poisson arrivai process, we hâve :' 
! 

t" -----

, ' k 
Prob ( ! T,n, f ) ::; Prob ( k / ". , n) ,= [( À T) k-:-n > (k-~) Il e)(i~'~ ; ;,.) 

\ / , . 
'4,2.12a. 

,l, ~ "* 

Sin,ce, once n i,s given, the probability'density'function Df r: does not depend on t , 
o 

,< 

and is the sum of n inde'penden,t service,.s. We have: 

o 

, ~ . 
. r r (n)' 

Prob ( / n,t) = Prob ( / n) = P * (T) 
, 5 

,.' , .. 
Using Equations 4.2.12 and 2.2-.4, we obtain 

, . 

• èD 00 k, \ 

PI (k~ = J J I [(À :}k~n / (k;-n) 1 J ~xp ("- À".) ~ (n)~( '7') 

o O'n=O ~ 
,) " 

, ' 

Applyih9 the Laplace trahsform ~o 4.2.13 ancrream;:mging the 'integration, the 

l , 

4.2.12b, 

4.2.13 

, , 

" 



", 

, y 

. ' 

summalfon ",der, an: :~ limits, we oblai~ ,: .,;;; 
.. 

1 

~ CD 00. 0000 ~ , 

l (x) = J j~ J I [( À Texp'(_x»k-n / (k .. n)! ]e~p (:.. ~T) 
o n=O 0 k=n 

" 
", 

Il 

4."2 \4 
~ '\' ... 

{n~' n ,,'''' 1 -',~. 
• Ps' . (~) [( ~ t ~xp C:x)) 1 n ! ] (exp (- À t,) p ~ (f) d T d t 

, ' 

To evaLuate 4.2,.14, we first sum'over k; integrat~ over T, then sl)m over 
" . 

n and finally intégrote ovçr t , 
, 

o .. '''' 

.-
00 ex> 00 :::.. 

o 

" 

J ~ J'exp [-À "(1 - exp (-.x» T] ~(n)* (,., [('Àt,,~xp.(_~))n (n !J'exp (-M')P
c

(!) d'7'dt 

O-n=O 0 0 

11. ... 
,1 te 'co CD' J.' 

~, . 
_ ~ (.~ ... ~ [( 5 [ ~ Ci ';. exp (-x» ] ),t exp (-x)) n / n,' J'exp (- À t ) Pc (t) d t 

1 0 ~,..() .. 
, J 

• 
. ' 

, 00 • r a 00 ," t) 

;;:- '.} exp [- À (1 - eXf (-x) S (À (~- exp (-x)))) ~ ] Pc (t) dt 

t 
" G 

, 
.... _0>-- " . 

' .. ~(x)~C(u),- U· 
.. ' 

4.2.15 

, 

where 

J • ' ',;' d" 
u = À ~l. -:, e}çp (-x) " ~ (z» 

",' 

1 
, , 

- , 
'-.., .. () , . " 

z ond i tsl. d~r !ll:ve. ,are defined br EqUOliO~ 4. ~ .5 and;_ 4.2.6. 

At x = O. we ove, u ;:: 0, z = 0 ~ and , 
: 4. ~Q 

1 • 
\ . 

" ,r" 
t< .-

1 ., 
i 

, 



f. 
, T 

, . 

, .... 
: """ 

,J 

.. 

" 

, Il 

, 
" ' . 0 

J. ':.:':k 
~tJ-<' 'f~ 

, l' 

i,i 98' 

" " §> ~C> 

" " 

. , 

4:2.16 u = À exp (-x) (s (z) + z s (z» = À (1 + p) 

..•.. ,'2" 2-2" 
= ~ À exp (-x) (S (z.) + 2 z S (2) - Z 5 (z) - (z) S (z» = - X (1 .... ~ p-t. X s ) u 

~ in Equati?n 4.2.7 we ~Qve 
( 

l = u C (u) 

L 
.. . . 2'·· ' 

= u C (u) + '- ( u) G (u ) 

v 
At x = 0 substitution of 4.2.16 into 4.2~ 17 Y'le obtain 

-1 
, 

= Àë(l+,,) 
() 

_ 2~ ~ 2 l2 _2 2 
À c ( 1 + 3 P + À 5 ) + ~ (1 + p) (c + CI ) 

ç 

4.2 17, 

,4.2.18 

'0 

<f' which impties : 
l 1 

ft - -
- Àd , 

1 = (l+p).~ 4.2.19 

J f 
1 - Po -0 

• 
2 - 2:-"'2 

À
2 

(1 + p)2 a2 1 • (1 + 3 p+ À s 
0'1 =. + 

'(1 + ~ c 
~ 

, 
i • 

Ali ex~ficit, expressions for a; obtained in Chapter 111.·2 are applicabl~~ immediately . 

Comparing 4.2.19 and '4.2.9, we find for ~II 0 < (J < 1 o' 

-
ri < 1 

J 

~o . ' 

" 

\ 



.e 

>-

, 

t' 

, 
'-- -

'" 

, 1 

" 
For the sym"letllic case, using 3.2.21 we obtain " 

. ' 

Po . Po 2 2" ~ --2 
2 - (1 + 3 (""fiT") + ("R.» 2 ad (1 + l'r ) + N 1 5 

al = l' + X . --------
"-';-~-- -- Q.. 

1 +'~ ~--------:..J' : 
.N 

0' 

~ 1 - lb 
',~ 1 

For the symmetric n~;)Orandom case 

i .. 

1 0 
~{' 

"-15 ln th is caSe, for N > > l such that ~ . < < 1 we hove~:: 

\. . 
l' 

1 ... fJ. '" 

• - ' 0 .~"< 410 

'I)~~' ,~d 

1 :; n = 

"'-. 
,1' 

2 
0', = 1 / -, 

1 

\. 
.,t( 

., , 
~Q 

l . " J 
'" 

c' rJ :" l 
~ -----

",-
A.3rt. The Exhaustive Mode 1 

_ 0 

. , 
Derivation of M ( .) 

By the lav, of total.pr~biUty, we,nove : 
, \ 

'; . \ , 

" 

99 

4.2.2<# 

4.2.21 
A/ ~ 

4.2~22 

'. 
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\ , 
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:/fi' 

. p ~) = m 

~ CD,' 
S Prob (kt, t ) 'd t 1 =, Ci Prob (k 1 t ) ~ v (t) d t 
0' ' 0 '. 

~, 

4.3.1 

where 

. ) . 
k = 

.. 
the number of 'cuStomers thot exist in the terminal 

ot the moment the server reaches it 1 

(a 1 i . 
'I 

~ 
, 

t = 
.. 

the intérvisit time of th~. termfnëïL--~ 
>" - ) 

, " 

Equation 4.3.1 is onol090US to Equation 4.2',1, the difference is that here we have 

p (t) instead of P (t). Prob~ ( kit) is id;ntical to the exp~essi~n used in Equation 
v "c 

4.3.2. An ide\'\tical develoPment of 4.3.1 yields the onalogue of Equotion 4.2.5. 

\ , . 
1 

M (x) :: V (z) 4.3.2 

where 

Al. in Equation 4.2.8, we have: 
" ' 

- ÀV m ::: _. 
2 - 2 '2 ~. m = À v + À v 

, . 

, J Therefore • 0, 

,4.3.3 
, \ 

- ÀC(1-p) = À (1 - 'p) d 
m = 

o 

1 - Po 
'rl = in + À2 cl 

m v , \ 

4.3.4 

• Q 
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'41 ' 

e' 2 Ali e"Xplicit expressions f6; 0' ~which were derived in Section 3.3 may be ap'plied 

C, 

" 

,fi 

v 

directly. 

For the symmetric case, using Equ,ation :3-;:3.23, we have: 

. 2 
0' 
m 

" 

] 

For the symmetric nonrandom case, using Equation 3 .. 3.24 in 4.3.4 we,ttain : 

1 
.. 

Po 
d À (1 -~) - N 

m = ri 

(1 - PO} 
\ 

( 
" 

Po 
1 - (N-l) (N! + (N- 1 ) 

p. 

( 1 - :It» (1 -~ ) 

2 
O"m = "In [ . 4 3.6 

,:..- The above equation was also obtained by Konheim and Meister (197.'1) (quoted by Chu 
1 0 fi' 1 

,Il-__ _ 

and KOr.lheim (1972) as Equations (47) and. (48) . 
'4"f • 
~. n 

.... 0 ' 
For the symmetric nonrandom case, for N > ~ 1 such that "'Fr « l , Equation 

4.3.6 is ideotical to 4.2.21. 

-t)M = 
1 - Po 

"~.x .)J"'J'"" .. ''' ... 2 ............. ' ... ,''''JrII'':: 
0' = m -. r 
m 

. ' " . ( 

, ' , 

... """" , 
t • 

- 1 ", .... e-
c 

, . 
4.3.7 

4.3.8 

\ " 

..... , 
.#"'1 
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Derivation of N (.) 
, , 

1
1ft 

.... ". 

, Jn order to detive N ( . ) l' we first derive the probability âensity 
, \. 

, 

102 

functio~ of the number 01 cùstomers that are- served in a busy ope ri od i~ M / G /1 
\ -

queue. 

De fi ne the randam variable h: 

'h = the number of customers in a busy per,iod in an lIA / G / 1 queue 1 

Ph (.) = trbe probability density function of h, 

H (.) = the Laplace transform of Ph (.) • 
~ 

A busy period is initiated by the arrivai orthe first (initiating) c~stomer 1 and 

clearly h,~ 

-
ln Appendix A we derive H ( .) and obtained in Equation A.17 

\ fi" 

H (x) = exp (~ x) 
J • 

S [À ( 1 - H. (x» ], 1 4.3.9 

Tt 1 l ,,__ .. ' 

wber.e S (,' ) is the Laplace transform of the probabil~ty~it)L function of customer 1,. 1 - ...J 

Service time in. the queue. 
'?t 

" 
Ta derive N ( . \ by th~ law"of total probability we have: 

,-:- p. 
;.1 ..... ""1<.'(., 

.~ . 
P n (k) = 'f L Prob \k, mit) d t 

, : 0 m=O 

ex> k 

= J Z Prob (k / mit) Prob (~'/ t) P v (t) d: 1 

o m=O 

,- , 

" 

4.3.10 



, \ 

" . 

't 

• 1 c 

.r ,,-l_ 103 , , 

>-
, . 

where 
~ 1'" 

k = the number of customers thot'are served in the termina', 
'\ 

m = 
l' 

, , v 

,fhe number of custcimers that exist in the terminal ~t the' \0 

., 
.0 

t "x 

moment '~he server J:eaches,:t '::r-~:r-. 
~, i../. 

l 
the intervisi,Yttme of t~~ terminal. 

, . ). 
, 

Since, each of th~ m customer initiates an independent busy period process, and given 
"\ et .,,J 
t' 

m, k does not depend on(,. t, we have : 

- , 

Note 'that pr)* (k) is id.~l1tically zero for' k < m '. 

• 1 

Using Equations 2.3 7 and "4.3.11 in 4'.3.10, we obtai 

p (k) 
Il;. 

" 

<X) CD ~' , ",id 

= J I. Ph(m)* (k) [(À t) m lm! ] e p (~ Àt) Pv (t) dt 

o m=O 

Applying' the Laplace transform we obtain : 

.... . 
4.3. 11 ,-

,,!f " . 
l ' 

, , ~ 

" 1 
" 

(- kx) p~m)" (k) [(Àt)'m I~ t) exp {-~t) p~ (t) d t 4.3.13 

" 
0_ f-

To ev~l~ate Equqtion 4.8.13 We first sum over k, then over m, and finally integrate 

. over t . 

\ ..... 

) . \, 

o 



'.' 

'. 

. \ 

• 

,'. 
r 
) 

/ 

. " 

N (x) ~ J ~ [( À t H (x)) m / ml] exp () - À t) P v . (t) d t 

o m:::() 

N (x) ':, l exp ~.- '>: / 1 ~ H (x» t ] P v (t) d t 

o 
. . 

I,_,:,~-~ _____ 

We obtain : 

N (x) = V (u) , 

::- where 

u = ". ( 1 - li (x» 

! , .. 

'. t 

x t'" At x = 0 1 U = O. Differenrtioting u w'{",t. 
\ . 

- . 
Equation A.20, we obtoin ot x = 0 : . , 

. . 
u V (u) 

.... 
N = . 

.. . . 2 .. 
u V (u) + (u) V (u) 

\ 

. , 
/ 

/ 
'and' ct x = 0 

(11:'P1\ 1/' 
1 

/ 
" 1 , 

t f i... _ 

; .,.." 
1 

/ 
/ 

. "', / 
- p 

" ' / 
/ . 

• 1 .. 

.;.., 

and 

1 

/ 
/ 

, , 

( 

" " .' 
using the results of 

'1 , 

f' 

~/' 
• 1 
1 

/ 
/ 

" 

/. 

/ 

/ 
/ 
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4.3.15 

1 

/ 

.. , 
1 

1 

4.3.16 

.. 

1 
1 

/ 
/ 



'.< 

, 
n - f 4.3.17 

Rearronging the above, 'we-"Obtain .: 

h d ~ -n = -
1 -IPO , 

j. 

2 
CI CI :: 

n 

• 1 • - 2· 2 :-2 2 2 (; _ (n ,( 1 ... P + À, s') + X cr ] 
(1 ~

2 <,---'- 0 v - ,., ,.. .. ~ .. ~ 
. ' 

4.3 18-

AU explici; expressions for cr~ which were derived in section 3. 3 ma~ be applieq " 
" 

directly. 1". 

For the symmetric çose, using Equation 3.3.23 we obtain : 

, 1 

2 
cr 
'n 

= 

'2 2' - -2 
1 ' , ~ 2 2 -2 2 cr d N- 1 _Cl d + N n s 

[n ( 1 ... (~) + AS) + A • ("""FT ~ m '. (1 ... Po) ),] 
(1 ... ~)2 " '''f 4.3.19 

1 (. '. ' 

For the ~ym~etrlc nonrandom case, using Equation~3. 3.24 in ,4.3.18 or 4.1.8, 

we obta in" : 

" 

'\---

. ; 



.. 

, 
" 

'U 

l 

. 2' 
0-
n 

= Àd 
1 - p o 

'. 
> 

., Po 
ln this case, for N > > 1 , such' that "lr 

(" ,J~, 

Equation 4.3.8 (for the gating model, ) 

- Àd n = -
1 - Po 

2 -cr = n 
n' ',' 

0' 
r 1 

.of .. 
4.4 Comparison between t~e Mode 15 

\ 
106 

" 
f , ~ 

l' cr;/''- : 
l ", '. .. 

,~ " 
-{ 

~ • 
4.3.~O 

< <,1 we obtain the sanie result as"in 

.,. 4-.3.21 

\ 

For the symmetric nonrandom ~Qse, we found in 'Equqtio"s 4.2.11 i 

4.2.21, 4.3.6, -4.3.20: 

'" 

For the .Gat!ng Model : 
: ... , ' 

À d 
n, = ,-

1 -~-Pcr 
',.--

, ~\ 
1 ~;'11 P «- or, 0 

2 Àd 1 - '('f{;J? -N 
0- = - . .. 

n 
(1 ,;. ~) ( J ' +: ~ ) 1 - Po .. ,. 

• ", 
'-: ,{le 

i ( 
.~~'" 

'd 

.'q,., 
, t r ~1 

.. -.... 

'" • 

,1 

.x-



.J 

, 

r . ' 

= 

.2 
Oj " 

\ ' ,~o . , P~ 2 
À d 1 - (N"f~) N - ~ 2N:1} (1\r) 
---- , 0 

(1- Po) (1 - ~) 

For the exhaustive model : 
, \ . 

.: 

~ 

'. Po Po 2' 
2 - À d 1 - (N+l) N+ (lN-·l) ( '"Fr) 

cr - _. 
m 

1 - Po . (1 - Po) 

-n = 

o P~_ 
• 

2 Àd 1 - (~-1) N 
cr ., = • n' 

o Po 
1 - Po (1 - PO) (1 - N) 

, 
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'. 

J , . 

" 
! 

,. • 
4.4, 1 

• cl IJ.. • , ru -& "0 

Fo': N > > 1 such that 1\1' ~ li ail average's, a~d 0 Il vario-nc~s '~onverge 
l 

À d - .) - ' r.-:= 
to the sarne quonti,ty 1_ ~ = ,~_<?_ i.e., a buf~er of le~~th 1 À c + 0'; À 'c guara'1tees 

that t~e probabiUty of rejedion is not greoter, thon ~ For this case, the're is no 

difference between buffe; requirements in the gating and" the exhau~tive models. let" 
" . 

'us now oompore the number of customers in the t~rminat at the.mom~~t the server reaches 
,]' 

it n in the gating model a~d m in the exhaustive model .. It can be eosily verified 
" .. 

..... ' 

~ ..... 

l ' 

'1 

, " , 

o 



, . 
1 

i 

.i. 

• ~ 

' .. 

- 1 

1 

! 

, 

, 
1'3 l' 

1; 

" ., . , ' 
)J 

0 .,;lI-
D ~ ':tt. 

ft; 

br Equation 4 ',.4, 1 that, for aU N ~r ~nd ~'b < ,1 we have: 

J08~ " • 

.. .. 
- > n ri\, 

. ~ 
cm 0 
- = 1 - "'t"r ii 1'1 

-
2 2 

~O' > (J 
n m 

r. 
~ . .'-

• " "> 

.-.' " 

2 ' . 0 ~ Po 2 '., Po 3 " Po 3 
0' m 1 - Po + (rt~) (""'Fr) + (2N-l) .. < r:r) Po ~O 2' ,N . (1'r) 

= '- Po = 1 ... '1\1') - ('N'") . + i • ~ 
1 - (N-l) ~ 0 ,.. 1 .. (N-i) (N) 

4,4.2, 

From the aboye we concLlJde that the \exhaustive ~~odel requires slightly Jess . 

bulle r capacity, tHon, th~t requ j red 'by the ;,c;ti ng !"Cid),. Howeve r, ;or, ~ ; < i the· ~ 

1 

buffer requirements are the sorne. .. ' 
.... 1:r... ~, 

.. 

J • 

" 

, 
'\ 

o 

.. ' 

' .. 

. . 

.. , . 

o 

1 

,... 
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CHÂPTER V 

,i 

,.' 
o 

" 

, co 

- .. 
lQ9 

,. 
'..). 

" 

THE TRANSIENT AND STEADY STATE BEHAVIOUR OF T.HE SYSTEM' , 

, 

Introduçti on , 

~t' . , , 
~ ,.... . ~ .. , 
(t 11 0 ~ 

In'fhÎs chapter we study two basicJeatures,of.th'Efpolling system~' . , , 

, ' 

ln Section 5.2 Vff? examine the t[~nsien" behaviour of the ~yerage 
1( , 

,~t 1 \ 

cycle time, ëk.1 for the' gating'model, and· the. OSIerage interv,isit 'time '. v
k 

' for 
• , ~, t..' ',[ . . . - . 

th~ exhaustive model. 1 ~iven an~ initi~~ vector ~ 1 = ~1 ' •. 1 ~N) which' 

, •• _ desç~ibei the first cycle, we' refe~ ta one ;erminal a,n~ examine how these' qua,~ti-
<> 1 '\.0 ~ • , : ... 

fies (c
k 

for the "gating, mOflel and ~k for the exhau~tive ïnqdel) change fr9"l , 
, . ".." .. 

cycle to cycle unttl sleady state values', '( ë 'or v,) ore obtained. As an example 

~ 

we' suppose the s{stem has just be~n oc;tivated with 011 buffèrs empty. In the first 
' . 

. \ cy~le, the' ~erver visits' t"-ll terminal to"announce the Il system is operating". For 
'-' 

.this 'eg~e, the elements of ~1 a~e the 'average ~alking times., "In this case we 

examine ~h~ transient' time of the system. ,Às, qnother example, we. sUPPQs~ that for,,, 

some time~th~ se~ver h~s eithe'r a ma Ifunction' 'or, i~ occupied i~ differènt·tasks. 

~rin9 th is time new customers are arriving. Henc~, when s~'rvice 1S resuh!ed we . ,.. , .. 

e><pecl !; 10 be, ,;"atelthar1 the .teady s~ val uè ., ln Ih is ca.e, we exam i nè, " 

, the recovery ~ime of the system. 

.. 
• • . .. 

, ". , 

ln Section 5.3 we examine both the gating and the exhaustive models 
, .. 

, in the "symmetric case under steady state conditions. For both models we detive 
, -

recursive form.ulas for 'the normalized c'ross ,correlation between t'No terminais" as 
• , . 

, -

. ' 

- 1 

''1 \' 
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", 

]~ - ~ 1'," ... ' 

, '. 
, e. ; t ~ ~'4b ; , 0 ' 

definèd by.fquatioo o3,2.22, in"dj{fer~1'ëycleS, __ Usir9 these fOrMulas, we qerive 

th". n~;zed. ç;"" ço''';lati''''. ""tw~.\two diffe:ent ç~cI'; o~· (he sa~e, te':lnal: • 

, For the, exnaustive model Vie also derive the normalized cross correlation between 
r{ r' 4 \ ,. f6. ~ ~ ., 

(> f1, , .... '. ,,, . . ~I' " ' . ' • " 
.. ~l'\."p' ~ if 

\,' , . ~:- Mo dJffereht inter~~\1fs of the sai'Âë~terminal., 

• 

\ 
\ 

b. , 

..... \ ...... ~ ."~' ~ "u 
" ................. ,,~-.. ~~(, .... J " ..: 

, ' 

. ' 

;:~ 1 

ln the steady stare, we definè liT 1 N ,II as "T. If in the \th follow-
o : ~ +1' 1 

• "; 0 : ,.(., ~ 2 2 ... \ 2 t, 
'~ ,ing 'cycle < 'For the symm~tric case O'n 1 0' " and, C'J for ail 1 arl' independent.. 

, • " 0 vI cI ,vI Q, 

of 1 • <l> As in Equati~n 3.2.22, ;~ de,fine' the normqliz~ cross c.orrelation between 
, " 

r: and J. 1 for aJl 
l ,,1+ 

~ 0 as : 
1 • 

R (I),.:d 
.. 9. 

-' - -
( 9, ..: 9i ) (9'tl !'" 9, 1) 0 

l' .. 1+· 

li, . , 

? '2 ... ",.. - , , ,.v9' 

" 

According ta E~uotion\2.1,3 for the gating mode 1 : 

:. N-l' 
= .~ Q~'l)N" , 

\"'~ +1+1 
j;=(> 

l , 

o • 

, . ,-

5. 1 .1 

5.,L2 

We d~fine the nQ./"malized cross corr~lati~ betweet 'ckN • a~d '. +J 
.... • , ~. 4 .. 1 ~ 

~'(k+I)N+i [.j ,e t '~o cycle' tirne~ ct the s?me terminal, ,~t 1 f cycles aport; where .; 

ê (1<+1) N+i,~ is Othe i!h ~~Ie time. of ter ck~i J as : 
, 

r 
, . 

, q 

1 as ~, ' , 

R ~) = 5.1.3 , 

·e c . 

• 0 

\ o 

\ , 
, ..,. 

Q 

o' 

Q , 

il> ' 

. ' 



b 

'. 

. 
o ' , , 

}. r " • 

, AccOrdirrg to <t:quation ~.1.4, for the exha~stive ~odel :' 

~ 
\ , 

- ~kN+i~= .'-". 9 ~-:1) N;i+i 
, ,-.. 

vkN+i ~".WkN+i-l 

Cl ... 

111 

, . 

. 
5: 1.4 

, The nor~alized cross Jorrelation between 
~ 0 

f} • 

ckN+t"apd c(k+I) N+i is defined by 

'" \tkN+i and ,v {k+I)N+i Equation 5.1.3., The normalized crœs cor..-elation between 
'li 

\ 

is defined ici a si mi lar way as : 

( v kN+i - v kN+.) ~ v (k+I) N+i' - v (k+1)N+i ), , / 

a ~ v ~, , 

5.\.5 

, , 
, • ~-O ( ~ ,1 

, ';, . For the symmetric nonrand~ CQ~, referring to E ations 4. 1,7. and 

4,1.8, Aq bD,th model., th: n~;';;;'I;zed cr';" ~orrelation of the number of cU;lo~rs' 
~). , 

'that arèl~erved in ;tW~ tel'hloinals isldentical to th., normali;œd cross corre 1 ati, on' 

'. .l?etween 'th~ two termin~k'l i.e ,,~: , c-
, 

\ . 
'. ( n .. - n. -) (n. I~- n; 1) . 

1 1 21+, 1+ :--_=. RgJlL 
.~ CT. 

,5.1.~ 

n 

I.,~ 0 , . 

where, ~Y vÎrtue of Equation 4.4.1, for 0'11 i: ni == n = ). ë . 
. " .. • ~f-

o -J" 
~ 1 

o • 

.. 
'..l 

, . 

.. 

.J 

,\ 

o 

..' , , 
,\ 

. " 

1 

1 

1 

1 

01 
, 1 
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o 

Define nT 'as th~ t,otal ~umber of custome~s from the N terminais 

, ',that are serv~ ,Gycle. In the symmetric nonrandom case we have a Iinear 
'" .• 

"rè1:~~a , 
,. ---------------, " 

, . ------------1 

, '0 

Hence, for both models, the normalized cross correlation between two 'n ~s of 
'. " II:!> " " T 

different cycles equal tha, Of the crcle ,times themselv~s , 

R Q) 
nT 

= R ~) 
C 

,. : 

5.1 :8 

,-J'le knoWi,~dge 0 of tJ{e quan~lti~$ 'Re'~)' Re Q)" Rv:~}' is es~ntial 
/ • ~ 0 f 

• ~ 'IOn .. 

" " , for optimal Unear mean square error predictions/of, 9 , Cri "and v. For any 
o • ~ , •• 

terminal, T. , i = 1 , 'i'. , N , given th~t 'its last values of the c;yèle time and the , , . 
, , 

in~rvisit time where ci and vi /espectively, the optiOlOI li!,ea~ mean sqù~re error, 

predictions of, ~N+i and, vkN+i 

D ~ 

(defined, as· é*kl"l+i ' v*kN+i respec~vety.) 
J 

are : 

, 0, 

• .. 
C kN+i 

.. 
v kN+1 

where : 

\ 
1 

\ 
\ 

~-

, -

:= 'C
kN

+. +'R (k) [ ~. - ë: ] 
\_, C ,~ i 

.. ~ -' , 
-1 

-' 

VkN+. + R (k) [v. - v. J 
1 VOl l, 

. / 
d ,y -

ckN+i 
= c. = C := -'--

1 1 ... 
~ q 

, . , - , 
--1 d \ , 

vkN+i = \ v. := (1- R) 
1 1 ... Po 
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The errol's of the predicti~ns dre : 

''\. 5.1.1'0 
== V - '1/* . 

kN+;, kN+i 

Thése errors have z.eiiiri'l';o ............. "-"ncLtbeffse<toaà moments arè: 
.~ '"o( 'lt.-:., .~' , 

~fl ~', :"f-- , 
ar :1., ," 

, ."" . 
( 1 - R2 (\<»),0'2 . 

c c 

, 1 

= 
5.1.11 

::; , .. 

-
,1 , 

Using Equation 5.1 .9 each terminal con predict the valll,es of any 

future, c \ or v ba~~ on the volue of its, lost. c or v. 

, . 
From the server1s point of view, the optimal 'inear mean square arror 
, u 

prediction of Q, (de~ined as 9*1 ) given 011 9t~i; i ::; l, .• , N-l, mig~t be of 

i~terest (with the'~l~es of the last N-l TSrs the s~rver con estima,nrthe expected 

" value of the next TST). The expression of ,he optimal lineor ",ea~ sql:lare pre-
1 .. __ 

diction is : 

N-l 

", -
- '\ ," 

Q*I' = QI + /. z. (9, • - 9,' • ) 
'-' J -, U -, 

II> 
i=l 

.:t -. , .<, .,. 
5.r.12 

~Sin~ the fact that forl:J~~'~odels we"ha've from'Equations' 3.2.21 and 3.2.23 

o 

. , . _ •...... --------~+~------~ 

() 

o 
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J ~ 0 

" 
- J 

Po 
5.1.13 

r- : . ""Fr 
1 ( ~ ~ 

1,- Po 
= 1, .. N-t-p , 

- -0 +-
N 

The value of ail Zj su ch that (9
1 

- Qi )2 (the mean square error) is minimized b 

r 

found to be : " , 'v 
'. , ii, 

. Po 
N 

j = 1, .• , N ... 1 z. = 
1 P 

1 \ 0 -N 

5.1 :14 

Il 

, Substituting 5.1.14 int05.-1.12 

"" ' 

P' o . N-l 
-'g* =~+ N 

1 1 Po 
,\' .( 9

1 
.... ~l .) , 

L. -. -1 

and 

Clg (1) and 

ERg (1) and 

1 ~­
N 

i=l 

r 
! ! ..... 

• , 1, 1 

( 
, ,5.1".15 

'f 

. .. 

Where confusion might occur 1 we -add the subscript G or E ,such as 
, ' , 

GRc (1) to indieate those quanti~iesJI1 the rti~g m~~I, and ,~-- " 
1 0 -

eRc (1) are ~05e-i~ the e~haustive modeL' ., 
, \ _ _ ,1 

J 
/ t 

" - 1 

\ 
o 

. , 

.-

" 

\ 

\ 

. 
o 



", 

• 

115 

5.2 The T.ransient Behaviour of ë and v 
Q , 

From Equations 3.2.3 and 3.2 .. 5 we have in}he gàting model : 

•• N-l 
-... 

, r 
::-. 

§k+N = w
k

+ Pk L 1rk;i 
i=O 

(, N-1 
.. ~ 1. ..,-

... 

l ck+N 1 

= "V
k 

• 
+1 t 

i=O 

,) . Fro~ Equations 3.3.5 and 3 .. 3.11 We have in the exhaustive model : 

N;"l 

~k+N = 1 (wk_ 1 + Pk' I 9k+i ) . 
1 - P . 

k i=l 

N-1 

vk+N' = wk_1 t L Qk+i 

~ i=l 

5.2.2 

Given qny initial ~1 = (lJ
1 

1 1 lJN) '" which represents th~ first 

""'" ~ - - -cycle, we can solve the equàtions above to find Q. , çN+' , v
N 

., for ail ~ 1 
1 1 + • 

. "t::.J.~' , 
'It s~ould bê-'m1}ntioned that because our basic Equation 3.1.7 Îs writteQ 

il 
in the transient state / ail higher moments of 90/ c 1 and v çan be evaluated as 

, * . ii,f:..,. ' 
, . 

wefl. For example, to R~~ .the. sepond.moments of these quantU'i~s ~e mey use 

~quati.o~ 3.2.13 for't~e gatfng ~~~I and Equation -3.3.{6 fo~ t~~ exhaustive mode,! .. 
i' \ ' 

ln order to examine the -b;asic Jeatures of Equations 5.2.1 - 2 let us 
, , 

" 1 

.. assume 'the symmetric nonrandorn case, where w
k 

= w = 1 [sec.] for k ~ 1 
• 

dl 

.. r..,. 



" 1 

• ~--

.' 

~ 

We study the behaviour of succ,si:e cycles and intervisits of one terminal. Defi ne 

for 1 ~ 1 ; 
~ 

C 1N+1 = Gë (1) 
1 

~ .J _ __ _ 5.2.3 
. 

EV 0) v1N+1 
:::: 

.e 

" 

Using the comp~ter, we solve Equations 5.2.1 - ,2 for variou$ N ~ l, 0 <: Po < ~ ',' 

t w , ~ 1 ' to find G ë 0) 1 EV vO) for 1 ~ 1 • 
, "4.. \ 

, : 

:l 

ln Figure 5-1 we sket~h_, Ge 0) , EV 0) v.s. 1 for the symm~\tric non- _ 

~dndom system where N:::: 10 terminal, w.:::: W :::: 1 [sec.) 1 PO:::: 0.8 for two 
l 't 

, . 
different ~ l' For these values of N, Vi, and QO using Equ~t~ons 3.2.10, 

/. ,3.2.11, 3.3.9, 3.3.10, and 3.3.14 we have for both th~ting and the. exhaustive ~ 

molle 1 

-Q == 5 sec. 
'< -

,<;'" -.....'" .- 50 sec. 
- ~ 5.2.4 c == 

( • \ - --" v == 46 sec. l' 
'-'-, 

We. cboose : 

A: ~1 = (r, ... , 1 ) . Since Vi ':::: ~ l, ,thi~ represents an initially , 

empty system. From this we examine the tronsient time . 

i' 

.' 1 

,,,.... "-
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Fig. 5-1. 
5 7 9 11 ' 15 1 Cycle No. 

Transient behaviour of the average cycle time 1 ~~ for the gating mode 1 , and the 1 

average' intervisÎt time, v , for the exh~ust.i,!!! model. The symtnetric nonrandom 
casewith N= 10, w= l, P =,0.8, A: ~1::: (1,:.,1) B:~l::: (20, .. ,20). 

" . 
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B : !1 =: (20, .• , 20). Since '0' = (5, .. 1 5), this represe~ts 

, -" \ an initjolly overloaded system fi.e. suppose 011 buffers are full). 
. . 

From this we examine the recovery" time. 

~ ~ 

For both ca~, 10 - 15 cyc1es ore enough to practically reach the steady state. 
J 

Different values of Yi yie Id identical curves (with dif~erent scale factors). The 

general shape of the curves are not very sensitive to the value of N. However, 

both the transient.and recovery time are proportional to PO' Smaller traHie 
"" \ 

intensity yields faster recovery tÎme. For example, for Po = 0.2 3 - 4 cycles 

are sufficient to effectively reach the steady state. For ail cases, the recovery time 

in the exhaustive mode 1 is 51 ightly faster than that of the gating model. The numeri-

'Cal results used in Figure 5-1 are in Appendix F • 

, , 
1 

Steady State Correlation Between Terminais of Different Cycles 

? 

ln the st~ady state for the symmetric case of both the gating and the 

exhaustive mo?el we have From Equation 3.2.22 for 1 = 0, .• , N-l 

= 0 

1 = l, .• , ,N-1 

5.3.1 
\ . 

where it should be noted that a~ for the- gating model (given by Equation 3.2.21) 

and ai for the exhaus,tive'model (given by Equ~tion 3.3.23) "are different. 



" 

:;:~ 

,. 

o , 
o 

• u 

" 

ln Appendix 0 we derive recursive equations for GRg 0) d'n~ 
", 

We show there : 

'oN 

~ Z GRe 0) .= GRf,j (I-i) 1 ~ N 

i=l 

Po N-l 
N'" -. 

eRg 0) = ') 
ERg O~i) 

Po ~ 
.. f 

1 -l'r ,= 
~, N-l 5. 3.2b ~ 

Lemma 5. 3. 1 • 
, . 

nically decreasing and lim GRg 0) = 0 • ' 
1 .... CD 

:il! N, G Rg 0) is monozo- -
,~---

.-
-, 

Proof: From 5. 3.20 we have 

5.3.3 

. , 

Using the method of induction, suppose that for sorne M·~ N , 

N sis M, GRg (1+1) < G~e (1) . Using 5.3.20 with 1 = M+2 and 

• 
= M+l we obtoin 

-:;., \ 

, 
\ 



, \ 

J 

t,' 120" 

o 

5.3.40 
.C 

1. i=l 

., ~ 

0GRg (M+lt = 5.3.4b 

S b • 5 3 4b f 5 3 A_ b • ,~ u tracftng .• rom. .''IQ, w~ 0 tam . 

• , 0 

Hence, for all-I ~ N 

Since the i~finite series· GRg 0> 1 1 ~ N,.is monotonically decreasi~g in the 
o' , 

, compact set (.0, 1] , the sEl~.!.es converges to a single point in this set. Suppose 
, ~ . 

, 1 

lim'· GRg (1) == x, using Equation 5. 3.2a we have x = Po x y!hich j·mplies 
1 "'00 • 

x = Q. Therefore, lim GR~ 0) ;:: 0 . 
1 "'00 Q.E.D. 

ln a similor manne.r 1 ~t can be shown that with N ~ 2 for ail 

1 ~ N-l , "ERg 0) is mOonotonicall~ decreasing and converges to zero. FoF'N~ 1 
. 

ERg (1) ;::: 0 for ail 1 ~ 1 • 

, 

0' 

J'~ , 
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/ 

1 

1 • 

.! 

" 

/ 

" , 

." , 

At 1 =: N 

(ti-1) PO' 
q' 

po. 
1- N 

" 

'. 

<:ompéÏting'Equati?n 5.3.5 to Equation 5.3.3, it is clear that 

Fr:om 5.3.2b we have for ~ N 

, ,( 

, i=O i="1 , , 

'.,/ 

'121 

5.3.5 

5.3.6 

5.3.7 

Using 5.3.20, 5.3.5, 5.3.6 and 5.3.7 and. a simple induction procedure, we 

obtain for ~ N 

" 

5'.3.8 

----y o • . 
Equ~lityin 5.3.8 isobtair'ledfor 1 s N-l 

The Normalized Cross CDrrelation Betwee" è:ycle~ 
, 1, 

For the gating mode 1 , using Equation 5.1.2 in Equation 5.1.3, we " 

have ~ 

" 

, ' 



• " 

,1 I! '\ 

.. 

1 

Î 

[ 

n 
2 N~1N-l • 

= O'g 'L L (QkN+i - QkN+i ) (g (k+I) N+i - Q (1<+1) N+j ) 

~I~i~ ~ 
2 N-1 N-l • 

--~\\) ~ L ~ GRé (1 N+j-i ) 

O'c i~ j=O 

.' Using Equation 3.2.21 in Equation .5.3.9, we obtain for ~ 1 
J -

" 

R ~) = Ge. , 

G
R 4t)}"= 1 . 

c , 

-",' 

o 
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, ri 

5.3.10 

. " 
Using 5.1.4 in 5.I,3 and following the above derivation, we obtain for ,1 ~ 1 

R' (0) = 1'. 
E c ... 

" Using Equation 5.3.8 in order to compare Equation 5.3.10 to Equation,S.3.ll,' _ . , 

,it ' 

we 6'6"tain \\ \ .. ) ,,-

..-t ~ .1 
5.3.12' 

... 

1 > ' <fP - ~ 

10 

" \ 
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For the symmet!.ic nonrandom case, we have From 5.1.S,·for both 

models 

. \ 
R 0-) = R 0) 

nT 'J c 
l, , . 

q 

, . . 
For this case, using Equation 5.1.4 in Equqtion 5,J 5 we oqfain Jhe normatized 

cross correlation between intervisits 

ERv O~ 

~N~-~I------------'N~-~I----------------

()' g. - 9 ) ') ()' 9 - g ) 
'...J _ kN+i kN+i L {k+I)N+i (k+I)N+i 

= j=l j=l 

" 1 
·2 a 

.23, we obtain ,>-

1- Poq-· 
---~- [ERg 0 N) 

. 0 
1 - N 

N-2 
\" N ... l-j· '. ~ . . 

+ L _ N-l ~ ERg (N 1 + 1) + ERg (N 1 - I}) ] 

i::l 
!--~, 

Comparing 5.3 . .14 to 5.3.11, we obtain for 1 ~ 1 

, --

" 

.5.3.13' 

--_l 

.9.3.14 

5.3.15 

, . 
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o , 

'1 

J, 

. '" 

4 
; 

~o examine the behaviour of .;GRc ~)"' eRc (1) ,_ and ER,>~) 
a 

we us.ed the computer to reJCursivtly solve 5.3.2 and substiJ'ute dir~ctly into "",~.-

5 . 3. 10, . 5. 3. 11 and 5. 3. T 4.· / 

In'Figuré &-2, we sketleh th ose GRe 0) '. ERc 0), ~~hd' ERv~O) 
.". 1 () , 

v.s.1 for N = 8, Po -= .9. F.igyre ~2 emphasizes the relation ~ 5.3.15. 
, ~ ~ 

J • 

Note that 011 quantitiés are monoton'!cally decre?sing. GRc ~~ . = 0.5. for , 
.., '. 

, 1 :- 8 (i.e., 8 cydest and E~c (1) and ERv (1) are 0.5 for 1 ",. 6; For 

different values of N the 'curves does n9t c,han~ substantjally. As N ... Cl), '~ 

the three curves for GR (1), ER (1), and,' ER (1) cofYverge to one curve. ,-
ce, 1 V 

o <> ~ \ .01' ~_ 

Howèver 1 the curves are sensitive to the value of Po ; for smaller P.o. th,e ctJrves 

converge "to zero faster. 

,. .. "' .. 
o 

" 
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" y 

" 
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CHAPTE,R VI 

"? i> 

·';rt .. ~ 

WAITING TlME.S '1t\f-!1bni MODELS 
) 

Introduction 

126 

" 

( ' -----------:..-
'in this chapter'we stu~y the 0customèrs~ng time charac'teristi-cs in ,-' 

., 

bath the' gating a~d the exhaustive models. ,[The waiting time of a ctlstomer'is the ' 

rength of tinie the customer spe~ds in the buffer of its terminal. In other ward;, the 
, l '?.-7 "0 

waiting t;me of ~ 'cu,stomer iso tt:e ti~e difference between the moment of the customer's 
'~.- ' 

arriva! ta a terminal ta the ,moment his ser~ice starts. The woiting tÎme is a non­

nega'iive rondom variable, denoted by q. In this chapter' we study; -for both models, 

unde'r steady state conditi~r, the first two moments of the waiting time .. 
'. 

For i = 1 , '. • , N we defi ne : . 

", 
p ( . ) - the probability density funcHon of Il custome,r's 

1 q. 
1 0 • 

' waJting time in T. , '. . il> .. . -
1 ... 

- .... 
Q:,( .) :: the Laplaée trans~orm of P () , 6.1.1 ~ 

1 q. ... 
, 1 -.l. 

~~' .. /" -

ln' Oueueing Theory Problems th~ avera.s.~ .waiting tJme'I q', pri~arify 
v • 1 .... ~ r _ ". 

, 1 _'\; 

beëàuse this is the onlY on~ that t:an be Eound, is c:onsidered as a;Oimportant pqrameter 
1 • 

<which indicates the goodness of service in the queùe. In C~Qpter IV, we studied 
c. • • 

ono~her important parameter of the system, tbe buffer size re'quiremen~s in both models. 

~~wever, the waiting time fe~tures are c~~sidereJ ta be of ~reater.i~porta;'ce in . ~ '\ 

studying and defining the-goodness of a ~ommunication network. Thi~ is because 

, 0 

" ' 
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, ' 0 /" . 

", buffer Soize indieates h'ardwbl'e requirements- for the ~ystem to ,operate properlx (,while 
9, 

, ' 

waiting time directly indicofes t'he goo~ness ofJ~ervice in system'after buffer site re-

quirements ore met. The majOr gool of the work done by Eisenbe'rg (1972), Takacs 

(1968), Avi-Itzhok et al (1965), Cooper, (1970) 1 Hayes and Sherman (1972)", and 
'" ' -.f~ _ 1 , 

~Krus~al (1969), wa; to find the average w~iti'~g time in'some special models of the 

polling 'system. 'ln this chapter we derive exa'ct and expticit expressions concGrning' 
, 'Il ." , 

~ the fi~st two moments of q, which are n~t only new but 0150 playon important role , 
in understanding ànd ~~esignÏlig communi~ot~n polling systems. 

, ' 
'", 

'let c. 
• 1 

, , 
ond v. n represent the steady stc.te cycle time and intervisit time 
'"' , . . . . . ,. 

respectively of" Ti . We define : 

p (-' ) c. 
1 

P ( . ) 
V. 

= 
1 

• C. ( . ) , = 

,the probabil i ty de ns i ty functi on of ci in _Ti ,_ 

, ' 

"th~ probability denjity function of Vi 

- the L~làce traos.form> of P ( . ) 
, , c. 

1 

in J. , 
1 

V. ( . ) 
'" 1 

the Laplace transform of P ( . ) 
V. 

1 

ln ordet to reduce c:omplexity, we omit the subscript in Equatio!,s 
~. u 

6':1".1 and 6.1.2 but keep ,in mind that Q ( . ), C ( . ), and V ( • ) refer to 
~ , 

s~e particular .'T.. (Th~ sorne sifTIP'1ification Jas mode)n Chppter IV) • 
l '. , 

ln Section 6.2 we derive the relation betweel'1 Q ( ,) and C ( . )" 

• . ,,2 
for the gating model. From that we dêrive generor e.xpressions for 11 qnd cr '. In 

- \, q 

6.1.2 

Secti~n 6,.3 we derive the rel~tion between Q ( . ,) ~çmd V ( . ) for the exhaustive 

.' , 
," 
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\ ' 

o mod~l and from that we deriveQgeneral' expressions f9r q and 
2, 

(J • ln Section 6.4 
q 

we de~~ with the symmetric.ca~e for both the gati~g ali~ the -exhaustive models: We 
.~-,.--~---- ~ 

1 find explicit expression~ for q for any N ~ 1 .'., For' the symme!ric nonrandom 
" ' 

'---'---ca~--W& deriye eXplicit expressions for (1'2 for' N = °T ; 2, ex;> for the, ,gatin~ mode 1 , 
> q 

and N ~ 1, 2, 3, co for exhaustive model. In Section 6.5 we derive, for a 
" 

o • 

general case, explicit expressions for ëj. for N = 2 in the gating model and for 
1 

N = 2, 3 in the exhaustive model. The conclusions are in Section 6.6. 

.. When P (.), as defÎl1ed in 6.1.\, ts the waitins time 'probabi lit y 
q. ..... 

1 

density 'function of a customer who ar~ives at Ti ' th~ apriori p.:obabi I,ity that- the 
- ( 

, 

customer arrives at Ti given that he a~rives ot one of the N -terminais is Ài / ~ 

/ Henceo, the waiting time probability d~nsi.ty'fuhction of a customé .. who arrives at ~he 

system is : 
, , f ·...,0 '\,. 

N 

( . ) 1 \' 
( . ) p = -. ) À. P 

qo ÀO 
L. l' q. 
. l' 1 1 1= 

6.1.3 

We refer to qo as the wàiting time in the system and to qj 1 as the waiting time in 

. -
Ti ln Seciions 6.4 and 6.5 we derive e~plicit expressions for qo " 

\ -

, 
Using-classical Queuelrig theoryw Q ( ,') of M / G /1 queue .. ( i.e. ~ 

one terminal and zero walki'ng time) can be fou~d in Ta ka cs'- (1962) : 
li .' 

o 

Q ,(x) = ( 1 - p) ~ 
x ~ À [1 - S (x) J 

x- 6.1.4 
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• 

..., '-
1 

1 

.. 

J 

1 
} 

,/ 

, ' 

1 " 

wh~re N.= 1'. and we have: p '':; Po' À = >U', 
Using L'hÔpital technique we may find 

" -2i . 1 
ÀS, ' 

,q -- = 
"il /'" '2 (1 - ~ '~'Vi'o 
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. ' 

" 

-... 

.. 
" 

'-··-2-~--2~S3~J--(À~-~l~)~2-,-~----_~~_~~6~.1~.:5_-~ 
a - + ...:..._...:.--

" 

q ~ (1" p) "4'(1-,p)2 

.r 
For both the gating and the exhaustive ,models, under the conditioo'of N = 1 and \ 

zero walking time, our results are co~sistent with those of-6. CS: ) 

. '1 

Whenever confusion may. occur we add the subscript G a~d E ,such ' 
"0 0 

that qG and qE represent waiting t'mes in the gatfng and the exhaustive m~els ..... , 
t, f' 

respecti-ve 1)', 

~ 

6.2 

r 

"';'b 
J 

" Derivation of Q ( . ) for the Gating Model 

~ 

,1 

, , ' 

, \ 

Fo~ 'a cvstomer who arrives at Ti we de~lop the 'probabili~y density 

fûnction, 'p (,.), '~f his waiting time. Omitting the ter,minal index i we con . q. ' 
1 

wr~!e by the law of totol probabi1ity 

CD co u 

P (t) = Ir l J, Prob ("tl: k/.T"u) d ~dv 
,q , 

, , 6.2.1 

'where 

k=O 0 0' , 0" 

• \. 

p 

{\..'--
1 

\. 

\ 
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t = the waiting of i the customer" who ardves at 

k '::: the number of customers to be ~erved béfore him in T •. i.e. 1 
" , 

• 
the number of custo~ers he finds in the waiting buffer which 

will be served bef6re him when the service of T. will start, 
, 1 _ 

T :::: the time '~the custor'ner" waits un~JI server reaches T •• j.e., 
1 

"the customer/Y arrives ,T sec. before serve'f reaches T. , 
, ~ 

u == the time length oF the cycle oF T .. in which IIthe customer" , 
arrives. i.e., the tirne difference l5efWeen the moment the server 

, 

reaches T. N and T.', duri ng this time "the customerll arrives. , 
,- 1 

" 

., 
Expcinding Equati~n 6.2.1 we obtoin 

" ' co 

'p (t) =<ï) Y 
q w 

CO

J
" ~ t· - '.k \ T J Prob (/k, T~ u) Prob ( /T, u) Prob ( lu) Prob (u) d l'd u 

, 
k=O 0 o 

{ Given that "the customer l1 waits l' sec. until the server reaches his terminal and 

, that there are k 1 customers to be served before him, then, in~ependent ,of u, the 

cycle length, tre probability that, "the custorrier" waits t s~c. before his service 

st,arts is equal te, th~the to~1 .s~rv}ce time of the k customers is 

t - 1'. We obtain 

't . t 
Prob ( /k, 1', u) := P~ob ( Ik, 1') 

.. ' 

(1<) 
:= P * (t - 1') 

S 

6.2.2 

6.2.3, ~ 

t 
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Given that "the customer" arrives l' seconds before the end of a cycle of length 

u, the probability thQt ~e finds k customers in the woiting buffer, is equol tothe 

probobility that k customers arrive duri"-g u - T (at the beginning of the cycle, 

the waiting buffer is empty ). By the property of a Poisson process, we have: 

< • 

k k ~ 
Prob ( Ir,!-') = Prob ( lu - 1') ::: [('À (u - "'J7~ t)exp (- À (u - ory) 6.2.4 

Given that "the customer" arrives during 0 cycle of length u, the pr~bability that 

he arri~es T seconds- before the end of this cycle is uniformly distributed. This is 

1 

because ,apos.t.eriori, the Poisson process is uniformly distributed (Karlin (1969). 
'" 
We obtain 

l' 
Prob ( lu) 

u / 
~- : 

== -- 6.2.5 

Given that "the customer" a~riv~s during a cycle, the probability density function 

of this cycle is.: r 

Prob (u) = 
u P (u) 

_c 

l-

6.2.6 

." A rigorous proof o~ Equation 6.2.6 was given by Avi-Itzhak et al (1965). In the 
\ ~i\""" 

following ~e establtsh relat;1~ 6.2.6 from a different point of view. 

letls consider 

law of I~r~;;;';"'bers, 
N successive cycles where N ... 00. From the weak 

'"' . , the total length of the N cycles is Ne. 

The number of cycles, From the set of . \' 
br " 

(' r~ '\ 

N, whose lengths are equal to or shorter than '"' 

~.~ . , 

1 ; 
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u 

is: N S Pc (z) d z. Given that a cycle is of length equal to or shorter thon u, the 
u 

J z P (z) d z 
o c 

expected length of $uch a cycle is : 

J Pc (z) d z 

o 

o 

Hence, the fotal time length (from the N cycles) that ore compos~d of cycles 

equal to or shorter thon u, is, with probability one, 
, u 

u J z Pc (z) d z a U 

N· J Pc (z) d 'z . Q 
== N J z Pc (z) d z 

1 0 p (z) d z 0 
c o 

u u 

N J z P (z) d z 
l' 

J z P (z) d z 
o C \ \ 

c 
The ratio: lim 0 is the fraction of time, == 

N"'co -~~ "!!,~ 

, 
the terminal has cycl~s of length' equal to or shorter thon u. Because apriori 1 

.' 

"the customer" con arrive at any time with equal probability. The above ratio is the 

probability that IIthe custorher ll arrives during a cycle of length équol to or shorter 

thon u. Hence we have 

u 
r 

Prob (u) == 
d 

~ z.P c (z) d z u P (u) 
[ _____ ] == _c __ 

-c c d u "--. 

, i 

Substituting Equ,ations 6.2.3" 6.2.4, 6.2.5, and 6.2.6 into 6.2.2 

we obtain , , 

'1'(: 



l • 

" - 1 

'. 

P (t) 
q 

CD ex> U (k) k 0 

= ;, J J P/ (t - -ry [( À (u - -ry) /k !Jexp (- À (u -on) 

k=O 0 0 
l 

U P (u) 
, c 

d rd u -. 
u -

c 
,.. 

Applying the Laplace transfarfTl, we obtain 

Cl) 00 Cl) U 

_-" ë1 J \' J J (k) k 0 Q (x) L. exp (- x (t - ory) P
s 
* (t - nT(À (u" -ry) /k ! J 

Ok=O 00 

133 

6.2.7 

. exp (- À (u - -ry - x T) P (u) d T d u cl t 
c 6.2.8 

" 
Integrating first over t , jthen summing over k, then integrating over r we obtain 

Cl) U ooJ 

Q (x) 1 J r 
= T ,J 

0 0 

)' [(À S (x) (u - ".,) k /k 1 ] exp (- À (u - ory - x 7J P(<()d T d u 
L-> • ~ c ... ' 

k=O"'" 

00 u .. r Q (x) -- j J ë 
exp [- À (1 .. S (x) u + (- x + À (1 - S (x») T] P (u) d T d u 

o _ C 

0 0 

00 

Q (x) = ~ 1 J [exp (- x u ) - exp ( .. À (1 .. S (x») u) ] Pc (u) d u 
c [À(1 - S (x»-x]0 

and finally, integrating over u we obtain 

Q (x) --. -c 

c ex] - c e À (1 - S (x»] 

À (1 - S (x») - x , c; 

6.2.9 
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The technique we used to derive Q ( .) was hinted at by Hayes and 
c \ 

Sherman '(1972). Equation (24) there, with minor corrections, is identical to 

-
6.2.9. However" since they had only approximation of the moments of c they 

2 
were not able to find exact expressions for q and 0-

q 

2 
and cr 

q 

ln Appendix E. 1 we use Equation 6.2.9 te derive expressions for -q 

We obta i n frem there :. 

,9 

q = (1 + p)\ 

2 
t Oc 

(1 + p) (- + -) 6.2.100 
2ë 2 2.ë 

-3 
2 c 2 -

CJ = - (1 + p+ P ) + q 
q 3ë 

-2 
Às -(-- q) 
l+p 

6.2.10b 

/' 

. where p = À 5 . 

• 

6.3. Derivation of Q ( . ) for thè Exhaustive Mode 1 

The technique of deriving Q ( .) in this case is inherently different ." 
l ,_ 

from that used in the previous section for the gating model. 'This is due to the fact 

that unlike the gating ~odel a c~stemer who arrives at a termJnal, which is being 

served by the server, will be served before the server leaves the terminal. In the 

- .' 
gating mode 1 this customer is served after the server ~~eaves the terminal and returns te 

it the next,ime. 

" -
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ln Appendix A we derived the Laplace transform, H ( • ), of the 

probobility density funçtion, Ph ( . ), of the total nUI1J,ber of customers thàt are 

ser'ved in a terminal busy period which is initiated by, one customer. Br Equation 
) , 

A.17, we have 

H (x) = exp (- x ) S ( À (1 - H (x») ] ' 6.3.1 

ln the third' section of Chap~ IV we derived the Laplace transfor:!'Tl' 

N (. ),' of the probability density function, Pn (. ), ,~f the num~r ~f cl,lstom.er~_":".o 

that are served in a terminql ~, Quoting Equations 4.3. 15 and 4.3.17, VIle have 

N (x) = V ( À (1 - H (x» ] 6.3.2 
il> 

f '. 

- Xë ~t 
n = = --r- 6-.3.3 • 

1 -: p 
i 0 

ln order to deri~e the waiting time ~robability density funttion of ~ 
1 '.~ 

1 ~ ~ 
customer who arrives ot T. l' we define a new integer non negative random variable ~J 

l ' • 
j _ :r 

with probability deosity ffnction PI ( .) and ifs Laplace transform L ( . ,,) 

lffine : 

~ .. 
PI (k) = Prob ( Given that "the customerll' (the one 

we compute his waiting tim"e) arrives ot T. , 
1 1 

exactly k customers in T. that 
• ~: 1 

there will 
I!J • 

wiJI be sé ved after IIthe c~stomer" before the 

server w fks to T } 
i+ 1 

. 6,3.4 

....... -------------

, 

1 

1 

1 

1 

1 

, 1 



e-

e, 

} 

By the law of total probability we have" 

CD k 

P (k) :: l y Prob (k, m,t) d t 1 . ' L. 1. 

o m=\Û o 

,- where 
l 

k = The number of customers that are served after "the 

customer", as defined in 6.3.4. 

Q 

The number of customers that exist ,;0 T. at the 
, '1 

-. ~, h' "'---- 1 
l)1oment the service of .1 t e customer lt is comp eted. 

1 

t = The queueing tÎme of "the customer" 1 the queueing time 

is the sum of the waitÎng time a;d'1le service time ~f the , 

customer .-

Developing Equation 6.3.5 we obtain , 
" 

ex> k 

PI (k) :: r I Prob (k /m, t) Prob (m It) Prob (t) dt 

o 1)1=0 
1 
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6.3.5 

6.3.6 

Given that m customers are in Ti' at the moment "the _ cust~mer" leaves it /. in-' 

dependent of t the probobility that 0
0 

total of k customers are served aFter Il the 

èustomer" is equal to the probability that the sum of m independent busy periods 

is k. We hav~ 

k 
Prob ( lm, t) 

1. 

I:::;i' 

k ' 
= Prob ( lm) 

1 

(m) 
= P'h * (k) 6.3.7 

.. 
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" 

:Given the queueing time of the customer 1 tne probability thot m customers are in 
,.,,- 0 (J .- . 
,-;. the terminal ot the moment the service of "the customer" is completed is 9ovJrn~d 

" ' 

". by a Poisson process with parameter À t (since -ot the moment IIthe customer" 
. ' 

" arrives, he is the lost one in the terminal). We have 

Piob (m It) = [( À t) m / ml] exp (- À t ) 6.3.a 

i 

The pr0bability that the queueing time of "the customer,r is t is equol to the prO:' 

babPity that the sum of the two independent random variables, hb waiting ti'me q -and. 
, 

his service time 's, is eq~ol to t. We have 

"Prob (t) =., (t), * P (t) 
, q s. 

6.3.9 

Substituting Equations 6.3.'7, 6.3.8, ond 6.3.9 into 6.3.6, we obtain 

CD k (m) '.," 
Ph * (k) « À t) m lm 1 ] exp (- À t) P (t) * P (t) d t 

q s 
, " 

6.3.10 
/'t \' 

= J L 
a m=O 

(m) 
. Applying the, Laplace trc;,msform oJld using the f09 that Ph * (1<) is zero for m > k , . 

L.~ 
. 

we havé 
1 l 

CD ex> .co 

J 
'\. ,....., (m) m ' ' 

L (x) = L L exp (- k'~) Ph * (k) [( À t) lm'] exp (-Àt) Pq(t)* Ps ~t) dt· 

o m=Ok=O 0 6.3.11 

o . • 
Summing first over ,k thed summfng over m and fino1ly"integrating ovec ,t, we 

obtain 

~ 

.......... --------~----~ 
1 
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CD CD " 1 

L (x) = J l [(" t f:i (x)m lm f ] exp ( .. ' "t) Pq (t) * P
s 

(t) d t 

o m=O ' 

!' 

exp ~ÀJJ - H (x»t 3 P (t) * P (t) dt' 
i n q S , 

, () 

" _', 1.. 

• ""t .~ 
\~L-(x) ="~Q ['À (1 - H (x»] S [ À (1 - H (x)) ] 6.3.12' 

At this da9fi!l, we have toderive aodirect relationship between L ( . ) 

and N ( . ) . ,- --

/ ' 
'tet.·s c'onsider 'N successive cyetes whe~e N 

, '" 
'0' 

From the 

weak ,10'(/ of large numbers, with probability one, the total numb.er of cYStomer~ that 
~:-. - -..J & '" \ 9. ~ 

are served in T. is N ii, where ri is given by Equation 6.3.3. The totàl number 
1 ro 

ofcycleswhteh consist of 6t leost ktl cust~ers' service in T. is N"· \' P .(1) 
, ' 1 L.. n 

\ " i=k+l 
') .. 

hi every such cycle there is exactly one customer who has exactly k customers 

hind him.~":' Since IIthe customer ll con be any af the 

,. probabi1 ity 1 we have 

,.'---'7~..Pn ft) 
.. 

,', CD 

\~I(k) ), 1 - p l -' ., 

lim i=k+l p 0) 
.. ~ 

= -' 6. ~.13 
N "'00 N.n À v n 

i=k+1 " 
.. J 

Ap'plying the Laplace transform, we have 

00 co 

L (x) = 1: P I I exp (- k x) P n (i) 

À v kdl(l_ ;='<+-1 ""0'/ 

/) 6.3. T4 

. ; 

f 

o 

. , 
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\ 

Changing the order and the boun~ of the summation'" we' obtain 

" \ 
\, 

L (x) :: 1 - P 
ÀV 

N (x) ... 1 ". • , ~ , -~11~ 6.3. .~{J"~ 

exp ,( - x) - 1 ) 
0, 

. . 

• 1 
.., 1 

Regroupi'1g the fouI' equationt 6.~_.'" 6.3.2, 6.3.12, and 6.3.15 .. w'e have: 

N (x~ = V [ ~ (1 .. , H (x» ] 

,0 ...I~ 

L (x) = Q [ À (1 - H (x) J S J.À (1 -" H '6<~)] , 

..-. , 

" 

;. 

• ,0 J 

,. 

.-

<~ 
u • 

6.3.160 

6.3.16b 

6.3~16~ 

6.3.16d 
,./ 

Substituting °6.3.16b for N: (x) 'inta 6.3.16d and then substifuting the result into 

6.3: 16c we obtain ~ . . 
'" .. o 

..... ~.... <\ 

Q [ À (1 - H (x»] 
1 ... P 

=-
l -' V- [À (1 - H (x)] 

.~--------~~--~~------------v, , ~ S[ À (1-1jjx»] - À exp (- x) S [À (l-H '(x)) J 
D 'f ' y... 6 3 17 

.....--'"" ( ~!.l .t1 • 

-"':"1 

Define : 
" . 

Z = À ( 1 - H (x»,, 
o _ {. f 

;here z goes· fronJ 0 to À 'a~. x goes From Ô to (X) • 

l ,.- 1 . ,. 

Using,the above cfe'firiition in 6.3. l6q 'we have 

'1 
! , . 

6.3.18 

,i­
d -

o , 

4' 

... 

t 
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D, . , 

6.3.-1-9 
o 

t 

'$ubstituting 6 • .3.18 and.. ,6.3.19 iÎl'tO:lr6.3.17 we obtain for 0 ~ x S À: 
~ \'-

" 

, 6.3.20 1 - V ~) 1 ; 1 - V (x) , - -. 
x. - À (1 - $ (x)) ë· x - À (1 - S (x)) 

-, 
l'"! -....... '" _ \ 

Eisenberg (1972) 1 çbtained the sorne expression (Equation (5.1) th~i'e) by using a 

different approa~h. How~vër, since he ,could not derive the re~ired m?"len't$ of 

." (eXc~pt.forthecase N=j.) hewasnotab'etouSe 6.3.20 to'firîd q, cr~" 0 

:G .' ~ 
-

, (excep!' q for Nil: 2 ) . 
o ( 

• \ ... ~ ~ 1 . " 

ln Appendix E.2he use Equation 6.3.20 

,~ ~ 

to d~rive ~xpressions for q 
2 

and cr " 
q 

, , 

W'e' obtain from there :' 

-2 -2, . 
v Às 

q =-+-= (1 - 'p) 
2 v 2(1-P) 

'1 " 

where p -=, À S:. 
" 

, , 
\ , .e ... 

< Q 

! f ' 

~ 
() 

J 
Q 

"- 0 

f -2 .. , ' 
-2' 0 - U· 
c = (1 _ p) ( -=- + ~ ) 

2ë 2 2ê 

o 

6.3.?la 
-. 

c '0 

6.3.21b 
, " 

j 

- '1 ~, 

" , 
o 

. , 
• J 

, 
':>-
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6'.4 Àvèrages and Variances of the Waiting lime in the Symmètric Case 

of-llp!fh Models 
" 

. , 
',n the symmetric case, defined by 3.1.2, QII 'p (.) for i = 1;, .. , N 

qi 
. are equal. We bave for i = 1, ... , N : 

"l' " 

p'" (.) =. p .(.) 
o • qj CI 

Th.refere, applyin~ E~uati'on 6.4V te 6.1.3, we obtain 

6.4.1 

.. 

. ' prabability' den$ity function, P ('). 
~ t q 

_ .' \J 

ln order to find the average waitihg time, q, expl icitly, in the 
.' • symmetric case of both models we do the following. For the gating model to find . ,,,, 

qG I:"e use thè explicit expre~sions fè>~ C and ~2 obtained i: Equations 3.2.10 . cc' . 
• , Cf> 

and 3.2 .~} .• in E'quation 6.2.100.' For the ~xhaustive mode 1 , ·qE' is obtained by . 

u,ing Equations 3.3.10 and 3;3.23 in 6.3.2fa. ,~: . 

\i~ };~ 
qG = 6.4.30 

~., 

qE = .. 6.4.3b 

:' 

, .,., , 
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\1,' 

w~ cORsider the above expressi<>'"i to be the "most i~ortant orig!nal 
, 

c6ntrib~tion çf the thesis. From Equation 6.4.3 we see ~h~t CiE < qG' However, . . 
Pa _ - 0. ._. 

- «1~ q and qG convergé to the-same value. f,: 
N "- E" r[ 

af . N- ,i ncrcases such that 

• 6 

~~r the sake of simplicity in the following section we confine our . 

study to thefsymmetric nonrandorp 'case, defined by 3.1.4 .. 

-
l)sing definition 3.1.~ in.Equation 6.4.3 we have, for thtl 0 

."). . 
4symmetric nonrandom case: l:::l ~ ..... "" 

, , 

'Po' ,--' ~ / 
/ 

/ 
, ~ 

0 

, 

f' 
6.4.40 

(1 -\0 l'r)d + Pot 
. ~ 

2 (t - PO) 
l ' 

'b- - -" 

(l-l\f)d+ lb s • 
6.4.4b 

~ (1 - /t) 
fi'-

2 -;' 2 2_2 
Because O"d :ë!: 0 and 5 = 5 + O's-:ë!: S ~, the'symm~tric nonrandom 

case has the shortest av~rage ';oitirg time of ail possible symmetric coses which have 
,lA .... 

the sa me Po and the same averages d and s. This\'property is satisfied in the 
\ . . 

classical. M / G /1 queue as weil (Karlin (1969}) .' 

(..;J-

Anpther property of Equdtio!,! 6.4.4 is fevealed when d, = 0, where . 

for ail N :ë!: 1, qG and, il
E 

are equal. Thus we have: 

, - Po 5 

= q == .... ,--
E· 2(1-tb) 

where d = O •. 

. , 

.. 

. , 

. 
~ 



~. 

(, 1 

,. , 

,0 

1~3 

\ 

. . \ 

. When d '1 0 and constant 1 as N inc';eases qG de~reases a?d ëf
E 

\ 

increasès. -The smallest qG \5 obtain~d with N :;:: 00, the largest wit~ N:;:: l . 
l ",,' ~ f 

\ 

The smo,lIest qE is obtained with N =, l, -the la~.gest with N 1: ~. Fpr any fixed 
, . 

set of ~,d, -s, ~oth qG an~ qE are monotonically increasing as 9J incœas'9s., 

'\ 

", , . 

For multiferminal systems where N > > ,both qG a~d qE are equal , 
~ 

and we have 

6.4.6 

,. 

where 
Tb 
~ <~ 1. 

ln order to visuanze the foregoing properties ot Equation 6.4.4, we , . 

sketch 'qG and êi
E

' (N indi-cates the nuMt>er of termina is-) for 5 = 1. for 
N N , ~ 

N = 1,2, 3, co and cl::: O. (Figure 6-l), 'd == 1. {Figure 6-~1-_~ncrcr:;:: 100. 
, 

(Figure 6-3)._ Figure 6-1 is a numeri,.nL-DôV whêre d::: O. 

, .. 
and therefore, for a Il N, qE is, equal to qG" Figure 6-2" and ~ig. 6-3 are, 

l ' 

In'both we 'numerical exajPles ,to Equation 6.4.4 'for two diff~rent values of ëi . 

see that as p( -increases ,ëi
G 

decrease,s'and,HE increases, qG i5 al:ways the 
, N IN 1 

upper curve, qE is always the lower curve and CiE ::: él
G 

The numerical 
1 00 ro 

values used in these curves ore given in Appendix F . 

2 
Nexl"'we derive expJicit expressions for (J for both Plodels in the sym­

q 

metric nonra~dpm case'. For the gating model.,. we substitute Equation 6.4.40 for q 

( 
.. 

........... --------------~--
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-3 , 

and Equation 3.2.45 for c;ë in Equation 6.2.JOb. For the exhaustive model, 
, -3' 

we substitute ~quation 6.4.4b for q and Equation 3.3.34 for v Iv in Equation 

.. 6-.3.21h, We obtain: 

.J 
j 

For N = 1 

" Po .. .?+ 'lf~~:. Po.,( l - 4") , _2 
a 2 . "CI S + 2' s 

(1 +~) (1 + %) 3 (1 - Po) 
, Po 

Po (1 - 4) _ 2 
+ 2 '. s 

3,(1 - PO) 

=-. 
12 

\ 1 2 
= -.d 

12 

2 -s 

- 2 
- (] = 
, ' 

1 q~2, 

. " 

1 
: 

, . , 

.. , 



\ 
\ 

For N == 3, we have ci for the exhaustive model only. 
q 

148 

Po 2 5 8 2 53 3 5 4 1 5 
2 (1 - '3) 2 Po _ 'Po (1 - "4 Po + 9" lb - roaPo + 36 Po -108 Po) .l-

cr =----.d+ .ëf.'s+ .s 
qE 2 2 2 .' ~PO 4 2 1 3 

3 12(1 -.PO} 3(1 - lb) ", 3.(1 - Po) (1 - -:r)(1 - fb + ~ Po - 9' %) 

For N = ex> 

= (j 
2 ' 

qE 
.CO 

We sketch .0' 
2 
qG 

N 

and d:::: O. {Figure '6-4, , ëf == 1 

and 0'2 

qE 
N 

(Figure 

d .5+ 

for 5=1 . for N = 1, 2, 3, 00 an.d 

1. 

6-5 and Figure 6-6), and d =:. 100. 

(Figure 6-7). Fr'om these ocurves 1 and the appropriate numerical tables in Appendix 

F~ we se'e that for those three values of d and 011 PO' 

: 

2 . 2 
> CT > 0' 

qE q~ 
2 ,1 

'2 ' 
CT is not only the upper bound of 
qE 

2 l '. 
CT "bllt might 0150 serve as a 
qE 

co- N 
c~ose estimate of it for N > 3 . For the gating mode 1 ,relation 6.4.8' does not 

, -...... 
.. ' hold,~ as can be seen in Figures 6-4', 6-5. 

usè as an estimation of ci tor N > 2 . 
qG 

N 

" 

2 2 
However, 0' = cr mey be of 

qG t ~E 
CJ) 00 

Yet another feature obtained from 

6.4.7 

• . 
6.4.8 
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• 0 .a 
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.. 
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III 

Figu'res' 6-5, 6-6, 6-7, is thot for 'cb:: 1. or a = 100. (but not d = Q) 

2 2 
0' >'<1' 
qG

N
· qE

N , , 

for N = 1, 2. 
{, 

• b ~ 

ln conclus}on we realize that, for the synunetric nonrandom case, the, 
<l " Cl ~ 

'. ! ' 

..exhausti~e model is slightly $.uperior to the gating mode 1 0 ~avitlg smaller ë( and 0'2) . 
• < • : ' ' q 

Howe~er, os N > > 1 we have for the syrnmetric nonrandom ca;e of both models 
" •• 0 '. ' -

2 - 2 
CJ = CI 
qG qE 

. 
whetl N > > 1. 6.4.9 

() 

" \ ' .... 
Usi~9 the above quan1tities in Chebyshev's inequality, in 0 'similcr 

1 

. 
monner to Equation 4, 1 .5, we have, fôr àny a > 0, for both mode Is 

"1 
Prob (q, ~ q + a fi ) S:,- 1 

q • a 
, . 

EquCltions 6.4.9, 6.4.10 enable us to bound the actual woiting time, 

t wh~re such a, bound is practically more meaningful thon the averagè waiting time. 
, . 

Tbus in the symmet~ic ~~nrandom cas.e of'mul~ifermjnal polling sys~e~:"I{ either ~he gating 

'or 't~e lxhousti~e model), with probabili~ '(1 - 1/a
2

) "'the act~al ~aitin9 ti~e q 

4 • f' sotlS les 
i 

\ 

0> 
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, " 

6.4.11 

• 1 

6.';) , 1 • 

, Average Waiting rime jn a Gemeral Case of 90th Models 
. ~J 

ln the general case each T. has ci different À. 1 P (.), and a 
., 1 .. 1 . s. t> 

'<1' 1 

P w. (t). Il" the fotlo~i~g ~e d~rive explicit 'éxpressions for (j'G. ' qE.~· (a~erage . 
1. l " . 1 J 

waiting time in T.) w~re N =·2 and Cf
E
• for N = 3 as we'lt. 

. 1 .' 
1 , .ll 

ln ~quation 3.1.5 we define 

.-< 
~ . lb = L Pi , 

of 

i=l 
! N 

-; 
""~ 

~O = "L À. .. 
1 

'. 6.5.'1 

Y·.~. 
(f- i'=;: 1 

. , 
tr - ~ , 

(1., 1), 

For' N::: 2 , defi~for' i = l, 2 the \e~ (i, j) equal to (1, 2) .. 'and 

respectively. Fo; the lating ~odel, substituti-ng Eq~~t~çn 3,2.1'6:~Or ë 
1;1 • , , 

, and ~qua';ion 3.2.17 for ri into Equation 6.2.100 yields--
c. • 

1 

.. 

i=1,',2 

Cl ' Q 

;., 
- __ 1 

6.5.2 

" -. 

" 

~ 

, . 

,. 
n' 

.. . 
,-, 

C! Il 

. . 
. . 

.. 



" 

o 

" ",.J ... 
, , .. , •' ",,"', 

, ' , , 

.. "" .... 

" ," 

• 

, , 
< 

or 

" 

'<:0.'1 

i 

"\ . 

, 
il .. 

- ....... ~~ 

- , For N = 2 in't e, exhaustive model, 'substituting Equation 3.3~ 13 

2. E"'~' 6 3 21 . Id 0' mto quat/on .• a y,e 5 
v" c 1 

' .. ... ,; 

'.J 

~55 

. { 

(1 - Pi) 1 -;:2 ' , w,, 
== 'ël + , 'À. s. + (1 - PO) -) 

2(1 -~) Z{1- Pi) 1 l ''a 

/' , 

2 
\
- (J 

2 [2. _ wj _ ~ 2 -2 _ 
p. (~ s. + (1 po) -=r) + (1 p.) ~. s. +.(1 PO) 

+ 1 1 1 • Q J 1 
1 ' 

/ (1 ... Pj)(1 - PO)(1 "' Po +' ~1 P2) " 
6.5.3 

(1 - Pi) _ 
-~'-d 1 , . 
2(1 - 'Po) 2 ~ 2L-

1 '. ,Cf a J 

, . 2 -2 M \ W. \ -2 'w. 
C (1 - p.)(l - 2 p.) + 2 p\ ) [).. s. +' (1 - P.O) 'â 1 ) + (1 - p.) (À. s. + (1' - PO) -..!.. ) 

1 . 1 1: l , '1 1 1 ~ a 
, ~ 

~ 2(1 - poY(i - PO:t' 2 Pl P2 ~ 

j ~ t 1 2 
1 \ . ~ , 

6.-5.4 
, DI 

\ - '\- .... -

A tw~t~~m~al poUing system~ (mai~ly with the ~xha~stive servic~ p~o-,.: 
,0 , > / 'w _ f' !IV 

cedure)\ was qnalys~d in\Var~iOU~P1D' rs. Eq,uation 6.5.4 was bbtained independèntly. 
1 ~ 1 \ 'j, \ , 

• and with'tl differe~/ techniq.ÛE/ b~ Sy e.s (197~nd Eisenberg (1,97.2). We arè not ~ 
, ~ .. 

.. ù l ' , . 
~wafe OfQClf1Y study h'ich yield~ Equation 4.5.2. In tl1e special case where aJl walk-

" \ , 1 
1 1 • 

ing times are ~er ,'Ne ha~e From Equation 6.5\.2 and-Equat!on 6.5.4 
o 

, ., \!j., ' . ,. 
for 

1 " . 

.\ 

" . , 
\ . 

. 

" 
1.,... 0 

• 

1 

.' 
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.. 
. 3] -2 0 -2 

[(1 - Pt P2)(1 +. 2 p.) - 2 p. À. s. + (1 + P] ~) À. s. 
(1 + p.) '1 1 l, , - l , 

l ' 2(! - POH1 + Po + 2 Pl P2)(1 - Pl Pi) 
6.5.5 

0 
. 

\ 

. 2 -2 "-2 
[(1 -: p.)(l - 2 p.) + 2, p. J À. s. + (1 - p.) À. s. 

,1 l ,', 1 1 " 1 

2 (1 - PO)(l - Po + 2 PI-P2) 

- = qE. 
l ' 

;. . 
:0 

6 .. 5.6 

, , 

Equati6n 6.5.6 is in agreement with thé' results abtai~d by Avi;:l~hak et 01 (1965), 
, v j h f ~ 

Takacs (1968), Jaiswal (1968)·, 'éir!9-"'Caoper)1970). Equation 6 .5.5 does not e~ist 
Q \, f cO 

! '1 .. . >,,* 
in the' Mterature. 

.. " 

1,. - l,; 'l , 
1J,j-

The gen~ral case of the exha~stivif'mocfel with N'= 3 is not stuaied in 
, "'f 

"lAI • \, • 

.7: .. ~the literature, because of the mathematical complexity (Eisenberg (1972». However, 
~:.+ t 

, a" study of ~ terminal polling system"'is essentiaf in obtaining bosiè properties of the, 
\ 0 • 

ge,nèral "case of multiterminal polling sys.tem. 

"" For N = 3, we define, for, i = 1, 2, 3, the se,( Q, i, 1) as (1, 2, 3), 
, ~ 

'(2.,1,1), and (3, l, 2) respectïvely. Subst"ituting Equ'ation 3.3.'13 

Equation, 2.3.21 for ri into Equati~n 
v. ' 

6.3.210, we have: 
" ~. , 

'tE. 
1 

<b (1 - ~) _ 
= d+ 

2(1 _ pol) 
" 0" 

= J, 2, 3 
, .,fl. 

1 - "2 
cr 

-2 ·w, 
À. s. + (1 - Q...) -=r 

1 1. 'U a • + 
2 (1 7 p.) 

• 1 

~ f 
(1 -' P ( \ '. T, (1, i, 1) . 6-1-'-. 

, 

~ 

'>,,'-
for v. 

1 

.-

where A and T (i, i, 1) are 'given in determinont form in Equation 3.3.21. 
o 

• r 

" li' , 'fi 

l 

and 

, 

6,.5.7 

J' . ~ 

... 
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Below we stud!a special variant of the s~mmetric case, ;~ ~'assume' . 
-

for i = 1, . v N . 
.. 

p (t) = P (t) 
5. 5 

1 

1 'p (t) = P (t - w.) 
\ w . W 1 

. .1 
\ 

j. è., the ~mm~tr~c ~ase where 011 \ are different. 

'Fquations 6.5.2,,6.5.4, -C':lnd 6.5.7 :' 

For' N = 2: ~. 

. . , 

.f. : 

'_ qE. = 
1 

(1 - p.) 
1 

,d 
2 (1 -PO) 

,fi' 
'i: 
;, 

wt-
{ 0 

, 

to 1 
4\-,"\1 ~ 

--.,... " 

... 

, , 

~.5.~ .. 

1 -

Eo~ th is case, we have from 

1 

6.5~9 

~ 

, 2 .,. 2 

• 

2 '-Z' .c' . cr 
[(1 - pJ(l- 2 p,) + 2 p. ] [À. s + (1- Pn}~.] + (1- P.)(À. t + (1 - 0..--::") 

l ' r 1 l "" a 1 1 '. ' u' d + ----~--~~--~--~--------~--~~~.--~--~---
)Ir • 2 (1 - PO) (1 - Po +.2 Pl P2 -) .1 

6.5.10 
i"=~/2 

t • .. . . 
1> 

. 
) -- -, 

) " 
-, 

\.1 1 

'( 



" 

/1 --"" 

,For N = 3: 
2 , a 

c -'2 w .. 
(1 ,- ~i) \ 5 • + (1 - po)T. 

"%'. = --- d + + 
l ,2(1 - po) 2.(1 - Pi) 

= 1, 2, 3 

" 

, -
2 (1 - p.) d A 

1 

158 . 

o , 
! . 

6.5.11 

For this çase (the symmet,ric'case with different À., defined by 6:1.8) 
Q. ,'~ 

À. n' 

I/~ = "/ Po ' Hence 1 from Equatio!\ '6,1 '1 the dverage system waiting time'is 
. l • .' _iJ! 

.. N 

L 
p. 

1 -qh = q. 
v Po 1 

i=l 

Using équations "6.5.9, 6.5~ 10, ànd 6.5. U in 6.5.12 we obtain 

for N = 2 
f 

'" 'q-- ", E -

f .~ 
and for N = \.3 

1 
) c : 

. . . 
;.' 

. \ 

2 .• 

'f P: (1 + P.) ""2 2 
L, l' 1 ÀOs crd ',=1 --...I-oL-_ ---- d + --- + -. . 

2 Pd (1 - PO) 2 (1'- PO) 2d 

2 
\' ' 

~ p. (1 - P.)' :""2. "2 
• 1 1. Ào 5 C1d 1= , .. _<$\" 

---.;.... -- dr+' +-
o 

2 Po (1 - po) , 2 (1 - PO) .. 2d 

3 
~ p. (1 JI p.): -2 2 
j=l,1 • ÀOs crd 

.,.J.-.I.._ .......... , --- cl + --- + -
2 (1 - PO) . 2d 

J . 

.' 1 • 
... . 

6.5.12-

6.-5.13 

.......... ~ .. ---------------
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Next, we show thot the surprisingly'simple expression obtoined in 

-
Equation 6.5. l ~ for the'average system wai-tin91'ime~ are applicable for ail N ~ l, 

.4/11 'for both inodels, in a general case. 1 . . 

T." 0 

1 
. For simplicity'" let's confine the s'tudy/to a discrete case where each 

has different Yi. 1 À. but the sorne S. Define the discrete case 
-, .' 1 1 ~ 

.. 

, .. 

.. 

for i, = l, .. , N 

,p (i) = S (t .. s ) 
S. 

1 

P (t) = ô .(t - w.) w. 1 
1 

À. = À. 
1 1 

.. 

6.5.14 

• < 

Using Equation 6'.5,.14 in. Equations 6.r9, 6.5.10, and 6.5.11, we-' 

have for the discrete case : 

for N :::! 2 , 

l , 
( , ) 

,1 + P_j [pO+2 Pl P2(1rPl ~)+pt ~ (p.(1-2p.) ... P.») _ ' 
= • d + (1 + Pi) " - _ 1 1 1 SJ 

2(1- PO} 2(1 - PO)(1 + Po + 2 Pt ~)'(1 - Pl P2) ,/ 

-q 
t'G. 

1 

~\ 
6.5.15 

" ' ( '-,-------

6.5.16 

" 

'*' _ 1 .. p. Pi _ (1 .. PO) T (j, i, 1 ~ 
qE. = 1 1 cl + --- 5 + 

1 2 (1 .. PO) 2 '(1 ... Pi) ; 2 (1 .. Pi) ëI A , ,; .. 
6.5.17 

i =< 1, 2, 3 

• 
t '.' 
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'\, , \ 

" 

where A and T Q, f, 1) 
," 

are given in determinant form in Equation "3.3.21 . 

From the general structure of Equations 3.2. 15 and 3.3.17, we 

-, 
observe that the explicit expressions for the avefage waiting tÎme in both models, 

1 

Equations 6.2.100 and 6.3.21a, in the discrete c~se, have; for 011 N ~ l, the 

form : 

(1 + p.) N 
- 1 cr l f .. ( Pl ' .. , PN) qG 

::: + 
2(1 - 00) 

...... If . i 
j=l ~ \ 

N ( 
(1 - P.) r"' ,'( 

- 1..,. \ ( ) 
qE. = a + L . 9 ï, P1 r?·, PN 

1 ~ 2(1-PO) • 
j=l 

* 

p. s 
1 

p. s 
1 

where f •• ( .. ), g .. ( •• ) are' N djmensi9"al functions (which we do not have 
1( '1" 

explicitly for ail N ~ 1 ) . 

~ • 4!It _ ... ~ .. --' ~ __ _ 

The average system wafting time, defined by 6.5.12,' is 

P. (1 + p.), 

...-i_=_l_I ___ )I_ cl + S L 
2 Po (1 - Po . ~~PO ;=1 

N 

I p. p. f: . .L,P1' .• , PN ) 1 1 If#-
j=l 

N 

6.5.19 
N 
~ , p. (1 ! p.) 
• 1 1 1 
1= ------d+ " -

() 

r , 

, ' 

-• ... 
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Temporarily let's assume we h(l~e in the discrete case of both models, 

cl = o. For this case the system 'is identical to M/G /1 queue where the single 

terminal has the parameter '''0 and 011 custor:ners requin:; id~ntical ;érvic~ 5 .. The 

service procedure, for N ~ 1, is not on a Ilfirst come first seroved" basis ; each 
: À ~ ,. .. .. 

new customer is direct~d t9 T. ~ith. probobility ).~' and the service is determined by 
l , 'U <~, -

either the gating,or the exha~stive procedure. The average waiting time of a ~usfomer 

who enters the system (c:ind we do not know to which terminal he is going to be directed 
_ \)1 -

to) is independent of th~ service procedure 1 as long as service is given when customers . . 
exist. Hence the average 'system wait'ing time, in the discrete case with cl = o. ,--

1 

is given by Equation 6. 1 .5 

= 
-s 

Po 

N N 

I I 
i= 1 j;;: 1 

N N 

P. p. f .. (Pl' 
1 1 Il 

s 'L L~ P. P. g .. ( Pl 
Po - 1·1 Il 

, •• 1 

i=l j=l 

where d = 0 . 

,-

Po s 

2 (1 - PO) 

• 0 

'" lJsi n9 Equati on 6."5.20 in· Equciti on 6.5. 19 we fi na Il y obta i n 

" 

l' 

do 
\ > Po 

qEa = 

) 

N 
\' 

L.. 
i=1 

~ 

p. (1 + P.) + Po s\? 
1 1 

~ (1 - PO) 

'" Pi (1 - ~i) + Po 5 

2 ( 1 - Po ) 

6.5.20 

6.5.21 



~ 
'-, 

e-

t 
.162 

-' . - " 
1\ 

~(; ,. '~ 

From the above equation we cQ!1c1ude, for the discret~ case', that~Qr , _ 

~ ,~~ 
two identical systems but eac,h with differenf service procedure (either the éxhau~~~", 

or the gating) w~ have 
d, 

where equality holds only when ëf = 0 . / Î 

When dl- o. a",r:!d Po,-s arefixed, qG isminimumwhen 
o 

Po 
P,= IN 

6.5.22,: 

i::; 1, ... , N 

i.e., the symmetric case. qE is minimum when 011 traHie is directed to one terminal, 
o 

i.e., Pl = Po and Pi::; 0 for i::; 2, .. , N -. Equation 6.5.21 expresses the 

p~.erage system waiting time in the discré'te cas: of both ,models for 011 N ~ 1. This 

- equation is new and surprisingly simple. It emphasises the fact that from syste~ wait-

ing time point of view, which con be regarded as that of Central Dota Processor, the 

order'in which the 'Terminols are '5erved (or located on the IcaP) is not imp,ortant and 

that the exhaustive model is superior to the gating model. In order-to study the aver.,~ 

age term,inal waiting in b.oth models we refer bock to the special cases o.f N = 2;'(3. -

For the discrete case with N = 2 we have from Equation 6.5.15 and 

Equation 6.5.16 for p. ',~ p. : 
1 t 

J ~" :. 

<qG. 
/ 

qG. 
1 ' J 

6.5.23 
" 

èfE• > 
1 

r 

;... 

qE. 
1 , 

1 

• 

" 
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~ , 
The inequalities in 6.5.23 are explainedaifollows: for d= b. 

at the time a new customer arrives, the server is more '1ikely to be at T. thon at T. 
1 1 

\ 

(since p. > p.) 
1 1 

Tnerefore under the exhau;tive service procedu're, a customer 

who arr,ives at 1. is more likely to l5e served before a customer who arrives at T. 
1 1 

:- ot the sorne time (since the server moy leave T. only when it Îs empty). But, under 
,-- 0 l , 

the gating service procedure, the customer who arrives at T: (when serv~r is there ) 
.:, l, 

, -
is served at the next c1c1e and therefore after the customer who arrives ot T.. When 

- • - "~'. 1 

d ::/ o. 1 tre cont~ibution of the new terms (in Equations 6.5.15, 6.5.16)-

strengthe'n)the inequalities of 6.5.23 . 

, 
,Inequalities 6.5.22 and 6.5 . .23 yield : 

. \ 
... 

> qG. 
q . 

1 . Ej , 

and for d = o. 6.5.24 

(-- q 
' G. 

< qE. 
1 1 

Hence, from' the "big" terminal point of view, the exhaustive pro-
__ 1 - _ ? 

cedure is preferable ~ However 1 for a- = O,., from the smart? terminal point of view 

\ the gati.~~' mod~1 is prefera~As d i~crease~ t~e average wai!ing ti,m~e /~r' !he 

gating mode~ increoses more rapidly thon thot of the exhaustive model. Numerical 

, 1 3 
exemples of 6.5; 15, 6.5.16, and 6.5.21 for the case Pl = '"4 Po f Pi = '4 Po', 

and 5 = 1. _.are given by Figure 6-8 where cl = O. 1 Fi gure 6-9 where d = 1 . 

and by Figur~ 6-10 where ëJ = 100~ . , The numericel ,values usSd in these cllrves 
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, , ... ~ . 
are given in Àppendix F Inequalities ,6 .. 5.?2, 6.5.,23, .and 6.5·f24 /characterize 

_ _ .0 

these curves, as wè JI as n:'any other cases of different sets of (p., p., S, cl) we 
1 • l .. 

st~died. ' 

~ - 1f, () c) '\ "e. 

ln order to obtain some insight into. multi1-erminal asymmetric p~lling 

~ystems, ,we concludè this secti~n by performing a"be'xact analysis of three terminal 
f - 0 

system (N-= 3) in the discrete case. We use' Equation 6.5;17 to cdlculate average 

" 
waiting time~ i"n the ~x~austive model~. From Equati~n 3.3.21 we see that A- is a 

l' 

-- " 

Using this fact in Equation li.S.17 ,'we con write for i = l, 2, 3 

(1 - p.) 
o __ 

J 
1 ëJ + f ( Pi~' Pi :,,J)\) s 6.5.25 

where: 

... 

2(1 - PO} 

f ( p. , p. , 
1 l ' 

• 
. Pi (1 - PO) T (i 1 j, ') 

p),= +"'------
.~E: Z (1 ~Pi) . °2~1 - Pi) dS" A Q-

and tne set (i 1 i~") indic~tes the terminal~ ser-vice order 

" 

" .. 
T. is set:lt.~rI after T. and TI is serv~d afte~ T. b~t, before' T. 

1 _ 0"'- , 1 1 1 

, . 
The onl~<bbvious ffJcf obta~ned frol]1 EqvoJion ~.5.25 is'that when Cf increas~ ail 

fi 1 

qE. 1 ï.~ 1,2, ,3: increase where t?e,contribution'tosmall terminais .(with small 
1 ";' j:J 

traffie intensi}s1) ,is bigge~, .- . . 

'. 
' . . , 

.Define: 

r 
.; 
1 

o '. 

. , 

'ç il 
,~ 

l 

--~ 

" 
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• . Equations 

, • t • ... - - - _ .... 
3.3.21,6;5.25, and 6'.5:,21 tosketc,h qE ,·qEo,·qE' Dand qE" 

if i il... 0 
Seven curves are shawn: Figures 6-11}o 6-17 and the numerical .~ v '~" 'PO . 

. , 

resù1'ts ùsed in these curves are giv~n in Appendix F. 

From Figure 6-11 Whe.ie d == O. and a = (.125, .75, .125):' 

we see ~~t • .!ven so Pi = Pi = .1 i t~ 0 ; 'liE. > iE l ' . Becausê of the nature ,of 
,;1 .,~ 1 0 " 

Equation 6.5.25 this inequality exists alsoJor d fO. as shawn in Figur~ 6-)2 and 
- I.ill' , 

Figure Q-l~ fQr. ëJ = 1._, and q,=;)O? re~pectively: Hence~ the ~rder of th~ te~mi-' 
, ~ . . ' 

nals·.jn the loap is -of imp'9.rtonce. It shou-Id be rRentioned thot this feoture' does not . -.. ~ -.: -.. 
;P , " ' , 

oéxist f?r N = 2 ", T~i~~,~metricll fe~ture emphasise: ~hat "ë 1. vi do'r1Ot depend 
'" • .. ~ JiIJI'" 

, , , '1.'\> Q 2 ,,\ 2 
on the I~aeometry" of the system (the order of terminais) but (T .:aner cr for 
/ 'Ir 0 <j V . C 

. i i 
,N :> 2 do depend' on it. The'reJore, the first expression in' Equation 6: 5.25 

(,lI.'.' ... 

c' 

'(f - o.) , . v. ,c; 0 " 

.- 0 • d~ which 15 1 d~es not cQnfain this geomefric fedtùre where the second 
"2(1 - 00) 2· - 2 \._, '".' t' ' 

< 0' ., 

(1 ~ p.) ~. 
'a pq:t f ( Pi ,p. ,0 P'I) s 'which i~' J 1 dpes depend on the order of the 

l, (, ' \ 2,ë ....... ,. ,,' " 
~ ___ !: ,IL l, 

. 
:. " 

termlnals. --

", 

) 
;' 

1 

/ r' 
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and in T. with gréate'r probability. Th~,refore, if at sorne tÎme instant t'Wo custQ-
1 

! • 
mer5 arnve - one to T. and one to TI - the server is more probable to be in T. 

() " , v Il 

or TJ thon in Ti and henJf the new c~stomer 'ir00 Tt is served before the new 

customer from T. 
1 

Using the above argument for any set of a (not necessorily with two 
~ 

, , 

"eq'ual Terminais), we have for a. < a. 
1 1 

-. 
qE [of (a. 1 a. ''O

I
).} ~ \:q 0 [ of (a. , a. , al )') 

1 " 1 1 ~ El " 1 1. 
6.5.27 

. \ 

• This,ir:tequality con b~ seen inoFigures 6-11 to 6-17 alJd in APpendix F andwas 

~vertf(ed 'f-Qr many other sets of a. The~efore,' in .order to1educe the average wait-
"
, 

• i1.Jrro..o. _ .r j 

'.. 'î '.". 
În9 time of a J,erminal, we should locate if just after the b;'~gest 'terminal. 

'-. .J- ~ 
A~other important feature ,which, can be seen by comparin'g the set of 

, 

Figures 6-8 to 6-10 (where N = 2) wJth\he set of" Figures 
r 

6-1 '1 ,1~O 6- 17, is 

,";p 
that for ony 0 " 

6.5.28 

... 
The i nlui li ve re~on fpr Ih;s i nequa li ty in th(ee le r~ i;"1 sysle mis Iha 1 

when the sérve1r ~ in T.'~ new arrivais to TI are served bèfore new ar~ivaliJo, T., . 
l ' .' , . ., , 

B~t 'in the two terminal syst~ - constructed br combining T. and T. to one' termi-
•. '1' .. ..".., 

, ' 1 

rial (1'.), the server-leaves (~o TI) ohly w~en both T. and' T., are empty. '" 
::1:1 _ • ';. • ~ l, ( 

" 
.. " 

. -. " 

," 

1 
" , 

'" "\ 
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ctearly, the sorne argument holds, in the diserete case of the eihausttve model, 
1 

for 011 N ;?>.' 3. We have 

6.5.29 
\ . 

Hence, ta find the upper bound on t,he average waiting time of T. in 
, 1 1 . 

the discrète case of the exhaustive model with any N ~ 2, we use Equation 6.5.16 
f J Q , ~ 

, with Pi = Pi and Pi': Po - ~i f in inequalitr 16,.5.29, tcrobtain for 011 h-I 
\ l " 

~ 2 

(1 - p.) ëI 
1 

q ~ ----
Ej 2(1 - PO} 

+ 

\1 

[PO (1 - Pi)"- 2~i (PO -l'j) (1. - ~O)] S 

2(1 - PO)(.1 - Po + 2 'Pi ( Po - Pi)} 
1 

1 , 

1 

8.5.30. 

4 ' ...!Il<_ 
... FQr s= 1 and 0,="( .125, :~ .125) we sketch qE" 1 qE ,"qE 

". 1\ •. 1 
1 • 1 ' 

.. and ql:.. - for ëJ == 0 .' (FJ gure 6-11) " cl :;: 1. (Figure 6-12) 1 and d == 100. (Figure 
1:'0 ". " • 

~- t3):, Since the contributibn ai ëf f ci. tç the average Terminal y/aiting tÎlffe is 
\ 

.." . 
,simple and does ,ot depen~ on the geometry of the s~stemf we set in 011 latter Figures 

" :"d == O .• For ~ : 1. and d = Q. we sketch qE ' qE ' qE' ,'and qE for 
i ,j', 1 0 ~ 

a =' ( .25, .S, .25) - Figure' 6-14, .5!:;: C~25, .375" .375) -: Figure ~-15, 

a :, (. ~125, .625. ~.~5') - FiiJUre 6-1ô,' à~ (.125, ;25, .625) - Figure 

-. 
, 6-17. . ' .. 

! --
, . 

ln these seven curves ot least one of t%terminals has ei~her .. 25 Po ot 
~ 

'. . 
.75 Po traHie intensity. This inabl~~ us to v~.rify ~~~qu)lity 6.5.28, by comparing 

, t. 0 t' Il .... I~ ( ~ ... 't 

them to Figure 6-8. This comparison' is 'better perfoimeçJ. by usi{;g the numerical re-
l ~ ''''"J . 
~ .. ~1" ~. . ). 

'C' "':1' 0 

" 

.' 
., 

.' 

... ' 

" 

\ 

-1 

1 
4t 
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F. The in~quality, 6.5.27 con ~ verified by those seyen . ' 

curves, the last twQ curves 1 Figure' 6-16 Ond ~fgure 6-17, are supplied ta, 

illustrate this i!'Jeqûplity for the case ai '1 ai -1 al • 

, l, 

4 ~ 

6 ~ 6 Concl usi on 

,'J 
1, 

178~ 

, , ' , ~ 

ln this chapte; we studi~d both models from the waiting ti-me point 'of. 

view. In the symmetric case, ~e obtained explicit,expressions for' qG and qE 
, , 

fprall N > J (Equa~~on.6.4.3). Fromitweshow~dthot qE ~ qG (equality 

holds when total a\leroge system wolking time, d, iS"zero). Therefore, from-the 
. "~ 1" ' 

o"-.erage waiting time point of view, the exhaustive "'mode 1 '15 somewhat more attrac'" 
f ,~ 

~ r' Po 
tive. H~wever, for p"ractièal symmetric multiterminal system (where N is alw~ys 

much smaller ,than 1.) 1 "the average waiting times in, bath models a~e proctically 

equal. 
'; , 2 

For the symmetric nonrandom case of bath models we obtained 0' for 
q 

'N .... (Xl to be equal (for small N the exhaustive model, ~gain, looks more attrac-

-

\ 

., ~ 

tive). Using q and 0'2 we obtain a bound o~ the octuaJ waiting)im'é ih the' 
q , 

m.,ltiterminal case of both models (inequality 6.4.11) 
" . 

t . 
For the disçrete case, defined by 6.5.14, we derived expl'essions for 

1 

(Equation 6.5,.21) and showed th~t qE 4. qG 
o ,0 

the average system waiflng ~ime 

(equality holds 'When Cl = O. ) . For N = 2, we showed that the mod!3ls behave in 

1 
a reversea manner 1 i.e., when p; ~ P2 we have qE > Cf

E 
b~t qG < qci: 

. 1 2 l' 2 

'" W, hen ~ ioflcreases the exhaustive model become's more and more attractive .~For the' 
'D ' 

• D t.f" g " 

. ' 
, ' 

) 

, 
(, 

.. 

. , 

, [ 
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',1 
~ 

ex~austive model l(e ~ined s~e i~sight to the discre-te c~se ~; mui~ter~inal syst~m 
~ , 

by studying the casé' N == 3- .' From it, we obtajned upper bound on qE. f~r 011 
1-

N (inequality 6;5.30) 

, '. 

",1 

. ' 

\ 

b 

". 

. ' 

, .. 

l 1 

'-

'.' 

. " 

" 

\ '. 

.' 
f' 

. . 

.'4" 

. , 

' .. 



, 
" 

• 

'f 

CHAPrER V~ 

, .. , 

" -.. ;" ~ 
C0J!FLUSION AND SUGGESTlQNS FOR FURTHER RESEARCH' 

. , 
ln this thesi~ we performed an exact analysis of 0 gtmeral polling system, 

" 

where N termina 150 are attended in ? fix-edocyçlic order Sy a sigle server. We 

onolysed tWo. different service proèedures. In the first, called the gating model, at' f;9 ~ 
l. ' 

each terminal the server attends only to the 'customerS who 'lra present in it at the 
~- . -.~ ~ 

moment the sèrver arrives '. In..!th~ second service procedure, called the exhaustive 

'" modeL, the server attends eéc~ terminal until it is empty. . . 

"1& • 
ln both mOdels, new arrivais ot each terrnihal ore governed by on in:-

dependent Poisson pr.ocess . 

• 
The service time of customer:. and th~ walking time of 

~' . 

the server, betw~en two su~cessive terminaIs, are independerit random yariables 

possessing any probqbility density'function. 
, • Q .. i ' ) 

.. . 
·'The ~ain reason for the success ~f the ~,!udy' is the choice of a particulàr 

~ 1) ~o l ,.' _ 
~ .. dimsr;i~nal. rondom ';e.çtor;, .whose elements ore N succe;ssive tE~rmjnor servicoe 

" 1 • 1 • ... 

times 1 desl=ribing a comp·lete cycle of service. 
.JI 

0} " • 
'& 

" . , 

.' . The ~sic equations obtoined ar~ recursive forms p( th~ laplsace transform 

0; the Rrobabi ~~y de Ils ;;Y ~~~ti ~ns of the r.andom ~tOI'. 'These 'equ";;ii 01)5 e \Obl~d us 
• _ ,"\ 0 ~ , t ''' ;t 

tO'de~'ive explicit expressions for sorne moments of'the terminal service tlme, g,' t~. 
~ -~ \ 1 ~ ~ .. 

P "cycle.time, c, "and the interv'isit ti~", v 
~ .. ~"I'" ~ ~ 

. , 

The moments 'are obtained in the 

\) ,<-
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f~ derivi!1g those moments we encbuntered a re latlve'ly smaJi number 
1 

of equatio~~ os compared to Leibowitz (1960), Cooper and Murray (1969), Sykes (1970) ( 
, 

Coop~r (1'970) ( and Eisenberg Xl '172). This ,enabled us to derive expliçit expressions 

'\ 0 ""', " 

~, ~ "for some moments of g, c, v, and customer waiting timé, q, thaf were not derived 

'e o • 

-. ' 

~ ~for~. F~r the sym!,"etric case, th~ complexity of th8}equarions, obtained' by pre- ~ 
~ '. ' 1 

" v~ous reseorchers, stayed the sa me . 
) 

',' <1, \ 
J 1 0 

~""heeded to--be soll/ed, in order to derive--the moments, is substantially,decreased (by 

Using our fechnique, the number of equations 

-; . «' ' , 
,,/ a factor of ·1 IN) Th.is featu[e"ën~bled us to d:rive e~pl"icit e'xpressions'for 'the 

.' . 

\ 

_ s-econd mome"nts of" é, c,. v, and the first moment of q' for tne"symmetri'c casé"l AI,I 
~ , ' , t 
y, ,1 

these expressrons are new. At this point, it should be mentiQned 'that th~ "symmetric' 

case is tb~' most ~;octiC~1 case of ou, generohnodel, wh:',. ~ach terminal is palled .. ~ 
. . " 
once ÇYld 6nly once, in a cycle. This polling procedure is the pptimal for t,he symme­

. "\\' 
11 Il ... , • 1 .t 

tric case_"and it i,mplies n~prioriti,es among ,the terminais. HowevSlr 1 for th~ non- . 
< ' 

/ 

symmetric case t' it is better teS" con~fru~t 0 cycle of service iA ~hjch a t~rriiinhi wÎth q , 
, 6 

~h!~lltra!fie inte.nsHy is P?\I~d more tÎmes thon one with low traffie ,int~nsity '1 
\",1 ' 

'.J " \J' ... () ~ ~ f -
c Th~ou9h out the slu4y a conipa, !,,:n . belwee n.' th,~' gci ti ng'and the exhausti ve 

m el is perf.ormed. From the'1T1ot~em~tical~~ple~ity poi'~t "of ~iew l ,t~ exhaustive ~ 

mo!el·ls''eas·iè~ to sol'~e ~s the nu~ber of lineor equati~ns that ~re "'e'q~ire~ to' be solv~ 
'\ ' . 

.in 'ord~r to iind'momenf~' of -Q,' c, and v, is smal1er in thjs-c'ase~ Jhis is due to the_ . " , 
J , .!l 

fact th~t- ~ baiic ~~ vect~r, of"'dimension N-l is' ;~f'id;nt for the mathrmot}col 
~'" .(, .. 

. . . \ 

description of the exkaustive. mqdel, where an N dimensioncrl random vectorJs ... 
• ! ,J \, ~ 1 \ 

neêesst!ry, for the mathematical description of the gating m~l. ~ r 
, . •• 

l' • 
~ 

J~. J 

, { 

, 
, .. .' , 

~~ A" fi), . ,. ., . 
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Comparing the gdting and ~.he exhaustive rnodels in the ~ymmetric . 
o 1 

, 

case, we showed that t~e exhaustive model is super1ior to the goting model. The ' 1 
.,.' 

exhaustive model is superior to the gating modél'" in the sense that the-transient 
- Q 

, • 1:' 

response and the recovery timé of the first. moments of g, c" and v, are shorter 
" , 

, 
in the exhaustive mode 1 than in the gating model. The normali~d cross correlation 

\ , 
Çlf Q or c or v, in both mode ts, converges to zero as the difference between the . ' 

terminais (or the cycl~s) increases. However 1 this cot'lvergence is faster in the 

exhaustive mode 1 than in the'gating model. A buffer size which guarantee; a fixed 

and arbitrarily small probgbility of me'ssage rejection, in the symmetric case, woüld 

, , '" 
be s.maller i~ the exhaustive model thon in'the gating model. The average customer 

waiting time (terminal waiting time and system waitjng time) is shorter in the ex-. 

_ haustiye mode 1 than in the gating model. This supe~i,orlty of the exhaustive model 

over th"e gating mode 1 , in the symmetric case, is substantial for small N. However, 
, ' 

for practi~al symmetric multiterminal ~ystem, whe~e ":J > >"1, we showed that 
\ 

both models ~fe essentiatl y the same. For this multiterminal case, as we derived th~ 
~ 

~ , 

variance of the waitirg time, using Chebyshev's ineqJality, wè obtained ar:- upper 
, 

bound on the actu,:!1 customer waiting time. Hence, in practical multjt~rminal 

sy~~etric polling system, the c,hoice betwe,en a ga~ing or an--e-xhaustive service pro-
~ -Q -) ,----

cedure should depend on other criteria such as hard~are complexity~ 
o ' 

For the discrete case (symm!!tric nonrandam where each terminal has 

different new arrtval rate) we studied t'he average waiting time1n- both mode Is for 

two terminais system, and in the ex~austive model for three terminais syste'm . 
Q 

\ 

( 
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, 1 
For the two terminaIs system we. showed thot- the exhaustive and the gating model, 

J. \ 

, behave În' cln'opposite way. In the exhaustiv~ "modef, the termïnal with the low 
, 

traffiç intensity has a bigger average waiting time thon that with th~ high traffic 

intensity, but in the gating model, the opposite holds. For the three terminaIs 

system, with the exhaustive service procedure, we showed that the 

time of a customer in sorne terminal orso depends on the geometry of sy 

the order in which the terminais are pofled). For the discret, case in bot models 
(' 

ond f~~11 N, we derive~ e~ac~ressi~ns for the ave~age s~stem wa1;;ng time. 

The expressions 6btained do not depend on th~ geometry of the system. The average 
) 

I:$ystem waiting tim~ in th~ exhau~tive model is smaller thanl that in the ~ting model. 

However, for N > > they are essentiolly the sorne' 
" 

Fof the symmetric ,case results concerning1transient, behaviour of ~he 
.' G' ----... - __ 

fi rst moments of Q, c, and v, steady sta~e second m ments of th~e quantlties, 
o , . . 

and the first two p10ments of the b\,lff~r size and waiting time, are new and of basic. .. -,. .. 

importance in understandin~nd designing ,a polling system. For the d~iscrete ca'Se, 

011 expressions for average wài~ing times for N = 2 in .tf;le gatiDg model, N:::: 3 

in the exhaustive model, and the average system waiting time for ail N, J]re new 

as weil. 
\ 

Suggesti ons for Further Research • .. 
, \ 

-- 1 • ' Derive an explicit so'lytion to th~e"eral' equotions (Asymm~tric cQse)" 
~ 

to obtain the second mOJTlents of 'c', and v, in, the general case. From 
. , 

it, average waiting times Car:" immediately. be qeri~ed. 

o 

" 

1 -

" 
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~ 

2. 
J • • 

Optimize the geometry of a generol pollin'g system such thot ~ given 

terminal has the minimum possible average waiting tÎl:ne, 
..... "1> - rr , "- , . 

3. • Derive explicit expressions; for second moments of C, v, and first 

4. 

, , 

, 

mo~en/of,' q, for the gener~1 pofl'j'ng model in.~ièh ea~h ,ferminot 

moy be polled more thon ~hce during a cycle -of service. 

Do an eJ §ludy of Q 'polling syste,,! wilh fi~ite' buffe,s and 1 0' se,ve'. • 

with fin~l'Vice capacity. , 
, ' 

S. Do~ com~"arison 'between th~ a,verage waîting tîmes of the poll,ing system 
• '11 - ' 

. al'ld the loop system. ~ .. 

, . . 
.. \ 

... ' 

--. 
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APPENDIX A 
1 

Busy Period in M / G /.1 Queue 
'1, 
1- , 

. , 1 

. . .. , , 

, 
>0, 

The m~thod of çleriva_ti~n is due to .. Takacs (1962) 
\ , 

We have one 
, 

'terminal (queue) with a Poisson new-arrivais process having pcirameter À, 
p , 

general. independent service probability density function P (.) }.Ç1od zer'o walking 
~ . . ~ s . . 

. time. 

, . . , 
A busy period starts as a customer. enters a prev-iously elllpty Ciueu~ ~nd 

ends as the server becames id.le for the first time-. 
. . 

, 
Defi ne '. ~ 

o 
,\ ." 

...f
b
, ( . ) ê The. probabilityrdensity function of ~ busy p.eriod:, . " 

/The basic ide~ here is'thât, t~e 'Iengin of a busy 'period d.ces n'~t depend on the order il} 
, "1 . 

which the cus.tomers are served". Therefore if m new customers a"rrive during the 
" . . . . 

service time of the ioitiating (first) customer, eoch of the m cus~mers initiates 

an independent busy period~ Hénce., the total 'busy period 'is t.hJtum of th~-initiating 
~ , 

customer service time and the' m independent Itnew" busy periods. 
o ' 

. . \ . 
, , - \. 

Dy'the Law of Total Probabili,ty 1 we have: 
, 1 • 

- \ 

, . 
'" ~ 1 

1 ~ 

0 t ex> 

A.l 
.A 

= l ' I Prob (t, m, '1) d ". 

~, 

-o m=O • 
. 

'Where : ~- ." 

" c 

~ ~ -'--~ 

, " . , / 

-0 

" 

,-

\, ~ , ~ 

,.", 

,[ 
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L 

~ 

o 

~ 

.. 
,; 

" 

~" 

t = 
. 
T = 

m = 

"" 

(, . 
.. , 

Length of tlie busy peri od, , 

service ti~ ofJthe initiating customer, 
) 

'"" 

.. 

\ \. 

,the number of new c~stomers that arrived du!.jng the, 

service ?f the initiating ~ustomer. 
1 

We have: 
t CD " ,. 

P (t) = 1 b ' J I Prob (t,/ m 1 1') '7oD .( m 1_1') Ps (1') d' 1' -
, 

o m=O 

'\ 

,A-2 

A.2 

Prob (t / m, 1') cind Prob (m /1') .. con be ,i~mediately determined From Pb ( . ) 
(J' 

and tne Roisson process rei'pectively, 
,. 

~ 1 

and ~ince Pb ( t) is zero for t ',< 0 we 
~ 

obtoin / a' " 0 ., 
ç 

(X) CD " (m) 
. Pb (t ), =' J \ 

;. Pb * (t - 1') I~ 
, [( À r) m 1 m ! J exp (- À 1') P (.,.) d l' 

- s 
o m=O 

, \ - , 

. Define B ( • ) as the Laplace transform of Pb ( • ). 

VIe obtoin From A.3 

B (x ) = J J 
CD CD CD 

~ (m) , 
L exp [- (t - 1') x J Pb *' (~t - 1') 

o q m=O 

exp [~- (À + x ) l' ] P (1')d l' dt 
s. . 

.- A.3' 

~ 

l(À1',)m Zm'] 
A.4 

Integration_over_l---yields~--~~' -~-
_________ 4--

, 1 

-

\ 

\ 1 

, \ 
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~""""""""\.,.'~:.' ............ ,~q~-.--,~:.------------~ 
1" ' 

i 
,~ 

( 

- ~ 1 J 

,', 

l ,. '.'. ,~. 

A-3 

T)~/mfJ e;'p[-,(À+X)T]P '(T)dT . s 

Â.5 

. 5ummatj~~ ov r m yie Ids 

'B(x) -, 

which implies -

B (x) ;:: 

ot x == 0 , 

1 \ • 

~xp C-"':(x+x'(t-S(x)))J P (T) dT 
S 

1 
.. 

== 0 

1 

~ A.6.' 

A.7 

~ To find the first tbrè moments of the busy peri~ i~, ~2 1 ~3) we differ.entiate 

A.7 w.r. t. x three times and set x'= 0 • 
1 

Notice: B is w.r .• x and S is w.r.t. it is oH argument, x + À.'{ 1 - B, (x)) ; 

We obtain for 011 x 

B' = 
.. 
B = 

B 
..... 

-

o 

1 . 
( 1 '-. À B ) S 

1 

( 1 ... À P )2 S· - À S" S 
". , 

(1 \ ).. rn3 '$"- 3À''S 

• 1 

\ 

,. -~ .. 2 
5 ·S S s' = s = 

B = -1) B = B 

1 
",' ' 

... . 
(l-}..B) S- ÀB S 

= 
-
3 

- s ~ 

1 

• 
A.a .,' 

• f 

, " 
1 

A.9 

.. 

" 1 

" \ 

r ,) 

l, 
i· 
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- , 
Clearly the results hold only for À 5 < 1 othexwise 'Ne experience â nonzero probability 

• 
that Îthe length of the busy period is infinitely long. - ~ • ;..ri . . \ 

The Number of 'Customers in a Busy P~riod 
\ . 

.. 
Define Ph ( .) as the wobability density function of the number of cust6mers 

• _ ' • . ..;, 1 
) . 

,thQt are served in a bUliY peri?èJ. In a manner _simila.r to the deri,vation of Pp',(t) w~ 
, 

; .. :~alize thai during ~he, service of,. the initiating (fir:~tomer 1 t, m ~ 0 of 
l, 

c~st~mers might arrive. Each of}he new customers independently igitiates a ,busy 
, , 

! 

By the law, of ~otal probability we. have: . -,. . 
CD n-l , " . .. = l l Pro~ (n, m, t) d t A.l1 
o m:l' .. 

, 

'where : 

- 10 
" 

,0' 

. , 

\ 
\ 

\ 

, 
j,p 

( 

,,' 

',' 



i • 
1 

1 j "/ , .. 
>-

-~. ,1 , 
<1 

" 
~ 

\ A-5c 
<P 

e \ 

n = 

,,' 
--" ,0 

The totat number of clJstomers in the bus y period, 
.. 4fJ..~ , 

m"" == 
. , 

the~ 'l'rn~er of customers thot arrive 9uring the service Qf the 

first customer., 

t = the service time of·the first customer. 
~\ . . 

l, ~ , ' .. 
Usine Bayes chain rule we have ': 

, . 
\ 

CD n-1 \ 

. Ph (n) = l I Prob (n ~ m, ~ ) Prob (m / t) P
s 

(t) d t A.12 

1 o m=O , 
== J 

CD CD 
\' (m)' 
2, Ph * (n - 1) r (À t) 11;1 / ml] exp (- À t ) P: (t) d t A.'13 

o m==O 

" 'In deriving A.13 we used the fact tha! the new m customers creote i"dependently 
, 

a tota-l busy pe-riod of nO- 1 customer (not including the first one). Thèrefore! 

• (m) . , 

Prob (n / m, t ) ::: Ph * ,(n-l),( ::: o for m > n - l ) 
,'1 

Define the Laplace transform 'bf Ph (-.) as, t-f ( .) we have: 

CD 

H (x) = l efP (- ~ r-I,) Ph (n) 

0'=0 

Clearly Ph (0) == O. , " 

t\pplying .the ldplace transform to .A.13 we obtain : 

A.14 

A.15 



" 

'- . 

!J 

A-6 
.' 

~-- - .. ..J-' 
, ". 

, .. (X) (X) (X) " 
a 

H (x) = exp~ (-x) J 
\' '\' ' (m) 
. L L exp (.,. x (n-l))Ph * Jn-:l) 

m '", 
[(Xt) lm' ] exp (-Àt) Ps (t) cl t " 

o m=On=l 

00 CD 

~ exp (- x) J I [Od H (x»-1 m t] e~p (- ~' t ) P
s 

(t) dt 0 

00,=0 
~ 

~ 

r ' 
=. exp (.- x) J exp [- X (1 - J:i'(x)) fJ P

s 
(t) d,t 

li' 
o 

• H (x)::: exp (- x) S [ À ( 1 - H (x» ] 

l> 

A.16 

A.17 

/ 1 

ln order to eval,ua.te the first two moments of the number of customers in a busy period 

<> "2 
. (Ii, h) wediffere'ntiate Equation "Â.'17 w.r.t. x, 

" 6""" \.." ~. . l 
u = À ( 1 - H ) 1 S (u), = S, we "hdve : 

. u = 
Q 

.. ~.' u = 
. 

, ond by dif~rentiation of A.l7 , '" 

H = exp (- x ) (- S 'f ~ S ) 

H 
d,' < •••••• ,2 •. 

= ,exp (-. x ) ( S - 2 ÎJ S + u S '+ (u) S) 

• 
Substituting A.18 into A.19,yieJdsat x=O 

• J. tl 

,. 

1 , 

Define H (x) ~ H , 

• 

À.l8 

.. 

, . 

. " 

""', , ' 



,1 

" 

o 

a 
} 

,e 
, 

\ 

Ti = l+Às,li. 

- -'" 2 2 -:"2 -2 
1+2À.sh+ À.sh +X s h 

~olvin9 tt ab~ve for, p = À 5 

'1 

li = 
, 
• 

t;-

i' 

1 - P 

1 + P 
-,2+ 
(1 - p) 

(1 

.... 
.. 2 2 
À 5 

3 
(1 - p) 

. 2 2, 
p ( 1 - p) + À s 

( 1 _ p') 3 

" 

1. 
\ , 

A-7-

, " 
S',~ 

A.20 

, <l • 

, 

., À 

" 

.. 
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!' 
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. -;, 
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.. 
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APPENDIX 8 

-
COMPUTATIONAL STEPS IN .. THE DERIVATION OF THE FIRST THREE MOMENTS 

OF 9, c,. v' 

" 81 Sorne Properties of F ( • ) 
/ 

l '----'.' 

We have, for 'N"~ i 
, 0 

• ~o 

, , , 

,- -!=--i-y. , ~N), an N-di~e'~ional random vector with probabil'i!y . 

density function P (~). The Laplace transform of P (~) is 

CI) co' .N N" 

. f 'exp (- :. x. 9. ) P (9) lT d 9. 
o L.J 1 1 • -, • 1 

81.1 
" 

= J . 
o ("" 

J 
o i=l i=l 

rI 

,F (~) = ln G (!.) 

, 
ft is weil known that 

\' ) ~ , 
~ferentiat·ing G (~) ,w.r.t., the jth, jth, !th argumentswhere i, i, 1= 1, ... 'N 1 

ot x ... 
" ,lI/ 

\\ .. , 

, l, 

= 0 

) 

yields 

G. ('0 ) 
1 -

·G •. (O~ 
Id -

G .. 1-( 0) Id, ... 

.. 

= " 
-0' 

i 

= Q. Q. 
t 1 -_. 

= 
.,' / 

1 

_.n __ Q ,9 
~i i 1 

81.3 

.' For convenienee; jet us V{rite Gand F instead of G (~) and F (~ ). 1 respective:fy~ 

\ ........... 1,' 
, . , 

CI' 'l' . 



. ' 

--_. --- -- ' '" ;»'" 

D,fferentiating 81.2 w,r.t. the ith,' ith and,lth arguments forait ! ~ 0, 

we obtain : 

F. 
1 

G. /G , 

, . 2 
. (G G •. - G. G. )-/ G BI A 

Id 1 1 

/ 

F •• , J", , 
2 01 ._~~ 3 

[G G •• 1 - G (G. G. 1 + G. G. ,+ G, G .. ) + 2 G. G. G ] / G = ,,,,1 '1, l" Id l , 1 

At' x = 0 G (~) = 1 using 81.3 in 81..4 we obtain 

- -
F. (0) = - Q 

1 - '- i 

F •. (0) = Q. Q' - ~. Q". 
1,1 - 1', 1 1-1 

= {Q. - tJ. ) (Q. - tJ. ) 
, lot 1 ., 

• al.5 
-- -....-.- -- --'-r'" 

F. ~ 1 (0) = - 9. 9. Q' + (9. 9. 91 + 9. 9. Q, + 9, Q' Q' ) - 2 Q. 9. Q, 1 ',J, - '1 1 1 l' 'l, J 1 

,= :.. (Q. - Q.) {Q. ~ Q.) (9, - Q, Y 
" 1 t 1 1 

< 

The a~C?ye equation is used to der.ive Equotlon 3:1 .S . 

.. . , 

1 t shou ld bE! noted that F. . 1 does not have the some structure as F. • and .. 
l,l, ,m • Id 

- F. . 1 have. " 'tI, 

, "-.~ ... '" 
',.0< • 

,>' 

\. . 
\ 

<. 

t 

" 

'1> , ., 



, 
) 

i . / 

B2 

.. 
" ' 

DeveJorement, of Equation 3.2. 12 
t ' 

We,have 

For J = 1, • ~ , N!. 1 

o 

(' 
At x ;;= 0 we have from Equations 2.2.1.6, Bl. 3 and· '81.5 

z = 0 -
~ (0.) = Sk (0') = 

j' <,-

W
k 

(0) = - Wk (,0 ) -w = k 

. \.(0). - , $. (0) ;:: -- s = k 

• -k-l F..u( 0 ) ;:: 
~ Qk • + 1 -; +1 

2 . -' 2 2 
! By defining O'w

k 
= (,w

k 
- w

k 
) ;:: w

k 
\ 

\) . 

, 
> " 

" ' 

"", .. ~,. .. ,. 
~ 

te 

~ \, 

-2 
w

k 

"-.2 
sk 

-2 - w' 
k ' 

.. 

/' 

3.2.12 

• 

-
~ 

, . 

. \ 

82.1 

• 0 

B2.2 

\ 
\ 

1 
,\ 



;r 1 

1 1 

N-I 
and sinèe ck+N 

:::; i.' : 9k+f, we a 150 have ' . 
.,. 

'-0 I-
r> 

__ J -N::-l N -1 ' , 
2 

(ck'+N 
- 2 - 0 l \-' - '2 ..., 

a~~, r :::; - ,1(+'N) .= ( , 9k +i .. L 9k+i ) ," , " 

ck'+N 
" i=O i=O , . 

. \ 
..... 

\ . 
0; , r> 

: N -1 ~ 

L 
' 2 D' 

'i' - . [ (9k ;j - 9k +i) J . - . 
j=O 

.. 82.3 

N ":1 N -1 
= \' I~O (Qk+l ,- gk+i)(Qk+l:~gk+l) L 

i=O 
, 
• 

~ - • -
" - J 

- 1 

A d~rect SUb5titut~on of 82.1-3, and 3.2.5 into ~.2.12 yields 

• Il 

_ i to 2 '2 -Z - _ 2 2 
(9k+N - 9k+N) == O'~k +).k sk ck+N + (r sk) cr c

k 
+N 

l '\ 
, 0 

U ' 

For J:::; 1, • t ,_ ~ -T 
.' . 

N ~ 1 " J 

= \"\' L (9k + J - 9k ~ )(9k + i ~ 9k + ;) 
\ " r ~O )~ ~,; " 

\ -A ----

- -, 
t 

• '------.1 

_________ /1 1 'where 3.2.13 

1 • 

" , ~ 

i -

1 • 



" 

., 

,', 

, , 
o ' 

, \ 

, 
r 

. 1 

," 

li 

~' . 

83 

.. -. 

whère 

or' . , , . 

, 
~ ,fJ. di" 

Solution of Equation 3:2. t5' for. N = 2' ' 

4 \ 

R 0,.1) 
0 

o V 
:R (2, 2) 
1 -----.-
R (1, 2) 

R (2, 1) 

We have 
... . \ 

(, 

2 -2 - 2,2" ,,' 
C1 .+À1 s1'c + Pl CI 
wt Ct 

3.2. t60 = 
# '. _ 1 

= 
2 2- 2 2-

C1
w2

,+ ~ s2 C + P2 C1
c2 

3.2.16b 
• 0 

I-~~ 

= Pl (R (2, 2) + R (2, t» 3.2 . 16c' , 

. 
= ~ (R (1, 1) ,+ R (t,' 2)) S.2.16d 

'" 
~. t.. . . ~ -' ~ .. - .... / 

,R(1, 1)+R-(2/2)~"2R~('Î,'1) .. : ...... ' 3.2.16e = 

'7 

. , 
, '~, 

, , . 
- no ......... '" • .",.. •• 

-R (l, l) + R (2, 2) + 2 R (1, 2) 3.2.16f 

tI ... ' ?1..:\' 

, . Substi tuting 3.2. 16d lnto and 3.2.16c int~1f 3:2.16(1, weobtain 

. .... , .,. .. 

t, 

R, (1, 2)-
rJ 

R (2, t) 

, , 

= 

= 

~ , 

1 - ~1 "2 

~,R (t, 1) + Pt ~ R (2, 2) 

.1 - ~ P2 

Subsfituting 83.1 into. 3.2.16e and 3.2.1.6f yields 

.' '\, 

J 

a 

, . 

o 

1 
/ d 

Prf 

• 

. , 

.. 

), 

83.1 



• 

" 

f) 

, . 

) 

\ 
z) 

cr 
~l 

2 cr 
~2 

= 

= 

. . 

\ 

./ 
, \ 

'- (1 - Pl ~ +J ,P2) R (l, 1')':" (l + Pl P2) R (2, 2 ') 
o ... q 

1 - Pl P2 

- (J + P~l P2 ) R (1, J) + ( 1 - Pl P2 T 2 Pl) R (2, ~ ) 

" .. 
,~ 

~ . 

'8-6 

Substituti~ of R (l, 1) and R (2, 2) in the above equut,ion and using' Equations . 
3.2.160 and 3:2.1~b respectively yields 

'. -

~ 2 2- 2 2 r 2 2- 2' 2 , , ri '1'; (1 - Pl Pt + Z-P2) ('''w 1 +).,1 • 1 C + Pl "cl) + (1 + Pl' '7)(l>'w/ Àz'2 c + Pt "C
2

). 

, 
"i' 

. , cl- , , 
1 -. 

Pl P2 
. .(. 

-

,1 

- . 
B3~3 is a set of 2 equations with -2 ônknowns. , 

l 

/ (J'. 

.83.3 -

/ 

! " 

'Rearranging it, we' obtai·n' 

( , - , 

83.4 " 

if,; 



~ . . 

.~ '"':. 

,IJ 
'. . 

e .. 

.. ~ .".# 

" 

, 
, 

.- .\ ., . 
• h 

.«-< ,r 8-7 

APplying Cram.'s formula for the solution of a Sf!t of linear e'quaHOn, , we 
-\.. . 

ream;mge ~h~~ expressions ~btained, cancel a com~on t~rm, (1 - Pl (2)', dnd 
. ~ " \ 

obtain 
~ 

2 0' 
~1 

= 

'1- " , 
'\. • - ,,1 _ 

[ . 3]r' ·2- 2 J' , 2- 2 
(1 '; Pi P2) (1 + 2 P2) - 2 P2 ,'LXI 5 1.~ + 0'~1 :+ (1 + ~} P2)~~ 52 c ~ O'w

2
) 

f ~ 

4 ) 

.. 
" 

. \ 

O'e is obtained From 3.2.17', by interchanging the indices ,1 and ~ . 
. 2~ c 

" 
J j' 

R (0) , 

• 
, ~ for J = l , 

@ 

, . 
R i(N-J) 

0 

where 
. . 

2''' • Cl ~ 

C 

. , .. 

We hav~ , " . " 
; 

• 2 2- 2 2 
" 0' + Às c + .. P 0" , 

w c . 
". 

0, 

.. , N-l J ',. • 
• 

J. N-J-l 
\" \' 

@ P [0.L. R- (i ) +, L R (l ) ] . 
i~ 

, li .D f " 

! 
,= , 

'N-l 

N R~) 2 
\' 

(N - i) R ( i ) - + 1 
L .. 

i=:1 

""\ 

• , 
3 ... 2.190 

: 

1 

3.2.19b 
,~ ~! 

'" 
{2.19c 

-c: ... 

III 

.; 

P' 



,e 

• .. ' '\ 

,} 

't 

r 

1 • 

. 
1 

,''' 

1 J 

"-.', '\,' 
!.Ising 'Equattan 3.2. 1 ~ b w .. show that' al ft,~ ,i = l, 

o Th is is l~one in tWo', steps:'~ , _",0, 
, ~-<-(/ , . 

... , N - L are"equal. 
" 

.,. 
Lemma 84, 1 : iFor J = -1, •• " N -; 2 R (N - J) :;: R, (J + 1 ) l " 

8-8 

·Proof : ' , Define. l' ~ N - (J + 'Jr, For J ='1, /l .. , ~(~~, J' is alSei in' ,r 

the n::lflge 1 1. • lN' 2 U' 3 2 19 b . f' d :.) 1 \i 11> ' , .", -, 51ng " we ln . v'-' _--~J_--=---!.._----- , . -~______ <...r= ., • t 

. , 
-, , 

~ N~J+l) ~. 

R(N-I) ,= R.(J+1J, = P [ ''L. R(i) + L .. R(i)] 

i=O i == 1 

J ' N-p+l) 
= ~ [I R(i) + L R(i) J 

"j=O i=l 

Hence, for J = 1,.. . ..-0, N - 2 

~ '. R (N - J).::: 'R (J + 1) . 
Q.E. D.· 

l , • 
.' 

Lemma B4~2: For i = l,' .•• , N-.l ail R(i) are equal 

Proof : ':. It is enough tO"'show that for J = 1, : .. , N':' 2 

R (N -- J) ~. R ,(N:;' (J + 1» 
, 

Using ,3.2', 19 b tc>:find R (N" - (J + 1) we obtain ,-• , 1 1 
,) 

, , 

. J+l N-~ ... 2 
R (N .. (J t 1» = p [ I R (i) + 'L R (i) ] d 

Il !, • -1' . . '.i=O I~-

/ 

84.2", 
" 

i 
! . 

SU,btracting 84.2 From 3.2. 19b yields 

•• /
" 
" , 

R (N - J) - R (N - (J ,+ 1 »= - tJ [R (J + 1) - R eN - '(3 + '1»] 'B4j 

• 
, r 

.'" 

a 



fi. 

. , 

••• .. 
Ùsing 84'. 1 in the abo~e equation we obtain 

. 
R' (N - J) - R (N ... , (J t 1» = ". p [R (N ... J) - R (N - (J + 1» ] 

Hence 

l 

" ,(1 + p) [. R (N ... J) -. R (N ... (J ~ 1» ], ~ 0 
" 

.,. 

• ~ ~ r.. 
which implies for J = 1,· .• 1 N - 2 

R (N - J) = R (N -'~ (J .;. 1 » 
'<1 'f",. 1 J 

- . 
Therefore, for i = 1, .' .• N - 1 

R (i) = R (1)' 
1 

Q.e.D. 
,.' 

Substituting B4-.:.~. into 3.2-.19b yields 

l, 

R (1) )-p (R (O) +. (N-1) R (l»jf 1 • 
... 'r lb t.' • 

" 
R' (1 ) = P R (0) =, • l'f p. 

rI -' (N-I) p. . 1 - ~ + ~ 
.R (0) 

Substituting 84.4 and 84.5 into 3.2.19c yields 

'0 
ri = 'N ( R (0) + (N~l) R (1» = ..t!.. R (1) = __ N ..... , --=--- R (0) 
c. p ~ 

l-Po~1\r 

$ubstituting·B4.6 into 3.2.19a yields 

(. 
( 

" 

8-9 

84.5 

84.6 

o ' 

,. 

- 1 

.. 

1 

'1" 



( 

o ... 

,1. 

\ , 

, \ 
\ 
~, . , o • 

" 

" (j 2 
. 2 -2- 0 -~ N 
'R (0) = cr + À s c.+ P R.JO) 

R (0) := 

-W P; -o 
....... 1 - %0 +""N .. 
~ . , 

• 
,where . c 

c 

(]2 -_ N a2 .. 
d - w' >-0 ='·N À, Po.~ N. P' 

-r • 

Substituting 84.7 into 84.6' yields 
J 

o 2 2-
2 ad + "0 s C 

(] = 0 

'C Po 
. (1 - Pô) ( 1 + o1\f ) '*\. 

. " ,.. ... 

. 
," r , 

~ ( .... 1 

, 
JI!/' • 

Equati onS 84.5, 84 . 7 Q~d B4 .8 yie Id Equation 3.2',21. 

" 

. . 

* , \ 

'The Developmenf of Equation 3.2.25 

We have 

N, N 
2 ... , .-

+ 3 A S SIL k F i ,1 (3) 
i=l 1=1 

c 

o ' 

: 

/ 

84.7 

1 0 

.. 

, 84.8 

'. 

\. 



/ 

e .. , 

for J, P ::: .::-

," 

o' 

l, ' ... , " 
N .. '" 

= .. À S· L 'kF i : J~ 1 ~ + 
, i=l 

. , 
u • , ., . 

\' (~ 

l ,N N 1 

. . 

'2\,'-' 
~ S) L:,~. Il ï, 1 , J+ 1 (z) 

i=l '1=1 ' . 

At ~ ::: 0 using 2.1.16 we have for the symmetric nonrandom case 

"'S 
~ .....2 

S 
"3 -3 

:::' S ::: S , _, - ~$ = - s s = 1 S ::: 
- S 1 

"- -... -3 

.. 
e. 

8-11 

3.2:25b 

3.2.25c 

'2 1-2 -3 
W = w =w W=-w = -w , 

./ w 
::: '1 W= -w, 

l " 

1 

• 

, 
( 

lherefore , .. 
'1 

l' J .. . "', I\~" 3 ' 3 - 2 - 3 - 3 3 
W - 3 W W + 2 V'I ,;;:;; '- W + 3 w w - 2 w ='- (w - w) =-5 ::: 0 

W 

t' ", ,t') 

For k ::: KN w'h~~ Je ... 00' we reach g steady state and are deali,;g with the 
{j 

steady state joint probability density ~unction of ~ ~ (Q~, .. , Q~, •• QN) . 

the moment. we increase the dimension of the random vector by one to get . -

85'.1 

. ~ 

Fol' : 

'. <, QO ' Q1 ' .• 1 Qi 1 QN) where, go is the vâlue of, .t'ST N in thë 'p,reviou~ cycle. 

At x ::: 0, z = 0 and"We have for i, i,l = 1 , .. , Nr"1 

• , • P-

k lF •• 1 (0) ::: kF'+l • 1 '+1 (DL:: - ,(9. - "g'.) (G. - ~,,) (Q,-"lJ, ) 
. of.. 1 , 1 f - 1, ,+ , - 1 1 1 1 

85.2 

o 
~ . 

-' 

\} 

l, 

• 

" 

!" '-

r 



, . . 

" 

\ .; 

a.12 

~ 
F~om Equation 3.2:7 w~ have 

, 
;,~ 

.. 
N ' " 1> 

\. 

t . . 
kF• '® - 0 . = - c " . , / 

i=l ... . ' 
Q 

" 

From Equation 3.2:24 we have 
, N\ N ; . 

I t l kFi,I~) = 'tT~ 
..... , 

i=l 1=1' ' 

'. ' 
, Q' 

~ 

, 
'''~~ ~~ 

À 

--~ 
. 

:'Iê .: 

'From Equation 64.6 we havé '­
N 

"--.1 
..k'~ 

' ..... ,., 

, I kFj,j+1 ® = -k <r; 
,~ l" 

tt-...... . 

i=l 

" 
, .. 

Substituting 85.1 - 3 into 3.2.25 yields 

for J, P = 1, .• , N-l 
q .,. 

'" 2 N-l N-l _______ _ 

P ~I tT~ + 'p2 l I (9 J - QJ) (Q'j - ~i) (Q-, - Q,) 
\ ( i~'~ , 

- 20 -
.(9 -9) (9-9)= 

N N J J 

N-l 
~ ----------------~ ------------------('\~.:qN) {9J -l;J} (Q~ -'"Op), = pI {9J -,11} (9p - qp) ~ ~ qj) , 

. 
where 

n , 3 1>. 
ô = c .. 

i=O. ~i. ,,-, 

" r 

d& ' 
"., N-l N-l N-1 

(c _'ë)3 = IQ L . ~.::::;-. :J,. (Q ..... i-·..,..,.--I --, .q,-I)-(Q-m-,--qm-~· ~ 
i;,o 1=0 m=O \ 

-" 
o p = " 5 ", 'N P =. Po ~ 

, ~ 

, ':! 

c· 

B5.3 
, • 

d', 

• 
.. 85.4 

. , 
1 ,7--

.. 



. ~. 

, . 

.. 
" 

v , 

e" 

, r 

From Equation '3.2.24 we have 
, . 

ë' = (1 -:N p) k ~ + p) 

N ps 

2 
,a 

c 
. \ 

• 0< 

\ 

• J 

,-
o 

. " . 
. ~ 

'Substituting 85.5 into the first equation of 85.4 rlelds 'Èquati,?~ 3.2-:26. 

• 1 • 

'8 

( . 

for N'= 2 

. • \1"''0'' 
q , 

' .. We have - \ 

' Po (-1 - ~ + P~) -2'-
R ~, 0) = -' . M5 5 C + 

.} .~~. ~ lb} (1 + '2') . ~ ~ .. .. 

• 
" 0' Po . 

RIO, 0) =""2 (R (0, 1) + R (0,,0» 

j 
where 

3 
6 

C 

" .,1 .,.,. 

= 2' R (0, 0) + 3 R (0, 1). + 3 R (1" 0) 

., Subs;itution'Of' 3.2'.~c int~ 3.2.30b yields" 
\", ~ t. 

-. 

\ r 

" 

.. 

J 
;/ 

'~ : ... , 

o 

------

,-

/ .' 

8-13 
, \-

'" . 

B5.5', 
o,,~~ 

/ 

\. V· 
-

,0 / -. 
v 

---- ,~ 

1 0 

3.2.~ 

.~ 

3.2.30c 



" 

,. 

o 

" • , .' 

) 

: 

2 2 .. 
Po • , -2 - Po -I:b" • . 

R ~i 1) =; s C + T (R ~, 0) +'2 R (0, 1) ~ i-(R(0,l1) + R(O,O))) 

4(1-Ib)(I+~) ;. • _, 

from it we find .... 

.~ s~b,stit~t~ 3.2. J8c into 3.2. 30d yie'Ids·~. 

-

l' 
1 

S3 
3%" _ 

2 R ~, 0) + 3 R ~, 1) + --r (R (0, 1) +, R (0, 0» "" c 
.) f 

,3 
S ::: 
c -< 

3 0 ~Ib " 
2 {1 + 4' lb) R (t) 1 0) .+ 3 (1 + T ) R (0, 1). 

, - . 
, .' 

1 • 

S'ùbstituting 86.1, fof~' (0,1), lnto 86.2 yi~lds 
, e .. 

Equations' 86.3 and 3.2.30a together yield 

, 2 

" 

\,' 
1 

86.2 

4 _~t:: ~-~~ ô~ -' , ~. ,PO 2 . 3 

ri (0," 0) =;-' < __ ---:-___ ' _P_-_~_)_(_l +_T_) t:b (1 -7+ Po ) ... 2 - ~O 3 
1\ = s c+lf'5c 

Il 

= - 1> ) 

1 
l' 86.4 

" 

o . '. 

o 



'f 

'Y 

4 

e 
r, 

} 

e. 
o 

~ 

" ,., 

• &-15· 
" . ~ . ' 

" '. . 
T~e __ above equation' yields . S~ directly. After rearrangement and cancellation of 

common terms,. we obtain 

The Developmen" of Equation 3.3. 15 

This parl's closely re~ted to 82. 

2 
~k-1 (uk» 

. . 

'., 

'. 

• N N N 

() 

" 

~ \ B~ (x~) L k'Fi Ct) + (Àk Bk (xN))2 I-~-t kFi,1 <=) 
~2 i~14 

for 

J = 1, .. , N-l , 
/ 

\ .. 

" 

At ~ = 0,0 We have =. = 0 and u
k

.= 0, and 82-.1 is satisfied as weil . . ' , 
,f 

o 

6 

• 1 

3.2.31 , 

() -
1 

,p 

" 

3.3.15 

• /} fi 

.. 

. 
~ .. 



• 

• co • 

,e 

c;: t 

," -
" . . .. ....... 

, . 
1 ~ • __ 

,', 

~ : ~~ ~ .: .. t . .. 
Bk ~}" '_~n~ . Bk (0) are obtai ned from Equation~ A-9, A-IO . 

2,3 .. 1"4, 3;3.1, A-9, and A-I0 we find 

,7 
" / / 

, /1 
~""'"-------

From these we have '-, _ 'i_ 

From ~quation 2.1.4 we have 

r 

'-

8-16 

~rom Equati ons 

ai. 1 

87.2 

----

. '\ 
vk+N = ~k-} + I "g'k+i 

{ 

" " 3.3.11 
1 i=l 

1 
Using these relations in -3.3.15 yields ,. '~"-~-- \ 

2 2 
2 ' 2 == 1 + ~ 2 \ sk _ Ck -2 ' 

(Qk+N - 'C1k+N) = O'gk+N -- a . + vk N + - 0' 
,1 - Pk . wk_1 (1_1\)3 + (1- pt)3 vk+~ 

N 1 
' )a7.4 -. -

, a Pk ~~ ----~~~--------
Itl _ 'C1 )/0 - - g ) = /0. ..:. II ) I!l - q ) 
,\vk+N k+N \"'k+J k+J ,,\Vk+J 1<+J ~k+r k+i 

-. '. ~ 1 -'~' i= 1 

,/ 

.' 
,J 

A' 



• 
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• 
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• 
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·1 
EquQtionF -S7: 3 and B7.4 are ,Equ~t!on 3.3.16. , 

B8 rSolution of,. 3.3',17 for N:;: 2 

For i = l '" ~ J and j = 3 - 'j J 

. , 
'Equation 3.3.18 can be rewritten as 

, 

R (i, i).-d 1 2 
(1 - A) 

1 

(" "2 - 2" - 2 R (' '» 1\. s; ·e + CI +, P. l, 1 
1 1 W. l' 

1 
88/1 

i = ,1, 2 ,j:3·'j 

l . 

two equations with two unknowns, substituting the second equation into the first yields 

R (1,1) 

2 . 2 2 
- l' " -2 - 2" P 1 -2- " 2 \ Pl P2 

= 2 (Àl i e ... cr ), + f 2 2 ~ 52 c + (J ) + 2 -2 R (1, 1) 1 

(1 -:- p 1) () w 2 (1- pt (1-~ . ' ~ 1 (1-~). (-1 - ~ . . . ~ . : 

.. 88.2 
'" 1 

. Rearrangemenf ~f B8 .,,2 y.tèlds: 
, ,,---4---.,--

; li 

'"2- 2 " 2 '"2- 2 - 2 À_ 5 C cr ~ À S C (J 

__ Pl (',~. 2 + w 1 ) + (1 ~ ~) ( 1 1 + w 2 ) 
R (1, 1) 88.3 

,r 

R (2,-2) is obtainedby inter.changing the indices 1 and 2 in 88.3,: 1 

" , 

" 

• J, . , 

, 
..l 



.• ~ 

. , 

. 
r 

Using 3.3.18 we find 

\ 

/ 

89 Solution of Equation 3.3.20 

<J 

'!> For i=1,2,3 , the set (i,i,l) 
~< .. 
<\ 

(3,' 1, 2) , re$peétively. 
" 

L. 

Defi ne 

2 Il 2 2 
0'. = (1 - '0' 

1 V. W, 
1 ..., 

f. 
Il 2- (12 

~. 5. C + 
1 , 1 W, ,p 

.. \l~, 

Equation 3.3.20 ; can be r~written as • 
.~ 

for = 1, 2, 3 

, 
... 

~ft, i) = 
a 2 2 

' . .Ef.+~ ~ J, '2 , " ,1 1 
(1 + A) ," 

1 

• , 
P. 

is (1,2,3), 

" 

~ < 

~ 

~ 

I~ . [ R ft, i) + R ft, 1) ]-"--' . . 'R (j, i) , -
(1 - p. ) P e 

1 

! 
, 

1 

e where 
1 

.-1 

~ 

.: .. _--------~--_.:.., --.:."--=---

6-18 

. 
3.3.,19 

\ 

(2~ 3, 1) and 
'-, 

~ 

--- \ 

.-
89.1 

... 

.. 89.20 

" 

89.2b 
''''-. 

'''r 



" 1 , i 

.. 

• 

• 
. , 

\ 

- 1 -

1 
J_ 

l ' 

\ 

\ 
_ i 

;; rJ 

2 ( /1 
cr, = R (i, j) + R, 0, 1) t 2 R (l, 'n 1 

1 
, 89.2c 

Frpm the thsee ~uations of 89.2b we find 
... \ J' '" - \ 

6 lihear 'eq~ations with 6, unknowns~ 

fo" := 1, 2, 3 : 
i 

. . 

= .!.. ( p. (1 - PJ")(l .. p.) R \l, i) + A (1 .. PI) pAR ~, 1) + P. PI P. R \tJ j)) 
9 l " 1 1 f \ '1 1 

\' ' i 89.3 

R (i, i) 

- where 

" ~"I l , 
9 

- l 

= (1 - Pl) (1 1 P2) (1 - P3) - Pl P2 P3 ~~ 

---Emp1'oying 89t.,3 into 89.2c yields for i=1,2,3 -----
, • 

}' .<' 

cl = 2. [2(1 - o.) P. Pt' R(i, i)' +(1 ~'~.}(l .. p.}(l + PI) - p. p. PI) R (i,' D 
, 9 , ~" 1 1 1 1 .' 

+«1 - p.)(1 ... p.)(l .. PI) + P. p. PI rJ 
~ J' . 1 1 

, 89.4 

'c ;-' 
, , a \ î) 1 

Replacing 011 R (ï, i) i = 1,2,3 in 89.4 by the expr • 5 of '89.2a, we obtain 

for i =,' l,' 2, 3 : , 

( 2 2 
2 1 - -o~ (f. + P. (J. ) 

0'. = -[2-(1 .. p:) p. PI "1 1 2-- +«1 - P.)(l-P.)(l+~) - P. Il PI) 

2 2 
(f. + p. cr.) 

1 .1 1 
1 g: 1 1 ( 1 .. p.) 1 1 _ ~ } 

1 -

. -, 

+«1- A)(l - p.Hl- PI) + p. P. PI) 
1 1 1 1. 

o 

2 
( 1 - p.) 

1 
( , 
~ Il! 

,- ~ 

"' The aboye is ,a sèt of 3 linear equations with 3 unknowns. A simple rearrangement 

yields, for i = 1, 2, 3 :. 

. ,~ 

1,' __ - __ 

.. 



, , 

.' 
,8-20 

o • 

A (i) a? .. p~ 8 0) e,2,. - ~i c (i) flJ2 ::: F (i) 
. l , 

n>'\---_~ 

, l, 89.5 " 1 

. 
wher~ ... 
A (i) = (1:: P.) 2 (1 _ PI)2 l (1 ~ p.)2 (1 - p.)'(l "-Il) ~ (1 + P:) p'. P. P'I] 

1. .. l ' l '1 1 1 1 

B ft) = 
2' ' 

(1 - p.)(t - D.) ,[ (1 - p.)(l - p.)(l + PI) - P. p. Plo] 
l '-1 1 1 1 J 

1 

2 
(1 - p.)(l - p.), [(1 - P. )(1 - P.)(l - PI) + P. P. PI J 

1 1 . 1 1 1 1 = 

D (1) 
C2 '2 

= 2 Pi PI (1 - Pi) (1 .. PI) 
... • J .. 

F 0) = D (i) f. + B (i). f. + C (i) fi ~ 

1 - 1 ~ 
, , 1 - 0' 

• ,1 

UsingoCramer's formula we fînd : . • .J" 

' ' ,', 

\ 

T (I,j,l) 
~- (,.2 '" 2 'I -~ 

= a + 89.6 
v. w

i A " 1 
" 

\ - where 
,'J , , 

• t 
Cl 

/ 

A (1) 
2 

.. P
2 

B (1) 
2 

'! P3 C (1) ? 

--
A· = clet. 

2 A (2) -P; B (2) 
J 

-P C(2) 
0 . 1 

. " / ' 2 " 2 
. -Pl 8(3) - P2 C (3) A (3) 

'; 0, 

" 
F (t) 

2 2 
- P. B (i) - PI C (i) 

1 

T \1 • 1) = clet. F 0) Am 
2 ... 

e - Pt B 0) 1,1, J 

., .' 2 . 
F 0) - p. C (1), A (1) 

1 

, " 
)V~'-

'" . ,~ 

~ 
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\, 

\ 
\ 
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\ 

To obt~in a~ explieit expression appe~rs to be too lengthy. 

Equations 89.1, 89.5 and 89.6 yield Equation"3.3.21. 
, 1 

l', 

, 0 -

BI0 Th~ 'SolutioQ of 3.3.22 

~e hye 

R (0) 
,~l [2- 2 2 22J 
' '" Às c+(l-p)O' +JP O'v 

(1 _ p)~' w 
= 

, .' 

and for.J = 1, .. , N - 1 .: 

N-J-l • 

R(N-J) - R (i) ,+ I R (1» 

where , 

2 cr ::: 
V ", 

= 

;=1 

N-2 

O'~ + (N-,l) R (0) + 2 L (N-l-i) R (i)' 

i=l 

N-l 
r 

N R (0) + 2 L (N-i) R (i) 

" j= 1 1 
" 

B1O-.1a 

, 

BlO.lb, 

, 
BI0.le 

81O.1d 

ln a manner"~.i~i,lor to th~t used in 84, we s~ow thqt 011 R (i) J i = 1, .• , N-l are 

equal. 

Lemmol 810. 1 For J = ), •. , N-1 R (N - J) := R (J) 
, 

"Proof : ~, " Defi ne 1 = N-J. , ,,1 = 1, .. , N- 1. Us i n9 B 10. 1 b, 

" 

we'finq 

" 

J 



-- '" il 

.' 

~ 
. ~ ~ . 

, 
• 'Ii 

-"" 

, ' -'-
.P 

" , 

" 
N-t-l " 1-1 1-1 . 

IR (N-I):.R (J) == -L (\~ R (i) 1 .;-. 
~ u ~ 

R (i» - P ( \" 
- ~ ;:. R Q) + 

Of 

1 
Hence, 

~ 

R (N-J) = 

l 
lemme 

1 - p.-,,' . 1 
l--v r= 

. 
J=C' .• ,N-1 . ~ , 

- P i=O 

1 

For j = 1, .. ~, N .. l 011 R' (i) a~e equal' • 
1 ~ , /' 
l' 

proo{ : 
'* 

It is enough to show that for J = l, .• \, N-2 

\ 

R (N - J) = R (N -(J + 1») 

-~I- J' 
q ~ 

Using .BlO.lb 'ta Find R (N:- (Jo\- 1» , we have 

J N-J-2 
p- "., I 

; 

R (N - {J + ln = [ L R (i) i- R (r) ] 
1 - 0 ' , 

i=O . i = 1 
'" < • 

Subtraeti n9 BI0. 1 b From BI0.4, yields \~ 

, 
6 

R (N - (J''; 1» - R (N" J)': -L (R (J) - R (N .. (J + 1») 
- 1 ... P 

r 
Using-: BlO. 2 in the above 'equation, we obtoin 

Menee 

for i = l, .• , N .. l 011 R Q)' are e~ual . 
1 -

~ -~------ ~-~-

8-22 

N-t-1 . 
R (i») • '> 

L 

i= 1 

.' 

810'.2 

Q.E~D. 

810.3 

t. 

B10.4 

7 

C' 

B10.5 

Q.E .D. 

" 

, . , . 

. . 
,~ . 

1--

'* 



l' 

t 

• 0 

1.. 

1 

'. ". 

We have for = l, •• , N-l 

R '(il - R (1) 

Substit~ti'n9~BlO.6 into B10.lb 

R (1) = 1 _Pp (R (0) + (N" 2) R (1)) ~ 
Po 

''N 
---Po-R(O) 

1.- Po +N 
il, 

p 
R~) = 1 R (1) = 

1'- (N-l) P 

Substit~ting the above into BIO.le yields , 

2 2 
(1 :;:: (1 + 
v w 

Direct substitution of BlO.8 into 810. la yields 

Ç)' Po 2 ~2-
(1 - Po + N') 4;(1 d + ÀC sc) 

. -lb ) - 1'1) 

2 tl ". 1 
0'9 = R (0) -;:: N.· 

(l .. PO) ( 1 

, 
2 ". 2 

0' ='NO' 
d w 

\, 

. 
:810.8 is analogous to 84.7 . 
1 

. . 
Substituting BlO. 9 into 810.~ yields. 

, , - , 

\ -
8-23 

, 810.6 

BI0.7 

. . 

,810.8 

. 
) 

, Q 810.9 

.1 
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., Q, \ 

----

" 

• 

, . 

\ 
\, 

o 

-e· 

. , 

,,' 
1 

.' 

2 
2 O'd 

CT == -' + V 
, 

N 

" and ·by BIO.ld 

2 
~a = c 

N - 1 

N - "lj 

. , 

'" 2 2-
. , 
,,> 

O'd' + ~ s c 
810.10 

1 ~ Po .( 

, , 
. " 

810. ri 

.. 
E~uations BI0.6, BIO.7, 810.9, 

• 
Bl0.,10 and 

," 
810.11 lead to !qu9.tion 3.3.23 . 

r 

. • Bl1 " , 

f)-

" ;-

.' -
./ 

• l' ,,.... ,j 
The Devèlopment 'Of Equation 3.3.25 

\ " 
q • 

", 

, This part refers bock to Equation 3.3.25 in th~ main text. At x = 0 -" < r 
l "" • • •• if) & 

wehave..:. = 0 , u = l, a'nd B2.1 issatisfi~da$-well., u and u areobtq,ined 
J - ~ 

. from B7.1'dquations-2.3.14, 3.3.1, A'7,9 and A-I0 together yield for the ç, 

symmetri c nonrandom case : 

~ 
~1.Jy--~'"I: 

.. . .. 
IJ-;' + 3 p 

2-2 
u - }.. B 

S· 
= = 

(1_'p)4 (1 _ p)5 
Bl1 .1 

"The expression involvi-ng W, u and 011" their ~erivatives)n 3.3 .. 25 is equal at 
... 

x = 0 to: 

- *i!, " •• • -:2 _ 2' • 3 3 - ~ - 3-
- u w + a u u (w - W. ) - (1.1) ~. - 3-w w '+ 2-w ) 

. \\ 

,,'~. - .. '. 2 . 3 3 . 
= ~Vi + 3 u u cr ~ (u) 6' =, - u Vi ., 

...,' _ ~ w w ......... 
811.2 

~-' 

.---------

a 

~ J 

Il 



r 

, ... 

8-25 

, 

For' k = K N where K ... Cl:) we reach a steady state and are 
, 

dealing with the steady state foint probability density function of ~ = (Q, , •• , QN)" 

and Equation ~5.2 Îs satisfied here as weil. 
, .. 

From Equation 3.3.11 we hâve 

N-l q' "> 

-. 

. w - L kFi ~) -= v 

i=l 

From Equation 3.3.22 we have 

-N-1 N;'l 
\" \ ~-. . 2 
) ,,'" : kF• 1 (0) = a 

... 1-1 1, - 'v 
i=l ·(=1 ..r' .... 

" 

'. 

" ... ... 

and From Equations 3.3.22 and 3.·3.23 we hav~ for J <N, N > 1 811. 3 
,N-l ,- , , 

.,.., - - 1 2 
>~F. 1 (0) = - . a 
.~ .1 + --. N-l v 
1 

- 1 

8y direct substitutio~ of 011 the above results into 3.3.25., we obtain ~or the symmetric ,;" 

nonrandom case, f~r N > t 

l '3 P -2 _ . ~o 3 . JI ~ -'- 2- p3 3 
( + ~ p s v + • s 0' + S . 

(1 - p)4 (1 _' ~5 (1 _ p) ~ (1 _ f.t 3 v 

For J, P = 1 1 •• , N-l 

, , 

. 
2 . N.J: 1 ~-1 ______ _ 

P 2 )-l0 LJ @~-~}{Qi-~i)(gl-ql) 
(l;P). i=l 1=1 

" 

. 
" 



, .. 
t 

" . , 

• 

, • 
1 .. \ 

, .. 

\ 
" B-~6 t. . 

where 
811.4 

N-l N-l N--l/» " ~---------I 
53 = \'.~'" -; (Q\' .... lI.) (9, - (;,}(9' - (; 

v L L.. L.. 1 1 m __ m . 

_li=1\'=11'=1 .• ','. ,\l,~' \' / o. 

• \ 0 0 ~ 

Rep'ocing (,2 bJ the expression giiten by Equo~ion 3.3.24 ylelds,Equation 3.3.26. 
v 'I " ' \ . 

812 53 for N = 3 ... 
v 

We hove 

II 
l' 
1 

, 

Po -2 - (~) ~ 3, ' 
R (0, 0) ~ ._" ----- s V + -: -_...:-' Ôv p. 0 P. 

'3.3.300 

3(1 " ) (l 0' )4 ,(1 _ -!) 3, 
o - ""0 -3' .J' 

PO' 2 Po 2 
( -r) '~ -2: ,( 3) ~ . 1 

R (0, 1) = ---~- s V.+ (R (0, 0) + 2 R (0, 1) + R (l, 0»' 
, Po 4 lb 2 1 

(1 - a...)(1 -~) (1 - -r-) 
, U " ." 3. 3 . 30b 

R (1, Or = (R ~, 0) + R ~, 1» 3.3.30c 

where" o 

" ~ 3' 
5 
v 

::! 2 R ~, 0) +. 3 R (0, '1) + :3 R (l, 0) 3.3.30d 
Q 

.f 



.' 

, ( 

~-_._------ -

'. , 
... 

, 

.. 
- (' 

" 

,. 
_J 

. " 

.... D 

'", 

8-27 

. f. 

The method of the solution is similar to that used in 

: . 0 . 2 30 1: --J 
analogous Equation 3.. .. ' 

, . i -

B6 for the solution of the 

o Q 1 

.' Su'tstituting S.3.30ç Into 3.3.30b yi~lds 
• \ 

B12. l, 
,A.' 

" 

r~ . ~' ,-
~ \: .. 

êt' .., 

Substituting r 3.3. 30c into 3.3. 30d yields .,. 

Po " 
53 

. ,,2+,,- 3 
, 

= . tb. -R (01 0) + CR (0, 1)' 
v Po 1-3 1 - ,-

o 

\ 

Substituting 812. 1 into 812.2 yields 
, '. 

" 

Finnally substituting, Equation, Bl?~. int; Equation 3.3.300 yiel,ds Equation 3.3.31. 
\, , , 
"-

1 " " , .. 
a 

• , 

~ 

0 
r.' -

! 
/Î 

/ 
Q 1 '. " i 

, 
;> 

, 

. 

. . 
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APPENDIX C 
p 

. ON THE RELAJION, BETWEEN CYCLE 0 TIME AND INTERVISIT TIME 
'" ..... 

~ 
J~ THE EXHAUSTIVE MODE~ 

'the intervisit time, v, and the cycle tin'le, c, of a termin~1 in the 

" , . . 
~xh~ustiV~ mode 1 , ar~ d~fined by, Eq~ation 2.1 .4. The intervisit ~ i~gme 

th'at"separ~~.ès the server's d!'parture from a terminal frOlT) the server's subsequent- re-

turn to the same terminal. . The cycle time is the sum of the intervisit time and the 
. 

,'·serv.ice time ~f ail customfi'rs in the j;erminal untÎI ,t is'empty for the first tliltle.' ,'New 
, ( 

,., • 1 • ct 

Clr'i'lv.als to t'he ~ter~inah)~re ac~ordin9 to' ci' Poisson ar;ival p~ss having pàrOmder À. c 

ln the following we derive the relation between the laplace transform 

of c an~ v . T~is reFation hol~s for both trans;ent and steady s~ates. 
" Î " 1 

For any termin<:,1 i, i:: l, -.• , NI we define 

\) 

. "\' 
t ::: the cycle time of the termi~al; " 

o , ,_ 

" 
7". ::: ~~ intervisit tim~ of the ter~inaL ... 

reaches m ::: numœr of customers in the terminal the server fi 

it., i.e., at the end of the intervÎslt time (ot ing of the' 

intervisit time. the terminal' is empty ) . 

::: 

C (·),V(,) = 

the probability density 'fûnctÎon of c and v 

respectively. 

the Laplace fra'nsforms of P (.) and 'p _ ( . ) 
c 'v 

respectively. 

\ ~ 0' 

o 



• 
, \ 

.. 

c 

, . (-2 

1 , - , ' 

the probobil itY dÈmsi ty functi on and Lapla~~ transform -= 

of a b\!l.y'~fiod .-" --- ~ 

,1 

By the Jaw of total-';foba~Hity 1 we have: 
L ___ ~ 

j 

! Pc (t) =' J Z Prob (t 1 m, 7') Prob (m 1 7') P v ( 7')- d, 'T J 
o m=O l ; 

8y the same argument used to deriv. Equations 2.3.6 an~ '2:3.7, EqU~ioh C.l 

, C. 1 . 

can 
Il 

, be expressed as follows : . \ 

t', 00 

<, 
,P

ç 
(t) = J ~"p~m}* (t - :) [( À,7') m lm .!] exp (- À" 7') P,\I'( 'T) d 7' 

o m=O • 1 C.2 .. 1 , 
() ".l 

"" Applying the Laplace transform we ob'tain 

.' 

cotc:o 

J J "> C (x) = L.J exp (- t x) 

o 0 m=O 

00 <XI 00 l 

.. ., .. . . 
'pt>* (; - 7') [(À 7). ~ I~ f J exp '(- À 'T) p~ (7') d 7'd t 

C.3 

C (x)" J L J exp (-(t-T) x ] p~m} * (t-~J ,[(-À 1) ~ /Ql 1] exp (-'T(XTÀ»P )~dt d:-

e m=O T ',(. ' '. C.4 

Integratio"_over t yields 
• • 

00 (X) 

,C (x) = f I [( ~ 7' B (x» m / ml] exp [- l' (x + X») P v (7') d r'~ 
l ' o m=O. -. . .-

'II 

-C.S \ 

1 

'l. 

sümmation over m yields 



, ., 

.. 

, 1 

'" -, . 
" c (x) 

'~' -
exp [- l' {x + ~ ( 1,- B (X»)) ], P (:1") d T 

v .. 
C.6 

i ~ 

o -. 

" - -

and\ye ObtaÎn '. 

c (x~ = V t x ~ ~ { 1 - B (x» ] 

. 
To find the-relation between momt!nts of c and 'v, we differentiate C.7 w.r.t. x'. . ... . . 
Omitting 011 arguments, we obtain 

8 • 

C 

.. 
è = 

. ' 
C = 

(1 :ÀB)V' 1 , 
( 1 '- À in2 V - À ,P;'y 

! 
1 ,.. -

r, 

- j , 

'At x:; 0, B (0) := °1' and ,':Ising Equation A. 9· ,~nd ~. ~ in 
" ..., 

we obtain : / 
-1 " 

From C.Ba: .;. • 

ë ~= v 1("- ~) 
/ 

/ 

" .. 

3.3.14' 

"' . . , . ". 

'. 

... 

, '. 
,,'~' ....... ......... , . 

l' 1 ~ 

C.8a. 

C.8b 

C.8Ci 

C.8 where p== À S 1 

.. Fr.om - C.8~ ,jl, 
of L .. - 1 

l' -2 2 2 "':2 _ ' 3 
c =, -v 1 ( 1 - p) + À $ V /"(1 - p) 

t& __ .-""-----

-- and hence 
, , 

2 - 2 2 

'[ -----------,...- -

.. ' 

'(J = (1 - p) cr 
v . c -~------------~. 

. ' 



, ' 

, - , 

: , 

• 
, The above is used in Equation 3.3.2'3 . 

From C.8c : 

, , 

, L 

t • 

,l't 

C-4 

o '2 
~3 -3: - 3 2 ~2 4 0 3 4' 2-2 .. ' '5-
c = v' / ,(1 - I!), + 3 ~ 5 V / (1 - p) + '[ À s / (t - p) -t: 3 A S / (1 - p) ] v 

\ 1., ~~ ~ <:.9 
~I ~ '-.---" 

1 

Just as w~ calculQte the first thr..e~ mom~f v in Section 3 of' Chapter HI, 
, "_//" 0'· • 

,Equatio~ ·C. 9 ênobles Ut to derive the corresponding moments of _ c . 

, \ . ' 

Derivation of the r~lfition between c and v in the gatrng model is. very 

- , 

• 0 similor ; Ollie only dlfference 1. Ihot B (x) ,1. rJ.0ced by S (x), and we oblcil~ from 

Èquation C.7 for the gating model ' 0-

-",.,.-;-.,.. .. _ .. ~ 

c (x) =: V [x + ~ ~ 1 - S (x») ] 
1 

C.10 

• r 

, 
, .. \ 

of o 

,~ 
1 

,l, ~ 

• 
1""----------....-......:..........--------.----.--- --, 

... 

, ' , 

o 

J 
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" 

1 

D-l 

1 " 

, APPENOIX'~ Ô 
. 

THE' NORMALIZED CROSS CORRELATION SETWEEN tERMINALS . 
IN DIFFER~NT CYCLES 

, 'Tbe Gdting Model 
'>. 

, 
F~ the"steady state in the symmetric case, we have from Equ~tion . 

3:2.22 . ' 

J 1 = 9 

" . 
= 1, ... , N-·l 

0.1 

1 

For ~ N 1 we can ~rite : 

co 00 " 

r Jf (~. - q.) (Q\ 1 -~. 1) Pr'ob (Q. 1 Q.,,) d 9. d 9. 1 
.,' • ~ 1 + . 1+ , , .+ 1 1+ 0.2 

o '0 
, -

\ '-' 'fr _ 1 r :.!' \' '_ '. 
- ...,.- J •.. J J (g. ~.)(g. t~. ,)Prob(9.,G. 1 N'" "Q. I,n. l)d9. dQ, 1 . 

r. L.. O 1 • 1+' ,+. 1 1+ - " 1+ 11- 1'=0 1+ -1 o ni+1 ' J-

'00 co Cl) 

1 _ 

0.3 

, 
CD CD CD 

" ,_ ,G. 
, 1 JI'. - - 1+' = -,...- .• J' 1 (Q.-9.) (Q. ,-9 •. ,)Prob( ln. I,g· 1 N' , .• ,9. 1 1') 

~ Lf. 1 1 0'+ 1+ 1+ l+ - 1+ -(] . a 

9 0 0 n.= ,0 (' 
, 1+ 

n. , 
. Probe 1+ ,!Q.,9., N,·:,Q· Il) 

• 1 1+ - 1+ -

. .' N 
, Prob (9., g. 1 N" ",' 9. 1 1) d9·nd9• , .' 1 1+ - 1+ - l ' 1+ -\ 

j=O 

0.4 

> 

------------'" • 

, ' 

-i 
1 



" 0-2 

. ,-
J 

where n. 1 is the number of customer~ that are'served in T: 1 . "As in the deriva-" 
• 1+ 1+ 

, 

tion of Equatiôns ~.2.2 and ,2.2.3 we can establish : ' 

/ 

, 9 
b ~ HI/.) Pro, ln, 1 

1+ 

Paralleling the derivotion of Equation 2,2.4, we have 

ni+1 - n. 1 
'Prob( ~"g'l N' .• ,9·ll)=Prob(I+~'1 N--, ,·,9'll) 1 1+ - 1+ - - 1+ - 1+ -

N ' N - 'n 
::: . [("" . 9 )' i+l/. ] 1. '\ \ 9 ) 

1\, J '1' 1 n, 1 j exp ,-,,) : 1 . 
Lr 1+ -t 1+ l-J 1+-1 
j=l j==l 

, , 

, Substituti ng D. 5 and 0.6 into 0.4 yie Ids 

00 00 00 

== +.J. .. J L: (Q(gi) (Gi+(9i+1~ 
O'g 0 O"'n = 0 

i+1 

"0.6 

N. N 

~,.exp (- h '; 9. 1 .') Prob (Q., 9. 1 N"" Q. 1 1) d 9·'ITd 9. l' D.7 
t....J 1+"" 1 1+- 1+- 1 1+-' 
j=l j=O 

Integratingtl()ver 9. 1 ' we obtain 
H , 

00 0000 N N / 'n 
l r J\" -- ,-. 'i+l -, = -,r J" ) (Q .. -'Q'.)(n. IS+w• I-'Q'. I)[(X > g., 1') ln. l' J exp (-X / Q. 1 w) 0':' . l...J 1 1 ~+ l"d-f: 1+ _ -' 1+ -, 1+ J 1+-' 
9 0 0 n=O' ,'=1 ,'=1 i+I __ ' , 

',f.;,., 
1 

o N 
. Prob (9., 9, 1 N' 

'1 1+- ,". , 9. 1 1) d e .. n d e. 1 • 
1+ - 1 1+-' 

0.8 

j=l " 



'. 

, , 

ç 
0..3 

Summing over n. 1 we obtain 
o 1+ , 

CD <X> N N 

= ~~' .• l (9.-~.) (Às ;: s. 1 . +w. 1-;' I}Prob (9. ,S.' 1 N'" ,S. 1 1 )d9ind9• 1 • r:l 1 l , .... 1+-' .1+ 1+ 1 1+- 1+- ,1+"-1 
,9 0 0 ,j= 1· j= 1 

, D.9 

Using E,qudtion 3.2.3 in 0.9 we obtain 

Po CD CD N N 
Nrf'--' -, TI 

=r -,or-- I •• J (9.-9.)( \. (9. 1 .-S. 1 .)) Prob(Q.,S. 1 N' . " 9. 1 1) dQI d 9. 1 . 
L." 1 1 4 1+ -, 1+ -, 1 1+ - 1+ - 1+ -1 

a9 0 0 j=l ~ j=l , 

D.I0 

Po ~ <X>f CDr (Q.-~.)(S. 1 • -,ii. 1 .) • • 
1 1 1+ -, -1+ -f " 

= N, - ~ 2 - Prob (Q.i' Si+l-i) 'd Qi d 9i+l_ j 
i~ 0 0 ,O'g , 

D.ll j 
J, 

Equation 0.11 is simply 

N 
'lt,' 

GRS Q) 
Po 

GRQ (I-i) = N IJ. 
,D.12 

j=l 

. . -... ..) . ,-
Equation D.12 is Equati on 5.3. 2a in. Ch6pter V • ... 

.' /. 

,( 1 
~ 

The Exhaustive Mode 1 .. 
Equation D. 1 holds here as weB. 

, 1 

A~ in the devèlopment (or t~e gating 
Ir 

" 
mode 1 , for ~ N-l we can write 

, , 
, . 

1 



1 
d 

1 0-4 

ood> 

ERQ~) ::::: +- l J(Qi':'O'j) (9itl~~itl) Prob (9j' Qitl ) d9j dgitl 
O'Q 0 0 ' ' 

0.13 

'00 0000 

1 r f-' - ;- d' 

::::: -.r : .. ~>(Q·-Q·)(Q·I-Q·I)Prob(Q·,Q·1 N l,··,g'tl,w·+11 ,m'+I) 
.". :...J 1 1 1+ 1+ 1 1+ - + 1 1 - 1 a g" 0 0 m='p· , 

i+ , 

N-l 
. d 9.ITd Q. 1 .. dw. 1 1 Il 1· ,+ -, 1+-

0.14 , 

;=0 \. 

mi+1 J. ob wi+I_1 Al 
.Prob~ IW. 1 1,9.,9. 1 N 1,···,9. Il) .Pr ( IV.,G. 1 N+l,··,G. Il) 1+ - 1 1+ - + 1+ - , 1+ - 1+ -

-1' 

N-l 
. Prob (9., e. 1 N+l' .. , Q. 1 1) d G·n cl G't"1 . dW'+1 1 

l ,+ - 1+ - 1 1 -, 1-

• j=O 

0.15 

where m. 1 is the num~r of customers that exist ot T. l' ot the moment the server 
1+ _. 1+ 

reaches j t. ' 

As in Equation 2.3.5 and 2.3.6 we have: 

0.16 

e \ . 
, 



\ 

/ 

• 

o 

0-5 

" 
As in Equation 2.3.T we have: 

m. 1 
Prob ( 1+ Iw. 1 1,G.,9. 1 N 1 1 

- 1+ - ·1 1+ - + 

N-l N-1 
..., m'+1 _ . 

= [( À (w. 1 l + ) 9. 1 .» 1 lm. I! ] exp (->. (w. 1 1 + L' Q. 1 . )) 
1+ - L.J 1+ -1 1+ 1+ - 1+ -1 
'j=l 'j=l 

As in 2. 3.8 we have : 

'0 wi+I_1 
Prob ( ~i' 9i+1- N+1, = P (w.) 

w. '1 1 1 +1-1 1 ~i+l-1 ) 
1+ -

1 

Substitoting, D.16, 0.17 , and 0.18 into 0.15 we obtoin : 

N-l 
\' 

. exp [-À(w. 1 1+ / G, 1 .)] Prob (Qi' 9. 1 N l' •• ,G, 1 1)' 1+ - ~ 1+ -1 1+ - + ' 1+ -
j=l 

N-1 
. P(w. 1 1) d Q·n d Q. 1 .. d w. 1 1 

W 1+ - 1 1+ -1 1+ -
i+l-l . _, j=O 

" \ 

'. Integroting over 9. 1 ' with the help of Equation A.lO, we have: 
1+ 

/ . , 

D.17 

0.18 

-

... 
0.19 

, . 

" 



• 

}f. 
, 

.' . 

N-l 
~ l 

. exp [-X (w. 1 1 + " 9. 1 .) J Prob (9. ,9. 1 N l' .. ,9. 1 1) 1+- LJ t+-I 1 1+- + 1+-
j=1 

" N-l 
. P . (:N'+lo~l)" d g.nd 9'+1_' d W, 1-1 w, 1 1 1 1 1 l, 1+ 

1+" • 1 1= \ 
" 

/, 
Summing over m. l ' we obtain 

1+ 

,~ 

, . 
N-1 

Po \~ 
W. 1 1 + -N \ g. 1 . CD 00 .' 1+ - I..J. 1+-1 

1 " ... '=1 
ERg (1) = 2 j .. ,J (Q(g)( Po 1 

, (J 

, 9 0 0 1- N 
'-~. 1) 

1+ 

_ N-t 

0,20 

. P (w'+1 1) Prob (9. ,0'+1 N l' ., 1 9. 1 1) d w'+1 1 dO. TI dg. l ' w. 1 1 1 - 1 1 - + 1+ .. 1 - ,t • 1 1 + -1 , 1+ - '(= 

o 

Integrating over w~ 1 f' we obtain N 1 
t+ - lb .: 

w.' . +- .. g. , 
CXi CD • 1+,1-1 N ' - '1+1-. . 

ERS 0) = 7- l .. J (IIi-lii)! '~l:>" ~:t 
Q Q', 0 1 - N \ 

. .~ N-1 \ 
, , P~ob (9. '0 Q. 1 NI' .. l'~ 1 1) d 9. TId g. l ' 

''', , 1 _--1+ - + " .,-+ - 1 1+ -1 
,_ " \ 0 î= 1 

.', ... --)À , ,~ • 

,./. ' 

Usil'lg Equation 3.3.5 in D.22, we 'obta;n -

1 
1 

. • 

0.21 

0.22 



.. 
r .. 

e" 

1 

, 
,- (\# 

1 

• 1 

Po 
N 

" > , ~ 

\ , 
.~ 

. , 

,f 

,lb N-1 co éo (Q -\1' ) (Q _~ ) 

E
Rn 0) = l\r \' l' r i i· Î-l;I-j i+l- i Prob (9. ,9. 1 .) d 9. d è. 1 . 
" -p L·' JI. 1+ -', 1· 1+-' 

1 0'1001 2 -'N ,= O'g 

l " 

The abo~ve equation is simply 

Po N-l 
, '"Fr' 

pO 
1 - j=l :Fr 

-, , 

l, E~9 0-;) 

,Equation 0.25 is Equation 5.3.2b in Chapter V • 

'" 

, 1 

/ 

\, . 

1 

" 

0-7 

0.24 

, 
0.25 

.' 
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APPEN'ÔIX E 
~ 

, '. 

DERlVAnON OF THE FIRST TWO MOMENTS -OF THE WAITING TlME 

hapter VI }he Laplace transform of the probability 

1 del'lsity function of customer waiting tÎme in T.. From Equation 6.2.9 we bave 
1 

1 

- <> 

. Q (x) = C~) - C (z) 

ë'[z-x] 
E. L 1 

, 
where ~ = À (1 - S (x))" 

1 

At x = 0, wé have : 

, .. 1 • 

z = 0 
) , 

z = - À S (0) = À 5 = p 

" '.. . -2' ,z = - À S (0) =" - À s ::: E.1.2 

... -3 
z = - À S (0) = À s 

o /" 
At x:: 0, the right hand side of Equation E.1 .1 js /0. "(herefore we ~ave to use 

L'hÔpit~Ps rule to verify.: a' (0) ~ 1, Differentiating the numerator' and the de-, . -
~ 

nominator of Equ,ati on E. 1 . 1 w, rt
, t. x we have : 

Q (0) == ']lim 
k "'0 

.. 
é (>;c) - z C (z) :::: ë (1 - p) ::: 1 

ë(~-l) ë(l,-P} 

.. 
ln arder. to find ëj', we differel'ltiate Equation E. 1 : 1 w. r . t. X, we obtain : 

'" 

"'E.1.3 

.. 

.. 



C> 

, 1 

1 
E-2, 

J. 

Q (x) == (z-x) (ë (X) - i é (zn - (i-l)( C (x) - c '(z)) 
E.l.4 

- 2 c: (z - x) 

. a 
At x::: 0 we encounter ;t>. Applying t'hq,ital's rule we obtciin~ : 

:= -"'q 

... ... . 2 .. .. 
== 1 im (z-x) [ c (x) ;- z C (z) - (z) C (z)] - z [c (x) - c (z) ] 

x ..!to ë 2 (z-x) (i-1) 
E.1.5 

-,,' ... 2 ., ., . 
. 'q' = lim --=-. _C_(x;....;)_-_C ..... , ..:..(z.:.-,) _ lim C (x) - (z) 1 C (z) - % C (z) E.1.6 

x - 0 ,2_ (~- 1 ) ë (z - x) • x'" 0._ 2 ë (i .: T) "' 
".- -

Stib'stituting Equation ~.1.1 with x;, 0 and Equat'ion E.l.2 into E.l.6 we obtain 

-2 2 -2 -2 - " -2 , - J 
Ci = ~ + (1 - fJ ) c - À s' c = (1 + p) -=-- = (1 + p) (~ + ~ ) 

2 (1 - p) 2 C (1' - t.Y 2 ë ,2 2 ë' 

Equation E.).7 is cited as Equatior16.~.100 in the thesis. 
il> 

. . 
l ln order ta find the vorionce .of q we differentiate Equati~n 

w.r.t. X, we obtain 
0) , 

E.1.7 

, Q (x) 
1 .. :...' .. .. 2 .. ... li =.... 3 [(z-x) (- Z (C (x) - C{Z)+ (z-x) (C (x)-(z)" C(z) - z C 1z)~) 

c (z - x) , ". . 0 

- 2 (~ .. l) «z-x) (ë (x) - ~·é (z» :. (~- 1) '(C (x) - C (z») J , 

E.1.8 

At ~.= 0, the righ~and side of Eq~ation E.1.8 is 0/0 . Using L'hÔpital's rule we 
~ . 

obt9in : \ 



o 
'0 

o cf, , 1 
l' 

. \ 
\, E-3 

, 
.. -2' 
Q {O) = q :: lim 

-v-- , • 
1 ' "" '." ~ ,." 2·· .. "-

. •. f [-:(z-l) (-z (C(x) .. C(z»+,(z-xHC{x)-(z) Ç(z)rzC(z»)) 
x -0 3 ë (z - 1 j(z - x) v "'." 

\ '. 

~ ~ 
1 •• 

- 2 il «z - x)( é (x) - z c (z» - (~ - 1) (C (x) - C (z:») - ,/ 

f "', ' "... •• • B'f '2'" ... 
+ (z-x)( - z(C(x) - C(z» ~ z "(CCx) -' z ,C(z)}+ (z-1)(C(x)-.(zo) C(z)-zC(~))) 

l' 

2 ... . 3··' " .".. .. ... 
+ (z-x) "(C (x) -, (z) C (z) - 3z z"'C (z) - z C (z»J 

, f " , 

R~arr.an9ing,~the, above equation we obtain 

. " 
"72 _ ,. 
q -:::; lm 

~'4) 

• 1 

••• a " 3··· - ".. .. . .. ,. 
[ C (x) - (z) Cv (z) - 3 z z C (z) - z C (z) .J Z 0 C .(x) - C (z) 

,&~ 3 'ë (i - 1) 3 (i: - 1) ë (~- X) 
( , ~ 
J 

r 
• • "fi 1 

z . 
+-. 

o Z - ] 
(z-l) (C'(x) - C Jz» .. 2(z-x) (C ~x) :6 Z C (z)) . 

ë (z - X) , 

f 

E.1. 9 

E.l .. 10 

Using ;he resu,'ts of ~qu.otions E.l.1, E .1.2, and 'Ll.4 with ~ == 0 we obtain'~-" 
" , , 

3 . - '2 - 2 -3 - - -
-2 (1 - P 3) ë' - 3 P À s c - À s c À s 

3 x s 
2 -

q = + +-q 
3 C (1 .. p) 3(1 - .4 '1 - P 

" , 

-2 -3 '3 -2 
c,O-p) - X'I$. ~ q = + q 
3 ë(l - p) l+p 

o 

E.1.11 

....... , 
'l 

"-'>, 
And '<."11 

" 
-, 2 . -3 - -2 -

2 0 2 - c ' 2 - - À 5' ~ 
<Yq = q - q == -=- (1 + P + P' ) + q (-_ - q ) 
, . 3e· 1+p' 

'" 

I~ 
'- --
Llo 12 

, - , 



ÇI 

• u . , 
~ ;, ~ 

E-4 

t ;; 
<li 

... /~ G (' 4t~; '. cl e '1 /. q, 
~ '. ' 

Equation E.1.12 is relabele~ by 6.2.10b in the thesis. 

.. . 
, " . 

" 
"-, 

E;2 The Exhaustive Mode t :." 

0 

We deal with Equation 6.3. 20 ~ 
,. 

r-v 

d;"~ -
\~ . 

~. 

" 1 - pl . 7; (x) Q (x) = -v .. / E.2 :.1 

x - À (1 - S (x» • u 

'" 
: -

<:> 

At x=O we have -

= 6 0 '\, ~ 

z 

~ 
z ::; .L + À S (0) == 1 - À 5 ::; 1 - P 

..JI • .\r . E.2.2 

.. .. .. -2 
---z ::; -1\ -s-(O,-=---As '----~ 

/ .... -3 
À S (0) =-À s z ::; 

For the sake of simplicity we omit the a1-gument x in Equation E.2. 1. and we have , 

~ Q (x) :::' 1.: p 1 - V 
\ , , 

E'.2.3 

.. .' r Z J .0 0,., , '. • 

At x = 0 the rig t hand side of E.2.3 ïs /0. Using l'hopit~l's rule ~e have: 

" 

Q (0) = 
. ~tZ 

1 _ pl -V 1 - -0 v l - = -. - = 

1 
! 

• - . - 1 v z v - p 
,. 

" l ~ 

• . {J 



, , 
" 

. , 

E-5 

.. " 

Differentioting Equation E. 2:3 w.r. t. x w.e have * 
. 

:\j 

- t V - Z (l-V) • 
2 

Z 

E.2.5 1 - P c_. 
" 

At x F 0 we encoullter 0 jO : 
. 

Using ~'hq,itol's rule, w.e obtain ' ~, 

., 
Q /("1) /' 1 -.p 

\V =- q = lm -. 

x .... o V 
- z V - ~ (~-.V) ;:: 1 i m [ 1-P . - V_-=-. t - p. 1-V ] 

2ZZ;'A'- x-.Q V 2i 2i v z 

~i~g E~~at~E.?2 ano Equa.tion E.2.3 'wlth : ~ 0, we oblain 

72 \ )-2-: 
q ;:: ..!- + _~:-s __ 

2 V 2 (1 - p'r , 

Using Equation' C.9 in E.2.7 we obtain : 

q == (l~ ~ -= 
2ë 

2 
(] 

c c 
(1 - p) (- +-) 

2 2ë 

- '-' 

• 0 

~ 
~ 

, Equation' ~.2.7 is cited as Equation 6:3.210 in the thesis. 

fi 

'1) 

Differentioting Equa'tion E.2.5'w.r.t. x,' we·obtain 

~/ 
• .. ___ • 1 

Q (x) = ;t- 2 z (;'V'+ z (l-V)) ] 

At x = 0 we encou~ter by 0/0 • Ôpital's rule Je obt~in 

'~ , 
t 

0' 

E.2.6 

'E. 2.70 

~.2.7b 

.. 

E.2.8 

." 



o • 

'\ 

• 

\' 

~E-6 

+ 2 ~ ,( z V'+ ~ (l-V)) J 
," 

'E.2.9 

Reorronging the cbove -equaticn we obtain 

, 
-2 1- (l-A\ V Z 1 - " q '=. lim " ".. ~ --;- . .. . 

• x"'O 3'Vi: 3z v 

1 - V . + -:- . 1 : p • z V + î '(1 .. V~ J' E. 2. 10 - " 
z z, v. z ' 

1 

t 

Using the results,of Equation E.2. l, E.2.2, and' E.2.4; we obtoin \ 
.-3 

v =-+ 

And 

3v 

, .. 

. ~ 

\ , 
.. ' 

, , ., 

. .. 
. \. 
'.1 • . \ 

\ , 

. ' , . . \. ' 
l'" . " 

( 

" . 
.' 

\ 

• 

1 -

'. 

, . 
l' , ' 

'1 

, 

/ 

E.2.12-

'. 
1 

1 

\" 
! - . , , , 

,' . 
, , 

\- '. 
, 

'\ 

" . ~ . '\ 
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APPENDIX F 

.-_-~ 

NUME'RICAl RESUlTS USED IN THE I7-I'GURES 
• l 

Fig. 5-1. w=1.i PO=.8, N=10~ ')-.. 
Cycle A : ~1 = (1, .. , ~) B : ~ 1 = (20, .• , 20) 

1 

-
~ 

eV CC EV Number Gë '. 

. 1 ~O.O '10'.0 200 181 ... 
2 21.6 22.2 156, ,~135 

-

3 30.6 " 31. 1 , 123 102 

4 36.9< 36.7 99.1 80.8 
" J' 

-1 

\ 5 41.~ 
1 

40.2 83.1 67.7 

6 44.0 42~4 72.3 59.5 
-

. 7 \ 46.0 '43.8 65.0 54.4 , 
;1 

9 48.2 45.1 59.& 49.2 
-

12 49.4 45.8 " 52.1 46.8 
\ 

15 49.9 46:0 50.0 46.1 
- . . 

20 50.0 46.0 50.0 46.0 

. ~ 

Fig. 5-2. N=8, 'PO=·9. 
, . 

Cycle No. GRe ERc ERv 

0 1.00 1.00 0 LOO' .. 

1 .850 .82~ .813 ,. 
2 .7JO .654- . ----kltf----

~ .v-rt' 

~ 
. . 

3 .5~ :509 
\ 

4 ... .491 .408 .-402 . '-. . '-
6' 1 ' .339 .255 t- .251 .. -
8 .235 .159 .157 

JO . 162, ~ v .099 .098 . , . , d" 

~ 0 

,14 .077 .039 .038 , . 

,~e 
20 I l .025 .009 .009 

-, 

30, .004 
-, 

.001 .oq~ 
\ 

~ . 
, j li 

v 



.1/ ~i g. 6- 1. 5;: 1.; d ;: O. 1 

\ 

ëfE Po 
. qif 

" 

· 1 .0556 

.2 .1250 . 
-

. 3 .2143 . 

~,4 .3333 . 
.5' " .5000 

1 .6 .7500 

.---~ .7 1.167 
,t 

.8 - 2.000 -, 

.9' 
, 

4.500 

Fig'. 6-2. . 5 = 1. 1 d = 1; 1 

th' qE 
1 

'ëfE 2 
qE 
, 3 

· 1 .556 .583 .593 -• - . 
.2 .625 ~~7 -.708 

.3 .714 .821 .857 
t,4 .833 1.00 1.06 

.5 1.00 1.25 1.33 

.6 1.25 L62 \1'> 1.75' , 

.7 1.67 - 2.25 2.44 

. 8 2.50 3.50 . 3.83 

.9 5.00 7.25 8.00 
1 

l, 

• \ 

o 

ail N ~ t . " 

N ;: 1, 2, 3, CD • 
( 

1 "ëfE=· <fG 
q "" 

CD CD 
G2 

c 

.611 .639 
q 

.750 .812 

.928 1.04 

1.16, 1.33 

1.50 1.75 

2.00 
..... 

2.37 

2.83 3.42 
0 

4.50 5.50 

9.50 11:7 
-i' ,\ . , . 

- \ , 
\ , , 

qG 
1 

.667 

.875 

1.14, 

1.50 

2.00 

' 2.75· 

4.00 

6.50 

14.0 

." 
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Fig. 6-3. S = 1., CI = 100. 
ç~--

N = l, 2, 3, (X) • 

Po 'li . l'l'E qE q(' <Je; qG q 
El 2 ·3 (X) 00.11 2 " ~1 

, 
.1 50.1 52.8 53.8 55.6 58.4 61.2 

.2 50.1 56.4 58.5 62.6 68.9 75.1 , . 

.3~ 50.2 60.9 64.5 71.6 82.4 93.1 

,1 
, 

-:-4' 50.3 67.0 72.6 ,B3.6 100 117 
~ -0 ) 

~50.5 J 
83.8 .5 75.5 100 l25 150 

- . 
.6 50.7 88.2 101 125 163 < -201 .... 

.7 51.2 109 129 168 226 284 
v 

.8 52.0 152 185 252 382 452 

.9(- 54.5 279 '- 354 504 ~ 

729 954' 
1 

\, 

Fig. 6-41 s:::: 1., cl = O. , N = l, 2, 3, (X) • 

, . 

Po 
a"L a

2 c/ aL. == (J2 (J2 a2 
q, qE qE qE qG qG qG El 2 3 co co ' 2 1 , 

-

. 1 .0401 .0413 ·9416 .0422 .0410 .0401 

.2 .0990 .105 .107 .109 .103 .0990 

.3 .189 .209 .213 .219 .198 .189 , , 

.4 .333 .. 386 .395 .407 
, 

.352 .333 -

'1 

.5 .583 .712 -.729 .750 .619 ~ ____ ~5â3 .. 
1 

6 ~.! . / 1.06 1.37 1.40 1.44 1. 18 1.06 
~ 

~~ - ~~~~ ~ ~~-~- (; 

1 .7 2.14 2.93 2.99 3.05 2.29 2.14 

~8 ' 
, 

5.33 . 7.79 7.90 8.00 5.72 5.33 

.9 23.2 36.3- 36.5 36.7 25.0 ~3.2 

-

) 
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Figs., 6-5, 6-6. 5=1., d=1. N = 1, 2, 3, 00 • 

Po 
(J2 a2 (J"l. cl= (.,2 fi ~, cl 

qE' 
0 

qE qE qE qG 
;. 

qG~ qG , 
1 2 3 00 00 2 1 

• 1 .123 .165 .179 .207 .221 .236 
0 

.2 .182 .289 .324 .396 .414 .443 , 

.3 .272 .485 . 555 e .696 .700 • .743 

.4 .417 .812 .940 1. 19 1. 15 ~- 1.21 

.5 .738 1.40 1.63 2.08 
~ 

1. 91 2.22 .. 
.6 1.15 2.56 2.99 3.83 ,3.33 3.49 

.7 2.22 5.27 6.13 7.86 6.50 6.80 
c~ .. , 

.8 5.42 13.5 15.7 20.1 15.8 16.5 

.9 23-.3 ' 61. 3 70.6 90 .. 1 67.1 70.7 • , 

r •. 

Fig. 6-7. s = 1. , Ci = 100. N:: 1, 2, 3, 00 • 

(J2 cl (J2 (JZ = aL aL. _ .L 
Po -- (J 

qE <lE <lE <lE qG qG qG 
1 2 3 Cl) co 2 1 

. 1 833 98~ 966 1040 1\:- 937 845 
v 

.2 833 1060 1140 1320,,:' 1080 859 

.3 834 1240 1400 1730 1270 881 

.4 834 1510 1780 2370 1550 913 

.5 834 1930 2380 3430 1990 ,967 

.6 834 2650 3460 5400 2750 1070 
, 

965{y' 
( 

.7 835 04110 -5700 4300 1290 '\ , 

.8 839 8010 11900 21800 8430 1950 , 

.9 857 27500 43900 37900 29200 5590 

0, 



t-5 
Fig." 6-8. d = O. 1 

, 
1 _ . 

Po qE. qE. qE = qG qG., qG. 
1 1 0 0 1 1 

. 1 .05786 .05479 .05556 .05556 .05619 .05366 

.2 .1365 .1212 .1250 . .1250 .1276 .1172 
, 

.3 .2471 .2033 .2143 .2143 .2205 .1956 

.4 .4091 ~ . 3081 .3333 .3333 .3455 . .2970 

.5 .6579 .4474 .5000 .5000 .5215 .4354 -

. 78tl 
~ 

.-6 1.065 .6449 .7500 .7500 .6387 
, 

.7 1.800 .9556 1.167 1.167 1.232 .9712 , 

.8 3.364 1.545 2.000. 2.000 2.125 1.626 

.9 8.262 3.246 4.500 ~.500 4.812 3.564 

t> -

, Fig. 6-9. 1 s = 1., ëI = 1,., N = 2 , 

- - - - - -Po qE q , qE
O 

' qG qG. qG. E. 
i 1 0 1 1 

. 1 .5995 .5687 .5764 .6458 .6534 .6231 

.2 .7303 .6524 .6719 .8281 .8464 .7734 
" 

.3 .9079 .°7569 .7946 1.062 1.096 . .9634 

.4 1.159 .8914 .9583 1.375 p 1.429 ,1.21'4 
1 

.5 . 1.533 1.072 1.187 1.812 1.897 1..560 
" 

.6 2.128 1.332 1.531 2.469 2.600 2.076 
, 1 . 

.7 3.175 1.747 2.104 3:562 3.773 2.930 

.8 5.364 2.545 3.250 5.750 6.125 4.626 

.9 12.14 4.871 6.688 1~". 31 13. 19 9.689 

• 
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Fig. 6-10. 5::: 1. , 
1 

d=100., N=2, Pj="4Po' 

, - - - - -
Po qE qE. qE qG qG. 

1 1 0 0 1 
1 -

. l 54.22 51.44 52.14 59.08 59.78 
G 11 , 

.2 - 59.51 53.25 54.81 70.44 72.00 . 

:3, 66.J2 55.56 58.25 85.04 87.72 
0 

.4 75.41 58.64 62.83 104.5 108.7 

.5 88.16 62.95 69.25 131.7 138 .0 
l 

.6 107.3 69.39 7~~87 172.6 182.0 , 

.7 139.3 V 80:12 94.92 240.7 255.4 
1 

.8 203.4 101 .5 '127.0 377.0 402.1 
- -- -- - - - --

.9 395.8 165.7, 223.3 785.8 842.3 
-

, 

- - - -
Po 

" , ,qE. qE. qE qE 
1 1 1 0 

)" 

,1 

-, 
qG. 

1 

57.00 

65·74 
" 

76.98 

. 91. 96 

,112.9 

144.4 

196.8 . 
301.6, , 
616.1 

. 1 .05844. .. 05461 .05837 .05556 

.2 .1394 .1203 .1387 .1250 
~ 

.3 .2552 .2011 .2523 .2143 
~ 

• l' 

.4 .4275 .3034 .4190 , .'3333 

.5 .6957 .4383 
, 

.6747 .5000 
~ 

.6 1.139 - .6279" 1.093 .7500 

.7 1.943 .9236 1.848 1. 167 

.8/ 3.658 1.479 3.470 2.000 

.9 8.997 3.061 8.634 4.500 

, . 
\ 
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Fig. 6-12. 
131 

cl:;: 1. , N:;: 3, Pi:;: S' Po ' Pi:;: 4 PO' PI:;: 'S" "b . 

~ 

- - - - " dl 1,\ 
Po qE. qE. qE qE 

? 1 1 1 0 

. 1 ".6070 .5685 .6070 .5781 
l 

-
.2 

. 
.7487 .6516 .7480 .6758 

.3 .9427 .7547 .9398 .8013 
-

.4 1.219 .8867 1. 211 '\ .9687 , 
):> 

.5 1.633 1.063 1.612 1 .203 

• Q .Ô 2.295 1.315 2.249 1.555 

.7, 3.464 1.7J5 3.369 2.141 

.8- 5.908 ~ 2.479 5.720 3.313 y 

.9 13.43 4-.686 13.07 6.828 
" 

" 

" " -

Fig. 6-13. 5= 1., cl~ 100. 1 N= 3, -P; ;=~PO" Pi =ipo' PI =~ Po' 
'ry 

'. 
- - - -Po qE. 

, " qE. qE qE 
1 1 1 0 

1 

• 1 54.92 51.44 54.92 52.31 , 

.2 61.08 53.25 61.08 5~.20 " 

.3 69.01 55.56 69.00 58.92 

.4 79'.59 58.64 79.59 63.87 . 

.5 \ 94.45 62.94 94.42 70.81 

.6 116.8 69.38 116.7 81.22 

.7 154.0 80.09 153.9 
, 

98.56 
J " 0 

.,8 228.7 î01.5 228.5 133.3· 

.9- 452.7 165.6' 452.4 237.3 

.. 

.. 



Fig. 6-14./ 5= 1., d =0. , 
111 

N = 3, Pp = 4' Po 1 Pi = '2 Po 1 PI = '4 Po 

- ... - -
, -- , 

Po qe. qE. ~ qE qE , 1 1 0 
, 

. 1 .05632 .05481 .05628 .05556 
, 

A 

.~ '.2 .1288 .1214 - .1'2~4 .1250 
J 

_ .3 .2249 ~2043 , .2235 .2143 
0 

.4 .3573 .3114 ft .3533 .3333 
. p . 

.5 .5481 .4565 .5389 .5000 

.6 , .8416 .6678 .8229 .7500 
• 1.339 .7 <1 1.011 1.305 1.167 

.8 2.343 1.687 2.284 2.000 

. 9 -~ 5.356 3.693 . 5.259 4.500 c~ 

------. -

, 
" 

u 1 '3 3 
Fig. 6-15. '5 = 1. , cr,::; O. , N,::; 3, Pi :::"4 PO"' .P j = B' Po 1 PI =: 'S" Po s 0 

0., 

- - J . 
ft , , -

. 
- - - -. , Po q- qE. qE qE E. 

" 1 1 0 '. 

~ . 
. 1 . 0~611 ' .05538 .05536 Ij .05556 

.2 .1276 .1242 . 1241 .1250 
v . . 

.2215 .2121 .~ .2143 
, 

.3 , 

~ .4 .3491 . .3288 • . 4 .3333 

.5 
1" -.5310 ' .4913 .4881 1~OOO < . / 

.6 .8082 .7337 .727~ .7500 ' 

.7, 1.276 1.136 1 .124 
.. 

1 .167 . - ~-

.8 2.222 1.935 1.917 2.000 

.9 .5.073 \ 4.324 4.294 4.500 , 
0 

- , 
1 . 

\ 

e 
, 

" , 
~ 

.. -- . 
.. t .- .' 
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Figs. '6-16,6-17. 5'=1., d=O., ~==3 

(' 

" ! 

Po 

. 1 

.2 -

.3 , 

,4 

.5 

"':6 

.7 

.8 

.9 

·e Fig. 6-16 : 

Fig. 6-17 : 
> 

,Fig. 6-16 

-
qE. 

1 

.05764 

.1353 , 
__ " .2431 

.3983 
-

.6.'320 
, 

1.005 

1.660 

3.014 

7.134 
, 

-
qE. 

1 

.05462 

.1204 
" 

,.2016 ___ 

.)049 

".4427 

.6397 

.9542 

1.562 

3.343 

., 
.~ 

, . 

@-

qe 
1 

.0568'6 

. 1313 

f--_~2317 

.3720 ' 

.5773 

.8979 

1,451 

2.589 

6.075 

" 1 Pi = ~ Po ' 
5 

~ = 8 Po 

.. 
• Fig. 6-17 

- - -
qE qE 'q , 

E. a I- I 

.05556 .05461 .05691 
, 
.1250 .1204 . 1318 

__ -L21!3 _ .2014 ~2335 
-

.3333 .3044 .3771 -
" 

.5000 .4417 .5894 

.7500 .6379 .9231 
" 

1.167 .9509 t .499 

,2.000 1.556 2.676 
ï 

! 

'4.500 3.33~ 6.223 1 
1 

o 

, F .. 9 

.. 
-
qe. 

1 
"-

.05757 

.. 1346 

.24~3" 

.3902 
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.9643 
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6.879 
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