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: ;
- polling system consists of N terminals each with a buffer of un-

restricted length, where customers arrive according to a Poisson process. The
r~

- ' - . ) - * " . -
terminals are served by a single server in a fixed cyclic order, the service time of -

e # i . .
a customer and the walking time o]f the sé’;venfbetween terminals being independent
random variables. Two different service procedures are analysed : (@) The gating

model, where at each terminal only the customers that are present at the moment of
) : oo

the server's arrival are served,  b) the exhoustivé model, where each terminal is

4 ! +

'
3 . I

-

served until it is empty. | .. /‘ ;
s . )

* By introducing a basic random variablg, the Terminal Service Time, we

are able to obtain exact and explicit expressions for various moments of the cycle time,

<
s 5

intervisit time, buffer size, and the waiting time. As well, results concerning the

v
b

transient and steady state behaviours are obtained. It is shown that in certain cases”

"

® . ‘ .
the exhaustive model is superior to the gating model. However, for a symmetric multi-
- / , . '
terminal system, both models are virtually the same. ’ '
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chacun ayant uh tampon de longueur ifl

es par le procédé Pojsson .

.

»

déterminé

v,

..

C

teur dans

randonnée entre tertinaux sont des variables indépendant

k3

méthodes de servic? différentes sont analysées : (a) Le mbdale de g barrf?‘;é od

Ve

s

"

a

L e I
Un systeme de miseren commun vari& est fait de N ter

minaux, .

4

. -

e 1L
es aléatoires: % Deux

~T et
&

7

o

imitée ob les arrivées/des: clients sont 7y

e ' . e T e
Les terminaux sont sefrvis par un seul se'rvi= )

~

h"ordre cyclique fixe. Le temps d% service du client et le temps de: - -

3 chaque terminal seulement les clients qui sont présents & I'arrivée du serviteur

'

sont servis et (b} le modale ex

o
T

A
le tampon soit vidé.

kY

I

pou

oAy

’

-

<

vons obtenir des expressions exactes et explicites pour

En introduisant une variable aléatoiré de base, le temps de service

«

divers moments, soit le temps de cyclage, le temps d'intervisite, la longueur du

!
¢ ]

tampon et le temps d'attente. De plus? on obtient des résultats concernant les

9

.

[ i,

comportements transitoires et permanents.

-

~ On dsmontre que dans certains cas le modéle exhoustif est supérieur
‘au mod2le de la barridre.

our le cas d'un systdme symétrique de plusieurs terminaux
<] s y q P

pes

-

A

o

[y

°

4

i

&

. i
Par contre, ces modeles sont virtuellement identigues

-t

haustif o0 chaque terminal est servi jusqu'a ce qt:ux
[ v
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- LIST OF SYMBOLS

Terminal number i .

<

The number of terminals in the system.

The\rate of ‘the "Poisson new arrival process at Ti .

A

. e
1

L~z

Traffic intensity of Ti .

N

o

. .
A AN

-

Z p; chtal_traffic intensity of the system.

=1

’,

Subscript denoﬁﬁg‘ the gating model.

Subscript denoting the exhaustive model.

The convolution operation.

DII‘OC funchon .

_®

)

The time instant the server leaves Tk {in the exhaustive model).

The probabflify density of o, where' a is the value of some

4

®

' The ﬁme instant the server reaches Tk+1

previously mentioned random variable.

The probability density of o given b .

N

e

S

et

‘hf'

The random variable assomafed"wnfh— T.

) i
% . ° ‘ <;P (, ) ( \Tiw;probablhtydensntyfunchon of a.“

-

-

]

(in the goting model).

-

a" "G generdl (continvous or discrete) random:variable we defiote :
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A(-) o . : Th?e Laplace transform of P, (- ). ;
. e , P I \—\q . . - ‘ ”‘i
L TA(), A(-)s ..,  The first, second, etc., derivatives of A*( . ) w.r.t.

its whole argument, respectively.

- i

)
PO

the nth moment of a.

’

The second central moment (variance) of a .

s
= , - BT s
+ The third central moment of o . AN
The following are random variables : - . ’ .
L . - . o
] : - — . )
b -The busy period lepgth. ' . ,
c o SThe cycleﬁme. v B .
a3 »
. ' h " The number of customers served during a busy period. ’
' LN R ~p
n The number of customers that are served in a terminal . -
- - - - _
during a service cycle.
. : °. d
< . . Al .
ny ? Total number of customers that are served in the system
] i - A - ot
. during a service cycle. ~ ‘ C.

A

3

n. + [ the number of customers in Ti at the moment the

L)

server leaves it 1. Used in the gating model. Or, in ~
ar - .

Chapter V1, used for the exhaustive model, as the number

of customers thaf are served in Ti aofter some "customer”. o

Kl

The number of customers.in a terminal at the moment the ™

4 i
server reaches it. Used for the exhaustive modg"l only.

AR
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Ll \ . o
o
, vi 0
! =
4 Q‘{ & b ) 5 ’ *
m The maximum number of customers that exist, at the same, _—
i ' ' 1 ’ L
[1] . U ° u « ~
. oo time, in : during a service cycle. . .. T
A ’ . ) N *
] age ! V) - L
q; - . Customer waiting ﬁpe in Ti . # S, T
- o oal > X * i
N ' Customer waiting time in the system.. . -
. L . < o :', L] . i B . e . “" . P . e
s ‘ Customer service time. . S » .
- ) ‘ C® Ty s
o ' ! <% , W !
v ’ Intervisit fime . v
2 ' 2 5:} . 2 -
W Server walking time from T-i to Ti+l . .
o ! 'N ! EURRY %
¢ Ay " v , £ A
T L oL
i=1 . VoL B ‘ i
ra ' ) : ’ N s . “; ‘* s v“
TSTi . "Terminal Service Time" of Ti , denoted by Gi .. e g
13 t 55 ' i , | S
8 © ® i N dimensional random.vector (8, ;8 6 )
S S mensional random vector ; .o .
Zk ‘ ' kTRl T TkeaNAT
[ RN T ’ >
P { ©) o . The joint probability density function offOk . :
o . » e s ’ r, ' - W
kG (+) The Laplace transform of Bk (). .
s ‘ N P ! v
’{ . ’ In [ ] o : ‘g
kF (_) = An kG é:_) . 7, ) , 7
. A. ) H
_kF. (), kFi' i (+), .. = The partial derivatives of kF (*) w.r.t, its Cithyith —_ _
- . , ) .
‘ ,and’ jth, etc., arguments respectivefy._ ) ]
"~ ) \\ - ‘ . ©
. , Rl
R = (9i - Ui)b(gi - Ui'), where Ti is visited before Ti\.
3 'x ) N cﬁ . . '
RG - &= . R +ij,i) in the symmetric case. s ,
w ) i‘ o N - : |
1”"‘ R4 ’,A/ . - 3 ! ' ‘s
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" INTRODUCTION —
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- Many.datg communication networks require the conhecting of a large

by
¥

number of terminals to each other and to a central processor.  Because these terminals
¢ are uvsually characterized by data which bursts at high rates followed by long periods -

T of quiet, a single dedicated com'mu‘ng:aﬁon line to other termirals and the central

processor is rather inefficient. This has resulted in the study and building of multi-- - g

o

plexors which allofv terminals to share a communication channel at, hopefully , no

reduction in performance but a substantial reduction in cost.* This thesis obtains, for
/ ' . ’
the first time, analytical results for some of the important data multiplexing schemes.

“»

'

Examples of systems of this sort are starting to become common place.

- °

<

Automatic reading of credit cards by retail outlets, time sharing terminals, point of
- . ¥

- . - a

. 3 -
RN /sole systems, remote-data base inquiry-response, and banking teller terminals are just . Cr

- ‘afew. Unfortunately with the explosive technology, a number of the systems are being

- ‘y

built before-they are-really undérstood. o o ‘ y
. ] .
IGdes: that

> s

.. .. A recent literature survey by Chu and #onhéim (1972) conc
f .— ’ . / ' 1.
present data multiplexing techniques, such as frequency devision multiplexing (FDM)

A
- - o X -

"

a

\ .
. . (each terminal is assigned a fixed frequency band in the total channel band) and. ... .
. < L o e -
synchronous time devision multiplexing (STDM) (each terminal is assigned a fixed time

o - . ~

period on the communication channel) are very inefficient inschannel utilization and P

-3 . had
[ . - v PR

' a -
o
: . . t i - € ~[} et
. ) B
- o . .
it " < -
N '
"
.
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e
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o
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o
L4

~“processor must pass through terminals j + 1, ... ; N and in each a certain delay occurs
[N S :

I cannn NG
~ A
» . W R 2
! . 3 B :
b
4

r";‘ F ! > L) ,,

# V! 3

/0
is conhected dlrectly and, mdependenﬂy to the central Onit) is economically fi-
v o Ve '

efficient in hondlmg the bUSty intermittent kind of traffic mvolved in those compute‘?

o

communication networks. . o
< ; ;

o
o,

% The inherent disadvantages of these multiplexing techniques initiated
: ° ple

’
Ll

. ¢ : L3 ) L3 7 3 . ! - . L] - . ’ i
studies on statistical multiplexing or asychronous time devision multiplexing (ATDM),

n . P . B
4 . . >
B >

which is oot only a feqsible technique for data communi,cctidh but ‘also greatly im-

proves the transmussmn efflmency cnd system orgamzaflon (Chu and Konheim (1972)).

N 4 4

The 'rwo"mam ATDM sysfems are closely related ; fhey are the LOOP (also known

as RING) and fhe POLLING (also known as MULTEDROP or. HUBPOLLING)

4 ¢

! a2
systems. - ; ' . .
t - ~ v - N
M ¢ e -\ N ( -,
£ In this thesis, an_exact analysis of a general polling system is performed.

’

The main results obfamed (especially fhose which concern message waiting times, .o

R

buffers sizes, and inter-terminal behaviour) are new and importanf in understanding

°

and:designing polling systems .- f '
-, ™ ’ N o ,
o L P . ) .
.+ = Inboth'thé loop and the polling systems, the N terminals and the central

-~ s, Plad * -
’ -
[
1

data processor are connected by one loop, ‘as shown in Fig.]-1. Data, i.e, messages

from the_terminals to the ce”ntra{-ﬁcfaj’a processor, mdy flow in one direction only (say »
clockwise as in Fig. 1-1). A message from terminal i (Ti)_ , to the central data

> ' PR

3

LS ) .
to enable the terminal to check the message's address, control symbol, and the possibi-

) . . ~

r '; © 2
lity of transmission. . : .

~F

. -~
—. . , :
. .
.
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te
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1A

, In the {oop system, a|| messages are divided into-units of constant time

f
4
1

tength, called a time slot. Each terminal can transmit its message (or part of it of

one time slot length) in any empty timé slot. Clearly, to achieve this, all terminals

! l ' Al - - ' . : e
have to be mufue||y2ynch’r6nized to their different beginning of time slots. Hence,.
*

in-the loop system, T, can use any time slot while Ti may transmit during a time
- e o . Lo . 2
slot only if it is not occupied previously with messages from the previous j= 1 termi-

nals. The Iéofaf's&si‘em has inherent, fixed, preassigned priorities among the terminals.
. “ ) )

T

experiences the highest service priority and TN the lowest, -

¢

1

“an . In the polling system, a control symbol (called the server and originating -

f}om the central data processor) wchonfinuously. Each terminal, when it en-

\ Lm. ¢

counters the control Symbol, inserts its buff"er s content (all its waiting messages) befdre -

“After the servnce of a terminal is completed, control is transferred to the "\e)dZ\
"y

fermmal on rhe loop.. Hence, in the polling 9ystem there are no mherenf service priorities
‘A‘IL" . ] \ e -

o

among the terminols. S i .

£
. ’

‘

Using "Queueing Theory" terms, both systems are nonpreemptive, multi-

o
«

queues, single server models, whereas in"the loop Sysfer;1 tﬁhere'is a fixed priority service
procedure according to the terminal index (to be precise, all m"essages in H';i_s case are

‘ required to be of o‘n’e fime slot). In the poll_i‘né system, we ht;ve an alternating priority '
procedure in cyclic order, depending upon the server's p{es;nt location.

Ky
b

a

Another approach to datp communication is suggested by the ALOHA -

system, Abramson (1973), which is at presenf under developmenf at the Umversnfy of

vt



o | | o | “
. § &
Hawaii. In this system, all terminals transmit independently using:the same
A

channel and there are no priorities among them. Having a.new message, a termi-

nal transmits it immediately but keeps holding it for retransmission until an acknow- >

\ . - _
ledgement “message detected” is received from the addfessee. If during d Fixed

P

waiting time, nosuch acknowledgement is received ( due.to. interferences with other

messages from "independent" terminals ), the message is retransmitted within a fixed

time according fo some probabilistic rufe. Retransmission is repeated until an

acknowledgement is rectived. " In a sense, this is a control~free system. gComputer

’ .
bt 5 »
0 e

simulations of the system with fraffic intensities much below 1/2 e, the theoretical
N [

bound for such multiterminal system, yield attractive results pertaining to waiting

. 2
3

times, transmission efficiency, and channel utilization. Analytical results for this
> “

s : .'3';:: . L , )
ATDM system are few. A ey <—/‘§

) ’ Foritiwe two other ATIAQM systems described, the loop system is

Q

analytically easier to evaluate than the polling system. An exact explicit solution
of average terminal buffer length\and waiting time was derived by Spragins (1972a).
Variations of these qugntities were derived by Spragins (1972b) andka summary of

. ' a l
“'those results, as well g3 _the simple derivation technique, may b;g,FfSund in Spragins

(1971) . Analysis of the same loop system model studied by Spragins,: byt from-a
o ) N .
different approach, was performed by Konheim (1972). .. His study yields the same .

. buffer length results, but a virtual (instead of an actual ) wc;iﬁng time. Virtual,

| = ' - ,
waiting time is the time\a.:n imaginary single-time~slot message would have to wait

. L -had it been inserted at the top of the buffer at some fixed time. Konheim and
' ] . ’ S T ot
® ~:“ . _r . Fl(',k’




e

“order, at each some machines might require some service. /

™

¢ ——
-

Meister (1973) extended Konheim's (1972) results by including traffic from the:

centralydata processor to the terminals, i.e., two way traffic where traffic _fr,gm the !
. ‘ o ', [

¢ i

terminals have greemptive priority over traffic from the central data processor.. Hayes

-~ ~ g

and Shermght (1971) attempted to estimate the behaviour of such multiloop systems.
s

While basic results, such as buffer size and waiting time for the loop
[ LY

system are quite abundant, they are very limited for the polling system and the' common

v

tendency is to use approximations. ' ,

. . . BRI 2 y . "
The general model of the communication polling system, we analyze in. *

-

& N ’
detail in this thesis, is identical to a general multiqueue single server model studied in,
operations research. For example, imagine a transportation system, Fig. 1-2 where

> $

a single bus servic% N bus stops in a fixedcyclic.order. At each bus stop potential

4+

passer%gérs might accumulate, according to some probabilistic process. Each passenger
€ ‘ ¥

>

A%
Sy
- i

. ]
requires some service time while getting into the bus and the riding time of the bus,

- :
between the terminals is a nonzero quantity, governed by some stochastic process. Im-

porfantparaméfers in such a system are the quality ofiservice ( passenger waiting time ),
the required waiting room €apacity at each bus stop, and the cycle time of the bus.

°

Another example ;r\ight be described as follows : a physician who visits N c!%nics

" in a cyclic fixed order, at each clinic clients may be awaiting his treat/nent. Still

another example might be a repair man visiting N different factories ,{n a fixed cyclic

A

| U




S

&%

[ . -
’ 3 . ad

2 .
- o
»  The principal mathemc;tjc‘al mode! of the communidation polling system
\ L v
. - 4 e 1 . -
is‘identical to those of the above three systems. Using general expressions from
¥ °

queueing theory we refer to the central data processor ( or more exactly to its control

P

symbol ), the bus, the ghysician, and the repair man as the “server". The data

l’ . . I . P [
terminals, bus stops, clinics, and factories are-generally called "terminals" (or as

in queveing theory - "queues") . The messages, passengers, clients, and oUt of

$

order machines are called "customers". The time required to transmit a message, or

\ &}

to serve a passenger, a client, or a machine is called the “service time" . The pro=
- N e
pagation and synchronization delay between two succesve-data terminals, the riding

time of the bus between two successive bus stops, ‘or that of the physician or the repair ’ |
. « ! 4 y -«

man between two successive ‘terminals are referred as the "walking time" . An
. N /\ -

important parameter in this model, as well as in any other ueueing model , is the

“traffic intensity” of a terminal defined by the ratio of the average’ customer service

I

" time it the terminal to the average interarrival time of néw customers in the terminal. -°

A well known fact from queueing theory is that unless the total traffic intensity in the

v

system (inﬁ\our model - the sum of the N traffic intensities ) is strictly less than one,

[]
v

‘ -
’

the system is unstable (saturated ) . -

'
»
»

i
Using these expressions, we now give an exact description of the polling
- ~ 3 .

1

> \

L4

~

model we shall study in this thesis. A schematic figure of it is given in Fig. 1-2.
) ' ) 20

N terminals of unrestricted length ( infinite buffer or waiting room

capacity ) are attended by a single server in a fixed cyclic order. Arrivals of new

-
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customers to each.terminal are indeperidgnt and governed by a Poisson process with

rate )\i , the average number of customers per second, and i=1,2, .. , N being

v

the terminal numbers. THe customer service time is a random variable with the pro-
. Kl

bability density function Ps (-) . The server walking time from terminal i to i+1 |
i L

(from N backto 1) isan independent random variable with the probability density
function P, (-) . : B
i - ' @

We study two variations of the service procedure for this model. In the

first, cqlled the GATING model, the server attends only to the customers who, are

present at each-terminal at the moment it arrives ; customers entering a terminal which
is being served must-wait until the server departs and then returns to it (in the follow-

¢

ing cycle ) . Inthis model, at the instant the server reaches a terminal a "gate"
. ' \

L4 '

\

closes behind the waiting customers and only those customers waiting in front of the
gate are served duing that cycle. This situation is described in Fig. 1+2 at T.. In
the second variation of the service procedure, called the EXHAUSTIVE model, the

server attends each terminal until it is empty, i.e., the ferver advances to a terminal

~
{

only when the previous one has no waifing customers in it. : :

In both models, the service procedure:within each terminal is on a “first

come first served" basis. The order in which the ferminals are served is according to
1
their indices, from terminal i to i +1 and from N back to 1. If the server reaches

an empty terminal, it walks immedicte(lyl to the following one. A sequence of N con-

“ v

L3 L4 L) L3 - . - - L) ! <
secutive terminal visits is a cycle, in which, each terminal is visited once by the server.

b




N R " g
° . :
¢ o~ 7
. The intervisit time of a terminal is the time that separates the server's défdrture from

e

¢ i .\'\:h‘ l -
the, terminal to the server subsequent return to the samé terminal.,
8 3 » *

Special cases of these models are the symmetric case, where >\i ,
] it Al ‘ .

' P”. (*)
service and walking times are constant.

~

{ -) are independent of i , and the nonrandom case, where the

P
W| o ——eg—————— o /

1

‘ \ By
Though the exhaustive procedure is apparently a more reasonable one,

9

‘

the gating procedure, in the communication polling system, might be cheaper to
P _ .é .
. implement, ( The buffer might be a shift register which cannot be loaded while
messages are being transmitted, and the new messdges are stored on a different register ).

. Another advantage of the gating procedure is that every terminal, while transmitting,

a \
. does not seize control of. the server. °

A}
kY

. Analytical results for these models are very few and explicit expressions
for basic parameters such as first moments of the waiting time, buffer size, and cycle

- time are almost nonexistent and the general approach is to use approximations.
! o

s ,on
.

-

A bufférxsize analysis of the nonrandom symmetric system ( the exhaustive
l— procedure ) was do:ie by Konheim dnd Meister (1971) . Their result for ﬂuwie/average .
virtual waiting time i;‘w sucl;a a system.is quoted by Chu and Konheim (1972). An
up;:;roxirr:aﬁ::n for the nonrupdomﬂ case ( both the gafin}g)cnd the evxhausﬁv‘e models }

: was done by Kruskal (1969) motivated by : "Better have approxir;mﬁons than no

analysis at all"’. ‘Based on an important analytical result obtained by Mack et al

«
v
. N ‘




L

.
.
' i .
. ’ ° ) -
{

I (1957), ¥ symmetric, nonrandom, 'single buffer system was ahalyzed by Kaye (1972)

N v - e ’ 0 = )
and the first two moments of the number of terminals that are served in a cycle were
-

derived. An estimate for the everage waiting time in such a system was obtained by
Kaye and Richardson (1973). A model related to that used by Kaye, (in each termi-
“  nal only one message can be served in a cycle, but buffers length are unrestricted ),

was approximated and simulated by Yuen et'al (1972) . Hu)‘l‘es and Sherman (1972) -
used apprgximations obtained by Leibowitz (1961) , for the symmetric gating model,
N P Y ’ : N

in ordef'to compute delays in_the nonrandom symmetric case of f/he exhaustive model.

Most of the existing anal ytical results were derived by operations research

.

scientists. A symmetric, nonrandom, sirrvgle buffer system (known as the repair man,
- s - /

k]

problem ) was studied by Mack et al (1957), who cbtained the s;eudy state lprobc:bilify

v . .
density function'of the' number of services per cycle. However, assuming random ser-
vice time, Mack (1957) derived intractable equations. leibowitz (1941) opproxinplgd .

the symmetric gating model by assuming independence among the tethimals, since an

3

exadt solution seemed extremely difficult. In a later article ( Leibowitz (1968) ),

2]

this Eroblem was cited as an example offgﬁ important queueing problem to which no

exact soluton has been obtained. Therefore, the terminalst independence approxima=
tion is unavoidable. The general polling model, with the restriction of zero walking
time (mainly for the exhaustive model ) was analyzed by Cooper and Murray (1969)

with unwieldly equaféons /| Cooper (1970) extended the analysis to compute the waiting

time and again met with intractable computations. The spé&iul case of the exhaustive
N (N
\

. . model, where N=2 (two fez?’minals ), and with zerg walking fiﬁw‘, was solved by o

P




Avi-lizhak et al (1 9‘65)‘ , Takacs (1968), and Joi'swal "(1969), ond an explicit ex~
pression of the averclge waiting time ﬁ denved The samé two-queues exhaustive

model, but with zero walking time, was analyzed by Sykes (1970) ana an expllcut

o -

expression for the average waiting time was obtained. . 5
# a .
The only complete analytical solution of the general model (mainly

the exhaustive case ) was derived by Eisenberg (1972) . However, the mathematical

L
TR .

/ representation of the model and its basic :gndom wvariables yield such great numbers of

“

+ equations that, in concluding, he sugggstéLd using Leibowitz's (1961) approximation |,

method. It should be mentioned that even fhougk Hayes and Sherman (1972) were

; .. aware of Eisenberg's (]672) exact results, they preferred Leibowitz's .(1961)
' . 1 5 .

b° -

NI, -
approximation. .
- . o o Y - a B >

- { " For various special models, such as the symmetric and / or the non-

random model, commonly used to describe communicationpolling networks, we obiin
" exact, and syrprisingly simple, explicit solutions for the first moments of the waiting

I time, buffer size, cycle and intervisit times. These expressions can be applied

immediafely instead of fhe’opproximaﬁons used in past technical papers. Moreover, .

s 9

these expressnons are of fundamental |mporfance in predicting, undersfandmg, and de-

signing polling sysrems.
’ " —' PR - . —
- . J

o The peculiar choice of the models' basic random variables, as well as

\ *

most of the mathematical analysis which follows, and the explicif expressions obtained——

»

' are original. The choice of the "Non classical™ basic random variables might be re-

.o
 garded as the main reason for the success of this study. 1 .

» o . i 'A:L N
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The main contributions in this study are :

. - :
1.  Simple mathematical description of the polling system, for both the

o,

- gating a];ﬁithe exhaustive service procedures, which holds in the '

- .
transien¥ dnd the steady states. .
. PR

L

2. A;tudy of the transient behaviour ?f the average cycle and intervisit

3.

&

times. . ‘ ’ R
[

. Explicit. formulas in the symmetric case for the steady state variances of

cycle time, intervisit time, ‘and the number of customers in a terminal |
.

that are served in one cycle.

[y * -
. °

o

4., Explicit formulas in the symmetric nonrandom case for the steady state

¢

L
correlation between terminals; cycles, and intervisits.
6 . ¢
4 ‘ -
. :

. g
5. Explicit formulas in the symmetric nonrandom case for the third moment

L S

6.

9

s+ of the cycle time for N =1, 2, o ‘for the gating model, and the third .
' ' &

.

moment of the intervisit time for N=1, 2,3, o for the qxbut_j;ﬁjve
/i')y

w gi * ‘ b
An explicit formula in the sypmetric case for the average waiting time.

a

model. .

Q

s =
.

Exact results for the asymmetric nonrandom system concerhing average
waiting time for N =2 in the gating model, and for N =3 in ﬂ!xe .

exhaustive model.

0d

12

A
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8.  Explicit formulas for a general case, for the average system waiting

] .
[¢]

time . R L o L -
.- c . s
9.  Explicit formulas in the symmetri¢ nonrandom case for the variances of
. ‘ } — t
the ‘waiting time for the gating model with N = 2, @ and for the ex= °

_haustive model with N =2, 3, @ . Using Chebyshev's inequality

o
% ¢ -

."  we can then find bound on the probability that the actual waiting time

3 g

9*’ ’
is less than somesvalue T .
5 a ID
o . In Chapter I, we-give an exact description of the model, its basic

3

' : . 9. . "
random variables, -and find, in a recursive form, the Laplace transform of the prqbq,,-

» i bility densbty_function of the basic random variables. The first three’moments of the

o [3

cycle and intervisit time, for various cases, are derived in Chapter 111 . ‘In Chapter
. 2 ”

IY we derive a general relation between the number of customers that are served in

. . ) P
. ‘ a terminal in one cycle and other quantities obtained before.. Explicit expressions for

. the first two moments of this quantity are found. Buffer size requirements are analyzed.

o

and bounds for those quantities are obtained. In Chapter V, we analyzé the transient

l;éhaviourﬂ,of the average cycle and intervisit times, and the {teudy state éorrelation

between terminals, cyclés, and intervisits. In Chapter VI, we derive the Laplace

S [

transform of the probability density function of the waiting time. General expressions

for y1é first two moments of the waiting time are obtairied.  Analytical and numerical

{(T‘\ N o
. 4% N . &
results for various cases'are derived. Suggestjons for further research and conclusions

e — M
. Q S ,
“’ - dre given in Chapter VIl . All detailed and technical computations are performed in
I * -, 7 B /
« %< the Appendices. : -7 . e
t, ‘ - .
L4 ) . fg <
-}
Q 2 o

[-7hd



L, e -
T g : CRES Vi
- { ) & .
; - s e :\0 « N a}::.
- . GHAPTER Il ‘ : "l| ;;g o
a THE MATHEMATECAL ANALYSIS OF THE MODE’LS A
. - "‘»,, B f‘ 6 n
2.1 Mgthemaﬁca! Qesaripfien('of the ;\;todels e . o
: A defa:led descrf:phon of the models is glven in Chapter tr We/
repeat it briefly here for compléfeness. . ‘ L B \

\
i
» = 5 - .
,

N “terminals‘, TT ;e Ti«» ;o ‘, TN each with buffers of un»

restricted length and héving messages (customers) coming with a Poisson arrival

process havmg paromefer A afe served by a single_ server ina fixe cyclic order.
o [ [ of

I

The termmais are served in.the order of their mdlces (as shown i in Fig.1-2)." At

""". L4

every terminal, say Ti . the server serves some of the customers, using independent.
. ‘ 7@

identically distributed random serivce times having a probability density function

P, (- ) . Then the server walks to the next terminal (Ti-f- 1 ) , where the walking
time is a random variable having a probability density function P () and is in~

Q S ]
A

d§pén&enf of the service time. "We study two djfferent service pro.c':edures referred to

!
T }he gating and the exhaushve models In the goﬁng model, at each terminal the
b

—_

-~y ~

se%ver serves only those customers that are present at rhe moment of its arrival. In

s
tey

the exhaustive model the server serves each terminal until it.is empty.

)

-~
> a - o

In Queuemg Theory terms (JGISWU%(] 968) Y, fhese models are

s

M] ;e s M /G] ;e G /1 mulhqueue havmg nonpreemphve cyclic alter-

nating pngrmes and nonzero changedver (walking) times. The classical way of
WS T :

:

analyzing such a model, as well’ as the simple M/ G /1 r.nodel,u is by defining a

continuous time N - dimensional discrete state random process, in which the elements — .

N4

R ; . /



4. - The basic random vector is a "picture” of all the queues ( the

of the N - dimensional random vector are the number of customers in each queve.

-~

_The next step is to imbed the.random process at its regenerating points, .for example
i

- i
il ?

the set of customer &ervice-beug?nning instants in its queue, customer service- .
, ! \ & ' - : /
completion instants, queue seryice~beginning instants, or queve service-completion _
- 5 §

instants.  The property of these regerierating points is that a new random process,

derived from the aboye continuous time process, at these fime instants, is a Markov

process cmd is called : the imbedded Markov process. Applymg basuc steady state

- (1
\.n i} e

equaﬂons to these processes, ‘we finally obtam discrete” fime , dlscrefe srute, |mbedded

7

Markov choins Details concernmg‘fﬁ’e above fechmques é‘ﬁ‘be fou d in basic books ~ -

on Markov chams or Queueing theory like Takacs (J 92) , ‘Jalswal }1 968), and g.'\z
u’ Karlin (1969). Each of these Mclrkov chains is described by an N ~ dimensional .
random vector whose elements are the number ofvcustm?ehrs in each queuve at the appro=-
priate regenerating point. ! & § L A4y
. Four characteristics of the ;E)bve approach dre '
1.  The ba‘si;:rondom:vgrigbles have discrete states. - . "
. , » ; ¥ ,
2.  The model is analyzed in the steady state, | - -
. . |
3. ° Alafge number of equo:tidgﬁ_ié_required (for example, Eisénb_erg L
h (1972) déélt,;&fthh 4N N - dimensional different im'bedd‘e"c-df‘M‘arl‘cov b :
cHain;) L o * : “ ; °

.o : . -
1

|

-~ -

. o - - - 1. r .
number of cusfomers in each one } at particular time instants. . -

N N .
» ~ - o
’

At




“* averages dnd varignces of their arguments- “,These quantities, which are essential

" The goal of researches of this ty‘pe" is to Af"rnd the probability density

functions of the server cycle times, terminal buffersizes; and customer waiting
- P i N <y ' ) y \‘\
<:times. Having these probability density functions, or explicit or recursive forms |
A . . .- . N . -~ .

" of their Lapltfce transform, ‘fbe next step.is to derive explicit expressions for fh/eﬁ 0.
Y N ' 4 \

(RIS

T » _"r - ' . ! !

in deg;gning and understanding polling sys'rems, are obtained by differefitiating the .

&

* Laplace transforms of those probability, density functions an ving fome set of linear ‘

-

equofions Examples of this procedure can be found in Leib

.
\

(1968), Cooper and Murroy (]969), Codber (1970), and Elsenberg (1972) The

basic disadvantage

( , o

of the above opprooch is the ,mt(acfobllnt in denvmg expllci? . \
expressions for the first moments of the cycle cu;id intervisit times, the buffer sizes (or

. the number of customers in a terminal that are served in a cycle), and the waiting
) ‘ ’ ad
times. This fs due to the fact that a large number of lineag equations are involved.

in deriving these quantities.~ Cooper (1970), who analyzed the N - terminal exhaustive

. - ) 1
, model with zero walking time, encountered an ir)?tracfable set of (N+1) - N linear

. equations for the explicit expression of the average waiting time in a terminal. '

. Eisenberg (1972), who is the oniy ohe tq perform an exact analysis of the general N
terminal exhaustive model, obtained a set of N w—l) linear equofions for the expliﬁcit

expressions .of the second moment of the number of cusfomers to be served in one cycle.
Neither.Cooper nor éisenber;g‘ olgfuined :heir goal. . Even assuming the symmétric case,,
their infractable sets of equatipns do not get more simple. “Besidﬂe the average cycle
3 i
.- and intervisit hmesé"sﬂnd the average numbebf customers to be-served in one cycle,

no explicit expressions fo higher moments and any moment of the waiting time were

o - o -
. - 4 ' ” .. L
obtaingd. ‘ , . . o ;o

A
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\

' bcmc N dimensi

In order to avoid this large set of linear equations, we chose an in- .-

- ’

herently different basic random vector which has no direct relation to rhé classical

- A..‘
Al ¥

derjvolﬁon tecbnicz& but possesses the Markovian properfy The choice of a dnfferent

LI

I rondom veetor, which’ genero”y has conhnuous states, enables Us. g

i 8 ¢ . T

to derive a transient state modél to end up W|fh the smqllest set yer of” lmeur equohons,
. and most important, to solve them ond obtain exczct exphcnt express:ons for%ome first

momenfs of the cycle‘ond intervisit hmes, buffer suzes, dnd wonflng times. Obf bas:c .

¢ ¥ - .

'

arondom vanobles do not emst at rhe same hme Therefore the boslc a’"cmdom véctor is

\r-‘ . kd

i
Ty A i
not a '"picture" of the system at some time=~instams: : / DL ‘ é N
. o, . " - A ‘&
. ' O ‘ l;" . '« L @ . f"" . .
i - . , . ‘5. ' - -
g - 5 N ’ . . -
We define the new random vatiable, .8 , ‘as” "Terminal Service Time™
- . ) . “ N . ] L. ~ = B

(T ST) ., Toavoid unnecessary complexify in future comp'utqtion’s, the TSTs are

chosen ina shghtly dlfferent mcmner for tbe guhng dnd fhe exhoustlve models.
&

-

©

LN

customers in a terminal and to walk to the next.one. v L B

I

which descrnbe?ﬁow a cycle time is dw:ded among fhe N termmols

mentioned that similar concepts in defining a vecfor of radom” variables which do not

-

-
x

In the gating mbde;:l' :

v

.
R'TN
s

N In the exhaushve model

[\ _ -

’

We deol with an N dimensional random vecfor,

o ~

PREEY

toa fermlnal from the\ evious one “ and to serve fhe custornefs there.
PS/

TST is the su‘m‘o'f the ﬂm'eﬁ requjiod to wyc_|k' o

.
v
*

L - -
%
e ©

4

H

[P

-~
LI -

N successive TSTs,

If should be -

v

(T'Sl is the~isum of the times required to serve the

Al

. exist at the same time were used by Mack et al (1957) and by ‘Konheim and Meister

(1971).

v



In the following,.we construct the basic random variables for both

[

~service procedures. To distinguish between the gating and the exhaustive models - .
. . \, . - .._

. we use the subscripts. G and E respectively. " . k

. A yo :

3

Go
T]' . ‘Fhis,ﬁ;he instant is defined as the beginning of the first cycle.

For the exhaustive model~,_’sﬁp‘p95e at the time t = tE the server
. ’ o

N This time instant is def‘inedAas the beginning of the first cycle,

~

_ leaves T

For t = fon, in.each model, we record the time instants when TSTs

-~ - a

are completed. To distinguish between the same terminal in different cycles, define

pl

terminal i (1 $i < N) in gycle 7 (4 2 1) asterminal k- (Tk) where :

. k2 (j-1)N"+ i R 2.1.1

+ W -

o
4

For k=1~ defi.n&thekfolléwing random variables :

L

-For both modéls : . - -
il M = The numl?e} of customers that are served at Tk . 2:1.2
: For the gatingmodel : =~
. ‘. e s o . ‘
- t. A- . The time server reaches’ T,
Gk' - % k1
R A‘ ‘ ] - A n
o .8 . = TST, = Terminal k “service time = t_ -t
o Gk G "k, el ka Gk-l
. A - f .
. € = H =
G kN The cycle time of Tk+N Z ng+if —— 2.1.3
. i=0 x

y

For the gating model, suppose at the time 't = t the server reaches

H
3

Wi
.

. T
WL WY

nt

)




‘ ¥ - .
For the exhaustive model : :

'

I \ -
t ,é The time server leaves T ) ) : 5
Ek k .
e a TST 4 Terminal k service time = t ot
Ek E k E E
k k=1, ,
\ N o .
/
Eck+N = The cycle time of Tk+N = z E,Gk+i N
i=l ) i
: N |
w EVieN - The intervisit flmi@f Tk+N = WLeN-T + Z E°k+i o}
i=l |
N - ’ N ~ =
B N Egk+N+wk+N-l - : %.1.4
» whiere wk;i\l-l is the walk times from Tk+N-l to Tk+N s

r

tic }eprésentogjg\ of the medels and their basic

©

In Figh 2-1 a schema

. random variables is given. We consider the terminals k, k+1, .., ktN where Tk is

N )

actually Tk+N in the previous-¢ycle. Whenever possible, we omit the indices G . ¢
- N \i

and E from the basic random varigbles. . ° \
) e e— ) N
JThe basic N dimensional random vector in our models is 9-k

L4

(8, ,8

K’ T vt gk+N-I) o~

k2t - - 2.1.5
. . ' 1

ey ¢
An important property of these random vectors is that the conditiofal joint pyobobili\gyf /
of gk given any set of previous time vectors, depends on the latest vector of this

set, i.e. @
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Prob (8, /8y 1+ Oyg s v By) = Prob (8, /8, 1) - r206
k17, “ .

The above property is due to the fact that the first N1 elements of © | ore.

identical to the last N-1 elements of the given © 17 and the remaining last element

2
of 6 .- \6\ ) is the sum of the walkin t'ime (w or w for the ex-
K TktN-T Y ktN-2 k+N-1 ’

haustive or gating models respectively ) which does not depend on any 8

~

i (P 21)

and the service time of the customers in T This service time depends on the

k+N-1

“number of customers accumulated in Tk+N—'{ due to a Poisson arrival precess. The
~ - i

time length of this process is glt{en by gk-’l (and also Wi N=2 for the exhaustive

model ) , as shown in Fig. 2-1. - Hence, given _G_k_] , all gk—l (1 22) are ir-',

r\eleQanf to the conditiondl probability density function of Gk . This property is known

q

o as Markov property. ’ “e *
‘ ) Q ~ - ‘. j 7
The following are definitions of quantities we use in the next sections of o
this chapter. “ - ’ - H { {
The joint probability density function of gk is
P (9, ) A P @ .6 .,/,...0 ) = Prob (for i=0 N-1, TST, .. =6, .)
SkT=T T TR Tk T ThaN- rece POk Tk
v - 2.1.7
The Laplace Fransform of P (8 k) is
e 0] [00] ':l:] N-]" - .
G &= J f P (= ) %O ) P (8) ﬂ a9y . 218 o
© #0 i=o i=o ‘

for all x. such that Re [xi] 20, and ° L



&

22 -

e

o

F(x) = lnk'c,(f_) | A
?

The Loplace transforms of the probability density functions of customer service time in
T, and server watking time from Tino TH—I are respectively  © %

o

™ ‘ 5 .
Si(x) = jexp(-xt) Ps.(f)df \
i
° | Y2.1.10
r‘w
jk W, (x) = I exp (= xt) Pw'. t) dt -
'u

0

for ©  i=1,..,N and Re [x] 20

When no confusion is possible, we omit the dummy variable x in the

expressions of the Laplace transforms.

2

®» .
In the following two sections of this chapter we find kG (x) ina

recursive form for both the gating and the exhaustive models.,

3 3y
3 >

2.2 The Gating Model : Solution of the Basic Equation

%

In this section we find kG (x) ina recursive form fer the gating model.

kG (x) is the Laplace transform of the joint probability density funcfion of N >

successive TS'l:s ' Pk (Qk ' 9k+1 roeea gk+N-1) ’ '

B -« N ‘7
w
- . .




! .
By the law of total probability :

w

u

/

, A
Pest gt Band = Pt Q) = f > P’°b\: kN el &0 99
\ "aRd Y
‘ . 2.2.1

® o . : )

=] ‘SF k+N/“k+N -k)"”b(" N7 &) P (&) 48
‘=} \
° NN '

Since Qk N is the time requured to serve the Ny g CUstomers ( which the server finds

at the moment he reaches T and are the ‘only ones to be servéd in this terminal )

k+N
cmd to walk to Ti‘é+N ) "Prob (GHN /nk+N , any "past" TSTs) Joes not depend

S

;jm the past TSTs . We have :

9

Prob (qk+N /nk+N ’-O-k) = Prob (gk+N/"k+N? 2.2.2
. and because 9k+N “is the independent sum of LN service times and one v::lﬂki}ng time,
we obcfain S IJ» @
M (nk+N) - '
— R
Prob (Oun/Mene) = P 5 Band ™ Py Gl 2:2.3

s NN k+N

" where- ' * ' symbolizes the convolution operator.

Since n is the result of a Poisson arrival process which starts at t
k+N . i Gk—l

(refer to Fig. 2-1) , when no customers are present after the gate, and ends at
-~ Q Y

G and does not depend on ¢ 0 <i < N-2. We have: ’
ket N=! o S ’




a ) N-1 SN
Prob (M 4N /9 ) = Prob ("k+N/ %) - .
i=0 ., - .
@ ~ﬂ ! 2-2.4 g
: p Nl N
= a kiN v
=i N Z ) o P (A ‘Z Oreri)
k+N =0 s i=0
N1 | ’
" We.identify | ﬁk-ﬁ u?gi;b‘l ;. the cycle time of: TN ‘
; s ,—_O ' » - L.
' : Yo

/

Substitution of 2.2.3 and 2.2.4 in 2.2.1 yields:

@ @ o) : " : N-1 . N
= * * f K
‘ 'Pkﬂ (gkﬂ) f "Z‘—O PS'|<+N (9k+N) F“"'k+l\l (9k+N) '—L;- (Xk+N ngﬁ) .
N °MaN - ) ) e " PN i=0 :
C T Nl - 2.2.5
< . '
o (N L Q) R (8 49
i=0 :
Equation 2.2.5 is a recursive formula for obtaining Pz+f§(2kf.y]) frc;rﬁZ(g ). %

" Given P] (_9_‘) we can obtain Pk (gk) forall k 2 1. As k » @, and totdl

traffic intensity is less fhan one, Pk. (gk) converges to. Pk Mod (N) (8) - the steady

state joint probability density function which does not depend on P, (g] y. o
Applying the Laplace transform to Eq. 2.2.5 we have : ' ' : _
© ® - N (nk+N) 1
= - * * "
kG ® j " f Z exp Z % Qi) Psk+ (8N Pwk+N Oy )
°° r;l']:‘; 0 = Ralid M
> kN Nt

N
NN ngﬁ) exp (= NaN Z i) P (-9-k>nd Ot -
i=0 2.2.6°

i=0 =0

o3




PR U "

{ ’ ! ‘
b ~ | ;
To obtain the desired result, k+lG (x )j as a function of| kG (=), we frstintegrate
over ek+N , then sum ovet] NN For convenieﬁce, fine
- \
| S , ") .
o .ox B S . L 2.2.7
) , R
Jr;regraﬁon over 9k+i:l yields ¢
- P | - .
; ® o © ° ~ N-1 o
- r 1 Ty kN
EEPORA U =k+N (). f . Z T NN Cen®N L %G
. o on = 0 k+N i=0 °
' k+N .
; - . . , 2.2.8
- Nel : N-1 :
rexp (- 2. (xi"+)\1;+N)gk:FT)’ P () l l 48,
B = I _ i=0 '
{ / ’
:Flvnally, summation over ny o yields - °
’ ) . ° _® ® N=1 )
- - N N ( _'\—- }
T G = W O f exp L= ), O N (17 Sy O Gy
e ° i=0
R - e 2.2.9
- ? N"‘] ' ¢ -
7 &) TT 4%
i=0
¢

\

Using definition. 2.1.8, the right hand side~of Eq. 2.2.9 is | G (z) where :

Y A 1 - o vy
z. = X + )‘k—i-N 1 Sk+N (XN){ i =1, e N ' fo 0 .2.2.10
L '

® stcally the same termi
Since Tk end LAY oﬂp%:illy the same terminal |



[
#
. A ,
. NN =N
@ ! * 1
. 1 A
R -y 8
A wk+N‘_) W ()
<y .
2 ,
S (5§ ) ,
. A |
Defining Yk (xN) = )sk (1- Sk (xN)) \ .

. i H
we have z, .o é Xio1 + Yk (XN) . ! ¢
,Usin§ all above definitions inth. 2.2.9 ;'ields .

e 1C(x) = W (%) (G (2)
L , ; | -

or explicitly

!

kG (xpr g o o= W b @ Dy dg Xy + 3 b - b
- } J' -

y
The recL'!rsive\ form'of Eq. 2.2.15 is the main result of this section.___An important

feature of this equationis

M‘LAf x = 0, we have
W)= S b =
V&g = 0 Coow - »

and hence z

fl
o

2.2.15




«

';,!,g_n
i

o

:
s

Therefore, ot x = 0, Eq. 215,2']5 simpjy states the expected and consistent
. co- p; ) . 4

o ,
- foy i

o 2 ™

identity 121,
" This behaviour at >_<' = 9 enables us to obtain all the moments of the TSTs-. A more
convenient form of Eq.2.2.14,. which we use later, is oﬁained by using definition
2.%.9 in Eq. 2.2.14 toobtain |, - -, ' ‘ s

¥

k+TF (_’_‘_) = '"Wk(xN)n"'kF (f_) 5' B 2.2.17

In order to use Eq. 2.2. 14 recursively more than one time, define a set
' ‘ ' ‘&

P“Q’ 1 ‘ « ' ’
of coordinate transformations functions. Expressing Equations 2.2.12 and 2.2.13 in

the form .
x = Ty '
2 = ¢ ) _— NN . 2.2@

<

is regarded as one transformation. The result of two successive transformations is :

<

f(])(z)=,,{f(2)(£) | ' - ‘ f& ‘

and so on, after j succeg‘é?ive transformations, the N dimensional vector f ) (x) s

obtained. s last elemg‘;m is defined as (f ) Q())N . : .

Adopting the above notatior; while using Eq. 2.2.14 recursively N times, we obtain

' TN 4 G) y ~N) | ‘“ -
k3G (%) = [‘g‘ Wi (OO 11N C (ijg (x)) 7.949

e o H a



The above equation ties together two successive cycles, which, in the steady state,

¥

- . \ -~
have the same joint probability density function.

™

’ Using Eq.2.2.l'.4°rea1rsively k times we have ° L ‘
O W = [n‘w ((f” 0, )] G(f(k) (x)) Do 2.2.20
- : f b -
~ 2For, Reafij 2 0, Equations 2.2.12 and 2.2.13 'y_ield,: ’
I e ' :
S Re[fY (x)] 20 forall § <k
/ W
Therefore, for allui sk, “ . )
f® '
R ERECILUNLIRRN
L L :
60 - o N
0 =W [ (_x_.))NJ <1 m / 22

y . i X i
When total traffic intensity is less than one and Re [x]2 9_ are fipite, as k = o,

&

we have : = - ’ '
a 3 ’
.0 0 <k|im' k+]G(3‘_) <1.. | . 272.-22
,° . , -0 . . 4
o . ‘ .0
B | . e ) - ~a
By 2.2.20 and 2.2.21,the only way to satisfy 2.2.22 is when . -
- . C I .'x, /, . .L '
s, N » t ’
R . o~ \’/ 5 ) . i R "
i fim 00 (k) 1= 1. RS '
i k1=t - - .
,I"m ° \
i<k - L - R

r

4~
’
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(=3 1l . l ,
\ L R : |
o i W DY o 1e 1 | |
Q k HEY -1 - N' \ ' LS
L) [« o N . ~ R - ¢ . /
- isk ‘.t? ,J o c - .
and we have “: ?\ . “ o n o
y o . A . - . nl » ’
y (=t Irw @ oy (10
-~ v lim '<+‘E,,(5) = lim [', Viemi ((f (-’-(-)“)N) ]‘ ]‘G’ (f77(x))
k2o k-o .
_ — . . 1
, e - - k o (i) - .
- = lim W, . ((f7% (x))) . 0
k _‘m { k-' b NQ .
: ' 1 i=0 v ‘ )
) R .'p - i ' . v

" where i=j is computed modulo N .

Using'steady state notation, we obtain for each T, i 5 1, .., N M
-~ ) . i

a -
o

‘ﬂ' W, \[(f()u)) 10 - = B 5,224

- w
= . ‘

9

]
—_—~

T

The above equation is.a direct solution of the basic equation in the steady state. However

v

this equation presenrs computational difficultieswhich precludeg its practical uge. It

e

shou%d be menhoned that a 51m||a|‘ approach to that which led to Eq. 2 2.24 was

by Cooper and Murray (l 969) and Eisenberg (l 972) However, since fhey used dif

basic random varlables, “their resulfs are dufferenr from Eq. 2. 2 24.

o~ s . ‘ o

2.3 Thg*gExhausfi;/;Model, : Soluhon of the Basic Equatmq

. - L‘jw?\
- ! A ".. - ,’\,l(\

As in the previous section we now derive kG (x ) for the exhaustive
model, ‘in a similar re¢ursive form. Heré however, we need a new random variable,
: ° ) + 3 R . . g ’ . - 2
e "busy period” lengthinan M /G /1 queue. ) : °

@ r

' -

1

[
g
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. ~. EN o
. 4
- 5 ) ? @ .
t - — / ‘*\\\\_‘U; ’__1 ,
: s »
a ! § a
' Define : ' ’ e
a K . . s ‘ - , (
2 ey
Pb (t) = The probability density function of the time, t, o
l a A ) - -

. & *
. ' - spent by the server inqueve i (i=1,.., N)
FE , J N

« > .
' . -

v,
.given that exactly one customer was present in °

the ,gdeue at-the moment the server reached it.

a - v

it, during the service time of this single customer, new ones may arrive, and according
- ' ) . . q ) -
‘ to the exhaustive service pyocedure, the server serves them too, leaving 'Ti only when
. 5:‘ > B Y
0, Y e i v ¥ - '
it is empty. PR e -

/
. Ly -
Y Ku,,: J -7 N C

St .

T _ In the first part of Appendix A, the relohon befween the Laplace trans-

'c
g “

“form of the busy period probability density funchén - i (x ) , and other parameters

%'ﬂ

of T, is aeveloped. This relation is ‘well knawn. in queueing theory and can be found .

i

’

_inTakacs (1962) . However, becausé the method leading to it is helping in under-

" standing this section, we derive it in complete detj‘ll in Appendix A . The basic

7

'expression.obtained is b .
s i ) " - ! i R N
Ja 3 ‘E ’
SR B. (x) = & {x + A (V-8 (x)] © s e 2.3.1
: a ) "E Q ‘:

. :
A simple probobi}istic argument shows that given m. customers present af Ti when-

the server reaches it, the probability deniity function of the total service time of this
o °

7
. ¥

queve is:

e

® : " oy ;) -
\ Prob (hi =f/mi) =P ¥ i) : B 2.3.2
: ) d 0 K

.‘\ F3 . g

In the exhaustive model, although one customer may exist at T, when the server reéches
] -

[}




|#

3
The reason : Since the total service time of a queue does not depend on the order

1 t o
T——— - ”

of service, we.can imagine each.of the ""i customers initiating on in-

dependent busy period. The length of the total-busy period is the sum of mi.
) by

independent random v%ﬁoblg.s each having the same probability density function.

L

Regardmg the joint probab:lﬂy denswy fuhchon cf the basic random

.oty

vector, by the law of foto‘ probability, we have : ) -

e

Pk+] (9'k+l) I f Z Pl'Ob (gk"‘N’ mk+Nl f, Ek)dfdﬂk 2,3.3
. o om= ]
where . m; . = the number of customers present in Tk+N

C kN
' at the moment the server reaches it,
— AS

t = the walking time from Tk+N-l to T-k+N .

4

It should be mentioned~ that for fhe}xhqusﬁve model we can deal with an vN--l

dimensional random vector. .However, for the sake of symmetry, with the previous
N [ )

model, we use the N dimensional random vector and as a result ard left with some
- 3

redund;mcy. ! °
Ny \
U,smg Boyes chain rule in 2+3.3, we obtain :
® k'FNoo B v
k+l O = [ [ L ok (8 /mp 108 Prob iy / t8)
o oman o

. Prob(h/gk) P

—

(O )dt do | 2.3.4
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° r
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N °
-

Smce ) is rthe time required to walk from Tean-1 T©

k N k+N

ﬂme requured to serve all customers in Tk+N (mk+N of them are present when the

.\”. n

server arrives ) . \ é h
LI \ .
' ,

‘ )
j o A ' : . Co )
Prob (0k+N /m , t, any pc:.tf,TSTs) = Proh (® /_mlé!-N , )y 2.3

k+N k+N

\( 5 h) and the .

"

;5

- -:q’

»
“(N
2% .

[
o,

s

N 4 ’ - T
l 3 . . .
Using Eq. 3:3.2 in Eq. 2.3.5, we obtain : o _ ) )
N : e = ¢
ha’ o ~ . . |
N &“ ) y- - (mk+N) ! K
Prob (6, %/ m t, 9 ) = Prob (6 m tY= P * (O
( |<+N/ g 7 1 8 ) = Prob ( N M P = Pt (B
. <
< - - . N ) . 2.3-‘6 A
[ - f .
. . o .
Since MN is the result of Poisson arrival process which starts at te Lnd ends
- ! + . R Ty N k
at the moment the server reaches Tk AL have : ) ~—
! ) :
. _ L .
/° Prob \(m /hme |engrh of the process; any pasf TSTs) . CoAe
& Prob (mk+N "/ time length of the process ) y
and WL obfaui\ with fhe help of of Flg 2-1: v S .
@\ ~ R N
Prob (m t;0, ) = Prob (m,. t + Z' 0, .)
Feob (m o\ /17 8) (a7t 4L Sy \
T ‘ . =l . .
[ * «l o ] A -
.. a™ - m . - 7 ‘* v . R :. W
) N . k+N W AT ';l.‘ £ 'f‘ too .(\,'. Lt
= A t+ )0, ex AP+ . 6,.,)]  2:8,740 a2,
rr\<+N! [ k+N ( L lkﬁ'l v?_ [”)\k { L k+ ) '_,3}3“;\. : SR
v : I. v: . - . s l=] L l' X '“o 1’::) ;.{
! A ¢ ' T = 'N‘ "”-‘ .}y \T— ‘.\c;":{‘
N-] B} ‘n: ) o L . ; ‘tvi o ’" v; !\. . 1% :.“‘.
W s Ve 7 G T I
where t + Z 0 . is |denhf|ed as v o tj\ l‘nte:vusu} time'of T, " .72t s EL 0 T
k i . . e W k“'N’ . Ty -,
y - "‘“‘ N 5 ! N . S - '/ .
i= ‘. . '“' ! N oy ."' .’ " ﬂ-' ‘ N ' ' ‘:7’.‘.5 ‘ :
) ‘o - ' "“": N ) : [} ’ L4 '\" % ." ’ L" ‘i:‘. -k ::.
R A P 4\ 5 N ". ’ - ’ PR 4 " . .::. “ e, “‘::' : \ vl Lo, . :‘
- LY ) ..“" -na "' v Y - \r N f’,‘ -
, . NI P SR SON S S I
NJ ’ > reat " ’—\ N "“-: ’ '3.','- ) l}. * ' ‘ : "—’ ‘:{ e 2\::‘;”
! - A -v-\l A ‘. T LR “‘-‘—-~ : - * t‘ J“:’
. , o 3..@;'::2- : ‘:,-A!?: _ ‘v" 4.\\“ s .‘.
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. o O \ . :
o Since future'walking time does’not depend on past TSTs, we have :
, L -
i X . Prob (t /gk) | Pwk+N-1 ® - | j2.;;.8

5

+

Substitution of Eqs. 2.3.6 =7 -8 in Eq. 2314 yields

cpgk+N @ (mk+N) : N-l
. v Ny - MeN
| Pt Ger) = [ L L Bt (G “T‘D‘k SLAPANILE
- ‘ oo m =0 k+N i=l *
L ~ . k+N ' .
‘ ‘ N-1 | : 2.3.9
cexp [=N (t+ ) 601 P, ® P (8)dtd
' o1’ k+N-1
As with the gating model (Eq.- 2.2.5), the above is a recursive form of obtaining
Pt (-k+l) frb_m P (gk) . Applying the Laplace trar:sform to Eq. 2.3.9, we
* obtain: " B
® @ No® N L ey
EM =[] ] Yee =) xe ’ka(gkm t)
°© o o m =0 i=1 )
+
ﬁ:}: 1 . l\!:] mk+N N.. -1
g y
DR [ Mgpg (HF ) °k+.7] ‘exp [ - ka (t+) 6.1
LT k+N. = i=1
LY ' ’ L s ' _ 2.3.]0
i 0N |
— P 0 P (YA TTde ’
] k+N 1 k kk‘ E \k+l . \\ .
, ‘ B :

' ' giance Pb (f) 0 for t < 0 o the upper limit of the mfegrai ovef' t canbe
i

\ mstead of Ok NE To obfam the desnred recurs:ve form of the’ Laplace tronsform, we

-~

. s
) , .2
R . . ‘

. o X

- 4 - B 4
- o A - 4
)
.
,
,




i _ﬂﬂ:‘”\\'

o

. lnorader, integration over 0|<+N yields :

a

first integrate over °k+l“;l . then sum over N and finally integrate ove;' t.

ot ® o o , N=-1
A 1 LN
nC® = r e Z :n':‘o“ [)‘k+N keN ("N)(”z Oei )1
- + -
o om +|Ql < | | i=1
N-1
cexp [- Oy 400 T 2 (g # %) O ] 2.3.11
a i=1
B, P (G)df‘FT‘dQ.
WL iN-T k ~=k | k’+|
Then summation over mk+N yields :ﬂ
N"' }
16 ) = f j exp [ - (x N (17 B =) (x, RENVULINCIR LS
- o |=\
%
N-1
-|’> © P (_Q)df'rl de
k+Nl k ‘—=k Ry k+
finollly, integration o:/er—’r yields :
0 o N=1
= F _ N -
G W =W ”‘k+N( Bt N("N N [ Jen 2 G NN B &8
o o i=1
/7 » 2.3\.]2

N-1 7
P BITT 94w
i=0
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We obtain the recursive structure by noting thot T and Tk+N are ph;'sically the .
‘ ' ~ [
same terminal, hence : B l ‘l! . /
é o L4
Mo Tk - * .
(-) 4 () S 2.3.13
T L) ,
: N ‘ B
s () A () . -
k+N k
and defining '
n ) T A (T=B (x) . v2.3.14
and —— - o
0 i=1 .
z, = - ) 2.3.15
: —
, X 1tV (xN) i=2,.., N
giving \
6 = ” , . 2.3.16
5 C¥ Wit Oty (). (8 (2)
or explicitly
k+1G (XI'XZ' vy xN) = Wk-l (XN+YR (xN))
‘kG,(O:X]‘*')’k(XN), --IXN_]+Yk (XN)) 2.3.17

N\

as in the gating model, the important feature of 2.3.17 is :

4




" gating model (where this development is performed ) we will not. repeat it here.

g
At x* = 0 “
Con bk =0
and hence A A
= = 2.3.18
xN+YI< (xN) o , z 9_
B
Using the definition 2.1.9 we obtain :
= - 2. .]
kaf (X)) = 0 W o (x g +yy (D) + (F(2) . 3.19

1 - .

‘ ]
Obviously, we can use Eq. 2.3.16 recursively N or o times.

Because of its minor importance to the course of the study and the similarity with the

L

2.4 Summary

« _In this chapter we defined our basic random variables, TST , for both

the gaff?ﬁé and the exhaustive models (2.1.3 and 2.1.4 respectively ) . From them, ~
we defined the basic N - dimensional random vectdr, Ek , (Eq. 2.1.5) and its joint
probub{ﬁty density function, Eq. 2.1.7, and its Laplace transform, Eq. 2.1.8. The

i
main results of this chapter are the recursive forms of the Laplace transforms of the

§
joint progability density function of gk , (Eq. 2.2.14 for the gating model and

©
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o Eq. 2.3.16 for the exhaustive model ) .  In the next chapter we use this recursive
structure to derive explicit expressions for the first moments of the TST, the cycle
’ time, and the intervisit time,
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CHAPTER Il
DERIVATION OF THE FIRST THREE MOMENTS— OF TERMINAL SERVICE -
TIME, CYCLE"TIME, AND INTERVISIT TIME
2
3\'.‘ Technique of Derivation T . -

In this chapter we derive explicit ex‘oressions for basic quantities used

in the remaining chapters. Explicif,}:xpréssions for the first three moments of the

@

Terminal Service Time (T ST), 6, the cycle time, c, and the intervisit time; -

v , are essential in the study of the fundamental behaviour of the polling system.
= /

These expressions enable us to study the basic behaviour of ‘the polling system in the

transient and the steady states, as well as derive the first two moments of the waiting

times and the buffer sizes of the terminals . . . - 5

¢ 4 A

In the course: of the derivation'we obtain a certain set of intractable
equations involving the second and third moments of these random variables. , When
this happens, we confine our study to the symmetric ‘and/or nontandom cases: _ , .

} [

. Let | represent any of the following random variables . . -

-

8. ,¢.,v,,5, W, ,n,
Rt TR T T

3

-

we define

-
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|n , Q the nth moment of | ,
2 A » :;" . \
o = the J.*»econgd ‘central moment (variance) of | , )
83| 4. . the fhirq-éenfral moment of | , e
& g T
A () = the prebability. density function of | ,
‘ Tl (*) ' 4 , the Lapiace #qnsf‘brm of P (),
) - ’ A ¢ , ) . - \
L(-),L (-),L {-)=  the first, second, and third derivatives of
v ° ' [ ‘
' . L (') w.or. t. ifs argument. - 3.1.1
In the general (asymmetriojmagse, each terminal has different
’ o 4 “ L]
)\i, Ps.(.),cmd Pw() . | ' .
' 1 . ! & e ] ' "ﬂ . H

In the symmetric case, all )\i and P§i (+) are the same, and all

central moments of the walking times are_the same. Thus, in the symmetric case we
, — y

have for i =1, ..m‘, N : R " fh:"‘ : '
/ Ai = DA . ' - ’
Psi ® = ?Ps t) | | ] S o
_-& © - \ .
P, ® = P G-w.) : | 3.1.2

v

[

' . {
In the symmetric case, the nature of the walking time probability density function is
closely related to that of practical polling system, where the average changeover times

nbefwéen the terminals are different. However, alkthe central moments of the c}monge-

e

22 - PR




"

over times, which are due to the achievement of synchronization between the termi-

nals and the server (the central data processor), are the same..

t

B

Inthe nonrandom case, all service and walking times are fixed (nonrandom)

and we have for i=1, .., N: -

L ) _

PH = 8(t-F) -
i

‘PWi 0 = 8(t-w.),

where & (¢ ) is the Dirac function. -

=)

- ~

in the symmetric nonrandom case, both Equations 3.1.2 ‘aﬁd 3.1.3

are satisfied and we have for .i =1, .. ,N: 0
L xi i — \A
.'\" . , \ .
Ps‘ ) = Hfd=s)—uo
i
a PWi ) °= S(t-wi)

o~

=1

3.1.3

. In Chapter 1V, we study the socalled discrete case which is a variant.

of the symmetric nonrandom case where all >‘i are different. ;

L3

. ]
For all cases, using queueing terminology w

o
e define #

1




As expecfed the condition for stability is :

[

the gating model : .

1.

2.

\' ¢

S _
oA -
P; = Traffic intensity in Ti = }\i S
. r _ . N
a - - o s v
P, = total traffic intensity in the system =/ P,
! ’
O‘ i=
N —
d = average cycle walking time = ? :
] N
o & T C
}\o ) = /, _)\i 0 = |
i=1 o .

p and p, are basic paramefers in the- analysls of Polling systems.

[N

"

. ~
-’ . ' ,
P <1 . )
o
o H

In Section 3.2 we derive formulas for the following parameters in

- -

J . Vo e

7
to

Ei and _ci in the general case.

Equations for o2 , (9,-8,) (8,-T.), and 0% for the

general case. From them we obtain :

wo-

2.1.  Explicit expressions for ihe~symmefﬁc and the s)‘mi‘metric non-

L]

rundom cases.

2.2,  Explicit expressions fof 0 , For N=1, 2, in the gen‘fera.l case.
< _ , .

-~ &

E)ép“’cit expressions for 83 for N=1,2, o, in the symmetric non~

random case . e o/ -, .7
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i Section 3.3’ we derive formulas for fg¢ following parameters,
L

&
o - Pl . >
—‘c [ ‘ : , . N .
in the exhaustive m?de . . /
. 1. 'O;ﬂ, -éi' _and Vi in the general case. . °
' 80 .
© 2, Equations for 0y (6,-8.) (0, -8.)0", and o° . —
: . 8 i i 7 e v; ‘ ‘
. for the general case. From them we obtain : -
. 2.1° Explicit expressions for the symmetric and the symmetric

nonrandom cases. b _ . ,
’ . N . ’) = 2 1 . W '
2.2 Explicit expressions for o, for N = 1,2, 3, inthe

1 j] | -

- general cose. B
. , o . el
3. . Explicit expressions for 83 ,for N=d,2, 3, o, in the symmetric

* . nonrandom case. S : :
0 > ¢ -,g‘.i, _ ,
\ v -, b < - C A
[ Sy =,
b . . D ) - - o g'?”’ ]
] : In deriving these moments for the gdating and exhaustive models, we -

use Equati6n§ 2.2.17 and 2.3:19, respectively.

L

o J k1 F & = InW &) +,F(2) -
) \ " o, —
e FO = W ey (g)) + i F () T3

<o
.
109

‘where, for k 2 l,lby defip‘iﬁons 2.1.9 and 2.1.8:

2 4

. [
o ot . .
0 ‘ ! — - A} "\ . Q
- - < - ‘
- . \ 4 r,
v R . -

; - -
+? o ¢ ke
- . -
" o«
o - nye .
- < . . s “/ "
o i . w'_.'{ f\
- -
2 . I
@ P . L3
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o N N b ‘ . . . S s
it @ = I, | u ,
,\, ' © @ : %
6@ = [ e L i) Pic k* TT“ |
- 0 -0 i1
. o R ) \ '

0"

Define F (0) ’ F ' (] ), etc., as the pnrh ldenvohves of F ( )

fwer, i“-:ts ith, nh cmd |th efc. ,argumenfs at 0. In Ap;&endnx Bl we show

0

that for |,|,} -], ..,N: ” ~ \ ‘ e
. N . ‘ , ‘ : L
5 ‘ \

|<+lF @ = - ket )
k+lFi,i DAL L WY

F. . _ 77 —— y— .

LA TN )N R LI L el R N

o )D k4 N — ) e )

[P , ¥

" Another feature of Equations 3.1.7 is that diffe;ent:iaﬁr{g each of them

[

WLt X o X and x., etc., ‘where i, ="1,..N=1 at x=0 yields.

o "
_ (
, o A Lz -
o .k+1Fiu(9) . k i1 @) - O s . |
. o 2 . - . l . \
|<+'l i (0) - _kEi+],i+] Q} (g!(+i 2 D;k'*'i)(gkﬂ 'Uk'*'i) C3.1.9
" ' ' v N ] - . -

which are identities and contain no useful information.

. Q .' - "‘ - . ) - s \j
" Useful information is.obtained from the derivatives of 3.1.7 pwheﬁ
ot I%ﬁt one of the arguments we differentiate with j)r'éspecf to is X “This method
K . v AR « v ‘. ‘ W -
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equations connecting moments of varjous terminals.  Explicit expressions for the .

momets are obtained by solving these equations. - , ‘
| ' n a o ’
To derive the moments in the steady state, we use the fact that when
po <1, i.e., stall;ilﬁty condition exists, we have : | .
- p L]
] ’ A ' ' ° ) - N f
> fim P . (8, )= lim P_.;. (0 e ~ 3.1.10
h koo kH kT k = k+Nt' ~k ;ﬂ‘.'l-ﬂ : | - L
Y , s . . n ' 2 . . - q 3 R .
both sides. of the above equation are the steady state probability density function of
< ! -
the same random vector. ‘ . ~ .
-~ ) s a V4 ’ T ol ’ et ————
- QA ) | ‘o - ' ' v ‘
The details for the Algebraic mom*pyulofi%s are in the voxious sections ‘
_of Appendix B . : S | :
3.2 The Moments of the Gating Mode! - ‘ g .
PN . ' - L R . -
- - |
‘ : ) . —_
~The basic equation we deal with is Equation 2.2.17. '~ ' .
‘*FlForkél ' ) o
S . l\ " ) ) ‘ " ’ ’ ‘
CF R s W T ) F(2) . 2.2.17
" : - C AV = s (xy)) - i=1 - '
' = : i kK INTT 3.2:1

H
N
-y
Ay -
i
2
-
o

n
N
-
<«
Z
o

X} o A+ )tk(l- Sk(xN),)\

a




. - Re [35']“ 2.0 o —-
where from definitions 2.1.5, 2.1.8, and 2.1.9 oo
’ 7 “ {
o 8¢ = fgk ‘ ¢ Oan-1) 2.1.5
o o "o w.t Nel N
’ = [ [ Y x @ 0)TT de . 2.1.8
O ) = [ [ o - ] %9, R0 TT dg, 218
; o Q 0 =0 0. . :
B (x) =1, G (x) o , Z.L.v?e"
' ' D_ifferenﬁal'ion of Equation ?..2.’17'"w.r.t. N Jyields
o | Wo(x) . D L
- e T (2= 27 S o)L R z) o 32
| k PN N
\‘. ' . | i .
- At x = 0, using Equation 2.2.16 we find .
c : - - ,
o BN = M NS L B ) : 3.2.3.
' i=0- \ ' ) - .
— ' ko= L : ’ Y

The above equation enables us to study the transient behaviour of the average T ST .
@ k

% , ‘ .
Thus, given -Gl R QN‘v;re may find 5k+N forall k' 2 1 recursively. We use. |
this equation in Chapter V while studying the transient behaviour of the average ‘cycle time.

In the steady staté, by virtue of Equation 3.1.10, we havé :

P
w© ) =

'
iy - ?

oy
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_Noting the definitign 3.1.5 for averaée walking time
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In‘the steady state, define for i =1, .0, N = ' . "uiy 05 Cosids ,,_'.,.,,.-:, LT
y wid . . VoS oyt e e T :rw..u.‘-' M AT
. . .2 ' T :.'-“\ e 5 .o L
o ‘ v NS .
R P

9, Verminal i Service angie "(TS]'i-'S f’n ‘rl‘jé toady 's't'uje‘. : ;3"
f \ Y

1}

.
' 1

~ 1.\ \ -
—*‘; — 4 .

z,? ;

v
o ‘n,ol.
I

¢ TN Lo “ -:-'!" LE t‘ A -_zs"r A -
and we have from Equation 3.2.5 S SEEN | W \ .

5 T S M
cod o as T e T
K "( - Ry ‘. 1y 4 !
IS N N DS S "‘
P o . . A
N TR 1y YRR
— . [ #’ R ,“ [ 5. LI
— A — N ' - PA) L LS A .
A . .
N c, = ¢ = L U. ’ " * ‘<, s PR | 3~2-? e,
3 1 | s . - LN
. - w LI ’ . l‘ 1, W3 - [
i=1 BERERS.. e A J
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where ¢ is the average steady state cycle time a:{d is. tbe sante for all temiipalsy

.
PR LaN . e,

«
N Py .,'b

Using Equahons 3 2. 6 anﬁ 3 2.7 ﬁm 3.2, 3

" O
The above is.a set of N linear equanons wnh N unk oy

‘we sum all th

N equations L f ';,.
N et ;.'.
- o W% MR TS
\ N . N s A‘N‘ . ' .~i _’\r"
v A Ld — -y, \_—1"" — @ ’
L, 8 =S¢ = gt cor o) N s,
i i i
. i=1 i=l
-

-y
d,
)

’
'

e

//"'

. ,;«'né B

" ' ‘\y\” "

y
e, ‘:\

/ ‘.’d_ o
ye o‘b/mn"for i

=

1,.., N
‘ . ) /‘

[}

. ‘e \ y
! In‘.Ordeg to solve it,

.
11 - ay
-
’ . L
L Y ~\'_~" L B
.« by
- -
1
1 - - . o
-‘ r
3.2‘9 -
, _
~

in 3.2.9 we obtain




. - g .
* which implies that - J {
Ny SRR SIS B ) " 3.2.10
- o IR e
- - ’ [ .T,‘,: ; ’( . -
Usmg the above Equation 3.2. 8 we huve for iz I » N '
?
v ) . o
— - “P; d -, T
8, = w, +’ ' 3.2.11
1 -
. t- e L
— F) r 4 -
Equation 3.2/10 was also obtained by Eisenberg (1972). It should be emphasized
that this equation holds only for total traffic intensity, 0y strictly’less than | .
Otherwise ¢ = ., < . . - - .
) . To derive the second moments, we differentiate Equation 3.2,2 w.r.t,
xi,i = l,l.,l\j,dtoobtain “ N
ol _ ) ' ‘ \ R N -
| Wy bW, by = O b N
| iy, N = = e ™ NSk o) i F (2)
) - . ‘ -
’ ‘ ! . _ . <Wk(xN)) N i i=l
. S ' , ) N N ’
RN 2 “ F NS D) ) 8
- : v N L _
‘ and for J = 1, .., N-I -
| o N '
|. \ ' F (x)=-)\é'(x)T F (z) - 3.2.12
- . . k+1 "N,J = k "k YN 4 ki, J+1 Y27 s
| - b =l ' -
|
| .




P,

e

Sy

o e

At x = 0, after some manipuation shown in Appendix B 2, we obtain :-

2 2 »
Cran™Band” = %, AN )‘kk) "c+ -

L L
and for J =1, ..,)N-l

. N-\«
(8N D'I<+N) (gk+J k+J )‘k k L k+J -.OK:LJ) Cpyi = gk+i )
. . =0 o 3.2.13
where
N=1N-1 L
2 _ v - T 5
U°k+Nh - 2 L <0k+i Uk+i ) (gk+| D.l<+l )
i=0 1=0

- 4

The above equation, with the help of Equation 3.2.3, enables us to study the transient -
\

behaviour of the second moments of 8 and ¢ . Given all U. ; (9 —-10 (9 T) )

for i,j =1, .. N, i.e., second moments in the flrs'r cycle, we can recursuvely fmd

Al

all the second moments in any future cycle.

-

E1S

As k l\-" o and Py < 1, we reach a steady state. Using 3.2.6,

we define the steady state cross correlation between T. and Ti as :
-Aﬂ;“l i t
Si

R(i,i)’ 4 (6,-~8,)(6,-8,) where T, is visife&‘before T. 3.2.14
' P i i i Bt

¢

i .

Clearly for i 2 j-, R (i,]) isthe cross correlation between Ti and T; where

from T. the server continuesto T. ., .. T. .,
i j+1 i-1 (
correlation between T, .and Ti where from T. the server continues to

Ti , but R (j, i) isthe cross

T T, T,

IR N . T T

I 4
=17 i .

] 14

-

v
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Using definition 3.2.14 the steady state representation of Equation -
3.2.13 is, for i,j = 1, .., N, givenby ~—
i1 i1 . N ' .
< . . N . a- . .
pi[‘).lR(t,|)+ZR(|,I)+Z‘R(|,I)] for | < i
I=j I=1 =
, 2 2- 2 2 o
R(i,{) = o, * 5.|si ¢+ p. O for | = i
i i - ~
N . i-1 =1
p L RAD+ ) ROLD+ ) RGDT for | > i
. I=j I=1 I=i
wher'e -1 N l -1
2 e e . « o
ol - > L) R(Lm)+ ) R(,m)+) R(m1)]
I =1 m=i m=1 m=1+1
-.t N | : N ' i-1 o
S Y D) RMm) +) Rem 1)+ R(m 1)1 —
1= m=i ‘m=l+1 m=1 ¢ (
3.2.15

N . ’ - 2 . ‘e - 2 . e
Equation 3.2.15 is aset of N linear equations with N unknowns. Obtaining - ;
an explicit solution would seem complicated. However;-as we shall show later, the

solution for the symmetric case, defined by Equation 3.1.2, is surprisingly simple.

For the general (asymmetric) case we find an explicit solution of 3.2.15
for the case N =2 where there are 4 linear equations. (The solution for N =1 is

a special case of the symmetric case, which we solve later ) . The quantities
L4 ‘ ’ f?

. .2
we are looking for are 67  and o .
0 C] ’ 02 / ‘ ‘ '

<



Solution of 3.2.15 for N=2

» Direct substitution of N=2 in 3.2.15 yields 4 linear equations.

R(T, 1) =

R.(,2)

il

[}

—R 2, 1)

i

]

R 2,2

where q

- )

o3 =

+}\] s?

O

o (R@ 2 + R ]

ag
8 ¥y

pZ[R(l,'l) +R(1,2)]

2 %2

- QM
i

e =R

Q
i

"C+p] Oc

= O +A7c+p2C

2 2
]

vt

2

L) +R@2) ¢ 2R@, 1)

RO, 1) +R(2,2) + 2R (1, 2)

In Appendlx B3 the above equation is solved and we obtain

[ .

N

. 2
2 =[(l p]p2 +sz 2p2][>\ s ¢

2

w I+p‘p2()\22‘é+0'

© 50

3.2/16

2

r

2

s
o

Solution of Equation 3.2.15 for the Symmetric Case

Tl=pypmey) (T %*201% (1-'9 8y)

-

Ui is obtained from 3.2.17 by interchanging the indices 1 and 2,

r

3.2.17

bl

In the symmetric case the steady state cross correlation between 'l'i and Ti ’

B

R (i, i), doesnot de:pend on” i and | separately but on their difference.

This !




o

0

property is due to the complete symmetry of the system; we have for i,j = 1, .., N:

Epa

LY
’

y 'R(i-i) . for 1 = j ) N
R(I,{) = - . 3.2.18
R(N+i=-{) for i <j .
Substitution of 3.2.18 with i=N into 3.2.15 yields
A 2 2 2 2 2
R(O)=c79=o:rw+>\sc+\po'c i
and for J =1, , N=~1 .
: J N- J-1
R(N-J) B0 8 )(0,78)) = ol ) RG)+ ) R(I)]
L N N LA R . L
: i=0 i=1 .
'
_ whgre ,
s N-1 4 )
ccz = NR(0) +2) (N-1)R(i) . 3.2.19
’ i=1
3.2.19 is aset of N linear equations with ~N unknowns. Define : ) -
N -
2 T 2 2, > . .
0 =) % = N J -

=], A

In ‘Appendix B4 we show that the unique solution of 312.19 is :
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. | e
,, 2. T2
P (1=-p+ =) (0, + N5 ¢)
R (o) 2ol L. R %t
N Py
S RN IR S TSRO R

andfor 1=1,..,N-1

R N 2

RED = (O =B Oy = B 5 %

» .- RTR

02 _ O’d +‘)Y)s [ ‘
c Po . 3.2.21

. A surprising consequence of Equation 3.2.21 is that the cross correlation

between any two different terminals is the same.

-0,

D
L
Define the normalized cross correlation between T.. and T

N N" qas @
Rgth = AL ( 3.2.22
Substityting 3.2.22 into 3.2.21 we find
0 . ; . 'f . a
i |-= 0
o ) _
Ry (1) = 3.2.23

1, .., N-1

(
I



"_ . The Second Moments for the Symmetric Nonrandom Case
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. . ' ‘e
o U
B L t{)‘

As p6 increases from 0 to 1, Rg (1), for 0 <| < N, increases from 0 to

o

1 . Thys the normalized cross correlation is always non-negative and increases as
\

'

the fotal traffic intensity increases. ) ’ .

<
b

In Chapter V we study the steady state normalized cress correlation

' between different cycles.

l“ % N —_
F
3 v

e

In the Symmetric; nonrandom case, defined by 3.1.4, we obtain by using

LA™

3.2.10 in 3.2.21 and 3.2.23

- R
I T T R N I i B
N Ry 2, R
. (l-no)(1+-ﬁ-) (l-;b)(l+.ﬁ-
for 1= 17 .., N-I ) ' 3

pP. s c - .
QR KR T 3.2.24
Ry o 2 R o
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- The Third Central Moment of ¢

ﬂdm'

The expressions we are going to deal with are very involved. For

simglicity we restrict the development to the symmetric nonrandom case de{inedﬁ

by 3.1.4.
b . '
For the symmetric case, differentiating 3.2.12 w.r.t. X0 .
. A A
p=1, ..{-N, and defining W, (xN) = W(xN) = W, Sk (xN) = S(xN) =S,
~we obtain - : .
. % : " , ‘
o | WA SWWW T2 (W) e :
Cenfrnn () = o A% ) ()
(W) i=

T S
IS E Y T R @ L ) ) E ()
=1 =1 S SR T ’J\

for J,P = 1% .., NI ~ o 0
" N,:\m ! . N N
’ N ve . - a. 2 i"‘
i, (8 = =AS LR g () r 0% ) ) g F g (2)
’ " i=1 i=1 I=1
*
.” N- [+] ; \ ]
k+1 FN,J,P (x) = =AS Z kFi,J%l,pH. (z) ‘ ‘ 3.2.25
woq=1 . . :

-

In Appendix B5, we find the steady state representation of Equation 3.2.25 for the

e .

- symmetric nonrandom case, for k = K «+ N such that K = o, the left hand side
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3
3 1]
2 °

of Equation 3.2.25 are the ‘sready state quantities of FN, T I and IP .’ Quoﬁr;g

oD ® :

the result from Appendix B5, w°§ have Y '
. 1 * o f

- 2 !
-3 )3 . I=(N-1) p+ 2Np ?02+p383
N N N c Cy
A P 5
\ »" TN
fOr J,P = I, ve g N"] -

:ag_l ®
. N-1 N-1-
Ty =Lse? s o2Y ) (9-8 )0 -9) (s -
T LTl a0t ) ) (0-T))(6,-5) (8- T)
i=0 =0

. ‘g

2
(e BN €

—— e

} N-1 . )

» .
o ' 'ﬂ v U
A

where- I . . .

-1

Z

I N-1
L

N-
Y’!
L. L
=0 m=0 o7

[e)
L4

J:,%
1

and TO is TN in the pre\\nous cy_cle. - . .
~ - A
Define, for 1 < P =7 s N
. . s

*

Substitution of 3.2.27 int0s3.2.26 yields :

il L1
=

(6,-8,) (8, =88, 5m7“ : 3.2.26

R{N=1,0-P) = (8,38 ) (8,-F,)(0,-F,) \ 3.2%
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(Nl)p+2Ng_ 3,

R(0,0) = = o+ p¥s .
- ' N o ° &€

~ . it

for 1 s J <N : .
o “ " : o : - .
| - IT% I Mo N
* R(O, N-J) = -S-? o2 +p [Z () RUHI=E, |-I)+ZR(J+I 1,1-0) + ZR(I -J-1 J+l-|))

.o Y=l =l I=i+] sz ©
v "“ @ ~

‘ , N+ P K N :
| ‘ ) (ZR(’ J-L W11y + ) RG-1, - J-l)+ZR(I-u, 1) ]
. C i=J42 1=1 T =02 =i+l

*v.,. fl

e

forlsPSJ<N: o .

- P+l J+1 a N
R (N-J, J=P) =p [L R(J-P, P+1-i) +Z RU+1=i, i=P=1) + /) RG=J=1, J-P) ]
- =1 i=P42 L i=Je2
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4 - J)

4 " whete N\ e , L e
'N i * i v N B ’ , N

50 = 202 RG-1, fom) + ); RG=m, m=l)+ ) Rfm=i, i-1)) L
=1 I=1 v _

m=1 m=l+1 . m=1+1

. N .
+Z (Z R (=i, i-m) + Z R(l-m, mei) + ) Rm-i, -1))1 . 3.2.28.
_ | I=i+1 m=1 = =i+] = Tm=l+l -
® J

»

N (N+1)

The above equoﬁon is a set of *linear equations with the sqme number of

L

. unknowps The goul is to find 83 for all N 2 F. However, an explicit ex-

v

‘ . $pression for Sc, for qll N 2 1 seems difficult to obtain. ' In the folléwing@:e find
explicit expressions for 8?: in the’symmetric nonrandom case for N = 1,2, o .

-
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- 8 ‘ c
| “Using 3.2.28 with N=1 (py = p) ylelds .. Q L
v B < . L . ‘ . ' B ‘ '
- e e ' ., 373 ... 2.2 3 .3 r
, ) ”‘R‘P = 8. = 8§ = (1=~2 sq. + ‘
N 0.0 =8y =8 = (15200) T+ pg 8 :
, n = : ‘ v : - ’
N & i . ! , N - . Pry
; which implies ‘ R
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]2 - 2 . ¢ o
S 83 =l"-—---i) '?‘0'2 - »*7 v

o, ¢ N c - | : "
1-93 “ C : : )

§ . ’ wo, . ‘ S e A o 5
~ Using 3.2.24 with N =1," we obtain . -
‘ 3 (120272 0 2 e |
g3 - — .3 T o 3229
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5 for N =2 o S ..
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L d

L
(0,1) = » po-".';\‘é -
. ) 4(‘: Po?(l +'-§'-') S
4~'AN/ ',,. ) A ' s
: npof
R(1,0) = —(R(O0,1) +R(0,0))
20(« ‘
4 23,

b
r ™

o~ . , }

' 82 = 2R (0x0) + 3R(O, '}y + 3R (1, 0)
.- In Appendlx Bb we derive the solution v
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S RmUTTRY ‘8"’0 FFo” Tpo)ﬁ,_sz.a

PO)R%1 +—§-PO) (1+-4—PG ("“-ﬁo))

52 for N =
<

’ )
\ '
”

" For 's , d finife positive quangities, as
T o P / q %w ’

3
Equation 1%3.1.‘5’ yiellds\ ‘ .
¢ 5 - I SLL‘
N - . 1 i
o PO ‘
° A = e T 0 as - N - [oe)
S \r o |- o
° ve .;r‘;:' i ' v LN -
R - ¢ e ' . >~
- and from Equations 3.2.30 and. 3.2721 we find that .
. . L . o .
! *
. 3 g
T s v

3.2.30
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- ¢ = == 3.2,10
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2 E.pos ¢ ’c N “ @ ’
o‘cc = mbidbmadbiibidbnsdanibiabisld ) ‘ . & o 3.2.33
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4 .-" hz - < - . % ) Bey
where < and o are finite. « :
) ’ “te N ,.. . i ‘\ Rl

The prebability of having n customers in a términal, given that the: P
. ’ . o -
) . ¢ -

¥ . : E
terminal cycle time was a finite time ¢ is,, according to the Poiss'?n arrival process

»

w . | o & T .
¢ n . ‘ A ‘ i
L* Prob{(n/c) = -(-}-‘-E‘-)-exp(-){'c) : 3.2,.34
f‘ ﬁ ’ .
Al " , " * 1!
Since 3.2.32 is:satisfied,, ‘
pc o N
Ac = 9 . =0 as N - o ¥ 3.2.35
N\"s- . . _
we hqve N . . — i - ) Y /
o \ ' ¢ ¥ ) N o ‘Lﬁ
" Prob (n=o0/c) = exp(-,-)\c:)~ _ ‘ ' ey :
" Prob (n=1/¢) '= -1-exp (<Ac) - O-(Xc&ﬂ) 43.2.36

L}

(\ﬂ\(

. 'Prob.(n22/c)" 0((7\C)2)a

The above equation indicates that With probability one the sékver finds in‘a terminal
R - - | S
aF ost one customdrs The new arrival process hére is the negative exponential,; & .

'

. ., . .
- .
o, ' )
. o . )




. - AL '
An equivalent symmetric nonrandom model with single~buffer terminals,

-
\ ! N

a negative exporiential new arrival process, fbr all N = 1, wds studied by Mack et

. - _— < . )
. al (1957)." They showed that the probhbility that some specific set of | terminals

I'd

have customers during a service cycle, |given that exactly 1 terminals have custoineérs.

v , N ‘ :
in this cycle, is independent of the specific set of terminals, i.e., all * possible
\ . y ’ _-—E-“n- peq. . . ( I ? p

\ . combinations have equal probability. It should be mentioned that Mack (1957) tried

z

. to extend this model to the case of random service time and was unable to because this

[ .

geometric independence property does nbf‘hold,

¥

» - - 1 v-
* . Using'this geométric indeéendence property that all possible combinations
N : ’ \ - \ B
of | nonempty terminals out of N (as N ~ o) have equal probability, We have
from Equation 3.2,27 ° . )
T ’ A i
< wUR(0,0) Eryo)
- I e
.0 R(O, 1) = R(I70) 2Ry all P
: R(L 1Y -2 Rr(2). Sl i, >0 3.2.%
t ': " [ ] ’ » ~ n Q :
T - Substituting -3+2.37 “{nto 3.2.280,{we obtais ff N - o ’
0 . - m" ‘.
=S - < . . .:‘a.;
] A . - o
’ ! ! . . : . W :
. ° ~ ) ¢ 'ﬁ' . m
el ‘ t
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R SO i ir2g) _ 5, R
R(O) = s O +--38
. : ' N ' ) A N ¢

.2D
- B 2.2, %0 '

_ R(1) = o, (R (0)+3(N-1)R(l)+(N-I) (N-2) R (2))
o .. N2 N N
. ‘ - A . s p’&
_ % ’ » v
. R(1) = W(R(O)’r(N-‘)R(])) ,
L : L@ R
. h - |
R(Z) = i —t:l;- )(2R(])+1(N‘2)?J(2)) . A
: * - N o
where o ST A . .
5> = "NR Q,{ INN-T) R () + N(N-I) N-2L R @) . . ..
- ° o o 3.28 -
‘ ’ -,
. We have 4. linear eguations with 3 unknowns., ’
Deffne, for N.' -~ o ’
- , ’;“— e
r@ = NRQO Coe N
s - DR Y :
e | 3N(N'1)R(l) | ) o -
r @ = N(N-1) (N-2) R ) ' : © ' 3.2.3%
¢ . T r - i -
Equation 3.2.26 in;plies ) o P
o "8‘3 = a0 +c()+r@ o ’ 3.2.3%
) oo :; . : } e

Since Si is finite r/op%ero,each“of r @), i =0,1,2 is afinité nonzero quantity.

o !
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. . ¢ : ) -1
; i e Substituting ;j\l’? into 3.2.26 yields for N ~ o / .
' < . .
1 N b ' 3

) (0)«‘=EZI-,po)w%(rnq))j?of#f'}(r(owr(i’)w(z))'
| N | b

*

rm = Pl 3a302e Ml 32 (crmar @)

| N, N2 ,.
ry =g Leay, LT

b idiidiani
. N o h

-t '
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4
-
-

!

= XETR ’,;‘2’{ L

r @

3.2.40
Performing the limit N - o and replacing 0‘3 by Equation 3.2.33 yielﬁ
2_ , _
PR | - 3.2.41a
sy 2 v ()
. 2 2_ : -
; (t PO s C | )
r () : a 3.2.41b
¢ ’ 1= pO .
L] .‘. Vs &\
3o M) = 3p (1O 0) | 3.2.41c
. | . .
. 2 ) . ¢ N ,‘_&_%
© - r _(2) = pQ (@ +r@) \ T R | 3.2.41d
Y Equuﬂor,)c3.2.4lc is satisfied by expressions 3.2.41a~b.. )
The fir’l&ﬁesu!f is ¢ L . ' ‘ - :
v
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' o ‘ ° - -2 —
.- ' r @ = ps e .
[ 2_ 3p )
r (‘) = po-g C  tnis ’ ‘
1-p .
. 0 ) 5
9 ,
2_2p
r@ = psc —— 3.2.42
\ - y o .
( %)
\
/ Substituting 3.2.42 into "3.2.39b yields \
p, 1+p) 2 = ‘ 1
‘f - ﬁnmﬁfzc 3.2.43
’ (] - po)
To find the third m’omenf of c for the symmetric nonrandom case with N =1, é—, -
.we have
® - -ﬂ—-—-———-——-g- B 3 S

‘ c3 =(c-<c)+¢c) = 83 + 3¢ cri +c ’ 3.2.44

" " Using Equation 3.2.24 and each of Equations 3.2.29, 3.2.31 and 3.2.43," ° |

respectively, in 3.2.44, we obtain - . .ﬁ ‘ T .
; \ , e N
¥ For' N = 1 a
¢ )
. 21
—3 .LS -2 -~ 3p0 - 2 po (]+2p0)
c = ¢ +¢ -5 + ¢ s
P . . ‘ . 2
)U'%Wﬁ%) (-0 0+ 8)(+ 8 +py)
b b -
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For N = 2 o - , g
3 (+ b+ ot o pS -t oty
33,2 0 ~s,2"0 ‘70‘8‘0‘8‘070) n
TR
0 B2, P
1 - - - (] =
( pomw-)- 002 04012 0+ 20 1 - 20y
~
"For N = o . ’
z
= 3 Py (1+ py)
C3:~3+~C-2? m@»——"‘"c“z ._.9. % 4 32.45
2
oo T=py (1=p,)

3.3 The Moments of the Exhaustive Model \ ,

i

) 5 ‘
gating model.

whenever poss\ible , to Section 3.2,
/

<

' The basic equation we deal with is 2,3.19.

Sk P W Oy

where from Equations 2.3 14 and- 2.3.%5

b

The derivation technique for this model is closely related to that of the

To avoid repeating similar arguments and derivations we’refer,

Ty () e\ F (2)

.vll,_
0

For k 2 1

. 2.3.T9

2.3.14
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v
P

In order fo avoid lengthy éubscrip[s; define ) :
. | '

Yy N (X

np

>

Y NN,

I w

qatF (X) 5 In W, Cop

Differentiating Equation 3.3.2 w.r.t, x,  yields

' AR o
kHFN(;g) T T =N B (x) 4 (F(2)
P S g i=

A,

At x = 9_, using 2.3.18, we find

o
U =
ke = 2 b)) Wit NGB L B
R . g i=1
. . \
- . % 7 ]
'\
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3.3.1

3.3.3



Using tl'\e,scﬁme technique employed in the solution of 3.2.8 we*have

7

[3

<

¢

t
]
1

. x . r | )f,,__ N . \—\ "
e A v :
° ‘ * {~
y Replacing Bk by Equation A-10, we obtain !
o ‘e ——
a ]
' N-1
(4 - (w, +P Y ) 3.3.5
k+N 1< @ K < ki h T
A i=1
o N
K - W Y g 3.3.6
; N . o Ykl T AL ke -3
ﬂ o Co i=] R
. %,
J: } > k 2 ] ’
‘ - . As in Equation 3.2.3, Equc;ﬁon 3.3.5. enables us to study the transient
)—~~ T behaviour of the average TST .
. \ ‘p F‘
Using definition 2.1.4 we obtain L
N .
oo - e k
CiN =) Uk+i . ) 3{.3.7
- 2 . i=l
\ s : .
" In the steady state, we have the random vector 8 defined by Equation 3.2.6,
- J ] , -
Substituting 3.2.7 into "3.3:6 yields for i=1, .. ,N: !
‘ s
' : 8 = W ,+pc o - -3.3.8
\ : . v - g
1‘where' Ty N .
*’sz _ _ i = 2 F\a a o 3
% c = Z ! Ui
S i=l
O T “ ~
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Yquaﬁons; 3.2.10 and 3.3.10 ore identical indicating thot the average cycle'is the _\L

. same for l\pofh the gating and the exhapstive models. -
: } i\ s "&
The avearTgejnter‘yisif time is obtained from definition 2.1.4 -

<
s

N-1

o3

-

\

!
-1

|
i
YikeN -

X

‘ | o
and in the!steady state /j . “ . L

1 )

'
i

V.=¢ <8 +w,
i Coi i~1

2

v
Substituting 3.4,9 into 3.3.12 yields
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P (r- po) q ’
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-

3.3.13

3.3.14

The above equation, as well as other relations between vs and ¢, are derived.also

it

in A[L.)p_e‘ndix C. I

A} -

LY

- -3

*

o




~

by : LT
h »
o™ - . o
! A
% .
[ . {
N k]
. o °
" £
A Y
} o f b
)
™~
1 - '
. _
-t e 5

1

To derive the second momants, we differentiate Equation 3. 3"3 w.r.t.

X, ,i=1, .. N and obtain

| h |
e, - E
by MU Wi G0 6 Wy 01 ()" W g ()
k+1, N,N - W 2
Wy ) IR
N ) , . N N
LN B (%) 0 F (2) (N B (x P Y Y R (2)
N B () 4 Fp (=) % %k YN Lo LK 'z
’ - - =2 . =2 1=2 i
v - I ) . ¥ R
for J = 1, .., N=171 (3.3.15

J N
s ket iy, g (2,7 7 A B Ogg) LoiFi i (2)
: i=2

— Y_

~ &

In the analogy between the gating and the eth'Jsfaive models, Equation 3.3.15 and

»*

Equation 3.2.12 are related.

a

-

‘
'

In Appendix B7 we show that at =0 Equation 3.3.15 is represented

)
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k — P 2

Sy ER NS

(0 -0 ) = o + v +, o ,;
ktN KN 1-p, Yiel (1 "'pk)a 1'<+Nj (1= R)2 VieN
N-T
T [ —_E -6 )(6 -0 3.3.16
] ( +N k+N)( ktd l<+J) ‘g‘ Z" (¢ k+J k+J)( k#i k+i) Ve
. ’- 5 ) -
B : > e
where s ' - ST ~
u v N-1 N=1 " j i
“ 2 2 A ks -
o, , =0 + .~ 8 )0 -8 ) ] .
VN L i-—% - k+| ki TkH Tk .

As in Equation 3.2.13, the-above equation holds for the transient state. For the /

. n " steady state, as k -~ o and Py < 1, we have the random vector _9_ , defined /

W g

' ‘ - /
‘ by Equation#.2.6, and the steady state cross correlation between ‘[i and .Ti ’ R/(i, i,

defined by 3.2.14. ‘ “ n =~ /e
: ’ 7
' “  From that, the steady state representation of 3.3.16 is /
. :\'i‘r 5:1
for i, = 15.., N=1:- ¥ | :
L a & N ' QSP |
- D D) R D) RGD ) R(h )] fot | < p
| N =P i =1 l=i+1 ,
A Y S :
,.-‘ R(’:!)'— ,' : v, *+ ! O'w + ! ¢ for i = i .
< = (=¥t 1. Yie1 q-p)2 Y ~ ‘
. . /' /-..' N li ! P .
¢ . @(W - - 3.3.17
o » N ih1 i-1 . £ :
_ o o, e |
‘ . N d: Z R(', l) + Z R(Ir i) + Z‘ R(i,l)] for i > i
- , b .
' . l l=1 l 1 I=i+1 , .
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. . where )
. i-1 N I . i-1
2 ' 2 T . T T
BEARE LT R(Lm + ) R(L,m) + ) R(m 1)1
' TN l=l meidd m=1 m=1+1
N N
+ o s i - bl
C A ) R(LmY Y Rfm 1)+ ) R(m, 1)]
=i mei ° m=l+] m=1 ‘

Q ¢

o
\ P
>} 14

. Equation 3.3.17 is analogous to Equation 3.2.15. Apparently we have a set of

\\ ¢ N” linear equations with N° unknowns. However, all fhe N unknowns

- : _ : - - .
R(I, I41) I=1, .., N do not dppear in the R-.F.S. of 3.3.17. In fact for

Voo kA

J-\l' . =1, .., Nand | #1141, _Equation 3.3,17 s really a set of N (N=-1) '

",

~ > ~

Y

equations with N (N=1) unknown?.

n -

- »' R ) & ? \ -
) P : Soluaﬁon of Equation 3.3.17 yields all 03 i=1, .., N . '
. . R )

t

Eisénberg (1972) needed N (N-1) equations for each of the 0'3“ ,
v i
for a total of N2 (N-1) equations. The redundancy in the number of equations s
oo { on
| due. to the fact that gk+N does not depend on Ok : ~(Th|s is noggfrue in the gafﬂ gu
model). \}his independence caused 2, = 0 in 2.3.15, .
- = . - o - ~ - .

’

M “ ' v To obtajn exEﬁcit solution of. Equation 3.3. 17 for the general ]

s .

asymmetric case and for all Nl 2 1 is again rather complicated. In the following,

[

« . .
we derive 6':2, for N=2,3 (with 2 "and 6 linearequations respectively ) .
i . .

Q‘)
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Solution of #3.3.17 for N.=2 . 3 ] ,
~ ‘ : e L . ,
. Substitution of N =2 into: 3.3.17 yields 2 I!nem;equationf, -
N R . . ‘Q " . @.\ 2
for i =1,2 + - and j=3-i | 7/ Y
. R A o S
LI 4 _ . 5 . , ’ @
w@ Y \ ) T
R L P ST : .
R(ip0) =22 ¥ o +—t) - 3.3.18
v - - . - Ve N S
(1-p.) | 1-p i -0-p)
. t D
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r ' ‘j A - £
2 2 . - . . b ’ : a o N e
G RGN : vl T
1 l 0 « ‘“ ‘.» -
[y . , \Xv
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In Appendix B8 we show that fhe solution of*3.3.18 is : T ,‘ |
/ ° °
‘ Ct & » ®
L 2. ~ -
. 13” )+ 062 (g 5o 02 ). ‘ E
2 2 . 2. P -,

o / y'-)
Goo s obtained by interchanging the indices 1 and 2 in 3.3.19. .
2’ ‘ ¢ \‘ . q ) ’ - o : o
i K . -_2 2 ‘,2' . : . r:. qg"Db
Eisenberg (l 972) computed vy = ‘\"/] * O and found a le‘nbthy

[

" expression (Equohon ‘55 there). However; 5|mp|e algebr |c mani ulutlons of his .U"
p \- P

equchons yleld Equahon 3 3 19 It seems that hls lenghfy expressaons and ﬁ]uahons

revenfbd his seein fhe basic facf fhaf all central moments de nd on F& =, W
P 9 «L ;
-~ and ngt on som;a generq:l fur“:hon f (w ,2' ce wN) .
Lo ' ] N = ¥ .
= . '
2 , E ¥ h 8 i ‘ l
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. A ' . v,
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e = v .
_ , . . T | ' 72 % '
. N ' Lo PR R S
. 4 , . “ & , y . L
T {
~ 2 - . ) ¢ Y
| . Solution.of 3,3.17 for N =3 .
. o “ 1 . Y.
‘ . v ) S c e \
x Ce - Substituting N=§¢ into 3.3.17 yields 6- Imear equqhons. For.
El
4 \ R » A4 -
' : i=1,2,3 we define T. as»fhe terminal wh|ch ;mmedmtely follows T and Tl ' . ’
. ’ - ¢ %o e s
. ; 8 as the 're;mmcll Rnor to T. . Thus for i=1, 2, 3 the sets. (i, |, | )-‘are (1, 2, 3),
' o
¢ ﬁ
‘ - (2 3, 1), cmd (3 1, 2) respechsrely Usmg thas notation and Equohah 3.3. 14 SRR
\ - ¢ . - s
m Equahon § 3. 17 we hove for i= 1, 2, 3 i oom ; L
: o '- . ' ,)l; o — \ « % v ’0 ) ' S '
' o p_ 1 0] ~ : .\
< N A. 5; C + (] -‘; - ) U' 2 » a » .
. ) i ly, Wiy p. '
. ! PR . " . [} 2 s RS
: R ( i, 1 ) s = “ + o . : ,
~ - & A ° 2 2 vi 3 ,
( » A ‘ (1- Pi) : (1- pi) J
. . . .
- ’ ‘. ot * » ’ i d
- . . . i f, o o 1" 0 . _ Pl n
‘ R(j;i) = —_—L (R, i) +R (i, D) ... 33X
- . i 1-p0. . I
_— . AN P B b s
¢ . T _ I T s 4
. where : : ) L . . b
[ 2 2 ‘ L . s . N
- a:g . u > , . . . a
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} lﬁv l 8 L] . ) w « ,
. e - . . o . )
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‘ ‘ k .An explicit exprel;sion for. all °, is préhibsitively lengthy, " In Appendix -B9, we . -
v i \ *, N @ i . ‘ , - - ,D M o > ) ‘
\x} . derive the solution in determinant form. We hdve :4’?. o .
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[ . ’ \\ &
oy \ the gating omoc'lel,gubsﬁtuﬁng' 3.2.184ith i=N into 3;3.17 'yields .
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B PN ,,
< where - S .
' ) ~ . N-2 :
B o = oZ AR +2 5 (N-1=) R ) ’
4 v <% . W . £ L ‘ .
) i i:l “w
and as in 3/2.19 =+ o , v ‘ .,
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o _ T T NeL.
. noc%, = ONR@ +2) N RO L
y =1 ) L ‘

1

The above is a set of N-1 lireor equations with N-1 unknowns., - o

° [ Ap;endixTBIO we shbw that the uﬁiquel sdlution of Equition_ 3.3.22is : ¢
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1 or, s we show in Appendn;g;c N ) ﬂff i
- . Y . Y @ H )
. L k@ ; ' ! ‘ - .
S N
& - - 4
. ‘3. n ! ' '
5 !
R XS » §
o i P .
; ) TN - -



‘ o S - 75
R : < 1
. ~ [o] _ ) . \
‘n0‘2— (]___q_)Z 2-)\2? | , E

s N , c
where ) fl ) .

o2 = NoZ , py= Np, A = NA R

. d - ’ po ° P, )\0 N , “‘
) “ The above is onalogous to Equation 3.2.21 . ' o .

. ' « \ b . ‘ |
The normahzed cross correlation berween TN | und TN , R (I) ’ defmed by .
Equuhon 3. 2 22 is fhe same as for the gcmng model and is given by Equation 3.2.23. ~

: ) ~ -
v , L L1 =0 .
A
R () “’ 2 '
R, () o 3,2.23
, 6 N o, N
a ’ : % ;
-, 1 - +""" ! -
® o ~H ‘ - \l
In Chapter V>»we find RQ (1) between different cycles.” ) z
’l LV 3 Lok . ) .) - ’ r_;,.f : ) "”5
The Second Moments. for the ‘Symmetric N nrunc}m§0§e ~ '
, “In the symmetric nonrandom case, defined by 3.1.4, we obkt‘\ain"b'y« -
wing'3.3.10 and 3.3.14 in 3.3.23 and 3.2.23: . - S
. . -~ s . P \ . 1 . —
. . , ( -
Aok,
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° -sb — ‘ // -; — ' | . L?. Q
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" It should be menttoned that fust as Equation 3.3.22 is reduced from a
-5 5 ~ '
‘ set of (N-l) 71near equahon fo only 2, Eis“enberg (1972) had, even for the sym—
) metric case, a set of ; -1) eqixchohs and hud to solve all of fhem, if he had tned
¢ , . : . * ; 3
2 " ‘to find 0’12 expllcnly The enormous riumber of equations prevented him ffom reuchmg :
o fhe surpnsmgly snmple soluhon, Equahon 3.3. 23 In conclusion, he suggesfed .

Lenbowutz s (19613, (1968), approxlmaflon mefhod which set all R (I), i=1 .., N-],‘

(cll R (', i, i ;! i) tobe zefo. As we show (by Equation 3.2.23 and in Chopter V),
» [ “

-~
>y

I . ‘ ) > 0. for aoll i. This kind of apprm.(imcfion always under estimates 02 or

. 3 Y 3 > : . Y
® ' o o . 2
) o For the symmgfnc,nonrandom case, and. N >>,/ 1, the “approximated" o, e
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2 or O‘C2 are (1= oo) times the exact expressi?nslgiven in 3.3.23. I\Whe‘ri, fc;r .
. " example, By = 0.9, the approximated value is 0.1 of the exact one . Hayes

Fl

and Sherman (1972) used these approximations in order to evaluate the average
¥ ‘ 4
B customer waiting time in the symmetric nonrandom cgse. As B~ 1 their result
\ - . : Eadl
yields a substantially smaller value than the exact one which we will derive in

Chapter VI . B "

The Third Central ' Momentof v . , L )
Iy . R v -,
. 5 N " -
o o i ! . N
" As in the gating model, we restrict the development of the exhaustive <
\ 5
M ' .,
mode/| to the symmetric nonrandom’case. ) ‘o
oo ) - . » o
' * For the symmédric case we define here -
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We"derlve in Appendlx B the sfebdy stare representahon of Equohon 3.3.25. (In
the same way we dealt'with Equation 3.2. 25 for the gating model). FoP e symmqmc \—’
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| R O,N-1) ='-—p—z-—-—-——52'v' [Z* () RQ=i, 1) + ) RE=1 1D + ) R (=4, J-1)
T , - (=P (-Nep) =P e 1 * =i =41
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\
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and for, 1 <P < J <N :

. L J oy N-1 ,
. R (N=J,J-P) =‘]—£-,- (), R Q~P, P=i) + ) RU-1)1-P) + ) RG-J, J-PY) 7L 3327 O
C S, P i=P+1 \ .—J+1 7 )
v , . . -
where >
. NeT S T N-T. ‘ R
I N S, v
5, = L[L( ) R(i=1,1=m) + Z R (i-m,m=1) + 5 R (n-t,i=1)) '
7l 121 m=l 0 m=i = =i ‘
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. . CN-1 i . N-T . [ 2 —
- Z (Z R (1-i qi-m) 4 ER I-m m-.) + ) Rl 1=))] - {
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Apparently Equation 3.3.27 is a set of (N+;) N linear equufion; with the same ’
. . 4

number of unknowns : ‘ v ' i

RG,1):0 Si, i <N and i+ s N-1 © .
However, in the R/H.S. of 3.3.27 an expres;ion "R (i, i} where i'+{ = N-I C

- .
neve’r appeqrs. Hence, what we really have is a set of (N2 ) N ||neur equahons
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An explicit expression for &

3 .,

forallyN 2 1 seems very complicated.
i . .
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in the symmetric nonrandom case fqr
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B.eldwl we derive explicit exprelfsions for &

=
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Fora N =1 Equation 3.3.27 does not-hold but we have instead :
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show in Section 3.2 that egch terminal might hévmat most one customer. Thus,
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. . As'h Equation 3.2.43, we- ' B s
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For 5, d finite positive quantities and po <1, ai N - o we

°

the gating and the exhaustive model are identical and we have from Equations 3.3.10

3:2.43(since - = 0) : L Y

P Y _ ’
’ B - - ) ,3 - T, J
’ T v3 = v3 + 3v02 +.8§ i coo 3.3.33
. . . Y v , ,
SO - - i T
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cpmputation, the expressions obtained are essential in understanding the polling
; »

Y

system and are used in all the following chapters.

F)

The main results of this chapter are :
o - ) , ! »

For the Guffng Model T ) .

1. Ei in the transient state ( Equation 3.2.3).

2, ¢, and 'Gim in(theﬂste::dy state ( Equation 3.2.10-~11) .
— . .

fB. o'g2 , 0'02' in the fransient state ( Equation 3.2.13) .
i 13 [

| ‘ ®

4.  General expressions for ccz , 0‘92 in the steady state ('.Equoﬁoni3.2.]5 ).
i i - -
From it we obtained : ’ e
2 2 ) .
. 4.1 . O'c ’ 0'9 , for*N =2 (Equation 3.2.17) . .
i i | 7 = .
. 2 2 : .
. 4.2 o % R(l) I=1, .., N=I for the symmetric case
(Equation 3.2.21). E c
\{ 4.3 The same quantities fgr the syr‘nmet‘ric nonrandom case -
(Equation 3.2.24 ) . , o

ol [ .
2T )

5.  Generadl ex{;ressions for 53 ' .82 in the steady state ( Equation 3.2.28). h
From it we obtained : . , <
lmf

N . A A ) w




' 5.1 82 for N=1,2, oo for the ;ymmetrical nonrandom case
Vo O(Equaﬁons 3.2.29, 3.2.31 and 3.2.43 respectively).
' 7 7 5.2 -calvfor the same cases ( Equation 3.2.45) . X
_ For the Exhaustive Model’ o / .
1. .Gi in the transient state (Equation 3.3.6 ) . . - .

2. ﬁi . €, —Vi in the steady state ( Equations 3.3.9, 3.3.10, 3.3.13

- —respectively ) . s

%

3. 092 ' 03” in the transient state ( Equation 3.3.16) .

N .
\ | 1 !

P

From it we obtained :

.- 2 4
: 4.1 o7

L3 .
i i . -
4] °
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4, Genei’él expressio}as for cvz , 0‘2 in the steady state ( Equation 3.3.417 ).

e

A ,FUVZ , for N=2, 3 (Equations 3.3.19 and 3.3.21 résPeétively) .

* - i
4.2 . 03 , 03 ’ ’092 , R(1) I‘ =1, .., N=1 for the symfhetric case
¢ | ( Equation 3.3.23) . N - '

4.3  The same quantities for the symmetric nonrandom ca@se ( Equation 3.3.24) .

. C e v
- ) . .. 3t
y . 3 B
o - 5. General expressions for Sv P 89 in the steady stdfe ( Equation 3.3.27 ) .
v ' I, '

From it we obra,ined s
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5.2 :3 for the séme‘cases (Equation 3.3.34) .. , , . ,
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. 1t shéuld be noted that beside Ui , T,\Vi for both model¥ and 03
¢! ‘ - - - " i
~ for the exhaustive mode! with N.= 2, all the abové results are new. The first
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' moments Us , -c-i and "\7i *for both r_nodels can be obtained by slmple probabilistic
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BUFFER -SIZES FOR\BOTH MODELS
4.1 ‘Introduction P ( . o . ‘ |
) In deriv?ng the basic equations for the gating and exhaustive models
. of the poﬁing system, we assumed terminals with unrestricted buffer sizes .  This

8 . el

assumption of unlimited storage capacity or unlimited waiting-room facility is in-

. valid in most practical polling systems. e "

The goal of this chapter is to derive a practically sufficient buffer
- . size such that the probability of customer reiécﬁon is arbitrarily small. Rejection
occurs when a new customer arrives at a_fully occupied buffer and cannot enter the
ﬁ

system.

.
ne ~ £

Unlike the. M/G /1 queve with zero walking time, the number of

waiting customers in a terminal buffer is changing paeriodicu“y.' During a terminal

©

intervisit time, the number of customers in the terminal buffer attains the minimum at--

» a Al

the time the server leaves it and the maximum at the-time the server reaches it.

For both the gating and the exhaustive models we have , from definition

)

2.1.2, for some terminal : . R .
ne LY v

)
oy

A o .
n =, the number of customers that are served at the tesminal

i , 4

-_in one steady state cycle § . .
R i e
SR For the gating mode!, n is the number of customers that exist at
' T, . > (AN
., - R -3 o . o
. the terminal at’thecmoment the server reaches if. For the exhaustive modef, n is

K
/ . )

w




the total number of customers that areserved in the terminal ; this number is greater

.
i

than or equal to the. number of customers that exist at the terminal at the moment the
q ¢

» -

server reaches it. For the gating model, we define | to be the sum of n and the
. . \ . .

number of customers in the terminal ot the- moment the server leaves it, i.e., finishes

N
¢ v’

the service 'of the n customers. = | ‘ R,
. ’ | = n+ {" the number of customers in the terminal at the oo
’ moment fhe server leaves it } . ¢ 4.1.]
- “ - \
- L4 ! .
: . For the exhaustive model, we define m as the number of customers in )

- . ot -

the terminal at the moment the servet reaches it. ,

- : .
€ t "
A ; t . . . .'l‘
m = . the number of customers in the terminal at'the moment the ) 24
' : . & \ €
) X . server reaches it. 4.1.2
) ' ) -
3/ " Y v
R - 4 E2 B .
A For both models, we define m as the maximum number of cusfomers -
:t; : - o‘ N );' .
. that exist af the terminal during the service cycle. . .
: ' ‘ For the gat}ﬁé model; we have : e
'. 3 s N % . £ '
n<m 5| " o T 4.1.3
: N X 2
4 Y ,
\ For the exhaustive model, we have :
\ , ’ ) . .
. 23 —
r - kdt’l;:\“
- ‘ m<m <n . 5 . 41.4° (
x -t ;"\é ¥ !::f\\ -
Coam T o e N
- 2 S SR oS N \
- & 1 4 .
o ~ ~
0 T s J K i
= : [} T
a‘ ’/i’ " /;

—
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_“l - -
) ' ] I - :“ " » - e
¥ : | ot -
LR M >~ i
: ' A S ‘ .90
. Lo o i vy .
Using Chebyshev's inequality, which states thot for any rondom varioble v and
» . ‘ hd s ’
a >0 ‘ .
R Y v !
L * K l k . .
i -yl 2a90) = .
Prob (lu=ul 2 u) ~5 \
N a - . ; !
3 ‘-‘b i
. and since - 1
. i ) ) ‘
. — — yd . b !
Prob(lu-ulzaou)ZPrtsb (u 2-u+acu) ‘ g
- v, _ .
~ we have ' o ‘
Prob (m 2m +a U‘ ) < ] - ] ‘ 4.1.5
& X 7 ‘ - 2
A " . a -
i . "

o
" <3

&

From the above inequality;fi;ollovys that from the knowledge of the quantities Ex

—— f‘ -
and o @ buffer sizé of m +ao . guarantees a probability of rejection not

X e 2 ) X ’
¢ greater than: 1/a ’ ‘ ‘
/%"{ ‘ Let | represent one of the random variables- n, m, | ; we define
T ¥ - . , L‘,ﬂ {‘:\)'z"‘ & GP
A S S
Pi (Y =- the probablln‘y deémry fumchon o ir v
’ " ‘ A . ’l;:f{’w ) ‘
J () =  the Loplace ‘trasform of P, ¢ ) i.e., ‘
@ . : ,,
A - Al v
S =) e (mix) P (D) 41.6
i‘:O d !

n

Let ¢ and v represent the terminal cycle time ond the terminal inter-
' £H ' o -
visit time, respectively . We define *

S




-the ex'baustive modASecﬂon 4.3, we d/ei'ive the relationship between N(-),

M () and V (-), eva|ugf§ ", 'n%:onz , and 6rzn and, using results of éhcpfe}

. . ) |
. a « . - v ° . ‘ R . ’ .,
¢ % S 9 \
v ° l‘, LS N a
. A <. Cor T : ‘
Pc (~) = ‘ the terminal cycle time probobili? density'fuﬁctipn,
| ) i . Ny
a A . . )
- C (') = the Laplace transform of P (%),
o . ' ' ¢ Ay»
Pv () é the fermindl intervisit time p&zbbobﬂity density function, . )
- - . hY .

{ . k4

V' ( ) 4 the Laplace transforn :laf' P\:( ~l) — f‘> S 4
. ) r/ l o ' o
. ’ ; - .
For the gating model, Section 42{ we derive the re|oﬁon§1ip between R
i .

N(-), L() gnd C () . ' From it we déﬁ’ve, T, -l, 0‘3 ’ ond'O'.|2 . Using

results obtained in Chapter 111.2, we sfﬁ/,ﬁhe behaviour of these quantities. For

{

{ .- i

[11.3, study the behaviour of these quantities. A comparison between the models from
. e 0 - . '

the buffer size point of view, is done in Section 4.4.

T
i

L
For both models in the nonrandom case we have, for each .

Ti’ i=1,.., N, alinearrelation between, n, and Gi : -
L H
a— — §
. e, = w,/+ n,s, 4.1.7
i iy i
v / i for the gating model,
where  j o=, ‘ S
\ / i=1  «for the exhaustive’'mode!. .
! | ‘ . ) "
) Equation 4.1.7 implies : A
£ . ) ! ” g Lo
- - .
* 7 M “ ¢



'5}

o 2 {
. W ﬁ - ’ - N . . "
' , “ [ aba 92 L Y
‘ ” - LY ;
5 -y : . :
. — _ i & ' , L
n. = — ] .
et ‘ .'»i . . . ©
i 13 ” - ‘/
- i = L o . 408
i s, i TE : . ’
1 a
, A — a ) ) b
and the normalized cross cotrelation between n, and ni is equal to that between '
. ",
- ( e - - .
Q»i and 9i . Therefore, for the symmetric norirandom case we have’, frog Equation
’ « . ¢ {(’* ' __._..
3 . 2 . 22 . © ne o ) 4 . .‘. N - v — . R
.8 \ ’ . f; - ° - \’) )
A A - ni) (ni+l n,+|) R 4
. Rn 0 = = R0 .- ) ¢ 4.1.9
: o’ :
- 5 n . , L .
- J ¥ , . - i
- _ ? * L)
i . . 0 ‘9. \ I
4.2 .. The Gating Model - )
- -‘ - . ¥ . ) !
Derivation of N (- )
" . By the law of total prbbability, we have :
x . 'i * -
. ‘® - ) ‘
e : K, v o ay
S NCES Prob (k; t)dt™= | Prob ( /) P dt 4.2.1
\ o Ty % ) 0 ¥ : ’ v o
e Ly ' - \
o a 2 u . [
¢where o .
: k L= the number of customers' that are served in the terminal, nr
e ! L] ' . M o ! _‘ ]
t = the cycle time of the terminal . ‘ - w8
B ' i ~ ’;, R .
“Using Equation 2.2.4, we obtain = , " l
B . .
,,‘ o " -

-




;
<3

o0

u ! ,
B0 = LN /K Tem (-an) P @ dY

0 . '

Y

o Applying the Laplace transform, we have . Ry A

@ . .
N &
]

mc ' N
CN@ 2L [ IO e )k 1] exp (<ar) P db
0

f e 4
- i
& s
- s ]
A ,
@
. B ,
- "

i

g ~ig

- ¥ —
k - Summing first over k, we obtain .. - -
¢ o . .3-: A P
. '}, A ’ . VIR
co ' . e

N(x) = J [-J\(I-exp(-*’x))f] P ) dt

ﬂ\v'

and finally, integration over ¢, yields - o
B ¥
N & = C(2) |
where ) ’;f’ ¢ | ' : ,
z =K (1-exp (- x)) NN - .
0 @
,‘ e .
At x = 0 -we have :

N
K| I
o

Aexi:(-'x) = A

= ~

N7 N -
\\
1}

LI

'-*.)\e'xp (~=x) = "=\

4.2.2

4.2.3

4.2.6

~ ‘
B / . ‘ e ——— AT " -
¢ * * P (
W .- - ] ¢ e
A r .
l AF ¥ . b . . . PN v,

Dﬁ’f‘qrenﬁaﬁﬁd f:'&uiﬁon 45.5 Wit X yields -

0
i+
s
4
L\
2
P
LY
-
»
L S



*

h three unknowns ‘He found the result i

. |
‘ ¥ a set of 3 equations wit
b . - Y F ,
L 7, . L . o
r‘ . » Y -+
! ' - ° . 5 . ¢
. - N~ /, < f, P
i B i
[ [ \\J R ":‘.

‘-—\777 - l‘ »
1 ’ \-— -({ur("' l ! t u !
! Y] :” . . * o
. . R /
Lo X v i . N
@ o . ’ ‘ o . ~ 94;‘
( ’ \ ) Y d @ . .
' . : .. o " .
Ty =z (G- : .
| 4 -?(N ‘(x)" C(@ . » ,
% . ) ) ,
| " e . WL "o T ) .
- N, () = zC @ + (@) C @ . 4.2.7
At x =0, applying Equation 4.2.6 in-4.2.7 we obtain - ;
o7 = P B '
. s . 4: - \ ' - ' = \b
1 i ,‘I I;‘. - =% )\ C ‘ N
1 P ‘ . . t o // ¢
- ~2 L= 252 . - ‘
. n = ANc + X ¢ . .. 4.2.8
% a -
P -2‘ 2' . ) 3 r *
Since ¢ = ¢ + o using 3,2.10, we obtain N
D Y v .
n = e : ‘ - .
: -n, A S -
\ 2 L 2 o ] * < I ‘ ’ "r B
. - =. n+\N ¢ K 4.2.9
o - - 6 . ‘ '
I g ’
! i . % M ! §
o, L "Z‘E 2 \ > g LA . .
. All explicit expressionstor 0 which were derived in Section 3.2 may be applied
) L2 v ..
directly. ) . o . .,
q,. v ! . -~ i
- For the symmetric'case, using Equation 3.2.21 we have .o T
I - : o LN \ ’ , ¥
| 2 T2 *°§ A NS - ’
’ g0 = n+ A\ - — 4.2.10
/ N n ! % - c
. A (T=-p).0+ =) . <
: i for W ‘
- = : S ST . °
o "1t should be mentioned that Leibowitz (1961) was unable to derive the above equation
4 ‘ - . -

n a very complicated

Fahd'sug‘gesfegf an approximation method . ) However, for the special case, N =2, using




_ forward algebraic computation and obtained a simplified expression which is -

o

form (Equation (44) in Leibowitz (1961)) . We simplified his results by smfroigh‘t

“

identical to Equation 4.2.]10 with N=2 . . : f

»
o

For the symmefrlc nonrandom case, subsmufmg Equohon 3.2.24 i

@mzfm4meym¢ _ . |

N G S —

T R
2 '“'%*“ﬁ) L

o - * B . ’ . 4-2.]]
. on . , A . . i
.o ° , (l-po)(l+—-—-) . L . - *
o S L ¥
< - ' ' . n . % : . , \ : - . *
" In this case, for' N >>1 ‘such that — <<1 we have 0‘2 = n = hd - Lt *
. . . N - n - (] -p )
e ’ . .0
Derivationof L 6. . . o o
By the. law of total probability, we have : - i « ;
'y . Q |
", . ‘i - .
. o 0] O‘? k v PR ’
~ A _ P o T i ) ,_;. L .
Pl ) J‘ L Prob ( k, ey t) d 7°d t S ‘
_ 0 0 n=0 " S
~ @ o k . . i ’ . r/
. = I Z‘ Prob ( /T,yt) Prob_(‘r/n,t) Prob (n/t)Pc ¢ d 7 dt
. g ‘ .
) 6] 0 . . . . B R
' # - n:;o / . ‘\' . ! ,
- " " ’ \\
where \ . ‘
9 e
. ‘ o 4
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\ ! — ' ) { g

* . y R o

n = the number of customers that are sérved in the terminal,
\ 3 , '
- k = n + the number of new cusfomers that exist in the termi-
- ] T -
nal of the moment the sérvice of the terminal (its n

o .

. customers ) is over.
T =, theservice time of the n customers, . - 7

.t = . thecycle time of the terminal . . ; T

-

Since given .7 and %, the probability density function of k does not depend on 1,

.and is gerrnede;y a Poisson arrival process, we have : | . \
{ A
/7, nt) = Prob( K /2, n) = [ ™ 7 ) zﬁex,/ )
. . - 4,.2.120m
' ) * ° . -

Since, once n is given, the probability Idensify function of T does not depend on f,
. . o = )

and is the sum of n independent services. We have :

Prob (T /m, t) = Prob (' /n) = Ps(“)*(f) | - T 4202

Using Equations 4.2.12 and '2.2-.4, we obtain

.
— - ~

) — o k. . f > t B
R [15 tons "/(k-n)!Jexp (-37) 30x(m)
- © 0n=0 - ’ )
'\ : [(M)" /in!lexp (-Xti'i’c_(t) d 7'9} o 4,213

\

Applyih‘g the Laplace transform to 4.2,13 anc}:rearrqnging the -integration, the




z and its derjvatives are define‘&'byf Equafic;ns 4.2.5 @__4.2.6.

‘ . summatibn order, and the limits, we obtain rd o 1 o
.; ® ® oo K . i
e 3" k-n y D
L(x) = i f [(X Texp'(-x)) / k-n) ! Jexp (=~ Z\T) K
‘ 0 n—00k=n ' : . 42 4 -7
] . et ° . ‘ * L . * :’ ‘ ) - L
e . Ps('T)f (1) [(Atexp &£x))"/nt ] (exp (= At) P @dTdt
T ({é’;? - . . .
To evalvate 4.2.14, we first sum over k; integrate over T, then sum over
i - * / l .
‘ . n andfinally integrate over t ks
L] ° - 0 N - -
. m o ” ol
’ Lo = | 7 [ep Gafi-exp x) r1pf M [(hexp )" /n!]exp EMIP_(1) dr el
0-n=0 0 , o
4 . . N - ‘ ! . -
{ v .
Q "l‘.:m??,‘w ® v R - .
- _%{*J Z_‘ [(s [ (l-exp ~x))] Atexp (-x /n!J exp(-)\t)Pc (#) dt
? | 0 ![\;0,. . ° ’ \ .
& N ) fee) ° ‘ i ) ) ’
i N exp [= A (l ~ exp (=x) S (A (1 exp (—x)))) t ] P ® d - A
nf»o . . : T 2 . @
v ' - ? o o
- . J-fH: : e R e '
. L6 = C(v), g ‘ - ‘ ) 4.2.15
. ’ “1 - P s - o '
s 1 w!,‘er'e/ ’ N o -, ‘ \ K ., p
— e -
. “ = ML~ e&p (-x) S (z)) I ‘ o o

2

©



i o .K’: ‘ | . 98?
Y u = Nexp(x) (s@+2z S5@) = A+ p) 4.2.16
~ . .. o N 2—2';\)
U = Thexp(X)(S@+225@)-25@)-@ S@)==-A(1+3p+N\'s")
2 As in Equation 4.2.7 we have - . . ®
.'} . ¢ o ’
g a L = uC@ | > 42717
. L] . N . 2 ‘ee M \\
L = uwC@+(v) C(u)
At x = 0 subsﬁ.tu‘ﬁon of 4.2.16 into 4.2.17 we obtain”
T o= AT (1+0) ’ . 4.2.18
- -~ 2 d
_ — ;
2 = aga+3peN R (140 (= + 0
- e which impfies : ) o ¥ " ‘ e *
- ) ; »
L. T = (spy 2 ’ , | 4.2.19
=~ . , ] - %"o . “ 5
oot -
. 0|2 _. l'(]4-3p+>\s +)\2(1+P)2U2 .
Ca+a e |
b All explicit expressions for crcz obtained in Chapter 1i1.2 are applicable‘*immediarely.
o Comparing 4.2.19 and '4.2.9, we find forall 0 < p <1 e*
| £ 7
. g < G ‘
n w9 n 4
23 + > Y




X . ‘ For the symmetsic case, using 3.2.21 we obtain g
‘ ) Py "o 2 2 a.h
. ) _.(1+3(-N-)+ ( 2 (]+W)+N
.“cr,‘l_» Sy +N -
. * 1 + --f‘“““xl;f‘ : - Ry
o o '§ . . *
. M
For the symmetric nonrandom case - .
~d ; . .-
S P\ Ndu
: =0 ‘r:r) r'—po
‘j . 2.7 (1-p0+3<1;,>-<2N-1)< )4y
B B Ay N
1- 1+ o
G-pp ()
el po(’ ’ v
° % In this case, for N >> 1 such that < <<l we have.:"
. . o . > :
“ /4* o ‘ 4 — ’
—_— T - ‘Ad - "
o ‘ = n = ] i I«
[ad - p & .
- . , 0 n . ‘ .
2 _ T - : ~
. . ol =. ‘ ’/ "o
- . ¢ ( T A
© | g‘: ﬁ ® ' o
) © 4.3 The Exhaustive Model T
. Derivation of M ( -) ,
. ‘ By the law of total-probability, we-have :

o

.99

4.2.21
A}

~A

422
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. »
o ® ® v | -
P &) = [ Prob (ks #) dt'= Prob (K /1) P () d 4.3.1
' 0 | h 0 T ' o
R R . e ~ iy
~ " b o
. where
. - . ‘
. k = the number of customers that exist in the terminal
. at the moment the server reaches it,
e .
« & - ] ' e
t = the inteu;visit time of the. terminal -
' Equation 4.3.1 is analogous to Equation 4.2.1, the difference is that here we have
Pv (t) instead of P, ). Prob-( k/ t) is identical to the expression used in Equation
4.3.2. An idéntical develo;;menf of 4.3.1 yields the analogue of Equation 4.2.5.
. , b
} M& = V@& . - | 4.3.2
‘ where h 3
z = A(l=-exp (=x)
As in Equation 4.2.8 we have :
- (C) Q
m = AV { .
A T 4.3.3 .
j Therefore ‘
A(-p)d .
s = Ac(-p)=20-P) /
o R - |
02 = w4 32 g2 y o A 4.3.4
m v ) - :
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K NP
. | 1 * Al explicit expressions for cf&vhich were derived in Section 3.3 may be applied
directly. ' '
For the symmetric case, using Equation 3.3.23, we have :
’ - P
" 2 .0 2 -~ 2
" o _ Al =5) 0, + Nm s
'O": = m+ Xz [—9—1\- N\‘J\-j 3y N de ] 4.;3'5
N N (1= po) (1~ '; ) . [y .
For the symmetric nontandom case, using Equation 3.3.24 in 4.3.4 we,%bram :
‘ 0 )\(l—po')_é CER "
: - ) -
m = v
(1-p) & ‘
- A b2 &
2 o VN () (N (-N-)
o = ml .4 3.6
m ?0 .
0 : (1= ) 0 -3) : ,
0" , ’_0 9
~ The above equation was also obtained by Konheim ond Meister (1971) ( quoted by Chy
and Konhelm (1972) as Equahons A7) and (48)) '
M .
For the symmetric nonrandom case, for N > >1 such that T\-?- << 1, Equaticn
4.3.6 is identical to 4.2.21,
, ' 4 ) »’
- - )\H LN - \
@ mo= A n | o 4.3.7 a
) 1= Po : . .
. : - . L
TN AT s g o s n e, HET s ;‘?3" R "'
o? = - % 4.3.8
m . .
® N L .
}‘ "“ 13

9 W
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Derivation of N ( -)

1
| “w~

In order to de\'we N (- ), we first derive the probability density

i

VoL

function of the number of customers that are served in a busy periodin M /G / i

queue . —t

Define the random variable h : S

¥

the number of customers in a busy period inan M /G /1 queve,

>
1

i

P (") the probability density function of h,

"H ()= the Laplace transform of'Ph ().

#*

‘. e~

A busy period is initiated by the arrival of the first (initiating ) customer, and
: [ ——— o

— . \ \ I " 0

clearly h.2 1,

~

<

r

In Appeﬁdix A we derive H () and obtained in Equation A. l7'

L &

H(x) = exp (= x) s[xm’-r{(x))],, _ 4.3.9

ﬂ);

where S (- ) isthe Laplace fronsform of the proboblluy_duux function of cusfomer

service time in the queue. . . C o
‘f* . i
s-

[aS

" 4 Toderive N ( -'), by the law ‘of total probability we have : -
s;’é"h“‘? | ‘o k | : '
Pn(k) = f 2_‘ Prob—('—k,m,f)df ‘
¢ 0 m=0 %
o k .
poo
= ] Prob(5/mt) prob (/0P () dt, 4.3.10

0 m=0 - -
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the number of customers that are served in the terminal,
- i

. . v
the number of customers that exisf in the terminal at the .

moment the server reaches |t,ﬁ } ) - e
* '

L3
v
N L

e

the inrerw’sit/fime of the terminal. .

1

03

Since each of fhe m customer mmafes an mclependenf busy period process, and given

Note ‘that Pﬁm)* k) is id,éntically zero for‘ k <m

Using Equations 2.3 7 and 4.3.11 in '4’.3.10, we obtai

Applying the Laplace transform we obtain :

[}

o

Pm k) =

ﬁ‘

T over t .

’: o . ) o
‘m, k does not depend on‘» t, we have : . - “
) \ ”‘*';? ri"?,
’)v
. Prob (k;/m, t) = Prob (kZm,).E Ph( ) (k) L ’ R
. C

® ™ ;
[5 pm

Lo k) LA™ /m!t ] exp (-\ A P, ® dt

0 m=0 ,

»

+

:, m@ Q©
V7 exp o) g [(M) /mtJexp M) F, (1) d

19
‘*e
W

%

~0m=0k—0 | q .

2

A ——

¥

(]

* 4.3

!

4.3.13,

¢
To evaluafe Equation 4.8.13 we first sum over k, then over m, and fmally mfegrafe

0

ki
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\

) ® o : I ' g
NG = | Z[xtﬁ(x‘) /m']exp(-m)Pv°(f)d} T
0 m=0 . : ‘
© AT
N@ = [ exp [-K(1-HeNt1P @) R AYS
0 i
" We obtain : ) “ T - o
a N@ =V, - S / 4.3.15
= Where» . "/n’@ .
SR = N(1-HEK) # S
. / .o ' i

e At x =0, v =0. leferer?hahng v ow.it X and using the results of
s i . ¥ L

Equation A.20, we obtainat x = 0 : :

:,z -‘)\»ﬁ (x)j= _)‘_.;'3 | , o

;.
¥ .
. e , . -, .
i " ] - 2 ‘Y ®e
¥ ey . o~ [
, '

. ; ‘ ’k 7 . , s H
| . M’f i 2 27 IR
o Tamsto . F A@d=p"+X's) ~
\_/ u =. =AH (x):.ﬁ(/- Sarvecs a g 4.3.16
S | ./ o

i ° - . g

Differentioting#4.3.15 w.r.t, - x we obtian / .
- " LYY -/ ]
. uV @ _ - ’ / '
1 . ’ 2“’.‘. ’ / | 7
vV @)+ (1) V ) . e

.i!éz :
i}
\

Z
L

4 A
\ N , 4 [ 2
H 3 = / ‘ d\;
B ‘. -— . ° hd o~
and - at x = 0 _ , -
d . . /' . )
< /
. / [
/ ) 4
t & & =/ z
- No- / &
E » . . /
. 2 _ / ,
,/
L / ’ L
vd ]
/ [
“ s
? B , 1
¥
o ’ !
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[ ° ) - \ A ’ N o A
o= AT ’ “ ‘
1-p. -
& /
.2 .22 2 2 :
I (-9 -p? -
Rearranging the above , We~obtain . .
. T Ad - \ \ )
n = paas 'r o -

] "‘po .
. ‘X ' @ o "
2 | o 4.318

Onzo = 27 (n(l- ngt >\2 .52) +\ ovz]

- (- 02—~ o

<

L
.
-

All explici; expressions for 0v2 which were derived in Section 3.3 may be applied )

[~

directly. s \
f * - \ ) - 'y e
. For the symmetric ¢ase, using Equation 3.3.23 we obtain : ' ‘ 4&{‘_
* 2 2 2
2 L 0 rra-R2,,22 2 08 e Ta TN
o n DO 2 ) N N7 G l:l (1= po)
4 'N) oo 4.3.19

For the symmetric nonrandom case, using Equation 3.3.24 in 4.3.18 or 4.1.8,

we obtain :



. — 1
, I
. A .
‘s

P )
v = ]'Lip" - . - X | )
— ', 0. ) po ! PR "%h‘ N T
. L -
o ] l'\ N ‘ - + ® Q,‘ ?‘lg’?‘ ' . “‘ '
of S T M \ 4.3.20
1 i Po . . N
n R NEECO -
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In this case, for N >> 1 such that _Ig— < <] we obtain the same result as’in
{ ’ S$ H > ° -
Equation 4.3.8 (for the gating model )
- Ad
« n = - " N 2 5
‘l - po . 4 )
2 - v . o
o2 = T " : - S 432
n\ _c 2 4 o ©
D- + ' " -
o * .

S 4.4 Comparison between the Modéls

v _ For the symmetric nonrandom case, we found in Equgtions 4.2.11,
4.2.21, 4.3.6, -4.3.20: L B
' ' b ‘ -

' For the Gating Model : . i
e - . — ‘ ‘ 2

- Ad . - "o
. n = — = L -

) F % \~){:‘*—_— v ’ ’ '3 —

° “ 1)5.‘.* :&\H) Fo

o2 = M N : . ;
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* a | = (] <+ _._0..) -—-x-i ,
. _ N |~ % : b ¢
’ I £ ‘2 1 A 2 o
, 2 ;\3'~(N*3)N—(N-)(-N-) S -
| v, . ) -
(1= gy) (- ‘b) )
4 J {
For \fhe exhaustivg model : '
e ’ ' . :
m / (] —N-) '1———% 1, . ” . a /
% x po 2 % &
2. g 1 - (N+1) w~* @2N-1) ('ﬁ') ¥ 4

‘ 4.41

1-p (1-P0)(1--p|§)

N
¢ R . o . S ¢

N E 2 N o . - a A
For N >>1 such that w7 < 1 all averages and all variances converge

b to the same quantity 1)-\_%0= Ac i.e.,a buffer of |egg;h ‘AT + avrc guarantees
’ that the probability of rejection is not greater than ;-]2- . For this case, there is no

difference between buffer requirements in the gating and the ethiu;ti;/e models. Le} ‘
'us now compare the number of customers inl the terminal at the moment the server reaches

»
. it; n zn the gating model and m in the exhaustive model.. It Sanfe easily verified
) -
A ) ¢

N

- , ]-po ('I-po) ‘ o_ - J-u'é.

RS I “ -
e |-po YL e
c p(? . R e

~ ' -— hd e ‘ # ’ " ) -
2 )\é ]"(N"‘]) 'N- . N

.
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by Equation 4.4.1 that.forall N 271 and Ay < I we have
"> m - - : ,
. By + M - AJ/
m_, . /
] N )
3 -3
- s
0 > O 'Q . ﬁw l
o , ~

% .3 Po)a

crzn 1- p0 + (N-Z) (-N-) + QN'I)@(-N-) B A2 (R
> = & =1- (-N') -t 5
™o T ND g T l-(N—a)' (R)

From the above we concluyde that the exhaustive model requires slightly less .
. . [ « ¢ et °

buffer capacity than,that required by the gating model, However, for N €< the®
o R - {

o

v

buffer requirements are the same.  , __ o .
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_ the recovery ﬁme of the system. < ¥

_in the symmetiic case under steady state conditions. For both models we derive . P

CHAPTERV' L P

'THE TRANSIENT AND STEADY STATE BEHAVIOUR OF THE SYSTEM ”. . )

N

5.1 Infrodﬁfﬁion -

g

. .
v A 4
’

;‘ A - ® b . L
In this chapter we study two basic features of. the polling system.

In Section 5.2 we’exomine the fgpnsi‘enr behaviour of fhe overuge

cle time, ¢, , for the gahn model and fhe average intervisit hme, ’ for
cy k. g ge Yk

v

the exhaustive model . leen any mmal vector 9 = (Q] . N) whlch

4 x

describes the first cycle, we refer to one fermmal and examine how these qucu)h-

hes (c for the -gating mogel and vk for the exhous’rwe model ) chonge from | R
cycle to cycle until steady state values (T or v) are obtamed As an exumple

we suppose the sy'stem has just been activated with all bufférs empfy. In the first S

cycle, the server visits thg terminal ta"announce the " system is operating". For

A\ -

L ! (

this cose, the elements of 5] are the avefage walking times. .in this case we /

k)

examine the transient'time of the system. .As another example, we suppose that for,
N . . " . « .

some timesthe server has either a malfunction or is occupied in different.tasks. &

Dﬂring this time new customers are arriving. Hence, when Serwce is resumed we .,

expect -O to be greafev/;hon the steady state value.. In this case, we examine. - i
/l’r

]

»
— *

In Section 5.3 we examine both the gating and the exhaustive models

&

o

recursive formulas for the normalized cross correlation between two terminals, as ¢

» . , B

3,
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o § ~ defined by Equahon 3.2. 22, in d;ffere  cycles. . Using these formulas, we derive )
‘ + thé normalized cross correlation betweehtwo different cycles of the same . terminal .
. . ] * ) ’ , M . . 2 ' PR
R . " For the e:sihustive mode! we also derive the normalized cross correlation befween
v [ ! ! a e
. .. thodifferent intervi}?% of the same-terminal.. - : :
T, B ’ - . ;
p . o ’ - - - " B
” ’ In the sfeady st(ﬂe we defme “T|N+i“ as 'fTi " in the Ith follow-
’ s I' N ¢
, @ ingcycle. For the symmétric case Ug P9, and Q, for all 1 aré independent..
, , . ' | » | 9
& N ' - . - . .
of | . “Asin Equation 3.2.22, we define the normalized cross correlation between
T.and T, , forall | 20 as: N
i » l+l . ° + " o b
| ' (0,8,)(0,,-0, ) - |
v - ( ) (8,,-8.,) _ .
| e I . - Uz— ’ Lt . -
- fie fs o o .
- ~ ."q . o "fy . . .
» ' 2 0 - ! . . " * %
’ T 2] *
s * o
According t& Equation?2.1.3 for the gating mode! :
% vl o 2
& \ . i ‘
‘o, . N-l) .
¥ ' ' ! e ‘ 4
-~ ’ ! -t . 5.1 ‘2
> z (k—l) N+|+| S .
- 'A I_o ’ RAPIa .
¢ ' © X _
N . . 4 ’ &
L& : We defme the nqrmahzed cross correlation befweef ckN+ and
J . lal = ’
R (I<+|)N+ Liec two cycle times at the same terminal , ’ cycles apart, where
o . [ ~is the Ifh essive cycle time. after .4 oas:
(kH) N+ %\_:' KN+ J
\" ) J ! ? g [2 ‘ ' ' o 4 ’ )
\\\ . y - R v . ' "JR_ . . . . . 13
\ L L (€ pyus XY -c Yo ~ T
o . SN T kN+| -+H) N+ ~(k+l-yN+i .
N . RO = ——— ~r - 5.1.3 .
. . [~ , ¢ !
- \ o ‘ ' ,l
. Tl z0 g ‘ ,
\\‘ o ) “a 4
\ , o ! . 5 .




_l;eiween‘thg two termir:\qkr, i.e., :

r

|3

¢ © fe=t) Nt - L
: N-1 ,
YNt Y N1 *.Z’”‘}@-l)ma};‘ a
2= o
L3 ®

°

The normalized cross correlation between © LN ‘and ¢

. G
Equation 5.1.3. The normalized cross correlation between ¥
®
) ”
is defined in a similarwayas: - ° .

»

I N

(k+) N+

: CVieni ™ Vi) (Y sty i ™ Y el Ns }
Rv = . -2
g .
. v ’

’

l o

- For the symmetric nonmndom case, referrmg to Eqyations 4.1.7 and

» i

L]
4.1.8, [ both models, the normalized cross correlation of the number of customers

o

" that orﬁisarved m fwo feﬂmnols

x

. e

o ’
) (n.=%) (n, =W) -
. i i i+l i+
Rn (‘) = R 02 v ‘j“‘; RQ—(D.__ /]
' . n“‘\ ) \
2 0 .

o ™

=n

where, by virtue of Equation 4.4.1, for all i, n,

~

N+i

isTidentical to the normalized cross correlahon :

is defined by
' N
(kH)N#

and v

b
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2 Define n_ -as the total number of customers from the N terminals

I
" _that are servew Gycle. In the symmetric nonrandom case we have a linear

v

Hence, for both models, the normuliéed cross correlation between two n 's of

12

different cycles equal that of the cycle times themselves

.
> . ' >

R ) = Rc'(l)‘ 5.1.8

T ' T

<
» N

. The knoW[édgeDof the quontitie,s 'Re:(|) / R; {0, , Rv“‘(!), is essential

!

[

» " 'Y - 2
, for optimal linear mean square error predictions’of . 8 , ¢, .and v . For any
o . ‘ \ -

terminal, Ti ,i=1,4<., N, given that its last values of the cycle time and the

:

I kN
intervisit time where c. and v, respectively, the optimal linear mean square error- -
° - - o

1
e

o

predictions of, le:lﬁ onc'lbka " (defined as’ °’1N+i P vT<N+i resﬁ:c?fvely )

are : \ 3
\\ - -
Y \\__.__-
¢t o o="% 4R K [e-C] ‘
i }'<N+| kNH+i ‘c dy |
- \ . IS “T %
, . o
VNGl S Vit Rv k) [avi Vi ]. y 9.1.9
. . _ s
where : o = c = ¢ = __f___ ‘
o o, . kN+ 1 ' 1 - % 5
e ~ ) _ , ,J \ B »
.,wf\—n . = . - l - ————————— .
- YN i (1-9) — .

a\(

W
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The errors of the predictions dre : . :_ ) ’ :
: a' )
RO = Cnni ™Sl
. : - TN e
Egv ) q= ienst T Vs o .

£ =
4 o e
o : {

2
A

~

i
Thése errors have zeéro mean-and_theii sedond moments are~:

. 1
| .
2 - -~
(1- R o -
c c v

(1-& @) o

b o

H

2
ER
R

- ° [l

Using Equation 5.1.9 each terminal can predict the valyes of any

94

future ,c‘or v based on the value of its last.c or v.

[
<

o —_—

-

From the server's point of view, the optimal linear mean square error

prediction of Ql ( defined as 0*| ) given all 0‘ ;i =‘l, .« » N=1, might be of

v
.
-t

\ . ] . . - B . t
interest (with the values of the last N~1 TSTs the server can estimate the expected

o

* value of the next TST ). The expression of the optimal linear mean square pre-

_diction is : L s O 4
v CON- N -
* - Q < -a. '
O = O+ L3 (8- 8) f
B i=1 )

Usiné the fact that for‘Bc;ﬂfn;odels we have from Equations 3.2.21 and

!
.
a

- ¥

o

51.12

v

3.2.23
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5.1.13

The value of all z, such that (GI - 0“;) (the mean square error) is minimized is

. found to be : N

, Y
. Pg
. z, = N i=1, , N=1
1 po
i .
‘Substituting 5.1.14 into 5.1.12 )
l’ .
"o',,
- Ok
o = 5.;)
]"(—N— f
and . ‘\ )
V3 - 2
(8, - 6%) o
1= % )
Py

- - (N—l){%)

4
1

Where confusnon might occur, we add the subscnp’r G or E such as

GRG (l) and R ) to mdlcofe those quanhhes i the gahng model and

RG () and R (l) are Hnose in fhe exhaushve model
{ .
\

e

<

'5.1.14

a@

Py t

~ \

N tw

- ALt

o
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5.2 The Transient Behuviou;' of ¢ and v

From Equations 3.2.3 and 3.2.5 we have in \‘the gating model :

"- .:_ (" . ) | N N LS
‘BN T it Py L By
- i=0 5.2
- .-t‘ N-] -
“k+N , = Z Uk+i %

4 L

N=1 )
— 'l — Ar""‘ -__ 3
Ot _p (Weep * P 2, Opup)
- k i=1 5.2.2
Nl
N~ it T 24 G 9 ‘

proe §N)“which represents the first

cycle, we can solve the equdtions above to find 9. e

Given any initial U = (®

for all bi 2 1.

N+ 7 N+i !
JQI‘
| It should be- m«;nhoned that because our bcmc Equation 3.1.7 is written
£
in the transient srufe, all hngher Kr{nomenfs of 8, ¢, and v can be evaluated as

Fony
well. For example, to ﬁnd the second momenfs of these quanhhes we mdy use
Equation 3.2.13 for the gcmng modél and Equation 3.3 1/6 for the exhaustive model.

\
N v

In order to examine the _‘Bxasic features of Equations 5.2.1 - 2 let us

"assume the symmetric nonrandom case where Vlk =w = 1 [sec.] for k 21 .

b3

?
v L

o
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We study the behaviour of succ%sive cycles and intervisits of one terminal. Define

-

for 1 21 ) -
. . .-

SN I o .
. R : 5.2.3

Vit = v ®

o

o

Using the computer, we solve Equations 5.2.1 =2 for various N 2 i, 0 < P < 1, .

? — . - - b . 4 . '
w ,E‘ , to find c;’caﬁ(l) . qu(l) for | 2 1, ) , v
} , . In Figure 5~1 we skefci.h.‘ G-é M, EV M v.s. | for the ;yrﬁmg\tric non-

;&ndom system where N = 10 terminal, Tii =W = 1 [sec.], Py = 0.8 for two

v different © For these valves of . N, w, and Ry using Equc;t;ons 3.2.10,

S -1 .
\ . ;1 3.2.11, 3.3.9, 3.3.10, and 3.3.14 we have for both thé"s?fing and the, exhaustive
motle!
. | i ‘ ® = 5 sec. (
c = 50sec. - . _ 5.2.4
3 | } / .
v = 46sec. , |
| : ’
We. choose : s ,
A: ‘ E’l =(V,...,1). Since w '= 1, this represents an initially
s " embty system. From this we examine the transient time.

&~
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Fig. 5-1.  Transient behaviour of the average cycle time, Z, for the gating model, and the
' ' average intervisit time, v , for the exhaustive model. The symmetric nonrandom
case with N=10, w=1, p =0.8, A: 0,= i,..,1)B:8,= @0,..,20).
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B: El-—; (20, ..,20). Since 8 = (5, .., 5), this represents
< v - o *

" an initjally overloaded system (i.e. suppose all buffers are full ).

*

From this we examine the recovery time.

o

For both cads, 10 - 15 cycles are ;nough to practically reach the steady state.

/
Differenf values of w yield identical curves (with differén‘t scale factors). The
general shape of the curves are not very sensitive to the value of N. However,
both the transient and recovery time are proportional to Py - Sn\mller traffic
infensit):yields faster recovery time. For example, for Py = 0.2 3- t; cycles
are ;uf{icienf to effectively reach the steady state. For all cases, the recovery time

in the exhaustive model is slightly faster than that of the gating model. The numeri-

<al results used in Figure 5-1 are in Appendix F .

Q A

W

5.3 Steady State Correlation Between Terminals of Different Cycles

In the steady state for the symmetric case of both the gating and the

-

exhaustive model we have from Equation 3.2.22 for | = 0, .. , N-1
R ) = R () = (69,08, -8y) _ A
ce™ @ o ~ ’
] —_—_ =1, .., N-1
. P . -
- TR
. 5.3.1
# , - v

where it should be noted that Ug for the gating mode! (given by Equ;:fion 3.2.21)

and 0‘02 for the exhaustive 'model (given by Equation 3.3.23) are different.

N
/ .
i

L4
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In Appendix D we derive recursive equations for GRO () dnd

ER’O ) for 1 > N-1. We show there :

b - . p "N : © N
Ry ) o= =) R (i) |2 N 5.32
cle N cRe _ -2
=1 * o O ‘ .
. \a a -pno_‘ N-1 ' ‘ .
- Ry O = L R 0= [ 2 N-I 5.3
1 "-N— l=1

lemma 5.3.1, For N =1, 0 < py <l.and ] 2N, Ry () is monoto~ _
" - K L

nically decreasing and lim éRG =20 T , : o T
. |~ - * :
Proof : From 5.3.2a we have i . . i
. “ Py
_ N
e ™ = \ I ‘
\ ] - po + W B} N ' ) n - P \
' 5.3.3
) po . .
_ N “ :
=P |

Using the method of induction,, suppose that for some M "2 N, .

NsI| sM, GRg +1) < GR,G () . Using 5.3.20 with | = M+2 and

-

| = M+] we obtain

o




-‘t&\%‘ ‘ !
. ‘ #1120,
o N
oo M) = k) Ry (M2 5.3.40
. n i=1 )
/ ) [ .
. . &) - N .
ofo M) = o )| oRg (M=) 5.3

|=] v
! U

Subtracting 5.3.4b from 5.3.4a, we obtain’

’ . * p ¢
; 0
GRe M32) = kg M) = K- (oRg M41) = (R (M+1-N)) < O

¢

- * ° —
Hence, forall 'l 2 N . )

0

C.cRe M < gRg O -

———

Since the ipfinife series GR9 () , I =2 N, is monotonically decreasir;g in the

" compact set [0, 11, the sdgies converges to a single point in this set. Suppose
lim- GRG () = x, using Equation 5.3.20 we have x = Py X which implies
| ~o0 ,

x =0, Therefore, lim GRG;(I) = 0.

e | - Q.E.D.

In o similar manner, it can be shown that with N = 2 for all

| 2 N-1, (1) is monotonically decreasing and converges to zero. For” N=1

"ERO
ER9(|)=0faall|§l. - ‘ ,

*n
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, At | = N
© Py,
N‘l) pow "'N" -
R, N) = 2. . : 5.3.5
' E8 OOI - "pO -
R S 5
Compgring'ﬁquuﬁ_on 5.3.5 to Equation 5.3.3, it is clear that
e ™ > o (N) ‘ ' 5.3.6
P . ﬁ’ ;
From 5.3.2b we have for | 2 N i
s ~ _ Lo A P " N |
ERO (I m g Z ERQ/(l"'I) < ~ ERQ (-i) . ’ ' 5.3.7
. i=0 =1

o

Lt
Using 5.3.2a, 5.3.5, 5.3.6 and 5.3.7 and a simple induction procedure, we

obtainfor | 2 N

o

t

) ‘i_u-éRg q = ER9 1) .o ’ 5.3.8
— . . - | | .
Equality in 5.3.8 is obtained for | =< N-1 .

4 =

\

The Normalized Cross Correlation Between Cycles ,

For the gating model, using Equation 5.1.2 in Equation 5.1.3, we -

have -
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R N-qu*
S - = .
(‘li (QkN+i =% N+i) AN (k+|) N+ (k+l)N+§ )
I |=0. =
R0 = , e
. 0. ® - C
2 Nh] N-l iy = ° ¢
_ % ) Cnri ™ Oniri ) Oty = Sy
= _?_ | Z-' 2 N
’ ¢’ i=0 j=0 %
# —_
092 N-] ﬁ-] 9 . " - ' . . o - /L
= ;?—— L L GRG (' N+l"'l) ‘ . o - 5-3‘;9
c i=0i=0 .’ ‘ °

, Using Equation 3.2.21 in Equation.5.3.9, we obtain for | 2 1

B
e

‘k . o, N-1 = . )
R O = (1 - oy * ) [ gRg N+ ) —N-(GRG (N [+0) + Ry N 1-) ]
e o =t o ° 5.3.10 o

k. (0)';= I . | ' ; S

‘O B 1
Using 5.1.4 in 5.1.3 and following the above derivation, we obtain for | = 1

. N-1
R @) = ()- +—p—-)[R (NI)+ZN'(R(NI+I) (NI-:))J
Ehc | fo E'Q E'e

" | - 1 5.3.11

R, O =

‘ .
| . ' \
D - . o , [
’ 4 /
s o . \
. e .

_Using Equation 5.3.8 in order to compare Equation 5.3.10 to Equation 5.3.11,

we %fum *-‘~ - Mo e

R0 % R_0) ﬁu - L. 5302
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For the symmetric nonrandom case, we have from 5.1.8 -for both

-

models

nT [+ ‘ . [

For this case, using Equation 5.1.4 in Equation 5.1 5 we obtain $he normalized

[
-

N=T g

cross correlation befween intervisits

J (? O kN+|)(? Skt ™ € gy
; ' i=1 i=] 4
R (‘l) - |\ |
’ E v ' - \“\ °2 .
~ - \ 0v~
" ’ »
v 2 N-1N-1 ,
09 . . - ) o
- 7 ) Ry (PN <~ . 533
v i=1 j=1 o '
23, we obtain >
] p(pa\' @
N [ERQ (I N) ] .
] "—N— . s
N-2 ‘
T N-1- B
* ) ——T—(RQ(NI+|)+ERG(NI—|))] ~ 5.3.14
| =1

— ‘
Comparing 5.3.34 to 5.3.11, we obtain for | =1

G'fc O >R 0 >R 0O - o 5.3.15

s 4 t
. ’ /fo r
v * ~
2
° .
s

R OO 1
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To examine the behaviour of ,GRc Q), , ERc o, ar)wd ERV; ()]

a . -
we used the computer to racursivély solve 5.3.2 and substitute directly into =

5.3.10,.5.3.11 and 5.3.14.. - ' /

<

o

<

In-Figure §-2, we skefch those GRc ()] ' ERc Sl), *?t:d ERv (l).

v.s.ﬁl for N=8, Py = .9 . Eigure 5—2 emphasizes the relation of 5.3.15.

-+ o

Note that all quantities are monotonically decre?sing’. L @) = 0.5 for .

| %8 §.e., 8 cycles) and ERC" () and R (1) are 0.5 for | ~6 . For

» ¢

" different values of N the ‘curves does not change substantjally. As N = @, ..

\
?

the three curves foT GRq o, ERc o, anc{ ‘E,Rv (1) converge to one cu’rve.
However, the curves are sensitive to the value of bO ; for smaller pov' the curves

I

o
converge to zero faster.

8

e
]

-



. ig. 5-2. The norrr;alizefl cross 'correlation °GRc 0 ; ERc 0 ’~ERv ) T J K
v | for N=8," py = 0.9, oo y r

? < -
" ' ’ ]
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= CHAPTER VI oot
- . - -—-——-—-u——-———-;’ o : . y/
$ ‘et ﬁ‘i'?t - Q‘,
WAITING TIMES - 8OTH MODELS - : ! o N
6.1 . Introduction , - ) ‘ ‘ -
P — e ettt .
. . /‘“’\“\, . ]
« in this chapter we study the Ucug\t\g'mérs’{git/ing timé characteristics in
both the gating and the exhaustive models. “The waiting time of a customer-is the -
fength of tinie the customer speﬁdé in the b‘uffer of its terminal. In cther words, the
¢ g —
waiting time of a customer is.tHe time difference between the moment of the customer's
° ! \ m"!'m ' -
arrival to a terminal to the moment his service starts, The waiting time is a non= .
negafive random variable denoted by q. In this chapter we study, for both models,
under steady state condition, the first two moments of the waiting time. . g |

a

For i=1,.., N we define :

——

ny

Pq (+) = the probability density function of a customer's
i - o % B —
- ' walting time in T., .. ¢ *
. - -~
Q. ) =  the Loploée transform of Pq (+). a0 6.1
. N i . N e
In Queueing Theory Problems the average waiting time, g, primarily
& ¢ \ , '1 -~ v ;;‘ h’; . ‘Q

beéause this is the onT); one that tan be found, is considered as an’important parameter
which indicates the goodness of service in the queve. In Chapter IV, we studied

another important parameter of the system, the buffer size re’quiremen_fs in both models.
. ’ .S :

However, the waiting time features are considerej to be of greater.importance in

studying and defining the -goodness of a communication network. This is because



~ the first two moments of g, which are not only new but also play an important role
: y

__ buffer size indicates hardwtire requirements for the system to operate properly lbwhile
' ‘a’ r n )

o

waiting time directly indicates the googness of service in system'after buffer size re~
quitements are met. The major goal of the work done by Eisenberg (1972), Takacs

(1968), Avi-ltzhak et al (1965), Cooper, (1970), Hayes and Sherman (1972), and

a

Kruskal (1969), was to find the average w;ifi.ﬁg time in"some special models of the

[

polling system. “In this chopter we derive exact and explicit expressions concerning
s . o B

—

-~

in understanding and designing communi::af?gn polling systems.

- - ” v
Let ¢, and v, represent the steady state cycle time and intervisit time
respectively oi""i'i . We define : ,

Pc (-} =  the probability density function of <, in ‘Ti'~

! ' r o s
Po(r) = “the probability density function of v, in T, (

' : L - : 6.1.2
"Ci () = " the nglbce transform’ of Pc ()

c

V. ( ») = the Laplace transform of P, (). .

-~ ° o '
]
o

In ordef to reduce complexity, we omit the subscript i in Equations

6-1.1 and 6.1.2 but keep in mind that Q (-}, C(+), and V (-) referto _

. . ‘ .
some parﬁculc:r'Ti . (The same simplification vas made_in Chapter V) .

L
-

In Section 6.2 we derive the relation between Q (<) and C (- )"

i
! -

for the gating model. From that we derive geneécv\l expréssioﬁs for 9 and 0‘:‘. In

’Secfic\m 6.3 we derive the relation between Q (- and V (- ) for the exhaustive

o

AN
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/’ Hence, the waiting time probability density'Fu\ncfion of a customer who arrives at the

128
£

[

o

" model and from that we derive-general expressions for § and 0':'. In Section 6.4 -

we deal with the symmetric case for both the gating and the -exhaustive models. We
. \ e , .

. find explicit expressions for q forany N =2 1.". For-the symmetric nonrandom

e < [y « é -‘ . 2 b ) N l :
T -case-we derive explicit expressions for oa for N=T, 2, oo for the gating model,

T

and N =1, 2, 3, o for exhaustive model. In Section 6.5 we derive, for a -
gen;ral case, explicit expressions for ai for N =2 in the gating model and for

N =2, 3 inthe exhaustive model. The conclusions are in Section 6.6.

-

" When Pq (), as defired in 6.1 .1, Is the waiting time probability

w
i

density function of a customer who arrives at T.» the apriort probability that-the

it

customer arrives at Ti given that he arrives at one of the N “terminals is Xi /)\0 .

<

system is : ) . b - e
' ? -
N -
p (o):J..,j)ﬁ)\_‘p (<) - 6.1.3
% - NS
, i=1 / ‘ ’

-

We refer to qg Os the waiting time in the system and to a; 'as the waiting time in

T. . In Sections 6.4 and 6.5 we derive explicit expressions for ;0 .

- Using classical Queueing theory,, Q (') of M 7G /1 queve (i.e.,
one&terminal and zero walki;mg time ) can be found in Takacs (1962) : v )
QK =(1-p) - e | . 6.1.4
x<A[1-5 ()] ) . .
1 - ki ° '
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where N.= 1. and we ha\;;s P Ry r A= )\o . ’ X . e

Using L'hopital technique we may find - oo

v >
- q
2
B oq :
A . ' . 2
' . 30-p) 40-p" - . :
. L | o -
= For both the gating and the exhaustive models, under the conditionof N =1 and ’
zero walking time, our results are consistent with those of -6.1.5. )
Whenever confusion may, occur we add the subscript G and E such
that q G and qp represent waiting times in the gating and the exhaustive mc;dels-ow,,
L - . .
, ‘ ' respecl/i-vely. . L - )
A }
? ) ] .
, e 5, . .
. 3
6.2 " Derivation of Q () for the Gating Model /
! 0 q ’ ! ! \
. Fog“u customer who arrives at Ti we develop the probability density
! fbh'cﬁo'n, P (), 1o,f his waiting time. Omitting the terminal index i we can
i ,
write by the law of total probability . ' . ‘.
. , .,
. . ' o A
© @ U ) , L
. - ‘
-~ - P ) = /, j f Prob (t, k, T,u)d T7du , + 6.2.1
) 3 © i q : ff ¥ . - " N
y - k=0 0 0 . '
' . ’ ‘ ’ ? . | o 8
. where fhe S ) )
] ‘ . ‘ : .
J N \ " i
2 : L




I

o
[ -
! ’
' \
-
. ' u ‘ ‘

t = the waiting of (gthe customer” who arrives at Ti e
" k= the number of customers to be served before him in Ti .i.e., .
L] ’ )
the number of customers he finds in the waiting buffer which
— - will be served before him when the service of T. will start, /
T = the time "the customer" waits until server reaches Ti . i.e.,
) “the customer” arrives T sec. before server reaches T.’ ’
“% : ' - ' -F | 0
! L3 - - -
u . = the time length of the cycle of Ti‘ in which "the customer"
; - arrives. i.e., the time difference befween the moment the server

L

reaches Ti-N and Ti , during this time "the customer" arrives. |

4
'

1
§e

Expdndiné Eq\;uﬁqn 6.2.1 we obtain

¥

@w ® v ) )
[ K" I o t o~ (k l T
Pq ®) =9, J Prob ( /k, T, u) Prob ( /T, u) Prob ( /u) Prob (u) d Td u
. k=0 0 O o ' ) 6.2.2
{ Given that nihe customer® waifs T sec. until the server reaches his terminal and
- that there are k  customers to be served before him, then, independent of v, the
" cycle length, the probability that "the customer" waits t sec. before his service -
¥ starts is equal to tthhe total service time of the k customers is
. s & ¢ (
t~ T. We obtain X
ot ' t () ‘ ) 5
Prob (*/k, T, u) = Prob ( Jk, T) = Ps * (t~1T) 6.2.3. 1
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Given that "the customer" arrives T seconds before the end of a cycle of length
u, the probability that he finds k customers in the woiting buffer, is equal to the
probability that k customers arrive during u - T (at the beginning of the cycle,

the waiting buffer is empty ). By the properfy. of a Poisson process, we have :

£

Prob (k/T, u) = Prob(k/u- T) = [(:A(u- ‘571‘712 tlexp (A u-17) 6.2.4

Given that "the customer" arrives during a cycle of length v, the probability that
he arrives T seconds before the end of this cycle is uniformly distributed . This is

’ .
because -aposteriori, the Poisson process is uniformly distributed (Karlin (1969)).

We obtain

LY

Prob (T/u) =~ - 6.2.5
Given that "the customer® a;u:ivgs during a cycle, the probability density function
of this cycle is.: {

N

v Pc (u)
Prob () = = = - ) 6.2.6

o

o '

. A rigorous proof of Equation 6.2.6 was given by Avi~ltzhak et al (1965). In the |

R

following we estabI{;h relation 6.2.6 from a different point of view.

. ~{,-;3' \J

1

Let's consider N successive cycles where N = o . From the weak
¥'r§3}nbers, o . the total length of the N cyclesis Nc .

law of lar

The number of cycles, from the set of N, whose lengths afe equalto or shorter than u

.
¢y .
o, N
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7

V)

is: N J Pc (z)dz . Giventhata cycle is of length equal to or shorter than v, the

0 zP (z) d

4]

expected length of such a cycle is :

P @dz “

OO,

Hence , the total time length (from the N cycles ) that are composed of cycles

equal to or shorter than u, is, with probability one,

v I c(z)dz o U {
NP (z)dz.l? NJzP G
0 :rP z)dz 0

The ratio : lim = . is the fraction of time,

N - o TRNE WE

the terminal has cycles of length equal to or shorter than u . Because apriori,

“the customer” can arrive at any fime with equal probability. The above ratio is the _

robability that "the customer® arrives during a cycle of length equal to or shorter
P Y 9 Y q

than u. Hence we have .

U
r
; g zsP (2)dz uP @)
Prob (u) = [ — ]=—
du c c

ag




) 133
) vy, |
P® =y [P et e (=N )
- k=0 0 0 oo |
- ;v P ()
f e S drdu 6.2.7
\ V] -<-:- ﬂ ‘
. A « ,
Applying the Laplace transform, we obtain
‘ ® o ® U ®) . -
. k,
aw =a [ Y[ Jewt=xt-m p*e-nTorw-m k0 {
k=0 0 0

.exp (~AuU=7T-xTP (EUdTdudt
: ¢ 6.2.8
) R , .
Integrating first over t;then summing over k, then integrating over T we obtain

w u oo"’» 7
Q &) =“%‘j Jr Z[():S(X)(U-T))k/k!]exp(—}\(u-T)-x:r)PgA)deu
. 0 0 k=0%

® v .
Q (x) =—_]:-J‘ J{' exp[-X(l-S(xe))nu+(-x+)\(l-)S(x)))‘ri] P, WdTdu -
: 00 ’ ‘
Q
Q) = —o J Lo (=xu)=exp (-2 (1-5 @] P_ @) du
- c [A1-5S K)=x]0

and finally, integrating over u we obtain

6.2.9

. Clxl-CIA(-5&)]
)\(I,—S(x))a-x )

oj}—"

~ Q) =
o
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The technique we used to derive Q (+ ) was hinted at by Hayes and
. 4
Sherman (1972). Equation t24) there, with minor corrections, is identical to
6.2.9. However, since they had only approximation of the moments of ¢ they

were not able to find exact expressions for q and ©

In Appendix E.1 we use Equation 6.2.9 toderive expressions for 4

and cqz . We obtain from there ;

—_ 2
2 - o '
q=f+p)—— = (1+p)(=+—) 6.2.10a
. 2¢ 2 2.c
~3 T2 ,
02 =S (1+p+ p2) +q (—A-‘-’:'-- q) 6.2.10b
9 3¢ B Y
/
where p = A,

6.3. Derivation of Q (- ) for the Exhaustive Model s

The technique of deriving Q ( * ) in this case is inherently different ' -

from that used in the previous section fo; the gating model. ‘This is due to the fact b
that unlike the gating mode! a customer who arrives at a terminal, which is being

served by the server, will be served before the server leaves the terminal. In the
gating model this customer is served after the server leaves the terminal and returns to

¢

it the nextgime.
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&
In Appendix A we derived the Laplace transform, H (), of the
g probobility»density function, P (- ) . of the total number of customers that are
’ served in o terminal busy period which is initioted by one customer. By Equation
) A.17, we have
Hx) = exp(-x)STA(A-H&)] 6.3 e

In the third section of Chapte/r, IV we derived the Laplace transform,
N (- ), of the probability density fun;:ﬁon, Pn (), of the number of cystomers '

that are served in a terminal. Quoting Equations 4.3.15 and 4.3.17, we have

i

NE = VINI=-HK)] 6.3.2

>

I - ‘e

;\':x;:-’-‘—;t- | 6330 3
]-‘J;pu i

1

_ In order to derive the waiting time probability density function of q
/ ' !

/

+ customer who arrives at T, 4 we define a new infeger non negative random variable

" fl _ ~ .«
| with probability density function P, (+) and its Laplace transform L (-°) .
o . Dgfine: _—
¢ ' - ]
: F’l (k) = Prob { Given that “the customer®  (the one
- -
we compute his waiting time ) arrives at Ti ’
. ( there will be exactly k customers in T. that -

\ i
will be served after “"the customer” before the

N ' ) server walksto T. . } . - 6,3.4
. ) i+1 ‘

o M 0
_—— *
L]




.Z U ® )
]%
.' \ ° . ) . . \’\ .

By the law of total probability we have .

B . "o k : " ' i - o
o kW= [ Eeb(kmt)ydr S %-%- E
. ' 0 m=0 N ' R v - -
} i ’ 14 '
- where
‘ k = The number of customers that are served after "the
. customer", as defined in 6.3.4. “
* m = The number of customers that exist jn_ Ti at the
moment the service of "the customer” is completed.
v ,7 iy R
t = The queuveing time of "the customer", the queueing time )

{
is the sum of the waiting time and the service time of the

4

- customer ..

Developing Equation 6.3.5 we obtain

w® k -
P @ = [ ) Prob (/m, 1) Prob (/1) Prob'@) dt 6.3.6 .
0 m=0 o '

/
Given that m customers are in T, at the moment "the custpbmer” leaves it, in-—
dependent of t the probability that a total of k customers are served after " the

customer" is equal to the probability that the sum of m independent busy periods

is k We have ' \ o
\ | k Kk, _ & |
~ ‘ . Prob (" /m, t) = Prob (" /m) = P * () ~ 6.3.7
\ T - T
/ \
Sk 4 .
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# L2

”»

_:Given the queueing time of the customer, the probability that m customers are in

.\ -

"2 the terminal at the mement the service of "the customer" is completed is govérned

kad >

~ by a Poisson process with pc:;ramerer At (since at the moment "the customer" ' .
| . : - ‘
% arrives, he is the last one in the terminal) . We have »
\ ! ‘ °
Prob (M /1) = [(AD™/m 1] exp (- At) . 6.3.8

[+]

The probability that the queueing time of "the customer™ is t isequal to the pror
p y q q p

bability that the sum of the two independent random variables, his waiting time q and

v 9 )

his service time s, isequal to t . We have . . ‘

“Prob ) =P ®).*P &) - . . 6.3.9
q s \ -~

/ N ‘ . ) . 0 %3

Substituting Equations 6.3.7, 6.3.8, and 6.3.9 into 6.3.6, we obtain . °
o - @ '\i {m) . . .

& = * - *
PR =] 2 R RIADT/mtTep (<A F OP @4t 6.3.10
’ 0 m=0 ' ‘ X ’
‘ - (m) - {« ¥
) * Applying the Laplace transform and using the fagt that Ph * (k) is zerofor m > k , ,
. o L - R
we hQVé ' - I e . o "...;
t % . ) . \ :‘?a,?&‘gﬁ
o o )
" 3 (m) m P
L&) = f /) Z exp (- k x) Ph*(k) [(AY) " /m!lexp A1) Pq(f)*Ps Hdt -
3 0 m=0k=0 J ; 6.3.11
) .
© , o v . ) ~)
‘ Summing fitst over k then summing over m and findlly integrating over t, we

'
.

obtain - . .
nsit > )

L)




@

.
et e .M . a
B

-

;-

L = [ J UntHo)/mtlon € WP, 6P, (1

0 m=0 _ - ' I
m - v : o I ;
= [ e [=A0-HEN IR O Mdt”
£y "“0 r’ . i . ‘ ‘
L -.; : '
© L) =TQIAQA-HENISIN( - H )] w 6.3.12
At this stage , we have toderive a direct relationship between L ( - )
and N (). - — . ’ . . :
Let's consider ‘N successive cycles where N =i . From the v

weak lay of large numbers, with probability one, the total number of customers that
=7 4 . o A
are served in T, is N n, where n is given by Equation 6.3.3. The total number

: @

of cycles wh;lch consist of &t least k+ 1 customers’ service in Ti is N.. Z Pn—(i) .
s i=k+1 Lo

i every such cycle there is exactly one cf:stome( who has.exacﬂy k customers |
hind him._* Since "the customer" can be any of the N * n customers with equal
" probability, we have o
: - \ o . {
L P_ () @ ) .
o B 1 - = Ta
P, (]= lim I=kt] L. %P ) 6.3.13
. N-o N AV |
i=k+1
Applying the Laplace transform, we have ' -
¢ - T
® o o . ]
‘ _1-p . )
Lo ==L ) ) en(-kn P {) - 6.3.14

AV el <’




E " Changing the order and the bounds of the summation,. we obtain S
. kN

\ - .
7 N\ ¢ - —

21-p N (x) -1 \\\\ .
. ) .
' Y

AV exp(=x)~1,
Regroupiq'g the four equations, 6.3.7,. 6.3.2, 6.3.12, and 6.3.15, we have : . .

. He) = e (=x) SIANO=HE@ T . - - 63l

v \
o
- - . -

. o
N& = VIXO=HE)T . . 7 oo 6.3.16b

«

k3

o /ﬁ

o

QIAG-H NI SIAQ-HEI O saa6

¢

it

L&

Le) = mp Ne-T ~ s o 6.3.16d

: AV exp (= x) -1 -
s \

Substituting 6.3.16b for N (x) into 6.3.16d and then substifuting the result into

by L4

-
o / o

Y

’ 6.3.16c, we obtain 7

»

‘Q[XG-H®H£H~p.  1-VIA(I-H )]
o .o 'Xﬁx(“ﬂégﬂ‘kem>Gx)S[Aﬂ%i&»]

Lo ‘ 6:3.17
. " ° = ‘ q
. ¢ B = .
X L Define : . B ST ’
: - ’ : ,.-' i -
. : » . o
. 3:)\(1-H(x)), . - " . 6.3.18
& - SR .
where z goes from 0 to A-as x goes from 0 to o . ;
: ) st o . ! e ’ h
1. ' Using the above definition in 6.3.160 we have . CL N
. \ ° 2 ;u‘;'&' "-I'?i .
s . < s .l.a?_ ~
N 1; P .“ LN - b o
t ' ,‘ o




e
A4 - - . ¥ ].40 ¥
———< \“‘w ¥ " -~
’ T ’ i ;i_ﬁ Y ~ )
Nexp (=x) SIAQ-HEN] = A=z - 6.3.19
~ . N " a® > £ .
- Substituting 6.3.18 and. 6.3.19 iﬁl@ré.?.l? we obtain for 0 < x < A:
,, Qe =P LoV, L 1-VE U 6.3.20
7 v x=A(1=8SK) T x-A(1-~-S&)
) Eiser‘xiaeréh 972) ' gbtained the same express‘ion (Equation (51) thete) by usinga |
" ' " different approach. However, since he could not derive the re\qgired moments of
v (except for the case N = i) he was not able to Ué;e 6.3.20 to find a, 0?? © .
L/(I b ~— ‘ ‘ ’ . & )
(except'q for N&2) .
‘”“- E] ! {5 <
, In Appendix E.2+4ve use Equation 6.3.20 to derive qxpressio:\s for q
and 0:,. We' obtain from there : : . . i
[ ( . . _— o
2 2 - o
A q=——t—=(1=p) — = (=9 (=+-—=) _ | 6.3.21a
2v 2(1-p c 2 c -
/,fx“ ’ " ~
. 3 v ’ ~2 s .
g AR MR gy . LN~ S D 6.3.21b
. .3y 30-p) 1-0 ‘

D
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Averages and Variances of the Waiting Time in the Symmetric Case

)
N

B oFBg‘?B Models } .
’ - . s - g . »
In the Symmefri/c case, defined by 3.1.2, all 'Pq () for i=1,.., N
N : ’ i _ e .
- g “are equal. Wehav? for i=1, ..., N: » ) e
G.“ ‘9 I ) ' » . ’ .
i P . = . P A . 7 - K N / ‘ 6-4.]
LGRS | o
A | ' 6 ' M o .
- Therefore, applying Equation 6.4.1 to 6.1.3, we obtain . \
. ‘ o . vt P
’ P () EP (=) ‘ 6.4.2
| RN I \
& po | “
N * . _Hence the waiting time of all terminals and system waiting time have the:some
. - ’ - ry . <
-+ probability density function P_ (- ). | ’ o . I
\ S 3 :
In order to find the average waiting time, q , explicitly, in the
N - < K "
p symmetric case of both models we do the following. For the gating model to find '
- ~ . : o ¢
Z]'G , we use the explicit expressions for ¢ and Ocz obtained in Equations 3.2.10
. ~ and 3.2.2 in Equation 6.2.10a." For the exhaustive model, .EE is obtained by .
uing Equations 3.3.10 and 3.3.23 in 6.3.2la. | N "
Q & '
K ‘ o - -
- (l+--0—-)?! + A 52 '02 ,
- — . N AN d . '
, g ~ \ —t + — \ 6.4.3a
,? 20-p,) 23" - ,
. \(1-%-!;?“)\052 _
‘ . ® ) 4 =, . { 6.4.3p .
@ , | 2(-py)
\‘ h!
« - - ("‘ ) \ ; 1
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* r ¢ a * 1
{ , 142
! - ®
. ..
r ' ' We consider the above expressions, to be the most important original
. . ‘ ’ : o |
e cdntri})ution of the thesis. :rom Equation 6.4.3 we see thqt 9 < EG . However,

g

- :% % ' 4
. - ?
For the sake of simplicity in the following section we confine our

as . - increases such that -l-\](-)- << ‘\EE" and q G converge to the-same value.

e,

-

study to the!symmetric nonrandom case, defined by 3.1.4. -

.

3

- -$‘(
~T %e . ~ i .
Ry Using definition 3.1.4 in Equation 6.4.3 we have, for the *°
’ * © . ' “?‘ - ~ [
. tric nonrandom case : ~ . :
| symmetric nonrandom cas ST ' o
- \ [ S R S
L - (l+ﬂ-)3+po'? - _ .
.- 9 = - . i - 6.4.4a
1 \ 2{ (- po) S ‘
o k Po _ _ . T .
- B I--)d+p 5 |
3 = —X P . ‘ 6.4.4b
2(-p) ; ' |
ﬂ ~
2 "‘2r 2 _2 .
Because o 2 0 and s" =7 + 9.=s_, the’symmetric nonrandom
\ case has the sho‘rtesf average waiting time of all pc_:ss?I)le symmetric cases which have

the same N and the same averages d and s . fﬁislp‘roperty is satisfied in the

’

classical, M /G /1 queue as well (Karlin (1969)) .

L _ Angther property of Equdtion 6.4.4 is revealed when' d. = 0, where "

4 !

forall N =1, EG and ]E[E are equal. Thus we have : ‘

EN

. » ‘ . Pu .;..‘ I | ‘ ]
o 0 n e 6.4.5 .

- —
= =

ag = G = =
S R




&

. ) . \
,

When d # 0 and constant, as N increases qG decreases und qE

increases, -The smallest qG is obfamed with N = oo, the largest w:th N=1. \
' 4

The smallest g 9 is obtained wifh N =1, the largest with N=o . Fprany fixed

setof N,d,.s, both EG and EE are monotonically increasing as % increasss. .
* “ - n

A}

. For multiterminal systems where N >> 1, both Eé and EE are equal ,

k)
3 . -
’ N 3

and we have |

In order to visualize the foregoing properties of Equation 6.4.4, we

sketch 'q and §. ' (N indicates the number of terminals-) for 5= 1. for
SN EN »
N=1,2,3 0 ond d=0 . (Figure 6~1), d=1. (Figure 6-2), and—d = 100.

(Figure 6~3) . Figure 6-1 isa numeri ample to Equation 6.4.5 where d=0.

and therefore, for ali N,~ EE is equal to -E;G v Figure 6-2, and Fig. 6-3 are .
. ’ / ,

numerical exyles to Equation 6.4.4 “for two different values of d . In‘Both we

is always the

see that as increases q G decreases and §E increases,

9
S ON TR G
is always the lower curve and q, = 9 - The numerical
1 Fo ™ ‘
values used in these curves are given in Appendix F .

Nextwe derive explicit expressions for 0': for both models in the sym-

upper curve, HE

metric nonrm'ﬁdpm case. For the gating model, we substitute Equation 6.4.4a for q

j )

3 . . .
* . -
_;

B ' L —— —— 6.4.6

¢
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-
-

3 . :
‘ and Equation 3.2.45 for C/E in Equation 6.2.10b. For the exhaustive model,
. ’ . 3 "
we substitute Equation 6.4.4b for § and Equation 3.3.34 for V/¥ in Equation ~

6.3.21b. We obtain :

] h !
For N=1
q.; po $
. 2 (V=) 2 ‘
o2 =L .34 @'" _d?+po" 23
qol 12 i “:&)) (1+g) 371 - po)p
: 0
\ 2 (1-5) 2
02 =-]---c] +>p0 s ‘
2 -3~ py)
7 ¥
For N=2 - -
g R 2 : 1 : .
-5 2.380-%8 .
e L "pzo (3T
S n0-g)? 4(l-p9)2~(l+-2—-) <
3 3V ‘1 5 1 6,
{\ +‘°o(]+‘° **zpo"zpo 0 T Po) 2
2 R ,
3(1 'po) (“";9) ( 'I Po (- '29)) '
\ ]_pogz‘ . 2° 1 3
2 _( 7! 2R - po( TPo ‘2'Po'zo) _2
. a = d + - .d.s s t
9 : 2 2 2"
. 2 12 (I-gb) 4(1-p0) 3(l-p0) (l-—2-p0+o-z— po)
! )
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For N= 3, we have Oqz for the exhaustive model only.
a-he o, (-5 82 883 5 4 1 5
2. 3" . P 15, RUTTRTTA RN R TR
% 2 2 2, R 4 2 1 3
3120 - py) 30 - gy . 3(-g) (]--.39)(]-p0+-¢—p0--§-p0)
For N = o
A
2 Pol+ ) 2
2 2 1 P - PV
4] = 0 = a4+ .d. s+ 3 6.4.7
q q —n2 PRY . - -
Cp . Ty T20-R)? 2P 30-p)
We sketch ,02 and 02 for s=1, for N=1, 2, 3, © and
’ qG qE .
v ) ‘ N : N .
and d=0,. (Figure'6-4) , d=1. (Figure 6-5 and Figure 6-6), and d = 100.
(Figure 6~7). From these curves, and the appropriate numerical tables in Appendix
F, we see that for those three values of d and all Py - '
» -
03 S> cqz > crq2 > 02 ' "6.4.8
Fo B3 B H
20, 2 ba
O‘q is not only the upper bound of @ but might also serve as a
Eoo EN ) .
close estimate of it for N > 3 . For the gating model, relotion 6.4.8 does not
- Hol;'i,? as can be seen in Figures 6-4 Y 6=5. However, O'q2 = (:t‘q2 may be~ of 4;‘
' G - 'E o
: L e 2 : © o
use as an estimation of oq for N > 2. Yet another feature obtained from
G
N
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. ’ Figures' 6=5, 6~6, 6-7, isthatfor d=1, or d= 100. but not d=0)
| oqz >~oq2 for N=1,2. - : b .
L GN’ ‘EN . o ) e | ) N . ) >

B : & ')‘m
In conclusion ‘we realize that, for the symmetric nonrandom case, the

7 v

- v ’ ' o 1 _A" 2
J£xhaustive model is slightly superior to the gating model" (having smaller q and crq ).

7 However, as N >> 1 we have for the symmetric nonrandom case of both madels

b
*

. a ) a_ _ a4+ po s ’ ' ° o . |
, -Gt 20-p) o . , ,
- - N N ’
. ‘2 [} L -_2 .
2 2 ~'a‘+6p0\35 fp0(4\+p0)s

o =0 = o7 ?
G E ! _ ]2”(] - po)z ‘ 5
o . : )

when N >> 1. . ‘ 649

2 , ) \ , < . 0

Using the above quantities in Chebyshev's inequality, in asimilar

r;mmner to Equation 4.1.5, we have, forany a > 0, for both models

- 1 . L
-] ' ok
Prob (q. 2 q + a @'q) s :2-— ‘ . . 6.4 1.’0
. , ] o ’
. ’ ‘ © 7 Equations 6.4.9, 6.4.10 enable us to bound the actual waiting time,

{ where such a bound is practically more meaningful than the average waiting time.

Thus in the symmetric nonrandom case of multiterminal polling system,( either the gating

.

' o
<] I . ! * . .
. satisfies (

T o the dxhaustive model), with probob'ility (- ]/02) “the actual waiting time q
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‘ | 'qs.~a+°p°s+a (3.+6,p‘035+p0(4+1po)s)/i \:-“ i | n
| . 20- a) . 20 w? . . .
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¥

’ g ¥ ’ : *
6.h ' Average Waiting Time in a General Case of Both Models
. &
N In fhe general case each T has a different )\ P (), and o
- @ 5
P ) . ‘ln the Follong we denve explicit expressions for qG . qE (uveroge .-
Q . i o ,
waiting time in T ) wﬁre N 2 and qE for N =3 as well.
4 ¢ ! & oy
f fn Equation 3.1.5 we define . : .
S :’:‘\
o R LA ; : ]
L . l=r~]i : 6.51
. ’ - T w B ’ : * ﬁ
, | \_, x»o = NL )\l @ V L SN - ‘7
¥ ¢ © 1=1 - ’ .
, - "' &
L
' = For N =2, defilfor i =1, 2 the et (i, ) equal to (1, 2) and
- s @2, 1), respectively. For the ating model, subs;ffuﬁhg Equdtion 3.2.1'65}& <
" and Equation 3.2.17 for 03 into Equation 6.2.10a yields . o . N
. P . , .
- _ (sm)_ o " Tl e
y qG d+(] pi‘), .oy . - . Lo, » P
! 2(t—p> S T R

- ° . " w. ’ ‘ .
\ ‘ p1 % (I+2p 2p ]D\?s ,+(l po) ]+(l+p] pZ)D\ s + pO)“‘é'Lj 2

3

ﬂ | ‘ N / : }(]-po) (l+p0+~2p‘ pQ)(,]_plkp2) .
T o . ‘ o 6.5.2

©°




for ¥ ond,Equation 8.3.19 for 0

into Equation 6.3.21a yields -

ey

L P T R TN
Qg = d + g)\isi+(l-p0) —)
i 20-g)  20-p) A .
: \ ,2 T2
2,02 wi © 2.2 "
! | P 0-pg )+ (R s+ (- pg) )
I " ‘ ! o .
S 20- ppa-po)a«qpodp\pz) N
. or — o
(-p) _ C o o
qu = _' d Y ) / a1 .-
it 20-p) \” o . , —
p v ‘ ok T
Y k —2 , i
. [l-p)a -2p) +2b ][x s; +(1 po) ]+(1 pi)(kisi+(lq—po)-_-a-—-) |
« . .%E Z(I'Po)(lzpo_,*zpl Pz) :
j=1,2 * | 6.5.4
D\ .

¢
LY

-

, ~

. A two-termi¢lal polling system (nainly with the exhaustive service pro~;
" ¥ - :

3

cedure)’ was ana\ysed mavcnousmpa? rs.  Equation 6.5.4 was obtained independently.

[ !
and w:fh different fechnlqué by Sykes (19787‘-\1nd Eﬂsenberg @ 972) We arg not N
aware of .any study which yields Eqi:ahon 6.5.2. Inthe specnal case where all walk-
RS
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B , .
[(l-'plp)(1+.2p.)-2p?:|)\.—-s.2+(l"+pl pz))\.:? ‘
. =0 2 | | . - | 6.5.5
ag. = (1 +p) . . 6.5.
i 2(1- pdt+pg+2p )= Py p3) 7 -
. , \
N [(l-fp;)(l-? p.) +2 93] A si2+(‘-pi)>“ s? . °
g = — L1 , L1 . 656
1 2 (‘ = Po)(l = p0+2°p]~pz) , . ;
» ) i ° ¢ | b

Equahc‘m 6.5. 5 is in cgreement w:th the results obtained by Avi= tzhak et al (1 965),

7

Takacs (1968), Jmswal (1968) -, arﬁdtaoper (l 970). Equation 6.5.5 does not e*:st

- , ; - ) - ) N %
' in the' Kterature . -
) ) ‘“_ . - o o -
* @ M . \ .‘) “"’ﬂ Ly q l ) ’
-, The general case of the exFEusﬁVe‘“’“rﬁE&l with N = 3 is not studied in
“ lt‘
y ~the literature, becuuse of rhe mathematical complexny (Ensenberg (1972)) However,
’.,,N'
a ! study ofégﬁg terminal pollmg system is essenhal in obtaining basic properties of the.
v
generul case of mulhrermmal pollmg system. ) <
- ¥

4
1

. For N 3, we define, for i=1,2, 3, fheset (i,l,l) as (1, 2,3,

(2 3, l), and (3 1, 2) respectively. Subshfuhng Equohon 3.3.13 for vl and

K Equation 3.3.21 for 03 info Equohon 6.3. 2]0, we have - . ‘ ’
: ' - “2 o
o K |
cO-g)_ N+ (-p) g %lrc”, :
i i d + % © o 6.5.7
i 201~ p) 2(7p,) -p)3 A
. . - . - ’
i=1,2,3 ‘ ) .
4F, d h)
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‘ . Below we study a special variant of the symmefric case. ;: we assume-
for i=1, ., N.
.
_ ¥y -
) , £ L]
o P @) = P& . L
5 : . , o 6.5.8 .
= = bW, B
\ PWi ® P, (t=w) . )
\ ) — ) é & “
T ° e,

. \ ' _
i.e., the ?'rmmgfric case where all )\i are different. For this cose, we have from

Fquations 6.5.2, 6.5.4, and 6.5.7:" e '
’ " s 7
FOr' N = 2 . , . K]
| M \ ,
) _ - (+p) 0 ‘ \
9~ = d+(1+p).
. Gi 2(] _]po) ] )

2 * 2

, . ’ C e o- -
" N (Y pz)(l-lLZgi)—Zpis‘]g)\iszﬂl—po)%]'*(].“'P] Pz)("m.

g
) 20- Pt py 2R B0 =R By -
. N ' L]
el 0em) .
BT R N O
| 22, ._2'» %,
- ' ., [("'Pi?("?Pi)'fszi]D‘is +(]—p(),)T']+(]rp?)()‘°Ls«“f(]'po)'T)
S B L 2(1-p)t-py+20, £y) o
e ’ - “ . 6.5.10
) ez . ) | )
o r
0 » '%.‘ B
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‘For N = 3: - ) ,

?

2
. ' 0'
- oy 2 W .
\ - ep) 7\;5.+(|-p0)"""a‘+("P&Tﬁ;ll‘)a

I
\\ qE. - d + - poy " ) 6..5-]]
i 20-py) 2.0+ p,) 2(1-p) d A
- N ' ' A ~ ‘@i
: i=1,2,3 '
. "?n a‘a “ '
- _ For this case ( the symmetric cose with different )\i . defined by %’l .8)
- xi/)\o = R /‘po . Hence, from qu;ufiqn'é.l 35 the dverage system waiting fimeis
. ] v . 2
N \ ’ ,
* y
- pi - L
. ) = § o | 6.5.12
i=] 0 , | ,
| ~ ) Using Equations '6.5.9, 6.5.10, and 6.5.11 in 6.5.12 we obtain
| for N = 2 N Y
C T . - ¢ 2 - 4
v e
\ L P (1+p) A 2o
- _ = - 0 d
qG‘ = 2 - d + + —
. 0 250 -8y 2(-py) 2d
s 2
. - - .
_:_ L pl(]-pl) = )\O s?" 03 !
qE = = : d;-t-{.
/ /K 2 po ( po) z2(1- po) + 24
) .
and for N =3 -
¢ 3 .
- -
y e Z P op) )\052 0‘3 v
. :IaE = = - —a + + - . /' . : 65—5: ] 3
: , 0" 2p0(]—P0) 20"p0) 2d ’ '
o . | . @
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Next, we show that the surprisingly simple expression obtained in . -
: 0 . . B
Equation 6.5.13 for the-average system waiting times are applicable forall N 2 1,

s Ve

< for both Fnodels,. in a general case. . 5 Crf .
' _ For simpliciryﬁ,‘ let's confine the s}udy/to a discrete case where each To.
has different Wi' )\i bﬁj the same s . Define the discrete case
for i=1,.., N
PH = s¢-7) ol
i
Pwi O = s4-w) X | 6.5.14
(-] ° /
A=A, . ) -
P ' * -
Using Equation 6\:5,.14 in. Equations 6.5;.9, 6.5.10, and 6.5.11, we
have for the discrete case : . ‘ - )
L for N = 2 : " . no o .
. o e Cog+2p, py(Irey R)+Ry 6, (P1-20) = £)] _
s 9g. = cd+ (4 p) s - , 3,
. i 20-pg) 200 - p)(1 + py+ 2 p, R)(1 = p; p))
T : . o 6.5.15
E S ) T —
“-" ° - ‘ 9 T : -
G = — d+ — s 6.5.16
J 2({{" pO) i 2 (- po)(] = Py +2 p1_1°2) : :
. Cg L .
i=1,2 '
for N = 3, o ’
” ‘ oh >
o * I‘P- P, , (I-p)T(ilil‘) "
L R i : 6.5.17

i 20-p)  20-p) 20-p)d A . .

i=1,2,3
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“T 4

where A and T G, {, I) are given in determinant form in Equaf;on 3.3.21.

From the general structure 6f Equations 3.2.15 and 3.3.17, we

v

observe that the explicit expressions for the avefage waiting time in both medels,
4 .

Equations 6.2.10a and 6.3.21a, in the discrete case, have, for all N = 1, the

form :
_ o a+p) _J o '
i, T4 ) (s i py) P
©  20-ny o T NT
S 0( i=] i
N . ¢ - &
. _-e) T Ao
%~ d+ ) g (o pg) o5

i 2(‘-po) i=']
4

— B L4

where fii (..), gii (..) are N dimensional functions (which we do not have

P

explicitly forall N 2 1) .

L4

bt e

6.518

The average system waiting time, defined by 6.5.12," is

N i ! —

. ) b (+p) N N
50= E 3+ 2 7 T oppt " )
9 = - t = / P, P, .. &Py r P
G - N et L i i ] N
0 . 2 pO ( po) %“**'po i=l =1
Yoo : . 6.5.19
{:l ’ _ - R
L P 1% e) NN
& - i=] - 3 5
0 " 2p,(-py) Py i=1 it
+
9 f - 4
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o
: . Temporarily |et s assume we have in the discrete case of both models,
'd = 0. . For this case the sysfem is identical to M/G /1 queue where the single
- terminal has the parameter )\0 and all customers requiré identical service s . * The
service procedure, for N > 1, isnot ona "first come first served" basis ; each
o A s
new customer is directed tg Ti with probability —_ onj;h'e service is determined by

either the gating or the exhaustive procedure. The average waiting time of a customer

who enters the system (and we do not know to which terminal he is going to be directed

to) is independent of the service procedure, as long as service is given when customers

_exist. Hence the average system waiting time, in the discrete case with d = 0. ,~

is given by quuaﬁon 6.1.5

’ _ N N 03
s . 0
— . p. f.. p ooy =
p Z Z p; Pl i (P] pN) 2(]-p0) -
v i=1 = X . . .
— | ) 6.5.20
;o %\j Py o
’ S T L L RE Sij (Pre o AN T TRy
° i=1 =1 | - ,

where '3 =

»
I

- = Using Equation 6.5.20 in. Equation 6.5.19 we finally obtain

i " . N ' .
8 S T &_i /. Py (+p)+ pys ™ ;
o
\ N =l ‘
. v qG - § "
0 (= pg) ,
- i N 6.5.21
)= i a" \—’ % - . ~
¢ WL Py L PR Rg

. 9. =
' B ~2(1-py)
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From the above equation we conclude, for the discrete case’, that-£or

W

two identical systems but each with different service procedure (either the exhuusg{i{y@;, .
. T gk

or the gating ) we have - #
9 = a5 ) . 6.5.22;
e 0 0 L. N
% ) , K
where equality holds only when d = 0 . = d . )
, — ) ) 5
~ ‘ - = Po ¢
When d # 0. arq"d pyr s are fixed, qg s minimum when p= g i 1, ..., N

0

is minimum when all traffic is directed to one terminal,

ie. , the symmetric case. 9
0 .
i.e., Py =Py and p, = 0 for i=2, .., N-. Equation 6.5.21 expresses the

average system waiting time in the discrete case of both models forall N 2 1.  This

‘equation is new and surprisingly simple . It emphasises the fact that from system wait=

ing time point of view, which can be regarded as that of Central Data Pracessor, the

order in which the Terminals are served (or located on the loop) is not important and

that the exhaustive model is superior to the gating model. In order-to study the aver:

.

age terminal waiting in b.o'rh models we refer back to the special cases of N = 2,23.

For the discrete case with N =2 we have from Equation 6.5.15 and -

»

Equation 6.5.1 for p, & p; :

96. < 9,
i

| . 6.5.23
%79
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The inequalities in 6.5.23 are explained as follows : for d=10. ,
at the time a new customer arrives, the server is more likely to be at T. than at fi
{since pi > pi) . Therefore under the exhaustive service procedure, a customer

who arrives at Ti is more likely to Be served before a customer who arrives ot Ti
L

s at the same time (since the server may leave Ti only when it is empty ). But, under

the gating service procedure, the customer who arrives at T, (when server is there )

} P Al

is served at the next cycle and therefore after the customer who arrives at Ti . When
¢ LR o

'd# 0., the contribution of the new terms (in Equations 6.5.15, 6.5.16 )"

strengthe'n}fhe inequalities of 6.5.23 .

1

* Inequalities 6.5.22 ond 6.5.23 yielé: o
o \l <
%G, 7 %

C G <% | o
J i . | ‘

Hence, from the "big" terminal point of view, the exhaustive pro=

R

cedure is preferable. However, for d=0. , from the smal¥ terminal point of view
\the gating model is preferakle. As d iﬁcreasei, the average waiting time for the

gating mode! increases more rapidly than that of the exhaustive model. Numetical
8 a i ,

' 1 _ 3 .

examples of 6.5{15, 6.5.16, and 6.5.21 for the case P = 1 Py pi =1 Py

and 5 =

1. are given by Figure 6-8 where d=0., Figure 6~9 where d=1. ,

and by Figure 6-10 where d = 100. . The numerical values usgd in these curves

a, P
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these curves, as well as many other cases of different sets of (pi, pi , 8, d) we

L

studied, * . . e

]
‘ B .
e

IS 1

- N
K » j ° .

. In order to obtain some insight into multiterminal asymmetric

I ! )

}
~

‘systems, we conclude this section by performing an exact analysis of three terminal
f ° '

system (N = J) in the discrete case. We use' Equation 6.5.17 to cdlculate average

=3 S & '

waiting times in fhe-gxhausﬁve model’. From Equation 3.3.21 we see that A isa
i ’ . ° . _ j

function of (p] r Py p3)‘ and T (i,{, 1) isd.% mulﬁplying@c-funcﬁon of

{ p.l p p2 p pa’) . Using this Ect in Equation ,56’.5.017,'we can write for i=1,2, 3

S * ¢

—_ (] - pi) ) o - & ]
q. = ——— d + £ (P, P. rap) -5 6.5.25
E, v Py Py _
i 2(1-pg) ,
where : ; 4’ ‘ v ' .
: p,  (M=pT(i i)
F (b0 Py o) = g POTET |
- a 2(1 ""P{) L 2(0-p)ds A" i

X

B R \
o

and the set (i, |; 1) indicates the terminald service order ;

o , . . R ‘
Ti is servgd after Ti and Tl is served after Ti but before Ti .
The éﬁly‘ébvious fact obtained from Equation 6.5.25 is'that when d increases all

g ¢
— .

G 1= 1, 2, 3, increase where the contribution to small terminals .( with small

i v 4 i v
traffic intensity ) s bigger. .- . .
. :v' L3 . Q‘M .
Define : ot . i
‘ o . ] !
-y ) g\
/ o L - 1
'3 N =y
¥ 7

pol lsng .

are given in Appe;\dix F. i}\equuliti'es 6.5.22, 6.5.23, and 6.5:24 scharacterize

P

bl
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. x «
1 , .
L y ’ -o_ = (ai ’ ai r a‘a 3 6.50.26
1 N - : , ) .o
bt P.‘ = P' ) ‘ ; P - N
where g. |/p0 _ |/% J I/.p0 : - .
: * ‘ ’J . " 3 . 3 = o
Ao~ , - L -

o~

e oo v - ®

Equahons 3. 3 21, 6:5.25, and 6. 5 21 to skefqh qE - qE , qE , and qE
|

resﬁﬂ’ts used in these curves are given in Appendix F .
' " T F= v ’ . 14

hd .
-
. ’

. "7 FromPigure 611 Whgfe43=(}. and a = ( -125, .75,

% 0 ¥

[

g po Seven curves are shown : Figures 6=11 o 6-17 ond the numerical

For s=1 , 3-—*0. , 1 100. s«nd various sets of a, wenusé

0

3

~

125} "

" we see that even so p = p|' = 123 qE > EE . Becauseé of the nature of

F

¢

i 4

Equcmon 6.5.25 this inequality exists also for ‘d 7(0 as shown in Figuré 6-12 and

*

#

e

LY
Figure §-13 fqr H— 1..o0nd d= )00 respechvely Hence, the oyder of the termi=

nuls in the lodp is of lmportcmce It should be rﬁenhoned thof this feofure does not

e

.exist for N=2 . Th:s ,geomefrlc feoiure emphasises fhar <. v do 'not depend

13
{ ’

‘qE :>‘6E is sintilar to fhe one whlch |ushf|es mequalLty 5.5. 23

i bl : -

and’be;cquse at ony gwen time, the server is at Tus or T1 w:fh eqﬁal probabihty

2

“ v

&

on the :qgeomefry" of the system ( the order’qof terminals ) buf Uvz fand’ o, for
, . o i i
N > 2 do depend-onit. Therefore, the first expression in Equation 6:5.25
. Qg : o N
(-0) _ " % : LT
e ' which {s '— does not confain this geomefric fec\tire where the second
2(1 - oo) o, 2 ' ~ 2 S .
R - p;) e e : :
“ part f (p p ; pl') '§ whuch is’ —— dges depend on the order of the
s . ! 2'C — ' ) ¢ v
' . T 3 ‘o
_terminals, = @ ————— '
/ ® ‘ o ' " ’ . o
; An infuiﬁve redson,for expld'ming that for a-= ('.1025 :75, 125)

4

» ¢

Assurﬁirm“_a = 0.

+

0
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and in Ti with gréater probability. Therefore, if at some time instant two custo-
mers arrive - one to T, and one to T| - the server is more probable to be in T‘i
or T, than in Ti and hend§ the new customer from T' is served before the new
- gusfomér from Ti . - °
- ) —h‘H‘M»
p Using the above argument for any set of a {not necessarily with two
’ :1. N N - - : ’ T \ 1 s
. equal Terminals); we have for a, < ai : - L
. i,
, N
. ° ‘{ af 7 . |
{of (a.,0.,9)) <sq. { of (a.,4,,q)] 6.5.27
- . ¥ | ic E| B TR T ,

y
°
¢ - « . S

. This inequality can be seen inoFigureis 6-11 to 6~17 and in Appendix F and was
. .\veriffad“;fgr many other sets of a . Therefore, in order to Teduce the average wait-\»
‘ing time of @ ,'Derminul, we should locate it just after th;e bi'ggest terminal . -
x N S Co
. \ . Another important feature which can be seen by comparmg t-he set of
3

3

W, th the set of * Figures 6-11 o é6=17, is

Figures 6-8 to 6-10 (where N =2)

EN

o

that for any a
‘

t

t

)

L4

>

i
,-:J\

L’i.(

G [ of (o, a ,a)} <g:{ of (0.,0+a,a)] 1 6.5.28
C e R L g SR L o) s
5 ' . L
' The intuitive region for this inequality in fh}ee terminal system is that

v when the server is in Tl , new arrivals to T are served béfore new arrwal&'ro T

\

y T Buf in fhe two terminal sysfe‘l - consrructed by combining T Gnd T to one' termj-
I4

(fo T) only when both T, and 1., are empty. .,
i yw ; i 4

('I'i ) fhe server-leaves . T
a B
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Clegrly, the same argument hold;, in the discrete case of the eXhaustive model,
. e ' ' i
" forall N 2°3. We have , ) ’
© N i‘
) N-1 -
— o ° ‘ - N ¢ ’
9 {"of (ayray oy oN)} < qg { of (_Z a, ,‘aN) b 6.5.29ﬂ
) N . 4 N H. )
L

A

Hence, to find the upper bound on the average waiting time of ‘Ti in

- - . L1
the discrete case of the exhaustive model with any N = 2, we use Equation 6. 5 16

[ Q
with P, = P, and p Py~ P in inequality 16. 5. 29, to obtain for all N =2 2 I
' \?\f | » )
. (-p)d ['p (1-p)=2D (py=p) O-B)] 5 . .+
-aE < |n + 0 i i 0 i 0 6.5.30 . ‘
i 201 - py) 2(1 - pp)I - py+2p, (/po- p.)) '
qf}” ° s 4 . A ’ ’ ,‘/ s

‘ “Far 5= dnd_c_:n= f(_125' Zés 125) we sketch qE p clE ’ qE ’

' - l l,
and qE for d=0 .. (Figure 6-”) =1. (Figure 6—12), and d 100. (Figure
9 »

13).‘ Since the contribution of d 5«’0 tq the average Terminal waiting tirie is

o

A\

,sim;l,e and does pot depend on fhe geometry of the system, we set in all latter Figures
d

, and g for
| il Fo
a = (.25, .5, .25) - Figure 6-14, o= (_;25, 375) - Flgure 6-15

d=0., For 3=1. and d= 0. weskefch qE , qE X

a = (. .125, 625, «25) - Figure 616, Ty ( 125 :25, .625) ~ Figure

6&-17. #

&
o 4
&
! }
> . » oo

In these seven curves at least one of rj;i@ terminals has either .25 Py of

-

75 pq troffic infensity . This e‘)nqbles us to verify I&équthy 6.5.28, by comparmg
' ‘r 4
them to Figure 6-8. Thls companson is beﬂ'er performed by usifig the numencal re~

. ot , .
% A‘{ ¢ e e o
& ' L . }1\‘} - . }:
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N - o to be equal

1Y

(4 P . \ Y .
sults of Appdndix F. The inequality 6.5.27 can M verified by those seyen ¥
curves, the last twq curves , Figure' 6-16 and F~ilgure 6~17, are supplied to.
illusteate this inequality for the case o, # a, # a - ’ g o
: ; ! I "ok e
- x":,;"#-}
IS
| L &
(7 L
- ~ ) :
6.6 Conclusion ' T
" In this chapter we studied both models from the waiting time point ‘of, “

view. In the symmetric case, we obtained explicitﬁexprelssions for- EG and HE
forall N > 1 (Equation 6.4.3) . From it we showed that HE < EG (equality -
4 '/ ' B <«

holds when total average system walking time, d, is zero). Therefore, from™the

v

, N ) o
average waiting time point of view, ﬂ}e exhaustive *model is somewhat more attrac~
X

Lt - - ) j po "
tive. However, for practical symmetric multiterminal system (where N is always

much smaller than 1. ), ‘the average waiting times in both models are practicaily

b4 AJ

: . 9
equal. For the symmetric nonrandom case of both models we obtained oq for

(for small N the exhaustive model, tigain, looks more attrac-

by - | -

tive). Using q and 0(2] we obtain a bound on the actual waiting time¢ ih the-
*s k)

mgltiterminal case of both models (inequality 6.4.11) .

t L4
~

- For the disé¢rete case, defined by 6.5.14, we derived expressions for
the average system waifing time (Equation 6.5.21) and showed that EE %faG ‘
‘ o ‘ s 0 “0

(equality holds when d=0.) . For N =2, we showed that the models behave in

a reversed manner, i.e., when p{ < Py we have 'qE > aE but *qG \ < a(‘; .
. | 1 2 1 2 oo

Wheh d increases the exhaustive model becomes more and more attractive. | For the

A ' |

o

-



¢

ex@ausfive model ye g%i
by studying the case N =3 .- From if,’ we obtajned upper bound on EE for all o
. .

N (inequality 6:5.30) . - R

°0

.—

-

]

“ ! ' g

ned some insight to the discrete case
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CONGLUSION AND SUGGESTIONS FOR FURTHER RESEARCH-
- : M . i " N .
) " L ) ‘ - . - - .
: ’ In this thesis we performed an exact analysis of a general polling system,

:
¢

-+ - where N terminals are attended in a fixed-cyclic order by a s"gle server. We

e
’

analysed two, different service procedures. In the first, called the gating model, ot - o -

4 » 5

. each terminal the server attends only to the customer§ who are present in it at the )
o \_ ) .' B ) ’ % +
moment the server arrives. In the second service procedure, called the exhaustive
. , .
model, the server attends each terminal until it is empty. 2

R b ™ »

x 3 . . ' .
© In both models, new arrivals at each terminal are governed by an in~

dependent Poisson process. The service time of customer and the walking time of°
» ) B -
the server, between two successive terminals, are independent random varigbles , .

“ -

L, N

&

possessing any probability density function.

' .
a 1 o -

. o . . ~ . ‘ ° N .’ ’!
{\ ., "The main reason for the success of the study is the choice of a particular

“ |

‘ T ’ ° - i * . ¢ ' . to
N, dime‘nsmnal random vector; whose elements are N successive terminal service

v ‘ ) ‘.,' N <. v,
- times, describing a complete cycle of service. ‘ 4
;
PA . . .

o

F , 3

.

* - .
The basic equations obtained are recursive forms of the Laplgce transform
of the probabll{ry densuy funchons of the random vggforh These equoflons enabled us
¥
to’ derlve explicit express:ons for some momenfs of- fhe terminal seryice time, 6, the Co

3
’ - 7

«- . “rcycle.time, ¢, and the intervisit fimé,_: v . The tmoments are obtained in the
. _ L e . B

‘ transient and the steady states. 5( "o , " ‘
’ » (?} '

‘

' . 3 . - "
. \ . S ¢ . .o ' R L
A N t . ~ ° \ - .
. .
. L s, . y
y
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v g > ¢ i

X , L
}" « In deriving those moments we encbuntered a relatively small number '
. .

J of equations as compared to Leibowitz 1960), Cooper and Mur;a 1969), Sykes (1970),
q ) p oper Y Y

¢ Cooper (1970), and Eisenberg (1972). This enabled us to derive explicit expressions
o ) . , v : , 4
for some moments of 8, ¢, v, and customer waiting time, q, that were not derived

=
\\ ‘1t 4
N

N before. For the symmetric case, the eomplex%fy of theyequations, obtained by pre- .

_ onus researchers, stayed the same. Using our technique, the number of equations
. , N ‘ . . _

}

J s ' 3 o

+ =‘needed tobe solved, in order to derivesthe moments, is substantially. decreased (by
J// ,‘] . “:: { r ¢ - - N .

. 4 afactor of " /N) . This feature enabled us to derive explicit expressions for the

o ¢

_second mome‘r:ts of. 8, ¢, v, and the first moment of q for the ~symmevtri"c case,. ] Al
R ~ ¥

these expressions are new. At this point, it should be mentioned ‘that the symmetric-

3 LIS 2

s 1

2

t * -
case is the most practical case of our general ‘model, where each terminal is polled 3

-

i~ “ < »
once and 6nly once, in a cycle. This polling procedure is the pptimal for the symme-~
. IR S
N R v . - . —_ S
tric case and it implies ngpriorifies among the terminals. However, for thé non- -
symmetric case it is better t& consfruct a cycle of service ift which a terminal with q .
g v L ”

0
1

Zhightraffic intensity is pglléd more times than one with low traffic intensity . )
19 il : ;

o 3

oy ' :
o . S ‘ k 9 . ,{ . Cw o,
' Throughout the study a comparisgn between the"gating-and the exhaustive

P ~

-t ' . ' N ' o = . . N . - .(j' ) » ” . )
.- model is performed.  From the mathematical ccn;ple%ufy point ‘of view, the exhaustive .
' N | o : . SR .
1 model Is*easier to solve as the number of linear equations that are fequired to be solved
- - N ! R . . —":' x e - . ‘ o ‘ '
in orde)r to find'moments of 8, ¢, and v, issmaller in this'cases This is due to the

2 N 4
T 2

U fact thét @ basic random vector. of dimension N=1 is sufficient for the mathematical

]
-

@ rd

« v . ! o ’ * <y \ .
description of the exhiaustive. model, where an N dimensional random vector.is,

3

~ G, v *
LYV

. i ne?:essary. for the mathematical Jescripﬁon of the gating mode

r . I — ) b
.
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Comparing the gating and the exhaustive models in the symmetric ' '
case, we showed that the exhaustive model is superior to the gating model. The ©y

-
exhaustive model is superior to the gating model*in the sense that the-transient
- . " 3 , - ‘J
response and the recovery time of the first momentsjof 8, ¢, and v, are shorter

e

in the exhaustive model than in the gating model. ' The normalized cross correlation

! 1Y

of @ or ¢ or v, in both models, converges to zero as the difference between the

b '

termir‘wols (or the cycles) increases. However, this ccohvergence is faster in the
exhaustive model than in the ‘gating model. A buffer size which gg‘or’anfee; a fixed
and arbitrarily small probgbility of me'ssoge r;eiection, in the symmetric case, would
be smaller in the exhaustive model than in'the gating r;odel . The c;ve:'age customer

waiting time (terminal waiting time and system waiting time) is shorter in the ex-,

_haustive model than in the gating model. This supef'i,ority of the exhaustive model

e

over the gating model, in the symmetric case, is substantial for small N. However,
, i
for practical symmetric  multiterminal Lysfem , where N >>1, we showed that
o ! ”
both models are essenﬁa‘ly the same. For this multiterminal case, as we derived thg

variance of the waiting time, using Chebyshév's inequblity, we obtained an upper

.

bound on the actual customer waiting time. Hence, in practical multiterminal

[T
X

symmetric polling system , the choice between a gating or an-exhaustive service pro-
1N ° - N l [—
cedure should depend on other criteria such as hardware complexity-

-

For the discrete case (symmetric nonrandom where each terminal has

different new arrival rate) weé studied the average waiting time in-both models for

two terminals system , and in the exklaustive model for three terminals system. -

)
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4 -

) )
For the two terminals system we. showed that the exhaustive and the gating models

" behave in an-opposite way . In the exhaustive ‘model, the terminal with the low ‘

o

traffic intensity has a bigger average waiting time than that with the high traffic

intensity, but in the gating model, the opposite holds. For the three teiminals

. v

-

system, with the exhaustive service procedure, we showed that the ayerage waiting

time of a customer in some terminal also depends on the geometry of sy

the order in which the terminals are pofled). For the discretg case in botf models
- - ¢

" ' . L .
and forall N, we derived exacfﬁ/pressnons for the average system wditing time.

The expressions 6btained do not depend on the geometry of the system'. The average
‘ . ) 5

o

system waiting time in the exhaustive model is smaller than' that in the gating model. .

. -

»

However, for N >> 1 they are essentially the same, g ' y

N

. Fof the symmetric case results concerning jtransient behaviour of the

first moments of 9,1 ¢, and v, steady state second mgments of those quanfities,

o

and the first two moments of the buffer size and waiting time, gre-ne\;v and of basic

4

importance in understandingand designing a polling system. For the discrete case,
p g0 gning a polling sy I

all expressionshfor average waiting times for N =2 in the gating model, N =3

in the exhaustive model, and the average system waiting time for all N, gre new

s

as well. . ”

. N

Suggestions for Further Research B ‘ ,

Y v

- 1." Derive an explicit solution to !\&‘geheral" equations (Asymmetric case),.

»
(3

to obtain the second moments of 'c, and v, inthe general case. Fram

it, average waiting times can immediately be derived.

- - i f
. ~ -

N 14




=

.

Optimize the geometry of a generaIJpollin:g system such thaf a given

terminal has the minimum possible average waiting time .

A
v

_Derive explicit expressions; for second moments of ¢, v, and first
k
Q

moment of q, for the general polfling model in_#ich eagh terminal

may be polled more than ohce during a cycle -of service. L j
Do an exadt Mudy of a polling system with finite buffers and / or server  ° E .
with finite/Service capacity. e
S s o
. Do\% compuarison between the average waiting times of the polling system
. ' . ‘
" and the loop system. ¢ y
‘ - ) L e
¥ +
lr . N
2 . '
- A -~
" ’ \ .
o - | —
* g . —
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APPENDIX A ‘ : .
‘ z o « - - o
P ’ - ‘I" - . , ' . )
Busy Period in M/ G /.1 Queue -V ( .
. ﬂ , q

\ '

- The method of derivation is due to. Takacs (1962) . We have one
- terminal (queve ) with a Poisson new-arrivals process having pdrameter A, ’

general independent service probability density function QPS (.) »and zero walking

T, 52, « . .
. time. ‘ .

A 1

A busy period starts as a customer enters a previously empty queve and | a

- . !

) ends as the server becomes idle for the first time~. ‘ . >

De{f ine :

~
R

we

L
<

N\ . . ’ .
The probability.density function of a busy period, N Ce
¢ ' B 1 S i ) . ’ ! ,*
_The basic idea here is that the length of @ busy period does not depend on the order in
* » .
- ‘ ° g :
. which the customers are served. Therefore if m new customers arrive during the

¢ <

sefvice time of the initiating (first J customer, each of the m customers initiates .

an independent bL;sy petiod: Hence, the total busy period is the¥sum of thé'iniﬁufing

~
customer service time and the m independent “new" busy periods. bo- '
3 | ' \~
By the Law of Total Probabi|iify, we have : D - S :
¢ ) o & -
J ‘ -~ N Vo <F
\ . t oo < e o .
P(t) = [ ) pob(t,m, T)dT ) A1
L A - . [
. ‘ \ . o m=0 . . .
< Where L ™ M ’
‘ & T

-



7

"

a * 'S

E

b= Length of the busy period ,

) =

T = service time of the initiating customer,

)
8 " 5
em = .the number of new customers that arrived during the
. ‘ 1
. . service of the inifiating customer.

‘
N -

8

. t
’ M “n o
to o m=0

. - - - y '
Prob (t+ /m, T) and Prob (m /T) can be immediately determined from

-

[

*

o

-

8

) Prob (t/m, T)‘P,f95~(m/,‘f‘) P (T) d‘f )

\

LA=2

‘ p =N
A.‘2

P, ()

a )
and the Roisson process refpectively, and since Py (t) iszerofor t < O we
. |l' . » - ’

obtain ! T . i
IS ‘CO fx? ) (m) ,
- Y *
B = pren Lo
o m=0 ‘

&

-t
o

™ /mt] exp(-)\‘r)Ps(T)d‘r‘

\

Define B (. ) as the Laplace'transf-orm of Pb (.).

-

A

\We obtain from A.3 i

\

o

)= [ [ ) ew T-(emxIp TG

o o m=0 - .

Integration over_t_yjelds— "

exp—[vt- (N+x)T] P

(m)

)

(r)d T dt

e e —— 8 —— e

«

W

A.3

iﬂ\:/ o

- 1) L™ /mt]

A.4



. Lt ®
7 A3
o = |
| Thod =) T B(x) ™ /mt] exp[-(A+x)TIR (T)dT
{ R - . . « )
. \\ o m=Q ) . A.5
C \ /
’ -Summarigq over m yields J //’
| ‘ - . 3 /l
‘B (x) exp (= T(x+X(1=B(x))] P(T)dT AL
which implies . " )
' c - B(x) = | S(x+A(1-B(x)) A7 ‘
at x =0, x) =0
I Tofind the first three moments of the busy period {b, 'bz, b3) we differentiate o
A7 w.r.t. x three |times and set x=0 . C
Al | u
) Notice : B is w.r.t. x and S is w.r.t. itisoll argbment, x +A (1 =B (x)):
We obtain for all x
J o . ¢
¢ ‘ :
B = (1-28)S e
r ) a o L ! . v
X . 2 . s o .
A = 1 -
o =
B . = AB)S-3AB (1-AB) S-AB § . ABHF
‘\ ~ > SRR
( W\# )
At x =0 we!have
t # p af - —
* . ,S‘ = '--; - S = 52 S = -‘\33 ! -
’ ‘ . “ ' - !
" B = -B . B |= b B = -b° A9 :
. ‘ '
. r . ’




Id ": ) ',’ "; - A,\:“ :, ‘:‘»{ . -
) 51 c A-4q
{ \ s -“
“ : " a’ ) § : - -
, Substitition of A-9 in A-8 yields -
B o= | o
SR D ¥ ‘ ‘)
5 2 g .
¥ b2 - ____5—__ N & S b
(- 29°
- ”3 "2 |
b3 - H -4 + 3 A H — 5 . . : » Aa. ]0
- \’s) RS ) M. ' ’ 4
L

2
t
J

Clearly the resu|ts hold only for A\s <1 otherwuse we experuence a nonzero probability

that ithe length of the busy period is mfmtfely long. "\

r{} ﬁ’*/ﬁ

L]

- as

- The Number of ‘Customers in a Busy Period ' . ,

" Define P ( +) as the probability densufy function of the number of custémers
[} - i .

. that are served in a busy period. In a manner similar to the derivation of Pb.(t) e

2

“realize fha% during the service of the initiating (first) Customer, t, m 2 0 of =

& ,h“ ———— # b
. - * @ .
customers might arrive.  Each of the new customers independently initiates a busy
periéd, By the law of dotal probability we.have : \
, vols !
TEne - N . : .
! ® n_'l / \ - ¢ , o
TR = [ Z Prob(n,m,t)df . . COAL
2 om - ~ |
. — . B" * \\\\ . s
where \ - - ‘
. - s
. N ! ;
P Y@{m 3
\ o o



Q N . "
9 % AﬂSL
- f ﬂ 'y
n' = The totat number of customers in the busy period, o
o , o
m, = the’ rym}ver of customers that arrive during the service of the
. " first customer, } \ '
. 4
.t = the service time of-the first customer. )
- i \
. " ” : ‘ !
Using Bayes chain rule we have ‘ ’
» ! ~ )
o© n-] \( ) . o o
@) = [ ) Prob(n m ) Prob (m /¢) P () db - A2
o m=0 2 \
® o ’ ,
. - (m) ) R
=% P* =D [OH™/m 1T ep (-21)F (dr A3
o m=0 ’ ’

—- a \

SIn deriving A.13 we used the fact that the new m customers create independently

a

a total busy period of n°= | customer (not including the first one ). Therefore :

B (m). ‘ ' .
Prqb(n/m,t)=Ph*(n-l),(=0form>n-1) A.14
T , ‘

Degine the Laplace transform Bf Ph (+) as. H(*) we have :

-

/J8'

H(x) = /) e{q)(-)’(_n‘) Ph (n) \ A.15
n=0 \‘ ® (%)

Clearly Ph (0) =0,

+

%

Appfying the Laplace transform to .A.13 we obtain :

Q

‘ , . s
.
4 s
" -
-

a®



. N
v - ‘o h ’
.
. o
5 R4 7 a
N —_—ie .
. ..
ﬁ ’ - y
* - ¢ ¢ /’3‘

‘ o . | ®o ®: N ) o B
N A i (m) m > ’
2 H () = exp (~x) J.L ), exp & x (n-l))Ph* (n=1) L))" /m]exp M} Ps MHdt -
\. o m=0n=l . ' A.16
: o ® o ) _ .
: sep (-x) f ) [NEHG)™/mtTexp(-Xt)P @) dt- 5 -
) oo'm=0 .
. ‘ - « - -
. =ep(=x) ] ep [=A(1-H@ P M dt . .
- . 'Q o . ’ it
. ‘ R | ' Ly -
H&) =exp(=x SIAN(1=-HK)] . A7
3 : : - ) ,

y . ; . .
In ordet to evaluate the first two moments of the nhumber of customers in a busy period

N . . (h, h2) we differentiate Equation A7 w.r.f.$>'< . Define H (x) 4 H,

TN

- . P
ugk(l-H), S(u).eS,we.hdve: “ °
w‘.\} £ —XH’ . . ) ' o ) f- ‘ . J\\
Y = =\H + . ’ A.18
- and by differentiation of A.17 : - T
. H = exp (-x)(-S’-j-t'JS.) ] |
_ A 5 N ! 4
N~ 3 X4 OJ, I N LI e -‘ . ‘2 . ~ &2 (
H = exp(=x)(S=-20S+uS+(u) S) ’ S 8%
8 .

Substituting A.18 into A.19, yields at x=0 :

&

-

l4
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-
il

.

1+As-h,

T+p

-

+ )\2 52

L2 3
w0=0 (-p

h2. -
.-2 2
W R
4

o

p(

1-p)+ X s

(1~ p‘)S

°

2 2.

.
\
.
i
i
.
o
a
Pu
°
»
B
>
4
t
i i
14
-~
<+
-
e

1+22FF + AThE 5 222

2

h

13

7
v
.
-
&
.
.
! -
]
.
[e] \- .
\}
- (Y
5
,
.
{
“ | . “
.
: °
J
*
s , A
.
d
,
.

AY
B S A
L4
2
3
. s
. #
,
-
AY
A.20
.
.
Y
n ks
.
S
‘
-
V4
o
L -
.
.
o
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‘) . . _APPENDIX B
'2"%; , - [ . .
> . COMPUTATIONAL STEPS INTHE DERIVATION OF THE FIRST THREE MOMENTS
- o
‘ 1 OF 9 s v -, e
, Bl Some Properties of F ( -) % S e ,
“, - b - 0 e * B € u 'r B
. We have, for N 2 | ° v ;
%
- ‘~‘E‘=\¢e]~,—a G ),cm N~ dlmensnonal random vector wuth proboblhty
‘ density function P (8) . The Laplace transform of P (8) is -
! 4» o) fo's) ¢ N .
[4
G =[.. e xp<-on>P,<9> []ae o1
0 0 i=1 o i=1 .
- ] )y
> Define
. F(x) = InG (x) S - B1 2

It is well known that

—

\e ‘ ) . ,
~differentiating G (x) w.r.t. the ith , jth, Ith arguments where i, j, 1= 1, ... N,

at x = 0 vyields " :
o !
, \ -+
-G, . (0 = 9.0 . 1.3
GI:I (0) \ % °
. _— ~
i @)= S :
N s
‘~ . For convemence, let us write G and F instead of G (x)ond F (x) , respecftvély
|
Y - .




&

DifferenﬁaﬁnguBl.2 w,r.t, the ith, jth and:lth arguments forall x 2 0,

~

we obtain : : -

Fi = Gi /G - l .
l | .
P. = (GG ,-6,6)/G | 8l.4
i LT N '
7 2 : { . - . —_— | 3
REENEIE R K A N AR R Rl B R
At x = 9 ~. G (g) = 1 ; using Bl'.3’ in Bl.4 we obtain
Q= -8
F..(0)= 0.0.-0.0, = (8-8)(6-8 B ,
| . ) 'fl("') T U A ! ')( I l)' o 1 .
N N . . - . ' L] — - B] .5
' A - - '- - - —‘?
) Fi,i,l (0) = -Gi9i9|+(9i 9i91+9i0i9|+9| Oigi?-zgjgiO'f -
e - e T
.= ‘-.J(Gi—Qi)(Oi-Oi)(GI-OI) i
The above equation is used to derive Equation 3.1.8.
It sh»ou1d be nof'ed‘fhclt Fi i0,m does not have the same structure as Fi f and ..
ryrts 4 .

R R
-F,.'have. . . : , : -
brle . , .
0 * - ] ’ ;



~ We . have
e M e (.wk (xN»
k1 N, N Y @
' . ° Mk (XN)) °
t ‘ -—T—wN N~
' +(xksk(x )) /. /. kFl
' i=1 1=1
For J=1, .., Nt
® N - ‘
- l
. e ® "k s N L Fi g (2)
Atz/f_ = 0 we have from Equations 2.2.16, B1.3 and Bl.5
z = 0
Wi<‘°‘) = 5 (0) = 1
o Wo0)= -% Wo(0) = w2
. k k k k
's" (0). = .= *S(0) = K: L
F o - ~—-~r
kF1 7 *"( R 0
i (9)= (8, =82 (8 =B )
? ‘ , 2 . — 2 2 =2
$ H = - = - ¢
. . ?y defining crwk (@wk wk) W) K

ot

B2

Deveibpmenr of Equation 3.2,12

‘PA‘ ---------------------- 2D

)\kS (x

_‘L[‘*'J y 4

B2.1




&

4

L0 .
N N=T
2 = p [} 2 - ( - \-’ o 2 -
%, (Cen =GN =0 20 Gy O+
k+N , £ 20 -
. . i= i=0
'y : ) ,
: TN ) gl
! = Z (Gk+:i b-k +|)] . i
) i=0
. : ‘ B2.3
N=1 N=1
= \ Z ® -
Rt k+i - k+ )(gk+l k+t)
i=0 1=0 ,
! R [ .
A direct substitution of B2.1-3, end 3.2.5 into 3.2.12 yields *
# g

k

— .2 7 -
(8 -9 Yo =g O+t N8 ¢ +(Ns ) O
kN T KN w "M% kN "rk o +N
! , .
For J=1, ‘U\,N'-t e

;‘I

NP
Cin T " %) SRR ) Oy k+)(°k+. T i
L, - - i=0 ‘ ‘
& , : ) '
: N=1 Ne=1 '
o .2 o \ “- —
DL where o T ) ./ (9k+? -Ok +..i)(ok+| -bak_”)
KTNs0

)

3.2.13



3

We have

RA, 1) =

(5
;N
-
N
g
i

#

<
I~
- ~ »

el

R

i

Subsfituting B3.1 into. 3.2.16e and 3.2.16f

\

il

-

-

o,

- Substituting 3.2.16d into

" B3 Solution of Equation 3.2.15’ f

~ -
EY

A R
. i - S ey e T .
RO, D+R@, 2D+2RQN) .o

R, N+R @, 2+2R (1, 2

Py R @ 2)+p pyR(1,1)

4

.2.16¢ and 3.2.16c ints’ 3.2.16d, we obtain

[

d,1)+R (,2)

i . -
. "3:" - i .
or.N=2
2. 2 .2 . ,
ow],+ Asje X acl . \\ 3.2.1‘6u‘;
T 1 .
.2 2. 2 2 o ‘
o, thsyct py O . A S.g.léb
2, 2 o
: e ‘
p] (R (2l 2) +R (2: ]» ) 3.2.16¢

3.2.16d
o L o
3.2.16e
3.2.16f

4

o
@ ——— -

g

- 00,

BRO, D+ BRQ 2

'

1= 8 Py

<

yields -

=

'f}

B3.1 °

I
3




o )
§a _ L 'B~6
» ' k] 1\
L‘* | 1 2 “ RA, M+ (1 2, 2
2 -pl‘iaf Py) ( )+ (1 +p, pz)R( )
| e 53/2
2 (-l+p°1 PIR(T, D+ (1=py py+2p)R(2,2) . E
C rd
2 _ lh-p] p2 .

>
“

Substitution of R (1, 1) and R 2, 2) in the above eq;wtjon and using Equations

o 7
/

/

- 3.2.16a and 3:2.1§b respectively yields ’ .
. 2, 2=,2.2 . 1. 2 2 22
{1 Py p2+2p2)( +)\]slc Py ac )+(]+,p'l’p2)(pw +)\252c+p2 A )
“2 e . * ] -~ - 2 2‘_4
o a —
C, . s - ' . /o o
L ‘ 1-p,p A
. ) /} 83-3
) . 2 . 2- 2 2~ 2 2
- (l-p]p2+2p])((0w2+)\22c+p20‘ )+(l+p1p2)(c]+)\l]c+p]ol)
0’2’ = i - )
g - ’; ’ , f’] p2 o
, [v' . W ,
B3.3 is aset of 2 equations with -2 Unknéwns. ‘Rearranging it, we:obtain
_r”{’ //1 / '_ ’ » R
: y )
o - “p2 (-0 p,+20)1 0 - P2+ p,) 0 ’
i t_"lz )7 e P2t A Py O,
., 2N . - 2
.o =( - p‘p2+2p2)(>\ sc+o*])+(1+pl.p2)(x252c+qw2)
/:/ ° ‘ i ) . 83-4 ¢
2 2 2 . 2 :
- (+aR) "cl‘“[' =P Pympy (L= PPy +2p)] %,
‘ .::(l+p Y(A 52c+0’ Y+ (1 - P+29)( 23 2)
: 1P (A sy 0y Py Pp*2P) Dgsp ¥,
v ° ‘ M &



f >
I
[l

Applying Crameg's formula for the solution of a set of linear enc‘;gatfén,\we g o

. 4.
rearrange the expressions obtained, cancel a common term, (1

?

= p] pz) , and ‘

Qbfain ® __t ‘ ’ —

® (= ps o) (142 )’-2 31, 25 +0 J+ 14 pp )0 2T+ 02 )
IRIULY SN I9K Py Py JLN s e W, (1 _p]pz szszc- W

2 . 3

(s) = P

< N (=pypy)(1-py - pz)b (+py+m+2p 0)

. ¥ . . . 3.2.17

o s obtained from 3.2.17- by .interchanging the indices 1 and 2.

.2@ B 'a @ : . N

' o ! -, ) Y ]

B4’ Solution of Eﬂquution 3.2.19. Q\ ' o

We have s _

R 0), = 0‘2 +)\52c + p2 0'3 . ! 3..\2.1.90
sfor 1= 1, .., N=l e
J N—J-

RN-) 3 el R() ) R(DIT, 3.2.1%
F, ’ - IR B = SR '

° L] -
where © *° ' '
. ‘N-1 S
2' . - - R 37/
o = NR®) + 2 [ N=D) R (i) .2.1%
i=1
T ‘ ,.\ ’ @,

&

1




- ~

s .
Using Equcmon3 2.19b we show ﬂwaf ull ) i=1, ..., N-1 areequal.

L A

> This is done in two'steps. ‘ . ",
. Pt 3&”/’;' \ ‘ ‘ . .
Lemma B4.1: For J=*] , N-2 R(N-J) = R(J+l) N
Proof :* Defme | —N (J+Ql“ For J‘l,,. . N=2,1" isalsoin

e o=

Fl

rhe range 1, 'y N 2. Using 3.2, 19b we fmd :s/v_l ke

A
= v - Py

-4

. . 143) o
RIN=1) =R(H1] = b [ i R()+ ) R(i)]

) Q‘”) CL .
=pfz R(i) + JORN
o l“'~o I=]
Hence, for J=1,..4, N-2 ' o \
. “R(N=J). = RU+T) - B4
) . Q.E.D
Lemma B4;\2: For i=1, ..., N-] all R(i)“ore equal -
Proof : . LD enough fo*“show fhaf for J=1,..,, N-‘-2‘. .
R(N J) = RN 1)
Using 3.2.19b bflnd R(I\r (J+]) eok;fuin ©
® . o 4
‘ . J£l N-i—2 L
RIN-Q1I)=p [ ) RO+ ) ROI. . B2,
. oLi=0 i=1 - ’ .
N //’/I ,f .
Subtracting B4.2 from 3.2.19b yields - /
¥ “’~ © 4 !

R(N-J) - RIN=-Q+1)=-p [RU+1) - R(N-11+1))]

]



o
.
.
N ~
. -
’ P < - 4 L
e 8 a .

s

’

T e

Using B4.1 in the above equation we obtain

~

o
kS

RIN=J)-RMN=(+1) == p[R(N-J)=RN=(+1) ]

\

Hence ' ’ ° . .

-]

A+ CRN-)=RMN=-(+1) =0

which .implies?or J=1,".., N=-2

"4 RN-J) = RNSUHLY) , . - .
. B ‘\s ¥ ! ) ,,' ’ : / :
Therefore, for i=1,... N=1 , - i
. - i \ . . -
: & "‘ ’ o Mﬁ'
- R@ =RAY \ . : , B4.4
| ' | ) W ‘Q"EnD’ )
- - ] X N ) l
Substituting B4.4. into 3.2.19b yields - ’
RN . gt ®
" L j » /"‘x v
RAM) =p(RO+-N-DR@)e , -, = @
, F ’ s % rs .
R = —P R =‘__°-'E-_—56- R @) ) B4.5
‘. R Y :
o Substituting B4.4 and B4.5 into 3.2.19c yields .
. . '(\ . ¥
L = NROF DR = D) s —N R s
e p ] % ﬂ
e _ RN
. Substituting - B4.6 into '3,2.195 yields o ’ .
i ‘ . .
- ) e
g - v 2
* (

S




Y

f*ﬁ’%

équugions B4.5, B4.7 gnd B4.8 yiel;i Equation 3.2.21,
v

L

f
- a

B5 The Development of Equation 3.2.25

We have v

Fo &) =
ak+l N, N,N = 3 J
%k' ~°, (w) 'i\ i:l
*  N. N ‘ NN N
9 ¢ o g '
+3X°sS ) ZkFil(E)'O‘“S)-ZZ“Z £, ()
. . — ! . _k i’Iln“ -
‘ i=1 j—l i=1 1=1 m=1

Proved
o
i

— . 2
{ . ] . 1 . -
¢ \\ .
\ 4 z B-10
vy /
e, 2 ’ - //e/
RO =0 +)\s22,+ Npp R ©) ‘
0 '
« L Bl ) B4.7
. ' . ),. ’r
(- py* %—)(02+)\523) 1 (llpo+%)(03_+>\os c) o
R(O) = ® Ab e " " -
v % N e gy e
- b o = — & —_
'.‘ . ‘b N N . o pO N
. where ' -7 ‘ . ‘E
2 L 2 =4 = ' - ) | .
o = Now ' )\0 N, Py : Np ) .
Substituting B4.7 into B4.6 yields
AP ?E ‘ =
qc2= : X B a - " B4.8
‘.ﬂ'p('))“*o-ﬂ) .~ ) ‘ wd_a ‘m/




’/_'1

.:yn
e

[
S

.uk*’t

¢
q{t

4,
KN “ . @ B—]‘
;1- s - o -~
’ "> -,' - »
for J,P = 1,7, N1 S
N .. NN o

(x)—-)\S ) (@) + ()\S)ZZZ Foyoq @ 3.2.25

k+INNJ kuJﬂ ki, Il
Ci=1 i=1 =1 -
. -
N A , ‘

P00 @ = RS D {1, Pl (z) o 3225

- iwl . -
At x = 0 uing 2.1.16 we have for the symmetric nonrandom case
S=1, S=-?z'§=‘:2??2,,, 5=7;3=-;3
S - .

7 /WTzl, W= -w, W=w2=l'v72, W==—w3=--’\7v3

(> , , ) ¥ .
Therefore . ~ K
W-3WWi2 W= ~wot 3% wh - 232 w3 =-g3

the moment we increase the dimension of the random vector by one to get

-2%7 == w-w)" =-§ = 0 B5.1

s

For k = KN whgre K = o we reach q steady state and are dealmg with the

..,Q;,.. e ). “For

steady state joint probability density funchon of 8 = (o, N

]l

a

(,90 , 01 ) ey Gi , ON) where. 00 is the value of. —T'STN in fhé‘p;lreviou,s, c’y’cle‘.
At x = 0, z =0 andwe have fori,j,{ = 1, .., Nrl | ]

oY . “ . & ’ ' 5 "‘p ‘
ki it @ = F s, 1 @0 6T (gj'ai) 6 =9
HO=% LB

nh




)

. T B~12
From Equation 3.2.7 we have o , . ’
N . -
L @3- 4
i=1 ,
K
From Equation 3.2.24 we have
Ni N * ~ &‘
— , 2 ° . / pyas
Z i@ =9 .
i=1 I=1 - R :
( A:{:fr\ rs
b
FromNEquahon B4.6 we have . ,_,;z/’\/ '
C 12 "
PADRRE R R N B3.3
i=1
2
Substituting B5.1 = 3 into 3.2.25 yields
. o, n
3 - = a2~ 2 3.3 . '
-g = b A
,u(g‘N N) \ps c+3pscc+p5c , ,
for J,P =1, .., N1 ot o
—_ “2 NelR-l
©,-8)7®,-9) = P 2) ) ©,-9)6,-6)@-0
BN B8y = et e ®, )& -9)
. \ ( i=0 1=0 B v ] N
. . N-l -
O ><o U)(o -T)=p) 8,-T)R-T)@-T)
i=0. LR o
where -

" B5.4
i=0 1=0 m=0

K
]

> -

4
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. e /A/
' > ’ . w * . ]
. , \.
S c 13 L
' ' \ & T,
I d \!
From Equation 3.2.24 we have ; )

so0NAOEp) 2 © |
. o NP? . ' A b o /
-SGbstituting B5.5 into the firsfwequcnion of B5.4 ylelds 'Equafif)in 3.2°26. N '

. { ,, | .
> \ ' l,
‘86 v for N‘::24 . Q \ \r‘ "'
e o a
". . 'We have . /
a - 2 3 -
o py (1 - + Pg) p ]
RQ, 0) = T 0o, D6 3.2.90a
2(]"%) (]+~T°) . . .
B | ,
’ " Py R ‘
R ©, 12-—-— : po s c+—T(R(O,O)+2R(0,_;1)+R(1,0))\
Dh' ’ " ;Q/"é; 4 (‘ - %2} (] +’T) * ;‘\"»/ 3.2’_wb'
[} l . : ‘;
u o“po . K
Ri1, 0) = - (R ©, 1) + R 0,.0) .- 3.2.30c
where ' ’ ;
80 =2R0,0 + 3RE, 1) + 3R(, 0 3.230d
Substitution of 3.2.30¢ inte 3.2.30b yields- ‘
& N ¢ ) 1 .
| ° ke i ) T — -



A

; /
° # B‘LA'
K - L T — I Y "
2., . 2. ‘ ,
. Py _2.. Po )
RO, 1) = % 5 c+---(R(0,0)+2R(0, 1)%-—-—-@(0 l)+R(00)))
4= )1+ o) : - ) g
from it we find . - v °
: © w2 2. ‘ Yo e
B R s e ey »
~ RSN = ” + «~—, R ©,0) B6. ¥
. b o | | "
, 4= )0+ (- - f} si-2.0) "
- r, e [
" sobstitoting 3.2.30c into 3.2.30d yields ", N
- . 7 , ) , ! \’\1 -.
3 - 3 po “ |
5 = 2R(0,0)+3R(0,1)+-—-2-—(R(0,1)+R(0,0))
>
.3 W .
5, = 2«(1+z-pb RO, 0)+30+ f})k(o 1) BG.2
Stbstituting 86.1, fof R (0, 1), into B6.2 yields
. ° ﬁ N 0 . o . .
- 2 0 )
307 (1 +—n) -2 — v
3 : 0 7 c
§° = '2q g~ R (0,°0) + : ( ©, 0) -
c 7 %0
. ! 2
N\ 4(“-29--?) (-8 (L+;9)
Equations 'B6.3 and 3.2.300 together yield B6.3
2 22 - .
B R, 3 3pgs <. "
40= 578 - R 3
: . . 2 3
: . (A-plt+ o) ml-5+a)y_ 0y 3
' R(O, 0) 3 = 3 +-8- %
: | B B2 R %
- 8(1+Tp0)(l--2— -1-)+3;:>0 1+-2-) 2(1~q))(1+-2—)
Lo . ) B6.4




The .above equation yields Sc directly. After rearrangement and cancellation of

. . ' N . . * B-]S’
- . .

i R .
S, . » Y
) ’ ’
<@
Y

o

common terms, we obtain

(", +Po 2 3 1 4) - . oo
b T'G‘Po 's‘po i - . ,
Sc » vi Us c ©3.2.31
2 po R - C
“R) (+) Qg (1- - )) , , o :
. B—— "“?*M—ﬂmw*_ e s T
, ] . N *' & —
B7 The Development of Equation 3.3.15 - ? )
This pori*é closely related to B2. .
- .. \__ _ o - .
C !
. . - . 2

Wit @D Wiy 100 + 00" Wy @)1= 00" 0, )

e, N ® =

' 2 -
© Wiy )
- | N N N
)‘k Bk LN Z F. @)+ ()\k Bk (N )2 Z A Fo @
i=2 " =2 1=2 .
for ,
J = ],..,N—] ° .‘ 4 5' , ma ' . . | ;
N /
1N, J (") "N B Q) K @ AL

L i=2 R

At x = 9_,°we have z = 9 and U\k =0, and B2.1 is satisfied as well.



I 2

. ) a |
DL
- )\k:2 ) 3 87.1
A . M
e 3 _
)(1 - A)
;a.,_/j\“_ - ) ~ !
From these we have C .
v -5)3 '
2 .
e . )\k i 1 2
S Wy ©% ) T ©- 0y 070 = b, O
(- FL) A k-1
3
¢ . . B7.2
From Equation 2.1.4 we have
: N— N=1N-1 .
” 02 = “(w ‘ ® )—02 +F‘T(G -9 ) -8 )
VIEN kiN=1 7 VitN-1 [-] k+i. -q<+| Wil [.].lt_. ki ki ﬁdl k+
- i= -, i=11=1
o N-1 ‘ . B7.3'
— . — - u{
YN T Y ” Z] Bri . dam
- , S
/ - | ’
Using these relations in -3.3.15 yields T \ -’
: . ) )
1+ A 2 pz
‘°k+N'Uk+N)2 - ‘:’g = "j“ i k3-k+N+ — o,
F kiN 1 - P, k=1 (1= ;:L)

_____

2,3.:1‘4, 3.3.1, A-9, and A-10 we find

#

(1- pQ3 Vk+i\%9
. 7.4

. -1
*p, N

B ™ e Crer s ™ ) T
N ‘ Q< i=1

1

Z (9k+J q<+J)(gk+i k+'i) , )




Y
. - \ ’ " - -}
Equations . BZ.3 and B7.4 are Equation 3.3.16. :
1 X \ . - - v g
]
=
B8 Solution of .3.3.17 for N=2 . .
For i=1,2 ,and | = 3-:iJ
£quation 3.3.18 can be rewritten as ;‘:
o . | |
'-"2 byl 2. - . - "; ’
G, i) ! (N s c+0 + p?B (i, ) B8:1

(1-a) i i

"

y
two equations with two unknowns, substituting the second equation into the first yields

»

2 202

P, P
R
R, l)-— ()\ c-M'I )+ c+0‘ )+ R(] I)
o ?a vf% R
, ~ B8.2
.Rearrangement’ ;f 88%2 ynie%lds : !\' ' B oy
o L ;2'6 02 '
]()‘22 +w])+(l~p2) (1 2) ’ .
R 0: ]) . B8.3
(A=py=p)(-p-n+2p p,) '
l -
R @,-2) is obtained by interchanging the indices 1 and 2 in B8.3 . L /
. o o )
7 v
/ ' ]



B-18

. Using 3.3.18 we find
N A 5
- 2 - 2
~ . - — 2. o 2 2—- ¢
o - B . (Ay syt w,)+ (A =p) (A s,c+ w,)
M2 ran - R 2P Pyfpat M
v Wy W, T J
° (= py=py) (= 0= py+ 2 py) |
J ' ) 3.3.19
e H I . ;
S ' , 5
B9 Solution of Equation 3.3.20

i

(=g

» For i=1,2,‘3 theset (i, i, 1) is (1,2, 3;, @, 3, 'l)ﬂ and

Yoo
(3,1, 2) , respectively.

[}

B Define ’

2 A 2 2 ) '
o] s o -0 . S

| oM ‘ AR

A 2. 2 ~ . ' '
f. = ANS. ¢+ 0O
R | [ WI f ' o
1 . -
Equation 3.3.20 can be rewritten as _ )
@ 1Y -
for 1 =1,2,3
1 S 202 - L o
RG,§) = ———— . IF+pb o 1 S © B9.2a
(+a) SR : <
S .
— e, - - | , .
RG, i) = —be—e— REGD+RGE NI, T B9.2b
. ! (-e) : et S
% ‘ . | where L




.=, o i © B-19
i v .

- B9.2¢ .

e

2 - oA
, o, = R(|,|)+R:(|,|)~f2R(|,])I

6 linear equations with 6 unknowns. From the three efuations of B9.2b we find

Y ri=1,2,3: ' s ‘\

}a

[
e s

3 R(I_l i) =-é-(pi(]-pl)(]-pi)k(i' l)""ﬂ'(]"Pl)P{\R(l: l)"'p'p‘ piR(il i)
' * ' h B?.3
‘ where , . : '
_ f ‘
g = (1= p,) a-= pz)( 93) P, 92 p3 :
1” Employmg B9 .3 into 89 2c ylelds for i=1,2,3 _ B
L e -5-[2(1 -,oi) b, Py RG, iy +(1 = p)(1 - pi)(l PP P PP R, D)

-~

+HO =00 - pi)(‘*.' P+ P, e, pl)'j | - B9.4

- h © [c c?\t)
Replacingall R (i, i) i=1,2, 3 in B9.4 by the expr@s of B9.2a, we obtain

for i ='1,2,3: - :
' L v

f

IR

c : 2 co 2 2
2 ’~~-(f+PU) (f+p 0)
0= —E2(l-p) P|—-]—————)7-+((l-p)(l p)(1+p,) pnp,)-(—]—m—-)-r
. - o, ) | . -p
(f|+p|20‘) S
+((1-n)(1-p)(l-p|)+ppp)-——-—-——?—]
(]"P{

o

‘ The above is a set of 3 linear equations with 3 "unknowns. A simple rearrangement

yields, for i=1,2,3 :




> . "o o B~20

§ ’ oo ) 1 . '. /,/‘
2 . 2 » ‘ \
A o-pl BOOT- B COO = FO L 9.5
where . Coe . ;
. -
e (2 2., 2 ; , ,
A@ = (l—pi) (=p) L0-p) (l-lpi)‘(l =R - (0+p) e, P, pil
— - - 2" - - ‘ - a
B () o (=p)0-0)[0-p)0 P+ py) =Py b, o]
/
‘ 2 ]
CO = (=p)-p) LA-P )1 -p)( - p)+ 0, 0P ]
OO = 2p.p (-p) (-0’
FG) = D ()f, +B @ + CQF, | C
stingnCramer's formula we find : ) ' ) ( —
\ T ' . . . ,'
o — 2 (ilil‘) B -* ‘
o = O 4+ il N B?.6
Vi " A ‘ . -
where ) / p l
i L)
“ ‘ 2 2
A1) =0, B (1) . TP C ()
2 . 2
A= det . o ‘-p]C(Z) A@ a -p38(2)
S KR 2 *
B -p; B O =Py CR) . AQ
O - B0 -plcq
T L Y S
.*‘ 2 ‘ ) :
F () - Pl ’ A ()
! [




R

178

<
]

-

To obtain an explicit expression appears to be too lengthy.

Equations B9.1, B9.5 and B9.6 yield Equation'3.3.21.
I -

- BIO

R ©)

e

¥

where .

Q
it

/
N
i}

— ’»ﬂ ’ ¢ "‘ ’ .
The ‘Solution of 3.3.22 , )
We haye
2l s (i-p) e 4 pl el ]
(1 -p)
andfor J = 1, .., N=1 .
I8 N-J-1 -
RN-0 2 £ () RO+ ) RO
=P 0 i=1
N-2 ,
2 + R 2 z N 1 i R i
o, + N=DR@+2 ) (N-I-)R )
i=1 ‘
: N-1 ‘ .
NRO +2) (N-i)RG,
¥, i_—;] .

equal .

-

"Proof :

we-find

-

Lemma: B10.1 :

w

~N

a

For J =1, ..., N-1

" Define | = N=J , .t =1, .., N-1,

RIN=J) = R(J)

Using BI0.1h,

B10-.1a

B10.1b

B10.7¢

B10.1d

b
A

* In a mannerssimilar to that used in B4, we show thatall R () , i=1, .., N-1 are
. « . - ~ . .




Aty B
. # B-22
: N-(=1 -1 f=1 N-I=1
ROND - RO =B () R@ v ) RO =—L-() RO+ ) RO.
=P © R R
- / o ’ )
: " Hence, oo .
Y . . . . .
RIN-J) = RI() -, J=17.., N1 ¢ . . BI0.2
Q * Q.E.D.
Lemma B10.2 \ For i=1, ..., N~1 all R (i) are e‘cl|ucfl’ .
- - .
. : . % * A
Proo!;: . It is enough to show that for J=1, ..., N~2 e
L R(N=J) = R(N=(J+1) B10.3
4 @ — ) , ) »_.‘)vq A ‘Fb ‘
Using .B10.1b to find R (N =~ (J+1)) , we have
J N-J-2 ‘
p - o s R T u
RIN-G+1) = ~E—[ ) R@ + ) R® ] B10.4
o =2 w0 . =1
AY & '
Subtracting B10.1b from B10.4 yields $
.o N ’ p ) ¢
0 RN (F+1)=RN=-J) = T (RO - RMN- Q1) B10.5
. - p :
U {
Using - B10,2 in the above equation, we obtain
1 B . 4 . B
T=(RW. -RU+T) =0 T ‘
Hence ( I
for i = 1, .., N=1 all R @) are equal .
| Q.E.D.

NP

S



. Wehavefor i = 1, .., N=1

RG) = R(I) “

Subsﬁtuting?BlO.é into B10.1b

.

) = P - .
R (')ﬂ =5 ’(R 0 + (l\f 2) Rp(]))
T : 0
f ' N
RO = —F—1rO - 7 RO
- I'=- (N~1) p , a‘l.- Py * N
Substituting the above into B10.lc yields
%
] Ay -
. .(N"']) (] - )
0_2 _ 0'2 N LYTND R ©)
v ° w “ po ,f e >
T S
Direct substitution of B10.8 into B10.1a yields
. -
~ ., 2 . "2-
2 A R (l-p0+-ﬁ)§od+)\os c)
oZ 4RO <5
* N.. B
- o) (1 = )
~ ﬁ ’
where
2 2 N _
o = N o, )‘0 = NA Ry Np

~B10.8 is unolog;:us to B4.7 . .

Substituting B10.9 int_o. B10.8 yields

e



-5

»

ru‘{"' °
¢ B-24
o> o + )\0 22 * »
- s L N1 ' B10.10
V1N N .~ 1:p '
o . o )
and -by B10.1d ] -
v 2 —2_ o . ¢ -
s a, + s ¢ .
0062 = d AO po . ) B10.11
. (= pg ?,(1 aie ~ AN s - .
ot a ° . , . o

Equations B10.6, B10.7, B10.9, B10.10 and BI0.11 lead to Equation 3.3.23 .

N 4

- “ '

y : ®

[ s a
P "
-
1 K - o !
‘o - : . P T I 2
) r (ﬁ

BI1~  The Development of Equation 3.3.25

v

This part refers back to Equation 3.3.25 in the main text. At x =0

de @ . O ] .

I .
wehave z =0 , v = g, and B2.1 is satisfied as well. U and u are obfgined .

/ |
1y

. from B7.1 .ﬁquutions_2.3.l4, 3.3.1, A-9 and A-10 together yield for the *

14

~ symmetric nonrandom case : - ( - -
4 2, 22 :
!J ‘: —XB = p‘s + p ’ ¥ ~'E © B!I-] "“

( -‘p)4 (1- o)

-The expression involving W, v and all their derivatives in 3.3.25 is equal at

o

x =0 to

O T - - -
"W w2 =) = () W - 3w Wi 2%

2

?’;_+3uuo (L)SSf,;,-uw T g Bl1.2



B-25
P .
For k = KN where K = ooaw‘e reach a steady state and are ‘
dealing with the steady state joint probability density function of O = (9] reer ©

and Equation B5.2 is satisfied here as well. ) ‘

s

From Equation 3.3.11 we have - o

—] o . © - “L“ ar.d &
f -V-;' - 2—4 kFi (P_) = .\7 ) . ’ ] s
i=1 .
)
From Equation 3.3.22 we have
N-1 N=1 | L o o
o7 2 :
L kFi,I Q) = ?v . ‘
i=1 =1 P v
. . N .
£ » . .S . v E .
and from Equations 3.3.22 and 3.3.23 we have for J <N, N> B11.3
N-1 7 .
k >" : 1 2 s !
g O=—.¢d ? \
) ") +1 -, - v : '
i/k-N N-1 i
\ ~

€

. By direct substitution of all the above results into 3.3.25.we obtain for the symmetric /.~

. nonrandom case, for N > 1 :

) z

v N0 Y 0-p



3

. l- < ? A B‘-26
\
' 1| 3
- - - ='l;-£—:—v ) |- - - g e !
P~ FE, D)8~ Tp < o) 6 T)E,B)8 T
L R I W . R \
.g - i
i * : ) \ 4
where B}l.

N-1 N-1 N= |
3_T.7 T ol mee .
6, = L L L OB -F)E, T k o ‘

Gel=l M=l S

LT B

. | o

Replacing © b>\ the expression giveri by Equaision 3.3.24 yields Equation 3.3.26.

-

<N

|

!
i
|

—_

.
1
i
e 1
|

B12 83 for N=3 " E X
(ﬂ i . . \
g We have . : - T
1 o .
0.3
* () o . ..
RO,0) =5 % E . Y 3.3.30a )
o °p : '
o4 - 0.3 , .
o 3(] = bO) (t "—3-") . ‘(1 = —3-:) .
R B A
R(Or ]) = _3—\- ;2-‘;+ —-——_—3—-—-—('2(0,0)+‘2R(0, ])'*'R(]lo))‘l
TR I R
-l -—) - 0-—) 3.3.30b
,upo .
R(, 0= —>_ (R 0,0 +R @, 1)) . 3.3.30c
1- o '
) <
where ‘ " e
53 = 2RE,0£3RO,1) +3R(1,0) | 3.3.30d
[} , . . L . _



, o - Iy
- ¢ . - B-27 I~
o - ° #r
Fa - )
The method of the soluhon is similar to that used in B6 for the solution of the
analogous Equation 3.2.30L '{ “] A ‘
' substituting 8.3.30¢ into 3.3.30b yields o | .
. . . N e - ¢
* Moo B .
(PO )2 ? “‘, e
f“mT -3V °°>2w 0 N
._ | po "'"3""‘ ’ ~ \ .
R STt - 2
R(0,1)= - 5 ,“ . . BI2.1,
-9 3 Py R A
7)) —e@- ) ( T) e
_ . e N
Substituting” 3.3.30c into 3.3.30d yields ) :
- ' ¢ l' M
B | \
- ¢2+ u‘ '
3 t . X - »
Sv = -—-—-—I R @ 0) + 3 ‘R 0, 1) \ Bl2.2¢
B -5 S e
' \ ) L ‘ i
Substituting B12.1 into BI2.2 yields
(4 o - 4 .
) -, 0,2 pO 2 .
(M= Byt (=)) ’ 3 ()" L
R (0, 0) = — ° 3. s;? + — 3 ,’5'227,'
T g 29y - - 220 g - (%)
2-%- (3 AR -3-) 2-n <~34 ) |
o BI2.3
Finally substituting Equation B12.3 into Equaf'ion 3.3.30a yields Equation 3.3.31.
» N © ‘. _ : ]
A ° ’ XS
Y f -
» N

T
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) . APPENDIX C
! '?
"ON THE RELAF!ON,- BETWEEN CYCLE TIME AND INTERVISIT TIME
, . o L
’1«*4 .~ + . IN_THE EXHAUSTIVE MODEL h

o
8

The infervisif time, Vi and the cycle time, ¢, of a terminal in the
exhaushve model, are defined by Equation 2.1.4. The mfervns:fi@? is t mﬁe
that separ&%ﬁ;s the server's départure from a terminal from the server's subsequenh re-

turn to the same terminal. "The cycle time is the sum of the intervisit time and the

“service time of all customers in the terminal until it is' empty for the first titne. - New

. , ‘ . pi

Y ! ‘ “ . .
arrivals to the ‘terminaliare according to'a'Poisson arrival precess having parameter A .

*
i

In the following we derive the relation between the Laplace transform

-

of ¢ and v . This relation holds for both transient and steady states.
. “ . 3 i
For any terminal i, i=1, .., N,we define

v

. y

t = the cycle time of the terminal: .

T = t&ne intervisit time of the termiénal. -

m = number of customers in the terminal the server fi n reaches

: : : .
it, i.e., at the end of the infervisit time (at th ning of the -
intervisit time the terminal is empty ) .
d
\/\f 3 . R o

1

the p;obobility density ‘function of ¢ and v
¥

PC (- )j PV (+)
2 respectively.

C () V() . " the Laplace transforms of Pc (*) and Pv_( )

o - respectively. ?



‘ L Py (<), B(") *—5_ the prob;bilif‘;' d;ensiry function and Laﬁluge transform
—  of abusyperiod.” . , B
~'\ A - ¥ ‘ (
| ) | ¢ By the low of tofgl'ﬁrolioﬁi!i_tvy, we have : o
f b Y | #
Pt = j J, Prob (+/m, ) Prob (m /7) P (T)-dT Jocr
. 0 m=0 : ;

By the same argument used to derive Equufic;ns 2.3.6 and 2.3.7, Equdtion C.1 can

L 4
1

" be expressed as follows : , ‘ S
% . » :

f)"j ‘K P(m)*(f T)[()\T)m/m']exp(-)\T)P ('r')d‘rf

0 m=0 ) C Ly, < C.2
‘ﬁo ) ..4 . '..L s ¢
. . Applying the Loplace transform we obtain =~ ] -
¢ v ot o ‘ .
' ce= [ [ ep(-tx Pb"“>* (r-ﬂ[(mﬂ*/mf]exp EAnP A rdt
- 00 m==0 C.3
. , f R A

o® o 3

cw = [V [ exp p-nil Pé e ) [T /1T enp (-‘r(x+)\))P (Nt d

i

Om=0 T . ﬁ . . ) ., C. 4
L 2 ¥
_Integration over t yields . , ' ST
@ o
50 L6 = JF Z[([)‘\TB(x))m/m9]exp[-T(x+)\-)u]Pv(T)dfl"“—'~E.“5~?
Y ;
0 m=0 - -

|

o
.
'
- \
%
- . [l

summation over m yields



CwW = VEx+A(1-8)] _ ¢ »
To find the relation between moments of ¢ and v, we differentiate C.7 w.r.t. x-.
. . ‘ o ° 7 -
Omitting all arguments, we obtain ) T e T
L ' .. . ' f\. . h '
C = (aB)vVie ' : C.8a,
. e * . 2 .o --_ u. ° - T M X P s .‘ :\’:.
— . ¢ = (1=-AB)Y V-ABY , . C.8b g
c = (1_-;4),/‘8)3“\/-3AB(II-)\B)V-)\BJV C.8¢
. ‘ /: ““ , ..
. ’ . /! - . .
At x=0, B0 = 0,/’ and using Equation A.9- and Al‘g in C.8 where p=\s, -
.. . w . . ]

o

and hence

o rot | ‘ .:.
cck = [ e l-r(x+a(1-BEM P (AT T 6

©

and*we obtain o v T 7 igp P
o o NN

we oﬁtain: ) / ‘ ) . ?
! ). ( ~—* T

From C.8a: /- = s

Eji= //v p) , 3.3.14 .

/ ,

From C. 85 / o -
"= ‘/'2 2 .72 .3
=V /(1=p) +As"V/(-0)

4 - _ -

2
<

- . ar A:f * Q
'0'2 = (]-p)z 0'5 - )\52".5 y S —




P . Cm

. , .S . s A
From C.8c : - , ] .

- - o - 2
S = Bro-plendFra-pt i adsa- ot 04 401
\ I S"'\ c.9
\] . { / S .' . , w—__“,
. - Just as we calculate the first thiee moments of v in Section 3 of _ Chapter i1,
-Equatio% 'C.9 enables us to derive the corresponding moments of . ¢ . ‘
/' Derivation of the rqel;i'tion between ¢ and v in the gating model is vér‘y‘
similar ; ‘the only difference is that B (x) is re&laced by S (x), and we obtain from
Equation C.7 for the gating model ’ - } :
t ” " ’ 'q = *"‘“""”"_""' " . )
Ce = VIx+r(l-5eNl . - L c.10
ek /‘; ) . ) .
: ~ ) * c
- o
y -
, “ - ’
~ ) ” ’A
i °y
) [ 4 .
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"'The Gating Model \ h" J

. : , . APPENDIX D o

2
-
<

THE - NORMALIZED CROSS CORRELATION BETWEEN TERMINALS

¥ IN DIFFERENT CYCLES

For the'steady state in the symmetric case, we have from Equation

. 3.2.22
¢ - ,
b ;oo b=0 ' '
Ry () = f | o
@ ___9.--50 =1, 5, N -—
"'.po'*"ﬁ' i . ' .

For | 2 N, we can Write :

@
— ‘ P | - '
chg ® A r ;(8;,-8) (8, -, ) Prob (6,,6,,,)d6,d8,
; e 00
© o \ —
=1F'P\—’(9‘5)(9-5)Prob(99 8., )d
Z ) Ly +l =N N
e 0 0 i+l
a ‘ “ | “
® oo °
= J‘ o ©.-0.) @ B )Prob/( Hl/n 9 - Q. ., )
Z v L SR A TN T
@0 0 ni=|0 - )

*

n
i+ -
- . Prob ( mi, gi+'-—N""oi+l-]) Pl'Ob G g +I N 7 -¢

1T
i+

+H=j

D.1

D.2 ',

i=0
D.3

ﬂ'do A
i+l=j




D-2

) ( ’ . . . y - x‘ o-l
where L is the number of customers that are served in Ti+l . As in the deriva-

tion of Equations 2.2.2 and (2.2.3 we can establish : = - :

o= OH_l ' ’ ' Q (ni'i‘l) —
Prob (141 8,18, g Biygo) = Prob () = RE B, !
"D.5
Parall';eli’hg the derivation of Equation 2.2.4, we have
ni-;—l ) i+l
Prob (/86 N e Gpag) T Prob (08N N’ 1)
N - N ,
) |+| ' .
[( /. @ |+l- /n ]exp (-)\ 9'+I l) : D.6
i=1 “ i=1
" Substituting D.5 and D.6 into D.4 yields )
R - O | o "o
0(' _07—' J z (gi-ei)(gm-gi-kl? Ps* +|)*P + I)[()\Z‘g”“‘l /ni”l!]
00 0n=0 i =1

N )
Nexp N/ O |) Prob(O CHINYS G.H_])dOin Ou-p D7
i=0

3

Integrating sover Gi+| ,Nwe obtain ) Lo
® o : N - N
1 N M
SR O = ) ®; 6)(n W O, |)[(x> o1 Texp A J9:+l
%0 0 n=0 =1 i=1
i+ i= I
. - . - - o '
) . N . i .
\ ' - Prob @, 0.\ \yv - s O oq) d eiﬂ' 40, D.8 .
’ \ ] i=1 : .



f‘ s D-3
‘ ) Summing over Moy e obtain
® o N » N
(') ) T | (9'6)0‘5 £ a1 g4 7Sy Prob (gi'om-N""°;+l-1)dgiﬁf’9:+bi
g O 0 , i'—" . i:]
'D.9
Using Equdtion 3.2.3 in D.9 we obtain
__'2 © N .
R, (1) 5 — r.j'(o-ﬁ)(Z(e -9, : .)) Prob@®,,0 9 )deﬂde
8. Z J° iV L -] i =N T T i+l=
o
e 0 0 i=1 o
o D.10
A
ot N .
R () - p° ) TC'P(Q G '*"')P b @, o )'dG de .11
G9 2 e i Tt :
|"‘<I 00 . 0 _ “
o - s
Equation D.11 is simply ) B N
N » o . ”
Po - ) ‘ - :
. . GRQ (‘) = —N—— /a GRG (“l) ~ . , , D.12
- | -

EqUleion D.12 is Equaﬁon 5:3,20 i“. Chépfer V .
/ . hd
\ /

o+

The Exhaustive Mode! ' o

Equation D.1 holds here as well. ' As in the development for the gating

e

model, for | = N-1 we can write

- 9
~

-

N



D-4
o d
1
ERQ(I)-_2..H(9-zs)(e>+l () Pob B, 6,.) 40,0, D.13
% 00 '
\CO a0 @
_ .
= j ><0 0)(9 I)P'")b(g g+I N+17°° i+l'wi+l-l’mi+l)
% 0 Om :
A i+?
t - » o
. d eiﬂ’d LRI R , D.14
a:0 N . oy L
_tr o - «
Y A ur L (9 U)(°+t-° I)Pmb /m A Yiata1r & ’gi+I-N+l"'m’gi+l-l)
. 0' .
. 80 0m,=P .
a 1t
]
Mt i+l=1
-Pro /wtlyl’ ’gi+l-N+l""'gi+I—l) -Prob( /gi’gi+l-N+l""gi+l—l)
- Prob @ (TRVR UL WY doirr 90 51e) Misten D-13

¥ ©

where m is the number of customers that exist at Ti+la at the moment the server

-1

reaches it.

As in Equation 2.3.5 and 2.3.6 we have :

|+| : _ i+
Prob (/e g et G Btanst 7 Bgan) = Pl /o))
m.) '
= * - - :
= P B i) ) . D16

b




A
[

D-5
) T
\ rd
As in Equation 2.3.7 we have : \ , . )
- N-1
|+| : . mi+| Y
Prob (A, o1 8B iengt + 0 7 Sigiag) T Prob (T Ay Zgi”-i) N
. . =1 |
N—l ‘ . N-T .
-— l ) '
= [()"( i1+ 2 8- .” /’"i+l’]e"p (.A,(wi+l-l+Lgi+l-i )
l:] . 0 i=1
. D.17
Asin 2.3.8 we have :
v Widl-1 ‘ ) —
Prob ( /gi’ 0i+l—N+l’ B ?i+l-l ) = Pwiifl-l (WHH) D.18
1 . - ' 5 ?: =
Substituting ,D.16, D.17 , and D.18 into D.15 we obtain: o o 7
w oo om, ) CON-T
I+| l+|
(|) 2 J. f Z 'U (9 )ﬂP (g|+| i+- l)[()‘(wwl 1 LOHI R /mi+I!]
0 m, IO - i=1
N-1 ) o ’
-\ +76 )] Prob @,,0 8. ¢ -
. exp (wi“l‘l-] L i+|"i) ro @i, i+|"'N+] LA 4 i+l-] ) o
i=1
P ‘ |
Tow, (wi+l-l) d giﬂd gi+|-i - d Yit=1 ) : D.19
i+H-1 i=0 |

. Integrating over Qi+q| , with the help of Equcf%on A.10, we have : ’



. exp [\ (le .

SO ERULL Y I LU NELL R

Summing over m,

oe-m_g .

]
@ = =
, %

. P
W

V=1

/

NEAL obtain

N-
Po T
I 71 S Ty NP PO
AT -] -
0 - Po
A

(w ]) Prob(O .9,

Tooe

Integrating over wi+l-f , we obtain

=N+ T |+|

=

i+l

])dw

\\

\

J W, 4 gt 0, . .
0 CiHEl=T NS T ) -
1 Te. Tl =TT
e 0 = —. SCRAT B /gj
6 0. 0 1- 0
5 N : *
| , N-1
"'°" b6 . LRIV °»i+|—1)d°iﬂ“’ "
L

Using Equaﬁc;n 3.3.5 in D.22, we sbtain ~

.
&

-

/,
/

A
D-6
® - N-l
Y - M
J LG .O)(m +l]—'7‘6+w:+l 1 :+I)[(Mw;+l i /. »+l—|)) /m
0 m= » _
P : i=1
N-1
L..; +| ] Prob (G 0 tl=N+] ey i+|-]) b tag 4
i "'] ’D

D.20

‘N-1
-1 d Qi_!;rd 0i+l-i

D.2]

D.22

+l

1]



e ' — D-7
‘ Po 0 \ )
, | e o N1, : 1 N-1
. N
»r I ©- -i 8- |)P °b§gn VIR WA | dg:+l
OQ‘ 0 0 ] i=] i =1
v & 2 . )
@ l @ L_D-23
b -
-~ . X k ol \
_g__ N-ICD m - )(0 )
_ o [’ iH-j |+l-i .
eRg )] By L v ’ Prob ®. '—OHH) d . d~°i+"i “ D.24
l-—g 710 O % , b
The above equation is simply .
Po N1 )
_ N T .
ERG (l) - % L ERG (l l) v ‘V'D‘2§
] - -N- |=] . w \ =
Equation D.25 is Equation 5.3.2b in Chapter V
- S ~
! L= .
m = -
) J
, §
! . .
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" APPENDIX £

a2
L4

s .
/ o

DERIVATION OF THE FIRST :TWO MOMENTS "OF THE WAITING TIME

E.1 _ The Gating Model ~

- We-derived in Fhopter VI the Loplace transform of the probabuhty

-

‘ density function of customer waiting time in Ti . From Equchon 6.2.9 we hcve

’

Q(x)z-c-(x.)-c(z) , . —
clz-x]
where 2= A0=-56) "
Af° ) x = 0, we have : -
z =20 B ]
- i=->\§(0)=)\”'§=p .
Z = = NSO ===
] boo- .
Lo 2= -AS @=As

3o

- E.T.

E.1.2

Afk x =0, the right hand side of Equation E.1.1 js 0/0 .ﬁ Therefore we have to use

L'hopital’s rule to verify. : Q ©) A 1

nominator of Equation E.1.1 w.rit. x we have :

4

'. ) Q(O)z'lfim C(X)"ZC(Z) 21-p)=
T‘O c(;-l) <

In order.to find §, we differentiate Equation E.1.1 w.r.t.

X,

we obtain @

Differentiating the numerator and the de-

TE.1.3

A



—— ﬂ ,
| ( ' ) JE-2.
qu - EALR-ZEA-ENCH-CE) g,
¢ (z-x) . B

N ) ’ 0 ‘ . - a .7
At x=0 weencounter ~ /. Applying L'hopital's rule we obtain : .

§ O - -5 - tim @0 é'oc);'z'c'(z)-’(é)zc':(z)l- 2[C 69 - C @)
x -0 T 2 (z~x) (z=1) ’

E.1.5

2

gt i L0cE . Co-@limmice o,
x=02(=1) <c@k-x) . x-0_ 2c(z- T .

: ' \ ' f‘_‘ @ . +

Substituting Equation E.1.1 with x=0 and Equation 512 into E.1.6 we obtain

?

- - - ~ . 2
2 2, 2 2 - 2 , - 0
i az)\s +(]-D_)C\ -)\s,c=(]+p) _=(l+p)(-g-+-—§_)
‘ 21-p 2c¢c(1~0 2c¢ 2 2¢
° , ¢ s- ’ E.]-?
Equation E.1.7 is cited as Equation 6.2.10a in the thesis.

#

s In order to find the variance .of q we differentiate Equation E. TN

w.r.t. x, we obtain
. l ‘ a

o

Qb - 1_7—_)3.[@-,() 2 (CW-CEM @) € 0-0)° Cl)=z Cla)
-2 @1)(Ex) € 6 - 2C &) - &= 1) € & - C @)
E.1.8

]

'
P

At x =0, the right/hcnd side of Equation E.1.8 is 0/0 . Using L'hopital‘s rule we
S , ' . -

Obtgir\ . ) ) b . v . ) . ) ‘ !\




o » ¢ | ‘
‘ A - E~3
QO=g= lim ' (1) £2 (€ - C (z>>+<z~x)<c4x 12 @) 2 )
x =0 3c z—])s(z—x) ) )
)
=22 (E-(CH-2CE)-E-NCKW-C@)
t(@x) (= 2(Ck) - Cl) - z (CK) ~'z C@)+ =) {CH)~(2) Clz)-2C(2))
. + e CW-@°C @ - 3;/;?5 @ -z C @) £.1.9
- R‘earraangi‘ng»:fhe( above equation we obtain o i :
X N o - |
'72"_ lim [C x) z) C(z)—3zzC(z)—zC() z LCK-C@ S D
x-0 - Co 3¢ z-1) 3@=-1) T@E-x) -
e * | -n - . (" :
o2 D CR-CEN- X (CK-2C@) - B0
-1 T (2~ x) |

Using the results of Equations E.1.1, E.1.2, and E.1.4 with x=0 we obtain ”

— — — —

- ~3 73 22 3- 3 2

2_ (1-p)C -3pA -\ Ast o xsS = .
q=(,p) _hpsc P c. +‘5q U
3c(l-p) - . L 30-97-p °
3, ‘2‘ ' ‘
2 =clop) g NS S 0 8
3c(l - p) 1+p . '
- =
And : i3 “ ;

-~ 23 N3 - / e
2,72 9 , RN
G=9-4a= —-_-_—(1+p+p)+q(——-'q) N A ARY.

: Jec 1+p .




- ‘ -
, .
K3
. 6 \ N - hy \ a -
{ ’ ¢ -
' A - o i - a ?
' v - B B
l’q % A * q) K3

‘ Equation E.1.12 is ;elcbeled by 6.2.10b in the thesis. , .

- N .
1 - - 4
) . 7

E2 - The\Exhausfive Model "

_ We deal with Equation 6.3.20° “ o '

e,
Q(,()il:ﬂ,;y(x)

e .JQ ‘\: »
L v
2;-!—")‘5(0) =1l=-As =1-p

r

L XSOy =S B R — 22

) z2=XxS0 =—)\s3 ' .

. For the sake of simplicity we omit the atgument x in Equation E.2.1. and we have

. - - \ N . )
b . .Q K = 1.\p -V . - B2.3

v ¥4

s}

"

Using L'hopital’s rule we have :

&

At x=0 the right hand side of E.2.3'is °/0 .

;, o
! .- :ﬁ N -
{ ) ]_ . -v I‘D "-\; 4 ’ .
| QO = lim g . = . = 1 ‘ £.2.4
. x =0\ v z "v l-p ~ o
® e \) o
« Lo [ - Dl“ - ) o



- Q”’"
" : ©E5
- s , 5 . L .
. ‘ Differentiating Equation E.273 w.r.t. x we have $ i ' ' ’
R . ., ' )
® . e - - - W\ . ) ,
Qb) = —L 2V -~ =) . . E2.5
2 Y z , v
~ ] . 0, e .
At x=0 we encounfer /0. Using L'hopital's rule, we obtain < .
QO =-9 = lim 120 Z2V=z (V) _pople 2V 2z 1op 1V
x=0 Vv 22z ;- x=0 v 2z 2z v z .
. . ” . . E.2.6
© . - o ‘ T
Using EquotiéE.LZ and Equation E.2.3 With x =0, we obtain . . e
\ . ) ! @ , \ . ’ L
' T2 )—2: o ‘ .
. Qo= —— ):s ) .o E.2.7a

N R

LA ’ :
: - . . ,
. * Using Equation C.9 in E.2.7 we obtain : \ . . , e

[

- o “ 2 . y
— - 2 - UC Q\ ° »
9= 0-p—=(0-p(=+—=) - . E27b -

. 2¢ 2 2¢ .- . .

, ) ‘ \
" Equation” E.2.7 is cited as Eq’uatio—n 6.3.21a in the thesis. |
. : " ! : . 0 ’ .
Differentiating Equation E.2.5 w.r.t. x , we'obtain
s
- ‘ @
E.2.8
| .
- . - Ty : , :? v_ «




"

{

.9

“\E-6

"E.2.9

V1 E.2.10

% (
& *
- * ,
Q (0)"==q = lim —-——2-—[2 (zV+z (1-V) -~z (zV+zV+z(-V)- ZV)
s x=03vz z -
+2 z( z2V¥z (1-v)1l
A .
, .
» ‘,
Rearranging the above equation we obtain
2,_;_“mr‘f-(l-p)v___f_.1-.0_‘.1-V_+i.l-p‘zV+2z(l
x-0 3vz 3z v z z v z
‘ , - . a -
Using the results of Equation £.2.1, E,2.2, and E.2.4, we obtain
~2 'v3 )\53- - A s2 - ’
q = ——t —— + G
V301 . g
And \%% v B /
T -
2 "2 2 vt =7 A 2
‘Uq_q-qzﬂ +-———-—;,ﬂ" (""“—‘-"q)
AV 30D . .
e : v e l
v)" e T . K ! } ~
Equcmon E.2.12 is quored as Equahon 6.3.21b in Y the tBesns. ) -
»°
. | .
M ’\\ \ -
# ";: .l‘ Y
' I T, ,\‘\
\ ", |
A Y
\ o

E.2.12-

{
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APPENDIX F

NUMERICAL RESULTS USED IN THE FR{GURES

Fig. 5-1. W=1, py=.8, N=10. -
0 . a

Cxcle A:§]=(l, v ) 1 B:E]=(20,..,20)
Number Gt g c* EY
-1 10.0 "10.0 200 181
2 21.6 22.2 156|235
3 2.6 310, 123 | 102
4 36.9° %.7 9%9.1 | 80.8
5 4.2 140.2 T8 | &7
6 44.0 42,4 72.3 | 59.5
7 46.0 '43.8 65.0 | 54.4
9 48.2 45.1 5.8 | 49.2 -
12 49.4 "45.8 52.1 46.8
15 49.9 460 50.0 | 46.1
20 50.0 46.0 T 50.0 46.0
< 4
Fig. 52. N=8, Py =-7-
Cycle No T GRc EEC ERva
0 1.00 100 |- 1.0 '
1 .850 .82) .813 //'*
2 710 654 | e |
3 .521’/.,4.5/17 509 . |
4 <491 408 | 402,
3 339 | 255 | 251
8 235 159 157
10 162« |, 099 .098 >
14 077 039 .638
20 025 009 .009
0 o004 |7 o0 | 'OQ:I@




._

[ —"

_Fig. 6-1. S=1.; d=0., al N =21. S
. =0 ’ —
I 4G 4 '
™~ ¢
A 0556 , -
2 1250 :
.3 2143.
4} 3333 |
.5 5000
6 7500 “
7 1.167 e ”
8 2.000 _
9 4.500 : -
Fig. 62. -3=1., d=1:, N=1,2 3, o
Bl B o %, | %y | 2% ?‘G; 9,
N 556 583 | .593 | .61 639 667
2| o5 |67 | “708 | 750 812 875 1
.3 714 821 857 .928 1.04 1.4
.4 .833 .| 1.00 1.06 | 1.16. 1.33 1.50
5] 00 |15 |13 | 1.0 1.75 2.00
6] 125 | 162 Y175 | 2000 T | 2.3 | 275
|7 ve | 225 | 244 | 2.83 3.42 4.00
8| 2.5 | 3.5 ] 383 | 4.5 550 | 6.50 .
5| 500 |7.25 | 8.00 | 9.50 17 14.0
| v ‘ T
. 3
w* N 0.




_Fig. 6-3. s=1., d=100. N=1,23 .
P | e, Tg A, %% , | % 96
: ® Zo 2 d
1 50.1 52.8 53.8 55.6 58.4 61.2
.2 50.1 56.4 58.5 62.6 68.9 75.1
.37 | 50.2 60.9 64.5 71.6 82.4 93.1
| 50.3 67.0 72.6 83.6 100 17
sl Y05 | 755 | sas | 100 125 150
.6 50.7 88.2 | 101 125 163 201
7 51.2 | 109 129 168 226 284
K 52.0° | 152 185 | 252 382 452
of-| 545 279 | 354 504 ' |729 954
) .
1y
Fig. 6~4. s=1., d=0., N=1,2, 3, ©
pO 0’2 ('J'2 02 0'2= 0'2 0?2 0‘2
qu qE2 qE3 qu 4G qG2 qG] |
A .0401 0413 | .0416 | .0422 .0410 .0401
.2 0990 | .105 107 .109 .103 0990
3 189 .209 213 .219 198 .189
4 .333 386 .395 .407 .352 .333
5| 583 72 | 729 .750 619 | 583
6.4 1.06 1.37 1.40 1.44 1.18 1.06
71 2.14 2.93 2.99 3.05 2.29 2.14
g | 5.33 | 779 | 7.90 | 8.00 "5.72 5.33
.9 | 23.2 3%.3 36.5 36.7 25.0 23.2




s o F-4
‘ Figs.: 6-5, 6=6 s=1., d=1 N=1,2,3, o ,
P -
b 2 5 72 2 oL 2 ) J AW .
qu q52 an ququ qG*z qG]
1 123 165 179 .207 221 236
2 182 .289 324 .396 414 443 |
3 272 .485 555 *.696 700 | ° .743
4 417 .812 940 | 1.19 1.15 - (] E R
5 738 | 1.40 1.63 2.08 7 | 1.91 - | 2.22
6| 1.15 2.56 2.99 3.83 .3.33 3.49
7 | 2.22 5.27 6.13 | 7.86 6.50 6.80
\ 8 | 5.42 | 13.5 15.7 20.1 15.8 16.5
) 9 | 23.3 61.3 70.6 90.1 67.1 70.7
‘Fig. 6-7. s=1.,  d=100. - N=1,2,3 .
‘ [ 02 02 02 02= 02 02 - o*2 |
qE] qEZ qE3 9 qu G, qG] :
] 833 982 966 1040 * 937 845 o
2 833 1060 1140 1320 1080 859 " A
3 834 1240 1400 1730 1270 881
4 834 1510 1780 2370 1550 913
= 5| 834 | 1930 | 2380 } 3430 1990 | .97
6 834 2650 3460 5400 2750 1070
7 835 4110 | -5700 || 950" 4300 1290 4 B}
.8 839 8010 | 11900 21800 8430 1950
9 857 | 27500 | 43900 37900 29200 5590 '




Fig. 6-8. s=1., d=0., T\i=2 P Py ;= 2 Py
- - S - _
Py . qu %, T 6, qGi 6.
A .05786 | .05479 | .05556 | .05556 .05619 05366
2 1365 | L1212 1250 1250 1276 1172
.3 2471 | .2033 | (2143 | .2143 .2205 1956
4 4091" | 3081 .| .3333 | .3333 . 3455 2970
5 6579 | .4474 | .5000 | .5000 5215 4354
1.6 | 1.065 .6449 7500 | .7500 7871 .6387
7 | 1.800 9556 |1.167 | 1.167 1.232 9712
.8 | 3.364 | 1.545 [2.000, |2.000 2.125 1.626
.9 | 8.262 | 3.246 |4.500 | 4.500 4.812 3.564
Fig. 69" 5=1., d=1., N=2, p=1ps, p.= 5 p,
] l l
Py %, qE'i %y G, “'c;i “Gi
A 5995 | .5687 | .5764 | .6458 L6534 6231
2 7303 | .6524 | .6719 | .8281 8464 7734
.3 %079 | 7569 | 7946 | 1.062 1.096 " | .9634
4| 1159 8914 | 9583 | 1.375 1,429 | 1,214
S5 1.533 | 1072 [1.a87 | 1.812 1.897 1.560
6 | 2128 | 1.332  |1.531 | 2.469 2.600 2.076
7 | 3175 | 1747  |2.104 | 31562 3.773 2.930
.8 | 5.364 | 2.545 [3.250 | 5.750 6.125 4.626
9 | 12.14 4.871  |6.688 12.31 13.19 9.689




LN

Fig. 610, S=1., d=100., N=2, p,=gpy, P.7 3 v,
Py | 9% % I 96 | G, G,
0 0 i i
A ;2| 5144 | 5214 | 59.08 | 5978 | 57.00
2 | "59.51 | 53.25 | 54.81 | 70.44 | 72.00 -| 65.74
a | e6.32| 5556 | 58.25 | 85.04 | 87.72 | 76.98
41 7541 58.64 | 62.83 |104.5 |108.7 | 91.%
5| 8816 | 62.95 | 69.25 [131.7 |18.0 |29
6| 1073 | 69.39 | 78le7 [172.6 | 182.0 | 144.4
7| 1393 F 80012 | 94.92 |240.7 |255.4 |196.8
8 | 234 | 105 1270 |w7.0 |402.1 |301.6,
9 | a95.8 | 165.7. |223.3 |785.8 |842.3 |616.1

F=6

— - ] 3 .‘
s=1., d=005 N=3 p,=gpy. P =700 P =g P

Fig. 6-11.

por -‘*Ei qu %, qEO

// ‘ -

A .05844 .05461 .05837 .05556

.2 1394 1203 1387 .1250
.3 .2552 2011 .2523 2143,
4 .4275 .3034 490 | 33
5 6957 .4383 L6747 .5000

b T 1139 6279, 1.093 .7500

7 1.943 .9236 1.848 1.167
.87 3.658 1.479 3.470 2.000

.9 8.997 3.061 8.634 4.500

PR




=
Fig. 6-12.
g‘ - Py
1
.2
.3
4 »
.5
l.’o .6
7+
.8
.9
:
Py E'\ “ qu qE' %,
K 54,92 51.44 54.92 | 52.31
d 2 61.08 153.25 61.08 55.20
3 69.01 ' 55.56 69.00 58.92
4 79.59 58.64 79.59 63.87
] 5 . 94.45 62.94 94.42 70.81
o 6 116.8 69.38 116.7 81.22
7 154.0 80.09 153.9 " 98.56
8 228.7 7101.5 228.5 133.3. l
) o | .9 452.7 165.6 452.4 237.3
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}‘"." .

Fig. 6~14., s=1 G;OV, N=3,pgz%p0, ﬁzépo'PF‘%Po‘

Po 3 qu &3 I,

R 05632 05481 05628 05556 '
1.2 .1288 1214 . 1284 1250 ~\\\\\

3 12249 L2043 2235 | 2143 -

.4 .3573 .3114 .3533 .3333

5 .5481 4565 5389 |". .5000

6 8416 .6678 8229 7500

7 . 1.339 1.011 1.305 1.167

8 2.343 1.687 2.284 2.000

9 ™ 5.35% 3.693 ° 5.259 4.500 t
Fig. 6-15. 3=1., §,=0 ., N=3, p 'ZPO”piég Py - p|=§-pO

2 .

Po % qu %, %,

N 08611 05538 0553 .05556

2 1276 1242 1241 .1250

3 2215 2121 216 A~ 2143 | -

4 91 | L3288 .32%2/// .3333

8 5310 4913 4881 | ;5000 , -

.6 .8082 7337 7275 7500

7 1.276 1.136 1.124 © | 1.167

8 2.222 1.935 1.917 2.000 ’

.9 .5.073 " | 4.324 4.294 4.500
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Figs. 6-16, 6-17. s=1., d=0., N=3
¢ Fig. 6~16 p,éép p p.=§-p Ip.
i 0 i 870 4 Po
" Fig. 6-17: —% Po:  Pi=g Py o .
. i I’ 01 870
i Fig. 6-16 h - Fig. 6-17
P | & % 9% | &% |a& |9 | a
5 i ] Fo Ey E; g
1 05764 | .05462 | .05686 | .05556 | .05461 | .05691 .05757
2 | 1353 | 204 | 313 | 1250 | L1204
L3 | .2430 | .2016 | 2317 | 2143 | .2014
4 | 3983 | 3049 | .3720° |  .3333 | .3044
5 | 6320 |-4427 | .5773 | .s000 | .4417
76 |1.005 | .6397 | .8979 | .7500 | .69
1.660 9542 |1.451 |1.167 | .9509
3.014 |1.562 |2.589 [2.000 | 1.556
7134  |3.343 |6.075 |4.50 | 3.335
|

v




