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(i) 

ABSTRACT 

The noise added to an electron stream by tre interception of a fraction 

of the current has been stuiied experimentally at a frequency of 3 kmc/so 

The electron beam was produced ,i~ a demountable vacuum system by a parallel-

flow Pierce gun in a confining magnetic fieldo A series of circular aper-

tures and mesh grids on a plate capable of being moved within tre vacuum 

chamber allowed the interception of various fractions of the total beam 

currento The excess noise caused by interception was measured at the anode 

of the electron gun and at various points in a drift regiono 

Interception noise caused by mesh grids was found to be of much greater 

magnitude than that caused by circular apertureso The absolute level of 

the excess 11oise arrl its variation wi th the strength of the confining mag

netic field were found to be in reasonable agreement wi th existing theory 

as modified by the authoro 

It was shown that current interception excites a standing wave of noise 

along the electron bearn in the drift regiono Measurements made on a tempera-

ture~limited electron bearn have showa that interception noise can arise in 

a region where noise smoothing is a consequence of processes external to the 

electron guno 
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CHAPTER 1 

INTRODUCTION 

·In modern radio communication, intelligence is f:rtql.!.ently received· 

in the form of small current s or voltages which must be amplifie'd to be 

of further use. These signals must compete wi th random fluctuations of 

current and voltage, called "noise", which are inherent in electron tubes. 

In order that deviees may be designed which have the maximum ability to 

discriminate bet~en small signals and noise, a fundamental knowledge of 

noise behaviour is necessary. 

The effect of noise in electronic deviees operating in the portion 

of the frequency spectrum ~p to a few tens of megacycles per second has 

been the subject o_f expe.rimental and theoretical investigations since 

1918; an excellent. summary is given by MaenOnald (1948). Wi th the impe tus 

provided by the war-time development of radar, amplifier tubes for use in 
.. 

the thousand megacycle (or microwave) region have become of increasing 

interest. A large number of theoretical and experimental investigations 

in the past few ye~rs has been devoted to explaining the noise behaviour 

of such deviees. Among them has been the contribution of the noise group 

in the Eaton Electronics Laboratory. (Kornelson 1957, Vessot 1957, 

Shkarofsky 1957, ~cFarlane 1958b). 

As a part of the \\'Ork of this group, the author has carried out an 

experimental study of interception noise, which may be defined as the ex

cess noise created when a fraction of the current in an electron stream 
.. 

is intercepted by an electrode. Under certain conditions of operation 

of a vacuum tube, the noise in the electron stream may be less than a 



maximum value known as "full shot r)oise11 • This noise reductionj called 

11smoothing11 , imp,l:i,es tha t the motions of the electrons murpt be to some 

extent correlated. The interception of a portion of the electron stream 

pa·rtially destroys the correlation and causes t'te noise in the remaining 

portion of the electron stream to he increased. 

Although, in principle, interception noise may be avoided by elimin-

ating interception, in practice a structure Which intercepta current may 

be of primar,y importance to the operati?n of the tube. While it is nbt 

a fundamental phenomenon in the same sense as noise due to random therm~ 

ionie emission, intercepti 'on noise is nevertheless unavoidable in many 

types of electron tubesp 

' Measurements of interception noise at high frequencies have been re-

ported in the literature (Cutler and Quate 1950, Row 1952, Fried and 

Smullen 1954) but . these have been few in number and frequently only quali-

tative in nature. 

This thesis report~ an experimental investigation of interception 

noise at microwave frequencies. Measurements have been made of the excess 

noise caused by interception of various amounts of current from a long 

vYl~ndrical electron bearn confined by a ma.gnetic field. Severa! inter-

ceptin~ electrcxies in the form of circular apertures and mesh grids were 

used. 

North (1940) developed a theor,y of iqterception noise which bas been 

used successfully .. at low frequencies to predict the increased noisiness 

of multigrid tubes over the single-~rid triodeo This theory was believed 
1 ' 

to be in~pplicable to microwave tubea for two reasons: it was based on a 

particular mechanism of noise smoothing which was believed to be invalid 
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at high frequencies; it assumed that current is intercepted by a fine 

mesh grid, whereas in many types of microwave tubes, current is inter-

cepted by circular apertures. 

For the purpose of analysing noise behaviour~ a microwave tube utiliz-

ing a long electron beam may be di vided into t~ regions: tre electron 

gun, and the drift space. In the electron gun, ~ectrons are emitted 

from a hot cathode and accelerated by an el.ectric field towards the anode. 

The electron bearn passes through a hole in the -anode and enters a field-

free region where it ·drifts at constant velocity. Noise smoothing may 

exist in both regions. In the electron gun it exists only when the current 
J 

is limited by space charge. In the drift region, the noise varies period-

ically wi.th distance along the · bearn soœwha t analogously to standing waves 

on a transmission lineo There is noi~e smoothing at the minima of the 

standing wave even though there may be no smoothing in the electron gun 

itselfo 

The measurements made ·by the au thor have · sho\tll that interception by a 

mesh grid causes much more noise than interception of the same fraction of 

current by a circular · ape rtur,e. Fifty percent interception by a circular 

aperture at the anode of the electron gun produced a decrease of only Oo5 db 

in approximately 10 db of smoothing. Interception of . an equivalent frac-

tien of current by a mesh grid caused decreases in sm00thing of up to 7 db. 

It is shawn that North 1 s the ory is applicable at microwave frequencies pro-

vided the intercepting electrode is a grid 'of sufficiently fine mesh. A 

criterion for the required fineness of mesh has been established. 

From an investigation of the effect of interception on the noise stand-

ing wave in the drift region, it was established that interception noise 
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is independant of the ~echanism of smoothing proposed by North. 
· 1 

Measurements made in the drift region showed also that current inter-

ception sets up a noise standing wave which is independant of the standing 
1 

wave due to 'noise of thermal origin. The phase relation between the two 

waves is of importance in the design of law-noise microwave tubes. It 

is believed that these measurements are the f.irst to verity this phenomenon. 

ShortlY after the research reported in this thesis was ~egun, a signi-

ficant contribution to the theory of interception noise was made by Bearn 

(1955). He calculated the excess noise caused by interception of an 

electron beam by a circular aperture for the case of a beam eollimated by 

an axial ni.agnetic field. Since most microwave tubes require a magnetic 

field to confine the long elect~n beams used, such a theor,y has consider-

able practical importance. Beam presented experimental measurements to 

verity the functional variation of interce'ption noise wi th magnetic field 

strength, but made no attempt to verify predictions concerning the magnitude 

of the excess noise. 

It is shawn in this thesis that if Beam's theory is interpreted in a 

slightly different mahner, it predicts values of interception noise for 

bath apertures and grids that are 'in a'greement with experimen~al measure-

ments made by the author. In two cases Where the experimental conditions 

closely approximated the assumptions of the-theory, · the agreement wast 

1 db for a 5 to 1 variation in magnetic field strength. Larger discrep ... 

ancies in ether cases were attributed to perturbations in the electron 

flow, in particular to the variation of direct current density with, radius 

in the bearn. For circular apertures intercepting current near the beam 

edge, better agreement with experiment has been obtained by modifying the 
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the theory to take into account non-uniform current density. The actual 

variation of current density with radius was found to deviate widely from 

the theoretical form. 
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CHAPTER 2 

THEORY 

There are two basic methods of dealing with electron beam noise pro

blemso When the statistics of a fluctuation process are known~ the mean 

square of the fluctuation quanti.ty can be calculated directlyo The classic 

examples of this method are: the mean square noise current at the anode 

of a diode whose emission is temperature limited~ which was calculated by 

Schottky (1918); and the mêan square velocity fluctuation in the region 

immediately in front of the cathode which was calculated by Rack (1938) o 

In other casesj the manner in which the statistics of the fluctuation pro

cess are mod~fied by' electromagnetic fields and the geometry of electron 

flow is not known o This leads to what may be called the "signal propaga-

tion" methodo Theories of the propagation of sinusoidal signala in electron 

streams are fa'irly well established o For any portion of an electron beam 

to which these theories are applicable it may be assumed tha t 11output11 

power as a function of 11 input1•1 power is knowno If the input is chosen 

at a point where th.e mean square noise fluctuation is known, this may be 

taken as proportional to the average value of the input power at the signal 

frequencyQ Hence the noise power at the output can be calculatedo 

This chapter is concerned primarily with the first method which is 

of use in calculating interception noise at the point where current inter-

ception occurs. For low frequency tubes, such a calculation gives directly 

the increased noise in the anode currento In microwaves tubes, in contras4 

the signal theories must be employed to determine the behaviour of inter

ception noise beyond the point of intercepti on. 



I THEORY OF INTERCEPTION NOISE AT LOW FREQUENCIES 

The low frequency theories of noise smoothing and of interception 

noise as exemplified by that of North (1940) make use of a semi-statistical 

approach. North's theory is based primarily on the mechanism of control 

of anode current by electron space charge as calculated by Fry (1921) and 

Langmuir (1923). 

Electrons are emitted from a hot cathode in random numbers in any 

given time interval, and with random velocities. If the cathode tempera-

ture is low and the anode voltage high, all emitted electrons are accelerated 

towards the anode and the noise in the anode current is given by the familiar 

shot-noise relation 

= 2e I À f . 
0 

The quantity '1; may be defined as the average noise power dissipated in 

a resistance of one ohm in a bandw:idth À f. I
0 

is the direct anode current 

and e is the magnitude of the electron charge. 

When the temperature of the cathode is increased, a state is reached ~ 

for a gi ven anode voltage, where not all of the emitted electrons are drawn 

off to the anode. The space charge i mmediately in front of the cathode 

gives rise to a negative potentiai region. Electrons leaving the cathode 

are subjected to a retarding field and only those which have sufficient 

initial velocity are 'able to surmount the potential barri er and reach the 

anode. The value of the potential minimum determines the anode current in 

such a manner that it is relative~ insensitive to changes in cathode 

temperature and hence to fluctuations in the total emission current . If a 

.sudden increase in emission current occurs, the potential minimum deepens 
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and allo ..... 'S a smaller frac ti on of the total emis sion current to reach the 

anode. The potential minimum is said to produce a compensating pulse 

of current of opposite sign to the initial fluctuation . If the process 

were perfect, fluctuations in the emission current that give rise to full 

shot noise in the temperature-limited case, would not be transferred ~nto 

anode current fluctuations, and consequently the anode current would be 

noiseless. The actual degree of noise reduction is usually expressed in 

the form 

= ' (2-2) 

where r 2 is a smoothing factor ( r2 < 1) calculated çm the basis of 

the Fry-Langmuir diode theor,y . 

A fluctuation in emission from a small element of area on the cathode 

surface will produce a shift in the potential minimum and a corresponding 

compensâting fluctuation in the anode current . Although the i nitial flue~ 

tuation is localized to a small area j the compensati ng fluctuation is 

postulated by North to be spread out over a much larger area of the electron 

stream. Hence, if the current stream divides between two electrodes j it 

may be that the initial fluctuation all arrives Pt electrode #1 sayj while 

the compensating fluctuation divides ~etween the two electrodes. Con se-

quently, the fluctuation in the current of electrode #1 is not fully reduced 

and electrode #2 has r eceived an added fluctuation . The noi se in each 

electrode is thereby increased. 
•, 

In arder to avoid any question of the actual spatial extent of the 

compensating fluctuation, North assumes that interception takes place at 

a very fine mesh grid. He may then assume that the compensating curr ent 

always divides between the electrodes in proportion to their d- e currents . 
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/~ 
A Simplified derivation of North's result has been given by Robinson 

and Kompfner (1951). The,r consider interception of a fraction a of the 

total d- e current I 01• (The subscript1 will be used to denote quantities 

before interception and 2 after interception. ) 

ing 1-a of · the current is~ 

The noise in the remain-

(2~3) 

Sin ce 

the effective smoot hing factor after interception is 

·2 
~22 = l.2n •• 1;2 + a (1 - r.,2 ) 

2e I
02

D. f 
(2-4) 

North (1940c) verified this expression experimentally at low frequencies 

for certain types of tube structureso These were such that the idealized 

assumptions of the theor.y were approximately fulfilled. In spite of this 

success ~ the 11model11 tha t North proposed to explain interception noise is 

difficult to accept. For example~ it is difficult to visualize an inter-

cepting mesh grid which always divides the compensating fluctuation but 

never the initial fluctuation . Electrons are emitted with a Maxwellian 
1 

distribution of velocities in the transverse direction so that emission from 

a small element of cathode area is spread over a considerably larger area 

before it has travelled ve~ faro Furtherj at microwave frequencies 

transit times become long compared with the period of the frequency so that 

the concept of compensating fluctuations completely co~related (in time) 

with the initial fluctuations becomes questionableo There is reasonable 
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agreement between high frequency theories based on complete neglect of 

the mechanism of smoothing proposed by North and experimental measure-

ments (Cutler and Quate l950)o 

II INTERCEPTION NOISE AT HIGH FREQUENCIES 

Robinson (1954) argued tm t interception noise would arise whatever 

the mechanism of smoothing and that resul~s of North 1 s theory would be 

applicable even at microwave frequencies o Beam (1955) demonstrated that 

the theory of interception noise could be based on the random probability 

of interception of electrons by the intercepting grido It shoùld be 

noted that this concept is not new (Schottky 1938; Lawson and Uhlenbeck 

1950) ~ but the author feels tha t it has not received sufficient emphasis 

and that too literal an i nterpretation of North 1 s concept of compensating 

fluctuations has led to many misconceptions in the theory of interception 

noise a 

The following theory follows the presentation given by Beamo 

It is assumed that the intercepting electrode is a fine mesh grid so 

that the probability of interception is uniform over the entire cross sec= 

tion of the electron streamo The total d- e current before interception 

After interception it is 

I = k ! 01 o2 o 

That is~ k is the transmission factor of the grido 
0 

For small intervals 

of timej random fluctuations in the fraction of current transmitted will 

be observed o Thus the transmission factor measured is a small interval 

of time b. t may be wri tten as 
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where the k
1 

are random fluctuations such that 

kl = 0 

The bar is used to denote either a time average or an ensemble average . 

The latter implies the average of the given quantity for a large number 

· of identical. systems as opposed to the average over a long period of 

time of observation on a single system. For all cases dealt with in 

noise theory~ the two methods of averaging yield the same resulto 

Ensemble averages frequently are more easily determined since they are 

well known from the mathematical theory of probability for certain types 

of statistical distributions. 

The number of ele etrons approaching the plane of interception in 

the time interval 6t also exhibits fluctuations . This number may be 

expressed as an average value n plus a fluctuation 6 where Z = o. 

The incident electrons cannat be characterised by a single velocity 

but rather by a distribution of velocities . If the velocity distribution 

is divided into a finite numoer of velocity classes, the average number 

of electrons in each veloci ty class will be different . By swmning over 

all velocity classes, the total number of electrons transmitted through 

the intercepting grid in a time interval 6t is 

The current transmitted is therefore 

I = 4 L (ns + 6
8

-) (k
0 

+ k1s) • 2 ct 
s 

(2=5) 



The d-e component~ which is 

~k L i1 
~t . 0 s 

s 

may be subtracted to leave the fluctuation 

The ensemble average is 

(2-6) 

i 2 = ( ~ )2 
"" ( k 6 + n kl + ~ kl ) ( k ~ + n kls + ~s kls) 0 

2 ~t r.~ o r r r r r o s s 

' 
It is assumed that the emission fluctuations and interception fluctua~ 

tiens are statistically independent o That isi 

/ir k15 =: 0 , all r and s 

Also, the interception fluctuations in one velocity class are independ-

ent of those in all ether velocity classeso 

r f: s 

This condition is not true of the current fluctua ti ons if smoothing 

exists o Then, 

The third term in the brackets is a second order fluctuation which Beam 

has shown to be negligibleo The second term is the ensemble average of 

the square of the deviation from the average transmission k 
0 

numbers have a Bernouil distribution (Goldman 1948) ~ hence 

-n o s These 



The first term involves the initial fluctuations modified by k
2

• 
0 

At this point a distinction between the ensemble average of a cur-

rent fluctua ti on and mean square noise current must be made . The ensemble 

average is carried out in the time domain whereas the mean-square noise 

cùrrent involves the power spectrum in the frequency domain. 

2 noise is denoted by 12nj then Beam has shown that 

If the 

where i~ is the ensemble average for the time interval Dt as given in 

Equation (2=7) . 

The noise in the current stream before interception may be written 

as 

Th en 

Equation (2=8) may be rearranged to yield 

which is identical with Equation (2-3) if it is noted that 1 - k = Œ. 
0 

Bearn identifies the first tenn of Equation (2=8) with the original 

(2=8) 

noise in the bearn~ and the second term as the excess noise added by inter= 

ceptiono That this is incorrect may be seen intuitively from the follow= 

ing a.rgwnento 

If the incident bearn is unsmoothed~ L e o [,'
2 = 1~ th en provided the 

interception is uniform over the cross section ~ Equations (2=8) and (2=9) 
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yield the same result ~ namely that the noise after interception is full 

shot noise in the current Ic2' 

= k 2e I LI '"' 2e I Dt 
o ol o2 

Later in his paperJ Bearn treats the case of interception by a circular 

aperture and shows that the noise is 

T 
1 .. 

2n Q~ !72 
2e I 1 & + c_ 2e I , M 

- 0 '""2 o .. 

(The notation ~21 _, and &22 is used to conform to tha t of Beamo The sub= 

scripts do not indicate values before and after interception) o Q
1 

is 

esential~y equal to the transmission factor of the aperture o That is.jl 

SGl .. k 
0 

The factor Q2 replaces k
0 

(1 = k
0

) and in many cases s 

In fact it i s possible for &2
2 

to approach zero o Then if the incident 

bearn is unsmoothad~ the noise in the int-ercepted bearn is 

T ,... .... rl 2e I M 1 2n 1 ol 

k 
0 

2e I U o2 

which lmplies that the shot noise in the transmitted bearn i s reduced by 

the transmission factor o Experimental evidence is to t he contraryo 

Although the separation of terms in Equation (2~9) is artificial~ it 

appears to be the more logical form~ and is supported by the experimental 

measurements made by the author o 
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A CRITERION FOR UNIFORM PROBABILITY OF INTERCEPTION 

The validity of the assumption that the probability of interception 

is the same at all points on a cross section of the electron stream may 

be examined qualitatively for a particular geometrical shape of inter-

cepting electrode by considering the mechanism which gives rise to random 

interception a 

If electrons follow straight line trajectories perpendicular to the 

cathodej random interception ~ and hence interception noise~ cannot occuro 

Imperfections in the electrostatic focussing fields in the electron gun may 

give rise to curved trajectories and hence to the possibility of random 

interception~ since the electronsstart with random initial velocities a 

This effect would be correlated with the longitudinal velocity fluctua= 

tions, and would be difficult to calculate a Random interception which is 

statistically independant of longitudinal fluctuations must arise from the 

random transverse velocities wi th which electrons are emitteda The trans-
. ,., 

velocity distribution is 
.1\ 

vT is the transverse velocity~ 

rn the maas of ele etron, 

k Boltzmann 1 s constant, 

Tc the cathode temperature o 

(2=10) 

Equation (2- 10) gives the fraction of the total number of ele etrons N 

emitted per second per unit area that, on the average, would be found with 

transverse velocities between vT and vT + d vT a 

- - - - - - - - -·-·-- - - - -



For an infinite., parallel-plane diode or a Pierce-type electron gun 

(Pierce 1949)j the accelerating field is in the direction perpendicular 

to the cathodeo Because of its initial transverse velocity., an electron 

which starts from a point P(r, Q) on the cathode., will arrive at a point 

The N electrons emitted 
p 

per second from a small element of area at P may be considered to arrive 

at a plane (say the anode plane) distributed over an area with (rj 9) as 

centre o If the anode potential is highj the mean spread in cathode -

anode transit time due to initial velocities is negligibly smal l o Then 

at the anode ., the deviation of an ele etron from the point (r j 9) will be 

where r is the transit time and vT the initial transverse velocityo The 

radial distribution of electrons about the point (r., 9) will be of the form 

9.~ 
N 

p 

rn 
= -

kT c exp c~ 2: T~J 
The mean square transverse velocity a t the cathode is 

2k Tc 
m 

A "mean spreading radius" ., Pe j may be defi ned by 

Th en 

0 
(2-11) 

Thus a criterion for uniform pr obabili ty of intercepti on over a mesh 
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grid may be set up by specifying that the effective area of one grid 

. 2 
module shall be much less than the mean spreading area ~ Pe • If the 

grid openings are larger than the mean spreading area the effective area 

over which interception of electrcns will be random, will be much smaller 

than the total beam area. 
' .1 •. 

For a typical electron gun (an experimeni_ gun to be described later), 
,•, 

2 X 105 metersjsec. 

T 10-9 sec. 

Hence ~ 0.2 mm. 

It may be noted that in a practical electron ~n, perturbations in the 

accelerating and focussing fields may add considerably to the spreading. 

Non-Uniform Interception 

To treat the case of non-uniform interception probability, the trans-

mission factor k may be considered to be a function of transverse coo 

ordinates in the electron stream. Let k (r) be the probabili ty tha.t 
0 

electrons associated wi.th a given point in the beam cross section will 

be transmitted through the intercepting electrode. Cylindrical symmetry 

is assumed. For a circular aperture of radius r , the probability 
a 

of electrons near the centre of the beam being intercepted is negligibly 

smalL 

That is, . k
0 

(r) = 1 

k
0 

(r) [ 1 - k
0 

(r) J 
r <..< r a 

In the outer edge of the beam, well beyond the transmitting hele, the 

probability of an electron being transmitted is negligibly small so that 
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Thus the produc.t k
0

(r) [1- k
0

(r)] which appears in the interception 

noise Equation (2-9) will have value only over a region near the edge 

of the aperture and the v~ue of this product aver~ged over the entire 

beam cross section will be much amaller than that predicted by the d-e 

transmis sion. 

Beam (1955) has shown that a logical extension of the theory to 

the case of non-W1ifonn interception is to replace the transmission fac

tor k with corresponding averages of k (r) and k (r) [1 - k (r)] over 
0 0 0 0 

the beam cross section. 

~= 

He defines 

/ko(r) J(r) dA 

/J(r) dA 

~ = J ka(r) [ 1 - ko(r)] J(r) dA 
JJ(r) dA 

(2-12a) 

(2-12b) 

J(r) is the d-e current density which in general may be a function of 

transverse coordinates. The integrals are over the entire cross-sectional 

area of the incident bearn. 

JJ(r) dA = I 01 

From the definition of k
0

(r) 1 

Hence ~ is the average transmission factor 

(2-13) 
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The expression for the noise content of a beam after interceptionj 

as modified by the author, becorr.es 

(2-14) 

With the aid of Equation (2-13), this mqy be normalised to full shot noise 

in the intercepted bearn. 

(2-15) 

Calculation of Q1 and Q2 

Case lo The particular case treated by Bearn is tha t of a circular ape·rture 

intercepting a bearn confined by an axial magnetic field. 

An electron which is emitted from the cathode with transverse velocity 

vT follows a spiral trajectory, the axis of the spiral being parallel to 

the magnetic field and the radius being 

p = v / (B ~) T m (2-16) 

where B is the strength of the magnetic field. For a point P (r, Q) on 

soma cross section of the bearn, there are Np electrons which execute spirals 

with P as centre . The prob~bility of finding a certain fraction of these 

electrons with radii between p and p + dp is the same as the probabi]ity of 

finding that fraction with transverse vel ocities between vT and vT + dvT. 

Hence the radial probability distribution is gi ven by 

(2-17) 
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•exp ( 2 2 - a p ) 
2 p dp 
1/a2 (2-18) 

where 2 ~Be}2 (2-19) a .. 
2 mkTc 

By comparing Equation (2-18) with (2-11) it may be seen that 1 is equivalent a 

to the mean spreading radius defined previously. 

Because most of the dNP electrons cluster within a very small radius 

about P, th~ may be considered to exist at P insofar as longitudinal 

interactions are concerned. Nearly two-thirds of the electrons associated 

with P have radii less than 1. For a typical case, B = 500 gauss.~ T = 130D>k, 
a c 

1 and - = .02 mm. a 

Figure 2-1 illustrates the case of a bearn of nominal radius rb, inter-

cepted by a circular aperture of radius r • a Of all the electrons associated 

with the point P at radius r, the fraction transmitted may be found by 

integrating the probability distribution in p over the aperture area. This 

results in a transmission factor k
0

(r) given by (Beam 1955), 

k
0 

(r) = t [1 + erf a(~- r)] ' 

where the error function is defined by 

2 erf y .. -
11T i y -x2 

e dx 
0 

The functions k (r) ani k (r) [ 1 - k (r}] are sketched in Figure 2-2. 
0 0 0 

r 
Ita Yb aperture radius 

1 

bearn radi us - rb 

b • r 

k0 ( r) [ 1 - k0 ( r] 1 

.25 t 
0 ~----------------~~~----~------~ 

ra lb 

Figure 2- 2 

- r a 
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Assuming incident current densi ty constant for 0 ~ r ~ rbj Equations 

(2-12) yield 

~ = Lt 1 + erf a(ra- urbl] udu 

~ = i it 1 - erf
2 

a(ra - urbl] udu 

(2-21) 

(2-22) 

where u is a normalised radius 

u = 

The evaluation of these integrals is oonsidered in Appendix I. It 

is shown that for all practical purposes~ 

r 2 
Ql = (+), ra~ rb 

b 

For ra~ rb, ~ is approximately unity but 1 - Q1 is of significance. 

This is shown in Fig. 2-3 where 1 - Q1 is plotted versus ra/rb for various 

values of ar • a 

An analytic expression for ~ which i s val id over a wi de range of mag

netic field strengths is, 

and hence 

,. --4 
_L 
ar a 

2 rb 
erf .r= ar ( - -·v,. a ra 

2 

erf ~ ar (Ib - ,_\"] V.fT a ra .lJ 

2 

(2-24) 

The function in brackets in Equation (2-24) has been plotted versus ra/rb 

in Fig. 2-4. It is seen to be constant if ra/rb is somewhat less than 

unity and to decrease rapidly near the beam edge. In the region where 
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this function is constant, the excess noise due to interception is essen-

ti ally gi ven by 

= 1T 

4 
1 

ar a 

mean spreading radius 
radius of the intercepting aperture 

It is interesting to note that this expression is independant of bearn radius. 

Of most interest to the tube designer is the magnitude of interception 

noise for very small arncunts of intercepted current; that is, for values of 

ra/rb ne arly equal to uni ty. 

Appendix l) 

Here, Bearn 1 s theory predicts that (see 

~--1-~ 

ie., that interception noise approaches the North value. Bearn assumes 

that the current ciensity in the incident bearn is constant for 0 .c... r < rb 

~d is zero for r => rb. . This is unrealistic s:tnce the spiralling of elec

trons near the edge of the bearn tends to 11smear out" the edge. 

It is shawn in Appendix 4 that the radial depende~ce of current den-

sity has the sarne formas the transmission factor k (r) for r = rb. That 
o a 

is 

~ = [1 + erf a (rb - r~ 
Jo 

where J
0 

is the average current density given by 

(2-25) 

Equation (2- 25) has been utilized in conjunction with Equation (2-12b) 
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to calculate modified values of ~· The integration was carried out 

numerically. Representative results are listed in Table 2-I. 

TABLE 2~1 

Calculated values of ~ modified to take into acoount radial variation 

qf current density . 

~- 1 
~ Q2 modified Q2 Bearn 

1 1 

50 - 0.01 1.0 x 10""2 1.3 x 10-2 

0 0.59 0.80 

o.·ol 0.24 0.35 

20 - 0.025 2.5 2.9 

0 lo5 2.0 

0.025 0.59 0.8Q 

10 - 0 .05 5.0 6 .0 

0 2.9 3.9 

0.05 lo2 lo7 

Although this first order correction yields a reduction in Q
2 

of only 

1 to 2 db, it does indicate tha t the thining-out 'of current densi ty near 

the bearn edge tems to ·reduce the affect of interception. 

Case 2 MESH GRIDS 

Beam•s theory may be extended to mesh grids in the ·following mannar. 

The electron beam may be di vided into a bundle of smaller beams each of 

which is associated ·with orle opening in the gr.id. The fraction of current 

intercepted from one of the- snall beans is equal to the fraction inter-



cepted fTC?m the whole stream provided the current densi ty is reasonably 

uniform over each of the small beams. A smoothing factor J22 may be cal-

c~lated for one of the small beams in the sarne manner as for a single 

aperture~ ard since G2 is a measure of noise per unit current ~ the value 

thus calculated applies to the W'lole bearn. This analysis neglects pos-

sible interaction among the srnall be~ms, ioe., the fact that the small beams 

have no 11 edge"~ and that the radii nf spiralling ele etrons may be large enough 

to ov~rlap several grid modules. Such effects should be small if the mean 

spreading radius 1 is less than the radius of one of the grid openings. 
a 

When 1 becomes greater than this radius, the excess noise ~11 approach the 
a 

North value. 

Case 3 NO CONFINING MAGNETIC FIELD 

An estimate of the excess noise produced in this case may be made by 

using the mean spreading radius due to transit ti me (as defined in Equation 

(2-11)) in place of ! in the fo·regoing calculations. 
a 

' III Space-Charge Waves ~n a Drifting Electron Stream 
1 -

When alternating current density and velocity modulation are excited 

in an electron stream drifting with constant velocity u , it is well known 
0 

that their variation with distance z along the bearn has the form (Hutter 

1952~53)' 

(2-26) 

(2-27) 
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Ja' va are the initial values of the modulation at the plane z z 0 

w = 2~ X the modulation frequency. 

w is the "plasma angular frequency 11 given by 
p 

J 
0 

is the direct current densi ty. 

Jo 
u 

0 

Time dependance exp (-jwt) is understood. 

The theor,y assumes that the modulation amplitudes J and v are small 
' ' 

compared wi. th the d~c values J and u respectively ~ and also th.at the 
0 0 

bearn is infinite in lateral extent. 

' When the bearn is finite~ as in a practical ·tube, the modulation quan-

tities may vary wi.th radius (Hahn 1939.i Ramo 1939)o For example~ the 

current density mçdulation is » 

J(z~ r) = L A J (T r) exp(-j t3 z) 
n n o n n (2-28) 

This gi.ves rise to an infinite number of "modes" of propagation~ the radial 

dependance of which is given by the zero 1th order Bessel function~ J
0

(Tn r). 

The radial propagation constants T are determined by matching field quan-
n 

tities at the edge of the bearn. The mode amplitudes Au are determined 

by the excitation at the input plane. The longitudinal propagation con-

stant is 

w 
~n = Uo :t p ~ 

n uo 
(2-29) 

Where pn is called. the "plasma reduction factor" for the n 1th mode (Watkins 

1952). 

Since this theory also applies to narrow-band noise, it may be seen 



from Equation (2-26) that there exists a standing wave of noise power in 

the beamo In the infinite be~ case~ the standing wave has finite minima 

if J and v are uncorrelated noise sourceso 
a a 

For physical beams, finite 

minima are predicted even in the case of single source excitation (v = 0~ a 

say) since the space-charge wavelength is different for each of the higher 

order modeso 

Bearn ,(1955) has calculated the excess veloc;ty fluctuations caused by 

current interceptiono Thus interception is a source of Ctlrrent and velocity 

fluctuations Which will excite a standing wave in a drifting electron streamo 

The contributions of interception noise velocity and of higner arder modes 

to the finite minima in an interception-produced space~charge wave are in= 

vestigated in more detail in Appendix 3o 
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CHAPTER 3 

Apparatus 

Figure 3-1 is a photograph of the apparatus used to make inter.:;ep-

tion noise measurements. The important and central portion of the 

apparatus is a vacuum chamber in which an electron gun an:l. an intercept

ing electrode could be moved longitudinally with respect to a resonant 

cavity mounted on the right end of the long brass chamber. The large 

solenoid, mounted on wheels and capable of being rolled over the vacuum 

chamber, served to collimate the electron beam. The rack-like table was 

used to mount electronic apparatus. 

Figure 3-2 is an exploded view of the component s wi thin the vacuum 

chamber; the outer vacuum jacket has been removed. The electron gun and 

intercepting electrodes were mounted on frames which slid on teflon inserts 

along the inner surface of the brass tube seen at right. Over a long-

tudinal distance of 40 centimeters in which the mo ti on took place JI the 

latera~ deviation of the sliding structures was less than 0.07 millimeters. 

Since the plungers which moved these structures had to be located off centrejl 

the frames were made long enough to prevent binding due to flexing or twist-

ing of the plungers. The frame carrying the intercepti ng electrodes con-

sisted of tw:> annular rings which allowed it to slide back over the cavity. 

The intercepting electrodes could then be positioned immediately in front 

of the cavity. 

The intercepting electrodes used were th~e apertures - of diameters 

.08011 , .000", .04011 , -and two mesh grids. The grids were a standard type 

used by Varian Associates in the manufacture ·ar klystrons. One of the 



FIG. 3-1 APPARATUS USED TO MEASURE INTERCEPTION NOISE 

FIG. 3-2 INN ER COMPONENTS OF THE TUBE STRUCTURE 



grids was mounted perpendicular to the beam axis, the otre r at an angle 

of 20° in arder to intercept a larger fraction of the bearn currento All 

electrodes were assembled on a single plate \lhich pivoted on the plunger 

controlling the longitudinal motiono By rotating the plunger, any one of 

the electrodes could be moved into tœ path of the beamo 

The resonant cavity was a standard re-entrant type with a resonant 

frequency of 3050 mc/so Mounted directly behind the cavityj on the outside 

of the circular brass pla te seen in Figo3-2j is the ele etron collectoro It 

was surrounded by a soft~iron magnetic shield in order to eliminate the 

spurious noise caused by, reflected se corn ary ele etrons passing back through 

the cavity gap (Kornelson 1957)o The details of the se structures are shawn 

more clearly in the mechanical drawing of Figure 3~ 3 o 

The plungers controlling the motion of the electron gun and intercep~ 

ti on pla te were dri ven by a variable-speed mot or by means of a rack-and-

pinion gear systemo The arrangement j shawn in the photograph of Figure 3-4j 

was such that ei ther the electron gun or the interception plate could be 

moved While the ether was held fixed; or bath could be driven simultaneously 

with a fixed spacing between th an o The vacuum seals which allowed the 

plungers to slide through the wall of the vacuum c!lamber employed teflon 

packing glands o Double glands were used in each seal am the region between 

glands was exhausted with a small mechanical pump in order to reduce the 

leak rateo The plunger Which moved the interception plate also served to 

carry the intercepted current since the whole structure was insulated from 

the ground by the teflon inserts on the sliding frrune and by the teflon 

glands at the sliding sealo 

A 3-stage oil diffusion pumpj which is partially visible in the left 
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foreground of Figure 3~4, was the main element in the vacuum syste.mo 

Between the diffusion pump and the vacuum manifold was a baffle which 

was mainta,ined at a temperature of ~40°C by a Freon refrigeration unit a 

Pressure in the vacuum chamber was measured by means of a Bayard~Alpert 

type ionization gauge Whose elements projected directly into the vacuum 

manifold in · order to give a true pressure reading a The normal operat-

-6 ing pressure of 3 X 10 mm of Hga could be reduced by a factor of ten by 

means of an auxiliary liquid nitrogen cold trap a 

Electron Guns 

The electron gun initially used in the noise rneasurements followed a 

design originated by Kornelsen especially for use in demountable vacuum 

systemso It employed an indirectly heated tantalum emitter which was 

not subject to contamination at the moderate vacuum (lo-5 to 1o=6mm Hg) 

attainable in a demountable systemo Nor was it affected by repeated ex= 

posure to atmospheric pressure when changeE had to be made in the tube 

structureo 

The main elements of the gun are shawn in Figure 3- 5" Elements Aj 

B an:i C form the electron gun propera A and B are bearn forming electrodes 

(anode and cathode respectively) which were sqaped according to the theory 

of Pierce (1949)o The e:nitter C is a circuJar 11button 11 of tantalum al011 

in diameter and o010 11 thick 0 From it, three equally spaced arros extend 

r adiall y to a s upporting electrode Da The t antalum butten i s heat ed by 

electron bombardment :J the bombarding electron stream being produced by a 

second electron gun consisting of elements D, E and Go The emitter G was 

made by winding o005 11 diameter tungst en wire i n the form of a toroidal coiL 
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S:l.nce the emitters C and G are only of the oroer of al11 in dia.meter~ it 

was ne c~ssary to shape them by hand uni er a binocular microscope a 

Pertinent data on the Pierce=ty})e gun are~ 

cathode-anode spacing 

cathode aperture diameter 

anode aperture diameter 

measured pe ,rveance 

(defined by G = I /V 3/ 2
) 

0 0 

cathode temperature for 

space-charge- limited 

emis sion (Kornelson 1957) 

For ~e bombarding gun~ 

4o6 mm, 

lo5 mm11 

2o4 mm~ 

the cathode-anode voltage wa.s 500 volts; 

the bombarding electron current necessary to 

heat the tan~alum button to space~charge 

limited emission was 45 mao 

For measurements of the variation of interception noise with magnetic 

field strengthj an electron gun with an oxide-coated cathode was used since 

the bombarded-cathode gun did not operate satisfactorily in magnetic fields 

of less than 700 gausso At. low field strengths the bombarding bearn was 

so divergent that i nsufficient current was delivered to the tantalum button 

to achieve space-charge limitation in the primary guno 

Previous attempts in this la bora tory to ope rate an oride=coated cathode 

in a demountable vacuum system had been unsuccessfulo The primary source 

of contamination appeared tc be the s ilicone vacuum grease used at 0- ring 
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seale~ particularly where sliding seals were ne ~essar,y. At the sugges-

tion of Professer G. A. Woonton9 dry O=rings and tenon 3liding seals were 

used in the author 0 s vac-ùum system. An ox:ide- coated cathode was operated 

in the system at intervals over a period of several weeks. During this 

time a gradual decrease of cathode activity wa.s notedo Howeverj the noise 

behaviour was C".onsistent from day to dey and showed adequate reproducibility. 

The d.imensi ons and measured perveance of the gun were the same as 

listed previously for the other Pierce=type g'J.n o The cathode temperature 

necessary to prod_uce space=charge l i mi.ted emission was 13 50°K. This was 

estimated from curves of .csthode temperature versus heater power obtained 

by Desrocher (1958) for a sirnilar gun . 

The Measuring System an:i Electric~ Circuits 

In dis cussing tl1e sen si ti vi ty of the measuri ng apparatus used in tbese 

experiments 9 it is necessary t.o consider the problem of discrimina ting 

between randorn noise from the electron bearn { which :will be referred to a~ 

the "signal" ) arrl the background of' random noise fluctuatlons tha.t are .in-

herent in the measuring apparatus i,tself o Since the spectral dens.i ty of 

the electron bearn noise i s essentially constant over a narrow frequency 

range:~ the signal power ia proporlional t.o t he bandwid th of the ruicrowave 

ca vi ty (or of the int.ermedia.te=frequenc.y amplifier~ whichever is the smaller\ 

The signal changes to be measured ar(:l e :ssentially changes in d~c level _q 

or at most~ slow variationGo Henc: e considerable irnprovement in sensi-

ti vity can be obtained by narrowi.ng the bandwidth after detectl.on. The 

fractional fluctuations i n signal level. ~ due to rece:ï ver noise , are t hen 

of the arder of 

- .L 
rbarrlwidt-h after detection 12 
Lbandwidth before detection {!oR o r R.F.)_ 



The above factor can be made very snall since the bandwi.dth after detection 

need only be of the arder of cycles per second whereas before detection it 

will be of the order of megacyclesjseco Howeverj direct-cm·rent amplifiers 

are subject t.o spurious gain fluctuations so that the indicated increase 

in sensitivity may not be realized in pra.cticeo A method of minimizing 

gain fluctuations is to modulate the original signal at a low audio fre~ 

quency an:i then perform the final detection in a coherent (or synchronou.s) 

detecter o This methoo has oorne to be known as the "Dicke radiometer11 

' 

techniqueo (Dicke 1946) o 

The measuring system is shown in Figure 3~6 and 3~7o The electron 

bearn was gated by a synunetrical square wave at 35 e/s o The microwave 

cavity was followed by a conventional superheterodyne re~eivero The 35 cjs 

signal detected hy the bolometer was amplified by a tuned amplifier (band~ 

width -··· 2 cjs) and then detected coherentlyo The synchronizing signal for 

the coherent detecter was prov.'i.ded by the same square wa·v-e used to mcdulate 

the electron beam o r'ollowi.ng the synchronous detecter j the bandwidth was 

reduced to Oo5 cjs and the output signal applied to a 0=1 ma o linèar recordero 

In arder that recorder readings be maintained greater t han half-scale over 

a wide range of signal levels~ attenuation in steps of 3 db was i.nserted 

before the synchronou~ detector o 

MacFarlane (1956) has analysed this systan arrl 1'ound tha.t the limiting 

sensitivity is a signal 35 db below the self-noise of the receiver alone o 

Detection of signals of the order of 10=15 watts has been a ch i eved easilyo 

Since a bolometer is a square=law deviee~ the output of the measuring 

system (ieo, recorder current) was proportional to the noise power output 

from the cavity o The linearity of the measuring system from the input of 
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the crystal mixer up to arrl including the recorder was measured by means 

of a calibrated signal generatoro Output readings were found to be linearly 

rel.ated to power input to v.rithin :t Oo 2 db over a dynamic range of 25 dbo 

It must be noted tha t the measurement of linear dynamic range wi th a signal 

generator is not a good cri teri on for a noise measuring system, since for 

romoso noise power equal to the maximwn tolerable signal power~ there will 

be noise peaks W1ich extend well into the non-Unear regiono However, in 

operating the measuring sy:::tem 3 the gain was adJasted so tmt the maximum 

output signal was al ways 6 to 10 db below the beginning of the non- linear 

regiono Since tœ gain ccntrol was in the early stages of the intermediate-

frequency amplifier.il it is believed tha.t there was no possibili.ty of satura

ti on on noise peaks o 

Figure 3=7 shows in sorne detail the ele ctrical connections to the 

bombarded-cathode type of electron gun o It was found necessary to stabilize 

the electron bearn current in the region of temperature lirnited emissiono 

This was accomplished by a negative-feedback system developed by Kornelsen 

(1957) in which the collecter current controlled the magnitude of a resist-

ance in series with the filament supply for the bombarding gun o Current 

control by this stabillzer was adequate down to 5 microa.mperes of bearn cur= 

rento Manual control was necessary for currents below 5 microamperes o 

Circuits for the oxide=cathode type of gun consisted only of the high 

voltage modulator and a cathode heater supplyo 

Collecter current was rœasured with a meter W1.ose accuracy was known 

to be better than 1% of full scalea All ether voltages and currents 

associated wi th the electron bearn were monitored with meters of 5% accuracyo 
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CHAPTER 4 

MEASUREMENTS 

In the first series of measur:ements for which the apparatus was used 9 

the interception plate and the cavity were located at the anode cf the 

electron guno Noise smoothing ~ before and aft er interception by the 

vario-us ele ctrodes ~ was obtained as a func tion of electron gun voltage at 

a fixed value of magnetic fieL1 str engtho The variation of smoothing 

with magnetic field strength wa.s measured for a constant value of gun volt= 

ageo 

The investigation of the effect of interception on the noise space= 

charge waves in the drift space consisted in me asurements of noise power 

as the electron gun was moved back from the cavi ty ~ wi. th the i nterception 

plate at various positions betweerl gun and cavi tyo These measurements 

were carried out for the condition of space=char ge-limi ted emission and 

for temperature- limited emission o 

I Calibration of th~_Measuring System 

The apparatus was calibrated by a met.hoo used by Cutle r and Quat e (1950) o. 

With the ca vi ty at the anode of the electron gun , rela t i ve noise power was 

measured as the bearn current was i ncreased from zer o t o it8 maximum value 

at space- charge l imitati on o Typical cur ves of noise power ver s us collecter 

current which result ed from measurements u.sing the bombar ded - cathode gun 

are shown in Figure 4=l o In the region of temperatur e- l i rnH.ed current the 

noise power ro se linearly ~th collecter curr~1t as pr edic t ed theoretically 

by the shot~noise r elati on , 

2 
i '"" 2e I Lf. n o 
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The onset of smoothingj as the cathode temperature was increased furtherj 

mey be cle arly seen from the curveso At the maximum value of space- charge-

limited currentj the ratio of measured noise power to the equivalent shot~ 

noise power determined by extrapolating the linear portion of the curve to 

the same current yields the smoothing factor f 2 
0 

The value of collecter current at which f 2 
was determined was to a cer~ 

tain extent arbitraryo In the electron gun.Q the transi ti on from temperature-

limited emission to space=charge~limited emission is a gradual oneo The re 

is no preci se value of current which mey be said to be the "space=charge~ 

limited point" o As may be se~ from Figure 4=l j the relative noise power 

reached s. minimum in the region of space-charge~limited emissionj and then 

began to increase again wi th incr-easing currmto Thi s affect was most pro-

nounced at low gun voltageso For examplej at 200 voltsj the noise reached 

a minimum at I = 135 p amperesl' then increased continuously to I = 240 p 
0 0 . 

amperes ~ The latter current was the maximum value attainable with reason= 

able safety to the cathodeo In many cases the noise vose nearly parallel 

t.o the shot-noise assymptotej ie o:; the smocithing was constanto This 

behaviour was not consistent for different gun voltageso 

zero- intercepti on snoothing was measured at the max;i1num val ue of bearn 

current attained for each gun voltageo Similarly l' for the various fractions 

of interceptionj the smoothing was measured w1en this maximum value of 

inci dent cur rent was obt ained o 

Measurements of the variation of interception noise with magnetic field 

strength was normalized to shot noise by means of smoothing curves obtained 

for a fixed value of magnetic f ieldo Similarlyj i n the case of measure~ 

ment of noi se space- charge waves along the elect ron bearn ~ the relat i ve noise 
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power levels of the maxima and minima were referred to the level at the 

anode which had been determi.ned with respect to shot noise from the smooth-

ing measurements o 

II Precision and Accuracy of Measurements 

In arder to achieve maximum precision in the determination of the smooth~ 

ing factor f 2 
9 i t was necessary to ob tain a complete smoothing curve for 

each of the intercepting electrodes and for each value of gun voltageo The 

reasona, fo r thi s are the following o The measuring system was subject to 

slight gain changes cver periods of several days o This was the cause of 

the slight differences in level of the straight=line portion of curves 1 ~ 

2 ani 3 in Figure 4=l o In the case of the o040 11 aperture ~ curve 4, there 

was a real decrease in power due to the reduced bearn diameter and consequent 

decreased coupling to the cavity o A further effect of beam-to-cavity coupl-

ing was the decrease of coupled power with decreasing gun voltage~ which was 

due to the i ncreased transi t t ime acros s the cavity gap o 

An unexpected result from the experimental measurements was that the 

slope of the shot- noise assymptote (viz o the slope on a log=log plot of the 

linear porti on of the curves shown in Figure 4=1) was less than unity i n 

sorne caseso That i s , at very small values of bearn eurrent ~ noise power 

was proportional tc rn where n ranged ftom l oO to about Oo9 depending on 
0 

gun voltageo In Table 4- I are listed sozœ values. of n obtainsd by fit ting 

the points on the assymptot e to a s t raight l i ne by the l east=squares method o 

Column three cf the table gives the "standard error of e stimate" (root~mean= 

square deviati on) in àecibels o 



TABLE 4~! 

Slope of the shot~noise assymptote as a functicn of gun volt age o 

Gun Volta~ Slo~ ~~~ Error of fit 9 

in decibels 

1000 Oa996 Ûo04 
LOOS Üo05 
lo014 Üo2 

700 Üa992 Üa07 
Ûo992 ÛoÜ2 

500 Oa976 ÜoOJ 
Oa982 Üo05 

300 Oa94k ÛoÜ2 
Ûo 9.38 Üa06 

In a number of ether cases~ for which least=squares fitting was not 

carried out J slopes were estimated visually and agreed w.ith the above values 

to w.i thin l%a At 200 volts the scatter of measured points for low values 

of oollector current became large because of poor signal=to=noise ratio and 

instability of bearn current a The slope was ee.timated visually as Oa 9 a 

It has been difficult to decide -wh ether the experimental p0ints represent 

a straight line of non=uni ty slope or a gradual curve which might assympto-

tically approach a llne cf unity slope at much lower currents a Visual 

examination of a large number of sets of points9 and the amallness of the 

r amasa deviations listed in Table it-~I have leà the author to assume that 

a straight l i ne of non=unity slope is the correct ~nterpratatiqn o 

Similar smoothing measurements carried out by McFarlane (1958) in this 

laboratory on t\<10 Hsealed=off11 tubes showed a similar range of slope with 

gun voltagea These measwements were made at a freqency of 4 ~200 mc/s 

and with no confining magnetic field o On the ether hand~ McFarlane has 

obtained unity slope with similar tubes at frequencies of 1~400 mc/s and 



,Careful examination of the linearity of the measuring system and its 

overall stability has ruled out these as possible causes of the observed 

non=unity slopes o Al~hough the evidence is not conclusive 1 the most pro-

bable explanation lies in the non-uniformity of coupling between 

the electron bearn and the cavityo 

in Appemdix 2 o 

This matter is dealt with in more detail 

Values of f 2 then~ have been calculated from the extrapolated straight-

line portion of the smoothing curves a An upper limit on the possible error 

in the values of f 2 
has been assessed as follows~ 

from determination of the noise power at the maximum 

current point~ taking into account graphical smoothing 

~ Ool db; from determination of the shot=noise 

assymptot6 using a least~squares fit 

total possible error ~- ;t Oa2 dba 

This is believed to be a reasonable estizœ.te at the higher gun voltages ~ 

sooj 700 ~ 1000 volts o From inspection of several sets of data~ the author 

has been led to assi gn larger errors , :t Oa 5 db and t 1 db at gun voltages 

of 300 ani 200 volts r e s pec:ti velyo 

1!.!._ Space=Charge Wave Meas~ements 

Fer these meas urements the chart recorder was dri ven externally in syn= 

chronism with the motion of the ele ct r on gun o A typical record is shown 

in Figure .4=2 o The smooth ra ttem of the curve is broken near the minima 

by changes J.n the r elative gain of the me a suri ng system o The levels of 

the mini ma were recorded at greater th an ha lf=s cale deflectiono 

In the case of zero interceptionj the reproducibility wàs better than 
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Oa 5 db for all maxima and the first minimum a The scatter of points at 

the second and third minima for seven, records of the zero-interception 

wave is shown in Figure 4~3 o It is believed that these fluctuations were 

due to secondary electrons or to d~c beam perturbationso 

The serious deterioration of smoothing caused by electrons reflected 

from the collecter and returning through the cavity gap has been described 

by Vessot (1957) and Kornelsen (1957)o The precautions taken to eliminate 

effects of secondary electrons have beoo discussed in Chapter 3 o When the 

electron gun was stopped at a minimum of the noise standing wave~ it was 

found that the noise level was sensitive to slight changes in the orienta= 

tion of the magnetic shield surrounding the collectera Both size and posi-

tion of the shield were adjusted to minimize the noise levelj but it was 

impossible to say whether all reflected electrons had been eliminatedo It 

should be noted tha.t the smoothing~ at the second minimum for examplej was 

r 2 1 of the order of - 26 db ( ~> 400) j so that the introduction of only Oo25% 

random current -would cause a 3 db increase in the noise o 

The existence of finite minima in the space=charge wave has been shown 

theoretically by many authors o (Pierce 1954; Robinson 1954,for example) o 

The theory predicts tha.t the prodtet of the maximum and minimum values of 

noise power in the standing wave is constanto Referred to shot=noise the 

relation is j 

= 
1 w kT0 
2 Wq eVo 

2 

The value of this expression for the 700 volt case of Fig a 4~3 is ,...._, =48 db o 

The experimental value is only ~35 dba 

In a practical electron bearn~ d-e perturbations alone are of sufficient 
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magnitude to account for finite minimao The space=charge wavelength À 
q 

is a function of current density Which in a practical electron bearn varies 

both with radical and with axial coordina.teso A current fluctuation 

associated· with a particular value of radius propagates with a different 

space-charge wavelength than that at sorne other radius o The re is seme 

average wavelength which can be assigned to the bearn~ but at a plane where 

fluctuations propagating with the average wavelength go to zero 9 the cavity 

will still respond to the non~zero fluctuations associated with slightly 

different wavelengths o 

The space=charge wave far zero interception shown in Figure 4=3 also 

exhibited two features which have been noted by other workers (Rowe 1952 ~ 

Kornelson 1957, Shkarofs~ l957)o These were, (1) the gradual rise of 

the levels of the ma.xi.ma and minima with dis tance, arrl (2) the fact that 

the first minimum was always higmr than the secondj and the secorrl ma.xi.mum 

was always lower than all otherso Although these phenomena are not 

thoroughly understood, the first is usually attributed to an increase in 

noise due to electron-molecule collisions, and the second due to the strong 

exitation of higher order modes o 
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CHAPTER 5 

Experimental Results and Their Interpretation 

I Interception Noise as a Function of Magnetic Field Strength 

The measurements to be described here were made with the emission 

from the oxide~coated cathode space-charge limited at an anode voltage 

of 700 volts o 

Figure 5=1 shows the measured values of bearn noise after interception 

as a functi on of the strength of the confining magnetic field o Ordinate 

values represent the noise content of the transmitted bearn normalized to 

full shot noise in the transmit ted curren t o In the ca se of the cir cula.r 

aperturesj the amount of current ~ransmitted was a strong function of the 

value of the magnetic fi eldo The number associated with each experimental 

point in Figure 5=1 is the percent transmission at that field strengtho 

As noted on the graphj the transmission factor of the grids was independ= 

ent of magnetic field strengtho 

The striking difference between the amrunt of noise added to the bearn 

by grid interception ani that added by aperture interception is evident 

from these measurements o For comparable fractions of current intercepted~ 

the magnitude of 1;2 
is from 3 to 6 db le~s 'from grid interception than 

for aperture interceptiono The experimental points of curve D for the 

o06o'" aperture are particularly significant in the region from 350 gauss 

to 700 gauss o Here the interception varied from 3% at 700 gauss to 20% 

at 350 gaussj but the decrease in smoothing from the zero-interception 

value of approximately 14 db was less than Oo5 db o 

For the purpose of comparison wi. th theory the predi cted values of ~2 
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given by 

has been plotted on the graph for each of the intercepting ele ctrodes o 

The details of the calculation of Q2 for particular electrode geometries 
~ 

l 

are given in ,Appendix 1~ section IIo 

The measured values of G2 are in qualititative agreement with the 

functional variation predicted by the theory of Bearn for magnetic field 

.strengths greater· than 150 gaussa That. is:. the noise decreased with in-

creasing magnetic field strengtho The smaller undulations in the experi -

mental curves are thougpt to have resulted from scalloping on the bearn 

since they were found to be consistent with variation of scallop wavelength 

Às of the foJrm 

À ~ (bearn voltage)~ 
s Cl\.. magnetic field strength 

The magnitude of the smoothing measured for the flat grid arrl for the 

o 04011 aperture lies within 1 db of the predicted value over the range 100 

to 700 gaussa The theoretical smoothing is consistently law in the case 

of the tilted grid :J and high for the larger apertures o In the latter 

cases.~ the use of the modified current densi ty as given in .. Equation (2-25) 

has slightly improved the agreement between theory and experiment o In the 

practical electron beam the current density profile is frequently more non-

uniform than predicted by theoryo This has been shown by the experiments 

of Ashkin (1957) and of Cutler and Saloom (1955) o 

Seme idea of the radial variation of current density of the bearn used 

in the author 1 s e:xperiments may be gained by examining the figures for per= 

cent transmission by the three apertures at constant magnetic field strength o 
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If the current density is reasonably uniformj the effective bearn radius 
2 

rb is gi ven by (~) :::- fraction of current transmittedll provided the 

interception is largeo The o040 11 and o060" apertures yield "effective" 

bearn radii of Oo79 mm and Oo$4 mm respectivelyo Theory predicts that the 

interception will have dropped to 1% for an aperture wi.th radius 2% greater 

than the "effective" bearn radiuso Experimentallyj) 1% of the current is 

intercepted by the .08011 aperture the radius of 'ttlich is roughly 20% 

greater than the calculated effective bearn radi uso Thus the direct cur= 

rent density in the actual bearn decreased much more slowly than is predicted 

by theory. This may account in part for the discrepancy between the ob-

served and predicted values of interception noise in cases where the bearn 

is intercepted near the edgeo 

Concerning the magnitude of the interception noise produced by the mesh 

grids j) it is interesting to note that for field strengths in the neighbour-

hood of 150 gauss the noise approaches or exceeds the Nortb values plotted 

as curves ~ and B2 in Figure 5=lo At these values of magnetic field ~ the 

theoretical mean spreading radius is nearly equal to tre radius of one grid 

module a In the actual physical beam, small d-e perturbations in the elec~ 

tron gun, probably i ncrease the spreadillS radiuso Hence it would be 

expected from the theoretical. agreements of Chapter 2 that the noise should 

approach the North valueo 

The i ncrease i n the mean spreading radius j) due to transverse veloci~y 
-c 

other than that of thermal origin~ is believed to account for the fac? thatj) 

for strong magnetic fields , the experimental values of ~2 for the grids are 

higher than the theoretical values o Tha t this e ffect s hould be the more 

pronounc ed the f i her the mesh of the grid is confi rmed by the measurements . 
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In the case of interception by apertures~ it ls to be expected also that 

an iJ1crease in the mean spreading radius woul.d cause increased noise9 but 

the effect of non=uniform current densi.ty in reducin.g noise is believed to 

be largero Evidence wi:ll be presented later~ ...tlen interception noise on a 

temperature-limited beam is di.3cussed~ to show that excess transverse velocity 

can cause a large increase in the noise prcduced by aperture interceptlono 

From Figure 5-1 i t ma;y be seen that the experimental values of r2
2 for 

each of the intercepting electrodes decreased as the strength of the magnetic 

field decreased from about 150 gauss to zerco This is a region of transition 

from a mean spreading radius determined by the magnetic field to a mean spread~ 

ing radius determined by transit tilœ across the guno The values of 1;2 pre= 

dicted from transit time considerations are in qualitative agreement with the 

experimental measurements ~ but are in error by L 5 db for the tilted grid 

and the o04011 apertureo 

II The Variation of Interception Noise wi.th Gun_ Voltage 

The significant conditions of the experiment were: interception plate 

and cavi ty at the anode of the tantalum=cathode gun~ magne tic field con~ 

stant at 700 gaussa Figure 5~2 shows the colle cted result s of smoothing 

measurements, similar to those indicated in Figure 4=19 fc1r gun voltages 

from 200 volts to 1000 voltso 'fhe small arnount of excess noise caused by 

apertùre interception is again apparent o For five percent interception by 

the o060n aperture~ no change in smoothing was detectable within the pre= 

cision of the measurementso The o040" aperture which intercepted forty 

five percent of the bearn current caused less than Oo5 db decrease in smooth= 

ingo 

The results of a c.omparison of the experimental values of 1;2 with 
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the values pred:'icted ty th::! theo!·ie::.: c f B<:F .. m étii:.i l!.:dh :•T•; n.ot ;oï gnific-

antly different fz•c,m those of the previc-us a .:;::: tic·n o 'l'he. 1. heoreti .. ~al 

smooth~ng predi.~ted by Beam ?s the·.ny is ! •JughL;:;' l dr·, l e:wer Lhar1 t"-hti ex1-'eri= 

mental curvs fer the flat grid and 2 db lcwer for the ti 1 ted grido The se 

differences are approximately constant over t.he range of gun voltage from 

200 volts to 1000 volts o 

If 3 as c<.mjectured in the previous section, +..he dis crep~:~.ncy between the 

experimental and U~ t.heoretical values of smoothing for i nterception by 

the grids 1.3 due to excess t.ransverse ve.locity ~au5 ed by :imperfec:t focus~ 

sing in the gun .9 i t might be expected that the focussing de.fect v.ould be 

rela.tively more severe when the accelerating potential in the gun is lowo 

This conclusion is supported by tre fact tha t the exper:i.mental values for 

the grids are within Oo4 db of the values pred..tcted by Nort.h 1 s thecry at 

a gun voltage of 200 volts, whereas the dev1ation from the North value is 

as much as 3 db a.t 1000 volts o The experimental curve for the flat grid;~ 

in part.lcular:~ appears to appro&.ch the North value assymptotically at lo·w 

gun voltages o 

III Spa.ce-Charge Waves on an _Intercepted -~ 

(1) Space=Charge limited Emission 

Using the tilt ed grid and the o040 11 apert.ure as i nt er•~6pting electrod e s j 

noise was measured as the eleetron gun was moved away fTvm tbe cavi tyo This 

wa s done f or tw::. cases ~ firstj wi th t he i nt.ercepting elect:rode at:~ and m.ov~ 

ing wi th~ the anode of tœ ele c tron gun 9 second} wit.h tr.e i nt eJ:'cepting 

electrode stationary at t-he cavityo 

Figures 4=3 and 5=4 s how the maxima and minima <:,f the noise space=cha:.rge 



waves for g'l.m voltages of ?00 ar:d 1000 volts~ respec:tt VE:ly. Ordinate 

values are rl = noise power relative to full shot noise ln the transmitted 

current o It is to be emphasized that this graphical representation of the 

levels of the maxima and minima does not show the complete form of the space

charge waves ~ nor the fact t hat the wavelen gth i.s different in ea.ch caseo 

The o040ll aperture j intercepting 50% of the bearn \~Urrent at the anode 

( curve 2) :i had oçly a small effect on the space~charge wave o The level of 

the minima was increased by approximatel.y 2 to 4 db in 20 dbo In the case 

of grid interception at the anode (cUI'Ve h) ~ the overa.ll noise level wa.s 

much higre r~ but the ratio of maximum power to minimum power was still 

largeo The standing~wave ratio was~ in fact) greater than that for the 

first. minimum of the unintercepted bearn (curve l) o 

When the bearn was intercepted at the cavity (curves 3 and 5) ~ the 

standing-wave ratio was greatly reducedo Wi th the tilt ed grid a.t the 

cavitys the standing=wave ratio was of the order of Oo5 db as compared 

with 10 db for thg grid at the anodeo The analysis of measurements made 

with the aperture at the cavi ty was made ditficult by the fact tha. t scallops 

on the bearn caused large varia tiens~ periodic wi th di.stanc:e at the 11 cyclotroni1 

wavelengthJ in the fraction of current interceptedo The resulting fluctua-

tiens in the noise wave were due partially to changes in the transmitted cur-

rent and pa.rtially to the resulting variation in inte'rception noiseo The 

values of noise power at the maxima and minima were avera.ged over the scallop 

fluctua ti ons o The second and third maxima (curve 39 Figures 5=3 and 5=4) 

showed an apprecisble increase over the noise level at the anodeo However~ 

this is r.ot considered significant. as far as interception noise is concerned 9 

since the d=c perturbations were la.rgeo 
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The gross effects of interception on the space- charge v/ave can be ex

plained on the basis of the theory outlined in Chapter 2~ section Ili a At 

the interc:epting electrode a new source of noise is created which establishes 

its own standing wave in the drift spacea The total space-charge wave is 

the sum of the wave due to interception arrl the wave due to the noise in the 

bearn before interceptiona The phase of the interceptior;t..,noise wavf!l is such 

tha. t it alwaye has a maximum at the intercepting electrcxie o As long as the 

plane of interception occurs at a maximum of the standing wave in the uninter-

cepted beamj the resultant standing wave still exhibits deep minimaa When 

the interception takes place at the cavityj the noise due to interception is 

a maximum and almost cornpletely masks the space=charge wave due to initial 

noise a 

Further confirmation of the theory was obtained as follows a· The inter= 

ception plate (ti~ted grid in the be~m) wa& placed at a distance from the 

cavity equal tc one quarter of' a space·-charge wavelength in the intercepted 

bearn (Aq2/4)o Thusj the cavity was me a suri ng at a minimum of the standing 

waveo As the gun was wi thdrawn from its starting position at the inter= 

cep ti on platej changes in the level of the minim,.lm measu:red by the cavity 

were observeda These changes went Uu."'ugh suc cessive maxima and minima at 

anode=to~intercepti on-plate distances whic.h were correlated wit h the space= 

charge wavelength Àql in the uninterc~ beamo The variation in noise 

level at the minimum is shown in Table 5=! as a t'uncti on of the spacing 

between anode and interception plateo 

been normalized to shot noise" 

The noise level s denoted by fc2 ~ has 
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fc2 is tre normalised noise level at the first minimÙm of the space-charge 

wave as a function of z., the spacing between anode and interception plate 

:c2 
c z 

Üo037 0 

Oo096 1 

Ûo032 2 

Üal2Q 3 

ÜoOJ6 4 

Ool45 5 

The interpretation of these measurements is shown in Figure 5=5 o The 

wave Bj due to interception noise~ has a maximum at the point of intercep= 

tion and a mini mum at the cavityo The wave A~ due to original noise in the 

beamj has a minimum at the cavi ty if the spacing between gun anode and inter-

ception plate is 

Where Àql is the space-charge wavelength in the unintercept.ed beam .. arrl 

Similarly Y wave A will have a minimum at the cavity for 

a spacing 

z .. (2n ~ 1) \1 
4 

The cavity rœasures the noi se power at the first minimum of wave C which 

is the sum of A and Bo 



ANODE INTE~tCë:PTION ll PLATE 
CAVITY 

l 
Curve A: Spoce-chorge wove due to 

nois~ in beom before interception 

B: Spoce-chorge wove due to 

interception noise 

C: Sum of A and B 
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To be able to infer noise wave B (due to int er~ept.io21 noise alone) 

from measurements made of wave C j i t is nec:essary trv:l t wave A be known in 

the region between interception plate and cavi ty o It is argued in Appendix 

3 that the only effect interception by a mesh grid has on a wave A is to 

· increase the ~pace~charge wavelengthj provided that the noise power is 

normalized to shot ~oise before and after interceptiono 

The values of Ç2 fo r the maxima and minima of wave A in the uninter= 

cepted bearn may be obtained from Figure 5=3 (gun voltage 700 volts ~ curve l) o 

In Table 5- II these values are subtracted frum the corr esponding values of 

~2. listed in Table 5=Io The expected result is the value of fs2 at the 

first minimumo 

lliLE 5-II 

4z 
Àql :c2 

....:c._ 
:cz 

.~ 
r;z ~ f:2= f:2 .a. c A. . 

0 Ûo037 Oo0l2 Oo025 

1 Ou096 Oo060 OoOJ6 

2 Oo032 Ou005 Oo027 

3 Ûol20 Ûo070 Oo050 

4 ÛoOJ6 OuOOO OoOJO 

5 Ûol45 Oo10 Oo045 

The error in values of fc2 
and Ç2 du.e to measurement am the normaliza= 

t.ion process is estimated as Oo4 db or 10%o Henc e there i s large possi ble 

error in values or ·~2 ~ in the table above ~ whi ch aris e from subtr action 

of nearly eqal maximao Since these are not true probable error8 y i t does 

not seem j ustified to weight t he measur ement s i nversely as the square of the 



error. In order to obtain an average ~~i~h does take into a ccount possibla 

error, the author has weighted the measurements as 

l 
possible error 

The weighted average is then 

~2average z O.OJl 

with a standard deviation of ~ 0.007 . 

From this analysis it may be concluded t.hat the space-·cha.rge wave due to 

interception noise alone has a phase angle~ relative to tho space=charge 

wave due tc original noise~ 'Which depends on the distance between the anode 

plane and the plane of interception. This fact is of sorne importance in 

the design of beam=type micl"'owave tubes . Minimiz&tion of the noise figure 

of a travelling=wave tube for e.xample, requires a knowledge of the phase 

of the noise standing wave. It i.s apparent tba t intercept:i.on of small 

amount3 of current by the anode aperture r.dll cause little increase in the 

noise figure. 

In the case of the mesh gdd,the ratio of maximum to minimum power in the 

space-charge wave due to interc.eption noise alone i:; of the ol)ier of 10 db . 

It is interesting to compare this value with that pred.lct.ed theoret.icall.y. 

Interception by a mesh grid provides a particul arly user~l case for t~u 

reasons o The noise level at the minima is suffi cie r .. tl.y hlgh tha t perturb= 

ing effects of secondar,y electrons may be discounted. The i.nitial condi= 

tians for the wave are v1ell defined~ with a m:lSh grid ~ noise c.urrent and 

noise velocity are excited uniformly over the bearn cross section. He nee 

the amplitudes of the hi gher arder modes of the space=charge wave propagat= 

ing in the bearn may be calcula ted with some certainty . This i a not the 

case for excitation of space~charge waves by noise at the anode of the 



electron gun. 

It is shawn in Appendix 3 that interceptlon~produced velocity noise 

arrl the higher arder modes in the current noise \'.;ave ccntribute tc a 

theoretical standing-wave ratio which is two orders of magnitude greater 

than that observed experimentally. On +.he basis of this analysis i t seems 

likely that the observed low standing~wave ratio is due to d=c perturba= 

tions in the electron stream~ ie. the radial variation of direct current 

densi ty and possibly also scalloping •ihich produces longitudinal varia

tions in current density and in bearn diameter . 

(ii) Interception Noise on a Temperature-Limited Beam 

Measurements of the varia ti on of noise power with collector current~ 

such as those illustrated by Figure 4-I, showed that.? for a given value 

of collecter current in the temperature-limited regionll the noise power 

measured at the anode was not increased by interception. That is.? the 

noise at the anode is full shot noi.se . Beyond the anode there are minima 

of the space=charge wave where the noise is less than full shot noise. 

The noise level at the first standing-wave minimum in a temperature-

limited bearn was measured for various candi tians of interception. A 

constant collector current of 50 microamperes wa.s used. The cathode cur~ 

rent was larger than this depending on the particular i.ntercepting electraie 

used. Results are listed in Table 5-II!o 

TABLE 5-III 

Interception noise on a temp3rature-limited bearn.. ~2 
is the noise level 

of the first standing~wave minimum in decibels below shot noise. Gun volt= 

age = 700 volts ; collecter current = 50 ~ a; magnet i c field = 700 gausa. 



=52-

·~~ f'i.!-xper:lmental _ 
Intercepu•r Interceptor 

Interceptor ~ Interception ~-- at cavity 

o080'1 aperture zero 12.7 12.7 

0 060" Il 15* 13.0 7.93( 

.040 Il 57 14.0 5.0 

tilted grid 45 11.5 3.0 

flat grid 20 l2o2 5o5 

Note: *These values are approximate averages which take into account large 

fluctuations in intercepted current due to scalloping on the bearn. 

These measurements provide conclusive evidence that interception noise 

can arise from a smoothing process external to the electron gun. The 

reduction of noise at the minima of the space-charge wave results from inter-

actions which are complet ely independant of proc esses in the -~le'etron gun. 

Interception of current at a standing-wave minimwn in a temperature-limited 

beam increased the noise in the garoe wa:y qualitati vely as it did at t-he an ede 

of the gun when the emis sion was space~ charge lirnited. Quantitatively, a 

comparison of the experimental values of fl :i.n Table 5-:III w:ith the corres

ponding values from Figure 5-2 for the space-cha.rge limited case aho·ws dis-

crepancies tha t cannot be attributed to experimental error . Comparison of 

the two cases is made in Table 5-IV. Values of fi predicted by the theories 

of North and of Bearn are also tabulated. 

The experimental results in column A are in closer agreement with values 

calculated according to Bearn 1 s theory o In contrast~ with the exception of 

the .04011 aperture, North 1 s theory gives better agreement with the experi-

mental re~mlts B for the temperature-lirnited case . 
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Comparison of noise smoothing in space-charge limited current with 

noise smoothing in ternperature-limited current . Columns A are for space-

charge-limited emission, smoothing measured at the anode (cf. Fig. 5-2 ~ 

700 volts). Columns B are for tempera'b.lre- limited emission where smoothing 

was measured at the first minimùm of the space- charge wave (cf. Table 4=!). 

The listed vaiues of percent interception are only approximate since the 

exa.ct values differed because of bearn spreading. 

·2 n ec s e ow s i d ibel b 1 h t 0 no1se 

E.xpe riment The ory 

i North Bes.m .. +-~-r-"~~--1-·---~r- ·-~~ 

Intercepter 1 Inte-rcepti oz: A B A B A B 

.08011 Aperture Zero llo2 12.7 - = = = 

.060 11 Il 15 11.2 7.9 9.1 7. 1 10.1 1L5 

.04011 Il 50 10.8 5.0 2.2 2.4 9 . 6 10. 8 

Tilted grid 50 5.4 3.0 2.6 3.4 7 . 3 7o7 

Flat grid 20 7.2 5. 5 5.6 5.8 7. 9 8.5 

Before it is concluded that the maBPitude of interception noise depends 

to sorne extent on the mechanism of smoothing, sorne affects of d=c perturba-

tiens should be considered. The Pierce type ele ctron gun employa anode and 

cathode electrodes which are shaped so as to produce~ at the edge of a space-

charge-limited electron bearn~ an electrostatic field which matches the field 

due to space charge just inside the bearn. That is ~ the fini te bearn behaves 

as a section taken from an infinite bearn ,,1 thout dis turbing the boundary con= 

ditions at the edge. When the cathode emission is temperature=limited and 
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the current density low » the potEmtial configuration lnside the beam is 

determined by the beam-forming electrodes and not by space charge. Radley 

(1958) has calculated this potan tial configuration in the bearn _, arrl it is 

apparent from his plot that a large radial component of electric field 

exis t:.s. This field will prcxi uce excess transverse veloci ty and conse"" 

quently greater spiralling of the electrons in the confining magnetic 

field. Thul! the mean spreading radius which determines the magnitude of 

interception noise will be greatly increased. The experimental values 

of 1;2 for the tw:> grids are within 0.4 db of the North-theory valuej which 

is indicative of the fact that the mean spreading radius was rouch larger 

than the effective radius of one grid module. 

That greater spiralling of electronsj and consequent increase in effec

tive bearn diameterj did exist was a.lso evident from measurements of the 

fraction of current intercepted by a ci rcular aperture as the cathode tempera-

ture was varied. In the case of the .04011 aperture, at low cathode tempera-

tures the interception was 65%; as the cathode temperature was increased to 

space-charge limitationj the fractional interception dropped to 45%. 

McFarlane (1958a) has observed a more extrema defocussing action in electron 

guns wh.en no confining magnetic field was used. 

Although the magnitude of the effect of this d- e bearn perturbation 

cannot be assessed quantitativelyj it is felt to be sufficiently large to 

account for the higher interception noise observed in a temperature- limited 

bearn. 



CHAPI'ER 6 

Conclusions 

Me&surements were made at a freq~ency 3000 mc/s of the noise smoothing 

at the anode of a parallel- flow Pierce- type electron gun o Interception of 

a fraction of the electron current by a circular aperture caused little in= 

crease in noise when the electron bearn was confined by a strong magnetic 

field of 700 gaussa Fifty percent interception produced a decrease of only 

Oo 5 db in approximately 10 db of smoothingo A rnesh grid caused decreases 

in smoothing as great as 7 db for an equivalent fraction of current inter= 

ceptedo 

It has been shown in this thesis that a theor.y of interception noise~ 

due to Bearn (1955) ~ based on the random probability of interception of 

electronsj is consistent with experimental reeultso The interception noise 

produced by various geometrical shapes of electrodes qan be calculated on 

the bas is of the concept of 1.'mean sp reading radius 11 o This is essentially 

the radial distance ~ about any point on a cross section of the electron 

streams over which the probabili ty of rarrl om interception is uniform~ it 

is determined by the di stribution of random transverse velocities of the 

electrons o If the radius of an intercepti ng aperture is much larger than 

the mean spreading radiusj the excess noise produced is smallo If current 

is intercepted by a fi ne mesh grldj of a size such that the radius of one 

small opening in the grid is less than the mean gpreading radius ~ the inter

ception noise is large and approaches a constant value which is identical 

to that predicted by North i s low=frequenay theoryo 

When an el ectron bearn is confined by a magnetic f ield j the mean spread

ing rad ius is i nversely proporti onal to the strength of the magnetic fieldo 
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Measured values of interception noise decreased as the magnetic field was 

increased from 150 gauss tc 700 gausso Agreement between experimental 

values of smoothing and values predicted by Bearn 1 s theor,y was ! 1 db for 

a grid intercepting 20% of the electron beam current ani for an aperture 

intercepting 50% of the currento For apertures intercepting current near 

the bearn edge j slightly better agreement wi th experiment has been obtained 

by modifying Bearn 1 s the ory to take into acco unt the radial variation of 

direct current dens:i.ty in the electron beamo The actual varia ti on of dir= 

ect current density with radius was found to devia tè widely from the th eor= 

·etical formJ and is believed to account for the fact that the measured excess 

noise j due tc· interception ne ar the bj:lam edge~ was less than that predicted 

by theoryo 

The propagation of noise waves along a constant=velocity electron bearn 

was studied~ first with catho:ie emission limited by space charge in the 

electron gun o It was ob served that interception of . current excited a stand~ 

ing wave of noise aiong the bearn tha t ha,d a maximum of power at the plane of 

interception a The noise stari:ling wave due tO . interception was independent 

of the wave due to noise of thermal origino The two waves of noise power 

added with a phase relation detennined by the spacing between gun anode and 

t~ plane of intercepti ono In the noise standing wave produced by grid 

interceptionj finite minima were observed v.hich were two orders of magnittrle 

higher than oould be explained theoreticallyo This was attributed to the 

radial variation of direct current densityo 

The theor,y of intercaption noise based on random interception of 

electrons reqires no assumptions coœerning the mechanism of smoothing as 

did North 9 s theoryo That interception noise can arise from a smoothing 
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process external to the electron gun has been demonstrated by the measure

ments of interception noise in a temperature~limited beamo Interception 

at the anode of the electron gun caused no excess noise, implying that the 

bearn emerging from the gun was not smootheda Interception at a minimum of 

the space-charge wave did create excess noiseo The observed values of 

interception noise at the minimum of the standing wave were much higher than 

predicted by theoryo This has been attributed to an increase in the mean 

spreading radius due to excess transverse velocity resulting from the 

distorted ele ctrostatic field in the electron guno 
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APPENDIX l 

I Evaluation of the Q, and &22 Integrals. 

Since Beam 1 s published curves do not provide sufficiently precise 

values of Ql and &22 f<;>r any choice of the variables ai ra, rbi analytic 

expressions were derived. 

Equation (2=21) may be rewri tt en in the form 

Q1 "' /
1
[ 1 + erf b (x = u)] udu 

- ~ 

(A=l) 

Integration by parts yields 

l , .. .!22 1 ~Ll = 2 + + 4~:q erf bx 

rx2 l lfi 
= L~ 11- 4b7 - 2J erf b (x = l) 

+ 2 b ~["f1"· exp (= b
2 x2)-2~ ~~- exp[.b2 {x-l)~J (A- 2) 

When x is less than unity, erf b(x = 1) is negative . By rearrangingi 

Ql = [~
2 

+ 4!2 J[erf bx + erf b(l = x~J + ~ [1 - erf b(l ~ x~ 
x 2 2 x + l ï 2 21 

+ 2b•l 1T e .. /p (·· b x) = 2 b ·.Jir' exp t- b (l - x) J (A=3) 

The error function has value which differs from unity by less than 0 .005 

for arguement grea ter than 2. o. In most cases of interest b > 109 hence 

for x<. 0.8i the only significant term in Equation (A- 3} is the first. 

1- ' 1 
! x2 l · 

Ql ~; 2_2 + 4b2_.l 

r 2/r 2 
a b 

(A- 4) 
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As x approaches unity~ Ql is still equal to ra 2; rb 2 with small errer 

but the fractiona.l interception 1 - Q, must be calculated more p-reciselyo 

or 

1 1 
1 + 4b2 - b•ffl' ~ 

l 
-t)j ;n (A=5) 

The integral in Equation (2-22) for the Q
2 

function cannet be calculated 

exactlyo However9 the integrarx:i may be approximated by the function . 

• · l 

! 4 2 2l exp = - b (x = u) 1 1T • 
~. . -4 

(A-6) 

with an errer which is less than Ooûl for all significant values of the 

function o The integration may thal be performed to yieldj 

,. x r 2 --
Q2 "" a· b j_ erfd 1{ bx + erf' -~ b (1 - x) j 

.,.,.. i ' 4 b2 ( ) i i r -~ b2x2 rJ~ 
m 77 '2 ·:- exp ! = - 1 = x 1 = exp i = ,.- 1 

lob t .. . 1T .. : J 
(A- 7) 

For b .> 10 the errer in neglecting the second bracket is never greater 

than 5% for all significant caseso Also » in most cases 
1T 

bx .;;- 2 so 

tha t Q
2 

be cornes 

ra 
( •·· 

~ 
1T 

1 erf 
2 · 1 lb - ~ arb2 ~ + - ar '· 

,(. (.) 1 .;-1f a \ ra i .... 

<ï 
1) ~ , 

___ ,1 

(A- 8) 

It may be reca1led 

that 
. l 

Q2 "" l j: ( 1 + err b (x-u)_- ·J~ f'1 - erf b (x - uÛ. udu 
2 ·' tr;: · -

If b(x = 1) '-> 2j then l + erf b(x - u) = 2 over the Wl.ole rané?e of integration,. 
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Thusj 

Q2 j '[) = erf b(x - u),] udu 
0 

~:-: 1 ~ ln [1 + erf b(x - u).J udu 

II ~erical Calculations from Theo~ 

and 

· It is necessary to calcula te J;2 from the equations 

"'T ,.. -
8 

ar 
a 

The temperature of the oxide cathode for space- charge-llmited emission 

was taken as 1350°k (Desrocher 1958)o Thus the constant a is 

a • 86o7 B (meters =l) 

where B is the magnetic field strength in gauss o 

'l'he aperture radius ra is a well defined value j but the bearn radius rb 

was di.f.t'icult to determine since the beam diameter varied witb magnetic field 

strength o Howeveri except very near the beam edgei the fraction of current 

2 2 transrnitted is equal to ra /rb j from which an effective value of rb can be 

determinedo Then the calculated values of Q2/~ along with the experimental 

value of ~2 (zero=interception smoothing) were used to calcu.late fz2 
o 

For snall amount of intsrcepti on ne ar the bearn edge i the effective be am 

diameter is again determined by the measured value of the transmission factor 

~ ~ but not in 90 simple a manner as aboveo In these cases~ the value of 



522 for a :p:~.rticular value of ~ was read directly from the curves of ~ 

versus 1 - g1 shown in Figo A - lo Here 22 has been modified for the non-

uniform current-density distribution of Equation (2-25) . 

In the case of the grids 1 an effective radius for each of the small 

beams associated with one grid opening may also be calculated from measured 

values of cm·rent interceptiono The effective radius of the hexagonal 

holes in the flat grid is 

When a grid is tilted~ the open areas looking in the direction of electron 

flow have the shape of flatteneg hexagons. An effective radius was taken 

as that of a circle having equal area. Since the angle of tilt was not 

known sufficiently accurately to permit a geometrical calculation~ the effec-

tive area was calculated from experimental values of transmitted current. 

Let each of the small holes in the flat grid have open area Ar· Then 

fraction of current 
transmitted 

where Nf' is the number of holes in the bearn area Abeam· 

grid, 
... Oo52 

For the ti lted 

The angle of tilt was known sufficiently accurately to calculate the increase 

in the number of holes . That is 

= L06 

Therefore j) 
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And hence the ratio of effective radii is 

Fina11yj 

= 

r = 1.4 x 10-4 meters for ti1ted grid. 
a 



APPENDIX 2 

The Problem of Non-Unity Slope 

As has been mentioned in Chapter 4J noise power was observed tc be 

proportional to I
0 
n(n ~. l) for temperature·blimit.ed emise:iono Various 

solutions of the Electronic equation (Hutter 1952~ 1953) have been 

examined in arder to determine whether non=uni ty slopes could. be at tri~· 

buted to an intrinsi c variation of noise power not directly proportional 

to d-e bearn current o The particular solution which results when the 

potential configuration in the electron gun region is deterrnined by space 

charge leads to the IJ.ewellyn-Peterson (1944) equations o In the true 

infini te be am case> for small s pace charge ( temperature=limi ted anis sion) 

the potential variation is linear with distance coordinate Z o In actual 

fact~ in the Pierce type gunj the potential configuration for small space 

charge is determined by the shaped electrodes and varies at z4/3o The 

electronic equation must then be solved for this potential variationo 

Radley (1958) has shawn the potential i.n the bearn is a function ,of 

radius as well as longitudinal distance z9 but for simplicity~ this will 

be ignoredo It should also be noted that near the cathode the electron 

veloci ty is not single valued as assumed by the electronic equati on o 

Since the potential varia, tien imposed by the shapad electrodes is 

identical to that in a bearn -w'ith full space~· charges the d=c velccity u 
0 

as a function of transit time T is ~ (Llewellyn 1941) ~ 

= (A=9) 

' where J is the d- e current density for full space - charge limited emis= 
0 

sion and u is the initial veloci ty at the cathode o a 
ua is taken equal 
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to the roffioSo thennal velocity~ o 

For a finite electron beam ~ the Electronic Equation as derived by 

Parzen (1952) is 

where~ Y ~ J u exp (.f.jwT) .9 J being the amplitude of the a=c current modula~ 
0 

ti on; 

J is the actu&.l direct~current densityj . p is the plasma reduction 
0 

factoro 

Let 

Th en 

Jo
, 

k"" e 
m eo 

For values of 'J in the temperature-limited regionj 
0 

2 ha • al " t 

~ "-' 10 ~ 3 ~ and sinc;e 

p s maXJ..mum v ue un1 y, the tenu Jo 
J ' 0 

p
2 

is negliglble over the whole range 

of T o Thus (A - 10) may be wri tten , 

A first integration gives~ 

dUo 
y = cl a constant 

dT 

The equation for the a-c velocity is , 

v .... 

Hence» 

v .. 

1 

j<ill u 
0 0 

( dY _ duo Y) .-j wT 
uo dT dT t: 

-jwT' e 

(A ~ 11) 

(A - 12) 
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At the cathode we have the initial conditions 

Therefore 

or 

' c1 - jwJ u v , . o a a 

v = v 
a 

e-jwr 

' = o, v = v ' u = u a o a 

(A-13) 

(A-14) 

Thus the gun region acts as a s imp1e 11ve1oci ty jump11 as far as a-c ve1ocity 

is conc.erned o (Hutter 1953; Watkins 1953) 

Equation (A-12) may be written 

where 

Now, 

d(Y/Uo) 
dT 

.. 

• c Jctr c j dT 
1 ü;2 • 1 (Kr2 + u ) 2 

6 -

2 a 

J 
-j(.ùT 1 . -1, 

+ ~ tan
40 

At the catho::le T • 0, J • J • Therefore a 

J • J e-jwT + jwJo [ 4- + ~ tan-\,t:lvae-jwT 
; a ~ "I'"-1- b -Jô ..;-tj 

(A-15) 

(A-16) 

The input conditions at the cathode are ass~ed to be full shot noise and 

the Rack ve1ocity fluctuation. (Rack 193S). 

That is 
~- 2ei M a o 

2 v • (4 - 'fT) ! a m 
kTc M 
Io 



Mu1tip1ying Equation (A~l6) by the bearn area yields t~e current fluctua~ 

ti on • 

. 2 
l 
n 

Then tre noise power is proportiona1 to j 

.2 
Il: l 

a + 

T =1 .,. 1'T 
At the anode~ ~· 1~ so that tan ~ = 2 

With seme rearranging ~ 

. 2 2e I r. ~ + (WT')2 Ia 2 [- l + 1__. 11.] 2 0 86 e k~ ,, ~ 1 n o L.ll 4 u ... / u u 2 • m L.ll _ o o a . 

The second term in the brackets is 1arger than the fi rst, so tha t approximately ~ 

. 2 0.86 1'T 
2 f,AJT ) 2 

kTc 
l. = 2e I M + 2e Io M n 0 32 mu a uo 

Substituting kT
0 

1 2 = 2 mu a j 

i 2 
2 

0.86 1'T (WT) 2 u n 
1 

a 
(A=l7) !

0 
M = + 64 2e uo 

Since there is no tenn in tre right hand side of Equation (A=l7) that varies 

with a-c current I0 ~ unity s1ope is predicted for the shot noise assymptote. 

A cavity, measuring noise at the ancrle of the gun 3 responds also to the 

a-c velocity of Equation (A-14) . However5 it can be shawn (Kornelsen 1957)j 

that if the cavity gap is narrow~ tre power contributed by the a =c velodty 

is insignificant compared to the power due to the a =c current.a This is true 

of the ca vi ty used in the se ex:pe rimEfl t s . 

The foregoing simplified theory neglects possible effects due to the 

multivelocity nature of the electrons flow near the cathode and ta the higher 

arder modes of propagation tm t exist in a finite bearn . Further~ . the 
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radial component of the d-e electric field in the gun has been neglected. 

This is known from experimental ~reasurements to cause considerable spread-

ing of the electron bearn for temperature-limited emission. That is~ the 

beam radius is known to be large for small bearn currents and to decrease 

as bearn current increases towards space-charge limitation. 

The power coupled from the bearn to the r::avl ty is proporti onal to a factor 

.,; which varies wit h bearn radius .r b. 

1951)~ 

This is given by (Warnecke and Guenard 

oC 

where 
wro· =-
Uo 

Il (9b)/~ 
Io(9c) 

, = 

r being the radius of the cavity hole. c 11 and !
0 

are modified Bessel 

functions. Fbr a change in bearn radius, the fractional variation in M2 is 

dM2 
- = M2 

(A-18) 

since QQ is of the order of unity or less . Thus the percent variation in 

power is of the same order as the percent variation in bearn radius. This 

effect is larger for lower gun voltages (u
0 

amaller and hence Qb larger) 

which is in agreement with the observed variation of slope wi th gun voltageo 

A detailed examination of the experimental evidence was at best i ncon-

clusive, and at worst, contrary to this hypothesiso In these experim~nts ~ 

the diameter of the bearn transmit ted thro ugh the ca vi ty cou ld be maintained 

constant by the use of the o04011 aperture, but still non-uni ty slopes were 



measured. There was no significant difference among the slopes measured 

for 3 different si zed apertures o One could postula te a drastic change in 

the radial current densi ty dis tri but ion with bearn current, tut this effe.ct 

should be negligible for the .040 11 aperture. 

Further~ within the accuracy of measurement of i nterception current ~ 

the fractional interception was constant over the straight-line portion of 

the smoothing curve and began to decrease just at the point Where the smooth~ 

ing curve breaks from a straight line. 

Another effect tha. t was inves~igated was the change in beam diameter due 

to scalloping. If the length or position of the scallop waves were to change 

with bearn current~ it would change the effective bearn diameter seen by the 

cavity. Measurements showed that the scallop wavelength was equal to the 

theoretical. 11 cyclotron11 wavelength over a wi. de range of current j arrl th at 

shift in the position of the scal.lop pattern wi th current was negligible. 

As further evidence, slopes measured for different magnetic field strengths 

showed no significant variation . 



APPENDIX 3 

Some Space- Charge Wave Calculations 

I Matching across a plane of interception 

We wish to examine the effect of cur rent interception on the noise 

space-charge wave that existed in the bearn before interceptiono 
1 

we exclude the added noise due to interceptiono 

That is, 

In the unintercepted beamj the a=c current and velocity as a function 

of distance are 

j w Iol sin Ql (A=l9) v 
wql u a 

0 

vl (zl) "" v cos Ql a 
j 

Wgl uo 
i sin 9, w 1ol a L 

where Ql 
WglZl 

uo 
The subscript l is used to der.mte 

quantities be fore interception a i and v are the initial excitations a a 

at a plane z1 = 0 and are assumed uncorrelatedo Let 

= 

'Now~ w ~ = P wp1 ~ Q.L. 
1 

""" 2 e where w·- .. --. p.!. € m 
0 

Thus we have 

:2 
2 ~1 .. 2~ J Uo. N 

2 v 
a 

.. 

where K 

€ m 
0 

r:2... 2 
~ ... K Va 

2 

Iol 
Uo 

' 2,... 
s~n "'l + J;2 

cos 91 

y-:2 2 
--~~~~2~~K~V~a cos 4X z~ 

q1 
(A=20) 



Similarly.» 

2 
J; + K ~ 

2 

r:2 2 
~ - K Va cos (A-21) ' 2 

In the case of interception by a mesh grid, the bearn diameter is un-

changed. Therefore .P.'> and hence K .~ are the sarœ on both sides of the plane 

of interception. Suppose the plane of interception is located at z1 • L. 

It has been argued in Chapter 2 that, 

i2 
1 12 2 

2e I 01 Zi • 2e zr Io2 · + -L L 

Also 

IL. 2 ! L-
7 vl - 2 

Write Equation {A-20) in the form 

• 

After interception the plasma wavelength will be 

À - 2'JTUo 
q2 p w.p2 • 

The norm&lized current wave after interception will have the form!l 

where z2 is measured from the plane of interceptiono 

· Matcning the current and velocity at the plane of interception yields ~ 

• 

• 
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Therefore 

Suppose the rneasuring cavity is placed at z2 = ~2 Then 

... 

.. 

When L is varied as in the experirnent described in Chapter 5 ~ Section III, 

the variation in noise power will be the sarœ as for the unintercepted beam o 

II The Space-Charge Wave due to Interception Noise alone o 

(i). The contribution of adàed veloci ty fluctions: We now consider the 

space-charge wave excited by the interception-produceà current and velocity 

fluctuations which are V. ven by 

. 2 (1 ~ 1;'2 ) Q2 
1 . "' 1 

Ql 

2 
= (~~ ) 2 

Q2 2e 
v .. 

1 Ql Io2 

IJ2 
We may neglect compared wi th L 

. 2 2 1"1 
1. COS e 2 ] _ 

2e I . M 
o2 

& 

The current SPJ. ce charge wa ve is ~ 

~2) 
2 

The ratio of maximum to minimum power is ~ 

Standing=Wave Ratio 
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0 For gun voltage = 700 volts and cathode temperature Tc = 2300 K, 

(ii) Propagation of higher order mcdes: The foregoing theory deals 

essentially with the fundamental, or first orderj mode of propagation in a 

finite electron bearn. Since tœ hig[ler order modes propagate with W'a.ve-

lengths different from that of the fundamental mode, they will contribute 

finite power at tre min~ma of the noise standing wave where the amplitude 

of the fundamental mode goes to zero. 

The noise current density is given by (Hahn 1939; Ramo 1939) 

J(r.Sl z) = 

. . · . 

cos (p w 2-') 
n p u 

0 

Where Tn is the radial propagation factor for the n'th mode.Sl and Pn 

is the plasma frequency reduction factor for the n 1 th mode. 

When the conducting wall surrounding the bearn is infinitely remote 

(a distance equal to a few times the beam diameter is sufficient) $ 

is the n 1 th root of the equation speci.f'ying the boundary conditions~ 

= 

where = w 
u 

0 

T 
n 

In the case of interception by a mesh grid, noise current density is 

excited uniformly over the bearn cross section. Then at z = 0 9 J(rj 0) is 

a cons tant A say, whi ch may be expand ed in terms of an orthogl.nal set of 

modes subject to the boundary con:iition specified above. Sneddon (1951) 

shows that tre proper seri es is 

- · 



J(r, z) L:: 
n 

where G = 

and J is the finite Hankel transform 

J • 
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~.ITn..J:) 
J71T rb) o n 

cos(P ~ ) 
n u

0 

If the current density is integrated across the beam 9 the current is 

given by 

i(z) 2: 
n 

cos p 
· n 

The mode amplitudes are given in the follm.,rlng table o 

' 2 
Mode number 4(G I'b~Tn fb) ampli tu:i e at 

"n" Pn ('rn ~) + (G IbJ2 , first mini !llU!ll 

1 Oo547 Oo98~ 0 

2 0.217 Oo0219 Oo0l78 

3 Ool27 Oo0026 0.0024 

4 0 . 089 o.ooo7 

Thus 98% of the current is excited in the flrst mode and the standing= 

wave ratio (power) at the first minimum is 

C.onsid er the e ffect of radial varia ti on of ca vi ty coupling o The cavi ty 

coupling factor is proportional to 

where r c is the radius of the cavi ty apertureo When this factor is taken 



=74~ 

into accountj the amplittrle of tre n 9 th anode is given by 

2 = 
Io(~e re) K1 (~e ~) 'TT ::'\ .. 2A 

f..J 

Tn J (Tn l""L ) 
~e 1 -o 
~2 

(Tn ~)2 + (~e Tb) 

The amplitude of the first mode is reduced to Oo686 while the amplitudes 

of higher modes are not cha.nged significantlyo This reduces the SoWoRo 

slightlyj but it is still two orders of magnitude higher than that observed 

experimentallyo 
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AF ?ENDIX 4 

The C"urrent de.n~oi ty in an e:ectron bearn C'vn.fi ned by a magne tic field 

may be calcula ted by a method simi}_ar to that ue:ed b:r Cu~"le r al-i Hi;1m.' 

(1955) to calcula.te thermal velocity spread:i.ng in converging eledt'On guns o 

As in Chapter II~' att.:ntion is fooussed on all those elec:.r~:ns which 

exec-.1te spiral.::: about. a given line in the elect~on beamo The int ersec:tion 

o f t his li ne wi th a plane perpend:Lc-..llar to the bearn is indi{",ated as p" in 

Figure A=l In the absence of the rr..ag.,."'1e..;., i e fiel.d~ thE electrons associats d 

wit h p' "--Uld have come fr-om ar:.. eq...t::..valent po!.nt P0 on :.he ca t hode o Becau se 

of t he rna.gne tic fi eld. t h ey are spread cver a much larger area anà sorne will 

cont r ibute tc the current àensi ty at Po 'fhu:.: -':-te C"'.lr:;-ent den si ty at P is 

a result of contributions from all peints Pg on the cathode s urface o 

The radial diE tri buti.::.:E of electrons about p' i8 given by (Equation 2=18) 

2 ~n 
a p _J pdp 

Orj i n t erms of carte sian cocrd.inat.ee cen tred at p' 3 

2 2 '"i 
(x -6- y ) __ j dxdy 

If J i.s the c ·Œ"rent den~i ty at the cathode surface ~ the current aSS'.:>c:ated 
ô 

with P1 i.s 

"" J d.x1 dy1 
-- e N , dx ·· dy 

0 p 

Then the current at p ia 

dx' 1y6 2 1 2 2 2 "1 
di "" J a exp a (x ~ y ) J dx dy 

p 0 
'TT 

The cu rrent density at p is 

d"' 2 
[ 2. 2 2) - , dJ ~ J 

a. dx' dy "" ·- exp _= a {x + y _! p dxdy 0 'fT 
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centre 

y' 

1 

FIGURE A-2 



This equation must be integrated over the total cathode surface. Referring 

to Fig. A-2~ the limits of integration are R = 0 to R • rbj G ~ 0 to Q • 2~. 

Cutler and Hines bave carried out this integration numerically. In cartes-

ian coordinates~ the integration may be carried out if the following approx-

imation is made. For strong magnetic fields~ !. is large and the distribu-

1 
tion about P is sharply peaked. The only significant contributions to the 

current at P are fronl. points po very close to P. The nomina1. beam edgei i.e. 

the cathode edge i may be approximated by a straight line perpendicular to r. 

p i Il-· The limita of integration in the cartesian system :x. i y are them ·. y · • -oo 

t o a t 1 o y = +oo~ x • ~oo o x • rb. 

1 
Nowi x • r - x 

1 
y • y 

Therefore the integral becomesp 

or 

J J:) • ~ [ 1 + erf a(rb - r)] 
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