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l Abstract 

1 irn-estigntc the frce field renlizatioll (FFl1) of \"ariolls ext!'l\lhl cOllformal 

field theoric8 (ECFT'8). 1\1101C specificnlly, l Hrst }llC'scllt Il sysklllnti(' 1IH'lhod 

that a11ow8 the cOl1stl'nction of the exponcnt.inl tnH' s('I'ceninp, (,\IITI'lIts il\ Il'1'11IS 

of frcc fields in the cuse of the ECFT's \\'ith !\nc-1Ioocly nlp;chras, This 11l1'1 hOI 1 j" 

explicitly illustratecl through the Sll (n)" ancl sp( 4)" 1\:(\1'-1\ loo(ly al!!,I'])r;\::- '1'111'11, 

1 use the FFIl to unravcl the cmbcdcling, sb udlll'<' of the' Velllltl III 0 cl 11 1(·s (lf t hl' 

ECFT with a H~1 alf:!,cbra, This cmhclilling strlldmc is l'XIJl'I'~~('<l t Itllllll-!,h li 

set of intcrtwining cliagrams, \\'1Iich in turn i8 lIsc<l tn COlllpttt (' tlll' i r1<·dl\('; hl!· 

charactcrs of the 11'3 algebra, Ncxt, l COIlf>tmct 1,"'0 FFR'li fot I!L(' ECFT wil h 

the .'lu( 11 h pnrafcrmion algchrll. Fil]" 'ly, l Hkct,ch the FFn (lf t 1\1' ('(l:-,d, l\lodel 

su(n)" parafermion moclcl and an extra frcc fiel(l \Vith il IJlIl'k).!,rrllllld dl;!r).!,I·. 
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Résumé 

.J'examillc ln représentation par des champs libres (RCL) de plusieurs 

tlH~ories de champs conf 01 mes généralisées (TCCG), Plus spécifiquement, je 

pt<~~Clltc nne m~thode sy~témat.l(l'te permettant la construction des courants 

d'(~cran qui sont exprimés comme des fonctions exponentlelle::. de champs libres, 

dml~ le ('(lS des TCCG hu~ées S111' les nlgrbrcs de Kac-~lüody, Cettf' mfthocl~ est 

explicitc·I11PIlt. ill ustl0e par lef, nlgèbr es de Kac· ~Joocly 811 (11 h et 8]>( -± ),.' Ensttl te, 

j'11t.ilise' la nCL 11H11 de détel'miuCLln stl'tlcLme cl'illclusioll des modules de Verma 

dl' ln TCCG ba::.ée:our l'algèbre Tl'J' Cette btIucture d'inclusion est représentée 

par des dwgwlllmes qui me l'cr mettent. de calculer les caractères irréductibks 

de l'alp,('bre WJ , De plus, Je développe deux RCL clans le cas de la TCCG aye...: 

l'nlg('brc SI/(II h -parafcl'mionique, Finalement, je considère brir\'emcnt la ReL 

<lulllorlt·h' quotient sll(nh x sll(n)cfsu(n),..+c, Celle-ci est exprimée en fonction 

des champs représcrltallt le modèle su(nh-parafermionique ct un champs libre 

posl-Iédant une chmge de fond, 
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1 Chaptcl' 1 

Introduction 

III the lOGO". the lltllllll\'l of Imo\\"ll ~tlOlI~~ly illll'raetinp, partiel('!'! (hadlolls) 

mas,", m 2 of the lig,htcst p:utidl' with :-.pin .1 <lPIl!\lxill1:ttc·ly f()ll()\\'~ 11 lIi,'(' pat-

tCln, kno\\"ll as li Rcp,pp trajedory. III:! = J/(\', WIH'lC (\' "V 1(G( ,')-:! i~ ('HII(·c! 

tlH' 11c3,.I;<' l'ilorw, The bigh-e)wrp,y ('()utlilJ1ltioll of tl!(·:-;(, pm tid(·~ \\':lS d('!,!I'lilwd 

collcet iwly by tItis n ep,g,L' triljL'Chl y t hl ol1).:,h rkpJ~('-polc t!H'Ol y [1]. AI, lo\\' ('111'1'-

gics, one expcct5 nn (ult1ilwnal (,Olltli1J1ltioll flOlll the .... -('bdllllt'll(·!'!()lIi1JH"(·~, Il1lI 

tbis cxp('ctation was cOlltwdictccl l,y t he' ('''p('X illH'lIt (lf nI, )()1l\ Hwl GillllHlI 12], 

who found that thc cOllt1l1)11tioll of 111l' .,-('ll<llll}(,ll('!'o()IUlIl/'·~ a[olle i!, ()H H\'(·la)!./' 

c(pml to the t-cllllllnd Rq~g,('-p()lc HIllplit.w!('. and a~ ~tlI Il Il i~ Hot :t1\ ,,<ldll i(IIl,,1 

of thc sand t cllaullcls iu dC:'iuihillp, tll(' Itadloni(' phyhl(,~, ~I('aHwllil(', ill l!)CS. 

Vcncziauo postlliated nu ad hoc forml1la for tlI(' ~('ntklill,L!, HlIlplitlld<' w!Jicb i~ 

COll~istellt witll the striUg,Cllt lCflui1<'ml'llt of the dllality hyp()tlll'~i.., [3]. TIlf'll 

l\ulllIJU allll Got.o l(':.diz(·d tltat tll1~ f0111111la ('1111 1)(, l'I'('O\'t'l('d tlll()lIp;h 11 cla!'o!oit'lIl 

lclatÏvistic bosonic ~tlill~ tlwory [-l], Thi.., t\11ll('d ont tl) !H' of far-l'I':!cbillP; ('Oll-

sequencc ill t ha t i t U\'l'l tlll c\\' an agp-()ld id('a of tll(' G l ('('ks tlwt. al! ('!('1!H'1l1 a) y 

p,ll'tidcs me pOlllt-lrkc latltel titan ~tl'illp,-lJke, 1\('\'('11, Sdl\\';I1/' allli TI a III 01 HI 

[51 quickly I;C11('1 alizccl the bosolli(' :,tr illg t lI('ory tn illd IId(' fClllJiOlI"l, wltic!J 1<.<1 

ta the snpcrstl'ing, thCOlY, Aftfor tlwt, Gol<l..,tolle, Goddard, D(·1)!ii illld Tho1'll 

\\'Ol'kcd out the first (lUantizatiou of t.h!' ~tlillg tlH'{)l'j' [C1. HO\\'('\'('l, il. Wll!-. ~()()II 

rcalizeù tlInt the thcol'j' f>uffcrf> fWIll two lllajor (!ta\\,!>ack..,. Fin,t, il, ill\'olVf's Il 

mnssless spin-t\\'o partidc \\'hich is Ilot prc:-,C'ut ill t.he hadlOllic !-'pcctl'lllll, SP('-

7 



01ld, t.hC"! tlH'OI~ j" l!ot cOll"j..,tcnt in <1 ~pncf'-timc dimcnsiol1:- but rathcr in tlle 

nitical dillH'll:-.if)llS 2G nlld 10 fOl the 1JOsollic htring, and :-'l1I)('rstlÏng l'espcctiw'ly. 

rurt 1H'11ll0l(', tlw gl cnt Sll("CC:=':=' of QCD 111 dCf:,crjb:ng the hac!ronic internctions 

(!;':='}ll'd t Il!' hopc for t,lw ::,t rillg thCOl y as hf'ing the potentially fundamental the-

OIy for the llildlOn..., aIHI tl1115 intere::,t in it wallcd. 

l\'olletIH'lc!'s, !>tring tlwo1'Y was revi\'cc1 in lOi4 whcn Schc1'k a:lcl Schwarz 

:-.up,ge:-,tcd thnt Ih(' ilppcal'ancc of the spil1-t\\'o pnrticle in ib spCctl um i:, rathf'r 

p,ra\'itoll aud tllHs tlwj' pro]1os(,(! string th<.'o1'y as a potential candidatc to dc-

:-.cri hf' all the illÎC'l actions il1d ucling gr1l\'i ty if the f'ncrgy scale is pu:=,hed fal'ther 

t 0 tllC' PI,lll('!i: ('l1ergy :=,(',11(' (10 1 
(J Gc V) Intel est in string t henry incrf'a:-.cd fur-

Il)('1' il1 l!)Sl WlH'1l Gl'('('11 nlHl SChWéllZ re"liz('d that certain slllwrstJlIlg thCOlics 

( nif' anomaly-fJ('(' [~l (i.e, sclf-cOllhi:=,t('lü at the q1lantum IcnJ). Ho\\'cwr, c\'cn 

the lllost promising ':>tl illg, t heory, nnmcly the heterotic ~tr illg [a], which r('!Jl1ire'i 

tcll-diIl lf'l1sioll1t! ~pacc-till1c, faikcl to fit t!Jc IllO'3t ob,'ioll'i cxpcrimental data that 

01\1' 11lll\ ('l'se {'xist s in f01\r-dimensiol1nl spa('('- till1e. TIl!' six rcmaining dimcll-

f,iOllS pOh!' " pl iOl i a sclÎous problem N'C\,('l thdcss in the cm ly days of :,tring 

t jiCory t his plOhh'Il1 wa;, hypa",sed 1Jy reqtlirill,~. in t h(' context of thc old t!t('ory 

of Kalll/'n-Kkill [10], th('se cxtra dimcmiolls ta he' compactifiecl, thnt is, by let-

t ing t hcm li \'c on a t.iny compact mnllifolcl \\'1 t h Ct sizc of the order the Planck 

h·nl!,t.h. Thi~ \\'ould aCCollllt for th(' eXlwrimelüdl f<tihnc to sec these hiddcn 

dillll'll<.;iollS. A Ill(H.lI'll1 approach to this problcm is providccl in the contcxt of 

('ollfOlnwl field t.hCOlY (CF"f) [11]. In this case, four-dimcllsional string thcories 

al'<' dit ect ly cOll:-.tructec1 \\'i thout uny lcfelcncc wlmt.soe\'el to the compuctified 

extra diulf'nsiolls. TIl<' prc"Îous notion of tlle compactificcl dimensions is now 

-# . l'!'plac('d by tIte concept of an internaI t\\'o-dimcnsional CFT, from which the 

8 



1 pé11'ticlc ~pectl um nl1d the coupling, constnnt:; cnn he fully tl<-ll\"l'd. CFT pro

"ides thcn a powel fuI frnmc\\'ork for lllnkillp, cont net ",it h plH'llol1wllolop,y in t 1 \(' 

contcxt of string thcm·y. In faet CFT's describc at thc classi~'nl 1('wl difrf'r{'Bt 

possible solutiolls (nlCtw) of the sal11c sCl'olld-quant.ized striu!!, th{'OlY. IIO\\'('\'{'1', 

it is widc1y bclicved that dynmnical cfrcds such a~ dYllamical !1ymmd.lj' IH('ak

iug, whir'h are considcrnbly difFicult to present,l)' calculat<', wOllld sinp,lc out 11 

Ullltl'\C vaCl.lUl11 for thc qunlltum stling thcory. A larbc 11111111)1'1' of CFT\; h,,\'(, 

bccn in\'estigatcd ill the litcraturc. 

~.111ch intcl'cst has also bcen dc\'otcd to the study of CFT's in 1.11(' C01lt{'xt. 

of thc cri ticall'henomcn1.t of t\\'o-dilllen~i()nai ~tatistical ~ystl'lIlS al, S('C(Jlld-Ol d('r 

phase transitions [12J. Indc('<I, it has bcen re"lizcd that, S01111' stat.i~t.i('nl spill hyS

tems, consisting of spin \'ari:lhlcs IOl'nt<'<l nt the sites of a !wo-diuH'llsiollHllnUi,~' 

Hnel intcrul'ting with thcil l1C'nr llcighhol'S, ('HU df<'ctiY('ly he d('serilw(l1>y n CFT 

at the l'ritieHI POillt. The rea~on i::; that at the (Titicnl poillt (f.elll!H'l1Ü1111') t)\('s(' 

systems nwy unclcrgo il second or der phase trall~itiol1, ",lliell is dwu,dctiz('d 

by the ch\'ergcncc of the correlation kngth ç compar<>d to the ]"Uic(' spncitl,!!, (f 

(o/~ ~ 0). ThcrcfOlc the Dchavior of thcr,e sy:'itcms i5 cffcctiw'ly scak-Îll\'HrÎilllt 

and may he clescrihccl in this continuum limi t hy n fh'ld t.h('ory. l\,lol'C'o\'C'r, i t 

was realizcd by Polyakoy [13J that at thc Clitical poillt this ))('hll\'ior Î" Ilot, ouly 

scalc-im'ariant bu t C'onformally invüriüut, tha t is, illvarÎant lllldn I()('(t! dil" t a

tion, rotation and translat.ion transfOllllations, which preserve tlw IO('al 1I11g,)<':, 

(:;,c(' Fig,urcs 1 and 2 for illustration). 

In t\Yo dimensiom, llnlike any other :'ipnce-time diIIl(·n:.ion, couforma) ill

\'.triül1CC has far-n:aching conscquences. In particlllar, it providcs in ~otnc C;)f,(':' 

sufFicicnt information ta soh'c the thcOtY complctely. Tbis is mai Illy 1wcam(! ('Oll

formDI iuvariancc in t\\'o dimensions i5 an illfiuitc-ditrH!IJ ... ional symmctry (tllC! 
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gr,)1\I> of alln lytic functiolls on the complex pInne) glYlng nse to an infinite-

dimcnsional algebrn calied the Vilôsoro algcbra. The representations of the 

Virasoro nlgebra, \\'hich arc "'ell btudied in mathematics, turn out t,o determine 

the crit,ical cxponcllts. These critical cxponcnts spccify the power law behav-

ion; of the thcrmodynamic functions (free cnelgy, susceptibility, ... ) and are 

cxperirnentally mcasurable. The faet that thcse systems are largely rclated to 

the rel'resentation thcory of the Virasoro algebra rather than to the dctails of 

the systems underlincs the concept of uniycrsality classes in condensed matter 

pltysics. lu rad, ench CFT is characterizctl by a positiye c-number called the 

Virasoro cent raI charge c, which in turn, Rpecifics the uniyersality classes of the 

systems. For extllllplc the following sY::itcms me describcd by CFT's that are 

sp<,cifiecl rChlwctivcly by the following central charges: 

Ising modcl: c = t, 
Tlicl'itical Isiug 1l1odcl: c = 1

7
0' 

3-statc Pottb lllodcl: c = ~, 
i> 

'flicl'itical 3-Rtnte Potts modcl: c = g. 
1 

\Ve also lllcution that conformaI symmetry in two dimensions is so strong 

t.lmt it cau almost fix the dynmuics in the sense that it allo\\'s an exact compu-

tation of the conclation functions and the cl'itical exponents for sorne sl'~cific 

stntistical systems. Note that in the above exarnp1es the central charge c is al

ways s111<1l1c1' than 1. In fnct, the two cases 0 ::; c < 1 and c ~ 1 are significantly 

differcnt. In the former case, the CFT can be exactly soluble because in this case 

ouly a finit(' number of "funclamental" fields exists. In the latter case however, 

the CFT may not be exactly soluble becausc the nurnber of fundamental fields 

mily be ilLfinit('. For c 2 1 an intcnse effort has been devoted to extended CFT's 

tJwt haye extensions of the Virnsoro algebra (extended symmetries), which in 
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1 turn allo\\" the exact solution of the thcory br picking, only n finite llumlH't' (If 

funclamental fields. CFT'::, \\"ith Knc-rdoody [l-l], lVII [Hi]. parafl'rlllioll IIG], and 

superconformal [17] nlg,ebras arc sorne exampl('s of the 1l10st <,xt{'llsi\'<,ly studipd 

extenc1ed CFT's. 

In summary, CFT's arc a po\\'erful tool in dassifying, on th(' olle hand, the 

universality classes of t\\'o-clinwnsional critical p}l<'UOllWllH ill stntisticalllwchan

ies and, on the other hand, dassicai string, Yaeua. CFT'::, me also intimat.dy 

connectccl ta other topics snch as nOll-conformal eXéwtly solllbit' (intq!,rahl(') 

modcls and combina tari nI mé1 thema tics. 

In this thcsis, wc inyestig,atc "nriolls cxtcndcd CFT\;, which arc b<1s('<1 ou 

S0111e local cOllselTcd cmrcnts. l\'Iost imporhmtly thc~c ClIllCllts Cilll 1)(' l'<'})

rescnted in tClll1S of flee fields. Our main tonl in tIlis thcsic., is tllis fl'P(' fh·ld 

rcalization [18], whiel! tUrllS out tn be far lllOtC COl1\'('nient t.han Ill(' ahst.rad, 

nIg,ebraic l1lethod. In partieular, i t 51lbstnllt ially facili tates the ('0l111m t.a t ion of 

scycral l'cleyallt qunlltitics like the correlatioIl fllnctions and it allm% th(' ('x

plicit construction of t.he spcctrum, that is, it makes more appmcnt the stncly 

of the represcntatiol1 theOl'Y of the conformaI group and it,s cxt('miolls. In t.he 

second chapter, wc Ijiyc a concise introduction to two-dilllcll!:>iollai CFT. This is 

nccessary in order to make the subsequent dtapters more apparel1t. 'Ve n·vit·w 

the tcrminology and the basic concepts of CFT, followillg the 1'>l'lllillal paper of 

Belayin, Polyakm' and Zamolodchikov (DPZ) [lD]. 'Vc bcg,ill with /lU illtrodll(:

tion to the conformaI group in any srace-time din1<'l1sioll D and then wc cOtlSi<lel 

the special case D = 2, which is the most iutclcsting,. The lO!(' of the eIlf'l'gy

momentum tensor in generating, the conformaI tIansfunnutions and its lelation 

to the infinite-dimel1sionai Virasoro algcbra is highlig,hted. \Ve tlwn di~cllsS the' 

notion of primary fields, fields that luwe llicc transformations uwkr the <:onfo1'-
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mal group, as well ,\S the notion of the operator product expansion (OPE) that 

1\1ll a\"(~h; the ShOl t distance behnvior of the local fields and currcnts. 'Ve intro-

dllee thc highcst ,\"cight rcpresel1tations, Verma modules, secondary fields, nu11 

ficld1> , conformaI fnlllilics, ancl the complctdy dcgcncratc reprcsentations. Next, 

wc lcvicw t.he minimal models. After that, "·c diseuss the free field realization 

of the llliuillwl modds I.md the conccpt of scrccning eurrcnts [18] that will play 

a ct'Heinl role in Inter chapters. The main virtue of these screening currents 

is that, tlH'y allow the derivation of int.egral rcprescntations for the correlation 

f\luctions, which me often expressed in tenus of hypergeomctric functions. This 

nH't.hod proyCS ta be more cOlwenicnt than the complicated computation of the 

cOll·dation fUllctiollS throngh the 'Vanl ideutities, which translate into diffcr-

ential cquations that are ha rd to solve directly. TIH'n in the context of the 

minimall11odeb, we illustrate ho\\' the characters, the fusion l'ules and the corre-

lntion functions cau be dctcrmillcd tlllough t.he flee field realization. Finally, we 

diseuss the extended CFT's and rational CFT's (RCFT's) sueh as CFT's with 

Kne-!\Joody, 11'11 and parafermion algebras, "'hich will be trcated in more detail 

iu the snbseqnellt ehaptcrs. 

In the thircl clwpter, wc consicler extended CFT's based on Kac-Moody CUf-

l'eut algcbras. Thesc alg,ebras appcar in two- dimensional \Vcss-Zumino-\Vitten 

l1l0clcls (Incl play a centwl 101e because most otller CFT's can he cxpresscd 

as cosets of them. They arc g,cneratcd from a set of currents generalizing the 

encrgy-moll1elltum tensor in the case of the Virasoro algebra. The main topie of 

tItis chaptel i::; ecntered on a full stuc1y of the sC1"('ening currenb in CFT's with 

Kae-!\Ioody cnrrcnt algchras. In particular, we focus on the serecning eurrents 

of the pure cxponcntial type. Vlc present a systcmatic method that allows theïr 

constl uction in tenus of frce scalar fields for any Kae-l\Ioody CUlTent algebra 

12 
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[IJ]. This chaptcl' i5 org,anized as fo11o\\'s. \\\~ stad with a (,0l1('i81' intl'othwtioll 

of CFT wiLh Knc-r-.Ioody nlg,<'brns. Thl~ll wc IH CSI'Ut a backp,lOllllll l'l'vil'\\' of 

the frcc field rcnlizntion of I\:ac-~Ioocly currcnt algt'bras, th(' Ho-callc'd Wakilllolo 

rcalization. ï-.Iorc spccifieally, wc displny the \Yakii!loto ll'alizn t iow, of h(lt h t hl' 

su(nh and sp(-i),. I\:üc-rvIoody nlg,chras, which aIe tll<' oIlly OIH'::' HO fm H\'ailablt, 

in the literatme. After that, wc }>lOcccd 1))' \\'orking out the t<'clilli('al ddnilH 

of this mcthocl. Next, we cxplicitly apply titis pro(,l'<!\ll(' to hoth 811(n)A. aud 

sJ,(4h. In pal'ticular, ,,·c soh-c 80mc discrepanci<,s pres('ut iu tll<' liklatuH' alld 

(k1'1\'C fol' the first time the correct fOll11 of thc scrct'uÎllg, (·l11ll'lIt .. , \\'biet. a1'<' (';(-

prcssed as infillitc Stll1lS of pure cxponeutiHl tCrIns. The 1I11"I)' .. i8 is sl1h~ta11tilllly 

sim plified throug,h t he lat ticc formula tioll of buth the I\ac-!\luo<ly and h<'1 ('('II il\1!; 

currents. \Ve concl1lde this chaptel' witl! a fe\\' rC1I1aI ks :111<1 il not" OH fl1rt lH'r 

possible investig,ntion nbout the SCl'('clIillg currcnts. 

ln t.he fourth chapter, wc cOl1Hicler another extclldcd CFT, Il:l1lH'ly t.ItI' 011(' 

bascd on a TFJ alg('bra. Here, wc mainly present a full d('hniptioll of t.lw ('111-

bcdding structure of the Verma modules of the lV3 algebra. To t.hiH <,nd, \\'C' 11S(' 

the frce field rcali:wtion of the H T
3 RCFT as our main too1. A~ (lIl applicatioll of 

this embeddillg structure wc compute the irl'f'ducible characl<'rs of t.ltis al).!,l'lml. 

\Ve bcgin with a blief rcvie\V of the TVl algcbta in tlte millilllal tlllit.ary h('li('s. lu 

pnrticular, the symllletric5 and the <1egcncracy propcrty of titI' 1't'pf('fwul iLtio!U; of 

this algehra are highlightcd. ,\Tc thCll di::.cuss the frœ field l'!'alizatioll of Ud:-, al-

gebra in tenus of a two-dimensional flee field. This frcc field if> l1~ed 1.0 COll:-'Ü Ild, 

the scrcening currentl:" which in tUl'll nllow the cxplicit eon~trllct ion of Ut(! mIlI 

states in the complctcl/ degenerate Verma modules of l'V,. Next, "-'e dCf>C'l ilw t.he 

embedding structure of the Verma submodulcs geIlC'rated from tlw--, llull :-,t.al,('s 

in tel'ms of the scrccning chnrges. This sb uet ure is rcprcf.cut.u 1 t hl'01lgh a l'et. of 
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illtcrtwillillg ding! mils. III partictllar, wc show ho\\" thesc diagrams cûn be uscd 

to deri"c the incduciblc chnrnctcr of a complctely degf'l1ClHte Verma module in 

tf'nllS of the cltnJ'acters of its Vcrmn submodulcs. The formula for the character 

t.hus ohtnincd fully l1grecs \Vith the onc prc"iously conjcctured in the literature. 

lu the firth chnpter, \\"c investigate anothcr ext{'nded CFT, namcly the 

.~ 1/ (1/)J. parilfcnuioll thCOl y. l",lore prcciscly, wc propose a realization of this 

th('ory iu tC'l"I11S of fl cc fields, that is, the analog of the 'Vakimoto renlization in 

the case of 11 Kn("-~doo(ly algcbra. As a matter of faet, we btart from the 'Vaki-

llloto rcaliziltio!l of SH(1I)" from which \\"c extract two frcc field realizations for 

t.he associatcd 811(11)" parafcl'1uion theory. Each of these two realizations has its 

special propcrties. The first onc involvcs orthonormal fields making it easicr to 

obtain the field renlizD tion of the parafermion currents but harder to gct that of 

the pl'iUllU'J" fields. The second one on the other hand leads to a simple field rc-

nlization of the primnry fields but rN!11ires linearly dependent constrained fields, 

in tcrms of which the parafcrmion currcnts arc harder to realize. \:Vhile working 

out the ddails of our two frce field realizations wc unravel their connections to 

the rclatcd work rcc<.'ntly proposed in the literature. Finally, wc bl'iefly address 

the frcc field renlization of the cosct model su(n)" x su(n)cfsu(n)J.+f in tenns of 

fields realizing the 8/1(II)k pnrafcrmion mode!. Tl.e organization of this chapter 

is as follows. Wc l)('gin wi th a brief introduction to the simpkst parafermion the-

ory and that is the Z" 1l10clcl, which is aiso called the su(2)A. parafermion modei 

bccnuse it is i~onlOrphic to the coset moclel su(2)k/u(1 h. Then wc present the 

detailh of our first frce field rcalilution of the .!1u(n)k parafcrmion model in tcrm3 

of orthonormal frce fields. Strictly spcaking, wc express the parafcrmion cur-

rcuts nss(""\ciated \Vit h the negati"c root and positive simple root sue n)k currents. 

For the suke of clarity, aU the su(3)k parafermion currer~,s and the scrccning 
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1 currents ore explicitIy di::;playecl. TheIl. in nt (kr to dt'l in' a simph' fn't' fkhl 

l'calization fol' the primary fields of t!te 81l( I/)k parafcl'Illion mode!. Wt' pre!'wlll 

our second npproach Ït1\'oIving cOll~trnilwd non-Olthonormal fields Fillally, \\'(' 

consiclcl' t.he coset mode1 sl/(n)~ x sll(I/)(r~lI(17h+(. 'Ye ~b()\\' litai thi~ IllCl(1c1 

cnn he rcprcselltccl in tenue.; of the fn'(' fi('Id., l'('aillill~ tl\(' .~rl(1I h parakl'lllioll 

modc1 and a frcc fidd with 11 backglOl1nd ('!targe. Th!' fl'<'l' field 1'('1\ lizn t JOIl of 
.. 

the sCl'ccning, cml'cnts (If this co~)('t lUmld is aIso addn'ss('( 1. 

HCl'caftcl', wc slIlnmmizc tllc orisimd n'oI'k é!chie, cd in t his th('sis. Fi /':.1, wc 

clèl'Ïve n 8,1"ste111:1 tic 11letllOcl t1w t allon's the COJlstnrctioll of t hr ('X])()Jl('ll' i,,] type 

SCl cClling CUl'l'cnts in tC1'lllS of l'l'CC 8cn1n1' fields in the ('nse oF ('x«'w!('d CFT' ... 

n'ith f\llc- .. iHoorl,r 1l1gcb1'élS [20]. Wc Ilse ft l<lttice llPJ>l'Onch th,lf cO/l..,ic!'·I';t!,]y 

simplifies the delirdtion of tlleSC saccning clI1'1'cnfs. TllO",gh OIU' l'l'O("('c/I/l'I' is 

complctely gcnc1'al, n,c .1ppl.1' it to bath the Mi(n),. nIuI8]J(-1)!.Kac-;\[()ody ;d~f'-

bras n:llOsc cxplicit l'Frrkimoto renlizntiolls mc wor1.cd ()Ilt iIl til(' litf'J'dtll1t'. III 

partiel/in l', OUI' metllOcl étllon:s us to clczivc fol' tlH' fi1'st time the CO!I'cd exp/'('.""jO/l 

fol' tllOsc scrccl1ing Clll'l'ClltS tlmt arc gh,cn as illfiIlitc SlIIllS of tenus, :lml tllf'rd,y 

l'CS aire SOIne cliscl'f'pancics fmlIlcl in the lit,l'rature. Fin;dl;r, n't' nltl];;c SOUlt' I/'-

mmks on the possilJ]c npplicil lioIl" of Il](,,..,(' scrceIlillg Cl/l'l'eIlts. Secolld, wC' n'or].;: 

out thc cmbcdding stl'lIctUlC of the Vel'mll m()dulcs of tbe cxtcIHlcd CFT \Vit,lI 

a 1173 algeb1';l thlOUé!,h the hcc fic1cll'cnlizatioll of thi., tllC0rJ' {21}. Alorc ."pf'dfi-

cally, wc explicitly C()llstl'uct the 111111 btutes i11 the complete/y dt:,!~cJ1(,Ult(· V('lIlHl 

modulcs of tllis nlgcbl'a tlsing the sCl'CCniIlf{ CU1'reIlts. lVc t111'11 rej)J'('S('llt tlw 

embcdding structure' of tlw ,rcnna slIl.Jln()d"lcs gCllcm ~ed fro1/l t lwsc 111 d1 stat"s 

tlll'ough a sct of intcrtwiIling diagl'ams, which in tum arc l1scd ta dcl'Ï vc tllt' 

il'l'cdtlciLle chal'acters of the 11'3 nlgebl'a. The l'cstllt tJJIIS o!Jt;JÏIwd ('ollfiJ'Iw, the 

Olle pl'eviotlsly cOll.Îcctul'cd in t11C li terat urc. Finally, wc im'c!>t igat() tl If! . ., n( " h 
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1 ])Hrnfcrmioll tlJCory [22}. \-Fe bélsically construct two Erce field realizatiolls fol' 

Ulis mn(/cl. The fil'st one is suitahle for the realizatioll of the pal'afel'mion ctlr-

l'ents in terms of 01 thollormal fields, whereas the second one accommodates the 

l'c;dizatioll of the parafcrmion primaIT fields in tCl'Ill" of linearly dependcIlt con-

8tl'éiillCd fields. The .su(3)/.. parafermioIl case is explIcitly workcd out including 

t]w Erce field reélli7,ntion ofits screenillg Ctll'l'ellts. TheIl we flddress the free field 

ICillizatioll of the coset 11lodcl .5u(n)1.. x 8u(n)t.f 8u(n)kH' It turns Ollt tlwt it can 

('"".,ily he l'Cpl "8cIltcd in tcrms of the fields rcalizing the su( n)1.. parafcrmion and 

n fi'('C /WSOll witl! lHlcJ..grollnd cbarge. 
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1 Chapter 2 

ConformaI field t.hcory in t.wo dimensions 

This chnptcr pl'ovidcs a concise tcchllirnI int.rodl1ction to conformaI fi('ld 

tllcory (CFT). HO\\"c\'cr, it is hy no 111('mlS complet<' or <'xhallst.in' sillet, tllP 

subject of CFT is extrcmcly rich and rnpidly dr\'cloping. Hel(" \\'(' focus mai Illy 

on those topies of CFT tImt will makc thc llcxt rhnptl'rs of this tlll'sis Illon' 

apparent, cspccially the frcc field rcaliza tian, 1'. [ot c h,ctlllicai <Id ails ca II 1)(' 

found in the varioul":> revicw articles [12,10,23,2-1,2G,2G,2ïJ, 

2.1 The conformaI group 

The conformaI group is by (kf1lli tion the group of tn.ll'ifol'lIla t iOlls tllil t. 

preserve the local angles, Let 911/' be thc md.rie of tl!<' D-<lim<'llsional Millkowski 

spacc-time RD \\'ith sig,uatmc (p, q), Let 1t auci v he two vcdors in RD \Vith t.1H' 

sealar produd H' v = 91/Vul/ V'I. The ang,lc hctwPcl1 IL and l' i8 prescl'vcd \1lukr il 

conformaI han~fonnntion if thc sealar produd Il' 1'j(u2 v2 )I/'l is (d~o pn'sprvcd 

unclcr this transformation. This menus tlHlt the mrtric must 1)(' illvariant uI1(l<'r 

the conformaI group up to a scalc change 

(2.1) 

The gencrators of the conformaI group can be rcad off throllgh the illfinit<'simal 

transformation Xl' -. Xl' + t::1'(x). III this case (2.1) becorncs 

(2.2) 

with n(x) = 1 + bD, t::(x). For D > 2, the solutions of (2.2) correspond to the 

following inf1nitesimai conformaI transformations: 
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Il) trall~l(l t.ions: fI' (.1') = a'l, 

b) rotatiou5: fI' (:1:) = wt x" , w E so(p, q), 

c) sealc' tran~formations: eI' (x) = À3.· lt , 

cl) special conformaI t.ransformations: fIL (3.') = b,t x 2 - 2( b . x ).r JL • 

Note that the algehrn gencrated by the above transformations is locally 

isolllol'phic 1,0 the Lie alg,ehra S()(p + 1, q + 1). When D = 2, the situation 

is quite diffel'f'Ilt. lu this case, the conformaI algcbra is infinite-dimensional. 

Auticipating, the confol'mal innlliancc and after a 'Yick rotat.ion to the Euclidcan 

spacl', one cau map the metric fI,1II to the fiat one !J,III = (~ ~), in which case 

(2.2) tl'an~late5 iuto 

(2.3) 
Ôl f2 = -Ôl f l. 

The relations (2.3) arc nothing but the Cal1chy-Riemmm eql1ations. It is then 

nntural to intl'oducc the complex cOOldinntes z = Xl - iX2 nnd z = Xl + iX2, 

and dcfine €(::,z) = fI +Ù2, €(z,E) = fI -i€2. Then the relations (2.3) become 

(2.4) 

This ll1cans thnt €(.:-) and €( =) are respectivcly analytic and antianalytie func-

liOl1s. Thcrcforc, t\\'o-dimcnsional conformaI t.ransformations coincide with the 

a lwlyt ic and an tianalytic transformations 

.. -' .,,1 - f(~) _ or .... _ "", 

(2.5) 
- -/ f-( -) z--+z= =. 

From now wc consider only the analytic sect or keeping in mind that the same 

1,1'('1\ t ment is \'alicl in the antianalytic sector. The gcnerators of the infinitesimal 

annlytil' transformation 8z = €(=) can be read off from the Laurent expansion 

of f( =) 
00 

f(=) = - L .: zn+l 
"Il • (2.6) 

n=-oo 
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It is then clcar thnt the g(,IlCl<ltors of the conformai g,ronp coiu('i<h' witll tll(' 

differentialoperators 

C ~1I+1D 
Il = -- ;:, 11 = O.±1,±2, .. , (2.ï) 

which sntisfy thc following comnllltation l'dations' 

(2.8) 

The gencrators Cli sati&fy the same alg,<,bra as (2.8) èl11(1 commut(' with tlH' /-',('Iu'r-

ntors C/I' Th!? alg,cbra (2.8) mnkes it nppnrcut thnt. t.h(' coufol'lual alp,('ll\lI ill Iw() 

dimensions is infillitc-dilllcn~ional This turIlS Oltt t.o he of broad ('()Il~('qtl('\l('(' in 

that ill SOIllC cases this symmctry is almo~t ~,t\fHl'i(,1l1 10 sol\'(' dU' t.1H'OlY, Ihat. is, 

it n110\\"8 in principk the exact computation of a11 t.he ('orn'lalioll fltlldion:-. t-:ol(' 

thnt from (2.8) the gcncrator:-. LI, Co nnd (\ forlll a f>1\h:dg,(·bra (of t.ll<' (,ollfor-

mal alg,ebm) thnt is isoll1orphic to 5L(2, C). TIl(' fillih' fOrlu of tl1('S(' 5L('2, C) 

transforma tions is 

1 a:: + b 
z--+z = , 

c:: + d 
(2.0) 

wherc (l, b, c, d E C and ad - br: = 1. This S L(2, C) group is weil knowll liS t.ll(' 

projective conformaI group. 

2.2 The cnergy-momentum tensor 

The encr~y-momcntum tcnsor (EMT) plnys a crl1cial role iu CFT [ID]. To 

sec this, let S bc the action of the CFT. Then tlH' Er..lT T,w is d('filled as 

1 b5 
T -- ---- (2.10) 

11/1 - ~ {jU''''' 

whcre fi is the absolute value of the dctcrminant of r),IV' The translational 

invariance implies thnt TJL/I is conservcd, i.e., 

(2.11 ) 
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MOlco\'(~r, illYiIl'iance nIlder the seale trnm,fOlmation ligl'" = OÀgl1V requircs T,III 

to 1}f! tracc'less. Indc!'d, 

__ 1_ fJS __ J._ 8S 8g l
l/' _ T'''' - T" _ 

.Jii oÀ - .fij Ô[jllll ôÀ - I,·,[j - ,,- o. (2.12) 

In t.wo-dimcnsiOlml spac('-timc, t.he equat.ion (2.12) " _LYS a significant rolc he-

C«tl1hC if we usc the complex coordinatcs z and z, then it translates into the 

followiug forIll: 

T::; = T: z = O. (2.13) 

COl1lbiniug, (2.13) with (2.11), which rends in complcx coordinat cs as 

(2.14) 

wc sec that the only two nonvnnishing components of the E:MT are respcctively 

the nnalytic T z z == T(:::) and antiannlytic Tz Ii == t(:z) functions on the complcx 

plnlle. Hercnfter, wc consider CFT's only in t,,"o-dimcnsional space-time whcre 

tIl{' abu\'C prnpcrty holcls. For an infiuitesimnl conformaI transformation xl' ~ 

a;l' + é'(:r) the conservcd currcnt is Tt' EII
• In complcx coordinates the conservcd 

charg,es associated with Ttl
€" arc 

(2.15) 

Let, rjJ(:) he a local field in the CFT. Under the conformaI transformation z ~ 

;; + f(Z), wc cxpcct Q(c) to generate the transformation of the field lj>(z) as 

(2.16) 

The uboyc conullutator is computed as usual at cqual time, which in "radial 

Cfl\illltizntion" is cqui"alcnt to a commutator computed at equal radius. To see 

tItis, Id us cOllsitler a t\\'u-di11lensional Minkowski spacc-time \Vith time and 
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1 spnc(' coordinatcs T nlld cr. and whirh h,,:-; the t(ll'()lo~y of a ('~ li1Hkr (i.t'., (1 

li\'es on a circll'). TlIÏs cylindcrcnnl)(' j)é11'illlldlil.t'd hy thl' cnlllplt'x ('omdinatt'h 

ç = T + ia and ~ = T - ia. If \\'c anticipatt' that 1 Il\' fkhl t llt'nry haH rOlllpktt, 

syuuuctl'y under the conformaI group, \\'C' enn t hell (,ollfO! ma lly lllilp t ht' ('ylind('r 

to thl' complcx plane by ddilling the (·oonlillntc::. of the plm\(' to hl' 

(2.1ï) 

Koticc tLat the origin z = 0 corresponds to th(' infinitp pn:-.t. (T = --00) and tl\(' 

point ut iufinity z = 00 corresponds ta the infillitl' fnt\\l<' (T = -1 ,X)). It. il> d .. ar 

from (2.1 ï) that on the plnlle diff('l'ellt tiu1<'::' COI l'('spOIHI t () COllet'llll ie circ!cs 

of diffcrcut raclii. 1101'eovc1'. the timc onkllng tIl;\! is \Ill1kr~t{)()d in (2.1G) 

corresponds to appronching the cÏl'cIe at timC' T \Yit!. cil cll'~ of :-hght Iy hi~.l!,cI 

and blightly slllallcr radii rc'spcdin'ly; this is rc·fpJrcd tn i1~ t Ill' liHlial ClI (ll'rin)!,. 

Thelcforc in the radial quanti.mtion the COlllllllltatOl (2.1G) is )!,i\'l'Il by 

(2.18) 

"'here Cw is a 8ma11 circlc arollud U' as SllO\\'ll in Fig,lll(' 3. NOt.ll·(· t.h,,!. tlw 

contour intcgral in (2.18) will pick up 01l1y tl)(' contl'iblltio1ls flOm t.IH' polps ill 

the singularities, which appcnr in the "operator prodnct. ('xpa.n:-;ioll (OPE)" liS 

the short distance singlllaritieb \\'hcn the two (1)('J aton: ;n'(' ('ollsi(krccl al. II(~arby 

points. Thus to compute the commutat.ors of t.wo local operators, il. i., f'lI()ll~h 

tu know their OPE, which is a kcy ingrcdicnt in two-dilllCIIsirmal CFT [la]. 
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2.:1 Prill1nJ'y fields and operator pl'oduct expansions 

A1l1011g the illfinite set of fields in CFT, there arc certain fields ~(::) that 

tnlllsfOl 111 lil.c tC'llsor fields under the conformaI transformation z -t J(:;), 

Il il III el y 

<p(z) -t <jJ'(z) = (Ô.~~z)) ft </J (f(z». (2.19) 

These fi(·Ids </J(::) arc called "primary fields", and h is known as the "conformaI 

dimension" (wcight) [10]. As wc will sec Iater, unitarity rcqllÏres h to he a l'cal 

non-l1<'gati\'c Humber. The rcmaining fields that do not tram,form in the nicc \Vay 

d('fillcd in (2.1!)) Hl'e calleel "secondary (or descendant) fields". These sccondary 

fields me uSllally cxpressecl as combinat.ions of clerivativc5 of the pl'imary fields. 

For the infinitcsimnl conformaI transformation z -4 f(z) = z + e(z), (2.19) 

tl'am;latcs iuto 

8«;)4>(::) = e(z)âç{:) + hÔE(Z)rjJ(Z). (2.20) 

The Idatio1l5 (2.18) and (2.20) imply that the short di:,tance behavior of the 

prodnd of the EMT T(::) with the primary field 9(::) mU5t satisfy the follo\Ving 

OPE: 

h</>(1O) Ôw<p(w) 
T(::)</J(w) = (z _ tu)2 + :; _ 10 + l'egular. (2.21) 

H<'l'C "l'egular" ~t.ands for the remaining tcnu5 of the OPE that are nonsingular 

no; :: -4 w. This l11cans that thcy do Hot cont.ribute in the contour illtegrals 

likc (2.18). Howc\'cr, they arc nccessary in clcfining normal ordered products of 

local fkItls. It is worth noting that the ab ove OPE encodes aIl the information 

about the conformaI tran::.formation of the fields. In faet, the notion of OPE in 

CFT replaccs the customary notion of commutation rclatiom in thc usuai field 

tl!COlY [10). The OPE's of scconclary fields with the E~IT iuvolve higher order 

sillf!,\llariti('~ t han the double pole as in (2.21). The primary fidds in CFT are the 
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1 most important d~-n<t11lical nU'inb1cs of the thcory. For ill~tatH'(', ,,'c will !-\('('1akl' 

that the cOll'clation fllllctions of arbitrar~' fields cnn 1)(' COIllpldl'ly <ldt'l'Iuiw'd 

once on1y the correlation fllnctions of the primnry fields arc known, 

At the classical levcl, the El'dT (which is n l'nllk :2 t(,llsor) trausfonm; Ht"-

cording to (2,20) as 

(2.22) 

Ho\\'cvcr, at the quantum lcvcl Cl. possible Schwinger t,('llll may mise dlH' to 

un anomaly in the transformation propcrtieR of the EMT. Con"is\'('llt'Y \\'it.h t.lH' 

dilllcnsionai aUH lysis im plies the fol1o\\'ing COnfOll1lnl t.rH ll~f()l'llla t ion of tilt' El' [1' 

at the quantum 1c\'c1: 

C '1 
8(T = 2Df.(::)T(::) + €(z)DT(::) + lZD f(Z), (~.23) 

",hcre c is known as the "central charge". Hs "Hln(' (I<-pcnds 01l t he' pnrt.Ï<'lIlar 

CFT undcr considerntion. Howcver as wc ,,-ill S('C 1nt('1'. unitarity n'stricts it. to 

be Cl. l'cnl positiœ munber. The transformation property (2.23) is ('(l'lÎ\'ah'llt. to 

the following OPE of the EMT with itsclf: 

c/2 2T( tu) ôT( tu) 
T(z)T(w) = )' + ( )2 + + r(,~lllar. (z - t/1' :: - 11' Z - W 

(2.2,1 ) 

This OPE encodes aIl the information about the quantulIl coufoJ'llwl rtlp,c'hnt, 

which is commonly known as "the Virasoro al)jcbra" [28J . 

• ,<. 

2.4 The Virasoro algebra 

Let us rcpresent the EMT as a Laurent expansion 

+00 Ln 
T(z) = L (') ?-) 

zn+2' 
_._,J 

Il:=-00 
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\\'hrre tlw La1ll'cnt modcs Ln arc given Ly 

( ? ?r.\ _._V) 

Due to the OPE (2.24) and the definition of the commutation relation in the 

radial quantization, the modes Ln satisfy the Virasoro algebra [28) 

(2.27) 

Note that t.he Virasoro algebra (2.2ï) is the central extension (the quantum 

version) of the clasflicll conformaI algcbra givcn in (2.8). Let us also mention 

that (2.21) and (2.2G) imply that the primary field cP( z) satisfies 

[L II1 9(z)J = zn[h(n + 1) + z81cP(z). 

Fillally, note that L±11 La form a subalgebra \Vith no central charge. Thus, this 

subaJgebra is also isomorphic to SL(2, C). 

2.5 Representation theOl'Y of the Virasoro algebra 

So far wc hayc introduced two l'cal numbcrs in connection with the Virasoro 

algcbra, nmncly the conformaI dimension h and the central charge c. Therefore 

i t i8 l'casouable to expect these two numbers to label the representations of the 

Virasoro alg,cbra. lmleed, note ftom (2.27) that 

(2.29) 

The importance of (2.29) is as follows. Decause dilatations on the complex plane 

correspond to timc translations on the cylinder, it is natural to identify the gen-

eratol' Lu with the Hmuiltollian. It is cleal' then from (2.29) (by analogy with the 
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1 harmonie oscillator) that Ln (n > 0) and Ln (n < 0) (\rc mmihilation and l'1'('-

ation opcl'ators l'cspccti,·cly. This sngg<'t.ts tlwt t.he ilT('(lueihle l'l'prcsent.ntions 

of the Virasoro algcbra rcquire the <,xist('llce of a hi.gh('st wl~ig,ht. stat(' l " >, 

which is an cigcnstate of Lo and is anllihilated by LI! (II > 0). OtlH'r states 

in the l'cpresentation arc obtaincd hy successive applicatiolls of L" (n < 0) ou 

1 h >, that is, 
Lü 1 Il, >= Tt 1 h >, 

Ln 1 h >= 0, 11. > 0, (2.30) 

Ln 1 12 >= new stat.es, H < O. 

The reprcsentation satisfying (2.30) is callcd a "highcst \\'f'Ïght. 1 C'prcs<,uta t.ioll". 

The set of a11 the statcs in this highcst weig,ht rcprf'Hf'ntat.ion is citlk(l a "Verma 

module", A basis for this Verma module is p,iven by the stat.es 

(2,31) 

with 0 < n} S n2 S '" S nk. It ean readily hc chcdœd that tI\(' s('('olldal'Y 

stute (2.31) has the conformaI dimension Il + 2::~=1 nI and thcreforc it app('ars 

at "degrec" (level, height) L:~=l n" To summarizc, a V('rnut module V(e,") of 

the Virasoro algebra is thus complctcly spccified hy the cent.ral charge' (' and tlw 

conformaI dimension h, which is the Lü cigrllvalllc of t.he hi/jhe~t w('Îg,ht st.at.p 

1 h >. Rcquiring the CFT to be unitary, mnonnts to rc:;trÎct,ÎII/j the EMT lo be 

Hermitian and the scalar produd. of the Hilbert spnce to he posit.ive ddinit.e. 

The first condition yiclds [24) 

(2,32) 

The second condition is implemcnted through (2,32), which lcads to 

Il L-n 1 Tt >112 =< h 1 L~nL-n 1 h >=< h 1 [Ln, L-n) 1 h >= [2n7t + t2 (n
3 

- n)] , 

(2.33) 
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with n > 0 and tllC highcst wcight state 1 h > normalized as < h 1 h >= 1. 

Unitarity lcc!uircs the n0l'l11 il' (2.33) to be positi\'c at allievels In partieular, 

lcttiug 17 = l implies that h ~ 0, whcreas large n leads to c ~ O. A complete 

mwlYbis of ullitary involves the Kae determinant [29]. It has bcen earried out in 

lcfcrcncc [30] whele it is shown that unitarity rcquires F(e, h) to either satisfy 

c 2:: l nwl h a Ieal positiye number, or 

6 
c = 1 - -----, 1'11. = 2,3, ... 

m(m + 1) 

h = h
r 

s = [Cm + l)r - rnsJ2 - 1, 
,- 4m(rn + 1) 

(2.34) 

with 1 S " S 711, - 1 and 1 S s :::; m. The Verma module l'(c, h) is not a 

priori irredl1cible. In faet, it is conceh'uble that it contains a seconclary state 

that it.sclf bclmves [ts a highest wcight state. Suell a stat(' is callcd a "nu11 slate" 

[ID], which is justificd by the faet that it is orthogonal to aIl the states in F(c, ft) 

and thcrcfOle it lias, as wcU as aIl its descendants, a zero norm. Thus i~ can 

effcdiyely be iùcntified with zero 1 null >= O. A Verma module containing a 

fini te Humber of null states is called a "degenerate Verma module", whercas a 

VCrllW module containing an illfinite number of null states is calleel a "completely 

dcgencrate Verma module". Thercforc, to extract the irreducible highest weight 

l'('prescntation from V( c, 11), one has to project out from F( c, h) aIl the null 

states togcthcr \Vith their descendants. It is 1:>llO\\'n that V(e, h) contains a null 

state if [20] 

whcrc 

Jl=-ë ± ./25 - c 

Vi2 

(2.35) 

(2.36) 

and /',8 arc nrbitrary positive integers. Furthermore this state appears at levcl 

1'8. The null states play an important l'ole in cleriving partial differential equa-

t.ions ("'arcl idcntities), which ure satisfied by the correlation functions. So far 

26 



1 the relation bctwcen the primary slu t('s and the primary fields has Hot yct h('l'tl 

clûrified. This will he the subjcct of the subsf'ql1f'nt section. 

2.6 ConformaI fmnilies 

Let 4>(:::) be û primary field of confol'lllnl dimension h. Usillg (2.28), it, is 

casy to sec thnt the highcst wcig,ht stnte 1 Il > is crcatcd by the action of 4>(0) 

on the yocnum 10 >, that is, 

(2.3ï) 

The secondary ficld& crcating, t,he scconclary stnteR can be l'('ad off flOIll the OPE 

of the EÏ\/IT with cp( w). Indccd, (2.28) implies that 

00 r/>( -k)('1l') 
T(z)ç,(w) = '" ( )"-k' ~Z-t/l-

1..=0 

(2.38 ) 

Combining (2.21) with (2.38) leads to the identificn.tions rj.I(O)(z) == h4>(z) and 

rj.I(-1)(.~) = ôcp(z). It ean olso be chccked that the fidds rp(-I..)(z) (k ~ 1) arc Hot 

primary fields, which means that they Clcate from the vacuum 1 0 > s(~c()Jl(lnl'y 

states of 1 Il >, IHlmc1y 

rp(-k)(O) 1 0 >= L_I..' 1 h> . (2.30 ) 

The fields q.,(-k)(z) arc thus secondary fields of the primary field rp(z). Silllilmly, 

other secondary fields rp(-k,-kd(z) of 4;(z) ("éln he generat<,d from tlle OPE of 

T(z) with rp(-k}(w). Thercfore, agcneralstate L-kl ... L_I.. .. 1 h> in V(c,h) is 

obtaincd by the action of the secondary field 6(-/'1, .,-kn)(O) on the vacuum, or 

equivalently 

(2.40 ) 
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In titis cOlltext, note tlwt the EMT T(::) is itsclf a secondary field of the identity 

OpCl'l.l.tor. This can Le sccn from 

T(z) = ~ f dwT(w) , 
27l'l w - Z 

(2.41) 

which ll11dcrliw's the faet that T( z) is not a primary field. The pl'imary field 

9(Z) togct.her \Vith its descendants form n "conformaI family", which is commonly 

dcnotcJ hy [4>]. The nscfulness of orgnnizing the fields of a CFT into conformai 

families stems from the fad that only the primary fields are nccded so as to 

dCSClibc t.he thcory completely. If the Verma module Y(c, ft) contains a null 

statc t Ile correspondillg field in the confonnai family [9J is thcll calleel a 11ull field. 

The 11\111 fklds arc used to derive 'Yard idcntitirs for the correlation functions 

Lccansc nny correlat.ion function contnining a null field or nny of its descendants 

iclclltically vani:,hes. As will be discussed later, the llull fields are aiso useful in 

compnting the irrcduciblc chnracters of the Virasoro algebra. 

2. i Minimal modcls 

Hercafter, wc rcvicw an illlcrcsting class of CFT's that are completcly sol

uble. Thcse theories are characterized by the complete degellcracy of their con-

forlllni familics. As mcntionecl earlier, in order ta solve the CFT one necds to 

('ol1sidcr only the primary fields. To corroborate this, let us for example consider 

t.he following correlation function: 

(2.42) 

whcre 4>l(Zt} ... ~u(zn) are primary fields and 4>(-k1 , ... ,-km )(z) is a secondary 

field bclonging to the conformaI family [4>]. USillg (2.26), (2.38) and (2.40) then 

~(-11, .. ,-kn.)(z) cau be rewritten as 

ç;(-kl, ... ,-km)(z) = [ft f ~:: (wi - Z)l-kiT(Wj)] 4>(z), 
)=1 

(2.43) 
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whcrc ç,(z) is a pl'immy field and the contours cl1circle ali the Rillg\\lariti('~ of tllt' 

intcgrand, Usillg (2,21) togcther \\'ith (2..13) olle ('fin en~ily S('(' that tIlt' aho\'(' 

correlation function (2.42) can he rcwl'ittCl1 in tcnus of the C'Ollelatioll f\ludioll 

111 

< ~(-k1" .,-k"')(Z)<?l(zI), .. cPlI(=Il) >== II V_-I.
J 
(z, {':-I}) < ~(.:-h)l(Zl) ... ~'1(.:1I) >, 

)=1 

(2.4·' ) 

whcl'e the diffcrentiul opcnüol's V_I.(:, {z,}) an' gin'l1 hy 

~[(I-l';)hl l ] 
V_I.(z, {z.}) = ~ (z _ =,)1. -- (.:- _ ,:-,)1.-1 D •. (2.45) 

Oh\'iously the aboyc rcsult casily gcncrali...:cs to expu'ss (Illy correlat.ion [\ludion 

with many secondary fields in tcrms of n correln t iOll fllUctioll \\'i t Il ouly pl'Îmary 

ficllis. This is an impOl'tallt rcsult. bCCl\nsc it all()\\'s Oll<' to d(,li\'(' t.lt<' ('ortel,,-

tion functions of the pl'imal'y fields as solutious of pm tinl diff('l('lIti1l1 cfjllilt.iollS. 

To sec that, let us assume that the sccondm y field in the cOl'l'l'lat ion f\\lH'tioll 

(2.42) is a mlli field, tlmt is according, to (2.30), it l>elongs t,o t!H' CCluforwal 

family [4>] == [<Pr, .• J. Howcvcr, sincc this sccondary field is a, Hull fit·ld tlll'll tIlI' 

correlation function (2.42) vanishcs. This means that the correlatioll fllllctioll 

< ç(z)<pl(zd.,. 9,,(ZIl) > satisfics the following partial diffcrcntiai ('q1\ation: 

111 

I1'D- kJ (z,{zl}) < ~(Z)1>l(Zl)"'<?II(z,,) >= o. (2.4G) 
]=1 

FUl'thcrmorc, thesc diffcrential C(luatiollS rcstrict the OPE amollI!, the pl'iUHll'y 

fields. A dctailcù analysis cal'l'ied out in rcfcrencc [ln] shows that the ellSC whelC 

aIl the conformaI families are complctely df'gl'llCrate is particularly illtelestiug. 

lndced, the conformaI families form thcn a closcd algebra which can he symhol-

ically represented as 

ni m( m+r-l ,2p-m-r-l) man(n+ .. -1 ,2q-n-.. -l) 

Ç(m,n) X cP(r,s) = L L [t/>(k,t)] , (2.47) 
k=lm- rl+ l 
ktmtr=odd 
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whcrc [rpU,q] dcnotes the entire conformaI family of the primary field <P(k,l)' The 

relations (2.47) me \\"ell Imown as the "fusion rules". 1Iorcover, it is shown in 

refclence [19] that if 0'+ anù 0'_ are so that 

(2.48) 

tImt ls, 
6(p_q)2 

c=l- , 
pq 

(2.49) 

\vIwrc q and parc arbitrary positivc coprime numbers, then the conformaI family 

[tPr,,,] contains infinitcly many llull fields, i.e., [if.>r,s] i8 a completely degcncratc 

eonfol'mal rami1y, T1ms, any C· 'r1'''lntion function containing the primal'y field 

[9r,.~] satisfies iufinitcly many partial cliffcrcntia1 equations. This suggests that 

ail the correlat.ion fUllctions can be in prînciple computed as solutions of sorne 

of thcse diffcrentiai cqunt,ions. Fmthcrmore, the fu:..ion rules (2.47) closc under 

lt fillite number of pl'imnry fields <Pr,s with 0 < r < p, 0 < s < q and conformaI 

dimCllsions hr s , 
(ql' _. ps)2 _ (p_ q)2 

hr,s = 4 pq 
(2.50) 

Suell CFT's as specified by (2.48) and (2.40) are called "minimal models". Note 

tlwt when c < 1, the unitary moclels are aiso minimal. They arc recovered from 

t he set. of minimalmoclcIs by lctting q = p + 1. As argued in chapter 1, sorne 

st.ntist,icai systems rcalizc thesc minimal modds. 

2.8 Free field realizatioll 

In this section we propose the explicit realization of CFT's in terms of a free 

(boson) field [18]. This is also known as the "bosonization" or the "Coulomb gas 

rt'prcscntation". As rnentionecl in chapter 1, the free field realization facilitates 

substnntially t,he resolution of CFT's. In particular, it simplifies the computation 
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of the currelation functions, the fusion rnlcH nnd tlH' irrèllncihll' dlnt'nd,'r~. For 

the sake of illustration, thesc qunntitics \\'illlJl' explicitly \\,011.('<1 out in the ('HM' 

of minimalmoclcls in the subSCqtH'lÜ trca tnH'ut. 

2.8.1 Free field realizatioll of the minimal l11ode)s 

Let us 111 this sediol1 illustra te ho\\' 1110Ht of the pro))('rti('H of t.he lllllll-

mal 11lodcls can be rccovcred throu;h a sin;lc masslcss fr('e bosou X ( (T ). The 

COll'csponding action is 

(2.51) 

\\'l1cl'C [J is the absolutc miue of the dcterlllinaut. of fi/w. TIl(' E!\[T ohtaiw'<l 

from t.he uhoye adioll is gi"cn by 

T l 55 1 D '-ô ,- 1 ~o 'oô V' 
/1 V = - r;;-$;- = - -') /L - 1.. " - \. + 4- fj //11 U • '\. " • '\. • 

V g ug/w -
(2.52) 

Note that this E~vIT is symmctric and traceless, i.e., T/~t = 0, :111<1 sillCc' tll!' 

above action is invariant undcr confolmai transformations, we choose t}w t,wo-

dimensional spuce to be the eomplex plane. In this ('asc, 1>c('a11<;(' of (2.13) and 

(2.14) one ean casHy scc that the only two nonval1ishing componcl1ts of tlU' E~IT 

in (2.52) are g,ivcn by 

Tzz == T(z) = -~ : D;;XôzX:, 
2 

T T-(-) 1 D XfJ X ,ï': == Z = - 2::; z :, 

(2.53) 

that is, T(z) and T(z) are rCiipcctivcly holomorphie and antiholornolphic rune-

tians, and :: dCllotes the normal ol'dering, \vhich Îs ùcfincd as 

1 le dw : A(z)B(z) := -, --A(w)B(z), 
27rl C

z 
W - Z 

(2.54) 
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for :-i0111C local fields A( z) [Incl B( z). H('nccforth, unlcss statecl othcrwisc, fields 

or produds of local fields at the same poiut arc al ways assumcd to he normal 

mdcll'd, and thm. for cOl1vcnience wc will <.110p the normal ordcring symbol :: 

ill the s('(!' lC1. Again as wc hm'e clone bcfore, wc ouly consider the holomorphie 

Fiector while kccping in mind that the smne treatment is also valid for the anti

holomOl pItie one. Thc propag,utor (the Green function) of the analytie frce field 

x ( z) read~ as follows: 

(2.55) 

U~ing (2.55), the \Vick rules and Taylor expansions, it can casily he seen that 

the EMT (2.53) satisfies the OPE 

1/2 2T(w) ôT(w) 
T(;::)T(w) = ( )1+( r+ +regular. z-w :;-t('- z-w 

(2.5G) 

Thereforc, the nbovc EMT generates the conformaI tram,formations in a CFT 

of a frcc mnssless boson, ,vhich is characterizcd by the central charge c = 1. To 

sec thut T(::), as represclltcd in (2.53), is indeed the generator of the conformaI 

transformations let us work through a simple example. Consider the field ôX(z). 

U ueler the conformaI tWllsformation z --+ Z + €( Z ), this field is expected to 

tl'l'\w;form as 

DX(z) -. ôX(z) + â€(z)ôX(::) + €(z)ô2 X(z), (2.57) 

which is duc to 

X(z) -. X(z + €) = X(z) + ÛJX(z). (2.58) 

Ou the other hand it ean readiIy he checked that 

• ôX(w) é)2 X(w) 
T(:; )ôX ( tu) = ( )2 + + reguIar, 

Z-tV z-tv 
(2.59) 
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whkh asscrts the faet tlmt ÔX is a pl'imnry field of cOllfo1'1lwl (linH'll~ioll 1. 

1Ioreowr, (2.50) implies this transformation for DX: 

(2.GO) 

whkh coincides \yith (2.5ï). To apprcc-iatc fmthcr the lIsefuhl<'sS of the fre(' fid(! 

realization of T as givcn in (2.53), let HS \\"o1'k thr()u~~h anotht'1' ('xalllpk, uallldy 

the vertex field e1oX(z). The OPE of this n'l'tex field with T(.:) l'(,lIds as f()llows: 

(2.G1 ) 

Thcrcforc, ClUS(;) is a pril1lul'y field of conformaI dillWIl~ioll h = n'''! /2. Thi~ rad. 

eun also bc cleducccl from the two-point c01'rdntion f1\lldioll 

< e
ÎaX(.::)c-IClX(w) >_ eo2<X(:)X(u.» __ n 2 111(:_II') _ 1 

- - (. - 2' (.: _ 11')" 
(2.02) 

1'\ ote that the abm'c correlation function call he illt.t'rpl'd(·cl in f he' (,Ollftoxt of t1w 

Coulomb gas l'<'prcsentation <tS bcing Hl<' expcct;lt ion vahl!' of t\\'o cltargf'(l fi('lds 

clCl.\"('::) and e-1oX(u) \\'ith the "Conlomb charg('s" Ct and -0' rC'spediw·ly. This 

ju::.t rcflccts the usual fad tÎlat the total Coulollll) charge is consC'rw·(1. Th(· fi(·l(!s 

e,aX(z) and e-IQ.\"(;) arc regarded as conjl\gntes or adjoints of OUf' Hllothf·r. TIIf' 

above correlation fundion (2.62) can be gC'llera lized to any lI-point corn'latioll 

function as follows: 

if L: a, = 0, 
othcrwisc, 

(2.03) 

Since T(z), M l'cprcscntcd in (2,53) (\Vith c = 1), cannot dCSClibc the miui

mal models that arc chal'actcri7.Cd by c < 1, then O'1e is lcd ta deform t.he ah ove 

T sa that it accommodates this case (c < 1) while satibfying the OPE (2.24) 
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t flholllcl i t 1)(' the gCllrrator of cOllforlllnl tt nn~forma tians. A wuy lo achic\'c that 

i:-- t.a consider iIl~tcad 

(2.G4) 

whcl'e O:u is a l'cal number. Oue can casily chcck that T(z) indccd satisfics (2.24) 

\Vith the central charge 

c = 1 - 120:5. (2.G5) 

ThuR for special valucs of 00, T(::) can be thc Er-IT of the minil!1al moclcls, i.e., 

",i t.h c < 1. The bccond tenu in T (2.G4) can be illtcrprcted in the cOlltext of 

tlH' Coulomb gas rcprescntation as being duc to the presence of a background 

Coulomb chnrge -20'0 p1acc(1 at infinity. This Îs crcatcd hy thc vertex operator 

1'-2o o = c-2
/C\ o X(ov). Thus, the out-vacuum Îs chargea and clefinecl in tenns of 

the În-ntct1UI1l 1 0 > as [18J 

< -20:0 1=< 0 1 V-2ao(oo). (2.GG) 

Thcrcfarc, \\'ith this charged out-\'acuum, the nonvanishing two-point, correlation 

function is gi\'Cll by 

(2.67) 

The ne\\' conjugate of Va is no longer V-Ct but rather Ver == V2ao - a' Note that 

both Va and l~\< have the same conformaI dimension h( 0:), which reads From 

(2.G7) as fo11o\\'s: 

h(o:) = h(&) = ~(a2 - 20:00:). 

Tht' aLo\'c two-poiut correlation function (2.67) generalizes easily as 
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2.8.2 Scrccllillg clIl'rcnt.s 

The cquatioll (2.GS) implies that th('l'c 111(' two \"C'l'kx field., S:t.{.:-) of COIl

formaI dimension 1 

(2.70) 

wi th 

(2.71 ) 
C\'+ . (\ _ = -2. 

These "ertex fidds S± arc callcd "screcning, cttrrcnts" [ISJ. TIl<' main proPI'!"ty 

of these screening current.s is tlwt they snti~fy OPE\.; with the E~IT 1 hnl 1\U' 

tutai dcrinüi"cs. This mcans that the "sClccning, ch;u).!;l's" Q1: 

(2.72) 

commute ",ith the EMT 'Ï'. Thereforc, thcse sCl'ccning clwl'p,cs (2.72) CHII 1)(' 

inscrtecl insidc the correlation fundiolls in any numlwl' withont challp'În)!; t.\w 

conformal pl'opertics of thc original corn'lat ion fllnctiolls [181. Tlwil' ollly (·m,d. 

is to mûkc the correlation function nOll\'ani~hillg by sell'cning, tlH' Imdq!,l'IIlllHl 

charge placed nt lufinity. For the sake of illl1"tration let Uf> work throttgh Hn 

cxample, namely thc four-point functiolls of the minimnlmo(lds. 

2.8.3 Four-point correlation functions of the minimal models 

First let us rcquirc, as is customary in S01l1C ~tati:-;tjcal systelll", that, t.he 

Vertex fields {1'a} ( which arc idcntificd with phy.,ical OpCl atOl'b) al'<' so tlmt. t.he 

four-point correlation fuuction is 110nVillli&hiIlg fOI cach of thCIIl [18], tllUt is'" 

(2.73) 

* This choicc is reqllÎl cd in order to be ahle to lMI.lllCC the Coulomb charge 

placccl at infinity by the scrccning charges . 
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Ho\Ycvcr, the tot al Coulomb charge in the abovc corrclation functioll is 2a + 
200 =f 20 0. Tlwrefor<>, this conclation function vanishcs unless wc insert r - 1 

Hml .s - l screcninp; charges Q+ and Q_ rcspccti\"ely. This means that. the 

conforIlml propclt.ics of the correlation function (2.73) can he read off in5tead 

flOlll the expcdation valuc 

(2.74) 

IIellcc wc cnu huild four-point correlation functions with properties natmal for 

Rome stat.i::.ticHl systems (llonzcro if the four operators arc the same) out of the 

vertex Hclcls l~l (z) if the Coulomb charge 0: is restricted 1.0 takc the discretc set 

of valucs (\ r,s 50 that 

1-r 1-8 
O'r,s = ~o:+ + 2Cl-, r, s 2:: 1. (2.75) 

The (,olTcsponding conformnl dimensions h,.,~ are obtaincd from (2.68), name]y 

(2.76) 

Tbe crltlUtions (2.75) and (2.76) are preciseIy the Kac-spcctrum for degcnerate 

collformnI families. For the minimal modcIs, a+ and Q_ read 

(2q 
(X+ = V p' 

__ f2P 
(X_ - y-;;' 

(2.77) 

in which case Il,,s is gi"en in (2.50). The reIations (2.71) and (2.77) imply that 

q-p 
0:0 = --. 

..)21)(] 
(2.78) 

A generie four-point correlation fUllction is then 

1 dt l ... 1 dt'-l 1 dti ... 1 dt~_l 
JC I !cr - 1 Jq !C~_l 
x < l'n (=1 )FO(=2 )VO(.~3 )l'à(z.J)S+(td··. S+(tr-t)S-(tD . .. S-(t~_l) > . 

(2.79) 
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1 The contours in (2.ïü) wind nround the pointH Z\,Z',!,Z;j,Z" bO aH th(·y ,lul\nt. 

lcaù to zero integrul. In fad the aDO\'C cxpcctatioll mlue (2.70) :-.tallch .. fol' Illl' iIl-

tegral rcprcsentatiun of the correlation function that. l:;at.i~·,fk~ partial diH'('l'I'lItial 

cc!uations as discussed rarlier. 

2.8.4 Fusion l'ules of the minimal models 

Herc, we l'edcri"c the fusion l'ules of the minilllallllotlt-ls (2.47) in the fl'<'<' 

field l'calization. The forlU of the fusion r111cs in (2.47) sugg,C'st s t hat wc' HlI0111d 

only cOllsidcl' the thl'cc-point c01rclatio\1 functiolls. Thcrc arC' thrcl~ C'(lItÏ\'nl<'llt. 

'''<lYs of rcpreseuting the thrce-point correlat.ion fuuctioll in the' [n'(' fidd l'('alizn-

tion, namely 

< l'ük,t(ZI)"Un>,,,(Z:.l)1'or,.(Z3)Q+ ... O+Q- ... Q- >, 

< Vau (zt)V&m.n (Z2)VO'r .• (=3)Q+ ... O+Q- ... Q- >, 

< i'nk,t (Zl)Vam,n(Z'l)Vc'i r,. (Z;J)Q+ . .. Q+Q- ... Q- >, 

(2.~O) 

(2.81 ) 

(2.82) 

Rcquiring the conselTation of the Coulomb charges in (2.80), (2.81) atHl (2.82) 

lcads l'cspectivcly ta 

k ::; nt + l' - 1, k - m - l' + 1 ewn, 

I! ::; n + s - l, f. - n - s -1- 1 cvcn, (2.83 ) 

m :5 k + r - 1, m - k - f' + 1 cven, 

n :5 e + oS - 1, n - e - s + 1 cvcn, (2.84 ) 

'r ::; k + m - 1, " - k - m + 1 cvcn, 

s ::; e + n - 1, s - e - 11. + 1 even. (2.85 ) 

The cquütiol1s (2.83), (2.8-1) and (2.85) translate into 

k:5m.+r-l, C:5n+8-1, 
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c m:::;r+k-l, 11:::;8+C-1, 

l' :::; k + m - 1, s:5 C + n - 1, 

k + ln + r odd, e + n + 8 odd. 

The relation (2.86) implies thcn the following fusion ruIes: 

m+r-l 

~(m,'I) X ~(r,s) = L 
k=lm-rl+l 1=ln-_I+l 
k+m+r=odd l+n+.:=odd 

(2.86) 

(2.87) 

wherc ~(r,s) is a pl'imary field in the minimal modcl whose frce field realization 

is givcn by l'O'r.o' From (2.50) it cau rcadily be chcckcd that 

hr,s = hp-r,q-s. 

CombiuÎllg (2.87) \\"ith (2.88) we gct 

2p-m-r-1 2q-n-s-1 

<P(p-m,'l-n) x <p('P-,..q-~) = L L [<P(k,l)] • 
k=lm-rl+l 1=ln-'I+l 
k+m+r=odd l+n+.=odd 

The cquations (2.87) and (2.80) arc consistent \Vith cach other if 

IIIm( m+r-1 ,2p-m-r-1) mm( n+s-1 ,2q-n-~-1) 

(2.88) 

(2.89) 

4~(III,n) X <P(I,S) = L L [4>(k,t)] , (2.90) 
k=\m-r\+l 
k+m+r=odd 

1=ln-'I+l 
l+n+o=odd 

\vhich are the fusion mIes for the minimal m.odels as gh-cn earlier in (2.47). 

2.8.5 Irreducible characters of the minimal models 

Here, "'c derivc the irreducible characters of the minimal models. Let us 

for example consider the Verma module V(c, hr,Il)' wherc hr,s is the conformaI 

dill1ension of a highest wcight and is giycn in (2.50). "re know that in the 

minimal M'ries the Verma module V(c, h,·,s) contains an innnite number of null 

slnks. In the frcc field rcalization a highcst wcight (which can be a null state) is 
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reprcsented by Fo = ClnX , whcre ° is to he ddcl'luined. Thc sCl'c('ning charges 

Q± can he llscd to COl1struct cxplicitly the mtll ~tiltes ill the V<'t'mll modul(' 

[Vo]. lndccd it can rcndily bc sccn that the [()1l0\Yill~ t,,"o fields \ 1 (:;) and, 2('::) 

Cl'catc flO111 the y<:tCut\l11 t\Yo states IH1\'ing the proPC'l tic:; of 111111 :--tah's in [l'~,l 

and cat'Q'ing the samc Coulomb charg,ef, as the st,a.f.C's crcaletl by Va _ (0+ (.:) and 

l 

Àl(Z) = f JI dtL,S+(U,)Va-lo+(Z) == Q~ '~t-rn+(=») 
,==1 

X2(':) = f TI du ,5_( H,)Fo-ntl'_ (z) == Q~ "0-110_ (z), 
1==1 

(2.!H) 

wherc Q~ and Qr:... arc the screcning chal'g,cs and o± me gin'Il in (2./ï). WOl'kin).!, 

out the OPE's im'oh'cd in thc intcgral:; (2.01), it can hc ~ltO\\lI thaL U((' fidcls 

Xl (::) and X2 (z) l111\'c Lhc follo\\'illg gCllcl'al [l'(,c field l'caliz" Lions: 

Xl l'V [ôX]N1eloX E [t':,], 

;\2 '" [ôS]N2C'ClX E [l/~], 
(2.92) 

\\'hc1'C [ôS)N 1 (the saUle dcfillition applies to [ûX]N2) Îs a certain lillC'HI' cOllll)i

nation oftcl'ms of the type (DS)'l, (ô2 S)" 2 ... ( Dl X )dJ 50 tlmt, 

1 

L id, = ."rl . (2.03) 
.=1 

NI and N2 arc respecti\'cl~' the dcgrccs of XI(Z) anù X2(Z). They nH .. 'i1HUre the 

levcl of the null fields Xl anù À:! O\'cr the hig,hcst wcight field Vcr.. A field with 

a ncgativc dcgree is hy definitioll zero, N J nnd N2 urc gi\'cn in t,('llllS of the 

conformai dimcnsions as follows: 

NI = h(a - Cü+) - h(a), 

JY2 = h(o' - no_) - !L(a), 
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,vith the con[ormal dimension h( (1) us defincd through (2.68). Requiring the 

degrccs NI élnd N2 ta be positi,'c intcgcrs alllounts respecth-cly ta (see [20] and 

rcfcrences thcrein) 

m>O, 

m' > 0 - , 

m and m'arc arbitrary positivc intescrs. In this case NI and N 2 read 

N J = Cm, 

N 2 = nm'. 

(2.95) 

(2.96) 

Combiuing (2.95) with (2.!l6), clearly the smne null state in [l'a] with degrce Cm 

cau be constructed us in (2.!l1) using either C or 'In screening currents S+ or S_ 

respcctively. Thus in the sequcl we spccify the Coulomb charge 0: of the highcst 

wcight field Va by a single formula as follow::;: 

(2.97) 

wherc now e and m stand for the numbers of S+ and S_ rcspectively. Let us for 

convenience clenote the highcst wcight field Va as 

(2.D8) 

N otc that C and m arc not uniquely dcfincd bccause of the following translation 

inntriance of a, whit:h can be rcad off from (2.07): 

(C,m) = (C + kp,m + kq), (2.99) 

",hen' p and q arc dcfinccl in (2.77) and k is any intcger. 

Furthcrmorc, we know that therc is a Z2 invariance in the VirasC'l'o algebra. 

Illdcecl, the conformaI dimension h( a) (2.68) is invariant under 0: -. Q = 20:0 -(1', 

'" hich mnounts to the idcntification 

(e, m) = (-e, -m). (2.100) 
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That the illtCgCl'S in (-C, -m) arc ncg,üi,'c is not HU im'ol1l'iskncy lWCIIUSl' of 

the translûtional inntl'iancc (2.99). From tIte cql1ntioll (2.91) it is l'leal' that 

stal'ting from the null field Va = (C, m), onE' can constl'l1d othl'l' nul! fit'hls as 

Va-l'(\'+ == (-e, m) and F(\'-IIl(\'_ = (f, -m) by menns of Q~ nnd Q';; l('spc'ct.iVl'ly 

QI 
(l,m) --:t. (-C,m), 

Q~ 
(C,m) -+ (C,-m). 

(2.101) 

The screcning charges Q+ and Q_ (the supel'script is ùroppcd) map bd\\"(,(,ll t\\'o 

null fields so that the Verma submodlll(' g,ellC'l'nted fwm the sc('Oud is ('luhe'delt'd 

in the Verma modulc gcncl'atcù flOm the fir:,t (as pr('yiously lcmarkl'd Hull stat.c's 

gCllcrate themselves Verma submodules). lIowevL'l', Q .. awl Q_ aH p,i\'('n in 

(2.101) arc not uniqucly (wcll) dcfincd bccausc C and m é\l(' t,h('m~,;('h'('S HO!. 

uniquely dcfillCd. To fix this problelll wc furthcr reqnire that. q+ and (J- lJIa}> 

ollly from a module to it.s maximal submodulc- (i.('., so tlmt. t.he dc>g,l'<'(' of the' fh·l(l 

gcncrating the submodule is the s11lnlIcst pos~iblc positin' iutcgC'r) ~I()\'('()V<'\', 

wc IHwe to spccify the primal'y field, which Cl'<,ates from the Yn.C\lum th" higll1'~;t, 

,,"cight of thc primat y completcly dcgcnerntc VC'l'llm module. By ddillit.ioll, tlH' 

lattcr module is not cmbcdded in any other YCIIlla module ('x("('pt. i t ~('!r. If (1', .~) 

specifies a primary field thCll it cannot he the imag,e of auy oth('l' fid(lllll<!('l' Q+ 

and Q _. It can be casily seen tha t su eh a primary field cxists if 

0< l' < p, 
(2.102) 

0< s < q, 

which is indeed the result obtained via other algebraic mcthods. Star tillg froIll 

the primary field (r',s) (2.102) and usillg the screcning charg,cs Q+ and (J-, 

one can constl'uct an infini te number of 11u11 ~tat('s in the primary cornplddy 

degcncrate Verma module [l(r,~)]. They raIl iuto two chu,ses A nnd il that are 
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defincd as fo11o\\'s: 

A = {a(k) == (1' + 2/.:p,s) == (r,s - 2kq), k E Z}, 
(2.103) 

n = {b(l.:) == (-r + 2kp, s) = (1', -8 + 2kq), k E Z}. 

It can he readily chccked that the actions of Q+ and Q_ as described above are 

now uniqucly (we11) defined on A and n, namely 

1.: > 0: 
Q,,-r 

a(k) ...±.... b(k + 1), 
Qr 

b(k) --±. a(k), 

Q' 
a( k) ---=. b( -k), 

Q' 
b(k) --=+ a( -k), 

(2.104) 
k ~ 0: 

Qr 
a(l:) --±. b( k), 

Q,,-r 

b(k) -±.... a(k - 1), 
qq-, 

0(1.:) --=-+ b(l - k), 
Q9-' 

b(k) --=-+ a(1 - k). 

In (2.104), in ordel that Q+ (Q_) maps only form a module ta its maximum 

submoclule, its superscript is then requircd ta he either r or p-r (s or q-s). This 

l'('quirement can ahvays he fulfi11ed hecause of the translational invariance (2.99) 

nud the Z2 iuyariancc (2.100). The ernhedcling relations (2.104) are represcnted 

by t.he cmLedding diagram of Figure 4. The primary state is identified \Vith a(O) 

iu the nota tion dcfineù in (2.103). 

Let us no\\' sllOw hO\v one can make use of such a ùiagram ta compute 

t.he irreclucible character of the Verma module V(c,h r ,.) == V[a(O)] [25,31]. The 

irretludhle character is arcluous ta compute directly, however the character of 

the reclucible Verma module can he easily computed. Thus, we should first 

compute the charactcrs of aIl the Verma (sub )modules involved and then use 

them to exLract. the irreducible character through the embedding diagram of 

Figure 4. The charactcr of the Verma module [Va(O)] is given by 

q(h r ,-c/21) 
(L C ) , 

ch[\" ] = ch[v ] = T1'q 0- 14 = ~::::-----
r,' 0(0) n~=l (1 _ qtl) , (2.105) 
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whcre the trace is takcn on'l' aU the states in [":'(0)]' The dmrnder of nny 

Ycnna submoclulc gcnerated from a(l.:) or b(l.-) is rcadily nbtained ftoll\ (2.105) 

Ly replacing (1', s) with (1' + 2~'Jl, s) or (-1' + 2~'p, s) respcctiyC]y. 

Let us denote the irreducible module hy [Ir,sJ. If thCll' w('re no Bull sl.atl'H 

at aU in the Verma module [l~<,s], the charackr of the irn'dueiblc' modllie [l, ,.~] 

woulcl coincide with that of [Vr,sl itsclf. This menUH that wc' would hm'(' t.hc· 

following relation: 

(2.10G) 

According ta Figure 4 though, this is not sa uccausC' [V;,(O)] contains 1.\\'0 maximal 

Verma submodules [\'b(oJl and [Vb(l)], which me gC'l1crat,ecl rC'Hp<,etiv('ly fro1l1 IllC' 

11ull states b(O) and b(l). Consequently, Olle has to subtract their (·olltrihut.ioIlS 

from the character of [Fr,sl. This \\'outel thcnl,'ad t,o 

(2.107) 

This is not the ",hole story ho\\"e\'er, because [l'b\Oll and [l'b(J)] oyer!:lp Hwl Hl/'il' 

intersection contains the maximal Verma suLmoduks [l :,(1)] Ilud ll~,( - J)]. Titi" 

menus that the contributions of the latter suhmodl\les to the dwrndC'1' of [1,<,81 

",cre m'cr sllbtraded. Thercfore, in order to fUl'thcr con cet the chnractl'r of 

[Ir,sl ,\"c shollid add them back, that is 

(2.108) 

From the embedding diagram of Figure 4, clearly, one can rcpeat by illductioll 

the same argument of oyer addition and OYCl' subtraction (of HiC cont.ributions of 

the null states) infil1itcly mUlly times to end up finally \Vit h the COI rect il reducjl,le 
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dwractcr of [Ir,sl, which is 

+00 
chUr .• ] = L (Ch W4(1.)] - Ch[Vb(kl])' 

k=-oo 

-c/2l +00 
= oc? 1 _ n 2.: {q

hrt 2k I'" - qh-r+2kP .• } • 

TI 11=1 ( q) k=-oo 

(2.109) 

Nutice how similar the cmbedding diagram of the CFT with the Virasoro algebra 

iH to that of t.he CFT with the su(2),. Kac-~Ioody algebra [20]. 

2.9 Extcnded CFT's and rational CFT's 

It has Lecn shown in refercncc [17] that., for the fractional "aIues of the 

central charge cas ,g,ivcn in (2.49), that is c < l, the CFT is rational (minimal). 

This menns tlwt it has a finite number of primary fields. It is thcn exactly 

wh'able, i.e., the spcctrum, the fusion rul('s, the irreducible characters and the 

corrcIation functions can be exactly cornputcd in principle. However, it has becn 

~h()",n in rcference [32] that a CFT which is uüional \V.r.t. the Virasoro algebra 

neccssarily has ccntwl charge c < J and a CFT \Vith c ~ 1 has an infillitc Humber 

of primury fields '\'.1'. t. the Virasoro algcbra and thcrcforc it is not solvable. In 

order to construct a rational CFT (RCFT) \\'ith c ~ 1, one is then led to consider 

a CFT with il larger symmctry al,g,cbra than the Virasoro one. In this case, only 

a Hui te lltunber of primary fields w.r.t. the cxtended algebra is allowecl. As in-

dicated in chapter l, the most extensively stuclied RCFT's with c ~ 1 (extended 

nCFT's) arc CFT's \Vit.h Kac-Jvloocly [14], ll'n [15], parafermion [16J and super

('onformal [17] algebras. The first thrce of thcse RCFT's will be respcctively the 

main topies of the next three chapters of this thesis. Therefore, wc dccidc to 

illtrodllce cach of them throughout the COIT<.'sponding, chapter. Finally, let us 

mention tlwt the classification of aIl RCFT's is cnrrently an iuteresting ongoing 

l'l'SCül'ch suhjcd that is fur from bcing accompli shed. 
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1 Chapter 3 

Free field realization of the screenillg CUl'rents 

in Kac-Moody confonnal field theories 

This chapter is devoted to the stndy of the cxt,cn<kd CFT'::; \Vit.h Kac

Mooc1y (I\:M) alg,cbrûs [14,33,34,35,3G,3ï]. :More sp('cifkally wc present, Ct :;y:;

temût.ic method thnt allows the consh'nct.ioll of the sen'I'ning ClllTellts [18] that 

arc exprcssecl DS pure cxponential tCl'l1lf-, of fI cc fidds. Contrary tn t hl' sen'I'uinl!, 

CUl'l'ents of pure exponential type, thl' other srrcening CUITent:> arc extcllsive}y 

studicd in the litewt.ure [38] and tlms we are Dot intercst,t'd ill t.!lf'Ili }}(,l'e. Ht'IH'('

forth, wc only considcr the screening currents of the pUl'(, ('xpOIu'lüi"l t.yp('. 

Except for the trivial case of su(2h, mu ch less is kUOWll ahout the :-'('f(,l'llilll!; 

currcnts for gcneral KM algebras in the htcmtme. A:-. W(' will show lat!'/', it. 

turns out that lwyond 811(2)J. the sCl'rcning currcllts al'<' indcc<! llontlivÎal in 

thnt thcy me CXplCSflCd as infinitc RUllIS of cxponential tCllllS of [H'(' fields. "V(' 

stnrt out. this clwptcr by first rcviewillf', the extcnd('d CFT with a KM al!!.('bra. 

vVe then discllss the fl'cC field rcali:wtion of a I\M alg('bla, which is kllOWIl as tlw 

VVakimoto rcnlization [35,361. After thnt, wc present tllf' ddails of tl\(' nwthod 

a.nd finally wc apply cxplicitly this proc('dnrc to only those I\},1 alpphras who:-,c 

'Vakimoto reûlizations are prcsently axailal,le in the litNlltllt<', lHUlH'ly slt(n)l. 

[3GJ and sp( 4)t. [37J. For illustration, thc d('rivation of the sCl'cclling Clll'rcllts for 

the su(2)", 811(3)"., stt(4),. a.nd sp(4),. KM ulgchras is di~playcd in Jetail. 

3.1 Introduction to CFT's with Kac-Moody algebras 

A Kac-Moody nlgebra is another infinite-dimensional algebra cxtending the 

Virasoro one [14,33]. It plays a central role in string thcory a.nd CFT. Illd('eù, 
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many otller RCFT's can be traced back to CFT's with cosets of KM algebras. 

As indicatcc1 in chapter 2, CFT's with KM algcbras are rational even with the 

Virasoro cmtral charge being larger than 1. It also appears as the local symmetry 

of the \Vcss-Zumino-Model in two dilüensions [14]. A KM algebra is basically 

the two-dimensional current algebra associated wit.h the Lie algebra. To see 

thnt, let J n, a = 1, ... , d =dim g, be the generators of the Lie algebra g, which 

is dcfincd as 

(3.1) 

whcre r 'lC arc the antisymmetric structure constants of g. Then the KM algebra 

Ok associated \Vith the algebra (3.1) rends as follows: 

(3.2) 

Herc, ri, m. E Z, 2l: / (}2 is a c-number calleel the "level" of the KM algebra and () is 

the highest l'oot of g. The level is restricted ta be a positive intcgcr by uni tarit y 

[33]. Note that in (3.2) the Jg's satisfy a subalgebra that is isomorphic to the 

Lie algebrn 9 given in (3.1). As argucd in chapter 2, commutation relations are 

equivnlcnt to OPE's. As a matter of fact. the KM algebra gk given in (3.2) is 

C'quivnlcnt tn the following OPE, which is referred to as the current algebra: 

k8nb ijabc JC( w) 
r(z).Jb(w) = (z _ w)2 + z _ 'W + regular, (3.3) 

with the IO\'! currents r(z) defined on the complex plane as 
00 

Ja(z) = L z-n-lJ~. (3.4) 
n=-oo 

-
The aboyc KM algebra and the Virasoro algebra introduced in chapter 2 are 

not unrelatccl. Sugawara has shawn t.hat given a KM algebra one can always 

construct out of it a Virasoro algebra whose EMT T(z) is [33,39] 

(3.5) 
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whcre the normal ordering is ulldcl'stood and C2 stands for t,he quadratic Casimir 

in the adjoint rcprcscntation, nanw}y 

(3.6) 

It cau readily he chccked that T(z) satisfiC's the rcquircd OPE (2.24) wit,h t.he 

centra;l charge 
2kd 

c= . 
'2k + C2 

(3.7) 

Note that the KM currents JU(z) arc primary field \V.r.t. T(::) with cou formai 

dimension 1, i.e., 

T( »)a() Jn(w) DJ"(w) 
Z 'W t'V ----" + , 

(z-w)- Z-to 
(3.8) 

where the symbol rv means that the equatioll holds up to rC'gular tC'l'ms whkh 

arc bciug omit tcc1, that is, only the singular tcrms are di:-;played. Similarly t.u 

the Virasoro albebra casC', therc arc primnry fidJ.s 4»(::) \V.r.t. the KM alg('bra. 

They are characterizcd by the OPE 

tl! ).. (w) 
) 11(_),1. () )f'l'l 

- '1') /(l '" , 
z-w 

(3.V) 

where t;e arc representation matrices for [J. The primary fields <P J( z) crcate from 

the vacuum a highest wcight state 1 j >, that is, 

(3.10) 

1 j > is annihilated by )+n (eithcr n > 0, a = 1, ... , cl or n = 0 and the index 

a denotes positive 1'Oots), whereas the successive applications of .Jr:.. n (eit.hel' 

n > 0, a = 1, ... , cl or n = 0 an(1 the illdex a denoteR IH'gativc roots) on 

1 j > lead ta secondnry states. The secondary states together with the highcst 

weight statc 1 j > collstitute a Verma module w.r.t. the KM algebra. AgaiIl, 

this Verma module is a priori reduciblc, i.e., it contains nu11 stat.es and t11lls the 
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irrecllldhle 1Tl()(11l1e is ohtained hy modding out the null states together with their 

dCfiecllChlllts flOm this Verma module. As disCllS&cd in chaptcr 2, a way to locate 

the 111111 states in t.he Vcrma module is provided through the screming charges. 

For tbe ~cre('llillg, charg,es to commute \Vith the KM algebra, the corrcsponding 

screeltiug, currellts Illust thcn satisfy OPE's with the KM currents that are either 

regular or total clcrivative. They must also have conformaI dimension 1. These 

condi tions arc nt the heart of our method prescnted in the rest of this chapter. As 

our proc('dure relies 011 the frcc field realization let us first review the Wakimoto 

l'<'alizntion of 1\],,1 algcbras. 

3.2 The Wakimoto realizatioll of I(M algebras 

In t.Itis srction wc discuss the cxplici t Wakimoto realization of the KM 

currents satisfying the KM algebra (3.3) in terms of free massless fields. \\Te 

choose the Cartan-Vleyl basis where the K~J currcnts are denoted by HI (z), 

.10 (:;) él11<l .1-eJ:;). HerC' , a labels the positivc roots of g, whereas i = 1, ... ,f 

(1" is the raIlI.: of g). These KM currents correspond respectively to the Cartan 

subnlgcbrn, t.he rnising and lowering step g,cncrators. In princ~ple, it is possible 

to rcpre~(,llt. nny K~,J algebra for general lc"cl 2k / (j2 in terms of free fields, 

hom.xcr, the ollly cxplicit realizations so far m"ailable in the literature are those of 

slt(n h [3G,36] and sp(·l),. [37J. Thcrcfore, wc only gi"e the vVakimoto realizations 

of tl!ese t\\"o alg,ebrûs, though our rncthod to derivc the scrcening currents is 

COll1plctcly g,clwral and can he applicd to uny KU algcbra provided that its 

,,'nkilllot.o rcalization is workccl out. 

3.2.1 The \Vakimoto realizatioll of su(n)k 

In t.his case r = n - 1 and therc are R -= n(n - 1)/2 positive I"oots <X(ij) 
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given by 

0'(1) = C, - e) == (i)), 1::; i < j ::; n, (3.11 ) 

\vherc {e" i = 1, ... , n} is the set of ort,honormal n-dimcl1siollal vpdon;. In 

particular, the simple roots 0', of su(n) arc in this notation g,iven by 

(3.12) 

To represent su(n h KM currcnts wc llccd a "cetOl' )( = (~I' 11 0 ; Va) of d = n 2 -1 

fl'ce masslcss fields, which are correlatcd in the following way: 

(3.13) 

,,·here 17(11. stands for the diagonal mdric of a fiat LOI'cntûan spacc with sig,tmt\ll'l~ 

[( + y, (+ )n; (_ )R]. To "'rite the vVakillloto rcali",ation of sll(n)!. in a cOllvenit'llt 

form, namcly to .woid carrying S(l'mrc root. tcrms along, let HS introdlu'(' t.lll' 

(71 2 - 1 )-dimcnsiounllatticc [20J 

A - g(k+h) El) Z(,I) ffi Z(4) 
0- n W Il' (3.14) 

where h = n 18 the dual coxctcr nUll1hcr of sue n) and g 1S the root IaUic(' of 

8n(n). Hs dunllatticc, namely the weig,ht latticc of SII(lI), Îs d<'llotcd by g*. Zn 

i8 the R-dimellsional orthonormal Euclid(';l1l lattice. To clarify the ~igIlifi('lU}('(' 

of the super:;cript in (3.14), let r be l\ IntticC' whosc dual Îs f*. TIH'n for ally 

positive intcger e, ,,·c can constrnct a bcahl lattic(' rU) = {VP.rlx E r}, wit.h 

[rU)]* = [r"J(1/C) = {vi vrelv E r*} bcing ib dual. Thns, thc d1\allattice of Ao 

IS 

(3.lu) 

This lattice Aô will be useful in avoiding cluttcring the notations with square 

l'oot factors. Indccd, it turns out that aIl the vectors involvcd in the vVakimoto 
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realizatiol1 belong, tu tlIis lnttiee. Let us denote a vector in this lattice by 

(x, y; z) = [x/V/.; + h, y/V4; z/V4] , (3.16) 

whcre x E g* and y, z E ZR. This menns that the veetors with round braekets 

[Incl squnre bmekct span respcctively thc unscaled lattice and the scaled lat-

tiee. Hence, the scalar procluct of two vectors with round braekets (x, Yi z) and 

(:1;', y' j ::') rends 

, , , 
l ") X • X Y . Y z . z 

(:r,Yjz)· (T ,y jZ = k+h + -4- - -4-' (3.17) 

The (n - 1 )-dimensional vcetor x E g* is defined through its eomponents, givcn 

in the basis of the fundamental weights ÀI E g*, as follows: 

(3.18) 

which is N1l1i\'aknt to :c = 2:::/ xIÀ •. 'Vith the abovc notations, the Wakimoto 

rcalizatioll of the slL(n)J. KIvI currents is given byt [20] 

HI{::) = tHI . ôX(z)exp[iH' . X(z)], 

J-o(::) = iJ-o(O). aX(:;)exp[i.J~(JO). X(z)] 

+ l L J-o(o-)· aX(z)exp[iJ~c;(O")' X(z)], 

II 

+i L J+o,(j »·éJX(z)exp[iJ~Q.(j »·X(z)] 
)=I+:.! 

1-1 

+ l L J+a,(J <). ôX(::)cxp[iJ~c;,(j <). X(z)], 
)=1 

(3.19) 

t Not.e that ouly the "'akimoto realizntion of the KM simple root currel1ts 

.1+ 0 , is p,i\,(,ll. The 'Vakimoto realization of the KM compound root currents 

is n.'ry cOlllplicnted though it can be dcrivcd from that of the KM simple root 

('m'l'('ltt~ tlmmgh t.he 1\.11 current algcbra (3.3). 
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where 

fIl = (-(I.:+h)ct"O;O)-I- L (a"a)qcr, 

J!..n(O) = Per + qo" 

.7-0 (0) = -PO, 

uEA+ 

Jn,(O) = ((1.; + n)O',,-(1.: +n - i)t("(,;Ç), 
&- 1 

ç = -(7.; + n - i + l)tcr, + 2::)t(JI) - t(j,I+l)], 
J=l 

.J~, (j » = P(I+l,J) - ])(1) + Q(I+l,J) - %))1 

.JO, (j » = -P('+l,J)' 

(3.20) 

Here, ~\ L stands for the set of the positive foots, whcrcas ]Jo, q .. and tn m"fl 

defined by 

Pa = (0, in; 0), 

(3.21 ) 

In (3.10) 0' > 0: means that if Cl' = (iJ) E 6.+ then Cl' + 0' = (jl.:) E 6.+ aecording 

to the notation defincd in (3.11). It can be chccked that the cnergy-momcntum 

tensor T(.::), constructed throl1gh the Sllgawara rncthod dcscribccl carlicr, i8 given 

in tenus of the frcc fields liS follows: 

T(.::) = -~[âX(z)12 -1- iao . f)2 X(z), 
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with 

(3.23) 

where p is the sum of the fundamental weights of su(n) and h = n is the dual 

Coxcter nurnber for su(n). With the ubaye T(z), the conformaI dimen::;ion of a 

pure cxponentinl field Vp(z) == cxp[i,8· Ij>(z)) is 

1 2 
11(,8) = 2,8 - 0'0 . ,8, 

and the Virasoro central charge is givcn in (3.7). 

3.2.2 The ';Ynkimoto realization of sp( 4)k 

(3.24) 

Herc, wc will follow closely the treatment of the previous section (\Vith 

t.he obvions changes) and thcrefore many details are omitted while the same 

notations carry over ta this case. For sp( 4), r = 2, R = 4 and the positive roots 

(11'(1 givcn in terms of the two-dimensional orthonormal vectors el and C2 as 

0'(12) = el - e2 = (12), 

(V(2) = 2ez == (2), 
(3.25) 

0:[12J = Cl + e2 == [12), 

0:(1) = 2q == (1). 

The simple roots of sp(4) are (12) and (2). "Vith this normalization, the dual 

Coxctcr 1lumber of sp(4) is h = 6 and k (which defines the level through 2kj(}2) 

is Cl positive even intcger. The appropriate lattice is again 

A* - [<r*]I/(k+") fT\ Z(1/·i) ffi Z{l/4) 
0-0 <.:DR WR' (3.26) 

whcre g* is the weight latticc of sp( 4), which is generated by the fundamental 

wcight,s 

(3.27) 
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1 The n'dors in this LOl'cntzian latticc, \\'it11 signature [( +)2, (+)'; (- )"], an' ap;aill 

dcnotcd by 

(.r,y;=) = [.r/.Jf.+h,y/V4;::/J4j, t3.2S) 

with .1; E g*, and Y,:: E Zn. The Wal~illlot() l'ealizatioll of the I\~I Clll'lTuts of 

s p( 4) k is also of the fOl'm 

HIC::) = iH, . aX(.:-), 

J-o(:::) = i L l-n(a). DX(=)exp[iJ~C\((l'). S(:::)], 
t7E T _" (3.20) 

J+ O' (=) = i L l+O'(a). DX(=)exp[iJ~o((l')· X(z)], 
t7E [+0 

where the index sets 1_0' (Incl 1+0 as \Vell [lS the vedOlS .Î_ rtl J~o' J+(n .J+n , 

which span the latticc A~, nre g,iven in Tnhk 5 (th!' l'I'H:-'O!l fol' illtl'OdllcÎII,!!; t.his 

table before Tables 1-4 wIll become nppnn'llt. in tlH' f)('ctiOll 3.4). A:-. Wc' wil1 

see later, this table Cllcodes aIl th(' lw("('ssmy inforwatioll in 01'<1('1' 10 dl'tiw !.Il<' 

screening currents. Fol' that matter 11owc\"('1', the vectors H, (In' HOt, 1)('(·<1(·<1 and 

thus they arc omitted from this table, but for compktcll('ss Id us writ,(· t.l!('lll 

here 
fi} ::= (-2(1.: + 6), k + G,0,0,0,0;4, -4,0,4), 

Jf2 ::= ('2(1.: + G), -'2(1.: + G), 0, 0, 0, 0; -4,8,4,0). 
(3.30) 

The cncrgy-mo1l1cntull1 tenf,or T(:::) deri\'{'d frolll sp(4h t.hroll,!!;h th!' SlIp,:lwara 

construction is ngain g,ivcn in (3.22) and (3.23) \Vith P and Il bdnp; lIO\\' t.1H' f>1I111 

of the fundamcntal weights anù the dual Coxdcr numl)(,l of .<;p( 4) r(':-.!wd,ive·ly. 

The conformai dimcn5ion of a pure cxpollclltial field an(l the ViUlSOro ccntml 

charge are also givcn in (3.24) and (3 7) rcspedivcly. III faet, th('se 1(''>l1lts (ln' 

completcly generai and hold for any 1\.),1 algcbra [33]. 
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3.3 Theo)'y of scrcening currents 

This section il:) the core of this chapter. Here, we propose to devclop a sys-

tCll1ntÏc mcthod dcsigncd for the explicit construction of the screening currents 

in tc-rms of frre ficldfJ iIl IL CFT with a K1J algcbra. The treatmcllt is completely 

gerH'wl and can he apphcd to any KIvI algcbra once its Waldmoto realizatioll is 

cxplieitly ;)c·hic\'cd. We limit the allaly5is only to the screelling currents of the 

pme expollcntial type f>incc so far these are the least analyzcrl in the literature, 

lu flld, the only rrfJI11ts available in the literaturC' about this type of scrccnillg 

CtllTcnt" m'(' jUf>t incollelusiye conjectures based on sorne guess work, and which 

arc not ,'"lic1 in some enses [3G). 011 the other hand, our results are deriyed in 

a llH t11l',t! \\'(1y ftom fi1'st principlcs and most importantly they lead to gClluine 

screcning ClIITf'IÜS \\'111ch explicitly check out all the necessary criteria [20]. To 

bcgin with, kt. again ri be the dimension of the Lie algcbra g. The most generai 

fo1'111 of a sc1'ccniug; cunent in terms of the d-dimensional free field X(z) is 

S(z) = L exp[IS"(u)· X(z)]. (3.31 ) 
crEIs 

Clcnrly, to cOl1lpletc1y dcterminc the uboye screening current one nceds to specify 

the illd('x set Is and the vectors 5"((7). As previously discussccl, the main 

property of a &crcc11ing CUl'l'eut is thut it must be of conformaI dimension 1 and 

must h(\\'(' [111 OPE. \Vith any KM currcnt, that is regular or a total derivative. 

The fi1'st. ronclitiol1 translates into 

h[S"(O')) = ~[S"(0'))2 - no' S"(O') = 1, (3.32) 

whcrc (\0 is givcn in (3.23), which is valid for any KM algebra. The second 

condition ho\\'c\'('r is sabtie. The rcason for this subtlcty stems from the faet 

that a I\rvI cur1'cnt may consist of a sum of severai terms. Therefore, within the 
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smnc I\:~1 currcnt. S(.::) may ha\"e an OPE that is rep;ular w.r.t. some of thl' 

tenus and singnlar ,,".r.t. the rcmaining 011(':". This lllilkes tll<' :"('colld cOIl(litioll 

mcntiOll('d abû"e nOlltri\"ial to satisfy. The tenlls of il p,ivell 1\1\1 C1l1T(·Ut. will 

he thcn sepnrntcd into "irreducibll' unib" .J(:;). AIl in'('dunhh' ullit .J(:;) is 

dcfinf'd as the stlm of the minimum lHlluhl'r (lf tenus ~o tlint t.h(· OPE .1(::)5(11') 

is cithcr rcgular or a total dcrinltive in lt' A:-. W{' will !-o('(' ~hortly, 1t tUrtlS out. 

that S( z) is cornpldcly ddcllniucd from the' ir1<'ducihlc uuit .l(::) who:-'t' OPE 

witl! S(u') is a t.otal clelinüi\'c, TIlI'rdore the IlIIllllwl' of th(' !-oc\'('('lIill)!; ClInt'lIts 

one can COlll',trud \\ 111 1)(' cqnal to thC' lln1111)('1' of aIl t Ill' pn.:;sihl(' illl'(ll\cibll' 

units (lcnding to total dClivat.i\'{' OPE's) lI"ailablc in titi' \\'akinlOto l'l'illizatiolI 

of the 1\::1\1 curl'ents. HowcYC'r. not ail of tll(' !-o(T('('lIillg Cllne'lIts art' ilI<!('!H'IHlt-I1t. 

\Yc "'ill adchc5s the isslI(, of tlH' 1111111!>('1' of tIlt, iud<'J)('ll(kllt !-on('('lliup, cllrr<'ub, 

nt the end of this chapter. ThC'se ill('(lllciblc 1l11its ml' not arbitImj' bllt latlWI' 

confol'm to \'Cry stl'ingcnt conditiollS. To scc' that, let .J (::.) be an in('du('ihlc Huit. 

consi::.ting of a Stll1l of ~e\'cral t(,l'ms 

f. ( 

J ( ::) = I.: J (J ) = l I.: J (J) . D X ( z ) exp [ l.J 1 (j) . X ( z )]. (3.33) 
F"} }=} 

The yectors J(j) nnd JI(j) lie in the d-dIJllCnsional lntticc A~ as illdicatcd in 

the prcvious section, For the sake of clat i ty, le't Ils proc('cd in stcps of iU(,l'casillp; 

orcIer of cOlllPlcxi t.y. TheIl wc first a5511111<' that bot h the irlf'(luci bIc uui t, .J (z) 

anel S(::) consist of a single tenu, that is, 

.l(z) = iJ· aX(z)cxp[tJ'. X(z)], 

S(z) = exp[iS" . X(z)]. 

In this case, the OPE of .l(z) with S(w) reads 

.l(z)S(w) "" 0, J' . Sil > 1 - , 

"" ~ exp[i(J' + Sil) . X(w)1, 
Z-tv 

J' . Sil = 0, 
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"-J [(z :'W)2 + Z ~ w (CJ' + J). aX(w)]exp[i(J' + S")· X(w)], 

J' . S" = -1, (3.37) 

",ith 

c == J. Sil. (3.38) 

It is cknr t hat S" can be determined from (3.37) and (3.38). Jndeed, requiring 

(3.37) ln he (\ total derivative implies that 

CS" = J, 

J'. J = -Co 
(3.39) 

Thlls, 05" is complctcly de'termincd and so is S(z) through (3.39) because both 

J atHl J' ure' n priOli known. Combining (3.38) and (3.39), one can easily see 

tlin t. the' proportionality constant C satisfies 

(3.40) 

1\Io1'co\'c1', using (3AO) and requiring the conformaI dimension of S(z) to be 1 

ntllount tn 

C = -200 . J. (3.41) 

The example jnst displnycd turns out to be trivially simple and weIl treated 

in the lit.<Tature bccnuse it corresponds to sll(2h. The next examplc however, 

llnlll<'ly wllC'll ( = 2, thollgh more complicatcd, is by far more appealing in that 

it di:-plnp lJlOf,t of the fentures of the genernl case and mu ch less is known about 

il. in the litC\':Itl11 t'. 

lu this case, according to the definition of the irreducible unit, neither the 

OPE .J( 1 )S( 11') 110r J(2)S( tu) is a total deri"ative but the sum of the two is. As 

crin he SCCll from (3.37), this is possible only if S(z) consists of at least 2 terms, 
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in ,,"hirh case a C1111cdlatioll mig,ht. ocnu' lwhw('11 t he terlll~ whose phases art' so 

thnt J'(l) + 5"(1) = J'('2) + 5"('2). How(',"C'r, the' OPE of tIH' t<'l'ms witl! phast's 

./'(1) ami 5"(2) requires a priori a thinl t.enn 5"(3) in 5(.:-). for the SilIllc' rt'ilSOll 

as abo\'(~. Continuing this 111111111('1', d('nrly, 5(::.) Illllst ill\'oln' a SIIIll of ilH illfillitt, 

nnmbcr of ter ms whose phasC's mC' so that. 5"(1) - 5"U) is an intl'I!,rnllllultiplt' 

of !:::.J == J'(2) - J'(l). This Jllcnus thut t11('1(' iH a OII<'-tO-OIl(, COITI'SIH)\\(I('I\('t' 

bctwccn the set of the integC'rs Z and the sd of the phas('s ddillinl!, 5(::.), i.('., 

5"(1.-) = 8"(0) - "'i::!..J, ". E Z. (3.42 ) 

Let us dcnotc by A~ J the ouc-dimcllsion.ll 1él ttic(' g('npl''' tt,cl hy D..J. Th(, ('(1' ta-

tion (3.42) amouals thcn ta 5"())-5"(O) E AD.). In t.his ('n~(', (3.37) I!,t'lIcrali;.ws 

as 

') 

J(::)5(1(,) "-' t 'E[(~'~'l~J2 + ::. ~ lP (C(j,k).J'()) + .lU))· DX(w)] 
J=l I..EZ 

X exp(i(.J'(j) + S"(1.·))· X(w)], (3.43) 

with cu, k) = lU)' S"(I.:), 

5"(k + 1) - S"(I.:) = J'(l) - J'(2). 
(3.44 ) 

The OPE (3.43) is a totul dcrivatiw' prO\"idcd that th(' followinl!, wndit.ioll is 

satisficd: 

C(l, k)5"(1.·) + C(2, k + l)S"(k + 1) = .J(1) + .i(2) == J. (3.45 ) 

This eClutüion must be truc for uny l~ E Z. The quadratie tcrm in k lcads to 

Tbc linenr tcnu giycs 

.J. !:::.J = O. 

2C = J. S"(O), 

C == J(2) . ~.J, 
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, 

whilc tlw (·Ollr-.tant tcrm togcthcr \Vith (3.47) yicld 

CS"(o) = J, 

J(l)· J = J(2). J = C2
• 

Let. us rccall thnt (3.43) is vnlid only if 

wltich l11cnns t.hat 

J'Ci)· S"(k) = -1, j = 1,2 k E Z, 

JIU) . .l = -C, 

J'U)' DaJ = O. 

(3.48) 

(3.49) 

(3.50) 

(3.51 ) 

The nbovc equntions (3.46) through (3.51) fully determine 5"(0), that is, S(z) 

IIc('ording to (3.42). 

Wc arc now in n position to generalize t.he previous trcatment to general P.. 

III t hi~ enr-.c (3.42) bccomes 

5"(17) = 5"(0) + CT, (1 E At:l.J, (3.52) 

wherc A~.J is an (C - 1)-dimensionallntticc generated by the vectors DaJ(i) = 

J'(I) - J'(I), i = 2, ... , e. This menns thnt the screening current S(z) consists 

of 1111 (C - 1 )-fold illfinite sum of tcrms, i.e., 

S(z)= L S(O',z)= L exp[iS"(O')·X(z)]. (3.53) 
uEA~J uEA 6 J 

Tbe gpncralization of (3.43) naturally follows as: 

J(= )S(U') ~ t L I(~~'t~i, + z ~ w (C(j,cr)J'(j) + }(j». ôX(w)] 
J=luEA6J 

X exp[i(J'(j) + S"(17» . X(w)], (3.54) 

\\'i th 
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1 C(J, a) = JU)· S"(a). 

S"(rJ + b..J(j)) - S"(a) = -b..J(j), 

Agnin, (3.54) is n total dCl'ÎYati\'c, i.e., 

C 

.1 = 1, ... , C. (3.55) 

J(z)S(w) '" L L CCI,O')aw {(.:: ~ w) C'xp(i(.J'(j) + S"(O')) ·X(w)]}, (3.50) 
]=1 /1EA~J 

if 
( f 

L C(j, 0' - b.(j))S"(O' - L\(.i)) = L .l(j) == J. (3.57) 
)=1 

Using (3.52) and (3.55), (3.5ï) bccomes 

l 

)=1 

L[J(i) . (S"(O) - b.J(i) + O')][S"(O) - ti./(i) + 0'] = J, (3.riS) 
1=1 

"'hich is truc for an:-' Cf E i\.A J. The qunclrat ic t(,l'lll in a !eads to 

J. L\J(j) = O. 

The lincnr tenu in 0" and (3.59) yield 

JU) . ~J(j) = C8,j, (i,) ~ 2), 
f 

C = J. 5"(0) - L J(i). D.J(i) = J. S"(O) - (f -1)e, 
1=1 

or 

cc = J. S"(O). 

Furthcl'nlorc, the constant tcrm togcthcl' \Vith (3.00) and (3.01) give 

CS"(O) = J, 

2 - -C = J(i)· J. 

(3.5!) ) 

(3.GO) 

(3.01) 

(3.02) 

(3.03) 

Thc equation (3.63) gives C, wl1ich in turu detcrminps S"(O), i.e., S(z). Agaiu 

(3.54) is v1.11id only if J'(i) . S"(O) = -1, which is cql1ivalcut to 

J'(7) . j = -C, 

J'(i) . b.J(j) = 0 

5D 

(3.04) 
1 ~ i,j ~ e, 



1 

{ 

ft 

wllÏch i;, j1\!'it the natural gcneralization of (3 51). :--Iorco\'cr, each tcrm S(a) in 

tll!! sum defining S(z) is required to be of conformai dimension 1. This condition 

t1J(i)· 6J(J) = 0, 

0'0' f:l.J(j) = 0, (3.65) 

2ao . J = C( C - 2). 

In summnry, the screelling current S(z) = L:crEA.:l.J exp[iS"(a) . X(z)] has an 

OPE, \vit.h the irreduciblc unit J(z) = L:~=l J(1), that is a total derivative if 

the follo\\'ing conditions arc satisficel: 

.J. 6J(i) = 0, (3.66) 

J(i). J'U) == KI + CO/j, (3.67) 

CS"(o) = J, (3.68) 

C2 = J(i) . J or (C2 = J2, (3.60) 

C = -J'(i). J, (3.ïO) 

J'(i). f:l.J(j) = 0, (3.71) 

0'0' 6J(j) = 0, (3.72) 

2(\'0 • J = cee - 2), (3.73) 

\Yi th 1 :::; l, j < C and 1\1 is sorne constant independent of j, whereas 0'0 is defined 

. (3 ')3) 111 ._ • 

Let us HO\\' pause to make sorne interesting remarks. First, note from the 

\Ynkill1ot.o realizntions of su(nh and sp(4)" g,iven in the previous section that 

the' cquatiolls (3.i1) and (3.ï2) arc tri"ially satisfied. In faet, the equation (3.71) 

is n special case of the following more genernl equation: 

JI(i) . J'U) = 0, l:::;i,j:::;C. (3.74) 
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1 Sccond, wc 111\\'c chcc}.;:cd cxplicitly in the CIIS('R of MI (" h and .~p(·l)A t ha t t hl' 

mUllbe1' of the iuedllcibl<' uuits Îs nl\\"nys lmg,<'l' than th(' lltl1ll1wr of th(' 1\1\1 

cuncnts themsch·es. 7\lo1'c preciRcly, 1 he total 11111nl)('1' of t II(' itreducihh' llllits 

from the K~T simple root Clll'rcntR is nlwnys ('qlln! tn 2R (R )('in,e; th(' llIImI)!'r 

of thc positj,·c lootS). Ho\\,('wr, not a11 of tll\~ (,orIespowI11lp; 2R s('l'{'('lliIl~ C\11'

rcnts arc lincarly indC'pclldent, in fnet., ollly R + l' ('1' heillp; Hl<' Illuuht'r of th, 

simple l'oots) of thcl11 arc. 1[01'(,ovc1', the 'icrl'('llinp; CtllTI'IltS obt.nilH'd fwm th!' 

ill'cducible uuits of the I\:flI compound rool ClllTt'IÜ8 1\I't' (\1\\'ay8 d('!)('l\tl!'nt. on 

the R + r imkpelh.lcllt scrccning, CUlTcnt S ohtnill('(l fWIll tIlt' 1\:\ 1 silll]>l!' rool. 

cnrrents. III addition, the Ki\1 Cllrl<'llts H(::), (,olll'spondilli!, to tht' Cmtan Huh

algcbra, do not includc any irredtlciblf' unit. Hud t hl1s t.ll!'y do IlOt, Iclul to 'Illy 

sCl'('clIing current. The rCi\f,on is that th('il' l'ltl\~(,q ill the \Vakilllot.o r<'l,lizatioll 

are al\\'ays zero, i.e .. H: = O. which is illlPO,>('d l.y tIlt' 1\ 1\1 alp,(·l>la. This ('ail 

he secn from (3.70). lndc('d, H: = 0 :n110untc; \'0 C = 0, \\'hidl i<" ilOt, l'Olu.,il>h·lll. 

\\'ith (3.0S). To summarize, thcre me oIlly ,. + n liIl<'ally illdq)(,lldclll. h('ft'('Il

ing currcnts of the plUe cxponcntial type. TbinI, by ('xplicit cOIllpl1tatioll, thf' 

maximum dimensions of the lattices AAJ are n - 2 for .~I/(llh and 1 for '''1J(4),. 

rcspccth·ely. This translates into the exis ten('C' of () t !ellht (1)(' hCl ('('lIilll!; ('l\r1'('1I1. 

\\'ith an (n - 2)-folù infillitc sum of t('rms for SlI(ll)J.. llud a ~illp,k illfiuilp ~1II11 oC 

tenus for sp( 4)" respcctivcly. Finally, let ilS 1l1('1It.ioll that ill the ('ah{' oC ,~/I( 11 h, 

the sCl'ccning CUl rcnb obtainecl through 0111' PW{·('(ltlI(· coincide with th{)~(' oh

taine<.l in rcfercllce [3G] cxcept thosc im'oh-ÎlIg Îlltlllit{' 811111<.,. Tho<.,(' coltjedtu·(·<l 

in [3G] iuvoh'e ouly semi-infini te snm'l ra t.hC'L' tltall lat t.in' ~1ll11S as is <!('1ll0l\

stratccl throng,h our l11ethod. As far a'> wc kllOW the ~(T('elling ClU r('nh, in th(, 

case of sp(4)1. have ncver bccn rcportcd on ill t1!(! litf'wt.nrc, so our !HoceduH' 

proviclcs thcm for the first time. 
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AltbOllgh the relations (3.66) throug,h (3.ï3) con vey cnough information to 

c()l1~tIllct t.he &cl'ecning cnrreIlt S(z) from thc itreducible unit J(z), this is not 

the end of the' stary howevcr. In faet, S(.::) is in addition rcquircd ta satisfy the 

("{)lJ(lit.ioll of havillf:!, OPE's tlwt are citl!er lcgular or total a derivative \Vith aIl 

t!l<' lCllliliui11g, iITl'ducible t1l1its (i.e., the Olles that are diffcrent from J(.::)). Let 

1.1)('11 Ju(;:) = L;~ 1 .Jo ( i) dcnote any of the remaining irreducible units. If the 

OPE of S(::) with Ju(::) is a total derÏ\'atl\'C, then the set of equations (3.66) 

throllg,h (3 ï3) lllU:"t still hold \Vith J(l), J'(I), e, J, C, ]{I being substituted by 

.JoCi), .J~(I), CO, .Jo, Co, /{Ol rcspcctinJy. Hcrc th\' quantitics with the subscript 0 

arc d(~l i n~d ftolll Jo ( ::) cxa etly in the same \Vay as the corresponding quanti ties 

"'ithollt this SUbSClipt arc obtained from J(::). The OPE Jo(z)S(w) is a total 

<leri,·"tivc in H' only if 

S"("\') = S"(O) + /\, À E AAJo , (3.75) 

",he!'/, 5"(/\) is dcfiucd through S(z) = L>.E \ exp[iS"().)· X(z)]. Combining 
, .l.Jo 

(3.52) \\'ith (3.ï5), it is clear that ,.\. E AAJ, i.e., 

(3.76) 

Fnrt.hermol'e, the comhination of (3.52), (3.62) and (3.75) implies that 

Jo/Co = JIC + Ci, (7 E AfiJ. (3.77) 

On tI\(' ot.her hand, if the OPE Jo(z)S(w) is not a total derivative then J~(i). 

S"(/\) must be cit.ht'l' a positive integer or zero. In the former case, this OPE 

is tti\'ially l'egulnr n.ccording to (3.35), and thus SC::) survives this test with no 

morc checks. In the latter case however, namely 

J~(l) . S"(À) = 0, (i = 1, ... , f o), (3.78) 
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1 S(;) lIlU~t abo sutisfy the following COlHlition should tlw OPE Jo(:)5(1I') hl' 

l'cgular: 
(0 

L JO(2)' [S"(O) + ,\ - 6..10(1)] = O. 
1=1 

for every /\ E A~Jo c AQ.J. The eqnatiollS (3.G2) and (3.ï8) illlply tltat. 

j . J~(l) = 0, 

J~(l) . ~(j) = 0, 1::; I,j S Co. 

lIUleOyer, (3.62) and (3.79) lead t.o 

Jo . ~ J (j) = 0, 1::; ) Se, 
fo 

j. Jo = CL Jo(i) . ~JO(I). 
1=1 

( a.7D) 

(3.80) 

(3.81 ) 

( 3.82) 

( 3.83) 

Let us concluclc this section by the followin.t; n'mark. For .Tu(.::) = 1I(::), wh('n' 

H(.::) is the Cmtanl'>ubalg,ebra cnrtent, lJ'(7)' S"P) = 0 !H'Callh(' II' = O. This 

means thnt the c(!tw.tions (3.80) throngh (3.83) mmt. ue sat.isfied for tlH' OPE 

H(.::)S(w) to be rcg,nlar. H' = 0 lTIcans tlUlt (3.80) (\lHl (381) ,u(' tIivially 

sntisficd. For the sarnc rcason, the r.h s. of (3.83) vani:;!tes. ~{()n'ov('1', it. cali 1)(' 

rcadily rcalizC'd that the I.h.s. of hoth (3.82) and (3.83) vanü.,h n1so 1)('('allh(' of 

the restriction impo'3cù on the OPE 1I(::).J(1l'), WlH'le J(:) Îs an)' K~I rlll'll'llt, 

throug,h the h-:~I currcnt algebra (3.3), and tllllh bath tlw!':>c cq1lat.iolls an' sal,i:·;fic·cl 

as wcll. Thc fnet that H(z)S(w) is always l'C'p,1I1ar, illstc,Hl of a t.otal dCIÎviltive, 

accounts for the l'l'mark made carlicr and t}wt is thc C"rtilIl !">ulmlg('hra CIlI'u'nt,s 

H(::) do not lem\ ta any sCl'CCnillg Cllll'Cllt. A'-J our goal i~ Jll('('iscly to COllstrlld 

the screcuing currcnts, wc thcn omit to cOI1!">ider thcse CtUTC'Ilts 1I(::) in the 

subsequent trcatmcut. For thc same reason, thcsc currcnts do Ilot nppear in the 

tables wc arc about to illtroducc in the ncxt section. 
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3.4 Examples 

The !HIl'pOhC of 1 his section is to illust rate through explici t examples, namcly 

SIl( 11 h, Il = 2,3,4 ,lIHI 8])(4)", the construction ofthe screening currents in tcrms 

of frC'e fklds. To adll('YC that, our main tool will be thc sct of equations (3.6G) 

through (3.73) nn(1 (3.S0) throng,h (3.83). Dut to makc thesc cquations casy to 

Ilse ill a f>yht(,lllatic \\'ay, let us fir::,t introduce sorne convcnicnt notations and 

('OllvclltiollS Ah II1'gllcd bcforc, wc expcct to clcrive screeaing currents only from 

tllC' 2R KrvI l'ont emre'llts and not from the Cm tan subalgebra currcnts. Howevcr, 

('adl of the K~r l'oot currcntr:, cOllsists in gCllcral of a SUlU of several tenus. Let. 

J"(:;) = Il" .ôX(z)cxp[lfa ,X(:;)] (a = 1, .. ,N) dcnote ct gcneric term coming 

from any of t hese 2R Kiv[ root cnrrcnts. N 11cre is the total number of aIl the 

t,<'l'lllS im'olv('(l in tlie 2R 1\]\'1 ront currcnts and thus it is expected to be in 

p,cllcral laq.!,cr than '2R In addition, wc iutrodnce 2 matrices construded out of 

the dol IJrodllcts Ja .J'b and Ja .Jh, \\'hich arc called the P matrix (P for "prime") 

and t.he il llliltlix (B for "bar") lcspecti\'ely. Then wc clividc these matrices into 

2R x 2R sllhll1ntriccs callcd "blocks", ca ch of them corresponds to the subset of 

t.<'nns coming, üom n pail of K~I currents. As our rncthod relies on irrcducible 

\tllits, wc fm tlll'r suhdi,'ide these blocks into submatrices of irreduciblc uuits. 

Ho\\'cvcr, this lélst operation is subtIl' and nontriviaI becausc the notion of an 

irrcdncible Hnit. is s('lccning, currcnt dcpendent and cannot be defincd in an 

intnnsic ,,'ay ollly flOm the IGv! cunents. In fact, wc should subdivide the blocks 

illto incducibk ullits oIlly simnltancously while fulfilling the conditions (3.66) 

tlmmgh (3 73). Next, wc l'cfer ta the submatrices of irreclucible units by the 

llame of the correspollding currents, for example, P J Jo stands for the submatrix 

of the dot produds J( t)J~ (J ), whcrc J = 2:;=1 J (i) and Jo = L:~~1 Jo( i) define 2 

irr('dncible \luits. Finnll:-', let us dcnote the sum of aU the cntries in any column 
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III the matrices PJJo and B JJo hy CPJ.To and CBJJo l'cspc(·tivdy. With tII\' 

abo\'e dcfilli tions nlld cOll\'clltiollS, tlw fulfilll111·tÜ of aIl the 1lI'('('ssary l'oIlllit iOlls 

bceol1lcs more transparent.. 1V101'<' spcciflcnlly. the cq\\ation (3.G7) llH'anS tha!. all 

the cntries in eael! row in P J.l must Ge t h(· saille (''(('('pt for t hl' diagonal ('!lh y 

which must be larg,cr thnn thcm by C; let us l'der to thi::-; as "tIlt' r ru\\' ml,,". 

The equation (3.60) translatcs into 

(3.84 ) 

for a11 column sums of B.lJ. Furthcrmorc, tl1(' C(luat.ioll (3.ïO) l'f'ads now as 

CPJj = -C, (3.SS) 

for aIl C01U11111 sums of PJ.l also. In principk, the P l'OW ml(' top,<'l!t('l' with 

(3.84) and (3.85) are cnough ta single out the irreducihlc uuits n11(1 tlu'l'f'),Y 

the eomtruction of the serecning currcnts follows. IIOWCVI'l, OUf' nl\l~t. makI' 

sure that a11 the serccning currcnts thus c()n~tl1lctcd are ill<lc('dp,('ll1lill(' Îu t.hal. 

thcy stillmeet aIl the criteri;\' W.r.t. aH tl1<' otIlI'r il'l'cdncibIC' units au<lnot jt1~t 

\Y.r.t. the irrecluciblc nuits from which they me dCl'i"ccl. For that lllat.t.(·r, Id. 

lez) be an irrcducible unit giving rise ta 1,11(· :~crecning (,UlICllt S(z) throl1p,h 

the P raw rule together \Vith the equatiom (3.84) and (3.8G), lllld I(·t .lo(=:) b{~ 

uny othcr irrcducible unit. To check the condition tlwt HH' OPE Jo(::; )S( 11 7) 

is acceptable, we first compute CPJJo ' If crJJo ~ C, tIl('u S(z) ~1l1viVf's t.ItI' 

test alrcacly and no morc checks arc llccdccl. If CP JJo = -C, t.hell wc' 1llU:,t. 

check that the P 10W l'ule togcthcl' \Vith (384) and (3.8S) me aiso :-,ati:-,fi(·d 

with J ancl C hcing repIaccd hy Jo and Co. III additiou, wc IllUht makr~ :-'IlIe 

t11at (3.77) is satisficcl and At:.Jo C A6.J. Findly, if CPJJo = 0, the (!cl'tat.ions 

(3.82) and (3.83) must thcn be sntisficcl. In pnrticular, (382) Tllcans that tlH! 

column sums CP Jo] must all be idcntical, let us eall this the "P colnmn mle". 
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i\l()rcow~r, (3.83) umouuts to rcquiring the SUIll nf aIl the entries in Bllo clividecl 

1Jy C to be e(llwl to the surn of t.he diagpnnl entries in PJoJo minus CPJoJo; 

let us rder ta tItis as the "P diagonal rnlc". Again: one must also check that 

A~Jo C A:::..1. Not.e tlmt if either J(z) or ,lo(::) is a one-dirncnsional irreducible 

uuit, that i~ the corresponding P and B matrices are 1 x 1 matrices, thcn aU 

the nboyc conditions me trivially satisfiecl exccpt the P diagonal mIe, which 

fnrther rcq1lires us to check that the single entry in B.JJo is zero. vVe now 

fU! thel proœed by npplying the abm'e rules ::md conditions to explicitly clcrive 

the sel c('nin/; cmrcllts for 81/.( n),., n = 2,3,4 ;:md sp( 4)k. To a'Void cluUering the 

llot.n tion, Id. us denote the screening current S( z), which is obtaincd from the 

ilT(~dllciblc 1lnit J(::) = i E~=l ja, . ôX(z)cxp[i/a, . X(z)] == ]a l ,a 2 , ••• ,a l (z), by 

SUI,U2, Ui(Z) = L exp[i(S"(O) + 0") . X(z)], (3.86) 
(1EA~J 

where 1 ~ al ~ N. "'hat is rnissing in (3.86) is the lattice At::..J, that is the set 

{Ol, ... ae}, and t.he veetor S"(O) = c(Ja l + ... + Ja t ). The derivation of these 

C!uantitics is illust.rated below. 

Exmnple 1. 8u(2),. 

In this case R = 1, the two KM root currents are written in Table 1. Each 

of thern cOllsists of ri singk term, that is, N = 2. The corresponding 2 x 2 P and 

n matrices cll'e giycn in Tables (2a) and (2b) respectively. At this point, wc can 

alrcndy dcduce thnt no screening current involving infinite surns of terms cxists. 

This is bec,lUse the maximum dimension of the Iattice At::..J is zero in this case. 

i\lorcoycr, wc expect only two screening currents, each of them consisting of a 

singlc tcnn. Indced, Tables (2a) and (2b) show that f = 1 and C = 1 for both 

cases, which means according to our notation (3.86) that the screening currents 
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me 5 1
(:-) and 5 2(:-). 1\101'co\'<'1', it C{ln t'n~ily Il(' St'{'ll thnt the OPE'H .JI(~)Sz(ll') 

and J2(:-)SI(u·) 1I1'C bath hÏ\'ially n',!!,uI:ll' !)('C:1l1M' cr./Jo = l' = 1 for hotlt easl's. 

Example 2. $11(3),. 

In this case, 2R = G but 4 1\1\1 l'ont (,11Ilf'Bts éII'(, ('xIH'('sse<l as S1l1llS of 

2 tcrms, i.e., N = 10. The!:>e tenus l1l'(' IH'('SPlltcd in Tahll' 3, \\'1H'rc'a~ tlll'ir 

corresponding P and n matrices arr rcspc._t.in.Jy /!,i\'<'ll in Tabks (·la) and (-th). 

There, the lines sepnl'ate the blocks of Kj\I C\II n·uh-.. Thc' IH'Xt hft>p ih 10 look 

for tlle irreclucihlc uuits in rHch hloc1:. For t.his pmp<h{' \\'(' l'I'~Olj, to III\' Jl 

l'on- l'tlIc tog,elhel' \\'ith the eqnatiolls (:3,8-1) :lIld (:3.83) 10 fiht. fi~lIl(' ont If 1111' 

",hole block i" ined\l('ihlc If not, wc flll t h('l plO"('('d hy \li\ i!\ill/!, 11\1' hlt)('!i: t.u 

~mall('r and sll1Hllcr units until ,,'c gct 1l1ccl\lcihlp \lllits, in which ca ... C' \\'(' :-'f'J)jllail' 

them hr dottcll lilles as 8ho\\'n in Tahle:-- 3 '\IlII·1 It can c(\sily \w du·!'}.;!'(1 froll1 

thesc tables tlHtt the incduciblc units Hl'!'.JI,.7'2, .J'l, .JI .. r, .J", .,.~.Il tllId .1".10 

hccnuse the)' sati::.fy the Pro\\' rulc ancl tlw ('eptntion ... (3 84) :twl (3 8G) Ail IIH'~(, 

irrec\ucibk units 11a.\'e C = 1. The indrp!'nd('llt s('I'('enillp. ClllI'l'Ilts me t.lll'IC.fOl'(· 

5 l (:-), 5~(:-), 5 1(:), 5°(.:-) and 5 7 •8 (.:-). 13<-I'(\lI ... p t!t('rp ml' two IIlcli(·(· ... ill 5 7 ,11(:-), 

this scrccning, cunent con<;ists then of H ~illp'Jc. illfinitl' :-'11111 of tl'llO!-' lI~so('iat('cl 

wilh the latticc At:.. J, which i-; ~CI!('l(ltcd by f~ - f7. The' otlwr Îll('c!lIcihk uuit.. 

}cad to scrcelling, CUITent" t lmt arc dl'lH'lld('lIt ou th(' abo\'(' fi\'(' lu part.i('ular, 

wc lut\'c the follo\\'Îug identificationc;: 

5 1
(.:) == 5 2

(.:), 

Sr,(z) == S:l(z), 

5'),10(:-) == 57,~(:-), 

(3.87) 

This is not the end of the story thoug,h, bceallsc we must st.ill check tltat tlJe 

u.bo\'c five scrcening CUl'l'ents arc indeed cOll:,istent \V.r.L ~dl otller KM CI1lT('lltS . 
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Silll'c 1rI0!:>t of the' il'lC'cluciblc \luits are ouly of n sillp,le tcnu type lct us remind the 

l'CIllHI k lIWtlC 1'1'('\'ioll<;ly HUel that if> ail con~j"tcllt'y c()Jl(litiolls are autornatically 

";1ti~·,fil'd ex(:C'pt that. tiJ(' ~inp;le enhy of BJJo 1ll1l..,t 1)(' Z('fO, To illustrate that. 

I,·t, 1l~ COllt('lIt (l1l1~d\'('s to wor].; through (ln ("\:llllpl(' For that., we present t.he 

dl'tldb of t IH' t 11'11 tlll('llt l('atlmg to 51 (.::) from .JI (:;) 'Vc start out by looking 

nt tll(' fir:-.t row of the P matrix given in Tnbl" (4n) If this row contains any 

Ilonclillp,Ollal ('nt! y in P.JI Ja, Cl =1- 1, that. is I111'gcl' 01 cquai ta 1, then 51 (z) is 

('ollsistp/lt ,,',l', t. the ll'lrdl1cible unit J a , This is t.hc c;:se for a = 5 and a = D, If 

h. )\\'('\'('r tlw ('ut l'y P./l J" = 0, then ,,'C mnst mnk(' 5111'(' from the first ro\\' of the 

il llIHtIix thnt BJIJ" = O. It is easy to sec ftOll1 Tahle (4a) and (4b) that this is 

:-.() if (f i:-, (,(pHIl to cithel' 2,3,4, Gor ï. Finnlly. thnt PJlJ8 = -1 simply menns 

t h;d SI (.:-) == S8(.:-) ,1:-' expected from jl = - Ti) The othcr 3 scrccning currents 

S'!, Si ,Illd S·) can 5imilarly he chcckcd to sntisfy a11 the consi!:>tency conditions 

nI "o. Let. \1.., now illl1:"l.rn te the process of dwckinp, the consistcncy conditions 

of S7,8, ÎIl\'oh'ing i\Il illfilutc sum of terms, \\' lot. all other K~I currents, First 

\\'C' compute the \'i.lll1C of CPJJo, whcrc now the ÎlH'c.luciblc unit is J = J 7 ,8 

iH'cordillg to our Ilotation (3.80), For that, ,,'C focus only on the 7th and 8th 

rows of the P matrix nnd SUIn the cntl'ics iu cnch column cxcept the 7th and 

the 8th, If CPJ.Jo ;:::: L thi5 menns t.hat S7,S j:,> cOllsi:'>tent \V.r,t. Jo and no more 

clH'd:s an' l'('(jUiICd. Titis is thc case if J\j i" cithcl JI or JI, If CPJJo = 0, we 

IllW,t ('teck that the P column rule and the P diagonal rule are sùtisfied and 

in thl' proccss dd.c1'minc the unit. Jo because CPJJo = 0 aione is not cnough 

t () do that. 1 t can rcadily be checked tha t t his case happcns wi th thc abo\'c 

Iules satisfil'd if the Huit Jo is either J1,2 or J5,6. For the remaining columns 

hm\'('\'er, CP]Jo = -1, t hat is, we ~houlcl satisfy the P row rule for Jo together 

",ith C B.lll.lO = Ca and CPJoJo = -Co. The lotter conditions are also satisfied 

",it 11 .1 = J'J,ID and Co = 1. This menns tlmt S7,S == SO,IO and A~J = A~Jo' 
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1 which is confirmeel Ly ~.T = J'Po - J,7 = .J'lll - .J'" == ~.Jll. 

Example 3. SlI(J),. 

Herc. t!tel'(, arc 2R = 12 K~I raat CUlTC'I1!~ p,i\ ill!!, 1 IS(' to N = 32 knus, This 

case. thoug,h too long, di~pl"ys t hc snme [('n!ll\ ('.., of .' 1/ (3h; !lu' ouly difr('1 ('1\('(' 

i~ tllHt 110\\' il two-clinH'llSiollal latti('(· i\.),.J aIl' ('..,. \y" ha\'(' olllit t('(l 10 display 

the 32 x 32 P and n mattie('s for $11(4)1. hcc:!'!'->(' tlwy <Il('ll'l1p,thy, lIo\\',"'('!', wC' 

cnrricd out the cxpliLit Ü'C'attucnt of (,(}1l~!1'I1t'ti\lp, Il\(' ~('l('('llillp, ('I1l1<'l1ls. This 

is dispb,yccllJclow \\'ithout tl1llCh dctaih.. Thf> 'I/(·Ih K~I l'Oot (,l11'll'll!S tO).!,f'tlH'1' 

with the tenns in\'ol\'ed in each of thcl1l are 

J-(l:!) : JI, J~, f'; 

J-(21) : JI,J"; 

J-(31) : 
,6. . , 

J-(13) : J7 )8. , , 

J-(21) : f)j 

J_(l t) : )10. 
1 

(3,88 ) 

J+(l2) : 
Jll J12 JI!, , ,. . 

J+(23) : 
J14 J15 Jll. ,f , . 

J+(31) : JI7,JI8,JI": 

J+(13) : 
J20 J21 ,2:!. , , ' , 

J+(21) : 
J23 J21 J2' 721) /27. , , , , . ~ . , 

J+(1.1) : 
J28 J 2'J J30 l'Il (12 , , " " . 

FlOlTI thcir rcspcctiyc P and il matrices wc cOllsi::-.tI'ut Iy COTlc..tfllCt 9 iwlepewlcl1t 

scrccning cUl'l'cnts, which are SI, S2, S3, st, S" 1 Sr, ~ SIl, 1.,'1 t,16, SI7,18,1'J, awl 
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f]w f()]]()\\'illp; (kpcndrllt. OllCS: 

S7 = S2, 

S8 = 53, 

S9 = 55, 

51°=53
, 

S12 = 51, 

5 13 =55
, 

5 15 =56
, 

5 20 ,21 = 5 11 ,16, 

5 22 = Sn, 

S26 == 51, 

S27 == 51, 

S28 == 511, 

S29 == 511, 

S30,31,32 == 517,18,19, 

(3.89) 

III this case, there are 2R = 8 KM root CU1'l'cnts leading to N = 20 terms, 

whit'h nre givcn in Table 5. The corresponding, P and B matrices are displayed 

ill Tahles (Ga) und (Gb). The treatmcnt of con~trttcting the screcning currents 

fnllo\\'s ex,lctlJ' that of slI(3)J.. l\'Iore prcciscly, wc find 6 independent screening 

Cl1ll'I..'nts. They arc according to our notation (3.8G) SI, 52, 53, 5S, 5 9,10 and 
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SI~,J3. In addition, wc find 12 cl('pcll<.lcllt ones, whieh H\"(' tl\{' followlng,: 

3.5 Explicit fonnulas 

S' == Si == 58 = 53, 

SfJ=SI7=C':? - --.,:), 

C'15 = 51 .J _ , 

5 18 ,HI = SIH,li = 50,10. 

Here wc propose to givc the screening currcnts in a familial" form that, is 

widcly uscd in the litcraturc [20,3G,37]. For tlmt, note ftom tlw abO\'(' t'xalllpks 

that the llumbcr of the inckpcuc!c-nt. scrC'cninp, CIUT<'lÜS if{ always l' + R, wll<'l'<' 

l' <1ud R arc ng,nin the numbcrs of the' simpk l'Oots and thc' po:,iti\'(, 1 ()O!,S 1'1'-

~pectiwly. \Ve may thCll lahcl the illdepcllcl('ut :,cf('(,lliu1; CUl'l('uts as 5,,\ 1I1ld 

'7en ,,"h('rc n, stnncls for il simple 100t ",hile ("\' st.aJl(ls for a positiV!' root.. If. CHH 

easily be checkcd that the follo\\"ing scrccning cltl'l'cnb are common to ,·m( n h: 

1]0 = Cxp( -lita), (3.n1 ) 

and 

(3.!J2) 

with h = n. The nbovc formulas with h .::: 2 C'xhnust an the sCl'ceuÎng cm1"ellt.s 

fol' ,'lu(21k. Howcvcr, for su(3h therc is one more indepcndcut scrcening cntrent 

gi\'cn by 

00 

502 = L exp {i[(1.: + h - n)v02 - (k + h - 1 - n)1l02 - n( VOl - UO ) 

11=-00 

(3.03 ) 
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witll Il = 3. Fur .'U(4)1.l hCf:>idcs al! the abo\'c scrcening currents with h = 4, 

tll!'l e i ... (1)(' lllorc ~crc(,llilJg ('un eut (corrcsponding to the third simple foot 0'3) 

cxprpssp,J as 11 doubh! infinitc sum of tenns. It rends as follows: 

00 

Sn,1 = L cxp{z[(I.; + Il - n - m)v0'3 - (k + h -1- n - m)u0'3 - n(vC\'2 - U0'2) 
fl,1U= -CIO 

(3.94) 

\Vith h = 4. Fillally, for $p(4)1.. the '7n type scrcclling currents are again given in 

(:3.D1), \\ herens t.lll' SOI type scrcening currents read as follows: 

00 

S(" = L cxp{t[(k+G-n)vO'I -(k+5-n)uO'l -n(v0'3 -UC\'3) 

1/=-00 

00 

1/=-00 

(3.95) 

whcrc (\1 ::: 0'(12), 02 == 0'(2), (\'3 = 0'[12) and Q4 = 0'(1)' Note that both of the 

ab()\"(~ sCl'('cuiu2, current.s consist of a single infinite sum of terms. 

3.0 Conclusions 

lu this rlmpt.cr, 11 systcmatic rncthod, to construct screening currents in 

tcrlll~ of frcc fields in CFT \Vith a KM algebra, is prescnted. For the sake \J_ 

illllstnlt.ion, a ddailcd treatmcnt is explicitly displayed in the cases of su(n)k' 

11 = 2,3,4, and .,.]>(4)1.., Thcsc are the K~v[ algebras whose vVakimoto realizations 

Hl'<' prL'Sclltly é.lxuilablc in the litcrature. However our method is completely 

genl'ral and cun he applied to uny otiter KM algebra providcd that its Wakimoto 

1'(,illization i::; nchic\"Cd. Eycn at tItis point, building upon the explicit examples 
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WC lU1\"c ,,"o1'1\:cd out, wc may expert ROlllC !!,f'tlcl'al r(,!'-t1lt~ to hoIt! for HUy 1\1\( 

aIg,ebra. In particlllar, the lltlluher of the t'cr(,(,llinp, ('\lIT('nts i:-; nl\\"nys ,. t- R, 

Hnd the cxpr<'S~iOllS of the sc1'el'lling C1l1'1('lÜS of the 11 tYPl' mt' still as gin'lI in 

(3.Dl). Clenrly, fmthf'l" im·('stig'ltioll is l"('(1'li1'('11 tn ("];\1 if~ titis point. F'ill:t!ly, 0111 

rnethod g,i ves 1'Îsc to the lattices A:,. J "'hich f'IlCOlk él11 th,· illfOllllil t ÎOIl !H't'd"t! 

ta unrm'cl thc stlUctUl'C of the' SCfc('lling, CUlTeuts. III fad, t he'sP lat t ic('s arc' 

intercsting in thcir o\\"n 1 ig,llt. in tha t t hf'y Illa)" ('llCO<!(' cllollgh illformll t iOll t () 

SCl<'clling, Ctl1rents. As discuss(~cl in chnpt,,'r 1, tlll' !'-C!("'llinp, (,\llll'nts (".111 he' 

applied to dCli"c the charnctcr~, tlw fl1~ion ltlks a1l<1 tl\l" ('()lTclatioll fl1l1dÎolls in 

the Coulomb gas fOllnalis1l1. N oW t ha t t he' ::-Cl ('('ni JI,!'., CI III ('Il 1. ... fOl I\l\ 1 al,!'.,(·} li ilS 

arc é\,\'uilahlc, it i~ th('n in principle poc.,sibl(· to dl'ri\'(' tll(' a!)()\"(' qllantities iu 

CFT's \\'ith Kl\I alg,cbras. In f,lct, SOlllC \\'Ol k ill t his dil ('ct 1011 h(\~ aln'ady ))('('11 

adlÏcwd ill the case of .'>11(2),. [20,38,40]. UIlfot!,ullat('ly, t1li:, ca<.,.· i~ Itivial :111<1 

do cs not display most of the' fcatul"<'s of thl' .~11( 1l h 01 g('Jj('lHI K!\( ,!lp,(·hl iI~ Thi~ 

is becansc for su(2)" 1" = il and tll(' sCl"c(,llin,!!, ("1\lT('flt~ illvolviIlg iltfillitt· ~1\lns 

of tenus ur<.' ahsellt The us(' of t.he lattel s('l"('cllill,l; emI('IIts is 110t Il i \ ial allll 

invcstigating, it may lead to 1l('\\, illSights nlJOl1( KM ;J!J.',,,)nas. Tl)(,ll·f()l(·, a full 

trca t.mcllt of s u(3)1.. which cmbodies aIl t h(' f('atlm's of gCIl('ral KM i11,!'.,(·],ras i:-. 

highly appcaling and d('sirablc. Finnlly~ let \1:-' mentio1l tlwt thou,!'.,b I.l1i:-. IlId.bo<l 

is dcsi1:)l1ed for CFT's \Vith !(M alg,ebras, wc bcli(·\'(· t hal, iL cau ab!) be Hppli(·d 

to other CFT':;, such ns the parafermion CFT':-. for ('Xt\111ple [41]. 
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CIt:\ptCl' 4 

Embcdding structlll'c of Verma modules of the IV3 algebra 

TIl(' p1\q)()~e of t his chnpter is ta ùesclibe the emhedding strudure of the 

Verma mod1\les of a 11"3 algebra [15]. This is carried out through the free field 

l'CHlization (FFR) of this algebra. This structure is summarized in a set of in

t,'rtwilling diagrnllls, which in turn allO\vs us ta derivc the irreducible character 

of 11 pl imllIy COlllpletf'ly degf'ncrate Verma module (PCDV1I) of 11'3 in terms 

of tl!(, dlHlilctf'r~ of its Vcrmn snbmoclulcs. The irreduciblc charactcr thus ob

tl,ilH'd tlmHlp,h our mcthod [21] provcs to coincide with tllC one conjcctured in 

the lit('wt1\lc [42]. Om appronch adopt.cd here can bl' regarded as the direct 

gClwralir,atioll of tlH' Virnsoro case prcsented in chapter 2. The layout of this 

chnptel is CI" follo\\'s. \Ve bf'gin with an introduction to the l1'3 algebra in the 

minimal ullit.nry scri('s and fix the notation. Then wc rcyiew the frcc fidd realiza

tion of this algebrn. Next, wc usc the scrcening charges to explicitly construct, 

ill tClm5 of fl'CC! fidds, the null states in a PCDVM. This allo\\'s us ta clcscribe 

tJl(' cllll)('ddillp; stt ucture of 1l'3 \Termn suhmodules contained in this PCDVM. 

Aftel' that, \\'(' rl'prc~cnt this structure through a few intertwining diagl'ams in

\'oh'illp, t.he Verlllél :mbmodulcs and the scrcening charges. Finally, we URe these 

iukrt\\"inillg, diagram<; to compute t.he irreducible character of a PCDVM of the 

11-"3 alg,chl'n. 

4.1 11'"3 algebra in t.he unitary millhllal series 

A t,,"o-rlimcnsional theory wit.h a IV3 algebra is anothcr example of a RCFT 

bnscd on au infillitt'-dimcnsionnl algebra that ex tends tIlt 'ïwsoro one. In par

tinlInl', thi~ lllcans tlwt a CFT \Vith a lV3 algebra is still exartly solvable dcspitc 
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that. the ct'Iltrn] dH1rgl" c is lnrger than 1. IIcl'c \\"t' nlllsidl'r only the \l1\itm'y ,rJ 

nlgcbl'él, which j~ clll1racterizcd hy the (,cIltlnl chnrg(' 

c == 2[1 - 12 l, 
1'(1' + 1) 

(-1.1 ) 

whcrc l' is a positiyc intcg,er largpl' thnn 3 Note that lr.l is Idatt'd t.o tht' . .;u(3h 

I\:nc-t..Ioody nlp,('brn. Indccd, thl" abon~ central charp,(' Îs the Sa111<' as that of 111<' 

co~ct Illodcl 0511(3)" x 811(3)J/SII(3)1'+1' This ('Oset lllo(le! is ohtaÎllcd throu.!!,h 

the Goddal'cl-I\cm-Oliw' (GI\:O) constrnctÎOll [33] and t.he associatt'll ('l\t'l'.!!,Y-

mOI11Cntllm tcnsOl is dcri\-ccl out of the ,"11(3),. Kélc-).[oody l'IllU'Ilt-. \'Îa tlH' 

Sl1ga\\'ara procl"dure [3D]. lu <lnalog,y to tIte Y nil'iOl 0 albC'hra whkh b 1-',('lH'ratcd 

on!y From éll! l''Ilcrgy-momentum knsor, the HO:1 al).!/'hra i.., ,!!;<'Ilt'Iëltcd frolll 1111 

(,llcrgy-momcntutn tensor T(:::) and a spin 3 OpCl'itt.Ol' li'( z). Tilt' oscillai Ill' lIl()(It's 

of T(::) nnd WC::) sntisfy th(' algcbra 

1 3 
[Ln, Lill] = (n - 111)LII+1I1 + 12c(n - n)8 11+1II ,0, 

[L II , lVm ] = (211 - m)lVn +7II , 

[Wn , lFm) = ~(n2 -4)(n2 -l)non+m,o + lJ2(n - w)AII+m 
3.5. 

1 1 + (n - 111)[15 (n + m + 2)(n + m + 3) - 6(1l + 2)(11/ + 2)]1.,,,+,,,, 

whcrc 
b2 = 16 

22 + 5e' 
+00 1 

Ali = L : LkLn-k : +5' x nLn, 
l=-oo 

X2[ = (1 + l)(1 - l), X21+1 = (2 + l)(1 -1). 

( 4.2) 

( 4.3) 

The states in the Verma module V(h, w), with prirnary state denoted by l'I, t1J >, 

[Ire given by 

00 00 

1 <P >= II il L~'l Hr~~ 1 h, tu >, ( 4.4) 

1=) 1=1 
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\\'11(')'(' 1/1,,1/: > f,,,ti~·,fic·:-, 

Lll 1 !t,Hl> =" l ",tu >, 

lVo 1 h, w > = w 1 h, w >, (4.5) 

L1I 1 h, w > = T'V'1 1 h, w >= 0, 11 > o. 
Note tbat the abO\'c ec!lmtions (4.5) gcneralize the relations (2.30), which are 

l'<'(l'lircd in the case of the Virasoro nlg,cbra. The cigenvalues h (conformaI 

dillWIl"lOll) iltHl III (\1(' slweif1('d hy four positive intcgers nI, n2, ml and m2 (or 

('qllivalc'l1t ly by the t\\'o-dinH'llsiollul "cdor (3 (~~) whosc componcnts in the 

olthollOl'lllillbiiSis ,lie /11 and (32) in the following wayt: 

1 (
1/) 11/ 1 ) __ p'2 _ ') • fJ _ f. 

1 - 1) _(lo - , 
li! 1//! 12p(p + 1) 

f. = 3[(p + 1 )(111 + 112) - p(1111 + m2 W + [Cp + 1)( 17 1 - n2) - p(m} - m2W - 12, 

(

Ill 
1/' 

I/:,! 

\Vith the condition tlwt 111,112, ml and 1n2 arc so that 

71 1 + 17 2 < p, 

1111 + rn2 < p + 1. 

(4.6) 

(4.7) 

In the course of the subsequent trcatrncnt and depending on the context we will 

tise' t.he llotations 

{3 = (3 (131) == f3 (n) m)). (4.8) 
f32 n2 rn2 

HO\\'c\'cr, let us point out that (3 (11 l ml) does not neccssarily specify a pri-
71'2 1112 

lllUry ::.tate tluless it is clearly stated that 17 l, 172, ml and ffi2 satisfy the inequal-

(4.9) 

t Wc will elahorate more on the origin of the integcrs ni, 7l2, ml and m2, and 

the \'cdor f1 (~~:) in the section 4.2. 
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1 II is dcfincd in (-±.3) whcrcns (\ + and (\ _ rend n~ fol1ow:-;: 

n+=~JP+!, 
1 p 

lfifi' 0_ = -- --. 
2 Jl+1 

(·1.10) 

4.1.1 Symmetries of the lV3 ulgebru 

Here '\'C sttmmarizc the symIl1ctries of l r3 l'<'p1'<'hellt a t ions, which 1\1'1' 1)('1'-

tillcnt to the subsequcnt annlysis. It can l'cadily bc' clwckl'd tlllOllg,lt (,l.G) Ihal 

thc following transformations me synul1dries of tlH' H'J alg,('bra' 

a) Translation synllnetry: 

(·1.11 ) 

b) Z2 symmctry: 

h (111 ml) ( -112 -Tn 2 ) , =11 
11Z 7nz -ni -rnl 

(4.12) 
( 

71
1 ml) ( -112 -1n2) i '/.L' =w 

71 2 m2 -nt -1111 

c) Z3 syml11ctry: 

( 4.13) 
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4.1.2 Degcllernte repl'cscllt.ations of the W3 algebra 

A ... dis(,I1i">i">('d iu r('f~reuc(' [15], the represcntations of the minimal series of 

tlw tr.I alg,chl il are complde1y dcgenerate. This means that the PCDVM V(h) 

(llf'flcdorth, \W' t'oIlsider on1y the cigenvaluc Il but wc should kecp in mind that 

Wh('IWW'I' h is knowll so is w, as is indicatcd in (4.û» contains an infini te number 

of 111111 states 1 Il N >, wh('l'(, N stands for the degree of the statcs, as mentioned 

ill chnptcr 2. Thcsc mtll states arc sueh that 

Ln 1 h s > = lY/I 1 hN >= 0, n >0, 
( 4.14) 

Lo 1 il J\' > = hN 1 hN >= (h + N) 1'1,\ >, 

\\'h~re Il is givcn in (4.û). Using the symmetrics of the ll'3 algebra, we will see 

in th(' snbs('qucnt. sections that hi\' can always be written as: 

( 4.15) 

for 80111e integ('rs nI, 112, ml und m2 (not nece8sarily positive), which will spccify 

t.lw set of l1ull stat.es. 

4.2 Free field l'ealization of the yl'3 algebra 

The RCFT wit.h <1 TrJ nlgebra whose central charge is given in (4.1) can 

1)(' rcprcsent.ed in tenus of a two-dimeubional free field X (~~) [15]. The field 

componcnt.s X 1 and X 2 are now corrclated like 

a,b = 1,2. ( 4.16) 

From no,," 011, ,,·c only consicler thc Virasoro part of fV3 , though we kecp track of 

all the sy1l11l1ctries inclucecl by the whole n'3 algebra [15]. The energy-momentum 

tensor T(::) is represent.ecl in tcrms of the vectar X as 

T(z) = -~[8X(z)]2 + ino' 82 X(z), 
4 
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1 where the normal ordcring is undcrstood. (\0 is the sa me' "cdor as the Oll<' 

introclucecl in (4.9). Agnin, it rcpr0sc'lüS a bnckgroullll charge pinced at. illfillit.y. 

The hig,hebt \\·cight. states me reprcscnted ns cxponcntial vertex operators, i.e., 

(4.18) 

cl 'fi lb . 1 /3(11 1 ml) an arc speCI ec y smgu al' vedors . I~ spccifi,'s a primary st.at,l· 
71 2 1n2 

if the set ofintegers nl,n2,ml and m2 satisfics the ilH'(l'wlitics (4.7); ot.herwis(· 

it specifies the nu11 states for special valucs of this set of int<-g,(·rs. This will 1)(' 

workcd out in the suhscquent analysis. The conformaI diuH'llsioll of lil( z) is st.ill 

as givcn in (4.G). However, the constraillts (4.7) al'<' not l1('cc!-smily ~atisned. 

Furthermore, in this FFR the central charge i8 given by 

C - ')(1 - 1')""'2) - ~ ~'-'O . 

Substituting (\0 in (4.1!J) by its value givcn in (4.!J), wc l'<'covcr tJl<'1l tlw fOllllttla 

(4.1) of the central charge. The other important ingrcdient i11 t hl' FFfl 1'(·('i pC' i:.; 

the set of scrccning currents [18:20]. In the pr<'~cnt cas(' these ~Cl'C('llill)!, C1I1TCUÜ; 

are opcrators of conformaI dimension 1, ",hose OPE's with bot h T(;::) awl ll'(;::) 

are either reg,ulnr or a total clerivativc. Four scrcclling eml'C'nt:.; Il\('pt thc':;(' 

criteria. They are exprcssed HS expollcntial functions of the fu'c' field X(z) 

S;(z) := cxp[le: . X(z)), CL = 1,2. 

Here the vcctors e; arc givcn by 

a = 1,2, 

where C\:± are defilled in (4.10), and the vectors u 1 and U2 arc 

1Ll = (1, -13), 

Uz = (1, -V3). 
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As cxplilincd in chnptcr 2, the screcning currents allow the construction of 

an infinitc Humber of wIll states in the module Vp. More specifirally, these null 

states arc dcri"cd by menns of the abovc screening currents as [15,20] 

n.l 

TI f dZIS~(zl)V{3_ntd (0) = QV{3-ntet (0), 
1=1 

a = 1,2. (4.23) 

In n;c;;= no SUIn W.Lt. ais meant and the integers n;' are obviously non-negative. 

Let us point out that the st.ates thus construded in (4.23) do not fully satisfy 

aH the critcl in. of the null states unlcss the last integral contour is closed. As 

disellsf,cd in rC'fcrcnces [18,43,44,45], the closure of the last contour amounts to 

reqllÎlinp; the difFerC'!1cc of the dC'grces of the states QVR _ ± ± and ,,':~ to be a 
t; 1-' na Ca JJ 

non-IH'gati\'c int(>ger. This difI'crcncc of dcgrces can easily be worked out as 

Na = h((1- n;c;) - h((3) 

= -11;[1 + 2e; . (J - (n; + 1)(e;)2], 
( 4.24) 

a = 1,2, 

whcre 11.(,8) is ddllled through (4.G). QVl_ ± ±, introduced in (4.23), is a null 
/J na e Q 

st~tc in the Verma module \,~ only if the ~bove Na is a positive illteger. In this 

C~sl', thc cqllation (4.24) translatcs into 

,:1 • c±a = 1 + 11; (e±)2 _ 1 + 711,; 
tJ 2 Ct 2' a = 1,2, (4.25) 

fol' SOIllC pnsit.i\·c integer ma 50 that. Na = n( - ~a' This rncans that QVP-n;et is 

a null ::.t ate ",hos<, deg,lcc is n,t1na abovc t.ha" . ~ J. :NfqfeOVer, it carries the same 

quantum lllllllbcrs \\ .r.t. the IV3 alo"cbra as th", ~ r; /R_ t± ±, and consequently 
fJ 'aeel 

tll(\SC t,WO Illodules arc id(>nt.ified. 

As Hr~1\ed in rcfcl'('nce [-14], if wc rcquire the vacuum stat.e (13 = 0), which 

corrcspon<l~ to the iclcntity operator, to he singular, the cqllation (4.25) then 

inlpli~s t ha t. (c; f is ra tional. It can be readily scen that this condition is 
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1 
satisfiL'd by the four scrccnillg ,"cet ors (~, a = 1,2 giv<'11 in (-1.21) "Bd (4,2~), 

IIldccd, the latter relations togrtIH'l' with (-LlO) lend to 

(e;;)2 = 40 ~ = ]> + 1 , 
]J 

_ ') '1 J> 
(Ca )- = 40::' = ---1 l' p-

(,1 2G) 
1l=1.2 

According to (4,25), thc intt:'(':crs 1/; and m; Illny })(' ll<'gatin~ as \\'('11. This 

is hO\\'cver not incompatible \Vit.h (4 23) and (4.2.1), which S\l~P;('!-.t thnt. t.Jj('S(' 

integcrs must he positi\"c. The 1'cnson i~ that Hl!' dot. procll1d. /,. (;- in (4.25) is 

invariant unrler the t.rH.1lslations disCllSSC<! ('nl'lier, llillllely, 

(4.27) 
a=1,2 

This lT1CanS that. \\"heu thcsC' int.e~('rs nn' negative it is nl\\'ays po!-.siblt' to 1\:-.(' 

(4.27) to replace them with positl\'c 11ll1llLcl's. COIlS('q\l('llt.ly, 1 Ill' .... ill)!,1I1al \'('CIOI s 

Thi& i1l11>Ii0S t hn t !--um" and diff('rcllcc,> of !-.Illgular ,,('ct (ll:-' :11" abo :-'1lI.!!.1I1:11 ,'('c-

tors, that is, the Set of aIl sinp,1\lar \"t'dors {fi,,} spall .... :l laUÎ('(', whidl 1:-' 

df'nokd by As. Sincc the coufol'llwl dilllC'nsion of thf' :-'('!('('IJiup, ('III'l('llts i:-. 1, 

(4.G) lends to 

This tramln tes into 

± ((;f 1 
00' Cil = ~ - 2' 

J2oo(n; = 0, m; = 0) E A[3, 

CL = 1,2. (4.28) 

a = 1,2. (4.2!l) 

Let us HOW introducc H.nother Inttice, rcfcrrcù to as A~, wltosc ha:-.is i~ p,IVC'U 

by the \\po~iti\"(! sect or" "cetOlS {J2e;, a = 1. 2} (wc roul(l have cho~('n the 

"ncgati\"c scctor" basis instead { J2e.;, a = 1,2}; the choiœ of the ba!'>i~ il'> Ilot 
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rdevnnt). In the o1thonormal basis {,~,y}, the singular ycetor f3 is writtcn as 

(J (~: ). Let. u':> ddine the vedor (3* 50 that 

(4.30) 

This meélllS tlmt (3* is obtaincd throug,h the \Veyl reflection operation SfJ on (3 

\V,r.t. the fi; ilxis, i.e., 

(3* (~~) == Sy.{3 (~~ ) = (3 - 2((3 . y)fj = (3 ( !P2) . (4.31 ) 

Note t.hat. fJ* is <11so a sing,1lIar vedor, that is, it sat.isfies (4.25). This is so 

bccause of (4.20) and the relations 

f3* . et = {3 . er, 
( 4.32) 

Now t.nkillg into aceount the Z2 invariance introduccd in section 4.1.1 togcther 

\Vit.h the' cqnntiol1 (4.32), and rC'placing in (4.25) i3 by 20'0(n; = 1,m; = 1), it 

is rkar th;lt t h(,1(, ('xist four Hull states nt le"el 1 above F2 <l'O' whose quantum 

11\11111)('l'S al'<' thc ~ame as thosc of 

a = 1,2. ( 4.33) 

This lllC'allS that the scrceuing "cetors {J2c;;, a = 1,2} are themselvcs sillgular 

Yt'rt ors Hwl thus lw}oug to Ap. Conscquently, they must satisfy the equation 

(.1.25). which nmounts to thc relations 

2(p + l)c; . eh E Z, a,h=1,2. 
(4.34) 

It is ShO\\"ll in reft3 rcncc [44] that the lattice A whose basis is {V2pet, a = 1, 2} 

or {V2(p + 1 )e;;, a == l, 2} is an even integrallattice. Furthermore, it satisfies 

the lncl\\~i()ll rclntion 

A C Ae C AI3 == A * , (4.35) 
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........ 

whcrc A* is the dunllattil'e of A. Let {v...,;./v'2, a = 1.2} he the basis "('dors 

of the duallattiœ of Ae, that is, 

(l,b = 1,2. (,1.3û) 

It can easily be secn that (4.3G) is satj~fi('d if 

a=1,2; ( 4.37) 

whcl'C C\'± [Ire givcn in (4.10), [Incl 

1 
1'1 = 2(1, J3)' 

1 
l':! = 2(1, - J3)' 

(4.38) 

TIl(' relations (4.3û) alla\\' us tn sol\"(' for tlH' singlliar wctOl' fi from tIlt' ('<!IlHt.ioll 

(4.2.:1). We obtain thC' following solutioll", d('p('\lclillp, on whdl!e'r wc (,ollsicl('l' 

the positive' scctor SCl'CCUillp, Y('dors {ct, a = 1,2} or the llC'gati,'(' h('C"t01' 011(':-' 

{e;, a=1.2}, 

(4.3a) 
a=l 

fi = t[1 +2
11

; (C~)2 _ 1 +;n;; Jw(~. (4 ·10) 
a=J 

Notice that (-t30) and (4.40) are not mutually cxclu:-.i\'c; thi:-. is bC<'aIlS(' (4.2û) 

and (4.37) lead to 

( +)2 (-)-2 e" = Ca , 

(4.41 ) 
a = 1,2. 

Thcse relations, in turn, allow us ta rewlÎte (4.40) as 

fi = t[I +2
m

;; (c;!"? - 1 +2n;; JWd' 
a=l 

(4.42 ) 
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Tbll">, (4.30) Hll(l (4.40) arc consistent \Vith each other provided that 

(4.43) 
m;; = 11;; mod (p + 1), a = 1,2. 

ThcrC'forc, in orcier tn spccify the !:let of the singular vectors {3, wc need only to 

sp('cify the' "Coulomh charge:'>" of the positiyc sector, namely j3(n;,mt), a = 

1,2. IIf'llcpfolth, wc w." cOI1sidC'r o11ly the positi\'(~ sector amI omit the super-

script {+} from t 11<' ~ubse(llH'llt formlllaf', but wc should keep in mind that the 

positi\'(' l->C'dOl :.;; ('qllivalcnt to the IH'gativc one through the rcdefinitions (this 

{"('mark \vill ('oIlsidclil bly i-limphfy the subsequent analysis) 

( 4.44) 
ma -, na mocl (p+ 1), a = 1,2. 

This amounts to tlH' int('rdwllgc of the first colurnn \Vith the second one in the 

III a t rix (11] ml) , whiclt dcfincs /1. A singlllar YcetOl" /3 mar then, without any 
112 1H2 

:llllhip,lIit.y, 1w ",rittf'n as 

ml) = ~ [1 + na ( )2 _ 1 + ma] 
L- ') Ca ? W a • HI'> _ _ 

- a= 1 

( 4.45) 

Thil-> is the notation wc will adopt throllg,hout the rcmaining part of this chapter. 

T" bit- ï is a n'l'api tlliatioll of t he "arions latticcs that have bcen introduced in this 

S('etiOIl. Ao = {[l. 1"}.} is a t\\ o-dimcIlsiond lat ticc con~tructed as a direct product 

of t.he o!H'-dimcnsionnllaUicf's Z(ld = {~Z} and Z(l"}.) = {Jï;Z}. In Table 

ï, aIl the hasis "cdors (gencIators) are scaled by (lI, 12) = [2p(p + 1), 6p(p + 1)]. 

4.3 The 'Veyl-like group of the H!3 algebra 

Dy allnlogy with a I\nc-11oody ulg,cbra [46], where th0 f1',ill! Weyl group 

alld the infinite translation group associated with the root l.1t uce are used [38] 
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1 t.o mup a highcst wcight statc ta its IHtll statl' descI'Il<lants, \VI' intlOdlu'(' (as in 

rcfcrencc [.J:4]) in t1w easf' of the TrJ "l!!,l'hra a fillit<, \Yl'yl-hk(· !!,IOUp calh-d G 

ancl an illfinitc translation i!,t'Oup T, n:-.:-.ociatc(l witl! tht' lattle<' .\, ln f\llH11 the 

flame Iol(' of nwppinp, ntllO!l,t; null :-.tak:-. III [,ld, thl' leliltioll lH'I\\'('('1l G alld 

the usual W<'yl group is L'xplicitly \\'Olk('d out nt th(' ('nd of sectioll ·LG of Ihis 

charkI'. From the f'xples~i()ll (·1.23) of the 1l11l1 stall':-, l)('Iollgillp, 10 Il\(' Y(,l'llla 

module ':~, wc read off the following actioll of G Ld !Ia 1)(, il p,('IH'latol of G 

and i3(na,ma) be a \"cetor in A!~/J2, tlint is it sati:-.ties (·123), tlH'u 

(l = 1,2, ( .I..IG) 

\\"he1'c again therc is no smn w.r t. (/. 

Af> inclicatcd prf'vio1\'ily, ollly the p()~itin' :-'l'ctOl i:-. c()ll~idt'r('d, "ud 111'11('(' tlll' 

stlbsnipt {+} is Ul1c!cl'stood on any quantity witlt tlw :-.ub:-.nipt (1. O!J\'ioll,,!Y, 

g'l.13 ibclf ~ati~fies (.\20). Ld liS t!WIl for COIl\Tlllt'Il('(, It'\\tik (-l..1G), ",hit'li 

clcfincs tllf' two gCIlC'rators of G, in tllC' "lIlatIlx fOllll" 

(4.47) 

\\"here the Illutrix clements ll c1 b nlld l'Ilh arc gi"en by 

1 + ltab 2 1 + t'"b 
ea • Cb = Cb -

2 2 
(4.48) 

The four rcmaining group clements of G (induding the irlC'lltity) alc nbtailH'd 

throngh prodllcts of f11 and f12. Agnill by analop,y with tbe Ka('-~Io()dy alg,clHa, 

one expects G ta bc wen dcfinec1 ollly on A(~/ A, meaning that it is Ilot weIl 

definecl on A(3, which is in faet the httticc of ~ill!!,ular v('dorf>. Thi~ i~ bec(tllse 
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tlw illt('gcrs 1I'L' ll'l('r! in dcfining G through (4.4C), are themselves not uniqucly 

cldill"<1. lu(kcd, according ta the transla tiouaI symmetry dcscribed in (4.11), 

t,lw lelation (4.46) !tall~lates into 

( 4.49) 

\\11('1'(' V2fJ' E A. As the relation (4.40) suggests, it is the direct product of 

G with the' translatioIl group T, associatcd with A~ that is we11 defined on AiJ. 

Tbi~, ill t\lt"ll, elefilles tlw infillite-dimension,,1 \Veyl-like group of the n~1 algebra. 

LC't 1\S ({('!leM i t hy ê; 

ê; = G X T. ( 4.50) 

Th(' gl'Il('tator:, of G arc obtaill<'d as dilect products of the generatOls of G 

gin'Il in (-l.4i) and thosC' of T, wllieh arc the two funclanH'nta1 translations with 

r{'~p('rt to fIl!' hasi~ \"{'ctOl'> of .\. As dcfiIH'd ill (<l.4!)) and (4.'::;0), â can be m,ed 

fo ~p('('ify t1H' sd of Ilull ~tat('~ cOlltaincd in the' Y(,I"ma module l'~. Howe\'er. 

it dof':-' Il()t t''\plicitly display thf' (·mhcdcling structure of the Verma submodulcs 

p,c'\ll'l"iltcd from these mIll ~tatf'!'o, that is. \\'hich Verrna submod1l1c includes which. 

l\'I'\'('rthd('ss, one can llIlr<l,-d this embcddillg structure by appcaling to the 

flllll\1tlll (4.24). To S('C' t bat. let us Ilote that t he transformations (4.47) amount 

( -nI m}) h (nI m} ) NI = h(gtf3) - 11(;7) = Il = n}ntl, 
nI + 11'2 711::! n2 m2 

(4.51) 
r (nI + n2 ml) } (nI ml) 1\2 = h(g2f3) - h({J) = h 

1112 - t n2 = n2 m 2· -n2 1n2 

Renee, n nce('ssar~' condition for the Verma module V,a to inc1udc the Verma 

submodllic specificd by 91(3 or 92{J is respectively 

(4.52) 
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J FllrthcrlllOl'e, sincc we arc illkn'sh'<l in the C'mb('d<lill!!, strnct\l1(', \\'(' :,houl,l 

dcHl1C the Opl'l'iltOl"S [Jt and 92 in :-Udl 11 \\"ay tbat tl!"y maI> <Illy ~inp;ulat statt' 

spccifiC'd by ri tn its "c\osest" irvl('lH'lHl<'llt llull ~tilt('S (!!'('ll!'l'i\tin~ maximal snll-

modules in 1 ~I). in t !t(, Sl'llS(' t hat the d",!.',lt,(, dif!'('l't'Il<'(' t hey 111<111("(' Illu ... t Il(' 1 lU' 

smullcst pos:,ihlc p()~iti\"(' intcg!'l' fur ('ach p():-'~lhlc f01'1n of ,'; n('('illI 1 hat 1111'1'(' 

if:, a Z2 x Z3 SY III llld 1 y, élnd thel('fo1'(, /-] lllay 1)(' \\"rittl'Il in ~ix dt/fel't'1I1 fOl'l1l:-' 

bcforc it is mnpped hy 9' or 92. For instance', if ri (1/ 1 11/ 1) spl·('jfi(·s a primar)' 
1/'2 11/2 

stntc, that i:-.. 1/\, n'2, 1I1} and 11I.,? :-.ati:-.fy (·1.i), the '·do ... ,':,!" mtll :-.11\1(':, ln Ihis 

priIIli1ly st<t!(· me p,Î\"('!l hy 

/1/ 1 ) , 
III.! 

NI = (JI - 1/ 1 )( l' -1 1 - "'I), 

7/11 ) 

1 /1 '2 ' 
1\"'2 -= {JI - 1/2 )(1

' 
-1 1 - 711'1), 

-lIlt ) == /1 (- 11'1 

Il1t + rrI'2 --l1t 
1111 ) 
11/',! , 

p+l-ml-m2)_ [:J( 1/2 = <j" J 
1111 . -, [>-111 - 71',! 

lit'.! ) 

]1 -+ 1 - 111t -- II/'.! 

/1/1 ) 

1I1~ , (·Uj3) 

Let us no\\" ,!!,('l1Crali7C this eXi1l11plc· to dpl('ll1lÎIH' the "cl()~(':-.t" ~tat.('~ illCll1(kd ill 

the Verma module of any sing,ulul' state, \\"l1i('h is sp{'('iH(,d hy (J (7/: 71/:). III 
Tl}, 1TI 2 

add\tlOn, let HS cOll~idcr the casC' \\'11('l'c thic; sillg,lIlar ~tatc i.., in tlUIl ilH'lnd('d 

in the primnry V('t'mil module spccificd hy (i . III t!w S('(I'II'\, W(' wtl (Ill HLI) '1 
1/2 1112 

rcscr\"c the llltq.!,ers 7/t, 112, m] ,md n!2 tu label jl1st thi:-, Plimary hUtte, i.e.) 

tlwy sntisfy (4.i). As p1'eviously discussed, wc want to dpfillc the gC'llCl1ltOls YI 

and [/2 so thut thcy map the singular vedor (writtcn in its f>ix pof>sibl(! fOrrllf» 
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f3 (fil m J ) with tll{' minimum positive dcgree differmce. For that purposc, 
n;.! 1/l 2 

W(' }('sort to t Ilf' set of f-crcc'ning charge:, {Q" 1 = 1, .. , G}, in such a \Vay that 

t1wy :,p('cify wltich one ilmong tlH' six fOl ms of Il is being considcrcd I)(·fore the 

p,1'!lf'liltO!"S !II nt [J'2 i.., npplied on it. l\'ohce that. 91 and 92, as definccl in (4.47), 

le'a\'(' the s('colld ('olllllln invariant. This means that wc can uniqucly spccify 

the :;ill~l\laI "cdors /J Ily rnean"i of the Z2 x Z3 and the tran::.latioll symmetrics. 

This is accolllpli::.lH'd in sn ch il way that th(' second eutry of the first (second) 

row i" IH'tW('('!l Z('ro and p + 1 (Z('1O and p+l), and the first cntry of the first 

(:;(,COlHl) row if, H positl\'e integ,c'r, hcforc 91 (fJ2) is applied on {3. Since thelc arc 

six possible ways fOl the second cntry to be bctwccn zero and p + 1, then wc 

1\('('<1 six opC'lators QI(1 = 1, .... G) to Uni(Plely define [J} ancl 9'}. on A{3. These QI 

a 1'(' 

o /J (1/; 11/' ) ( n" ml) /1 0 
" J 1/~ 1II~ = [JI,B l, m~ , 1I} > , 

112 

(h/1 ( 1/} 1tI~ ) ( n" m~') = [J!.8 f, " 0 
11/' In2 ' 

11 2 > , 
11 2 2 H 2 

q '1 ( /l't 11/' ) ( n" p + 1- m} ) " 0 .1' , 11/~ = [JlfI 71~ n7" , n} > 1 
1/ 2 2 

ql,d (Il} m'l) ( n" m" ) 1/ 0 = mt3 n~ p + 1 ~ 1H2 ' 
n 2 > , 

17 2 11/~ 

( II' n't ) ( Il" m} + mz ) (nll/ mlll ) " 0 q,,/1 1 
1/1' = [JtfJ 71~ Til" 

= 92{3 ~, 
ml ~ m2 ' 

n} > , 
1/ 2 2 2 nI 

( /l' 1/1' ) ( n" p + 1- 1111 
-

7712
) (JIJ/1 : 1/1~ - gl{3 l, m" /12 11 2 2 

= [JJ.{3 ~, ( nll/ 
11} 

m'" ) 
p + 1 - ;ll - m2 ' 

n~ > O. 

(4.54) 

In the next section we will use thcse scrcening charges to classify the Verma 

suumudulcs of the lT'3 algebra and to dcscribe their embedding structure. 
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4.4 The embedding structm'c of the n",\ Verma submodules 

Let ag,,1in ''j he n primary moduk spccifkd hy the' primary '>('dol' 

Q (ni m,)) 1 . 1 1 l' 
fJ - ,\\' 111' l lllC'allS t Hl t t 1(' llltq;t~rs 1/1 \ Il'), 11/ 1 (\ lld 11/-1 :ont i:·J" t Il<' 

"21HZ ,- -. 

ilH~qllaliti{,s (-Li) Accnrcling, to p.03) and (-L5.t), if \\"t' "pply a ft'W ti\llt'~ tIlt' 

scrcening charges Cl 1 on /1, thcll clearly the sublllo<1nks of \:~ fall int () six din't'l'

ent clas!;,cs of modul('s, ",bose hip,lH'st \\'C'ip,ht :-.tat(·s (11 t' sIwcifit'd by tIlt' fol1o",illp, 

sing,ulnr "('dors: 

\\ïth this notation, the primary st.atc rends 

m)) == A(Q 0). 
7n:;! , 

(4.fiG) 

It is notc,,"orthy that this classificatioll of 11u11 ~tntes of the lVI algt·bra tnay 

be thought of as a gcncralizatioll of the Virasoro algebra caS(! [25]. In meler lo 

find tlH' cmbedùillg structure of the VClIlllt submodulf>s g(']Jcrated fro!ll t IH'se 

mdl states) wc ncC'd to work out throug,h (4.54) the mappill)!;<; of tlw sr'lf'(\Ilinp; 

charges Q, betwecn the "arious classe", of the suhmodulcs (4.fi5) in ~/1. Tahle 8 

snmmarizcs thcsc ma.ppings (the condition,> set on k l and/or ''-:l fix the dOlllain 

of dcfinition of Q,), Let us recall that the supcrscript {+ } has !)(!erl tlIld('r~tood 
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III t Il(' pl ('VIOUf> ttf'1ItUH'llt It is nO\\' expIicitIy restorecl in Table 8. This is 

to ('lllplln<,iiW that, ill ouler to dctennillf' the completc cl1lbcdding structure of 

tlWf,(! Verma ~ll brnodl1le!'> , wc Il('f'Ù to considcr the' ncgati,"c scctor as wcll. As 

('xplnilH'd j)('lmt; the l'fj1t<thon (4.43), the ncgatiw' sect or screcning chargcs Q; 
HH! (''ltli"\"alt'ut to tl1(' po~iti,'(' scctor on('s Q;- by simply ir.terchnnging the "roIes" 

of thc n',<; élnd thc 11/' s ill (4.53). Thus, w,ing thc samc argllments and notations 

il!'> tho~(' kac1inp; to Q;, wc define Q; in the following \\'ay' 

nl") 111~ , 

111;)'=/-, ](II~' m~') Il a 1l1~ - ~l. Il 1/2 m~ , m 2 > , 

m~)_ - (l>-nl 711") 1/ a , = (1 l ,8 " ,l" 111 1 > , 
TIl, ;.t 1/'2 1n2 

1 Il m lll) 
" ,ml >0. 

ml 

(4.57) 

Agnin, wc llC<'d to work out the Q~ mappings betwccn the six classes of 

,<,lIhmodlll('s (4.55) in order to unr<wcl tllcir intert\\"ining structure. Thesc map-

ping,s 111'<' ~ltIllmariz('d in Table 9. It cnn readily be scen from Tables 8 and 9 

that tlw ~Cl'('l'lling chnrgf's Q;- satisfy the inclependent relations 

Q+Q+ - Q+Q+ 
1 :.! - :J l' 

Q+Q+ - Q+Q+ 
21- 52' 

Q+Q+Q+ - Q+Q+Q+ 
121- 212' (4.58) 

Q+Q+ - Q+Q+ 
1 6 - 4 l' 
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1 
Q+C)+Q+ - Q+Q+Q+ 

n.:.'l Il - 1 Ill' (.J.5D) 

Q+Q+ - O+Q+ 
6-2-~,1 6' 

Q+Q+ - Q+O+ 26- Jt.-2' 

(-l.GO) 

togcthcr with é1 similar set of l'dation!'. with the supcrscript {-t } l)('Îng l'C'pla('('d 

by {-}, ûll(l the cquations 

Q~QT = Q;(/":, i f..i, i,j = 1, ... ,G; (<l.Gl) 

Q;Q;=Q;Qt, i.j=l, ... ,G. (4.G2) 

The relations (4.58), (4.50) and (4.GO) are bchcl1laticnlly It'pl'<'~t·llt(·d tllloup,h 

t Ile basic hcxagons (a), (b) anc! (c) of Fip,11l't' fi, Whel'<'HS 1.11(' lI·latiolJ!-. ( 1 G 1) and 

(·LG2) arc schcmatieally reprcscnted throngh the basic ~(Plé\1'I':; (d) and (c·) of 

Figure G. T",o plalll' proj('ctions of the thrcc-(lilllellsional illU'1 twillillll, diall,l'alll 

are rcspcrtivcly dl aWll in Figures 7 and S. Let Ils point ou t t hat Fip,11! l' 8 dis-

plays the cmbedding of the Virasoro l'cpresentations in 1,110:';;(' of t,lw Irl nl.cpln a. 

lmkcd, if wc single out any straig,ht lille of Figure 7 and fold:-. it. al its lutiqu(' 

point (submodulc), from wltich t\\'o nrr()w~ enl<'rge in oppo'-oÎt.(· di11·(·tioll!-., t.!tPll 

'W' ol>tain C'xactly the snrnc cml)(·dcling ~trnctl1r(' as in t.he Virnf>oro Cfl:';(', wbicJ. 

is illustrateù in Fig11l'c 4. The cxamples displayed in Fig\lre 8 arc alJOllt tlH' 

stl'aight lines of Figure 7 that cross the Plimary stat.e A(O, 0). 

4.5 Il'reducible characters of the H'3 algebra 

In this section wc will make use of the ernbedding structure, wltich is dis

playcd through Fig11l'cS 7 and 8, to compute the irreduciblc char acter of the 

91 

• 



1 

( 

PCDVM VA(o,r!), wlli('h ie; sp('('ificd hy the primary veetor ..1(0,0), in tenus of 

the dWlndcIs of its Verma, sllbmodules ViJ C l'..1(O,O), whcrC' (3 is any singular 

\'cetol'. Let l1S denotc the irrcdllciblc module eontained in \'...1(0,0) by [A(O,O)' Our 

appnlllch to (!l-IÎ\'c the irr('duciblc chnrnder iE. the extension to the W3 algebra of 

!.Ile tndhod of Ho('ha-Caridi r31] and Fcig,in-Fuchs [47], \vhich has been applied 

tn tite Vira~or() alg,ebra, TIl<' "Virasoro contribution" to the charaeter of the 

V('l'lW), mod1ll<' \'1/, ~p('cificd by the singular \'cetor 13, is 

( 4.63) 

The st.ates in 1'~ arc g,i\'cn in (4.4). They le ad to this more explicit formula for 

1 2-c+h(~) "\' == --q2T l' 
A P 1]2(q) , (4.64) 

\\'}1<'1(' l/(q) = qJ/2-I I1~=1(1 - qJl) is the usuai Dedekind eta function, and c and 

hUI) nJ'f' n'spectin'ly gi\'(~n in (4.1) and (4.0); but the relations (4.7) are not 

lllf'Hllt 1Illk~s (J == A(O, 0). The dmracter shown in (4.64) ean be simplified even 

more to rend 

( 4.65) 

Ld. liS n()\\, compute more speeifically the irreducible char acter of IA(o,o). If 

thel'c \\'cre no mlll states in V'A(O,O), wc would have according to (4.65) 

X l,\(o,o) = X "A(O,O)' ( 4.66) 

Fig,nl'f.'s 7 and S inclicutc, t,hough, that "'A(O,O) eontains the maximal submodules 

l'D(O,O), VE(O,O) and l'F(l ,1), which arc not contained in any other submodule of 

V.I(O,O)' Consequently, the character givcn in (4.66) \Vouid be eorrected as 

\' l,\(o,o) = XV,l(O,O) - (XFV(o,o) + X vE(O,O) + À v F (\,\})· (4.67) 
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IIo\\"c\'l'l', the cquntiou (4.Gï) is Ilot quitc truc bccuusc Figlll'(' ï mltl (liél~l'nllls 

analogous to thos(' in Figure S show that. 

l'D(O,O) n VE(O,D) = {FH(n,o) + l'qD,O)}, 

'''D(O,O) n \t'F(l.t) = {rC(I,l) + l"U(-1,2)}, 

VE(O,O) ri T"F(l,l) = {1'H(\,I) + l'q'l,-1)}' 

( 4.(8) 

This menus that the chamctcrs of the submoclulcs in t.mees \Vere OV('1' subtmctcd 

in computing the clwracte1' th1'ough (4.Gï), and hcncc they shonld 1)(' I1d<h'd hnrk, 

that is, 

+ C.\. vD(O,O) + XVC(o,O) + XVe(),l) + \ "D(-),2) +:\. "lJP,\) +:\ \'C(2,-1»)' 

('Lü!) 

Thc snmc argulllcnt as before still h01<-18 nncl wc Inust thcll fmthcl' corn'ct, t,he 

charade\' g,ivcn in (4.G0). In faet, it can bc 8hown hy induction thnl tl\(' ('ow'ct 

final answcr fol' n,t(o.O) is given by 

F 

X/A(Q,Q) = L €(X)xx, 
."\':::::/1 

( 4.70) 

\\'hcrc A, .. , F urc us clcfined in (4.55), and the sign fllnction €(X) is ddiucd as 

and 

Xx = 
~ l.k 2 EZ 

k\-k2E3Z 

€(X) = +1, 

€(X) = -1, 

1 
XV.dl.l,k 2 ) = 1J2 

X=A,B,G'; 

X =D,E,F; 

L q'ii'dnï+h(X(k l ,k 2 ». 
k),k2EZ 

k)-k2E3Z 

(4.71) 

(4.72) 

Due to the relations (4.6), (4.55), (4.70) and (4.72), it is possible to explicitly 

'''Tite XIA(o.o) in the following form, which agrccs with the conjcctured rcsult [42]: 

F 
1 L L ("\r) e(X)/ 121'()I+l) X l" (0 0) = ? E A q , , 17-. 

,\=A k,)EZ 

a3 

1 

J 



ç(X) = 3[(11.1 (X) + n2(X»(p + 1) - (ml + m2)p + pep + 1)(2h~ + j)]2 

+ [(11.1 (X) - n2(X»(P + 1) - ml - 1n2)P + 3p(p + 1)j]2, 

(4.73) 

where ml and m2 satisfy (4.7), and nl(X) and n2(X) are defined through (4.55) 

as 

Fol' instance 
n1(C) = -11.1 - n'l, 

n2(C) = nI. 

x = A, ... ,F. ( 4.74) 

(4.75) 

The charader given in (4.73) can also be written as a latticc SUffi ovcr A, 

which is defined in (4.35). This can be readily achieved if wc use the thinl 

membcr of the relation (4.65) and the followillg formula for f3 (bcing r('plnccd 

by X(k 1 , k2 »), which is obtained from (4.45) and (4.55): 

X(k ') -(1 2nl(X) + n 2(X» + (1 2n2(X) + ni (X» + 
1,) - + 3 Cl + + 3 C2 

P [( 2ml + m 2 ) + (1 2m2 + ml ) +] (4.76) 
- p + 1 1 + 3 el + + 3 c2 

+ (kl - j)pet + (kl - 2j)pet, X = A, ... , Fj 

where nl(X) and n2(X) are definecl through (4.74), and j = (kt - k2 )/3. Let 

us note that X(k1,j) may in generai be written as 

X(k1,j) = X(O,O) + 6, x = A, ... ,Fj (4.77) 

8 being a vector in A/0. Substituting (4.77) in (4.65) and using (4.70) togcthcr 

\Vith (4.72), we derive the character in terms of A 

F 

Xl = ~ ~ ~ €(X)q(X(o,o)-aoH)2 
A(O,O) 2 L." L." , 

Tl X=A ÔEA/V'i 

( 4.78) 
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where Go is the background charge, which in this notation reads 

1 
Go = ----(et + et)· 

p+l 
(4.79) 

Furthermore, we can readily see from the 'Veyl-like group G as defined in (4.47) 

that the vectors X(O,O), X = A, ... , F, are all related to the primary vector 

A(O,O) as 

X(O, 0) = giA(O, 0), gi E G. (4.80) 

Consequently, substituting (4.80) in (4.78) yields the following formula for the 

charncter: 

v T = ~ ""' ~ €(g)q(gA(O,O)-cro+6)2. 
1\ .1(0,0) 1]2 L.J ~ 

gEG A/h 
( 4.81) 

Let us further express the character given in (4.81) as a lattice sum over the root 

lattice An of the finite su(3) Lie algebra and the associated finite 'VVeyl group 

ll'. For that purposc, let us first unravel the relation betwcen Gand lV. We 

choose as a basis for An the vectors 

al = (h, 0), 

1 ra 
a2 = (- .j2'V 2)' 

(4,82) 

Moreovel', A(O, 0), as defined through (4.76) and (4.77), can always be rewritten 

in the form 

A(O, 0) = An(O, 0) + Am(O,O), ( 4.83) 

where 



-
....... 

o \ 
'" 

U sing this notation, we can easily sec thu t 

9iA(0,0) = Am(O, 0) + w,An(O, 0), i = 1, ... ,6; ( 4.85) 

where 9, E G and '!.VI E l-V. Furthermorc, after making a change of Lasis from 

A to AT<. and substituting (4.85) in (4.81), wc realize that the chnrader formula 

then becomcs 

(4.86) 

where the "leyel" of the TV3 algebra is given by 

k = pep + 1), ( 4.87) 

and e is the usual theta function, which is clefined here 011 the l'oot latt.icc of 

su(3) as 

4.6 Conclusions 

ei(tt,q,z) = e-211'iku L qp2/2e-211'il'z. 

pEAn+î 

( 4.88) 

In this chapter, we have fully describecl the cmbeddillg structure of t.he 

Verma submodules of the W3 algebra through the free field rC'aliza.tioll. This 

embedding structure is schematically represented through Figures 5, 6,7 and 8, 

which in turn allow the computation of the irreducible character of the rCDVM 

of the TV3 algebra. The forrn of the charader thus obtaincd proves to coincide 

with the one conjectured in [42]. The analogy between the Kac-Moody and the 

lIT3 algebras has been ernphasized. This method can be in princ:iple applicd to 

uny other RCFT. In particular, it will be interesting to carr:' the present analysis 

to the RCFT with a Kac-Moody algcbra, whcre sorne screcning currcnts arc 

expressecl as infinite surns of terms. 
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Chapter 5 

Free field realization of the su(n)k parafermiol1 theory 

This chapter is devoted to the study of the sue n h parafermion theory, 

which is Hnothef rational CFT. More specifically, we proceed from the Waki

moto rcnli7.Ht.ion of su(n)k presented in chapter 3 to derive two free field real

izations for the associated Su.( n)" parafermion theOl·Y. In particular, we express 

the parafcrmion currents, associated \Vith the negative root and the simple root 

su( 1/)k Eac-Moody currents, in terms of free fields. For the sake of illustra

tion, the full fl'cc field realization of SU(3)k parafermion currents and screening 

CUlTcnts is C'xplicitly displayecl. Each of our t",o free field rcalizations has its 

advantngc:, and drawbacks. The first one inyolycs a Ret of orthonormal frce 

fields sa that the field realization of the parafermion currents is easily obtained 

from the \Vakimoto rcalization of su(n)k' However, the field realization of the 

parafcrmiol1 primary fields turns out to be messy. On the contrary, the second 

one leacls to simple field realization of the parafermion primary fields but in

volves somc linearly dependent constrained fields. The relations between our 

frce field rcnli,mtions and those recently proposed in the literature are outlined. 

Finéllly, ns t.he su( n h parafcrmion theory is closply related t.o the coset model 

8U(11)" X 8u(n)d,'H/(n)k+c, wc then use the frcc field realization of the former ta 

sketch that of the latter. This chapter is organized as follows. We begin with 

a background review of the simplest parafermion theory, namely, the su(2h 

paraferlllion, which is commonly knovl1\ as the Zk parafermion CFT. Then we 

present our first free field realization ur su(n)k parafermion theory in terms of 

orthollOrll1é1l fl'ee fiel<.ls. As an exarnple, the SU(3)k parafermion currents and 

scrcCllillg currents arc cxplicitly written in terms of these free fields. After that, 
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1 we clisp1ny our second frcC' field renliza tion, which is bnscd ou some cOllstrniuC'd 

non-orthonormal fields. Finally, we sketch thC' frœ fidd rcnliL.atioIl of the CORet 

moclcl su(n)k x su(n)e/Sll(n)k+t togcthcr with its screclling CUl'l'ClltS. 

5.1 Introduction to the Zk parafermÎon theory 

This is yet anothcr extcnded RCFT based on an infinitc-dimensional alge

bra [16,41]. It is calleel the Zk parafermioll b('l'lUlSC' it describes self-dual crit,ieal 

points in Zk symmctric stntisticai systems in terms of a sC'!. of fields with frac-

tional spins, i.e., pal'afcnnion fields gencralizing t.h(' malai fl'rmioll fipld of the 

Ising model, which is nothing but the Z',l mode!. Unlcss oth<'l'wise stated, wc 

considcr in the scqucl only the holomorphie ~cct.()r b,- .. riug in lllimi t,hat the samc 

tl'cntment ls valid for the nntiholomorphie one. The Z" pat1\fCl'lllioll thcOly in-

vuh-es the parafcrmion CHrl'cnts l/'e(::), C = 0,1, ... , /.; - 1; whcrc '1'0 is idt'llt.ified 

\\'ith the iclentity opcrator and /.; is a positive intc'gel'. ThcsC' paraft'l'mion CUl'-

l'ents arc the analog of the Kac-lvloody currcnts in that the)', ton, give risc to 

a currcnt algebra (i.C'., infini~e-dimensional algcbra). Morcovcr, they satisfy t.he 

hcnniticity condition 1/11 = ?f'k-t. The conformaI dimension (which is a}:.m the 

spin) dt. of 1pt. is given by 

C(k - f) 
de = , 

k 
(5.1) 

fol' e = 0,1, ... , k - 1. The parafcrmion (currcnt) 1I1gcbra. is dcfincd through the 

following OPE's (only the most singnlar tcrms arc shown): 
-2tm 

1/Ie(z)1/Im(-w) = Cf,m(Z - tV)-k- [4Jt.+m(w) + ... ], f + m < k, 

t -2l(I.:-m) 

1PC(::)1/Im(w) = Ct.,k-m(Z - w) le [?PI'-m(w) + ... ], m < f, (5.2) 

t -ll(":D. [2d t 2 1 '1f;c(z)'1f;t (w) = (z - wr-" 1 + ~(z - w) T(w) + ... , 
wh cre the structure constants Cf. marc so that , 

2 r(e+m+l)r(k-C+l)r(k-m+1) 
Ck,m = r(e + l)r(m + l)r(k - R. - m + l)r(k + 1)' 

(5.3) 
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with r(n) heing the usual gamma functian. In (5.2), T(z) stands for the energy~ 

J1lomentum tensor of the parafcrmion algebra and satisfies t.he usual OPE 

T( )T() 
c/2 2T(w) 8T(w) 

z tu '" + + ---(z-w)4 (z-w)2 z-w' 

with the central charge 

2(k -1) 
c= k+2 . 

The parafcrmion CUl'l'ents .,pt are primary \V.r.t. T(z), that is, 

T( )"() de'l/Ye(w) 801(W) 
z'f'W t'V ,+ . 

(z - W)2 Z - W 

(5.4) 

(5.5) 

(5.6) 

Note from the equations (5.2) that aIl the parafermion currents can he gcneratcd 

flom 11'1 (z) = '1/'( z) and t/'I (.z) = t/' t (z ). Thcrefore the representation theol'y of 

t.he Z k parnfermion lllodel enn be dcscribcd in terms of thes(' two parafermiol1 

ClIl'I"cuts only. For th nt pmposc, let us define, in analogy \Vith the Virasoro case 

ar. shawn in (2.30), the primmy states le> of the parafermion algehra ta be 

(5.7) 

where n 2:: 0, e = 0,1, ... , k - 1, and the parafcrmion opcrators A and At are 

(ldincd by 
00 

tjJ(z)le> = L z-i/k+n-lAe/k_nle >, 
n=-oo 

(5.8) 
00 

1jIt(z)le> = L z-llk+n-1A~llk_nle >. 
n=-oo 

The equntions (5.2) leacl to the following conformaI dimensions of the 

pnl'nfel'mion primary states le >: 

e(k- t) 
hl = 2"~(J.: + 2) . 
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1 
The uther states in the parafermion VentU\ mochlt' V t are obtainecl through 

succcssi,-e applications of the opera tors A n n<1 Aton Il' >. 1 Iol't.'o\·cr , ns discuss{'d 

in the rcfercnces [J 6141,48], Vi splits into a SUlU of submodulcs ,,:~ us 

21.-{ 
Tr 1 Ll:'\ 1re 
rt =? ÇD {m' 

- m=-C 

(5.10) 

The submodules l~~1 are generated from the Virasoro primnry stnt,es, which ure 

defined as 

IC, m > = A(m-2)/k-l A(m-4)/k-l ... AC/I.-tlC >, e ~ m ~ 2k - f, 

IC,171, > = A~(m+2)/1. AlmH)/k ...• 4tk le >, -C ~ ln ~ f. 

These states le, rn > haye conformaI dimensions 

,./ = (k-e)(k-f+2) _ (Il -1n)2 
ln 4(k + 2) 4k' 

e < ln < 2~' - C - - , 

hi = l( ( + 2) _ m
2 -e $ rn :::; r. 

m 4(1.: + 2) 4k' 

(5.11) 

(5,12) 

To conclude this section let ilS mention tltat the Zk pmafermion 111od<'1 is iso-

morphic to the coset modei su(2)k/u(1)1., that is, to the su(2)J. Knc-Moody 

algcbrn ,,-ith the 1/(1),. (Cartnn) subalgc1n a factored ont,. This cnn be 8('1'11 from 

the central charges. Indccd, the central charge of su(2h which is k~2 can he 

l'e,nittcn as 
3k 2(k - 1) 

--=1+ . 
k+2 k+2 

(5.13) 

In (5.13), we recognizc 2~k;2l) as bcing the ccntral charge of the Z" paraferrnion 

gh-en in (5.5), whcrcus 1 is the central charge of the tI(1)1. factor. Th('rcforc, 

the Zk parafcrmion theOl'Y is somctimcs rcfcrrcd to as the sll(2)1. pnraferrnion 

model. In the rcmaining part of this chnptcr wc will concentrate on th(! frpc field 

realization of the su(n)k parafermion them'y, narncly, su(n)k/ll(l)~-l [40]. 
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5.2 Ft'cc field renlizntions of the su( n)k parnfermioll model 

As OHf npPloHcb relies on thc vVakimoto realization of the Kac-Moody al-

gcbrn oS Il (11 h [20), Id. \IS thcn briefly rcmind sorne of i ts charactcristics rcleyant 

for the ~llhsc(l'H'lIt inycstigation; more dctails can he found in chapter 3. This 

\Vakimot.o r('ali,mtioll rcquires an r-component frce scalar field <p and two R-

component. free fields u and v, whosc components U o and Va are associated \Vith 

the positive roots 0' of Ml(n). Here r = n-l is the rank and R = n(n-l)/2 is the 

Iltllllbcr of po~itiyc mots of su(n). Fmthcrmorc, as ah'cady indicatcd through 

(3.13), aIl the coillpnncnts of the field X = (<p, Il: v) are orthogonal, with the 

LOl"cntziélll signature' (+, +; -). The \Vakimoto rcalization of the su(n)k cur-

reuts Il(z) and J±n is givcn in (3.1D), whereas that of the cnergy-momentum 

tensor is displaycd through (3.22), which cau he rcwritten explicitly as 

T = _~(âX)2 + iao . ô2 X 

= _~(Ô'P)2 + _l_p. ô\; - ~ L [(âll o )2 - iô2uo - (ôvo )2 + iô2vo ], _ D+ _ 
oE~+ 

(5.14) 

whcrc ~+ is the set of the positive roots and 0'0 is the background charge, which 

reads 

G'o(<p,UjV) = [:+ ,(~)R;(~)nl, (5.15) 

Hcrc, p is the Sllm of the fundamental wcights of su(n) and 0+ - Jk + nj k 

bcing the leycl of t,he Kac-Moody algebra su(n)k' 

5.2.1 Realization in terms of orthonormal fields 

In nnalogy with the Stt(2)k (Zk) parafermion modd, which is equivalent 

to the coset lllodcl sll(2)k/U(1)k, we construct the su(n)k parafermion theory 

through t.he coset lllodcl sll(n)k/u(l);:-l, that is, we must factor out the fields 
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1 that gh'c rise to the Cartan subalgcbrn 11(1 )/:-1 HRRociatt'd with t.he' I\nc-7\lnody 

(10,,1) current H(z). To this end, wc must rewrik dH' K7\1 CU1T('nts. whil"h \\"('1"C 

cxprcssed in tcrms of (<p,u;v) in (3.19), in s\\cll a \Vay that this fadorizatioll 

bCCOlllCS nppnrcnt. This translates into imposillg t.he' fnllo\\'illg field rt'nliznt ion 

on the su( 11. h currents: 

H = iVkôB, (5.16) 

J±o = Vkv'±ocxp(±icrB/Vk). (5.1 ï) 

This dcfines the su(n)k parafermion currents 1/'±o and the l'-COmpollC'llt. field 

n. Notc thatl!)+o and 1/'_0 are respectivcly t.hc 'lllalog\le of th and tI,t, which 

gcnerntc the Z" pnrnfcrmion algcbra (5.2). Combining t.llC' c(l'tat.ion (5.1(3) \Vith 

the expression of H as gi\'cn in (3.19), wc can cnsily read of}' the deHnit.ion of n 
in tenus of (<op, tI; u). nan1<'ly, 

(5.18) 

As the number of the components of the old frce fields <p, tL élnd li is r + 2R, 

c1early besicles the r-componcnt ncw free field n, wc l1ccd t.o il1t.rod\1ce two IlCW 

R-component free fields 1 nnel g, whose componcllts la and !Jo are RHHocilltpd 

\\'ith the posi ti\'c roots of .su( n). The componcnts of the ll('W f1d of fiddH (n,Jj 9) 

are muhmlly orthonormal, with the Lorcntzian signat.ure (+, +j -). As ran rcad-

ily be seen from (3.10) and (3.20), the .J' Cr '8 always dcpencl on the combinations 

1l - v. This is consistent with (5.17) only if 

U o - Vo = -aB/Vk + .... (5.19) 

The equation (5.19) aione do es not dctermine the fields 1 and 9 in tenns of 

(<,', ttj v). Howe\'er, for simplicity we propose the following ansatz which is con· 
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sistent with (5.10) (wc are procceding in a similar \Vay to that of reference [50]): 

The equntion (5.21) together \Vith (5.18) yield 

(5.20) 

(5.21) 

(5.22) 

The matrix clements Ao,8 introduced in (5.21) are detcrmined through the 01'

thonol'1nnlity of t.he fields ('P, tlj v) as 

(5.23) 

Thereforc, the relations (5.20) throllgh (5.23) define the transformation from 

the new set of fields (B,g;.f) to the oid one (y,U;v). This transformation is 

equivalent to that found in rcfcrence [50] (in fact, it is the inverse transformation 

t.hat is givcn thcrc). As our aim is to factorize the u(l}k fields in the K'M currents 

gi\'ell in (3.10), it is con\'cllicnt to define the transformation in the aboye \Vay. 

The cl1crgy-momentum tcnsor in this realization (B,J j g) reads 

T = Tu +Tp, 

TB = - !(8B)2, 
2 

'lp = E [-~(8fo)2 + ~82 fer + ~(ago? - i(){~a2gQ J. 
aEâ+ 

(5.24) 

This menns that the background charge ao takes on the following rorm in the 

basis (D,fig): 

C\:o(B,fjg) = [or,(~)Ria~J, 
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with 

(5.20 ) 

That the background clwl'ge of 9 is more cOl11plicntcd is cxpcctcd nt'cording t,o 

the cquution (5.21). 

Let us no\\' claborate on the frcc fi('ld rcnlizntioll of the $/t( 11 h paraf('rmion 

thcOl·Y. The subl'titution of (<p, u; v) by (B,.f; g) in (3.1D) (acconlillg to (5.20) 

through (5.23)) and the relation (5.17) cnnblc us to rcnd off thc frcc field re-

alization of the slI(n),. parafel'mion Clll'rcnts. Ind('cd, the paraferlllÎoll (,\ln'('uts 

corrcsponding ta the negat.Î\·c roots and positi'\'c simple roots of sl/(n) arc thus 

repl'eselltcd in tcnns of (n, f; g) as 

'I/;-er = -;û.fo exp(iFo ) + L ô.fo+pcxp(i(F'o-1 p - Fp)), 
vk ~E~+ 

( 5.27) 

il>., 

)- 1 Il 

~ , ..... 
'Ij..('() = V'a) (0) + ~ 1/)0) (1 <) + ~ 1:'0) (l », (5.28 ) 

1=1 1=;+2 
wllel'e C\' stands fur positiye l'oots, C\') (j = 1, ... , n - 1) dcnotes thc simple 

positi\'c roots, while the relation fJ > a has alrcndy becn cxplnincd below the 

cquation (3.21) in chaptcr 3, and 

~'(YJ(O) = -;((O!~ -j)ûf) + ~ L ôgp[-(o~ + 1-j)AoJp 
vk vk PE6.+ 

)-1 

+ L C\" Û';Aop + 2)A(I)I1- A(I,J+t)P)]} exp(-iF))(5.2D) 
oE6.+ 1=1 

(5.30) 

(5.31) 

The notation (ij), somctirncs used for su(n) roots, is cxplaincd in (3.11), and 

the fields F cr arc dcfincd by 

(5.32) 
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In R1\l11l11f1Q', thc equntions (5.27) through (5.32) constitute thc frce field re-

alizatioll of the S1f( nh pnrafcrmion currents. This is the ana log of the \Vakimoto 

rcalizntion of slI(n)k gi\'cn in (3.19) through (3.21). To conclu de this section let 

liS mention that a full field renlization of the su( 71)1.. parafcrmion mode! must 

include, in addition to the parafcrmion currents, the screening currents. In this 

regard, wc note thnt provicled thnt the scrcening currents of sue n)k are derived 

in tcrms of (cp. lIj v), the screening currents of the SIl( n h parafermion mode! can 

cilsily he obtaincd in terms of (B, gj f) through the relations (5.20) to (5.23) and 

the moclding out of the n fields. 

5.2.2 Exumple: the su(3)k parafer111Îon mode} 

Fol' the sake of illustration, let us present the explicit field l'ealization of 

the ,sU(3)k parafcl'mion currents and screening currents in tenns of (B, fj g). To 

avoid encumbcring the notation. the t\VO simple roots of su(3) arc denoted by 

1 und 2, whereas the compound one by 3. The \Vakimoto realiz~tion of SU(3)k 

gi\'ell in chapter 3 and the relation (5.17) imply the following free field realization 

of the su(3)1.. parafermion currcnts: 

1,/'-1 = - .Îf[ûf1 exp(iFt) + 8h exp(i(F3 - F2 ))], 

1P-'l. = - :"ah cxp(iF2 ), 
vk 

1/'-3 = - :"ûh exp(iF3 ), 
vk 

'h = - ~[(k + 2)û/I + ~ "'(al' ai - (k + 3)0i1)Ail8g,] exp( -iFt) 
vI.- vk7 

- .Îfûh exp(i(F2 - F3 )), 

105 



, 
, 

1· 
?P2 = - ~[(k + l)ôh - VkI:A21ôgdexp(-iF2) 

1 

+ ~ô.ft exp(i(Ft - F3 )), 

i 1 
1/-'3 = 1t.[(I.: + 2)ôh + It. ~(C\'1 • '-Yi - (k + 3)8,dA il Ôg,] exp( -i(Fl + Fz)) 

vk vk7 

+ ~[-(k+ l)âh + v'k2:A31âg1]exp(-iF3). 
1 

(5.33) 

The SU(3)k purnfermion scrccning currcnts split Llto two classes. The first. 

cluss screening currcnts arc not cxpressed as pure exponclltial tcrms and arc 

associatc<.l with the two simple roots; thcy rcnd 

s~-) == - iû/t exp(iG1), 

S~-) == - Wh cxp(iG2 ) - Wh exp(i(G3 - OJ )]. 
(5.34) 

On the contrnry, the second class sCl'cening currents arc expresscù as purc cxpo

ncntial tCl'ms and are associatccl \Vith the negntive and the simple positive roots. 

They are gh'cn by 

s~i) == exp( -ifI), 

s~~) = exp( -if2), 

S <+) ('f' ) -3 == exp -z 3 , 

s~i) = expi(fI - a~Ol), 

s~~) = L exp i{/2 + il - a~02 
neZ 

The Ga ficlds introduced in (5.34) and (5.35) are defined by 
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5.2.3 Rcalizatioll in ter ms of cOl1strained fields 

As wc have SCCll, su(nh KM cm"rcnts written in terms of the orthonormal 

fields (D,fi!)), nllow the tt(l)/:-l factorization in a natural way, and thereby 

the free field ren1i2ntÏon of the su(n)k parafermion model can be readily de-

rh'cd. Howevcr, as far as the primary fields, that is, the representations of the 

parafcrmion algcbra, are concerned, this set of fields (B, fj g) proves to be in

convcnient ill that it makes harder the derivation of the free field realization for 

the SU ('II h parafermion primary fields from that of the sue n)k primary fields, 

through the modding out of B. To see that, let us consider the Wakimoto real

ization of the primary fields of sue n)k. It reads in terms of the fields (cp, Ui v) as 

[20] 

(5.37) 

\vhcre the r-cornponent vector A is a highest weight of su(n) and À is a weight 

bclongiIlg to this highest weight represeutation. Again to factor out the B field 

let us substitute the fields (c.p,'UiV) in (5.37) with the fields (B,fi9) by means 

of the relations (5.20) through (5.23). This leads to 

(5.38) 

Aftcr factorization, the parafcrmion primary field 4>A>. reads 

(5.39) 

As a check, let us verify that the conformaI dimensions of these fields are con

sistcut \Vith each other. They are evaluated inclependently using their respec

th'e ba.ckground charges. Thus, they are derived respectively for ~ A,\, <Ph,\ and 
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exp[- ~/\ . El as 

A· (A + 2p) 
hl = ? 2 , 

~C\'+ 

h
2 
= A . (A + 2p) _ ,\2 

2C\'~ 2A' ' 
,\2 

h3 =-. 
2k 

(5.40) 

Clear1y, hl = 11.2 + 123 as expected. Taking into account the cquntion (5.32), the 

above expression (5.39) is indced cumbersomc and not suitable for tlw compu

tation of the parafermion correlation functions for exampl~. Ta makc it more 

tractable let us definc the following r-componcllt fields: 

(5.41 ) 

where the fields Ea are defil1ed as 

(5.42) 

It can easily be checked through (5.42) and (5.32) that the fields cPl and <P2 arc 

orthonormal with a Lorentzian signature (+; -). In terms of thcse fields, the 

cumbersome expression (5.39) of the su(nh parafcrmion primary fields rcduccs 

to the following simple form: 

(5.43) 

Consequently, the 2r fields <Pl and </>2 prove to be convcnicnt to rcprescnt the 

parafcrmion primary fields. Howevcr, as the old basis (J; y) involves 2R fields, 

we must then complete the new basis with 2(R - r) new fields. As <Pl and <P2 
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lIre cxpresscd as surns over positive roots of lOt and gOt, we propose then the 

following forrn for the latter fields: 

(5.44) 

whcre 1er Ill'd gOt are l1ew fields assumerl to he independent of 4>1 and 4>2. But 

thcn thcir nurnber 2R is 2r larger than what is needed. In faet, this prohlem is 

llll.turally solvcd bccausc these fields are not linearly indepcndent but satisfy 2r 

constl'aints. This can he read off from the orthonormali ty of lOt and gOt together 

with thnt of <Pl and <Pz, which yielcl 

(5.45) 

(5.46) 

(5.47) 

Thus, the l1ew basis, which is suitahle for the field realization of the parafermion 

primary fields, involves the fields (<PI ,lOt; <P2,gOt), with the constraints (5.45). In 

titis new basis, the cnergy-momenturn tensor of the parafermion theory Tp reads 

wJJCre the primes denote derivatives. Our energy-momenturn tensor, containing 

the cOllstraincd fields ler and gOt) coincides \Vith that obtained in reference [36]. 

It also proves that the set of orthonormal fields (Jj g) is equivalent to the set 

of constraincd fields (tPI) lj <P2' g) in representing the suC n)k parafermion mode!. 

To conclude this section, let us note that the expression Tp in (5.48) can easily 

be obtninec1 From the energy-momentum tensor in (5.14) through the following 
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(5.40) 

5.3 Fl'ee field realizatioll of the coset model su(n)k x su(n)tfs1t(n)A:+t 

III this section, "-c address the frec field realization of the COBet modcl 

C == su(n)k X su(n)ejsu(n)kH_ Af argued in the previons sections the slI(n)k 

parafermion model is isomorphic to the coset model su( n),t / 1l(1)i:, withotIt nny 

background charge associatccl with the 11(1Y B field. Sunilarly, wc may cx

pcet the su(n)k pnrafermian 1110del ta be schematicnlly exprcsscd as C/ll(l)~. 

tl(1)~ rncans that now the B field does havc a background charge denotcd by n. 

This cnn he seCl1 from the cel1tral charges. Indeec1, since the central chnrgc of 

su(n)k is lèd/(k + 17,) (d = n2 - 1), the central charges c, Cp and Cn of C, su(n)k 

parafcrmion model and u(1)~ are respectively given by 

C = Cp + CB, (5.50) 

kd 2R(k -1) 
Cp= ---r = , 

k+n k+n 
(5.51) 

knd 
CB = r - k'(k + k')' (5.52) 

where r = n - 1, R = n(n - 1)/2 and k' = e + n. The equation (5.52) clearly 

revcals that the background charge associated with the il field is now nonvan-

ishing. 

As indicated in references [50,51], the frcc field realization of the coset C 

is derived through the Goddard-Kent-Olive procedure [331 in a nontrivial asyrn

metric \Vay. The currents of su( n )k+l are not, as usual, direct SUffiS of thosc of 
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.<''II(n)1.: and .su(n)c, cxcept the Cartan subalgebra currents, which are still con

strueted in the standard way. In faet, sue n h is expressed in tenDS of (B, fj g) 

with the encrgy-momentum tcnsor as given in (5.24), whereas both su(n)t and 

$u(nh+t arc realizcd in tcrms of (<p,UajV o ), whosc energy-morncntum tcnsors 

l'cad as in (5.14). FUl'thcl'morc, thc fields (uojVa ) corresponding to both su(n)t 

and su(n),.+1 are idcntificcl. These conditions translate into the following rela

tions (the subscripts uf the fields indicn.te which algebras the fields are associated 

with): 

T = TI.: + Tf - Tk+l 

= Tp - ~(ÔBk? - !(D<Pl? + !(Ôlf'k+t? 
2 2 2 

+ ip . 82 
( ~<Pt - Vk + C + n!Pk+t') , (5.54) 

whcre T, TI.: and Tp stand respcctively for the energy-momentum tensors of 

C, su(n)l.: and the su.(nh parafermion mode!. In (5.54), T - Tp is then the 

cncl'gy-momentum tensor of u(l)~. It can be further simplified if we express it 

in terms of thc field B, which is defined to be orthogonal to c.pl.:+t. It can readily 

he chcckcd thl'ough (5.53) that B reads as 

(5.55) 

In tcnus of B, the encrgy-momentum tensor TB = T - Tp of u(l)~ reduces to 

(5.56) 

This TB yiclds the following central charge CB: 

(5.57) 
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The idcntification of this Cn \Vith that gi\'cn in (5.52) detel'mines the' background 

charge associated wi th n as 

ŒO = k/ v'kk'(k + k'). (5.58) 

Let us now sketch the fI' cc field l'ealization of the scrcclling CUl'l'cnts of the 

coset moclel C. These scrcening cul'rcnts cau be cxpresscd as the pl'odnds of 

the parafermion currents and a vertex operator exp( ha . B) in sueh a way t.lmt. 

their conformaI dimension is 1, that is, 

(5.59) 

(5.GO) 

whel'e 6 1 = 1 - ar /2k and the scrccning CUl'l'cnts S~) arc associated with the 

positive and negatiyc simple l'oots ai. Solving the quadl'ntic cCluat.ion (5.GO) in 

'Y±, we obtain 
'Y+ = (k + k')/ .)kk'(k + k'), 

"'(_ = -k'/ v'kk'(k + k'). 
(5.Gl) 

To conclude this section let us briefly sketch thc frec field rcalization of the 

primary fields cI> of the coset model C. Again, they are obtail1cd as products of 

the parafermion primary field l/JÂ,Â' as givcl1 in (5.43), and the vcrtcx opemtors 

exp(i{3. B), for some (3, 

cI> = rPA,A exp(if3 . D). (5.62) 

The equation (5.62) means that the conformaI dimension h of (I> is given by 

where 

h = 6.(A, A) + hp, 

6(A A) = A· (A + 2p) _ A2 
, 2a2 2k' + 

1 _ 
hp = -{3. (f3 - aop). 

2 
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Now let p E P~ and q E p~+t, with the symbol P~ bcing the set of dominant 

wcights of lcycl k, i.e., 

p! = {plp' Ài ~ 0; P . P ~ k}, (5.65) 

where Ài denotcs the fundamentai weights of su(n). Then if we choose f3 as 

(k + k')p - k'q 
f3 = -- -'-VrÂ:::=::' k=::' (::=k +===;::k'~) , (5.66) 

we recovcr the spcctrum of the conformfll dimensions of the primary fields «JI as 

given in rcfcrence [42]. 

5.4 Conclusions 

In this clwpter, we have constructed two free field realizations of the su(n)k 

parafermion mocle!. The first one is appropriate for the parafermion currents 

whercas the second one is suitable for the parafermion primary fields. vVe have 

also dcrived the free field realization of the screening currents of the SU(3)k 

pnrafermion mode!. Finally, we have sketched the free field realization of the 

coset mode! C == su(nh x su(n)tfSll(n)k+i' !ts energy-momentum tensor, 

SCl'CCl1illg currents nnd primary fields are expressed in tenns of the fields re

alizing the 8U( n)k pmafel'mion modcl and u(l)~. A case of particular interest is 

e = 1, \\'hich menns that C is nothing but the lVn algebra [151. Therefore, the 

nl1fllysis presentcd in the section 5.3 is also valid for the Wn algebra. Moreover, 

the frce field rcnlization of the Stt(3)k parafermion model suggests that the the

ory of the scrccning currcnts presented in chapter 3 in the case of Kac-Moody 

algebrns can also be applied to the parafcrmion algebras. Finnlly, let us mention 

that the rcsults obtainecl in this chapter can be straightforwardly generalized to 

a parafcrmion 1110dcl associated with any other Kac-Moody algebra. 
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Conclusions and outIook 

In this thesis wc have shed some light on two-dimcnsional ('onformal field 

theories (CFT's), and we hope that new insights iuto this rnrid1y clp\'rloping 

subject have thereby been gained. Vve have highlighted Hl(' rad t.hat, t,hr f1'('(' 

field realizatioll provides fi comprehensive and solid fnullc\Vol'k to d('sn il)(' S('v('l'al 

extencled CFT's. Although most of t.he analysis pl'csented in t.his t,hesis cali be 

casily gencrnlized to more complica ted cases, further investip,H t.iO!l of tlw f1(\(\ firld 

rcalization is cCl'tainly neccled, in particulnr, t.he \Ise of the S('l'('t'llÎll)!, clment.s, 

\\'hich arc cxpresscd as infinite S\11l1S of tCl'ms, in Ol'der tn explicit.ly cOl\lpnt,(· 

the charad('l's, the fusion l'nIes ;mel the correlation f1\llctiollS of CFT's \Vi 1.11 

Kac-Moody aIgcbras. A detailed stucly of the sll(3),. Kac-~Jo()dy alp.,l'hra which 

feat.ures aU of the ~haracteristics of general Kac-Moody algt'hras may S('l'V(' as a 

usefulorientation. So far this frce field rcaliznt.ion has bccll app1i('d only t,o CFT\, 

that are valid just at some critical poillts (dimensions), it w011lel 1)(' int.cn·st,Înl; 

to explore i ts possible applications to non-conformai t,wo-dimcnsÎOllll 1 t,heoricH 

such as perturbed CFT'::; and intcgrable models, Finally, let \lS note that. t.he 

classification of aU rational CFT's is still an open problcm, which il'l far fl'Om 

being solved. 
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Tablc 1. 

Table captions 

The vectors J~Ot and j":fOt for the KM root currents of SU(2)k. The 

:U'st column denotes the KM current, the second column the enumer

ation of the individual terms, the third, fourth, and fifth columns are 

the cornponents of thesc vectors, in the round-bracket notation (see 

equations (3.16) and (3.18)) along the directions <p, U(12), and V(12) re

spectively. The first row in each case is JI, and the second row is J. k 

is the lcvel of the KM algebra. 

Table 2. (a): The dot product ja. J'b j (b) the dot product ja. Jb, calculated 

from Table 1 and formula (3.17). 

Table 3. The vcctors J~Ot and j":fOt for the KM root currents of SU(3)k' The 

Table 4. 

Table 5. 

first eolumn denotes the KM eurrent, the second column the enumera

tion of the individual terms, the third, fourth, and fifth columns are the 

components of these "edors, in the round-bracket notation (see equa

tions (3.16) and (3.18)), along the directions <p, UOt, and Va respectively. 

The first row in each case is JI, and the second row is J. In or der to 

fit everything into the table, we have used the abbreviation kl == k + i, 
where k is the level of the KM algebra. 

(a): The dot product Ja . J'b j (b) the dot product ja. Jb, caleulated 

from Table 3 and formula (3.17). The solid horizontallines separate 

the different KM currents; the ùatted horizontal lines delineate the 

different irreduciblc units within a KM eurrent. 

The vectors J~Q and J":fa for the KM root eurrents of Sp(4)k' The 
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Table 6. 

first column denotes the 1\1\1 currcnt, the second COlUlllll t.he ClltII\1Cl'

ation of the inclh'iclual terms, the third, fourt.h, and fi ft h coltllllllR art' 

the components of these Y('dors, in the n.1\1lld-hrm·kd notation (R('(' 

equations (3.16) and (3.18)), along the directions 'P, 11 0 , and"", resp('c

tively. Sec the text for notations of the roots. Th" first. row in ('ach 

case is J', and the second ro\\' i8 J. In order ta fit ev('rrthing into the' 

table, we have uscd the abbre\'iation 1.'\ == k + i, and k: = (1.'/2) + i, 

where 1.: is the level of the KIVI algcbrn, which in this case lllUSt. hc él 

positive e\'en integer. 

(a): The dot product Ja. J'h; (b) the dot product .1(1. J", C'nlculatcd 

from Table 5 and formula (3.li). The soHd horizontnllillcs separai.<' 

the cliffercnt KM currentsj the dotted horizontal litH's delinC'at,e tl1C' 

different irrecluciblc nnits wit.hin a K~l currcnt.. 

Table 7. A recapitulation of the vanotls lattices illvolvcd 111 the frC'e field 

realization of the CFT with a lY3 algebra. 

Table 8. The mappings of the positive sector screening charges Q;, i = 

l, ... ,6, in (4.54) among the six classes of the ''''3 suhmodulcs, which 

are defincd in (4.55). 

Table 9, The mappings of the negativc sCl'eenillg charges Q;, i = 1, ... ,G, in 

Figure 1. 

(4.57) among the six classes of the lV3 fiUhmod1l1cs, whieh arc dcfincd 

in (4.55). 

Figure Captions 

An example of a conformal transformation that preserves the local 
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angles in string theory. 

Figttre 2. An example of a conformaI transformation that preserves the local 

angles in two-dimensional statistical mechanics. 

Figure 3. The contours involved in the computation of the commutators in 

the radial quantiimtion. 

Figure 4. : The embedding structure of the Verma submodules in the minimal 

models. 

Figure 5. 

Figure 6. 

Figure 7. 

Figure S. 

The fundamentnl hexagons describing via the screening charges Qt 
the embedding structure of the lV3 submodules (4.55). 

The fundarnental squares describing the enhancement of the emben

ding structure of the l-V3 submodules, when Qi are taken into account. 

A plane projection of the whole ernbedding structure; this is ob

tained by using the Qt only. Notice that this embedding structure is 

the sarne as that of the SU(3)k Kac-Moody algebra [3S]. 

This corresponds to the straight lines in Figure 7 that cross the 

primary state A(O,O). They are folded at A(O,O) so that they exhibit 

the embedding of the Virasoro modules (see Figure 4) in the H'3 ones. 

The same kind of diagram corresponds to any straight line in Figure 

7, and the tip of this diagram will be the unique point (module) from 

which two arrows, pointing in opposite directions, emerge. 
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Table 1 

1 (12) (12) 
J-(12) 1 a 2 2 

a -2 0 

J+(12) 2 a -2 -2 
2(k + 2) -2(k + 1) -2(~' + 2) 

Table 2a 

1 2 
1 -1 1 
2 1 -1 

Table 2b 

1 2 
1 1 l· + 1 
2 k+1 1 
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c Table 3 

1 2 (12) (23) (13) (12) (23) (13) 
.1 -(12) 1 0 0 2 0 0 2 0 0 

0 0 -2 0 0 0 0 0 
.1-(12) 2 0 0 0 -2 2 0 -2 2 

0 0 0 0 -2 0 0 0 
.1-(23) 3 0 0 0 2 0 0 2 0 

0 0 0 -2 0 0 0 0 

.1-(13) 4 0 0 0 0 2 0 0 2 
0 0 0 0 -2 0 0 0 

.1+(12) 5 0 0 -2 0 0 -2 0 0 
21..'3 -1.:3 -21.:2 0 0 -21..:3 0 0 

.1+(12) G 0 0 0 2 -2 0 2 -2 
0 0 0 -2 0 0 0 0 

.1+(23) 7 0 0 0 -2 0 0 -2 0 
-1..'3 21..'3 0 -21..:} 0 2 -21.:2 -2 

.]+(23) 8 0 0 2 0 -2 2 U -2 
0 0 2 0 0 0 U 0 

.1+(13) 0 Ù 0 -2 - ,") 0 -2 -2 0 

( 
-21.:3 '':3 21..'2 0 0 21..:3 0 0 

.]+(13) 10 0 0 0 0 -2 0 0 -2 
1..'3 1..-3 0 0 -21.: 1 -2 -2 -21.:2 

( 
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Table 4a 

1 2 3 4 5 6 7 8 9 10 
1 -1 0 a 0 1 a a -1 1 0 -------- ---------- ---------
2 a -1 a -1 0 1 a 1 0 1 
3 0 1 -1 0 0 -1 1 0 1 0 
4 0 -1 a -1 0 1 0 1 0 1 
5 .J __ 9 __ 9 __ Il _.:-! __ o. _ Il __ l_ .:-J __ O_ 
6 0 1 -1 0 0 -1 1 0 1 0 
7 -1 0 1 1 1 0 -1 -2 0 -1 
8 1 0 a 0 -1 a 0 1 -1 0 
9 -1 0 0 0 1 0 0 -1 1 0 
10 1 0 1 1 -1 0 -1 0 -2 -1 

Table 4b 

1 2 3 4 5 6 7 8 9 10 
1 .) __ .9 _ .0 __ Q .. k.2 __ Q __ 0 ___ -J .. -=-~2_ . Q 
2 0 1 a 1 0 0 0 0 a k1 

3 0 0 1 0 0 1 kt 0 0 0 
4 0 1 0 1 0 0 0 0 a k l 

5 • f}'l .. Q .. Q . _ 0 __ .!. __ Cl __ 0 __ .:-1-~ _ .:-J __ Q. 
6 0 0 1 0 0 1 kl 0 0 0 
7 0 0 kl 0 0 kl 1 0 a 1 
8 -1 0 0 0 - k2 0 0 1 k2 0 
9 - k2 0 0 0 -1 0 0 k2 1 0 
la 0 kt a kt 0 0 -k 0 0 -1 

120 



Table :; 

1 2 (12) (2) [12] (1) (12) (2) [12] (1) 
J-(12) 1 0 0 2 0 0 0 2 0 0 0 

0 0 -2 0 0 0 0 0 0 0 
J-(12) 2 0 0 0 -2 2 0 0 -2 2 0 

0 0 0 0 -2 0 0 0 0 0 
J-(12) 3 0 0 0 0 -2 2 0 0 -2 2 

0 0 0 0 0 2 0 0 0 0 
J-(12) 4 0 0 -2 -2 0 2 -2 -2 0 2 

0 0 0 0 0 -2 0 0 0 0 

J-(2) 5 0 0 0 2 0 0 0 2 0 0 
0 0 0 -2 0 0 0 0 0 0 

J-(12) 6 0 0 0 0 2 0 0 0 2 0 
0 0 0 0 -2 0 0 0 0 0 

J-(12) 7 0 0 -2 0 0 2 -2 0 0 2 
0 0 0 0 0 -2 0 0 0 0 

J-(I) 8 0 0 0 0 0 2 0 0 0 2 
0 0 0 0 0 .L.2 0 0 0 0 

J+(12) 9 0 0 -2 0 0 0 -2 0 ,0 0 
2k6 -k6 -2k4 0 0 0 - 2ks 0 2 -2 

J+(12) 10 0 0 0 0 2 -2 0 0 2 -2 
0 0 0 0 2 0 0 0 0 0 ( 

J+(12) 11 0 0 0 2 -2 0 0 2 -2 0 
0 0 0 -4 0 0 0 0 0 0 

J+(2) 12 0 0 0 -2 0 0 0 -2 0 0 
-kG kG 0 -k2 0 0 2 -k. -2 0 

J+(2) 13 0 0 2 0 -2 0 2 0 -2 0 
0 0 2 0 0 0 0 0 0 0 

J+(12) 14 0 0 0 0 -2 0 0 0 -2 0 
0 k6 0 o -2k2 0 -2 -4 -2k3 -2 

J+(12) U 0 0 2 0 0 -2 2 0 0 -2 
0 0 -2 0 0 0 0 0 0 0 

J+(12) If 0 0 -2 -2 0 0 -2 -2 0 0 
-2k6 k6 2k4 0 0 0 2ks 0 -2 2 

J+(12) 17 0 0 0 -2 2 -2 0 -2 2 -2 
0 0 0 0 -2 0 0 0 0 0 

J+(I) lS 0 0 0 0 0 -2 0 0 0 -2 
kG 0 0 0 0 -kz -2 0 -2 -k4 1-. 

1~ 0 J+(I) 0 0 -2 0 -2 0 -2 0 -2 
kG -k6 -kG 0 k. 0 -k6 0 kG 0 

J+(I) ~( 0 0 0 2 -4 0 0 2 -4 0 

(~ 
0 0 0 -2 0 0 0 0 0 0 
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Table Ga 

1 2 3 4 5 6 7 8 9 10 
1 -1 0 0 1 0 0 1 0 1 0 
2 - 0 - ---1- - f - -0 - - 0 - -":f -0- - -0- - 0 - ---1 

---------------------------3 0 0 1 1 0 0 1 1 0 -1 ----------------------------4 0 0 -1 -1 0 0 -1 -1 0 1 
5 0 1 0 1 -1 0 0 0 0 0 
6 0 -1 1 0 0 -1 0 0 0 -1 -----------------------------7 0 0 -1 -1 0 0 -1 -1 0 1 
8 0 0 -1 -1 0 0 -1 -1 0 1 
9 1 -1 2 0 0 -1 0 1 -1 -2 
to _ Q __ ! ___ 1 __ 0 ___ 0 __ ) __ Q. __ 0 ___ 0 ___ I_ 

II 0 2 0 2 -2 0 0 0 0 0 
12 -1 0 -1 0 1 1 1 0 1 1 
13 1 0 0 -1 0 0 -1 0 -1 0 
14 1 -1 0 -2 2 1 0 1 -1 0 
~5 -1 0 0 1 0 0 1 0 1 0 l6 -':1- - ï - --"2 - -f - -0- - - f - -0 - -':-1 - - ï - - 2 
ï 7 - 0 - ---1 - -1 - - 0 - -0 - =-i - -0- - 0 - - 0 - --1 
18 1 1 0 0 0 1 0 1 -1 0 
19 0 -1 1 0 0 -1 0 0 0 -1 
~ ---------------------------------
~O 0 1 0 1 -1 0 0 0 0 0 

11 12 13 14 15 16 17 18 19 20 
1 __ Q __ Q __ -:1 __ Q __ -:1 __ ! __ q __ q __ ! __ .9 
2 1 0 1 1 0 0 -1 0 1 2 -- - - - - - - - -- - - - - - - - - -- - -- -----
3 o 0 0 0 -1 0 -1 -1 0 0 -------------------------------4 0 0 0 0 1 0 1 1 0 0 
5 -1 1 0 0 0 1 1 0 0 -1 
6 1 0 1 1 0 0 -1 0 1 2 - -----------------------------7 0 0 0 0 1 0 1 1 0 0 
8 0 0 0 0 1 0 1 1 0 0 
9 1 0 2 1 0 -1 -2 -1 0 2 
!Q -1 0 -1 -1 0 0 1 0 -1 -:~ 

11 - ':'2 - -2- - -0- - -Ô - - 0 - - 2 - - 2 -- -0- - -0 ~ -...::~ 
12 0 -1 -2 -1 -1 0 0 0 0 -1 
13 0 0 1 0 1 -1 0 0 -1 0 
14 1 -2 0 -1 0 -3 -2 -1 -2 0 
!S o 0 -1 0 -1 1 0 0 1 0 

~6 
-':1 - 0--..:-2----1- -0- --( --2-- -1"' -'0- - ~i 
- -- - - --- - - ---- -- - - - - - - -- - - - - - -- -ii 1 0 1 1 0 0 -1 0 1 2 

la -1 0 0 -1 0 -1 0 -1 -2 -2 
U 1 0 1 1 0 0 -1 0 1 2 
20 -.: ï - -1- - -0 - - 0-- -0- - -( - - f - -0 - - ô - -':'1 
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Table 6b 

1 2 3 4 5 6 7 8 9 10 
1 1 0 0 0 0 0 0 0 kt 0 
2 - - 0 .. -1- - • 0 - - 0 - -f - ï - - '0 - - fi - - 0 - - --:1 

r-3 ~ ~l[ ~ ~ ~(-_ -)_-.-_~ï~~( = =0= = =( _::Ï_ ~ 1>~ ~-_Q.-
4 0 0 -1 1 0 0 1 1 0 0 
50000100000 
6 0 1 0 0 0 1 0 0 0 -1 ---------------------------------7 0 0 -1 1 0 0 1 1 0 0 
8 0 0 -1 1 0 0 1 1 0 0 
9 k4 0 0 0 0 0 0 0 1 0 
~(] _ .0_. _ :-~ __ l! __ Cl __ 0 __ .-.1 __ .0 .•. Q. __ 0 __ .1_ 
11 0 0 0 0 2 0 0 0 0 0 
12 0 0 0 0 k~ 0 0 0 0 0 
13 -1 0 0 0 0 0 0 0 - kt 0 
14 0 k2 0 0 0 k2 0 0 -3 -kz 
1 ~ _) _ _ 0 0 _ 0 _ Q _ _ 0_ _ _0_ _ .9 _ _ ~t _ _ _ Q. 
16 -kt 0 0 0 0 0 0 0 -1 0 
17 -·0-· - i - - - 0 - - 0- - 0 - - ï . - 0 - - 0 - - 0 - - -.: ï 
lS 0 0 -k~ k~ 0 0 k~ k~ -k~ 0 
Hl k6 - k~ 0 0 0 - k~ 0 0 0 k~ 
2Ô - -0- - - 0 - - -0- - - 0 - ï· - -O· - -0- - 1> - - fi - - -0'-

11 12 13 14 15 16 17 18 19 20 
1 o 0 -1 0 1 -k4 0 0 kG 0 
2 -0 - - 0 - - 0 - - k

2 
- - -0- - 0 - - -[ - - ·0- - --1ï - 0 ___ .: _____________________ • 2 ___ 

3 o 0 0 0 0 0 0 - k' 0 0 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 1. _ _ _____ 

4 o 0 0 0 0 0 0 k~ 0 0 
5 2 k' 1 0 0 0 0 0 0 0 1 
6 0 0 o k2 0 o 1 0 -k~ 0 

- Ô - - 0- o -0- - ·0- - -0- - -- -- --- --- - ,---
7 0 0 k1 0 0 
8 0 0 0 0 0 0 0 k' 1 0 0 
9 0 0 -kt -3 kt -1 0 -k~ 0 0 
!C o 0 0 -k2 0 0 -1 0 k' 0 _ .. _ •. __________________ • _ 1 ___ 

11 4 k2 0 0 0 0 0 0 0 2 
12 k2 1 0 -k 0 0 0 0 0 k~ 
13 0 0 1 0 -1 k4 0 0 -k~ 0 
14 0 -k 0 1 0 3 k2 -k~ -4 0 
~~ o 0 -1 0 J __ -_k'l _ _ 0 ___ 0 __ _ k§. _ _ Q 
1~ - fi - -0- - k

4
- - -3- - -k4 1 0 k~ 0 0 

ii ------------------------r--o 0 0 k2 0 0 1 0 -k2 0 
1S 0 0 0 -k~ 0 k~ 0 1 0 0 
U o 0 -ka -4 k6 0 -k' 0 1 0 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ :!.2_ _ _ _ _ _ _ _ 

~C 2 k~ 0 0 0 0 0 0 0 1 
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Table 7 

Ao basis vcctors l} := 2p(p + 1) 12 := 6p(p + 1) 
A ·.j2pet pep + 1) 3PCp + 1) 

V2pet p(p + 1) -3p(p + 1) 
V2(p + l)eï -pep + 1) -3p(p + 1) 
V2(p + l)e2" -pep + 1) 3p(p + 1) 

v2ao V"2aQ 2 0 
Ae J2et p+l 3(1) + 1) 

J2et p+l -3(p + 1) 
J2-_el -p -3p 
v'2-_e2 -p 3p 

Ap == A* V"2f31 0 2 
v'2f32 1 1 

o 
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Table 8 

A(k1 , k2 ) B(k1 , k2 ) C(k 1 , k 2 ) 

Qi D( - k 1 , k 1 + k2 ) F( -k1 , k 1 + 1.'2) E( -k1 , k l + k2 ) 

k 1 2:: 0 k1 > 0 k1 > 1 
Qt E(k1 + k2 ,-k2 ) D(k1 + k 2 , -k2 ) F(k} + k 2 , -k2 ) 

k2 > 0 k2 > 1 k2 > 0 
Qt D(2 - k1 ,k} + k2 -1) F(2 - k1 , k} + k2 - l) E(2 - k1 , 1.~1 + k2 - 1) 

k 1 < 0 k1 < 0 k1 < 1 
Qt E(k1 + k2 - 1,2 - k2 ) D(k l + k2 -1,2 - k2 ) F(k} + k2 - 1,2- k2 ) 

"'2 < 0 k2 < 1 k2 < 0 
Qt F(-k2 , -kt) E(-k2 , -kJ) D(-k2 , -kt) 

k 1 + k2 > 0 k1 + k 2 > 1 k1 + k 2 > l 
Qt F( l - k2 , 1 - k1 ) E(I-k2 ,1-kJ) D(l - k2 , l - k1 ) 

k 1 + k2 < 0 k 1 + k 2 < 1 k1 -1- k 2 < l 

(~ 
D( k1 , k2 ) E(k!, k2) F(k1 , k 2 ) 

Qi A( -k1 , I.'} + k2 ) C( -kt, k} + k2 ) B( -k1 , k 1 + k2) 
k1 > 1 k} > 0 k1 > 1 

Qt B(k1 + 1.'2, -k2 ) A(k1 + k 2 , -k2 ) C(k1 + k 2 , -k2 ) 

k2 > 0 k2 > 1 k2 > 1 
Qi A(2 - kt, k1 + k2 - 1) C(2 - k1, k 1 + k2 - 1) B(2 - kt, k} + k2 - 1) 

1.'1 :::; 1 k1 < 0 k1 < 1 
Qt B(k1 + k2 - 1,2 - k2 ) A(k1 + k2 - 1,2 - k2 ) C (kl + k2 - 1, 2 - k2 ) 

k2 < 0 k2 < 1 k2 < 1 
Qt C( -1.:2 , -kt} B(-k2' -kt} A(-k2, -kt) 

1.'1 + k2 2:: 0 k 1 + k2 ~ 0 k1 + k2 > 1 
Qt C(l - k2 , 1 - k1 ) B (1 - k2 , 1 - kt) AC 1 - k2, 1 - k1 ) 

k1 + k2 < 0 k 1 + k2 < 0 k1 + k 2 < 1 

( 
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Table 9 

.4(k}, k2 ) B(k},k2 ) C(kl ,k2 ) 

Qï D(k}, k2 ) E(kl ,1.:2 ) F(!"} , ""l) 
k} < 0 "'} + 1.:2 > 1 k2 :::; 0 

Q2 E(kl, "'2) F(k}, 1.:2 ) D("'} , "'2) 
k2 S; 0 "'} S; 0 "'\ + "'2 2:: 1 

Q3 D(k} + 2, "'2 -1) E(I,'} - 1, k2 - 1) FU'\ - 1,/,'2 + 2) 
k} > 0 "'} + "'2 < 1 k2 > 0 

Q4 E("'l - 1, k2 + 2) F("'} + 2,1.'2 - 1) D(k} - 1, "'2 - 1) 
k2 > 0 k] > 0 "'\ + k2 < 1 

Q5 F("'}, "'2) D("'l,k2 ) E(I.'\, "'2) 
k} + k2 < 0 l..'2 > 1 k\ > 1 

Q6 F(l,;} + 1, k2 + 1) D(k} + 1, k2 - 2) E("'} - 2, l..'2 + 1) 
k} + k2 > 0 k2 < 1 k\ < 1 

D(k}, k2 ) E(k},k2) F(k}, k2 ) 

Qï A(k},k2) B(k},k2) C(kl , k2 ) 

k} 2:: 1 kl + k2 :::; 0 k2 2:: 1 
Q2 C(k}, k2 ) A(k},k2 ) B(k},k2 ) 

k} + k2 :::; 0 k2 ~ 1 k} ~ 1 
Q; A( k1 - 2, k2 + 1) B(k} + 1,k2 + 1) C(!':} + 1, k2 - 2) 

k1 :5 1 k1 + k2 ~ 0 k2 :5 1 

Q"4 C(k1 + 1, l..~2 + 1) A(k1 + 1,k2 - 2) B( k} - 2, k2 + 1) 
k} + k2 > 0 k2 SI k\ S; 1 

Q5 B(k1 ,k2 ) C(kl,k2 ) A(k1 ,k2 ) 

k2 < 0 k1 S 0 kl + k2 ;::: 1 

Q6 B(k} -1,k2 +2) C(k} + 2,k2 -1) A(k} -1,k2 -1) 
k2 > 0 k 1 > 0 k} + k2 < 1 
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Figure 3. 
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( ~ (c) ~ ! (c) ~ 1 (c) ~ t 
~(-3.3~(3.0) *E(-1.2l'< 0(,.,* E(1.1) ~0(-1.2) 

~ '(b) \ 1 (b) '\ t (b) \ 

~-8~.4*0~-2,.c-8(-1.2* 0(0.0) ~B(0.O)-~(-1.2) 
~ (a) \ (a) ~ '(a) ~ ~ 

*F(2.2)«-A~-1*F(1.1)-<-A(0.0* F(O.O) ~A(1.1) 
~ ;/ (c) \ ~ (c) \ j (c) \ 

<~~-2~(-2.1~0(2.-1* E(O.O) ~ C(O.O~(2.-1) 
1 (b) \ ~ (b) ~ ~ (b) ~ ~ 

~(3.-3r<-8(0.3) *0(2.-1)(- 8(1.,*0(,.,) ~8(2.-1) 

Figure 7. 

t F(O.O) Q+6 > A(l.l) Q+5» F(-l,-1) 0+6 .. A(2.2) ( 

~ 

~ 
, Q- a-6 0-6 0-6 t 

A(O.O)· 5 > 

0+ a-6 0-5X 0-5 X 0-5 X 
i 

(~ ~ 

.- 6 F(l,l) 0+5 > A(-l,-l) o+? F(2,2) 0+5» A(-2.·2) 
( 

[ 0+ ?f 0(0.0) 0+3 > A(2.-1) 0+, > 0(-2.1) 0+3 > A(4.-2) 
J 

/0-, 0-3X 0-3X 0-3X f 
! 

A(O.O) ~ . 
~ 

0+3 al 0-1 0-1 ~ 0-1 
1 
* 0(2,-1) Q+l» A(-2,1) 0+3> 0(4.-2) 0+, ~ A(-4.2) ï 
~ 
i , . 

Q+ " E(O.O) Q+ 4 >A(-1.2) 0+2» E(l,-2) 0+4 » A(-2,4) 

. ~ 0-4X 0-4X 0-4X A(O,O) 
Q+ Q-4 0-2 0-2 0-2 

4 ~ 
E(-l,2) 0+2 >- A(1,-2) 0+4~ E(-2,4) Q+2» A(2,-4) 

( Figure 8. 129 
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