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An .u«lDCm SJ)tMtS UST 

no tallo-'11'106 :14 fi. U#t or ·tho coat o~1Ily und ~ola. Other 

ft) Sub~1y.ti L~ !n:po.. .. ~erlpu .ulbo ~odto t.ho bea.de 
't1U"".1Ablo, tU :1lqu1.roa • but; tho bu1e ao..~ t:1on ct the 
'nU"'i.Ab.lo tt1l.l :"'O.Min u..~<6O<l. 

(2) J. a_a Qppo4..~.r<6 cm:"' ~ ,.volAblo uill bo u#od. te 1aply 
t.bit Fourio:- t:"O.r..:t'o:r= o.t tho TA. .... bhlo. 

Cl} A.·A a .. p~lJ\ô 01'0:" .. TfU"1.oblo 1II'lll dono~ tb.ot tho 
YarlAhlv b én.luat.ocl :1."\ tho l~. 

(l.) T'ho #j:hol ••• b uMd ~ lr:d.10.At'.O tho oo=plox oonJU6ato. 

~ ooomo.10~tA or tho hA..-=onic olootM.o potont.1ù DX'pIU\don 

ArC:) -upl.1tu4o t&ctor~· for tho "'1'0 llolut:1or .. 

C 
D 

cooff1clonh or t.ho hoaooonoOUI n'ft 101uUona outdclo tho tra."\S­
duocr "610ft 

C
1Jkl

,Olj ol .. nt. or tho ol •• tic ton.aor in tonsot" a.ncl -.trix notation, 
respoot:1YO."l.y 

D, D/2 lon&tb aDd "l-.alt-loQ6't.h" o~ t.bo trtuuuluoor.. ro:lpooU'foly 

cl 

cGapcmonts or the olootr1o dbplaccu:.,nt vootor 

ooo!''t"101onts or the hoeot)OMoua _"0 lolutions wi thin tho tra.rutduoer 
rosiem 

~d th 01" 1nd.1 YidUAl tingors in the trM!lduoor 

componen~ or t.ho Gloetric tlGld 

0::Üj' 01.1 olo:ontl ot tho plo:oo10ctric ton..,or in tor.:;or Md ma.trix nota­
tion, rottpOotivo~ 
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l: rooe... ct' t.bt> lit Meul.Ar O~.!A t:1o.nll! 

w.. docuq C:ON\W-h t'Of' t..~ ~oct:rio potont1Al !'unction 

-
SlJ,S1 C~.ctnt4 or tobo st::-A.i.n 1..= toMOt" lLnd. :Att"U DOtation, roapootlTOl.y 

't':tJ,T1 coo
:poncu'\t~ or t.bo st:ton1n to~or and catrU notation, rospootlvoly 

t tsM 

a ~ pArt1o~o d1~pl.co:ontf also ~tiolo di~plaoo=onta in 

lA)'C' 

y. T
S

' ~ _ft TOlooltir (t;'O.,'\O.NÙ, j)u.rtftCO n.TO, b~ch po1nt,rospooti1'Ol)r) 

YjFtiolo d1çlMo.CfU\U ~ t.bo ~~#t:nlto 

.0 tlll6Ol" o1'O.l"4p. or Apo.rturo, ct tbo tro..~~\"'Oor 

! : ~ }oonI1Mto _. u l.t> ..... o:t4 _. 

".1= ol6O.r.TOctort for tho bo:oeonoous solutions 

r 1J olOMnt.I or tho 6Ono.rol 'lm"" oquAt.iona 

Y1.J the alOMnts r 1j attor applioation or tho Pourior transtor= 

c ,c allants or the dioloct:l"1c tor.aor in ton:aol" And catrti notation, 

!Ill :: rolJMto t1 nly 

, 1. clri Ti.n& terIu t'or tho inhOCDOSOnooua .. " oqua tioNi 

A loft..hand 5140 or the boundary oondition aquAtiona 

p .u aendty 

<> pnoral olootric potontial runotion 
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CU\Pm l 

nrntmtttTlœt 

• ttc ~aco .. ft. in -.e.botr'op!o Mt.o.~lAb. 't"hü intoro:a:t o~~.Mlly 

NW tloI1 :"l-c= ~~!r u"o in u.l t..-A.#o:Ùc dolA.1 U~a lUlr4 ,suidod ftn n:NCt­

~-o~~,.4.S.~.6é. 71 t A.:t ao.l.l u lH:rl'~(!O _'1'0 ~i.rlors27t 12, 75. n. l4oro 

roKontl:t !.t M;:l ~~ :l..~own tl-At. Aoou~'!10 #urr~o "1'0 t'1ltor.# C4."\ ho !'Ab­

rlC4tH28,.l5,&, A.nd #UrtAco lh"'O~ ~. o.OMldoMihlo p:"'OC.i:to ln tho SOnorol 

t"1olc1 or .l11~ p.t"0C04W.s4S,62. l'! M4 boo.n p..ooopotuw! tbAt Aurroco ftTG 

c!OTlco~. W'1t.h p.roporUo~ A.M.l06OU~ to tho~o cr oloc~tio ,","guida 

cloYlco~, CA.~ 'ho do'ftlopod rl th ft. oOf\.llldonblo o'fa.rAll ro4uotlon in a 1&0. 62 • 

le ho.# A.he boon .ho:1m Uult. aAn1 of' t.ho toohn!quo1!l -h!ob oYO-l~ ter the 

L"lAlr-rb ct êlo(}t..~t:1.CI p.""Ohlo~ Clan 'ho ftppl10d te tho IUUÙ.,ys18 --ot 

ftC~ t:1c ,"ye ChtT1ooa'. 

Tho. :atudy o.:" olutlc :.urfiUlO _TOII bO(l;M rlth tho thooroUoal tor­

=:.laUor. rel" "ftll on t..~o rroo :l~ClQ ef IU\ hot:roplQ !leUel by Lord 

R-.ylolsh42 • 1fhloh ... ua lJltor oxtoni04 by I.on4J 
And lA::b'9. In 1924, 

~tonol0)'6~ondc1.roc:ltho nroblo= or olutic _\'Os proPft.6&t1ns at tho interfaco 

or two soad-1r.rln1to bot.Topl0 soUela: h01POTOr, tho. proPfl&At1en cf' olastlc 

... 'IOS on tbo t'roo #urrACO ro:ainod tho do=inant lntoroat tor many yoars. 

'Ilth the lncroA.l1ng aop.~bt1c.t10n ot surfAOO _~o doviou, tho stud,y ot 

• Tho 1ntoruatod. radar -b roforrod to tha excellant ravio. papor by 
Il.K. 1Ihito", rith Us oomploto bibliography. in addition to tho 
goneral bihl.1oçftph,y by S::d th. n.ncl DAl::Ion u. Tho papor of Slo'bocln1k 
and Con_y" cont.a1na oxtonsivo lnfol"lMUon on tho charactorbt1cs 
of ourtaco wavo IllAtodûs. 

.. :-:1 
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r-tÛ.!l U~é)!'J. o.~. "p!oflcool~trl0 l~,r =a..v ho u".xl ta aoltJo ~ùrrfl,QO 
~} 

~". 0;:: ,,~p!o.OCtloot:'!e ~,ub"t:N.to";: • 

:""0«1 _'l'V!l oondM.O'i o!" It.~a$.o V'~~_~t, U".rouÇ: tdùcili el ho:ogol')OOulI 

~ .. '\'" _ .. .., __ .... .1... ...... 1"' 69 O.l. !. ... .. ... 
_~ 'IlIA ... 'IlIA .. "".n,t."". _ ....... "';..:0 " ~_ .. "o,o W'IlYO. • •• nor TV A ...... On!t on WlO 

~"~ ".!lt::-ietoè te tho ô.Jt."lo.n\t-10:l of 'q'f\Ul on froo ~url"U:204. '!'ho intro-

15 .. ) ""1. ituot;,1~ Cor tho ·lntQ:-J.~J.tlÙ.- (ID) t:.~"'..!I4uoo::- " ,1 t .-biob ha. bococo 

;,url'!l.CO W!\<t.:!:l: on U:.Q ~1). ~urtMQ or pio:oolootrio =torlAls, UlI!.:-.g ID 

t:':U-..!lduconJ f hlu: !Jaon tho top10 Olt #nornl Y"pora 15,,}6,58 • or thO!lO 

t~ud:1oZlt t.hAt: by S=Hh ot Al. 58 
h,.IUl boon 'nu'Y .!lucCOD:lful 1.n doridns Il 

-:wxlol- ~t CM ho tHtoc1 to oxp:rr1=ontal dAta. W'lth tho &rowin6 intel'-

ut in l ... voro~ attuoturoo, aCY.:O efforts hA.,. heon œdo te u!te th1a "modol" 

to doac:ribo the 'bohATiour or lD tn.naduaoro in :luch atruotu.-os20,}O,32,60,G1. 

;{o1l'OTClr, • thftON)tlc&l troo.Ù'.Clnt of 3urr.OO -an oxcitation in h':lOrod 

structuros, or the typo porfor=od by Joah! Md 'Whito,6 t'or t.~o f'roe sur-

r.oo, haa not yet buoo ntto:tptod. 



( 

-}-

Un.1~1t;;t Gft tho ~:"A~t1o.n !iN p..""C)~tion cr l'l~OU.5t:'ic ~4CO Wll"tO!l in 

l~ .t:ruotun.a. ln the t~l or '96-9. !ha pw"pOso of theeo o.r1=o=t.a 

ton<.! lJçon or CdS ~4 t.ho p!QIOllllootrlo M.~!Al, ... ~ non-p.1eaoolootr10 

36 
l'Jbatn:o*, Auch A~ ",Uioon: 'rbo ~-k o!" JeJ.h.1 aM 'lMt;o'" b.o4. appoaNd 

oal:r • hw =onth. p.r!œ' t.o '!."I1:U~O lm'OAtlpti0t':4, 'lthU~ the wo:it o.!' Scdth 

ot al. sa .:t~Ant;1 durlns t.h~ c~ot> cr t.ho o...r!=:o.:lh. Tho anLl,yab or 
Jolhl aM WbU.).b .. ~ .... IIt!lthoHc.A:ll.)"· M.tl"tyif\6 in tho ~~:.o that it wu 

b..o4 cm t.."w b'\l'O pl;:r~l~. cr tho prob-lo.:i howo"r', it ... l'olt thllt it 

l.~" oœplot.::on ln H# hlluro to 0'bta1.n the on1'O aolutiona -!.tb.!n 

·tho t.ru:sduoetr t"O&lon. ~ ·St.&ntori Modo).- cr S=ith ot al.58 fta net aa 

:a1t.~. ter' !t b cU.ff1oult te ~tlty wch Il :DOdo.l troo la tbooroti­

cal A%ltÙ..Yd.. ct ~w1'AQO 'QYO boMv'lour; ~thoU6b, undcm1Abl,y~ it could pro-

tien leu problou. l'Cr' ra •. llon: t.hnt "1'0 not tull,y undor!\tood untU =.lob 

hw. Thu:a, it .4 clocidod to po:ltpono tho oxpor1:M2ntAl of tort :ln4 

attoa,pt A thoorotic~ 4tu4y et ficou~~10 ttUrfAOO ~TO excitation in l~rad 

_ala. '1'bo 1ntont or th:b ~tud,y na to conaontrnto en "low-ooupli"6" =te­

rlala, AUch •• CdS .u'd ~nOJ in QcnJunctie~ rlth non-ploaoelootr10 m.'I.tcr1-

als, tor th. l-.:fOr .nol aubt\~to, ro4pftCt1voly. It .. 4 t'olt dosirablo 

to fill in IOIDO or tho apparont !APIt loft in tho .,..a!yda or Joah1 ancl 

~1te36 t .na at the M::IO tilllO try to obtai.n sroator insisht into the bo-

havi our of the surfaco n~4 in tho ration of tho ID transducer. .An 

.a 
• Rocont.ly. Schn1t.v.1or ot al. hAvo roportod surfaco vavo axc1 taUon vith 

CdS on glas •• 



&t.:t~~t ~.d !\l~ bo: =-40 to Ad/!. "'r:!,s.orlll t.o tho fU"Alyûs or S=.ith ot 

sa ~l. • 

Act rit:h'Ln tl-.!:tN61on. l"'...o tr.u\~~o:r Ad:it.t4.~o c.hAn.ot.orbtioa ..... .ll ho 

c-.lculntA.ttl i,u1.~ th~ _:ft #Olut:iorul both I1'.d40 ~ outddo thetM..nMUOOl" 

"610..":1. Ar"l trill bo ~.bO'r.l ~. ~ 'tOry "ll .... Hh =ouurod dAta. Â ai:plo 

=-~t!.CA.l e:tolol. ...'",lob oo."tAl,1u,u-..o oa~..noo or tho "sta.ntor::1 No401 ,,58 , 

t:nnldueorropon ... "Ydtbo t.1-M~ducxa:" Ad::d.tt.a.nc.. Tho llMl,yab wUl lÙao 

'00 Q.Md to o.xac1no thit cd'toot ct oho..~1 ln the olutl0 and pl0.oo1~tric 

~';Ùta. T.bu#, ono chtlptor A."\Cl ft. porUon ot OM Appontl.ix ..ul. ho dovotocl 

te tho aocpuutlorAl DOthocb imolva4. 
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DŒQBX 

l~ p-oblq- .... J.lo.rbû.Q -=ou.n~ o~ t;:"Ounàworlc' lIl!Utlt bo p..,~:l. In thi.s 

~t:!œ tho topiea t4) bOiU·1U~~:tto-d !.J:lalu4o: 

ft )tho Mt,:u.." or t..";o ~#Juoo.r atr.:oturo (2. 1 .1) 

(2) ~ ~oo."''1.uMtà :ty~ttQC: te b9 UM4 (2.' .2) 

(}) tho SV~~l oèlW'tior<4 cr =cUon tor ft p1oloo1ootr14'J 
~t~lAl (~.1.) 

(A) t.~ eoM:"'IÙ!~G::O~noOUA ~~lo= 
('b) ~ 1.nb~rJl)ou~ pt'ObloA wr1 th " 10. ooupl1ns 

~j!ir-""OX1JI:A t1o."\ 

(4) t.ho oloctr11l potvnthl i"unot.ion te bo u:\.O'4 (10. 
covr.l.llï;6) (2.t .J.) 

(5) tho ~t.~ l*l,ng to th. #lolution or tbo W1r.hoco-
~:tOOu.r. l~"O:" pNblu:w (1011' ooupl.i.~) (2.1.5) • 

A 101r oouplir..& Approx:!œtior. ",m boint.'roducod ft# M Approx:iDft­

tion I!tMc..~ GnAt.ly ~:1:;:ûi.'104 tho ~!.~ or aolution rLntt CM wh1ehb 

Muonnbl"r.cr MUtrlAla auoh Aa qUArta, cAd::du:a lJUltltlo w ctld:ûu= 

Mlo:dd.50• A.s :1o'1ow:t in aoct1on 2.1.}. thia por=.it:a tho ~",11:1 te ho 

HpGrAto! 1nto t.o pArts: a puroly olccb·cutta~io portion and a foraoeS 

olutic portion. ~ aolution to thê olootroltatio part 15 thon uaecl as 

tho drlYl1l6 tGr= for tho olastic portion. Il' tho piOlooloctric couplins 

of the MterlAlI 1# not =all, .. 15 the cuo t'or LlltbO" one would ox-

poo t tha~the a.na.lya h CUL.'\."\O t ho SOpArA tod in tho a.. t'Aah1on. Howovor. 

AI wUl bo shoc, for cortlU.n o:-lontlltiola or LUt"bO, tho orrors intro-

clucod. by sOp4l"ntins tho onAlyd:s in th.!." t'nlS.'\1on ara not soriou:s. It will 

, .,1. 



r ,-:,j 

(
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, . , 

AppHc:~t.:ton"'J tho ~(J~tion bo~on Adjtloont rl~rl1, lU _11 CUl t.hoir rldth, 

b t.ho IUO :.ru-~out tho longth ot t.hè tr, .. "d\.'"Qcu" ea.rod tho o .... Qrl"p or adJa-

c:or.trif'~r:t 'lfo~ b ClOMwt. 1'hh .!:a t.ho onl,y d tuAt:1on thAt will bo con­

dd.ro~ 1.n the MÙY.la to fOllow; hcmrmr, it hu boen ~.own thAt by vary~ 

bot..~ tho ri~r o'tOrla;t ar.d tho IpAClln,g it 1: poulblo to ::IIÛ:O 1D trA.~ducor:l 

tNlt bOMYO CUl t'f-.ltAlrs dth r:'Al\Y utloi"ul proport"i0428 ,3S,G5. 

2.1 .2 Cocrdtm ta Sut'J! 

'Ibo oooNli.M~ 4~toQ, Sh01n\ in F1~. 2.2, hu the or1ôin looAtoc1 

pios tho hAl.t-#p.n.co :t ( 0, whllotho 11\YClr 1~ in tho ro&ion 0' :, H. Pig-

uro 2.} 4how!l tho or iontA U.on of tho ID trOMduoor 'Irl th ro::spoot to tho co-

ordinnto 4'ylltom. Tho Nl16Or# of the trnnlSducor IU'O pru-ollol to tho y-o.xis, 
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:!.:pl.iu tMt thOC.r-o i~ r.o o~~.nt ~ t.ho appl!o! olootr1c fiold pta..""ÙlOl 

ta t.h~ ~A; :t.~ th":. ~/l'j D t), ~N ~A:-Op:"O~qr.t~ tho Appliod 0100-

!ho ~t.u!.r 0:" tm" SV:'~=""t1on AM ~~io.~ t.~ p.!o:oolo::tr!c :a.tG-

6 
:",1~.c boôiM ~t..'l th.., ·oqt *Ae:1o..,.1 o~ .:ttA!o- !'CT la p!oaooloctrlc =odiu:s 1 

Ao:l 

• \the:r-o : 'r1J 

~l 

'r1J • °ljkl~l • O:1j ~A,ht= 

Il::: 

ArO 

... -0 

• 0::kl, S kl - c ~/ax ::\ n 

t.bo olo;:on~ or tM :atros:a ton.or 

tho 01o::.n:4 of tho .I:ra1n ~nsor, 

~ AZ"O tho ptl.-Uclo d1.1plACOCO:lt5 
;. An tho coordiMto :ay:ato:: J\XIO.I 

(2.1 ) 

(2.2) 

, (a~ a~) s.a -"2 ax;.~ 

.;, la t:ho olootr1c potontiAl t'Unot1o."l, B. -6Z"Ad(~) 

DI: a.ro the olo=ont:a or tho olootr1c d!"plAOomtt:.t voctor 

c
1Jkl 

Ara tho ololClOnb or tho at1.N"no:J!l to."l"o:" At constAnt B 

0dJ l\l'O tho ololDGnta 0:' tho j'iuooloo tric tomo,r 

Cc:m ArO tho olOMnt:s or tho Moloctr1c tOMer At CO!'l..,ttult S. 

Newton • a to.'I't CM bo wri t'ton 
6 

• An abrldsed II,Y1Ibo14 Hot. will bo round on pogo v • 
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1 

!r. UA. ~#6:.\OO or j)t.o~ C.~60t t..t-.o AppUa.·t!c.~ of tho :!iT>l):"t'OZ"ooo opora­

':.0.:" e.o (2.2) sinc t.ho f)OMrL. t'e.-=; of LAplACO'a oqut.l~ioZ"o, 

l· ~ '- .. .:\~., 0::kl .. 0clil: • 

Tho du1.r04 :lclu~or"~ of t.~o ~Wlt:1o~ (2 .... ) A.~ (2.5) ft.rO -:at::-tüsht 

e...-O:).~. in tho tiOMO thAt tho plA:liOn of o~tAnt pM~o l'U"'O po-pondiouln.r 

to tho ;t.""0p4s-:t:1on no.ter [le] L~ tho 'Irft:'IO cu:pl1tuclo1\ :a.ro indopo:xlont ot' 

db W\OO ln th. dit'oo.t:lon po~ t.cuhr to tho !%I\ôi ttul pln.-,o·. In tho 

c~rcHrAto :='y!l.to: Oit 'Nô. 2.2, th. pl"Opfi6l\t1.on vaoter [k) 14 po.rnl1ol to 

the X. .:x u:b A:r.d thu~ t..'to !u\ôitt."Ù plMO 1s tho (x,a) p1MO. Honco, n.ll 

3U/ay • o. 

Tho .quAtiona (2.l .. ) Md (2.,5) OAn thon bo wr1tton as 

• 'l'hb rosults tN= th. assWlll\t1on thAt both _:Ua U'O or 1nf'lnHo n­
tant in th. (x,y) 011Lntt, .. nd no rorloot1nS boundlU"ios ox1at in tho y­
direction. 
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;Il: 
rt~ -p at';: r,~ ru ru u, 

ru a- ru ru o. fu-p ati 
êl! )t 11( 0.(2.6) 

f" fu f;,) - p ir' ru u, 

ru r~ .. r,,,, r •• 9< 

Tt. 
a: a: a:! 

fi Qtt &xii • (a, ~ ... 0,,) iiii' ... OH B:! 

::t ... at 8~ 
r~4 1f Ch. (Ou'" OH) àiii· 0,. 

DIl S 

a' a' at 

r,. .. éU ex! ... (OU'" 0,.) iiëi". 0" aa! 

T •• • -CC. ~ ... 2c, e~l'" c, ::~ 

Tho oq'JAtiona (2.6) U'O TaUd rot" both au~strAto :a.n.i lJ&:;or _torlùs and 

olrou::f'loxos -.lll bo -.l'OÙ to donote tho l~ para=otors ';',.n MOOUIl...""Y. 

Tt 1a ."s~! th.t the ~tot'1.ù tONGrIl tor bothro6iona hAve ooon rotated 

to th. oOOrdiMto ayata:: or Fi6. 2.2. Tt w:Ul t'lo o;',.,rvo! th.'lt Ka..xwoll'a 

• 
' ... " 
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tMt or Q.l~c~t:1,Q _".:l:, .. n:t. thu.:t tho~o nYOA 'ldûch pl"OJmPto ldt.b 

tl'.. 't1ll00Q.1 ~ of l:tt.~ t 1~ tho Mtof' 10.1 CAn bo 16nOnt450• 

tM~4 t;r.). ro6'1o.."U 11 il:! 1 tu tM ror"ll.llUlJlt::i,on or u,. l>oU:~A:"1 ccmdltioruJ. Tho 

h~.r.oou:l lh""OblO'# hA, b40n oor.dd~ pNdouAJ..y2} ... '\Il i t !'lu s.hO'lm 

tb.t thIt o-q"Jat:!OM ,2.6) 10Ad ·to a.,'1 ê1S\t.h or4or :looular oq~t;1on in o:acb 

w~t. ho i:!o~ ... .t .~ t.bo bolJ:l'ld,1U"'1 oondi tio.."1Jl. 

'n' ... noOOSM....,. =oohan1ool bou:::èA.ry cO:\'1UUon.a tor tho b~noous 

problo: l.~udo tho oontimi!:i1 o.r tho cU~plAoo=onta ~ t.~o trAction 00=­

por,ontl of ~tro~s (Tu, 'tu Ancl r",) At tho l."1tortAOO, LI .. U u tho 

Tc.n1.th1.n6 ot the lAttor ~1:roDJ ooapononb At tho l~ lIurtaoo2). '1'boao 

œochL"Ûo.ol ro~nb prondo WIO bound.lU"» eonc11tioNi and tho l"OW'dn­

in6 throo An round. in tho ol.oob-icAl roqu1.ro=on~. 'Iboso roquiro both 

tM potont1Al Md tho noJ"l:&4l. coaponont or tho oloot:r1o d1:spl:lcomont \factor, 

D" to bo OontinuOU5 ot tho intortAOO And llt tho 1'\Y02" 5ur1"noo23.. In 

tho FONnoo ot Il DOtnllio plAttJ'\6 At oithor tbo l~ ,urfAOO or intor­

tAoo, thct oontint.lity ot D, wUl bo roplAood bl" tho oondition that E, IJ O. 

'l'hoao bouncla.ry ooncUUoNl oro "hOCltOSOnoous" a.ncl thua tho CONltft.."lU ovalu­

atod froc::a thom lAck an obooluto DcAlO factor. ("l'ho ortoot or _as load1ns 
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~:\ :lolrln6 tr-A 1:-.hce.06onow# p..""'Oblo::. tr!thi.n tho t:r'fL.n.SduC':Ol'" "&ion 
t~ ~ oq.1Ae:1OM (2'.6) L""'ô'~~è:Kl. A.:l _11 ft" tbo ,.~ ~cM.n1ctù bound-

(1) co.."\t::!#d.~ 0:'" D;, ~-:-,d ~ o.t tho l~ #~o. M bofo!"'O 

(2) co.~Unu:1~ 0:," », ArA ~ :ln tho 1"'O,p.on bot_on tho t:ril.n:­
c.lucO-rNJ'lô'ôf'-IJ. .,,-~ !, • 0 on thoN.r...$O-r~. 

Tho ~.,.o.nco c!'" l\ ~Wllo pbt.i~ on tho l~r ::urS'lioo woulcl rotlu1.~ 

! s :.ho ':.uawù CfU,IQ. th!# rocr..t1.Nll thA t 

~_1L-<V2 

-f !,(xtO)dx A Vo 
nit. d/2 

"~on n1l. Md :\1_'1. !'Cpro~ont tho 10oAtion of' the oontor:! of udJacont 

i'in60N 01.* tho ID ~duoor. rt1th ro:)poct te x.aO, A.nd V in tho nppl10d o 

In apito of tho OA#O wi ,th uhlch one OM do:scr1bo tho formulAtion 

of' tho coœploto inhOQOsoneou:: problolll, tho tlQtuo.l nolution 1:l lm 1nvo1 "Gd 



( 

- 'tt. -

~.u U !l N~ult or tho p!trlodlc oloctrla hou..~1U"'Y co~tlona. (f\triod­

'le 02 _ nlU1t of' "tho.tr."4Ln:t4ll:)Q~ ut:ruot:uN.) Ho.n:o, tho co=ploto exact 

~o.luUon W'lU n~t "'~ _t:t~~N~ n:t.blH" " I.i:plor. hut opp.~to. prob-

10= .trlc.b M..~ bo ,ol.vod rt-11be OOft!l14o..~. ru" _pp.""'OX'.'icAto FObl~ 

(2.7) 

te bo nc.n-aoro, but. :rn.N"lo!on~ QA).l tt-.At thoy do not ...rroot tho $Olu­

tton ~ of (2.7), t.hq ol~"tlc oqWlttOM or (2.6) C4.-") ho 4pprox1=.t.od by 

a' rit -p Jt1 ru r,~ th e, 

ru a' ru U. e. (2.8) f"-PJrl lit • 1 

ru ru i)' r:u - p !'P U, e, 

vhoro 

e •• -r .. f/t, e. " -ru;, e, • -r".f/t • 

IqUAtlona (2.7) And (2.8) do~cr1bo tho OD#OncO ot tho "10"" coup-

lins ApproxiMtion". It 1# lU:lU1:lOd th.'\t. tho olootr1a potonUnl funotion 

of tho t.1"f1Nducor CAn bo :JopArAtod and 001"4 i.ndopondontly or tho ol:l:'.ltio 

... ,. 
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tion t-.. .J :4opA.,t.od ~ l.cl-~~ou:!lprobl~ 1nto ~1tOp;lLrbJ only 0100-

!:"!oAl ~ou:'.dAr.t eo..··;~.i.H1o:'o# 1L.""èt Wl04 !r. tho #olut.io~ of cpqultt10n (2.7) 

-hUo o.:-..l,r ~cl~"\l.w bo.ur.cbu7 Oo.·'"Ut:loM ..-:11), I\p~U' in tho ~olud.on or 
(qu~t:!.o.~ (2.8). 

ftll or ~oa@ conrt~~.t1ona to ho ocn~14orod. 

lU CblOMOd in loction 2.1.1 J tho cont. ooc=on I:IOthod of oxcitaticn 
b to dr1ft tho ringarl of tho ID trANducor in Il push-pull fuM.cn, al­

thQU6,h t.."I. f1ngora oan alac bo opcn\tod in p.'1&so. In tho ,..~rk cr Cormak 
ot al. 12.~ thUG driva Aoho=oa ArO rofon-ed te ..us "blpolA:"" and "uni-

po14:"", rospocti'tOly • 
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So~~. "ut..~r:t h.~ft N-OMU,y ptJbU~ 80.1 o~od ('om- !:oluUon: ot 

0"tuo'e:to..":\ (~."f) for L,"! lD~,,-duco.r l(lJOA~ O~ tho t':-oo ~rrACO or tl, cU-

19 }li 6S 
4ÏÛq(l::r1.c r.o.")-p:1uool~:::t:"tc ~:!.u: W"i th t..~ ro,!\t::-1ct.1on tMt CI) • C, 'lII 0 ' ,'" 

tM,eh CM b>o t-..I\ldl~ br w::ll'u·l0,Al ~tho:b ud.nj) Il MQh ,poO<! d!~! W 00::"1-

.. 12,24 p"t.or .'Hh Il ~OI;L~A...,. N,luAt:1o.nw to~"'l .. ~ • Co.~ ot Al. hel" 

t':"O~-od " e~tor ~~c. ~..own u ·C4PU-*, .n1c.. .. ".Uu::IOlt An ID 

~~r of t.n!'lr.1to uu:\t alons tho X-uil lCHl"tod At tho intorta.co ot 

t2 
" t'1nito l"J'Or .... -,Q L"\ 1,rJ'1r-..!.to :Jublt.:nlto • 'Ibo nluo or tho oloatr10 

potet~t:!A..l. Jl"o~ult..1~ f':-oQ .... "l AppllO<!, \'Olt.ft.ôO. iD olÙ~Atod elt o~ry point 

0.."\ ft vii! lWhlch C<)cup1u t.hô: t"06:.ton I..~ !n 1'106. 2.4~ t''M~ 5f'1d oOMista 

Gt œè@ point.: ~~uAll)' !1pt\ood. MOns tho x Md. Il uo# ~ ",)':::::IOtry illow:a 

Onootho potont.'1al M4 bOàn WC\ÙAtod At OTO::'y point on tho e;rid
J 

it. CA."\ ~ oX"pCU1dod in Il Pourlor :1.or1o%t üor<6 t.ho x-RX1:) At on:"y lovol ot 

tho s;r1.c1 on ~. ~-ui4. In thb h.:m1on it 1:1 pou1blo te wr1to tho po ton-

t:1.ù rune tion tor ~uch on 1UTA.T a4 * * 

Tho potontil\l 11 An oyon 1'Unction ot "x" AS A %"Osult o!' th. lusumption 

that the orls.1nb lOCAtocl At tho contor ot A tin601". Tho f\.motions 

• A!iI5-HA.OS Docu:=ont No. NAPS-00700 • 

•• For "blpolar- drive. n-l,),S, ••• 1 for "unlpolar" drivo, n-2,4,6, •••• 
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-t-..:to.h ....... Ù\1i>.YO(.U"lo.:- eoo!'!'.!.c:!ontl o.f ÙlO n th ~C Dt tho 10",91 al on 

'!..~ $rld, nor=alilOd to t.~o Co.~blnt A... T'h.u"'O fU"'O ~ lo",~l12 on tho ~1c1. 
n 

b ,1IfUl ~ :t..~~ ln Arpo..~ 1. l ,it 1~ ~dhloto dorho tl Qo.~t1nuou~ Ilot 

cr ~t:!.cm:t t'n(a) 1r.hic.h ~dth tho d.he..""âto funot:1oM ~(a1) At oyory 

!o'tO.i. or tho 6l"1d. ~o Ù".At. (2.?A) CM bo WI."t1t:t,Qn 

~t:1c.n (2.9b) 1~ cltu"'.1nd t'or tl ~uoar ot .1.nNnito cxtont ~ 

fer _ t...-..:ucluoW' o.t Ntûto l~ it. ln nooo:a!l.1'L.7 ~ =o41.fy(2.9b) in Il suit­

Itoblo ~r te obta;!.n tho F'O~r 4.r1T1.n.& tol"'C for ~tlo.-u. (2.8). '!bore 

.Il""O n..'""1owt penIblo =odit1cmt:1onl; ho~~. 11' OM anu::cts A tnLnsduoor 

ot -roAIOMblo lcu\6't,b-. tho d:pl.olat il ta do!'ino A tr..naduoor potont1cù 

runctlon ~(X.I) 'bJ"36 

(2.10) 

(It 1.11 JH)141blo to orl4nd. tM potontial f'unoUon ~ ln Il continuowa t'uh­

lon t'or Ixl > »/2: hOW1aTOl"" tbis .dd .. oonddo~l.y ta the u.thoma.Ucal com­

ploxit.y and aotual oo::p-.Itat1ons Ùlcl.tOAto that 1t wU.l not approoiAbly 

• IÙtor th. t'inAl %'Gault ., 

EqUAtion (2.10) CAn bo u:sod te doaorlbo tho potont1Al funcUon 

".(x,:) i"or both l~r And !l.UblltrAto, on tho luuumpUon thftt ~, .0 in both 

• 'l'his point 1a conddorod in Ch!lptor VII, :aocUon 1.4. 
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'l'iously IIlIOnt:lo:-... a. ON.,)" t.~ M..""'=O..~!c ocnt4r.t -.nd tho to:= A uA r (a) 
n n 

r..ll ~~A.t'~. ln Ap~t1l<Hx n.~. tho .... -us of doto.r:i:ù.n.t} !ho r.a.."":1Onio oon-

'l'bo -CAPU-~ ~AO# two AdcUtio:~ rutrlot1onll on tho solu­

t:1on c!" oqUAtion (2.7), nolthor or .tlloh il' ~orlou:.: 

(1) !e OIU't."'IOt: cAloul.to tho potont1Al !'Unction t'or lo.yo.r 
t.hlcimou, H, intho ~ 0< 11< 0.5 L; a.nd, fo:- 1"0"­
~or~lo coœputAtional acour.cy, tho l~,r thlcknoa,. 
R, wat. bo oqual to an int.&nù nucbor of ~tot'lS on 
tho oo:puto.tional poid. alllo, 

(2) 1t uau_a that t.ho :ll'toriall aro diolootrloally 
botropl0. 

!ho r1~at: restriction deoa not arfoot t.h~ thoorotioal dorivations to follow, 

only tho cocrputat1on or ftOtulÙ rosulb, and ft.rbu .f'rœI tho rinito mft:W 51:0 

used ln tho calcul~t10na. Zoro lQYor thlokno4S doo5 not prosont aqy proO-

Tho sooorA nstriotion roquiros 50ClO (or= of '"tlvorfl&insft of tho 
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') 

._ch oi' l:.M _~~r!.~l~ ~~ ~ :S1}Q,~tr!e M~ of' tho .r)rropTlq,t~ et tuli! C)". 

ù:.o !!lOb-"oplo d,!vlo<c:'~lc A~w=.,Uonb dcue.r1bod ln "\ppor.d!.x :;.}. 

2. t .5 Outl!:r..o o.r ~.o )tQthod or Sglut!,on 

"n'.o A<.ilUtiOfl Ort.~1; 1r.h~îmQO"J# l~r problo::: for =~r1.tÙ~ rlth 

Tt will DO !\.uu:ttd t,h"t both l~yor A..~ sub!.\trft.t<t nro pioloolootrSc, 

"M thU!l Il l~.rSO m.:'1bor of tM OqUA t::ionii in tho UlOOTY wUl ho valld for 

not ho Y:"!tton out in duplief\to; 1n!lt~:u,d.l!t wUl ho 1M.1otlud that tho 

oqu.tion 1:s V"~~ i.d 1"0:" ~oth nr.iOf\4 A.nI\ ,Urroront notft.Uons will bo u:sod 

--horo nooossflrY. 

Tho II ~ps which CU"O 1nv01 "od in tho :lolutlon or tho "inhO=OgGMOU!I 



\. 

(1 ) 
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dorl."ti!I.t:1on ct t.hô :.!A.~6'Or.oou~ II1\T'O oqu.tlt1on:. ldth 
Ü\O W)..01l' aoup.}:!r-6 !lp.r..~ tian- (2.1.}) 

Ca) ào.ri"At,lo.r; 0:: ~ oloob-lo poto:\t!.ù runc~icn (10. 
(lourll~) (2.1.4 A.."'ld .\~~ B) 

0) do-:""ln:;!<m of' tho l."\.~o:e6'>~~ '"~ oQulltio;."UI w1.th 
~~t::y oG.~!di?:~t!o~ (low ooupl!~) (2.2.") 

{.la} ~FPl!o~e;ton cr thi:t ~"Vl-(!1_r~ond POYrilu· ~#rom 
'::0 ':.ho _n t?qUAt:!~.# (Ü;b ral.l~tho ~~ or 
Jo:t.h! a.n!. wh.!. t. ,., A.:\ .u "" û-.. t;. of )til.lor L~ 
~u,.U) (~.~.2) 

l6} 

.,olu:1on or t:.ho é:n..~rO:-.:IOd h~!)Oou~ oqufltlon.lt 
(2.2.)} 

d01"''i'''lltion or tJ-.o t::"AnU'o:-=o<! -pArt1c:w.a..'" in~ero.l­
liolut:1cn.lt to t.ho !r_~~r.ooua oqu.,,~lo .. u, (2.2.4) 

Ci} cbitoant. or tbo u-..·u.ton:oJ 'bO".~ .. ·~ollU"Y c~t:lon:l ~ 
tho ~cluU.or. o!' toho r~ulult:!n6 oqtJAt!on: (2.2.5) 

(a) 3?Pllo~~!on cf t.ho lr.rorav Pour1o.r t:::-1.\.n#roMII (2.2.6). 

hu boo:n Appllod t.o t..~o ;;iOnoMll OquAtiOM or coUon llnCl tho ~ot or cqun­

t:1o~ (2.7) IU"À (2.9), ah1.oh ducribo th.i# AppNx:i=nt1.on, hA\"'O bocn do­

rivod. Tho potont:l.nlt\moUon =hlcb lA ft. #olutlon or the lo'lf oouplin(; 

oll,..ct:N~t.ntic probloQ Ma boon dotondnod n.nd tho 3t;Op~ roqui.rQ;! to aolvo 

tho iMo=OôOnoou5pl"ObloQ hAl'O 'boon outl1nod. 
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a~ 

ru-Pat' r1~ rt) u, e, 

rH ru -p ::~ ru u~ • 8~ .(2.8) 

ru ru a= 
r" -p et' U, ~ 

~. n n n 
( 

~ ;.. r (.) aoa (nn'/1.). 'xl 1( D/2 

o fxl:> 0/2 
(2.10) 

t..~ 6VM:r'al ll.l-==otr;t c"so: howo'J'or, lth poulblQ to =ako ~o=o d::plL4)-

1r.g uau:pt:1on.a wh1ab do IlOt #Orlo'~ raltr1.ct tho uao.1\ù.nou or tho.:ao 

cUrocUO" in wMch tho ,..,0 11 lAunchodby tho ID trftNduau. In thi:a ~it-

AIl4 requ1roD th4 t tho oloœnb 

or tho:lO =tol"iAl:s whi.ah nro und ral" :JUri'nao ."nVo dovicolS aM bo orionted 



- 2} -

t." ~uoh .. --.r U ':0 .. Uo- :.h!:a :-o:'!.:"!ot.!o."'S ~ tho ~. l"ro.:l fl p1oao­

olor.rt:-1o a~.4poot.-,t. ~v '!ho:o =-!.O:a!Al~ :"0:- ~l!a.h the olo=nh 

or t..".o rto~()Ol .. ct::-'to ~ L-o ù~~ H:"O. in our :-ot'O'Nlnco t'ra.::e, will 

bo c~"'!!I!do:"'fd. (Tho:. olo!:lO=~ 01' tr..o !"'a."": o. J 11'0.-""0 d..-op~:! in tho dori­

nt!~ or CZ.8) :~ ~PJ ~ O.) 'l'bo latto.r fl,Uu:ption on t.~o o!J 011-
l'\ Q 

:dMto~ hoth !.cr:o"'" ~ ;'\l..".~~!.=.·' W'll,"' !':-o:: tho !\:".Al,t4b. Thu~, tho 

ft. -p [1 
""-

o r" 
o 0: = o (2.11) 

o 0, 

":"'hu:, tb. U. t!iJ?laoo:.nt b of r.o !'urthor u!so Md It can ho droppod. 

':'ho oquaUonlt (2. 11) cu thIm b4t ..rritton 

[::] . [::] (2.12) 

A: Wft3 Ob30rvod L-, 30ction 2.1.3. tho oxclu3ion or ~11·3 

01u~tion# 1n tho doriYA!1on or oquAt.1ona (2.6) 13 An icplic:lt R33ucption 
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'!:!~ doS"'i:·.d.~~o o.x'p( -! lit) 04:.\ h.t U~M tar hoth tho U j ~ tho 0 J thrt')ush­

out. el-At :"O~o..~ of' ~t;oN!tt. ~i) O~Nlt4:" -~~ftt ~ eL., thonbo wrltton 

lCIi2~~. 1:" oi!..~:, l,:v"O.:" ~ !t-.wAtnt. 10 :;on-p1.uoo.lootrio. tho r!ç.,t hAnd 

~~o ::t' o-lt.",Uon (2.1~) !"G:'" thât p4rUoular roe1on. rf..l.l ho idontiClÙly 

~.2.Z A;œl!(:~!:t~ Q.(' tho O:'oà-D1:onll!Q.:;i\.1 Four!()r "l'rft.:".JlfoM: 

}6 
1ollorlr..t; ':.ho =ot.. .. .od of Jo!1l\i ~-:d 'IM.~" , 1\4 'IrOll l'l~ thn.t of 

l.6 ltUlo.:- ~:,.cl P'.t:";t1llY ,(!()~~!dQ.'" ':.ho or.c-c1i=~:1o:,,_'Ù. !tàl'.u-io ... ':;r1U~~ror: Gl-/on 

.. 
) r ( -U::x PO: • 1 il x}o dx 

.. -
~'ho:'O ~ ::u:!t ho ~!Ù. te !r..!%u:"O tho Clo:n'"grt\OflOo of tho into6l"ftl At infin-

1. <:; .. 59. "l'ho !."n"'O:'110 l'curlot'' t::Mu-~for= b thon DTon by 

1 

-
who..-o th. :ra.~ .. 01' l.nt4tlil'tion b alol16 tho nuü n.rls59• 

It tho tML~3~or=. doflr.od by (2. 1,), 1~ Appliod to tho oquations 

(2.12), the TarlA~lo "x· 1.s olUdnAtod, &lYln6 tho oquflUons 

[
Yt , Yu J)( [Iit] . [~ l 
Yu Yu U, tf~ 

(2.1,5) 



i. " [ 
,l!~ ( ) t\ ~ l-

- . IItn <Ja'· ~I'·~)t ~ 1ii' - ~ OH_';' 

· r~\(!. t T; - 2kOn l ~(O/2) #in (j: 0/2) ... ,..., 

iJ • ÜJ(k,:), ::: 11 ~(Î(.=) ft ~ AnFn(k)fn(:) 

, (k) • dn(fc- n l'IL)D!2] .. .!.i.:[~k.n 1II')t~D/2] 
n k-n l'IL) k .. n li' 

~(D/2) • -:-(0/2,:) • t A. tl r (1) 
n n n n 

D/2 • = l., '= ' ln An ir.~gnr o 0 
; 
". 

Tho tor=.:s ln'lolvlr.g :1in(kD!2) GppOILr bocQuao tho potont:hl t\mction, ~, 



-~ .. 

lU d.,,~,.,."lOd hr ft. -Hl). h not ., t)t').''lt:lnuou# rune.t.l.on or x At Ix' • 0/2. 

!qU;At:!.~ (2'.15) A..""'O thtri t.:Mu~:"'<»"'œ:l, 10'll'-QouplinS 111\\"0 oqua-

t:!o..~ 8hio...~ iL""O ' .. ~U4 '!...~ hcth UlQ l!i,;Nf' !l.r.d,l:I:l,i~~tr~to. with IippropM.llto 

't'i\.h~# :(if t.bo C'!j'il.,. .. .,a th"" ~. !'hO:lO: IiH1UA'tio:~, (2. ~ 5), IU'O diJ"toNntW 

ho~~O"'..u ~.,l"tioM ln tho two :"'461OM Ixl }o D/2 (e, • e~ lit 0) 1I'Ould hA.,., 

t4 bo o'Jt.inod ln adloU tien t.o t.~ :101ut10~ !'or tho ropon Ixl (' D/2. 

7hcl,o t.'u-oo ~O'p • .rato !\O~ or r.olut1on# :U,llt olluh nUs!) U!O u:mal =ochA.n­

teaJ. bouna.....,. c:ond!t.:1on~ At tho tntorraco an.i !"zooo surtat~,in addition to 

bcdl16' CIlIltchod .t tho boundArlu, x li ! D/2. 'tM.~ would roault in • t<)ta.l 

o!' t..'drtj~-tour bCllt.mdAl"t condition OqUA tioN! Dy Applyin,s tho !ourler 

tnru.:"0f": 1n tho propor hablon, t.ho noCODltU";t continu,ity At x. ! 0/2 las 

froo -llurtnco" in tho thoroo ~opArftto ro6ioN} hava hoon coœ1nod. 

2.2., 1tODOl\!f\00u%S Solu tion.!) 

Tho hOClOgonoou:s ::olution3 te tho oquation:s (2.1 5) Ara obtn1nod hy 

:lottlng tho right h..-md :sido 01' tho oquntiorus oqunl to :oro, n..~ u:sumifl6 

A triAl ~olut1on of tho form 



r(~'Ul t .. 2oul" 0." - pœt.l'k~ )(oHl t. (OU" Cu )1. Ou >J ~ 
lCo.nll. (CU" ou)l .. cu) (O'nl~. ~:Hl. en -pu'/k') 

.. [ Ctt 0-." .. Ou ~ .. 20. ~O-n - (OH • 0 U ):: - (0)) • 01111 )(p''': l'k' )]1 :: 

.2[eHo,.,-On O" - {On· cu)(pu~/k~)]l 

.rouau - c,,:: - (ou. Ctt)(pu~.h~). (puljktYJ lit 0 

le. ln , ... ral, t.hoft will oxi4~ rour rooh ... ~ dmo tho ooo~1c1ont3 are 

"al. a.ny oo~lft root -111 "P<pOV' in conJu6·.to p.ir.. -rbo roota lm CM 

'bit :!«ul.1c1o.roc1 "o~n"".luol" or tho ho=osor.eou!l t'on:! of oqw.Uona (2.15) 

1kl • 
and thofunotiona 0 Il CUI th. "o1ea:u\u·.otiona" or t.ho hOQOgcmcous prob-

lo-œ. À#locato4 with •• ch "ol60maluo" thoro 1!l An "0 1someo tor" • 

1 

dt.lc.h CM bo doton::d.nod mc; oUhar or tho oQuntiofUl (2.16). Tho complota 

trn.nt· ~o:-mod homogonoou:I ."olu t.1on!l OM thon bo wri tton 



\ ... 

'Ik,,~.;-o tho C U"'O. ~ ~tt !\o""bH::·~"")" oorutt4nb. 
r:l; 

S!r.e-C'l ~"- llol~U~%t to th" lM~~ou~ oqu,,':;1arnl NpN!lOnt tho 

t'hu.:.., t.~ ,uhstn\to :"OO~ la .. 1 th podt:!.n 1::a.s«.Nlt'j' pu-t,:, ::uat ho d:hcardod 

rOt:' ~ :> ". aM. thoto w1t.~ nos-t:ho :1.::a.&!."'''7 parts fCf' )c < O·. Thoroforo , 

CM b ld't .. H .. 'l cml;r t.o TÙid ·ois'Ontuœ:1ON· t'ortho hODOSOmoua $olu­

t:1œ.:a.1n tho ~uh~tnlto •• t Il pvt:lcul&:" Ya.luo ~ le. All four ·o1eon.tunc-

fo M'oiel !'Ut.u:-o QOnfu3!an, it. 1:\ b(t,t t.o nu:bu- t.~o roots l !JO thAt 
= 

il:. .. Ul 'ho o.lQ~ ~éttho.!" tbo lf\)'Cr or #u~u,tn.to "I)lut.ion~ lU"O bo!;ns d13-

... t 1. • 

(2.18) 

• 'k' la puroly roal At thi:a Junoturo. 



-~-

(;? t5) ..,.. roqutrod. M"'~ 1n UCt:1or.l 2.2.2, tho runat1~ ~ -.-,! 

~(nh). 1lhleh "~Ar on t.bo rlï;ht h.w dc!o or tho oquat.lc=:a (2.'5), aro 

-p \,-p 
th Il ~ U'fi 

n 

Sinco tho c!:1,N'o:rontiAl oporAtorn or (2.15) N"'O linoa.r, t..~oy C!'l.."l bo 

-p 
~ppl:1oc! te nohtol":. of thG tlolution4 U J Mel tho ri&ht hMd :lido :aop!t-

rately}7. Thu~. 1t. in poulblo t.o 'ItT1.to oquAtion (2.15) t'or the r. th tenI 

-p 
or tho ~olutlon~ Uj U 
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i"e :li - [~'.u ai:! • (ou'" ~H)~ ~ - k~OuJ;n 
... [2'!G., i; - a·o.nJfJ:I(D/2)~in Oc n/2) • 

'\'ho' to.r= in A:l14 ~n(D/2) !U"O t.~ nUl ~ ortho w::a=.tio.r.4 l'or i t.Dd 

~(D/2). :'O~Jloot:l'tQ;l,y. 'tbo. f'!sht. hA~ ddo or (2.19) con,I)j . .stl ot ttro GOn-- ) ~ ON ~o.:-m.:I, o:r.o!r.tol. -":!:--6 ~n !l..'lId OM w'1 th ~ r/0/2 • '!'hua J tho n tore o:t 
t..~ :tolut1o~ c.!\:\ bfl! tu.rt.~o.r di't1dod. CLnIl OM ClAn wrl toi 

a'n [ al 
1k{OU· 0,,) ~ - 0, tk~J Vtt Vu 

- OH à.' · 
)If • ;n (2.20) 

Yu Vu R~ - o.,,, --"if'" [ e' 
6& ik(ou'" <1,,) li - onk:] 

l't, Yu r a 
210 1, e:- 2lcot t 

• 
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do#!..~ #~ul:.1.(\r..s t l t • ..,w;:! Sj i ~.ow,",-:- .b~!'oJ"'O p..""OO000d.ir.s t.o Û' .. t ~top ~ II 

it ,1.1 nOC01~ tMt t~o f\.wQt;1OM r (a). -.hloh .p~fU" !,n both ~ c.d n n 
~ (nh). ho doN*_ 'noM funoUo.."\.:t _H int::-oduood brt.!"ly i."'l 5OCtion n . 

1 

TM c..'lolco of den tor J't:,i dOil'llH':d.o o..~ the lOQ~ Uo."l ortho t..~~ccr lU'Jd 

the :-.;,510:; ln qu'O~t;1o:n, ~~. ll.ho..-n in Âp~:od!.x R. !ho ~uo o!' r for the n 
~ub!ib-flto b :0.:-0 in All o.la#o:\J hoq~r •. IIIbon " cotr\ll!.ô plnti."l,6 !{l u50d, 

1n A~Mà 8. l'or tt-.o ~~O or ohtA:Wns tho aelutions Rj And. Sc ' n .. n 
tho =o~t 6O~t"ftl fa:",: of t (II), (\:1\"'O1\ hl' (2.22) will ho u!lod. In t.bb tnlY, n 
tho ro~tr1ot1OM ahic.h.,." pooul11U" te " plU"ticul.ar rooion or tran3duoor 
oonfi6urat1on OM bo o.~dl)" flP9l1o.cl to tho l'iMl ro~ul,t. U51l16 (2.22), 

i am ~ (D/2) OM bo -n.tton: 1'1 Il 

• A P (k) 
Il Il 

-A N 
Il n 

CM CAn thon uaw=o aolut1ona or tho fon: 

-li( " W Il 
RJ • "j , (k)o n .. b , ... p (k)o n n n n ~. n 

-li( " n 
o .. 4j N n n 

V " o n 

• 



; 

\ 
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S\tb,U.t~~ thtl ~()clut.t.or~ R ~ int.o OqUAt1.cm (2.20) .. ~ ~Op!U"ftt1.ns tho 

~t S:!'Y1l~ t'I(O oquAtiOf'..:l: 

OquA Uonu 

A" 11 CH~~:)2~.~~\- ch,k' .. p'" 

A,t • O:'U~(:)(o-.." Cl' )1k.~ - OU~ 

,,~, • 0" .~(:)~~ Ut~ - cult" .. prI­

~, • o,,-:<:)(OU" 0,. }!J(~ - Oqk-' 

a, • o,,~(:)(ou.cr,u}~~-O'1ik;e • 

• 

". ~ aro tho Stu=l tUI dot'inod aboya, wi th tho SIU:':IO Al tornat1on or dsn 

t'ar oquation (2.24&) ana (2.24b). Tho tenu, Sk' a.ro dot'1nod by 

A.' • [F) 21o .. "n - 2kO,.J 

31i' • [<+> 210" ~ - 2ko" ] J 



( 

~ o~tic~ (2.~) c.a.": l>c ~ol"t~4 ra::' t..'lo tor: Aj A:'À b
j 

• 1d\Uo 
n TI 

@:~l,U\U~~ (l.:u..) ev. ho ~o.l~ t'o: ~.c CI J.:: U'4 d ln- ~.o llolutio:l4 Rjn ft.nd 

S. CA."lo e..~!\ ho ~i ~~:u 
j .. n 

T ~~ 11 (h J:!A Jn) 

X Jr. li (c! Jd'c jn) 

AJ • C(ic),\ snd 0Jn. H(k.)A. ft 
TI n TI n 

(2.26) 
• 

troc: oqWlt.1orul (2.23) And (2.1J.). ('llhon •• , i=p110!l tho oomplu oonJUSllto.) 

It will bo ob~OM'Od, t'roz: oqWltlona (2.2}) Md (2.24), th4t thora i~ 

tho pouib1l.ity thAt vnluo:l ot le w1ll on!Jt tor 'Ah1oh tho loft hw dd., of' 

oquAt1.on!J (2.2}) Md (2.'.4) wUl YG.ZÛ!Ioh. Thiî.\ doo:s not f:lOrul. hO'lfovor, thnt 



i 
\. 

_rel..)" t.h4t tbo t'o:-= or tho ~t1~ulJU" i.r.wp1Ù aolution wh.ich bu hoon 

c;h~.n d~~ ~ot h::l;:,..."Y .t.bo oqu!lt.1.o.M (2.~) Am (2.21 ). Thu 4!t~t:1on 

~!Jl"~ ,!l! thœ. n..'l~:. o:t 1< (CU" 'Iê\!~-h t.bo to.~ 0 ~ !.~ ,. 401utoion of tho 

h()c;o~~C!U:Ap.:"cbléi.:t. t'ho. p. .. ·o~ù.QC :1# o.l!:=:1mtôd. by NWrni.nc te tho oqUA­

t;!o:~ (2.20) ~1d (2.21) li\."A A~~~ l'A'" b"lAl #alutiorul or tho for= 1} 

U; b no- peniblo te doto~\no tho Q(\(tN"!oiont4 C or t.ho hCl:lOI)On­= 
«tOUt .1'lol.u!:lcr.!1 (2. Un .~ tho bound ... ..,. oonù1t.1em,. SlMO th" C fU"'O!Six 

::1 

'1n m:mbor, H 15 nocou·!'-.""Y te M'tO f.l "ot o!' :d.x bound-Ary Qond1t1on oqull-

the "low o«.tpl1.n.6 .p~r-=1_ tien-, thalle oqUA tier'..:s """"0 oui1:,' round. intho 

_chA.~ic.l 1"01 tr1.C t:1o."l.I on tho pt"OblOCl: 

(t) contl.nulty or tho d11lplAooc::onu At tho 1ntorfrloo 

(2) oonUnu1ty of T~~ CU'\d Tu At the interfAoo 

(}) Tl) • Tt.) • 0, At the =w-tnco ot tho ln,yor (froo ~urtnoo). 

0. (:c,O) • W, (x,O) 

U, (x,O) a 'l, (X,O) 
A 
T, (x,O) • 'r:t (x,O) 

(2.274) 

(2.27b) 

(2.270) 



\. 

;: 
ê 
~ 

ï 
l 
t~ 
~~ 

" % 

t 
~ 
l 
:t 
~ 
~ 
l 
t .~ 

~ 

i 
~ 
! 
~ 
! 
~ 

t 
! , 
! 
j 

i , 
l 
1 
! 
j 
l 
~ 
i 
l , , 
j , 
q 
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"-
T.!)(x"O) ,. "r, (x,C) (2.~7d) 

A 
(2.?7o) ~, (x.H) .0 

A 

(2.21f) "Z'~(x"H) • 0 1 

• 
~Q.N thel ~~'.:IoQ~ ~-o 6iTO::. !.A =-=!.x ::.ou'!ior.,. ~o tonu U J 4.nd 'l'" ~ 
~~~~t t.~~ ~otAl ,)Q.lu!!o:-.:- (h~~. ~ticn:l~ :!.nto6Mll) tn tho 

Ü,(k.O) • 'i. (le,a) (2.28.) 

~(jc.o) !If i,(k.O) (2.28b) 
A 

T~(k.O) • ~~(ic.O) (2.280) 
A 

~(jc,O) - ~~(~.o) (2.~Sd) 
A 

~(ic .. '!) • 0 (2.280) 
A 

TlJOc,H) • 0 (2.281') 

l'ho T J CA:l ho dotor:inoc! 11)' Appl1o:.t:!on o.!' tho Fourior tz-A.nllfora or (2.13) 

to o~tton (2.1 ) in tho _:=or!ÙlO1m 1:1 ~=.ix A. Substitution ot tho 

tl"An.n.fon:04 "ft :lolut:1on:l (!-.o=o6V-~~ • ~!c:uln..r intosnJ.) into OqUA­

t10M (2.28) &1"10:; tho tollort.rof) =ot o.!' .qu3t.1~: 

2 6 

~) cz. C - ~Clt C • rüt - i.fl :: = :: = L 'J ;;\ =- :.0 

(2.290.) 

• 'n\o oquntionJt (2.27) ropro30nt te". ~ou.~j condlt1oM ror a "rigid" 
bond bebraon hyor :an! !Jubstrate. tho :::ost co:=on CIUO. Tho ca~o or 
• "a:::ooth" OT' ":Jl'tcl!n&" bond la cons1dored 1n Appon:Ux X. 



-)6-

1\iP - - ., 
~) ~Zlj)· 4:\t,,-:,1.k· ~l *- 2,1o,)t#>(D!a):s1n{kD/2) J 

=* (2.290) 

(2.290) 



-Yl-

1 \., 
l: 
·î 
'x 
~ TM!lO aù O'lUftt1or..1t 4llow or.o to ,olTO, in forMl ruh10n u:sins 
;f' 
1 
~ ~·:hlo. t'Cf" tho c~C'do.nt:l Cc" It: j.l UM,t'ul te nota that tho 

1 l~ • ...mol."t ... \rlx b tho ....... would ber =tainod in th •• oh>-

W tiOft o.r tbl -low coupli.n,(" h~",oOUJl problo.= (no oxo:lutio." tor=a) w1.th 

1 tho awl104 b-...,. • ....ut1..... If' .. npro .... t tho 4._ or !:ho 

, lot't.-baM ddo o!' tbo oqll&t:1o.-a (2.~) bl" A, 000 oan wnto 
~ 
~ Cc li A/A., 
~ 
1 ~ A: 1.1 tho do~~t. or tho loft-bAr.d ddo of' (2.29) witb th. eth 

~ 
j col.w= Hp.l&~od hl' t,ho. c:o.lw::n wo··tor or .t,ho r~t-hAnd ddo.. 'l.'bo roZNl t-
:. 

~ .... UiOM Q..'""O ftr:t cœpll0.UKt !U"I4 ~ro la 11ttlo purpoao in .nt-

1n6 .tbo= out in dotA.U, lt h o-u!'tio:lo.nt to !lUte. tbAt tbo oo::ploto 

~o;.""lIIID4 #olut:1~ in bot!; l~'~ wbtbto ArO no-. known. 

It. ~oulcl bo rocolDbUN<t thAt, At thh point, tho (Col A.ro th. co­

ometonu or the t:t'o.Mto:,,.·"Q:td boDopnooua !lolut1on.:a. In tbo tollO'll'in& 

aoct1on tho1:rtO'.NO tn..'"Utfor= of' thel. .t4ro:l rlll bo con.d40r0d o.nc1 1 t 

erlbod in ChAp to.:" IV .. 

2.2.6 -n,. cw"to Solutiorus :ln "RoAl-SpACO" 

2 .. 2.6.1 Appl.1~At:1on ct' th! Im'OrH Pourlor Trandorm 

KaT.1.n& obta1ned the ooçloto tr.narorllOd solutions in both layor 

...na aublt:rate, the ltolutiona in tonus or tho apsttal variablo3 (:.c:,.) aro 

Sinn by the applioaUon or the lmorlo Pourior trMatOr=, dot1ne~ by 

(2.14). Thu.t, tho solution. to oqUAt1ONl (2.12) CM bo wr1tton: 
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(2.}0c1) 

of L'1)' ~ctlcAl Fohlo.=. f'O~'U!roa tl-.o!.r o'tÙ\Ul tion. 

ktlO:"\t oonUr.uir..s .Hh tho OTAlw.tion cr tho i.:lt4GI"'I'Ù4 (2.}O), it 1:s 

tho "o.:d~ :.oneo· o!' tho ~olut1o. .. u. In 6OMMÙ, tho oxi,uonco cf tho ",olu­

t.1c.~ ot (2.;50) Nlqu.1..-o~ UU-lt tho ifib:lUt.nd;,. !\~t.bty Di..rohlot.'4 conditions 

• ror _ (. je <. _ And tt-At tbo intoÇ'Ûa bel Ab~o.lut"Oly cOm"'ôt"tont. 'Ibo. rune-

tien r(k) i~ ~41d te ~~t:1d) Dirchlet'a COncUtiOM in thoint4t"VlÙ (A,h) 

ir59: 

(1 ) r(k) h~~ cnly ft. .r1rd to nu::bot" of: ~ !Uld cd.n.1=tl in (ft, b ) 

(2) r(k) hA~ only ft N.nito ntU::bet" or rinlte di3QOnt1nu1tios Md 
no Win1tG diaoont1m.dtioc in (A,b). 

ltoepiJ\6 in DiOO tho ftbo"tO raquirol:JOnta, lot ua now conddot" the aolutiona 

• ~.o lection '.2, Thooro= 7. cf: Ror. 59. 



! 

1 
i 
j 
! 

1 

- }!) -

~~ (2.l~) Of'.él M.!t 

vr- L (l'n(·l[A,m .... n· o "Jo.Kn
"] 

n 

~ QJt.:\ ho ~oon f'N,:t oq".J!ltl O~ (2.2}) ~~ (2. 2~). tl'A tor= Q. Jn' b Jn' C jn 

~"'ld c! J..~ IU"O ·i"l"o1ri~o· O'lnU:zuou~ ru-AN.:ûto rot" All roù k; L")C} tho 

to~ e J.;\ A.."\d d Jn docA.,1 l.iko th "" hd ....... nct. o.~y ror lt MUÙ but tor 

le eo=).lox lU ... 11. "t'ho dt:u,,~lon "'1"0 t..'lo lort band dlSo of' tUlUJlt.!ons 

l.&nOrod in tho pr-ocood.1.n6 do.r1v4 tion#. In ft. truo phydonl !Ii tun tion tho!So 

poin~ 'IfOUld net ooeur on tho p4th or intoS1"At.1on (tho ronl wa) booQ.uso 

or lo:l# o.n4 thU!I or.o r:tAY con:r1.dor thom Il!l boin6 nl1shtly 1"OClOvod froc it. 

As MOtm oIU"110t". tho t.or=3 b jn And d jn CM oruy bo non-Ioro in 

-p 
tho loyor l"O&1on 'llhoro :: 'lA Nnito,. Monool tho oxpro:uion far V

j 
%·OCl.~in5 



~., 

Nrdt •• o"tU' th~ ~ll~d 'MU'IP a!' :, tar ùl I"al kl )0 O. S1nco the 

n:.M~lcm "n(Xt) 11. ~m\t:1nuous ~~ C~S:O~ ta #OTO Il.# 1_1 .. - alans 

1'M.~".ù ~:c'!~~ thilt t~ Vfh tl-An c~.,t:!mo.·.ul !l...');! co.ort~S:O!l t.o aoro lU 

hd - w .ùcw~, t...~o :"tlÙ ui.ll, t'or .:11. a. ~1r",ü.lo.r. of' ôquat1a~ (2.~') 

t! .. ~UIQ ~~t:1o.r.;.# 4~1l r.ot nnl!\h; r.c.;'" do. t.ho to.r=. a. j , b
J 

• 0j a.:lt\ d
J n n n n 

't~re~e!:\ t ~. O. H~'tllt.r,!ho ?:iIt:': A.tn(k.,DI2) ..-1.11. 'ttu".1.!lh • 

• 

--
Tho C ~"'fl dttr-t:'Rd by thé! bou:'IdA..'7 condition oq\mt.,!'on:ll, (2.29). 1I'hUo tho = 
>.1,. !\':"'''''O dot'l:'Ad hl l'M.'lo ~q~t1.0M (2.'l6) n,.",tt thv 1_ !U"O tho root.:l o.r ~o 
~ -

!lO'Ct:lA%" oquAt:!cn (2. n). ~ lil.."y~tot.:10 ~A\"1o\U' er tho l CM '00 dotor­= 
~-!Md hr Q:xA=J.nb~ oqu."\t.1.o.n (2.17). U liel ..... (k ;·tuû.). OquAU.01I (2. 17) 

[cue" - ont)l·. 2ro.~c"o)le.,11' 

.. f c •• en"" Cn l .. 2CUC~H - (0 ... Ou )~ll t • 2[ o." e". - e"e.,]l 

'!"ho ~oht.iens ot' thi.ll oqUA tien A.."'O t'W te And in gOnoMÙ will bo co::plox. 

1::. tho botro.plc cuo, AS ancml in Apponclix D." thoy MV-O tho n1uos (:) i. 

o llel .. _ tù0ftt tho rGA.l nx:h, tho oquAtion (2.16) cltn ho writton 

Cl, -(0",,1 11 
... 20, $1 + c, , ) 

11:1 = 11:1 a;: = [ c"l! ... (cu + c" )1= + c,,] 
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- 1,1 -

it:J~ -roHl~ ... (cu'" Ct,)l=:. Ct;t] 

ct,=< • (o-"l~ ... ~c:nl=. OU) 

Sl::tCO U-.. lllt L""'O :"',!:\lte :"0:- tl-J.t1 ,,!,tuat.1.on. tho cr je r..ll bo boun:!04 

th~h ~ot r.ctOouAI"ll,r .oro. ~ t tho cr JA w1ll ho -011 ba."uu·'04 o.nd 

c:œt.:l~ tU 1 kt ...... -.l0f'-6 t..~ 'MUal u:14. 

InU:.o ~ub'tt'Il~. ttMlN • OM 60 ta -.... oN.1 t..~O$O "ÙUOI or la 

.hlQ.~ 6i'Nr1.s t.o doc:~:1.6 o.ol,ut:1.0I'Ul ...... fÙ.lowod.J 'ILnd 1t i~ tM.' ":otr1c-

1:l A;t~D:UX D. ~~, wttA"l ro.:"~-"lt to tho :mb4U'flto !".olut1on.i). tho tor= 
00. li-

o :: in t.t-.o AbOft lnU~~ ro~ r!,r..;5.to (:80) 0:" c:onYOl"SO:' ta lI-oro 

A.:I hef .. _. S~'tO.:", 1::; t..'w l~;'O:' ... ho.ro ::: b ti."Ù. to, Al.l tour :'Oota are 
ru 4 

ill~ A:lod ~ A..-ct two to:.""=\ oi't.ho to:-= 0 := tlhlch CM ApproACh in-

~ .. nH;1 ~ Ite~ .... lit. IrnI-poction :..~OW~ thA.t '!hl!'l dtuAt1~"l nU ba oounterod 
ruH 

by t.ho App.-op:-14 to C .Mob OC:l t4!.n tho ~A:O tor=.n in tho torc 0 = in 
:1 

tho donœ.S.rlAtr. Thul, dJ\CO tho rie,ht-l-.L'1Cl 4140 of the oquAtiona (2.29) 

6000 to uro u het .... _. tho Intogn,nd 

Com'01"pS to toro u hel .. _ alons tho roal AXia. 

One !\houle! allO conddor tho ~h&v1our or the homosonoou:s solution:o 

at le. o. I6.ùUpl.y:1J:Is the oquat:1on (2.17) by k·, 61Y08 the tollotrins oqua-

•• tian tor k •• kl: 

• H b tho lll)'or thioknou, a ( H, in tho layor • 

•• Ro=o=boring thAt tho 'le 1 boinô utlod 15 roAlly ~ tL."ld kl roprosonts k". 
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~ :tolut:io."\# cr Utb oq~t.::!~ M'O f'4J".1t.o L""Id ~~, ta le .. 0 • tho V1ÙUO:S 

ct: k .... • (kl.,J N-.!r. Nnt.to. "l'bo Cl ,-. a..~ do,r!rAd by oqWltiona (2. Hi) And Il: - .r-

-{o"l~. (cn. Cu )1::." cu) 

(o;u11t.2cn1 .. On - NA
7l/k') = := ,..-

u:\od ror Q"NÙ~#.-tir.t: tM \1 j: ~.t le li O. In &iMMÙ., cr :lt lOMt 'Ifh~ CH 1- 0, 

~.n 1:4 no lQ.!);â of 6Onornl t tyL"l clloo~b'lO Cl Je. 1. In th13 0430} onQ C.M 

~O':I t.hA:~ tho Cl, ê...""'O AU dot1.nod :\ t le. 0 And thft t tho loft M.."ld !dodo of' = 
oquAUon.o. (2.29) cleoa net '''M.bh t1t le. 0, tor thON ~ no ro"'4 or co1w::n:s 
nn1ch fU'O rflpoAtod or 1donUolÜly :Of'O. !to_vor, Ilhon c), a 0, le: 1!f 

(.,...~/o,,) or (Pfr'~ /ou) At le 11 0, ruv.i tho cmùuAtion of tho a jm bocoooa tlOl"O 

l:wolvo~. In thh dtuAtion,CI,= 11 1 And a,= • 0 tor le:. (pu'/eu); and 

CI. • 0, a,R t for le 1 • (t*:/o,,). Honco, tho lort hand ddo or (2.~9) C :: 1 

stUl dooa not nnbh At le. 0 Il.~ thu:s k. 0 !s not 0. dft6\lWity (polo) 

for tho hOOOSOnoou3 :solutions. 
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n~N ..tO ~:htth~.'l'tùuo~ or ~(roù)ror lèlic.h tho lo!'t h.a.rn1 

~~<:t~ ar o.~~tio:~ (~.~) d~# "t1Utb.~ !l:.:4 hOt:.eQ N~.:sO.nt d~itioa 

(;ol~~) ln t.~~ C. It h fl'.ç" V1IÙUO:l of ~ 'IC!-• .1ch Hp:.....,,~i}.nt. th~ .FO~t­
::: 

.,., 4" 'Ô 
1:~ :;ItJ,.~e.ët ~'h?~" ·"ll), .. • ~~il ~ 'AI'!.l,lho d.i~·M'U#~ 1."l dotè.l 1.'1 :'00-

~.d h eor~h~.,t .. Hh Û'IO ~Meoo or lon ln tho ~:r::lt4t=. 

Th\.:#. hA-r..:'liô, ",..n:dnod tho 1nuÇ'*la (2. ,ro) ln 40::ct c!otail. \)nO CM 

e:lon or tho 1..:rnNO tn.nllr01"'a, W M.1'100 tho roqu1.rod aolut1ona do uiat • 

2.2.6.2 !t'YallaUon or tho ~oulAr Intoml Solut:10n# 

'nlG pArt·!o'.l.lAr1:;toÇli.l tloluUo= ropruont. t.~o rorood cotion or 
t.hct œtod.Al. w1thintho ~ow~t.a of t.ho t:Ml.nllducor f'à51on, in rocporuo to 

:-.ot ~oho t'cr tho p.u-tioulJl:" ivJtoÇftl ,olutiona in both lQ,)"Or fl.."\d ~ub­

~tn. to,rn thor A 6Onot'ftl solution will ho ob t.."Ün04 Alofl6, tho ~.fI:IQ lino!S 

~.:J. tho tMl.."\.!u"or=od pewt:1oul4r intosrAl :lolution in jloot1on 2. ~.4. 1bo 

.:iolution# thu~ obt."J..1.nod CM thon ho flppl.1od to oiUlo:" 14,)'01'" or IJub!lt:rnto. 

, (2.}1 

-
-p 

Vharo V J i" ft &mornl ~"UlfOrM:1 pnrtioulnr 1ntot;rnl tJolution in ai thor 
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-n 
l~:"' cr .=.-ult,~t:rt\tto. lt; hu boon "",'lcnm tbAt Vj :b s;iw~ 'by OquAt1cm. 

(l.26)~ 

~'t'!d~ thjl lo!'t-w~ :l.ldo Q~t'!'lclo.~t dotJ:lr=:l~t; or âqUAt1Of'.!l (2.2;) 

lM~ (:.?:.~4) d~~ Mt't~'1.t.1\.b. !ku'l<!u, tho '1J~~~~ro:"'Q, (2.)1)1 c.c.n bo 

\[ -Wa r 'Ucx)( IZ f- ilr:x l .. i'!t L Cl :l rd ,n(kD!2)o Jr!' i:\k.o fi :li~(kt)/2)dJnO c!kJ ; (2.}2) 
e __ __ 

whloh npro •• nt M a:::plitudo (tho tOn::lA. ,b
J 

,OJ Md d, ) :::ultipliod 
~n fi n ~n 

by t'urIot1ona wh.icb d.oacriho tho bohAViour or tho oloct:r10 potontio..l l\mtl-

tien 1n k-!lp4lo0 (p (k) .. nd dn(icD/2». n 

Tho cU.~continuitio5 in tho W1"'CI3 A,_, bJ ' C
J 

t d j ropro:sont sc-
.,.. 1\ n n 

cAllod -ro::c"lAblo :tlnc.,lArltio:s-2l.. 'n10 tu.nct1on.a ft..~ :)till dofinod nt 

of ic-!1p4Qo. S1nco tho Fourior o:cp(lnnion oonnrgoa to tho Avornso of tho 

. 
..... < 



p • r~' 0 1( 1 x f < D/2 o 0, Ixl > Q/2 

It ;14 lItOt"tlnr:tù.lo not:ins U~t tho uolut1of'.Jl (2.n), t'or tho rL"\SO 

1) f Ixl < D/2., tU"O .t,ho 4-=0 A# would bo obtainôd. by ,olYing oqu.tions 

(2.12) w1.thout tho Appl.io4t:.ion or tho Pourlor t:nLnsfor: and U:ling 

_.h \ lr in'll x/L -in'll rlL. eOI(D'II~I.o,J.I\O ... '0 ..., -J • 

2.2.G., !nlUStion or the Hoeosenoou5 Solutions 

t'ho hO=OSOnGOUll llolutlon.o aro OONl1d~ly =oro involvod than tho 

p!U"tloul-u- intogral lolutiona. o..~ tho.ro b littlo point 1n OV!Ù.UJl tinS 
the co::pleto !lolutiofUl in both ln.;or Md Duhotrttto. :sinco tho apprOflch 13 

idontictLl ror tho two ro&1ona. \To :shlÛ.l cOr'.!lidor ft If gonorAl" ho=osonoou:J 

:l.llution v~ (x,a) whlch would Ilppl.y to 01 thor roglon, nnd 1ndionto tho:Jo 



~.è)r"t Cd'.t& A:f\. (ro:- 'thé! ,\.lb,t:rAto '-~ûtiO:UI1fj\X,,). = Il (1,2) whU., 

!t 
:r. .. t '.6) r(W' thô l~r ~olut;tor.." U J (x.a}.) ~ ton: A: h tho c!oto:-::in-

( !oh l'u\t or t.t-.o lo~-t-.A.~-:t~o o!' oqUAtlon~ ~.~) with thl'i:: oolu::::n :-oplllCfld 

by thll ::clt=:\ "t'O~tc:" or t.bo rl.6-'tt-~.A.~ ddo J (lt.'tS) # ~ A b tbo dotor-

Cor~H",r !.t'A :""'~!-~ deSo col~ "tttctor or oqWiticn:t (2.29), 

(il.'iS). "n-A:"<O A.., lI-Lx t..,r= in [ans). o.~ t'o.:" oneh or t.~ oqutttior~ (2.29~­

a'.2i'!), A.~ ir~ll'èet.:lon of «2if.u\UOM (2.24) Ah01ftt th~t onc.h to:-= Co:-.d~b 

~.ho oy(t:-~ tc:·~ ft,;.'""Q 1.1:'.o~ tho;.- ~"\ bu QO'Yod ,..1, thi:~ tho #"w:::a:A tion !dcn~ !to 

U-Ae. thoy aet upon éu\ch 1r.dhldU!Ù. tcu"': of tno ~\i::::::a.t:icn~}7. Ir ono croup!l 

hm." (le) lU\Cl ~!n (kO/2). 'n\\U,. ù'to.r oO."\1iidornblo Alsobrtlio ::IMipulA-
n 

t.!.on, oroo OM -.rHo tho J th to.r= cr (RHS] A.8 

RHS j • L[rn(it» .1n1 .. a1n(d.b/2)~ Jn2 ] 
n 

who" tho toru ~ jn1 a.ncl fi Jn2 ArO t'UneUona involv1n6 tho linoar opora­

tor, contionocl .bove. opoMltins cn tho 1nd1\"'idud torma cr tho aUz=:QAtions. 

Tho au:::r:aUon oyor 'n' i:J cvor tho numbOl" or toms prolont in tho criôinal 



{ 

!t..,<;~!~~ tt.'q).~~~~iOfi o! Ut.q obe.t:t"lQ }'!OUintJ.l*.l runot:iou, 6ivon by (2.10). 

lJ InyQkL"'$ ?;.htt rW.U,A!· i"N!I~:-tlo" of' dot.e!.m!JULnt:1 .• , one on...") t.~on 

J 

• Tho function A hA~ =~roo~ nt le 111 !k~ l' con·'Cutpor~u.n& to thoJSo ~U03 of k 

t":h1eh roprouont proptlOft.t.'ing :nu·rACO wn.YOll
2,,36,Z.6. Tho!lo VAlUOD or k 

<>cour on tho roAl lt:d~ A4 ft. %'Oaul t of hnving nol)loctcd tho orfoct!l or dis-

dpnti.on in tho procood.int; dor:hAtioM. Tc correot for this rAct, And. to 

ClI'UlUl"O out6oing "VOlS which docny CUI 1 xl "., lt =uat bo A!I:lu:œd that k s 

• 'nlat the vAluol a.ro !)'1:z:lOtrl0 la, or courlO, roquirod by physioal sywDOtry. 
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h~ a. ~U ~!t:.!.~~1!"4..,. ~t; t'or ioù (k ) > t) W ft ~ no&,­
~ 

~!'t'O ~-M....,. .~ ter RoAl (k:t) < 0, u .., oboo"" in lioction 2.~.G.1. 
S!l".e.o t.h.o ::-00 U ~ ~t oqu!\. U~'" (2.17) !t...""'O :ul û yùuO<} !'u.n:o tionl1 or le, ono 

• ~u to t't.."'à ~UO~ ct )t; .. ! ~ 1fh1eh ~-o br~ poi;.~~ ct tbo 1.ntot;r'w, 

ct (~.}5) L"1Ill ~"'"l)~~ ~ O<QCU::-: v:'.CO or bulle WI:l'tQ ~olu-t1oruf}G. ~o 

eo~lo.xi~ ~ tho i~t4a~··.cb, 1".0 tatu:::rt W"!.ll ôo :Ad.o to obtrdn tho ox;"ct 

bMf,..~ po:lnt C().n,=,,!bu~tOrnt te (2.)5). A:3h A.ho :!.hown in .AppoM.1x D.' , 
t~ h o.....:l.;t tho ~ub~~to "olut:lor~ -:;{x,a) ttbich hAn hrt\.~h point contri­

bu-t:!o.-u. nf4""'Q!\.."'V no bn... .. A"t poi .. ~t oo:~trlbut!.or.4 to t.ho l4.jOr' l)olutio:u. 

FoA"'i~ ~#'O~ thAt t..~ ~'""..etion Jo hu ltoroo:J loc.~tôd At k. !)c:t' 

H, :t..~o,;Ùd b6 Mtwxl U-oAt: tbo Yll.l~o or Ile J ~ not ho wl1qu-o. Tho propll&l-~ 

t!.o."l. or m=tet:'0U-I** Jturl'ft~ ... ft -=05- ln l'.)'ol""OJ ~tr.lOtu.ro5 ia pouiblo 

~ .. n t.~ AWUltr"t.o 1.s fi -ruto.:'- :atorlAl tJ-.M tho lta,:,'W' 
1 ,5°. 1'0 s~ only 

oon~1dor t.ho contrlbutions v-h1r-ô !"ro: 1& po.!"t1.aulfU" *0, dofinod by Ile:.), 
L~ 1.6M-~ lM c:o."la-ib..,t!OM !'ro= t.ho othor 4ur1'IUlO qt'(t =cdu, if t.~oy 

t 
u!:.t • 

ncd .. -ùty or :H,a :-<irOO~. ln t.ho no1ù-borhood of le. ka' Jo CM ho doflned hy 

th. Taslor t:l up#.. .. ~1c.., 1 

t Thbro"trlotioo Allo., tho ofroct or oAoh al.U"1'noo nva QOdo to ho oon­ddorod ::lérpArl1toly, u.d tho co=ploto :201ut1on rlll ho ft oO:lpcdto or dl tho c::oc!oa pronont. It should alao bo obsorvod thnt tho 'mul ti-modo' si tu4t1on 0(1:1 O(lcur fo-r the ouo or Il • :!l:X>oth' bond. botlNon lnyor Md a~bstrClto, u shawn by AronbCLCh n.nd Bpato1.n'. 
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(le-X )ll (le-Je )' 
A(k) • A'(k.)(k-k,) • A-(lc.j\) 21

4 • A- (k~) J,A + ... 1 

~ At(k:t) ù:pl:10;l [~L - 'n\o ·o:":lor" 0.1' ~ #CU"'O or A !kt le-le, 14 

doioMtirA<il by Ù.o N.r:rt ncm-&.ro 4iU"i'l'tt,th'o of'.A O'tÛUAtod At ltale#_ Ronco, 

11' A' (k ) ;. 0, tM llo.:-o 1.0 G:" t'!..r:it a.oodor. Howo"t1lr, if A • (le ) • 0 but 
~ . , 

Aa(k ) ! 0, thon .t,ho HN) :b cr llocond o..""I!cu", otc. lopl4oins le b)' -le in • 
t.ho lo!"t.-hand d40 o!' (2.29) dOlllA fiAt. chM,p tbo ~t:uao cr A, thou&h 

run 
il. dOlOA ntpl.co tho UI.l"':I:O 0. C 'et:; U'.oir oon.tu6atoo. lquAt!.cn (2.17) 

lltOQ that tho 1=, a..."'4 ÜlU:t tho Il Je IU"O t'u.natJ.0f'..J or k~. Si.nco tho torD 

'!k t 'Mbteh .. p~~ L"\ u-.. l,ut four roq l"'OpNHnta Il =ult:1~ faotor 

or r. u-.... ton= aro Mt a.N'ooto-d b,Y .. cbAn60 cr #16D in )co ThualCDe 

oc U'pOot tt-.. ~riour or A in the T'1ol.nlt;; or li: ale, And le. -le. to bo 

d=11Ar, thQU&h t.. ... clGr1nUn# in tho ~lor'a GX'ptU\41on r:ay boroplAcod 

hy tho!r ConJu6Atol. ~lou. tho ao..-o::& or A Cl t le. Je Md le.-le a a 
... U1 bo cr th. llUO ordo.:-. 

Tho. ~ '\m1' A:,n2 IUW! Il J= A..""'O dClf'lnod for nll le And hA" no 

~:lr-6Ul.n.r1t:1o# (J~o.lu)- 1bu~1 tJUl OXjlTOS:l1CM 

00 # 
Q Aan2 

-r "Jno 
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~~ ;t t", tho c.~o.r or thi) aoro or A .t Jkl • k3. (1'.bo oqUAt:1cms (2.}6) N~""O.~! • tpart!Al ~"t:!an ~"l.!tlon·.) !ho to.r:::a.iA (r> ... -0 oTaluato4 = .in thv lU·~ !'uhion. e&.s i.:l .:mor.') hl' Lo.~40. '1"ho ru."Xltic.."U Jr,1=n W 
JI} G'o.'\tA,!.:i '!h.c o:h~ .#!~4:"1t!o~ ot' (2.35) lit (B ... "'fO" .. ·iu~t NU04 ot 

.2=\ 

! ~ 1 in ~ 1IUl. t:t-œo:!~ OMO lU woU ~" thé b~eb point WOM:IA t10n wrb.1.cb 
.,. 

':I~!f t:\ (~.j5). M ob.::u,u-t'lXt oA.rl:!o::"" 1!!; 1~ o~ i.e t.~ 5u})l)tnto tbat 
b~~ po~ t. a~tr!b-u ct.OM oc~\C". ~~ thu~in tho l~:- '!.ho fu.~ t:icn!t 
JI) . = Jq o..-\ly co..~tAir. tN"On:AU.or. on otheu" d~i.'t:104 vh1ch MY 

1::n 2'l= 

(2. 37e) 

(2.}1d) 

ru : Mt\W1:dn6 thAt tho ~ A=n1- Ac:n2 Md. GjaO iii do not MW scrocs looatod. 
A t Je • :Je _ tho ~O" ~UiOM OWUA tod bl' tho U40 of L tHo!Spi t.n.l' , :l 



, 

'l'bo Int4)tT!!lh ~ (2. }9), with thé 4ulu,Ut-uticm Ot' tho uproa#ion t'or 

, (k), an OnlUAtod 1."\ Appo.ndix C.)-C.G "-"14 thora Al"'O t'II'O rotions ~ int­n 

o.rost: 

(., ) ·thto rosion wlt.b1n t.ho 11=1 ta or tho t:r.nsducor, 1 xl < D/2 (2) tho .regton o.rtel"NÛ totho tnnsducor. Ixl > D/2. 

Let u.. tirat oon!'lic1or tbo ro61on 0 ( lxl < D/2. 

• 

• Th. bn.nch point contributions hA'Ia boon ntlgloctod, &a woU as tho po:s­
dblo OCOW"AnOO c.r othor polOD in tho t'unotions .!,,1cn and J172=n1 te allow 
conalc1oration or tho poloa At IJeI • Je only. a 
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J 
-U: x 

JA=-.n 001 (kD!2) Cl II 

le If-ace 
1kx 

.1 ~A=H'n(k). J'\~1 ,in (kD/2)1 Cl ' 

k.J. 

-1 eA"",~n(lt) • JA"..,na"" (ltD/2>] .-11:.,,) • 
)(. -le , 

(2.40) 

(It ~4 bo ~o.rod th~t. le MI boon u4U:lO<l to hJlTO ft. 4t'All i=.ti­
.ft 

nArY part. An! thu= (leI :: n~) J. O.) Udns oquAtioN (2.36) ft.nd (2.}8), 

OquAt10r. (2.4.0) p-YO:! 

v~",,> • [[r[m A~, al-0
OOa

}""
1r

x/t 
n = kan fl/L 

• [Ct) A~, al-0OO"J 0 -in. x/t ) 

k. -n fI/L 

! 
.... " 
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o~!) li! Bi) (t~1 Cn(k) • A:=;2 COA(kD/2>] 
n 

• 

k Il (e)k 
- a 

• lnt.rANô1c."\ x > D/2 

(~.r. t:ho cont:r!b"~l~M !'ro:= bMU\Cl-h poinb And othor pouiblo valuos of' 

he 1 h.,,~ bocn 16J'IC..~.) "n'lo .t.o:r= C'(te) b 6:in:'l by a Q 

C~(k) Il 2':([7n (k)A=n., + d.n(lc:D/2)A!:'.."l2]/A'(k)} 

n 

(2.420) 

Tt MY AM'l4I..:" that .. lm,.. portol"1:lOd an exoon1vo o.=ount ~ won 
ta obta.ln tho rorults (2.1.,2), whioh would bo obtal.nod by th. 1mmod1ato 

application or Cauc.h,y'. Tbooro= to oquat1on (2.Jl.); ho,"":", approflch1n6 

the proble= 1n tholA ttor raah.1~n dooa net givo th. ho:lOgonooua solutions 

rlthin tho t.ra.nJsducor rogion. 

eI&n0r!.n& tho contributions t'rom brunch pointa !1."'Xl other poniblo valuos 
or h(ll. 



( 

TM :"'O~a (2.41) !UWl (2.42) ea.."""O., or oOW"~oJ Talid o.'Ù.y tor Nrat 

c..""Clo.:" polOll At, _ po.rUoulAr llel- k!t. l.t tbo rolOl) OJ"O of' hishau" ordor. 

e'&~ iMioatocl by t.bo ~t~t A' (k ) il 0. t.~~ JU"'Oco~u t'or the OTAluo.t1on 
~ 

of' (2.}6) w tho !\mct.:tCU'..4 ~ich t()llow :1 .. # A· ."u OIta:blùhod, tbou,sh 

ln"'ol'N4. Fœo4-.1.."""O. (500, te):" ~o. lot'~. '7 I.nd 4.0). A.:l :1.ndico.tod 

l.2.7 ~ 

nu. o~ot.. t.bo al.6obn..10 aolution or tho ~oou •. ~ 

~robl.a ••• ouU.!nod 1n aoction 2.1.5. t'or • pa.-t:1oular "ùuo or Ikal­
n:.. co:plote 1Ifn'O aolut1on.a (2.}O) ara now icnotm in both tho t:ra.naducor 

"pon a%ld ou t. ido • 11'1 th the oxcopt:1on or tho bn.nch point contribu­

tJon,s (bw.x "'YO aolut:1onain tho ~ub~trato). In tho rogion x > D/2, tho 

:2oluUOM ror l~r Md wb#t:Mlto oro, ro~~otbol.y, 

6 rua ikx 
~(XJA) • 1 ) [C~(k}cr Ja!) a Jo !t 

~ k.t 
~ 

, 



( 
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!'roc (2.4.."b). ri t.!""..;!n ~tn.:-..Muc(t.r N6ion. -1)/2 < x < D/2. tb~ ~Ol.ut1cM 

C~i3t o!" ~o~hoœ~~ A.n!pAl"'ticulAr' 1nt.l~ solut:ior.a. tb1ns oqu.a­

UOM (2.))) I:\nd (2.4.1). tho eo.no.."'1Ù. t'OI"'C ortho ftYO ~olut1OM with1n 

!.hli#. NPo..~ CM bo 4!~.God 1r.to Â -''&'0 Pfto.kot" ~ti~ in t.~o pod­

t.:!~ x-dÙ"Octicm, Vj(X,Ah A.~ o.."lO p.-cpAp.tir~ in the nopUn lI>d.1.~ct1on, 

\'j{~ .. :). Tho"o CM b~ 1I:"'.1:t;tc2.n 

,,;(x,a) • 2:( (~)'Jn(k) [0 -llna 
.. T,l.(k)o ."aJ 

~ 

tho propor rM60 of' tho indu 'CI' And. tho corroct cbo1co or tho cooffi­

cion~ A .. AlIcl Y
J 

' A4 woll CUl tho cloo-,y hctol" Il • 
.,. n ik x n -1k x 

Dy r4ctorin6 tho tonl 0 :l rra. (2.1,,5.) .Lnd., :s troll! (2.4Sb), 

CM co.n clorino "A:Iplltu40 fAotors", AP~(~,~) aud AP:;(X,Il), tor tho "wnve 

pAckoU· propG6AtiD6 in tho polJitive iû'"ld nogativo diroctiona, rospoctivoly, 



;' 
T, ". 

-;6-

:!Xx 
A.Pj<x.a> 111 vj(x,a)!o 4 

-il( x 
A1jCx,a) 11 vj(x,a)!o a • 

Mon .tU " Hic! _bout. tho.:a.o -a.=p.lltu4o hetGr"- in Chapton Vlrmel VII, 

~ tMir Ml #:~it',lc~ •• 111 1)000.:0 .~pL"'"Ont. 
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Qt.\.~ ID: 

lJt\.~ AP!gTfNR 

th.:b cMp~!" 1,\ _tMd by tahich ·thotot&l ~ducO;f' ~ttA.nco CfLn ho 

dot:4u"=.!:-.od .. Ul bo )WO!\o:rt04. 'tbo:.""O 14 no #op!U"At1on bot..wNn bulle o.n4 

"u:1"'aco t'Ilft# in t.ho followiroô A:nAly;11.4; hO'll'O'rV, lt wUl " A.:t~ t.~flt 

t.!-..o nllùl t.t ob tal:'.\Od wUl b~ appHCNl cml.r te t.~o :lurt.co "" ~olotlOM ot 
~ocUcr. 2.2.6. 'Tho bullt _1'0 eontrlbuUOM to tho tnMelucor Ad::d.ttAneO 

'.2 't"rAn.Jd~CU" Mll:ÙttAnoo Ud.ntt Cog:plox rsxnt!n6'.1\ 1ho-t\1"O= 

Auu:d~ ,. tl::lti dopon:lonroo oxp(-iut) And in tho Absaneo of ::Iaî;notic 

rlol.b -1 t.b.t.n t.ho =- to.r1Al t tbo co=p.lox POy'nt1J':6'. ~i2oro= 1'or A p1cu:o­
ttloctrlc aa toriù 1a) 

f['! ::~dV · f [BIJ1]dV -f[~ :t}ldA 
V V A 

~Ihoro: Ji Al"O the cocrponontn of tho oonduotion ourront don:sity ri thin V 

7
1 uo t.ho compononts or intornnl body forCG dGM1ty 

Tij ft.re tho uAuAl ooatpononta of :strCtu, dofinod by oqulltion (2.1) 
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Ut A1"'O tho .i11#plACUIOnt Oo=pGnOllta 

Su ....... tl-.o U5W. cocp.onGnu or 5tra:!.n 

Il ... "\d ni aN tho c~"l1Ilrnb or oloQtr!c t'idd ~ dl11plaoo:::ent • 
. l"O::lpoo:t:lftl.)'" 

P :1# tho Il.''U do.na1:iy 

'ri b tM 'fol.UM or _to:rttù. w~U' ~o.n.d4o.r.tlon 

• ~-ol~ntl t.bo coaplo.x c.onJu.pto • 

!.:tUAticm <;'1) Np. .. ·1UI-4U\UU>'O Ol:\lO.rt)1 bdA.nCO rlth.1n the \'olu=o V. Tho 

O~ t.t.o:"'~t. M.nd #tc.\o will bÔNU'1osnbod ~~ tho t'ru:;1l.iAr Qœplo:: I4CO\UtiC 

Po:mt:1r-6 1'octor. Appl,y1.rt.6 OquM:iOM (2.1) A.nd. (2.2) to tho lut to:-= on 

the) :--14)ht. hMd :r1do or 0.1 ). ono CM w:-i te 

Only one lubscript 18 roqu.irod t"'or tho dioloctrlc oonatcanta Ci sineo ft 

ha,. ASSu=ed tbAt tho dioloctrlc tonsor la d1A60nal, in saction 2.1.~ 

In tho ctUlo of 0. piolooloctr1c _torbl baing oxcitod by an utor­

r.ü ~ourco, ona cMthink or tho _torial tUt bains fillod with intornal 

=ochMiccù. aourcoll (Pi)' couplod to tho DOurOO by th. oloctric fiold ~ 



( 
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*~co.r. l'ho o04lplox ~ p.""'Q\"'1docth.:r tho~ -"O\U"OCU'- JS1.At 'bel 

oq-Alto t.bAt 4\.-ppl1ocl by tho o:xto:T41 ~.tor con.~tAtd te thG tra.."la-

4ueor ol~b-<!do~. Sonoo, tho ir.tosrol 

/[:1 ::1JO 
v 

C~ ~ Nph,Cft '01 !.ho ton:. V;l" ~ V 6 aM, 16 a..--G t.bo appliod Yoltaso 

aM o.~t :t""rœ ~ SOM"' ter. roapoot1ftls. Thual 

n. o.O=;Ùu oloo.t:rlo.31 powor 1nto tbo t:'ft,. .. .:.ducoru C'itton ve1 to '00 
S 1) 

acmd4 ton't ... l th tho t.or= EiJ 1. • Ir tho ~4uoor' A4:dt'tlLnoO 15 Y, 1t can 

'co dorlnod by 

t'hO. cocplox con,tuelto ot Pl) AjJpOCLn in (J.") bOOAU~O oloctricAl 114=1ttMCG 

b ~ dot1nGd tcr An oxp(1vt) U=o clopandonoo, c.ncl ft MTO usocl 

oxp(-iut.) 47. 

In tho ai tucltion whore tho mtoriAl. oncloDocl 'oy volw:.o V i5 An 

1.r.!\ul~tor, J
1 

• 0, ",,"\Cl oq'.l4t:1on (3.}) bwr1t'ton 

J[: ~1 J[ SUi 8U(1 
Ps • - 1'1" at J n1cU. - iAl °1JklSiJ Skl" Bi ~i·i - P at at J dV • 

A. V (}.s) 

'l'h. oalculation ot' the t:raNduoer .dm1 ~o by the use ot oqua tions (J.} .. ) 

aM (J.5) 1a anal060ua to tho"Poynt1n.t; Voctor Kothocl" uaocl in the doteI-



\. " 

1 
! 

Idnattoc ot' t'ho !~-.o. ct olo12~t1a antoftM,S}8. 
'1'bo t1_ A~ poIIOr 401he.rod by tbo 6'OMrtt. to:' Ù Bi.YOn "hl' 

!lül{PS) • - i RMl[f (TL ::.1) n1dk] 1 

A 
1th1c:h :1.t .. wùl ~ rowlt. I=poot.1on ahow:a tha.t t.hoinœ~ ortho 
-wolu. inùçol in (}.5)b puro.ly roAl, Md banco tho Tolw:o intot)1"Al !11 
Mt 1:\Cluaocl i:l ().6). 

In ~. ~ t101d Bi .ppoAr_~ in OquAtion O.S) wUl cont.rùn 
t.ho ct..-1Y'1.n6 tOt"D NwlUr~ tro: tho Appli04 Tol.~ Q!l woll U D. 1'10.14 
occponont. eoupl04 to t.M p!U"'t!clo 41:aph.OUI':IftUi. H01f'O\'Or, in tho 10-. 
courl.1.A6 App:œ:f._t:1o.n :1t.:b th.1!l l"ttor :N.o14 whlch MlI boon ~, 
A:'4 UN:. the olootri~ t'Iolcl ton:; ~-1r.s in (}.5) 111 only tho drl~ 
t!olcl. 

To <1oton:d.no tho ~ucor a4:d.ttll.noo rro= oquationa (J.") and 
(}.S)I H. II nllCUUla.az:y to UH Il YOlUM V that totol.l.y onclesoa tho t:ra.na­
clueo.r ""lon. !ho ~T1oua Tolu=o tor thia purylOSO 1.s sbown in "18_'.1. 
Th. "'onb'" or th. TolUDO V V'O plA.noa A. w A.. parallol to the (y,a) 
plane and lccllte4 ou~d4. the transc!uoor rogion. '1'bo "'top" or tho Tolu=o 
:b plano A,.parallol ta tbo l-.yor-aubatrato interface o.nd looatoc! at 
a > H. wbUe the "'bottoa'" 1.a looau4 .t •• -.. Tho two "aidos" are 
plAMe ~""""!,'el to the (x,.) p.lAno a.nc1 looatod At th. oncle of tho tr&na­
d~.r tlnsar:a. In tho at:rlotost :aonao, the t:ro.neduoo:- fin60re abould bo 
oxcludecl trOll tho volu:» Vi bO"TOr, aineo ft uaumod tbAt tho fin&era han 
nogl..isiblo t.bickno~a in :soction 2.1.1, tho1r ino.ludon in tho volume do­
soribod by Pig. }.1 hA.!s no ortaot on tho reGul. tl ot (}.5). 
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t-AXlS 

- ..... -...-. ...... 

H 

- -, 
1 
1 

.l. -012 x ::012 

1 
1 
1 

----- TRAltSDUCER REGlON 

Fiaure 11 - Boundaries of rqian used for evaluatim of ECJlation (15) 

x-AXIS 
1 
1 

1 
1 
1 

r-' A 1 
J 



i 

j 
( 

j 

i 

~:i.MO t..~ th C);~-w.mt MA not boon ao1toa.~1'O ltt no (lontl"1.bution te 

!:.ho ::n,U"hoo ù.'to~ or t$.S) troa tho ·~1cto~1I or v. ltOA.QOÙ~t1c .a.VO!J 

a..""Oh:.me.~1.nto tho N6'1on Aboy" fl.· U, (t..~ #1.ncotho particùo d1apl.Qoo-

o.f ('.5) O~-# ~.c tho T
1J 

ooaponont o'tCu·tho 4W"heoll At tt.nd A:- Slnco 

t.ho :lu.~OOtl .A. v.d A~ aMI looatH. ou"ta1do tho t:nu\.a4uoft' t'Opont only 

th. h~OWt "ft #o.1\ut:tons. sinn by ocr..-Uo.n (2.~). V'O uao! in th • 

• ",lua~Son or t.bo ,urt'aCO i.ntCtsral iD ('.5) • 

Zn th. ro~cms Ixi > n/2th. 'Iolu=o 1f\toorù ot (}.s) 1a acro. "nl.b 

h •• sUJ)' ~od by oo..·~ddaMn.s th. u.ll yolu=o V' 1'0:-=04 hl' placins tho 

1':'1"1\0 A., ~llol to A,. at ~ • 0/2, ... !Shown in ,.."". '.2. 

1----1 

H 

A.~I 
1 
1 

X· DI2 
Fiaure 3.2 

• 
x-axis 

• Sineo 'l' tj 1:1 OTAlUAtod outaido tho tro ... "aducor ro61on, T,.1- 0 'Jkl\l 
only, in tho low ooupling Ilpprox1l:Wltion. 

•. -.,~.,+ ... , 



\ .. 

1'1t'h:1r. th1~ t"O~o.'"\ tlwnt b no i!IoppUM poqr ~ tho ÇOMTA tor and 

tbt lé!..""t hAn:! ~tdo o!' ttq"JAûœ (}.S) t'or tb.b roSo!en ta aoro. In the 

~~.#:O or losJl. W ,urtaco i.nt~s:·'O.l C)f O.s)ror th111 NS!on will &140 

bel J.OrO ~ M~ tho 'l'Olu:o lnto9"Ol w"t:ùao 'WMiAb. !'heftfo.,-o, the 

=l3' coatr!.buUœ te l..~ yolw:o 1..nto6"l ol' (,.s) 00000 .~ tho yolu. 

boo~ by [sI • on, tbo N.tUtCl A, and th. ·",1do~· loo.tod At tho OMS or 

tbo ~.:- rL.~s. In onl\a~ tho yolu=o lntos.nl or CS.S) the 

saluÙOCJl w1~ tbo ~UC'.\{U" ro61cm, tt1VOfl bl" (2.~.5) e.ro uaod. 

~ ~ of po~ond."'1.6 the ."owal coaputat:lona f'Oql.d.ro! te doter-
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1 
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C!W'1'Il IV 

coll.Pt1'lm.œw.. )llDfODS 

In tboP"lcoo41.:.'-6 ~pto...,. & c~1401"Qblo M'iOU."\t or tbool"'OtiotLl 

~1~ b:AJt. 'bo"O~ pro4o.ntM. !b:b. .... ~$1.b not or =uohuoo u.."Ùou 1t 

o&."\ lo-.! te. L'Uftn. to :r~1t10 p..--oblou. 1»0 to tho oo:plOX'ity or the 

a:31y:s:b. ono 18 to.roM to 1"'Oly on .. MtI:h-lpood 41G1tA1 oo:putu for the 

act-.l oûlNl.U= or l"Oaul.ta. A 7o.rtn.n-lV «;-1.".1 l)~ lc:no'm u 

-um- wu ~pu04 tOf' porf'~ t.bo nu=orl.Où ~01.af hOllO'Nr. due 

te> the .be or th. F~. n, 1rlllnot bo dos·o:rlbod in 4ot.&U. Rather, 

the :1~t f'u;r:;ot:1cm.t ot tho F06I'u _Ul bO' OOf'.41dO't"Od, w. tho ...., 

in wMch ImSCV'S ... ":'O oota1l:loj w1.11 bo 4bcua~. '" Ai:::pl.lliod no-. eh&rt 

lhoeiD6 ·the =Jar _topA 10 ohocn in ~. 1... t • 

4.2 Solut.1,on or th. nootrostAt10 Pl'ybl!a 

M't:or ohook1l\6tho 1nput. ~torl ta b. oorb.ùnthAt tho co:plote 

problom cu bo uol'tOCt And porl'o.~ Cl to. routino Oo:putAtio.M to d.oter­

dJ:Io tho bulk 1CfO 'tolooit;:io~ 1n bo.t.b l~ a.nd tlub:H:n.to, u woU 4~ th • 

loo.at1on or tho #ubatn.to bl"MOb poinb, the 1110.. couplint( olootl"o:aut:1o 

problea :1.4 #Ol"lOd. Ù 4olcrib04 in aootton 2.1.J., th. aolut1o.n to this 

12 
p:roblOIIII 14 pctOM:lD4 b.., th. p~ ·CAPAr' propArOCl by Con::nk ot Al. 

Tho stops 1mtol.T04 in the un or ·CAPAX" U'O doocrlb04 in AppoM1x!. !he 

c.n tSt ·CAPU· rula th. gri4 wb10h o.vorlQ,ya an AdjAcent pair or f'1n6er3, 

u !eso.r!bed :in aeotiou 2.1.4, n'th. th. nluoa of tho "low ooupl.1ns" 

olectl"ostat10 potont1al tunotion tar tho oho.lon tMt.n.sduoor conriSuHt1on. 

'l'he le.,.l al on the g:r1d. oorroapondins to tho lovel .t whloh tho tn.ns­

duoer 1.looate!, b ohoson tar the U'pMaio.n of th. potontial runction in 
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" 'CIW"'1v sarl •• Al=6 tho x-«d.. Olnco tha bA...-::or-..1c a.M.l.)'sb 15 porto~~. 

t..,. t!Oto.",t:1Al tuœt10a Y1.th1Jt tho tTona.!uoor H51on, doN.:=04 hl' oqwa:tion 

(~ .. 9b) ~ cu bo '&'l'1 t:l.oll 

t{x.a) .~;\ft(O -~a. rno ~a) c~(n1: x/L) 1 

ir 
(1..1 ) 

U *.tt'1Im; in ~ppct~ ll." oquaUon (B.'O). 'Ibo ooo.tN.cio.nt4 ~ U"O ftO..""=Al­

i~Ci-d. to. ... ~pct.o.:ttd.A.l ~ 1-"tOlt (po.Dlc) bot:a.on :l4Jaoont o.lootrodoa. -AdJ"-

L'let t.bo r~:! er.."\l'l plAt.1n,e !ntho OtUO or -uniyohr' d...-1vo. 

$.ttot' no;n=ol1ution or tM ~, tho lAr60~t O::lO 1.1 cb040n aM 1t:l 

hL""IIOtdo œ=bor ~tor04. U ~ u dx =0;"0 cooN"1oionta oro thon ch~on, 

p'!"O'tidir.,s t.."My ft..""O oquAlto OZ" (;rOfLter tbA."'& Il cortdn pot'Con~ (!ln input 

p4..~tor. \l.lNAlly chelan to bo !C) of tho lorsoat. t'bua, A.t QO~t, tho 

~~:::.::at1o:n (1.. 1 ) ...ul conta.in aO'ftn to~. ThOU6h thia ~ "PPOGr to bo an 

o:ccosd'l'O .d.:pl1t1CAt:1on, in on cuoa aMl,yud tho =-6JÛtudo or "-n 1s 

.round to doo.t'Ouo "10..'7 ntpl4l)' with !na.rou1n6 n. Nor don iJ\éZ"Ou1n6 the 

~ or hU'lliOGioa, by iMlud1n& d.dit1.cmAl a:allor toru, a1piN.oantly 

.. Uor tho t1Ml rowlu-. Tbo.ppropriato T&luoa ct ~ an! r n lLt'O then com­

puto4 MC1 atoro! tOf" ~tor uso, and tho ~ preeoNa to tho nut stop. 

l....) Solgtion qftbt HcpQ1Jooul Probloe <Nb!!!. th. 'rran,duoor ReSon 

In tho oalculat::1on ct ft.,. aolut:iœs, th. hœogonooua lolution.s 

wtdcl. of tho t:ranscluoor roSion roproaont A comoni.nt atart1ns point. 

ioo.nll.in6 t're. Clulp* n, thoao J)'U"'ticullz.r solutions Are dotino4for Dithor 

lAyor or tubs~to by Cq-..=tiQM (2.42): 
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v jex.:) • 1 L[C~(l<)o.l=. ikleJo 1k.{$x 

:II ÎC'1Ii( a 
tœ- "'tO.:l p..~t.1..~ 1n tho pœ:!,t:1TO x d.iH~t1on, ... "iI! by 

t~ -.c'ftS F~t1.ns1c t.bo MS&t:lft x tirootlon. ~ ton:! C~(k) 1a d .... 

!':~, by 

~:"O A:: !~ t:...~ lé2.~ ~140 cooft!c1o-nt doto:"a1Mnt or thoboun4Ary oon­

cUt:1Ol\ o~t:1w. (2.2!l), -tth tho :II
tb ocùu::n l'Opl~cO<1 by tho r!6bt-hA."Xl 

~ido co.luœ or tho #UiO OquAt!o~. ~o to:..""D A' 1.1 tbo aoriy~ti'" of A" tho 

lort.-hAn4 da. coo.ttJ.oicmt: cloto. .• -=1M:\t or oquAti~ (2.29), Won o.t tho 

wuo or k.:k# At ubich A. 'tt\.n1!ÜWA. HOnGO, t.ho t1r:t p~lo=to bo 

tAcklC14 i.tt. thAt. ot tt_~ th. n,luo or ~.:k o.t .t\.ic.h tho dotor:dnn.."lt. A 
4 

~ 'VNÛN\. l'roc A ooc:putAt:1cmcù :at&n4pcint 1t 1:1 :uch ou1or to ohoon 

o.troquonoy r And thon tlnc1 'tM nluo or pbo.ao 'rOloo1ty '\t At -.bich A wUl o 4 

Ywm. Or.cit tho YÙUO or Tc 14 dotorc:t..no<t, cna hu ka.:2'" t/v
tJ

• 

Thft'O la no ouy :!Othoel or loofLt:1n6 the voloo'lty "a t ancl the _thod 

wh'loh hu bo.n A40pted la t.o uao Il com-orgont l'NDlZ''ical .. arch technique 

tmown LI a -Cola.n Section- ao-arch 76• A ,iucU.oious suoa. at the approxi­

_te "aluo or T. 14 =do. and ILD upper and lonr bouncl for the aollî"Oh ârV 

500cit1od. Tho ra.np ocmand by th ... lùdta 'la thon aubd1rlded into tin-

1te 1nteM'ÙS (0f'16inal atop abo), and tho valu. or lAI 11 oaloulatGd at 

oach one. Thb oalcul.tion in"OlTO:l oomputinô thoroou, l , for bo:h .. 
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~r &ncl ~ub~tnr.te. \u:!.n6 tM ~CtÙlU"" ~liWlt1=. (2.17), :Imt! tho "'oiSOn­

voe··tc:.,"! [:;:Ji t'or "ch valuo of' TOloe.1 t)". Tbo~o NUOft Ql"'O the u4o=blod 

Acoor~U.~ to o~t1o~ (2.~), ft..~.tho T1ÙUO ot' lAI oùc:n,ùAte4. Si.~QO tho 

'nÙUOO.t trd' ~l M'l4. ~~ :ln tho ·oipmooc:O:-'" ~ ro.l'lt1"1O, #, _ 'ilt o.l~'::l 
'= :.= -

c.."UNU~n. to lie. u.."Ùt;y • 

Il' tM. 1:n1UAl C.lO#. _ t tho KArCb .rM60 wu a. sooa cme. tho n.luo 

or , .... , "-,.l.l ha,.. a d::ù.m= At SCIIIIII NUO or T'Oloo1tïy " .. "';::.1n. '1'bo two 

valu.. or TOloo1t:t whiob 'bnokot T=1D ce thcn~ oh~oa tu no. bouMArioatar 

the M .... "'Cb. u-A th.N"OCOU 14 :"'Opo.toa !..., t..~ .~oF1&terA.:th1on. In 

thb. -.nnot". the p.-.u w1ll np1dlJ" OOm'Ot"60 t.owtu'\i the n.luo ot nloei ty 

to::- è10b lAI 1~ .p.~dMtolj .oro. ot oOJr#-O, portoot cormtrt;Onco would 

·nHf.dro M .l~t. unlùdtod ~~t or oo:puting tù:!o, and thu# ·OOm'1lt'­

sone.-t. do!'1.~ ft': t.ho point at ..tùoh tho TAr14t:10. ... tN= o. .... 'hluo or 

'toloo1t.y to tho noxt b lJ)s~ thL ... ft pHHt mouon of t.'lo cr~ :ltop 

~i:Cl. th!.!t t"r:t\oU.on 1~ U#UIÛl.y oh~on to bo 10·'. In :rpito ot tho :rIJ\Y 

ocsçutl:a t,;loM tobo porto..~, oomorpnoo in thiZl tA4h1on b ob tùnod 

':Ii th1n A œ4 t to.:' ct ~oconcb U.t'11.n.6 An m. J60/75 ~y# te:. It, porohMoo, 

tho 1."\'it:1.:t guo:i\. At. t.hCl tloArch ~ W'U ft. pOOl' ono o.n4 tho ::d.n:i.=au= or IL 

llo~ CNtddo t.'tO MOllon ~. tho p:"06l"fU= M.n A bullt in Cldjws=ont !'oa­

~ thAt nU lLi.::.or tho or101ml :lClArCb r~1lGO b.1 a:l z:lJch Il.s ! 1000 rt/aoc. 

1.:1 po1ntod out in aootion 2.2.6.}, thoro lMY 'ho aovo\"tÙ. "=odos" or 

l'rO'pll6ll.t:icm far ft. ~lcular oonN.6U%"t'tion, Md honco dif'foront poas1ble 

TÛUOI of l'ksl- 'n\CUIO w1ll correspond to diN'oront nluos 0:' va aM, 

:IWO only on. "modo" CM bo oondel.rod .t ft. timo. tho soarch 1"ft.nSO must 

~ choaon so that th" value or Vs for tho dodrod "modo" will bo round. tt 

t.o or more "mo!ea" orist rithin tho ohoaon aea.rch ranso. the ono trh10h 
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Onoo tho'ta.luo ct Y. ,,~to.r: tho d.o~i..-od "=040" hu boon cho,on. 

tho wuo~ Ct' t,htl roob, 1. , ~ t.bo ·O~MOOtQr-4~ Co:':J, for tho l~ 
:1 0:., 

Md ~1;Jh:J.t.:nI.to ~""'O roCNÙcuh;t,od fit, th4t -n.loait.y Afid ~torod. for tuturo un. 

cm.~ ù.~o ho doto'.nd.n04, fi ~ctpA .. ~tlO at. cr roo~, 1;. t1fl4 "oi60n"otors~ 

[:~:J,i ''-'""0 c<llil~ul~ t.od. ~"td. :t tW'04 t'Ot" 't" -1" a • 

Cont:lm.tlr-t w1..t.h tho b~CN# !Jolut,10n0tor le > D/2, tho noxt 

~e:~p :b to 4ot~nd.no tho dorbA.t.:!TO or A At k .. klS. -rbo 4orinti'f'O,.n1oh 

h ooc;tlo..s, b t"ouna n\l;DCt:l"'loùl,y by nttlU4t1r.,s A fit lt. ks ~d at pointa 

oquall:; "p"cod on o1tho::" dao. Âa IIIOntl0r.0d in aootion 2.~.b.}, in moat 

~iUO.' t.ho dfu'ë!Tat:1TO or A At k" ka 11 not oqu~ to loro. Ro.o"r, 1n oor­

tain CASOI, th4t dort.,."tiTO ::.q ~iah. R.thor thAn On.lUAto " NcOnd o::"'4or 

polo ln Uds 11t1JlAUon. lt lshr ouior to ohJU'l6O tho troquoncy to al.iôhtl:; 

vÀ nFO~t thop:'O(lOAI. bos1M:1nt at tho stort or thi~ aootion. Sinco 0.11 

h;r A. :laùl UClUnt., -.lton 4000nd ordor polos co our , b round to oli:d,nato 

tho FObloc:. 

tho tlMl stop in obtA..1n1.nô tho :.\olutionl1 for x}o D/2 imto1voa 

cftloul.ct1ll6 tho ds)\t hAncl Aido or tho boundA.ry condition OqUn.t10M, 

(2.29), :l0 tb&t A=(k:), lUt do.tlnodby (2.420), oMbo ovolun.tod. This ro­

QUiron tho clotondm.t1on or; (k,:) Anc1 ~(D/2) in both tho ln,yor Md aub-

~t:r&to. u wou. u tho tr1u\~rol'1ZlOcl portiou11\r intoor:ù solutiona. 'l'ho 

,.o.luO:l ot .(tc,:) And. ~(D/2) tU'O GiTOn in tho clotinitiona AOOœzptU'l.)'ins oQUo.­

tion:J (2.15): 

.(tc,.) R ~~Pn(k)tn(:) 
n 
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• !V2.:: L • o 

'the! fU:\ct:1ofi-' t {a} • [0 -Stna • :- .. lIna]. ~, :mor.: in Appond1:c '8.3. Sineo 
:\ n 

~o ~; .. o~ ct li. ~ t..'w. ~.iQ. nu:bor n MTQ Al~ boer. cft.lcu14tod 
n 

~ ~to.""04. ~~ do~c.r:lbod .1n tho p..~~ 400t:!on, tho functiON Pn(l(~) 

~ N
n 

eI...'"'O ~ o'tAlu~!Ocl. "nlu!). tbo tunct1on.:l ;(k.=) o.D4 9(1)/2) OvtÙ.-

~to<l At le Il le JI..'"'O doto~. ~!ho ~~!'on:»d. pArt!.cul!a.r intoÇ'Ù 
:t 

:.o.lut:1o;-~ ft..-o obtA1no4 by ~ol't1:-06 .lUAt1o.~ (2. ?3) A.."lC! (2.21.) fo:" o!lCb 

I:t.::::.:;o::':~lcd :"'rœ t.~o1r C~ ... ~! ~t:a, ill of 1Ihich hAYa ncnr 'hoon dot4:-=inod. 

Tho e..,,:"\::# on t..". Iv!'t hA.-:d d40 o!' oqUAt:1ON (2.?9) lU"O thon o.:t!lo::.blod 

tU!:-"" t!':o J1TOY1O\~l.)" 3tcrod roou,l=,ta.:d ·ol~n"ctQt':ai [:~:J. Ono OAn 

t.~on cAlcul'te th. nùuoo of' A (le ) by SUl:Ult.1tutil'u!' t..'t. r1ôht han4 sido = • ---v 

ot (~.>.9) 1nto o.ch oolum or tho lof't M.nd 314. And o'nll.W),t1.'l6 tho dlltor-

. :rlnAnt.. nto coa.."'tlcionta c~(lcs) ...... ~ round. by dirtd1n6 Am(ks ) by Il', 
wb,ie.." wu pt"Odoull,y dotor:dnod. !n th!.. t'uh10D tho co=pl'tte ho:106OnGouS 

301~Uon#t to:- "no axtot"nAl t.o th_ transduoo::- ro&ion o.nd propA6atin& in 

tllo podUTO x diroct1on, Ar'O spoc1t'1od. 

To doto~ tho lJA:IO :aolutiOM t'or tho 'lfftVU p:"opasatins in tho 

MôllitiVO x dirootlon, ono rotu.rn:l to tbo oAlcull\tion or A' o.nd ropoat:a 

tho ontiro procou ud1\6 lt. -ks' tho root:aJ l;,and tho ·oi6onV'Glotors~ [:~:J . 



( 
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~"tCm1h s~n·A.-Al tore\),. ~t:lon (2.">: 

~ ~ Po L r • .ln (c!J!ll.) [ 0 -lin a • T JI> (n!J!ll.):" a] 0 -!.n .. -4t 
:.\ 

P • li · o<lxl< n/2 
0. 0 • Ix) > D/2 • 

Tho to~. A~ ~-,d bJn ft...-o dotor:i,."'IIOd by ~o.l\"tr'-5 oqu:\tio.n.:l (2.2') rlth k. 

~m IL. 'tho ~A:O <2oœ.rutor ~ubnNt::1no 1.:. u~od to pctt"!'cn: th:!! !'U.notion u 

<~~:!\ u:lod te dfttcn"'lldno tho tnul#.ro.n=oc1~ie;ul1l'" l.nto~ aolution in tho 

pro'l'iout. :00 t:l~"\. J,. chA.~ ct' 'tviAblo in tho ~nt lu t; ftollcrn tbo 

(2.,.1 ), 

~(x •• ) • ~I( [m A:n' -Ja0 00,,] • -!.n.-4t 
n III ba f'tJI IL 

,~, -. . , 
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l~A~ Attor aot.~""\iId::d.~ ~pIU"t:1~ lnto6"L\ ~t1or~. l'!rat 

~ :"COb, l 1 d* ·d~""TOO~~ Cét-:J,4\..-o oTt&lUlt~ L~ .~.t0r04 
Q ~) 

!~:- lit.~VL. Tho nlœ ot A rork-n1r/t 1.molYo~ o'ùcu.lAt1nstho dotond-

~o.t' tho loh-lu\."\Cl .,140' o!. o~t:1c.~ (2.~) ud.ns·onl.Y th~o :roou !t;.~d 

·ol.~,,"W~· u.l.\OOilltoil 'M'1th k. nq'L. 1'0 onl.udo tho ter: A=n1' the 

:-!~!~ :140 o.t ~t1on (2.~) w#t bo QOMtruOtod u.!Jins tbQ nth to:-...a 

ct iCtt:,:). ~(D/2) tU'À ·tho ~ticul'U" :!.n~ ~oluticm,~. 'nlh a-po-

o!all.1 oo:utrvot.N oolwm ~t;o:- i~ thon =ub#t:!.~toa in GAC." colu:::n of tho 

lllt~-I-A.~ ddo or (2.~) w!l1oh UA.a onlytho ru.uo:a ot' le antl r:;~ OJÙ­

c:~.tod,t k. n~. A.ld tho l"'Olult,1n6 4otJtn:dMnb c:ualc\Ù.A.te4. In th!1 

-V '''.,I.\ 1.1 OÙt!.ulAtol to:, 0 .... :')" T1ÙQO of n (~ or 10'\'01\ d1N'o.""Ont 

nluos). 'Ibo ont.iH p:"OCIeu h thon ropoat.c1 ror le. -n.;L, botiMinô At 

For tl-.. te.-= whicib propoôAto r1th t.b~ :'U.-t'CiOO 'ft" )c:. :k:a' tho 

QooN'1clo:rt.l t): tarA1 0: IU"'O do."1noil by (:a" oquAt!.on:a (2.41» 

D~!).lji) (rrr Gn(k) • ~ oo.(k.0/2)] 

(:) 1 r:.'1 :rn(k) • Api dn(JeD/2)]] • 

k.(:t)k 
1 

CM CAn rocogn:1:o tho ter= C~, .cAlcul:t.t04 in the pronou5 4oction, u 

dor1:Macl by (oxoopt for tho tAC ter ,( i ) • ) 

C' • 
m 
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tc:r t.bo "~Cl '. trœ oqt.iAtion (2.4020). '!ho otbor ~, o1von by 

Bi") [~; &,,(10) • A~ ... (kIII2>] 
ft )c]l(':)le!j, 

lUt'tW' ,~ tM to~ C' ~ 1.."\ the tA.C~ G (k) A..~ OOl(kli!2). Thoao 
œ n 

tl:diU. t.1.C."'JIÙ toru ~ CAlo:ulAtocl in tho ~ CA."UlIO:' A~tbO C' 1IW'Ointbo 
= 

p:'O"l"lOWl ft.«tCt1o.n, OXC12'pt.thAt t.."wI t\mctiOM (in (le) Md. oOl(k1)/2) A:'O ,u'b-

!lt:ltutoi into ·tho r1Gh~l dao ot' tho oquAtiOM (2.~6) in plAoo or tho 

tu:noticms 'n(le) Al')!. d,n(kD/2). In AOtual hot., th. o,!Ùa\lhtion of" th.so 

2oilUtiora.'l '~ is portOM:lOCl d.:ml~ou4l.r with th. OIÙC~t1o."'l ot the 

t:lcms J 'both 1nd4o..na oubiilo tbotnnoduoor ro&ion, ...... obtùnocl..In 

,:pito or the vor:r 101"60 ~or or o&lculatioM roqu:!rod, the dotorcd.na-

Uon or th.a. lolutiona, At A !\1nglo troq'JOnoy. roquÙ'Oa About 10 #aoonda 

or CPO tÙlO ud.no an DI -,60!7s lJYOto:l. 

4.5 Ccl9j!lA'tlon or Arwè!oo.r Me1tttmo0 

!bo oalcul4tion ct thG tr't.\.Mduoor Gd.ad.t'tMoo, At A part1culo.r !'re­

quorn:y ro' in tho lut ntop in Cl long ohMn of oporntionl2. Sineo it do­

pomb 0'1\ tho'toluQSS or tho ""10 !101ut.ion, both 11\:1140 o.ncl outaid. the 

.... , ~. 
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< ,···",,,·._" •• ·.0·' ...... , •.• ' ..... ".,4,.., 

It. dll. bO ~od w~ tho t:ro.:~cor Ad::d tt&noo T 1~ e!.or1nod. by 

oquAt.:!or4\ (>.:.) And ('.5): 

f\s ~ono4 i.n MOtion 4..2. all of tho _ft lIolut1cm. U'O caloulatod ldtb 

• Tolte&e or oaII).-\'olt(poak)'bo'twMn Al!Jaco.=t olootroc!oa. '.!.'!ma" Iv
S

" • 1, in 

(}.4.). It. .... o~aonod. 1n uot.1.on ,.~. tbat tho calootrio riold. Z!! 

ap~ in (l.S), 1.1 only tbo 4rlY'!A6 Nole!. ~n ulins the l.ow oouplÙl& 

~t1cm. 'fh.onlro.""O, tho to:"D 

l'OJIot'Oünb tho Ad.:I1 tUnco ortho At.tio 0{lPf'o.1 tanoo or the ~4uoo.r only. 

The ~ -CAPAr, wh1ch 1= \1404 to cAlcu4to tbo olootrl0 potontiù 

i"UJlot1cm, Al:o o410tÙ4ton tho trM:Iduoor oAJmoitanoo :0 th4t th. ad=S.t­

tee. or th1n 0Ap4.o1t:G.nco OL"l ho 4010tod t'ro= ('.5). 'ftle uprouion to 

~ 'ho ua04 in oalculat:1.J1t the tn.ruIcluoor sc1=1ttMoo will thon 'bo 

Y' • pt. 
S 

, (4.2) 
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ud tbo ~;bt;1t.bU'~ or Ù\tO ~tAt.lo o!apl:a::lita.."'iOO .'111 bo Addod At tbo OM of 

ti'.o O.:).."I:pUtAt:1CC. !'ro= ~ e~-!~ ~ t4mlpo1.nt. 1 t i.o ~~O oClr.Y'On:!.onttc 

It .. ~!\ ~.., in ;1OCt:10:~ }.ll ÛlAt .t,ho o:ù.y co.ntribut.!.or..:l to the sur­

neo ~to~l or (4.') ~ ~:.!:\t~t!.."\S 0."0:- .t;ho ·ona" ffiOO# or 

tho o.M:l.l04od.Y'Ol.~ V. "tü!c o.ru...:r t.~ 't0lW!IC ott..'lo ~"UI4uoor t"06ion o»n­

~bt,tto;.t to ·the'tolw::o lnto~...l or (4.}). Hc~'tCtl". boo~u#oo.r tho :t;~t.""'j' 

ct ~ ,"~to=. t.ho ~~" !:lto~ flOOd only bO OY1Ù,\iAto..l OTt): tho pl~ 

1~'lI~ ~t 'X> D/2, ':\110 tho "\'1).lu::o ~top-ol no" onl.y oon:aldof' tho volu=o 

!r.tho ~ Oc le: ( TJ/2. ~~ CM OM writo 

"/2 M au "/2 fi y2 aU! ao } 
Pi--2[1 .r[t1J~J~.iuf J Eljl(lSiJ~-PTtTtJ~1 

-'!fc12 -- --/2 -- 0. (4.~) 

~ 1'0. .quùa the Oftl"l"p or the u-a.nsduoor f1npra. Si.nc. onl,y "stn.16ht 

o:Nate4- " .. a hA .... boon oO:\41ct.1"Ctil in th. A:~\y~Ù, th.1ntos:nation Alcna 

tM y-aia 1ntroauooa tho ::ul tiply1.ns fActor "0. onl"v. 'l'borotoro, 

1l au H r2 a~ au ). !'s --TIc (J[ 'ttJ et] da ~ lu J [01JtclSiJ\1-P Tt a;J ~y •. S) 
__ _ 0. 

ao 
":ho r1r~t or t.~:ao 1nto()rAl~. 1:wolvi.ns TT J if =:tt bo brokon into 

=0. ~. 0.1'10 tO'f' tho ::ub:lt;nlto n.."ld ona for tho loyor •. R3cn 13 rondily 

cmù.u~tod Rltobn.1cmlly unins t..~o -or-..oncù- hOClOgonooua ~clut.ion!l sinn 

by oqu.~t:1cn (2.t.2) Md ovnlu.,t.od u do:snrihod !.n ~ootlon 4.'. Tho oru\U'l­

ticn of' th1:s tOt"'lll 1~ t\ triv1nl proorn::=1l'16 ox-orc1"Do. cnco tho lÙ.gobra hu 

boon porfoMDOd, ft."\d 1t .. Ul not ho oon:'lidorod f'urthor. 
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'Th. a.~n4 :!.nto6I"'Ù :b not web "a1.l:.plopl"Oblu. Il la an tnto­

~ C'IW' .~ YV"lAhlaa W tl'.o ooaplodt;r or tho oolution.!l Pi.·tlùn the 

tnnN~~4U" ro~oa t'\:rtho.r cœ:plicAto tho .!lH:u,t:1o.~. 'lfitbout boco:d.n,s 

!::'tol..,..a :!,n l~r~~ Ù$Obn.1o dOrl't'A.t:1cms, lt: C&."l bo"n01l'n tha.t 1t b 

~.dblo to l:.\to5M't. th.!." t'\::ncticm cUrootly !'Na x. 0 t() x. D/2J A.t a:tY 

!'*...xod ruuo or a. nd..il t.àct .14 .\lJId'ul dnoo 40T0rAl toru aln,ya !nt&­

~" ~ 0..-0 OY(l~ thù~. ~.ut. tbo lAt~ 1ntosnaJ, or (4,..5) OMbo 

O'l:\l~tAxl.~.1 ~. ooœb:inaeion ot' ==:o..--ic41 t.tn4 d1..'""Octinto6X"Ation. '!ho a­

U:!.::: l'roo : '" Oto :t..lI 1~ ;mW;1:dclod 1,nto Q. ::w:bor of po1.."\b And ~t Men 

r-01nt, :'1' !ho ,-..J.u.o or tho 1ntG5M'l clons .t,bo x-tIXi: !~ doton:zino.d. T'bon 

tho "w U .. "\t 'tCUltof" or'nÙ.uo~ ÙGn6 tho ~a b intos;r'#. tcHl. by S1=p$on':l 

Rulo. '!bo ~4al! pr'OOodu.. ... i::t ropo~tod in tho ,ub:J~to.but #bu"tinô a.t 

ir.to&l"t't:lon ~n t.ho ~ IU"O ~uff1ciontly .::Illl thAt tho ro=inins onea 

-t11 not a.pproe1ab.l.y Al t-or t.ho ~luo cr tho f1Ml N4ult. 

In tM,s chnpter ... n'ln proaontoil, in rouonablo dopth, tho oompu­

t.Uona.l .t:-l04s1m'OlTOd 1.n tho -tta1n.1.n6 or nwfIOrlcfÙ ro5Ult. to the 

-1011 coutlliJ\6 1n.'to:r.o6onoOUl l-.yor Fob1o:.-. ft..ny turthor deacrlption 

woulc1 1,",01..,. one in ~1.1n!1\6 tho parUoulrar atops in 'dotaU 1"%"0= & pro­

s:ru:=inô stanlpoint. a.'ltd that 1a not tho pm"oso of thia chAptor. 
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ctt.A.P'lD V 

C~IS(4't J!!.T!!!Rt CO!f!lm) À.lt'D!I!!:'tUil.E!). Ap~ ooA 
s. t l''I'4~uct:!.o:n 

!_~~ co=tl.OtM. Il COft,S.Uorabl_ A:Dmt ot AMls!l:u in tho W"O­

oood.!ns nct:!OM. CM nC4U1-...... SOiIIIIO tOl"ll: or o'X'pOru.nt to tGat tbo ftlld­

!t;y or t.Mtbo~t1o.:l. rowlb. Proo .. MfUNr'OCOQ.t aban.4J)01Dt, porhap5 

lho ou1ost ~tor t~ &oountoly doto:nd~ ls tho a.d.:d.tt:.nco (ia:podanoo) 

o!' t.M Il) ~-:tucc:-. Â. C~5= Mt'II'oo..-, •• .suroJ. an4 o.J.oul.:ltod A4=1t-

t:&nco !'o:-. ô1nn oonr~Ucm, CUl • !unot.lon of'rroq..»noYI 501"'\'"05 U A 

to~t tor Al.l parU o.r ·tbo thoOl"'OUCAl L-\Al.Yab Md tho oo=y.ltor FO~ 

'n\121 o.hAptor do=..orlbo# tl-A ~r1=iant~l pr.ooocluro u=04. to portorm 

noD-l~ And l~ :.t.Tuot.u:"O:t 1C'O.I"O _l'lo~urod, L~1.n ùl ouo:a tho 

L"\Ulri:l€ltAl t:n;..'\.."I~COT ftl) looAtAtcl l'lot tho lA,)'Or-:ub#trAto intort'a.co (on 

tho .rro. :turi'l'Ulo ln t.ho Ab~OMo o!' ft, l~) Md. thot:rA.n4ducor n.., d.rlyon 

tn tho oo==on "pu..1h-pull. (blpolAr) h.~lon. 

rolletr1ns "oqui.,ùont cdrcult'! 

Ra • urloa oloct.rleal losa 
ln t.ho lnanaducor and 
o onnoc tiona 

R. _. t.ranoducor Nd 14 tion 
-1'l' roa14tanco 

Cp • total tranaducor 
copacltanoo 
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• 

• 

'.2 !:tœ&l-nW Proo~=D 

tho 1Ntnmont UlH te:- lW'rl'ondn,s tho "d.:ittft.."lOO =ouaMt::lClnts or 

t..'lo ID t;n.:o~4uoflf' 1r'i\.# fi; !oont.cn U-Wot.or, t:fpo 2So-A.. Th.ù unit prorl4os 

Il I.U.l'·OOt =lIu~suro_nt o!' th. JI'U"'llol 1'OdstMco (1),> and cIlplloit4.nao (Cp) 

t1hie.h "~oontt.ho not:work 'bo1.n.s œAwrH !lt tho tlosiro! tNtquoncy. "!'ho 

froquency ranp or tho RX-*t.r OX'to.~A troc .5 Mia to 250 )fla. 'l'o oMble 

acCUl"tlW tI-oquoncy __ a\U'ODiulh •• ~ wu pl.oN on tho output ot' th. 

dg:Al oscUl.to:- '11'& tho RI-Motel" :l0 t,hA.t tho tost froquoncy could bo 

cont1nuou!Jl.y laOn,ltOl"Od with Il Howlott-t"A.ckw.rd f"roquonoy counter, typo 

S245L. A 10 dB -pd wu WIed in tho lino botwoon oscil4tor o.nd countor 

to isol.o.tetho oOWltor A....t provont "pull1n6" or tho o,cm .. tor troquency. 

Po:- to,t t'roquonoloSi (irOAtor thAn 50 lIla, th. CO\1ntor n.a uaod in con junc­

tion ,;,:,1 th ft typo 5253-8 troquoncy convortor wh10h oxt4nds tho rAnce to 

,500 l/H:. 80th tho RI-Mator n.nd th. countor woro tho proporty ot' RCA 

11 
i 
~' 
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lJ.œ:1t04 •. Iont:'fml, AM NC01Y04 oùlbnt.1.on bythGir In.lt:N::ont SoM"icos 

!)t'(:bio.~~t N'eil.u- l.'lto-rT'ftol~. 

\'ho to.l~ o.f' G::T'O:" :1.1\ tho !l:»UU1"OMnt of' 1), 0J'#l CpbY t.ho u­
Mit.t..:- 10 tlftft.~.Y t.ho ~IU~b.:ror u 

~t 

.0 i), • :(~.O"· '/200"~. 0/20~:O .. 2 0 

t.Cp ,. :(O • .s.o.~~ Cp li( 1(rJ~ !O.1Spt ; 

R:p d Cp -=-- tho Muunit va.lueo in Ohc.ta ud pt' 

, :14 U-.. fNquoœ:y in ait. 

o Il 2lf ~Cp" .~ ler-. 

(5.1) 

(5.2) 

1:'.\ rall 0Al4.#, tM :0.20 appo~ ion (5.1) CM bG no&lOCltoc1. 'lrith tbct 

ua or t.bo ~tU'rAl ooun~t'. th-o to,t troquoncy oould bo u#Uy ClÙnt41nocl 

:.0 ~t'Hh.1n :10 kfh cr tbo 4odrod Vl\luo. S!.QOothotoat t'roquonoios ct 

U-lIote.:-. =DI\ll pr!ntod cirauit boril otth. typo Ahown in P16. S.1 

t'OrO~. Tho=o b04U'l'1~ wero eut tro= 1/16- coppor-cl.rld phonoUo 

l-=1M.to Md tho OonDOCt1..n;s pod.a wwo propo.ro! Dy atMdArd pl\oto-otching 

~oJUH4. Atbtr otobin6. the oopper pada .oro nickol platod te anaure 

10. rodd:a.nco contaotto tho RI-Noter. Tho aurtaoo _TG doTteoa wora 

IDOUntod ua1ns b140k wax- and coMftction tram tho pada on the cirouit board 

to tho ID tran.duoor na =-do with a cloublod lon4tb oto. 01 0" sold. 1f1re whioh 

- alack wu wu &lao uaedo at tha odsoa or oaoh a&mpl8 to prevont und.odr.ble 
nrloot1ona, and as an .ôlorbor botwo.n traMdueors whon more tha.""l ono 
transducor na prosant on th. 3s=G aurfacG. 



Fleure 5.1 

( 

... ·80 .. 

lm) - $lO;. structure IIOœted lot use with RX-Mter show1nl ont .,.....ameded. 
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.o~nts W'O::"O a.!l..-r1" wt At oppropdAtotroqUO.nc)''Ù1to:'''nLla 

!"œ' "ch amoo. w1..1:h tho crÙ'Ou1.t bOl'..~ bo:!.n.6 1"'O!)01'od, at O.eh intoM'Ù t'or 

b.oud ~ ao ..... J::"'Od w1tb tho aurr.OO _"1'0 40,,"100 :cunt4t4 hut olootrlofÙlJ' 

4i.soocmoct04. Tbct \1ÙUO or th:!.a .aditicmAl a.pao! ta.no. n.a on tho orel .. 

otO.S pt. -.b1ch ... a aubaoquonUy subtnctod tr-oa tho ::ouur04 Taluea or 
C te> Obta:tn tht t.:r':;;o nluo or ctor th. dn'1oo. The cml)t ftrtAt10n 1n 
P P 

th1. 1)-:"000-.1\&1"'0 .u tr1th .r.roo lUr"hoo L14\"bO:t donce. Duo to tho h16h 4.1-

olootr:1o oOMtant otthia ClAtor:1&l., the static: OAptlo1ts.Mo or tho t:rsna­

clucor wu toc larp to bo =ouu:rocl. cl.1roctl,y hy tho U-Metor. '1'0 countor 

this cl1tt1cult,y ... uall ooU or approx:imtoly O.?PB with A Q > 100 wu 

~ A.ncl :oldorod Aœ"04C tbo pAcb on tbo o1rc:u1 t bo:l.rd to pnn.l.l.ol 

tune tho t:rM~U2o.r. A1'tor portOl"llld..n& tho =ouuromonu of ~ CUl4 Cp or 

tbo coU-ID t.ronDc!uoor oo=b1nAtion, tbo tnnIeluoor 1fU d1:aOOMOotec1 an4 

the mouuroaont4 "1"0 ropoo.tod tor the coU Md. o1rcuit bonrcl Glono. 

Wlth theM t.o !}ot4 or CIOuuro:»nu, 1t 1a a. simplo tA.4lc to oxt:ract the 

'!ho :lorios rodat&nao, Ra' 'IIh1oh reprosont. tho lossos in the 

oOnMotiona to tho ID t'rtmaduoor and in the tranaducor 1 tse1:1'. oan bo 

.. 
t 
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dotAm:t~ b,. ...,~t: or Ip .t lO1"OnÙ point# oitbor out:sido the 

"yu: ~an.t .. cr thët do-do. œ-- At ·tbo "ftUll.o" in tho :-O:poMO C1.z:."n. m 

Ü'.oU l!!.:1ta:;-o~. ~ C4."\ USWI:IO tbat t.bo t.:rANdUCOJ'" 14 Mt l,,",,~ SUl"-

t.~ "ft.luo CI!' l, l!l 

l • 1/(1 .,~e lf} 
~ 1> r 

a\le t <<' 1 a .p 

• 
• 

!bo o~!t4Ùo."l ct !\Cou~tic .t$urhoo _'fOl!. an tho:t'rooo .:turtAOO or 
18 54. sa 

t.!..~;) ~ boo.n ..u ~ntocl L~ A."~l,)'Zl:04 ... • For tbo A..·\Il.l.y:lb 

A ?!ooo G!' Xl' out t p..~t:1l\6 LWbO, or d1l::o:U!.OM 1."~O.S""O.04" 

r.tb o. ... ~\U"r;.co rl4t A..-.! poU.M04 wu uaod ror thi.o :::ouw"'O_.n~. n. 

=a te::-! al wu s~1od by Crylttù ~chnolOf:)' Ina. ...~ tho &-aXis 1f1lI 

o 
tr-tanllo:' to t.."w 10fl6 dl_n,,1on to with1.n ! 1 • Â po.ir or ID ~UOO1".o, 

û!6l*1 50 U to lAUMb ,urtaco "na aloll6 tho .-AXia, "ro rAbr1cAtod 

ontl-.. poll~ surtaco. 1'bo tra:l.olucon "1:'0 rabr1catod by oVllporat1ns 

• )000 À Ive:" or alu=dnu= L'·.t thon pboto-cltchins. Tho t.ra.n,duoor dimon-

10 • 50.8 IIC (.\ • 101.6 $1=. À • :\m4A::,onW "roOona.nt" wtlvolon::th) r r 
cl • 25.4 11= 

.. • 1..5 = ('1 i, tho tincor cmarlAp, or "ApornturoR
) , o 0 

Tho _c.."urod, bohAvlol" or tho R R..'1d C 1:: :)hown in Pi6. 5.2A W'ld. 
P P 

11,. 5.2b. ro::poctivoJ.,y, ter both trn..·u:lduaoro, n.~ 1~ compnrod with thooroti-
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c.ù calcu.laUOM. ~_::\b ota At i'roquoncios bolOll' tbo "'pilas 
p 

~. :lM"!O;f\to! th!lt llotft donco:l:, ln thoir countinG. hM. M il ct a.pprox­. 4 

!.=at:ol3 ) a, A..,~thb "al~ ~ "Md. i~ tho olÙculAtion o!' tho thoo.-otiooJ. 

C:W"TCt. '!:ho TftlUO:t or ~l4~t.:1c An4pio:ooloctr!c cot'.!ttMt:s ~p.~pr!.,.to te 

th!:.: cr1ttnt:z\ UlM or L1.'0) N:"CU· 

Ch, il 2..4$ .101 t }f/=~ 
Ctu il 2.0} 
Cu li 0.6 
Oq 11 0.15 
Cn -0.0, 

o., ;1 1.' C/=~ 
On • 0.2 
0,.) il 2.5 
.oH ~ '.7 

p 11 4100 kÛ='. c:, li! 29, c~ li! U. 1 

-= !"Op.. ..... :tt tho Yaluo~ uaocl. in t.M calculAtion or thothoorot1cal CUl"'TO. 

!\1 c:ibao:n-1n6 tho ffi_tin pod~ona or tho -mll..a'" on tho two 

OUl""'t05, U ou bo #M.Q tbat tho thooret1.oQ! cun'O 1s a.h1t'tod b7 about .5 

ma rlt.b 1"O~~C'lt to tbo _U~ "üuoa. 'n\b a..'l1rt roosulta !'ro= tbo 

r,,~t th..t tl-.o thooroUoù 0UI"ft 18 tftf' fa -J.ow ~oup11n.s'" ::ateriAl and honoo 

the F'UOMO or ploaoolocÜ"loity cloo. no~ Altor tho mu-ta.ce .. ft TOloo1ty. 

Ao 15 woU knetrn, the t.Tuo s..a-r.oo ... ~ YOloo1t:r for' Ll1ib02 ls !lo=o1d\I\t 

hishor t.l:l.Im tNit. p:"'Od.1ct04 by a low coupl.1r<>6 t.'loary. Home,: tho Muurod 

po1nb "ppur t.o Ua cm Il OUl"'tO th~t la ah1ttoc! to a ùishtly hi6hor tro-

'1UfUlcy t.hAn thAt Clt tho p.nù1c tod CW"'"h Novortholo!ls, tbo ~f~' bo­

t!Oon tho 'tAluo~ of i), ,,·t the "rolJonAnt'" point AD ..,U u the peak to peak 

'm.-1Ationlr. Cp ftÇOO rouon4bly.oU. A:4 d.i#cunod in ApponcU.x D, tho 

b1"MCh points far L.11&b02 œo,y ooour At t.bo ,,&luen of t.ho tro.nsverao nncl longi-

tudinal bulk mlft TOloo1t1.an, or ~l1shtly 103# ainco tho Q..'\torinl. i4 not 

hot:r'oi>10 in tho XZ plnno. 'l'hb 1:plies tMt bulle wtlTO conorntion by thia 

• Tho vt\luos sinn by (5.3) o.ro obt&inod by Applyins tho propor tonsOl:- ra­
t.cltion to tho unrotatoc! singlo Ory1ltAl vlÙuoa &iven by 'lrarner ot al. 1'0. 
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lI) ~-4uoor-_torlAl cOlllbiMtiOft CM bo~ At about}S)fia • ...na r::tI&Y 
" the> l"M"œ for the .~t ~ tr.f or .t,bo coa.au.rod pointa for rr.­
q"JO=1oa S"Jator thq )5 WR&. .&obA'ricur or th15 MtUZ"O !*.u. boo.n obsonod. 
b.1 ae n .. oat .-mo.:ù..t 18. 5;.".54 b.u Al-lo ohAOM'Od U.)'1:IOtricual boharlour 
~ Lii.'tbO" W ~ 1.t Cft t.bo bU!.A otir.WTnal rotla-ot1OM a.na :"51 
10!l!i .. ·~, ct ~ ~d~ t"~. S1MO nOM o.t tMao a.d4i t!.OM.1 oN'ocu 
(bulk ~fta, Ù\!:cM'AÙ l"'Otlootlo.."\a or CAU 1~41..n6 bytbo .t1."E)'OI'A) M.'ft 
b~ c,)M140rM in tbo ~d.a FO~.,btcl bo:-o, tho.Y IU"O not includod. in 

A:l 0. tort œ.lto,bowoyol", tbo o~bon botwHn tbo DOUU1"Od poi.r.t5 
Q..~ tho iho<r:"'OUool Clu::"'TO l:.:UC4\~~ nuc~lo ~cont in aplto or tha 
~C't! ewplil\6" A~t1on ~04 in tho thoary. 
S.4 Pt!! Su,rl'ftc. !nO 

Mou.:- Mterl.Al., aultoblo tG:' rz.oo aurl'aoo AOOWltiO ft" propa,p­
e:.i=. aM =cre in bopbt4 -Uh ·tbI approdaltions 1Ihioh ha .... boon _de in 
the tboo::r. u tnO. 'ft:roe allO.IA or hish reAiI.'t1rtty AinSlo crystLl. znO. 

1Q:D )f 1011 )If 1_. rithtbo o-a:iI noral to tho aurtaoo .... Obta.1nod f'rœI 
~.1rtroc Co:rp. TM thrM .,,100.."" .cqu1rod w1 thout pol.i5hiDs tU1Cl honoe 

:1 t ..... MCoaMl',1 to prepare the surflloOA tor the tabrioa tiCft or ID trana­
d'teON. Botb aurtao •• or o.oh alloo woro _ob&ni~ lappod and polbhed. 
the N:Ml pol1a~ boÛ16 dono wltho., Idoron (Li.nc1o -1.-) powdor. A ainsle 
ID ~ducor wu hbrloat.d on one SurtAOO of .aoh 1.1ico and mouurod with 
tbo lX-Motel" in the -.nnor pronoullly el04cribod. bowoftl", aino. ZnO 1s a 
photoconductor, the l'IOUUZ''OlIOnto Mel to bo portorCDOel in the clArk. A1'tor 

m:rre roooTocl, and ft now Dot tftbr1ontocl on tho rovor:so :lido or tho dioos. 
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l'he _a:$~b 1I'lU"O t."n NpIH':t:04. In thb r..o.h.1on, a aot of dx m 

~~!o.!OO" "" =ouurod_ ua:.!.n! both .lJU2"hcoa oi' tho l:1O altooa. ~ 

t. • tût.G ;iD, (>"1" • .2'0}.2 J:=) 
'Il • .50.8 lia 

T • ).S ID , 
o 

...... ! co..matocl ct 1; !'~ püra. !b.\ t::-L"\a4UCCI"4 'II'Ol'O p::-o!uood by the 

na~t.io."\ of 1}OO Jo. cr alu:ù:m= tollowd by photooteM .. ~. 

!":-œ tbo DilU'U.."'UOnb :1 t .con ~ ob"lou~ tbAt tbouth !nO -.::J ho 

!fi ~uJ.tablo :at.r1Al t'or ~ ~, it 1# tu- t'roc ho1~ #uitoftblo inpMlO­

û,l:o. "t'hl" ù tu.:; t:!on b lIi'ttdont in ~. ,5.,34 o.nd. S.",. 1:1 'llhich onl.y 

or.o dcn-:icCt te ft.:\ot..~:-, 'Pftrtloulul,y in tho delo loba TO:JPo.OUO :loon in 

l"1~. S.~, """ unlmo-=n. (n. ~~ould. bo noW th.'lt tho thooroticJÙ sido 

lobo ":"~U\p<m.Io :h =.ucb lou tbA.n ""' AOtulilly obléll"'\'Od.1.o., tho thooroti­

ClÙ 1), lItUl web î):"'OAto:- than tho Muurocl a., in tho sida lobos.) Tho 

~tul ln th. --'#Unl_nb a.ppoArO<l te ho indoponclont of' tho ddo of' the 

:.l10. WlCld t'or th. DOUUl"fla.nt; but nlther, =:r ho ca.uaocl hy ".-orle dut-

&604" aurraco. as the roault or the .chan1cal hPP1n& a.nd poll4h1n6 or 
the Mterlal. DuIaso or th1a nature oould croate &::IObU. oarriors &t the 

surt'ao. or the cloTioos, rosult1n,s in obansaa :1n the ploaooleotric activity 

and the a:!41tion of' conduotion loue Mothor poulbility 1a that the 

u.:::r-loa woro not kopt in tho clArk tO':' Il ,urt101ontly lems poriod of' t1me 

bot'o:retho ::lCuuluro=onts co==enco-d, and tho ,proAd in the ro:sult:s is cauaed 

by h.tont photoolUTiora. 
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aot.,.m:!~ ·tbo l. o.r tbo ~ucor \'o::r dJ.t'1'!cult. 0.."'4 An altorMti,.. 

~p:p.:'~ch "lot u.lod.A.n ID ~~uoor wu r@r1c~t04 on ft. c14lLn sJ,.ua al1de, 

~!~ tho ~~ th1c.k:t.o':Ut ct Alumnu= u borc.~. tbo <mly éU.rtoronoo bo1n6 

~r«d_toly 10 O. 'l'hb 'mluo or 1" n.o uald in th. tbooroticAl otLlcula­

':..10:"'.# 1Ib1ch A~ in P'!~. 5." ft....t 5.Jb. 

'n\01"0 hu b~.n ICIIœIO doP"Oo o!" oon.r.uct in tho litoMlturo l"O6"~ 

16 57 
~.o l'1oloo1octric tt..r.d d.sUc COMtA."\tl or %nO ' ; and DOZ"O wUl he wc! 

aboutth!s ~olnt ln thotollowÙ\6 o.'Mlptor, section G.}. '!'bo oonstante 

wrM.ch w.ro u:04to FOTi40 tho tbooroticlLl cuma or 11SI. S." &n4 5.Jb 

-.roS."-: 

c .. • '2. fiCJ7 .. 10" NI=' 0, • • -0.S9 C/D' 
o~, • 2.109 0" • -0.61 

(5.4) 
Cu lit 0.425 0-" • 1.1 .... 

Ou • 1.051 P • 5676 'q/rr/ 

c, • S.}}, c, • S.&.. • 

Ono CL"\ Ob:lOMO thAt thoro 10 reuonAblo a.g:roomont 'botwoon tho mo~urod and 

o~culAtod "'ÙUOD ot ll. At rot\onanco and in tho pocùc te ponk variation in 
p 

C. 'rho oAloulo.to4 L"ld r::IOuurod rotlOnAnt troquoncy CU"O in good ft61"8omont, 
p 

althOUQb thon fAftY 'bo ac=o ovidonee or "st11'foninô" or tho z..,o 'by the plelO-

oloctrio otroct. 
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( 
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t1lot"H !l~'\:'# ~~o ~ W o~bon t'or L.:UibO, proocmtod in tJ\. pre­

dOt4!/.: :u:~cùœ. It aoulc\ thu# ~ppu.r tbAt d.n&lo c;~t.ù L~, ~ .. 

o~r1._ntal ro~u.l~ ulùch CL'" ho Co.:p.A..'""OCl1l'1th thoorot:1c4l cLlculfltions 

0.."\ l~rod ~t::'Ue~.l. "t'hrOII.tsh·t,ho oourt.o:3)' or X. Rolland (Rqthoon ao •• arch 

&h'1don, 'l~. "au.), snorAl u::tplo, cr thin sputtorod l~r. of ZnO 

en f\u(t~ quArt.: .ro Obt..1nod-. 'nlo aA.l:plo. Ul"'O 1.donticlÙ. acopt t'or the 

thio.bou or tho Z:\O l"""r, Ml o.onAhtoct or t1l'O ID tre.nsduCOf'.t on .. !\1soa 

qUC"ta !$U~U,trAto 1.·" 0.5"')( o.Of..O"'. -lth the tnO sputterod. crror the sudaces. 

(P'1~ 5.1 shO'dd 0.1\0 or tboao supl. •• =ountctd l'or r:.e&.SUnmant.) tt. 

!tu,lo. "" dO#~n,ted u toUas: 

S!::pl.o ~lwabor 

ZJIJ-5OC 

z3lJ-63!58 
tm-68/5OB 

Lo,yor Thlo.lmo:.a 

'O.~ JI= 

'}.5 J'= 

}1.} J'III • 

{TheM ~ru=plOD with A / 1n tho nu=bor 1nclionu thAt tho scu:pl. ha4 lu Zno 

• Tho=o ~u:rplo:l woro nmof'6 thc~o U!lK by If. Holla.'l4 in the po.~ pre~ontecl 
At th. llŒI mtra.:lcnlo.!S SympcDium, Dooomber 1971 , rot. no.. }2. 



( , 

-92-

l~.yor ~l.IC04 by ~ ~opL~U dO~t:10M. rlth .xpo.mro to a.1r botwoen.) 

'nlo ll>tn..·~::uluco,l"~ ."" or the tollo'd."6 dJ..:.u"d.ou: 

t.. 't '.5 PD (A .'9 pc) r 

'l'.t • .5_ 
o 

a:l.d QCN1~\ tocl or 20 r~r ~:1r:t. 

5.5.1 Sa!el0 tMO-5OC 

~ ~Ù"lt 01' t.ho ~Oll to 'co roooi'rod tmt! o.M.l.yn4 wu ~. 

- or t.bo bot::"tUUduoor.: cm tbls au:plo, ODe or thUI co.ntlù.nod Il dehot 

ahloh CA~oè ·tbo ~:!uoo.r to APpov ohu.ntod by Il De l"Oailltano. ot .nwsl 

~Uonu. 'n\0U6h thb 1tWld net aorlou41y o.N'oot the oporat1on or the trana-

ù~fltr -.,) Il .sOMnto:- or !ot40tcr or Ao.oustlo. 4~CO .... vo., it co:zpli'­

o~to~ tho ftd:1ttAAoo IItClM~nu. A. ft l"Owlt, tb.utro.nlducor ~ not 

~lllldZ'IA.."'Y cûculAUont."u41n.G tho "1nslo cl'",)"ntAl owt1o. and ploco­

oloQt:rlc oOMt4u:th tcr Zn() siftn hl" (5.4), inctio.Ated. thr.lt tho ::uullPlo cu not 

~ondns u ~ .. t. :moulc1. HOWO\'!Ol", it b 1} wU known taot thAt the bull: 

ml.,o coupl1n6 COMtMU (lt 1) 1'or tbin OVA])OrAtod. or eputtero4 Nlr:ss ~ 

tnf.) Aro 12- 8'" lO'WOt" thM the COlTOIPOncl.in6 :tinSlo crystal values, 1ncli­

cat1.n.6roducea mues of tbo })lolooloctric COM tanta 17,22,25,29. In ord. .. 

to clari1'y the slt\lat1on with respect tothia 'Ulple, 1t wu 4eo.140<1 to 

M"Ul"O the ni •• ooloctrio elel:llmt 0". Sine. the c-axia of' the film wu 

nonal to t!lo aubstrate, to ri th in • r .. leSZ'00: • thb .eure.nt re­

quirod thllt the ZnO .ru. be opet'Atod in tho bulle "th1okn.u" mode. This 
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C!\ èho :urnco or tho :""lO. ctaoh dot boi.W\6 lOO4todO'fOr ono or the -~1do 

ban- or t.ho ID ~~ctU". By Clon:lOOtinô I!l ~ourco botwoon onc or th. 

-!\tdMl bA..~· !U:d tho dot flbOY'O, it ~ pou.lhl.o to 14unch 1~bld.1nAl. 

b~ ttaft!l 1.nt.o t..~ =ub~tr~to. So'l'O;nt problcu:ti!\ 1Iel"O Wt.ù.l.ly oncountor.a 

T.bo :"O:U) .. ~':. ~UOrlC1J' or t.~ bul.k =cclo ~UCor4 on thi~ nçl. 

~.,. bôyo.~ t..~ rA.i<60 of tho lX-Motor A..,a Unu. Motbor toolmi.quo bAdto be 

u~od. A ll~1Al ~tia6 wu p:-op>V'Od tortho .. \\::plo Mel 14 ahotrn in 

?'!~. 5.5 with U-A ila--plO ln pl,IUIO. ConMct1on wu::ado to th. -ddo ban­

or !ho ID tMl:aclueo:r AlI bofcro, udl\6 • double.! lOt'otth oro.010· &olcl rira 

am là prctaHd !r.t:!1u= contllct. Ccmtactto tho conter dot wu by Mens ot 

_ po!r.tocl "'~. m or tho p«rta of t..'lo :lpoo1al hollS.r shown in "16. 5.5 

...ro tolt!. tû-tod tor ~ ::-.a1:tanco. "!'ho 1n.tt:ru::.nt uaod. tG d.t:v=1.M 

Uo.o bulk .. ft cl-~'tcriaUol .. a " l!o.lott-Prlcn.nl x.twor~ AnAlyaor, ~ 

~410A,w1.th Il ~ 8741;' ao.noction bat Unit. '11'&0 d6DAl aourco wu IL 

'Klivotok. =odol 2001, 411OOJ) o.acUlator. It wu oxpoot04 that th. ron.otion 

coottt01ont~ cloto.1":I:1ino! b1 tho notwork ftM\\·ltor woul4 b. vory olose te 

unit.)"; ft.nd thu!\ crxt:ro=o CArO hAel to b. tf&kon in portO%'lÙ.n8 th. mouure-

in tho 1'1:'.01 ro:JUlt. Par aoOUl'tlto roo.clir16 A.ncl intorpolation, both rotloo­

tion coo.N"l01ont t1n4 phuo woro plottocl on grAph pnpor uning Cl clUAl-po.n 

HOnlAtt PAcUrd X-l'roomor. (Ono pon prov1clod. t'rot}uonoy markor points 

t'roCl tho o!\cUl"\tor, 'Ifbilo the othor rooçrdod tho closirod info:"Wltion.) 



FiIlO 5.5 - 9IOIrina die lIttbad of IIOœtinl the surface wm WIPles to 
perfora boit w.M .lSUtIMftts 



(1) 1'1t.b tl\~ o#~llAW AdJuatod for ft #low #wo.p nto, 
tho output or tho Jbd'loctlcc ,..~t Unit wu to..-=1.n­
~~ 1n " llhort circuit. and the Nl'1.ootioa ooeN'i­
o1O:nt ncriN U !l:"'unct:1cm cr !'roqUOM)". 

(2) t;d~ M. œ,,, ta .\f'C-7 MAI' to.r, tM boldo:- Yi th 
!II .... 10. 'n..I COnM~toJ to tM lo1'loct.1oa T'oat Unit, 
~ut td. th t.ho p.:"~o 4bor~ ta tho prouod inUu= 
c:\}~~t. ln thb =040 tM:"4rloot:1ca cooff1oiont 
t\\.l :ouUf"OI4. 

(}) Stop (1) 11'4.1 l"Op04tod \1.11."\6 A.nothor p1,00Q ct oroph 
~po:r. 

(4) Stoil' (2) ~ NpDi\tod, but Ûlb ti=o rith tbo FO" 
t:lp c~tftot:1.AG e..~ cotollluel dot on tho lnO. 

S~r~ (,) M'A (1..) €1YO 'tho ro.rloction cooN''101ont ot' both hol4or And. ~UJplo. 

~~ (t) - (4) 'r!Qn thon nlil'O"'t,04 ror t.ho ph:a.:!o """-&lo U:lOC:atod witb the 

a.r rcùlOC"int,t t.h:h JlI"'OClodurv ono CM thon tHÛC\Ù/lto the TlÙUOS or 1), 

a.."\d C ror t..~o bulk Wln"Otrv.lJduoor U ft rtlnction or t'Nquonoy. P1~ 
'P 

5.6 ll.no.s tl-.o =euurod., point;; tor l • rlth oaticrltod =x1=u= oxporiatntal 
p 

o:TOr-, t'a:- CInO or tho bulk 1I1n'O tro.ruu!uoora. Thoro la seM aproad oTidont 

in the :oUUftd points, whloh ::tI&:J ltill bo ccwaod by rorlectiona t'rom the 

back .urtac.. ho...".r, the ooints A.t-. olu!S toNd rouonably .. 1.1 &rOund th. 

rttIOn.Vlt po1n~. Tho aroA o.t th. =etoll1c dot wu AoOurAtoly Muured \U-

1n6 • cdcrosoopo with • adorOl:lOter .yopiec.. In order to oaloulate the 

rosponso ct the bulk _v. transduoer, one w.st kno. tho .torial oonstants 

10 or SiO" and the tollow1nô valuoa woro uaod : 

• 'DrlA orror 1.1 oltiMtod en tbo bAab ot tho probnblo orrer in lDOuurin8 
thorotloot1on oootriciont Md phuo o.nslo. 
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,Oou .0.'1' 
o~~ li 0.158 

P' • 2202 T.s!=' • 

(s.S) 

(~ .• >411)00 vero êl..llo u#CId te»: .t..~ ~o VA'W'O a.olculat.1ona.) 4fo 

obtdn thoNt:tllld Q~ ab~ 1n FIs. ,5.6,1t .... l)IooaalU"1 te \lIO a nluo 

or CI:u .0.8 cl:! te::- tbo f..t\O, t.n4 te t"CHl-.aoo tho olutic ooutant 0" for 

t,Q() D)' Abœt. ~ (b ~uct1cn in On .... roquil"od t.o br.1.n6 t:bo o&lcu-

lAt04 udlliO~ ro~o:wrt .troquono1o~ into CCZ'T'O~p0DCl4:lOo. S1noo lput­

tU'Od 0:' .n~te4 ~ CU"O c~od. or ·1d~t:al.l1toa'} 1t il net 

~urpri.ll:1.'n6 to oblio.M'O t..Mt tbo #putto..--.d tU= u ~tl,y .,ott.r- t.ba.n 

th. ~.1,fl6.lo ~W CA.":.orlAl.) J.. ~Al(l:'.llAt04 ourro u.1n6 tho -val_1 pTOl1 

by (5.1.) for .1n&lo cry~tal %."\0 b 1ncluclocl for o~on 1ft P1&. 5.6-

Tho naqu:1..""O(\ l"OCluotion in 0". to obtAiD tho r1tt04 C\U"'nt,1s about ~ 

AM nrp::'OlOtlb ft ro4ucUon in t.ho bull: .. ft c0upJ..i.n6 oOMtant ex-) or 

About sQC. A~ tho ~ roduot1on to all or tho pioaoelootl"'1o el--.at. 

or tnO pI"OT1oualy sinn, aM. roduoin6 the olutlo oonstants Dy __ ,Sl.,.. 
the foU~ fat' tho -roduood" nluo. ot tbo !DO Cl"Y3tal oonataDts·: 

Ou • 1.990 .~ 10'111/11' et •• -0 .... 1' ota-

~~ • 2.01 

0,. • O.IA. 

~ •• -0.426 

~, • 0.8 

(1'he c10œity and t.bo c1101ootrlo oonstant. ftro not Dl.tore4.) 

(5.6) 

th,ins tho aotbcd pr'OViOUJaly closcribea.. th. Ra ct tbo tHnaduoer on 

• Duo te the ·quu1-isotrop10· M'tura or ZnO, 1 t 1s logioal te uaume that 

aU or the oonatantJl ot .. d:dlAr typo 'W1ll bo attootod1n the aue 1DI1M81". 
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ttû.:l. :lupla ~ tOtmd to ho chout 10 O. '!'ho Q41cull4.tion.:. ta: the :sa.=plo 

2UlD-5OC ""-N thon ~p04todJ u.,1~ the rod\KlK cry:::sW OOMto..nta in (S.6) 
~,o~ a..~ t.bo ClU'~ Mluo or i" ro4Ultir", 1.:\ the tboOl"Otioal OUM'O 

:W.oa'n tn ns. 5.7. "'lao :tml~oa 1n ~. 5.7 -'''''0 tho PpOriallmtal points 
!"ro.œ "'~.5.Z. ~ A e:4\l.oul.tOl! oum Ult:!.n6 t..~ !J!ns1e C1")"#tal ..:lues of' 
CS.4..). ft :hcnld al.o bo _::t:1OM-~ thAtthooo a4.:ploa 4 . .14 not abow A1\Y 

TO;:I 60«\. Kot ~ b thtt ro!U)."lI\."tt .... Aluo or 1), oorrootl,y procl1otocl but 

t,.'\o poù-tc-9'OÙ= 'MM.At:1on in Cp ia \\lao oorroot, u .....u u tho sonor'Al 

:.hA- or bothR ""-":d C CtUrT'Uh c- P il 

5.5.2 S!=flo ~lI58 

to bo ldont:!cAl. vith H:rpoot to tbo1r ftcbdtt.ca.noo oMrAotorht1ca. ttbu:J1 

tho ~f'1DImtaù point." ahoan 1n P16. S.8 app'13 to both t:z-a.Mduoora. Tbo 
thoorotic.ftl ouno Aho1rn in 'P'J.6- S.8 wu CAlOul4t04 usinô t.~ ~-1!Oêd. ?A'U@S 

Gr ploaooloctr1o And. ol".tio oonatMta, 61ftn by (5.6), tbat wero used tor 
L'lo aa:rplo r.w-SOC. Tho ~aluo of' R.a wu 4otor::1noc1 in the an:ner do-

sc.:r1bod provioual,y, aM oçloyec1 in the tbeCll"Otioal oaloulationa. One oan 
SH thllt. noopt for a rell~tift h-oquonoy ahirt ~ About 1 Mta (1."" t tho 
.ft6"o&'lOnt bobHn the oa.loulated CUM'8 and tho moasurod pointa u very 
closo, o •• n in the ddo loboa or the Rp oum. Tb. exact ori6in of the 

relattverrequenoy ah1tt botweon the two ourvo. U not known. The tMolc:ness/ 
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_ftlo~ "t.ic. t'cr tt-.1a st:r.JOturo b .houto.., .t S"'OaoM.nOO; and the 

l15t.o: or tno-S10. :b not 3uN'101ontly üspord.,.· t At tbat nluo of Rh-. 
to oxplUn the M1t't by an Ol'TO:" 1ft t.M t.b1cèno.a COUW"OaIlnt}O. l.ct.ther, 

H M:I.b<o tho Nr...1lt ct M"1ns p..--o.!ucod tho Z,DO hyor by t1r1) 80pcu-o.to dop­

od.t::1tQ;.N • Ir t:.bo boni!. bo~,,"on tho aop4.Ml to dopo~d tio."\I 'AI al16htly 

·,c.rto.r- Û'.M. t.ho "#t of tho t.U.::, tho ro:rulù.n6 8url'AOO trn'O 'Iolocli;y 

1 
coulé! bo 4oF'O#~od, ~# 1.~ Xr#&l\ ~o ho tho cuo 1l'i.th Il ·~Ud!.n6 bond- • 

t"œ- th. pMf't'lou= t,1IO u.::plo~ ft..~ lIW'e round te 'bo ~t 14ont1ool. t'ba 

~-1M.rrbl. polnb ter boU, t1-Q..'U4uOG'.l"# IU'O Ahown i.n P16. 5.9, üons with 

the th-ocrot:1cml cn.tMth ~ "ftluo of u. n tor R wu aotond.n04 i.n tho uaual. .. 
ta.sa1on A.,"l4 AGCOu.nto<! for l.n tho cAloullltoc1 cu.."""I'O. A.n attoapt waa MA. to 

M.u\::"O tho pioa~loot..-1c cor ... tant Ou for thl.a u.::plo, in th. aAM :.nner 

uNd ror th1t u:::plo tw-sœ. RO'IIOTOr t d.uo to tho &rOll tor thlcknou aDC1 

!lonco 1no:roam W1LT01.noth or the bulle ft'fO, tho rotloot1ona fl-om the back 

.,urraoo ooulet not bo auN'idolltly ol1=1nat.4 te onablo an aoeurato .-uure-
Mnt. "l'hua,·the "aluea of' the ploaoolootM.e .œ. .lutie cocatants used. in 

the oalculaW OUZ"TO -ror thU PlIIplo _1'0 tbo a-=o lUI thoao uaecl pro1r1oua.l,y 

an:! pftll b.1 (5.6). 

Aa oan bo SGon, the -oroo=-nt bot1laon tho moaaurecl roaulta and .theory 

b .,ory ,004, non .aau::d.n.s tbAt the _tonal oonstAnts for the thiolc t1.l.m 

Are tho :&œ U thos. tar the th1nnor Nlu. Thore 15 TOry 11ttlo onc1enoo 

ct Il ro.à U .... troquoncy ah1~t botwoon tho =o~urocl and oaloulatod cl.Ir,-oa 
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5.5.4 CO!!iJ:!U":t~a.~ d th L"\ =:!gui Y1ÙO!lt C!...~u:1t· ApprOIlch 

"'~ ~ ct 1. 1 ~n. li Cl! t"l'~ i taMO or .).s pP ~ li • kJt· or 1. G7 • (Sineo the 

"'l!ctln- ~t:ioe or t.ho ~~\(!ucor Iu.tCO'ptL~O oqWLla &oro .t "rosonanco", 

thct tot..l st .. :':10 04pllC 1 tAnco of tl\o lTMNUoor , Cr, oqual.a J. SpF. ) P:-œ 

t.bo ·oqu;1y .. lo,nt ciNu1t.- Ap~06ch or S=1th ot ù. sa. tho radiation con-

. , 
tOlOro X b t..'10 ·oloouo-CtO<1bL'ÜoAl ooupl.inG canotant"; L"1d fI b the DWZiber 

or !"itl.6Ol" p4.Ù't: (por1c.w11c SC/ottoM) in the tr~U04r. !ho tona lC~ 1. de-

1'1,:\" b,.sa 

(S.S) 

*" , :b tho ·t'lll:lng fActor". 

Subnt:1tutir-6 tho AbOTO cücuhtod vDluo~ ~nto (5.7) yiolda Il valu. 

o!' X:. 2.,-".. lit 1tr#. 'l'hAt ft MTO tU\4\lOOd An Ra or 10 oh=:J for th1. trMa-

ducor hu no&l16iblo o1'toct on tho TftlUO or rc~. Por Il struoture or %nO on 

t',nod qUArta, tho thoorot1cAl IlMlyd. or Sollo
61 

prodicta Il Vl'ÙUO or AvIT 

Oq'.JAl te 1.1 lit '1er·. for t.hia Ttlluo or 'kH'·. Tho ·rUlins ractor" noc­

ou.uy to rel.to our thooroticall,y dotor=inod value or Je' to tho valuo or 

• Seo 11S. III.19, pp. 77 or rot. 61. 
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~hJ.ch \';;~-O~ r,~,Y~l,y rith P. 1.0. tbo \'Ùuo oo=o:'~ Wlod tar LU~O, 

~ :::W'1'~o O;xc.i Ut t:1o. ... SS • 

5.6 5uaa 

'!h~ :-O:ilw. t;::i FO:lIO. ... tod1n thiA ~pto:r MVO 4hown thAt,knorlnG only 

"tÂtl Ini'.\to;"-w, ~torlt. U 1::t po.:;)dblo to QCcurfl1tol,y FOdict tho oo::plox 

ad:d.t.tAMO ch!U'ftotor1at'1oo or M ID t:nL"\Iduoor uaoa to lAunch aoOU4t1,Q au:-

rMO ...,-01. i.n ~""OCl ltt:Nct.w-o.. 1hUo th •. NOl Ft or th. ade1ttanoo 

M~ b.o-:.l F'OT1ouùy aoto:~ itl th!.a tuhlon tor .f"roHaurtaoo propasat1on36, 

.. bA'YO ""ho ~.to~ tbo b:a.ô1nAr.r plLr't.. Tbo utonalon or tho thoOl"1' 

to l~ at.T'\u:I~5 proridoa ter 1::pl.lclt lnolU41œ or tho dispersion 

pn,ont: in auch ~ t.Tuotuna. Al tboush tho anal,)t1.1a bu boon coneornoc1 with 

low ~oupl1.r<6 _':.OrtAla, it ia uMful to Ob""," thflt tho o.pprœ1_tiona 

sM.eh h .. TO 'etH" -.!o do not .orlo~ ... ""hot tho aooUMlOy ortho l"Osulta 

.~n o~ t.o r:.ouuro.=ont •• ao on I-Y (Iut Z FOP"8&tin6 L1NbO,. (lt 

MY bo tMt. 'rith otho.r orlontAtioM or LlltbO, tho thooroticAl and moasurod 

Ml~ulu .oule! net. ~o ao woll..) It ia not aurpriaing to oblSono tMt the 

cA.lculaUd.. roftl And i=61nAr:; parts ot tbo Ad.:dttMCO ot tho ID trL'Ud,UOor 

ArpoU' to hftTO tho CUIà fOM:l ~t ia prodictoe! by tho tGDillAr ·StMtorcl 

Kodor51 hO'3'l'or; =oro dll bo nid concorninô thia tAct !.rI Il lD.tor Ilaotion. 

Tho ro:rult~ utt1n(; tho Zno-SiO. DtruCturOS incUOAto tbat tho !nO 

fU= clopo~ltoa by JI. Hollo.."1Cl ftl'O oona14tont in thoir qunl1ty Md prob­

Ably roprosont tho outTant -:stato-of-tho-nrt-, in s'Pito of' thoir roduoed 

ploloo1octric Qctivity. 



/ 
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__ hA_ al,.Q :.bon thAttMorot:1cal roaulta U4in6 :d.n51o~4tal. 

e~t.t....,b tor l~ !l~turoo C~r_yo.""Obl:r w1tb a.tto::pto to UN 

61 
-.." ~ClC;~l:ruo.nt: c1.rcu:U.- &5)F'OIlo.h • 
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CIW"!D VI 

stR.rÂtB 'nVE ll!t!tA'lI0tIl 1ftntrn 'ml 'mA.~ 

6.1 !lrt::r-oduot!on 

'n'A ~cM!"" ohApto.r UA" Q~.DcmbOt.oOll tbo =oqur.o4 anil c&lou­

lllt.04 .am.tw.co C'~ctor.b:t:1oo or ll)~cor# to 61," croaenoo to the 

~~UoAl &:r~:1.t. UO'WOTO.r, the W, cula tlon of Auch lI1=plO CUl"rOa •. 

·th~ ~o!'Ul 1~ 1~ 0'IC'l\ r1&bt. ~ not ft pr1=A...7 Ai: or th1,lS work. Rather, 

wo V'O in'tonl#tod !;n tho =-""'0 bu.10 "''''0 HhA"iour fl#~oo14toa ri.th An ID 

~uoordtO;n t.»~" A~ II lo.w-.oh1."\6 ~tructuro tor ooowat1c aurtaoo W&\'Os. 

lb. U~ ct A..'l tlt'fUl"Nilont c1Nm1.t lI040lSS oMblO!t one to p..woo41ot, ri.th 

Na!tOMblo lICC'U.n\Cly, tho. 04:1 ttAr.co WM1UtthAt bla..-o boon pro!Sontod. in 

ChApwr V; ho'#O'ft:) ,l!.~1Oh M App.-œcb dOO:l notzmow a.TO bohATiou.rw1th1n the 

t;.~du<:o:r :-otton. J.o~ 0..-:4 TnitoJG 
'1I0I"'O Abl. to procU.ot the roal. part of 

t.ho ~dl.lCcr A4:dtt.r..ncO; ~i thoir cuualsa1a wu not oxtendocl 1nto tho 

t:'fà.'"\Sduco.r ro61on And bonco thoy'dicl not caltlulAto tho "ooti..,.· portion or 

the tror ... ,Juoor Auaoopt.McO or clo:on:ttnto tho WM'O bohrlv'!our inaldo tho ID 

t::rL-uducor. On tM othor baDd, o.::r MAlyab bas boe.n oxtenclocl into the 

t:n..~ycor ropon ana honoe la oapablo or cuù 0 ula U1'\6 tbo "acti,..- portion 

of the ~ucor luaooptMoo, tua ft.I 40:0natratod in Cl:-.aptor V, .. ..n as 

iosorib1n6 the ..... boharlour ri thin tho tn.nsduoor roSion. 

This ehaptor 1# aovotGcl, pr:1MrU,y ,to tho FOs.n'ta tion of W1lft 

bohAYiou:r -itMn tho ID trarut4ucor and oxpl.A.nAtiona thoroof. lfo wUl show 

ho. the» basio ft.,., bohAviour OArl bo doaor1bod on tho buis of ft aùiplo 

pb:;doftl ·lDOdol" 1.nvolvinô two aurtllco WIlVOS -h1oh prop:l61l to in oppod to 

cl.!rao tion:a MC! 1fhoso Qt1ôn1tudo Ob.'\J1605 rua they tnvcl throush tho ID trans-

duoer. In Chçtor VII, tbo:so 5U1O ra::nùt.z:l wU l 'bo dor1vud on tho buia or 
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~ ~~o -.-t.bom tio.ù ·œ:oclol". 

1'l\. c~ ~t;!0Ml. )1."'OCo4u.""O . 'lttûch bo.3 boon '4no1op04 w1l.lalso ho 

~!'i.a ·t.o·40~Atr.:to tbo o.ttoot o.t di.,poroio."l on tbo~orchA.raotoru­

t.ic:t ~ te ~.~wo.r.Nct ot ~t pi.o:toolootl"1c co.~ta..",u tor ZnO 

0.'\ t..~~~clQoor a4:ai.1ttAMo otA !Too curl'u:o ftM lA,YOrOd otructuro. 

6.2 Su::1"ACO .W~ 'l'U.biJ\ t:.hOm ~duoor 
., . 

~ ~t:1otù .4M Oo:::puttltioMl. proo~uro dnolopod 1:\ Chaptol."a n 

a:,d' IV -.21,0'If Of'A 'to OÛc/u'l"Ul an4 plot tho totol po.rUel .• cUaphoollOnta-

1Iith,!n t.bt~.aa~oJ" ror;loD a.: At\m::t:1= of trDquonoy. In tbiaaooticm 

.... U1 pl"O#4mt roaulta wculatod .to:- tbo 1~r04 struoture Z"",58/6" 

d.h4UU<od ln MOUon 5.'.2. nw.ao "aulU aro proaontod. as boinB typicol. 

of '=oth ·the ~1clo d;bplaoo=onb w .:u:-l'aco ft"ft bohaY1our witbintbo 

",lem or tho ID tn.."UduCOl" tor both l~ and. mo aurtaco struotures. 

!"t4Ul"* 6 .. " ahO'Q tho =sn'ltudo or tbox ft.Dd Il, coopononta or t.bo 

totAl ~t:lclo dis:p!Aoo_nu, Iv..J Anlt Iv 1. A.t Il • O. OTOr tho ro.np -D/2c 
.... Il 

xt 0, t'cr tin aJ.ttvont troqucmc1o.:. Tho :atructuzoo %1IJ-.58I6, bu A. totAl 

ct !W.nty .t1n.prpo:1rs, bono0l thoro 4U"'O tManty t1n6ors1n tho ranso -D/2 c 

xc o. S1nco !,ylIIIDOtry About x. 0 ,hlu boon uWlllOd., it io not nocossru-y to 

FO~ont tho p.vt:1c10 4içlAoo.,ntl tor x> O. '!'ho analyt1cnl procoduro 

cloto.n::1.nosth. tnloparticlo dlsplAoc:'lOnu tor A ai6Ml of 1-volt (poak) 

Qcro::s tho f1n6o:r= ot tho ID trAMducer} Ancl thustho 4inp400a0nts shawn 

Sn 1'i8. 6.1 nro Abaoluto, howoYOt; A. 10f)tU"'1th:do Amplitude DOAlo bu beon 

ulSoc1for ouo or proaontation. 'l'ho horilontAl soAlo indiCAtos the rolatin 

-----------------------------------------------------------,--• Tho "total partielo diaplAoelllOntD- roprosont tho !JUIll of both partioular 
1ntosral llnC! ho=osonooua ft" solutions within tho transduoor rogion, 
Si".n by (2.4S) in aootion 2.2.7. 
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fa) F· 61.30 lit: 

--Ivll 
---Ivxl 

(b) r- 10.66 mu 

te) F - 1l78l1Hl 

(cf) F· 116ll IIHI 

(e) F • 14.75 11Hz r 

c=a '7 co 'T' ""'7"""" -0.12 -18 -16 -14 -12 -10 -a -6 -4 -2 0 
-X/L-

Ape 6.1 - Maan1tude of partltle displaceasents within the transducer 
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~,'H:!.OM or tho .t"1~ or t.bAt m~(Iucor, in tho n,np-ll/2( xc O. 

Tho t:-.qœœ:l.a cboson t'Of' tMaN6\ZZ'O IU"O: 

(.) li1.}O ." •• -tho -l"OttOnant" ~.noy of tho 4orl4o. tr' 
C 11 o.ns =.boa . 

(li) 70.~ lita - d1&b~puter t.b&ntho mquoftCy ottho 
t'lrat "nW.l" ~Oft t .... Ci • 0.0076 ==boa . 

(c) 11.7S)lta - lip~to oo,r ... r rroq.:oftC7 or tbo Nrat 
"=:140 1.· abon tr. C • 0.039 ==boa 

(4) 7}.6.}. - ApP.~to mquonoy ct tbo MOond "mùl" 
.bol'Ot .... ç • 0.0002S ==hoa ... 

(.) "Ilio.7S »ta - Ap~to oontor troquono.1 ortho aooond 
"lIiao labo" a})0'f0 t r , G • 0.015 ==hoa. 

'Ilwt~. ·~·'Uon.Mt·. "null" M4 ·~lt1o 10b01Jl ro.tor to tho lp oMrAOtor1stiC4 

ct' thi.t dn100 AC =henm in l'1s- .S.8, A4oti.OlI '.'.2, Md. Ci rcJfor. to tbo 

cùculatocl MldiAtio.n con4uotAnco or tho tl"L"I4ducor, u~ 1 • O • • 
kt t:~t 6lA.~o,tho •• ~ _l'O" po.t:torMe ~own in Pis. 6.1 'lSIIIq 

ftPpo=r aœo1llhAt. \lnUltUAl And tU.rrlcult te 1r.to...."..""Oti hO'a'Oftl'} thoy oan, iD 

hot, bo o;x:plA.1nocl in 0. "RI')' a1=p1.o =umor. Lot ua bo&1n by ua\ll:d.ns that 

o.ch t1..n;pr pd.r ortho ID trL~~car ltWnCboa onl,y aurraco 'ftna, aM tbat 

tl-A.1 are ~mtnt04 oq~ 1ft both the poa1tin o.:nd noptive x-d.1root1ona. 

nnas,oœ can Ti •• tbo aurl'aoo ft'" .tùoh 1.1 ndiatoct lIy tho tn.ns4uoor at 

x • D/2 u .. auperpoa1t1cm or t.ll or tho .... ns sonoratod in th. pos1t1ft 

x--dlrootion, b1 all of tho N.nser paira. An ocr.abalent Yinpoint 1s to 

tb1.nk or thb 11&.,. U at&rt1ng at x- -D/2 a.n4 tn..,.U1.ns through the 'tnna­

duoor. pthor....n,s contrlbut.1orua t'ro= ... oh f'insor pUr, until it 1s l"IIdiatecl 

At x- D/2. In .. a1:dla.r 1'uhion. ono oan ~o that the wa'n whioh 1a 

ra:11atoct by tho tMl.""lSduoor at x- -D/2 lStarts at x,,1l!2. Thue two aurtaoe 

• A ti=o dopondonoo oxp(-i.-t) 1a :stUl 1czpliod, tor ovory point aherm. 
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-''('0#, ~~ in oppo.ùto d:1.r.ooticma .throu&b tho~uo.rropon, 

~lÙ\tonot. ..-:Sth 0ACh o~ to tom ItMd!:n6 Wln'O. po,ttoMUl, tbo ONu­

Uu...-!~tio~ or è1chwill ~ dOll.om.Ù"M .. by. tho .:"'Il14t1'1'O~1tuc1CUl or tbo 

t.1IO 1t!ln_ At "ch po!~t (x,a). A 1II=«l01- or th1a r4turo.~ o.ntio1patoa 

tn .aoo.Uon 2.2.7. oquat.1.on (2.l.5) .. whon _ (11.,1.4ocl tho total ftVO solutions 

Ilith:1n t.ho~uco:- "610."\ lnto l"Iro • ... ft J»lO~t.a· t vj(x,a) and vjCx,a), 

•• oh o~ sol.l,y or ... ,...l!ft toru ~t:in6 in tbo po4iti:ft or the 

nopt:bo x-c!.Ù'OOt1œ. l'''Ospoct:1Toly. lt·..., thon oomolÛont to c1ot1ne 

-u:pli'Wot.cton-, AF~:~ '0,. 

ikx 
ÂFj(x,a) • vj(x,a)/o 4 

-ik x 
APj(x,a) • vj(x.a)!o • , 

wabvo Je .. :b tt-.o ~Dlt1on OOMtMt. tortbo • .u:-hoo "'YO. U rop1"Oaontins 

·thomJ\Uft AÇUtucloa (oocplox) or t.ho Jth o~t of tho "ft" pIlckots" 

.. -V J Md V J J l'Oapoot1TOl,y. C~l16tho GO'f'Oto our a1aplo -codol" oonsùt>-

i.n& or ~ aurf'aco waTeta p.ropclp~ in 0pp04ito ·d1rootioNt throu&b tho 

1c1ontioal.. to the -ftTO pockou", And tho ItAl:lplitudotACtcr.s" w1ll clescribe 

. tbo roh t1TO a::plltudos of the two .urtaoo ""'10. as the)' propAgat:e throU6h 

the t.Tansduoer. 

~ 6.2 sho.a the magnitudo or tho lUIIplituclo faotor tor the a­

cOIIIpOMnt or the .. ft paokot 'Pf'opssat1na in tbopoa1 tiTO x .. direction, 1 Al"; f , 
at a .. 0, tor tbo lue froquoncies that woro uaod. in Pis. 6.1. Tho magnitude 

or th. u:rpl1t:uae ractor for the a-componont of tho RTe paobt propn.gating 

1n the opposite clirection, !AF-; r , wUl be tho &drror imap, about x. 0, ~ 

1 
1 
1 
1 

~ 
~ 

1 
! 
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tb:tt CUl'ft!l ~ i,n P:!.6. 6.2.. !b1\ 1M6Q.:!:tu!Q of' ·tho urplltu40 taotoJ"a tt:tr 

u-.o »- ~~rAftt. ~ both •• "0 pt.c.kou wUl bo oaHt\tl4ll.y the M:IIIt lU thoo.e 

or Û'4Q. :-o-~~t. t.h~ tl\O ~Uq A.t o.ooh point œ.:'JM cU.rtoront. 

A.t, tbo :'ii.\t~t .tNtq~~. Q.,o )lib, tM wrt.'AC4 ft" which 11 

F.,,,t.i~ ri.~ tho~Qor i~ ~QtQ' in ~top w1th tbo Appl.104 ais­

·rAl; A:xl ho.nco it ~u. A -iN.-. At. UAO~ .tbQ r1&ht .t1.ao, .~ oach tln,pr 

~.. 'rbt:~, tho _'tOl~ly wl'OUOa w1tb d:1#t.rmoo 1'roa lu $t.la.:'t .t 

x- -D/2 untll :U. i:# ra..:U.Atocl At x. D/2. M ~1n 716. 0.2. At the 

b"o~.cy sh1C1b 1~ ~tol.y oqufÙ. tothAt of tho Nrat -null·, 70.66 

m.:, ClIO hn. c:thoM.ft tho -null- > t ,ho,"vor. tho -null.- < t will 'boh"ft r r 

in .. ~ta.sh1on) tbt wrfACO ""Tll bosiM ta buU4 up linoa..r1.l.y !'roll 

x. -'0/2, u ft4 tho ca," .t J"'O~o.."\MOo. ~,tho 'IfIml la not quit. in 

abrp .lth t.bo appl:104 a1pal a.rd. honco lt alO'ltl,y slipa out or phuo with 

respoct. to .tl\o app.ll04 a.1sMl, &li 1t puna throup the t:raMducor. At 

~out XlJt 0, the surfaco ..... 1s 900 out or phuo wltb tho appl.ioc1 .!pal 

ud ctumot H001ft Any a441.t10Ml OftOrQ. AD tho .. 'ft oont1mo., 1t wUl 

61ft up 0'-:"&1 WltU 1t bu "&Chod &oro a::zpl.itu4o, at which point it ia 

1800 out ct phAao. AfI aMD in l'is. 6.2, tho 'ftTO amplituao.lAFil. la approx-

1utoly aoro at a point About tour N.ngo.ra troc tho on4 ot tho trana4uoer, 

.tOI" tMs troquonoy. S~o tho ft't"O la ctul lIIithin thotransduoor resion, 

tbo proOO.l:a wUl. atuot apin, lU it 414 tlt x- -D/2, AM oont1.nuo untll the 

ml.,.. 1.1 rodiatod. by tbo trcLn.aducor. Aa It-trl i.norouo~, the phuo or the 

~urrACO "ft ri th respoot to tho Appll04 11ôn&l ohanpa more rAp1d.ly u the 

• In roolity, lt la the pGrtiolo:l «<hioh Gl"O 'boins lDO'IOd About a t1xed point 
by the oppliod dgMl (po..rtioular intosral lolution); and 11' thoir motion 
la o.:raotly in ltop with tho.t oJ: tho nTO, fUI it pusos, the ftTG w1ll in­
oroue in 1LlIIpl1 tude. 
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~ ~tcu, ~ tl'.o ~uoor; .. ~ thu~ tbo ~ltu4o or tbo 

a.::q':U.tudo hoto:- c~. :caro "'P1~ d'th di.tAnco t'ro= x. -'0/2, U MOft 

inP'!«_ 6.2. 

lotundQ6 ~ ta U-A ~tlon of t.bo ZI~in& ftn pattoma in 

"11,. 6.1. lot: \&1 ocm.s .. ldor "1«. 6., ·..tùoh "~Cl"UI tho ~tua.o or tho upU­

tuc1or .. ot.Grs for the a-o~t ortho ...,.. pao.kota(~ur!"ao ........ ) wh10b 

v. FO~t:.1.n6 1,n bath d.L~tiOM., 0.,.01" tbo l"L~ -D/2( xc O. Tho ... 

~ucu .. c10.tbAt vo u.MClin ~a. 6.1=4 6.2 co wo uaod inP1s. 6.,. 

e. can quAllt4u'ft!.r «Çlùn tho po.tto..""Nl of lia- 6.1, u.:a!n& tho OUl"na 

or .l1.l. 6.). bl'~o~ thAttcrtwo ....... ct oqualwuolongth, but 

..edch at.n ~t:1.n6 in oppo:t.l to cUrootlo=. the _71=UII ran4. lIIitt'D. 

upl,l~o. ortho ro:ult.iD& ~t4n41."l6 _ft pAtto.""n IU"O ID+I+ lu-I and 

lu+I-lu-l, r'OlpOct.i'tOly. ~ lu·1 MIl lul tU'O tho &:IIA6IÙt\t40s or 
the two lmftl. \"hua, 1t' IAP+' aM 1.-71 AI"O oquAl, the atanr11n& n'ft pat­

tern rill huo tho DUiJam poak-to-poAk A:pl1tu40. wbOl"'OU, 11" o1thor lu·1 
or IA.P-r 1. n1"O, the ItoDt1.n6 ftTO pattern will ho oonstantin o.::pl1tuclo • 

• huo as.W1»4 that th. ~ucor 1.1 ~t:r10 about x- 0, w1'th the rosult 

that IAP·'.IA.7-1 At x- O. Ronco} the atani111l4 wa'N patt0m8 wUl al~ 

ha.,. a lar60 poÛ!-tOo-poak a::pl1'tuclo iD tho no1n1ty ct' x- O. U oen 111 

1'16- 6.1. Ho-onr, prorl4in; that tbo tnna4uoor 1a or oqua). tinpr spao-

1n,s tbrouahout, tho attA.DCt1ns ft.ft pattern will al~1 ha" " larse peak­

to-peaJc upl1 ~Ja. in thovioin1ty of the oontol" of tho tn:uscluoor, irroapao­

tin of tho location ortho or!S1n. It aboulcl alao bo notad that if the 

o..~1n 18 ccmtored bot1foon an AdJAoont pair or r1ngo.~s, and. the tranacluoer 

18 ay::z:::otr1c about thb point, tho ItancU.ft6 'Ova patterns tor Ivxl rill 

hA.,o Il iiiRXilllWll at x- 0, wh:1lo thOIO tor Iv.1 w1ll hava 0. min1lII.uD. In light 
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ct lH4- 6.), ·thooxpl~t1o."UI, tCf' tho ~. port!.OMot the otan4.1n6 

~" pat~ #.h~ :1.n~. 6.1 1:3 'tO..-:J A~1&htt~. Par Il troquoaoy 

ct 67.} allA, P'16.o.~ ~C6U:t. t.h.At tbo ~~. W1WO pO.ttol"nwillclo­

~.t\. 1.L.~6..~ tro= x. 0, und.! 1tbooOCl)!\ comtA...,t o:t.xa -D/2,u 1a 

~ln .1'16- '.10:. ~-v 6.~ ~OW:aU-At. the otL~1rtl'f'O pattern ahou.l4 
:tb, . '.' ". . 

Mn ~. ·.~xblo=· :ln the rlc!..-di;y ottho18~r t'ro= thocont4l"anct 0: 
, ,"' . 

• :!.~. At Abcmt w. 16th• a.t"to.r w!ùob tb4 4~_TOpo.t.toni wUl 

~~ ·~uo tmtU Nf4chl)'-6 0: .~==" .t x:wO •. '1bia cblraotorùt!o 

1:1 .~ltt.·!D 11,. ti.lb. "!'bo olMt" ItL~1ns _ft pa.tto.rMoan boupl..s.n.cl 

!.c • s:1=Uar r"JÛÙOft. 1t lIOul4 boropot!.tiouo to 41~cuoa a.ch 01'0 ottbu. 

1'ft tho .hOt'O v.A1,rdo ~ tho .. ,.. bOhaT10W'" Ihow 1n PiS- 6.1,_ 

ban loat dPt. or tho pvtloular intosrol aolution" -.h1cb ropreaont tho 

toroocl part.1clo cot:1on ln l"'OapOMo to t.bo appllocl dpal. Tboao tonaa a1"O 

,"".nt in tho u:pl1bMlo factora A.Pj{x,.) and APj(x,a), u 4.ot1Do4byequa-. 

t.1ono (2.'-'), \Nt uo vo:ry ..u, &D4 honoo 40 not appoar oxooptwhon th. 

-ourl'ACO .. "" tcmu l'tuù.ah. It 1a for thi. ro.~t.bAt th. ~itu40 fac­

tors :bown in PiI. 6.2 nnor quito 60 to 101"0 At points othor tban x- -D/2. 

(I .. :ibor tbat tho oclpo or tho trAna4uoor l"'OGion, Ixl - D/2, roproaont dia­

ocmt:1nuit:1oa in th. dri.,1.Ds potontlAl f'Unction, u deN.nocl by oquAtion 

(2.10), a.n4 in Appondix C., 1t .a~ impoadhlo te ovaluato one portion or 

the hOllOSOnocuo :loluUoDO At thia point.) for A troquonoy or 73.63 lEs, 

fi,_ 6.)! Dhents tbAt At x- 0 AnCl x. -D/2 tboro ft1"O v1rtu~ no surtao. 

"YOO pros.nt Mel it ia tho contrlbutiorua from tho t'orcocl. partiel. c11a­

plAoe_nb tbAt OAUSO tho etd600 or PiS- 6.1d to appoar c1iatortod. In the 

ro=-inins pe.ttorna ahown in P16. 6.1, tho :n.ar:t'aoo uvo AotiTity ia sut'­

fiaient to obsoure the erreota or tho torood motion. 
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cbY1ou~t.)-.At. ~~ ~Mb<tl.ow a II: () the ~ftM~10 boMv!our :mClln ln Y16~. 

&. t - 6., riU A;pl:l'.th~\ ~ t"44t1)'O :JCl\lCl ~t.or1l :=Y' ~ 'fro::: ono 

va:.u;i Ct a .te) emothor. lJ.k~""'U\lt tho~bwcc~ct..orl!\t.ic~ will 4pply 

t.o otbor ~l\ or· ~t:nJo~I:J ho ~y l~ or'1'No ew-tACO, plAtJod or 

unplAtM. 'rbo .. only ,,(L"'i~t:ion 'fdll. OOw:' -.Mn tho N.~a ct tho trtL..-u­

bo.t.' ,tU"'O III dr1~ m phfdli4i .~. ort.bo~pc>dtopolAr.i ~ to Cl =ota.l.ll.o 

pl.4\t:1Jl6.rotor~ te M -u..wd:po.1Ar" drlnln 4oot1on 2.1.1. In thia cuo. 

~. otrootiTo ·~ ... olo~· or thot.n..~uoot' 1.# hel,yod, And the -1"Oscma.nt" 

tNUI'.J\Itq, tr,h d:wblod. pl"O'fi4:1l\6tbotrA. ... ~cœ cUcona1ona aro not 

Ol~. 'fttull tho ·Oftlo~·th· or tho .. , .. :J~;aM.in6 wrrn pattol"'n3 or Fis. 6.1 

rill behalm:hOW'n.OT. t'ortho u=OvalUOà or(k-~)/Jtt" u uHel 1n 

~ •• 6..1- 6.)-, tho açUtudo rut~a ·'·.œ .. ·tbapoalt1ona or the "MXi:Ia-

&na "a1n!"" otthodandi116 .. ftpollttom.<w'1llbo as shown, with the pes­

alblo ucopt1on or A con.at.a.."ftlcÛOrtlotor •.... ~ "'JO .m.mber le 1a \.1So4, 

wtoè ot trequonoy, to Ilccount for' tbo .d1apol"don proaont in 1-.yv04 

con '00 OclOqUAtol,y doaorlboc1 by 4 "t;wo uurtaoo-tmYO ApproAch": 1."\ wMch tho 

~urtACO ... oa atru-t At oppoc.1to onda or tbo tro.n#duoor rand propa,pto throUôh 

1t to tho other end, At .. Men point thoy AI'O rlldiAtod into the aurroundinG 

œd.:1A. A:l thoy trAvol throughthQ trfUUJducor, tho chAngo in mçl1tudo or 

the ~urtAce 'CfuotJ 1e dotonùnod by tho rol~tivo phn.:lin6 botwoon tho ",vos 

• 'k' "'"/V, whnro v i:l tho phruto volocity or tho nurfnco .. vo. kr la tho 

volue of' k at "roaonanco". 



{. i 

... 118-

an.t ~ applic4 ~.CluIp_ VII: ... ..ll. a~tnte how thi ...... bo­

!'.M"1cu:" c.M 'bo FOtiotod GA tho 'bui. or A. ..... .." 41çlo atboeatioal. DOi!el. 

. thAt Ca:i -.1..0 bcl.\1* to aot.nd1llO ·tho .~UOOl" ù::dtta.noo. It WIU WO 

imlo .. Wt.hat tbo Oo.\tribUt:1OM to tbo total pa"'tiolo 41opl&oOClanb·traa 

tbo. rarc4l4 pu-ticilo DOUceVO .TOt';Y. aMll antltbo1r .rtoot cc only be 

ob..,.,O«. whoa tbo· #Ul"taoo ...... oOftt:r;lbut:1ona C"O MSlia1b1o. '!'ho wrtaoe 

"" c~tac.a.t\ M . .a. to ...m,ah 1ft ceria.tn l"O.glcma or tbo tr.na­

cllllOC'b1 o~t1nc _t an aPFoFiAto troquo=o)', as aboIm .lDF1&a. 6.1 -

6.'. cr ~ aclti:tc. tht t:nm.lucor at Il t:-oquo~ 'llhtch1a ~a.r ~ 

r.r-o: tt-.. -""œMt.- ~ll'Oncy. 

6.,) Mètta.nc, CM'root!rlft109 ot an 1]) ~orOfta!Uljbl.Y D1mrai.,. 
.. sp;tua. 

TM .truoturol*1ohb&ft 'bocm. #tu4104 tbua t'U' 1IVO o1thor rlOft­

cl'bpt,rai .... (troo~), or ba4 .. ftl')'. UtUo~t d1:pord.on (!nO­

SiO.). \'ho.· .~tboor'3' wtdoh huboon cloYOlopocl t'or tbô atua,yor ~ 
. . 

oZc1tclt'ion hu:tho otfoou or cU.çordon1l!pUo1tl,yinoludocl, an! it 1a 

Intctf'01)t1Z'.sto UluatrfttO tboottoctot.A hr60 uaount or dbpei-a1on on 

thooloot:r1o&l cllAnloter.bt1oft or an ID ~ucu. ~. 6.4.- ahcrq the 

su:r.f'oco _TG .'Yolooiq uat\motion ct !tA tor la,yorod.. #truoturos. ua1n6 

%nO .. the ~. with 'ftl"1ou. wbatratoa. It oan bo. obaonocl tbat the 

ï:.nO- SiO. ayat.aa 1a net ftt"y. cl1aporaiw, u prnioualy mentionod.. How'YV, 

a structure utU1ain& zaO cm olther Si or aapphiro should show oonsider­

ablo cl1speraiYo oN'oota. P1auro 6.S shows tho 1), oharaoter1at10 J as a 

tunct1cm or hequonoy, tor an !J) transcluoor looatod at the interface or a 

7..nO - Al.o, struoture". T'ho a-anaduoer 1. uaumod to have th. followins 

• Pl"om HicJcornol, 0 t al:J o • 

•• Tho ottoct of dispersion on tho Cp chAraotoriatic, for tb1s system, ia 
nosligiblo, and. thua tho Cp curvo iD not ahown. 



--"'~~', 

5.5 

5.0 

4.5 --1 - ..... ..... .... .. ___ ... 

~ 
ft 4.0 

'" sa -
~ 
g 15 
....1 

'" > 

10 

2.5 

--- FUSEO QUARTZ 

_ _ _ _ fLINT GLASS 

" " 

, 
" 

" ' ..... 

2.0 1 r i j , 1 1 r j 

0.01 0JI)2 0.05 0.1 0.2 0.5 1.0 
H/).-

• 
," figlJr.eJ~~:V~I~itY,ot~9. ,C)O.sel~~, SlIbstrates (Irom Hickerncll et al,) 

... ... 
'\D 

1 

')or. " .~~ ""'.1" 

1 
"-' 



- 120-

î ., 

lOM v 
0..511 

0.211 

lOOK 

SOit 

t -C 

;Jt-
20K 

10K 

SK 

2K 

IK ~--~--~----------~--~--~--~--~ 
42" 48 

FREQUENCY (MHz)-

Fieure 6.5 - Rp characteristic of an ID transducer with a 20 II'" InO layer on AltOs 



- 121 -

o.. • 2.097- 10" N/:": Ou • -0.59 CI::.-

0" • 2.109 0," • -0.61 
(5.4) 

C'U • û.~S 0," .. 1.14-

CI' • 1.051 P • S67G k61rl 

Ct .. S.}}. 0, Il S.eJ.. • 

Ou • 1..902 ~- 10" lI/=t 

0" • 4.902 
(6.1 ) 

Ott • 1.45." 

0" • 1.1 '0 P • 398ti 'q/:i' • 

An lIisotropie cU 0100 tric con~t&nt· oqual to 10 wu uaod: and atM. Al.o~ 

15 non-pl01001ootr10, all ot tho 0iJ • O. Tho Zno l~ .. r wu choson to bo 

20 pm thiok 1Ih1cb giTOS • "rollo.-.ant" TalUO or W'À:: 0.2. This plaoos our 

calcclAt.1on in tho re&1on or:ui:::u= dispordon tor • struoture or this 

ruaturo. Tho preaence or d1:spordon ia nppa.ront in the uymmotr,y ct tho 

R CUMO or Pis. 6.5. nbout the contor troquoncy. One will obaorTO the 
p 

- . 
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Nl~t1.YO lRb"nchtr~· of Û'.o -~ido lcboA- l'or ~quo~1~~ t;ro:iwr thA.n tr' 

~., t:~~ te tho w;;\140 lobC'!w ~~(i.1,r'Ô fcr fN~~mQlo, lo~:s t.luu':. tr. '!'ho 

'\ ~~"",,otorht.~tt~rO;r tho tnô- SU)~ :t1~U:. ~,ho'Jm in 1'!J;:l. ~. 7 - 5.9·o!' 

t:.o ~~'t'1CtJl\ el~r~Wl~, ... Ul ~l#O bti A.:t~t:-io but t..~-o o!'fo-e~ i" t.oo ~ 

tM' i .t ·"!lO" .... ~o·. fcr tl-.oM lIIMiUorA.l :lt:'uotu..""O., aro aœpL""Od trith 
'P 

t.ha~ calcul.teeS tOI' • 20 $le l...,..rl~ ?ablo 6.' .. bolow. 

T;.\!U..tt G.1 

H{$.re} RECkO) ç (~) ~ (pp) kff tr ()Ib) r-

1S SQ.O O.Cu2,5 10.~5 O.~ 1.1.7 0.014. x 10-a 

2i) 2.0 0.5 "0.8 1.25 iJ..1 0.875 

60 0.545 2.71. 11.2 J.71 28.6 7.15 

'Iboro ç. 1~, tr :$.# tho ·rCUOf'Ant· troquono:y. 1cH • 21' Jt/A Jlt -ro'O"~ImCO·, 

M:4 '1 1", t.ho -oloc ~oAl.. QoupllZlô Co..";l~t· cloto:r::dnod l're: oqua­

tion (5.1) in :3ootio..~ 5.5.4, 

ç(v ) Il CV-)~ Cu C.,N) 
l' r •. 

, 

ducar cmp401tL~e, <:.r, h doundnod :"ru:: the WCAPA%" prosru. 

Tho 'tllluol or 1\:11 oalculn.tod f'roc:::I tho ftbovo thoorot10Al valuos oomparo 

quAl,lt4t1voly with the TfÙUO:t of' 6.,/-r OJlloullltocl by 5olio roI' ZnO on yz 

•• • apph!.ro; hOW\rtor, thoy indJ.OJlto that • Zr.O- IU.O, atruotura with tho a-axis 

• Fiac. 5.7-5.9 lll'a round on Plltt0!J 100. 101 and. 103. roapact1voly • 
•• 500 'le. ) of rot. 60, or Fis. 111.20. pp. 78 of ro!. 61. 



t~ ... "Id MO =-:t woon!u if ~rhApo tho o:xpor1=ont4ll.y 40~ nluoa 

cl' il a.."'.l!. C CM bo dor!<fOd tt-AoroUOelly b,. u~1r<6 otbor publ1~ ftluea 
p p 

or ~ j'1o,oolocU"lc oceau.nh ter tnO .. w1 thout 1"AT!.n6 to rocluoo th_. 
1!bGM'tC!:" 110 ha"" boon Mlq'.d.....w to po...-for: oalcul.tions imobir06 

:::0, " hcATO und tho :atoriAl aon.:atMt, 6'1"" 'bj (5.:.) lIJ'.Id. publishod by 

~ 16 
JAN'o A..~ ~rl1.ncou.--t". In 1%8. C:"hl~r ct. fll. =ouuroci tho ::Iltorlù 

co~~W.b M4 ro~%'Â thè:::. to bo eon:l!c1o.:"fthl,y cU.h"~ront !'roc tho,o or Jratro 

!l.~d !<t:-H:1Ocn~t.. l4oro roco.ntly. S:dt.~;1 l~~ CIOMU.-od. tho50 eor.stL",h 

troo ::tU'!'ACO or tr.O i~ ,.hortod by A =c!t.nl.llo N.lI: 1nc1i~Ato thAt tho vAlues 

of &dUt =:! ho tho corroct ono" ri not tho,o of Jt4'ro &r.4 Borllnoo\lr~3. 

Tho vtùuoo dotGn:i.nod by S:.ûth ArO: 

en • 2.(96)( 10" rv::! 0, , • -0.48 clr:! 

c" 11 2.106 0" .. -0.57) 
(6.2) 

0,. li 0.425 -" • 1 • .321 

Cu .• 1.01.6 P • 5665 lc&!=' 
. , 

.1 
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W e..n b~ c~ te thO" ct J .. '1'o tt.n4 a.rlincourt: 

OH • ~.0'97)(. ,o~· ~l/:/ Ou Il -0.59 CI'" 
0-.)) if 2.tQ9 0). 11 -<>.&1. 

(5.4.) 
~s ;t o.~S ~, II 1.14-

Ot) II t.05t p. 50676 tU::.) 

t!.e: Q(\n:t~"\~ ~r4 t.bo 4orulit;y. L'"4 O!Ù.y 4 ::1:nor c!-..tUlê)O in tho wisotropie 

tUo:!cetrle: oa.~ta..",t.·, le., c,. ~ APfl'ltfU"13to ho. hOW'OTOl", " oo~1dOZ"'Abl. 

! .• 101.6 $l= (.\ II 203.2 JI=) 
1" 

.;, 

f, 11 • 50.8 $lC 
f.' 

1'0· '}.5 == 1 

a:d cand.,tod or '5 ri.n60r pi:1r:a. It wu A.Uu::IftCl that 1 , to.r th!:. trana­s 

ducor. .".0 oqual t.o 10 oh:.. Â Fortion or tho oum shawn ~.n Pis. 6.~. and 

c!ÙculAtod u:t.1.n.s t.ho JAtfo Mel Borlir.oourt dAtA,1fA.a MOwn in Pis. 5.;"· and 

U.!2od tOI" coc::pu1aon ri th tho ::.on~urod dAU for troo lturtaoo %nO in !laotien 

5.J.. A4 ono lfould oxpoot, troc tho no&liôibl.o dittoronoo:r in tho two aota 

or olA4tie oOnDtftntn And donn1tioa, tho ·ro~OnAnt· troquonc1o~ Are idont1cnl. 

5toro 1ntoront.ing in tho ditfnronoo in tho two vAlUOD or 1 nt "rosoNillCO". 
p 

Tho VIÙ.UO or 1), cnlculn.tod t'rol:l tho 5=1 th data 1& hishor thn.n that ctLlculAtod 

:f'rc= t.ho dAta or Jorto c.nd &rlinoourt by nbout ,a,C, 1ndiontins roducod 

• F16' S.Ja 10 :round on pIl60 88. 
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t. li 19.' ile ().r • 39 P:) 

il • 9.75 p:: 

'1' .1.~ == o 

L~ a o! tO~. t'ho ~I#'TO CHÙm.~ll-.t.od u!l!'r~ tbo JA/'to And Borlinoourt :t 

clAtA !::t ~. u thiJ ·dr<&lo ery~tAl· o\J::"'n 1:l 1'16. 5.i.* Onco A&ft.in. tb~ 
1:;, :tO cUN"oN.r.cotn e..hG -f'O:to:'oA."\t'" tNquOr.cy. AlthO\lô.h tho 1), nt roaonrLnOO: 

u doto.nd."'Md by th. S:d.tb dAtA, h 6--~A:or thM tho.t oAloul~tod usi.n,s tbo 

1~ c."Ùy AbQut 1-' .utho~ t..'ul ~ cAlou14tocl U3~ t.ho S=1th constants 1.:l 
h!~r, 1t h r.o~ :n.:N'1ciont t.o oxplJl!.n tho =CUl3ur04 dAU 1'01' thia aamplo, 

wh1ch 1~ ~OW':\ in 1'16#. 5.4* Af:d S.7* of scot.ier. 5.! .1. 'l'bu!lJ OM l:IU!lt st:U.l 

conddor SOft tOIJ"'l: cr "rocluotion'" ct tho plo:oo1ootrio aloconta of !nO to 

uplaln tho .A.u.red rowlt. for tho ZnO- S10, struoturoa oxam1.nod in the 

prorloua ohAptOl". 

6.5 SUIeU'% 

In th1s ohAptor .. bAYO tlhown h01t tho chArllotor1atic .. vo boh&rlour 
w1th1n tho transduoa1' ro«1on ca.n bo oxplainocl on tho baais or a "t;wo aur-

race wayo· modal. Tbo thoorotiocù antùysia or Chaptal- n &llowod us to 

* F18. 5.4 ~111 bo round on paso 93. and Fig_ S.7 on ~ 100. 
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pacl:ots". o&oh "F'O-'O::;!:!.,r..;s A !n::rl'l\.CO 'ft-ft 'lfitb FO~~= Oo::.sunt IkSI,&nd 
~t1nti ln Oi'po~1to cU...""'OcU~. Tho~o t:wo W1lTOI ~tG..--t I!l.~ oppoüte en4.a 

thoJ' 6.l"O MWU"toct :1.nto tho !N.."'1'Otl.·~U.1\6:ocUA. U tho .. ,...s FOPAPte 

t.m.-o~ th. t:ru.~0f', tboir ~itudo o}..An6'O<l by a..~ D.::IO'Unt 40~ by 

.~ HlAt:1'Ha ~~!~ 01' tho !turtaoa nyo a.."l.\ tho Ap1Ù1od s~.al .t 0TOr,)' 

iI'OÛlt. Tb1s tAOt. b ",ad. 3~tho hA.tb ter A !d=plo Mt!1I0=a!ical =0401. or 

'JIo ha'tO Abo do~~.t04 tho o.ttoo.~ of cUlJpors1o:; on tho il char-
P 

acurbUo of ... ~ ID tra.n~ucG:' W oon.d4o:'Od tho rosult of us!n6 cU.N'eroat 
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t'bo t\f"Ocod!ns cl-.a,ptor u.Md tho. r"Olult# o:t tho aonot1&l· thoory to 

dhlO,:\ll'tr'tto ho- :urtac-o acou'#,:;1c ..... ft.:, doft.lop tU t.boy JS."'OpaptAt UD40r the 

cu ol~o bo u!104 to ACCl.U"lltol,y p. .. ·o4jc~ tho Ad.=itt.ta.ncO rolNlt!2 t4 Cboptor 

V Md CbAptor VI, 0XC0'pt. tor A OOJl!ttAnt #oùo toctor 1th.ioh =uat bo dote:-

:d.:lect .t"l-o= olt.ho.r oxporl_ntéltio;\ cr tho 6'Ono:1Û thoory. A!I r..ll bo soon, 

th!.: _01 c~t4it'..!l th. ouor.ce ot t.ho ·Stiultori- =odolS8 -h.1ob h in 

SiMO "aro tntorostoc1 in t.bo dor1nUon or 0 plausiblo ::lOc!ol, 

ar.d not A r-C...ac."cus desoription, tho APFOftch to bo takon wil.1, at ti.mos, 

ho apprœi=ato and w1thout aooSdTO concorn for phyaioal. or _thoz:atical. 

r.t&o:r. .Par ab:pl101ty, th. ugw:::IOnu will bo buod on the usumption that 

the tnnllclucor 15 locAte<! on the frooo l'urtAco of a =ator~ al, hOWl'V1Ui 10mo 

ot the data usee! tor oor:po.rbon wUl bo takon !'rom 10)'0:-04 struotures. 

7.2 A S1s10 M.tho_t!oal Modal or Ar. ID 'rranaduoor 

v. sh&ll bagin by co~ldor1ns An ID transduoor as a one dimonsional 

struotura oriontod 010"6 tho cl1rootion or n.vo propo.gation, W'ithout oon­

oorn for poadb10 va.riAtiona in othor cU.rootion:s. AeallmO thAt An ID 
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1Ia'tO. ~ ~!IC 1n-~~l Ic!:c'. '!~ S'!~~ b)" 6(x)dx. O. ti::Jc doprmdor.co 
_ .. ~. 

10 - '"lI"!ll bro cuur:.:=o4.) 'l"hU!J, if th" .IITC hu "FOP",tA,t:1on oonstant 

L'\tG.M'tl Xo (X( x', • .!) cb!l~ at x'. 1# 61\'On br 
x' 

A- • f S(x}o~(x'-x)dx 
Xo 

(7.1 ) 

• (7.2) 

ft p~~t.Ù'6 WllYU. 1'hu#" t...'uJ Utpl,1tu40 or tho wtlT'O prOpA6At.:1,r.s in tho posi­

ti'tO d:1Mlction At. x', V:(x'}, con bo vritt.on 

x· 
V+(x t ) • V+(x )o1k(X'-XQ) • r 6(X)oik(x t -x)dx 

o 0 0 • 
.' 

~dca1ly ~poAld.nti, tho toMnUns runcUon S(x) will hG rolated. 

eO oltrAr tho .ppl1od ol~ctr1c potont1Al er fiold, and ter tho purposGa of 

d::rlitlcaUen ft will ~ tho fellowin& •. uw:ptiomu 

(1 ) 

(2) 

rinsor 5p4C1!l6 • I~ • con;5t.ant 

rlngor onrlap (apor"'turo) • \f • oonstant 
- 0' 

• Por le < 0, tho analyah proooods in .. similor t' .. shien. 
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0) =-:t~tn. X-O, i~ l~J.'>~od t\~;t."to et'u\~!' o.f' ~ 1'1:'-6'0:", 
W ~~trL~d~(u' Q;):~:À~ ~ -'/JI? tu D/2. 

l:cl > D/2 , 

A~~u=tr..t e.rJ!,t: '!ho .~'tO V:(x·) ~t!U:"'t!t. a,t; x Il -D/~. (1.0., V:(-D/2) a 0) !Sul>­

,gl tu ~~ (),.-t o!' t b: ) ir.to (1.:') t'1ft, 

, 

whfl.:"'O~_ 11 (i( _1tr~) ~mK, li (k-7/t.). 'n'.-o l.fir: .. 1t .. ~in t.~ bra~ot~ \.hem 

ro-r-"sonh ~ ·-....-rlH:t.~o r_otor-' ror tho W1lTO oUa. 

i":'o:oo:H:'l.6 f:o«1. (1. 1 ) ln tho ~~ ::anno:', but for tho l\urfo.co ft" 
prop4.i;Jlt.!A,6 ln tho f'.opt:1:vo d,1rvot!o."\ (le, < 0), or.o ohtl\.ir.!l 

• 

lt in obv10ll:l. thA't. tho -ocpHtudo fruitor- ot (7.5) 1# tho =1rror i=&ôo, 

About x If 0, of t.M1~ ln (7.1.). Irmpoct1on or (7.1.) nhow~ tho.t tho =-en:ttudo 

of t.~ -u:pl1tudo r"cwr-ror tho m\.VO 01lc:x' At x'. 'D/2 (i.o., WU :mgni-

tudo or tho -n.TG rad la tcd froetho ID trlWlduc«'lr) b proportional to 

• 
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't'bo ~ .Hb.,tn th. brlWtcota i.s Nc~iaod. u t.ho oxpNu,don Pn OC:). for 

n'il 1 .. u~od. in CM~~ II. 

F"t~~ 7.'0. A.."'l.i 7.lb C0ep4..""O tbo ~tud.o of W "'upl1.tud.o t'fIC­

cf" i!ho -rlt'tO y" (x .). doi'"!:.od. by (7.4), r.. tb ttu..t dOl"1 VOl! bytbo =oro o 

lIhft:"Ou th;) urpl"l t:U:\o rfietc:- afÙot:l. ~od ~ tho e-onorAl thftory ~"r 

cOial.'Olvt'ol.r Tttnb.".o,*. 'Thua/ 1t would APPO«&:" o'tidont ttUlt tho ono dil:)On!S~onal 

=:o!ol d~r1Md hl'" (7.2). w1th tho gorAntl.nô tunct~lon S(x), prodd05 an 

AdoqlJAto do~(tr:1J't1on of t.ho 60r.orat.lon Ani proPflôat.!.on or· "cousUo !Surfaco 

"TG" &10:\6 t.ho x-w. W"!. th:~l\ t.h. 'tMln:ulucor. It 15 obviou! t.hat tho 

u:p.Utudo tAClt.or:a ct (1.Z.) a::d (7.5), co:-.binod with tho appropriato prOlt­

opt1n4 ftvo, .. lll C.~llto ~t4.:lCUne 1fIlVO PAtterna that ArO idontical to 

the,. :l.hown in P~S. 6.1 or tho procod.1ne chl1ptor, Md aro dorivod. trom tho 

ntu:s fAr 1fO hA.,. concontrA toc! on tho :1url'ACO WIl" bohAv1our nlOI'lô 

• l'ho u:pll tudo tnctor:s cnlculntod rro::: tho gonornl thoory, n.."ld nhown in 
Fig. 7.fb, vwnh At x la -0/2 only A!\ tho ro:lult of our 1nnb1l1ty to 
cocplotoly QVnlUAto tho :lo).ution:l nt tlult point. 
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duc.rtp!:1o."l ~ ~t:::"r~QO n'n) ~(tJ-~'t!ou:- w:!th 0''::- ~!::plo :.0401, it. b MCO::-

1 2' 36 50 
~'7 to C'o."~1do.:" ~ ZI.-dvpo:-.4or.e-o. It hu 'bHr. !lhO'lm by ~ .. AUthorS .. ' .l,.. t 

tt trUl bo c:cn'ft.t..1ont. t.o r.ito •• ~ It,."\ aPF'=!.::ation of tho :u.:rto.oo '11'&\'0 

11-(11:._) r.l.t...,iA tho Ul t......,.!ldt:eo.:- • 

..li ~ kJal 
V·(~.I) • V:(x» Q fi , 

-"Ft 

whoro Ù'.o e;n L""'O eo.'Ut1&."\~ W v:(x) t" (.1'tOn by (7.~). Tho :'ll."\&O or tho 

"t'ho. proood1~ !loot.ion u:;od ft con'toluùen ftppro."lch t.e clotor=ino tho 

dcpor.4or.co. ,.~ addod. ln tl ~OCQ*.At IU"bi trnry fft..1hion. Worlll now do=­

on~t:-:\to thnt tho oxprcsJ\1on (7. i) h Ml ndtHl\mto d04oription or Ileou!ttio 

(7.6) and (7.7), t.ho !!urfaco ..... 0 lOllrlng tho tran:'lducClr in tho poaitivo 

x-dirootion oar. 'ho W'rltton 
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• ().6) 

t":'oe ~.:~~!c..~ (!..S). ":t'.o tQ.M:I "'c 1# ~M o~lAp, or Ap4n"t'~, of' tho 

~~~~~:- -= ~ b t:-.o thtd:,:",ou or tho l~r. Tho tor: TTj .. iU intro­

duco ::.!:nd ~o:-!. .... '!!":'o~ .-!t..~ "~(!t to x MIl! # .. ith tho aPFOF1ato olu-

~1., p:"OporUc:-.::ù..1t;y. Tho tores p. o.ppou rus coo.N'ioionts upon the 
lA 

O ... rù\:A~cm ~ 'rf J ~"1d hA,", boon "btlorbod. ln tho proportiOMllt,y, Along 

=1th t.hca a.PrroFia.to olft.!lUo oOrultMtn. 'Ibo totnlrAct1o.tod power i5 doter­

::!..w:ed by 1r.~6I'fltir-6 OTor tho :t-Wtl a.nd CM bo npproximAtod 

, 
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u~~=.lr~ e.hAt tbo cft~ in 'tOlco1ty tr!,th ie 1.11 ~U. "lho total input 

~h FOpo.:-U~Al to t-hob"v.#4uoor M:::;! tta:noo Md thU!I tho trar..s4ucor 

c~:.t~~r.c~, G(Ic:), 041~ h~ o.::q:-ouod. u· 

• 

~O" ;"'" W(ie - kJtlP!_. 'rho tll1w""':i:i k t"Opl"O:'tcmu tho \"lLluo or k ~t f'OllOnAnCO . . r 
\'.\."'Ù H b t.ho mt::bc!.r or fir-6Qr palr:.. 'l"ho ()rtglr .. ll ro.1At1on~1p uDod by 

cs 
Sl!!.:Hoh at. Al,," t'or tho trM:cduOo.r od:dttAnoo wu dorlTOd Ils Cl tunct.1o.n ,or 

t'rtIq-.. -oney; h~r, if tho .!lY~to= undor fttudy 1!l d.1:pord~. tho ... " mmbor 

k ta Cl \:.0" apt'll"oFuto n.rbblo. Tbo lQ1\6'lNU")" part cr tho transducor 

ad:dtb."'\4_. sCie}, CM bv 4~tom1.nod 1':-0= tho ftilbo.rt trannrorm or the 

eond.uctano.48• T'hun. 1t tho conduoUnoo h 61von by C(le), .. 
DOc) • -1!- J (~~~) cl fJ • (7.12) 

-

• Tho oqUAtion (7.114) 1~ o~aontinlly idontionl to oquat1on (42) of Joshi 
Md ..,...1 to. rot. 36. 
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• , 

• 

• 

#.."là hA:. :-RtH.i;i!blo ocmt:r!but.1o:-t to tbo oq:mt1on (7.1}.). I,n tho ll::d.t, tU 

1):1 .. flâ. t.."l!j ~q;r= hu tho 'l'duo LIe. 

P'1ôU-""O!l 7.2à ~ 1.2b coc:pL"'O tho ~"I4ucor oonduct.anco nnd su,oop­

~.oo. :";!~poo~S,nl.y, il':: doto::t.~ by tho StAnf'ord =dol n.nd eivon by 

o;.'tu~!.!c.."UI, (1.11 b) :u-.c1 (7.1 Jb), 111"1 th th,." t cAl~ul.a. tod by tho ':li=plo :=0401' 

d:!~m:!t::.od ln th,h ch.\\pt4lr tLnd (.1'n2!n by (i.11ft) Ar~ (7.1)0). Thoao ro"ult, 

~ o.l~o co~ 'lf'lth thoorot:!cAl oAlculnt10fU on A lQ,YOl"Od struoture·, 

U~ 1:16 tho 6'Onornl thoory of Chnptorn II And m. Tho trnru,duoOl" uaK tor 

AlI or the cAlculllt:1on~ !lAd 20 ~ingor pnirs d, in tho cnlc'ulllt10M t'rom 

tho sonon,l thoor:l, 1t wtl" AUu=od thllt t.'lo t'rM5duoor had no SOMOS roda­

t4r.CO. T'ho CUM'OD cAloulatedi"rœ tho two 'codob t han boon nonalilod to 

tho pcIak yGlue or the oondUO·Anoo doteMÛnod!'ro= senoral thoory. Tho 

!'IU!lcopt.anco or tho ,utic OApoC!. tance or tho trMsducor bu boon subtr&ctod. 

• '1"ho !truoturo trh10h -tut :s1:ulAtO<! for thb oompArbon 'WU the 'ample ZW­
SOC. provldod by 1(. Ho11And, usins dns1e crystal oonato.nts tor tho ZnO. 
Tho chAl\6o in volocity rro=: tho lo.ost to tho highost vAluo of k shown 1s 
on tho ordor or 1"-
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f!o.œ tho l"Olulta a.tv:d."'IOd bS tho ~ thoOl7. ml ahown in 1'16. 7.2b • 

.u e&.n bit Mon, :!r. i"i6. 1.2,., both t:ho • dçlo DOdol' A:n4 tl-.... t or S:dth ot 

al..58 ~ in ~ ~oco:nt with 000.1\ otÀo.r ... -=. the :"tlults of the SOM:'Ù 

thoc.....,.. in th-o "Sion or t.bo oontrAl 10b0. '!ho oùy apparent ftr1at.1œ 11 

1ft t.bo "610ft or tbt ddo 1*0. 1tboro OW" 'a1:::pl,o _olt 1. a al1sbtl3t 

lI4tUo:r Nt t.o thothclc:"Ot1oal "~ult~ thaft th. Stanrord:oùl. A. MeIl 

a:d tbo thoo:'llt:tcal ro~b ln t.bo cont::-.l ro6ion, 1t 14 <mly At tho ~ 

iUo • .-.. U1t1 ,.Vi.aUon C!4cur~. Tho cOlq....:-lsona hotltooD the ~ 

tohoa:"OUcal Nllulb A.nd ::ou'W"O_n~. sbo'll'ti in ChAptez- V, toM to support 

tho ~ tboc;-yj thu#, tho d1..~moa botwM.n tho t1fO '=odola' a.ncl the 

tboc:roticAl N#ulb aMob "ppG4Z" inP"16!t. 7.2. AM i.2b =:y rosult traa 

7.2.2 ~...h.o:- l)l~cr.Julor. of' tho 'SWl. )bd.l t. 

0:lI0 aM 400 thAt t.ho d=plo CAtho:A.t1aAl c:oc!o<l tor An ID tra.naducer 

which hM boon rropo#ocl in th.1!1 c.hAptor wil.l bohAYO Sn o88ont14lly tbo s .. 

t1uhiœ:. u t.bo SUntarc1 _ol, tthon 40~orlb1n6 tbo tro:u4uoor ad.aittanoo, 

but in aMi t.ion 1. t OAn rodil)- c1o:tc.ri'bo tho hOhAT1our or the surfaco Rnl 

rlth1n th. tnLr.~uluoer. Furthor oOMldorAt1on nha.a thAt t.bo rolat1" 

COl"t'e#ponc!Moo bot-oGn the two =odol::. 14 te ho expootod. ~o approiloh ~.a 

by S=1 th ot oJ..58 1a to roproaont oMh tinsar pa.1r ot the ID trG.nsduoor 'by 

a cU..acreto "oqu1nlont oirouit", a.ncl tho cuoAdod rosulta si"s the t.rfu1a­

duoor admittanoe char.oterht1c~. Tho "oqu:1ruont o1rou1t" approach wu 

orls1nallY dorl.,oc! t'or 'bulk .. .,. dov1ooa, and rolatoa the outputs at the 

Acouat1c IItonll1nals" (toree &nc1 voloo1ty) to tho inputs At tho olootr1cal 
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to.."'1drAl.. (TOlta.p u:l CUM'Ctnt) ê. !ho o.l.:enu rlthin the oq\Ünlont cir­
cult. ...... UFOUM u~,)" de~t oloot.'r'!oal i:ço4anooa. nuo 
thb .Ppr'OtlCl.ft taoll;!tla.t.oa thorap!4 oûoul.Uo:l or t.bo 40T100 ad.t:1tt&nce 

(!.:podL"\CO), 1t. :1# net .. l'O..7 Mt:14."Mto:")" .pproe.c.h rer proae.nt1n& aurtace 
~ft bohllY1our. tbD d.çlo =.tho:At:!.ca.l do.l wbich bu boon 4:iacuaM4 1n 

hArlOW'" o.:w:l tho ~uoo.r cw:1:t1 tt.v.oo o .. ...I:'OotoM.atio.. !ho con'tOlutioD cl 

tho -6'OMNlUJl6, .tu.r..oU.Ol'l-. s{x), ritb A t:nnool.l.1n6 .... ft. uproaoo4 hl" o~ 
"Cft (7.2), lA t.ho oqu1nl~t of o~.:tc~ tho cU.aCf"OW oootiou in thIt 
&rpp..""'04ch cr !dût et ù.58• !'ho oqui'l'Alcmao botwGen ~ two approaohos 
rosu! t.:I ln bath athoc!.11 p1"O'duo1~ !l1:dlc- procl1otiono or trana4uoor ohat"­

aoto:rbt;lo.o. 't"bo M.1,n cUrto:-onoo 14 that t.hA dol di.oouallOd in thia chaptlr 

1.1 dOl"tYOd on Uao bub or fa oont1r.uoua !\motion, 1tb4rou the tuftoticmal 

~"nUt1cm uNd by Sœltb ot al.58 1. discrow. 

ODe ruq t:"!UO tha.t the ·oqu1"talont oira\Ù t- approaoh oan rolat:. the 
t:raN4uov lAId ttanc. d1rootl,y to th. "oleotro-cechanloal ooupl1.ns tac taro" , 
a .osurablo or oaloulablo pa:"lUDltol" ct the _tor1al. HOtIOftI", inspection 
... that • dnslo =-~_nt on the dnioo 1n question 1a stUl. requirecl 
to dotiDt tbo -N.ll1.n6 fat:, tor" ter the ID tHnacluoor so tbat tlw rola tien­
ahip Clan lie oocplotod. Our "41çlo JD04ol.- allo raqu1roa & a1n&lo _u~nt, 
Or' oaloul.at1cm, te p:-o,,140 the .b~oluto awo taotor tor the t:nnacluoer 

l4II1:ttanco. !ho IDOUUZ"ODOnt, or caloul.tion, u~ pertol'llDd. w1ll cloter­
lIdz» the tzoama4uoOl' ocmduo·t&nco Cl t -roaonanoo·. 1\01 tbor mo4el 1a capable 
or Prorl.41.ns IL IIOHure or th. ~tat1o oapac1ta.nco of' tho clmoo. 
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b OM 'th'W4-.11ao hcw t.,~:1= 'lt1:plo :o<!ù t could bo UMe! to d ... 

!e:-n~o Ü'~ bOMT1.oW'" of' Il tn.Mdu~o:- !,n whieh tho f11\6Or o1"Or1.ap (aport\\1rO) 

ud ~~.Ù'-6 "tary Alor-.6 tbo lo~tb of' !ho trarua~blOCU·. Ro~ te oquo.-

ec ( ) tx(x'-x) i!A x·),. 5 x 0 th , 

tOi:' tl-A n'ft :p;·~t.ll'-6!c tho po.:it.i"tO d~"",ct:lon. If tho t:S..nsor Oftl:'l.p 

't~1u. 6(=) e~ bo wrlt:to.n 

&(x) • Cl 'r(x)cou' x/L, 
o 

s{x} a Cl , 
Ixl c D/2 

Ixl > »/2 1 

~O~2 W2 W2 
":(D/2) ft 0 2. (J 'IF(x)o-!X. x

Ù • f "(X)O-~Xdx] • (7.14.) 

-D/2 -D/2 

~O.M) po:. a (k-~) 4.r.d Je;: !Ji (jc.q'L), u 'botoro. Tho intosrAl:a which APpoAr 

in (7.11 .. ) 1\.""0, or aOUNo, tho Fourio:- trM"rOf':l3 or tho tunct10n 1F{x) wi'th 

:"CI:tpcict to the. n.r1AHoa Xl n.nclX# • t.hu:t Ulustratins tho"l1 known f'a.ot 

t.Mt thof'roquoncy l"'Olpon!to or L~ m tranlduoor 1. proportion&l te tho 

'ourler t:ranst'or= or 1. ta "o'f'Orlllp fwlc tlon,,28 ,'5,65. 

Ir tho .pacl.ng botwoon tho :"1f\601"I, L, alao VV108, equAtion (7.2) 

OM b. written 

x· 
,. r wC )~(t( » 1k(x'-x)~_ 
1\ ..0. Il x. X 0 \I,A • (7.15) 

whoro t(t(x» roproDonta tho x-dopcmdonao of' tho "h"OnoraUns tunotion". The 
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"'0 'II1t.h.h!.eh (J.tS) a(\.,"l ho ~ol'tOd .... ...1l. of cO'.:.r~o. dopon&! cntbo 

~~UCf~ ~Fn",cmt4U(W..,. to:- 'l'(x) ~ :r(t(x». !,n vO'l"'J involv'od cAJS.Oa, 

h, ~ bo ~oMÙ101o to !\~t,t!~CIJ t:rM~d~crOf' into :"'06,:1.0:'..4 :!J\ whicb oithor 

'l'{x) c:- 'L(x) 1~ ~~--œ::1::A.t~ls' ea..~~t.Mt. L~ thon :tu: th.o ro!lult:b~ into­

Ç-Ùi),. 'tt.o: =o~ 0.( ir.elt...·,jUl".t} '-ocom o.rdor oN"o~u, :1UO.h 04 1ntorNLl. 1"0-

!"lOQt;!c.."i' ,,-'"'14 I:U.!t 104ild!:\6 o.!' tho fil\601'" iA not AO obY"1ou" bOW'f:tT'Or. am 

te, ="Y h<t in t.'th upoct: tl-.-t t.~o -fMlut"tll.l"nt o1rc\.t'!t- ftpproacm or S:::itb ot 

_'" ,sa t 1 ...... ., I~r' ... o:'., 

'1r~t tt. h nc~co~~ to <1.o01do en An c.xton:r1en cr tho petontiftl. 

h unl 'Ucoly thAt thon rll.l bo Any DOuunbl.o pot.ontiAl At A clht4nco grodor 

thA."\ L fros !1>/2. It 1ft tü,o noco:.aAr;f thAt tho o:plitudo Md. tirst derlv­

AUT.o of the oxtondon cntcll tho potontiAl indclo tho trMsducor At x. '!J)/2. 

;" ~!:::plo funotiGn wh.loh ruJ1'illa thODO roquirol:t)nt4, Md 1D GGIllpAtiblo "Uh 

g(x) • CGD(~It), ia 

Si(X) • ft OGS"" eGD' (lI'x/L}, D/2' Ixl' D/2 + L 
.0 • 
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e~ff!~h.nt e<o.!'htlt) :,.., ~v~~ (0,:" tho ocmt;i:~uit;y o.f bo.th ft.:'lplitudo And 

:!ç,;"'! ... ~~.!'tO lI;!t.' qO~(n/t) At X'R !DIa. Tho t::-~~~d~(lar QM thon bo d.hi4od 

t>.(X) JIt Ô ,(X)'li 1l eoûrr' 00"; (n:/L). -(0/2+ L)< xC -D/2 
1) 

tex) !II t)o(x) ." lloC:C;\\(ltx!t) ,-D/2(.xc D/2 

dX):li fl'(X.) li i\oc:o~.c:o~"(n:/L), D/2<x<D/2+L. 

Prœ v'14M:!c:l (1.,,). tbo R\"O lOAYÙ\6 t.ho tnl."\.'1d.ucor At. x-»/2. t, 

'1.(1),/2. t). 4.:ll:tu::d:<6 V·(-n!2-L) 11 O. can bo wrltton 
0. 0. 

0/2.1. 
V:(D/2. t.) li '1:(n!2)O!!<!. • { e,(x)oiki (D/2.L)-«]dx 

i ' 
D/2 

-0/2 

-0/2 
V;(-n/2) .! ~ (x)o1k(-D/2-X)dx . 

-0/2-1. 

• :Jin Je • (D/2.~~-:Sin rc • D/~] . 
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J: •• ()c -yl" ... ) 

~: Il ()c- .. !":.) 

~, • (ic - 2~1t.) 

J:~ Il (le. 2VL) • 

(?18n.) 

duco:r bo!'~'dour 'tItOuld b(l!o co;rA..""'O tho rAd!AUon oonduotA.noo oftl.oulatod 

..:tth tho ·orA oc:"T'(toticn-. ul:ti1l6 oq-.mt!cn (7.18ft), tU'aIl the radiation oon­

tb~ct.m\OO _U.hout t..ho ·or.è. QO:'T'OoUon-. C'(k). vhie." la glvon by 

• • 
C' (le) It lea; [d.n 1tJ:',D/2 ... dn~'ItD/2J • (7.1&) 

l".quaUon (7.18b) 1= obtdnod troc: (7. 11a). Such Cl oo=parbon il ahown in 

the FiSs. 7.}a-7.)lt ter .,&luoa of JI- '.3,5,10, roapocUnly. '!ho verti­

oal aoalo h tho u=o tOI' All or tho ti6urOa. And b in arb1 trary uni ta. 

Tho ho:-1sontal axia if) in unita ot ~, am LU ot tho cums ara oonterod 

About k/k • l, hocovor t tho t'oro6O or tho horuontlÙ. uh varios. "l'ho ton k r r 

O<tUAlt'l -IL. As cmn bo cccn 1n Fiô. 7.}At tho ·ond oorreotion" wi~l haVI" CL 

conddornhlo aN'oc 't on tho trnn!\ducor co:~ucto.noo ror M 11 1. Thia 15 ta bo 
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~~to! ,d~o. in t.,l;i4 ~AI.o"t.ho "ti= oocup1od hl' tbo ·0D! OOl"'l"OCt1on­

i." &.:2, 1!t:60 "" t.hoNSicn ho~~:\ tho t1:"60H. ?16U-":'O 7 .. Jb 4hcwa that. 

!'o: lit .. },t.~ tMl.~~u oO.~UO~AO in tho contrAl lobe wlll ho la,rgoly 

t;:r.a.!t'o~ted.~y tho ·~:'Â c~ùo."\·. 0nl.Y in t..~o #140 labo: d.ll ita ctroct 

~ ~p~"lt. 71ç.::"'Q 7.~ ~!'IO ocntA.i.r~ upor1:ontItJ. .uuroaonta cf the 

t'Q:'Àu~tA.~ 0:" A , i"1r~:, ptdr ID trA.."l~uoe=- on Li.\"bO,. ~ peAk conduct­

.!U';Co ot'Û\o ~~UCU'U" ~ noM:iÙb.04 te t.bo. poolt wuo or tho curvo cAl­

eul~tod w:Hhout: t.ho -w oc:":"Oct.tcna • Tho coG..'I"..:ro=ont.4 1II'Oro portonDOd u 

d.o!\c:-!bod 1I>.'U"~1or ln CMpto.:" Tt ulins tho M::IO WfbO, 4ADplO tbat wu uaod 

Ln ~ooUc:l 5. ,. A., (lM bo non, tho =ouuro=ont.A !U'O coro i,n lcoop1ns ri th 

ti<...o ~~juOOl" boMnour !!!'Hh u..o ·ond oorroot:1o.n- t.ban without 1t. Tho 

roJU!l:Sr.hr.s twor1~ •• 1.)0 .. '"Id 7.!<1, #.how thAt tho o.N'oct or tho ·0D! 

Cot"I'floUon- 'ln th. contrfll 1 • .f'llp1dl:; di:dn.i.Moa as ,. 1ncroU05, and tor 

)ta 10 tt hll.l ou:ont.1.ùl.,r d.1~Ulpt'O",,-04. Jo. =..:All, but not!cablo oN'oct doea, 

hc_ft:-. ro=-in in tho ddo lobel ror X. tO. Uenco/ 1t would .pneu- that) 

t'or At:ro.n.r;dycor 1IhCHlO lonsth :13 sroator thar. Il tow tÙ'.pr pairs, the 

oN"oet. o:"tho ""on:1 oo:-root.1.o:n" ta ~, ~ will IlppolLZ" only in th. aide 

lobo roapon!o. 

It ia intOI"'lUlting to ob#Ol'TO thIlt, 1f1th the oxcoption or K. 1, tho 

dClCd.."\Nlt ~oc t or t.bo ·oncl oorrootlon"b to "lOTOl out" the ddo lobo 

n#pon.tlo ot .t,ho tJ:oMl1ducor, Md thb tAot W1UTA.nt~ turthor c1iacuadon. Lot 

u: rotu..""Jl to oquAtion (7.17) 1 

V:(D/2+L) • "oo1k(D/2+L) [C~in~1,D/2 + :d..n~:n/2 ] + A]' (7.17) 

wh4ro A b si 'Ion by 



ln ·tho I:&~#o::co or tho ·O.M cG:'t"Octlcn", A, (7.11) oonta:1.Nstwo ·ain(z),!x­
~ to:"UliA l:t'1clT'!:;S A, ~ E", :-o~poct:l"ly. o..n4 C~ bo writton 

.jO·(P\I~ t) U!(D/2.L) [~inA ,D/2 #1:1X 1 D/2J l' ."~.",, 11!& Ct •••• o 0 110' AI 

~Ucr. (1.19) :1# :!~t::-!.Q ùout tho orioL", k. 0, n'th =n71:,,= "üues 
~ '0/2 cccur:-lns 1lt. le •• /1. L...t k. -1Ç/t. Por tnL:uducon .tücb ArO only Il 

t"Otr: tl~:" J1A1r~ in l'u'..t;\th. 1t. It\ ".,ldont tl'..n.t cOM!do.Nlblo ·OTOr14pp~ 

or t:hci ~'?lO "~L"\(x)/x· t,.Q:":U in (1. '9) cmn occur, -Mch roaulb Ül ~try 

I4bout: tho. po!nb lie ... /t l'I.r.d je. -~ th1.o:1a oTi4ont 1.nPi6. 1.3b. far 

k. " L~ to ,oeo ox·~nt. !,."\ Fit. 7.}cl, fat' Va .5. '!'ho sido loboa or the 

co::d-"lcrtAr.oo c\U"'to cAlnul4tod tr1thout tho ·cu~ oorT"Qction" (soli! curro) 

hue t:rOAtor IUl,)"::lOtl'y th ... ", Cft.:\ b. ACcountod ror bl' the aùt1ply1ng factor 
'te' Yhich appoA%"I in o.quotion (7.18b). 

'1"bo lncludon or the "'.nd COl'l"üOtio.n=, 6. in (1.11) aMa three 

.ml 1 t:!OIUÙ t4rraa .tltoh Aret ol.so .:a1n(~)/z. 1n naturo, but ha,.. nrlable 

pl1"'lod.lo1ty. Tb. tirat or the 50 tO:":!1 11 contorod about le. 0, and hu Il 

:axi=u= nluo or 1.. T'ho. othor t.otonu. imolY1ng lt2 And lt&, aro o.ntored 
about k. 2tfIL and. le. -21VL, roapootbol.Y. Allo w1th t:IaXiœum values or L. 
Tho tor= whiab ia contorod about le. 0 1a the :drror imftgO of tho term 

contoroc1 At le. 21VL About tho point Je. rr/L, 4!l woU nI the =1rror imaôo 
or tho teJ"l:ll 1nvolvl.nt; Je. About tho point le. -s;lL- Ho'X'O'Vor, beotlu:lO tho 

tclnu :1nvolv1n6 X, n.-,d Je. Ara I1CcCClptUÛod by n multipl,y1ns fnotor of (!) 
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in U. ~na,.1tW. ra:-~. tl'A~O t,o~ l'A1'O lou o.N'oot on tho G(k:) oht.r­

~eèo:"h.ltu tcr ft/t, Ikt (2qt thAn dooa tho tOn! contond •. t k- 0 in 

t.~ rv~ 1 ~ 1 (1r.1t~ .\11 tl'.NV or the Ad41 UorAl t4ru aro idontieGlly 

.0:-0 ~t !~l 'Ii 1:/1..ln,~t1o..." #ha.# tlmt tM ortoot on tho G(k) char­

!l:tor-hUo: h ù~a addit:!Y01.n tho 1"iU\60 !kl < .IL. tIbOl"'OU, in the 

:'L~ 1:1"':0.( f:cf '" :!.rVt. 1.t:tM:!· bo AdtUtift 0:- ~ubtraot.1"fOt 4ope~ on the 

~ of ti.n...~rr.-a!r: in U~O t:Mw.:Wuco.r. Thu:J tho i.DcludOl\ or tho ·oM 

1.5 A.."\ Alto::'T.At.!w Apprœ~h to tho CAlculllUo.'l of' ~uoor Ad::dtt.a.nco 
CMr!loO to.:-l!t Ua 3 

In "ooUo:\ 1.:!.2j lt 'C1UI cb=1)~ t.hAt botht.~o d=plo ·=t.~_t1cal 

:cdol- A.'lC:1 t."I.o ftpp.:o'(),"u:.h or SD1th ~t Il .• 58 roqu:Ù'O A -oo.ftlo faotor- tor 

tho c-ùeulAtlOfl-' ct' ftbtloluto ~ttL"tOo \'1Ùuo#. ln tho Sto.ntord lIIoclo1 it 

be u* U A #oAl. i~ tActor ror o qUA tion (7.11 a) (or the stanrorâ. =0401) 

.ns.oh C6tl 1'"Apldl,y calculAto th. oœploto conductAnco oharactoriatio with 

oonsiderablo .CCurACy. u pro"l10U!l11 shown. Onco the conductance Gele) bu 

boon detondned, tho !\uaooptMQo B(le) can bo round numerlcally, \Ising the 

W'ocoduro outllnod by ~;duwar am Epsto1n48• Thoao caloulations can be 

pertot"'lllOd in the yu1able le diroatly; howowZ", if tho admittance u a tune­

tion or f'roquoncy iD dodrod, 0110 :mure havo know1odso or the di:sporaion 

ro la tien for tho Il truc tu:ro. 



bo~,.iou.r" *-!tthh o:t~ont.:bll'y lc1o-nticlÙ ta thA'!. or tho ::tOClol propoood. by 

s.,;tth o~, ~. sa; b!Jtl1:~ ~\:Ut1I(m,·1t O!l..n bo u!tolito ~ow =oro d.!r4ctly hOit 
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!\·t!'IoO boo~ ,.."town te A~ ... !Ut :"ètc-ont thOCT'OtioAl 'IfO:'k on tho ·oouplin6 

61 
co~!:4l"\t.!l· ct l~:"O<l atruotu:"O:t • 

L.":d uplA1no:l o.n tho blld. ct' two ~u:.-r~co nn, prOpASatir06 in oppodte 

d troc t:tO:UI. Â s!:plo ::At.."te!=-t!cal :cdel whlch aan ho utlod to dosarlbe the 

.. ft boha-.lour .-1. thin t.ho Il) tran,ftaluoor • u nll u c:a.lculate tho a4=1 t-

tu1ce ch.A.rActo.r1!1tiC!I of the tra.n~ucCJr. haa also boon doftloped. The rosults 

calc~tecl h-oœ thb =0;101 ha" booll oo::pa:rod to t.~o =od.oll.1n6 techniques of 

$:::!th ot al.58 and 1t hu boon ahown that tho two aPFoachoa are very saUar. 

This daple .01 NUI &lao boon usod to 0XIL:'dn0 tho affoct of tho d1stortecl 

oloctrlc t101d At t.ho onds of the! ID tr'ft.N4ucor Md Il procoduro whoroby 

both tho 6onoMÛ tboory tL....s tho dmplo lIIOdol OM ho u~ed to rapldl.y ancl 

GCcurntoly procU.ct tho ncbltt4nco cb.n..rn.Cltorbtio~ or An ID trM!lducor bas 

hoonpra:lontod.. 
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In ~o ~?rl.ie:~t!.o.:~ oft..~P'aur1o: t:nr.~orn, dc..""inod by oqWl.t1cm.:J 

(2.1}) .\\.:'4 (a.u.), O:';é>. :1U~t N~::bO.r tMt, fe:' ûl. ":Cil, tho d.i~co=ont.a 

JTt~X • ar. ".lJ)y .. al'. ,la .. .. f'4oI~ U 1 

~~,ta-x • aT.~y • .tt'l"uAh .. pullU,t 

~'r,.fo:z • ~Q,;ay • ~1),li\a • f*IIU, 

01.-01. ao,.-o,. iiI 0, 

11 

.. 
II 

0 

0 

0 

(A.1.) 

(A.1b) 

(A.1c) 

(2.1 ) 

in =t.rix notAt:1on. A.~ WlU\ nhom in :lootion 2.2. 1 • thoso rostrictions 

oH::d,nnto both T.: Md T.u Md unoouplo tho U: d:!.1Jplnoooont which, in the 

I\b~f)nco or ft drivir.g tom, will not bo oxcitCllI1. W1th thoso rostrictions, 

the oquAt1ons (A.1) roduco to 
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(A.2o) 

• 

ln ~CH,ti~~ 2.1.} it n# L~O'iR"n t,.'-.Atl in tbo low coupli:--ô tlpp..""OXi­

MUo.r:., tho potonUù t\tr.4tiC1} 1.:\ oqUtltion (2.1) bOOOCCUl tM.t or tbo tz-~ 

a:-A t..".ct ocr,JAt.;lo:"~ (A.2) a...,1dont.lc:û with (2.12). Applyins tho lourlGZ" 

tra...,~ro..""C; 4o:"1r.od by (2. 1') to oqUAt:1ona (A.2) gi~a 

_ M _ 

J
f> tiT, -:Ua a f -Ucx Il f -1kx ax. dx .. 3i T,o d.x .. pu u,. dx • 0 • 

-- -- -.. 

M, a - • pat#U, Il 0 .- T, 8: 
and 

!kT, a -.. ii' T, 
a-• pu U) l!: 0 t 

whoro tho ~ ropronontD tho trftn~rormod tunct1on. 



- 155 -

- . . - r il tt. . U:z a" -1li::x r !!!a. -1lt::x 'r' ... o., f iX O' Ù'" Cht Ta' lOtO 4x .. 0" ax 0 dx . . . -'IIi' _ _ 

--
.. 0" li; · Ott f ~ 0-1lcxdx J -

~(x,:) • f~r:l(a)eo+trx/L)' Ixl ( D/2 
0, Ixl > D/2 . 

r~ · -ikxax • ~ -1Ia: r. 11< j ~ -1Ia:"" 
.. -. -- --

-U:x JD/2 -
• c#4 -D/2 .. ilc~ • 

BocaU40 4t h An o"n tuMtion or ~", th!:. cc bo wrl tten 

-21 ~ (D/2) 31."1 (kD/2) .. 1k ~ , 

whon 9(D/2) • ~(D/2,a). 'l'hU:l i' t i" shon by: 

- ft a - - il - a -'1'. • c" iltUt .. Cu a: Ut + Cu UcU, .. C" as u, + ." t aa t/J 

.. e, t 1X~ - 210, t~(D/2)dn(Jd)/2) • 
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i. • - [0-'* ::' · (ou· ~.)i.k r. -o.,~ J; · 210., fa- ~(D/2)ain(kD/2) 
- 2ko,.~(D/2)s1n(kD/2) 

UOIf ccn~1dor t.h4'l !"'unot:J.Ot'.# ~ A.1~ l#t(n/2). li.)!' u41n6 (2.'0), t.~o to..r"m 

i 1.:1 c1o.fi r.cd by 

- 0/2 
~ · f ~(x,:)o -:U:xctx la ["-... i n(:) f eo~(n. xIL)o -1lcxdx 

-- • ~'nrn(k)rn(') 1 -D,/2 

Tho tona ~(D/2) h g:ivon by 

~(D/2) If LAntn(a)oO:l(nlr D/2L) • 

Sineo D/2 • == t,whoro = ils An !ntogor, thb :13 oqunl to o 0 
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J 
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1 (2.7) 

u:;-.t."\6. ="'-'!rU r.o~'!.:lo..~ (Ct:' t.ho cl. lt hu boon ~t)u=od thAt tho b"D.nlS4ucor 

(,lr.fi'O,:-~ ft...,-o "t'O.-y lo:-~ ~:~ Qo::pA.~ t.o thoÙ" w1dth A."lCÎ thus torDS :1molYin6 

i)./ay do not. AppolU" in (2.7). 

Âu"..::.1r-6. ro.r tho. =«:or;t, t..~At tho. :atoriAl 1:1 cUo.loet:r1cùl,y 150-

t::"oo1o.~. _c, A.Di (9. 1) muco.~ te 

(::'·a~:~~·o • (B.2) 

IquAtion (a.2) 1:2 tho. d!ttorontiAl oqullU.on to .tùch m&:IOr1cal solu-

• 2..4., A.:l do.~cr1boc1 in :)ootion 2.1.1.. Tho. nu:.or1cAl !101utiona to (B.2), 

-
~ • t(X':i) Il ) A.n~(:i)co!1(n1f %/L) 

'--J 
n 

1 

IL~ !lhOll'n in ~oction 2.1.4. It h dO!1irAblo thnt n continuous potontiGl 

runction 

• :16. 2.4 \11.11 bo foa.,d on pâSO 17 • 
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t(x.a) 11; ~ "'tln(a) CO:!{.~ll%/L) 
n 

, 

(B.}) 

, (s.s) 

~nt. ft.U'UCd thAt tho ~ .. l\dI..'Cor!# lool\tod nt tho It\YOr :subatrtlto intoz­

rAOer. Par th1~ #! tt.zllUO" .. , 1j •• nr{L in tho lftyQr And r) • -nsVL 1n tho n n 

:sub#t:nl.to.!n Uvo !lubst:"ftto, r .0 l'or ill OA!HU, .nuo ln tho layer r .0 
n n 

ln tho M#OncO of' A IIIOWl1a plaUr.g. In tho plAtod layor auo, tho 

~nUal olect:rlc Nold (E ) Dl#t bo 101'0, for all x, At 1. H. wMoh 
x 

requ1ros th. t 

r • -0-21' ntVL 
n • 

In t.ho ~uo whoro tho trft .. :uduoor h locAtod on tho lfl,)oor :surfaoo And tho 

lnto.rtnoo 13 pbtod, E .0 nt :.0, Md thU3 r • -1, from (B.S). x n 
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a\t. cr'N-ry Pi).1r.t en tM> ~!d 404c:.r!bod 1:\ tlOot1on ~.1.". 

(~) ~OOH L'V 1",",1 "1 in t..~ ro~lon or intel"ost (01 th .. 

l..-yo.l'" 0:- #'Jb.~to) L~ ~ t.t-.o potontial at that 10,"1 

oost "1.tuaUcm,, :H: 1# bOit to ohoo" li. 1I'1thin tho la,yor.) 

n::us. u!I!r.,s (a.s), t..~ potont:lal at tb.h 10ft1 ne bo writtetl 

S .Â[O-~11 
ft n • 

J 

(4) tt.AT1r.c doton:dr.04 r M:d J) , n.nd k.~arln.t\ bath Il .. ft.t'ld B (11)' n n _ ft 

t.ho CO:\.:ltAnt ~ b dotondnod tra:: 

./r -r; I l " "11 ~ • '&n("11 Le n ... l'nO n J · 
(5) ReplAc1ntt Il by tho conUnuou:a TOrlAblo ., tho potontial 

tunoUon in tho eho,on roBion can thon bo wr1tton 

• 

Tbo role played by tho progra: ·CAP,u- 1:s vtlry importont for 1 t 

prcrridoa tho po~ent1al At oft1"Y pol~t on tho computation grid, by 501vi.n6 
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(1) dU'flilN.nt bct::-oplc d1.olo~tr!c Com1~t::l in tho throo 
~O~""!j!I.bit f'O:E;1on:l$ h:lJb#t..~t.l. 14,.vor, Y~WII) 

(z) o.:d. . .;i,~~O ot' _tallic pl-tltdr.n (if clo~lrod) 

(3.) t4.~:\t:!~l o,loct:r!c f'lold fHr..m.! to aoro on ~UOOl" 
Nr<~r-~ (rl~ p1,~t:1f'-S 11' p....,,~'Îmt;) 

( t..) no.:-w o~~.cn~ or D oo.o;t;!nuou,o ln 64p:a botwoon finpn 
L*'.fi! fle.!:-.tcn":raoo:.l .~" no pl.llt.!n6 h p:"O:lont. 

"".o~o cro.::d! t.icn. o.ro rorlootodln tho Clooff101onts Bn or tho 'ourier 

~n,,1on or tho potont.tal ru:\I!l't1o.. ... at the loftl IIi" nOllCn'OZ". onao tho 

?ourto:" ~'U\da..'"\ w1 th1.n ap4U"'t:!cullU"ro61or. h utahlhhod at " 10ft1 a1 

(stoi' ~ro. ~ abO'tO).·~ d.ori",t1.o.~ ct tex,:) for t.hJLt po.rt:1cuhr ro&iœ 

'tollOW:ll u Ot.:t.l1nod .ben (âtoJ)4 No. , - lio. 5). 

M..-ùlo cU .. N"ON1:\t t:nI.n.cduooZ" cont1ôumtiQ:\:1 A.r.d tho clotor:1nation or tho 

fu:lOt:1o.~ t <:} ln tho ro&1on= of .1ntGro.tt will bo c1iseuuod. 'l'boro llrO n 

(1) tn.n.:ICluco-r At 1r:to.rl'~o, plAtod o.f' unpl-tltod lo.yor 

(2) trA:~~ucor on troo nurtftCo o!' ln,yor, pO#D1blG pltltins 
"t into.rhoo 

(3) trAn:.tducor At rt. 0, ne ln:,"fOr. 

T'hO. :u-gw:.ont lht ot -CAPU- oontal,ml tho followin,g vArlablos: 

(1) M 1ntCItor "l'PUT.!- wh1ch h 30t to :4ro ii" tho la;,ter 13 
plA tcKl. Md no t aoro. ii" unplli tod 

(2) Ct, tho bob-opic cUGloctrio COMtAnt of' tho 1030Z" 

() Ct, tho hotropio dioloctrio conatAnt of tho subst:rato 
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(4) a ~t .. bl~ -nL- l;t d./f .. (Li.., rlr.$o':" :lpl&!,)ing" cl h 
~,:" .!dth) 

(5) ~ V'u-iAblo -ma .. rl~rth,1c)mou/d (1n our cuo, 
m hA4 Q":\ A:\~~ o~4(lr.t.i4.1l.y 01tuAl te 40..""0 in 
!hl.toUo.n 2'.1.2 ) 

was in.1 Ually 1ntCt::dG<l. ... .. .4 no Al to.. ... tion of t.hoinput yuiJlblos ia roquirod. 

ln tho eu. of tho platod l~·o,r, ""ln.- t.hould not oxcCHld unit)' or tho oN'oct 

o!' tho pla t,1ng rUl bo i~. 

l'hon tho potont.ial CU"'rAY b tillod, 1. t h oonvoniont to chooso the 

lovol ai. Otar tho Pour'1or oX'pAndon. Tbis rosulta rrom harlns previousl,y 

cbo!'lon th. t1r.6or t.hlokr.ou t.o bo :01"0. ThU!l" thil l:a.yor potont1Al. At 1.0 

cmn bo tivon by 

t(x,O) • ~ Bn(O) oo:r.(n. x/L) • 
n 

(B.G) 

(-A- rotorn to the lnyer !lolution~.) An MOwn in tho provious :lootion, tho 

1"unotion r (=) tor the ln.yor OM thon bo writton - n 
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"'(x.o) • ) B:(O)coa(:ur x/L) • 
'"~ 

,."!nao r Il. Ot..., t..~., :"'Q6=10..,. S1nco tho potontW in tho lA,:fOr lUld that in 

tho "ub~t..,.t4l lIU~t bé;! QiiUAl tlt %&.0 {:oro rlr~ tnlclc.nou) , 

• 

A • A (1.: ) • 
"il n n 

TtNs. t'or tl\:b oonf'~t1on, with loro N..n6or thl.clcnosa, 'tho Pourier 

apandcm .t li- 0 cœplotoly dotomnos th. potontiJL1 funotion in both 

resions. 

rlow conA1do.r the ~econd conf16uration of intorost, that wi'th the 

transducor loo.ted on top or tho la,yor. To AnAlyao thi~ :situation with 

·CAPU·, corl&in ccd1t'1caUons in tho input variablo5 aro roquirod. Pirst, 

dlvldo o.ll. or tho botrop1c dioloctrio con"tAnt:l by thAt ot' tho 5ubatrato, 

Cs' ton:d.1\6 " nG1f !Jot ot' 1!'lotropio diolootrio oon!'lto.nts: 



1. 
Ir ••• 
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cs " 1 

Ci • '11~ 
c~ • 1/"5 

C:! li: C· o 

• 

~ .. li o~tat1.~.&1 #t&n!point, WI oPO"'t!onln~1 tbo wbat:n.te 

o.::d the:oos:1= abO'tO tho lo..vor, a.."lâ. 80&10. th. cUoleotric Oonlt&nts So that 

-C,\PU· CU U2'..CIO a unit.)" c!.1oloot:-1~ COMtant ÛOft th. l.,yer. 1h1a FOCe-

4"," dooa not ùto:' tho t-..ar=o:-.1o co."t.ont or tNt potontilÙ t'unot1on; howo'l'al", 

H 1,- ~on .. '7 eo :ult:1pl.y t!u.t c:~l.Cu.lAto<1 "duo or CApAoit&nco/_tor/N.npr­

bAll'~ by tho nluo of thG botropl0 :Jub~t.l'1lt.o diolootZ"1o constant to 

tho l'ou..-1or ~on cr the potontiAl runcUon, C!hoo#o tho 10'101 at which 

t.ho tra.~c1uoor 1., lOOAtod, #i 8 H. T'ho -CAPU- Fosn= tW:. tho oœputa­

Uon grld lU) if the t..."'1l.nMUCar n" loctltod tlt Ai. 0, A.~ thU:l the poton-
A A 

Ual. t(x,H) cOt'TO:rponcb to ~ 1\n(O)CO:lnntt ror thia caso. ~, 1t 1a 

do:1rAblo to 1Irlto tho potont:ift.l t"'Unot.ion ·1n tho tor: 

t(x,.) • LÂn[.-~n' • :},] ••• (nu/L) • (B.8) 

n 

'" If the interfaoo 1a unplatotl. r n. 0; but if it 15 platoil 

A 
+(x,o) • 0 , 

'" 1\ and r n. -1. Sottino '7n • -0 .. x/L, (B.8) OM thon bo wrl tton 
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L Â: eo~ (=:II :rit). 2:: ~ co#(nllr xiI.) • (oc xc t) 
:: n 

~.1n. t.ho _ho..,. exp;.""OulGrul ::IU#t ho oqual. on • tOMa hy torD hui" an&! 

" ~ li ~ • !bUI, tho F'OÇ'U ·CÂ1"'U- au "" ulloi to anal) .. o th:1.a conN..sura-
e:!.on b)" llultablo I\ltoraè:1o."l or tho input "ftItriAbloa. Tho hAr=ozùc analysia 

!ltz"Uo t tho potonUal f'u.c"'X! tion Ù'..rouehO\lt both t"OEP-ons. 

Tho third cc.nf~t1o...,. thAt witb no l.Q,1Or .. ~ tho transducor 

loeotod At 1:.0, b Il t.rl'tial. QUO or tho HCOne! conr1~t.ion. To ana.l.yao 

thh C4~O, tho input nu-iAhlo:l ta ·CAPU· would ho Altorod to ro:ad: 

t(x.O) • ~ Bn(O)ooa(nn/L). 
n 
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')- lUI' lI.,lt t(x,a). À-ntl ao~ (l'ur x/L) , 
--' n 

Jo. • B (0) • n n 

O.U~t:!o;1 c.t M bob-opio ctlolâotno oontttlnt l.n o.ll or tho rogicm.D. !'bis 

A::'u:zpt."1~ ":l :-oquirod to tio«oaodato t.bo -CA.PlU'" ~; hOWOftr. hA'ri.ns 

obtA.L~ tho -:bot.ropio- Nl~\&lt"J it h po:)~1blo t.o COtTOot for th1a 

~!l'~t;1on. Lot. U:l N'lrurn to CiqUAt.1.o."\ (B.1) 1 

sud ""'..t=O A ~ cl u t1 cm 

~ 11 t'(x.a) 11 \.. A'r'(a)co:.(nr: x/L) l ~ n n 
-.....; 

Tho solution to (B.9) 1s 
~. -'ba 

r!(a) 11 0'0 • bto 
... n n ' 

• 

'l'hU!l one hu 

(B.1 ) 

• 

(B.9) 

(B.10) 
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t 

.. teX,:) " '5!~ 0 (~-)"n. f./t COA (n. x/!.) 1 

&:xl ,!, !d~t:1cAl to t.~ ".lulu o.r Jol.hi tU)! llld.to}6. 

TM sœo,..t; ~U'.!04 potontlAl t\.motion cr (3.10) 11'11.1 roplAoo 

thae o!' (8.5) Atid 0 .... "\ be calculatod in tho -.r.1oh1.0Il U outl.ine4 in 

MC U ~ (:t. 1 ) 1 1f'1 t.~ o:il.y .. r" =! . .r.(tt' al tOril t:loms in tho proooduro. 'rbo 

Al ~ pNQMW"O 1IOQlcl lolo .. " foUOIlI1lt (. tU."'O cha.n6od) 

(~) fVto::": ·CAPU· calculatioq .S.:N::Ù'06 an 11otropl0 dioloctl"lc 

(~) CbCl't!M tno 10ft1 of !.ho tn.n.!!duoOor, Il. 0 or li • H, ancl 

Ui'4.~ tho potcu\t:1A.l ru.nct.1.cn in A Fo.urlor ~orlo, At thAt 

..-
tex,:,,> Il ) l\n(ll)co~tn. x/L) 

.:....;1 
ri 

A 

~ ~ -2. H 
r~ • -1 cr r~ ft -0 "n J Cl.!) boforo. 

,. 
(-4.) Tho conatant ~ la thon gi~on by 

" " 
A,; • ~,,( "1 >/ [0 -x,,"i . :.~. x" "iJ 1 .. bot.".... 

'rho coofficiont ~ il thon dofinod by 

(-5) RoplClc1116 I l by l, tho potontial functioM for layer .. nd sub­

:1 tro. to oro 
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t(x,.) • L ... [.-... } ... ( .... ~) · 
n 

f"4~pofl Uvoly. 

a,. ohocA'!:\6 tbo lnol of tho ~liCor far t."~o JP"OW"io.r oxpa.n.slon, 
. 

110 Mft l.Mu...~eM.t.tb.o pot4nt:1Al, d1t'roroncto botlroon &C!Jacont olootroaoa, 

... ~TOn by (9. tO), h ~~ .tro: (».5). TMa altoratiOl\ doo. not 

FO"ido .. po:rtoct carTOOt:1cm. for thb :ltop .Ul ha" aN"octodtbe boumlar.r 

ocnclU:lon 1mo.1TiJ\6 ttA cont1rm1 t:.r or the noral oocponont ~ D. Howner, 

~ for tAOst _~lAl.t c, !a .~toly oqucr.l to c" l.t 1.a a roucm­

Ablo :'1.rae ltop to Co::'T'Oot tor t.ho -botrop1c- dioloctr1c constant &5~ 
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C.1 -
, (C.1a) 

l O<).~ b)d on .tho. pA th ct tnt.o6J"1l U on • L"'i4 ro:- y> 0 1 t CM ho roaoTOd hy uldnS 

el-.o ecntour C • (;:lTtm tty31: 
o 

1 

/ 
1 

ft' 
/' 

- - ..... 

-r R 

f-J·r·J·f 
Co -R C, r C, 

and, a1nco tho-ro aro DO polo, rlthiD Co' 

l .1.icy 
'f"-k dk • O 
.. 

Co 

UO"6 the ao:dc1.rclo Ch le la 61von hy )c.R 0
18, 0, 0, l'. 'nlu" tho 1nte-

5l"Dl Along th1a portion or C CIUl ho wr1 tton 
o 
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III 

J --ri ,,"1::; 9 !,yi QO~ 8 i 0 -- CI l!B. 

o 
'!'h~ a::'!\cluto ~~ of tlrl::\ t~~ !~ dO::!:-.Atodby}1 

_ _/2 ./2 f ., -yi ~b '~tt) 111 2 f ., -yi ~ in e de < 2.f fi -.."Jtlya;. dB • ~ (1-o...,.st) • 

o 0 0 

Co -iii :- CI 
es 

&nt.:- e...~ (lM tex:.:- C.. )c. f' ~... ,. ", e cO. L")4 ono C! an -.ri te 

tlQ- Uc;; 0 0 18 r T dk • r ~. r (0 
k - 1} ,~ 111 r idS • 1 r r 0 1yr( 

0 
) - 1] dB • 

• 
Ct 

:!Jc::t 0 Uc:; - llcy 0 1 T cU: • J T c1ic • f ., k dlc. J idB • 0 • 

C - 0 • o 
'!'hua ~ tho !.nteçAl (C.1 A) hA,:, tho 'tAluC! 111', tor y > O. In A :t1::.Uar tuh1on, 

(C.1A) tory<O w tho nluo -ill. Ir y.O, tho intosrol (C.1.) roducos to -J~. 0 , 

--
u,inco th. 1ntogrA.nd 14 An oc1d runotion or k. 

To ~um=ar:bo: 

(C.1b) 
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Cor..#tdor !ho tntoÇ1'&l 

'"' r !t !.=tc n/2J !la 
, je 0 a.t, 1» 0 • (C.2.) 

( .\r f'" oU!(x. 0/2) 1-o1X(x- D/2) ] 
1/2 ~l ~ j: 4lc - k dk • .... --
r !\!:-.tc D/2) .!.kt. [ft' 0 C 1 xl < »/2 
J. le 0 Clk. ./2. Ixl • D/2 J 

o » Ixl > »/2 -
(c.a,) 

.. _ .r~~_1n~~~-. Ux . - tCk ,:)0 dk D> 0 , (C.}a) . -
'Ilhan A. 15 Mllal a.."'ld. r(ie,.) hlUJ no poloa in tho k-plano, but tho..-o 1a the 

pou1b1Hty or bnnob point" ocourring 1n t(k,.). (In tbo oftluation t4 

(:2 • .32) thoro aro no branch pointa, .Mlo in (2 • .35) thore are.) 'l'bo ft1"iablo 

• CM " conai4ored • p&rADOtor. In tho M'f'Ont or brAnOh pointa, usumo 

that tho1r loc.t:1ona ArO known an4 «1yon by ~, Je" ••• , ~, whoro ft must 

be tWto. (Tho ::IO&rUI or loolltin,s tho branch pointa in tho ovaluation or 
(2.35) 1a oonsidorod in Appondix D.2.) Subatitutins k'. k. A, (C.}.) oan 

bo wr1tton 

-Ux (1- ik'(x+ D/2) f- ik'Cx-D/2) J 
ct 21 6(k') 0 kt dlc'- g(k'} 0 k' dlc' 1 

-
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... r Â~~') o~'y dj:' 

• - • 

!!o-aUoù te thAt ~ulod 1.n C. t. onol04!:\f} tho ~ or tho )ct-pl.e..Mi 

n~r, 0.:-.0 ::=u:tt ~ 1 . .nto .oo~t theu bn ... ~h pointa 1d11cb are locatod. 

c, __ / .. 

/ 
./. 

1 

1 
L_ 

/ 

-~ 

/' 

Bn.ncn cuts (coly 
",.- , wo hava boon 

4hown • .a an 
0ltUP1o) 

ru~ contour r"OQA!."u, on tho :m=o ~~oot cr tho R1o-.nn AurtACO t'or k,}1; and 

dnoo thore Are no polo:J oontAinod. rithin tho contour, 
-r R 

f • f • f + ~ I. · f • 0 

-Il C, r 9 C. 

• 

• Sineo A 11 real, thole branoh points locatod in tho uppor-hAlt cr k­
lpaoe an &1'0 looatod in the upper hal.1' or k'-lIpclco. 
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+ 
t"bo r~t:!= O"f' tho tMtrx ft N~~:llt5 t..~OH co.~toun, Bq' wbicb axcludo 

th. "braach. po!:rt:a in tho up~.:--hùr pl~o. u ~own. Alor-G th&t portion 

cf t.ho co.."i!ou:r dor~-ed l1y C"k' 1., ~i,..n hl" Il. oiel. Ono cua .. 'l thon ahow, in 

-n.:ù~~ Alo:'~ L"\i' po.rtio..~ o!" C~ u 1-_, Fo'l'1d,lna g(k') !:) bounctod (far 

t.ll zt) Alo.."l6 t.."A (;Q&!QW" C:" .. .,. R ... .-. Tt..At t{k') NOlÙ.n:a boundod. 1Içl1oa 

11. 
~t tho b. ...... "\C.h eu~ ~Y'O boô:~ p:-oporl,y cb040n • (!ho COA.tU\ or proporl,y 

o 
! !S(f',O)dt) • f 6~k.') [oile ty -1J dk' • 
Ir C. 

SiMO s(ic') l"r..Alnlt !'1n1w 1.., th. lWt U f' ... 0, (no PQlu 1n t.~o k-plMO) 

tho 'OClOnd lntoÇ'Ù. AbOTO r..ll 'ttr..n.1:û'l. Tho tunation S(Jc') la ooc:plox and 

CL., bo -r'ltUn sOc') • tt(k')" 1. S"(k')1 wh10h whon substit'Utod. into tbo 

fir:lt Int86'J"al Aboft 61ft. 

o 0 

i !S'(r,O)dB - [B"(r,8) c1B 
l' 1f 

• 

80th or thaoo 1ntosrala 0 .. ., ho O\faluatod l:/y use or tho "moan 'n.luo thoorom" 

as follO'Wa: 

o 
1 !s(r.e)48 ( 

II' 

[-11' g'(r,O') + -6"(=-,0"»), Oc O' (_, 
000 

Oc 0" ( _ 
o • 



i 
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dnco tho t:AlC:i=tr~ vftluo# cr tho t1ro pArb will. not noco12~'U"'!l,)' ocour At tho 

.).UIO ?C!.nt c:\ C ~.) ~U!\. 

li: f 5<:') oU:·~ .( 
ro-O ~; 

C, 

• 

'tI.\ tl-.o l.!.:.tt, ." 1"- O. th.o oqu,l!,.:Ut)- d.sn !li UAod boo4l.1U B bas no -aninS 

... 
r ""'kt) 1):'6 , . \' • ~ • dl< .111 ,(0) .) b (y), ;t> 0 
• li: !-J q 
-~ q 

• 

~ ton:t.l b'·(y)Mtpre .. n~ t.bo contnbutlont .troc tho b~ pointa in the 
q 

uppo.:" halt plv.o.. 

... 
! ... /)( 1 \ :!.le 1 • .,. • J ~ c) .,rd.k'. rG:' Y< 0 1 

. .-

-io: 6(0) -) b-(y) 
:-JP 

P 

"hce b -(y) l"Op:'O:\onu tho contrIbution o!' tho p th brcnch po1nt looAtod. 1n 
P 

tho lo1lOr-MlJ' or tho Jc-plA.no. (Ro~or t;htlt tho brAnCh pointa 1n tho 

l~ plAt.,. tarO c:1:rolod ln tho opposi to 50n:lO to th05o. in tho uppor­

hal.t plL~.) 

'nnl.\t, tor Ot Ixl < D/2. tho l.ntognal (C.}.) hu th. nluo: 

_(.J. ) -L\x ...L (o.-U D/2 \ J 
W,i A.JI fi • 21l L 

p s­
p 

1k(x- D/2) 
t(k,.) 0. (k+ X) elle 

\'- J ilc(x .. D/2) ] 
-oiA D/2 L t(k,.) (1 (k+ X) c1lc 

q s+ 
q 
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,.hœ-o a; ~ '8; l'''(tF,uo:~t co..,t~J:'!l. cr t.~ t.)-po :thown on t.ho contour Co' 

... ~~ t.ho ~:"~".e.h ~1r.b loca.tod t.., tho uppo:--hAlr mld lowor-hAlt or je-

• 

... 
o-U.x r ~ (01):'D_ 1 )cUc' 

21 C ici 
• • . --

th. bn.."\Ch polr.b "'''''0 too 1nyol.TOd to o"ÙUA~ OX40tly, Md hanco will not 

bo oon.s1.dom ln t.bo onluation or tho 1ntoerlÙs (2.3S) and (2.32). 'Ibo 

solut:1o."\,G or (C.}a) •• .Il uMd in tho O\"fÙuaUon or (2.32) aM (2.3S), oan 

-
1:1 tho elb:sonco or bl"AnOh point contributions. 

A VAriAtion or tho 1ntogrftl (C.}A) i:s tho intogrAl -J n1n(k n/2)s(k,:)o1kxdk D> 0 -
whore S(k,.) hA~ tho ~n=o proport105 AS r(k,:) in C.}. Tho intogral (C.4A) 
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~ .... 
È r l S(k.a)ollc(X" n/2)4k - ! S(k,I)011c(X- D/2)clk] • 

1 

/ 
~~ 

/ 
/ 

1 

L 

~ ."'" 

.-J S(k,Zl)OilQ-cU: • 

-
- -- ~ 

"')" 

Il '" 
1 1 

1 1 

sil 
ut l 

~) 

----+---

" \ 
J 

• '«bon tho Bq oro tho contour!l ftround tho brnnch poinb in tho uppor-halt 

plano, AS in tho pronous notion. (AsAin, onl,y two such branch crut oon­

tours are sbcnrn AS An oxa::p.lo.) Sinoo no polos aro onolosod by this con-

II 

r.r~~r .0 
• .- ---1.-

-R c. q »+ 
q 

• 

Unloas :::are 1& known About tho runotion S(k,I}. ono oannot euarantao that 

tho intaçal ovor C, .. Ul vanbh AS R .. _. 



(2.}a) 1n "'o~t.:!cm 2.~.6.2. t..~o to..--: ~(:Ctll) ropro:Jont!l oithor up(-"n:)c jn 

CI:." oxp(~zt)d j,n" !W4 ecnUl:!.ft,ll. œ ~~~h l'e!!\~. U oO:s.oM'Od 1n :lOOtion 

~.~.6,.t. th. !\I:nQt:io.:-~ (1 Jt~():) A.~ cl J;n(k) bohA\"Q A': 1t~ 1!' hel .. _p for it 

cœx;'lu 1\.:1 "11 lU Nlftl. 'ntu" t'cr.:' !l:'Lr60 't~uu cr le, ONt OL"I wM.t. 

• 

C~ 

TL."I .. bhtu u St ..... u thCllll"n ln C." .. -.1 t.hclZ"O IU"O no bra.nch po1nt~ tor the 

parUcnùtU" i.."rtosnJ, ~olut.:1o..,~. the intoÇ1Ù. .. f 6(k,a}e:1l(ydk 

-* 

::t..t1tt: .,.,,:d.:Ih Aoea:"di:'.r. te (C.l.b). Tho ~I b tn~ t'or y< 0, And th~ the 

1.ntoO"Ù (C.4A) '/rU1 'tn ... ù.\\h, tor nll x, uhon ApJÙ!.od to tho p:u-tloulAl" 

1ntosrl'Ù ~olut:ion~ r4 (2.32). 

Ccndclorin6 the b0D06o:~ooun :\oluttontt ln :tocUon 2.2.6 • .3, one O(Ul #GO 

t.h4t 6(k,a) i~ 1clontlo~ to J~2cn in ~quAtton (2.'9). ~o1ng tho origina 

ar th1, tet,nI th..~ tho oqulltlon:a (2 • .3&) And (2.29), ono tincl:s tlult tho 

boh~nour cr th.1,tor: 1:s controUo<1 by tho tcu":\:s c,in Md d jn, whioh are 

A.s:aoo1Ilud with tho pA.rticulGr intogrAl ,olutions, Ils Ikl .. _. nus rosulu 

trœ the t'Mt that oxp(OO a) romlÙns t'inito AIS 1 kl .. _, as shown in 
CI 

Hotion 2.2.6.1, prov1dins tho brll..,eh outs MW boon proporly ohosen. Thus, 

the 1ntogrIÙ 
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f 6.0tt~)oilQ'4k, y> 0 

C~ 

,r..ll n.::ù~ ~:a .. _. ~~ 'ltith 'tbo y~"'1:.1.eu.ltU' intot;;nù ~olut1cm.a. Prœ (C.4]) 

.. f S(t,:)O~dlc Il - [160:,:)O~4k, 7> 0" 

.. - qS· 
ct 

r~ tho h~~ ~clut;1(m~.. I.n ft,. !t1:1lAr t~or., tor 1< 0, one» bu .. f ,(k,a)o:UQ-c!.k 11 - 'LI s(k,a)o!kycUc .. 

-- p s; 
!{Jo:noo. tor Ulo ~co.ou~ tfolut:!o..~~ AnI! ocl~ »/2. (C.4a) hu the ..-.lue * ('LJ 6(1c,.)OS):(~lt-Dl2)i.Ue - "Lf 6()c,a>oU:(X.n/2)dk] 

P a- q 9· 
P • q 

A:d. to:r %> '0/2. t.ho Y1Ù.UO :la. t\lfte b.1 

-[f ,(lc. a)dn(lcD!2)oilcx cDc 
q .. 

Bq 

... -whoro Bq Md »p AN A.l) p:"O'rlou~ dor1nocl. in C.} .. 

1 

• 

1Ibon ono 16Jl0T0:a tho brMOh point contributions, u 1:. the ouo 

whon OTCÙUAt.in6 the hOCOSOMomt :nolut$..on~ in :Gction 2.2.6.}J or in the 

Abnonco of branoh poinu1M ~h tho cuo for tho partioular l."ltogrftl aolu­

tiont! in 2.2.6.2. tholnto5l"Al (C.4A) hAt! tho vt\luo IOro tor al.l. x. 

Com~1dor now tho intosrl'Ù 

1 (C.5a) 

--
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• 

..... 
no ~O''t'O 1nt:oôTftl ~..A.1i ·fl ~llQ ft t Jt l/I -b. whl.e.~ doo:; no t 110 cm. tho roAl axi.,. 
't'!N:=', fol:" y> O. t.~ ttcr.toW" of 1:\t.o:~t1@ i# t;h'on by)1: 

1 
1 

/ , 
t..._ 

• -b 

-- ...... 
"-

1\ 
\ 

\ 

-Ut:; f (k~) dl: Il 0, fol" ;r> O. 

--
!'or y< 0, tho ccmtour 1!t giT"On by,1: 

r---#-
\ 
\ 

--b 

, 
" -

-p --, 

1 

1 
1 

/' .,.,. 
/ 

Tho polo At Je. -b ocour!l ni thin t.h1tt contour, And hanco 
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for y< O. 

--
) 

-- - -
)e' lit le • 3 • 

.. 
( 

clx .. 
-21 ~1 Il -21( t.."i."'t-. xl 

J x • 0 
x- le 'le • 

0. 

tor y. 0 • 

Tbuttoro, the iJ'lI"..es:nù (C.Sa) OM bo 1Ifrltton: 

0, x> »/2 

./2, :c- 0/2 

.o-lb(x-O!2), Oc Ixl < 0/2 • (C.Sb) 

-- l'0 1bO_./2, x--0/2 

2.1 s1n(bO/2)o -1hz, x< »/2 

In • ai::dlar tuh10n : 
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2.1 m{bn/2)olh.J:, x> D/2 

ltOibJ) .... /2 x. D/2 

.Oib(X.n/2~, 0' Ixl < D/2 (C.50) 

- 11;/2. x--n/2 
0, x< -D/2 

D> 0 J (C.6a) 

lllhero À.b "al a:d b lit 1\ .. le, c« s. Uo!ns Cl p4U"t1al t'rection OX'Doana1on, 

(c. 6.) 0 ... '1 bo .,.1 t'ton 

rL 1 1 r r· a1.:;{ h,.A}O/2}olkr. & r a1nl 'lt)Df101la 4kl 
~ J \. .. (Ie-.X) . - J k.b .. 

..L ( .u D/2/-01k(X+D/2) .• -iA. D/2/-oik(X-D/2) ] 
2:1. 0 (k+b) di( - 0 (k+b) eUt - -

80th or tho.5O intoe;r41# ArO or tho 1'01":1 

fIl1lc;y 

J (l:+b) dk J 
_ ... 

whioh 13 oTaluatoc1 in ::laotion C.S. 

• 

• 



-tS2 .. 

. 
J --

(C.6b) 

If. -1A;x ... lhx 1(A+b)Dj2 
- tX. \i) • t:+b) , ..J>/2< XC »/2 

(!:) rte{ (A40b)D/2)olbx, x> D/2 • -
(C.60) 



~""O -..'V ~~. a't~Ablo ttùch 001'W' tho to~10 in oo.\'\l?14orl\blo 4oUdl, or 

-tioh Ù".at by }I\:olu ~ g.~~t2'6 i~ ~ tooct caa...-plo. Our d.i~#,\d,on rill 

ct Ulo ';""X)'.hpo!n~ 1:\ (2 • .'5). .u~o tbo COA.~ of loo.flting t.ho= o.nd tho 

~èU tl'.oy F'O~ont. !r. tho onlwr.tion of' (2.}S) wUl 'ho aonsidorod. A 

MAtl.-' or nftlUAUr-i tho "b!"'L~h po!r.t cor.trlbut:lofu~- ta tho 1.ntosrtt.lD (2 • .3S) 

!t1 TM 9rjSmt d !atho=aticû lspliollt1on.tl or tho RrflUXlh PG111u in (2-35) 

'1'bo a.oular oqua tion (2. 17) , 

[C,.o" - O:,}l·":?( 0uCn - 0,,0.,]1' 
1 

.. [0" cu- en t
• 20.,0.,. - (ou. CU)I - (o". 0. .. )( ~)]llt 

• . (2.17) 

.. 2{ Ci 1 0" - CuCu - (0, •• o." ><7')]1 

• [c"on - 0,,' - (0". o!d{~) .. (~)I] li 0 J 

nproaonta tho rotA tion:lb1p botwoon tho 'ItIlTO nu:::bor, lei nnd tho roota,lm 1 

1Ih1eh doto:ndno tho -dgonf'unctiona-, oxp(ilcl .) .. cf tho h~onocua :solutions. 
1: 

Equ. ... t.ion (2.17) i:s qunrtio in 1, Md for lU'\Y \~Uo or k, nt n ~ixod 1'roquonoy 

", thoro o::c:bt four rootn 1. , ••• ,1.. TbiA b truo tor both l~ o.nd aub-
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eCl:ll:!:llu 'n.-!ablo~~ th:hTOp;."'\UtOn~t:1on p..""Obloc buboon aolm witb the 
26 't~ c:o=o-p~ ct ~ III'Rlo.:aœ aurl'aeo· t~. ln tho dtuat1o.~ doacribOl! by (2.17), 

tho EUe:a=n ~aeoro.r k-Dtloo condatA ct tour .. ahoots-. oachsh .. t a~ 
WAtq a: o.nU .. ""O coolo.x t'lu.-. Saoh of tbo :-oot# 1= b &55OO1&to4 with 
k ~ a. l'-fU"tlewAr' o.hoot; t-.c'C'èft:' , ~~ TÙUê of k: on oaoh 5hoot ::ruat 'bo 

lr';:~ tI:"O net. u;:o.J,quo. ~\ t.M.~ ~~ dopond en tho plU"ticulœ- situAtion. , Ù L"\ o:xu:plo, con~!dCt:' tho #i::plo funotion 'l\'l!yt, whoro both \'lU"iabl05 
ArO coc:plox. Tho Rlo::.Ann audAco, for tbo TVùhlo y bu t.To ~oou, 'With 
brL"lCb pointa At ,.- 0 Md Y Il CO. A brlU'lCh eut .... ...ll oxitlt botwGon thoao 
two ll=1ta Ahi a poadblo plctoriAliantion or th1~ RiomAM aurtaco 1a shawn 
in P".-6. D.1 • 

.. ln the atr10teat sonao, ft should roa.lly oonsidora tho aopArfLto branohes or (kl) .s .. tunction ot k, IUl .. ru bo soon ln D. ,. Uoaver, an:! ))Clint ~ wMch 1a • brAnCh tlolnt for (le .. 1) tl'.,ult ob\"ioutl~· ho ft branch point rœ- (k .. Icl). 
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BRAHat POINT 

Fipro D.l 

1"0 Ult.:~~ ta t.bo p,..""OhlCl-: t.c ho o.:"IeClU.O:t.«u··od l:l pczrl'on=.!.roô tho into­

li="'ftt!cn c.t' (2. '5). cO.f'~!do:" tho. ~!::ploll'îtoÇ'Ù 

. • (D.1 ) 

, 
oahoro Cha clo:!04 ~tou:- ln cœp.lu k-~ptloo. -.~ lb c!ot1nod hy l.;c~oo 

!hont ..... two rootA. 1. an:t ~ (rc,,-t..'lo podUYO Md Mecti.,. sign, res­

ooot:1'tO~'), t'œ" OTOf:.'t yaluo of' k. A.,"'d. branah pGlnt~ OQour at le. 0 aM le. - • 

no:-.c0.l e...'W Rio=-=,~ ,url'aoo f'or k-lJp&co, 1.., th.b problo=, oonsbts or two 

~.o~ whlc.b carJld ho !lt.o.-n lU in PIQ e lP.1. Â~m=o that 1(1). F(11), and 

t..~~ tho 'tA:'bbl~ ~ iJl t.aicon :"rc:. t..~ !'irlSt :lhoot for t.ho oftluat1on ~ 

Duoto tho pruo.nc~ or llrMo.b point~, t..'m contour C cu:st ho con~truQtod 50 

.~ te ~ on t.'to f1r:\t MoOt. only. f\.nCl honoo it CA.MOt intor~oot the 

hra.r.eh c.ut.. SYCb A contour :i:: .:\hown in Fis. D.2. whoro tho brn.nch o.ut hu 

hoon Arb1trM'ily o..,",ODO-1\ to l1a on thopo3itin rolÛ n.x:i~. ThUG C. Ct ... Dt: 

Cl. tho oirmWu- portion ct tho contour 

.a... thAt pcn-tion of tho contoW" which BOon nrouncl tho brn.no.h 
point. 



, 
\ 
lf 

\ , , , 
..... 
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- ..... 

"'f----' 

)t 

1 

/ 
/ 

1 

J 

~ - --
F'lVre 0.2 

8RMCH COT 
~ 

[ P(l,)dk i! r pel, )tUt •. r pel, }die • 0 • . . . 
c c. 

!~ • .luo ~o tho F'O:OfllCO or tho bl"tlnCh t'lut, tho intGçAl onr n.. i:l not 

Ml 
~~ ta loro • !!onco. thotnto5%"Al. OYO:- Ct 'b not oquAl to 10ro, Md t.'1o 

tntcitrû (n. t) hA.!t " "'bn..~ point contTlhution" o.r1.dr.g rro:; t..'to intos;ra-

J [P(l. ). 1'(1. )]dlc 

C 

, 

4 
tho root:t or la k", n:.l botoro. TM:. intoôl":\l :opnrnto:s 

• 
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. d\o !"1..-at *.ootctt't'..o !U~ar.r. l\u:rt . .ao fer k-A'pIlC::o, lU)! on tho AOCoM :shoot 

te:- tbt l •. ~ !,n'to6lN'l. 'n!IO oenteur C =ut ho tho sue in both ~oots in 

th'1.11.n"t.a::oo.tid...:1.6 th. ":Iut b or (1).1). 0::0 cu -.rite 

l'l(lt }dk • /1(~}ak • l P(l~ ~ • Ir<lt )dk • f P(l.)dlc 't [ F(~)dIe 1 

C C C~ B, C. Ba-

VMn Ca -= ~ .... , .en.. oqu.1ftli.1ntA of' C. W St" but on t.bo 4oCond. aboot. 

ROtI'b'YWr" ùr..oo t:.bo co.."\to.:r~ C, ~ C~ dO:tcr1bo Cl oontour thAt circloo tho 

b..~~ po1:;t.':lr'!oo, !·t CA:\ ho lhown ~tlJ) 

/ '(1,)<lX ... f 7(~)dlc • 0 • 

Ct C;t 

(T'Ma !~ tbo o'lu1Y11Jont cr intogrAt1J16 1'(1) ~ A..ooound. tho bnnob point.) 

f pel, )d.k .. f F(~)d.k • 0, 

il. • 

W tbo l."'tt.oSX'rLl (D.2) 4004 net huo AJtf -brMOh point oontribution". 

'nNs, i.t the in~osrAn4imolftl all or tho roou l, in t.ho tuh.1on 

sbown by (D.2), t.bG TÜUO or tho intognl wU1 bo unaN'ooto<l by tho inter-

IlOCtion or & brtt:d\ out ri.th the contour or intos;ration. Ir, howner, th. 

intesranc1 400a not Im'olft all or th. root",in Cl Ub t'uh1on, the inter­

MOtion or bro.nch eut. bl" t.bo contour or intesration ::uat bo .voidod, &Dl 

the reaul ti.n& 1ntosral bu • "branoh point contribution". 

'l'bo intosral (2. '5) can 1molva all four or tho l~r raota, but 

cmly two or the poadblo tour nubatrato roota duo to tho nocouity ar 

baV'1116 aolutioM 1fh.1ob do not incrouo aa Il 6003 to __ • n,a tunotional. 
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dilpO;~~U~-O t..-po..~ o-Mh NOt !$ 14onUoù. 'ftm~. -tb,o conto~ of' ~to6Z"fltion 

u:lcd ~ t-~ Oy~t.ta.tlo..-; c!' (~.JS) (~OO Appot'41x C., 0::4 C.4) ~t bo c:on-

"oluUCN. ~ -tM ()o..~tou:" e:"o~~o:t- i!I. hr:lU"..oh eut or~~ froc: the ~ 

:-oob, t.~" root:s 'rill 'bo po.~tod u,1 

a:d t)o.o T-.1UO of the !ntCl5f'V41rill ~~ unehan.sod. 1'!:ws.l~..o onl,y bnanch 

point; cont::--lbutic.'Uto ~o in\o-s:"fÙ (2.'5) IU"'ho in tho :aubat:-..to solutions, 

À.t a:::;lc..~ in HOU~ 1).1. th., bl"1U~ t'uts tor=ina.to at tho brancb 

po1."lb~ L~d., to ho Ablo ta co:\#tr.lCt. tbo oont.our ct i.~ta6%"'C't:1on for the 

1.~toÇ!lls (2:.~5) ion ~ loô1oAl. !'AMion. 0»0 t:il#t k:xJ ... tho loo-Iltion or tho 

bru.cl1 poJ . .nb. 't"ho l~t1on or t..~ b~ poln~ fOl' 0( .. 1), fi! do.tinocl 

hl' (2.17) i# :".o~ obTiou4; hoftT'Or,it co,n bo :l.~wn thAt ~o brMOb points 

ct Il :ult.1'C'nluod runction 04.~ ho t'oural by con#ldor1Z"..g the i.:m2r:ae =J'Pi."1&, 

1J' d~o TAlu04
l
•0• To ni:pl:ify t.ho Alt;obrA. lot ,,4 .u: /k' in oquAt10n 

(2.17). -hlch CM thon bo r'Opro#ontod (~ .. 1), Md con:'lidor the 1nTorso 

=pp!:l6 (1. 01 ), 6'11'On b.r-

• , 
(tho n:r.::bol ~ Ùlpllo3 tho podtivo !\qutU"O root) 

• Aa :.ntione<1 in tho tlHoeodins sootion OM ahould look for branch pointa 
in (t .. 1cl); howeTOr the 1nTGr:.o (ltl .. k~. obt&!nod by c:ultipl.y1n& (2.17) 
by t· la =ore 1nvolftd tban (1 ... Vi). !tonca, :lineo the branoh pointa in 
(t .. 1cl) ooino1do rith thO!!O in (t .. 1), ft ahall bG oontont to atucly (1 .. vi) 
to obtain tho branoh points in (k .. l) or (T' .. l ). 
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"~t 

1\ (1) .. (Qin" Cu )l~ .. 2(0-., .. CH )1 .. (On" ou) 

r~ Cl} Il ((O)~ - cu)v ... ~~ ~ll· ... (t.(o,s. 0#. }(c, ... ou).' 8c:n (cu - Ou )]1' 

.. r ll.(O:n· .. Cu Il) 11 2(ctt .. Ou )Ceu - ~,). t,(au .. cu), - 8o"o,,]11t 

11 (~(~u 11 Cu }((~ ... ou)- 8(C)tott - Ou Cu »)1 

.. {(c .. - ~,l' .. .\.cu t] • 

It 1a ùtoroat1.:l.6 te) ~.M:""nl t.'ult (D.}) :"OFOllenta t.o IOpora.to a1n$lA 

,raluoa _p~ !':'o: l-.llpACo t.o "'-apooo, 4o~ OD t.bo choico or a~, 

a..-.:è oaob =Ult " o=s-!do.""Od OOp4U"1lto~. B:1&.nah pointa in (yi- .. 1) U'O locatocl 

AtY'41U04 ct 1. l ~uc.h tMt40 
o 

• 

(D.4) 

wbênt t.bo pf'1œo do~bu d( )/4(1). EquAtion (D.4) yiol4.a thr-oo l'oota. 1
0

, 

tOf' oaoh !tip; 0..-4 upon :tt:b~Uwt:l:\6 t.no: l."lto (D.,), the NUOl'l or yi. Yb' 
'llblch Ara the bl'Ar.Ch poi .. '\t!t for (-? .. 1)1 IU"'O dotoM:l1nod.. Tho ,.ùuoa or 

\I:.~. whioh IU"'O t..~ bn."1Oh pointa in lc-l\pA.oo. tu"'O thon 6'1""n hl" 

~ ., : -l'rb • 
Al:tboush ~.l&t1on (D.Z.) y101cl! tbroo nluos or 10 tor oach slôn, 

OOCOutaUClIl showa t.h&t eaoh sot or throo roota (ono sot tor each sip) 

cot'TOS'OOncb to Ofll.y one NUO ot ,l'. l''noo, thoro mat onl,y two ftluos 

or "", cmc! tour mues or le. ~. at wbiob lmLnoh pointa coour. The rouon-

1n6 bohir:ld thb a1tuation will bo conaid.orod turther in seotion D.z.. rogard-

1n& the ph,ysioal 1=Plloations. 

It tA u,otul to note thAt, 1r Ot, .0,. !Il 0, the v1ll.uoa or v at 
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1O!J~ OQ~t::"~. t:ho Y~"o:t ot \ .-ul. bo aœ:plox. 

D." tceat:! a..~ C*!' t.bo ~"\O.b Cu'b 

'1'bo loc.{J,Uon Cft ·tbo bH..~ .m~ b. A. .. ·M.~~ witb 1:'OOp4lOt to the 

1r.~~ (~.'O). ro.rtho~o A.N l~toçù!\ ..:l.or..st..~ l"'OAl &Xi.:. only. It 

1~ ~ or.o ~A# to ff'tftluatlO .t,ho i.."ttosr'flb (2.,9) in tbo :&MOl" outl1nod in 

A~nUx C that ~ lQlcultio."l or .t.~ bt"anoh C:H:ta boco=oa lçortant. As 

:lnU.,,,to!ln ÂPl"OM.!x C.} L~ C.4., tho bruc.h out =Ult bo choaon suoh that 

tbo intosnl. "tw.#b -.10.*-6 tho.t po:-t.1on or the> contour whiob o.no.losoa the 

tlP'O'U' cr 101101" hûr or tho cœpla k-plL"\O (hd .. tilt). ru.a problo: i.s 

&:lAlClfSOU.!l tOI t.hA~ ~l'..aou::~~ ln t.ho stu4,y or oloo~t1o surr.co 

. "'1 -.,1 . .·f 14 _;1 .. - .. ., "._-'--" b .. _, ,,--, "Te SOMn .. on t.:~ FO~ .... o."\ J ca:~ t~&:" W,,"Uiwq\.'O!'l can CI -a--0.l'-. 

:ta:As(kl).( 0, A.J:4 ~t doo~ in th.., ~b~t:rftto, l'roc:: th030 .. 1 th l=A6(kl) > 0, 

=tùc:.~ do not. ~.A,1... '!b! contour (brMM out) 1th.1ch proddo4 tlùa aopal"O:­

tien 1# pl'Ctn b.1 tho #olut:1on or 14. 

~(kl). 0 • (D.5) 

SiMa ~oro ArO tour TtÙUOl) ot' le wtùoh ft.rO brMCh pointtl, Il!! montionod. 

oo.rllot", t.ho.., will bo t1l'o tlota of' brMch Qut:l dotondnod by- (».5). Oneo 

tho pAth of the brMCh eut 1~ doton:dno<!, the oontour ot intosratiOfi &round 

tho branch pointa, ê!l uHd in Appondix C.3 and C.4., ia choson so as to 

• Tho Allowod "alue~ ot' volocitytol" bulle ,,",vos .hoH planes of' oonstant 
phaM are noncal te tho x-axis • 

•• It 11 for thia ra&40n thAt ona r:ru:st cons1der the bra.noh points far 
(le .. kl). ln the strlctODt nontlo, u proviou!lly montioned. 



\." .". 

11 ~ h.~ eu"t. 'n-...1.:J oontour :=wt..t ho ohoaon t4 foUow tbo bru.a.b 

~~t te:- U !~ o:ù.ï' alor.,s ~!, "p't.b tl-.At ono ctft..."l o.ntor hoc 1 kl .... ILM 

\'h, il o:u 

1 

Ottc,Ulol.f20Hc.n-(cH" 0,,) ~ l~ .[(,.,0." -(Ott. 01.) ~. (~) J. o. 

Th1~ .. ..u tl-.o :.olut:lc."1I: 

11 • (:: k' - 1) M4 • 

J 

'llhic.b dotor:dnoa tho Wpo c4 tbo bl"AnCh out. Aa!lw:lO, for tho mo=or.t, 

1 

thon tho Abon oqUAtion CM bo wri tton 



( 
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I~ fC{a H'- a·~)- (~d'_~.-'). ~l(at •• -ktÎl:")]';) li 0 

~.h ttq\t.Ilt:iQ,ft OM b~ ".e:.l.1!'led hr 

o.t k o'tO:.t" 'tthld~ ~ ~bol~~ !U:"'O T1\l;id roFO~cntAU.o.'l~ or tho br.ulCh eub. 

C ~~ ho ~Kn, t.~ ~~ol1.~ b~b eut..'"! ~""O '(~ id for Iktl , 1 ft" Ar.d thu!l 

tl't,tl b~b Q.U~ #~-v !\~ :tho,,", 1."\ ,...~. tl.,. In t.ho AhMt-r.co cr lOll~. tho 

\>~\c.h CTJb d~f'.o:r~t() t.o t'i/.\~.h.n 1.;('1."1(; 0."\ t.hi>f"OlÙ And ~i.·'IlU·Y IlXO:s. 

1 
,1 

.n ,\ 
xl 
: \ \ 8RANCH CUTS 

~\~ 
< \ \11' 
=- \ \ BRANCH POINTS 

---,.-- ..... 
" \ 

\ \ 
\ \ 
\ \ 
\ 1 ,1 
Il 
II 

" Il 
1 

\,~ 

REAL AXIS 

Figure 0.3 



~~:u.~o o.!' A ~, ~O ~J:"f,,;.CO W'tl-ro 'rolooi~ t.;l ",U.t'thtl." 103:\ tM.n tho 

trL~ bull: n'nt \'olod ~ • 1hu.tt!on X-#p4CO, t.bo troo Au.."'1'AOO je. k lJ1 

1., all~~Uy ~~t.o.r t.~ ·eho "ÙUO:l or )c oc:T'O:tpe.~.1r.s to t.'to brMch 

PO:!l\u, ~b.t l'U'Id ~2· (lho.N. ~1 L~ ~2 4..-0 oqw, Of' ~At. oqUAl., to 

t.ho 't1ÙUO~ ot Î( ra:- t...~~:rto.no L~ lo:'~i t;~!rAl bulle 'nT04 in tho aub-

or " fIIIdow.r flll l~ ::ato.rlol. t.~o :turl'-.oo .. ft 'tOloc1~ 1:1 dOpl"'lOaod am 
.. ~" iI"'" 1 -'- lo.. .. \._ 1 ~ ... 0 ..... 1 ,50. tl.O T .... WO O. iii. Ionero.HS. a. m.OW'r. .. ., .... ilV Ar:"OW8 11. '"'Ge _ 

Fiaure 0.4 a 

!ITOn if nu::orouJS ::odu oro pro:tOnt, lUl 1a poasiblo in t.h;b situation 1,50, aU 

le ) le t' Thua, ter a "ùow· layer on Il "tut" subatrato, tho surtaoo ft" k :s 5 

dooo not COlllO 'tory closo to tho hrMoh pointa ~1 Md. t;,2' the ol08ost 

value bo~ ka1 • tho valuo tor froo :surfACe proptlôtlt1on. • 

• AsaWllll16 A f'1.xcd f'roquonoy ln lho vlclnlty of the "rooonant" froquoncy. 
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F'iUtt 0.4 b 

• 
TOloc!~ !r.cNA!Uu·. Ant le =onu, ln tho d.i.~tio.. ... of tho arrow-s in Pis. 

:J 

t>.4h. n~U!), t..~o ~u:rl'ACO _1"0 le APF04Cho~ tho N.UO~ or le At tho b~oh 

ln tbo Ab;;o:,.co 0:" lo;:)~, le:}. ~1 And ~2 rlll bo roù ft.1'Id. thu:. it 

1~ pouib.lo l'or k~ te oqu.'\l ~1 or 'i,2. 'l"hi~ p:"O:30nt# A probloc dnoo tho 

b.n.."'lCb point:! :lU!l! bo oxcl.udod rroc: tho eontour tl'.Jlt includos }.; J howovor. s 

D~ PhY~1cAl I=plieAt1on~ or thonrnnoh Point~ 

Tho brMlllh po1nt:t woro d~~1n 30ct'!'on ».1 Cl!J thoso value:. or 

te At *-!c.~ tho rooh (or pair" or rooh) of oquo.tion (2.17) &.ro oqual. 

I!' ono woro to plot tho locus of Il dnslo pdr of roots of (2.17) lUI .. 

function of le (roal A.nd W'ith dOOroASil\6 ::wa.gni tuda), it would appoar ILS 

ahown in PiS- 0.5 _ 

• Soc !ootoo~o on pago 19) 
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IMAGINARY AXIS 

Fieuu! 0.5 

, , 
~ ... .. .. 

REAL AXIS , sw._ 
.. 

Jt .. ... 

ans. At. wohloh point U".oj ~ ()q~. ÀS Ikl ton.!:a ~--d. aoro, tho rootD 

d:t1"tf.rp alon$ tho :'O~ U:!,'1 ~. (lel) .PFC*'Û'..o~ Il. :'inito Taluo u 

f tel .. o •• ~ ~~O"n 1.."\ JOCt-lon Z .2.f.l. Sinco tho 'bt'1U'X1h polr.b ooour .t those 

nluos of te at ~lch tho n)O~ or (2. 1 7) booo::e oqual, and honoo 1"'Oal u 

IOOn in 1-1$. n.S. '!l-A)" ~~ont t..":.o ~ T1ÙUO:a or k, or cln!:m .,.).uos 

or phuo'fOlocd.tj "l, a': tlhlch bulk ftns (1.0., 'nYO:S which do net do~ 

tdth dopth) CL."l ooour}é. Thœ-o ero only throo d.:btinot rooh at thoae 

'tOlUO:l ct te (t1ro cr tho to-.= U"O oquAl), And honoo tho tact that oquaUon 

(n.4) bAc! o::ùy throo :,oob for oAOh d<;n, All cOM"Osponcl1J'l6 te tho SIU:IO 

'tolocity, 1~ te ho oxpootocl. 

la =ontionod. OA.:"Uo.:", i!" Ou • 0,., - 0, tho b~ point ,"olocltioa 

aM fir.ch thAt the vnluos of '"b nro lODS t.hA.n tho npproprillto \"IÙ.UOS of 

voloci t.:.y for trft.n:n"Clr:lO a.nd long! tudlnAl bulle ",vo!'. Thi:s oan ho ohaol"'l"Gd. 

by roc/ondd.orlne '16. D.S rmd roe:o=boring thAt 1- 0 is tho roquirod oondi tien 
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(:OAt:-U,'ttttion·~F'O~U t.'lo ecr.~i.":U(t.:~ ~poet::"u:l or Wfm)!) 'ltbich cQ.ZTj' 
14. o.~ A~ tr= tM ~u:1"'noo • ,~A.-=l0Q", tho ~ 1.:1 tNofor our 

,,!tl.:atio:l., ~"1.'! thii -b!"~.o.h ~i.~t eo.~t:-,ihutio..~· (1.~., tho mm ct tho int.­

~::I ~"X1 cmo.l\ cr tbo bNL."\(),h po1."lt.,) NP.':"Ott~M:1 ~ oo..,t!.nuou,a spoct::-.= 

(H hA!t b.~Ul It.U~ ~A! 11!R b ta ~t:rou ~ :lurl'AQO). FOT!a1.~ !"ur+..har 

~.y~1ea.l FOOr ror lM .b,of'.oo or bn."'lOh po1nt# in (2.'5) !'or tho layer 

ThU:t 1 one CM th.tnk or !ho ID tro.n~ucor 0.4 1aunch1.Dô, in adct1 t.ion to 
the .urfAOO "V03, .. wholo 4poct:::ru= or bulk codos whlch 01.rt"Y onorgy 1r.to 

t.ho "ulutt.::-ato and who~o Poynt.1fi6 Toctor4 a:ro 1ntIludod At O\"'Ol''':; aroôlo f'ro::I 
00 te» ')00 ri th l"IUpoOt t.o the! 1.nto,rhoo. 

D.S BrMOh Point Ccnt:M.but:1on.:t (SulJc lfAYO Ib!O:l) 

It hu pro .... .1ou1Ù1 boon ~O"11 thot oNs tho :lubntr-Ato !\olutions con-



( ) 

( 

tA~ us O-œ.ld.4or onl,)' '!..hOM oont:rlbut:10M in tbo rosion x> 0/2. AI:thown in 

.«.ppo.n!.1.x C.' usd C.4, te:- x> 0/2 t.ho two into5="'Al4 ~on ouabo wrltton 

2 

-(~)- 'if ~inkD/2 ~~O!kcdk , 

~ ':<9· 
= 

:-o~poc:U'tOly (lf.)::\>Crir-ô. ~\O po#;,ihlo eont:ribution~ tro= oU<.or ~~-

Uu in tl-.., Itcul.ti-c:odo" cn.::o). Dy ~~bat.itut"1r-6,ror f1~r:.n Md 'i~P one 

C:ft..~ eœb1."lO tho *,ho,..,t/~tottrlÙ:! CU;G wr1.to tho !!!S! brAnC.h poitr'lt contrl­

bu t.:!Gn. :-or x> »/2, A4-

(n.c) 

Tt wUl ho ulOtul to coc:hino tho oxpotontial tor1:la in (D.6), 50 that one 

cantl%'lte 

• Thia "sul t oan alao ho obtAinod by tho d1root intogration or oquation 
(2.~9). uains Cauohy'a thooro= and inoluding tho branch outs to insuro 
that tho 1.ntogral racaina dne1o-vo.luod. 
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~~ ! (lt,9) ~ (~. ~ tan 6), t4.n {I ~ :Ix. 
:: :: 

Soto..., e~ti:l.Ui~" lot U~ ~or..:l14cr t.ho *APO ot' t.ho bTfL.~h oub. 

thAt ('0:- ~ o,n ~ ~, u:!.1. O~~h p;ûr or ·oonjupto· rootlte oqUAt1on 

(2 .. 17) booœo~ ~ tG:' h:J ( ~=,tbo ~uo or t..~ brtmoh point t'or tbat 

~...1owtC" ~ot ~ir. ~A, for 1):) ( ~. tho tom kl,= 10 y.:roly roü, 

U. cor.dH.:1on N~!ro.d rOt' tho ~h eut. "E'l'...of'Oto::"C), th" bl'1WC/.b oub far 

~ 10.13,10 •• Mt.orl.:l wb,!o.h 14 flPFOF!.to to QqUllt'lcm (2.1i) will han " 

Ft:1on ~ .. t 110. cm t.ho l"u1 ): ui.:l. in tho ro~on hd (~=. 'rbo nluo 

or ft ter Û!O H::ailllr..t ~on or t.ho bn.no.h out will bo coc:plox, ua 

doc~ to :Cïr'O. (Ro:o=bor Ù'At k.~ .. ) '1'hu~, (D.7) CM bo Approxi:m.t.od 

b:1 

, (n.8) 

+ who.ro tho n.bhN2vintod oontour b in Mo1m in Fi5. D.6. Over tho contour :: 

b+, t.ho runct10n ~ (le,S) iL' J1troly rotù (in the nb!1onoo ot 10:la), and thus 
1: 1: 

tho oqua.tion (n.a) ropronont:t M intog:NÙ. thAt CM bo ovAluatod by the 



PORTION OF 
BRANCH CUT 

- 1~-

Ficutt 0.6 

~.d. b\We _YO~. Tho ~thod ot -tt4ûorA.."')' ~~.M. t .r.pp.Uocl t.o (D.6) 'IIill 

61" A.r.. APFox!~tot .r.~pt.o~10 ~oluUO:1 t.o .,q~~:1o:1 (D.7); ho1rtn>or, it 

tho 't!.cd.:-~Hy cr lt. ~=. ~o t.~ :101ut1on te (o.e) i# reu.~t tho ftddi­

tioMl :-Ad.!Aticl.:\ Qor.d~tA..~CJ ro~ult:!.n{t rro= tho ~no.:-Ation ct bill lm" 

In, L"'od po:-rcr;::;ir~ tho calcul A !.!o:-.., or tho rbd~.A ~ OnGrS)' U4ino tho 

#olut1o..'l# t.e oq"..1Aticm (n.S). 
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:-~:. ~An eo.~t:1r.t~H~ cf W~flU.tù ~~#:} ~--4 (U~pl4cO=)fmb ('or t.~Q =ooth 

. 1 
~o..""4,b:u~~tho;:" e..ho ~~:~~m~i~ ,,'!.::'"tI~l'tO~ ::t,:..,t n.."\.hh. ~U~ the G-qUat.ion 

1 (!.1.) 

• (B.1b) 

T#(~.O) '" 0 (8.2.) 

Ü,(k,O) • i,(i:,o} (!.2b) 
~. -T,(k,O) • T,(k,O) (1.20) 
~ 

(1.2d) t,(le,O) • 0 
~ 
T,,(k,H) /1 0 (!.2o) 
Ca 

(1.2t) r,(ic~) • 0 

C:lod te) tho :.olut.1on~ in tho ;}l'U:.O t'n.:ûùon A~ nhown in Chnptor n. 
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~~ ""'''''0 u~ fo:- 'è..~ ~U~!~ ~ tho AppUOt\ potontiol fu.noUon cr 

thot::-s\r.!Id~o.r" 6!.ytm by oq'.;A t:1c~ (Z.!Th;) 

th. ooo.rtic:d.on-ta C
Q 

fcrt.bo ho=ogonoou~ !\clut1.crla ArC! dirootly rolat&d. to 

tbo po.rttculAt" lntegrù ,clut1ons lUl "11 A#tho tor:s ~ ... ncl ~(D/2)sin(kD/2). 

!quat:1ons (2.2}) - (:1.26) Ihow that tho pArticulfU" lntG5l"A.l 501utions IU"O 

direlcUy rolatGd to tho t'u.ncUCNl ~ a:nd ~(D/2)dn(kD/2) Md tbu5 wo will 



(Slr.c:o 

- !?~ -

f -1 
t ....... ,. !# Coda ~. t -- -0 ., 

r. ". e.' • !.f :: -1\ b oY'On, 
0 

[~(O/2)1 )1 f~(D/2)n!.r.(~/2)1 'Il1'O 3.h1Û.l 

p ... ( OO!l: d/L) ... .. .. 

-r!t.h : L D »/2. 
0 

eor.:lidor tho M..""=onic bohanour 

J 

1tho...~ :1112:.\.', :1110.1,2.}, •••• T'ho P: n..""O tho Lo6'Ondro pol"t-noclrù.~, cl 

!~ t.~ .rlr~ W'!.dth L"1d t !.!\ '!:.ho Qonto.: .... to-oantcr :JpIlO1.:l6 of ndja.oontrin-

w1.th rol"t!.n yaluu of Àn E;:hfln by: 

A •• 1.0 

A., ::. -0.1 
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Al~. =. -o.~ 
A.lI - o.<n6 -
~t ~ -(l.012 

kt - O.~ • -

~.. o.n thhbub 1t ~;;l "~Ar n-1dont thAt t4)\"1)n ~ or tho ban:ionio 

U~.dM 111:1.1 Clo:-~.1f'.l..;, b. ,\:N"i(llont.L~. te out off tho ~t1.0tl whon 

nlti.O cr k ! ~"t., -t-A""'<I Î::-:- ft rt/L. tr.i\> ru:.et1o~ 'P n Oc) doa...~uo!t ft.:l Vn. 

Ror.eo, thtt !"'OJ.~~;""c co..'1t..-Um~!o:~ t.o~, tr1~t. by 'i • A F (ie)! (A) ArO: 
n :1 n n 

~. ~ a.coS5, ote. 

-cru:; tctr.= to Clcnb"ibuta to ç .h .;. •• 

rcr kIR k • tho 
r 

Wa hA", =ado ne =ontion cr th" ln.ycr thloknotl!' in tho ftboV'O tibous-

24 
dcn: h01l'Ovor, lU altO.1l by Punoll ot ù. , whon t.ho l~tor' thioknoss, H, 

1s &rOlater t.ban About O.2t.~ tho ha..-.:::onl0 tOr.tlS within tho 1,,'Or' ara cuson-

thlly indo'Dondont or H and ara idanticfÙ to thoao in tho :mb:strato. 
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