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• 0 • COTORSION THEORIES AND 

TORSION THEORIES OVER PERFECT R'INGS 

Robert J. McM'aster 

Abstract 
o 

Let R be an associative ring with u!lit element, and let P be a 

projective right R-module with E = End
R 

(P). A cotorsion~ theory in 

. 
Mod-R associated with Pis defined, and for any M in Mod-R a coloc-

alization of M at Pis then defined which is unique up to isomorphism. 

It ia shown that this coloca1i~ation of M at P ia HOITl
R 

(P, M) ®Ë P. 

Equivalent conditions are given for the colocalization functor to be 

, ... 
exact. The colocalization of R ia an associative ring, in general with-

out unit elerflent, and equivalent conditions are given for it to have a . ' 

two- aided (left, right) unit element. It is shown that this coJocalization 
'. . 

. coincides with the localization in (Mod-R) op given by Lambek and 

'v' 

Rattray. The localization in Mod-R associated with the trace ideal T 

of Pia investigflted, and th\s leads to a characterization of left perfect 
; . 

( 

rings. 
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TORSION THEORIES OyËR PERFECT RINGS 

Robert J, McMaster 

Résumé • 

Soit R un anneau assoçiatif unitaire, et P un R-module projectif à 

droite. 'On établit une théorie de cotorsion de Mod-R as sodée à p) 
""\ 

Ainsi, pour tout M de Mod-R, on peut définir un colocalisé de M à P. 

qui est unique sauf par lsomorphisme. On démontre que ce colocalisé 

. 
de M à Pest Hom

R 
(P, M) ®E P. Ensuite. on obtient des conditions 

• équivalentes pour que le foncteur colocalisation soit exact: Le colocal-

isé de R étant un anneau associatü, en général sans élément unitaire, 

on do~ne des conditions équivalentes pour qU'il possède un élément 

unitaire bilatér"al (à gauche,Cà droite). De plu~,.'bn démontre que cette 

colocàlisation correspond à la localisation de,: (Mod-R)oP utilis~e par 

Lambek et Rattl'ay. Finalemer\t, on étudie la lo'calisation de Mod-R 

'la a~sociée à T 1 ~'idéal~.de trace de 

les anneaux parfaits a,~auche. 
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" INTRGPUCTION 

The primary aim of this thesis is to develop and investigate a 

the ory of coloc.,alization i~he 'category Mod-R of right R-modules, 
<l .:, _ 

where R ia anOas sodative ring with unit élelnent. 

~ ... 
If R ij left perfect, 

if; l' 

t)1ere i8 a natural relationship b~tween the usual theory of localization 

with respect tb a torsion theory in \1od-R, and this coloca lization. 

Chapter '1 includes sorne fundamentëll results on torsion theories in 

Mod-R, ànd establishes the terminology used throughout. Cotorsion 
(/ , 

theories in'Mod-R a~e introduced by defining cotors~on ~Odule8" ) 

cotorsionfree modules, codivisiblf' modules, and codivisible covers of 

modules. The c'olocalizatton of a gi~en module i\ t~en defined uniquely 

up to isomorphism, and an explicit form is given for this cOloca~n . 

In Chapter II the category '~f c~tor~ionfree codivisible' mo:Ules is, \ 

studied. and in Chapter III equivalent conditions are given for the 

\ 

colocalization functor, regarded as an endofunctor of f\1.od-R, to be exact. 

In Chapter IV a multiplication i8 defined on the colocalization of R which . 

givea' it the structure of an associative ring, but in general witho'ut unit 
, , 

element. ,Equivalent con~itions are given for it to have a two-sided 

(left, right) ~nit element. The colocalization of a given module is them 

compared with that obtained by Lambek and Rattray in their work on 

" 
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localization at injectives in complete categories [25] . 

Given a colocalization functor in MQd-R, there is an obvious local-

ization functor as s ociated with ft,· and in Chaptfr V it ie shown t~at ~ith 

a certain condition (which is eatisfied by R left perfect) on the colocal
/ 

'i 

ization functor, the localization is given by a dual construction. This 

leads to an inv~stigation of rings for which this condition {s always 

sati sfied, and a c haracte rization of left perfe~t rings i s obta ined. A 

~ 
brief exposition on torsion theories in Mod-R for R sernipe rfect and 

left~ perfect, respectively, whicll is relevant to this discussion, has been 

included in the form of an~ppend~sinc8 the resllits contained in it are 
, , 

n~àriginal, even though the proofs, except as noted, are due to the 

'author. In Chapte r VI, chain conditions on the localization of Rare 

. { , 
investigated under certain conditions on the locé1-lization functor, general" . --1 . 1 . 

izing resu1ts obtained by Stbrre-r [37] for the maximal (Uturni, Larnbek) 
.",.. 

ring of quotients. 

';l'o m~ntion a11 previous relevant work would be a formidable task, 

. 
considering the vast literatu're ot;)' torsion theories in Mod-R. Here, as 

in the'bibliography, reference is made only'to research directly connected 

to this inve stigation. 
" . 

, . 

'''. 
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Courter [lOJ dualized rational extensions of modules, and defined .. 
a maximal co-rational extension over a module .. He showed that if a 

module M has a projective cover «): P(M) --~~ .M, then up to lsomor-

phism P(M) IX is the maximal co-rational extension of M, where X = .. 
L f(P(M)) and K = Ker C(). We shall see that this is a certain 

fEHomR(P(M), K) 

codivisihle caver of M. 

Sandomiersky [35] has defined a module M to be T-açcessi.ble if ... 

MT. = M, where T i.e the trace ideal of 'a projective right R-module P, 

and has showed that there exi~ts a one-to-oné inclusion preserving 

correspondenC'e between the T-accessible submodules of a module M, 

T-accessible module is simply a c;otorsionfree module in the cotorslon 

thebry dete rrnined by P. 

Miller [28,29j has also studied T-accessihle modules, And defined j 

a module M to he strongly T-accessible il every subrnodule of M is 
\ 

T·accessible, and defined P to he a quasi-generator if every T-accessihle 

. 
.modul~· is strongly T-accessible, i.e. if the clas8 of cotorsionfree rnod-' 

;hl~s i8 closed under Bubrnodules. 

" 1 
Beachy [4] has called a 8ubfunctor p of U1-e" identity functor on Mod-R 

• J' 

" ' 
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a cotorsion radical if the dual of the functor II/): M ) Mlp(M) is 

a torsion radical for (Mod-R) oP. He showed that this Îs equivalent to p 

being an ide~potent radical and every factor module of a p-torsi9nfree 

module being p-torsionfree. Hence what has been called a TTF c lass 

?f modules is the torsionfree class of a cotorsion radical, and conversely 

the tor sionfree class of a cotorsion radical is a TTF class. With our 

defin;ti~n of coto:'ion theorie: rhere i, not in g~neral a one-to-ône.' 

correspondence between cotorsion theories and TTF classes, unless for 

the given ring R every idempotent i~eal of R is the trace ideal of a proj-
8 

ective module. 

Ulmer [39J has consid!!red a set M of abjects in a Grothendieck 

category A. If J: M --~) .,A denGtes the inclusion of the full subcat- '-

1 
egory of ~ consisting of a11 ~inite coproducts of objects of M, then the 

functor : !! 

( _op ] f M • ~.9!. is the category of contravariant additive unctors on M 

with values in the category Ab. Gr. of abelian groups. has a left adjoint --
denofed by ® M. The full subcategory of A consiating of aU f~points of· 

of the compos ite A 
__ ~ - op :i t--~ > [M . _A_b.Gr.J,-~.~. A t :> 

-
(J( )t A] ® Mt i. e. aU objecta XE ~ such that the evaluation morphism 

.:: 

((X): [JCV',X] ®'M -....,..., ~); X ia an i-somorphismt corresponds ta a ' 

1 

subcateg_o~y of cotorsionfree codivisible modules if we let.A = Mod-R " .,.. 

,1 
; ',~ 

.~;.t. r f 1-

....;. .. ~ 
di' ... 'f"'.galt J ' !t.'\~ 
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and M = fP} where P is Q projective right R-module. 
o 

The author has just recently seen a paper by Bland (6] in whic fi he 

defines codivisible modules and codivisible covers of modules, but in 

the context oLa pre-torsion theory rather than a cotorsion theory. 

Lam~k and Rattray [25] have studied localizations at injective.s· 
1 

in complete categories. Their work has been the inspiration {'br inves-

tigating colocalizations in Mod-R, i. e. localizations in (Mod'-R)oP. 
! 

li 

, 
Finally, the term'''cotorsion'' is not a new one. If R ie an integral 

s 

dornain with quotient field Q then an R-module Chas been called cotor8~on 

if HomR(Q,(;) = 0 and Ext1(Q,C) ::;; 0 (see e.g. MatHs [26J). 

With t~t!-~xcepti0!1 of the App~ndix and the background material at 

the beginning of Chapter l, aU results and proofs are due to the author 

9 

unless indicated otherwise, and to the best of his knowledge are original. 

The author wishes to express his appreciation to his supervisor, 

Professor J . Larnbek, for his helpful advice and encouragement. He is 

1.. 

also grateful to the National Research Council of Canada for financial 

support. 
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, ... 

Cotorsion Theories and Colocalization 

1 

< , 

Let R be an associative ring with unit element. . Mod-R and R-Mod 

will denote the -categories of unitary right and laft l\-module s, 
\ 

" " ând a11 modules are ~ssuf!led to be in Mod-R'unless otherwlse 

resPectively, v 

specified. 

. ( '. . ~ 
- VM, NE Mod-R. Hor:nR M, N) will usually be abbreviated as_ [M, N J. For 

, ' , 

" an. exposition on torsion theories in Mod-R the reader is referIied to , 
l . - 1" 

, , 

Lambek [22] , However,' the definitions of the basic terms àre repeated 

here ta avoid 
6 { . , 

any confusion arising from the existence in the lilerature of 

a somewhat different way of defining the same 'terms, 

, • '1 ~ r 1 
If a and C are classes of ~odules, let ~ = (XEMod--R (B, X] = 0 

o 

VBE a}'oand Cl. = {XE: MOd-RI[X,C] = 0 lCE . .o)" A c~ss a of modules ls . .. 

calleèt a pre -torsion c1ass if it Hi c10sed ~nd~-r homomor,phie ima~s, direct 

SUrnS, group extensions (i. e" 'whenever N is a submodule ci! M, and N'anQ . . 

MIN are in ft, ;tren so is M), ~nd isomorphic images. 
.. b "L ( 

If C = a , then 'C 1s 

closed under submodules, direct products. group extensions, and isomor-
, 

'phie images} Le. it is what 18 called a pi-e-torsionfree c1ass, anr,lthe pair '\ 
1 

(B. CI is called a pre -l''ion \heorï' If·(II. ~, is a pre-torsion theory then 

C = 8'1. and e. = ct, and in fact"this also defi;eS,a pre-torsion theoty. A 

pre-torsion class is clo8ed under 8ubmodules if and oilly if the correspona-

l ~ " 

ing pre-torsionfree Clan is c10sed under injective 'hulla. A pre-torsion 

", 

Il, 
o 

, 

, . 

-, 
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c1ass J which i.s closed under submodules i.s 'called a tor~ion class, a 

c 

pre-torsionfree class :J which is .. c1osed under injective hulls is called a 

torsionfree class, and a pre-torsion theory (J, a) in which J is a'torsion 
~ < .... _~.J 

class is calléd a torsion theory. 

Sorne authors, notably Dickson [15] and Jans [20 J, have called a pre-

torsion theory a torsion theory, and a torsion theory a hereditary torsion 

theory. Jans [20J has also called a class of modules which lS closed under 

submodulea, direct products, homomorphie iInages, group extensions,. and 

isomorphic images a TTF (torsion-torsionfree) c1as,s. Since such a c1ass 
t 

J is not c10sed under injective huIls, we find this terminology misleading, 

and shall instead (following a suggestion by J. Golan) caU J a Jansian 

class from now on. A torsion c1ass J which ta closed under i.njective hulls 

is called stable, and hence a stable Jansian clas8 ia a true torsion-

torsionfree class. 

If (J,:J) is a torsion theory then modules in J are called torsion, and 
. a 

modules in :J are called torsionfree. Eaçh ME Mod-R has a unique max-

imal torsion submodule, denoted by :r(M). (It is the unique submodule 

X!::M such that X is torsion and M/X i8 tor8ionfree.) A submodule D of M 
~ 

is called dense if MID is torsion., Let 83' d~note the set of aU dense right 

ideals of R. .Q:r forms an idempotent (or Gabriel) filter, i. e. it satisfies 

the following c'bnditions: 
~ . 
\ 

(0) RE S:r 
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(l) DE Ij and D!:K ~ KE ~ 
;r J 

) 
(2) DE~:r and rE R~ (r:D)E ~:J' where (r:D) = (xE R IrxE DJ 

(3) DE Ij;r and (d:K)E ';r VdÉ D = D(l< E ~;r 

Gabriel [17J has showed that there i8 a one-to-one correspondence between 

torsion classes in Mod-R and idempotent filters of right ideals of R: to a 

• ~ 

torsion cla~)B :r a~sociate the idempotent filter ~d' and to an id'empotent 

flUer ~ associate the torsion class d" = (ME Mod-R 1 (m:O)E ~ VmE M}. 

Jans [20J show"ed that a torsion class ;r ia a J~ian class i~d only if 

~;r containa a unique minimal right ideal T, in which" case T is an idempotent 

two-sided ideal, and T = C(R) where (C,;r) is the pre-torsion theory with J 
'-~ 

as tI:e pre-torsionfree class. Thus there is a one-to-one correspondence 

between Jansian classes and idempotent ideals of R, with the inverse 

correspondence given by T '--~) (ME Mod-R (MT = Ol. 

Given an injective module IR' one can form the larges.t torsion theory 

for which 1 is torsio~ree (where (;J,;J) S;; (JI j ;JI) if ;r !: :JI), and in fact every 

torsion theory ia of this form {or sorne injective 1. For a given torsion If . 
1 • 

theory (rr,3), a module.M is called divisible (or ;r-injective) if I(M)/ME 3, 

where l(M) denotes the injective hull of M. E\rery module M has -a divisible 

hull D(M) defined by D(M)/M = J(I(M)/M). One also d~fines the quotient 

module Q(M) of M by,Q(M) = D(M/:r(M». This is also called th~ l~caliz-

~ of M at l, whert 1 i8 an injective m~dule 8uch that (3".3) is the largest 

torsion the ory. for wmch 1 is torsionfree. Q(R) is a ring, and the canonical 

• 
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• mapping R ----'i) Q(R) ie a ring homomorphism. It is abo weIl known 

that every torsionfree divisible module is a right Q(R)-module, and every 

R-homomorphism between torsionfree divisible modules is a Q(R)-homo-

morphism (see· [22, Sec. 1]) . 
. 
Il .., 

* Let P
R 

be a projective modu~e, let E = [~, P], and let P = (P,R]. 

As mentioned above, ~very torsion theory can be thought of as the largest 

torsion theory for which sorne injective module IR is torsionfree,' where a 

module Mis torsion if and only if [M.I] :; O. We duallize this in the 

following def~nitions: 

DEFINITION 1.1. (a) A module Mis cotorsion if [P,M] = O. 
, 

(b) A module M is cotorsionfree il [M, X] = 0 VX cotorsion. 

* * (c) If;r denotes the c1ass of cotorsion modules, and J t};\e class of 

li< * cotorsionfree modules, then (J .3" ) is a cotorsion theory. 

~ 

(d) dM) i8 the evalllation mapp.ing CP, M] ®E P --~) M. i. e. 

(M)(Eg. ®p.) = Lg.(p.). 
1 1 1 1 

* (e) T = (R)(P ~E Pl. the trace ideal of P. 
/ 

( 
LEMMA 1.2. ~E Mod-R ia cotor:sion ü and only ü MT = (). 

, ... 
Proo!: Suppose CP, M] = 0, then YpE P., YmE M. Yf€ P • mf(p) = 0 

• ainee mfE [P.. MJ. and hence MT = O. Conversely, if MT = 0 then VgE 

" , 
, . 

, l, 
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• CP, M], g(P) = g(PT) = g(P)T ç: MT = 0, and therefore M is cotorsion.. 

PROPOSITION L 3. lfME Mod-R, the following conditions are equivalent: 

(1) M is cotorsionfree 

(2) MT = M 

( (3) M ®R RIT == 0 

(4) ~(M) ia an epimorphism . . , 

(5) M i8 an epirnorphic image of a direct sum of copies of P 

Proo!: (1)::) (2) M/MT is cotorslon Binee (M!MT)T == 0, hence the . . 
l?rojection mapping M -~) MIMT = O. 

(2) e:) (3) M/MT ~ M ®R RIT 

* (2) ::) (4)' VmE M, nE T, mt = mEf.{p.} for sorne f.E P , p.E P, i == 1, "" n 
1 1 1 1 ' 

= :E rnf.(p,} E lm (M), Binee mf. E [F, M], 
1 l ,1 

, and hence M = M.T ~ lm (M), i. e. (M) i8 an epi,morphiam. 

(4) e:) (5) c1ear 

(4) ::) (2) (M)([.P, M] ®E P) = E"(M)([P, M] ®E PT) 

,= (M)( [P, M] ®E. ·PlT' S; MT 

Therefore (M) an epimorphism ... MT = M. 

(2) := (1) VX cotorsion, Vcp E [M, X]. CP(M) = CP(MT) :: CP(M)T S; XT :::'0 . 

. ~ 
There!ore M).8 cotorsionfree. 

• It isvclear from the proof that-Im (M) = MT. a~d of course [P, M) ®E'P 

, 
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* -. 
is eotor~ionfree. The c1ass 3' of eotorsion modules is closed under sub-

modules, direct products, homomorphie images,'- group extensions, and 

* , 
isomorphie ima;ges, i. e. it is a Jansian c1ass. The elass a of cotorsion-

" . 
free modules is c10sed untler homomorphie images, direct su~, group 

extensions, isomorphic images, and by [34, Prop. 1] minimal extensions 

(and hence projective covers ü they exist). 

, 

DEFINITION 1.4. A "lnodu~ M is çodivisible if for any homomorphism ct>: 
... 

B --~) A sueh that Ker cp is eotor sion, any homomorphism . M 
o 

---+) A 

can be extended to a homomorphisrn M --... ) B, i.e. 

M 

'3.,p1 /. \11> 
• 0 1 

"" ~B fI?) A 

, 

PROPOSITIO~ 1. S. VME Mod-R, [P, M] SE Pis eodiv.,i.sible. 

Pr oof: Let ct>: B --~) A be any epimorphism such that Ker ct> ia 

, ( 1 

cotorsion. Let II> be any homomo:rphisrn: [P,.Ml ®E P .--~) A. Define 

) A by ",{(p) = lI>~f ® p) V{E. [!?, M]r VpE P. Then since Pis 

projective there exists "'fi: P ) B such that iPtPf ' = "1 Deline a: 
'-

[P, MJ. xE P, ) B by a«f, pl) = ~f'(p). Since P is proje~ctive and 
, 

[P,KerfP] = 0, [P, B] E!!! [P,A]. and it ie now easily shown that a ill bilinear • 

Tber'efpre there existe .p': [P, M'~ ~E P -~) 'B 8uch that f/lfIl'(I; f. ~ p.) = 
1 1 

.. 
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<p(ElPf'(p·»::: tlP
f 

(P.)::: EIJ>(f. ®p.)::: IP(Ef. ®p.) Vtf. ®p. E [P,M) ®E P. 
,1 ,1 11 Il Il • 
1 1 

Thus <pIP' ~ l/J, and hence [P, M] ®E P ie codivi8ible . 

. 
PROPOSITION 1. 6: V?-4E Mod-R, Ker E' (M) i8 cotorsion. 

Proof: Let Li. ® p. E [P, M] ®.E P such that r(M)(tf:;'®\p,) ::: ~f,(p.) ::: O. 
* 1 1. 1 Ji 1 1 1 

Then VfE P '. VpE p. (t f. '0 p. )f(p) = 1:; f. ® p,f(p) = t f.p.r ® p ::: 0, sinee 
. , ,1 1 1 1 11 

'(xE P, (~f.p.f)(x) = Ef.(p.f(x» ::: E(f.(p.»f(x) ::: (tf,(p.))f(x) ::: O. Therefore 
1 1 1 1 1 1 1 l' 

(1:; f. ® p.)T ::: 0, and Ker (M) i8 cotoreion. 
1 1 

COROLLARY 1. 7. P 18 a generator C$ leM) i8 an isomorpni8m VME Mod-R. 

Proof: P is a get1erator C$ T = R, i. ~. (R) is -an ej:>imorph{sm 

{, C$ Ker leM) ::: 0 and MT = M YME Mod-R 

C$ E' (M) i8 an isomorphism YME Mod- R 

The next theorem is due mainly to Mi'ller [2?, Thm. 2.1J, in particular 
1 

the equivalence of statements (2) to (7). (2) C$ (5) was also proved bY 
, 

Azumaya [2, Tho;. 6], along with several more équivalent statements-. 

(2) C$ (8) was proved independently of any knowledge 01 the dual re8ult giv'ep. 

by Teply [38, Thm. 3.1] for torsion theories, but (2) - (9) lS the reault of 

duallizing another equivalent statement from TeplY'8 theorem. Firlt we 

'need a lemma. 
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LEMMA 1.8. Let):l ;:: [XE Mod-R\ X'T =X' 'X' ~X) .. ThenXE):l üand .. 
on1y if xE xT 'xE X. A1so,'):l is a torsion c1ass. 

Proof: Let XE ):l, then VxE X, xR = xR T = xT, and therefore xE xT. 

Conversely. let X' ~ X, then YxE X', xE xT and hence X' = X'T. Thus X 

E ):l. The only non-trivial step in proving that ):l is a torsion class is to show 

that it is closed under direct sums, and this is dpne by anbSgument given by 

CHase [9, Prop. 2.2J. Let X = œ X., where X. E):l ViE I. 
iEI 1 1 

Let X' !:; X, and 

let x, + •.• + x, EX'. We will show by induction on n that itE T such that 
11 ln ' 

x, = x, t Vj = l, "', n. It is true for n = 1 sinee each X.E ):l. 'Assume it is 
1. l, 1 
J J ' 

true for n = k-l, and let tkE T such that x, = x, t
k

• Then it'E T such that 
lk lk 

x, - x. t
k 

= (x, - X. tk)t' 'j = l, •.. , k-l.' Let t = t' - tkt ' + t
k

, then x. t =/ y-
I. l, 1, 1. 1. 
J J J J J 

x. t' ~'·x, tkt' + x, t
k 

= X. 
'1. l, l, 1. 

J J J J 
'j = l, •• " k-l, and x. t = x. t' - X. tkt ' + Jt. t

k 
= 

lk ~ lk lk -

x .• 
~ 

Hence it ÎS' true for a11 n, and therefore XIE ):l, since x. + ••. + x. E 
. 11 ln 

~. 

(x. + ••• + x. )T. 
11 ln 

THEOREM 1. 9. The followipg etatements are equivalent: 

* -(1) :r , the cla8s of cotorsion modules, is cloled under injective huIle. 

* ' (2) :J , ,.the clais of cotorsionfree module.; is cloled under submodulea. 

* i.e.;' = X • 

• (3) PE X 

.. ' 
• > 

. ''::.'-
~ " 1 1 " j. Hl~~ .. 

,~ ) ~ r j 1 .1<.., .iJ"'*,~ 

, "~ ... : .. ~ ~ . '" ~:'_ '/""_ . _.l....: .. '-.. ~~ .. ) '!:"Y ... .". '",,,:,,:~:b!\o,:: 
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(4) TE lf 
c 

(5) RIT is f'lat as a left R-module. 

(6) (p:O) + T = R 

(7) (t:O) + T = R 

(8) Every eotoraionfree module is codivi8ible. 

" 1 

(9) F: M -~) M/MT "ME Mod-R is an exact functor . 

Proof: (1) ~ (2) weIl known 

* * (2) ~ (7) Sinee' = ~,' is a torsion class by Lemma 1. 8, and thus 

* has a eorresponding idempotent filter ,,*. Sinte TE:J • (t:O) E 8
J 
* YtE T, 

* i. e. R/(t:O) E:J and henee (t:O) + T = R. 

(7) ~ (5) R = (t:O) + T "tE T, and therefore 1 = x + t' for sorne xE (t:O) 

and t'E T, VtE 'T. Hence t = tx + tt' = tt'E tT 1 YtE T, and R (RIT) i8 fIat by 

(9, Prop. 2.2]. 

. * (5) ~ (2) Let XE:J 1 then VX' 1: X, 0 ~ X' ~ RIT ~ X ~ RIT'" 
• -

ia exact sinee R (RIT) is fiat. But th.en X t ~ RIT:;: 0 1ince X ®R RIT = 0 
.' 

* * by Proposition 1.3, and XIE 3 . Therefor~ = l:l • 

(3) et (6) 'By Lemma 1.8, YpE P :!rtE T such that P = pt. Therefore 

p(l - t) = 0, i.e. (1 - t) E (p:O), and R = (p:O) + TYpE P. Conversely, il 

(p:O) + T = R YpE P, then 1 = x + t for sorne xE (p:O) and tE T, VpE P. Hence 

p = px + pt = ptE pT VpE P, and PE )t by Lemma 1.8. 

(4) .. (7) This ia proved in the same way a8 (3) .. (6). , 
} 

(2) .. (3) clear 
, 

.. 
J • 



• 

• 
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* (3) = ,(2) Let XE J • then by Proposition 1.3 X is an epimorphic image 

of a direct SUIn. of copies of P. eut PE lt and lt is a torsion class. hence 

* X E lt and J = lt . 

(2) = (9) Let 0 ~ A ~ B ~ C ~ 0 be an exact sequence 
ni 

in Mod-R. Then AIAT ~ BIBT ~ C/CT ~ 0 is always exact. 

* Suppose f'(a + AT) = 0, i. e. f(a) E BT. for sorne aE A. Then since J is 

closed under s~bmodules. f(a)R = f(a)RT = f(a)T. and therefore gtE T such 

that f(a) = f(a)t = f(at). But f is a In.onomorphism, and hence a = at. i. e. 

a + AT = 0, and fI is a monoIn.orphism. 

(9) = (8) 0 ---) Ker (M) ~ [P, M) ®E P ~ MT ~ 0 is 

an exact sequence VME Mod-R, and therefore. in particular, 

o ~ Ker (M)/(Ker (M»T ~ [P, M) ®E P/({p, M) ®E P)T is exact. 

But [P. M) ®E P is co~orsionfree. and hence so is Ker (M). By Proposition 

1. 6 Ker (M) is also cotorsion. and thus it is zero. Therefore MT ~ 

[p, M), ®E p. and hence is codivisible by Proposition 1. 5. 

\ 

(8) = (1) Let M be a cotorsion module, Le. MT = O. , Let leM) denote 

I(M)T 

We show that I(M)T = 0 aiso. Let "be the proj-

-~) I(M)T II(M)T(lA. 

l(M)T 
;' 

ig ;';' 
;' ! tr 

;';';':fi !(M)T /I(M)T~ . 1 ;';';' __ --- Il lI(M)T /I(M)'r(\4 
If _,.. 

~ " ) I(M)T /l(M )T(lM . 

'. 
:; , 

, " 

, ., 

,. 
.~~: 

... _. ".,,' .:'.: .. ';,~ ~'_J~,:.,j.~~\ .'::~, _~~i~:.tt~· ': ' 
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I(M)T and I(M):T /I(M)T(jM: are both eotorsionfree, and henee eodivisible, and 

I(M)T(lM = Ker fT' is eotorsion Binee Mis cotorsion. Therefore 3!f such 

that .".r = lI(M)T /I(M)TrM and ~!g such that f1g = II(M)T /I(M)T()Mf1, henee 

g = fTT = lI(M)T' and TT is an isomorphisme (The uniqueness of f and.g 

follows from the fact that any mapping from a cotorsionfree module to a 

cotorsion module is zero.) Thus I(M)T(lv1 = 0, but M is essential in l(tV1) 

and ,the refor e l( M)T = O. 

The next result is the dual of a well-known characterization of the 

loealization of M at l, YME Mod-R and y injective lE Mod-R [24, Prop. 1.1J. 

c 

PROPOSITION 1.10. YME Mad-Rf 'let fI': X -""'i~) M and ,p: Y --~) M 

be homomorphisme such that X and Y are cotorsionfree and codivisible 

modules, and ft) and I/J have eotorsion kernels and eokernels. T~en X :!:! Y. 

Proof: Since X is cotorsionfree, X = XT and therefore ft)(X) (; MT. 

• , .1 

But Cok cp = M/rp(X) is cotorsion, and therefore MT ç; rp(X). Hence t,O(X) = 

MT, and similarly fl>(Y} = MT. We May regard qJ a.s ~kePimorPhism (rom 

X to MT., and f/J as an epimorphism from Y to MT. Sinee Ker f{J Î8 eotorsion 

and Y 18 eodivisible, if: Y ~ X aueh that f(I. = ,. SimÜarly :ilg: X -
. 

~ y 8uch that f/>g = cp. Then q,(t,c - tg) = fP - ~I = cp - ~g -: f{J - cp = O. and 

there!ore <lx - fg): X ~ Ker f(J. Hence lx = fg aince X is cotorsionfree 
t ' 

and Ker fJ is cotorsion. Similarly ly = gf, and X ~ Y • 

) ., .' 
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We are now able to make the following definition. 

DEFINITION 1.11. VME Mod-R, f(J: X --~) M is (up to isomorphisrp.) 

'the colocalization of M at P if X ïs cotorsionfree and codivisible, and Ker Cft 

and Cok cp are cotorsion. 

Larnbek and Rattray [25J have formed a colocalizati~n at Pin Mod-R 
. '\ \ , 

by taking the cotriple (S, E", 6') on Mod-R: S: Mod-R ----) Mod-R i8 

) 
defined ~ S(M) = E P where 1; (f, Pf) denotes an element of S(M), VM 

f:P~M f 
(' 

E Mod-R, and lMod-R ( S 
6' 2 

-"';;"'--J) S where E"(M): SeM) --~) M 

is given by the evaluation mapping, Le. E"(M)(E(f,Pf» = E f(p). Then 
. f f f 

their colocalization of M is given by the. coequalizer of the pair of mappings 

2 E' 'SeM), lb 

S (M). SE' '(M) S(M), For P a finitely gene,rated projective module, they 

8howed that this colocalization of M at P 18 [P, .M] ®E P. The next theorem 

states that this ie our colocalization ~f M at P for any projective P. We 

williater verify that the two colocalizations are the same for any project-

ive P. 

THEOREM 1.12. VME Mod-R. [P. M] ~ P fa the. colocalization of 
Mat P. 

Proof: Since clearly [P, M] SE P le cotorsionfree and Cok (M) = 
~. 

M/MT i8 cotoraion t the result followa from Propositions 1. 5 and 1.6. 
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If we let F = _ ®E P: Mod-E -~) lod-R and U "" [P, l Mod-R 

) Mod-E, ~hen Fis the left adjoint of U, i.e. there exist ~atural 

transformations 17: IMod- E 
-~) UF, given by T7(B)(b)(p) = b fi p VBE 

\ 

Mod-E, VbE B, VpE P, and (: FU ) lM d R' given by r(A HI: g. ® P.) = 
o - 1 1 

I; gi(Pi) VAE Mod-R, \fI; gi ® Pi E [P,A] ®E P, Bueh that - Uc 0 17U = lU and 

rF· F17 = IF' 

* * We ean then form the eotriple (5 = FU;(, ô) on Mod-R. 5 (M) is by 

Theorem 1.12 the eolocalization of M at P, VMEMod-R. The coequalizer 

* * *2 * of the mappings (5 (M), 5 (M) : S (M) ) S (M) is just the identity 
, 

* * ,* * on 5 (M), since r5 (M) is an isomorphism and therefore (5 (M) = 5 (M) 

* * '(sinee (5 (M)ô = IS*(M) = 5 (M)ô). 

\ 
The dual situation (see [24, Sec. 3]) is more complicated. If 1 is an 

\ 
injective module and H = [1,1], then [_,1]: Mod .. R -~) (H-Mod~oP has 

~ right adjoint Hom
H

(_, Ji)' If we form the triple (S = Hom
H

( [_,1], Hl), 11, IJ) 

arising from tms pair of adjoint funetors, then Q(M), the localization of M 

at l, YME Mod-R, is given by the equalizer of the pair of mappinge 'Qi(M) , 
. .,. 

S'leM): SeM) ) S2(M). SeM) ia torsionfree and 'diVisible, and Ker 17(M) 

is torsion, but in general SeM)' # Q(M). (They are equal if [M,IJ ie a 
, -

\ finitely generated left H .. module.) In gene!".l, then, Cok ,.,(M) il not torsion. 
, 

For example', i{R = Z, and we take the large8t torsion theory in Mod-Z 

for which Z}pZ i. tor~,ionfree, where pia a prime number. A X-modulé 

Mie torsion if anq ol1ly if ymE M, (,*:0). pZ, and Q(Zf ia the uaual 

:t' ~ ..... { 

~);; ~ ,,;~ ,~' .""""'c.....::.;. ........ .w.....l.I~ 

.. 

'.:-Ir,. 
~ :;r~~ 
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localization of the commutative ring Z at the prime ideal pZ, i. e. Q( Z) --- consists of aH rational numbers whose deriominators are prime to p. EVéry 

torsionfree factor module of Q( Z) is divisible (in fact, if D is any dense 

ideal DQ(Z) = Q(Z) and hence the localization functor Q preserves aU 

colimits), and therefore S(Z) is the I(Z/pZ)-adic completion of Q(Z) [24, 

Thm. 4. 2J. But the I(Z/pZ)- adic topology on Q(Z) coincides with the 

p-adic topology [23, Prop. 4 J, and thus S(Z) is the ring of p-adic integers . . 
But S('8.)/% = Cok (77(%):Z ) S(Z) ) is not torsion, ainee 'f z t zlP t 

2 2 
zZP t ... E S(Z), if g n,m E Z suchthat nf pZ and n(z t zIP t zZp + ... ) 

= m, then Z + zlP t zZpZ t ... :- W E Q(Z). 

DEFINITION 1.13 ~ cp: X ) M iB a eodivisible cover of ME Mod-R k.. 
\1. 

if (1) cp i8 a minimal epimorppism 

(2) Ker cp is cotorsion 
" 

(3) X is codivisible 

, 
PROPOSITION 1.14. 'fME Mod-R, if M has a codivieible cover, then it 

ia unique up to isomorphisme 

Pr oof: Let cp: X -~) M and ~: Y --~) M be codivislble cover 8 

of M. Then g f: X --~) y sl\ch that ;f = cp ainee X la codivisiQ1e and 

Ker f/J ie cotorsion. cp an epimorphism and ,Ker tP smàl1 in Y implies that 

~ . 
f i8 an epimor.phism, and Ker fis cotorsion and amall in X ainee Ker f ~ 

• 

( 



• 

• 
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Ker cp. Therefore :3: g: Y ) X such that'fg = ly' hence X = 
" 

g{Y) $ Ker f. But then Ker f = 0 since Ker! is small in X, and hençe fis 

an isomorphisM. 

We will show that if ME Mod-R has a 'Projective cover, then it has a 

codivisible cover. 

), 
LEMMA 1.15. If ME Mod-R ls cod~visible and M' t: M is a cotorsionfree 

p 

submodule of M, then M/M' is codivisible. 
'" 

Proof: Let 1T:M 
~ --~) M/M' be the projection map, an:i--~t cp: B --

~ A be any homomorphism with Ker cp cotorsion, and fj): M/M' ) A. 
1 

~-; '~B su ch that ...... /,' = '/'-. "",/I'{M') = Since M is eodivisible :!I,p': ,-'- '\ 7' 'I-"f' '-" .,.,.,.. 

,p1T(M') = 0, and therefore 0 = ,p' lM': M' ~\-~) Ke,r tiJ sinee M' is cQtor-

sioruree and Ker cp is cotorsion. Therefore,p' induces a homomorphism" 

'. f1J":M/M' ---t) B such that fP'IJ" = fj), and hence M/M' is codivisible. 

. .' 

PROPOSITION 1.16. If 'cp: P(M) --+) M is the projective cover of 

ME Mod-R, then cp: P(M)I,(Ker cp)T ---t)' M is the eodivisible cover of 
.,r. .• 

M, where ëP is the nomomorphism induced by cp • . 
Proof: Clearly. cp: P(M)/(Ker rp)T is a minimal ep~orphi8mt and 

Ker ~ = Ker cp/(Ker cp)T is cotorsion. It.remaird to show that P(M)/(Kër cp)T 
" . . 

is codivisib~eJ but thia follows Irom the preceding lemma • 

,. 

c 

'.' 

., 



16 

COROLLAR y 1.17. If cp: P(M) ----) M i8 the projective cover of 

ME Mod-R. then the codivisible cover of M in ~he cotorsion theory deter-

mined' by P(M) i9 the maximal co-rational extension over M. 

Proo!: Gourter [10. Thhm. 2.12) showed that P(Ml/X i8' the maximal 

co-rational extensi.on over M, where X = I:; f(P(M". 
CEe P(M), Ker CD] 

But i.f T P(M) 

denotes the trace ideal of P(M). then it is clear from the praof of Propos-

ition 1. 3 that X = (Ker (,OlT P(M) . 

COROLLAR y 1.18. If ép: P(M) --~~ M is the projective cove r of 
, l 

ME ,~'Ô~R, then M i.e codivisible if and only if Ker cp i8 cotorsionfree, 

Proof: Ker fi) cotorsionfree implies that Ker ëfi = 0, and hence M :!! 

P(Ml/tKer cp)T which is codivisible. Conversely, if M i8 cadivisible then 

:!I lP: M'---+) P(M)/(Ker cplT suchthat ~ = lM' Therefore P(M)/(Ker cplT 

, = lP(M) e Ke,.. éP. but Ker q; i8 8rnall in P(Ml/(Ker cp)T and bence zero, and 

.. therefore Klitr cp = (Ker cp)T. 

. 
THEOREM 1.19. (P,M) 8

E 
P = [P.~MT] ®E Pie the codivisible cover 

, of MT. 
: . 

Proo!: We have already shown that (M): [P, M) ~ P ---I~ MT i1f 

\ • , ~ • 1 ~ 

, art epimorphisrn (Proposition 1. 3).with cotorsion kernel (Proposition 1. 6), 
, 

• 
ànd that CP, M] ~ P i.s codivisible (Proposition 1.5). Ker (M) is small 

\ 1--1 " 
\, 

. ' . 
, , 

'. l î ~ î ~ 
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in [P, M] ®E P, Binee if Ker E'(M) + U :: [P, MJ ®E P for sorne subrnodule 

U ~ [P, M] ®E P, then U;j UT :: (Ker €(M)T 1+ UT = ([P, M] ®E P)T :: 

[P, M] ®E P. Bence [P, M] ®E Pis the codivisible cover of tviT. 

V ME Mod-R, the torsion submodule ;r(M) with respect to a torsiôn 

\ 

theory (3', d) is uniquely defined by ;reM) torsio~ and M/3'(M) torsionfree. 

Dually, M/MT is unique in that M/MT 18 c~torsion and MT is cotorsioonfree. 

w~ cal~ M/MT the cotorsion fador module of M. And, we can colocalize ' 

in two steps, namely 

[P. M] ®E P 

codivisible 
cover of MT 

----t) MT ----+) M 

) 

duallizing M ----J) M/:J'(M) ----J) Q(M) • 

divisible 
hull' of M/;r(M) 

. ' 



'. 
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CHAPTER II 

The Category of Cotorsionfree Codivisible Modules 

PROPOSITION 2.1. The eotorsionfree eodivisible modules form a 

cOfeflective subeiltegory of Mod-R. Let A de~ote this subeategory. 
, 
1 

Proof: l'NE!f.,. YME Mod-R, y homomorphism f: N --~) M, sinee 

N is eotorsionfree :il! f': N 

J 

---4) MT such that if' = f, where i denotes 
-, 

the inclusion mapping: MT --~) M, defined by f'(n) = f( n) l'nE N... And, 

sinee N is eotorsionfree and codivisible :il !f": N ) [P,M] ®E P 

such. that ({M)f" = f'. Sinee i is a monomorphism, f" is the unique 

homomorphism such that i(M)f" = f. 

" , 
CP, M] ~ P 

(M) l 
" r:r'f" ':J'f' " .:1. ~4. "-

..... " ........ " ..... " ............. ' 
M ( yf ..... N 

eotorsionfree 
codivisible 

* * Let Q denote the coreflector, i. e. : let Q (M) de1jte the c~localization 

- * of M. ' Note that M cotorsionfree and codivisible irnplies that M ~ Q (M). 
u • 

* * * 1 _ and in particular Q (M) ~ Q, (Q (M». y N.ME Mod-R, Y homomorphiam 
J 

* f: N ) M, the unique homomorphism Q (f) which makes the diagrarn 

* '-
below commute ia given by Q (f)(I; fi ~ Pi) = tffi e Pi yI; fi 8 Pi E 

'( 

() 

~ ,_\ 
,~ 

'--:, t 

; '~",. , .' 
;,.' 

_v}:~!;\ 
" ,,' ~"1~i 

>. !',,;: J:".,~'.:~.~~-,Jt~ Ou -<._~';1: 
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CP, NJ ®E P. 

* Q (N) 

«N)l 
N 
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* _--,-Q~(f-,-)_ ... ) Q * (M) 

l (CM) 

------~) M 

,.' 

LEMMA 2.2. For any homom.orphism. f: M ---l» N in Mod-R, 

* Q (f) is a ~onomo.rp.hi8m in ~ if and only if Ker f (io 'Mod-R) is cotorsion. 

In particu1ar, a hOITlomorphism f: M --+) Nt. in ~ is a rnonom.orphisrn. 

in A 'if and c::,nly Ker)f (in Mod-R) is cotorsion. 

* , Proof: Suppose Q (f) ia a monomorp . sm in A, then if k = ker f (in 1 

, * * * * Mod-R), , fk = 0 ~ Q (fk) = 0 ~ Q (f)Q (k = 0 ~ Q (k) = 0 = ((Ker f) = 0 = 
(Ker f)T ~ O. 

Kerf _____ k ____ ,~) M __ --.;;;.f __ ~) N 

',., 
(CKer~i * t:(~4 

. a*(Ker f) _-:Q=--(~k;.(".) -~) Q*(M) 

(CNl! 
* ___ Q----...( ..... f)~) Q * (N) 

èonvers,ely, a* ie the right adjoint of the inclusio~ ~nctor U: ~ ) 

. * ; ~ 
M~d-R, henc~ preserves kernels. Therefore a (f),;has (in ~) the 

* ' -* * -k.ernel Q (k)! Cl (Ker f} ) a (Ml.: But 'since J(. r f ts cotoraion. 

* and a (f) il a * , * Q (Ker f) = 0, therefore the kernel of Q (f) in A is ze . .-
monœnorphi sm in A • 

, . , 

, . , " ; .' .-~~ .. ~ ~;h;~' ~;,~~t.~~~~~. /r~ 
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TJdEOREM 2.3. ~, the eategory of cQtorsionfree eodivisible modules, 

b a coeomplete ab~lian category. 

Proof: ~ ls additive, eontains the module 0, and is elosed under 
• 1 • 

direct SUlnS. It remains to show that A has cokernels and every epimor-

phisrn is a cokernel, and that!l. has kernels and every monomorphisrn is 

a kernel. 

A has cokernels (and in faet is c10sed under eokernels), sinee V f: 

x --... ) y in A, Y /f(X) is eotorsionfree since Y is cotorsionfree, and 

eodivisible by Lernrna 1.15. To show that in A every epimorphism is a 

eokernel, let f: X --)~ y be an epimorphism in A. U: A ) 

* Mod-R is the left adjoint of Q , hence preserves epirnorphisms. There-

fore f is an epimorphism in Mod-R, apd hence a eokernel in Mod"R. 

Since both Y ~X/Ker f and X/(Ker f)T are cotorsionfree and codivisible, 

, it is easily shown that Ker f = (~er f)T, and therefore (Ker f) is an 

.. * 
epimorphism. Thus· f = cok (Q (Ker fl t:(Ker f) ) Ker f ---.) X) 

, in A. sinee f = cok(Ker f -.....,,~) X) in Mod-R. 

To show that A hall kernels, let f: X,,--~) y inA. Ker f (in 
...... , 

* Mod ... R) ia ~n general not in~, but~since Q 18 a righ~ adjoint it preserve. 
1 

'kernels, and therefore in ~ f has the kernel 

1 

, * 
Q * (Ker f) "~ .. (ker f) ) x. 
~(K.rf~ = ~f 

Ker f 
1 

~ 
" ,. 
'1 

l'· 

" .:i 
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To show that in A every monomorphism i8 a kernel, let f: X ---t) y be 

a monomorphisffi in A, and let X e ~ f(X) m » y be the factoring 

of f through its image f(X). We show that f ~ ker (cok f) in~. Suppose 

-
z; Z --~) y in ~ such that (cok f)z. = o. Since m = ker (cok f) in Mod-R 

:B:!y: Z --~) f(X) such that my = z. Ker e = Ker f and ia cotorsion by • 

Lemma 2.2, hence sinee Z ia codiviaible and cotorslonfree :3:! x: Z ) X 

auch that ex = y. Therefore fx = mex = my = z. If for some g: Z· ) X, 

~g = z, then meg = fg = z and hence e~ = y. h~nce g = x. Therefore f = 

ker (cok f) in ~. 

It ia a well-known theorem in category theory that a cocomplete abelian 

category Ç. is equivalent to a module category Mod-R for some ring R if and 

only if f has a amall projective generator (aee_e.g. [30, Thm. IV.4.IJ). 

Recall that CE C fe small if and only if for any morphisrn from C to a 
If •• -

for sorne finite set J ~ 1. 

C ) ec. 
~ /iEI

1 

, ' e C 
JEJ' j 

coaroduct· œ C. there i8 a factorization 
. iEI 1 

PR;.OPOSITION 2.4. P fin!tely generat~.d .. !: i8 a module category. 

Proof: Since Pis projective in Mod-R and P generatee aU cotoreionfree 

" modules, A ia a cocomplete abelian category with a projective ,generator. 

It fa ea8f to .ee that ,p ie amall in Mod-R if ancl on~Y'lf Pl- finitely .en,er .. 

ated,- and therfJJpre P ftnitely generatecl impli •• Pi. amall itl A .. 
~ -

. '. 

: "/ 

l 
" , , , 

( 

; ,~( 

\ ' •• " J,~ 
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• 
PROPOSITION 2.5. If T ia' codivisible, then P amall in A ~ P is 

finitely generated. 

" Proof: Let f: ES R --~) P be an epimorphism from a direct sum. of 

copies of R to P. Since Pis projective :3: g: P ) Ef) R such that fg = Ip' 

g(P) = g(PT) s;; (œ R)T = œ R T = œ T. T codivisible implies œ T is codiviaible 

and hence ia in A. Therefore g: P ---4) œ T has a finite factorization 

, 
gl: P --~) e"I: --+) œ T, and hence there i8 an epim.orphism fI: 

, finite 
œ R ) P. Thus P 1a finitely generated. 

finite 

The question arises as to whether (Mod_R)oP is a module category • 

.Although it is tempting to think that with certain conditions on R, for example 

R right perf~ct, this will be true, it i8 in fact never true. Duallizing the 

definition of a 8mall object, we cal1 an object C in a category C cOlmall 

Ü and only if for any morphism {rom a product fi C, to C there ia a 
J 'El 1 

1 l 
finite factorization f: nc. -----~----~ C for some finite set 

.. iEI '~. ~ 
fi C. 

JEJ J 
" , 

J ~ I, (Le., aS8uming that g is additive, f = 1:; fujk. where u
j 

and k. denote 
JEJ J _ J 

the canonical injections and projections, rtt8pectiyel~.) 

·0 
l ' , 

PROPOSITION 2'.6. There doee not axiat a coamaU injective cog.uèt"-. , 

, ,J ator in Mad-Rf and henee (Mod_R)oP il- Ilot ~ modu.le ~ateIOrt'. 

. 
~ .. r~ ~ .. 'd,~~ 

k 'i"', \_ ':._ '_--"'!fi 
\ r f ,'''1 f"J ' , 

, :.. ..... : k ... ~ -f~- a ~_~ - ; 'V _!A !..;tt"-!.>: J "'~l \,;,;r"ilë~,,~ 

,', 
:. : .; 
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, Proof: Let A be an injective cogenerator in Mod-R, and let (A. liE 1) 
----- 1 

be a non-finite family of non-zero modules. Since A is a eogenerator in 

Mod-R, [A.,A] 1- 0 ViE 1. Let 0 ~ a.E [A.,A] '(iE l, and let (a.) be the 
. 1 l '1 1 

canonical map: œ A. 
iEI 1 

injective ~ a: nA. 
iEI 1 

~ 

--~) A such that (a, )u. = a. ViE 1. Since A is 
1 1 1 

) A such that (ai) = au. But a doea not have a 
1 

finite factorization, sinee if i1; factors through nA. where J\;I ia finite, 
JEJ J 

th~n n. J we have a. = (a. lu. = auu. = t au.k.uu. = O., Therefore A is not 
1 1 1 1 )EJ J J 1 . 

eosmall, and hence (Mod:R)oP is not a module category. 

U. 
1 A.' ) eA. 

u· 
) 

'~elrV 
A , 

nA, 
iEI 1 

If P is a generator, then we have seen (Corollary 1. 7) that (MJ 1.a an 

. 
isomorphiam YME Mod-R, and·therefo~e ~ = Mod-R, However, eve'h 

.\ though the eotorsirheOry ia trivial, it i8 still of interest to see what it 

m.eans for P to be finitely generated in thb sÏl:uation. 

PROPOSITION 2.7. U Pis a gen;'rator then the following .tate"menta 

are equivalent: 

(1) P la finitely generat.e_d 

. , .. . 

,,' 
~ -";::t 

, l . 
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(2) CP, _J: Mod-R --~) Mod-E is an equivalence 

(3) BE ~ [P. B ®E pJ VI}E Mod-E 

,Proof: (1) ~ (2) See. e.g. [30, Tam. IV .4.1]. 

(2) ~ (3) A funetor U: ~ --~) f is an equivalenee between categories 

'B and C if and only if there is a functor F: C - ~ - --~) B together with 

natural equivalences tp: le ~ UF and rIJ: FU ~ lB' If such is the case, we 
- -

-1 -1 
can always c hoose l/J such that UI/> = (cpU) and Ftp = (,pF) • Therefore if 

---+) Mod-E is an equ~valence there exists such a 

funetor F: Mod-E ---+) Mod-R. F is then, in partieular. a left adjoint 
< 

of [P,_J, and sinee _ ®E Pis also a !eft adjoint 0&._], F ~ _ ~ p 

and BE:!: [P, B ®E~] VBE Mod;-E. The converse h~dS ~inee Pis a 

generator t and therefore by Corollary 1. 7 [P, _] ®E P ~ IMod-R' 

• 

, . 

:' .1. \~. .. 

Î 
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CHA PI'ER III 

* The Colooalization Functor Q 

*) From now on, we regard Q as an endofunctor of Mod-R, i.e. it i8 

the right adjoint of the inclusion functor U: ~ • i) Mod-R,- where A ia 

the subeategory of cotorsionfree codivisible modules, followed by U. 

* PROPOSITION 3.1. 9 preserves epimorphisms. and hence is r ight 

exact sinee A is abelian. 
"1-

!' 
1. 

Proof: Let f: A '--~) B be an epimôrphism~ïn Mod-R, then f' = 

fiAT is ~n epimorphism sinee f'(AT) = f(AT) = f(A)T = BT. Therefore 

* * {IdA) ia an epimorphism, and sinee Ker (B) is amall in Q (B), Q (f) 1.8 

an epimorphism. 

A 
f 

) B 

l f' i 
AT ) BT 

(A>t 
* 

l .((B) 

* Q (f) * Q (A) ) Q (B) 

\ 
In the'next theorem, the equivalenee o~~ ,(4), and (Sfis due to 

U1.m.er [39, Thm. Z), who proved th~ae re.ulta in a more"general aetting. 

• ~ 

The proof of (5) ~ (4) la a 8traight "tra!,81ation'.' of hie proof. (1) • (2) i. 

the dual of Qoldman's criterion fyr the rilht exactne •• of the loca1i •• t~oD 

, . 
. , 

'" \~, ...... , .)~~ . '. ~._ .. 
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. functor Q [19, Thm. 4.5]". 

• 

THEOREM 3.2. The following statements are equivalent: 

* (1) Q preserves monomorphisms, and hence is left exact (hence exact). 

(2) Every cotor~ionfree 8ubmodule of a cotor sionfree codivisible 

module is codivisible . 

(3) A i8 closed under kerne.1s. 

(4) P i8 fl~t as a left E-module. 

(5) P generates the kernel of every homomorphism f: $ P ) P. 
fihite 

Proof: (1) = (2) Let N be a cotorsionfree submodule of a cotorsionfree 

codivisible module M. Let i: N '-' -~) M denote the inclusion mapping, 

, * then Q (i) ia a monornorphism and thus so is (N). But E'(N) i8 an epi~or-

* phism since ,N is cotorsionfree, and therefore N ~ Q (N). 

i N , M 

€IN)! ~i) 
Q (N) 

, 

, ) (2) => (1) Let f: N ) M be a monomorphilm in Mod-R. Then 

~ * * Q (fHO (N) is cotor sionfree and contained in Q (M), hence ie co~Hviaible. 

Ker Q *(f) ç; Ker f(N) = Ker (~) ainee f ie a mo.rJlomorphiam, and il henee 

r, 

, * * * * * eotorsion and amaU in Q (N).' Therefore :i g: Q (f)(o (N»:a! Q (N)/Ker Q (f) 
1 • ' 

* 0* . * ) Q (N) such that (f)g = lQ*(N)/Ker",b*(f)' and thui Q eN) = 
- -'" 

/ 
, . 

... 

, -
,
" '. 
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, * * * * lm g œ Ker Q (f)~' Bu~ Ker Q (f) is ,mall in Q (N), hence zero, and Q (f) 

is a"monomorphism. 

* * Q (N)/Ker Q (f) 

* * 1 • ~ Q (f)(Q (N» 

IIQ*(NI/Ker Q'(f; 

* * ) Q (N)/Ker Q (f) 

(1) := (3) Let f: A --~) AI in A, and let K = Ker fin Mod-R, then 

o -~) K --,"*) A --,"*) 0 is an exact sequence in Mod-R. 

* Q left exact implies 0 * -~) Q (K) --~ .. A f ) AI --~~ 0 is 

* also exact. Therefore K:!:! Q (K), and ~ is closed under kernels. 

(3) = (5) P generates every cotorsionfree module, ansl h~nce every 

module in A. Since A ia c10sed under kernels; the kernel of every homo-

morphism f: ES P 
finUe 

--.... ) P la in A . 

(5) ... (4) EP is nat if and only il f0t: ev~ry finitely generated right ideal 

, H of E the inclusion j: H ) E yields a monolDorphism j 4tE P: .' -
, . 

) E ®E P. (See e.g. [Zl, Prop. 5.4.1].) Let H =' tfiE 
• iEI 

where each!.E E ViE 1 finite. H ta the image of the canonical m~pping 
l 

«(p, f.]): E9 [P, P] 
l " tEl 

---f) CP, pl. Let k: K --.. ) E9P be the kernel of, 

of the canonical mapping (f. h El) P 
1 tEl 

--~) K. mappiog: $'P 

g:P-+K 
f 

( 

iEI 

--"f) P, and let (g) he the canonical 

, .' , " 
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[P,k) [P, (f.)] . 
__ --=.l~j- [P, p] is Then 0 --+ (P, K] --~) [p, $P] 

iEI 
, 

exact, and hence thé top row of the diagram below ia exact at e [P, p]. 
iEI 

-1 
can • ([P,keg) ([P,f.]) 

œ [P, P] -------4) $[P P] l 

g:P -4KJ . lEI Il'can ~ 
([P,gll A 

[P, K] ---..;;;[ P..!.; .;;.;..kJI.....-_ ........ ~) [P, e p] 

iEI 

Therefore, in particular, ~ [p, p] ----4) H is the cokernel of 
iEI 

-1 can 0 ([P, kog). Since _ ®E P ~reserve8 coproducts and cokernels. 

there are canonical isom.orphisrns ( E& [P, PJ) ®E P 
g:P--iK 

~ 
--4} $ P, 

g:P;K 

( e [ p. PJ) ®E P 
iEI 

:: 
-~) E&P, 

iEI 
[P, p] ®E P ~ )' P, and 

:!!! 
--~) Cok (ke(g» which make the following diagram commute. 

1 

1 

$ P . k· (8)/ ) œ P 

g:P....,K~ ~ iEI 

l~ K l~ 

(f.) 
l \ ) P 

~ ~ 
. Cok (k e (g» 
.. 1 _ 

( E& t P, P J) ®E P ~ 
g:P-+K 

,,' . l '" 'j II> P 
(E&[P, PJ)®E P ~ 'H ~ P ~ [p, p] ®E P 
i,El 

. By assumption (g): é P ---4) K ia an epimorphiam, &nd,bence 
g:P~K 

\ 

1 • , ~ 

J t, ' .. ~ 
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'-

Cok (ko(g» ) P and there{ore H ®E ~ ---J) E ®E Pare mono-

morphisms. Hence EP is flat. 

* (4) = (1) ThIs ts cJear sinee Q (M) ""' [,?,M] ®E P l'ME Mod-R. 

,Since A lS always c10sed under cokern~18 and direct sums, the 

sta...,rnents of the above theorem are also equiv~lent to those of the following 

theorem by Ulmer [39, Thrn.3J, which we state without proo!. 

THEOREM 3.3. The following statements are equivalent: 

(1) ,P generates the kernel of every homornorphisIn 

w,here X i8 a cokernel of sorne hornomorphism EBP 
lEI 

f: EDP 
finite 

) E9 P . .. 
JEJ 

(2) A ie c10sed under kernels, cokernels,' and direct surns. 
- ! 

(3) EP 18 flat, and the composite 

~ 5:,MQd-R ---I[..:;.p ..... ' _-.J",,-ooJ) Mod - E can.proj. ~ 
Mod-E IKer _ ®E P 

• 
an eq~ivalence, where Mod-E/Ker _ ®E P la the quotient category 

corresponding to the torsi.on cHus Ker _ ®E P (8ee [17]). 

, 

>,X 

ia 

Lambek' has showed in [24] that the localization functor Q corre81l0nd-

ing to an injective lE Mod-R 18 exact il 1 ha. zero singular 8ubmodule, Le. 

(R/E,I] = 0 for any essential right Ideal ES: R. We are able,' with the 

restriction tbat every cotorsionfree codiviaible module have a projective 

cover, to duaJ:lize this,reButt • 
... 

'. 
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PROPOSITION 3.4. Assume that e~ery coto,rsionfree codivisible 

module ME ~od-R has a projective coyer CfJ
M

: P(Mt -~} M. Then ü 
, " 

• 
M ie a cotorsionfree codiviei~le medule, Ker <PM is codivisible if and only 

< 

if for any epimorphism f: N --~) M where N is a eotorsionfree codiv-

isible module, Ker f i8 codivisible . 
.J 

Proof: A 8sume that Ker CPM i8 codivisible. and let f: N ) M 
(' 

be an epimorphism for a eotorsioruree eodivisible module" N. Then Ker f = 
1 

Ker f~/Ker CPN' and therefore Ker { will be codivisible if Ker {<'oN ia 

eodivisible and Ker <'oN is cotor8ionfree (Lemma 1.15). Ker CPN is cotor

s\nfree sinee N i8 codivisible (Corollary 1.18). Since P(N) is projective 

and CPM is an epimorphisI? :3:g: P(N) ) P(M) sueh that CCMg = ~N' ' 

g is an epimorphism 8inee ~ is an epimorphi9m and Ker <PM i8 ~mall in 

P(M), and therefore sinee P(M) ia projective :ah: P(M) --~) P(N) 8uch 

that gh = Ip(M)' Then P(N) == h( P(M» e Ker g. and Ker f~ == K~r <PMg = 

Ker <PM e Ker g. But Ker CPM i8 codivisible by asaumption. and Ker g ia , 

codiviaible siDce it is projective, hence Ker ~ and thua Ker f ia codivisi~le. 

P(N) 

ah P(M) 

-_ .... -_ .... - 111p(M) 
4;--- :i{g 
------~-~ P(M) 

~~l l ~~ 
___ .... f ____ ~) M .. N 

* "CoDversely~ P(M) le cotoraionfree .inee 3 ÎI eloaed under minimal 

" , " 
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epimorphisms [34, Prop. lJ, and codivisible sinee it is projective, henee 

Ker cp" is codivisible. 
M 

~ 
COROLLARY 3.5. Asltùme that every cotorsionfree codivisible 

m.odule ME Mod-R :laS a projective co~er 0 fPM~ P(M) . - . * --~) M. Then Q 

iB exact ü and only ü Ker fP
M 

'is codivi.sible for any cotoJësionfree codivis-

ible m.odule M. 

Proof: If Q * is exact, then for any cotorsionfree c~ivisible motule M, 
. ~ 

, . 
P(M) is cot~rBionfree and codivisible, and Ker <PM is ..c.otorsionfree 

(Corollary 1. 18). and hence by Theor.ex:n 3.2 Ker <PM is codivisible. 
, 

Conversely, suppose It ia. a cotor8ionfre~e,\submo~ule of a. cotorsionfree 

, 'Codivisible module B. Then B/A is cotorsionfree and (by Le~ma'1.JI5) 
.. 

/ \ 
eodivis.ible. and therefore ,Ker f/JBI A ia cod~:isible. Bqt A:: 

'-..,..Ker (B ) a/A), and hence by the above proposition A ia todiviaible. 

Q' 1. thU8 exact by T~e~rem 3.Z,> ! . . .' 
, , 

PROPOSlTJON 3.6. Assume that every codivi.ible module haa a 

pr<1jeetive coyer, then the following statementa are e'quivalent: 
\ 

(1) Every codivisible module ia projective 

(2) [P, D] = 0 for an, amaU right ideal D r; R. 

(3) For any module M wit1;t a projective cover 'PM: P(M) --.. ) M, 

Ker 'PM Î8 cotoreion. 

., 

, ,{;;>; .:r ,~ ~ 

. ' 
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Proo!: (1) ~ (2) Let D be a sma\l right ideal of R •. then R/DT la 

codi.visible by Lemr'na 1.15 and hence by assumption ls p-rojective. 
~ . 

There!ore DT = 0 since it is sman in R, Le. CP, D] = O. 

'" 
(2) ~ (3) Let ME'Mod-R have a projective cover ~M: P(M) 

. 

--~) M 

and suppo~e Ker r,oM ia not cotoraiont i. e. [Pt Ker r,oM] .'1 O. Let 0 f. f: 

p ) Ker ft'M' and ~t pE P such that {(pl = x f O. Let k be a 

projection mapping from Ker r,oM to R (every projective module ie a direct 

summand of"a free module) such that k(x) f 0, then k(Ker r,oM) =: D ls a

small right ideal of Rand 0 '1 kf E [P, D]. 

(3) :::) (1) For any codivisible module M, M has a projective cover 

) M, and Ker ft'M ia then both cotoraio.nfree (Corollary 

1.18) and cotoraion, hence zero. Therefore M ~ P(M). 

Note that (2) ~ (3) la true in general, and we therefore bave t.be '1 

. 
fOl(Wing result. 

COROLLARY 3.7. Assume that evety c",otorsionfree codivisible.- \ 
\. 

* ' module bas a projective cover, then Q ie exact if for any amall right . ' . 

ideal D of R, [P, D] = O. 

Proof: Let M be a cotorsionf~ee and codiviaible module, -then M has 

J • ." \ 
by assumption a p~ojective cover fP

M
: P(M) "--04. M. Ker fPM ie then 

cotorsion and cotorsionfree. hence zero# and the J!e.ult.lnow fo11ows from 

Corollary 3. 5. 

ri" 
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CHAPTER IV 

* .. * Q (R), and an A lte rnate Construction of Q 

'PR0POSITION 4.1. 
*, ' 

Q (R) is an associative ring. in gene,ral without 

* unit element, and (R): Q (R) --~) R is a ring homomorphism. 

Proo!: Vf. fiE [P, R). Vp, ptE P, f ®E p(f'(p'» = f ~E (pf')(p') %: 

f(pf') ®E p' = (f(p»f ' o®E p'. Therefore Va = Ef. ® p .• b = I; f. ® p .• 
, iEI 1 1 jEJ J J 
*' - 1 

c = ~ f
k 

® Pk E Q (R), define ab = I; (f. ® P.( I; f.(p.») = ~ {( If.(p.»f. ~ p,). 
kEK jEt 1 1 JEJ J J JEJ iEI 1 1 J J 

This is clearly well-defined, since feR) is well-defined, and I;f.(p.) = 
iEI ~ 1 

-{ 

* (R)( El. ® p.>. 
iEI 1 1 

Q (R) is associative since (ab)c = 
fi, , 

( :E ( t (,p.»f: ® p'>( 1; f
k 

® Pk) 
JEJ iEI 1 1 J J kEK 

= :E ( I; ·f.(p.»f. @p.( t fk(Pk» 
JEJ iEI 1 1 J J kEK 

= ( :Ef. ® p.)( 1; f. ® pol 1; fk(Pk») = a(bc). 
i El 1 1 jE J J, J kEK 0 _ 

* . Q (R) is clearly an abelian (additive) group, and the distributive laws hold. 

thel"efore it is an associative ring (without unit element). r(R)(ab) = 
. 

:E ( :E f.(p.»f.(p.) = ( 1;f.(pJ)( t f.(p.» = (R)(a)r(RHb). an.d therefore (R) , 
JEJ iEI 1 1 J J iEl 1 1 JEJ J J _ , 

is a ring homomorphism. 

... 
COROLLARY 4.12 •. Every right R-module is a risbt Q (R)-m.odule. 

l , 
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--~) R i.s a ring hom'()m~rphism, it 

* ioduces the fUR.ctor Mod-(R): Mod-R -~) Mod-Q (R). YME Mod-R, 

* * Mod-((R){M) i.s theo a Q (R)-module as fol1o~s: Ys = 1:; f. ® p. E Q (R), 
iEI 1 1 

V'mE M. ms = m«R)(s) = m( 1;f.(p.». 
i.EI 1 1 

* PRbPOSITION 4.3. Q (R) bas a unit element if and ooly if T is a ring 

J 

direct surnmand of R, i. e. T = eR where e is a central i.dempotent of R. 

. * Proof: Suppose L f. ® p. is the unit element of Q (R), then t f.(p,) = 
iEI 1 1 i.EI 1 1 

e i.a an idempotent in R such that Re = Te = T = eT = eR. Conversely, 

if T = Re = eR for some central idempotent e, tben Ithere exists an element 
\ 

* * I; f. ® P. of Q (R) such that 1:; f.(p.) = e. and for any I; f. ® P. E Q (R). 
iEI 1 1 , iEI 1 1 JEJ J J 

(tf.®p.Htf.®p.)= l:(tf.(p.»t~p.= tf.®p. aince YfE[p.R), 
iEI 1 • l JEJ J J JEJ iEI 1 1 J ' J JEJ J J 

( t {.(p.»f = f. By the dual hasis 'emma (see e. g. (8, Prop. VII.3 .1J), a 
iEI 1 \ l 

module P i.e projective ü and ooly if ! {fkE (P. R] IkE K), (PkE plkE K) 

such, that YpE '!?' p = t Pk\(P) where_fkep),. 0 for ooly finitely maoy 
. kEK 

kE K, and therefore p( l:f.(pJ) = p YpE P. Thu8 'Ne a180 have 
iEI 1 1 . 

l 

(tf.®p.)( ~f. ®p. = Ef.e,P
j
( Efi(P

i
)) = tf.®Pj , and ~f. ®p/itthe 

JEJ ' J 161 l' 1 j~J J lEI' JEJ J tEl l. l '. 

* unit element of Q (R). . /, 

, 
" 
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COROLLARY 4.4. The following statements are equivalent. 

* (1) Q (R) h~}~ 1eft (right) unit element. 

(2) T = eR (T = Re) for sorne idempotent eE R. 

* ~ * l * (3) (;r) «;r) = 3 ) i8 a Jansian class. 

Proo!: (1) ~ (2) This is clear by the above proposition. 

ii 

(2) C:) (3) This proof-is due to Azumaya [2]. ·First of a11, it ia clear 

that if C is a Jansian class- with correspohding idempotent two-sided ideal 

C, then C = {XEMod-RIXC = al. èt. = {XE Mod-RI X~ = xl. and C~;' , 

(XE Mod-R/VxE X, xC = 0 = x = 0) ~ , Suppose T = eR for sorne idempotent 

eE R. Let D = R(l - e), then D is an idempotent two- aided ideal of R. 

Aiso D + T = R sinGe Re s;; T and 0 + Re = R, and DT = O. Let XE Mod-R 

be a I!lember of the .,Jansian class corresponding to D, i. e. XD = O. Then 

l'xE X, le = x(l- e) + xe = xe, and therefore xT,= 0 =x = a. Hence X E 

(;r*)~. On the other hand, let XE (:r*)~ and let xE XD. Then ainee DT :: O. 

xT = 0, hence x = 0 and X ia a membe.l" of the Janaian c1aaa eorreaponding 
, fi . 

to D. (3'*)'" ia thua the Janaian ela~8 eorreaponding to D. 

* J'I. " Conversely •. suppose (;r) if a Janaian claB.. Let D be. the correB-
~ J t 

* podding id mpotent ideal of R. Theu ainee RITE 3' , (R/T)D = RIT and -
• * r 

henee D T = R. A Iso DE 3' ainee DD = Dt and therefore DT = O. 

Therefor :UE D and SeET sueb tbat f + e = 1. Then YtE T, t :: ft + .t :: 
et, and in partieular 

Z 
e = e • Thus T = eR Whel'8 eE R ia an idempC)tent. 

, * t • 
A ffimilar proof holda for (3') =;,. 

. 
'. 

il • 

r 

, 

t ~ . 

" 
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We now return to the 'colocalization at P obtained by Lambek and 

Rattray [25 J. and we will show that it is the same as our colocalization 
J 

at p, Recall,that they started with a'cotr;'ple (5,(',6') on Mod-R! where 

S: Mod~R -~) Mod-R is defined by S(M) = 'I; P 
f:P-+M 

YME Mod-R, 

and an element of S(M) is written 'as I; (f, Pf)' SeM) is a right ~-module 
f • 

in view of the definitions ~ (f, Pf> + ~(f, 'lt) = I; {f, Pf + tIr>, and (~(f, Pf»r = 
f f f.. f 

I;({,Pfr) VrER. ('(M):S(M) 
f 

-~) M is ~ given by ('(M)(~ (f, Pf}} = 
f 0 

• 
--~) I: P is the canonical inje~tién th~n (' (M,>k

f 
= f. 

f 

,J 

For. any g: M-~) N in Mod-R, S(~ --~, SeN) is given by' 
u , 

S(g)(I; (f, Pf» = P (gf, ~f)' i. e. for the canonical injeçtion }tf' S(g)kf :::: kgf' 
f f _ , , _ . 

Their 'colocalization O'(M) of M at Pis .given by the c;oequalizer x(M): 

SeM) 
- ,2 

-~) O'(M) of the pair of mappings ('S(M), S('(M): S (M) ) 

SeM). The following lemma is the dual of (25, Lemma 1). 

-
LEMMA 4.-5. YME Mod-R, x{M) ia the"joint coequalizer ot'a11 pairs 

t , 

. , 
of mappm\gs u, v: P ---t) SeM) which equalize ('(M): SeM) -~) M. 

Proof: Let u: P -~) SeM), then ('S(M)k = u an.d Sf'(M)k = u u 
" 

kf'(M)U' 'l'h~refore x(M') ~oequalize. a11 mapping. (u, kf'(M)u)' New let 
J .. 

v: P ) SeM} be 8~ch that ('(M)u::!« '(M)v. Tben Jl(M) coequalize8 ... 

D 
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mapping which coequalizes aU (u, v) sueh that ('(M)u = ('(M)v coequaUzes 

(u, k('(M)U) in particular since ('(M)k(I(M) = ('(M)u by definition of ('(Ml, 

and hence eoequalizes «( 'S(M), St' I(M». rt f ltows that ('(M) is the joint 

coequalizer. 

LEMMA 4,6. Let" f: B --~) A be an epimorphiam where B ia a 

.' 

cotorsionfree module and A is a codivisible module. Then Ker f ia 

cotorsionfree", 
, , 

/ 

Proof: Let 1: B/(Ker f)T 
, 

--~) PA be the homomorphism induced , 
by f. Th.en since A· is codivisible and i is an epimorphism with cotorsion 

kernel, 'H." g:A ) 'B, (Ker f)T such that i g = lA' There~e 
(BI (Ker f)T)T = B/(Ker f)T = lm g e Ker i = (lm g)T El) (KerJ)T = (11h g)T 

and hence Ker i = 0, i. e. Ker f = (Ker f)T. 
1 

... 

LEMMA 4.7. VME Mod-R, MT iII the smallest submodule MI C; M 

aueh that Vf: P --4) M, 0 = ( p -.,;;.f~) M -~) M/M'). 

Proof: Vf: P -~) Mf (' P f 4::)-M-: _ ) MIMT ) = 0 sinee 
,. " f 

f(P) C;; MT. Suppo8e M' C; M is auch that Vi: P' -~) Mt (P ,) M 
. 

-~) MIM' ) = 0, then VgE [P, MIM'] ainee Pia projective if: p'-

~ M such that the diagram below commutes, and hence g :: O. M/M' 

" \a therefore cotoraion, and MT c; Mf. 

. ' 

, ~ 

. , .::'.' 4~~:,.~"t~~~~ 

• 

'" 
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--

M . 
:af ..... ::t 

l ..... ..... ..... .... ...... ..... ..... Yg .... 
P ) M/M' 

~ , 
. * THEOREM 4.8. 'YME Mod-R, Q (M) 'is the coequalizer of the pair 

of mappings ('S(M), S( '(M): S2(M) ---4) S(M). 

Proof: 

.<~ 
-4 

~.ST(MJ 
Q*(M) ~(M) ) MT 

({M) a~d (' (M) both have the same im.ag~. namely MT, and we 

* consider then ~s mappings from Q (M) to MT and fr9m S{M) to MT, 

respective1y. Then since S(M) ie projective (Binee it is a coproduct of 
" . 

, -
* . copies of P) and K~r ((M) is small in Q .(M), there exists an epimorphism 

~ * , e: S(M" -~) Q (M), auch that E (M)e = ('(M). By Lemma 4.6 Ker e 

* ia cotorsiol\free aince SeM) i8 cotorlionfree and Q (M) i8 codiyiai~le. But 
~ "J 

since Ker~e ia co~orsionfree and Ker ({M) is cotorsion: Ker (M) = 

Ker ('{M)/Ker e is the cotorsion factor module of Ker ('(M), i.e.. Ker e 

= (ker ('(M»T. Hen-c:e))y Lemma 4.7 Ker e ia ~he lmallest 8ubmodule, 

f ' 
X of Ker ('(M) 8uchtbat Yf: P ) Ker ,'(M), 0 == (P ) Ker ('(M) 

--~) Ker ('(M)/X ). Therefore Ker e 18 the amalle.t 8ubmodule X" 

of SeM) 8uch that Yf: P ---1) SeM) 8uçh tbat ('{M)f := 0, 0 = ( p 

~ ! 
, w": of ~ ... • "'~.~ ? ~ 1 

. " . !,- f:. ~ >.'.. ..'.'" ",::.. . .... ' .-._ . '~ .,' .. ,~! 
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, 
SeM) ~ S(M.)/X ). H~n'ce Ker e is the smallest submodule X of 

SeM) such that Vf, f': P --~) SeM) such that ('(M)f = ('(M)f', 

(P -~) S(M)/X ) = (P f' '). SeM) -~) S(M)/X). Le. 

e' * SeM) ':.-...;..~) S(M)/Ker e ~ Q (M) is the joint coequalizer of aU pairs of 

,mappings f, ft: P 

* 
---t) SeM) which equalize ('(M) .. Thus by Lemma 

4.5, Q (M)~Q'(M) . 

• ' v 

• 

, 

. - \ • ~.. -,'i .. f, .. " .~~'-4. 
.... '.?'"_~~t .' ~.~ .•. \".oJ'I"'" ~.:~' .•• :1: ~~.;:.'·L~, .... "t~.t.~w.-'~, ... , \..\~t..;;.'~:~ . .'fl: .. ~.i 

, 
;' 
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CHAPTER V 

Localizations in Mod-R for R Left Perfect 

If TI is the trace ideal of a finitely generated projective left R-

mo~ule Pl, then Cunningham, Rutter, and Turnidge qave showed [12, 

Prop. 1. 6] that the localization Q in Mod-R corresponding to the idem-

potent filter of all right ideals of R,. containing TI is given by Q(M) = 

* THEOREM 5.1. The colocalization functor. Q is given by the 

,: 

composite of [p, _]: Mod-R ) Mod-E and ita left adjoint _ SE P: 

Mod-E ----J) Mod-R. If P ia finitely generated then Q ia given by the 

* composite of [P,_J and ita right adjoint HOInE(P E'-). 

Proof: It is routine t"o cheIk (see r~marks following Theorem 1.12) , 

* that _ ~ P is the left adjoint of [P, _J, and of coura~ Q (MJ = 

(P, M) SE P VME Mod-R. A8Sum~ now ~hat P is finit~ly generated. 

* * Define Q: l~od_R ) HomE(P E' (P,_J) by «Q(A)(a»(p )Hp) = 
* * * -* ] a(p (p» VAE Mod-R, YaE ~, Vp E P , YpE P. Define p:. [P, HomE(P E'--> 

, n 
-~) 1

Mod
-
E 

by P(B)(g) = E(g(Pi))(f
i
) 0 YBE Mod-E, 'y gE 

i=l . 
(P, HomE(p~, BE)J. wherè (pi'll = 1, •••• , nJ i. ~ 8'et of generator8 lor 

n 
P and (f'.ll = 1, ••. , nl i8 the "dual ba.ta" ",uch that YpE P P = %;Pifi(p) 

1 1=1 
(8ee cl.g. [§, Prop. VU.3.1). 

t.. i" 

~,' :, .~ A:~~·~~~~~~~ 
, , 

:1:.~.'. ~ •. ';1.-',. ,,;',z&~,~,~ , 

. , 
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Then a and fj are natural t 7ansformations, and it is easy to check 

* that U(3 0 aU = lU and f1F 0 Fa = IF y.rhere U = HomE(P
E

, _) and 

* F = [P,_J. Therefore HornE(P
E

,_) is the right adjoint of [P,_J. 

The localization 0 in Mod-R corresponding to the idempotent fUter 

of aU right ideals of R containing T is, by [12, Prop. 1. 6J. given by 

* * * Q(M) = HomE*(P E*.' (M ®R P )E*) aince P ia a finitely generated left 

* * R-rnodule with trace ideal T. (E = End
R 

(R P ).) But by [3 S, Lemma lJ 

* E and E are ring isomorphic, and therefore O(M) is given by 

* * ' * HornE(P
E

, (M ®R P )E)' which is in turn isornorp~ic to HomE(P
E

, [P, MJ), 

(see e.g. [8, p.120}) . 

The remainder of this chapter investigates the property that every 

idempotent ideal of R is the trace ideal of a finitely generated project,ive 

'module. It is known that this ia the case ü R is left or right perfect. 
, . 

, The Appendix contains a new proof of this and other relevant results, 

and introduces notation and theory which it ~ight be helpful to read at 

tMs point. 

Let J(R), or J if there is no ambiguity, denote the Jacobson radical 
" 

of-.R. 

PROPOSITION, 5.2. If i is semiperfect, 'then the following .tate

mente are equivalent: 
.~ 

, 

~ ... , .r. 

, ' 
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'. 

(1) Every idempotent ideal of R is of the form ReR, where eE R is an 

idempotent central module J. 

(2) Every idempotent ideal of R is the trace ideal of a finitely gener-

ated projective right R-module. , 
(3) Ther'è are exactly 2

n 
different idempotent ideals of R, where n 

is the number of isomorphism classes of simple right R-modules. 

(4) The simple right R-modules determine the Jansian classes in 

Mod-R, i. e. if :J'T and dT 1 are Jansian classes in Mod-R such that for any 

simple right R-module S, SE :J'T ~ SE :J'T" then T = TI. 

Proof: Since Ris semiperfect, 1 = el + ... + e
m

, a sum of orthogonal 

local idempotents, and {eIR/e1J, ... ", enR/enJ} denotes a repr.e,sentative 
~, 

,~ 1:' ~ ... 
set ~f simple right R-modulee for soine n S m. ----------~ 

(1) =t (2) ReR'= tr(eR) (where tr(M) denotes the trace ideal of M, 

liME Mod-R). " 

r 
(2) .~ (3) P finitely generated projective mo~ule ~ P ~ EB e.R (see 

j=l J 

(32) or [33]). ' Therefore T = tr( P) = R(e
i 

+ ••. + e
i 

)R for sorne k ~ n, 
. k .11' k 
where e e. R ie the basic eubmodule of EB e .R, 1. e. each distinct 

'-1 1. 1 · .... 1 J J- J J-

isomorphtsm c1ass of indect>mposable direct sumDlands appearing in the 

(external) direct SUIn is represented bya single summand. 

(3) ~ (4) Let :J
T 

and :TT' be two Jansian classes in Mod-R lIuch that 

for any simple rigbt R-module S, SE dT • SE :J'T" or equivalently, SE ëJT 

.-
" 



• 

" 

• 
~.. -' 
" . 

43 

\ 

~ SE :JTlo Then for sorne i, 1:s; i:s; n, S ~ e,R/e.J, and e.E T ~ e.T = e.R 
1 1 1 1 1 

= ST = S = SE:J ~ SE :J = e.E TI, and hence T = TI = RI; e,R where the 
T 'T' 1 ' 1 

sum lS over aU e, auch that e.R/e.J E 3
T

, l S; 1 s; no, 
III 

(4) ~ (1) Let T be a nonzero idempotent ideal of R, then there exists a 

simple right R-moduJe SE "T' S ~ ehR/ehJ for sorne h, l s; h :s; n~ or 

equivalently there exists an eh E T, sinee otherwise every simple module 

ia in, J
T 

and hence by assumpt~on T = O. Therefore T /T J is a nonzero 

R1J--module, henceT/'TJ:: $e.R/e.J where ViEl, e.E (e1, .. o,e}. 
; , iEL 1 1. 1 n r 

T = T ~ ViE 1, e,R = e.T and thus e.E T 0 Therefore R(e, +00' + e, IR ~ 
1 1 1 Il' ,\ 

k 
6) e. RIe. J i8 the basic 8ubmodule of 
. l l, 1. 
J= J J 

$e.R/e.Jo Alea, ehE T 
iEI 1 l ~ 

T where 

~ ehR/ehJ = ehR/ehRfU'J ~ (ehR + TJ)/TJ ~ T/TJ:: e e.R/e.J, hence 
iEI 1 1 

ehR/ehJ ::ueiR/eiJ for sorne iE l, or equivalently ehR :: eiR for sorne iE l, 

and therefore,ehE R(ei1+o 0.+ eik)Ro Therefore S:: ehR/ehJ E 3
T 

~ 

ehE T ~ ehE R(e, + ... + e. )R ct SE "R( )R and thu8 by assumption 
Il 1. e. +. 0 • + e. 

K Il 1k. ' 

T = R( e. +. 0 . + e. )R 0 A a in Corollary A 06 of the A ppendix. T then haa 

1 
11 1k 4' 

,he form ReR, where e ia an idempotent of R central modulo J. 

COROLLAR y 5.3. R i8 left perfect'ü and only U idempotents lift, 

moduld J and every torsion c1as8 in M~-R ia of the form ;J'ReR' where e 

i8 an idempotent of R centraf modulo J. 



• 

• 

44 

Proof: By Theorem A.4 of the Appendix, if every torsion clasa in 

Mod-R of simple type ia Jansia'n, then RI J is semiperfect, and R is left 

perfect if and only if a11 torsion classes in Mod-R are Jans.ian classes of 

. , 
simple type. Therefore if idempotents lift modulo J and every torsion, 

class in Mod-R' is of the form J'ReR for an idempotent e of R central modulo 

J, then RI J ia semiperfect, and by the above proposition the Jan8ian 

classes in Mod-R are of simple type. 

It does not seem to b~ possible ta e]Jminate the condition that 

idempotents lift modulo J, although one can show that if every torsion claas 
e 

{ 

in Mod-R i8 of the form rr
ReR

, where e i8 an idempotent of R central 

modulo J, then c entraI idempotents lift modulo J. Let R denote RI J and 

; denote r + J, YrE R. and let x be a central idempotent modulo J, i.e. 

iX = i. and i; =;i Y;E R. Then iR i8 a direct SUIn of sbnple R-modules, 

and the s'rnallest torsion class in Mod-R containil\g xR te of the form :J'ReR 

wh,e e i8 an idempotent of R central modulo J. Then x~ ~ (~)R. 

But the 8mallest torsion cla8s in Mod-R eontaining (1 - e)R i8 a180 :J'ReR' 

and therefore the isomorphism class of every simple surmnand of (1 - e)R 

is also represented by ~ simple summand of XR. Henee Rii = R(t:-;)R • 

and x = 1. - e ,sinee both are central idempotents. 
o 

We do not have an example of a ring R whieh la not left perfect, but ,~~ 

for which every ~torsi6n clas8 in Mod-R i8 of the form :J'ReR ~here e i8 an 

", 
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• 
idempotent of R central modulo J. Dlab has provided an example [13, 

Ex. 2J which sho~S' that the two conditions, idempotents lift modulo J and 

every torsion class in Mod-R is Jansian, do not imply that R 18 left perfecto 

Also, the two conditions, R 8erniperfeet and every idempotent ide al of R 

has the form ReR, where e 18 an idempotent of R central modulo J. do not 

imply that R is left perfect, sinee there are> rings which are right perfect 

but not left perfecto 

• 

. 1 

• • 



\ 
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CHAPTER rI 

Chain Conditions 

Of special interest is the case where the l?calization functor QT: 

Mod-R ) Mod-R associated w~th a Jansian c1ass dT preserves a11 

colirnits, i. e. it is right exact and commutes with direct sums~. (Sorne 
.. ; .... 

\. 

author s, using Stenstrom 1 s terminology [36], have called a tor sion class 

perfect if the associated localization-functor preserves a11 colirnits. Other s 

have used Goldman' s terrninblogy [19] and say such a torsion class has 

property T.) We will show that, in this situation, if R is re8pectively 

left, right, or two-'sided A,rtinian or Noetherian, a right cogenerator, or 

. \ 

quasi-Frobenius (OF), then 80 18 QT(R) . 
• 1 

LEMMA 6.1. QT(M) = [T, ~/~i{&t)] = [T I:J'T(T), Mf3"T(M») =' 

HomK(T I3"T(T), M/dT(M» where .K = R/dT(R), YME Mod-R. 

Proof: The first equality follow8 fr:orn the well-known construction: 

of the quotient module of a module M, for a localization funetor Q as BOC-

iated \Vith a torsion class d, given by the direct Hmit 

Q(M) ; lim [D, M/d(M)] 
~ 
DE.t;r 

(see e.g. [ZZ, Sec,'O])' 

a.nd the fact that T is the minimal element of ~:r' Since ;rT('J:-) i. torsion 

" > 
,~. ~\ •• .1" _ •.. J 

, 
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, 
) is torsionfree we have the second equality, and the third 

, 
follows si ce a torsionfree R-module is a R/:l'T(R)-module, rt.e. a K-

module. / " 

~ /- -
Let;' T denote T /J'T(Tl. Note that T = T /:J'T(R)(lT ~ (T + :J'T(R))/dT(R) 

1 

~ R/::rh-(R) = K. Also, by the above ~em'ma. QT(R)T ~ T (and, in 'facto 

1.- -
QT(i)T =T). 

1 T~~REM 6. Z. The following statem;nt. are equivalent, 
, r 

! 
1 

/ 
(1) Every r-ight QT(Rl-module is torsionfree ~as an R-module). 

\ 

(3) Every right QT{R)-rnodule is torsionfree and'divisible (as an 

R-module) . 

(4) QT(M):!! M ®R 0r<R) 'ME Mod-R. 

(5) 0T is right exact and commutes W'ith direct sums. 

(6) 
1 

T is' a finitely generated projective right K-module. 

(7) T ie a finitely generated right R-module and T is projective ~it.b 

respect to the class of e~itnorphisrn8 t= { A ~'B ~ 01 A. BE al'} ~ 
1 

(8) There exista a ring F and an ~pimorp.hi8m of rings: R ) F 

auch that RF is flat and ::rT = {ME Mod-R 1 M'fR 'F = o}. 

ProO!: The equivalence of (1) through (~) la proved in [19. Thm. 3] ~. 

(2) $t (6) This i,8 a génè'rali~ation of, an ~quivalence ia (37, ~hm. S.6J'~ 

\ 

• 0 

"J/ 

. , 
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, 
Assume TCl,:(R) =QT(R), then :U;.E T, ~E QT(R). i =1, ••. ,n, such 

n_ 
tltat 1; t... q. = la (R)' 

i=l lIT • 

Define f.: T --~~ K by f. (t) = q.t 
1 1 1 

- -ft E T.-, i = 

1, ...• n. then t = Ë t.f.(t). Therefore T ilt"'à finitely generat~d projective 
, . 1 1 1 

_ 1= 
, . 

K-module by the dual basis lemma [8. Prop. VII. 3.1]. 

Conversely, let f. :_T 
1 

---4) K, t.E T, i = 1 •.. '. n. be such that yi ET, 
l , _ n_ _ _ _ __ 1 

t = tt.f.(t). But f.(t) =q.t ftET for someuniqueql.EQT(R). 1 =1, •• • .• n, 
.111 _ 1 1 
1= 

sinee KIT is torsion and QT~R) is torsionfre-e and divisible, hence VtE T • 
n _ _ n_ 

(lr,\ (R) - 1; t.q. )t = O. This implies that 10 (R) = L t.q., and there-
~T i=l lIT i=l 1 1 , 

n _ _ ~_ 

) (la (R) - 1; t.q.)t l'tE T defines 
T i=l 1 1 

r 

an R-hamomorpmsm: T --.:.) °T(R) , which has a' unique exte~sion to an 
--~. 

, 

R-homomorphism: K 

(5) .. (8) See e.g. [24, Prop. 2.2]. 

The following propoaition ia a generalization of [37. Prop. 3.1] . 

. PR~ITION '6.3. Let:J
T 

be a Janeian claaoIn Mod-R luch that 

T is a finitely gene,rated right K-module • Then K, left A rtinian 

(Noetherian) - 0T(R) teft A rtinian (Noetherian). 

Proof: For some n, thel'e existe an epimorphism: K
n 

) T a.1 
. n 

right K-mod~e8, hence 0 ~ Honx(~. K) :.-._~,) .Ho~(~ • K) is 

" . 

.. 
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n n ~ 
exact as left K-modules. But Ho"\{(K , K)!iI!! 1; Ho~(K, K)!!Ii! L ~ is 

• 
left Artinian (Noetherian), hence QT(R)!!!! HornKfT, K) is l'eft Artinian 

(Noetherian) . 

COROLLARY 6.4. Let 3'T be a Jansian clau in Mod-R such that T 

ia a finitely generated right K-rnodule. Then R 1eft Artinian (Noetherian) 

... QT(R) left Artinian (Noetherian). 

Proo!: R left -Artinian (Noetherian) ~ ~ 1eft Artinian (Noetherian) , 

ainee K is a factor ring of R. , 

PROPOSITION 6.5. Let:T
T 

be a Jansian class in Mod-R sueh that 

TQT(R)<=: QT(R). Th,n Ra cogenerator for Mod:R ~ QT(R) a eogenerator 

for Mod-QT(R). 

Pro~f: VME Mod-QT(R), :i a.monomorphism f: M --~) RI for 

sorne index set 1. M is torsio~ree by Theorem 6,2, therefore if g:, 

RI ) KI ie .the canonical mapping 1nducè'd by the projection mapping: . 
R ) R/;r ;<R) = K, and if h: KI ) ~T{R)l ilS' the inclusion 

rnapping, then VmE M, hgf(rn) = 0 ~ gf(m) ::: 0 ::t f(m)T ::: 0 ... f(mT) ::: 0 
" ;1 .. ~ 

::t mT = 0 ~ m = O. Hence hgf il a rnonomorphisrn. QT(R)I is a torsion-
- J • c' 

free divisible module ainee 0T(R) ia a torsionfree divisible module, and 

tberefore hg! ia a QT(R)-hom9morphiem (aee e.g., (22, Sec. t-]). Tbùa . 

QT(R) is·a cogeneràtor for Mod-QT(R). 

. , 
.. ' 

, ' 
~. - .,- " 



• 

J 

• 

50 

u • 

COROLLARY 6.5. Let 3'T be a Jansian class in Mod-R such that 

TQT(R) = QT(R). Then R OF (quasi-Frobenius) ~ 0T(R) QF. 

Proo!: A ring R i8 OF ~ R ie le!t Noeth~ri?an and a cogenerator for 

M.od-R. The result now follow8 from CoroUàry 6.4 and the above 

proposition. • 

The' following proposition is a generalbation of (37. Prop. 5.~]. 

PROPOSITION 6.7. Let 3'T be a Jansian clau in Mod-R 8uch that 

- , 

TQT(R) = QT{R<). The~ ~here is a on~~to-one correspondence be:-veen 

the right ide aIs of QT(R) and the right idea)s of K of the f?rm IT for some 

right ideal 1 ~ K. 

Proof: T = T I3'T(T) is an idempotent 'idea! of K ;: R/:rT(R}~ si~ce T 

ia an idemp,otent ideal of R, and" 3'T(T) = T(lrT(R) ia an ide al of R. 
. 

Therefore for any right ideal X ot Q'Î'(R), the co~respbndence -' X , ) 

'XT is of the desired form.' sinee XT ::1 XTT and xi ~ T ~ K. For ,any 

right ideal 1 of K, the iuve ~8'e correàpondenc~ lB given. by IT ., 
'- -' --

COROLLAR y 6.8. Let:f
T 

he a Jan_jan clas. in Mod-R aucb that 0 

TQT(RJ = Q,.(R) .. ,Then R right Artinian (Noethetian) 
, . , 

Artinian (Noetherian). 

) 
,/ 

)

' ~J ;,' J 

• • '!'... _ f ... t 

" .: 
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right Artinian (Noetherian) ~ K right Arti.nian (No~ther-

, 
ian). The result now follows fr'om the proposition, or from the obser-

- , 

vation that for any right ideal X 1:; QT(R), i"= XQT(~) ~ (X(l{)QT{R) ~ 

.... d' (Xnr)QT(R) ~ XTQT(R) = X~T(R) = X. u 
î 

It is clear that the result holds for ~o- sided ~ideals as weIl as for 

right ideals . 

, Jo .. -;" 

" 
, "":':~ 

~, 

" 3<~ 

• 
• 

" 

b '~ ..... t ( 
j. :; 

, . , . ,,\ 
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A,PPENDIX 

\ 

A ring R iB called semiperfect il every f.it~itely generated right for' 

left) R-module has a projective cover. Equivalent conditions are: RI J 
- . 

is semisirnple Artinian and idempotents can'be lüted modulo f. where J 

is the Jacobson radical of R (see [3 ]); every simple right (left) R-

u 2 1 

module is of the form eR/eJ (Re/Je), e = eE R (and in particular, if 

eE R ia a primitive idempotent, a simple right (left) R-module M :: 

eRI eJ (Rel Je) if and only if M~ ~ 0 (eM 1 0) );" there are mutually 
m ( 

orthogonal idempotents e'l' ... , e such that I; e. = 1 and each e. is local, 
/ m . 1 1 1 

1= 

i. e. each e.Re. is a local (or completely primary, or sum-ir'rerlucible) ... 
1 1 r 

ring (see - (31] or (32 )'. 

a set of orthogonal local idempotents. Let [eIR, ••• , e R} be a complete' . n 

set of representatives for the isomorphism classes of the e.R's, for 
1 

so~n ,S Ill. Let i denote RI J and r denote r + J VrE R. We can then 

for~ ZO different idempotent ideals T of the fotm T = R(e. + .... + e. )R = 
11 ~ 

, Re. R + ••• +'ReL R" since i = Rë1i. E9 •• : E9Rë R. NOW,:tof\= denotes the 
~ ~ n __ 

torsion class in Mod-R which corresponds to the tdempotent'filter of 
, 

right ideals ,. If' ha. a minimal elernent T. we will a1.0 denote the 

corre.sponding torli~n. cl~ls by 3'T (and the ~orre.ponding torsion theory 



• 

) 
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o 

Let M be a simple right R-rnodule, t en in the torsion theory 

(;fT' :J
T

) wh~re T ." R(e
i1 

+ ... + e\)R, M s torsion = MT' = 0 co M::, ~ 

e.R/e.J where e. ~ Ce. , . ". e. }, and Mis torsionfree co MT = M = 
J J J 11 1k 

M ~ e, Rie. J for sorne j, 1 ~ j ~ k. 
1. 1. 
J J 

\ 

A ring R is called left perfe~t Ü ever~ left R-module ha. a p~ojectlv. 

cover,. Equivalent conditi~ns include: R/~lis semisirnple Artinian and 

every nonzero right R-module has a nonze~o simple submodule (see [3]); 

. ') 

R satisfies the def,Jcending chain condition on firlitely generated right 

ideals (8 ee C5]). 

Therefore if R is left perfect, R is toraionfree with respect to the , 
torsion theory (3'T,3

T
) -

T ~ T = R ( e. + .•• + e. )R 
o JI lh 

every simple right ideal is torsionfree -

where le. Rte. J, . ". e. RIe. J} ia c'epre-
, JI JI Jh Jh 

sentative set of nonisomorphic simple right ideals of R. 
3 

, 
DEFINITION A.l. Let C be any clau of right R-modulea. Then 

-R. ... L 
define C-- = {XE M~d-R, [C, I(X)]= () YCE Cl and C = (XE Mod-R 1 

(X,I(C» = 0 0 YCE Cl wbere rec:all tbat YME~Mod-R, leM) denote8 the 1 ", 

injective bull of M. The largeat t9reion theory in whic:h C i~ tor.lordree 
f , 
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is (CL, cLJ'l.) , and the smalle8t torsion theory in which C i8 torsion is 

Ri R 
(c ,C) (see [22J). 

" Let g = {51' •• " Sn) be a representative set of nonisomorphic simple 

1 ~ 

right R-modules. For any C ~ 8, the class of aIl right R-modules M 

su ch that every nonzero homomorphie image of M has a nonzero submod-

ule isomorphic to a member of C i8 a torsion class, and was called a 
, 

, torsion c1ass ~ simple ~ by Alin and Armendariz [lJ. We denote this 

tor sion c1ass by C3', and il C = (5 J, by S"J. 

PROPOSITION A .Z. TC s; 8, "J = CRJ" the smallest torsion 'class 
C 

containing C. 

Proof: Suppose ME Cd, then [M, I(X)J ~ 0 ~ [S, I(X)J ~ 0 for sore 

LI. R.-R ' _Rl 1 

SE C ~ X'f C . Therefore XE c-~ ~ [M,I(X)] = 0 and hence ME c-- J 

RJ, 1 
Conversely, let ME C ,and supposJe :l[ N S; M such that MIN does not 

pave a nonzero submodule, isomorphic ta a mernber of C. Then 1 
1 R~-R.l 1 

[S,I(M/N)] = 0 TSE C, and therefore MIN E C r J!' = O. Thus ME 63'. 

Dlab [13J defined a prime (fundamental) torsion ClUB to be a 

torsion cla8s associated with the 'einalleat idempotent lUter of right 

,- , 

ideals containing a elass (union of classes) of e9-uivalent 'maxim~l right 

ideals, where Ml and M
Z 

are equivalent maximal right ideals il R/M
I 

!!If 

1 
.~ 

'. 
~ x' t ' '''' 
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R/M
Z

' The fundamental tor.sion classes are thus the same as torsion 

classes of simple type, with the prim.e torsion classes being the torsion 

classe s S;S. A lin and Armendariz [lJ and Dlab [13 J both showed that 

every torsion class in Mod-R is of simple type if and on1y if every nonzero 

R-Înodule has a nonzero_ simple subrnodule. and they also showed that if 

R is left perfect then every torsion class in Mod-R is Jansian (i. e. c1osed, 

under direct products). Thus every torsion theory in Mod-R , for R left 

perf~ct, is of t~e'forn1_(;ST' ;fT) and there are exacUf Zn torsion theorie~, 

where n is the nutnber of isornorphis~ 'classes of simple rigl}.t R-modules. 

Rutter [34J has also given a proof of this result. - A simple proof. pre-
o 

se'nted by Varnos in a ~eminar. at M'cGill University (197l-7Z), rnakes use 

of the one-to-one correspo~e-nce between Jansian ela'sses and idempotent 

ideals of R. His proof is as follows: 

As we 'have seen, if Ris semiperfect, there are at least Zn idempotent 

ideals T of R, and hence Jansian classes in Mad-R, where n is the 

number of isornorphism classes of simple right R-modules. But every 

torsion theory can be described as the largest torsion theory for which a 

certain injective module ~ is ~orsionfree, and naturally two injectives 1 
- , 

and l' give rise to the. same tor,sion theory if and only if 1 s: (l')Q and 
, ,1 

l' s;;; I fJ for sorne power. ex and p. If R il left perfect, the socle S of 1 
" , 

is essential in.!, and benee 1 = 1(5). S = EB S = BI e ... e Bk where 
aEA CX 

B. is the sum of all the S '8 isomorphic to S .• i = l, •••• k !: n (where 
1 . ex 1 

'" 

, 
, ' 
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recall that g = (SI' .. " Sn l denotes a representative set of nonisornorphic 

simple right R-modules), and A is Borne index set. Therefore I = l(S) = 

I(B
l

) Ef) •• - ES I(B
k
). Let Il = I(SI} $ ... e I(Sk) , then clearly 1 and 1 1

\ 

induce the sarne t~rsion theory, and hence there are no more than Z~ , 

torsion theories in Mod-R .. Thus there are exactly 2
n 

torsion theories in 
, 

Mod-R and each one is o_f the forrn (:l'T' :fT) ~or an idempotent ide al T = 

R(e. + ... + e. )R;. 
11 lk 

As a consequence of thi~ and previous remarks. wehave the following 

theorem, which was proved by Storrer [37, Thm. 2. 5J. 

THEOREM (Storr:~r) A. 3. If R is left perfecto then the largest torsion-

theory in which R i8 torsionfree has the minimal dense ideal T = 
. 0 

R(e. + ..• + e. )R where 
JI. Jh 1 

{e
j 

RIe. J, . . . , e. RIe. J J 
1 JI Jh' Jh 1 

ia a representative 

set of nonilspmorphic siInple right ideals of R. 

Dlab [13 ] also proved the following reault: 

THEOREM (Dlab) A .4. If every torsion class of simple type in Mod-R 

is Jansia~. then R/J ia aemiaimple Artinian. Hence a ring R is left 

perfect if and only ü aU torsion classee in Mod-R are Jansian classes of 

simple type . 
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Dlab [.14, Thm. 1] also examined rings R for which 0 and Mod-R are 

the only torsion classes in Mod-R, and gave several equivalent properties. 

He did not explicitly give the following one, although it is perhaps clear 

from his proof that it is equivalent. Gardner [18] has aiso studied these 

rings. 

COROLLAR y A .5. R 1s left perfect and RI J is simple if and only if ' 

o and Mod-R are the only tor sion classes in Mod-R. 

Proof: If R i.s left perfect, then clearly RI J is simple if and only if 

R has no nontrivial idempotent ideals if and only if 0 and ~od-R are the 

only torsion classes in Mod-R. If 0 and Mod-R are the anly torsion 

classes in Mod-R the y are of course both Jansian classes of simple type, 

hence .:R i8 left perfect. 

We also have the following result. which was proved by Michler 

[27, Pr op. 2. 1] . 

COROLLARY A .6. If R i8 left or right perfect, then every idempo, 
tent ideal in R i8 otJthe form ReR, where e ia an idempotent af R central 

modulo J. 

Proof: There are 2
n 

idempotent ideals in R. each one of the form 

{e. , •• : • e. } be those iderppotenta from 
1t+1 lj . 
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the deeomposihon î := el +, , . + e m which generate a right ideal isomar-

~ phic to e. R for aome h, l:s;~ h s k, then R(e. + .. " + e .. )R = 
- 1h 11 1k " 

R(e, + ... + e, )R and e, + ... + e, is central modulo J, sinee 
11 1 j 11 1j 

1 

(~, + .• ,+ ~, )R ie a sum of simple (or homogeneous) components of R. 
Il 1j .. 

Dlab [14, Thrn. 2] gave severa1 properties equivalent to a ring R 

being a finite direct sum of rings R, for which Mod-R, has only the two 
1 1 

trivial torsi.on classes, 0 and Mod-R,. Vamos, again in a seminar at 
. 1, 

MeGill University (l971-72), gave another equivalent property, and ainee 

it does not seem to hâve appeared in the literature, we also give a proof, 
, , 

~asicaUy as Vamos presented it except for the use of the primary decomp-

osition of R. \ 

, 
THEOREM (Vamos) A .7. A ring R ia a finite direct sum of rings R., 

, 1 1 

where each R, is lelt perfect' and R', / J. is simple, if, and only if every 
l " 1 1 . \ 

torsion c1ass in Mod-R ie Jansian and stable. 

011 

Proof: Supp, ose oR .= RI ~ ... e R , where R. i.e left perfect and R./ J, 
n·· 1 1 1 

is simple, i := l, '. , ., n. Then for any right R-module M,' M = MR
I 
œ ... ' 

~ , . 
œ MR , and for any torsion theory (3',:J) in Mod':R, the torsion submodule n. . . 

• :reM) :: 3'(MR
1

) œ ... œ 3'(MR ). Let 3',(MR.> = 3'(MR,), then {XE Mod-R,, 
n . 1 1 l' 1 

d,(X} :: X) is a torsion claes in Mod-R. and hence by Corollary A.-5 i.s 
1 . 1 0 

Jt 

.. 
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either 0 or Mod-R .. i == l, ... ,n. Suppose M == ;reM), then ;r.(MR.) = 
1 '1 1 

MR., i == 1. "', n. If MR. = 0, then I(MR.) == 0 hence I(MR.) = ;r.(l(MR,»); 
, 1 1 1 Il 1 

~ 

if MR. 'f O. then ;r. = Mod-R. and hence l(MR.) = 3'.(I(MR.)). 'rherefore 
1 ·1 l' 11 1 

leM) = l(MRJ E9 ... œ r(MR ) == ;rl(I(MR
I
» E9 ... E9;r (I(MR » = ;r(I(M», and 

1-, , n n n 

thus ;r is stable. R is of course left perfect, and hence by Theorem A.4 

3' is Jansian. 

Conversely, suppose every torsion class in Mod-R is Jansian and 

stable. By Theorem A. 4, to show that R is left p~rfect it suffices to show 

that"every torsion c1ass in Mod-R is of simple type, or equivalently, that 

every nonzero right R-module contains a nonzero simple submodule. 

, ' , 
Suppose .iME Mod-R such that M has no nonzero simple submodule, then 

L 
every simple right R-module is in the torsion c1ass (leM») . But then , 

every right R-module is in [leM) J L, since n leS) is a cogener~tor fo~ 
S simple 

Mod-R and (I(M)j L is stable and Jansian. Therefore leM) = 0, hence 

M = 0, and therefore R is ·left perfecto R is then an essential extension 
. , 

of its right socle,. ~ence R'E,g:J' (the smallest tO~61ion class in Mod-R 

eontaining every simple 'right R-module). By a result of Dickson [15, .. , 
, 

Thm.. Z. Z J, sinee every torsion c1ass' in Mod-R is stable, R ~as primary 

\ n ~ 
deeomposition, i. e. YME g3', ·M =.$ S.3'(M) where reeall that- ~ = 

o .. 11=1 1.1 ~ f 

{SI' .. " S J is a repr,esentative set of nonisomorphic simp\e right R-
ln, ~ t '" ( 

n 
modu1~s,. (see e.g •. {1SJ, [7]). Thus R = œ S :J'{R), and S :J'(R) ie an 

i=l i . i 
.' , 

\. 
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essential extension Clf a SUIll. of simple modules each isomorphic to S., 
1 

i = 1, ... , n. Then Vi," j, S.E ~ 3'(R), and [S:3'(R), S.3'(R)},:: 0, 1 ~ i, j ~ n. 
J tri 1 J 

2 
Each S 3'(R) May be written in the form eS. R where eS. = 

i 1 1 

, 
eS. E R, and 

1 

o = [eS.R, eS.RJ ~ eS ReS implies reS 
1 J j "<./ i i 

Vr'E R, 1 ~ i :;; n. Let = e r 
S. 

" 1 

Ri = eS. R, i = l, ... ,n, then R = RI e ... e Rn is a finite direct sum of 
l 

of left perfect rings. R.lJ. ES 3' since 
1 1 . 

R. ES 3', hence R.I J. is a sum of 
1. 1 1 

. 1 1 ~ 

simple right ideals each isornorphi'c to S. and thus is simple, i 
1 1 

1 
= l, ... , n. 

The above theorem, as well as the results by Dlab referred to in the" 

remarks preceding the theorem, thus characterize those rings R su ch 

that every torsion class in Mod-R is a torsion-torsionfree class, i. e. 

Jansian and stable. Bronowitz and Teply [7, Thrn. 3] have characterized 

those rings R such that every pre-torsion class is a pre-torsion - pre-
, , \ 

torsionfree class, or what Kas been called TTF, Le. Jahsian. No one, 

it seems, 'has been able to characterize those rings R such that every 

tor~ion class is Jansian. 
(1 

" 

. . 
, 1 :.: 
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