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Abstract

Dark matter is postulated to exist as a bound state of gauge bosons in a hidden SU(N)
theory, dubbed ‘dark glueballs’. These dark glueballs have no direct couplings to the standard
model, but are instead allowed to decay via loops of heavy mediator particles, ®. We consider
scenarios in which the ® particles are coupled with U(1) hypercharge, SU(3) strong forces,
and Higgs bosons respectively. Additionally, a numerical approach to solving the Boltzmann
equation is considered in Mathematica. This software package can be applied and modified

to a wide class of generic particle dark matter candidates.
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Abrégé

Il existe une hypothese qui stipule que la matiere noire est considérée comme étant un état
lié de boson de jauge suivant une théorie de SU(N), surnommée boule de glu ‘dark’. Ces
boules de glu n’ont pas de relation directe avec le modele standard, mais sont en effect, en
mesure de se décomposer en segments égaux de particules médiatrices, ®, ayant une grande
masse. Nous considérons plusieurs scénarios dans lesquels les particules @ sont liées avec
hypercharge U(1), de puissantes forces SU(3), et des bosons de Higgs respectivement. De
plus, nous considérons ’approche numérique afin de résoudre 1’équation de Boltzmann dans
Mathematica. Le progiciel proposé par Mathematica peut étre manipulée afin de tester un

large éventail de particules génériques de matiere noire.
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Chapter 1

Introduction

For more than an age, people have gazed up and looked at the cosmos. For some, the seem-
ingly infinite vastness is frightening, mysterious, and not reconcilable with beliefs forged here
on earth. For others, the feeling of insignificance that creeps in when considering something
so grand can bring comfort. It presents an exciting opportunity to probe ones past, and

indeed, the past of the universe as well.

While the universe may seem so very large to us today, it wasn’t always that way. The
observable universe represents the causal patch of photons emanating from a so-called big
bang until now, some 13 billion years ago, and was much smaller in the past. We note that
from standard thermodynamics, the reduction in the size of a box, while keeping the con-
tent inside the box constant, causes an increase in temperature. Today, while the standard
conditions in the universe are quite benign (aside from obvious astrophysical sources such
as star forming regions, supernovae, black holes, and others), the early universe was a much

more volatile and chaotic state.

Since light has a finite propagation time, remnants of the early universe remain for us to



observe today, with the cosmic microwave background, the oldest photons in the universe,
being our gold standard as a dataset to work with. The universe still holds many mysteries
from us, and so utilizing information from early universe cosmology can be fantastic in de-

termining exotic physics hidden to us here on earth.

The particular phenomenon we wish to study in depth is that of dark matter. Dark matter
is an undiscovered form of matter postulated in order to explain various astrophysical phe-
nomenon, such as the flat rotation curves of spiral galaxies. Many different approaches have
been taken over the past few decades in describing these effects (modified gravity, primordial
black holes, etc), but the most popular explanation seems to be that dark matter has some

origin embedded in particle physics.

We aim to make use of the formalism granted to us by quantum field theory and parti-
cle physics to explain the abundance of dark matter as bound states of the gauge bosons
of an asymptotically free SU(N) theory. We refer to these states as dark glueballs, and
are an attractive choice as they can be made to have naturally small indirect couplings to
the standard model, and can also ease tensions with some shortcomings that standard cold

dark matter experiences, such as the cusp/core problem with the inclusion of self-interaction.

In this work, we begin with a general overview of the standard model of particle physics,
which will serve as our basis for understanding this new gauge theory. We then move on
to discussing physics beyond the standard model in the form of low-energy effective La-
grangians, and their applications to particle cosmology. Following this, we briefly review a
variety of approaches to explaining dark matter, and then talk about the Boltzmann equa-
tion in the context of setting relic densities of late-time surviving particle species. Work is

then presented in chapter 3 of numerical simulations of particle evolution via the Boltzmann



equation, implemented in Mathematica.

Finally, in chapter 4, we discuss how one would introduce a new SU(N) force to the standard
model, and discuss the possible indirect couplings our dark glueball can have to the standard
model, via some heavy mediator particle, ®. Constraints are discussed in the context of both
cosmological signals, and particle collider signals before concluding. Much of this discussion
is a review and commenting of work done by other authors working with non-Abelian gauge
theories of dark matter. Novel ideas come from applying constraints on different couplings to
the parameter space of our model, calculating the implications of reheating, and discussing

the viability of different couplings on our mediator.



Chapter 2

An Introduction to Particle

Cosmology

The interface between particle physics and cosmology is a complicated one, with many nu-
ances and subtle details that should be appreciated. In this chapter, the relevant background
knowledge will be presented in a pedagogical way in order to aide the reader in understand-

ing how the two sectors are coupled.

We begin with an overview of the standard model, with a slight emphasis on strong inter-
actions as they are the most relevant for the remainder of the thesis. After reviewing these
concepts, we will introduce the technique of effective Lagrangians, which are critical when
considering theories with heavy degrees of freedom. Finally, we will introduce the basic con-
cepts of cosmology in an attempt to reconcile them with our understanding of the standard

model of particle physics.



2.1 The Standard Model of Particle Physics

The standard model of particle physics is the result of a many decades effort to come up
with a theoretical explanation for the fundamental observations made in particle physics. Its
underlying mathematical structure appears to be group theoretic, yet ideas from complex
analysis and other branches of mathematics come in handy for making accurate computa-
tions within the framework of the theory. Here we present the framework, and briefly show
how it applies to electroweak interactions before discussing in more depth its application
to the strong force. This review follows ideas presented in the standard undergraduate and

graduate level texts [1] [2] [3] [4] [5].

The standard model describes the weak, strong, and electromagnetic forces of nature in
one unified framework. Each interaction has one or more gauge bosons which carry the
force, and a number of other particles (leptons, quarks, and bosons) which help build up
the world we see around us. Without the inclusion of gravity, we can’t consider this to be a

theory of everything, but still it offers unparalleled accuracy between theory and experiment.

2.1.1 The Framework of the Standard Model

As stated above, group theory seems to be the underlying mathematical descriptor of the
known particle states found in nature. Quantum field theory, however, provides physicists
with a more useful toolbox in computing quantities associated with elemental particle inter-
actions. The structure of the standard model is extraordinarily rich, with what is colloquially
referred to as a zoo of particles giving rise to the macroscopic features we see in the world

today.



Quantum field theory takes the viewpoint that the fundamental objects of nature are fields,
and particle states arise as localized perturbations of these fields at different points in space-
time. At its core, quantum field theory is just the application of quantum mechanics to
relativistic particles. Taking classical field theory as a starting point, we assert that the
equations of motion for particle states should be the extremized variations of an action,

0S5 = 0, where our action is defined with a Lagrangian density, £ as such

S = / L(¢,0,0)d"z (2.1)

Variations with respect to this give us the general Euler-Lagrange form that describes the

equations of motion
oL oL
O|l=————)—=—=0 2.2
(o0) % 22)
This operation recovers the familiar Klein-Gordon equation for simple scalar fields, or the

Dirac equation for spin 1/2 particles.

The ‘quantum’ in QFT refers to the fact that we interpret the dynamical variables in the
action (¢, for example) as operators obeying commutation relations. In particular, we take
these relations to be those of the harmonic oscillator, giving a physical interpretation to our

fields. As an example, the Lagrangian for a Klein-Gordon field is

1 1
L= 50,600 — Jmlo? (2.3)

Expanding the field ¢ in Fourier modes, we see using the harmonic oscillator analogy that

3
o(x) = / dp 1 (ape™> + aLe_ip‘x) (2.4)

(2m)3 | /2w,



where the ap and a;f) are annihilation and creation operators of the Klein-Gordon field respec-
tively. Here, wp = \/W is related to the energy of the harmonic oscillator. Noting the
usual commutation relations, [a,a'] = 1 (this is for bosons, fermions carry anticommutation
relations, ({a,a’} = 1)) we can construct the Fock state of particles by repeated use of the

creation operator a on the ground state

[n) = (a")"|0) (2.5)

This is the general procedure used to create multiparticle states in quantum field theory.
In fact, this tactic of expanding the field in terms of ladder operators is precisely what is
meant when we talk about quantizing a field. From here, it is possible to construct general
Lagrangians satisfying different physical and symmetry based constraints which we can then
quantize in order to compute observable quantities. We will come back to the computation

of these observables after a quick detour into the topic of symmetries in physics.

2.1.2 Symmetries in the Standard Model

Without the notion of symmetry, much of physics would not be tractable, and seemingly
simple phenomenon would become obscured behind a mountain of mathematics. Thankfully,
nature has been kind enough to us in giving symmetries to be exploited. The general aim
in quantum field theory is to construct the most general Lagrangian possible, with a priori

knowledge of how the field interacts, and what symmetries it possesses.

Symmetries come in both discrete and continuous forms, and are related to conservation
laws via Noether’s theorem. With this, important connections were formed between well
established concepts. Translational invariance in time and space provided energy and mo-

mentum conservation, rotational isotropy yielded angular momentum conservation, and a



newer concept, that of gauge transformations, gives us conserved charges. A Lagrangian
that is invariant under a set of local continuous transformations is said to be gauge invariant
under those transformations. In the simple case of an Abelian U(1) field, this means that £

is invariant under

¢ — ¢ = g (2.6)

where A(z) is a function of the spacetime coordinates (hence the transformation is local).
Gauge theories make up the standard model, and so we consider them in more detail below.
Of more importance to the idea of glueballs is the idea of some discrete symmetries, such as

parity and charge conjugation.

Parity is the idea that physics should not be altered over a mirror reflection of any specific
process. This symmetry may seem obvious, but in fact the weak interactions don’t nec-
essarily respect this [6]. For strong and electromagnetic interactions, however, parity is a
conserved quantity. The parity operation acts as reflection in the spacial coordinates of a
field, and so we can define the parity of such a field by the eigenvalues it has under this op-
eration. In the case of a vector, the parity operation completely changes its orientation, and
so we can write P(v) = —v, meaning vectors carry parity of —1. Pseudovectors are another
type of field that is quantified by having a parity of 4+1, and can be formed, for example, by
the cross product of two normal vectors. The story for scalars is intuitive, since there is no
spacial dependence on the value of the scalar is has parity of 41, while pseudoscalars (formed
by a scalar triple product, for example) carry parity —1. This can again be generalized to

higher spin objects such as tensor fields, but will not be relevant for the remainder of the work.

The charge conjugation operation replaces all particles in a theory with their antiparticles.

Like parity, the eigenstates of this operation are £1, however unlike parity most natural



particles in nature are not eigenstates. This operation is played out by reversing the signs of
all the internal quantum numbers of a particle, and so to be an eigenstate of this operator,
the particle and antiparticle must be indistinguishable, otherwise known as Majorana type.
Like parity it is conserved in strong and electromagnetic interactions, but not necessarily for

weak decays.

The idea that the laws of physics should be unchanged when boosted or rotated from one
frame to another is called Lorentz invariance. More specifically, transformations of the

coordinate system

ot — 2t = Al (2.7)

should leave the equations of motion invariant. Having a Lagrangian that is not Lorentz
invariant introduces a sort of preferred reference frame, which is in violation of the laws of
relativity. This is an additional symmetry we wish to possess, and so our fields must also

transform under what is called the Lorentz group.

Finally, lets turn our attention to the idea of continuous gauge symmetries. In the language
of group theory, particle physics can be expressed in terms of Lie groups (groups whose
elements depend on parameters that vary continuously on some closed interval), such as the
general set SU(N). The electroweak force is represented by the groups SU(2) x U(1), while
strong interactions can be described by the SU(3) group. Here, S means ‘special’ and refers
to the group matrices having determinant +1, and U means we have unitarity amongst the
elements. In fact, it was the identification by Gell-Mann that nature carried some SU(3)
symmetry that led to the weight diagram of the baryon decuplet, and subsequently the pre-

diction and discovery of the {2~ particle.



Generally, gauge theories represent Lagrangians that are invariant under such a continuous
group of transformations. These transformations are local, and so new gauge fields need to
be introduced to compensate the derivative terms of these local transformations. Consider

the generalized Klein-Gordon equation used in scalar quantum electrodynamics

1
Ls—qep = _ZFaﬂFaﬁ — 0,0 0"p — m*pg” (2.8)

Where F,3 = 0,A3 — 03A, is the EM field strength tensor. This equation is invariant under
global ¢ — e~ ¢ transformations, but not local (gauge) transformations where we allow A
to vary with the position in spacetime. This gauge is known as a U(1) transformation and
is representative of the underlying structure of electromagnetism. By introducing the gauge
covariant derivative D,, = 9, + ieA, and noting that A, — A, — 19,A(x) under a U(1)
transformation, we can make the scalar QED Lagrangian completely gauge invariant. This
procedure is used in the SU(2) and SU(3) constructions of the strong and weak Lagrangians
as well. The gauge invariant Lagrangian for scalar QED is thus

1
L= =1 F"Fop— Dyg D' — m’¢¢" (2.9)

With these symmetries in mind, let us turn our attention to their applications on the gauge

theory structure of the standard model, starting with the electroweak interactions.

2.1.3 The Electroweak Theory of SU(2) x U(1)

The most simple gauge theory was that of U(1) interactions we considered above. Since the
standard model is known to obey the SU(N) gauge groups as well, we note the following

symmetry transformation that gives us gauge invariance for these groups. For a field ¢ (x),

10



the transformation

P(x) — eiaa(x)ta@b(a:) (2.10)

leaves the general Lagrangian invariant for an SU(N) interaction, provided that the ¢t* (the
generators of the group) satisfy the commutation relations of the group, namely [t t°] =
ifte. Here, f®° are the structure constants of the group and are defined for the value
of N in an SU(N) group. The infinitesimal transformations of the other quantities in the

Lagrangian are thus

D, =, — igA%° (2.11)

a a 1 a aobc Cc
Al — A%+ E@a + [ Ao (2.12)

The kinetic term for the gauge field now has an additional term representing the structure

of the group

FS, = 0,A% — 0,A% + gf*™ AL A (2.13)

and obeys the infinitesimal transformation rule

a a abc b 1oc
FW—>FW—f ozFW (2.14)

These are general properties of SU(N) gauge theories, and so they will be of great impor-

tance later on in this work.

In the early universe, the electromagnetic and weak forces were unified under a different

set of gauge groups, namely SU(2);, x U(1)y related to the weak isospin and hypercharge,

11



respectively. As we will describe below, the cooling of the universe eventually led to a phe-
nomenon known as spontaneous symmetry breaking in which the Higgs boson acquires a
vacuum expectation value and breaks this symmetry. In the breaking of this symmetry,
three of the gauge bosons acquire a mass (the Z, W), and one linear combination of the
original SU(2), x U(1)y generators remains unbroken, which gives us the currently observed

U(1)gas with the photon as the sole remaining massless gauge boson.

The number of gauge bosons in an SU(N) theory are described by the number of generators
in the adjoint representation, namely N2 — 1. Before this symmetry breaking, the SU(2) x
U(1) symmetry therefore yields three massless ‘W’ particles and one ‘B’ particle. Linear
combinations of these states yield the massive W=, Z particles and the massless ~y state after
symmetry breaking. To keep this work modular, the full Lagrangian for electroweak theory

(before symmetry breaking) is

1 v a 1 v
Loy = W Wy, = 7B" Bu + D,H'D'H

+i(Q:PQ" + wlpu' + d;pd’ + L, DL’ + &;Ipe")

2
—\ HTH_U_2
2

i € H QL — yg s HQ'd — ye iy HL'e? + h.c.

(2.15)

We have split the Lagrangian up into the kinetic terms for the gauge and Higgs bosons, the
kinetic terms for the fermion content of the theory, the Higgs potential which is spontaneously
broken, and the Yukawa coupling terms which cause the fermions to acquire mass when the
Higgs gets a vacuum expectation value (VeV). We note that the standard model is a chiral
theory, and as such only the left-handed fermions transform non-trivially under SU(2) x U(1)

interactions. The Q' terms refer to left handed up and down quarks in their doublet, and L?

12



the left handed leptons. wu,d, e are the right handed particles which transform as singlets in

this representation. We also note that the covariant derivative for SU(2) x U(1) is

1

D, = 0, — igWyi" — 2

q'B, (2.16)

where 7% are the generators of SU(2) and related to the Pauli matrices by 7% = ¢%/2. The
gauge bosons acquire their masses from this term after SSB. After SSB the Lagrangian be-
comes more cumbersome, but allows for us to compute a wide variety of observables that
can be tested both in colliders and in cosmology. We will come to that later, but for now let
us take a brief detour into the Higgs mechanism to better understand its couplings to the

standard model.

2.1.4 The Higgs Mechanism

The Higgs mechanism ([7]) is the way in which particles in the standard model acquire their
mass. It relies on an idea called spontaneous symmetry breaking (SSB). Loosely speaking,
SSB occurs when the shape of the Higgs potential changes from one where the field sits in
a stable minimum, to one where it sits at an unstable maximum and rolls down to a true
vacuum state in an unspecified direction in field space. The changing shape of the potential
is driven by finite temperature effects, and so this process occurs naturally when the uni-
verse cools below what is known as the electroweak symmetry breaking scale, about 150GeV .
Above this scale, standard model particles did not have mass, and the SU(2), x U(1)y re-
mains unbroken. Afterwords we are left with the broken SU(2)eqr and the unbroken U(1).,,
forces which we observe on more accessible energy scales here on earth. For theories with
massive dark matter candidates above the symmetry breaking scale, there must be another
mechanism to dynamically generates its mass. If these dark matter candidates couple to the

Higgs, they receive a correction to their mass as the symmetry breaking scale is reached.
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T > 150GeV T < 150GeV

Figure 2.1: Evolution of the Higgs potential as a function of temperature in the early universe

In the spirit of electroweak symmetry breaking, lets briefly look at how symmetry breaking
and the Higgs mechanism occurs in the Glashow-Weinberg-Salam (GWS) theory of weak
interactions ([9], [10], [11]), in the context of gauge boson mass generation. For this explana-
tion, we assume to be below the symmetry breaking scale. First, consider the Lagrangian for

a Higgs interaction, which could be included in a theory with any SU(N) gauge symmetry

A
'CHiggs - Du¢*Du¢ - <_:UJ2¢*¢ + §(¢*¢)2) (217)

Where we have written the Higgs field as a complex scalar ¢ and the covariant derivative
can take whichever form necessary to satisfy the gauge symmetries of the full Lagrangian.

Looking now at the derivatives of this potential, we can see that there is an unstable maxi-

mum at |¢| = 0, and a true (stable) minimum at |¢| = ¢y = (“;) ®. We can make this true

minimum manifest by rewriting the potential (to quadratic order) in the expansion of our

complex field about this minimum

1
¢ = ¢go+ —=(¢1 +igo)
Y (2.18)

4
V(6) = =5 + 126} + 0(61)
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Where one of our scalar fields, ¢; has a mass term with my, = 2u* and the ¢, field remains
massless. This massless field is known as a Goldstone boson and gives a physical interpreta-
tion to the extra degree of freedom the once massless gauge bosons of SU(2), acquire after
symmetry breaking. We see actually that the gauge freedom we have allows us to make the
¢ field real valued at all points in spacetime, thus eliminating the need for ¢, at all. This
is convenient to do since it negates some strange couplings of ¢, to the gauge fields in the
expansion of the covariant derivative. This expansion of the |D,¢|? term is precisely what

gives us gauge boson masses after symmetry breaking. We note that it is also customary to

label ¢g = v.

In the case of the electroweak SU(2) x U(1) theory (eq 2.15), our Lagrangian obeys the

following gauge transformation

¢ — T P2 (2.19)

where the scalar field has been given a hypercharge of +1/2, and we note the 7% are related
to the usual Pauli matrices. It is also useful to note that just as the global U(1) invariance
yielded electric charge (or hypercharge, Y before spontaneous symmetry breaking), global
SU(2) invariance yields another type of ‘charge’, this time referred to as T3. After symmetry
breaking, electric charge is determined by @ = T3 + %Y. Using our gauge freedom, and
specifying our field to be in the spinor representation of SU(2), we can put our vacuum

expectation value as

(2.20)
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Now, for these gauge symmetries, the covariant derivative is defined as

l

D¢ = (au —igWir® — 2

/5, )0 (221)

Therefore, the terms quadratic (of the form %mQBuB“) will be generated by the kinetic term
of the Higgs field. Squaring this kinetic term after the Higgs field acquires a VeV gives us

the relevant mass terms

/ /
Lonass = ( 0 v ) (P War Wbz + %WﬁTGB“ + %

N | —

(2.22)

2
+B,4"7" + LB, B")

By inputting the generators of SU(2), 7* = ¢%/2 this equation can be made much more
provocative
102

Limass = 5 (6 (W,)* + g* (WD) + (=gWi + 9'Bu)’) (2.23)

From this we see that the original gauge fields of SU(2);, x U(1)y all seem to acquire some
type of mass. This is false, however, as it is possible to write these fields in a basis where
only three of them acquire masses, and one remains massless. This is the symmetry breaking

of SU(2), x U(1l)y — U(1)em. The relationship between the different bases is thus

1
+ _ 1 2
Wu E (Wu + ZWN)
1
2 = 9+ g~ (9Wy —9'By) (2.24)
1
A= g W 0B



Where we have made contact with the more familiar gauge bosons of the standard model.

Insertion of this new (orthogonal) basis into equation (2.23) yields the mass terms

vg'+g” (2.25)

This is the Higgs mechanism and symmetry breaking pattern that happens in the early uni-
verse which causes the gauge bosons, Higgs boson, and fermions to acquire their masses. We
note that the SU(3) generators of the strong force remain unbroken under this effect, and

so the gluons remain massless today.

2.1.5 SU(3) Strong Interactions

Now, let us turn our attention to the final force in the standard model, namely the strong
interactions that mediate internuclear forces. This theory is SU(3) gauge invariant, and so
as usual, the mediators of this force are the eight gauge bosons known as gluons. Before we
write down the Lagrangian for this theory, it seems prudent to discuss another feature of

gauge theory interactions, that of running coupling constants.
Standard methods in perturbative quantum field theory make note of a (usually small) cou-

pling constant at each vertex. This coupling makes it obvious that more complex diagrams

with a large number of vertices are significantly suppressed when computing observables.
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Figure 2.2: Left: Schematic illustration of how perturbation theory in QED works; the more
vertices in a diagram, the more suppressed the interaction is. The second diagram is a one
loop correction to ee™ scattering. Right: The running of couplings in the standard model,
illustrating the qualitative difference between Abelian and non-Abelian gauge couplings.
Figure adapted from 2004 Nobel prize website [§]

It has been found that these coupling constants are not actually constant, and appear to
run with the energy scale of the interaction that they describe. This phenomenon appears
as an effect of the renormalization procedure. Renormalization is a scheme that absolves the
standard model of infinities that arise from higher order loop corrections to well understood
processes. It is a rich and fascinating subject, but beyond the scope of this review, so we will
just borrow a few results from this scheme. A particularily interesting result is the fact that
in fermion-free theories, Abelian gauge theories such as U(1) have a coupling that runs to
infinity in the ultraviolet (high momentum scales), whereas non-Abelian theories can exhibit
a property known as asymptotic freedom. Asymptotic freedom quite literally means that
the coupling constant goes to zero in the UV, but is large in the infrared (low p limit). For

QED, this coupling runs like

_ QQED
— 2.26
SQED = T (g0 nn/3m) log(@?/A0%) (2:26)
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Here, M is scale of QED interactions (taken to be near the electron mass here), and the
negative sign between the terms in the denominator is indicative of the fact that this coupling
goes to a constant value in the low momentum limit (¢ — M), and is unbounded for
large ¢. For a non-Abelian gauge theory SU(N) with n; light fermions in the fundamental
representation, the coupling instead runs as

o

O = T (a/am)(1LN/3 — 2n,/3) log (2 /01%) (227)

The relative positive sign in this expression (that is present for a small number of ny) is
the smoking gun for an asymptotically free theory. Quantum chromodynamics (QCD) is
one that follows such an evolution, and so the perturbative framework pioneered for QED
is of limited use in the low energy regime. Nevertheless, perturbative calculations are useful
in understanding the general features of QCD, but the non-perturbative effects cannot be

neglected.

The theory of strong interactions contains six different ‘flavours’ of quarks, and eight different
types of gluons. The quarks and gluons contain a new property exclusive to SU(3) called
colour charge, which must be conserved at a vertex. Quarks also contain fractional electric
charge, and thus transform under the other forces as well as SU(3). For completeness, lets

write out the Lagrangian for QCD

Il 1 a Ypv,a nfg20 [V
Locp = (i) —m)y — ZLG‘“’G e F,F (2.28)

Where the gluon fields implicitly defined in ) and G, come are a result of the eight Gell-
Man matrices used to generate infinitesimal rotations in SU(3). The final term violates CP
symmetry, which is an expected (but not measured) effect of QCD. This 6 parameter must

be very small (presenting us with a fine-tuning problem) otherwise CP violation would have
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been observed in QCD experimentally. This term is explored in more detail next chapter.
The masses of quarks are generated along with other SM particles after spontaneous sym-

metry breaking in the early universe.

@9
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Figure 2.3: A schematic diagram of how confinement and flux tube generation happens in
QCD. As a bound state of quarks separates, a pair of matching quarks is popped out of the
vacuum when d ~ AQC D

An interesting property of the strong interactions not observed elsewhere in nature is quark
confinement. Quark confinement is the statement that only colour neutral states may appear
in nature. A meson is a bound state of quarks consisting of a quark-antiquark pair. One
may imagine attempting to separate the two quarks in a state so that they are free from one
another, but it turns out that the two remain connected by what is known as a gluon flux
tube. This flux tube is merely a constant interchange of gluons between the two particles,
and the energy of such a tube scales with the distance between the two quarks. As the
distance between the quarks reaches ACEICD (the inverse of the confinement scale of QCD),
it becomes energetically favourable to pop a new quark-antiquark pair out of the vacuum.

This process is what creates jets of particles detected in colliders.
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Because of the composite states that quarks live in at collider energies, parton models of
the proton and electron are commonly used to compute scatterings requiring QCD. This
formalism will be reviewed later on in the context of a composite dark matter model. As
primary motivation, since gluons interact with themselves, there are hypothetically a num-
ber of composite states made up purely of these gauge bosons. These composite states are
referred to as glueballs, and are commonly distinguished based on their quantum numbers,
JFC (angular momentum, parity, and charge parity). Due to mixing with meson states, [12],
glueballs are extremely challenging to detect in collider experiments, and as such have no

been experimentally confirmed thus far.

2.1.6 Decay Rates and Cross Sections

Now that we have discussed the gauge structure that makes up the standard model, we
turn our attention towards perhaps a more practical side, that of computing observables.
Feynman diagrams are generally used to computed amplitudes, M, which are then used to
compute the observables themselves. QFT is conventionality defined in a way which gives rise
to Feynman rules, or ways to bridge between the graphical interpretation of an interaction
and the mathematics it encodes. These Feynman rules are usually intuitively read from the
terms with field couplings. For example, the QED expanded Lagrangian is

1 _
Lopp = Y(iy"0, — m)y — ZFWF‘“’ — eyt A (2.29)

The interaction vertex is easily read off from the term with two spinor fields and the one

gauge field, such that
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Figure 2.4: Feynman rule for the interaction vertex in QED

Now the other kinetic terms in the Lagrangian go into defining quantities such as the prop-
agators (amplitude for a particle to go from the spacetime point p to v for example) of our
fields. A derivation of all these Feynman rules will be left to the textbooks, even though we
will quote values of propagators and vertex factors throughout this work. Suffice to say that

knowledge of these rules is necessary to compute the probability amplitude, M.

On a similar note, the derivation of differential cross sections is involved and will also be
left to textbooks. First, let us present the general formula for the cross section of a 2 — n

particle scattering [1] [13]

n

1 d3pf 1
do = M(pa,pp — )
7 2E42Fglva — vg] (}1;[1 (27)3 2E; \M(pa,pp = p1+p2+...00)|

(2.30)

x(2m)4 W (pa +ps —P1 — P2 — - - Pn)

For certain interactions with certain symmetries, though, simple analytic expressions exist.
For example, in the centre of mass frame of a 2 — 2 scattering problem, the differential cross

section becomes

dO' 1 ’pll ,
Q) ¢y M(pa,ps = p1, 2.31
(dQ)CM 2EA2EB‘UA — UB| (27T)24Ecm| (pA PB P1 p2)| ( )

Where particles A, B are the incoming state, and 1,2 are the outgoing. A further simplifi-
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cation occurs when we set all the masses of the incoming and outgoing particles identical to

each other

do M|?
CM 64m cm
Decay rates can almost be viewed as a simplification of the cross sectional formula, where
the initial phase space only contains one particle. Without invoking any real symmetry

arguments (other than being in the rest frame of the decaying particle), the decay rate of

one particle into n is given by

= dPps 1
e (H (27r)f3 2Ef> (M(ma — prt+pat.. -Pn)’2<27)45(4) (Pa=p1—p2—-..pn) (2.33)
F=1

For the simple and more common case of only two final state particles, it is straightforward

to show that the differential decay rate is
dr’ p| 2
— = —0— M — 2.34
(dQ)H2 saroape MM = p1ope) (2.34)
Where M is the mass of the decaying particle, and p is the 3-momentum of either of the two

final state particles, since they must be equal.

2.2 Effective Lagrangians

From the previous section, it is clear that the Lagrangian is a natural starting point for
computing observable quantities in quantum field theory. The notation can be cumbersome,
however, and good approximate methods have been developed for calculating quantities both

within the standard model, and beyond it. A particularly crucial idea in Lagrangian building
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is that of an energy scale [2] [14].

As it stands thus far, the Lagrangian for the standard model is an accurate descriptor of
the strong, weak, and electromagnetic forces that we observe phenomenologically. However,
it doesn’t scratch the surface on anything gravitationally related, and there is always the
possibility that new effects could be discovered as we probe higher energy scales in colliders.
By this, we know that Lg); cannot be what is called ‘UV complete’, as we don’t know (but
assume) that it doesn’t capture the higher energy degrees of freedom that exist within na-

ture. This is what is meant by an energy scale.

2.2.1 The Effective Lagrangian of Weak Interactions

First, to develop an intuition for effective Lagrangians, and to appreciate their power as an
approximative tool, we will look at what happens in particle physics at a scale much lower
than the scale of the W boson. This is often referred to as the Fermi theory. We closely

follow some of the ideas presented in [2].

Consider the amplitude for the decay of a 7 particle into two fermions, and a 7 neutrino.

This decay amplitude may be written as

M(T = Ve fnfu) = €y U [ 7" (1 +75)ur (K)][tn (P)7” (1 + 75)vm ()]

[+ (k= D= 0, /03,
(k—1)2 + M2,

(2.35)

Where ey is the weak coupling, U is related to the quark mixing matrix, the u,v are in-
coming and outgoing spinors, and the last term is the W boson propagator. As usual, the

bolded [, k, p, ¢ terms represent the momenta of the particles.
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In an effective theory below the W mass, we are left with all the standard fermion content,
modulo the top quark. If we turn our attention to the propagator, we see that because
of the low masses and momenta of the fermions compared to the W, we can introduce a

simplification

N + (B — 1) (k — Z)V/Mav o M

+ O(My") (2.36)
(k—1)%2+ Mg, M2, W

Since My >> my, it is appropriate to just keep the lowest order term in the expansion.

Using this expression yields an amplitude

2

M(T = Ve fonfn) = ;—%U&n[ﬂu(l)v“(l +75)tr (K)][8n (P) V(1 + 75)vm(a)] (2.37)

The difference now, is that before in equation (2.35) we had to make use of three vertex
Feynman rules for weak interactions, as well as a W propagator to determine this amplitude.
Now, the expansion in M2, has masked our propagator in such a way that we say the particle
is ‘integrated out’. Using this approximation, we are able to construct a simple, effective
interaction that encodes the 4-point interaction of a 7 — v, f,, f,, without even recognizing
the existence of the W boson, but instead having its effects encoded in the coupling term.

Such an interaction term would look like

2
e % - =
£T—>V7—fmfn - _2]\;/%/ Umn[VT’yu(l + /75)7_] [fn’ylt(l + ’75)fm] (238)

and would be included in this low energy description for the weak interactions.
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Figure 2.5: The schematic collapse of a Feynman diagram when using an effective Lagrangian.
None of the initial or final state particles are altered, just the mathematical computation.
Note the black circle is meant to emphasis that a propagator has been removed

Since many interactions in the standard model have light initial and final states mediated
by the exchange of a W boson, it is possible to generalize this interaction Lagrangian to all
such processes. Generally speaking, the W boson mediates weak processes that involve the
exchange of electric charge, and couples to other light particles by way of a charged current

Lagrangian,
Lee=ewW, C"+ h.c (2.39)
Where C* is a term that couples the charged interactions between fermions in the standard
model (see [2] for more details). Replacing the W boson interaction yields
ol (2.40)
Lecess = —5CHC, 2.40
M, "
The same can be done for the Z boson exchange in neutral current interactions, yielding

2

€
Lacerr = 7NNy (2.41)

Where N, is the associated neutral coupling between standard model fermions. Finally, we
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can write a total effective Lagrangian for weak interactions below the W scale as

'Cweak:,eff - 'Ccc,eff + Enc,eff (242)

If we were to extend our theory not just to those of weak interactions, but of the standard
model in general, we would have to include effective interactions of other heavy particles

such as the Higgs as well.

2.2.2 Effective Lagrangians Beyond the Standard Model

Now that we have seen how effective field theories can be implemented into the standard
model, lets attempt to use these techniques as a way to probe physics that does not quite fit
into the standard paradigm. This framework is particularly useful in constructions of parti-
cle dark matter, where any standard model couplings must be highly suppressed to satisfy

experimental constraints.

Oftentimes, we define such a scale, A, as the point up to which our theory is defined. Above
that, the details of the theory may be obfuscated by a lack of information on our system, so
we construct an effective Lagrangian which can parametrize our ignorance in a sense, and
help give predictions. Within the standard model, this can be a useful approximative tool.
For example, the low energy description of QCD can be written in terms of mesons in such a
way that calculations can be easily done without losing much information on the underlying
composite structure of the bound state. At higher energy scales, this description must be
discarded and we must once again return to the Lycp that we discussed earlier. Another
advantage is looking beyond the standard model, by introducing new (suppressed) interac-
tions between a hidden dark sector and the standard model, we can make phenomenological

predictions which may help narrow our search for an elusive dark matter candidate.
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The general recipe is as follows; imagine you have some Lagrangian describing a physical
process. For the sake of argument, lets say thats its scalar QED as we wrote above. As a

reminder, the Lagrangian for this theory was

1
Loopp = =7 F* Fay = D" D6 =m0 (243

Now imagine that we discover in the far future that some other particle couples to our field
¢ in the theory, with an extremely small probability. This can be interpreted as having a
very small coupling between the sectors. If we introduce this new field x and couple it to the
scalar in the form of a 4-point function, we would imagine equation (2.35) as the effective

theory of a more complete Lagrangian, namely

1
Lo qpp = —ZFaﬁFaﬁ — D,¢" D" — m*pg* — A" x> (2.44)

Now from dimensional analysis, the scalar field ¢ has mass dimension of M, since our La-
grangian must possess mass dimension 4. Indeed, all bosonic fields possess mass dimensions
of M, while fermions have M3/2. If our y particle is a boson, no further amending is nec-
essary. Due to the restriction on the dimension of the Lagrangian density, however, if y is
a fermion (or a vector-like fermion, as is popular in dark matter models), we can explicitly
write the mass effective Lagrangian as

1 AN oo

£szED = —Z—lFaﬁFa,B - Dpéb*D“(? - m2¢(b* - M@? X (245)

Where the couplings are suppressed by the scale of this interaction. If this scale is high, it
gives an intuition between why these interactions take place so infrequently; the coupling is

highly suppressed!
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The inverse process can also be done, where you introduce some new coupling that is sup-
pressed by a mass scale, and determine the observations that should arise from this new
interaction. This can then be compared with data and then either accepted as a new inter-

action (almost never), or ruled out (almost always).

2.3 The Thermal History of the Universe

The setting of many of the particle interactions we wish to study is much different than what
we observe here on earth. Indeed, almost all the effects mentioned above have been worked
out for nice, vacuum-like conditions. In order to introduce new extensions to the standard
model which may describe dark matter, we need to talk about not only their properties
today, but how they evolved throughout the thermal evolution of the universe. It turns out
that a great many constraints on new particles come from cosmologically based surveys, so it
seems only prudent to go into a little bit of detail on the standard paradigm of the evolution
of our universe. This section takes inspiration from a number of enlightening textbooks and
papers [15] [16] [17] [18] [19]. In this section we aim to present a review of this material,
by going roughly chronologically and speaking more specifically about different parts of the

theory that can provide constraints on early time dark matter.

2.3.1 Cosmological Preliminaries

Before we begin, let us make some remarks on the mathematical framework cosmology is
usually worked out in. The standard big bang picture that we will discuss below, along with

observations on the large scale homogeneity and isotropy of the universe, allow us to assume
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a very simple metric

dr?

ds® = dt* — a*(t) + 1r%(df* + sin*0d¢?) (2.46)

1—kr?
This is the Friedmann-Robertson-Walker metric and describes the geometry of spacetime
with very few parameters. Here, a(t) represents the scale factor, which grows with time, and
rk represents the spatial curvature of the universe (k = —1 for a hyperbolic universe, k = 0
for a flat one, and k = +1 for a spherical universe). Experimental data suggests that x is

very close to 0. The well known Hubble parameter, H(t) is determined by a(t)/a(t).

With the basic structure of spacetime specified, Einstein’s equations can be solved to yield
the Friedmann equations. Assuming the matter in the early universe can be modelled by a

perfect fluid, the energy-momentum tensor is given by

T,LLI/ = —PYuw + (p + p>uuulf (247>

Where u is a velocity vector for our fluid in co-moving coordinates, p and p are the pressure
and energy density of the fluid respectively. Einstein’s equations (without a cosmoogical

constant term) are

1
Ry = 59 R = 87GN T, (2.48)

Where R is the Ricci scalar, and R, is the Riemann tensor, both defined by the FRW metric

above. From these two expressions, it is possible to construct the Friedmann equations which
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describe the dynamics of the universe

H? = (9)2 _8nGnp K
a 3 a (2.49)
1 47TGN

i
Z = 3
" 3 (p+ 3p)

Assuming a curvature parameter of 0, density parameters for each of the three major species

of energy content can be determined.

Q=L Q=2 g, = (2.50)
Pe Pe Pe

Where p. = 3H?/87Gy is the necessary energy density required for a flat universe. From
observations, it seems that €, + Qpy + Qa &~ 1, or p = p.. Note that we have excluded
the energy density of relativistic species such as photons, as their contribution to the total
energy density is negligible at late times. As a final note, we mention that the Friedmann
equations are also useful to probe the scaling of the Hubble parameter as a function of time

(temperature).

2.3.2 Thermodynamics and Particle Interactions

Before jumping into the interactions that particles undergo in the presence of an expanding,
thermal background, let us review a few basic thermodynamic properties. In the early
universe, the primary energy content was photons, hence this era is known as the radiation

dominated epoch. First, lets note that it is straightforward to write the equilibrium energy
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density and pressure of a particle species

/ Eidn,,
/ q—zdnql

Where dn,, is the number density of a species, and follows the Fermi or Bose distribution

(2.51)

depending on its spin

giqigdfh
277'2 (e(Eqifﬂi)/Ti + 1)

dn,, = (2.52)

The ¢; are related to the energy of the species by E. = m7 + ¢7, and y; is the chemical
potential of the species. In the radiation dominated epoch, the energy density of relativistic
species is

prei = 7= g+(T)T" (2.53)

In this final definition, g, refers to the number of degrees of freedom of the particles species
that are still relativistic. In a thermal bath, a particle is said to be relativistic if T > m, so

we see that as the universe cools g, will drop as particles become nonrelativistic.
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Figure 2.6: The evolution of g, as the universe cools. Different temperatures mark where
certain species become non-relativistic. Figure from [15]

We should also note that the effective degrees of freedom g, are defined as g, = >, g, +
% > 7 9¢, so fermions contribute less than bosons to this quantity. Note that the introduction
of new particles above standard model masses will give a different evolution of this quantity

at high temperatures.

Now, in understanding particle interactions in such a background, the idea of particle num-
ber freeze out (decoupling) from the thermal bath becomes important. In a naive realization,
decoupling occurs when the rate of particle interactions falls below the Hubble expansion
rate of the universe (I' < H). The physical motivation for this is that once the universe is
expanding fast enough, particles that would like to interact can no longer find each other at
an efficient rate, and so the interactions effectively ‘freeze out’. We will consider the more
elegant method of using the Boltzmann equation to solve this problem of particle number

freeze out in the next chapter.
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To briefly illustrate the freeze out process, imagine you have a particle whose only interactions
are 2 — 2 scatterings mediated by the weak force. If we assume these interactions take place
at low energy scales (say, lower than the mass of the W*, Z bosons), we can use our effective
Lagrangian approach to estimate the cross section. From dimensional analysis, we first note
that o has units of distance squared, and hence in our ‘god-given’ units this means that
o ~ T72. From equations (2.43) and (2.44), we can make the estimate for the cross section
to be

4

~ —=T 2.54
o 7\ [4 7z ( )

The rate of interactions is usually defined as I' ~ nov where n is the number density of the
particles, and v is their average velocity. Setting v ~ ¢ and noting n ~ T%. Dimensional
analysis also provides us with H ~ T?/Mp;, and so fitting all of these together gives us a

condition on the freeze out temperature of a weakly interacting particle

I ey M T\’
_ Wz Py ( ) (2.55)

H M, 1MeV
This implies weakly interacting particles decouple from the thermal bath at a temperature

of around 1MeV.
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Figure 2.7: Tracking the (comoving) abundance of a weakly interacting particle species before
and after decoupling from the primordial plasma

As we can see, the longer a species stays in equilibrium with the photon bath, the more

exponential suppression it undergoes and therefore the lower its final number density.

2.3.3 The Thermal History: A Timeline

To finish off this section, it seems worthwhile to at least mention the different phases of the
universe during its evolution from the supposed ‘big bang’ to now. We will label different

events by the temperature of primordial photons, rather than time as is standard convention.

Though the big bang is the most popular idea of how the universe started, its introduction
of a singularity causes some discomfort amongst physicists. Non-singular alternatives have
been developed from string theory origins [20], as well as from a nonsingular bounce where
the universe went from contracting to expanding [21]. Now we know that the universe ap-
pears to be homogenous and isotropic on large scales, but how can we get such a natural
smoothness on large scales naturally? If you observe cosmic microwave background (CMB)

photons, you notice that they are nearly uniform in temperature across the whole sky, but
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this seems very unlikely since the causal cone of CMB photons is of the degree scale. Inflation
provides a solution to this problem, as well as a couple others that pop out of inconsistencies
between early time and late time physics models. Inflation is a phase of the universe where
the universe expands at an exponentially fast rate, allowing early time photons to be in
causal contact with each other in the late universe today. This phase is generally driven by
a scalar field, and it is the decay of this scalar field that is thought to source all standard

model particles (and perhaps dark matter as well).

After inflation, we must find some way to introduce an imbalance between baryons and
antibaryons. Such a process is called baryogenesis, and while many models have been studied
to source this effect, none has so far been given preference from observations. After this, the
universe cools and as it hits 7" ~ 150GeV, it undergoes the electroweak phase transition.
This is where the spontaneous symmetry breaking of the Higgs takes place (as described
in the section 2.1.4). Here, particles acquire their mass via the Higgs mechanism, and the
electromagnetic and weak forces decouple from one another. The underlying gauge structure
of the standard model breaks from

SU(3) x SU(2), x U(1)y 2228 SU(3) x U(1)erm (2.56)

After this, the QCD phase transition takes place, at which point the strong nuclear force
becomes ‘strong’ and quarks get bound together to form Hadrons. This transition greatly
reduces g., as indicated in the plot above since the number of relativistic degrees of freedom
in the system greatly decreases. This happens around 7' ~ 150MeV . Many different types of
particle species freeze out after this point, until we reach the era of big bang nucleosynthesis.
During this phase, ionized hydrogen fused with itself in order to create heavy nuclei, such
as helium and deuterium. BBN takes place around 1" ~ 100keV and limits on the observed

abundances of these different elements is highly constraining to models which interact with
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the standard model prior to this time.
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Figure 2.8: A schematic illustration on the relative evolution of the universe from the big
bang to the present [22]

Arguably one of the most observable effects of the standard cosmological model is that of
recombination, which takes place around 7' ~ 0.25¢V. During recombination, the soup of
free electrons and ionised hydrogen are finally able to recombine without photons to reionize
them. This happens as the cosmological redshift of the expansion of the universe weakens the
energy of each photon, to the point where they have E., < Ej;,q for neutral hydrogen. With
the primordial soup now electrically neutral, photons free stream from the last scattering
surface, all the way to us today. These photons make up the CMB, and contain a wealth of
information related to the evolution of the universe. Studying the temperature anisotropies,
polarization schemes, and spectral distortions have led to many constraints on primordial
physics. After this, structure eventually begins to form in the universe, and finally we evolve

to the current time-slice of cosmology in front of us today.
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Chapter 3

Relic Densities and the Dark Matter

Paradigm

The observable universe is well described by particle cosmology thus far, but curiously, it
seems that most of the content of the universe remains unobservable. In fact, a combination
of galactic mass surveys, as well as the determination that the universe is roughly flat forces
us to postulate the existence of exotic physical quantities. Dark energy is slated to make
up about 70% of the universes mass-energy budget, and supplies a sort of negative pressure
to the universe, preventing its closure. Dark energy is very strange, as it also possesses an
energy density that does not dilute as the universe expands. While a fascinating subject to
study, we will not consider it further, and instead step away to the other poorly described

phenomenon in cosmology, dark matter.

Of the remaining mass-energy budget, ordinary baryonic matter makes up roughly 5%, and
dark matter the final 25%. All of the complex scaffolding we have created to describe physics
only accurately describes about 5% of the universe. Evidently we have a lot of work to do if

we want to have any hope of coming up with a more complete description of physics.
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Velocity rotation curves offer a compelling source of evidence for the existence of dark matter
[23]. From Newton’s laws it is easy to find that the rotational speed of a star that is a distance
R away from the centre of the galaxy should fall off as vy oc R~1/2 if the mass is localized to
the centre. As the first few papers measuring this in the late 1970s found [24] [25], this was
not the case. Instead, the velocities seemed to flatten out, implying a linear scaling between

the enclosed mass and distance from the centre.
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Figure 3.1: The rotational velocity of stars in spiral galaxies observed via 21c¢m astronomy.
Figure taken from [25]

This observation led to the speculation that a non-visible form of matter must be lurking
in clumpy, halo-like structures around galaxies. Afterwards, more observational effects of
dark matter where detected via gravitational lensing, as well as in the power spectrum of the
CMB. The main purpose of this work is to develop a consistent mathematical framework to

describe the nature of this mysterious form of matter.
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3.1 Dark Matter Candidates

In this section we will review a few of the possible explanations of dark matter, and illustrate
how smoothly WIMP dark matter fits into the cosmological framework. Before we get there,
however, let us first parse through a few creative solutions to the mystery of dark matter.
The criteria for a (non-baryonic) dark matter candidate is that they must be stable on cos-
mological time scales, must have highly suppressed interactions with photons, and have to
possess the observed relic density in the universe today. Baryonic dark matter is very heavily
constrained by the observed abundances of light elements such as helium and deuterium [26],

with constraints strengthened by recent the recent Planck satellite results [27].

3.1.1 Primordial Black Holes

Black holes forming in the early universe (called ‘primordial’ black holes in the literature)
have been proposed as a possible source of dark matter [28]. Primordial black holes are
created not due to collapsing stars as in the usual astrophysical picture, but due to large

density fluctuations in the very early universe much before star formation began taking place.

Primordial black holes can hypothetically be of any mass, since they do not require core
collapse to be formed [29]. The existence of Hawking radiation bounds the mass from below,
however, as black holes with mppy < 10'g would have evaporated by this time [30]. In
fact, the currently unexplained gamma ray bursts originating from the centre of galaxies
can further constrain this lower bound. On the opposite side, large mass PBHs are heavily

constrained due to the weak lensing signatures that they would introduce. These constraints
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fit us in a window of

10Yg < mppy < 10*g (3.1)

A recent paper also suggests that black holes in this mass range are ruled out due to the
fact that old neutron stars still exist today in regions with high pp,,. Old neutron stars in
this environment should have gravitationally captured some of these PBHs, in which case
they (the neutron star) would be destroyed by the rapid accretion of matter into the black
hole [31]. While the idea of PBHs is well physically motivated, their role as a dominant

constituent of dark matter seems to be dwindling.

3.1.2 Axion Dark Matter

Axions are a hypothetical particle thought to give rise to the CP violation in QCD. Recall
the CP violating term in the QCD Lagrangian
nyg*0

EQCD C WFMVF’MV (32)

In non-Abelian gauge theories, potentials have disjoint sectors which are accessible to one
another via quantum tunnelling [32]. Because of this, the vacuum state becomes a super-
position of different configurations of the minima of these potentials, which we classify by a
winding number, n, labelling the minima of each disjoint sector, and ¢ which describes the
QCD vacuum. n is the topological winding number. The vacuum configuration of QCD is

labelled as

0) =) e |n) (3.3)

n

This @ parameter is then related to the quark mass mixing matrix M by 0 = 6 — arg det M,
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and @ is interpreted as a dynamical field in the Peccei-Quinn solution to this strong CP prob-
lem [33] [34]. In more detail, the smallness of the  parameter is a result of the axion field
0 relaxing to the bottom of its potential which is not quite zero due to the chiral symmetry

of the standard model being broken by the masses of quarks.

Axion production in the early universe can take place by mechanisms such as vacuum re-
alignment [35], or cosmic string decays [36]. The vacuum misalignment mechanism is one
in which the axion field initially has a value not near its potential minimum. When this
is the case, the field coherently oscillates around its nearest minimum, which acts as an
efficient way to dissipate energy by decaying into other particles. This puts the axions in a
low momentum state in the late time universe, allowing them to be considered as cold dark
matter even though they are extremely light. Due to the fact that the vacuum state of QCD
is not simply connected once the Peccei-Quinn symmetry is broken, we can also consider the
formation of oosmic axion strings. Cosmic strings can form objects called kinks and cusps
(specific solutions to the equations of motion from a Nambu-Goto action), which will radiate
away parts of their field content when these objects enter the horizon. These axions can

provide additional signatures to search for.

These hypothetical particles would be very light, but their abundance could be immense
yielding a viable candidate for dark matter. It should be noted that standard constructions
of string theory (particularly when compactification occurs) give a large number of axions
that could be interpreted as dark matter as well, so there is significant theoretical motivation

for the study of such particles.
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3.1.3 Weakly Interacting Massive Particles (WIMPs)

Let us briefly mention one last generic type of particle dark matter that is immensely popu-
lar within the community. Observationally, we can only be sure that dark matter interacts
gravitationally with the rest of the standard model. Strong constraints exist on charged
dark matter, so coupling to photons is unlikely, and strong couplings would be thought to be
easier to see at particle colliders. Weak interactions, however, are not so heavily constrained

and thus can present us with a good channel for phenomenological discovery.

It turns out that for cross sections typical of weak processes, the number changing interac-
tions freeze out at a time in which the remaining number of WIMPs is very nearly Qpay,
the observed density of dark matter in the universe today. This is referred to as the WIMP
miracle, and will be reviewed in some detail next section. This coincidental fact makes a

very strong claim that dark matter could be weakly interacting.

3.2 The Boltzmann Equation: Determination of Relic
Abundances

We turn now to our greatest tool in relating interactions involving dark matter (and other
primordial particles), to their relic densities persisting in the universe today: the Boltzmann

equation.

If we take the thermal bath of CMB photons to be our background, the evolution of ther-
modynamical quantities for particles in equilibrium with the photons are simple, they just
track that of the photons. After decoupling, the evolution is even more simple, the number

density of a species n, dilutes with the expansion of space, as a~3, and its momenta as a~!.

43



The difficulty is describing qualities like number density right around the time of decoupling
from the photon bath, or when the rate of particle interactions I' is of the order of the
Hubble parameter. The Boltzmann equation does just that, by following the microscopic
evolution of the phase space distribution of a particle species, we can determine exactly when
it decoupled and how much of it is left today. We follow ideas presented in [15] [16], and

present the Boltzmann equation with its application to a WIMP-type dark matter candidate.

3.2.1 Out of Equilibrium Thermodynamics

Without any further ado, let us introduce the collisionless Boltzmann equation

3—-n; =0 3.4
dt * an (34)

This is a rather boring picture, it is simply a reflection of the fact that the number of particles

is conserved. We can rewrite the left hand side as a%d(”d;fs). We need to add

in a volume a?

a collision term in order to determine departures from equilibrium. The most general term
we can write (for an ¢ + a — y + z 2 to 2 particle interaction with) casts the equation as

1 d(n;a®)

e / AT dTT,dIT,dTT, (27) | M|264 (ps + Pa — Py — ) fifa — fuf-) (3.5)

Here, we f;’s are the phase space distributions of each type of particle involved, M is the

amplitude of such a scattering process, and we integrate over the phase space momentum as

g &P

dll = L
(27)3 2E

(3.6)

Where g is the internal degrees of freedom of the species in question. Its typical to redefine
a couple quantities to make the calculation more tractable, so we define Y = n;/s where we

recall that s ~ a3, and * = m/T where m will be the mass of our dark matter particle. ¥
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will represent the evolution of our species in a fixed comoving volume, and x the timescale
at which our particle freezes out. While still in thermal equilibrium, the abundance (Y") of

a species goes as

Y ~ %27 (3.7)

and so only particles that decouple shortly after they become non-relativistic (m /T ~ 1)will
have an appreciable relic density today due to the exponential suppression. Refer to figure
2.7 for a qualitative picture of the freeze out process. With these substitutions, we can write
the Boltzmann equation in the form known as the Riccati equation
dy A
=—= (Y*=YZ) (3.8)

dr a2
Here we have absorbed most of the constant terms as
272 m3{ov)

A= 4—59*S(m)

(3.9)

The information on the phase space and amplitude of the interaction are encoded in the
thermally averaged cross section, (ov). We will consider the challenge of evaluating this
quantity in the next subsection. We have defined H(m) = 1.67¢.*m? /mpy, and it is related
to the usual Hubble parameter during the radiation dominated phase by H = H(m)z 2.
The value at which the abundance stops tracking equilibrium (when Y # Ygq) depends now
on the parameter A\, which is constant over the thermal evolution of the species, with larger

values freezing out slower than smaller ones.

At late times (long after decoupling), we know that Yo << Y, and so we can get a good
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approximation on the final relic density by setting Yzo = 0 in the Riccati equation.

—x—-=Y? (2 >>ay) (3.10)

Solving this differential equation and integrating from x = z¢ to x = oo yields the approxi-

mate solution for the late time abundance of a particle species
Ly
Yo~ — 3.11
: (311)

3.2.2 Thermal Averaging

Lets switch gears for a moment and consider how to go about computing the thermally
averaged cross section for a scattering event, (ov) [37]. This thermally averaged cross section

times velocity is usually defined as

[ ovdni’dny’

== 3.12
(ov) [ dn{tdng’ ( )

Where n{% are the equilibrium number densities of the initial state particles in a 2 —
2 collision. As a simplifying approximation, consider the equilibrium distributions of the
particles to be Maxwell-Boltzmann (neglecting Bose-Einstein/Fermi-Dirac effects). With

this simplification, the cross section becomes

B fave—El/Te—Ez/Td3p1d3p2
<UU> - fe—El/Te—Eg/Td3p1d3p2

(3.13)
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Using the relativistic energy momentum equation, as well as the following change of variable

E, = E, + By
E =F, — B, (3.14)

s=2m?+2F,Ey — 2p1pacost

We can rewrite the volume element for our integration in a more useful way

CpidPpy = 21° By EydE L dE_ds (3.15)

Integrating the numerator and denominator of equation (3.13) yields us a simple, single

integral expression for (ov), as found by [37]

(o0) = K122 T /4 o — Am2)\EK (Va/T)ds (3.16)

m2
This is the general equation we will use in the next chapter when we compute the thermally
averaged cross section of a dark matter species. Note that s is the usual Mandelstam variable
s = (p1 + p2)?, and so our integration bounds run over all possible momenta of the incom-
ing/outgoing particles. Note that K, K, refer to modified Bessel functions of the first and
second kind. A few of the details of this computation have been reproduced in the appendix

of this work.

3.2.3 The WIMP Miracle

Now that we understand the mechanics of the Boltzmann equation, it is time to take a look
at the so called WIMP miracle. Since we know the observed dark matter density in the

universe today, it is natural to ask the value of (ov) necessary to reproduce this abundance.
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Recall that the dark matter abundance is specified by Qpy = pparo/peo where the the 0
subscript refers to quantities at the present day. If we recall p. ~ 3H?M3%; we can write this

as

MpMNDMO

3.17
3ME,H3 (317)

QDM =

Where we have replaced the number density of dark matter by its Boltzmann calculated
abundance variable, Y, and noting that this comoving abundance is constant after freeze

out. Note that the entropy of a collection of species can be written as

2 2
s =g (T)T*

45 (3.18)

Jxs = gﬂh + g?sec

Where g.; counts the number of effective degrees of freedom in the entropy, split between
particles that are thermally coupled to the primordial plasma, and those that are not. Using
this expression for the entropy density, as well as Y ~ x/\ from the previous subsection,

we are left with

_ Q*S(TO)T(?H(mDM)xf 1
m%M<av>g*5(mDM) 3M1291H3

QDM

(3.19)

Cleaning this equation up a little bit by plugging in measured values of the temperature,
Hubble parameter, and effective degrees of freedom in the standard model today, we can get

the suggestive form [15]

10 12 10-8GeV 2
Qpurh? ~ 0.1 2
ouh™~ 014, (g*<mDM>) o0) (3.20)

The observed dark matter abundance is 2py; ~ 0.1, and we make note that numerically,

freeze out happens at order zy ~ 10, similarly, g.(mpa)/10 ~ 1, so in order to reproduce
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this result we require our cross section to be

(ov) ~107%GeV 2 ~ G- 1072 (3.21)

Where G is the Fermi coupling constant in front of the effective Lagrangians defined in the
previous chapter for weak interactions. Since this analysis gives us a cross section typical of
a weak scale interaction, it is referred to as the WIMP miracle and puts weakly interacting

dark matter in a very favourable position from a model building standpoint.

Similar analysis has also been performed for all known early universe particle species, and it
is precisely this that gives constraints on the abundances of light elements produced during
big bang nucleosynthesis. The Boltzmann equation is arguably our best tool for constraining

new types of particle species in the early universe.

3.3 Towards a Numerical Solution of the Boltzmann
Equation

While the semi-analytic solutions of the Boltzmann equation offer good approximations to
relic densities, it can be useful to numerically model such solutions for both accuracy, peace
of mind, and ease of adjustment of model dependent parameters. While working on some
models of dark matter, it became prudent to develop some Mathematica code allowing us
to quickly check and scan the parameter space of generic models. In this section we will
show the capabilities of this software and analyse its usefulness. A copy of the code has been

attached to the appendix for the interested reader.
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3.3.1 Numerical Challenges and Features of the Program

The initial idea here was to build a program to solve the Boltzmann equation for a variety
of particle freeze out scenarios. While this has been done before, it was deemed a good
exercise in numerical computation. Inspiration was taken from [38] in finding a computa-
tionally acceptable form of the equation, but not in the application of advanced techniques

in Mathematica, nor examples.

As Mathematica has a difficult time handling some large numbers, we recall our previous

form of the Boltzmann equation,

=07 Yy -
_ 22 mP{ov)  s(m) 322
AN T ) Hm) Y

Where we have defined s in the previous subsection. We use the non-relativistic regime
(as we are concerned with cold dark matter exclusively, relativistic forms must be used if
considering warm or hot candidates) for our Ypq since this is the time in which we care to

find the relic abundance of the species in question. Therefore we use the form

mT 3/2

Now, due to Mathematica limitations, it is best to make the additional substitution y =

s(m)
H(m)

(ov)Y, which gives the following transformation to our equation and our equilibrium
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yield

dy 1
dr —ﬁ(yQ - yJ2E‘Q)
3.24)
T\ /2 (
YeQ = ;[((Tn)) (ov)g (%) e ™1 = 0.192Mpym{ov)a®/2e®

The second line here will serve as our initial condition, y(x = 1) = ygg in the solution to

the differential equation.

The NDSolve method was utilized to solve the Boltzmann equation numerically, with ad-
justable input parameters mpy, g, and (ov). Use of NDSolve yields an interpolating
function that can be plotted. The asymptotic behaviour of this function is related to the

freeze out time, xy of the dark matter candidate.

genericAute =

-1
NDSolva[{y'[x] == ((y[x])2- (0A192mplmux3/2E'x)2), yI[i] = 0A192mplmc113’2E'1} 7
x

{m-v 1000, g- 100, o = 10‘10, mpl —» 2.44 « 1048 }, vy, {%x, 1, 10000}, Method -» "Automatic", AccuzacyGoal-»w]

=

Dc

{{y i ]nterpnla(ingFlmrtinn[ e
Output: scal

Figure 3.2: A code snippet specifying the input parameters to our numerical Boltzmann
solver

Mathematica utilizes different methods for solving these equations, and for a reasonable set
of parameters (such as those in the above figure), all methods seem to converge upon the
same result. However, for a broader range of input parameters of interest from a model
building standpoint, most methods appear to fail due to computational difficulties, for ex-

ample in the limit of small mass, large cross section.

In this regime, our differential equation suffered what is known as a stiffness problem. Stiff-

ness is a property of a numerical solver that takes into account the form of the equation
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to be solved, the method used, the initial condition, and local error tolerances. Equations
deemed ‘too stiff’ return errors and diverge. Often stiffness occurs due to the step size in
a numerical solution being too small (I suppose almost like a UV divergence in QFT). By
implementing the stiffness-switching method, the solver dynamically changes the step size
in order to achieve a convergent solution for our region of interest. The shortcoming is that

high variance is introduced into the solution over the ‘stiff” parts of the domain.

After numerical tests, the stiff regions occur in the low x regime, before freeze out. Because
we are interested in the asymptotics to determine the freeze out temperature and abundance,
this was deemed an acceptable solution for a short while. Eventually, a better method was
found which reproduced our late-time stiffness-switching results, without the errors for low x
values before decoupling of the species. We should note that while this new method, accessed
by ‘EquationSimplification — residual’, does not impact the physically important late time
results, it is a more secure method. Results of these different methods are presented in the
figure below.

Y N
Stiffness Switching % W Stiffness Switching
\ph‘
|

M Residual
|

Automatic

Figure 3.3: Left: The time evolution of a generic dark matter candidate with parame-
ters (m, g, (ov)) — (1000GeV, 100,107 1°GeV2), comparing between the stiffness switching
and automatic methods. No discrepancy exists in the large = regime. Right: A com-
parison between the residual and stiffness switching method for parameters (m, g, (v)) —
(1GeV, 10, (0.139)2GeV 2), a late-time freeze out particle. The early time stability is easy
to see, and is our preferred method for this solver.
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This program can be applied to a wide variety of early universe particles, whether hypothet-
ical or not. A full section of the code is presented in the appendix for extended review. We
now show the code in action as it computes the freeze out temperature and abundance of

baryons in a baryon symmetric universe.

3.3.2 Baryon-Symmetric Universe: An Example

An interesting computation we can do is to determine the baryon relic abundance in a uni-
verse that did not undergo baryogenesis. This calculation will give a numerical approach to
something done in Kolb and Turner [16], and indeed is the reason we expect a process that

introduces asymmetry between particles and antiparticles in general.

The annihilation of a baryon-antibaryon pair takes place via pion exchange, and can be
roughly estimated to have a cross section of order (ov) ~ m_2. Without assuming any
initial asymmetry (as is done when we compute relic abundances of light elements from
recombination) we can plug this cross section into our program along with the baryon mass

(~ 1GeV), and the number of degrees of freedom in the epoch that this process freezes out

(g ~ 10).
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Asymmetric (Y, ~ 10711)

Symmetric (Y, ~ 10719)

Figure 3.4: A comparison between the baryon to photon ratios in a universe with an initial
asymmetry (red), and one without (blue). Note that our program computed the blue curve,
the red was added afterwards for visual comparison.

Looking at the asymptotics of this result, we see that freeze out occurs at about xy = 42.63,
and gives a final Baryon abundance of about Y, ~ 3-1071%. The present baryon to photon
ratio is well known to be about ~ 107!, and so we can see that without a period of baryo-
genesis, we generate an abundance about 8 orders of magnitude lower than we see! Indeed,

the universe would be very much more empty if this were the case.

3.3.3 Applicability of the Software

As demonstrated, this software offers a reliable and straightforward way to compute freeze

out temperatures and relic densities. Results are consistent with computations presented in
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other textbooks and works, and so this could prove a powerful, yet simple, tool of analysis

for these types of calculations.

This code is still in its early stages, and as such there are still many improvements and
features that could be implemented. For example, adding the ability to introduce an initial
asymmetry in particle species being considered would allow for more robust computations
of particles undergoing lepto/baryogenesis. On top of this, having some software that allows
for complete analysis of particles that have multiple decay channels could produce more ac-
curate abundances. Finally, in many dark matter models, coupling constants can be allowed
to run over a range of values. It should be possible to introduce a coupling variable implicitly

in the (ov) expression to determine a ‘space’ of relic densities based on the couplings.
With these improvements implemented, there should be no problem in utilizing this program

to compute cosmological features of particle models in a research capacity. The raw code of

a few research applications of this work have been included in the appendix for more context.

55



Chapter 4

SU(N) Glueball Dark Matter

Dark matter model building is a rich subject with a truly staggering number of different
theories emerging as plausible candidates to explain the particle cosmological mysteries left
in the universe. While theorists have a hard time coming to a consensus on the precise
mathematical framework of dark matter, there are a couple properties that seem universal

over good candidates

e Non-baryonic: If dark matter were made of baryonic particles, many aspects of
standard cosmology would be negatively affected. For example, baryonic dark matter
would cause more helium, lithium, and other heavy elements to form during BBN,

contrary to what is observed astrophysically. This points to a non-baryonic candidate.

e ‘Cold’: High velocity, relativistic dark matter is referred to as ‘hot’ because its free
streaming length is large. Hot dark matter washes out structure on small scales, and as
such is typically not thought to be manifest in the true theory of dark matter. Warm
and cold dark matter moves more slowly, with free streaming scales on the order of a
protogalaxy or less. This allows small-scale structure to form, and eventually clump
together into clusters. This small free streaming length is preferable in candidates, and

so dark matter is preferred to be cold [39].
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We should also mention the interface between dark matter simulations and observations in
terms of their halo distributions. Galactic rotation curves seem to predict a large amount of
dark matter localized in halos around galaxies. Simulations agree with this, and can even

define a density profile for the distribution of dark matter around a galaxy

_ pede
p(r) = <_> <1+ %)2 (4.1)

This is the NFW profile [40], and here p. is the typical critical density for a flat universe,

0. is the characteristic density of the galaxy in question, and rg is the scale radius. This
leads to a problem between observations and simulations known as the cusp/core problem
([41]) which we will revisit in the next section. We should mention, however, that it need

not be dark matter which causes this discrepancy, as it could be caused by baryonic feedback.

Competitive models of dark matter conform to the above criteria, but this still leaves a wide
variety of different theories that could work. The most popular theory is that of WIMP dark
matter, since it seems to naturally predict the relic density of dark matter ‘by accident’, but

as we await a detection, it is important to consider other models as well.

When making comparisons to the standard model, one can naturally imagine some rich gauge
structure that permeates the dark sector. Abelian extensions to the standard model have
been considered and constrained using cosmological data [42]. In the U(1) case, a ‘dark pho-
ton’ is the gauge boson responsible for the relic density of dark matter. In this work we will
consider the non-Abelian case, where we have some general SU(N) gauge structure to our
theory that describes our candidate. This sector has at most 1 fermion (since ny < 11N/2
for any NV > 1 , the theory is asymptotically free), and so the massless ‘dark gluons’ in our

theory will undergo a confining phase transition and form bound states of glueballs, which
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give a contribution to the dark matter relic density.

In particle physics, the introduction of a new particle (or particles) is usually accompanied
by a Lagrangian of possible couplings between the sectors. In the theory we will consider,
we have a pure glue SU(N) dark sector (with gauge bosons known as ‘hypergluons’), as
well as an auxiliary heavy fermion field (scalar field in the case of Higgs coupling, as will
be discussed later), call it ®. Pure refers the fact that the only fermion content coupling to
the SU(N) group is very massive, and thus integrated out at scales £ << Mg. Therefore,
the running of the coupling goes exactly like a theory with apye containing ny = 0, as in
equation (2.27). Our hypergluon field doesn’t couple directly with any of the standard model
fields, but the ® field does. We will choose more specific properties of this ® field, such as
its different quantum numbers and couplings, later on as we consider different realizations
of this theory. We put the mass of this auxiliary field much higher than the scale at which
these interactions will take place, allowing us to use an effective Lagrangian approach. With
this mediator field integrated out, the effective Lagrangian coupling the hypergluon to the

standard model is given generally by

o
Lyc ~ ﬁtT(HWH“”)[qalBaﬂBaﬂ + CQ@Qtr(Waﬂwaﬁ) + c3a3tr(Ga5Gaﬁ)] (4.2)
+ DMy (H,, HP ) (HTH) (4.3)
Mg

Where the HC' subscript stand for ‘hypercolor’; in analogy with the strong SU(3) interac-
tion, and H,, is the non-Abelian gauge field strength for our hypergluon field. We have put
the effective dimension 8 operators coupling to the standard model on the first line, and a
dimension 6 operator induced by Higgs couplings on the second line. We will make contact

with this effective Lagrangian throughout the chapter. We also note that in a pure-glue hid-
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den theory, the mass of the lightest glueball is related to the confinement scale of this theory
by mo++ ~ TAgc [48] for the case of an SU(3) hidden gauge group. Explicit calculations in
this chapter will assume our hidden gauge group is SU(3), as this allows us to make use of
quantities calculated from lattice QCD studies (more detail on this below). Note here that
Ay corresponds the the energy scale at which these free hypergluons become confined in

their hypercolour neutral glueball states.

The idea of glueball dark matter is not novel, and has been studied previously in the liter-
ature. Authors of [47] studied the freeze-out and relic densities of dark glueballs, discussed
the confining phase transition, and discuss semi-quantitatively the effects of different stan-
dard model connections. In [50], decay rates of the 07" dark glueball into various standard
model particles is mentioned, and the authors of [51] [52] [53] discuss these couplings to the
Higgs and other standard model constituents in much greater detail. Also, authors in [54]
discuss this same type of model, and also consider constraints on photon production and
other mechanisms from line searches, but not on constraints from reheating, which we will

study here.

The aim of this work is to both review and discuss the results presented in the aforementioned
papers, as well as to consider new constraints that we can set on the model. In particular,
we consider specific couplings of our mediator to U(1)y, SU(3)s, and the Higgs in order to
investigate the constraints and potential signals. As well as compiling line search constraints
from photons, we also introduce a new, stronger constraint from reheating which severely
limits the parameter space of some of these couplings for reasonable values of a reheating
temperature under the assumption that the two sectors are never in thermal equilibrium
with one another. In the subsection on Higgs couplings, however, we aim mostly to review

the semi-quantitative arguments presented in [47][53].
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4.1 Non-Abelian Gauge Theories and their Applica-

tion to Dark Matter

We discussed non-Abelian gauge theories in our section on the strong interaction in chapter
2, so we will just do a quick overview of the important properties. We then describe the
formation and properties of glueballs in a pure gauge theory, and finally discuss how we can
calculate cross sections and other phenomenological signatures of composite particles using

the parton distribution function.

4.1.1 Properties of Non-Abelian Gauge Theories

Perhaps the most surprising property of non-Abelian theories is their ability to be asymp-
totically free. Recall the running of a non-Abelian coupling with scale presented earlier
a

O = 15 (a/am)(1IN/3 — 2n,/3) log(@®/M2) (4.4)

For ny < 11N/2, the coupling becomes weak at high energy scales, and confinement occurs
as you traverse to lower energies. In SU(3) strong interactions this is seen in the rich struc-
ture of mesons and baryons that form the building blocks of the natural world we see around

us.

The field theory properties of a non-Abelian gauge theory are somewhat changed as well
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with the field strength tensor and covariant derivative taking the form

a a a abc Ab gc
Fi, = 0,4, —0,A;, +gf"" A A,
(4.5)
D, =0, —igAjt*
Where g is the coupling constant for this field, fo%¢ are the structure constants of the group,

and t* are the generators of such a group. The structure constants are defined by

[t 1%] = i fobete (4.6)

4.1.2 An Introduction to Glueballs

Glueballs are bound states consisting only of gluons, with no quark content. They occur
naturally as gluons carry color charge, and as such can make color singlets with one another.
Glueballs are thought to exist within the standard model, however they have been elusive in

collider experiments, and so are still considered hypothetical particles [43].

Pure-glue theories, those without fermions, have had many properties worked out from a
theoretical standpoint, and are the main topic of this chapter. Most of the effort in the
literature is in computing features of an SU(3) pure glue theory, and so we make contact

with this by making a few remarks about these complicated, composite states.

Glueballs are generally considered to be made up of two or three gluons, meaning that the
spectrum consists of particles with total angular momentum (J) of 0,1,2 or 3. Glueballs
possess no electric charge, nor baryon number since their constituents possess neither either.

Glueballs are labelled by their angular momentum (.J), parity (P), and charge-parity (C') as

Jre.
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Some properties of glueball physics cannot be determined using the standard perturbative
techniques developed in QFT, and so a field known as lattice QCD was developed to address
these challenges [44]. Lattice QCD is a computational technique that takes quark masses and
a mass scale (Agep for the strong force) in order to evaluate the Green’s function necessary
to study features of the spectrum. The mass spectrum of glueballs for a pure glue theory

are presented in figure 4.1 [45].

m/mg++
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Figure 4.1: The glueball spectrum for a pure glue SU(3) theory, from lattice QCD techniques.
The masses are normalized to the mass of the lightest state (071) [45]

Lattice QCD has also been successful in computing glueball matrix elements for scattering
cross sections, which we will come to in the subsequent sections. From pure glue lattice
QCD techniques, the lightest glueball is thought to be mg++ = 1730 £ 80MeV ([45]). For
the standard model, the presence of dynamical quarks can bring this mass down to roughly
1GeV, though this is still an active area of research [46]. In a hidden SU(N) pure glue
theory, different decay channels can cause the decay of these glueballs into standard model

particles and give us phenomenological signatures to hunt for in detectors and in cosmology.

In some models, the dominant number changing interaction of the particle species generally
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take the form of 2 — 2 (xx — £ where x is dark matter and ¢ is a standard model particle),
or 3 — 2 self interactions. The benefit of these interactions in the standard model is limited,
but self interactions in general in the dark sector can help ease a tension between simulation

and observation known as the cusp/core problem.

The cusp/core problem ([41]) is the statement that observed dark matter density profiles do
not match the form of the ones determined from N body simulations. Specifically, N body
simulations give a density profile that peaks sharply near the centre of the halo (a ‘cusp’),
while observed densities seem to follow a much smoother curve. Self-interacting dark matter,
specifically those whose relic densities are set by self interactions have been mentioned as
a possible way to get rid of this problem, and so the self interactions of glueballs has been

considered in the literature [54] [55].

Finally, let us consider the nature by which we perform the calculations presented below.
There are two distinct objects in our theory, the dark gauge bosons of the hidden sector (hy-
pergluons, or dark gluons), as well as the bound states they form after confinement called
dark glueballs. Computations of standard scattering rates between hypergluons and stan-
dard model particles takes place in the usual way, by evaluating the four point function of
the effective Lagrangian in equation (4.2), but how do we deduce the late time decay rates

of glueballs?

07 glueballs can be created via the scalar operator, S = Hj;, H"" [52], and so the amplitude

for the decay of these dark glueballs into a pair of standard model particles is

(€l 1077) = (¢Cl.SM [0) (0] S [0™F) (4.7)
Where 0 represents the vacuum, ( is a standard model particle, SM represents the standard
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model fields generated in the coupling, and S the scalar glueball operator. The scalar
operator acting on a glueball state is an analytically challenging object to work with, and is
usually written (0] S[07) = f5.,, the glueball decay constant. For the specific case of an

SU(3) dark sector, the following relationship is known from lattice computations [59] [60]

GhofSer = 3miy (4.8)

Finally, we wish to stress that in this work we consider interactions involving both the dark
glueballs and dark gluons. For dark gluons, we compute the scattering cross section with
different standard model particles using an effective Lagrangian approach and the usual
Feynman rule analysis. This will allow us to put constraints on the model from a variety of

reheating temperatures of inflation.

For dark glueballs, we are interested in computing their late time decay rates as they can be
constrained by line search surveys, CMB measurements, and dwarf spheroidal galaxies (de-
pending on the standard model connection). In these cases, the procedure outlined above in
equation (4.6) and (4.7) is followed. In regards to relic densities, we note that the relic densi-

ties between dark gluons and glueballs are related, since glueballs consist only of dark gluons.

For additional information on the form of the computations of glueball decay rates, please

see [52].

4.1.3 Composite Collisions and Parton Distribution Functions

We wish to introduce a bit of the theory of composite collisions, as they are necessary for
studying the collider phenomenology of dark matter interactions. This discussion will follow

notes from [1] [2]. We will study briefly the Drell-Yan process (figure 4.2) in preparation for
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determining the cross section of a fermion-like particle that could be produced in colliders

in the presence of a hidden SU(N) theory.

Imagine the collision of two protons in a collider producing a pair of leptons, pp — £¢. Since
protons are composite particles, standard Feynman rules for QED cannot be naively used.
Instead, we must consider the interaction as taking place by the interaction of a quark-
antiquark pair (the ‘active’ participants in the collision) while the other members of each

proton remain as spectators.

Figure 4.2: The Drell-Yan process of pp — ¢ occurring via photon exchange

Before we get involved with the actual cross section, lets discuss how we determine which
quarks take place in the interaction. This is done by modelling the distribution of partons
(constituent quarks) inside the proton to match collider data. The exact numerics of the
distribution are not necessary for this theoretical introduction, but there are constraints it

must realize. For example, within a proton we expect that

/ dalfu(e) — fula)] =2 / delfulw) — fafe)] = 1 (4.9)

0
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Where f; is the parton distribution function for a species, ¢ that can be any generation of
quark, antiquark, or gluon. The z is defined as x = ¢?/2P-q where ¢ is the virtual momentum
in the active quark participating in the interaction, and P is the momentum of the incoming
proton. This effectively counts the number of up and down quarks in a proton. The quantity
x can be regarded as the fraction of proton momentum that the parton undergoing scattering

possesses, and so we get one more constraint for these PDF's from the total momentum

| dealfie) + fulo) + fulo) + fila) + i) =1 (4.10)

Now we recall the cross section for the internal process, qg — ¢ is just o = %Qg. Here,
Q, is the electric charge of the quarks, ¢ involved, and s = (¢ + ¢2)* ~ 2q1 - g2, is the usual
Mandelstam variable relating the in-state momenta. Now if we have a pair of protons as
our in-state particles like in Drell-Yan scattering, we would like to relate s once again to
their momenta. Noting that now, the internal state quarks have a fraction of the nucleons
momentum, we write § = (z1q; + a:2q2)2 ~ 2x1%2q1 - @2 in the light quark limit. Relating this

to the usual cross-section, we can make the substitution § = z1xs.

The rapidity of a system, Y, is used to compensate the fact that the centre of mass frame
for the proton-proton collision is not necessarily the same as the rest frame for the final state
leptons. It is defined as Y = % In(zy/z5). Integrating over the momentum distributions on

the partons, the differential cross section for this process becomes

7= | desdes S e )+ e ) N
4.11
4 22
B (¢ i) 6 (- g 2)

Where f runs over all the fermion PDFs, and we recall that ¢ is the momentum transfer of
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the system, defined by ¢ = k — £/, the change in momentum of one of the protons involved
in the collision. This form is very useful, and will be studied in slightly more detail in the
next sections when we consider collider signatures from a dark matter particle with highly

suppressed strong couplings.

4.2 Coupling of Dark Glueballs to U(1)y

With the preliminaries taken care of, we now need to choose which standard model particle(s)
our mediator ® will couple to. This choice will determine the phenomenology we study and
the constraints we must apply. As a first choice, let us consider a scenario where our mediator
carries only hypercharge, and thus couples to the U(1)y gauge field, B, before electroweak
symmetry breaking, and the photon and Z° boson afterwards. The effective Lagrangian we

will consider for this process is a subset of the one in equation (4.2)

ol
L~ ————tr(H,, H")F,; F*" 4.12
As before, we choose to represent our SU(N) field strength as H,,,,. We note that ay = ¢"* /4,
where ¢’ is coupling constant for hypercharge interactions. Couplings to photons are highly

constrained as we will see shortly, and so we will consider how these hypercharge couplings

translate into photon constraints further below.

4.2.1 Experimental Constraints and the Parameter Space

Dark matter can be constrained in a number of creative ways, but perhaps the most obvious
signal to look for is that of decaying or annihilating dark matter in regions with high density.

Annihilation or decay of these particles can produce nearly monochromatic v rays, and so
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there has been considerable experimental effort in searching for such signals in the centre of
galaxies, and from other astrophysical sources. The Fermi Large Area Telescope (LAT) is

one such collaboration searching for spectral lines in the range of 5 — 300GeV [56].

Other constraints on the lifetimes of dark matter candidates can come from power spectrum
measurements of the CMB [57] and other line-search techniques [58]. More details on these
constraints will follow, when we plot them in order to determine the allowed regions in the

parameter space between the mediator and glueball mass.

So how do we relate the glueball mass to that of the mediator? First, note that to determine
the decay rate of such a process, we need to determine the amplitude of the interaction. The
amplitude of transitioning from glueballs to photons can be schematically written as M ~
(fyfy\wég—]\‘}gMFaﬁFaﬂl()}(O\S]OJrﬂ, where S = Hj H""* and is the scalar glueball operator,

while (0|S]0TF) ~ f5 is the scalar glueball matrix element. Squaring and combining with

the phase space factors, it is possible to write the decay as [50],

2 3 1 92 fs 2
T(0F — yry) ~ SEM Mo (2 JHcTo 413
( )N 2 12 \ 60 M (4.13)

Where apyc = gue/4m. The matrix element, f3', cannot be solved analytically, but does have
a numerical solution from lattice computations in SU(3) [59] [60], g% f5 ~ 3m3. Using this,
and noting that the decay rate is related to the lifetime by I' = 1/7 we find that

@

Mo\ 8
meT = M0 7.4 % 10° <—) > Constraints (4.14)
r mo

The constraints come from line search surveys, and the power spectrum CMB measurements
which will be explained in a bit more detail later. These constraints come in the form of 7 or

mo7T vs mass plots, hence why we have written equation (4.13) in that suggestive form. We
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require that the computed lifetime of our dark glueballs, mg7 be greater than constraints set

by these experiments. We will revisit this result shortly.

4.2.2 Aside: Cosmologically Long-Lived Particles

In the following sections, we will make use of a few different constraints coming from ex-
periment on the lifetime of our dark glueball states. The lowest order Feynman diagram
for each scenario will set the lifetime of the dark glueballs, and so we should check which
regions of parameter space yield lifetimes on the order of the age of the universe. Since the
decay of glueballs to final state photons and gluons is so similar (merely replace apy — o
in equation (4.13), since it is the same one loop process, as we will see in later sections), we
will discuss these two cases together here. Since the age of the universe is 4.3 - 107 s, we can
cast a general constraint on the lifetime of our glueballs such that they are cosmologically

long lived. This constraint is

1 400 - 327 M2

_=T = —

r a2 omy
1 M§

~ ——g > 1.65-10%GeV !
s mg

+6.582-107%° GeV - s > 4.3-10"s

Where we have included the units to be explicit, and « can be either agys or ay. It is easy
to see that the constraint depends on the the masses of the particles, as well as the coupling
between the two sectors. Since we would like to see which mass ranges of ® and the glueball
are allowed, we need only to choose a value of « to see where our theory can live. Lets first

consider electromagnetism (or hypercharge) couplings.

From QFT and the renormalization group, we know that couplings run with energy scale,
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thus are not static entities. Glueballs form at the confining transition in the dark theory
(Amc), and so we should consider their lifetimes at any point from this confinement on-
wards. We will define two points to evaluate couplings at, gy v (Ane) and gy rr(1o)
where agy v is the coupling at high energies at the dark confinement scale, and a gy rr is
the temperature scale of the universe today. From looking at our constraint inequality, we
see that the larger the coupling, more difficult it is to satisfy the constraint, thus we use the

highest value of o as our cosmological bound.

For electromagnetism, we know from both theory and experiment that agyp ~ 1/137.
Since this theory isn’t asymptotically free, the coupling gets larger as you increase the energy
scale. Indeed, at LHC level energies, it is necessary to use a value of a ~ 1/128 to reproduce
experimental results (at an energy scale of ~ TeV'). In fact, there is a Landau pole in the
theory where the coupling grows to infinity. This Landau pole gets reached at very high
energies (>>> M), at a point where the standard model is not expected to be the proper
description of the laws of nature, and so this pole is unphysical. At energies higher than
EWSB, electromagnetism is no longer a good descriptor and one needs to actually consider
apyv, the value of the hypercharge coupling at large energies. The value of this coupling
near the GUT scale is ap gy ~ 1/25. To exhibit how little our constraint changes over this
range of energy levels, we compute the inequality for both the /R and UV versions of the

coupling. The results are

Mg > 9.8-10°m)/® GeV /%

Moy > 2.3-10*mi/® Gey—1/8

We include the stronger of the two constraints amongst upcoming parameter space plots,
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and will make further comments there.

Now we should consider QCD, which is qualitatively much different than electromagnetism /hypercharge.
This theory remains unbroken through EWSB, and its coupling is tiny at high energies. Thus,
we know that o,y << as g, and since we are looking for the higher value of o, we just
need to consider what happens at low energies to determine a maximum decay rate for the
glueballs. Once again, there is a Landau pole in the theory, but it occurs at energies lower
than Agep, the confinement energy for QCD, where we cannot trust the perturbation theory
that predicts the pole in the first place. Late time decays of glueballs to gluons occur in the

nonperturbative regime, so we would like to understand how a, behaves at these low energies.

Unfortunately, the community appears to be split on the issue (see [61] for a review). The

different camps argue that
e The coupling diverges as 1/Q? in the @ — 0 limit
e The coupling freezes at some (O(1)) value
e The coupling vanishes in the deep IR

Many subtleties lead to these different conclusions, including gauge choices, renormalization
schemes, and others ([61] for a comprehensive list). It is prudent to make some comment

about the viability of our model in the event that one of these scenarios is correct.

If the coupling diverges, as g — 00, and our theory breaks down. In this case, the lifetimes
of our dark glueballs would become infinitesimal, and no dark matter would exist at late

times. If this is the correct scenario, our model fails due to lifetime constraints.

If the coupling in the IR is of order 1, we can write our constraint equation as
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Mg > 3.3-10'my/® GeV /3

Which we will plot and comment on in the relevant QCD coupled section.

Finally, if the coupling vanishes in the deep IR, our bound is completely satisfied for any
range of my and Mg, and so we cannot restrict the parameter space by lifetime constraints,

as the glueballs would be stable at late times.

4.2.3 The Scattering Cross-Section

Before progressing any further, let us discuss entropy considerations between the two sectors.
Recall the entropy density of a collection of particle species
272

== 4. (TT? 4.15
5= 2 9n(T) (4.15)

Where g, is the (temperature dependent) effective number of degrees of freedom in the
collection, and T is the temperature of the thermal bath the particles reside in. T'wo sectors
that are thermally decoupled no longer exchange entropy, and so it is possible to define a
conserved quantity, R, which relates the entropy densities in the dark and visible sectors
(after all first order phase transitions have taken place in both sectors). This is done in [47],

and reads

r = S0 9esuc(Tnc)Tic
s Gxs(T)T3

(4.16)

where sy is the entropy density of the dark sector. This quantity, R, is set by the assump-
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tion that inflation reheats asymmetrically to the dark and visible sectors. It is an input
to the theory, and so to tie to other work on dark glueballs in the literature, we consider
the range 10712 < R < 1073, for which results have been calculated by Forestell et al [47].
Particle species in thermal equilibrium with one another share the same temperature, 7.
For a scenario where the two sectors were in thermal equilibrium, and decoupled at some
temperature scale, the subsequent evolution of the temperatures won’t deviate by much (for
example, compare the temperature difference of the CMB (~ 2.7K) and the decoupled cos-
mic neutrino background (~ 1.9K)). In order to match this range of R values, it would be
necessary to have g.s,./g«s between 10° and 10'?) or at minimum 10 degrees of freedom
in the standard model for every 1 in the dark sector. Since this is not possible, we (and
they) consider a more plausible scenario where the two sectors were simply never in thermal
equilibrium at any point over the thermal history of the universe. This allows the Tyc/T
parameter to become free, in order to explore a range of R values already investigated in the

literature, from 10712 < R < 1073.

It should also be noted that R controls the relic yield of dark matter particles. This can

be seen by noting that for a non-relativistic particle, the dark sector entropy density can

be recast as syc ~ <m°++) no++ where Ty is the temperature of the dark sector. The

Tue
freeze out abundance of dark matter is then written Yyo = ng++/s ~ R/ xj;fc where s is the
entropy density of the standard model. Here, 21, = mo++ /T}%, where T}, is the freeze out

temperature of the dark sector. From these relations we can see that R affects the abundance

of freeze-out abundance of glueballs in the late time universe.

Since we have chosen to couple our dark sector to a U(1) gauge field through our mediator,
we have to consider when this interaction goes out of equilibrium to determine if the sectors

were ever thermally coupled. To keep a consistent picture of thermally decoupled sectors, we
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require that any interactions between them possess a freeze out temperature higher than the
standard reheating temperature from inflation. Of course, this reheat temperature itself isn’t
known, so we will consider a range of them later on. This freeze out temperature between
the dark gluons and standard model particles is expected to be higher than the hypercolor

phase transition.

To gain more information about the freeze-out properties of dark glueballs, it is prudent to
make a more detailed computation of the cross section from two hypergluons to the final
state gauge bosons. Once this cross section is calculated, we can determine the freeze-out
temperature of the interaction. We will start by considering the coupling to the B, field,
and extend our results to photons and Z° bosons afterwards. In this, we assume that the
hypercolor confining scale, Ag¢ is lower than the freeze out temperature of these interactions,
thus the proper effective interaction to consider that couples the two sectors is the 2 — 2
scattering of dark gluons and photons. Recall the effective Lagrangian for this coupling (as

illustrated in figure 4.3)

(05161851
L~ F.sFPH®, H%*8 4.17
60M<AIL> B af ( )

To fourth order in the fields (neglecting the g f“bCWli’Wlf term in the expansion of the hyper-

gluon field, H7,), this effective interaction Lagrangian will look like

(6% (0%
Loy = 615]0\4&,; (0“B¥ — 0" B*)(0,B, — 0,B,)(0°W™" — 9PW*)(0,W5 — D5W2)  (4.18)

For simplicity, we will work in momentum space where these derivatives are simply trans-
formed 0, — k,. Our gauge fields are all vectors as well, and so they will pick polarizations

when we attempt to compute the matrix element for this process. Explicitly, the process we
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are considering is that of two hypergluons going to two hypercharge gauge bosons via a loop

of our heavy mediator particle, .

Integrate out @

B Hg B

Figure 4.3: Hypergluon couplings to hypercharge gauge bosons are loop suppressed by our
heavy field ®, and so we can write an effective 4-point function. The field B refers to the
hypercharge gauge boson.

Now, derivative interactions introduce momentum contractions in our calculation. Specifi-
cally, we can see that derivative interactions contracted amongst identical initial and final

state particles give

0,* 0" "0, 00" — A[(ky - ko) (ks - Ky )] (4.19)

See the appendix for a more detailed description of the form of this derivative interaction.
Here k; 5 are the momenta of the two identical in-state particles, and k3 4 the momenta of the
two out-state ones. Since expansions of the 4-point Lagrangian will only have contributing
terms of this form, we can pull out a factor of 4 from such interactions and write our matrix

element

40./Hca1

M = “GOMA (k5ey” — k5e3”) (kapey, — k4,y62#)(/€f‘€f — klﬁe‘l")(kZaeQﬁ — kapera)  (4.20)
@
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Where we have explicitly written the polarizations of each particle, e. We can now exploit
the general antisymmetry of the F,, F* and HizH @8 terms to pull out another factor of

22

. 4. 22cha1

M = — (Kyes" ) (kapes,, — kaned,,) (kT e)) (kaaezs — kapeaa) (4.21)
602

Since we will be spin-averaging this cross section, we can make use of the well known relation

1]

Yo = —gw (4.22)

polarizations
We work in flat space, so the metric g, is Minkowski. Explicitly doing the polarization sums
and averaging over initial spin states, and squaring our matrix element (noting that M* is

just the same as M but with different indices), we get the complicated expression

1 o 1 (16apcay 2
2-2;|M| _4( 60M )
4.23
<RI RER + GRS — KRS — g 29
X g ks kY (9°T KSR + 9P kSR — 7P RSKS — g™k K])

Thankfully, this equation simplifies nicely once we contract indices using the metric, so our

spin-averaged matrix element is

2 16 2 000 NG
(D IMP) = e (440 = 1= 1?00 (hy o) (N2 — 1) (4.24)
o

Where we have introduced the group theoretic color factor stemming from contractions of
the a indices in our initial effective Lagrangian. Finally, lets put this in terms of the total

energy Mandelstam variable, s (which relates directly with the centre of mass energy of in-
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state particles in colliders). Since we have identical, massless initial and final state particles

we note ky - kg = k3 - ky = /2, so

3 IMP) 163 chal HcOT (2 ) (4.25)

Mg
Another way to write the differential cross section presented in chapter 2, yields the following
result

do (M) s* agro0?

= = N? -1 4.26
dt  64msk?,  4-60°7k2, M3 ( ) (4.26)

Where ¢ is another Mandelstam variable, t = (k; — k3)?. The full cross section can be

obtained by integrating over ¢, which is trivial as our expression does not contain it at all.

0 3
dal S a2, a2
- dt— = HCT1 (N2 4.27
7 /4k3m @2 aeon ag e Y (4.27)

Where the factor of 1/2 in the first expression comes from the fact we have identical final

state particles.

4.2.4 Determining (ov)

We wish to determine when such an interaction would freeze-out, and as such we must
determine (o), the thermally averaged velocity weighted cross section. Thankfully, we have
already formulated an expression for determining this with a little help from [37]. Recall the

simple, single integral expression

]‘ > 2
(o) = TS /4 o(s — 4 )WAK) (v3/T)ds (4.28)

2
8m, T K3 ey

Now, since our hypergluons are massless, we need to find out what happens in the m — 0
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limit. There are no problems with the integral expression, but the prefactor gives something
to worry about. Recall the expression for the modified Bessel function of the second kind,

K

. T I_a(l’) — Ia<I> . > 1 T\ 2mta
Ky(z) = lim Lz) =1 (—) 4.29
2() o3 2 sin(am) 2() ;{g; m!I'(m+a+1) \2 (4.29)

We note that from this it is possible to perform a series expansion in x such that

1 1 2? 5
m—ﬁ‘l—g-i—(g(l‘) (4.30)

and so in the massless limit, x = m/T — 0 our thermally averaged cross section becomes

(o0} = o /0 " o2 (VE/ T ds (4.31)

This expression is only approximate as suitable corrections coming from Bose-Einstein statis-
tics should be implemented in a more rigorous computation. Performing the integral trans-
formation of z = /s/T allows us to extract the proper temperature dependence, after which
a straightforward integration in Mathematica is performed. Our final expression for (ov) is

thus

T6

45325 T
M

<0"U> 6()—271'%0[?{00&%<Nc2 — 1) ~ 4070412110&%(]\[62 — 1)
[}

(4.32)
These gauge couplings should be evaluated at the scale T', the temperature at which the
interactions take place. In particular, the pure SU(N) hypercoupling was computed in

Mathematica using up to the four loop beta function coefficient for our theory in the MS

renormalization scheme (details outlined here [62]).
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4.2.5 Extension to Photons and Z° Bosons

Now that we have computed (ov) for hypergluons to the hypercharge gauge bosons, we can
consider how this coupling will look after EWSB. The A, and Zg fields are related to the

Wj’ and B, fields by a simple rotation, characterized by the two equations

1
ZB = W(QW'E — g,BN> = COS QwWE — sin HwBM
(4.33)
1
A, = —(g’Wi’ +¢B,) = sin HwW3 + cos 6, B,

e /92 + g/2
Where the coupling constants before and after the EWSB are related by the Weinberg angle,

0, as

e g = e g _ sin 6, (4.30)

cos 6, g  cosf,

9= sin 6,

Now, eliminating the Wj’ field from these equations yields an expression for our hypercharge

field such that

B,, = cos0,,A, — sin Qng (4.35)

Since the four point function of our fields comes in the form of 0#B"0,B, (with different
variations of the p and v indices), and since the couplings ¢, ¢’ don’t depend on spacetime
coordinates, we can easily see the relation between hypercharge couplings, and the more

familiar low energy photon and Z° couplings by inputting and expanding our equation above

O"B"9,B, — 0" (cos 0,A" — sin0,2°")9,(cos 0, A, — sin 0, 7)) (4.36)

Which essentially means that our hypercharge coupling will give rise to decay patterns of our

glueball to vy, Z°Z°, and vZ°. Since our expression for (ov) contains a ¢g”* = €%/ cos? f,, from
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the hypercharge couplings, we get an adjustment to the coupling constants to our photons

and Z° bosons. With this in mind, our couplings for these three decay channels become

a(yy) = ag - cos® O, = apy

.9
O
a(Z2°2%) = ay -sin®* 0, = apy - :IOI;TQ (4.37)
2 sin 0,
a(vZO) — - 2sin 0, cos by, = agu - i
cos 6,

For the rest of this subsection, we will be considering explicitly the coupling to the diphoton
channel (that is, replacing oy — agps, though the other two channels are related to this

process by the simple factors of the Weinberg angle, as derived above).

4.2.6 Freeze-out Temperature/Outlook of Model

We follow the logic discussed above, and the literature in assuming that this dark glueball

sector was never in thermal equilibrium with the standard model [47] [69]. This allows

us to constrain our parameter space by requiring that the freeze-out temperature of this

interaction be above the reheating temperature from inflation. If we make this assumption,

the dark sector temperature T evolves independently of the CMB photon temperature. To

make use of this idea, consider the rate of interactions between photons and hypergluons
((3)T%

I'=(ov)n n= BT (4.38)

Where we have utilized the relativistic number density for the number density of photons,
noting that g counts the internal number of degrees of freedom, g = 2. To determine
when decoupling occurs, we set this equal to the Hubble rate, where H? = p/3M3,. In the
early universe immediately after reheating, we enter a phase of radiation domination, where

pr = g—; g.T*. As a reminder, g, counts the effective number of degrees of freedom in the

80



universe. Throwing all of these together, we relate the freeze out temperature to the glueball

coupling and mediator mass

T7 M3ym*\/gx . 1
7 712.2902,,C(3)gMp (N2 — 1) a3 (A, N, T)

(4.39)

We note here that allowing the SU(N) gauge coupling to run gives us another relationship
between Mg and mg++ since mo++ ~ TA for specified values of the reheat temperature. The
SU(N) gauge coupling, auge is once again related to the temperature scale 7" at which the

interactions take place, by the 4 loop beta function coefficients defined in [62].

In order to satisfy the idea that the dark and standard sectors never be in equilibrium, we
note that the temperature of reheating must be lower than the freeze out temperature of
this interaction, implying the sectors are always frozen out from one another. From this, we

note

1/7
Treheat < Tf = ( 2 M‘gﬁZ\/ﬁ 3 ) L ) (440)
12.2907,,,C(3)gMpi (N2 — 1) aj;o(A, N, T)

As before, this coupling is evaluated at the T scale. We note a gy, should also be evaluated
at this scale, but we have used ag) =~ 1/128 for simplicity, as the expression is fairly
insensitive to this factor due to the 1/7 power suppression. We can make a plot with varied
values of the reheating temperature, and overlay it with the constraints from line searches
and other experiments. Reheating temperatures can go as low as ~ 4MeV [63] without
disrupting cosmological abundances, but we consider temperatures above 1GeV to be on
the conservative side. Note that g, is a function of 7', but since we want to be out of
equilibrium right at reheating, the effective number of degrees of freedom in the standard
model is g, = 106.75. The allowed parameter space is defined as the part of figure 4.4 above

the reheating curve, as well as the constraints considered previously.
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Figure 4.4: Constraints on new particle masses from reheating, line searches [56] [58] and
CMB studies [57]. Reheating constraints are computed for a variety of possible temperatures,
represented by the contours, T,cpee: and appear to be quite strong. Reheat constraints
computed in N, = 3. The allowed region of parameter space is above the curves set by
reheating and the other constraints. Note that the contours disappear for mg++ > Meg,
which is where we expect the EFT approach to break down. We also assume that freeze
out takes place above Ayc (implicit in the calculation since we also assume Tyepear > Agc)-
The black dashed line comes from the constraint equation for Mgy in section 4.2.2, where
any point below that line corresponds to a model in which the dark glueballs decay on a
timescale shorter than the age of the universe. The allowed region of parameter space is
above all contours.

Its prudent that we take a moment and discuss the constraints we have plotted in figure (4.4).
Specifically, we have plotted two different constraints: line searches and constraints from
CMB observations. Dark matter annihilations are capable of producing nearly monochro-
matic photons, and so telescope collaborations such as the Fermi large area telescope search
for these spectral lines in regions of high dark matter density. It is possible to generate con-

straints by considering the v ray emission from the galactic centre, as well as by looking at
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the diffuse, isotropic photon background. Fermi-LAT looks for these v rays above the back-
ground signal coming from the bulge of the Milky Way galaxy. These types of constraints
are considered in [56] [58].

CMB measurements also offer new approaches at restricting dark matter decays and annihi-
lations. Annihilations or decays occurring both before recombination and after can produce
spectral distortions, deviations from a perfect blackbody in the CMB photon spectrum.
Dark matter decays can cause injection of photons into the intergalactic medium which can
leave imprints on the polarization and temperature fluctuations of the CMB. Photons from
the CMB are generally thought to be influenced by reionization of the universe from the
first stars, causing them to develop temperature and polarization fluctuations from other
processes as they stream through the intergalactic medium (IGM). Additional fluctuations
on CMB photons (above and beyond what is predicted from IGM models) are used to con-
strain the lifetime of dark matter. Constraints coming from late-time dark matter decay are

considered in [57].

The allowed parameter space in figure (4.4) is that which is above the lines set by the afore-
mentioned constraints, as well as our computed reheat condition. The non-reheating based
constraints are taken from plots of dark matter lifetime vs mass. We utilize equation (4.13)
where we quote the decay rate of dark glueballs into photons in order to generate constraints
on the above plot. Common cosmological rhetoric tends to assume a reheat temperature
near the grand unified (GUT) scale ~ 10'°GeV. While there is no real consensus on when
reheating occurred, values of Tcpeq; Orders of magnitude below the GUT scale still highly
constrain our parameter space. This puts significant pressure on a model with electromag-

netic couplings, as we are are restricted to very high mediator masses.
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The constraints presented from reheating seem to cover a large portion of the parameter
space for this model. As such, it is interesting to also consider different types of indirect
couplings between the dark sector and standard model. Couplings to the SU(3) strong force
are relatively easy to study (since they are unaffected by EWSB), and give a qualitatively
different picture as they can produce a diffuse spectrum of photons, not just lines. We note

that the above constraint from reheating appears to be a novel result.

We should also note that coupling photons to the ® mediator creates a scenario in which ®
has electric charge. Strict constraints exist on the production and abundance of electrically
charged dark matter candidates, and so this is undesirable. However, if the ® particles carry
a non-appreciable abundance in the late-time universe (as in, their existence is mainly to
mediate the interactions between the dark glueballs and photons), these restrictions can be

avoided. We have implicitly assumed this during the analysis above.

In the above references, constraints are given in the form of a lifetime (or mass-weighted
lifetime) vs. dark matter mass plot. Lower bounds on these lifetimes are converted to
parameter space plots such as figure 4.4 by relating the lifetime of glueballs to the mediator
mass Mg and mg++ using equation 4.13. Quantitatively, this relationship (for photon decay

products) became

Mmo++

M 8
Mo++T = ~ 7.4 % 10° ( 2 ) > Constraints (4.41)

mo++

Which we used to generate the non-reheating constraints on figure 4.4.
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4.3 Dark Glueballs to Gluons: A Quirky Approach

Now that we have generated a parameter space plot in the U(1)y coupled case, we can move
on to consider other mediator couplings. By replacing the coupling of our mediator to the
U(1)y gauge bosons (and subsequently, to photons after EWSB), we can adapt the model
in a way that hopefully relaxes the reheating constraints, but what phenomenological signa-

tures can we look for?

A natural next choice is to allow coupling of ® to the SU(3) strong force, instead. SU(3)
remains an unbroken symmetry throughout the standard model at cosmologically accessible
temperatures, and so we don’t need to consider any mixing as we did in section 4.2.4. The
phenomenology is different here as well, as it is possible to produce both a diffuse spectrum
of photons, and lines that astrophysical experiments can search for. Here, we consider two
different types of diagrams. First, a three loop diagram of the form of 4.5 (left) allows us to
reuse the previous line search constraints, while also seeing how a replacement of gy — as
effects the reheating contours. Second, we can consider a diagram like 4.5 (right) that will
give us a diffuse final state of photons to hunt for. Additional constraints on diffuse photons
from Fermi-LAT and the HAWC survey of dwarf spheroidal galaxies are used to further

constrain this case.

4.3.1 3-Loop Line Production Diagram

The question of which phenomenological signature to look for is still open. The effective

Lagrangian for our couplings between the dark sector and SU(3)strong is as follows

(0 :1el87] a a, v b b,a8
L~ H* H®" G’ .G" 4.42
607”—(% ( 1% )( af ) ( )
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Where G’;ﬁ is the gluon field strength. The cleanest signal we can hope to detect is once
again in the photon channel, so it is useful to see how we can construct such a scenario. The
lowest order interaction producing a spectral line from glueball decay, is having a gluon loop
attached to the hyperquark loop, and then attaching another regular quark loop on the end

which can emit photons. This diagram is shown below on the left, in figure 4.5.

Figure 4.5: The lowest order loop diagrams with SU(3)st0ns couplings producing a spectral
line of photons (left) and a diffuse spectrum (right)

Figure 4.5 (left) shows that a three loop process can yield a resonant photon signal that
we could potentially hunt for. Since the reheating constraints come from the lowest order
interaction coupling standard model and dark matter particles, the one loop of Hg Hg — g g
will set the reheating temperature. Drawing analogues to the electromagnetic case, we see
that the cross sections of the two interactions should just be related by agy — a, with an

additional color factor coming from the colored final state.

Ostrong =~ O'EM(OéEM(T> — Oés(T)) . (N2 — 1) (443)

Here, ogys is the cross section computed in the previous subsection for photon couplings
on our mediator, and N = 3 is the strong coupling gauge group. Throughout we have

explicitly put the scale that the couplings should be evaluated at (the temperature scale
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of the interactions, 7). We note that in our computation of I' = (owv)n, the freeze-out
temperature is related to the 1/7 power of our cross section. This means that any changes

obtained by the agys — 5 i Os1rong are fairly minuscule.
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Figure 4.6: Constraints on new particle masses from reheating, line searches [56] [58] and
CMB studies [57] for the 3-loop QCD coupled diagram above. Parameter space constraints
are almost identical to that of the electromagnetic case, due to the 1/7 suppression of «.
Reheat constraints computed in N. = 3. Reheating and cosmological lifetime constraints
come from the lowest order (1-loop) gluon production diagram. Line search constraints are
weaker than in the 1-loop case due to additional loop suppression factors coming from QCD
loops. The allowed region of parameter space is above the curves set by reheating and the

other constraints

As can be seen in figure 4.6, the reheating constraints remain stringent for values of the
reheat temperature approaching the GUT scale. The replacement of couplings does not offer

much of a qualitative or quantitative change compared to the direct photon case.

We should also note that our line constraint equations have been modified in regards to the
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one loop photon production of the previous subsection. In particular, the amplitude to go

from a glueball to two resonant photons becomes

2

Fag FO210)(0]S[0FF) — (yy| “HCSEM o R85 10y(0]S]07)

agcEM
60ME 7 1672

Where each QCD loop adds a suppression factor of a;/4m. The decay rate goes as the square
of this, and so to constrain the lifetimes of photon production from glueballs in the QCD

coupled scenario, we get a constraint inequality that goes as

8
m M. 1
0 .99x10° ( (b) 5 1> Constraints
F3floo;la mo Apa s

moT3—ioop =

This additional suppression loosens the constraints set by line searches, bringing them down
slightly compared to the one loop photon production. The changes are small due to the 1/8
power suppression on the change of the prefactor in the constraint inequality between the

one loop and three loop cases.

4.3.2 1-Loop Diffuse Photon Diagram

Phenomenologically, we can also consider the case of a one loop diagram, in which the gluons
hadronize and produce a diffuse spectrum of final state photons for us to detect, as illustrated
in the right hand side of figure 4.5. This process is lower order in the couplings compared to
the three loop photon case. Reheating constraints remain relevant as we must still check that
the interaction rate between hypergluons and regular gluons is always below the Hubble rate
to maintain the out of equilibrium condition. Line searches no longer constrain us, however,

as the final state photons are not monoenergetic. For this, we turn to constraints from other
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astrophysical sources.

It is possible to constrain this diagram by way of dwarf spheroidal galaxies. Dwarf spheroidals
exhibit gravitational effects that imply much more mass than is observed through luminous
matter. This implies a rich region of dark matter. They also seem to have low diffuse
gamma ray emission, both from galactic and astrophysical sources. The coupling of these
effects makes them an attractive candidate to observe and/or constrain signatures produced
from decaying or annihilating dark matter, as has been done by the Fermi-LAT and HAWC
surveys [64] [65].

Dwarf spheroidals utilize the diffuse gamma ray flux from dark matter interactions to con-
strain cross sections and lifetimes. The differential gamma ray flux coming from an astro-

physical source can be given by [65]

ar (ov) deJ dF 1 deD (4.44)
B STM?,, dE

0Fgecay  AnTMyer dE

Where the J and D factors are dark matter densities integrated along the line of sight and
solid angle of a source, and dN,/dE is the diffuse spectrum of gamma rays produced (in-
directly) by the dark matter interactions. For the purposes of our work, we are concerned

with dF/dEecqy, the flux stemming from decaying dark glueballs.

A possible way to determine the produced photon spectrum is to use the PPPC [66] and /or
Pythia [67] software packages. With these packages, it is possible to go from the decay prod-
ucts of our 0" glueballs (regular gluons), to a final photon spectrum, dN,/dE. We look
at a mathematica package from a recent paper by Slatyer et al [68] which does just that.
Note that in this paper, the spectra are presented for a ’cascade’ of multiple decays within

the dark sector. Our diagram above would then be for a ’direct spectrum’ in the jargon of [68].
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Before going further, we need to clarify any differences and justify the usage of [68] in our
work. One point to make is that in the Slatyer software package, the analysis takes place by
imagining the initial process is a dark matter annihilation, generically speaking xx — 9g,
whereas we are interested in the decay of a glueball. However, since the final state photon
spectrum calculated is sourced by the hadronization and cascade of gluons, it becomes hard
to distinguish between an initial decay vs. annihilation. In fact, Slatyer et al. state that the
production of direct spectra can be viewed as either a direct annihilation or a decay, and are
seen as analogous processes. This is because PPPC (the software utilized by Slatyer) cares
only about the energetics of the produced final state particles, and not so much about the

production mechanism.

Using their software, we compute the direct spectrum of photons from both final state gluons,

and bb in figure 4.7.

mo++ = 10GeV

mo++ = 100GeV
b-quark J _Mgrs =1TeV

gla —_— zl
Y gluon Y mo++ = 10T eV

my++ = 100TeV

x x

Figure 4.7: Left: A comparison between the b quark and gluon final state spectra for the
same energetics. Right: Evolution of the photon spectra for final state gluons as a function
of mg++. x refers to the fractional energy of the photons, x = E/mg++

Constraints from dwarf spheroidals are generally only applied in the literature to final state
bb particles, and not to gluons. Thus we need to convince ourselves that it is acceptable to

use these bb constraints for our gluon final state scenario.
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Qualitatively, the bb spectrum is very similar in shape to the gg spectrum. In fact, if we
change the production energy for both decay particles in the same way, the spectrum also
changes in qualitatively the same way (they both follow an evolution like the right side of fig-
ure 4.7). In both cases, increasing the glueball mass causes the photon spectrum to broaden
and shift its peak to smaller values of x. It is this behaviour that motivates us, as well as
other authors such as [68] to treat the two spectra as similar enough to apply bb constraints

to our scenario of final state gluons.

Now, since we have justified the use of the bb constraints for our case, we can constrain
the parameter space of the gluon coupled model from the Fermi-LAT [64] and HAWC [65]
experiments. To relate the lifetime constraints from these experiments to the masses mg++
and Mg, we estimate the lifetime of our dark glueballs in the same way as was done in section

4.2.1 (specifically equation 4.12) to find [50]

1 a? moer (1 g4y ?
L0 — gg) = = ~ —-—2 = [ —_ZHCI0 4.45
( 99) = 2~ 350 M2 \ 60 M3 (4.45)

Applying these diffuse photon constraints, as well as the reheating constraints allows us to

once again plot the parameter space below in figure 4.8
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Figure 4.8: Diffuse photon constraints from Fermi-LAT [64] and HAWC [65] experiments
investigating decaying dark matter from dwarf spheroidal galaxies. As before, the allowed
parameter space is that above the reheating contours, the cosmological lifetime constraint,
and the diffuse photon constraints. The cosmological lifetime constraint is computed from
the 1-loop gluon-hypergluon interaction. We have also included the constraints from line
searches presented in figure 4.6 for ease of comparison.

No excess signal has been detected by the Fermi-LAT or HAWC teams as of this point,
and so these constraints come from non-detection of an additional source of diffuse photons.
Fermi-LAT offers the strongest constraints for a dark matter candidate with mg++ < 4 TeV/,
whereas for higher glueball masses from 10 TeV < mg++ < 100 TeV HAWC offers the best

constraints.

For our analysis, we relate once again the lifetimes of the dark glueballs using the expres-
sion (4.45). We estimate o ~ 1 as the strong coupling for the decays of glueballs in dwarf

spheroidals.
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4.3.3 Heavy ® Production in Colliders

As we have seen so far, the heavy ® particle allows our dark glueballs to decay because it
possesses both an SU(N) dark charge, as well as some standard model coupling. If this is
the case, though, the direct couplings of ® to the standard model fields should create an
observable imprint on observational particle data. Cosmologically speaking, if these heavy
particles are produced rarely we will see little impact on observables such as structure for-
mation and CMB measurements. Colliders, however, could produce noticeable quantities of
these new particles, and hence we can estimate the signal expected from such a ® particle.
We note that this has been considered already in the literature, and the existence of a heavy
quark like particle has been called a ‘quirk’, but we will stick to ® for our work as we present

a brief review [52] [70].

Consider proton-proton collisions in the LHC as our method to probe the existence of this
® particle. The process happens in a similar fashion to Drell-Yan scattering, but includes
multiple diagrams (see figure 4.9). This subsection will be concerned with computing the
scattering cross-section of the production mechanism, and we discuss the phenomenological

effects in the following subsection.
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Figure 4.9: ® production can take place through quark or gluon fusion processes in colliders.
All curly lines are gluons (not hypergluons). Note that hypercolor confinement will keep
these final state ® particles bound to one another.

As this production makes use of hadron-hadron collisions, we must employ the parton for-
malism to compute the cross-section. To determine these cross sections, we follow [2] and
[52]. The internal interaction responsible for the production of ® particles takes place by
either quark or gluon fusion, as described in the above figure. From our parton formalism,
we must compute the cross section of each internal interaction in order to determine the
full cross section for this production process. Quoting [2], the differential cross sections for

quark and gluon fusion are

do = 4o’ N .
o qg > @) = T [0 B+ (= ) 2m%]
do = TaiN 6(m? — A)( 2 —q) m2(3 — 4m?)?
— oP) = —2 _ A
+4(m2 — f)(m2 — @) — 8m2(m? + f) . A(m? — ) (m? — A) _ 8m2(m? + ) (4.46)
3(m? — )2 3(m? — 02
g =D — @)+ mAa = 1) (= @) — 1) + m (- ),

5(m2 —t) 5(m? — 1)
Here, m = Mg has been made for clarity, and variables with the hat denote their parton
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versions, for example § = (z1p; + Taps)? where x; is the momentum fraction of the parton
coming from one of the incoming protons p;, and x5 the momentum fraction of the other
parton stemming from the proton with momentum py. N is related to our gauge group,
SU(N) and is representative of the degeneracy in the number of ‘hidden’ colors in our dark

sector. Integrating these equations and defining a dimensionless quantity, z = 4m?/3 yields

. 4ma®N
5(q7 — ©B) = (9 4 )T — 2

- 72N ” 1++vV1—-2 (4.47)
6(gg — D) = 4SS§ —(28 +312)V1 — z + (16 + 162 + z*) In Y

With these, we can write the full cross section for production of these ® particles coming

from proton-proton collisions.

1
o(P Py — ®P) = / dxidxs|[gp, (x1)gp,(x2)d (g9 — PP) : \
0 4.48

+(qp, (21)qp, (22) + Gp, (21)qp, (22))0 (9 — PP)]

Where P refers to the proton parton distribution function, empirically found. This equation

can be solved numerically to acquire constraints on the mediator mass Mg.

4.3.4 Phenomenology of ¢

The idea of the production of this ® particle has been considered in detail in [52], and so
we will review some of the results here. We stress that our aim is to present a heuristic
review of results presented by other collaborations, and that future work should include a
more complete and quantitative analysis of the constraints set by the LHC. It is important

to first recall a little about color confinement and how it applies to the production of heavy
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particles interacting under the strong force.

Very schematically, recall that in the usual strong interactions, production of quarks or glu-
ons create jets of particles due to color confinement. Since free particles cannot have color,
the production of say, a quark antiquark pair is not free, and the two particles are bound
by a so called flux tube. This flux tube consists of a stream of color charged particles, and
increases in energy as the newly formed quarks increase their physical separation. At a
separation of about d ~ AZ)ED, it becomes energetically favourable for these flux tubes (or
QCD strings) to break and pop a corresponding quark-antiquark pair out of the vacuum.
This is because m, < Agcp, and so the flux tubes have more than enough energy to create
light quarks out of the vacuum. This creation allows for color neutral mesons or baryons to

be formed, ensuring the final state particles do not possess color.

In a theory with a very heavy quark-like object such as our ® particles, this is not possible. In
general, flux tubes have energy per unit length of order A2, and since for a heavy, integrated
out degree of freedom, Mg >> A, the tube does not have the energy required to pop a ®®
out of the vacuum. This leads to a bound state that has been dubbed ‘quirkonia’ in recent

literature where such particles are called quirks.
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Figure 4.10: Full production cross section of ® particles from parton formalism. /s =
13 TeV for the latest LHC run. Figure adapted from [52]

As shown in figure 4.10, the heavier the mediator particle, the less likely it is to be produced.
The size of the gauge group N also suppresses this cross section linearly. For a sufficiently
light enough ® particle, there could be a significant ‘missing energy’ signal to look for in
proton-proton collisions at the LHC. This missing energy would come from the production
of ® particles, which would escape without being detected, thus giving us a deficit at some
resonant energy. Alternatively, a ®® found state will oscillate, producing gluons, dark glu-
ons, and/or dark glueballs. Since the dark glueballs are stable, they will leave the detector
unperturbed yielding missing energy. The radiation of colored particles such as gluons will
produce jets that can also be used to constraint the model. A similar scenario happens
in the case that a bound state of ® annihilates inside the detector, potentially producing
both standard model and dark sector particles. particles The full quantitative theory on
the production of the ®® bound states is beyond the scope of this work, but we will review

arguments presented in [52] on how these states can decay.
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As stated beforehand, we cannot break the flux tube separating two ® particles due to their
high mass, so the produced ® and ® in a collision oscillate about their classical turning
points. These oscillations are damped, however, due to the non-perturbative emission of
dark glueballs, and the perturbative emission of standard gluons. After sufficient damping
occurs, the ®® state can annihilate with itself to produce even more particles, giving us po-
tential signals to hunt for in detectors. Possible annihilation products include hypergluons

(which will bind into dark glueballs at long distances) as well as standard quarks or gluons.

Three different types of decays are reviewed in the literature. Hard annihilations occur when
the ®® state annihilate directly into hypergluons (and subsequently, more dark glueballs).
Radiative decays are also possible, with both the standard model and the hidden sector
playing a role. From the standard model side, the bound state can slowly decay by a cascade
of gluons, which would hadronize into pions and kaons (mostly). It is also possible to have
dark glueball radiative decays, in which a bound state emits a standard J¢ glueball as a
way to lower its energy. We should note, however, that this is a non-perturbative effect from
a hidden sector, so this mechanism is highly uncertain. For Agc << Mg, a potential model
similar to that for heavy quarkonium can be used as an analogue for this decay. Detailed

results for the decay rates of these different processes are available in chapter 4 of [52].

An additional point to consider are constraints coming from bound states of ®® in the limit
of a low hidden confinement scale. This is interesting because the lower we take A, the
further away (in physical space) the bound state of ® particles can travel from each other
before reaching their classical turning points and snapping back together. For values of the
scale, 1eV < A < 10%eV, the length of the flux tube connecting the ® particles can become
macroscopic (in relation to CMS and LHC detector sizes), creating signatures that could be

seen in the LHC or CMS experiments [73]. Specifically, it has been found in the literature
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that in the Nambu-Goto approximation, the flux tube connection between our ® bound state

has an effective length, given by

Log ~ 10m 1?;) (mi‘”)z (%)2 (4.49)

Where mg is the mass of our ® particle, A is the confining scale in our dark sector, and v is

the relative velocity of a ® particle with respect to the centre of mass of the bound state of
®P. If we are looking for phenomenology due to the macroscopic separation of the mediator
particles, we are looking at leV < A < 10keV. For smaller confinement scales, the flux
tube is too large (A ~ d~!) and wont impose any signatures on collider data. For larger
confinement scales, the separation distance is smaller than the tracking resolution of the
detectors. ® in this regime can be constrained by observing non-standard particle tracks in
detectors. Standard quarks exhibit helical shaped trajectories in the zy plane, so deviations
from this can stem from a new hidden gauge group. Note that these helical trajectories are
produced by a magnetic field, so these constraints can only be applied to a case with elec-
trically charged ® particles. The signature in this intermediate A regime is thus deviations
from helical trajectories inside the detector. Heavy stable charged particle searches (HSCPs)
have been reinterpreted by [73] using datasets from the CMS [74] and Atlas detectors [75].
Monojet search results from CMS [76] and Atlas [77] are also reinterpreted to give constraints

on the ¢ parameter space.

Finally, it is also possible to utilize 07" data from CMS [78] (no external magnetic field in
the tracking) to constrain the parameter space further. The idea here is that in the absence
of a magnetic field, quarks travel in straight lines, whereas these ® particles still have their
paths bent due to the flux tube connecting a pair of them. In this case, ® does not need
to be electrically charged. Combining constraints in this low A regime, the authors of [73]

produced a plot of the & parameter space (figure 4.11)
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Figure 4.11: 95% confidence limits on a new fermionic ® particle transforming as a triplet
under SU(3)strong- The hidden gauge group here has N = 2. Red and green shaded regions
are constraints from HSCPs and monojets respectively. Projected constraints are also given
for the 0T scenario. Unshaded lines represent projected constraints with more data. Grey
dashed lines correspond to the effective length of the flux tube separating a ®® pair. Figure
credit to [73]

As with any constraints, we need to choose a few properties of the ® particle to make a
parameter space plot. Here, the authors of [73] assume the hidden gauge group is SU(2),

and that ® transforms as a fermionic triplet under the standard model SU(3).
Further constraints on this 'quirky’ ® scenario have been considered by [71], and so for a

more quantitative analysis of this case the reader is invited to examine this paper, as well

as the arguments presented by [52] [70].
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4.4 Higgs Portal Decay

As our final point of discussion, let us consider the case in which our dark glueballs inter-
act with ® mediators like usual, but the ® particles don’t couple to any standard model
gauge bosons. Instead, decays happen via Higgs portal interactions. This is possible by
specifying that the mediator in this case is a scalar particle, and couples to the Higgs in the
form of a H?S? type interaction. These decays happen primarily via dimension six opera-

tors, as opposed to the dimension eight suppressed operators in the previous two subsections.

In the absence of any other standard model couplings, the 07 glueball (normally thought
to be the vastly abundant species) is allowed to decay via this dimension six Higgs operator.
However, the lack of standard model couplings prevents the 17~ glueball from radiatively
decaying into a 07" (due to conservation of charge parity), and so conversely, if we can allow
the 0™ state to decay fast enough, our dark matter candidate could be the vector glueball
state. We also note that the 0~ glueball may be protected by some additional symmetries
that prevents decay into the 07", but this is much more model dependent [47] [53] [72]. In
this subsection, we primarily report the work of the aforementioned citations, and briefly

discuss consequences of such a coupling on an SU(N) dark theory of this kind.

4.4.1 Decay Rate of the 0"

As in the previous subsections, we induce decays of our glueballs via higher dimensional
operators with our scalar mediator particle, ®. The Lagrangian for our ® particle is assumed

to take the form given in [47] (also see [49])

Ly ~ Mz®* + \O*|H|? (4.50)

101



At scales lower than Mg but higher than the dark confinement scale and EWSB, we get
the following dimension 6 operator mediating the coupling between the dark gluons and the
Higgs sector

Ao HC

Lopy ~ Sy () 1) (151)

Where we have used the momentarily confusing notation of H being the Higgs doublet, and
Hj, being our hypergluon field strength. The suppression coming from a combination of A
and 1/M? coefficients can lead to large suppressions (potentially even larger than those of
the dimension 8 operators considered above), and so corrections from any standard model
couplings could become important. We negate this issue by considering a pure coupling of

our ¢ particles to the Higgs sector.

While we have a spectrum of dark glueballs, radiative decays allow most (but not all!) of the
heavier states to decay to the 0T state. This state is thus thought to be the most abundant,
and in some models thought to be the dominant contribution to the dark matter density,
Qpar. Because of this, analysis of the decay of 07" is of the paramount importance. From
the effective Lagrangian, it is possible to deduce the decay rate of a 07 to a pair of standard

model particles via an s-channel Higgs exchange. Quoting [47] (and[53]), this decay rate is

A 2 S 2

where my is the mass of the Higgs (=~ 126GeV), vy is the vacuum expectation value of
the Higgs (=~ 246GeV), I'(h — £&§;m2..) is the decay width of a Higgs to standard model
particles if it had a mass mg++, and f3 is the 07+ decay constant. If we recall from above,

lattice calculations for a pure SU(3) theory that g% f; &~ 3md... With this substitution,
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the decay rate takes a more tractable form

3
AVEMG ¢

++ ~ ‘m2,. ‘
I(0 %55>~( )) D(h = €6 m2.s) (4.53)

Am2 MG (m3 — m3,
This is the only decay channel for mg++ < 2my, so it makes sense to expand in the limit
mg.. << mj;, noting that the Higgs is related to its VeV by mpy ~ vgy. This expansion
yields

2
D0t = &) ~ (—UH) D(h — &&mes) (M << my) (4.54)

If mg++ > 2my, the decay channel of a glueball to a pair of Higgs particles also opens up.

The width of this decay can be written as [53]

1 A3 2 2 2 Am?2
D0 — hh) = ( mo**) <1+3m—H) - (4.55)

32mmo++ \ 4m2 M2 me.. —miy me..
In the opposite mass range, for very heavy dark glueballs such that m?2,, >> m3, this decay

rate becomes

L0t — hh) =

1 ( Amg,

2
2 2
>> 4.56
32mmgr s 47r2Mq2>) (mg++ >> my) (4.56)

These limiting expressions roughly match other results found in the literature [47] for the

case of an SU(3) hidden sector.

4.4.2 177,077 in a Sea of Metastable 0"

As stated earlier, there are two possible scenarios for Higgs coupled glueball dark matter.
First off, we can carry out the usual procedure where we determine the freeze out temper-

ature of the 07" decays and push it above the reheating temperature to see how tight the
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constraints on our parameters have to be. Due to the vast number of glueball states that
can decay down to the 0" via Higgs radiative processes, these dark glueballs would be the
dominant contribution to Q2py,. With no additional couplings on our mediator, however,
there are a couple other glueball states that persist as they are protected by other symme-

tries. These other glueballs would become the subdominant contribution to Qpj;.

Alternatively, it is possible to paint a picture where the 07" glueballs decay very quickly via
the Higgs portal. This idea is first discussed in [47], and so we restate their arguments here.
This is only possible if we have conservation of C' and P quantities independently in the
dark sector, and so we take that as an assumption in what follows. If the 0™ particles are
cosmologically short-lived, they would not contribute to the dark matter density at all, and
instead we must look for another candidate. Luckily, there are a couple that naturally occur
in a Higgs-only connection between the standard model and the hidden sector, and those are
the 177 and 0~ glueballs. The 1%~ is the lightest particle in the C' = — sector, and so any
decays it could undergo would have to change its charge conjugation number. The Higgs is
unable to do so, therefore in the absence of additional standard model couplings, it is stable.
In the absence of extensions to the standard model such as additional parity violation in the
or a two Higgs doublet model, the 0~ is stable as well. The radiative decay 0~ — 07+h
cannot occur because in order to conserve angular momentum (Lpefore = Lofter = 0), you
must violate parity. Both of these glueballs make for potential candidates in the scenario
where the lifetime for the 07 is cosmologically short. This unique characteristic of dark

glueballs is still unexplored, and would be a great extension to the work presented here.

We should note a possible shortcoming of this idea, however. Since the standard model does
have C violation, it is possible that higher loop orders could induce C' violation allowing

this 17~ state to decay. This is possible as the Higgs couples to C' violating processes in the
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standard model, but these processes would be suppressed by additional loop factors, so it
is not clear that they would significantly effect the lifetimes of the 17~ states. This is not

considered in the arguments of Forestell et al [47].

Relic densities for dark glueballs have been computed in [47]. The abundance of the lightest
glueball (071) was calculated assuming 3 — 2 number changing processes set the yield. The
heavier glueballs are expected to decay to the lightest state in the absence of additional dark
sector symmetries, so their 3 — 2 interactions are not as important as the 2 — 2 transfer
reactions. We assume the decays of the 07+ have all occurred by the late-time universe,
and so we wont be interested in that result. Heavier glueballs had their Boltzmann yield
calculated assuming 2 — 2 transfer processes. These relic densities are plotted by Forestell

et al in [47], which we have reproduced as figure 4.12.
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Figure 4.12: Relic densities of the 0~ and 17~ states, weighted by their masses. R = sy¢/s
is the relative entropy between the two sectors, and is a conserved quantity after all confining
phase transitions. The horizontal line represents the necessary value of m - Y to give the
observed dark matter abundance in the universe today Figure adapted from [47]
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Chapter 5

Discussion and Outlook

The aim of this work was to present a coherent and modular attempt at explaining dark
matter in terms of an SU(N) hidden gauge group, in the context of particle cosmology. To
that end, we found it prudent to introduce many of the main concepts in quantum field
theory and cosmology, before applying them in the context of the Boltzmann equation for
determining relic densities of primordial particle species. After concluding this, we finally
came to the description of an SU(N) glueball making up the dominant dark matter density
in the universe. In this section we go over open questions, problems, and ideas concerning
our work on the numerical Boltzmann equation code, as well as the dark matter model con-

structed in the previous chapter.

In chapter 3, we presented a work-in-progress of a mathematica notebook capable of com-
puting Boltzmann yields and freeze out temperatures for generic classes of particle dark
matter. At this stage, the code seems capable of reproducing accepted results such as the
abundance of baryons in a baryon-antibaryon symmetric universe (presented analytically in
Kolb and Turner [16]), and thus seems to be trustworthy. Because of this solid foundation,

it is natural to ask what improvements can be made on such a piece of code.
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Improvements can come on computational, user-friendly, and robustness fronts. Computa-
tionally, much of this code has been written in such a way that it performs the tasks set in
front of it, but not necessarily in the most efficient ways. Time has not been invested in de-
termining the efficiency at which the NDSolve and other functions run within Mathematica.
It is possible that when considering more complicated forms of dark matter, we may run into
efficiency issues, and so this aspect should be investigated. On the user-friendly side, as it
stands the code can be cumbersome and confusing to work with. If made available to other
working groups in their computations, it would benefit with the addition of a graphical user
interface (GUI). GUIs are easily made in Mathematica using the GUIkit package, and would

highlight the simple elegance of our software.

Lastly, in order to make our software more robust, additional attributes, both on a cosmo-
logical and on a particle physics side, should be included in our calculation. This could be
realized with additional parameters specifying any initial asymmetry in particle species be-
ing considered, allowing for corrections to relic densities from more than one decay/number
changing channel, and allowing coupling constants of interactions to run with the energy
scale. Improving the software with the above suggestions could make the package an at-
tractive choice for other research groups wishing to determine relic densities and decoupling

times in a simple, yet powerful, manner.

Moving forward, we next considered our SU(N) glueball dark matter candidate. We allowed
for the decay of this glueball to occur via loops of a heavy mediator particle, ®, which we
considered to possess couplings to different standard model fields. We will briefly discuss

each of these couplings once more, and discuss the outlook of each scenario.
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First, we considered coupling the ® particle to U(1) hypercharge (and subsequently, electro-
magnetism and the Z below EWSB). Due to a number of line search surveys over the past
decade, constraints on the decay modes of this dark matter were quite stringent. From en-
tropy considerations, we required that the two sectors were never in thermal equilibrium with
one another. Pushing the freeze-out temperature above sensible values of the reheat temper-
ature from inflation showed that the parameter space was highly constrained. In an effort

to study how this phenomenology changes, we considered different standard model couplings.

Couplings to the strong force were introduced instead. First, we considered a diagram that
would produce a line of photons, as in the previous case. This happens at the three loop level,
though no change of the reheat temperature constraints was observed, as the agy — as
was raised to the 1/7th power. Next, we considered the production of a diffuse spectrum of
photons by allowing the final state gluons to hadronize and emit particles. Constraints from
the HAWC and Fermi-LAT surveys were utilized to constrain this scenario, along with our
reheat constraints. This coupling does give the ability to detect ® particles in colliders, as
they should be produced abundantly in proton-proton collisions. The collider phenomenol-

ogy of this is discussed above, and in depth in [52].

To conclude, we discussed the possibility of Higgs couplings on our ® mediator. Higgs
couplings are different than other gauge bosons in that these glueball decay operators come

at dimension 6 rather than dimension 8. This allows us to consider two possibilities:

m The Higgs couplings could produce extra suppression that would counteract the fact
that the operator is suppressed by only mass dimension 6. This is the standard ap-
proach attempted with the previous two couplings, and so we could hope this additional
suppression allows us to raise the freeze out temperature substantially. This seems un-

likely, however, due to the scaling between 7% and o discussed above.
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m The Higgs couplings are not very suppressed, and decay of the lightest and most
abundant 0™t dark glueball occurs very rapidly. With only Higgs couplings, the next
lightest glueballs, 1t~ and 0~ are stable due to symmetries. These other glueballs

could then form the dominant dark matter contribution.

Though both scenarios are possible, the second case with the fast decaying 07+ dark glueball
seems of particular interest to the author. If a large proportion of these decays take place
in the early universe, they could generate additional signals such as p or y type spectral

distortions in the CMB.

Spectral distortions are departures from a blackbody for the CMB frequency spectrum. Since
decaying glueballs would transfer energy from the dark sector to the standard model, they
can perturb the thermal frequency spectrum of the thermal bath of photons. These distor-
tions can potentially be observed by future satellites such as PIXIE or EUCLID, who would
probe these distortions to a AI/I ~ 107Y level. Significant energy releases at a redshift of
z < 10° that could be observed. For an interesting read, refer to [79] and references therein

on potential new physics that can be constrained by spectral distortions.

The next step in this project should be to investigate these Higgs portal connections in much

more detail.
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Chapter 6

Conclusions

In this work we have presented a general overview of particle cosmology, analytic and numeric
methods to solving the Boltzmann equation, and introduced a new SU(N) gauge group in
an attempt to describe the dark matter phenomenon. We have attempted to keep everything

as self-contained as possible.

The numerical Boltzmann code developed has been shown to correctly predict relic densities
and freeze out temperatures of analytically calculated phenomenon. Moreover, it serves as a
simple tool for determining freeze outs and relic densities for generic classes of particle dark
matter. With some tune-ups, both computationally and visually, this software could be a

simple, yet powerful tool for easily determining Boltzmann yields.

A pure SU(N) theory gives dark glueballs as the main massive species contributing to
the observed dark matter density in the universe today. Phenomenological signals can be
obtained by considering a heavy mediator ® acting as a portal between the dark and standard
sectors. Decays of the lightest 07" into photons and gluons seem constrained by aspects of

cosmological reheating, though gluon couplings do present the opportunity for interesting
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phenomenology at colliders. Couplings induced via the Higgs can present an interesting
scenario where the lightest glueballs decay quickly, and the 177,0~" become the dominant
late-time species as their decay is protected by some symmetries. This scenario should be

investigated in more detail.
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Appendix A

Overview of Units and Unit

Conversions

The units used in this thesis are such that ¢ = h = kg = 1 in order to make the formulae
less cumbersome. To the unfamiliar reader, a lot of the units presented in this thesis can

look utterly wrong, so let us go over a few scenarios.

We have a matter-energy equality, leading us to present quantities such as the dark matter

mass in terms of an energy (mpy = 5MeV'). This comes from Einstein‘s famous relationship

E =mdc®

As ¢ = 1 in this situation, we can see that expressing mass in energy units is natural. We also
have a temperature-energy equality, which stems from the units of the Bolztmann constant.

In SI units the Boltzmann constant, kg, is

J
kg =1.38- 10—2??
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In units where kg = 1, we can always multiply or divide an equation by kg in order to
switch between units of temperature and of energy. The same goes for the units of A, but

this substitution has rarely been used in our thesis.

We have chosen the mostly minus signature for our metric, conforming to that of Peskin’s

textbook [1].
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Appendix B

Miscellaneous Computations

Here we present a couple of computations that are perhaps not the most obvious. As such,
we expand upon these computations in order to provide motivation for forms used in the

above work.

B.1 Differential Element in the Computation of (ov)

If we recall in section 3.2.2, we had the differential element d3p;d3p, in our computation.
This form is relatively unusable in actually computing the thermally averaged cross section
times velocity, and so we include in more detail the transformation done to give us a more

practical integral.
Note in transforming from a Cartesian type differential to a spherical one, we have

d’py = |p1[*d|p1|d(cos 8)do (B.1)

We note now that the rest of our integrand is independent of 6, ¢ and thus we can perform a

couple of integrations on this element. Since we want to eventually introduce the Mandelstam
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variable s which has an angular dependence between p; and p,, its prudent to align our
coordinate system with the direction of p; and integrate the angle of ps with respect to its

angle with this rotation. This means we can write

/ o Pdlp|d(cos 0')do / ipaPPdlps|d(cos 0)dé = / 4 |p 2dp| / 21 |ps[2d|pa]d(cos ) (B.2)

Now, from the relativistic energy equation, and its derivative we have

E? = m? 4 p?
(B.3)
EdE = pdp
So making this substitution, we our differential element has transformed to
dPp1d®py = 87°p1pa B Ey dE dE,d(cos 6) (B.4)

From here, the substitutions of F,, E_, s are straightforward and we get to the final, useful

differential element

d3p1d3p2 = 27T2E1E2 dEerE,dS (B5)

With a transformed integration region

B < /(1 - 4m?/s) (B2 — s)
B, >5 (B.6)

s > 4m?
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and the rest of the computation continues straightforwardly from here.

B.2 Derivative Interactions

In the section on photon couplings to our mediator ®, we noted that the derivative interac-
tions stemming from the 9,A,9"A*0,W50*W*” gave us something like 4[(ky - k2)(ks - k)],

where the 1,2 correspond to in state particles, and the 3,4 correspond to out state ones.

Consider first an interaction term in some scalar field Lagrangian that looks like

Lint ~ 990" 90,0 (B.7)
The vertex function for such a term does not stipulate which particles (in or out state)
have the derivative interactions associated with them. As such, the vertex factor takes into
account this discrepancy by setting

990" 90, — 2g(kika + kiks + koks) (B.8)

Similarly, a four point function with one real scalar field yields by the same logic

A@M(bﬁ“gbaygb@”qﬁ — 4/\[(]61 . ]Cg)(l{ig . /{Z4> + (/{31 . /{33)(1{32 . ]{34) + (k’l . k‘4)<k‘2 . k’3)] (Bg)

So it stands to reason that our derivative interactions, which contain two undetermined

fields, will have a vertex factor structure like

augb*a“gb* l,gb@”qb — 4[(]{31 . kg)(kg . k4)] (B].O)
The only difference between the complex scalar field we are considering here and the vector
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fields in the work, is that of the polarization states, which are considered separately.
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Mathematica Notebook

Numerical Boltzmann Equation

Boltzmann Equation Numerical

Preliminaries

Here we compute some numerical factors, nothing too important here,

N[zeta[3]/ (x*+1.67)]

0.0729304

Integrate £ (""z/""]/ (27). (2, 0, =]

Condmonz.\E:pusswn[
2

Numerics of the s-wave

Here we will be computing numerical results for abundances of relics with only s-wave interactions. P-wave interactions may or may not be considered in a following section

Toy Model

We use the form derived in http://hitoshi_berkeley.edu/229C/HW5.nb.pdf as it is the generic solution to finding the abundance of a cold relic. Note that our parameters are all in GeV, where m is the mass of the relic to be
computed, g is actually g., related to the effective degrees of freedom of our system (look up a bit more on this), which is about 100 at early times (T>1GeV from Kolb and Turner), o is the thermally averaged cross section,
<gv>, and mpl is the Planck mass. Derivation of this differential equation is found in my notebook as well as on the above mentioned website. We make a quick note that the y in the differential equation is related to the

abundance Y by a change of variables, namely y = [s(m)/H(m)] Y <ov>

-1 - e =
genericAuto = NDSolve[{y'[x] == ((yix1)* - (0.192 mpl m 0 x** E™)%), y(1] = 0.192 mp1mu1’”z‘} /.{m- 1000, g- 100, ¢ » 107", mpl - 2.44 + 10° }, v,
x

{x, 1, 10000}, Method » "Automatic", Accmacycoal)w]

Domain: (1. 1.00x10*) }}

Output: scalar

Function|

{( y = Interpolat

= ((xtx1)?- (0.192 mp1 m o x** £™)*), y([1] = 0.192 mplmo1™? B"} /. {m> 1000, g 100, o » 107, mwpl 5 2.44 + 10¥}, v, {x, 1, mnoouun)]

generic = NDSolve[{y " (x] =

=2

\ Domain: (1. 1.x107) )}

{{ y = InterpolatingFunction|
i —| Output: scalar

y[10000000] /. generic

{22.8686}

-1 -x - =
genericSs = NDSolve[{y'[x] == ((vix1)?- (0.192mp1m o x*? & )Z), ¥[1] = 0.192 mplmcl”’l:’} 7. {m- 1000, g 100, o » 107, mp1 > 2.44+10%}, v,

{x, 1, 10000}, Method + "StiffnessSwitching"

\ Domain: (1. 1.00%10*) I

{{'l  InterpolatingFunction|
1 | Qutput: scalar
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g = LogLogPlot [Evaluate[y([x] /. generic], {x, 1, 10000}, PlotRange -+ {{1, 10000}, {1, 10*’}} , AxesLabel » ix, y}]

Y[10000000] /. generic

228636}

gAuto = LogLogPlot [Evaluate[y([x] /. genericAuto], {x, 1, 10000}, PlotRange - {{1, 10000}, {1, 10*}}, PlotStyle -+ Green, AxeslLabel » {x, v}]

gSS = LoglogPlot [Evaluate[y[x] /. genericsS], {x, 1, 10000}, PlotRange - {{1, 10000}, {1, 10”}}, PlotStyle - Red, Axeslabel - {x, v}]

Show[g, gAuto, gSS]

v
10
10"
10°
107
108
1000
10

1 10 100 1000 104

We often want to see the relative change in abundance from the early universe to now, and so lets replot with the Y (abundance) axis recast as log(Y/Y_eq), where Y_eq is just our initial Y(1) condition. A note on the different
methods used in NDSolve, sometimes a differential equation cannot be solved without explicitly selecting a method due to something called ‘stiffness constraints’ in Mathematica. | have exhibited that all 3 methods | have used
above i i . and the one) yield results with one another. We will be switching between methods in the next part depending on which one works.

LogLinearPlot [Evaluate[Log10[y[x] / (0.192%2.44#10'" +1000%107°+E™)] /. generic ], {x, 1, 1000}, PlotRange - {{1, 1000}, {0, -10}} , AxesLabel- {x, Log[(¥/Y¥es)1}]

10 100 1000

-10

So we see that Y has been suppressed by about 10 orders of magnitude from the freeze out. Note the log is base 10 and not base e.

Baryon-Symmetric Universe (Kolb and Turner Example)

In an attempt to replicate the resuits of figure 5.1 in Kolb and Turner, we first insert parameters for nucleon-nucleon annihilation where @ -> ¢1 my"2, m-> 1GeV, however mathematica seems to be running into some numerical
errors. Note c1 is described as an order 1 constant by KT. These errors are rectified by using the method StiffnessSwitching in NDSolve, which we have showed above to yield consistent results, if somewhat choppy in the
small x limit. The uniabelied and automatic methods fail here in Mathematica.

BaryonSymm = N'DSc].ve[{y'[x] =';1 ((xyix1)?- (0-192 mpl m o x*? z")’), y[1] = 0.192 mpl m 0 132 z"} /- {m>1, g 10, o » (0.139), mpl » 2.44 » 10* }, y,
{x, 1, 10000000}, Method - "Stiifnessswitchan"]

{{}_4memlmguﬂm“[ g3 [\_] Domain: (1. 1.x107) n}

Output: scalar
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Testing grounds for a better solution to these differential equations

Needs["DifferentialEquations NDSolveProblems "] :
Needs(["DifferentialEquations NDSolveUtilities "];
Needs["FunctionApproximations "] ;

B
TestBaryonSymm = NDSol.ve[{y'[x] s ((xtx1)?- (0.192 mp1 m o x*? E7)*), y[1] = 0.192 mplm o 1¥? z"} /. {m>1, g» 10, o » (0.139), mwpl » 2.44 + 10¥ },
¥, {x, 1, 10000}, SolveDelayed + True]

NOTE can also use Method -> {EquationSimplification” -> “residual’} instead of SolveDelayed -> True (check syntax) since the method is

{3~ mtepolstingFunceon]| 13 [\ ZZ:::::‘«L:DOHO‘) m

z = LoglogPlot [Evaluate[y[x] /. TestBaryonSymm], {x, 1, 10000}, PlotRange » {{1, 10000}, {1, 10¥}} , AxesLabel > {x, v}, PlotStyle »Red]

102!

10

1 10 100 1000 104

As we can see, the stiffness switching method has created a messy small x zone, and it even appears to be missing some points of interest. 'm not sure what exactly would be causing this, but | don't think it should effect the
final abundance results. In the line below | have taken a good approximation to y.. which is related to the abundance fraction, Y.. by a change of variables. This noise problem has been solved by utilizing the new method
above. This plot remains as a comparison, and to exhibit the jump that occurs in stiffnessswitching between the initial condition and the first step

y[10000000] /. BaryonSymm
(426314}

LogLinearPlot[Evaluate[Log10[y[x]/ (0.192+2.44+10 214 (0.1397) xE™)] /. TestBaryonSymm |, {x, 1, 10000000}, PlotRange - {{1, 10000}, {0, -20}} , AxesLabel- {x, Log[(y/Ye)1}]

10 100 1000 10*

To find the remaining relic density Y.., we make use of our transformation y..=[s(m)/H(m)] Y.. <ov> noting from a step in our derivation, [s(m)/H(m)] = 0.368 g. 2m m,; where s is the entropy and H is the hubble parameter

(each represented in terms of m). Using g.=100, and our prior values for masses and cross sections, we get that Y.= 9.1732* 162 (KT value is Yu=7+ 107 for P ). Note in a i-rough ap i Y= X DY
definition (1ook at form of diff eq we are solving for late fime values of . y), and so estimating y(10,000,000) = y.. yields a freeze out at x; = 42 6314, which is right around the kolb and tumer value. | think we have fairly good
confidence in this algorithm now. NOTE now | think that g. should perhaps be 10 instead of 100, so just making the i in here yields ing not amazing, 2.9 107" so perhaps I'll look through the algerithm to find

if this g. replacement must be made elsewhere. Our assumption of g. = 100 should still hold for the TC case though, as T = m/x = 30ish which yields g.=100 still (pg 65 or 66 in KT for plot of these g values in SU(3) X SU(2) X
u)y
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Technibaryon DM Relic Density

Here we look at the TechniColour SU(3) gauge group, behaving as a sort of new QCD group. If we assume a massive DM technibaryon particie (m-> 1000 Gev), and have the cross section going as 417 /m” (analogous to the
cross section in proton-proton scattering). we get the results below.

wimpDensi tyHeavy = }msolva{{y'[x] = ';1 ((rix1)? - (0.192 mpl m o x** z“)z), ¥[1] = 0.192 mpl m ¢ 1*? E” } /. {m=> 1000, g= 100, o » 47/ (1000°), mpl » 2.44 x 10},

¥, {x, 1, 10000000}, Method -» {"EquationSimplification" » "Resldual")]

{{or~ tnterpotatingFunction]] g3 [\_ | Dormain: (1 1.x107) [y

Output: scalar

Note, using SolveDelayed -> True also works, but appears to have been phased out by the software some time ago. It returns a purely cosmetic error warning, but still evaluates in the way our ‘Method’ works now. It appears
that what this method does is numerically solve the differential equation at every step instead of analytically trying to solve and simplify before plugging stuff in. Better double check this in the future, but it seems to be the
‘magical’ solution we have been looking for, as it doesnt change any late time behaviour but smooths out (and doesnt cause a jump) in the early time part of the equation. Use method->"Stit 1g" to see
‘what we had prior, though | will leave an example of this in the Baryon Symmetric case

main: (1. 1.00x10*
Domain: (1. 1.00 1 )D}

{(yalmupolalmg}'uncuon[ a2\
~—| Output: scalar

Loql.ogplot[xvamata[y[x] /. winpDensityHeavy], {x, 1, 10000}, PlotRange - ((1, 10000}, {1, 1n”))]

1 10 100 1000 104
¥[10] /. wimpDensityHeavy
{134612x10"%}
y[10000000] /. wimpDensityHeavy
peas)

So our freeze out time seems to be at y.= x; = 34 4125
Analagous to our previous computation, we get an abundance Y. of 3.05 * 107"

Note now that if our theory actually has a low confinement scale (lets say 7.5 MeV) than the annihilation will take place by interchange of light glueballs. If we instead estimate the cross section to be 1 /(0 00752) we have a
very different result.

-1 - -
wimpdensitylow = WDsolve[{y ' [x] = T ((y[x1)’- (0192 mplm o 7 £7)%), y[1] = 0.192mpim o P77} /. {m 1000, g+ 200, 0 » 47/ (0.0075%), mpl + 2.44 + 20* },

¥, {x, 1, 10000000}, Method - {"EquationSimplification" - "Resldual")]

{{}_4mmhm?wm“[ a Domain: (1. 1.x107) ])}

! Output: scalar

LogLogPlot[Evaluate[y[x] /. wimpDensitylow], {x, 1, 10000}, PlotRange » {{1, 10000}, {1, 10*}}]

103!

102!

1 10 100 1000 10*

y[10000000] /. wimpDensityLow
{57.7605}

This freeze out time is now x;= 57.7605
And abundance of Y. =3618 * 107%°
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