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Experimental results are reported from 62 qu~rter-sea1e 

model plain and reinforeed conerete beams tested under various eom­

binations of axial compression, bending and torsion. 

Beams tested under combined axial compression and torsion 

for p/p < 0.5 fai1ed in a skewed bending mode similar to those tested 
o 

under pure torsion. For plp ~ 0.5 these beams exhibited a predominant­
o 

1y sliding shear compression failure mode. 

Beams failing in eombined bending and torsion exhibited a 

predominantly torsional mode of failure for M/T<2, and a predominant1y 

flexural mode for MIT >4, with a transition in between, which was 

changed into a predominantly flexural mode with the introduction of an 

axial compression. 

The tests carried out in this investigation correlated weIl 

with pro~otype tests available in literature. A conservative interaction 

surface has been proposed for design purposes which may also find appli­

cation in the field of prestressed concrete. 
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CHAPTER l 

INTRODUCTION 

A. THE PROBLEM 

Reinforced concrete elements are often subjected to combinations 

of axial forces, bending moments, shearing forces and twisting moments. Torsion 

usual1y exists as a secondary effect and its effects are usually ignored in de­

sign or its presence ie avoided by suitably arranging the structural layout, 

because of the lack of research information on which a rational design can be 

bssed. Structures, however, resist applied loads by three-dimensional-frame 

action, which results in members being subjected to significant torsional 

stresses which cannot be ignored. Modern design practice is oriented towards 

an efficient use of structural materials, leading to relatively small load 

factors which become more critica1 in torsion - a field in which extensive 

res~arch has on1y recently been undertaken. 

Columns which support crane girders are subjected to combined 

compressive forces, bending and twisting moments when the moving cranes are 

suddenly stopped. Similar combined stresses also exist in prestressed con­

crete elements under. bending and torsion, and in three-dimensional frames. 

Torsional failure is usually extremely abrupt and even explosi'le 

as in ~he case of prestressed concrete. Prestressing is more effective thEm 

hoop n=inforcernent. or even spiral reinforcement in increasing the torsional 

streng,th of COll.crete. Moreover, bending moments and twisting moments ar(! 

oftei1 ;,::::L(·sely "J':eJated and they may reinforce or \'7eaken the illdividual ca­

paci t:y .. tlepending on thE: steel percentages and che 't'atios of the bending 

moments t:.c·che twisting moments" Analytical and experimental data are 

therefo:c~ extrem~ly necessary hl'': 8. contident:. ()couomicl3.J. and aesthetic de­

Rign in structural concret~. 

B. HISTORICAL BACKGROUND 

1,. Plain Concrete: Since concrete is a non-homogeneous material 

which is neither elastic nor plastic, a rational solution of the torsional 

problem could not be developed because of the lack of information on the 
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• 
behaviour of concrete under combined stresses. St. Venant's e1astic theory 

of torsion usua11y under-estimates whi1e Nadai's plastic theory over-estimates, 

the torsiona1 capacity of a concrete member, a1though experimenta1 evidence 

seems to indicate that the e1astic the ory gives good correlations at higher 

ranges of concrete strength where the p1asticity ratio is 10w, and the rigid­

plastic theory appears to agree with the experimenta1 resu1ts for 10w-strength 

concretes, where the p1asticity ratio is high. The modification made by the 1imit­

ed plastic theory is in.many cases still notenough to account for the observed 

excessive strength (1) . Most of our existing know1edge and procedures for 

design of structural concrete' members subjected to torsion and its combinations 

with other loadings are based on empirica1 methods obtained from experimenta1 

research. 

Most of the ear1ier theories are based on the assumption that a 

member fails when the tensi1e stress at any point reaches the u1timate tensile 

strength of concrete. These theories postu1ate that the fai1ure mechanism of 

a plain concrete section is in the form of he1ica1 cracks. This basic fai1ure 

mechanism assumption has been disproved by Hsu(l), who, using a high-speed 

camera, has shown that plain concrete beams subjected to pure torsion f.ail' by· skew­

ed bending with the neutra1 axis para1lel and close to one of the long sides of 

the section and inclined to the axis of twist as shown in Figure 1. Based 

on these observations, Hsu has proposed a new torsion the ory which suggests 

that failure occurs when the tensile stresses induced on the wider face by a 

"45-degree bending component" of applied torque :t'eaches a reduced modu1us of 

rupeure. Hsu proposed the following equation to evaluate the torsional 

strength of a plain concrete member: 

2 
T ; ~ (0.85 f ) 

p 3 r 

Results of tests on plain concrete members by Hsu and other investigators 

appear ta agree reasonably we1l with equation (1.1). 

(1.1) 

A similar failure mechanism can a1so be expected to occur in con-

crete members of non-rectangular shapes such as T- and L- r~ctions. It is, 

however, difficult to calculate the ultimate torque based on this mechanism 

and for design purposes the strength of the entire section can be taken as 

the sum of the strengths of stem and overhanging flanges to simplify th~ cal­

culations. 
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2. Reinforced Concrete: Experimental evidence has shown that in 

reinforced concrete subjected to torsion, the reinforcement becomes effective 

on1y after the concrete has cracked. Consequent1y the stiffness of rein-

forced concrete before cracking is approximate1y the same as that of plain 

concrete. Moreover, the longitudinal reinforcement acting a10ne has very 

1itt1e effect on torsiona1 behaviour and the increase in strength se1dom ex­

ceeds 15% of the strength of plain concrete. 

If, however, the longitudinal and the transverse reinforcement 

(in the form of c10sed stirrups) are combined, the u1timate torque is great1y 

increased and can be expressed in the form 

A f s sy 
S 

(1.2) 

This equation indicates that the torsiona1 strength of a reinforced concrete 

e1ement consists of the torque resisted by the plain concretê section together 

with the increase due to the stirrups which cross the diagonal crack and 

which tend to arrest it. 

3. Prestressed Concrete: Both the e1astic and the plastic torsion 

theories have been used for the ana1ysis of prestressed concrete in torsion. 

As a1ready seen for plain concrete, the e1astic theory works we11 with higher­

strength concretes whi1e the plastic the ory appears to be more suitab1e for 

10w-strength concretes. Suclden and violent fai1ure genera11y coincides with 

cracking, which, according to Cowan (8) and Zia (28), occurs when the combined 

stress due to torsiona1 shear and the prestress exceeds the ·concrete strength 

as defined by a suitab1e fai1ure criterion. 

Cowan's theory is a dual criterion of fai1ure,combining Rankine's 

maximum stress theory for the c1eavage faîlure with Cou10mb's interna1 friction 

the ory for the crushing type of fai1ure. According to Cowan, the c1eavage 

fracture is dependent 1argely on the tensi1e strength of concrete while the 

fai1ure of concrete in compression can be compared with that of a highly co­

hesive granulàr soi1, which essentia1ly conforms to the Coulomb criterion. 

h d . f' d h h" 2' - Z . ( 28) d T e mo 1 1e Cowan t eory as s own 1n F1gure 1S due to 1a an may 

be regarded as a c10ser approximation to Mohr's genera1ized internal friction 

theory. 

Zia a1so noted that web steel in prestressed concrete can increase 

the torsiona1 strength and can a1so increase the member ducti1ity considerab1y. 
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Role of web reinforcement in prestressed concrete has not received much 

attention and needs extensive theoretical and experimental research. 

H (33) su , however, has found that torsional failure of uniformly 

prestressed beams can also be considered to be a skewed bending failure as 

in the case of plain and reinforced concrete beams. The same failure criterion 

can therefore be expected to find application in the analysis of prestressed 

concrete beams in torsion. Hau considered the effects of the uniform pre-

stress fc slong the failure plane, and has derived the following equation for 

the ultimate torsional capacity of uniformly prestressed concrete beams: 

T = T .j 1 + 10 fc 
up P f' c (1.3) 

where T is the ultimate strength of non-prestressed beams calculated by 
p 

equation (1.1). The factor j 1 + 10 fc/ f'c accounts for the effect of the 

prestress. It is to be noted that this prestress factor applies only up to 

fc/f'c of about 0.7, beyond which compressive failure modes prevail. The 

maximum concrete compressive stress due to prestress permitted in the current 

ACI Building Code is fc/f'c = 0.45. 

4. Reinforced Concrete Under Combined Axial Compression and Torsion: Re-

inforced concrete columns subjected to proportionally increased axial com­

pressive and torsional loads were recently investigated by Bishara and peir(24) . 

Their tests indicated that the torsional capacity of a column gradually in­

creased with increments in the ratios of axial compression to the twisting 

moments up to a "transformation point" where the applied stress was approx-

imately 0.65 f'c. Beyond this limit, the torsional capacity decreased ra-

pidly with increases in the PiT ratios. However, they did not investigate 

the effects of loading sequence on the strength and behaviour of the reinforced 

concrete columns. 

5. Combined Bending and Torsion: Plain concrete beams under combined 

bending and torsion have been studied by Fisher (3), Cowan (4), and Mirza (15) 

Reinforced concrete beams subject to similar loading combinations have been 

investigated by Nylander(5), Cowan(4,6,7), Lessig(9), YUdin(lO), Gesund(11,12), 
( 13) (14) . (15) Pandit and Warwaruk , Hsu and MLrza . 

The McGill University investigation indicated that for plain 

concrete beams and for beams with less than one per cent of longitudinal steel 
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without stirrups, the addition of one loading decreased the u1timate capacity 

of the other. For beams with steel percentages greater than one per cent, 

however, the torsiona1 capacity was found to increase with an increase in the 

app1ied bending moments up to bending-torque (MIT) ratios of 4. For MIT 

ratios between zero and 1.5, the beams fai1ed in a torsiona1 mode, while for 

MIT ratios larger than 4 the beams fai1ed in a flexural mode with a graduaI 

transition in between. Pandit and Warwaruk observed that the torsions1 ca-

pacity of a reinforced concrete e1ement could bè increased by an unsymmetrical 

arrapgement of the longitudinal rein~orcement. They a1so noted that the order 

of application of the moments did not appear. to influence the strength and 

behaviour of an e1ement (29) 

The investigation of prestressed concrete subjected to combined 

bending and torsion were undertaken by Cowan (7), Gardner (16), Swamy (17) 

Reeves (18) and Okada (19). Th . t' t' . t d f t t ese ~nves ~ga ~ons cons~s e 0 es s on 

specimens of solid and hol1ow rectangular, 1- and T- sections. 

Cowan found that for sections subjected to a uniform prestress, 

the interaction curves were simi1ar to those for plain concrete. The flex-

ura1 and torsional strengths at initial cracking were observed to increase 

above the values for a corresponding plain concrete section as expected. 

Swamy used square ho1low cross-section beams, and found that the 

addition of a small amount of bending increased the torsional strength of the 

hollow beams up to MIT values of 0.5, beyond which the addition of one loading 

appeared to decrease the capacity of the other. The transition from a tor-

sional mode of failure to a flexura1 failure mode was observed to occur at 

MIT ratios in the neighbourhood of S. Swamy's test results a1so indicated 

that neither the maximum-stress theory nor the maximum-strain theory appear­

ed to agree satisfactorily with the test results. 

Reeves' tests on eccentrica11y prestressed specimens indicated that 

the torsional strength of a prestressed concrete element appeared to increase 

gradually with increases in applied bending moments up to M lM values in up p 
the neighbourhood of 0.6, beyond which the torsiona1 strength decreased 

rapid1y with further increases in the applied bending moments. 

ratio was noted to reach a maximum value of 1.6. 

The T IT 
up P 

6. Combined Bending, Torsion and Shear: No rational theories are 

available at present for beams under combined bending, torsion and shear. 
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Tests conducted at McGi11 University (20) indicated that at u1timate load, 

the torsion-shear interaction curves gradua11y shifted outwards with in-

creases in steel percentages. However, an increase in one form of loading 

a1ways decreased the capacity of the other loading. Tests at the Universities 

of Washington (21) and Texas (22,23) on reinforced concrete beams under "com-

bined bending, shear and torsion appeared to indicate a circu1ar-shaped torsion­

shear interaction curve g;ven by 

2 = l (1.4) \ ~u) 2 + \ ~u ) 
(14) deve10ped an interaction surface based on the resu1ts of his own tests Hsu 

and those of earier investigators . The interaction curves for tàrsion-bending 

and shear-bending were first defined and the interaction surface cou1d then be 

described by a series of torsion-shear interaction curves (representing the 

trace at the intersection of the interaction surface with a plane para1lel to 

the shear-torsion pl~ne) between these two boundary interaction curves. The se 

torsion-shear interaction curves therefore depended on the M~ ratios (M be-
o 0 

ing the pure f1exura1 capacity of the section) and cou1d be expressed by the 

genera1 equation 

(t) m 
+ = l (1. 5) 

where Tub and Vcb were the ultimate torque in combined bending and torsion and 

the shear strength based on cracking in combined bending and shear respective-

1y. The exponents m and n for use in practical design were to be determined 

experimenta11y. 

design: 

H~ suggested the fo11owing conse~vative interaction surface for 

(e) + (t) = 1 

2 2 
= 1 

for M/M ::; 0.5 
o 

for O.5<M/M ~ 1.0 
o 

(1.6) 

(1.7) 

It is c1ear that further tests on reinforced concrete beams under 

combined bending, torsion and shear are needed for M/Mo > 0.5, which repre­

sents the load:i.ng conditions nO'l:mally existing in pract.ice. 
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Prestressed concrete elements under combined bending, torsion and 

shear were recently investigated by Gausel (26). His tests indicated that the 

ultimate loads were independent of the loading-sequence of torsion and shear­

flexure. The web reinforcement used had an insignificant effect on the tor­

sional strength of the members but it eliminated a sudden and explosive failure 

and increased the ductility of the members. It was further observed that 

beams exhibiting predominantly torsional modes of failure were able to carry a 

fairly strong bending-shear force. 

7. A C l Commdttee 438 Tentative Recommendations: Design criteria 

for reinforced concrete members subjected to pure torsion or torsion in com­

bination with shear, bending and axial tension have been developed by A C l 

Committee 438, Torsion (27) Some of these r.ecommendations, particularly 

those for the ultimate strength of reinforced concrete beams under combined 

loadings appear to be very conservative. These provisions are being con­

sidered for the 1970 A C l Building Code. 

C. PURPOSE OF INVESTIGATION 

A survey of literature on torsion up to date indicates that ade­

quate research has been conducted in the areas of pure torsion and combined 

bending and torsion but the field ofcombinations of torsion with axial force 

and shear with or without flexure is far from being s6lved. Existing ex-

perimental data on prestressed concrete elements under combined bending, tor­

sion and shear appears to be inadequate to develop any rational design equa­

tions. Although experimental data are available for prestessed concrete un­

der combined bending and torsion, the failure transition zone for values of 

axial compressive stresses ~ 0.7 fIc has not been fully investigated. 

Many structures are subjected to combination of axial forces with other load­

ings in practice and there is uncertainty that the prestressed concrete will 

predict satisfactorily the behaviour of the same member under proportional 

increments of axial compressive forces in combination with other forms of 

loadings. 

The present investigation constitutes a part of a continuing 

investigation at McGill University into the general behaviour of plain,rein­

forced and prestressed concrete elements under combined stresses. This 

study is aimed at investigating the behaviour of plain ana reinforced'concrete 

elements subjected to combined bending, torsion and axial compression. 
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Interaction curves and surfaces have been suggested as possible too1 for 

design of concrete e1ements under combined loadings (15, 20) One of the 

principal objectives of this investigation is to estab1ish interaction sur­

faces for concret.e e1ements subjected ta combined axial force, torsion and 

bending. 

Two modes of loading were possible in this study: (1) the speci­

mens could be precompressed to a certain value P and then twisted to des­

truction, and (2) the applied loads cou1d be increased propœt"ionally.. Most 

of the specimens were tested using the proportional loading system. How­

ever, in view of Pandit and Warwaruk's finding (29) that the sequence of 

loadings does not influence the strength and failure mechanisms of rec­

tangu1ar beams,the results of this investigation can be expected to find 

applications in the field of prestressed concrete. 

The variables studied in this investigation were longitudinal 

reinforcement, transverse reinforcement and loading combinations. The test 

specimens consisted of quarter-scale rectangu1ar eoncrete beams (constant 

depth-width ratio = 1.5) reinforced with equa1 top and bottam steel and 

closed stirrups. Concrete strength was maintained constant at 3000 psi. 

The experiments conducted in the present investigation consisted 

of the fol1owing series of quarter-seale model beams: 

l. Plain Concrete Besms 

UP Pure compression 

DM Pure bending 

UT Pure torsion 

UPT Combined compression and torsion 

2. Beams Reinforced with 

Longitudinal Reinforcement Only 

P 

M 

T 

(Top 

Bottom 

2 - 4g 

2 - 4g ) 

Pure compression 

Pure b end ing 

Pure torsion 

Number of Specimens Tested 

(2) 

(2) 

(2) 

(9) 

(3) 

(2) 

(2) 
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MT - Combined bending and torsion 

PM Combined compression and bending 

PT Combined compression and torsion 

PMT Combined compr~ssion, bending and 

3. Besms Reinforced With 

Longitudinal and Transverse· Reinforcement 

(Top 2 - 4g, Bottom 2 - 4g 

Stirrups 16g at 1.5" centres) 

WP Pure compression 

WT Pure torsion 

WPT Combined compression and torsion 

torsion 

(5) 

(6) 

(6) 

(14) 

(2) 

(2) 

(5) 



CHAPTER II 

MATERIAl.S 

1. MIX DESIGN . 

The details of the mdcro-concrete mix used for all specimens in 

this investigation have been described elsewhere (15) Crushed quartz sand 

and high early strength cements were used in the following proportions: 

No. 10 quartz 3.00 lbs 

No. 16 quart~ 3.00 lbs 

No. 24 quartz 3.75 lbs 

No. 40 quartz 3.75 lbs 

No. 70 quartz 1.50 lbs 

High early cement 4.62 lbs 

Water (at 70°F) 1667 cc 

Eight days was used as the standard curing period after casting. 

From a previous investigation (15) the modulus of elastici ty ~-{as found to 
-6 ~6 

vary from 2.75 x 10 psi to 3.00 x 10 psi at half ultimate strength. 

Poisson 1 S ratio varied from 0.14 to 0.17 for the same lo.ad range. The ten-

sile strength of the concrete (with an equal orthogonal compressive stress) 

as obtained from torsion tests on two series of plain concrete torsion 

specimens of circular cross-section was found ta be 

2. REINFORCEMENT 

f 
t 

6.3 pc 

The reirlforcement used was bright drawn low carbon steel wire 

(2.1) 

with an average ultimate strength of 68.0 ksi. The yield point (at 0.2% offset) 

was found to be 53.0 ksi and the modulus of elasticity was 28.7 x 106 psi. 
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3. AXIAL LOADING 

The specimens were uniform1y compressed using 1/2"-diameter 

wire strands passing through a 5/8"-diameter axial bore in the specimens. 

The strands were anchored by means of spring-grips pressing against two 1/4" 

end plates. Mechaniea1 jacking by means of a hydrau1ie ram was used to 

stress the strands to any desired load 1eve1 which was measured using a load­

ce11 (Figure 3). 

The jaek had a capacity of 60 kips whi1e the load-ee11 capacity 

was far in excess of 40 kips and exhibited a 1inear load-strain re1ationship 

for the entire load range up to 40 kips. 

4. FORMWORK 

The framework consisted of 3/4"-thick p1ywood base and side strips 

suitab1y arranged to faci1itate stripping besides permitting severa1 specimens 

to be cast simultaneously as shown in Figure 4. Ho1es were provided for 

the passage of strands a10ng the axis of the specimens by means of 5/8" 

diameter greased brass tubes passing through the three transverse p1ywood 

sheets. These tubes were pu11ed out (after a slight hammering) at the end 

of 4 hours when the concrete was still green. The additiona1 transverse 

p1ywood sheet was provided to keep the rods in a horizontal position during 

the pull-out process. 
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','CHAFTER III 

EXFERIMENTAL PROCEDURES 

The exper1lmental yrocedures adopted in this investigation can be 

divided into four main categories. 

1. Pure axial compression. 

2. Pure bending, pure torsion, and combined bending and torsion. 

3. Combined compression and bending. 

4. Combined compression and torsion, and combined compression, bending 

and torsion. 

The dlmensfon60f the specimens were selected so that the specimens 

acted as short columns. 

1. PURE AXIAL COMPRESSION 

A typical specimen is shown in Figure 6. The ends of the speci-

mens were made wider to ensure that failure would occur along the test sec~ 

tion in the middle instead of crushing at the ends. 

The specimens were loaded in a Baldwin Universal Machine (ca-

pacity = 400 kips). Dial gauges were placed at the centre of the short and 

the long faces to detect any lateral movements. 

2. PURE BENDING, PURE TORSION, AND COMBINED BENDING AND TORSIQ! 

The end sections of the specimens were over-reinfôITced to' en-·· 

sure failure along the test section in the middle which consisted of plain 

or reinforced concrete as the test series required (Figure 5). 

To facilitate the casting and the making of formwork, two 

I-beam twisting arms were clamped firmly on to the main beam. The specimens 

were supported as shown in Figure 8. using roller supports which permitted 

free bending and twisting deformations. The ratio of the applied bending 

moments to the applied twisting moments (]01/T ratio) could be varied by sui t­

ably adjusting the bending and torsional load eccentricities eb and et' In 

order to eliminate any uncertainty introduced by the length of the twisted 
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section, the value of e 
b 

was maintained constant at 8 inches whi1e the value 

of et was varied to obtain the required MIT ratios (Ferguson (25) has shown 

this parameter of twisted 1ength to have neg1igib1e effects). 

The beam was 10aded in a 60-kip-capacity Rieh1e Universa1 Testing 

Machine, the 10ad from the machine being transmitted to the midpoint.of a 

diagonal steel spreader beam resting on the two twisting arms at the required 

eccentricity et. 

It shou1d be noted that the weights of these I-beams were taken 

into consideration when ca1culating the ultimate 10ad capacities. 

3. COMBINED COMPRESSION AND BENDING 

Interaction between compression and bending was studied using the 

standard co1umns with brackets to faci1itate the application of eccentric 

loads but the dimensions of the test section in the centre and the 1engths 

of the specimens were kept constant as shown in Figure 7. 

The specimen WCln loaded in the Baldwin Machine through ro1lers 

set st the required eccentricities. Def1ections were measured at the centre 

and the ends of the middle test section using dial gauges. 

4. COMBINED COMPRESSION AND TORSION, AND COMBINED COMPRESSION, BEN DING AND 

TORSION. 

The specimens used were simi1ar to those used in (2) above except 

for the provision of ho1es along the beam axis for the strands. The over-

reinforced sections, however, also contained higher-strength concrete to pre­

vent crushing at the ends when the specimens were to be tested in the higher 

compressive load range. The compressive force was provided by a hydraulic 

ram and was measured by means of a 10ad-cel1. 

Most of the specimens were 10aded proportionally but a few were 

precompressed and then twisted to destruction to compare the behaviour of 

identical specimens under the two modes of loading. 

5 . INSTRUMENTATION 

The angles of twist and the mid-span deflections and strains were 
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weasured using dial gauges and electric resistance strain gauges respective­

ly. The initial cracking loads and the ultiwate loads were recorded. The 

propagation of cracks was carefully traced as the y appeared and their in­

clination to the beam axis was noted. The mode of failure was established 

from the details of crack propagation and the developed failure surface. 

Appropriate method of analysis was then adopted. 

lt should be noted that single dial gauges placed along the axis 

of the beam initially could not give the exact vertical deflections with 

load increments because of the movement of the tips of the di al gauges out of 

the original plane passing through the beam axis and the liné ·of the ··dial-gauge 

tips. This difficul ty was overcome by using an initially horizontal bar (in 

place of the single dial gauges) with two dial gauges equally spaced from 

the axis of the beam. As can be se en from Figure 9 p this arrangement would 

measure the vertical deflection of the beam axis as we1l as the angles of 

twist of the beam section. 

Losding was increased very slowly sinee failure was often abrupt 

and explosive. Crack formation or impending fai.lure was detected by (1) a 

rapid increase in the readings of the dial gauges and (2) a graduai dropping 

of the dial readings of the testing machine. These observations enabled 

timely removal of the dial gauges to prevent damage l,ma the tracing of crack 

propagation,\f1hich would be impossible if t.he rate of loading has been large. 



CHAPTER IV 

EXPERIMENTAL RESULTS 

The experimental results of this investigation will be presented 

in the following sections: 

l. Pure axial compression 

2. Pure bending 

3. Pure torsion 

4. Combined compression and bending 

5. Combined compression and torsion 

6. Combined bending and torsion 

7. Combined compression, bending and torsion 

1. PURE AXIAL COMPRESSION 

The specimens wi th strengthened brackets at the ends failed by 

tensile splitting along a plane parallel to the longer faces, with crushing' 

of concrete at this section and sub~equent buckling of the steel bars. 

The two specimens Pl and P2, with uniform cnoss-sections but higher-strength 

concrete at the end sections, failed by crushing at the ends and exhibited 

slightly lower strengths. The l~teral deflections in either direction were 

of the arder of 0.01 inch ta 0.02 inch and thus were negligible. 

All specimens failed on the appearance of the first tensile 

crack. In speciemns without stirrups, the cracking and crushing of con-

crete took place over a large portion of the test section while in specimens 

with stirrups, it ~07as limited to approximately two stirrup spaces. 

The results indicated that the specimens with stirrups exhibited 

exactly the same ultimate compressive capacity as the ones with longi­

tudinal steel. ùnly, both series being cast from the same batch of concrete. 

2. PURE BEN DING 

The plain concrete beams exhibited only a single flexural crack 

at ul timate failure, the initial cracking moments being approximately 85'70' 

of the ultimate moments. The longitudinally reinforced beams showed approx­

imately 800'70 increase in the ultimate strength over the corresponding 
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unreinforced sections and an initial cracking moment approximate1y.25% 

of the u1timate capacity of the reinforced sections. Usually three 

cracks appeared, one at the centre and one close to each support. Con-

siderab1e yie1ding of the tensi1e steel was observed as the f1exura1 ten­

sile cracks propagated into the compression zone where the concrete 

crushed at fai1ure. 

3. PURE TORSION 

3.1. Initial Cracking and Fai1ure Mechanism: The first crack 
o appeared at the midd1e of the long face at approximate1y 45 to the beam 

axis. The crack then spread to the top and the bottom faces and the 

beam fina11y fai1ed by rotation about an axis on the other long face,where 

crushing of concrete took place at fai1ure. This phenomenon was observed 

by Hsu(l) and Mirza(15) and has been termed a skewed bending fai1ure. 

Plain concrete beams fai1ed a1most immediate1y on the appearance of the 

first diagonal crack whi1e beams with longitudinal reinforcement sus­

tained approximately another 10% of the u1timate torque capacity after 

initial cracking. Both plain and 10ngitudina11y reinforced concrete beams 

without stirrups exhibited on1y a single continuous crack which defined a 

comp1ex three-dimensiona1 fai1ure surface. 

In the beams reinforced with stirrups, genera11y three cracks 

appeared on one of the longer faces but on1y one of them widened as the 

two beam segments rotated about a hinge on the other longer face. In 

one of the beams (WT 1), diagonal tension cracks appeared simu1taneous1y 

on both long faces giving the appe~rance of he1ica1 cracks a1though the 

beam fina11y fai1ed by rotation about a hinge on one of the long faces. 

These beams s~()~ec!._s_!!..s-ht!YJli.ghex. __ çJ:.ac:;kinU.f'.;_q~~ than beams wi thout 

stirrups, showing the ëffectiveness _9f stirrups in arresting crack pro-
~----_ . ..-,,-_. - ..... - ...... -.....,.- --_ .. --~ .. . 

pagation. 

3.2 U1timate Loads: Longitudina11y reinforced beams without 

stirrups showed on1y about 1070 higher torsiona1 capacity at u1timate 

10~d th an plain concrete beams. Beams with stirrups, however, exhibited 

approximate1y 70% higher torque at u1timate 10ad than plain concrete 

beams as a resu1t of the deve10pment of dowe1 forces and the effectiveness 

of stirrups in arresting rapid crack propagation. 
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4. COMBlNED COMPRESSION AND BENDING 

4.1 Initial Cracking and Fai1ure Mechanism: Three different modes 

of fai1ure were observed as the compressive 10ad eccentricity was varied, 

resu1ting in a wide spectrum of 10ading combinations ranging from pure 

f1exural 10ads to pure axial compressive 10ads. The applied axial loads 

increased with a decrease in the load eccentricity because of the higher 

axial compressive stresses compared with the flexura1 tensile stresses 

which caused initial tensile cracking. 

(f) Compressive Failure: No tensi1e cracks were visible just before 

the crushing of concrete on the compression face of the specimen. Failure 

was abrupt and occurred on the first sign of crushing on the compression 

face, accompanied by secondary cracks extending into the tension face at 

failure. 

(ii) Ba1anced Fai1ure: Two tensile cracks appeared, one close 

to each - end of the test section, at about 80% of the ultimate load ca­

pacity. One of the cracks started widening and this was accompanied by 

yielding of the tension steel indicatédby a :t;:apïd increasedn stréllil!-gage 

readings and a1so by the rapid increase in the readings of the dial gages. 

The specimen failed by crushing of the concrete direct1y opposite the 

widenèd' tensi1e crack whi1e the tensi1e crack:. at the other end did not 

appear to undergo any widening. The tensile steel initially showed 

compressive stresses but began to show tensi1e stresses around 40% of the 

ultimate 10ad capacity (Figure 10). 

(iii) Tensile Failure: The tensile cracks usually started around 

the centre and more cracks appeared at uniformly spaced distances outwards 

as the loads were gradually increased. 

In pure bending, generally three cracks appeared and were 

widely spaced. The introduction df the rompressivè forces increased the 

initial cracking load and caused a more uniform distribution of tensile 

cracks, which increased in number to seven. The failure was more gradual 

as one of the tensile cracks widened and finally led to crushing of con­

crete on the compressive face. 

4.2 Ultimate Load: As the lond ecccntricity was increased, the ultimate 

compressive loads decreased, but the ultimate flexural capacity gradually 

increased as the failure gradually changed fram the compressive mode to 

the tensile mode, The maximum flexural capacity was obtained at the 
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'balanced eccentricity', and any further increase in eccentricity re­

sulted in a rapid decrease in flexural capacity as the failure was pre­

dominantly due to yielding of the tension steel. 

4.3 Deflection Characteristics: The load-defleotion curvesare shown 

in Figure Il. The mid-span deflectian per unit load incrc~ôed with an 

increase in the load eccentricity, but the ultimate mid-span deflections 

appeared to increase gradùally as the fàilure changed from the compressive 

mode to the balanced mode and then dropped sharply in the tension failure 

zone. 

The bending-moment-deflection curves are shown in Figure 12. 

Beams under pure bending exhibited more ductility than beams under combined 

bending and compression because of the free yielding of the tension steel 

under pure bending. Addi tion of compre s si ve force s 8"\)Pé-ar..ea to increase 

the member flexural rigidity and enhanced the tendency of compressive failure. -_.-... -~.---... - .. _.- -. 
"7 

5. COMBINED COMPRESSION AND TORSION 

5.1 Initial Cracking and Failure Mechanism: When the applied axial 

compressive load was less than half the ultimate compressive capacity of 

the beams, torsional mode of failure appeared to be dominant in both plain 

and longitudinally reinforced beams similar to that noted in pure torsion 

tests. A diagonal tension crack first appeared on one of the ~rtical 

faces and propagated rapidly to the top and bot tom faces, and the beam 

failed by rotation of the two segments about a hinge on the other vertical 

face. However, the inclinations of the diagonal tension crack and the 

compression hinge appeared to be much flatter than those noted in beams 

subjected to pure torsion. 

lu both plain and reinforced concrete beams with no stirrups, 

failure was abrupt and explosive and occurred on the appearance of the 

first diagonal crack. Severe buckling of the longitudinal reinforcement 

was observed as the axial force was tiuddenly released. One crack was 

/ 

sufficient to complete the failure surface, although the explosive modes of 

failure resulted in many secondary cracks. 

Provision of stirrups appeared to increase the resistance at 

initial cracking loads because of the crack-arresting properties of the 

stirrups. Even after the appearance of the first diagonal crack at about 



23 

90% of the u1timate 10ad, the stirrups exhibited considerable yie1ding 

as more diagonal cracks appeared before final crushing of concrete a10ng 

the compression hinge. In some of the beams, a few of the stirrups 

were observed to have broken at ultimate 10ads. The fai1ure was not 

explosive because the stirrups tended to arrest rapid crack propagation 

and to ho1d the segments (~eparated by cracks) together. The inclination 

of cracks on the vertical face was again flatter than that of the corre-

sponding beams under pure torsion. These cracks were, however, not as ~~" 
f1at as those in plain and 10ngitudina11y reinforced beams without stirrups. 

When the axial compressive forces exceeded ha1f the pure u1timate 

compressive capacity of the beams, a11 the beams, plain or reinforced, 

exhibited a Bhear-compression mode of fai1ure. Diagonal cracks appeared 

a1most simu1taneous1y on the long faces and a sudden sliding took place 

a10ng a diagonal plane normal to the long faces 1eading to a shear-com­

pression fai1ure accompanied by the formation of debris and severe buck1ing 

of the 10ngitudinaLreinforcement. The fai1ure was extreme1y abrupt and 

explosive in the beams without stirrups. The beams reinforced with 

stirrups, however, exhibited 1ess explosive but a1so abrupt fai1ure modes. 

These beams showed a little more ductility than the corresponding beams 

without stirrups. Longitudinal bars in some cases were se en to buck1e 

between the stirrups, some of which fractured. 

Some of the beams were precompressed to a specified axial force 

and then twisted to destruction. It was genera1ly observed that these 

beams exhibited higher cracking loads than the corresponding proportionally::­

loaded beams. Both modes of loading, however, produced the same crack 

patterns and failure mechanisms. 

5.2. Ultimate Loads: In plain and reinforced concrete beams 

without stirrups, the ultimate loads could be taken to correspond to the 

initial visible cracking loads although some strain readings of the 

longitudinal. steel indicated deviation from linearity at approximate1y 

95% of the ultimate loads with no visible cracks (Figure 13). 

For beamsfail"in-gin a predominantly torsional mode, the ultimate 

torqu~ carried by the section under combined compression and torsion in­

creased with PiT ratios (Figure 25). There was not much difference in 

the ultimate torsional capacities of the plàin and the longitudinally re-



24 

inforced concrete beams without stirrups. Maximum torques resisted 

under combined compression and torsion were noted to be approximate1y 

2.5 times the pure u1timate torsiona1 capacity of the plain concrete: r 
0' i}l ...... . 

beams and occurred at optimum compressive force values of 17 000 lb. (",1(-.",).. --!.-.--_- ('f"r .' 

and 19,000 lb. respective1y. Beams with stirrups, however, genera11y 

showed torsiona1 capa~ities which were approximate1y 70% higher than 

the corresponding torsiona1 capacities of the plain concrete beams, 

corresponding to an optimum compressive force of 26,000 lb. 

Beams fai1ing in a shear-compression mode exhibited a decrease 

in the u1timate torsiona1 capacity of both plain and reinforced beams 

with increases in the pIT ratios. Un1ike the beams fai1ing in the 

torsional mode, the longitudinally reinforced beams with no stirrups ex­

hibited noticeably higher torsional capacities than the corresponding 

plain concrete beams. The difference in torsional capacittes of beams 

with stirrups and the ones without stirrups was greatly reduced as the 

mode of failure approached the pure compressive mode with increases in 

pIT ratios (Figure 25). 

It shou1d b~ noted that, although the precompressed and the 

proportionally-loaded beams exhibited similar crack patterns and failure 

mechanisms, the precompressed beams seemed to show slightly higher ul­

timate torque ,capacities th an the corresponding proportionally-loaded 

beams. 

5.3 Torgue-Twist Curves: The torque-twist curves of beams under 
, 

combined compression and torsion are shown in Figures 14 - 16. Intro-

duc:tion of axial compressive forces appeared to increase the torsional 

rigidity of a plain or reinforced concrete beam, with or without trans-

verse r~inforcement for predominantly torsional failure modes. Increases 

in the PiT ratios also increased the ductility and the ultimate angles 

of twist of the plain concrete beams and the longitudinally reinforced 

beams without.stirrups. However, for beams reinforced with stirrups 

the angles of twist were observed to decrease with an increase in the 

PiT ratios. 

A difference was noted between the torque-twist curves for 

the precompressed beams and the proportiona11y-loaded beams. The pre-

compressed beams exhibited a reasonably elastic behaviour up to approx-
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imately half the ultimate torques and then exhibited a graduaI de­

crease in torsional rigidity with further increases of the applied 

twisting moments. The proportionally-loaded beams, however, ex­

hibited a non-elastic behaviour right from the beginning, with the 

slope of the torque-twist curve gradually decreasing with increments 

of twisting moments.' 

For beams failing in the shear-compression modes, the 

torsional rigidities of the beams were seen to drop slightly from 

their peak values in the torsional failure zone. Large plastic de­

formations were noticed and the ultimate angles of twist gradually de­

creased with increasing pIT ratios. 

5.4 Strains: The longitudinal reinforcement of some of the 

beams in Series 2 was strain-gauged. The strain readings were fairly 

linear with increments of loads in proportionally loaded beams and a 

deviation from linear~ty."Was noted at about 95% of the ultimate loads 

(Figure 13). 

6. COMBINED BENDING AND TORSION 

6.1 Initial Cracking and Failure Mechanisms: The initial cracking 

torques gradually decreased with increasing MIT ratios (Figure 26). 

While longitudinally reinforced beams with no stirrups under pure torsion 

failed almost immediately on the appeaI'.m~e of the first tensile crack, 

the introduction of a small proportion of bending moment seemed to pre­

vent this sudden failure. ~ 
The beams tested with MIT ratios of one or, less exh:i:bited an 

initial diagonal crack at the middle of one of the vertical faceso It 

then propagated to the t9P and the bottom faces. Final failure occurred 

by rotation about an axis on the remaining vertical face and was 

accompanied by crushing of concrete along ~he compression hinge. Only 

one crack was sufficient to complete the failure surface. 

For beams tested for MIT ratios between 2 and 3, inclined 

flexural cracks first appeared on the horizontal:tension face and pro­

pagated along one df the vertical faces with gradually-decreasing in­

clinations. The cracks then widened and crushing of concrete took 

place on the other two faces (vèrtical and horizontal). Generally two 
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cracks appeared but only one of them widened to complete the failure 

surface. 

For MIT ratios equal to 4 or greater, the beams exhibited 

inclined flexural cracks initially on the horizontal tension face. They 
. 

th en . propagated into the two vertical faces. The beams finaUy failed 

by rotation about an axis parallel and close to the horizontal com­

pression face. Three flexural cracks were generally noticed at failure 

but only one widened to complete the failure surface. 

Three zones of failure could therefore be distinguised for 

different loading combinations. For MIT ratios between zero and one 

the beams failed in a predominantly torsional mode, while for MIT ~ 4 

a predominantly flexural failure zone was noted, with a graduaI 

transition in between. 

6.2 Ultimate Loads: The applied bending moments and the twisting 

moments appeared to increase the flexural and torsional resistance of 

beams failing in a predominantly torsional mode (Figure 26). However, 

the reverse was observed in a predominantly flexural mode of failure, 

and increases in the bending moments caused a sharp drop in the ultimate 

torsional capacities although the ultimate flexural strengths did not 

appear to be significantly affected by the increases in the applied 

twisting moments. 

The optimum MIT ratio for the maximum ultimate torsional 

capaci ty appeared to be in the neighbourhood of four. The maximum ul timate 

torque was observed to be 1.5 times the pure torsional capacity of the 

beam. 

6.3 Deflections and Rotations: The introduction of torsional 

moments did not appear to affect the flexural rigidity of the beams 

(Figure 18). After initial cracking, however, the flexural rigidity 

was gradually reduced. The ductility a~d the ultimate mid-span de­

flections of the beams were observed to increase with increases in the 

MIT ratios. 

The torsional rigidity of the beams was not significantly 

affected by the introduction of bending moments until cracking occurred, 

which caused a sudden drop in torsional rigidity (Figure 17). The 
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ductility and the ultimate angles of twist greatly increased with 

increases in the MIT ratios. 

7. COMBlNED COMPRESSION; BENDING AND TORSION 

7.1 Initial Cracking and Failure Mechanisms: For beams develop-

ing diagonal tension cracks at initial cracking, the failure mode was pre­

dominant1y torsional if the ultimate axial compressive force was 1ess 

than half the pure u1timate compressive capacity of the beam (i.e. 

plp « 0.5), and the failure was predominant1y compressive for plp » 0.5. 
o 0 

The inclinations of the cracks to the be'am axis were noticed to be flatter 
o than those in beams fai1ing in pure torsion, usua11y about 30 for beams 

tested for MIT ratios in the neighbourhood of 0.5. 

When the first crack was of the flexural mode, the fai1ure 

was predominantly f1exura1 and the ratio of the u1timate torque to the 

initial cracking torque increased with increases in the flexura1 10ad 

eccentricity. 

Beams tested for MIT ratio of two exhibited initial'flexural 

crâcking only if the value of the eccentricity was greater than 1.4 in. 

The beam (PMT 3) tested at an eccentricity of 1.4 in. exhibited an in­

clined flexura1 crack initiating on the horizontal tension face. This crack 

was arrested by the longitudinal: steel and a diagonal tensile crack then 

formed on one of the vertical faces before the flexural crack could pro-

pagate further. The f1exural tension cr~ck then widened as it gradually 

spread diagonally along the other vertical face, with crushing of concrete 

on the horizontal compression face. Signs of concrete crushing could also 

be noticed on the lower half of the first vertical face. Beams tested 

for eccentricities smaller than 1.4 in. failed by flexural cr.ushing of the 

horizontal compression face. 

For beams loaded with MIT ratios equal to four, initial 

flexural tensile cracks occurred only if the flexural load eccentricity 

was in excess of 1.6 in. In the beam PMT 8 tested at an eccentricity of 

1.6 in., inclined flexural cracks appeared on the horizontal tension 

face and propagated as nearly vertical cracks into the two vertical faces. 

One of these cracks then widened) leading to crushing of the concrete on 

the horieontal compression face at failure. 
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For beams tested with MIT = 0.5, on1y one crack appeared at 

fai1ure. For loading condition of MIT ratios~2, generally three in­

c1ined f1exura1 tension cracks were observed, with the central one 

propagating and widening to form the fai1ure surface. 

It shou1d be noted that in beams fai1ing in predominant1y 

f1exura1 modes in this series, the re1ease of energy at fai1ure appear-
1 

ed to be more abrupt than in the bracketed co1umn specimens used in 

Series PM. 

7.2 U1timate Loads: When the u1timate axial compressive forces 

were 1ess than approximate1y ha1f the pure compressive capacity of the 

be'am, the u1timate torsiona1 capacity of the beam increased with in-. 
creases in the pIT ratios (Figure 27). However, this rate of increase 

seemed to diminish with an increase in the app1ied MIT ratios. 

When the axial compressive forces exceeded about 70% of the 

pure u1timate compressive capacity of the beam, the u1timate torque 

capacity dropped sharp1y with increases in the pIT ratios. In this 

range, the beams which were loaded in combined axial loads, flexure and 

torsion appeared to exhibit higher torsiona1 capacities than those sub­

jected to combined compression and torsion only. 
\ 

The maximum u1timate f1exura1 capacities of the beams de­

creased with decreases in the app1ied MIT ratios, as ShOWll in Figure 28. 

The ratio of the maximum f1exura1 capacity to the pure f1exura1 capacity 

was about 1.8 for MIT = ~ and was about 0.2 for MIT = O.S. 

7.3 Rotation and Def1ection: In the absence of axial forces, 

it was noticed that the introduction of bending moments did not appear 

to affect the torsiona1 rigidities of the beams but it did increase 

their duc tili ty . However, the introduction of axial compressive forces 

increased the torsiona1 rigidities of a11 the beams ,for a11 MIT ratios, 

but it decreased their ducti1ity and t~s reduction was more prominent 

in beams subjected ta higher MIT ratios, as shown in Figures 19 - 21. The 

initial torsiona1 rigidities oE these beams appeared ta increase with increas-

es in the PiT ratios. However, as th~ PiT ratios were increased further, 

the torsiona1 rigidities were observed ta drop slight1y from their maxim~m 
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values. This tendency was again more prominent among beams 10aded 

with higher MIT ratios. The u1timate .ang1es àf twist appeared to de­

crease with an increase in the app1ied pIT ratios. 

A1though, in the absence of axial forces, the introduction of 

torsional moments did not seem to affect the initial flexura1 rigidities 

of the beams, the intDoduction of axial compressive forces appeared to 

augment the flexura1 rigidities considerab1y (Figure 22), and also re­

duced the u1timate deflectiona, which were usua11y of the order of 

10 x 10-3 inch. 
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CHAPTER V 

ANALYSIS OF TEST RESULTS 

1. DEFORMATION CHARACTERISTICS 

1.1 Rotations 

(a) Pure Torsion: Plain concrete beams behaved reasonably 

elastically until the applied torques reached about 90% of their ultimate 

capacities, at which cracks appeared and the torque-twist curves deviated 

from lineari ty. The average value oi 0u 1 0cr ' ratio of uni t twist 

at ultimate load to unit twist at initial cracking, was spproximately 

1.2. Longitudinally reinforced beams with no stirrups exhibited initial 

~racks at approximately 85% of the ultimate 10ads and the values of 

o 1 0. were increased to 1.5. The beams with both longitudinal and 
u cr 

transverse steel showed initial cracking moments at about 1.3 times the 

fa11ure torque of the corresponding plain ~oncrete beam, 'l'he initial 

cracking strength was approximate1y 7f17o of its ultimate torque cdpacity. 

The increase in the initial cracking momentR can he att:r:l.buted to thE:! 'I::rack
l
-

arresting properties of the 10ngitudinal-transvers~-Bteel combin~tions, 

which a1so resu1 ted in higher values of 0 1 0 ratios (in the ne:!.gb.bour·' 
u çr 1 

hood of 10). ! 

It shou1d be noted that the 10ads carried by the steel were ff 

neg1iglb1e until the concrete had cracked. Therefore the torsional ) 

rigidities èf the three series of beams were approximatc1y the same be'· 

fore initial crncking. 

(b) Comb1ned Compression and Torsion: Introduction of axial 

forces increased the torsiona1 rigidities of the beams failing in a 

torsiona1 mode when the ultimate axial forces were less than. ha1f the 

compressive capacity of the e1ement (Figure 14 - 16). Th(:! precompressed 

beams genera1ly behaved e1astical1y up to approximately half the u1timate 

capacities when the high stresses caused large plastic deformations. 

The torsiona1 rigidities of the proportiona11y-1oaded beams generally 

decreased with increments in loads, shm'7i.ng the effectiveness of initially 

high compressive forces in counteracting the torsional stresses. The 

u1timate angles of twist appeared to increase with an increase in the 

applied PiT ratios for beams without stirrups. The ratio of the ultimate 

1.' 
J/ 
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angle of twist of the beam with a compressive force ta the ultimate 

angle of twist of the same beam without an axial force (0 1 0 ) up ua 
waB noted ta be 4.0 for plain concrete beam and 3.8 for longitudinally 

reinforced beams without stirrups. On the other hand, the ultimate 

angles of twist for bea~s with stirrups decreased with the inclusion 

of axial loads because the slow yielding of the stirrups was prevented 

by the axial forces which caused rapid crack propagation and buckling 

of steel. The twist angle ratio 0 1 0 was observed ta be about 0.7. 
up ua 

When the applied ultimate compressive forces exceeded half the 

pure ûltimate axial compressive capacity of the beam, the initial tor­

sional rigidities appeared ta drop slightly from their peak values for 

beams failing in a torsional mode. This might be due ta the plastic 

behaviour induced by the high level of stresses. Although the plastic 

deformations seemed more pronounced in this failure zone, the ultimate 

angles of twist gradually decreased, leading ta a decrease in the twist 

angle ratio, e.g. 0 1 0 = 3.3 for plain concrete beams, 3.1 for up ua 
longitudinally reinforced beams with no stirrups and 0.3 for beams re-

inforced with bath longitudinal and transverse steel. 

(c) Combined Bending and Torsion: Addition of flexural loads 

did not significantly affect the torsional rigidities before the initial vi 
cracking (Figure 18). An increase in the applied MIT ratios tended ta 

decrease the initial cracking torque. However it Increased the ductility 

of the beams after cracking because of the beneficial flexural compressive 

stresses. The values of 0 1 0 increased with MIT ratios, from 3.0 
u cr 

atM/T = 0.5 ta 15.0 atM/T =4. 

(d) Combined Compression, Bending and Torsion: The general 

trends of the torque-twist curves for beams in this series appeared to 

be independent of the applied MIT ratios (Figure 19 - 21). The initial 

torsional rigidity of an element increased gradually with increases in 

the applied PiT ratio for values of ultimate compressive forces less than 

approximately hâlf the ultimate pure compressive capacities (i.e. for 

plp <:: 0.5). For plp ::> 0.5, the torsional rigidities dropped 
a a 

slightly from their peak values in the former range because of the 

high level of stresses. AlI ~orque-twist curves showed gradually-de­

creasing slopes and, as the PiT ratio was increased, large plastic de-

formations were observed to occur at higher torque values. The applied 

compressive forces prevented flexural tension cracks, thus stiffening the 
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sections. This might also account for the reduction in the ultimate 

angles of twist with'increases in pIT ratios. The values of 0 / 0 up uo 
ranged from 1.1 to 1.0 for MIT = 0.5, 0.7 to 0.4 for MIT = 2 and 6.6 

to 0.5 for MIT ratios of 4. 

1.2 Deflections 

(a) Torsion and Combined compressicü and Torsion: The vertical 

deflections observed in the two cases were very hegligible and could be 
~----- -:....",-----. 

attributed to the loading system which gave rise to amali eccentricities 

leading to smali 'flexural moments. Also the dial gauges had to be re­

moved at an earlier loading stage because of a possible damage due te the 

abrupt failure in these cases. 

(b) Combined Bending and Torsion: The presence of twisting mo-

ments did not appear to affect the flexural rigidity before initial crack~ 

ing (Figure 12). ~orsional fai1ure was noted to be abrupt while the 

flexural mode was more gradual. Therefore the ratios of the ultimate 

deflection to the initial cracking deflection gradually increased with 

increases in the MIT ratios. The deflection ratio (Buo/ôer) was about 

1.2 for MIT = 0.5, 2.3 for MIT = l, 2.6 for MIT ~ 2 and greater than 10 

for MIT values of 4 and above. 

(c) Combined Compression, Bending and Torsion: Introduction of 

axial compressive forces increased thè flexural rigidity of the beam cou­

siderably and greatly reduced the ultimate deflecttons, especially at 

lower MIT ratios (Figure 22). The ratios of 0 /ô varied irom 0.1 
up uo 

for MIT = 2 ta 0.5 for MIT = 00 (pure bendi.ng). The flexural ductility 

of the beam also increased with ân increase in the applied MIT ratios 

because of the appearance of more flexural cracks. 

2. STRENGTH AT INITIAL CRACKING AND ULTIMATE LOADS 

Beams subjected ta combined compression, bending and torsion 

generally exhibited three characteristic initial cracking and failure 

patterns: 

(i) The beam failed by rotation about an inclined hinge: on the 

horizontal face - a flexural failure. 

(ii) The beam failed by rotation about an inclined hinge on the 

vertical face - a torsional failure. 
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(Hi) The beam fsiled by sliding over an incllned plane perpendicu-

lat to the vertical faces - a compressive failure. 

For analysis purposes, the first twofailure mOdes are idealiz-

ed as shown in Figure 23. 

tested beams. 

The crack inclination 9 was obtained from the 

2.1 Initial Cracking Loads: The analysis of initial cracking 

loads was based on the idealized planes, using experimentally-obtained 

stress-strain curves for steel and concrete. Good correlation was ob­

tained with experimental values in a previous investigation (1S) for 

beams under pure t0rsion and combined bending and torsion. 

culations were not made for the present investigation. ? 
These cal-

Most of the beams tested under combined compression and torsion 

and under combined compression, bending and torsion failed on" the appear-

ance of the first cracks. The analysis of initial cracking loads was 

therefore confined to the beams under pure bending and under combined 

compression and bending. 

In this analysis, it was assumed that tension cracks appeared 

when the extreme concrete fibre stress under combined compression and 

flexure reached the ultimate tensile strength of the concrete. The 

analysis wss based on the eAperimenta1 stress-strain curves of concrete 

in tension and compression (Figure C.2 - C.3) and the idealized bi-

linear stress-strain curve for steel (Figure C.S). The ultimate concrete 
-6 

strains in compression and tension were taken to be 3,000 x 10 inc:h 
-6 per inch and 300 x 10 inch per inch respectively. 

d . i· .. (15) Base on extensive torsion tests 1n a prey ous 1nvest1gat10n , 

the tensile strength of concrete was taken to be 

( 5.1) 

This value took into consideration the reduction of the tensile strength 

due ta an equal orthogonal compressive stress and was therefore 10\11er 

than t.he tensile strength of concre.te cracking in pure flexure. 

The correlation was very good for beams under pure flexure, 

but as the proportion of the compressive force increased, the calculated 

cracking moments feU considerably below the experimental values (Table B.4). 
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This deviation could be attributed to the variation of concrete strength 

under combined stresses, 

U1 timate Loads: Any rational analysis of bellffis subjected to 

combined lûad:1ngs aL ultimate load should be based on the observed mechBnisms 

of failure. tt a1so requires a knowledge of the strength and the behawiour 

of concrete under combined stresses and, with the present state of know~ 

1edge, such a problem is far from being solved. Concrete has been obse~~~d 

to fai1 by (1) splitting along a plane perpendicular ta the maximum t~n6U<l' 

stress or (2) sliding along a plane inclined to the axis of principal 

stress. The strength of concrete fic is defined as ulti11late ~Qrupï'~$1Si<IJŒO 

load pel" uni t ares of a concrete cylinder and how this value i$ lfelt!tedl to 

either one of the failure modes of concrete ts unknown. 

(8) Pure Compression: The ultimate pure compressive ~apac;ity of 

the beams was obtained from the equstion 

P = fi A + f Al u c c y 

The effect of the transverse steel was ignored becaus0 tb~ 

yield strain of the steel was smalle'r than the ul t:imate ,(::omp~~;s8:iî.V{~ ~;:~~TI.'''.iÜ 

of concrete and the dimensions of the specimens \"ere d'wsetù t::o avoün ~ï!U:(~r.'ë'~ 

ling of the longitudinal steel before it had t'eached its yi.e~cl 5.[:re~'àgt~o, 

No reduction factor wa" applied to the concrete strength t0 accou~;Q :t:e;",:: 

the difference between concrete in the beam and that if! â t8Sif~ cy~,.ü~,dfi": Î1'!: ~ 

cause the specimens were cast in a horizontal positiolL 

It should be noted that the values of the pUÏ:e co ... npr;':i;~;i~}'2 

capacity as shmm on the i.nteraction cur'\Tes (Figures 25, 27 anô 28) \\è,",:-e 

obtainp.d bv deduct:i.ng (f't;, ,tL 1) from the experi.ment::J} uab"e~ b,::,~,:,U8<2 
, "110, e' 

5/8" -diameter holes Nere: lef t in a11 specimens tested üilC-I:-!!,' cumb; ned 

compression, bellciing and torsion. 

(b) Pure Bending; These beams were ahalyzed using the idealized 

experimental stress-strain curve of concrete and che Idealized bi-linear 

stress-strain curve for steel. The tensile scrength of concrete was ignored. 

(c) Pure Torsion: 

(i) Plain Concrete Beams: The ultimate torque was calculHted 
Uo,,' .... """ ____ ..... _..:J _____ "-~ __ (1) 
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o mechanism ·of mode l with the crack inclination Q equal to 45 

2 
T =~ 

u 3 
(0.85 f ) 

r 
(5 .• 3) 

where f was the modulus of rupture for the beam and was equal to 390psi 
r 

from a previous investigation(15) (Figure C.I). 

(ii) Beams with Longitudinal Reinforcement Only: The ultimate 

torsional c~pacity of the beams, as pointedout by Hsu(l) and substantiat­

ed by thie investigation (Figure 25) seldom exceeded that of the plain 

concrete section hy more than 15 per cent. The longitudinal reinforce-

ment without stirrups 18 not very effective in augmenting the torsional 

capacity at ulti.mate load. l'he ultimate torque resisted by beamswith 

lop.gitudinalceinforcement alone \Vas ()btained trom equaHon e5,3) as 

suggested by H~u(l) . 
(Li.i.) Beame -w1 th Both Longitudinal and Tt"ansverse Reinforcement: 

The ultimate torque capacity of heams reinforced with stirrups in addition 

1:0 the longitudinal steel wae calcuh.ted ua1ng the following empiri.cal 

eq'l.1atoi.on der.·ived by Hau (2) ~ 

f '" TI "T- \), '\Yl A .:1: 
(\ p s sX 

S 

Tf 7.2 kk 2 ~; ..:: X y 
P a. 

kk 0.33 
"" s .Jx 

0.66 0.33 
YI 

.Ci _.- m + xl 

(rd) Combined Compression and Bendin,g,: 

ID= 

These specimens were 

.- ') (~"''I-

"malysed !lsing a trial and er.ror rnethod, based on stress-strain curves 

for steel and concrete. The correlation bet,l1een the calculated and 

the experimental values was reasonably go ad (Table BA). 

(ë) Combined Compression and Torsion: 

(i) plain Concrete~ ThE: analysis of beams failing in a 

torsional mode was based on the skewed bending failure mechanism of mode 1. 

Hsu(30) has derived the following formtlla for the u1timate torque capacity 

of a uniformly prestressed plain con~rete beam: 

2 
T =~ 

u 3 
10.85 f

r
, j 1 + 

lOfe 
f' . 

c 
(5.5) 
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which correlated very well with the experimental results (Figure 25). 

'Cii) Beams with Longitudinal Reinforcement Only: As seen 

for the case of pure torsion, there was no significant difference in the 

ultimate torque capacity of the plain concrete beams and the beams with 

longitudinal reinforcement only. The difference was even less obvious 

in beams under combined compression and torsion (Figure 25) because of 

the increased rate of crack propagation and the greater tendency of the 

cracking of the concrete cover due to buckling of steel. The ultimate 

torsional resistance was calculated usi.ng equation (5.5) and the corre­

lation with the experimental results was generally good (Figure 25). 

(iii) Beams with Both Longitudinal and Transverse Reinforcement: 

The analysis was based on an empirical formula suggested by Hsu(3l): 

tvhere m = 

T 
u 

2 
=~ 

3 
(2.4 /f.c) (2 .. 5 J 1·+ 10 ~~c ~ 1.5) 

:. the ratio of the volume of long1ntdj.nal 

reinforcement to the volume of transverse reinforcement .. 

(5.6) 

rt should be noted that the form of the equation 88 ~ttgg':')ster:1. 

by Hsu did not include the reinforcement ratio ml which was assumed to 

be equal to one, and it was included in the present analysis, 

From Figure 25, it may be noted that this equatl.o1\ giveB 

fairly good correlation with the test cesults until thE- nlt:tmate c'.mll o 

pressive force attains a value of approximately 20 kips, \-lhe!). the eR­

perimental torque values start to faU considerably bel.ow the Irèllues 

computed ~uèing Hsuls equation. This is, of course, due tt:) the Dl:e" 

dominantly compressive modes of failure beyond the transition point 

(20 kip load). 

The compressive mode of failure of beams undel'cc>mbined 

stresses has not been well explored. In this investigation, beams ex­

hibiting a compressive failure mode usually failed by a sudden shear 

sliding over a diagonal plane perpendicular to the veritcal faces. 

Analysis based on this failure mechanism has not so far been attempted. 
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h difi d . id' (28,32) 1 d T e mo e Cowan cr1ter on ue to Z1a was app ie 

to the plain concrete beams under combined compression and torsion 

(Figur.e 36). 

f 
op 

(i) For compressive stress f 1ess than the optimum value f c op 

0.5 

[ (0.0620f'c
2 

- lo 2) 
= : l + -- 0.498 fic 

(ii) For ,!:I compressive stress fc. greater than the optimum value 

'"i 

O. 1595(fc \ ... 

\to} 
(.5.8) 

The shear strengtn of ~oncr.etê (as::ll.\U1ed "Cn hl;' equal tu its 

ten$:Llé;; suength) \\Tas taken·.as 350 psi. Tt should he noted, hcwever. 

thac the value of fic as used in the calculattoD of Zia'~ interaction 

l~1..(:nre~ was calculated to be 3510 psi, based on rh", ü:tt:i.mate·· p(.i.l':e com-

pressJv~ t~apaci ty of the plain concrete beam$ ,. Th~: f ..-"It.:t tha tthe be am 

WBS O'TE::t" "reinforced at both end sec tiOIl~ (in cOl1r.m::mt Dl wir.hthose under 

combined compression and torsion) gave r:i.se ta a' hight:Y ult.:Lmate com-

pr.;~sive stress than the cylinder strength of J,OUO psi, hecause of thE 

confining effects of the web reinforcement at the i:!nâs. Howeve:r, if: 

fic was based on the concrete cy1inder strength Dt about 3,000 psj., so 

the L ~ 0.11 f' c to 0.12 f' c, the interaction 'CUr.lTE would appe'ar tobe 
o 

müch c.loser' tlJ .theexperimemta1 . ~a1.ues. 

(f) Combined Compression, Bending and Torsion; Be f.lms t.e s tE: d 

under combined compression, bending and torsion for MlT = 0.5 exhibited 

a. simi1ar fai1ure mode as beams subjected to combined compression and 

torsion (MIT = 0). The u1timate torsiona1 capacity was therefore ca1-

cu1ated using equation (5.5). The longitudinal reinforcement was nat 

effective because of its tendency to buck1e on the appearance of the 

first diagonal crack. 
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\olhen the MIT ratios were increased to two, the flexural modes 

of failure appeared to dominate. Beams loaded with MIT ratios of four 

and above failed in a flexural mode. The contribution of longitudinal 

reinforcement to the ultimate torque capacities was now more considerable 

th an for lower MiT ratios. 

The analysi,s was based on the idealized failure mode 2 

(Figure 23). The axial compressive force and the ares of the longitudinal 

steel were resolved normal to the idealized failure plane, as shown in 

Figure 24. A trial and error method was adopted based on the stress­

strain curvee ror steel and concrete. The resolved externally-applied 

moments were th~u equated ta t.he :i.nternal r.esisting 'moments of the section. 

Concrete in tension was neglected. tt was also assumed that the compo­

nent of th~ applied a:g:ial force parall.el to the failure plane was resisted 

by thecomponent of the Btt!el area resolved in the same direction and ,,,ould 

not affect the excreroe fibre stresa oi the concrete. 

Th~ CQl:reléition 'was :ceasonably good for be'am loaded wi th 

MIT i:"-'itio of four Tl7here the modes of failure werE:! f.lexural but showed con­

siderable devi<:ltion for beams loaded withM/T ratto ,of two (Table B.S). 

This la:r:g~ deviation might 'he due to the foUowing reasons: (1) the 

l.ongitudin.al retnforcemeot was Ineffective because of concrete cover 

cracking at low'M/r rat j,os, and (2) che extreme concrete fibre stress ",as 

affected by the conlponent of the applled axi.al force along the failure 

plane. 
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(a) 

1 
1 
1 

------ ~-

(b) 

Fisure 23 Idealized r.iture Pl.nc for: 

(8) TorsionaJ railwre, 8ftd (b) Ftexural Faf1ur& 

,8 

= T(cos' + ~sine) 
T 

Idealized FailuY~ Plane ~thod of Analysis 
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CHAPTER VI 

DISCUSSION 

1. GENERAL BEHAVIOUR AND MECHANISM OF FAILURE 

Both the plain and the reinforced specimens subjected to axial 

compression failed on the appearance of the first vertical tensile cracks 

on the short faces, followed immediately by crushing of concrete around the 

periphery, buckling of the longitudinal steel and breaking of the stirrups. 

This failure mechanism was s1milar to that observed in most of the concrete 

cylinders tested in pure compression and .. perhaps accounts for the close 

correl~tion be~ween the analytical and the experimenta1 resu1ts (Table B.l). 

Concrete has a1so been observed by earlier investigators to fai1 

by . slidîng- along a plane inc1ined to the axis of principal stress. The 

factors control1ing the two different failure modes and their effects on the 

compressive s~rength of the column are not weIl known. 

Beams subjected to pure bending exhibited the typica1 flexural 

tension failure of an under-reinforced beam. The beams tested in pure 

flexure genera1ly developed three widely-spaced cracks. Rapid yie1ding of 

the tensile reinforcement started as one of the cracks widened. The in­

troduction of axial compressive forces at eccentricities greater than 3.3 

inches delayed this rapid yielding and about seven even1y-spaced tension 

cracks appeared before one of them widened and crushing of concrete followed 

on the compression face. As the eccentricity was reduced to 3.3 inches, 

the number of tension cracks was reduced to two at balanced failure. Further 

decrease in load eccentricity resu1ted in crushing of concrete on the com­

pression face without any appearance of tension cracks before fai1ure. 

The elastic and the plastic theories(33) postulated that the 

fai1ure mechanism of a beam under pure torsion was in the form of helieal 

cr ac ks . However, i t \vas recen t 1y di sc ovcred by Hsu ( 1) tha t the ac tuaI 

failure was due to bending on a sketl1ed plane. 

again susbstantiated in this investigation. 

This failure mechanism was 

Reinforced beams \vith or with-

out stirrups were also observed to fail by skewed bending. Plain and 

longitudina11y reinforced beams without stirrups generally develbped one 

cont:i.nuous crack. which developed into a complete failure surface. Beams 
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with stirrups usually exhibited three diagonal cracks because of the crack­

arresting properties of the stirrups although only one of them finally 

widened to develop the final failure surface. 

~eams tested under combined compression and torsion also failed 

by skewed bending for ·P!Po <O.5. The crack patterns were similar to those 

of the corresponding beams subjected ta pure torsion. However, two differences 

were observed: (i) the inclination of cracks to thé A~!.~; hÉ bhe ... beams was:lmuch 

flatter for beams ioaded i.n combinedaxial compression and torsion, and (ii) 

the crack propagation ln beams without stirrups under combined loadings was 

extreme ly r:apid and the failure modes were extremely abrupt and explosive 

asr.he energy l'las snddenly re leased.~ accompanied by severe buckling of the 

longitlldioa] ~teet even :Ln beams with stirrups" The transverse reinforcement 

(wherE: provjded) absorbed this ~uddenenergy release and held broken beam 

segmenr. . ." \:.;gether, thus resulting ;ln a more ducti.le failure mode in beams 

',:ri. th bot,t. !.Qug:i.,qud:i.nal steel and sti·rrups. 

F'n)' .P/}' >- Ù ... ), the1llod~ of railure was predominant.ly com­
o 

rll;", I:ailu:t"l:' medl~rdoRnii::()ok the f()rmof a sudden shear sU.ding 

,\I/el ;:J d"iaguoa.! pJ.ané ü""I~Ulaf tC1 i:.he \.7erticaJ :race8 as diagonal crack.s 

-I.ppe';ft·ed Sill.\lJ.Ltdll€.()u$L) '.)1: bothr:he \ret"cic:aJ fat:es". Thi.s failure mode was 

~X.trenle t'Y exp los"ivE.: j ',: heali!~ withou't ~c:Lrnxps) wi. th severe bu.ckling of the 

~'.l.bl r.ed a !es:.> exp',)l':lnre i:a:i.Jnl.'Io" modE' al.though t.he abrupt failure 1.ed to 

1)'.I{~l<ii.Tlg (if r:h~ l'mg1 r:udi.nal"lt:e~.! betWI::!t':'n stir-l""ups sorne of whicb '(;rere ob-

rhe l'lü I.uee 'uechanism of 'beams subjee'ced to combil1ed bending and 

l.:,.l<'"l:li..)), .:t~t-)/?nded ,ln che bending-mnment -cor que (M1'.C) r.atios" :frJ:( MIT < 2, 

ctlê l"alll..lcé- Wf{t; pr-edominantly to:::-sion.'üwi. th the compression hlnge forming on 

'me 'lert.ica) face. 1~he beams fat led LIt iii predomillantly f.lexural mode for 

MIT ~ 4 as the: comp-r:esslon hingE' shifted to the ho:r.izontal face. For 

M./T ratios bet.ween t-wo and Eour, there ',vBS a graduai transition from the 

torsional mode t:o the f lexural mode of fai I.ure. The introduction of axial 

compressive fo-rc.::es tended tü increase che apparent 1:or810na1 shesr strength 

and resulted in dominatüm of flexural modes of fej.lure in the transition 

zone, even at MIT ~ 2. It should be noted that the ahove mechanism of 

failure was obse.nred for. the test beams \'lhich had 8. depth'-\o1idth ratio of 1.5. 

However a similar behaviour can be expected for any depth-width ratio. 
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The transition zone which exhibits a change from a torsional ~ailure mode 

to a flexural failure mode would be different for diff~rent depth-width 

ratios and would have to be established for use in design techniques for 

beams subjected to combined loadings. 

2. STRENGTH AT INITIAL CRACKING AND ULTlMATE LOADS 

The confining effects of the reinforcement at the erids of the 

plain concrete column specimen under pure compression resulted in an in-

crease in its ultimate compressive capacity. Early investigators appear 

to give conflicting views on the contribution of the stirrups to the ultimate 

capacity of a column. In this investigation the addition of stirrups to a 

longitudinally reinforced test section did not appear to affect the ultimate 

compressive capacity of the section. This might be due to the following i 

ressons: (i) the length of the test section was only 18 inches and there- ) 1 

fore the element behaved as a short column., ; and': (ii) the yield strain of : 

the longitudinal steel was smaller than the ultimate concrete strain and, 

because of the short column effect, the steel generally yielded before the 

concrete crushed at ultimate load. 

Torsional modes of failure are abrupt while flexural modes are 

more gradual. In beams showing initial diagonal tension cracks, the in­

crease in strength beyond the initial cracking load was usually very small, 

especially in the presence of an axial force. Most of the specimens ~oaded 

in combined compression and torsion exhibited ultimate loads which appeared 

to coincide with the initial cracking loads. However, if the initial cracks 

were due to flexure, considerable strength was noted beyond initial cracking 

and in general the higher the PiT or P/M ratios, the smaller was this strength 

increase beyond initial cracking because of the increasing tendency of a 

compress~ve failure. 

It was found in this investigation that precompressed beams 

generally showed sl\ghr:ly higher torques than beams sub jected to proportional 

loadings (Figure 25). The peak torque capacity of the precompressed beams 

a1so ap·peared to be obtained at a higher compressive force than the pro-

portionally-loaded beams. This could be attributed to the effectiveness 

of a high initial compressive stress in increasing the torsional strength 

of a concrete element D 
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The contribution of the longitudinal reinforcement to the 

strength at initial cracking and st u1timate 10ads appeared to be neg1i­

~ib1e un1ess the longitudinal bars were prevented from buck1ing a~d a1so 

the concrete cover ~racking due to dowel forces was de1ayed. Therefore no 

significant difference in u1timate strengths between plain concrete beams 

and 10ngitudinally reinforced beams with no stirrups was observed when the 

mode of failure was predominantly torsiona1. The difference was even 

less noticeab1e in beams tested under combined compression and torsion 

(Figure 25) because of the fo1lowing reasons: (i) the axial forces re­

su1ted in rapid crack propagation and severe steel buck1ing before any con­

siderable dowe1 forces could be deve10ped, (ii) the longitudinal steel took 

up about 30% of the beneficia1 compressive stresses so that the concrete 

was 1ess high1y compressed to counteract th~ torsiona1 shear stresses, and 

(iii) the concrete cy1inder strength of the plain concrete beams was 

slight1y higher than that of the 10ngitudina11y reinforced beams (Table A.2). 

However, for beams fai1ing in a predominant1y compressive mode, longi­

tudina11y reinforced beams exhibited noticeab1y higher torque capacities 

than the corresponding plain concrete beams because the longitudinal steel 

played a~ore effective ro1e under high compressive stresses when the 

concrete cover cracking was less of a prob1em than the beams loaded with 

higher torques. 

Transversely reinforced beams exhibited about 70% higher 

strengths than the corresponding beams with no stirrups in both the tor-
1 

sional and the compressive failure zones (Figure 25) because of the 

fo1lowing reasons: (i) more signlficant deve10pment of dowe1 forces, 

(ii) the crack-arresting properties of the longitudinal-transverse-stee1 

combinations, (iii) increases in the apparent shear strength of concrete 

due to the higher beneficia1 applied compressive stresses and (iv) the 

cracks, because of their flatter inclinàtions, crossed at least three or 

four stirrups, 1eading to higher torques at fai1ure. 

The introduction of bending moments appeared to increase 

the ultimate torsional capacity of the longituàina1ly reinforced beams 

under combined bending and torsion up to MIT ratio of four (Figure 26). 

The optimum MIT ratio was observed to be in the neighbourhood of four, at 

which the increase in the shear strength of concrete along the compression 

hinge appeared to outweigh the loss in the tensi1e strength due to flexural 

tensi1e cracking. For M/T< 4, the introduction of axial forces always incre-
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ased the corresponding u1timate torsiona1 capacity for plp ~ 0.5 
o 

(Figure 27). 

~ 
In beams under combined compression, bending and torsion, the 

u1timate torsiona1 capacity of a 10ngitudina11y reinforced beam without 

stirrups appeared to decrease gradua11y with increases in the app1ied MIT 

ratios (Figure 27): because of the increasing tendency of f1exura1 crushing of 

concrete. For plp ;> 0.5, the u1timate torsiona1 capacities of the beams 
, 0 

tested under combined compression, bending and torsion were genera11y higher 

than those Bubjecteà to combined compression and 'torsion without flexure, 

because the longitudinal reinforcement was more effectively made use of in 

a flexura1 crushing mode of fai1ure. The beams generally exhibited flexural 

capacities which decreased rapidly with decreases in the M/T'ratios because 

of the increasing tendency 'of torsional modes of fai1ure (Figure 28). 

3. ANALYSIS 

The analysis of the flexural tensile cracking loads was based 

on the assumption that cracks appeared when the extreme concrete fibre 

stress reached the concrete tensi1e strength. The general1y good correla­

tion for beams under pure flexure seemed to indicate the rationa1ity of the 

assumption (Table B.4). However, the analytical cracking loads were con­

siderably lower than the experimental values for beams subjected to com­

bined compression and bending. This deviation could be due the following 

reasons: (i) variation of concrete ~ensile strengths under combined stress­

es and (ii) the concrete strain corresponding to the cracking of concrete 

under combined stresses is not weIl known. 

The idealised failure plane method of analysis based on the 

concrete stress block and the idealized bi-linear stress-strain curve for 

steel gives reasonabiy good correlation only if cracking of concrete cover 

is not a major problem and the component of the axial force along the 

failure plane is small. This method of analysis has the following 

additional uncertainties: (i) the concrete strain at which crushing of con­

crete starts is a variable that remains to be explored, and (ii) the varia­

tion of the concrete ultimate compressive stress (at the extreme concrete 

fibre) with shearing forces is not weIl investigated. 
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However, the good correlation between the experimental results 

and the analytical results based on standard accepted analysis available 

in literature appears to endorse the feasibility of the micro-concrete 

modela as a research tool. 

4. DEFORMATION CHARACTERISTICS 

It has been observed by several investigators (1, 15) that 

reinforcement in beams subjected to torsional loadings was not highly stress-

ed before initial cracking. After initial cracking, the stresses in the 

reinforcement increased suddenly. This phenomenon might account for the 

observation that, before cracking, the torsional rigidities of plain and 

reinforced concrete beams were approximately the same (Figure 14 - 16). 
1 

')/\"10 (' ',(- : ,'. " j ( "'" ' " " ~\ 

The introduction of bending moments diâ not influence the ' 

torsional rigidity and the introduction of torsional moments did not affec~ 
the flexural rigidi ty of the beams for a11 MIT ratios (Figure 17 - 18). \ 

After initial cracking, the flexural rigidity was gradually reduced be­

cause of the graduaI propagation of tension cracks, but the torsional 

rigidity was greatly reduced because of the reduction in cross-sectional 

area due to flexural ,tension cracks. The ductility of the elements there-

fore increased with increases in the MIT ratios. In the absence of com-

pressive forces, provision of stirrups further increased the beam ductility 

in torsion because of their crack-arresting properties. 

It has been observed by swamy(l7) that prestressed concrete, 

besides exhibiting higher initial torsional rigidities, also exhibited 

large plastic deformations. It has also been shown by Nadai(33) that, at 

large compressive stresses, Most solids might "flow". Large inelastic 

deformations were noticed in several tests in this investigation (most 

evident in the PT and UPT series) at higher levels of stresses, usually 

at about half the u1timate capacity of the beams as observed from the 

torque-twist curves (Figure 14 - 15). Precompressed beams usually 

showed linear torque-twist curves up to about half the ultimate capacity 

when the curves gradual1y departed from linearity without any appearance 

of cracks. The torque-twist curves for beams tested using proportional 

loadings, however, showed gradua11y-decreasing slopes as the applied 10ads 
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were increased, but large plastic deformations were again evident for 

loads beyond half the ultimate capacity. 

Precompression increased the strength and deformation ca­

pacity in shear of a concrete e1ement above that of an e1ement which 

was loaded with proportiona1 increments of shear and compressive stresses. 

A1so, under direct compressive stresses, the shear-stress-deformation 

curve wou1d be 1inear for a much longer range than in the absence of 

applied compressive stresses. This cou1d exp1ain the difference in 

the initial linear regions of the torque-twist curves for the précom­

pressed and the proportiona11y-10aded beams. 

The axial compression could 1ead to a loss in ductUi ty and 

a reduction in the u1timate angles of twist if it resulted in early 

compressive modes of fàilure without a gradual yie1ding of the rein­

forcement. This was most evident in the WPT series where the graduaI 

yielding of the stirrups was prevented by the more abrupt modes of fai1ure 

on the appearance of initial cracking. 

Ear1y investigations indicated that in beams under pure tor­

sion or combined bending and torsion, the longitudinal steel did not 

become effective unti1 the concrete had cracked. This investigation 

seemed to indicate that in beams under combined stresses invo1ving com·· 

pression, the 10ngitudinally steel appeared to resist on1y the com­

pressive stresses until close to failure when the torque-strain curves 

deviated from linearity, as shown in Figure 13. 

5. INTERACTION CURVES 

5.1 Initial Cracking: Most of the beams tested under com-

bined stresses involving compressive forces fai1ed on the appearance of 

the first crack (Figure 28 - 29) because of the sma11 proportion of 

applied bending moments to axial compression (i.e. bending eccentricity eb). 

Beams subjected to combined compression, bending and torsion exhibited. 

ini tia1 tensile crack:i,ng on1y for MIT> 0.5 and for the following bending 
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eccentricities: eb> 1.4 inches for MIT = 2, eb'> 1.6 inches for M/T- 4 

and e
b 
> 3.3 inche s for MIT = ex:>. For MIT ~ 0.5, however, the 

initial cracking loads were observed to coincide with the ultimate loads 

because of the predominantly torsional and compressive modes of failure. 

Beams tested under combined bending and torsion exhibited initial crack­

ing moments which decreased with increasing MIT ratios because of the 

increasing tendency of flexural tensile cracking (Figure 26). 

5.2 Ultimate Loads 

(i) Combined Bending and Torsion: The flexure~torsi6n 

interaction curyes;;and the corresponding dimensionless forms are shown 

in Figure 26 and Figure 30 respectively. The applied bending and 

twlsting moments appear to reinforce each other for MIT « 4. For 

M/T~4, however, the torsional capacity of the beams drops sharply with 

,further increases in the MIT ratios because of the predominantly flexural 

modes of failure, The optimumM/Tratiois observed to be in 

the neighbourhood of four, at which the gain in shear strength due tc. 

the flexural compressivè stresses along the compressive hinge appears co 

be more significant than the 10ss in tensile strength,due ta flexüral teos1.orl 

cracks. 

(li) Combined Compression and Torsion: The interaction 

curves st ul timate loads for beams under combined compression and cor­

sion are shown in Figure 25 and the dimensionless curves in :Figure 3:3, 

They emphasize the ineffectiveness of the longitudinal steel withollt 

stirrups for predominantly torsional fallure modes, the effectivecrack~ 

arresting properties of longit!udinal-transverse-steel combinations~ and 

the loss in ultimate compressive capaci ty due ta torsion in beams '''1i th~ 

out stirrups. The peak torque capacities are seen te shift gradually 

to the right with increases in steel percentages. 

(Hi) Combined Compression, Bending and Torsion: The inter­

action curves between the ~pp1ied compressive forces and the twisting mo­

ments for various MIT ratios are sh6wrt' in Figure 27 âhd the"corresponding 

dimensionless interaction curves are indicated in Figure 34. For a MIT 

ratio of zero, the torsion-compression interaction curve ri'ses up to a 
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transition point (P/Po~ 0.5) indicating an increase in the ultimate 

torsional capacities with an increase in the applied axial loads. 

Pailure :l.n this region is predominantly torsional. The curve then drops 

gradually, indicating a loss in the torsional strength with further 

increases in the 9.:1:ial loads (beyond the critical transition\ralue) and 

the failure in this region is predominantly compressive~ 

According to Bresler (41), the apparent shear strength of 

a concrete element increases with an increase in the applied direct com­

pressive stresses up to a value of 0.40 fIc , beyond which the shear 

strength decreases gradually to zero as shawn in Figure C.6. Inclusion 

of flexura1 compressiv.e stresses increases the applied compressive 

stresses beyond the critical value discussed above, 't-1hich leads to a. 

decrease in the element shear strength manifesting itself in a decrease 

in the ultimate torsional capacity. Further increases in the flexural 

compressive stresses obviously lead to a further decrease in the apparent 

concrete shear strength but the mode of failure beyond the transition 

point ls compressive (flexural crushing). The mechanism of failure 

indicates that the area of the compression block is much l.arger for beams 

faUing in a flexural compressive mode than for beams exhib:lting l:i. cor·­

",ional compressive tailure mode. This increase in the eompresslun area 

lea.ds to higher ultimate torque in spite. of the lower eoncretee shear 

;;trength at: higher compressive. stresses g,nd explains thE outwa:r:d shift 

':lf the ln.teract.ion cUr'l1es beyond the trans:Ltion po:l.nj· ,vi.th inereases 

:ln the appl iedM./T ratios, 

The compression.-flexure. inten:tcrion ,:urv€t>. tOI' beams sub­

Jec ted to combined compress ion~ bending and tors iOl! (Figures 28 and 35) 

g:~adt:9.11y shift outwards with increases in the appl ied MIT ratios, 

:l.ndicating an increase in the flexural ca.pa.c ity of the beams \.vith a 

decrease in the influence of the applied twist :tng IllOments. When the 

MIT ratios are decreased with a subsequent increase in the influence 

of the twisting moments) the peak flexural capacities are obtained at. 

increasingly higher compressive forces because higher compressive 

stresses apparently increase the torsional shear strength of the sections. 

It appears from the interaction curves in. Fi.gure 28 that for MIT < 3, 

the peak flexural capacities are less than the pure ultimate flexural 

capacity of the beams. 
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6. APPLICATION TO DESIGN 

The general shape of the interaction surface is shown in 

Figure 40. The dimension1ess interaction curves shown in Figures 30, 

34 and 35 are conservative1y idea1ized as shown in Figures 37 to 39. 

These idea1ized interaction cruvea are then bui1t up intb the interaction 

surface shown in Figure 41. 

The base ia formed by the idealized square interaction curve 

for the MT series (Figure 37) and the point A (Figure 41) ls 'recated at 

(P,M,T) = (0,1,1). The in.teraction curve for the PM. series (Figure 39) 

ls made to coincide wi th the one at MIT = 4 in the PMT series (Figure 38) 

for simplification. The point B (Figure 41) is therefore located at 

(0.6~ 1.3, 0.0), The point D from the torsion-compression interaction 

curve in the PMT series (Figure .38) ls located at (0.6, 0.0, 2.0) on the 

interaction. surface. Ail the maximum. bending and twisting momen·ts are 

assumed to occur st P/P = 0.6, so that the point. C on. the interaction 
o 

surfece ls 10ca.ted at (0.6, 1.3~ 2.0)" BeDE in Figure' 41 1.8 therefore a 

horizontal plane. 

This interaction surface may form a conservative basis for 

the design of rectangular beams of depth-to-wtdth rat:lo of 1.5 and of 

equal top .and bottom. reinforcement for p + pi of approximately 2.0%0 

7-, APPLICATION 1'0 PRESTRESSED CONCRETE 

/ . " \/ 

In the beam.s subjected to combined compression and torsion, 

itloTas observed that the precompressed beams generally exhibited slightly 

higher ultimate torque capacities than the corresponding proportionally­

loaded beams. Moreover, the peak torque capacities of the precompressed 

beams also appeared to lie at higher compressive forces. The resu1ts of 

this investigation could therefore form a conservative basis for the de­

sign of prestressed concrete elements under combined stresses. 

" 
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CHAPTER VII 

CONCLUSIONS 

The results of this investigation can be summarized and con­

cl~sions drawn as follows: 

1. The quarter-scale micro-concrete models used in this investigation 

seemed to give satisfactory strength similitude at initial cracking and 

ultimate lûads. The failure mechanisms of the quarter-scale models appear­

ed to correspond with those of the prototypes tested under similar loàding 

conditions by other investigators. 

2. Plain and reinforced concrete beams tested under pure axial com-

pression failed by vertical tensile splitting along a plane parallel to 

the long faces. 

). Plain and reinforced concrete beams tested under pure torsion actually 

tailed by skewed bending. The same failure mode was observed in beams 

failing in combined compression and torsion for plp <: 0.5. 
o 

the mode of failure was sudden sliding shear compression. 

For P Ip > O. 5 , 
o 

Plain and longi-

tudinally reinforced beams (wi thout stirrups) exhibi ted extreme ly abrupt and 

explosive modes of failure and flatty-inclined cracks. Provision of 

:=!tirrups eliminated sudden and explosive failure modes and resulted in cracks 

whose inclination was not as fIat as those in beams without stirrups. 

4. - Longi tudinally reinforced beams (wi th no stirrups) sub jec ted to 

combined bending and torsion exhibited a predominantly torsional failure 

mode for M/T<2 and a predominantly flexural failure mode for MIT> 4, with 

a gr.adual transition between MIT ratios of two and four. The introduction 

of axial compre ssi ve forces changed the ,tr.ansi tianal fatlurê mod~' into--a 

predominantry flexural mode even at MIT = 2. The inclination of cracks to 

the beam axis appeared to increase with increases in the H/T ratios, 

~. The presence of torsional moments did not appear ta influence the 

flexural rigidi ty of the beam while the presence of flexural moments did 

::lot affect the torsional rigidity until the appearance of initial cracks. 

After initial cracking, the flexural rigidity was obse~ved ta decrease 

gradually while the torsional rigidity decreased more rapidly tV'i th fur the:c 
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increments of loads. Introduction of axial compressive forces increased 

both the flexural and the torsional rigidities. For plp ;> 0.5, however, 
o 

the torsional rigidity appeared to drop slightly from its maximum value 

attained for plp « 0.5. The ductility and the ultimate angles of twist o 
in the longitudinally reinforced beams increased with increasing MIT ratios. 

However, the introduction of axial compressive forces ca~sed a reduction in 

the beam duc ti li ty ... 

6. The introduction of transverse reinforcement did not appear to affect 

the pure ultimate compressive capacity of a longitudinally reinforced beam. 

Longitudinally reinforced beams without stirrups exhibited only about 10% 

higher torsional capacities than the corresponding plain concrete beams. 

This difference was less significant when axial compressive forces were 

introduced. The provision of transverse reinforcement resulted in about 

70% increase in the ultimate torque above that of beams without stirrups. 

This strength increase did not appear to be affected by the level of the 

applied a~ial compressive forces. 

7. Plain concrete beams under combined compression and torsion ex-

hibited maximum torsional capacity at a plp ratio in the neighbourhood 
o 

of 0.6. This optimum Plp ratio appeared to increase with an increase in 
o 

the percentage of longitudinal or transverse steel. 

8. The ultimate torque capacities of longitudinally reinforced beams 

(without stirrups) under combined compression, bending an.d torsion appeared 

to decrease with increases in MIT ratios for plp < 0.5 and to increa~e wich 
o 

increases in M/'I ratios for plp > 0.5. With decreases in MIT ratios, t.he 
o 

m~xi'llum flexural cap.::ci tic s decreaaed gradually and appeared to occur a t 

higher plp ratios. 
o 

9. Analysis of the initial cracking loads based on the assumption chat 

cracks appeared when the tensile strength of concrete was exceeded gave 

fairly good correlation with experimental results of longitudinally rein­

forced beams (without stirrups) under pure bending. Considerable deviariofl 

from exp~rimental values, however, was observed for beams Bubjecced te 

combined compressio'1 and bending. 

10, Analysis of the ultimate loads based on HSu's proposed equation8 

tor the torsional capacities of prestressed and non-prestressed beame under 
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torsional stresses gave generally good correlation with the experimental 

results. The idealized failure plane method of analysis, based on the 

idealized stress-strain curves of concrete and steel, showed reasonably 

good correlation for MIT ~4, but gave considerably lower values than che 

experimental results for MIT ~ 2. 

11. The idealized dimensionless interaction curves and surface have 

been suggested as a consërvative basis for the design of rectangular beams 

with depth-to-width ratio of 1.5 and equal top and bottom reinforcement for 

steel percentages of approximately two per cent. 

12. Since precompressed beams were found to give generally higher ul-

timate capacities than proportionally-10aded beams, the proposed dimen­

sionless interaction surface cou1d also be used as a conservative design 

basis for prestressed concrete beams. 
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APPENDIX A 

TEST RESULIS 



1 

Beam 
No. 

1 

1 

l 

UT 1 

UT2 

WT 1 

WT 2 

T 1 

T 2 

MT1 

MT2 

MT3 

MT 5 

H'f 4 

M 1. 

M 2 

lMl 

œ2 

~ 
~~~l!J ... ~~ 

Ilimensions 

" i y 
in ln 

2 ! 3 
! 
: 

2.50 3.75 

2.49 3.73 

2.50 3.74 

2.52 3.74 

2 .. 50 3.73 

2.50 3.75 

2.65 3.85 

2.65 3.BO 

2.55 3.61 

2.50 3.8:: 

2.50 3.75 

2.50 3.75 

2.50 3.75 

2.50 3.75 

2.52 3.75 

J 

j 
1 

Concretc 
strength 

;>si 

4· 

3270 

3050 

:n20 

:]050 

:1020 

:3040 

1110 

.3200 

3050 

2990 

2990 

:1020 

:Hl40 

2920 

3010 

1 --

~ 
~ 

tABLE A. 1 TEST RESULTS 

llEAMS UNDER COMBINED BENnING AND 'l'ORSIOl{ 

Initial crackin8~timate Loa~_ Initial Cracking UIUmate Load 
Moments Memento Deformations Deformations 

MIT 
Bending Twisting Bending Twisting Unit 1 Mid-Span Unit 1 

Ratio Moments Moments Moments Moments Twist Deflection "l'viat ~flection 

in- lbs in- lbs in- lbs in- lbs rad/in in rad/in 

5 6 ., 6 9 10 li 12 13 

0 - 2350 - 2600 115x10-6 
0 l4Oxl0-6 --

0 - 2300 - 2540 120 1 
0 150 -

0 - 3200 - 4560 310 - 2000 -
0 - 2850 - 4200 275 0 2100 -
0 - 2100 - 23_L,5 100 - 190 -
0 - 2400 - 2750 115 ~ 170 -
0.5 1000 2000 1385 2770 150 40x10·3 450 S.OllIO·J 

1.0 1600 1600 3000 3000 85 6.0 550 14.0 

2.0 2800 1400 5700 2850 110 9.0 1000 23.0 

3.0 3600 1200 9000 3000 150 11.0 800 ~7.0 

4.0 3600 900 15760 3940 7'5 10.0 1100 ~.O 
oc 4750 - 16500 - - li.O - ~O.O 

= 50lfO - 19800 - - 19.Q . ~3.0 

OQ 1
2040 - 2310 

- - 1 
1.5 - 1.7 

00 2200 - 2610 - . - 2.4 - 2.8 

- -- ---- -- -_ .. - --- "--.--_ .. _-

"Cil indicatcs the crack at: che centre 

"Cf l\o 

IncUnation of 
Cra~k8 to the 

!le" Ans 

T If lB s 

14 15 i6 17 

60 22 165 45 

62 20 ~l 45 

50 17 142 4! 

40 20 145 45 

48 22 ~6 46 

45 21 ~7 45 

33 ~O 128 4.5 

50 10 ~O 45 

23 13 ~2 liO 

70 32 fi2 Sé 

60 13 i 65 

90 90.: . 90c 

88 90c . 90c 

89 90 ~8 89 

88 90 ~7 87 

-

Location _ 
ôf 

Fiiiltire 
iUiI8a 

18 

Il 

If 

N 

il 

N 

N 

If 

N 

N,B 

N,li 

B 

B 

11 

11 

Il 

-

. - -

1 

RemsrÈs 
1 

19 

- -

Single failure crack 

Sing14 failure crac-k 

3 diagonal cracks, S, T 

3 diagonal cracks, S, T 
1 

S.-e P 1 apecimen 

Single failure crack 

Singla failure crack 

Single failure crack 
1 Single failure crack 
1 

SinglJ, failure crack 

1 3 crac:ks on T. 2lf and S 

Same P l specimen 1 

3 cracks 1 

l cracle 

1 
1 crack 

- -1 

-....j 

0'1 



1 
1 

t;~ 
~~ 

Bc.u~ 

So. 

1 

i~ 

1 !lPT 10· 
UPT 2 

un 3 
• upr ~ 

UPr 5 · UPT 9 
* urr 1 

urr • 
UPT 7 

PT 3 · PT 1 
• PT 2 

PT 5 

pt 7 

PT " ;1FT 1 

" ;.;n 5 

1 ... n 2 

1 ~PT 4 J 
~'! __ 3_ 

i 

Bcam Concretc 
Dloenslons Strcngth pIT 

x l' p·si Ratio 
ln in pcr in 

2 1 .. 5 

2.52 3.74 3300 1.00 

2.50 3.75 2900 2.00 

2.51 3.77 J020 2.00 

2.52 3.75 J300 2.15 

2.51 3.80 3150 2.25 

2.41 ).76 3)00 2. Sb 

2.00 ),73 2900 2.62 

2.53 3.80 3300 3.02 

2.50 3.78 3300 5.07 

2.55 3.81 3010 1. 34 

2.50 365 3010 1. b8 

2.50 3.65 3070 2.62 

2.52 3.80 3010 2.71 

2.52 J.90 3050 J.lI 

2.S:' J.75 3050 5.10 

2.(,0 3.85 J~50 0.92 

2.55 3.00 3300 1. 76 

2. 5~ 3. ;5 3300 1 ~.39 
2.5) 3.7:; 

1 

JJOO 3.1 i 

2.50 3.75 1300 1 5.00 

TABLE A. TEST RESULTb 

"%SR''" ~.:t.it. ~ 
v-~ 

DEA.'1S roIDE cmmUiED COl!PRESSIOl; A!i'o TORSION 

Ini Ual Cracl:in~ Ulti!OJltc Loads Initial 
Londs Cracking 

unit 
Cocpression 1\:istin!; Co::.prêssion 1\:isting 1\:ist 

lb. in- lb. lbs in- lbs: rad/in 

6 7 8 9 10 

,.. w .. 4000 4140 -. 
w" ... 11000 5380 ...... ... .... 12000 6000 ..... 
.... w* 14000 6500 -* 

*. ** DOM 5780 .. * 

** ** 18000 7020 *** ... •• 17000 6500 *** .. ... 19000 6300 *** 

.* ..,. 28000 5520 *** .. *. 6000 4470 *** 

*" u 8000 4750 *** 
** ** 18000 6870 *** 
** ** 19000 7020 *** 
** ** 21000 6750 *** 
*" ** 29000 5690 *** 

.. 900 5300 6000 6560 2JOx10-6 

." ** 13000 7380 *** .. ** 17000 7100 *** 

*" .. 26000 8200 *** 
,,* ** 32500 6480 *** 

Preco=prcllllcd 

r~r;/ 
~. 
~ 

Uitr.ate InclinaUon of 
10ad Crack. to the 
Unit Be ... Alti. 

1\:ist 
rad/in T N B 

11 12 13 14 

320xlO-6 
320 '10 26° 

500 30° 7° 33° 

430 23° 7° 30° 

300 22° 7° 31° 

500 23° 6° 30° 

500 22° 6° 31° 
1 

32° 9° 26° 600 

500 35° 9° 27° 

650 37° 10° 28° 

400 33° 21° 30° 

300 nO 15° 30° 

370 27° 10° 29° 

390 24° '10 30° 

650 21° SO 29° 

520 21° 3" 30° 

1300 45° 40° 40° 

650 40° 38° 38° 

1400 45° 45° 40° 

1550 60° 50° 90° 

650 45° 0° 40° 

** Inlt18l cracking lo.da equal to ulUau lo.dl, ,""cept (or IIPT 1 

S 

15 

22° 

260 

24° 

24° 

20° 

21° 

22° 

19° 

25° 

.37° 

26° 

31° 

28° 

22° 

13° 

40° 

40° 

40° 

24° 

32° 

lIlH Initial cracking uolt tvt.ts equal tO ultl .. te- unit twilt. axcept for VPT 1 

LocniOIl 
of 

Failur .. 
Ringe 

16 

Il 

Il 

li . 

Il 

Il 

Il 

Il 

-
-
Il 

Il 

Il 

Il 

-
-
N 

N 

Il 

Il 

Il 

e 

a_l<_ 

17 

Bending 1DOde 

lIendlng !IOde 

Bending !IOde 

Bending !IOde 

llendina ,""da 

Bend.ina IIOCI~ 

Bendins IIOda 

C""'l'r~ .. ive .h .. r ,Udioa 

Cocprallive .hllr .Udinl 

Campr ... i va .hllr .iidinl 

COIIpre .. lw .heu IUdinB 

Kixed 

Mixed 

Crushing 

Cru.hint 

Bendi"ll IIIOde (hol1c~l cracking) 

Bendh'lI mode 

Bending "",de 

511gbt cruahlnj!: 

Cru.hlng (aHure 

1 

1 

~ 
~ 
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TABLE A. 3 !ES'! U!11LTS 

BEAMS UNDER CCMBINED CIlm\ESSION AND BElIDtNC 

Initial Ulti_tA! 
Beam Dimensions Genere te M/P lni tial Cracking Ultimate Leads Cracking Lead 

No. Strcngth Leads Mid-Soan Mid-Spa.. 
x y psi Ratio Compression Bending Compression Bending Deflection Deflection 
in ln in lb. i::t- lb. lbs in- lbs in in 

1 2 3 4 5 6 7 8 9 10 11 

OP1 2.50 3.75 3270 0 - - 32800 - - -
UP2 2.62 3.92 3270 0 

1 

- - 33000 - - · 
WPl 2.55 3.82 3080 0 - - 36400 - - -
1lP2 2.52 3.79 3040 0 - - 35900 - . -; 

Pl 2.55 3.82 3020 0 - - 35200 . . · 
P 2 2.55 3.75 3020 C - . 35600 . - · 
P 3 2.56 3.82 3080 0 - - 36400 - - -

l'ill 2.51 3.78 3280 0.70 - - 26100 18300 - · 
FIl 6 2.55 3.75 3280 1.30 - - 22600 29400 - 50 

FIl 2 2.50 3.75 3270 3.30 7300 24000 9600 31600 50riO-3 70 

FIlS 2.48 3.73 2930 3.40 4500 15300 8260 30400 19 55 

FIl 3 2.51 3.74 3270 4.50 2200 13200 4550 27300 10 26 

FIl 4 2.53 3.77 3280 6.20 1600 12300 3160 25000 18 40 

Ntf: 
l? 

Inclination of 
Crack. to tbe 

le ... Axia 
T N B 5 

12 13 14 15 

0 -. 0 -
0. - 0 -
0 - 0 -
0 - 0 -. - - -. - - -
0. - 0 -
- - . -
- 90 . 90 

90 87 ge. 87 

90 90 90 90 

90 90 90 90 

90 90 90 90 

Location 
of 

FaUure 
Binge 

16 

-
-
-
-
-
-
-
1 

B 

1 

1 

1 

1 

• 

a_ka 
·1 , 

17 
1 

Vertical teDsile cracking on short 

·1 face accoœpanled by secDl1dary cru~l\iI 

" 
" 

, 
" 1 

! 
Cruabed at end. i 
Crulhed at endl 1 

M .... ,_no a_ ~ .... , 'Œ' 1 
Speci...,n cracked before telt 

Campre._ive faUure, no ten.ile crack 

Balanced failure, 2 crack. . 

la1mced fallure, 2 cracks 

1 Ten_ne fallure, 7 crack. 1 

TenlUe fallure, 7 cracks i 

-...J 
00 
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T.\!fU: J... - 1i::..' kEst'Ln 

,~ 
~W 

a:::.'\HS .... tœI1 CJHBu,tD cœ.!'Kl.SSIO.:. tr.:;r!1C J'::O 'ltlÀ~IO" 

e 

'1 Dt 
& 

1
-~'-l-~~~~--T- ~-I-· Initial Cracl:lllô toada ~i -·--~~d-.-----"- Initial CncldQl tlltlute ~ iDCl1DaUoa of LoClUoa. 1 1 

laaa Cet:1Cr.lte M/r tOP Doforutlonl oefOf'U,Uonl creclta ta tbe of ~k. 

tusa 1 Di_ndono ! Strc:~tb Ratio tatio Cocproasioo ItOOdiOb lVhti01l1Cc:tpr ... ic::r. 1t4Dd1D!: T'JhUns Unt ' "la~~!m _ ~~ I_~!~~ pm le. Axi. Pan ... 
.. i v J (lai lb, 10- Ib~ in- IbJ !b, in- lb. in-lb. Mit Dlfllctiœ M.t DDfloctloo T • • • Il. 

1 ~ ~ ~~~~ . 

~ -r--,- , 1· '-HI e ! • T~-- 1" !" :3 14 U 16 17. Il 19 M 2l 22 l 
t 1 ---l- 1 

! -6 -3 0 0 0 0 ' 
)110 O.:. 1 0.2:t , - 131()() 2770 )5"0 M SOOzlO '.OdO 33 " 25 32 • tontoa.a1 flUun ! 
)250 O.~· 1 0.:2 1 - l' 1 2JC1OO JO!iO 61CO - 500 3.0 32° 10° 25° 22° p 1 Tontoell t.Uun f 
3200 D.!> 1 0.08 ! - - 311100 3020 to!.Q - - 4)0 1.' llo tO

O 
2"" U O - 1 Cruablq _al IU'IQ1 i 

3110 1.0 0.64 1 ,., HOO 3840 3840 . _, - -J 310 4.7 24: l 16: ' 14° 34° Il touloul faUve • 

3000 2.C· Lt.t. l '.()()"t 1 5600 2800 7(<10 8760 4380 16Oxl0 Z.hl0 SOO 4.0 30 1) 1300 YJo :! II 1 n ...... 1 .... k 1 
1 1 • 1} ~ ° ° 1 30S0 2.0 O. Il l ' - moo 10160 SOlO • 620 5.~ J5 10 II lO • 1 ,. ..... I .... h1o& 

3250 2.0 O.~( 1 - . - l4(l~ 13500 6750 • - 100 1.0 .,0 nO 42°)3° ~ • n. ..... c;:ruab1111C 1 
3050 'I.e 0.4C - - 27!)o 11280 5640 - • 770 2,Q 60° %0 saO Z5° l ', ...... eru.sblq . 

3200 2.0 0.32 - -! - 30000 10200 51CO - - 450 J5.Q 73v 10° 70° 32° li ,leaura! Cl'uah1_ 1 
119C ';.0 \.60 - . 1· 12000 19400 4540 - -6 ' .. 3 '50 9,! lU: 90: 10° 90° E. rlearal cruahiq l 
2990 4.0 1.6\) 1000 11200 1 l800 1200,:) IM40 4700, n3dO 11').0&10 670 20.0 80 90 7'° to°, 1 Uewral ta-a..lle craek l 

' l 00.0 1 3140 4.0 1.28 . l" .. 2em 25080 L 62 () • - 600 20.0 83 '0 ao 90 1 n.mrel croahlq vith oecoadarJ' er.cl:Q 

3250 4.0 0.96 . - L 2.5000 24&00 1 6200 -. - 5%0 13.5 90° 90° to° 90° J nuval crUÂL"oa vitb 151ecODdary cucb i 
3200 4.0 0.80 -.J.. - - 300:>0 1 23U0 1 '970 - - »0 1 13 •0 .0·,.",.0 'Xl" 1 n~.1 <,,",hl .. viti> _ .... ..,. "OCu 1 

1 ~ • 

- 1 1-' 
P.1i. ~ 1 oI,b} 1 ~_8 
l'MT ~ 1 2.45 ll,~! 

WT 10 '2,5) 1,81 

PKT 2 '.50 1 J.7: 
PKT) 1..55 J,51 

l'IIr 4 1.50 1,·6 P!lT13 2.60 3.11 

P!IT 5 2.50 l.U 
P!IT Il 2.51 '.N 
l'KT , 2.52 3.75 

l'!<T • 2.50 3.76 

l'KT 14 2.50 J.90 

l'KT 12 1.54 3.77 

P!'T 6 2,62 3.74 

...... 
\0 



APPENDIX B 

COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS 
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~ 
~ 

Beam 
No. 

l 

UP 1 

UP 2 

lJM. 1 

UM2 

UT 1 

UT 2 

P l 

P 2 

P 3 

** M l 

M 4 
-*** 

T 1 

T 2 

WPl 

WP2 

WT l 

WT2 

Compressive 
Strength fIc 

psi 

2 

3270 

3270 

2920 

3010 

3270 

3050 

3020 

3020 

3080 

3020 

3040 

3020 

3040 

3080 

3040 

3120 

3050 

TABLE B. 1 COMPARISON BE'lWEEN EXPERIMENTAL AND ANALYTICAL 'RESULTS 

SERIES UP, UM, UT, -P, M, T, WP and WT 

Experim nt al Ultimate Analvtical Ultimate 
Compression Bending Torsion Compression Bending Torsion 

lbs in- lbs in- lbs lbs in- lbs in- lbs 

3 4 5 6 7 8 

32800 - - 30700 - -
33000 - - 30700 - -

- 2310 - - 2290* -
- 2610 - - 2500* -
- - 2600 - - 2590 

- - 2540 - - 2670 

35200 - - 33930 - -
35600 - - 34030 - -
36400 - - 35400 - -

- 16500 - - 19200 -
- 19800 - - 19500 -
- - 2345 - - 2760 

- - 2750 - • 2590 

36400 - - 35400 - -
35900 - - 34130 - .-

- - 4560 - - 4320 

- - 4200 - - 4180 
-~~------- - --- -- - -------- -- - ---- --------- -------------- -----_._--------~-- --~-------

* Based on modulus of rupture 

** Same P l specimen (which crushed at the ends) 

*** Same P 2 specimen (whicb crushed at the ends) 

fi 

-» 

Ratio 
Expei:!~ntal 

Analytical 
-

9 

1.06 

1.07 

1.01 

1.04 

1.00 

0.95 

1.04 

1.05 

1.03 

0.86 

1.01 

0.85 

i.06 

1.03 

1.05 

1.06 

> 1.09 
- ---- -

1 

1 

00 
o 
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(1~~ 

Beam No. 

1 

MT 1 

MT 2 

MT 3 

MT 5 

MT 4 

t~ 
~ 

TABLE B. 2 COMPARISON i3E'liVEEN EXPERIMENTAL AND ANALYTICAL RESULTS 

SERIES MT 

Compressive MIT Experimental Ultimate Analytical Ultimate 
Strength fic Ratio 

psi Bending Torsion Bending Torsion 
in- lbs in- lbs in- lbs in- lbs 

2 3 li 5 6 7 

3110 0.5 1385 2770 1495 2990 

3200 1.0 3000 3000 2950 2950 

3050 2.0 5700 2850 5460 2730 

2990 3.0 9000 3000 8070 2690 

2990 4.0 15760 3940 19000 4750 

Ratio 
Experimental 
Analytical 

8 

0.93 

1.02 

1.05 

LU 
0.83 

-

1 

1 

ex> 
1-' 
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TABLE B. 3 COMPARISON BE'l'WEEN EXPERIMENTAI. AND ANALYTICAL RESULTS 

SERIES 11PT. PT and WPT 

Compressive pIT Experimental Ultlmate " Analytlcal Ultimate Rstio 
Besm No. Strength fIc 

psi Ratio Campra'lion Torl1on C01IIpreulon Torsion Col. 5 
per in lb, in- lb, lbll in- lbs Caf. 7 

1 2 3 4 5 6 7 8 

UPT 10* 3300 1.00 4000 4140 4000 3800 1.09 
UPT 2 2900 2.00 11000 5380 11000 5580 0.97 
UPT 3 3020 2.00 12000 6000 12000 5760 1.03 

* UPT 8 3300 2.15 14000 6500 14000 6180 1.05 
UPT 5 3150 2.25 13000 5780 13000 5950 0.97 
Up"l' 9* 3300 2.56 18000 7020 18000 6860 1.02 

* UPT 1 2900 2.62 17000 6500 17000 6540 0.99 
UPT 6 3300 3.02 19000 6300 19000 7000 0.90 
UPT 7 3300 5.07 28000 5520 28000 8180 0.68 - "" 

PT J 3010 1.34 6000 4470 6000 4300 1.03 
1 * 3010 1. 68 8000 4750 8000 4940 0.96 PT 1. 

1 * 2.62 18000 6870 18000 6860 1.00 PT 2 3070 

1 

PT 5 3010 2.71 19000 7020 19000 7000 1.00 
PT 3050 3.11 21000 6750 21000 7300 0.93 

1 PT .:; 3050 5.10 29000 5690 29000 8320 0.68 1 

1 
1 

'..1 PT l. 365U 0.92 6000 6560 6000 5460 1.20 1 ft 
"HOO 1. 76 13000 7380 13000 6910 1.07 1 

tiPI' :l. 

1 

\o1PI' i 

1 
3300 2.39 17000 7100 17000 7600 0.93 

WPT {, :noo 3.17 26000 8200 26000 9060 0.91 
WPT J 

1 

3300 S.02 32500 6480 32500 9730 0.67 .... 

Pr"compressed 



e 

TABLE B. 4 COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS 

SERIES PM and M 

Experimental Analytical 
Compressive M/p 

Beam Strength Cracking Ultimate Cracking Uitilllat;e 
Ho. f'e Ratio 

! psi in Comp .... ession Bending Compression Bending Compression Bending Compression 
lbs in- lbs lbs in- lbs lbs in- lbs lbs 

l. Z 3 4 5 6 7 8 9 10 
.-'- ...... 

PMI 3280 0.70 - - :':6100 18300 - - 26200 

PM6 3280 1.30 - - 2.2600 29400 - - 22400 

PM2 3270 3.30 7300 24000 9600 31600 7500 11000 9620 

PM5 2930 3.40 4500 15300 8260 30400 4530 8300 8220 

P"ri 3 3270 4.50 2200 13200 4550 27300 2300 9700 4520 

PM4 .3280 6.20 1600 12300 3160 25000 1620 8400 3200 

M 1 2960 - 4750 - 16500 - 4450 -
M 2 3040 - 5000 - 19800 - 4500 -

------- '------------ --

Ratio 
Col. 5 

Bending Col. 9 
in- lbs 

11 12 

17700 -
22100 -
30800 2.18 

2940 1.83 

32000 1.42 

28200 1.46 

19200 1.07 

19500 1.11 

--

Ratio 
Col. 7 
Col. 1Ï 

13 

1.04 

1.33 

1.02 

1.03 

0.86 

0.89 

0.86 

1.01 

., 

00 
w 
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TABLE B. 5 COMP.ARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS 

SERIES PMT 

Compressive MI'! M/p Experimental U1timate Ana1ytica1 U1timate Ratio 
Bearn Strength fiC 

No .. psi Ratio Ratio Compression Bending Torsion Compression Bending Torsion Experimental 
in in lbs in- lbs in- lbs lbs in- lbs in- lbs Analytica1 

1 2 3 4 5 6 7 8 9 10 11 

PMT 1 3110 0.5 0.22 13000 2770 5540 *** 2980 5960* 0.93 

PMT 9 3250 0.5 0.12 23000 3050 6100 *** 3750 7500* 0.81 

PMT 10 3200 0.5 0.08 31000 3020 6040 *** 4250 8500* 0.71 

PMT 2 3110 1.0 0.64 6000 3840 3840 *** 4300 4300* 0.89 
( 
j: 

** PMT 3 3000 2.0 1.40 7000 8760 4380 *** 17200 8600 0.51 
** ./ 

PMT 4 3050 2.0 0.72 13500 10160 5080 *** 22600 11300 0.45 -:..-

l'MT 13 3250 2.0 0.56 24000 13500 6750 *** 28200 14100** 0.48 

.\ ~ 
,. 

PMT 5 3050 2.0 0.40 27500 11280 5.640 *** 18800 9400** 0.60 

PM! 11 3200 2.0 0.32 30000 10200 5100 *** 156~W 7840** 0.65 

PMT 7 3190 4.0 1.60 12000 19400 4840 *** 27880 6970** 0.70 

PMT 8 2990 4.0 1.60 12000 18840 4700 *** 26560 6640** 0.71 

PMT·14 3140 4.0 1.28 20000 25080 6270 *** 22200 5550** 1.13 

PMT 12 3250 4.0 0.96 25000 24800 6200 *** 20480 5120** 1.21 

PMT 6 3200 4.0 0.80 30000 23880 5970 *** 18200 4550** 1.31 

* Based on Hsu's equation (5.5), ignoring the slight effects of bending 
** Based on idealized failure plane method 
*** Analytical ultimate compressive forces equal to experimental u1timate values 
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PROPERTIES OF TEST MATERIALS 
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Pur& T P+T (Torsional rajlu~) 
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and Torsion 
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Figure D.2 
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