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Abstract

In this thesis, we study sequences of functions of the form F; — {0,1} for varying n,
and define a notion of convergence based on the induced distributions from restricting the
functions to a random affine subspace. One of the key tools we use is the recently developed
theory of ‘higher order Fourier analysis’, where the characters of standard Fourier analysis
are replaced with exponentials of higher degree polynomials. This is not a trivial extension
by any means, but when the polynomials are chosen with some care, the higher order
decomposition can be taken to have properties analogous to those of the classical Fourier
transform.

The result of applying higher order Fourier analysis in this setting is the necessity to
determine the distribution of a collection of polynomials when they are composed with
some additional linear structures. Here, we make use of a recently proven equidistribution
theorem, relying on a near-orthogonality result showing that the higher order characters
can be made orthogonal up to an arbitrarily small error term.

With these tools, we prove that the limit of every convergent sequence of functions can
be represented by a limit object which takes the form of a certain measurable function
on a group we construct. We also show that every such limit object arises as the limit of
some sequence of functions. These results are in the spirit of analogous results which have
been developed for limits of graph sequences. A more general, albeit substantially more

sophisticated, limit object was recently constructed by Szegedy in [Szel0].



ii

Abrégé

Cette these étudie les séquences de fonctions de la forme F) — {0, 1} pour n variant, et
définit une notion de convergence sur la base des distributions induits par la restriction des
fonctions a un sous-espace affine statistique. Un des outils essentiels est la théorie de «I’ordre
supérieur analyse de Fourier», ou les caracteres de I’analyse de Fourier sont remplacés par
des exponentielles de polynomes de degré plus élevé. Ce n’est pas une extension triviale,
mais lorsque les polynomes sont choisis avec soin, la décomposition d’ordre supérieur peut
avoir des propriétés analogues a celles de la transformation classique de Fourier.

Le résultat de cet application de I’analyse de Fourier est la nécessité de déterminer la dis-
tribution d’un ensemble de polynomes quand ils sont composés avec les structures linéaires
supplémentaires. Ici, un théoreme d’équidistribution récemment prouvé est utilisé, en
s’appuyant sur un résultat quasi-orthogonalité montrant que les caracteres d’ordre supérieur
peuvent étre orthogonale a un terme d’erreur arbitrairement petit.

Avec ces outils, nous montrons que la limite des séquences de fonctions convergentes
peut étre représentée par un objet limite qui prend la forme d’une fonction mesurable sur
un groupe que nous construisons. Nous montrons également que chaque objet de limite
est le limite d'une séquence de fonctions. Ces résultats sont dans ’esprit des résultats
analogues qui ont été développés pour les limites de séquences de graphes. Un objet de
limite plus générale, quoique sensiblement plus sophistiqué, a été récemment construit par
Szegedy dans [Szel0)].
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Chapter 1
Introduction

A recently emerging theme in the theory of discrete structures is the interplay between local
and global information. One reason for this advent is that modern applications necessitate
the study of prohibitively large objects, in the sense that even traversing the entire structure
is computationally intractable. The main technique we have for working with such objects
is to randomly sample from them and work locally. Thus, there is some motivation to see
what kind of global properties are discernible when looking only at a set of ‘local statistics’
which can be efficiently sampled. This has spurred activity in the field of property testing
in recent years and, not surprisingly, this is a major area of application for much of the
material that will be presented in this thesis.

Now, let us try to make this idea at least slightly more precise. Although ‘local statistics’
is a particularly vague expression, there is a fairly standard program at work here: Given
a discrete structure and a corresponding notion of substructure, every rule for randomly
sampling a (small) substructure induces a probability distribution over the set of all such
substructures. Then one is interested in what kind of properties of the original structure
can be inferred from this distribution. This is still rather abstract, so to dispense with
generality, and also to further motivate what will follow, let us take the time to examine
an example of this program applied in graph theory which has garnered some significant

attention of late.

2014/08/11
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1.1 Subgraph sampling and graph limits

Given a graph G on n vertices and a positive integer £ < n, our sampling rule is to
independently choose k vertices from V(G) and look at the subgraph of G induced by
these vertices. For every graph H on k vertices, we denote the probability that a random
map ¢ : V(H) — V(G) preserves both adjacency and non-adjacency by ti,q(H, G). Here,
if we were to condition on the map ¢ being injective, this would just be the probability
that the subgraph induced by a k-subset of vertices is isomorphic to H. In some literature,
this is even taken to be the definition of t,q(H,G). Note that, however, when k& = o(n),
the difference between sampling independently or injectively is a quantity going to 0 as n
grows.

The most optimistic question to ask at this point is what values ¢;,4(H, G) are required
to reconstruct G. Regrettably, this is not actually possible, and there is an easy counterex-
ample: For any integer m > 2, define the m blowup of G, denoted by G(m), to be the
graph obtained from G by replacing each vertex with m copies, and connecting 2 vertices
if and only if their originals are connected in G. Then note that G and G(m) are indistin-
guishable by (independent) sampling, so we have that ti,q(H, G) = tina(H, G(m)) for every
graph H. However, this is all that can go wrong. If G and G’ are any two graphs such
that tina(H,G) = tina(H, G") for every graph H, then there is a third graph G” such that
both G and G’ are (possibly different) blowups of G”. If G and G’ are known to have the
same number of vertices, then this implies that G = G’. For a graph G with n vertices, it
is established that the values ti,q(H, G) for all graphs H with < n vertices determine G. It
is conjectured that the values ti,qa(H, G) for H strictly smaller than G (in either vertex or
edge sense) will suffice, but this remains a large open problem in the area.

Thinking of a graph as a list of subgraph densities gives an interesting perspective on
things. This projects into a very well studied kind of space: real vector spaces. To actually
work in this space, however, there are some hurdles to overcome. One immediate issue is
that the set of graphs under this projection is sorely lacking in limit points. Consider a
sequence of random graphs G(n, 1/2). With high probability, every t;,q(H, G) with |V (H)|=
k converges to 27@, but there is no finite graph exhibiting these subgraph densities. So to
complete this space, we will need to work with something more than graphs. A sequence
of graphs {G,, }nen is called convergent ([LS06]) if tina(H, G,) converges for every graph
H. We would like to find a ‘limit object’, extending graphs, that correctly completes this
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notion of convergence.
A graphon is a symmetric, measurable function W : [0, 1]> — [0, 1]. It is instructive to
think of a graphon as a weighted, infinite adjacency matrix. Note that if G is a graph with

adjacency matrix Ag then

twa(H,G)=  E I Actwiv) JI (—Ac(vivy)
)

V1,..., 0, €V (G
Ltk €GN G e (i.j) ¢ E(H)

for every graph H on k vertices, so it is not unnatural to define the density of H in a

graphon W as

twa(H,W) = E I W) JI Q=Ww)
(H)

21,z €[0,1] (i.j)€E (i.5)¢ E(H)

For every graph G on n vertices, we can define a graphon Wy as follows. Partition [0, 1]
into n intervals Iy, ..., I, of the same measure, and set W to 1 in every rectangle I; x I;
where ¢ ~ j in G. Then the sequence of blowups {G(m)},en converges to We, in the
sense that tiq(H, G,) — tina(H, W) for every graph H. In [LS06], the authors show that
every convergent sequence of graphs converges to a graphon, so that graphons complete
the space of graphs as desired. Moreover, they show that every graphon is the limit of
some convergent sequence, indicating that graphons are precisely the right limit object to

capture this notion of convergence.

1.2 Limits of boolean functions

In this thesis, we are interested in subsets of the vector space [}, where p is some fixed
prime and n is a large positive integer. Equivalently, we will want to think of these as {0, 1}-
valued functions over F}, and so we will often conflate a set with its indicator function.
Given a subset A C ]FZ, the local information we would like to work with is the distribution
of small linear structures, e.g. arithmetic progressions, contained within the set. Formally,
we define a linear form in k variables as a vector L = (A1,...,\;) € ]F’; , where we consider
L to be a linear function from (F7)* to F? by writing L(X) = Zle Aix; for every X =
(x1,...,28) € (IFZ)’C We then define a system of linear forms to be a subset £ C F* of
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linear forms. We are concerned with the distribution of (A(L1(X)),..., A(L,(X))) where
X € (F2)* is taken uniformly at random. Let us denote this distribution by pa(£L).

One quantity that is immediately accessible from this distribution is the density of £
in A, denoted t.(A), which is just the probability that all the L;(X) lie inside A. As an
example, consider the system of linear forms {x,z +y,z+2y,...,x + (d — 1)y}, where we
have specified £ by the action of each L € £ on a pair (z,y) € (F}})*. Here it is easy to see
that ¢,(A) is just the density of d term arithmetic progressions in A, so we can think of £
as ‘counting’ this structure. Somewhat surprisingly, there is an observation to be made (see
Observation 5.2) showing that the values t2(A) for every £ C L actually determine p4(L),
so when it is convenient we may work with densities rather than the full distribution.

In fact, we can even further narrow our focus. A linear form L = (A,...,\;) € IF’; is
called an affine linear form if Ay = 1. Analogously, we define a system of affine linear forms
as any system of linear forms consisting solely of affine linear forms. Affine systems of linear
forms are, among other things, translation invariant, a property that makes them much
more natural to work with than general systems. Notice that the system of linear forms
counting arithmetic progressions is always affine, and indeed, all of the explicit systems we
encounter will be affine.

For a function f : F) — {0,1} and an affine system £ = {L,..., L,,} C F}, there is
another interesting way to think of the distribution jf(£), which is that it is obtained by
restricting f to a random affine subspace. Consider sampling a random affine transforma-
tion T : Fy — F7. Then the random variable T'f : Fk — {0,1} defined by T'f : z +— f(T'z)
induces a probability distribution on the set of function {F¥ — {0,1}}. Let us denote
this distribution by ps. Note that further restricting py to £, we obtain the distribution
ps(L), since the distribution of (T'Ly, ..., T Ly,) over a random T : F) — Fy is just that of
(L1(X), ..., Lin(X)) over a random X e (F7)*.

Now we can define the notion of convergence whose investigation will become the main
topic of this thesis. A sequence of functions {f, : F; — {0,1}},en is called convergent if
the distributions y, converge for every k, or equivalently, if the densities ¢.(f,) converge

for every affine system of linear forms L.
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1.3 Fourier analysis and linear densities

For an arbitrary affine system £ and a function f : F) — {0, 1}, it may be difficult to control
the behavior of ¢£(f) in terms of f. Developing the theory to do so will constitute a large
portion of the work in this thesis, but there are certain types of systems that are amenable to
a simple analysis. Unfortunately, arithmetic progressions will prove difficult to handle in full
generality, but we will see that 3 term progressions (3-APs) behave quite nicely. Better yet,
we have 3-parallelepipeds, which are given by the affine system £ = {z, z+y, z+z, x+y+z}.
Larger parallelepipeds will play a major role in the general theory. The density of 3-
parallelepipeds, i.e. tz(f), is a key quantity, and it will be useful to distinguish it from
other densities. We denote this density by || f||{ and call || f|y= the U* norm of f. An
easy exercise shows that the density of 3-APs in a set is always bounded by its U? norm,
so controlling the U? norm suffices to force the behavior of 3-APs as well.

There is a beautiful and powerful connection to be made between the U? norm and
Fourier analysis. To do this, let us recall some of the basic theory. The space of functions
{f : F; — C} is a Hilbert space over C with the inner product of two functions f, g : Fj — C
given by

{f,9) =E f()g(w),

where g(x) denotes the complex conjugate of g(x).

For a function f : F) — C, the Fourier transform expresses f in the basis of group
characters (homomorphisms from F; — C\{0}). On [}, these are precisely the functions
{Xa}aern where x, is defined by

Yal) = €75 S
for every x € . The character xo (which is just the constant 1) is called the princi-
pal character (of F}), and will usually exhibit different behavior from the non-principal

characters.

For any character y,, we have that

EXa(2) = EXa(2 +9) = Xa(y) E Xa(@)

for any y € F" where the first equality makes use of the group structure of F”. So if
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X 18 non-principal, taking x,(y) # 1 implies that E, x,(z) = 0. Using this, for any two

characters x,, x», we have

(Xas x0) = EXa(@)x0(2) = E Xa-p(2)

which is 1 if and only if @ = b. So distinct characters are orthogonal, and a dimension
counting argument shows that they do in fact consist of a basis for the space of functions
{F, — C}. This lets us write a function f : F, — C as

F=> fa)xa

acky

for a unique choice of coefficients f (a) € C. The values f (a) are called the Fourier coef-
ficients of f, and are computed by E, f(z)x.(x). The Fourier coefficients of f satisfy the

Parseval identity
If13= (£ £y = D_IF (@),
a€F?
which follows easily by replacing f with its Fourier transform: All the non-diagonal pairs
will vanish because the characters are orthogonal.
The largest non-principal Fourier coefficient of a function, denoted by || f||e, is closely

related to its U2 norm. First, we have the identity

IfllG= D If (@), (1.1)

acly

whose proof is similar to that of Parseval’s with only a bit more effort. Now note that for

any 0 # a € F", we have

f(a) = E f(@)xa(@) < [ fxallvz= [ fllo=

where the non-trivial steps here are both easily implied by Eq. (1.1). Since a # 0 was
arbitrary, this gives || f||y2> ||f]l. This is an example of a direct theorem, asserting that
functions with large maximum Fourier coefficient also have large U? norm. There is also

an inverse theorem, which will complete the characterization of such functions. Using
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Eq. (1.1) again, we have

1 152= D [f(a)[*< max| f(a)* ) |f(a)?,

acFn acFn

so if f is bounded by 1 in Ly norm (e.g. if f is {0,1}-valued), then Parseval implies that
1 llo=< (1 Fllo0) 2.

Now let us see, informally, how this could be used to determine the behavior of the
densities of simple affine systems. The Fourier transform of f, along with the inverse
theorem for the U? norm give us a way to decompose an arbitrary function f : Fy — [0,1]
into a ‘structured’ part and a ‘quasirandom’ part. Here, the structured part will hopefully
depend only on a bounded number of characters, while the quasirandom part will be small
in U? norm. Consider the following example of a simple decomposition theorem: For any
e > 0, take f; to be the function obtained from f by restricting to its Fourier coefficients
larger than 2. Then trivially, fo = f— f; has || fa]ls< €2 and so the inverse theorem implies
that || f||y2< €. There are some significant shortcomings to this simple decomposition, but
it will suffice for the purpose of this discussion.

For any affine system £ with densities bounded by the U? norm (e.g. 3-APs), the
study of t.(f) can be reduced to that of t2(f1), since f; approximates f in the U? norm.
Analyzing t.(f1) is not particularly difficult, since it is determined by the distribution of
some characters composed with an affine system of linear forms. Using the orthogonality

properties of characters, this distribution can be shown to be uniform over its support.

1.4 Main results and organization

The primary contribution of this thesis is the construction of a limit object for convergent
sequences of functions {f, : Fy — {0,1}}. The limit objects are measurable functions
from a particular infinite group into C which encapsulates the idea of being a function of

a (possibly infinite) collection of polynomials. In the special case where these are all linear

N
P

an infinite Fourier expansion for a function. Following along lines of work from the theory

polynomials, this group is just F,, and the limit object can be thought of as specifying
of graph limits, we prove that every convergent sequence of functions converges to some
limit object. We further show that every limit object can be obtained as the limit of some

COHVGl”gth sequence.
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The rest of the thesis will be organized as follows. For an abridged version of the results,
we refer to the reader to our paper [HHH14], which contains only the main results from
Chapter 3 and Chapter 4, along with the better part of Chapter 5.

Chapter 2 will be devoted to laying some necessary groundwork. First, we will define
an extension of the U2 norm (the U? norm) and prove some of its basic properties. Next,
before we can state the generalized direct/inverse theorem for the U? norm, we will need
introduce the notion of non-classical polynomials and develop some of their theory. Finally,
we will give the previously mentioned theorem. The general inverse theorem is a highly
non-trivial result, taking considerably more effort than the inverse theorem for the U? norm.

In Chapter 3, we will show how the inverse theorem Theorem 2.14 can be used to
develop a theory of ‘higher order Fourier analysis’. The key is to develop a decomposition
theorem for the U¢ norm, similar to the one we saw for the U? norm, which has properties
similar to those of a Fourier decomposition. This will allow us to decompose an arbitrary
function into a ‘structured’ part which is a function of some bounded degree polynomials,
as well as a ‘quasirandom’ part which is small in the U? norm.

Chapter 4 will introduce a notion of complexity for systems of linear forms such that
bounded complexity systems have densities which can be controlled by some U¢ norm.
Then, after decomposing f according to Theorem 3.18, we will be able to discard all but
the structured part of f. The chapter culminates with an equidistribution theorem which
allows us to study the behavior of polynomials when composed with low complexity systems
of linear forms using a near-orthogonality condition on the polynomials.

Finally, in Chapter 5 we will show how Theorem 3.18 and Theorem 4.10 can be used
to find a limit object for convergent sequences of boolean functions. We also prove a
semi-relevant result regarding non-classical polynomials which may be useful in other ap-

plications.



Chapter 2

Basic Background

Notation

The following is a list of the basic notation and conventions that will be used throughout.

For d € NU {oo}, denote [d] = {1,...,d} if d < oo, and [d] = N otherwise. We
shorthand F = [, for a prime finite field p, and p is always implicitly assumed to be the
characteristic of F. We denote by T the circle group R/Z, and by D the unit disc in the
complex plane. For a function f : F* — C, we use the normalized L, norms || f||,= E|f(x)|,
1 f12= E|f(2)|?, and ||f|lso= max]|f(x)|, as well as the inner product (f,g) = E f(z)g(x).
Note that || f|[1< || f]l2< || f|lo- The expression o0,,(1), or just o(1) when the limiting value
m is implicit, denotes a quantity which approaches 0 as m grows. The limit notation —,
is also used occasionally to indicate convergence as the variable r is taken to infinity. We
write « & € as shorthand for any quantity in the interval [x — ¢,z + €].

The operator C will sometimes be used for complex conjugation. For a set A C F", we
will often also use A to denote its indicator function. On the other hand, if A is an event in
some probability space, we will denote its indicator function by 1(A). We will try to stick
to the convention of using lower case letters like f or g to denote functions F* — C, while
upper case letters like P or () will be reserved for functions F* — T. For variables, lower
case (possibly in boldface) will denote a vector, while upper case will be used for variables

coming from a matrix group like (F")*, which we will usually shorthand as F"*.

2014/08/11
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2.1 Uniformity norms

In the paper [Gow01], Gowers introduced a family of norms {|| - ||7a }4en, defined on func-
tions f : Zy — C, and used them to give a new analytic proof of Szemeredi’s famous the-
orem on arithmetic progressions. These norms would become known as Gowers uniformity
norms, and have since been used extensively to tackle problems in additive combinatorics.

Before we delve any deeper into this discussion, let us give the basic definition.

Definition 2.1 (Gowers uniformity norm). Let G be a finite abelian group, and d > 1 an

integer. Given a function f : G — C, we define the Gowers uniformity norm of order d of
f by

1/2¢

flloa=| B I+ w) : (2.1)
N P icS

From here on we will often refer to the Gowers uniformity norm of order d as simply
the U? norm. Also, while we have defined the norm on functions f : G — C, where G
is an arbitrary finite abelian group, we will not need the full generality of this definition.
We will only be interested in the case where G = F", so in further instances we will make
this distinction. A final note to make is that when working with U? norms, it will often
be instructive to consider the case when f : F* — {0,1} is boolean-valued, so that f
corresponds to a subset of F". Here, when d = 2 we see that Definition 2.1 agrees with our
previous definition of the U? norm for sets. Analogously, the U? norm of a set has a clear
meaning which is the U? norm of its indicator function.

The U? norm is, roughly, a measure of additive structure. For sets, we can see this
from the definition: If A C F" is a set, then HAH?}Z is just the probability that a random
d-parallelepiped lies in the set A. This may seem restrictive, but we will see (much) later
that parallelepipeds are in fact a very general type of structure, in the sense that the study
of arbitrary additive structures, e.g. arithmetic progressions, can be reduced to that of a
suitably high dimensional parallelepiped. This should hopefully give some insight into why
the U? norms have become so prevalent in the field.

Now, there are many useful properties of the Gowers norms that are not immediate
from Definition 2.1. Indeed, it is not even obvious whether ||-||;;« defines a norm at all, and

in actuality, it is not completely true; there is a small caveat. In the case when d = 1, for
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any function f : F" — C we have

1/2
Ifl= (B S+ ) = Bl

Here, we have homogeneity and the triangle inequality, but as there are (many) non-trivial
functions with expected value 0, the U! ‘norm’ is in fact only a semi-norm. However, we
will soon see that for d > 2, |||y« does define a norm. The homogeneity requirement is
trivial from the choice of normalization in Eq. (2.1). What remains is to check the triangle
inequality, and to show that if f : F* — C is a function, then || f||;;«= 0 if and only if f = 0.

These two facts, and many other basic properties of the U? norms, can often be proven
by repeated applications of the classic Cauchy-Schwarz inequality. This can be a rather
arduous task, so we are fortunate to have the following lemma from [Gow01] which encap-
sulates several applications of Cauchy-Schwarz into a single inequality which can be applied

in a multitude of ways.

Lemma 2.2 (Gowers-Cauchy-Schwarz inequality). Let d > 1 be an integer and { fs : F" —
Clsclg a family of functions indexed by subsets of [d]. Then we have

Y15 ,ydEIF"

H CBlfs(x+ 3w | | < [LIfsloe. (2.2)
S

€S
To prove this, there is a convenient notation we will make use of.

Definition 2.3 (Gowers inner product). Let d > 1 be an integer and {fs : F* — C}gciq a
family of of functions indexed by subsets of [d]. Then we denote

[T ¢¥'fs@+> " w) (2.3)

SC(d] i€s

(fo. friy, - flg) =

Z,Y1,- ,ydE]F"

= [T fs> z+> )

Z1yee0s% 72 " 7Z e F
DreEd et SC[d] icS i¢S

The second equality in Eq. (2.3) is particularly useful, and comes from making the

following change of variables. We set © = 23 + -+ + 2z and y; = 2/ — 2z; for 1 < i < d;
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the value of the expectation will remain fixed because of the group structure. As a matter
of convenience, we will often identify subsets of [d] with the integer set [27] in the natural

way, so that we may write

<f17"'7f2d>

and have it be understood that we mean

<f®7f{1}, .. .,f[d]>.

Finally, note that Eq. (2.3) also implies that for any function f : F" — C we have

1= (Fre o f) = B oo TT O w+d . (24)

Y15--5YdsYq5-- SC d] icS ng

giving an alternate formulation of the U¢ norm. Now let us prove Lemma 2.2.

Proof of Lemma 2.2. What we will show is that

<f1, ca ,f2d> < <f2d71+1, ooy Jod, foam1iq, . f2d>1/2<f1, ooy foao, f1, . f2d—1>1/2.

From here, the result will follow by induction, using the fact that the inequality is trivial
when all the fg are the same (Eq. (2.4)).

To do this, let us begin with the alternate form of the Gowers inner product. From here,
we can write this as an iterated expectation: First over yq4,y, € F", and then the outer
expectation over the remaining y1, ..., Y4-1,91,---,Y;_ 1 € F". We also split the product in

two based on containing the element d. This looks like
E|E|J]c¥ O wi+d u) [T O uw+d u) ]|,
S3d i€s ¢S SCld—1] = i¢S

Now, all the terms in the first product use y4, and all the terms in the second use ¥/, so

they are independent over the inner expectation and we get

(HC'st S+ oyl ) (HCS'fs S ui+ Yy )] :

S>d €S ¢S S>d ieS ¢S
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Applying Cauchy-Schwarz to this gives the upper bound

o\ 1/2 2y 1/2
e|elTe sSe X| | (2]B IT eon(u X0
Yd . . Ya . .
S>d i€S i¢S SCld—1] i€S i¢S
Each of the terms here are exactly in the desired form: We can write
2
T ¢S+ )|
Y 554 icS i¢s
as two independent expectations, yielding
o\ 1/2
E EHC|S|fS(Z Yi + Zyi)] = (foar41, -+ foa, foa1gq, f2d>1/27
Y534 ies i¢S
and similarly for the other term. 0]

From here, we will be able to infer many facts about the U¢ norm by simply choosing the
family {fg : F* — C}gcjq suitably and applying the Gowers-Cauchy-Schwarz inequality.

Let us first complete the proof that || -||;a, d > 2, does in fact define a norm. To prove
the triangle inequality, take all the fg to be f+ g, where f, g : F* — C are arbitrary. Then,

an application of the standard triangle inequality gives

1+ glZa= (f + g5 fH9) I f+g0 o fH D+ g f + 95, f+ )

Applying the Gowers-Cauchy-Schwarz inequality to both terms now concedes

d d__ d__
1f + glGa< 1f loell £ + gllga " +lglloall f + gllga "

and so we have the triangle inequality for || - |[a. To see that |||« separates points, take
Jo = flq = [ for some f : " — C, and the rest of the fg = 1. Since d > 2, there is a
dependence relation in the system {z + >, ¢ ¥i}sc(q, and so there is a change of variables

which lets us write

(f,1,...,1,f) =E f
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Applying Gowers-Cauchy-Schwarz here shows that
E £ < | £l

implying that || f||;«= 0 if and only if f = 0.
Before moving on, there is one more useful fact we can get from Lemma 2.2. Taking
fs = f whenever S C [d — 1] and fg = 1 otherwise, Eq. (2.2) becomes

2d—1 9d—1

1 IGa—s < L f Nl

which shows that the U? norms are increasing in d. As a special case of this, we have the
identity
[l < 11f7llue, (2.5)

for every d, since |(f, g)| is in fact just || fg||y:.
With the basic properties of Gowers norms we have established, we can begin to expose
how they will become relevant to the work in this thesis. In particular, what we will show

that there is a deep connection between Gowers norms and polynomials.

2.2 Derivatives and non-classical polynomials

To see how U? can be related to polynomials, there is an important observation to make
that will allow us to give a third formulation of the U? norm. First, let us define the

following differential operator.

Definition 2.4 (Multiplicative derivative). Let f : F" — C be a function and fiz an element
h € F". The multiplicative derivative in direction h of f is defined to be the unique function
Apf : F* — C satisfying

Apf(z) = f(z+h)f(z)
for every x € F".

Now, observe that iterative applications of the multiplicative derivative have a familiar
form. Indeed, for any f : F* — C and directions hq, ..., hy € F", we have

(An Apy - A, @) = [T ¥ f@+ D ha)

SC(d] i€S
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for every x € F". This is just the term appearing inside the expectation from Eq. (2.1),
and so we can write

1/2¢
o=, B 1@ A @] (26)

In words, the U? norm of f is given by taking the multiplicative derivative in d random
directions and then computing the expected value. We will be able to infer a lot of useful
information from Eq. (2.6). First, though, we need some notation.

For every k > 1, let U, denote the subgroup p=*Z/Z C T, where p~*Z = {j/p* | j €
Z} C R. For reasons that will soon become clear, it will be useful to identify F with its
isomorphic subgroup U; C T by the map x — p~!|z|, where | - | denotes the standard map
from F to {0,1,...,p — 1}. In this way, if P : F" — F is a polynomial in the usual sense,
then we can also treat it as a function into Uy, or more generally, T.

Now, although polynomials do not behave particularly well under the multiplicative

derivative, they are compatible with another differential operator.

Definition 2.5 (Additive derivative). Let P : F" — T be a function and fixz an element
h € F". The additive derivative in direction h of P is defined be the unique function
Dy P :F" — T satisfying

DyP(x) = P(x+ h) — P(x)

for every x € F".

It is not hard to see that the additive derivative of a polynomial of degree < d is now
a polynomial of degree < d — 1, and hence such a polynomial vanishes under any d + 1
additive derivatives.

The two derivatives we have defined so far are not unrelated. If P : F* — T is a function
and h € F™, then

(Ane (P))(x) = e ((DpP)()) (2.7)

for every & € F", where e : T — C denotes the character defined by e (x) = *™@ for every
x eT.

Now, let us take a polynomial P : F* — T of degree < d, and consider the function
f:F" — D given by f = e (P). Then it follows from Eq. (2.7) that f becomes constant (in

particular, 1) under any d + 1 multiplicative derivatives, and it follows that || f||ya+1= 1.
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Conversely, we would like to say something about functions with U4 norm 1. This is
somewhat meaningless to ask if we allow our functions to be unbounded, so we will assume
further that our function satisfies || f|lo< 1.

Unfortunately, there is still a subtle issue that arises. If d < p, then under the bounded-
ness assumption we do get a full converse: Any function g : F* — D satisfying ||g||geri= 1
is of the form e (P), where P : F* — T is a polynomial of degree < d. However, when
d > p, we will see that there are different functions satisfying these properties. To deal
with this, we will extend the collection of polynomials to a more general class of T valued

functions.

Definition 2.6 (Non-classical polynomials). Let d > 0 be an integer. A function P : F" —
T is said to be a non-classical polynomial of degree < d (or simply a polynomial of degree

< d) if for all hy, ..., hqs1 € F", it holds that
(Dthh2"'th+1P)(x) =0 (28)

for every x € F™. The space of all such functions is denoted by Poly,(F™).
A function P : F" — T 1is said to be a classical polynomial of degree < d if P €
Poly,(F™) and additionally, the image of P is contained in Uy.

It follows directly from Definition 2.6 and Eq. (2.7) that a function f : F* — C with
| fllo< 1 satisfies || f||ya+1= 1 if and only if f = e(P) for a (non-classical) polynomial

P € Poly,(F™). It will be useful to give functions of this form a name.

Definition 2.7 (Phase polynomials). A function f : F" — D is called a phase polynomial
of degree < d if
f=e(P)

for some P & Poly,(F").

Now, the issue we stumbled upon regarding fields of low characteristic can be phrased as
follows. When d < p, every polynomial is also classical, but for d > p, there are polynomials
which are not classical: they take values in a larger subgroup of T.

The following lemma of [TZ12] characterizing non-classical polynomials shows that they
have a representation not unlike that of classical polynomials, i.e. as a suitably weighted

combination of monomials.
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Lemma 2.8. Let d > 1 be an integer, and P : F* — T. Then P € Poly,(F") if and only

if it has a representation of the form

c x
P(ry,...,2,) = a+ Z i b1

0<dy,..., dn<p;k>0:
0<Y", di<d—k(p—1)

mod 1,

for a unique choice of cay. a,x € {0,1,....,p— 1} and o € T. The element « is called the

ok 7 0 s called

.....

shift of P, and the largest k such that there exist dy, . .., d, for which cq,
the depth of P.

.....

As a simple example, consider the function P : Fy — T given by P(x) = }1|x| An easy
computation of taking derivatives (there is only 1 non-trivial direction to check) shows that
this is not a linear polynomial: it is in fact quadratic. Observe how we can read this off
from Lemma 2.8 by noting that P is a depth 1 polynomial, which in turn implies that the

degree is 2 rather than 1. Now, let us prove the lemma.

Proof. In the case that the image of P lies in a coset of U; (including, e.g., when P is
classical), it is easy to see that we must have k = 0 always, and a standard induction

argument gives the result. For the general case, we will need to use the following claim.

Claim 2.9. If P € Poly,(F"), then pP € Poly, (F"), where d = max(d —p + 1,0).

Proof. What we will show is that for any direction h € F", we have
AP =0 = ApP =0. (2.9)

With this, if P € Poly,(F") with d > p — 1, then for any directions A4, ..., hq_pio € F" we
have

AzlAhg"'Ah P=0 = Ahl"'Ahd,ergpPEOv

d—p+2

which shows that P € Poly, ,.(F"). When d < p — 1, essentially the same argument will
show that deg(pP) = 0.
Now, to prove Eq. (2.9), expand (A} P)(x) as

(Agpxx)::}:(—nwu°<x+-§:h)::§:¢4y<§)P¢p+¢m.
S

SCivl =0
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Without loss of generality, suppose p is odd: The calculations will work when p = 2 with

only minor differences. Then, using ph = 0, we can group terms to write this as
p[P(x —h) — P(z 4+ h)] + O(p%).

If this is 0 for every z, then it must be the case that p[P(z — h) — P(x + h)] itself is as
well, but an easy change of variables writes this as (A,pP)(z), completing the proof of the

claim. ]

Now, to prove the lemma, we will induct on the degree d using Claim 2.9. When
d <p—1, deg(pP) =0, so P takes values in a coset of U; and we are done. Otherwise, by

induction pP € Poly, ,.,(F") can be written in the form

di, .. dn
ot 3 Cdl,...,dn,k|zil jeal™ 1
0<dy ,....dn <p;k>0:
0<Y; di<d—(k—1)(p—1)
Thus, we can write P(xy,...,z,) as
d dn
C .Q’/. .. $
a/p+ Z dl""’d"’k’pil [l + Q(xy,...,x,) mod 1

0<dy,...,dn<p;k>1:
0<%, di<d—k(p—1)
for some classical Q) € Poly,(F™). Since the coefficients of @) are unique, and the remaining

coefficients are unique by our induction hypothesis, the proof is finished. 0

For convenience of exposition, we will assume throughout this thesis that all polynomials
have shift 0. This can be done without affecting any of the results we present. Hence, all
polynomials of depth k take values in Uy, ;. For referring to a polynomial by its depth, we

make the following definition.

Definition 2.10. A polynomial P : F* — T of degree exactly d and depth exactly k is
called a (d, k)-polynomial.

Now, Lemma 2.8 immediately implies some useful facts about non-classical polynomials.

Remark 2.11. If Q : F* — T is a (d, k)-polynomial, then pQ is a polynomial of degree
max(d —p+1,0) and depth k — 1. In other words, if Q is classical, then pQ vanishes, and
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otherwise, its degree decreases by p — 1 and its depth by 1. If X € [1,p — 1] is an integer,
then deg(AQ) = d and depth(AQ) = k.
Additionally, degree d polynomials have depth at most k = |(d —1)/(p — 1)], and so

such a polynomial takes at most p**+' distinct values.

We have seen that phase polynomials of degree < d characterize the functions f : F* —
D that satisfy || f]|a+1= 1. Although this fact is interesting, it will only serve to motivate
a stronger result. Indeed, we will need to be able to argue about functions which may only

be bounded away from 0 by some small constant in the U%*! norm.

2.3 Direct and inverse theorems

Recall from Chapter 1 the direct and inverse theorems for the U? norm which collectively
show that having a large U? norm is roughly equivalent to having a large non-principal
Fourier coefficient. Before we can give a more general version of this result for the U%+!

norm, we need to define a notion of similarity between two functions.

Definition 2.12 (Correlation). Let € > 0 be fized. If f,g: F" — C are functions, then we
say that f and g are e-correlated if

[{f;9)] =

zelfn

For d > 2, we will not be able to show that a function f : F) — C with large Ui+t
norm has any relation to || f||.. Note, however, that |f(a)| is just the correlation of f with
the character x, (a linear phase polynomial). So it seems natural that we should replace
the notion of Fourier coefficients by correlation with degree d polynomials.

Let us assume then that f is e-correlated with a phase polynomial of degree < d. Using
Eq. (2.5), this implies that

Ife (=P)l[panz [(f,e(—=P))| = €

for some P € Poly,(F").
However we also have the easy fact that ||fe (P)||gar1= || f||ga+1, which is immediate
from Eq. (2.6). This in turn implies that || f||gyer1=> €. So ||f|lye+ is larger than the

correlation of f with any phase polynomial. Thus, we have proved the following theorem.
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Theorem 2.13 (Direct theorem for U™ norm). Let f : F* — C be a function. Then

[fllparnz= sup [(f,e(=P))|.

PePoly 4(Fn)

Note that Theorem 2.13 also encompasses the equality case from earlier as 1-correlation
is just equality when f : F" — I is bounded.

We would now like an inverse theorem to complement this direct theorem. In particular,
we would hope that bounded functions f : F" — D with || f||7a+1 > § would d-correlate with
some degree < d phase polynomial. This turns out to be too much to ask for, but we can
salvage the idea. We will weaken the conclusion by allowing f to be only e-correlated with
a degree < d phase polynomial, for some ¢ that is now allowed to depend on §. This result
is given formally by the following theorem from [TZ12], and is one of the most important
results in the entire field. The proof will be omitted, as it is a highly non-trivial result,

going beyond the scope of the thesis.

Theorem 2.14 (Inverse theorem for Gowers norms). Let d > 1 be an integer. For any
d > 0, there exists an € = e914(0,d) such that the following holds. For every function
[ F" — D with || f||gas1= §, there exists a polynomial P € Poly,(F™) such that P is
e-correlated with f, so that

E f(x)e(—P())| > <.

zelfn

There is an interesting history to Theorem 2.14. Barring the trivial cases for the U,
and U, norms, the result for the U® norm was the first to be known ([GTO08]). In this
case, by a convenient technicality (see Lemma 5.12), f can be taken to correlate with a
classical quadratic phase polynomial. In the same paper, the authors then conjectured
for the general case that f could also correlate with a classical polynomial. However,
the necessity of non-classical polynomial in fields of low characteristic (i.e. when d > p)
was eventually discovered ([LMS08]). Following this, the theorem was proven in the high
characteristic case ([BTZ10]) where non-classical polynomials can be avoided. Finally we
have Theorem 2.14 which completes the picture.

Theorem 2.14 will be the starting point for all of the work in the section to follow.
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Chapter 3
Higher Order Fourier Analysis

In Chapter 1, we saw, albeit somewhat informally, that the standard theory of Fourier
analysis is a very useful tool for analyzing the density ‘simple’ systems of linear forms. For
now, let us focus on the Fourier analysis part of that discussion. The key point is that
there is an inverse theorem that gives a rough equivalence between having a large U? norm
and having a large Fourier coefficient. This in turn implies a decomposition theorem which
can write a function as a bounded combination of some characters as well as an error term
which is small in U? norm. To analyze the structured part of a function, it remained only
to use the basic properties of the Fourier expansion, namely that the characters span the
entire space of functions f : F” — C and more importantly that they form an orthonormal
basis. This latter property allows us to significantly reduce formulae involving expectations.

Unfortunately, the U? norm is not a sufficiently strong error term to control densities of
arbitrary linear structures, something we will see in more detail later on. Thus, we would
like to develop a theory of ‘higher order Fourier analysis’.

Lacking a true higher-order Fourier expansion, we will rather aim to prove a decompo-
sition theorem not unlike the one for the U? norm, but with a stronger error condition. In
the higher order setting, the error we are allowing ourselves is in the Gowers U%*! norm.
Theorem 2.14 gives an inverse theorem for the U%! norm, which says that functions with
large U norm correlate with a phase polynomial of degree < d. When d = 1, note
that correlating with a linear polynomial is the same as computing a Fourier coefficient,
something we exploit in proving our decomposition theorem. So one should be optimistic

that we can use the general inverse theorem to prove a decomposition into a bounded

2014/08/11
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combination of degree < d polynomials, admitting a small U%*! error term.

Under such a decomposition, the ‘structured’ part of a function f : F" — [0, 1] will be
of the form fi(z) = T'(Pi(z),..., Po(z)), where Py, ..., Pc € Poly,(F") and " : T¢ — [0, 1]
is a function. In fact, denoting by k; the depth of each polynomial P;, then since P;
takes values in Uy, 41, I is actually a function on HZC:1 Uk, +1. Applying the usual Fourier

transform to I and substituting in P, ..., Pg, this gives us

C
0= 00 (Yr0m0) ) o

where we sum over all v in the group HzC:1 Z,pi+1. This can be thought of as the ‘higher
order Fourier expansion’ of f, where the higher order characters are now phase polynomials
of degree < d. In order to be able to use such an expansion, however, we still require that the
higher-order characters be orthogonal. As it turns out, we do not even need the characters
to be completely orthogonal. Since our decomposition theorem admits a certain amount
of error, it is also acceptable if our characters are not completely orthogonal. Recall the
orthogonality of linear characters follows from the fact that any non-principal character has
expectation 0. Thus, all that we will require is that expectation of any non-trivial higher-
order character is small. This will turn out to be possible by choosing our polynomials
correctly.

We will now devote a fairly significant amount of effort to finding the decomposition
we described above. We will in fact prove three decomposition theorems, each building
on the last in order to obtain one with all the desired properties. Most of the work here
follows a program which is fairly standard. Examples include the treatment from [Gre07]
for the U? norm (before the inverse theorems for larger d were known), as well as the more
recent [BFL13] which proves even more general decompositions than we will require. Since
we will be working repeatedly with polynomials, our first order of business is to introduce
a convenient notation that encapsulates a collection of polynomials with the structure it

induces on F™.
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3.1 Polynomial factors

Let {Ay, ..., Ax} be a finite partition of F", and let A denote the o-algebra on F" generated
by this partition. Recall that a function f : F" — C is called A-measurable if it is constant
on each set A;. Now consider a collection of polynomials Py,..., P € Poly,(F"). We
can partition F" according to the values that these polynomials take by writing F" =
Ugerc{z € F" : (Py(x))jelq = a}. We shall give a special name to the o-algebra generated
by this partition.

Definition 3.1 (Polynomial factors). Let Py,..., Pc € Poly,(F"), and for every a € T¢
denote by B, the set {x € F" : (Pi(x))jeic] = a}. The o-algebra B on F™ generated by the
partition { By }q.erc 18 called a polynomial factor of degree d and complexity at most C'.

The sets B, are called the atoms of B, and for any x € F™, the notation B(x) is used
to denote the unique atom of B containing x. The degree of B is denoted by deg(B), while
the complexity is denoted by |B|.

Now let B be the polynomial factor defined by a collection of polynomials Py, ..., Po €
Poly,(F™). In this notation, B-measurable functions are of particular interest to us, since
it follows from the definition of being B-measurable that these functions depend only on
the values of the polynomials Py, ..., Po. In other words, they can be written in the form
L(P,...,Pc) for some I' : T¢ — C.

Given an arbitrary function, the obvious way to obtain a B-measurable function is to
project it into the space of all B-measurable functions by averaging it over each atom of

the partition. More precisely, we have the following definition.

Definition 3.2 (Conditional expectation). Let B be the polynomial factor defined by a
collection of polynomials Py, ..., Pc € Poly,(F™). For any function f : F* — C, the
conditional expectation of f over B, denoted by E[f|B], is the C-valued function on F"
defined by writing

E[f|B](x) = E [f(x)]

for every x € F".

Remark 3.3. Let B be a polynomial factor and f : F* — C a function. To see that

E [f|B] is indeed a projection in the usual sense, note that, for any B-measurable function
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g : " — C, we have the identity

(f,9) = (E[f1B].9), (3.2)

which s easy to see from the definition of being B-measurable. In fact, for general o-
algebras the conditional expectation is defined as the (unique) function satisfying Eq. (3.2)

for every g.

When constructing a polynomial factor, we will often start with some initial factor
(which may be the empty, or trivial, factor) and build it up iteratively. One way to
extend a polynomial factor is simply to extend the collection of polynomials defining
it. If the factor B is defined by the polynomials Pi,..., Ps, and B’ by the polynomials
P,....,Pc,Qq...,Qc, then B refines B as a o-algebra. However, it is also possible for a
polynomial factor to refine B without a relation between the polynomials. For this reason

we will want to be able to differentiate between these types of refinement.

Definition 3.4 (Refinement of factors). Let B and B’ be polynomial factors defined by
the collections of polynomials Py, ..., Pc and Qq,...,Qc¢r, respectively. If the collection
Q1,...,Qc extends Py, ..., Po in the sense that {Py,..., Pc} C{Q1,...,Qc'}, then B is
called a syntactic refinement of B, denoted as B' <,,, B. If B' refines B as a o-algebra, in
the sense that each atom of B' is contained in an atom of B, then B’ is called a semantic
refinement of B, denoted as B’ <sem B. The bare notation =< will be used synonymously
With <sem.-

Remark 3.5. It is clear from the definition that syntactic refinement implies semantic
refinement. The converse of this is of course not true, but we can say something partial: If
B is defined by Py,...,Pc and B by Q1,...,Qc with B' <X B, then the factor B" defined
by the polynomials in the union {Py,..., Pc} U{Q1,...,Qc'} has the same atoms as B,
but now also satisfies B" =gy B. The complexity of B" will in general increase, but it will
at the very least satisfy |B"|< |B'|+|B|.

Now let us move on and give our first decomposition theorem.
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3.2 Decomposition from inverse theorem

This first decomposition theorem will follow from the inverse theorem Theorem 2.14 with
only a small amount of additional effort, much of which is notational. It should not, then,
be too surprising that this will be a particularly weak decomposition theorem. However, it

will be pivotal as a starting point for proving stronger decompositions.

Theorem 3.6 (Decomposition theorem I). Let d > 1 be an integer, and By be a polynomial
factor of degree at most d. Given any 0 > 0, there exists a constant C' = Cs4(9,d, |B|)
such that the following holds. For any function f : F" — [0, 1], there exist two functions
f1, fo : F* = R and a polynomial factor B < By of degree at most d and complexity at most
C such that

f=h+/f,
where

f=E[f|B],
and

[ fallgrar < 6.

Note that, since f is [0, 1]-valued, it is clear that f; will also be [0, 1]-valued as it just
averages f over the atoms of B. Then because fo = f — fi, we see that fy will be [—1,1]-
valued. An important thing to keep in mind here is that when f is {0, 1}-valued, i.e. when
f is the indicator function of a subset, f; will not be {0, 1}-valued: it may take arbitrary
values in [0, 1].

Now, before we can actually prove Theorem 3.6, we will need some setup, but the general
idea is quite simple. If the conditional expectation E [f|Bo] is far from f in U%*! norm, then
Theorem 2.14 implies that there exists a polynomial P € Poly,(IF") that correlates highly
with f — E[f|By]. Syntactically refining By by appending P to the underlying collection
of polynomials, we obtain a new polynomial factor and repeat the procedure if necessary.
We continue until the polynomial factor satisfies the conclusions of the theorem. We will
show that, by our particular choice of the polynomial P, this process will terminate in a
bounded number of steps. To make this arguement rigorous, we will need the following

definition.
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Definition 3.7 (Energy of a factor). Let f : F" — [—1,1] be a function, and B a polynomial
factor. The quantity

IE (18] 2= (E[f|B], E[f|B])

1s called the energy of f over B.

The key observation to make regarding this definition is that if f : F" — [—1,1] is a
function and B is some polynomial factor, then refining B will never incur a decrease in
energy. This is not enough, however, to guarantee that the process of repeatly refining a
factor will eventually terminate. We need to further ensure that the energy increases by
some amount that is bounded away from 0 at each step. A simple, yet important tool
here is the next theorem, which is essentially a generalization of Pythagoras’ theorem to
o-algebras. We will state the theorem for polynomial factors, but the result is true for

arbitrary o-algebras as well.

Theorem 3.8 (Pythagoras’ theorem). Let B and B be polynomial factors such that B < B.
Then if [ :F" — [—1,1] is any function, we have

IELfIBT13= [E[fI1B] 5+IE [f18] - E[fIB] |5 (3.3)
Proof. We have
IE[fIB] - E[f|B][; = (E[f|B] - E[f|B].E[f|B] - E[f|B])

= (E[fI1BT,E[f1B1) — 2(E[f|BT,E[f|B]) + (E[f|B], E[f|B]).

Now since B’ < B, it follows that E[E[f|B']|B] = E[f|B], so using Eq. (3.2) from
Remark 3.3 we get

(E[fIB], E[f|B]) = (E[E[f|BT|B], E[f|B])

= (E[f]B], E[f]B]),
which gives the desired result. 0

With this, we are ready to prove Theorem 3.6.
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Proof of Theorem 3.6. We will construct the polynomial factor B iteratively. Initially, take
B = By. Now suppose we are at an arbitrary step, with B partially constructed; we do
the following. Denote g = f — E[f|B]. If ||g||par1< §, then we stop. Otherwise, by
Theorem 2.14, there is a polynomial P € Poly,(F") that is €514(, d)-correlated with g.
Syntactically refine B by appending the polynomial P to obtain the factor B’, and repeat
this procedure with the factor B’ in place of B.

It is clear that if this process terminates in a bounded (depending only on ¢ and d)
number of steps with a polynomial factor B, then taking f; := E[f|B] and f, :== f — fi
will satisfy the conclusions of the theorem. It remains to show that this process will indeed
terminate. We will do this by showing that at each step, starting with the factor B and
obtaining the new factor B', we have ||E [f|B]|5—||E[f|B] ||3> €%, where ¢ = £514(d, d).
Since energy is a quantity bounded by 1, this ensures that a maximum of |1/?] iterations
can occur.

Applying Theorem 3.8 and using the fact that E [f|B] = E [E [f|B] |B] whenever B’ < B,
we have

IE[£1BTI12- 1 (18] l2= I|E [f1B8] — E [fB] 2= IE [9|B]]3.

Now, since P is e-correlated with g, we get

e<| E g(z)e(—P(x))

el

E E[g|B](z)e(=P(x))|,

zelfn

where we have used Eq. (3.2) with the fact that e (—P) is B’-measurable (by definition).

The triangle inequality and the fact that the L, norms are increasing now yield
e* < |E[gIBTIi< 1E [gIB]15= [1E [£1B] 12— 1B 8] ]Iz,

as desired. We complete the proof by noting that, since the complexity of our factor
increases by 1 at each iteration, the final polynomial factor B we obtain has complexity at
most C' = |Bo|+[1/£%]. O

We mentioned previously that the decomposition given by Theorem 3.6 will not suffice
for our needs, and will only be used to prove stronger theorems. To see why this is so,
note that we have made no attempt to impose any additional structure on the polynomials

defining the factor B. Recall that our goal was to obtain a decomposition with orthogo-
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nality properties similar to those in a Fourier decomposition. It turns out that, en route
to a decomposition of this form, we will run into another problem, which is as follows.
Although we can take the U%*! error § to be arbitrarily small, this in turn increases the
constant C' bounding the complexity of the polynomial factor B. When we iteratively apply
Theorem 3.6, in order for the error term to stay negligible, we will need it to be small as
a function of the complexity C. This might initially seem like a difficult thing to ask for,
and reasonably so, as in fact it turns out that such a decomposition theorem is simply not
true. However, if we allow ourselves a reasonably small (not depending on C') global L,
error, then we can ensure the U4! error is bounded as any function of the complexity.

If one is more familiar with graph theory, it is instructive to make an analogy to graph
regularity. It is very reasonable to think of Theorem 3.6 as a weak regularity lemma.
Continuing this line of thought, the decomposition we desire is a strong regularity lemma,
which we will obtain by iteratively applying the weak lemma. Of course, as in the case of
graph regularity, there is a downside to this process: the bounds we ultimately obtain will
inevitably be of tower-type. Even worse, our third decomposition, which will iteratively
apply the second, and will then end up with bounds which are towers of towers. This is
to say nothing of the implicit reliance on the constant appearing in the inverse theorem
Theorem 2.14. The full version of this theorem which we are using is proved using a limit
approach which does not even give any bounds. In applications where one cares about
particular bounds, one will start with a quantitative (albeit weaker) version of the inverse
theorem, and then prove something similar to Theorem 3.6, e.g. in [GT09].

Let us now state and prove the strong decomposition theorem.

Theorem 3.9 (Decomposition theorem IT). Let d > 1 be an integer, and By be a polynomial
factor of degree at most d and complexity at most Cy. Given any 6 > 0 and a non-
decreasing function w : Rug — Rsg (where w may depend on §), there exists a constant
C = Cs9(0,w,d,|B,|) such that the following holds. For any function f :F* — [0,1], there
exist three functions f1, fo, f3 : F* — R and a polynomial factor B < By of degree at most
d and complexity at most C such that

f=h+fa+ fs,

where

leE[f|B]7
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[f2llgan < 1/w(C),

and
| f5]l2< 0.

Proof. We will apply Theorem 3.6 iteratively with parameters §;, ¢ > 1, to obtain a sequence

of polynomial factors B; of respective complexities at most C; such that for every i, we have
1. B 2 Bi_1;
2. [|f = E[f]Bi] lyar< bi;
3. C; depends only on C;_; and §;;
4. 51 < 1/w(CY).

To do this, we start by taking 0 < §; < 1/w(Cjp). Applying Theorem 3.6 with parameters
01 and By, we obtain a polynomial factor By =< By of complexity at most C) satisfying
conditions (1) — (3) above. Taking 0 < dy < 1/w(CY) to satisfy condition (4), we iterate
this procedure by applying Theorem 3.6 with parameters d, and B;.

Now, since the sequence of energies ||E[f|B;]]|3 is non-decreasing and bounded by 1,

the pigeonhole principle implies that there is some 7 < [1/6%] such that
IE [f1Bival [5-E [f1Bi] [[5< 6°.
For such an 1, take
h =E[f|B],
fo=E[f|Bis1] — E[f|Bi],

and

fs =1 —E[f|Bi],

so that f = f1 + fo + f3. Taking C' = C;, which clearly depends only on 9, w and d, our
choice of the §; ensures that fo will satisfy || fo|lye+1< 1/w(C). Finally, it follows directly

from Theorem 3.8 that || f2]|2< J, and so we have obtained the requisite decomposition. [J

Again, it follows from the conclusion that f; will be [0, 1]-valued, while it is clear from
the proof that f, and f3 will be [—1, 1]-valued.
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With Theorem 3.9, we will now be able work towards imposing the promised orthogo-

nality conditions on our polynomial factor.

3.3 Rank

To motivate some of the definitions to follow, recall Eq. (3.1) which gives something like a
higher order Fourier decomposition. The characters of this decomposition are now phase
polynomials of degree < d. Ideally, the characters would be completely orthogonal, but
we will be satisfied with an approximate orthogonality, such that the expectation of any
non-trivial character is small. In fact, we can ask for even more: That the U? norm of any

character is small. It will be useful to give a name to polynomials with this property.

Definition 3.10 (Uniform polynomials). Fiz some e > 0. A polynomial P € Poly,(F") is
said to be e-uniform if

le (P)l[ya<e.

To see what kind of structure uniform polynomials have, consider the following. If a
polynomial P € Poly,(F") satisfies ||e (P)||ya= 1, then we have seen that in fact we must
have P € Poly, ,(F"). It is reasonable to suspect, then, that if such a P now satisfies
le (P)||ga= ¢, for some ¢, then there should be an algebraic explanation for this in terms

of degree d — 1 polynomials. This leads us to the following definition.

Definition 3.11 (Rank of a polynomial). For a polynomial P € Poly,(F™) and an integer
d > 1, the d-rank of P, denoted ranky(P) is defined to be the smallest integer r such that
there exist polynomials Q1,...,Q, € Poly, ;(F") and a function I' : T — T satisfying
P(z) =T(Qi(x),...,Q(x)) for every x € F". When d = 1, we define ranky(P) to be oo if
P is non-constant and 0 otherwise.

The rank of a polynomial P € Poly,(F") is its deg(P)-rank, and is denoted as just
rank(P). We say that P is r-regular if rank(P) > 7.

It may be difficult to see how this corresponds to a notion of rank. It is instructive to
consider the case when d = 2 where P is a (classical) quadratic polynomial. Here, we can
write the quadratic part of P in the form 2”7 Mz, where M is a matrix and x is the vector

of variables. In this case, rank(P) simply corresponds to the rank of the matrix M.
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We now seek a proper correspondence between uniformity and rank that justifies our
heuristic argument. This turns out to be difficult, and we call upon the following theorem
from [TZ12].

Theorem 3.12 (Inverse theorem for polynomials). For any ¢ > 0 and integer d > 1,
there exists an integer v = r312(e,d) such that the following is true. For any polynomial
P € Poly,(F™), if P is e-uniform, then ranky(P) < r.

This immediately implies that a sufficiently regular polynomial will be uniform.

Corollary 3.13. Let e, d, and r(d,e) be as in Theorem 3.12. Then every r-reqular poly-

nomial s also e-uniform.

As with the inverse theorem for the Gowers norms, Theorem 3.12 is a deep result
which is beyond this thesis to prove. In fact, in [TZ12], Theorem 2.14 is deduced from
Theorem 3.12 along with a weaker version of the inverse theorem that was already known.
Hence, one could say that Theorem 3.12 underpins almost all of the work in this thesis.

At this point, we would like to extend our definitions of rank and uniformity to a
collection of polynomials. In particular, we will need these when the collection comes from
a polynomial factor. However, it is not immediately obvious what the correct definition
should be. It will not be sufficient to simply require a rank (uniformity) condition on each
individual polynomial in the collection. To see why this is so, we look again to Eq. (3.1).
The characters of this decomposition are phase polynomials, where the phase is an arbitrary
linear combination of polynomials. In order to obtain the approximate orthogonality that
we desire, we will have to require that all linear combinations of our polynomials be high

rank (uniform).

Definition 3.14 (Rank of a polynomial factor). A polynomial factor B defined by a se-
quence of polynomials Py, ..., Pc : F" — T with respective depths ki, ..., ko is said to have
rank r if v is the least integer for which there exist (A, ..., \¢) € Z° with \; mod p*M*! £ 0
for alli € [C], such that ranky (chzl )\ZP@-> < r, where d = max; deg(\; F;).

Given a polynomial factor B of complexity at most C' and a function r : Zso — Z~y,

we say that B is r-reqular if B is of rank larger than r(C).

Definition 3.15 (Uniform Factors). Let ¢ > 0 be a real. A polynomial factor B defined by
a sequence of polynomials Py, ..., Pc : F" — T with respective depths ki, ..., ko is said to



3 Higher Order Fourier Analysis 32

be e-uniform if for every collection (A1, ..., \¢) € Z€ with \; mod p*1+1 £ 0 for alli € [C],

we have
c
i=1

Remark 3.16. Let ¢ : N — R, be an arbitrary non-increasing function. Similar to

< e,

Ud
where d = max; deg(\; P;).

Corollary 3.13, it also follows from Theorem 5.12 that an r-reqular, degree d factor B is

also €(|B|)-uniform, where r = r312(d, e(-)).

From Remark 3.16, we see that it is not particularly important whether we work with
rank or uniformity. As such, we will generally use whichever is most convenient. Rank is
particularly useful when trying to prove things about collections of polynomials, since the
definition gives us some algebraic structure we can try to exploit. Uniformity, on the other
hand, is more useful when we are actually using these results, since it gives a quantitative
bound on the U? norm of the polynomials. In what remains of this section, we will be
working with rank.

Now, we would like to obtain a decomposition theorem akin to Theorem 3.9 but where
the factor B is now r-regular for some growth function r : N — N. To do this, we will need
the following lemma of [BFL13], which shows that any polynomial factor B can be refined
into a rank factor with complexity bounded by some universal function depending only on

the desired rank and the degree.

Lemma 3.17 (Polynomial regularity lemma). Let d > 1 be an integer, and r : N — N
an arbitrary non-decreasing function. Then there exists another non-decreasing function
7 : N — N with the following property. If B is any polynomial factor of degree at most d
and complexity at most C, then there is another polynomial factor B' (semantically) refining

B, also of degree d, of complexity at most 7(C') and rank at least r(C").

The idea here is quite simple. If the factor is not sufficiently high rank, then there is an
explanation in terms of a bounded number of low degree polynomials. Thus we can refine
B by removing a high degree polynomial and replacing it with lower degree ones. Iterating
if necessary, we will argue that the process terminates by using the fact that the degree of

the factor B decreases.
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Proof. Suppose B is defined by the polynomials P, ..., Po of respective depths kq, ..., k¢.
If B does not have rank at least 7(C), then there exist \; € Z,+1 not all 0 such that

C
Z >\ZPZ - F(Qh R 7@7‘(0))
=1

for a function T' : T"©) — T and polynomials @1, ..., Qrc) € Polyy_(F"), where d' =
max;{deg(\;P;) : \; # 0}. Suppose without loss of generality that d' = deg(A;P;). The
value of P, is determined by the values of P, ..., Pc along with the values of Q1, ..., Qr);
hence the factor B’ obtained by removing P; and adding @, ..., Q) to the polynomials
underlying B semantically refines B.

If B’ still does not have the desired rank, then we can iterate this process. Because we
always choose to remove a polynomial of maximum degree, this will eventually reduce the
degree of B, in a number of iterations depending only on d, r and C'. If eventually we are

left with only linear polynomials, then we are done, and so this defines the function 7. [J

Finally, we have all the tools we need to give our third and final decomposition theorem.

3.4 A stronger decomposition theorem

First, let us give the statement of the theorem.

Theorem 3.18 (Decomposition theorem III). Let d > 1 be an integer. Given any 6 > 0
and two arbitrary non-decreasing functions n: N — Ryq, r : N — N, there exists a constant
C = C315(6,n,7,d) such that the following holds. For any function f : F* — [0,1], there
exist three functions fi, fo, f3 : F* — R and a polynomial factor B of degree at most d and

complexity at most C so that the following conditions are satisfied:
S f=ht Rt S

fi = E[f[B].

N fallpan < 1/0(C).

[ fsll2< 0.

SO ST

[ T N

. f1 has range [0,1]; fo and f3 have range [—1,1].
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6. B is r-reqular.

Remark 3.19. As in Remark 3.16, taking r = r312(d,e(+)), we obtain a decomposition
where now condition (vi) reads that the factor B is (C)-reqular, where € : N — R.q is an

arbitrary non-increasing function.

Before we try to prove Theorem 3.18, let us see what we have achieved. We appear to
have incorporated everything we desired into a single theorem. Let f : F" — [0,1] be a
function, and decompose f as f; + fo + f3 according to Theorem 3.18. Let B denote the
resulting polynomial factor defined by the polynomials P, ..., Pc and write C' = |B|. As
in Remark 3.19, let us take B to be (C)-regular for some function ¢ : N — R . This gives

us bounds of the form o
Ee <Z %a(x)> < e(0)
i=1

for any « from a suitable product group (depending on the depths of the P;). It is not clear
yet why this is so useful, but expectations of this form will become prevalent in Chapter 4.

Proving Theorem 3.18 will not be too much effort at this point. As with the previous two
theorems, we proceed iteratively. We will apply Theorem 3.9 with some carefully chosen
parameters and then use Lemma 3.17 to refine the factor into one of high rank. The energy
increment argument from the proof of Theorem 3.6 will again show that the process must
terminate in a bounded number of steps. Note that we are not passing an initial factor
By as an input in Theorem 3.18; we will start iterating from the trivial factor. It is not
that this presents a problem for us, rather that we have no need of it, and so it is omitted
to clean up the statement marginally. If one were interested in proving an even stronger
decomposition theorem, it would be necessary to retain this additional input. After the
proof of Theorem 3.18, we will wrap up the section with a short discussion regarding such

stronger decompositions.

Proof of Theorem 3.18. Apply Theorem 3.9 with By as the trivial factor, and the remaining
parameters chosen so that the decomposition f = f; + fo + f3 and the resulting polynomial
factor B (with C' = |B|) satisfies

| follpanr < 1/n(7(C))
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and

[ f3]]2< 6/2,

where 7 is the function obtained when applying Lemma 3.17 to r. Applying this lemma
to B gives another polynomial factor 5’ < B of complexity ¢’ < 7(C) and rank at least
r(C"). Now write

L =E[f1B]

fo=1F

and

f3=fs + E[f1B] - E[f|B],

so that f = f{ + f5+ f}. In this decomposition, by our choice of parameters, f; and f} are
as desired, so if the decomposition fails it is because || f4||o> 0. This implies, by our choice
of f3, that

IE[f1B] — E[f|B]l2> 6/2.

By Theorem 3.8, this leads to the energy increment
IE[fIBTI3-IE[fB][I5> 6%/4.

Thus, if f = f]+ f5+ f4 is not the desired decomposition, we may iterate this procedure,

and the process will ultimately terminate, after at most [4/§%] steps. O

Now, Theorem 3.18 will suffice for our needs, but before moving on, it is worth men-
tioning that there are cases when an even stronger decomposition is required. In particular,
one would like the Ly error § to also be able to decrease as a function of the complexity of
the factor B. For a function f : F" — [0, 1], consider such a decomposition f = fi+ fo+ f3,
where f is small in U4 norm as a function of |B|, and f3 is small in L, norm as a function
of |B|. Since the U%*! norm is always bounded by the Ly norm, by combining f, and f3 this
would imply a decomposition of the form f = g; + g2, where g, is small in U%*! norm as
a function of |B|. This is essentially equivalent to the decomposition we initially proposed
following Theorem 3.6, which we have already mentioned is impossible.

What turns out to be possible is that the Ly error decreases as a function of the com-

plexity of a different polynomial factor B’ < B. The factor B’ is close to B in a sense that



3 Higher Order Fourier Analysis 36

we will not go into. If one is so inclined, the factor B’ can also be taken to be of high rank.
The details of this decomposition are contained in [BFL13], and is aptly named the super

decomposition theorem.
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Chapter 4
Equidistibution of Regular Factors

The decomposition given by Theorem 3.18 is a powerful tool which reduces the study of
general functions to ones of the form I'( Py, . .., Po), where Py, ..., Pc is a uniform collection
of polynomials (in the sense that they define a uniform polynomial factor). What remains
is to actually be able to study these objects. As a warm-up, let us see what can be said
about the distribution of (Pi(x),..., Po(x)), where x € F" is taken uniformly at random.
The following theorem, which appears in [BFL13], but whose proof implicitly goes back to
[Gre07] and possibly further, shows that this distribution can be made arbitrarily close to

the uniform distribution by taking P, ..., Pc to be sufficiently uniform.

Theorem 4.1 (Polynomial Equidistribution). Let B be a polynomial factor defined by the
collection of (classical) polynomials Py, ..., Po € Poly,(F"). Suppose that B is e-uniform
for some € > 0, then, identifying the atoms of B with elements in F¢, we have that for
every b € FC,

Pr(B(z)=b=p “ +e. (4.1)

This will follow almost directly from the definition of uniform factors.

Proof. We will exploit the fact that P;(z) = b; if and only if p~* Y ek € (A(Py(x) —b(i)) = 0.
This is because the latter formula is just the expectation of a character which is 0 if and

only if that character is principal. Now we can write

Prise) =1 = B |[] % S e (u(Pi(z) — b(i))

1=1" NeF

2014/08/11
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Interchanging the expectation and the sum, this reduces to

I

A,...,A\c€FC

E e (in(a(x) —b@')))] = p ¢ (1% p%),

zelfn

where we have used the fact that B is e-uniform to bound the inner expectation by e

whenever the \; are not all 0. O

We gave this theorem for a polynomial factor defined by classical polynomials, but with
a bit of care one can give an analogous result for arbitrary polynomials. The result will be
the same: The distribution will be uniform over a product group depending on the depths
of the polynomials. We do not give it here because it is more effort than we are willing to
spend on a warm-up, and also because it will follow from a much stronger theorem that we
will give later on. Indeed, we will need to understand more than just the distribution of
(Pi(z),...,Pc(x)), even if we allow the polynomials to be non-classical. To see why this

is the case, we need to introduce the notion of complexity.

4.1 Complexity of linear forms

A central quantity associated with a system of linear forms, which we discussed in Chap-
ter 1, is a measure of density. Given a set A C F" and a system of linear forms £ =
{Ly,...,L,} C F* the probability, taken over a uniform X € F* that L;(X) € A for
every i € [m] is a density of sorts, and will be particularly important when we come to

Chapter 5. There is a natural functional analogue of this, which is given below.

Definition 4.2 (Density). Let f : F* — C be a function and £ = {L1,...,L,} C F* a

system of linear forms. We define

H f(LAX))] (4.2)

Recall that we are primarily interested in affine systems of linear forms, as they satisfy
a certain homogeneity condition (translation invariance). We will not actually need the

following definition, but include it for the sake of completeness.
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Definition 4.3 (Homogeneous linear forms). A system of linear forms L = {L1,..., Ly} in
k variables is called homogeneous if the distribution of (L1(X), ..., Ly, (X)) over a uniform
X € F™ is the same as that of (c + Li(X),...,c+ L,(X)) for every c € F™.

A problem we have alluded to at least twice is that for any fixed d > 1, there are
systems of linear forms whose behavior is not controlled by the Gowers U*! norm. More
precisely, there are systems of linear forms £ such that we cannot in general bound ¢, (f)
in terms of || f||ga+1, where f : ™ — [0,1] is a function. Thus, we would like to define a
notion of complexity so that systems of linear forms with bounded complexity have well

behaved densities. The obvious definition to make here is the following one from [GW10].

Definition 4.4 (True complexity). Let £L = {L1, ..., Ly} C F* be a system of linear forms.
The true complexity of L is defined to be the smallest integer d such that there exists a
function 0 : Ry — Ry with lim. () =0 and

E

T1y5Tk

< mind([| fillyarr)

Hfi(Li(;zzl, . ,:ck))]

forall fi,..., fm :F" —[—1,1].

This is clearly the correct definition, but as we have done little more than restate what
we wanted, it does not lend itself to actually describing what kind of systems of linear forms
have bounded true complexity. A characterization of such systems does exist: See [HHL14],
which resolves a conjecture of [GW10] on this matter. However, there is a different notion
of complexity, introduced in [GT10], which immediately gives some structure to systems

with bounded complexity.

Definition 4.5 (Cauchy-Schwarz complexity). Let £ = {Li,..., Ly} C F* be a system of
linear forms. The Cauchy-Schwarz complexity of L is defined to be the smallest integer s
such that for every 1 < i < m we can partition the set L\{L;} into s+ 1 subsets so that L;

does not lie in the linear span of any subset.

An immediate consequence of this definition is that an affine system of linear forms
L =1{Ly,...,L,} C F* has Cauchy-Schwarz complexity at most m — 2. This is because
affine systems of linear forms are pairwise independent, so we can always split £\{L;} into

the m — 1 singleton subsets.
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Cauchy-Schwarz complexity is related to true complexity via the following lemma from
[GT10], whose proof is via some clever applications of the eponymous Cauchy-Schwarz

inequality.

Lemma 4.6 (Counting lemma). Let £ = {Ly,..., L, } C F* be a system of linear forms of
Cauchy-Schwarz complexity s. Then for any functions fi,..., fm : F" — [—1,1], we have

Proof. We will only prove the inequality in the case when s = 2. The same argument will

< minl

E Us+1
T1,...,xEFN

extend to the general case, except that the notation becomes somewhat toxic.
Without loss of generality, suppose || f1||ps= min;|| fi||s. We may also assume (through
a trick from [GT10]) that L; is supported on its first 3 entries and that it is the only linear

form in £ with this property. Thus, we can write

E

L1y Tk

=E E  fi(z1,22,23)91 (21, x2) g2 (21, 23) g5(22, T3),

x1,x2,x3€F™

H fZ(LZ('r17 e ,l’k))

where the g; are bounded functions that may additionally depend on any of the variables
Ty4,...,x in the scope of the outer expectation.

To bound the inner expectation, a first application of Cauchy-Schwarz gives

E  g= filz1,22,23)91 (21, x2) g2 (1, 23) g3(x2, T3)

r1,x2,x3€EF™

1,22

9\ 1/2
< ( E 91(1’1,$2)2 (Efl(ﬂfh1’2,153)92(35171’3)93(%2,453)) > .

Bounding ¢ (z1,72)? by 1 and expanding the the squared expectation as two independent

expectations, this becomes

1/2
< ( E f1(9€1, T2, $3)f1(961, T2, fé)gz(ﬂﬁl, 553)93@2, 953)92(%7 $§)93(9€2, l“é))

/
T1,22,23,T3

1/2
= < E E [f1(ff1,932,953)f1($1,!BQ,935)][92(551,5U3)92(9517$§)][g3($2,$3)93($2,fﬁé)]) .

x3,25 1,22



4 Equidistibution of Regular Factors 41

Here, the inner expectation has exactly the form we started with except with one fewer
variables (consider the functions indicated by the brackets and suppress the dependence on
the variables x3, x%). Thus, after two more iterations of Cauchy-Schwarz, we will obtain

the upper bound

(E f1(£171, Z2, xS)fl(xlp T2, $3)f1(5€1, 1?/27 $3)f1(37/1> 55/2; 173)‘
1/8

'fl(xlﬂ L2, xé)fl(xllv L2, xg>f1(x17 x,27 xé)fl(xlh x/27 xé)) )

which is exactly || fi]|ps (from Eq. (2.4)). Taking the expectation over the remaining vari-

ables x4, ..., x; completes the proof. ([l

Remark 4.7. It follows directly from Lemma 4.6 that Cauchy-Schwarz complexity is an
upper bound for true complexity. In particular, we have that the true complexity of an affine

system of linear forms is bounded by m.

Now let d > 1 be an integer, and take £ to be a system of linear forms of true complexity
at most d. By suitably decomposing a function f : F* — [0,1] as f; + fo + f3 according to
Theorem 3.18, it follows that we can make both t.(f2) and t.(f3) arbitrarily small. The
culmination of our discussion regarding complexity is the following lemma, which shows

that, in fact, tz(f1) can be made to arbitrarily approximate t.(f).

Lemma 4.8. Let L= {Ly,...,Ly,} CF* be a system of linear forms of true complexity at
most d and € > 0 a constant. Decompose f : F* — [0,1] as f = f1 + fo + f5 according to
Theorem 3.18 with parameters 6, n, r. Then

ite(f) —te(fi)] <,

provided that § is sufficiently small and n and r grow sufficiently fast.

Proof. We can expand t.(f) =t:(f1 + fo + f3) as

Z XGI%"’“

(#5)je[m) EL3]™

Hfz-j@j(X))] .

Most of the terms in this sum are negligible: If any ¢; = 2, then we get that the summand

is at most ¢'(1/n(|B])), where ¢ is from Definition 4.4 and B is the polynomial factor from
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Theorem 3.18. Additionally, if some i; = 3, then an application of Cauchy-Schwarz yields

f[lfij(Lj(X))] <( E fs(X)2>1/2,

E
XeFnk XeFnk

and so we can bound the summand by 6. The only other term, when all the i; = 1, is

precisely tz(f1), so we get

e (f) = te(f)< 3™ max{d'(1/n(|B])), 6} = oy.rs(1).

O

It is worth noting that the proof of Lemma 4.8 does not use the full power of Theo-
rem 3.18. It would suffice to decompose f as f; + fo according to Theorem 3.6. We have
stated the lemma this way, however, because we will only be applying it as a first step,
after which the additional conclusions of Theorem 3.18 will be required.

With these tools, we will be able to complete the discussion we started at the beginning

of the section.

4.2 Consistency

Consider a function f : F* — {0,1}, and a system of linear forms £ = {Ly,...,L,,} C F*
of true complexity at most d. Lemma 4.8 above shows that we can arbitrarily approximate
te(f) by te(f1), where f = f1 4+ fo + f3 is decomposed according to Theorem 3.18 with
suitably chosen parameters. Suppose this decomposition writes f; = E[f|B] for some
highly uniform polynomial factor B defined by the polynomials P, ..., Pc € Poly,(F") with
respective degrees dy, . ..,dc and depths ky, ..., kc. Then we can write f; = I'(Py, ..., Po)
for some function I' : T¢ — [0, 1], and this gives

te(f) = e Pe) = B AT T(A(LAX)). ... Pe( L))
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Thus, rather than the distribution of (P(z),..., Pc(x)) over a uniform x € F", we would

like to be able to understand the distribution of the random matrix

Pi(Li(X)) P(L1(X)) -+ Po(li(X))
P1(L?(X)) Pz(L?(X)) PC(L?(X)) | (4.3)
Pl(Lm(X)) P2(Lm<X>) PC(Lm(X))

where X is a uniform random variable taking values in F"*. Each column of this matrix
takes values in Uy, for some i. When m = 1 and (without loss of generality) L; = (1),
the non-classical analogue of Theorem 4.1 we mentioned earlier says that the distribution
can be made as close as desired to uniform over the product group Hzczl Uy, +1 by taking B
to be sufficiently uniform. However, when m > 2, more complicated situations can arise.
The most obvious issue comes from the fact that for a degree d polynomial P €
Poly,(IF"), we have the derivative identity Eq. (2.8). Hence, if we take £ C F* to be
the system of linear forms indexed by subsets S C [d + 1], where Lg = (15(7));ecs, the rows
of the matrix will sum to 0. In this case, the i-th column will not even be fully supported
on U, , since the (say) last entry will be determined by the previous ones. Before we say
anything more, let us give a name to the columns on which the distribution of Eq. (4.3) is

supported.

Definition 4.9 (Consistency). Let £ = {Ly,..., Ly} C F* be a system of linear forms. A
sequence of elements by, ... b, € T is said to be (d, k)-consistent with L if there exists a
(d, k)-polynomial P € Poly,(F") and a point X € F™ such that P(L;(X)) = b; for every
i€ [ml.

Given vectors d = (dy, . ..,dc) € 2, andk = (ky,. .., ko) € Zgo, a sequence of vectors
bi,...,b, € TY is said to be (d,k)-consistent with £ if for every i € [C], the elements
by (7),..., by (i) are (d;, k;)-consistent with L.

If B is a polynomial factor, the term B-consistent is synonymous with (d, k)-consistent,

where d and k are, respectively, the degree and depth sequences of the polynomials defining

B.

In this language, the rows of Eq. (4.3) are B-consistent with £, which is equivalent to
saying that each (i-th) column is (d;, k;)-consistent with £. Fortunately, consistency turns

out to be the only obstruction to getting equidistribution. The following theorem shows
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that, once we condition on the consistency requirement, the distribution of Eq. (4.3) can
be made arbitrarily close to uniform. There is a homogeneity requirement here, which can
either be on the polynomials or the linear forms. Since we are mainly interested in affine
systems of linear forms, the form of the theorem we will use is from [BFH"13], but more
recently in [HHL14] the result was proved for general systems under the assumption that
all the polynomials P; are homogeneous. This is a much stronger result, as with a bit of
effort, one can give an analogue of Theorem 3.18 where the polynomial factor is completely
defined by homogeneous polynomials. This is nearly pointless effort for us, however, so we

will stick with affine systems of linear forms.

Theorem 4.10 (Equidistribution over linear forms). For somee > 0, let B be an e-uniform
polynomial factor of degree d > 0 and complexity C, that is defined by the polynomials
Py, ..., Pc € Poly,(F") having respective degrees di,...,dc and depths ky,..., kc. Let
L={Ly,...,Ly,} CF be an affine system of linear forms.

Suppose by, ..., b, € TC are atoms of B that are B-consistent with L. Then

Pr [B(L;(X))=b; Vj € [m]] = —

+
XcFnk |K| =

where K denotes the subgroup of tuples (by,...,b,,) that are B consistent with L.

To prove Theorem 4.10, we would like to proceed as in the proof of Theorem 4.1. Before
we can do this, however, we need to prove that the uniformity condition on the polynomials
is somehow preserved even when they are composed with linear forms. This result is often
referred to as ‘strong near-orthogonality’, and will be most of the effort towards proving

the equidistribution theorem.

4.3 Strong near-orthogonality

Let B be a uniform polynomial factor defined by the polynomials P, ..., Po € Poly,(F").
The uniformity condition here implies that if P is any non-trivial linear combination of the
P, then ||e (P)||ya+1 can be made arbitrarily small by increasing the uniformity. Unfortu-
nately, if £L = {Ly,..., L, } C F’is a system of linear forms, then there are non-trivial linear
combinations of the P;(L;) which are identically 0. There is an obvious source of these:

If any tuple (A1, ..., A,,) satisfies Z;nzl A;b; for every (d, k)-consistent sequence by, ..., by,
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then clearly > 7", A\;P(L;) = 0 for every (d, k)-polynomial P. Let us give a name to this

set.

Definition 4.11 (Dependency). Let d > 1 and k > 0 be integers. For a system of linear
forms L ={Ly,...,L,} CF the (d, k)-dependency of L is defined to be the set of tuples
(A, ooy Am) € Z™ such that E;nzl Ajb; = 0 for every sequence by, ..., by, that is (d,k)-

consistent with L.

Equivalently, the (d, k)-dependency of L is the orthogonal complement of the subgroup
of (d, k)-consistent sequences.

The question now is whether there are more non-trivial solutions to > A; ;P;(L;) =0
than those where each tuple (\;;);cpm) lies in the (d;, k;)-dependency of £. It turns out
that, when the polynomials are sufficiently uniform, the answer is that there are not. This
leads us to the following dichotomy theorem from [BFH'13].

Theorem 4.12 (Near-orthogonality over linear forms). Given ¢ > 0, suppose B is an e-
uniform polynomial factor defined by the polynomials Py, ..., Pc € Poly,(F"). Let L =
{Ly,...,L,} C T be an affine system of linear forms, and for every tuple A of integers
(Nij)ielc)jeim) define

Pepa(X) = > AiyPRi(L(X))

i€[C], j€[m]

for every X € F*. Then, one of the two statements below is true.
1. PE,B,A =0.

2. Prpa is non-constant and |Exepne € (Prga(X))| < e.

Furthermore, Py g = 0 if and only if for every i € [C], the tuple (N;;);cpm) lies in the
(d;, k;)-dependency of L.

Proof. First, we will need to make some modifications to the system of linear forms L.
For any affine linear form L = (\1,..., ) € F', we denote |L|= 3'_,|\i|. Now suppose
that |L|> d. Then if P € Poly,(F") is any polynomial, for any y,...,yx, where k = |L|,

Eq. (2.8) implies that
S (=1)FIP@+Y y) =0.
SCk] i€s
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for every « € F". Take the first |\o| of the y; as x5, the next |A3| of the y; as z3, and so on.
Then the S = [k] term above will be exactly P(L(X)), where X = (x,zs,...,2,) € F.
All the remaining terms are of the form P(L/(X)) where |L’|< |L|, and so we can write
P(L(X)) as a linear combination of these. Iterating this process, we can write P(L(X))
as a linear combination of P(L'(X)) where every |L’|< d. Doing this every polynomial P,
underlying B, we can write Pz as Pp par, where every L € L' satisfies |L;|< deg A} ; P;
for every ¢ € [C].

Now, if P,px = 0, then Pppa = 0 as well. However, since the transformation
A — A’ depends only on the degree and depth sequences of B, Pz p = 0 for any factor B’
generated by polynomials with the same degree and depth sequence as B. This is precisely
the requirement for A to have marginals in the dependency of L.

On the other hand, if Py 5 # 0, we will be able to show that [Ee (P ga)|< . To
do this, we will ‘derive’ Pz g o» until only a maximal term remains. More precisely, we will

suppose without loss of generality that L satisfies
1. Aj; # 0 for some i € [C].

2. L is maximal in the sense that for every j # 1, either ] ; = 0 for all i € [C] or it is
the case that |\;4|< |A14| for some ¢ € [/].

Given a vector a = (ay,...,a;) € F’ a direction y € F*, and a function P : F** — T,

we define the differential operator D, , by
Doy Py, ... 20) = P(r1 + vy, ..., 00+ agy) — Py, ., %),

Note that the operator D,, behaves particularly well when P is composed with a linear
form L € F*:

Doy Pi(L(z1,...,20) = Pi(L(z1,...,20) + (L, a)y) — Pi(L(xq, ..., 20))

= (D<L,a>,ypi)([/(xl, e ,l’g)).

Hence, if a and L are orthogonal, then D, ,P;(L) = 0 for every y.
Let d = |L}|, and define the vectors ay, ...,aq € F® by taking, for every i € [2,/] and
0 < A < |A;]—1, the vector (—A,0,...,0) +¢;. Since L} is maximal as defined above,
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(L},ar) # 0 for every k € [d], but for any j > 1, there exists some k € [d] such that
(L}, ay) = 0. This implies that

C
Dadyyd o Doy Prrpy = Dad:yd T Dal’yl (Z A;’lpi(Lll))
=1

C
= <D<La,ad>,yd Doy ZAQJH-) (L)
=1

for every choice of directions vy, ..., ys € F". Taking expectations and making a change of

variables sending L) to e;, we have shown that

C
d
B, e((Daga- Doy Pors)wn,ova)) = [N PIZ (44)
T1,..., L EF™ i=1

To complete the proof we will use the following claim.

Claim 4.13.

211
E e(Pﬁl7B’A/<I1,...,$3)>‘> .

T1,...,Lg€EF™

Y1 Eyd € ((Damyd T Dal,ylpﬁ’,B,A’)<x17 cee 7x€)) > (
xl,..t,x}eﬁ?"

Proof. It suffices to show that for any function @ : F** — T and non-zero a € F* we have

2

e (Q(xy,...,70))

Y, T1,...,Lg EFT T1,..., kg EFT

E e((Dany)(xl,...,xg))‘ >

The claim will then follow by iteratively applying this inequality.

Without loss of generality we can assume that a = e;. Then

E e(Q/(x1+yax27"'7x€)_Q/(xlv"'axf)) :

Y,T1,.-,Tp YyT1y.-Tg

E e((Del,y@(ml,...,x@))‘:

Since x1 and z1 + y are independent, we can write this as

2

E

T2,...,Tp

Ee(Q(zy,...,10))

r1

V
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U

Combining Eq. (4.4) with Claim 4.13, the result follows directly from our uniformity

assumption on the factor B. 0

From here, it will be easy to push the proof of Theorem 4.10 through in a manner
analogous to that of Theorem 4.1: We replace the use of the uniformity of the polynomials
by an application of Theorem 4.12. Of course, we will also need to treat with non-classical

polynomials, but that will only require taking care with our notation.

Proof of Theorem 4.10. As before, we will want to rewrite the indicator function of the
event P;(L;(z)) = b;(7) as the expectation of a character. The polynomial P; takes values

in the subgroup Uy, 41, so the correct statement to make is that

L(P(Li(X) = by(0)) = p~ &Y 37 e (MB(L;(X)) = by(0)))

/\EZpki_H
for any X € F**. This then implies that
Pr(B(Ly(X))=b;Vjem]=E |[]{p ™" > e((B(Li(X) = b))
Y] Ai G €L Jo+1
Interchanging expectation with sum, this reduces to

pED 3 e <_ ZAi,jbj(z')> E |e (Z )\i,j]Di<Lj(X))>] ,

Ai i €L ki +1

where K = ZZC:1 k;. Now for every i € [C], let A; denote the (d;, k;)-dependency of
L. Whenever (\;;)jem) € A;i for every i € [C], it follows from the fact that the b
are consistent with £ and Theorem 4.12 that the corresponding summand is equal to
1. Otherwise, Theorem 4.12 shows that the summand is bounded by . Putting things

together, this gives us

Pr[B(L;(X)) = b, Vj € [m]] = p~ 0D <H!Aili€pmf‘> .

=1
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Using the fact that A; is the orthogonal complement to the subgroup of (d;, k;)-consistent

atoms, this immediately implies the result. [l

The equidistribution theorem Theorem 4.10, along with Theorem 3.18, will be our main

tools for finding a limit object for convergent sequences.
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Chapter 5

Main Results

5.1 Convergence and limit objects

Let us first recall the sampling rule that we will use to define convergence. Given a function
f:F* — {0,1} and an affine system of linear forms, £ C F* we select a random affine
transformation A : F* — F"™ uniformly. By looking at the function Af : x — f(Az), this
induces a probability distribution u; over the set of functions {F* — {0,1}}. Then the
distribution (L) is obtained by restricting ¢ to the set of functions {£ — {0,1}}. We
defined a sequence of functions {f; : F" — {0, 1} };en to be convergent if the distributions
¢ converge for every k. It will be easier to work with the following notion of convergence

in terms of the distributions p¢(L).

Definition 5.1 (d-convergence). Let d > 1 be an integer. A sequence of functions {f; :
Fr — {0,1}}ien is called d-convergent if for every integer k > 1 and every affine sys-
tem of linear forms L = {Li,..., Ly} C F* of true complexity at most d, the probability

distributions iy, (L) converge.

It follows from Remark 4.7 that a sequence {f; : F" — {0, 1} };en is convergent if and
only if it is d-convergent for every d. Thus, as a slight abuse of notation we will often talk
about oco-convergence, which is understood to mean convergence.

To study convergent sequences, we would like to be able work with the averages t.(f;)
rather than the distributions gy, (L£). Recall that pur (L) ~ (f(L1(X)),..., f(Ln(X))),

where X € ¥ is chosen uniformly. This clearly determines the value t.(f;). The following

2014/08/11
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observation shows us that, in fact, the distribution py, (L) is determined by the values

tg(fi), where L' - L.

Observation 5.2. For every d € NU{oo}, a sequence of functions {f; : F" — {0, 1} }ien
s d-convergent if and only if for every affine system of linear forms L of true complexity

at most d, the values t.(f;) converge.

Proof. To simplify the notation, let us write v := uy, (L) for some ¢ and affine £ of true
complexity at most d. We can identify the distribution v with a function v : {0,1}* — [0, 1].

Then, applying the Fourier transform, we can write

v(z) =) (S)xs()

SCL

for every z € {0,1}*, so that v is determined by the ©(S). However, we have

v(y) [J(1 - 2%)] :

€S

v(S) = ye{](?l}a v)xs(y)] =E [v(y)(—1)>es¥] = B

Expanding this product, we see that (.S) is a linear combination of terms of the form

v(y) H yi] )

€S’

E
y

where S” C S C L. By definition, v(y) is the probability that (f(L1(X)),..., f(Ln(X))) =

y over a uniform X € F"*, which shows that

E
y

v(y) H yi] = ts(fi)-

ies’
It follows that the values 7(S), and hence the distribution v, are determined by the values

te(fi), where £ C L (and so has true complexity at most d). O

Now we would like to find a representation for the limit of a d-convergent sequence. At
this point, we hope it seems reasonably natural to consider the following definition. We

will elaborate on our choice more shortly.
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Definition 5.3 (d-limit objects). For every d € NU {oo}, denote

=y

Gd = H H UI]:T_H.

=1 k=1

So every element in the group Gy is of the form a = (ajx,; : j € [d], k € |0, L%J],@ e N),
with each ajr; € Upqr.

A d-limit object is a measurable function I' : G4 — [0, 1].

A d-limit object I : G4 — [0, 1] can be thought of as being a function of infinitely many
polynomials: For every degree j € [d] and then for every possible depth k € [0, L;}%ﬂ]
(recall Lemma 2.8), G, has a factor of UY 11, Which is the group a countable collection of
(7, k)-polynomials takes values in.

To prove that d-limit objects correspond to the limits of d-convergent sequences, we need
to define the probability distribution that a d-limit object induces on the set of functions
{£ — {0,1}}. First, we need another definition, extending the notion of consistency to

elements of Gg,.

Definition 5.4 (Consistency II). Let £ = {L1, ..., L,,} C F* be a system of linear forms. A
sequence of elements by, ..., b, € Gy is consistent with L if for every j € [d], k € [0, L%J,
and 1 € N, the elements by(j, k,1),...,bu(j,k, 1) are (4, k)-consistent with L.

From Theorem 4.10, we are led to suggest the following sampling rule. Consider a d-
limit object I : G4 — [0,1]. For any affine system of linear forms £ = {Ly,..., L,,} C F*,
select by, ..., b,, € G4 uniformly at random, conditioned on being consistent with £. Then
define the random function g : £ — {0, 1} by setting g(L;) = 1 with probability I'(b;) and
g(L;) = 0 with probability 1 — T'(b;) independently for every ¢ € [m|. This induces a
probability measure pur(L£) on the set of function {£ — {0,1}}.

Definition 5.5. For every d € NU {oco}, we say that a sequence of functions {f; : F™ —
{0,1} }ien d-converges to I' if for every affine system of linear forms L of true complezity

at most d, the probability measures jiy,(L) converge to pur(L).

To continue working with the values t.(f;) as we would like, we need an analogue of
Definition 4.2 for d-limit objects.
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Definition 5.6. For a d-limit object T : G4 — [0, 1], we define

HF(bn] ,

=1

to(I) = E

where by, ..., b, € Gy are chosen uniformly at random, conditioned on being consistent

with L.
Observation 5.2 can be extended in light of Definition 5.6.

Observation 5.7. For every d € NU{oo}, a sequence of functions {f; : F" — {0, 1} }ien
d-converges to a d-limit object T : G4 — [0, 1] if and only if for every affine system of linear

forms L of true complezity at most d, we have lim;_,o to(f;) =t (I).

For any notion of convergence, there are two properties basic of a limit object that
should be satisfied if we would like it to properly represent convergent sequences. First,
every convergent sequence should converge to a limit object, so that the space of limit
objects is complete. Second, every limit object should be obtainable as the limit of a
convergent sequence. This second property can be thought of as the space of limit objects
being dense in the original structures.

The main theorem of this thesis below shows that d-limit objects have both of these
properties with respect to d-convergence. This holds even when we allow d = oo, in which

case d-convergence corresponds to our original notion of convergence.

Theorem 5.8 (Main Theorem). For every d € N U {oo}, every d-convergent sequence
d-converges to a d-limit object. On the other hand every d-limit object is the limit of a

d-convergent sequence.

5.2 Proof of the main theorem

We will prove our main theorem via two lemma which correspond to the two statements

that make up Theorem 5.8. First, we have the completeness lemma.

Lemma 5.9 (Completeness). Let {f; : ™ — {0, 1} };en be a d-convergent sequence. There
exists a d-limit object I' such that lim; o t.(f;) = to(T) for every affine system of linear

forms L of true complezity at most d.
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The idea of the proof is quite straightforward. If we decompose a function f : F* —
{0,1} as f = f1 + fo + f3 according to Theorem 3.18, then there is a natural way to treat
f1 as a d-limit object I' : G4 — [0, 1] (using only finitely many of the coordinates in G).
By choosing the parameters in the decomposition correctly, we can not only ensure that
tz(f1) well approximates t.(f) (Lemma 4.8), but additionally that ¢, (I") well approximates
te(f1) (Theorem 4.10). Doing this for each function in our sequence, we will be able to

construct a d-limit object which is the limit of the sequence.

Proof. Consider a decreasing sequence {¢; };en of positive reals tending to 0. Let the pa-
rameters 0;, 1;, and 7; be chosen as required by Lemma 4.8 so that for every affine system
of linear forms £ = {L4, ..., L, } of true complexity at most d, if i is sufficiently large, then
the following holds:

(1) Jte(fi)—tc(fHI< & where f; = fl+ f?+ f? is decomposed according to Theorem 3.18
with the parameters d;, ;, and r;, and degree d;, where d; = d if d < 0o, and d; =1

if d = 0.

—id;C

(ii) The assertion of Theorem 4.10 is true with € = g;p when applied to the factor B

in the decomposition f; = f} + f2 + f?. Here C is the complexity of B.

Decompose each f; as f; = f! + f? + f? according to Theorem 3.18 with the above
mentioned parameters. We have f!(z) = T';(Pi(z), ..., Pi(x)) for some function T; : T¢ —
0,1] and polynomials P{,..., P. € Poly, (F"). Considering the degrees and the depths
of the polynomials, the function I'; corresponds naturally to a d-limit object T';: Indeed,
let ¢ : [C] -+ N x N x N be any injective map that satisfies ¢(t) = (deg(P}), depth(Fy),-)
for every t € [C]. Define 7 : G4 — T as 7 : b — (b(¢(1)),...,b(¢(C))), and let
T;(b) := [i(n(b)) for every b € Gyg.

Let £ = {Ly,...,L,} be an affine system of linear forms of true complexity at most
d, and let i be sufficiently large. We will show that |t (f!) — tz(I;)|< &. Choose
by,...,b,, € G, uniformly at random conditioned on being consistent with £. Since
consistency is defined coordinate-wise, it follows that (w(by),...,mc(by,)) is distributed

uniformly conditioned on being B-consistent with £, and hence that t.(I';) = t.(T;).
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Now we can write

te(f1) =E | [T Tu(PI(L@),.... Pe(Ly@)) | =E | [] Titw)| .

LjE»C Ljeﬁ

where the y; are distributed as (P;(L;(z)), ..., Pc(L;(z))). The condition (ii) above shows
that the distribution of (by,...,b,,), where the b; € T¢ are chosen uniformly condi-
tioned on being B-consistent with L, is e-close in total variation distance to that of

(P;(L;(7)))icc),jeim) when x is chosen uniformly at random. This gives

E | [] Tilyy)| <te(Ty)+p“e
Ljeﬁ

since each P}, t € [C], has degree at most d;, hence there are at most p'%® choices for the
y; when ¢ > m. So we have the desired approximation.
So far we have established that for every system of affine linear forms £, if 7 is sufficiently

large, then
Lo (f) — te(T0) < 2 (5.1)

=

Next we construct the limit object I'. For every t € N denote G}, = H;:1 Piral O/
Note that G, corresponds to a partition of G,. For every measurable I' : G; — [0,1] and
t € N, define &(T') = E[I' | G}]. Note that the set {G} — [0,1]} is a compact space,
and thus one can find a subsequence of {I';};cn such that & (I';) for ¢ in this subsequence
converges to a function p; : G} — [0, 1]. Now we restrict ourselves to this subsequence and
consider &. Again by compactness we can find a subsequence for which &(I;) converges
to a function py : G — [0, 1]. Continuing in the same manner we define p, : G; — [0, 1] for
every t. Note that since we restricted to a subsequence at every step, we have E[u|G] = p,
for every r < t. Furthermore, by picking the first element from the first subsequence, the
second element from the second subsequence, and so on, we obtain a subsequence I}, T, . ..
of the original sequence that satisfies lim E [, | G}] = p, for every t € N.

The measure g, is a o-finite measure over the atoms G/, and thus by Carathéodory’s
extension theorem, there is a unique measure (also o-finite) u on G, such that E[u|G| =
for every t. Now let v denote the uniform measure, and note that for any t and any

particular I'; we have E[I; |G}] < 1. Since p; is a limit (over a subsequence) of these



5 Main Results 56

averages, we have p;(A) < v(A) for every A C GY. Tt follows that u(A) < v(A) for any
p-measurable A C Gy. In particular, p is absolutely continuous with respect to v. Let
I': G4 — [0,1] be the Radon-Nikodym derivative of p.

Note that as im E I} | GY] = p, the sequence of I'; converge to I' in L;, and conse-
quently limt,(I") = t.(I"). We showed in (Eq. (5.1)) that limt.(f;) = lim¢,(I';), and since
the former limit exists by assumption, it follows that ¢-(I') = limt.(f;). O

Before we can prove the second part of Theorem 5.8, we will need an additional lemma
which shows the existence of collections of uniform polynomials with arbitrary degree and

depth sequences.

Lemma 5.10. Let d = (di,...,dc) € ZS, and k = (k... kc) € ZE, satisfy 0 < k; <

=
polynomials Py, ..., Pc such that P; is of degree d; and depth k; for every i € [C].

| for every i, and let ¢ > 0 be a constant. There exists an e-uniform collection of

The obvious way to generate polynomials with few low-degree dependencies is to simply
have each monomial use a disjoint set of variables. The sum of r monomials of this type

will clearly have rank that is bounded as a function of r.

Proof. Let r’ be an integer. For each i, let m; satisfy d; = m; + (p — 1)k;.  Allot

variables zi,... 2% . for exclusive use by P, and let P, = p~% Ma{.---al + - +
xﬁni(r,_l) INEE x';nr,) It is clear that P, ..., Po has the desired degree and depth sequence.
For sufficiently large n we have enough variables to do this, and for sufficiently large choice

of 7/, these polynomials will have rank at least r312(d, €), where d = max; d;. O

With Lemma 5.10, we can now complete the proof of Theorem 5.8. The technique
should not be surprising: We will restrict G, to the finite subgroup G and generate a
uniform collection of polynomials with degrees and depths corresponding to the entries of
GY. We will then use these polynomials to define a sequence of functions that can easily

be shown to d-converge to the desired d-limit object.

Lemma 5.11 (Denseness). Let d € NU{oo}, and let T' be a d-limit object. There exists a

d-convergent sequence of functions {f; : F" — {0, 1} }ien whose limit is T.

Proof. For every t € N, define the function I'; : G4 — [0, 1] to be the function obtained from
E[l' | G| (a map from G to [0,1]) by extending it to a function on G4. The I'; converge
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to I' in L; norm, and each I'; depends on only a finite number of coordinates of G,4. Let
d; = (d},...,d) and k, = (K%, ... kL) be the degree and depth sequences corresponding
to the coordinates of G, used by T.

For every r € N, we can apply Lemma 5.10 to get a collection of polynomials Py, ..., P
of rank > r such that P, has degree d! and depth k! for every i. Now define the function
f :F" —[0,1] by letting f/(z) = I'(Pi(z), ..., Po(z)), where we treat (Pi(z),..., Po(x))
as an element of G4. It follows from Theorem 4.10 by the same argument used in the proof
of Lemma 5.9 that we have t.(f]) —, tz(I't) for every affine £ of true complexity at most
d. Taking a suitable diagonal subsequence of the f/, we obtain a sequence of functions
fi : F — [0, 1] with t£(fi) = tc(I') for every affine £ of true complexity at most d.

To complete the proof, consider the random functions f/ : F* — {0,1} where f/(x)
takes value 1 with probability f;(x). It is not hard to see that these d-converge to I'
with probability 1, and hence the existence of a d-convergent sequence converging to I' is

evinced. O

This concludes the proof of Theorem 5.8. This answers the two most important ques-
tions regarding the veracity of d-limit objects. Now, before we conclude, there is an inter-

esting problem to consider that is relevant to the discussion.

5.3 Necessary depths

Recall the inverse theorem for the Gowers U%! norm Theorem 2.14, which shows that
functions with large U%*! norm must correlate with a polynomial P € Poly,(F"). From
Lemma 2.8, it is clear that any P that is non-classical must have degree at least p. However,
it is further known that polynomials of degree d = p that are not-classical are unnecessary
in higher order Fourier analysis (hence why non-classical polynomials can be avoided in
quadratic Fourier analysis). More precisely, in Theorem 2.14, taking d = p, one can assume
that the polynomial P is in fact a classical polynomial of degree at most p. This can be
carried through the decomposition theorems to Theorem 3.18, and on to the definition of
a d-limit object. We will elaborate on this below, but first let us prove a generalization of
this fact, which says that the polynomials of maximum possible depth are unnecessary in

higher order Fourier analysis.
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Lemma 5.12. Fvery (1 + k(p — 1), k)-polynomial P : F* — T can be expressed as a
function of a (1+k(p—1),k — 1)-polynomial, a (1+ (k—1)(p— 1),k — 1)-polynomial, and
a (k(p—1),k — 1)-polynomial.

Proof. By Lemma 2.8, we have P(xq,...,2,) = %ilgf‘ + R(x1,...,z,) mod 1 for integers
0<¢ <p—1,where Risa (1 +k(p— 1),k — 1)-polynomial. Let M := > ¢;|z;|, and let
0 <a < pFandb e [p— 1] be the unique integers satisfying M = a + bp* mod p**!. The
value of P is fixed by the three values a, b and R. The value of a is determined by the
value of the (14 (k—1)(p — 1), k — 1)-polynomial % mod 1. Furthermore knowing a, the

value of b is determined by the value of the % mod 1. Indeed

bp* = (a + bp*)?P — (a+bp*) — (@ —a) mod p*. (5.2)
It remains to show that % mod 1is a (1 + k(p— 1),k — 1)-polynomial. Since degree
and depth are invariant under affine transformations, it suffices to show that () := %

mod 1 is a (k(p — 1),k — 1)-polynomial. By Fermat’s little theorem p*Q = 0, and thus Q
is of depth k — 1. Furthermore, the identity |z1|(|z1]—1)...(Jz1|]—p + 1) = 0 allows us to

replace |z1[? with a polynomial of degree p — 1. This shows that @ is of degree at most

p—D+@-1)(k-1)=Fkp-1). O

It follows from Lemma 5.12 that in Theorem 3.18, (1 + k(p — 1), k)-polynomials can
be avoided in the polynomials defining the factor B. Consequently, every d-convergent
sequence converges to a d-limit object ¢ : G4 — [0, 1] such that ¢ does not depend on the
coordinates that correspond to (1 + k(p — 1), k)-polynomials. Next we will show that there
are no other values of (d, k) that behave similarly, that is, for which every (d, k)-polynomial
can be expressed as a function of a constant number of polynomials of either degree d and
depth < k, or degree < d. To do this, we need the following theorem of [TZ12], whose

proof we omit.

Theorem 5.13. Let d > p be an integer, and € > 0. There exists a p = ps13(e,d) such
that the following holds for sufficiently large n. If P : F* — T is a polynomial of degree d
with ||e (P)||ya = €, then pP : F" — T is a polynomial of degree < d — p+ 1 that satisfies

e (pP)||ya-r+r = p.



5 Main Results 59

Now, the next lemma implies that unless d and k are as in Lemma 5.12, the following
holds. For every constant C', there exists a (d, k)-polynomial that cannot be expressed as

a function of C' polynomials, each of either degree d and depth < k, or of degree < d.

Lemma 5.14. Let m > 2 be an integer, and € > 0. Then for every k > 0, defining
d=m+ k(p — 1), there exists a degree (d, k)-polynomial Q) such that

(e (Q).e(Ry + Ro))|< 2, (5.3)

for any polynomial Ry of degree at most d and depth less than k, and any polynomial Ry
of degree at most d — 1.

Proof. Let
[n/m]-1

P= > |l |Zimim|-

1=0

Set e, = €, and for every 0 < i < k, let g; € (0,¢) be constants satisfying

i < €2.14(p5.13(Ei1, d), d).

We show by induction on 7 that if n is sufficiently large, then the (m+i(p—1),7)-polynomial
Q= ]% mod 1 satisfies the desired property with parameter ¢; in (5.3) instead of .

We first look at the classical case ¢ = 0. Notice that in this case by taking n to be
sufficiently large, we can guarantee that ||e (Q)||« is sufficiently small, and this implies
that the correlation of () with any polynomial of degree lower than m + i(p — 1) = m is
smaller than &g.

Now let us consider the case i > 0. Assume for the sake of a contradiction that
(e (%),e(}%l + Ry))|> &; for a polynomial R; of degree at most d; = m + i(p — 1)
and depth < k, and a polynomial Ry of degree < d; — 1. This in particular implies
IE <z% — Ry — Rg) |a: = €i. Note that ]% — Ry — Ry mod 1 has degree d; > p, and
thus we can apply Theorem 5.13 to conclude that

||e (p(P/p”l - Ry — RQ))||Udi_p+1 = p (He (P/piJrl - Ry — R2)||Udi) = 05.13(€i,di)-
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Therefore by Theorem 2.14 there exists a polynomial R’ of degree at most d; — p such that
‘(e (P(P/pi - Ry - R2)),e (RI)>| > e2.14(p5.13(80, di), di — p) = €214(ps.a3(es, di), di) > i1

It follows that |(e (P/p’),e (pRy + pRy + R'))| > &;_1, which contradicts our induction hy-
pothesis. 0

Although we have seen that these lemmas do have implications for d-limit objects,
Lemma 5.12 and Lemma 5.14 are results that are interesting in their own right, and may

be useful even outside the scope of this thesis.
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Chapter 6
Concluding Remarks

We would like to wrap up by looking at an interesting direction in which to continue this
line of work. So far we have seen that d-limit objects correctly capture the notion of d-
convergence in the sense that every d-convergent sequence converges to a d-limit object
and every d-limit object is the limit of some d-convergent sequence. What is still missing
from this picture is to study in what sense d-limit objects are unique. To see how powerful
a characterization of uniqueness can be, let us again appeal to the graph limits example.

Two graphons U, W : [0,1]> — [0,1] are called weakly isomorphic if tiq(F,U) =
tina(F, W) for every simple graph F. Recall that a transformation o : [0,1] — [0,1] is
called measure preserving if A\(c7!(A)) = A(A) for every measurable A C [0,1]. If W is a
graphon, and ¢ is measure preserving, then we can define another graphon W7 by writing
We(x,y) = W(o(x),o(y)). It follows from the definition of being measure preserving that
W is always weakly isomorphic to W€.

The direct converse to this is false: There exist weakly isomorphic graphons Wy, W5
such that neither can be obtained from the other by composing with a measure preserving
map. It is not far from being true, however. In [BCL10], the authors prove that if Wy, W
are weakly isomorphic graphons, then there exists a third graphon W and two measure
preserving maps oy, 09 such that W = W/ and W = WJ? almost everywhere. With a bit
of effort, this characterization can be used to show that the space of graphons modulo weak
isomorphism is in fact a compact metric space. This is an extremely useful fact which has
been (and still is) used to prove many new results in the field.

In our setting, we would like to see what can be said about d-limit objects satisfying

2014/08/11
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te(y) = te(Ty) for every affine system of linear forms £ of true complexity at most d. Let
us borrow terminology and call I'; and 'y d-weakly isomorphic (or just weakly isomorphic
when this is not ambiguous) in such a case. This is an interesting problem because, together
Theorem 5.8, it would imply something about the types of functions from {F" — {0,1}}
which be distinguished by sampling densities. As before, there is an easy way to generate
weakly isomorphic limit objects: If f = I'(Py,..., Po) where each deg(P;) < d, then by
taking the rank of the collection { Py, ..., Pc} to infinity, we obtain a d-limit object in the
obvious way (recall the proof of Lemma 5.11). Replacing each P; by any @; of the same
degree and depth and letting the rank of {Q1,...,Qc} go to infinity, we obtain a new
d-limit object which will be weakly isomorphic to the original. This follows directly from
Theorem 4.12.

There is more that can go wrong, however. It may be that in the subspace spanned
by P, and P, T' is only supported on, say, P, + P,. In this case, we can write f as
(P, + P», Ps, ..., Pc) for some I". As the rank goes to infinity, we will again obtain two
weakly isomorphic limit objects, where here we have used Theorem 4.10. For 1-convergence,
where all the polynomials are linear, this appears to be a complete characterization. We
can prove that if f = I'j(P,...,Pg,) and g = I'5(Q1,...,Q¢,) are weakly isomorphic,
where the P; and @; are all non-constant and linear (hence, classical as well), then there
exists a third function I and two linear transformations 7y : T¢* — T¢ and Ty : T¢> — T¢
such that

Ly(Py, ..., Po)

F(Tl(Pb .- '7P01))

and

[o(Q1,...,Qc,) =T(T2(Q1,...,Qc,))-

Regrettably, this result does not appear to generalize to the higher degree cases. Even for
2-convergence, there are more subtle issues than those incurred by linear transformations.
Indeed, consider taking deg(Q)) = 2 and deg(P;) = deg(P;) = 1. Then suppose f =
['(Q, P, P») is such that we can write f as [V(Q + P; - P,) for some I'. Letting the rank of
{Q, P1, P»} go to infinity, we obtain two limit objects (call them I' and I in a minor abuse
of notation) that are clearly not linearly related.

Now, the rank condition implies that ¢.(I") = t.(f) for every £ of complexity at most
2. For T, note that since the rank of Py - P is low (it is rank 1), the rank of Q + P; - P»
is essentially that of @. So it follows that ¢.(I") = t.(f) as well, and we have weak
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isomorphism.

We can push this example further, and show that d-weak isomorphism cannot be char-
acterized by lower degree relations. Let f = I'(Py,..., Po) for some high rank collection
{Py,...,Pc} of degree < d. Then suppose we can find a " and degree < d polynomials
Q1,. .., Qe satistying I'(P, ..., Pe) = I"(R(Qy, ..., Qc)), where R : T¢ — T is a degree
< d polynomial in each coordinate (of T¢) such that the degree and depth sequences of
Pi,...,Pc and R(Qq,...,Qc) are the same. Passing to the limit we will obtain weakly
isomorphic d-limit objects. It seems possible that we can characterize weakly isomorphic
d-limit objects this way, i.e., by the existence of a third limit object and two degree < d
polynomials mapping to the same degree and depth sequence, but there may yet be other

ways to generate weakly isormophic limit objects that we do not know of.
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