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Reflective Subcategories 

Reflective subcategories correspond to solutions 

of sorne universal mapping problemso In the category of 

topological spaces, the most famous example is the re

flective subcategory of compact Hausdorff spaces which 

corresponds to the Stone-Cech compactification [lJo Some 

work has been done on characterizing reflective and core

flective subcategorieso Freyd [2J gives a necessary condi

tion for a subcategory of a well-powered, complete category 

to be reflective. Isbell [5J generalizes this using bica

tegorical structures. Kennison[3J gives necessary and suf

ficient conditions for coreflective subca"tegories and three 

types of reflective subcategory of the category of topolo

gical spaces. In this thesis, necessary and sufficient 

conditions are given for a full subcategory of a cowell 

powered category with products to be reflective with 

epi-reflection map. It is then shown that every reflective 

subcategory of such a category is an epi-reflective subca

tegory of an epi-reflective subcategory, epi being with 

respect to the respective containing category. Putting 

these two theorems together yields necessary and sufficient 

conditions for a full, cowell powered subcategory to be 

reflective. A corollary involving the concept of extremal 

subobject is a generalization of Kennison's theorem and a 

special case of the Freyd-Isbell theoremo These results are 



applied to the problems of generation and intersection 

of reflective subcategoriesa 

The author claims originality for theorems 3, 4 p 5, 

601-2, 604, 607 9 701-3 7 8, 9~1-2p and the concepts of 

qer subcategory and intermediate subcategoryo 

It was discovered after the typing of this thesis 

that a remark of Isbel1 [5, p09] implies 606 9 and that 

all well powered p 1eft complete categories are factorab1eo 

Thus in 607 7 608, 701, 8 p 901 and 902, it is not necessary 

to assume factorabi1ityo 



10 - Fundamental definitions 

For definitions of category, subcategory? full, 

mono, epi, product, coproduct, object, subobject, quo

tient object, functor, and natural transformation, see 

Freyd [2Jo We shall follow the convention of prefixing 

these terms by the name of the relevant category? 

wherever there is a chance of confusion. 

1.1 -- Let Âbe a full, replete subcategory of a 

category,8--; B, a 4?--object ; R (B), anA-object ;. 

and r B : B --~ R (B). R (B) is called a reflection 

ofB- :and r B a reflection map if for every map 

f : B--o\> A where A is an 4- -object, there i.s a 

unique R (f) : R (B) --0;1> A such that f = R (f) 0 r. 

If every ûi} - abject has a reflection in A-, than.4- is 

said to be a reflective subcategory. 

Remarks : (1) In the work of some authors, a reflec

tive subcategory is not necessarily 

full or replete. 

(2) AlI reflections of a given object in 

a given subcategory are isomorphic, 

and aIl reflection maps from a given 

object differ only by an isomorphisme 



A category is said to be (co)well pow~ 

if every object has a representative set of 

sub( quotj.ent) objects 0 LetA~@o 8- is said to be 

.,4 (co )well-powered if for every object of if?;.- p 

there is a representative set of the class of 

those sub(quotient) objects that are A -objectso 

A full subcategory A· of a category Q!; is 

said to be guasi-eE.i-reflective (qer)if for any 

map f : B-~A, with B, an object of e- p A p an 

object of A p there is an opject A' ofrland maps 

fI : B-:;;:.A', f 2 : A'-;> A such that fI is epi, 

f 2 is mono and f = f2ofl~ 

A category is factorable, if every map 

may be factored into an epi followed by a mono. 

1.5 - A reflective subcategory is said to be ~i(mono) 

reflective if every object of the containing category 

has an epi (mono) reflection map. 

1.6 f is said to distinguish a pair of maps gl 1 g2 

whoee domain is the range of f, if glo f 1 g2ofo 

1 

1. 



107 - A diagram in a categoryp~, is a functor from 

a small category to -r: " 

108 - A functor F : ~><B- is sai<i to be a constant 

functor if F maps aIl : A'-objects to the same tB--object 

and aIl Â -maps to the identi ty map of that tf} -objecto 

We will sometimes identify a constant functor with its 

image 0 

109 - Let F : ,J)-~-C be a diagram and L : rJ)-~ -c; (Il: 9)_~~) 

be a constant functor with a natural transformation 

}1: L~:>F (N' F~R). If for any natural transformation, 

rr: M~F (;{ , F_..> M'), where M (M') is any constant 

functor, there is a unique map m . M_~L (m' . R_ .. "'>M' ) . . 
such that ~ =J1om (ft" = m '0 fi') then (L,..If) [(R, /1' ) ] is 

said to be a left-root (ri~ht root) of the diagram, Fo 

1010 - If every diagram in a category,C, has a left 

(right) root, then r: is said to be left (right) complete. 

1.11 The left root ~ is said to be of :.:;:0- the kernel -r .JL-:;;:.. J2,air of f ; the right·. root of 
~. 

is said to be the 

cokernel Eair of f. 



9 0 ~ .. 

20 Preliminary results 

We shall present those results that will be needed 

in the sequelo Most of theseare proved elsewhere, but 

they are collected here for convenient reference .. 

In 

201 - If A f (f) and the 8- -left root of sorne A -diagram 

has a reflection in ~ 9 then its reflection map is an 

isomorphismo 

Proof ~ Let (L,A) be the 6 -left root of a diagram~ 

F : J).-~ A 0 Let d : D. _~D. be any dl) -mapo 
l J 

Then)-I (D j ) == F(d)o/l(Di)o IJet R(L) and r L be the 

reflection and reflection map, respectively, of Lo 

Then there are unique maps R [.JI (D.) ] : R (L)-?F (D.) 
l l 

and R [)1 (D j ) ] : R (L)--->oF (D j ). By this uniqueness, 

R [)1 (D j ) ] = F (d) oR [)f (Di) ] 0 Thus we have a natural 

transformation, té : R(L)--:;;:.F, such that re'(D i ) = R[;/(DilJ. 

Since (L,/1) is the @ -left root of F, there is a map 

m : R(L)--;;>L such tha"jj ri! = /lomo 

R(L) R(/1(Dj» 

~ 
~F(D') F(d) .~( ) 

l >F D. 
~ ~ J 

~(Di) 
)i(D j ) 

Now)fomorL = tt'orL =)1 =/iolL

Since there is unique factor

ization through a left root, 

morL = lL o 

Left-multiplying by l'L' we obtain rLomorL = 1'L which giv~s 

us the fOllowing commutative diagram : 



1 

Since R(r1 ) must be unique 

r 10m = lR(1), m = ril and 

r 1 is an isomorphismoO 

Corollary l - A reflective subcategory contains aIl 

existing left roots of i ts diagrams 0 

Corollary 2 - A reflecti.ve subcategory of a left 

complete category is left completeo 

202 - If A is a full subcategory of t6- p then any 

A'-object that is a ~-left (right) root of an 

A -diagram is anA -left (right) root. 

Proof : Let (1 1 J1) be a g -left root of F :.2J---?4 f:$, 

1 an A -obj ect. Since A is full,)1: 1 ~ FD.,4, where F14 

is F wi th range restricted to A. If NI : ;J)-~ h is any 

constant functor wi th r( : NI--->F.I.4, , we have a unique 

~-map, m : M--!p,1 such that r( =/fomo However, since A is 

full, it follows that m is an A -map and (1, /1 ) is an 

A -left root of FI A 0 Similarly wi th right roots. D 

2.3 - If FI' F2 :J1--.?A are diagrams, rt: Fl --> F2' a 

natural transformation, and for any :tJ -object, D, FI (D) 

1s a subobject of F2 (D) \'lith subobj\~ct map" t(. (Dl, then 

the 1eft root of Fl ls a subobject of the 1eft root of F2 0 :: 



Proof: Suppose that (LI' )fI) and (L 2 ,112 ) are the 

left roots of FI and F2' respectivelyo Then there is a 

unique map m : Ll -->L2 such that t(',,/f 1 =)12 '" ma 

Suppose fI? f 2 : A_~LIP such that mQfl = mof2 o Then 

/12 (D~ )omofl = /12 (D,,) 0 mof2 andr(Dl\) o/11(Dil)ofl = 

d (Do,,) o/1'l(Dil) of 20 Since r( (D i') is mono ~/,f 1 (D 7\) ofl = 

)fI (D~)of2° These maps define a natural transformation 

from the constant functor with image A 'to the diagram F 

and therefore the map from A-.>Ll must be uniqueo 

Rence fI = f 2 ; m is mono, and LI i.s a subobject of L2 "U 

(~~ FI (D~) ré(D~ F2 (D;J 

~ rD,) f2(D,) 
A .-- ~""L m 
~1 ~L2 

2 ~ 4 - If A is a reflecti ve subcategory of ([?-, then the 

A -left root of an h -diagram is a (j; -left root 0 

110 

Proof Let F :cB->Â be a diagram and (L,)/), its A--left 

root. Suppose M :J)~f; is a constant functor andtC': M-:> F 

a na~lral transformation. Let R (M) and r M be respectively 

the reflection and reflection map of M. Then R(~) :n(M)~~F 

is an A -hatural transformation and there is a unique -4 -inap, 

m : R (M)o~L such that)fom 
L R(nf91 ~D» 

R (M) R[r(D,,) ] ~ F(D~) 

M 

= R (~). By reflection property 

te' = R (rt:') orM and /fmorM = ré 

IfJ10n = ré p for some map 

n : M -~L, thenfloR(n) = R( ~ ) • 

Then R(n) = m and n = morM. 

Thus morM is unique. Thus L 

is a~ -left root of Fon 



205 - A morphism is a mono iff it has a kel~el pair 

which is the identity of its domaino A morphism is epi 

iff it has a cokernel pair which is the identity of its 

range. 

Proof : ~Let m : A~ be a monoa CertainlY9 

12. 

molA = molA 0 If mof r::: mog where f pg : C_,? A p th en f = g. 

Thus there is f : C -;::. A such that lA of = f 
---l-A-~A m 

. f /".-'7' ~ 
C~,A~ )'jE 
g~A 

-<: - Let m : A -~B be a morphism whose kernel pair is 

(lA9 lA) 0 Suppose mof = mog where f,g : C~ A. Then there 

mt"!.st be a unique map h : C --;>A such that lAoh = f and 

Thus f = g and m is monoaU 

~~A 
~ y~ 

C ~ A B 

~/m 
A 

The proof of the second part is similaro 

Corollary l - If A is a reflective subcategory of e, then 

any Â -mono is a 8---mono. 

Corollary 2 - A reflective subcategory of a weIl powered 

category is weIl powered. 

Corollary 3 - If A- is a full subcategory of @--, then any 

lo/-mono (epi) betweenA -objects is an 

A -mono (epi) 0 



206 - Let.4 be a full subcategory of éîsuch that every 

~ -object is a tfP -subobject of an object of.-4 0 Then any 

tl}--map, f : B_;::,..A (where A is an A -object) which dis

·tinguishes aIl distinct pairs of A -maps wi th domain A, 

is tf!7 -epi ~ 

Proof : Let hl' h 2 : A_~B', where Bt is a 43- -object, 

satisfy hl" f = h2ofo But B' is a subobject of some .. 4 -object, 

A' ; let m be the subobject mapo Thus mohlof = mch2ofo But 

by hypothesis, sinee mohl and moh2 are;4 -maps, this implies 

moh1 = ÎIloh2 o Also m is mono and hl C h 2 0 Thus f is qjr-epi. 0 

Corollary - AlI A- -"'pis are ~ -epis. 

2.7 - fog epi implies f epi fog mono implies g mono [2J. 

2.8 - f,g epi implies fog epi f,g mono implies fog 

mono [2J. 

2.9 - If~ is a full subcategory of a factorable category ~ 

and if ~ contains aIl C-subobjects of its objects, then 

(1) 4?- is factorable and (2) @-- is qer subcategory of ~. 

Proof Consider any G-map, f C_?:>B where B is a e-object . 

Then since C is factorable f =~ moe where e : C_::;..Bt is epi 

and m : B' __ ~B is mono. B:r hypothesis,B' is a 8--object. 

Thus we have (2).(1) follows when we let C be a~-object, and 

f anye- -rnap in view of Corollary 3 of 2.5. 



30 Fundamental Lemma 

Let Âbe a full, replete subcategory. of Of , and 

~be an.J -cowell powered category with productso 

ft i8 a d?---epi-reflecti ve subcategory of ri?- iff 

(1) A- contains alld?--products of~ -objects 

(2) A, is qero 

Proof-l~(l) This follows from Corollary l of 20L 

(2) Sincekis epi-reflective, a map from 

any ~ -object, R, to an ft -object, Ag 

may be factored through R (B) via the 

epi reflection mapoU 

<=- Consider an object f R, of Cr. Because cJ} isÂ'cowell

powered, the class of quotient objects of B that are 

also objects of ~has a representative set, {B~) 0 

'ff'B~ is an object of r4". We have an evaluation map, 

e : B_~rrf Bl'. Because k i.s qer, e = fe r R where 

rH : B~ R (B) i8 epi, and R (B) is an abject of ~. 

We maintain that R (B) is a reflection of B with 

reflection map rBo Let f : R---~A where A i8 an object 

of il u Since A- is qer, f may be factoreci through a R 1-

thus through 1rB.,.. by the evaluation map ; thus through 

R (B) by rBo 
R(f) 



The map from R (B) to A will be called R (fO. It is 

unique because r B is epi. Thus every object of e- has 

a reflection inA and.A-- is a e- -epi reflective subca

tegory of ~ • n 

15. 



40 Theorem 

If A is a reflective subcategory of ~ p and -C is 

a factorablepcowell-powered category with products p 

then the full subcategory, 4} p of subobjects of objects 

of.4 is a C;; -epi-reflecti ve subcategory oft: and A- is 

a ~-epi-reflective subcategory of O}o 

Proof :~ containe all ~-products of its objects 

(Corollary l of 201) ; hence, since the product of 

subobjects is a subobject of the product (2~3)p~ containe 

all C -products of i te o'bjects 0 

Suppose f : C -~ where B is an obj ect of d?r 0 

Since e is factorable, f may be factored throu.gh a 

subobject of B which is a quotient object of C. However, 

~ is closed under subobjects and f is thus factored 

through an object of ~ that is a quotient object of C 

therefore, @ is a qer subcategory of C:.. By the Lemma, 

dlr is an epi-reflective subcategory of e .. 
Since every object of r: has a ref.'lection in A , 

. certainly every object of O/J has and· A is a reflective 

subcategory of $-. We would like to show that for each 

0} -object B, the reflection map r B is @ -epi. Since for 

any map f : B--?A, A, an .4 -object~ R (f) is unique, it 

follows that, if gl' g2 : R (B) --J>A are any.A- -maps such 

that glorB = g2orB' then gl = g2 0 Thus by 2.6, r B is 

e -epi and A is a ~ -epi-reflective subcategory of @ .D 



AI p 

Note that B is the subobject of sorne A -object, 

and the subobject map may be factored through r BP 
by the properties of reflectiono By 207, r B is ~-mono 

(by 205 Corollary 3 11 tf?r -mono a.s weIl) and ,4 is a mono

~ -epi-reflective subcategory of 4}o 



50 Principal theorem 

If Â is a full, replete subcategory of -e-, a 

factorable, cowell-powered category with products, 

th en : h is a cowell-power'ed, reflecti ve subcategory 

of "iff : 

(1) the category,(/}, of c: -subobjects of objects of.A

is A-cowell powered, 

(2) A· contains each, (: -product of A -objects, and 

(3) A is a qer sU-bcategory of ~ 0 

Proof : ~ By Corollary l of 2" l, we have (2) 0 

By 4., we know that ~4 is a ~-epi-re;lective subcate

gory of ffo. Hence b;y 3., we have (3). Next, if an 

h -object, A, is aG-quotient object of a a?-object, 

B, with quotient map f, then R(f) : R(B)-;;::.A is also 

4}-epi by 2.7, since f = R(f)orBo By 2.5, Corollary 3, 

R( f) 1s ~-epi and A is an ,.1-quotient object of R(B) .. 

Thus every @-quotient object of B,' that is an A -object lS 

an A -quotient object of R(B). Since 4 is cowell powered, 

there can be only a representative set of the class of 

6- -quotient obj ects of B that are also A -obj ects, i. e. 

~ is ~-cowell powered which is (1). 

~- By (2), if? cüntains every r: -product of A -bbj-ects. 

Thus by 2.2, any ~-product of' ,4-objects is the 

-e-product. Thus )- contains each (tJ-product ofA-objects. 

This, togetherwith (1), (3) and 3 .. , shows thatA-is an 

epi-reflective subcategory of @ . 



By 203 and (2), V} contains each e -product of (}. -obj ects 0 

Since C; is factorable, any f : C -~B wi th C, a C' -object. 

and B, a ~-object, can be factored as mee, where m is 

mono and e is epi. The in"termediate object is a subobject 

of B, henrJe a @.·-object. Thus !/3is a qer subcategory of C;o 

Also ~ is cowell powered, hence ~-cowell poweredo Thus 

by 30 p ri? is a reflecti ve subcategory of b" 0 Since the 

composition of two reflections is a reflection, 4 is a 

reflecti ve subcategory of r:- 0 

By Corollary of 206, every .4 -epi is a fJ -epi and thus 

every .J-quotient object is a (@--quotiant objecto Therefore 

~ is cowell powered. a 



6 0 Extremal and regular monos 

Definition - A mono m : A--~ B is said to be extremal 

if in any factorization m = mloe, where ml is mono and 

e epi, e must be iso. (A,m) (and loosely A) is said to be 

an extremal subobject of Bo 

601 - In a factorable category, if an extremal mono, m, 

is factored as fQe, where e is epi, then e is isoo 

Proof - Suppose m : A_~ B is factored as fo e where 

e : A-~C and f : C-->B, e epio Factor f aB m'o el 

where ml: D--,;:::.-B is mono and el: C--;> D is epi. Then 

m = mlo(eloe) which is an epi (28) followed by a mono. 

Thus since m is extremal, elue is isoa Let g = (e'oe)-l. 

Thus (goe' )oe = lA. Also, eQ(goel)oe = e and since e is 

epi, eo('goe') = le. 

e ï' ~B t:D

:' . e\y? 
-1 0 thus goe l = e and e is iso. 

6.2 - A qer subcategory,~t, of a factorable category,~p 

c~ntains alle-extremal subobjects of its objects. 

Proof - Let (B,m) be atB -extremal subobject of an 

c.tobject, A. Since 4 is qer, m may be factored as fo e where 

e : B->A' is epi; A~) anÂ--object. By 6.1, e is iso and 

A!~ is an isomorphic copy of B. ij 



Definition: A mono f : A ___ ~B is said to be regular if 

for some ( and morphisms gl' g2 

rence kernel of the pair(gl' g-)o 

603 - AlI regular subobjects are extremal. 

Proof : Let (A,m) be a regular subobject of B and m, 

the difference kernel of f,g : B-.> Co Suppose m is 

factored as mloel where ml : D---~B is mono and el : A __ >D, 

epi . 'Thus ml may be factored through m ; say ml = moh where 

h : D-~A = ker (f., g) ~ Thus ml :: mlo 1,0h and since ml is 

. mono, ID= eloh ; also m = mohoel and lA = hoe since m is 

mono. Thus e is iso and (A.,.m) is extremal.U 

6.4 - If two functors FI' F 2 : J)._~..4-, where~ is small 

andÂ is weIl powered and left complete, have a natural trans

formation)1: FI-;i>F2 such that for every of} -object, D,A (D) 

is an extremal mono, then the induced morphism, f, mapping 

the left root of FI to the left root of F2 is an extremal 

mono 0 

Proof 

the left roots of FI and F2 , respectively. Now suppose 

f = moe, where e : LI---~C is epi and m : C--J?L2 is mono. 

For each À , let (C 1'. , m 7\ ) be the intersection of aIl those 

subobjects of F2 (D 1\ ) through which both /-1 (D·" ) and f0'l (Di))om 

factor. 



Suppose g/\? g'", C ,..--;>E" such that g"o e7> = g'j\ 0 e ~o 

Then e" and hence/1 (D ,,) factor through the difference 

kernel (Kil' k" ) of (g" p g'1\)" Also g"il\.oe.,.oqJl (D ",) = 

220 

~< ~~ 

g'1I0e1\O CPl (Dj>\) and g~Oml\oe = g~ oml' 0 eo Since e is epi, 

1* {~ -l~ "'" i t follows that g,.,om 70 = g~ 0 m 11 0 Thus m"l\ and hence 'Pz. (~)om 

factor through (K l\' k.,. ).. Thus m,.. may be factored 

through m"ok ll ,say m7\ = m,..okl'o0k'7\ • Since m" is mono 

also k~ 0 le ']\ 0 k 7' = k i\ and k 'il 0 k}\ = lK l' 

sinee k~ is monoo Thus k~ is an isomorphism, g~ = g'l'o 

and e ~ is epi. Since /1 (D 1\ ) is extremal and m 11 is mono, i t 
if 

follows that e1) is iso. Thus m" : C-~ Fl (Di') 0 Thus there 

is a unique h : C-~Ll' such that lPl (D" )oh = m\. 

* * Also)-f(D 1\ ) 0 m ~oe =;4 (D.,. ) 0 4J l (D 1\ 0: and m 71 0 e = rpl (D1\L 
if . 

Thus ~l (D" )ohoe = m ÎI 0 e = ({Jl (Dl-) and ho e = lL. Also 
l 

eohoe = e and eoh = lC. Thus f is extremal.U 

Corollary l - The product of extremal subobjects of a set 

Çlf objects is an extremal subobject of the product of the 

set 0 

Corollary 2 - The intersection of a family of extremal sub

objects of a given object is again an extremal subobject. 

[5, p.8J. 

. ... 

. i 

1 

i 

1 

1 



Pi1500f - The subobject maps define a natural transformation 

from the diagram determined by the family of extremal sub

objects to the constant diagram consisting of the objecte 

Since the 1eft root àf a constant diagram is itself and 

the left root of the first diagram is the intersection of 

the extremal subobjects p there must be an extremal mono 

Ifii'om the intersection to the containi.ng objecte m 

6.5 - In a well-powere~ left complete category, if 

ml: A -~ Band m2 : B--Ç> C are extremal monos, then 

m20 ml : A-vC is an extremal mono. [5, po8J. 

;Proof. Suppose m20ml = m3
0 e where e . A~D is . epi 

and m· 
:3 D-~C is mono. Let (E,.m4 ) be the intersection 

of all those subobjects of C through which both m2 and 

m3 factor. Dy the definition of intersection, both factor 

through ID4 say m2 = m40f and m3 = m4og,,; thus m4ofom1 = 

m4ogo8 and since m4 is mono, foml = go>eo Now suppose 

hl' h2 : E_~F such that hlof = h2o f. Let (G,m5 ) be the 

difference kernel of (hl' h2). hlofoml = h2o foml and 

hlogoe = h2og o e. Since e is epi, hlog = h2 Dg. By the 

definition of a difference kernel,f and g factor through 

m5, say f = m5ofl , g = m5og1 " Then m2 = m4om5of l and 

m
3 

~ m4om5o g1 (i.e. m2 and m
3 

factor through m4om
5

) and 

by the definition of intersectionJ m4 must factor through 

m4 om5 , say m4 = m4om5om6" 

. .,., 



240 

Since m4 is mono, lE = m5om6° Also m
5 = m5om6"m5 and 

since m5 
is mono, IG - m6o m5 and m

5 
is isoo Thus hl = h20 

Therefore f is epio Since m2 is extremal, f is isoo Thus 

m3 factors through fi? ° Since ml is extremal, e is isoo 

Thus m20ml is extremaloO 

606 - In a well-powered, left complete category, any 

mono may be factored as an epi followed by an extremal 

mono. 

Proof Let m : A---~B be mono. Let (C, m') be the 

intersection of those extremal subobjects of B ~ontaining 

Ao By corollary 2 to 604, m' is extremal. Suppose 

m = m'o e we will show that e is epi. Suppose 

f l , f 2 : C~D such that floe = f 2 oeo Let (K,k) be the 

difference kernel of (fl , f 2). e may be factored through 

k because it equalizes f l and f 2 0 However, k is extremal 

by 6.3 and m'ok is extremal by 605. Thus m' may be facto

red through m'ok uniquely, from which we may show that k 



6.7 - In a factorable, left complete, weIl powered 

categoryq3,if'.A is a full subcategory that contains the 

extremal subobjects of each of its objects then~ is 

a qer subcategory of ~o 

~~ - Let f : B~A, where B is a ~-object and 

A is an A -obj ect 0 Sinc e @. is factorable, f :::: m oe where 

e : B_;:::.B' is epi and m : B' __ ~A is mono. Now by 

606, m = m'o e' where e' : B~.>A' is epi and m' A'_;;::..A 

is extremal mono. Thus A' is an.4-object~ Also, f :::: moe :::: 

m'oe'oe where e'o e : B-i>A' is epi, and m' : A'---;;>A 

is mono. Thus.4 is a qt:.r subcategory of $-0 

porollary l - A full, replete subcategory of a factorable, 

left complete, well-powered category is a qer subcategory 

iff it contains the extremal subobjects of each of its 

objects. 

Corollary 2 - A full, replete subcategory,~, of a factora

ble, left complete, weIl powered,A-cowell powered category, 

~, is an epi-reflective subcategory iff it contains all 

~-products and~-extremal subobjects of its objects. 

Proof : This follows from 3. and Corollary 1.D 
Remark : This is a special case of the Freyd-Isbell theorem 

[6, p.1276Ju 

6.8 - A qer subcategory of a well-powered, left complete, 

factorable category is factorable. 



Proof : Let A- be a qer subcategory of~a weIl powered, 

1eft complete, factorable category, and f : A _~A; 

an4 -mape f may be factored intJ.as moe where m : B_=:>A' 

is mono and e : A--z:oB is epio B is a subobject of A' and 

m = m'oe' where e' : B_bC is epi and m': C-.pA' is ex

tremal mono (606). Thus f = m'o(e'oe)o C is in~ by 6020 

Thus f may be factored in~as an epi followed by a mono 

andÂ- is factorable. il 



70 Intermediate categories 

Defini tion - If.4· is a reflecti ve subcategory of "6; 

(j}, a r; -epi-reflecti ve subcategory of e; and A, a 

Il}-epi-reflecti ye subcategory of rJ9-, then @-is said to 

be an intermediate ca.tegory of the pair (.4, C) 0 

Thus 40 states that i.f -C is a factorable, cowell 

powered category with products and kis any reflective 

subcategory of ~ , then the category of subobjects of ~ 

is an intermediate category of (A, r;) 0 The following 

theorem shows that under certain conditions on ~,there 

is a minimum intermediate category. 

701 - If.4- is a reflective subcategory of a factorable, 

left complete, well powered, cowell powered category 

with products then the full subcategory~' of all 

~ -extremal subobjects of objects of;d is a minimum 

intermediate category of (4- , C; ) 0 

Pro of: Dy the sarne argument as in 40' A is a 

~'-epi-reflective subcategory of ~'.(Note that, as in 

.A ~ .<1. ') • 4., A is a mono -y-' -epi-reflective subca:tègory of y 

Also, A- contains al1 t' -products of i ts obj ects by 

corollary 1 to 2.1. Since by Corollary 1 to 604, the 

product of extremal subobjects of a set of objects is an 

extremal subobject of the product of the set, 6, contai.ns 

all t; -products of i ts objectso 



By 6" 5 9 a 'C -extremal subobject of a 7: -extremal subobject 

of an4-object A, is again a ~ -extremal subobject of A .. 

Thus e 1 contains all of the 1: -extremal subobj ects of i ts 

objectso Thus by 6.7 p Corollary 2, 4?-1 is a Ç.·-epi-reflective 

subcategory of ~ " Thus ~ 1 is an intermediate categoryo 

Since any intermediate category must contain 4 and by 

Corollary 2 to 6 .. 7, must contain all .~ -extremal subobjects 

of i ts objects, <8 1 is minimal 0 0 

Let r&- be a full subcategory of r:, a factorable, 

cowell powered category with products and let~' be a 

subclass of the class of~ -maps .. We define a full subca

tegory, f[}iI of r: as follows : B" is a (JII -object iff any 

pair of maps from a tfj. -object, B, to B" is d.istinguished 

by every % -map into B. d} " is a (; -epi-reflective subcate

gory of r: ~ 

Proof: We show that f} Il is closed under formation of C

subobj ects" Let B be a 4)-1I-pbj ect and C a -c; -subobj ect of 

B. Suppose there are4?-objects, A, AI, an 'J;; -map x : A-':?>A' 

two maps Yl'Y2 : A'--~C such that YloX = Y20x. Then if ID 

is the subobject map of C, we have two maps moYl,moY2: A'~B 

such that moylox = moY20x. But B is a rf} Il -object ; thus 

moYl = moY2 0 Since m is mono, Yl = Y2 and thus C is a 

t[}11 -object. By 209, tf}" is a qer subcategory of -C ., 

Similarly, we show that a}o is closed under ~-productso 

..... 
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Let [B7I} be "a set of Q}-II-objectso Suppose there are 

ev-objects, A, AI, an % -map x A---~AI and two maps 

YI' Y2 : AI--;:,-'TfB7I such that YI eX = Y20xo For any 

~9 P~oYloX = P~oY20X where p~ is the ~-projection map. 

Since B;>. is d}n-object, P",oYI = P1\.0Y20 Since this is true 

for any?> and the evaluation map is unique, i t follows that 

YI = Y2 and 11' B"i'l is a Q?II-objecto 

By 30 9 tj}1I is a t' -epi-reflecti ve subcategory of t: 0 ~ 

Let ~be a reflective subcategory of b, a factorable, 

cowell-powered category with products, and <Cr be the full 

category of subobjects of objects of 4 ° Let p).11 be defined 

as in 702 wi th Z the class of OJ -epis 0 Then <[? Il is an inter

mediate category. 

Proof : By 7.2, (j} Il is a e -epi-reflecti ve subcategory of 

-e. Every dJ-1I-obj ect, B", has a reflection in 4--, say R(B"). 

We must show that the reflection map r B is lB-"-epi. Since b 

is factorable, rBI! :.: m.oe where e : B"_;> B ie ç -epi 

(thus ~II-epi) and m : B~>R(B") is ~ -mono. Thus B is a 

-é'-subobject of R(B") and therefore a $-objecto Suppose 

gl' g2 : R{B)~A, A any ~-object, such that glom = g2om• 

Then glorB" = g2orB"o But R (glorBII ) is unique; hence 

gl = g2° Thus m distinguishes aIl distinct pairs of Ar-maps 

whose domain is R(B") and by 2.6 ia 4r-epio 



Since m ~ %, i t distinguishes all@" -maps whose domain 

is R (B) and is thus tf}-" -epio rB" = moe is 113" -epi 

by 2.80 Thus 4 is a rf!rll-epi subcategory of (j}-" and 

rf?rll is an intermediate categorYoD 

Definition - If A is a full subcategory of ~ p we 

define a potential intermediate category (pic) of (A , -e ) 
to be one of the following full subcategories of e : 
(1) ~ , whose objects are the r:; -subobjects of A 
(2) @' , whose objects are the' -extremal subobjects of ~ 
(3) @" , whose objects are those 1: -objects, B", such that 

each@ -epi distinguishes every pair of distinct 

maps to B". 
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80 - Theorem 

If 't is a factorable, left complete, well powered, 

cowell powered category ;)} , a fUll,replete subcategory 

of -c; and (j} , a pic of (,4 , r;) then : Â is a cowell 

powered reflecti ve subcategory of r: iff (1),4 contains 

all C -products and ~-extremal subobjects of its objects 

~d (2) 1} is A -cowell povvered. 

Proof. ~ Since 4 contains all -r:: -products of i ts object 

so does@ by 203, 604 Corollary l, and 702. (Î} contains 

all C -extremal subobjects of its objects by 2.8, 6.5) 

and 7 .. 2. Thus by Corollary 2 of 6.7, t[} is r; epi-reflecti ve. 

By 6.8, fi}- is factorable. By corollary 2 of 2.1, @ is left 

complete. By corollary 2 of 2.5, ~ is well powered. Thus 

by (1) and Corollary 2 of 6.7, since all~ -products are 

r:: -products, A is a rJ} -epi-reflective subcategory of (j} e 

By Corollary of 2.6 or definition of third type of pic, 

all.4 -epis are~ -epis ; thus, J1 is cowell powered. By 

composition of reflections,Ji is a cowell powered reflec

tive subcategory of ~.ll 

»By Corollary 1 of 2.1,,4 contains all C -products 

of A -objects. By 4, 7.1 or .7.3, ~ is an intermediate 

category. By 3. and 6.8, ~ is factorable. We can now apply 

3. and 6.2 to see that A contains a copy of all V} -extremal 

subobjects of its objects. r& is ,4 -cowell powered as in 

the proof of 5.D 
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9. Generation and Intersection of reflective subcategori.es 

This chapter partially solves a problem posed by 

Isbell [4 p p. 33) problem8]. 

9.1 - Let ~ be a factorable, left complete, well 

powered, cowell powered category and S, a class of 

-r; -objects. 

(2) - If 8 ' . is cowell powered, the full subcategory-~ 

Â , of © '-extremal subobjeets of products of' eloments 

of S is the smallest reflective subcategory 

of r: tha t cont ains S. 

Proof : 
(1) • By 6.5 and Corollary l of 6.4, tf}' contains 

all -C -extremal subob j ects and t: -products of i ts 

obj eets. Thus by Corollary 2 of 6. 7,@' is a 

t: -epi-reflecti ve subeategory of r:. By 6.2, 

any qer subcategory and thus any epi-reflective 

subcategory containing S must contain (fJ.' • n 

(2). ~'is factorable by 6.8, left complete by 2.1, 

Corollary 2, well powered by 2.5, Corollary 2 

and cowell powered by hypothesis. Thus by the 1 

sarne reasoning as in (1), k is a {], -epi-reflecti ve 1 

subcategory of f)', and a reflective subcategory 

of ."C' • 



Now suppose A' is a reflecti ve subeategory of C' and 
-l{-

Let ~ be the full subcategory ofewhose 

obj eets are the 7,;; -extremal subobj ects of,4'. It 
.)~ 

follows that $' c IJ 0 By 2 a 5, Corollary 3 p every 
~~ 43- -epi between rB' -ob j ects is a 13-' -epi ; every @~t.mono 

between t}2; 1 -obj ects is a 8-' -mono 8 Let T be an4- -obj ect, 

say (T~f) is aPI -extremal subopject of U~S8 Factor f 
~~ -H' 

into moe, where e is if) -epi, m is $- -mono 0 But by aboveJ 

e is ~, -epi, m is J9-' -mono 0 Thus e is iso and f is 

~~ -extremal monOa (205, Corollary l is used to show 

~bhat f is mono ; since ~' is a reflecti ve subcate;gory 
~~ 

of r: i t is also a reflecti ve subcategory of 8- 0) 0 Thus 

by 7.1 and 6.2, T is an~; -objecta Thus~is the smallest 

reflective subcategory of r: that contain8 S. 0 

9.2 - Let' satisfy the condi tiore of 9.1, and let 4 1 .. 

andÂ2 be two reflective subcategories of ~o 

(1). If).l andA- 2 are epi-reflective subcategories, 

then so isAlft ~2. 
(2). If (hl' t; ) and (;[..2" ) have a common intermediate 

category that is cowell powered, then,4 l (L42 is 

reflective. 

( 3) • If~. is an int~rmediate category of (A;" t) 
1-

i = l, 2, and if B ln t.@2 is cowell powered, then 

41fl~2 is a reflective subcategory withtJ.1nl321 

an intermediate category of vtrn.k2' h ). 

i 



Proof 

(1) - By 6.7, Corollary 2'~1' and~2 contaià all 

-C -products and t; -extremal subobjects of their 

objects 0 Therefore"(; -products and r; -extremal 

subobjects o fA. ln 4-2 -objects are in both.4-1 , 

and..4 2' thus inA ln 4-2 0 Again by 607, Corollary 2, 

)1 n 4-2 is an epi-reflectbre subcategory" il 

(2) - If ~is the common intermediate categorY9 then 

by (1) and the same reasoning as in 901 (2), 

,.h (142 is a ~ -epi-reflecti ve subcategory of rfJ. 

and a reflecti ve subcategory of z: 0 a 

(3) - By (1), ~ln 4J 2 is an epi-reflective subcategory 

Remark 

of , • It satisfies the appropriate conditions 

as in 9.1 (2) .A-ln ~ contains all of itsB 1 and 

8 2 -products and -extremal .subobjects, thus 

certainly all of itsa3-1n $2 -products and 

-extremal subobjects. Therefore by 6.7 J Corollary 2, 

AlnA--2 is an epi-reflecti ve subcategory of el nt) 2 
and a reflecti ve cat egory of C ~ 6 1 n &2 is an 

intermediate category of ( Aln 4-2 , t') G il 

This theorem may be generalized to intersections 

of arbitrary sets of reflective subcategories. 
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