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ABSTRACT

The thesis is about a class of nonlinear partial differential equations and their appli-
cations in differential geometry. The main threads consist of three parts.

The first part is about the Ricci flow starting from an embedded closed convex sur-
face in R3. This considers the Ricci flow with initial value an embedded closed convex
surface in R® without regularity assumption. We prove the convergence in metric
and uniqueness of the flow. We hope this can be used as the first step to give a PDE
proof of Pogorelov’s rigidity theorem about convex surfaces.

The second part is about the flows by powers of the Gauss curvature in space forms.
We prove that the Gauss curvature type flow X; = —K%v in an n + 1 dimensional
simply connected space form N"™'(k) of constant curvature (x = +1) converges to
a point in finite time 7™ > 0 for any initial strictly convex smooth hypersurface and
a > 0. Moreover, we prove the convergence to a geodesic sphere after rescaling for
o > #2 This is the complete analogue of the corresponding results in Euclidean
space.

The last part consists of some partial results about the Weyl’s embedding problem.

It includes a new proof of the closedness of Weyl’s embedding problem and some

discussions of the variational problem.
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ABREGE

La these porte sur une classe d’équations aux dérivées partielles non linéaires et leurs
applications en géométrie différentielle. Les fils principaux se composent de trois par-
ties.

Le premiere partie concerne le flux de Ricci a partir d’une surface convexe fermée
plongée dans R3. Ceci considere le flux de Ricci avec pour valeur initiale une surface
convexe fermée plongée dans R? sans hypothese de régularité. Nous prouvons la con-
vergence en métrique et 'unicité du flux. Nous espérons que cela pourra étre utilisé
comme premiere étape pour fournir une preuve du théoreme de rigidité de Pogorelov
sur les surfaces convexes en utilisant des EDP.

La deuxieme partie concerne les écoulements des puissances de la courbure de Gauss
dans les formes spatiales. Nous montrons que la courbure de Gauss de type de flux
X; = —K“v dans une forme spatiale N*™! () simplement connexe de dimension n+ 1
de courbure constante (k = %£1) converge vers un point en temps fini 7% > 0 pour

une hypersurface lisse strictement convexe initiale et o > 0. De plus, nous prouvons

1

la convergence vers une sphere géodésique apres redimensionnement pour o > .
n+2

C’est I’'analogue complet des résultats correspondants dans ’espace euclidien.
La derniere partie consiste de quelques résultats partiels sur le probleme de plonge-
ment de Weyl. Cela inclut une nouvelle preuve du probleme de la fermeture de

plongement de Weyl et quelques discussions sur le probleme variationnel.
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CHAPTER 1
Introduction

The thesis is about a class of nonlinear PDEs and their applications in differential
geometry. This is a topic of long history. Basically speaking, there are two kinds of
PDEs that are most often used in differential geometry: the elliptic PDEs and the
parabolic ones. The early applications are mainly about elliptic PDEs. For instance,
by solving Monge-Ampere type PDEs, Nirenberg [48], Cheng-Yau [18] solved the
Minkowski problem, and Yau [69] solved the Calabi’s conjecture. In the last four
decades, the parabolic PDEs has began to play more important roles. A typical
example is the crucial use of Ricci flow in the solution of the Poincaré conjecture
[36, 50, 51] and the differentiable sphere theorem [13].

In this thesis, I will use both the elliptic and parabolic PDEs to study the
problems in differential geometry. This consists of three parts. The first part is
based on a joint work with Jiawei Liu [40], and the second part is based on a joint
work with Min Chen [17]. These two parts are about parabolic PDEs. Finally, the
third part is related to an elliptic PDE [39] . T will introduce all these three parts in
each of the following sections and introduce the notations in Riemannian geometry

which will be used in the thesis in the last section of this chapter.



1.1 Ricci flow starting from an embedded closed convex surface in R?

The Ricci flow is the parabolic system

agz’j
= —2R; )
ot /

(1.1.1)

where g¢;;(t) is a family of Riemannian metrics on a fixed smooth manifold M, and
R;; is the Ricci curvature of the metric g;;. It was first introduced by Hamilton [36]
in 1982 and has many applications in differential geometry and topology since its
birth. For example, Perelman [50, 51] gave the solution of Poincaré conjecture, and
Brendle-Schoen [13] proved the differentiable sphere theorem via Ricci flow.

The reason that Ricci flow is so powerful for studying geometric objects is that
the parabolic PDE has many good properties. One of them is its smoothing effect
which will evolve the geometric objects into more regular ones as time evolves. It
looks that this effect is far from being fully utilized. Recently, Simon [64, 65] studied
Ricci flow admitting a class of irregular metric spaces of dimension two or three as
metric initial condition. This can be seen as an approximation of irregular spaces
by Ricci flow since the Ricci flow will converge to the irregular initial condition as
t — 0%. In particular Simon got the following result
Theorem 1.1.1 ([65] Theorem 7.1). Let (M, go) be a complete smooth surface with-

out boundary such that

(a) Ricci(go) = k;
(b) vol(**By(x)) = vy > 0 for all x € M; (1.1.2)

(¢) sup |Riem(go)| < oc.
M



Then there are constants c; = c1(vg, k) > 0, ¢a = ca(vg, k) > 0, S = S(vo, k) > 0 and

K = K(vo, k) and a solution (M, g(t))icpo,r) to Ricci flow which satisfies T > S, and

(a;) Ricci(g(t)) > —K?;
(b)) vol(** By (x)) > % >0 forallz € M and t € (0,7T);

(¢;) sup |Riem(g(t))| < KTQ for allt € (0,7); (1.1.3)
M

(dt) d(pa q, S) - 62(\/E - \/g) < d(P7q7t) < 601(t_8)d(p7 q, 8)7

forall0 <s<t<T and p, q € M.

(Note that the estimates are trivial for t =0.)

Based on Simon’s work, Richard [58] studied the existence and uniqueness of

Ricci flow whose metric initial condition is a closed Alexandrov surface with curvature
bounded from below. This provides a canonical approximation for an Alexandrov
surface with curvature bounded from below.
Theorem 1.1.2 ([65] Theorem 1.11 and [58] Theorem 0.5). Let (M;, g;) be a sequence
of smooth surfaces satisfying (a), (b) and (c) in (1.1.2) with uniform constants k
and vy for all i and let (X,d) be a Gromov-Hausdorff limit of this sequence. Let
(M;, gi(t))ico,ry be the solutions to Ricci flows starting from (M, g;) in Theorem
1.1.1. Then (after taking a subsequence if necessary) there exists smooth Ricci flow
(M, g(t))cor) = ili}r?o(Mi,gi(t))te(o,T) satisfying (az), (b), (ct), (d¢) in (1.1.3) and
(M, dgs)) converge to (X,d) in Gromov-Hausdorff sense ast — 0.

If (N, §(t))ico,r) is another smooth Ricci flow starting from (X, d) in the same

sense as (M, g(t))ico,r) above, then there is a diffeomorphism ¢ : M — N such that

g(t) = ¢*g(t).



We note that the Ricci flow (M, g(t))ic(o,r) converge uniformly to (X,d) up to
an isometry in Theorem 1.1.2. A natural question is when such a Ricci flow will
converge to the initial metric in classical sense (without isometry), and what kind
of uniqueness one can claim. In chapter 2, when the metric initial condition (X, d)
is an embedded closed convex surface in R*, by using smooth approximation, we
prove that there is a Ricci flow on X such that the induced distance along this flow
converge uniformly to d as ¢t — 0 and that such flows keep the isometries between
their metric initial conditions.

We remark that the convex surface in chapter 2 is in the sense of Alexandrov
(see section 2.1) and that both the C*°-topology and the induced metric d of X
as an embedded surface in R? in our situation are induced by the radial graph
parameterization from the unit sphere (S?,§) there, where 4 is the standard metric
on S2. Also, throughout the construction of the smooth approximation of (X, d), we
fix this radial graph parameterization (see the proof of Lemma 2.2.1 for details).

Our first result about the Ricci flow starting from an embedded closed convex
surface in R3 is the following existence theorem.

Theorem 1.1.3 ([40] Theorem 1.3). If (X, d) is an embedded closed convex surface
in R?, then there exists a T > 0 and a smooth Ricci flow (X, g(t))ier) such that

the distance functions dgy induced by g(t) converge uniformly to d ast — 0, that is,

lim max |dy) (p, q) — d(p,q)| = 0. (1.1.4)

t—0p,geX

The difference between Theorem 1.1.3 and Theorem 1.1.2 is that we remove the

isometry coming from the Gromov-Hausdorff convergence in Theorem 1.1.2 when



the metric initial condition (X,d) is an embedded closed convex surface in R®. This
is due to that we can construct a sequence of smooth convex surfaces that approx-
imate (X,d) in Hausdorff sense (Lemma 2.2.1) instead of the Gromov-Hausdorff
approximation in Theorem 1.1.2. Since the Hausdorff convergence is stronger than
Gromov-Hausdorff convergence, we can prove some stronger results. In fact, remov-
ing the isometry is crucial for proving the uniqueness of such Ricci flow. Moreover,
we hope this improved smooth approximation to the metric initial condition can be
used to study the rigidity problem of closed convex surfaces in R? (see section 2.3).

In the following, unless otherwise specified, by saying that (X, g(t)):co,r) is a
Ricci flow admitting an embedded closed convex surface (X, d) in R? as metric initial
condition, we mean that it is a Ricci flow in the sense of Theorem 1.1.3.

The second result of chapter 2 is the following uniqueness theorem.

Theorem 1.1.4 ([40] Theorem 1.5). Assume that (X1, d;) and (Xs,dy) are two non-
degenerate embedded closed convexr surfaces in R® and f: (Xy,dy) — (Xz,ds) is an
isometry. Let (X1, 91(t))ico,r) and (Xa, g2(t))ico,r) be Ricci flows admitting (X4, dy)
and (Xa, ds) as metric initial conditions respectively. Then g1(t) = f*ga(t).

In Theorem 1.1.2, if we assume that (M, dgy)) and (N, dy)) converge uniformly
as t — 0 to metric spaces (M, d) and (N, d) respectively. Then from the existence
part of Theorem 1.1.2, both (M, cZ) and (IV, cZ) are isometric to (X, d), and so there is
an isometry ¢ between (M, d) and (N, d). But ¢ may not be differentiable, so it may
not be the diffeomorphism ¢ between M and N in Theorem 1.1.2. Here, when the
metric initial conditions are embedded closed convex surfaces in R3, Theorem 1.1.4

means that the Ricci flows obtained in Theorem 1.1.3 keep the isometries between



their metric initial conditions, which implies that ¢ = ¢ in this case. The main step
is to prove that the isometry between the two metric initial conditions in this case is
differentiable (Lemma 2.2.8). Therefore, the pull back metrics under this isometry
still satisfy Ricci flow equation. Then Theorem 1.1.4 follows from a uniqueness of
Ricci flow.

The motivation we consider the Ricci flow starting from embedded closed convex
surfaces is to use the Ricci flow to study rigidity of the convex surfaces in the sense
of Alexandrov. Pogorelov’s famous rigidity theorem [52] says that any two isometric
convex surfaces embedded in R? are congruent. This is the generalization of Cohn-
Vesson’s classical rigidity result [23] about smooth convex surfaces to Alexandrov
sense. Since there is no regularity assumption on such surfaces, Pogorelov’s theorem
is highly non-trivial. Pogorelov [55] gave a proof of the theorem by using his theory
of convex surfaces, but it is still inaccessible to many geometers. We hope to use the
results here to give a new proof of Pogorelov’s rigidity theorem from the PDE point
in the future.

1.2 Flow by powers of the Gauss curvature in space forms

Ricci flow is a kind of intrinsic flow since its description only needs the intrinsic
geometric quantities of the manifold. Another kind of parabolic flows in geometric
analysis is the extrinsic flows which describes the evolutions of an embedding of a
manifold into an ambient space. When the codimension of the submanifold in the
ambient space is one, the extrinsic flow is called a hypersurface flow. One important

hypersurface flow is the flow by Gauss curvature.



Gauss curvature flow was first introduced by Firey [27] to model the erosion of
strictly convex stones as they tumble on a beach. To obtain the model, Firey assumed
that the stones were of uniform density, that their wear was isotropic, and that the
number of collisions in a region was proportional to the set of normal directions of
the region. In this case the rate of wear is proportional to the density per unit surface
area of contact directions, which is the Gauss curvature. If we denote X the position
vector of the stones, K the Gauss curvature of the boundary surface, and v the unit
outer normal of the boundary surface. Then the mathematical formulation of the
problem is

X (x,7) = —-K(z,7)v(x,T)

This is the original Gauss curvature flow.
More generally, we consider the flow of convex hypersurfaces X (-,7) : M — R"*!

by powers of Gauss curvature:
X (z,7) = —-K*z,7)v(z,7), >0, (1.2.1)

with a strictly convex initial hypersurface, where X is the position vector of the
hypersurface, v(x,7) is the unit outer normal at M, = X(z,7) and K(z,7) is the
Gauss curvature at X (z, 7).

It was proved in [66] for v = 1, and in [21] for any o > 0 that the flow shrinks to
a point in finite time 7™ > 0 for any smooth strictly convex initial hypersurfaces M.
A Harnack type inequality for Gauss curvature flow of compact convex hypersurfaces
for all @ > 0, and an entropy estimate for o = 1 were proved in [22]. Hamilton [37]

used these results to get the sharp upper bound of Gauss curvature and the diameter.



The main interest is to understand the asymptotic behavior of the flows (1.2.1) as
the time 7 approaches the singular time 7.

When n = 1, = 1, (1.2.1) is the curve shortening flow, convergence to circle
was proved by Gage-Hamilton [28] for initial convex curve, and Grayson [31] for
general initial curve. Convergence to a circle was proved for n = 1 and a > 1 in
[4], for n = 1 and + < a < 1 in [6] with convex initial curve. For general n > 1,
Chow [21] analyzed the case o = £ and proved that solutions of the normalized flow
converge to the unit sphere as t — oco. The convergence to sphere when n =2, a =1
was established by Andrews in [2], see also [7] for the case n = 2 and 5 < o < 1.
The exponent a = %H is critical as it’s the affine curvature flow. In this case,

the convergence to ellipsoids was established by Andrews in [5] (see also [59] for

L 1) in [3] for a family of

n = 1). Convergence to solitons was established for a € (.25,

anisotropic Gauss curvature flows (more general situation). For the normalized flow
of (1.2.1) with strictly convex initial hypersurfaces in R"™ Vn > 1, the convergence
to solitons (self-similar solutions) was established for the case a = 1 by Guan-Ni
32], and by Andrews-Guan-Ni [9] for Vo > —5. In [9], the uniqueness of soliton
(round sphere) was proved when it is centrally symmetric. The final resolution of
the uniqueness of solitons of the normalized flow of (1.2.1) was obtained by Choi-
Daskalopoulos in [19] (+ < & < 1+ 1) and by Brendle-Choi-Daskalopoulos [12] for
all o > #2

Parabolic flows for hypersurfaces in general Remannian manifolds were also

considered by many authors. Generalization of flows by mean curvature in Eu-

clidean space to general Riemannian manifold [41] was a fundamental contribution



by Huisken. More recently, a new type of mean curvature flow in space forms was
introduced by Guan and Li [33]. Gerhardt [30] demonstrated a correspondence be-
tween contracting and expanding flows of hypersurfaces in the sphere. Andrews,
Han, Li and Wei [10] generalized Andrew’s noncollapsing estimates for curvature
flows in Euclidean space to fully nonlinear curvature flows in space forms.

It is natural to consider flows by powers of Gauss curvature in more general
ambient spaces. Very little is known except for the case a« = 1, n = 2 or a = 1,
n > 3 and initial hypersurfaces are axially symmetric [47].

In the second part of the thesis (chapter 3), we establish complete analogous

results of the flow by power of Gauss curvature in space forms:

Xo(w,7) = —K*(z,7)v(x,7), (1.2.2)

X(0) = Xo,

where v(x, 7) is the unit outer normal at X (z,7) and K (x,7) is the Gauss curvature
of M., N"*1(x) is the (n + 1) dimensional simply connected space form of constant
sectional curvature k = £1 (the tildes distinguish these from the normalized coun-
terparts introduced later). Below is our main theorem.

Theorem 1.2.1 ([17] Theorem 1.1). If X, represents a strictly convex smooth hy-
persurface in N""1(k), then for any a > 0, the initial value problem (1.2.2) has a
unique solution on a mazimum finite time interval [0, T*) such that the M, converges

1

. * ~ . .
to a point as T — T*. Moreover, for o > 5, My converges to a geodesic sphere in

Nt (k) in the C*-topology after re-scaling.



The theorem generalizes the known results in Euclidean space to space forms.
The first statement is a generalization of [66, 21]. The second statement extends
results in [32, 9, 12].

Our approach to flow (1.2.2) is to reduce it to a flow in the Euclidean space by
proper projections. Choosing the projection 7, (see details in section 3.1), the Gauss
curvature of the image satisfies (3.1.6). It suffices to consider the following type of

flow (the image of projection) in Euclidean space:

Xo(2,7) = —(1+ 6| X|2) 505 (1 4 k(X 0)2) "ot i Ko, (1.2.3)
where k = 1 when X (z,7) is the flow of convex hypersurfaces in S**' and where
r = —1 when X (z, 7) is the flow of convex hypersurfaces in H"** (the hat distinguish
these from the counterparts before the projection). It is well known that any strictly
convex hypersurfaces ]\24 in R"*! can be recovered completely from the support func-
tion u by M= {Vi + ux,z € S"}, see e.g. [60]. Then the support function satisfies

equation

~

G (2,7) = — (14 &(&2 + |Va?)" T 2 (1 + wi2) "2 “Fadet™(V2a + al).
(1.2.4)
For flow (1.2.4), we obtain the estimates of the lower bound of principal curvatures
and the upper bound of the Gauss curvature and pinching estimate of the inner and
outer radii.
The key in the proof is an almost monotonicity formula for associated entropies
considered in [32, 9]. In this respect, the normalized flow (3.3.6) of (1.2.4) will be

used in section 3.3. A crucial observation is the decay estimate (3.3.11) in section 3.3.
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. . A 5o\ 24l
It allows us to obtain a monotone quantity &,(€2;) + C(n,a, Xo)e 2w+ " along the

normalized flow (3.3.6) by modifying the monotone quantity used in [32, 9]. From
this, we can use the methods in [32, 9] to obtain a uniformly lower and upper bound
of support function. This in turn implies a uniform CZ%-estimate, and to conclude
that the normalized flow for any smooth initial convex body converges smoothly as
t — oo to a uniformly convex soliton. By the soliton classification result in [12],
we obtain that the limit is a round sphere. This implies the convergence of the
normalized flow in N"*!(x) for o > %H
1.3 A warped product metric and the Weyl problem

The Weyl problem is an isometric embedding problem in differential geometry.
It was introduced by Weyl [68] in 1916. The problem concerns the realization of a
closed surface (S?, g) with positive Gauss curvature as a convex surface in R?. More
precisely, suppose we have a closed surface M = (S?, g) whose metric g has positive
Gauss curvature K, > 0, can we embed M into R?® with induced metric exactly g
? The problem was solved by Nirenberg [48] and Pogorelov [53] independently for
smooth g. Before that, Levi [45] solved the problem when the metric g is analytic.
The problem also makes sense for more general ambient spaces. The problem in
hyperbolic space was considered by Pogorelov [54] for K, > —1, he also considered
the embedding into general 3—dimensional Riemannian manifolds [55]. The problem
has attracted renewed attention recently due to its relation to the definition of quasi-
local mass in general relativity [67].

In the third part of the thesis (chapter 4), we first give a new proof of the

closedness of Weyl problem by using the warped product metric introduced in [42].
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Theorem 1.3.1 ([39] Theorem 1). Suppose M = (S?,g) is a smooth closed surface
with positive Gauss curvature K, then T is closed, where T is defined in (4.2.15).

In [42], Tzmestiev also showed that the Euclidean embedding of (S?, g) is the
critical point of the Hilbert-Einstein (HE) functional (see (4.0.2) for the definition
of HE) in the warped product metric class related to the metric g. We will discuss
the variation and the stability of the HE functional at the critical point there. In
particular, we get the following result
Theorem 1.3.2 ([39] Theorem 2). Let § be the standard metric on S?, \/2p(0) = 1
(be the radial function of the embedding of (S%,0) into R® with origin at the center of
the embedding). Let n(x) be a smooth function on (S*,0) s.t. [, n(x)dd =0, e >0
small, A, = {p(t,z) = p(0) + tn(z) admissible|t € (—¢,¢), x € (S?,8)}, then p(0) is
a local mazimum of HE in A,.

The motivation for this part is that I hope the study of the warped product
metric there can develop some new insights into the quantitive rigidity and openness
of the Weyl problem. More precisely, the quantitive rigidity problem (or the stability
problem) concerns how much will two embedded convex surfaces differ in R? if their
intrinsic metric differ by € 7 This is a natural question in Weyl’s embedding problem.
On the other hand, Li-Wang [46] recently established the openness of the isometric
embedding into a warped product space. This combined with Guan-Lu’s result [34]
of closedness provided the isometric embedding of (S?, g) into (N3, g) which contains
no horizon. It is not clear if Li-Wang’s proof can be applied to the case when the
embedding contains a horizon, since their proof needs the path of the embedding

to keep the system elliptic when using method of continuity, while such a path is

12



not known yet in this case. This forms a barrier for its wide applications in general
relativity. I hope the research here can shed some lights for the openness of the
embedding when the embedding contains a horizon.
1.4 Notations and conventions
We conclude the introduction by introducing our conventions for notations in
Riemannian geometry which will be used throughout the thesis. The notations and
preliminaries used in each chapter will be introduced at the beginning of that chapter.
Let (M, g) be a smooth Riemannian manifold with metric g, V be the unique
Levi-Civita connection associated to g. For any smooth vector fields X,Y, Z on M,

we use the definition
R(X,Y)Z =VxVyZ —VyVxZ — VixvZ (1.4.1)

for the Riemannian curvature tensor.

Let (eq,...,e,) be alocal frame for the tangent bundle 7'M, we use the conven-
tion
R(ei, ej)er = Réjkel (1.4.2)
and
Riji = (R(ei, ej)er, er)g = R gmi (1.4.3)

for the index of curvature tensor.

We define the Ricci curvature and scalar curvature by

R;; = gkle‘klj
(1.4.4)
R = ginij

13



Moreover, let f be a smooth function on M, we use the notation

fij = VejVeif = €j(61f>, fijk = Vekvejveif = ek(ej(eif)), etc. (145)

for the higher covariant derivatives of f. In particular, we have the following Ricci
identity
fijk = fir = Ry fi
Jijkr — figie = Ry fmj + Ry fim

The organization of this thesis is as follows. In Chapter 2, we prove the existence

(1.4.6)

and uniqueness of the Ricci flow starting from an embedded closed convex surface
in R®. We give a short discussion of our plan to apply the result there to give a
PDE proof of Pogorelov’s rigidity theorem. In Chapter 3, we give the convergence
of the flow by o — th power of Gauss curvature to a point for @ > 0 and convergence
to a geodesic sphere after rescaling for o > #2 with initial smooth strictly convex
hypersurface in the sphere and hyperbolic space. In Chapter 4, we give a new proof

of the closedness of Weyl problem and discuss the corresponding variational problem.
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CHAPTER 2
Ricci flow starting from an embedded closed convex surface in R?

In this chapter, we prove the results on Ricci flow starting from an embedded
closed convex surface in R?. In section 2.1, we recall some basic facts about convex
surfaces in the sense of Alexandrov. Then, in the second section, we first prove the
existence result by constructing a sequence of smooth convex surfaces that approx-
imate the metric initial condition in Hausdorff distance (Lemma 2.2.1) and using
Theorem 1.1.1. Then we prove the uniqueness of such Ricci flow by giving an exact
expression of the initial metric (Theorem 2.2.7). Finally, in section 2.3, we introduce
our plan which aims to study the rigidity of convex surfaces by using Ricci flow.
2.1 Preliminaries

In this section, we recall some basic results about convex surfaces in the sense
of Alexandrov. These are mainly taken from [1, 55|, see also the Appendix of [58].

Let (X,d) be a metric space, it is called a geodesic metric space if any two
points a and b in X can be connected by a continuous path of shortest length on X.
Suppose (X1,d;) and (X, dy) are two metric spaces, an isometry between X; and

X5 is a bijection f : X; — X5 such that
d2(f((l>,f<b)> :dl(a’7b)7 fOT CLll a, bEXl-

Let a, b and ¢ be three different points in a geodesic metric space (X, d), we

define the comparison angle Zag as the angle at a of the triangle abé in Sy whose

15



sides have length dy(a,b) = d(a,b), do(a, &) = d(a,c) and dy(b, &) = d(b, c), where S,
is the Euclidean space, and d; is the standard distance in Sj.

Definition 2.1.1. Let (X,d) be a geodesic metric space, it is said to satisfy the
convexity condition if for any point a € X, and any two shortest paths (71(s))scjo,1]
and (72(8))sejo,r] in X parameterized by arc length issuing from a, the comparison
angle Zam?) is an non-increasing function of s and ¢.

Definition 2.1.2. Let (X, d) be a geodesic metric space, it is called a closed convex
surface in the sense of Alexandrov, if it is at the same time a compact topological
surface without boundary, and satisfies the convexity condition.

We also have the following equivalent definition.

Definition 2.1.3. A closed convex surface in the sense of Alexandrov is a geodesic
metric space (X, d) which is at the same time a compact topological surface without
boundary and a metric space with non-negative curvature in the sense of Alexandrov.

A geodesic metric space has non-negative curvature in the sense of Alexandrov
if its geodesic triangles are bigger than the geodesic triangles in Sy. To be more
precise, a geodesic metric space (X,d) has non-negative curvature in the sense of
Alexandrov if and only if the following condition is satisfied:

Let a, b and ¢ be any three points in (X, d), and m be any point on a shortest path
fromb toc. Leta, b and ¢ be points in Sy such that do(a,b) = d(a,b), do(a, &) = d(a, c)
and dy(b,¢) = d(b,c). If m is a point on bé such that do(b,7m) = d(b,m). Then
d(a,m) = do(a,m).

In the following of this chapter, we call a closed convex surface in the sense of

Alexandrov a closed convex surface if there is no confusion. By Toponogov’s theorem,
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every closed smooth surface with non-negative Gauss curvature is a closed convex
surface. The boundary of a convex set with the induced metric in R? is also a closed
convex surface (Theorem 10.2.6 in [14]). Alexandrov proved the following isometric
embeding theorem.
Theorem 2.1.4. (Page 269 in [1]) Any closed convex surface (X, d) can be isomet-
rically embedded into R? as the boundary of a (possibly degenerate) convexr body.
The following lemma will be used in the proof of Theorem 1.1.3. Its geometric
meaning is that the Hausdorff distance of two convex surfaces in R? controls their
intrinsic distance functions.
Lemma 2.1.5. (Theorem 2 in Chapter 3 of [1]) For every closed convex surface F'
and for every e > 0, there exists a & > 0 such that whenever the deviation of a closed
convex surface S from F' is less than 6 and the distance of some points X and'Y on

F from some points A and B on S are also less than §, we have
’dF<X7 Y) - dS(A’B)‘ <g,

where dp and dg are the distance functions on F and S respectively.
2.2 Existence and Uniqueness of Ricci flow

In this section, assuming that (X, d) is an embedded closed convex surface in
R3, we prove the existence and uniqueness of the Ricci flow that admits (X, d) as a
metric initial condition. As an embedded closed convex surface in R3, the smooth
topology of X and metric d are induced by the radial graph parameterization from
the unit sphere (S%,4), and the smooth approximation we construct are also from

this fixed parameterization.

17



2.2.1 Existence of the Ricci flow

In this subsection, we prove the existence of Ricci flow (X, g(t))ic(o,r) that admits
(X, d) as metric initial condition. First, we have the following lemma.
Lemma 2.2.1. Let (X,d) be an embedded closed convex surface in R®. Then there
exists a sequence of closed smooth convex surfaces {(X;, §;)}52, and bijections f; :
X — X; such that d;(x,y) converges to d(x,y) uniformly for x, y € X asi — oo,
where d;(x,y) = cil(fz(x), fi(y)), and d; is the distance on X; induced by §;.

The proof depends on Lemma 2.1.5 and the following lemma, which is about
approximating a convex body by smooth convex bodies in Hausdorff sense in R3.

Lemma 2.2.2. (Theorem 3.4.1 in [60]) Let € > 0 and let ¢ : [0,00) — [0,00) be a

£
2

/R p(lel)dz = 1.

If f: R3 = R is a support function, then the function defined by

function of class C* with support in [£, €] and with

f(z) = / flz+|z]2)p(|2])dz for z € R?
R3
is a support function of class C= on R*\ {0} and satisfies
dH(K7 K) < RE,

where K and K are convex bodies corresponding to support functions f and f re-
spectively, R > 0 is a constant satisfying that K C B(0,R) C R3, and dy is the
Hausdorff distance in R3.

We now prove Lemma 2.2.1.
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Proof of Lemma 2.2.1. Since (X, d) is closed, it is contained in a ball B(O, R) C
R3 for some R > 0.

Case 1. (X,d) is non-degenerate. Let K be the convex body enclosed by X,

then K is non-degenerate, there is a ball B of radius % contained inside K (enlarge

R if necessary). Take the origin to be the center of B and consider the dual body
K* of K. Then K* will stay inside the ball B(O, R). Let p : (S2,0) = X,z +

be the radial function of X. With an abuse of nation, we also use p to denote

p(x) = |z|. Then % will be the support function of K*. By applying Lemma 2.2.2

=1,2,...,), we obtaining a sequence of convex bodies K,

tof:%withsi: ! ;

2R

(i
such that dy (K7, K*) < . Let Kj = K; + B(O, &) be the Minkowski sum of K}

and B(O, 5;). We see that K is strictly convex and smooth, and dy (K}, K*) < 1.

2

Denote the support function of K; by %, then % is smooth,
1 1
— < —<2R 2.2.1
SRS, S (2.2.1)
for ¢ large, and
| ! L ]<d(K*K*)<1 Vr € (S?,6) (2.2.2)
: - >~ 0 i = T y Y e
‘o(z)  plz) i

Denote K; := (K})* be the dual body of K}, then p;(x) will be the radial function
of K;, and by (2.2.2) and (2.2.1), we have

I"p(z) — p(z)| < ﬁ, vz € (S2,6). (2.2.3)

7
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We denote the boundary of K; with induced metric in R? by (X;,g;). Then this

implies that (X;, g;) are smooth convex surfaces and that

2
Ay (X, X;) < ?. (2.2.4)

Moreover, let f; := p;op~': X — X;, ¥+ Iy, then (2.2.3) implies that
—  _2R?
|zz;|| < —, forall z € X, (2.2.5)
i
where || - || denotes the distance in R3.
Let d; be the distance function of X; defined by §;. From Lemma 2.1.5, for every

g > 0, there exists 6 > 0 such that

|di(Z4,§i) — d(Z,9)| <e. (2.2.6)

for all Z, j € X and &;, §; € X; s.t. |Z2;] < 0, |gg:] < 6 and dp(X;, X) < 6.
For such §, there exists N such that for i > N, 22 < §, and (2.2.6) holds by

i

(2.2.4) and (2.2.5). Since d;(%,7) = di(f;(%), £(i)) = ds(Z4, 5),
|di(z,9) —d(Z,9)| <e forall &, y€ X, 1> N. (2.2.7)

Case 2. (X,d) is degenerate, that is, it is a doubly-covered convex domain in a
plane. Suppose X lies in the xOy plane and the origin O is in the interior of X. Then
there is r > 0 such that the disk B(O,r) C R? is contained in X. Connecting the
point N; = (0,0, %), S; = (0,0, —1) with the boundary points of X, we get a sequence
of two-sided cones V; with height % Since V; are non-degenerate. By the arguments

in Case 1, there are smooth convex surfaces (Xi,czi) and bijections h; : V; — X;
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satisfying

4, (ha(), ha(@) — d (&) < & for all &7 € V. (2.2.8)

Let P : R® — R? be the projection onto the Oy plane. Then

43.5) < d(P @), P 3) < 22D for itz y e . (22.9)

where 6; is the largest angle between 2Oy plane and the segments connecting N;, S;

and the boundary points of X. Since B(O,r) is contained in X, tan 6; < # and then

—Coigi < —\/1;’72’“2 Thus for z, y € X and i large enough,

1 12002 1 12002
L dE ) < (P

w w

v, (P~(2), P~1(9))) —d(z,9)| < ( )diam(X).

Let f; = hjo P71 : X — X;, then for all 7, §j € X,

i (fi(@), f()) — d(z,7)]

Since the last terms go to 0, d;(f;(%), fi(§)) converge to d(Z,7) uniformly for all

Z,y € X as 1 — oo. We complete the proof of Lemma 2.2.1. O
Now we prove Theorem 1.1.3 by using Lemma 2.2.1.

Proof of Theorem 1.1.3. First, for a sequence of subsets in the same metric
space, Gromov-Hausdorff distance by definition is not greater than Hausdorff dis-

tance. Thus the Hausdorff convergence of (Xj, g;) to (X,d) in Lemma 2.2.1 implies
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the Gromov-Hausdorff convergence of (X;, g;) to (X, d). Suppose
diam(X,d) < D and wvol(X) =1y >0 (2.2.10)

for some positive constants D and 7. Since the diameter and volume are continuous
with respect to Gromov-Hausdorff convergence with curvature bounded from below
( see Exercise 7.3.14 and Theorem 10.10.10 of [14] ), and all the surfaces (X;, g;) and

(X,d) are convex, we have
diam(X;, 3;) < 2D and %wvol(X;) = — >0 (2.2.11)

for (X;, g;) with large i. By Bishop-Gromov comparison theorem, we get

vol(9By(z)) _ vol(%Byp(x))  Fwol(X;) 7
wol(By(@)) = vol(Bap(@))  vol(Bap(@)) = 200l(Bap () (2:2.12)
which implies that
vol (% By (x)) = DO% =1 > 0. (2.2.13)

Due to Theorem 1.1.1, we know that there are smooth Ricci flows (X, gi(t))tcio,n)
with ¢;(0) = g; satisfying

(ay) Ricci(gi(t)) =0 for all t € [0,T);

14

(1)) vol (%I By(z)) = = >0, forall z € X and t € [0,T);

zo
2
/ . K
(c}) sup|Riem(g;(t))| < " forall t €[0,7T);

(3

(d:f) dgi(S) (pv Q> - 02(\/% - \/§> < dgi(t) (pv Q) < GCI(t_S)dgi(s) (pa Q)7

forall0<s<tel0,T)andp, q€ X;,
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where K = K(1vp), ¢1 = ¢1(1p), ¢a = ca(1p) and T = T(14) are constants independent
of . Combining (¢}) and Shi’s higher derivative estimates [61, 62] with Arzela-Ascoli
theorem, there exists a subsequence (which we also denote by g;(t)) converge to a
metric g(t) on X, and (X, g(t))ico,r) is @ smooth Ricci flow. Let s — 0 in (dy), for

all t € (0,7) and p, ¢ € X, we have

di(fi(p), £i(q)) — oVt < dg,)(filp), fi(a)) < e di( f:(p), fi(a)). (2.2.14)

Since X; converge to X in Hausdorff distance and g¢;(t) converge to g(t) in local

smooth sense of (0,7"), by letting i — oo and using Lemma 2.2.1, we have

d(p, q) — caVt < dyy(p, q) < e™'d(p, q). (2.2.15)

The uniform convergence of dy to d follows by letting ¢ — 0 in (2.2.15). O
2.2.2 Uniqueness

In this subsection, we prove the uniqueness of Ricci flow that admits a non-
degenerate embedded closed convex surface (X, d) in R? as a metric initial condition.
In this case, up to a translation, we can always assume that the origin is in the
interior of the region enclosed by the surface. Hence the radial function of (X, d) is
bounded from below and above by positive constants. The main step is to give an
exact expression of the initial metric d (Theorem 2.2.7), which is used to improve
the regularity of the isometry between the initial conditions by Lemma 2.2.8.

Let (X, g(t))tcor) be the Ricci flow obtained in subsection 2.2.1. It is easy
to see that its Gauss curvature K, is positive. In fact, the non-negativity of the

Gauss curvature Kj, of the smooth convex surfaces (X;, g;) implies that the Gauss

23



curvature Ky, along Ricci flow (X5, gi(t))ico,r) is also non-negative by applying

maximum principle to the evolution equation of Ky,

0 .
EKgi(t) = Agi(t)Kgi(t) + |chgi(t)’{2]¢(t)‘ (2216)
From Gauss-Bonnet theorem for g;(¢) and the fact that g;(t) converges to ¢(t)

smoothly, for ¢ € (0,T), Ky is non-negative and satisfies

/ Kg(t)d‘/g(t) = 4r. (2.2.17)
X

Hence there must be a point g such that Ky is positive at zo. Then the strong
maximum principle implies that K, is positive everywhere.

Fix ty € (0,7) and denote (X, g(t9)) = (X, g¢,). By the Uniformization theorem,
there is a conformal equivalence (holomorphic isomorphism) ® : (S, ) — (X, g4,),
where h is a smooth metric of positive constant curvature, i.e. ®*(gy,) = ™) h(z)
for some smooth function (g, ) on S%. On the other hand, the 2-dimensional Ricci

flow can be written as

0

ag(t) = —Ry9(t). (2.2.18)

t
Hence we can write g(t) = e~ Jio Ra® 0 .= &(t, 2)gy,, which implies that

g(t) = @(t,x)(@‘l)*(eﬁ(to’m)ﬁ(x)) = dj(t,x)eﬁ(to’é_l(“))ﬁ(fb_l(x)) = e2u(t’z)h(x).

where h(z) := h(®"'(z)) and u(t,z) = ln("v(t’x))”Lg(to’qu(@). We call u(t) := u(t, x)
the conformal potential along Ricci flow (X, g(t))ie(o.r)- Since g(t) = e**h(z) and
metric h(z) is fixed, Ricci flow (X, g(t))ic(0,r) keeps the conformal class. Here we

obtain u(t) and h(x) from the limiting Ricci flow (X, g(t))sc(o,r) directly. They are not
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the limits of u;(t) and h;(z) along the smooth approximation flows (Xj, g;(t)):cpo,r)
as 1 — 00.

From (2.2.18), the evolution equation of u(t) reads

Ou(t)
ot

_ 6_2u(t)(AhU(t) _ Kh) — _Kg(t)' (2219)

Since Ky is positive, u(t) increases as t decreases to 0, and then u(t) > u(T) for
t € (0,T]. Tt is proved in Lemma 2.2 of [58] that u(t) is bounded in L'-sense and
converges to an integrable function wug(x) in L'-sense. Here, we prove that u(t) is
bounded for ¢ € (0,7 in the classical sense, so ug(x) is also bounded in the classical
sense.

Before starting the proof, we remark that due to Proposition 0.6 in [58], every

Ricci flow (X, g(t))sc(0,r) admitting (X, d) as metric initial condition can be obtained
through the process in subsection 2.2.1. Hence we only need to consider the unique-
ness for the Ricci flow obtained in subsection 2.2.1.
Lemma 2.2.3. Assume that (X, d) is a non-degenerate embedded closed convex sur-
face in R3. Let (X, g(t))ieo.r) be a Ricci flow admitting (X, d) as metric initial con-
dition. Then the conformal potential u(t) along (X, g(t))tc(o,r) is uniformly bounded.
Thereby ug(x) is bounded on X .

To prove this lemma, we first show the uniform equivalence of the smooth ap-
proximating metrics g; obtained in Lemma 2.2.1.

Let (X, g) be a smooth embedded closed convex surface in R and p be the radial
function of (X, ¢g). Then the induced metric g and the second fundamental form 77

with respect to the radial graph parameterization from the unit sphere (S?4) can
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be written as

9ij = P05+ pip;,
1 2

—m(ﬂ 0ij + 20ip; — ppij) (2.2.20)
3

=—L (v +vdy),

VP + | Vpl?

where v = %, the derivatives are taken with respect to the connection of (S?, ).

Since (X}, g;) have the same radial parameterizations from (S?,6) as (X,d), g; can
be written as the form in (2.2.20). Now we prove that g; are uniformly equivalent to
0 in Lemma 3.3.
Lemma 2.2.4. There is a uniform positive constant C' such that

1 - .

65 < g <Co  forlarge . (2.2.21)
Proof. Let "p be the radial function of (X;, g;) and ‘v = %. We claim that

néglxﬂv )2+ ?) < max w2, (2.2.22)

Define f = |V “|? + (1 +n) “? for n > 0. At the maximum point of f,

0=Vif =Vi(IV )+ (1 +n) @?) =2 vy + (1+1) ‘i) (2.2.23)

Since (X;,§;) is convex, ( ‘II;;) > 0 and thus (‘v; + “vd;) > 0. Then we have

(‘oy; + (1 + 1) “wdy;) > 0. Hence Vo = 0 at the maximum point of f, which implies
mSzle(|V WP+ (1+n) ) < (1+7n) max w2, (2.2.24)
Let n — 0, we complete the proof of the claim.
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Since the origin is in the interior of the region enclosed by (X, d) by assumption
and (X;, g;) converges to (X, d) in Hausdorff sense, there exists a constant C' such
that for large 1,

1 )
— < ip<C. 2.2.25
oS’ ( )

From the claim, |V p|? are also uniformly bounded for large i. Taking trace with
respect to 0 on both sides of (g;);; = “p*d;; + ‘o1 ‘pj, we conclude that there exists

a uniform constant C' such that

1
trsg; < C and trsg; > c >0 for large i. (2.2.26)

Therefore, there is a uniform constant C' such that
—0< g, <Co (2.2.27)
for large 1. O

Next, we extend this equivalence to Ricci flow.
Lemma 2.2.5. Let (X, g(t))tcjo,n be a 2-dimensional smooth Ricci flow with initial

metric go, then we have

dvgo 2

g(t) <e"Tgy and trymgo < Lo(——2-)?,
dVy(r)

(2.2.28)

where —Ly s the lower bound of Ry,, and Ly is a positive constant which depends

on Ly, T.
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Proof. Applying maximum principle to the evolution equation of the scalar curvature

Ry
0

57 o = By Ry + 2| Ricg)|2 ), (2.2.29)

we get

Ry > Ry > — L. (2.2.30)

In dimension 2, Ricci flow can be written as

9 9(1) = ~Ryoa(t) < Lglt). (2231)

Hence we have g(t) < el1lgy and get the first estimate in (2.2.28).

For the second estimates, we need the following inequality.

detg,
detgs

(det91
n

detgs ) (trg,92)" ", (2.2.32)

1
)“ <tro,on <n(

where ¢g; and g, are any two smooth n-dimensional metrics. In our case,

detgo
detg(t)

AV, \2
trotgo < 2( 5 ) (trg09(1) = 2( 52 ) (trg09(1)). (2.2.33)
dVy(s)
Hence we only need to prove that dVy) is bounded from below uniformly. The

volume form evolves as

0
5t WVotn = —RdVy) < LndVy(e), (2.2.34)
which implies that e~ L1*dV, ;) decrease and then dVyy = e L1 T=YdV,ir) > e 11T dV, .

So we have

tromdo < 4(%%” (2.2.35)
g(t) 0= e_Lle‘/g(T) . WL
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Let Ly = 4e3"7 we complete this Lemma. O

For the sequence of smooth Ricci flow (Xj, gi(t))tejo,r] with g; as initial condition,

we have by Lemma 2.2.4 and Lemma 2.2.5, that

dVi
d‘/;h‘ (1)

gi(t) < C§ and  try,ud < 4C3( )2 (2.2.36)

where C' is the constant in Lemma 2.2.4. Letting ¢ — oo gives

dv;
g(t) S C3 and  trymd < 4C*(—=———)% for t € (0,T), (2.2.37)
dVy(r)

which is equivalent to

1

A5 <g(t)<Cd forte (0,7, (2.2.38)

where A depends on C' and T'. In fact, we proved the following Lemma.
Lemma 2.2.6. Assume that (X,d) is a non-degenerate embedded closed convex sur-
face in R, Let (X, g(t))eor be a Ricci flow admitting (X,d) as a metric initial

condition. Then there exists a positive constant C' such that

1
55 <g(t)<C§ forte(0,T). (2.2.39)

Now Lemma 2.2.3 follows immediately.

Proof of Lemma 2.2.3. Since g(t) = e**®h(z) is uniform equivalent to & for
t € (0,7], u(t) is uniformly bounded. Since u(t) increases to ug as t decreases to 0,

ug 18 also bounded. O
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Next, for an L'-function « and a smooth Riemannian metric h on M, there is a

metric dy,,, defined as

dpu(z,y) = inf /1 O3 (1) |pdr, (2.2.40)
v€l(z.y) Jo

where I'(z, y) is the space of C! paths v from [0, 1] to M with v(0) = z and 7(1) = y.

This metric was studied by Reshetnyak [56]. For more details, please see the appendix

of [58].

In [58], when (X, d) is a compact Alexandrov surface with curvature bounded
from below, the metric dyq) induced by g¢(t) (here, g(t) is a Ricci flow on M with
metric initial condition (X, d) in the sense of Theorem 1.1.2) converges to dj,,, uni-
formly, where ug is the L'-limit of the conformal potential u(t) along Ricci flow
(M, g(t))icor as t — 0 in [58]. But d may not be dj,, there. In fact, we can only
conclude that (M,dy,,,) is isometric to (X, d) from the Lemma 2.4 in [58]. In our
case when (X, d) is a non-degenerate embedded closed convex surface in R?, we can
prove that indeed d = dj, 4, .

Theorem 2.2.7. Assume that (X,d) is a non-degenerate embedded closed convex
surface in R®. Let (X, g(t))em be the Ricci flow admitting (X,d) as a metric

initial condition and u(t) be the conformal potential along (X, g(t))ico,r- Then
d = dp,. (2.2.41)

where ug(x) is the pointwise limit of u(t,x) as t — 0.
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Proof. By definition (2.2.40), and the definition of conformal potential g(t) = e“(»®)h(z),

we have

1
A (0,) = intf / D ()i

vET (z,y)

— inf /w oty = dyoy ().

vET (z,y)

(2.2.42)

From the proof of Lemma 2.4 in [58], dj, () converges to dp,,, uniformly as ¢t — 0.
Since dg ) converges to d uniformly as t — 0 on X, then (2.2.41) follows by letting
t — 0 on both sides of (2.2.42). O

We now prove a regularity lemma for the isometry between the metric spaces
(X1,e*hy) and (Xs,e?“2hy), where u; and uy are two bounded functions, and hy
and hy are pull back metrics of two metrics on S? with constant Gauss curvature.
Lemma 2.2.8. Assume that F : (X1,e*1hy) — (X, e*2hy) is an isometry. Then
F' is differentiable, where uy and us are two bounded functions, and hy and ho are

two pull back metrics of the metrics on S* with constant Gauss curvature.

Proof. Since F' is an isometry and uy, us are bounded, F' is bi-Lipschitz with respect
to hi, hy. Then F is differentiable almost everywhere. Write locally hy = A;(du? +
dv?) and hy = Ao(dz* + dy?) for some positive functions \; and \y. At differentiable
points of F', we have
2\ (du? + dv®) = e hy = F*(e*2hy) = e*2°F(\y 0 F)F*hy
= " (X 0 F) ((zudu + 2,dv)* + (yudu + y,dv)?)
= e*F(N\y o F)((2} + y2)du® + (2} + y2)dv*

+ 2(zy 2y + YuYo)dudv)
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Since u; and us are bounded functions, we have
_ 2 2 _ .2 2
TyTy + Yuly =0 and T, + Y, =T, + Yy, (2243)

which is equivalent to the fact that

Ty = —Yp and T, =Y, O Ty = Yy and T, = —,. (2.2.44)
‘/E'UJ ‘/E'U
In the former case det = —z2 — 22 < 0 at differentiable points and F
Yur Yo
. . . . . . xu? x'U
is orientation-reversing, while in the later case det =22 +22 > 0 at
Yus Yo

differentiable points and F' is orientation-preserving. Since X; and X, are both
orientable ( since they are both topologically S? ), thus only one case can happen in
a small open coordinate chart U. Without loss of generality, we may assume F' is
orientation-preserving, so that x, = y, and x, = —y, almost everywhere in U. Then
we know that F' is differentiable everywhere in U by the analytic extension theorem

n [11]. Since U is arbitrary, we know F' is differentiable everywhere. O

Since wu(t) increases to up and both of them are bounded, by using (2.2.42)
and Lebesgue’s monotone convergence theorem, we conclude that d equals to dj,,,
which is the metric induced by e?*0h. Now we can apply Lemma 3.7 to the isometry

between the initial conditions.

Proof of Theorem 1.1.4. By Lemma 2.2.7, d; = dp, ., (i = 1,2) is the met-

ric induced by e*ih;, where u; = Pr% u;(t), u;(t) is the conformal potential along
—
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(X3, gi(t))te(o,r) and h; is the pull back metric of a metric on S* with constant Gaus-
sian curvature.

From Lemma 2.2.8, the isometry f is differentiable. Then (X7, f*g2())ic(o,r) is
also a Ricci flow admitting (X7, d;) as metric initial condition in the sense that the
distance function induced by f*gs(t) converges uniformly to d; as ¢ — 0. By using
Proposition 0.6 in [58], we have g1(t) = f*g2(t). O
2.3 Further discussions

In this section, we introduce our plan which aims to study Pogorelov’s uniqueness
theorem by Ricci flow.

Pogorelov’s uniqueness theorem [52] states that any two closed isometric convex
surfaces in R?® are congruent. It is a generalization of the classical Cohn-Vesson’s
rigidity theorem [23].

Our basic idea to study this theorem is to use Ricci flow to construct two families
of smooth convex surfaces approximating the two isometric closed convex surfaces in
Pogorelov’s theorem. We then apply Cohn-Vesson’s rigidity theorem to the smooth
surfaces and take a limit as ¢ — 0 to see if “the limit of Cohn-Vesson’s rigidity
theorem will imply Pogorelov’s rigid theorem”. More precisely, given two isometric
embedded closed convex surfaces (Xi,d;) and (Xs,dy) in R?, Theorem 1.1.3 im-
plies that there are two Ricci flows (X1, g1(t))ico,r) and (Xaz, g2(t))tc(o,r) admitting
(X1,dy) and (Xs,ds) as metric initial conditions. Then for every positive time ¢,
we embed the Ricci flow (X7, ¢1(t)) and (X2, g2(t)) smoothly and isometrically into
R3 as (X}, G1(t)) and (X%, Go(t)) respectively. The validity for these embeddings is

due to the fact that (X7, ¢1(¢)) and (X3, go(t)) are smooth strictly convex surfaces
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and the solvability of Weyl’s problem proved by Nirenberg [48]. By Theorem 1.1.4,
(X!, G1(t)) and (XE, Go(t)) are isometric. Then Cohn-Vesson’s rigidity theorem im-
plies that there is a congruence F'(t) € O(3) between them. We hope to investigate
the limits of (X!, G1(¢)) and (X Go(t)) as t — 0. If (X!, Gy(t)) and (X%, Ga(t))
converge to (Xi,d;) and (Xs,dy) in Hausdorff distance up to an isometry in O(3)
respectively, the compactness of O(3) will imply the congruence between (X, d;)

and (XQ, dg) .

34



CHAPTER 3
Flow by powers of the Gauss curvature in space forms

In this chapter, we show our result about the flow by powers of the Gauss
curvature in space forms. In section 3.1, we will recall some basic facts which will
be used later in this chapter. In section 3.2, we prove the flow (3.2.1) converges
to a point in finite time 7" > 0 for a > 0. As a corollary, we prove that the flow
(1.2.2) converges to a point at finite time 7 for a > 0. In section 3.3, we obtain the
modified monotone quantity and the a priori estimates of the normalized flow. In
section 3.4, we prove the normalized flow in N"*1(k) converges to a geodesic sphere

centered at the extinct point ¢y for a > n%rz

3.1 Preliminaries

In this section, we present some basic facts about space forms and the stereo-
graphic type projections which will be used later.

Recall that N"™!(x) is the n + 1 dimensional simply connected space form of

constant sectional curvature xk = +1. In the geodesic polar coordinates, the metric

of N"*1(k) can be denoted as
g =dp® + ¢*(p)dz*, (3.1.1)
where ¢(p) = sin(p), p € [0,7) when k = 1; and ¢(p) = sinh(p) when x = —1; and

dz? is the standard induced metric on S"™ in Euclidean space.
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Let © be a convex body in N"™(x). Suppose M = 01 is smooth and strictly
convex, denote the metric and the unit outer normal of M by g;;, and v respectively.

Let h;; be the second fundamental form of M with respect to v and u = ( a%a v)

the support function of M. Suppose ¢ € M and, there is an open subset N of M

containing ¢ such that <a%= v) is strictly positive or negative ( doesn’t change sign )

in A/, then A/ can be represented as a radial graph locally. As a local radial graph,

it is well-known (see e.g. [33]) that in N/

9ij = pip; + ¢25z‘j7
o, 0 Vp

v=lg, " ) (3.1.2)

hij = o(\/¢* + ’VP|2)_1(—¢P1‘J' + 2¢’Pz’ﬂj + ¢2¢/(5i]’),
where p; = V;p and V is the covariant derivative on S™ with respect to an orthonor-

@, o =1 when (Z,v) >0, and ¢ = —1 when (Z,v) < 0.

mal frame, w = 3 95’ 95

Therefore, the Gauss curvature of N is given by

.. n — g "0ip; 2¢/6;
g = dethy _ 0" det(=0py +20'pip; + $*0'5y) (3.1.3)
det ij (¢2 + ‘VpIQ)T¢2n72

To investigate the flow (1.2.2) in N"*(k), we project it to the tangent plane
of N"*1(k) at a certain point. The sterographic projection can be found in many
references, see e.g. [29, 35]. Here we describe it briefly for completeness.

When k = 1, N*T!(k) = S™"L. For any p € S"™, denote H(p) = {z € S"™ :

dsn+1(p,2) < 5} the open hemisphere centered at p. We consider the projection m,
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of H(p) onto the tangent plane L, of S"*' C R™"*? at p, defined by

z

Wp:zGH(p)Hm

€ L, (3.1.4)

where (-,-) denotes the inner product in R"*2. For a strictly convex hypersurface
M C S™*!, it must enclose a convex body and is contained in a hemisphere H, see,
for example [26]. Suppose H = H(p) is centered at p, we can use the above projection
T, to project M onto L,,.

When x = —1, N**!(x) = H""! is the hyperbolic space. For any point p € H" !,

we can consider H"*! as a submanifold of R"™2? with vertex p,

n+1

H = (@1, Tng1, Toya) € R””\xiﬂ o fo = 1,240 > 0},
i=1

and

p=1(0,...,0,1).

Let L, be the tangent plane of H"™ at p, we define 7, as

T,z € " €L, (3.1.5)

(z,p)

Note that if 2 = (z1,..., 241, Tnya) € H', then my(2) = (z:;, . ;Zi;, 1). Thus,
m,(H" ™) is contained in the unit ball B"*(p, 1) of L, centered at p.
Lemma 3.1.1. Let M be a closed smooth strictly convex hypersurface in N™ ™ (k),

Q be the set enclosed by M. Let 7 := m, be defined as above and Q = 7(Q) C L,

be the image of Q under the projection, @ : S" — R, x — sup{(y,z) : y € Q} be the
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support function of Q, and K be the Gauss curvature ofM .= 0. Then

1+ k(a2 + |va|2))# .

K(q) = ( e K(n(q), VgeM. (3.1.6)

where x € S™ is the unique point such that 7(q) = Vu + ux.

Proof. For the case k = 1, [35] gives a detailed proof. We give a proof for the general
case of space forms.

We identify the tangent plane L, with R"™! and choose p as the origin of R™*.
Recall that p(q) is the geodesic distance from ¢ to the origin, let 7 be the Euclidean

distance from the origin. It is easy to see that

t , =1,
r = ﬂ = an(p), # (3.1.7)

/
¢ tanh(p), k= —1.

Since M is strictly convex, we claim that the co-dimension of the set Z = {¢ €
M|u(q") = 0} is at least one. In fact, let V9 denote the gradient of M, ®(p) =
I é(s)ds, then Viu = th?CD (see e.g. [33]). If V9u = 0, then V9 = 0. On the
other hand, u? + |V9®|? = ¢? so {¢' € Z|VIu(q) = 0} = {¢ € M|é(q) = 0}, i.e.
a single point. If V94 # 0, then the set {¢’ € Z|V9u(q’) # 0} is co-dimension one
by the implicit function theorem. Thus the claim is true. For ¢ € M\ Z, there is a
neighbourhood A of ¢ in M such that u > 0 (< 0) in AV, and N can be represented
as local radial graph. Moreover, @ > 0 (< 0) in N = 7(N) if and only if u > 0(< 0)
in NV, and N can be represented as a radial graph in the polar coordinates of R"+!

with origin p.
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Similar to (3.1.2) and (3.1.3), we have in A that

gij = TZ‘TJ' + 7’2(51‘3',
o Vr
r2 4 |Vr2or 1

Bij = O'(\/ 7"2 + |v7“|2)_1(—’l"7‘ij + 27"7;7"j + 7257?]')7

f = dethy _ o™ det(=rry + 2, 4 1%6y;) (3.1.9)
det i (r? +|Vr[?) 2 22

v =

), (3.1.8)

where g;;, U, Bij and K are the metric, the unit outer normal, the second fundamental
form, and the Gauss curvature of M respectively.

On the other hand, by (3.1.7) and the fact that ¢> — ¢¢” = 1, we get

s o"det(—rry + 2nr; :ffij), (3.1.10)
r2n=2(r2 £ ¢2|Vr|2)* 2"

Moreover, since ¢(p) = sinh(p) for k = —1, ¢(p) = sin(p) for k = 1, thus r? = ;;,22 =
K(gm — 1), ie.
1
2
= —. 3.1.11
¢ 1+ kr? ( )
Comparing this to (3.1.9), we get
K 2 2 nt2
- (%) ’ (3.1.12)
K r2 + 1Vl

1+rKr2

It is well known that for x € S™, x is an unit outer normal of hypersurface defined
by Vi + tx e N, thus
r? =4% + |Val?, (3.1.13)

(3.1.14)

N
u(x)_<rgﬂy>_\/w

39



Plugging the above two equations into (3.1.12), we get

n+2

K <1~|—/<c(ﬁ2+\Vﬁ\2)> ;
B 1+ ka2 '

(3.1.15)

~

K

This proves (3.1.6) for ¢ € M\ Z. Since M \ Z is dense in M, (3.1.6) holds for
q e M. O

Let X (7) be a family of hypersurfaces evolving by the flow (1.2.2). Suppose we
can represent X (7) as {(j(z,t)z,2)} as a radial graph locally over S" in the polar

coordinates with center p, then we obtain the scalar curvature flow equation (locally)

b= —K°Q, (3.1.16)

?(p)*+|Val
»(p)

Suppose that (1.2.2) exists on [0,7%*). Then we can project X(7) into Ly,

where © =

through the projection 7,,, where py is the outer center of X (0).

Lemma 3.1.2. The image X () := m,,(X (7)) evolves by

X, = —(1+&[XP) T s (14 1(X,0)2) T 2 K%z, )0,  7€[0,T%), (3.1.17)
where K and i are the Gauss curvature and the unit outer normal of X (1) respec-
tively. The support function satisfies

2 29 219\ 2244 L 2oy_nt2,4 1 = o *
ur(x, 7)== (14 r(u”+ |Vu|?) 2 *T2(1+ ku”)" 2 “T2 K%z, 1), T € [0,77).

(3.1.18)

Proof. Since X is strictly convex, X (1) will stay strictly convex on a short time

interval [0,48). Thus, there is a set Z(7) C X(7) of measure zero, such that X (7)
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can be represented as local radial graph and (3.1.16) holds on X (7)\ Z(7). Plugging

(3.1.7) into (3.1.16), we get the evolution equation of 7

~ ~92\2 ‘VIFP ~9\ T
7r = —1/ (1 + K72) —1—7(14—%&7“ VK (3.1.19)

holds in X (7) \ Z(r) for 7 € [0,0).

Note that &(Ig” = f(z’g)T, by Lemma 3.1.1, we obtain
Gr(z,7) = — (14 K(62 + |Va|?) 30 2 (1 4 ki)~ P2 K (2, 7)

holds in X (7) \ Z(r) for 7 € [0,8). This is the evolution equation of the support
funtion when the hypersurfaces evolve by (3.1.17). By applying Lemma 3.2.3 with
T = 0, we obtain that the principal curvatures of )% have a uniform positive lower
bound &, depending only on n, a, Xo. This implies that X (7) is uniformly convex
on [0,8]. Then repeating this process, (3.1.17) and (3.1.18) hold on X (7) \ Z(r) for
any 7 € [0,7%). Since Z(7) is of measure zero for any fixed 7 € [0,7*), this finishes

the proof. O

3.2 Convergence to a point

In this section, we prove that the flow (1.2.2) converges to a point in finite time
T* > 0. This is proved by proving the image flow of its projection in R™*! converges
to a point at T™. More generally, we prove the following theorem.
Theorem 3.2.1. Suppose {):((7')} C R s a family of hypersurfaces in R™!
evolving by

X, = —$((X,0), 0, V(X, ) K*(X, 7)0, (3.:2.1)

>
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with X (0) = X, strictly convex, where K, D are the Gauss curvature, and unit outer
normal ofX respectively, o > 0 is a positive constant, b : (R x TS") — R is a

smooth function satisfying

Loy<a
A (3.2.2)

[¥llc2 < A,
for some positive constant A > 0 as long as the flow (3.2.1) exists. Then the flow
(3.2.1) converges to a point in finite time T* > 0 with T* depending only on n, «, )2'0
and A.
When we consider the flow (3.1.17), ¢ = (1+/<;|):(|2)nTH"+%(1+H<)%, D))"t ets
is uniformly bounded from below, since the flow is contracting.

Corollary 3.2.2. The flow (1.2.2) converges to a point in finite time T* with T*

depending only on Xg,n, a.

Proof. Let py be the outer center of X, we consider the projection Tpo Of X (1) into
L,, on [0,7*). By Lemma 3.1.2, the image )2'(7') = 7, (X (7)) will evolve by (3.1.17),
which is a special case of (3.2.1) with ¢ = (1 + /{|)£(|2)"T+2°‘+%(1 - /4;()%, D)2)~ "3ty
We can check that )%0 is strictly convex and v satisfies (3.2.2). By Theorem 3.2.1,

X (1) converges to a point ¢ in finite time 7 > 0. Thus, WZ;JI(X'(T)) converges to the

point 7, (). O

Next, we prove Theorem 3.2.1. Note that under the flow (3.2.1), the support

function u evolves by

—(tt, x, Vi) K*(x, 7). (3.2.3)

o
‘1
I
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Lemma 3.2.3. Suppose ¢ satisfies (3.2.2), then under the flow (3.2.1), there exists a

constant g = go(n, a, A, X()) > 0 such that the principal curvatures f; of X satisfies
ki >e0, T€E0,T), (3.2.4)

for any T < T* fized, where T* is the mazimal existence time of (3.2.1).

Proof. In the following of the proof, we omit and and use ¢ instead of 7 for simplicity.

Let (Wi;) = (ui; + ud;;) be the inverse of the Weingarten matrix of X, whose
eigenvalues (A1, ..., \,) are the principal radii of curvature of X. To prove the lower
bound of k;, it suffices to prove the upper bound of A\(z,t) := max;—;__, \i(z,1).
We consider the function G(z,t) := log A 4+ L%, where L > 0 is a large constant
to be determined. Suppose the maximum of G on S™ x [0, 7] is attained at (z9, ),

we choose a local orthonormal frame ey, ..., e, around xy such that {W;;(z,t)} is

diagonal at (zo,t) and Wiy (zo,to) = A (x0,%0) = A(zo,to). Then the function
L,
G(x,t) :=log Wy (z,t) + 5" (3.2.5)

also attains its maximum at (z,%). Let (W%¥) = (W;;)~* be the inverse of (W;;),

FP1 = qip K*WP1 then at (xo,t)

Wi =(u11 + u)y
= — K[ + Yutiny + u,ting + Yoy, + Yuatt] + Puyun uly + 200,00

+ 20Uy 011 + 200 ur1ur — 20W Wiy (Y, + ytiy + Py, ur)
+ YW Wi1)? + ap WHWIIT2

ig1

- Mﬂwiimz}n]'
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Using the formula for commutating covariant derivatives on S", we have at (xo, ),

Wit = Wiy,

Wiiin = Wi + Wi — Wi,

Thus
Wire — FPWiipp
= — K[ + W1 — Yot + Yy Witi — thu, w1 + Vayay + Yuutl + Yuy Wi
— 200, Wit + Yy, 0 4 200, 4ty + 20,0, Wit — 20,0, u (3.2.6)
+ 20y Wity — 20, utty — 20W Wiy (g, + iy + by, Wi
— Py, u) + YW Win)® + apWWHWE + ap W (W — Wy)].

On the other hand, we have at (zo, to)

r2 = 2uuy + 2y = — 2K [uy) + i + Y| Vul? + P, uiu; — apWPPW, ],
(r®)pp = 2(Whitts)p = 2Wppiti; + 2W2 — 2uW,,,
which implies
= ),
= — 2K°[ut) + g, u; + Vo |Vul? + Yy uiu; + ap WP (WS — ulWy,)] (3.2.7)
= — 2K*[(—na + D)ut) + g, u; + o |Vul? + P, usu; + apW,].

By maximum principle, at (zg, %), we have

L
Wlli = _§W11<702)i - —LWHWiiUi, (328)
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and

0 <G, — FG,,

Wity — F?PWiy Wi, L
— ) PP p (2 PP 2
W]_]_ + Wl21 + 2 (Tt (T )PP)

Wi
- - KO‘ [,L/}’Uzlul Wll + wqu—llll + wu - 2¢u1u1u + 2¢x1u1 + 2¢uu1U1

1
+ —(1/} - wuu - ¢u1u1 + %m + wuuu% + ¢ululu2 + 21/}331uu1 - 2¢x1u1u - zwum uul)

Wll

Vg, + Putn — ¢ulu) + a2 w(W“VVm)Z n @Z)WiinjWi%l

«
W

- QQWiiVI/iil(wul + Wi Wi

W w.
+ oW1 = o) - ap WP —12 4 (1 — na) Lutp 4+ Libg u; + L, |Vul?
11

+ Lpy Wiiu; — Lapy,uu; + aLpW,,]

%1 + ¢uU1 - wmu

< — K*[—C(n,a, A, L, Xo) + Puyu, Wi1 — Ly, Wiiu; — 20W Wiy (¥, +

ALY WHEW IS 2 y
QQw(WWYM) —|—Ozw WH z]l_}_awwuu_

+ Ly, Wiu; + aLpW,,)]

Wi

Wi' W121p

+ — apWPP
WH) 0
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where we used (3.2.8), (3.2.2) and the fact that u* < u? +|Vu|* < C(Xp) in the last
step since the flow is contracting. By Cauchy-Schwarz inequality;,
Gy — FG,,

< - KO‘[—C(TL, a, A’ Lv XO) + (wuﬂn - C(n, «, A> XO))WH

W2 W2
MWW ap WP —L 4 o LW,
W Wi (3.2.9)
S - Ka[—O(n, «, Av L7 XO) + (wmm - C’(n, «, A7 XO))WH
¢WiiW11W2i W121
+ OZW—HH — Oﬂ/)WPp—Wflp + QL¢pr]

< —K*-C(n,a,A, L, Xy) — C(n,a, A, Xo)Wi1 + aLypWh4].

Since ¢ > % > 0 is bounded from below by (3.2.2), we can take L > Ci(n, a, A, X;)

sufficiently large such that Wy; < Cy(n, a, A, Xg). This implies that
Az, t) < Cy(n,a, A, Xp). (3.2.10)

O

Lemma 3.2.4. Suppose 1) satisfies the condition (3.2.2), and the inner radius 1:((3(7))

A A A

and outer radius r1 (7)) satisfies 0 < ro < r_(Q(1)) < r (1)) < ry forT €[0,T],

then there is a constant C(n, a, Xy, A) s.t.

2 2 1
YKz, 1) < C(n,a,XO,A)E max{m,magcwl(“} (3.2.11)
7”0 TO T=

for (z,7) € S* x [0,T].

Proof. In the following of the proof, we omit ~and , and use t instead of 7 for

simplicity.
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First, by the definition of inner radius, there is a point zy € Q(T) s.t. u,,(z,T) :=

u(z,T) — (29, ) > 1o, Vx € S". Since X is a contracting flow, we also have

Uy (2, t) = ulx,t) — (20,2) > 19, (2,8) €S" x[0,T]. (3.2.12)

Consider the function @ = —" on (x,t) € S" x [0,7]. Suppose that @ attains
207 2

its maximum on S™ x [0, 7] at (xo,to), then log @ will also attains its maximum at

(zo,t0). If tg = 0, then we are done. Suppose ty > 0. A direct computation shows

(—Ut)t Ut

| = _
( 0g Q)t — Uy — %)7
(10 Q) :(_ut)z' o Us
g2J)i i Ung — %0;
(log Q) :(_Ut>ij — (_Ut)i<_ut)j _ Uzo,ij Uzp,iUzg,j .
T T M e

Let FY := ayp K“W" | where W;; = u;; + ud;; and (W) = (W;;)~! as before. Then

we have by maximum principle that at (zg, %)

UtUyp 4
wy = ——2 (3.2.13)
uzo -3
and
B _ — Fu(— i — FU i
0 < (log @), — Fii(log Q)yy = e = FP ey _ = By 54y
—Uy Uzg — 5
Let 0x(1 < k < n) be the k — th elementary symmetric function, o := aagv(v‘g”)
then o, (W;;) = K~', F = awpo, * 16, and
—uy =(10, ) = o, — avpo, T oy (ugiy + widig)
) - (3.2.15)
=0, (Vutly + Yo, ui — YW u5 — o) ;_ Uy).
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Moreover, we have
Fijuzojij :Fij(uij + <Zo, I’>(SZJ) = Fij<uz‘j -+ U(Sij — u205z~j)

O
=nayo,® — oo, ", (3.2.16)

n

On—1
= — aw(n — ;—nuZO).

Plugging the above two equations into (3.2.14), and using (3.2.13), we get at (xq, to)

U B noa+ 1) — au,, 221
0 <o, (=t — —%“”;3 +agp 22y ( ) oy
Uzg — 3 On Uzg — 5

Py To Yy, Uz i On—1 To On—1
=Q- (= ) = PR 0y — ) 4 (o 1) — e, P
SQ[C(’I’L, Q, X07 A) - Cl{% Un_l]y

On
(3.2.17)

where we used (3.2.2) and the fact that X is contracting and strictly convex, which

implies that |Vu,,|co < |uy|co < C(Xp) in the last inequality. Note that

1 0 — 2N\ 1,

Il > O(n)on ™ = C@)(M) > CO(n,a, ArgsQs.  (3.2.18)

On (0
Plugging this into (3.2.17), we get

C(n,a, Xo, A)
Q(wo, to) < rgaﬂo , (3.2.19)
and
o T r 1 o

YK (x,t) < (uy(x,t) — 3 (m)gég)xi[o,ﬂ@(x,t) < C(n,a,Xo,A)r—;max{%%,r?fowa }
for (z,t) € S* x [0,T7. O
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Proof of Theorem 3.2.1. Since X (1) is a contracting flow, |t|co < C(Xy). Since X
is strictly convex, the C° estimate implies the C'! estimate of 4. By the definition of
T*, ry >¢e>0on[0,7] for any 7" < T*. On the other hand, due to Lemma 2.2 in

[20] and Lemma 3.2.3, we have
r? < C(n,a, A, Xo)r-, (3.2.20)
as long as the flow exists. By (3.2.20), Lemma 3.2.3 and Lemma 3.2.4
li(z, 7) o2 xiomy < Clnya, A, Xo, ). (3.2.21)

Since equation (3.2.3) is a concave parabolic equation, by Krylov-Safanov’s theorem
and the standard theory on parabolic equations, this implies that )% (1) is smooth
on [0,7]. Thus, lim, ,p«r_ = lim, 7« ry = 0. That is, )2( (T) converges to a point ¢
as 7 — T*. Set the initial value of the flow (3.2.1) to be the boundary of the outer
ball of ):(0, then the solution will be a family of geodesic spheres with radii {7(7)}
satisfying the ODE

or W) 1

oY o 3.2.22
or — e = Apna’ (3:2.22)

which converges to zero in finite time. By comparison principle, X (1) will converge

to a point in finite time as well. O

3.3 The rescaled flow

The un-normalized flow (1.2.2) converges to a point ¢ € N"*!(k) as 7 — T*
by Corollary 3.2.2. For x = 1 and sufficiently small d;, X(7) is contained in the
open hemi-sphere H(qy) when 7 € [T* — 6;,7*]. We consider a new geodesic polar

coordinate centered at gy and use the new projection 7, of X(7) for 7 € [T* —6;,T*]
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onto the hyperplane of R"*2 which is tangent to N"*1(k) at ¢o. We re-scale X(7) to

keep the enclosed volume fixed. Let X (z,t) = ¢! X (x,7), we have

A A

Xi(z,t) =X (x,t) + et)z(x, 7)7'(t)

=X (1) — eI (L4 A X[ T (L4 k(X )7 TR

; |2 . X, D)% .
:X(J?,t) . e(na—i-l)tT/(t)(l + /€| 2l >T2a+%(1 + /46‘< 21/>‘ )—%za—&-%Ka’
e e
(3.3.1)
and the corresponding support function evolves by
~ ~ (na+1)t 1 r nt2a41 a? —nt244 1 2o
U =1Uu—e T(t)(1+/f§) 2 2(1+m§) 2 YT K (3.3.2)
Since
dVol( .
0= dt( ) :/n U0, dl
~ / (na+1)t 7 nt2h4 1 u’ —nf2a041 2o
= nuandG—T(t)e Sn(l‘f‘:‘ig) 2 2(1+/€@) 2 2 K de.
We have
o) — Jon 10,6 _ (4 D)
ot [ (14 g )5 0% 3 (1 4 p i) "5 0+ Ko-1dg d9 ()|
(3.3.3)
that is
1 B(1
t= log<|£( ”), (3.3.4)
CR G

where B(1) denotes the unit ball in R™"!. Note that |§2(7)| approaches zero as T

approaches 7™, and consequently ¢ approaches infinity as 7 approaches 7™ and the
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solution X (z,1) exists for all positive time. We get

) ) |t P e ] (g 4 -2k fra
X,(x,t) =X (2, 1) - ( ”XQ) 1< em >n+2 b, (3.3.5)
| I)2 5(1+/€<Xe>) ats [Fa—149

with initial value X, = (ﬁ) quo (X7+_s,). The support function satisfies
—01
. 1+~ ;t)ﬂ‘” (1—1—/{&;)_”_“0‘*%[%0‘
ut =u-— n+ 1 ~ n+2
fou (1 + Kim) T ota (1 4 ko) =" ots o149
e Z (3.3.6)
. YK
= U — =,
o, 0Ko1dp
with initial value g = (Xo, ), ¥ = (1 + k1) ™5 0t 5 (1 4+ p ) "3 %3,
3.3.1 Entropy and monotonicity
Recall for a convex body 2 C R""1 25 € Q [9] defined the entropy
= 1(10g][ uk, d), o #1;
Ea(Q2) =4 " (3.3.7)
][ log u.,do, a=1;
and the entropy
Ea(Q) 1= sup E,(£2, 2p), (3.3.8)

2€Q
where w,, () 1= sup,cq(z — 20, ) = u(x) — (20, ). We know from Lemma 2.5 of [9]
that there is a unique point z, € Int(£2) ( Int(€2) denotes the interior of 2 ) for the
convex body @ with non-empty interior such that &€,(2) = £,(€, 2¢), z. is called the
‘entropy point’ of Q2. Moreover, £,(2) > 0 for 2 with |Q| = |B(1)| and a > n—+2 by

Corollary 2.2 of [9].
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In the following, we denote Q(t) and é(T) by , and éT respectively. We remark

that for any z, € (., the entropy of Q and Q is related by

: : 1 20|
Sa(Qt7 etzo) = SQ(QT(t), Z(]) — n——|—1 IOg <|B((1t;| ) . (339)

Therefore, z, € QT is the entropy point of QT if and only if ez, € Qt(T) is the en-

tropy point of Qt(T). We have the following key monotonicity property for 5a(§2t) +

~ 2(n+1) ~
C(n, o, Xo)e~ RS ', where C(n,a, Xy) is a positive constant depending only on

n, o, Xo.

Theorem 3.3.1. There exists a positive constant C'(n, «, )N(O) > 0 depending only on
. n+1)

n, o, Xo such that E,(Q) + C(n o, Xo)e~ St s none-increasing along the normal-

ized flow (3.8.6) for a > —= when t > Ty(n, a , Xo) > t(T* — 6,). In particular, the

entropy Ea(Qt) is bounded fmm above for o > +2

Proof. Let 79 > T* — §; to be determined and 7 > 79. Let t; = t(r;) (i = 0,1)
, 2 € Int(éﬁ) be the unique entropy point of 52271, then etz € Int(Qtl) will be
the entropy point of Qtl. Since )2( is contracting, éT D flﬁ 3> 2 for any 7 < 7.
Therefore, € D O, 3 €'z, fer,, (z,t) > 0 for every t < t;. Denote r, = 7’+(§:2t) and

r_ = r_(Qt) the outer and inner radius of ), respectively, we have by (3.2.20) that

C(n,a, Xo)r?" ™ < C(n)r"ry < Vol(é) ~(EDE < Oyt < C’(n,oz,)zo)rljg.
(3.3.10)
Thus
> 2(n+1), o _ntly
C(n,a, Xg)e” 2" <r_ <ry <C(n,a,Xg)e 2nt1". (3.3.11)
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Therefore,

n -+ 2 1

2(n+1)t

1> ” > (1 +77_2F)_n7+2°‘_% >1—( 5« + §)C(n,a,X0)e_ wnt1 i k= 1
Ao\ 1 2 1 ~ n
129> (1= et > 1- (B0 4 )00, 0, Xo)e 55 if 5 = —1.

(3.3.12)
This implies the following inequalities for £, (€2).
Case 1: a # 1.

~

504(Qt1> :€a<Qt17 etl Zl)

1
) 0 p2dlog (fi, .7 db)
=E0(Qyy, €21) —|—/ ! ° . dt

1 ~
t Fan U™ (Thptsy — 22— )df)
L Jsn etz €'z fsn¢Ka_1d9

=& (Qy, €021) + / - dt
to fS" aetzf do
for s KO0

t1
:ga(Qto’ 6t021) + / 1= 1—1 N
oo i T dof, w1

etz

1 4
A t ~ n L Kdf
Sga(th et021> + / 1= [1 - C(n’ Q, XO)e_ 22<nii>t] {S_l = N dt
to JCSn ae‘zf d@fgn Ko=1d0
) a L Kede R
<Ea(Quy 021 + / (1- f L 1 - C(n, 0, Xo)e™ i dt
to fSn ﬁet; d@fsn Ko=1dg
~ tl n+1
+ C(n,a,Xo)/ e~ Bt
to
) o e Retag ., dé s
:ga(th 6t021> + / <1 - fS 61Z1A - fSA ~> []. - C(n, a, Xo)e_ 2§"il)t]dt
to fon 1,02 KdOf, a,, Kodf
~ tl n+1
+ C’(n,a,Xo)/ eIty
to
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A 2 ~ t 2(n+1)t
S(S‘Ot(theozl) +C(n,a,X0)/ e 2n+1 dt

to

2(n+1)t 2(n+1)t

Sga(Qto) + C(ﬂ, Q, X())( T ontl Y — @7 2ndd )

for to > Ty(n, a, Xo) > t(T* —8y) large such that 1 —C(n, a, Xo)e~ T > 0, where

df := %d@ and we used (3.3.12) in the first inequality and the fact f, Kl df =

Vol(Qt) = 1 with Holder inequality in the second to the last inequality. That is,

2(ntl), ~ _2(n+1)

ga(Qh) + C(TL, Q, XO) BET N < 5 (Qto) + C( Oé,Xo) 2l tO (3313)

Case 2: a = 1.

81 (Qh) :gl (Qtu etlzl)

. t0 t1 d(fsn log ae‘m d@)
—51(9250, e 21) + di dt

UetZ1 - dd
=& ( Qto,e 21) / ][ fs w —dt
n Uetz

. b pasl Kde
=&1(Qy,, ez —I—/ A
1< 0 1) to fSnwdQ
t ~ n 1 A
§51<Qt0,6t021> +/ 1-— [1 —C(TL X0> B 7L1t]][ A_l Kd@dt
to

N 1 ~ n t
<E1 (S, etozl) - / [1—C(n,Xo)e 22(”1% \/ e & U d@dt
to S" uetm

+ C’(n,Xo)/ e~ Bt
to

N ' ~ b _2n41),
<& (4, €"°21) + C(n, Xo) e 2t Ndt
to
(n+1)t 2(n+1)t

Sgl(Qt0)+C(?’L,X0)( 2n+1 — e 2n+l )
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2(n+1)

for ty > Ty(n, a, Xo) > t(T* — &) large such that 1 — C(n, Xo)e~ s T > 0, where

we used (3.3.12) in the first inequality and the fact that f,, ae;{fl df = Vol($) = 1 in
the second inequality. That is,
A~ ~ _2(n+l)t A~ ~ _2(n+l)t
51(Qt1) + C(n, X())@ mt1 < Sl(Qto) + C’(n, Xo)e ¥l 0, (3314)

This completes the proof of the Theorem since t; > to > Ty(n, o, Xy) are arbitrary.

0

Remark 3.3.2. The method to modify the "standard entropy” by adding a correc-
tion term here to obtain a proper monotone entropy follows the argument in [16],
where in-homogeneous Gauss curvature type flows was treated.

Corollary 3.3.3. Let M, = 9 be a solution to the normalized flow (3.3.6) with

Q| = |B(1)| and o > —5- Then there exists C(n, o, Xo) such that

max{w+(§2t),r+(flt)}§07 min{w_(Qt),r_(Qt)} é

v

(3.3.15)

for all t > Ty(n,a, Xy), where w_(SY), wy () are the minimum and mazimum of

the width function w(Y)(x) := @(x,t) + 4(—x,t), x € S" respectively.

Proof. Since || = |B(1)|, by Proposition 2.7 of [9], there exist positive constants (3

and C depending only on n, o such that
max{r, (), w ()} < CenPea(@) (3.3.16)

and

min{r_ (), w_(Q)} > C e Feal), (3.3.17)
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_ 2(n+1)

By Theorem 3.3.1, £,() + C(n,a, Xo)e” 2t ' is non-increasing and &£,(€) is

bounded from above for t > Ty(n, a, Xo). The corollary follows directly from (3.3.16)

and (3.3.17). O

3.3.2 (" estimates

Next, we derive the uniform C° bound for a(z,t) along the normalized flow
(3.3.6) with |Q;| = |B(1)|. The main effort is to derive the uniform lower bound for
u(z,t) since the upper bound of @(x,t) follows directly from Corollary 3.3.3.

Define &, o = limy_,o Sa(Qt) = limy_ 0 Ea(Qt) + C’(n,a,f(o)e_%z—wt, where
C(n, a,Xo) is the constant in Theorem 3.3.1. From the monotonicity property in
Theorem 3.3.1 and the fact that £,(€) > 0 since || = |[B(1)] ( see Corollary 2.2
of [9] ), we know the limit &, », exists and is finite. Now we derive a relation of &,
and £,(,0).

Lemma 3.3.4. Let (x,t) be the unique positive solution of (3.3.6) with Q| =
|B(1)|. Let To(n, o, Xo) and C(n, o, Xo) be the constants in Theorem 3.3.1, then for

any t > Ty, we have

1
(1) Fora#1, a > —.

€a<Qt7 0) - ga,oo
>/°° ( £ o (z,8)K*(z, s)df
S M ' (x, s)d64, Ke=1(z,s)df

_2(n+1) _2(n+l)t

- 1) [1—C(n,a,Xo)e 21 *|ds — C(n, o, Xo)e 2ot ',

(3.3.18)
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(2) For a = 1.

E(,0) — &

_2(n+1) ¢

2/ [1—0(717Xo Zézﬁ) 7 d0d nXo) 1
t

Sn
(3.3.19)

Proof. We adopt the arguments in [32]. Let Tj be the positive constant in Theorem
3.3.1, for each t >ty > Ty fixed, pick t; > t. Let e12; = a’* = (a}',...,all,,) be the
entropy point of Qtl, where z; = e alt € Qtl. Note that since both the origin and

the entropy point a’* are in Int(€2,),
|atl‘ S 2T+<Qt1> S C(”? 057)20) (3320)

by corollary 3.3.3.

Set Uet,, (z,t) = 0(x,t) — €' (21, x), then from of the proof of Theorem 3.3.1, we

have
For v # 1.
1 A
R R t LU, KYdf N nt1
EalShy) <Ea(Sy,€"21) +/ <1 — {S_l . )[1 — C(n, a,Xo)e_Qénil)t]dt
to fon Upe,” O, Ko—1df
~ t n
+ C(n, a,Xo)/ e B
to
4 L Kedd o
= log][ i, do +/ (1 — fgl cn )[1 — C(n, a, Xo)e™ #i1 ]t
a—1 to J[Sn Uy, dQJCSn Ka-146
+C(n, 0, Xo) (e Bt — ¢~ i h)
i 1
1 ¢ WU, Kd - n
<o f alfaoe [ (1- ot B0 )1 = Cln, o, Xo)e™ 551" at
a—1 sn to stn ﬁetzf d@fgn Ka—146
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2(n+1)t _2(n+1)

+Cn,a, Xo)(e Bt — ),

For o = 1.

t1 5 " .
81 (Qh) Sgl (th etozl) - / [1 - C(ny XO) Qni})t \I ue 21 i d@dt
to S" V etZ1

t1
- (n+1)
+C(n,X0)/ e~ T Lt
to

t1 _ n
:][ 10g @0, d6 + / —[1 = C(n, Xo)e 2573” flet \/ d@dt
n to Sn uetzl

2(n+1) 2(n+1)t

+ C(n, Xo)(e” 2ot 0 — ¢ 2nt1

t_ 1
g][ 10g il to-, 6 + / —[1 = C(n, Xp)e 22(“11” fet, ,/ d@dt
n tO Sn ue Zl

2(n+1)

+ Cln, Xo)(e™ Bt — ™ 551)

since ¢ < t; and the integrand is non-positive (same reasoning as the proof of Theorem

3.3.1).

On the other hand

Gty (,t) = (2, t) — €' {21, x) = d(z,t) — " {a", z) (3.3.21)

converges to u(x,t) uniformly for to <t <t, x € S"as t; = o .

Letting t; — 0o, we get from the two inequalities above that
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For a # 1.

' i~ & (2, £) Ko (2, 1)dO
5a,oo < a log][ IAL(;L" to)l—édg + / (1 _ JCSn (2 ZL‘ (iL' ) )
a—1 sn to fgn d@fSn Kafl (z,t)d

2(n+1)

[1 - C(nuaaX()) B 2”+1 ]dt + C(n % XO) ~nt1 to

(3.3.22)

and

For o = 1.

2(n+1 {l [/{— 2
&1 0o _][ log @(x, to)dO — / [1—C(n Xo) énL)t]][ < Tf(x,t) _ (.’Eatt)) dodt
n Sn

(n+1>t0

+ C(n, XQ) T 2ntd

(3.3.23)

This proves (3.3.18) and (3.3.19) for ¢t = ¢, since t > ty is arbitrary. Since ¢y >
To(n, a, Xp) is also arbitray, we obtain (3.3.18) and (3.3.19) for all ¢t > Ty(n, o, Xo).
0

Define for each p € (0, 1) the following collection of convex bodies:
1
[, :={Q C R"" compact, convex |{r,(Q),r_(Q)} C [p, ;]} (3.3.24)

Theorem 3.3.5. Suppose o > —5 and u(x,t) > 0 is the solution of (3.5.6) with
initial data g, where Ug 1s the support function of a convex body Qo with ]QO| =
|B(1)|, then there exists (n, a, Xo) > 0 and Ty(n, o, Xo) > Ty, such that for t > T}
and x € S",

Az, t) > €. (3.3.25)
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Proof. Note that under (3.3.6), we have for all ¢ > Ty that |[Q] = |B(1)|, and by
Corollary 3.3.3, there exists p > 0 such that Q, € I, for every t > Tj.

By Lemma 3.3.4

2(nt1),

Envo — Eal) < Envo — EalQ4,0) < Cny o, Xp)e 2t b, £ > T, (3.3.26)

)

This implies that lim;_, Ea(Qt, 0) = a0 and limtﬁoo(ga(ﬂt, 0) — Sa(Qt)) = 0. Let
%¢(€%) be the entropy point of €. By Lemma 4.2 of [9], there is a positive constant
D > 0 such that when &,(€,0) > E,(Q) — 1,

A 1 A N
|ze(Qt) - O|2 S 5|ga<Qt7 O) - ga(Qt)| (3327)

which approaches to zero as t — oo. The claimed result then follows from Lemma

4.4 of [9]. O

Corollary 3.3.6. Let a > #2 and u(z,t) be as in Theorem 3.3.5. Then there exists
A(n, o, Xo) such that

L i <A (3.3.28)

for all (z,t) € S"x [Ty, 00), where Ty = Ty(n, a, Xo) > t(T*—8y) is the Ty in Theorem

3.3.1.

Proof. The upper bound is immediate since the diameter of €2, is bounded by Corol-
lary 3.3.3 and the fact that origin is in O, for t > Ty. The lower bound for t > T;
is proved by Theorem 3.3.5. For the time Ty < t < Tj, we use the fact that

u(x,7) = u(x,t)e”" is non-increasing in 7 hence in ¢, so we have
i(z,t) > e Ma(x, Ty) > ee” .
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3.3.3 (*?-estimates

Theorem 3.3.7. Suppose a > n+r2 and u(x,t) > 0 is the solution of (3.5.6) with

initial data g, where Uy 1s the support function of the convex body Qo with |Qol =

|B(1)|. Then there exists a constant K = K (n,a, Xo) > 0 such that
K(z,t) < K (3.3.29)

fort > 1Tj.

Proof. This is immediate by re-scaling the upper bound of K obtained in Lemma

3.2.4 and Corollary 3.3.3. O

Theorem 3.3.8. Suppose o > — and u(x,t) > 0 is the solution of (3.3.6) with

initial data g, where ugy 1s the support function of the convex body Qo with |QOI =

|B(1)|. Then there exists a constant K = K(n, o, Xo) > 0 such that

A

K(z,t) > K (3.3.30)

fort > tl(n,a,XO) >T.

Proof. 1t follows the same lines of the alternate proof of Theorem 5.2 in [9]. Let

f=9K® = (i~ i),
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where n = f;, wK®'df. Let W = (i; +1d;;), and £ := 9, — *“%° 5V, V;. Then

fi =(K*),

:Qﬁtf(a — Ozwa;afla"j(ﬁij - F + 1151] - E(SU)

n

oot afo o,

= K — naf + o)l fi +

Since
OéwU_a_l OCwO'_a_l

~ n

— —nO';](ﬁ” + 7:6(513) +u

>
3 |~

ZEY
0,7 0i;

o (na+1)f  afoton .
=0 — a,

thus

Thus

and
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(3.3.31)

(3.3.32)

(3.3.33)

(3.3.34)

(3.3.35)

(3.3.36)



Let 0 < € < 1 small, note that

n+ P2 n+2 1 12 7
n 1 P2
|1z, | =|2r0( 5)( +’f§) lg\ < ey
(3.3.37)
for t > T(n,a,Xy) > Ty large enough since ;‘—t = a, lZZ' < er—t =7 —>0ast — 0
Thus
Y > —W (3.3.38)
un

for t > Ty(n, a, )~(0) > T large enough, which implies that

l(no+2)f

L(log(fi')) >(1 — na) — P (3.3.39)

Since n = . Y140 > 5o K°='df for t large and (s K“‘l)ﬁ > efal@) by

Lemma 5.4 of [9]. Thus n > 16(0‘_1)5‘1(09 >3 Lfora>1andn > lAO‘_1 for a < 1.

Let A = WH);{Q& 5=, take A large enough such that min,_o(f@') > 2X. Then we

claim that min(fa') > XA > 0 for all t > 0. In fact, suppose t' is the first time when

min(fa') = fal(2',t') touch A, take | = na + 2, then at (2/,t'), we have

f fi' fi'
0>2— (na+2)*=— P =2 — (na +2)? Pl > 2 —2(na + 2)2A —,  (3.3.40)
where we used the fact that @ > ¢ in the last inequality. Thus fa!(a/,¢) < % =

1
(na+2)2A(n— 1)a+4

is true andf(Z(ﬁ)é > K > 0. O

= ﬁ)‘ which is a contradiction since fa'(z’,#') = X. Thus the claim

Theorem 3.3.9. Suppose o > =5 and u(x,t) > 0 is the solution of (3.5.6) with

wnitial data g, where ug is the support function of the convexr body Qo with |QO| =
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|B(1)|. Then there exist constants Cy,Cy depending only on n, o, Xo > 0 such that

fort > ti(n,a, Xo) > Tp.

Proof. Since we already have the upper and lower bound of K , it suffices to prove

A

an upper bound of the eigenvalues of (IW;;). Similar to the proof of Lemma 3.2.3,

let (A1,...,\,) be the eigenvalues of (W;;), A(x,t) := max,—y._, \i(z,t). For any

,,,,,

T > 0, suppose A attains its maximum on S" x [0,7] at (2/,t'). We take a local

orthonormal frame {e;,...,e,} on " around 2/, such that (W;;(z’,')) is diagonal
and \(2/,t') = A\ (2/,¥') = Wiy (2/,t'). Then Wiy (z,t) also attains its maximum at
(/). Ift' =0, Az, t) < A(2/,0), we are done. Assume that ¢’ > 0, by (3.2.6), we

have

Wipe(x,t) =(e Wiy (z, 7)) = Wiy (2, t) + e Why . (z, 7)7' (1)
—naot ~

e
Wn,T(% T)

:Wll(l‘,t) +
~ 1 - 2 2 S 2
=Wy — EKO‘[Q/J + Wi — Yzu+ g Wi — g i

WH'EL + 7/# = ,&2 + 2w3~ Wllfal

29 =9
+ YUy + V5 Wi — 29 R i

U1U]

— sz Uty — 20W Wiy (Vats + g, Wi — ¥z, 1) + &2 (WH Wiy )

+ Oﬂ/}W”Wij'él + Oﬂ/}Wﬁ(Wn - VAVu) - Oﬂ/JWiiWn,ii],
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A

since W*(Wy, — W;;) and W*Wy, ,;; are scaling invariant. Since we already proved

that ﬁ/ll < C(n,a, X,) in Lemma 3.2.3, and by maximum principle at (', )
Wiy =0, (3.3.42)

thus,

~

~ ~ 1 - I ~ 2 ~ 2o
LWy < Wiy — EKQ[—QCYW”WGH(@%% + 1 Wi — ¥ 1) + YW Wi )?

+ W, + agpWi (W — W) — C(n, a, Xp)]

~ 1 4 ~ 2.2 2.4 o a L
<Wn— EKO‘[—O(TL, o, Xo) (W' Wi | + P (W Wi )* + ap Wy W
— C(n,a, XO)]

N 1~ A a. ~
< Wy — EKO‘[OMWH > Wi —C(n,a, Xo)]

S WH — C(n,a,Xg,[_(,K)WH ZW” + C(n,O&,Xo,R,K)

7

On

= Wll - C<n7a>X07K>K)W11 = + C(?’L,OZ,X(), R;K)a

n

where we used the Cauchy-Schwartz inequality in the third step, and n = fSn YK 1dg <

C(n,a, Xy, K, K). By Newton ’s inequality

On—1 op1,_1 =2
> (—)ntoy ", 3.3.43
= > (2o (3.3.43)
we get
LWy < Wiy — C(n, o, Xo, K, K)W{ " + C(n, a, Xo, K, K). (3.3.44)
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This implies that

Wi (o, to) < C(n, o, Xo), (3.3.45)
since K and K only depend on n, o, X,. O

Combining Corollary 3.3.6, Theorem 3.3.9, we conclude that there exists a pos-
itive constant C' depending only on n,a, X, such that for the unique solution to
(3.3.6)

|a(-,t)||c2 < C. (3.3.46)

3.4 Convergence to a sphere

Since (3.3.6) is a concave parabolic equation, by Krylov’s theorem and the stan-
dard theory of parabolic equations, the estimates (3.3.46) and (3.3.41) imply bounds
on all derivatives of @(xz,t). More precisely, for any k > 3, there exists Cj > 0,

depending only on n, a, Xy such that for t > t,(n, o, Xo),
[a(- t)l[or(sny < Ch. (3.4.1)

Proposition 3.4.1. Let X(t) be the solution of (3.3.5) with o > #2, then X (z,t)

converges in C'*°-topology to a round sphere as t — 0.

Proof. First, given a sequence t; — oo and 7' > 0, define 4;(z,t) = u(x,t + t;).
Since by (3.4.1), 4; are uniformly bounded in C*(S™ x [0,T]), for every k € N. By
Arzela-Ascoli theorem, 4, has a subsequence converging in C'*°-topology to a limit
lioo 00 S™ X [0, T] and 1, is a solution of

KO (z,t)
Ffon 1o K 1dO

(@, ooy = fioo(, 1) — (3.4.2)
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on S"™ x [0, T7.

We claim that G (x,t) is a soliton, i.e.
Ao (z, 1) = K& (, 1), (3.4.3)

for some A(¢) > 0. In fact, otherwise, there is (z/,t') € S™ x [0, T, a sequence j, — oo

and positive constants £, > 0 independent of j; such that
iz, t K(z,t)\2
( i t) K@ )> > 6 (a=1)
K(l’, t) U(.’L’, t)

fon (@)= Kd
fon (@) " a Ko=1d0 - £, (@) = d

(3.4.4)

1—

>0, (a#1)

on B(x',e) x [t' +t;, —e,t' +1, +¢] by (3.4.1). This implies that

/][ 1/ H L 1— (n, Xo)e~ 2nil>t>d9dt:oo, (a=1);
To n

o “K’"‘d@ N .
/ (1~ £ 1_3(8;( 0T d9)<1 ~Cn,a, Xo)e B dt = 00, (a # 1),
T n a— -

which is a contradiction to (3.3.19) and (3.3.18). Thus (3.4.3) is true. Multiplying
K~(x,t) on both side of (3.4.3) and integrating on S", we get A(¢ = f. Ko do.
Plugging this into (3.4.2), we get sy = 0, A(t) = . K“ 'df is a constant. By
Theorem 1 of [12], the solution of (3.4.3) is a round sphere.

Next, we claim that {a(z,t)} converges in C*°-topology to i, itself as t — oo.

In fact, otherwise, there is k € N, a positive constant v > 0 and a sequence {t;} — oo
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such that

sup [0 (z, ;) — ¥ (z,t))] > v, VI>1. (3.4.5)

rzeSn

On the other hand, applying the above argument to {u;(z,t) := a(x,t; + )}, we
can find a subsequence {u(xz,t;, +1)} of {u(x,t; +t)} converging to i (7, t) in C-
topology on S™ x {0} as j — oo, i.e. i, (x,0) converges in C*°-topology to t(z) on

S™, which is a contradiction to (3.4.5). O

Recall that g is the extinct point of M, as 7 — T*.
Theorem 3.4.2. M, converges to a geodesic sphere centered at gy in N'*'(k) as
T — T* after the rescaling.

By Corollary 3.2.2 and Theorem 3.4.2, we finish the proof of Theorem 1.2.1.
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CHAPTER 4
A warped product metric and the Weyl problem

In this chapter, we present the result about a warped product metric and the
Weyl problem.

Suppose M := (S?,g) is a compact smooth surface with Riemannian metric g,
let r be a positive function defined on M, satisfying 1 —|Vr[* > 0. In [42], Izmestiev
considered the manifold R™ x S? = {(I,z)|l € R*,z € §*} with the warped product

metric
n 12g —dr @ dr

~ 2
g=dl 3

=di* + 1%, (4.0.1)

where § = g*d%@dr. Since 1 — |Vr|? > 0, g is indeed a warped product Riemannian
metric on RT x S% In [42], Izmestiev used the metric § and the Hilbert-Einstein

(HE) functional

HE(g) = 1/ Rjdvol +/ Hdarea (4.0.2)
2 Jp M

to reprove the infinitesimal rigidity of the Weyl’s isometric embedding problem. Here

P={(p,z) € RT x $?|0 < p < r(x)}, Ry is the scalar curvature of g, H is the mean

curvature of boundary 0P (the trace of the second fundamental form of OP). In this

chapter, we will use the warped product metric g to give a new proof of the closedness

of Weyl’s embedding problem and study the stability of HE near the critical point.

First, we recall some known results from [42].
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4.1 Reduction of Weyl’s embedding problem to a single equation

In this section, we recall some known results in [42].

In the following, we will denote the Riemannian manifold (R* x S%, g) by N. It
is easy to see that the map f: M = (S%,9) - N = (RT x $?2,§),z > (r(x),z) is
an isometric embedding. This was mentioned by Izmestiev in [42], we give a short
proof here for completeness.

Lemma 4.1.1. Given a metric g on S?, a positive functionr on S? s.t. 1—|Vr|? > 0,

then for the metric § = dI* + ZQW on R* x §?, the map
fi(8%9) = R x§%3), x> (r(z),2) (4.1.1)

15 an isometric embedding.

Proof. In general, for a smooth manifold M™, a Riemannian manifold (N", g), and
amap f: M — N, the pull-back metric on M in local coordinates (z',...,z™) of
M and (y',...,y") of N can be expressed as

"L Oftofm™ .

A oz o I

[ (9)ij =

lm=

Here, take local coordinates (z',2?%) on S?, then (I, 2!, 2%) will be local coordinates

on R* x S%, and under these coordinates

1 0 0

~ _ 12 2 l2 _
Giy= |0 Heuzrd Llazonn)

0 12(g21—r2r1) 12(gaa—73)
o 2
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and f takes the form
[ a?) o (@t 2%), 2, 22).

Thus the pullback metric is

3 3
.- oftofm_ 72 (Gtm — T17m
fH(9)i; = Fpi g7 i =T F Z 01iOmj (9 = m) _ Gij- (4.1.2)

1

l,m= Il,m=2

That is f*(g) = g, f is an isometric embedding. O

One key feature of the warped product metric g is that there is a simple relation
between the sectional curvatures of different sectional 2-planes of (N, g). In [42],
Izmestiev showed that for any two sectional plane m C T{; )V, the sectional curvature

of N along 7 is

cos? pr(z)?
co2a 2 S€C(r(z).x)>

(4.1.3)

2
sec(,z)(m) = cos? gosec(l@)(@lL) = cos? Spr(;) seC(T(I),I)(ﬁlL) =

cos? o

where 0l € TN is the 2-plane perpendicular to dl, ¢ is the angle between 7 and
Olt, sec(y(z)) 18 the sectional curvature of the tangent plane ¥ of f(M) = 9P at
((z,r(z)), and « is the angle between ¥ and Ol(,(y)+) ( see B.1.3 and B.1.4 in [42]).
This means that the sectional curvature of the tangent planes of 0P determines the
sectional curvature of (N, g) in all directions.

On the other hand, by Gauss equation, we have

sec(,,(xm) =K — det(B), (414)
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where K is the Gauss curvature of M, and B is the Weingarten tensor of 0P with
respect to the unit outer normal v at (r(x), z) (the eigenvalues of B are the principal

curvatures of OP).

Let p(z) = 37%(x), then it was shown in Lemma 4.2.3 of [42] that
Id—H
p o Ld=Hesslp) (4.1.5)
(2p = |Vp|?*)2
Combining (4.1.3), (4.1.4), and (4.1.5), we have
cos® pr(zr)? det(Id — Hess
sec () (1) = @) (K — ( (v )) (4.1.6)

cos?a [? 2p — |Vpl?

for any (I,x) € N and any m € T{;,»N. In particular, if we can show that there is a

function r on (S?, g) s.t.
det(Id — Hess(p)
2p — |Vpl?

K

(4.1.7)

Then, N will have constant sectional curvature zero, and thus will be locally isometric
to R3, since N is simply connected and § is complete. Suppose ® : N — R? is this
isometry, then f := ® o f will be an isometric embedding of M into R?. Thus, in
order to give an isometric embedding of M into R?, we only need to find a positive
solution r of (4.1.7) s.t. 1 — |Vr[*> > 0.
4.2 (? estimate and closedness

In the following, we only consider the metric g on S? with positive Gauss cur-
vature K > 0. Taking a local frame on M = (S% g), we can write equation (4.1.7)
as

K (2p — |Vp[*) det(g) = det(pi; — gij) (4.2.1)
for a function p > 0 defined on M.
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Definition 4.2.1. A function p > 0 on M is called an admissible solution of (4.2.1)
if 2p — |Vp[* > 0 and (g;; — pij) > 0 is strictly positive definite on M.
Theorem 4.2.2. (C? estimate) Suppose that p is an admissible solution of (4.2.1)
satisfying

a<p<c (4.2.2)
for some positive constants cy,co. Then there exists positive constants ¢,C" > 0

depending only on g, c1, co such that
0<c<2p—|Vp? (4.2.3)

and

lollezany < C (4.2.4)

Proof. C' estimate: First, since p is an admissible solution, we have 2p — |Vp|? > 0,

thus
Vol < /2p < V2¢ (4.2.5)

by (4.2.2). This gives the upper bound of |Vp|.
Moreover, suppose 2p — |Vp|? attains its minimum at zo € M. Take a local

orthonormal frame on M near xy, by maximum principle, we have at zg
0=(2p— [Vp[)i = 2(0hs — pra)ps,  i=1,2. (4.2.6)

Since the matrix (d;; — pi;) > 0 is strictly positive definite, we have p, = 0 for

k =1,2. That is
(20 = |Vol*)(x) > (20 = [VpI*)(20) = 2p(x0) > 2pmin > 2¢1 > 0 (4.2.7)
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by (4.2.2) for any x € M. This gives the lower bound of 2p — |V p|%.

C? estimate: let
F(p,Vp,V?p) = K(2p — |Vp|?) det(g) — det(pi; — gij)- (4.2.8)

To estimate ||p;;||co, we only need to estimate pi1 — g11, p22 — ga2 since (p;; — gi5) is
negative definite. Without loss of generality, we may assume py; — g11 < pog — goo-

Counsider the function
G=(p1—1f(p), (4.2.9)

where f > 0 is a function to be determined.
Suppose G attains its minimum at xy. We take a local orthonormal frame of
(S?,g) around g, such that (p;;) is diagonal at zo. Then g;; = d;; around zo, the

equation (4.2.1) can be written as
K(2p—|Vpl*) = det(pi; — 6y5) (4.2.10)
around . Moreover, (p;; — gi;) will also be diagonal at zy and we have

Gi = puif + (p11 — 1) f pis

Gij = puif + praf'pj + puif'ei + (pn — 1) f" pip; + (p11 — 1) f'pi.

(4.2.11)

(adet(pi]‘ —(Sij) ) _

Let F¥ = ) p— _Aij > (0 and Az’j,kl = w, where (A”) Opi;
i

dpij Opri19pij

p2— 1  —po _ o
. By maximum principle, we have at xg

—p12 pu—1

/

P11 = —f?(Pn —pi (4.2.12)
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and

0 <FYGij = —Aij(priif + 2p11if'pj + (o1 — 1) f" pipj + (p11 — 1) f'pij)
2f/2

= — [Aipiii — Az‘j(—T(Pn — Dpip; + " (p11 — Vpip; + (p11 — 1) f'pij)

= — flAipin1 + As(Ri2011p1 + 2R1921p11 + 2R1212p22 + Ri212.202)]

Ayl 1><<—2§

=f[Aijmpijipen — Ki1(20 — |Vp|?) — 2K1(2p1 — 2prp11) — K (2011 — 2081081 — 2PkPk11)]
12

12

+ [pip; + f'(pij — 055 + 0i5))

+ f(l - Pn)(Klpl — Kopo + 2K(P11 - P22)) - Aij(ﬂn — 1)(—2J;

+ f")pip;

+ f,(]_ — p11)<2 det + Z Azz)7

(4.2.13)

where we used the equation (4.2.10) and the fact that K = Rjg9; in the last equality.

On the other hand, by differentiating (4.2.10) once with respect to the first
variable and using (4.2.12), we have at x

A ! 5

P111P221 = — 7P1(,011 — 1)pon = 701(—K1(2p — |Vp|") = 2Kpi(1 = p11) + (p22 — 1)p111)

/ !/

(= K2 = Vo) = 2K1(1 = pua) = L1 = Dlw — 1),
Pia1 =(p112 + Rorrzp2)® = P%(—J%(Pn — 1)+ K)?,

Thus

Aijripijiprn =2p111p221 — 2P

2f/ f/ 2f/2 2f/2
= - 701K1(20 —|Vol*) - 4K7P%(1 —pu1) — ?P% det —?03(011 —1)%+
Af
7P§K(P11 —1) = 2K%pj
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= 4Kf/(1 Vo - 2 1?2 Ki@p— 1V

= AK = p1)|Vp|” = I pa(pin —1)° = s 1(20 = [Vp[")—
2f/2 2 2 2 2
I PiK (2p — |Vp|*) — 2K p;.

Moreover

2p11 — 2pk1pk1 =2p11 — 297, = 2(1 — p11) — 2(1 — p11)?,
/

PrPr1L =PkP1k1 = Pr(p11k + Rriiape) = pk(_f7pk<,011 — 1) + 62K p2)

/

i f7<p11 _)|VoP + Kl

Plugging the above equations into (4.2.13), we get

2 12 , 2 12
fc pa(pn — 12 = 2f' ;iK1 (2p — |Vp|?) — fc P

- 2K2fﬂ§ - Kllf(2:0 - ‘VPP) - 4fK101(1 — p11) — 2fK<(1 - Pll) - (1 - ,011)2%L

0 < —4Kf'(1—pn)|Vpl* - K(2p —|Vp|?)

/

2Kf(—f7(;011 — D|Vpl* + Kp3) + f(1 — p11)(Kip1 — Kapo) — 2K f(1 — p11)* + 2K f det

_2f/2
f

= — 4K f'(1 = pu)|IVp* = 2f' ;i K1 (2p — [Vp[*) = 2K fpi — K11 f(2p — |Vp[?)
—4fKip1(1 = p1) = 2fK(1 = pu1) + 2K f'(1 = p11)I[Vpl* + 2f K p3 + f(1 — pu1) (K1p1 — Kaps)

+ 2f K det — f"(p det +(p11 — 1)%p5) + /(1 — p11)(2det + Z Aii)

= (=5 + )(det gt + (pn = 1203) + f'(1 = pu) (2det + 3~ Ay)

<f'(1—pu)2det+ ZAz'z') —2Kf'(1 = pu)|Vpl* = 4fKipi(1 = pu)—

2fK(1 = pu1) + f(1 — pin)(Kip1 — Kapa) — f"(p; det +(p11 — 1)%p3) + 2f K det +C

<(=f = ") (L= pu)* + CA+ | fI+ f"+ 1 f)A = pun) + C
(4.2.14)
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for some constant C' depending only on || K||cz2, ||p|lc1, since det = K (2p — |V p|?).
If we take f(p) = 1+ p, (4.2.14) implies that (1 — p11)(xo) < C, for some C

depending only on || K¢z, ||p]|ct. Thus

(1 = pu)(1 + p)(wo)

= < C(IK ez, llpllen s?,
1+ p(2) < (14 p(20))C < C(|Kllez, llpller), Vo e

(1= pu)(z) <
This gives the uniform C? estimate for p. O

Next, we give a short proof of the closedness in the method of continuity to
prove Weyl embedding problem by using the warped product metric g and Theorem
4.2.2.

Recall the method of continuity to prove the Weyl embedding problem: Sup-
pose M = (S% g) is a smooth closed surface with positive Gauss curvature K. By
uniformization theorem, ¢ is conformal to §, where § is the standard metric on SZ.
That is, there is a smooth function ¢ on S? such that ¢ = €??6. Define g, = €%,

0 <t < 1. This is a smooth metric on S? for any t € [0, 1]. Define the set
T = {t € 0,1]|(S? g;) can be isometrically embedded into R* smoothly}. (4.2.15)

The method of continuity is to prove that Z = [0, 1] by proving that Z is non-empty,
open and closed. Z is non-empty since when ¢t = 0, (S?, gg) = (S?,6) is the standard
sphere and can be embedded into R? as the unit sphere. Thus 0 € Z. The fact that

7 is open ie proved by Nirenberg [48] (see also Theorem 9.2.1 in [38]).

Proof of Theorem 1.3.1. We note that

0<e< K, =e(Ks—tAsp) = e 2(te* K,+(1-t)K5) < = t€[0,1]. (4.2.16)

m | =
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for some £ > 0 depending on ¢ and independent of k.

Suppose ty € Z, and t;, — t € [0,1], we need prove that ¢ € Z. Since t; €
Z, (S?,g;,) can be isometrically embedded into R3. Let X, be the image of the
embedding and 7, be the radial function of X, , then p;, := %rfk will be an admissible

solution of the equation

Ktk (2:0tk - |thk|g2]tk) det(f]tk) = det(ptk,ij - gtk:ij>' (4'2'17)

Moreover, by Lemma 9.1.1 in [38] and (4.2.16), there is a ball of radius R inside the

1
ax thk

embeddings of (S?, g, ), where R only depends on — (> e >0). We can choose

the origin to be the center of the ball so that
Lo
P, > §R > c1(g) > 0. (4.2.18)

On the other hand, for any point p € Xj,, the line through the origin and p will

intersect X, at another point ¢. Then by Bonnet-Myers Theorem and (4.2.16)

Co

d- SQ 2 < 7Y
iam(S7, g,)” < min K,

< ea(9),

(4.2.19)

P (p) < 5(p9)* < dist(sz, )(p.q)* <

| —
DN | —
| —

where Cj is a universal constant and ¢, depends only on g. By the uniform C?

estimate (4.2.4), we have

lprllex < Clg),

where C' is independent of k.

78



By Nirenberg’s theory for 2-dimensional elliptic equations (see [49] Theorem I,

see also [38] Lemma 9.3.4), this implies that

ot llc2as2) < Clg)

for some a € (0, 1), where C'is independent of k. Thus p;, — p; for some p; € C?*(S?)

up to a sub-sequence and p; satisfies the equation
Kg,(2p — |V pul2,) det(ge) = det(prij — geis)- (4.2.20)
Moreover, by the uniform lower bound estimate (4.2.3), we have
200 = |Vpuls, > c(g) > 0. (4.2.21)

Then (4.2.20) implies that det(ps;; — g1.i;) > 0, and p;; — gr4; is negative definite.
Thus, p; is an admissible solution of (4.2.20). By using Nirenberg’s theory again and
the Schauder theory for elliptic equations, we see p; is smooth.

By the discussions in section 4.1, this implies that all the sectional curvatures
of (RT x S%, g) are zero and (S?, g) can be isometrically embedded into R? smoothly
by the map ® o f, where f is defined by (4.1.1) with r = v/2p;, and ® is an isometry
¢ : (R xS?% g) - R3 Thus t € Z, T is closed.

4.3 The stability of HE at critical points
In this section, we discuss the stability of HE at the critical points by calculating
the second variation of HE. Izmestiev [42] calculated the first variation of HE(r),

and the second variation in the special case r(t) = r(0) + tr,. Here we give a short
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simple different calculation of the first variation by using integration by parts and
then use it to derive the second variation.

We choose a local orthonormal frame of M = (S?, g) so that g;; = d,;, det(g) = 1
and calculate under this frame. Moreover, we use lower index to denote differentiation

with respect to the connection on (S?, g) for briefness.

First, note that if we let A,; = 2u=0u)
J Opij
il e A
Y 2p—[Vp[?)> 20—[VpP?)> | _ ( ij ) 431
Cii) 1= = , 3.
(c) ___ pw pri-1 (20— [Vp[?)~ (451)

2p=IVpl)>  (20=[Vpl?)>
where « is a constant, then

_ P221 _ 2a(p22 — 1)(p1 — p1p11 — papar) _ P212
(20— |Vp)e (2p = [Vp[?)ott (2p = [Vp[?)*
2ap21(p2 — p1p12 — p2p22)

(20 = [Vp[?)ott
B —Kp 2ap; det(pi; — 04j)
(20— [VpP)e (20— |Vp[?)et
:W(K — 2a.det(B)).

Cili

+

The same calculation shows

—pP2
Cini =————— (K — 2acdet(B)).
5 == VAP )
In summary, we have
Pj ;
Ciji = ————2——(K —2adet(B)), j=1,2. (4.3.2)
’ (2p = [Vpl?)®

80



Now, suppose we have a family of smooth functions {p(#)};>¢ defined on M = (S?, g)
satisfying 2p — |[Vp|?> > 0 on M. By [42] Theorem 4.3.3

HE :/ h(K + det(B))darea = / rcos o K + det(B))darea
M M

:/ V2p — |Vp2(K + det(B))darea,
M

(4.3.3)

where h = rcosa, r = \/2p, « is the angle between v and 0Ol.
By using integration by parts and (4.3.2), we have

_ dHE(p(1))
dt

:/M(Qp — V)2 (py — pipie) (K + det(B))

HE

+ / (20— [Vp[*) 2 Aijpizi — 2(20 — |V p[*) "2 det(B)(py — pipu)darea
M
= / (20— [Vp") "2 (pr — pipin) (K — det(B)) + (2p — [Vpl*) "2 (K — det(B))p;pjidarea
M

:/M(Qp - |Vp|2)_%pt(K — det(B))darea.
(4.3.4)

This shows that HE = 0 if

det(pij — 9i5)

K = det(B) = (2p — |Vp[?) det(g)’

ie. r = /2p is the radial function of an isometric embedding of(S?, g) into R?.
Equivalently, the Euclidean isometric embedding is the critical point of HE in

{g| g is of the form (4.0.1)}.
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Next, we calculate the second variation of HE. Differentiating (4.3.4) once more

shows

3
2

HE = /M pue(2p — |Vp?) "2 (K — det(B)) — pi(2p — [VpI*) "2 (e — pipie) (K — det(B))
— pe(2p = [V )2 Aijpije + 2p:(20 — |V p|?) "% det(B) (p — pipir)darea

= /M pe(2p — Vo) "2 (K — det(B)) + pe(2p — [Vp|*) 2 (pe — pipie) (— K + 3 det(B))
+(2p = V)2 Aiypuipiy — pi(2p — |V p2) "2 pjpju(K — 3det(B))darea

= /M pu(2p = |VpP) "2 (K — det(B)) + p;(2p — |Vp[) "2 (=K + 3det(B))

+(2p — [Vp|*) "2 Aijpripyjdarea.
(4.3.5)

If \/2p(0) is the radial function of an isometric embedding of (S?,g) into R?, then

det(B(0)) = (2p(g;i(fv((;)(g)l_f)iélt(g) = K, the first term in H E vanishes. Write p(z,0) =

n(z), we have

.. _§ _ ’L
HE(0) :/ 20° (20 — |Vp|*) 2 K — (2p — |Vp|?) ' K Bnn;darea
M (4.3.6)
:/ (2p = [Vpl) T K (20°(2p — [Vp[*) "2 — BYnuny)darea.
M

at the critical points.

In the special case when (S?,g) = (S%4) is the unit sphere, where ¢ is the

standard metric on S?, then 2p — |[Vp|* =1, K = 1, BY = §,;, we get
HE(0) = / 2n* — |Vn|*darea = / 2n? + nAsndarea < 0 (4.3.7)
s? s?

if | g2 darea = 0 since the maximal nonzero eigenvalue of A; is —2. Thus, for the

unit sphere (S?,§), the isometric embedding of (S?,§) into R? is a local maximum of
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HE for variations s.t. fSQ ndarea = 0. In particular, we get the following stability
result of HE at the sphere.
Theorem 4.3.1 (Theorem 1.3.2). Let § be the standard metric on S, 1/2p(0) = 1
(be the radial function of the embedding of (S?,8) into R® with origin at the center of
the embedding). Let n(x) be a smooth function on (S*,0) s.t. [, n(z)dd =0, e >0
small, A, = {p(t,z) = p(0) + tn(z) admissible|t € (—¢,¢), x € (S?,8)}, then p(0) is
a local mazimum of HE in A,,.

On the other hand, if p;(z,t) is a constant, i.e. when p(t) = po + tC, and

po = p(0) satisfying (4.2.1), we have

det(poi; — 9ij)
HE(t) = 200 — |V pol|? + 2tC(K J J d
0= [ Vo TP O + (g s area
:/ (200 — |Vpol® + 2tC)2 K + det(po; = 9ij) -darea
M det(g)(2po — [Vpo|? + 2tC)2 (4.3.8)

2/ 2K (2pg — |Vp0|2)%da7“ea
M

=HE(0),

where ” = ” holds if and only if (2p0 — |Vpo|2 + 2tC)2 K = det(poij —gij) , l.e.
it (200 = Vol ) det(9)(200 |V po 2 +210)’
t = 0. This means that the Euclidean embedding is the minimum of HE along the
variation when p;(x,t) = constant.
Having this in mind, we conjecture that for any metric g with K > 0, the

isometric embedding of (S?, g) into R? is also a local maximum of HE for variations

s.t. (n,1)p = 0, where (-, -) 5 means the inner product is taken with respect to B.
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