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Figure 2-1. (A) Anterior view of the leg bones. (B) Posterior view of the leg bones. (C) Lateral 
view of the distal end of the tibia. Adapted from [14].
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Figure 2-2. Motions of the foot. (A) Inversion: movement of the soles of the feet towards each 
other. (B) Eversion: movement of the soles of the feet away from each other. (C) Dorsiflexion 
and Plantarflexion:&movement of the foot towards and away from the shin, respectively. Adapted 
from [14].

Figure 2-3. Leg muscles. (A) Anterior view. Notice the Tibialis Anterior (Shin muscle). (B) Poste-
rior view. Notice the Gastrocnemius (calf muscle) and Soleus. Adapted from [14].
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Figure 2-4. (A) A myofibril. Notice the sarcomere. (B) Bands and zones of a sarcomere. The H 
zone is where there is no overlap between the thin and thick filaments. The A band is the length 
of the thick filament. The I band is where there are no thick filaments. Adapted from [14]. &
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Figure 2-5. (a) Relaxed muscle (b) Partially contracted muscle: the width of the H, I, and A band 
become smaller as the overlap  between the thin and thick filaments increases and the sar-
comere shortens (c) Maximally contracted muscle: the A band and H zone are reduced to zero 
and no further contraction is possible. Adapted from [14].
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Figure 2-6. Motor Unit. A motor unit consists of a motor neuron and all the muscle fibres that it 
innervates. A muscle fibre is only ever part of one motor unit. The number of muscle fibres in a 
motor unit depends on its function. Adapted from [82].
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Figure 2-7. Rate Encoding. (a) Single twitch due to a single action potential. (b) Wave summa-
tion occurs when a second action potential excites the muscle before it has fully relaxed from the 
previous stimulus. (c) Unfused tetanus results in a sustained but wavering contraction. (d) Fused 
tetanus is achieved when the muscle does not relax at all between stimuli. Adapted from [14].
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Figure 2-8. Length-Tension relationship. Maximum tension is achieved around 100% of the sar-
comereʼs resting length. Increasing or decreasing the muscle length reduces the tension that can 
be generated. Adapted from [14].
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Figure 2-9. (A) Muscle spindle. Intrafusal muscle fibres are located within a capsule and inner-
vated by afferent and efferent axons. Sensory endings wrap  around the non-contractile centre of 
the intrafusal muscle fibres. The gamma motor endings innervate the contractile ends of the fi-
bres. (B) Types of intrafusal muscle fibres and the types of neurons that innervate them. Adapted 
from [22].
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Figure 2-10. (A) Response amplitude vs. Stretch amplitude. The slope of the lines represents the 
sensitivity. Primary endings have a much greater sensitivity to small stretch amplitudes than sec-
ondary endings and also have a small linear range. (B) Sensitivity vs. Frequency. Primary and 
secondary endings both have a similar highpass response with only an order of magnitude differ-
ence. The primary endingʼs sensitivity increases faster at high frequencies, which may indicate an 
acceleration sensitivity. Adapted from [23].
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Figure 2-11. Stretch reflex pathway. A muscle stretch causes a response in the muscle spindle. 
This response travels up the Ia afferent and synapses in two places. It connects directly to alpha 
motor neurons of the homonymous and synergist muscles, forming a monosynaptic connection, 
which causes those muscles to contract. It also synapses onto the Ia inhibitory interneuron which 
connects to the alpha motor neuron of the antagonist muscle and causes it to relax. This recipro-
cal innervation prevents the antagonist muscles from interfering with the agonist muscle contrac-
tion that relieves the stretch. Adapted from [22]. &
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Figure 2-12. Golgi Tendon Organ. The Golgi tendon organ is located at the junction between 
the muscle fibres and the tendon. It consists of braided collagen fibres enclosed in a capsule. A 
Ib  afferent innervates the structure. The single sensory neuron splits into small endings that are 
intertwined with the collagen. Tension in the muscle fibres stretches the capsule and straightens 
the collagen fibres, which pinch the nerve endings causing them to fire. Adapted from [22].
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Figure 2-13. The magni-
tude of the stretch reflex 
response can be modulated 
at three locations in the 
spinal cord. Descending 
signals from regions of the 
upper nervous system and 
from other parts of the spi-
nal cord synapse at those 
locations. (1) the alpha mo-
tor neurons, (2) the inter-
neurons, and (3) the pre-
synaptic terminals of the 
afferent fibres. Adapted 
from [22].
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Figure 2-14. (A) Intrinsic gain, K, versus position for 8 subjects. As ankle moves from a plantar-
flexed position to a dorsiflexed position, K increases. (B) Intrinsic gain, K, versus plantarflexing 
torque for 7 subjects. As the voluntary torque increases so does K. Adapted from [5].
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Figure 2-15. (A) Reflex gain, GR, versus position. As the ankle moves from a neutral position to a 
dorsiflexed position the reflex gain increases. There is little change from a plantarflexed position 
to a neutral position. (B) Reflex gain versus plantarflexing torque. The reflex gain peaks at a low 
torque, about 3 Nm, and decreases as further torque is generated. Adapted from [5]. 
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Figure 2-16. Reflex torque (A) and reflex EMG  (B) versus the mean absolute velocity (MAV) of 
the perturbation. The amplitude of the reflex response tends to decrease as the MAV of the per-
turbation increases. Adapted from [26].
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Figure 2-17. The average percent variance accounted between the reflex torque and the total 
torque versus plantarflexion torque (A) and position (B). The relative contribution of the reflex 
pathway peaks at approximately 3 Nm and near the neutral position. Adapted from [5].
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Figure 3-1. Non-linear Hammerstein cascade model. 
x(t) - input
m(.) - non-linear function
v(t) - intermediate signal modified by the non-linear function
k(τ) - linear subsystem
y(t) - output
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Figure 3-2. Model of ankle stiffness used in the parallel-cascade system identification algorithm. 
The upper pathway represents intrinsic stiffness. The lower pathway is the reflex stiffness. The 
torques resulting from each pathway combine additively to give the total output torque.

P(t) - Position
TQ(t) -Total output torque
TQi(t) and TQr(t) - Intrinsic and Reflex torque, respectively
V(t) - Velocity
PTQ(τ) - Intrinsic stiffness IRF
SNL(V) - Non-linear function of reflex stiffness Hammerstein system
VTQ(τ) - Linear subsystem IRF of reflex stiffness Hammerstein system
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2'3,-&0)&0/ &095'.)1$)&)'&(/"&1&/9133 &5'/0;'$&5".)(.+1;'$&)'&0,"$;*6&)2" &/6/)"9-&/(42&)21)&

0)&90$090^"/&)2"&$'$=30$"1.&"D"4)/ &'*&421$%0$%&5'/0;'$&1$,&)'.C(">&F'.&":1953"-&0$).0$=

/04&9"421$0/9/ &1."&9',"3",&2"."&1/ &30$"1.&"8"$&)2'(%2&9(/43"&1$,&E'0$)&5.'5".;"/ &1."&

7$'<$&)'&+"&$'$=30$"1.>&?20/ &9',"3 &2'3,/ &1/ &3'$%&1/ &)2"&5'/0;'$&0$5()&(/",&)'&0,"$;*6&

)2"&/6/)"9& 0/ &/9133 &"$'(%2-&/(42&)21)& 0)&,'"/$@)& 1D"4)& )2"&/6/)"9&51.19")"./>&A&/9133&

19530)(,"&X(/(1336&\>\N&.1,Z&5/"(,'=.1$,'9&+0$1.6& /"C("$4" &XcQm]Z&1+'()&)2"&'5".1)=

0$%&5'0$)& 0/ &(/",-& 1/ &0)& /1;/G"/&)20/ &."C(0."9"$)&1$,&21/&1&<0," &"$'(%2&+1$,<0,)2&)'&

0,"$;*6&)2"&/6/)"9&,6$1904/>&

]09031.36-& ."R":& /;D$"// &0/ & '$36& 9',"3",& 0$& )".9/ &'*& 0)/ &8"3'40)6=)'.C("& ."31;'$/205>&

K'<"8".-&)2" &51.19")"./ &'*&)2"&9',"3 &421$%"&<0)2&421$%0$%&5'/0;'$&1$,&)'.C(" &HVJ&+()&

+6& 0,"$;*60$%&0)&1+'()&1&G:",&'5".1;$%&5'0$)&<0)2&/9133&5'/0;'$&5".)(.+1;'$/ &)20/ &/09=

530G",&9',"3 &41$&+"&(/",>&A&9'."&4'953")"&9',"3 &<'(3,&+"&."C(0.",&)'&144'($)&*'.&133&
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)2"&$'$=30$"1.0;"/ &'*&)20/&4'953":& /6/)"9>&_$*'.)($1)"36-&0/ &$')&6")&5'//0+3"&)'&,"8"3'5&

1$&'8".133&9',"3&'*&E'0$)&/;D$"//>&

?2"&/6/)"9&51.19")"./ &)21)&421$%"&,("&)'&)2"&$'$=30$"1.0;"/ &'*&1$73"&/;D$"//&41$&0$=

/)"1,&+"&9',"3",&1/ &*($4;'$/ &'*&;9">&?2"0.&421$%"/ &)2.'(%2&;9"&41$&+" &,"/4.0+",&*'.&

1 &/5"40G4&)1/7>&?20/ &<033 &$')&5.'80," &0$/0%2)& 0$)'&')2".&)1/7/&+()&41$&+"&(/",&)'&,"/4.0+"&

)2"&.'3"&'*&."R":"/ &0$&/5"40G4&/0)(1;'$/>& ?20/ &/09530G"/ &)2"&9',"30$%&)1/7-& 1/ &)2"&$'$=

30$"1.&5.'5".;"/&1$,&0$)".14;'$/&+")<""$&)2"&0$).0$/04&1$,&."R":&51)2<16/ &,'&$')&$"",&

)'&+"&,"/4.0+",&":53040)36>

?'&0,"$;*6&1$73" &/;D$"// &1/ &1&;9"=81.60$%&/6/)"9-&a147"$^0"&m17".-& &1,15)",&)2"&;9"=

0$81.01$)-&51.133"3=41/41,"&0,"$;G41;'$&13%'.0)29&*'.&)2"&;9"=81.60$%&41/"-&1/ &)2"&)'504&

'*&2".&91/)".@/ &)2"/0/&Hf\J>&?2"&;9"=81.60$%-&51.133"3=41/41,"&13%'.0)29&0/ &,0/4(//",&0$&

]"4;'$&N>e>T>

D"P" (8<5VU9A=8-@1;=;35<18>5-/Y.9/0-

?09"=81.60$%&/6/)"9/&5.'80," &1$&1,,",&42133"$%"&0$&/6/)"9&0,"$;G41;'$&+"41(/" &)2"0.&

,6$1904/&421$%"&<0)2&;9">&a1$6&/6/)"9&0,"$;G41;'$&9")2',/&1//(9"&;9"=0$81.01$)&

/6/)"9/-&2'<"8".-&9'/)&+0'3'%0413 &/6/)"9/&1."&;9"=81.60$%&)'&/'9"&,"%."">&F'.&)20/&."1=

/'$-& ).1,0;'$13-&;9"=0$81.01$)&9")2',/ &41$$')&+"&(/",&)'&0,"$;*6& )2"9>&HeLJ&?20/ &21/&

3090)",&9'/)&'*& )2"&/)(,6&'*&9')'.& 4'$).'3 &/6/)"9&)'&/)1;4&4'$,0;'$/ &HI-& N-&V-&VNJ-&'.&

526/0413 &9',"3/&HVV-&VfJ-&<2042&41$&,"/4.0+" &)2" &/6/)"9&+"2180'.&*'.&1 &51.;4(31.&)1/7&+()&

218"&$'&%"$".13&5.",04;8"&1+030;"/&HIJ>&?2"/"&/)(,0"/ &5.'80,"&0$/0%2)&0$)'&9')'.&4'$).'3&

/).1)"%0"/-&+()&<033&13<16/&+" &31470$%&+"41(/"&9'/)&'*&9')'.&4'$).'3 &0$8'38"/&9'8"9"$)&

'*&/'9"&70$,>&

F'.&4".)10$&1553041;'$/-&<2042&,"13&<0)2&/3'<36&;9"=81.60$%&/6/)"9/-&1,15;8"&9")2',/&

1." &155.'5.01)">&A,15;8"&9")2',/ &(/"&."4(./08"&13%'.0)29/ &)21)& 5.'%."//08"36& 421$%"&

51.19")"./ &0$&1&51.19").04&9',"3&/(42&)21)&)2"6&.",(4"&)2"&'()5()&"..'.>&?2"6&1." &'k"$&

15530",&0$&).1470$%&1553041;'$/ &'*&/3'<36& 81.60$%&/6/)"9/>&u07"&<0)2&;9"=0$81.01$)&51.1=

9").04&9',"30$%-& )2"&/6/)"9&/).(4)(."&9(/)&+"&7$'<$&%) =9'69'-&<2042&3090)/ &0)/&(/"*(3=

$"//>& HeLJ&A& ."4"$)& 095.'8"9"$)& )'& )20/ &).1470$%&9")2',&+3"$,/&51.19").04&1$,&$'$=

51.19").04&9',"30$%&)'&.",(4"&)2" &$"",&*'.&%)=9'69')0$*'.91;'$&1+'()&)2"&/6/)"9)<203"&
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."910$0$%&4'95()1;'$1336& "p40"$)& HfIJ>&A,15;8"&9")2',/ &1."&%"$".1336& (/",&*'.& 4'$=

).'3&5(.5'/"/&1$,&)2"."&0/ &$'&%(1.1$)""&)21)& )2" &"/;91)"/ &144(.1)"36& ).147&)2" &14)(13&

/6/)"9&,6$1904/&,(.0$%&)2"&1,15)1;'$&5.'4"//>

F(.)2".& ,"8"3'59"$)& '*&9")2',/ &*'.& )2"& 0,"$;G41;'$&'*& 30$"1.& 1$,& $'$=30$"1.& ;9"=

81.60$%&/6/)"9/&21/ &+""$&155.'142",&0$&/"8".13&,0D"."$)&<16/>&])1)"=/514" &9")2',/ &1."&

4'99'$&+"41(/"&)2"6&5.'80,"&."301+3" &9',"3/ &*'.& 4'953":&9(3;81.01+3" &,6$1904& /6/=

)"9/&HfLJ>&t19"6191 &1$,&`2/(90 &HfNJ&."4"$)36&,"8"3'5",&1&/(+/514"&9")2',&4151+3"&

'*&).1470$%&*1/)=81.60$%&/6/)"9/ &+6&(/0$%&1 &5.",04;8"&155.'142-&9170$%&0)&*1.&/(5".0'.&)'&

')2".& /)1)"=/514"& 9")2',/-& <2042& (/" & /)"5=<0/"& 155.':091;'$& )'& 9',"3 & )2" & ;9"=

81.01;'$/ &HfTJ-&'.& ."C(0."&/'9"&%)=9'69'& 7$'<3",%"&'*&)2"&%"$".13 &/215"&'*&)2"&;9"=

81.01;'$/&HfVJ>&?20/&9")2',&21/&6")&)'&+"&15530",&)'&)2"&/)(,6&'*&+0'9",0413&/6/)"9/>

h$/"9+3"&9")2',/ &0,"$;*6&;9"=81.60$%&/6/)"9/&*.'9&/")/ &'*&."/5'$/"/ &)21)&":20+0)&)2"&

/19"&($,".360$%&;9"=81.60$%&+"2180'.>&?09"=0$81.01$)&0,"$;G41;'$&)"42$0C("/&1."&(/",&

)'&0,"$;*6&1$&OQF&1)&"142&;9"&5'0$)&+6&*'.90$%&)2"&0$5()&1$,&'()5()&*.'9&5'0$)/ &42'/"$&

1)&1&51.;4(31.&5'0$)&0$&)2" &?b&+"2180'.&0$/)"1,&'*&*.'9&1&/0$%3" &."/5'$/">&O$&')2".&<'.,/-&

)2"&0,"$;G41;'$&0/ &5".*'.9",&14.'// &)2"&"$/"9+3"&0$/)"1,&'*&0$&;9">&?20/ &9")2',&21/&

)2"&1,81$)1%"&'*&+"0$%&1+3"&)'&).147&.150,&421$%"/ &0$ &/6/)"9&+"2180'.&1$,&."C(0."/ &$'&%)

=9'69') 0$*'.91;'$&1+'()& )2"&/6/)"9&'.,".&'.& )2"&$1)(." &'*&)2" &?b&+"2180'.>&?2"&91E'.&

,0/1,81$)1%"&'*&)20/ &9")2',&0/ &)21)&0)&."C(0."/ &)2"&14C(0/0;'$&1$,&1$136/0/ &'*&31.%"&,1)1&

/")/>&?20/ &41$&917"&0)&42133"$%0$%&)'&14C(0." &)2"&$"4"//1.6&,1)1&":5".09"$)1336>& O$&/50)"&

'*& )20/-& "$/"9+3"&0,"$;G41;'$&0/ &)2" &9")2',&'*&42'04"&*'.& /)(,60$%& ."13=<'.3,&9'8"=

9"$)/-& /0$4"&0)&,'"/&$')& 095'/" &."/).04;'$/ &'$&)2" &)65"&'*&9'8"9"$)&/)(,0",>&HeLJ&F'.&

)20/&."1/'$-&)20/&0/&)2"&9")2',&(/",&0$&)20/&)2"/0/&)'&/)(,6&?b&+"2180'.>

#"A"$" K*4(:L5(0:('2,-4

h$/"9+3"&9")2',/ &5.'80,"&1 &.'+(/)&9"1$/ &'*& 0,"$;*60$%&?b&E'0$)&,6$1904/-&1$,&218"&

+""$&(/",&)'&/)(,6&91$6& +0'3'%0413 &/6/)"9/ &HLT-&VW-& fe=fWJ>& ?2"&"$/"9+3"&)"42$0C("&

<1/&50'$"".",&+6& ]'"42;$%&")& 13>& HffJ>& ?2"&'.0%0$13 &9")2',&095'/",&/).04)& ;90$%&+"=

)<""$&)2"&0$5()& /"C("$4"&1$,&)2"&9'8"9"$)&/)(,0",-&."C(0.0$%&)21)&<0)2&"142&."5";=

;'$&'*&)2" &9'8"9"$)&)2"&0$5()&/"C("$4"&+" &/20k",&+6& '$"&"3"9"$)>&?'&%"$".1)"&)2"&
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,"/0.",&"$/"9+3" &'*&,1)1-&":)."9"&4'$/0/)"$46&+")<""$&"142&).013 &'*&)2"&9'8"9"$)&<1/&

."C(0.",>&?09"=0$81.01$)-&4.'//=4'.."31;'$&/6/)"9&0,"$;G41;'$&)"42$0C("/ &<"."&15530",&

14.'// &)2"&"$/"9+3"&'*&,1)1 &)'&4134(31)"&)2"&OQF&*'.&"8".6& ;9"&5'0$)>&?2(/&421$%"/ &0$&

/6/)"9&,6$1904/&4'(3,&+" &80/(130^",&801&1 &/(.*14"&'*&OQF/>&M"/50)"&)2"&;90$%&."/).04;'$-&

)20/ &9")2',&<1/ &(/",&/(44"//*(336& )'&/)(,6&)2"&96')1;4&."/5'$/"&0$&)2"&1.9&HffJ-&1$,&

."R":&421$%"/&,(.0$%&1&/0953"&+133&41)420$%&)1/7&HLTJ>&

]""0$%& )2" &1,81$)1%"/&'*& )2" &"$/"9+3"& 155.'142-& ."/"1.42"./ & /'(%2)& )'& 9',0*6& )2"&

)"42$0C("&)'&."9'8" &)2"&/).04)&;90$%&."C(0."9"$)/>&b".21"%"$&1$,&z(&Hf[J&,"8"3'5",&1&

/)1)"=/514"&*'.9(31;'$&'*&)2" &"$/"9+3"&9")2',-&+()&0)&."C(0.",&/'9"&7$'<3",%"&'*&)2"&

;9"=81.01;'$/ &)'&%"$".1)"&)2"&/)1)"=/514" &9',"3>&m"$$"B&")&13>&HfeJ&,"8"3'5",&1 &51.1=

9").04& "$/"9+3"&9")2',&+1/",&'$&)2"&1()'."%."//08"&9'80$%&18".1%"&XAQaAZ&9',"3>&

?2"&;9"=81.60$%&AQaA&51.19")"./&<"."&4'$/0,".",&G:",&*'.& 1 &51.;4(31.&;9"&5'0$)-&

1$,&<"." &/'38",&*'.&(/0$%&1$&($+01/",&"/;91;'$&5.'4",(.">&{(&1$,&K'33".+142&HfWJ&13/'&

,"8"3'5",&1&51.19").04&"$/"9+3"&0,"$;G41;'$&)"42$0C("&)21)&(/",&1&9',"3&'*&*'."1.9&

,6$1904/>&?2"&1,81$)1%" &'*&(/0$%&1&51.19").04&9',"3 &<0)2&)2"&"$/"9+3"&)"42$0C("&0/&

)21)& )2" &9',"3/ &218"&*"<".& 51.19")"./-& 1$,& )2"."*'."&*"<".&9'8"9"$)& ).013/&1."&."=

C(0.",&)'&0,"$;*6& )2"9>&`$&)2"&')2".&21$,-&51.19").04&9',"3/ &13/'&1//(9"&1 &/6/)"9&

/).(4)(."&1$,&1."&)2"."*'."&3"//&%"$".13>&

`(.& 31+&,"8"3'5",&1 &$'$=51.19").04-&3"1/)=/C(1."/ &"$/"9+3"&9")2',&+1/",&'$&/0$%(31.&

813("&,"4'95'/0;'$&X]bMZ&HeLJ>& ?20/&9")2',&,'"/$@)& 095'/"&1$6& ;90$%&."C(0."9"$)/&

+")<""$&)2"&0$5()&/"C("$4"&1$,&)2"&;9"=81.60$%&+"2180'.-&$'.&,'"/&0)&."C(0." &)2"&0$5()&

)'&+"&<20)">&?20/ &9")2',&0/ &+1/",&'$&;9"=81.60$%&4'$8'3(;'$>&?2"&,0/4.")"=;9"-&;9"=

0$81.01$)&4'$8'3(;'$&"C(1;'$&XhC(1;'$&LZ&0/ &":)"$,",&)'&)2"&;9"=81.60$%&41/" &+6&917=

0$%&)2"&OQF&;9"=,"5"$,"$)-&1/&*'33'</&HeLJP

y(i) = !t h(i, j)x(i " j)
j=M1

M 2

#                                       (10)

<2"."&')0/ &)2" &,0/4.")"=;9"&0$,":&1$,&?)0/ &31%/>&?2" &;9"=81.60$%&OQF-&h(i, j)-&,"/4.0+"/&)2"&

0$/)1$)1$"'(/ &/6/)"9&,6$1904/ &1)& "142&;9"-&1$,&41$&+" &":5."//",& 0$ &91).0:& *'.9-&1/&
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*6789:';<;=&M1)1&"$/"9+3"/>&?2"& 0$5()& 1$,&'()5()&"$/"9+3"/&1."& *($4;'$/&'*&;9"&1$,& ."130^1;'$/>&F'.&
"142&;9"&5'0$)-&)2"."&0/&1$&OQF&)21)&,"/4.0+"/&)2"&0$/)1$)1$"'(/&/6/)"9&,6$1904/-&<2042& 0/&1&*($4;'$&'*&
31%/>



/2'<$&0$&F0%(."&N=N>1u1.%"&"$/"9+3"/ &'*& 0$5()& 1$,&'()5()&,1)1 &%"$".1)",&+6& ."4'.,0$%&

9(3;53"& ).013/& '*& )2"& /19"&;9"=81.60$%& +"2180'.& 1."& ."C(0.",& )'& 0,"$;*6& )2"& ;9"=

81.60$%&OQF&"$/"9+3">&h$/"9+3"&9")2',/ &1//(9" &)21)& XIZ&)2"&0$5()&).013/ &1." &($4'.."=

31)",&<0)2& "142&')2".-& 1$,& XLZ& )2" &/6/)"9& ($,".%'"/&)2"&/19"&;9"=81.01;'$/ &,(.0$%&

"142&."130^1;'$>&?2"&,1)1 &0/ &'.%1$0^",&0$&91).0:&*'.9-&1/&/2'<$&0$ 1F0%(." &N=N>&O$&)2"'.6-&

)2"&$(9+".&'*&).013/ &$"",",&0/ &"C(13&)'&)2"&$(9+".&'*&5'0$)/ &0$&)2"&OQF>&K'<"8".-&/0$4"&

)2"."&0/ &$'0/"&0$&5.14;4"-&9'." &).013/ &1." &$"4"//1.6>&?20/ &917"/ &)2"&5.'+3"9&'8".,")".=

90$",-& 1$,& 1 &($0C("& /'3(;'$& <033 & $')& ":0/)>& A& /'3(;'$& 0/ & *'($,& +6& 90$090^0$%& )2"&

/C(1.",&"..'.&+")<""$&)2"&'+/".8",&1$,&5.",04)",&'()5()&(/0$%&]bM>&

D"P"'" (Z178-59A1H;5,>08-U5A;519HHA09.4

`(.& 31+&,"8"3'5",&1 &9")2',&*'.& )2" &0,"$;G41;'$& '*& 30$"1.& ;9"=81.60$%& X?bZ& /6/)"9&

+1/",&'$&)2"&4'.."31;'$&9")2',-&'.0%0$1336& 15530",&)'&;9"=0$81.01$)& /6/)"9/&HIIJ>&F'.&

1$&"$/"9+3"&'*&0$5()&1$,&'()5()&."130^1;'$/ &":20+0;$%&)2"&/19"&;9"=81.60$%&+"2180'.-&

)2"&,0/4.")"&4'$8'3(;'$&"C(1;'$&XhC(1;'$&I\Z&*'.&1&."130^1;'$&0/P

yr (i) = !t h(i, j)xr (i " j)
j=M1

M 2

# &&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&XIIZ
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*6789:';<>=&F'.9&'*&)2"&91).04"/&(/",&)'&/'38"&*'.&1&?b&30$"1.&/6/)"9>

!̂xx (i)&=&91).0:&'*&($+01/",&1()'=4'81.01$4"/

!̂yx (i)&=&8"4)'.&'*&($+01/",&4.'//=4'81.01$4"/
h(i)&=&OQF&*'.&;9"&0



<2"."&)2" &/(+/4.05)-&r -&0$,041)"/ &)2"&."130^1;'$&$(9+".>&?2"&,".081;'$&'*&)2" &?b&4'.."=

31;'$&9")2',&0/ &/09031.&)'&)21)&,"/4.0+",&0$&]"4;'$&N>N>&m6&9(3;5360$%&+')2&/0,"/&'*&)2"&

1+'8" &"C(1;'$&+6&xr (!i ! k) -& /(990$%& '8".& 133 &."130^1;'$/ &1$,&,080,0$%&+6& )2"&)')13&

$(9+".&'*&."130^1;'$/-&hC(1;'$&II&41$&+"&":5."//",&0$&)".9/&'*&4'81.01$4"/-&1/&*'33'</P

!̂yx (i,"k) = #t h(i, j)!̂xx (i " k,k " j)
j=M1

M 2

$                              (12)

<2"."&!̂xx(i " k,k " j) & 0/ &)2"&($+01/",&1()'=4'81.01$4"&'*&)2"&0$5()&1)&;9"&i ! k &1$,&)2"&

0$5()&1)&;9"&k ! j-&1/&*'33'</P

!̂xx(i " k,k " j) = 1
R

xr (i " j)xr
r=1

R

# (i " k)&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&XINZ

1$,&!̂yu(i,"k) &0/ &)2"&($+01/",&4.'//=4'81.01$4"&'*&)2"&'()5()&1)&;9"&i &1$,&)2"&0$5()&1)&

;9"&i ! k -&1/&*'33'</P

!̂yu(i,"k) =
1
R

yr (i)xr
r=1

R

# (i " k)&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&XITZ

m6&3"#$%&k &)17"&'$&813("/&*.'9&aI&)'&aL-&hC(1;'$&IL&41$&+"&."<.0B"$&0$&91).0:&*'.9P
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Figure 4-1. Block diagram of the time-invariant, parallel-cascade model of ankle stiffness. The 
torques generated by the intrinsic and reflex pathways add linearly to produce the total torque.

Legend:
P(t) = ankle angular position.
V (t) = ankle velocity.
TQ(t) = total output torque.
TQi (t), TQr (t) = intrinsic and reflex torque.

PTQ(! ) = intrinsic stiffness
SNL(V ) = static, non-linearity of reflex stiffness Hammerstein system
VTQ(! ) = linear subsystem of reflex stiffness Hammerstein system
PTQ and VTQ are a function of the IRF lags, ! . 
SNL modifies the velocity, V .
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Figure 4-2. An example of (A) an input position ensemble and (B) an output torque ensemble. An 
arbitrary offset was added so that each realization could be clearly seen.
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Figure 4-3. Simulation model of joint stiffness. The intrinsic viscosity, B, and elasticity, K, pa-
rameters, and reflex gain, G, varied with time. All other parameters were held constant. 
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Intrinsic stiffness parametersIntrinsic stiffness parameters Reflex stiffness parametersReflex stiffness parameters

K(t) see Figure 4-4B G(t) see Figure 4-4A

B(t) see Figure 4-4C ζ 0.075

I 0.02 Nm/rad/s2 ω 20 rad/s

Table 4-1. Parameters used in the simulation model shown in Figure 4-3 to study the TVPC algo-
rithmʼs ability to track system dynamics that change rapidly in time. K, B, and G are time-varying, 
while all other parameters are fixed. 
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Figure 4-4. Time-course of (A) reflex gain, G, (B) elasticity, K, and (C) viscosity, B.
&

Figure 4-5. Single realization of (A) position (rad), (B) intrinsic torque (Nm), (C) reflex torque 
(Nm), and (D) total torque (Nm).
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Figure 4-6. 
Theoretical TV systems:
(A) Intrinsic stiffness IRF ensemble
(B) Intrinsic compliance IRF ensemble
(C) Reflex non-linearity ensemble
(D) Reflex linear IRF ensemble

System estimates generated by the TVPC algorithm:
(E) Estimated intrinsic stiffness IRF ensemble
(F) Estimated intrinsic compliance IRF ensemble
(G) Estimated reflex non-linearity ensemble 
(H) Estimated reflex linear IRF ensemble
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Figure 4-7. Predicted torque (red) superimposed on the simulated torque (black) for (A) total 
torque, (B) intrinsic torque, and (C) reflex torque. The predicted torques closely match those 
simulated.
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Figure 4-8. %VAF calculated across the ensemble at each time point. The %VAF is very good for 
the total torque (A), and intrinsic torque (B). The % VAF for the reflex torque (C) is lower, although 
still good. 
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Figure 4-9. Parametric fit results for parameters (A) reflex gain, G, (B) elasticity, K, and (C) vis-
cosity, B. The values obtained by the parametric fits are in blue (solid). These are compared to 
the values of parameters used in the simulations, in red (dotted). The simulation parameters are 
estimated well.
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Parameters Value(s)

I (same for all sets) 0.02 Nm/rad/s2

B (same for all sets) 1.5 Nm/rad/s

K (same for all sets) 150 Nm/rad

ζ (same for all sets) 0.75

ω (same for all sets) 20 rad/s

G 10, 20, 30 Nm/rad/s

SNR 0, 5, 10, 15, 20, 25, 30, 35 dB

# of realizations (same for all sets) 500
Table 4-2. Value of the parameters used to evaluate the TVPC algorithmʼs performance with 
various noise levels (SNR) and reflex gain (G). 
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Figure 4-10. Percent VAF between simulated and predicted (A) total, (B) intrinsic, and (C) reflex 
torque as a function of SNR for high, medium, and low reflex gains. The reflex identification is 
more sensitive to higher noise levels than the intrinsic identification.
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Figure 4-11. Percent VAF between simulated and predicted reflex torque as a function of effec-
tive reflex SNR for low, medium, and high reflex gains. The quality of the reflex identification 
shows the same degradation behavior for all reflex gains when plotted against the effective reflex 
SNR.
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Table 4-3. Parameter values used to investigate the effect of increasing the number of realiza-
tions in the data ensembles. All parameters were fixed except the number of realizations.

Parameters Value(s)

I (same for all sets) 0.02 Nm/rad/s2

B (same for all sets) 1.5 Nm/rad/s

K (same for all sets) 150 Nm/rad

ζ (same for all sets) 0.75

ω (same for all sets) 20 rad/s

G (same for all sets) 20 Nm/rad/s

SNR (same for all sets) 10 dB

# of realizations 400, 450, 500, 550, 600, 650, 700, 750, 800, 900
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Figure 4-12. (A) %VAF between the simulated and estimated total, intrinsic and reflex torques 
vs. the number of realizations used in the data ensembles. Increasing the number of realizations 
improves the %VAF of the identification. The reflex identification shows the most improvement. 
(B) The minimum number of realizations required for reliable identification vs. SNR. Less realiza-
tions are required for reliable identification as the SNR increases.
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?2"&526/0413 &/0%$0G41$4"&'*&$'$=51.19").04&9',"3/&0/ &,0p4(3)& )'& 0$)".5.")&+"41(/"&)2"&
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%VAFTOT %VAFI %VAFR

Subject 1 77.8 38.3 39.2

Subject 2 83.0 59.3 23.5

Subject 3 77.7 35.9 44.9

Subject 4 78.1 45.2 32.2

Subject 5 72.3 21.4 45.6
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