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--.. "An analysis of the ar.bitrarily shaped and infinitely 10l1ÇJ dielectr~c 

waveguide is carried out using the Finite Element Method (FEM), in 

2-dimensions. Ernphasi~ is plt on structures having curvilinear boun-' 

daries such as those associated with opt:Lcal fibers. 

The efficiency of the numerical process is gre~tly improved by using 
, 

quad~~tic and iSQparametric elements for the discret:isation. 

The analysis of known models shows the accuracy and the limits of , 
~ methcx1. Propagation curves and the equipotential contour plots 

of aIl field canponents are available through a series of programs. 

The special case, of the monomode fiber-to-fiber tapered optical 

coupler is also considered, requiring an extremely high ac~acy. 

This exarnple introduces sorne new ideas concerning the concept of 

IOOcie degeneràcy arfd raises new qu~stions about the ~r dis tribu-
'::-> 

tioo between non degenerate IOOdes of different polarizations _i!l non-

symmetric structures. 

\ 

/ 



/ 
,:1 

o , 

p 

il 

1\, 
'[ 
\, ~bstract 

Une" anal.yse détaillée du guide d'onde diélectrique de forme arbitraire 

et i~finiment long est présentée en utilisant la méthode dite des Elé

menU Finis dans ùn espace bi-dimensionnel. 

On s'est particulièrement intéressé aux s tructureè de forme curviligne 

c~mme celles que l'on r~trouve dans les composantes construites avec 
l' 

des fibres optiques. Pour améliQrer de façon considérable le processus 
, 

numérique, des éléments quadratiques>e~ isoparamétriques sont utilisés 

pour la discrétisation. 

Des exemples connus faisant appel à des modèles de fibres exis tants 

mettent en évidence la préCision des résul tats et les limi tes de la 

méthode. Les courbes représentant la cQnstante de propagation des pre

miers modes en fonction de la fréquence, ainsi que les tracés des con-
1 

tours équipotentiels de toutes les composantes du champ électromagné-

tique sont disponibles par l'intermédiaire d'une série de prograllllles. 

On s'intéresse en particulier au cas du coupleur optique IIIOnomode 

fibre-fibre" dont l'analyse met à rude épreuve le processus numérique 

et exige une grande précision. Cet exemple apporte de nouvelles idées 

en ce qui concerne la notion de dégénérescenc~ des modes de propagation 

et la question de la répartition énergétique entre les différentes 

polarisations dans des structures non symétriques. 
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1. IN1'RJIlJCl'IOO \ 

The analysis of electranagnetic wave propagatlon ln optlcal yUlding 

structures may be a very canpl icated task when the geanetry lnvol ved 

is not simple (e.g. a clrcle, an elllpse or a rectangle). 

When such a sltuatlon rnay not be avolded, an answer lS the use of 

the Flnlte Element Method, wldely used ln rnany dlfferent flelds : 

structural analysis, fluld rnechanlcs, heat transfer, magnetostatlcs, 

etc. 

The present work was undertaken prlffiar ly for the analysls of an 

optical flber-to-flber monornode coupler. However, the programs 

wrltten for thlS purpose rnay be easlly used for the analysls of 

other waveguldlng structures at optlcal or rnlcrowave f requenc les. 

They have been deslgned for problems havmg curvlllnear toundarles 

such as those encountered in dev lces bUll t Wl th optlcal f lbers. A 

very dlrect approach has been chosen ta obtaln the accuracy and 

generallty at the priee of canpleXlty, large canputer plU]rémS and 

execu t10n tl.Ille. 

Chapter 2 glves a canplete theoretical analys1s of the problem ln 

tenns of variatlonal calculus, WhlCh lS not the standard forrn of 

Maxwell's equatlOns, but the necessary step for the appllcatlOn of 

the I-'ini te Element Methcrl. careful attention has been gaid ta the 

exactness of the rnatljanatlcs. Then, chapter 3 descnbes the relatl

vely standard dlscretisatlOn procedure of the 2-D area of wterest 

and writ=;es the equatloos den ved ln chapter 2 as a large elgenvalue 

problem. These first two chapters contain rnost of the theoretlcal 

background. Chapter 4 contalnS the resul ts fran the numencal analy

sis of four dlfferent problems with known solutIons, which shaw the 

accuracy and the l imltS of the methcx:1s. 

A separa te secticn, Chapter 5, has been reserved for the analysls of 

the tiber-to-flber single mJde tapered optlcal coupler, which lS cne 

of the goa l s of this work. 

Finally, the last chapter summarizes the software developed or 

l 
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adapted for this thesis. Its detailed description would have taken 
. ~ 

too much space to be included here; but the flow charts included 

there indicate the process followed from the initia~ data to the 

final ootput. 

\ 

'\ 

---.,. ,<>-> --- ------- '-----... ...". ..... ;:: ....... ~"" .... '""~) ..... -



2. mE OPl'ICAL GJIDING STRUCTURE 

2.1 Introduction 

An optical wavegUlde is a structure in which light travels Wlth very 

low loss. It is ùsually made with two qr more materials havinâ a 
~ 

Sllghtly different index of refraction. An analysis done with a 

simple geometry such as the dielectrlc rod shows a theoretlcally 

105s1ess propagatlOn of electranagoetlc flelds in dlfferent ''Iocxles''. 

These are the various solutlons of the Maxwell's equations [see 
. ~ 

appendix 31. The appll.catlOns of optical waveguideS may be arbitra-

rily divided in three parts : 

- Image transmlssloti : ln thlS case, the fiber transmits lncomlng 

light from one location to another without any sort of signal 

processlng. Hundreds of fibers may be put ln bundles to carry a 

canplete picture. 

- Telecœmunications : because of the very high bit rate capaClty of 

optical Imks, their major appllcation in the near future wlll be as 

point-to-point infonnation carriers. On a long terrn basis, they will 

probab1y replace to a certain extent the usual copper telephone 

wires ln each house. They wi Il carry most of the traft lC on hlyh 

density long distance routes (like intercontinental links), the 

satellite beoaming a mo~e specialised tocl for wireless needs such 

as mobile telecammunications and teledetection. 

- S9nsors : their very small size and high noise irmlunity, make them 

idea1 for aooustic sensil'YJ [l], temperature sensing [2], etc. 

" 
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2.2 Theory 

As we have mentioned p..t:evlously, an optical waveyuide is made of 

several materials each having a different index of refraction. 

'lbe lavs needed for the analysis are the classical Maxwell's equa

tions. Because of therir guiding purpose, the structures involved are 

usually very long canpared to thelr other dl.IDensions. The wavelength 

of the carrier is usually between 0.5 micron and 1.5 micron. ThlS 

allows a first SlInpl1f~cation, by assuming a quasi two-dirnensional 

problem in WhlCh the waveguide lS mfinitely long. 

'lbe second unportant simpllfication canes fran the type of solution 

\Ne expect to get, which is a "'lave-like solution, \'Iith a glven anJu

lar frequency (the operatlng frequency of the laser or the LED 

excltlng the gUlde) and wlth a purely sinusoidal behavior along the 

direction of propagatlon. 

I:i'inally, we assume that the propayating media are isotr,oplc, 

lœsless and may be divided into haoogeneous areas in WhlCh the Max

\Nell's equations in hCIllO'Jeneous media are verified. This last sim

pl ificatlon 15 necessary for the type of formulation we ùse. Each 

element of the discretised area will be hamogeneous. 

With these assunptions, any vector field l'of the electranagnetic 

field may be written 

+ 
F Re { +f x,y,z,t ) .. ) j ( tilt - Bz ) } x,y e 

x,y and z are Cartesian space ooordinates, 

z is the direètion of propagation, 

B is the constant of propagation (unkrCJWn), 

tIl ls the angular frequency of the wave, 

t ls t:i.me, 

j 15 .; -1, 

l ls a oamplex vector. 

, 
4 

(2.1) 
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'nlese are the usual ~tions in aIl wllveguide problem.s. 'Ihey lead' 

te the simplified Maxwell' 9 equations : II 

, 
-.. 

-+ aB -+ 
fi x E - -- .. - j wuH (2.2) 

at 
-.. 

-+ aD -+ 
fi x H - +- - + j WE:E (2.3) 

,at 

-+ 
fi . 

B -
0 (2.4) 

-+ -+ 
B - uH • (2.5) 

fi . -+ 
o - 0 (2.6) 

-+ -+ 
o - d: (2.7) 

The usual mathematical manipulations [3] give the weIl known 

Helmholtz equations : 

~2 2 
+ -g~- + k ). { Ez }. 0 ai Hz 

-+ 
N'lere : Ez ls the Z-O IIIfiCllent of the E vector 

-+ 
Hz ls the Z-<XlilpCllent of the H v~r 

Sc 
y .• w 

1 
c - speed of light in vacuum .. --

{uoE:o 

a and w have been previously defined. 

E: ls ~ pennittivity of the medium. 

ta ls the peIlllitti vity in vacuun. 

lJo i9 the petmeability in vacuum. 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

~: The Helmholtz equations cannot be written in inhomogeneous 

media, where a tenn involving Ï/t (grad E: ) cannet be eliminated. 

5 

----_ .. _------.------------------~--

1 
/ 

\ 

\ 
\ 



t' 

f .... 

-

-+ -+ 
'Dhe knowleage of the z-components of E and H vectors is enough to 

sol ve canpletely any problem of that kind because the other canpo-

nents can he derived fran them. 

we have : 

W\Jo élHz l élEz 
Ex - j 

k
2 --+ Y ---) ély no élx 

w\Jo élHz l élEz 
Ey ... j ( - -+ y--) 

k
2 ax 110 ély 

(2.12) 

~ 
(2.13) 

WE:o 
E élEz aHz ) Hx ... j 

k
2 - --- + y no 

EO ély élx 
(2.14 i 

WE:o 
E élEz aHz ) 

Hy - j 
k

2 ---+ Y no 
EO élx, ély 

(2.15) 

\Jo 
no ... 1-

EO 
(2.16) 

'lbe transverse cc:rnp::>nents above are in quadrature wi th 'the z-cx:rnpo-. 
nents. ~herefore, the Poynting vector has only one real canponer'lt 

(Sz), which indlcates a real prn..er flow in the Z-d,irectlon only and 

00 propagatlon in the transv~rse directions. 

Finally, note that the two Helmholtz equations (2.8) are coupled by 

the continuity of tangential field at the interface between any 

region, and cannat be written and solved separately when an e~act 

solution is required. Detai ls are gi ven in section 3.1 and in the 

references [10,11,12). 

2.3 SUIl!I\aI'Y of sana analytical methcx1s of Solutions 

When the gearnetry is sUnple, the Helmholtz equations_<2.8) are 

sol vable directly using the separation of variables technique. For 

example, the exact analysis af propagation inside a dielectric rad 

lS gi ven in appendix 3. But when the shape of the guide becanes nore 

canplicated and/or when the medillIl is not hanogeneous, it is neces

sary ta find other methods. 

6 
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If the problem has one axis of symmetry, it re~uces to a single 

dùnension and may he solved with differentiâl techniques such as the 

Runge Kutta method [4], or the Predictor-Corrector method [5] .In 

these approaches, the radial variations of the field camponents a~ 

canp.1ted step by step fran the center and the tangential soluticns 

are matched at every boundary. Complete descriptions 'of these 

methods are given .in thereferences • 

" 
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3. 'mE FINlTE ELEMENI' MEl'HOD 

\ 
J> 

The Finite Element Method (FEM) is very well docunented. 

missing in the formulation presented here may be easily 

ale of these references : [6,7,8]. " 

3.1 oetailed fm:mulatioo 

3.1.1 Literature Review 

steps 

The Finite Element xœthod in electranagnetics has main1y two appli-
~ 

cation areas : (i) magnetostatic problems for machines and high 

power devices ; (il) wave propagation problems. 

The first category does not fall directly in our field of interest, 

but we can mention the use of curvilinear elements in reference (9), 

because these are not common in electrical engineering f1eld 

analysis. 

In the propagation category, the first finite element analyses were 

of waveguides, using 2-dimensional triangular elanents weIl adapted 

for the usual rectangular components and geometries. The basic 

fODnulation for inhamogeneous waveguides may be found in reference 

[101, by S.Ahmed and P.Daly, who used first order interpolation 

functions in 1969. One year later, high order polynomials were 

implernented by silvester and Csendes [111 to solve essentially the 

same problan. 

The application of FEM to optical fiber or integrated optics 

problems may be found in reference [12]. In that analysis, C.Yeh, 

S.B. Dong, and W. 01 i ver used triangular elements and l inear 

interpolation to solve various dielectric waveguide problems. The 

discretisation of circular structures (eo9. a quarter section of a 

fiber) requires a large number of elements. In order to keep the 

non-zero field area finite for oomputational feasibility, they use a 

virtual ooundary on which true zero field values were enforced far 

enough fram the h1gh permittivity guiding reg ion. 
~.' ...... 

Later, on 1979 the same authors implement infinite elements [13] 

8 f --
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with speclal oecayiny lnterpolatlon functlons to model the truly 

infinite demaln of lntegration requlred by the method. They replaCe 

the problem of locatlny the v lrtua l boundary by the search for an 

approprlate decay Eactor. 

All the papers prevlOusly mentlOned \vere based on the lonyltudinal 

tield camponents Eoonulatlon for lsotroplc materlals. 

This constralnt was removed by Mabaya, Layasse and Venaenbulcke who 

exteno the formulatIon ta allO\V anlsotroplc materlals [141. They use 

tr1angular elements with lnterp::>lation polynoma1s of or-der- l ta 4. 

In orOer- to obtam dlrectly the transverse held canponents WhlCh 

are useful tor- cornputing the trans'mltted power flow, Jo' Katz [l~l 

proposed a dlfterent varlatlonal approach ln tenns of Ex and Ey' In 

the same paper, he proposed a model for the transltlon between 

layers of dlfferent permlttIvlty by assUffilng a 1lnear change over a 

short dlstance lnstead of a step transitlon. 

Mentlon the recent paper by Rahman and DaVICS [16), who used a H-vector 

fleld formulatIon to solve anIsotropIe problems wlth trlangular elements. 

and finally, Hano's solutIon [26J WhlCh suppresses spurious modes wlth 

rectangular elements ( not very useful ta model optical fibres ). 

3.1. 2 Mathernattcal l.-'orrrnJlatlOn 

In our analysls, the varlational expression given in references [lU, 

Il, 12 and 13J 15 chosen for the followlng reasons : 

The waveguldes to be analysed are assumed 1sotroplc. 

The formulation is well establlshed. 

The use If curvll1near elements is the or1g1nal teature of that 

work. 

If we split the x-y plane contalniny a cross sectlon ot,a glven 

dielectric waveguide in bounded areas called Elements, and if we 

deflne the followlng quantltles : 

~-" -.- '- -------- , . 
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( 

~ . 

s~ = area of elernent .. " i" 

H~ = z-canponent of H in element "i" 

If ;"z-cannnnent of E in element "i" z ~-

e: = Peonittlvity ln element "i" 
i 

2 
Y - l T = ----~--~-----

i 2 
Y - ( g·/e:O 

~ 

N ~ Number of elements l < i < N 

k~ = w )2 ( l _ l ) 
c 

'; 

The solution ta the followiNJ variational equation 

N • e: . 
ô r { fs T. l 'V4l,i 1

2 + y 2 T. (-2:.) l'VIP. 12 

i-1 
~ ~ e: 0 ~ i 

E. .. 
k~lljl. 12 k h 2 (-2:.) IljJ. 12 dS + 2)'2 T e . ( \lW. x 'V1jl ) + + 

1- z ~ ~ ~ , EO ~ ~ 

Wlere : 

41 i = H~ • 

ez .. unit vector in the direction of p~ation (z) 

". 
} = 0 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

is the solution te the Maxwell's equatioos with the proper toundary 

conditlons when the sum of aIl the elements fills the entire x-y 

plane. 

Proof : It is now important to prove that the integral 

fp:anu.l:ation glven above leads to the Maxwell's equations together 

with the usual boundary condltions. From equation (3.7), we can 

write the first variation of the functional with respect to.jJ or 
~ 

wi th respect to ~. • 
K ' ~ 

';1 

10 

, J 

.. 
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In the first ~case we obtain 

N E. 

r { 
i'*l 

fSJ..' 2y2 •. (...1:.) TJtjJ .• TJô1/l. + 2y 21'. ë . ( TJl5tjJ. x TJIf/. ) 
]. EO J.. J.. J.. Z ]. J.. 

) 
E. 

+ 2 ka y2(..2:..) 1/1, ôtjJ. dS.} .-0 
EO ... ]. J.. 

Fran vectorial calculus 'Ne have [17} 

.. .. .. 
TJ.( UA ) = ( Vu ).A + U ( TJ.A ) 

) .. 
Where U is a scalar functicn, A a vector functioo. 

Then: 

And we can write : 

Fran vectorial calculus [l7] we also have : 

Vif/ x VI/I =- TJx ( If/VI/I) because TJxTJ1jJ"'O by theorem. 

The equation (3.10) beccmes : 

€. k~ 
y21'. (...:..) (_V21jJ + - tjJ. 

]. Ea t i T ]. 

i 
E. .. 

y 2
1'. {(...:.. )TJ.(ôtjJ. TJI/I.) + e .( VXÔI/I.TJIf/.)} 

J.. Ea J..]. z ]. J.. 
dS. 

1. 

(3.10) 

.. 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

( 3.15) 

.. 0 

The second part of the integral can be transformed in a 1ine 

integral using the Divergence theorem and the Stokes theorem, both 

in 2 dimensions. We obtain : 

N € kÔ 
r fs y 21'. (i ) ( _V2tjJ +-1/1. otjJ. dBi 
i-l 

]. Ea t i T. J.. ]. (3.16) 
J.. 1. 

le. y2ii{ 
Ei .. .. 

}ô'i + (- ) 7tjJi· n + VI/! •• li dl. 
Ea ]. 1. 

J.. 

11 
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Where n ~s the unit vector normal to the contour Ci" and l, satis-

/ -+ -+ -+ -+ 1. 
fies the relation n x l, = e (n = outward normal). 

1. 'Z 
-+ -+ -+ 

Therefore, l. = e X, n and the line integral becomes (3.17) 
1. Z 

e:. ~ -+ 
y 2T,{ (-1:. ) ( -+ 

) } Je. 'V1/I, • n ) - e . ( 'VtP, x n ô 1/1 , dl, 
1. e:O 1. z 1. ~ 1. 

~ 

We can also make the same development for the first variation of 

equation ( 3. 7) wi th respect to tP,,: 
l. 

kff 
-'V2</1, + - tP, )ôtP, 

t 1. T, 1. 1. 
1. 

dS, 
1. 

(3.18), 

The two line integrals can be related te the transverse field com

ponents using the equations (2.12) to (2.16) or reference 12. 

We have 

r- ( y 2 'V t 1/li 
-+ ,. A T, e lé ,V tP, ) (3.19) 

t 1. 'z t 1. 

;i 
e:, 

-+ 

- yA T, { 'V </l, + (-1:. ) e x V 1/1, } (3.20) 
t l. t 1. e:O z t 1. 

j . 
A ,. ( 3.21) 

Y (wa) ( y2 
, 

- 1 ) f 
C 

The gradients in equations (3.15) to (3.18) are in two dimensions 

( the suhscript nt" was omitted for simplici ty ) , and we can 

compare the line in teqrals with the tanaential part of the trans-
verse field components • 

W,e have 

r- -+ 
y 2 'V t 1/li 

-+ -+ -+ 
x n - A Ti { X n - ( e x 'V cil, ) x n } (3.22) t z t 1. 

{ y 2 'V
t

lP
i 

-+ -+ -+ 
- A Ti x n + e ( 'V tPi . n } (3.23) 

'\.. 
z t 

; { y2 -+ .. .. 
-A Ti ( Vtllli 

x n ) .e + Vt'i' n } ( 3.24) z z 

12 
----'--- .... _------

\ o 

" 

.. 

.: 

, 
\ 

~ . 
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The previous transformations are all'owed because 1jI and n are both 

t 
in the, x-y plan~. Therefore, the line in~egr~l- in equation (3.18) 

can be wri tten : 

"-

( liA) 7 "", -+-i' -+- , 
e.. " 1jIt x n ) é<p" dl~ 

E, ~ .... 

Using 'the same arguments, we'obtain 

li x -+-
n = AyT, { ( 'il ~, t ~ t 1. 

1 , \ 
~ -+-

= AyT, e { e . ( 
~ z z 

. 
and (3.17) becomes 

-(y/A) 

-+-
x n 

'il cp, 
t l. 

le 
i 

. 
C> 

. -
E:, 

-+-(2. ) -+-- e ( 'il 1/1,. n ) } 
E:O Z t ~ 

! e:, ~ 

-+- _ (.2:. )' ( " -+- .. 
x n 'il 1jI,. n ) 

'e:O • t 1. 

-+
e . 

z 
~i ~ 
~ x n ) ô1jl, dl, 

t "1. ~ 
~ 

C3.25) 

" 
(3.26) 

} (3.27) 

(3.28r 

Equa tions ( 3 . 16) anJ (3.18) must be zero for any arbitra~ func-, 
-~ 

tion 01/1, and ô$, • Therefore. the surface integral. 
1.' 1. 

and the line 

integra1 must vani~h ~nd we obtain 
" 

- The Helmholtz equations (~.8), 

The continuity condition or the botlndary ~onditions ~isçussed 

in the following section. 

'. 
, ~ 
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3.1.3 Continuity condition and Boundary conditions 

The vanishing of the 1 ine integra1s in (3.16) and (3.18) for any 

variation ôt/!, or ôcp, can on1y be obtamed when the tangentia1 part 
~ ~ " 

of the transverse fle1d satisfies one of the fo1lowing boundary 

cJooitions : 

- If the integratlon path 15 an intere1ement boundary, the 

tangentia1 field must be continuous, even if the two elements have a 

different index of refraction. With this oondltlon, any 11ne lnteg

ra1 canputed along one path is cancelled by the same lntegral done 

in the reverse dlrection. ThlS is one of the requlred condltlons 

whlch guarantees the equiva1enoe between Maxwell's equatlOns and the 

varlatlonal formulation (3.7). 
1 

- If the problem has natural geometrica1 axes of symmetry, lt lS 

very efficient for the computatlonal pOlnt of Vlew to split the 

domain in smaller parts. Therefore, thlS operatlon requires the 

definition of m:xies which use the syrrmetry and are still solutions 

of the vanational equatlon. If 'N'9 enforce tjJ = 0 00 the axis of 
-+ -+ 

symnetry, !Ne obtain 'V1jJ x n = 0, where n 15 the unit vector normal to 

that aX1S on the lntegration contour. In order ta keep the line 
-+ 

integral zerç>, the other field cp must satisfy 'V<p • n = O. ThlS .... ' . 
conditlon is called the natural boundary condltion (The gradient of 

thé non-zero field z-a::mponent on the axis of symnetry is parallel 

to tha t ax i s ) • 

- Sllnllarly, we can œfine 00 the same axis of synmetry another IOOde 

which satisfies the constraint cp = 0, and tre natural ooundary 
-+ 

condition t:ecanes 'VtJ! • n = O. 

The last two conditions do not involve the Maxwell's equations 

directly, but allow considerable reduction in the size of the 

nuneJ;'lcal problem which will be solved later on. 

14 
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- As i t lS shown in the references (section 3.1.1), in a dielectric 

waveguide problern with no metal1lc boundary, the field extends in 

the whole plane, but with a fast decayiny tate outside the guiding 

medium. Therefore, it is easy and efficient to create a virtual 

boundary on which aIl the fields are zero. This operation satisfle~ 

also the variational equatioo (3.7), but not Maxwell's equations am 
ITU.lst be oonsidered as a numerical approximation. 

The other oonditions on the nonnal field canponents are denved in 

Appendlx l. 

Thus we have proved the val idity of the varlational expression and 

we can start the following step toward the nUIœrical sOlution. 

3.2 \Interpolation funCtlOOS am oiscretlsatlOn 

The rœchanism invol ved in the Flnite Elanent formulation is simple: 

the regloo studied lS splIt into elanents small enough to allow an 

approximation of the unkoown fleld Wl th lnterpolation polynomials 

and a set of ncx:Ial values (see references [6,7,8]). 

Let 4> he unknown inslde the element "1". Let q, be the unknown 
~J 

nodal values wlth : 1<] < ~ (i); (4J(i) is the "local number of 

nodes in element "i"). Let Ni] be a set of interpolation functioos 

having the required charactenstics [6]. Then, we can approximate 

the unkrawn function cp by : 

LN(i) 
[ 

j=l 
N .. 

1J (3.29) 

cp and the Ni)'s areJunction~ of the system of coordinates. If 

the variation of cp inside each element, "i" is small, smooth and 
/ 

canparable wi th the variations of the /rJl i)' s, a very goOO accuracy 
/ 

may be obta ined. 1 

Tnis step leads to the discretisation process in which the search 

for a continuous function is replaced by the seëlrch for discrete 

values. ")" i5 a local index, and the double index "iJ" (local ncx:ie 
'-

) in element il wlii he replaced by a global index "n" later on. 

15 
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3.3 MapP1nQ and ChaNJe of coordinates 

It is ItDre practl.cal and efficient to have only cne set of interpo

lation functions N
J 

for al! the elanents of the problan. Theo, each 

real element "i" 15 rnapped mto a reference elanent Wlth a ~ of 

coordinates. Th1S geometncal transformatlon, shown in Flg. l is 

denoted Ti' 

There lS a ooe-to-ooe equlvalence between any pcnnt of the elenent 

"l n and a point of the reference e lement. The boundaries and the 

nodes are mapped exact ly. The chOlce of the T 1'5 determl.nes what 

type of boundanes ln the real device wlll be perfectly rnatched. 

Let X and Y be the coordlnates ln the real space, and t., n, the 

coordinates ln the reference space. 

T l. lS deflned such that 

LN(l) 
x ~ N ( Cn ) x 

)=1 ) 1) 
(3.30 ) 

LN (1) 

y 1: N ( Cn ) y (3.31) 
j=l J 1) 

The N
J 
'5 are the geo~tric transfoIlt\ation functions and are not 

necessari l y equal ta the interpolation functions N)' s. In fact the 

above equatlons (3.30 arx1 3.31) represent the inverse transfonnation 

which maps each point ( ~ , n) of the reference element onto a palnt 

( X,Y ) in the element ft i". Xi) and Yi) are the coordinates of the 

node ")" of the element "i". 

It lS then posslble to map the nodal values of the unknown he ld 

function <p to the nodes of ~ reference element and a single set 

of lnterpolatlOl1 functions (the N
J 

'5) is needed (if all the elanents 

"i" are of the same kind). 

We can wrl te : 

N. <P 
J 1. J (3.32 ) 

16 



1 
-+ 

The evaluation of the integral (3.7) will be done through the trans

fonnations Ti equivalent ta a discretised change of coordinates. 

In this work, the transformations Ti correspond to the choice of sa

called guadratic-isoparametric elanents. The boundaries of al! the 

elements are quadratic, and the interpolation functions N
J 

are 

identical to the geanetrical transformation functions N
J

• The main 

advantage of this type of element is the fact that it fits more 

accurately than straight edges in circular or el.liptical geanetries 

encountered in the optical waveguide analysis. 

The NJ's are stown below, on table 1 [ref 61 : 

-
j N, = N 

J J 

l - ( l - ~ - n ) ( l - 2 ( l - ~ - n ) ) 

2 4~ ( l-E;-n ) 

3 -~ ( l - 2E: ) 

4 4E:n 

5 -n ( l - 2n ) 

6 4n ( 1 - E; - n ) 

Each element has six (6) nodes. 

TABLE 1 

The interpolation functions for isoparametric and quadratic elements 

17 
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1. 

L. 
4 

Element i 
(quadratic) 

element 

Fig. 1. The geometric transformation "Ti. 
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3.4 Evaluation of the Discretised Integral Equation 

" 
The varlatlonal equation (3.7) may be WIri.tten : 

N 

Ô 1: 
1=1 

F ( <p , ljJ ) 
1 1 

dS. 
l. 

f) 

'l'wo changes of coordinates are dene 

- A scale change 

- The mapplng Ti 

3.4.1 ~cale change 

.. 

(3.33) 

If x and y are the coordinates in the real world, and if we use MKSA 

system, x and y are in meter:( s) and this unit is not practical at 

optical wavelengths. In additlOn, it i5 always necessary to nOI:1l1a

lise the results as muchas possible. Then, the integra1 (3.7) is 

computed wlth X = x/a and Y = y/a, where "a" i5 a nOFIllalisation \ 

constant (for example the radius of the f lber). It lS easily found 

that equatlons (3.7) remains unchanyed except for "ko" which be

canes: 

( ~) ( y2_ l ) ~ 
c 

and ~ i becanes dXdY instead of dxdy. 

3.4.2 Mappiny 

. [o'ran standard cal~1us theorems, we can write : 

(3.34 ) 

F {<p ( x, y) , 1jJ. (- x, y )} 
1 l' 

= F {g>.(XU;,nl,Y(Cn»,ljJ.OnCn),Y(Cn)} 
. 1 1 

: . 

F ( <p., tjJ.) dX dY 
l. 1 

= F- ( <P., 1jJ. ) 1 J 1 d~ dn 
l. 1. 1. 

(3.35) 

Where [Ji) iS the Jacobian matrix corresponding ta the transfonna

tien Ti- From equations (3.30) and (3.31), we can write: 

LN 
E 
j=l 

.. _------.- -----

(3.36) 
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i LN aN" 
---1 J1 2 = r a~ ) Y .. 

J=l 1J 

(3.37 ) 

LN aN". 
1 r ~) J21 X. 

)=1 1J 

(3.38) 

i LN aN 
r -l J2 2 dl) ) Y .. 
j=1 1J 

(3.39) 

\Vhere aN / dt,; and aN. / an are the partial derivatives of 
) J 

the functions N) in the reference element and Xi)' Y 1) are the x-y 

coordinates of, the nodes of the element "i". "LN" is the Local 

number of nodes, i.e. the number of nodes in the element "i". 

Using the interpolation functions N] on the reference element, we 

have 

LN 

~l = [ NiI> •. (3. 4U) 
j=1 J 1.J 

LN 
I/J. = r N \li. (3.41) 

1 J=1 J 1.J 

<P ij and 1/J
1

) are the nodal values of the field at the nOdes of the 

element "i". «'or an isoparametric and quadratic elanent, N
J 

= NJ" 

Using sare straight forward algebraic manipulations, we can evaluate 
" ~ 

the integral (3.7) in terms of the nodal va lues of the field <Pi J 

and \li.. [see Append ix 2]. 
1.J 

We obtain : 

N 

Ô r { 
1=1 

!1d~ !l-~ r J {n. } + .. dn T, <4> .. > LU. '1' • k o 0 1. 1.J . 1 1. (3.42 ) 

e: 
y 2T. (...1:.) <\P • . >[U,]{\lI k} + 2y 2T,<\lI, .>{v.] {<p.

k
} ... . + 

1 E.o 1. J - 1. 1. 1 1. J 1 1. f' 

E: • 

k~<<P, .>[W,]h'k} + kh2 (2.)<1/!, ,>Lw,]{lJI'k} = 0 
1.J 1. 1. E:o 1J l. 1. 
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W1th 

< $. 
1) 

> row matrix < 

$lk 
} vector 

< !/J
iJ 

> row matrl.X < 

{ !/J
lk 

} vector 

[u J , [vJ and [w. ] 
l 1 

Element (J ,kt of [u. ] .. 
1 

Element (J,k) of [v 1 
l. 

<P il' $ i2 ' ..... <P. > 
l. ,LN 

<P i1 , $i2'···· <P i ,LN 
} 

W
il

, ~ 12' •... W. > 
l.,LN 

W
il

, I/! i2 ' ••.. W } 
1. ,LN 

are three matrices deflned by 

1 { ( 

IJil 

aN. aN
k -1_' 

d~ an 

J 
1. 

i 2 i 2 aN aN 
J2 2+ J21 --12-

aE; dE; 

(3. 4~1 
1 

(3.44 ) 

(3.45 ) 

(3.46 ) 

+ 
(3.47 ) 

(3.48 ) 

(3.49 ) 

Where the NJ.aoo Nk are the lnterpolatlon functions in the reference 

element. 

[J il is the Jacobian matrix associated with the element "i" (see 

equations 3.36 to 3.39 ). 

1 1 
1 i l. 

Ji is th~ determlnant of [J il and J 11' J 12 ' J 21 ' and 
i 

J
22 

are 

the elements of [Ji l. 

we can easlly verify that all three matrices are symne~ric and [V] 

ls independent of the e lement. 

3.4.3 Numerical integration 

Integral <3.7) may be evaluated in terms of the unknown field values $ .. 
1J 

and I/!ij when the constants \, y a~d E'i are known, and when the 

inteqx:>lation functions N
J

, have been defi~ by the type of element 
f 
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. 
selee,ted. In qur case, quadratic and isoparametric elements are used 

and the corres);X)ndiny "N/ functions have been given in table 1. The 

anal.ytical determlnation of the integral lS not practlcal because of 

the presence of polynanials in the denaninator 1/1 JI. 
1 

Instead we use the cannon Gausslan rrethod on the reEerence trlanyle. 

The integra l : 

fl dt; fl-~ dn F( <p ,tjJ ) IJ,I dt; dl') becomes 
0 0 1 1. 1. 

NI (3. 5U) 
L \'1 • F { <P • ( E;R 1 n R ) , tV

i 
( E;R;n

R 
) } 

1 J ( E;R ,l')R ) 1 R 1. 1. 
R=l 

where 

NI 1.S the number of intergration p:nnts. ~R ana l')R are the cootdi

nates of the integratloo points • ~ are the wel.gh ts of the l.ntegra

tlon palnts. In our case, the value NI=6 have been chosen atter 

several trlals at the early stage of prograrn developnent w1th 3 and 

4 lnteyratl.on pOlnts. No numerlcal lnteyratlon problems have been 

detected durlng the proJect and the accuracy was very sat1sfactory. 

3.5 Canputation of the transverse field canponents 

'We have seen in section 2.2 that every transverse t1eld canp:lnent 

can be tound trou the knowledge of the z-canponents and thelr par

tial denvatlves. But the electranaynetl.c fiela is discretised, and 

the above quantltl.eS must be computed ln the dlscretlsed space, 

using the Jacobian matnx of each element. 

If H = <p 
x x 

H 
Y 

= tjJ 
x 

l 
and -- E 

YOO y 
tV 

Y 
{3.5U 

Then, the equations (2.12 to 2.16) mal' be wri tten in each e lement 

If i" : 
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, 

<: 

1 
= 

1. 1 

d<l>. dt/! __ ~ + y2 __ ~ ) 
ây dX 

<lcjl 
1 

t/! Y" = ) ---=---- ( -
y (~) (Ë _y2) 

-+ 
(lx 

1. 

4>X 

1. 

<1> y 

C 1. 

= ) ---y!--_
(wa) (E. _y2) 

C 1. 

E 
~ 

<l1jJ "-, d<l> 
~ + _1) 

(lx <ly 

\ \ 

Where : \ 

cjll. and !jJi are the usual}. z-canponents, 

E is the relative perrnîttivity of the element 
~ 

a lS the usual nm:roalls'J..ng dimension. 

The ottler varlables are defined ln section 2.2. 

(3.5l) 

(3.53 ) 

(3.55) 

Then, we need to compute each partlal deri vati ve in each element 

with tœ Jacobian matrix. 

\~e have 

acjl 
l 

acp. 
i 

acjl. 
1. ~ l. l. -= VT J22 aT"' - J12 ax an 

1 

(3.56 ) 

<lcjl 
1 i 

acp. . acjl. 
l. l. l. l. -= TJ":T (-J21 ~+ Jll ây an 

l. (3.57 ) 

The same relations hold for 1jJ. 

1 J 1 = 
]. (3.58 ) 

Using the expression for the [Ji] matrix canponents gi ven in equa

tians (3.36 ta 3.39), we easily find : 

âcjl 
]. 

-= 
âx 

1 vr{ 
1 

E E 
j k 
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.. 

3cjJ 
l. 

ay 
l 
~{ 

~ 

[ L 
J k 

"]" and "k" are the local index nurn.bers inside each element. 

These equatlOns are simllar tor ljJ • 
l 

Let 

(3.60) 

(3.61) 

V Jk is mdependent ot the element and may be canputed at the begin

niny of the program and stored for the necessary points. Flnally, we 

obtain 

d4> 
~ 

3x 

3!jJ 
l. 

3x 

34> 
l. --= 

3y 

1 J 
l. 

l 

~ 
~ 

l 

~ l. 

l 

~ 
,1. 

l 

TJ:1 l. 

1 = 

L [ 
J k 

L [ 

J k 

L [ 

J k 

L [ 
J k 

L L: - V J k xi J Y lk 
J k 

, -"1~ 

(3.62) 

(3.63 ) 

(3. b4) 

(3.65 ) 

(3. 6b) 

Xi] and Y ik (y iJ) are the coordinates of the nodes of the elernent 

.. i" • 

4>lk and l/I ik are the nodal values of the field. VJk is a function of 

( ~, Tl) in the reference elernent. The partlal. denvatlves at every 

polnt ( X, Y ) ln the real element may be found Wl th the precedlng 

relatlons when the correspond mg CCXJrdinates ( ~ 1 Tl ) are known. In 

our case, we only look for the partlal derl vati ves at the nodes. 

Therefore, the correspondlng points ln the reterence element are the 

nodes of the trlangle. 

In our Flnite Element approximatlon, the continulty of the 

derivatlves is not mathanatically exact at the ooundaries between 

the lnoogeneous elements, but if these are small enough, the discon-
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tinuity should be very smal,l. 

The problem of the non-unlqueness of the partial derlvatlves at the 

nades may be sol vea by averaging them in the elements of same 

pennitti vit y only. At the ooundan.es between reg10ns with dlfferent 

index of refractloo, two derl vatl ves are canputea and the transverse 

canponents wlll te d1scontlnuous. 

The d1scontlnultles left ln homoyeneous reyions are due to the 

discretisatlon process and accur ln the low field intenslty reglons 

or Eor hlyh arder rrodes. 

3.6 The Global Matnx formulation 

So far, we have wr1tten our i.ntegral equat"ion in terms of the ~~J 

and 1/1 nodal values. ThlS double inaex 15 not practlcal and lS 
lJ 

confusing. When a noce lS shared bet\Neen several elernents, dlfferent 

comb1nat1ons of the 1- J lndices represent the sarne physlcal nOde 

called "n". By constructlOn of the Jœsh, there eX1sts a transforma

tion Wh1Ch gives ta any node 1aQelled "lJ" a slng1e label "n". We 

w1ll express the integral ln tenns of thlS unlque node numberlng 

system. 

3.6.1 The local matrlx fornulation 

Let < e. > = < <p ,Iji ,<P. ,Iji, , ••••• 
1 ~1 11 <12 12 

We want ta wri te the integral (3.7) as 

N 

ô l:: 
1=1 

<8. > [A. J {8} + kcr <8 > [B ] < e. > 
1. 1 1 1. 1 1 

Ta aetermine each element Ai 
pq 

(or B
1 

) 
pq 

> (3.67 ) 

o (3 .6H) 

of the matrix [Ai] (or 

[B l,]), \ole IlUst find the coefficient of e e fran the equations (3.42 p q 

ta 3.49). We obtain the tables below 
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Al 

pq P (odd) = 2j-l p (even) = 2J \. 

(odd) E 
i 

y 2 T o L WR V Jk U';R' nR) q = 2k-l T W
R 

U jk ( t:
R

, n
R

) 
1 1 

R R 

E 0 

(even) 2k y2 (2:.) 
1 

q = symmetnc A 
1::0 p(odd)q(odd) , , 

~ 
TABLE 2 

. 
al 

pq 
p (odd) = 2)-1 p (even) = 2J 

v 

q (odd) = 2k~1 L 
R 

W W~k(~R,nR) 0 
R 

1:: 

(even) 2k 0 y2 (.2) 
l 

q = . a 
1::0 p(odd)q(odd) 

TAHŒ 3 

- [Ai J and [Bi J are symnetric. 

- U~k' V}k and W~k are given in equatlOns (3.47 to 3.4~). 
- The swmnation in "Rit represents the nurnerical Integration uSlng 

the Gaussian methcd. 

3.6.2- The Local to Global Matrix Transformat10n 

110 
Each term U kor W Ok represents the contrlbutlOn to the global 

) . J 
matrix of t~e pa,ir of nodes J-k ln the element 1. If "n" is the 

global node number of the local node J of the element "i", and ''mil 

the global node number of the local node "kil of the element "i", 

then it is possible to find a correspondance between the local 
i i 

position "pq" of each element Apq ( Bpq) of the LOCAL matrix and 

the global position "gh" of the same e lement in the global matrix 

[Ac;] ( [BG ] ). 
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Let n(i,J) and m(i,J) be the global node nurnbers as defined 

pre0iously. Then, we obta~n thè Eollowing table : ' 

------*-7------------

pleven) = 2J 

----------- ---~ 

9 = 2n(i,j)-1 9 = 2n(i,J) 

q(odd) = 2k-l 

h = 2m( i,k)-l h = 2rn( i , k ) -1 

--------- -------t_ 
':l = 2n( 1,J )-1 

q(even) = 2k 
<4t 
h = 2m(i,k) h = 2m( i,k) 

---------

n( i,J) and m( ~,k) are deEined by the numbering system chosen' by the 

user. 

TAHLE 4 The local to global matrix transformation. 

3.6.3 Effect of the boundary conditions 

The enforc~ng of essent~al boundary conditions ( ~ ::: U or tJ! :; 0 

for sane nodes) will sl~ghtly ITKXlify the global matrIces and réduce 

their size. 

If we have the mi tial matrix equation ': 

< El + k~ o 
(3. 6~) 

L 

and if eL::: 0, then the column "L" and the row "L" of both matrices 

,[AG] • and [BG] may be removed. The size of the system is reduced by 

one, and the process repeated Eor every node subJect to an explicit 

boundary condition. 

3.6.4 final answer 
• 

The final resul t of this complex process i5 a very large matri'x 

equation of the fOIJn : 

, 
27 
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o (3. 7U) 

fran referen~e (12), lt has been proved that the statlonary p<)lnt ot 

~th1S express10n 1S the solutl~n ot the tollowlny e~envalue problem: 

[B l {Sl 
G 

o (3.71) 

(wlth [~], (HG] large, sparse, symmetrlc matnces; [i\) lS 

mdeflnite and (BG] lS posltlve deflnlte). 

'vJhere : 

- (1\;] and (HG] are the two global matnces assembled fran the lot:a l 

matrlces deflned ln table 2 and 3. 

- (e) 15, the vector of all the ncxjal values of j: and'~, the expll-

Clt boundary condlt1ons be1ng lncluded. 

wa 
c 

ko 15 an lndependent pararneter "Whlch does not appear ln any 

coefflclent of the matrlces (Ac] and [~]. 

For a !dlven geanetry and a glven value of "Y (the normallsed propaga

tlon constant), we can so l ve the problern for the elgenvalues ko 

correspondlny ta cl1tferent modes ot the structure. FlfOm these va

lues, dispersion curves may be plotted. By conventloo, we call 

S = wa/c , the normallsed frequency. "a" lS a normallSlng OlmenS10n 

and "c" lS the speed of llght ln vacuum (c = 2<::J980ü km/sec). 

o 
3.7 The Vlrtual Boundary 

uutSide the dlelectrlc waveguide, and lf there lS no opaque ooatlny, 

the electranagnetic fleld decays exponent1ally for a theoretlcally 

inflnlte d1stance. l::Sut lt 1S ObVlously not possible to dlscretise 

thls lntlnitely large area-wlth a finite nurnber of elements of 

Elnl te Slze. 

sorne authors [13 ,16] have used spec1al elements ln the unbounOed 

r:-eylon wlth intnnslcally decaylOg interpolat1on functlons. In thlS 

approach, the user has to guess~ the decayi~Y factor with sorne 

2ti 



accuracy to keep the results ln acceptable ranye. In our case, we 

use the same type of elanent everywhere ln a flnlte reglon, and set 

both the electrlc and 'magnetlc flelds to a true zero. at a certaln 

dlstance from the gUlde, on the so-called v lrtual boundary (see 

references [13,15)). 

The determlnatlon of tblS boundary could be done lteratlvely, wlth 

step by step moves, expectlng a convergence of the elgenvalues for 

sufficiently larye values ot the boundary dlstance. But thlS process 

would be very costly ln term of computer tune. 

A better approach lS to conslder an equlvalent slmple mode 1 (the 

dlelectrlc rod) for the arbltrarlly shabJed gUlde when lt lS seen 

froll a relatlvely large distance (see by. 2). It 15 then possible 

to compute an approxDnate fleld decay rate to obtaln the locatlon 

of the vlrtual boundary ('see flg. 2). A separa te proyram (OW3) 

analyses the r11electrlc_rod wlth yreat accuracy. ThiS methOd has 

been used successfully ln the dltferent cases studied ln sectlon 4. 

The effect of the virtual boundary location on the accuracy ot tre 

answer has been numerlcally studled ln one ex~nple. It shows an 

optlffium range of values between WhlCh the results are very close to 

each other, wlthln a so-called "numerlca,l nOlse level" (see fly. 2). 

ThlS expresslon refers to apparent random varlatlon of the 

elgenvalues wlth small varlatlons of relatlvely lrrelevant parame

'terse 

When the boundary lS too close, the approxlmatlon of zero field 

leads ta a fast-growlng error. When the boundary 15 too far, the 

elernents outslde the wavegulde becc:rne too large and the lnterpola

tlon functlons do not follow the fast decay rate. 

Table 5 and flg. 3 show an example of the v lrtual toundary locatlon 

effect. The case Studled 15 a dielectr1c rad Wlth an lnternal lndex 

of L'j, embedded ln alr. The parameter f\nax = l corresponds to thé 

wavegulde lnterface. The propagatlon constant lS 1.45. The number of 

elements 15 constant. 



1 -

Dielectric 
rod 

Normalize~!ld 
o d.B--

-60 dB typ.--

Norma1ized 
frequency "S" 

) 

Arbitrarily shaped 
waveguide 

virtual boundary 

Field decay 

rod radius 

"Noise" 
___________ ---L 

):l~---=---~ 
1 1 
1 1 
1 

, 
'. ~ "Dynamic range" for the 

choice of the virtual 
boundary position. 

r 

Fig. 2 1 Determination of the virtual boundary with the 
equivalent model of the dielectric rod. 
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virtua1 boundary First rea1 lOOde First spurious mode 

1cx:ation % % 

(1 = rod radlUs) S Change S Change 

1.15 5.34932 - none -
1. 21 5.51138 (+ 3.29) 1.44239 ( - ) 

1. 36 5.61845 (+1. 94) 3.01922 (+109 ) 

1. 59 5.63368 (+1.3.27) 3.21124 (+6.4) 

1.71 5.63676 (+0.05) 3.25987 (+1.5) 

1.86 5.63710 (HL (1) 3.26134 (+0.05) 

2.09 5.63705 (+0.00) 3.25728 (-0.12) 

2.59 5.63682 (-0. (1) 3.23414 (-0.71) 

3.09 5.63640 (-0. (1) 3.20989 (-0.75) 

4.09 5.63588 (-0.01) 3.16335 (-1. 45) 

5.09 5.63508 (-0.91) 3.12113 (-1.33) 

6.99 5.63446 (-0.01) 3.98247 (-1.24) 

7.09 5.63377 (-0.01) 3.04762 (-1.13) 

8.99 5.63398 (-9.91) 3.91551 (-1.95) 

10.99 5.63171 (-0. (2) 2.95873 (-1.88) 

TABLE 5 : Effect of the virtua1 boundary 

S is the nonnalised frequency wa/e. 
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3.8 Symœtry and Boundary Conditions 

The use of symmetry in the analysis may greatly reduoe the size of 

the discretised problems and must be included. When an axis of 

symnetry exists, only one half of the problem needs to be rOCxjelled, 

providing the correct boundary condition is imp::>sed on the axis. The 

conditions f = '0 (f being one of the z-components) on one axis 

indicates that f is odd with respect to th1S axis. When no explicit 

ooundary condition lS set, the natural boundary conditions induced 

by the variatlonal formulation holds and f is even Wl th respect to 

the axis (see section 3.1). The electranagnetic field is different 

in each case, but 'not necessarlly the characterlstic curves of the 

propagatlon constant. When two axes of synmetry eXlst (Ox and Oy), a 

set of four tx:>undary condltions rnay be defined which are : 

(Ox axis) (Ox axis) 

"KBC" code Ez = 1jJ = li} Hz = <p = li} 

Ez = tjJ = li} 4 . 3 

(Oy ax is) 

Hz = <p = 13 2 1 

(Oyaxis) 

TABlE 6 : Definition of the "KBC boundary conditions oode

rJ 
When two sets of boundary conditlons lead to the same propagation 

constant (at any frequency), the two correspondlng rrodes are ,said 

"degenerate". This degeneracy i5 the key phenanenon for the analysis 

of the coupler and will be discussed later • 
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4. ANALYSIS Of KOO\'lN EXAMPLES Wl~H 'IHE FEM PRU;RAMS 

A set ot canputer proyrams descrlbed ln sectlOn 6 has been W!'ltten 

for the f'EM analysls of dielectrlc wavegUides. Four examples have' 

been chosen to derocmstrate the oost lffiportant characteristlcs of the 

method. The results are given in this chapter. 

4.1 The Dlelectnc rcx:1 analysis 

The dlelecrlc rad lS the sirnplest •. dielectnc waveguide. A cylinder 

with an mdex of refractlon n1 is embedded in a reglan of index n2, 

ànd ni > n2. The Eollowlny proof lndiêates that gUlded waves wi 11 

propagate inslde thlS guide. 

4 • .\-.1 Analytlca1 solution 

The a~lytlcal solutlon of thlS problem i5 well known and is 

obtain~ ln appendix 3. It is easlly found in many Electranagnettc 

books [e.g. ret 1'8]. 

The normalised trequençy S = wa/e is the solution of the following 

transcendental equation : 

l l 2 l l K n +-l (52) 
{ ny ( st + sr )} - {n { sr + SI) - s 2 K ( 52 ) 

n 

nt n~ n~K 1(52) n1 J l (5 1) 
{n ( ) - n+ n+ } 5"f+SI S2 K (52) SI J (51) 

n n 

wa 
Wl. th 51 = ( ./ nt _ yZ 

c 

S2 ~) ./ yZ - n~ c 

"" and nt El= dl.electric constant l.nsl;de 

n~ e: 2= dl.electrl.ç constant outSl.de 
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The electromagnetic held z-components are ~ . .. 
Ez '(inslde) = A1Jn(k1r) cos (ncp) 

j ( f3z-wt 
e (4.4) 

Hz (lnslde) = 8 J (k r) 
l n l 

sln(ncp) 
J ( f3z-wt 

e 
) (4.5) 

Ez (outslde) A
2

K (k r) COS (ncp) 
J( f3z-wt ) = e 

n 2 
(4.6) 

Hz (outslde) 82K (k r) Sln (ncp) 
J ( f3z-wt ) 

e 
n 2 

(4.7) 

k
l 

= ~ / ni __ 'yL 
C 

(4.~ ) 

~ k
2 

/ yL n~ c 

The results are stown for sone IOOdes 00 l.-'lg. 4. 

"n" lS the number which appears ln the prev lOUS equatlons and deter

mines the order of the Besse l functions. 

I.-'or each "n" (U, 1,2, ••• ) there are an lnfin1te number of frequencles 

Wh1Ch satlsfy (4.1) and (4.2) at a y1ven y (nl>y>n2). The values of ~ 

and correspondlng f1elds (4.4) ta (4.7) are labelled w1th "n" and a 

second 1ndex "m" (0,1,2, ••• ). 

Usually, the f1rst mode i5 def1ned as the one w1th the lowest 

frequency for a given value of the propagdtion constant. In 

a d1electr1c nJd, 1t lS an hybrid mode and al1 the f1eld components 

are non-zero, even if sorne are clearly much larger than other. Such 

a mode is usually denoted HEnm' where n and m have been def10ed 

previously. 

4.1.2 PEM solut1on 

The aielectr1c/rod and the surrounding medium have been d1scret1sed 

wi th 50 quadrat~c e lements and 129 nodes. Sorne resU'l ts have been 

checked with 62 elements and 159 nodes and no appreclable dlfference 

had been not1ced (see Fig. 5 for the d1scret1sat.1on). Tables 7, 8 

and 9 y1 ve the mllner1cal resul ts and the oorrespondlng errors for 

the norma lised frequency as a function of the oonna llsed propagapon 

oonstant. Hecause of the very small error level, theoretlcal values 
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have been oomputed ln'double preclsion, with accurate determinatlon 

of the Bessel funct10ns uSlng serles expansions. The error lS ,beiow 

U.035% over the y-range (1.05-1.49) for domwant HEll mode. Sorne 

components of the electramagnetlc fleld have been dlsplayed wlth a 

contour plotter program (DW6P, see sectlon 6.4.2) for y = 1.45 [see 

Flg.6 to 101. The smoothness of the equlpotential lines and the 

continulty of thelr partlal der1vat1ves at the 1ntersect1on of 

elements (except at the boundary and for Ex and Ky) lS another prooE 

of the qua 11 t y ot the FEr'! discr'ft1satlOn and wterpolation process. 

The IX'Or quailty of the contours of Ex and Hy can be explained by 

the very low relatlve amplltude level of Ex and Hy wlth respect to 

Ey and Hx' Th1S lS easlly demonstrated by comparlng the max1mum 

field strength values of the x and y components. In fact,Ey and 

Hx are domlnant for that set of boundary condl tions (KBC=2), and 

becaœ very small for the other set (KBC=3). 

The number denoted "No" on the tables 7, 8 and 9 mdicates the arder 

ln WhlCh the elgenvalues are classlt1ed when starting from the 

smallest poSl tl ve one. 1 

The poor aspect ratlo of sorne elements exhlblted ln Flg. 5 does not 

appear to cause 1naccuracy. 

4.1.3 H1Qher arder modes 

The hlgher elgenvalues glve aiso the norrnailsed frequency of sone ot 

the hlgh order modes, but wi th an accuracy Wh1Ch fa 115 down very 

quickly because the rate of change of the field becomes very hlgh 

and cannat be followed by the lnterpolation functions. For the next 

rocx1e (HE12l, the accuracy remalns very yoad, below U.Oti% over the Y

range (1.05-1.49). Other modes exist between HEll and HE:12 WhlCh 

cannot be found wlth the set of boundary cond1tions (KBC=2) whlCh 

has been used ln thlS example. 

An eff1clent way of OŒnputing modes such that the fleld perl0d1clty 

of the z-components are of the form sin(n<!J) or cos(no) with "n" 

greater then one lS to slmply put the elements ln a sect10n of d1SC 
'; 

n/2n wide. ThlS increases the denslty of elements for a better 

resolution at no extra cast [see Flg. lll. ThlS feature 1S succes-
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r 
\' 

/ 

( 

"'" a 

~~, 

m=1 % 

y S (Th.)" No S (FEM)*l Error 

1,05 2.41752 1 2.41941 +.08 

1.10 2.65381 2 2.65588 +.08 

1.15 :2.91655 1 2.91877 +.08 

1.20 3.22905 l 3.23171 +.08 

1.25 3.62159 1 3.62439 +.08 

1. 30 4.14601 1 4.14935 +.08 

1. 35 4.90871 l 4.91241 t.08 

1.40 6.18377 2 6.18889 +.08 

1.45 9.06490 1 9.07118 +.07 

1.46 10.2273 1 10.2338 +.06 

1.47 11.9319-"" 1 11.9403 +.07 . 
1.48 14.7940 2 14.8033 +.06 

1.49 21. 2615 2 21. 2791 +.08 

(J 

FEM Solution : 50 elements, 129 nodes. 

No = Eigenvalue number. 

m=2 
'f S (Th.) No 

1.05 2.61070 l 

1.10 2.93867 2 

1.15 3.26071 l 

1.20 3.61461 2 

1. 25 4.03736 2 

1. 30 4.58452 2 

1. 35 5.36480 2, 

1.40 6.65442 3 

1.45 9.54682 2 

1.46 10.7115 2 

1.47 12.4184 2 

1.48 15.2829 3 

1.49 21. 7531 3 

Note *1 KBC 4 

Note *2 KBC 1 

TABLE 7 The die1ectric rod examp1e with mode number (n) o 
... 

Il 

% 

S (FEM) *2 Error 

2.61281 +.08 , 
2.94106 +.08 

3.26343 +.08 

3.61756 +.08 

4.04073 +.08 1 

1 4.58837 +.08 
1 

5.36932 +.08 

6.66011 +.09 

9.55472 +.08 

10.7206 +.08 

12.4288 .. +.08 

15.2961 +.09 

21.7718 +.09 
_/ 

m 1 

m 2 



""-~ 
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" 

,-~ " 

--, 

HEU 

m=l 
*2 *1 

% 

l' S (Th.) No S (~M) Error l' 

1.05 1. 290371 1 1.290175 -.015 1~05 

1.10 -1. 510383 1 1.510468 +.006 1.10 

1.15 1. 71591 2 1. 71619 +.016 1.15 
. 

1.20 1. 938383 1 1. 938836 +.023 1. 20 

1..25 2.20246 1 2.20302 +.026 1.25 

1.30 2.54322 1 2.54397 +.030 1. 30 , 
1.35 3.02859 1 3.02956 +.032 1. 35 

1.-40 3.83111 1 3.83237 +.033 1.40 -
1.45 5.63521 2 5.63680 +.028: 1.45 

1.46 6.36240 ----2 6.36446 +.032 1.46 

1.47 7.42959 1 7.4322.4 +.036 1.47 

1.48 9.22224 1 9.22550 +.035 1.48 

1.49 13.2758 ~.2804 +.035 1.49 

*1 FEM solution with 50 elements and 129 nodes. 

*2 Eigenvalue number. 

S (Th.) No 

3.71919 2 

4.02084 2 

4.36556 3 

4.78074 2 

5.30594 2 

6.01,055 2 

7.03786 3 

8.75663 2 

12.6354 3 

14.1989 3 

16.4904 3 

20.3352 3 

29.0159 3 
----_.- - -

TABLE 8 The dielectrlc rod example Wl th mode number (n) l 

, 

" . 

HE
12 

m=2 
*2 S (FEM)*l 

% 

Error 

3.72199 +.075 

4.0'2389 +.076 

4.36900 +.079 

4.78424 +.073 

5.30988 +.074 

6.01514 +.076 

7.04330 +.077 

8.76278 +.070 i 

1 

12.6440 +.068 1 

14.2074 +.060 

16.5036 +.080 

20.3491 +.069 . 
29.0342 +.063 

--- -- - -- -

./ 
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...... 

HE
21 

m=1 
*2 *1 

% 

'Y S (Th.) No S (FEM-) Error y S (Th.) 
'Y"_ 

1.05 2.78442 2 2. 7533 -1.1 1.05 4.91063 

1.10 3.02123 3 3 ;0108 -0.3 1.10 5.26356 

1. 15 ; 3.28023 2 3.2749 -0.2 1. 15 5.67710 

1.20 3.58649 2 3.58901 +0.07 1. 20 6.18157 

1.25 3.97093 2 3.97471 +0.1 1. 25 6.82447 

1. 30 4.48556 2 4.49332 +0.2 1. 30 7.69076 

1. 35 5.23657 2 5.24896 +0.2 1. 35 8.95834 

1.40 6.49729 3 6.52200 +0.4 1. 40 11.0842 

1.45 9.35970 2 9.35312 -0.07 1. 45 15.8898 

1.46 10.5172 2 10.5202 +0.03 1. 46 17.8287 

1.47 12.2163 2 12.2295 +0.1 1. 47 20.6715 

1.48 15.0719 3 15.0915 +0.1 " 1.48 25.4430 

1.49 21. 5308 3 21.5817 +0.2 1.49 36.2206 

*1 FEM So1utlon wlth 50 e1ements and 129 nodes. 

*2 Elgenvalue number. 

TABLE 9 The dlelectnc rod example with mode number (n) 

HE
22 

m=2 
*2 *1 

% 

~ S (FEM) Error 

4 4.9377 +0.6 

5 5.2954 ' +0 .6 , 

3 5.6962 +0.3 

3 6.2177 +0.6 

3 6.8582 +0.5 

4 7,.7297 +0.5 

3 9.0030 ~ +0.5 

4 11.139 +0.5 

4 15.966 +0.5 

4 17.911 +0.5 
1 

4 20. 778 +0.5 
1 

5 25.567 +0.5 

S 36.479 +0.7 
1 

~ 

2 
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A 
lJ1 1/8 circ1e 1/12 cir~' 

Fig. Il • Discretisation of a circu1ar waveguide for the 

computation of higher order modes propagation 
characteristics ( typical examples ). 
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4.2 The Inhancx;eneous Waveyulde 

4.2.1 Runye-Kutta dlEterentlal analysls 

Great attentlon has been pald to the lnhOTOJeneous waveyulC:le ln the 

past due to ltS disi->€rsion-reduCtlOn properties ln rnultlJT1(Xje appll

catlOns. Varlous analytlcal and vanatlonal methods [4,5,1';1,2UJ have 

been develo~ed tor 'the analysls. The inhomoyeneous Über has a 

s lowly varylny lndex of refractlon ln the radlal dlrectlOn (Flg.12). 

One of the rnethods used a dl t Eerentla l Runye-Ku t ta step by step 

approach WhlCh was aevelo[.>ed and l.JYIplernented sorne years ago at 

McGlll Unlversity. Because It lS a one-dlmenSlOnal ~roblem, the 1-0 

FEr"! method 15 obv lously not needed tor routine ana lyS1S, but the 

comparlson between the results trom the se two rnetnods yreatly 

unproves the conE Idence ln the FEM proyrams. The detalled Runye

Kutta analysls lS avallable ln reterence [l':iJ. 

4.L.2 FEM solutlCl1 

'A step lndex mode l shown ln F ll,). 12 lS used to approx1mate the 
"-

parabollc profile of an lnharogeneous über Wlth a flnlte claddlllCd. 

6L Elements and lS9 rodes are generated to map the structure. Table 

lU glves the result5 Eran bath methods and shows a excellent accura

cy, except tor the tlrst value oty. The Runye-Kutta results are 

computea ln aouble precislon. At very low tre4uency, the tlela 

covers a large area and the number ot Elements required outslde for 

a yocd accuracy should be greater. But th1s lower eage ot the spec

trum IS not usually reached at optlcal ,...av~enyth. 
\'~c- '. 1"or 1 = l~, ~a/c = 2~a/ ' la normallsed crequency of one ylves a 

radiUS "a" oE .lb ~ whlch 15 extremely small. 
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-- . 

HEU HE
21 

S (RK) *4 *1 " S (RK) *4 y S (FEM) Error 

1.04 Q.977610 0.976640 -.100 2.170030 

1.10 1.187251 1.187124 -.011 ,2.389231 

1.14 1. 311962 1. 311868 -.007 2.545459 

1.20 1.510205 1. 510257 +.003 2.819214 

1. 24 1.662580 1. 662602 +.001 3.043603 

1. 30 1.949522 1.949422 -.005 3.485835 

1. 34 2.208118 2.208048 - .003. 3.898263 

1.40 2.807512 2.807164 -.012 4.885428 

S (FEM) *2 " 
Error 

~ 

2.164290 -.260 

2.386839 -.100 

2.543810 -.065 

2.817969 -.044 

3.042554 - .034 

3.485218 -.01-8 

3.895336 -.075 

- -

HE 
31 

S '(RK) *4 

3.20710 

3.458954 

3.652222 

4.003891 

4.299130 

4.891114 

-

6.811314 

S (FEM)*3 

3.19167 

3.452693 

3.&49044 

4.001578 

4.297761 

4.890539 

5.447305 

6.807586 

*1 Mode numbers n=l, m=l computed w1th 62 e1ements and 159 nodes 1n 1/4 fiber. 

*2 Mode numbers n=2, m=l " " " " " " " " '1/8 fiber. 

*3 Mode numbers n=3, m=l .. 1/12 f1ber. 

*4 "RK" solution computed in double precision 

TABLE 10 Numer1ca1 resu1ts for the inhomogeneous opt1ca1 f1ber. 

" 
1 

Error 

-.48 

- .180 

-.087" 

-.058 

-.032 

- .012 

-
-.055 



4.3 The Elliptlcal Fiber 

4.3.1 Descrlptlon 

The elllptlcal bber example chosen for th1S seCtion( lS tully des

crlbed and analysed wlth another method ln reference [21]. It is 

~e of 3 dlelectnc layers, the last one be1ng mflmtely W1de. The 

two OOundanes have a dlfferent elllpt1CIty [ The e1lIptlc1ty ~ 1S 

deflned such that any pOlnt x-y of the ell1pse VerltleS the 

f0110w1ng relat10n : x = R cos( :0), Y = \ R SIn ( t ) ana ~ 1S a 

parameter between ü and 36U degrees. J. 
The v1rtual boundary 15 g1ven the sarre elllpt1clty as the outer edge 

of the claddlng. Flg. 13 shows one quarter ot thlS structure. 

The unportant r-esul t ln thls example lS the tn characterIst1c curve 

between the two quas l -deyenerate rocx:Ies correspond Ing to tj1e two sets 

of boundar-y COnd1tIons KBC=2 and K8C=3. Tables 11, 12 and f1g. 14, 

15 gl ve the r-esul ts fran ooth methods and exhIblt a good agreement 

between them with only 46 elements and ll~ n<Xles. 

4 •. L 2 The lIr charac,tenstlcs 

The dlfterence between the propayatlon constants ot tloolO rn:x1es lS not 
t'-

duectly aval1able fran the output of the e1genva1ue sol ver. ThIS 

one g1 ves the nonnall5elj Erequency as a Eunctlon ot the normallsed 

pr0(?c3gatlon constant for only a snall number of [:xnnts. 

The rœthod WhlCh canputes the 6y characterlst1cs at any frequency ~ 

lS the folloWlnj 

Each curve (y versus S) lS approxunated with a tJleœ...,l5e quadrat1c 

funct lon. for three data pûJ.nts, we can f Lnd three parameters A, B 

and C such that : 

y 
2 

AS + BS + C s = wd 

C 

(4. lU) 

If the three da ta poInts are ( y l ' 5 l ), ( y 2 ' S2 ) and ( y 3 ,53 ), ...,e 

easlly fl.nd the follOWl.ng relations : 
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A 

~ -5 ) (y -y ) + (S -s ) (y -y ) 
2131 1321 
\(S -s ) (S -5 le) (S -s ) 

\3 1 2 1 3 2 
(4.1ll 

(4.12 ) 

(4.13) 

The canplete curve y vers~ S lS canpletely defined by a set of A, B 

and C coeftlclents. Therefore, tor any S w1thin the ranye covered by 

the data pOlnts, we flrst flnd in which segment [Si' Si+2 J lt 

belongs and uSlny the correspondUlQ coefficlents, \ole can ccmpute the 

quadratlc approx:unatlŒl of y. 

4. j. 3 Error analysls 

, 
Conslder two modes at a glven frequency S Wlth propagation con-

stants y 1 and y 2 • Let (J:y = y 1 - Y 2 • 

The 6'( values may be relatl vely very small and the analysls of the 

worst case error is very important ta determine the accuracy ot the 

results. 

The error lS computed wlth respect ta the expected error an the S

value (~) fran the sol ver. Examples prevlOusly studied in section 4 

gl ve us seme upper llmit for LIS. 

If : 

LI ( LlY (4.14) 

6 ( LlY ~s the absolute error on f::.y 1 LlY 1 and tJ. Y2 are the absolute 

\ 

errors on y 1 and Y2 respectl.vely. 

then LI ( f::.y ) = ( dy J) f::.S 1 + ( dy 2 ) f::.S 2 
dS dS (4.15 ) 

Defl.ne 
â(tJ.y) 6S 

tJ.y as the relative error on f::.y , S as the relatl.ve 

error on S, and assume tJ.S 1'" 6S 2 • 
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Then 
~(~Y) 

6.y 
s 

~y 
dYl + ~ )} 6.5 
dS dS 5 

(4 .1b) 

The coeff~c~ent 
s 

~y 
dYl +dY2) 15 the ff dS dS error coe ~C1ent "EPS". 

The quantI tles cr l IdS and dy2 IdS are canputed USlnJ the same qua& 

ratic interpolatIon derined prevlOusly. We obtaln : 

d y IdS = 2AS + B (4.17), 

ThIS i5 true Eor any m:x1e. 

The ~y ana.lysls 15 oone ln the program called "OOITAS". 
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n l 

claddlny 
n2 

Lore 
nI 

o 

Flg. 13 

1.427 Rmax 

Nonnallsed radlus 

E111ptlca1 wavegulde dlscretlsatlOn. 

46 elements, 119 nodes: , 

Core lndex 1 

C1adding index 

Outslde lndex 

C1addlng el1lptlclty 

Core e111ptlClty 

1.460 

1.401 

1.343 

0.7616 

0.3800 

~ 



'Y S (KOC = 2) S (IŒC :: 3) 

1.353 2.264655 2.226960 

1.358 2.530127 . 2.485246 
lJ' 

1.363 2.783134 2.731492 

1.368 3.064107 3.0.1HJ99 

1.373 3.29749" 3.230801 

1.378 3.579265 , 3.5"4433 
4 

1.383 3.886182 3.802208 

1.388 4.222381 4.128036 

1.393 4.6133401 4.497282 

1.398 5.1319148 4.900267 

1.493 5.453403 5.318555 

1.413 6.691547 6.519348 

1.418 7.47180 7.277139 

1.423 8.413982 8.18948 

1.428 9.5630 9.31616 

1.433 l1.US5 Hl.7412 

1.438 U.9433 12.6428 

1.443 15.5582 15.2284 

1.448 19.6661 19.3089 

TABLE 11 

The E111ptlcal flber propagation characterlstics for the two quaSl

degenerate danlnant IOOdes. 

See TABLE 6 for the definitlon of "KBC". 
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, 

V(±S%) l:ly (œf) tJ y (J.o'E M ) 

*2 (n1-n2 ) (nl-n2) 

*1 % % *4 

error errer coefficient 

0.279 0.0819 - - -
0.382 0.255 0.241 -5.5 -115 

0.498 0.365 0.351 *3 -3.8 -100 

0.616 0.398 0.386 -3.0 - 90 

0.747 0.398 0.396 -0.5 - 85 

0.900 0.380 0.362 -4.7' - 80 

0.993 0.365 0.358 -1.9 - 80 

1.105 0.346 0.338 -2.3 - 7~ 

1.195 0.331 0.325 -1.8 - 75 

1.274 0.31,~ U.316 -0.6 - 75 

*1 Fran graphle estlIl\aticn, ref [21) ~ 

*2 Wlth : V = 0.1561 x S, nl = 1.46, n2 = 1.401, n3 = 1.343 

*3 Fran the average of points close te V = 0.499 

*4 See section 4.3.3 : The error coefficient is defined as the 

maximum relative error on tJy ln % for 1% error en the correspooding 

eigenvalue • 

T~IE 12 : tJy charaetenstics of the elliptical fiber 
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4.4.1 DescrIptIon 

ThIS exa.mple nave ~n chosen to shaw one Ilm1t -:>t tn>:> tonnulatlon 

:ilven ln oetall ln sectIon 3. E'-JUat1on (3.~) ~canes uno>-?flnea when -

yc5es to l:T1tln1ty, .... hen 1 . , = ,- (ThIS ,Jo1nt 1S Oet L~1t-:"1 as t'le 

claoOlnl"j cutotf). As lt lS shoWn ln thlS examiJle, .!alues:JE close 

to the relatlve ;.enn1ttlvlti ot one of t.he olelectnc matenals leac 

t.o Inaccurate or erp)neous result.s. ThlS Det"laV1Jr mat De extJlalneo 

1, .... lt.h a SllCJhtly .-:atterent tonnulatlon ot the varlatllJnal eXbJresslon 

r:/ l ret. 

" .' 
l -

lU], .... hleh can De .... rltterJ 

l 

T 
l 

+ ," 
l 

-)", .. 
E: ,.. .: ': :. ~ 

(4. ld i 

Kr- ....... +- , .... -

l [ - l 

In t.he meCla ot ~ennlttlvlty such tnat 1 
1 = tne Hel-

rrnlht.z's equat.lOf1s (L.e) Decerne t...'1e statle e<..JUatloos 

Ir ,J" 
\ 

'" 

~ 
': 

~ 

" ~ :J 
Iv 

l 
(4. 1':1) 

\m~ goes t.o lnfim t.y, ';" • 
:. t 

ar-.:J - . 
': 

go t.o zero an::1 t.he pro-

duet.s oecurlny ln (4.ltl) are unaeflnea. 

One solutlon to ellmlnate thlS dlscontlnult\ :s to use anotner l~tegral 

formulatIon wlth the trans\erse components ' see Appendlx 5 bu! these 

are discontinuous. In the speclal case of the fInlte claddlng flber. the 

solutIon rnay be found uSlng differential rnethods, replaclng the usual 

Bessel functlons by the solutIons of the Laplace equatlon ln the reglons 

\lfhere t: / t: J = ,~. Sueh a solutlon tor the z-o:tnp:Jnents are : 
l 

Ez = n -n 
Ar + Br cos ( n~ ) 

H n -n 
Cr + Dr :»-.l.n \ nO ) z 

.1 

(4 • .lU) 

(4.21 ) 

Where A, h,C ard 0 are const.ants, r 1S t.he radiUS, 

the !rode number. 

t.he an-,j le ana n 

, , 

S7 



4. 4. 2 E>cisnple 

The flber 15 made .... 1 th three materlals havlOg respectl vely a rela

tlve Index of refractlon of 1.53, 1.50 and 1.0 (alr). The c1addlng 

te core dunenslOn ratlO 15 5. It has been dlScretlsed W1 th 25 rad1al 

dlV1Slons and 5 argular d1v1SlOns as lit 1S Sfnwn on F1g. 16. Qnly a 

fe.... f.(nnts of the fundarnental IOOde close ta the v1rtual value of y = 

1.50 have œen Stud1ed. Nt..nnerlcal values have been checked W1 th the 

results glven ln reference [22). A not1ceable error lS detected .... hen 

the absolute value of (y-h1/EQ) lS smaller than 0.002, and the 

resul ts when , 15 lf1s1de th1S lnterva, are net val1d. 

Detalls are g1ven on Table 13 and Flg. lél. 

F1g. 17 represents the Hz fleld for (::;: 1.45, far fran the cutoff. 

'( S(HE ll ) 

1.5100 29.1642 

1.5050 22.5605 

1.5020 18.9013 

1.5010 17 .60t:i6 

1.5005 16.6580 

1.5002 14. 96t:i4 

1.4998 18.B41S 

~mS 17. 366U ..-/ 
f"" 1.4990 16.5441 

\ 
1.4980 15.510Y 

1.4950 13.3127 

1.4900 10.7572 

TABLE 13 

Near cutoff propagation characteristics of a finite-cladd1ng f1ber 
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4.5 Spunous Mode Detectlon and Analysls 

A spurlous mode 15 an elyenvalue-ely~vector palr of the numerlcal 

scheme WhlCh does not represent ~ real propagatlng mode ln the 

wavegUlde • It has been obserVed by many authors worklng Wl th Flnl te 

Elements ln that fleldt,[ref. 14,16 and 23]. Its detectlon lS ob

v lOUS ly easy when the exact answer lS known from another source, 

but may be dlfflcult ln a real unkn:JWn prob1em, when many m:xies have 

propagatlon characterlstlcs close ta each other. 

As we show ln f'ly. 1':1 to 20, an erflclent way to solve thlS aetec

tlon problem, WhlCh ~lves also a better unaerstandlnQ ot the pheno

menan, 15 to plot the equlpotentlal Ilnes ot SUspected modes. 

A spurlous mode has three maln characterlstlcs : 

- The equlpotent la l llnes are not as smooth as they are for rea l 

modes. Sharp contours are usually absent tram the real loworder 

m:Jde plots. 

- The effect ot the dlSCretlsatlon 15 1.Inp)rtant. Many sharp edyes ln 

the contours correspond ta a trans 1 t lon between e lements Wl th the 

sare permlttl vlty. These are usually absent ln the reylonS of cons-

tant peOUIttlvlty of real modes. 

- Sare addltlonal penoolclty appears, Indlcatlng an apprOXllTlatlon 

te a hlghly dlstorted high order mode. 

From the analysls of many contours, It seems that the so called 

spurlous modes are usually very bad approxlmatlon of hlgh order 

modes WhlCh have extremely Inaccurate propagatIon constants. 

Fmally, note that the true modes are relatlvely Insensltlve to the 

vlrtual toundary locatlon ; thlS lS not so for the spurlous rro:1es, 

as lt 15 shawn ln table 5. ThlS characterlstlc rnay be also used for 

detectlon, but the graphlc solUtlon appears to ba a faster and ltl)re 

rellable way. 
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5. ANALYSIS OF A 8I~ICAL-TAPERE!D-KNJM)[)E OPTlCAL UlJPLER 

5.1 DescrlptlCfl 

It has been experllOOntally proved that two rronaocde flbers fused and 

stretched may act as a dlrectional coupler If the dunensloos of the 

cross sectlon of the tapered reylon are small enough (see ref. 

[24) l. An asymptotlc analysls uSlng Snyder's coupled-moae theory 

[25) has been carned out. The physlcal Interpretatlon of the coup

ling effect lS relatlvely sunple : ln the reduced flbers, the elec

tromagnetlc fleld can escape from the core and lS spread ln the 

common c ladd lng. The effect of the core becomes secondary and the 

claddlny becanes the major gUldlng structure ln WhlCh coupllny lS 

allowed. 

A more accurate method of analysls 15 to conslder the complete 

coupler reglon as a gUldlng mecüum ot canplex shape ana ta canpute 

ltS propayatlon characterlstlcs wlth the FEM. 

A longltudinal Vlew and a sample of the dlscretlsed cross section ot 

the coupler are shawn ln fly. 22 and Fly. 23. 

5.2 Mode SUpegposltlon and Coupllng Effeet ln 2-D 

5.2.1 Introductlon 

As we have seen prevlOusly, ln any structure Wlth two axes of syntn&

try, we need only m:xiel one quarter of tte structure If we use four 

sets of boundacy condl tons. 

In that case, we analyse only one quarter of the x-y plane. The four 

lowest modes of the structure turn out to be the lowest modes of 

each type of symmetry. When the tlbers WhlCh constltute the coupler 

are separated by a larye dlstance, these four lowest modes are 

Cle<Jenerated and have the same propagatlon charactenstlcs, even If 

their field dlstributlOns are not sllTlllar. 

If we use the deflnltlon glven ln table 6 ln accordance wlth the 

"KBC" code, we obtain the following re lations : 
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For two separate fibers 

- Modes 2 and 3 have the same propagation characteristics and field 

distn.butlOns ldentical W1 th a 90 degrees rotation. Therefore, they 

correspond ta two dlfferent polarlzatlons. 

- Modes 1 and 3, or 2 and 4 are such that their sum gives the 

fundamental (and deyenerate) rocx1e of one lso1ated flber, and thelr 

dlfferenœ, the Eundamental mode of the other • Flg 21 lllustrates 

thlS behavlor wlth slmpllfled equlpotentlal contours. It is the 

conslikIuence oE the E lber separat lon and the East decay iny rate of 

the fle ld ln the claddlnY between them. 

When the two E l bers are brcught close to each other, the deyeneracy 

slowly dlsappears and each mode becomes dlfferent from the other 

wlth dlStinct propagatlon charactenstlcs (see Flg.26). 

Th1S behavlor lS the key to understandlny the coupllng effect:obser

ved ln the laboratory. Even ln a slnyle mode coupler (where each 

flber carrles a swg le llDde), the fundamental rn:xie WhlCh carr1es all 

the ~er 15 spllt by the loss of synmetry and a rro::Ial SUperpoSlt1on 

occurs. 

5.2.2 Theoretlcal MOdel 

In thlS seCtlon, we consider a structure unlform ln the z-directloo 

(i.e. 19norlng the coupler taper). If we consider ~ (or If ), the 

total fleld, we can write 

(5.1) 

Where 
-+ E (x,y) lS the fleld of one of the quasl-degenerate nOOes (i=1,2,3 

1 

or 4) over the cross sectlOn of the coupler for a wave propayatilYJ 

ln the poSlt1ve directlon. 

S lS the correspandlng propagat1on constant. 
1 -+ 

A slmllar equatlon may be written Eor H. 

In the experimental set up, only the p:Mer Ps deliveted to a detector 
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havlng a flnlte recelving surface S can be Jœasured. TIlerefore, it 

is necessary to ccmpute thlS quantlty ln teons of the longltudlllal 

ccmponents. 

The PJWBr f low is Clbtained frcm the IUyntlng vector 

+ + +* 
s E x H (5.2) 

+ + 
E and H represent the total complex electromaqnetl.c fl.eld vectors. 

From equations (2.12) to (2.15), we know that the transverse fl.eld 

components are ln phase quadrature with the lonql.tudl.nal z-compo-
, 

nents. Therefore, the real power flow propagatl.ng alonq the z-axl.S 

l.5 : 

Re ( S 
z 

-+ 
where E 

t 

Re 

-+ 
and H 

t 

+ 
-E 

t 

-+ * 
x H 

t 

are transverse 

+ 
) .e 

z 

ln the x-y plane 

unl.t vector 1.n the d1.recbon of propagation. 

(5.3) 

), and e 1. S the 
z 

If we assume that the total field is the SUIn of the 4 lower modal 

fields obtained from the four sets of boundarv conditions, we have 

4 
-jfl z -+ +1. 

E L E e l. 
t 

i-l 
t 

4 
-+i e -je i z -+ 

H L H 
t 

i=l 
t 

where the Bi 's are the propagation constants of each nnde. 

The time factor 
+jwt 

e i5 omi tted fo~ 5irnplicl. ty. 
-+i -+i • 
E and H are in phase and rea1. 

t t 
Therefore 

Re ( S 
z 

4 4 
L L 
i-1 j=l 

~ -+i -+j 
e . (E x H ) cos ( a -fl _ ) z 

z t t 1. J 

(5.4) 

(5.5) 

(5.6) 

The total power flow over an area S in the x-y plane can be wrl.tten 

4 4 
p [ [ P, , cos ( B,-fl ) z (5. 7) 

S 
i=-l j=l 1J l. J 

.... \ 
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1 -

\j 

where . P 
l J , 5 

-+-1 
e . ( E 

z t 
x ~p ) dS 

t 
(5.8) 

Next, we wrlte P ln terms of the z-comoonents 'jJ and 1> rrevlous1y 
1 J - 1 J 

deflned and WhlCh are computed by the FEM ?rooram. From the deflnl-

tlons Olven ln sectlon 3.5, ecuatlon (3.5ll, we can wrlte . 

+1 
e . ( E 

z t 
'1

1
'10 

-+1 
e . ( ~ 

z t 

.... J 
x -jJ 

t 

Us 1no equa tlons (3. 19) and (3020), (5.9) becomes 

1 J 
A A Y '( T T !la 

1 J 1 J r r 
{ ( 7 $ 

t 1 
.'7 1> 

t J 

( 

) + y2r~ ) ( 7 'jJ • v ~ 
1 (0 t 1 t l 

( .... 

(5.9) 

+ '1 2; . ( v ~ xV 
t 1 

1> 
t J 

) + (~ ) ( 'l j.I xlJ 
t IP 1 

.€ (5.10) 
1 z EO t J z 

Subscrlpts 01 and J refer ta dlfferent toc>des. Subscrlpt r refers ta 

elements. Therefore : 

y and y are the propagatl.on constants of toc>des 1 and J. 
1 J 

Tl and T) are the correspandlng constants deflned ln equation (3.5), 
r r 

but wlth the new subscrlpts. 

( lS the permlttivlty ln e1erœnt " r ". 
r 

A 
" 1 

and A are the correspond1.nq constants g1.ven ln equation (3.21). 
J 

ThlS transformatIon 1.5 passlb1e only because the oradients are ln 

the x-y plane. The vectorlal manIpu·latl.ons are done Wl th the standard 

results given ln reference (17), page 118. 

If we use the fo11ow1.ng IdenUt1.es 

f'lq 'Vi.7g ) + f1J~ (5.11) 

'l x f'Yg 'lf x 'lq (5.12) 

we obta1.n 

2 2 

f5 9 f. 9g dS ~ f -( ~g + g"iJf ) + V. ( f'Jg + gVf ) dS (5.13l 5 

fs 
.. ... 

( 9fx'Yg ) .dS ~ fs '7 x ( fVg - gllf ) .dS (5 0 14) 
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The Dl vergence and the Stokes 1 s theorems can be used only 1. f the grad1.en ts 

are con tlnuous ln each area 0 f 1.ntegratlon. Therefore, we wr1. te P 
1.J 

l.n terms of the 5um of the power flows 901.119 through each e1ement. 

We obta1.n : 

P 
1J 

where 

r 
{ ( V <P 

t l 
(5.15) 

E 

+ '(2 ~ • [ V iP r 
x 'ïJ <j\ r ) + (--E.

4

) ( Il ljJr x 'V q,r ). ~ dS 
1. Z t 1. t i EO t J t 1. Z r 

): S 
r 

r 
S. "'\..11 proport1.onal to ) 

US1.ng equatl.Ons (5.13), (5.14) and the Helmholtz equatlon (2.8), we 

obtaln : 

P 
1. J 

'\0 ): 

r 

+ 

l 
-- + 

J , 
r 

j 

l 
E 

){ ~r q,r + y2(-E 
Tl. l. • J 1. EO 

r 

Ij/V IjJr 
J t 1. 

dS 
r 

(5.16) 

... 
}. n dl 

r 

..... 
+ ," r'V '*' r 

'" 1 t 'f' J 
1 dl 

r 

The l1.ne 1.ntegra* can be wr1tten (5. 17) 
/ 

E 
r {'V r -+ ( .--E. 'V r ... r {Il r 

... 
y 2'V :!J r 

..... 
L ! q,1 n - 1} + q, n - 1: 

C 
t q, J EO ) t!Ji j J tq,l 1. t l 

r r 
E E 

y2!Jir (--E. Il r ... r -+ (--E. r y2'V lpr 
..... r 

+ 
é'j . n + 'il t~j l}+ ) 1/1 n + Il t~1. l 1 EO EO J l t 1. 

USlng the fol101071ng relatlons 

..... -+ ..... ... ... 
e x f 

..... -+ 
n = e 

z 
( f x n for any function f ln x-y plane: 

z 
-+ -+ 
l e x 

z ... ..... ... 
f . l = f 

..... 
n 

. 

and : 

... 
e 

z 
-+ 

x n ) = - ( 
... 
e 

z 
x 1 ... -+ 

n = - e 
z 

-+... ... 
. ( f x n ) when f 1.5 

..... 
l}dl 

ln x-y plane, (5.17) can he wrltten l.n terms of the transverse held com

ponents camputed l.n sect10n 3.1.2 (equat1.0ns 3.24 and 3.27) and 1.n appen

dlX 1. 

67 

r 

J 



/ 

, 

~ 

We obta1n (5.18) 

-+ -+ + cpr -+Jr cpr -+1r y~tjJr -+Jr -+ 
L: Je Al <P t • n ) +{A Wt 

x n ) + A CPt x n )}.e 
2 3 1 J 1 1 

r r 
C 
(~ tjJr -+1r -+ 

+ A IjJt . n dl 
4 Co J r 

where Al' A
2

, A3 and A4 are independent of "r" and do not need ta be 

evaluated. 

The cont1nu1ty of the fields ( see sect10n 3.1 and appendix l ) leads 

to a concellaUon of the parts of the l.ntegral (5.18) along 1nterele

men t boundar1es. 

'---" 

Z 

The contribution of the vl.rtual boundary 1S also 

f1eld components van1sh there. 

zero because~l the ~J 
-~ :..v--~"'-------"-' 

,-,,~ 

-----
Finally, the only path on which the f1eld must be analysed 1S the aX1S 

of symmetry. 

On that axl.S, we always have 

d1 tl.ons : 

one of the follow1ng boundary con-

<P 0 
1 

+ 
Then IJ t!j>1 x n 0 

-+ 
and IJtl/l i 

n 0 

+i -+ 
I/I t 

n 0 

+1. -+ 
CPt x n 0 

"J" ca'n rep la1e 

p, becomes 

"1." 

1J 

P 
l.J 

+ J 
Axes of 
symmetry 

l l 
-+ 
T , T 

1 J 

or 1/1 = 0 
1 

-+ 
or IJ 1/1 x n 

t 1 
-+ 

or: IJ t<P 1 
n 

+1 + 
or CPt n 

+i + 
or i)I x n . t 

1n the above relat10ns. 

r 
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0 

0 

0 

dS 
r 

( for a mode' "1." 

(5.19) 
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Accordlng to the defini tion of the modes given in table 6, we also have 

the following boWldary conditlons with respect to the x-axis : 

+i + -+ +i -+ 

!Pi I/I t n e • <</> x n are antisymmetric when i l or 3. 
z t 

;i + -+ +i -+ 
l/I i n e . (1/1 x n are antisymmetric when i = 1 or 3. 

t z t 

When i = 2 or 4, these quantities are symmetric. 

- ~,;;: 
, ~~ detector lS put at the output of one arm of the coupler, the 

~ measured power flow is the integrated power over one half plane ( defi

ned by the Oy-axls wi th our convent~n ). 

Taklng 5 to be this half plane ( x > 0 ), the surface lntegral ln (5.19) 

has the followlng properties : 

- It vanishes when land J are such that : 

(l,j) '" (1,2), (2,1), (1,4), (4,1), (2,3), (3,2), (3,4) or (4,3) 

This lS due to the difference of symmetry betwee~e modes i and J 
, 

with respect to the Ox-axis. 

- It does not vanish when i = j or when 

(l,j) '" (1,3), (3,1), (2,4) or (4,2) 

The line integral in (5.19) has the followinq propertles : 

- It vanishes when or 1/1. = I/!. = 0 ) on the Oy-axlS, 
l J ' 

e.g. when l '" j or when (i,j) (1,4), (4,1~, (2,3) or (3,2). 

- It vanishes when (i,j) = (1,4), (4,1), (2,3) or (3,2) because of the 

dlfference of symmetry between the modes i and j with respect to the 

Ox-axis •. 

- It does not vanish when Ci,j) = (l,3), (3,1), (2,4) or (4,2). 

Flnally, the only non zero terms are: 

and equation (5.7) becomes 

p. 
. S PlI + P

22 
+ P

33 
+ P44 + ( P

l3 
+ P

3I 
)cosC61-63)z 

+ ( P
24 

+ P
42 

}cosC62-64)z 
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KBC boundary condl tlons code for t H IV = E ln 0 
z z 

KBC 4 (~) 
y y 

1 

w4 
t +1l \ 

4 ;: 

(<11 l +t 3) 

.0 0 ---------4--4-+-~_+--~x 

0 0 
y 

KBC 2 (3) 
y 

~ 
2 

KBC 3(2) v 
;p +;; 

;p 3 l 
3 

(ll +~ ) 
4 2 

v 

; -t 
4 2 

(! -t ) 
1 3 

------------+-___________ x 

KBC 1(4) 

<Pl'. 

x 

-'19. 21 Symmetry of modes and superpositlon. 

y 
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5.3 Modes Superposltion and Couphng Effect ln 3-D 

5.3.1 A Three Dunensional Approxunate AnalyS1S 

'''"'" 
As shown on fo'lg. 22, the coupler, lS 'truly a 3-D structure, but with 

a very slow varlatlOn of ItS shape alon;) the longltudinai z-dlrec

tlan. AccordWÇj ta the exp:!runental results (reference (24)), 'Ne can 

assune that the taper does not create any apprec1able ref lectlOn to 

the source, and the lsolatlOn 1S very gocd fran the adJacent Input. 

Now 

E 
'\, -] 8z 
E(x,y) e (5.2lA) 

'\, -]8z 
H(X,y) e 

-+ 
H (5.21B) 

1S a solut1on ~ 
-+ -+ 

'J x H = ]WE: (x, y) E (5.22A) 

-+ -+ 
'J x E =-]W\.t(x,y) H" (5.22B) 

then, equ1valently : 

'1.. '1.. 
E(x,y), H(x,y), 8 1S a solut10n ta 

'\, "-
'J' x H J wE: (x,y) E (5.23A) 

'\, "-
'J' x E -J w\J(x,y) H (5.23E) 

where 'Y' ( 
a a -JB : = , ax ay (5.24) 

Now, suppose E: and \J vary W1 th z. 

Let : 
"- '\, 
E(x,y, z) , H(x,y,z), B (z) he a solution ta (5.23) at a qiven 

z, i.e. a solutIon te 

'1.. 
"J' x H 

'V 
'J' x E 

'1.. 
J wE: (x,y,z) E 

'V 
-J WjJ (x,y,z) H 

(5.25A) 

(5.25B) 
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"- '\, 
E(x,y,z) and H(x,y,z) are exactly the modal flelds computed fo~ a 

unlfonn wavegulde wlth cross sectlon deflned by E (x,y ,z) , ... \ X ,y, z) 

Then, ln the tapered gulde, an approxlmate solutlon ta MaX'ool'ell's 

equa tlons 15 

-+ "- -J~ (z) 
E (x,y, z) E(x,y, z) e (5.26A) 

-+ "- -H(z) 
H(x,y,z) H (x,y, z) e 15.26B) 

where 
z 

Ijl (z) ! B ( ~ ) d~ (5.2 7 ) 

z 
0 

z c6rresponds to a phase reference at the end of the coupler, ) 
a 

where the z-varlatlon of the cross sectlon dlsappears. ) 

provldlng the followlng lS true . 

"-
dE 

x 
dZ 

at each polnt (x,y,z). 

« E 
x 

(5.28) 

Thls relatl0n comes from the dlfferentlauon wlth respect to z of 
"- 4 "- '\, '\, 
E . Sl.mllar rela tJ.ons must ho1d for E , H and H 

x y x y 

But 

d -Jq, (z) -Jq,(z) d q, (z) e -J e 
OZ OZ 

(5.29) 

-H' (z) d 
z 

-J e oz ! B( ~ ) d~ (5.30) , 

Z 
0 

-j e 
-jcp(z) B (z) (5.31) 

and (5.28) be come 5 

"-
dE 

x 1 B (z) E 1 « 
dZ x 

(5.32) 
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If Iole cali, the free space wavelength of the beam propaqat.:.nc lnSlce 
"-

the coupler and ~E the chance Ln É at (x, y) ln a dl.stance :"z, equa-
x x 

tlon (5.32) can be wrltten 

~E 
x 

« 

É 
x 

and slmllarly for E , H 
y x 

and ri 
y 

(5.33) 

ThlS las t lnequall. ty gl ves the dpproxlmate condl tians Which 'Jallda te 

equatlons ~S. 26AJ and (5.268). 

:::n the example::' WhiCh follows ln sectlon 5.4.::', Vie ha'Je' 

:: 0.63 

and the coupllng occurs when 

y :: 1. 46 

Wl th the geometrl.c model developed ln sectlon 5.3.4, 'fie can also eva

luate the maxunum change .:..n radl.us R of the coupler Wl.th respect to z. 

USl.ng equatlons /5.40) ta (5.42) and the parameters glven ln section 

5.4 and Flg. 27, we obta.l.n a maxl.mum rate 1 ~R,' t,z lof about 30 w 

per mm Wl th a typl.cal coupler length of 5rnm. 

Therefore, lf t.z l.S a oul.de wavelenqtll )., 
9 

:: ~ m.l.cron, the change 

ln radl.us of the coupler l.S only O.015w ln the worst case. 

Wloth the same model and the same parameters, we can also compute the 

maJCl.mum value of t:.R t R for tlle same t:.z. We obtaln 

\ 
1 max 1. l lIz :: 0.055' when t:,z .: O. Su • 

Even lof these numbers are only an approx.l.Inat.l.on, they are small enouqh 

ta Ivalidate equation (5.33). 

Therefore, the total field at each point (x,y,z) can he written 
-+ -+ 

( for E field; H is similar ) 
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0 r -
~~ --

E x, , , ~ [ x,y , z ) e 
1 

( :>. j4 ) 

;::Ino the !JJwer- heCG'1eS: 

~ Y, , Z = ;: x , : ' l. 1 - 1-[: o -

: 
l 

, 

Ever) lf tne t1ela 01stnbutlon == vanes much wlth z as sr-own on t'1e 

contour plots r 1'::1. 1Y to 33, lt lS reasonable to assu:ne that the 

power; tunctions are not very aEEectea bi ~he z- iet>enl1ence ln the 

cOUpllny sect lon dnd Pl/ x,y,z) : P1J(x,y>. 

ThereEore, ail the rnathe-natlcal Eor.nulatlon ut the Jrevv)ljq ~ctlon 

15 sull valla ta a tlrst approxlJ11ëItlOn by re[JlaCln<..J al L ':'1e phase 

factors "::z" wlth the pnper lnteyral : 
:=z 

(". 3b ) 

In that m::del, 2, lS a tunctloo of the longltudlnal dil'1enSlOn. The 

lower bound ~ = - "" correst-Jonos to the input oE the coup 1er. I-\u t ln 

pract1ce, 1t w111 not be necessary to know caver such a w1de lnter

va l because only the dl t terence bet ... een the !:!'s 15 needed. Th1S 

dlEEerence 15 zero when the modes are derdenerate and th15 15 true 

alClO<d the lonyest part of the mU[Jler. 

5. 3. 2 S unpll ty 1ng assumpt lons 

i 
o 

At th1S pC>lnt, several assumptlons may be made concenllny the rela-

ti ve P'JNer carned by each rocde. 

- Assumpt lOn l 

The power carrled by each mode of each polarlzation 15 eyual : PlI = 
P33 and P22 :: P 44 over the whole x-y plane. Hecause ot the symnetry 

relat1ons, thlS 15 also ver1Eled Eor e?ch halE plane. ThiS 15 

necessarily true at the input oE the coupler because dt that level, 

all the power is in one branch only ( 1Jl+ 1J3 15 zero ln one half 

plane, <P l - 1J 3 is zero in the other i the same sltuat10n 1S I:'epeated 

for cjJz and ~4; see fiy. 21). It 15 not proved at the present t1111e 



chat tIns sltuatlîX1 1S kept for any z and eS~lally ln the COUi-'llny 

area of the coup lec 

vhth thlS assumptlon, equatlOn (S.LU) œcanes 

(). 37 J 

? 
S 

-..'F +IF +F Icos,'(E -t<, 
:1 13 31 

- Assurnpt i~~ 

When the coupllny œJ.lns, the cross couplln-"j tems P lJ + P 31 (PL4 ... 

P42) 15 alIlDst equal to the inltial ~r 2Pll UP22) over one half 

plane. ThlS allows lUU't. couhillng tor OOth lJOlanzat lonS. 

Justlflcations: The amplltude dlstrl:Jut1on ot thle t1ela for the 

boundary condltlOns land 3 (2 and 4) does rot ditfer by rnuch except 

near the y-axiS (see (-'lg. 28, 211 32 and 33). 

Therefore, the product ) ~ !;3~3 ' t 4 t .. ) lS close ta the 

product ~ ;, 0 ;4~=) and the integratlon over one 

half plane dlves almost ldentlcal results. 

On tt-E j-aX1S, the contribution of the llne lnteyra 1 (5.113) lS zero 

for the se l f cOUpllny term ( :" ) and can be ney lected for the 
l l 

cross coupllny term when the fleld 15 stlll weak at that place, even 

if the coupllny becanes strony. 

Ps becanes : 

(5.38 ) 

- Ass~tlon J 

l"lnally, we may assume an equal distribution of power ln each pola

nzatlOo : Pll = P22 ;;; Po/4 ( Po = total fOWer ). 

ThlS lS verlfled on an averaged baS1S ln perfectly circular and we 11 

separated waveguldes where the degeneracy lS total and the polanza

tlen not stable, but it ln not proved that thlS Eeature is kept for 

any z in an hlghly non symœtric devlce l ike the coupler. 

This last hypothesis leads to the tollowiny expression : 

(5.39) 
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'J. 3.3 Coupllny r-1echanl511 --\ - ----

The cou1-ll1ny occurs when ~ '" EJ or E: t- B.,. . ThlS IS achleveD 

when the nor.nallsed Erequency :, = ~a/c becunes sutflclently sll103ll, 

when t',è n0tlna 11St~(1 lJr0l:Jayatlon constant reaches a value close to 

the reErac:tlve lnaex ot the claddlny. The corresp::>ndlny value of ::, 

1S tjetlned as the Cia(1dlny cutotE. The only vanable WhlCh can be 

<:han'::J,~n lS the scale tactor "a", the freLjuency _ 8elny set ~y thl? 

Las.~r:- source. The scale reductLI)n IS done ln the takJered cOUpllny 

sectLOn, WhlCh must be smooth to aVOld losses and ret lectlons. 

The re lat lon bet'..;een ;: and z canes fran the re lat lons between . (the 

nonna llzed lJropagatLOn constant ) i'ind S (the nonna llzed f requency 

~ a/cl. The factor "a" lS a tunctlon of Zr because the radlUS of the 

coupler cham,jes contlnuously alony z. The mathenatlcal rrodel ... Inch 

l1escnbes thLS vanatlon lS '.,J1ven ln section 5.3.4 œlow. The lJOwer \ 

1ntercepted by the detector 1S ylven byequatlon (5.2U) wlth the 

phase factor (5.36) ln the yeneral case, and ln equatl0ns (5.37), 

(S.JH) and ().3~), dependlny on the valldlty ot the sun[JllticatLOns. 

becaUse ot the very short lenyth ot the coupler, we assume a los

sless propagation. Th1S may not be experunentally venfled If the 

c;hape of the taper is not yood and 1-lresents sone discOntlnu1ty. 

':> • 3.4 CouEler Geanetry 

The yeanetncal m:x1el of the coupler has been developed ln reference 

[ 24) and lS shown on r 19. 22. F 19. L3 shows a samp le of a dlscre

t1sed quarter of the cross sect LOn. The small eiements are ln the 

core. The rad1a l boundarles· are lJerfectly c lrcu lar (The plcture 

taken on a terrn1nal screen shows sorne dlstortion). It lS assumed 

that the shape is sunply scaled aiony the z-aX1S. Even lE thls 1S 

not true when the fibers are cClIupletely separated, thlS assumpt10n 

15 reasonable for the coupling sect10n. 

Rin ~s the initial rad1us ot the ooupler and Ra the radius at the 

plane of synrnetry. 
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Ifl 
1 

Fran reterence [241, .....e can wnte 

RIz) R, 1 l ... ~z 
2 

(5 .4U) 
) 

L 

R R e 2~z ( 5.-H) 
ln 

, L 2Î'.z 
4 e - l ) 

L + 6,z ) 1 
(~. 42) 

L ... ~Z 15 the total length of the c::oupllny r-ey1cn. 

The chOlce ot the norrnal1s1ny dimenslon belrl<J arbltrary, we have 

chc)SBn the crrlber radlUS R( z) and 'Ne can wrl te : 

a(z) =R(z) 

The 3 parameters RLf1' L and ~ z de Elne the coupl~r yeanetry. 

5. J. 5 CCIllputatlon of the coupllny coefflc1ent for 2 rrodes 

1 nteractlon. 

[)at lne a çower ratlo P l)/Po as : 

p ,'Po cos 
2 

l /2 ~ ( l + cos l 
l ) 1 J 1. J, 

,(L+~z) 

W1 th l [ B - 8 dE; 
1;1 -l.:t(L+~z) 

1 J 

(5.43) 

(5.44 ) 

(5.45 ) 

8 , B 
1 ) 

are two klropayatla1 constants (n6t normallsed) as a function 

-of z. 

L and 6Z are defll1ea ln Fiy. :.l2. 

U51ny the symnetry of the yeanetry, \ole can write 

,(L+6z} 
(5.46 ) 

l 2 [ B - B d~ 
1J 0 

~ ) 

R 
) (R)} ( d~ ) 2 [ln {( B - B dR (5.47) 

l J dR 
R 

0 

U5ing tœ rrodel developed in œferenœ [24] and equations (5.40 ) ta 

(5.4-2), we can write : 

--~-,---



R 
) -., (5.4ti) 

l [ln ( B - S ) (R) {ri R - Ra ) Ra dR 
1) 

Ra 
l ) 

Using the fOllOWil'VJ transfocnatl~ 5 
wR 

and 
c 

Bc 2n 
,\ free space wave length of the beam, '( B - B -y - -y 

W l J '" 
l J 

We flnaUy get t:.y -y - -y 
l J 

5 
l 211 

J 
ln 6-y (S) 

d5 
~J ",1 r 50 1 

50 So • S -

( 5.49) 

UJR 
2n ln 

Wl th S 
,\ 

R 
ln c ln 

( 5.50) 

Sa s -L /2t,z 
e 

ln 
( 5.51) 

The lntegratloo cao be done analytl.cally for each -y USl.rv;;j plecewlse 

quadratlc lnterpolatlon for '( and y 
l ) 

Let AkS2 le k 
Y + S S + C 

l l l. l. (5. 52) 

-y = AkS2 + BkS + c k 

) J ) ) ( 5.53) 

an a g~ ven segment "k" 

We wrlte 
2lT 

l can 1. = r7fÇ l -
~J 1 J 

2 'TI' 
S. '( (5) S. Y

J 
(5) 

J 
ln 1 ~n = À/rso 1 S-S 

dS - [ 
; 5-5 d5 } 

50 0 50 0 

(5.54) 

+ k 2 k k 

f 
Sk ArS +BiS+Ci 

l = r 1 dS 
1. .. - 5-5 

k Sk a 

(5.55 ) 

Where "k" is the label of one segment in the (So,Sin) interval, S~ 

is the lower end of segment "k" and S: its upper end. Using standard 

integration fonnula , 'Ne obtain : 
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l .. 
l 

1 { 

2A
k 
~ 2 2 

(3S +45 5 +85) + 
15 0 0 

2B
k 

l (5+25
0

) + 2C
k 

} ;s:s 
3 l 0 

IJ is similar for the other m::Oe an:1 I1J can be evaluated. 

(5.56 ) 

+ 
5=5 

k 

nus analytic œsul t avoids other ru.merlcal errors ~n a very long 

and de 11 ca te prucess. 

\othen two nodes are lnvol ved, and lf assumptlOO l oolds (see 5.3.2), 

\lie can use for examp le equatlon (5.37) w!th P22' P24 and P 42 '" O. 

There fore : 

Ps :: 2PU + (PU + P31) cos 113 

If aSSLITlptlon 2 holds 

Ps :: 2Pll ( l + <X>S lU 

:: 4PU cœ2 113/2 

If we \ deflne ~ = 4P ll, then 

Ps/PO :: cos2 113/2 

5.3.6 Cartputatloo of the coupll.l"9 ooeffl.cl.ent for 4 IOCXies 

lnteract 100. 

(5.57 ) 

(5.58) 

(5.59 ) 

(5.60) 

The saroe prl.nclple uSlng four pl.eCeW1Se quadratlc approXlInatlons 

lnstead of two 15 used to obtaln the resul ts shown ln sectl.on 5.4 

and computed fram the equatlOn (5.39 ln sectlon 5.3.2). The geomet

ric ncdel and the previously defined transfonnatloos are unchanged. 

Equation (5.39) can te wn t ten : 

P S :: 2P II ( l + OOS 113 + l + cos 124 ) 

:: 4P11 ( cos2 113/2 + cœ2 l 24/~ 
If 1l1li9 deUne Po = 4Pll as befoœ, then 

PgIPo :: cœ2 113/2 + ca;2 124/2 

80 
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5.4 EXé!l1Ples 

5.4.1 ExaItJ?le l 

The quarter of the cross sectlon ot the coupler lS shawn ln Flg. 23. 

The core lJ)dex 15 1.506 and the claddll'~ lndex 1.46. The propagatloo 

characterlstlcs have been computed and are shawn on table 14 and 

Fly. 23 to 26. From these resu1ts, we obtaln the tollowlny conc1u-

Slons 

- The near deyener-acy or the modes l, 2, 3 and 4 lS very well 

obser-ved ror values of " WhlCh are arove 1.462 ( The c laddH\y cutofE 

15 at '1 = 1.46). 

ThlS behavl0r 15 r-elated to a change ln the fleld solutlOn lnslde 

the claddlny WhlCh becames slowly non-decaylng. It 15 equlvalent to 

a chanye ot the Bessel 's runctlOns type ln the analysls of a flnlte 

claddlflY optlcal flber (ref. (221). 

- The contours (Flg. 28, 31 and 32) assoclated wlth these y-values 

COnflrïn the degener-acy. In addltlon, the tundamental mode f leld 

concentrated lnSlde the cor-e lS ver-y slrnllar ta the fleld of an 

lsolated über shJwn ln sectlon 4.1, Flg. 6. 

- The end of the degeneracy 15 very fast when y ralls down œlow the 

claddlny cutoff and ln that case the Eleld Ellls the claddlOQ alony 

compllcated equlpotentlal 11nes. ThlS corresponds to the coupllng 

effect, when the SUperpJS1t1on of non-degenerate rn::xles gi ves a beat 

effect. 

The ratlo of the power a:rupled lOto the second arm (Ps ) Wlth respect 

to the lncaning çower is canputed acoordH1Q to the gecrnetric m::xiel 

of the taper descr1bed in sect10n 5.3.4, and the assumptlons gl.ven 

in sectlon 5.3.2 and lS sOOwn on Flg. 27 as a functlOn of the le~th 

of the coupllng sect 1. on. The slow varlatl.On at the œgulIung of the 

curve corresponds ta the end of the degeneracy between the rrodes 1-3 

and 2-4. Then, th1S varlatlon Decornes very fast, but lS modulated 

by the relatively small degeneracy between the modes 2 and 3. The 

roodes 1 and 4 are alrrost" canplete1y degenerate for Y as low as 1.43. 

saœ expenmental 

data were taken 

pol.nts fr\ reference [24] 

wi th ~iber havlng a 

)-/ 
81 

are sh::lwn, e ven if the 

core index of 1.4687. 

( 



Correspondmg resul ts frat) the same reference show the approxirnate 

SOl" 101'1 fran the Coupled Mode theory ( see sect 1. on 5. 4 • 5 ) • 

5.4.2 Example 2 

'l1lis example 1.S slllnlar ta the previcus one, except for the index of 

the core which is much sma 11er (1.4687). This makes the analysls 

with our method S11ghtly less accurate for l' I S above the claddlng 

cutoff. 

The propagatlOn charactenstlcs are glven on FIg. 34 and table 15. 

No contour is shown because of the s1ffil1arity wlth the prev1.ous 

example. 

A$ it IS expected, the degeneracy oceurs at a h1.gher frequeney and 

the transitIon i5 smoother than ln the prevlOus case. The smaller 

gap between the two 1.ndlœs allows the fie Id ta spread sooner lnto 

the claddux;J. 

At low y, the t:wo examples becane sunllar, and the imPJrtance of the 

cores becomes negllgl.tj>le in the field distributlon. Table 16 s}"x)ws 

l"OIi the propagatlon characteristlcs ccma closer to each other. 
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4 

s s s s 
y 1 _ 

KOCs1 KEC=2 KBC=3 KOC=4 

1.499 77.998 77.984 77.997 77.984 

1.489 62.695 62.768 62.605 62.768 

1.489 53.585 53.585 53.585 53.584 

1.475 45.421 45.426 45.422 45.425 

1.470 37.929 37.931 37.927 37.934 

1.465 30.795 39.612 39.699 39.797 

1.463 26.896 26.593 26.580 26.991 

1.462 23.959 23.402 23.379 23.962 

1.458 22.654 20.337 29.326 22.677 

1.457 29.418 17.574 17.446 20.369 

1.455 17.217 14.414 14.297 17.226 

1.459 13.385 19.617 19~354 13.422 

i.445 11.148 8.738 8.454 11.187 

1.449 9.726 7.558 7.262 9.765 

1.435 8.720 - - 8.759 

1.439 7.957 6.199 5.798 7.994 

, 
Note: 'lbe examp1e 4.4 has daoonstrated the poor performance 

~ of the programs near the cladding cutoff. Val \leS 

close to 1.46 +/- 9."92 are ignored. 

TABLE 14 : Example 1 

FEM solution for thé first modes. 
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" 1 
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. 

1 

, 

y .S S S S 

rac-1 lCBC-2 ' rœc-3 K8C.l.4 , . . 
, 

) . 
, 

1.4645 138.(16 ,lla.Hl 138.rl6- - • 
1.4639 1r15.69 195.78 H'5.69 -
1. 462r1 89.12 a9.li 89.11 -

-

1. 457r1 24.367 29.316 2".rl61 .. 
1. 455r1 17.598 15.768 ,15.471 , 

1. 459r1 14.275 11.865 19.746 -
1. 445r1 11.757 9."22 8.7"9 l1.8'B' , 

1. 449r1 19.126 7.747 7.428 UJ.173 

1.43" 8.189 \ 6.224 5.9"" 8~234 
, 

TABLE 15 :' ~1e 2 

F!M SOlution for the first modes 

J 

NOte : Becauae of the degeneracy- bebJ88l'l modes "Iœc-l" and ,"lCBC-4", 

__ valUlS have IlOt, beerl CCIIÇUted. 
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1.457 

1.455 
, 

1.459 

1.445 

/1.448 

-1.4~9 

'. 0 

'" 

lŒC-l m>2 tœe-3 

S S S 

78.8 . 79.1 '79.1 

3.95 2.74 2.61 

9.38 1.35 1.26 
{I.89 8.45 Il.39 

{I.~1 Il.28 Il.26 . 
{I.48 9;19 9.17 . 
9.23 

~ . ".H. . 
Il.19 

TABLE 16 : ~les 1 am 2 

tœ:-4 • 
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5.4.3 éalpriscn with epri1Dental data 
l , , c ; ........ ' . 

1 

"Such a caaparison ia difficult because of ~he great difficui ty in 

~ ~iii~ œl;i.able, accurate àm experimentally-repeatable data. 

The coupler analyzed in the example 2~ bas been studiecl in Pef. [24]. 

Unfortunately, its real shape and the.exact index values are not 
\J • ~ , 

known vith a gr.eat accuI"aêy. Even when the fiber's data are gOOO, 

the buildi~ proœss whicb involves a'high tEmperature manipulatioo 

may change, the parameters in an unpredictable way. 

À better model will necessitate deta11ed analysis o~ the built 

coupler, with ac~urate me!:,surements of the indices and the dimen

S1008 •• 
1 

att the previous analyais has sbown the general behavior of these . 
strùctures am part!cularly the triggerinJ effe1èt of the claddiDJ 

·çutof'f. It bas also given the right Ç>rder of magnitude for the . ~ 

coup.ling da~ as i's shawn on Fig. 27. 
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5.4.4 ACCU~acy of nunerical rçsults 

As has been shown previously, the di$continuity which occurs when y ~ 
is equal to one of' the matèr.ial indices must be avoided. Therefore 1 . , .. 
the points closè to the cLadc;1ing éutoff should be selected 'Wi th P , 

~care. 

~e use of double [)recision in that partic~lar case \oIOuld Ifrobably. 

extend the range of validity of the rnEithod by an aPl?reciable margin 

at the addi·tional cost of IlIE!IOOry size and double precisi~ arithme-. 

tic. The contour plots distortion, i9 a gocxi indication of the accu-. 
racy of the eigenvalues. . . 
On both examples, we ,can see sorne cteyradation close ta the 

discant.inuity which is aiso partially caused by the increas.ingly 

CCJllL>liCâted nature of these curves~ In those' cases, a dis~etisation 
with more elements in the anguler distribution wQuld improve the 

final results. Unfortunately, such discretisation increases 

oamputational expense. 

No attempi was made to compare isoparametric S'olutions with conventional 

finite element solutions, 

5.4.5' §gUivalence with Snyder c~J2:~.nOOe ~ , . 

.... .... 1· 

Fran the reference [25], the total field CE and H) ih a coupler may 

he wri tten as a ccmbinatiOh of z-nOOulate<l fOC>des : 

-+ 'li 
E = r a (z) e (x,y) 

p P P (5.64) 

-+ 
a ~z) 

~ H :la r li (x,y) 

Ii 
p p, (5.65) 

\œœ: 
-+ .... 

- E and H are the total field. 

- ~ i5 a roodul;.ation ~acto~,~ 

- ~ and ~ are the ItDdal fields of each separate fiber. 
PI P 

- P ie the no::1e index. 

~ coefficients. ~ satisfy tl}e following 'coupled equation~': 

daJ(z) \ 
P + i 'sj a J d l: aS cjs 
dz - ppp PP sFj 

Where : 

(5.66 ) 

1 • (~ 

... 

.1 ' ; , 

i 
:î ;, 
1 

~ 

• 1 _~~~_._ •• ~~9_6~~~~~~~~~~~~_~~_.~ ____ 4l 
•.• ____ ~ ____ • _J.-................ __ 1 _ J.,.If lOt .4I!i4,.i .... 1 \ 



( 

- B J is 'the propagation constant of lOOde "p", fiber "J" 
p 

- c Js is the coupling coefficient between tœ rrode p of t'NO fibers 
pp 

] and s. 

-1. is ;::y 
If we restrict this analysis to two identical nonœode fibers i and 

J, we obtain : 

al. 6J 

and 
po p 

dal. (5.67 ) 
----E. + i 81. l. 

1. a J l.J 
a =: C d;: - P P - P pp 

da J 
i --.J2. + 1. 8 J a J = i a c J 1. 

dz - P P - P pp 

(5.6ij) 

As it is slnm in reference [25], the 50 l ution of these differential 

equations leads to a ratio of transfer power Ps = PsfPo which can be 

expressed as : 
2 ci) Z ) P =: COS (5.69 ) s pp 

when 1. J ' tC lS constant, or 
pp 

2 fZ ci] (~ ) d~ 
(5.70) 

Ps = cos 
_00 pp 

This expression corresponds to equation (5.63) for each pOlariza

tien. If we call Pl the' first <X"Ie and P2 the other, we obtain : 

2 
d~ + cos 

z " 
f c1.J 

_00 p2,p2 
dF; (5.71) 

Canparing this with the results given in sectioo 5.3.5, we obtain 

ciJ 
pl,pl = -2- an4 cij 

p2,pZ 2 
(5.72) 

Therefore, \rie c~n write that, the coupling coefficient defined by 

synder in ms theory is an elegant approximation of the difference 

between the propagation constants of quasi-clegenerate IOOdes. 

For simple structures such as quasi-isolated optical fibers, this 
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approximation is a quick m;ttOOd to obtain the resu1ts withOut 501-

vilYJ the ccmplete problEID as it has been stown in l'eference (24), by 

ignoring the oore. 

But it <Des oot sh:Jw the effect of the claàUng cutoff as our Jrodel 

does, and it does not predict the difference between the coupling 

ratios of the different polarizaticns. ~se two points, in aà:iitioo 

to the achievernent of contour plots had improved our understanding 

of the phellCl'llel'XJll and raised new questions which will probably Und 

sane answers in a near future with other experimental work. 

i 
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6. PR:GRAMS " 
6.1 structure ; 

"n'le solution of a problem is found by executing several programs in 

a sequence. The file manipulation' is done through a prcx::edure file 

which can be adapted ta particular needs or constraints. 

"n'le datai led system f low chart is srown in Figs. 35 to 37. There are 

four maJor!Uld fi ve secondary programs for the processing of the re

sults. 

'Ille maxinun m.allber of e lements is restricted by the CCI'I1pJter centra l 

ItIE!IlOI:y size available for the eigenvalue solver. 

6.2 The P~processors 

6.2.1 Input pI'OJran "rA-/IN" 

This i5 an interact'ive input program which builds the input file 

"Il;IN.~ fran the '~9IIers t;:o the questions asked of .~ user. This 

fi le is read by the other programs which discretise certain geanet

ries and gi ve the J:e"EM ~~lutions. This metOOci is fast, efficient and 

suppresses input format errers which often occur when the user edits 

hls own input file directly. 

~j 

6.2.2 The autamatlc mesh generabQr ~" 

It ls fed by the input fi le "OWIN.DAT". For each v_a lue of 1 (the 

normal ized propagation constant), and wi:th the information collee

ted frou "rWIN", it generates sets of two data files: 

-"ELEMn.D!U'" ';hich contains the characterlstics of the elaœnts 

-"NODEn.~ which contains the characteristics of the nodes. 

n is a label for each Y, frou l te 16. 

The mesh generator contains two main sOO.routines : 

-"ELGNIF' which generates the mesh for a circular or ell.iptical 

multilayer fiber. 
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-"ELGN2r'" WhlCh generates the mesh for a circular or elllptica l 

multilayer coupler. Fig. 5, 11, 13 am 23 show typlcal llleshes. 

Beth subroutlnes use a ~adial and aO'Jular divl'ilon of tl)e reyion ta 

be discret"i.sed. Table 18 9 ives the number of e lements, nodes and 

frae variaQles versus the number of angular and radial SUbdlvislons. 

An autanatlc mesh yenerator has been preferred to an Interact Ive 

yenerator (in "which the 'user sets the mesh ~in a more dlt'e~t 
proach) because ot the special yeanetry under stt.dy. 

mesh 

"EImlF" has been used extenslvely ta test the pcoyrams ltiith known 

eXéIl\ples (see ~ction 4). "EI.m2F" has been used tot'. the analY'Hs of 

the O)upler (see section 5). 

Any other type of lnesh -Jenerator may te subStitUted for "[)I,~IN" and 

liEU'!' as lOng as their output formats are conpatible wlth the other 

proyrams. 

6.3 The Sol vers -----

The sol ver is made of two distinct prO<:Jrams : the ÇJloba l matrlces 

yenerator ("!M1P") and the eiyenvalue sol ver (Dt'V2PX, !Jd2PXX). 

6.3.1 The Global Matrices Generator IOW1P" ------ - ----

This proyram executes the coding -which is mathematically descnœtl 

in chapter 3. It lS ma~e of 4 main and 4 secondary subl!"outines, ln 

addition to the main program "DHMAIP". This version keeps all the 

arrays in central memory and requires more than 64 Kbytes. 

These subroutines are 

_"(,'UPYX" : oopiElS the inpu.t data flles "'ELEM.DAT" and "NOO(:;.DAT" ln 

central memory arrays. These two fi les are chosen amony the 

"ELEMn.J:y..T" and IOODEn.~T" files previously generateti by the pro.,r 

ram "ELF". 

-"CALPAR" : It has be shown easily in section 3 that many quantities 

are inde~ndent of ~e elanent and may be canputed only once, at the 

beyinning of the prO<:Jram. This subroutine does these ca leu ldtions 

and stores the results ,in an array called "XVA". 

-"[o'PINIP" does sana preliminary processi-ng before the yeneratlon' of 

lUO 
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the' global matrices. 

-"FCt<IPRP" executes the m:>St important part of the proyran. Using the 

"ABEL" and "JACOB" subroutines, it generates the global matrices 

[~) and [BG] which are stored in a compressed fo~at in the 

~IlI\T" data file. Only the non-zero tenna are kept, with their 

row ~ oolunn ll\IIt)ers. 

The other subroutine!à are 

-"ABEL" which computes the contribution of each pair of nodes ta 

the global matrices usi~ the resu~ts in section 3. 

-"JACOB"~hich computes the Jacobian matrix and some quantities 

related to it for each e'lement. 

-"Fl't' cx:mp.1tes the interpolation functions and their partial de ri va

ti vaS in the referenoe e lament. 

-"LOCATE" returns the linear storaye mode location index of one 

element of a symmetric matri~ 

"FPINIP" and "FONPRP" subroutines are modified versions of two 

earlier versions respectively called "FPINIT" and "FONPRE". Other 

versions of this program have been developed using t:emporar)L. di!Jk 

data storage, which may be run en machines with small central menory 

capacity. 

6.3.2 The Eigenvalue SOl vers DW2PX, D<i2PXX 

These are two full matrix eigenvalue sol vers. 

They reduce the generalized eigenvalue problem to a 'standard 

prd:>lan, tridiagonalize the matrix aOO use a Stunn sequence search 

ta find the eigenvalues. Eigenvectors are computed by inverse 

iteraticn. No uSe is made of the sparsity of the original matrices, 
, , 

and little time is saved by requesting only a feweigenpairs, as 

most of the computational effort is invol~ed in the 

tridiagonalization. 

BeCause of the central rneroory size limitation of the minicœp.1ter 

being.used, three temporary disk files (shown on tbe wstem flow 

chart Fig. 36) are needed to perform the ~tations. 
\ 

The eigenvalue sol ver ls by far the JOOSt t~coosuni~ and e~n:-

si ve part of the total process. Its large rneroory size tl!qUiranents 
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had limited our problan size to' approximatively 62 ~atic ele

tœnts. 

An optimum disc~etisation had to he found to reduce costly 

iterations • 

. An ,efficient, fast and reliable sparse matrix eigenvalue sol ver for 

general systems (not only for positive definite. matrices) will make 

FEM analysis of waveguides nuch l'IDt:e attractive. 

6.4 The Post proœssors 

6.4.1 Cœputation of the transverse field culpxtents with 

"DW5P~ program. 
( 

This pi:"ogram cardes out the canputations described in section 3.5, 

usiny four input files and five subrouti~. 

The input files are : 

-"I:MIN.Dt\T", "ELEM.DAT", "t-DDE.[l!\T", (The input files for the sol ver 

"DW1P") and "DWÈzHz.DAT" which is a file copied fran the output' of 

"rM2P,X" or .~". 
. The subroutines are : 

-"CALTAR" wicD èatpJtes the -V jk" functions previously defined in 

section 3.5 at each node of the refet:enoe e lanent. 

_"<XlPYTR" which reads the input fi les. 
'" -"XDERIV" which eanp\,ltes the transverse field eanponents ~x' ~y ,.px 

aRi Ij/y at each rode, in eahb element. 

-"Dm" which contains the deri vati ves of the interpolatioo functioos 

_ needed by '"XœRIV". 

The output and the averaging process are done in the main program 

"TRMAIN". 

Three output files are generated : 

_IDoExEy.D!Q'" contains 1/1 and 1/1 • 
x y 

-"twiXHY.I:P.T" contains q,x and 4»y' 

-"I:W;z.Dt\T" centains the z-ccmponent 
• -1-

of· the Pbyntlng ,vector s. Al~ 

these files are eanpatible with the graphie program "DW6P" (see 

next section) if the graphic code in "DnN.Dt\T" file is 00. 
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6.4.2.1 Tbaory 

"n'lis program draws the equip0t8ntial liheS in a cross sectioo of the 

wavegui~ far any <XJllp:ment of·tna field. The plot is dona point by 

.point wi th a double sweep in each element executed from the 

œference tri~le U8i~ the following sequence :. 

-Normalise the nodal values 9f the field OCItpJnent to be plotted. . 
-Canpute the real size of each element to detennine ttie number of 

points in the sweep pz:ccess. 1!', 

-Plot the t:x::lwxiaries of the waveguide, and if wanted, the discreti

satiœ. 

-Execute the sweep, element by element. 

"n'lis ia dons krx:Jw~ that the field in eadl elaœnt can be written 

as : 'i ( ~, Tl ) • t N j ( ~, Tl ) , 
j ij 

(6.1) 

Wheœ the Nj 's are the interpol~tioo functions am the.t i j are the 
nodal values obtained fran.~" or ~". _ 

The equipotential' line "kit will be the set of points whicl;l satisfies 

~ followiD;l eqÜaUoo : 

'k • t N. 'ij j ) 
(6.2) 

whera 'k i8 a value generated by the program from data, enteréd by 

the user during execution. 

The equipoten'tial line is CCIl1p.lted in the œference elament first 

and then mapped into the real element using the transformation Ti , ". 
previously defined in sectioo 3. Using the interpolaticlt funCtions 

fran the table l, we can write : 
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i i i i 
(6.3) 

+ ( - 3~ l - h + .4 ~6 ) n + ~ l 

The sweep process consists of finding the set of points (~ ,n ) 
which satisfies the above equation for a given set of ~k values. 

One ~-sweep (giveri ~, solve for n) and one n-sweep (given n, solve 

for ~) are çone for an optimum coverage. Equation (6.3) is sol veà 

!Jsiny standard second order polynanial ana!ysis. 

This basic method is improved greatly using b«> subroutines "EL.';IZE" 
" , 

and "E:XTREM" whlch have the following purpose : 

-"ELSIZE" computes the relative size of each element with respect 

to the total area usi~ th8 followi~ relation : 

Sl.' ff - Si dx dy - Il 
Reference trianglé 

(6.4) 

In that computation, the àccuracy' is not critical, and we us~ a . 

s~le nun&rical integration with three points: 

3 
Si - E 

But we have sean previously in section [3) that : 

1 Ji 1 - ~; -Vjk Xij Yij 

Than, \Ile obtain : 

Si - t t t WR V'k ,< ~R,nR ) XiJ" YiJ" 
R j k J 

(6.5) 

(6.6) 

(6.7) 

This caaputatioo is done for each elernent and the number of ~ps 
, \ 

is proportional ta the square root of the ratio Sil t Si. 

The density of points in the sweep may he changed during ,program 

execution by the user. 

-WEXTREM" subroutine canputes the extremum of the field function 

inside an elEmBnt "i: koowing the nodal values 4Ii1 'l1lis prçblem is 

reduced to the determination of a maximum and a minfinum of a 2-
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• dimensional quadratie equatioo wl th the following cxmstraints : 

(6.8) 

'lhis standard problem ls sol'VeEFin appenclix 4. Q1ee the extranun of 

'i in the element lit" are known, it is rot necessary ta look for the 

equipotential lines 'k such that cflk "> Max( 'i ) or cflk < Min( 'i ). 
Thls feature increases the plotting speed by a factor of 2, 3 or 

even greater in saœ cases, when the field strergth ia concentrated 

in small .regions. 

6.4.2.2 Implementatioo 

~ 

This program is run wi th the "PI.Dl'CAD" graphie routines implemented 

on a PERO minicomputer, but may be easily adapted to Any fortran 

compatible graphie ~s~ 

Three input files are needed : 

"ELEM.tW1'" and "tO:>E.D!\T", the input fi les ta ,the sol ver "OWlP", and 

"I:N;R.DA.T" generated by "tW2PX","r.W2PXX", or "D6P" wi th a canpatib

le graphie fomate 

The subroutines are : . 
-"CDProR" copies the input files into the corresponding arrays. 

-~ ronnalises the field. 

-"ELSIZE" cx:mp.1tes the relative size of each elanent. 

-"XSCALE" executes any linear scale-transfoanatioo required by the 

user (translatiœ, scale d'lange, rotation). 

-"ELS8:W' sl'DoIS the detail of the di~tisatioo an:i plots the axes 

through "PoINT" and "'UNE" subroutines. 

-"ELEOUI" sol ves the quadratie equaticns and plots the equipot~ntial 

lines through "POINl'" subroutine. 

-"EXl'REM" OCIIIp.ltes the local ext.renun of the field in each element. 

-"REFXY· maps Any point fran the referenee triang le to the real 

element usil1Çl Ti transfomatial (see section (3)). 

-"DFN" computes the partial deri vati ves of t,he Nj interpolation 
functicns 

Thè subroutines f~ "PIDI'CAD" library are: 
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-.K>VA8S" which nDV8S the cursar on the screen. 

-~" which draws one Une on the sœen. 

-·ERASE" whlch erases the screen. 
• 

-"INITr" wtlich initialises the graphie system at the beginning. 

"GRMAnt' is the main program which requires sare adclitional interac

tive input data. A log or linear scale May be 'selected, with up to 
v 

50 equipotential 1 ines to he drawn. 'lbe output goes on a sereen wi th 

512 x, 512 addressable points. All the contoors shawn in this thésis 

have been plotted with this progr~ on a "PERO" mincanputer high 

resolutioo black and white sereen. 

'lbe point-by-point process· fs of course slower than a line-by-line 

process, but it gives SIOOOth cootours ànd a simple fault-free alter

native for quadratic probl~ 

This program does several important oc:mp.1tations for the analysis of 

quasi-degenerate modes. 

6.4.3.1 Theây Characteristics and Errer Analysis 

The main prograu "DBETAS" implements the method described in sec

tions 4.3.2 and 4.3.3. 

6.4.3.2 Qcmputation of the Coupling COefficients 

, 

The canputation prooess described in sectioo 5.3.5 is carried out in , . 
subroutine "CPL", and the process described in section 5.3.6 in 

subroutine "CPL2". 
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PRO:iRAM 

NAME 

-

'DEOCRIPTION 

~---------~--------------------------------------------------.----

L>W5P 

1 
1 

[lJ6p 

1~6X 
. . 
~P 

~P2 

Input program (Implemented on the PER;J rninicanputer). 

AUtamatic mesh generator for a circular or e11iptic 
fiber or coupler (Implernent~ the PEP(». .... 

Global matrices yenerator (Implemented on the PERO). 

l"ull matrix eigenvalue sol ver. 
Identiœl to ""IJrl~PX", but using unformattec1 temporary 
dise files (Dmplemented on the PERO). 

Dlelectric rod.double-precision analytica~1ve~ 
(Implemented on ~ POP 11/23 minicamputer). 

Transverse components program CÏmplernentea on the 
P~). 

Graphie program (Implemented on the PERO). 
Identical to "r:w6P", but implemented on the POP 11/23. 

, 
Cœ1putes the t.y characteristics, the couplil'YJ coeffi-
cients,and the coupled power for two modes inter
action (Implemented on the ~). 
Identical to "I:W3PJ', but can solve 4 irodes interaction 
problems. 

~LE 17 List' of programs 

lU7 
, - ...<'~--- " .-~---_. - ----

" . 

, 1 
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, 

N 17 19 . 21 23 25 27 29 31 

H , 

NEL 30 0'34 38 42 46 50 54 58 

5 NN 79 89 99 109 119 129 139 149 

N 117 133 149 165 181 197 213 229 
max 

NEt. 45 51 57 63 69 75 

7 NN 110 124 138 152 166 \80 

N 175 199 223 247 271 295 
max 

NEL 60 68 76 

9 NN 141 159 177 . 
N 233 265 297 max ' . 

• 255 298-

Limit Limit 

.. NEt - N~er of elements. 

NN - NUlDber of nodes. 
, 

N
max 

- Maximum dimension of the efgenvalue problem. 

M ,. Number of angular divisions. 

N - Number of radial di visions. 

TABLE 18: Dimension o't~the ,discretised 'problem vs 

the radial and angular division. 

\ 
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USER ------el D'RIN 

JI.sh generator 

\, 

) 

S~ , : , 
1- - - - - - - - - - .. - .. - - - - - - - - .... - - - - - - - - - - - - - __ 1 
r \ 

", - DlflP 

.' 

\ 

~ 

Pig. 35, Plow C~ (1) 
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DW2Px 
or DW2PXX 

Temporar,y Eigenvalue.solver 
data files 

o 

DW5P 

Comp.ltes the 
transverse 
components 

graimics 

Dw6p 

Fig. 36 • Flow chart (2) 
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STORE 

SCREEN 
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\ , 

USER 

ow8p or 
DW8p2 

Computes the dit~eren e 
between the propagati 
constants, and the 
coupling ratio. 

Solves the problem of 
the dielectric rod. 

USE~ DW) 

Fig. 37 Other programs 
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vie have deroonstrated the abi lltj ôf a yeneral 2-dimensional Flnlte 

Element software package ta analyse dielectric wave'dUldes USU1y 

quadratic, isoparawetnc elenents. 

Future developments of thlS method would include the use of a more 

efflcient elgenvalue solver. 

The coupler analysis l'lad shJwn the mechamsm lnvol ved ln the eneryy 

transter process ~ith livre detalls th an ever œfor-e, even wlth the 

dl. scontmu lt y due te the claddlny cutoff. 

The method 15 not l iml ted by the shape of the YUlde and shows the 

real canpiexlty of the modes interactlon ln yener-al non symnetrlc 

structures. j 

The discretlsatlon 15 made wlth a r-eiatlvely gna11 number of ele

ments and pœsents a very small levei of contour- dlstortlOn. 
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Appendix l : The continuity conditiORs of the radial field components. 

From the equations (3.19) and ,(3.20), we can write 

-+i 
!Pt 

-+i -+ 
~t • n :a AT i Y 

-+ 
{ V ; .• n 

t l. 

-+ ~ 

e x V;. ) . n} 
z t l. 

-+ -+ 
e x 

z 
V Iji. ) • n 

t 1. 

Equations (3.23) and (3.26) qive 

-+ ..... 
e ( V ~ .• n 

z t l 

_
1 Ti _ 2 -+ 

'Pt y Vt1/li ) x n 
AT. 

1. 

-+ Ei -+ -+ 
(- ) e ( V 1/I •• n ) = ( -

EO Z t l 

1 -+i 
~t + V I/l. ) x n 

t l 

-+ 

AyT. 
l. 

-+ -+ -+ -+ -+ -+ 
USl.ng the relatl.on ( e x f ) .n :' e . ( f x n for any vector fleld f 

z z 
l.n x-y plane, we obtain 

E. ..... i E 
(2- -+l. -+ -+ -+ y2 _ -..!.)( -+ 

) ( !P t • n ) = ye • {(-~ x n ,) + AT. ( V t;i x n 
EO Z t l. EO 

+L ..... -+ ..... i E. -+ ..... l y2 ~ .n ye . {( +1/1 x n ) + AT. ( ) ( V t1/ll. x n 
t z t l. EO 

y2 _ 
1 

But Ti ... 
E. 

and the constant A is independent of lOi ". 

y2 !... l. 

EO 

The re fore 

E. +i ..... ..... _ (;i (2- ..... 
+A(y2_1)( )( wt,n ) - ye • { x, n) V' ; 

EO Z t t i 

+i ..... ..... 
+($i -+ 

- A(y2 -1 ) ( 
~~ ye • { x n) V W. z t t l. 

..... ..... 
li x -+i 

n and 1jIt x n are continuous ( see section 3. 1. 2 
t 

+ 
V ~. x n and \1jJi x t l. 

nuous. 

Therefore, 
Ei ..... i 
(- ) lP

t EO 

+ 
n are also cantinuous because 

+ -+i 
n and ~ 

t 
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n are continuous. 

~i 

..... 
x n ) } 

..... 
x n ) } 

) . 

and 1/1. 
l. 

) } 

) } 

are conti-
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The integral formula tian of the continuity can be wri tten 

-+i .... .... -+1 -+ 
E le. CPt n dl E le. ye . ( W

t 
x n dl 

i 
l 

i 
z 1 

l. l. 
.... ' 

y2-l 
.... 

E le ye . A( ) ( 'V ljJ x n dl. 
i 

z t l. 1 
1 

where "i" l.S the element number, C its contour and dl an infl.n1tely 
1 1 

small part of e . 
1. 

using the result (3.25), the d1vergence theorem And the relat1.on .. ... ~ .... 
e . ( 'V ljJ x n) = (e x 'J ljJ. ) • n , th1S in tegral becomes : 

z tl. Z t1 

-+ 
'J .(e x'VljJ 

t z t 1. 
dS 

1. 

But we kno'W ft'om vector calculus tha t 

'J • 
t 

-+ 
e 

z 

There fore 

E le 
1. l. 

• 'il I)J ) 
t 1 

-+1. .... 
q,t n 

-+ 
'il 1jJ. • ( 'il x e 

t l. . t Z 

dl. = 0 
l 

using the same arguments, we fl.nd 
1 

e:. ) t +i (2- -+ 
E le W

t 
n dl. 0 

i e:O 1. 
l. 
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Appendix 2 Details of the discretisation process. 

By de finition, we have 

with 
6 

X. = l: 
'1 

N,X .. 
] 1J 

and 
6 

Y, .. 1: 
1-

ax, 
~ 

af; 

N y .. 
J 1J 

ay, 
~ -a 1"1 

<. 

where N. is one of the geometrical transformation functions, 
J 

X .. and Y .. are the coordinates of the nodes "j" of the' 
1J 1J 

element "i". 

Then, we can write : 

i 
aX. 6 aN. 

1-
l: -1 

Jll= ~ = af; Xij 
j-l 

i 
ay. 6 aN. 

~ 
l: -1 

J12= ~ == af; Yij 
j-l 

i aXi 
6 aN, 
l: -1 J21- - := a X .. a 1"1 
j-l Tl 1J 

i aYi 
6 aN. 
l: .-.J. J22- - - an Yij an j-l 

Now, we compute V~i in terms of the known parameters (Vljli i9 

equi valen t ). We ob tain 

'V~. == 
1 
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and 
a~;I. 
an can be written in t~rms of the nodal values ~ij 

6 a~ i 6 aN. ' 
cjli z: E Nj ~ij -+ -= 1: ..J 

~ij and 
j-l a~ jal a~ 

a~i 6 ~ ~ij - - 1: an 
j-l a" 

Putting the se resul ta back in the expression of V~. , we can wri te all 
1. 

the quantities needed in the variational forme We obtain 

+ 

.... 
e • (.l1l/1. x V~. ) becomes 

Z 1. 1. 

1 
~{ 

and the other te rms are 

6 6 

1 •. 12 
- l l 

1. 
j-l k-l 

6 6 

Il/I i 1
2 

- l l 
j-l k-l 

Finally, the total inteqral may be wri tten 

} - 0 
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where 
i 

U
jk

, V
jk 

i 
and W

jk 
are defined in page 21· 

~ . 
Using numerical integration on the triangle, we ob tain : 

N / 6 6 NI i 
6 I: /' T. t t { I: wRUjk (~R,nR) } 41 ij~ ik + 

i-l 
:L j-l k-l R-l 

Ei 6 6 NI i 
y 2T, (-) 1: t { I:' wRU 'k (~R,nR)} lPilik 

+ 
1 EO j-l k-l R-l J 

9 

6 6 NI 
y2 T 1: t { ~lWRVjk (~R,llR)} ;ij~ik + 

i 
j-l k-l 
-
6, - 6 NI 

y 2 T, 1: I: { t WRV'k(~R,nR)} 41 ikl/l ij 
+ 

1 
j=l k-l R-l J 

6 6 NI i 
k6 E I: { t WRW jk (~R,nR) } 41ij~ik + 

j-l k-l Ral 

E, 6 6 NI i 
, 

k6y2 (-!.) E t { t WRW'k(~ R,n R) } lPijl/l ik 
= 0 

EO j-l k-l R=l J 

'!'he decomposi tion 

"-

2y2T E I: E WRVjk lPij~ik in 
i 

j k R 

y 2 T " EtE + y 2 T t t 
Jt 

•• ·1/Iij"'ik l ~ik1/lij i j k R 
i 

j k R. 

is necessary ta obtain a ma. tri x fomulation which ia ful.ly SYMMETRIC. . 
We can easily prove from matrix algebra that the above formulation in 

tenna of double sunmations is exactly equi valent to the matrix equa-

tions qiven in page 20. 
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Appendix 3 Analytical solution of the dielectric rod problem • 

.. 
The dielectric rod is an infini tely long circular dielectric wave-

guide ( gee Fig. 5 such that El is greater then E
2

• 

Ne have, by definition 

and . -
e: 0 i9 the tree space permi tti vi ty • 

~ 

Solving the Helmholtz equation with the separation of variables 

method ~ ref. 3 ), we obtain the z-components of the field in the 

"i.nner and outer media. 

The in terior solution ( r < a ) i9 : 

l 
cos ( EZl • A J ( kIr n, 

n n 

H _ BI 
J ( kIr sin ( n, zl n n 

with k
2 - ( 

lA) 
) 2 ( n2 _y2 

1 c l 

'rhe exterior solution ( r > .. 
2 

k
2

r cos ( n~ _Ez2 • A K ( n n 

2 
) sin ( n+ ) H

Z2 • B K ( k
2

r n n 

2 
~ ( lA) ) 2 ( y2_n2 

) vith k
2 c 2 

and : n - label of the mode, 

Be 
y --, III 

e 
j-( wt-Sz 

e j ( wt-Sz 

a ) is : 

j ( 
e 

wt-Sz ) 

ej ( wt-Sz ) 

J 

The .-couponents and' r-'components may be deduced from the z-compo-

nents using equations (2.12-2.1S) and the usual rectangular to cy-

lindrical. coordinàtes traJ'lSformations. 
1 
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Only the ,-components are needed to match the tangential field compo-

Ïients at the interface between the two media. when r ... a. 

We have : 

EU Ca) ,. Ecp2 (a) and 

wh~-;, • 
• ~2 

aE aH 

E'Dl 
{ ( ~)!~- zm } 

c r a .. Ulllo ar 
m 

.. j 
aE aH 

H'Dl 
UlE ~+ ~)!~ } 

~ m ar c r ar 
m 

with : m • l for the interior solution, 2 for the exterior solution. 

IlO is the free space pemeabili ty. 

E is the relative permittivity of the medium "mil. 
m 

The above equations lead ta a matrix equation. 

Using some straight forward alqebraic manipulations, we obtain 

. 1 l 
ny ( sr + sr) 

1 1 
n'Y ( SI + SI) 

with S -(~ l c 

SI -S 'I>{ ni-y2 

Zo -no .. I~ 
ta 

J' and Kt ,are the derivative of the Bessel functions J and K • 
n n n n 

• a 
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This system has a solution on1y if its determinant is zero, which 1eads 

( to the followinq equa tion in y and S 

1 l }2 _ 1 1 Kn+1 (S2) J n+1 (51) 
} { ny(sr + sr> { n(sr + SI) - S2K (S2) S IJ (51) 

n n 
/' 

n~ nl n~K 1 (52) ntJ 1(51) 
{ n(SI + sr) - n+ , n+ } ,. 0 

S \ 5 52K (52) 5}J (SI) 
n n 

)' 
The solutions of this transcendental equation give the propagation chara-

\ 1 1 
cteristics of the rode For a giveh value of A (or B ), the other three 

n n 

coefficients A 
2 

, 8
2 

, BI ( or A 
1 

) can be computed~ 
n n n n 

The arbitrary coefficient simply describes the power ( or the field 

strenqth ) which travels inside the wavequide. 

/ 

\ 
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Appendix 4 A simple method to find the extremum inside the reference 

element. 

r 

As we have seèn in section 6.4.2, the field in the reference element can 

always be written : 

where A,B,C;:,D,E and Fare computed from the nodal values of ~. 

Because V~ is linear in ~ and n, the extremum of q, over the element 

must be located at one of the following points: 

1) The stationary point of the quadratic IF IT BELONGS, to the reference 

element. In that case, we have 

~O = 
lCO - BE 
B2 - 4AC 

lAE - BD 
nO ... B2 - 4AC 

and : B2 - 4AC ,. 0 , "" 0 ~ ~o ~ l , 0 ~ no ~ l-~o 

2) The stationary point of the quadratic on the boundary n O. 

In that case, we obtain 
1 

D 
~ 1 .. - - , 0 ~ ~ 1 < l and A ,. 0 

2A 

3) The stationary point of the quadratic on the boundary ~ - o. , 
In that case, we obtain 

o ~ n2 < 1 and C ,. 0 

4) The stationary point of the quadratic on the boundary ~+~:II; 1. 

In that case, we obtain 

_{B - 2C + D - E} 
~3" 2(A-B+C) and 

A-B+C,.O o ~ ~3 < l • 

ln 

, 

,---



1 
\ 

5) A vertex of the reference element'. 

The maximunl (mirlimum) of the function (field) i9 the maxi.mum (minimum) 

of the field values at these 7 points. 

The subroutine "EXTREM" ( see section 6.4.2) simply computes the field 

intensi ty at these points and returns to the main program the maximum 

(minimum) of these. 

(' ( 
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Appendix 5 A variational formulation which remaves t)le d'iscontinuity 

From ref. 

V '" ... t z 
j ( 

V 41 =-t z 
j 

where 

3 

at L •• 
1. 

, we can write 

~) ; l -+- -+--y + - e xcjl 
c t y z t 

/ 
-1' 

) 

-.. ( !!!. ) - -+ 
(r~ + €ir ezxl/Jt ) c t 

- 3P , cp :;; z-components of the field z z 

-+- -+-
1/I t ' CPt :;; transverse field, 

Ëi :;; relative permittivity in the regian of interest. 

In cartesian caordinates, we have ; 

and 
-+- -+ . -+ 
CPt = xcjl + y~ • x y 

Therefore, we can write : 

V '" = t z 

= -

j (!!!.) { 
c 

+ y( -r1/l + ~ 
y y x 

-+-
Ë .YIP ) + y( r~ + E·Y1/! 
l.y Y 1.,x 

With sorne mathematica1 manipulations, we easily find 

} 

T1.'( Ë. - y2) (!!!. )2{",2 + € r 2.,.2 + ",2 + €.y2.,.2 + 2r2 ( cP 1/1 - cP 1/1 )} 
1. C 't'x i 't'y 't'y 1. 't'x y X X Y 

But T. 
1. 

y2_ 1 
yZ_ Ë. ;, 

and this expression becomes : 

(' 

III -+- -+- -+- -+- -+ 
. ( l - r 2 ) ( ; )2{ l4>

t
l2 + ll/i

t
I2&iy2 + 2 y2 e z .(1/It x ~t )} 

The discontinuity at Ti is suppressed. 
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