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Abstract—In this paper, we propose a two-time slot cooperative
spectrum sharing protocol employing transform domain
processing technology, in which primary users and secondary
users adopt sinusoidal signals and chirp signals, respectively.
Moreover, an adaptive relaying mechanism is used in our protocol
to improve the flexibility of cooperation. Then, a Newton iteration
method based sub-optimal power allocation algorithm is
presented to reduce the complexity of exhaustive method while
guaranteeing the outage probability constraint of the primary
system. After that, a secondary user selection algorithm which
focuses on the statistical channel conditions is proposed to further
improve the performance of spectrum sharing. Simulation results
show that compared with the existing protocol, outage probability,
achievable data rate and average energy efficiency are
significantly improved for the secondary system in our proposed
protocol. Moreover, lower outage probability, higher achievable
data rate and average energy efficiency of the secondary system
can be realized with an increase in the number of secondary users.
Index Terms—cognitive radio, cooperative spectrum sharing,
Fractional Fourier Transform (FrFT), outage probability
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I. INTRODUCTION

the rapid development of wireless communications,
wireless spectrum has become an essential resource in
the society and many literatures have focused on the efficient
use of spectrum resources [1-2]. In order to utilize spectrum
resources more efficiently, Cognitive Radio (CR) technology is
proposed to solve the unbalanced spectrum resource utilization
problem [3]. As a key technology of cognitive radio system,
spectrum sharing, which aims to realize efficient and reliable
communications of secondary users through sharing spectrum
ITH

Manuscript received March 14th, 2017.
Wu Xuanli, Han Xingling, Deng Xiao and Han Shuai are with School of
Electronic and Information Engineering, Harbin Institute of Technology,
Harbin, China (email: xlwu2002@hit.edu.cn, hanxingling1993@126.com,
1120510402@hit.edu.cn, hanshuai@hit.edu.cn,); Fabrice Labeau is with
Department of Electrical and Computer Engineering, McGill University,
Quebec, Canada (email: fabrice.labeau@mcgill.ca).
This work has been partially supported by the National Basic Research
Program of China (973 Program), under grant No. 2013CB329003, National
Nature Science Foundation of China under grant No. 61301100 and
Hydro-Quebec, the Natural Sciences and Engineering Research Council of
Canada, and McGill University in the framework of the NSERC/Hydro-Quebec
Industrial Research Chair in Interactive Information Infrastructure for the
Power Grid (IRCPJ406021-14).

between primary users and secondary users, on the premise that
communication requirements of primary users are satisfied, has
very broad application prospects in the future wireless
communication networks. Moreover, as a combination of
cooperative communications and spectrum sharing technology,
cooperative spectrum sharing, which can fully achieve diversity
gain through the cooperation between primary users and
secondary users to improve spectrum efficiency of cognitive
radio system and satisfy the requirement of spectrum sharing,
has attracted more attention [4-5].
In cooperative spectrum sharing, secondary user can perform
as a cooperative relay to play an active role in the
communications of primary user. As a reward, the secondary
user can obtain the opportunity to access the system spectrum
while guaranteeing the communication quality of primary user.
References [6-7] propose different two-time slot spectrum
sharing protocols, which employ Amplify and Forward (AF)
and Decode and Forward (DF) mechanism, respectively. The
secondary user who acts as the relay will allocate its power to
forward the signals of primary user to primary receivers and
then in the second time slot, the signals of secondary user will
be transmitted to secondary receiver. However, in reality, the
channel condition varies quickly because of channel fading.
Thus, choosing a fixed mechanism, i.e., DF or AF, is not
suitable for the fast fading channels. To overcome this obstacle,
the adaptive relaying protocols which adopt different
mechanism, i.e., AF and DF mechanism, in different channel
conditions are proposed [8-9]. Furthermore, ref. [8] also
proposes a power allocation algorithm to improve system
performance in terms of lower outage probability of the
secondary system. However, they do not consider the scenario
that multiple alternative relays exist. Ref. [10] selects the best
relay according to the channel conditions between the
secondary transmitter and the primary receiver. Ref. [11]
proposes a relay selection strategy under the circumstances that
only outdated CSIs is available and both outdated CSIs and
statistical channel information are available, respectively.
However, they do not consider the channel status of different
transmission links so that the performances of secondary user
cannot be guaranteed.
To our best knowledge, in cooperative spectrum sharing
scenario, one essential problem is how to distinguish the
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primary signal and the secondary signal occupying the same
bandwidth and time slot at the receiver without bringing serious
interference between each other. There exist several methods to
alleviate such kind of interference. The first one is to divide
transmission time slot. Specifically, during the second time slot,
we can further divide this time slot into two sub-time slot parts.
Thus, there are totally three different length time slots in one
whole transmission period. In the first sub-time slot, the relay
could assist the primary user while in the second sub-time slot;
they could share the same bandwidth with primary user to
transmit their own signals [12-13]. The second way is to divide
licensed bandwidth, which means that the relay will use
different bandwidth to transmit its own signals and the primary
signals respectively during the second transmission time slot
[14-15]. However, the spectrum efficiency will be reduced for
the abovementioned references. There indeed exist other
methods to reduce the interference without destroying the
structure of transmission time slot and bandwidth. For example,
in ref. [16], STBC is used at the relay and in ref. [17], NOMA
and SIC are used in the relay and the receiver. However, in the
STBC method will decrease the data rate of secondary users,
and the realization complexity is extremely high for SIC
algorithm when the number of primary users waiting for
decoding their transmission information is large. In order to
reduce the interference to primary users, spread spectrum based
spectrum sharing strategies are also proposed in [18] and [19],
and the signals of secondary user are spread over the whole
transmission frequency bandwidth with power control.
Although the interference to primary users can be reduced, the
transmission data rate of secondary users will be reduced and
the interference from primary users to secondary users may be
very huge in cooperation mode. Hence, we need to find a
suitable method to reduce such interference and achieve higher
spectrum efficiency with moderate realization complexity.
Several applications like Synthetic Aperture Radar (SAR)
and chirp spread spectrum (CSS) technique uses chirp signals.
Owing to the recent advance of Surface Wave Acoustic (SAW)
technology, generating wide-band chirp pulses become easier
and make the use of chirp signals on abovementioned
techniques more efficient. As chirp signals are widely used in
radar, sonar and signal processing fields, estimation of their
parameters such as amplitude, chirp rate, initial frequency and
initial phase is an important problem [20].
FrFT is a useful time-frequency tool which is very suitable
for signal processing, especially for detection and parameter
estimation of chirp signal. Ref. [21] utilizes FrFT to measure
parameters in ultrasonic range system while [21] proposes an
FrFT based algorithm to estimate the parameters of the moving
target. In the Fractional Fourier Transform (FrFT) domain the
energy of chirp signals can concentrate on a specific transform
order, and at the same time, the energy of sinusoidal signals
may spread over the whole FrFT domain. Hence, these two
types of signals can be easily separated through properly
designed filter in the FrFT domain, and very limited
interference will be generated from each other [23-24].
However, since chirp signal and sinusoidal signal shows energy
concentration property in FrFT domain and Frequency domain,

respectively, they will show similar property if only one type of
signal, i.e., chirp signal or sinusoidal signal is used. Hence, in
communication systems, chirp signal and FrFT are usually used
in the scenario that two types of signals are used [25].
Fractional Fourier transform-chirp signal processing also has
its limitations. For example, the FRFT has one major drawback
due to using global kernel, i.e., it only provides such fractional
spectral content with no indication about the time localization
of the fractional spectral components. However, such limitation
could be solved by recent advances in [26] and [27].
Through the abovementioned analysis, we can use sinusoidal
signal and chirp signal for primary user and secondary user,
respectively. Fractional Fourier transform domain processing
will be used in the receiver end so that the interference between
primary users and secondary users can be significantly reduced
in cooperative spectrum sharing. Neither reducing the
transmission data rate nor increasing the realization complexity,
Fractional Fourier transform domain signal processing method
could bring us an original horizon to handle interference
problem.
The contribution of our work can be summarized as:
(1) A novel two-time slot cooperative spectrum sharing
protocol employing FrFT domain signal processing technique
as well as an adaptive relaying mechanism is proposed.
(2) An optimized power allocation algorithm based on
statistical channel gain is proposed and we derived the
asymptotic lower bound for the power allocation parameter and
obtain the sub-optimal value through Newton iteration method.
(3) We also propose a relay selection algorithm considering
the channel status of three links, i.e., PT-ST link, ST-SR link,
and ST-PR link, to further improve the performance of
secondary system.
The remainder of this paper is organized as follows: Section
II briefly introduces the theory of Fractional Fourier Transform.
Section III describes the system model as well as the detailed
mechanism of our proposed cooperative spectrum sharing
protocol. The analysis on the power allocation and secondary
user selection of this proposed protocol is given in Section IV.
In Section V, the performance comparison between the
proposed cooperative spectrum sharing protocol and the
protocol in [8] and [10] is performed. Finally, conclusions are
drawn in Section VI.
II. FRACTIONAL FOURIER TRANSFORM
Before we started to introduce our proposed content, it is
necessary to state all the deployed symbols in whole paper. The
name of all symbols and their definitions are listed in Table I.
As an extension of Fourier transform, Fractional Fourier
Transform has been introduced to signal processing and
wireless communication fields in recent years. Similar to
sinusoidal signals being the orthogonal basis function of
Fourier transform, chirp signals are the orthogonal basis
functions of Fractional Fourier Transform. Hence, like
sinusoidal signals in the Fourier domain, chirp signals exhibit a
good energy concentration property in the FrFT domain,
whereas sinusoidal signals typically exhibit a flat energy
distribution in some specific FrFT domain.
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According to the definition of Fractional Fourier Transform,
the FrFT of any signal f (t) can be expressed as follows [28]:
X  (u )  



f (t ) K (u , t ) dt ,

(1)

where, is the transform order, K (u, t ) is the kernel function
of FrFT which is denoted as:
  t2  u2
1  j cot  

K  (u , t ) 
exp  j 
cot    ut csc     . (2)
2
2

 

Specially, when    2 , (1) can be simplified as

f (t ) exp   j 2 ut dt , which turns out to be the

Fourier transform of signal f (t ) .
The sinusoidal signal and chirp signal in the time domain are
defined as:
(3)
s (t )  A exp  j  2 f 0 t  0   ,
X  2 (u )  





c (t )  A exp j  2 f 0 t   0  k  t 2  ,
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25

20

15

10

5

0
-15

-10

-5

0
u

5

10

15

Fig. 1. Sinusoidal signal and chirp signal in the FrFT domain
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Table I Deployed Symbols and Corresponding Definitions
Deployed
Definition
Symbols
Transform order of FrFT

Amplification factor in AF relaying mechanism

e
Signal separation error
Guaranteed SNR threshold of the primary user

Loss coefficient of the power amplifier

Channel coefficient of the link between terminal x and y
hxy
Rayleigh distributed fading coefficient between terminal x and
gxy
y
dxy
Normalized distance between terminal x and y
d1
Radius of outer circle
d2
Radius of inner circle
v
Path loss exponent
xp
Transmit signals of the primary user
xs
Transmit signals of the secondary user
xs filter
Filtered out transmit secondary signals after FrFT
wij
Additive white Gaussian noise

(4)

where, A is the amplitude, f0 is the center frequency; 0 is the
initial phase; k is the chirp rate and T is the signal duration.

In order to simplify derivations, we assume f0  0 and 0  0 .
The sinusoidal signal s (t ) and chirp signal c (t ) in the FrFT
domain can be expressed as:
 u2

S  u   1  j tan   exp   j tan    ,
2



(5)



  u  ,   arctan  k   2  l

. (6)
C (u )  
 u 2  k  tan    
1  j tan  

exp  j 
,
others


 2 1  k tan    
 1  k tan  




From (5) and (6), when   arctan  k   1 2  l   , we could
find that the chirp signal has a peak in the corresponding FrFT
domain while the energy of sinusoidal signal is spread over the
whole FrFT domain. Hence, by selecting an appropriate
transform order , the properly designed chirp signal will show
the best energy concentration property and the sinusoidal signal
will show a flat energy distribution in the FrFT domain as
shown in Fig.1. So these two types of signals can be easily
separated through filtering in the Fractional Fourier domain
[29].
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expressed as xp and xs , respectively, with the assumption of
2
2
E x p  E xs  1 .

   

The Proposed Spectrum Sharing Protocol

In this paper, a two-time slot spectrum sharing protocol using
transform domain processing based adaptive relaying is
considered. The transmission procedure for this protocol is
given in Fig.3 and explained by the following phase. Here, we
only consider the scenario that the primary user needs the help
of secondary user, i.e., the spectrum sharing protocol will be
used.
In the first time slot, the signal x1 from PT is transmitted and
1
x  xp . The signals received by PR and ST are denoted as y12
and y13 , respectively. Then, we have
(7)
y12  Pp h12 x p  w12 ,
y13  Pp h13 x p  w13 ,

(8)

where, Pp is the transmit power of PT and wij represents the
Gaussian noise with the power of  w2 . In our paper, we assume
that the transmission bandwidth is normalized to 1Hz. Thus, the
achievable data rate of PR and ST can be expressed as R12 and
R13 , respectively.
 Pp h12 2 
1
,
(9)
R12  log 2 1 

2
 w2 


2

Pp h13 
1
,
(10)
log 2  1 

2
 w2 


where, the factor 1 2 is owing to the fact that the complete
transmission process is divided into two time slots. The Signal
to Noise Ratio (SNR)  13 of PT  ST link can be expressed as
2
 13  Pp h13
 w2 .
In the second time slot, ST adopts adaptive relaying
mechanism to forward the signal of primary user. To be specific,
ST adaptively chooses DF or AF mechanism depending on
2R
whether  13 is higher than a given threshold   2 pt  1 ,
where R pt is the target data rate of primary user, and  13
denotes the SNR of PT  ST link.
When  13   , ST can successfully decode the primary
signal xp from the received signal y13 and DF mechanism is
adopted to relay the primary signal. Then the transmitted signal
from ST x  2 can be denoted as the linear superposition of the
regenerated signal xp with power Pr and its own information
 2
signal xs with power Pa , i.e., x  Pr x p  Pa xs . Then at
PR and SR, the received signals in the second time slot are:

R13 

Fig. 3. The transmission procedure for our proposed protocol

In order to quantify the separation property of these two
waveforms, the signal separation error e is defined as the ratio
of the average amplitude of remaining interference chirp signal
to that of the original chirp signal after the filtering.
In this paper, e is restricted to be smaller than 0.1 according
to [29]. Considering the above characteristic, in our proposed
protocol we use sinusoidal signal and chirp signal for primary
system and secondary system, respectively.
III. SYSTEM MODEL AND PROTOCOL DESCRIPTION
Spectrum Sharing System Model
In this Section, an overlay cognitive radio network with
single secondary user is considered. As shown in Fig.2, the
primary system consists of a primary transmitter PT and a
primary receiver PR, respectively. The secondary system also
contains a pair of transmitter ST and receiver SR. Assuming
that the channels over all links are independent and the channel
coefficient of the link between terminal x and terminal y is
denoted as hxy  d xy v g xy where v is the path loss exponent, d xy
is the normalized distance and g xy represents the fading
coefficient which is Rayleigh distributed, then |hxy|2 is
exponentially distributed with mean 1/xy and xy = d xyv [8].
Besides, the primary and secondary nodes are equipped with
single antenna and operate in a fixed TDMA mode. The signals
transmitted by the primary user and secondary user are





y32DF  Pr h32 xp  Pa h32 xs  w32 ,

(11)

 Pr h34 xp  Pa h34 xs  w34 .

(12)

DF
34

y

If r13   , ST cannot decode the primary signal xp , and AF
mechanism will be utilized. In this way, the transmitted signal
2
x  from ST is the sum of the amplified received signal and its
own information signal, i.e., x  2   Pp y13  Pa xs , where
 is the amplification factor. When the power allocated for
forwarding the primary signal is Pr , the value of  can be
2
obtained by   Pr Pp h13   w2 . The received signals at PR
and SR in the second time slot can be written as:
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cooperation makes our proposed protocol more flexible and
suitable for different channel conditions. Secondary users can
also get more opportunities to access the spectrum. Thus,
spectrum utilization can be effectively improved and a better
communication performance of both the primary and secondary
systems can be obtained.
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Fig. 4. The location of primary and secondary systems

y32AF   Pp h13 h32 x p  Pa h32 xs   h32 w13  w32 ,

(13)

y34AF   Pp h13 h34 x p  Pa h34 xs   h34 w13  w34 .

(14)

Then signals y12 and y32 are combined at PR using Maximal
Ratio Combination (MRC) to decode x p . To improve the
decoding performance of primary system, the signal of
secondary user xs should be filtered out from y32DF or y32AF using
the energy concentration property of chirp signals in the FrFT
domain. After removing the estimation of xs from the received
signal with the assumption of perfect channel estimation, the
remaining signal with different relaying mechanism can be
denoted as:
(15)
y DF
Pr h32 x p  Pa h32  x s  x s _ filter   w32 ,
pm 
AF
y pm
  Pp h13 h32 x p  Pa h32  xs  xs _ filter    h32 w13  w32 ,(16)

where, xs _ filter represents the filtered out signal and can be
expressed as xs _ filter  1  e  xs . Then, combining the received
AF
signals y12 and y DF
pm ( y pm ) at PR, the achievable data rate of
PR with DF and AF mechanism can be computed by (17) and
(18), respectively.
2

2

Pp h12
P h
1
),
 2 r 322
R pDF  log 2 (1 
2
2
w
e Pa h32   w2

(17)

2
2
 Pp h12 2

Pp h13  h32
1
 . (18)
RpAF  log 2 1 

2
2
2
2
2
2

2
w
e Pa h32   w  h32   w 

At SR, we can utilize Fractional Fourier domain filtering to
directly decode and obtain the secondary user’s signal xs
instead of subtracting the interference signal xp . The filtered out
signal is irrelevant to the forwarding mode adopted by ST and is
shown in (19) with perfect channel estimation.

ysm  Pa h32 xs _ filter  w32 .

(19)

Then, the achievable rate of SR can be expressed as:
 1  e 2 Pa h34 2 
1
.
(20)
Rs  log 2 1 


 w2
2


In our proposed cooperative spectrum sharing protocol,
secondary signals can be easily separated from primary signals
through Fractional Fourier domain filtering thanks to the energy
concentration property of chirp signals in the FrFT domain and
the interference to primary system can be greatly reduced.
Moreover, the adaptive relaying mechanism applied to

Power Allocation Scheme
In order to achieve the optimal performance of the proposed
spectrum sharing protocol, we need to analyze the influence of
power allocation to the performance of primary user and
secondary user and find the optimal power allocation in this
Section.
Current power allocation schemes in spectrum sharing
protocols can be classified into two types: one is based on
instantaneous channel condition and the other one is according
to statistical channel condition. Due to the time-varying
characteristic of wireless channel, it will cost a lot of signaling
overhead to obtain the instantaneous channel gain in a real
system. However, the statistics of the channel gain remain
relatively stable and are only related to some system parameters,
such as transmission distance and wavelength of the
electromagnetic. Thus the statistics of channel gain can be more
easily obtained and we use the statistics of channel gain to
perform optimal power allocation in our proposed protocol.
Before the relay selection and power allocation process, we
could obtain these statistics channel gains by long term statistic
estimation. Then, the selected ST could act as the relay for a
period of time and obtaining signaling of the instantaneous
channel gain during each transmission time slot is unnecessary.
Thus, to reduce the signaling overhead of power allocation
and relay selection process, we use outage probability based on
statistics as the metric to evaluate the performance of power
allocation optimization and relay selection process.
The definition of outage probability is the probability that the
instantaneous achievable data rate is below the target data rate
[30]. Then the outage probability of the primary transmission in
our proposed protocol is given by
Op  Pr R13  Rpt  Pr  RpDF  Rpt   Pr  R13  Rpt  Pr  RpAF  Rpt  .(21)

where, R13 denotes the transmission data rate at ST. R pAF and
R pDF represents the achievable data rate at PR with DF and AF
mechanism, respectively. Rpt is the target data rate of primary
user, which could be expressed as (1/2)log2(1 + ), where  is
the SNR threshold.
The outage probability of secondary signal transmission with
the secondary user target data rate Rst is given by
(22)
Os  Pr  Rs  Rst  .
Since the secondary system should not introduce excessive
interference to degrade the performance of the primary system
significantly, the maximum transmit power of the secondary
user is restricted to a given threshold Ps _ threshold . We assume that
Pr  Pa  Ps , where Ps is the actual transmit power of each
secondary user, which is always less than or equal to Ps _ threshold ,
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Fig. 6. Average Energy Efficiency versus power allocation parameter 

Fig. 5. Outage probability with different  and e

i.e., Ps _ threshold  Ps and then the effect of power allocation
parameter  , where   Pr Ps , on the performance of outage
probability of both primary and secondary systems is analyzed
in detail as follows.
The distance between PT and PR is normalized to “1”, i.e.
d12  1 according to [31]. Fig. 4 assumes that the secondary user
is located at the middle of PT and PR, i.e. d13  d32  1 2 d12  0.5 ,
and d 34  0.5d12  0.5 . The path loss exponent v=4, and signal
separation error e=0.1 and Rpt = Rst=1bits/s/Hz. Fig.5 shows the
outage probability of the proposed spectrum sharing protocol
with different  and e. From Fig. 5, we can easily see that with
the increase of , the outage probability of the primary system
decreases while the outage probability of the secondary system
increases. The triangle line and the five-pointed star line
illustrates that the outage probability of secondary user and
primary user when signal separation parameter set as 0.03,
respectively. It is obvious that both primary and secondary
user’s outage probability is just a bit lower than that of e=0.06.
Considering the case of e=0.09, the outage probability of both
systems are just a little higher than that of e=0.06. In conclusion,
the outage probability of primary user and secondary user is
almost the same when the values of e vary. Thus, we let e fix on
0.06 for the following part of our manuscript. Hence, the
optimal power allocation parameter needs to be determined in
order to minimize the secondary transmission outage
probability subject to the outage probability constraint at PR.
This optimization problem can be formulated as:
(23.a)
min Os ,
subject to
(23.b)
O p  Omax ,

Pr  Pa  Ps ,
Pr  0 ,
Pa  0 ,
Ps  Ps _ threshold .

(23.c)
(23.d)
(23.e)
(23.f)

where, Ps_threshold is the maximum transmit power constraint of
secondary user, and Omax is the outage probability constraint of
the primary system and we need to find the optimal power

allocation parameter  * to minimize the outage probability of
secondary system Os. From the above analysis, it is seen that
Os   is an increasing function of  and Op   is a decreasing
function of for    0,1 . Therefore, the optimal solution  * of
the optimization problem (23) should satisfy Op  *   Omax .
However, O p in (23) contains several random variables. So a
direct solution entails high complexity and the optimal solution
 * is difficult to obtain. Hence, some reasonable assumptions
are made to simplify O p to reduce complexity and obtain an
approximate solution a for  a   * , 1 . In this way,
constraint condition (23.b) can be satisfied.
According to (21), the expression of Op includes 4 terms, i.e.,
Pr{R13≥Rpt}, Pr{R13<Rpt}, Pr RpDF  Rpt and Pr RpAF  Rpt .
Due to the exponent distribution of variable |hxy|2, we firstly
simplify the expression of Pr{R13≥Rpt} and Pr{R13<Rpt}.
Substituting (10) into Pr  R13  R pt  in (21), we have
 1

 Pp h13 2 
  Rpt 
Pr  R13  Rpt   Pr  log 2 1 
2

w 
2



 , (24)









2
 2  
 Pr  h13  w    1  exp  0  
Pp 

v
2
where, 0  d13 w Pp . According to the probability theory, we
have
Pr  R13  Rpt   exp  0   .
(25)

Substituting (17) into Pr  R pDF  R pt  and Pr  R pDF  R pt  can
be written as (26) at the top of next page. Substituting
2
  Pr Pp h13   w2 and (18) into Pr  R pAF  R pt  in (21),
AF
Pr  R p  R pt  can be rewritten as (27) at the top of next page.
Before we start to solve the optimization problem in (23), it is
crucial for us to evaluate the energy efficiency performances.
According to the constraint stated in (23.b), our power
allocation and relay selection process is under the premise of
guaranteeing the quality of service (QoS) of the primary user.
Hence, we do not analyze the energy efficiency of the primary
system. We introduce two metrics, i.e., the average energy
efficiency of the secondary system and the whole system, to
evaluate system performance.
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Pp h12
Pr  R pDF  R pt   Pr  log 2 (1 
 w2
 2
Pr  R

AF
p

2

Pp h12
1
 R pt   Pr  log 2 (1 

 w2
e 2 1    Ps h32
2


According to [32], the expressions of these two metrics are
shown in (28) and (29), respectively.
Rs
,
(28)
 sEE 
1
  Ps  Pcs
2
Rs  R p
EE
.
(29)

 whole
1
  Ps    Pp   Pcs  Pcp
2
where,  represents the amplifier efficiency of the power
amplifier and Rp is the achievable data rate at PR with either DF
or AF mechanism. Pcs and Pcp are the circuit power
consumption of secondary system and primary system,
respectively. The factor 1/2 in (28) and (29) accounts for the
fact that the whole transmission process is divided into two
equal sub-time slots.
Fig. 6 provides the average energy efficiency of the
secondary system and the whole system versus the power
allocation parameter . From Fig. 6, when  increases, the
average energy efficiency of the secondary system decreases
and the average energy efficiency of the whole two systems
increases at first, and then it decreases. When  is small, the
average channel quality of the primary user link, i.e., the PT-ST
link and the ST-PR link, must be good enough. Then, the
secondary user will use most of its remaining power to transmit
its own signal, and hence the secondary user will have higher
average energy efficiency. Along with the increase in the value
of , the remaining power for the secondary user decreases, and
thus, the average energy efficiency decreases, too.
The average energy efficiency of the whole system combines
both the primary system and the secondary system. When 
approaches 1, the average energy efficiency of these two
systems have the opposite behavior. The highest average
energy efficiency of the whole system occurs in the situation
where  =0.54. However, we can also find that  has limited
influence on the average energy efficiency performance of the
whole system, and hence, in the next Sub-Section, we will
explain the specific steps to obtain the sub-optimal value of a
based on the objective of minimizing the outage probability of
the secondary transmission Os.
The Sub-Optimal Solution for Power Allocation parameter
and
Due to the expression of Pr RpDF  Rpt
Pr RpAF  Rpt is complex and entails multiple variables in
one terms, we need to make some assumptions to reduce the
calculation complexity. To solve the optimization problem and
at the same time satisfy this constraint, we should restrictively
guarantee that Op is always less than Omax. We need to amplify
the exact value of Op and then obtain the upper bound of Op.
Thus, we make several assumptions below to realize it through









2



 Ps h32

e 2 1    Ps h32
2

2



2

 Pp h13 Ps h32
2

2
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R
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(26)

2



2



2

Pp h13   w2   Ps h32  w2  Pp h13   w2





)  Rpt 
2
w





(27)



two ways. One is to amplify the value of Pr RpDF  Rpt and the
other one is to amplify the value of Pr RpAF  Rpt .
Let us begin with the process of amplifying the value of
Pr{ R pDF <Rpt}. h32 is the channel gain of the ST-PR link. Since
|h32|2 obeys the exponential distribution, the mean value of this
variable could be expressed as 1/λ32. According to [8], the mean
value of |h32|2 is less than -7dB and the maximum value of |h32|2
is definitely less than 0dB. The ratio of Ps/  w2 is set to 10dB as
in [8], and the maximum value of the signal separation error e is
always less than 0.1 according to [29], and hence, the
conclusion that e2Ps|h32|2/  w2 is less than 1 could be satisfied all
the time. Therefore, we make the assumption that e2Ps|h32|2=  w2
to amplify the denominator of the third term in (26) in order to
simplify the analysis of the term Pr{ R pDF <Rpt}. Based on our
assumptions, Pr{ R pDF <Rpt} can therefore be denoted as (30).
1

 Pp h12 2  Ps h32 2 
  Rpt  . (30)
Pr RpDF  Rpt  Pr  log2 1 2 
2

w
2
2  w 




By amplifying the interference and noise, the obtained
approximate solution a is a little larger than the optimal
solution  * . Hence, the outage probability of primary user with
power allocation parameter a will inevitably satisfy the outage
probability constraint. After simplification, we can see that
Pr  R pDF  R pt  is the summation of two exponential random
variables. According to cumulative distribution function (CDF)
deduced in [33], (31) can be expressed as:









1
2
exp  2   
exp  1   ,(31)
1  2
1  2
Pp , 2   2    d32v  w2  Ps  .

Pr  RpDF  Rpt   1 

where, 1  d12v  w2
Similarly, some assumptions need to be made to simplify
Pr  R pAF  R pt  . ST adopts AF mechanism which means that
2
2
r13   . So Pp h13   w2 and Pp h13   w2     1  w2 can
2
be obtained. Moreover, since Ps h32   w2 , we have
2
2
2
Pp h13   w     1 Ps h32 .
In order to reduce the computational complexity, we use  w2
2
2
2
and    1 Ps h32 to replace e2 Ps h32 and Pp h13   w2 ,
AF
respectively, in (27). Then Pr  R p  R pt  can be denoted as:
2
 P h 2

Ps h13 

p 12



Pr RpAF  Rpt   Pr 
R

pt
2
2    1   w2 
  w

 . (32)
3

 1  1 exp  3   
exp  1 
1  3
1  3
where, 3   2    1    d13v  w2  Ps  .
Through a series of simplification above, Op could be
expressed as (33) at the top of next page. To solve our problems
easier, it is obvious for us to find that Op and Os are monotonic
functions with independent variable shown in Fig. 5.
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3
1
2
1
O p _ sim   exp  0     1 
exp  2   
exp  1     1  exp  0     1 
exp  3   
exp  1    (33)
1  2
1  3
 1  2

 1  3

2

 h13 Ps h32

2

 h

13

From Fig.5, we can observe that the outage probability of
primary system and secondary system decreases and increases
with  monotonically, respectively. Hence, minimizing Os
means minimizing and (23.a) can then be replaced by (34.a).
Substituting (32) into (23.b), (23.b) can then be replaced by
(34.b). Substituting (23.c) into (23.d), we have
  Pr Ps  1  Pa Ps . Then according to (23.d) and (23.e), we
can obtain 0    1 , i.e. (34.c). Thus, the optimization
problem described by (23) can be transformed into (34).
min  ,
(34.a)
subject to
Op _ sim ≤Omax,
(34.b)

0   1 .

(34.c)
Observing (33) carefully, we could find that the value of Op
is determined by two variables, i.e., the distance between PT
and ST d13 and the power allocation parameter . Then, when
d13 is given, Op _ sim is monotonic with . Using iteration method,
such as Newton iteration method, is efficient to obtain the zero
point of monotonic function in a given interval [34]. Thus, we
utilize the Newton iteration method and revised Newton
iteration method to solve the equation Op _ sim =Omax in (34)
within the feasible region of   [0, 1].
C. Asymptotic analysis for solving power allocation parameter
We adopt asymptotic analysis method to obtain the lower
bound of power allocation parameter . We focused on (23.b)
to obtain the lower bound of Op first. Specifically, we can find
from (21) that there are 4 terms in the expression of Op. Apart
from the term Pr{R pAF  R pt } , the other three terms are able to
obtain the exact value according to probability theory. The third
term in the expression of Op Pr{R pAF  R pt } is difficult to be
solved because it contains two random variables, i.e., |h13|2 and
|h32|2. Thus, it is necessary to obtain the lower bound of
Pr{R pAF  Rpt } and further calculate the lower bound of Op and
then the lower bound of  could be found. Firstly, we could
easily transform the expression from (27) to (35) at the top of
this page, where   22 Rpt  1 and   Pp /  w2 .
Then, we can use asymptotic analysis to obtain the lower
bound of Pr{R pAF  R pt } . Based on the proof of Lemma 1 in
[35], we could obtain the lower bound of a probability function
containing two random variables by calculating this limit:

lim Pr  r  h( )  / h( )  1   2 .
 0

(36)

where, h( ) is a constant function and r represents the
probability function and 1 and 2 denotes the transformed
mean value of corresponding two random variables in the
probability function. If we could obtain the exact value of 1
and 2 and h( ) , we can obtain the lower bound of
Pr{R pAF  Rpt } . Therefore, we then try to obtain the exact
solution of 1 and 2 and h( ) .

2



2





2

2

 1   Ps h32  Pp h13   w2






2
-h 
 12 

(35)
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Fig. 7. The lower bound and exact solution for power allocation parameter

Looking at the expression of (35), we define the left part of
the inequality in the probability function as r . Substituting r
into Pr  r  h( )  and assuming h( ) exists, and then we
have:
 | h13 |2 | h32 |2 Ps


Pr r  h( )  Pr  2
 h( )
2
2
2
2
2
 e (1  ) Ps | h32 | ( | h13 | 1)  Ps | h32 |  Pp | h13 |  w

2
2
2
P
 e (1  ) e (1  ) 
w
1 
p
 Pr 






 | h13 |2
 | h32 |2 Ps  | h13 |2 | h32 |2 Ps h( )  .

Pp
 e2 (1  ) 
1 
 Pr 



2
 | h32 |2 Ps h( ) 
  | h13 |

Pp
 e2 (1  )  

1 
 Pr max 
,

 
2
2

 | h32 | Ps  h( ) 

  | h13 |





 1  Pr | h13 |2   e2 (1  ) /   1 h( ) Pr | h32 |2  Pp h( ) / ( Ps )



(37)
2

2

Since |h13| and |h32| are random variables with exponent
distribution, according to the probability theory, we have
Pr | h13 |2   e2 (1  ) /   1 h( )  exp[1h( )]

. (38)

Pr | h32 |2  Pp h( ) / ( Ps )  exp[2 h( )]


where, 1  d13v  e 2 (1   ) /   1 and  2  d32v Pp / ( Ps ) , and
Pr  r  h( ) 
could
then
be
expressed
as
 1  exp (1  2 )h( ) .
Then, we define 0 and  as  0  Pp | h12 |2 / w2 and
   /  , respectively to obtain h( ) . According to the
property that the random variable |h12|2 follows the exponential
distribution, we simplify (35) to obtain h( ) . Using integration
of probability function, we can get (39) at the top of next page.
Note that  is a function of transmit SNR  and when
   ,   0 always satisfies. Thus, according to [36], we
have:
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Fig. 8. Outage probability of the primary system
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Fig. 9. Outage probability of the secondary system

(40)

Substitute (40) into (39), we can obtain (41) and the lower
bound of Pr  R pAF  R pt  can be calculated when equality of
(41) is satisfied:
(41)
lim Pr  R pAF  R pt  /  2  (1   2 ) 0 / 2 .
 0

where, h() equals to 1/. Thus, the lower bound of
Pr  R pAF  R pt  could be expressed by:
(42)
Pr  R pAF  R pt    w2 (1   2 ) 0 /  2 Pp  .
Substituting (42) and (24) ~ (26) into (21), we could obtain
the lower bound of Op and *. The simulation results of optimal
value, sub-optimal value and asymptotic lower bound of power
allocation parameter are shown in Fig. 7.
From Fig. 7, we find that the lower bound is almost tight with
optimal value of power allocation parameter , and hence the
validity of the proposed power allocation algorithm can be
verified.
Moreover, the sub-optimal solution of power allocation
parameter a is very close to the optimal , which means that
the error of using abovementioned procedures is tolerable.
However, the complexity and the multiplications using
exhaustive method are extremely high. Thus, to obtain the
sub-optimal value of power allocation parameter a, we use
iteration methods, such as the Newton iteration method, and the
revised Newton iteration method. Based on these effective
iteration methods, the complexity and multiplications could be
reduced significantly.

0.9

13

Furthermore, there is still a gap between  and a. The
reason for the gap is as follows. When we solve the
optimization problem in (34), we have made two assumptions,
2
2
i.e., e2 Ps h32 and Pp h13   w2 are replaced by  w2 and
2
   1 Ps h32 , respectively. In fact, these two assumptions
amplify the noise and interference, respectively. In this way,
our sub-optimal solution a is a bit higher than . The gap
between and a consists of the amplified interference and
noise. When d13 locates between 0.5 and 0.7, the gap is less than
0.04, and the gap is approximately 0.1 higher than  when d13
fixes on other values.
Fig. 8 shows the outage probability of primary system with
the optimal and sub-optimal power allocation parameters. From
Fig. 8, we can observe that the location of ST is essential for the
outage probability performance of primary system. When the
distance of PT  ST link is either small or large, even if the
total power is allocated to assist the primary user, the
communication requirement of primary user still cannot be
satisfied. In comparison, a secondary user located in a suitable
area can assist the primary user through reasonable power
allocation algorithm, to reach its target data rate. For instance,
using the parameters in Fig. 5, we can find that when
d13  [0.2, 0.8] , the outage probability constraint of the primary
user can be satisfied with both the optimal and sub-optimal
solutions  * and a .
Fig. 9 shows the outage probability of the secondary system
with the optimal and sub-optimal power allocation parameters.
It can be seen that there is only a very limited difference in
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Table II Simulation Settings of Various Variables
Variable
e
Rpt
Rst
v
ρ


d
d
Omax

 w2
Pp
Ps

Fig. 10. System model with multiple secondary users

Pcs
Pcp

Definition
Signal separation error
Target rate of the primary user
Target rate of the secondary user
Path loss exponent
Guaranteed SNR threshold of the
primary user
Number of available secondary
users
Radius of outer circle
Radius of inner circle
Maximum allowable outage
probability of the primary user
Power of additive white Gaussian
noise
Total transmit power of primary
user
Total transmit power of each
secondary user
Loss coefficient of the power
amplifier
Circuit power consumption of
secondary system
Circuit power consumption of
primary system

Simulation Settings
0.03, 0.06, 0.09
1bit/s/Hz
1bit/s/Hz
4
3dB
1 to 17, step is 4
1 (normalized)
0.6 (normalized)
0.02
0.1W
1W
1W
0.4
0.05W
0.1W

primary user can be satisfied. Moreover, the channel condition
of the ST  SR link also has an important effect on the
communication performance of the secondary system. Hence,
in the proposed algorithm, each STi calculates a priority value
that will be used to decide which secondary user to select for
relaying; this priority value takes into consideration the
distance of PT  STi links d13,i , STi  PR links d 32,i and
STi  SR links d 34,i , respectively. The priority of each
secondary user is thus computed by:
1 1 1
(43)
, i  1, 2...N .
Mi 
d13,i d32,i d34,i

Fig. 11. Simulation scenario

terms of the outage probability of the secondary system with
the optimal and sub-optimal solutions, which indicates the
reasonability of aforementioned assumptions we made. Hence,
we use the sub-optimal solution a as the power allocation
parameter to analyze the performance of our proposed
spectrum sharing protocol in the following Section.
Secondary User Selection Algorithm
According to the analysis in the previous section, it is clear
that the location of the secondary user participating in
cooperation greatly influences the outage probability
performance of both the primary and secondary systems. In
order to further improve the performance of cooperative
spectrum sharing; in this Section we analyze the secondary user
selection algorithm of our proposed spectrum sharing protocol
in the scenario with multiple secondary users as shown in Fig.
10.
From Fig. 7, it can be seen that when the distance of
PT  ST d13 or ST  PR d32 is longer, i.e., the secondary
user has bad channel conditions of PT  ST link or ST  PR
link, the secondary user needs to allocate more power to assist
the primary user so that the outage probability constraint of the

where, N is the number of secondary users in the cognitive
radio network. As shown in the analysis of the system model
above, the average channel gain can be reflected by the
transmission distance.
From (43), it can be seen that the priority of secondary users
decreases rapidly as the distance of ST  PR link increases,
and hence, the secondary user with better channel condition of
ST  PR link is more easily selected to assist the primary user.
Moreover, the priority of secondary users also decreases with
the distance of PT  ST link increasing. In this way,
compared with other secondary users, the selected secondary
user can use less power to assist the primary user to satisfy the
outage probability requirement. Besides, the priority of
secondary users also increases with the average channel gain of
ST  SR link and hence, a better communication performance
of the secondary system can be obtained.
V. PERFORMANCE ANALYSIS
Before we analysis the performances of our proposed
adaptive relaying mechanism, power allocation algorithm and
relay selection algorithm, we list all the variables in simulation
scenario as shown in Table II.
In this Section, we consider a round cell scenario as shown in
Fig. 11. PT and PR are located at points (-d1/2, 0) and (d1/2, 0),
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Fig. 13. Achievable data rate of the secondary system

Fig. 15. The outage probability comparison

respectively. SR is located at (0, d1/2) and STs are randomly
distributed in the central cell with the diameter of d2.
When the distance of PT  ST link is either small or large
enough, the primary user cannot satisfy its outage probability
constraint even though ST uses the total power to forward the
primary signal. In this way, any secondary users in the round
cell with diameter d2 can be selected to assist the primary user
to achieve the outage probability constraint of the primary user.
The performance of the proposed cooperative spectrum sharing
protocol is compared with the spectrum sharing protocol in [8]
and [10] as follows.
In [8], the secondary transmitter adopts the adaptive relaying
mechanism and their goal is also to minimize the outage
probability of secondary system. However, the locations of
both primary and secondary users are fixed. In [10], they
propose a relay selection strategy. Under the circumstance that
plenty of ST are available to serve as the relay to help the
transmission with primary user, the relay selection criteria is
defined as t1i  1 /  2i , where 1   2  p tw / Pa ,  p  22 Rpt 1 ,
and  2i is the estimated channel gains of STi→PR link, and
 2 , t w , Pa and Rpt are all constant values. Almost the same way,
when the timer reduced to zero first, the corresponding ST is

selected as the relay to assist primary users. In a word, they just
select the relay according to the unique metric, the SNR of ST
→PR link.
The performance of outage probability and achievable data
rate for the secondary system with different locations of ST
with the sub-optimal power allocation parameter a in single
secondary user environment is shown in Fig. 12 and Fig. 13,
respectively.
We have considered the constraint that the maximum
transmit power of each relay is restricted due to the reason that
we consider the scenario that for each primary user, we can
only select one relay to help the primary user transmitting its
information.
Hence, with the number of relay increases, we have more
opportunities to find a relay with both better ST→PR link and
ST→SR link so that the achievable data rate of the above links
can be improved, and that is the reason why the achievable data
rate will always improve with the number of secondary user.
From Fig. 12 and Fig. 13, we can find that the outage
probability of our proposed algorithm is much lower than that
of algorithm in [8] for the secondary system. Moreover,
approximately 33.3% achievable data rate gain can be obtained

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at
http://dx.doi.org/10.1109/TCCN.2018.2821148

> TCCN-TPS-17-0115.R2 <

12

15
Proposed algorithm
Algorithm in [10]

Our Proposed Strategy

3.8

Average Energy Efficency (bit/Hz/J)

Achievable Data Rate of Secondary System (bit/s)

4

3.6

3.4

3.2

Our Proposed Strategy
Algorithm in [10]

13

the Secondary System
12

11

the Whole System

10

3

2.8

Algorithm in [10]

14

0

2

4

6

8

10

12

14

16

18

N

Fig. 16. The achievable data rate of secondary system comparison

when compared with the algorithm in [8] when Omax is set to
0.02. The great improvements of both outage probability and
achievable data rate of the secondary system mainly attributes
to two reasons. First of all, the secondary signal could be
filtered from the primary signal through Fractional Fourier
Transform domain filtering, which greatly reduces the
interference from the primary system. Then, the secondary user
could allocate less power compared with the algorithm in [8] to
assist primary users by utilizing our proposed power allocation
process while guaranteeing the outage probability of the
primary users. In this way, when the transmit power of ST is
fixed, the remaining power for secondary transmission goes up
so that the promotion of achievable data rate and reduction of
outage probability for secondary system could be achieved by
utilizing our proposed power allocation process.
In this way, when the transmit power of ST is fixed, the
remaining power for secondary transmission can be increased
so that the outage probability of secondary system can be
reduced and achievable data rate of secondary system can be
increase. Moreover, due to the fact that ST can choose relay
mechanism according to the decoding result of ST, ST still can
assist the primary system with bad channel condition of PT →
ST. Hence, secondary users can obtain more opportunities to
access the spectrum, which is more flexible and suitable for
different channel conditions.
From Fig. 14, we could find that the average energy
efficiency of secondary system in our proposed strategy is
better than that in [8]. The reason is that our strategy aims to
minimize the outage probability of the secondary system. The
power allocated to the primary system is just enough to
guarantee the requirement of the primary user. Hence, more
power is left for the secondary user so that an enhancement of
average energy efficiency performance for the secondary
system can be obtained. Besides, the average energy efficiency
of the whole system is almost the same between our strategy
and that in [8]. That is because the total transmit power in a
complete transmission frame remains unchanged, and the
power is used to transmit either the signal of secondary system
or that of primary system in our proposed strategy and the
strategy in [8].
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Fig. 17. Average energy efficiency versus the number of available secondary
users N

In multiple alternative relays scenario, we compared three
main metrics, i.e, outage probability, achievable data rate of
secondary user, with that in ref. [10] when Omax is set to 0.02.
From Fig. 15, we could find that the outage probability of the
secondary system is greatly reduced with higher number of
secondary users. It is because the possibilities to find a better
relay to increase the transmission data rate of the secondary
user when more available relays exist. Moreover, the outage
probability of the proposed protocol is lower than that in [10].
Although in [10], the authors use the instantaneous SNR of
ST→PR link as metric for relay selection, the channel status of
ST → SR link is not considered which may result in lower
transmission data rate of ST → SR link. In comparison, we
combines the channel status of three links, i.e., PT→ST link,
ST→SR link and ST→PR link, to choose the best relay, and the
comprehensive consideration of three links is helpful to reduce
the outage probability of secondary system.
Although the outage probability of primary user in our
protocol is a bit higher than that in [10], the value of outage
probability for primary user is under the given threshold 0.02,
which satisfies the transmission requirement of primary user.
Fig. 16 illustrates the performance comparison of average
achievable data rate of the secondary system. Since a better
relay could be found with the increasing number of available
relays, the achievable data rate is improved by 0.2 bit/s with
normalized transmission bandwidth. Comparing with [10],
since our relay selection strategy considers the channel status of
three links, the most suitable relay could be selected to transmit
its own signal as much as possible while guaranteeing the
requirements of primary users. Therefore, a better performance
of achievable data rate for the secondary system could be
obtained.
According to the results shown in Fig. 17, when the number
of available secondary users N increases, the average energy
efficiency for each system increases owing to the larger
probability to select a better relay for both the primary system
and the secondary system. Moreover, the average energy
efficiency of the secondary user and the whole system in our
proposed strategy are better compared with [10] due to the fact
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three different links, i.e., PT-ST, ST-PR, and ST-SR.
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VI. CONCLUSION
In this paper, we propose a two-time slot transform domain
processing based cooperative spectrum sharing protocol with
adaptive relaying. In our proposed protocol, sinusoidal signals
and chirp signals which can be easily distinguished through
Fractional Fourier domain filtering are applied to primary and
secondary users, respectively. Hence, the interference to both
the primary and secondary systems can be greatly decreased.
Moreover, secondary user acts as DF or AF relay adaptively
according to channel conditions which makes the cooperation
between the primary system and secondary system more
flexible. Then in order to further improve the spectrum sharing
performance, the optimization of power allocation scheme is
analyzed to maximize the communication performance of the
secondary system subject to the primary user’s outage
probability constraint being satisfied and a new secondary
selection algorithm is proposed. Compared with the existing
protocol, the proposed spectrum sharing protocol achieves a
better performance in terms of outage probability, achievable
data rate and average energy efficiency for the secondary
system. Moreover, the performance of outage probability,
achievable data rate and the average energy efficiency for the
secondary system can be significantly improved by an increase
in the number of secondary users.
Our current analysis focuses on single primary user scenario
taking into account the optimization of power allocation and
secondary user’s selection algorithm. Our future work will be
extended to the scenario with multiple primary users and
multiple secondary users’ selection. Besides, joint optimization
of energy efficiency and spectrum efficiency is also a target we
want to consider in the future.
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