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SUMMARY 

The purpose of this project is to prove theoretically and to demon= 

strate on a laboratory model that a dual-mode relay servo can be designed 

which does not have the complexity of the standard type using an ordinaey 

linear amplifier in its linear mode.. This is achieved by operating the 

relaya in this region under the control of a linearizing carrier signal., 

The experimental investigation is carried out on a model using 
! 

ordinary servo components such as a two-phase motor 9 an induction tacha-

generator9 and associated components which are common to instrument 

servos.. This has the advantage of showing the effect of noise and 

second-order non-linearities such as backlash and static friction. The 

performance of the dual-mode carrier-controlled relay servo is judged 

by its transient response as compared to those of a standard dual-mode 

type.. The comparison is also made with a carrier-controlled linear 

servo and a standard linear one .. 

The project involved the design and construction of an electronic 

switching circuit and of a relay circuit.. Improvement of the existing 

equipment was found necessary.. Input and the output signal information 

of the servo is processed in an analogue computer before being supplied 

to the switching circuit., 

~ 

This study leads to the conclusion that the dual-mode carrier-

controlled relay servo has a better transient performance than the 

standard type largely because the switching from one operating mode to 

the other is smoother.. Its static accuracy is also superior in the 

i 



presence of backlash. This type of servo will be used at its beat in 

heavy systems like those found in industrial and military applications. 

In an i nstrument servo 9 the improvement obtained is not sufficient to 

justity the complexity of a switching circuit. 
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1&~ Introductory Remarkso 

~apter I 

INTRODUCTION 

Although automatic control deviees have been used for a long time 9 

their systematic study only started some thirty years ago by the work of 

1 2 Minorsky and Hazen o In fact 9 Minorsky was the first to use the word 

servomechanismo It is interesting to note that the early works in the 

field of Feedback Control dealt with non=linear systems of the continuous 

and discontinuous (relay) typeso 

The evolution of feedback control has been like that of other 

branches of scienceo The early observations and experimentations were 

followed by the establishment of a general theory ~ namely 9 the Theory of 

Feedback Control explaining the occurence of different phenomenao Pre-

dictions about the performance of mechanical systems were possible after 

solving the differentia! equations satisfYing Newton~ s Lawso Under certain 

assumptions 9 these differentiai equations could be made linear thus 

greatly simplifYing their solutiono This linearization bad the enormous 

advantage of making the study of servomechanisms similar to that of the 

feedback amplifier~ where extensive etudies of transmission properties 

and stability had been done by Bode4 and Nyquist~ 

Despite all the simplifications made possible by the linear approx= 

imation9 however9 it was soon found necessary to return to the study of 

non~linear systems for two main reasonsg first 9 servomechanisms had to be 

built rouch larger than necessary in order to justifY the approximations 

of linearity9 secondly 9 optimum performance could not be obtained with 

linear systems due to the compromise that had to be made between ptability 

1 



2 

and accuracyo This gave an impetus to the study and development of non~ 

linear systems o As a consequence of the conditions prevailing at that 

time 9 communication was not possible between scientiste working on the 

same problems in different countrieso Even t~day it is felt that there 

is a lack of organization in research on non=linear systemso The main 

reason is certairily the very nature of non=linearit ies whi ch will always 

escape complete generalizationo However 9 certain classes of non=linear= 

ities can be studied in an organized fashiono Actually 9 it appears that 

for many workers the design of non=linear systems is more an art than 

a scienceo On the other hand9 certain theoretical etudies of such 

systems seem to be nothing else than Ylmathematical exercisesoo owith little 

6 regard to practical applications 91
9 using the words of Axelbyo 

The approach towards more organized research in Automatic Control 

seems to have been by separation of theory and practiceo In actuel fact 9 

these should develop along parallel !ines with the theory leading the 

way to practical (engineering) applications o This is the idea expressed 

by Tsien7 in the preface of his booko He suggests that Feedback Control 

Theory should be treated as an engineering science (Engineering Cyber= 

netics) much like fluid dynamicso The engineering applications will 

follow the developments in Engineering Cyberneticso Using the words of 

Tsien9 "ooothe justification of establishing engineering cybernetics as 

an engineering science lies in the possibi lity that looking at things 

in broad outline and in an organized way often leads to f r uitful new 

avenues ~f approach to old problems and gives new unexpected vistas~ 

The necessity of organized research in non=linear systems has been 

felt by many workerso Higgins8 has made an excellent contribution towards 

that goal by publishing a Bibliography on Non=Linear Control System Theor,ro 

A few textbooks treating non"~linear systems have been published r ecently 9 



th t t t h .. b i b C if_q Smith10
n and Gille11• e mos no ewor .. J e ng y osgr r 9 • 

1.2 Researoh on Non-Linear Systems. 

Purposeg From the study of literature on non-linear servomeohanisms 9 

it is noted that the trend of present investigation is tog-

a. Improve stability and transmission performance of systems 

vith inherent non-linearities (saturation~ bysteresis9 back­

lash9 etc.)o 

b. Pesign systems vi th optimum transient respoœe. 

Metbodz !o achieve these two goals 9 new tools of analysis and sy.nthesis 

are neede.do 'l'his is vell stated by Smi th1~ 'l'he methode of anal;ysis 

nov in use are & -

a. Phase-plane · method (method of Poincare )~1 The phase-plane 1s 

a powerful tool of anal.ysis and design. Its usefulness may 

be quest1oned9 however~ for systems of order higher than two9 

13 which require a study in N dimensional space. Bogner and Kazda 

bave success:fully extended the method to third order systems b7 

applying certain changes of ce=ordinateso 

b. Describing tunction method. r.be describing fUnction method 1s 

the extension of the f:requency response method for linear qs= 

tems. It has been used by Kochenburger14 and others. It 

allows the prediction of the stability of systems where the 

non~linearities (amplitude dependent) constitute an independant 

block from the frequency dependent elements. The describing 

function method9 however9 predicts nothing about the transient 

response. 

1.2.1 Design of optimum systems. 

A servomechanism is said to hav.e optimum transient per-

formance vhen it responds to a step input without overshoot and 
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in a minimum time consistent with the system limitationo 

It can be proved easily that it is impossible for a linear 

system to satisfY both requirementsn Work towards optimization 

of servomechanisms has been carried out on two types of systemsg= 

ao Continuous systemso 

If the damping of a servo is some function of the 

inverse of the magnitud$ of the error signal the system 

can be made to respond faster and without overshoot to 

step-inputs. 15 McDonald was one of the first to sug~at 

the methode It has been applied by Lewis16 in the form 

of a non-linear velocity feedbacke Its main drawback is 

that damping might be excessive for small inputso Also 0 

the response to a continuous signal like a ramp-input 

would be impairedo Such a system might be unstable in 

the presence of noiseo 

Certain workers 9 like Kuba and Kazda17918 use a more 

systematic approacho Instead of trying to improve a 

linear servo 9 it seems preferable to synthesize the op-

timum system. After the specification of the desired 

response as trajectories in a phase=plane or phase- space, 

a non-linear differentia! equation is synthesizedo The 

non=linear term is usually the damping factor. Using 

certain theorems (Liapounoff9 Bendixson) predictions can 

be made about the stability of the system. A model has 

been designed for step-inputs which9 they claim9 gives a 

response time only 11% greater than the ideal on=off servo 

and which shows definite superiority over a linear one for 

other kinds of input. 
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b. Discontinuous systemo 

Disoontinuous systems are those using relaya and other 

switching deviees., They have the advantage of simplicijy 

of construction and hiSh power amplificationo 

A great deal of work has been done in order to im= 

prove them., Hazen2 (1934) was one of the f1rst to study 

the relay servomechanism and to show under vhat conditions 

the amplitude of the steady~state oscillations can be 

made small., Weiss19 (1946) used the phase=plane method 

to study some stabilizing techniqueeg friction=brake 9 

fliP-flop 9 front=lash9 lead stabilization., It is inter= 

esting to note that all these techniques correspond to 

the phase lead stabilization so useful in linear systems., 

This fact has been clearly noticed by Dutilh20 (1950)o 

His report can be considered to be the f1rst systematic 

treatment of the relay servomechanism.. Dutilh shows hov 

the steady-state oscillations depend on the time delay of 

the relay 9 and how the frequency of these oscillations oan 

be increased by reducing the time lags of the serve loop .. 

Binee the amplitude of the oscillations decreases with 

increasing frequency 9 the steady=state deviations can be 

made as small as desired., 

Dutilh did not carry out the relationship betwf.l-s :r.: rel~ 

and linear serves any further., It was MacColl 1s21 (1945) 

idea to demonstrate that under certain conditions an oscil= 

lating servo behaves like a linear servo.. The idea has 

22 been applied in a Carrier- Controlled Relay Servo by Lozier o 

Loeb23924 generalize4 the linearizing process to include 

hereditary effects (hysteresis 9 backlash)., 
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1.2.2 Programmed servomechanisms., 

AU the work expressed above was mainly concerned w1 th 

the stability of relay servos.. It can easily be understood9 

however 9 that optimum response can be obtained from a system 

only if such a system is working at its maximum capacity during 

the reduction of the transient.. This calls for a discontinuous 

controller.. When a step~input is applied to a second order 

electromechanical s.ystem9 the controller applies a voltage of 

such polarity to the motor as to make it deliver its forward 

maximum torque., At a certain time 9 depending on the error signal 

and its first derivative 9 the controller will reverse the voltage 

producing a braking action.. The instant of reversa! is calcu-

lated by a computer and is such as to reduce the error and its 

'dérivatives oto zero at the same time 9 thus preventing any over= 

shoot., When steady state is reached9 the computer will command 

the controller to disconnect the source of power from the motor., 

It can be proved25 mathematically than an Nth order system 

requires (N) applications of torque in order to give optimum 

response.. Such servos are given the name of Programmed Servo-

me chanisms o 

1.2.3 Dual~mode programmed servos o 

The optimization of an Nth order servorœchanism calls for 

switching in space of N dimensions., In ether words9 information 
0 

about the (N~l) first derivatives of the input (81) and output 
0 

(9
0

) positions together with 9i and 8
0 

themselves 9 must be 

supplied to the computera The latter is programmed to generate 

a certain non~linear function of these variables9 according to 

certain parameters of the servo system (inertia J 9 Damping F9 etc .. ) .. 

The sign of this function actuates the controller., 



7 

Needless to say 9 the complexity of any on=off system of 

an order higher than three will usually prevent its practical 

realizationo A third order servo alone requires a two variable 

non-linear function generatoro Bogner and Kazda13 have st.udied 

auch a system9 but have made their experimental verification 

on an analogue computero In the discussion that followa the 

paper9 Oldenburger shows how noise makes higher order systems 

26 21 ~h impracticalo According to Silva 9 
9 in an N order on=off 

servo the first two applications of torque last much longer than 

the (n-2) remainingo Imperfections in relay and oontroller 

suggest that for all practieal purposes an ideal Nth order (îYpe 

I) system can be approximated by a second=o~der one (Type II) 

on the condition that proportional control is provided for a 

certain range of errors in order to take care of the stored 

energy o This is wha t is cal led a Dual= Mode Pro~ammed Servo., 

The idea of dual- mode control had already been suggested by 

McDonald15 in order to improve the performance of t~e non=off 

servo for continuous inputs (ramp 9 etco)o Its main disadvan= 

tage is its complexity .. 

1.3 Object of the Thesis .. 

The object of this thesis is the experimental verification of the 

performance of a dual~mode programmed servo not requiring the use or a 

standard linear power amplifier .. Using the ideas of MacColl 9 Loeb9 

Lozier 9 an oscillating relay system is used in the linear modec Follow= 

ing Dutilh9 the external carrier is replaced by the self=oscillations 

of the relay system. Transient responses of this carrier=controlled 

dual-mode servo are compared to those of an ordinary dual=mode servo9 

to those of an oscillating relay servo and also to those of a "linear" 

servo exhibiting saturation in its amplifierso 
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The reasons for carrying this investigation are:-

.f• Such a system has the advantage . of simplici ty of construc­

tion since the same relay system is used in both modes of 

operationo 

b. Rel~s are the most efficient power amplifierso For 

heavy servas like gun tracking systems 0 the relaya can 

28 be replaoed by clutches ~ eliminating the ampli~ne and 

the Ward-Leonard Systemo 

c. The transition from one mode to the other can be made 

faster and smoothero 

d. As far as is known 0 the study of auch a system has not 

appeared in the literatureo 

1.3.1 · Eguipmento 

The tests are made on a position servo powered by a two-

phase 9 60 cycle mo tor a This eq uipment has been buil t by Ce F o 

Caswe1129• For the investigation of the dual-mode operation an 

electronic switching circuit had to be built to replace the 

existing purely mechanical switching circuito Resulta are re-

corded on an oscilloscope and on a Sanborn recorder. 



Chapter Il 

STUDY AND DESIGN OF THE DUAL-MODE PROGRAMMED SERVO 

ON=OFF MODE 

2.1 Introductiono 

An optimum position servomechanism is one which responds to a step= 

input without overshoot and in a minimum time consistent with the system 

limitationso Before tryj.ng to find conditions under which a servomechanism 

can be optimized 7 it will be necessary to review briefly the linear 

servomeohanismo An analysis of the dual=mode servop and the design of 

the model, will followo 

2.1.1 Linear servomeohanismo 

e e CONTROLLER MOTOR & LOAD 

Figure 2ol Simple Position Servomechanism 

Input position angle 

Output position angle 

= 9i - 90 = Error or Deviation 

= d9/dt = lst derivative of e 
T = Motor output torque 

K = T/9
6 

= Gain of linear controller 

J = Motor and load inertia 

F = Viscous damping in the systemo 

TRANSDUCER 
e 

0 

In the general position servomeohanism (F1go 2ol) 9 the 

feedback loop tends to correct for any diffe~nce ee between the 

9 
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input position ei and the output position eoo The controller 

makes the motor deliver a correction torque T = f(9i 99
0

)o For 

a second-order system 

·"' . Je + Fe = r 
0 0 

In a linear servomechanismp the controller is a linear 

power amplifier of gain Ko 

In the case of a relay servo 9 the controller is a relay 

and the correction torque is 

(2.1.4) 

2.1 .. 2 E.ffect of saturation. 

In an ideal linear servomechanism satisfYing equation 

(2.1 .. 2) 9 response Crise) time depends only on the parameters J 9 

F9 K and is completely independant of the magnitude of the step~ 

inputo Any physical system9 however9 will have a maximum value 

(Tmax) of output torqueo The differentia! equation describing 

the system for values of (ee} producing saturation will be 

(2 .. 1 .. 4)o The analysis of a "linear" servomecbanism exhibiting 

saturation must then be made "piecewiseuv.. In the saturation 

region9 response time will increase with the magnitude of the 

step input.... The relay servo can be considered as being the 

limiting case of a linear saturated type where the gain (K) is 

infinite. 

2~1 .. 3 Conditions for optimum responseo 

Bellman9 .Glicksber g and Gross24 have given two mathematical 
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theorems showing under what conditions an Nth order system can 

have a minimum response time when the forcing term (T) must 

satisfY certain constraints. These theoreme are quite general. 

They can be translated into the engineeras language to constitute 

the following theoremo 

2.1.4 Theoreme 

The response time of a system described by an Nth order 

linear differentia! equation whose characteristic roots all have 

negative real parts, and whose forcing term (r) has to satisfY 

the constraint 1 f~~l 9 is a minimum9 for.a step input 9 if lfl = 1 

and if f changes sign at most (N~l) times. 

This shows that an optimum servomechanism must be of a 

discontinuous (relay) type and necessitates the use of an "intel-

ligence" (computer) to operate the (N-1) reversals of correction 

torques at the right timeo A substantial portion of the present 

thesis consista of the design of such a switching circuitot 

Before going to the description of such a circuit it will be 

necessary to study the operation of an ideal on~off servo in soma 

detailp and in particular9 investigate its steagy=state performance 

more oare fully. 

2.1.5 Phase-plane (space) technigueso 

A system whose differentia! equation is of the' jth order 

is said to have N degrees of freedom because its physical state 

at any time (t) is described by N different variables. In an uth 

order servomechanism these variables are 8
0 

and its (N-1) deriv= 

atives. These t i me dependent variables are called generalized 

(dynamic) co=ordinates because they allow the description of its 

performance in terms of energy relations which are the fundamental 
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entities in a dynamic system., The description of an Nth order 

system by its generalized co~ordinates is said to take place in 

the phase-space of N dimensions. 

When the differentia! equation is linear9 it is much easier 

to find the analytic solution of 6
0 

as a fUnction of time 9 given 

the initial conditions., The usefulness of the phase-space method 

is fUlly appreciated only when the equation is non~linear9 because 

the trajectories can be constructed graphically., Time of response 

and stability can be studied from these graphs., 

2.1.6 Time constants of servomechanisms .. 

Most linear servomechanisms can be described accurately 

enough by the second- order differentia! equation (2.1.,2) 

.. .. 
Je + Fe = K(ei=e ) 

0 0 0 

The left hand side representa the only frequency dependent 

terms of this equation. It representa the characteristics of 

the motor and load combination. By Laplace transformation9 the 

open-loop transfer function is 

a K K -f = G(P) = - · ..;;.;;J-= = FP(PT +l) 
e FP(~+l) m 

where Tm ~ ~ ~ is the motor time constant., 

If the other time constants of the servo loop (field 

windings 9 amplifier 9 etc., ) cannot be neglected9 the transfer 

function becomes 

G(P) K' 

T.he time constants (T19 T2 ~ .. . ) account for the "hunting" 

of so called second=order systems which9 aocording to the theory 9 



should never osoillate. However 9 they are often small enough to 

justifY the second-order approximation. 

Bogner and Kazda13 have studied analytically and experi-

mentally the switching criteria of the third-order on-off servo 

on an analogue computero The mathematics are already very com-

plex. For the purpose of illustrating the operation of an on~ 

off servo a theoretical study of a second-order system will be 

~fticient. Trajectories in the phase-plane will be drawn for 

the case where there is no viscous damping and compared to those 

ot a system vith friction damping. 

2.1.7 Phase-plane trajectories. 

The phase-plane portrait of a second-order servo is a 

plot of output valocity (ê
0

) against output position 9
0

• It is 

a plot of the function è
0 

• f(9
0

) or 9
0 

.. a(e
0

)o These curves 

can be drawn without knowing the analytic solution (Gille11 , 

Cosgritr9) by ma.king certain changes of variable in the differ-

ential equationo 
1 

This method had been suggested by Poincareo 

Let the second order differentia! equation be 

d
2x dx 

dt2 = f(xv dt) (2.,1 .. 7) 

dx 
Let y = dt (2 .. 1 .. 8) 

Then equation (2.1.,7) is equivalent to the system 

M. = y dt 

.9l. 
dt = f(x 11y) 

Th en gy_ f{xa:d 
dX = y 

(2 .. 1 .. 10) 
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For the second order linear servomechanism 

•• • 
J90 + F9 = K(ei~e0) {2.1.2) 0 

• 
d(8 ) ... K(ei~90)- F9 0 9 0 (2ololl) dt = ::: 

J 0 

0 d(90) 
·(2.1.12) 9 = 0 dt ~ . . 

d(ê ) K(ei-e
0

) 
0 

=F9 0 0 (2olol3) d(9 ) • 0 

0 J9 0 

The integration of 2.1.13 might prove to be very diff1cult 

except for special cases like the one when F = 0 9 e. x c 9 the 
l. 

solution being an ellipse described b1 

2 •2 A9 + B9 a c1 0 0 

The advantage of the phase plane technique lies in the 

fact that transient responses (91 • c) can be drawn graphieally 

by the metbod of isoclines~ The isoclines are curves def1ned b,y 

For linear systems9 they are straight lines passing 

tbrough the origin if e1 • o. The slope of the phase plane 

trajectory at the point of intersection with the isocline is (m). 
0 

Knowing the initial conditions 90i and 9
0
i 9 a trajectory ean then 

be sketched to satisfY the slope (m) at the intersection with 

the isocline (Figwe .. 2.2) 
0 

9 e 

:Fig. 2.2 Damped transient response of Bq., 2.1.2 
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It is found more convenient to plot the transient re-
0 

sponse in terms of error (ae) and error velocity (ee) as in 

Figure 2o2 because for a stable system9 those two quantities 

become zero after a certain timeo 

.STABILITYo Strictly speâking there is stability only if 

all trajectories end up at the origin. There is instability 

when the trajectories move away from the origino Damage might 

then occur to the system unless those trajectories end up on a 

closed boundary named the limit çycle. This boundary is deter= 

mined by the saturations presento A limit~cycle . oscillation is 

then strictly a non-linear phenomenono Its amplitude is ~~ 

pendent of the initial conditions of position and velocity. 

Under certain conditions a system whose steady state is a limit-

cycle oscillation can be considered to be stable~ It must be 

noted that even if all trajectories seem to end up at the origin9 

the steady state might in .fact be a limit cycle which would be 

apparent if the scale were enlarged. 

RESPONSE TIME o The response time is the time taken to re duce 

the transienlerror and velocity within certain limits. If no 

limit is set, the response~ time of a linear system is found to 

be theoretically infinite.. In the case of a linear system9 the 

response (rise) time is usually taken as t~:. time required to 

reduce the transient error from 9<>% to 1~ of its initial value. 

,. The time interval between any two points. on a trajectory 

can be found from the integral 

dx 
- c y 



16 

The time interval is then equal to the area under the curve 

(~) limited by Xl and x2• 

2.2 Analysis of a "Second-Order" Dual-Mode Servoo 

2.2.1 Phase-plane trajectorieso 

According to Theorem (2.1.4) 9 optimum response is achieved 

for a second-order system by two applications of maximtim torque. 

Its transient response will therefore be represented by two tra­

jectories ~the·phase~plane (Figure 2~}) each of which is deter­

mined by a linear differentia! equation vith a constant forcing 

l· 

+ 8 
e + 

0 

u (8 ' 8 ) e e 

+ 

u< o 

+ 

+ T . (Braking) max 
r----t Torque 

to ~ 
-------------r~----------~~---4L~ 

- X (Forward) 
max 

+ 

= 0 

+ 
U/ 0 

u.,. 0 

+ 

Fig. 2.3 Phase-plane trajectories of a second-
arder on-off servo and torque applications. 

8 
e 
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term. At equilibrium9 when the error (a•) and the :first deriv•a 
• 

ative of the error (ae) both become zerop the torque is also 

reduced to zero. 

I:f the phase~plane portrait is drawn :for the error variables 9 

al! trajectories will end up at the origin for a step input. It 

can be proved easily that only one trajectory can pass through 

any point in the phase planeo This means that the deceleration 

trajectory is unique when the input is a step. The :function 

u(e 9 a ) = 0 9 which describes that cu~rve 9 is called the switch= e e 

ing :function of the on-off servo. 

2.2.2 Calculation of trajectories. 

The trajectories are calculated from equation (2.1.1) by 

ma.king the :forcing term the constant ô • Tmax. 

= ôT 
max 

ô ~ switching coefficient 

Acceleration trajec toryo 

a 
0 

~ for a positive step input (ai = +c) 

•• 0 

Ja + F9 = +f o o max 

• 
T ~ F9 

0 

eof = -!!.[e + T i n 
F o F 

aoi 
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The maximum output velocity is 

• T 
9 =-omax F 

Initial conditions 

~oi'"' 0 • 
eoi = o 

Equation (2.2.5) can be written for the error variables making 

the following substitutions 

be =6e
1 
~Ae e · o 

(2.2.9) 

This is the acceleration trajectory for a positive step input 

ei = +c. It occupies the 4th quadrant. 

For negative step inputs the curve occupies the 2nd 

quadrant and is symmetrical to the previous one. 

Deceleration trajectory. 

The deceleration trajectory for a positive step input is 

found easily from (2.2.5) by replacing +T by -T and by substitut= 

ing 

eor = c 

eor = 0 

c-s0 ~i[- eo+ilnfl+fëo/} (2.2.10) 

[ e. = i [s. + fh j1- fe.!]] (2.2.11) 
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For a negative step input 9 equation (2.2.11) still holds 

• since T9 9e and 9e reverse signa. The two curves lie in the 4th 

and 2nd quadrant respectively and are eymmetrical with respect 

to the origin. 

The switching !unction is 

(2.2.12) 

The complete switching curve U(9e 9êe) divides the phase 

plane in two regions as shown in Figure 2.3. U(9e 9êe) is positive 

above the curve and negative below. 

• 
2.2.3 Behaviour of the on-off system around the origin (9e = 9e = o). 

Referring to Figure 2.3 9 it is. seen that for an ideal on-

• 
off system the torque is reduced to zero when both 9 and 9 are e e 

zero. This last statement is only a limiting case and has no mean-

1ng for a p!lysical sYstem. A more real.istic statement would bex-

• The servo reaches equilibrium when both 9 and 9 satisf.y e e 

the relation 

(2 .. 2.13) 

(2.2.14) 

~l and &2 depend on the precision of the physical compo­

nents, and on the amplitude of the noise .. 

2.2.4 Dual-mode system .. 

In the region where (2.2 .. 13) and (2 .. 2 .. 14) are satisfied9 

the system is force-free and any stored energy is absorbed by 

the viscous friction. This shows that any physical on-off serv~ 



1a in f'act of' the dual-mode type. 

In some simple industrial systeu, very high damping is 

provided in the second-mode region to insure stability. In more 

accurate servo systeme, a etandard linear oontroller is provided 

in the eecond mode. This is the type being investigated in this 

thesis with the difference that the linear control is achieved 

by a superimposed carrier as explained later. Such a combination 

bas the advantage of retaining the original simplicity of' the 

on-off' method. 

2.2.5 Detailed analysis of the steady state of the on-of't vstem with 

dead-zone. 

The steady state of an on-off servo is a limit-cycle 

oecillation in the dead-zone. In that region, it behaves like 

an ordinary relay type with error and error-rate control. 

e e 

Power 

--~~~(u)~--------~ 

RE LAY t----i MOTOR &: LOAD 

Fig. 2.4 Simple Rel~ Servo 

Where a, = error signal§ u • relay output voltage 

a 
0 

A simple relay servo is represented in Figure 2.4. When 

the relay is oscillating at the frequenc.y (w
0

) 9 its output (U) 

is a square wave of amplitude (U
0
). The filtering produced by 

the motor and load combination is usually suff'icient to make all 
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harmonies negligibleo The output (9
0

) can be considered to be a 

sine wave of frequency (w ). 
0 

As for linear systems 9 the relay servo will keep oscillating 

9 
only if 0 

"" =lo This can be broken down into the two require= 

ments 

a. Loop gain: 

bo Total loop phase shiftg ~(w ) x ~ 
0 

R~lay threshold and time delayo 

If the relay has a threshold e 9 it will be operated only 
0 

by signais 9e larger than e
0

• Also 9 the amplitude of the funda-

mental frequency in the output (U) will vary with the amplitude 

of (9e). The threshold therefore affects the loop gain (A). If 

it is made large enough 9 no oscillation will take placeo This 

is one means of stabilization that has been used in the past at 

the expense of the accuracy of the servoo Mathematically 9 the 

condition for the non-existence of the oscillation is 

where Y(jw) is the transfer function of the motor and 

load combinationo 

If U
0 

is the square wave amplitude 9 the amplitude of the funda­

mental in the absence of threshold is 

4 = = u 
1t 0 

If there is a threshold (e
0

) 9 the amplitude is 

z ! U sin a 
1t 0 

(2.2.18) 
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where cos a 

Time dela..y. 

If the re is a time delay (1-") p the f.requency of oscilla ti ons 

will be (f
0

) such that 

n..( ) + w T = n ~w o 
0 

(2.2.21) 

' 
(2.2.22) 

w = 2-nf 
0 0 

Since the amplitude (9
0

) decreases with an increase in fre= 

quency (w
0
), improving the accuracy of the relay servo requires 

a reduction of the lag phase shift (f/>w ). In other words 9 some 
0 

phase lead will have to be prpvided in the loopo 

On-off systems. 

Considering again the on-off servo, it is seen that !a! 

steady-state is a limit=cycle oscillation in the dead-zone. An 

ideal on-off servo would oscillate at infinite frequency and zero 

amplitude. For a physical system, both frequency and amplitude 

are finite. These oscillations are not a disadvantage 9 however, 

becaus~ as has been proven by MacColl 9 Loeb and others 9 an 

oscillating servo behaves like a linear one for small inputs. 

By proper adjustment of the frequency (f
0

) of the oscillations 

it is then possible for the on-off servo to follow continuous 

inputs without the use of a standard linear controller in the 

dead-zone. The oscillating servo will be described in Chapter III. 

2.2.6 Switching function for on~off servo with ramp-input. 

Since the on-off servo is of a discontinuous type9 its 

performance will be degraded if it bas to respond to a continuous 
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inputp unless some linear controller is provided in the dead~zoneo 

The on-off mode will operate only if a transient is initiated§ 

for example 9 when the input is a step-plus~rampo The optimum 

system will be the one which will reduce the transient and trans-

fer control to the linear mode in the minimum timeo According 

to this definition 9 it is clear that the switching function must 

incorporate some information about the continuous functiono This 

is entering the field of adaptive servomechanismso The added 

complication of the controller is not justified9 however 9 because 

of inevitable inaccuracies in the components and because the so-

called second-arder systems are often approximations of third= 

order systemso The dual-mode control gives theoretically a 

quasi-optimum response, but for all practical purposes it can 

be considered to give the optimum response6 

The complexity which would be introduced in the switch-

ing circuit for continuous inputs can be easily shawn as followso 

The fundamental equation (2o2ol) will be rewritten in 

terms of the variables (e )o e 
00 0 

J8 + F9 = ôT 
0 0 

Susbstitut!Ilg 

In the case where the input is a· combination of a positive step 

and some continuous function of time 9 the deceleration trajectory 
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or the switching function is the solution U(889999919e1) of 

(2.2.23) where 

ô< 0 

For a step-plus-ramp input 9 the equation becomes 

oo • 

J8 + F9 = +T + PW1 e e 

If ai • C 
0 

+ w1 t 

The switching-lttnet"iori is then 

.!!2!!_: From Equation (2.2.23) it can be ea.sily seen that 

if a switching function is designed for a certain 

class of inputs 9 (step=plus-ramp) 9 it will handle 

also a lower class of inputs (steP-plus) as long 

as the inputs can be described by the polynomial 

a0 + ~ t + a 2 t 2 ••• (Neiswander and MacNea1)3? 

If there is no friction (F) in thé syste~ ·~ he .sw:f:.i9I1..~Jl..B. 

function for a step and for a step-plus-ramp ·. input will be 

exactly the same. 

Remembering that (ô) is a switching coefficient which 
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assumes values - 1 9 +l and zero successively 9 it can be deduced 

from Equation (2.2.23) that the steady state of the servo will 

be a limit-cycle oscillation for a continuous input since the 

forcing fUnction will never be zero. 

2.2.7 Summary of the factors making dual-mode control a necessity. 

It has been shown above that dual=mode control is required 

for the following reasonsg-

a. To take care of the errors made in Çproximating a third~ 
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order servo by a second-order one. The second time lag 

is usually due to the inductance of the field winding of 

the motor. As a matter of fact 9 the madel used in the 

present investigation bas two time lags of about 2.3 sec. 

and 50 milliseconds. 

b. To allow the system to follow continuous inputs. 

c. To take care of switching inaccuracies. 

2.2.8 Analysis of some significant trajectories. 

\ 
\ 

\ 
(z)~ 

_-- \Inert 
\Vise 

Barrier 

0 . 

e e 

a and 
us friction 

8 e 

Fig. 2.5 Phase-plane trajectories of second-order system. 

In Figure 2.5 are shawn the phase-plane trajectories for 

two second- order systems 9 one having inertia only and the other9 

inertia and viscous friction. For the first one 9 the trajectories 

are parabolic and consequently they consti_tute a symmetrical 

figure. For the second one the acceleration and the deceleration 

trajectories are not the same. The deceleration trajectory is 

steeper because the viscous friction helps the braking. The 
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viscous friction also limits the velocity to the maximum value 

The larger the area enclosed by the trajectories 9 the 

smaller will be the response timeo Velocity saturation will 

therefore increase the response timeo For the same reason 9 

viscous friction tends to reduce the speed of responseo In a 

second-arder system9 the trajectories intersect at the point of 

torque reversai with a sharp corner~ and they make a 90° angle 

with the 8e axis 9 as can be deduced from (2o2o4)o 

AoCo Servomechanismso 

In the servo madel used in this investigation9 the motor 

is a 2-phase Diehl induction motor with high rotor resistanceo 

The output torque of the motor wHh a constant applied voltage 

is 

If no viscous friction is present in the system9 Equation 

(2.2.3) becomes 

(2o2o26) 

00 0 

Je + F8 .,. Tmax 
0 0 

The torque speed characteristics of the motor furnish 

some friction damping to the system and the trajectories will 

be like (2) in Figure 2o5o 

The disadvantage of excessive damping is that the deceler-

ation trajectory becomes too steep making accurate switching 

difficult. 

Bffect of targue-rate saturation and relay time delay. 

If the time constant (T2) of the control field of the 
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motor is not negligible 9 the system becomes a third-order one 

and is said to have torque=rate saturation. A step of voltage 

applied to the field produces an exponentially rising torque. 

The effect is to produce a rounded corner at the point of switch= 

ing (Figure 2.6). Also 9 the slope of the acceleration trajectory 

as given by (2.2.4) is finite at time t :.; O+o This can be shown 

_by replacing the forcing term (Tm.ax) by Tmax(l=e =t/t2) o 

Fig. 2.6 Effect of torque~rate saturation 

9 e 

Torque=rate saturation disturbs the optimum operation of 

the system. Time delays in the relays also have this effecto 

This can be corrected by advancing the switching point in apply­

ing the correction to the factor; ~9uation (2.2.12). This 

is done quite easily. If the time constant T2 of the motor and 

the time delay ~f') of the relaya are small compared to the time 

constant of the motor 9 the correction applied by advancing the 

switching curve will be quite sufficient. 
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Effects of switohing inaccuracies are absorbed by the 

linear controller of the dual=mode control system. In practice~ 

the region of linear control is for the range of err or values 

given by 1 ee 1 <.&1 0 

2., Design of the Dual~Mode Carrier=Controlled Servoo 

2.3 .1 Design of' the controller of the dual~mode servo modelo 

The model dual~mode servo makes use of the components of 

the ~tandard linear servo described in Chapter IIIo Its design 

will 9 therefore 9 be limited to the contr~l1er0 rhe blook diagra~ 

of a dual=mode servomechanism is shown in Figure 2.,7., 

POWER 

" ~ 
~ e· PREDIC70H 

SWITCHING RELAY= MOT OR 

.1:1. 
e (A) 

POWER AND (Analogue - ---
l Computer} CIRCUIT CONTROLLER LOAD 

-.- .. 

Lffit 9 
0 

(êe} ~ 

"' 

Fig., 2. 7 Dual-mode servomeohanism 

The predictor is an analo_gue computer programmed to 
b 

generate the function U(9
8

v9
8

). The !!Q! of that function is 

detected by the switching circuit which commands the on- off 

controller and actuates t he l i r..ear mode in the ndead-zone". 
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The contribution of the present investigation consista of com= 

bining both controllers into a single unit. For purposes of 

comparison 9 the servo can operate as a dual=·mode oscillatingl) 

dual-mode standard9 carrier-controlled (or oscillating) and 

ordinary linear. 
0 

Caswell has computed the switching function u(e 98 ) e e 

using the system parameters and has also designed a switching 

circuit using mechanical (relays) componentso The difficulties 

experienced with that circuit prompted the design of the p~esent 

one which is completely electronic o In this fashion. 9 all logic 

operations are done at low=power levelso The final stage of 

power switching is done by relays for both on=off and linear 

controlling action. This arrangement allows the use of lighter 

relays with fewer contactso Time delays and other relay errors 

are reduced to a minimumo The reversa! time delay of the relays 

used i.s less than 10 milliseconds as compared to 40 milliseconds 

for the completely mechanical circuits. The description of the 

complete controller will start with the power section. 

2.3.2 Relay power controller. 

The servo uses a tw~phase induction motor. As shown in 

Figure 2.8 9 the purpose of the relay system is to control the 

voltage applied to the motor winding. The output torque changes 

sign if the phase of the 60-cycle control voltage (V ) is shifted c 

by 180°. It is proportional to the amplitude of the applied 

voltage. 

In a dual-mode servo 9 using a standard linear amplifier 

in its linear mode 9 the switching relay circuit has to perform 
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Figo 2o8 Relay power controller 

the operations shown in Figure 2o3 and Figure 2o6§ namely 9 

ao apply line voltage +Vc at time t
0

o 

bo reverse line voltage at t 1 o 
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Co disconnect the line voltage and connect the linear power 

amplifier to the control winding at t
2 

.. 

The relays must then have three positions in the standard dual-

mode systemo 

In the carrier controlled dual=mode servo operation (c) 

is eliminatedp because as explained in Chapter III9 linear con-

trol is achieved by periodic switching of the voltage Vco The 

only difference between the two regions is a change in the mode 

of switching from controlled to periodico A homogeneous system 

has thus been obtainedo 

The fact that the line voltage does not have to be dis= 

connected from the control winding at any time allows the use 
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of two-position relaye. However 9 in order to protect the equipa 

~ in case the oscillating control voltage vanishes accidentally 9 

a three=position rela.y system is used. It; takes the form of a 

set of two double=pole 9 double-throw (DPDT) relayso This arrange-

ment is also necessary in order to perform the tests on a ~ 

~ dual=mode servoo The complete circuit diagram of the relay 

power controller is given in Appendix A~lo 

Control of the switching modeso 

The heart of the power controller is a very sensitive low 

power polarized relay with two control coils (R * 1000 ohms)o 

The relay is a Northern Electric Type 280E~G 9 operating at Oo3 ma 

in about 1 millisecondo The contact arrangement is singl~pole 

double-throw (SPDT). The polari~ed relay controle the high power 

relaya (Figure 2o8 )o 

Coil Noo 1 is oontrolled by the command signal from the 

switching circuit which appears as a d.co voltage having the 

values +A 9 ~A or zeroo Coil Noo 2 receives the oscillating con-

trol signal which is a low frequency oscillation (f~ 5 c/seco) 

of peak-to=peak amplitude (E) added to the doc error signalo The 

voltages are chosen such that 1 A 1 ))E. The command voltage A 

then has complete control of the operations. Oscillating control 

is resumed as soon as (A) becomes zeroo As a consequence the 

passing from one mode of switching to the other is made quite 

"smooth". For the operation of the servo as a standard dual= 

mode one 9 it has been found necessary to use a second polarized 

relay which is operated by the gate voltage of the switching 

circuit. This is shown in Appendix A- lo 
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2.3.3 Study of the switching circuit logico 

The operations to be performed -by the switching circuit 

can be deduced easily from Figures 2.3 and 2o6o Following the 

suggestions of McDonald and others 9 the range of the linear mode 

is defined by 

(2o2ol3) 

For an ideal on=off servo~ the fUnction of the switching circuit 

is to give a doCo output voltage (A) auch that 

(A) ~ A sgn U(a 9ë ) 
e e 

(A) 
0 

·~ 0 9 when 9
9 

= ee • 0 

Olr U • 0 

u{e90ee) = M9
9 

+ r{3e) 

(2o3ol) 

{2o2ol2) 

The fact that u(ee9ëe) = 0 on the deceleration trajectory 

is a cause of instabHity for a practical system where noise and 

other errors are unavoidableo This is the reason why the switcb-

ing circuit must have a built~in ~~ which will prevent any 

subsequent torque reversai until the transient has completely 

disappearedo The memory takes the form of a flip- flop operated 

by a Schmitt trigger to which is fed the switching function 

U(9e 9êe)o The fact that the output (A) is a doco voltage 

necessitates the design of two channels 11 one for the positive 

and one for the negative polarityo 

The second condition of Equation (2o}~l) requi~es a ~ 
0 

circuit controlled by either (ee ) or (ee).,. However11 as shawn 

ear1ier 9 any pr actical on-off servo is of the dual=mode type and 



the dead-zone is the area around the origin shown in Figure 2.6 

and defined by 

1 
e 1< El (2.2.13) e 
0 

1< ee E2 (2.2.14) 

In practice9 condition (2.2.13) is considered sufficient in order 

to define the linear mode. e:1 must be made large enough to take 

care of the inaccuracies in the system. 

The operations to be performed by the switching circuit 

are summarized in the following table. 

Input ·Output 

u(ee" ee) < 0 

u 

u > 
u < 

> 0 +A 

0 0 

0 0 

Table 2.1 Logic Operations of the Switch~ 
ing Circuit 

As described earlier" the factor (M) 1n (2.2.12) has to 

be altered slightly. The function which is fed to the switching 

circuit is not u(e 9S )9 but U (e 9ë ). The function U (e 9ê ) e · e a e e a e e 

is not zero during the deceleration period. This fact could 

allow a simplification of the switching circuit by eliminating 

the memory. However 9 for the purpose of the present investiga= 

tion it was felt that more time should not be spent in redesigning 

the c i rcuit. In Table 2.29 the logic opera tions per f ormed are 

shown. 



Input Gate Output 

0 

u (a 11a ) < ... t a e e 1 
8
e 1 > &1 =A 

u (a 9ë )> + r a e e 1 
8

e 1 > &1 +A 

u < -t .lael <El 0 a 

u > + r a leel <( E1 0 

Table 2 .. 2 Logic Operations of Actual 
Circuit 
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The threshold ( t) is adjustable to improve further the stabil= 

ity from noise. The peak=to=peak amplitude of the noise coming 

from the analogue computer is usually in the vicinity of 4 volts9 

which sets the value of '( and e1 ., 

2o3o4 Design of the switching circuit .. 

In logic terminology 9 the switohing circuit is an "AND" 

circuit (Figure 2.9) whose output (y) is the product of the two 

inputs restricted to take the values 0 and 1., 

Fig. 2.9 "AND" Circuit 

The simplified block diagram for the positive signala 

channel is shown in Figure 2.10. A more complete block diagram 
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appears in Figure 2.11. The circuit diagram ia found in Appen-

dix A-2. 

Fig. 2.10 Simp11fied block diagram of one channel 
of the switching circuit. 

The core of ' the circuit is the Schmitt ttigger (or leval 

comparator) which gives a positive step output volta~ when the 

"firing" level ( 0 or &) is~reacheda After polarity inversion9 

the step is differentiated before being applied to the flip-

flop. The latter is triggered only b,y a negative pulse injected 

at the plate of the "off" tube. The plate of" the other tube is 

under the control of the trigger voltage of the second -channel. 

In this fashion9 the tvo fliP-flops cénnot be in the same state 

except when the gate is aotingo The output is taken from the 

plate of the second tube. The gate voltage~ also generated by 

a Schmitt trigger9 is a negative voltage applied to the grid of 

the first tube of the flipc-flop in order to hold i t in the "off" 

state. The output (A) of the switching circuit is not fed 
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directly to the polarized reley- of Figure 2 .. 8 because in the off 

state the output voltage of the flip=flop is not exactly zeroo 

This bias would constitute a secondary input producing a steady~ 

state error in the oscillating servo during the linear modeo It 

is cancelled easily through the use of a summer amplifier of the 

Donner Analogue Computero 

The complexity of the circuit comes from the fact that 

it operates on doCo voltages 9 hence the necessity of many polar-

ity inverters 9 phase inverters and cathode followers to prevent 

the loading of the schmitt triggers and of the fliP=flopso 

Predictor .. 

The function of the predictor (Figure 2o7) is to genera~e 
0 

the non-linear function U(8 98 ).. In the present investigation9 a e 

the predictor ia conatituted by the diode function generator and 

the operational amplifiera of the Donner Analogue Computer9 Model 

3000o The operational amplifiera are found very convenient in 

adding and aubtracting the doCo voltages in the servo loopso 

Certain precautions had to be taken9 however 9 to prevent the 

generation of self=oscillations in the computero The transients 

generated by the relays had a tendency to initiate ê:lscillations .. 

By using a second Donner Computer (10 amplifiers) 9 it was pos-

aible to arrange the connections in order to prevent this state 

of affairs .. 

The non~linear function of velocity r(ë
9

) as generated 

by the computer is given in Appendix A=3o This tunction has 

been computed by Caswell using the following parameters for a 

gear ratio 18/lo 
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J 2ol2 X 
~2 

fto 2 = 10 slug 

T = 4 x lo=1 lbo fto 

F = 9 X 10-3 lbo fto/rado/seco 

Switching circuit in operationo 

In Figure 2ol2 is given the complete diagram of connections 

of the doco operational amplifiera used in the servo loop. Fig~ 

0 

ure 2ol3 shows the switching function Ua(8e 98
9

) and the output 

(A) of the switching circuito The output of the latter in response 

to a triangular input with the gate circuit disconnected and 

~ = ±5 volts 9 is given in Figure 2ol4. A general view of the 

equipment 9 the relay power controller and the switching circuit 

on experimental chassis are shown in Figures 2.15 9 2ol6 and 2ol7 

respectivelyo The transient response of the dual=mode systems 

appear in Chapter IVo 
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B. 

c. 

Fig. 2.14 Output (A) of the Switching Circuit 

in Response to a Triangular Input 

Showing Memory (Hysteresis) Effect. 

No gate signal. 

SCALES: 

A. Input: 5 v/cm. 

Output: 200 v/cm. 

Sweep: 5 millisec./cm. 

B. Input: 5 v/cm. 

Output: 200 v/cm. 

Sweep: 2 millisec./cm. 

c. IDEM 

Fig. 2.13 Operation of a 

Dual- Mode System. 



Fig. 2.15 General View of Equipment 

Fig. 2.17 
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on Experimental 
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Fig. 2.16 

Relay Power Controller 



Chapter III 

STUDY AND DESIGN OF THE DUAL-MODE PROGRAMMED SERVO 

LINEAR MODE 

3ol Introductiono 

In the previous chapter9 it was shown that any practical on-off 

servo is in fact of the dual mode type due to the presence of dead= 

zoneo The steady-state behaviour of the programmed servo is 9 as in the 

simple relay servoj a limit cycle oscillation with finite frequency and 

amplitudeo MacColl discovered that the steady-state oscillations are 

not objectiortable because they produce an effective linearization of 

the relay output under certain conditionso This discovery demonstrated 

that there is no significant difference between an improved relay servo 

and the so-called "linear" type which exhibits saturation in its am­

plifiera and other componentso In the present investigation9 it was 

felt that the oscillating or carrier controlled relay amplif~er w.ould 

be the only logical controller to use in the linear mode of a dual-mode 

programmed servoo In this fashion9 it is possible to remove the main 

objection against dual~mode systemsp namely 9 their complexity. The 

carrier-controlled-dual-mode programmed servo constitutes a homogeneous 

entity. 

This chapter covers a theoretical discussion of the carrier-

controlled servomechanism and its practical realization into an exper-

imental laboratory model. 

3olol General oscillating control servomechanism. 

The analysis made by MacColl (1945) was restricted to the 

linearization of a relay-output by means of a superimposed 
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oscillation. This method was generalized b,y Loeb who proved its 

validity for the case where the output of the non-linear deviee 

is a funotional of the inputo The linearization prooess is then 

still effective when the non-linearities include hereditary affects 

like hysteresis 9 backlash9 etc o 

The relation between output and input of a non-linear 

24 deviee has been given by Loeb in the form of the following 

theoremo 

Theorem. 

Let y = F(x) be a functional of (x)9 ioeo 9 a number which 

depends not only upon the actual value 9 but equally upon the past 

values of Xo 

Let x(t) be a given periodic funotion of time t 9 the period 

of whioh is T9 and add to this function x(t) 9 a small number (E)o 

(Y) is then a fgnction of time (t) (the period of which 

is T) and of (E) 9 if the two following conditions are satisfiedo 

a. The functional F(x) is such that there is only a finite 

number of fir.st discontinuities. 

bo F(x) may be represented by a sequence of functions the 

determination of which changes for definite values of (x) 9 

or dx/dt. There exist but a finite number of these 

changes of determinations. 

These limitations are no practical drawback since this 

class of functionals comprise all the functionals liable to be 

found in practice . 

3olo2 Fourier expansion of the outputo 

The output takes the form 
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Y(x + &) = (a + b sin wt + c cos wt + ooo) + 
0 0 0 

e(a1 + b1 sin wt + c1 cos wt + ooo) + 

&2(ooo) + &3(ooo) (3olol) 

Where w = 21t/T 

This expression is obtained by first taking the Taylor expansion 

of (y) 9 if (y) is regularo 

y{x,<) = y{x) + <(~)x + &2 ~ (::~)x 000 

Where & «x 

The expansion (3olol) holds when (3olo3) is satisfied and 

when enough filtering is provided to take care of the higher 

harmonies. In a servomechanism9 the filtering is provided by the 

low-pass characteristic of the motor and load combinationso 

The expression of the output y(x9 &) shows that an effec­

tive modulation of the carrier x(t) by (&) has taken place. The 

non-linear deviee will then be called a modula~or. A distinction 

must be made between even and odd ~Qdulators as shown below. 

3.1.3 Even and odd modulators. 

a. Even modulator. 

An even modulator is such that 

y(x) = y(~x) 

Therefore y(t) .., y{t + ;) 

whence: b
0 

= c
0 

= 0 

a1 = 0 

If x(t) has a symmetri cal waveform9 then 

even 
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This is the expression of an amplitude modulated sine 

wave. The even modulator is used in conventional aoco 

servomechanismso 

bo Odd modulator. 

In this case 9 the modulator is such that 

y{x) - - y(~x) 

These conditions specifY 

ao = 0 

bl - cl = 0 

So that 

y(:x 9e) ~ (b sin wt + 
0 co cos wt) + E ~ + ooo (3olo5) 

odd 

3.1.4 Relay modulator. 

A relay is an odd modulator because its output changes 

sign for any reversa! of polarity at the input. The output is 

therefore given by the expression (3.1.5). In a servomechanism9 

(i) is the doc. error voltage which the feedback tends to reduce 

to zero. Condition (3.1.3) is then usually satisfied near the 

steady-state. x(t) is a sweep oscillationo 

In a servomechanism9 the error &(t) has certain frequency 

components . The T~lor series expansion shows that the frequency 

of (e) does not come into account since no derivative of (e) is 

being usedo However 9 it must be remembered that the expansion 

is correct only if the perturbation (e) is small compared to the 

amplitude of the sweep x(t)o 
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In order to understand how small (e) should be 9 it is 

necessary to study the response of a relay modulator when e(t) , 

21 is given as a sine waveo This analysis has been done by MacColl 

and repeated by Tsien~ 

Let x(t) 

e(t) = kE sin wt 
0 

The output of the relay is a width-modulated square wave 

of amplitude A 

anm sin 

n= _oo 

For small (k) 9 the two important coefficients are 

a ~ 4A 
01 'lt 

For general values of (k) these coefficients were computed by 

Kalb and Bennet31o 

When 0 < k <. 1 

BA E(k) 
'lt2 

where K(k) and E(k) denote the complete elliptic integrale of 

the first and second kind respectivelye When k is smallp the 

elliptic integrais can be expandede 

4A k
2 

- (1--- ) 'lt 4 0 0 0 

2 
= 2Ak (1 + 1L + ) 'lt 8 0 0 0 
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It should be interesting to compute the deviation between (3.1.7) 

and (3.1.9) for k = t and k = ~ • 

k = t 9 6 aOl • 7% 

_6.8.10 .. 4% 

k 
1 

1.5% = 4 p .6..ao1 ·-
6aio = o.s% 

The output of the re lay is to a good approximation 

(3.1.11) 

y(x,o)~ ~ [<2- ~2 - ••• ) sin w
0

t + k(l + ~ - ••• ) sin wt] 

It is recalled that the input is 

x(t) + dt) = E sin w t + k sin w t 
0 0 

3.1.5 Gain of the relay amplifier. 

The gain for the sweep signal is 

(3.1.12) 

The gain for the error signal is 

0 (1 + ••• ) 

Those two gains are sketched against (k) in Figure 3.1. 

In Figure 3.1 the following observations can be made:-

a. The error gain G& is relatively constant f or values of 

up to k~ t 
b. The sweep gain (G ) is affected more by an increase in x 

(k) than is ~). This is due to the increase in harmonies. 

c. For moderate values of k 9 the error gain (G&) is 6 db lower 

than the sweep gain (G). 



48 

RELAY GAIN 

4A 
ii 

0 

0 

8A 
'!t2E 

0 

-6db 

3Ï4 1 

Fig. 3.1 Variation of Ge(t) and G 
with k x 

d. The gains (GJ and (G.,) are independant of frequency as 

long as (k) is small. 

e. The gain (Gx) must be interpreted with care. For 

an ideal relay the fundamental component of the aweep 

in the output is independant of the amplitude (E
0
). 

f. The limit value of the fundamental frequency sweep 

ampli tudë in the output when k -+ 1 is found by aub-

atituting in (3.1.8) the limita 

E(k\-l -1 

(l-k
2

) H(k)k-.l ____.. .o 

BA 
Limit a01 = lim. a10 = 2 

n; 

This value is a close approximation sincep when k = 1 

and w << w
0

p the relay doea not oacillate anymore and 

the output is y = A. 

k 
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g. The oscillating relay amplifier is similar to a physical 

linear amplifier which has a region of non-linearity and 

saturationo There is one important difference 9however. 

In the non-linear region the gain of the relay amplifier 

increases with the input signal. 

h. The signal gain of the relay amplifier is inversely pro­

portional to the amplitude (E
0

) of the sweep signal x(t). 

3.2 Application of the Relay Amplifier to a Position Servomechanism. 

If the sweep or carrier x(t) is supplied from an external sourcev 

it is possible to select its frequency (r
0

) to be much higher than the 

phase cross-over frequency (f
0

) of the servo. The component in the 

re lay output having the freq uency ( f 
0

) can then be fil te red out qui te 

effectively. The only signal that will be transmitted around the loop 

will be the error signal &(t). It is therefore possible to neglect the 

carrier frequency (f
0

) altogether and to deal with the servo entirely 

22 by procedures normally applied to ordinary linear systems. Lozier 

used this approach to design an oscillating servomechanism which he 

named "Carrier~Controlled Rel~ Servo". 

The sweep signal can also be generated internal1y. The conditions 

for self-oscillation have been given in (2.2.15) and (2.2.16). The 

system will oscillate at a frequency (f
0

) such that the total lag 

phase shi ft in the loop is 1t :r. 

will adjust itself to make the 

The amplitude (E
0

) of these oscillations 

loop gain 0 db at the frequency (f ). 
0 

There is no feedback correction for an error signal at that frequency 9 

and (f
0

) is therefore inherently above the frequency range for which 

the servo can successfully operate. 

The following resulta can be derived from (3.1.5) when the servo 

has a single loop (no velocity feedback 0
0

). 
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a. In the self-oscillating condition9 the loop-gain to error 

signal is automatically set to give a 6 db losa at the phase 

cross-over frequency (f
0 

= f
0

) of the Nyquist diagram of the 

system (Figure 3o2)o Let the open loop error transfer function 

be 

The open-loop transfer function for the carrier will then be 

e 
0 2F(jw) :: 

x 

The condition for self-oscillation is 

2F(jw ) := ~1 
0 

Wh en ce 

F(jw ) 1 = ~2 0 

The gain margin at the cross-over frequency controle the 

stiffness of the system. A 6 db gain margin is considered as 

optimum for a linear systemo Reducing it (or increasing the 

stiffness) tends to deteriorate the dxnamic tracking accuracy 

(or the accuracy in following rapidly varying signals) 9 be-

cause the transient response is highly underdamped. In other 

words, the stiffness of the system sets the maximum slope of 

the ramp-input to which the servo can respond. On the other 

hand 9 reducing the stiffness spoils the static tracking 

accuracy (or accuracy in following a slow varying input). The 

velocity lag error increases. This error is due to the pres­
]Wl 

ence of viscous friction (F) and takes the value ~ for a 

ramp-input having a slope of w1 (Figure 3.2). 
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Carrier Response j axis 

2 F (jw) 

REAL- AXIS 

Signal Response 
F(jw) 

Fig. 3.2 Nyquist diagram of a carrier-controlled 
relay servo. 

0 t 0 

Fig. 3.3 Tracking performances of a servo. 

- :EW, 
- K 

If the amplitude of the input signal of frequency (f
0

) 

is large, then it is seen in Figure 3.1 that the gain margin 

becomes -4 db. This means that a transient of large amplitude 

will take more time to die out in a carrier-controlled system 

t 
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than in a conventional linear one. Let it be recalled 9 how-

ever, that in the system under investigation9 transients of 

large amplitude fall under the control of the on-off mode. 

Lozier suggests the use of a saw-tooth sweep signal in order 

to prevent the reduction in the gain margin at higher 

amplitudes. 

b. The use of an external sweep allows a linear control of the 

loop gain by the adju9tment of the carrier amplitude. Its 

frequency (f ) must be higher than the frequency (f ) of the 
0 c 

self-oscillations and its amplitude must be high enough to 

prevent the existence of auch oscillationso 

It can be said in conclusion that the carrier=controlled system 

can be designed to give the same flexibility and quality of performance 
-

as a conventional one whila ~etaining the simplicity and the efficiency 

a relay servo. 

3.2.1 External sweep versus internal sweep. 

The advantages of using an external sweep can be summarized 

as follows. 

a. The frequency (f
0

) of the oscillations can be selected 

to be high enough in order to make the output ripple 

negligible. This frequency is limited however by the 

mechanical properties of the relaya. In the present 

system9 the maximum was about 15 c/s. 

b. The loop gain can be adjusted by the carrier amplitude 
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Carrier-controlled relay servo 
with velocity feedback. 

When the carrier is self=generated9 the following con-

clusions can be drawn. 

a. The loop gain for error signala adjusts itself ~-

matically to an optimum value. This property is 

particularly useful when the relays have a threshold 

of operation9 because their pull-in (or pull-out) 

voltage is finite. 

b. The output ripple is usually more pronounced than 

when the carrier is supplied externally. Certain 

adjustments of gain can be made to reduce it to a 

minimum. For the majority of applications the small 

ripple is quite tolerable. In fact 9 it increases the 

static accuracy of the servo which is usually de-

graded by backlash and static friction. The ripple 

oscillates about a mean position which gives the 
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output position with great accuracy. This principle 

has been applied with success to high precision in-

24 strument servos as those described by Loeb o 

It can be concluded that the servo with interna! sweep 

has decidedly many advantages over the servo with externally 

applied sweepo Finally 9 it is more elegant and practical. 

3.2.2 Control of the freguency of the self-oscillations. 

As shown in Chapter II 9 the frequency of oscillation will 

increase if phase lead is provided in the servo loop. This phase 

lead can be produced by a network giving error-plus-error rate 

(9 + kê ) controlo In simpler systems like this one 9 it is e e 
0 

provided by velocity (9
0

) feedbacko The velocity feedback at the 

same time increases the viscous damping in the systemo It has 9 

however 9 the adverse affect of increasing the velocity lag 

Control of the amplitude (90 )_. ~o~f_o~s~c~~~·l~l~a~t~i~o~n_w~h~e~n~t~h~e~r~e~l;ay~h~as~ 
a thresholdo 

The amplitude of oscillation will set itself at the value 

(E
0

) such that the carrier loop gain (g fL) will be unityo The 

loop gain (~) is proportional to the product of the doCo ampli­

fier gain (~) times the true relay gain G~ times the attenuation 

ly(jw
0

)1 of the motor and load combinationo 

As discussed in Chapter II9 article 2o2.59 the presence 

of a relay threshold decreases the relay gain by the factor 

sin a. 
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GO = G sin a x x 

E 

where Cos a = ...Q. 
E 

0 

(e
0

) is the pull~in voltage of the relay which 9 as a 

simplification~ is assumed to be equal to the pull-out voltage. 

Therefore 9 there is no phase-shift produced by relay hysteresis. 

He nee 

Suppose that while the servo is oscillating the gain (~) 

of the d.c. amplifier is decreased. It must be remembered that 

the output amplitude (e ) of the output oscillations of a relay 
0 

servo using an ideal relay depends only on the frequency (f ) 
0 

and the applied torque T = K2A. The change in (~) does not 

affect the frequency since the loop phase lag stays constant. 

Therefore, the only factor that will change in Equation (3.2.8) 

in order to bring the loop gain (gf ) back to unity is(sin a~ 

The amplitude (E
0

) of the self-oscillation will increase. If 

the relay had some hysteresis 9 the change in (~) would make the 

system oscillate at a lower frequency 9 increasing (E
0

) for the 

same reason. 

In summary 9 it can be said that the relay threshold affects 

the amplitude of the oscillation9 and the relay hyateresis affects 

its frequency. As a consequence 9 (~) must always be very large. 

In the present system9 (~) is larger than 400. 

3.3 Practical Realization of the Carrier-Controlled Amplifier. 

The oscillating relay amplifier is so simple that it requires no 

design of any special equipmental. In the experiment set-up 9 the d.c. 

amplifier (~) was conveniently replaced by an operational amplifier of 
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the Donner Analogue Computerp Model 3000.. The gain (~) is the ratio 

of feedback resistance Rf over i.nput resistance Ri., 

The relay system is the same one used in the on=off mode and snown 

in Figure 2.,8 of Chapter II.. The oscillating signal is applied to · the 

second coil of the two coil polarized relaya Another operational 

amplifier serves as the error detectoro The connection diagram is 

shown in Figure 3.,5., 

3.3.1 Component characteristics .. 
; 

The complete circuit diagram of the relay power controller 

is found in Appendix A-l. 

The power relays are operated by two 45 v. batteries con-

trolled by the polarized relay.. These components have the 

following characteristics., 

a., Power Relays .. 

Potter and Brumfield 9 Type KCPll 

Contact arrangement DPDT 

Coil resistance 

Operating current 

Operating time delay 

Release time delay 

b., Polarized Relay .. 

Type N .. E .. 280-EG 

Contact arrangement 

Coil resistance 

Operating current 

R = 5000 ohms 

I = 5 ma. 

~ = 10 ms (measured with 
Beckman Counter) 

TR = 1 ms (measured wi th 
Beckman Counter) 

SPDT 

R1 = R2 = 1000 ohms 

I = 0.,3 ma 



Power Input 
J!O cycles Fixed.Phase 

20 ... 1o v. T 1 

~ 1 
• lW ~ Transduœr 

~
.... 1 1 1 \ ~=+==1 ~ r--: ·..... . : Relay 1 • ./ / ~ " !'=---==; ~ 

. ,; : ">~ Control 1er L_:) l~,~;- ·! L_ _ _ _! -F 
0 i ~; . : . K>TOR 1 Laill 

'(B) 1 -

10 ~~. 

~\N 

1" )0 . 5!1 

1 ~ 
1 0 

Frequency of Oscillation ~ f = 5.0 c/s 
0 

Necha:'li~al Conned:_c~s 

Output Position Signal (A) ~ (a )= 0.1 volt peak-ta-peak .o Ele~t~ical Connections 

Output Velocity Signal (B) : (a )= 1.2 volt peak-ta-peak 
0 

Fig. 3.5 Self-Oscillating Carrier Controlled Relay Servo. VI 
-..J 



Operating time delay 'f' = 1 ms. 

~g No release spring - Number of coils ~ 2 

3o3o2 Interaction of the control s~gnalso 
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In Figure 2o8 it is seen that the first coil of the polar-

ized relay is connected to the switching circuit. The second 

coil receives the carrier of the oscillating servo. The output 

voltage of the switching circuit is much larger than the amplitude 

of the carrier. In this fashion 9 coil No. 1 bas control of the 

mode of operation as dictated by the switching circuit. The out-

put of the latter should be zero for the linear mode. If instead9 

there remains a small residual voltage (ot) 9 its affect will be 

to magnetize the core of the relay in a certain directiono The 

result is the same as an additional error signal which the servo 

would then correct o As a consequence 9 the output of the servo f 

would have a steady-state error having some relation to the 

extraneous input (ct). 

3o3o3 Qualitative study of the oscillating relay amplifier. 

It is interesting to study qualitatively the output of 

an ideal relay operated by a signal~0 sin w
0

t + e(tB as shown 

in Figure 3.6 ·The ideal relay is one which has no threshold and 

no time delay of operation. Its output is reversed when the 

sign of the input is changed. 

The output torque is proportional ~ the relay output. 

When the error signal e(t) is zero 9 the relay output is a sy~ 

metrical square wave of amplitude A. When a signal E(t) is 

added to the carrier 9 the output becomes a non-symmetrical 

square wave having a definite d.co level 9 ·with a polarity 
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depending on the polarity of e(t)o The ntt output torq~e of the 

motor is proportional to this doCo levelo 

CARRIER 
x(t) 

E(t) 

Or------------------------------------------------------

RE LAY 
INPUT 

t 

L 0~--------------------~~----------~;?7'----------------
~· t-

11'. . 
RELAY L_--------------------~t-1l ~Bfi'ect of Time Delay 

OUTPUT.- / 

1 1 

1 1 
0~---------------------4-4~----------~~----------------

l 
1 

~._----------~ - ~ 

Fig. 3.6 Description of' the operation of' an 
oscillating relay amplifier. 

Ei'fect of time delayo 

If the relay has an operating time delay r 11 its out­sec 

put will be a square wave of frequency (f
0

) 9 but it will be 



lagging by 11 seconds. This corresponds to a phase lag or 

(w
0
1') for the fundamental component (Figure 3.6). 

Erreot of Threshold. 
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Ir the re lay has a pull-in vol tage e 
0 

and a pull-out 

voltage of the same value 9 the output of the relay will appear 

RELAY 
INPUT 

RE LAY 
OUTPUi' 

Figo 3o7 Output of relay with thresholdo 

The consequence of the threshold is to reduce the ampli-

tude of the fundamental component of the output. If the pull-

out voltage differs from the pull-in voltage, there is in 

addition a hySteresis effect. The ltpearity of the carrier-

controlled relay amplifier is not affectedp however 9 by these 

added non-linearities. 

The polarized relay used in the model servo has a negli~ 

gible time delay ('J ~ 1 ms). lt has no release spring which 

makes its output have the appearance shown in Figure 3.8. • 



RE LAY 
INPUT 
CURRENT 

RE LAY 
OUTPUT 
VOLTAGE 

Fig. 3.8 Output of polarized relay N.E. -
280-EG. 

The special characteristic of the polarized relay has 
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the effect of a time lag (~1 ) which depends on the threshold 

and the amplitude of the carrier. No attenuation of the funda-

mental component is provided however. The amplitude of the 

input current should be as high as possible in order to obtain 

t 

the maximum frequency for a given setting of all other parameters. 

3.3.4 Performance of the carrier-controlled relay servo. 

The performance of the carrier-controlled relay servo has 

been measured by its response to a step and a ramp input given 

in Fi~ure 3.12 9 and its closed-loop frequency response shawn in 

Figure 3.16. The direct measurement 'of the open-loop response 

is impossible because of the necessity of maintaining the self-

oscillation. 
• 

For the purpose of simplification9 the error-rate (e ) 
e 

signal has been replaced by the output position velocity (ë ) 
0 
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readily available from the tachogeneratore The consequence of 

this is to increase the velocity lag error 9 which in fact has 

no importance in this investigationo 

The frequency of the self-oscillations increases with the 

amount of velocity feedbacko The self=oscillating servo has the 

following characteristicsë 

Minimum step-input to cause saturation 

Frequency of oscillation 

Output oscillation amplitude 

Amplitude of the velocity signal 

Velocity lag error (ramp-input) 

Phase cross-over frequency (~ = 180°) 

Gain margin of the servoo 

+ ... 4 volts 

f
0 

= 5 c/s 

1
8

0
1 = Ool volts 

peak=t<F 
peak 

ê 01· Oo6 vol t;l 
peak-to­

peak 

e = s Oo48 volts. 
rado/seco 

f • 5o0 c/s c 

The gain margin is reduced by the velocity feedback signalo 

It is difficult to measure it directly due to the carrier oscil-

lationo However 9 it can be calculated by reasoning as followso 

The carrier signal fed to the relaya is proportional to 

the vector sumg 
T 

e + e o 
0 0 

Any sinusoidal command signal (91) of frequency (t
0

) will 

suffer a 6 db attenuation around the loopo 

Now 9 as far as the relay amplifier is concerned 0 the 

command signal entera the loop as (9i) and comes out as ~Ol + 

This means that 

• l 
2 



and 9 using the re1ation 9 

l8o r 
1 801 + eoll = 

it is found that 

The open-1oop gain is then 

9 
0 a-= 
e 

1 
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Ill: 0()08 

The closed-loop frequency response shown in Figure 3.,1 

has been sketched in the vicinity of the cros&»over frequencyo 

The open-loop gain at (f ) can be guessed to be around Oolo 
c -

From Figure 3.15 the cross-over gain of the linear servo 1s 

found to be about (Oa2) a' 3o0 o/s, For purposes of comparison, 

the stiffness shou1d be about the same., The above resul ts show 

that this is about right~ The two systems have been adjusted 

for a1most identical ve1ocity lag errorso 

3.4 Characteristics of the Servo Components and of the Standard Linear 

Contro1ler. 

The mode1 servo used in this investigation is of the a.oo type" 

It is powered by a two-phase 9 60 cycle servo-motor driving an inertia 

~ with a gear ratio of 18:1 as shown in Figure 3"9o The input and 

output position angles are translated into doCo vo1t~es by two lü-

turn precision potentiometers o The output velocity is obtained from 

an induction tachogenerator giving a modu1ated aoco output which is 

then rectified and amplifiedo The amplification of al1 doCo voltages 

is done conveniently by the operationa1 amplifier~ All d"c" correction 
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voltages are transformed into a modulated 60-cycle signal. The modula-

tion is of the suppressed carrier typeo A phase shifting network pro­

o duces a 90 phase shift necessary for the operation of the servo-motoro 

The modulated signal is passed through a preamplifier before being 

applied to the push-pull power amplifier. The linear controller com-

posed of the modulator preamplifier and power amplifier is linear only 

over a limited range of input voltageso Outside that range there is 

a region of non-linearity and saturationo 

The preamplifier had to be redesigned because it was loading the 

modulator so much as to necessitate a 20 db booster amplifier. The 

output hum has also been reducedo It was found that the rectified out­

pu~ of the tachogenerator had an important phase lag (45° at Oo5 c/s). 

• 

Modulator Preamp. 
and Phase Shifter 

-·-;-
Lead­
Network 

U Gear Bo:x: 

Rectifier 

Inertial T 
Load 

Trans duce 

Fig. 3.9 Linear position servomechanism 

3.4.1 Characteristics of the components. 

The chara.cteristics of the mechanical components are 

referred to the output shaft. 

a. Transducers. The transducers are two 20 Kohm9 1%9 10-turn 

Spectral potentiometerso Their output voltage is related 
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to the position angles by the following scala factor. 

9 • J_ volts (\.... 1 11 ~ o 27 rad. ~ " rad., 

bo Tachogeneratoro The tachogenerator is of the induction 

type., Its output is a modulated 60-cycle signal which 

is rectified in a phase sensitive rectifier and amplifiedo 

The d.,c., output signal appearing at point (6) in Figure 

2.,2 is a linear function of the output velocity over a 

certain range. 

e 

• K 9 (Rade/sec) 
0 

Slope in the linear region& 

K a 3.,61 volts/rad.,/sec., 

Limit of the linear regiont 

9 
oma.x = ! 49 volts (3500 RoPoMo motor) 

Correction network: 

A phase lead network has been found necessary in 

order to correct for the phase lag introduced by the 

rectifier., 

Phase lag = 45° 

f
0 

• 0.,5 c/sec. 

An attenuation of about 1!15 is ·introd~oéd :l)y the· 

actual network., The circuit diagram is shown in 

Appendix A=4., 

c. Servo-motoro 

Maximum power output 5 watts 

Maximum velocity 



Maximum torque (V
0 

=lOO v) 

Approximate torquve speed slope 
{ = 100 v) e 

d. System parameterso 
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4o5 oz. inches 

All the parameters are referred to the output shaft .. 

The viscous friction (F) is due to the torque-speed 

characteristics of the motoro 

Gear ratio 

Inertia 

Viscous friction 

Maximum output torque 

Output torque 

Overall gain 

eo Linear controllero 

18&1 

-2 2 J 0 ~ 2 .. ~2 x 10 slug fto 

F0 • 9 x 10-3 lbofto/rado/seco 

-1 
TOmax = 4ol X 10 lbofto 

K = 
To 

--------- = input to modo 

0 09 lbofto 
02 

doCo error VOlt 

Maximum output power (500 ohm load) • 50 watts 

Maximum output volt~ 

Corresponding doCo input to modulator 

Corresponding BoCo input to power 
amplifier 

Maximum linear output voltage 

Corresponding input to modulator 

a 175 volts RoMoSo 

-+ = ;., 4 VOlts doCo 

= 3 volts peak­
to-peak 

= 100 vol~s RoMoSo 

+ = _. 2 volts doCo 

The circuit diagram of the new preamplifier is found in 

Appendix A-5o More information about the linear servo is given 

by Caswe1129o 
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3.4.2 !Yguist diagram of the linear servoo 

The linear servo has two feedback loops~ one for the po-

sition signal~ the other for the position velocity signalo Only 

the first loop was open for the N,yquist diagram of the servoo 

This was done in order to make a fair comparison with the oscil-

lating servoo The two-loop system has been reduced into a single 

loop as followso 

Let the open-loop transfer function without velocity 

feedback be 

a 
0 

a = KF(p) 
e 

With velocity feedback 9 the ipput becomes 

Whence 
a 

0 

where o( > 0 

• KF(p) 

The equivalent one-loop system has a transfer tunction 

9 

G(p) 
0 = ai 

G(p) = 
KF(p) 

1 + aKPF(p) 
(};4.5) 

The block diagrams of the transformation are given in Figuree 

3ol0 and 3oll 

ei a .. A c 
K F(P) 

0 

a 
0 

a 
0 

9 
0 

~ 
Fig. 3.10 Servomechanism with two feedback loops 



ai a K 
a 

L. 
e G' (P) 0 

Ka+l 

Fig. 3.11 Reduction of the two-loop system into a 
single loop. 

1 
Let F(p) = P(PT

1
+l)(PT

2
+1Loo( ) 

G - K l • 1 
(p) - P(PT1+l)(PT

2
+1) l+KaPjP(PT1+l)(PT

2
+1) 

G - K l 
{p) - P (}PT1+l)(PT2+l)+Ka:J 

K 1 
Then G{p) = Ka+l 2 P(P T1T2/Ka+l + P(T1+T2 )/Ka+l + 1) 

1 

It can be proved that 
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(3.4.7) 

(3.4.10) 

It can be concluded that the effect of the velocity feedback 

is to 

a. decrease the velocity error coefficient K by the 

factor (Ka+l) .. 

b. decrease the larger time constant (T1) and increase 

the smaller time constant (T2)o 
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The velocity feedback then increases the velocity lag error 

and tends to transform the two poles into a double poleo As a 

consequence~ the Nyquist diagram9 Figure 3.15 9 intersecta the 

0 180 axis almost perpendicularlyo 

3.4.3 Measurement of the servo time constants. 

In a single-loop servomechanism with no compensating net-

~' the only time constants present are those of the motor and 

load combination. The main time constant is equal to the ratio 

(J/F) of the inertia to the friction damping factor. The 

second dépends on the electrical characteristics. For example 9 

in the case of a d.c. motor using constant armature current 9 

it is the ratio (R/L) of the resistance of the field control 

winding to its inductanceo T1 and T2 are 9 therefore, completely 

independant. 

The measurements were made on the open-loop frequency 

response of the linear servo with no velocity feedback. The 

input sinusoidal voltage was kept within the linear region and 

recorded at the same time as the output on a two-channel Sanborn 

Recorder. It was found that much care was necessary in order to 

make phase measurements with an acceptable accuracy,especially 

at the high frequencies. The presence of noise caused the out-

put position to drift 9 carrying the pen recorder off-scaleo At 

low frequencies 9 the measurements were limited by the amplitude 

of the output oscillationso However9 the accuracy was judged 

sufficient because only the order of magnitude of the time 

constants was necessaryo 

The two corner frequencies are measured on the Bade dia-

gram (Figure 3.14). They are the frequencies where the phase 
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1ags are 135° and 225° respective1y since the separation between 

them is more than two octaves. In the present tests 9 the 135° 

point could not be measured. An estimate was made by sketching 

that section of the phase curve with an approximate1y constant 

slope of 18.4 degrees per octave in the vici.nity of (j; ::: 135°. 

The resul ts are: 

Time constants. 

1 ....L = 21tf 

(j;1 = 135° , f1 = o.os c/s , T1 = 2.0 sec. (3.4.12) 

Natural resonance freguency. 

3.4.4 Calculation of the time constants. 

According to theory, the time constant (T1 ) is given by 

~2 
J 2.,12 x 10 

T = - = = 2o36 seconds 1 F 9 x 10- 3 

This resu1t is not far removed from 3.4.12. 

The second time constant, T2, can be ca1culated from the 

slope at t = 0 of the phase plane diagram (Equation 2.2.4). This 

slope can be found by taking the effective applied torque to be 

T = T (1 ~ e-at) 
max 

Then it can be proved that 

F 
=a- J = 

1 1 
r;-t; 

For a second-order system the initial s1ope is infinite. 
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The phase-plane diagrams are recorded from an oscillO= 

Slope measured. 

Multiplying by the appropriate scale factors given above 

Whence 1 
19.6 = 0.051 sec. 

This result compares favorably with (3.4.13). 

3.4.5 Adjustment of the damping factor. 

In order to make a fair comparison with the carrier~ 

controlled system9 the damping factor of the linear servo was 

adjusted to give the same tracking error (velocity lag). This 

was done by feeding a ramp-input to the system and by observing 

both input and output signals on a dual- trace oscilloscope 9 

Figure 3.13. 

Velocity lag error. 

a. Carrier-controlled servo 

E = 0.48 volt/rad. /sec. s 

b. Linear servo 

E
6 

= 0.52 volt/rad./sec. 



Fig. 3.12 Response of the 

Carrier-Control led 

Relay Servo. 

Vertical Scale: 2 v/cm. 

Sweep: 1 sec./cm. 

Fig. 3.13 Response of the Stan­

dard Linear Servo. 

Vertical Scale: 2 v/cm. 

Sweep: 1 sec./cm. 
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Chapter IV 

EXPERIMENTAL RESULTS AND CONCLUSIONS 

4.1 The purpose of the tests is to compare the transient performance 

of the mode! servo using four different controllerso 

a. Dual-Mode Carrier-Control 

b. Dual-Mode Standard Linear 

c. Carrier- Control 

d. Standard Linear 

The responses are recorded as phase-plane diagrams on an oscillo­

scope, and as time functions on a pen recorder. The comparison is 

based on the response time. 

4.1.1 Error Criterion. 

When dealing with a true linear system9 it is customary 

to define the time of response as the time taken to reduce the 

er:r:or from 9<>% to 10% of its initial value. In this fashion l> 

the response time is independant of the magnitude of the step­

input. This criterion does not take the amount of overshoot 

into account. 

In the case of non-linear systems 9 it is better to de= 

fine the time of response as the time taken by the servo to 

reduce the error from its initial value to a fixed small value 

(~e) consistent with the accuracy of the systemo In these tests9 

(e) has been chosen as 9 e = ! 0.2 volt. 

4.1.2 Tabulation of resulta. 

The response time of the four different systems is given 
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in the form of a graph for step-inputs of vario~s sizes in Fig-

ure 4o6 o The same results appear in Table 4olo 

TYPE OF STEP-INPUT RESPONSE OVERSHOOT RE MARKS 
SYSTEM TIME 

volts seconds volts 

·-

Carrier- 3o3 1 .. 1 o .. o 
Control 9 .. 0 1 .. 6 0 .. 2 Error causing 

15 .. 0 lo9 0 .. 5 saturation · 
21.0 2o3 0.,5 

1 eél ~ ·4 volts 26 .. 5 2 .. 6 0.,5 

Dual-Mode 3.8 1 .. 4 1 .. 0 - No saturated tor-
Carrier- 9 .. 0 1 .. 5 0.,8 que reversal 
Control 15 .. 0 1.,8 0 .. 5 

2lo0 2.,0 0 .. 3 Linear mode~ 
27.,0 2 .. 4 0.,5 

1 8el< 
1.,0 Vo 28.,5 2.,2 0 .. 2 

Dual-Mode 3o6 1.,0 0.,3 - ----+ No saturated tor~ 
Linear 9 .. 0 lo5 0.,8 que reversal 

15.,0 lo9 0.,4 
2lo0 2., 1 0.,5 
27 .. 0 2 .. 4 0 .. 6 

Linear 1.8 0.,8 o .. o Error causing 
4.,0 lo2 0 .. 4 Saturation 
9o0 1 .. 1 0.,2 

l 9el~ 15.0 1.9 6~4 2 volts 
2lo0 2o3 0.,5 
26o5 3o0 0.,5 

Table 4.,1 

4o2 Discussion of the Resulta .. 

4 .. 2.,1 Response-time and overshoot. 

The first glanee at Table 4 .. 1 reveals that the differences 

between the four systems are not as marked as would be expected., 

In Figure 4o6 the same results are given in the form of graphs 



- PHASE PLANE DIAGRAMS -

A. Dual-Mode - Linear 

B. Dual-Mode - Carrier­
Controlled 

• 
SCALES: Vertical (ee): 10 v/cm. 

Horizontal (e ): 5 v/cm. e 

LINEAR MODE: E = :!: 1 v. 

Time Marker: 100-millisec. 

c. On-off with Dead-Zone 

e = 10 v/cm. e 
ee 
E 

= 5 v/cm. 
+ = - 1 v. 

D. Dual-Mode - Carrier­
Controlled 

Second trace is ·output (A) 
of switching circuit • 

• 
SCALES: 9 

e = 20 v/cm. 

A = 200 v/cm. 

9e = 5 v/cm. 

LINEAR MODE: + 
E = - 1 v. 

7f3 



- PHASE PLANE DIAGRAMS _ 

E. Standard Linear Servo 

§aturation Input: i 2 v. 

F. Dual-Mode - Standard-Linear 

Output (A) of Switching 
Circuit 

Linear Mode: + 1 v • 

SCALES: 
• 

Vertical 8 = 20 v/cm. e 
A = 200 v/cm. 

Horizontal 8 e = 2.5 v/cm. 

G. Carrier-Controlled Relay 
Servo 

Saturation Input: + 4 v. 

H. Dual-Mode Carrier-Con­
trolled Relay Servo 

SCALES: 8e = 20 v/cm. 

8e = 5 v/cm. 
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• t 1 • • ' • 1 1 1 1 1 • 1 1 1 

Fig. 4.1 Dual-Mode Linear Servo 
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Fig. 4.1~ Dual-Mode Carrier­

Controlled ·Relay Servo 



CARRIER-CONTROLLED RELAY 

SERVO 

Fig. 4.2 Response to a 

Ramp-Input 

Fig. 4.3 Response to a 

Step-Input 

B_l 



Fig. 4.4 R esponse of 

the St andard 

Linear Servo 

~ 

u~ llilt!:l 
""' ;..; 

' 

l: 
li 

l1; 

r:l 

ll+l+l 

Fig. 4.5 Small I nput Performance of the Linear and Oscillating Servos. 
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allowing a ready comparison of the four types of servo controlo 

The following conclusions were arrived atx 

a. For inputs larger than ,lO volts 9 the response time of all 

four systems increases approximately with the magnitude 

of the stepo 

b. In the vicinity of 10 volts 9 no significant differences 

could be detected in the speed of responseo 

Co Above 10 volts the curves start aeparating. The response 

of the dual-mode carrier-controlled servo is decidedly 

better than that of the otherso At 26 volts 9 it is about 

2~ faster than bath linear and carrier controlled servas 

and about lo% faster than the dual-mode linearo 

d. There is no significant difference between the carrier­

controlled and the "linear" servas as far as the response 

time is concernedo However 9 for law i~puts the output 

of the linear servo had a tendency to be oscillatory in 

the final portion of the -transient o This is probably 

due to backlash in the gearso 

e. For small inputs the response of the dual~mode systems 

tends to be worse than that of the other two because the 

system entera the linear region before any torque rever= 

sal takes placeo 

f. For the carrier-controlled and the linear systems 9 the 

amount of overshoot reaches a maximum for inputs above 

a certain level and decreases for signais below that 

levelo 

g. For the dual-mode carrier- controlled system9 the larger 

the input 9 the smaller the overshooto 
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ho For the dual-mode linear servo 9 the amount of overshoot 

does not seem to have any definite relation to the input. 

This is probably due to the faot that the transition 

between the two modes initiates a transient at the output 

of the power amplifier. 

4.2.2 Phase-plane diagramso 

The phase-plane diagrams help in understanding the above 

resulta by giving more insight into the operation of the different 

systems. The output (A) of the switching circuit is shown in 

some of them making evident the points of torque reversai and 

the region of linear control. Upon examining the phase=plane 

portraits 9 the following observations can be made. 

a. The deceleration trajectory is very steep9 1ndicating a 

high damping factor (F) in the motor and load combinationo 

b. The third=order nature of the system is evidenced by the 

rounded corner at the point of torque reversai and by the 

finite initial slope of the trajeotories. This slope is 

1 1 equal to- =- . 
T2 Tl 

c. Torque reversai does not take place for inputs below 7 

volts. 

d. All systems reach velocity saturation for any input larger 

than 22 volts. The torque reversai takes place at ~ 

same point for all these inputs. 

e. The useful portion of the switching function is very short 

and could be approximated by a straight line of the form 

(ee + Kê
6 

+ c) a o. 

f. On diagrams (D) and (F) it can be seen that the point of 

torque reversal has to be advanced roughly 50 milliseconds 
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go Diagram (A) shows that the transition between modes is 

somewhat less accurate for the dual=mode i 111near" system 

than for the dual=mode carrier=controlled s~em (B)o 

ho Diagram (c) reveals that the only difference between the 

servo operated as an on~off system with dead=zone and as 

a dual-mode system is the instability about the origino 

io For the inputs causipg velocity saturation9 the carrier 

controlled servo (G) bas a common deceleration trajectory 

which is a little steeper than in the dual=mode carrier~ 

controlled case (D)o The same is true for the systems 

using the linear controller9 (E) and (F)o 

jo It has been noticed that reducing the linear region beyond 

a certain limit inoreased the overshoot in both dual-mode 

systemso This is due to the faot, that the linear region 

must be wide enough to absorb the energy stored in the 

second time constanto In an optimum thirdmorder system9 

this is done by a second application of poSitive torgue 0 

with a duration of the order of magnitude of (T2)o 

4o3 Conclusionso 

The dual-mode carrier=controlled servo is slightly better than the 

dual-mode standard for large enough inputso An examination of the 

phase-plane in the linear mode reveals that in the standard system0 

a small transient is initiated after the switching of modeso This is 

probably due to the sudden change of the load of the power amplifiera 

The carrier-controlled dual=mode serve has the advantage that ~ 

switching is smoother ~nd that the power is fed directly from the lineo 

These advantages would be especially important in systems handling 

large loadso 
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The reasons why the on-off servas proved to have a speed of response 

ot only 1<>% to 2CJ!o better than the other two are thatg . 

ao The dual-mode control was not exploited at its full potentiality 

due to very unfavorable conditions& high friction damping and 

velocity saturationo 

b 11 The "linear" and the oscillating systems were operating at 

maximum capacityo Beoause they saturate at very low levels 

of input signals 11 they can be considered as on=off systems 

where the switching fUnction is a linear combination (9
9

+Kee) 

of error and error=rateo Their only difference from the true 

dual-mode system is that the torque reversal takes place a 

little latero 

The advantages of dual-mode control can be fully realized only for 

heavY systems where the ratio F/J is smallo Binee switching of high 

power is involved 9 the dual=mode carrier-controlled system will have a 

definite superiority over the standard type for the reason given a~oveo 

This will eliminate the use of the amplidyne or the Ward~Leonard systemo 

In very heavy systems like the one described in reference 289 the motor 

is kept running all the time and the switohing takes place at the load 

by means of a clutch and a double gear systemo One obvious advantage 

of this arrangement is in the reduction of the duty factor imposed on 

the motor which is constantly being started in a relay systemo 

The carrier-controlled and the linear servos have almost identical 

transient performanceo The tracking accuracy is equally good in both 

systemso The superiority of the oscillating serve is apparent only 

when static accuracies are comparedo The response of the linear serve 

is degtaded for small inputs by the presence of backlash9 static 

frict:i,.on 9 etco As shown in Figure 4o5 11 the accuracy of the oscillating 
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servo is excellent for a Ool c/s sinusoidal input of Oo6 volt peak-to­

peak amplitudeo The self-oscillation has a frequency of 5o0 c/s and 

an amplitude of Ool volt peak-tO=peako The output information can still 

be detected even for inputs of that order 9 because the output noise of 

the carrier=controlled servo is much less random than the output noise 

of the linear servoo 

It must be noted that the conditions of their investigation were 

quite similar to those of an instrument servo 9 using a two~phase aoCo 

control motor with a high resistance, drag=cup rotoro The inertia is 

low and the friction factor higho Also 9 it saturates at small inputs 

and does not require much powero It is designed for accuraoy and §Peed . 

of responseo 

It can be concluded9 then 9 that the carrier~ontrolled relay servo 

is ideally suited for the instrument servoo The dual=mode carrier­

controlled relay servo will be used at its best in a heayY military or 

industrial systemo This investigation has shown how the two methods of 

optimization and linearization can be applied together to obtain the 

best performance from a servo with inherent non~linearitieso It has 

stressed the power of the superimposed carrier method as a means of 

linearizationo This type of control has in addition a definite property 

of stabilization because the carrier signal produces a quenching of the 

non-linear oscillations that tend to take placeo This idea has been 

used in process controlo It is suggested that a thorough investigation 

of the stabilizing affect on a servomechanism should constitute a 

worthwhile projecto 



APPENDIX 

viii 



..... 
H 

coil (l~R<) r• 
1 

From Switching Circuit001-
1 -------t-1 • > < • 1 

Oscilla ti~ Control Signal B 
: 1 1 

coil (2)'--l 

Polarized Relays 1 (' 

Gate S~ ( G) . (~ 
0 

" 

0 

• 

1 1 

Î~ ti~ 1 i 
~ f) 1N.C. r 
L

J,:--~~ ...... ,t...~......_---+--LJ 1 

......_- 1 

- 1 -..... Circuit Producing Release Actione 

Power Input ,-
1 

1 

1 

,----
1 

1 

1 

1 

1 
1 Ll __ _ 

45v~ 

. 0 
110 v. 60 cycle shifted 90 

_ _ _ __ _ from l'inear 

~ ~ 4~fd i vol tage 

~tt.. 1 

-t> 

~- To Servomotor 

'(---- --' 

'

2 DPDT Power 
Relays 

~~fdl 
N.c. 1 

1 

<l:-t--of-_..;._ __ _ 

--------' 
. 500.n. 4~fd 

From Iinear 
Power amplifier 

Re lays 
Actuel Switch Po~ition & Dual-Mode Standard Polarized & N~E~280-E=G 
Other " tt g Dual~Mode Carrier Power g Potter and Brumfield 

KCP-11 
N.c. : Not Connected 

Fig. A-1 ~elay Power Controller 



' 

lOO v.+ 

12AU7A 

0 

u(e 9 8 ) e e 

~vR~l5v. 

N?Bo VR is reversed in (N2) 

x NETVORK (N:J..l 

L5M. 

. To Flip-Flr (1) 
~ (Operate 

Tc· Flip-FloE (2) 

lOOC f,lpf. 1N645 
1 \ ;,Reset} 

I: 200v. 

SCHl.UTT TRIGGER CIRCUIT 

400K 

lOOK 

e. 
l.Il 

12AU7A 
le5M. ·680Ke 

DIFFERENTIA TORS 

400K 

lOOK 

e. 
1D eout 

T+200v. ein 

oj+ 
eout ' 
ol:_ 

I +200v. 

,_r. 
0 ~ 

"PHASE" 'INVERTER ob_ _ _jo 
• 

POLARITY œ "PHASE 11 INVERTER 

Fig. A-2~1 Electronic Switching Circuit (Cornponents) 



(opera te) 

l><l ..... 

Gate in 

,,oK 
200!J.IJ.f 

330K 

22.§2 

45v.T 

0 

~Ove 

( 

(reset) 

I/5v. 
r· -, 

FLIP-FLOP 

! 12AU7A 
2 

,--.... 

l 12AU7A 
2 -

T/OOvo 

(a) Positive Signals (b) · N~gative Signals 

CATHODE F OLLOWERS 

NoBe POWER SUPPLIES 

1) +100 Vo (Red) 

2) ~200 Vo (Blue) 

Figo A-2e2 Electronic Switching Circuit (Components)o 



, . 

1~ 

IJ 

11 

0 

/ 



>< .... 
~ .... 

Input ~ 

T(P) 

Design Data 

··· .. ·: 

11. 

R2 

R2 (l+PR, c) ... 
= 

11, +R2 (l + P.~:~ c) 

Lead Phase Shift 

Frequency 

Wl1, R2C 

11, +R2 

Wl1,C 

>> 1 

= 1 

1t 
= + 4 
= 0.,5 c/s 

Output 
....._ 

R.. • > 1o5 Mohm ... 
R,.. 

c:. 
~ 150 Kohm 

c ~ Üc 2 JAli' 

Figo A-4 Phase Lead Network in Velocity Feedback Loop 



~ ..... 
~ 

+350 v. 

250 K 

+ 
12AX7 ..:C-40 fjfd 

250 K 

lOOK 
From Modulator 

Max. Gain: 7.2 

Fig. A-5 Modified Preamplifier 

+ 350 v. 

4-

.i_40 f.!Fd 

-• 

~- 1 J----0 (BNC) 
o.l f.!Fd 

47K 

To Power 
Amplifier 



2e 

5o 

7o 

a. 

9o 

11. 

12. 

BIBLIOGRAPHY 

Minorsky 9 N., "Directional Stability of Automatically Steered Bodies"9 

Journal of the American Society of Naval Engineerso Volo 34~ 
19229 PP• 280-309e 

Hazen 9 A. L. Il "Theory of Servomechanisms"ll Journal of the Franklin 
Institute 9 Vol. 218 9 Noo 3 9 September 1934 11 pp, 279=331. 

Ferrel9 E. B. 9 "The Servo Problem as a Transmission Problem"p Pro= 
ceedings, IoRoEo 9 VoL 33 9 October 1945 11 PPo 76}=767 o 

Bode 9 H. w., Network Analysis and Feedback Amplifier Designp D. Van 
Nostrand Company, 1945. 

Nyquist, H., "Regeneration Theory~' Bell System TechnicaLJournal 9 

Vol. 119 1932 9 pp. 126-147. 

Axelby, G. s., "Control Concepts", I.R.E. Transactions on Automatic 
Control, Volo AC-4, May 19599 p. 1. 

Tsien9 H. s., Engineering Cybernetics9 McGraw~Hill 9 1954b 
, , 

Higgins, T. J. 9 "A Resume of the Development and Litera ture on Non-
Linear Control System Theory" 9 AoSoM.,E., Transactions , 
Volo 79, 19579 Po 445., 

Cosgriff, R. Lo 9 Non-Linear Control Systems 9 McGraw=Hillll 1959., 

Smith, O. Jo M. 9 Feedback Control Systems 9 McGraw~Hill 9 1958o 

Gile, J. C. 9 Pelegrin9 M. J. and Decaulne 9 Po 9 Th~rie et Technique 
des Asservissements, Dounod (Paris) 9 1958. 

Smith, O. J .. M. 9 "Availability of Necessary Theory for the Analys:Ï.s 
and Design of Non~Linear Systems", I .. R.Eo Transactions on 
Automatic Control, PGAC-5 9 July 19589 pp. 60=61. 

13 .. Bogner, I. and Kazda9 Lo Fo 9 "An Investigation of the Switching 
Cri te ria for Higher-Order Contact or Servomechanisms11 

9 
A.I.E.E .. Transactions, Vol. 73 9 Pt. II9 July 19541> 
PP. 118-127. 

14. Kochenburger9 R. J. 9 "A Frequency Response Method for Analyzing and 
Synthesizing Contractor Servomechanisms"9 A.I.EoEo Trans­
actions9 Vol. 79p Pt . Ip 1950 9 PPo 220=284o 

15. McDonald9 D. C. 9 "Non-Linear Techniques for Improving Servo Per­
formance", Proceedings of the National E1ectronics Confer­
~' 1950, Po 400o 



16. Lewis9 J. B. 9 "Use of Non-Linear Feedback to Improve the Transient 
Response of a Servomechanism"9 A.I.E.E. Transactions 9 VoL 
71 9 Pt. Ilp January 1953 9 PP~ 449=453. 

17. Kuba9 R. and Kazda9 L. 9 "A Phase-Space Method for the Synthesis of 
Non=Linear Servomeoha.nisms 11

9 A.I.E.,E. Transactions 9 VoL 75 9 

Pt. llp 19569 p. 282. 

18. Kuba9 R. and Kazda9 L.F. 9 tvThe Design and Performance of a Model 
Second- Order Non=Linear Servomechan1sm11

11 I.,R"E. Transa.ctio:ns 9 

PGAC=59 July 19589 pp. 43=48" 

19. Weiss 9 H. K. 9 "Analysis of Relay Servomechanisms" 9 Journal of Aero= 
nautical Sciences (w.Y.) 9 Volo 13 9 July 19469 Po 364 • 

.# 

20. Dutilh9 J. R. 9 "Théorie des Servomé'chanismes a Relais"9 Onde Elec= 
trigue 9 Vol. 3011 October 19509 pp. 438=445. 

Chapter 99 

22. Loz1er9 J. c. 9 "Carrie:r-Controlled Relay Servos 11 ~ !,lec trical Engineer­
ing, Vol. 69 9 December 19509 pp. 1052-1056. 

23. Loeb 9 J. M., "De la Hé'chanique Liné'aüe a la Mechaniqùe N,ïn~I,iné'aire" 9 
Annales de Télécommunications9 Vol. V, No. 29 Febr uary 1950. 

24. Loeb 9 J. M. 9 "A General Linearizing Process for Non- Linear Control 
Systems" 9 Symposium on Automatic and Manual Control 9 Edited 
by A. Tustin9 1951 9 Cranfield 9 England. 

25. Bellman9 R. 9 Glicksberg9 I. and Gros 9 0. 9 "On the gBank=Bang1 Control 
Problem" 9 Quarterly of Applied Mathematics 9 Vol. XIV9 April 
1956. 

26. Silva, L. M., '~redictor Servomechanisms" 9 I.R.E. Transactions 9 Vol. 
CT- 19 No. 1 9 March 19549 p. 56. 

27. Silva, L. M. 9 "Predictor Control Optimalizes Control System Per­
formance: A.S . M.E. Transactions9 Vol. 779 19559 Po 1317. 

28. Kohlmeyer 9 K. W. 9 "Clutch Servomechanisms 9 Design and Applications"9 
Sperry Engineering Review9 Vol. 12 9 No. 29 June 19599 
pp. 1~19 . 

29. Caswell9 C. F. 9 "Investi gation of the Response of Electromechanical 
Servomechani sms in Combined Linear and Non=Linear Operation"~ 
M.Eng. Thesis9 McGill University 9 1958& 

30o Neiswande~ R.S o and MacNeal 9 R. H. 9 "Optimizati on of Non=Linear Control 
Sys t ems by Means of Non=Linear Feedbacks" 9 A.IoEoEe Trans= 
actions9 Vol. 729 Pt. II9 September 1953 9 p. 262o 

xvi 



31. Kalb 9 R. M. and Bennet 9 No Ro 9 "Ferromagnetic Distortion of a Twa= 
Frequency Wave" 9 Bell System Technical Journal 9 Volo 149 

pp. 322- 359. 

32. Minorsky 9 No, "On Asynchronous Action" 9 Journal of the Franklin 
Institute 9 Vol. 259 9 Noo 39 19559 PPo 209=219. 

33. Oldenburger9 R. 9 "Signal Stabilization of a Contr ol System" 9 AoS oMoE. 
Transactions, Volo 79 9 19579 Po 1869o 

xvii 


