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ABSTRACT 

In the present work, experimental data is obtained 

for the amount of air entrained by water and sugar solutions, 

of viscosities 3.6 and 4.7 centipoises, flowing down pipes 

of diameters 1.0, 1.5 and 2.0 inches. 

The dynamics of vapour entraining flow is discussed, 

and a method for calculating liquid flow rate at which pipe 

... -
i flows full is suggested. The experimental results have been 

presented in terms of some of the common dimensionless groups 

used in fluid mechanics in an attempt to develop an overall 

correlation scheme. 
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In the present work, experimental data is obtained 

for the amount of air entrained by water and-sugar solutions, 

of viscosities 3.6 and 4.7 centipoises, flowing down pipes 

of diameters 1.0, 1.5 and 2.0 inches. 

The dynamics of vapour entraining flow is discussed, 

and a method for calculating liquid flow rate at which pipe 

flows full is suggested. The experimental results have been 

presented in terms of some of the common dimensionless groups 

used in fluid mechanics in an attempt to develop an overall 

correlation scheme. 
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INTRODUCTION 

~fuen a liquid flows down a vertical pipe under 

such conditions that the pipe does not flow full of liquid, 

some of the gas at the pipe inlet will be entrained by the 

flowing liquid. The gas will be compressed by the flowing 

liquid to a degree which depends on the ease with which the 

gas can escape at the bottom of the pipe. As a result of the 

entrainment of gas, the energy loss in the vertical pipe 

will be higher, and the noise and vibration in the pipe 

could become considerable. This flow mechanism is, therefore, 

an important engineering problem. 

Important examples of this type of flow can be 

found in the take-off lines from condensers and in the seal 

legs at the bases of distillation columns. In the take-off 

lines from condensers, entrainment of vapour may cause the 

liquid flow rate to become uneven and the presence of air 

bubbles can cause oscillations in the flow meters. In seal 

legs at the bases of distillation columns, entrainment of 

vapour may cause surging j.n the liquid take-off which, in 

some cases, might be enough to blow the seal. 
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As a result of the induced motion of a gas by a 

liquid flowing do~m a pipe, subatmospheric pressures can be 

formed at the inlet of the pipe. In the drains and traps of 

most plumbing fixtures, the water seal is usually of the 

order of I inch. Therefore, to avoid blowing the water seal 

and to eliminate excessive pressure variations in the ver-

tical stacks to which the plumbing fixtures and drains are 

attached, air must be supplied or removed at definite rates. 

Also, since gas entrained at the top of a vertical tube is 

carried along by the flowing liquid, the presence of entrained 

gas will adversely affect the performance of any centrifugal 

pump immediately follo~Ting the vertical pipe. The effect of 

entrained gas must, therefore, be carefully considered in the 

location of centrifugal pumps in a flow system. 

Two-phase flow in pipes has received considerable 

attention in the last twenty years, as indicated by the num

erous publications available in recent literature~l) yet the 

hydrodynamics can hardly be considered solved. Because of the 

complex nature of the flow and the differential equations 

describing the flow, most of the known relationships are 

semi-empirical in nature. Generally, these relationships have 
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been developed from either momentum or energy balances, are 

usually valid only for a narrow flow region, and have been 

largely directed towards developing an accurate method for 

prediction of two-phase pressure drops. The gas entrainment 

problem is further complicated by the fact that the gas flow 

is now the important dependent variable in the analysis and, 

judging from the lack of information available in the lit

erature, has received little attention. 

The object of this research was to conduct an ex

perimental study of the vapour entrainment phenomenon in 

order to obtain experimental results which might explain the 

phenomenon or which might be useful in the development of a 

calculation method for predicting the amount of gas which 

can be entrained by a flowing liquid. In systems such as the 

Taylor Hydraulic Compressor, in which the phenomenon has been 

put to practical use, this information would make accurate 

design possible. In those cases where entrainment of vapour 

is to be avoided, some design information would be available. 

Experimentally, the amount of air entrained by water 

and two sugar solutions flowing in vertical tubes of different 

diameters was measured. 
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1 REVIEW OF LITERATURE 

The entrainment of gas by a liquid flowing into a 

vertical pipe has long been recognized and utilized to pro-

vide compression to the gas. One of the most successful 

devices ':utilizing the phenomenon is the Taylor Hydraulic 

Compressor, which was first erected in 1896 by the Taylor 

Hydraulic Air Compressing Company of Montreal for the 

Dominion Cotton Mills, Magog, Quebec. The system is described 
(2) in detail by Peele. 

In the Hydraulic Compressor, water is allowed to 

flow down a vertical shaft which is opened to the air at the 

inlet. Air is entrained and carried down the shaft by the 

flowing water to a large settling chamber at the bottom of 

the shaft where the sudden decrease in velocity (increase in 

area) causes the air to separate from the water. The air can 

be drawn off and fed to locations where it is required, while 

the water is fed from the settling chamber into a second ver-

tical column. The amount of compression obtained is determined 

by the height of the water column, which is defined as the 

difference between the water level at the inlet to the shaft 

and the water level in the second vertical column. 
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In 1906, a compressed air plant of this type, 

having a total capacity of about 36,000 standard cubic feet 

per minute, was installed at the Victoria Copper Mine, Mich-

igan. Another unit was also instal,led near Cobalt, Ontario 

which compressed 40,000 standard cubic feet per minute of 

air from atmospheric pressure to 120 psig. 

Since the air and water flows as an intimate mixture 

down the shaft, the compression is isothermal and the com-

pressed air is saturated with moisture. The efficiency of the 

Hydraulic Compressor, defined as a ratio of final air pressure 

to the liquid head available, is generally about 75%. The 

initial and maintenance costs of such a compressor are low 

compared to conventional mechanical compressors; but since 

the potential energy of the liquid provides the compression, 

extensive excavation and large quantities of flowing water 

are required. 

Water ejectors or jet pumps have also been used to 

move or compress gas and provide another example of the use 

of the momentum of a liquid to move another fluid. The 

efficiencies of ejectors are usually quite low and a novel 

method of using a liquid to compress air has been recently 

investigated~3) 
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The entrainment of air by flowing water presents 

some interesting problems in plumbing drainage systems. It 

is, therefore, of some interest to workers involved in the 

design and operation of plumbing installations and has been 

studied by Dawson and Kalinske~4) 
Since, in the usual plumbing installations, liquid 

normally flows from horizontal drain pipes into the vertical 

stacks, Dawson and Kalinske studied experimentally the case 

of water flowing down a vertical pipe from a horizontal one. 

On the basis of a theoretical analysis of the flow, they 

presented a relationship for calculating the maximum liquid 

velocity possible and the length of tube required to produce 

that velocity. For the common sizes of vertical pipes used 

in plumbing and industrial installations, the suggested rel-

ationship for the maximum liquid velocity is 

= (1.1) 

where VLm is the maximum liquid velocity, and n is a 

constant which has been experimentally determined to be 0.006. 

In their study, the amount of air entrained at var-

ious water flow rates was also measured and a method for est-

imating the air flow postulated. They suggested that, since 

the air is carried down the pipe by the flowing liquid, the 
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maximum amount of air which can be entrained at a given 

liquid flow is given by the product of the maximum liquid 

velocity and the cross sectional area of the pipe not occ

upied by the liquid. The maximum air. flow for any liquid 

flow is therefore given by 

= (1.2) 

They also concluded, on the basis of their experimental 

evidence, that 

(i) subatmospheric pressures are formed in the entrance 

region of the vertical pipe, 

(ii) the maximum subatmospheric pressure is formed at a 

short distance below the water entrance, and 

(iii) the maximum liquid velocity is reached within a few 

feet of the pipe entrance. 

By considering the flow of an elemental disc of 

water at any distance L below the point of entry into the 

vertical pipe, Dawson and Kalinske postulated that the acc

eleration of the element will be given by the difference 

between the gravitational force on the element and the fric

tional force at the wall of the pipe. Since, for the maximum 

liquid velocity, the liquid acceleration is zero, they were, 

therefore, able to develop equation (1.1) to describe the 
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flow in their system. They had also suggested that such a 

theoretical analysis should be valid for systems with a 

different entrance geometry, e.g., flow from a tank into a 

vertical pipe, as long as the pipe does not flow full. On 

the basis of the results obtained (Tables A.l, A.2, A.3) 

when equations (1.1) and (1.2) are applied to the experimental 

results obtained in the present study, these equations ob-

viously do not apply to flow in the 1.0 and 1.5 inch diameter 

pipes. This, therefore, means that equations (1.1) and (1.2) 

are not generally valid, but are perhaps approximately 

accurate for 3, 4, and 6 inch pipes as experimentally studied 

by Dawson and Kalinske. 

The most complete study of the hydraulics of vertical 

drain and overflow pipes was presented by Kalinske~5) A drain 

pipe is defined as one which is connected flush with a hori-

zontal surface such as the bottom of a tank, and an o,verflow 

pipe is one which extends an appreciable distance into the 

tank. 

The experimental work was concerned ~dth the hy-

draulic and pneumatic conditions when \'/ater entered vertical 

pipes of diameters 1.7, 3.7, and 5.8 inches, having squarecut 



-9-
! , 

edges at the entrance, under such low heads that the pipes 

did not flow full and air was drawn down into the pipes. 

The main purpose of the experimental work was to develop a 

head-discharge relationship and to determine the effect of 

pipe length on such a relationship. Some data on the amount 

of air drawn by the flowing water was also presented. This 

work indicates that 

(i) the air flow increases with pipe length, the rate of 

increase in air flow becoming less with longer pipe lengths, 

(ii) there is no significant difference in air flows between 

drain and overflow pipes, and 

(iii) subatmospheric pressures are formed just below the 

pipe entrance. 

Laushey and Mavis~6) in an effort to relate entrance 

conditions and air entrainment, measured the amount of air 

entrained by water flowing down Lucite shafts of diameters 

2.8 and 5.6 inches. They investigated two different types of 

entrances, radial entrance and spiral (vortex) entrance, as 

indicated in Figure (l.a), and observed some difference in 

air flows in the two cases. 

For spiral entrance, no negative pressures were 
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observed anywhere in the shaft and a direct correlation 

between air-water ratio and distance from the inlet to the 

hydraulic grade line in the shaft was obtained. For radial 

entrance, negative pressures were observed and there was 

no direct correlation between air-water ratio and distance 

to hydraulic grade line. 

For single phase flow in pipes, the hydraulic 

grade line is defined as that line which is always a dis-

tance (pi Pg + Z) vertically above a horizontal datum, or 

at a distance (v2/2g) below the total energy line. For flow 

dovm a vertical tube, the distance from the tube inlet to 

2 the hydraulic grade line should be given by (V /2g), which 

suggests that for spiral entrance there is a direct corre-

lation between the air-water ratio and a Froude Number of 

the liquid. Because it is not very clear from the work of 

Laushey and Mavis how the distance to the hydraulic grade 

line has been measured or de~ermined, no significant con-

clusions can be drawn from their study at this time. The 

relationship obtained for spiral flow was given by 

(1.3) 

where Y is the distance in feet from the pipe inlet to the 

hydraulic grade line. 
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No method of calculating or predicting the amount 

of vapour which can be entrained by a liquid flowing down 

a vertical pipe has ever been presented in the literature, 

and reliance has been placed on experimental models as a 

means of predicting flows. 

The problems of scaling up air measurements taken in 

the models are still unsolved in spite of the many attempts 

which have been made. Two references on the subject are the 

works of Hall(7) and peterka~8) 

Hall described the modelling of the drop shaft at 

the San Pablo dam in which the air flow was quite different 

from that in the model. Peterka reported that a 1:21.5 model 

of the Hearte Butte bellmouth spillway underestimated the 

air-water ratio by a factor of four, although it accurately 

predicted the water flow.More recently, the Hydraulics 

Research Station, Wallingford tested three models of a ver-

tical drop shaft to scales 1:10, 1:20, and 1:30 in an attempt 

to relate air entrainment with model scale, but no general 

result emerged from the work. This lack of success was reported 

by Binnie and Simms(9) who, in an attempt to test an hypothesis 

suggested by Williamson and Naylor among others, measured air 

entrainment by flowing water under reduced atmospheric pressure. 
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Williamson(lO} and NaYlor(ll} had suggested that 

more accurate modelling of air entraining flow might be 

possible if the ambient pressure was reduced in conformity 

with the linear scale, thus maintaining the absolute pressure 

on an air bubble correctly. Binnie and Simms, however, con

cluded from their study that any attempt to predict air 

entrainment from measurements from a model at reduced ambient 

pressure would be even more inaccurate than the normal at

mospheric pressure models. They noted that the effect of 

reducing the ambient pressure from atmospheric pressure (30 

inches of mercury) to 2 inches of mercury was to reduce the 

air discharge by about one-sixth, while there was no effect 

on the head-discharge relationship. 
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2 DYNAMICS OF VAPOUR ENTRAINING FLOW 

2.1. Flow regimes in downward vertical pipe flow 

When a liquid flows down a. vertical pipe which is 

initially empty, different flow regime~ exist. On the basis 

of experimental evidence, these regimes can be simply des

cribed as 

(i) simple weir flow, 

(ii) vapour entraining flow, and 

(iii) full pipe flow. 

The existence of different flow regimes for flow down a 

vertical pipe has been suggested by Binnie(12) and it is 

reasonable to expect that transition from one regime to 

another is not a definite phenomenon. 

A typical head-discharge curve shOwing the possible 

flow regimes is presented in Figure (2.a) and it indicates 

that there is some minimum liquid flow rate required before 

vapour is drawn down the pipe. The existence of regime (i) 

has been postulated on the basis of experimental evidence, 

since it has been observed from the experimental results 

available (References (4), (8) and the present study) that 

graphs of air flow again~t liquid flow do not pass through 
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the or.!. gin. 

Regime (i), which corresponds to very low head/ 

liquid flow rates, should be only a very minor effect in 

the overall picture; but no conclusive reasons for the 

existence of the regime can be suggested here. For in-

creasing liquid flow rates, vapour is entrained until 

the pipe flows full of liquid, at which pOint there is a 

sudden rise in the head-discharge curve, as indicated in 

Figure (2.a). At liquid flow rates approaching that required 

to fill the pipe, entrainment of vapour becomes unsteady and 

the whole vapour entrainment becomes even more complex in 

this transition region. 

After the pipe starts to flow full of liquid, 

~urther increase in the head of liquid above the pipe en-

trance does not appreciably increase the rate of discharge. 

In this regime, the head-discharge relationship is simply 

that for ordinary pipe flow with a sharp-edged entrance. In 

some cases, if the pipe is short, the liquid flow springs 

from the wall leaving an air space between the wall and the 

liquid and emerges as a glassy Jet. 

Anwar(13)and Kalinske(4) have measured coefficients 

of discharge for the full pipe flow regime. A suitable value 
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of this coefficient lies between 0.5 and 0.61 for drain 

pipes, i.e., pipes connected flush with a horizontal surface, 

while for overflow pipes the value is 0.7. 

2.2. The vapour entraining flow regime. 

When the liquid level in a tank, to which a vertical 

outlet pipe is connected, is lowered, a dimple forms on the 

surface of the liquid. If the tip of the dimple reaches the 

mouth of the outlet pipe, the vapour above the liquid will be 

drawn down into the outlet pipe. 

In some cases, this dimple grows into a vortex, 

longitudinal in shape and with radius decreasing in the di-

rection of the outflow opening. The vortex usually pulsates 

as the tip comes near to the entrance of the outlet pipe and 

entrainment of vapour should begin when the tip of the vortex 

passes the point of greatest contraction of the Jet in the 

top of the outlet pipe. Entrainment of vapour is usually ac-

companied by clearly audible sounds, and, for a given discharge 

of liquid from a tank, should begin at a definite level in the 

tank. 

( , 
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The liquid level at which air entrainment starts 

has been investigated experimentally and theoretically by 

(14) (15) 
Harleman et al., Lubin and Springer and Gluck et 

al~16) It is interesting to note that, even though Lubin 

and Springer made no reference to the work of Harleman et 

al., the agreement between the two studies is good. A typ-

ical flow arrangement is shown in Figure 2.B. and a brief 

summary of the above studies(14), (15), (16) is presented 

below. 

Harleman et ale investigated a system with a well 

defined interface between liquids of similar viscosities 

but different densities. On the basis of inviscid, incom-

pressible, irrotational flow, the analytical expressions 

developed were: 

= g( / - ft/~) 

Vc = 4QL /1iD2 

Vcl(gl ho )O.5 = 3.20 k(ha/D)2 

(2.1) 

(2.2) 

(2.3) 

From the experiments, k was found to be a constant equal 

to 0.64 and the final expression presented by Harleman et 

ale was 

= (2.4) 
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Figure 2·e Vapour entrainment just started 
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Liquid-liquid and air-water systems were inves-

tigated by Lubin and Springer and the relationship be-

tween ho and liquid flow rate was given by 
'. 

(helD) = 0.69 [Q~ /(1 - ~/~ ) gD5] 0.2 (2.5) 

where 0.69 was the constant determined from the experi-

mental results. 

By using equations (2.1) and (2.2), equation 

as obtained by Harleman et al., reduces to 

= 0.83 ~L2/(1 - e/~ ) gn5 JO.2 (2.6) 
The agreement between the results of Harleman et 

ale and those of Lubin and Springer is obvious from the 

form of equations (2.5) and (2.6). 

Gluck et ale were concerned with determining the 

relationship between gas ingestion height and other para-

meters of flow. The gas ingestion height is defined as the 

height of liquid in the tank at which gas is first drawn 

down the outlet pipe by the flowing liquid, and is there

fore equivalent to ho in equations (2.5) and (2.6). 
Gluck et ale observed that, even in the absence 

of swirl of the liquid, the phenomenon of gas ingestion 

occurs, and, on the basis of their experimental results, 
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suggested a relationship for the gas ingestion height of 

the form 

2 0.29 
(ho / D) = 0.43 tanh (1.3Vo /gD) 

where Vo = interface velocity of the liquid in the tank. 

The usefulness of equation (2.7) for giving an 

operating estimate of the minimum height of liquid in a 

tank is limited since Vo is not usually or easily measured. 

Equations (2.5) or (2.6) are more useful for providing such 

an estimate; but, since the experiments(14)ShOW tha~ there 

is a marked influence of liquid surface disturbances on the 

value of ho' the value of liquid height predicted by equations 

(2.5) or (2.6) will be the lowest possible height which should 

be maintained if gas is not entrained. 

2.3. Prediction of full pipe flow. 

As discussed in Section 2.1, vapour is entrained 

by the flowing liquid unless the pipe flows full of liquid. 

The liquid flow rate at which the pipe first flows full, 

therefore, represents the upper limit of vapour entrainment 

and should be a useful parameter for the flow. 

By assuming that, when the pipe flows full there is 

negligible swirl, a simple method for calculating the liquid 
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flow rate for full pipe flow can be developed. 

For a pipe flowing full of liquid: 

Total head loss = exit + entrance losses + friction loss (2.8) 

entrance loss = Ci • v2/2g (2.9) 

exit loss = Co • v2/2g (2.10) 

4f 2 
(2.11) friction loss = • L/D • v /2g 

If hc = height of liquid above outlet pipe when pipe first 

flows completely full, 

QLF = liquid flow rate when pipe first flows full. 

Total head loss = hc + L (2.12) 

(hc + L) = (Ci + 4f • 41D + Co) v2/2g (2.13) 
From the data of Kalinske(4) and Anwar(13) a reasonable , 
value for Ci = 0.55. 

C = 1 0 and, since hc + L ~ L, i.e. hc «L 

(1.55 + 4f 2 
(2.14) L = • L/D) v /2g 

ReF = 
4 PL QLF (2.15) 
Tt f'rP 

From (2.14), f = ggQ 1·55D (2.16) 
4v2 4L 

f . 2gn3 
(2.17) • • = eL 1 1.55D • 

2 2 4L 2 f"L ReF 



-23-

For flow in circular pipes, Drew(17) has derived a relation

ship between friction factor and Reynolds number of the form 

f 
-0.32 

= 0.0014 + 0.125 Re (2.18) 

Solving equations (2.17) and (2.18) will, therefore, give 

the value of the Reynolds number at which the pipe first 

flows full (ReF). Equations (2.17) and (2.18) are non-linear 

and a graphical method was used to solve the equations. 
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2.4. Semi-theoretical analysis of flow. 

Since the amount of vapour entrained by a flowing 

liquid must be an indication of the amount of momentum 

transferred from the liquid to the vapour, a complete analysis 

of the velocity profiles in the liquid would be required to 

give a fundamental explanation of the phenomenon. 

The liquid supply line and inlet tank in Kalinske1s 

experimental apparatus had been designed to eliminate swirl 

in the liquid as it flowed into the outlet pipe; but it was 

observed that vortex flow developed in all cases except those 

where the pipe was very short (2 feet or less). In the study 

described in this thesis, a design for eliminating swirl, 

which was different from the flow arrangement of Kalinske, 

was adopted; but again vortex flo\,l developed in all the cases 

studied. Haindl~18) in his study of the contribution of a 

vortex to air entrainment, concluded that general movement 

of the liquid surface may be enough to cause a circulation 

impulse which would result in a vapour entraining vortex. 

From these observations, one would conclude that, under con-

ditions of vapour entrainment, some sort of vortex flow will 

al\,lays exist at the top of the pipe. 



-25-

The formation of a vortex is a complex phenomenon 

and all of the factors necessary to achieve a complete 

theoretical analysis have not been fully explained, even 

though many theoretical studies(27-30 ) have been made; but, 

as shown in the work of Anwar~19) the results of many of 

these studies of vortex flow are not directly applicable to 

systems such as the one being investigated. Because of the 

obvious complexity of the flow, a satisfactory theoretical 

analysis was not possible in this study and, instead, an 

attempt has been made to present the graphical relationships 

between the experimental measurements and some of the usual 

parameters of flow systems. It has been observed that the 

entrained vapour flows in the central core of the pipe, while 

the liquid flows as a thin film along the walls of the pipe 

and, therefore, a theoretical analysis of the annular flow 

regime in the pipe has been attempted. 
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2.4.1. Estimation of size of air core. 

The existence of a universal velocity distribution 

+ + equation in terms of two parameters u and y , which are 

defined in equation (2.19), has been suggested by Von Karman(20) 

and verified by the data of Nikuradse~21) On the basis of the 

experimental results of Nikuradse, expressions for velocity 

distribution for full pipe flow, as given in equations (2.21) 

to (2.23), have been developed. 

It has been argued(22) that, in the case of annular 

two phase flow, the liquid in the film below the interface is 

unable to distinguish between an adjacent shear which has been 

transmitted ultimately from a liquid or gas source moving as a 

center core. Dukler and Bergelin(22) further argued that, if 

one imagines that the gas core is replaced by a liquid stream 

moving with such a velocity distribution that the interfacial 

shear is unchanged, it seems reasonable to apply equations 

(2.21) to (2.23) to the liquid film flowing along the wall, 

as long as the remaining conditions under which those equations 

were deve19ped were not violated. In pipes flowing full, 

velocity gradients in the turbulent core are not large and, 

therefore, equations (2.21) to (2.23) would be inaccurate in 
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describing falling films with large interfacial shear. As 

a result of such considerations, workers in two phase flow, 

such as Dukler and Bergelin(22), Anderson and Mantzouranis(23 ), 

and LeVy(24), have used equations (2.21) to (2.23) to des-

cribe the flow in liquid films, and have obtained reasonable 

correlations for their experimental results. 

In order to obtain some estimate of the size of the 

air core in the present study, it will be assumed that the 

velocity distribution in the liquid film can be represented 

by the equations (2.21) to (2.23). In the present system, 

movement of the air results from the momentum transferred 

from the liquid to the air as the liquid flows into the top 

of the tube. If it is postulated that the air is accelerated 

from rest to some average velocity in the top of the tube 

and flows down the tube without being further accelerated to 

any appreciable degree, we can define the motion of the liquid 

film by a balance between shear force at the wall and the 

gravitational force on the liquid. On the basis of these pos-

tulates, a value for the diameter of the air core can be ob-

tained by the analysis \,Thich follows. 

+ + The parameters u and yare defined in terms of a 
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* characteristic velocity u , called the friction velocity, 

which is related to the wall shear stress by equation (2.24). 

+ u = 

y+ = 

For ° « y+ 

+ 
u = 

For 5 <y 
+ 

u+ = 

For 30 <. y+ 

+ u = 

* u = 

u/u * 

PLyu*/ fCL 

~ 5, 

+ y 

<. 30, 

5.0 In y+ - 3.05 

+ 
L.. Yi , 

5.5 + 2.5 In Y + 

( 7:w/ f'L)0.5 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

Since y is the distance in the film measured from the wall 

of the pipe, 

Y = R - r 

The volumetric liquid flow rate is given by 

R - S ru dr (2.26) QL = 2 It 

ri 

dr = --dy (2.27) 

When r = R, Y = 0, and when r = ri, Y = Yi· 

• 2U [1 (R - y) u*u+ dy • • QL = (2.28) 
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Substituting equation (2.20) in equation (2.28), the 

expression for liquid flow becomes 

27fA 
* 1)2 

u I L 

where Y is the value of y+ at the interface. 

(2.29) 

Since u+ is a different function of y+ for different ranges 

of values of y+, a single expression for QL is not obtained, 

as suggested in some previous publications (22) (23) • Instead, 

liquid flow rate is given by the equations (2.30) to (2.32) 

within the limits indicated. 

For Y <5, 

QL 2 TrR .)tL y2 - 2 = 2 II jlL 
• 

fL 2 * fL2 u 

For 5 (y <30, 

For Y > 30 

QL = (21tR PL / PL)(2.5 lnY + 3.0Y - 64.04) 

- (2ft Jlt2/u* f'L2)(1.25y2 lnY + 2.l3y2 

y3 
(2.30) 

3 

(2.32) 
- 573.2) 
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For steady state flow of the liquid, considering 

that the interfacial shear has negligible influence on the 

liquid film as discussed on page 27, and that the pressure 

in the inlet tank and at the bottom of the pipe is atmos

pheric, 

Gw = fL g( R2 - ri 2)/2R (2.33) 

• From equation (2.24) , • • 

* ( g (R2 _ ri2)/2R )0.5 u = (2.34) 

From equation (2.20) , 

y = (2.35) 

From equations (2.34), (2.35) and either (2.31), (2.32) or 

(2.33), a relationship between QL and r i is now avail

able. Because of the obvious non-linearity of the equation, 

which would result by combining the equations (2.31) to 

(2.35), no attempt will be made to solve such an equation 

directly but, instead, values of QL, ri ~dll be generated 

to provide a plot of ri against QL from which the size 

of the air core, corresponding to each experimental liquid 

flow rate, can be determined. A typical plot, as obtained 

from water, is presented in Figure (2.1). 
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Dukler(26) has presented a theoretical analysis 

for a liquid film flo~dng down a vertical tub~, in which 

he defines a parameter f3 which characterizes the 

interfacial shear. 

If f3 in this case is defined by 

~= ( fAD / fL) (g, ( f'L / I'L)2)0.33 (2.36) 

values of ReL and (da/D) can be calculated for the different 

values of ~ for each system studied. These values of f3 
are shown in Table (2.1), and a plot of (da/D) against 

liquid Reynolds number (ReL) has been presented in Figure 

(2.2). 

TABLE 2.1 

Liquid Pipe diameter (ins.) # 
Water 2.0 1.31 

1.5 0.98 

1.0 0.65 

Sugar Solution 1 2.0 0.55 

1.5 0.41 

1.0 0.27 

Sugar Solution 2 2.0 0.45 

1.5 0.34 

1.0 0.22 



32 

GRAPH OF da/D vs QL 
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2.5. Dimensional analysis of flow. 

2.5.1. Using the more general dimensionless groups. 

Since the equations describing the flow in the 

present system are too complex to be solved b~ normal 

methods, an attempt will be made to use dimensional analysis 

to indicate either the possible relationships between the 

variables involved or the dimensionless groups which might 

provide correlations for the experimental results. By con-

sidering the important variables in the system, the air 

flow should be given by 

In the systems studied, ~, 

and equation (2.37) reduces to 

fA, L were always constant 

where Kl can now be considered to include 

There are 7 variables, and 3 fundamental dimensions (mass, 

length, time). Therefore, there should be 4 dimensionless 

groups necessary to describe the system. 

By using either the Rayleigh method or the 
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Buckingham Pi method, it is theoretically possible to 

derive dimensionless groups involving the variables in 

equation (2.37). Some of the more familiar groups, invol-

ving the above quantities, are the Reynolds number, the 

Froude number and the Film number (KF)(25), and, using 

these groups, a possible relationship can be suggested. 

By definition: 

Reynolds number, ReL = 4 PL QL / 7T Pr.P (2.39) 

Froude number, FrLT = 
1 

VLT / (gD)"2 (2.40) 

Film number, KF = gA-~/ fl t:1i..a. (2.41) 

VAT = (4QA / 7TD2) (2.42) 

1 
4QA / 7TD2(gL)t FrAT = VAT / (gL)"2 = (2.43) 

ReAT = (4 ~QA / 71 /'-A D) (2.44) 

• 
• • possible functional relationships for the air flow may be 

KF) = o (2.44a) 

or, since in this case PA' ;UA' L are all constant, the 

functional relationship may be given by 
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The Film number (KF), values of which are shown 

in Table 2.2, simply represents the physical properties of 

the liquids and, since only three liquids were tested, the 

Film number (KF ) must be considered a minor correlating 

group. It should be possible to obtain a relationship 

between air flow and liquid flow by plotting graphs invol

ving the groups in equations (2.44a).and (2~44b). 

TABLE 2.2 

Liquid Film number (KF) 

Water 1.37 x 10-11 

Sugar Solution I 5.48 x 10-9 

Sugar Solution 2 1.40 x 10-8 

Graphs of FrAT and ReAT vs ReL have been presented 

in Figures (A.I) to (A.4) for some of the experimental data, 

and show that all the experimental data cannot be adaquately 

correlated by a single curve by the use of such groups. 

Figures (A.l) to (A.4) indicate that, even if the liquid 

Reynolds number (which includes the major physical properties 

of the liquid) 1s specified, the resulting air flow will not 

be uniquely specified by the Froude or Reynolds number of the 

air. 
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These graphs may be considered to be plots of 

FrAT or ReAT vs ReL, having ~ as a parameter where, 

for each air-liquid system, the family of curves is ad-

equately represented in terms of the 13 parameter. The 

lateral spread between the curves for the air-water system 

and the air-sugar solutions systems may be considered due 

to variation in the value of KF. From Figure (A.4), it is 

seen that the experimental data for the two sugar solutions 

may be represented by graphs having ~ as a parameter 

(except for the curve for solution 2 in the 2-inch pipe), 

thus indicating that the effect of the film number KF is 

not appreciable in the case of the sugar solutions. 

2.5.2. Using the size of the air core. 

When using dimensional analysis to obtain a pos-

sible relationship between a dependent variable and several 

independent variables, the task is often simplified if a 

functional relationship between some of the dependent 

variables and any second variable or variables, on which 

the dependent variable must depend, can be found. In this 

case, the air flow must obviously depend on the size of the 

air core in the pipe. Reynolds or Froude number, based on 



-38-

the diameter of the air core, should, therefore, be more 

representative of the air flow than FrAT or ReAT, and 

new dimensionless numbers can be defined. 

By definition, 

ReA = (4 fAQA / 71 PAda) (2.45) 

1 

FrA = VA /(gda )2 (2.46) 

2 (2.47) VA = (4QA / 7T da ) 

1 

FrL = VL / (gD)2 (2.48) 

• • possible functional relationships for the air flow are 

= 0 (2.49) 

or, since L, FA' ftA are constant for all the experiments, 

we may write 

= 0 

Graphs of ReA vs ReL have been presented in Figures (A.5) 

and (A.6), but such plots show no significant improvement 

over the correlation obtained in Figures (A.I) to (A.4), and 

show that there is no unique relationship between ReA and 

ReL• 
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2.5.3. Using the velocity of liquid at the interface. 

The groups suggested in equations (2.45), (2.46), 

(2.49) and (2.50) do not give a sufficiently general cor-

relation for air flow and a more fundamental parameter of 

the flow system might give an improvement over the preceding 

attempts. The air flow is the result of transfer of mGmentum 

from the liquid to the air across the liquid-air interface 

and, therefore, a group involving the liquid interface 

velocity might be useful in explaining the experimental 

data. An interface velocity can be calculated from equations 

(2.21), (2.22) or (2.23) and a possible method of correlation, 

based on the liquid interface velocity, can be suggested by 

the simple analysis which follows. 

Momentum of air leaving tube, = 

If we say that an ideal amount of momentum is transferred 

when the average velocity of air = Vi / 2, then ideal 

amount of momentum transferred (MI) will be given by 

= 



-40-

• 
• • an efficiency of momentum transfer 

= = 

By definition, = 

(Em) can be defined 

(2.54) 

(2.55) 

It seems reasonable that Em' and hence (VA Ivi ), should 

be a function of ReI' ReL' etc. and, therefore, plots 

involving (VA I Vi )2, Rer, ReA' ReL could possibly 

provide a general correlation method for the experimental 

data. Graphs using these groups have been presented in 

Figures (A.7) and (A.8). These graphs again indicate that 

there is no unique relationship between air flow and liquid 

flow rate, and that, in order to predict the air flow rate 

at a given liquid flow rate, other parameters (at the present 

unknown) will have to be specified. 

2.5.4. Using other methods. 

It seems likely that, as the air core becomes 

smaller, there is greater resistance to flow. This could 

be due to disturbances of the liquid surface and, by analogy 

with pipe roughness in single phase flow, will be considered 

as a first approximation to be given by k2 (D - da)/dao 
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If we assume that the air flow can be represented by 

then kl and k2 can be determined by a method of least 

squares. Typical results as for air-water data in a 2.0 inch 

pipe are shown in Table (A.13) and show that equation (2.56) 

is not suitable for correlating the experimental results. 

Any equation describing the air flo\,1 should satisfy 

two conditions: 

(i) air flow is zero for approximately zero liquid flow. 

vlhen QL = 0, QA = 0 (2.57) 

(ii) when pipe flows full of liquid, air flo\,1 is zero. 

When QL = QLF' QA = ° (2.58) 

One possible equation for air flow is, therefore, 

An indication of the su!tability of equation (2.59) would 

be the accuracy with which it fits the experimental data. 

The experimental results have been expressed in this form 

by a multiple linear regression analysis and the values of 

a, b, and c, as well as the accuracy of fit determined. 
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Equation (2.59) has been found to fit the experimental 

results reasonably well, but no general conclusions can 

be drawn concerning the dependence of a, b, and c on 

the parameters of the system. The values of a, b, and c 

are shown in Table (A.14). 
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3 DETAILS OF EXPERIMENTS 

3.1. Introduction. 

The experiments were carried out to determine the 

amount of air entrained by liquids of different physical 

properties flo~dng down pipes of various diameters. 

The pipes, which were made of a transparent plastic, 

were all 12 feet in length and were of diameters 1.0, 1.5 

and 2.0 inches. The flowing liquids were water and two sugar 

solutions of viscosities 386 and 4.7 centipoises. 

3.2. Description of apparatus. 

The experimental equipment, in which the liquid 

flows in a closed cycle, is shown in Figure (3.A). 

Liquid from the storage tank (t) was supplied to 

the inlet tank (i) by the centrifugal pump (p), and measured 

by an orifice plate incorporated in a 1.5 inch-diameter 

vertical tube. For precise measurement over a large range 

of liquid flows, two different sizes of orifices were used. 

The orifice plates, which were connected to a mercury mano-

meter, were of diameters 0.5 and 0.992 inches and were 



-44-

calibrated using the calculation method described in (31 ). 

The inlet tank was a completely sealed rectangular 

box of dimensions 16" x 16" x 6", made of clear acrylic 

plastic. Liquid was introduced into the tank through a 2-

inch diameter opening in the side of the tank, and the 

outlet, to which pipes of different diameters could be 

attached, was centrally placed in the bottom face of the 

tank. 

A U-tube manometer em), using water or a light 

oil as the fluid, was connected to the inlet tank and was 

used to give an indication of the air pressure in the tank. 

One arm of the manometer was always open to the atmosphere 

and, therefore, the pressure indicated by the manometer was 

always relative to atmospheric pressure. 

To eliminate s~drl and obtain symmetrical flow of 

liquid into the test pipe, a system of baffles was attached 

to the inside bottom face of the tank. 

The system, which was symmetrical about the outlet, 

consisted of four baffles, each 12" in length and 4" high, 

arranged in the form of a rectangle plus a circular baffle 
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7" in diameter and 2.5" high. As the liquid entered the 

tank, it flowed over the rectangular baffle arrangement 

and then over the circular baffle before entering the test 

pipe. 

This design effectively eliminated swirl in the 

liquid as it flowed into the top of the tube and was 

effective in reducing the momentum of the liquid when it 

entered the tank. 

The air, which was available at 100 - 120 psig, 

was supplied to the inlet tank via two pressure regulators. 

The first regulator was capable of a delivery pressure of 

2 - 6 psig, while the second regulator could be manually 

controlled to maintain atmospheric pressure in the inlet tank. 

The air flow was measured by a Precision Wet Test 

Meter(W.T.M.) and/or two Lo-Flow gas rotameters(rl, r2)' 

which were connected in a parallel flow arrangement. When 

using the Wet Test Meter to measure gas flow, the pressure 

of the flowing gas is always indicated by the water manometer 

which is an integral part of the device. It was, therefore, 

quite simple to maintain a close check on the air pressure 

in the inlet tank. 
i 
.~ -' 
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3.3. Experimental method. 

To take a measurement, the liquid flow rate was 

set to the required value by adjusting the globe valve in 

the ou~~et line from the centrifugal pump, and air was 

supplied to the inlet tank at such a rate as to maintain 

the air pressure in the tank at atmospheric. 

Since one arm of the manometer (m) was open to 

the atmosphere, the pressure in the tank is atmospheric 

when the liquid level in each arm of the manometer is the 

same. In the apparatus, the bottom of the test pipe was 
,-

I always exposed to atmospheric pressure, and the air was 

supplied to the inlet tank at atmospheric pressure. The 

measured amount of ... air supplied to the tank must be the 

amount of air which is entrained by the flowing liquid. 
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TABLE 3.1 

Physical data for systems investigated 

Pipe length = 12.0 ft. 

Pipe diameters = 1.0, 1.5, 2.0 inches 

Gas: Air 

Density = 0.075 Ibm/ft3 

Viscosity = 0.018 centipoise 

Physical properties of liquids 

Liquid Densit3' Surface tension Viscosity 
(lbm/ft ) (dynes/em) (cps) 

water 62.l~ 72.0 0.85 

Sugar Solution 1 66.14 65.7 3.6 

Sugar Solution 2 69.26 67.5 4.7 
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TABLE 3.2 

Liquid Water 

Pipe diameter 1.0 inch 

Liquid flow rate Air flo\,1 rate 
(ft3/sec) (ft3/sec) 

0.0050 0.00236 

0.0066 0.0050 

{ 
0.0090 0.00841 

0.0115 0.00972 

0.0135 0.0108 

0.0150 0.0110 

0.0165 0.0110 

0.0190 0.0111 

0.0210 0.0115 

0.0223 0.0112 

0.0287 0.0116 

( 
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TABLE 3.3 

Liquid Water 

Pipe diameter 1.5 inches (0.125 ft) 

Liquid flow rate Air flow rate 
(ft3/sec) (ft3/sec) 

0.00625 0.00533 

0.00975. 0.00929 

0.01175 0.0100 

0.0130 0.0106 

0.0136 0.0105 

0.0150 0.0110 

0.0176 0.0107 

0.0200 0.0108 

0.0230 0.0107 

0.0285 0.0108 

0.0310 0.0108 

( 
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TABLE 3.4 

Liquid Water 

Pipe diameter 2.0 inches 

Liquid f10\,1 rate Air flow rate 
(ft3/sec) (ft3/sec) 

0.0075 0.00492 

0.0095 0.00713 

0.0122 0.00899 

0.0140 0.0100 

0.0150 0.0102 

0.0200 0.0108 

0.0250 0.0112 

0.0285 0.0114 

0.0310 0.0109 

0.0340 0.0102 

0.0370 0.00938 

( 
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TABLE 3. 

Liquid Sugar Solution 1 (Sl) 

Pipe diameter 1.0 inch 

Liquid flow rate Air flo\,l rate 
(ft3/sec) (ft3/sec) 

0.0080 0.00710 

0.0095 0.00747 

0.00975 0.00722 
, " 

I 
0.00936 0.0120 

0.0140 0.0108 

0.0142 0.0106 

0.0153 0.0110 

0.0173 0.0111 

0.0185 0.0112 

0.0197 0.0112 



-55-
{ 
'-

TABLE 2.6 

Liquid Sugar Solution 1 

Pipe diameter 1.5 inches 

Liquid flow rate Air flow rate 
(ft3/sec) (ft3/sec) 

0.0060 0.0023 

0.0085 0.0048 

0.0103 0.0055 

0.0140 0.0067 

0.0158 0.0071 

0.0173 0.0080 

0.0180 0.0079 

0.0198 0.0077 

0.0210 0.0079 

0.0275 0.0084 

0.0300 0.0086 

( 
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TABLE 3.7 

Liquid 81 

Pipe diameter 2.0 inches 

LiqUid
3

flOW rate 
(ft /sec) 

Air flow rate 
(ft3/sec) 

0.0060 0.00 

0.0098 0.0038 

0.0108 0.0042 

0.0143 0.0054 

0.0173 0.0062 

0.0210 0.0063 

0.0275 0.0072 

0.0295 0.0069 
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TABLE 3.8 

Liquid Sugar Solution 2 (S2) 

Pipe diameter 1.0 inch 

Liquid f1ow.rate Air flow rate 
(ft3/sec) (ft3/sec) 

0.0075 0.0060 

0.0091 0.0074 

0.00975 0.0083 

0.0125 0.0100 

0.0158 0.0109 

0.0170 0.0110 

0.0190 0.0113 

0.0208 0.0111 

( 
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TABLE 3.9 

Liquid 32 

Pipe diameter 1.5 inches 

Liquid flow rate Air flow rate 
(ft3/sec) (ft3/sec) 

0.0103 0.0050 

0.0123 0.0064 

r" 

I 0.0130 0.0064 

0.0173 0.0086 

0.0188 0.0088 

0.0195 0.0087 

0.0207 0.0087 

0.0243 0.0088 

0.0263 0.0090 

( 
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TABLE 3.10 

Liquid 82 

Pipe diameter 2.0 inches 

Liquid flow rate 
(ft3/sec) 

Air flow rate 
(ft3/sec) 

0.0100 0.0041 

0.0108 0.0050 

! 0.0120 0.0062 
';, 

0.0130 0.0071 

0.0145 0.0085 

0.0203 0.0099 

0.0223 0.0100 

0.0225 0.0100 

0.0255 0.0103 

0.0345 0.0093 

0.0375 0.0086 

( 
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4 RESULTS AND DISCUSSION 

The experimental results have been presented as 

graphs of air flow, QA, versus liquid flow, QL in 

Figures (3.1) - (3.3) and in the form QA / QL versus QL 

in Figures (3.4) - (3.8). 

The graphs of QA vs QL show that, for a given 

siz·e of pipe, there is a maximum amount of air which can 

be entrained, after which there is a decrease in air flow 

for increasing liquid flows. Theoretically, the air should 

decrease until it reaches zero when the pipe is flowing 

full of liquid. In this study, it was not possible to 

verify this experimentally because, at liquid flow rates in 

the range required to fill the pipes, the flow behaviour 

was so unsteady that any meaningful air flow measurements 

could not be taken. 

At liquid flow rates in excess of those shown on 

the graphs, the following flow was observed. 

(i) The tip of the vortex reached the mouth of the outlet 

pipe; and air was steadily entrained as indicated by the 

manometer on the inlet tank. 

(ii) Suddenly, and without any change having been made in 

the liquid flow rate, the tip of the vortex no longer 
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reached the mouth of the outlet pipe, but remained a 

short distance above it and air entrainment ceased. 

(iii) Again without any change in liquid flow rate, the 

tip of the vortex necked down to the mouth of the 

outlet pipe and the whole sequence repeated itself. 

The time taken for a complete cy~le, steps (i - iii), 

varies, and air entrainment becomes a very unsteady process, 

as shown by the oscillation of the liquid levels in the 

manometer on the inlet tank. No actual measurements of 

either the length of cycle or air flow could be taken during 

this phenomenon. 

This appearance, disappearance of the air core means 

that the height of liquid in the tank is now approaching the 

value hc (as predicted by equations (2.5 - 2.7) and also 

indicates a transition from one flow regime to another in 

the pipe. The flow in the pipe at this time is no longer 

simple annular, and intermittent slugs of air travel down 

the pipe with the liquid. Air entrainment in this slug flow 

regime is now unsteady and, even though it was not actually 

measured, appears to be considerably reduced. 

The onset of this unsteady process and, in general, 

the amount of air entrained seem to be a very strong function 
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of the geometry of the flow system. This is suggested on 

the basis of a comparison between the experimental results 

of this study and the work of Kalinske, as shown in Figure 

(3.9)~ For example, by considering his experimental results 
. . 

for a pipe of length 13.1 feet and diameter 0.144 feet, it 

is seen that there was measurable air entrainment well in 

excess of the amount in this study, and at liquid flow rates 

much higher than those at which the unsteady process started 

in this study. 

The graphs of QA /QL versus QL show that the 

maximum air-water ratio occurs at very low liquid flow rates 

which is in qualitative agreement \lith the work of Kalinske. 

other similarities between the two studies were the formation 

of a weak vortex at the top of the test pipe and the existence 

of subatmospheric pressures in the inlet tank. As in Kalinske1s 

experiments, the liquid flowed as a film along the pipe walls 

(up to certain liquid flow rates) with the air in the centre 

of the tube but, in contrast to his observations, the liquid 

was not filled with small air bubbles. 

From Figure (3.9), it is observed that there are sig-

nificant differences between the experimental results of 

Kalinske and this work. The basic principles and tecniques of 
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flow measurements for the two studies were the same, but 

the dimensions and design of the experimental apparatus 

were different. Kalinske studied flow from a cylindrical 

tank of diameter 6 feet and height 2.5 feet, while the tank 

dimensions for this study were 16 11 x 16" X 6" , the tank in 

each having been designed to eliminate swirl of the liquid 

in the tank. The observed difference between the two sets 

of experimental data could, therefore, be another indication 

of the unresolved difficulties involved in the scale up of 

air flow measurements taken in a model as previously dis

cussed in References (7 - 9). 

The graphs of air flow versus liquid flow indicate 

an apparent anomaly since, in each case, the results for the 

air - solution 2 system fallon a curve which lies between 

the curves for water and sugar solution 1. The values of ~ 

(as defined by equation (2.36)), or any group characterizing 

the physical properties considered here, do not follow such 

a pattern and no reasonable explanation for this apparent 

anomaly can be offered here. 

On the basis of the groups developed in Sections 

(2.5.1) to (2.5.3), attempts were made to find an overall 
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correlation scheme for the experimental results but no 

general correlating function was found. This means that, 

even if a liquid Reynolds number is specified, other 

parameters involving the pipe diameter and liquid prop

erties are required to specify the air flow obtained. 

Graphs showing typical results for these attempts are 

shown in Figures (A.l) to (A.8). 

By assuming that an equation involving three 

constants (equation 2.59) could represent the experimental 

results, it was possible to determine the values of the 

constants as shown in Table A.14. Considering that a mul

tiple correlation coefficient of 1.0 indicates that all the 

experimental points fallon a curve given by equation (2.59), 

it is seen that equation (2.59) fits the experimental data 

reasonably well. The constants a, b, c in equation (2.59) 

do not follow any predictable pattern and no further general 

conclusions can be drawn from these results at this time. 

In Figure A.l, graphs of the Froude number for 

the air have been plotted against the liquid Reynolds number, 

to show the comparison between the results for the air-water 

system and the air-solution 2 system. For each liquid system, 

a different family of curves is obtained, where the data for 
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each pipe diameter falls on a separate curve. 

In Figures (A.2 - A.4), graphs of the Reynolds 

number of the air (based on total pipe cross sectional 

a~ea) have been plotted against the liquid Reynolds number 

to show the comparison between the results for the various 

liquids. Again a family of curves is obtained for different 

pipe diameters in the same air-l~quid system. For any liquid 

system, the curves may be considered to have ~ as a 

parameter,~ but the difference in the curves for water and 

any of the sugar solutions is not completely represented in 

terms of ~ alone. The results for the two sugar solutions 

show that (except for solution 2 flowing in a 2 inch diameter 

pipe) all the experimental data may be represented by a plot 

of ReAT versus ReL with ~ as a parameter. The differ-

ences in physical properties of the sugar solutions (as rep-

resented by KF in Table 2.2) are smaller than the differ-

ences between water and any sugar solution. This could be 

the reason for the lateral spread in the curves for water 

and the sugar solutions. 

In Figures (A.5) and (A.6), ReA has been plotted 

against ReL' These plots do not lead to any more general 

correlation than do Figures (A.2 - A.4), and the comments 
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concerning Figures (A.2) to (A.4) are equally relevant. 

In Figures (A.7) and (A.B), typical plots of ReA and 

(VA / vi )2 versus ReL have been presented. 
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5 CONCLUSIONS 

The main objective of this study was to inves

tigate whether or not the amount of air entrained by a 

flowing liquid could be adequately represented by simple 

dimensionless groups involving the properties of the system. 

The attempts at correlation have been discussed in previous 

sections and show that, at the present, it will not be 

possible to predict the amount of air entrained, using any 

of the methbds outlined in this thesis. Other evidence, con

cerning the extreme difficulty in predicting the amount of 

air entrained by a liquid, has been presented in Reference 

(9). This paper, which was published after the experimental 

work for this thesis had already been started, discussed the 

work of investigators at the Hydraulic Research Station, 

Wallingford. These investigators, in an attempt to relate 

air entrainment to model scale, tested models of air entraining 

structures to scales 1:10, 1:20, 1:30 without any general 

result. The failure to obtain a general correlation by the 

methods of Section 2.5 should not, therefore, be surprising. 

The phenomenon of vapour entrainment must be due 

to the transfer of momentum from the liquid to the air as 

the liquid flows into the top of the tube. A complete analysis 
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of such flow is not possible in this study. The flow in 

the inlet region of the pipe might be strongly influenced 

by the details of each individual system. This is observed 

in the difference between the experimental results of Kalinske 

and this work. 

Suggestions for future work. 

In this study, the amount of air entrained was 

measured by supplying air to the inlet tank to maintain 

atmospheric pressure in the tank. Such a method could not 

allow for the measurement of any pressure drops in the 

entrance region of the inlet pipe. By using a different 

method of measuring the air entrained, future work could 

include 

(i) measurement of pressure gradients over the length of 

the tube, and 

(ii) measurement of size of air core at various pOints in 

the tube. 

The theoretical analysis presented in the Appendix 

to Dukler1s work(26) might be modified to provide other para

meters for describing the flow. 
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NOMENCLATURE 

Meaning 

constants in empirical correlation (eq. 2.59) 

entrance loss coefficient (eq. 2.9) 

exit loss coefficient (eq. 2.10) 

diameter of air core 

pipe diamet~r 

efficiency of momentum transfer (eq. 2.54) 

friction factor 

graVitational acceleration 

graVitational constant (Ibm I lbf)(ft sec- 2) 

head of liquid at which pipe flows full (eq. 2.13) 

head at which air entrainment starts (eq. 2.5) 

constants (eq. 2.56) 

pipe length 

thickness of liquid film 

momentum of air (eq. 2.51) 

ideal momentum transferred to air (eq. 2.53) 

pressure 

air flow (cu. ft. per sec.) 

maximum air flow (eq. 1.2) 
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liquid flow (cu. ft. per sec.) 

flow rate at which pipe flows full of liquid 

radial co-ordinate 

radius of air core 

pipe radius 

velocity in axial direction 

dimensionless velocity component 

friction velocity 

average velocity 

an average velocity of air (eq. 2.47) 

an average velocity of air (eq. 2.42) 

interface velocity of liquid 

mean linear velocity of liquid 

superficial linear liquid velocity 

maximum liquid velocity (eq. 1.1) 

distance in liquid film from pipe wall 

distance from pipe wall to surface of liquid fill 

dimensionless distance parameter (eq. 2.20) 

+ dimensionless value of y at interface 

critical liquid velocity (eq. 2.2) 
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Dimensionless groups 

FrA 

FrAT 

ReAT 

ReA 

ReL 

ReF 

~ 
~ 
~ 

jlp. 

/<1-

C'L 

A, 1':1-

r~ 

f~/1>~ 

Froude number of air (eq. 2.46) 

Froude number of air (eq. 2.43) 

Reynolds number of air (eq. 2.44) 

Reynolds number of air (eq. 2.45) 

Reynolds number of liquid (eq. 2.39) 

Reynolds number at which pipe flows full of 

liquid (eq. 2.15) 

interfacial Reynolds number of liquid (eq. 2.55) 

Film number (eq. 2.41) 

Greek s~bols 

dimensionless number (eq. 2 .~6) 

density of air 

density o£ liquid 

viscosity of air 

viscosity of liquid 

sur£ace tension of liquid 

function definitions (eq. 2.45, 2.49) 

shear stress at pipe wall 

function definitions (eq. 2.49, 2.50) 
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TABLE A.l 

Comparison bet\,leen equations (1.1) and (1.2) and experimental 

results. 

Pipe diameter 1.0 inch 

QL (ft3 /sec) QA (f't3/sec) QA / QAm 

measured measured equations (1.1). (1.2) 

, .~ 

0.0050 0.0024 2.82 i 

0.0066 0.0050 - 2.55 

0.0090 o .008L~ - 2.24 

0.0115 0.0097 - 1.70 

0.0135 0.0108 - 1.47 

0.0150 0.0110 - 1.28 

0.0165 0.0110 - 1.12 

0.0190 0.0111 - 0.93 

0.0210 0.0115 - 0.84 

0.0223 0.0112 - 0.57 
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TABLE A.2 

Pipe diameter 1.5 inches 

QL (ft3/sec) QA (ft3/sec) QA / QAm 

measured measured eguations (1.1). (1.2) 

0.0062 0.0053 0.91 

0.0097 0.0093 1.96 

0.0117 0.0100 2.60 

0.0130 0.0106 3.27 

0.0136 0.0105 3.57 

0.0150 0.0110 5.00 

0.0176 0.0107 14.51 

0.0200 0.0108 - 15.42 

0.0230 0.0107 - 4.13 

0.0285 0.0108 - 1.72 

0.0310 0.0108 - 1.35 
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TABLE A.3 

Pipe diameter 2.0 inches 

QL (ft3/sec) QA (ft3/sec) QA / QAm 

measured measured equations (1.1). (1.2) 

0.0077 0.0049 0.26 

0.0095 0.0071 0.37 

t 
.. - 0.0122 0.0090 0.46 
, 

0.0140 0.0100 0.51 

0.0150 0.0102 0.52 

0.0200 0.0108 0.58 

0.0250 0.0112 0.65 

0.0285 0.0114 0.71 

0.0310 0.0109 0.72 

0.0340 0.0102 0.74 

0.0370 0.0094 0.75 

(i 
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TABLE A.4 

Liquid Water 

Pipe diameter 1.0 inch 

QLF 0.071 ft3/sec 

QpfQL Rer/ReF ReAT FrAT ReA ReL 
x 10-3 

ReI 4 
x 10-

Vi 
(ft!sec) 

2(Vpfvi )2 da 
.!.ill 

0.46 0.007 224 0.022 247 8.35 5.72 6.28 0.07 0.075 

0.83 0.009 474 0.047 534 11.0 6.47 7.11 0.27 0.074 

0.93 0.127 796 0.079 923 15.0 7.30 8.02 0.66 0.072 I 
co co 

I 

0.85 0.162 921 0.091 1090 19.2 8.04 8.83 0.80 0.070 

0.80 0.190 1020 0.101 ]240 22.5 8.54 9.38 0.95 0.069 

0.73 0.211 1040 0.103 1280 25.0 8.88 9.75 0.96 0.068 

0.69 0.232 1040 0.103 1300 27.5 9.23 10.14 0.94 0.067 

0.59 0.268 1050 0.104 1340 31.7 9.79 10.76 0.95 0.065 

0.55 0.296 1090 0.107 1420 35.1 10.10 11.14 1.01 0.064 

0.50 0.313 1060 0.105 1400 37.2 10.40 11.40 0.96 0.063 

0.41 0.404 1100 0.108 1540 47.9 11.50 12.64 1.08 0.060 



,-, 
" 

QpjQL Rer/ReF ReAT FrAT 
- -

0.853 0.032 337 0.022 

0.953 0.050 587 0.039 

0.853 0.060 631 0.042 

0.815 0.067 669 0.044 

0.769 0.070 663 0.043 

0.732 0.077 694 0.046 

0.608 0.090 676 0.044 

0.541 0.103 682 o .Ol~5 

o .46l~ 0.118 676 0.044 

0.379 0.146 6.82 0.045 

t"~~ 
I 

TABLE A.5 

Liquid Water 

Pipe diameter 1.5 inches 

QLF 0.195 rt3/sec 

ReA ReL ReO 
x1_0_-l x 1 -4 

V 
Ct'trsec) 

356 6.95 7.86 5.75 

633 10.8 9.55 6.99 

686 13.1 10.2 7.44 

731 14.5 10.5 7.69 

725 15.1 10.6 7.75 

765 16.7 11.2 8.17 

754 19.6 12.1 8.86 

767 22.3 12.6 9.25 

768 25.6 13.3 9.73 

790 31.7 14.5 10.59 

,-- ~ 

2(V~i)2 d 
(r~) 

0.071 0.118 I 
co 
\.0 

0.157 0.116 I 

0.165 0.115 

0.177 0.115 

0.172 0.114 

0.175 0.114 

0.148 0.112 

0.143 0.111 

0.132 0.110 

0.123 0.108 
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TABLE A.6 

Liquid Water 

Pipe diameter 2.0 inches 

QLF 0.375 ft3/sec 

Q;/QL Rer/ReF 
ReAT FrAT ReA ReL_3 ReI_4 V 2(Vpjvi)2 da lLt7~ect x 10 x 10 (rtJ -

0.635 0.021 233 0.012 243 6.47 10.3 5.65 0.019 0.160 

0.750 0.025 338 0.017 354 7.93 11.2 6.14 0.034 0.159 

0.736 0.032 426 0.021 449 10.2 12.4 6.79 0.045 0.158 I 
\0 
0 

0.714 0.037 474 0.023 501 11.7 12.8 7.05 0.052 0.158 I 

0.679 0.040 483 0.024 512 12.5 13.2 7.23 0..052 0.157 

0.541 0.053 511 0.025 550 16.7 15.1 8.31 0.047 0.155 

0.451 0.067 530 0.026 576 20.9 16.5 9.08 0.044 0.153 

0.401 0.076 540 0.027 590 23.8 17.2 9.45 0.043 0.153 

0.352 0.083 516 0.025 567 25.9 17.9 9.82 0.037 0.152 

0.300 0.091 483 0.024 534 28.4 18.5 10.17 0.031 0.151 

0.253 0.099 444 0.022 494 30.9 19.1 10.51 0.025 0.150 



QpfQL Rer/Re- F ReAT FrAT 
-

0.84 0.118 672 0.066 

0.79 0.140 707 0.070 

0.74 0.143 684 0.067 

0.78 0.176 886 0.087 

0.77 0.206 1020 0.101 

0.75 0.209 1000 0.099 

0.72 0.224 1040 0.103 

0.64 0.254 1050 0.104 

0.60 0.272 1060 0.105 

0.57 0.290 1060 0.105 

TABLE A.7 

Liquid Sugar Solution 1 (SI) 

Pipe diameter 1.0 inch 

3 QLF 0.068 ft /sec 

ReA ReL 
·_lO-~ 

Re~_4 
x l ___ 

Vi 
{ftls_~c) 

791 3.34 1.60 7.01 

847 3.97 1.70 7.48 

820 4.07 1.71 7.51 

1090 5.01 1.84 8.07 

1290 5.85 1.97 8.64 

1270 5.93 1.98 8.69 

1330 6.39 2.03 8.91 

1370 7.23 2,15 9.43 

1400 7.73 2.21 9.68 

1420 8.23 2.26 9.93 

,.1-_ 

2 (VtlVi) 2 da 
(ft) 

0.65 0.071 

0.68 0.070 I 
\0 
f-' 

0.63 0.070 I 

1.01 0.068 

1.30 0.066 

1.25 0.066 

1.33 0.065 

1.34 0.064 

1.37 0.063 

1.37 0.062 
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TABLE A.8 

Liquid 81 

Pipe diameter 1.5 inches 

QLF 0.178 ft3/sec 

QpjQL Rer/Re. F ReI_4 V 2 2 
ReAT FrAT ReA ReL 

(ftrsec) 
(VP!Vi) da 

- .. 10-3 x 10 (ft) 

0.38 0.034 145 0.0095 155 1.67 1.79 5.23 0.017 0.117 

0.57 0.048 303 0.020 329 2.37 2.08 6.08 0.057 0.115 I 
\0 
I\) 

0.54 0.058 347 0.023 381 2.87 2.24 6.56 0.067 0.114 I 

0.48 0.079 423 0.028 472 3.90 2.48 7.27 0.086 0.112 

0.45 0.085 448 0.029 504 4.40 2.60 7.61 0.091 0.111 

0.46 0.097 505 0.033 571 4.82 2.70 7.89 0.110 0.111 

0.44 0.101 499 0.033 567 5.01 2.76 8.08 0.105 0.110 

0.39 0.111 486 0.032 556 5.51 2.85 8.35 0.096 0.109 

0.38 0.118 499 0.033 573 5.85 2.92 8.53 0.098 0.109 

0.32 o .151~ 530 0.035 628 7.66 3.28 9.60 0.099 0.106 

0.29 0.168 543 0.036 648 8.35 3.38 9.88 0.101 0.105 
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TABLE A.9 

Liquid Sl 

Pipe diameter 2.0 inches 

QLF 0.35 rt3/sec 

Q~QL Rer/Re. F ReAT FrAT ReA ReL x 10-3 ReI_4 Vi 2(VWVi)2 da 
x 10 -

0.0 0.017 0.0 0.0 0.0 1.25 2.05 4.50 0.0 0.160 

0.34 0.028 180 0.0089 190 2.05 2.47 5.43 0.013 0.158 I 
\0 
\)J 

I 

0.39 0.031 199 0.0098 211 2.26 2.72 5.97 0.013 0.157 

0.44 0.041 256 0.0126 274 2.99 3.05 6.69 0.018 0.155 

0.36 0.049 294 0.0145 317 3.61 3.27 7.17 0.021 0.154 

0.30 0.060 298 0.0147 325 4.39 3.48 7.64 0.020 0.153 

0.26 0.079 341 0.0168 377 5.74 3.86 8.46 0.022 0.151 

0.23 0.084 327 0.0161 363 6.16 3.99 8.77 0.20 0.150 
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TABLE A. 10 

Liquid 82 

Pipe diameter 1.0 inch 

QLF 0.065 ft3/sec 

QJV'QL Rer/Re 1i' HeAT FrAT ReA ReL 
x 10-3 

ReI_4 
x 10 

Vi 2(VWVi)2 da 

0.80 0.115 568 0.056 667 2.51 1.23 6.71 0.50 0.071 
I 

0.82 0.140 701 0.069 839 3.05 1.32 7.23 0.72 0.070 \0 
+=-
I 

0.85 0.150 786 0.077 947 3.27 1.35 7.38 0.88 0.069 

0.80 0.192 947 0.093 1180 4.19 1.50 8.23 1.20 0.067 

0.69 0.243 1030 0.102 1330 5.29 1.63 8.91 1.38 0.065 

0.65 0.262 1040 0.103 1370 5070 1.68 9.19 1.40 0.064 

0.60 0.292 1070 0.105 1440 6.37 1.76 9.6~ 1.48 0.062 

0.53 0.320 1050 0.104 1440 6.97 1.82 9.98 1.45 0.061 
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TABLE A.ll 

Liquid 82 

Pipe diameter 1.5 in'ches 

QLF 0.177 ft3/sec 

QpfQL Rer/ReF ReAT FrAT ReA Re~·3 x 1 
ReI 4 

x 10· 
Vi 2 (VJV'Vi) 2 da 

0.49 0.058 316 0.021 348 2.30 1.78 6.48 0.057 0.114 
I 

0.069 449 6.93 0.086 
\0 

0.52 404 0.027 2.75 1.90 0.112 \Jl 
I 

0.49 0.073 404 0.027 451 2.90 1.95 7.+2 0.083 0.112 

0.50 0.097 543 0.036 617 3.86 2.14 7.82 0.132 0.110 

0.47 0.106 556 0.037 635 4.20 2.20 8.04.: 0.134 0.109 

0.45 0.110 549 0.036 631 4.36 2.26 8.26 0.127 0.10g 

0.42 0.117 549 0.036 635 4.62 2.32 8.47 0.123 0.108 

0.36 0.137 556 0.037 654 5.43 2.49 9.10 0.117 0.106 

0.34 0.148 568 0.037 672 5.87 2.55 9.30 0.120 0.106 
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TABLE A.12 

Liquid S2 

Pipe diameter 2.0 inches 

QLF 0.345 ft3/sec 

QWQL Rer/ReF ReAT FrAT ReA ReL ReI_4 Vi 2 (VAlVi ) 2 d a 
x 10-3 x 10 --

0.41 0.029 194 0.0096 205 1.68 2.02 5.53 0.014 0.158 

0.47 0.031 237 0.012 252 1.81 2.13 5.82 0.020 0.157 

0.51 0.035 294 0.015 313 2.01 2.23 6.11 0.028 0.156 • \0 
0\ 

0.54 0.038 336 0.017 360 2.18 2.29 6.25 0.035 0 0 156 
I 

0.59 0.042 402 0.020 433 2.43 2.41 6.60 0.046 0~155 

0.49 0.059. 469 0.023 511 3.40 2.72 7.45 0.052 0.153 

0.45 0.065 474 0.023 518 3.74 2.79 7.64 0.051 0.152 

0.44 0.065 474 0 0 023 519 3.77 2.81 7.70 0.050 0.152 

0.40 0.074 480 0.024 539 4.27 2.99 8.19 0.049 0.151 

0.27 0.100 4110 0.022 495 5.78 3.31 9.06 0.035 0.148 

0.23 0.109 407 0.020 460 6.28 3.42 9.34 0.029 o .ll~8 
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TABLE .A.13 

Typical results for equation (2.56) 

Air-Water data 

Pi pe di am' ;t er 2.0 inches 

ReA / ReL ReA ( R~L 

calculated eg. (2.56) experimental 

9.95 0.038 

9.61 0.045 

8.65 0.044 

6.83 0.043 

6.08 0.041 

4.62 0.033 

- 2.77 0.025 

- 4.41 0.022 

- 7.12 0.019 

- 9.79 0.016 

= - 0.00266 

= - 652.33 
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TABLE A.14 

Coefficients for empirical correlation 

Pipe Liquid a b c Multiple 
diameter correlation 

1.0 82 7.65 0.78 4.64 0.995 

1.5 82 73·~60 1.42 16.82 0.981 

2.0 82 257.90 1.52 31.92 0.977 
, 
t 1.0 81 1.60 0.14 2.43 0.972 

1.5 81 8.83 0.77 11.48 0.929 

2.0 81 77.09 1.27 30.39 0.941 

1.0 water 3.84 0.40 4.46 0.998 

1.5 water 3.37 0.28 10.65 0.984 

2.0 water 25.51 0.78 27.47 0.993 

I 
r 
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Froude No. (Air) vs Reynolds No- (Liquid) 
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