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Abstract 

Although the shape of objects is a key to their recognition, viable theories for repre­

sent ing and describing shape have been elusive. \\le propose a framework that unifies 

competing approaches to shape. The basis for our approach is an analysis of deforma­

tions of shape designed to induce a topology o\'er shapes suitable to support object 

f(~cognition. \Ve show that deformations classify into constant motion and cl/T'vallll'f 

mo/io1/. which intriguingly lead to COTlsfI'vafion [aws for shape. These conservation 

laws are nonlinear and lead to singularities. A notion of entropy for shape is devel-

0J><,d which limits the singlllarities of shape to shoeks. The formation of shocks and 

their classification llnder arbitrar)' deformations is the basis of our representation for 

shape. The space of deformations leads to a naction-diffusion space for shape in 

which the formation of shocks is studied. This leads us to propose pa1'ls, l'/'Ofrllsions. 

and bends a.c; the computation al elements of shape. A notion of seale on these elements 

then naturally emerges, which is capt ured by the ... nf7'opy seale-spaee. Any particular 

shape is flnally described as the interact ion between processes for computing parts. 

protrusiol1s, and bends. the perceptual reality of which is illustrated via qualitative 

experi ments. 
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Résumé 

Quoique la f01'111(, c\ps objets soit Uli élément clé dans 1(' pro('('s~IIS (I!- J't'(,OIlIl"i~salH'(' 

de ceux-ci, une théorie viahlf' de 1 ('présent at iOIl ('t. <1(' descri pt iOIl d('s fol'll1<'s ('st J't'sl.(;(' 

évasive jusqu'à ce jour. Nous proposons une théorie qui unifie d(':-. approc\ws rivales d(' 

la description des formes. La base de notre approche est unc analysl' dl'~ dNorlllat iOIl:' 

morphologiques conçue pour ind uirf' une topologie sm l'ens('IIl),ho c1('~ fol'llH's il l'PlO­

priée pour la rf'connaissélnce d'objets. Nous montrons «ue les di-fol'lllat iOlls sc' dlvis('Il! 

en mouvement COllstaut et en mOUl'cme1l1 courbe, produisant aillhi cles loi .... (h fOIl.W'·­

vation pour les formes. CeR lois sont non-linéaires et induisl'Ilt d(·s :-.illglllôl'itl'·s. t hl(' 

notion d'entropie pour les formes est développée limitant les singularil(;s dl' [01'11)(' il d{'s 

chocs. La forllléltion de chocs et leur classification. lorsqll<' soumis à d(':-, dNOIlllélt iOllh 

arbitraires, est la base de notre représentation. L'espacp d('s dNorlllatiolls prodllit 

ce qu'on appellera un fSpaff' de 7'Éacl1011-dlffIlSioll pOUl' les fOJ'llJ('s dan:-. 1(''111('1 1" 

formation de chocs e:-.l étudiée. Ceci nous amène à proposC'r COIl1I1)(' (.1('·II\('lIls d(' 

calcul de la forlllP les t rois catégories suivantes, soi t les /)([1'11( s, I<.~ ap}J( 1/ d,r(.~ ('1 1(,:-, 

pliS. Une notion dcc/lflft sur ces élèments se déduit lIaturellellH'lIt f't ('ht cal'a('t(~rÎsc'·(, 

par l'espaCf-ichFlIc d'(lIt/'OjJ/L N'importe qUf'llf' forme t'C'ut ('JlfilJ ('tn' (l(;nit(· par 

l'intél'actioll elltrc' le~ pro(,(,s!>l\S df' calcul des partÎ('s. d('~ aplwlldin':-. pt d(·~ pli:-.. 

Enfin, leur plausibilité élU Iliw'au de' la perceptioll est illu~tl(;C' pitl' <1(':-, f'x»('·ri(·nn':-. 

qUéllitatives. 
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Chapter 1 

Introduction 

AnimaIs rely heavily on vIsIon to sUJ'vl\'e. They depend on it to finel food, nC'(· 

enemies, and reproduce. This e\'eryday expcl'iencc of vision comes to us installt Iy alld 

effortlessly: as wc open OUI eyC's. tll<' world is pcrceived in its full thrce dil!lf'llsiolls. 

As a consequence, we navigate in it, avoid obstacles, escapc danger, recognizf' and 

manipulate objects. It is not sllJ'prising thcll that vision is considl'I'ed OIlC of the lIlost 

important compollents of an intelligent machine. l\'lachine vision, howpvel', has pro\'(·d 

surprisingly elusive, tracing back to SOllle fundamental questions in the psychology of 

perception, philosophy. and nC'lIJ'ophysiology. 

Vision is the process of infel'ring structllle in the world from a sequellce of imagC's. 

Light emanates from Iight sOllJ'ces. strikes and bounces off objcctl> in the scelle, aJl(I 

then enters the eye (camera) to fOfIn an image on the retina (phot.oscnsitive array). 

These images may come flOm a pail' of eyes and last. o\'el' time. lIo\\' is il. that slleh a spI 

of two-dimensional images can give rise to a stabl!' Ihl'cl'-dimC'nsioIlal int(·q»·ptat.ion 

that builds our sense of the extcJ'I1é\1 worlel [:J 1] ? 

The purpose of vision may be as simple as diffel'f'nl iatillg \)('lween two hypot.l)('s(·!>, 

e.g. foc or friend, or it may be as int.ricate as pailll ing Illiniallll'C'~. Vision is \Is(·d in a 

variety of tasks sllch as walking throllgh a field OJ c\ <Iri\'ing a cal' t.hrollgh a crowdC'd 
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dowutown stre<,t.. Illônipulating ohjrcts such as in carpentry or diamond cutting. or 

in the recognition of pl'<>dat.ol' and prey. The problem of 1'eco\'er)' of structure from 

illlag(ls is necessaril)' dCj>enclcnt on the pur'pose for which this information is used. 

This thesis in roncel'llC'd with t.he perception of planaI' shapes. Even in the absence 

of oth<>1' visual cues. shape is used for object. recognition. manipulation, and na\'iga­

t ion. \Vhile, il. is possible 1.0 devise special-purpose algorithms e.g. for insprct iOIl 

tasks, the rangr of tôsks and purposcs requires a general framework. 

1.1 What is a Shape, That an Aigorithm May Know It, and 

an Algorithlu, That It May Know a Shape? 

\~,'hat is a shape'? Consider figure 1.1 \\'hich most people would immediately recognize 

as a ('at [:33]. This is des»itC' a berious lack of other visual cues, su ch as COlOl" s\.el'eo. 

motion, textmt's, shadiug. internai contours, etc. vVe have accomplished this l't'cog­

nition task based merely 011 t h(' presf'nt.ation of a patch of black (figure) on white 

(baekgl'Ound). There are many illst.allC{lS where an object is recognized simpl)' based 

011 this kind of shape infonnôt ion [in]. \"e orten recognize animaIs, irees. plants, 

fruits, landscapf's. and doucis. 

ln addition 1.0 thf'se uatural obje>cts, man-made objects are often rt'cognized ",IIC'II 

t.he onl)' "isual eue is shape. This is principally because because componenls of 

these objects art' flat to bcgin with. 01' are rotalionally symmetric, leading to generic 

t\\'o-dimensional projections. Exal1lplf's indllde lools. furnit.ure, musical instrUlllent:;,. 

élnd "ehides. Shape js import ant ;11 othe .. images as weil: medical images, (X-ray. 

PET. MRI. elr.). lasC'r rallge image·s. radar images. ônel electron microscope> images. 

Figlll't' 1.2 displays images ",it 11 eélsily rrcogni za hIC' shapes. We will use these examples 

throughout tllis thesis to demollstrale our approaeh. 

A Illlm)w\, of ot her fi('lds are also int<'\,psted in shapC'. For example. hiologists 



CllAPTEU 1. INTRODrCTIOX 

Figure 1.1: This figure is l'asily recognized dl'spile the lack of \'isual CliPS such as 
color, stereo, mot.ion, shading. texture, etc. 

have uRcd shapc to infer taxonomie relations in plants and animais. I\torc' n·("(·lIl.ly, 

meaSUl'ement of biological shape has posed int.l'rest,ing quC'stiolls [82. 8J, S:J, J ,1]. As 

another example, artists have long becn interestl'd in capluri!lg tIlt' shal)(' of t hillg:. 

as one can obsen'e in the ancient. petroglyphs found in the caves of southem FraIlCl·. 

In com pu ter vis;'m. numerous applications for the recognition and cl li s!oti fic" t iOIl 

of shapes exist. Le\'ine et. al. used the shape of cells to isolat<', tl'élck, and dassify 

the mo\'ing white blood cells [.51]. There has been considcrable act,ivity ill t/w arc'a 

of detection and classification of tumors in X-ray imagf>s. Other applications in( IlIch' 

the study of t.hc shape of clouds [59], assernbly line inspcct.ioll tasks, and opticili 

character recogllit ion. Shape has also been used in robot ics to df'tcrmillf' grasp point.:. 

for objects. 

Ali these fields are usefui sources ofinformatio/l [44]. Ilot ollly a.<; ail fiid inlllodt'IIIIJ.!; 

and analysis of shape. but a:. rnirrors on our uncons('iou~ intpl'Ilal J'('IH'('SC'ut ilt iOIl:'. 

However. despitC' the ",idc illtt')'('st in shape, its defillit iOIl ha!'> ) C'lJ)iliIIC'd ('llIsin': ZII!'>IJ(' 

daims there arc a~ mally defillitions fOI" shape as tlwl"c al'(' 1'01 10\,('. [!l(j]! If ~";IJ)(' i:. su 

elusi\'e, what tlJell. is ail algorilhlll that CitpturC1> tlw P~:'('Il(,(' of ~"<IJ)(''' AIIII('il\'(' ('1. 



( ClI.\PTEU 1. /f\'TRODUCTION 4 

+ 
( 

( 

Figure 1.2: 



CHAPTER 1. INTRODUCTION 

al. suggested that shape, as a psychological quantity is mull.idil1l(,l\siollal. although 

it was not. clear how mail)' dimensions would suffire to d(>srriJw shap(', or ",hat I.h(,8(· 

dimensions should have been [:3]. In short, shape is an ulldefilll'd, illt uit ivt' n)Jl('{'pt. 

and can perhaps only be defined in an operatiollal mallllf'r. II is cl('ar t hat a larg(' 

part of the ambiguit.y sUl'rounding shape is due to a serious lack of a nat.mallallgllag{' 

for describing shape [6]. 

We submit that the essence of shape IS III considerillg t,11(' III a Il)' att ri 1> Il \('S of 

it si11lIlltancoll.'i/Y: that shape is more titan a curve, or il I('gion. Il i:- p('I'('('in'd 

locally, but also globally; one can focus in on a small frat Ul'(" bul I.h(,11 al t,{'lId 1.0 

the general shape of the object. It ma)' be viewed as a rOlllposit iOIl of parts; at t!l(' 

same time it may look like it is the growth of another object, alld yet il. llIay look Iikt' 

the defol'mation of another. Furthermore. il. is c\'id<"111 thal a fl'étlllf'\\'ork fol' shap(' 

defines shape operationally. As such, when building t.his fralll<'wol'k, olle should II\('<'I 

the pUl'poses for which shape is used. Finally, for genel'é\l purposc visioll, we bdievp 

that insight into developing this framework can be aftainl'd by l1Iakillg il. consistent 

wit.h our perception of shape. 

1.2 Need for a New Geometry 

Objects come in aB forms, deform. and grow, and as t1w)' do so increllwllt.itlly. tlwir 

shape does not change drastically. For example, il facc with a pimple i:- ~till a fan', 

i.e. our pf'ITeptioll of the face is not drastically altelcd wh('J1 a pimplc' grow~ OH il.. 

And, the perception of a tree with a flock of birds restillg 011 il.. has III Il ch iJl ('011 li lion 

\Vit.h the perception of a tree. Similarly, an industrial tool thélt is slightly h(,llt or 

chipped will he perceived exactly as wc hav(> just desnihed il. III shOlt. tlll' l)Jilllary 

perceptioll is one of an object. with 1lI0dification~. Tllih is so illtrillsi( to IIh that tu 

mention it might appf'ar redundanl. Along a (Iifferellt clin'ct iOIl. ohj('ct:- ddollll \Vit Il 
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mol ion, gron't h, erosion, ete. However. our perception :s only slightly modified as 

figure 1.3 illustrate!'!. Tltere seems to be great stability of OUI' visual sensation with 

rt'gal d to suclt changes. 

II nfortullatcly. standard geomet ries of traditional and modern mathematics do not 

satisfactol'ily address these aspects of shape for the purposes of object recognition. 

Topology is so general that bOllnding contours of non-fractal physical objects (planar, 

c1oscd, alld simple) ar<' eqllivalent. On the other hand, ~'Congrllence geometl'ies, 

sueh as Eudidcan, affine. amI projective geometries requin' an exact match, or some 

dist.ance or area tolel'ance from it" [11]. MUl1lford questioned the success of a theory of 

shape description fol' recognit.ion and categorization tasks without having first. defined 

what is meant. by a "nearby" shape [61]. In other words, what is needed is t.o define 

a space fol' shape and then to impose a topology on it. It is clear, ho\\'ever, that 

the Euclidean metric is Ilot natmal fol' shape, in the sense that "close" objects are 

perceived as different and "distant" objects are visually indistinguishable (as in figure 

lA). A number of other metrics, e.g. the Hausdorff metric, have been considel'ed. 

1\oenderink et. al. point out that useful notions of "partial order, similarity, and 

relatedness" ha\'e no equi\'alent in the usual geometrical shape theol'ies. Indeed, 

without these 'lotions. the task of object recognition seems impractical [44] , These 

ideas point t.o the nee<l fol' a language that makes the morphogenesis of shape explicit, 

A second problclll concerns the treatment of singularities, Singularities have of­

ten been reduced to limits of highly bent structures, Attneave showed that the 1110st 

salient portions of a shape are l'omer!'! and the high curvature points [2]. Howe\'el, 

Singularities do oeCl\l' in nat lIrt', and tl!ry play a different l'ole t han theil' smoot hed 

versions [55], Ho\\'e\'er. gi\'en OUI' predisposition to highly de\'eloped geometrical de­

scriptions of cl\I'\'es and wrfaces, it is 110t surprising that smooth CUl'\'es and sl\l'faces 

, 
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Figure 1.:3: Shape& arc categorized illto classes in spitf' of their di rr('I'('1I (,P:-' , Thi:­
is parti)' due to Otll' ahihty to ah~tract the shape> of an object in tlt(' P1C':-'('IIC(' of 
occlusions, protrusioll&, chips, lIoisp. ami ,'arions d('gléldiltjon~, 

_1 



( 

( 

('//AP'fEU 1. IJ\'TUODUCT/ON 8 

Figure 1.4: Standard geometries do not address the issues in shape. For example, 
the ElIclidean met rie ignores the perceptual1y significant protrusion in the bot tom 
(C) and assign morc differentiation to shape (A) when compared to figure (B), as 
depictpd on the l'ight hancl sicle. 

ha\'(> been the cOlllmon tools used in clescribing the visual \\'orld. Nevertheless, sin­

gularities must have an explicit place in a the01'y of shape, as well as in sorne other 

areas of vision. 

What l.ind of geometry, then, do wc require for shape? And. how ooes olle clefine 

a metl'ic and/or a topology for shape? \Vhat are our constraints ancl guidelines? 

It seems that olle can not speak of likeness between t\Vo shapes, without having 

discovf'l''''d a language for speaking about it. This thesis is concerned with a setting 

to describe shape: olle in which it is possible to define sirnilarity between two shapes, 

regardless of whethel' the)' arose as a composition of parts, or as a transformation of 

ot hel' shaIH'S. 

1.3 Issues 

Shape is the bottlell('ck bet \\,('en lo\\'-I('\'el and high-Ie\'el vision. 1"wo pal'adigms have 

emerged fol' the carly processillg of visual information. First, the H1gf dUectioll 

paradigm assert.s that in order to isolat.e, detect and recognize objects in the S('('l1e, 
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the contours ill tlH' scelle l1Iust finil be obtailled. Th(' ,'iI!/1I1( I/tatlOlI parcHlJgm, on 

ot her hall<l. focmws on t Il(' rf'gioll d('fining t h<> objt'ct as t!1(' primary cOlln'pt uf lo\\'­

le\'el \'ision. \ \'hel h(·1' we work wi 1 h edges or 1 C'gions, in J'('))'(,S('II 1 illg slIa P(' \V(' é\l't' 

faced \Vith the quC'sl ion: Whal is the essence of shape? \Vhal n-'-pn'l'!<'lIlal iOIl of 1 lit' 

informatim-' is pNI Îlien\. \0 shape and suit able for objpct )'('cognÎI ion'? \\'hal kind of 

descriplion should 0\11' edg<' and l'egion illformatioll be transfol'll)('d Îlllo'( 

One l11ight l'epn'senl shape, fully and accuralC'ly, ill a lIumhel' of mal IWlIlal ira Il.'' 

precise \\'ay~. For pxal11pl<,. 011<' lIla)' concentralC' 011 the sha)(' al'! a "ni 1'\'(," alld 

represf'nt 1 Il<' shape as the set of points describing, tl\(' out linC' of t II<' sllap.·; or il r\lilÎn 

code describillg th<' orientation of the olltline [26]; or the cUI'vature of tIlt' ollt.lint' as 

a functioll of 1 h(' arc-Iength [1, 60], orientation. etc; or ont' Illighl IIS(' IIIt' FOIII i('r 

transfonn of t 1)(' hou nela ry [9-1. :3-1], or the interior allcl i b tilt' quadt,J'('(' 1'(')))'(':-'('111 ill iOIl 

[6], etc, Althoug,h thpsp representalions are formaI and l1Ialh('lIIalicillly féllt.hful in 

isolation. the)' are illadequale for thC' purpose of recognit.ion. This is )H('eis!'l)' \.llI' 

bottle-neck of sha»('. figure 1..5. To represellt shape is 1I10re than IIH')'C'ly d('~rril,illg 

it, e.g. as a set of oriented ('dges. Part of the prohlcm of shape is the bolal iOIl of tilt' 

object ilself. Also. 1 he needs of object n>cognition must h<, tak('11 illlo a('('OIIII1. 

1.3.1 Boundary vs Region 

This leads us to examine the fil'~t issue, lIamely, wheth{'1' \.0 r(,pl't's<'111 1 lit' :-,11,,)1(, Ily 

ils bOlll/dnry or by its interior 1'Fgiol/? The two approacll<'s arc cqlli\'ill('lIt ill tilt' 

sense that the interiOl' is accessible \'ia Ihe boundary and vice versa. As Sllch. Ill()~t 

approaches concentrate 011 eitllPl n'lHesenling tlw regioll or tlu' hOlllldtll\. "" !-11111-

marized in tablf' 1.1. Nevertheless. l'l'presentatiolls lIIake c<,rt.aill illforlllatioll ('xplirit 

while implicitly ('Ilcoding the l'('mailldN. For exaJllp)e, if tlll' sha»" i!- l'P!'IP''(·lIlt·d 

by the boulldary. the orientat ion inforlllation is pxp!icit ",hile' c1oM'IIf':-" of poillt l'! 



( 

('1/:\ PTEU J. 11'\TIlODl T(,TION 

1 The Bottle-Neok of Shape 1 

Image Struoture 
St"ula, Orl'" I.d 
N'f8hI>OTS EI.",."U 

'1 

Objeol Model 

LOIi 
LIIIII 

H1!lh 
LIII.1 

10 

Figme J .5: Low-I('vel algorithms in \'isioll often emplo)' intensity differences across 
a contour, leading to the edge-detection paradigm, 01" grouping similal" intt'nsities to 
form regions, I<.·ading to the segmentation paradigm. On the way to the recovery of 
objects, tlH'I"c appcars to be no intermediate level, or a language for speaking about 
shape. 

along thC' "necks" and symmetry is implicit. In contrast. in a region-based l'f'pre­

sentation, the orientation of the boundary tangent is implicit while the c10seness 

of point s thl'ough the regioll and object symmt'try is explicit. A different t l'ade-off 

may arise whf'1I considering computational cOl1lplexity: boundétl'Y repl'csent at ions are 

one-dinwnsional ami therefore illexpcllsin> to process ill ("oJltrél~t to élll ('XI)('lIsiw' two 

dimellsional regiollô 1 repl'f'sent.at ion. 

We submit. that a simultaneous representation of the bou)}(lalY and the intel'ÎOI' is 

Ilt'eded for a fullllllderstanding of shape. Throughout the l'est of this thesis, ",hen we 

reCer to bOlilldal'y-hased, or region-based approaehes. we intend the type of distinction 

in table 1.1. TIIf' distinction is in part semantic sinee one COti Id always blm this 

distinction by basillg l'egioll computation as a global boundary functioll (e.g. to 

derive an implirit cltaraclel'istic functioll). and in part teehnical as will emerge in the 

sequel. 
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Boulldal')' H('~iol' 

StJip 1'1<>e [5J QUild Tn't' [i:JJ 
Chain Code [26J SAT [II] 

FO\ll'i('r DesrriptorR [9-1, 31, 6i, 85] FouI il'I J)('scriplol's [:m] 
Codon [iD, .5-1] Generalizf'd ('ylindpl ~ [IO. !)S], SII}>('l'qllaclI ic~ [fi 1] 

Ta ble 1.1: ~losl l1lelhods COJlcent ra t(' on eit hcl' 1 lit' on tilt' !Jollnd a l'y 01' 011 t hl' inl ('l'iol' 
of the shapc. 1I0\\'e\'l"r to fully capture shapf' a J'('pn'sl'lltélllon with a SIH'c\J'\1\1I of 
local to global il" Jlf'cded. 

1.3.2 Local vs Global 

OIlC? method of shape classification is bas<>d on sha Pl' [('a 1 III l'~. 1'01' {'\iI III plI'. li\{' il l't'a 

and the cpntroid of a shap(' are used to differ('ntiate 011(' sh,'1H' frolll alloll\('1'. Anotllt'r 

feature is eccentricity (elollgation). which may )(' defilH'd ill ['1"\'{'l'al ways, ('.g. l'iltio 

of principal ax('s of inel'tia or the ratio of the Il'lIgth of 1I1i1\illllJlJI (,OI'e1 to mélxillllllli 

('01'<1 ppl'pPIHlicular 1,0 il. Other examples are the ElIlel 11111111)('1', cOlllpact IU'SS, shap(' 

nUlllbers. and shape mOIll(,Jlts, alllong others [G. il]. Ali ~hapf' ft'ilt.I\\,(·s at.! ('llIpl 1.0 

capt ul'e the shape' by a fe\\' numbers aJl(I. as SU ch . t hl'y ili P !/Iolwl approxilllatiolls 

of the shape. ln ot her words, information aboul t h(' bhapc' frolJl (Ill port iOJl:- of il. 

combine to form a global description. ~Iore powel ~HI It'p\l'Sl'Jlt éd iOIl:- of :-,1 iii P(' ('all 

be global too. The Fouriel representations of III<' shape' [!II. :H. m, ~:)] éll'I' glul",1 

repres(,lltat ions in lha t each Fourier descrÎ plol il> <!p!>ellcl('1l 1 011 a II 1'01 t iOJl:-' of lI\(' 

shape. Bolles et. al. introduced locus ftnll/I'(,'; \\'1\('1'(' glol"tl r<'latiollships of local 

features are n'pres('nted [1:3J. Hough transform t(·('IIIII<lII(·:-' ,I!,<lt 111'1 \'011· ... fOI ('('ltilil1 

f('atures and. élS sl\clI. can éllso be considerer! to he global. 

Th(' major prohlem ",itll a global reprèsenlatioll of ri ... hdpr· oc CIII'" ill tIlt' 1)\1· ... 1'1)(·(' 

of occlusions. \\'111'11 éllI ohjer ! is pctrtially occllld(·(1. aIl glolléll rll':'( liptoJ'~ dlélll,!!,l' 

drastically. As sll<h. tl)(',:,(' rcpresentatiolls ar(' Ilot ""\It"bl!' for Olljl'{\ 1(,(O,l!,lIltioll. 

Furthermore, a notiol1 of élpproximatiuJÏ in tl)(' glubnl dOllli'IÎII 11<)('.., Ilot c OJ f(·..,pond 

to that in the sbalw c1olllain. For ('xampl('. Ihe ~h.11)('''' ((J11(,~pc}lIdllll!. tu ;, ... 1'\ clf 
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Uoulldary- Ua:-.ed PI Îllliti\'('s Hegioll-Bascd Primitives Volume-Based Primitives 
(:odolls [iD] Gelleralized Hibbons [15] Generalized Cylinders [10, .58] 

Arcs of circlp:, [2.1) Superquadrics [64] 
Prilllitive Curvat urp Challges [I] 1\1 LD parts [().5] Geons [9] 

Polygolls [69] SAT [11) Polyhedra[86) 

Table 1.2: A review of shape primitives. 

Fomier d('sniptor:-. with or witholll sOllle higher order tenus do Bot resemble each 

01 J.('r dosdy. Local f('ature's in isolation. 011 the other hand, do not give a global sense 

of shape and are sellsitivp to noise'. The challenge is to capture the general shape 

of the objt'ct without )osing its partial representationc; For object recognition, the 

re'presentatioll must degradc gracefully as portions of the object are occluded. 

1.3.3 Composition vs Deformation 

Let us bcgill by pid uring the procf's:-, of buildillg a doll out. of clay. One rnight place 

a small chunk of clay (head) 011 top of a larger olle (body); pull out sorne of the clay 

t.o l1limic t.he 1I0se, push another part ill 10 depict the eyej take another chunk of clay, 

roll alld attach to make the arm and I)('nd il to represent the form. An exercise in 

arls and crafts reveals that obj(,(·ts may be compotlld t.o fonn new ones, or existing 

ohj<'ct:-. may he defo"'T/cd to arri\'(· at 011)('1' objt'cts. 

The cOllcept of compositioll is related to that of primifittes. A large number of 

pl imitive8 have been proposed 10 fil and approximate t.ht' boundary, the region or 

tltt' volume, table 1.2. Hoffman et. al. pointed out that. each set of primit.ives is well 

suitt'u to represent some shape~. but not others [:36]. 

Composition suggest.s a not ion of pari. These péU ts are regiolls of the shape that 

will most likely belong to CI distinct <'Iltlly in tllf' tlnee dimensional world. Several 

arguments support the notion of parts. First. objf'ds in the real world are. in faet, 

madf' out of parts. For example. as animaIs mo\'('. portions of their body stay intact. 

whilt' some olht'l's 1110\'(' relatiw' to t>ac!J other. This relative motion is one of the 
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factors gh'ing rise to the head, the torso. and tht' legs, as parts. As tIlt' wiml hlows 

throllgh trees. the lea\'es 111O\'e relative to the tree, Second, objects al'<' raJ't'ly s('('n in 

their entilety. Recognition l1lust take place on partial informat.ion rU], as ('vidt'IICl'd by 

the exomple of atiger thot is partiolly occluded by a bush. Indeed,object J'('('ogllit iOIl 

in é\ world made out of parts would be a great deal 11101'1" complex if Olle IHld to illdl'x 

on ",hole objects rather than their parts, Representing parts saves us [101lI l'(,dis('o\,('ry 

of lIew instances thal are combinat ions of the old. Thini, tlwre is oft.en a IH'ck-likt' 

joillt between parts which is perceptually significallt. For example. it C<lll \)(' \1l'>(,(\ as il 

stable hold site. 01', the neck is ",he1'(' an object made of homogPTlolls llIf\lerial would 

break if forced. One lllust howe\'er be carcful to distinguish hetw{'('11 t1u' not.ioll of 

paris and the primitives t1sed to model those parts [:36, 9], table 1.2. 

Deformations. on the other hal)(\. suggest change. Fol' exampl(" o".i(·d.~ glOw 

and shrillk, bend aJl(I straigltten, protrude and indcnt, stretch and squi:.h. LC'ytoll 

suggestcd t hat the relationship between shapes may be captured by ~tl\dyillg t.:11· 

relation:::.hi p bet,\\'een cur\'at ure extrema [5-1]. Specifically, a shope is J'da 1.('<1 10 élIIOt.\l<'J' 

by a sequence of ce:·tain rewrite l'ules (p1'OCfSS) in a shape grammal'. Pal ts al (' clailll<'d 

to be a certôin type> of process, 

vVe \'iew the abo\'e applOaches of parts and proces:-; as two extlelw':-' ilJ apIHolld){':-, 

to shape. Ideally. the relalionship bet",een shapes is repl'esenled \\,11<'11 l)Ut h COlllpO' 

sition and deformations are captured explicitly. 

1.3.4 Scale and a Hierarchy of Significance 

Scal(' is a "'ô)' of assigning signifkaucc- to varions aspects of shap(·. 'l'hi!'> il'> II(·('(· ... :--M.\ 

for several reasons. First, stability with noise reql1ires lltat sllIélll f('illllI(· ... 1)(· giV('11 

s111o.lI weight in the representatioll. 

ln conclusion. shape has many otllibutes and to sl1('cessfully 1'('pn':-'f'lIl il. IIw:-,(' 
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attributes must be reprcsellted simultaneously. Specifically, the shape must be repre­

sented along the axes of local and global, boundary and region, and composition and 

deformation, figme 1.6. 

1.4 Deformations Underlying a Topology for Shape 

Choosillg a representation for shape makes certain relationships between shapes ex­

plicit.. For many tasks, such as object recognition, it is desirable that shapes which are 

slightly deformed, occluded, chipped. or covered relate dOf'.dy to the original shape. 

This is perceptually not unreasonabJe, sinee our perceptions do not abruptly change 

when ohjects undergo t.hese transformations; see figure b.l. Thus we begin with the 

following axiom: 

Axiom 1.1 Slight changES ill fht bOllnt/ary of ail object cause only slight changES to 

ifs shape. 

Thus we consider a shape represented by the curve Co(s) = (xo(s),yo(s)) under­

going a deformation. With the notation of section 2.1, let each point of this curve 

moYe by sorne arbitrary amount. in some arbitrary direction, figure 1.7. 

{

Be 
Ft 

C(~. 0) 

= 0(8, t)T + (3(s, t)N 

= Co{s), 
(1.1 ) 

wherc f is the tangent, N is the outward normal, h' is the Gaussian curvature, and 0, 

parc arbitrary functions as in equation 2.1. This can be reduced to (see chapter 2, 

equatioll 2.2, 

{ 
~~ = j3(s, t)).R 

C(s,O) = Co(s), 
(1.2) 

Now, we concentrale on those deformations that. depend on local information about 

the geomet l'y of Ihe curve, namely thosf' dependent on the cun'ature [22], 
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Parts 
[Hoffman 8r Richards] 

Local Features 

;' 

/ 
;' 

;' 

;' 
;' 

;' 

;' [Curvature Extrema) 
;' 

Boundary - - - - - - - - - - - - - -#-----------4 Region 
[Chain Code] [SA T, Blum] 

Global Features 
[Ares. Eccentncity] 

, 
Proaess 
[Ley ton] 

The IIult;-O;mens;onal Face of 

SHRPE 

Figure 1.6: This figure depicts the multi-dimensional nature of shape: Sha pc ha:, 
both boundary and regional feat.mes, which may be local or global. Furt IJ('I'_ shaJ>(' 
may be the result. of compositioll or deforllléltioll. 
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FigllJ'e 1. 7: The point 011 the initial curve A move by some small but arbitrary 
am ou nt in 80111<' arbit l'ary direction to B. With simple restriction. one can classify 
this deforlllé\t.ioll to constant motion and curvatu1'e motion a)ong the normal. 

{ 

8C 
81 

C(s,O) = CO(S). 
( 1.3) 

Furthel', wc> propose that: 

Axiom 1.2 Thr :mlli/al'ity bdwecn a shapE and ifs defonncd vf/'sion dOfs not dfpflld 

011 the time of d(fol'matioll. 

Theil, 

{ 

8C 

~;s, 0) 

= f3{f\{s))1V 

= Co{s). 
(1.4 ) 

1'0 examine this <leforméltioll cl os el y, expand {3{f\) into Hs Taylor expansion and COI1-

sider the fh st 01'<1('1' a pproxillla t ion 

{ 

ôC 
7iï 

C(~. 0) 

= (130 - f31 f\ ) N 

= Co(s). 
(1..5) 
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The remainillg terlllS involving highe'l' Ol'deni of 1\ <Iualitatively resemble h' as W(' will 

show, 

The abO\'e equatioll contains t\Vo te\'l11S, The first term descrilws é\ dcfol'matioll 

that is a const.ant motion along the normal, or constant motion, The second ('l'Ill, 011 

the other hand, describes a deformation thalo is proportion al to the cUI'\'a( llle along 

the normal. or Cl/rl'a/llrt mo/ion, To sUllll11arize the above discussion of <ldormat.ions, 

it has been shown that 

Result 1.1 Arbl/ml'Y local dtformaliolls of a Clll'l'( in an al'bill'llry (I/l'tcl/OII ar(' (///lt!­

ifafit,ely ca plll ral by a li nfil l' combination of t!Vo basis def07'malion.<;, ILl/lI/dy. II/( C(J/I­

stant molioll and CIlI'1'atIt1'f; motion, of the CU1've along ils normal, 

Sueh deformations will be fundamental to the remainder of thi~ tlH'~j:.,. and will 

provide the basis forming a tOJ>ology over shape, 

1.5 The Multidimensional Nature of Shape 

Earlier it was argued that a representation of shape ought to span a rang(' of locill 1.0 

global. explicitly encode both boundal'Y and region information, rcpl'Psl'llt ri Ilot.ioll 

of significance for shape, and should be expressed in a language tltat i:-. appl'opl'ial(' 

for shape. Namely. a language in which one can break the shape' into part:-.. 1)('l'fol'lll 

boundary and regional deformations. In the previous section wc inlrodl\('('d (JI\I' I,a:-.is 

deformatiolls. con~fullf motioll and C1l1'!'uIUl'f moli01l, we now sket.ch ho\\' t.1H')' ,\.1'(' 

related to the variolls aspects of shape, 

The basis deforlllations have drastically different but complemcllt.ary I·rrl'( 1:-. 011 ail 

initial Cl1\'\'e: While constant motion reqllircs no eurvat ure illfOl'mal i011. 01 i Il 01111'1 

words local shape kllowledge of t.he' boundary, the' C1Jrvat.ure motioll dt'J)('I)(I~ 011 il. 

In the course of this manllscript, wc will show that the ellfmplJ rOTH/il /0 Il of (011';1(\111 

motion is a regiollal concept, in that it rclatf's portions of the curvc'S c\o:-.(' III 1 1 If' plalll>. 
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but perhapb far along 1.11<' boundary. As such entro»y and constant. motion deal di­

rcctly wilh )'egional informatioJl. Curvature motion deals with boundary information, 

and henre is complcmcllt.ary according to our previous discussion. 

\Vhj](' constant motion oftell crea tes singularities in the original, the curvature mo­

tion sllloothcs out singularit ies immediately and yields a progressively more rounded 

shapc. In filet, thc followmg thcorem shows that this is precisely Gaussian smoothing 

of th(' curre coordillatcs. 

Theorem 1.1 Co lIi!o ide l' I/t( fOll/ily of clIrves C(s, t)=(:1"(s, i), 11(S, t)) salisfyillg 

{ 

al' 
,It 

C(s,O) 

= -,.(s, t)N 

= Co{s), 
( 1.6) 

/11//(1"( eu(.!') :::: (.ru(s).!Ju(s) is the initial ClIl'l't, s is some Q1'bilmI'Y pa1'(/metU' alollg 

Ih, CI/I'I't, fi., 1 li Il ( .1\ il:> c/lr/'nluI'E, and N is the normal. Then the coordiTwtes saiisfy 

Ihl' diffll:';ioll Equation 

{ 

al' _ (PX 

al - Ds2 

~-!fJL 
(II - Ds') 

x(s,O) = xo(s) 

y(s,O) = Yo(s), 

wll( l'l S 1"'; the arc-le 1/9111 paramcttr alol1g thE CUl've. 

( 1.7) 

This hein!; an int l'oductory chapter, the proof is presented in the context of a 

scale-spacl' for slta pl' in chaptc)' 7. Rather, we emphasize that the effect of Gaussian 

convolution is smoot hing, which takes complicated shapes to simpler ones and even­

t.ually t.o a l'OIlIJ(h'd blob. l\,lore rigorously, embedded curves shrink to a rounded point 

without C1't'ating self-intersections [28. 35]. The smoothing propel'ties of Gaussians 

11(\\'c heen "tiliz('d to build a Rcalf'-space representat.ion of shape [nO]: Set' chapter 7 

for an extensi\'(' t reatment of a scalc-space for shape. 

Olle Illay cont rast the local-global properties of curvature and constant motions 

fJ'Om yf.'1 another pcrspectin'. \\'hile Clll'\'ature motion opera tes global/y 011 the ctll'\·e. 
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the constant motion spans a local J1('ighhorhood of tl\p cun't', Tu illustraIt' this. 

consider a finitf> deformat ion time alld TheoJ'(.'1ll 1.1. No\\', bé\M'd 011 t.1w CllI'vatUrt' 

motion, a smooth initial Cl1r\'e will ('vo)"e to a Clln'e whost' ever)' poillt is dd('rlllill('d 

by information from ail along the curv(" wcighted bya Gallssian, ln contl'ast, in tht' 

same dUl'ation, the s\\pport fol' a point in the evo\ved cur'\'e (tilt' port iOIl of clln'(' 

affect,ing its outcollle) fol' local motion is a finite segment of tl\(' ('1\1\(', this follows 

from Huygens' pl'inciple [2H], 

lt is éllso intelC'sling to Ilote thal while Gaussian smoothillg alld 1 1 If' IWill ('(l'liltioll 

al'e linear, the constant. mot ion is nonlinear, In fa et , linca .. pro('('ss('~ r<'tain t.he 

smoot hness of the init.ial curve. while nonlinear processes cali Ipad 10 sillgllim it.ips, 

Figure 1.8 summarizes the contrasting but complementary propcrti('s const.ant motion 

and CUl'vature motioll, 

1.6 Overview 

There are several distinct. aspects to this thesis, a reflection 011 the' lIat \lIf' of shapp 

itsclf. The essence of shape is in its connectivity with other shapC's, TIlC'r<'fon' COIll­

position and deformations play an important l'ole in the rcpresf'ntatio/l of shapes, 

Observe that a s1ight 1)' deform<'d CU1've looks similar to the orig,illéll. WC' have' a\­

ready shown that arbitrar)' deformatiol1s break clown to two kind of deforll1atiolls: 

1) constant. speed motion along t1w normal (constant motio1l) and 2) mot iOIl éllollg 

the normal \\'hose speed at any point is proporlional to t.he CUI'\'èltlll(' al t.hat. point 

(cul'vat url. mol ion), In chapt el' 2 evolu t.ion equat.ions are derÏ\'pd 1'01 t!Jf' t 1IIIg€'llt, nor­

mal, met.ric. cun'attlre, and lClIgth ullder arbitrar)' deformatiolls, Tlw1I, \\'(' obtaiu 

bounds for length, total cun'atme, and the distance a (,UI'\'e Célll IlcI\"(·1. Hw-"rI CJII 

these results, our key math(,ll1é\tÏ<'all'e~m1t is an existence t.h('o1'('111 fOI ('\'OllltiollllP to 

and including the time \\'11<'11 a shape' df'\'elops a shod.', TIt(' illlpliud I(JII i ... t llitt \'isibh· 

z 
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/MOTlON~ 

1 Constant Motion 1 Icurvature Motion 1 

REACTION DIFFUSION 

Region Boundary 

Hypernolic Parabolic 

Nonlinear Linear 

Local Global 

Singularity Smooth 

Figmf> 1.8: This figure summarized the contrasting but cOlllplementary properties of 
constant motion and Clll'\·ature motion. These extremes in isolation are not sufficient. 
to captme an understanding of shape. Rather, a spectrum of these at.tribute, e.g. 
from local to global. must be considered. lt is in this context that the basis motions 
are relevant to shapp. figurp 1.6. 
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shapes will cvol\'{' to charad('ri7.flblf' lilllit ing slla)(':-; ('\'ell in the prcsence of shocb. 

It is intriguing thflt combinat iOlls of const.ant mot iOIl and cUt'vat ur{' mot.ion saI­

isfy a ttiscous C01/suval i01/ la Il'' as w(' wi Il show i Il c1lflpt el' 3. lIyperbolir COII:-;(' 1"\',1 1 iOIl 

laws capture thc dynamics of a number of physical applications «ud lu\\'{' 1>('('11 w('11 

studied. The viscous conservation law presents illit'racti,...., betweell t.\\'o exll'elll(':' of 

conservation. or rc.acfioll and visrosity, or diff/lsion. Combinations of th(,M' t.wo ('X­

tremes together with time constitllte the /'faction-diffllsion space for shap(" chaptc'I' rI. 
This spaC(' represents the spectrllm of ext.l'emes: local to global, botllldal'y ancl l'{'gioll. 

composition and deformatioll. 

One of the significant aspects of conservation laws is that t.hey are nonlill('ar (l1It1. 

as opposed t.o linear systems, develop singularities. 1'0 deal with thesc singulariti('s, 

we use notions of shocks and entropy in chapter 4. Various types of slaoch fortll in 

the reaction-diffusion spa ce. which leads us t.o OUI' proposed computatiollal <'1('111('111:-. 

of shape: pa7'is, ptoh'usions and bends, in chapter 6. The rcaction-diffuhioll SpéU'(' i:-. 

a particular implementation of a more abst l'art fralllework for understallding staa P(·. 

ln chapter 8, we propose the slwJJ( triangle, in which shape is pcrceivcd as tiw Il'­

suIt of competitionjcooperatioa between certain professes that. are biascd to Iwrc('Î\'(' 

parts, bending, or protrusion. Qualitative perceptual experiments motiva!.(' and I('sl 

the reality of proposed approach. As a consequellce of the reaction-diffusion illlpll'­

mentation, we build the entropy scale-space for shape, chapter 7, which eIlCOlllpaSM'S 

certain morphological and Gaussian smoot.hing methods as special cases. It. is frolll 

the entropy scale-space that a topoJogy of shape begins to emerge and wc' illustraI!' 

this by showing how to place shapes in the shape t riallglc basc'd on t.lw st/'lICt.UH' or 
the entropy scale-space. 
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1.7 Contributions of the Thesis 

This thesis lIlakf>s a Ilumher of cont ributions. It hrings togcther a number of seemingly 

dispéll illf' approélchs to shape under a unifying framework. In addition, a mathemat­

kal frilllw\\'ork is suggested which will perhaps bave implications for other areas of 

viliioll. III SlIl1lmar)', the specifie contributions are: 

• IlItl'Oducing co 1/811't'al 10 Il lml's and rEaction-diffusion equations to tl\(:> study of 

:,ha pp i Il \'isioll. 

• Charact{'IÎzed deformations of shape as combinations of conslalll molion and 

f/ll'I'al Il/'( molion. 

• Proposed comput.at.ional elements for shape: paris. pro/rusions and bfllds as 

the)' C'l1lerge from the formation of shocks in the readion-diffusioll spa ce. 

• A hieral'chy of significance and a novel notion of scalc' for shape in the f11lropy 

scalc -SPi/CL 

• The Shape Triangle as the set of three shape processes that, describe shape in 

tenllS of compositions, boundary deformations, and regional deformations, in 

cooperation or in competit.ion. 
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Chapter 2 

On General Curve Deformation 

2.1 Motivation 

In this chapter. we stlldy certain evolution eqllill iOlls of emhedded planC' ClII'V('S wh('fI' 

the speed of the deformation is a functioll of t1w cUI'vature, aJl(I whose dircction is ill 

the normal direction. 

The cllrve evolution pl'oblem is rele\'anl in appli{·d sciences. The study of immersf'c1 

c10sed cun'es e\'ol\'ing as functions of their CUITaI lIJ'(' has be(,11 carri('d out. for cryst.al 

gro,,"th [-t6, 8]. flame propagation [ï5, ïG, 6:3], alld CllrV(' shortening [28, 35J, We wOllld 

like to investigate properties of the classical solut iOIl~ of t hC'se evolution equatiolls. III 

a sequel we plan to consider the weak solutiolls ",lwll shocks devclop [49,48, G:J]. 

The research has been motivated by the st.l\d~ of ('('rU,ill problems in computpl' 

\'Îsion, Specifically, in the context shape perceptioll, il becollles essential to study 

the process of deforming the boundary of shap('~, ('~pccially whell sillglllal'iti('!o> fOI'lI1. 

This chapter is primal'ily concerned wit h pro\'idillg il l'igorotls basis fol' the pron'~s 

of deformatioll, Pirst, the basic notation for tallg('llt, Ilormal, ol'i('lItatioll, curvature, 

length and total Gaussian curvature is ddillrd. S(·( ouel. evolut.ioll f'quations arc' <!f.­

rived fol' these entities, Thi)'(l, bouuds an' dPI i\pd for IpIJgth. cllJ'vatllJ'{', hml the' 
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trilveJled dbtall("C'. Fiually, .... 

2.2 Notation 

Wc will now set \lp some of thc basic notation and concepts which we will need in 

what follo\\'8. 

LC't C(s,t) : 8 1 
---t R 2 be a family of embedded curves \\-'here t denotes time 

and s paramckrizps ('ach ("un·c. W<, a<;sume that this family evolves according to the 

('volution <'quat ion 

{ 

élC 
dt 

C(s,O) 

= o(s,t)T + j1(s,t)N 

= Co(s), 
(2.1) 

whcre N is the ou t ward normal. ,.. is the Gaussian curvature. and (\, /3 are arbitrary 

functions. Fol' eé\ch <!('format ion {Cl.;i}, there exists another defol'Illat ion {O,;3'} sueh 

that the resulting t races of ("urves are equivalent [2;]. Furthermore. we cOTlstraiu thc 

dcformations to be deterlllined by the local geometry of the curve. i.e" /1 should be a 

function of ctln·ature. Thcrefore, we consider the case o(s, t) = 0 where ;3 is typically 

of the forl11 13(,.,) = 1 - {fi. Assume that Ct = C(., t) is a C2-classical solution on some 

intel'val [0, t'), (f' < ex::). Thus wc are considering (.'2 solutions of the system 

=f3(K(s,t))N 

=Co(s), 
(2.2) 

(Note that wc do not rule out the possibility that a C2-solut.ion may exist for ail 

t ~ 0,) 

Let, 

(2.:3) 

denot.e the mc/rie along the cun'e. The arc-length parameter oS is t hen defined as 

';(8.1):= 1~ g(ç,i)clç. 
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Let the positive' orielltatioll of a cl\l'"e be ddilled 80 thélt tilt' IIlll'liol' i::. to tll<' I(·ft 

whell tra\'el'sing the cur,,€'. The lallg(nl. curl'nlu/'(. "ormal. orirl/lallOIl and [O/glll 

are defined in th<, standard way. We will take the normal to lu" poinlillg out\\'é\l'd~. 

\\'11ere the in",ard or out",ard is determined by tl1<' illtf'rior. or ('«\lival('ntty hy tl\(' 

orientation of t.he cmve. We then have that 

() 

L( 1) 

(JC 1 ne 
:=- =--. 

j).~ 9 iJ8 

:= I~~I = ~li!1~1. 
(J$ !J d ... 

87" 1 ')1~ - ns - ( 
:= I~rl = "'g V,.;' 

:= L(T,.r) 

r:r 
:= Jo g($./)d ... 

\Ve also ddille a quantity which we will cali le IIglh-,.;qual'tll by 

Fillally. w(' !('t 
f2rr 

ii(t):= Jo II\(s.t)ig( .... /)d .... 

denote the total absolute Gaussian curvature. 

2.3 Evolution Equations 

In tItis section we will deri"e the e\'olutioll l'qllal iOIl fOI 1 II(' t élllg,c'lIt 'r. Ilol'lllai R, 
metric g. ClIJ"vatur(' 1\, oril'ntatioll () and lellgth L, for fallliliC' ... of CIII\('~ sélti~fyillg 

(2.1 ). 
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lt is c'<t~ily ('sl.<tJ,lis}w<! that 

{ 

aT 
&s 

aN 
Ta 

= -figR 

== figT, 

26 

(2.4) 

wlliclt will be lIsed in the following proofs. Note tllat these evolution equations are 

fOI tlll' ge'lIeral deformation {Ct, 13}. 

f\lol'C'o\'(,I'. wc can compute that the metric 9 evolvC's as follows: 

ô ôe ae 
== -<-,- > at ô.r; a.r; 
_,) ac aac 
- - < ôs' at as > 
_,) ôC aac 
- - < as' as iJt > 

- a ... -
= 2 < gT, ôs laT + ,aN] > 

-- ôo -- ôT ôj3.. âN = 2 < gT'-a T+a-ô + -ô N + /3-â > 
S 8 S b 

= 2 < gr, QsT - a~gN + filiN + /3HgT > 

IIc'lIn'. \\'C M'(' tltat 

(2.5) 

III t )1(' s)('cial case of (\ = O. 
âg at = {3fig. 

W(· willll('('d the following change of partia)s for computillg e\'o)ution equations: 

ô f) 

ûtfH. 
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-YI () 1 Ü ü 
=--+---y2 (J.~ 9 iJI (J .... 

-1 () iJn 
- -[0 + I~".y]- + --
- s 1 ü' ')' VI' Y :'0 (8 

N ext we ha \'e the following ('\'olu t iOIl ('<1 lia t jOli fol' tang('nt: 

8r a ôe 
&t = 81 [Ji 

-1 ne (J nc = glas + {3l'ig] ,)s + lis al 

= ~1 [as + f3l'ig]1
i + ;~[(\1i + /31V1 

1 ........ -i .... )IV = ~ [os + {3,,'g]T + QsT + 0 r~s + f33 N + /3'8s • 

= =l[o + {3l'ig]T + 10 f - o,,'N + 18 N + ,:J1'i1i 9 5 9 S g' 5 fJ 

= ~[j38 - Ql'ig]N. 

Similarly. fol' the normal '\'e see that 

(2.(; ) 

(2.ï) 

Next we define the orientation of a cuJ'\'(' as tl)(' angle the tang<'llt makes with thl' 

,l'-axis. Let f = (cos(O),sin(O)). so that R = (SIII(0).-C08(0)). TheIl, 

Therefor<" 

ar 
af 

, ao = (-SJII(O).cos(O)) iJI 

= _ (JO /V, 
üt 

{

CIO 
7ïi 
no 
Vs = "'g, 
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As for ClIrvat lire, wc comput.e that 

(2.9) 

Fol' the length, we derive 

aL ,"i r 2:r ( 1) 1 
&t = Dt JO 9 s, C $ 

_ r2:r ilgls.t) 1 
- JO ':1/ (S 

(2.10) 

alld similarly fol' length-squal'ed. 

(2.11 ) 

= J~rr 2y[os + 13h'Y] d~. 

\Ve now specialize to the case /3(1\) = l - (h' which is a common mode) frequently 

tt~e(1 in applications sud as flame propagation. crystal growth. among others. First. 

Wf> cali easily show in this case that. the mf/rie eroh'es according to 

rJy 
Dt = (_0,2 + 1\').'/. 

Second. for the taI/gent and 1/ormal w(' have 
... 

DT = _ Œs N. 
DI y 

vS = (h· sT. 
iJI y 

Next. the ol'Iel/laliol/ c.'VOllltioll is go\'crncd by 

-=-
(-JI y 
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Similarly, one can show that thc cvolutioll cCjllation for CU1'I'alll1'C is 

Finally, length evolves as 

L. = 27l' - ( fo2
/f ,,2g d ..... 

It is also useful to furthf'1' COllstl'llill tllC' fio\\' and obtaill c\'olutioJ\ t'«lIatiolll-l for 

the part icular case of <:: = 0, 01' t3( ".) = 1, for which Wt' ha\'c 

ôg 
iJI = "'!J, 

ol' 
= 0, 

iJI 
ô.Y 

= O. 
()t 
iJlj 

= 0, 
iJI 
(J,,' 

- _h' Z 

iJt - , 

dL 
VI 

= 210. 

The evolution equation fol' C'ur\'élturt' may !J(' sol\'(·d explicitly as 

1.'« ... 0) 
".( .... /)=----

1 + "'(s,O)1 

This impIies that the classiral solution will fail to cxist whcll 

-1 
1= . 

h'(s,O) 

(:U~) 

(~,\ :J) 

(:U,I) 

(:ur,) 

(2,Hi) 

(2.\ ï) 

(~.l8) 

(2.1!J) 

(2.:W) 

Henee. if the initiill cU\,\'e to (2.2) is com·ex. th(' p<JlIatioIl will ha\'(' él c1él:>l-lical 

solution for ail time. 

The metric equal ion may also he sol\'ed él!-. 

iJ!J 

dt 
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YI 

9 
ô11\(Y) 

;-Jt 
8111(Y) 

at 
II1(Y(8. 1)) -111(9(8,0)) 

11\(9(8,/)) 

9(0'3,/) 

fi(S.O) - -.....:---..:-
1 + o(.s, Olt 

1\(8,0) 
-

1 + 0(8, Olt 
âln(l + 1\(8,0)t) 

- at 
= In(l + o(s, Olt) -In( 1) 

= In(g(B,O» + In(1 + 1\':(8,0)/) 

= 9(8,0)(1 + o(.s,O)t) 

:30 

Hence, the mrtric changes Iinearly in time with a curvature dependent coefficient. In 

particular, 

Lemma 2.1 COI/sir/o' a <;ol"lioll of 2.2 when f3(I\) = 1. Then, fOI' ally poil/t (,~, 0) 

will! 7/f'90Iil'( rl/rl'a/lI/'e ~'(~,O). CUI'l'fIf1/rt will tend ta infinily and me/rie 10 :fl'O as 

1 -+ n(8,0). FlIrlhe1'1110n. ;11 any I/cighb07'hood of the Ctl1't'f C, the poilll of 1/(9(/111'( 

cl/n'alure. minimum is fi" jirst poilll u"108e curvafure bf.:omes unboulldcd. 

2.4 Bounds for Things 

11\ this section we gi\'e bOllllds Oll the lellgth and total absolute curvature fol' the 

family defined iJJ Section 1. As Ix'fore we are particularly interested in the case 0 = 0 

and fJ(s,f) = }- fl\(8,1) which is JJot only of interest in physical applications, but 

also as we will show in subsequent chapters fol' the study of shape. 

2.4.1 A Bound for Length 

Lemma 2.2 Ld C(s.f) b( (( soll/IIOI/ of (:2.2) fm' t E [D,t') and ,,/3(0) < M fol' ail 

" E R (r'cgol'dil/!I13 0$ (/ llll/riloll of ,,). Thfll, 

1.(1 ) :::; min( 1.(0) + 2rrt. L(O)t: Mt
). 
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III parlicu!ul'. fol' j'i(n) = 1- (H. 

L(i) < min(L(O) + 27rt.L(O}trq. 

Proof. \Ve ha\'(' 

So, 

L(t) $ 2rrt + L(O). 

Note. the eqllality holds fol' f = O. Alternatively, 

Since h'/J( f;) $ .\1 

Therefore, 

that Îs. 

DL 
iJI 

$127r 

Mg lis 

$ AI L(i) 

L'(t) <AI 
L(t) -

(11l[L(t)])' $ AI 

II1[L(I)] $ Ait + IIl(L(O)) 

:H 
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ln »é\rtÎculé\r fol' /.1 = l - (h' AI =..!. and , 4t' 

1 

L(I) ~ L(O){i<. 1 

Rcmarks 1. 

(i) For tl)(' second estimate, as (-+ 00, L(i) ~ L(O). It is interesting to observe that 

t 1)(' t wo ('stimôtes complement ea('h other: for smaH f the second estimate is very 

Jéll'g(' makillg the first cstimate more usefuJ. Howevcl', fol' large f, the first estimate 

is cxagg{,l'atf'd making the second estimate more useful. 

(ii) A silllilal' same proof shows that the length-squared 

is bOllIH!t·d by 

2.4.2 A Bound for Total Absolute Curvature 

Lemma 2.3 LdC( .... 1) b( a solulioll of (2.2)fol'i E [D,t'). SllppO~( Ihal h'I~(") ~ 1\1, 

(ll/d fi,., ::; 0 Th ( 11. 

;;:(t)::; ~(O). 

Pro of. Dt·(jl1f' 
(2rr 

lj(t):= Jo lJ(I\(s,t))g(s,t)ds, 

\\'1)('1'(' l/ is tllft pi{'c{'\\'Îs(' SlIlooth conw'x approximation of 1(.1') = 1.1'1 giH'n by 

{ 
1.1'1 if 1.1'1 ~ l 

lJ(.r) = n 

l + !!..1·2 if 1.1'1 < l 211 l - 71 
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Sinn> p" ::; 0 and com'exity of li requin's q" ;::: 0, wC' ha\"(' 

Nole thal 

N(i) ::; ij(l). 

so litai a hOlllld Oll (j is a bOllnd on N. 1\10I'eo\'el'. wc' ha\'(' thal 

{ 

0 if .1' > ! 
0:5 q(:r) - J'q'(.l')::; --L - 11 

if .1' < ! 
2'1 - 11 

Now since 

éllld ['1(1\) - I\q,,(I\)] ~ 0, 

-----~----- - --

q'(f} ::; AI 12
I'[q(I.') - hC/,.(/.)]qd, 

< M-) 12
". y d.'. 

- '211 0 

::; M L(f). 
2/1 
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alld SO, 

r/(/) $ !II L(i) 
211 

Siun' hy lelllmél 2.21 the length is finite, let t.illg 11 ..... 00. we get 

r/(i) $ O. 

or 

;;'(1) :s; R(O) 1 

Remark 2. The conditions of the above lemma hold:;; for /3("'(8,t)) = 1 - o>(s,I). 

fOI ( > O. 

Lemma 2.4 Ld (/ family of C/l/ves salif;jy (:2.2) !l'ifl! COll/'Er il/itial condition. 1.f. 

ti(, .. ,O) 2: O. 1'Inll, ;;'(1) = ;\'(0):;-;: 271' al/d the Cllr/'( 1'(/1/(1/1/8 c07lva f07' aIl limES, 

Proof. For COI1\'ex curves. 

R(s,O) = 127r 
"'y ds = 2r.. 

There il' sOllle Ileighbol'hood of time such that ti(s. i) > 0 for all s, Therefore, 

âR a 271" 

Dt = {Jt 1 I\g<l8 

= 127r[l\tg+tiYt]d~ 
f2r. 

= J
u 

[(-(333 - /31i 2 )y + Ii,d,,'y] d~ 

= - 12

71" f3iiY (h. 

fL(t) 

= - Jo /liS di. 

• _ _ ,:J,IL(t) 
- f.Js U 

= O. 
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Hence, 

F\(t) = 2rr. 

Since only convex curves can satisfy t,his condit.ion, t.ht' e\'oh'ed l'mve must bt> COIl\'CX . 

• 
Lemma 2.5 Ld fi family of CUrt'fS ~flti4y (:J.:1) fol' u,Mell ri" < O. Tilt 1/. if 1i';(S, t) =f 
o fol' (/11 ,~ (/1/d 0 ::; t < f' 

j{(i) < i,·(0). 

FOI' {3" = o. 
h'( l) = h·(O). 

Proof. This proof is due to Sethian [;.5] éllld w(' illcludp it h('l'(, fol' cOlllpl(,t,(,I\(,!-tH willl 

fi f(·\\· chauges. 

\\ïthoul loss of generality piek the starting poinl .~ = 0 to 1)(' éI zero of curval.lm· 

sneb that positive cur\'ature begins in the pOHili\(' dir('ctioll of tl)(' C1tr\·('. Pal't.itioll 

the inter\'al [O. L(I)] into n + 1 maximal sl\binl('r\'éll~. 

suell that Ii(S) is entirely positive. negati\'t', or 1.('1'0 in thC' illtl'I'véll (,~",~,+d fOI 7 = 
1.2 ... · ,II. Then. 8, are zeros of cUl'\'alure, "'("1) = O. Nole flll'llI(,1 1 liaI ill g('IWlïtl 

.Il, = s,(t). Also, let 

1 if "'(.~) > 0 fol'.' E (a.b) 

p(Ii,[a.b]):= 0 if ,,(.~) = 0 lol'.~ E (a.b) 

-1 if, .. ( ,,) < 0 fol' " E ((/.") 

Then. 
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Sinn' intervals fol' whirh clII'\'ature is uniformly zero do not contribute to the sum, 

Wl' will discount them, \Vit.hout loss of generality assume otherwise in the following, 

aF.' 
at 

No\\', Il)' our original assumption p(h', [su. SI]) = 1. The next intervaI. then, has 

negative curvature and p(l\, [,SI' 82]) = -1. Sillee zeros of curvature must pair up, 

p(h,.[,qll,SII+I)) = -1. In short. p(I\,[,~,.SI+l]) = (_1)1. Therefore, 

Dï.' 
al 

n 

= - 2) -l)I[/3,;(';,+d - P.;(s.)] 

11 Il 

= - L(-l)',as(,~,+d+ 2)-1)'13,;(81 ) 

1=0 

11+1 11 

= L(-l)J;"('~J) + L(-l)I/]';(';I) 
.=0 
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" n 
= l)-l)JI~$(sJ) + L(-l)'ps(s,) 

,=0 
" = 2 L( -1 )'Jji('~,) 

,=0 
Il 

= 2 L( -1 )1j:J,,(SI )"'S(,~,) 
1=0 

No\\'. sinn' li.;(8,) has sigll (-1)' if #/. < 0, then 

so that 

h'(t) < ii(O), 

Howe\'er, if ;3" = O. suelt as the cal->e with (3 = 1, 

;;,(t) == i{(O), 1 

ReOlark 3. 

In conclusion. cOllvex eun'cs remaill cOllvex and it(t) == 27r fol' ail ddol 1l1ill 1011"', FOI 

nonconvex eurves and /1 == 1, we have i{(f) = ii(O). r\ott' tll('r<'fol(' 1 hal for ail 

curves. the deformation /3 = 1 does not alter the total absolul,(' clIn'fllllJ'l', Filial/y, 

for noneol1\'ex CUl'VC'S and dt'fol'mations for which {3,. < 0, suell al-> {"J = 1- (l, willl 

l > 0, we ha\'e 

h'(l) < ;;'(0), 

This describes the importallt rol(· of { in thC' deformatioll as 011(' of I(·dll('ill~ tlH' touil 

absolute curvature, l\otp t hilt fOl /,i = -0,', Ihl' dpfonnatioll will ('\oh.' ,Ill l'llllwddl'rl 

curve to a cit'cle (28. 35J, 

In this section wc will i\ddr<'s~ the kpy iss\le of ho\\' félJ' tl\(' ('\oh(·.! (II"{' (illl I){' 

away flom the initial elll \,p, FJI'sl wC' d('ri\'(' a n'Iatiolll->hip bd \\'('('JI t I/l' di ... 1 ;IJI((' of il 
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poillt from èl cmve and the cun'attIre of thc curve at the nearest point. Sc>cond, the 

rate of change> of di~t.ance of a point t.o a CllTVe is related to the speed of the curve 

at its Jlearelit point. This result holds for nonshock points. Thi)'{l, the distance of a 

point from a cUJ'\'e bOllllds the rate of change of that distance with time. Fourth, we 

show that a curve call Ilot tra\'e1 too far pointwise. Fifth, for any time neighbourhood 

fol' which the cmve dOC5 not travel bcyond l, we constrain its expansion as a function 

of time. From these we conclude that two curves close in time are close in their 

Hausdorff distance. Finally, a t.heorem shows that the limit of cllI'vature erolution 

exist.s, alld using the abovc we can eyen bound the total Gaussian CUTvaturC'. 

2.4.3 On the Distance Travelled 

ln ",hat follows we willlimit ourselyes t.o the case 

Fol' a subsct Sc R 2 • let N",(S) denot.e a c10sed 8-neightborhood. Define the Sigl1t:d 

distuncf of a point from a curve (regal'ded as a point set in R2) as 

d(l', Cd := 
{ 

inf{d(l',q)lq E Cd if pis outside Ct 

-inf{(!(p,q)\qECt } otherwise, 

wllC'l'e out!lidt is the region to the l'ight of the CllTVe as one traverses the cline in the 

positive oricntat.ion. ]n Ihis section we will consider an arbitrary point in the plane, 

JI. and consicler its l'da( ion to the clII've Ct, Set 

d(f) := d(p, Ct) 



Cll:\PTER 2, OS GENERAL CUR' 'E DEFO/DJATIOS :m 

Lemma 2.6 Lei p (j. C be (l poinl ill R2, Le 1 li bt fi/( dm't::.1 pOl1l1 011 thf C//I'/'f 101), 

(Noff Ihnt li f,rÎ8t, ... by compnclllcss,) ThcII, 

{ 

I\(q) > -1 
- d(p,,!) 

,,'(q) < -1 
- d(p,.,) 

if pi ... out .... ,dt C 

if]) is ;II.-;id( C, 

Proof. Spt cl = d(p. q), First suppose the point ]J is outsidc' the cU\,\'(" so t hal li> 0, 

Let li he the' c1osest. poillt 011 the curve C tO]l, COllsid('r the dlch· of l'adill~ d lIIul 

c('nkl' JI which is tangent to the clll've at q, We hav(' t",o sC'péll'at(' (,ilS{,~: (i) tlll' nll'\"(' 

has nOIl-l1egalin' cur\'atUl'c at. q. In this cas('. 1..-('1) ~ ~/, tri\'ially, (ii) 1111' CII\'\'(' ha!'! 

negati\'C' c\lI'\'ature at li, ln t.his case. the cU\'\'(' C li('s C'lIlÎn'ly olltsidf' t.IH' cil'clc' of 

radius cl (Incl (,C'Ilt.er p, ln order ta see this suppose to tll(' ('OlItrar~'; 1.11('11 th('I'(' (·xist. 

points 011 C c1osel' tO]J than d. a contradictioll, Tlu'J'({ol'(" tht' nll'\'allll(' of the' cÎl'd{· 

~ is gJ'(~(It(>1' thall the CUI'vature of the cun'(' at q, i,('. j ? -"'(l/). Thpl('fol'f" fol' !loth 

casC's ",lwlI 11H' point Tl is outsidC' the cun'C' C. wc' ha\'(' 

-1 
n(q) ? J 

No\\" a& l'equil'ed suppose the point ]J is ill~id(· tl)(' CUI'V(' C, li < O. (I1lc! q tll<' 

closC'st poilll of tlw C\lI'\'(' C to it, Agnill, ('01l~id('1 t II<' cil cl(' of rrldill" -t! alld {'('lIlpl' 

1l whidl is tange'llt to the cu)'\'e at 'l, Ollce III 0 1'(' \\'(> han' 1.\\'0 filS("": (i) t II(' ('III'V(' 

ha!' nOIl-po~iti\'e Cl\l'\'ature (lt q, CUI'\'atme', Tri\'ially. tllPlI "'(l/) :s ~/, (i) tll(' ('111'\'(' 

ha~ p()~iti\'(' ClII\'aturc at q. In this case, th(' tÎrcl(' agaill li{'~ (,lIliJ('I~ ",ilhill t.lH' 

CUI'\,('. tOllchillg it only at q. 50 that, th(' ClIl\'attllf' of tl)(' ('il'c1C' ~/ i~ gJ('at('1' thall tlw 

CUI \'at 1\1'(' of tht=' cur\'(' I\(q), Theil. 

-1 
"'('1) :s d • 

Lemma 2.ï Ld Il b( (/ 1'01111 i" R2 !l'II(' ( C, df/onll," alol/!J Ih( I/or/llal f/{(fJ/(IIII!1 /() 

(fJ,2), If ':. ((111 /)( bD Il I/dul, Ih( 1/ 

1 nC 
d(t) = --. 

iJI 
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Proof. Lel '1(''', f) be t.he closest point to l' on Ct and q(s + h8o, t + ht) the closest point 

011 C( .. I +M) to l'. Since the line (p, q(s.t)) is normal to CI. the point q(8o,t+M) is 

ùll this lill(' éI distance ~~ 61 from q( s, 1). Consider the triangle with vertices p, q( s, t + 
M).q( ... + li .... 1 + M). where the angle at pis denoted by hO. Then. 

d( f + eSt) - d( t ) 

M 
= ~[(d(t) -7fiM) _ d(t)) 

{jf cos (liO) 

= COS(~O)lit[2d(f)SiJl2(60/2) - ~~ 61] 

2 1 ae _ -')d( )sill (60 2) _ at 
- ~ t . 

cos(liO)M cos(liO) 

III IIIf' limit. 6t --+ O. 60 --+ O. From the equations for rate of change of orientation 

",il Il .'-lin St'ct iOIl 2. 

Siun' (JI ('an h(' hounded 

, âC 
li (i) = -75t. • 

Remark 4. Obse1'\'e that as t aproaches the time of shock formation, 9(80, t) goes to 

~('J'O. êlnd 1 hf'J'do1'(, tht' condition of Lemma 2.; cloes not hold in the limit.. -

Lemma 2.8 !.rI Ct be (l solutioll of (2.2) whcl'( fi(,..) = 1 - fH. Lei p be (l point in 

R~. /fd(/) = d(p.Cd::; (, Ihe1l, 

d'(I)d(t) ~ -2t. 

PI·OOr. IA'1 q( 1) t)f' t h(' closest point on the Clll'\'e Ct to p. First, consider the case 

wh('J(' tilt' p01ll1 P is outside the cUt'\'e Ct. Then. by Lemma 2.6, I .. (q(t)) ~ di:). 
('OIl8('(I\I('1I11y. 

d' (1 ) =(,..-1 
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-( 
> --1 
- d(f) 

-2t 
>­
- d(f)' 

sillet' d(t) is positi\'e and ll(i) ~ L Hence we cali condud(· t.hal 

d'(i)d(t) ;? -2<. 

,Il 

No\\'. consider the case where the point p is ilJside 1 hl' curVt' which implics 1\( q(l)) s 
di:), Then, 

d'( t) = (l.' - 1 

-( 
<--1 
- d(t) 

-2( 
<­
- d(t)' 

sinee d(t) is negati\'{' aud d(t) ~ (, Ouce again, wc cali cOllclll<!<> that. 

d'(t)d(t) ~ -2c • 
Lemma 2.9 C01l81dl,. a CIII't'( Co u 7oh7illg Ihl'ougl! (J JuncllOn oJ ('U/'Im/Ill'( (lS lU (!J,2), 

wlt" 13(1.') = 1 - U,', Thw fol' taC" (, Ih(:1'( (,r;sls ï = ï(,Co) > 0, sur" IIUlI f07' (-a('" 

p E Ci witl! 0 ~ Î < ï U'l have fhal 

d(f) :s ( VO :s f < ï. 

Proof. Let JI E Ci fOl SOllW 0 ~ Î < l. Note that 1 - (h(q(l),t) is the sp('('d of tlH' 

point q(t) on Ct in th(> ('\'oh'ing farnil)'. No\\' silice h'(,~./) b a p<>riodir solutioll of a 

polYllolJliaJ l'l'acl iOIl-difrusioll equat ion ",it h analytie cOf'ffl< il'1l1 S <llle! !-.lllOoth init.ial 

l 
1 
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cOllditioll, tl)(')'(' ('xi~l~ ail illtcr\'al [0, Il] su ch that Ii(S. 1) is uniformly bounded as a 

fUlldioll ill 1 :;ay hy M. TI1f'refol'f' on [0, td 

Il - o\'(q(t),t)l:s 1 + fM. 

Tltll~ auy poilll (/(0) ECu catlllot have lravelled more than distance f from Co in tillll' 

( 

' 2 := ---1 + cH 

Sinn> p E Ct fOI SOIlH' 0 :s Î < ï. the lemma is proven. 1 

Theorem 2.1 ('()I/.~id(/' (f C/lI'I'( CU fvoll'il/g III,.ol1g11 n functioll of cUrl'alll1'f n." in fJ.!! 

!l'If" I~(h) = 1 - th'. Lri ï = {(l.Cu) bf a.<;; in the 1J7'ct'ious lcmma. Thell 

fol' ail 1 E [o. n. 

Proof. FIOIlI L('llllllél 2.9. gi\f'1l ( t hcre l'xisls r such that for ail t E [O. f] and for ail 

Jl E Ct W(' llél\ l' 

(/(1) = d(JI{I), Cd :s f. 

No\\'. hy Ll'llllll" :!.K. 
d1(f ) 
[2]' = d'(1 )<1(1) ~ 2(. 

for ail 1 E [0./]. H.\ ill1 f',!!,) cd iOIl 

li (t) :s yf.ï;f. 

1lC'1\(·t'. Wt' h,,\ (' ~\l\l\\'ll 1 \)('1'1' j~ i ~1I('h t hat for f E [O. n wc have 

1 
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Remark 5. For dJ/ tlw Hausdorfr Ill('tric ddill('d 011 compact subset.s of R2, from tht' 

above theorem we han' t hat 

2.4.4 Limits of Classical Solutions 

Lemma 2.10 Ld Ct : 8 1 
-+ R2 br. fi family of ('2 jllllcfiOl/8 wilh 111IIJO"''''1/ bOI/IIf/fll 

h:ngth-sfJII(/l"fd L(2)(t). TI/lII. Ct 18 ItlllfOl'11I1y eqllico,,'iI/IIOllS, 

Proof. The lemma is a simple modifient ion of the r('sult for fllllctioll:-' ",il h lJO\Hult·" 

derivati\'es. Note tha! 

Thereforc if L is tl)(' lInifol'lll hUlIlld OH th(' length-squarpd 

1511~CII(hT= 15 [(iJ.l') 2 

+ (U!J)2]1/2 da 
5.) da s" ua ua 

< [r (~~) 2 + (~~) 2 du ]'/' ~ LI.' _ " .. 1'/2, 

that is, the famil\' i:-. ('quin)))t illllOUS with Bolder constallt Laud ('XpOlwllt I/'l.. 1 

Theorem 2.2 COIl .... "/t 1 (J (I/,,/,( Cu em/I'il/!I tllT'ol/gh a fUTldlOII oJ Clll'l'alll1'f (l .... HI 

(2.2), Th( Il. 

lim Ct = C·. 
t-I' 

ill fil( /la Il ,'"dOllT ml 1/,/(', TIlt (/1/'1'( C· ng(ll'du/ (IS (/ mappl1lg C· : 8 1 -+ R<! 1 .... I/ijhl,,. 

COl/tiTl/IOII:.- /l'ilh Lrpollflll I/:!' 
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Proof. Sille(' t II(' 1('lIgtll~-~quar('d of the curves Ct are uniformly bounded (sec Lemma 

2.2 and H('llléll'k I(ii)) regéllding ('ach Ct: 8 1 
-7 R 2

, we can apply the Lemma 2.10 to 

the' rnlllil)' 

to conrludp t 11(11 il is f'quicont inuolls. Moreover from Theorem 2.1, the curve~ lie in 

a compilet J(·gioll. Titus by t.he Arzela-Ascoli theorem and the proof of Lemma 2.10. 

then' exisb a 1I11ifonnly colJvergent. slIbsequence Ctn -+ C·, where C* : 8 1 -+ R.! is a 

lIii/c/!-r fOlItillll01l~ fUllc1ioll witl! cxponent. 1/2. (The Holder contilluity of t/le limit 

follo\\'~ fl'om t.J)(' faet thal the family is cquicontinuous and Hôlder continuous. C· will 

also deJ\otC' the col'rcspolJdilJg CUlTC.) Thus as compact subsets of the plane. wc have 

t.hal CI" -+ C· i1l t hp Hausdorff nu'tric. 

'1'0 complel/' III(' proo/'. wc llccd to show that aB the Ct -+ C· (in the Hausdorff 

met.rÎ(') as 1 -+ l'. Let b > O. and choose f n such that 

and 
62 

in > f' - Wc' 

(Wc' rho()~(' b > 0 :-'lIffici('llt/y small so that 1'- t:( > O.) Note that for aIl f E [f",f'). 

wc ha\'(' 

'1'1)(,I'('for(·. by Tlwof'('1II :!.I 

as l'<,ql\il't·(1. 1 

b2 

I-t <-
n 16{' 

Ct C N, .. (C*), 
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Remarks 6. 

(i) Nott' that ~illc(' C· is 1101<1('1' continuons. and sille€' tlw total Gaussi"n cur\'atlllt' of 

tll<' falllily is Illlifurlllly bOllllded (~;('(' Lmullél :1.2.1), C· will ha\"(' fillit(· totétl Gallssiélll 

cnn'at 1IJ('. 

(ii) FrulIl tht' "ho\"(' r<,sults. wc ha\"(' a fairly cOlllpldt' pictur(l ahollt tlll' thl' c1.I~~ir(d 

('\'01 ut iOIl of ét laillil.\ of cun'I's wit h 



.' 

ft 

Chapter 3 

Conservation Laws 

W(' 110\\' (,Ollt illllP the st udy of curve deformations. and relate them to conservation 

laws, III particular. we review an expression of hyperbolic conservation laws as dif­

ff'll'lIt ial ('qUélt ions and we show that orientation alld the prodllct curvature-metrÎc 

sal.isfy it, Fil'!.t, it is shown that the axiom "slightly deformed shapes appear similar" 

)('a<!1> 1.0 il qlléllilati\'e description of arbitrar)' deformatiol1 of shape as a sum of two 

typ<'1> of defol'Illal iom: COIl."itaut motion and cU7'L'alun motion. It is shown that while 

('Ollstallt llIotioll Icads to a conservation law fol' orientation. adding clIrvature motion 

i!. lant.éllIlolllll 10 addillg viscosity to the system. 

3.1 Hyperbolic Conservation Laws 

('OIlM'1 \'éd iOIl léI\\'~ apJ>car freqllently in physical sciences, Examples include conserva­

I iOIl of Illat tl·l. f'1l<'l'gy. e1ectric charge, and heat, among others. To illustrate, consider 

11lt' COIl~(,I\'alioll of matter. which can be stated as follows: "'the am ou nt of matter 

t.hal flo\\'~ illlo il \ olullI(> is exactly th{' amount of increase of matter within that vol-

1I1\l( .... III 011\1'1' ",onk matter is neither created nol' destroyed, In this section, we 

hl'~t n'\'il'w II~ P('I holj(' mllscrvation laws. express thelll as differential equalions. and 

·Hl 
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then show that orielltation satisfic!'> a similar equation. As such, given a "pi(,('t''' uf 

orientation. tl\{' total challge of oripntal ion in 1 hal .... pif'cc .. is equal to th<, chang(' in 

the orientat ion of neighhoring nu n' segmenl s. 

To derive an equatioll exprpssillg Il)(' COllsPI'\'alioll of a quantily Il. sn ch as 1lf'é\I, 

consider tht' volume Cr' with bOlllldéll') ü(r'. l'Il(' total quantity of /1 in tIlt' \'011\1IJ(' i!'> 

ICi ud,', where (l!' i~ th<, volullle e1eIllPIlL and th(' total quantity passing through III<' 

boundary is J.:1C uliS', wllf'l'e liS' i!'> t\u' sUl'fac(' el('I11('1I1. figure 3.1. 1'hPII, COl1s('l'val iOIl 

holds if 

.n Jl r /Id" = -J f H(u)· rielS, iJI Je; J,(; 
where JI is t he flux. {T~illg tllf' Di\'('rg('II('{' Th('orell1, the right haJ\(1 sidt' is simpl.\" 

If Ic v· H(u)(h'. 80 thal 

1 1 1 iJ/I [-. + \,·1/(11)]<11' = O. 
(; dl 

Since this hol<ls for any \olmll(' n. 

i)1I 
iJI + V . 1/ ( 1/) = 0, 

whieh is the differellliai pquatioll re))I'C's(,lIlillg the ahove intC'gral equatioH. Equatioll 

:3.:3 is callt'd a h!JJ1(I'bolll' COI/Mn'allOI/ /01/' alld is !'>atisfi('d by h('at, lIIilSS, (·II(·rg~. 

moment um, elect rie chal gf' auel ~Ulllt' ut her phy~ical <juantiti('s. For funet iollS of onl' 

variable ,1' 1 h<, f'«ua 1 iOIl !(·(h\Ceh t 0 

For example. 11(11) = -lI r , yi('ld-; tlll' Iwat ('q1\rttioll 

:\t Il)(' hem! of thi" thesis i::-. thp abstléldlOll of (,ltain properties of sharH' filaI ill"" 

saI isfy ('U/I-.('\ \éllioll lilw~. 
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I..ro' 
Infi nitesi ne l 

Slab 

Heat 
oC' 

in 

3) Conservation of' Heat 

ol8 

Figl1l't' :3,1: '1'111:-' fJAIIJ'(' illu~lrat('s the conservation of heat: the I1pt am ou nt of heat 
that flows iuto tll(' \olulIH' is f'xactly the amount of increase of hf'étt in Ihat volume . 
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3.2 Conservation of Orientation 

V· ... e no\\' tmn to cons('rvation laws fol' orientation and show t.hat. in an arbitl'aty dt'­

formation of él shape, orientation satisfies a viscous cons('I'\'atioll la\\" Spt·cifirall). w(' 

show first tllat when a curve is deformed by constant motion. orientatioll is cons(,l'\'ed, 

B) addi Ilg clIJ'\'a t.ure mot ion. orientation thell foIlO\\'~ a riscotls colIsl't'vat.iull la\\'. i ,(', 

ClIl'\"él t Ul'{' plays the 1'01(' of viscosity [i.)]. 

C'ollsider a curveC(s,i) = (.r(s,i),y(,'l.i)) sat.isfying 1.:3, '1'11('11, fOI al III ost i1l1y.<; 

and fOI SOIlIC' lIeighborhood i, we can write 

y = ,(;1'.1), 

TIJ(' nH'tric is 

The tangent and Ilormal are 

Curvatur<' ill tmll i:-. 

Theil f'<)uc\tioll I.;~ tlanslatps into 

( !!..l! è:) = /-J( ti ) A-: al • ,)/ 1\ 

NO\\'.,111 = ~IJ'/'I + ;1' )(,i1ding to 

ÎI = YI -')r·l'I 
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This can al!-.o 1)(' ShOWIl to holcl in the weak sense wh en one rem oves smoothlless 

a..,SII III ptions. 

No\\'. Id us tUl'II to constant motion, namely ;3(fi) = 1. The equation Il = JI + i1. 
IS a fi l'st OI'c!f'1' Hamilton-Jacobi equation. Using the transformation m = IX, the 

eq Hation Iwcomes a conservation law [1 S]. Specifically, the evol u tioll for orientation 

-IF céln 1)(' found by diffel'ent iating 

(3.10) 

As slIch. the' slope of the curve m = Ir satisfies 

(3.11) 

",ht·l'(' 'Hm (111) = - JI + 711 2• the flux of slope. To translate this equation into one 

witl. Ol'it'ntéltioll. O. observe tan(O) = 711: 

[tan( ())], 

- lan(9) 0 
- (t+tan2 (9))!1 r 

(3.12) 

0, = sin(O)O,r. 

Theol'em 3.1 Onfn/ntio1/ of a curve def01'med by constanl motlOn salisfifs a hyper­

boJ,t t()l/~t ''l'allOl/ lall' for orientation 0: 

(3.13) 

whtl't 'Ho((}) = C08(0). -rr/2 < 0::::; rr/2. 

So fill. W(' ha\'(' showll that slope and orientation satisf)' conservation laws when 

t.11(' (It'forlllat 1011 i~ a const dnt one along t he normal. It is natural to ask what happens 

wl)('1I t hl' dl'l'ullllat 1011 is arhit rary. i.e. when CUJ'\'itllll't" motion is now in\'ol\'ed as weil. 
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The role of curvatUl'(, may be examirwd by deri ... illg ail equation for the comhinat iOIl 

of constant and curvature motions which is similol' to :U:J. Retnrning to l'quatioll 

3,9. by letting /3(,,) =;3u + 13) A' to illcludc rurvaturc mot.ion. wc ha,,(': 

ÎI = (j;u + #)[\' h/1 + 11 
= {JuJ1+1f + l'lI ()~~n 

Di (fe l'P Il t ial P 

01' 

For orielJl,at.ion tan(O) = lx' 

[tan(O)]t - ;30 [(1 + tan2(0))~lz 
[1 + tan 2 (O)]Ot -;3u tall(0)(1 + taIl2(O))10.r 

Ot - ;iusin(O)Or 

Ot + du['H(O)L 

- 1-1 1 tAn(O 1 1 
- 1--'1 [1+1"" (01 .J' 

= /; [(I+tnn2~OIJOr] 
1 [IHan (OIJ .r 

= #1 ('OS2 (0)0 J'J' 

= f3. cos2 (0)Ou' 

( :J. 1 1) 

( :1.1 () ) 

(:t 1 ï) 

Theorem 3.2 Grif/da/IOII of a cur/'f dtfol'l1lfd by ([ c01llbl1lalioll of C011s/all/ WOllOlI 

alld (,lll'/'aill/'( motion satisjiu. a "iseou,.; hypU'boltr COII.'Off·patlOll /(/u· Jo,. ()l'UlltflluHI 

0: 

lI'11erc 'HoU)) = cos(O). 

Kote tllat th(' latter equatioll i~ the origillal comer\'atioll la\\' with a right. hand 

sid(' 1 hat contaill .... a s('colld deri\'ativf' for (J. a diffusi\'(' t!'1'I1l (recall tllf' h('at ('qllat.ioll 

Ot = On). 111 fado titis is a IH/cllOl1-(hlTII.'iOlI ('<jlliltioll wl)(>r(' the term jiol'H(O)]r 

is IIJf' l'cadioll t(,1'111 alld /~I cos2(O)On is tllC' diffusio/l 1.f·1'1II. It can h(· 8('('11 flOllI 

the coeffici<'lJt!'> of Il)('~(' tp),lllS, rJu and ';1. that the COII!'>tilllt motioll cor)'('sp(md~ tn 

l't'élctiOll all<l tll(' Cll\\'clIUI'(' molioll 10 diffu!.ioll. III tJt(' I)('Xt cllélp\'<'1 \\'(> ('olltillllf' with 
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this icl<'a and builel a Jeact.iolJ-eliffusioll space where, through the interaction of the 

two "forc('!." reé\ctiolJ and diffusion, the yarious aspects of shape can be charact.erized. 

3.3 Conservation of Curvature-Metric 

Wp eud tbis rhapter with a secolld intriguing conservation law and one on which the 

J"('maindc>r of this thesis will not dC'pend. Consider the product of curvature and the 

nw! rie 9 defiIwd as iu 2.3. DefiJle t.he c1l1'tlafllrf-mei1'ic as K, = Kg. 

Lemma 3.1 TIl( (}tulI/tity A.- = ng is consuvfll. 

Proof: 
.'II( = nt9 + 1\9t ,// 

(3.19) 

= o. 
1'h(' <luestioll natmally arISCS whether the curvature-metric K deserves spedal 

attention. '1'0 ans\\'er this, obser\'e that. intuitively curvature is taken to be a measure 

of ho\\' bellt éI curve is. Howevcl', while curvature is formally defined as change in 

tangf'lIt l'cr unit al'clengt h, arclcllgth is not always easy to specify or to measure, an 

issll(' oftt'II ignol'ecÎ in nlllllericai illlplC'lllcnf"üions. Recall that a curve is defined by two 

cool'diuat {' funet ions. The t heorell1 statillg t.hat curvature alone can determine a curye 

[~~l. in\'ol\'('~ an implicit assllmption of parameterization by arc-length. However, it 

S('('llls t hat 0\11' perceptual judgements of bending depend on curyature and on a 

J)(,I'('('i\'(,d al'c-If'ngth as weil. 1. 1'0 illllstrate, consider figure 3.2, where the cmye 

pal'éllJlet 1 ized a~ (,<;2 .... 3) is sketch('d. A computation reveals that curvature increases 

in magnit tHl(' and is unboundt'c1 as Wt' approach the cusp. Note in a.ddition that 

curvat tIJ'(' ('hallgl's sigll as we cross the cusp. Covering half the graph, so that only 

tlH' ri~ht 01 tll(' It,ft portioll is visible. indicates that. the curve does not appear to 

1'1'111' pOlllt aillOli)!. 01 Ilt'rs III Illls S('CIIOIl wa." IIH' rt'f>ult of many discussions with Allan Dobbllls 
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be infinitely bent a~ \\'P approach the cusp, This is in dear contradiction to what il 

comput,atioll of cunëlt ure would predict, 

The problelll appears t.o he based 011 several assllmpt.iolls, First. the Ctln'l' i~ 

assumed to bf> Sll1ooth. whell in fact a large' Ilulllher of shapes fOntail) discoutillllitil'l-, 

Second, is the if,slw of representation: A curv(' ma)' be r('pr('s('lIt('d hy cl pair of 

functions {,r(~).!1('~)}. or it may altemat.ively be repr(,s(,lIt(·d hy cun'atme N, Implicit 

in this latter representation is that curvature is a fUllction of ôrc-Ie'ngth i., 1I0\\,l'\'('I', 

this is Ilot ôl\\'ôy~ pos~ibh·, \\'(' suggest thôt a p('rceptllally important 1'l'!>n'M'lItatioll 

could be the pail' of fUlIctiolls (N.g) leadillg to t.he ddillitioll of gellt'l'ah:u[ (,UI'I'fllll/'! 

as 
. f~:~'II; 1\9 cl . ., 
l'l' ( <;) - ----,,-:----,---
~S' - J:~+~:I/2 1 ' 

:I-~~/l 9 l • ., 

(:J.20) 

where 2~8 18 tllC' "st ick "ize" of measuremellt. N i8 curvaturC', amI fi IS "spp(·d" é1:' 

before, 

To moti\'at(' this definitioll, cOllsidf'1' thf' followillg physical allalogy, IlIIélgilH' yolll'­

self dri\'ing alùng é\ winding road alld obser\'e t1H' 8pf'ed variat.ioll, WII<'II tlll' road 

is relatively straight. one illfl'casf's speed amI. whell approaching tlu' 1)('II<1s, OIlC' ch'­

creases speed, For tl)(' \'('ry difficult turns. one may even slow <lowlI lo Zl'ro, 'l'II(' 

li mi ti ng factor is fl'lct iOIl alld lateral ac('(·INô t iOll, In analogy. as OIH"S III i IHI 's «'yI' 

traverses a eur\'(', il III Il!; 1 lilllil tlw "visual acceleration"; i,e, sampl(' gn·at.ly will'Il 

close to higher bendillg and l-alllplt' ~parsely wh(,11 the cur\,(' i~ st raight, H(·tllfllill)!; 

to thf' definitioll. the illt('gral J,s~;ss/: Gd8 J'('presents an lIextent" OV(')' which hC'lldillp; 

. l'fI J ~+fj.s/2 [' 1 l ' , '. l ' 18 measure( , lt' IIl1lllPl alOI s-~,.12 N9 (~ IS t J(' C lange III or)('ntôtlOlI III t lat JIIt.·I-

val. As f,\l\!J 0\11 (\t'hllit iOIl Iélkf'~ illtn af ('011 nI both (J'1c 1/1 of tlU' cun'{' aud .'~Jl((([ of 

traversaI. III the C\l:-p C'xampl(' of figuJ(' :L:! sp('{'d approaches zero as w(' appwilc Il 

the cusp. lhereby tllC' ('xtC'ut O\'t'I' ",hich (1II'\"ÜllI'e is unbounded is infinit('~illlili. 

\t\-'hen g( , .. ) = 1. lIall)('ly. \\'lwl1 the CIII'\'{' i~ rf>pl'esentf'd by ardength, tlw )!;C'IIf'I-

alized Cl1I'\'atlll'(' i. J(·dl\({·" 10 IIJ(' <.;télJl(IéUrl llotiOIl of Clll'\'atlll(', A 1.,0, Ilotf' tllitt ft 
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Figu1'(' ,l.:!' '1'111:- ('\dlliple illustl'ate's that t.he standard notion of CU1'Yature as a func­
tioll 01' al'< 1('II~t It llld,' 1101 be' the ideal mathematical representation of om percept liai 
represelllélllol1 /III ',1111011111 of bcnd". This graph is a sketch of (s2,s3)'whose CUl'\ë;\­
t\lJ'l'al 1 = (l i:- IllIholllldC't! l'or caeh sicle of the CtiSp. Howeyer. covering half tht" graph. 
wC' l'ail 1101 pu" .. ild\ ""sol'ialc infinite bending with the CUI'Ye. Our proposai is that 
not <'111\',111111', hlll (1I1\<llul'e-Illf'lrÎc is ;nyolved in a notion of "amollnt of bCllding", 

, 
, 
, 
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notioll of sca1e i~ hllilt ill to the defillitioll. Sillgulariti<,s ill this represelltatioll art' 

t1)(' highcst po<;sih1p challgt' in the smallest pOHsible sea!p. Now, consider a rpdilll­

g!e. Whi!(, ai the' Cü!'rtCJ'b cllrrature is lIndefilwd, the gCIl('ra1i,wd curvaturc gives 'Ir/'!.. 

which i~ pcrccpt lIally int lIiti\'c. This prelimillary defillit iOIl <1('SCI"\'('S il gtwlt df'a! 11\01'(' 

de\"elopnwnt. but is hpyolld the scope of this thesi!>. 



Chapter 4 

Shocks and the Role of Entropy 

III tl)(' pl('\'iOIl~ chaplNs il wa!-. shown thal within a stable representation of shape. 

slight Iy (h.fo/'lllf'd shape~ ought to look similol'. The st udy of arbitrary deformations 

1('<1(110 tl)('il' classification as cOlllbinalion~ of consta1l1 motio1l and curvatu1'( motIOn. 

This in 1111'11 leads to collspr\'atioll laws fol' orient.ation and other quantities when 

1 lit' :,hap(l is defol'med by constant motion, The more general case. when cun'at ure 

Illot iOIl i" é1ddpc! to 1 he deformation. leads 10 viscous conservation laws. Solving t hesc 

colls/'n'at iOIl~ la\\'::.. howf'H>r. is not tri\'ial: the space of differentiable or continuolls 

f\lllet iOIl i~ nol larg<' f'IJOugh to accommodait' the shocks that signal key aspects of 

sha}>(· .... III thi~ chapt Cl'. solutions of conservaI ion laws are sought in the much larger 

SI>'\( (lof fIt Ilf /'((1,:((/ fil Il cl lOl/S, This leads to too Illall)' solutions. and a notion of 

t 1/1/'01'.11 i~ J'('qlJir('d 10 pick the physically significanl Olle, Entropy satisfying solutiollb 

e\:i~t alld cil" tll<' unique ::.olutiolls of the con<;el'vatioll la\\" Finally. the role of shock~ 

and t'lit J'Op~ fol' shal){' i~ d('scribt·d. 
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4.1 The Forlnation of Shocks 

COII~idl'l a si ligie h~ï)('rbolic conservatioll la\\' 

(.1. 1 ) 

\\'11<'1'(' .1' i~ thl' ~pac<' variable. 1 is time. li is the cOIIH('I'\'pd quallt it~ alld 1/ is t IIC' 

flux or /1 '1 hi~ i .. a lIonlillear partial differential equatioll alld. élH Sudl, slIIouth illitiéll 

cOlldit 101l!- lJ1a~' Ilot (alld as will shortly becoll1e dear, oftell will IlOt ) remain SlIloot h 

or e\'('11 cOlltillIlOUS. The lad. of a c1assical solutioll. "0\\'('\,('1', doe~ Ilot illlpl~' tht' 

loc).. 01 ét physical solutioll. Observe that th(' diffcrellt iol [01'111 of tlt(' COIIM'! \',11 iOIl la\\' 

ill :3.:J i~ 0 cOII\'elliellt representation for differentiabl(' flllld iOlls ollly alld t hat t.h(· 

ol'iglllétl !'l'iatioll i" ail illtegral Olle ( 3.2). COlIseqll('lItly. gin'Il tlJ(' illt('gl'id J'f'lal iOIl. 

tll<'l'I' III lIu ilrllf'I('llt 1'('08011 for limiting the space t.o that of cOlltillllOll~ fUllet iOIl~. 

e~IH'(,ldll~ e.,ill(,(' ilJ 0111' case of shape l'epl'e~(,lltatioIl (a., WI'II a~ otllPl' al'(',,~ of vi:-.ioll), 

di~colltlJllllti('!- al(' oftell salient f('atur('~ th'lt play a Higllifk,lIIt roll' in tl)(' J'('('OVC'l'y 

of sI 1'11(11))(' (·oll~id(,l. thell. th(' mllch largcl' space of !J( Il' l'tll/::fd jll I/cllO 1/.', i.('. t III' 

SI><l('C of hOllndl'd (llld m('asurable functiolls. which arC' capab!(' of IPpres('lltillg llIall)' 

killd~ of di~«)lllillllities. The notioll of whot constitllt(·~ a ~OIIl:i()II, f1lIlHt. ho\\"p\,c·r. 

be refolllltdéltl'd l'rom ail illh'gral persp(·cti\·('. This I(,éld~ tu tl)(' id~'n ofll'((ll' .... olll/um ... 

of (:3 :3), ",itlr hOlllldcd and measmable initial conditioll 1/(./'./) = l/ol.r,I), él~ lho~1' 

ftlllCIIOII!- 1 Irôt ~ôt i~fy tllf' integl'al relatioll 

/1 [u~/ + H(u)OrJd.l'dl +! lIoCU/.,' = O. 
. /~u /:U 

( I.:!) 

fOI ,dl dllll'lI'llt 1i.l,I(· 0 \\'itlt compact SUppOl t. l'oti('(' t Iint il c1rl:-.:-i( ni ~{)llItioll cl :J .~ 

is abu " \\l'ah "'01 lit iOIl of il. 

{'1I1111 t Il!lal<'I~. \\ bill' the larger span' of gCIl(,J'aliz('d 11I11l t J()II~ I~ richer ill lte., re'p'" 

8('lIt at 101l;t! PO\\'t'! , no\\' ther(> are many g('II('laliZf'd ~olllt IUIle., t hat satlsfy ( :~ 1)1 Silll f' 
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dpI ('lIl1ill(' wlll<!t ~('IH'raliz('d !>olutio/l is physically significant. The solution lie!> in the 

1101 iOIl of ("ll'Op!! [W, ,18. (j~] which, in the ca.se of gas dynamics dictates that. the 

"('111 1 op~ of t III' Pi" 1 iclf'~ must illcrea.'if.' as they cross a shocJdront". In the domain of 

gPlw/'itlizc'd fl//IC'liolls. it can he shown tha.t an f'ntropy satisfying solution exists and 

i~ tlJ(' IIllilJll«' p!t~!--i('al ~olutio/l. 

TII('H' <Ire' al leilsl fi\(, matltematically diffe/,('JIt approaches to the problems con­

("('lllI'd wilh tllC' ~ollit iOlls of scalar conservatioll law~. namel~': (1) Calculus of vari­

;11 I()II~ illld t !tc' Hamilto/l-.Jacobi tl)('o/'y 118]: (2) thC' viscosity method [21; 4.5]: (3) 

110/11/111'1\1 ~(,IJJigJ'()llp t heory [20]: H) the method of cltaraderistics [2:3]; and (.5) the 

IIll't!tod of h/lllt' diffen'I)('('1> [4;. 32]. [i8]. In tlH' followiug illustration of shocks and 

PlltIOI\\. \\(' will p/'illcipally use> the method of cha1'ac/(rislics. with some refereuceto 

ollJl'I 1111'1 Ilod~. 

'1'0 111\111 \'a 1<' 1 II(' ideél of shocks and cutropy. let us cOllsidl'/' the well-studied Burg­

pp,' {'(ptdlto/l Pi] a~ a simple model of tmbulence in fluid flo\\' 

lit + 11111' = Jilin. (4.3 ) 

\\ Itldl i~ a lllll!-o('l'\al ion la\\' wit h 11 = 1/2u2 ",hell \"i~c()5ity Il is zero. 

/l, + /LU r = 0, ( 4.-1 ) 

l'III' 'oOllllioll tu 1.1 for tltt> illitial conditioll 

if .1' ::; 0 

lIU(.r) = 1 -:r if 0 ::; ,r :5 1 {4.5 ) 

o if 1 ::; .r. 

IIld,\ hl' fUllllci Il,ÎIIg 1 lit' Illethod of clwl'nc/( 1'/. ... II('~ [19, 40.80], \\'hel"f' 

d,l' dH 
= 

dl d/l ' 
(4,6) 

01' ,I, = Il ') (1 1111"'1>1 1'1 t hi!--. ail points on the Ill'gal i\(> ,l'-axis wiJ] move to the l'ight 

\\tllt ~IH'f'd 1 ;dl poill .... with 0 :5 ,l' < 1 willlllO\f' 10 tIJ(' l'ighl with speeds ,'a/'yJ/lg 
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from 1 to 0, ôlld ail poillts with ,1' > 1 stay put. With till\('. tIlt' pOÎnt 011 tIlt' Idt of tltc' 

slo»<, will gpt c1osl'J' to t 11(' stationary segnwnt alld, (,OIl~('qlll'lIl1y. LIU' 810p(' J,t'Ul\lll'h 

sltôl'Jwr, It i:- cll'ar frolll figure' 4.1 t hat for f < 1 tlll' fllllet 1011 11(.", t) J'('llI"ill:- sill~lc' 

\'ô1 ut:'d. 1I0\\'{'\'('1', for t 2: l. tIlt' chôl'act(,l'istÏc:- c1i1~It. cllll! t hc'J(' ('xÎ ... t~ tIlt' polt'Iltial 

for the fOl'lllôtioll of il .. hock, Beyond thit-> point. \llI' Iwo Ih,\I,Hlt'ri~lics t'llfuIC(' IWII 

difrt'rellt \'alut:'~ fOi Il, Il ô 1llf'ly, 1 and O. This i:- ('It'illl~ Ilot po~~il,l(·. TIlt' dilt'lIl1l1" of 

wltich of tlJ(' t \\'0 \'élhws Î~ physicôlly llH'ilnillgful is ~oh (.<1 hy 1'11[01 ('ill)!, (011:-('1 \·,,1 iOIl 

al il 1 1ë\\'('lillF, ~lt()('k, l<'ading 10 Il)(' so-ca1J('d )U1/Ip m/Hlti /(11/ 1 [1 !)]. 

( I.i) 

\\'I)(')t'{ alld l' dPllot(' l<>ft alld rig,ht. l'ef,p('cti\,('ly. illld .... i:- tlll' :-pt·(·.J \\'ith wltilll tlll' 

hhock \\'iIlIllO\'I·. For th(' cas('ofBul'g('!~' flux. tl)('sho('k \\t!IIIIO\'(' with iI\'I'I'II!;I' :-pl'c·d 

ul t II(' t \\'0 \Ilcomillg characlp\'it->t in •. 

4.2 The Role of Elltropy 

:\ v'(,olld probl('1lI ill'is(':- \\'1)('11 WI' con::.ide! di\'I'I)!,III)!, dlctl;te kl i..,t i<~. ('011:-'1<1(,1 t III' 

inlt iaJ COlidit iOIl 

if /' < Il 
( t.~) 

if 0 < ,r 

11('1'('. tlH' POlllt to tl)(' Idt of tll<' y-axi~ will ... tay pllt. ",Jld(' tl)f' poillh to t II(' riglrt 

\\ill 1110\'('10 tll(' l'iglrt ",itlr ~I)('('d 1. A~ s\Jch. 1111'1'(' "rlll)!' 1'01111.., \\'111)',1' \'<11111' ('(III 

1I11t 1)1' df'tl'l'Il1illt·d a~ i~ dt'pietl'cl in hgul'f' 1.:2. ('oll~icl('1 Ilw 1'0110\\ III).!, 1'11111'\ iOIl .... 

{ 

0 if ,r < 1/'2 
IId,I') = 

1 if 1/'2 < .r 

J Abu kll(m Il a~ 1111' HallklJw-III1I!;Olllut ('olldlllOIl 
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Il .... , ....... 11 

/ 

• 

Figurt· ,1.1: Thi~ figuJes illuslrates ho\\' characteristics clash and shocks form. Nole 
that aft('r the' ~J}()('h forlll!'>. il ll'avels wit.h a speed that is determined by the jump COII­

dition. '1'0 iIlINIH'('1 thi~ pictlll'e, imagine a pipeline on the x-axis where the particlefo. 
to the rig"l of 111(· y-axis 8re slatiollary; particlf>s to the left of:r = -1 are movillg to 
1 he rigllt wil h \'('Iocity 1 and ail otherh with intermediate speeds as the characteristics 
~how (kfl). On tllf' 1 ight the ::.hock forllls at the step, and subsequentl)' travels 1.0 

the right. A !'>lgllificélllt poillt i~ t 1)(' explicit repl'espntation of the singularities in the 
cont<,xl of g(,Ilt'l'aliz('d fllllctioll~, 

II~(./')= 

o if .1' < 0 

.1' / t if 0 < ./' < t 

if f < :1' 

( 4.10) 

wheJ'(' Il, l~ di ... cOlll illt\()t\~ éHld 1/2 is contilluollS, but which both satisfy 4.4 wit h 

initial cOllditioll I.~. ~t't' figlll't, -1.2. Silice th(' Hankine-Hugoniot condition (jUIlIP 

condit iOIl) ad 11111 ~ T'fI l', fa cl /il/l /l'a l'CS of the ahon' type. how can one pick the physically 

significallt ~oltJI Il/II: Ob~('J'\'(' t.hat the discont inuit y of the above solution is sud that 

the charact('ll"'! J(.., diwrg,c· 1'1'0111 the discontinui!y. In contrast, in the discontinuil~' of 

tht' solutioll III IJ!!,IIl(' 1 1. tl)(' characteJÎstics mO\'(> into the discontinuity. This is ow' 

expH'ssioll ur t 1 .. · lIul ion of t IIlmpy which forces the shock speed to be internlf'dialf' 

to tht' sl){'('d 01 Il, 1,lltTell chcllacleristÎ<'s. 

'H' ( 1/ il > f. > 'H' ( /l, ). (-Ill) 
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Figure .I.~; Till" hgllJ(''' jllllst rah's t h(' sit uatioll wlwn' a Aap f'xists wllf'JI Il,,, (h,tl 
acteristic~ din'I!:!," '1 lit' jUlllp condition alone do('s not resolve this sitllatHHI rl..., 1111' 

two exampl('.., ..,hO\\'11 éd,o\'e. 011(' continuons and 011(' discolltiIlIlOU!->, hut wllu" I,ol/r 
~at isf~ 1.·1 wil h iliit i,t/ (olldil iOIl -l.~. TIIf' PlltIOP.\ cOllditioll rlll(·~ 01lt 1 1 If' IlUII ..,/rOI" 

di!-ocolltillllOIl~ ~()llItl\J1I alld pid,~ il uniql\(' cOJltinuolls solution Ill' 
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wlwf(' "I illld Il, (Ol'J'('spond to the left and right values. respectively, and 71'(11) is the 

sp(>('d of l'ro/Mgéltioll of quantity Il. and 71" > 0, Equation ·L11 is referred to as the 

(lIlropy 11/('1l/filt/y. 

A diff{'('('llt f'xplf'ssioll of entropy cornes in the fOl'ln of ail entropy condition: 

Il (.r + ~.r, 1) - 11 ( 1" • t) < E! 
Â.r - t' 

~.1· > O. t > 0, (4.12) 

wlwJ(' I~' i:- illdq)('lId<'llt of .l', t and ~.r [62J. Note that for a fixed t increasing;}' implies 

t11i1t t IH' ('hôllg(' ill Il is always in the sa me directioll across a discontinuity, namely, 

IIr > Il, \\'1)('11 H is ronvex (H" > 0). To reduce this to thf' ellt.ropy inequality. note 

that. b~ cOIJ\('xity of 'H. 1t'(IIt} > 1t'(llr). No\\' consider the speed of the shock as 

dC't('J'IlIÎIJ('d Il)' t 1)(' jUlIlp condition 

f, = 1t( lit} - 1t( Il r ) . 

lil - Ur 

('''·,III~ .. - = 11'(1') 101' sOllle l' between UI and Ur. Now. across a discontinuity, 

III > l' ::> Ilr ",hich illlplips 

'H'(ut} > é. = 71'(1') > 11'(lI r ). 

01' t lit' l'lit l'Op.' ilwquality. More generally, Lax introduced the genfmll:fd entl'opy 

1-{(01/, + (1 - a)lIt} ~ o1t(ll r ) + (1 - (\)'H(ut}.O ~ (\ ~ 1. (4.13) 

fOI III ::> /l" 

'l'III' Il:-f>[lIhws ... of the entropy inequality 4.11 IS III an eXistence and uniqueness 

t ht'OIe'IIl' .. E \f'r~ 1l1Î t ial ,'alll(, problem 3.3 ha.s exactl)' one generalized sol ution defined 

for ail 1 ;:: li \\ hidl IlilS ollly shocks as discontinuities," [·19. G2, ïS]. In addition to the 

('lIt l'Op.' lIH'qll,t1lty éHld ent ropy condition. one can defillt' a notion of entropy through 

the addltlulI," con:-('r\'ôtioIl la\\' 
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I-!~], 

'l'h('/,(' is also ail intel'estillg connec! ion b('t\\'C'(,1l t hl' Ilot iOIl of l'Iltropy and thal ur 

\ isco~ity. C'onsidf'/' th(' following COlIs(,f\'atioll la\\' with \'iscosity 

(-1. 1 1) 

wh(11 (' ( i~ éI nwa!'.UI'e of viscosity, Wlra t ha PP('IIS to tll<' sol Il tioll~ of t II(' \'iM'()II~ COIl­

~('I\éllion la\\' élS \'iscosity vanishes, (-4 O'! \Vith vilol('osity add('d ln 1 lit' ('ollservatiull 

\rl\\', th(' ~ho('b al'(> smoothed out and t})(,I'('fOl!' \W ar!' ba(k 10 IIJ(' c1o.-.si('a\ sitllatiull 

[S,I], :h ( -. O. it would be plausible to aSSlIlIle tlrat tilt' limit of tilt' vis('olls solllt iOIl:-' 

ought 10 be the solution of the conservatioll la\\" In faet.. tl\(' Iimit of tl\(' visnJIIs 

solul iOIl is pl'('cisely the one detel'Illilled b)' t IIP (,Ilt ropy colldit iOIl [(i~. 4!), il, 

4.3 Boundary-Based Shape Elltropy 

\\'hat éll(' 111(' illlplicat iOlls of shoch and tll(' Ilot ion of ('nt l'Opy fOI sllaIH'? H('call 1 hal 

OUI' goo! i:-. 10 (':--labJi~h a (,olltlf'clioll bel\\'('l'lIlo1illlilar !.hap(·s by ~Iud."illg deforlllatioll.., 

tiraI tak(' OIlC to the other. We hél\'(' éllJ('ad~ slIo\\'1I that arbit./'é\/'y defO/'llliltiolllol 

of a ~hapt' Icad to a v iseom-. conser\'atioll Iii\\' fo/' tilt.' o/'i(,lllalion of tilt' 1>011 11<1<1 l'y 

of tlJ(' ~hop(', TI)(' )'C'I('\'arlt question t 1)('11 i~ "",hat hap))(,I1~ WIH'II, ill tI/(' )HO('('S:' 

of <!(of"Ollllélt iOIl. éI discoutinuity d('\,e!op:-. ill 01 iPlltat ion'!". 0111' tn'at llH'nt has 1)('('11 

01)(' of dd'ol'lIlillg the eur\'(' alollg tl)(' nOl'lIIal alld, ill Il)(' ('0.0.;(' of a curv(' WIll. il 

disconl IIlllity ill tllf' orientation, this i~ c1('arl~ /10 long('1' ill t Ill' J'I'allII of th(' da..,siCéd 

tlH'ol~ of diff{'/'('ntial g(,ollletry, This silllatlOlI io.; illtl~tlat('d ill figllJ(' '1.:$ Wlrl'/(' J>oilll~ 

/lréll él lIf'galiH' cU\\'é1tun' miIlilllulIl l"IIHh lIl' logdhel, III llll){', tlws{' [Juillt:, an' 

d('"t illl'd 1'01 colli:-.ioll al-> \C'lllma 2.1 sho\\':-. To C01I1 iJllll' our deformations sf'panl! ('I~ 

fOI ('(1( Il "'('gllH'lIt of the ('ur\,(' woulcl I('od to pOl't iOIl~ of tlw C'urve crossing 0\'('1 ('o( 1. 

otl)('I, flglll'P 1..1. This i~ deall} 1101 d('~il'élbk a" 1 Iw no~~('d-o\(>f bOlllldary d{)(·~ Ilot 

COII!,"I'Olld 10 an obj('ct. 

l 
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Figure .1.:1: (Left) Points near a negati\'(> cur\'ature minimum bunch up togethel'. In 
tillH', thf's(' points are headed for collision and the formation of a shock. (RighI) 
Negat.ive· clIn'at ure minima give ri se to discontinuities. 

Figllre ·1.·1: Bpyolld a discontinllity. deformations by following along the normal to 
t'ileh St'gnwllt procedlll'{, bOlllldarit,s t hat do Ilot correspond to a sha.pe representing 
<III ohjt'ct. 



t CllAPTER ·1. SllOC1':S AND THE ROLE Ot;' El\'THOPY 

To ans,,"{'1' tlli~ qllt':-.tioll. recall that OUI' initia) motivation for studying dt>f'UlllItI· 

tions was to collllC'cl shapC's through somr pI'Or('5s; t.o somehow distinglJi~h "( lo~t''' 

shap<'s frolll "distant" OI\{'S. No\\'. in the process of defonning th(' shap('. it is pu~siJ,lt· 

t hat non-neighborillg portions of the houndary tOllch rach ot 11('1'. '1'0 Wllt i IIII!' tilt' 

process beyond t his point. \,'e art' guidl'd by the ba.sic princip\{' tha.t "'t'art' litformt/l.fl 

a71 obj(c/ 10 allot/" r. Silln' boulldal'i('~ of obj(>cts do Ilot cross 0\'('1' (silllple (Ill \ C':-'), 

we demand 

Axionl 4,1 /11 II/( jJ/'OC(.' •. ' of d(fo/'l1latlOlI II/( boulle/(l/'U of thl ,o;/HlJlt 11111.,1 1101 ,./'0 .... , 

01'(" i t self. 

AIso, at no tirnC' should t Il(' bOlllldary evolvr to an opf'n cur\'(': 

Axiom 4.2 /11 tht IJ/'Oc('" of dcfol'111alioll '/'c bOllllda/'y of tilt shaJlf 1/11/.,1 /'( m(l/II 

clO~f(l. 

Our axioJJls are in cOI'J'f>spond(>llce with the notions of shock alld ent JOp\, lOI COli· 

ser\'ôtioll laws. 1'0 illustraIt'. consicler fig\ll't' 4.5 where the shape and tJl(' oril'lItatlOlJ 

of its bOlllldary are di~played ill COI !,(>spollding cO)111llns. 1 n (i) tl)(' slla!>t' 1)()llIldmy 

is a pair of line segnlt'Ilb tauge'ut to a circular arc, (ii) i:-. the J'('slllt of dl'folUlill1!, tl)(' 

shape for some time. lIcn', tilt' points of the circular arc bUllch IIp tog<'l.lU'r, whtlt' tf)(' 

points on the tillC ~('glJlf'llh simpl) trallslat.e, Eventually, the points 011 Il)(' (il< IIlar 

arc collide iJlto OIJf' poilll (~hock) resultillg in a tangent discolltinllity fOI tlll' ('III \t' 

(iii). Up to tll(' silo< k fOJ'lll<lt 1011. the defo\'lIlatioll of the' boulldary aloll~ t III' lIullllal 

bya constant amoulll i~ (',actly <,C)ui\'all'Ilt 10 thl' e\'olutioll of orimtatioll a(,(,oldill1-', 

to the cons('rvation la\\'. 1I0we\'(>r, pa. ... t the formatioll of the' shork, the Hunllal <110111-', 

the boundary i!' Illult i· \'alul'd alld the> deforllla t iOIl h(,COIIIl'~ ill-defined al th.:! poi III 

The e\'olution ill the (,OIl~(,I'\'é1tioll la\\ dOlllélÎlI, ho\\,{'\,('r. is still well-df·fillt'd ill Il)(' 

weak sens{'. wh<'r{' t II<' ~h(){ k t l'a\'('l ... ",il Il a s\)('{'<! df'tprmillf'd hy tllf' jlllllp «olHllt \011. 
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(' .. ~(O~I)=~~~(O.')' 'l'II(' oripntôtioll and its corresponding shape is shown in (iv). Note thilt 

(>vol\'ing 1.1)(' boulldary to the left. and thf' right sicle of the singularity sepilfiltely. 

would prodll(,(' a <'l'oss-over in the bOllndary of the shape violating axiom 4.1. In 

(,olltrast. ('\Tolut ion in th(' conservation law domain satisfies this axiom because shocks 

f01'l1l alHl tl"a\'('1 in time, avoiding the formation of a tail, figure 4.4. We will shol'tly 

M'(' 1 hal t.hi~ axiOll1 i~ pal t of an t7lt1'Opy conditio71 for shape. 

'1'0 sUllllllélriz(', 011(' can view the constant deformation of a shape as a fJow of 

Ol'i('lItalioll from higlr curvalure points to low curvature poillts. Figure 4.3 depicts Ihis 

flow wl)('re nôl1lcly points of higher magnitude negative curvature gain in magnitude 

and eventually 1.(>11<1 t.o infinity fOl'ming a shock. In contrast. positive curvat ure points 

d('l'I'ease in magnitude. As the first shock point is created, it becomes a "black hole 

of orientation": orientation pOlll'S into it locally. never to be recovered. This is the 

hasis of a scah'-space of ilPpl'Oximation and significance fol' shape. the enlropy ~('alc 

-"JUI('(. which is described in chapter i. 

Whal do('s IIH' rarf'fllrtion WlI\'l' of figlll'f' ,1.2 correspond to in the domain of 

shapC''? AI- l>«'I'o)'{'. 1 1)(' <,ntl'opy condilion }'('qllires that the only discontinuities of 

shlllH' 1)(, shocb. Hf'call tlrat for the BmgPl's equation 4...t with initial conditioll 

1.8. the dil-colltillUOt\:-, functioll III cali llo1 he a solutioll. Similarly, this is also the 

C lIM' wit h t h(' uri"1l t il 1 iOIl cOII:-,en'a 1 ion law amI initia 1 condition of figure 4.6. Here. 

tll(' ran'factioll \\'ê\\(' ('\'01\'(,<; 10 tht' conlinuous solution which satisfies 1t"(u(~)) = ( 

with é. = .rjl. III Olll ('(1:-'('. il i~ eas)' to see that .,. = sin(O)f and y = - cos(O)/, 

('onS('<lI)('lIt Iy. t Ill' 1 ill ('Iclct iOIl ~ol li t iOIl folio\\' i Ilg a shock yields a circulaI' arc. 

4.4 Region-Based Shape Entropy 

So fal, \\'(' hrl\'('II'PII''''('IlIt'd the shape /o('ol/y by the orientation of it bou71dary. l:sing 

notioll~ of :-;ho().;..,. (·Iltlup~. and weak solutiom of consenalion laws for orientatioll 
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Figur(' LS: l'III' "ho< k éll\ depict('(1 for th€' Burg('r~' f'quation in figurf' ., 1 1'> IIO\\' 
applied to ~hillH' He'( "II Ihat orieutatioll ~atisfie~ a conservation law which IHocl1ll1'" 

a similar sllu(" (11'11 (1111111l1l). On tll(' otllf'r hand. Hw dpforrnation in ttH' ..,11,'111' 
domain i::. cOII'>1 "III 11101 JOli iltollg t IH' 1I0rlllal. Nolp t bat wil Il tirrH'. t 1 If' rll (ld,t! ,III 

will disso"'€' illll) 0111' pOIlIt. IpiI\ ing tllf' ori€'lItatioll of tlU' \'olllldar) di..,( 0111 IIHIOII" 
How do('~ 01H' (01l111l1lC' 1 IH' dpfollllatioll I)(,~olld thi~ puillt'! 
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Orientation 

x 

B c (1) 

Orientation 

x 

c (II) 

Figure ,1.6: 110\\ shuule! tlH' shape in (i) deform in time? Again, while the normal is 
defillt'd t>ls('wh('I'('. al B. it is not clear how to deform the shape. Axiom 4.2 rules out 
evol\'ing t'éH li se,!!,IIlf'lIt ~eparately. In the conservation law domain this corresponds 
to a rardacl iOIl \\ ,1\ 1" figure 4.2. The evolution of orientation is shown in figure (ii) 
whel'l' il) tIlt' l'Ol'Il'~polJdiJ\g shape. point. B evolves into a circular arc. 
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CHAPTER.J. SHOC1":S :\l\'D THE ROLE OF ENTHOPY 

we have been able to extend deformations b('yond the rt:'alm of dassical difft·rt'nt iéll 

geometry using simple shapt:' axioll1s. 1I0we\'('r, we han' argued that shapt' iH mul­

tidimensional in nature: both local/global and boundary/region prop<'ft.it's Illllst 1)(' 

t.aken into account. '1'0 11I0tivate, cOIlsider fig1lrt:' ,Li wher(' in t.1lt' prort'HS of (k­

forming the shape, two distant portion::. of the bOllndary touch ('ach otllPr. Following 

the deforll1ation locally and based on the boundary woulcl proclun" tlw daslwd lill(,S, 

violating axiolll .1.1. Clearly, a richer reprt'sentation el1ll>ecldillg global and f<'l.!,iOlIélI 

properties is r<'Cluired. 

To motivatt:' our approach. let us consider t}w fit·ld of fluid dynamics and lIl<' two 

formulations capturing flo\\' of fluids, a problem not. unlike ours. III tht' LagrallgÎall 

Form lI[lIlioll. equations of motion are based on the flow of particles, wh{'f('as the 

EIiIFI';Clll FOnllll{lIflOlI constrains the physkal quant.iti('s as a fUllet.ion of thc·ir positioll. 

Olle may "ie\\' the fin;;t fraIJlf'work as loeell and boulldary-hasf'd, and Ut<' laUer as 

global and region-based. To accommodate t.he regional and global attribut.(·s, poilll:-. 

dibtanl along the boundary but close thl'Ough t.he regiolJ Illay haw t.o be mIlIl(·et('d. 

Consider. thel1- the shape as the 1(·\'('1 set of some fUllctioll ;; = 4'(:r,y,t). lIel'l' V' 

i:- an imaginary quantity reminiscent of son1(' physical <juant.ity e.g. dellsity. whid. 

indieates where the region of interest, e.g. shape, is loeatf·d ThC' simplest seheJll(' is 

to eonsider ail points for whieh 'lN:", y.1) ;:::: 0 as belongillg to thC' region. In shape' 

represent.ation, I\oenderink has utilized the eharaet.eristie fUllctioll of som<' regioll .... '> 

an illdicator of the shape [42, 44J. Simi);u repre:;t:'lItatioIls have heeu proposed fOI 1.11(' 

propagation of flanle flOnts [i·L iJ. 
Whal ar(' t hf' l'quai ions go\'erning the evolutiol1 nf t Il(' surface :: = ll'(.r, 11 ,1 )"! 

~ot<' that tIlt' surfacf' is initially only constréliJJed by iu.. zpro level set. Similarly il.s 

('\'olutioll i~ ouly collstraillpd by t.he e\'olutioll of tl1<' zero I('vel set. As sueh, )('1 liS 

i III pose 1 Il{' saIlle dc'forma t iOIl 011 ail j('Vf'1 bpt s. The degn'<, of fI ('('dom unconstrairH'd ill 

tll(' iniliallewl ~('I 11lé\~ later I)f' IItilizpc! to repre~('J1t gr(',\' I('",e\ (or otl\('r) informatioll 
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A 

B 

c 
FI~II!(' I,i: Thi~ ligult' depict the case when twu points of a shape (A) that ale 
distant alon~ ib bOIlJldary cOllle togethe)' during an arbltrar)' deformation (B). 110\\ 

should tilt' deforllJat iUIl pl'o('('cd beyolld this point? A pointwise deformatioll aloJlg 
tlH' nOl'mal \\'ould prodllce tlll' uasht'd-lines, which clearl) violate axiom ·1.1 silice 
t Iw)' do Ilot cOJ'l'I'!->polld t 0 ail ad ual ob jPct. 



CHAPTEH ·1. SllOCI\S ASJ) Til E ROLE OF f.\THOI'Y il 

A l('vcl set is ddillf'd b~ t;'(.r.y.i) = C. whieh mi\~ he 801\'(·<1 a.<, t = f(.r,y) tlt'srrihill/!, 

the le\'el set clIr\'(' implicitly. No\\'. let the level s('t~ dt'forlll aceording to :!:!. '1'111'11. 

where lr..fy art> partial deri\'atÎ\'('~ of l \\'Ith l'PSP(·ct to .r and y. respt'cti\'I·ly ,,"d il'" 

showII in [G:3J, To relate t.hi~ to tl\(' !'-urfacl' fUl1ctÎoIl 1/', ubs(')'\'I' frol\l r;·(.r.!I.1) ::.: (' 

t h"t 

= () 
= 0, 

Sol\'ing for l.r ônd I!I llsjng .1.1 s. 

Or. 

,'/:![I'~ 1 I,t] = l,.,! 
• 1 .,. t '1 

( 1 Ill) 

( 1 1 ï) 

(., 1 X ) 

No\\'. \\'(' ait' ÎII a pu~it\01I 10 cU\I"'ld"1 tilt' (,iI~(' of figllli' I.i '1'0 n·stall·. Il,,, 

qtw<;tioJ) I!- ho\\' to «>IItiJllH' tilt' <h>f'oll Il il 1 10/1 1H'.\011<1 tll(' poillt \\'11('\1' two Il'11101. 

point-- of tilt' bOI\l)dal~ ('ollidf'. 'l'III' ... 1 léti/!,lrl fOl'willd 1II0tIOII ill th\' 1101111,,1 dlll'( 11011 

along eacb illdl\ idtlôl pip('(' of 1 Ill' J,UI)IIdéll'\' \\01l1t! ploelll( (' tlll' da.:-.llI'd 11111'''' t Ir,t! 

violot<, Axiolll ., 1. 011 t he {JI 11<'1 Iréllld. ri (J11f' pl op,·r1~ idellt rli('~ t1H' 1 wo 1)(11111:-. t I"t! 

have COIllP tog'" hl'I (rlt the III01lJ('I1t tlt<' 1)()lIl1déll H'~ lUlIch) il .... 011('.111<'11 il I!> 1101 C Il'011 

",hat the nOI Illet! ..,huuld he'. TIl<' pIOP"1 Id"111 rfIC,t!1011 ;!- fOIIlJ('d hy natl!r1111I).!; t () t 1 If' 

world of ohj{'cb alld \'i~\lah"illg tl\t' ""ll!ldrl): a:-. 1'1l( ilP..,IIIi1tillg tll(' ma\('rJ,t! of \\ hll lt 

obj('ct.., aH' mad.·. Theil. wbell ~Ildl a 1""1 IJIIlg of tlll' ~!Jop{' takr·:, plan·, tll<' 01'11'( 1 

should 1)(' sf'gwgaled illlo Iwo ~llb-ol'.I1'1 1". "'''11 (' tlll' pill( !Jillg ha,> left tllf' p01/l1 01 

touch witll 110 Illdl('1 iéll to COIlI)C'c! tl){· Iwo. '1'111<" ~lI~~(·!>t~ 

------------------------_ .. _-~-----

1 
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Axiol1l 4.3 II'h, /1 III II/( /1"0('(,"," of d(fomil lIg t./HlPl. Iwo d,stmct points of tilt bOlll/d­

a,.!} of Il,, , /,,,1/,/ d , .. 1/(/1" lourh ((lch olh( r. Il,, el'olt,td shape segregalt ... 11/to Iwo 

(.""'I),-hf/I'/" /l'hf('h /'( !lnS( /II I/l'O $('pa7'U1f obj(c/ ... , 

WII h (1)(' 111'1" of t hi~ axiorn. the e\'olutioll of the region-based surface function v.' 
1:-' 110\\ Il'I'''I\I,iJ!,II(JII~, Sinn' the surface fUllction may correspond t.o many connected 

:-.hd'/{,"" 1 1)(' 1 1 i111:-.il 'OJl fWIIl olle shape to 1""0 IS Ilot incollceivable, The t\\'o points that 

('011)(' loJ!,f'\ 111'1 will Il alI:-.forll1 to the two CIISp poiut tllal helong to scparate shape!>. 

hgllll' I.i 

TlwJ(' ,-. il "ulllwclion b{·tweC'1I cOII:-.C'r\'ationlaws alld Hamilton-.Jacohi thC'ory tltat 

i.., J(·I'·\'<I'II IH'J (' :\ hr:-.I order Hamilton-Jacobi equat iOIl is of the fDrlll 

.Jt + 1-{(/ .. r. /.) = o. 

wl)('II' ./ , ... ,\ /1111' Iltlll of./' and 1. Note thal ",:tll cOII-.tanl motioll eqllatioll 4,18 

1)('((11111· ... fll ... 1 o,dl" "ilmilton-Jacobi of tlte abo\<' type, Barle:-. st udied this equation 

alld (0111 ,,, ... ,,,d Il \\'1111 lb. olh('f applications of g{'ollH'lri< oplic~ and optimal eonllOl 

[il 

'1'111')1' ,II" ..".\ "J ,,1 a(hanlagC's for lIsing a formuial iOIl of 1 his kind While bOllmlary 

01 1 hi ... klJI" l' "'1111,'" 101 il. Furt!Iel'llIorc. III ca.<;ps wh('J'(' poin .... bUlleh togethel (s<,e 

h.c;IIH' 1 ~), " "".!!111f'11I of the cUl've with hllitf' aJe leIlglh ('\'t'utuall) disarpf'ar~ into 

OUI' l'ullll \\ 11111' "'111 Il _\ J'<,prlraJl1etrÎzat iOIl Îs diffJcult ÎIJ a bOlludar) representation_ 

it I~ {'d~i" Ildll(II.,.\ 1,\ a r{'gion-based Hwt 110d, Thel'(' al{' abo iSSIlf'S of llull1erieal 

stallll'I,\ ('\I,'II"i\l'h dl"(,II~s{'d in [i.1. 6:!] in fa\'oJ of tlw lilllf'1' sehelllC', 

4.5 Shape Entropy 

III 1 hl' pJ 1'\ 1\ III' "" '. IIUII .... ""\t'l'a) axiollls dC'fi Iled t 1)(' d('fUllllat ion of shape beyolld the 

t'(\~.' \\('J(' 1 III' 1'\11111./"1,\ d(','elop:" a slllgulélrit~ alld wlJ('l'(, t\\'o )'el11ol(' poitlt~ of tlJ(' 
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bOlllldaQ COIlH' togpth('1'- TI\(·~(· aXIO\ll~ rail hl' hrought togt·ther by using an t 1///011.11 

rOlldllw/I for shélJ)(·. The' Il~(' of illtlliti\(·lallguagt· Iwlps, and we Ilt"t·d tht' followillA 

tcnm.. Thilli-. of 1 1 If' bOl/Ilr/ury of the' shclJ)(' a!- ('lIgulfillg llIalt·riallJOi7//.'l th,ll dt'hllt' 

ils interiOl: 

Definition 4.1 Entropy Condition: III th, IJ/·()(,'.~.~ of Il/ward ,ItJol'matul/I, o//{', 1/ 

pOll/t , ... d, .... /odfju/ f/"OI/I Il .~//(/Jl" " /"( fl/II'".~ cI'I'.I01Ili fm", If JOl"' 1" /'. SI11IlIIll'i!l. 11/ Il,, 

p/'o('( ...... of ol/tll'ard d,/o/'ll/flllOl/. 01/("1 (/ pO/ll1 b'("()//I(.~ po'" oJ fi ... Iltll", If /'111/11111." //(1/1 

oJ " JO 1"( N /'. 

Tht> ('ntropy ("oIldlIIOIl )"(·Iétlt·~ 10 1I11.,!!pll~' prill("lplt· of g('olllt'tric oplics fOI W,\\t· 

fron .... 1lI0\"illg 0111 \\"ét Il 1. 1I11yg('II'" 1)l111t ipl(' slrll('s thal II\(' llIolioll of tilt' flOlIl et!OIlp, 

tlte normal i.., olll(\II\I'd h~' tht· t'I\\('lo\>,' of (ilt lIlcli WiI\"(':--' 1~:--'lIillg from tilt' OII/-',III.ti 

Wét\"C'flOlll [10] TIlt' "/!,ra:--.:--. IlIt," all<ll()g~ fOI 1111' (OIl ... IIII( 11011 of III(' IIwdi.d ,lX 1:--' Il,\11''' 

form I!> abo illlilllc\\(·h (uIIlH'( kt! III tll<' ('IIIIUp~ (ollditlllll 'l'III' illlaiogy "'"1'1111"'1'" 

sllnllltall(,oll~Jy Ijp;htillg "I<'~ alulIg 1 III' !lolllldary uf ,,~h,tJH' Eclch poillt of IlIt' \\'0111.\ 

Ih(,11 ~prl'ad IIl1iforrlll~' b~ (UII<;lIl1l1l1g, glcl~'" (illlt·I'IOI of 1 lit' ... hap!'). \\'111'11 Iwu flll' 

frolll!- collld(·. t fit' fil<' 1 .... ""11 b:-('(jll('11 1 1., <'xl illglli ... lwd at 1 Itat poilll [1:2] 'l'II(' qlli'llf Il 

poilll!- of filt' éU{' plf·cl .... (·I~ 1 hl' shock p(Jill\'-,. S('p (haplt'I 9 TIlt' gla ... ~fllt· all,tltI,I.',\ 1', 

élisa prl'sl'lllE'd in [i 1] ill tilt' nmlt'xl ()f lIalll(' plOprlgcllloll 

A Illon' fOlllled Ill"t IfIC al 1011 or 1 II(' l'III roP) (ollchl iOIl I~ throllgh Il ~ ('(jIJj, ,tlf'lIl f' 

\Vith the' \'is«):--.it~ ~(jllltlull [:21] ('oll~ltler 

r 2 '] 1 • , 
1.'/ - ,j ( " ) [1.\ + 1,' Z 1. == '~I.' (.\ '10) 

whieh is tl)(' ('CJlIet! iOIl of 1I10tiuII 1 18 with addt'd \'I~t o~il~ Nowa. ... ( --t (J Il I~ 

reasonable to dplII?lId Illal IIH' ~ollitlOIl 10 ,1.lX (1111' ('lIt)Op~' solutiOI&) awl I.:W (tlll' 

so-called \'iscoo..;jt~ ~ullil iOIl) 1)(' tll(' ~éUl](,. Hall(·~ ha~ ~IIO\\'II that this i~ ill r<l( 1 t III' 

('a~e [i]_ 



( 

Chapter 5 

The Reaction-Diffusion Space 

III Ilw plt'\ I(I\(" ('hélplt'I~. It Wéll> shown Ihat orientation of arhitraril.\ ddornw.J clIn'es 

!->itll ... fll'" .t (011"'('1\',111011 lél\\'. Silice the goal of this thesis Îs to us(' ad)ltlal'y ddol'Illa-

11011'" <1" il 1I11\.. Il'''\\'('('11 ~hap('s. our representation must captme tl)('~(' defol'mations 

('\'('11 \\ h('11 alld ,dll'I ~illgl\lariti(·s form, Ent ropy satisfying grllel alized solutiolls form 

.... //(II 1. ~ 011 \\'III( h \\'(' l>ball COJlcentrate in this chapter. Our goal is to show how shocks 

n'lcll(' to :-.h'IJH'. Sp('(ifically. ji,. ... I.ol't!(l' shocks signal }11'oll'u.'i!o"S or illdelltations. 

)sol,1I ('d ... , (olltl-II/'dt /' sho('\..~ correspond to paris and thm/-on/(,. :-.hocb al'(' rclated 

1 li IJl /1 d... 1\ 1 011'0\ ('), il dq!;J('(' of sig1/ljica 1/('f is associated wi t h shocJ...., in a 1'( arl IOTI­

d,lTu,,'(I1/ :-'1'<11 (' Thil> I~ il t\\'()-dmlt'n~io/lal ~pace in which olle axis spans tht> ratio of 

Il'(\( 11011 10 ddrll~ioll. alld tlll' otlwr axis represents deformation tJl1H' 

5.1 Shocks as Determinants of Shape 

III tltl:-' ~('( 11011 \\'l' 1Il\'('!->tigc\t(· the relationship between shape and shocks, III this 

J"('grlld. \\(' élit' p,IIHled by tht' processes that create and modify shape. The basic 

c\~sl\lllpl 1011 1:-. 1 hal "slIlIilarity" bet",een two shapes is directly related to the Ilumber 

alld ... illlplH Il.\ of p\'O('('S~(,'" il1\'ol\'ed in taking one into the other, In this \\'ily. one 

ï4 
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can cn'ate a lang{' of ~i\llpl{' to complt,x shapl':- h~ taking a simple shap(', s\lrh ,1:- 01 

cilr!(" and ddorllli1Jg il iJl \"aIio\l~ way:- i1J illfl'I'it:-ill~ magnitudc>s. For examplt-. UI\(' 

might stretch alld squt'('ZC'. d('lIt alld pull out. splll a1ld lllPrgt', heml and st l'ill!!,hlt'Il 

the sha P(·. \ \"(' pl (JpO~t' t ha 1 1 h rc'(' 1.) pt':- of ~h ct Pl' pr()( ('~~(':- ca pt Il ft' ail ot Ilt'r:-.. [UIIII i JI!!, 

a b(/~I." for ~hiq)(': f-,('{' ch<\ptf'1 8 fOI a IllO\(' ahstr"t l "ie\\'. l\tOft' spt·rifintlly. \\'t' Jlll\\ 

cOll:-id('r Ihn'(' p\'O('('~~('s: tilt' pmfl'u .... lo/l prou':-:- (/lu!tllfafw1/). a Irélw;forlllatioll tltll' 

pllf-,hes alld pl\lI~ parl~ of shapt': 1.1)(' pt/rt p\O(t':-:-. a proCt'SS Ihal (Oll\pOSI':-' Iwo ohjl'c , ... 

01 split... ob.i(·ct~ iJllo ('OIIlPOII('III'-: a1Jd IIJ(' [ul/d pl'O(,(':-':-' which 1)('II<1s 01 Sllilip,h"'I1'" 

ohj('ct:-. Our goal is 10 st udy tll(' ('{f('cl of 1 II<':-,t' plOt l's:-,ps 011 tl\(' fOl'lIIo\t iOIl of :-.hoc k:-. 

\\'(' ha\'(' foulld a di\{'ct cOrlf'lation 1)('IW('('1I shapf':-' alld ~IIOCb fOl'lIIi1Jg t Iw h":-'I:-' 01 

tll(' /,((lcllOfI-dllTlI ... /01/ :-.paCf·. \\'p lH'glII hy comid('l'illg t',,('h :-.hapt' pw('('S:-' ill 111111 ,11111 

ib (·{ft'ct Oll ~h()( k .... \ 'I\t il s('c\ iull ;').h. WP COll< t'lit l'i,tt' oJl t·O/l, .. ttl1ll /1101/(/1/. 

5.2 First-Order Shocks 

('()II~id(,1 t II<' ~h"lH' III h!!,lIl(' ;) 1 whl< It is fOIIlH't! hy Jlll:-.hillg a pOllioll of il C 'C 1., 

0111 \\'ill (l:-., It \\ollle! Ilot IH' 1111('0111111011 10 (!t-:-.rrilH' tlll'" shapp i\.'i ,1 "circl(' wlth " 

protl'lI~iUII". \\'Ili\!' ut 1lf'1' d('~('J iptioll~. P,g il hall' ('JI ('1<. ghwd 011 a half d('[ulllwd 

l{'ctitll~I(·. an' pu" ... ihl(·. 1I(·\·('ltl)('I(' ... ~ OUI \>('I(l'pIIOIl I~ C!t'ill' (1I1111'~:-' \\'f' ha\f' IlI'c'lI 

prtlJled tu (\lIollwl u!legol',\' 1)J(·\·ioll:-.I,\), No\\'. h·t 1I~ «m~id('1 tJ.(· <'ff('rI of ,1 ((11/ .. 1(/1/1 

TT/ollO/I type' of d('foJ'lIIal iOIl 011 thl'" ~It'IJH'. H('(,idl t hal in figur('~ ~,.1 alld I:L t III' 

(O/l ... ta/lt lI/otlO/I PI\I("\( ( .... il ~illg,h· i"oliltt'd 01 it'Iltal iOIl di:-.rolllin\lity frolJl il 1I1'p"tll\f' 

cUJ'\'atur(' millillllllll, .\dllf'l'ill,!!, dŒ(·I~· tu tIlt' t('llIlJlIOIog) of cla:-.~i(,ill (OIl"'('I\"dIOIl 

Iaws. thel!. )('t Il''' IJlf· ... ('I\·(· tltt' If'IIlI ~ho('k alld df'hllf' 

Definition 5.1 .1 FII ... t-Oldt'1 Shod, l," fi dI8f'o/lI/Tllllf!} III of'/fufaflO7I of tilt bOllllf/fllll 

of fi ,~hflP(, 

l 
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Circle 

Formation Dr Singularity 
(First Order) 

Recovery Dr Deror.ation 

ï6 

Final Shape 

Fi~lIlt· ") (, ï III' :-11<111(' 011 1 lU' right is percei\'ed as a circlC' \\'11 Il a defOl'lllatioll. ~Thile 
d !lUlIIIH'1 or 01111'1' 1I11t'l'pl'elations are possible, this intel'pretatioll S{,Pllll-> 10 be favored 
11<11111,,/1-. 1111\\' (clll Ih,~ df'formalioll he reco\'(,l'ed? 

--------------------------------------------------------~ -
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LCtl1ma :2.1 shows thal this is always trut': En'IY lll'galiH' rur\'alurt' millillllllll will 

produce a single' isolaled firsl-orcle'r shork in 1 illH', plO\'id(·d th{'n' is no intt>rart 1011 

frolll Ilonloral portions of Ih(> boundary(s{'l' III<' following st'ctiolls). Figllf(' ru illllh 

lmt(·s Ih<, pro('e'S'i by whieh Ih(' information f10ws inln a propagcltinp, fir:-.t-ordt·1 shut ". 

TIIf' remailling information il-> th(' approximalPd shapt'. in dl!~ e(l .. 'i(, a rirclt'. 011 tilt' 

ot h('1 halld. 1 hl' lost informa t iOIl is lit<' defo l' III a 1 iOIl. 

'1'0 illustral(> this situatioll in d<'lai\. eonsider III(' forlllatio!l of il shork in an ellip:·\(', 

fig\ll(' :>.:2. r('ple~('nt('d as. 

{ 

.1'(0) = (/ cos(O) 

y(O) = bsill(O), 

wllf') (' '2a. '2b an' t Ill' major alld minor axps. \\'il h01l1 lO~h of p,('))('rahly al->slIlIll' (/ > Il 

Thf'lI. 

= (-a:-,ill(O).b(u ... (IJ)) 

:= (bco:-,(O).a:-,ill{O)). 

following (1)(' CUIl\C'lIlioll that tl\(' lIorlllal poillt... UlIIWcllCk ('UI \'.11111(' i~ 

Il cali bl' ~('(,Il flOlI1 L('II1I11(\ '2 1 thal IIt(· 111111' to ~11t)(" fOI Illat 1011 i~ 

_1 h2 

f sho, 1.. = ,. .. ( ()) = -;; 

• r. ") \ .1.-

(."', .\ ) 

Ali poinl:- follo\\' tlwil norlllab:-,o lhat tlll' !'(Jilll IJ(O) 1110\(· ... 11110 tht' X-é\xi~ al poinl 

C: 
IJl 

C((/ - - cos(O). 0) 
Cl 

\\'1)('1'(' il aIlIIJltil.II(·:-, illlo Ill(' slJOck. 'l'Il<' f')élps('d 1 Jill(' 1111 /1 to 1Il0\,(' 1II10 (' Ih 

b 

SUppOM' 110\\ (/ = :! alld il = ] é\f> is the ('é\...<;e in hgl1J(' .) ~ Tlwll. the' shock fin.,1 fOI III'" 

al ('(1.0.0) artel O.j \lui .... of tillH'. Aftel\\'tlld..,. tlll' ~h()(" !)JO!Jitgrl\(·h. allllillllcdill1!, 
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illCf{'a!'iingly laI g('1 port iOlls of the bounclary, until after 2,0 units of time the \\'hole 

shap(' i1'l con1'l1lllu'd, Notie<' that tllP locus of shocks. the thick line in the figure. i1'l 

t})(' SylllllH't rie Axi~ II 1], ft is iJlleresting that the locus of of first-order shocks fol' 

pic>('('\\'iM' ('il'Clrlal' hOlllldariC's Îs a piecf'wise conie section, 

Fi Il,dly. t II(' shapf' cali \)(' d('forIlwd both inwards and outwards, correspondi Ilg to 

t.he higll of /1u, TIlf'I'C'fof(·. hoth indelltations and protrusions can be reco\'t'red sincC' 

bot Il cur\'allll'(' llIillima and maxillla givc rise to shocks, To summarize then: 

Result 5.1 In abMlltf of g/oba/m/(raclioll. tl1fl'y indentallOl/ or pl'Ol1'u::./01I (lit/l(,(­

f01'l1l n[(/'l'u/ 10 1/,' prolrlli'lOTl) p/'Odun.'l (11I iso/alrd ,'li1/gh fil'sl-01'du' 8110rl.·, 

5.3 Second-Order Shocks 

A ~(,(,ol\(1 kind of slJO('k forlll~. not dUt, t.o cur\'atUl'e build-up as III the first tYI)(' of 

shock. bllt duf' tll ét collisioll of hOlllldaries. Consider the shape in figurC' 5,:1. As 

the hhap(' (A) f'\'()I\('~ ill tillll' dut' 10 ,.., cons/anl motion defollnation. pOl'tiolls of t))(' 

hOlllldétly coll idf' éllld gi \'c riM' t 0 t \\'0 ('Usps (B), These (,llSpS ar(' discontinuit it:>s. Ilot 

11\ tauge·lIt. bllt ill (Ul'\'at ure, \\'t' ('all thf's(, $(cond-order shocks, Note the change of 

(,()JlIlf'cti\'it~ al tlli~ illstatlt. B('yolld this instant, portions of the boulldétrie~ ('Joss 

t'ach ot ht,l' (1 lU' d(I~IJt'd li IWS), 'l'III' 10)(' of ent ropy in t his case is to remove portiolls 

of the bOllllda,," tlt,,1 11il\'(' J'('adwd <1 J>I't'\'iollsly visited point (C), Formally. 

Definition 5.2 11'111 Il III 1//1 prof( .... o[ deformatlOlI Iwo distwcf nOIl-l/u.qhbo/'illg 

boullc!ary pOli/l, .. )0/11 aud Ilot a/l tilt ofl/( r lU Ighborillg bounda1"Y poinls lIut'e colllljJ$((f 

l0!l( Ih( r. (/ SI'I ulld-D,df'}' Sllo('h 1." [orf//ct!, 

III the CéUW of figllll' 0,:3, at the poillt of sho('k formation the t.op and bottom hOlllld-

arit's S(>('III to IH' t (lllp,t'Ilt, 
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Figure 5.~: Tlw ellip"''' (h{orIll:; tu fOl'm il shock aftt'r !J'l/a units of tillW, will'I(' (/. Il 
are th(' JIlélJOI aile! millol axes, rC'specti\'('ly, Whih· Jwfo/p this tinlP. Uw ('lIil"'" (',III 

be recomtl'u<l(·d cOlllpl<-t(.J.\' kach point llIaps to a point), aftel' this tillH' ail aH 
of the ellip~(' llIap'" illto OJ)(' point (shock). A~ a cOllsequencp, !Iw p/'()('f .... ~ 1.., 11\1 
longer re\'C'lsiIJI(', .-\ J'('COlIl"ot t'llctioll yields éllI a/,(' of il cirde. This ba:-.il"o of l''oh,,1''' 
applOxilllilt iOIl 11"0 lit dm'rI ill chaplt· .. ï. 
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A 

B 

c 
Figur(' r).;J: Thi~ figlll(, illustrate the formation of the second-order shocb. In tlw 
proc('ss of dc>formatioll. distallt portions of the boundary of the shape (A) approach 
t'ach ot ht'I allt! fillally tOllch (B). The result is that the shape splits into t\\'o paris as 
il 1 Il!>! ratt·d in (C). Note that two shocks have formed as a result of two poinb coming 
toge! 11t'1. TIIf' ~lhock~ ale discontinuities in the curvature of the boundary. ill contrast 
to t Il!' t angl'Il! discont inuit y of the first order shock. 

, 
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Theorem 5.1 Il hl Il Iwo (h .. llI/cI '101/-1/UflhboT"/1/f/ pO 111 1 ... of tht boundtlry j/l .... , ('0"/1 

IOgff/1f l'. If bOl/l/df/I'y lallg( 1/1,~ (J'Mt al Ih( collt."/01/ pO/III. tht" tht' tangt III . .; m" .. 1 III 

pandit 1 

Proo! 'l'III' 1'1001 i:. hy :.bowing litaI t II(' l'ont 1 ary rlSSt'1 t 1011 COli 1 1 adict S 1 lit' ('III l'lIp~ 

conditioll SlIppU.,t' tilt' cOlltrcU~. llalJlel~·. that tl)(' tang('lIt:.lta\'t·ddrt'lt'lIt ol'It'nl al iun:. 

01 and O2 at pOllJt .\. t 1)(' firsl collisioll point at tilllt' lu. figult, t"I,( Ld 1\:' 1'('(>It'sPIII 1 lit' 

portion:. ortl)(' hOlilldelr.\· J('pn's('llted by tangents 01 and (}2 hy /JI alld Hl. J'(·:-III·cti\'t'ly, 

Theil . .,in(t· f).! i., lIul lallg('nt to li l • il ('J'osses lhe sh.IJ)(· clI'U\lIHIIJI •• ...,·I. 011 holh sid('1>. 

13) conlilJuity of langent:-. it is nol difficult \0 sr'(' litaI th('I(' pxi:-Is U 011 /J2 ~II( Il tb,,1 

a bail of léHhllS ( arollud H, BB(t). is entil'ely within the sllélJ>(' pOltioll of /JI fOI SOIll(' 

( > 0 Tbi~ cl(,éld) \'iolate1> the entl'Opj conditioll sin('(' H l'Oltld not ha\(' h('lolIgt'd 

bot h to t 1H' houndéll') 1J2 and have been part of \.Il(' l'f'p,ioll . ..,'1, IIt'lu·(·. t h(' \.allp,(,II\.S 

1 

I~ it 11('( (,"~ell) lu élS"'UJlU' Ihe existt'IIC<' of tangent.s éll tlH' point of (olli:'-'It>ll'! (\mld 

tlU' bOl1l1dal.\ sOllwho\\' t'\'ol\'<.' if a discolllinuity [OIlI1S ('X <1 ('\1) éll III(' Sil 111(' till\t' fL1> 

collidillg \\ Il h é1 di~t allt portioll of tilt' bOlllldary'! TIH' fullowillg t Iwon'III sllows thi:.-. 

ran Ilot haIlP('11 

Theorem 5.2 111/(1/ 111'0 di,.;;lwcl "oll-llughborl11g pO/I/I ... of 111/ !JOUI/dl/T'y ('0"11 10-

gdl!(/. tllf lal/f/tl/I, ml/, .. I b( ]JI/ml/cl. 

Pl'Ooj. ('oll"HI"J tll(' shtlpe SOI1lf' ~f units of tinw eétJ'lwl, 'l'II(' bOlllldary of t.lli1> 

shape hel'" 0111) (lW' (HHllt in COllllllon (tangent if slllootl!) A and /J. witl! tIlt' bail of 

radius ~/I ;01 éllOlllld /). the' point of collision P, Bf'(~/l/'ul). by a.,>sIIJJlptioll Nolt· 

thal A/) i:-. P('I(H'lIdiclllar 10 tlw present houndary al. théll point, and sillliléllly fOI 

BP. No\\'. hall ... B d~ti';ol). BH(~tlliu/) both incllld(' fJ. In fad. P must 1)(, tIlt' 

only point t 1 !t'v hel\'(' ill COIllIllOII. Thel'efore, sinC{> tllf' bail.., al(' both eutin·l.\' wil !Jill 

the shape' (J1Il\,!!,I'II .... IJliIlCiplf'). they must bf' tang('nt to tIlt' 1>11''''1'111 IHJ\llHléll.\ Till.., 
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(1) (II) 

FII.!,ltl(' :).1. Th(, t.ang('nts at a second-ol'df'1' shock arf' paralle\. (i) The crossing of 
1 illlP,I'lIh i~ I\UII- inl uit i \'(' and can not happeu as t heol'em .5.1 shows. (ii) The tangents 
of tll(' IHJIlIJ<lélQ lIlusl he parallel evell if there c1o~el)' folio\\' a shock (A), theorem 
5.:!. 

illlplw" lhal :\P ilncl BP are co-lill('ar. Therefol'(', AB which is orthogonal to the 

shape !,ollllda! i(·~ {,f units of time earliel, is also orthogonal to the shape boundary 

II 0\\ . • 
lt i:-. li"d\ ho\\('\','! t hat t\\'o ~hock poinü, join to form allother shock. l'.g. a rectangle. 

TIlt' 1'0110\\ illg 1f'IIlIlJa foliO\\'8 from the ple\'iolJs theorem: 

Lemma 5.1 II'h(/1 111,,(( distl1lcl nOll-1!(ighborlng points of a shapt collide, lmmfdi­

tllrly }l'I';I tilt coll,,';/oII. thcn 18 ~011/( nflghborhoocl fll'Ound the pOHlt of collision Ihat 

Il'tll COI/tf/II/ 1/0 1'01111 of th( shape. HI soml 11111( lI(;lghborhood past collision. 

III 01 h(,1 WO! ds. 1 hl'(,(' points can Ilot collle toget ber. unless part of the shape will 

allllihil,lt(· \1:-:1'11' entirdy, l'.g. a cÎrclf' collilpsillg 10 il point. 

\\ Idlt' 1 JJ('OI('J1I 5.2 asf>prts that tangellts at a second-order shock are parallel. 

('\\\,\,\1\\\1' (01 al lilllcs SOIlW higlJ{'1 ord('r deri\'ali\'e) need not be equal on both sides 
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l , • 
(1) (II) 

Figure 5.!): Other ex am pies of second-ordt'l" shocks. (i) tht' shock fOrIm at 1.}J(' II{\("­

rowesl rf'gion of the shape alld leads 10 a chollge ill the cOllnt'divity of the shapc'. (ii) 
Tht' secoud order shock form from points where t1lC' bar and cird(' collle t.oget.lH'r. hl1\ 

do not )(,éld to a change of connecth-it). This is éI case where thef{' is a simultillwOIl:' 
allllihilation of the ne\\' region with t.h<, change ill c011lwctivity. Note that ot.lwr poilll S 

of the bar are not second-order sho<k~. hllt t.hild ord('[ olles a:, W(' shall SC'C' in \.111' 

npxt section. 

(by defillitioll). Hence, a second-order shock is il discolltiullity in t"urvat.url', ill ({)J\t.léI:-.t 

tn 1 h(' fh st-or'der shock which is a disrolltillllit) ill tlu' tang('lIt of the "ollndary of t 1)(' 

shapf'. 

01 her t'xamples of second-order shocks an' displayed in figurc' 5.5, wl)(,1 (' 1.11(' 

ClIl'\'atlJl'(' at the second-order shock i:, diffc'l('lIt frolll Hw previolls f'xarnpl<'. N<Jt(, 

that both ill the example of figure !i.:J aJl(I (i) therC' is a topological challp'p i/l t.IH' 

cOllllC'cti\'ity of tll<' figure. Cast' (ii) i" él dq!/'Jl('réltf> cas(" in that topological ChelJl,I..'p in 

cOIlJl('cti\'Ït~· is simultauf'ously accompôTlipd \\'It.h ail annihilation of dU' n(' ..... \(·p,iOll. 

\,ye ~hétll ÙC'IIl0llstrate that t hese id('a~ ell C' (':,s(·Ilt.ial in a df'finition of "ne( k"' and ih 

efff'ct 011 ··part:-."ïJl chapt{', 8. 
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5.4 Third-Order Shocks 

A thinl tyP(' of slloch point is gellPrated ",lwll distinct bOlllldary points .11t' !llllllghl 

togetlH'r a~ ill ~('('l)lld-OI dpI' shocks. hu t un li kp t h(, second-ol dN sho('k. t ht' lI{'ip,1t hOI IIl~ 

boundary poillt~ 011 pa eh sicle have also joir;('d ",ith olllt'r di~talll hOlllld.II.\ 1'01111 ... 

FOJ'mally. 

Definition 5.3 Il'he Il 111 Ih( p/'OC(::o::- of tfefo/'11/(/I/01I 111'0 d, .... llIIcI 1/0/1-1/1111/'''01/11.1/ 

bOlllldal'y pO/llt . ..; .J0/l/. .... 0 Ihal llughbo/'/lI!I bOl/llda/"t 1> of ((lch }IOIIII li 1 .... 0 10/11/11'" fll­

gd/'( /'. a Thilli-Ordn Shock , ... formed 

As defillcd a ho\,('. t Il ird-ord,"'r shock::. can 1101 possi hly chanp,(' 1 he to»olop,i(.d «()II­

necti\'ity of 1 he shcl)H'. Hat hel. Ilwy Illdical( a symill('tric axis, a~ ill (1)(' (.IS(' 01 "" 

ellipse. llo\\'{'\ f'l _ 1 hi~ axi~ i~ 1101 composed of fi) st-ord<'r shocks wh(') (' 1'0111011 ... of 

the boulldaly tollaps!' illto a ~illgl(' point. Haihe!. thi~ aXIs i~ tlt(' I('sull 01.1 1('glUlI 

collapsing inlo P()illl~, figllle !).fj Th('\pfoJ('. tll(' lo<us of l!tes(' poillt:-. IIIdi(,d(· ... d 

b(lIdl1lg of 1 Ill' )'('gioll. l'cltlre!' tlrall a protl'usioll of tlH' bOlllldcH.\. 

5.5 Fourth-Order Shocks 

ln the proces~ of ill\\'éI\d ('\'olutlon of shapr, \eglolls SllIlllk and f01'1ll sllo( k:, III 111111', 

remining \eglOlI" hllé1l1~ ~hrillk ta il pOlllt alJ(l dl~apppc\l <hIC' to tl)(' ('Iltm») (0IldI11()11 

Ali parts of il -.1rc1(H' ll\1l,,1 {,\{,\lluall) illlllillllat{' to a poillt. !'.IJI(C· tire "II'If)/' IIld\ 1)(' 

entirel) emlwdd('d ill!'.ldC' !'.OllH' (li cie of !'(HIrU'" If ",!ridl \\'rll. III 1/ /( 111111-. 01 1 1 Il If' 

disappea\. '1'11<'-'<' ctlc' IIJ(' 1'0111 1 Ir-o!'del :,lro('k~ alld ill(, III(' ::0(((/'" fOI !'.ha!,!' 

Definition 5.4 ll'/If 1/ II/ IIIf p/'ON." of (h!ol'1lw! 10/1 (/ do ... ((/lw1lTHlm·y ('(Jl/cIJ"" fo Il 

sl1lgh pOlllt. (/ FUlIltll-Oldp) SIrO(!- , ... fO/'II/((1 

Figure .).i dC'pll 1'- III<' III ou>!'.:, of delO!'lllatloll fOI él "dl" Iblw!l". 
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8.) 

Dini-Orcler Sitocks 

FI)!,\lI\' ') (\ T!II' :-Oll"k\' ..,hap<, forms thild-Old~r shocks whell dIstant points of the 
hOlll\d.ll\ (~)1I\(' tu!!pllll'\ Ilot in isolation. but lathel in conjllllction \vith neighbors. 
'l'\\Ild·ol~kl ..,hol b IlId\( elte the "bending" of an object. TIlt' interpretation of the 

... 
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Second-Order Shocks 

1 

Third-Order Shocks 

Fourth-Order Shocks 

/ "" 
Time 

Figur(' 5.ï: III the defol'mat iOIl 01 ci dUlllhhel1. the bar collapser-. to il ~lJIgh' 11111' 
segment. \\1111(,. the two f'lld pOÎllb "-l'l' sf'colld-order shocks, the H's1 of Il)1' lil)(, 
segment cOllsist s of third-OJ <1(" ~h()( J....,. 'l'II(' si Ilglf' ci, cles tlwll coll.tJ)'H· 10 fi IJ<lIl1t 
each, the> fOl t Il 0\ dPI ~h()ch. 

t 
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5.6 Physical Analogy 

A n1l11l1H'1 of p!J'y~i(,cll applicat 101l~ alC' modpl/('d by rC'act ion-diffusion equations. e.g. 

<1 y:-t ill glo",tlr [!(il. flall)(, plOlMgation [Tf1, Tf)]. pJ{'dator-prf'y population dynami("~ 

[7K]. t/w orl-walf·( bOlllldcllY plohl('llI. and tll(' d<>tf'IIOlatlOll of the shapes of stone~ 

[2:)] '1'.\ Pl( cl Il.\. III th('~(' IllOdck cl ICiI< t \(' t<'rm is ill cOllflict \\ith a difft'siw' tel'm. 

'1'0 ill!)~lrélt(' wH"i,)('1 tllf' UlM' of C1~"tal ,C,lowlh W])('I(' tll(' glO",th pattern of a so­

lidlficatioll fl'Ollt I~ dd('rmil}(,<! hy Il)(' illt('lartion of two fOln's. the drJ"lIIg force of 

the ill~tilbilrl~ <l1J(' to Irt'clt diffu"IOII dl](1 tll{' )('stabilizing fOIn' due to surface t(,llsÎon 

[ii) ('0111111011 to tl)('~(' lIIodcb i~ a I('det,i\(' 101«' whlch cOlresponds to OUI constant 

lIIotioll alJd ft difrll~i\(' fOI ce d<>pelldillg 011 sUlfrlce curvatur(' which corresponds to our 

CIII vat 1)1<' lIJot 1011. 

Frolll cl dlir(,l'ellt 1)('I!'oI)(·ctl\"('. ('Olllcllll <1 Il cl Friedl'lch~ c1assify l'vents in nature to 

Iwo cld~~e~: tll<' 'Ill(ar gJOlIp of phellolll(')](I. ('.g. sound. llght. and electromaglletic 

('\"('111" ,lIld tlJ(' 1/01l-[IIHI/I' glOUp. ('.p, d('tollatioll of E'xplosi\{'s. supelsonic flighls. and 

illljlcllf of ~olid" [! qJ. Whilc' 1 h(' 1 lIIerl 1 glOlljl I~ !:>1l10ot hll(,~~ pn·s('J"\·ing. the nonlinear 

group Célll Ic"d to ~illgula(iti('~ HdullIllIg to !('actlOlI-diffu'>JOn eqllations, diffusion 

!wlollg<., to the lill<'.'I1 glOllp while l('acllOlI l~ a lJonJill{'cl)" phellOIllf'IJOO . 

It i~ 1J0t ~1lI pl i~illg t het! fUI ~hel))(o. rl ... \\"('11. t Il<' fOI c('s of reaction and diffusion 

Ulplllll' cOIlIJ>kJ\wnfé.\I~ aspe'ct<; of ~hap('. ftgulC' 1.8. In t!w nf>xt section, then. we 

~t udy t II<' (·tfl'( t of addlllg cu n al UI (' Illot iOIl. 01 diffllSioll, t 0 the deformations. 

5.7 Arbitrary Defornlations 

\\·l' hel\(' SI'{'II ho\\ \ arioll:- ~hap(' f(', t 1lI f'~ giH' 1 ise 1.0 sho('k!; Hllder the constant motion 

dl'fol 1Il.11 1011 \\"(' 110"" COll~ld('1 g(,)H'l'al d{'fOlillations of shape, namely when curya-

1111(' lllotlOll dl'follll<ttioll (diffUSIOn) is comhilled with ('{)nstant motion deformatioll 

(J'('<lclioll). FlgIIII' ;u~ J1111~llat('s a lok fOI ditrllsion. Sin('(' reaction is region-ba~('d. it 
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Flgur(' ;>.8: Long ~I icks 01 sh01 1 011(':''( 

takC'l'> inlo clccullnl Ihl' "alea" fl'atul(':". lilllH'1 thall Ihe 'Ienglh" a:.,p('('I~ of Il)(' fl'tlll!jt' 

Adding dlffll!-oioll 10 Ill(' ddorrnalioll ('apl\ll'(,~ 1.1)(' 1f'lIglh prop(·ltil':" of tll(' f('étlllJ'(':'. 

Anotht'I' rol(· for difru:.,ioll i:., 1.1)(' illcn'aspe! COIIIH'di\'l(\' 1H'lw('{'1I :,1I"p(':", (\JII:.,id~·1 

figure 5.9 wlH'l'(, the t op and hot t om sha P(':" (II (' clifr('1 ('Il 1 ia!t'cI l,y 1 Il(' n'a( 1 ion prOf (,:':'. 

DiffusiOIl, hO\\'f'\'('r. mah.t':., tll(' t\\'o :,hd\){, app('ar "d():,~'" ill 1))(' n'ad iOIl-difrll:.,ioll 

space. 

5.8 The Reaction-Diffusion Space 

\Ve ale ill a position Il 0\\' to ()eflll(' tll<' J'(·(trIIOIl·dtffll:"I<HI :'Pil«'. H('call thal ill Oldt'I 

to associaIt' ]}('éli b~ !>llct]H''' 10 ('éH Il OtlWI, \\'(' ha\(' Ill'>f'c! dpformatiolls whirh III 111111 

call 1)(' rapt U\ec! 1" <t lill('dl cOlllbillal iOIl 01 (,011-tallt 1110//011 and ('m'l'atm' II/OtlO1I 
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Fi!!,IlH' ~) Il Dilfu"ioll Imllg:- 1Il0le <-llle! é1 dilff'['(>nt <';01'1 of rOllnecti\'ity to shélpe~. 



r 

('II.\PTEU i 'IllE I?E.\('T/OS-D/FFl S/O.\' SI'.\('E 

defOllllallOn.., \rc' \ Il'\\ theM' Iwo ddollllé\110l\~ lu h,\\'(, llta!'>t ically dilft·ft·lll ,Illt! 'tllli 

pl(,lllelltal'\ plOl"'IIII''''' \ï('\\,('d in th(' l{·aclioll-ddlll..,ioll Illt}(It'1 of phY"H,d ~\..,I"I\I"', 

tll<'<;(, éllC' t\\O fOln'~ (olllJwling 10 d(·..,nilH' ~halH'. I\ok Ihal ill til\' \ I.,«HI'" (011""'1 

\'alloll h", :1.1~ 1\\'0 paranH't(,l~ ";0-';1 Ihal plllil(·cl tll(' {'xl('lIt of tOIl..,I.1l11 1I1ulhlli 

alld ctll'\'alllJ(' ll\oliOIl of tIlt' gC'Ilt'l'al ddullllalioll (>q Il cl 1 1011 1':1.;1 cll>l)(·.II .... Ihc'Il 111.11 

W(' :,hulIld al t('lllpl 10 l('pl(''''l'lIt ~h'lJ)(' 1)\ dd'ol Il'Illg It 101 élli po~~iJ,I" 'OIIlIIlIl.tlIClII'o 

(:1o . .1d alld <III tllllt'. 110\\,('\'('1. 1101(' Ih<ll a ~crdillp; of (';o .. ;J! 'clll II<' 1I·lJc·elc'cl III" 

scaliug of lill1(, 1. Ikll(',111<' ollh !('I('\'élll( pé\l'c\II\t'tt-I'~ cll'(' 1 c\1l\1 (III' 1 étl 1\1 ,111 /.1 1 

Definition 5.5 Tht npn .... ( "lflllOlI (lJ .... /lflpf III fil! pu.",,,,d,!t 111//1 III/d IIl1po ........ t!,/, ,a/10' 

I:JU/ :'i) 1.'" ('al/, il III( H"arl 1011- Dilfll.,ioll Spclce. 

:\01(' 1 hdt \\'llîle .'i) (illI 1101 lit' IIq!,ctll\(' 101 :,Iclhiltl~ l'·d:-.oll~ 1. do (rlll IH' 11t'p, .. 1 1\ «' cil 

po.,iti\'(· CO!TC''''IHlIldillg tu ill\\rlld cllld Ollt\\clld lllotlOlI. Tillll' (rlll 0111.\ 1,,· po",II\c' 

1Il1ks~ tlJf'I(' i ... 110 ,]ill'II"'IOII .'il ::: () Slllt!' dilfu!:lIOIl i~ rll\\'éI.'· ... 1)\ ('''('lIt III tilt' 1,·" ... 1 III 

SOIll<' lI\illdlp lUI III. rtlld :'111((' fOI pUIC' \('actioll Cil = 0) 1}(,~i.1 1\(' lin\(' (OIlt'~IHllld" III 

ill\('lting tll(' ~1p,1l of Jo. )wgclll\(' tllll(' II('C'<I Ilot he Il'pll':-'l'lltpd A~ ..,\If" 1 1 If' 1f',11 (11)11 

difrll:-.ioll f,pcl«' Jllcl\ 1)(' l('plf'f,t'IIfc>d h.\ Il](' x-axl~ <1'- lC'pn· ... l'lltillp, rdl «(JIllIIIII.III01l" Clf 

(;10 ,.'1)) élnd tlll' pO"'ltl\(' y-élxi~ 1('pr('~('lltillg tinlt' cllld \\'1\t'1(' ('a(1! p01l11 /111111'" "(l<Iff' 

f('ple:'('I1I~ a ~llr'lH' P()IIlI~ Ull tIlt' ,-(\:\i~ (,oll'('~polld tu Ilw ollp,illal ~"''1)1', rllld <lJI\ 

otfrel point ('0/ 'i)./) i ... llwOIlgillill slrtllH'c!pfolllwd IJ.\ C'qllrll)OII :l.IS \\IIIr Pi\l,lIll1'lf'l" 

(do • .id fOI dlll rll iUII '1 1 IIl1il:, 01 t 11111' 

5.9 Exalllples 

III tllf' follo\\llI!!, l'.t!!,''''. ~iI)lIpl(·.., of 1 1 If' If'iHIIOIl-ddflh)OII "'pél(l' I~ dlsplr1.y(,t1 fOI :-"'\C'I.d 

ilJlélgp"" ~ot" 1 Ilcll IICJIII il'\(· ... rll" ..,.lJlll'h'~ ill ri 11011 1 IIl1'rt 1 lop;anthlllIC fa...,IIIOIi :\1..,0 

for the mOlll"111 \\,. !td\(' ((JII( l'III 1 rllt'd {)lrI~ 0)1 11I\\rtld 111011011 

1 H\IIIIIIIJ~ lh. III.cl l '1IIdllf.1I I"tf h\\Md ... 1" J11-f()lIihtlulli·d [:~1"Il 
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Chapter 6 

The Cornputational Elements of 

Shape 

III 1 he laf, t chapt Pl \\'P collsidf'n·d ~h'lJH' a~ )"(·p(,f'sent.ed ill tilt' l'eadioll- d i Irll~I()11 ",Pit(" 

wlwre \'aJ'iou~ Iypes of shocks fOI Ill. III thls ,hapler, Wf' propo!->f' tIlH'(' COlllplll;lIiollal 

f'len1('nts for ~hap{': part, .... pmlr" .... /OI/ ... to ~tcllHI for hoth prolrlJ~ioll~ and IIld"lIt"tl()lI~ 

of the boulldélr~. and bc 1/rI::. tü stand fOI I)('ncllllg, strf'tchillg and !-o«lIi!-o11l1l1!, 1 II<' ~IH'I)('. 

\\,p t"en conllf'd f'aeh of t"('!-of' t'1('lJl('lJh to tll(' ordpr (typf') of shoch th,t! 1III'IIl!-o ill 

the react iOIl-difru"ioIl !-opace. 

6.1 Necks as Determinants of Parts 

\Vhy should il shap(' hf' pa .. ~('d IlItu COIIlPOIl('"b? If shapf'!-> al(' to IH' ('ff,'( t 1\'1'1~ 

recogllized. i t ~hot\ Id !>e mOI(' ('ffj,)('1J t t 0 [('PI eselJ\ t}H' ~hap(' ét.'> a (0111 pO~1 t 1011 of 11<11 t !-o, 

ea,h of wlllch i ... )(']>I('S(')I\('c! in IIH'1ll01\ 1.1111('1 Ihan an exh<lll~ti\.'(· )'(·1))(· .... (·"1,111011 of 

aIl combinatlOm. In thi~ way. l'e(ogllitioll cali tak(· plac(' in the presen«' of ()( (1,,"',011:-' 

while Ilot ail of t II<' ohjf'ct i!-o in vie\\. -';0111(' pel! h of il al'(, likely to \)(', ('éV Il 01 \\ Ille h 

can \)(' indf'I)('lJ(II'II\I~ J('coglll,wd FllltIIl'IIIlOIt'. pa)t-ba~l'd ('('IH(,~(,lIta\i(,""" ..,lIppoll 

1 (JO 
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1I01111,f!,ld 01'1('( 1 .. wIll, 1Il0VIJIg parb. 

'l'Ill' ('''''('/11 ictl ((lI('~t iOIl 10., !Jo\\' 10 break étn oh.wct into parts, One approach has 

bt't'II /';10.,('</ 011 jJ/'IT/"//I't..,. e g gen<'fa!Jzf'd c~ hJ\d(,l~ [10. 15. ,58J. These prJmiliV('~ 

lIu'lI IIIIJH'"'' pilll !,olllldal i('~ 1){·t\w·f'1l t\\'o pl imit l\,('~ and t he notion of parth beCOJ1H'~ 

illlllll""''' I)('r! lu Il)(' .,('I('cllOlI of pllmill\'f's. lIofflllclIl and Hlchard~ [36] differenllale 

11('1 \\'C't'II /"1/11111/'( -[)(/ .... ((! cl IId !JOli /Ida l'y-!JaMd di ff ('1 l'nI 1 cl 1 lOI) of parb and argue again"l 

prJlllill\{'-"éI~{'d l{,pl('~('lllaljoll~ based 011 a 1'( ,. ... ,,/dily algllJl1ellt. prJll1lli\'es are lilll­

ilc'd i" I/If' 1 <1 lige {Jf l/wlI applicability. (' g. ge!l('lcl!JZ('d C,\ !llIdf'),s aJ'(' good for anima) 

1 i III /'0.,. l,"I Ilul cio., ,f!,uod fOI fa('(·~. Hat her. thf'~ plOpO:,(' il houndary- ba..<;ed represen­

tôtlOlI of pcllh /,a ... pd 011 Ihe tlé\ns\'ersalit) prillClple. "\Vhell two arbitral'ily shaped 

~IIJ fct< t'''' cil (' llléHI(· 1 û i nt ('l')>(,lwt 1 élte. t hey (almûst ) alwéI,\ ~ l11eet in a contour of concave 

dlo.,tOlllllllllt\ 01 IIH'il lallgt'II1 plalle~." Thl~ III tlllll /pcld", to dl(' minima rult' "divide 

fi ~1II1,1{ (' IIllu )MII ~ al 10< 1 uf m'gat Ive II1ll11llla of (>clel! p.'lIIcipal curvatul'e alollg Its 

aso.,o( Icll<'1\ Ic\lllil.\ uf (111\(1tlll<' lilles", Anolhf'1 j,olllldaly-based partitioning schellle 

C'lIlph"o.,l/'·!- Ild/('( 1 Joli pOlllls [I.IJ arguiIlg that cunalUlt· extl(,1'!,1 éHP not illvariant to 

allill(' t l ,1 Il''' fOI IIlcltlOll 1\1otl\'cll('c1 by ideéls flOllI 1lI1001llallOll th('ory. Attnea\(> showed 

t hat ('Ill \clt III {' t''\II'('lIld arC' pomb of high inforlllalioli Ao., ~lJ('h. contours repliln'd 

/,~ pol.\~()lIo., \\ lib \('11;1'('0., at ClIrvatU1c extn'llIél élpplo'\illJate the shape weil as \Il the 

~lf'C'plllp, f cil [:l]. Lm\t' »lOpoM'c1 thal tllf' ~alJl{' plJlIClpk IlOld~ for inflt'ctlon poillts. 

lIo\\'{'\('1, \dlllt' tllJ~ 10., \abd fOI compli(ated ~hélp(,~. Il IS Ilot trup for simplt' OIl('S. 

t' P, a )H'clllllt '1'0 (·'pldlll thl". 1101<, that III (olllpl](,dted ~hcl)(':' iIlflectioIl points art' 

do~t, 10 (11I\étllllt' (',tIt'lIIa TIIf'J'efore. llIfketloll ))()lIlh approximate a r-hape 5inn' 

('1Il\',lllllt' (''\Ilt'Illé! do. \\ hC!l inf!C'ctioll pOlllt", aIl' 1101 doo.,(' to cur\'atUl'e extrcma. 

IIIl1t'( tlOIl pUIlI\"- do Ilot applo'\illlate a shap('. Fllltllf'IIllOJ('. Ley ton showed that CUI­

\'a t 1\ 1 t' t''\ 111'11l" ét)t' 1 ('Ici t et! 1 () ~ylllmet ry [,):!. ;) 1 J Bwdt'lll1an showed that midsegmellt 

«H1toUI d('/clioll I ... I('~" deslrllctin' to OUI recogllltloll ahtlJtlf's than corner deletions 

of t 1/1' \ UlllplIl [q], 
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III the Pif" iOlls chapt(,ls \\'{' have argll('d for a silllllllal\(,oll~ H'JHl'SC'Utdtiollllf :.It<llll· 

béls{'d 011 holh tl)(' hOlllldal~ alld dl(' r('~i(}11 of th(' ~hclpt·. A JlI1lt'ly hOlllld.II\·h<lM·d 

dehl1Jt iOIl of part:. rt'lld(,1 ~ t 1)(' regiollal illfoJ'lJlal iOIl 1IIlIII'Ct·:. ... ar) FOI t'xalllplt' t'()I\~IIIt'1 

shapes III figlll'<' (l.1. TIlt' shcllH' ull tltt' It'fl I~ ~('('II 10 ha\t' f01l1 (01 ~Olllt'lllllt'''' fI\I') 

palt~. ",hil(' tl)(' ~hapt' 011 tll<' Iight i~ ~('{'IJ 10 hel\!' 1111('(' palb. :\ pllld~ "Olllld.II\,­

béls\·d élPPIt)(l(1J i:- iIlCrll>élJ,lt· of ditrt'Wllli<llllig 1H'I\\t'I'1I 111t'~t· t\\lI ... lliIpt·~ H.III\I'I'. Il i~ 

abo ('~~('III Irll loi 1} ('1 11<1(· t 1)(' pail illg of CIII' al III (' ('xt 1 ('lIla th rOll/!,h d I .... t <llil t' FIp,1I1 t· li ~ 

d<,pl< b a sllclh.('·:. hod~ wlll( h w;1I he parlil ;011('<1 11110 Illélll.\ 1'''1 I~ h~ 1 1)(' hOlllld.II~· 

has('d sdl('lIl(,~. 110\\'('\'('1. lakillg f{'gioll t'fft·( 1 ... illlo (\(COIIIII. b.\ p.ljlill,!!, 1'1I1\·"tlll«­

exlrelllél thlOllg,h the It'gioll allo\\'s tl1<' 511c1ht' to he' 1>('1('('1\('<1 a ..... il '1)('111 SIHh" 

011(' wOlllcl hkt' tü J'('CO\'('I flol11 éI sha»e t II<' (OIllI)()JII·II .... fi li Il 1 whi( h il \\'.I~ ('0111-

pos('d. Ho\\·!'\!'!. Il)('I!' éll(' a lalgt' 11111111)('1 of \'éI\~ rl ~ltélpl' (rlll II\' blOkl'll IlIltI ..,t·g 

1JlC'1l I~. 0111 111011 \ el 11011 for pa 1 h (,()llIt'~ 0111 t' rlgel III flOlIl 1 lit' \\'01 Id of ul lJt·( h ('oll"'ldt'J' 

Ihe olll('<1~ III hglllC' (i.3 alld a~k ,")('lh<'1 obJt'( b C.III 1)(' !JIOh('1I 11110 (OIllPOIl(·llt:. rlf 

ol)\iou~ plact'~ TIl<'~,'..,llélp(," I('a<l II~ todt·fillt·a .\'ul.·o[a ... hr'l)(' rI" Il ...... 111t11~·~holt('sl 

lill{, ~egllll'III \\'I.()~(. 1\\'0 di ... tillfl ('IHI pOIlII~ al(' 011 III(' bOlllld.lI,\' of t 1)(' .... !tap(· 

Tü nlOll\éltt' thÎ~ 1I01ioll of n('ck~. ObSNV<' thal \\'11<'11 I\\u ohj('( 1:. <III' (ollllt'clt·(1. 

th{'ll inlt'r(Ollllt'<"Iioll i~ oftPIl playillg tltt' rol(· of all.lchillg 1 Ill' Iwo 01'1('( h 0111.\. alltl 

as sucI.. Iu·pd Ilot l'e<!llll<' a ga>at df>al of "Illrlll'nc"" If t/lI!'> i~ 1101 Il)(' (,l .... t·. 1 ht'II ofl('11 

there 15 110 (hw fi o III ::,hape to detefllline wlwlll<'1 \1)(' ollj('cl i .... intl('l'd ('ollll)(N·d of 1\\0 

(slIll )obj('( h FOI (·'i\lllplf>. thi~ lIé1rrowing of Il)(' ~hap(' i:-. t rut· of tlJ(' 1)(>( h «(1I11H'( 1 IIII~ 

the Ilf'ctd alld t 1)(' bod, of aIlÎmal .... 1 II(' "\('111 Il)(' ('0111)('('1:-. tlJ(' loI' (iJlcl 1 lit' bol 10111 

of a \\ ill(' p;lcl"':'. t II(' 1,0111(, JI('cL Il)(' :-.11'111 t hat cOlllwcb a I('rlf lu él t 11'('. <l1It! "'0 011. 

Till'" i., abo -'('('JI III t II(' ill!<'ICOIlIl{'( 1 iOIl 1)('1\\('('11 11\0\ illg parb. a..., It allow:-. ""MC (' ['JI 

the mot iOIl of ('11 ht'I paIl. TIll' plOpU:.t'<\ llallowlIlg al 1 Il<' pUlIlI of atta,t 11II1t'1I1 1 ... élbo 

signiflCé1ll1 for 1I1é1lliplllal ion pUI po~es. I}(,Ch" off('J a hold-~il (' ~Jn( (' they ail' ... 1 alll(' rI 

slighl 111011011 tu t'II her <;id(' \\'illl1l(,(·t gwal(,1 ",idl h. P.p, cl dog likply hold ... rl 1)t)11t' <II 
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Ho", lIany Parts? 

+ 
? ? 

Ho fr.an-R i chards 

Recognition of Parts 
Gur Rpproach 

Based on 
Conservation Laws 

4 

°0° 
4 3 

h!l,lIll' Il 1 .\ P"II' hotllldar~-based approach oh\'iatps tlw 101(, of If'glon. The' two 
... 11,'11(' Itd\(' PW( I.,('I~ the .,allle> Humher of cur\'aturf' c:\tre'llla of tht' SdI1H' type in tllf' 
1 Igltl OIcI('r Yt'I tl)(' "hapI' 011 the )pft r~ S{,f'1l to ha\'(> f01\l ("'OllldlIlH'<;h\'e') parts. whilC' 
th(' '>h'lJH' 011 titI' ri!l,ht I~ ~{,(,Il to ha\{' tlllf'p palts Tllf' dlffl'lC'lICe IS the effect of tl\(' 
rt'gloll di'> t,III< (' 1 H't \\ 1'('11 t he cu l'va t 11I (' (':\ t rema i!' \ al wc! a. ... OIW shape I!' !,tret c hpd mt 0 

a Ilot 111'1 \ \ 1IIIt, t IJ(' ( Il n clttm' PX t lt'II1c1 of the boundal} do mdeed pItt)' an es!'ent ial 
roll' III dl'tl'IIl1ll1dtioll of l'aIls. tllf' roll' of regioll 111 pa\rlllg these extrema I11ut>t be 
t"kt'Il Illtu <II CUlIllt. ,>('e tlw dC'fillltioll of a "1l(·CV. 
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Hou nany Parts Does a Snake Hsve? 

Hoff.an-Richards 
Recognition of Parts 

9 8 

9 Parts 

Our Rpproach 
RBaction-Dirrus;on SpacB 

+ 

Body 

2 Parts 

o 

Head 

Fig1lJ(, (i,:!, TIII:-' figuw illll"llélk:-. Il)(' (0/1t'êl, ... 1 1)('IW('('/1 éI 1)()IIJ,d(II~·I';tM'd "cl H' Il If' (IIHI 

0/1(' thal lakc.., 1 ('glOlIal illforlllatiof! i;,1:) d«OIIl,1 rl'" w{'11 \'J(,\\,(,d pllf('ly aloJl).!. IIIf' 

bOlllldiUy the' Îlldt'Iltal iOIl'" all(! prot [11:-'1011:-' an- :-'('(,11:-' iI:-' pal h IIow('\('I, Vif'\Vpd rtIOIl/!, 

tht' rt'gwlI. t Il{' Iwd,\ ,.., S{'('fI 10 IH' ail IIl1dlllctll/lg :-.tl! k 

q 
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Figurt' ti.:l. ('.\1\ \ 1111 Cd "1" péU 1 i t iOIl thesf' shape into components? Does t his parI It JOli 

corJ't'~pulld \0 ri "1\('( k··.' 
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the cellter not al 1 1 If' ~id('~ :\I~o. if OUI' goal is to brcak an obj('ct int.o Iwo. tIlt' \It'Ib 

often off CI Jeast l'p,,ist all( (' 1I(·lIce. I('t lt~ sUl1lmarize our assumpl iOll~ as: \\'1wll 1 \\'0 

shapes ale' made 10 illt(·I')H·llplratf'. oftcll the point of atlachnlC'lIl i~ 1101 wltln Ih.1I1 

the widt 11 of t h(' oh.i(·ct on ('i t Iwl' ~ld(' 

Call nf'cb !)(' del('lllIillallb of paris'? Obser\'(' that a IH'ck i:~ d r('p,ioll-",,~('d (011 

cept. at lea~t C\~ Il i~ norlllally dpscrib('(1. lIo\\,('vcl'. we ho\(' 1)('('11 ad\'ol ,II 11Ip, 1 Ill' 

integratioll of boulldary-ba,>pd alld regio'll-based informai iOll. '1'0 appl~ 1 III~ Idl'" III 

necks. Ilote thal 1 II{' J,oollH'lang-like shape of fig11l'(' 6..t has il 11<·('h. ait h()l\~h III\' 

narrowing is oft en Ilot :>('('n a~ the intf'1 COIllH'ctioll !)('t W{'('II t.wo péll b A:-. il ~I'( olld 

example. cOJl!:>ider III<' pip('-like !:>happ whel'C' again most ofl('ll tlH' ~h,l))(' 1:-' s('(·" d~ ,1 

single objecL Thi~ 1", tllll~t rat ('d Illor(' systematically in figll\(' G.:) wh(·I'(· ~h.'l)(' (i) i:-. 

progressively ddol'llH'd Not,. Ihat. in thi~ sequenCl' thel(' is ill('J'('dSill!!, di~pléll(,1II1'1l1 

between the IlI'lh cllld tlll' (Ill'\atlll'(, C'xtrC'ma. ThIS is ill (orl'('s)lolld(,Il«' \\11" (1111111'1-

ception: whik obj('LI (1) i~ JJlO~t oft('n ~,C(,l1 ah having two parts. ohjl'd (\'1) 1'> III%t 

orteil judgf'd tu IH' éI '>111!!,k ohj('ct that is defol'llIcd (this qucstioll Wél.'> pllt IlIfOllll.t1ly 

to a numbel' of !\IcCtll gladuat(· ~tlld(,lItS). 

Therefol'(,. plOlJlpllI'> illll~trat.('d \Vith n('ck~ as sole dderlllinants of part~ <LW 1,\\'0-

fold: Olle MN>Clater! \VIth lite bOOlll<'Iang and the sf'cond wlth tll<' l)i)H'-ItJ..(· figllll' 

Both can bC' C'xplailwd IJ~ olN'J'villg Ill<' curvatUJ'e di~palit) at tl)(' twu (,lId~ 011111' 

neck. In the Cél:o>(' of tilt' hoolllcrang. the two bOlllldaries ail' Ilot !)l'llelill,!!; Vl'I \ dlf­

ferentl)'. Simdatl.\_ ill III(' ('clSI' of the pip<,-likp figllJ<', th(' CurV,ltllJ<' of t./lI' bOlllld"l) 

at the t,,"o end", of th.· Il('d-.. i ... not ;.!\ that diffl'J'('llt l.pl liS, tlH'll, pro)!(J'>(' <l Ilot 1011 

of signifjean((' fOI 11('( J..,> a~ t 1)(' bOl\lldar~ support (given tlJ(' sallw 11('('1-., Wldl II) '/'Ilf 

significall(,{, of 1/ /If( 1. ,,, ( ... Iabl, .. hul Ih/'Ollgh III( dl"/)(lrly of bou/l1/f} 111 IIlt (OT/Iol//' III 

ifs furo (/Id:,.. /1f[1/1! Il, Il,, ab.c,o/ul( pallu of thl sllm of curl1alu1"Cs. 

\,"hat \..ind of cl ~ltél\)(' ha'> a sigllificanl neck" VVÏlell Ill<' two contour s<'gJII('llh hot!. 

bend in tll<' ::-'illlll' dlJ('( t 1011. a~ III t Ill' bOOIlH'1 (lng. 011(' of t Ill' ('III vat 1111''> 1'> Iwg.II 1\,(' 
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Figurf' 6,1: Nf'ck. t Il!' llarro\\'cst region of the shape are often formed when two ohjects 
interpt'Ilt'tratf' HO\\f'\'(·r. it does not follow that necks lead to parts as the above 
cOllllt('rexélmp)f':-' d('pict. What is missing is the integration of boundary support for 
partl-o. 
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(1) (II) 

(III) (Iv) 

(v) (vi) 

Sn" \ 
Curvature Extrema • 

Figurp (',:): 'J Il j:-. fi~u If' JI IlIsI ra k:-. six :-.11 a pe whicll .11 (' ddolJ lied iOlls of 1 Iw shalH' III (i), 
In (i) the Ilf'ck i ... ill rlp,J('('mcnt with Il)(' ('III \'al uw ('\ Il ('lIld JlO\\,('VPI, t 1)(' 1)('( kami 
the cun'ôl III (' (',1 Wl1Id al(' P)()g)(, ... <;iv('l~ IlJOIl' ouI of ph",,(' a" tllf' i>!Japf' 1<, (h'fOl JJ)('d, 

Nole Ihal \\"hll"11I (1) Il)(' shaI)(' i:-. M'('II ô:-' 1Ié1\'ing 1\\0 P,III-, tl)(' ShdPI" III (vi) 1:-' 1I10J(' 

oftell S('t'II lu Iw éI ::'lIIgl('objf'ct Ihat 1'> bellI. JI apP('ctl:-' 111,11 fOI "palb" Ollf' IWf'(1:-, 

agreelll<'111 1)('1\\'('('11 1 1 If' IJOulldary i:>upporl fo,lIhslallt Ictl ddf('lf'fI( (' III beudlllg (a:-. J:-' t.11f' 
case \\'Ith lIf'g,dl\(' CIII\'allll'(' f'xtwllIa) alld tJw Iq,!,!cllal '>lIpPU!! (lJ('ch,,) 
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alld tll(' ollwl' p()~ili\'('. A~ such the &lIIn is nead)' zero. Similarly, in the case of the 

pip<'hl-.<, fI!!;lll(" Ill!' Iwo nlrvature5 arc slight. leadillg to a smalt sumo ln contrasl, 

wlJ('1I (1)(, cOllloUI sl'gllll'lIb al Ill(' Iwo end points mO\c away froIll eaclr other, then 

(·11l\"""1('!'> cll(' botlr of III(' halll(' sigll, leading to a largf' magnItude SUJl) In faet, 

wllf'lI 1 1 If' t \\0 (III \'f' !'>f'glll('lIt!'> (llJ VI' away from eaeh othel. tllIs :;UI11 1:; largest wh en 

t II!' 1 \\'0 ClI J'\ élllll ('!'> éll (' il t t )!l'il' <,xt r{'IIl!'. In 01 h<,r words. i t appf'ar!'> I)w st 10Ilgf'ht. neck:; 

an' PIOdllef'd \\'1)('11 tl)(' end points of a Beck arc negati\'e ClII\' .. ÜUIE' extrema. This 

i!'> III agI ('('J1Wllt "illl III(' 11'é1l1sn'rhéllity principl!' set fortll by IIoffll1é1n and Richards 

[:lCi]. whl< l, :-.11I1('!'> ",hf'n Iwo shapeh ale made to Illterpenetrate, at tlw point. of their 

in!.!'lsI'( tlOIl. Ih('.\ will furm negati\(' curvature minima (or singularities). Hecall. 

110\\('\('1. 1 1 lit 1 Ilot ail I)('gatl\,(' Cl1rvatllle extrema give rise to parts. Shapes ill figure 

G.:l élll ha\(' higlllficallt necks :;ince the necks are doubly concave with extrema close 

t,o t II<' II<'I k. 

Tu SllllllllélJ IZ<'. lIe( h aJ'(' d!'terminants of shape parts. Theil' significance is estab­

lil-olwd liy (1)(' dlo.;!>,lIit.\· ill cl\J'\'aturC' across t.he neck. Therefore, the strongest neèks 

aH' thol-o(, ",il Il !'>llIdll widthl-o alld negatiw curvature minima ru, end points. This rep­

n'M'lit!'> élll IIlII'p,lcltloll of a regioll-concept, the neck. with a boulldaly-concept, its 

sigllifi, <tll( (' .\ Ileck l!'> n'pH'M'llt ablf' in the language of shocks: 

Theorem 6.] FI/ch 11 (d yI( ld~ li sfrond order shock. 

jJ/'Oo! Ld t II(' widt il of the lIeek hr ~ and let the shape evoh'f' for time ~/2. At 

tir 11'1 111111'. II\(' t \\ () ('lId:-. of the nf'ck must come together. Since the shape is \Vider on 

al 1('o!'>1 OIH' "'Idl'. Ilot ail pOlJlt~ of the boundary will havf' \'anished 011 thls side. By 

(h'fillitioll. t!t('lI.IIIl ... ls a l-oeCOnd-Oldl'l shock. • 
'1'0 illlll-ot 1 d1fo ho\\' s<,colld 01 dt') shoch gives flse to necks and therefore parts, 

('OIlSld('1 tIlt' l'\Ollltloll III Ilgllle (i 6 of a set of o\'erlapping discs. Each image is a 

poillt III 1 lit' (('dl IIOIl-drlfll"iOll !'>j>cHt' which is reronstructed to compal<' to the original 
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shape (set' chapter '). f1gme 6.ï displays its hierarchy of parts. Similarly. fil!,lIl't' ().~ 

depicts tll<' e\"olutioll of the doll forward in time whmw )"('pre1wntation in tl\C' rt>adioll' 

diffusion S)HICe' ?? is reconstructed backward~ in tin\(' (M.'<' chapkr ï). The hi('far("h~ 

of parts Jlla~ IH' se('11 in fig\ll"e 6.9. where' the significanc<, of a »,11: 18 in il:- sUfvivdl 

durat ion: tl)(' part~ that la~t are tll{' signifkant ones 

6.2 PROTRUSIONS as Boundary Defonnations 

One of t 1 If' Wcl~ 1-> of 1l1O(hfyJllg a shape is to defofm the bOUlld,1I ~ of the :,lIap(·. For t'X­

ampl('. conw\€'1 the circle aM! it~ protrusion in figure' 1).1. H(·( ,dl hOIll dlcl»I('1 :) .. hat 

a ~ingI(' C\('formation of a boundary creates a curvatult' ('XtIPIlIIIIII \Vhdl' )>l'Ot.IIISioIlS 

gi\e ri:,(' lu »o:--iti\e' CIII \"atlll(' maxima, illd('lltatioll~ gi\(' n:,(' lu IIq!," 1 1\(' (IIrvat.II\(· 

minilllél. \\'(' gPllencall~ ('('f('l' to these bOUllddl.\ d('fonnat 1011:-' a .... 1)/'01/,/1.,/0/1.,. 

Bot h fUI'Ill~ of pl 01 1 usioll gi VI' rist' 1.0 fi r:-,t -01 d(,1 sho( k~ cI( ( 01 d Ill.!!. 1.0 1(,llIl11él 2.), 

depending 011 t 1)(' sigll of 1'0, Therefol'(" eaeh t ypt' of l'rot rl1:-'IOII (pl 01 IIlSioll or illdc'Il­

tatioll) ap)wélr:-- onl~ to tl.C' Idt 01 to the light of th(' tillw ,1':1 .... J)111111!!; IllI' 4"OIllS(' 

of e\"olutioll in the eactioll-difTubioll spare. sIllall slJOcks di~apl)('ill ill Iilr!!;!') OIJC'~. III 

cOlltl'étf>1 to Gausslan sllloothing for which é\ small spike ill t!w :-,h,'I)(' .... (,II()Il~h, afff'( b 

t\w glolJal pl op!'rl iC!"l uf thc :,hap(', the fOI III a t iOIl of fi 1 st 01 d('l .... !tO( k .... 1:' local t 0 a 

segment of tll(' clIn·C'. :\" such. a hierarchy of 'bump~' can 1)(' bll1l1 '1'1)(' illtlodudioll 

of [mtlle: bUIll»s at a ~ll1all scale' only afTpcts thal 1('\,('1: 1c\lg('1 1'101 )11:-,iol1s an' /lOt. 

affpcted al aIl Th(' scale of tll{' hump tll('l1 is dp)wnd('lIt 011 ho\\" IOIl/!, 11 SUfviw'1'>. 

\Ve wi Il :-,pp il! t'hapt"l i t hat first-ol'der shockf, represent th(' bOlIIJd,t1 \ il .... d!'\'iat ious 

ftom a cir(,1Ilal al ( FlIlall~. tlw protrusioll i:, éI bOl/m/ory (ol1u'pl alld is lOfai 1.0 t1H' 

shap<' 
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Figur(' ().(): Tlli~ "gl\l (' depids the e\'olution of a shape made of overlapping dises 
in tilt' J'('élct iOIl-dJlll1~lOll. ha"ing been reeonstructed back in time. Note the shape 
d(·colllJ>o!wd illto l'''l'h ill éI hierôl'chicôl fashion. 
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Original 

III Os cup os; i t i O~--;-;;" l'RI rsl 

• 
Part 1 

Part 2 

Part 3 Part 4 

Figme G, Î: A hieréll ch~ of significance for parts. 



('J/APTFU (i. 'l'liE ('O.\lPfilTfIOSAL ELEMENTS OF SHAPE 113 

8 1 2 3 

if· N ~ 8 
• 0 

0 

c Q 4 
0 

5 6 7 
.. 0 

<~ D 0 .. 
0 

8 9 18 11 

0 0 

0 

12 13 14 15 

FIp,uJ'(' (dl: 'l'hi .... fl~tI)'(, depict~ tht' t'volution of a dol! in time. Each step Î& é\ sam pie in 
t IJ(' 1 ('élct 1011-<1 Il 1'1\:--1 \JII space that is reconstructed backwards in time (f'Iltropy space-
SPc\('('. S('t' (h.lpt "1 1. Durillg tht' evolution the do" decomposes IIlto pal b. Those 
pal't~ t lIell ctpp"dl lal('1 ill tilll<' élIt' PI0lC significant. figure 6.9. 
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DecomposItion into parts 

ln the ENTROPY scale-space 
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Ü 

nands 
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Figu\(' G.9: The part.., of a <loll cali he t\1I'ông,Pd ill ô hiPI é!1( Ily of signifi('(\J}('(' hdSf><! 
Oll tlH'ir sun I\'étl in time. l'ote t hat the "hall(h," app<'rll fil st é1nd disapp('ar qlllCkly, 
vdlile th(' "torso" ôp!WéllS Im,t. 
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Figure (,.10' Slllall bllm ps will disappear in tif'ie of the formation of the larger shock. 
\ ""h.\1 1:-' :-.iglllfi(c1llt 11<'1{' is that the number of small bumps does Ilot affect the time 
of format iOIl of t II<' larger slJOck. In. contrast consider Gaussian smoothing of this 
bOllndcll~. St'(' abo :-'Il\oothing of shape in chapt.er i. 
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Figure 6.11: A shapf' ma)' be modified by 1)(\IHllllg it. This is similar to UIt' snake' 
which may be considc>rrd as a bellt IOd. 

6.3 BENDS as Regional Deforlnations 

Anothe!' way of II10difying tllC' shap(\ of ail object is 10 bUHI t.lw shape alollg ib a:{i~. 

COllsidel 1 he l'('ct a ngle of flgurf' 6.11 wh ich ih bellI 10 f01'11I ail arc Not,t' thal U. ih 

single- paIl shape wi th !lO plOt l'lisions leads t 0 t hi)'(1 or dl'I' shocks. TI\(' ax i" fornwd by 

the locu~ of thiId-ord('1 ~hocb l'epJ'('Sf'Ilts 1 Ill' aillOli III of IH'Ildillg of t 1)(' hhapl' OtlWI' 

operation" which affe(1 the locuh of thll'd ol'd(,1 h!Jo<ks an' htIf'lchlIlg and squdslllllg 

of the shapf·. r\ bend is significant whell tht' élIIlolint of ){,Ilding Ih high. A 1)('11<1 ih 

c10sely rdated to the symnwtJ y of a shapp, hlIH P t IlP lm I1h of thil'd-ordf" sho( ks ih 

part of th(' symmetric axis transfonn. Note lhat a beJl(1 is a l'('gUH/ COIl('('pt and thal 

is global. 
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6.4 A Hierarchy of Significance 

III ord('1 10 di ff('J'('1l 1 iat<· bel \\'('('11 slllall('1' and larger features of a shape, it becomes 

J1(>c(·..;~al'y t 0 ha\'(' a Hot ion of significaHce associated with these featmes. A neck or 

a porI i ... ~igllifirallt whell th(' width of the neck is small and the curvalur(' disparity 

élnos:- t II<' 11('( k 1:- l,II ,I.!,('. III 1 he r('actioll-diffu~ioll space, a neck will lead to a topo­

loglcétl :-plit clloll!!, 011<' of t1)(' pUJ(O 1(',1( 1 Ion a'\eh. Time dptermines the sigmhcance of 

('adl parI. 111 Ihrll (1 pail Ihal la!'>I ... lolIg(·r IS more slgnificant. Diffusion. 011 tll(' otlH'r 

halld, pull!'> out a 1)('( h. toward:- blllli JIIg the ~hé\,pe into a cÎI'c1e. As such, with lIlor(' 

diffusioll. t))(' Il('ck fOflm latel III tJIll('. \\'ith enollgh diffusion the neck does Ilot forIll 

at ail 'l'Ill'" I~ a lIH'iI!'>IIf(' of strcllgth for tllf' neck and for whether the shapp conlaills 

1\\'0 parl:-. 

Plotrllsioll~. 011 tllf' olher halld. STllooth awa.v with diffusion. The effecl of time 011 

prof l'U1>ioll!'> i~ t li 11\('1 g(' ~Illa"cr Oll('~ int 0 laI gf'r olles. Agaill. time bccomes a mea:mrc 

of :-igllificalH (' fOI plOt rll~ioll:-: tho:-(' that fonn Ia,,,t are the most significant on(''S. 

Bl'mls. al (' glu!"" (011< ('pl sand t hf'i r ~iglllfkallcf' is established by the Cl\f\'at.lII'f' 

Jll 1.11<' 10clI!'> of 1 hil d 01 d('1 shocks. 

6.5 Shocks and Shape 

A l'('))),(,s(,/ll at iOIl (If ",happ f..hould hl' III a language that if> natural for it, and we ha\'(' 

argu('cI th<lt 1111' lilll.L!,llélg(· of par\!->. plot.rusiollf.. and bends is just such a candidate. 

Sim·t· shocb (Il!' IlIt IIl\atel~ cOIlIlf'('\ed to these elements. a database of the shoch of 

tlw shôJ>(' 1" il 1(·))J(· ... (·lIlalion fOI ~1r(IJ>C III the following \Vay. Fourth ordel shocks at 

SOIlH' tillH' and lU( (111011 <lss('rt that éI sf'nl should he placed at that locatIOn aIld linw. 

That lwed t 1)('11 !!,1Il\\ .... plOt 1 usioIl~ <I('COI d1llg to Its first-older shocks. Secolld-or d('r 

shocks sllgg,(· ... t 1 hat 1 \\'0 adjacPllt parb }H" connected. and this shod. subsequf'lIlly 

grows to fi IU'{ k. ),inall~, a group of thir d ordf'l' shocJ. .. s represent the bending of 
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Parts C><J Second Order Shoc~ 

Protrusions o First Order Shocks 

Bends Third Order Shocks 
Figul'f' 6.12' Thi~ figure illustrates the relatiollslllp 1>('1\\,1'l'1I the computatiollal (,11'­
melltf> of ~hap(' and shocks. 

som(' e\pllwnt, which i~ mad(' by growing tlH'1Il ha< kw,ud!> in t.illl(', figmf' fi,12. Millly 

questIons l'l'main to he answcI('d: how shocb ('\,oh'(, III t 1 Ille? \Vhat tyP('S of ~11O( b 

can TlWl'g(' alld wh al do they lead to'? Thest' aIt' (UI relit Iy lllld(·l' ('xaminat iOIl alld 

s('\'('ral i nt el't'st i Ilg results hé\\'(' emel ged thal. n,'e shall 1)(' l'eportlllg 011 s(')htrat.f'ly flOll1 

t hi!> t he!>I!>, 



Chapter 7 

The Entropy Scale Space for 

Shape 

Eve'lIb in Il)(' \\'orld OCClII al differenl scalt·s. and as such, qualitative underst.alldlllg 

of a s('n~oly ~iglldl. ~lIch as an image. should reflect these different scales. To cite 

the' c1él~..,icrll (':-:olllpl(" fingprs exhibil stlïlcture al. a finer seale than hands, hc\l1d~ 

(Irc' fillC'1 thau 111111,..,. and :"0 on. Thus there is a connection between seale and size. 

am!. fOI Illclll~ dppli( clt iOIl'> in computer vision. seale size beeame synonyrnou:- ",it Il 

01H'ratol siz(' Big op!'l'ators !'>elect st.ructure al large seales, and small operatOls ,,('I('c! 

structure al hllc "l aks: 01H' need only recall the tree image in [5ï] to reeall the force 

of tlll~ algl:lllC'lIt: ,,('f' al:,o [ï2 . . 5i. 4:3,9.5] as weIl as the psyehophysical SUppOlt thp) 

Wt'I'<' cngagillg [1 (t. ~I)l. 

Bill cOlllollndlllg t Iwsp assessments of structure is nOIse, whieh suggests a diffelent 

intc.·ql1 ('t ,II 1011 01 UP('I al 0\ size: big opel a t orh smooth large fractions of tL.' Image. 

",11I1t' slll<lli opf'l,dol" Sllloot h only till~ fI actlOllS. This conf('unding is deal fOI the 

"héllJ(l" allo\('. III IPSpf'ct of which the "fingels" are just noise. Witkin [91] put t]lese 

t",o JIl1<'1 PlI't ,II 1011" tog!'\IH'1 b~ suggestlIIg a continuum of operators in a kll1d of $coh 

SfJ(l('( Stlllltl\lt' \\,," <aplll1ed by signal e"tle111d. and these were computed Ilot 0\'('1 

119 
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a fe\\' lleighl,orllUod ~IZ(>S. bUI o\'el' a COTlIllIllll1II of Ileighhorhood!>. ('st.abli~llI'd h., 

convolution ag,lIl1"t (;allssians of in<Teasing extl'nts. The bdla\'iour of ('xtlt'III,I ,I~ th(' 

signal i!> sl1lootlJ<'d out ~i('I<I!> the qualitative desCliptioll of tll(' !>ignal III addltioll. 

a hidd{,11 bOllu", t'IIJ('lgf'd ill tlJ(' fonn of a significallCf' hielal< h~ 011 tlll' t',tlt'III<1, i\l 

the s('lIse thelt tll<' PXt!t'lIlél tltat ~"\l\'ive lalg('r smoolhillg t'xtPllts e\lt' ,'nll~idt,I't'd 1Il1lrt' 

siglllficallt. Thl" i:-. ,l1lcllogOll~ 10 the fingPl's being SlIloollH'd out IH.fUlc 1 lit' hrllHI. 'l'III' 

spa n' of 1 1 If' ~lglJal and ils ('ontinlJously SlIIootl\(,<1 vt'I'~ions I~ 1 lit' ,'.( 111, ,"JI'U" fOI 1 lit' 

signal. 

7.1 Gaussian Snloothing Annihilates Structure 

The qu('st iOIl tlJlI~ élI'1S(,S of ho\\' to "srnooth" the sigl\al So th" 1 ollh lIlU (',lslllgl.,· 

"sigllifican'" [Cetllll<''' ~UI'\I\(, flll'Ihcr sllloothing. I\ocndt'Iillk ~h()w(,d Ihet!, gi\'t'n ,I~­

sUlllptioll~ 01 ((fIl,~al"lJ. hOTllof/( l/uly. a/ld IsvtJ'O]J,I). tllf' difrll~ion f'<jlléltiol\ 1:-; tlll' olJl,\' 

sensible \\'ay of f'lIIh('ddlllg a signal in a family of simpler slgll(d~ \Vlt.h 1 lit' It'qllilt'lIH'lIt 

that sll'ucllllt' j" Ilot (J('élkd [.12. -14]. From a diff('J'('1l1 p(,I'~f>('cti\'(· B.tI'ellHI d.al. 111-

depelldelltly slro\\(·d t hat 1 hf' Gcltlssian is the uuiqll(' SllIootlllllg 1,,<'111('1 that. do('!> 1101 

cl'cate ,strucl 111(' ill t hat. \Vith illCl'eased smoothillg. 110 IlC\\' Zt'ro-cr()~s)ng:-, al(' < 1 (,ill,('d 

H]. 't'uille' alld Poggio exlf'lIdec! this result to t.wo dim('nslOd~ UI:J] alld Il 11111 1l\('1 (1I1d 

r..knoit sho\\'t'd thrlt Z(,I'O-( rossillg~, when supplenH'lltC'd with gl adJ('nt datr\ along t 1)(' 

zero-nossing IJ()lIlldrll i(·~. éliC' sufficient to reconstruc!, tlw 01 jgllled slglled. 

\\'hile t!teH' tl\(,ul('IlI~ alld th(' popularity of Gal\~~iall ~<.ed('-~l'éI((·'" attl'~' 1,0 110., 

functionality in «(') t rllll dOlllain~. it do('s Ilot alway~ pro\'1(1<- "~('llIell\t i( ail\' IIwanillgflll" 

desCliptioll~ of IIllagt·~ [(,fi] Hclllwr, the abo\'t' notlo,,~ of stI'll( lu\'(' al(' oft('11 Ilot t 1)(' 

natUlal Oll(,~. rI)J(1 (;,I1I" ... iall ~cah' ~pc'('es may lead to 1/101'(' plOblt'/II~ tltall t}J(') :-'0\\(' 

FOI examplf'. III (Ill pdgf·-dC'tc-<I jOli Gaussian scale-spac('. tilt' tllJ(' location of (·dg(·" 

is nol a\ailcllJk III"tc'MI. tlJ(' tllre locatioll 18 f'slil1lat('d b) tlMkillg ('tlg('!'> MW ...... tlJ(' 
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scalp ~J>an·. Fmi IW/lllow. the edges, wllich are vezy high in information content, 

becollw I>IIII/{'d 0111 ill tllf' Gaussian represcntation. This point is illustrated eV('1l 

mon' pOW<'1 fllll~ III t!te dOlllalll of shape, and exemplified by the depiction of "doll 

Quixot(·" il! hp,lll(' ï 1. Ideally il scale-space representation of thif' profile should 

n·Jat (' t Ill' !>t 1 lI( t III (' of "t1w lllélll on the horse with a lance " to that of 'the man on 

tll(' hOI!>(:' ill 1Il1lCh Il)(' saille \Vay as a qualit.ative desnjptioll of a car with a radio 

éllIl('IlIIe1 ought Lo 1)1' \'cry dos!'ly lelated to the representation of the same car without 

the élnl('lllla. hgllJ(' ~ ,. (lufort ulJatdy. in the Gaussian scale-sra("f' representatlOlI of 

the' shap(·. 1 Il(' lelllce (01 t h(' ant('nna) assumes a role much more significé:nt. than it 

has ill tlH' OIlgillal image In fart. the longer the lance is, the more it dommates and 

distort!> the J"('lllélllllh'l of t Il{' shdpe 1. 

7.2 The Three Components of a Scale-Space 

To )'('vicw ClIIT('IlI ~('al<'-sJ>ilCC structures in one common language, consider a scale­

Spcl(,(' il!> a st rll( 1 1II (' (Olll po~cd of th ree clements: 

• A 8/gl/lll. (>.g. ail IIlt(\l1sity image; 

• A fUllu /"( t hat COI \("spol)(ls to sorne interesting st.ructure, e.g. a curvat ure ex­

trenllllll. or a pOlllt of inftection: and, 

• A pro('( ........ Ihat illllllhilatcs information 1I1 a way that gradually removes lo\\' 

significélllcl' stlllct 111'(' /l'Ilhouf affecting higher significance structUlp. \""hile the 

pl'o('t'!>~ 1('él\'C'S 11Igh-ordcl ::.t rtlel lIIe intact, it should not create nC'w Stl uct ure. 

Figul!' i.:2 rt'\ jl'\\"<; ellHI SlIllllllill izes the several common scale-spaces in the above 

flillll{'\\olk FOI C:-'éllllpl(·. :\!>éldel alld Brady partition a curw into certain curvature­

ba~cd lllulti::.<c\lc pl'illlitl\('s [1] Tlwir applOach is to detect significant changes in 

1 ~l'l' [IJ fllr "II 11111 ... 1 r<llllll1 of 1111' "dullIhlwlr prohlelll 



l CHAPTER i THE ENTROP) SCALE SP..\('E FOU SHAPE 12:! 

Boundary B 1 ur Region B1ur Entropy Scale-Space 

C\ 
Fignre ï.}: A dppictioll of don QlIlOxt{'. The }t>ft colulTIll illlJ~tritlf'~ IIm'{' ill!'lttllH Ph of 
tht' proc{'!':>~ of !JIun illg tIIf' hOl\lIdilry coordillatps: the 11IIddIp (UIIlIlIJI dl~pltly~ f'ff('( h 

of blurring tilt' C hit 1 a( t t'Il~ 1 J( fUllctlun of t h(' int prior of t Ilf' ..,11 apI' OJI 1I1f' IIghl, t III f'f' 
stt'ps aIoJlg 011(' aXI'" 01 IIH' (,lItlOp.\ ~(itle-spar{' I~ !>IIOWIl Nol<', tltal whdf' Il)(' 1,1I1f {' ri.., 

weil as 011\('1 ff'alll)(· ... 01 1 1 If' --htlIH' (\ff' ol!>tnbutpd throllghout Ill(' shap{' br (;étll~"'lrlll 
smoothing, tlIi~ do!'.., 1101 ltaPP('1I III the entmpy scal(,-sfJrI((" 11(,1(" !'lmall f{·,tlllIP'" lik(' 
the lance al(' 1('1110\'(·<1 \\ 11 hont affC'<tmg the largpr ...,trlld IIfP~ 

-



1 C'JJAJ'TEU ï. 'J'liE E1'\TUOPY SCALE SPA('E FOH SHAPE 123 

Signal Feature Process 

Zero-cross ings Gauss jan 
Uitkin In tens i ty in 

Derivatives 
5,.,00 th i ng 

flokh tar i an Boundary Innection Gauss ian 

& 
Coordinates 5,.,00 th i ng 

flsckworth Po in ts 

li i chards Boundary Curvature Gauss ian 

et. al. Orientation Extre"a 5,.,00 th; ng 

Rsada 
Extre,.,a 

Boundary g Gauss ian 
& Curvature 

Innection 5f1DO th i ng 
Brad~' Po in ts 

Interior Gauss ian 
lnnection 

Koenderi nk Chracteristic 5,.,00 th i ng 

FuncUon Po in ts 
+ Thesho 1ding 

Interior 
Gauss ian 

Pizer 5,.,00 th j ng 
et. 81 • Chracteristic Sy,.,,.,etric Axis 

Function 
+ Nor"alized 
Thesho 1 ding 

Figlll't' ;.'2' TllI~ h/!,1I1 (' H'\ iews some of the proposed scale spaces. Note that the use 
of Gillls:-iail ~I1l\l()t hi Il,!!. is pl'ominent. 
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cm" a~ure by obheJ'\'ing its behayiour as Il i~ cOll\'oh'ed with a Gaussiall. In Olll kl'lll~. 

the signai is eur\'alul'f' as a function of;\I( ·1t'lIgl h. Hw fulllll'tS are curvatuJ'(' t'xt )(·IIIi1. 

and the p/'Ocu.~ for relllo\'ai of informatIOn i~ Gau~~iall sl1lootlling. As alloll)('1 ('XillII' 

pie. Mokhtarian and r..laekworth abstlilct tl\(' gt'IIf'l'al struclu)'(' of hOUlldal)('s foulld 

in Landsat il1lag('~ by cOllvol\'ing t he cool'dillatt'~ of tll(· CUI \'(' wil h a (;aIlS~lrlll [(iO], 

The zelO-cros~jngs of (urvat ure are tlwII 1001\('<1 and st udied 0\'('1' a r,III,!!;(' of h('alt-~ 

[24]. This rf'preselliatioll of zcro~ of cUl'\alul'(' ()\'('l' scall' i~ suilahlt' tu I('~ist('r tllC' 

image to a map. In thi~ case. th(' toÎ!JlIal cOI'J('spollds 10 t.1U' (,ooldlllat(·~ of tl)(' ('111\'('. 

the ftafll/,(s to tllf' zeros of cllI\'atul'f'. and tlte }J/'O('f."''i of allnihilatill~ lIIfOrlllittioll is 

again Gaus~iall sllloothillg. To illustral(' furt/wl. ('onsid(,1 tllf' scal('-spfl('(' propos('d 

for the Symnwtric Axis Transform (SAT) [()~l. \\,h('l'(, a hicl'rllchy of ~Igllificall('(' i~ 

plaeed 011 the syl1llllett ie axilo by blurrillg 1 hl' 1II1agp III thih ('ah(" the loigll,t1 IS t IH' 

t.wo-dil1lellsionaJ illtellsity imag(', the f((IIl/If" élIe Il)(' ~ylllll]('ll'J( aXIS, alld IIIC' 1'/'11-

cess of annihilating information is two-dilllf'lIhiolldl Gallssiall slllooi hing )'l't ,11101111'1 

examplf' i~ t he \VOl').. of \\<ïtkin f't. al.. who cOllhidl'rl'd the gl'lJI'ral 1'1'01>1('))1 of siglJal 

mat ching. Bere. the problem is formulal('cl rlh lIIinirnizillg an ('1l('lgy fUllctlollal h," 

tl'acking the global minima frolll eoarse sCdlt' t.o filw scalp [901. III thi:-, casl', t1J(' ,"'fII/1I1 

is the gf'neral ~ignalunder consideration, tlw ft'aill/,( is the S('\' of ('IH'rgy lIlinilllil. alJd 

the pl'OCC88 is agaill Gdussian smoothlllg. 

The varioll'> properlif's of the Gaus~I("1 alld ilh poplllarily show that il "Iay~ dlJ 

importanl rol(' ill buildiIlg a notioll 01 s('(III' 1 1 O\\'('v('(' , Gallssiall sllIoot.lllllg <tIllai· 

gamates information r('gal'ding sIllall scalp stlU( 1111(' with information of lal'ppl ~(a'" 

struct ure lin('arly ln faet. undcl ('crtain ~m()otllll(,"'''' éI .... sllmpticlIls, 011(' (ail ~hO\\' th(" 

Gau:-'hiall IJI1II do('~ not a.! nihiJat(' informai 1011 III il signal. bul Illel e1y l'('ch..,t Il hlllf'~ 

it [:3S]! Hrltlwl. Il)(' resulting sirnplicily of il blurI('d signal is due to qllétlltizéltlOIJ 

Ne\ erthel('%. GillI ... ~irlll blllr remain:-, ail illlpOI 1 allt COlllpOIl(,lIt of a scalt·-spcl! P. 
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7.3 N onlinear Annihilation of Struct ure 

TIJlI!'I, fOI (:éllI!'I!'Iiclll ~céll(' 5pacp~. the "cUle" almost seems worse than the "probIem"; 

011('(' the lall(,(' bet.'> b(>('Jl blllrrpd together with don Quixote, it is aImost impossible to 

l'('III0V(' Il. No\\'. t1w flitualioJl is darting to look rather bleak, sine€' thp lIH1queness 

t,1)('()r<'lJJ~ wOlllrl S('('III to <'xclude other smoothing optIOns for building scale-spaces. 

110\\'('\'('1. tlw!'l(' IIH'OI('Ill!'l in fact mak(' strong smoothness assulllptioll~ a1ld do not 

holcl \\'lwlI t 1)(' !'I( al!' spae!' i:-. ext,endecl to include non-dlfferent iable or f'vell non­

('Ollt"JlIOll~ ~igllab. 1'('1 011 el and l'"falik relax the homogeneity assumption and suggest 

1,11,11 Ill<' céllldJ(lal(' pal'adlglll for grllel'at:ng a multiscale description should satisfy 

('(lI/Mdi/y. 11/11l/fr/Hlh loca!t:::allOlI. and Plf('fWis( smoolhl1lg [66]. As before. causality 

)p<!lIil('.., 1 hat "'PIIIIOlh d('lad 5hollld 1101 be generated whiIe passing from coal q(' to finf'; 

illllll<'diat<- lo( rlltzéll iOIl 1'('<jlllle:-; ~harp scale-invariant placement of boulldall(,~; and 

pi('('('wl!'I(, ~1lJ()()1 hillg ('Il ( 0111 ag,(~~ intraregion o\'er interregion smoothillg. To alleviate 

t h(' Idlt PI plOl,kll). Ilw.\ slIggpst that diffusion be location dependent, or anisotropie. 

fol' ('c1gC'-dd ('( 1 )UII 

01 IH'I:-' hél\'(' éll glll'd t héll Illuch st.ronger nonlinearities are necessary. For example, 

mOI phologl< il 1 (1)('1 éI 1 iOIl:-' ell e allotlwr, very different approach to extracti ng st l'uet ure, 

ami ~('\'('I ctl I(':-,('dl ('1)('1:-' ha\'(' f'uggested morphological scale spaces: [.52. 1 j. 5f1] 

Th(,J'(' i:-, ail ill1lll<'I1:-'(' cOllceptual transition from Gaussian smoothing to matllf'mal­

iraI IIlOI pllolug~ . sOIlH'ho\\'. 1.0 be generally applicable, scale spaces must })p extended 

to includ(' t I)('~(' <,:\ll't'IIU'S \\'e now prop')se a formaI mathematical framework fOI 

accoll1J>li::-hill~ 1 hi.., cxt('IlSiOIl. 

7.4 Entropy Scale Space 

To t'('\·iC'\\'. é\ s('al('·~pa('(' shollld capture essential structure while progressin~ly elillli­

na t ing SII1ê\ Il [Cd 1 III (':-, :\ It hough a hnear smoot hing met hod such as Gaussiall hl urring 

-----------------------------------------------------------------------
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capl ures strllct lll'(' in a meallingflll way for certain domains, it has shortcomillg:-- in 

01 hers [n2]. \ \Oc sllggest a scale space ba.:-cd 011 om t wo different ba.sis mot iOIl:--. il 

constallt /1/0tlO1/ along the norma.l and a Clin'atllr( motLOI/ along the norlllal. A :.calt' 

spa ce aris('s in tl)(' sense that these proc('ss('s annihilaIt' informalioll in two complt·t(·ly 

different and complcll}('utary ways. 

Curvall1l'p motion is eqllivalent 1.0 tll(' diffut-ioll (·quation. 01 ('quival('lIlly hllllrilll!; 

of the bO\llldary coordinales ll:-.illg GaussléIll slIluot,hillg: sC'(' 1 1l('0 1'(' III ;.1. Ba~wd Oll 

th is cOlllwctioll. t h(,1 ('foI e. curvatlll'P llIot iOIl ell.ioy~ propprt,j(·s of Ga IlSSiall SI\JOllt hi Il/!.. 

in pal tindar the ploperty that structure ('clll (111) 1)(' é\lIllillllakd Be'( a1l IIlal 1'('('('111 

results sta1e that ail embedded Cllrves cOII'verge 10 a circl(' l1('for(' tl)(')' ViUIISh [2~. 

35. Si]. Note tbat this process is !i1/((l1'. globlli. and spr('ads illforlllal iOIl \Vith l1Ijil/tit 

spf((l. 

Theorem ï.l ('oll .... u/crillf fal1lily of ('1//'1.( .... C( ..... f)=(.r( ..... /). Y('''' 1)) Mlt/4!1111!1 

= -,. .. ( ..... t)s 

= Co( "). 
(7.1 ) 

u·!tt/,( Co( .... ) = (.1'0(8). !lO(,") is Ill( wll/(ll cu 1'/'( .. '" l,' "'OI1l( (ll'bllmry l)(l1'(Wltltl" alol/!! 

tI/( CIl/Tf. t 1<' 1 III/( • ,.. l~ Clll'l'atUT'f. and N / .... 11/1 1/0l'/1/a/. TIIf Il Ih( coon/lllatt .... <'01/ • ..,11) 

J·(~.O) = '''u(.~) 

.II ( .~. 0) = !Jo ( • .: ), 

whf /'( .~ 18 Ih( arc-le 1/9111 pamll/dtr alollg III( CIII'!'f. 

PI'OO!' j{('u-dl from section 2.1 that. 

:= (~r~l. 
(J, ... 

- _(Il 

1\" ,--,~ 

l ':"( 1 ,l, 

( 7,2) 

(ï :n 

(ï ,1 ) 
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Th('1 ('[Of(' 

Silice. 

WI' cOIlc!IJ(II' 1 hal 

- DT 
~N = - ~l" 

uS 

... ÔC 
T -·-­-.- Ds' 

_ ô2C 
,,'1\' -
n - - Ô'2' ." 

{ 

8C 
Ft 

C(s,O) 

III tCIIll~ of cool'dinates thi~ is sirnply the diffusion (heat) equation . 

. r(.~. 0) = :1'0(.5) 

y(';. 0) = yuP). 

l ?~ -1 

(j .. S) 

(j.6) 

(j.ï) 

(j.8) 

(ï .9) 

Il J~ \\'(·II-kIJOWII thal tllf' kerIwJ fol' thi~ equatiolJ is the Gaussian [88]. Henee, one 

Illo)' g('Ij('rall' (OoJ(hnal('~ (.1'.]1) at time t b)' sim»ly con\'olving the initial coordinates 

with a Gaussiélll \\'hm,(' cxt('lIt illCl'ea!olcs with til1l'.~ t. 1 

('{)Il~t ,Hlt 1II0t iOIl. un t Il(' other hand, simplilles shop(' nonlinearly and more like 

llIat h('IIJot ie," 1ll0l phology. Il I~ based on the concept.s of shock.., and entropyand in 

CClllt l ,,~t 10 pr('\ iOlls 0Il<'. i~ l/ol/ll/lEar. local. and spl('ad .. infOl matlOn with jillltl spad. 

The follo\\'illg t heorclIJ a~s('rt s that as scale III CI ('ase~ the shapc becomes simpler in 

the S('IJ~C' thot tll(' total ahsolutC' curvature is 1l0IliIlClea. .. illg [11]. More specifically, 

110 I\('\\' Z('IO-C1ussilJg~ of cUr\'atuJ(' lIlay be created. thelefore a~ befole. structure can 

olll)' \1{' allllihilated a!'! the followlIlg theorem shows. 

Theorem 7.2 L( t C( .... f) bl a solution of 

De 
Dt 

C(:;.O) 

- p(h·(S.t)):V 
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1 E [O. t'). Supposc fhal t~" ::; 0 and ~.;(.~. 1) # 0 fOl' ail ;, and 0 ::; t $ t'. Tht Il. 

h'(I) ::; ~(O). 

This theol'em was pl'oved in sectlOll 2.4.2. 

To i1l ust rat e w hy we \'iew shocb a~ "black hol(,8 of informat ion", Id II~ roll~J(I('1 

the system 4.4 and the initial cOIHlit iOIl ·1.5. \lp to tJH' tillJ(' of :,,!Jork rom",t UJIl t II(' 

process is re\'ennble in thal t!}(' signet! JIIay he l'('co\,('I('d by tracing tll(' (hal él("kl'i..,1 il:" 

back in time. As such the infortllallOIl cont('nt of the signal l('lIIclin~ tll(' ~dlll(' "i> t.o 

the formation of a shock. Ho\\'('\'(·I'. al an)' poinl past s!Jock fo l' III a 1 iOIl, 1 hl' pllH ( .... ~ 

is irreversible [19]. III the contC'x( of ga. ... dynaml<'~, this irr(,V('I'~ill\lit) .\I\t! 1 II(' f.H 1 

that entrop.\' must incrf'asp a('J()~:" a sho(k (and t.ht'I'dol'f' los:.. of inforlllailoll) h,,:.. IlIlIg 

been recognized [ï~. 50J An~ atlt'Illpi 10 J('COVf'1 th\' lIlitial sigll,,1 will III' :"11« «,., ... flll 

only for t hose cha ractel'is( ics t be\ t l'e\ll Iw t.1 é\c\'d La( h III t.in\('; t.llil 1 i~. ,II 1)' poi Il t 

othel' than the shock it~(·If. 110\\'('\'('1. the' shock poillt llIap:.. t.o a Il'glUII IIf III«' illltl." 

signal. namel)' ib doma/II of (h pt Il (Ir 1/('( [29J. TlwlefoJ(', infollllat.ion 1'0111 illllf'd ill 1 III., 

section of the signal is irr('versi bly lo~(, ~et' figl\l'es·1 1,·1 ~, It is wil h thi~ vi('\\' t.1I.1I \V(' 

have termed a shock a "blôck hoh-" of \\lfOl mat ioll' with iIlCfPa. ... illg t III 1(" illl 1 ('.l~III).',ly 

larger section~ of tl1(' ~ignal map onto the ShOlk, irn'cov('rcthly lost. 01 111'1 ~I'( t 1t,1l~ 

of the signal, hO\\'e'ver. l'an h(' 1('(o\'('I('Ù full) anù exactly. This i~, t1wrl'fol('. d 10('.11 

process \\'hos(' dOlllaill in('J't'ases wil h timt' and ('\'entuillly 1)(,( OIlH'S global 

An intere5.ting question IS ",hal happell~ to the' 10~1 sectioll of th(' ~1p;llcll "1'011 

reco\'ery. TIl(' nonshock points cali 1)(' rdrJ('\(·d 11) rUlllling the ."a1/l( l''O( f'~~ I,a( k­

wards in tinw 2. Ho\\,('\,er. the pJO('('S~ 01 nllllllllg cl ~hod. back wanls ill t 1I1J(' Il'.lfl., t () 

a rarefaction "'d\'t'. The rarefact iOIl wa\f' gf'll('rat('~ Ct conl illllOUS so)ultOJl (Olllll'( t III).', 

the two dispalal<' ('11(1::,. For the ca~(' of ~hap('. tills wdllH' ('quivalent tu al'< or (il( Il' 
2For the dlff\l<'I\f'-I)pf' rOllsenatloll !ém., (1' g IWill f'quatlulI) 1111<, prOff'Sh 1<' 11I·/'OlldIIIOlll'd 

howt'ver for tilt' "a\P-t) l''' (1' gour ('(\.<'1') Ihl<, l'roc!',," ha .... prO\('1I ,·),tr(·lIwl) robu<,t 
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approximaI iOIl. figlll(,~ .1.;) and 4.6. 

Shocks ilJt(')'(1( 1 h.\' lIH'rgillg to form more significant shocks. The significance of a 

shock is ill the Wllt ou 1 01 t.h(' parts that it maps to. The longer a shock survives, the 

Illon' it ~ bel( k lU oj('( IIUII (''\t (,lI<b. This is preci8ely the hierarchy that is required for 

a ~cal('-sp .. t<·(· '1'1)(')"(,10)('. 

Definition 7.1 TIl( Elit JOpy Scale Space l~ gcnemtu! f1'ol/l fil( l·tael iou-d/lTu8ioll 

8J)(I('( l1/ III( follo//'III,,! I/'al/. ((leI! pOln/ of tll( ln/l'op!J scah-spacf is thE rfS/llt of 

l·(rfJII . .,lrllf'flllf/ /1" ... Ilf/pf al "H co1'l'(spondl1lg point by l"IHll/lng tll( p1'OCfSS bach'walY/ 

111 il1l/( wllil /I/( .'-(llI/f narl/On (lnd :::f/'O dIffUSIOn. 

Rougldy spf'aklllg. \\'(' 1 ('COll st rud the reaction part to undo the shock int.o a 

circulaI ar<. In farl. tlli~ i!'> a plOcess of replacing local portions of shape by circulaI' 

arcs, 

7.5 Exaluples 

Vù' illllst rate t he ('lit JOpy 3<ël!e space for don Quixote of figure 7.1, and the fom 

p('ar~ pr('s('111 ('d I)~ H ich~ 1 cl.., et. al. The pears sequence cont aills fOI\l pt>ars and is 

interestillg h(·( nll"'C' II\(' ~hal)('''' contain various combinat ions of texture ~Ild noise. 

'1'0 illusl 1 at (' 1 ~J(' frgll\('''', J'e('all that the entropy sealc ~pace is a t \\'0 dimensional 

space. Oll{' ~xis 1 <'I1erl ~ 1 cl,t! i\ (' amounts of rcaction to diffmioll. the othel is time. We 

uS('logctrit!rllli( ~,lIl1p"lJ.!!. 01 hoth axes [-12J There are no paramctf'rs so t!rat tuning is 

Ilot J\{>ct'S!:-lal~ 'l'III' ddrll~IOII e~tr('J)1(' is the equivalent of GaussJan blulling and gin's 

expeded H'SIr/l .... TI\(' 1 ('cl( t IOIl ('~t reme lemoves structure loe"ll) withollt affecting 

the globrll ~hal'('. Il I~ ('qIJl\ .. I!('1I1 to the morphological operation of opf'ningjclosure 

with a bail a~ tIlt' ..,t IIH 1111 IIIg e1enlf'nt. 

III tI)(' fir..,t "gille'. Ollc' :-11('(' through the entropy scale-~pace represenlatlon fOl 

f'élch of tl\(' f01l1 PC'dl'" 1" ..,11\)\\,11 together to demonstrate the potentlal fOI IJlIilding 
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fJ fJ 
[j (J [J 

o o o o 
Figure ï,3: SéllIlplt' .... l'JOIll cl s))((' through the entrop) sca)('-spau' aH' cll"pld\f'd loi 

four pean" l\olt' t llélt t II{' ~lJlli)al'ity that t:'l1lerges with iJlCl('a~(·d SIlloo1 Illllp, pro\ id(·~ 

a basi~ fOI hllildlllg r1 "lll1l1cllll \ lIl('a~lIr(' b('\\V('('n shap('~, 
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Boundsry Blur 6egion Blur Entropy Scsls-Spscs 

o o o 
Figl\l'C' i..t: Srllllplt-~ of t))(' "e1ectric pear" a~'e taken and displayed in columns. The left 
('Ollllllll COJ'H'~pOlld~ lot))(' sJl100thing the bounclary coordinates, the middle column 
to SllIoot hill~ 1))(' 1 t'glUII characteristic function. Finally. the nght. column displays 
sall1plt'~ fWIII 01\1' ~Ir('(' of Ihe entropy scale-space. 
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a measure of similarity and a topolog~ 011 shap!'. This il' till'Il contrastt'd wit h tilt' 

results based on boulldary-ba~ed and rt'giOlI-bas('c1 Gaussiall blllf. Finôlly, tht' portlllll 

of the entropy seale-space is shown for s('"cral imagps. Thl'st, images show t hal 1111' 

entropy sca}e-spil«' is a proIllising frillllPwolk within which 10 hllild il lopolop,y fOi 

shape. 
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Chapter 8 

The Shape Triangle 

III the previous chapter. par/s, pro/I'USIOUt-, and bl ud., \\,('Ie proposed as computational 

ekllH'llts of shape. Palts are components of composillol/. protrusions are bOIl1/dary 

t!r!ol'l1If1flOIl.-, and belld~ are 1'(9/011 dc!onnaflOlI ..... \Ve 110"" assign a proce~s 1,0 COI11-

pllt!' e(\Ch of tllf's{' e!em('nts alld focus on elTects at a singk scale. Eaclt proceS5 defilles 

a ('0111('1' in th(' slwjJ( f/,/(l1Igh. III titis c11,'\pter. wc explol<> the reiatiollship and the 

illt{,lactioll betw(,f'1l these sha]J( IJ/'OCfSSlS. \\'e propose' thal these plOcesses in coop­

('Icdioll c.lld ill competition descllbe the shape; that is Ilw.\' locate the shape in the 

shap(' triangle'. 

8.1 The Many Faces of Shape 

The f'l'!'iellce of shape is in its relationship to its llIany sil1lilal neighboring shapes. 

III otlwr words, om' might describe a shape as a silllilar shape with some alteratioll. 

For eXéllllpl< .. ha car with its antenna raised" is n'J'), illtilllatel)' connected to "a 

car \\'Ith ib antenna dowlI" figure 8.1. A de~C1iptlOlI uf ~hape ought to capture 

t Il i~ [{'lat ionsh ip, or ot IWl\vise. as the ant Pllna is ra ised 1 he de&CJ i pt ion could become 

(1I"..,lic(\lI) diffPlt·nt. Flirt IwrlllOl c, Ill(' inlf'lj>rrlatioll of thi:-, d(>:-,criplioll IS not unique, 
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Figmc 8.1: Om perceptioll of a car do('~ Ilot challg(' drél~til,dl., il" it~ ,1lI1('lIl1cl IS 

raisl'd. Similarly, t Iw cha lige' III )'(')>IPS('lltat iOIl of objl'cb \\'111'11 ,1 ~11I.')1 f~',,1 III (' I~ 

addcd should be slight. 

Figlll'c 8.2: Thc c1j,o\\' I11rly 1H' pal titiolWd in llIéllIy way:-. [:Hi]. 'l'Iii" cllldll,!.',I1II.\ j" Ilot 
lleC'('ssarily undpsirablc': C'olllH'cti\"ity of bbape ib tll<' ('SS("IIU' (JI It 

ill that there arc on ('II môll.' ways of illterpJ(,tillg a sllap(', figul<' X:!. III t III" 1 ""pl('I, 

weexplOlethe multi)lI(·ill\(>lplf'latiollsofsbap(·~, alld sil!,)\\' thill. 1\llIllcll~ 10 poplll(1I 

opinion. this is Ilot an IIl1de:-.ilabl(' df(·ft. III facl. to fOlu' a :-.IJ,qH' 11110 cl di,,( 1('11-

interprctation ib to iglloJ'(' tll<' J('lallollbhip~ Iwtw('('IJ bhapc'\ ill (,tfl'II II! 1~1I01(' IIJ(' 

lIat mal topolog.\· of shap(' 

To illustrate thi ... 1Il1litiple 1111('1 pldal iOIl of ~lIcll)(·. w(·lliI\c dl Il 1(' cl 11111111)('1 of qllah-

ta t ive PbJ'choplly!:-ical ex I>PIIIIWII b. EtH Il ex perimellt ill\ 01 \(':-. a "1 'q 111'111 l' 1 l'/,I ('~('1I1 IIlg 

graduaI alteratioll of 01)(' shcl)H' to cllloll!l'r 1'1)(' goal Ih 10 (OII('lcit!' tllf' (IJélIII!P ill 

pel ('cpt ",it Il t II(' g('oll1et 1 i( cll a~p('( h of ~h{IJ)('. 
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Figl\l'f' S.3. The sequence is gellelatt'd hy alleIing thf' top shape by expanding a 
pOIl iOIl of ('ach of its lateral boundaries. As slIch, the numbcl, orde!. and the spacing 
of lloll-1atelal (>,1 1"('111 a remains intact. NeH'rtheless, thert' i~ a change in percept from 
Ihl' top shape a~ ha"lIlg 1\\'0 palb to Ihf' boltolll ~hap(' as éI rf'cLmgle with a deformed 
bOlllldar~ . 

• 
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As the first example of thi:-. multiple' int<'rpll'tatio1\ of ~hap{'. con:-.idel liglllt' ~.:l 

where the top shape is prog.ressi\ely changl'd so tltat. durinp, titis Sl'qlH'nCt', tll(' top and 

bottom portion~ of th,' boulldal'Y l'emain intact, whilt' tilt' lôklôl hOllndary sq.!,II\t'lIts 

a re sil etched, Obser\'e ho\\' the percept of t hl' slla »!'~ '0111\)1 ihi n~ tIlt' sP<\lwn<"t' \'ill'it's: 

\Yhile the shape on the top (bowtie) is orteil p('lu'i\'('d as hô\'ill~ t",o palts, tht' shape 

on t Iw bottom (t raill\\' hed) is most oft t'n S('('II as a si nglt' ohj('ct. In 011H'1" wonJ:-,. 1 lit' 

shape on top is seen to be an object where t\\'o pal ts calllP togpt hel and "'t'I(' at lacht'tl. 

III contl ast, thf' object on the bott Olll Îs }H.'rcC'Î\'Pc\ a:- ô 1 l'ct .1IIgll' \\"hoM' hOlIIH!c1l y was 

modified. For shapps ill betwecn both explôllations ait' plallsihle to \'clrying d!'glt't'~: 

they can either be seen as a glued pair or as a defol"llled Il'd.éllIgl(', Sdu'llH's whi( h 

arC' ptllely based on the location élnd ordcring of Ihe ("\lI"\'atuJ"(' l'xtJ('lllél \\'ollid tt'Ild 

to miss this change of percept. 

A::. a second example, cOllside! shapes ill flglllt' 8, t whclt, the !'Ihap(' Sl'qllt'Il<"t· is 

ronstructed as abo\'e. Here, the shape 011 top is J('(OgllliWd as a snakt'. 01 pt'Iltaps cl 

\\'orm. whilt' the shape on the bottolll can be recognized as a la:-.aglla noodl{', 'l'II(' 

shape of the snake ma)' be interpreted as a hending of its hody, SOI 1I('t.i IIH'!> straight and 

othf'r times bent. In contra'it. the lasagna-noodle shape ilia)' h(':-t Il{' ('xpléllll(,d a~ tJJ(' 

result of defOlllling the bourrdar)' of ~Olll(, J"eclélngk hy cuttillg alollg Ih edg('s. Not(· 

that it is difficult to set' the bottont shape a~ a helll IOd. or tht' top :"ha)H' i\..<; éI f('ctanglt' 

with modified bOllndary. Agclin. the changt' lepr('~ellts illcrC'iI~('d spacillg 1)('lw('('1I two 

pairs of curvature features (extrema or illflt'ctioll point:-.) withollt dlclligillg ('illrel t.1\f' 

number. order, or the spacillg of (lther cur\'atun' katll]('!>, A h()lIl1daty-},éI~(>d ~dJ('lI\f' 

without regional grouping of cUJ'\'atlll"t' extu'llIéI agaill wOllld lihdy IIli~.., thi~ c\1i1l1J!,(' 

in percept. 

As a third example. cOllsider the S('qllt'IlC(' of :"lrclJH'~ III ligllH' ~ . .'j wlri{ Ir I~ g('I1-

erated by displacing the boHom portion of tllP bOlllld,lI)". III tlm ca~(', tlr(· IJOttollI 

portion is dlsplé\('('d by slidirrg it IlIIdel t II(' top pOIl 1011. Ag""I. t II(' {llillIJ!,(' 1.., l,pl W('('II 
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Figul'<' 8..1: This sequence is gellrrakd by stretchillg the lateral boundary which does 
Ilot affect the numher. order. and spacing of ot)H'1 h()undal~ fcatures. The change in 
pelcept is 011(' of a bellt stick (top) to a rectallgle \Vit Il a deforIllf'd boundary (bottom). 

-



CIIAPTEU 8 'l'lIE SHAPE THl .. L\(;].E 

t\\'o bOllnda\'~ points onl~ and a11 othel point:-. (In' not affpct(·(l. 01l:-.<,r\'t· thal th(' top 

shape (sausage) Ît. most fn'qu('Ilt Iy judgrd to hav(' six part" ",hil(· t lit' hot tom shape 

(augel) is seell to be a single object. The bot t01l1 shapt' i:-. ill:-.lt'cHI M'('II cI:-' a 1)('111 

st ick, whilr this is unlih'ly to bt' tilt' case' for t h(' top shap(', 'l'hi ... chctll,!',(' of pC'1t ('1'1 

call be explailled as a glOupillg of bOllnùal~ fpéll llJ('S thWllgh tIlt' J('glOlI: in t h(' filst 

casp t",o lI<'gat i\'e Cllnature ('xtrema group to fOIl)) il Il<'ck III {'onl rasl, ill tht' :-'C'('(lIId 

case' positive ('urvat ure maxima and Ilf'gat i\'(· ('tH \'clt III(' lIlilllllla gloup to daim t))(' 

shape as a belldillg of a J'('ctallgk, 

As allotl1el example, considt'r tlw modification of :-.hctp(·s ill figHIt' K,G ",)w/(', .1:-' 

befOle, portions of thl' boundar) are ~tretcl)('d, Notl' lhat ",hill' 1 ))(' :-.happ Oll t IH' top 

(cross) i& 8('e/1 to ha\'(' fO'1I palt& (&ol1wlilllt'S fi\(, )lrllh \\'('J(' 1<'1)011<'<1), t)1<' sllét(>(· 011 

the bottolll is jlldged as ha\'ing tI1l(,(, )Jéllt:-. (JOllill,!', plll) 'l'Il<' 11I\(·llll(·(!J"tt· :-.11(1))(':-' 

ar(' sonlf'lilllf'S ~erll as ha\'illg 1111(,(' pall~ alld 01/1('1 tll1)('''' as rOIll 01 fi\'(', III oliwi 

\\'ord:-.. ",hile in tilt' extr(,I11(''' the' pt'lceptiolJ 15 d('fll, for :-.lra»l':-' ill 1)('1\\'('('11 lIlultlpll' 

interprt'tatiolls are possible. 

8.2 The Shape Triangle 

Th(> multipl(' pel ('eption~ and interpretatioll'" of :-.11,'1)(' al C' Ilot Illu!(·:-.il abl('. III fad. wc' 

argue that without the powcr to support multiple ,111<1 ~1I111rllalH'OIlS illlt'rpIPlalloll:-' 

of shape. OUI pel ccptioll~ woulcl \'Iol('lItl~ cl1ctll,!!,t' C\~ :-."a/>(' ... W('J(' llIodrfil'<!, t'./!,. ('011 

sider any &cquencc of the pre\'ious section SIIlC<' \\'(' II\'(' ill il dlitll,gillg world \\'11<'1(' 

mOVell1Cllt of palb. growth. occlu .... lon. ('f(' 1 .... Ilot 1I11«)IIIJlIOII. J(·IJlC .. '(·lItalloll .... tl,," 

~UppUl't multiple intelprPtatiollfo. are n(,C{'~~étl~. 

Descripl iOIl~ of shapp al(' ill<l('('<! 1(')al<·<1 tu of 11<'1 :-.lrclJ)('''' III dlitpl<'r (j W(' plO 

posed Ihl(,(, cOIl1)..llItatlonal elclI1ellts for ~hap(·. jJl/rI, lOI (olllp()~itl<)JJ. P/o!/'''<'WII,' fOI 
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Flgllle ~ :): 'J'hi ... S('(JlW'i«> I~ g(·nelat(·d by .... llIftillg t h(' IJottoll1 portion of the boundary 
Ulld('1' t II(' top port iun, TI)(' chang(' /,('1 ('('pt challge .... [101ll ail ohj('rt witl. six parts 10 

éI that of a IWIlI ~t J( k :\~ctlll. 1 11I~ c\Jctllgt' of IH'I( ('pt (élll Ilot he explained by Pl\I{']Y 

h\llllldal~ -"'t~(·d 1Ilt'lhud ... 



(,J/.\PTEU~. 'l'liE Sll.\PE TIn·\.\"(;U~' 

Flgllf(' S (, \ 

The pelcept ,hanges [JOIll the "11011 (Io"'~" to Ihnt of il "lOlIillg PIII" ",111'11 tllf" 101' 

shapp is trdm,fOlIlH'd to the bollolll <JIJ(' 1111' ""qIWII(f' 1" .l!;f'lIf'lnIPd IJ.' ,,1)1'11 hlll)..', 1 1 If' 
loI' alJd pOltioll~ of Il)(' hOlilldéll~. 



( 
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1 rall.,fol IIlt'd ill ally rOllllJillclf iOll of 1 IJ('~\' t III l'f' slrôpe pl O(,(>S~f'~, Tlre~(' l)JoceSM>~ fonn 

i1 b{/"",~ fOI al !'il 1 ary t rall~f()llIlal 1011" ôlHI we cOII('('pl lJally a!>sigll each to t he corner 

of a shape triHngle. fig'"(' 1'\,7, ,\ :-.llclJ)e. tll('lI, i~ placed sOllwwhere in tl)(' triallgl(' 

IH'I\\'('('II otill'i ~1r;tJ)('" ill IIJ(' COIIJ('I", 'J'lri" i~ 0111' I('presentatloll fOI a sllJlple shape: 

1110'(' (Olllp!Jccll('d ~llal)('~ in\'ohe a 11101'(' COlllplr':-. sequence of tlJ('~(' thre(' pro('{'''l-I('~ 

",ith 1I11t1tipk la~('I" of ~cal(', 

8.3 The Shape Triangle 

'l'II(' slrap(' tl'lelllp,I(' J('J>!(>~(,III~ thrce dill)(,Il~ioJls of shape: composition!',. bOllJldary 

d(·for/llat iOIl!'>. éllle! f('gÎolI d('fOl /IJallUJI~, 

'1'0 ill"..,tlat(' IIJ(' id<'e\ of IIJ(' SlrilJW tria ligie. cOllsidl'r tl}(' M'qll<'I1(,(, in figule 8,:J ilnd 

t II<' allal~ ~i~ of 1 Ire' (ho\\'t II') \'('1 ~II" 1 111' (II aill",h{'('I) ln t II<' shape triilllgll' \\'hil(' 1 hl' 

ho\\'lJ(' ha~ il ~11()1lP, l'aIt (OlllpOIWllt. II\(' l>OlIIIdilly d({ormatioll proce~~ )~ gl\llIg a 

\\'l'oh illt(·)j>I<'1alloJl. hguJ(' ~~, III (,olll)cI~l. th(' botlllùary pro«'",,, gi\('~ il stlollp, ill' 

tl') 1'1'1'1;111011 of IIJ(' 1 1 a 111\\ 1)('1'1. tIlt' pelll ).!,I\\''' éI \\'('rd .. mtf'rp)/'tatioll of the t ra 111\\ Ir ('1' 1. 

figllH' ~!I Ilo\\' (ail 1 he~(' i)lle) pr<'lrll JOl\" 1)(' <\1'\1\'('1\ flom tlJ(' !t'actioll·diffuslon SpdC ('? 

1"0) tht' bO\\'tll', Ill(' ) ('rl( lioJl P)()«·"~ gi\('~ prlll~ dw' tu ét lopologlcétl :-.plit éi/ld fO/fllcl-

11011 of" M'(OIIlI OIdl'l ~h()(h IIIClf'cI"lllg tl\(' dtlfll"IOIl ralio ollly dday~ titI' tlll1(' of 

!'Iho( h (~«,colld old('I') fOI III il 1 1011. It 1:- ollly fOl Irllgl' diffll~ioll \'étlu('~ tltal thi~ sIJock 

do('~ Ilot for III , TI}(' 1 ralll\\IJ('('I ha:-. il dilfl'lPllt 1('pIPselltatlOll in the l(,iI('tiolJ·difrll~ioll 

SPrI('('. ~1II('(' ~f'(olld OIdt'1 ~)lOck~ du 1101 fOllll. 01 at 111' ... 1 forlll fOI OJrl) \'(,Iy ~llIcI" 

difrl\~ion \'al\l('~ 

1,('1 U~ 110\\ <01I"id('1 th(' seqllf'I\«' ill hgulc ~ -1 \\!Jel(' the t\\'o extrI'IlH:'f>, the ~milJ.,(, 

élllt! Ill<' noodlc Irel\'(' diff('IC'nt \'('»I('~elllatJ()lI::- i" 1/1<' Shell>l' Iriallg/<>, FOI tlJ(' ~J1i1kl'. 

the !Jelld pJO(,('~:- c1c1irn~ cl stwng illl(')>I<,lalloll, \d"I(· tire boundé\r~ pro('e~~ gi\{>~ 

il wl'ilh om', figlllt' ~ 10 1" ('out) él!'-t. lOI 1 III' Iloudl('. t II<' 1)('11<1 pJO('e~s gin>s a w('ak 

-
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Fig,l1le S j, 'J II(' Shapt' Tllélllgle i., t 1 iélllgUJéll in :-hilJ)(', 
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• 4 Interpretation 1: Strong Interpretation 3: 
NIL 

Figure 8,8: Tht" bO\\lic' shap<' ha:- a strollg part interpretation. but a weak bOUlld(lJ')' 

i 11 t (,l'pr('\ a t iOIl, 
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o Interpretation 1: Weak Interpretation 3: 
NIL 

FlgUl'f' 8.9: TIH' tlélÎIl\\h{'{'1 ~hélp(, ha~ a w('a" pilrt Înt(,lpll'tatlOll.IJllt II ..,t IOIlI!. 111/111111 

ary interpretatioll. 



('/1. \ l'TRU K. 'fllE Sil. \PE 'f/UANGLE }5j 

illtC'I'J)J(·talioll. whil(' IIIC' bOlllldal'y proC<'~~ assel'ts a stl'Ollg int(>I))J('tation. ftgure 8.11. 

'1'0 relaIe tbi~ to sho('k~. fOI thC' slIake thinl ordf>r shocks form (Juickly. while for the 

lIooclk fil':-.I 01 d('1 ~h{)('b forlll. 

FIII il lIy. tu cI('pict thp colllpetition along the thinl axis of p(lIt~-bellds. consider 

tlJ(' ~eq,J('II«' i Il fI g 1\1 (' 8 . .) The sa lIsilge lIi1s a st rong pal t IIIt<'/'pl et at ion. w hile the 

:-'Ilak(· ha,> a ~t long IWllcl intel'plC'tatJOn. To summilrize. flgllle 8.12 d('picts thC' tension 

hC't\\'('('1I III<' tlllC'(' Pl()«'''''''e~ ofshape. AI this point, w(' 1>1 ('s('111 t))(' following plOpOSill. 

ProposaI 8.1 (shape triangle) Shapr 1." Lrphl/I/(d (1::.> IIIl Il/If /'(/e//On of Ih/'u shape 

]J/,o('( ...... (. ... Om ... !JI/P( /)1'0(,(::'>." (1'(1/'1, ... ) 111 blasu! 10 "S((" pari ... alld com])o . .:;I1/OIl. /1 

l't l'y opl/1/I1,,,,[J(ally s(C/nltr. ... fO/'/JOsMbdilu,"i of co mpostl/O 11.':; al/d /'cports /18 parts. The 

,"'(CO/lt! ... Ilt/jJ( /J/()u ...... (pl'OI/'u"'/OII ... ) COllccl/lmle::.> 011 Ihe bOl/lldC/I"1 (fut! 18 lulll'c/Y bW$(d 

lo:-ou ,<;hajJf .... a.'" ... /III/Ji( T' :-ol/{/j't.~ IcllOS( bOlllldaT'y lI'a . .:; d(forll/ut TIf( III/rd filHlpf jJ1'Octss 

(br "d .... ). /.'" nYIOI/-o/,/( ,,/((1 olld "(1'01''''. of TIIodlficalum .... of Iht , ... III//u fhmll!!" li ... l1.1'/::'. 

Thl'OlIgh comp' 111/011 f/I/d ('()()J1( mluJ/1 Ih(fi( proc(s."f$ (.l'pla/II (1 .... hf/jJ( a ... (1 Sf 1'1(8 of 

ope ml /011 .... 01/ .... /II/plc ::.IIlIJl( 8. 

\Vhile \n' ~lto\\'('d il! titis cltaptf:'1' ho\\' the shape triangl,;> cali ~l\ppOl't shape de­

scriptiolls, è\JI(I Illdicé\IPc! illllliti\'ely ho\\' it can b(' deri\'f:'d frolll Ilw 1 eclct iOIl/diffllsion 

!-pan'. il )'c'llIaim to st tldy Ih(,111 with tht' same mathf:'mal i( al pl {'cisioll ut ilized in 

('or lier parb of t 111:-' 1 h-:.>si:-.. 
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Interpretation 1: 
NIL 

Interpretation 2: _1iI .. _ .. 
Strong 

Interpretation 1: 
Weak 
- - -- - -

Figure 8.10 'l'Il(' :-'Ililh(' is illt('l'pl'etf'd stl'Ollgly ét'> il 1)(,lld. 1,"1 i.., \\'('i1hl~ 1111<'1 !>lf'lf,d 
as the result of' bOlllldcll ~ defolllla t jOli. 
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Interpretation 2: 
Weak 

Interpretation 1: 
VeryWeak 

Figlllt, 8.11: '1'1)(' Lasagniél Iloodle is given a strong vote by the )Hotrusioll plOcess 

hlll is p;i\('11 il wPélk 01)(' ily th(' bend pl'oces~. 
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Figlll(' 8.12 1'1)(' shape ~eql\en(('s are pIM('c1 illoll/!, tilt' ,1 "\f", uf tllf' Sil,,,,,. '111.tlll;l(, to 
i lIu .... t ra t (' t Il(' cOlllpet i t ion Iwl\\"(,(>Jl t Il(' COIIH'I'" of t III' t Ilillll-',l(' 



Chapter 9 

Conclusion 

\V(' han' presented the heginning of a theOl'y of shape based on the dynamif e\olu-

1 iOIl of (,1Il\'('~, \\'c \\'('1(' mol i\(-llt'd b~ the n('('<1 for él ne\\' geometl}', whidJ lea<l to él 

c1a~~ift("atlOlI of deforlllatioll~ into fOllstallt motion and CU1\'ature motion, \\"hill.' con­

stant motiull sat i~fie~ a COII~e! \"atioll la\\', curvat ure motion p!ays the role of \'isco"ity, 

\'i('\\,l'd cl iffl'f{'llt I~, coml allt il Ild fUI \'al ure mot ion saI isfy a react ion-diffusion ~yst ('Ill 

'l'Il(' t",o l'xtrelllf't. of !eartioll and diffusion bring out complementary ploperties of 

..,hap,', ~lo~t imJ>oltalltl~, tl)(' reactioll-diffusion equatiolls lead to entlOpy salifofy­

ing singl\laritit.'~ called sho< b It I~ tht' c1as:,ififatlon of th('t.e shocks that in~pir('d 

our pro»o:,al that l'arts, plOt 11I~ioll~, éllle! hellcb be com,idered as the computational 

e)(,ll\pnb of shil»e, The shocb \\'cre stlldied ill il reaction-diffusioll space, \\'hich is 

spanllt'd by till\(, and t.he ratIo of lC'artlon to diffusion, and lead~ to a naturalnolioll 

of dpplOxillldtion amI ~cétlc', S< al,' !t'ad ill t\lm to anot!wl space, tll<' entropy ~calf'­

~p<lf(', ",hic/l, pan idcd tIlt' fi lIél 1 support for the sha}>1.' triangle. This final struct lIIe 

sugg<'sted il \t'pl(,~(,llt"tion fOI shape:, in ",Illch tll1('e shape pIOcesses coo»elat(' and 

COlllpete for ,Hl illtplprt'léltloll of t.hrl(W 

Our wor\.. is b~ 110 nH'an" cOlllplde \\'hil!' we hav!' plO\'ided a new aPI)wach to 

..,t IId,\ shape, t 1)(' ftll(t1l1la]>)>lllg flOlll t Ill' ~hap(' t riélllglt' illto fOI mal shape descript iOllS 

161 
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requires mut Il addlt 10llal re~ear('h. The met rie alld topolugy l't'nHlIII tn IH' :-.pt'nlit'd 

in mathelllaticai d(,tai!. and tlte application to ohjf'd Illat(hillg in COlIlJHlkl \1:-'1011 

rcmains to br' imp]eJ)wlltcd. 110\\"('\ el', \\'(' fe<'1 confident that foundatioll h,I:-' I)('t'II 

plOpeJly laid. alld t hat t I\('se Ilext tasks caIl 1)(' il< colllplisllt'd in tlH' 1]('<11 fut 111(' 
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