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Abstract

Deterministic and stochastic hybrid optimal control problems are studied for systems where
autonomous and controlled state jumps are allowed at the switching instants and, in addition
to running costs, switching between discrete states incurs costs. Features of special interest in
this work are the possibility of state space dimension change, and existence of low dimensional
switching manifolds. In other words, the hybrid state space is considered as the direct product
of a set of discrete state components with finite cardinality and a set of Euclidean spaces whose
dimensions depend upon the discrete state components; and Euclidean spaces contain switching
manifolds which correspond to autonomous switchings and jumps, and which are allowed to be
codimension k submanifolds of the corresponding Euclidean state spaces, where k is greater than
or equals to one.

Statements of the Hybrid Minimum Principle (HMP) and Hybrid Dynamic Programming
(HDP) are presented and it is shown that under certain assumptions the adjoint process in the
HMP and the gradient of the value function in HDP are identical to each other almost everywhere
along optimal trajectories. Furthermore, results for stochastic hybrid optimal control problems
are established which generalize those of the deterministic case. A key feature of the stochastic
hybrid systems framework under consideration is the presence of the hard constraints imposed
by switching manifolds on diffusion-driven state trajectories; these constraints influence the
boundary conditions in the Stochastic Hybrid Minimum Principle (SHMP).

In addition to analytic examples, an electric vehicle equipped with a dual-stage planetary
transmission is modelled in this framework, where, due to the special structure of the
transmission, the mechanical degree of freedom changes during the transition period. Hybrid
control problems for energy and time optimality of an electric vehicle acceleration task
are studied which reveal unanticipated aspects of optimal energy saving strategies for the

transmission control.
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Résumé

Des problemes de commande optimal pour systemes hybrides déterministes et stochastiques sont
étudiés dans le cas de systemes ou, aux instants de commutation, des sauts autonomes ainsi que
des sauts controlés d’état sont permis, les commutations étant soumises a des colit au méme
titre que 1’évolution de la composante continue de la trajectoire d’état. Des caractéristiques
d’intérét particulier dans notre analyse sont la possibilité de changement de dimension de I’espace
d’état, ainsi que la possibilité d’existence de variétés de commutation de basse dimension. En
d’autres termes, 1’espace d’état hybride considéré est formé d’un produit direct d’'un ensemble
fini de composantes d’état discretes, et un ensemble d’espaces euclidiens dont les dimensions
dépendent des composants d’état discrets. De plus, les variétés de commutation correspondant
aux commutations et sauts autonomes sont autorisées a €tre des sous-variétés de codimension k
de I’espace d’état correspondant, ou k est égal ou supérieur a I’unité.

Les énoncés du Principe Minimum Hybride (HMP) et de la Programmation Dynamique
Hybride (HDP) sont présentés et il est démontré que, sous certaines hypotheses, le processus
adjoint dans le HMP et le gradient de la fonction valeur dans HDP sont identiques presque partout
sur des trajectoires optimales. De plus, des résultats li€s a des problemes de commande optimale
pour systemes hybrides stochastiques sont €tablis et généralisent ceux du cas déterministe. Une
caractéristique clé du cadre de systeémes hybrides stochastiques considéré est la présence de
contraintes strictes imposées sur les processus conduites par la diffusion, et imposées au niveau
des variétés de commutation. Ces contraintes influencent les conditions aux limites dans le
Principe Minimum Hybride Stochastique (SHMP).

En plus d’exemples purement mathématiques, un véhicule électrique équipé d’une
transmission épicycloidale a deux étages est modélisé dans ce cadre. Le modele présente la
caractéristique que, en raison de la structure particuliere de la transmission, le degré de liberté
mécanique change au cours de la période de transition. Les problemes de contrdle hybrides pour
I’optimalité d’énergie et la minimisation du temps li€s a une tache d’accélération pour un véhicule
électrique sont étudiés, et leur solution révele des aspects inattendus de stratégies d’économie

d’énergie optimales pour le contrdle de la transmission.
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Claims of Originality and Published Work

Claims of Originality

The following original contributions are presented in this thesis:

e Presentation of hybrid systems in a unified general framework within which the results of
the Hybrid Minimum Principle (HMP) and Hybrid Dynamic Programming (HDP) as well
as their relationship (in the form of the adjoint-gradient relation) are valid. This framework
permits the study of hybrid systems where autonomous and controlled state jumps are
allowed at the switching instants and the associated optimal control problems consisting of

a large range of terminal, running, and switching costs.

e The extension of the Hybrid Minimum Principle (HMP) to optimal control problems in
the presence of switching costs, and to hybrid systems with possible state space dimension
change and existence of low dimensional switching manifolds. Related publications: [J2,
P1, C2, C3, C4, C5, C6, CT7].

e The formulation and the proof of the Stochastic Hybrid Minimum Principle (SHMP) for the
first time. A feature of special interest is the effect of hard constraints imposed by switching
manifolds on diffusion-driven state trajectories, that to the best of our knowledge has not

been considered in the literature before. Related publications: [P1, C1].

e The extension of Hybrid Dynamic Programming (HDP) within the same unified framework
as that in which the HMP results are presented. In particular, in contrast to other versions
of HDP, the majority of which study infinite horizon problems where optimal controls are
stationary, the results of this thesis are presented for finite horizon problems; furthermore,
the assumptions required for the derivation of HDP in this work are less restrictive and, in
particular, do not restrict the domains and codomains of the family of jump maps. Related
publications: [J1, P2, C2].

e The presentation of two proof methods (one based on variations over optimal trajectories
and the other with variations over general, i.e. not necessarily optimal, trajectories) for
establishing the relationship between the Minimum Principle and Dynamic Programming
for both Classical and Hybrid Systems. Both proofs are different in approach from the

classical arguments and require weaker differentiability assumptions. Furthermore, the
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boundary conditions for the case of hybrid systems have not been proved in the literature
before. Related publications: [J1, C5].

The presentation of three examples with analytical solutions. Related publications: [C2,
C4, C6].

A general Riccatti formalism for optimal tracking problems with quadratic costs for the

control of hybrid systems with linear (affine) dynamics. Related publications: [J1].

The application of hybrid optimal control theory to the industrial problem of vehicle
electrification. Related publications: [J2, P3, C3, C8].
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Chapter 1
Introduction

There is now an extensive literature on the optimal control of hybrid systems. On one hand,
the generalization of the fundamental Pontryagin Maximum Principle (PMP) [1] results in the
Hybrid Minimum Principle (HMP). The formulation by Clarke and Vinter [2, 3], referred to
by them, as “Optimal Multiprocesses” provides a Minimum Principle for hybrid systems of a
very general nature in which switching conditions are regarded as constraints in the form of set
inclusions and the dynamics of the constituent processes are governed by (possibly nonsmooth)
differential inclusions. A similar philosophy is followed by Sussmann [4,5] where a nonsmooth
Minimum Principle is presented for hybrid systems possessing a general class of switching
structures. Due to the generality of the results in [2-5] degeneracy is not precluded and therefore,
additional hypotheses need to be imposed to make the HMP results significantly informative (see
e.g. Caines, Clarke, Liu, and Vinter [6] for more discussion); such hypotheses (typically of a
controllability nature) are usually too restrictive to cover many practical problems of engineering
interest. An alternative philosophy, followed by Shaikh and Caines [7], Garavello and Piccoli [8],
and Taringoo and Caines [9, 10], is to ensure the validity of the HMP in a non-degenerate form
by introducing hypotheses on the dynamics, transitions and switching events. To name a few
other versions of the HMP in its appearances within the development of optimal control theory
one cites the work of Riedinger, Kratz, lung and Zanne [11], Xu and Antsaklis [12], Azhmyakov,
Boltyanski and Poznyak [13], and Dmitruk and Kaganovich [14].

The generalization of Bellman’s Dynamic Programming [15] for hybrid systems, on the other
hand, results in the theory of Hybrid Dynamic Programming (HDP). Infinite horizon - HDP
formulations have been given by Bensoussan and Menaldi [16], Branicky, Borker and Mitter
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[17], Dharmatti and Ramaswamy and later Barles et al. [18, 19], as well as finite horizon HDP
formulations appearing in the work of Hedlund and Rantzer [20], Caines, Egerstedt, Malhamé
and Schollig [21,22] and Shaikh and Caines [23], to name but few of the major publications on
the theory of HDP.

The relationship between the Minimum Principle and Dynamic Programming, for classical
optimal control problems, was addressed as early as the formal announcement of the Pontryagin
Minimum Principle [1], and this relationship has been elaborated by many others since then. In
particular, Clarke and Vinter [24,25], Yong and Zhou [26, 27], Kim [28], Fleming and Rishel
[29], Cannarsa and Frankowska [30], and Cernea and Frankowska [31] have established the
relationship with rigorous proof methods. The result states that, under technical assumptions,
the adjoint process in the MP and the gradient of the value function in DP are equal. In contrast
to classical optimal control theory, the relation between the Minimum Principle and Dynamic
Programming in the hybrid systems framework has been the subject of a very limited number of
studies.

The generalization of classical optimal control theory to stochastic systems results in
Stochastic Dynamic Programming (SDP) and Stochastic Minimum Principle (SMP). One of the
main differences between the stochastic differential equations appearing in stochastic optimal
control problems and deterministic differential equations for deterministic problems is that “time”
cannot be reversed and their solvability is interpreted as the existence of solutions adapted
solely to the forward filtration (see e.g. Ma and Yong [32]). This requires the introduction
of a notion of forward-backward stochastic differential equations (FBSDE), first presented
by Bismut [33], and then elaborated more in the optimal control framework by Bensoussan
[34], Pardoux and Peng [35], etc., and in the general theory of forward-backward stochastic
differential equations by Antonelli, Ma, Protter, Yong, Hu, and Peng (see e.g. [32] and references
therein). Stochastic Dynamic Programming (SDP) including the Stochastic Hamilton-Jacobi-
Bellman (SHJB) equation are presented by Kushner [36], Krylov [37], Fleming and Soner [38],
Fleming and Rishel [29], Yong and Zhou [26], and others. Versions of the Stochastic Minimum
Principle (SMP) are presented by Kushner and Schweppe [39, 40], Haussmann [41], Bismut
[33], Bensoussan [42], and Peng [43]. The optimal control of stochastic hybrid systems, i.e.
control systems that involve the interaction of continuous dynamics, discrete dynamics and
stochastic diffusions, has been the subject of a limited number of studies. The SMP formulation
in Aghayeva and Abushov [44] considers only controlled switching and jumps, and the Stochastic

Dynamic Programming (SDP) formulation in Bensoussan and Menaldi [45] studies infinite
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horizon problems where optimal controls are stationary.

The primary goal of this thesis is to build a bridge between the above three research
fields towards a unified framework for the optimal control of deterministic and stochastic
hybrid systems. The secondary goal of the thesis is to illustrate the theoretical results for
several analytical and industrial applications, and in particular, the application of hybrid optimal
control theory for the control of electric vehicles equipped with multi-stage transmissions. The
organisation of the thesis is as follows. Deterministic hybrid optimal control results are presented
in Part I as follows:

Chapter 2 introduces a unified general framework for the presentation of hybrid systems and
their associated hybrid optimal control problems within which the Hybrid Minimum Principle
(HMP), Hybrid Dynamic Programming (HDP) and their mutual relationship can be established.
This framework permits the study of hybrid systems with both autonomous and controlled state
jumps allowed at the switching instants and their associated optimal control problems with a large
range of terminal, running, and switching costs.

The Hybrid Minimum Principle (HMP), presented in Chapter 3, gives necessary conditions
for the optimality of the trajectory and the control inputs of a given hybrid system with fixed initial
conditions and a predetermined sequence of autonomous and controlled switchings. It should be
remarked that the establishment of a central sequence optimization for the determination of the
optimal switching sequence for hybrid optimal control problems is an open problem. Distinctive
aspects in this work in comparison with other versions of the HMP are the presence of state
dependent switching costs, the possibility of state space dimension change, and the existence
of low dimensional switching manifolds. The necessary conditions of the HMP are expressed
in terms of the minimization of the hybrid system’s Hamiltonians defined along the hybrid
trajectory corresponding to a sequence of discrete states and continuous valued control inputs
on the associated time intervals. A feature of special interest is the boundary conditions on the
adjoint processes and the Hamiltonian functions at autonomous and controlled switching times
and states; these boundary conditions may be viewed as a generalization of the optimal control
case of the Weierstrass—Erdmann conditions of the calculus of variations [46].

Chapter 4 discusses Hybrid Dynamic Programming (HDP) which employs the optimal cost
to go (value function) for the hybrid optimal control problem as its fundamental notion. It is
proved that on a bounded set in the state space, the cost to go functions are Lipschitz with a
common Lipschitz constant which is independent of the control and hence their infimum, i.e.

the value function, is Lipschitz with the same Lipschitz constant. The necessary conditions of
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HDP are then established in the form of the Hamilton-Jacobi-Bellman (HJB) equation and the
corresponding boundary conditions.

The relationship between the HMP and HDP is studied in Chapter 5. We elaborate the
classical arguments for the proof of this relationship which are based on the the derivation of
the differential equations governing the value function gradient process. However, classical
proof methods are based upon the derivation of the gradient dynamics from the Hamilton-
Jacobi-Bellman equation, and the employment of the Filippov theorem (see e.g. [47, p. 149-
150]), which requires the openness of the set of points from which a transition to the reference
trajectory is possible [1, p. 70]. A major difficulty for this approach is the lack of differentiability
of the value function, and consequently, the adjoint-gradient relationship is usually expressed
within the general framework of nonsmooth analysis that declares the inclusion of the adjoint
process in the set of generalized gradients of the value function [24-28, 30, 31]. For classical
and hybrid optimal control problems with appropriately smooth vector fields and costs, when the
optimal feedback control possesses an admissible set of discontinuities, we establish the adjoint-
gradient relationship in the form of an almost everywhere equality. One proof method is based
on variations over optimal trajectories and the other one is based upon variations over general
trajectories and the study of the gradient of the (not necessarily optimal) cost to go function. For
the hybrid case, the arguments are accompanied by the corresponding boundary conditions at the
switching instants.

Chapter 6 discusses three examples with analytical solutions and also presents the general
Riccatti formalism for tracking problems of hybrid systems with linear / affine vector fields and
quadratic costs.

Chapter 7 presents a hybrid systems formulation of an electric vehicle equipped with a dual-
stage planetary gearbox and employs hybrid optimal control theory to find the optimal inputs
for the gear changing problem for electric vehicles. A feature of special interest is that, due
to the perpetual connectedness of the motor to the wheels via the seamless transmission, the
mechanical degree of freedom changes during the transition period. Therefore, the modelling of
the powertrain requires the consideration of autonomous and controlled state jumps accompanied
by changes in the dimension of the state space.

In part II of the thesis in Chapter 8, stochastic hybrid optimal control problems are studied.
We extend the framework established in Chapter 2 in order to cover a general class of stochastic
hybrid systems with state dependant diffusions which are subject to autonomous and controlled

switchings and state jumps. A feature of special interest is the effect of hard constraints imposed
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by switching manifolds on diffusion-driven state trajectories. A first order variational analysis is
performed on the stochastic hybrid optimal control problem via the needle variation methodology
and the necessary optimality conditions are then established in the form of the Stochastic Hybrid
Minimum Principle (SHMP).

Future research directions are presented in Chapter 9.



Part 1

Deterministic Hybrid Optimal Control



Chapter 2

Hybrid Optimal Control Problems

2.1 Hybrid Systems

Hybrid control systems appear in a vast range of natural and artificial settings; examples
include multi-tank mixing and fractionating systems in chemical engineering, multi-mode
aircraft controls and gain scheduled control laws, space vehicle and satellite control systems,
automobile anti-lock breaking systems, multilink and cooperative robotic manipulator systems,
and recombinant genetic processes in microbiology.

One of the main difficulties in the discussion of hybrid systems is that the term “hybrid” is
not restrictive enough and, inevitably, the domains of definition of hybrid systems in different
scientific communities do not necessarily intersect in a general class of systems. For instance,
the Computer Science community primarily views hybrid systems as a finite automata computer
program interacting with an analogue environment and therefore, the emphasis is often on the
discrete event dynamics, whereas the continuous dynamics is frequently of a relatively simple
form [48-55]. Even in the Control Systems community, hybrid systems stability theory (see
e.g. [55-66]) views hybrid systems differently from hybrid optimal control theory (see e.g.
[2-5,7-9,11-14,16-23,67-73]). Most notably, hybrid control input values in stability analyses
have simpler structures compared to the admissible set of input values considered for optimal
control purposes.

The definition of hybrid systems in this thesis covers a general class of nonlinear systems
with autonomous and controlled state jumps allowed at the switching instants. Features of
special interest in this work are the possibility of state space dimension change, and existence

of low dimensional switching manifolds. In other words, the hybrid state space is considered



2 Hybrid Optimal Control Problems 8

as the direct product of a set of discrete state components with finite cardinality and a set of
Euclidean spaces whose dimensions depend upon the discrete state components and further,
switching manifolds corresponding to autonomous switchings and jumps are allowed to be
codimension k submanifolds in R" (the corresponding state space), where 1 < k < n,. Further
generalizations such as the lying of the system’s vector fields in Riemannian spaces [9, 67],
nonsmooth assumptions [2-5,16,18], and state-dependence of the control value sets [8], as well as
restrictions to certain subclasses such as those with regional dynamics [21,22], and with specified
families of jumps [16—19] are possible throughout minor variations over the framework presented

below.

Definition 2.1. A (deterministic) hybrid system (structure) H is a septuple
H={H:=0xM,l . =X xU,T,A,F.E, #} 2.1)

where the symbols in the expression and their governing assumptions are defined as below.

AO0: H := Q x M is called the (hybrid) state space of the hybrid system H, where

0=1{1,2,...,|101} = {q1.42, ...,q|Q|} ,|Q| < o0, is a finite set of discrete states (components),
and

M = {R"} qeo 18 a family of finite dimensional continuous valued state spaces, where
ng<n<eforallgeQ.

I :=X x U is the set of system input values, where

¥ with |X| < e is the set of discrete state transition and continuous state jump events extended
with the identity element, and

U= {Uq}q co is the set of admissible input control values, where each U, C R™ is a compact
set in R™4.

The set of admissible (continuous) control inputs % (U) := L« ([tp, T:.) ,U), is defined to be
the set of all measurable functions that are bounded up to a set of measure zero on [ty, T, ) , Ty < co.
The boundedness property necessarily holds since admissible input functions take values in the
compact set U.

I': Hx X — H is a time independent (partially defined) discrete state transition map.

E:H x Y — H is a time independent (partially defined) continuous state jump transition
map. All g € B, £ : R" — R, p € A(q,0) are assumed to be continuously differentiable in
the continuous state x € R"4.

A : Q x ¥ — Q denotes both a deterministic finite automaton and the automaton’s associated
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transition function on the state space Q and event set X, such that for a discrete state g € Q only the
discrete controlled and uncontrolled transitions into the g-dependent subset {A (¢,0),0 € X} C
Q occur under the projection of I" on its Q components: I': O x R" x £ — H|p. In other words, I"
can only make a discrete state transition in a hybrid state (¢, x) if the automaton A can make the
corresponding transition in q.

F is an indexed collection of vector fields { fq}q <o Such that f; € C*a (R x Uy — R™),
qu > 1, satisfies a joint uniform Lipschitz condition, i.e., there exists Ly < o such that
| fg (etur) = f (x2,u0) || < Ly ([l —x2|| + [|lur — uz), for all x,x1,x2 € R™, w,ui,uy € U,
qeQ.

M = {mg o€ QxQ,} denotes a collection of switching manifolds such that, for any
ordered pair o = (a1, ) = (gq,r), mg is a smooth, i.e. C* codimension k sub-manifold of
R, k€ {1, - ,ny}, described locally by mg = {x: m} (x) =0A--- Amk, (x) = 0}, and possibly
with boundary dmyg. It is assumed that mg Nmg = @, whenever o = §; but ap # f32, for all

o,BeQxQ. O

We note that the case where my, is identified with its reverse ordered version mg giving
mq = mg is not ruled out by this definition, even in the non-trivial case m, , where o; = 0 = p.
The former case corresponds to the common situation where the switching of vector fields at the
passage of the continuous trajectory in one direction through a switching manifold is reversed if
a reverse passage is performed by the continuous trajectory, while the latter case corresponds to
the standard example of the bouncing ball.

If not specified explicitly as a low dimensional switching manifold, the general use of the
term switching manifold is for the case where kK = 1, i.e. switching manifolds are considered to
be codimension 1 sub-manifold of R", and those cases with 1 < k < n, are referred to as low
dimensional switching manifolds.

Switching manifolds will function in such a way that whenever a trajectory governed by
the controlled vector field meets the switching manifold transversally there is an autonomous
switching to another controlled vector field or there is a jump transition in the continuous state
component, or both. A transversal arrival on a switching manifold m, ,, at state x, € m,, =

{x € R™ :my,, (x) =0} occurs whenever

Ving,r (xq) qu (g, uq) # 0, (2.2)

foru, € Uy, and g, r € Q. Itis assumed that:
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Al: The initial state ho := (qo,x (t0)) € H is such that my 4. (xo) # 0, for all g; € Q. O

Definition 2.2. A hybrid input process is a pair I = II[to’tf ) := (Sr,u) defined on a half open
interval [to,77), ty < oo, where u € % and S = ((t0,00),(t1,01),-++,(t1,01)), L < oo, is a
finite hybrid sequence of switching events consisting of a strictly increasing sequence of times
1, := {to,t1,12, ..., } and a discrete event sequence ¢ with 6y =id and 6; € X,i € {1,2,--- ,L}.

0]

Definition 2.3. A hybrid state process (or trajectory) is a triple (77,q,x) consisting of the

sequence of switching times 7, = {fy,f1,...,11}, L < oo, the associated sequence of discrete
states ¢ = {q0,41,..-,4.}, and the sequence x(-) = {xq (), x4, (-),...,xq, (-)} of piece-wise
differentiable functions x, () : [t;, tiy1) — R”". O

Definition 2.4. The input-state trajectory for the hybrid system H satisfying AO and Al is a
hybrid input I, = (Sz,u) together with its corresponding hybrid state trajectory (7z,¢,x) defined
over [to,tf) ,[y < oo, such that it satisfies:

(1) Continuous State Dynamics: The continuous state
component x(-) = {xg, (-),%q, (+),---,%g, (*)} is a piecewise continuous function which
is almost everywhere differentiable and on each time segment specified by 7, satisfies the

dynamics equation

xq,- (t) :f%' (qu. (t)ﬂ’t(t))v ae.tc [ti7ti+l)v (23)

with the initial conditions

Xq0 (l‘o) = X0 (2.4)
Xg; (ti) = 50:’ (xqi—l (ti_>) = éﬁi (ltiTTXQi—l (t)) (2.5)
for (1;,0;) € St. In other words, x(-) = {xg (-),%q (-),...,xq, (-)} is a piecewise

continuous function which is almost everywhere differentiable and is such that each x, (-)

satisfies

0y 0) =, @)+ [ iy (3,9 0(5)) ds 26)

fort € [ti,ti+1).
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(i1) Autonomous Discrete Transition Dynamics: An autonomous (uncontrolled) discrete state
transition from ¢;_; to ¢; together with a continuous state jump &g occurs at the
autonomous switching time t; if x;, | (ti—) := limpy, x4, | (¢) satisfies a switching manifold
condition of the form

Mg, g, (x(ti—)) =0 2.7)
for g; € Q, where my, 4, (x) = 0 defines a (g;—1,¢;) switching manifold and it is not the
case that either (i) x(t;—) € dmyg, 4, or (ii) fg—1 (x(ti—),x(t;i—)) L Vmg, 4, (x(ti—)), i.e.
t; is not a manifold termination instant (see [74]). With the assumptions A0 and Al in
force, such a transition is well defined and labels the event o,, 4 € X, that corresponds to

the hybrid state transition
h(t)= (qi7‘xqi (ti» = <F(qi*1’ Géh—lqi) 75%,1% (xqi—l (ti_))> (2.8)

(iii) Controlled Discrete Transition Dynamics: A controlled discrete state transition together
with a controlled continuous state jump & occurs at the controlled discrete event time t;
if #; is not an autonomous discrete event time and if there exists a controlled discrete input

event 0, 4 € X for which

h (tl) = <Qi7'xq:' (tl)> - <F(qi*1v qu;lq,') 7&0%71% (‘x%'fl (Zl_))> (29)
with (t;,0,, ,4,) € S. and g; € A(gi—1). O

Theorem 2.1. [74] A hybrid system H with an initial hybrid state (qo,xo) satisfying assumptions
A0 and Al possesses a unique hybrid input-state trajectory on [ty, Ty ), where T, is the least of

(i) T. < oo, where [ty,T}) is the temporal domain of the definition of the hybrid system,

(ii) a manifold termination instant T, of the trajectory h(t) = h(t,(qo,Xo),(SL,u)),
t > to, at which either x(T.—) € dmyq,_yqr,) OF fyr—)(x(Ti—=),u(T—)) L
qu(T*—)q(T*) (x (T*_))' U

We note that Zeno times, i.e. accumulation points of discrete transition times are ruled out by
Definitions 2, 3 and 4.
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2.2 Hybrid Optimal Control Problem

For the class of hybrid systems introduced above, we study hybrid optimal control problems with
a large range of running, terminal and switching costs. With the exception of the infinite horizon
problems considered in [16-19, 68], this framework is in accordance with the majority of the
work on the Hybrid Minimum Principle (HMP) (see [4,5,7-9,11,12,67,75-78]) and a number
of publications on Hybrid Dynamic Programming (HDP) (see e.g. [21-23,69]) defined on finite
horizons.

A2: Let {Ig} 0

unless otherwise stated; {cs}gey € C™ (R" x X — R, ),n. > 1, be a family of switching cost

ly e C"(R"xU — Ry ),n; > 1, be a family of cost functions with n; =2

functions; and g € C"¢ (R" — R1),n, > 1, be a terminal cost function satisfying the following

assumptions:

(i) There exists K; < o and 1 < % < oo such that |l;(x,u)| < K;(1+|x[|") and
), forallx e R",u c U,q € Q.

g (x1,u1) — Iy (2, u2) | < Ky ([|xy — x| + ||y — uo
(ii) There exists K. < e and 1 < . < eo such that |cg (x)] < K. (1+ [[x]|*), x e R",0 € £.

(iii) There exists K, < e and 1 < 7, < oo such that |g (x)| < K, (1 + [|x[|*), x € R™. O

Consider the initial time ¢y, final time 77 < oo, and initial hybrid state ho = (go,x0). With the
number of switchings L held fixed, the set of all hybrid input trajectories in Definition 2.2 with
exactly L switchings is denoted by I, and for all I, := (Sp, u) € I, the hybrid switching sequences
take the form Sz = {(to,id), (t1,049,) +--- (t1,0q, 1q1) } = {(0.90) . (t1,q1) ..., (t2,q)} and
the corresponding continuous control inputs are of the form u € % =% L. ([t;,t;11) ,U), where
fL4+1 =ty.

Let /7, be a hybrid input trajectory that by Theorem 2.1 results in a unique hybrid state process.
Then hybrid performance functions for the corresponding hybrid input-state trajectory are defined

as

L tit1 L
otgho i) = B [l (o 6) ) ds ot Yoo (s (57)) +8 (5 1)

=01 j=
(2.10)
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Definition 2.5. The Bolza Hybrid Optimal Control Problem (BHOCP) is defined as the
infimization of the hybrid cost (2.10) over the family of hybrid input trajectories I, i.e.

J? (lo,tf,ho,L) :Iilel}: J(lo,tf,ho,L;IL) (2.11)
el

O

Definition 2.6. The Mayer Hybrid Optimal Control Problem (MHOCP) is defined as a special
case of the BHOCP where I, (x,u) = 0 for all g € Q and ¢q (tj,x (tj—)) =0 forall o € X.
O

Remark 2.1. The Relationship between Bolza and Mayer Hybrid Optimal Control Problems:
In general, a BHCOP can be converted into an MHCOP with the introduction of the auxiliary

state component z and the extension of the continuous valued state to

2= [ “ ] 2.12)

Xq

With the definition of the augmented vector fields as

2= f, (Rou) = [ Ly (x;u) ] (2.13)

subject to the initial condition

ho = (0,54, (t0)) = (610, [ 0 ]) : (2.14)

X0

and with the switching boundary conditions governed by the extended jump function defined as

£(ty) =€ (2(1-)) = [ = ;)(j(ctj(f%" ) ] , (2.15)

the cost (2.10) of the BHOCP turns into the Mayer form with

I (tostp,ho, Lidr) := 8 (%, (t7)) (2.16)
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where
8 (%, (tr)) = 2(tr) + 8 (x(tr)) - (2.17)

Definition 2.7. The cost to go associated with an instant t € [to,tf} which corresponds to some
1<j<L+1,suchthatr e (t j—1,t j] , and for the state 1 = (g, x) in the hybrid state space is given
by

t; L
J(t,l‘f,é],)C,L-j—F 1;Iij+1) = /ljlq (xau)ds-i_zccqiilq[ (tiax%‘fl (ti_)>
=y

lit1

L
+ Z/[ Ly (xg: (5),u(s)) ds + g (xg, (1)), (2.18)
i=jt

O

Definition 2.8. The value function V is defined as the optimal cost to go over the family of hybrid

control inputs, i.e.

V(t,qx,L—j+1):= inf J(t,t7,q,x,L—j+ ;I j11) (2.19)

I—jn

O
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Chapter 3

Hybrid Minimum Principle (HMP)

The Minimum Principle (MP), also called the Maximum Principle in the pioneering work of
Pontryagin et al. [1], is a milestone of systems and control theory that led to the emergence of
optimal control as a distinct field of research. This principle states that any optimal control along
with the optimal state trajectory must solve a two-point boundary value problem in the form of an
extended Hamiltonian canonical system, as well as an extremization condition of the Hamiltonian
function. Whether the extreme value is maximum or minimum depends on the sign convention
used for the Hamiltonian definition. The generalization of the Minimum Principle for hybrid
systems, i.e., control systems with both continuous and discrete states and dynamics, results in
the Hybrid Minimum Principle (HMP). The HMP gives necessary conditions for the optimality
of the trajectory and the control inputs of a given hybrid system with fixed initial conditions and
a sequence of autonomous and controlled switchings. These conditions are expressed in terms of
the minimization of the distinct Hamiltonians indexed by the discrete state sequence of the hybrid
trajectory. A feature of special interest is the boundary conditions on the adjoint processes and the
Hamiltonian functions at autonomous and controlled switching times and states; these boundary
conditions may be viewed as a generalization of the optimal control case of the Weierstrass—

Erdmann conditions of the calculus of variations [46].
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3.1 The Hybrid Minimum Principle (HMP) for Free Endpoint Problems

Theorem 3.1. Consider the hybrid system H subject to assumptions AO-A2, and the HOCP (2.11)
for the hybrid performance function (2.10). Define the family of system Hamiltonians by

Hy (xg, Mg, ttq) = Ag fq (Xq1tq) +1q (xg,ug) G.1)

xg,Ag € R", u, € Uy, q € Q. Then for an optimal switching sequence q° and along the

corresponding optimal trajectory x°, there exists an adjoint process A° such that

 OHp

o= S ), (3.2)
A aH 0
A% =~ axz (g Ag 1g) (3.3)
almost everywhere t € [to,tf] with
Xgs (f0) = o, (3.4)
Xge (1)) = & (x%_] (fj—)) : (3.5)
Mg (tr) = Ve (sz (ff)> » (3.6)
Ag (=) = A3 (1) = VEo,' Ay (tj+) + Ve, +pYm, 3.7)

where p € R when t; indicates the time of an autonomous switching, and p = 0 when t; indicates

the time of a controlled switching. Moreover,
Hypo (x°,A°,u”) < Hp (x°, A% u), (3.8)

for all u € Ugo, that is to say the Hamiltonian is minimized with respect to the control input, and

at a switching time t; the Hamiltonian satisfies
He (<, A%u)|, - =Hy (1)) = Hgg (1)) = Hog (x*, A%, 0°)] - (3.9)

O

o

qr at a

Proof. We first study a needle variation to the optimal input at the last location u



3 Hybrid Minimum Principle (HMP) 17

Lebesgue instant ¢ € (17,114 1] = (tL, tf} to derive Hamiltonian canonical equations (3.2) and (3.3),
the adjoint terminal condition (3.6), and the Hamiltonian minimization condition (3.8) in that
location. This part is very similar to the proof of the classical Pontryagin Minimum Principle.

Next, we perform a variation in the penultimate, L — 1%, location in order to obtain (i)
Hamiltonian canonical equations (3.2) and (3.3), and (if) the Hamiltonian minimization condition
(3.8) at the location g1, as well as (iii) the boundary conditions (3.5) and (3.7), and (iv) the
Hamiltonian boundary condition (3.9) at time 7.

Then we extend the analysis for a general switching instant 7; and prove that (i) to (iv) above
hold for all locations.

For simplicity of the notation, we assume that the hybrid optimal control problem is presented

in the Mayer form (see Remark 2.1).

First, consider a needle variation at a Lebesgue time ¢ € (17,17+1] = (tL, tf] in the form of

ug (1) if  welny)  1<j<L
u? (t if t€ely,t—e¢
u€ (1) = a7 et —e) . (3.10)
v if teft—er)
ug, (t) if e [ty]

\

This corresponds to a perturbed trajectory £° (), T € [fo, 7] that necessarily satisfies £° (7) =
%% () for T € [to,). Denoting

535, (v) =5, (7) %, ()= | o (8, (5)0) = Fon (2, () 2, (5))] i
+/tf [Fa (85, () ,ud, () — fau (£, (s),uf, ()] ds, (3.11)

the first order state variation is defined as

d

(1) = =% (7)

N
o = lim -8 (1), (3.12)

and it is shown by Linearization Theory (see e.g. [74,79] that

Yo (tr) =@, (t7,) [Fau (£5, (1) V) = Fou (£, (1) ,u, ()], (3.13)
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where @, is the state transition matrix corresponding to the linearized system, i.e.

d J 4 ~0 0
E‘DCIL (7,1) = Efﬂ (qu (7) g, (7)) @y, (7,1),

with CI)qL (l,t) = I(nqL+1)X(nqL+1).
The optimality of X gives

8 (%, (1r)) = 8 (55, (1))

which is equivalent to

98 . !
SF-CADIEAOED
e=0 qL

—J (u®)

Substitution of (3.13) into (3.16) results in

09 0
T (85, 1) @4, (1) o (5, 0) ) = 58

B afoL

Setting

i, 0= [280, 0257 0] = 55 (5, (1) @ ().

fort € (tL, tf} and evaluating it at # = ¢ we obtain

A

20 ag N
)%IL (tf) = E (qu (tf)) )

where, by the definition (2.17) for g, it is equivalent to

dg

a)CCIL

(xg. (7)) = Ve (xg, (1))

Also by differentiation of (3.40) with respect to t we obtain

dsz, afL o8 X0 8fL "
E)LqL@: o [cqu(tf’t”T%(qL(tf)): 8qu A3, (),

axCIL qL

(3.14)

(3.15)

(3.16)

(%9, ()" @g, (t7.) For (29, (1) 15, (1)) -

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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which is equivalent to

d o _

E%ﬂ_q (3.23)
o (A (8, (), ), 3 fy (X0 (1,10, )\ .,

5% —< ox,, A g (1) — v, Ao (1) (3.24)

The zero dynamics (3.23) with the terminal condition (3.20) gives A @ (t) =1, for all
t € (t1,tf), and equation (3.24) is equivalent to

 OH, (9,28 u8,)
A0 = — A ke 3.25
qr aqu Y ( )
which is valid on (7z,77) and where by definition
Hoy (Xq1, Aqrsttq) = lgy (g, g,) + AqTLf ar (Xgp:1tg,) - (3.26)

From the definition of Hamiltonian (3.26) and through a simple differentiation, the
Hamiltonian canonical equation (3.2) for the state is also verified.

Also from (3.17) and (3.26) the Hamiltonian minimization

Hy, (xG,. Ag, uq,) < Hgy (xg,, A7, ,v) (3.27)

Yqr Mgt Xqro Mg

is obtained for all v € Uy, .

Now consider a needle variation at time ¢ € (f,_1,z] in the form of
(

ug_ (t) if  T€[ti11) 1<j<L-1
ug, (r) if  TE(t,t—¢)
ut (1) = | ' . cli—ed) : (3.28)
ug, (7) if € [t,1 — 6%)
MZL (Z‘L) if [Z‘L —6¢ Z‘L)
| 4, (7) it te€ |,y

where 8¢ > 0 corresponds to the case when the perturbed trajectory arrives on the switching
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manifold 7 (£) := myg, 4, (x) =0 at an earlier instant (the case with a later arrival time is handled
in a similar fashion, and the controlled switching case, i.e. the case with no switching manifold
can be studied by setting 6 = 0).
For 7 € [t,1; — 6%) we may write

55, (0 =5, (-5, @ = [ [T (8 60) ~us (8, 00, (9) ] s
+ /t oo (85,60, ) = Far s (85, (59,0, )] ds, 3.29)

At 17, the state of the optimal trajectory is determined by

15 n

i, = (5, (0)) =& (0, =09+ [ o (5, ()t (9) ax) 030)

and the state of the perturbed trajectory is calculated as

15 R

£ (1)=& ( R (- 8- ))+ o (8, (1) 0, (1)) . (3.31)

ZL75

Thus
SXAZL (tL) = XAZL (tL) _XAZ ( ) é ( fIL 1 (tL - 68_)) + 5 qu (XASL (T) 7MZL (ZL)) drt
fQL 1 ( QL—I (T) 7”ZL,1 (T)> dT) ) (332)

and hence, the first order forward state sensitivity at #7 is calculated as

[ M) EAD)

= (AZL (= ))ﬁﬂfl (XACOIL—I (1L—),ug, (fL—)>] , (3.33)

aqu 1

ot

a’\ ~0
o 10) = 522 (55, (1)) o, () + im

qrL—1
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where

(s, )]
m\ Xy, (tL—
[ 5;,]:71 ] Yar— (tL_)

g _ . (3.34)

Using the notation

A

fé’qAH = far (é (fZLq (tL_)> U, (IL)> B 8?— <)?ZL71 (IL_)> Jar-s <)??1L*1 (=) g (IL_)> ’

qué qu—l (3 35)
Equation (3.33) is written as

o€ (.
Yoo (1) = 52— (8, (07)) g, (1)

qL—1

T
om(%0  (1-)
5 [ <5)L?q;1 )] Yar—1 (tL—)
4 o (3.36)

Wt onz () "
[%] o (%,1 (1L—=),ug, (tL—))

Similar to the previous analysis, the first order forward state sensitivity is propagated in [tL, t f}
by ®,, and therefore

35 x° - (IL_) (22 )y (2 0w )
Yar (tf) =Dy (tf,l‘L) ( e >CI)qL1 (tr,t) [ gLiLll ) _f(gLiLll ar—1 )]

8)2%1
T
orn(%5, (1))
[ dxg Yar-i (tL—)

T
om(%e  (t.—) R
[—< e )] Jous (%, (=) g, (=)

Aéqufl
+ @y, (tf,11) f% : (3.37)
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Therefore, the optimality condition (3.16) is expressed as

28 Tq)glf’tl) fé L1

ag (D(thL) aé + 8)2% i QL’E |: dr :|T tLt (4L 1(t) )
8qu qL aﬁeqL_l om T A(}?ZL J(o=)ug, (L~ )) 8)?% | qL-1J qL-1
%y, Jar
A £ 9g T (’f i) p€.q11 a7 )
> 28 Tq)(lfJL) & n dxg; Dy qu,E [ am ] q)(’va)f(ngfl(t)’uzL—l(Z)>
= 3)€qL qL aquLJ om T A<)€ZL_1(”~7)7 qL_l(tL*)) aquL . qr—1J 91
dRg , JaL-1
(3.38)
Denoting

98 (o0 T 28,411
e %y (%6, (t7))" Pay (t,12) i | 339

on, )"
[&ﬂT}f] qul(q“(tL ) uy, | (tL— ))

and setting

. T
Cor leste o))" 28 (%, (=) [om(%,  w-))
lQL 1 ( ) - TQL CIDQL (tf’tL) aqu,l +p aquIfl CDQLfl (tLat)7
(3.40)
fort € [f11,#] and evaluating it at 7 = 7;, we obtain
R T
io T (t ) _ ag (XAZL (tf)> Tq) (t t ) aé (xZLi] (tL_)) + am (xCOIL*] <tL_))
qrL—1 L)= aquL qr \'f>'L aquL 1 p aquL71
. T
d¢ (xg, , (tL—) drit (te—)
= A" (1) ( o > +p ( s ) (3.41)

aqu—l axCIL—l
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By the definition of é in (2.15), we have

dlzte] dzte]  I[zt(] ] 9c ... dc
(o . aaéz g%q g%‘n g? g‘)én
T — 0
8§(qu71(& )>: a_i _ oooE e _ 052 - g2 [ vl
g, g A Do 0 V&
% 2 .. % | g% .. %
dz oxy 0xy oxy 0x,
(3.42)
and also since %—’Z = 0 we have
Jri (XAZL—I (tL_)> %—m 0
_ = a;fa = (3.43)
d0xq; gz Vm

Hence, (3.41) is equivalent to

. T
. 2 o) ] 9% (%, @) o (35, (1))
A’QL (1) = P = 9% )uql_ (tL+)+p PR
AQLA (i) Xgr-y Xqr—
1 0 - 0
dec 0 &, 0
_ | % 8_51 qu,o (tL+) 0 _ 1
: : .o Ay (t+) Vm VETAY (tL+)+ Ve+pVm
de 98 . 9%
ox, Jdx, dxy,
(3.44)
1.e.
A y0(t) =1, (3.45)
Ao () =VETAL (tL+)+Ve+ pVm. (3.46)

Differentiating (3.40) with respect to ¢ leads to

A T
d 5 J L-1 [ ~0 0 20
i, (0= _< Ja (%, (0).u5,., (r))) 28 (1), (3.47)

axQLfl
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which is equivalent to

d [
G0 =0, 349
T
—),0 ( ) _ alciLfl ('xZL—l(t)’ugL—l(t)> ﬂ,g(t) - aqu—l <XZL,1(t) 7“ZL,1(t)> 20 (t)
- dxg, dxg, -
(3.49)
Therefore, QL;L%O (r) =1fort € (1,—1,t) is obtained as before and
OHa, , (%5, 2 15, )
—_— e 3.50
qrL—1 aquf1 ’ ( )
holds for ¢ € (f,1,#) with the Hamiltonian defined as
Hy, (XQLfl’A‘QLflﬂ’tQL—l) =g, ('XQL717MQL—1) +7LqTL Ja (xqbw”qu) . (3.5
Also from (3.38) the minimization of the Hamiltonian is concluded as
Hqu ( Xqr— 1’7quL 1’ ZL 1) <HqL 1 ( Xq1- I’AQOL 1’ >’ (3'52)

forallve U, ,
Evaluating both H,, | and H,, atz gives

Hoy (=) =l (%, (=), (=) + 20, (=) Fouy (35, (=) 0, (1)
[)LQOL 1( )]TfQL—l (xA‘IL—l (t—), qr— l(tL ))

ul
A T T
2& (%, , (1)) Ny ZACANCES) | B )
T, e Fores (s (00 0, ()
£ (w0 o6 T Aé7 _
50 T 95 <qu*1 (lL_)> af;igL P (thL) fquqé 1 om 1" AtL—)
= AQL (tL+) a = + N a N qrL—1
g1 i T (8, (—)ug, () [9%g,
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3§ r AéaqL—l
RN SRR AL AP
a,\

- af\ qL af\ qr—1 o T ’*(t _) qr—1
Xq1 Xqp-1 3iq'Ln_] QLLf : Xqp-1
~ T £ A T £
_ 98 " glirn) 98 sy 98 T pliran) | ) 98 s
aquL qL aquL71 qL—-1 8quL qL qL aquL71 qL—1

AT A
= % Dy, (l‘f,tL) qu (é <)C’\Loﬂf1 (IL—)> ,MZL (tL)> (lL—I-) qu ( ( )’MZL ([L))

=1, (XZL (tL) ,ug, () + 2, (tL+)quL (xZL (tL) ,ug, (tL)) =H, (1.+), (3.53)

which is equivalent to (3.9).

We now consider a needle variation at a Lebesgue time ¢ € (#,_1,1,) in the form of

(

ug, (1) it Te[tj1,1)) 1<j<n-1
ug (1) if € [th—1,t —€)
v if €lt—e,r)
ut(t)=q uf (1) it Teltt,— 68) . (354
ug, (tn) if € [ty —88,1n)
ug, (1) if [zk,zkH 5¢1) n<k<L
g, (terr) if € [tk — 68 1 tkr1)  n<k<L

As before,
Varer (=) = gy () [Ty (8, (00) = Ty (8,006, 0)], 359)
and
aéc,, 1 "éc 'qdn—1 am‘]n%@n !
o () = | 22 s PO

Ko Iig, 1an . anEon
! [ 8? _1‘1 ] anfl (xz,,,l (tn_) 7”2,171 (ln_)>
(3.56)
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Therefore,

Yar (tf) = H

aA AAG, — 8rh T
Dy (fk+1,tk)aAﬁ+ka§ ot {%} ]
k-1

k=L X1 GiSoy
)@y, (tnst) [ Fay (%, 09) = Fors (5, , 00, ()], G5
where
’\éckvqk—l . é ~0 p o (¢ aéﬁk 20 ¢ ~0 ¢ o t
Pt = (000 40) 22 (0 (01, 0)
(3.58)
and
0 controlled switching
Vi i= < . (3.59)

1
N T
alﬂqk,lqk f" %0 (t 7) uo (l‘ 7)
L[ ap—1 \Mag_y k™ )sMgy Uk

A1

autonomous switching

The optimality condition (3.16) is expressed as

B

qu k=L

& ot [ O r
@ t l, k Gk,\’ qk—19k
ae 1,1k T +}’quk’ by | 92y,

$ @y, () [P (85, (0)0) = Fors (%5, 00065, 0)] 2 0. 360)

Setting

) y o ,
950, e {—m"“‘”‘} ®,, | (tayt), (3.61)

D, (trg1,t8) =+ X
ar \Tk+1,%k) 5% Y "
k ’ ank71 ‘]lméck aka71

o= [2 ]

8qu iy
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fort € [t,_1,1,], which is equivalent to

. 20
OE [ o ]
qn—1

= [, , (tnaf)]T fl [[ aAéGk

k=n ax‘]k—l X kaécfk

= [®y, (tnaf)}T ” 85;20”

aanf 1

2 T
L aéck
X A
k—Irl—l |: [ax%—l

we may evaluate (3.62) at t = t,, to obtain

r 8 é T & A
260, Yk— g
[q)qk (fk+17fk>} + % aAqk 19k {f kflk 1} ] aquL

a n Aéo'rm n— !
[q)qn (tn-i-]?tn)] +’}/n aAq 1:] |:an750('1;1 1:| ]

A

dri IMgy_ gy ~boy 1 4 28
[q)qk(thrlvtk)} TY% = 9% % FI (3.62)

Qk 1 quéo'k qu

' o 2 T
[cpqn (tn-f—l?tn)} + Yy féUnAﬂnfl
(9 Xgp—1

anécn
N T
L dSs
X _ k
k:nI_I+1 |:[(9qu1

2 T A
[@g, (tes1:%)] +ya Giore | po di % 63
dk ) aAqk ] (lkaéok aquLa

or

T
[q)‘]k(tk+l7tk):| Y%7 % o, =
1950] 1 (IL

k=n+1 dfy Xg 4

2 T
amqn—IQn "éo-,, n—1 T L 8§Gk
T 0%y, {f o } H 0%y, |

k=n+1

dig, g, |:fA£6k7le_ T] 28

T A
Y Y [q)%(tn—i-l,tn)]Tﬁ I:[ a?crk

A

8qu

o o T| 54
[(I)C]k (tk+1,tk)] —|—'}/% { qk%‘Ik 1] g
70'k

Xg—1
(3.64)
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Having established that

i Mg gy | plopdi-1 Tl a2
[CIDQk(tk—HatkH Y%= 0% |:Qk7§c7k :| aquLa

(3.65)

qkl

and denoting the scalar product

Pni="Y |:f’\£6n:qnlj| ! fl [ aAéGk i Mg _1qy |:"$6kqu1:| r agA
k=n+1

[cqu (tk—i—lvtk)] + Y%= — 0%

qlh On aqu—l qk 1 Qk7§crk aquL,
(3.66)
equation (3.64) gives
A A anm
A9 (tn) = A0 (tat) + pn—s 22" (3.67)

aanf 1

Since the induction hypothesis (3.65) is proved to hold for n = L — 1 (see (3.41)) and since
(3.65) for n implies (3.67), the boundary condition (3.7) is deduced from (3.67) in a similar way
as shown in (3.42) to (3.70), i.e. (3.67) is equivalent to

1 0 0

e & .. 9%

io (tn) = )‘;”*1’0 (tn) = axcl 8x11 3x1 A‘IOL 0 (tL+) 9 (368)
" Ay, (in) Cor | A @) Vim
de 95 .. 9%
ox, Oxp dx,
which gives

gnr0(n) =1, (3.69)
QL(;H (ty) = veET )Lgn (th+)+ Ve, +pVmy, g, - (3.70)

Differentiating (3.62) with respect to ¢ leads to

0%y, |

T
d 5 d N
EA«;YHI (t) - ( fQH (‘x/\gnfl (t) 7u2n71 ([))) A,qon ) (t) (371)
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which is equivalent to

d
S0 =0, (3.72)
T
o iy [P (w5, (1), (1) I EMORT0) o
dr -1 dxg, | dxg, | n-137"
(3.73)
Therefore, QL;’H?O (t)=1fort € (t,—1,t,) is obtained as before and
. aHanl (XZ 171110 1’”2 1)
0 = _ - 3.74
dn—1 aan,l ? ( )
holds for ¢ € (t,_1,t,) with the Hamiltonian defined as
Hanl (‘Xanl I A’qnfl ) u%fhl) - l%lfl (an,1 ) Manl) + A’qcflanfl ('Xanl ) uqrhl) . (375)
Also from (3.60) the minimization of the Hamiltonian is concluded, i.e.
Hqilfl ('Xanl ) )"anl I Manl) S Hanl ('Xanl ) A‘%71 ) V) ) (376)

forallve Uy, ,.
Evaluating both H,, | and H,, at 1, gives

Ha,  (tn=) = lg, (g, (=) g, (=) +Agy (=) oy (%1 (tn=) tg, , (1))
- [j\’qon—l (t"_)} Tﬁln—l (‘qu;l—l (tn—) 7”?1”_1 (tn_)>

I <)€ZH (t,,—)) '

8 £ 80 i
- <an71 ‘ 9%y, - (x,\%fl (tn—) g, , (t”_)>

T
" ) 20
- th+) +
0%y, o )+ P

=22 (0T 04 (5. ()

Eon. r, Iy, _1q ! (tn—)
a Gn; n—1 A{O ¢ n—19n AIn—
ax‘anl " yn |:fqn’ On :| o ( n+) |: axAanl :| -
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~ T
|:fécrn14n—]:| i;,, (tn+>

=20 ()" 98 (4, (o)) pln=) | L mson {Mgnwn} Alin-)
fn 1 9%, " [am;qnl‘f_”]T Alin—) 0%, o
(9qu11_] qn—1
285, (%, , (n-)) o
_ io . T | Atn—) io a T | 2(tn) On_ pltn—)
Gn (t +) axf\qul qn—1 + qn (t +) qn aqun71 qn—1
=22 (tat)" fan (% (ta) 15, (1))
=1y, (x5, (ta) 1, () + g, (tat)" fy, (x5, (ta) 15, (1)) = Hy, (tat), 3.77)
which is equivalent to (3.9). [

3.2 General Endpoint and Boundary Conditions

3.2.1 Time-Varying Vector Fields, Costs, and Switching Manifolds

For simplicity of the notation, in the previous section, the statement of the Hybrid Minimum
Principle and its proof was provided for time-invariant vector fields, time-invariant running,
switching and terminal costs, and time-invariant switching manifolds. It is, however, no loss
of generality as time-varying hybrid optimal control problems can be converted to time-invariant

problems by the extension of states, vector fields, etc. as
0 0
Xy = [ ] =z | (3.78)

resulting in augmented vector fields as

1
. ~ 1
iq :fq (j’:‘Puq) = [ 7 ] = lq (X,I/t,e) ) (379)
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subject to the initial condition

fo
ho = (q0,%4, (t0)) = | g0, | O | |, (3.80)
X0
with the switching manifold
m(%) :=m(x,0), (3.81)

and the extended jump function defined as

) 6 (1j—)
iq]‘ (tj) = 50]‘ (quq (tj_)) =12z (tj_) +c (x (tj_) ’9) : (3.82)
&, (x(1—).0)

3.2.2 Packet of Needle Variations

For free endpoint problems as in the statement of Theorem 3.1, the performance measure (2.10)
for the family of trajectories indexed by the needle’s width € must have a minimum at zero, hence
its derivative w.r.t. € must be nonnegative (see (3.16)), and this easily yields the conditions of
the HMP. However, if the problem includes constraints on the right endpoint of trajectory, such a
variation may generate a trajectory that would not, in general, satisfy them. In order to guarantee
that the endpoint of varied trajectories hit the given constraints, the family of variations should
be rich enough, and therefore one has to consider not just one, but a finite number of needle
variations together, the so-called packet of needle variations, whose parameter is the collection of
widths of the needles, independent of each other (see e.g. [80] for more discussion). The packet
of needle variations are then used to construct a terminal cone which must be separated from
another convex cone generated by the tangent space of the terminal manifold and a ray in the
direction of cost decrease. The proof of the Minimum Principle with these terminal conditions
are extensively studied in the literature of the classical Pontryagin Minimum Principle (see e.g.
[1,4,47,80,81]).
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3.2.3 Abnormal Multiplier

For optimal control problems with general endpoint conditions such as termination at a pre-
specified point, another issue that may rise is that the set of admissible input-state trajectories’
has a single element. While this is no difficulty in determining the optimum which must be the
single element, it hinders the development of the theory in that it precludes the construction of
mappings based on needle variations of the type (3.10), (3.28), and (3.54). A classical example
in which the set of admissible input-state trajectories has a single element is provided in [29] as

follows. Consider the optimal control problem with scalar differential equation

X =, (3.83)

with the control set U = [—1, 1], and subject to the initial and terminal conditions
x(to) =0, (3.84)
X (;f) =0, (3.85)

and consider any performance criterion as
ty
J (to,tf,%0,%x¢) :/ I(x(s),u(s))ds. (3.86)
fo

The only control whose corresponding trajectory satisfies the initial and terminal conditions

is
u(t)=0, 1o<t<ty, (3.87)
and hence this is the only element of the set of admissible input-state trajectories.

Problems like the above example are referred to as abnormal problems (see e.g. [81] for
more discussion of abnormal problems) and in order for the necessary optimality conditions to
be satisfied, l;,ﬁo (¢) in (3.40) and (3.62) must be taken to be 0. The scalar )';/mo (t) is usually
referred to as the abnormal multiplier where for abnormal problems it is zero and for normal

problems nonzero (and therefore scalable to identity).

IThe set of input-state trajectories (see Definition 2.4) satisfying the specified initial, boundary and terminal
conditions; see e.g. [29,47] for more details.
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3.2.4 Low Dimensional Switching Manifolds

The usual assumption in design, analysis and control of hybrid systems is that switching
manifolds corresponding to autonomous switchings and jumps are smooth codimension 1 sub-
manifolds of R”. In some studies like hybrid stability, this assumption reduces the analysis
by decoupling the sequence of switching and the uniform convergence of hybrid executions
within those with the same switching sequence. However, in the hybrid optimal control context,
the assumption of codimension 1 switching manifolds is not a necessity since the optimality
conditions are expressed in terms of the admissible controls and their corresponding trajectories
that satisfy the desired switching conditions. While numerous hybrid optimal control problems
can be considered where the system has switching manifolds with dimensions smaller than n — 1
(see e.g. Section 6.3), i.e. where switching manifolds are codimension k sub-manifold of R”
with k& > 1, this class of hybrid systems has been the subject of a limited number of studies in the
hybrid optimal control context. The class of hybrid systems under study is further generalized by

letting the switching manifolds be codimension k sub-manifold of R”, with k € {1,--- n}.

3.2.5 The General Statement of the Hybrid Minimum Principle

Theorem 3.2. Define the family of system Hamiltonians by
Hy (%q: Aq.0, gy ig: ) = Ag0lg (Xgs14g,7) +2g fy (Xg,tg,1) (3.88)

forxg € R", 4,0 € R, A, € R", u, € Uy, g € Q. Then for the optimal switching sequence q° and

along the optimal trajectory x° there exists constants l;l_ o = 0 and adjoint processes ),;i such that

[?L;ho, A(ZT} #0and
J0H 0
X0 = T (x0, 400,40, ul,1) (3.89)
A,
: JdH o
A === (X0, A00,A0,uf, 1), (3.90)

dxg
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almost everywhere t € [to,tf] with

X2 (19) = %o, (3.91)
. k;
x%f (tj—) emj = {x c R™j1 - méjilqj (X) =0A---Amg,_q;(x) = 0}, (3.92)
G (1) = &, (3 (1)) (3.93)
X0 (i) €mp=my = {x ERML:m) o (0) = 0N Aml (x) = o} , (3.94)
kpyi ,
K 17) = Ve (5 (7)) + X0 pha Vo (3 (1) (3.95)
=

k; . .
Mg, (1) =g (1) = VEa T Ag (4) + Vo, (v (6-)) + Lri Vs (4, ().
(3.96)

where mj = 0 and p§~ = 0 when t; indicates the time of a controlled switching and p§~ € R when
tj indicates the time of an autonomous switching.
Moreover, the Hamiltonian is minimized with respect to the control input
qu ()C

A2 ul t)<H (

00> g U, u,t), (3.97)

qO’ q7

forallu € Uy; and at a switching time t; the Hamiltonian satisfies

Hfljf (IJ ) qu < l’l;j 07161] 10 61] I’t]_)

dc (xoo (t-—)) ki omb (xoo (r~—)>
q;_ J . ] q°_ J
=H,, ( Xgio M09 Mg UG 1] >+7ng’ Jalt +Z{plj ]8; =H,, (1;+).
1=

(3.98)

For hybrid optimal control problems in which t is not fixed (i.e. not a priori specified), then

8g x2, (If) kppr m! x% (l‘f)
Hy, (xg Aqptq 1) + % + P o <(;; ) 0, (399
L
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where for the time invariant case becomes

Hyy (g, 2qst8g,17 ) = 0. (3.100)

0

Corollary 3.3. For time-invariant low order switching manifolds, the boundary condition (3.96)

can be stated as

29 () =28 (1) = Vea A (t4) + Vo, (5 (7)) + it (3.101)
where
e ). o

i.e. fiy is a vector in R" parallel to the projection of fq; | in the (generally non-orthogonal)

vector space generated by the span of {Vmqu/ } ie{l,-- k}. O
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Chapter 4
Hybrid Dynamic Programming (HDP)

The method of Dynamic Programming (DP), originated by R. Bellman [15], is a mathematical
technique for making a sequence of interrelated decisions, which can be applied to many
optimization problems (including classical discrete and continuous, as well as hybrid optimal
control problems). The basic idea of this method applied to continuous optimal controls is
to consider a family of optimal control problems with different initial times and states, and to
establish relationships among these problems via the so-called Hamilton-jacobi-Bellman (HJB)
equation. In contrast to the Minimum Principle, the Dynamic Programming methodology
provides solutions to the whole family of problems (with different initial times and states),
including the original problem. Similar to the MP, the method of DP constitute necessary
conditions for optimality which under certain assumptions become sufficient (see e.g. [26, 29,
47,82,83]). However, DP is widely used as a set of sufficient conditions for optimality after the
optimal control extension of Carathéodory’s sufficient conditions in Calculus of Variations (see
e.g. [26,47,83]).

The generalization of Dynamic Programming for hybrid systems results in the theory of
Hybrid Dynamic Programming (HDP) which, under the assumption of smoothness of the value
function, results in the Hamilton-Jacobi-Bellman (HJB) equation of HDP. A major drawback
in solving the HJB equation for obtaining the solution(s) of both classical and hybrid optimal
control problems is the requirement that the HIB equation admits classical solutions, i.e. the
solutions are assumed to be smooth enough to satisty the HIB equation. Unfortunately, this is
not necessarily the case as the differentiability of the value function is violated at certain points

for numerous problems (see e.g. [26, 27,47, 84-86]). To overcome this difficulty, Crandall
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and Lions [87] introduced the so-called viscosity solutions which is a notion for nonsmooth
solutions to partial differential equations. The key feature of viscosity analysis is to replace
the conventional derivatives by the (set-valued) super-/sub-differentials while maintaining the
uniqueness of solutions under very mild conditions [16, 18, 19,24-28,30,31, 87].

4.1 Properties of the Value Function

Consider the hybrid system H subject to assumptions AO-A2, and the HOCP (2.11) for the hybrid
performance function (2.10). Then for the value function in Definition 2.8 we have the following

theorem:

Theorem 4.1. The value function (2.19) is Lipschitz in x uniformly in t for all t € Ullf:o (tiytit1),
ie. for B, ={x€R": ||x|| <r} and for all t € (t;,t;+1), x = x; € B, there exist a neighbourhood
Ny, (x) and a constant 0 < K < oo such that

. . 1
|V(t7qaxtaL_]+1)_V(svanS7L_]+1)|<K<||xt_xS||2+ |S_t|2>27 (41)

fors € (ti,tix1) and x5 € Ny (x;). O

Proof. For a given hybrid control input I; —j 1 = (S;—j41,u) we use £; = £(7;1, %) to denote the
extended continuous valued state as in (2.12) at the instant T passing through x;, where t < 7 <1y.
We also define

Ky =sup{||fy(®,u)||: (g.%,u) €Qx B, xU}, (4.2)
where B, := {)2 = [z,xT}T 2P ) < rz}.
First, consider the stage where no remaining switching is available and hence ¢ € (17,17 41) =

(tL,tf). In this case
I .

R (tpst, %) =% + | Ja (e uz)dr, (4.3)
which gives
I
£ (epie, ) =& || < Ka[ey —1| +[ Ry |12 (z:0,2) — &l dr. (4.4)

where K r depends only on Ky and K; which are defined in assumptions AO and A2 respectively.
By the Gronwall-Bellman inequality this results in

£ (1752, %) — & || < Ky |t —1] +/[foK1 (f—t)ekf(ff*f)dr <Kty —t| <K tr—1|, 4.5)
1t
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where K> = max {Kl,le Ky (17 —11) eKr(ty=1e) } Hence, by the semi-group properties of ODE

solutions and by use of (4.5), for s > ¢ and £; € N, (£;) we have

l‘f ~ . . . .
€ (132, 80) = % (253,85 || < 12 — % +H)?(s;t,)?z)—lel+/s Kyl % (38, %) — (735, %) [ dT
If
<l gl +Kals =i+ [ Kplle(mg) - 2(nn)lde @6
S

and therefore, by the Gronwall inequality we have

H)? (132, 8) — % (1715, %) H < (% — %/l + K2 |s—t])e1§f<ff*s)

. 1
< (i =l + Ko bs =) 0] <k (1= )P + s =) ea)

for some K < oo which depends only on 77 —1;, Kj and K  and not on the control input.
Since ¢ is Lipschitz in £ and X (tf; t,)?,) is Lipschitz in (¢, %) = (t, [zt,xtT ] T> , the performance
function

Iy
J(t,t7,q,%,0;1) = /, ly(x,u)ds+g (xq, (17)) = & (% (tr31,%)) (4.8)

is Lipschitz in x € B, uniformly in ¢ € (tL, t f) with a Lipschitz constant independent of the control.
Further, since the infimum of a family of Lipschitz functions with a common Lipschitz constant
is also Lipschitz with the same Lipschitz constant, V (t,tf,q,x, 0) the value function with no
switchs remaining is Lipschitz in x € B, uniformly in 7 € (tL, t f).

Now consider t,s € (t j,th) where 7, indicates a time of an autonomous switching for
the trajectory £(7;t,%), and consider for definiteness the case where £(7;s,%;) arrives on the
switching manifold described locally by m (x) = 0 at a later time ¢; | + Ot (the case with an earlier
arrival time can be handled similarly by considering 8¢ < 0). It directly follows by replacing qu

and ¢y by fq ; and 7;41— in the above arguments, that

1
€ (tj1—58,5%) = % (tj11—=38,%) || <K' <H)?t — &[]+ s —t|2> ’ (4.9)

Now since

£ (2j51 + 8t —35,8%5) — £ (tj01—35,%) || < Ko |tjs1 4+ 81 —tj41| = K2 |61 (4.10)
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and

12 (141 + 8t—35,85) — £ (1701 —30,%) ||

< H?? (fj+1 +5t_;S7xAS) —f(fjﬂ—;safs) H2+ Hf (fj+1—;f,fz) —)E(tj+1—;s,)2s) H2 (4.11)

1
it is sufficient to show that the upper bound for |d¢| is proportional to <||)E, —&|]*+s —t|2> .
This can be shown to hold by considering the fact that

tj+0t
m (x (th + 5t—;s,xs)) =m <x (th—;s,xs) + /t ! fai (x(‘L';s,xs) ,utj_) dT)
J

tj+6t R AR
=m (x (th—;t,x,) + ox (tj+1_) —f—/lj fq(;(rsx ) “j )d‘5> =m ()C (th—;t,xt)) =0
j
(4.12)
For H5x (tj+1—) H < €j41 sufficiently small,
T tj+0t (x(‘r;s,xs),u,j_> )
Vm 5xtj+l_+/ N dt | +0(gj ;) =0 (4.13)
lj
which is equivalent to
+6 s s) g
vl 8x (tj+1—) n 1j fVmqu(jx(T,s,x.) U )dT—I— 19) (8]2—1—1) -0 (4.14)
I

Due to the transversal arrival of the trajectories with respect to the smooth switching manifold,

}VmT qu| is lower bounded by a strictly positive number k,, s (see (2.2)) and hence,

’Vstx (tjr1—) +0(£]2+1)‘ = qj

2 /
t;

J

/tj+5t Vm],f(x(r;s,xx)m,j_) Jt

J

T (x(f;s,xs),u,j_>

v f, dt >k p|6t], (4.15)

which gives



4 Hybrid Dynamic Programming (HDP) 40

1
|61] < [ (IVmll||6x (t1=) || + 10 (€7:1) )

1 Vm
< T [Vm|l&j1+€j41 < (Hk | + 1) €ir1=Kj11€41 (4.16)

m7 m7f
Hence, for ¢ € (j,¢41) and x; € B, there exist a neighbourhood N, (x;) such that for

1
s € (tj,tj+1) and x; € A7 (x;) we have ||8x (tj31—)|| < K’ (H)E,—)ESHz—f— |s—t!2>2 < gj4 in
order to ensure that 61 < K; 1€, and consequently

#0741+ 815, 8) —£(tj1=3,8) | <K (12—, +s—e) 2, (.17)

for K independent of the control. Since é is smooth and time invariant, it is therefore Lipschitz

in £ uniformly in time. At the switching time 7;,1 we have
It 8 L= jslg) = (11,0500, (8) L= =11y (4.18)

the Lipschitz property for the cost to go function J (tj+1 —,qj,X,L— j;I - j) follows from the
smoothness of é and the Lipschitz property of J (t,q X, L—j— 150 j—l)- Namely, by
backward induction from the Lipschitzness of J (¢, gz, %,0;1,) proved earlier, it is concluded that
J(t,q1—1,%, ;1) is Lipschitz, from which J (t,q1—2,%,1;5) is concluded to be Lipschitz, etc.
Since the Lipschitz constant is independent of the control and because the infimum of a family of
Lipschitz functions with a common Lipschitz constant is also Lipschitz with the same Lipschitz

constant, (4.1) holds and hence, the value function is Lipschitz. L]

Definition 4.1. Let M(;) denote the set of all (#,x) € R x Uk, R": for which the ’th derivatives

of V exist and are continuous. O

Note that from Theorem 4.1, it is concluded that M) 2 U,'L:() (ti,tir1) X R™i, i.e. the value
function is at most discontinuous at the switching instants with non-zero switching costs and

non-identity jump maps.

Corollary 4.2. From Theorem 4.1 and Rademacher’s theorem (see e.g. [29,88,89]), the Lipschitz

property of the value function implies the differentiability almost everywhere, and hence the set
My is dense in UZ-L:() [ti,tir1] X R"i. 0
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4.2 Hybrid Dynamic Programming (HDP)

Theorem 4.3. Consider the hybrid system H and the HOCP (2.11) together with the assumptions
A0-A2 as above. Then for all (t,x) € M}y and q € Q, the Hamilton-Jacobi-Bellman (HJB)

equation holds, i.e.

Vv

—= = irulf{lq (x,u) +(ViV, fy(xu)) },  aet € [to,ty], (4.19)

subject to the terminal condition

V(tr,q1,%,0) =g (%), (4.20)
and at the switching times t; € T, = {t1,--- ,11} subject to the boundary conditions
V(tj,q,%, L= j+1) =min{V (1;,T'(4,07), &, (), L= j) +co; (1))}, (4.21)
J J

and

d
by (et (1=,)) + (VaV. fy (et (1=,%))) = =V (= g0 L= j+1)
d
= _EV (l‘j—,r(%gj) 750']‘ (x) 7L_j)

= lF(q,Gj) (x7 u’ (tjﬂ gﬁj (x))) + <VXV7 fl—‘(q’(yj) (xv u’ (ljv éGj (x)))> , (4.22)

where if tj is a time of a controlled switching then X ; = ¥. subject to the automaton constraint that
r (q, Gj) is defined; and in the case of an autonomous switching, the set L; is reduced to a subset

of discrete inputs which are consistent with the switching manifold condition m 4T(4.0)) (x)=0.
9 )

O

Proof. In order to derive the HIB equation (4.19), we consider a Lebesgue time ¢ and a hybrid
state (q,xq) € H, together with its associated number of switchings ahead L — j + 1, such that
re (l‘];l,lj) and (t,xq) GM(I).
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The value function (2.19) in Definition 2.8 is defined as the optimal cost to go, i.e.
: g <
V(t,q,x,L—j+1):= inf / lq (x’”>ds+zccqi71qi (ti"xqi—l (ti_))
t i=j

Ip—j1
+Z/

=] li

tl+l

Ly (xg; (5),u(s)) ds + g (xq, (1)) } . (4.23)
For every t' € [f N j), Bellman’s Principle of Optimality results in

\% (t,q7xq,L—j+1)

!

t
= 1[nf] {/ Iy (xq (s32,xq,uq () ug (s)) ds+V (t',q,x4 (/;r,xq,uq(-)),L—jH)}, (4.24)
t,t t

q

where

xq (t'1,x4,uq (1)) = x4 (1) —1—/: fq (xg (s357,54,ug () ,uq (s)) ds. (4.25)

Fix v € U, and let xg”) = X4 (s;t,xq,v) be the state trajectory corresponding to the control
ug () =v. By (4.24) we have

Vv (t,q,xq,L—j+l) < /t ly (xq (s;t,xq,v) ,v) ds+V (t',q,xq (t’;t,xq,v) ,L—j—l—l) ,  (4.26)
t

and therefore

V(AqﬁgW%L—j+l>—V(L%xmL—f+U 1 /fl((”)
t—t t—t t 1

xXq' ,v) ds <O0. 4.27)

Ast' |t

v t,q,xg,L—j+1 oV t,q,x5,L—j+1 T
B ( : ;t : ) B ( ! 86; : ) Jq (x!hv) —lq (xan) <0, (4.28)
q

which by taking the infimum results in

. . T

L—j+1 L—j+1

_8V (t,q,x5; J+ ) < inf{lq (xq,v) n Vv (l‘,‘];;c;; J+ ) fa (xq,v)} ) (4.29)
v q
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On the other hand, for any € > 0, ¢’ € (t,tj) with 0 < ¢/ — small enough, there exists a
ut" (-) € % such that

t/ ! ! !
/ ly (xq (s;t,xq,ug” ()) Jutt ()) ds+V (t’,q,xq (t/;t,xq,ug” ()) 7L—j+1>
t

<V (t,q,xg,L—j+1) +£(f' —1). (4.30)

It should be noted that u®* (-) may be modified on a set of measure zero in [t,'] so that the
instant ¢ is a Lebesgue point with respect to the integral appearing in (4.30) and furthermore,
the value of x, (s;t,xq,u&’/ ()) is unchanged (see e.g. [9,90,91]) and hence the value of
v (t’,q,xq (Z’;t,xq,u”/ ()) ,L—j—i—l) is unchanged. Noting that (,x,) € MW, it follows from
(4.30) that

—e< =

V(t’,q,xg’t/(t’),L—j+1>—V(I,Cl,xq,L—j—H) A , ,
t—t _t’—t/, l"(x )ds

1 9 . J / , ! / /
— —/t —a—SV (5,q,%4 (s),L—j+1) — {%V <S7617x§’t (S)7L_J+1>] Jq (XS” (s),u! (S)>

t'—t
—1 <x§’t, (s),u" (s)) ds

= t’i t /tt/_ %V(S’ q’ng)’ L—j+ 1) - H({f {lq (xés), ut(]S)) + {%V <t, q,xt(ls), L—j+ 1)] qu (xgs), ufls))} ds.

g
(4.31)
Due to the uniform continuity of functions f,; and [, (see A0), we have
lim sup inf |y (s,x,u) —y(t,x,u)| =0, (4.32)

st x€R"q uEUq

for y = f,,l;, and therefore as ¢’ |

. ) T p)
inf < I, (xq,uq) + | ==V (t,q,xq,L—j+1) fq (xq,uq) —&e<—=V (t,q,xq,L—j—f—l).
ug dx ot
(4.33)
Combining (4.29) and (4.33) we obtain

T
_%V (.9,x4, L~ j+1) :inf{lq (xg:1q) + [%V (t"I?xq’L_Hl)} fa (xqa“q)} - (434
Uqg
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The terminal condition (4.20) and the switching condition (4.21) are directly deduced from
the definition of the value function (2.19). In order to prove (4.22), consider a time and
state just before the occurrence of switching (tj—,hj1 (tj—)) = (tj—.qj-1.%4,_, (tj—)). or
for short, (q,xq (t j—)). This state is mapped into the state (F (q, Gj) ,cﬁcj (xq (t j—))) after the
switching. Consider also a family of adjacent trajectories and their corresponding switching

pair (q,x’q <t§—>) which experiences the same switching sequence and therefore mapped into

<F (q, Gj) ,égj <x’q <t§—>>> The selection of the adjacent trajectory is such that Cauchy

sequences for the difference in the switching instants, &¢; := t} —tj, and for the distance of the

trajectories at min {t j,t;-} denoted by &x, converge independently to zero; the existence of such

sequences are guaranteed by the regularity of (q,xq (t j—)) and the continuous dependence on the

initial condition for the corresponding trajectories. Without any loss of generality, it is assumed
! — ' (7. . = (t: .

that ¢} > 1, and therefore, 8x, = x (t;—) — x4 (tj—) = x;, (1;) — x4 (t;—).

For the reference trajectory

(g.0y) (1) = &y (% (1)) + /, etaor) (g0 (g ) 45 (4.35)

and for the adjacent trajectory

5
o ) = (452 + [ 1y ) s ). 36)
J
By definition, the value function for the reference trajectory satisfies
V(tj=:4.%q (tj=) L= j+1) = cq; (x4 (t;—))
/ / . [;
+V (lj,r(q,Gj) ’xF<q,Gj) (l]-) ,L—]) +/tj lF(q,Gj) (xr(q,6j>’ur(q,dj)> ds, (4.37)

and for the adjacent trajectory

1
V= =) L=+ 1) = [y () ds

J

+ o, (4 (65=)) +V (1.7 (4.)) F(ga) ) L j). @38)



4 Hybrid Dynamic Programming (HDP) 45

Subtracting (4.38) from (4.37) and writing the Taylor series expansion of the terms, we have

/

[V (tj=,q.% (t7=) L= j+1)]" 8x, = l(x"(”_)”"(”_))—1<xr(‘“’f>(l"')’”F(%f’j)(’;)> St

! F(g.0))
[ o 0 ))17 (8 £ (0 g 5-)) 80+ [ (50 0) o) 25

Xg(ti— ) ug(ti— xl‘ q,0; (tJ')’“r q,0; (tj)
Vs, (x4 (1j-)) {5xq+fq( ol ))5t}—fr((q,;)’) (1) )St +o(8), (4.39)

!

or with the drop of arguments of the functions for the clarity of presentation

vV 8x, = {lq — ll"(qu)} 8t + Vc(T,j (8xq+ f461)

+VVE )(Véo_,- [3xq+fq5l]—fr(q76j)5t>+0(5t,5x). (4.40)

(4.9

This gives

T
VY, = Vo, ~ VEE Wi, 0] 8%

_ {zq ~Ie(goy) + Vo0l V4 (Végj fo=tr(a Gj)) } 5t +0(81,8x). (441)

If ¢; corresponds to a controlled switching, the choice of 0t,6x can be completely
independent. If 7; corresponds to an autonomous switching, then the constraint by the switching

manifold requires that

m (xq (tj=)) =0, (4.42)
;
m (xq (1j=)) = m (xq (8=) + 0xg + /t o (xgruq) ds) =0, (4.43)

Using the Taylor series expansion

Vim (xq (lj_))T [8xg + fq (xq (tj=) yug (=) ) 61] =0, (4.44)
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or, since by A0, Vm (x4 (tj—))qu (xq (1j=) uq (tj—)) #0,

St — —Vm (xg (lj_))T dxg
Vim (xg (t=))" fq (% (1j=) s 1tg (=)

Therefore, the relation (4.41) for the autonomous switching case becomes

+0/(8x) (4.45)

T
VY, = Veo,~VEE Weton | 8%

. v
_ {zq ~Ii(ga) + Vb L1+ VVE o) (vgcj fo— fr(m)) } # Fo(6x). (4.46)

Since dx is arbitrarily selected in both cases of autonomous and controlled switchings, we can
choose 8x = —&f; (x4 (1j—) ,uq (1j—)), where & € R, is selected to be arbitrarily small. For the
controlled switching case where 0t is independent of dx, we also select 8¢ = €. Thus, equations
(4.41) and (4.46) give

T T
0=¢ (I + YV fy=Ir(yop ~ VW o it o) +ole), (4.47)
which, in the limit, as € — O results in (4.22). L]

Definition 4.2. A feedback control I (¢,q,x) = (Sp,u(t,q,x)) is said to have an admissible set of
discontinuities, if for each g € Q, the discontinuities of the continuous valued feedback control
u(t,q,x) and the discrete valued feedback input o (¢,q,x) are located on lower dimensional

manifolds in the time and state space R x R". U

We note that by AO an autonomous discrete valued control input ¢ necessarily satisfies the
lower dimensional manifold switching set condition of Definition 4.2 where the sets constitute

C* submanifolds.

Remark 4.1. For classical (i.e. non-hybrid) systems, a more detailed definition of a feedback
control law with an admissible set of discontinuities can be found in [29, pp. 90-97]. The
necessary conditions for the Lipschitz continuity of the optimal feedback control are discussed
in [92, 93], and sufficient conditions for continuity with respect to initial conditions are given in
[94].
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Chapter 5

The Relation between the HMP and HDP

The relationship between the Minimum Principle and Dynamic Programming, which were
developed independently in 1950s, was addressed as early as the formal announcement of the
Pontryagin Minimum Principle [1]. In the classical optimal control framework, this relationship
has been elaborated by many others since then (see e.g. [24-31, 47, 82, 83, 86]). The result
states that, under certain assumptions (see e.g. [29]), the adjoint process in the MP and the
gradient of the value function in DP are equal, a property which we shall sometimes refer to
as the adjoint-gradient relationship. While this relationship has been proved in various forms,
the majority of arguments are based on the following two key elements: (i) the assumption of
the openness of the set of all points from which an optimal transition to the reference trajectory
is possible [1, p. 70] and (ii) the inference of the extremality of the reference optimal state for
the corresponding optimal control [1, p. 72]. Then with the assumption of twice continuous
differentiability of the value function, the method of characteristics (see e.g. [26,29]) can be
employed to obtain the aforementioned relationship which is analogous to the derivation of the
equivalence of the Hamiltonian system and the Hamilton-Jacobi equation. For certain classes
of optimal control problems, the assumption of twice differentiability is intrinsically satisfied
since the total cost can become arbitrarily large and negative if the second partial derivative
ceases to exist (see e.g. [86]). But in general, even once differentiability of the value function
is violated at certain points for numerous problems (see e.g. [26,27,47,84-86]). Consequently,
the adjoint-gradient relationship is usually expressed within the general framework of nonsmooth
analysis that declares the inclusion of the adjoint process in the set of generalized gradients of

the value function [24,25,27,28,30,31]. However, the general expression of the adjoint-gradient
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relationship in the framework of nonsmooth analysis is unnecessary for optimal control problems
with appropriately smooth vector fields and costs, when the optimal feedback control possesses
an admissible set of discontinuities [29].

In contrast to classical optimal control theory, the relation between the Minimum Principle
and Dynamic Programming in the hybrid systems framework has been the subject of limited
number of studies. One of the main difficulties is that the domains of definition of hybrid
systems employed for the derivation of the results of hybrid optimal control theory (see e.g.
[2-5,7-14,16-19,21-23,67-73,95]) do not necessarily intersect in a general class of systems.
This is especially due to the difference in approach and the assumptions required for the
derivation of necessary and sufficient optimality conditions in the two key approaches.

In this thesis we provide two different proofs for the relationship between the Minimum
Principle and Dynamic Programming in both classical hybrid optimal control frameworks. The
first proof is completely different in approach from the classical arguments discussed earlier
and in particular, the sequence of proof steps appear in a different order. To be specific, the
optimality condition, i.e. the Hamiltonian minimization property (ii) discussed earlier, appears
in the last step in order to emphasise the independence of the dynamics of the cost gradient
process from the optimality of the control input. Consequently, assumption (i) is used differently
here from the classical proof methods and in particular, the optimality of the transitions back
to the reference trajectory is relaxed to the existence of (not necessarily optimal) neighbouring
trajectories. After the derivation of the dynamics and boundary conditions for the cost gradient, or
sensitivity, corresponding to an arbitrary control input, it is shown that an optimal control leads
to the same dynamics and boundary conditions for the gradient of the (optimal) cost gradient
process as those for the adjoint process. Thus by the existence and uniqueness properties of the
governing ODE solutions, it is concluded that the optimal cost gradient, i.e. the gradient of the
value function generated by the HJB, is equal to the adjoint process in the corresponding HMP
formulation.

The second proof differs from classical proof methods (e.g. [1,24]) which make use of
the Filippov theorem [47, p. 149-150] requiring the openness of the set of points from which
a transition to the reference trajectory is possible [1, p. 70]. In particular, the differential equation
governing the gradient of the value function and its boundary conditions are derived via suitable
variations in the trajectory, and hence the underlying assumptions for the proof of the theorem are
less restrictive. Most importantly, this dynamics is shown to hold almost everywhere and hence,

the equality of the adjoint process in the HMP and the gradient of the value function in HDP
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holds almost everywhere for the general class of hybrid optimal control problems whose value
function is not necessarily differentiable everywhere, but only differentiable in an open dense set
of points in the state space. The derivation of boundary conditions on the sensitivity gradient
process, which has not been provided before in the literature, are proved differently in the two

proof presented in chapter.

5.1 Evolution of the Cost Sensitivity along a General Trajectory

Theorem 5.1. Consider the hybrid system H together with the assumptions AO-A2 and the hybrid
cost to go (2.18). Then for a given hybrid feedback control I _j1 (t,q,x) = (SL_j+1 u (t,x)) with
an admissible set of discontinuities, the sensitivity function VJ = %J (t, tr,q,x,L— j+ 1;IL_j+1)

satisfies:
d af, (x,u)]” ol (x,u)
V] =— L Rt B v/ i AN 1
dt / ({ dx It ox S
subject to the terminal conditions:
VJ (tf»CIL,x;O) :Vg(X) (5.2)

and the boundary conditions:
VI (tj,qj—1,%,L—j+ 11 _jy1) = VéngJ (tj+,q_,~,§gj (x),L—jiIr—j) +pVm+Ve  (5.3)

with p = 0 when t; indicates the time of a controlled switching and

V7 (1778 () L di )] 154 1 54
Vmquj,l (xvu(tj_)) o

p:

when t; indicates the time of an autonomous switching, and where in the above
. E.q;- i
equation qu_%] = gy (8o (0),u (1)) = VE Sy (xou(tj—)) and l;];,gl 1= lg; (&o; (x),u (1)) —

lCijl (x,u (tj_)>'

O

Proof. We first prove that (5.1) holds for ¢ € (t1,t41] = (1,t7] with the terminal condition
(5.2). Then by assuming that (5.1) holds for 7 € (#},7j;1], j < L we show that it also holds
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fort € (t j—1,t j} with the boundary condition (5.3), with p = 0 when 7; indicates the time of a
controlled switching, and with p given by (5.4) when 7; € 7, indicates the time of an autonomous

switching. Hence, by mathematical induction, the relation is proved for all t € [to, tf] .

(i) No Switching Ahead: First, consider a Lebesgue time ¢ € [f7,t141] = [f,17] and the

hybrid trajectory passing through (g, x), and consider the cost to go (2.18) for Iy = I(gt’tf] which

1S
Ir
J(t,qL,x,0:1y) = / Ly, (x5, us)ds+ g (x¢) (5.5)
t

. . . o 1t . . .
Since by Definition 4.2 the discontinuities in x of I(E 1] = ul"/] Iie on lower dimensional sets
which are closed in the induced topology of the space, the partial derivative of J with respect to
x exists in an open neighbourhood of (7, x), and is derived as

dJ (t,qr,x,0:L)) 9 [ 0 [ d 0
= =+ /[ Loy (xs,us)ds + 528 (x) = | 5lay (o us)ds+ 578 (), (5:6)

which is equivalent to

dJ (t,qL,x,0;1) :/tf Ixs ! dly, (xs’us)ds+ % " g () (5.7)
ox ¢ | Ox 0xg ox dxs '
Taking ¢ = 17 the terminal condition for % is seen to be determined by
aJ (tf,qL,x,O;Io)
: I =V (xf) =V.,g(x), (5.8)

because x; =x when t =t;. Hence, (5.2) is proved. With the notation x; = ¢, (s,,x) and with the
smoothness provided by the assumptions AO-A2 for the given control input with an admissible

set of discontinuities, we have

d (0 d (0 d [(d d
75 <$xs) = I (qu)QL (s,t,x)) =32 (a¢QL (s,t,x)) = o9 (qu (%L (s,t,x),u)) , (5.9)

X

from which we obtain

d (9x\ _ [9fu]" 9¢q, (5,1,%)
ds (g) B { I } ox (5.10)
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.. 0 L, . 2 .
with w = ILyxn, since @y, (¢,1,x) = x. Let @7 € R™ denote the solution of

T
CD?”;, (5.11)

. 5 o
q)ngt =V Ja (xs,us)Tq)iLt = {M}

ox;

with CID% = I,,«,. By the uniqueness of the solutions to (5.10) and (5.11):

d
a(])ﬂ (s,t,x) = CI>?§, (5.12)

for all x € R". Also by the semi-group property:

x =g, (5,0,%) = g, (5,1, 04, (1,5,%)), (5.13)

and hence by taking the derivative with respect to x we have

0 $,1,72 0 f,8,x
by = 2010 Wul1:5:) (5.14)
z 7=0(t,5,x5) X
which by (5.12) is equivalent to
Lixn = CI>§§<I>Z§. (5.15)
For all r, 5,1 € (tL,tf] it is the case that
d qL 8qu (25, ts) ' qL qr
gq)s’r = 8—)(js q)s,r7 qD”J :Ian, (516)
and
d of. (XSaus) r af. (xs Ms) T
ot — (| et e oy — | P @uen)  s17)
dS ’ ’ axs ’ ’ 8xs y ’

where for (5.17) at s = r the condition CI)%CI)% = I,x, holds. Hence, from the uniqueness of the
solution for the ODEs (5.16) and (5.17) we obtain ®{; @/ = ®f’.. Furthermore, (5.15) gives

AL dPiL
0= d: R dt”, (5.18)
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and hence
AL A . 9y ()] O 3 fy (xiyur) 17
T e o) S o) o [ S

Differentiating (5.7) with respect to ¢ along a trajectory (gz,x) gives

iaJ(I,QL,X,O;I()) _ i/lf a(])CIL (S,I,X) ! aqu (Z7u5) d
dt ox “dt ), ox 92 gy (oa)
T
+ i a(P‘IL (tf’t’x) ag (Z) _ a¢f1L (s,t,x) ! 8qu (Za MS)
J J o dx 0z
dt X 2 z=0q; (tf,t,x) =g, (s:t.X) ) s

ox dz

305 (tf,r,x)] " 9g(2)

z=0q, (t7.1.x)

+0} ds
=gy (5,1,%)

+o} ,(5.20)

=9y (’fvt’x)

ds—+ i
dt 3x aZ Z:(])qL(SJ,x) dt

aqu (vauf) ' aqu (xlaut) g 8¢qL (S,I,X) Taqu (Z7us)
{I”X”' o, }*/, {_[ P 1 [ I } 92

+/’fi { [8% (s,t,x)] T 01, (z,uy)

3 f ()[04, (t,1,%) | 02 (2)
+{[ qax, }[ qax ] dz

where the zero terms arise from
d
2 Vel @) | g (g0 = 7 Vil (55145) =0, (5.21)
d d
a1 V8 @) |emy (y05) = g Vor8 (55) =0 (5.22)

Hence,

d dJ (t,q,x,0;)) Aly, (x¢,u;)

dt dx dx;
B {aqu (x,,ut)]T{/ff [c%csralﬂ (s tts) o [3Xf]Tag (xf)} (5.23)
t

ox; Ox o0x; ox dxy

which gives

T .
dJ (t,q1,x,0;1p)  dlg, (x,u) (5.24)

Y

iaJ(I7CIL7x7O;IO) _ af(]L (x,u)
dt ox N ox ox ox
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with

aJ (tf,qL,x,O;I(Etf’tf])

5 =V.8 (xf) = Vg (x)

(5.25)

(i) A Controlled Switching Ahead: Now assume that (5.1) holds for 6 € (r},7j41],

J < L when t; € 77, indicates a time of a controlled switching. Then for 7 € (tj,l,tj}, and
i1 <t<t;<0<tj

J<“%‘hLL—j+1'%H

1
1) = [ s+ o, (0 (5))

0 0.1,
+/ lqj(xw,uw)da)—l—J(9,qj,x9,L—j;IL[_’;'-f]) , (5.26)
lj

where " 0
Jj
xg=¢& (x,+ t Jaj (xs,us)ds> +/t fq; (X, Ue)d® (5.27)
j
This gives
ar(t,q 1 L—j+150""
1qdj—1,%, J »IL—j+1 Jd [t dc .(x(t'—))
=— 1 I, (x us)ds—kcj—]
dx ox ), Y ox
. |0
o 0 aJ <87Qj7-x97L_.];IL[jf])
+2 / Ly, (Yo o) d @ + R (5.28)
J
or
s (t.qi v L—j+ 151
1 qj—1,%, JT LA i 1 Tax, 1T 9y, (xs,us) ox;,— Tac(xr_)
_/ GAs qj—1 ds + J J
ox ¢ | dx o0xg ox 0z,

. [0.7]
aJ | 0,q;,xg L—];I[_"f
0 [dxg T&lqj(xw,uw) dxe 17 < AT L=
| Ge] Tt ae | 5] 7 629
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with

d& (xt + Jaj (XSa”s)dS>
w +
ox ox

dxg . 0 aqu (X0, ue)
E il A .
0 aqu (X o) & (xtj,)

which is equivalent to

T T
dxg /9 {ax“’} 9fa; (X“”uw)dw+ {ax{j_} 9 ti,-) . (5.31)
t

Ox ox 0Xe ox 0xtj—

In particular, for x = x; as ¢t 1 ¢; and for xg as 6 | t; equation (5.29) becomes

. titr
aJ (t"_’qf‘“xwa—H Ll

) :/tj {axs]TMds_{- Fx’j—rac(xtj—)
tj—

a axs 9x,j, 8xtj,

axtj,

it
; Ta‘](t'_{—: i Xt; 7L_ ;I[j'f)
+/t]+ |:axs‘|T alqj (Xs7l/ls)ds+ |iaxtj+‘| J q] 1j+ J L—j
t.

Ox o0x; 0xtj— oxt;+  (5:32)
or
a-] (tj_aqjlaxlj—vl‘_j—i_ 1’Il[,lj7;jﬂl)
8xtj_
.. it ]
B de (th—) .\ |:axtj+:|T aJ (tj+7Qjaxtj+7L_]aILij 5.3
B axtj_ 8x;j_ axtj+ ’ ’
and also (5.31) turns into
Oxie [t [9xe | T 0fy; (Yo te) 0x;,— 1T E (x,—)
dx;;— _/,. [ ox } dxe do+ {ax,j} oxy— (5:34)
or 5 5 ( )
N+ Xij—) _
axzj— = 3th- = V¢ ]xlj_. (5.35)
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Hence,
. tid o[ttt
a‘] (tj_ijlaxtj—aL_]+1;I£j]dl) aC (x,A_) T a‘] (tj—i_?qthj-ﬁ-al‘_]’llgij f]>
J
= \%
axtj_ axtj_ + é ’xlj7 ax,j+
(5.36)

and therefore, (5.3) is shown to hold with p = 0 for the controlled switching case. Writing

"
J(t,qj-1,%,0;1—j41) = /t]lqj_l (xs,us)ds+J (t,qj—1,x (tj—) ,L—j+ LI —j11), (5.37)

and following a similar procedure as in part (i) of the proof, equation (5.1) is derived for

re (l‘jfl,lj}.

(iii) An Autonomous Switching Ahead: Now assume that (5.1) holds for all 6 € (t >t j+1],
J <L when t; € 7 indicates a time of an autonomous switching. Then taking the derivative of
both sides of the equality (5.26) with respect to x att € (tj_l,tj} switht;_1 <t <1t; <0 <tj;1,
yields

) 1t
aJ (t,qj_l,x,L—]—i—l; £_§L_1> 9 [l

0
— =5 t lg; (xs,us)ds—i-aC(x(fj—))
. 10:7]
3 0 aJ Q,Qj,XG»L_];Iij
+a/t lg; (X, Ue) do + dx R
J

which gives

. s
aJ (t,qj_l,x,L—]%—l;IL[;]Jrl) ot
—_J

tj axs r alq]'—l (.xs,us)
dx - ox ! (xs’us)‘szfj* +/t {E} 8—xsds
8x[j_ T'oc (xlj_) dt; 0 [dxe Talqj (X0, ue)
- [ dx } 0xy;— ~ ox la, (xw’uw”“’:’j +/t l dx ] dXe do

e,
ox Ta‘] (97QJax97L_],I£_3f])
+{ 9] . (5.39)

ox dxg
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with the derivative of (5.27) derived as

ox d lj
o= 58 (ot [ oar) - o o ool

T
‘
— @ | i (xt + qujl(xs,us)ds>
aZ Z:Xt+f,tj f;;s_’tl”)ds ox t
at 0 aqu (Xa),l/{w)
3)6;, qu (xtjauzj) + ’ Td(!), (5.40)

which gives

8x9 o al‘j 6 aqu (xa,,uw)
ox _—8xtj,f"f (xr,,u;j) +/t‘ B — do

81‘] 1j 8xs afq, (xs> s)
+ V&, ,<”X”+ax,j Sajo (=) + A a—des (5.41)

Note that in the above equations, the partial derivative ax[’ is not necessarily zero because

J
for ox; € R” the perturbed trajectory x; + dx; arrives on the switching manifold m at a different

time 1}— = (t; + 8t;) —, 8t; € R. Consider a locally modified control I; _;, of the form

I ;1= ((tj+8t,05) ,u), (5.42)
with
U s € [t,1))
ug=qu(tj=) s€[tjt;+81) (5.43)
U s€ [tj+61,1j41)
if 8t > 0 and
U s € [t,t;4 61)
ug=u(t;)=u(tj+) s€[tj+8t,t;) (5.44)
U s € [tj,tj41)

if 81 < 0. Since I} j+1 = 11— j+1 holds everywhere except only on [tj,tj + 5t) (or [tj + 5t,tj) if
0t < 0), the measure of the set of modified controls is of the order |8¢|. Evidently the perturbed



5 The Relation between the HMP and HDP 57

trajectory arrives on the switching manifold when

m (xtj+5,j_ n 5xtj+5,j_> —0. (5.45)
For 8t > 0 we may write
tj+0t
m (x;j +0xi; +/t faj (x5 + 5xs,utj)) =m (x;,-) =0, (5.46)
j
that gives
(Vi (o, )] " [8x0— + o,y (5t yur,—) 81+ 0 (81%)] =0, (5.47)
or s
-V -
5t " Lo(s). (5.48)

Vi fy (g
Similarly, for 6t < 0 the same result is achieved. In particular, as 7 1 ¢; and 6 | ¢; equation
(5.39) becomes

_ tity
oJ (tj_,Qj—laxl‘j7L_.]+1;I[[,ij]i|]-l) ot;
L

b [ox]" g, (xs,uy)
8xtj_ N 8xtj_ gj-1 (xtj_’utj_)—i_/lj_ {g} a—XSdS
Oxi;- "ac (=) 9y it [9x |7 Ay, (xs,us)
|:axtj:| &er— B Qx,j, qu (x’j’u’j) + ' {g} Tds
axl-Jr T (9] (tj+,6[j,xtj+,L—j;Il[l[jJ;’[f])
o, ] , (549
|‘axtj_ axtj_|_ ( )

or

) tit
aJ (tj—,qjl,x,j_,L—]-l- 1;IL[jjdl)

dt; de (x;,-)
= L. oy )+ ———F
axtj_ axtj_ qj-1 (xt] y Ut )+ axtj_
a a T a‘] (t_i+7Q_iaxtj+7L_j;IL[ti—;’lf])
= ) + | (5.50)
axtj_ 4 P 8x,j_ ax,j+ ’
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and also (5.41) turns into

ax,+ atj

K = §|x,j, - axtj_ (qu (-xljaulj) _Véqu'fl (xlj—7ulj—)) . (551)
Therefore,
aJ (t s L—j+ 117" )

] aq] 15 l‘j ) .] L— J+1
axt]._ -
R [
_at. aJ(tj+7Qjaxtj+7L_.];IL[ijf])
J
(Z‘IJ qj- ) (fCIJ Véf%)

athf axtj+

o
aJ <Ij+7qj7-xtj+7L_];II[4]j ]>

de(x;,—
+ ) +VET (5.52)
axtj_ 8xtj+
But in the limit as 6x,j, € R" becomes sufficiently small, (5.48) gives
dt; -V
L — n : (5.53)
Oxi— Vmlfy, | (o0t )
and hence,
1t
aJ (tj s qj—1,%t— L— j+1; IL[’]’:L)
8xtj_
aJ | tj+, 4% L=j IL[j+lf]>
(lq] qj-1 ) (f‘h Véf% 1) dxr .+
_ ! Vm
g fijl (xfj—7ufj—)
oJ (t,+ s en L= J; I£”+’f])
+Ve+VET (5.54)

axtj-l-
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This proves (5.3) with

I\ i+l ;IL[Yij] )
(lgy—lg; 1)+ (fa,—VEfay )" -~

VT fo; (%)

p= (5.55)
which is the same equation for p as in (5.4).

With the consideration of (5.37) and following a similar procedure as in part (i) of the proof,
equation (5.1) is derived for t € (t j—1,t j} , and as shown above, it is subject to the terminal and

boundary conditions (5.2) and (5.3) respectively. This completes the proof. ]

Theorem 5.2. Consider the hybrid system H together with the assumptions AO-A2 and the HOCP
(2.11) for the hybrid cost (2.10). If there exists an optimal control input with admissible set of
discontinuities, then along each optimal trajectory, the adjoint process A in the HMP and the
gradient of the value function VV in the corresponding HDP satisfy the same family of differential

equations, almost everywhere, i.e.

d d d

— (x0T A OV
EVV = aqu (x%,u’)’ VV axl‘f (x%,u’), (5.56)
and J 5 5
o_ _ T £ (T 20— 21 (x° 40 ‘
dtl = aqu (x%,u’)" A 8xlq (x%,u’), (5.57)

and undergo the same terminal and boundary conditions, i.e.

W (17,45 (1) .0) = Vi (¢ 1)), 5:59)

\A% (tj—,qj_l,x(tj—) ,L—j—|—1) = Vg |§(tj—) Vv (tj—i—,qj,x(tj—i—) ,L—j)

+p Vm|x(tj7) + VC|X( ) , (5.599)

rji—
for the gradient of the value function, and

2% (t7) = Vg (x° (t7)), (5.60)
A% (tj—) = V& |f(tj7) A0 () +p Vil )+ Vel (5.61)

tj tj—
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for the adjoint process. Hence, the adjoint process and the gradient of the value function are
equal almost everywhere, i.e.

A=V, V (5.62)

almost everywhere in Lebesgue sense on [to, tf] x R". 0

Proof. Equations (5.57), (5.60) and (5.61) are direct results of the Hybrid Minimum Principle in
Theorem 3.1, and equations (5.56), (5.58) and (5.59) hold for the optimal feedback control having
an admissible set of discontinuities because equations (5.1), (5.2) and (5.3) hold for all feedback
controls with admissible sets of discontinuities. Hence, from Theorem 2.1 and the resulting
uniqueness of the solutions of (5.56) and (5.57) that are identical almost everywhere on ¢ € [to7tf] ,

it is concluded that (5.62) holds almost everywhere in Lebesgue sense on [to, tf} x R”™, ]

5.2 Variations over Optimal Trajectories

A3: Forall g € Q and 1 <k < L, the set M(,) of all points at which the second order derivatives
of V (t,q,x,L — k) exist and are continuous is open dense in R x R”.

Theorem 5.3. Consider the hybrid system H together with the assumptions A0-A3 and the
HOCP (2.11) for the hybrid cost (2.10). Then the results of Theorem 5.2 holds, i.e. the adjoint
process locally describes the gradient of the value function and (5.62) holds almost everywhere

in Lebesgue sense on R x R". 0

Proof. Eq. (5.57) is a direct result of the HMP in Theorem 1. In order to show that Eq. (5.56)
holds almost everywhere consider a reference hybrid state trajectory (7z,q,,x) at a Lebesgue
instant ¢ € (t,f;+1) for some k € {1,2,---,L}. Consider also a family of adjacent optimal
trajectories in the form (77,¢,,x’) at the same time € (#;,1; ;) as illustrated in Fig. 5.1 such that
8x(s) :=x (s) —x(s), s € [t,t41) N [t,1,) and Sty :=1, | —tiy1 can be selected arbitrarily
small and so that Su(s) := ' (s) —u(s) lies in a p-ball around zero in the metric space defined
on 7% . For simplicity of notation, the proof is presented in Mayer form, i.e. with the running
and switching costs embedded respectively in the vector fields and jump maps, as remarked in
Section 3.

Consider both of the trajectories in the interval [¢, + 81] C (fg, fr1) N (14,1, ) Where 87 € R
can be selected arbitrarily small. Note that u € L., ([t,¢ + 8t],U) may be modified on a set of
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V(t + (St, XH_&)
f(x,ue) 8t

V(t + 6t, xt+6t + 6xt+é't)
fxe + 6x,up + 6ug) 6t
V(t,x+ 6x;)

Figure 5.1 The choice of trajectories for the variation of value function to derive
VV dynamics

measure zero so that all points are Lebesgue points (see e.g. [90,91]) in which case the value of
any cost function is necessarily unchanged [9].
Because of the Mayer representation of the optimal control problem, along the optimal

trajectories x and x' = x + dx, the following equations must hold:

V(t+6t,qx, % 51 L—k) =V (t,qp, %, L — k) (5.63)
V (t+61,qx, [x+6x], 5, ,L—k) =V (t,qx, [x+ 6x], ,L—k) (5.64)

Writing the second order Taylor expansion of Eq. (5.63) gives

av . ov’
V(t+6t7Qk7xt+5taL_k) - V(Z7Qk7xt7L_k) +_t§t+_ qu (x,,u,)&

0 dx
2 o T
+1<2X5ﬁ+2av

%V
5 3;2 m qu (Xt;ut) 5l2+qu (xtuut)T Wqu (x,,ut)&) +0(63), (565)

that results in

v ovT 1({a2v 9w’ 2V
<E + g qu (x,,u,)) 6t + E (W +2ﬁ qu ()C[,Mt) +qu ()C[,l/lt)T Wqu (xt,u,)) 6t2

+0(8%) =0 (5.66)
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Expanding V (¢, qx, [x+ 0x],,L — k) in Eq. (5.64) as

v’ 1. ;0% 3
V (t,qk, [x+ O6x], ,L—k) :V(t,qk,x,,L—kH—g 6x,+§5x, W5X;+O(5 ), (5.67)

the second order expansion of V (t + 0t gy, [x+ Ox], v L— k) is derived as

ov’ 792V
V(l+6t7Qk7[x+6x]t+5t): (V(I,C[k,xt,L—k)—f—g 6x; 6xt dx 26 >

d v’ 1. 0%V
+E <V (I,Qk,th—k)—f—g 5x,+§5xt W5X[> 5l

of. Oy <.\ <, 0 v’ 7OV
(qu 13 6 a’/qtk 6”) 6t a ( (l' Qk,xl,L k) + a— 5-xl + 5xt a 2 6

2
T

v’ 702V
(V(qu,x,,L—k)—i—g Ox; 5xt I ——50x ,) 512

(qu qu5 X+ ;thk 5“)

92 ovT 82V df, 1.
ﬁ (V(l G, Xe, L — k)—l—a— ox; + = 5x, I = ) (qu ‘Ik6 aZk6u>:| 512

aqu R r 92 v’ 1. ;0% > ;
(qu — £ 6x; au —%8u 0 V(t,qk,x,,L—kH—g 5x,+§3xt W&Q ot —|—0(5 ),

1
2

(5.68)

or

ovT 9’V A%
V (t+6t,qx, [x+6x], .5, ,L—k) =V (t,q,x, L — k)+8_ Ox; + = 5)C,T8 50X + = 3 — 0t

2y T v af, Tov af,Tov . 192y
to - 5x15t+qu—6 +qu8 5 6x, 6t +6f£" 8x5 t+8u” afZ" a5 +§W52

9’V v’
fﬁa 3 Ja8 + 55 [y, 87 +0(8%), (5.69)
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that from Eq. (5.64) it gives

2 2
(av fqigv) 5102V Vug s (av quav oV aqu>6xt6t

dx Jdu dto ox2 ' dx ox
1{a2v _a2v’'
+§<W+ dtdx qu+fka 2qu> 87 +0(8%) =0 (5.70)

From Egs. (5.66) and (5.70) it is conluded that

%V - 82V VT dfy av af,
5x % Su=0 5.71
(aza Tag Yoy ox )T ax Tou ©70
Since x is a Lebesgue point at the Lebesgue time ¢, the HIB equation gives
_JovT
ud = argmin {g fo (%, u)} (5.72)
and hence the term 8x qu Ou vanishes in Eq. (5.71) resulting in
v fTa2_v+a_v 0 5x,=0 (5.73)
0tdx % gx2  Jdx Ox T '
Since Ox; is arbitrarily selected, it is concluded that
v’ L% av 0 fu
— =0 5.74
x g T ax (.74
but from the definition of total derative
d (3 (9 d (v o' oW
d (VN _2 (Y + I = v + £ (5.75)
dr \ dx dt \ dx “ox \ 9x )~ dtax % 9x2
Hence T
d (dV V' dfy,
Bl B 5.76
dt ( BX) dx OJx (5.76)

Since the above arguments were derived for the Mayer presentation of the considered HOCP

(see also the remarks in Section 3), the equivalent result for the corresponding Bolza form is
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concluded as .
d (dV oV adf, Il
- =)= == -== 5.77
dt ( dx ) >77)
which proves Eq. (5.56).

For the terminal and boundary conditions, we note that Eq. (5.60) and Eq. (5.61) are direct
results of the HMP and Eq. (5.58) is simply derived by taking the gradient of (4.20).

Figure 5.2 The choice of trajectories for variation of the value function

To show the boundary condition (5.59) for the value function, consider again the reference
hybrid state trajectory (7z,q,,x) around a switching time ¢; € 7, and the same family of

adjacent optimal trajectories in the form (7],q,,x") around an equivalent switching time t;- €T

as illustrated in Fig. 5.2 such that &h := x/ (t}—) —x(tj—) =x'(tj+6t—) —x(tj—) and

Otj = t} —1; can be selected arbitrarily small. Notice that in the autonomous switching case

8t I 8h but 8t depends on dy := x’ (t&—) —x'(tj—) = 8h — 6x(tj—) for both autonomous and
controlled switchings (see Fig. 5.2 for the autonomous switching case).

Consider first the case where ¢; and t} correspond to an autonomous switching event subject
to a switching manifold m = mg, ,; with the switching manifold condition m (x) = 0. Due to

the Mayer representation of the HOCP considered with the switching cost embedded in the jump
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map, for x and x” at ¢; the following equalities must hold:

V(ti—,qj-1,x(tj—),L—j+1) =V (tj+,q;,x (t;4) ,L— j), (5.78)
V(tj+8t—,qj-1,x (tj4+8t—) ,L— j+1) =V (t;+ 6t+,q;,x (tj+6t+) ,L—j)  (5.79)

In addition, since running costs are embedded in vector fields, the following equations hold

along x and x/

\% (tj+,qj,x(tj+) ,L—j) =V (tj+5t+,qj,x(tj—l—5t+) ,L—j), (5.80)
V(tj—,qj-1,x (tj=) ,L— j+1) =V (tj+8t—,qj—1,x (tj+6t—) ,L— j+1) (5.81)

Eq. (5.78) and (5.80) give
V(tji— qj-1,x(tj=) ,L—j+1) =V (t;+ 8t+,q;,x (t;+ 8t+) ,L— ) (5.82)
and Eq. (5.79) and (5.81) give
V(tj—,qj-1,x (tj=) ,L—j+1) =V (t;j+8t+,q;,x (t;+ 8t+) ,L— j) (5.83)

Subtracting (5.82) from (5.83) and an application of Taylor series expansion yields

VV (1= qj-1,x (1j=) L= j+ 1) 8x (1)
:VV(tj+5t+,qj,x(tj—l-5t+),L—j)Tﬁx(tj—}—St)+0(52) (5.84)

The following exact relations hold according to the dynamics and jump maps governing the

system’s trajectories (see also Fig. 1)

Xg (tj+ 8t4) =xg; (1)) +da = & (xg,., (tj=)) + 2 (5.85)
xg, (tj+t+) :§< 1+ 81— )> 5( X, (t ~—)+d1> (5.86)

Hence,

8x (tj+8t4) = x, (14 6t) —xg; (174 61) = VE (8x (1j=) +d1) —d2+0(8%)  (5.87)
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where

—Vm! §x (tj—)

_ 2
dy = VmquH Jaj +0(5 ) (5.88)
—VmT 8x (tj—) )
b=y o+ 0(8) (5:89)
This gives Eq. (5.87) as
V! 8x (1;—)

Sx (tj+ 8t+) = VE&x (t;—) + (fo, = VE fa ) +0(8%) (5.90)

vml f,. |

Substituting (5.90) in (5.84) gives

\ 4% (l‘j—,qul,x(lj—) ,L—j—l—l)T6x<tj—) =VV (tj+5t,qj,x(tj+5t) ,L—j)TV§5x (tj—)
TVmTBX(tj—)

+VV (t;j+8t,q),x(tj+ 6t) ,L— j) VT 7
qj—1

(fg; —VEfq,) (5.91)
Noting that
VV (tj+81,q;,x (1j+ 61) ,L— j)T VESx (1j—) =

J 592
[VETVV (14 6t,q),x (tj+ 81) ,L— j)]" 6x (t;—) .

and

7 VmT 8x (tj—)

VV (tj+6t,qj,x (tj+6t) ,L—)) (fa,=VESfa; )

vmlf,. |

-V 4
=VV (tj+6t,q;,x (tj+6t) ,L—j)T (quvaﬁqul)Vngx (tj—) = pVm! 8x (ti—) (5.93)

qj—1

with .
44 (tj+61,q),x (t;+6t) ,L—j)" (fy, —VEfa) A
pi= T (5.94)
i

Eq. (5.91) can be written as

VV (tj=qj-1,x (1j=) L= j+ 1) 8x(1;-)

5.95
=[VETVV (t;+ 8t,q;,x (tj+ 6t) ,L—j) + pVm] " ox () %)
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Since (5.95) holds for every choice of x (t j—) arbitrarily small, we must have

\A% (tj—,qj_1,[x+5x] (l‘j—) ,L—j+1) =

5.96
VETVV (tj+6t,qj,x (tj+ 8t) ,L— j) + pVm (5:96)

Letting 6t — 0, Eq. (5.96) becomes
VV (tj—,qj-1,x(tj—) ,L— j+1) = VE'VV (tj+,q;,x (t;+) ,L— j) + pVm (5.97)

Noting that x (t j—i—) =£ (x (t j—)) and with the extraction of the switching cost from the jump
as in (2.15), the boundary condition (5.59) for VV is derived for the autonomous switching case.

If #; and ¢ correspond to a controlled switching event, 5t is independent of d; = x’ <t}—> -

X (t j—). Similar to the autonomous switching case, (5.84) and (5.87) hold but (5.88) and (5.89)

become

dy = fy, 8t +0(8%) (5.98)
dy = f,,6t+0(8?%) (5.99)

that gives

vv (tj—,qj_l,x(tj—),L—j-i—l)TSx(tj—)
— VV (1j+ 8t,q;,x (tj+ 81) ,L— j)| VESx (1;—)
—VV (tj+8t,q,x (t;+ 61) . L— ) (fo— VEF) St (5.100)

or

[VﬁTVV (tj+5t,qj,x(tj+5t) ,L—j) -Vv (tj—,qj_l,x(tj—) ,L—j+ 1)}T5x (tj—)
= [V {1+ 81,0, (5 +81) .L— ) (o= VER)| 81 (5.101)

Letting 8¢ — 0 and noting that the above relation must hold for all 6x (z;—) € R", Eq. (5.101)

results in

VV (tj—,qj-1,[x+8x] (t;=) ,L— j+1) = VETVV (t;+ 8t,q;,x (t;+ 8t) ,L— j)  (5.102)
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which is the same as Eq. (5.96) with p = 0. Thus the boundary condition (5.59) for VV is shown
to hold in the controlled switching case as well.

In conclusion, the relationship between the Hybrid Minimum Principle and Hybrid Dynamic
Programming in the form of Eq. (5.62) is proved from the uniqueness of the solution of (5.56)
(and equivalently (5.57)) subject to the boundary conditions (5.58) and (5.59) (equivalently (5.60)
and (5.61)). [
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Chapter 6

Analytical Examples

6.1 Nonlinear Dynamics and Costs in {g;,¢2} xR
Consider a hybrid system with the following indexed vector fields
X = fi(x,u) = x+xu, (6.1)
x=fo(x,u) = —x+xu, (6.2)

and the hybrid optimal control problem

J (t0,1f,ho, 15:11) :/[slude;Jr/tfludel [x (1)), (6.3)
o 2 1+[x(ts—)]2 t, 2 2

subject to the initial condition o = (g (t) ,x (f0)) = (q1,x0) provided at the initial time #y = 0.

6.1.1 The HMP Formulation and Results

Writing down the Hybrid Minimum Principle results for the above HOCP, the Hamiltonians are

formed as
15
Hy, =Su +Ax(u+1), (6.4)
1
Hyy = -t +Ax(u—1), (6.5)
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from which the minimizing control input for both Hamiltonian functions is determined as
u’ = —Ax (6.6)

Therefore, the adjoint process dynamics, determined from (3.3) and with the replacement of

the optimal control input (6.6), is written as

i:%z—l(uoﬁ—l):l(lx—l), t € (to,15) (6.7)
o _aHQZ o
A= =+ =AW —1)=A(Ax+1), t € (t5,17) (6.8)

which are subject to the terminal and boundary conditions

2 (1) = Vel = x(tr), (6.9)
—2x (t;—)

(1+ e 2)°

Alts=) = A(ts) = Y&y, A (1sH) + Vel gy = A (1) + (6.10)

The replacement of the optimal control input (6.6) in the continuous state dynamics (3.2)

gives
X = aaHf] :x(l-l-uo):—x(),x—l), t e (tO,ts) 6.11)
._ 9H,,
i= =x(=14u°) = —x(Ax+1), t € (ts,t7) (6.12)

which are subject to the initial and boundary conditions

x(t9) = x(0) = xo, (6.13)
x (1) = & (x(ts—)) = —x(ts—) (6.14)
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The Hamiltonian continuity condition (3.9) states that

gy (1) = 5 0 (=) + 2 ) (1) [ (1) + 1]
= ST A x50 4+ A () ) [ () (5-) £ 1]
= Hyy (1) = 5 [0 ()P A () (1) [ 14) — 1]
= SR ) x bR 4 A () (6) [A ()26~ 1, (615)

which can be written, using (6.14), as

x(t5=) [A (15=) = A (15+)] = 5 [ (=) [[2 (=) = [A (ts+)]2] (6.16)

1
2

The solution to the set of ODEs (6.7), (6.8), (6.11), (6.12) together with the initial condition
(6.13) expressed at 79, the terminal condition (6.9) determined at 77 and the boundary conditions
(6.14) and (6.10) provided at #; which is not a priori fixed but determined by the Hamiltonian
continuity condition (6.16), results in the determination of the optimal control input and its
corresponding optimal trajectory that minimize the cost J (to,tf, ho, 1;11) over I, the family of

hybrid inputs with one switching.

Analytical Solution to the HMP

In the above arguments, optimal controls and their corresponding optimal trajectories have been
identified as the solution of the governing differential equations provided by the HMP. For this
particular example, however, we can take further steps in order to reduce the above boundary
value ODE problem into a set of algebraic equations by using the special forms of the differential
equations under study. A more detailed discussion is presented in [78]. Because of the special
dynamics in this example, we can write:

ar A A (Ax—1) —A

A=—== 7 t€10,t), 6.17

dx x —x(Ax—1) X 0,%) ©.17)

which gives

A,:

%, re0,1). 6.18)
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Similarly,
A:E t € [t5,1f]. (6.19)
X ) 9
Substituting (6.18) and (6.19) into (6.6) results in
u’(t) = —a, t €10,1,), (6.20)
u’ (1) =—p, 1€ [t5,17] - (6.21)
With the substitution of (6.20) into (6.11), and (6.21) into (6.12), we write
x (1) = xpel =) 1 €0,1), (6.22)
x (1) = x(t;) e IHPE) — _ypp(1=0)ts=(14P)(1=t) 1€ [t,17], (6.23)

where in writing of the second equality in (6.23), the boundary condition (6.14) is used. Therefore

A1) = @« @ t €10,1],

x(t)  xgell—o’
B —B

X(t) )C()e(]_a)fs—(l—i-ﬁ)(t_ts) )

1 € (ts,17] .
Equation (6.16) requires that at least one of the following conditions hold

x(ts—) =0,
M (ts—) = Ao (ts+),
x(ts=) [ (=) + A2 (150)] = 2.

(6.24)

(6.25)

(6.26)
(6.27)
(6.28)

The first equality (6.26) is ruled out because it is impossible for xy # 0 as the control input

cannot steer the trajectories to the origin. Equality (6.28) is also ruled out because it is a

contradiction to (6.10) as the sum of the adjoint processes would need to be positive and negative

at the same time. Hence,

A (fs_) =l (ts+) )

(6.29)
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Figure 6.1 The optimal trajectory, the corresponding adjoint processes, optimal
inputs and the Hamiltonians for the system in Example 6.1 with xo = 0.5 and 7y = 4
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must hold which together with (6.10) result in

A (t5=) = Ap (1) = (s )2 5 (6.30)
<1 + [x (1)) ) .
The condition (6.29) gives
o=—-p, (6.31)
and (6.30) implies that
—xpel 1=
= . (6.32)
xgell =) (1 + [xpel1-0n] )
which gives
. 2,2(1—a)
a=—0° . (6.33)
(14 x2e2(0-a)n)
Furthermore, (6.9) results in
—B _ o _ (1—a)(2t—t5)
xpe(1=a)ts—(1+B) (1) - xoe(]_a)(Z’s_tf) = —Xxpe 17, (6.34)
which gives
o = —x3e2(1-0)(2:—tr) (6.35)

Solving (6.33) and (6.35) determines o (and consequently ) as well as ¢, given that x( and

t are specified. The numerical results for xg = 0.5 and 77 = 4 are illustrated in Figure 6.1.1.

6.1.2 The HDP Formulation and Results

Theorem 4.3 states that the value function satisfies the HIB equation (4.19) almost everywhere.

In particular,

aV (t,q2,x,0) . v ) v

- :H'}quz (x,g,u> znl}f{lq2 (x,u)+$fq2 (x,u)}
1, oV 1, 9V Y AN)
_12f{§u +$[—x+xu]}—{§u —i-g[—x-l—xu]}u__x%v—Tx ) " Yox

(6.36)
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and similarly,

oV (t,qi,x,1)  —1 ,(V\* oV
BNk £ 3 bt Bt/ - — 6.37
E? > \ox) TVox (657)
with the boundary conditions
1
Vv (tf,qz,x,O) =g (x (tf)) = Exz, (6.38)
for V (t,92,x,0), as well as
1
V (ts,q1,x,1) = min V (ts,q2,—x,0) + , (6.39)
(s ) o€{04,4, { (15,02 ) 1+x2}
and ) 5
— —= =—(— —(—x) == 6.40
2x(8x LR Z(X) ox (x)8x’ (640)

required for the determination of V (¢,4,x, 1) and ¢,.

6.1.3 The HMP - HDP Relationship

In order to illustrate the the result in Theorem 5.2, we first take the partial derivatives of (6.36)

with respect to x to write

o [V 1,(av\*> v\
E(E‘Ex (E) _XE) =0 (4D
ot 2 2 2 2
PR% oV 2OV IV 9V
axat_x(ﬁ) T oxa e Yaw 0 (042

It can easily be verified that the set of states with twice differentiability of V (¢,¢>,x,0) is
M) = (t5,17) x (R —{0}) which is open dense in R x R and therefore,

2 2 2 2
2V LIV IV av:x(av> LV 643

dx 9x2 dx) " ox

o1ox © Ox 02 o2
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But from the definition of the total derivative, we have

= Jiox T a2 et = gt o

T odx  dx 92 o
(6.44)

d(aV) 0’V 9’V A’V 9%V (_ 2a_v_x> 0’V ,oVaI*V  9*V

dr \ ox xax

Therefore, from (6.43) and (6.44), the dynamics for VV (¢, ¢2,x,0) is derived as

d (v VN> 9V v [ 9V
) =X 2= — = (x=—+1 6.45
dt(ax) x(&x) +3x dx (x8x+ ) (645)
which is the same as the dynamics (6.8) for A (¢),7 € (ts,tf).
Similarly, the differentiation of (6.37) results in

d (dV av [ IV

Ly (A A A ey 6.46

dt < 8x> dx (x ox > (646)
which is the same as the dynamics (6.7) for A (¢), ¢ € (tp,t;). The equality of the terminal
conditions for VV (¢f,g2,x,0) and A (¢7) becomes obvious by taking the gradient of (6.38), i.e.

A% (tf,qz,x,O) _dg(x)
o =22 =, (6.47)

which is equivalent to (6.9).
Moreover, the equality of the boundary conditions for VV (tf,qz,x,O) and A (tf) can be
illustrated by taking the gradient of (6.39) and writing

d d 1
av <t37q17x71) = a (V (tS7QZ>_xa0>+m) ) (6.43)

that gives
8V(ts,q1,x,1) av(tS7q27y70)

—2x
+— 73
y=—x (1+x%)
which is the same boundary condition as the boundary condition (6.10) for A. Therefore, by
the uniqueness of the results of the set of differential equations (6.45) and (6.46) for VV (or
equivalently (6.8) and (6.7) for A) with the terminal and boundary conditions (6.47) and (6.49)
for VV (or equivalently (6.9) and (6.10) for 1), the gradient of the value function evaluated along

dx N dy

(6.49)

every optimal trajectory is equal to the adjoint process corresponding to the same trajectory.

Interested readers are referred to [78] for further discussion on this example. ]
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6.2 Linear Dynamics and Quadratic Costs in {g1,¢>} x R?

Consider the hybrid system with the indexed vector fields

i= [xl ] —fuw=| 2 | (6.50)
b %) —x1+u
and
x:[)fllzfz(x,u):[le, (6.51)
X2 u
where autonomous switchings occur on the switching manifold described by
m(x (t;) ,x2 (ts—)) = x2 (t,—) =0, (6.52)

with the continuity of the trajectories at the switching instant. Consider the hybrid optimal control

problem defined as the minimization of the total cost functional

.
r1 2d;_|_l(xl (ts))z—l—l (X2 (tf) —Vref)z (6.53)

J= ~u
o 2 2 2

6.2.1 The HMP Formulation and Results

Employing the HMP, the corresponding Hamiltonians are defined as

1
H =Axo+ A (—x1 +u)+ Euz, (6.54)
and |
Hy = Aixa + Aou+ 5u2 (6.55)

The Hamiltonian minimization with respect to u (Eq. (3.8)) gives
u’ =N (6.56)

for bothg =1 and g = 2.
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Therefore the state dynamics (3.2) and the adjoint process dynamics (3.3) become
dH,
== 6.57
X1 8/11 X2, ( )
H
X g_/lzl =-—x1+u’ =—x1 — Ay, (6.58)
—dJH
A= L= 2, (6.59)
8x1
; —0dH
= oH, A1, (6.60)
8x2
forg =1, and
dH,
- = 6.61
dH, 0
i =—=——=u’=—-A 6.62
; —dH.
A= M _ 0, (6.63)
8x1
; —JH.
P p— (6.64)
8)62

for g = 2. At the initial time ¢t = f¢, the continuous valued states are specified by the initial

conditions

x1 (fo) = x10,

x2 (to) = x20

(6.65)
(6.66)

At the switching instant ¢ = f, the boundary conditions for the states and adjoint processes

are determined as

x1 (ts) = x1 (ts—) = limxy (¢),

1t
X2 (ts) =X (ts_) =0,
) )
P (1) = A (1) + 5o P = A (1) 431 (1),

dc om
A (1) = Ao (ts+) + E —l—pg—x2 =M (t+)+p

(6.67)

(6.68)

(6.69)

(6.70)



6 Analytical Examples 79

And at the terminal time ¢ = ¢, the adjoint processes are determined by (3.6) as

0

M () = a—fl —0, 6.71)
0

12 (l‘f) = 8_52 =X (l‘f) — Vref (6.72)

Note that unlike 7y and 7y which are a priori determined, #; is not fixed and needs to be

determined by the Hamiltonian continuity condition (3.9) as

H, (ls_) = A1 (ls_)XZ (ts_) - 12 (ts_)xl (ts_) - %2’2 (ts_)z = _12 (ts)xl (ts_) - %)Q (ts>2

= Ha (1) = M (600 (54) — 37 (154 = 5o (14)2, (673)

i.e.
1 1
Ao (t5) x1 (15— + 57” ()% = EAZ (t+)?, (6.74)

that with the insertion of (6.70), it becomes

1 1
(a (t54) + )1 (65=) + 5 (R 1) + p) = 322 15)°, (675)

The set of ODEs (6.57) to (6.64), together with the initial conditions (6.65) and (6.66)
expressed at fg, the boundary conditions (6.67), (6.68), (6.69) and (6.70) provided at ¢, and the
terminal conditions (6.71) and (6.72) determined at ¢ ¢, with the two unknowns 7, and p determined
by the Hamiltonian continuity condition (6.75) and the switching manifold condition (6.52), form
an ODE boundary value problem whose solution results in the determination of the optimal
control input and its corresponding optimal trajectory that minimize the cost J (to,tf,ho, 1;11)

over I, the family of hybrid inputs with one switching on the switching manifold (6.52).

Analytical Solution to the HMP

Similar to the previous example, further steps can be taken in order to reduce the above boundary
value ODE problem into a set of algebraic equations using the special forms of the differential

equations under study. This has been done in detail in [96], and a brief version is provided here.
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From (6.63) and (6.69) we may write
A (1) =0, 1€ (t5,17] . (6.76)

Therefore, the dynamics of the second component of the adjoint process in (ts,tf} is

determined from (6.64) as
1 =0, t € (tsty], (6.77)
which from (6.72) we conclude that
M (1) =x2 (tf) = Vrey 1€ (ts,17] - (6.78)

The boundary conditions (6.69) and (6.70) on adjoint processes at the switchings instant give

>
=
—~
by
N—

I

M (ts+) +x1 (t) = x1 (ts) (6.79)
2o (t) = X (ts+) + p =2 (t5) = vyer + P, (6.80)

The conditions (6.79) and (6.80) serve as terminal conditions for the adjoint processes

dynamics (6.59) and (6.59) which have a general solution of the form

A =Asin(t+a), t € [to,1], (6.81)
Ay =Acos(t+ o), t € [to, 1] . (6.82)

Therefore, the state dynamics (6.57) and (6.58) are written as

X1 = X3, (6.83)
Xy = —x1— A = —x] —Acos (l‘ + a), (6.84)

for ¢ € [to, 1], which have a general solution of the form

x1(t) = %Atsin (t+a)+Bsin(r+ ), (6.85)

—1 1
x () = TAtcos (t+oa)— EA sin(t+a)+Bcos(t+ ), (6.86)
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for ¢ € [to,t;) = [0,1,), subject to the initial conditions

X1 (l()) = BSil’lﬁ = X10, (6.87)

1
b %) (l()) = —EASin(OC)-l-BCOS(ﬁ) = X20. (6.88)
At the switching time #; the continuity condition for x; and x;, are written as

x1 (ts+) = x1 (t5) = x1 (t,—), (6.89)
X2 (l‘s—f—) =X (l‘s) =X (l‘s—) =0, (6.90)

which form the initial conditions for the state dynamics in g» and ¢ € [fy,1¢], determined from
(6.61) and (6.62) as
X1 = X2, (6.91)
Xo=—A = Vief —X2 (tf) . (6.92)

The above equations have the solution

w01 (1) = x1 (1) +% (Vrer —x2 (1)) (¢ — )7 6.93)

x2 (1) = (vees —x2 (tf)) (£ —15), (6.94)

for ¢ € [t;,17]. Since (6.94) is expressed implicitly in terms of x; (¢7), we evaluate (6.94) at 77 to

write an explicit form for x; as

%2 (ty) = (veey =22 (ty)) (ty = 15) (6.95)

hich gi
whnicn gives Vo (tf _ ts)

Substitution of (6.96) into (6.93) and (6.94) results in

o Vref 2
x1 (1) = x1 (t5) + ) (1 py _ts) (t—15)", (6.97)
0 (t) = (1 —1y), (6.98)

- 1+tf_ts
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Figure 6.2 The optimal trajectory components x{ and x5, the corresponding adjoint
process components A{ and A{, the optimal control input 4’ and the corresponding
Hamiltonian H (x°,A°,u°) in Example 6.2 for tp = 0, x;0 = 1, xo0 = —0.5, 1, = 5 and
Vref = 1
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fort € [ts,tf}. This gives the adjoint boundary conditions (6.79) and (6.80) as

t
A<1+§S>sin(ts—|—a):Bsin(ts+[3), (6.99)
Vref
A t = . 6.100
cos (t;+ o) 1+tf—ts+p ( )

The switching manifold condition (6.90) states that
—1 1 .
TAIS cos (ts+ o) — EA sin (t;+ o) + Bceos (t,+ B) =0, (6.101)

and the Hamiltonian continuity condition (6.75) gives

~1 1 1 , 2

Acos (t;+ ) <7Ats sin (¢, + @) + Bsin (¢, + B)> + EAZ cos? (t;+ o) = 3 (#ﬁf—ts) .
(6.102)
Hence, by solving simultaneously the set of 6 equations (6.87), (6.88), (6.99), (6.100),
(6.101), and (6.102) for the given 79 = 0, 17 < o0, x(f9) = [x10,%20]"

6 unkown parameters A, o, B, 3,t, and p are determined. For the values of 1o = 0, xj90 = 1,

and vy the values of the
x20 = —0.5, 1y = 5 and v,y = 1 the results are demonstrated in Figure 6.2.

6.2.2 The HDP Formulation and Results

For the linear differential equations (6.50) and (6.51), the Hamiltonians for the HJB equation are

formed as .
H; (x,VV,u) = Euz +VVT (Aix+Biu), (6.103)
which have a minimizing control input
Vv
5= 2%
W= —BTVY = — [ 01 ] T A, (6.104)
a—V 0x>
X2
and therefore, the HJB equations are expressed as
oV (t,q2,x,0) —1[dV\* oV
—— = — | =— — 6.105
a1 2 \Im) ox (0105
oV i(t,q,x,1) —1/dV\> oV 9V
—_— = — | — — =X 6.106
a1 > \om) T0n Mon (0.106)
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The terminal condition at 7 = 77 is specified as

V (t,42,%,0) = = (12— vref)”, (6.107)

| =

for V (,492,x,0), and the boundary condition for V (¢,q;,x, 1) and the switching instant 7 = 7, are

determined by 1
v(ts,ql,x,u:V(ts,qz,x,0)+§x%, (6.108)
and ) ,
>\ a3 T 6.109
2 < 0x> ) T ox1 A x> 2 \ dx +0 dxy’ ( )

subject to the switching manifold condition (6.52).

6.2.3 The HMP - HDP Relationship

Similar to Example 1, in order to illustrate the result in Theorem 5.2, we take the partial
derivatives of (6.105) and (6.106) with respect to x. We note that by the definition of the total

derivative,
E( dx > N 8t8x+Wf4i(x7” )__axat—i_ﬁf%‘ x’_a_x2 ,  (6.110)

which is equivalent to

IV (t.42.%,0 v v 9V 2%V PV 9%V 9V
d (acf, = _ | dxjor dx3  dx19x; X2 | | Oxior TX2 57 ™ Tadn; om
dr | Vtaax0) | T v || o %V VT Yy PV VoV |
x; dx, 0t Ixdx| 03 Ix; dxy0t T2 9x0x1  Ixd ox
(6.111)
for VV (¢,¢2,x,0), and
av(t»Y?q 7x71) 82V az_v 82—‘/
d &xll — | ayar | 4 dxi  dx1dx X2
dl‘ av(%ﬂh)@]) o a |4 32V 82_‘/ —X1] — a_V
0x) 0xy0t dxpdxy Bx% 1 o0x
9’V 9%V 9’V 9V 9’V
| mar T G2 T Gndn o~ M1 9xam 6112
9’V 9’V d*V v 2’V , (6.112)

Tndt TR0 T e on  Mlog
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for VV (t5,q1,x,1). Taking the partial derivatives of (6.105) with respect to x and a substitution
of the terms introduced by (6.111), gives

d (dV (I7QZ7X70) _

o (T> =0, (6.113)
d (dV (t7q27x70> _ v (t7QZ7x70)

4 (—8x2 > -l 6.114)

which are equivalent to the differential equations (6.63) and (6.64) for A (¢), ¢ € (ts, tf} . Similarly,
the (partial) differentiation of (6.105) with respect to x results in

d (JV(t,q1,x,1)\ 9V (t,q,x1)

7 (T ) < e @115
d (dV(t,q1,x,1)\ _ dV(t,q1,x1)

dt ( 8)62 ) N 8)61 ’ (6.116)

which are equivalent to the differential equations (6.59) and (6.60) for A (¢), ¢ € (fo,t5]. Moreover,
it can easily be verified that the optimal sensitivity process VV satisfies the terminal condition

) aV(l‘ng,x,O) 0
vv (tf,qz,x,O = | Jv(ii] = , (6.117)
V(t’;’fj’x’o) 2 (tf) = Vres

and the boundary condition

[ av(137q17x71) ] [ 8V(t57q27x70) ac(x(ls_))
—om | | om o

ox|
2e(x(n-))

0x

X X
OV (tyg1..]) OV (tygp.x0) | T +p

0x dxp

i | = | Bt
. sep

(6.118)

subject to x; (f;—) = 0. Therefore, by the uniqueness of the results of the set of governing

differential equations for VV and A which are subject to the same terminal and boundary

conditions, along any optimal trajectory, the gradient of the value function is equal to the adjoint

process corresponding to the same optimal trajectory. Interested readers are referred to [96] for

further discussion on this example. U
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6.3 Linear Dynamics and Quadratic Costs in {g1,¢>} x R* with
Codimension 2 Switching Manifold

Consider the following mechanical system with two point masses m; and m, each one attached
to separate spring and damper with the configuration depicted in Figure 6.3. The spring and the
damper attached to the mass m; have the stiffness and damping coefficients k; and c; respectively
and apply forces to m in the direction of the x axis and the spring and the damper attached to the
mass my have the stiffness and damping coefficients k> and c; respectively and apply forces to m,
in the direction of the y axis. The neutral positions for the springs k; and k; have the coordinates
(d1,0) and (0,d;) respectively in the coordinate system shown in Figure 6.3. Denoting x; := x,

Xy :=X, x3 :=y and x4 :=y the dynamics of the system is described as

X1 =x2
k 1 k
Xy = —m—lxl — :Tlxz + m—m + m—ldl
1 1 1 1
(6.119)
X3 = X4
k c 1 k
= Xy — Xyt —uy + —db
mp mp mp 2
which has the matrix representation
x=Aix+Biu+D (6.120)
with
0O 1 0 O 0 0 0
ka0 0 L9 A
A= | ™ m , Bi=| ™ , Dy=| ™! (6.121)
0O 0 0 1 0 0 0
k- I k
0 0 5w 0 TG

When both masses pass through the origin at the same time a collision occurs. Denoting
the time of the collision by 7, this incident corresponds to a switching manifold in the form of a

codimension 2 submanifold of R* described by

m:{x1 (t;—) =0 A x3(t,—) =0} (6.122)



6 Analytical Examples 87

y
A
1
|
ky  my |
—VVVW\ _._ﬂ’ R >
S— l_ !
c, TuZ
[

Figure 6.3 The system studied in Example 6.3

Consider a completely plastic collision in which the masses attach to each other and hence,
the speeds after the collision determined by the law of conservation of linear momentum are

related to speeds before the collision by

(my +mp) vy (ts+) = (my +my) vy (t5) = myvyy (t,—) (6.123)
(my+ma) vy (t+) = (m1 +m2) vy (t;) = mavoy (t,—)
that determines the corresponding autonomous jump map as
X1 (ts) 1 0 0 0 X1 (Z‘S—)
m
) | 10 w5 000 x2(15=) (6.124)
x3 (t5) 0 0 1 0 x3 (t5—)
X4 (l‘s) 0 0 0 mlnfmz X4 (l‘s—)

Assuming decoupled stiffness and damping in the two directions (see e.g. [97,98]) the
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dynamics of the system after the collision is described by

X1 =xp
. kl &) 1 kl
2= +m xl_m +m x2+m +m u1+m Ty
mj 2 1 2 1 2 1 2 (6.125)
X3 = X4
k c 1 k
K= ————xy— 2 xi+ upy + > d,
mp +my mi +my mp +myp mp +mjp
which has the matrix representation
X=Axx+Bru+D, (6.126)
with
0 1 0 0 0 0 0
—k —c 1 k
Ay = m1+;ﬂz m1+llnz 0 0 , By = my+my , Dy = mlimzdl
0 0 0 1 0 0 0
—k — 1 k
0 0 mH—fnz ml-iiznz 0 mi—+my ml-l%mz 2
(6.127)
For the hybrid system described above consider the optimal control problem
T
J (%0, T u) :/0 L) dt + ¢ (x (15—)) + g (x(T)) (6.128)
with the running costs
1 2 2 1 T
ll(x,u):lz(x,u)zl(x,u)zi( 1+u2):§u u (6.129)

Take the switching cost as the kinetic energy just before switching (i.e. collision) which is

e (e(ts—)) = %ml (2 (65— )% + %mz (ks (15— )2 (6.130)



6 Analytical Examples 89

and assume that the terminal cost penalizes the total energy at the final time 7, i.e.

§0x(T)) = 5 (my ) (e ()2 43 (ma +m2) (xa (7))
+ %kl (1 (T) —dy)* + %kz (3(T) —dp)* (6.131)

Consequently, the hybrid optimal control problem is defined as finding the minimum of J in

(6.128) and the corresponding minimizing control inputs for the given system.

6.3.1 The HMP Results

Employing Theorem 1, the Hamiltonian is formed as

1
H; (x,A,u) :QLT(Aix+Biu+Di)+§uTu (6.132)

The Hamiltonian minimization condition (3.8) gives

JdH;
0= MOZ_BiT)L” (6.133)
du
and hence, from (3.2) and (3.3)
X° = Aix° — BiBI 12 4 D; (6.134)
A0 =—AT)° (6.135)
with the initial condition for x’ given as
x°(0) =xo (6.136)

and its boundary condition (3.5) given as

x(ts) = Px(ts—) (6.137)
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where P is defined from (6.124) as

1 0 0 0
0 M 0 0
P= -y (6.138)
0 0 1 0
0 0 0
The terminal condition for A? is given from (3.6) as
A°(T) =Vg(x(T)) =G (x—ry) (6.139)
with G and ry determined from (6.131) as
ki 0 0 0 di
0 0 0 0
G= s rp= (6.140)
0 0 ko 0 dy
0 0 0 my+mm 0
The boundary condition for A? is determined by (3.101) as
A% (tj—) = A°(t;) = PTA° (tj+) + piim +Cx (6.141)
with C defined from (6.130) as
0O 0 0 O
0 O
c_ |0 m (6.142)
0O 0 0 O
0 0 0 m
and 7, determined from (3.102) as
0
Am| PROJ {A1x’(t;—)—BiB{A° (t;—)+D1} = (6.143)

(i
spanq |, 4|, 0
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Taking 7i,, equal to its defining vector in (6.143), the boundary condition (6.141) becomes

AL (t) AY (t5+) + px (15—)

A7) | _ | A () - miea (15-) (6.144)
AL (1) A7 (t5+) + pxa (5—)

22 (1) o g (1) + maxa (1)

The scalar parameter p and the switching time #; together with the optimal trajectory and
its corresponding adjoint process are determined by solving the differential equations (6.134)
and (6.135) subject to the initial, terminal and boundary conditions (6.136), (6.137), (6.139) and
(6.144) together with the Hamiltonian continuity condition from (3.9) as

[ o0 o 1 o o
2/ Z;S+) |:A2.X(ts+) - BZB%”A’(Z}"‘) +D2:| + EA Z;J‘F)BIB’{A(IS‘F)

1
= [t BT 1]+ 52 al 6149

or

1 1
AT {Azx& - 53235 A +D21 =27 [Alx‘(’ts_) — EBlBlTQL(‘;S_) +D (6.146)

The results for the parameter values my =my =1, ki =ky =1,ci =co =1,d; =dy =0.1, the
T
initial condition xy = [ —-0.25 0 —-0.15 0 } and the terminal time 7 = 4 are demonstrated

in Figure 6.3.1.

6.3.2 HDP Results from their Relation to the HMP Results

Employing Theorem 3 and the results of Theorem 1 established in the previous part, we find the
value function satisfying the necessary conditions in Theorem 2. To this end we rewrite equations
(6.134) and (6.135) in the matrix form

xO

2{0

¥ | | Ay —BiB]
Aol o AT

1

D;

6.147
0 ( )
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0
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Figure 6.4 The optimal trajectory components x{, x5, x5, and x3, the corresponding
adjoint process components A, A7, 1{, and A, the optimal control input components
u and uj, and the corresponding Hamiltonian H (x°,A°,u”) in Example 6.3 for the
parameter values m; =my =1, ky =k; =1, c; = ¢ = 1, d] = dp = 0.1, the initial
condition xo = [—0.25,0, —O.IS,O]T and the terminal time T = 4.
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and denote its state transition matrix by ¢;. Then the solution of (6.147) for ¢t € (;,T| can be

written as _ _ -
x° (1) B x° (ty) ! D, (1)
K (t)] = ¢ (2,15) 29 (131) . ¢ (t,7) K dt
and also as _ _ _
x°(T) (1) Dz(r)
_JL”(T)] ¢(T.1) [z” ‘ / 02 (T o ar

Partitioning ¢ in the form of

0 (T,t) = [ $211(T,1) ¢212(T,1) ]

$221(T,t) $22(T,1)

and denoting

[deJ(t)] .: /T [ o1 (T,1) ¢212(T,1)
2@ i | ¢ (Tot) ¢222(T 1)

we can rewrite (6.149) as

X(T) = 211 (T,8)x° (t) + ¢, 12 (T, 1) A% (t) + fan,1 (t)
A°(T) = ¢2o1 (T,1)x°(t) + ¢220 (T, ) A° () + fan2 ()

Substituting x° (T') and A? (T') from (6.152) and (6.153) into (6.139) gives

G (92,11 (T,1)x° (1) + ¢2,12 (T,1) A° () + fan1 (t) — 1)

(6.148)

(6.149)

(6.150)

(6.151)

(6.152)
(6.153)

= 0201 (T,2)x° (t) + G222 (T, 1) A% (t) + faz 2 (1) (6.154)

or

[G¢2,11 (T,l‘) - ¢2,21 (T,t)]xo (t) -+ Gfd271 (t) — Grf _fd2,2 (t)

= [0222(T,1) =GP 12 (T,1)|A° (t) (6.155)
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that gives

A% (1) = [$222 (T,1) =G 12 (T,1)] " [Go 11 (Tyt) — 221 (T,1)]x° (1)
(9222 (T,1) = Go12 (T,0)) " [G o1 (£) — Gryp— fana ()] (6.156)

The existence of the inverse in the previous equation is provided by a theorem of Kalman
[99]. Defining

K> (t):=[$220 (T,1)~Gp12 (T,1)) " [Go11 (T,8) — a1 (T31))] (6.157)

and
52(t):=[92.22 (T,1) = G 12 (T,1)] ' [G fapa(t) — Gry— fupo(t)] (6.158)

the equation (6.156) is expressed as

A% (1) =K (1) x° () + 52 (1), t € (t;,T| (6.159)

with
K(T)=G (6.160)
52(T) = —Gry (6.161)

In particular, for the right limit at #; we have
A% (ts+) = Ko (t5) x° (t5) + 52 (25) (6.162)
Similarly, for the solution of (6.147) for ¢ € [0,7,) we have

x° (l‘s—) = ¢)1711 (ts,t)xo (l) + (})1’12 (l‘s,l‘) A° (l‘) +fd1,1 (l‘) (6163)
A (ts) = @121 (t5,2) X7 (2) + @122 (£5,8) A (2) + f1 2 (2) (6.164)

with the definition of f;; 1 (t) and fz 2 (¢) for ¢ € [0,1,) being

D, ’L')

(@) | 5] o1 (ts,T) P12, 7) (
[ ]_/t [ NG (6.165)

far2(1) 0121 (t5,7) 9122 (8, 7T)
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Using (6.137) and the boundary condition (6.141) we may write

A° (t5) = PTAO (ty+) + pigm + Cx° (t;,—)
= PT (K, (1,) x° (t5) + 52 (t5)] + piim + Cx° (1,—)
= [PTK; (t;) P+ C| x° (t;—) + PT 2 (t;) + piim (6.166)

Substituting x° (#,—) and A (¢;) from equations (6.163) and (6.164) we get

0121 (5,8) X° () + G120 (15, 1) A% (1) + fan 2 (t) =
[PTKZ (ts)P+C][q)l,ll(ts»t)xo(t>+¢1,12(ls;t) A'O(t)"kfdl,l(l)} +PTSZ (ts) +pﬁm (6.167)

or

(01,20 (t5,1) — [PT K> (t5) P+ C] 1,12 (15,1)] A° ()
= ([PTK2 (t;) P+ C) 9111 (t5,1) — 9121 (£,1)) x° (2)
+ [P'Ka (t5) P+C] far,1 (1) = far 2 (t) + PP sy (t5) + pim  (6.168)

With the definition of

K (1) := [¢122 (ts,1)— [PT Kz (t;) P+ C] 91 12 (tmt)}_l([PTKz (ts) P+ C] 91,11 (t5,1) — 9121 (15,1))
(6.169)

and

51 (l‘) = [(])1722 (l‘s,t) — [PTKQ (IS>P+C} ¢)1712 (l‘s,t)] -
([P"K2 (ts) P+C] far,1 () = far 2 (t) + PP 53 (t5) + phm)  (6.170)

it is concluded that
A% (1) =Ky (1) x°(¢) + 51 (2), t €10,t) (6.171)

Note that the following relations hold by the definitions of K; (¢) and s; (¢):

Ki (1)) =PTK, (1) P+C (6.172)
s1 (ts) = P55 () + pim (6.173)
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Taking the time derivative of (6.159) and (6.171) it can be shown that

K; = K;BiB'K; — KiA; — AT K; (6.174)
si=— (A] —K:B:B] ) si — K;D; (6.175)

From equation (5.62) and the result of Theorem 3 the gradient of the value function is equal

to the adjoint process and hence
1
V (t,92,x,0) = 5xTKz (t)x+s2 ()" x4 (1) (6.176)

where from Theorem 2 and the terminal condition (4.20), o, (T') should satisfy

1
o (T) = 505 D (6.177)

From Theorem 2 and the HJB equation (4.19) we must have

1 4. 1
EXTKQX + s'ng + o+ 3 (sz + S2>T Bng (sz + Sz)

+ (Kox+52)" (Asx —BaBY [Kox +52] +D2) =0 (6.178)

which results in

1 .
EXT (K2 + K>A» —|—AgK2 — KszBng) X
T
+ (.§2 -I-AgSQ — KszBgSZ + KzDz) X

1
+ o — Esg B:Bls;+siDy =0 (6.179)

and hence (see also (6.174) and (6.175))

1
o = Esg BoBls, —si D, 1€ (t;,T] (6.180)

Similarly

1
V(lyquxal)zixTKl (t)x+s1 (1) x+ 04 (1) (6.181)
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concludes that

1
& = ES{BIB{SI —sTDy, t € [0,1)) (6.182)

which, together with (6.180), gives

1
ai = ES,'TBiB,‘TSi — SiTDl’ (6183)

For determining the boundary condition for ¢ (¢) at ¢, we consider the boundary condition
(4.21) for V that states

1
V(ts=q1,%,1) =V (15,2, Px,0) + 3" Cx (6.184)

—xTK; (t5—) x+s1 (t,—)" x+ 04 (£,—)

1
- ExT [PTKs (t+) P+ C x+ 52 (t+)" Px+0n (1,4+)  (6.185)
From the boundary conditions for K; and s; in (6.172) and (6.173) we get
a (t;—) + pialx = op (t,+) (6.186)

but since for all x € {x:m(x) =0}

0
X
iy = (=) 0 xit-) 0] =0 (6.187)
X4
the boundary condition for & (¢) at z; becomes
(04] (Z‘S—) =0 (l‘s) =0 (l‘s) =0 (Z‘S—|—) (6.188)

Hence, the value function is constructed in the form of equations (6.176) and (6.181) where
K, s; and q; are respectively the solutions of (6.174), (6.175), (6.183) with the terminal conditions
(6.160), (6.161), (6.177) and the boundary conditions (6.172), (6.173) and (6.188). ]
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6.4 Riccati Formalism for Linear — Quadratic Tracking Problems

Consider a hybrid system possessing linear vector fields in the form of
i=Agy (t)x+By (t)u+Fy,(t), t€titiy1) (6.189)
with a given initial condition (¢, x) (o) = (go,x0) and the jump maps
x (1) = Poyx (tj—) +Jo; (6.190)

provided at the switching instances 7;,1 < j < L which are not a priori fixed. If 7; corresponds
to an autonomous switching from g;_; to g;, the switching manifold constraint mg; ,4,x (t j—) +
Ng, \q; = 0 is satisfied. A controlled switching instant #;, in contrast, is a direct consequence of

the discrete control input switching command. Consider the HOCP

L tiv1] T 1 T
I= Y [ (e ra0) L) (g (0) 490 Re 1)

L
)
j=1

J

(e (=) = rgpes (7)) Co, (6 (=) = 1y (1))

+% (x (tf) —TIq (tf))TGqL (x (ff) —Tq (tf)) , (6.191)

| =

where LT =1, >0, RT =R, >0,CL =Cs, >0, GI =G, >0. For the ease of notation
qi qi qi qi (oF j qL qL

and unless otherwise states, the time varying, continuously differentiable matrices A, (t), By (t),

Cy(t), Ly (1) ans R, (t) are simply denoted by A,, By, Cy, Ly and Ry,.

Starting with the Hybrid Minimum Principle, the Hamiltonians are formed as

1 T 1

H = 3 (x — 71y, (t)) Ly, (1) (x—ry, (t)) + EMTRQi Ou+AT (Ag (1)x+ By, (1) u+Fy, (t))

(6.192)
Based on the HMP Theorem, the Hamiltonian minimization gives

M _ ok +BIA=0= u’"=-R_'BI2 (6.193)

ou g T Bg = = =R By :

and hence oK

X= o = Agx’ + Byu® + Fy = Agx’ — ByR,'BI A° + Fy,, (6.194)

IA
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j 0 oH 0 Tjo 0 Tqo0
A= oy = —Lg (X0 =7 (1) —AgA° = —Lgx° — Ay A° + Lgrg (1), (6.195)
which has a matrix representation
. —1pT 0
N R TR N I R (6.196)
A? —Ly _Agi A Lg;rg; (1)
fort € [f;,t;4+1), subject to the boundary conditions
x° (t()) = X0 (6.197)
X’ (1)) = Pox° (tj—) +Jo, (6.198)
A°(tr) =Vg =Gy (x°(tr) —rq, (tr)) (6.199)
A° (t]) = P(];;)LO (t]+> +pmf1j71ij+CGj <X(()tj_) —r (lj)) (6200)

qul

Denoting the state transition matrix for the system in Eq. (6.196) by ¢, the solution of (6.196)

can be written as

x0(t) | N ! Fy (7)
[ 0 ] A [ ren) | T 00T [ Ly (1)1, (%) ]‘”
and also as
e N N 10 B Fy (7)
[ A0 (ti+1—) ] =0 (tl+17t) [ 20 (l) + p ¢ (tl+177) Lqi (‘L’) - (‘L') ] dt

Partitioning ¢ in the form of

¢ (tip1,1) = [ P11 (ti1,1) 912 (tis1,1) ]

®1 (tiv1,t) P22 (tiv1,t)

and denoting

Fy (1)

[fl(t)]::/z[‘ml(tiﬂat) 012 (tiy1,1) ]dr
li L%' (T) Fg; (T)

f(t) ®21 (tit1,1) P22 (tig1,1)

(6.201)

(6.202)

(6.203)

(6.204)
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give the Eq. (6.202) as

X0 (ti1—) = P11 (tiv1,8) x° (1) + P12 (ti1,1) A° (1) + f1 (2)

=9 (6.205)
A (tir1—) = @21 (tig1,2) X2 (1) + @22 (ti1,1) AO (2) + fo (1)

In the location gz, with 7 € [tz 141] =: [11,tf] the terminal condition for A° is provided as

A (t7) = Ggy (x* (tr) =g, (t7)) (6.206)

Replacing A° (tf) from the above equation in the second equation in (6.205) and substituting
x° (1) from the first equation in (6.205) result in

Gy (P11 (t7,1) X% (1) + @12 (17,1) A% () + f1 (1) — 1, (17))
= ¢21 (t5,0) X% (1) + 02 (t7,0) A° (t) + 2 (r)  (6.207)

or

[Gap 011 (17,1) — @21 (17,0) | X% (1) + Gy f1 (1) — Gy g, (tr) — 2 (1)
= [922 (t7,1) — Gg 012 (17,1)] A° () (6.208)

From the nonsingularity of the coefficients (see e.g. [99]) we may write

A (t) = [¢22(17,1) — Gg 912 (tfvt)}_] (G 011 (t7,1) — @1 (7,2)] X (1)
+ [0 (t7,0) = Gy 012 (t7,0)] " [Goufi (1) = Gy (17) — 2 (1)]  (6.209)

With the definition of K, () and sy, (¢) such that
A°(t) =Ky, (£)x°(t) + 54, (1), (6.210)
the optimal control law is given by

u’ =—R,'B] Ky, (t)x° (t) = Ry'B} 54, (t) =: Wy, (1) x(t) + 24, (t) (6.211)
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Differentiation of (6.210) gives

A% =Ky x’ + Ky 3%+ 5q, (6.212)
Replacing A2 and %° from (6.196) and using (6.210) we get

> T —1pT
[KQL +Ly +KyAg +AqLK6]L - KQLBQLRqL BqLKCIL} x7

: T —1pT
T [SqL + <A‘1L o KqLB‘JLRQL B‘]L) Sqr +Kq Fop — L‘]LrCIL] =0 (6.213)

Since the equation (6.213) holds for all x” and r,, (), the Riccati equations

> T —1pT
Ky, = —Lg, — Ky Ag, _AqLKqL + KqLBqLRqL BqLKCIL (6.214)
and
Sqo = — (AL — Ky, By, R, Bl )54, — Ky Fy 4Ly v (6.215)
qL qL qL=qLqr ~qr) P4L qL” qL qL" 4L :

must hold. The terminal conditions can be determined by the evaluation of (6.210) at 77 and the
use of (6.206) to get
K, (tf) =Gy, (6.216)

and
sq. (1r) = —Gg,rq, (tf) (6.217)

At the switching instant 7 the adjoint process boundary condition from the HMP is given as
A% (1) = Png" (tt+)+pmg, g, +Co, (xo (tL—)—rq., (tL—)) (6.218)

or

Ky, (tL)xo (tL_) +Sq1 (tL) = PgL (KQL (tL)xo (tL) +Sq, <IL+)) +pmg g
+Co, (X (t1—) —rg,, (tL—)) (6.219)
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which gives

KQL—] (tL)xo (lL_) + Sqr—1 (IL) = [POT'LKCIL (tL> PGL + CGLj| x? (tL_) +P§LS61L (IL_)
+ PMg;_1qp — CO'LrQLfl (tL_) + P(ZLKQL (tL) JGL (6'220)
Since (6.220) holds for all x (,—) € .# the follow equalities must hold

Ky (t) = PgLKCIL (1) Ps, +Co, (6.221)

and
Sqr— (tL) = PCY;LSLIL (tL+) +tprmg, g, — CULrCJL—I (tL_) +PgLKQL (tL) JGL (6.222)

For the writing of the Hamiltonian continuity condition (3.9), we note that the Hamiltonian

Hi(t)=z(x— rql.)TLqi (x—rg) + 1uTqu.u—i—PLT (Agx+Bgu+Fy,), (6.223)

2

DN | —

for the minimizing control input u® = —R_'BL A and the (optimal) adjoint process A° (t) =
Ky, (1)x° (1) +s4, (1) (see also (6.210)) is expressed as

1 1
H; =3 (x—rg) Ly (x—r4) + (Kyx+54)" (Aqix —5B4, R,'B] (Kgx+sq)+ Fql.) (6.224)

Therefore, the Hamiltonian continuity condition (3.9) at #;, expressed by

1 T T
3 <X(1L7) - qu,l(fL*)> Ly, (x(,L,) — qu—l(tL*)> + (qul(tk)x(tk) +qu(rL7))

1 -1 T
{AQL—lx(fL) +Fg o, — EBQL—IRCILABQLA <KqL,1 ()X —) t Soi1 (Uf)) }
1 T

) (x(fL)_qu(fL)> Ly, (x—qu)

T 1 B
+ <KqL(lL)X(IL)+SqL(tL)> {Aqu(tL) — EBCILRquBqTL <KqL(,L)x(,L) +SqL(tL)> —I—FqL} (6.225)

With the substitution of the jump map (6.190) and the relations (6.221) and (6.222) the boundary
conditions for the determination of K, | (¢) and s,, , (¢) for ¢ € [t7—y,t;] are derived. Using a
backward induction and following a similar approach as above, the Riccati formalism for the

considered linear - quadratic hybrid optimal tracking problem is established. 0
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Chapter 7

Hybrid Optimal Control of an Electric
Vehicle with a Dual-Planetary

Transmission

The goal of this chapter is to present a hybrid systems formulation of an electric vehicle equipped
with a dual-stage planetary gearbox and employ hybrid optimal control theory to find the optimal
inputs for the gear changing problem for electric vehicles. Due to the special structure of the
transmission under study, the mechanical degree of freedom and therefore, the dimension of the
(continuous) state space of the system depend on the status of the transmission, i.e. whether a
gear number is fixed or the system is undergoing a transition between the two gears. Therefore,
the modelling of the powertrain requires the consideration of autonomous and controlled state
jumps accompanied by changes in the dimension of the state space.

We formulate the dynamics and energy consumption of gear-equipped electric vehicles by
the inclusion of the transmission dynamics, considering the model of a seamless dual break
transmission system. After presenting the Kinematic relations in the driveline, the dynamics of
the powertrain is derived from the Principle of Virtual Work and the generalized Euler-Lagrange
equation. In order to avoid state-dependant input constraints imposed by the maximum torque
and maximum power constraints of the electric motor (see also Fig. 7.2) the state-dependant
input constraints are converted to state-independent constraints via a change of variables and the

introduction of auxiliary discrete states.



7 Hybrid Optimal Control of an Electric Vehicle with a Dual-Planetary Transmission 104

7.1 Electric Vehicle with a Dual-Planetary Transmission

The schematic view of the driveline of the electric vehicle under study is illustrated in Fig. 7.1
(see also [100-103]). The power produced by the electric motor is transmitted to the wheels
via a dual-stage planetary gear set with common ring and common sun gears. The general
configuration of the transmission mechanism has two degrees of freedom, providing different
paths for the power flow. Brakes on the common sun gears and the common ring gears direct the

power flow by locking the gears and eliminating their corresponding degree of freedom.
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Figure 7.1 A simplified model of the driveline of an EV equipped with the dual
planetary transmission

7.1.1 Driveline Kinematics

With the consideration of the longitudinal coordinate z of a car moving on a road with an a priori
known grading y(z), and assuming the zero-slippage condition on the wheels, the rotation angle

of the wheel Oy is related to z via

rw (6w — Bw,0) =z — 20, (7.1)
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where ry is the wheel radius and 6y and z¢ are the initial values for Oy and z respectively.
Without loss of generality, it is assumed that the car’s initial position is zero, i.e. zgp = 0 and also
the initial angles in the transmission are zero, i.e. 8w o = 650 = Or 0= 0c in0 = Oc our,0 = OPin,0 =
Op.our,0 = 0, for simplicity of the notation. Taking the angle of the common sun gears 65 and the
angle of the common ring gears O as the generalized coordinates of the system, other angles of
the components of the dual-stage planetary gear set as well as the car position are determined by

the following kinematic relations:

1 R,

Oy =06c;, = 0 7] 7.2

= bcin= g S+R1+1 R, (7.2)
1 Ry

o, = 0 7) 7.3

Cou = R S+R2+1 R, (7.3)

w rw rwRy

L O+ - 6k, 74
—1 R

Op.in — 6 Ok, 75

Rin = B S+R1—1 R (7.5)
—1 R

Pou = 05+~ 6r, (7.6)

where 6y is the angle of the electric motor’s rotor, 6c ;, and 6c ,,, are respectively the angles of
input and output carriers and, 6p;, and 6p,,, are the angles of the planet gears connected to the
input and output carriers respectively. In the above equations, iz, is the gear ratio of differential
and

r TR,
Ry = R0 S Ry = RIS, (7.7)

'S out r's.in

holds with rg ;,, rs o denoting the pitch radii of the sun gears in the input and output stages (see
also Fig. 7.1), and rg jn, 'R our denoting the pitch radii of the ring gears in the input and output
stages respectively, whose values are presented in Table 7.1.

It is worth noting that the time derivatives of the above angles, i.e. v := 7z and @y := O,
etc. can be related to wg := Os, wg := O via the time differentiation of the above equations.
In particular, in the first gear where the common ring gear is held fixed, i.e. wg = 0, the time

derivatives of (7.2) and (7.3) defines the first gear ratio of the transmission as

GR; = —&in. — . (7.8)
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Similarly, the second gear corresponds to the configuration where the sun gear is locked, i.e.
ws = 0 and therefore
ac,i R, +1)R
ac our w5=0 (Rl + I)RZ

7.1.2 Dynamics of the Powertrain

By the Principle of Virtual Work, the continuous evolution of the system is governed by the

generalized Euler-Lagrange equation, i.e.

doL JL

L= = D;, 7.10
dtdqg; dg; (7-10)

where ¢; represents the i component of the generalized coordinate, L = T —V is the
Lagrangian and D; is the resultant of the generalized dissipative and driving forces acting on
the generalized coordinate component ¢; (see e.g. [104] for more discussion). In this paper
q= [ql,qz]T = [y, OR]T is selected as the generalized coordinates for the general configuration
of the transmission (i.e. during the gear transition process) and g = z is selected as the generalized
coordinate for fixed gear configurations (i.e. the first and the second gears).

The Kinetic Energy T of the system is written as

1, 1 » 1 » 1 2, 1 ) | 2 1 2
T=—-mv+ —waw + —JMwM + —JS(DS + —JR(DR + —JPJ'na)Pm + —JP70ule0Mt y (711)
2 2 2 2 2 2 ' 2 ’
where m is the total mass of the vehicle, Jyw = 4ly + Ljpaf: + i} y (Iqom —|—4mgomré Om), is the
equivalent inertia of the elements directly connected to the wheels, Jyy = Iy + Ic in + 41’1’1})7,'"]’% in>
is the equivalent inertia of the elements directly connected to the electric motor, Js and Jr are
respectively the inertia of the sun and the ring gears, and Jp;, = 4lp;, and Jp ;s = 4lpy are the
total inertia of the input and output planetary sets respectively.

The potential energy V consists only of the gravitational energy which is equivalent to

Z
1% :mgAh:mg/ siny(z)dz. (7.12)

20
The virtual work of the generalized forces consists of the virtual work of the driving motor
torque Ty; and the brake torques Tps and Tpr acting on the common sun and common ring

gears respectively, the friction forces Dg and Dg acting on the sun and ring gears as well as
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the resistance force F, on the displacement of the vehicle, described by the following variational

equation

OW =XD;8q; = Ty 60y + (Tps + Fs) 8605 + (Tgr + Fr) 0 6r + F,- 0z, (7.13)
where F, = —% pCyA v? —mgC,cosy(z) is the sum of the aerodynamic and rolling resistance
forces and Fs = —Csws — Tsysign (ws) and Fr = —Crwg — Trysign (wg) are the sum of viscous

and Coulomb frictions on the sun and ring gears.

Powertrain Dynamics in the Fixed Gear Configuration

For the first gear (wg = 0), the expression (7.11) for the kinetic energy T can be written in terms

of the generalized coordinate ¢ = z using the kinematic relations (7.2) to (7.6), giving T as

) 2
J J Jpi J i, (Ro+1)7\ 2
T=(m+ P | Mg B Pow ) AT v (7.14)
(R1+1) (R]—l) (Rz—l) I”W 2

The virtual work (7.13) is given by the variational equation:

ifd(R2+1) ifd(R2+1)
oW = Ty — T
(I”W (R1—|—1) M rw St
) 2
Uty (Rz + 1) 1
—chSv ~ 5pCa 2 —mgCrcosy(z) | 6z, (7.15)
where for simplicity of the notation the sign function is removed assuming that the car is only
moving forward, i.e. v > 0 = wg, W > 0.
Forming the Lagrangian from (7.14) and (7.12) and substitution in the generalized Euler-
Lagrange equation (7.10) with the generalized force determined from (7.15), the dynamics in the

first gear is given as

D 2
J J Jp; J i7y(Ry+1)
m | 140+ L R T LR L [ L v
mry,  \(R;+1) (Ri—1)" (Rp—1) mry,

. . ) 2

. lfd(R2+1) lfd(R2+1) lfd<R2+1)
= Ty — Tgfp———C

+mgsiny(z) o (R + 1) M - Sf Z SV

1
-3 pCyA v —mgCreosy(z) . (7.16)
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Similarly, the dynamics in the second gear (s = 0) is found to be

. 2
Ji R2J R2Jp; R2J 2, (Ry+1
m<1+ W;+<(R]M2+JR+ 1Y/ Pjin + 2P,0ut>fd( ) v
1

mri, +1) (Ri — 1)2 (R — 1) mri, R

. . - P
irg (Ry+1)Ry itg (R2+1) i7q (Ra+1)
= T — Tep =5
rw (Ri+1)Ry rwR> 5 R3

—mgsiny(z) Crv

1
—5PCaA v —mgCrcosy(z) . (7.17)

In general, the above equations are coupled to z = v via the coupling term —mgsiny(z).
However, if the road has a negligible slope, i.e. siny(z) ~ 0, then velocity becomes decoupled

from the position, which is the case in the problems studied in this paper.
Powertrain Dynamics in the General Configuration
Using the kinematic relations (7.2) to (7.6), the expression for 7T in terms of the generalized

coordinate ¢ = |6, GR]T and its time differential ¢ = |wy, a)R]T is written as

1 12 (ws+ Ryag)* ws+Rywg)® 1 (os+Riog)
7 L iy (05 + Ryoog) +J(S+2R) +_J(S+1R)

. W= M
20 2 (Ry+1)? 2, (Ra+1)7 270 (R +1)

1 1 1 Riog —ws)* 1 Ry — s)?
+—J5(D§+—JR(DIZQ—|——JRM—( 1R S) ( 2R S)

“Jpour————, (7.18)
or
1 mri, +Jw Iy Jpin JPout 2
T=§<2 R 12 R 12+JS+R 12+R 12 wS
itg(Ro+1)" (Ri+1) (Ri—1)" (R2—1)

1 ( (mriy +Jw) R3 n JuR] Tt JpinRT  JpouR3 o2
= | = R R
2\ 2, (Re+1)°  (Ri+1)? (Ri—1)? (Ra—1)?
(mry +Jw)Ry  JuR, IR JpowRa
2 7T 7 7~ 7 | OsWR
it (Ro+1)"  (Ri+1)" (Ri—1)" (Ry—1)

1 1
= 5Jss 05+ 5 Jrr O + sk s g (7.19)

In order to find D; from (7.13), we rewrite the variational argument for the virtual
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displacements 06y, and 6z in terms of the generalized coordinates virtual displacements 6 6g
and 0 0g using (7.2) and (7.4) to get

1 w
oW = Ty+Tgs+Fs+————F, )66

Ry rwRa )
+ Ty+Tgp+Fr+——"—F | 60r. (7.20
(R]+1M BR + Fr (Rt 1) r k. (7.20)
Hence,
D, = T+ Tps+Fs+—V _F (7.21)
R rwRa
D, = Tor+ Tog + Fr+ — 22 722
2= o1 Mt T+ Fr e (Rar 1)1 (7.22)

since g1 = Os and g = O are the selected generalized coordinates.
Forming the Lagrangian L = T —V using (7.19) and (7.12), and substituting the generalized
dissipative and driving forces from (7.20) in the Euler-Lagrange equation (7.10), the governing

dynamics are derived as

rw

Jsg @ JspOp =D i _ 7.23
ss Os + Jsgr OR | +mgsiny(z) ira(Rat 1)’ (7.23)
) . . rwR>
J J =D _ 7.24
SR ®s + JrR QR 2 +mgsiny(z) ird (Rt 1)’ (7.24)
where to obtain (7.23) and (7.24), the relations
dL JdL dz —dV 9z . rw
= __ = = — _ 7.25
30 92905 9z aeg  "mesinr(@) id(Ra+1)’ (7.25)
L d —aV o R
JL 0 z V dz rwRy (7.26)

30, dz06r  9; deg e iq(Ry+1)’
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have been used. Therefore,

JRR (Dl +mgsiny(z) W%) Jsr (Dz +mgsiny(z) ifd?}/%fil)>

g = : (7.27)
JSSJRR — ‘]gR JSSJRR - J§R

s <D2+mgSiHY(Z) %) Jsr (Dl +mgsiny(z) W%)

dp = ; - - (7.28)
JssIrr — I3 JssJrr — I35k

Substituting Dy and D, from (7.20) and assuming siny(z) ~ 0 for the simplicity of the
analysis, the dynamics of the powertrain is described by

@5 = —Ass0s 4+ Asgr — Asa (@5 + Ryoog)*
+ BssTps — BsrTpr + BsyTy — Ds.,  (7.29)

r = AgsWs — ArrOR — Aga (05 + Ry 00 )?

— BrsTps — BRrTpr + BrmTy — Drr.,  (7.30)
where

3
_ JzrC _ JsrCr _ PpCyAr(JrRr—R2JsR)Tiy
ASS - JeoJ, ij ) SR — J JSR 7\]2 ) SA — 2 \:3 3
SSYRR—JI5R SSYRR—J§R 2(]55]RR7JSR)lfd(R2+1)

Jj J. JRrR—R1J;
Bec — RR Bep — SR Bery — JRR=R1Jsk
55 JssIrr—J3g SR JssJrr—J3g M JssIrRrR—J3g

(JRr—R2Jsr)rwmgCy JsrTrr—JrRTs¢

Dgp = - 7.31
SL ita(Ra+1) (JssJrr—I2g ) JssIrr—J2g ' (7.31)
and
JsgC JssC, PCaAf(RoJss—Isr)riy
R JSSJRR_JgR ’ RR JSSJRR_JgR ’ RA Z(JSSJRR_JgR)i}d(RZ‘FIP ’
J J R{Jgs—J.
Bro— — ISR B, s Boyy — RiJss—Jsr
RS ™ Jsslrw—JZ " RR T Jsire—0Z% 0 ORM T keI
RoJss—Jsg)rwmgC, JsrTsr—JssTr
Dpp = (RyJss—Jsr)rwmgCr i i (7.32)

ira(Ry+1)(JssTrr—I3g ) JssIrRrR—J3g

We note that the brake torques Tpg, Tpr can only be resisting, i.e. Tps € [— | Tps|"™, O] and
Tpr € [— |TBR‘me;0}-
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7.1.3 Electric Motor

The electric motor considered in this paper has specifications similar to the TM4 MOTIVE
A® motor whose efficiency map 1 (Ty, @pr) is illustrated in Figure 7.2 and whose torque is

constrained as a function of speed by
| Ty | < Ty ™ (7.33)

and
|TM(1)M’ < Pﬁax (734)

with 737 = 200N .m and Py;** = 80kW.

T,, (N.m)

-150

0 100 200 300 400 500 600 700 800 900 1000
Wy (rad/sec)

Figure 7.2 Colour Map: The electric motor efficiency map 1 (Ty, @y). Black
Curves: Torque constraint Ty, as a function of the motor speed wy;.

In order to avoid mixed state and input constraints like (7.34) we define a change of variable

by the introduction of

T
P oy < ©F (7.35)
Tymax

TM Oy

u= W, Wy > 0" (736)
M



7 Hybrid Optimal Control of an Electric Vehicle with a Dual-Planetary Transmission 112

with ®* = 400%. Thus the constraints (7.33) and (7.34) will both become u € [—1, 1] which lies
within the assumption AO requiring U to be an invariant compact set.

The electric power consumed or generated corresponding to a pair (T, @yy) is calculated as

TM-(I)M T
——= Moy >0
Py (Tyy, y) = { 10-w)

: (7.37)
Ty - oy - n (TM, OJM) Tyoy < 0

where Tys @y > 0 corresponds to power consumption, 7, @y, < 0 indicates regeneration of power,
and 1 (T, @y) is illustrated in Figure 7.2.

In the analytical study of optimal control of electric vehicles (see e.g. [105, 106]), it is
customary to consider the following expression for the consumption of battery power by the
motor

P, (Tor, 0p) = Lroy Ty @y + Lrr T+ LTy + Lo @y (7.38)

where the values of the parameters Ly, LrT,LT,L¢ are given in Table 7.1.

7.2 Hybrid System Formulation of the Powertrain

In order to present the system dynamics in the hybrid framework presented in section 8.1,
the following discrete states are assigned to each continuous dynamics of the system with the
dynamics described by the hybrid automata diagram in Figure 7.3:

Discrete States q; and q;: We assign the discrete state g; to the torque constrained region
of the first gear where the continuous state x := v € R is such that the corresponding motor speed
Wy lies below @* and therefore, the motor torque is constrained by the maximum torque value.
The vector field corresponding to g is determined from (7.16) and the input is normalized by
(7.35), which results in

X=fi(x,u) = —Ax* +Bu—Cix— Dy, (7.39)
where
. 2 2
. paCdAf o lfdGRlTlclwx . lfd(R2+1) Cs _ mgC, 7 40
Al = T 1= BT C, = —miqr‘z)v , D1 = el (7.40)

eq . J_W Ju JP,in JP,out l?'d(R2+1)2
and where = (1+mr‘%v+((R1+l)2 +JS+(R1—1)2+(R2—1)2> mr%v ’
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2
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Figure 7.3 Hybrid Automata Diagram for the driveline of an EV equipped with the
dual planetary transmission

When the motor speed @y =

i rqGR

i "g ¥ reaches ®* = 400rad /sec the system autonomously
switches to g with x = v € R which corresponds to the dynamics in the power constrained
region of the first gear. The vector field in this region is determined from (7.16) and the input is

normalized by (7.36), which gives
i=fr(xu) = —Ax* + B —Cox— Dy, (7.41)
X

with

Ay=A;, By=2_ C,=C,, Dy=D, . (7.42)

m
The switching manifolds my, 4, and my,,, are represented by

O'R,
iraGRy n

Mg, (X) = Mapq (x) = x 0. (7.43)

Discrete States q3 and q4: During the gear changing process, if the motor speed is lower than
™ the input torque is limited by the maximum torque to which we assign the discrete state g3.
The continuous state x = [y, a)R]T eR?is governed by the powertrain dynamics (7.29) and (7.30)
and by the normalization of the motor torque (7.35) and the brake toques u; := Tgs/ |Tps|"*" and
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us := Tpr/ |Tpr|™™", the vector field is described by

x=f3(xu), (7.44)

where

. !
X = f3( ) (x,u) = —Agsx1 +Aspxy — Asa (x1 + Roxa)?

+ Bsy Ty ™ uy + Bss | Tps| ™ ua — Bsg | Tgr|" " u3 — Ds,,  (7.45)

. 2
Xy = f3( ) (x,u) = Agsx1 — ArrX2 — Aga (X1 + Roxp)*

+ Briy Ty uy — Brs | Tps|" ™ up — Bgg |Tpr|"* us — Dgr, (7.46)

and where u; € [—1,1] is the normalized motor torque in the torque constraint region, and
up,us € [—1,0] are the normalized sun brake and the normalized ring brake torques.
We assign g4 with x = [wg, wg]” € R? to the dynamics in the power constraint region during

the gear changing with the vector field
x= fa(x,u), (7.47)

where

. 1
Xp = fi ) (x,u) = —Assx| +Aspxz — Asa (x1 + Roxa)?
u
+BSMPArZax (1 —I—Rl) 7 + Bgg |TBS’maxu2 — Bgp ‘TBR|max us —Dgr, (7.48)
X1 +Rixy
. .(2) _ 2
i = f,” (x,u) = Agsx1 — AgrrX2 — Aga (X1 + Rox2)

+ BruPp™ (1+ Ry) ———— — Bgs | Tps|™ u + Brg | Tsr|™ 3 — Dge.. (7.49)
X1 +Rixo

The jump map corresponding to the (controlled) transitions from g to g3 and from g; to g4
are described by &4, : R — R? and &,,,, : R — R? in the form of

_ irg (14+R>)
rw

x(ts) = éqws (x(ts—))

] x(t5—) (7.50)
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9(0) = B ) = L0

] x(t—) (7.51)

Note, however, that the transitions back to g; from ¢3 and to ¢, from g4 are autonomous with

the switching manifold described by
Mgyq, (X) =x2 =0, (7.52)

Myuqr (X) =x2 =0, (7.53)

i.e. when the ring gear comes to a full stop. The autonomous transition between g3 and g4 is

constrained to the switching manifold condition

x1+Rixp
Ri+1

Mg3q4 (x) = Mquq3 (x) =0, (7.54)
with both jump transition maps &,.4,,Eg.qs : R? — R? being identity.

Discrete States 5 and g: When the speed of the sun gear wg becomes zero the system
switches to gs or g¢ (depending on the corresponding motor speed) with x = v € R where g5
corresponds to the dynamics in the torque constraint region of the second gear and g¢ corresponds

to the dynamics in the power constraint region of the second gear. The corresponding vector fields

are described by

%= fs5(x,u) = —Asx* + Bsu — Csx — Ds , (7.55)
and

i = fi (x,u) = —Aex® + Bo~ — Cox — De. (7.56)

X

where

— A, — PaCaAy _ iraGRTH™ _ B

As =Ag = T Bs = P Bg = n%q , (7.57)
and )
2 (Ry+1)*C
Cs=Co= 1SS py— pg =G (7.58)
n12 rW ml

2 2
J R2Iy Ripin | RJpou \ i7a(R2t1)
and where mo? :=m [ 1+ W—i—( L Ry S Bt L LU ! }
2 mgy  \R+12 R R )P (Re—1)?) T m RS

The switching manifold corresponding to the transition from g3 to g5 and from g4 to g¢ are
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described as
Mysgs (X) =x1 =0, (7.59)

Mgyqs (X) =x1 =0, (7.60)

and the jump map corresponding to these transitions are given by

£(0) = Sy (4(65-)) = s |1 Ry (), (7.61)
£(0) = G ((6=)) = s [ 1 Re |30, (7.62)

with &;.45 : R? = Rand &, : R? - R.

7.3 Acceleration within the Minimum Time Interval

The hybrid optimal control problem considered in this paper is the minimization of the
acceleration period required for reaching the top speed of 100’;1—’;1 = 27.78% ~ 60mph starting
from the stationary state in the first gear and terminating in the second gear. Hence, the cost to

be minimized is

tg I ts ty
J (1, T, Tty s s ) = / R A A (7.63)

Io tsl t.s‘z tS3

with 77 being the first time that x () = 27.78 is satisfied.

The family of system Hamiltonians are formed as

Hy, (x,A,u) = 1+ A (=A1x* + Biu—Cix—Dy) (7.64)

Hy, (x,A,u)=1+41 (—A2x2 +Bz; — sz—D2> , (7.65)
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Hy, (x,A,u,Tps,Tpr) = 1+ L (—Assxl + Agpxy — Asa (x1 + Roxp)

Ui
+ Bsy Py ™ (1 +Ry) ———— + Bss | Tgs|" " up — Bsg |Tpr|" " u3s — Dsp.
x1+Rix

+ A <ARS)C1 — ARrXx2 — Aga (x1 —|—R2x2)2

ui
+ BruPyy™ (14 Ry) ————— — Bgs | Tps|" " ua + Brr | Tpr|" " u3 — D |  (7.66)
X1 +Rixp

Hyy (6, 2) = 142 (~A6® +B6; ~Cex—Dg). (7.67)

Then according to the Hybrid Minimum Principle

. —0H
A= —aqu = (=2A1x—C)) A, 1€ [to,15,] (7.68)
. —qu u®
A= Ix 2 =_ (—2A2X—B2x—2 —Cz) A,, re (tSthz] (769)
. J0H,
A= ax‘“, t € (tsy,t5) , (7.70)
with
},lza—q“:—ﬂ,l —ASS—ZASA(Xl—FRz)Cz)— SM_M ( 21) !
X1 (x1 +Rix2)

Bra/P™ (14 Ry u
— (ARS—ZARA(x1+R2x2)— Ry ) 1), (7.71)

(x1 +R1x2)?
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: —dH, R1Bsy P} (1+R
A= 44 —M | Asg —2RAg4 (Xl —|—R2X2) _ PSMTm ( +2 1)141
Jx; (x1 —l—Rle)
R\Bry P} (14+R
— 3 | —Agr — 2RyAga (x1 + Ryxy) — ——RMM ( +2 D) 772
(x1+ Rix2)
and also
. —0dH,, u’
A= — = (—2A6x—B6x—2 —C6) A, t € (ts;,t¢] (1.73)
The boundary conditions for A are determined from Eq. (3.7) as
A(tsy) = V&g g A (1, +) + p3V R : A (t,+) + : (7.74)
= m = .
83 4344 83 p3 q3q4 lfd (1 +R2) R2 53 p3 () 9
irg(1+Ry
Aty) = VEL A (ty+) = % [ 10 ]A (ts,+), (1.75)
w
A(ts,) = A (t5,+) + p1. (7.76)

It can easily be verified that for the above dynamics and boundary conditions, the adjoint
process has a negative sign for all 7 € [f, 7] and hence the Hamiltonian minimization condition
(3.8) results in u® = 1,1 € [to, 7], Ts = — | Tps|"*" and Tg = 0 for t € [t,,,1s,).

The Hamiltonian terminal condition (3.100) gives

u(ty)

Hyo (x(t7) A (1f) u(tr)) =1+ A (17) <—A6x (tf)z_BGX(tf) — Cex (1y) —D6> =0, (7.77)

and the Hamiltonian continuity at switching instants is deduced from (3.9) as

Hq4 (x,l,u) (133_) = H% (X,l,u)(tss_i_) 5 (7.78)
H,, (x,Lu)(tszi) =H,, (x,?L,u)(tser) , (7.79)
Hq] (x,),,u)(tS]_) = qu (x,l,u)(tsﬁ) . (7.80)

The results for the parameter values presented in Table 7.1 are illustrated in Figure 7.4.
For better illustration, the speed of the vehicle is shown in km/hr units and in addition, the

components A; and A, of the adjoint process in t € [ty,,t;,] are multiplied by is; (1 4+R2)/R,,



7 Hybrid Optimal Control of an Electric Vehicle with a Dual-Planetary Transmission 119

120

—
N [e2] 2] o
o o o o

Velocity (km/hr)

-0.05
-0.1
-0.15
-0.2
-0.25
0.3
-0.35
0.4

-0.45
0

-0.2

Figure 7.4 The car speed,

—_—,
- = q,
—_—,

.

ifd(1+R2)/(F{w)/\;3

B 2
——— |fd(1+R2)/(RWRZ),\qa

- —_—

4

time (s)

Hamiltonians for the minimum acceleration period problem

the adjoint processes and the corresponding



7 Hybrid Optimal Control of an Electric Vehicle with a Dual-Planetary Transmission 120

and iz (14 R2)/(R\R>) respectively so that the boundary conditions (7.111) and (7.112) can be
verified more easily. The optimal values for the switching and final times are #;, = 0.444,1;, =
2.901,t,, = 4.014,1, = 6.042.

7.4 Acceleration with the Minimum Energy

The hybrid optimal control problem considered in this paper is the minimization of energy
required for reaching of the top speed of 100%1 = 27.78% at ty = 6.3 sec, which is slightly
longer than 6.042 sec found in [100] for the minimum time for this task. The vehicle is assumed
to start from the stationary state in the first gear which corresponds to g, autonomously switch to
the torque constraint region ¢;, then switch to the gear transition phase initiated by a controlled
switching command oy, 4, and finally, reach the terminal state x; = 27.78"" at ty = 6.3 in the
power constraint region of the second gear g¢. The cost to be minimized is total the electric

energy consumed from the battery, i.e.

Iy
J(to,l‘f,(ql,()),3;l3) = Pb (TM,COM)dl‘

To

fs £
:/ 1qu (x,u)dt + 21q2 (x,u)dt +
1o

tsl 1‘52

fs

Iy
3lq4(x,u)dt—|—/ lye (x,u)dt, (7.81)
Is

where
lg, (x,u) = ayu® + bixu+ cru+dx, (7.82)
I, (x,u) o buter (7.83)
X, Uu)=a)— u CcH)— X .
q2 ’ 2x2 2 Zx 24
L, (x,0) U b e dy (v Ryx) (7.84)
X u) =ay————— +bhauy +ca———+ds(x1 +Rixz) :
“ ()Cl —|—R1X2)2 X1+ R1xo
u? u
lgs (x,u) = a6x—2—|—b6u—|—c6; +dgx, (7.85)

and where in the above equations

i1aGR T
Q) W

L ey =LrTeY . dy = Ly 290 (7.86)

ai = Lrr (T)?, by =Ly He—

2 .
rWPmax ermax 1 dGRl
a) =Lrr (ifdGA/;Ql , by, = LTwPﬂax, co=Lr ifdé/kl ) dr = waT’ (7.87)
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as=Lrr (P (Ri+1)°, ba=LroPy®™, ca=LrP®(Ri+1), dy=g=21, (7.88)
2 .
Pﬂlllx Pmax GR
a6 ="Lrr (P ), bo=LroP™, co=Lr (), do=Lo™2,  (1.89)

Formation of Hamiltonians: The family of system Hamiltonians are formed as

qu (x,l,u):aluz—i—b]xu—i—clu—l—d]x—i—l(—A1x2+Blu—C1x—D1), (7.90)
u? u ’ u
qu (x,l,u) =ar—5 +bou+cr— +dpx+ A (—Azx + B)— —C2)C—D2> , (7.91)
X X X
H,, (x,A,u) Ut L | dy(x1 +Rix2)
X, A U) =a4——5 4qUl T C4————F 4 (X1 1X2
“ (x1 —|—R1X2)2 x|+ Rix

+M (-ASSX 1 +Asrxz — Asa (x1 + Rox2)?

uj
+ BsuPy™ (1+R1) ———— + Bss | Tps| ™ uo — Bsg | Tpr| ™" u3 _DSL>
x1 +Rixo

+ A (ARsxl — Arrx2 — Aga (x1 + Roxp )

+ Bru Py ™ (1 +Ry)

———— — Brs |Tps|" " up + Brr | Tgr|" " us — Dgr. |, (7.92)
X1+ Rixp

2
Hy, (x,A,u) = a6u—2 +b6u+c6z +dgx+ A (—A6x2 —{—B6Z — C6X—D6> , (7.93)
X X X

Hamiltonian Minimization: The Hamiltonian minimization condition (3.8) gives

R — (bix+c1+B1A
u, :sat[_m]( (b 201 1 >>, (7.94)

—X (bzx—l—Cz —I—Bz/ﬂt)) (7.95)

0
u, = satj_
q2 [ 171] ( 2a2
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0 N —(x1+R1x2)[b4(x1+R1x2)+C4+BSMPﬂ“x(1+R1)7Ll+BRMPﬂ‘”(1+R1)7L2]
u = sat;_
1,g4 [-1,1] 2ay )
o —1 if BggA; —BrsAr >0
u = y
244 0 if BgsA—Brshy <0 (7.96)

Y

o —1 if BgrAy —BsgA >0
u =
304 0 if BRR)LZ — BSR)LI <0

and

0 —X (bﬁx +ce + B6)~)
uCIﬁ = Sat[_Ll] < 2a6 ) . (797)

Continuous State Evolution: The continuous state dynamics (3.2) are equivalent to (7.39),

(7.41), (7.47) and (7.56) subject to the stationary initial, boundary and terminal conditions

x(to) =x(0) =0, (7.98)

x(tsl) = équ (x (tS1_)) = x(tﬁ_) ) (799)

xX(15y) = Cgoqu (x(15,—)) = w (1) x(ts,—) (7.100)
rw

X (ts3) = Equge (X (153 —)) = m [ I R, }x(tn_) ; (7.101)

x(1r) =x(6.3) =27.78 (7.102)

and where the transitions from g to g, and from g4 to g¢ are subject to the switching manifold

conditions
O*R,,
Mgy, (X (t5,—)) = x (15, —) — i;4GR; = (7.103)
Myyge (X (t53—)) = x1 (15, —) = 0. (7.104)

Evolution of the Adjoint Process: The adjoint process dynamics (3.3) are governed by

Z‘ = % = —(b1u+d1 —F), (—2A1.X—C1)), re [t07tS]] ) (7105)

. —dH —2au®> ¢ °
AZT‘D:_( ;gzu _XLZL‘+d2+A(—2A2x—BZZ—2—C2>), t € (ts,,t5,] , (7.106)
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; —0H
)‘ B axq4’ re (t527t53] 9
with
YT o ( 3 5 +ds
xt+Rix)” (1 +Rix)
By P (1 + R
_ll _ASS_ZASA(xl—f—szz)— SMYm ( + 21)”1
(x1 +R1x2)
Bpy PX (1 4+ R
— A | Agps — 2ARa (x1 + Roxp) — R Py (1+ 21)”1 ,
(x1 +R1x2)
and
. —JdH 2Ry auu? Ricatts
Ao = 0 ke 13_ 2+R1d4
2 (x1 +Rix2) (x1 +Rix7)
RiBeysP9X (1 + R
— A1 | Ask — 2RoAgy (x1 4 Ryxy) — ——MM ( +21)u1
(Xl—i—R]xz)
R:1Boy/ PMax (1 L R
— A2 | —ARr —2R2ARa (x1 +Rox2) — 1Bru Py ™ ( +21)u1 7
(XI+R1X2)
as well as
3 —0H, —Dacu®  ceut u°
A= &x% — —( x36 _:_2—|—d6+7t (—2A6x—B6x—2—C6)), te (tswfﬂ 7

subject to the boundary condition determined from Eq. (3.7) as

, R, 1 1
A (ts3) = V§q4q62/ <ts3+) +p3vml]3€4 = lfd (1 +R2) R2 )L’ (ts3+) +p3 0 }
irg (1+Ry)
Mt) = VER Aty ) = L2210 A+

A(ts) = VEg g, A (15, +) +p1 = A (1, +) +p1.

(7.107)

(7.108)

(7.109)

(7.110)

(7.111)

(7.112)

(7.113)
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Boundary Conditions on Hamiltonians: Furthermore, the Hamiltonian continuity at switching

instants is deduced from (3.9) as

Hq4 (x,l,u)(ls3_) = H% (X,l,u)(tsa_i_) y (7.114)
qu (x,%u) (1527) = Hq4 (x,?L,u)(tszr) N (7115)
Hq] (x,l,u)(t”_> :Hq2 (x,l,u)(t”_i_) . (7.116)

O]

Numerical Results: The results for the parameter values listed in Table 7.1 are illustrated
in Figure 7.5, where for better illustration, the speed of the vehicle is shown in km/hr. A
phenomenon of special interest that appears in the results is that the optimal control for the
minimization of energy consumption coincides with a regeneration of power during the shifting
period. This is in contrast with the inputs for the shifting period of the acceleration task in [100]
in which the motor produces power at the full rate to reach the top speed in the minimum time
possible, and also in contrast with the task of smooth gear changing in [101-103] with (almost)
no speed drop. The presence of power regeneration in the currently studied example, not only
contributes to the saving of electric energy, but also contributes to the significant decrease of
shifting duration from around 1 sec in [100-103] to 0.1058 sec.

In order to illustrate the satisfaction of the adjoint boundary conditions (7.111) and (7.112),
the components A; and A, of the adjoint process in ¢ € [t;,,1;,] are multiplied by iz (1 4+R2)/R,,
and i¢q (1+R2)/(RyR2) respectively in Figure 7.6. The optimal values for the switching times
are fg, = 0.8570,1,, = 1.4610,1,, = 1.5668 which correspond to the switching states x (t;, —) =
62 =21.65 x(t,,—) = 11.3897% = 4105 x(1,,—) = 10.673322 = 38.442 and the terminal
state at ty = 6.3 is x (tf) = 27.9534% = 100.6/% which is slightly higher than the required
speed due to numerical approximations in the solution of the above boundary value differential

equations.
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Figure 7.5 The car speed, the adjoint processes and the corresponding
Hamiltonians for the minimum energy acceleration problem



7 Hybrid Optimal Control of an Electric Vehicle with a Dual-Planetary Transmission 126

x10*

T
A,

- =

—_— \m(HRz)/(RW),\;‘

PR \,6(1+R2)/(RWR2M§A

A
%

1.4 1.45 1.5 1.55 1.6 1.65
time (s)

Figure 7.6  Adjoint processes in the vicinity of the shifting process

| Parameter | Value | Unit | | Parameter | Value | Unit |
m 1000 | kg Is 0.0015 | kg.m?
p 1.2 4 Ix 0.009 | kg.m?
Af 2 m? Ic.in 0.0014 | kg.m?
C, 0.3 — Icour 0.1 kg.m?
C, 0.02 — Ipin 6.08 x 107° | kg.m?
g 9.81 n Ipour 3.12x 107 | kg.m?
Ifd 12 — mpin 0.0512 kg
Cs 0.001 | Nums MPout 0.12113 kg
Cr 0.001 | 2t rs,in 0.03 m
Tss —0.05 | N.m r'S.out 0.015 m
Try —0.05 | N.m IR.in 0.06 m
Lrr | 0.1443 | +— YR out 0.06 m
LTw 1.014 — I'Pin 0.015 m
Lr —0.889 | 1 rPout 0.0225 m
Lo 6.884 | N.m rw 0.3 m

Table 7.1 Parameter Values for the Vehicle, Electric Motor and Transmission
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Part 11

Stochastic Hybrid Optimal Control
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Chapter 8

Optimal Control of Stochastic Hybrid
Systems

The generalization of the Minimum Principle for continuous parameter stochastic systems results
in the Stochastic Minimum Principle (SMP). When diffusion terms are functions of the system
state only, the SMP is derived via similar first-order variational analyses as those employed
in the derivation of the deterministic MP. However, unlike the deterministic case for which
backward ordinary differential equations for the adjoint process are equivalent to a forward
ODE with a reversal of time, the backward stochastic differential equations (BSDE) for the
adjoint process coupled to the forward stochastic differential equations (FSDE) for the state must
be non-anticipative, and their solutions must be 3’-adapted, where 3’ is the natural filtration
of the Wiener process. The earliest paper concerning the SMP was published by Kushner
[39,40] where he employed the needle variation and Neustadt’s variational principle to derive a
SMP. Haussmann [41] investigated the necessary conditions of stochastic optimal state feedback
controls based on the Girsanov transformation [26]. However, due to the limitation of the
Girsanov transformation, this approach works only for systems with nondegenerate diffusion
coefficients [26]. The earliest version of forward-backward stochastic differential equations
(FBSDE) were introduced by Bismut [33], with a decoupled form, namely a set of FSDE for the
state and a set of (linear) BSDE for the adjoint process in the SMP. The well-posedness of general
linear BSDEs was proved by Bensoussan [34] using the martingale representation theorem
[32] and then by Pardoux and Peng [35] for the general Pontryagin-type nonlinear BSDEs.
FBSDEs with state constraints are studied by Dokuchaev and Zhou [107, 108]. Chighoub,



8 Optimal Control of Stochastic Hybrid Systems 129

Djehiche, and Mezerdi [109] provided a proof of the Stochastic Minimum Principle in optimal
control of degenerate diffusions with non-smooth coefficients. When diffusion terms also depend
on the controls, one is required to study both the first-order and second-order variations and
derive the SMP in the form of a stochastic Hamiltonian system consisting of two forward-
backward stochastic differential equations and a minimization condition with an additional term
quadratic in the diffusion coefficient. Peng [43] considered second-order variations and obtained
a Stochastic Minimum Principle for systems that are possibly degenerate, with control-dependent
diffusions and not necessarily convex control regions. Zhou [110] simplified Peng’s proof
and also established the relationship between the stochastic maximum principle and dynamic
programming via second-order variations.

The optimal control of stochastic hybrid systems, i.e. control systems that involve the
interaction of continuous dynamics, discrete dynamics and stochastic diffusions, has been the
subject of a limited number of studies. The SMP formulation by Aghayeva and Abushov [44]
considers only controlled switching and jumps, and the Stochastic Dynamic Programming (SDP)
formulation by Bensoussan and Menaldi [45] studies infinite horizon problems where optimal
controls are stationary. Other versions of non-classical stochastic optimal control problems such
as those studied by Wu and Zhang [111], Shi and Wu [112], etc. lack many of the key features of
hybrid systems (most notably change in dynamics) and are therefore not discussed here.

We extend the framework established in Chapter 2 in order to cover a general class of
stochastic hybrid systems with state dependant diffusion fields which are subject to autonomous
and controlled switchings and state jumps. A feature of special interest is the effect of hard
constraints imposed by switching manifolds on diffusion-driven state trajectories, that to the best
of our knowledge has not been considered in the literature before. Furthermore, autonomous
and controlled state jumps at switching instants are allowed to be accompanied by changes in
the dimension of the state space. Optimal control problems for such stochastic hybrid systems
are studied in the presence of a large range of running, terminal and switching costs. First order
variational analysis is performed on the stochastic hybrid optimal control problem via the needle
variation methodology and the necessary optimality conditions are established in the form of the
Stochastic Hybrid Minimum Principle (SHMP).
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8.1 Basic Assumptions

Let (,3,P) be a probability space with filtration 37, let w(.) be a standard R™ valued Wiener

process. Consider a hybrid system H as an octuple
H={H:=0xM,l . =XxU,TA,F,G,E, 4}, (8.1)

where the symbols in the expression and their governing assumptions are defined as below.

A0S: 3" = o{w(s):0<s<t}, is an increasing family of sub sigma-algebras of 3
producing a natural filtration generated by w (¢), augmented by all the P-null sets in 3.

H := Q X M is called the (hybrid) state space of the hybrid system H, where

0={1,2,...,101} = {q1, 92, ...,q|Q|} ,|Q| < oo, is a finite set of discrete states (components),
and

M = {R"} qeo 1s a family of finite dimensional continuous valued state spaces, where
ng <n<eforallgeQ.

I :=X x U is the set of system input values, where

¥ with || < o is the set of discrete state transition and continuous state jump events extended
with the identity element, and

U={Uy} o is the set of admissible input control values, where each Uy C R™ is a compact
set in R™4,

The set of admissible (continuous) control inputs % (U) := Le ([to, %) ,U), is defined to be
the set of 3’-adapted measurable functions that are bounded up to a set of measure zero on
[to,T«),T. < . The boundedness property necessarily holds since admissible input functions
take values in the compact set U.

I': Hx X — H is a time independent (partially defined) discrete state transition map.

E:H x XY — H is a time independent (partially defined) continuous state jump transition
map. All &5 € B, E5 : R"™ — R, p € A(q,0) are assumed to be continuously differentiable
in the continuous state x € R"™. In this chapter, we only consider linear jump maps for
which continuous differentiability automatically holds and further, & (c1x; 4 cox2) = 1§ (x1) +
& () =1 VEX1 +caVEx, forep,cr €R, x1,x € R™.

A : QXX — Q denotes both a finite automaton and the automaton’s associated transition
function on the state space Q and event set X, such that for a discrete state g € Q only the discrete

controlled and uncontrolled transitions into the g-dependent subset {A (¢,0),0 € £} C Q occur
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under the projection of I' on its Q components: I': @ x R" x £ — H|p. In other words, I" can
only make a discrete state transition in a hybrid state (g,x) if the automaton A can make the
corresponding transition in q.

F is an indexed collection of Borel measurable vector fields { fq} such that f, €

q€Q
C*a (]R”q x Uy — R”Q), ks, > 1, satisfies a joint uniform boundedness and Lipschitz condition,
ie. there exists Ly < oo such that || f; (x,u)|| < Lg (1+ [lx|| 4 [|ul]) and || f; (x1,u1) — f4 (x2,u2) || <

), for all x,x1,x € R™, u,uy,up € Uy, g € Q.

Ly (v =l + s

G is an indexed collection of Borel measurable diffusion fields { gq}q o such that g, €
CFeq (R — R"*Mw), kgq > 1, satisfies a uniform boundedness and Lipschitz condition, i.e. there
exists Ly < oo such that ||g, (x)|| < Lg (1+||x]|) and ||gq (x1) — g4 (x2)|| < Lg[lx1 — x|, for all
x1,x € R", g e Q.

M = {mgy:o€QxQ,} denotes a collection of switching manifolds such that, for any
ordered pair o = (o, 0) = (gq,7), mg is a smooth, i.e. C*°, codimension 1 sub-manifold of R,
described locally by mg = {x € R" :mg (x) = 0}. It is assumed that mg Nmpg = @, whenever
o = B but oy # B, forall a,f € O x Q.

0]

We note that the case where my is identified with its reverse ordered version mg giving
mq = mg 1s not ruled out by this definition, even in the non-trivial case m,, , where o) = o = p.
The former case corresponds to the common situation where the switching of vector fields at the
passage of the continuous trajectory in one direction through a switching manifold is reversed if
a reverse passage is performed by the continuous trajectory, while the latter case corresponds to
the example of the stochastic motion of a bouncing particle maintained in a turbulent regime due
to collisions with a solid plate.

Switching manifolds will function in such a way that whenever a trajectory governed by the
controlled vector field and the diffusion field meets the switching manifold transversally there is
an autonomous switching to another controlled vector field or there is a jump transition in the
continuous state component, or both. A transversal arrival on a switching manifold m, ,, at state

X occurs whenever
Vg, (x)T £, (x,u) #0, (8.2)

forx € {x eR"™ :my,(x) = O}, uecU,q,r€Q,and where V= % is used for the simplicity of
q

notation whenever the corresponding differentiation variable is clear.
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A1.S: In this chapter, we further assume that

gr (go-%” (.X)) = écq.r (gq (X)) ’ (83)
qreQ,o5,€X, rcA (q, GW) and for all x € {x eR™ :my,(x) = ()} we assume that
Vg, (x) gq(x) =0. (8.4)

O

The former condition indicates the equivalence of diffusion fields before and after switching

events and the latter corresponds to the absence of transversal diffusion fields on the switching

surface. For systems under turbulence-driven diffusion fields and with switching manifolds

formed by solid surfaces both (8.3) and (8.4) in A1.S are automatically satisfied. In addition
to the basic assumptions in A0.S and A1.S, it is assumed that:

A2.S: The initial state /i := (go,x(to)) € H is such that mg, , (x0) # 0, for all g € Q.

8.2 Hybrid Optimal Control Problems

A3.S: Let {lq}qu,
cost functions; {cg}sey € C™(R™ XX —Ry),n. > 1, be a family of Borel measurable

l,eC™ (R"q x Uy — R+) ,n; > 1, be a family of Borel measurable running

switching cost functions; and h € C"* (Rn"f — R+) ,ny > 1, be a Borel measurable terminal cost

function satisfying the following assumptions:

(i) There exists
K; < e and 1 < ¥ < o such that }lq (x1,u1) =14 (xz,u2)| < K (||x1 —x2|| + |Juy — uz]]), for
all x1,x € R, uy,up € Uy, q € Q.
(ii) There exists K. < oo and 1 < ¥ < oo such that |cg (x)| < K. (1+[|x[|%), 0 € £, x € R",
q€0.
(iii) There exists Kj < oo and 1 <, < o such that | (x)| < Kj, (1 + ||x[|"), x e R", g € Q.

O
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Consider the initial time fy, final time 7y < oo, and initial hybrid state hy = (qo,x0). For a
fixed number of switchings L < oo, let 7 := {to,1,12,...,t.} be a strictly increasing 3’-adapted
sequence of times and 0; € X,i € {1,2,---,L} extended with 6y = id be a discrete event sequence

that form a hybrid switching sequence

S = {(t()aid) ) (t176q0q1) TRERR (tLa Gququ)} = {(%;%) ) (thIl) IR (tquL)} . (8.5)

With the set of admissible continuous control inputs given as % = Ul-L:OL°<> ([ti,ti+1) 7Uq,-)
with #71 = ty, a S'-adapted hybrid input process is denoted by I := (Sp,u), u € %,
u(t) : 3" — measurable.

Consider the hybrid performance function

Lot L
J (l(),l‘f,/’lo,L;IL> I:E{Z/t lql. (qu. (S),M(S)) ds+ Z ngjilqj (tj’xqul (tj—>) +h (qu (l‘f))} ,
=0/t =

(8.6)
subject to
dxg, (1) = fg; (xg:(t) g, (1)) di+g4, (x4, (1)) dw, 1€ [t3,1i41), (8.7
xqo (10) = X0, (8.8)
qu (t]) = écfljflﬂlj ('x‘ﬁ—l (t]_)) = gcqj',ll]j (ltiTTXQj—l (t)) ) (89)

where 0 <i<L,1<j<L,t 1 =ty <oo. If¢;is the time of an autonomous switching, then

My;_1q; ('XQj*I (tj_)) =0. (8.10)

The Hybrid Optimal Control Problem (HOCP) is defined as the infimization of the hybrid
cost (8.6) over the family of hybrid input trajectories with L switchings Iy, i.e.

J° (to,17,ho,L) = ILigLJ(ro,tf,ho,L;lL) . (8.11)

O



8 Optimal Control of Stochastic Hybrid Systems 134

8.3 Stochastic Hybrid Minimum Principle

Theorem 8.1. Consider the hybrid system H together with the assumptions A0.S, AL.S, A2.S
and A3.S as above and the HOCP (8.11) for the hybrid cost (8.6). Define the family of system

Hamiltonians by
Hy (g, tq, Mg, Kg) = lg (xg,ug) + A fy (Xg,uq) + 17 [Ky 24 (x4)] (8.12)

with g € O, x; € R", u, € Uy, ),q € R", K, € R"*™_ Then for the optimal input u’ and the
corresponding trajectory x° there exists lO,Kg : 3" — adapted, such that

IHyp OH,p

dxg’ = e (x0,ug, AJ, K) dt + = oK, T (x0,u0, A9 K) dw (8.13)
da{q() _ _aquo (x u(ﬁz{(;?K()) dt+K0dW (814)
Xq
almost everywhere t € [to,tf] with
X 40 (t()) = X0, (8.15)
x qj <tJ) go'qj 1:4; ( X1 (tJ ))7 (8.16)
g, (tr) = ( %o, (7)) (8.17)
agcq. . r om dce, .
o ) — J=14j o (4. Mg;_1.4q; qj-144j
Ag (1) = [ T ]%,- e A P Fa (8.18)

where p € R when t; indicates the time of an autonomous switching, and p = 0 when t; indicates

the time of a controlled switching. Moreover,

Hyo (xg,ug, A7, KJ) < Hypo (x5,v,A7,K]) (8.19)

almost everywhere t € [to,tf}, almost surely for all v : 3" — measurable random variables in U,,
that is to say the Hamiltonian is minimized with respect to the control input; and at a switching

time t; the Hamiltonian satisfies
Hy, , (tj—) =Hy, , (1j) = Hy, (t;) = Hy; (tj+) - (8.20)

O
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Before presenting the proof of Theorem 8.1, we shall present the following fundamental
Lemma (taken from [26, Corollary 5.6, p. 37-38]):

Lemma 8.2. Let Z and Z be R"-valued continuous processes satisfying

dZ(t)=b(t)dt+o(t)dw(t), (8.21)
dZ(t) =b(t)dt+ 6 (t)dw(t), (8.22)

where b, b, 6, & are 3'-adapted measurable processes taking values in R", and w(t) is a one

dimensional standard Brownian motion. Then for T, > T| we have

(2(2).2(w) = (@(0).2(0))+ [ {(Z06).5() +(b().2())+(0(5).6 (s) s
+/:{<"(S)’Z<S>>+<Z<s>,6<s>>}dw<s> (8.23)
]

Proof of Theorem 8.1. Consider the case of a hybrid optimal control problem with a single
switching, i.e. with L =1, ty = f141 = r, and with the notation #; := ;. The generalization
to several switchings follows a similar approach as in the proof of the deterministic HMP in
Chapter 3.

First, consider a needle variation at time 7 € (f,77) in the form of

ug, (t) if 1 < T <t
u) (7t if <1<t
uf (1) = 0 (%) to . (8.24)
% if t<t<t+e
| g, (r) if t+e<t<ty

This corresponds to a perturbed trajectory £°(7),7 € [to,77] for which xg, (1) = xg, (1),

t _ Tt
to < T <ty and xp, (1) = xg, (7),ts <7 <t,and forr < 7 <ty we may write:
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t+e
5x21 (1) ::xf]l (1) —le (1) = /z [fql (xs (s) ,v) —fa (x” (s) ,u;l (s))} ds
i (5, 90, (9) = F 05, (9.0, (1) st [ [y (5, 60) =, (0, (1) ).

(8.25)
Defining the first order state variation as (see also [42])
(1):= S (1) (8.26)
= —X .
y de o
the first order dynamics and boundary conditions of the state sensitivity are derived as
d _ afth 0 0 d agQI 0 d 8.27
yCII (T) - a (qu (T) 7uq1 (T))yCII ( ) T+ a ( q1 (7’-)>y6]1 (7’-) W(T)a ( . )
gy Xqy
Yar (£) = far (G, (£),v) = for (3G, (1), (1)) (8.28)

Similarly, first order (forward) dynamics and boundary conditions of the cost variations are
shown to be governed by

d Ay,

gt ()= 5 (5, (9, (1) iy (9 (8.29)

2qy (1) =gy (x5, (1),v) = lg, (x5, () ,uf, (1)) (8.30)

It is deduced from the optimality conditions that

Ly e i)+ [ 2 @ )] vl b2 0 (8.31)
de 0 q1 \'f aqu q1 f a\lf -
Define
0 al 0 o af 0 o o ag o g o(k 0
dAg =— (aqu (qu’”q1)+ {W: (xqwuql } Z {(Ebcz } qu( )> di+Kg (t)dw(t),
(8.32)
[ h 0
Ag (tr) = 5— (xq, (1)), (8.33)

dxgq,

The posited (8.32) with the boundary condition (8.33) is a well-posed BSDE which by [32,

Theorem 4.2, p.15] admits a unique adapted solution (l; ,Kgl) for which Lemma 8.2 can be
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employed to write
2o (1) (s (1) 3 (1)) =240 0+ (g (0) 30 () + / (30 9 532 0) s
[ o (B [3] w3 ) o
]{<[”ﬂ w0+ B ([5ee]

* / {< [8&“] a1 (5), 44, (S)> + % <yq1 (), Kg (S)> dw(s), (8.34)

which after simplification becomes

2q1 (tf) +{Ag, (t7) yq (17)) = 21 (1) + (g, (2) ,yq, (1))

+/{<{8gm] g ( >+Z<yql ()>}dw(s) (8.35)

Simply taking expectations at each 7 € (15,17), gives:

E{zq (1) + (A5, (1)) v () | =E {2 0+ 25, 0] 0 0} 836)

Substituting (8.33) into (8.31) and using (8.36) with the substitution of (8.28) and (8.30) give

E {1 (x5, (1).v) + [Ag, 0] fur (5, 1) )
gy (0, (8),u8, () = A2 O] fr (62, (0) 2, (t))} >0,(8.37)

which, by [42, Theorem 2.1], results in

Loy (x5, (1), 15, () + [Ag, (0] for (x5, (0) 15, ()
gy (32 () )+ [R @)]) for (10, (1) ,v), (8:38)
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a.s. for all v : 3/ — measurable random variables in Uy, . The Hamiltonian minimization condition
(8.19) in location g directly follows (8.38).
Now consider a needle variation at time ¢ € (fy,) in the form of

(

ug, (1) if fo< T <1
% if t<1tT<t+e¢
u(1)=q ug (1) if r+e<T<t,—8° . (8.39)
ug (t) if 4 —8f < T <y
ufll (1) if ty <T<tf

where 6% > 0 corresponds to the case where the perturbed trajectory arrives on the switching
manifold m (x) = 0 at an earlier instant (the case with a later arrival time is handled in a similar
fashion).

For 7 € [ty,t; — 6%), we may write:

835, (1) =8, (955, () = [ [fuo (55, (5)9) o (4 (51, 9)) ]
+/t;[fqo(xgo<s>,u;0(s))—fqo(xz;o(), u), (s)) ds+/ 8ao (X, (5)) — 8ao (1% ()] dw (s)

(8.40)
and derive the first order state variation as
0 0
dyy (2) = 1 (30 (2).16, (1) 3o (D)7 + S50 (38 () 3y (D) (2), (84D
90 q0
Yao (1) = fao (x50 (1) 5v) — fao (x5, (1) ug (1)) - (8.42)

For 7 € [t; — 6%,1;), the early-switched perturbed trajectory evolves in R?! while the original

trajectory is still in R%. At ¢, both trajectories are in R?!, and we may write

éxgl (ts)—x (ts) —xg, (25)
= E(uf (= 8"+ [ (a8, (2, @)+ [ (6, (1) dw(e)

—0¢
~& (g, -8+

fs

5o Ja0 (54 (7)1 (7)) d o+ /t 75 24 (x5, (7)) dw(f)) . (843)



8 Optimal Control of Stochastic Hybrid Systems 139

By invoking (8.3) in A1l we can prove that

/t:iﬁs 8q1 \X ( (7)) dw(t)—& (/:—88 g0 (XZO (‘L’))) dw (7)

and by employing the Burkholder-Davis-Gundy (BDG) inequality (see e.g. [113,114] and

1 2
;1_% ?E ‘ =0, (8.44)

Appendix A) we deduce

s
Y (tS) = V& Yqo (IS_) —1—;%? [ffll (é (XZO (ts_)) ’ 611 ( 5)) - Vé f‘IO ('XZO (ts_) ’MZO (ts_))} ’
(8.45)
almost surely, where by using (8.4) in A1 and the BDG inequality, the limit in (8.45) is determined

as

o¢ vm! Vo (ts—)
lim — , (8.46)
e—0 € VmquO (x0, (1s—) ,ug, (t:—))
almost surely. Denoting
1
o= , (8.47)
¥ vm' fy, (xgo (ts—) ,ug, (15— ))
the first order dynamics of the state sensitivity are
o () = o (3 0).7) = Fo (35, (6).183, (1) (8.48)
0 0
dyg, (7) = Jao (xflo (1)  Ug, (T)) Vgo (T)dT+ 840 (xflo (‘L')) Vg (T)dw(7), (8.49)
dxy, 9xy,
Y (ts> [V& + ¥s ( Vé ) } Yqo (ts_) ) (8-50)
a 1 0 [ a 1 0
dyql ( ) aiq (qu (T)7uq1 (T))yQI ( )dT—i— aiq ( q1 (T))yth (T)dW(T), (851)
q1 q1

where in the above equations 3, := fy, (x5, (ts—) ,ud, (15 —)) and fo, = fa (xf“ (t5) ,ug, (1))
Furthermore, the first order dynamics of the (forward) cost sensitivity are determined by

Zqo (1) = Lgy (X, (1) ,v) — g (x5, () ,ug (1)), (8.52)
d Mgy 0 o
a0 (7) = 5 (3 (2),14, (9) o (7). (8.53)
zg, (t5) = zqo(ts—)-l-[Vc-i—j/s(lf“—lgo—VcT qso) Vm}quO(ts—), (8.54)
d Ay, , , o
g (%)= g - (36, (2),14, (9) (7). (8.55)
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Defining
0 81 0 0 af 0 0 ag 0 ! O(k) 0
dAg =— <8x[;(:) (xqo’”qo) + [WZZ (xqw”qo } Z {axzz ] Kgy ' | dt+Ky (1) dw(1),

(8.56)
and taking similar steps as those in the previous part, Lemma 8.2 is employed to show that there

exist 3'-adapted processes A , Ky such that for ¢ € (fo,1;) :

d

27 )

=B {20, (17) + [A, ()] v () } = {200 0+ [, (0] v0s (0} 20, 8:57)

e=0

Thus,
E {14y (5, (1)) + [2, ()] fun (35, (1) )
Ly (6, (1), 12, (6)) = [0 (0] Foo (62, (1) 12, (1)) } >0, (8.58)
which, by [42, Theorem 2.1], results in
Lao (5, (0) 145, (1)) + [Agy ()] S (x5, (1) 5, (1))
< gy (X (1) )+ [20 ()] fao (5, (1) ,v), (8.59)

a.s. for all v : 3" — measurable random variables in Uy, The Hamiltonian minimization condition
(8.19) in location gq directly follows (8.59) which together with (8.38) completes the proof of
(8.19) for the case under study.

The adjoint process dynamics (8.14) are directly deduced from (8.56) and (8.32) together
with the Hamiltonian definition (8.12). In order to derive the adjoint boundary conditions (8.18)
we consider (8.36) for ¢ | #; and (8.57) for ¢ T ¢, to write

Bz )+ (36, (060 v )} =B Lz (62 + 34, 0] o (60} 860)
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Substitution of y,, () and z,, (#;) from (8.50) and (8.54) results in

E {2y, (1-) + [Ve+ % (8, — 15, = Ve f3,) V] vy, (1)
+ A (D)) [VE+ 1 (3, — VE f3,) V'] v (15-) |
_E {zqo (1) + [A2 ()] Yo (zs—)} L (8.61)
]E{ [Ve+ pVm+VETAL (1+) =22 ()] v (rs—)} —0, (8.62)

in which the notation
pi= (1, — Iy = VT L, 4 20, ()T (3~ VES3) ). (8.63)

is used. In order to prove the Hamiltonian continuity condition (8.20) we note that on one hand:

T
Ha (1) = Hoy (3, (1=) 5, (15=) 2y (1) K5, (1)) = B3, + g T o+ (K3, ) g5, )
T T
= b3+ [pVm+ Ve VE A | fo e ([, g3
T T T T T T
=, A0 i, (1, = by =V o 0T (3, = VE f3) )+ VT o, 44T VE fo e ([Ke, ) g3)

T
=ty 2"y, e ([65,] 83, ) . 869

where in the derivation of the last equality ¥; is substituted from (8.47). On the other hand,

Hy, (1) = oy (5, 1) 16 (). 29, (1) K5, () = 1+, e ([R5, )
=t 2 e (17 () =t + 20T e (8 (63)) 23,)
=5+ 25, g, o ([K3) g5, ) - (8:69)
In the derivation of the above arguments, we made use the linearity of the mapping &

provided in A0Q.S, and we employed the assumption (8.3) in A1.S. This completes the proof
of the Stochastic Hybrid Minimum Principle. [
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Chapter 9

Future Research Directions

9.1 Stochastic Hybrid Dynamic Programming

In this thesis, the Stochastic Hybrid Minimum Principle (SHMP) has been established for a
general class of hybrid systems with both autonomous and controlled switchings and state jumps
subject to possible changes in the dimension of the state space. The inevitability of switchings
and jumps upon arrival on switching manifolds is of particular importance in the modelling
of mechanical impact problems (e.g. [115] as well as the well known example of a bouncing
ball in a turbulent environment) and friction-resisted dynamical systems with distinct evolutions
under static and dynamic frictions (see e.g. [100]). The SHMP established here generalizes the
deterministic HMP presented in Chapter 3. Furthermore, as proved in the case of deterministic
hybrid optimal control problems in Chapter 5, the adjoint process in the HMP and the gradient of
the value function in Hybrid Dynamic Programming (HDP) are identical to each other almost
everywhere. So due to the fact that the same relationship holds for continuous parameter
stochastic optimal control problems (see e.g. [26]), it is natural to expect the adjoint process
in the SHMP and the gradient of the value function in Stochastic HDP (SHDP) to be identical

almost everywhere.

9.2 Sufficient Conditions of Optimality

All the theorems in this thesis hold as necessary conditions of optimality. While the sufficiency
of the HMP can be shown to hold for numerous hybrid optimal control problems, for instance

when the Hamiltonian is convex, a major drawback in solving the HIB equation for obtaining the
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solution(s) of both classical and hybrid optimal control problems is the requirement that the HIB
equation admits classical solutions, i.e. the solutions are assumed to be smooth enough to satisfy
the HIB equation. Unfortunately, this is not necessarily the case and therefore the discussion of
the so-called viscosity solutions (e.g. the extension of the results of [16, 18, 19] for the results of

Chapter 4) is inevitable for establishing the sufficient optimality conditions based on HDP.

9.3 Algorithms Based on the HMP/SHMP and HDP/SHDP

The HMP-based algorithms give optimal trajectories and optimal control inputs for a given
switching sequence based on the Hybrid Minimum Principle [7,9, 10,67, 116]. The Optimality
Zones algorithms [117-119] partition the Cartesian product of the system’s time and state space
with itself to give the optimal control law and optimal switching sequence in the state space. The
above algorithms are developed based upon earlier versions of the HMP and HDP results, and
need to be modified in order to reflect the presence of switching costs, as well as the possibility
of state space dimension change, and existence of low dimensional switching manifolds.

Furthermore, the results on the HMP-HDP relationship can be employed to develop HMP-
HDP based algorithms that provide the optimal switching sequence together with optimal
controls.

The extension of the above suggested algorithms to stochastic optimal control problems is

another direction for further research.

9.4 Control Dependent Diffusion Terms and Second Order Adjoint

Processes

When diffusion terms are functions of the system state only, as is the case in this thesis, the
SHMP is derived via first-order variational analyses as is done in Chapter 8. However, when
diffusion terms also depend on the controls, one is required to study both the first-order and
second-order variations and derive the SHMP using a stochastic Hamiltonian system consisting
of two forward-backward stochastic differential equations and a minimization condition with an
additional term quadratic in the diffusion coefficient (see e.g. [26,42,43]).

Furthermore, the assumptions in A1.S, as well as the linearity of the jump maps assumed in
AO0.S, both of which are in force to ensure the validity of first order variations, can be relaxed

when second order variations are studied.
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9.5 Mean Field Hybrid Games

Mean Field Game (MFG) theory studies the existence of Nash equilibria, together with the
individual strategies which generate them, in games involving a large number of agents modelled
by controlled stochastic dynamical systems. This is achieved by exploiting the relationship
between the finite and corresponding infinite limit population problems. The solution of the
infinite population problem is given by the fundamental MFG Hamilton-Jacobi-Bellman (HJB)
and Fokker-Planck-Kolmogorov (FPK) equations which are linked by the state distribution of a
generic agent, otherwise known as the system’s mean field [120].

The study of Mean Field Games that undergo changes in their governing dynamics has not
yet been addressed in the literature. However, there are several opportunities for the extension of

the results of the current thesis in the MFG framework. In particular

e Autonomous switching of the game dynamics for minor players. An example of which is
the introduction of new regulations if the state of a society reaches certain levels of richness

or crisis (for instance in the management of water resources).

e Autonomous and controlled switching of the game dynamics when a major player is
present. An example of which is the introduction of new products by a company (major
player) which results in major change of consumption dynamics for consumers (minor
players) as well as the revenue dynamics for the company. Another example is given by
electoral dynamics, in particular in the Canadian system where the date of election is also
a decision parameter under the control of the sitting government. A Mean Field Hybrid
Games framework would enable one to study such elections, not only over a single courses

of governance, but also over several elections.
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Appendix A

Burkholder-Davis-Gundy Inequality

Theorem A.1 (Burkholder-Davis-Gundy Inequality [113, 114]). Consider a continuous
martingale M which, along with its quadratic variation process (M), is bounded. For every

stopping time T, we have then

E{ M} < CLE{(MT), m>0, (A1)
1

BaE{(M)7} <E{|Mr "}, m> >, (A2)
1

BaE{(M)7} <E{(M7)"} < CuE LT}, m> >, (A3)

for suitable positive constants By, Cy,, C), which are universal (i.e., depend only on the number

m, not on the martingale M nor the stopping time T ). 0



