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Abstract

In this thcsis wc focns on the "KantorO\"ich Inequality":

t'A.t" t'.4- l t (À I + Ànf

(t'tF :5 4ÀI Àn '

where t is a real n x 1 vector mld .4 is a real n x n s)"mmetric positive delinite

matrix. with ÀI and Àn • respectively. its (li:\':ed) largest and smallest, necessarily

positive. eigenvalues. We begin the thesis with live dilferent proofs of the Kan,

torovich Inequality and continue by showing that it is equivalent to live closely

related inequalities due, respectively, to Schweitzer (1914), P61ya"Szego (1925),

KrasnoseI'skiI-KreIn (1952), CasseIs (1955) and Greub-Rheinboldt (1959). We also

examine severa! related inequalities which admit the Kantorovich Inequality asa

special case, including the Bloomfield-Watson-Knott Inequality, for which wc give

a proof based on that presented b)' Bloomfield and Watson (19;5). We also show

that there appears to be a lat:'lIla in the "brief proof' given by Yallg (1990). Sorne

statistical applicatiollS conclude the thesis with special emphasis on the efficiency of

the Ordillary Least Squares Estimator in the Gauss-Markov linear statistical mode!.
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Résumé

Dans ce mémoire nous nous intéressons il "l'inégalité de Kantorovitch~:

t'.4t· t'A.-1t < (..\1 + ..\,.?
(t't)2 - 4..\1'\"

où t est un vecteur réel n x 1 et .4 une matrice n x n symétrique définie positive il

coefficients réels, avec ..\1 et ..\,. désignant respectivement la plus grande et la plus

petite valeur propre de .4., li.'(ées. Nous commençons par donner cinq différentes

preuves de l'inégalité de Kantorovitch pour ensuite établir qu'elle est équivalente iL

cinq autres inegalités respectivement dues il Schweitzer (1914), Polya-Szego \1925),

Krasnosel'skii-Krein (1952), Cassels (1955) et Greub-Rheinboldt (1959), qui lui

sont étroitement liées. Nous e:'l:aminous également différentes inégalités relatives

qui admettent celle de Kantorovitch comme cas particulier. Cela inclut l'inégalité

Bloomfield-Watson-Knott dont nous donnons une preuve basée sur celle de Bloom­

field et Watson (19ï5). TI nous apparaît aussi qu'il y a une lacune dans la "courte

preuve" de Yang (1990). Nous concluons ce mémoire par quelques applications

statistiques. Un accent particulier est mis sur l'estimateur des moindres carrés

dans le modèle linéaire de Gauss-Markov.

' ...- ~.'
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• Introduction

Our maill l'Dl' ilS iu 1his 1h,'sis is DIl th" KaUIlll"ll\'idl IIl'~l'lalil~'

(Il.! \

•

wher<' t is II l'cal" xl \"('(·tor and .-1 is a n'al" x" symm'>lrÏl' l'osil.i\'l' ,It'linill' matrix.

with '\1 and '\11' respectÎ\·e1y. its (lix('(I) lar~est and slmùl''Sl. 1Il'(·,.,.,,,,.rily l',,~iti\"('.

eigell\'ùup's. The in('(!uality (Il.!) is nanll'd afl,'r th(· "'obd Laureat" and A,'ademi·

cian Leonid \'it:ù"~\'ich K:Ultol"m'ieh (191:! 1986) for L11" illl'(lnalily lu' ,'S!ahlish,'(1

in 1948 ([ï2]. pp. 142-·144: cf. :ùso [ï3]. pp. 1061llï).

Another way of exprcssing (0.1) is in the "norm:ùiz,'(l 1"('(lu('('(1 .. furlll:

(o.:!)

. h ,<",II ., 1
Wtt .L.i=l zr = .

As far as we know. the !irst in('quality of the type (O.:!) to bto publish,'(1 is th,'

following inequality established in 1914 by Plil Schweitzer [145J:

1 ( 1 1 1 ) (m + Alf
-:;(XI + X2 + ... + XII) - + - + ... + - :s "'-4--"":-
~ Xl ~ ~ '~~

(0.3)

where the l'l'al positive numbers XI>"., X n Slltisfy 0 < m :s Xi :s JI,[ (i = 1, ... , n).

The "Schweitzer Inequality" (0.3) is a special case of (0.2) \Vith À, = X .. z; = lIn,

..\1 = "vI and ..\11 = m.

In 1925 George Polya and Gâbor Szego ([I33J,[l34]) sho\Ved that

•
where

(ai +~ + ... + a~)(bi +~ + ... + ~) < (ab + .4B)2
(albl + a2b:! + ... + a"bn )2 - 4abAB '

0< a :s Il; :s A., 0< b:s 11; :s B (i = 1, ... ,n).

1

(0.4)



(0.5)
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The only related work published before 1948 appears to be by J6zsef Kürschak

who in 1914 posed the following problem in [82]: Pro\'e that

Ied j2(x) d:x I; g2(X) d:x < (ab + A.B)2

[Ied f(x)g(x) d:xf - 4ab.4B '

where f(x) and g(x) are continuous functions in the inten'a1 (c, d) with 0 < a :5

f(x) :5 A and 0 < b :5 g(x) :5 B. We observe that (0.5) is a continuous version of

P6lya-Szegëi Inequality (1925), but with a = b (= m) and .4 = B (= 1\-1).

In Chapter 1 we present live different proofs of the Kantorovich Inequality. The

original proof by Kantoro\;ch (1948) is followed by proofs by Anderson (19il) [6),

Styan (1983) [1521 and Bühler (198ï) [23]. We end with the very recendy published

proof by Ptak (1995) [135].

In Chapter 2 we consider in detail live "named" inequalities. In addition to:the

Schweitzer Inequality [145] and the P6lya-Szegëi Inequality ([133], [134]), we also

consider the Krasnosel'skii-Krein Inequality [80], the Cassels Inequality [28] and

the Greub-Rheinboldt Inequality [60]. We show that these live inequalities are all

equivalent to the Kantorovich Inequality, extending results by Watson in [169].

In Chapter 3 we present severa! inequalities which are related to the Kantorovich

Inequality and severa! which admit the Kantorovich Inequality as a special case.

We concentrate on the following papers: Wielandt (1953), Newman (1959), Strang

(1960), Bauer (1961), Marcus and Khan (1961), Cnrgo and Shisha (1962), Diaz and

Metcalf (1963), Marcus and Cayford (1963), Marshall and Olkin (1964), Fan (1966)

and Shisha and Mond (196ï).

In Chapter 4 we present a proof of the Bloomfield-Watson-Knott Inequality

IX'XI2 > TI 4À;.Àn_iH"-c-c<

IX'AXI·IX'.4-IXI - i=1 (À; + .Àn_iH)2'

where ÀI ;::: ... ;::: '\n are the, necessarily positive, eigenvalues of positive definite

matrix .4., X is the n x k matrix of rank k and n ;::: 2k. We follow the proof

given by Bloomfield and Watson [21]with a modification due to Drury [4ï]. We
also discuss the "brier proof" of the Bloomfield-Watson-Knott Inequality given in

1990 by Hu Yang [Iii] and find that there appears to be a lacuna in his proof. We

2
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end this chapter by presenting various e.'l:tensions of the Bloomfield-Watson-Kn,'t!

Inequality due to Khatri and Rao (1981) [(6) and Wang and Shao (1992) [161]. as

weil as sorne related rnatrix inequalities published quite recently by Liu (1995) [881.

Liu and Neudecker (1996) [93]. and Pcëarié. Puntanen and Styan (1996) [131].

In Chapter 5 we present a variety of statistical applications of tlll' KantorO\'idl

Inequality and the Bloornfield-Watson-I,nott Inequality. Wc conccntratl' on thl"'I'

four papers: Ma:;ness and ~.IcGuire (1961), Venables (1976), Crcs.~il' (1980) and

Wang and Shao (1992).

We continue \Vith three Appendices featuring translations into English of the

1914 paper in Hungarian by Schweitzer [145) and t\Vo interesting papers in Chilll"'l'

by Lin [85) and Chen (1987) [32). We end the thesis \Vith an e.'l:tensive bibliography

of about 200 publications related to the Kantorovich Incqu:ùity. References t.u

re'vie\Vs in Jahrbuch über die Fortschritte der Mathematik, Mathe11latical Rcviellls.

and Zentralblatt fiir Mathematik und _ihre Grenzgebiete, are given with codes JFM,

MR and Zbl, respectively.

:

.'

3
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Chapter 1

The Kantorovich Inequality

1.1 The Kantorovich Inequality (1948)

Our main focus in this thesis is on the so-called "Kantoro\ich Inequality":

where t is a real n x 1 vector and .4 is a real n x n symmetric positive definite

matrix, with ÀI and À", respectively, its (fi.-.:ed) largest and smallest, necessarily

positive, eigenvalues.

Throughout this thesis we will assume that all vectors and matrices are real, and

that a positive definite matri.-.: is symmetric; we will also assume that À1 > Àn > 0

and usually that both À1 and À" are known. H ÀI = À" then the matrix .4 becomes

a multiple of the identity matri.-.: and all our inequalities become equalities; if À1

and À" are not known but we know that 0 < m ~ Àn < ÀI ~ M then we can replace

ÀI and Àn in the upper bound in (1.1) by M and m, respectively, since then

•

•

t'.4t· t'.4- l t < (ÀI + À")2

(t't)2 - 4ÀI À" '

(À1 + À")2 < (m + M)2
4ÀI Àn - 4mM '

cf. (1.11) below.

The "complementary" or "reversai" inequality:

t'.4t· t'A-It
1 ~ (t't)2

4

(1.1)

(1.2)

(1.3)



• is a version ofthe well-known -Cauchy-Schwarz Inequality~:

(X'yJ2 ::; x/x· y/y. (1..1)

where x and y are 11 x 1 (nollnull) vectors. Some further details on the Cauchy.

Schwarz Inequality are given at the end of this section. [The term ~complem('lItary~

in this conte:li:t appears to be due to Diaz and Metcalf (1964) [40] and ~eversar to

Marshall and Olkin (1964) [105].]

Another way of e.,..pressing the KantorO\ich Incquality (1.1) is in the "reduced"

form:

with Li=1 zr = 1. We will refer to (1.6) as the "normalized reduced" Kantorovich

Inequality.

To sec that the leCt-hand side of (1.1) equals the left-hand side in (1.5) we note

that since the matrb.. A is real and symmetric it may be orthogonally diagonalized:

A = PAF, say, where A = diag{À\, ... , An} and P is orthogonal; and we then

write Pt = 'U = {Ui}.

When the vector t in the Kantorovich Inequality (1.1) is normalized with ft =1

then (1.1) becomes the "normalized" (unreduced) Kantorovich Inequality:

•

'<"'" , 2 '<"'" ,-l, 2 (' ')2
L..'-l "'lUi· .!...i-I "'i Ui "'1 + "'n

( '<"''' ")" ::; 4" ,L..i=1 u; .. "'t"'n

which may be "normalized" by setting zr =u'f/ Li=1 u'f so that

~ , ..,.2 .~ 2..,.2 < (Al + A,,)2
L...t At..... L- \ ....1 - À'
i=1 i=1 Ai 4A1 "

(1.5)

(1.6)

(1.7)

•

The upper bound in the Kantorovich Inequality (1.1),

(1.8)

is the square of the ratio of the arithmetic mean to the geometric mean of the largest

and smallest eigenvalues of the matrix A. We may aIso express (1.8) as

5



• (1.9)

(LlO)

where

.hl
If. = cond(.4) = .h

n

is the so-called "condition number" of .4 and so 1 :S If. < 00. We note that the

upper bound (1.8) = (1.9) is nondecreasing in If., cf. (1.2) above, i.e.,

(1.11)

•

•

The Kantorovich Inequalityl is named after the Nobel Laureate and Academi­

cian Leonid Vital'evich Kantorovich (1912-1986) for the inequality he established

in 1948 ([ï2], pp. 142-144; cf. also [i3], pp. 106-10i) in a long survey article

in Russian on functional analysis and applied mathematics. For a biography of

Kantorovich sec th~ paper [200] by Makarov and Sobolev (1990). Tùe Kantorovich

Inequality is wel1 known, cf. e.g., Hom and Johnson ([69], pp. 444-445), Mareus

and Mine ([104], pp. 110 & IIi), and is useful in estimating convergence rate in

descent methods in numerical analysis, cf. e.g., BOl'owski and Borwein ([22], page

319). Our interest in the Kantorovich Inequality, however, comes from statistics,

where it may be used to identify a lower bound for the efficiency orthe (ordinary)

least squares estimator ofa single parameter in the generallinear (statistical) mode!,

cf. e.g., Watson (1955) [165], Magness and McGuire (1961) [9i], Golub (1963) [59],

Hannan (19iO) [64], and Puntanen (198i) [136]. Indecd this thesis was motivated

by papers presented at the Fourth International Workshop on Matri..... Methods for

Statistics (Montréal, July 1995) by Shuangzhe Liu and Heinz Neudecker [92] and

by Geoffrey S. Watson [169] (and the associated discussion). Sec also the recent

1Note added in proof. 1 am very grateful to Josip E. Peëarié for drawing my attention to the

paper [50) by Roberto W. Frucht (1943) in ",hich the "Kantorovich Inequality" (1.5) is established

explicitly, live)'CarS before Kantorovich (1948) [i2]. In this same paper [50] the continuous version

of (1.5) is aIso established (b)' Beppo Levi [83]). For biographies of Roberto W. Frucht see [198]

by Frank Harar)" and (19i) by Carlos Gonzalez de la Fuente and for biographies of Beppo Levi

(18;5-1961) see [201] by Norbert Schappacher anl! René Schoof and [196] by Salvatore Coen.

6



• Ph.D. thesis by Shuangzhe Liu [89] and the papers by .-\Ipargu and Styan ([1]. [2J .

[3] and [4]) .

.-\ccording to Peèari<' and Mond ([129]. page 38-1) the -Kantorovich Incqualit.y­

is originally due to Charles Hemlite (1822-1901). but no referencc is givcn~. The

earliest form of (1.1) per se that wc have found in t.he literaturc is in [60] by Gn'ub

and Rheinboldt (1959); cf. aIso [1511 by Strang (1960).

Equality holds in the Kantorovich InequaIity (1.1) when

(1.12)

•

where Pl and Pn are orthonormal eigenvect.ors of .4 corresponding, respectively.

to À l and Àn • When À l and Àn both have multiplicity 1 then this condition is

aIso necessary. When Àl and Àn , however, have multiplicities f ~ 1 and h ~ l,

respectively, 50 that say

Àl = ... = À J > ÀJ+1 ~ ••• ~ Àn-h > Àn- h+1 = ... = Àn (1.13)

then for equality in (1.1) we need

where Pl and Pn are matrices, respectivel:r n x f and n x h, with columns being

orthonormal eigenvectors of A corresponding, respect.ively, to À1 and Àn. The vectors

al and an are arbitrary e.'Cccpt that a~al =a:.an = 1.

Equality holds in the "normaIized reducedn version (1.6) of the Kantorovich

Inequality whenever

and Z2 =... =z,,-l =0; (1.14)

•

when Àl and Àn both have multiplicity 1 then this condition is also necessary. When

À1 and Àn , howcver, have multiplicities f ~ 1 and h ~ l, respectively, as in (1.13),

then for equality in (1.6) wc need

2Note added in prooj. Frocht (1943) [50] established the reduced Conn (1.5), while Kantorovich

(1948) [i2] proved the normalized reduced Conn (1.6).

ï



(1.16)

• z/ - .• -~ -0 and .2+ +.2_1_.2 + ... +_2+J - - - -n-h - ~I' - - ~/ - 2 - ~n-h+1 'n-

(1.15)

A continuous normalized version of the Kantorovich Inequality is

id ~ id 1? (m+M)2
c f(x)g-(x)dx· c f(x)9-(x)dx ~ 4mM '

where f(x), 1/f(x) and g(x) are integrable functions on [c, dl \\ith 0 < m ~ f(x) ~

M and .r:g2(x)dx = 1, cf. Batinetu-Giurgiu (1994) [13] [Mitrino\ié (19iO) ([110],

p_ 60) observes that (1.16) is "known" but does not present it e;"plicitly].

The inequality, cf. (1.4) above:

(x'y? ~ x'x· y'y, (1.1i)

•
is a vector version of the well-known Cauchy-Schwarz [or Buniakovski] inequality,

cf. e.g., Borowski and Borwein ([22), page i3), Mitrinovié ([110), pp. 30-32).

""he inequality (1.1i) is named after [Baron) Augustin-Louis Cauchy (lï89-185i)

and Hermann Amandus Schwarz (1843-1921) [and Vik"tor Jakovlevich Buniakovski

(1804-1899»), cf. ([22), pp. 62, il & 524).

Equality holds in (1.1i) if and only if x and y are linearly dependent, i.e.,

(X'y)2 = x'x· y'y~ x ex y.

Let t be an n x 1 vector, and let A be an n x n positive delinite matri.... so that

there exists an n x n nonsingular matrix F 50 that

A. =FF'. (1.18)

(1.19)

•

Substituting x = F't and y = F-lt in (1.1i), gives the following matri.... version of

the Cauchy-Schwarz Inequality, cf. (1.3):

t'At· t'A-lt
1 ~ (t't)2 .

Equality holds in (1.19) if and only if At ex t, i.e., t is an eigenvector of A.

8



• 1.2 Five Proofs of the Kantorovich Inequality

In this section w(' present live dilferent proofs of the Kantorovieh Ine<)n:ùity. ht'­

ginning with the origimù pronf by Kmltorovich (19-18). Our next thn't~ pronfs an­

due 1.0 Anderson (19ïl) [6]. Styan (1983) [1[;2J and Bühler (198ï) [231. W.. tond

this section (and chapter) with the wry recently published pronf by Pt:ik (1995)

[135]. There are many other proofs (see the e.'i:tensive bibliography al. the ent! of

this thesis), induding the proof by Chen (198ï) [3'2] (translated from the Chinese

as AppendL'i: C in this thesis) and the interesting proof using linear programming

by Raghavachari (1986) [138]; see also Schopf (1960) [144].

1.2.1 Kantorovich (1948)

Kantoro.;ch (1948) (cf. pp. 142-144 in [n] and pp. 106-10ï in [iS]) establishL'<1

the "normalized reduced form" of the Kantorovich Inequality, cf. (1.6),

where E:'=1 zr =1, using the method of Lagrange multipliers.

We assume, without loss of generality, that the Ài are distinct and so À1 > ... >

Àn > O. We equate 1.0 zero the derivatives, with respect 1.0 Zi (i = 1, ••. , n), of the

function

• f =~ >.-z2 .~ 2..~ < (À1 + >.,.)2
L..J " L..J, -, - 4" '
1=1 i=l Ai "'1""1

(1.20)

F = f - Ct (t if - 1) ,
1=1

where Ct is a Lagrange multipler. Writing f = u . Û, where u = E:'=1 À;zr and

. "n ,-1 ~ btain'a = "'-'i=1 Ai Z;, we 0

8F =2 (u2.Zi+ÛÀiZi-CtZi) =0 (i=I, ... ,n),
8Zi Ài

•
and 50

Zi(U + ûÀ; - CtÀi) =0, (i =1, ... , n).

9
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•
The second factor in (1.21) is a polyn..mlÏaI of the second degree in À i and so at

most t\Vo distinct values of À. can rnake this factor zero. Hence at most two values

Zk and Z" say, of z; are non-zero. In this event

f = 2 2(1 2 1~\
(ÀkZk + À,z,) À

k
Zk + À, zi)

1(/f;k ro'2(2 2)2 1(/f;k R')2(_2 _2)2= - - + - Zk + Z, - - - - - -k - ~I
4 À, Àk 4 ÀI Àk

< ~(/f;+ro2

~ ~({f+fi/
(À I + Àn )2

4À I Àn '

(1.22)

(1.23)

(1.24)

•
cf. (1.2), (1.9) and (LU), and thus (1.20) follows. ~On page 143 of [ï2) and on page

10ï of [ï3] the factor

in (1.22) is given with a + sign rather than the correct minus sign.)

1.2.2 Anderson (1971)

CI

Our favourite proof of the Kantorovich Inequality may be the following simple

probabilistic proof given in 19ï1 by T. W. Anderson ([6), Lemma 10.2.5, p. 569),

see aIso Bühler [23) and Watson [168).

We may write the pl"'.lduct f in (1.20) as

n ~ n 1 (1)f = LÀi=i' L -:zr = E(T)E - ,
i=1 i=1 Ài T

(1.25)

•
the product of the e.'q)ected value of a raridom variable T and the e.'q)ected \'3lue

of its reciprocal lIT, where T assumes the values Ài E [m, Ml with probabilities

Pi=zr (i=l, ... ,n); O<m<M<oo.

10 .~
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•

For 0 < m ~ T ~ M .

o~ (JI - T}(T - m) = (M + m - 7')T - mM.

which implies

1 m+M-T-< .
T- mAI'

andso

E(T) . E (~) ~ E(T). m + J'vI - E(T)
\T mM

(m+M)2 1 lE 1 )]2
- 4 ~I - ~{ (T) - :;(m + M

'rnj mjl'. •

(m+M)2
~ 4mM'

and our proof is complete.

1.2.3 Styan (1983)

(1.2(;)

(1.27)

(1.28)

o

Styan (1983) [152], cf. also [1], proved the Kantorovich Inequality using the follow­

ing inequality due to Marshall-Olkin (1964) [105]:

(1.29)

•

where zz = 1 and A =diag{Àh •.• , Àn}, with Àl ~ ... ~ Àn.

The (normalized reduced) "Marshall-Olkin Inequality" (1.29), cf. a1so (3.46) in

Chapter 3, follows directly from

Àl + Àn - z'l'Lz - ÀlÀn' z'lI.- l z - z'(diag{Àl + Àn - Ài - ",-IÀ1Àn})Z

- z(diag{(À1 - Ài)(Ài - >"')/Ài})z

~ 0

11



•
Wc may then prove the "normalized redllced" Kantoro\'ich Ineqllalit~· (1.20) as

follows:

The simple probabilistic proof given in 198ï by Wolfgang J. Büh1er [23], cf. also [1],

starts, as with the proof by Anderson [6] that we presented in Section 1.2.2, with

•

A1An(='A=)(='A-1=) = ='A=(AlAn . ='A- 1=)

< ='A=(A1 + An - z'Az)

= z':\z(A l + An) - (z'Azf

= WI + An? - (z'Az - HAl + An))2

::; HAl + An?,

cf. (1.28) and (3.43) in Chapter 3, and 50 (1.20) is established.

1.2.4 Bühler (1987)

n n 1
f =LAiZ; .L A. if = E(T)E(lIT),

1=1 i=l'

(1.30)

o

(1.31)

the product of the e.'\-pected value of a random variable T and the e.'\-pected value

of its reciprocal liT, where T assumes the values ..xi E [m, M] with probabilities

Pi =zr (i = l, ... , n); 0 < m < ,\;1 < 00.

From the Cauchy-Schwarz or correlation coefficient inequality:

-1 ~ E(T . liT) - E(T)E(lIT) = corr(T, liT)
JVar(T)Var(lIT )

it follows that

•
However

say. Since

E(T)E(lIT) :S 1 + JVar(T)Var(lIT).

Var(T) = Var (T _ M ; m) = Var(U),

12
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• o< III S T S .\1

we have

JI - m < [" = T _ .\1 + III < JI - III

2 - 2 2

andso

Hence

(1.33)

Similarly, we have

•
1 1 1 2

Var(I/T) S - (- - -) .
4 m lit!

Combining (1.34) and (1.35) \Vith (1.32) yields

f = E(T)E(I/T) S 1+ (J'\;[ - m)2 ~ (2. _.!..)2 = (m + M)2,
2 4 m M 4mM

whicll proves the Kantorovich Inequality

(1.35)

(1.36)

•

Equality occurs in (1.36) if and only if equality occurs in both (1.34) and (1.35),

and this happens if and onIy if

2

E(U) =0 and U2 = (!vI; ln) ,
i.e., T = m = À,. and T = M = >'1, each \Vith probability 1/2. When the eigen.vaIues

>'1 and À,. are both simple, i.e., with mnItiplicity 1, then this translates into our

earlier conditions for equality in the Kantorovich Inequality:

(1.3'7)

13



• \\"lll'n tllf' PÎJ\('ll\'alues A, and A" ha\'(' lIlultiplidtil's f 2: 1 and il > 1. rl'SpCC-

t.i\'('l:•. So t.hat.

rllf'n for '~luaJity in (1.36) Wl' nee<!. cf. (1.15).

-, - •.. -- /-0 'Uld .2.,..' .........2_! __2 + ... +.2
- ... 1 - - -f1-t - f '''1 ' -J -"! - ""'n-1t+1 -n°

o

1.2.5 Ptak (1995)

As wc observed in §1.1. cf. (1.6) and (1.8). the normalized reduced Kantoro\ich

hlt.~luaIity may be stated as follows:

•
whl're ,fi ..2 = 1 ·.nd. _1=1 -. ~

a = ~(Al + A,,) and 9 = J>".A,.

(1.38)

are. respectively, the arithmetie and geometrie means of >"1 and A,.. Sinee (1.38)

is inV"ariant with respect to replacing each ..\ \\ith a positive multiple cÀ;, we may

assume that 9 = 1 or, equivaIently, that À" = 1/>"1' It then follows that

1 . 1
>"+-<:.\1+-• >.. - \• AI

lUld so

(i = 1. . .. ,n),

• and (1.38) follows at once.

14
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Chapter 2

Five Inequalities Related to

the Kantorovich Inequality:

1914-1959

In this chapter we consider the following live "muned" inequalities:

• §2.1 The Schweitzer Inequality (1914)

• §2.2 The P6lya-Szego Inequality (1925)

• §2.3 The Cassels Inequality (1951/1955)

• §2.4 The Krasnosel'skii-Kreïn Inequality (1952)/ Householder (1964)

• §2.5 The Greub-Rheinboldt Inequality (1959),

which were published in 1914-1959. As we will show in §2.6 these live inequalitie;

are all equivalent to the Kantorovich Inequality.

2.1 The Schweitzer Inequality (1914)

./!u; far as we know, the lirst inequality of the type (1.5) to he published was in 1914

by Pâl Schweitzer [145J. [Schweitzer's original paper [145] \Vas published in HWl­

garian; we present an English translation as Appendix A of this thesis.] Schweitzer

15
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•

(1914) considered real positive numbers

XI, ... ,Xn ; 0 < m:S Xi:S AJ (i = 1, ... ,n),

and showed that

1 1 ( 1 1 ) 1 1 ( 1 1 ) (m + Mf-(Xl+···+Xn )·- -+ ...+- :s-(m+ll1)·- -+- = .
n n XI X n 2 2 m M 4mlvJ

(2.1)

The "Schweitzer Inequality" (2.1) is a special case of the reduced Kantoro~ich

Inequality (1.5) with Ài = Xi, ur = 1, ÀI = M and Àn =m. And so we may consider

the reduced Kantorovich Inequality as being a "weighted" version of the Schweitzer

Inequality. An interesting proof of the Schweitzer Inequality using majorization is

given by Marshall and Olkin ([105], p. il).

It was shown in 1961 by Peter Henrici in [68] that surprisingly the Schweitzer

Inequality (2.1) aIso implies the Kantorovich Inequality (1.5). For details sec §2.6.1.

The complementary inequality

1 1(1 1)1:S -(XI +",+xn ). - -+ ... + - ,
n n XI Xn

which follows at once from the Cauchy-Schwarz Inequality (1.4), is the well-known

arithmetic-harmonic mean inequality, cf. e.g., Mitrinovié ([nO], pp. 206-20ï).

From the conditions for equality in the Kantorovich Inequality (1.1) we sec that

equality can hold in the Schweitzer Inequality (2.1) only ifn is even and then if and

only if

XI =... == x~ = m and X~+I = ... =Xn = M. (2.2)

In 19ï2 Ale.'CaIldru Lup~ [96] gave the following version of the Schweitzer In­

equality, which is stronger than the original Schweitzer Inequality (2.1) when n is

odd (and identical to (2.1) when n is even):

It tXi' t~:s _1 ([~] M+ [n~l] m) ([n+l] M+ [~] m),
=1 =1 X, mM 2 _ 2 -

16
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• where [.] denotes the integral part. Equality is attained in (2.3) when the smallest

[nI2] of the numbers Xl, ..• ,Xn are equal to m and the [nI2]larg''''t are equal tn

AI, and when n is odd the "middle~ Xi is equal to cithcr m or JI.

To prove (2.3) wc follow LUPll:l [96] by using a result in [20] by Bicrnacki. Pidck

and Ryll-Nardzewski (1950) [cf. Mitrino\'ié ([UO], p. 205, §3.3.26)], who showc<\

that if the real numbers aio"" a" , bio • •• , bn satisf:r ml :S Il; :S MOI> m2 :S bi :S

M2 (i =1, ... ,n), then

(2.4)

•

where

nl4 for n cven,

w(n) =

(n2 - 1)/4n for n odd.

If we set Il; =Xi > 0, b; = 1/x;, ,\11 = M, ml =m, 11'12 = 1/m, m2 = 1/M, wc

then obtain from (2.4) that

1 n ri 1 (m+l\'!f-:; LXi' L - :S - h(n),
n- i=1 i=1 Xi 4mNI

where

o
h(n) =

for n even,

.'\11 easy computation shows that

(m+M)2
4mM

h(n) = m~n2 ([i] M+r; 1] m) ([n; 1] M+ mm) .
o

•
In the same paper [96] LUPllli stated (\vithout proof) that the normalized reduced

Kantorovich Inequality (1.6) could be improved to:

17



o

•

•

•

" ~"1 2 1 ([n] [n+l]) ([n+l] [n])~ÀiZ• .~ À.Zi ::; rnjVln~ "2 lv! + ~ rn ~ M + "2 m ,

(2.5)

where z; ;::: 0 (i = l, ... , n) and 2:i=1 Z; = 1. The inequality (2.5) reduces to the

Kantorovich Inequality when n is even; it is, however, only valid for n odd when

ail the zr > 0 (i = l, ... , n), and we allow the À; to vary (unless there are only two

distinct values of the À; with multiplicities [n/2] and [n/2] +I respectively).

:\Iso in [145] Schweitzer (1914) established a continuous analogue of (2.1). Let

J(x) and 1/J(x) be integral'le functions on [e, dj with 0 < m :5 J(x) :5 i\tl on [e, dj.

Then

_1_1d
J(x)dx. _1_1d

_(1)dx < (m + ~)2. (2.6)
d - e c d - e c J x - 4mll

A quick proof of (2.6) \vas given in 1963 by Rennie [140] [for Schweitzer's original

proof sec Appendix A]: 1ntegrating the inequality (f - m)(f - lV/)/J :5 0 from c to

d gives

t J(x)dx + mM t J(~) dx:5 (d - c)(m + M). (2.ï)

Multiplying (2.ï) by u =mMt1/J(x) dx gives

utJ(x)dx :5 (d - e)(m + M)u - u2

- -(Hd-c)(m+M)-ut+(Hd-e)(m+M)t

:5 Hd - ef(m + Mf,

which establishes (2.6).

ln 1961 E. Makai in [99] (cf. Mitrinovié ([110], pp. 60-61) showed (details in

§2.6.2 below) that the continuons Schweitzer inequality (2.6) implies the (discrete)

Kantorovich Inequality (l.l).

2.2 The P61ya-Szego Inequality (1925)

In 1925 George Polya and Gabor Szego, in the First Edition of Volume. 1 (cf. [133],

[134]) of their well-known book: AuJgaben und Lehrsatze aus der Analysis-Problems

18



• and Theorems in .4nalysis, showed that

"'ri 2 "'ri b2 (b 'B)2"""';=1 Ui • L..i::::t i < a + ~~

(L~= 1 a;b;)2 - -IaMB '

where

0< a ::; a; :..; .-1, 0 < b :::; b; :::; B (i = 1. ... •Tl).

(2.8)

•

If we put ar = X; and bT = l/x;, with a2 = 71/.,.42 = M. b2 = l/M and B2 = 1/71/.. in

the "P6Iya-Szego Inequality~ (2.8) then it becomes the Schweitzer Inequality (2.1).

As we will observe at the end of §2.6.1. the Schweitzer Inequality (2.1) implies

the Kantorovich Inequality, which in turns implies the P6lya-Szego Inc'Imùity (2.8)

since if we put ur =a;b; and À; =a;/b; in (1.5) then (1.5) bccomes (2.8).

Equality holds in the P61ya-Szego Inequality (2.8) if and only if

are positive integers and if p of the numbers al, ... ,a" are cqual to a and '1 of these

numbers are equal to .4, and if the corresponding numbers b; are equal to Band /1

respectively.

A continuous version of (2.8), given in 1925 by P61ya-Szego ([134], pp.

254), is

I: j2(x) dx I: 92(X) dx < (ab + AB)2

[Ied f(x)9(X) dxr - 4abAB '

il-n,

(2.9)

where f(x) and 9(X) are continuous functions in the interva1 [c, d] \Vith 0 < a ::;

f(x) ::; A and 0 < b ::; 9(X) ::; B.

The special case of (2.9) with a = b and A = B:

was posed as a "Problem" in 1914 by J6?.sefKürschâk (1864-1933) [82] (in the same

journal and volume as Schweitzer [145] but just over a hundred pages Inter!). [As far•
.r: f2(X) dx I: 92(X~ dx < (a2+ A2)2

[.r: f(X)9(x) dxt - 4a
2
A2

(2.10)

19



• as we kuow there was no published solution per se to Kürsehak's problem (2.10).]

We have found no other similar inequalities published before 1948; an e.'\(tensive

bibliography is given at the end of this thesis.

2.3 The Cassels Inequality (1951/1955)

John William Scott Cassels (1922-...) [28] established1 the following inequality as

the AppendL'\( in the Ph.D. thesis [163] by Watson (1951), see also [164] and [165]:

•

where a; > 0, b; > 0 and Wi <:: 0 (i =1, ... , n). By substituting

a; a;
m = min - and JV! = ma'\(-.

ib; ib;'

the "Cassels Inequality" (2.11) becomes

2::'=1 atw; .2:i-llifw; (m + M)2
( n b)2 S; M'2:;=1a; ;W; 4m

(2.11)

(2.12)

(2.13)

(2.14)

•

cf. (3.2) in [165].

The Cassels Inequality (2.13) is, however, the same as the Krasnosel'skiÏ-KreYn

Inequality (2.22), as observed by Styan [153]. To see this, we substitute a; =

b;>';, lifw; =ur, m =min>'; =mina;/b; = >'n and M =ma'C>'; =ma'Ca;/b; = >'1

in (2.13), whieh then becomes (2.22).

If we put the weights W; = 1 in (2.11) then we obtain the "unweighted" Cassels

Inequality:

2:i~1 ur· 2::'=1 br < (m + M)2
Œi':l a;b;)2 - 4mM '

which is slightly stronger than the P6Iya-Szeg(i Inequality (2.8):

1Watson [1iO) observe<! in 1950 that he asked "Henry Daniels who asked Cassels as they were

putting on their gowns before lecturing for a reverse of the Cauchy-Schwarz Inequality; he just

worked it out o\'erlÙght". See Watson (1951) [163), (1952) (164), and~1955) [165].
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•
Ei-l ar .E?:l br < {ab + .-lB)2

(L:~l aibil2 - -laMB •

since. in general,

{m+M)2 < {ab+AB)2
4mM - -lab.4B .

where, cf. (1.2),

(2.15)

(2.16)

. a; mina; a
m=mm-> =-

bi - ma., bi B (2.1i)

Equality holds in (2.16) if and only if equality holds throughout (2.1 il.
To establish (2.16) we rewrite it as, cf. (1.2),

{1 + x)2 < {1 + y}2
":"-4':"'"x-'-- - 4y , (2.18)

•
where

J'vI AB
x=- and y=-.

ni ab

Since x :5 y, cf. (2.1il, the inequality (2.16) follows, cf. (1.2) and (1.11) in Chapter

1, as does the c1mracterization for equality.

2.4 The Krasnosel'ski'l-Kre'ln Inequality (1952)/

Householder (1964)

In 1952 Mark Aleksandrovich Krasnosel'skii (1920-...)

Krein in [80] showed that

and Selim Griogor'evich

(2.19)

•

t!A2t . t't < (À1+ >.,.)2
(t'At)2 - 4À1Àn '

where as above À1 and >.,. are the largest and smallest (fixed) eigenvalues of the

positive definite matrix A and t is an n x 1 vector.

The "Krasnosel'skii-Krei"n Inequality" (2.19), however, is just an alternate ver­

sion of the Kantorovich Inequality (1.1). Since A is positive definite we may definc

21



(2.20)

(2.21)

•

•

a symmetric positive definite square root .41/ 2 and substitute t = A -1/2'U in (2.19)

to obtain the Kantorovich Incquality

u'Au· u'.4- 1u (À I + Àn)2-......,..--,.::---< .
(u'u)2 - 4À I Àn

Indeed, as pointed out-by Householder (1964) in his well-known book ([il], p. 83),

X'A"+I X ' X'.'1"-lx < (À t + À,.)2
(:1:'A"X)2 - 4À t Àn •

where v is an integer. Householder ([il], p. 83) shows that (2.21) remains valid

with .4 comple.'I: Hermitian positive definite, x' the conjugate transpose of x and for

any v.

To establish (2.21) we put u = A"/2X = (A I/2)"X in (2.20). Clearly v = 0 in

(2.21) yields the Kantorovich Incquality (2.20) while v =1 yields the Krasnosel'skiï­

Krcïn Incquality (2.19).

Equality holds in (2.19) when

1 1
t = "';>:;PI ± "fJ;.Pn,

cf. (1.12), where PI and Pn are orthonormal eigenvectors of A corresponding, respec­

tively, to ÀI and Àn • Anothcr way of e.xpressing the Krasnosel'skü-Kreïn Inequality

(2.19) is in the "reduced" form l
:

(2.22)

(2.23)

•

In the statistical theory of e.xpcrimental design, Chakrabarti (1963) [195] pro­

posed the follo\ving measurc of imbalance:

t/J = tr C
2 = El: 1 'if

(tr C)2 <Ei:1 "Y.)2'

wherc the non-negative definite matri'l: C is the so-called C-matri'l: and the "Yt's are

its s positive eigenvalues. Bartlett ([191], p. 99) showed that

(2.24)

1Note added in proof. A continuous version of (2.22) is given by Frucht (1943) [50].
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• improving upon the inequa1ityw :S 2 given by Chakrabarti [195]. We notl'. how('\'('t'.

from (2.22) that

(') ')")_._\.l

(2.26)

•

where 71 and 1.' are œspectively the largest and sma11est positive eigenmlues or c.
Then (2.25) is an improvement on (2.24) if and only if

s > ('yI + 1.• f = (,. + 1)2.
- 4,1,.. 4,.'

where the condition number ,. = "f1h.. The right-hand side or (2.26) tends to

infinityas ,. -+ 00. For "moderate" ,., howe\'er, S<lY ,. = 4 =- s ;:: 2 01' ,. = 16 =­
s ;:: 5 gives better bound than (2.24).

Thibaudeau and Styan (1985) [203] gave other upper-bound improvemenls to

(2.24).

2.5 The Greub-Rheinboldt Inequality (1959)

In 1959 Werner Greub and Werner Rbeinboldt [60] showed that:

(2.2i)

where

o< a :S a; :5 A, 0 < b:5 bi :S B (i =1, ... , n).

We note that the "Greub-Rheinboldt Inequality" (2.2i) is a "weighted" version

of the P61ya-Szego Inequality (2.8); here we mean weighted in the saille sense tbat

the reduced Kantorovich Inequality (1.5) is a weighted version of the Schweitzer

Inequality (2.1).

The Greub-Rheinboldt Inequa1ity (2.2i) is per se a slightly weaker version of

the Cassels Inequality (2.11):

• E:'-I a'fw;· E?:llifw; (a;bj + a;bi)2 ~(m~+:..-:-M~):...2
- <max =-
(~~ n·b·w·)2 - I,J 4n·a·b·b· 4mM'
~.=l -z 1 t -z , & J
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(2.29)

•

•

•

in that the Greub-Rheinboldt upper bound may be greater than the Cassels upper

bound, i.e.,

(m+MJ2 (ab+AB)2-'---"...,..:'- < ,
4mM - 4abA.B

cf. (2.12).

We will, however, now show following an observation by Styan [153], that a

reparameterization of the Greub-Rheinboldt Inequality (2.2ï) makes it. in facto

equivalent to the Cassels Inequality. To see this we substitute a; = Ai, a = An, A =
A" bi =.b = B = 1, Wi = ur in the Greub-Rheinboldt Inequality

Ei:t a;wi . Li:l 6fwi < (ab + AB?
(I::~l a;biWi)2 - 4ab.4B '

which then becomes the Krasnosel'skiI-KreIn Inequality:

which we have already shown to be equivalent to the Cassels Inequality, cf. §2.3.

An integral analogue of the Greub-Rheinboldt Inequality is

where !(x), g(x) and h(x) are continuons functions on the inten'a1 [c, d] with 0 <

a ~ !(x) ~ .4, 0 < b ~ g(x) ~ B and te h2(x) < 00. [Mitrinovié ([110], p. 60)

observed that such an integral analogue was "known" but did not give it.]

2.6 Six Named Inequalities are Equivalent

In this thesis we have so far considered the following sL'I: named discrete inequalities:

• §1.1 The Kantorovich Inequality (1.1)

• §2.1 The Schweitzer Inequality (2.1)

• §2.2 The P61ya-Szegô Inequality (2.8)

24



•

•

• §2.4 The Krasnoserskii-Krdn IlIeqllality (2.22)

• §2.3 The Cassels IlIequ:ùity (2.11)

• §2.5 The Greub-Rheinboldt Inequ:ùity (2.2ï),

and, as we have aIready obsen'oo, it is easy to see that:

• Kantorovich (1.5) = Schweitzer (2.1)

• P61ya-Szego (2.8) = Schweitzer (2.1). and thut:

• Greub-Rheinboldt (2.2i) = P6lyu-Szego (2.8).

Moreover, we have shown that:

• Kantorovich (1.5) {=} Krasnosel'ski'i-Krein (2.22)

{=} Cassels (2.11) {=} Greub-Rheinboldt (2.2i) .

And since Henrici (1961) [68] showoo that:

• Schweitzer (2.1) = Kantorovich (1.5),

it follows that these sb.: named inequaIities are aIl equivalent, cf. Fig 1.
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Continuous
Schweitzer (1914)

(2.6)

Fig.!

Discrete
Schweitzer (1914)

(2.1)

•
/

//
__--_ ~/ Milrino\'ié

(1970)

P6lya-Szego (1925)
(2.8). p. 16

Greub-Rheinboldt (1959)
(2.27)

Makai (1961)• Hcarià (1961) Frucht (1943)
Kantorovich (1948)

(1.1)
HOWlCjOOldcr (1~),

i

/

Cassels (1951/1955)
(2.13)

Krasnoserskii-Krein (1952)
(2.19) [Frucht (1943)]

i
/

!

!

Wielandt (1953)
(3.1)

Householder (1964)
(2.21 )

•
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• We end this chapter ~y sho\\;ng that both the discrete 'U1d continuous n'rsions

of the Schweitzer Inequality imply tilt' discrete K'U1toro\Oich llIl'qualityo

2.6.1 Henrici (1961):

Discrete Schweitzer Implies Kantorovich

To sec that the discrete Schweitzer Inequality

1 1(1 1) 1 1(1 1)-(ÀI+"'+Àn )'- -+ ... +- :5 :;(m+M).:; -+­n n ÀI ,\'. _ _ m. J\/

implies the normalized reduced Kantorovich Ineqmùity

n n, ( , ,)0>
~ , .•2 •~ ~_2 "1 + "n •
L... Al.... , L- À ...., ::5 ,\'
;=1 ;=1; 4ÀI n

(2.30)

(2.31)

•

•

we folio\\' the proof by Henrici (1961) [68). lt suffices to show that(2.31) holds for

ail rational if with L zr = 1. Let us choose n to be "very large" so that each ,\,

occurs "many times", and write

À{I) < ... < À{oI)

for the d distinct À's with multiplicities ml>"" 11Id and Lm; = fi. Then the left­

hand side of (2.30),

the left-hand side of (2.31), with zJ ::: 111;/ Lm;, and the proof is complete. 0

lt was observee! by Kantorovich (1948) in a footnote (on page.143 of(72) and page

106 of [73)) that his inequality (2.31) "is a special case of" the P6lya-Szego Inequality

(2.8)2. George E. Forsythe, however, who edited the 1952 English translation [73) of

2Note added in prool. Edwin F. Beckenbach maires the identical cIaim in bis review (17) oC the

paper [50] by Roberto W. Frucht (1943). Neither this observation, however, nor any mention of

the Kantorovich Inequality per se appears to be made by Beckcnbach and Bellman in their famons

book [19], first published in 1961 (cf. pp. 44-45); see aIso Beckenbach (1964) [18].
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(2.32)

•

•

[i2]. note<! (a1so on page 106 of [i3]) that ~it is not c1ear to me that Kantorovich's

inequality really is a special case of that of Pôl)<l and Szego". Greub and Rheinboldt

([60], p. 40i) found Forsythe's remark to be "weil justifie<!". The Pôlya-Szego

Inequality, howevcr. docs imply the Kantoro\;ch Inequality. a1beit indirectly. since

the discrete Schweitzer Inequality is a special case of the Pôl)<l-Szego Inequality

and, as we have just seen, the discrete Schweitzer Inequality implics the Kantoro\;ch

Inequality.

2.6.2 Makai (1961):

Continuous Schweitzer Implies Kantorovich

Makai (1961) [991 showed that the continuous Schweitzer Inequality

_1_1b f(x)dx. _1_1b _1_dx < (m + 1\t/)2
b - a • b - a • f(x) - 4m.iVI

implics the normalize<! reduced Kantorovich Inequality (2.31). To see this, wc put

a =0, b =Ei=1 if in (2.32) and

AI for O:S x < zr
f(x) =

\ r ~i-I" < ~i ~ (' 2 )Ai 10r L..j=l Z] _ x < 4...j=l Z; t = , .. a, n ,

•

where 0 < m :s À; :s M, (i =1, ... , n) and (2.31) follows.
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•

Chapter 3

Inequalities Related to the

Kantorovich Inequality:

1953-1967

In this chapter we present several inequalities which are relate<! to the Kantorovich

Inequality and several which admit the Kantorovich Inequality as a special ca..'lC.

We concentrate on the following eleven papers published from 1953 through 196i:

• §3.1 Wielandt (1953)

• §3.2 Newman (1959)

• §3.3 Strang (1960)

• §3.4 Bauer (1961)

• §3.5 Marcus and Khan (1961)

• §3.6 Cargo and Shisha (1962)

• §3.i Diaz and Metcalf (1963)

• §3.8 Marcus and Cayford (1963)

• §3.9 Marshall and Olkin (1964)

29
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• • §3.10 Fan (1966)

• §3.11 5hisha and Mond (1967).

3.1 Wielandt (1953)/ Bauer and Householder (1960)

Bauer and Householder (1960) showed that for any ·,'.wo non-null vectors x and y

and positive definite matrbc A,

implies that

(X'y)2 ~
-'-...::.:..- < cos2 t/> and 0 ~ t/> ~ ~2
x'X· y'y -

(3.1)

(3.2)

•
(x'Ay)2 < cos2 9

x'Ax . y'Ay - ,

where cot2(9/2) = K.cot2 (t/>/2) and the condition number K. = >"d>"', \Vith >"1 :::

•.• ::: >.,. the, necessarily positive, eigenvalues of A.

When t/> = 'Ir/2 the .-ectors x and y must be orthogonal, cf. (3.1) and then

(x'Ay)2 < K. - 1 = >"1 - >.,.,
x'Ax . y'Ay - K. + 1 >"1 + >"n

since now K. = cot2(9/2).

Bauer and Householder [15] credit (3.2) to Wielandt (1953) [172] "and a1so

private communication" [we have found it difficu1t to deduce (3.2) from the results

in [172]]. Eaton (1976) [48] rediscovered (3.2), cf. Olkin [126].

Housholder «(71], pp. 83) observes that when

then the Wielandt Inequality becomes the Kantorovich Inequality. .-

Bames and Hoffmân [11], see also Wolkowicz [174] refer to the right-hand side

of (3.2) as the "Kantorovich Ratio" .

To prove the Wielandt Inequality we follow Householder ([71], pp. 81-85, §3.4)

and start by introducing the 2 x 2 matri.'I:
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• , (U'.4U U'.4V)G=(u:v).4(u:v)= ,
v'.4u v'.4v

where u = x/Jx'x and v = y/Jy'y, then (u : v)'(u : v) = 12 , the 2 x 2 identity

matri.'\':. Let 'YI 2: 'Y:! denote the eigenvaiues of G and 50 the trace trG ='YI + 'Y2 and

the determinant detG ='YI'Y2. Then by the Poincaré Separation Theorem, cf. e.g.,

Scott and Styan [202],

hence

4'YI'Y2 > 4ÀIÀn _ 411:
(-YI + 'Y2)2 - (ÀI + ÀnF (II: + 1)2'

cf. (3.3) and (1.11) in chapter 1. Applying (3.4) yields

(3.3)

(3.4)

•
1 _ (x'Ay)2

x'Ax·y'Ay
(U'AV)2

- 1 - -:.,,......-'-­
u'.4u· v'Av

4detG
(trGF - (u'Au - V'AV)2

('YI + 'Y2l2 - (u'Au - V'AV)2

(
II: 1)2'
1I:~1 =cœ29,

and the Wielandt Inequality is established. Equality holds in the Wielandt In­

equality whenever x =PI +P.. and y =Pl - P.., where Pl and P.. are, respectively,

normalized eigenvectors corresponding to the eigenvalues ÀI and Àn of the matrix

•

4'YI'Y2
2:

('YI +12)2'

with equality if and only ifx'Ax = y'Ay. Hence

(x'Ay)2 < 1- 411:
x'Ax·y'Ay - (11:+1)2

A.
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• 3.2 Newman (1959)

Let A he a symmetric matrix \Vith eigenvalues Ain the closed interval [m, Ml with

0< m < M, and let j(A) and g(A) he real functions sucb that

and

0< j(A),g(A) < 00 (0 < m:S A:S M),

j(A),g(A) are conve.,,< (0 < m:S A:S M).

(3.6)

(3.i)

(3.8)•

Then (3.6) implies that the matrices F = j(A) and G =g(A) are weIl defined and

are positive definite. Let t he any vector normalized 50 that t't = 1 and set

h =t'Ft· t'Gt.

Then Morris Newman (1959) [125] sho\Ved that

2hl
/
2 :s ma."< (cj(m) + ~g(m), cj(M) + ~g(M»)

for every c> O. Moreover, if in addition j(M) - j(m) and g(m) - g(M) have the

same sign, then

where

1
2hl

/
2 :S rj(m) + -g(m),

r
(3.9)

1

_ (g(m) - 9(M»)2
r - j(M) - j(m) .

If wc choose j(t) = t and g(t) = t-I then r = 1/vmM and (3.9) reduces to the

"normalized" Kantorovich Inequality, cf. (Li) in Chapter l,

•
t'At. t'A-It < (m +M)2

- 4mM '

with t normalized 50 that t't = 1.
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• A related inequality due 1.0 Ky F,m. included al. the end of this paper [125] by

Newman (1959) (and alsa later in the 1966 paper by Fan [-19]), yields t.he followill~

e.,tension of the KantorO\'icl1 Inequality:

k, k, . -1 (m +Mf
Lti··:lti · LtiA ti S; . U '
i=l i=l 4m!

(3.11)

where the ti are n x 1vectors nonnalized sa that Ef=l titi = 1.

When k = 1 the inequality (3.11) becomes (3.10). To sec that (3.10) also implics

(3.11), let the vector t be the kn xl vector (t~, ... , t~)' and replace the n x 11 matrix

A in (3.10) with the kn x kn Kronecker product Jk 181.4, whose eigenvalues arc just.

the n eigenvalues of the original n x n matrL, .4 each repeated k times.

3.3 Strang (1960)

•
In 1960 W. Gilbert Strang [151] used the Cauchy-SC!l\varz Inequality 1.0 cstablish

the following e.,tended version of Kantorovich Inequality:

(3.12)

where t and u are n x 1 vectors and F is an n x n nonsingular matrix with 0'1 and

Un, respectively, its largest and smallest necessarily positive singular values.

When t = u and F = A is positive definite with singular values being its

eigenvalues À1~ ... ~ Àn then (3.12) becomes

(3.14)

(3.13)

t'Au S; Jt'At· u'Au,

t'At(~,~);-It S; (À~~;:)2,

which is the Kantorovich Inequality.

To prove (3.12): Let A = (F'F)1/2 be the positive definite square root of F'F

and 50 P =F(F'F)-1/2 =FA-1 is an orthogonal matrix, Le., pp =J. Then by

the generalized Cauchy-Schwarz Inequalio/: =

•
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•

•

cf. e.g., Pcéarié, Puntanen and Styan [131J, where t and u are n x 1 vectors and .4

is positive definite. Henee

t'F'v. = t'AP'u = t'.4z ~ Jt'At· z'.4z,

where z = P'v. and 50 z'Z = u'v.. Moreover,

and 50

t'F'u' t'F-Iu ~ Jt!.4t· t!A-It· z'.4z· z'.4- l z.

Using the Kantorovieh Inequality (1.1) we then obtain

sinee the eigenvaJues of A eoincide with the singular values of F, and our proof of

(3.12) is complete. 0

3.4 Bauer (1961)

In 1961 F. L. Bauer [14] showcd that the Euclidean least-upper-bound norm

(3.15)

•

where the n x n matrLx .4 is positive definite with condition number K. =cond(.4),

and the n x k matrLx T has orthonormal columns so that T'T = l k • When k = 1 then

T becomes a vector t, say, and (3.15) reduces to the normalized Krasnosel'skiI-Kre'1n

Inequality, cf. (2.19) in Chapter 2, which we have already shown to be equivalent

to the normalized Kantorovich Inequality (3.10).

Bauer [14] also established some related results involving partitioned matrices.

Let the positive definite matrLx .4 be partitioned as follows
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•
with .411 of order k x k. Then

lub Il .4ï/ .412 Il :5 ~ (~ - ~), (3.16)

where, as in (3.15), li: = cond(.4) is the condition number of the matrix .4.

We also find, similarly that: If .422 is a nonsingular matrix then

lub 1I·4i:}.421 Il :5 ~ (~- ~) . (3.1i)

If .412 is ~ nonsingular matrL'I: then

(3.18)

(3.19)lub Il.421
1.422 11 :5 ~ (~- ~).

Two resuIts, somewhat more general than (3.15) and (3.16), were also established

by Bauer [14]:

If .421 is a nonsingular matrL'I: then

•
(3.20)

and

(3.21)lub Il T'AT)-IT'.411 :5 ~ (~+ ~),

where the n x (n - k) matrix U satisfies TT' + UU' = I". Choosing T to contain

the leading k columns of I" and U the other n - k columns in (3.20) yields (3.16),

while "squaring" both sides of (3.21) yields (3.15).

•
3.5 Marcus and Khan (1961)

In 1961 Marvin Marcus and N. A. Khan [103] observed that
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• (3.22)

•

where Ali] is the ith diagonal entry of the positive definite matrix .4, while ..\1 ;::

.•• ;:: ..\n are the necessarily positive eigenvalues of A. If we put the vector t in the

normalized Kantorovich Inequality (3.10) equal to Ci, the \"ector with ail elements

zero cxcept for the ith which is 1, then (3.10) becomes (3.22).

Marcus and Khan [103) extended (3.22) by showing that the product of the

determinants

(3.23)

where Alil, ••• , ik ) denotes the k x k principal submatrb: of the positive definite

matrLx A comprised of the rows with indices i l, ••• , ik , with 1 :s; il < ... < ik :s;
n (k = 1, ... , n). When k = 1 then (3.23) becomes (3.22).

The iucquality (3.23), however, is weaker than the Bloomfield-Watson-Knott

Incquality:

IX'.4XI·IX'.4-1XI < min(h
n- k) (..\i + ..\n_i+d2

IX'XI2 - i=l 4..\i..\n-i+l'
(3.24)

which we study in sorne detail in Chapter 4 of this thesis. If we put the n x k

matrix X in (3.24) equal to the matrLx whose k columns comprise the ilth, ..., ikth

columns of In then the left-hand side of (3.24) becomes the left-hand side of (3.23).

When k =1 the right-hand sides of (3.23) and (3.24) are the same; when k ~ 2,

ho\vever, we have, in general, that

•
[

1 1]2min(k. n-k) 2 k 2 k 2II (..\ + "\n-i+1) :s; ~ ( P;=1 ..\; ) + (n;=~>"-;+1)
i=1 4..\i>"-i+1 4 n;=1 >"-;+1 n;=1 ..\;

We illustrate (3.25) for k =2 (and n ~ 4), which may then be written as

("1 + 1)2 (1'2 + 1)2 < 1 [ t= 1]2':"":_-'- . - v "11'2 + -:::::==
4"1 41'2 - 4 J"I"2 '
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• where

(3.:26)

Then we see that (3.25) reduces to

(3.:27)

taking square roots reduces (3.27) to

(3.:2$)

•

which, in view of (3.26), is certainly true.

Furthermore, Marcus and Khan [103) generalized Fan's incquality (3.11), cr.
Newman [125) and Fan [49), to:

(3.:29)

where the A; (i = l, ... , m) are plùn\'ise commutative 7lX71 positive definite nmtriœs

'th' val di) l(i). • 1 r . 1 d ",k t' 1WI elgen ues AI , ••• , '.,. , respective y, lor Z = ,... ,m, lm ~j=1 jtj = .
If we choose m =2, k = l, .41 = v'XîX:A and .42 =(1/~.4-1 in (3.29)

then it becomes the normalized Kantorovich Incquality (3.10).

3.6 Cargo and Shisha (1962)

In 1962 G. T. Cargo and O\'"ld Shisha [26), Sl.'C also Rennie (1963) [25], GoldllllUl

(1964) [57), Marshall and Olkin (1964) [105) (sec also §3.9 below), Mond (1966)

[113), and Cargo (1972) [25), studied power means, which may be expressed in the

form:

(
' h )l/hJLh=tAt , (3.30)

•
where t is an n x 1 vcctor and A is an n x n positive definite matrix with eigenvalues

Ài such that m S Ài S M, with m < M. Let It =Mlm. Then Cargo and Shisha

(26) showed that for r < s (with Deither r Dor s Decessarily positive)
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• J1.. < k- ,
J1.,

whcre

(
r(l" _ l") ) 1/. / ( s(I" _ l") ) 1/' .

k = If rs i= o.
(s - r)(I" - 1) (r - s)(l" - 1)

Moreover, when rs = 0 thcn

k=

(
K"/l." -1) ) -1/'

rlog{K"""-IIJ if s = O.

(3.31)

(3.32)

•

Cargo 'U1d Shisha [26J 'ùso obt,ùned a condition, albeit somewhat complicated,

for cqu<ùity in (3.31).

If wc chooSt! r = -1 lUld s = 1 in (3.31) then it reduces to the Kantorovich

Incqu,ùity.

3.7 Diaz and Metcalf (1963)

In 1963 J. B. Diaz and F. T. Metc<ùf [39] showed that

n n n

Lar+mMLb;:5 (m+M)La;bh
i=l ~l ~l

where the numbers a; and b, i= 0 satisfy

(3.33)

(3.34)

•

a;
m:5 b, :5 M (i =1, ... ,n).

Equality holds in (3.33) if and only if in ea.ch of the n inequalities (3.34), at

leal>'t one of the equality signs holds, i.e., either a; =mb, or a; =Mb, (where the

equation may ''aI)' with il.
The inequality (3.33) follows easily by sllmming the inequality:

(3.35)
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• over 'i = l, ... ,n.

Together with

(3.36)

•

•

the inequality (3.33) yields the uuweightcd Ca.."~els ltll'quality (2.1.1) iu Chapter 2:

"',. ., ",.. b" ( \1)"",",i=1 ai . L-;-I i tn + 1 ..

(Li:: 1 a,b,)~ ::; .J.mM .

o

3.8 Marcus and Cayford (1963)

In 1963 Marvin Marcus mld Aftou Cayford [102] cstablishcd thc followillg gcucral.

ization of the Kantorovich Illequality:

(3.38)

where 0 < p ::; l, and the positive definite matrbc A has condition number ~ > 1

and smallest eigenvalue ",. > O.

When p = 1 we sec that (3.38) reduces to the KUlltorovich Inequality:

cf. (1.1) and (1.9) in Chapter 1.

Marcus and Cayford [102] also showed that (3.38) holds for p > 1 providcd

K ~ Kp, where Kp is the unique root greater than 1 of KP+I - 2KP + 1 = O. When

p>landK<Kpthen

39



• 3.9 Marshall and Olkin (1964)

In 1964 Albert W. Marshall and Ingram Olkin [105] gave severa! "Reversais of the

Lyapunov. Hiilder, and Minkowski incqualitics and other extensions of the Kan­

torovich Incquality". Let tl •...• t,. and zr, ...• z;' be nonnegativc rcal numbers

\Vith E zr = 1, and define /lh = Ei::l zrt~'; then

,,"-U < " ..-v"v-u (0 < u < v < w)rv -ru r-w _ (3.39)

•

is the well-known "Lyapunov Inequality". Since the zr are nonnegative they may

be considered as probabilities and we may write Pr(T = ti) = zr (i = 1, ... , n) and

sc

,.
/lh =L z:t~ =E(T'&)

i=l

is the hth moment of the random variable T.

In general there is no positive constant k, say, sc that

but such a constant k does e.'ÔSt if we restrict the random variable T to be bounded

and positive:

Pr(m :S T :S M) =1 (0 < m < M).

Then for r < s and Pr(Z > 0) = 1 we have:

where

(3.40)

(3.41)

•
(

r(K"-"r) )1
/
'/( s(K"-"r) )l/r

k = (s _ hH,.h - 1) (s - rHII:' - 1)

and " =M/m, cf. (3.32). Equality holds in (3.41) if and only if Pr(T =m or T =
M) =1 and
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(3.·1:?)•

•

E(ZT") = T(M"m
r

- Mrm')E(Z).
(Mr - mr )(I1 - T)

If we put T = -1.,; = 1 and Z = 1 (with probability 1) in (3..12) thcn wc obt1ùn:

t À;::f .t ..!.::f =E(T) . E (.!.) :S (,. + 1)2 = (m + M)2. (3 ..13)
;=1 i=1 À; T 4,. 4m,\[

cf. (1.9) and (1.25) in Chapter 1.

Marshall and Olkin [105] ,ùso obtained several ineqmùitÏL'S iuvolviug vcctors und

matrices. Let t be an n X 1 vector and let .-l. be ail 11 X n positive dclinitc lIIat.rix

with, necessarily positive, eigenvalues À1 ~ " • ~ À... Then

(3.·1.1 )

and

(3.·15)

where

with now K. = ÀI/À", the condition number cond(.4).

Let'U = -l, v = 0 and w = 1. Then (3.45) becomes the Kantorovich Inequality:

t'At· t'A- 1t < (À 1 + À..)2

(t't)2 - 4À1).". ,

while (3.44) hecomes the (unnormalized unreduced) Marshall-Olkin Inequality:

(3.46)

•
cf. (1.29) in Chapter 1.
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(3.4ï)

•

•

3.10 Fan (1966)

ln 1966 Ky Fan [49] showed that:

L~=I tiAn. < (MP - mP)P(p - l)P-1 .

[L~I tiAtor - (M - m)(1IlMP - J.JmP)p-lpp

where p is any integcr not cqual to 0 or 1 (and not necessarily positi\"e), the ti are

normalized so that L~=I titi = 1, and .4 is an n x n positi\"e definite matrL,,< with its

cigenvalues contained in the closed inten'ai [m,llt/], 0 < m < M.

If we put p = -1 in (3.47) then we obtain

k 1 k 1-1 (m+kI)2L tiAti . L ti·4. t i :5 . <li '
i=1 i=l 4ul..

which was cstablished by Fan in 1959 [125], cf. (3.11).

3.11 Shisha and Mond (1967)

So far in this thesis we have concentrated on inequalities conceming the product of

two quadratic forms such as f!At· f!.4.-1 t, where t is an n x 1 vector and A is an n x n

positive definite matrL"< with fixed, necessarily positive, eigenvalues ..\1 ~ ..• ~ ..\".

ln 1967 Oved Shisha and Bertram Mond [148] (and independently and much later

Styan (1983) [152] and Khatri (1984) [75]) obtained related inequalities which apply

to differences of quadratic forms rather than to products. For example, Shïsha and

Mond [148] showed that, assuming t normalized with ft = l,

and

(3.48)

(..\1 - ,\,,)2
4(..\1 +,\,,)'

(3.49)

•
Equality holds in (3.48) when

(
..;Y:j ) ! (..;r;.) !

t = ..;Y:j+ ..;r;. Pl ± ..;Y:j+ ..;r;. Pra,
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• and in (3.-19) when

t _ l{('\1 + 3<\") 1 ,(3'\1 + <\,,) 1 }
'-') Pt:l: Pra·

- ...\1 + "'\JI ...\1 + Au

cf. Styan [152], where PI ,Uld p" are orthononmù eigenvœtors of .-l l"orresponding.

respectively. to '\1 and '\". When the eigenvalues \1 and <\.. are both simple (i.e..

each has multiplicity 1) then each of these l"ondit.Îons is ,ùso Ill'Cessary.

To prove (3.4S) we begin by diagomùizing .-l = P,\P' <Uld writing : = P't so

that (3.4S) may be written as

1 2

:'1\: - :'1\-1: :s (j>:; - J):.) . (3.52)

•

We now prove (3.52). following [152]. using the (normalized reduced) Marshall-Olkin

Inequality:

\ \ .•" -1. < \ + \ _ ." •""l""n .... .n. ... _ AI An .... ,a..... ,

cf. (3.46), so that

:'Az _ 1 < ".'1.' _ ÀIÀ.. _ À
I
+ À _ 11

2 +ÀI..\,.
Z'A-IZ-~ ~ ÀI+À.. -z'Az- .. Il'

where

Hence

Another related inequality, announced by Styan and Zlobec (1982) !154], is:•

, 1
z Az - z'A-I

Z

and the proof is complete.

:S ÀI + À.. _ 11
2 + ÀI..\,.

Il

= ÀI + À,. _ 2VÀI"\" _ (Il-~2
Il

:S ÀI + À.. - 2VÀIÀn

- (j>:; - J):.r '
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•

(
À À)2t'A2t _ (t'At)2 :5 1; n , (3.53)

again with t!t = 1; equality holds in (3.53) if and only if equality holds in the

Kantorovich Inequality. We note that (3.53) is the "difference" analogue of the

"product" Krasnosel'skii-KreYn Inequality, cf. (2.19) in Chapter 2:

(~~:;2 :5 (À~~Z)2, (3.54)

normalized with t't = 1; equality holds in (3.54) if and only if equality holds in

(3.53).

We prove (3.53), following Styan (1983) [152), by diagonalizing as before 50 that

(3.53) becomes

z'A2z - (Z'Az)2 :5 CI; Anr (3.55)

The special case of (3.55) with z = ej.,f1i., where e is the n xl vector with each

element equal to 1, provides the following inequality for the variance of the Ài

~LA;- (~LÀi)2:5 ("'1;Ànr,
established by Brauer and Mewborn (1959) [194).

We now prove (3.55), following Styan [152), as follows:

z'A2z- (Z'Az)2 _ z'A2z- (Z'Az- ÀI ~Anr-l. (À1 :An)2 - (À1 + An)z'Az

:5 HÀ1 + Àn )2 + z'A2z - (À1 + Àn)z'Az (3.56)

- HÀ1 - An)2 + À1An + Z'A2z - (À1 + An)z'Az

- HÀI - Àn )2 - z'(cliag{(À1 - À;)(À; - An)})z

and the proof is complete.

(3.57)

o

•
Equality holds in (3.53) if and only if equality holds in both (3.56) and (3.57),

and when À1 and An are both simple then this happens if and only if

cf. (1.37) in Chapter 1.
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•
Chapter 4

The Bloomfield-Watson-Knott

Inequality and Other Extensions

of the Kantorovich Inequality

• Let us consider the so-called Gauss-Markov linear statistical model

y = X(3 +e, E(e) = 0, Cov(e) = E, (4.1)

where y is an n x 1 vector of observations, (3 is a k x 1 vector of unknown pararneters,

X is an n x k known design matrbl: of rank k < 71, e is an n x 1 vector of random

errors and the covariance matrix E is n x n and positive definite.

The Best Linear Unbiased Estimator (BLUE) of (3 is the generalized least squares

estimator

(4.2)

which has covariance matrbc

•
while the Ordinary Least Squares Estimator (OLSE)

p= (X'xt1X'y
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• has covariance matrix

(4.5)

and so the matrbc

(4.6)

is non-negative definite.

It is well known that iJ = Ï3 with probability one if and only if their covariance

matrices are equal, i.e.,

(4.i)

(4.9)

•

•

For an extensive discussion of characterizations for the equality (4.i) sec Puntanen

and Styan [137) and Baksalary, Puntanen and Styan [10).

In general, however, equality does not hold in (4.i) and thus the matri.'I: (4.6)

is not zero. To measure how far away the matrix (4.6) is from the null matri'l: or

equivalently to sec how bad the OLSE is with respect to the BLUE, Geoffrey S.

Watson in 1951 ([163), §3.3; sec also [165), p. 330) introduced the "efficiency~ or

the OLSE iJ with respect to the BLUE Ï3 as the ratio of their generalized variances

defined as the detc!"lI1inants.of the corresponding covariance matrices:

• ICov(Ï3)1 1(X'I:-lX)-ll IX'XI2

eff(P) = ICov(/J)1 = I(X'X)-lX'I:X(X'X)-ll = IX'I:XI.IX'I:-1XI' (4.8)

where 1.1 denotes determinant.

The illeqUality

IX'XI2 > rrk 4ÀiÀn-i+l
IX'I:XI· IX'I:-lXI - i=l (À; + Àn-i+l)2'

where Àl ~ .•• ~ Àn are the, necessarily positive, eigenvalues of I:, was originally

conjectured in 1955 by James Durbin (cf. [165], p. 331) but first established for

k> 1 only twenty years later in 1975 by Bloomfield and Watson [nI] and Knott [79],

and in 1981 by Khatri and Rao [i6); sec also Yang [176]. When k =l, however, the

"Bloomfield-Watson-Knott Inequality" (4.9) reduces to the Kantorovich Inequality.
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In 1981 Bartmann and Bloomfield [12] (see also Puntanen [136]) observed that.• p p

eff(,8) = II (Jr = 11(1- pr),
i=l i=l

(4.10)

•

where P is the rank of X, while (Jj and Pi are, respecti\"ely, the ith largest canonical

correlations between ,8 and .8 and between the ordinary least squares fitted ,-aIUI'S

and residuals. The fonnula (4.9), therefore, remains ,-aIid for the efficiency of ordi­

nary least squares when the design matrix X does not necessarily have full columll

rank.

In Section 4.1 below we present a proof of the Bloomfield-Watson-Knott 111­

equality (4.9) based closely on the proof given by Bloomfield and Watson [21J but

with a modification due to Drury [4iJ and which avoids the Lagrange multipliers,

while in Section 4.2 we indicate why we feel that the "brief prooP' given in 1990 by

Hu Yang [Iii] is illcomplete. In Section 4.3 we present various e.'l:tensions of the

Bloomfield-Watson-Knott Inequality due to Khntri and Rao (1981) [i6J and Wang

and Shao (1992) [161J, see also the paper by Lin (1986) [85] translated into English

as AppendL'I: B of this thesis.

4.1 Proof of the Bloomfield-Watson-Knott

Inequality

Theorem 4.1 Let E be an 7l x n positive definite matrix with eigenvalues ),1 ~

••• 2::: ),n > 0 and let X be an n x k matrix of rank k witll n > k. Then

where Pi> .• ' ,Pn are nllrmalized eigenvectors corresponding to ),1 2::: ••• 2::: Àn; when

the eigenvalues are distinct then this condition is 000 necessary.•

f = IX'EXI·IX'E-IXI < mh'n-k
) (>.; + ),n_i+I)2.

IX'XI2 - i=1 4),iÀn-i+l

When n 2::: 2k then equality is attained in (4.11) when

X = ~ (PI :1: Pn : P2 :1: Pn-I : ••• : Pk :1: Pn-k+l) ,

(4.11)

(4.12)
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• To prove the Bloomfield-Watson-Knott Inequality (4.11) we will use the follow­

ing two lernmas:

Lemma 4.1 Let P be aTI n x n skew-symmetric matrix. Then e.'i:p(zP) is an n x n

orthogonal 11latrix.

PROOF: When Pis skew-symmetric, P = -P' and so

exp(zp) . exp(zP') = exp(zp) . exp(-zP) = e.'i:p(zP) . [exp(zPJrI = J,

cf. e.g., Hom and Johnson ([199J, Theorem 6.2.38, p.

orthogonal.

435), and thus e.'i:p(zP) is

o

Lemma 4.2 lftrPA = 0 for every skew-symmetric matrix P then Ais symmetric.

and then trP.4 = 0 for all skew-symmetric matrix P implies A = .4'. 0•
PROOF: We may choose P = A.' - A and so

trP.4 = tr(.4' - .4).'1. = ~tr(A - .4')(.4 - .4')' ~ 0 (4.13)

•

PROOF OF THEOREM 4.1: We assume, without loss of generality, that n ~ 2k

and that I: = diag(A\, ... , Àn) with AI > ... > An > o. We also assume that

X'X = h and so we may replace X in (4.11) by X(z) = exp(zP)X, where P is

skcw-symmetric and thus e.'Cp(zP) is orthogonal (Lemma 4.1). Then

X(z)'I:X(z) - X' e.'I."p(zP')I:e.·q>(zP)X

- X'(l - zP)I:(1 + zP)X + HOT

- X'(I: + z[I:, PDX + HOT

- (X'I:X) (1 + z(X'I:X)-1X'I!:, P]X + HOT),

where HOT denotes terms of order il and higher and the "commutator matri'i:"

II:, PJ =I:P - PI:. Since for small z the determinant

11 + zT + HOTI = 1exp(zT + HOT)1= e.'I."p Itr(zT + HOT)] = 1 + ztrT + HOT,
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•

•

we see that

IX(z)'I:X(z)1 = IX'I:XI· {1 + ztr[(X'I:X)-IX'[I:. PjXj + HOT} (4.14)

and similarly

so that

IX(z)'I:X(z)I'IX(z)'I:-IX(z)1 = IX'I:XI·IX'I:-IXI· {1 + zh + HOT}.

For X to identify a critical point, it follows that

for every skew-symmetric matrix P. Hence, from Lemma 4.2,

A = X(X'I:X)-IX'I: - I:X(X'I:X)-IX' + X(X'I:-IX>-I X'I:-I

-I:-1X(X'I;-IX)-IX' (4.16)

is symmetric; but A is also skew-symmetric, and 50 A =O. Post-multiplying (4.16)

by X yields

or

(4.17)

•

Pre-multiplying (4.17) by X'I; we obtain

(4.18)

5ince 2X'I;X and (X'I;-IX)-I are symmetric 50 is (X'I;2X)(X'I;X)-l, and hence

X'I;2X and (X'I;X)-I commute and 50 are simultaneously diagonalizable; we May,
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• therefore, suppose that both X'E2X = DI and (X'EX)-I = D 2 are diagonal.

Hence from (4.18)

is diagonal. Setting X'EX = diag{aI, ... ,ak} and X'E-IX = diag{bt>oo.,bd in

(4.17), it becomes

ÀiXijail + X; 1Xijbi 1 =2Xij (i = l, ... , n, j = l, 00" k)

or

Since the factor Àrail + bil - 2Ài in (4.19) is a polynomial of degree two in Ài it

follows that for each j = l, ... , kat most two Xij can he non-zero (cf. Kantorovich's

proof in §1.2.1). The matrLx X that ma.ximizes

•

.. ( ,2 -1 + b- I _ .) \.) - 0 (' - 1 . - 1 k)x.] Ai aj j _A. - l. - , ••• , n, J - , ... , .

IX'EXI·IX'E-IXI
f= IX'XI2

in (4.11) must, therefore, have the structure

(4.19)

(4.20)

XI

X=
X2

0

o

•

where X h (h = 1,oo.,m) is nh x kh \Vith ~n,. = n and ~kh = k and 1 :$ kh :$

nh :$ 2. Hence each Xh must be of one of the following three types:

1. 1 x 1 orthogonal matrLx (scalar) with value ± 1

(

COS9h )2. 2 x 1 normalized vector, X h =. ' say
sm9h

3. 2 x 2 orthogonal matrLx.
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• The contribution li•. ~ay. t.o f from cadi X/i of typc~ 1 :U1d 3 i~. tlll'n.fon', ju~t. 1. W,'

concentrate, thercforc. only on the X,. of t.ype 2; l"t A,•• > Ah, be th,' corr('~pol1llin~

elements in ~. Then the X h of type 2 yil'1d~ the contribution

'I(J • I(J (A/i' AI",) " ."= cos ,. + sm' h + -,- +""i""""'" cu~· 0,. sm- 0,.
"\lI~ "'ltl

4(J ( '. )" (Al A,.) " ( '.:S cos h + 1 - cos· (Jh • + '\,. + Al cos· (Jh 1 - cos· Bh)

since

(4.21 )

•
= (1- ?cos2 (J )2 ('\1 + '\,,)2 _ 4) > 0- ,. " _.

At A ,.

with equality if and only if cos2 (J,. = ~ (recall that '\1 > '\,,), Equality hold~

throughout (4.21), therefore, if and only if

(4.22)

•

In view of this, let us define a permutation matrix fi sucb that (\Vith n l'ven)

with n ~ 2k and '\1 > '" > '\,,; then the matrix X whicb maximizes f in (4.9)

must satisfy
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1 0• 1

1

TIX= ~ 1
2

1

0 1

ami the proof is complete. 0

4.2 Hu Yang's "Brief Proor'

•
In 1990 Hu Yang [li6J presente<! a "brief proof' of the BloomfieId-Watson-Knott

Incqmùity using the arithmetic-gcometric mean inequality for matrices and the

Poincaré Separation Theùrem for eigenvalues. Unfortunately there appears to be a

lacuna in his proof.

The arithmetic-geometric mean inequality for matrices, cf. e.g., Ando ([189] ,[190]),

Bhatia and Davis [192] and Bhatia and Kittaneh [193J, may be written as

(4.23)

where .4 and B arc n x n positive definite matrices and the Lowner partial ordering

F :5L G means that the matrix G - F is symmetric non-negative definite. It follows

at once from (4.23) that

(4.24)

•

where 1.1 denotes determinant. When.4 and B commute, their geometric mean

becomes

The Poincaré Separation Theorem, which we use<! to prove the Wielandt In­

equality, cf. (3.3) in Chapter 3, is



where ch;(.-1) denotes the ith largest eigenvalue• .-l is ml 11 x 11 symmetric ml\trix

l\Ild P is ml 11 x k matrb: with P'P = h.

Let ~ be ml 11 x 11 positive delinite matrix with eigen\"llh1('s -\1 ~ '" ~ ,\" > 0

mld let X be l\Il 11 X k matrix of rank k with 11 ~ k. Then

• Ch,,_k+;(.-l) ::; ch;(P'.-1P) ::; ch;(.-1) (i = 1, ... •k). (-1.25)

(·1.26)1"/\""'1 1"'\"'-1"1 k (' +' . )~f = ~\. _ .. \. :, ..~:: .. \. :s II A~ "'ra-HI

1·:\ .:\ 1- ;=1 4-\;-\"_;+1

is the Bloomfield-Watson-Knott Inequallty, cf. (4.9). As in §.1.1 we will aSSllml\

\Vithout loss of generality. that 11 ~ 2k, X'X = h lmd that ~ = diag{'\I0"" ,\,,}.

\Vith À1 ~ ••• ~ À" > O.

y l\Ilg [1ï6] uses the 11 x 11 matrL,

•
K(À) =

D(À)

o

o

o

o

o

o

JD(À)J

(4.2ï)

wheœ (k - 1) x (k - 1) diagonal matrb:

D(À) =

o o

o
u

(4.28)

and the "fIip matrL," (or "negative diagonal matrL,")

o 0 ... 0 1

o 0 1 0

J= (4.29)

0 1 0 0

• 1 0 o 0
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• so that the diagonal matrix J D(À)J is D(À) with the diagonal elements arranged

in precisely the opposite order. Yang [1 iG] also uses the 7! x n diagonal matrb:

E(À) = EI\(À) =

where the diagonal matrices

and

(4.30)

(4.31)

•
"""-kt:!

'\"_1 +.A.. _1c+2
'\.. _"+3

Àk-<l+'\n-k+3 (4.32)

are bath (k - 1) x (k - 1), while the (n - 2k + 2) x (n - 2k + 2) diagonal matrb:

(4.33)

•

..\..-"+'
....+.\"••+1

We observe that the numerators of the diagonal elements in E l (..\), .&.l(..\) and

E3 (..\) and, therefore, the numerators of the diagonal elements in E(..\), are the

eigenvalues of ~ in monotonically decreasing order. The denominators of the di­

agonal elements in El (..\) and E.!(..\) are in precisely opposite orders to each other,

while in E2 (..\) the denominators of the diagonal elements are ail the same. Then
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•

•

since for i = 1. .... k - 1. and i = Il - k + 2•.... 11.

,x" ,\,:-1 ,',' ,,\ "'ra-i+l, , + _1 -1 = + .,.--"-:";':"::-" = 1.
Ai + A,,_'+1 ,\, + ,x"_i+1 '\; + ,x"_'+1 '\; + ,x,,_,+\

l'vloreover.

since for i = k. k + 1•.... n - k + 1.

,x. ,x;-I

,xk + ,x"-k+1 + ,xk1+ ..\;~k+1 -

Hence

Using (4.24) and (4.34) we then obtain that

(4.34)

•

Yang ([1i6), equatiou (i) on p. 4589) presents the strouger inequality with deter­

minants replace<! by matrices \Vith the Lowner partial orderillg:

The first inequality in (4.36) is valid in general, however, Oll\Y when X'E(,x)X and

X'E(,x-l)X commute, cf. (4.24) above.

We introduce the n x k matrices

sa that P'P = Q'Q = h. Then using the Poincaré Separation Theorem wc fine!

that

k k

IP'K(,x)PI = II ch> (P'K(,x)P) ~ II chn _ k+. (K(À»
i=l i=l
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•

•

and

k k

1q'[((A-1)QI = II ch; (Q'[((A-1)Q) ~ II ch,,_k+; ([((A- l )).
&=1 1=1

However

1"')'1/2 L'( '))'1/2 "1 l"'E( ') "1
jP'[((A)PI = -', - fi '" - -', = .'\. '" -,

IX'EXI IX'EXI

and

Hence

jX'E(À)XI IX'E(À-I)Xj
- IP'K(A)PI' IQ'K(À-l)QI

< [4kgchn_k-+i (K(À))' il chn-k+i (K(À-
I »)r

(4.3i)

~ If we put, cf. Yang ([176), p. 4589, equation (8),

k • k 1II chn-k+i (R (À)) = II---
i=1 i=1 Ài + Àn_i+l

and

in the last expression in (4.3i), then it becomes

whkh then yields the Bloom.6.eld-Watson-Knott Inequality

(4.38)

(4.39)

•
IX'EXI.IX'E-IXj :s; TI (A; + Àn_i+I)2.

i=1 4À;Àn_i+1

Unforiunately, however, it appears thnt this deduction is not valid since the

equalities in (4.38) and (4.39) do not, in general, hold. To see tbis let us consider
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• (-1.38). Its left-hand side is tht, procllll"t of tht' k smallest t'igt'lImlllt'l' of tht' diagonal

matrix K(..\). Inspection of (-I.2ï) shows that the matrix K(..\) ha..' al. most k distim·t

diagonal clements. which are indœd the k smallest! But the k sllliùlcst diagollal

elements of 1.... (,\) art'. ill gCllcnù. Ilot <iistilll"t. For cx:unplc. if k = 3 lUul Il = li

then

1
~

1

~

K(..\) =
1x;;:x;

_1_
À3+~

1
..\::+,,\~

\
~

(-IAU)

•
Suppose that in (-1.40) we have

~_1:.....,.... 1 1.,.. < < .
..\1 + ..\G '\2 + ..\5 ..\3 + Àa

Then the left-hand side of (4.38) is

1)2 1 ~

(..\\ + ÀG • À2 + À5 '

which is strictly less than its right-hand side:

1 1

À1+..\G ..\2 + '\5

In general, therefore, we find that

1

•

[

k k ] -\ k (À ..\,. )2
41J;chn ••k+i {K{À))' gchn-k+i(K{..\-I)) ~ il ~~..\n~i::

and so does not allow us to deduce the Bloomfield-Watsoll-Knott Inequality (4.9)

from (4.3ï).

4.3 Inequalities Related to the

Bloomfield-Watson-Knott Inequality

In 1981 C. G. Khatri and C. R. Rao [76] (sec a1so ln]) generalized the Bloomfield­

Watson-Knott Inequality in several directions.
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• Let T and Z he n x k matrices sucb that T'T = Z'Z = Ik and let.4 be an n x n

non-singular matrix \\ith (fi.'l:ed) singular values 171 ~ ••• ~ Un > O. Then

(4.41)

When k =1 then (4.41) reduces to the inequality obtained hy Strang (1960) [151],

cf. (3.12) in §3.3.

Let B and C he symmetric n x n non-singular matrices sucb that BC =CB is

positive definite, let T he an n x k matri.'\': of rank k and let À I ~ ... ~ Àn be the

eigenvalues of BC-I. Then

• and

k (+ )2
tr(TAZ· Z'A- 1T) < L Ui Un_i+1 if 2k :5 n

i=l 40'iO'n_i+l

n-k (+ )2
:5 "Ui U"_i+1 + 2k - n fLJ i 2k > n.

i=1 40'iO'n_i+l

IT'B2TI·IT'~TI < minff-
k

) (Ài + Àn _ i+d2

IT'BCTI2 - i=1 4Ài Àn_ i+ 1

(4.42)

(4.43)

(4.44)

•

In 1992 Song-Gui Wang and Jun Shao [161], using additional information about

the matri.'\': T, obtained a sharper bound, which wc will caIl the "Constrained Kan­

toro\ich InequaIity", cf. (4.45) and (4.4ï) below.

Let T be an n x P matri.'\': of rank r, let .4 and B be n x n positive definite

matrices with À1 ~ •• , ~ .Àn > 0 the eigenvalues of Bl/2A-1Bl/2, and let Pt, ... ,p"

be corresponding orthonormal eigenvectors. Suppose that the column space (or
.- -

range) C(BI / 2T) C C(Pi" ... ,Pi.) for some 1 ~ il :5 ... :5 ik :5 n, k:5 n. Then
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• (-1..15)

If k =T then

T'Br 1BT = T'BT(T'AT)-T'BT.

Let T and T-I partitioned a~

T= (~u TI~),
~21 T22

(
TU T

12
)T-I-- ,

pl T-'2
(4.46)

•

where Tu is h x h and T22 is (n - h) x (n - h) matrices. Suppose C(Z,,) C

C(pi" .. . ,Pi.) for sorne 1 ::; il ::; ••• ::; ik ::; TI. where Zh = (h,O)' is ail 11 x iL

matri."<. Then

(4.4ï)

4.4 Other Matrix Extensions of the

Kantorovich Inequality

In 1995 Shu...ngzhe Liu [88] established several extensions of the Kantorovich In­

equality using the Lôwner partial ordering.

Let Ai be n x n symmetric non-negative delinite matrices and let V; be n x 1.

matrices (i = l, ... , k). Then

(4.48)

•

cf. (3.11) in chapter3, where the non-zero, necessarily positive eigenvalues ofthe Ai

lie in the closed interval [m, M] (O < m < M) and L:~=I VIAiAfV; is idempotent.

The inequality (4.48) \Vith k =1 \VaS obtained carlier by Baksa1ary and Puntancn

[9].

In 1996 Liu and Neudecker [93] obtained related inequalities involving Hadamard

(elementwise) and Kronecker produets. Let AI and A2 be n x n positive delinite
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• matrices with AI and An, respectively, the largest llli~ smallest eigenvalues of the

Kronecker product Al ~ A2 , of which the Hadamard p:oduct .41 0.42 is a principal

submatrix. Then Liu and Neudecker [93] ~howed that:

Ai 0 Ai - (AI 0 A2f
(Ai 0 A~)1/2

while Lui ([89], p. 65) established

::;L HAl - An )2Ip ,

AI + An
::;L 2'"AlAn AI 0.42,

Wc also find, simi1arly, that

cf. ([89J, p. 65).

Let A hl' an n x n positive definite matri."{ and let T he an n x k matrL"{ snch

that T'T = h. Then Marshall and Olkin [107] established the foilowing matri."{

version of the Kantorovich Inequality: - .

•
(~-Fnrlp,
(AI - An)2 l
4(A1 + An) p,

(4.49)

•

Pcearié, Puntanen and Styan [131] obtained several other similar matrix inequal-

ities, e.g.,

T'A2T ::;L (At + A.)2 (T'AT)2
4AtA. '

(TA2T)I/2 _ T AT (At - A.)2 TH T
::;L 4(At+ Ar) A,

T.4.2T - (TAT)2 ::;L HAt - A.)2THAT, (4.50)

T'.4T - (T.4.+T)+ ::;L (~- fi0 2 THAT.

Here .4 is an n x n nonnegative definite matri."{ of rank r \Vith r positive eigenvalues

At ~ .•• ~ A;.- > 0, HA is the orthogonal projector .4.4+ and T is an n x k matrix
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• sucb that HAT is a partial isometry, Le., T'HAT is idempotent. Mond and Peearié

[114J, Liu and Neudecker [93J and Baksalary and Pllntanen [9J presented related

results.

Furthermore Baksalary and Puntanen [9], cf. Pcèarié, Puntanen and Styan

[131], ge.neralized (4.49): Let. A., H ..1 and T be defincd as above cxcept t.hat HAT

is a partial isometry. Then

(4.51)

(4.52)

•

•

When HAT is a partial isometry, then (4.51) implies that

1fT is a vector t, say, and t'HAt = 1 then (4.51) may b'., writt"n as

Then

À1Àrt'At· t'A+t $ (À1 + Àr)t'At - (t'At)2

- H..\l + Àr)2 - [t'At- HÀ1 + Àr)t

$ *(À1 + '\r)2,

we have the following e;'<tensicn of the Kantorovicb Inequality:

t'At. t'A+t < (À1 + Àr)2
- 4À1Àr '

where the matrix A is positive sen1Ïdefinite with rank r and t'HAt = l, and HA is

the orthogonal projector AA+.Thisleads directly to

u'Au·v.'A-IU < (À1 +.Àr)2

(U'U)2 - 4'\1.Àr '

where the r x r diagonal matrix A contains the r necl'SSlUily positive eigenval­

ues of A, while the r x 1 vt:ctor u = S't, with A = SAS',A+ = SA-IS' and
S'S = Ir. Comparing (4.52) with (1.5), we see that (4.52) f("lows directly from the

Kantorovicb Inequality as observed by Neudecker [123].
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• Recently Shuangzhe Liu [90] proposed the following problem: Let B and C be

two positive definite matrices with eigenvalues contained in the inten-aJ [m, M],

where 0 < m =5 M. Let 0 =5 À =5 1. Prove that

We note that this is the special case of (4.50) with

and

(4.54)

•

Other prooŒ of (4.53) are given by Louis Kates, Serge Kruk and Henry Wolkowicz

[74] and by Ingram Olkïn [127].

We also note that (4.53) may be e."<tended to positive semi-definite matrices. Let

HB and He denllte the orthogonal projector BB+ and CC+, respectively. When

H =>"HB + (1 - >")He

is idempotent, cf. (4.50), it follows that

>..B2+ (1 - >..)C2- [>"B + (1 - >")C]2 =5L ~(M - m)2H,

and then RB = He = H and the column spaces of A and B are identical.
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•

•

Chapter 5

Sorne Statistical Applications

In this chapter we present a variety of statistical applications of the Kantorovich

Inequality and the Bloomfield-Watson-Knott Inequality. We concentrate on thcs"

four papers:

• Magness ancl McGuire (1961)

• Venables (19i6)

• Cressie (1980)

• Wang and Shao (1992).

5.1 Magness and McGuire (1961):

Efficiency of Weighted Least Squares

Let us consider the model (4.1). In 1961 T. A. Magness and J. B. McGuire [9i].

apparently unaware of the work by Watson in 1951/1955 ([163], [163] and [165]) cf.

(4.9), measured the efficiency, with respect to the BLUE, of the so-ca1led Weightcd

Least Squares Estimator (WLSE)

where the n x n diagonal matrix of "weights"
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•
W ={diag(!:)}-1/2.

The covariance matrix of the WLSE f:J" is

(5.1)

•

Let us prc-multiply the mode! (4.1) by W and set z =Wy, 1] =WE; then we

have z = W X (j + TJ. The new error TJ has covariance matrbc W!:W = R, say,

the correlation matrix of E. There exists a k x k positive definite matri.'I: B, say,

such that B'X'W2XB = l; we now set WXB = F and B-1{j = Cl< to obtain the

"canonical" equation

z =Fa + 1],

where FF = BX'W"lXB = I. Let a* and à be the WLSE and BLUE of a; the

covariance matrices are

Cov(a*) = F'RF and Cov(à) = (F'R-1F)-I .

Then from the Kantorovich Inequaiity

where ..\1 and Àn are, respective!y, the largest and smallest eigenvaiues of R.

Let us consider the following e.'l:ample of a regression problem.

Example 5.1

Let

(5.2)

where the largest and smallest eigenvalues of R are 1 + T and 1 - T. It is easy to

show FF = l, Cov(a*) = F'RF = l and•
R=

1/2

1/2

1/2

-1/2

1/2

-1/2

1/2

1/2
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•

Equality in (5.2) is attained sinee (Al + ,\..f /-IA1A.. = (1- r2)-t. [Whell r > 0 thl'II

1 + r = ..\1 is the largest and 1 - r = A.. is the smallcst eigellyalu(': ",hell r < 0 thell

1 - r = ..\1 is the largest and 1 + 'r = ,\" is t.he smallest eigellyallle.]

5.2 Venables (1976): Testing Sphericity

In 19ï6 W. Venables [156J used the Bloomfield-Watson-Knott Ineqmùity 1.0 dcrivc a

class of union-intersCl:tion tests for sphericity using the likelihood ratio (LR) st.atis­

tic. Let S be a p x p sarnple covariance matrix with distribution nS '" Wp ( n, !:).

where W denotes the Wishart distribution. Wc want to test the hypothesis

u ~ 2[ • k . h'no : ~ = 0' p, 0'- un nown, Wlt III

HI : I:: unspecified.

Let us define

Ho(Q) : Q is an invariant subspace (i.e., I::t E Q forall t E Q),

HI(Q) : Q is not necessarily invariant,

where the arbitrary q-dimensional subspace Q c 'Rl, Euclidean p-space. Then

Ho = nHo(Q) and HI =UHI(Q),
Q Q

where the union and the intersection (UI) are over all q-dimensional subspaces Q

ofnp •

Suppose that the columns of the pxq matrix XI and the columns of the px (p-q)

matri"< X 2 form orthonormal bases for Q and Q.L, respectively. Testing Ho(Q)

within HI (Q) is the same as testing whether the two sets of variates X; Z and X~Z

are uncorrelated, where the p x 1 vector Z is normally distributed N(O, I::).

The LR test uses the statistic

65



(5.3)

•

•

where X = (XI X 2) is a px p orthogonal matrt.'\:. Now

since (X'SX)-I = X'S-IX. Venables [156J, therefore, considers the statistics

and so the UI statistic is

'Il; = ma.'\: 'u'I(Q).
Q

Using the Bloomfield-Watson-Knott Inequality it fo11ows that

* n'l (li + lp_i+d2

U = ,
'1 i=1 4lilp_i+i

where li > l2 > ... > lI' > 0 are the eigenv--"lues of S.

5.3 Cressie (1980)

5.3.1 Efficiency of an Unbiased Weighted Estimator

lu 1980 Noel Cressie [35) measured the efficiency ofan Arbitrary Positively Weighted

Unbiased Estimator (APWUE) \Vith respect to the Optimally Weighted Unbiased

Estimator (OWUE).

Let the random variables Yi (i =l, ... , n), be uncorrelated with the same mean

Il and with variances ur (i = l, ... , n). Then jJ.", is an APWUE and iJ.o is the

OWUE of Il as defined by

jJ.", =t WiYi and iJ.o = (t Yi/ur) / (t lM) ,
1=1 .=1 1=1

respectively, where Wi > 0 (i = l, ... ,n), and r:::"l Wi =1. Then

•
• _ Var(iJ.o) > 411:

eff(JLw) - Var(jJ.",) - (II: + 1)2'

where II: =M/m and

m = min{wiof; i = 1, ... , n}, M = max{wiur; i = 1, ... , n}.
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• 5.3.2 Asymptotic Efficiency of a

General Weighted Median Estimator

Cressie [35] also studicd the efficiency of a Gen'~ral Weighted l\'1edian Estillmtor

(GWME) with respect to the Optimally 'Neight.ed l\Iedian Estinmtor (OWME).

Suppose that dilferent scale paramcters cause nUldolll v.u-iables FI, ... , :l';. to bl'

made up of k sarnples with a commun mean Jl: :l'il,"" :l'i... , which are each indepen­

dently and identically distributed with variance ur (i = l, ... ,k), and E~=I n; = 11

Then a GWME ÏJ.w is the (midpoint) value of (those) Jl which minimizes

In (5.:) and (5.6) we may choose any weights Wi and we do not here require that

ELwi = l.

As observed by Cressie [35), Thkey (l9i4) [204) proved that when
•

k 11

L 'Wi :t p.;; - JlI
i=l J=1

or equivalently as the solution to

k ni

L Wi L sgn(:I'i; - Jl) =O.
i=1 ;=1

n;/n ~ 9i as n ~ 00

(5.5)

(5.6)

(5.i)

•

and under (other) certain regularity conditions ..;;ï(ÏJ.w- Jl) is asymptotically normal

with mean 0 and variance u~, say. The OWME fia is defined as the GWME that

minimizes u~ and the corresponding optimal weights are

(with Ui known). Then we define the efliciency of the GWME with respect to the

OWME as the ratio of their asymptotic variances:

(5.8)

where K. = M/m and
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•

m =min{WiO'i; i =1, ... ,k}, AI =ma.x{wiO',; ·i = L ... ,k}.

Wc uote that thc lowcr bounds iu (5.4) aud (5.8) differ only by the delinition of

mand M.

5.4 Wang and Shao (1992): Constrained

Kantorovich Inequalities and the

Efficiency of Ordinary Least Squares

In 1992 Song-Gui WanF; and Jun Shao [161] sharpened the classical Kantorovich

Inequality when the underlying vcetor satisfies cert.ain constraints. These "Con­

strained Kantorovich Inequalities" yield sharper lower bounds for the efficiency of

ordinary least squares in the general linear statistical mode!.

Let us consider the so-called Gauss-Markov Iinear statistical model, cf. §4.1,

y = X(:J +e, E(e) = 0, Cov(e) =!:,

where y is an n x 1 vcetor of observations, (:J is a k x 1 vector of unknown parameters,

X is an n x k known design matrix of rank r :5 k, e is an n x 1 vcetor of random

errors and the covariance matrLx !: is n x n and positive delinite.

The Best Linear Unbiased Estimator (BLUE) of the estimable function é(:J is

the generalized least squares estimator

(5.9)

which has variance

•
while the Ordinary Least Squares Estimator (OLSE)

é/3 = c'(X'X)-Xy
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• has varinnel'

(f>.12)

Any gencralized inverses (X'X)- ,Uld (X'~-lX)- llla~' he dlos('n.

Let '\1 ~ ••• ~ '\n denot(' the, nel'essarily positi\'(', !'igclI\'ulncs of th!' ('O\'al'Ïall('l'

matrix E and let Ph' ..• Pli denotc corresponding orthonormal v(~etors. We eonstrain

the matri.'\: X by supposing that its eolumn spaee C(X) C C(Pi" . .. ,Pi.) for sollle

integers il satisfying 1 :5 il :5 ... :5 ik :5 n, k:5 n. It then follows that

eff(c',â) = 1 if r=k

> 4'\i, '\i.
if r < k,

(Ai, +,\.)2
(5.13)

•
Let ê = (êh"" ê,,)' be a random error vcctor such that E(êi)=O lUld

{

q2 ifi=j
COV(êi, êj) =

q2p if i i'j.

The covariance matrL'\: COV(ê) then has thc simple eigenvalue ,\ = q2[1 + (n - l)p]

with eigenvcctor 1" and the eigenV'.ùue T = q2(1_ p) with multiplicity n - 1. More

generally, let us suppose that the covarilUlee matrix E has the following block·

diagonal form:

E = diag{E"" ... , En.},

where each En; is a positive definite matri.'\: of order n; x n;, which satisfies

E~; has the simple eigenvalue '\i with eigenvcctor 1,,;,

En; has the eigenvalue Ti with multiplicity n; - 1.

Furthermore,

(5.14)

(5.15)

(5.16)

(5.17)•
1. Let JI = (l~I'O, ... ,O)', J2 == (O,1~2'O, ... ,O)', ... ,Jk = (O,O, ... ,l~.)'. If

C(X) C C(Jh"·,Jk), then for any estimable function é{3 the efliciency

, • 4'\1,,"
eff(c (3) ~ ('\1 + '\n)2'

69



•

•

•

w!lf'fe AI = ma."'< Ai and An = min A•. If Al =An then (Ii is the BLUE fOf any

estimable é (J.

2. If X'J. = 0 for ail i then for any estimable function é [3 the efficieney

" > 4TI Tn
eff(c,'3) _ ( )~'

'Tl + 'T"

where Tl =1Ila."'< Ti and T" = min Ti' If Tl = T" then é,J is the BLUE for any

estimable function é {:J.

3. If in (5.13), k = 1 m.cl 1" is a column of X then é/3 is the BLUE for any

estimable funetion é {:J.

Suppose no\\' that C(X(X'X)-C) C C(Pi" ... ,Pi.) for sorne 1 S; il S; ... S; ik S;

n, where C = (Cl, ... , Cl) and c!,.B ('i = l, ... , 1), arc linearly iudependent estimable

f\lnctions. Then for any C E ClCl

(5.18)

Consider the model

y = 1,,[3 +e, E(el =0, Cov(e) =I:,

where ln is an n X 1 vector of ones and 13 is an unknown parameter. We know that

the OLSE 'fi = L:~I y;/n is also the BLUE if and only if I:1n = c1 n for sorne scalar

c, cf. e.g., Puntaneu and Styan [13i]. It is easy to sec that here ln is an eigenvector

of I:. Let us look at the follo\\'ing e."'<ample:

~'\+2 ~'\-2 0 0

~,\ - 2 ~'\+2 0 0
Eu=

0 0 !'\+1 ~'\-12

0 0 !,\ -1 1,\+ 1
2 2

Then fi is the BLUE sinee I:014 = '\14, Now let us make a small perturbation in I:o

50 thot
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1
~,\ + 2 !,\ - .) 0 0• 2 -

~A - 2 1 \ ••) 0 0
'<'

~~ -r_
-:: -

0 0 &(,\ H) + 1 &(,\ + ,-) - 1

0 0 &(,\+:)-1 ~(,\+,-)+1

wher~ è > O. Then y is uo longer the 8LUE siuce 1.. is no longer <UI cigellycctor ur
~,. The matrb.: ~< has fo'igen\'a1ues'\, '\+è, 2, <Uld -1, with PI = ((1/\1'2)1;,0,0)' :Ulli

P"2 = (0,0, (1/ \1'2) 1;)' arc orthonormal eigen\'ectors corresponding to the eigen.....ùU<'S

'\, ,\ + è, respecti\'ely. Since C(P"P"2) is the smallest <.'igell subspacc cOllt.ùning 14 ,

then by (5.13)

(5.19)

•

•

Note that the efliciency elf(Y) ~ 1 as è ~ O. Wc cOllclude that the small perturba­

tion in this e.."{ample makcs 'ii robust. If we use the lower bound in (4.9) and assume

t.hat >. + e < 2 theu we obtain

16,\
eff(y) <:: (>'+4)2'

which is smaller than the "constrained" lower bound (5.19).

Example 5.2

Consider the random effects model

y = 1n JL + Uf. + e, E(e) ,",0, Cov(e) =u;I..,

where y is an Tt x 1 vector of observations, JL is a uou-random unknown scalar

paraDleter, U is an n x k known maèrb.: of full rauk and f. is a k x 1 random vector

with E(f.) =0, Cov(f.) =ui1n and e is an n x 1 error vector which is independent

of f.. Let

(

AI/2 )
U=p Q'
. 0
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• he a singular vetlue decomposition of U, wherc P = (Ph'" ,Pn) such that P'P =

ln, A = (À h •. . ,Àk ) with Àl ;::: .•. ;::: Àk > 0, Q is a k x k matri.'!: with Q'Q = h.

Then the covariance matrix Cov(y} = U;UU' + u;/n has k eigenvalues U;À l +
U;, ... ,U;Àk + U; each with multiplicity one and U; with multiplicity n - k with

corresponding orthonormal eigenvectors Pli ... ,Pn'

If UU'ln '" cln, then ln is equal neither to one of the Pi nor to a linear combi­

nation of Pk+! , ... ,Pn. Assume that ln =L.ier a;Pi for a subset 1 c {l, ... , n} and

sorne constants ai. Let i o = min{i: i E I}. Then by (5.13)

_ 4(1 + ÀioulM}
eff(y} ~ (2 + ÀioU;/U;)2'

Example 5.3

Consider the one-way analysis of variance mode!

Yi; =p.+ai+ei; (j =1,"',n;, i =1, .. ·,k).

• If Cov(ei;, ei'j') =0 for all i '" i' and

{
~

Cov(ei;, eij'} = •
urPi

if j = j'

if j '" j'

then (5.17) applies here since the conditio~s (5.14)-(5.16) are satisfied.

Example 5.4

Consider the analysis of variance mode!

Yij=p.+a;+{3;+eij (i=l, ... ,a, j=l, ... ,b), (5.20)

•

where a; are the treatment effects with Li=l ai = 0 and the {3j are the block effects

with 2::=1 {3j = O. Between blocks, the erors ei; are independent, within the jth

block, Cov(ejhe;k) = ujp; if l '" k and Co,,(ejhe;k) = uj if 1 = k, so that the

error covariance matri."< satisfies the conditions (5.l4)-(5.l6): -

We consider an arbitrary contrast al, ,OC of the treat..lent effects. Let C =

(Ch"" c;.-l) , where Ci = (0,1, ... , -1,0, ,0)' is an ab x 1 veetor with -1 in the



(5.21)

•

•

•

(i + 2)th component of Ci (i = 1. .... a - 1). Let 'Y = (Il, al." .. a., /310 , . " .ab)'

denote the vector of parameters. We are interested in estimating é"(, cE CCC).

Let z; = (0.1. ... , -1. 0..... 0)' (i = 1, .... a -1) be an ab xl vector. where -1

is in the (ib + 1)th component. Then C = X'Z. where Z = (':1' ...• : .._1) and X is

the design matri:" in the model (5.20). Let us write

where

SI - (1~, -1~, 0, ,0)'

S2 = (1~,0,-1~, ,0)'

S._I - (1~, 0, 0, ... , -1~)'.

Then AI = ail1 + (b - l)pd, ... ,A. = ~[1 + (b - l)p.J are eigenvalues of the

covariance matrix I: in the model (5.20) and

JI - (1~, 0, , 0)'

J2 - (0, 1~, ,0)'

J. - (0,0, ... , 1~)'.

are, respectively, their orthogonal eigenvectors.

Sïnce C(X(X'X)+C) C C(Jt. ... ,J.) it follows from (5.18) that for any c E C(C)

Eff(c'?I) > 4AI An

,., - (Al + An)2'

where Al =max{,\;} and An =min{,\;} (i = l, ... ,a). The lower bound in (5.21)

is much sharper than the lower bound obtained in (4.9) which is
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where 7"n = min{ar(1 - pd, .. . ,a~(1 - Pa)}' In particular if ar = 0'2 and Pi = P,

then the efficiency eff(c'/i) = 1, Le., for any contrast of ah'" ,aa the OLSE is the

BLUE.

Example 5.5

Consider the model (4.1) with ~ =a2 In' Suppose that /3 = ({3\, 13;)" where /31 and

(Ji are q x 1 and (p - q) x 1 vectors and the full rank matri.x X = (XI: X 2 ), where

XI and X 2 are n x q and n x (p- q) matrices, respectively. If we assume that 132 = 0

then

is the BLUE since the covariance matrLx Cov(e) = 0'2In. The covariance matn.x

Cov{,Bd =a 2(X;Xd- l . But ill is not robust against a violation of the assumption

132 =G. On the other hand the OLSE /JI of /3h with Cov(/Jd =q2(X'X)1I, where

(X'X) 11 is the upper left q x q submatrix of (X'XJ-I, is robust but not efficient.

Th~refore, one may be interested in studying the relative efliciency of /31 when

132 = O. If C(Zm) cC (Pil'''' ,Pi.) for some 1 ::; il::; ... ::; ilc ::; n, then by (4.47)

Cov(/3' ) < (>'il + >'i. )2 Cov(/3- )
1 - 4'. '. 1,

Ail Al,lt

where Zm = (lm, 0)' and Ph'" ,Pn are orthonormal vectors of X'X corresponding

to eigenvalues >'1 ~ .. , ~ >'n. In particular, if C(Zm) C C(PIo ... ,Pn) then

Example 5.6

Consider the Generalized Linear Model (GLM)

E(Yi) = p.(9i ), Var(Yi) = t{>iJ.(9i) (i = 1, ... , n),

where p. is a function on the reals and iJ. is its derivative, g(IJ.(9i )) = x';/3 is a link

function, Xi is a p x 1 vector of known values and /3 is a P x 1 vector of unknown
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parameters. In this GU\!. no assumption is made on the joint distribution of

y = (YI"", Yn)' except that the covariance matrix of Y is in block-diagonal fonn

with small block sizes.

The weighted least squares estimator ,8 of ,B in the GLl\'1 is defined to b.. a

solution of

X '6.8 = 0,

where the full rank n x P matrbc X = (XI •..• , xn )', 6. = diag{ h(x~.B), ... , h(x~Ji)}

with h(t) = d(g(Jln-I/dt and S = (YI - g-l(X~.B), ... ,Yn - g-I (x'n.B))'. Und..r

sorne regularity conditions, /3 is asymtotically normal with mean f3 and ~-ymptotie

cov-ariance matri."{

!: = (X'6.A6.X)-1X'6.Cov(y)!::i.X(X'6.A!::i.X)-1 ,

where A = diag{jL(9Jl, ... , /i(9n )}. Let B = 6.A6. and A = 6.A[COV(y))-1AD.. If

C(B1/2X) c C(Pi"""Pi.), 1:5 il :5"':5 i k :5 n, then by (4.45)

where Pb ... , Pn are orthonormal eigenvectors of Cov(y) corresponding to the eigen­

values À1 ;::: ••• ;::: Àn • In particular
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Appendix A

Pal Schweitzer (1914):
An inequality about the arithmetic mean1

We will prove the following thcorem: If any natura! numbers fall betwccn two

positive bOUllds, then the product of the arithmetic mean of these numbers and the

arithmetir. lIIean nI' l'I'dprOl':lls or t.hcse lIulllbers C:llIl1ot. exœetl t1m protluct. of the

arithumt.k III1,an 1'1' 1.III,ir t.\1'f) 1•• ·,; ..c1s antl 1.111, aril.hllll'I.ie nl('an of t.he n.'Cipr()(:als of

their two bounds:

z= .!. (t l +... + t,,) . .!. (2. +... + 2_) :s .!.(m +M) . .!. (2. +.!.) ,
71 n t l tn 2 2 m M

where 0 < m:S ti:S At (i =1, ... ,n).

To prove (A.l), let us consider for the moment that all the t!s, with the exception

of ti> are fbœd, anù filld at which point t; in the interval (m, M) the function

z = /(l'i) =~2 (ti + A) G+ B)
attaîlls its ma."<imum value. Differentiating this function, wc get

dz 1 ( A)-=- B--
dti n2 t"f'

'III HUllgariall: E~' c~'c"lütl,,"ség az arilmetikai kiY-.éJlértékrül. Mlltcm..tikai ria Pl&lIsikai Lapok

23, 257-261 (1914). ElIgüsh trallslation by Levente T. Tolnai and Robert Vennes.
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which vanishes only al. ti = JA.lBand =has a minimum. therefore. or ma.ximum

in the inten<ù (m. M) al. either ti = /Il or t. = M according Ils

1 (1 »1 (1),(M + .4) '[ + B < -:;(111 + A.) - + B
n~ 1~ n" 71l

or

4. m + M >B. '[ < .
m1l"

For any .4 and B. i.e., for any tl-· ... ti-l, ti+Io"" tn. if wc waut =1.0 be its

ma.\:Îmum, then we choose the value of t; as J'v[ or m according 1.0

•. m+M >B
."1 mM < .

We can apply this argument 1.0 l'very t; to obtain the ma.'CÏmum value of =a.~

the following

1 [ a 11- a]
Zmax = 2" [aM + (n - a)m] M +-- ,

n -.c m

where a and n - a count the number of t's equal to M and m, respectively. Wc may

then write

1 1(1 1) 1(n )2 (m - Mf
~ <-(m+M)·- -+- -- --a
~max-2 2 m M n2 2 mM

or

which proves the required inequality (A.1). Equality holds in (A.1) if and only if 11

is l'ven and a =n/2, i.e., an equal number of f!s are equal to m and to M.

This inequality (A.1) cau he used to establish an upper bound for the integral

ofreciprocal functions. Consider the numbers t lo ••• ,in as the values of the positive

function t = J(x) corresponding to the equally spaced values Xlo ... ,xn • The left­

hand side of (A.l) then becomes
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• 1 1[ 1 1 1]- [J(xd + J(X2) + ... + J(x,,)] . - -- +--+ ... +-- ,
n n J(xd J(X2) J(xn )

which may be viewed at as an approximation to

1lb 1lbdx
- J(x)dx· - -.
b-a Q b-a a J(x)

If we now tak<: limits in (A.2), we obtain

(A.2)

•

. 1 ( 1 1) 1 1(1 1)hm - (J(xd + ... + J(x,,»· - + ... +-- ~ -(m + M) . - - + -
1'->00 n2 J(xd J(xn ) 2 2 mM'

(A.3)

where m and M represent a lower and uPller bound, respectively, for the values of

J(x). Replacing the terrns on the left-hand side of (A.3) by integrals we obtain

and hence

If we also take into account that

l b dx (b - a)2
-> -i---'-

Q J(X) - J: J(x)dx'

which cornes from Cauchy-Schwarz inequality:

(A.4)

(lp> 0, 1/J > 0)

•

by setting lp =JJ(x) and 1/J =1/Jj(x), we obtain

(b - a)2 lb dx (b - a)2 1 1 ( 1 1 )J: f(x)d:r: ~ Q f(x) ~ J: f(x)dx . 2(m + M) . 2 ;;i + M .

Since

1 1 ( 1 1 ) (!!!±M. )2-(m+M).- _+_ = 2
2 2 m M vmM'

i8
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•

i.e., the square of thE' ratio of the arithmetic mean and the geometric lIlelUl of 111 and

M, is near 1 if M docs not lIluch differ from m. the integral J: dx/J(x) is squcezed

between two close bounds. The formula (.-\.3) is also useful in approxinmting intl'­

grals of reciprocal functions. If we take the arithmetic melUl of the lower and the

upper bounds, which has value

1 (b - af [lm + J\If ]_. + 1 .
2 J: J(x)dx 4mM .

the <5-error we make is smaller in absolute value thlUi hall" of the difference between

the bounds, Le.,

. (b - a)2 1 (1112+ ft;[2 )
101 < J: J(x)dx ·4· 2mM - 1 .

This formula can be used to approximate logarithms~ By setting J(x) = x, after

simplifying the corresponding value in (A.6), we find by taking logarithms that
. -

::::-_-

. 2 ( 1)
log.r.+ 2x+ 1 1 + 8x(x+ 1)

instead of log x + 1, while the absolute value of the <5- error

~-- 1

1<51 < 4x(x + 1)(2x + 1)"

If we calculate the logarithm in this way, the error we make starting at x· 10

is smaller than

1 1
4 . 10· 11 . 21 = 9240

and starting at x =20 is smaller than

1 1
4·20·21· 41 = 68880·
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Appendix B

Chun-Tu Lin (1986):
An Extension of the Kantorovich Inequality and
!ts Application to
Estimating Parameters in Linear Models1

B.1 Introduction

In this paper wc obtain upper boullds for the e:'Cpressions

1.':'n- IAB' .':1.1.':'..1- 1.\"1 1.':'B-1AB-IYI·IY';!-'XI
IX'LJ-1XI2 mld IX'B-IXI.!y'B-IYI'

where A and B are Tl x Tl positive defillite matrices, X and Y are arbitrary n x k

matrices of nmk k < n. In nddition, sorne applications are discussed. The rcsllits

in t.ltis pa),,'1' an' ;111 ('xt.<'nsion of l'I'snlts hy Klmtri and Rao (1981) [i6J.

11'.4 is a'l Il x 1/ SY"IIIl'lri,· 1" dt.Ï\'e ddinil,c lllat~rix with eigcnvalucs '\1 ~ ... ~

Àn > 0, then for any lIon-zcro Il x 1 vector x, wc have

x'A~~:rIX ~ (À~~~:)2,

the Kantorovich Inequality. This inequality has already had a number of general­

izations, cf. e.g., Strang (1960) [151], Greub and Rheinboldt (1959) [601, Bloomfield

lin Chincsc: Xitong /(CXIlC yu S/m...'"1lC-Journal 0/ SysttmS Science and Mathematical Sciences

G (3), 2li-22lJ (1986). English translation by Ming-Yan Venus Chiu.
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• <Uld Watson (19i5) [21], and Knott (19i5) [i9],

Khatri and Rao (1981) gener:\lized the Kantoro\'ich InCQuality as follows, d. our

§4.3:

(B.l)

where .4 is an n x n non-singular matrix, uot ucc~~rily symmetric, with '\1 >

... 2: À.. > 0, and '\r (i = l, ... , n), the eigenvalues of .4'A.

Moreover

where B and C are n x Il non-siugular symmetric matrices so that BC is positive

definite, BC =CB and 1'1 2: ... 2: JLn > 0 are the roots of lB - l'CI =O.

In this paper we mainly give these two iuequalities:

• aud

IX'B2.~I·IX:C2XI :::; llIillÏî-k
) (tt. + Jl,'-i+l?,

I.\: BC.\: 1 .=1 4Jt;JLn-'+1

IX'B-I.4B- 1XI·IX'.4- I XI < mill(rrk...- k) (tt. +Jl,.-'+I?

1
v'B-l VI" - 4.r'\. ...l. ... i= 1 l1ilLt.-à+ 1

(B.2)

(B.3)

•

where .4, B are positive definite matrices and 1'1 2: ... 2: Jl,. > 0 are the roots of

1·4 - l'BI = O.

It is easy to see that the main result of Bloomfield and Watson [21) and Kuott

[ï9], Le., the Bloomfield-Watson-Knott Incquality (4.9) in our Clmpter 4, is the

special case of (B.3) when B = J. Furthermore, ifwe replace 04-1 by C2 , B- I by

BC, and use BC =CB, we obtain the incquality (B.2) from (B.3). Therefore (B.3)

is a generalization of (B.2).

In our §B.3 below, we will point out that in estimating pararneters in linear

models, the incquality (B.3) is more useful than the incquality (B.2). In our §B.2

we will give a proof of the main incqualities (B.1) and (B.4) ourmethod is much

simpler than that used by Khatri and Rao (1981) [ï6).
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B.2 Main results

In arder ta abtain the main results of this paper, we give two lemmas.

Lemma B.l If X and Y aT" Tl x k 1Ilatric"s of mnk k, then

PROUF: Since 1 - X(X'.'[)-I X' is a symmetric idempotent matri." where I is the

identity matri., of rank 71, it follows that Y'[I - X (X'X)-l X'jY is non-negative

definite. That is Y'Y - Y'X(X'X)-IX'Y is non-negative definite. This yields the

rcquircd result.

Lemma B.2 If A is an 71 X 71 positive definite matrix, fOT any n x k matrix X of

mnk k, then

IX'AXI·IX'A-1:q < rrtinil-k
) (Ài+ Àn-HI?

IX'X 12 - i=1 4ÀiÀn _ i+l '

where ÀI ~ .,. ~ Àn > 0 are the eigenvalues of A.

PROOF: The proof can be found in Bloomfield and Watson [21] and Knott [79]

Theorem B.l Let A, B be n x n positive definite matrices. FOT any nxk matrix

X of mnk k, the inequality (B.3) holds.

PROOF: Since B is a positive definite matri." there e:cist a nonsingular matri., P

with B-I =P'P. Let Z =PX. Then the left hand side of (B.3) can be written as:

IX'P'PAP'PXI·IX'P'PA-IP'PXI _ IZ'(PA.P')Z)I·IZ'(P.4P')-IZ)1
IX'P'PXI2 - IZ'ZI2

Notice that Ài(PAP') = Ài(AP'P) = Ài(..1.B-I) (i = l, ... , n), where Ài (.) repre­

seuts the ith largest eigenvalue. Using Lemma B.2, the proof is accomplished.

Corollary B.l IfC2 replaces ..1.-1 and BC replaces B-l, then the inequality (B.3)

becomes (B.2), where B, C are as defined just below (B.2).
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IX''-\l'l·ly'.-\-1XI
=

!X'XI·\y'Yj

•

•

Theorem B.2 , Ld.-l. b" <li! Il X Il matrix. Th"tI.-l. cati bc wnttCtl <1.'

.-1 = P'DQ.

where P, Q are Il x n orthogollalmatric<:.', D = diag{,\I0 .... ,\,,}. AI::::'" Au > O.

with Ai' (i = 1, ... , n), the eigenva/ues of .-1.'.-1 and inequality (B.1) !IolcL•.

PROOF: From .-1 = P'DQ, Lemma B.1lUld Lellllua 8.2, wc have

IX'P'DQYI·I}·'Q'D-1PXI

IX'XI· IPYI
(IX'P'DPXIIX'P'D-l P.\ïi}"Q'DQYII} .,«'D-1Q} ï)t/~

::; IX'P'PX IIPQ'QY 1

In particular, if.-\ is positive definite. and Ai (i = 1, ... , n), arc the eigeumlucs

of A, then the inequality (B.l) holds .

Theorem B.3 Assume A and B are n x n positive definite matrices. For <my

X, Y, n x k matrices of mnk k, the inequality (B.4) !laids.

Proof: The proof is similar to the proof of Theorem B.1. Let B-I = P'P, Z =
PX, W = Pl'. Then the left hand side of (B.4) can be written as

IX'B-1.'1B-tYI· IY'.4-tXI
IX'B-txl·IY'B-tl-'i

IX'P'P.'1P'PYI·IY'P'P.4-1P'P.\'!
IX'p'PXI·IY'P'PYI

IZ'(P.'1P')WI·IW'(P~1P')-1ZI

IZ'ZI'IW'WI

Since Ài(PAP') = Ài (.4B-l) and usiug the special case of Th<.'Orcm 8.2, the in­

equality (B.4) is obtained.

Corollary B.2 Let B, C be as 'me1ltioned in (B.2), then

•
IX'B2YI'IY'C2XI < minil-k

) (/Ji + J.Ln_i+Ij=l

IX'BCXI·IY'BCYI - i=1 4/JiJ.l'''-i+l'

where J.l.1 :::: ••• :::: J.Ln > 0 are the roots of lB - J.l.CI =o.
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• By simply replacing A-I by Cl and B- 1 by BC in the inequality (BA) we obtain

(B.5) immediately. This can be viewed as a generalization of the inequality (B.2).

B.3 Applications

Let us consider the linear model

y = X{J + e, E(e) = 0, Cov(e) = .4, (B.6)

•

•

where y is an n X 1 observed vector, X is a n x k known matri.x of rank k, {J is

an unknown k x 1 vector, and e is an n x 1 error vector. Then the Gauss-Markov

cstimator of fJ is

If the covariance matrLx ofmodel (B.6) is mistakenly taken as Cov(e) = B, then

{J might be mistakenly estimatcd as

b= (X'B-I)q-IX'B-Iy

Then the relative efficiency of b with respect to /J, using the ratio of generalized

variances, is

ICov(b)1 IX'B-1AB-IXI·IX'A-IXI
1/> = ICov(.BlI = IX'B-IXI2 •

The inequality (B.3), therefore, gives an upper bound for this relative efficiency.

We may compare this result with that in Khatri and Rao (1981): When the

cov-ariance matrix in model (B.6) is .'1-1 = Cl and the mistaken covariance matri.x

used is D-I =BC, they give the upper bound for 1/> under the condition BC =CB.

This actually requires the condition

However, this condition is not satisfied in general. For e.xample, if

S4



• 1 p p

A= p 1 p . D=

p p 1

1 p 0

P 1 p

o p 1

•

•

where 0 < p < 1, theu AD # DA. The upper bound of ct> which we !,01\'" do~'" uot

require the condition .-iD = D.-l.
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Appendix C

Yong-Lin Chen (1987):
A simpler proof of the Kantorovich Inequality and
of a generalization of itI

In this papcr wc /?;ivc a simplcr clclI\cntary l'roof o~ t.hc Kantorm'kh \ncqualïty:

(C.!)

whcrc li; > 0 (i = 1. ... ,11). Eni = \. Il < .\, :s; ... ::; À", ane! E ,II'IIol.l'S L:~I'

Since

(i = 1, ... ,11),

we have

(C.2)

Expanding (C.2) and using L ft; = 1 yicld:

(C.3)

•
andso

1lu Chim~'~: S/tu:r.rœ,Le S!lij;,,,, ,;., 'lml~hi ·MfJUl.f:J,uuic., in P.ncticr. fl'Jlfl T/tcory 1987 (4),

;8-79 (198ï). English trouasl:\l.i".. b)' .li;,Ioi.. Zhao.
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2 (JAIA. L I1;A;-1rC';;:çL I1;A·Y

1

= 2 (L I1;A, . L I1;A;-I) 2 . (CA)

Therefore (C.3) and (CA) imply that

(C.5)

•

Then it is easy to obtain (C.l) by squaring both sides of the inequality (C.5), and

our proof is complete.

It is obvious that (C.l) becomcs an equality if Al = A~. When 0 < Al < An then

(C.l) is an cquality if and only if among the Ai (i = l, ... , n), k of them take the

vaIue A., the remainder talle the ,"aiue An, and also al +.. +ak =ak+1 .. +an =1/2,

where 1 ::; k ::; n - 1. [In this paper ail 11; > 0 (i = 1, ... , n). -G. A.]

Furthermore, by the same method we can prove the following inequality which

is a generalization of (C.l) as presented by En-Wei Shi (1985):

(C.6)

where 0 < a::; 11;::; .4, 0 < b::; bi ::; B, Pi> 0 (i = 1, ... ,n); Ct> C. In faet, we

note that

(i=1. ... ,n).

•

We then have

Details of the proof are omitted.

It is also obvions that (C.6) is an equality if and only if either a/B = Nb and

l1;/bi = a/B, i = l, ... , n; or when a/B :fi A/b there exists an integer k with

1 ::; k ::; n - 1 sncb that k of the a;/bi' i = 1, ... , n, take the vaIue a/B, while the

remaining n - k take the vaIue .4/b, and

8i
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Remark: From (C.6) we sec that (C.') i:; true under the weaker conditions:

Pi > 0, Il; > O. bi > 0 (i = 1..... n): fi> O••-l > O. B > O. a> O. b > O.

with

the necessary and sufficient conditions for equality in (C.6) are the same as befort,.
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