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ABSTRACT

This Thesis investigates theo-retically and experimentally. tbe

/. .
dynamic.al behaviour and the' stabÙity of a cylindrical --shell coaxially.

located in a rigid cylindr~cal pipe and subject~d to interna\. or annulor

flow.

In the theoretical study, the; fluid flow in the inner shell ond the
~ . . .

annulus is "ssumed to bi>' viscous and incompressib.l.!,. The fluid forces

consist of two parts: (1) steady vis[:~s forces representing the effects

of upstream pressurization of the flow (to overcome fric tional pressure ,

drop) and skin friction on the shell surface, which are determined using

turbulent fully-d~veloped boundary layer theory; (ii) unsteady viscous

l .
forces which are derived by mea s of linearized Navier-Stokes oquotions.
. ~ . ...

Shell motions are described by a modification of Flugge's shell equotions.,

Two methods of solution are employed to formulate the problem:

1. Fourier transform technique;

2. travelling wave solution.

In the first method, the shell could be clamped or pinned at bath
1 l !J

ends; while in he seèond method, the shell is simply supported at bath

ends. The objectives are to investigate the éffects of unsteady vlscous

forcés on the dynamical behaviour and stabili ty of the sys tem in the

presence and absence of steady forces.

Calculations have been conducted with- a steel shell C'onveying water

with different gap-ta-radius ratios g/a
i

- 1(10 and 1/100.
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First, the system is subjeèted to uJlsteady viscous forces only, The

results are compared to 't,hose of invisci4 theory, It is found that, for

"intérnal flow and annul,r flow 'with large g/ai , the effe.c;~s of viscosity

on the stabili ty of, the !ys~m ar,e ,insignificant; however, for thl'" smaller,

gap (g/a
i

- 11100), those effects are more pronounced, renderingthe system

,more: stabC"., When both' s~eady and unsteady viscous forces 'are appÏied,

the,~resul.l;.s~ar,! quite different from the pre".,ious case. For internà1

flow, the system becomes more stable; ,while for annu1ar flow', the system

loses 'stability at much lower velocities for both gap-systems . Ilt the. ,

'annular f10w csse, the loss of stability depends only on the steady

affect

fluid is 1
CYÙnde(The flexible shell 1's made of silicone rubber and the outer:

lri the experimentsl study, the flo";' is only snnuls~_a-!,_d the

sir.

vi:sco~',: forces for the' parsmeters considerl'd. The unstesd~~es

only 'tne frequency of the system before it becomes uns table . '
, .8"." ~ ,

snd free at the other.

divergence '(buckling)stability by

clsmped st one end
'." .)
the system loses predicted byss

clamped~ both ends or

the clamped-clsmped shell,For,

could' beshellTheof pleriglss.is' ma:le

linesr theory . However, coupled-mode flutter was never obseni~d
'.\ ':,' ,

éxperil)lentally. Clsmped-free shells, on the other hand, lose stability

"
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Cette thèse presente une étude théoriqùe et expérimentale de la
\

.dynamique 'et de la stabilité d'une coque cylindrique 10cali9;'; d' une faço~

coaxial dans un cylindre . rt.gide et soumise à un écoulement interne ou

annu~ai"re.

"Dans l'etude théorique,' l'écoulement de fluide a l'interieur de ln
"

) "coque ou dans l'espac~ annulaire est considéré .visqueux et incompressible.

Les forces du' fluide consistent en deux parties: (i) les forces visqueuses

~ationnaires represéntant les effets de pressurisation do fluide nécessaire
y

pour comperiser les 'pertes de charge, ainsi que la force de frottement

p~tal; (ii) 1es Iforces visqueuses instationnaires é~ant basôes sur la
~ 1

théorie lin~arisée des équations de Navi"r-Stokes. Les déplacements de la

problème:leformulerpourutiliséessont

coque sont décrits par lh équations modifiées .des coques. minces de Flu'll0'
)

Deux 'méthodes 'de. solption

1. technique de transformation de Fourier
,i

2: solution avec d.es· ondes mobiles.. '

Dans la premi~ri'méthode, la coque peut être .encastrée ou simplclnünt
«

supportée aux deux extrémités; tandis que ç1ans l'autre méthode, la coqu"

est simplement supportée aux deux extrémités.

L'objectif est d'examiner les effets d~rces visqueuses instntion

na~res sur le comportem.ent . dynamique et la sta~ du système dans la

presence ou l'absence des forces permanentes.

Les calculs sont effectués pour une coque d'acier sourniac il un /

écoulement d'eau avec difftr.~mts rapports d'espace annulaire' par rayon au
....

rayon g/a
i

- 1/10 et 1/100.

, ~
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Premièrement, le système est soumi aux forces visqueuses instation-

.'
nairea seules. On trouve que, pour l' écoulem'znt interne et annulaire e,t

pour 8/ai - 1110, les ~fe;s'de la viscosité du fluide sur la,stabilité du

systèlne sont nègligeables. Pourtant, pour le petit espacement de glai -
~ ", .

1/100. ces effets sont plus prononces,

Lorsque les deux forces vi~queuses stationn'airel~ i~stationnaires sont

appliquées,/les résùltats sont. tout à fait d'if~ du cas précédent.

Pour l'écoulement interne, le système devient plus stable; tandis que pour

~'écoulement annulaire, le système perd sa stabilité â des vitesses ,moins

élevée~que celles du cas précéde~J~ans l'~coulement annulaire, la

> de stabilité depend uniquement des forces visqueuses

~forces visqueuses instationnaire~~fluent

système avant qu'il devienne instable.

•
seulement

stationnaires. : Les
f

les fréquences, du

La coque est faite" de caoutchouc et'le

Dans l' ét1,lde expérimentale,

l'air est: utilisé comme fluide.

l' écoul~ment est seulement annulaire -et
1

cylindre rigide est fait de plastique. ~ coque peut être enca~trée aux

>

deux ~xtrémités ou encastrée à une.extrémité et libre à l'autre. Pour la

coque encastrée aux deux extrémité's, le système perd sa _stabili,é par
1

flambage comme prédit par la théorie linéarisée. Cependant, l'instabilité

oscillatoire (flottement) en modes c~mjugués n'a j amal.s été observée,

expérimentalement. Pour la coque encastrée a une extrémité et libre à

\

l'autre, le perd sa stabilité par flottement.
"

,,'

•



,

,

(

•

)
1 ...

ACKNOIlLEDGEKENTS ' ...

/
i (vi)

"'-,0

"

/ .
The author w,:,uld like to express ,h!s',\appreciation for' th... help and

encouragement of 'Professor's M, P. Paidous9is and A.K. Misra throughout the

course of this work.

Many thanks are also given to Mary Fiorilli for her patience and hor

excellent typing job.

,

"
~,.:

•

., .

• ., ..

"



/

• , ,

TABLE OF CONTENTS
Î:ll'- it

r

(vii)

-'

ABSTRACT

ACKNOWLEDGEMENTS

TABLE OF CONTENTS

"

SOMMAIRE

.NOMENCLATURE

CIlAPTER 1:

CIlAPTER II:

"

•

,
INTRODUCTION

1.1 INTERNAL FLOW
1.2 EXTERNAL ~W
1. 3 ANNULAR FLOW
1. 4 OBJECTIVES

FORMULATION OF THE PROBLEH

. "

,- PAGE

ii.

•
iv

vi

vii

xii

1

1
4
5
9

11

( 2.1 DESCRIPTION OF THE SYSTEM 11
,

2.2

2.3

EQUATIONS.OF MOTION

-DERIVATION OF'THE FLUID FORCES

2.3.1, . Derivation of the Pressure Perturbation,

12

14

17,

~ 2.4 BOUNDARY CONDITIONS 19'

c

. 2.4.1
, 2.4.2

\

Potentia1 Flow Theory
Present Theory

"

..'

~.

•l'

1

20
21



(viii)

, ,

PAGE

HETHOD OF' SOLUTION 1:
FOURIER TRANSFORH HETHOD

/'

CHAPTER III:

3.1
<

SOLUTIONS TO THE.VELOCITY PERTURBATIONS

26

28
1

3.2 SOLUTIONS FOR THE INNER FLOW

3.2.1 Boundary Conditions
3.2.2 Unsteady F1u~d Forces

3.3 SOLUTÎONS fOR' THE ANNULAR FLOW

3.3.1 Boundary Conditions
3.3.2 Unsteady F1uid Stresses

31

. 31>-;
33

35

35
37

3.4

3.5

DETERMINATION OF THE UNSTEADY FLUID LOADINC
ON THE SHELL

SOL~TION TO THE EQU~J~~S OF MOTION

39

43

CHAPTER IV:

3.6 INVISCID THEORY

HETHOD OF SOLUTION' II:
TRAVELLING WAVE-TYPE SOLUTION

4.1 SOLUTION TO THE VELOCITY PERTURBATIONS

4.2 DERIVATION OF THE UNSTEADY ~LUID FORCES

4.3 SOLUTION FOR THE rNNER FLOW

45

47

0 8

(" 49

50

4.3.1
4.3.2

Boundary "Condi tions
Unsteady F1uid Forces

51
52

) ..
4.4 SOLUTION FOR THE ANNULAR FLOW 53

• 4.4.1
4.4.2

Boundary Cqnditions
Unsteady F1uid Forces

53
55

4.5 DETERMINATION OF THE UNSTEADY FLUID LOADING
ON THE SHELL 57

•
4.6 SOLUTION OF THE EQUATIONS OF MOTION

4.7 INVISCID THEO~Y

"

'>'

59

60-



,

(ix)

PAGE

CIIAPTER V:
l ,

61

5.,1 EFFEq OF UNSTEADY INVISCID FORCES
AND STEADY VIS COUS FORCES USING
FOURIER TRANSFORM METIIOD

5.1.1
5.1.2

Effects of Unsteady Inviscid Forces
Effects of Steady Viscous Forces,

5.~ EFFECTS OF UNSTEADY INVISCID FORCES
AND STEADY VISCOUS FORCES USING '
TRAVELLING WAVE SOLUTION

", .
5.2.1 'Effects of Unsteady Inviscid Forces
5.2.2 Effects of Steady Viscous Forces

5.3 ' EFFECTS OF UNSTEADY VISCOUS FORCE1 USING
TRAVELLING, WAVE SOLUTION "'\

5.3.1
5.3.2

,

5.4

Effects of Unsteady Inviscid Forces
Effects of Steady Viscous Fcrces in
Annu1ar Flow (resu1ts with the
complete theoryJ

EFFECTS OF.UNSTEADY VISCOUS, FORCES USING
FOURIER TRANSFORM METHOD .~

5.4.1
5.4.2

C1amped-c1amped She11
,Pinned-pinned She11

CllAPTER VI: EXPERIMENTAL APPARATUS

.' 6.1 GENERAL DESCRIPTION OF APPARATUS
. .

6.2 SILICONE RUBBER SHELL

,

6}._~~EMENT INSTRUMENTS
l '

6:4 TEST PROCEDURE

\

,



CHAPTER VII: EXPERIMENTAL RESULTS

8.1 THEORETICAL STUDY

- 7.2 ÇLAMPED-FREE SYSTEM

7.. 1 CLAMPED-CLAMPED SYSTEM

(xl

PAGE

./
88

or
88

88

89
91

95

96
96
97

,

98

98

99

l{lO

102

102
103 •
103

f.

C1amped-~lamped She11
C1amped-{ree She11

Effects of Unst6ady~Inviscid Forces~

and Steady Viscous Forces \
Effects of Unsteady Viscous Forces
and Steady Viscous Forces '

General Behaviour of ,the System
Effect of Gap Size
Effec,t of Liai

8.2.1
8.2.2

8.1.2

8 :1.1

7.1.1 General Behaviour of Charnped
c1amped System

7.1.2 General Agr~emen~ between
Theory and fExperiment .

7.1.3 Quantitative 'Agreement with The~ry

7.2.1
7.2.2
,7,2.3

8.3 SUGGESTIONS FOR FUTURE WORK'

8.2 EXPERIMENTAL STUDY

1

./

l

CHAPTER VIII: CONCLUSION.

, l'''~

•REFERENCES 105

;1

\
~GURES 112

~ ..

- ,~., ;

l "



1

(xi)

PAG~

APPENDIX A:
~

DERIVATIONS OF THE STEADY FORCEL
.;

,
APPENDIX B: MATHEMATICAL MANIPULATION OF EQU4TION (2.33) 140

APPENDIX C: INTEGRALS INVOLVING CHARACTERISTIC BEAM FUNCTIONS 141

. ,\
APPENDIX' D: DETERMINATION OF THE PRESSURE PERTURBATION

1

APPENDIX E:. ~ETERMlNATIoNOFTHE GENERALIZED FLUID FORCES.,.
APPENDIX F: THE EXPRESSIONS FOR Hkm(a) AND Gkm(a)

.,
APPENDIX G: STRUCTURE OF MATRrX [A]

146

160

75

'1.79

APPENDIX H: INVISCID FLOW THEORY 6

~APPENDIX 1: COMPUTER PROGRAM FOR CALCULATING THE INTEGRAL IN THE 196
UNSTEADY INVISCID FORCES

APPENDIX J: COMPUTER PROGRAM FOR INVISCID THEORY USING 201
FOURIER TRANSFORM METHOD

APPENDIX K: COMPUTER PROGRAM FOR INVISCID THEORY USING 209
TRAVELLING WAVE SOLUTIQ~

'V
APPENDIX L: PROGRAM FOR VISCOUS THEORY USING 218

TRAVELLING WAVE SOLUTION.

APPENDIX li: PROGRAM FOR VISCOUS THEORY USING 238
FOURIER TRANSFORM METHOD



~
1

(xii)

NOMENCLATURE '\..

"

(r,B,x) Cylindrical coordinates

"ORDINARY SYMBOLS .' 7"
,

Circumferential mode number

Total pressure

Young's modulus of elasticity

Unsteady fluid pressure

rigid cylinder

Steady fluid pressur~

Axial mode numb~r (Fourier transform method)

Length of the flexible portion of the shell

SheU'thickness

hZ/lzai

Friction factor for the annular flow

Friction factor for the internaI flow

Inner radius of 'te. outer

Hydraulic diameter

Inner shell radius

• Axial wave number.(travelling wave solution)

ai

a
0

Dh

E

fi

f o. ,
h

ks

k

L

m

n>

p

p'

p

ql,qZ and q3 Steady viscous forces

r m

and q Unsteady viscous forces in the (x;B,r) directions--_cr" .
Radius of maximum velocity tor the annular flow

Re Reynolds number

t Time

Steady internaI flow



,

(xiii)

u
o

,
Steady annular flow

Uavi

Uavo

Averaged velocity.for

Averaged v~ocity for

internaI flow

annular flow

U60

V
1 ... ·..,-
.~

V ,V8 'Vx r

Steady internaI flow vèlocity at 6

~. annular flow velocity at 6

'- Velocity vector

Components of the velocity in the (x,8,r) directions

u,v"w, . Shell displacement in the (x,8,r) directions
/

'GREEK LETTERS

Fourier transform variable

ai/L

a ILo

1/2u _ [

Piai
P hs

(iw k2)1/2 for travelling wave solution
v

(iw ,,2)1/~ for Fourier transform.method
v

r
"-,

)p
<i

~
<

0

<r

.ç

\

u

Eh
2(l-v )s

~'
Dynamic viscosity of internaI fluid

Dynamic viscosity of annular fluid



,

~.l.;

1/\"

v
o

v
s

o

Kinematic·viscosity for inner fluid

"Kinematic viscosity for annular fluid

Poisson's ratio of the shel\

Density of internal fluid

Density of annular fluid

Velocity potential of flow perturbation.',
.Velocity perturbation vector

Circular frequency of mot!on (radis)

(xiv)

..-'



c CHAPTER l

INTRODUCTION

The dynamical behaviour and stability

subjected 'to, or containing flow~g fluid have been studied qui te

extensively, Interest in this field started with the observation of bending
•

vibrations of the Trans-Arabian pipeline, in the early 1950's (see Ashley

and Haviland [1]).

dynamics of, pipes

For the last three decades, however '. resear~o, the

and shells containing flQwing fluid has ~ given

\

additional attention due to the' development of nuclear power plants.
~

Historical reviews May be found in ·references [2-4J.

In presenting' the bibliography, three types of flow are considered:

internaI, external and annular. For each case, the stability of beam-type

cylinders is considered first, followed by the stability of shells.

1.1 INTERNAL FLOW

The stability of a straight pipe with simply-supported ends conveying

•
fluid was first investigated by Feodos'ev [5], Housner [6] and Niordson [7].

,

Using diffe!ent methods, they arrivèd at the sarne conclusion: the system's

natural frequencies are reduced as the flow velocity is increased,

Howeve~t sufficiently high flow velocities, the system is subjected to

bUCkl~diVergence), in which the tube buckles essentially like a column

subject to.compressive axial loading.

In a more general work, Paidoussis and Issid [8,.9 J studied the

dynamical behaviour of pipes conveying fluid wi tl] both ends supported -,

either pinned or clarnped. They reported tha~ according to linear theory,

the system is not only subject tavdivergence (buckling) but also to coupled

mode flutter at higher flow velocities. In physical terms, this·is expected
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to be so, because the system is conservaêive gyroscopic and the presenc~

Coriolis terms could in fact cause coupled-mode flutter instabilities [la).

However,by nonlinear anaiysis, Holmes [llJ showed that a pipe supported ut

both ends cannot flutter.

~ The theoretical predictions for buckling have been confirmod

,experimentally by Naguleswaran and Williams [12 J, Liu and Mote [13 J and,

more recently, by J endrzej czyk and Chen [14].

flutter has never been observed experimentally.

However, couplod-modo

,The stability of a cantilevered tube conveying fluid was first studiod

by Benjamin [15,16J. He 'considered the case of articulated tubes conveying

fluid, and found that cantilevered tubes develop oscillatory instability
,

(flutter) d~e to their non-conservative nature. These findings were lator

confirmed both theoretically 'and experimentally by Gregory and Paidouss is

[17,18J.

,In the research described so far, the cylinder was considered as a

beam, and only the oscillation in the flexural beam modes was studied.

However, the instabilities associated with very thin pipes convoying fluid

are more of the shell- type, rather than the beam- type. PaidoulUlis and

Denise [19,20 J , were the first to observe this phenomenon white

experimenting with thin cantilevered tubes conveying air. They domon-

strated that, if the cantilever is sufficiently short (so that it romains

stable with respect' to the flexural instability to fai~ly higrl flow) , .a

shell-type instability occurs spontaneous}y above a certain critiéal flow

velocity: the cantilever vibrates in the second citcumferential mode 'of a

circular cylindrical shell )-.2).

The subj éct was studied theoretically and experimentally [20], both for
~~.;

clamped-c}amped and cantilevered shells. The theoretical model described
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shell mot10ns by means of Flugge' s equations, and the flu1d forces were

obta1ned by 11near1zed potent1al flow theory. The same types of 1nstab111-

ties described 1n the beam theory for th1cker p1pes still hold f~j; the

shell theory; except that they are of courseassoc1ated wi'th shell modes,

as ment10ned ear11er. Thus, for a shell.supporced at both ends, the system

loses stab11~ty f1rst by d1vergence, followed by coupled-mode fiutter. It

1s·1mportant to ment10n that, 1n contrast to the p1pe problem, only flutter

was observed exper1mentally.

'vln the case of a cant11evered shell, both theory and exper1ment showed

.that, the system 1s only subject to s1ngle-mode flutter .

The tclp1c was later stud1ed by Weaver and Unny [21J .and Shayo and Ellen

[22 J , ..1n . the case of s1mply supported shells, and by Weaver and Myklatun

[23J, 1n the case of clamped-clamped shells. They ~ve all found the same

tjpe of 1nstab111t1es descr1bed ear11er [20J. The problem was also stud1ed

by Pham and M1sra [24J, w1th spec1al attent10n to the ef'fect of- a super-.. ~

1mposed 11n~arly varylng or constant ax1al 10ad1ng on the shell.

The flu1delast1c 1nstab111t1es referred to ab~ve rarely mater1a11ze 1n

'pract1ce, because the cr1t1cal flow veloc1t1es assoc1ated w1th the 12ta

b1l1t1es are extremely h1gh and seldom encountered. Nevertheless, th1s ,

work has found' phys1010g1cal applicat10ns 1n the study

collapse of resp1râtory passages [25-27J.

of ) fl~ter . and

(\J-. \ ".
")

(
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1.2 EXTERNAL FLOW
..

•

j'

As in ~he c~se of internaI flow, extensive research has been done on
,

the dynamics of cylindrical structures subj ected to external axial flow.

Paidoussis [28-29] 'las the first to study the dynamical behaviour of

flexible cylinders in an axial flow. Using the slender-body approximation,

he showed that, cylinders with both ends supporte<! lose stability by

divergence and, at higher flow velocities,'by coupl~d mode fluttsr.
\ 1

In ~separate work, Paidoussis [30) showed that if the flow about the

cylinder is confined, by a condu-it 'or by adjacent str~tures, then the

instabilities occur at lower flo,! v~ locities due to the increase in the

r

virtual' mass. The effect of slenderness 'of the cylinder and compressi·

'.

bility of the fluid 'las later s~udied by Paidoussis and Ostoja-Starzewski

[3lJ. Interestingly, compressibility 'las found to have an insignificnnt

"effect on the stability of the cylinder (for slender cylinders). ~

Chen [32] 'las the first to study the dynamics of arrnys of pnrnllel

cylinders in dense fluid. He showed that the instabilities occur nt much i'

lower flow veloeities than for a single flexible cylinder. This is so,

because of the increase in th.. virtual mass associated with the fluid·

dynamic coupling.

...
The stability of clusters of cylinders in axfal flow and the sequenqe

of instabilities as the.' flow velocity is increased were. examined

thoroughly, both theoretically and experimentally by Paidoussis [33J.

Theory and experiment were found to be in'good agreement, and similar con·

clusions as in Ref. [32J were obtained.,

In parallel to the work on dynamics of cylinders in axial flow" exten· e

sive research has been done on the effe~ of external axial flow on the
\ . .~

dynamics and stability of cylindrical she s. Both supersonic and subsonte

(
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flows were considered. A revi~w on this topic may be found in -a work of
-,

Dowell (34).

accordingly,

Thése studies are applicable" in the ';'eronautical- field and,

. ~ . lthey are concerned with flutter in very high speed compressib e

flow. The dydamical behaviour of-the system issimilar to that of a sQell

wi th internal flow-; nevertheless, the two cases cannot be direc tly compàred.

, Among the numero.us outs·tanding P~i~tFe· work by Dowell and

Widnall on the formulation of the generalized aerodynamic forces 'Ofmeans

of Fourier transform techniques sqould be specially. noted [35,], as this work

is adaptable for the problem considered in this Thesis.

l •3 ANNULAR FLOW -,
So far we have discussed the -instabllities associated with internalc

and external flows .. For these types ox: flows, the velocities at which

instabllities·occur are very high. Hence, they are of )limited practical

\
conc~~~ despite their very considera~l~ fundamental appeal. The case of

annular flow is qui te different; many failures assoc1ated with this type-

The case of a rigid cylindrical body, hinged at one point and

of flow have been reported.

Ref. [2].

A review of pr1ical Problems is given in

000"011'(
positioned in a flow-carrying duct, was studied by Hobson .[36]. He showed

that, as the flo~ velocity'is increased in the annulus, the negative fluid
i

dynamic damping overcomes the mechanical damping, which results in

·,osclllatory instabllities in the system. Mateescu and paidoussit [37J

investigated this problem further. In th~ir inviscid analysis, they ~howed
that the position of the hinge affects strongly the stabllity of the sistem.

They identified a critical location of the hinge; downstream of that

location, the system becomes uns table and the associated flow velocity

-decreases as the hinge is moved further çowrtstream, Paidoussis and Mateescu
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extended their theory to take into account viscous effects ·[38]. It· was

important as the annulus becomes narrower.

found that the vlscous effects stabilize ,the system, becoming morol

The dynamical behaviour of coaxial shells

annulus has also been s~udied fairly thoroughly,
'--- .

with sl;111 fluid in the

the (in'interest in thoso
\

~ studies· being the' coupling. of the shells, espeeially ·where tile annular

fluid is a liquid. In 'such cases the hydrodynamic ~r added mass, for suffi-
, .~

ciently narrow annuli can be several· times the mas; of the shell, which

r
obv!ously exerts' a strong influence on the eigenfrequencies of the system

-
and rpSults in a very strong coupling. Krajcinovic [39J, Au-Yang [401,

Brown and Lieb· [41J are among those who havestudied this problem. In d1f'

~anners, they reached the same conclusi~n: that the effect of the

added mass is to give a reduction in the natural frequencies of tho system.

In aIl the'above studies of coaxial shells, the fluid 1s assumed to be

inviscid. Sorne studies have taken fluid viscos1ty into aBcount..-...... Chon,

Wamb~ganss and Jendrzejczyk [42] studied analy ticaI1Jjand experimentally the
~

vibration of a cylindrical rod in a viscous fluid enclosed by a rig1d

concentric shell. They found that, for a fixed rod diameter and kinomat1c

viscosity, both the added mass and damping coefficient inçreaso as

" the annular gap decreases. Yeh and Chen [43 J have developed a remarkab'1e

method to take into account th~tViScosit~ effect for

Particular attention may be given to th!S work, since

1
the problem at hand. The system ~s modeled as

this type of systoms.

it can be adapted for

two coaxial shells

separated by a viscous fluid. Flugge' s 'shell equations of motion and the

linearized Navier-Stokes equations for viscous fluid were employed. A

travelling-wave type solution was assumed for shell and fluid. The natural

frequencies, mode shapes and modal damping ratios of~ the coupled modes were
'-./"



•

•

.....

•

7

then calculated. It waa found that the eflect 0t!fluid viS&osity on the

•system natura~ frequencies is negligibly small in most practical systems.

!!owever, 'fluid v'iscosit:f contributes significantly to the modal damping.
"".

For a coupled shell system, the viscous effeèts"are mostly pronoUllced for ..
the out·of-phase modes than tha~ of the in-phase modes.

Here it should he' emphaslzed that the work discussed in the foregoingl -f',J. "-

on coaxial shells [39-43J involved guiescent fluid in the annulus. \ .

The problem oï" sheIls containing swirling annular flow has been

studied extensively [44J, because of it~ application; to aircraft engines .
.'

I~ conttrast, the ~tudy of the dynamics and stability of cylindrical struc

tures subj ec.ted to straight annular flow has only recently begun. Chen [45 J

s~udied the dynamics pf & rod-shell system conveying fluid~ He showed that

the (atijral frequencies fnd critical flow velocity of the coupled rod-fluid

shell are smaller than those of an isolated rod subjected to axial flow.

Recently the stability of sheIls subj ected to straight annular flow

has been studied [46-48]. A historical literature review may be foun~ in

Ref. [47]. It is found that, .in general, for reasonably narrow annuli, a

sheIl subjected to a straight annular flow, which i>: the topic of the,
presentwork, loses stability at much lower flow velocities than when it is

subjected to internaI flow [47] -- an effect which becomes even more pro-

nounced when the annulus is made up of two coaxial' sheIls, instead of having

a rigid outer containment pipe. The instabilities predicted were similar

to those of shells with internaI flow: divergence (buckling), followed by

coupled-mode flutter.
.',

Weppelink [46] formulated the problem of two coaxial cylinders, only

the inner one of which is flexible (cantilevered or clamped-clamped),

conveying incompressible fluid inside the shell and in the annulus; shell"

"
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'motions were described by the Morley
1

Koiter shell e~~alion, and the fluid

forces were determined by linearizedJèotential flow theory.

Paidoussis, Misra ànd Chan [47,48] also conducted a ..study on this

topic. They considered the case of two coaxial shells. At first they

~eglected the viscous·fluid effects. [~7J. The inviscid tèrms in tho oqua

tions were derived from potential flow theory and the' aorodynamic forcos

were formulated using an' Integral transform technique. Shell motion wns

described by Flugge' s equations. The rationale for' neglec ting viscou!l

effects was that they would principally induce steady-state, time-mo,an
,

axial and radial loads, the effects of which are qualitatively woll known,

lncidentally, this argument is precisely valid for tubular beams conveying

fluid; as shown by Benjamin [15,16J for fully developed turbulent flow, the

vis cous effects are negligible in the following sense: the terms in the

equation of motion arisin,g. from pressure drop i~. t~,e fluid.<re completely,

-cancelled out by those produced by surfa~e traction force\, on the beam due

to fluid friction, so that· the analysis may be conducted as if the fluid

were effectively inviscid. However, this is not true for cylindricnl shells,
..r-

For this reason, Paidoussis: Misra and Chan [48J extended their

inviscid theory to include the viscous effects. They.only took into account

the. steady time-dependent viscous terms and neglected the- unsteady onos.

Flugge's sh~ll equations had to be modified to incorporate the stresses and

s trains c\;.used by the viscous forces. The flow was assumed to be fully

developed and the viscous forces w~derived based on a work by Laufer [49].

lt was fqund that among the steady viscous term~, the dominant one is

assoc{ated with the pressurization of the upstream end of the annulus (or,

equivalently depressurization of the downstream end) to overcome frict.onal

pressure drop; depe~ing on the internaI pressure in the inner shell, pres-
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surization can have a strong effect' on stability as compared ta inviscid

the,ory.

ln contrast ta the u~steady forces in the inviscid theory, the effect

of unsteady viscous forces in axial· flow havl/,not 'been gf.ven atten,tion.

One reason for this could be the complexlty'of the problem (cf. Ref'. [38]),
, 0

in particular the handling of the, boundary condition at a moving wall.
~ /,

To the author' s knowledge',' the effects of both steady and, unsteady vis-
. l ,

cous forces together, on the stability of coaxial shells subjected ta flow

-in the annulus have ne,,:er been studied: Simllarly, ,the effect of annular

flow on cylind.rical shells has never been experimentally investigated.

1. 4 OBJECTIVES

This Thesis presents a theoretical and an experimen,tal investigation

of the effects .ofaxial flow on a cylindiicàl shell coaxially located
, .....

'within a cylindrical rigid pipe. ln the theory,'the flow could be internaI,

or annular and the effects of the steady and unsteady viscous forces are

invest:igated. 1 ror the exp~riment, the ~w ~nlY annular. . .. ,

1
The unsteady aerodynamic or hydrodynamic forces are formulated using

two different methods:
/

(i) the first

method 15

one -is based on an integral,Jrans.form teclJnique [47]. (This

'.very costly in computation; since the aerodynamic forces are. ,

frequency~dependent. an Iteration method is rieeded to study the stabi

l,ity and the Integration has to be performed for. each frequency;

(11) the second method is based on a' travelling-wave type solution, and is
.( .

more praètical for the cases considered. with the computation'cost re-

duced enormously.

ln the first method. the shell is assumed to be clamped or pinned' at
.~

(

.
both ends to identical but rigi<! cyl1nders of infinite length.

1

ln the ,,-



'.
10

second method, the shell is essentially of Infinite length, with periodic

supports at intervals equal to the length of the shell being considered; the
"/

supports are of the pinned type. The flow is assumed to be turbulent and

"fully developed, . The steady viscous forces are taken into account in both
f':' .

m~~ods.

The s truc ture

J

of this Thesis is as follows, In Chapter II~k......

..
l1nearized wi th theare

(,
.They

The unsteady viscous forces are
'4

,
aid of the assumption of small 'perturbations',

·pr?blem is formulated, , The sheH 'motion is.- described_ by the modified

Flugge equations ,erived in Ref:, [48]",

derived from the ~vier-Stokes equations.

In Chapter III, the derivation of the first method of solution ls ~

completed. Calerkin's technique is cemployed in the solution of the

"quations of motion, and the Integral tr~nsform technique is used fbr

Î\ obtaining the generalized,fluid forces,<

In Chapter IV, the derivation of the secçmd method' is completed.
1

The travelling wave method is employed in the solution of the equations of'

.. motion, and in obtaining the generalized fluid forces, The derivation"of.~ .
in~.fd theory using the travelling-wave method is incorporated in tnis Chapter

<:'J .
to facJlitate the comparison between viscous, and inviscid theory.

In Chapter V, the theoretical results obtained for the clamped-clamped
r .

and pinned-pinned sheHs are discussed and compared with those from the

inviscid theor)'.

In Chapter VI,
lthe experimental apparatus and measurement techniques

are discussed, :nd in Chapter VII the experimental results are co~pared

. ,~

wit~ the theoretical çnes .

Finally in Chapter VIII,

suggestions for further work.

•

th!! conclusions ara riven
,

\
i

'''--- . ./

along wi th. sorne

r
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FORMULATION OF THE PROBLEM'

2,1 DESCRIPTION OF THE SYSTEM
,

The system consists of a flexible cylindrical shell of length L,

coaxia11y located in a rigid cylindrical pipe (Fig, }), The she11 is

assumed to be thin, elastic and isotropic. The geometric configuration and

the malerial properties of the system are denoted by: shell radius ai'

shell thickness h, she11 length L, Young' s modulus of elasticity' of the
, ,

shell E, density of thè-'she11 p , Poisson' s ratio u and inner radius of
s s

the outer rigid cylinder a ,
o

TJ::e displacements of the middle surface of the shell, with respect

to its undeformed position, are represented by the cylindrical coordinates

(x,O, r), The x-axis cotncides with the common axis of the she11 and the

outer cylinder, The displacements are denoted by u(x,O, t), v(x,O, t) 'and

radialandcircumferentialaxial,the

The displacements ar!, assumed to

in directiOn\

be sufficiently sma11, so ..

that linear .shell theory can be applied i? this,study.

respectively.

W(X,O,t)

In deriving the unsteady forces, two methods of solution are.,
considered: '(i) a Fourier transform technique, and (ii) a travelling wave-

type solution. In the first method, the shell is"assumed to be clamped or

.imply-.upported at both end., while for the second method onlYB simply-

supported case i. considered.Also, for the Fourier transform method, the

shell is assumed to'be connected at either end to semi-inf1nite rigid tubes

of the same radii and wall thicknesses, so 'chat the perturbations

originating in the flexible she11 could be considered to vanish at the

- '.
"inlet" and "outlet" of ,the rigid cylinders

)
for analytical convenience.
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The system could be subjectej1l to inner and annular axial flow. The
. ---

~f1uid is assumed to be incompressible, and the flow is fully-developed

turbulent. The flow velocities are denoted by U
i

and Uo' The two fluids,

generally considered to be dUferent, have densities and and

dynamic viscosities /Ji and /Jo; the subscripts i and 0 refor to internaI

and annular flow, respectively.

The fluid forces exerted on the system are of two types:

(i) Steady viscous forces as derived in Ref. [48] for ins tance. They

:..,.'

\

consist of the static pressure required to drive the viscous fluid'
->

through the cylinders and the surface frictional force in the axial

direction. The steady viscous forces are called basic loads and are

responsible for pre-stressing the shell. They will induce' the basic

stresses which also-~ine the steady deformation of the shell due
1

to the mean flow.

(il) Unsteady viscous forces which consist. of the time-dependent fluid

forces. These forces are viewed.as ~dditional loads. The unsteady

forces\(roduce the additional stresses and the additi~nal displace-"

ments. The derivation of these forces and the study of their effects
(-" ,)

on the stability of the system represent a major part of this Thesis ..

----
2.2 EQUATIONS OF MOTION

The equilibrium of the shell, subject to the total stress system, hus

been dèrived in Ref. [48]. The shell was assumed to be pre-stressed by the

following basic loads:

(i) a constant axial force per unit area

(2.1)

7
•
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•

(2.2) J

ln these re1ationships Bf • Cf and Df are re1ated to the pressure drop bf
., .....

the viscous f1uid as it f10ws in the inner she11 or in the annu1us.

The associated axial and hoop stress resu1tants were shown [48] to be

(2.4)

In addition to thase stress resultants, there are the stresses

associated with shell deformations. which are coup1ed to the unsteady

viscous perturbations. The dynamic equil1brium of the she11, subj ect to
,

the total stress sysilem is governed by . the following equations' of motion:,

. '-...11::11 .
"ê

1-11
[

1-11
" S 'SO"_1 0 , S ..u + 2 u

Oo + -2- v' + 11 w + k 2 us s

1-11
w' ••] ":!"w''' + s (v· w)2 + +

•.. ,
) [ u qx ]+ q3 (u w -..,

at2 - psh
1'1-11 1-11

[ 3s ' . ;,,.0 s " "
2 u + +-- v + w· + k (1 - 11 ) v2 s 2 S

3-11
w,,·] [ a

2
v ~ ]s " (VOG ++ q1 v + q3 w·) - ..,

2
at2 p h •

s

[
1-11 3-11,

k s ' .. __s ".11 U + v + w + u - u'" w v +s s 2 2

(2.5)

(2.6)

4 2.. ] " , •.V w+ w +w q1 w - q3(u - v + w

where 1.. • a( )' - ai ax ( )
a8, 2 . 2

1 2 a i (1-1Is )
k (h/ai ) '. .., - Ps

/
s 12 E

V2 2 (a2/ax
2

) + (a 2/a8 2)
V ai •

)--..,[ ]. (2.7)

(2.8)
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with P ,P and N given by equations (2.1)-(2.3). A complete derivationx r x

of ql' q2 and q3 is given in Appendix A. In equations (2.5) - (2.7), qr'

qo and qx are the unsteady viscous forces per unit area of the. middle

surface of the shell, in the radial, circumferential and axial directions,
, .,-....,

respectively. They are given by

\,qr T' 1 T' 1rri r-a
i

rro r-a
i

q - T' 1 T' 10 rOi r-a
i

rOo r-a
i

,

T' 1
,

q - T . 1x rxi r-a
i

rxo r-a
i \

where T'
rO

and Tl
rx

are the unsteady fluid stresses, in the
• :J

radial, circumferential and axial directions, respectively.

2.3 DERIVATION OF THE FLUID FORCES

The followi~g analysis is applicable for both internaI and annular

flow. The flow is unsteady and has been assumed to be imcompressible and

viscous. The flow velocity may be expressed as follows:
•

V - V4J + V X '" + U(r) , (2.10)

where 4J(x,O,r,t) is a scalar potential and "'(x,O,r,t) is a velocity

perturbation vector, so that V4J and Vx '" are the unsteady parts of the

velocity, representing the perturbed state. U(r) is the steady part,

the mean flow velocity in the a~direction. (This decomposition of thè
,

flow velocity has been introduced for convenience in the manipulations that
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fo11ow in the ana1ysis; it is the resu1t of severa1 attempts to ana1yze the

system, and was found to be the Most suitâb1e.)

The ve10çity component in the axiàl, 'circumferentia1 and radial

directions are given, respective1y, by:

V U(r) ~ "'0 a",O l a"'r (2.11)+ + +x ax r ar r ao
'\ •

a"'r a"'x
"

V - l~ (2.12)+
0 r ao ax ar

V
~ + l a",x a",o

(2.13)
r ar r ·ao ax

respect-

the components ofare"'O(x,O,r,t) and "'r(x,O,r,t)where '" (x,O,r,t)x .',p(x, 0, r, t) in the axial, circumferentia1 and radial directions,
.

ive1y. , "

Simi1ar1y, the pressure is defined by

"
(2.14)p(x,O,r,t) - Po(x,r) + p'(x,O,r,t),

where P is the steady pressure, and p' is the perturbation pressure.
o

The f1uid stresses are defined as:

r rx(x,O ,r, t) r (x,r) + r' (x,O,r,t)rx rx

r rO(x,O ,r, t) rrO(x,r) + r~O(x,O,r,t)

r rr(x,O ,r, t) r (x,r) + Tl (x,8,r,t) ,rr rr

(2.15)

(2.16)

(2.17)

where r rx ' r rO ' r rr lire the steady stresses in the axial, circumferentia1

and radial directions, respectiv,;ly, and the primed quantities are the

corresponding unsteady components. The f1uid stresses are re1ated to the

f10w ve10cities as fo11ows:



[
aVr +avx ]

T rx - l' aX ay

[
av0

T -1' r- (-)rO ar r

av
r

Trr - -p + 21' ar

+ !.
r

av ]
ao

r
•

16'

(2.18)

(2.19)

. .
(2.20)

where l' is the dynamic viscosity of the f1uid.

Substituting equations (2.11)-(2.14) into equations (2.18)-(2.20),
•

this leads to the terms for steady and unsteady stresses

\0

dU (2.21)T - l' drrx

T
rO - 0 , (2.22)

T P (2.23)rr 0

[ 2 ~p
a2", a2", "'~fa",o a2", l a"'r a

2
", ]". l x __0 0 l r

T - l' + --- + -- + --rx axar r axao a/ 2 r ar a/ 2 ao r aoar ,
r r

(2.24)

[ -2 ~ 2~ l
a", a2", a2", l a2", a2", l a",

]T~8 -----"' x l x o r r
-1' - +- +- --+ --- --+ --

2 ao r ar r ar ar2 2 ao2 r aoax 'axar r ax
r r

\ (2.25)
/

./

21'f--lf ..!... a",x +

r

~ a2",
T'

l x 0 ) (2.26)p + r aoar axarrr a' 2 2 aor r
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2.3.1 Derivation of ~he pressure perturbation
A

The continuity equation for incompressible f1uid is given by:

i v· V-O. (2.27)

,
Substituting equation (2.10) int;o equation (2.27) 1eads to the Lap1acian

equation

(2.28)

\.

The Navier-Stokes equation governing the viscous f10w is as fo11ows:
,.

p [ ~~ + (ïj. V ) ïj ] Vp + l'V
2

V (2.29)..

b~qUationsSubstituting for V and p given (2.10) and (2.14), respective1y

and assuming a sma11 disturbance, the above equation may be 1inearized by'

dropping second order terms, i.e.,

p [:t (V9I + Vx~) + { (V9I + VX~) S; V} U +

( li . V) ~+ ( li : V) (V9I + Vx ~}J~-Vp' - VP0 + l' v2 t V9I +'v x ~ ] + l'v
2 li.

(2.30)
A1so, the Navier-Stokes equation i8 c1ear1y va1id for the steady

viscous f1ow; hence we must have

J

VP + l'V2 U.
o

(2.31)

c

Subtracting equation (2.31) from equation (2.30), and using equation

(2.28), ~eads to

p [ aa
t

( V9I + Vx~) + {( V9I + Vx~) '. V} li + ( li . V) ( V9I :'vx~) ] - - Vp' + l' v2 ( Vx~ )

(2.32) .

Equation (2.32) may be written in the cy1indrica1 coordinates, which results

in having three equations and four unknowns "'x' "'0' "'r and p'. (Note that 91
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,
-

Th~ three velocity perturba-

is known from the solution

presence of an extra unknown

of equation (2.28».

is ~ follows.

The reason for the

tian components Vx ' VS' V that are the primary unknowns have been
r

expressed in terros of the four new variables ,p, "'x' "'Ô' "'r in equations

(2.11) - (2 .13) giving rise ta an extra variable. Obviously these four

variables cannat be independent. In arder ta resolve this~iff~culty,. a

constraint is introduced as follows: ........

(2.33)

This chas en equation of constraint is a vector equation, which adds
.~

three (not one) additiona1 equations. This in fact is overspec1fying the

mathematical problem; lhowever,. as

equations will reduce ta a single

will be seen later, two of the addod

one, du,," ,ta the choice o.f the nssumod

solution for "'r and "'S' which finally results in having three oquations

ang three unknowns ,p, "'r' "'x'

Now subtracting equation (2.33) from equati~on (2.32) ono obtalns

The constraint given by (2.33) may be justifled as follows. Baslcally the

vector potential '" was introduced ta represent the visco~s perturbatlons.

... Then, it is possible ta derive .these velocity perturbations separately as

in equation (2.33). and include their effects on t)1e dynamic pressure, as ln

equa~ion (2.34). In the. absence of "', equations (2.33) and (2.31.) will

,

reduce ta potential flow theory. This justification may not be the 'best ln·

mathematical terms, but it is based on phys'ical grounds. Equation (2.33)

may now be rewritten as
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'fJX [ p
~ l' 'fJ2 ~ ] - O.. at

A proof of the above transfonnàtion is given in Appendix B.

A solution for equation (2.35) is

(2.35)

'. (2.36)

~recognized here that equation (2.36) is not a genera1 solution for equa-

tien (2.35); it 1s rather a part1cu1ar one. This equation may be rewritten-1n cy11ndrica1 coordinates as fo11ows:

a", a2", -- a",
+.1...

a2", a2",x (~<+!. ~ x x )p at - IJ --+-- ,
ar2 r ar 2 a0 2 ax2r

a",o a2", 1 a",o 1 a2", a2",
"'0 2 a"'r(_0 + ' 0 0 )p at - IJ --+- --+ + zao ,

ar2 r ar 2 a0 2 ax2 2r r r

a2", 1 a"'r a2", a2
", '" 2 a· l

•o( -2r 1 r r r 'l')
+ r ar + 2 -2- + -2- 2 zao'

ar r ao ax r r
Hav1ng determ1ned "'r' "'0' "'x and "', the pressure perturbation p'

(2.37)

(2.38)

(2.39)

may be

obtained fiom equation· (2.34). It is convenient now to wr1te equation

(2.34) in the (x,O,r) directions, i.e. 1

'~
"'0 a",O 1 a,;,r

p[ l.- ( li. ) a ( P.1. ) +Ul.- ( )+U- + - --
at ax ax ax ax r ar r ao~

( li. 1 a,;,x a,;,O
)dU] __ !!..E.' (2.40)+ + ---

ar r ao ax dr ax ,

[ aat ( !.P.1. ) + Ul.- ( !. P.1. ) +U l.- ~
a,;,

_ aa';'~'< )] !. !!..E.'r (2.41)p
r ao ax r ao ax ax r ao ,

p [a (' li.) ua (P.1.)
at ar + ax ar

-t=U l.
ax (

!. a,;,x _ a",o )]
r ao ax

!!..E. "
ar . (2.42)

'"

Any of the above equations can be used for ca1cu1ating the ,pressure pertur-

bation p'; however, the compatib11ity of the three equations is discussed

in Chapter V.
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2.4 BOUNDARY CONDITIONS

..
The velocity of the fluid at the wall must he equal to the velocity of

the she~l.· Thus, the houndary conditions in the (x,O,r) directions may he

1,
expressed as:

~+ "'0
a", . l a"'r Du0

+ ar - - --- ,ax r r ao Dt

!~
a", a",

Dvr ~
r ao + ax ar Dt

,

~
1. a",x a",o

0101
+ar r ao ax Dt-where

(2.43)

(2.44)

(2.46)
D a a
Dt - at + U ax

and U is the mean flow velocity at thé moving wall.

It is understood that, in the viscous theory, the no-slip c~dition on th~'

wall must he applied. This requires that the mean lUow velocity U at thu

wall he equal to zero. However, in this study. we have faced a prohlarn ln
•

applying the no-slip condition at the moving wall. To understand thu

physical nature of this prohlem,

(inviscid) flow theory first.

2.4.1 Potential Flow Theory

i t is helpful to present tha pptentlal
)

direction.

In inviscid theory [47J. the irnperrneahility condition is always us ad to

descrihe the boundary condition: the velocity perturbation at the wall 15

equal to the substantial derivative of the shell deforrnatlon in the radlal

If ~ represents the velocity perturbation ln the radlal

direc;:ion. and 101 represents the shell deforrnation in the sarne dl roc t lon.
,~

then the impermeability condition could he represented by; .

~I _ aw + U aw
ar r-a

i
at c ax .

where U is a constant flow velocity.
c
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The pressure perturbation obtained from potential flow theory is given.

(2.48)p

The solution

~ [~+U 2P.].P at c ax,
for 4J: can be représented by a Bessel function; solving for

the pressure term, one can obtain the following expression:

p' - -P [

depending on the circum-where l

a2
w a2

w 2 a2
w ]

2 + 2U ----aB + U ---2 x
Bt c x t c Bx

is a functional of Bessel functions,

I(n,À),'
'.

(2.49)

ferential wave number n and the axial one À, and p is thê ~ensïty of the

fluid. The various terms May be identified sequentially, as the inertia
•

force, a Coriolis ~erm, and a centrifugaI term. ~

2.4.2 Present Theory

It is understood from potential flow theory that, when the shell

deforms, i:he flow induces three types of forces, inertia, Coriolis and

centrifugaI. The centrifugaI forces are velocity-squared dependent.

In the 'viscous theory (present theory), if, the no-slip condition is

applied at the moving wall, the centrifugaI forces do not appear 1ny more.

That disagrees with the physical behaviour of the system, because buckling

instabilities do not occur in the absenèe of centrifugaI forces; (this was

confirmed by simple calculations using potential flow theory, in which the

centrifugaI forces were artificially suppressed).

Mateescu (53 J deal t wi th this type of problem when studying the

stability of a shell conveying viscous fluid. She considered the case of a

developing inner fiow and was able to divide the flow into two regions:

(i) an inviscid flow in the core of the shell;
"

(ii) a viscous flow close to the wall (at a distance equal to the boundary

.. '

layer thickness) .

.--- /
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..
To overcome the problem presented earUer .. the boundary,condition was /'. /

applied at the edge of the boundary layer thickness where the "n1ean flow;
,

velocity is equal to Uc ' rather than at the wall, where it would be equal
~

to zero.

~
Ventres [54J, in studying the effect of boundary layer on the shear

h
flow', has applied Ithe boundary condition at the edge of the viscous sub-

layer, again to ov~rcome ~he difficulty discussed here.

The method derive~

present work, since the

by Mateescu [53 J, cannot~ incorporated in the

-' ~flow is assumed to be fully developed. Neverthe·"

flow velocity is incorporated at the boundary,.less, the effeci of the mean

by two differe~thods.
Method 1.

In this method, a slip condition is permitted' at the moving wa1;( a

mean velocity was assumed to exist which is averaged (over the flow area)
0\1

and lumped at the wall. The averaging for this mean velocity was done as

follows:

(i) for internaI flow

f ai
U -

avi 0

2 U(r) r dr

2
ai

(2.50)

(ii) for the annular flow

(2.51), ;-r-
r

Uavo - J m
ai

2 U(r) r dr

2 2
(rm - ai) \

J
where r is the radial posi ion at which the maximum flow velocity occurs;

m

r is evaluated in Appendix A.
m

Ifl these equations, U i denotes the
av

,~"
.~

average velocity for internaI flo ,

velocity in the annulus.

and U denotes the average flowavo ~-
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In this method, the boundary cond~tion is applied at a distance 0 from

the wall, which is equal to the ,shell deformat(on in the radial direction.

-The associated flow velocity' is described in power-law form:

lis

(i) for internal flow

u - UDi maxi

(ii) for annular klow
lis

Uoo - Umaxo (-r-,,-O-a-) .
m i

where rand sare taken from the steady
m

given in Appendfces A and D, respectively.

case,

(2,52)

(2,53)

the values of which are

" The effect of varying 0 on the stability of the' system is

invesçigated and presented laCer in the discussion.

It is important to mention here that, although extensive research has
•

been done to develop these two methods for handling the boundary condi-

tions, there might yet be different and better methods to resolve this

dilemma. Nevertheless, with the best information currently available to

•

-------the author, these two methods are thought to represent reasonable and

convenient ways to arrive at a solution to the p~at hand,

The two regions of the fluid are now con!\idered. A subscript "i" is

used to denote the internal region while "0" is ûsed for the annular

.egion, For the internal re~on, in view of the above analysis, we have

'il2~ 0 (2,54)
and i

a"'i
,

2 - (2,55)Pi at - !Ji 'il "'i
""-'-.

T~ese equations are subjected to the following boundary conditions

c ( a1>i + "'H + a"'H l a"'ri
) 1

au u
ai

au- +ax r ar :r as. at ax
r-a. -0

1 "" ,
.. --:.f"\-.\

(2,56) , '
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( !. a"'i + a"'ri
a", . l~

) 1
av av--...B - - + U (2.57)r ao ax ar at Si ax

r-a -S
i

)•
( a"'i + !. a"'xi a",Oi

) 1
aw aw (2.58)

ar r ao ax - at + USi ax '
~'

r-a -S 0

i

for 0,; x ,; L ;

The left-hand side hl each of the equations (2.56)-(2.58) is equal to O· for

x < 0 and x > L. Equations (2.56). (2.57) and (2. SB) are in the axial,

circumferential and radial direction, respectively.

Similar1y, the equations gov~rning the ve10ci.ty perturbations in the

annular reglan are

• v2", - 0 ,
"

(2:59)
and

·0 '.-.

a",o
V2

"'o· (2.60). Po at - 1"0

The associated boundary conditions are

( a",o "'00 a",00 1 a"'ro
) 1

au + U au (2.61)+- +-- --- - atax r ar r ao soax
r-ai+S

( !. a", + a"'ro a",xo
) 1

av USo
av (2.62)--+

r ao ax ar at ax
r-ai+S

( a", 0 + !. a",xo a",oo

1/
aw USo

·aw
(2.63)--+

ar r ao 8x at ax
1r-ai+S

and

( a",o "'00 a",00 1 a"'ro
) 1 o • (2.64)+- + --- ---

"
ax r ar r ao

r-a0



r-a
o

- a ,[
1, a",o
r aD +

1 a",xo
+--

r aD

]1·

a:~o ] 1 a

?
J'

for O:s x :s L',
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(2.65)

(2.66)

and equal to zero for x < a and x > L

The above boundary conditions are given according to the variable 0

method (method 2). However, for the first method, equations (2.54)-(2.66)

are still applicable but 0 is set equal to zero white U
oi

and U
oo

are

replaced bY'~:Vi and Ùavo ' respectively.

c

v

1

)
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METHOD OF SOLUTIONI:

FOURIER TRANSFORM METHOD

-
In this chapter, clarnped-clamped and pinned-pinnod sholls aro

considered. The unsteady fluid forces acting on the she11 are ovaluatod

using the, Fourièr transform method.

are solved using Galerkin' s method'.

The .alIuations of motion (2.5) - (2.7)

Accordingly, the displacements u, v and w of tho mid-surfaco of tho

.
cylindrical shell are expressed as infini te series of tho following form:

'" [u(x,O,r) - ~ A
, ] iwt

m-l c-nm cos nO ai>%>m(X) 0

,-
'"

[ >%>m(X) ]v(x,O,r) - ~ B sin nO
iwt

em-l mn

'"
[ >%>m(x) ]w(x,O,r) - ~ C cos nO iwt

em-l mn

(3. 1)

(3.2)

(3.3)

here () stands for ~
dx and A 1

, mn
B

rnn
, C

)lm
are arbi trary constant

coefficients; m and n are the axial and circumferontial wavc numbors,

respectively; furthermore, >%>m(X) , m- 1,2, ... , are the, eigenfunctions of a

beam -having the sarne boundary candi tians as the she 11.

•
clamped beam,

For a clamped-

- (]
m

[ ( sin h ( Àm ~, ) - sin ( Àm i ) ] ,
(3.4a)

where L is the length of the be~; the eigenvalues À and the characteristic
m

.~'.

constants (] are given in Appendix' C.
m

.--

\
)

--- / "
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The eigenfunctions for pinned-pinned beam are given by. " ..,.----..
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m1fX
~m(x' - sin ~ • m - 1.2 •...

The aolution for the perturbation flow velocitiea are

the form:

(3.4b)

'"
assumed to have

(3.5)

(3.6)

(3.'7)

(3.8)

The inner and annular flow regions are denoted by the subscripts i and

o. respectively. The resulting perturbation fta~~~~ty amplitudes "'ri'

./. ./. ~ ./. ./." ., and ~ are represented by the inverse Fourier
"81' "xi' "i' "ro' 'rOo' "xo "0

Transforma. For example,

-iax(a,r)e da (3.9)

.
where a is the transfrom variable, and the transform function is defined as

(3.10)

c

All pressure and velocity perturbation terms follow the same representation

as in equations (3.9) and (3.10).

\

" " .
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SOLUTION TO THE VELOCITY PERTURBATIONS

The equations governing the velocity perturbations derived in.Chapter

II are:

__ and
/

.~~
".

'"8 .?
2 + 2

r r
] ,

(~.28)

(2.38)

"'r
2

r
] . (2.39)

Equation (2.28) may be written in trarms of cylindrical coordinates,

!.~
r ar (3.11 )

where it is understood that the above equations are equally valid for the

inner and annular r~gions. Hence, the suffixes i and 0 are omitted for tho

time being.

After the assumed solution for 4> given by (3.8) is substituted into

equation (3.11), one ob tains

(3.12 )

Taking the Fourier transf~rm of equation (3.12), yields

it*
2 +

ar
* 2!. ~ _ (Q2 + !L ) 4>* _ 0

r ar 2
r

J:'

(3.13)

where use .has been made of the assumption that



c lim l6(x,r) - 0
X-+±Cll

- 0 ;
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c.
thus, if has ~een assumed that both ends of the sliell are connected to

rigi~ylinders, so the flow perturbation and its deri~ative will vanish at

a great distance away from the flexible portion of the shell.

lt is noted that equation (3.13) is in the form of a madified Bessel

equatian of order n, which has a complete sdlution of

*16 (a,r) - Gl(a) ln(ar) + G2(a) Kn(ar) (3.14)

where l (ar) and K (ar) are the nth order modified Bessel functions of the
n n

first and second kind, respectively.

By substituting the expanded forms of ~r' ~a given by (3.5)-(3.6) inta

equations (2.38) and (2.39) , we obtain

[
a2v, l a~r 2 a2v, ~r 2n - ]iw~ - u

r !!
~r

r+ --- +-- + 2" ~ar a/ r ar 2 ax2 2 ,
r r r

and
a2v, a2v,

[ 1 a~a 2 ~a 2n ]iW~a
a n

~a +
a

- u
ar2

+ --- - +- ~ ,r ar 2 ax2 2 2 rr r r

(3.15)

(3.16)

where u is the kinematic viscosity of the fluid.

Equations (3.15 ) and (3.16) reduce to one single equation for ~r -+ ~a'

By using ~r - - ~a' we obtain

/v, 10 a~r [ iw (n+
2
1)2 ] a2if, "-,.__r + - r

(3.17)-+ ~r +/~ - 0
ar2 r ar u

r ax,
A simllar equation could have been obtained using ~r - ~a; however. the'

arder of the Bessel function would have been different.

Simi1arly, the assumed form for ~ given by (3.7) is substituted inta
x

equation (2.37), which leads to the follawing equation:

l a~x
+ --

r ar
( iw
l u ~x + - 0 . (3.18)



•
.:

.~':

Taking the Fourier trnnsform of equations (3.17) and (3.18), yields
\

a2
", * a", *

( iw 2 2

l "':
__r 1 r i!.>ill - 0+ - + a +
a/ r ar u 2 ,

r •and

a2
", * a", *

( iw 2 n2
] *__x 1 x

ar2 + - + Q +- "'x - 0 ,r ar u 2r

where use has been made of the fact that

30

() . 19)

(3.20)

lim {"'X (x,r), "'9 (x,r), "'r (x,r)} - 0 ,

/X->±.'"
and • .

(3.21)

\

Hm
X-+!a;)

{aa
X

("'r (x,r), "'9 (x,r), "'x (x,r) ) } - 0 ,

\

for the same reasons explained earlier with regard to ~. Equations (3.19),
and (3.20) are modified Bessél ~quations and admit the following solutions:

and

. "'/ (a, r) - C) (a) In ({3r) + C4 (a) Kn ({3r) , (3.22)

"'/ (a, r) - . "'/ - Cs (a) I n+l ({3r) + C6 (a) Kn+l ({3r) , (3.23)
./-."~

/
where l ({3r) , K ({3r) are nth order modified Bessel functions of the firot

n n

and second kind, respectively, whlle l 1 ({3r) , K 1 ({3r)
. n+ n+

are (n+l)th

order modified Bessel functions,

and 1
(3.24 )

.'
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SOLUTIONS FOR THE INNER FLOW

The solut1on for the 1nner flow may be expressed now by putt1ng a

subscr1pt 1 1n the forego1ng, 1.e.,

\,

S1nce

~r1*(a) - C~+1(P1r) + C61 (a)'Kn+l (P1r )

-K (ar), K (P
1
r) and K 1(P1r) become 1nf1n1tely large at

n n n+

(3.25)

(3.26)

(3.27)

r -t 0, one

must have

C21 (a) - C41 (a) - C61 (a) - 0;

h~~ce, the rema1n1ng solut1ons are

where C11 (a), C31 (a) and CS1 (a) are constants to be determ1ned.

(3.28)

(3.. 29)

(3.30)

3.2.1 Boundary Cond1t1ons
,

For the 1nner flow, the boundary cond1t1ons are given in Chapter II by

~ equations (2.56)-(2.58).

Upon substituting the solutions for ~i' ~xi' ~8i' ~ri' u, v and w into

equations (2.56)-(2.58) and taking the Fourier transform of the resulting

equat1ons, one ob tains



Integration in equation (3.34) need on1y be performed from x - 0 to x - L.

Using the' following nondimens1onal terms

a - 6 ai

[ E ] 1/2
<i "' Ti- ~- a - aL 1

u_
L 2

p (1 - v )
~, s s

n -
wa

i E -
UL

Pi - PiL UH

U
6i

• --u i vi u

A
mn

C
mn

(3.36 )

and substituting the solutions (3.28)-(3.30) into equations (3.31)-'(3.33).

the boundary conditions may be written in nondomensiona1 form as:

-ia <i In(a<i) CH - [ (n+1) I n+1 (Pi<i) + «iPi) I~+l'(Pi<~) ] ëSi

u ( ~ * Am mn'
(3.37)
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- n In(a'i) Cli - (Pi'i) I~(P\\J C3i

- iU ( 0 - 'i;; Ü61 ) lflm* Bmn
(3.38)

where

and

•
'i a I~(;;ii) Ca + nln(Pi'i) C3i -ia 'i In+l (,Bi'i) CSi

(3.39)

(3.40)

/

(3.41)

3.2.2
..
Unsteady Fluid Forces for the Inner Flow

The fluid forces for the inner flow are obtained by putting a subscript

i In the str!,ss equations described in Chapter II:

r'rxi - l'i

2 2
a "'i l a "'xi--+- ---
axar r axao

2
"'~i l a"'Oi a "'Oi l a"'ri
-+- --+--+- --

2 r ar a 2 2. aor r r

2
1. ,a "'ri]
r aoar

(3.42)

r'" rOi - l'i

(3.43)

(3.44)
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where T~xi' T~Oi' 'T~ri and pi may he defined as:

- iwt
T~xi(x,r,O,t) - T~xi(x,r) cos nO e

- . iwt
T~Oi(x,r,O,t) - T~Oi(x,r). sin nO e

iwt
T~ri(x,r,O,t) - T~ri(x,r) cos nO e

(3.45)

(3.46)

(3.47)

pi(x,r,O,t) - pi(x,r) cos nO iwt
e (3.48)

r and ;~xi' T~Oi' ;~ri and pi(x,r) would he represented hy the inverse

Fourier tr~nsforms as in equations (3.9) and (3.10).

Upon suhstituting the solutions for "'i' "'xi' "'ri ,•. r ~xi' T ~O i' r ~~i and

p' into equations (3.42)-(3.44) and taking the Fourier transform of the re-
i •

sulting equations, then making use of the nondimensional terms, wc ohtain

*T -rxi
ion l (fJ , )
'i n i i

+

+ {-

+

r

{
io- (l+n)
'i

(3.50)
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, { *' 2 ~: I~(~r.1)} Ca + { p;~ 2
(-..!!.2 I n(81'1)Trr1 -P1U Pa + +-E1 '1

n -
I~(P1'1») } C31 + { .p;~ 2 ( -1a) (J1 I~+1(P1'i)} C5i+ -Z- {Ji + - ,Eii

""'" (3.51)

*' *' *'where Pli' P2i and P3i represent the effect of pressure perturbations on the
Cl

radial stress T~ri' The pressure perturbations are evaluated in Appendix

ousing,~quations (2.40)-(2.42~erived in Chapter II.

3.3 SOLUTIONS FOR THE ANNU~ FLOW REGION

As in the case of i~OW' t~e solution for annular flow may be

expressed by putting a subscript 0, to the -~pertinent equations obtained

.....,.
in 'section 3.1. Hence,

4> * (a) - C .. (a) l (ar) + C2 (a) K (ar)o 10 non (3.52)

(3.53)

(3.54)

where Clo(a), C20 (a), C30 (?), C40 (a) , C50 (a) and C60 (a) are determined from

boundary conditions (2.61)-(2.66).

3.3.1 Boundary Conditions

We first define the~ollowing nondimensional terms:

'0

Po""O,,- Clo' C - C30
Pr -~~'C1o-T C20 - 20 C30 -L L

C40 C50 C·
C40 C50 C60

60
-T -T -T (3.55)

\,
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Then, substituting the assumed form of ~ • ~ '~8' ~ ,u, v.and w ando ra 0 xc ,

taking Fourier Transform of the resu1ting equations, we obtain at r - a
i
+6:

(3.56)

(3.57)

i a <i l (fJ < ) C50 - i a <i K (fJ c ) C60 - iU (0 - a c U' ) <1> * Cn+1 0 i n+1 0 i 1 60 m mn

where

(3.58)

(3.59)

The boundary conditions at r.- .ao are given by'

(3.60)

- n l (ac ) C - n K (a< ) C - (fi c ) l' (fJ- < ) C - fJ c K' (/3 < ) C40n 0 10 n 0 20 0 0 n 0 0 30 0 0 n 0 a

:....•
.- i a c l (fJ c ) C

5
- i a < K (fJ < ) C60 - 0 ,o n+1 0 0 0 0 n+1 0 0

(3.61)



'.
i a c l (fJ c ) Cs - i a c K (fJ c ) C60 - 0 .o n+l 0 0 0 0 n+l 0 0
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(3.62)

3.3.2 Unsteady Fluid Stresses in the Annular Flow

The fluid forces for the annular flow are obtained by putting a

.subscript 0 in the stress equations derived in Chapter II.

[ 2
a2", i,p a2,p ,,pOo 1 a,pOo a

2
,poo 1 a,pro a2,p lT' o 1 xo ~ 1 ro--+- ---- --+- --+---+- ----rxo - Po axar r axao ax2 2 r ar a 2 2 ao, r aoar

r r r
(3.63)

[- :~
a", a2", a,p a2,p a2,p 2 2

]T' -
o 2 0 1 xo xo 1 xo 1 a ,pOo a ,pro 1 aV>ro

--+- --+--- ---+- ---+----- --rOo 1'0 ao r aoar r ar a/ r 2 a0 2 r aoax axar r ax

r'
rro

a2
",

- p' + 21' (----2
0

o 0 ar
1

/
) .

(3.64)

(3.65)

.....

Using a similar analysis as in the case of inner flow, T' T~8~'
, andT ,

rxo' n:o

p' are defined as \ )
0 \

"iwt ............J
.,~xo(x,r,8,t) T' (x,r) cos nO e (3.66)rxo

T~Oo(x,r,O,t) - T~Oo(x,r) sin nO iwt (3.67)e

T~ro(x,r,O,t) - T' (x,r) nO iwt (3.68)cos erro

p~(x,r,O,t) p'(x,r) nO iwt (3.69)c~s e
0

where ;, T' T'and p'(x,r) are represented by the inverse Fourierrxo' rOo' rra 0

Transform as in equation (3.9).
\

Upon substituting the assumed solutions for'" ," ., r~- T'
a ~xo' ~ro' rxo' rOo'

r~ro' and p' into equations (3.63)-(3.65), we obtain
o
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iQn ,- -

l (fJ <il C3 -
(~ n 0 0
~
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+

( 1 n -2)'2+-2 -a
<i <i

+

(3.70)

PiP U* rT ---rOo Eo

" -K (fJ <iln 0

+

+

{ 2
- -2n

2 l (fJ <i) - fJn 0 0
<i

{-
2

- -2n
2 K (fJ <i) - fJn 0 0

<i

,

I~(fio<i) + :: I~(fio<i~'} ë30

+ fi0 K' (fi ci) } ë
4

'
,<i n 0 0
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*' Z
(- nz In(Bo'i)

n -
l'(P'i))

1. -
PZIo :1-

{o
+ - f3 f C30'i 0 n 0

'i

*' Z
(\ nzKn(Po'i) +. ; Po K~(Po'i») } C40PZKo

+-
{o

'i i

T* - P P Urro i r•

*' *' *1 *1 *' *'where PlIo ' PlKo ' PZIo ' PZKo '. P3Io ' P3Ko are given in Appendix D.

3.4 DETERMINATION OF THE UNSTEADY FLUID LO~lNG ON THE SHELL

The net fluid loads on the shell arising fron the pert~rbation terms are

given by: .

qx ( T rxi T ) (3.73)rxo
r-a -6 r-ai +6i

qo ( TrOi T rOo ) • (3.74)

r-a -6 r-a i +6i

qr ( T rri T ) (3.75)rro
r-a -6 r-a i +6i

Here qx' qo' and qr are the axial; circumferential and·radial loads, res

pectively.
,

Equations (3.73)-(3.75) can be expressed in the following forro:

c m iwt-
qx - ~ 0 cos nO em-l 'xmn '(3.76)



40
''-...-

'~\'1
<0 iwt

qo - m~h QOmn sin nO e

<0 iwt
q - l: Qrmn cos n8 er m-l

where

( -, -,
)~n T rxi T rxo

r-a -S r-ai+Si

( -, -,
)QOmn T rOi T rOo ,

r-a -S r-ai+Si

(3.77)

(3.78)

(3.79)

(3,80)

-,
T rro

.and

r-a -S
i

r-
the transformed functions 0*

'xInn' Q* and
Omn

) ,

Q* can be defincd asrmn

(3,81)

~mn(a) - T;~i 1

r-ai-S

(3,82)

Q;mn(a) - *'
1

*'
1

T
rxi T rxo

r-ai-S r-ai+S

* *'
1

*'
1Qrmn(a) - Trxi T rxo

r-ai-S r-ai+S

The transformed function ~n(a), Q;mn(a),

(3.83)
V

(3,84)

Q* (a) are defined as in
rmn

equation (3.10).
In order to find the fluid loading, one has to find the constants Cl~'

C3i , Csi and Clo to C6o ' This is done as follo~s.

First. the boundary conditions for the inner and annular flow

(equations (3.37)-(3.39) and (3.56)-(3.62» are put in matrix form:
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(3.85)

where matrix [B) is' (9 x 9), [C} is a (9 'l,l) vector which contains the con

stants, ,and [R*] is a (1 x 9) matrix. Sim~rlY, the fluid forces given by

equations (3,82)-(3.84) are put in matrix form:

where matrix [T] is (3 x 9), and [Q*} is a (3 x 1) matrix.

(3.85), one can s~ve for [cl ,

. c

Substituting for [C} into equation (3.86), one obtains

(3.86)

From equation

(3.,87)

(3.88)

The elements of matrices [T], [B), [R*} and [Q*} are all given in
!

Appendix E.
,/

Taking the inverse Fourier tr-â'nsform of
~

(3.88) will lead ta the

- -
unsteady viscous loads 0 ,QO' , and Q given by equations (3.79),

,'xInn mn rmn

(3.80) and (3.81), respectively. The equations of motion are solved using
1

Galerkin's method. In connection with this method, the fluid ùynamic forces
, ' ,

are written in suitable form, as the so-called gene'i-lized fluid forces.

The amplitudes of the generalized forces are given by:

'...:L
p h

s to
(3.89)
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l ..::L ( ~k(x) QOmn(x) <Ix, C~, (3.90)qOkm - L2 P h ~(l'JS 0

(l ..::L
~k(x) Qrmn(x) dx (3.91)qrkm - L2 P hs 0

taking the Fourier transform of (3.89)-(3.91) and making use of tho non-

dimensional terms, the generalized forces are

'1 r ~ (;;) Gkm(a) daq .- 2·xkm mn21rPi
U -..,

. '1<i r Q;mn(a) I\m(a) da,qOkm - 221rPi
U -..,

'1<i r Q;mn(a) Hkm(a) daqrkm - 221rPi
U -..,

where '1 -
Piai

ï
x and

P h - L
s

Gkm(a) - ( ~k(n
- iaï dï x ( ~ (n e iaï .dïe .

0 0 m

l l
I\m(a) - f , -iaï

dï X f iaï
~k(n e ~ (n e dï

0 0 m

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

The Integrations in equations (3.96) and (3.97) can be performod

analytically and the resultant expressions in terms of a are givon in
'.,

Appendix F. ··However, the integrals in the fluid force terms (3.92)-(3.94)

are very complex

Integrations are

and cannot be evaluatrnalytical1Y. Therefore, the

performed numerically' using the two-point G"ussian

·91
'''Of'

quadrature technique. Finally, the generalized fluid forces are expressed

in terms of the shell displacements as fol1ows:



"

-(1) -(2) -(3) -(1) -(2)
Expressions for qxkm qxkm qxkm qOkm ,. ,qOkm

qr~ are given in Appendix E, equations (E.l.5).

3.5 SOLUTION Ta THE EQUATIONS OF MOTION

•
,
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(3~ 98)

(3.99)

(3.100)

and

.
The modified Flugge's shell equations (2.5)-(2.7) may be written in a

) general form:

~
Z (u,v,w) - 0

m
rn-l,2,: .. (3.101)

The solution for the displacements u, v, and w given by equations (3.1)-

(3.3) are approximate solutions; hence, they would not ne~essarily satisfy

the she11 equations (2.5) • (2.7) ; then we would have, in general

-for m - 1,2, ... (3.102)

Equation (3.102) is solved using Galerkin' s method. In this method, we

mult1ply equation (3.102) by a set of weighted functions, using thi)·same

comparison functions employed in the series solutions of the disPla~ments,

1
then integrate the new. expression over the" domain (0 to L, in thi~ case).

'ho ' ••0":0' '0""" ,. 'h.o '0' ",o"""Y "o., '0 ,.,o\~ ..

Jo fk(x) Zm(u,v,w) dx - 0 k - 1,2,... m - 1,2,3 (3.lr)

where fk(x) are the' weighting functions.

The shell equations (2.6) and (2.7) are weighted by the eigenfunction

of a beam, ~k(x), whl1e equation (2.5) is weighted by the eigenfUn~

. ,
"J' ...~
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After integrating equation (3.103), "le obtai~ the following set of

linear homogeneous algebraic equations:

a) a)

[ç) A + ç) B
ëmnJk~l '~l + ~3) - 0,m- nmn nmn mn

'" '" [ ~:;/ A ~) Bk~l ~ + + ~6) ë mn1- 0,m-l n mn n mn mn

[~~
..

'" '"
+~~ ëmnJ

~ .~ A B + ~~ - 0, (3,104)
k-l m-l mn mn

1

where the coeff~ients f ç) , (9) \ are given in Appendix G,\ n ..... Akron f

A solution to the infini te sets of equations (3.102) is impossib1p

to obtain; hence, the series solutions (3.1)-(3.3) may be truncatod so as

to have a set of finite number of terms, which of course mus t converge.

lt "las shown in fact in Ref". [48J, that the solutLon converges by consid-

ering only the first three terms. Gonsequently, only the first three terms

in the Galerkin series are reta~ned.

where

The set of equations, (3.104)

[AJ {x} {o}
may be written in matrix fonn

(3.105) '---

(3.106)

is a 9-element column vector, and [A) is a 9 x9 matrix. The structure of

matrix [A] is shown in Appendix G.

The frequencies of the system found by setting the determinant oE

matrix [A] in equation (3.105) equal- to zero; that is
/

det ,[ A ( 0, Di' U~, fluid, material and geometrical properties) J - 0 .

(3.107)
It' shou1d be noted that, the unsteady viscous forces arc complicatod

functions of the frequency O. Therefore '. an iteration procedur~ 1s noeded

to find the frequencies of the system for a g1ven set of f1uid and she11

parameters.

, of,
~-h: ' ' '-- r-·

,~., .J.• _ ,-
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The ntimer1ca1 1ntegrat10ns, and the 1Ferat10n method render th1s

method of solut10n computat10na11y very cost1y for the annu1ar f10w case.

For ch1s reason,another method of solut10n 1s der1ved, as will be seen 1n

the fo110w1ng chapter.

3.6 INVISCID THEORY

The 1nv1sc1d theory may be deduced from the v1scous theory by sett1ng

'" 0

o

U(r) - U.

(3.108)

However, the unsteady 1nv1sc1d forces are a1so derived us1ng potent1a1 f10w

theory. The der1vat10n of the flu1d forces 1s g1ven 1n Append1x H. The

general1zed flu1d-dynam1c forces are rearranged as quadrat1c funct10ns of

the frequency parame ter 0, where

- (1)
qrkm o

- (2)
q - arkm

- (3)
qrkm ( 0 2 - (1) - (2) + 0 -q (3) )

qrkm + 0 qrkm rkm (3.109)

The matrix equat10n (3.105) can, ·therefore, be wr1tten 1n the form

(3.110)

whe"te (Xl 1s as defined 1n (3.106) and the matr1ces [M], [Cl and [K] are

g1ven 1n Append1x H.
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,a Using the fqllowing equation

•
{ ~} .

-{ y } (3.111)
o { X }

we can reduce the second-arder equation (3.110) ta a fi'tst-order equation
~<e. t

/

+ 0

or

[0] [1]
[K] [c]

\
Dp]+O[Q]] {

(3.112)

(3.113)

..~

,
where[1] is the identity matrix.

Thus, the problem for inco';pressible inviscid flow i5 now reduced ta

one of solving for the eigenvalues of equation (3.113) .

)
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CHAPTER IV

HETHOO OF SOLUTION II:

fiRAVELLING WAVE-TYPE SOLUTION

In this Chapter\' the shell is assumed to be simply supported at both

e~: The fluid forces~are evaluatedi:~ng a travelling wave-type solution.

( Accordingly, the displacements u, v and w of the cylindrical shell are

expressed in the following form

( 0 t) i A nO ei(wt-kx)u x,, - n cos

( 0 t) B sin nO ei(wt-kx)
v x,, -

n

(4.1)

(4.2)

where A , Band C are constant coefficientsn n n

w(x,O,t) - C
n

cos nO ei(wt-kx) , - (4.3)
"-

1
and n is the circumferential

wave number, k is the wave number of the axially travelling disturbances

and w the frequency of the disturbance. The perturbation velocities

•
are assumed to have the following form:

'"
(x,O,r,t) - '" (r) cos nO i(wt-kx)

(4.4)e ,

"'x (x,e,r,t) - "'x (r) sin ne i(wt-kx)
(/\,.5)e

"'r (x,e,r,t) - '" (r) sin ne i(wt-kx)
(4.6)er

"'e (x,e,r,t) - "'e
i(wt-kx)

(4.7)(r) cos ne e ,

where it is understood that the above relations are equally applicable for

the internal and annular flow regions. In the forthcoming analys is, a

subscript i is added tQ the pertinent equations to denote the inner flow,

while the annular flow is denoted by a subscript o.
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It is appropriate to mention that, the derivation of ~luid forces here

is very similar to what has been presented in Chapter III, but it is

convenient to present this method in a separate chapter to avoid confusion

between the two methods. The structure of this chapter para11e1s c1ose1y

that of the previous one.

4.1 SOLUTION TO THE VELOCITY PERTURBATIONS

The ve10city perturbations are governed by equations (2.28) and

(2.37)-(2.39).

When the solution for q, given by equation (4.4)

equation (2.28), we obtain

\
is substituted into

- ( ) q, - 0 . (4.8)

Equation (4.8) is in the form of a modified Bessel equation of order n which

has a complete solution

q,(r) - Cl In(kr) + C2 Kn(kr) ,

l

(4.9)

are constants and l (kr) and K (kr) are the nth order
n n

Bessel functions of the first and second kind, respective1y.

Upon substituting the solutions for ~r and ~a given by (4.6) and (4.7)

into equations (2.38) and (2.39), we ob tain

[ a2~: + ! a~r 2 1 • 2 - ]i", ~r - v ar2 r ar
( n2 + k2

+ 2 ) ~r + 2' n ~a , (4.9)
r r r

and 2- -
v [ a ~a + ! a~a 2

k2 + 1 2 ]i", ~ - ( n
2 + 2 ) ~a + - n ~ .(4.10)a ar2 r ar 2 r

r r r

Equations (4:9) and (4.10) are reduced to one single equation for ~r- - ~a;

this equation is



c

•

_ ( i", + k2 + (n+lt) V,
u 2 r

r
- 0 .
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(4.11)

Similarly, the solution for ~x given b~ (4.5) is substituted into

equation (2.37), leading to

a2v,x 1 av,x 2
---- + - --- _ ( iw + k2 + ~) V, _ 0 . (4.12)
a 2 r ar u 2 x

r r
Equations (4.11) and (4.12) are modified Besse1s function and admit the

fo11owing solutions
1

~ (r) - C3 l (pr) + C4 K (pr) "(x n n

and

~ (r) ~S(r) - C l 1 (pr) + C6 Kn+1(pr)
,

(4.14)r 5 n+ ,
~/

/

where "::l
(

~ , '----

p2 _ ( iw + k2 ) ",
u .

4.2 DERIVATION OF THE UNSTEADY FLUID FORCES

The unsteady f1uid stresses for the inner and annular regions are

given in Chapter II by equations (?24)-(2.26), repeated here for

convenience:

T. X - l' [

2
1 a. ~x
---
r axas

1 a~r
---

2 as
r

c
[

-2 §.1. 2 nI
- l' r 2 as + r aoar + r

a~
~
ar

\

a2
1/J____r

axar
l ,a~r ]
r ax

(2.25)



• T' - - p' + 2}Jrr
a2p

( 2
ar

2
1 a",x 1 a "'x-+---
r2 ao r aoar

a2",
__0 )
axar '
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(2.26)

/j

, ,
where T rx' T rO' T rr' and p may be expressed as

I~, -, i(wt-iop-
T
rx

(x,8,r,t) - Trx(r) cos nO e .'

, , -, i(wt-kx)TrO(x.O,r,t) - Tro(r) sin nO e

, -, i(wt-kx)Trr(X.O,r.t) - T (r) cos nO e -,rr

p'(x,O,r,t) - p'(r) cos nO ei(wt-kx)

Upon substituting the assumed solution for ~, "'x' "'r' "'0'

p', equations (2.24)-(2.26) become

,
T rx' T r() 1

(4.15)

(4.16).

(4.17)

(4.18)

T andrr

T' (r)-}J (-2ik P.irx ar
"'0-+

2
r

2-
a "'0 n - n

+--+- "'--
a 2 2 r r

r r
) ,

(4.19)

2 a",- ( 2n - 2n a'" n - 1 x
T' (r) -}J - ~ - - =-- '" + - -rO 2 r ar 2 x r ar

r r

2- -
a "'x "'0 ik - a"'r
-2-- ikn -+-", -ik ar ),(4.20)
ar r r r

\

" ,
T' (r) - - p + 2}J
rr

a2i
( 2

ar
) . (4.21)

The solutions of these equations for interna1 and annu1a~ f10w are given

in Sections 4.3 and 4.4, respectivelY.

4.3 SOLUTION FOR THE INNER FLOW

In order to represent the inner f1ow, a subscript i ~s added to the

foregoing, i.e .•

\
(4.22)



(4.23)

(4.24) ,

Since Kn(kr), Kn({Jr) and Kn+l({Jr) become infinitely l8~ge at r ~ 0, one

must have
'r

~2i - C4i - C6i - O.
•Hence, the s~lutions ~implify to

A 4>i (r), - Cu

" 1
' ;"- ~xi (r) - C3i

l (kr) ,
n

(4.25)

(4.26)

(4.27)

where Cli , C3i and Csi are constants to be determined.~.

Upon substituting the solutions for '4>i' ~xi' ~8i' ~ri'

the boundary conditions equations (2.56)-(2.58), we obtain

4.3.1 Boundary Conditions

~
U, v and w into

(4.30)

(4.29)

(4.28)

'i')

(
- n+l -

-ik 4>i - r "'ri a:~i ) _ ( _ w + k U51 ) An

r-a -6_ i

[ n - a~xi ] _ i ( )\ - r 4>i + (-ik) ~ri.- ar w - k U51 Bn
"-. r-a - 6_ i

[ aa4>r
i

+ ~ ~Xi - ik ~ri ] - .\( w - k U51 ) Cn

r-a ·6 :=J
Substituting for 4>i" "'xi' "'ri' ;81 from equation (4.25)-(4.27) and using'

the following nondimensional terms

"" A B C
a - ka

- n n n
{Ji - {Jiai' A -L" B -L" C -L"i n n n (4.31)
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the boundary conditions may be written as

(4.33)

(4.34 )

where U, '0, Uai , are the dimensionless terms given by equation (3.36),

- -and C
li

, C
3i

, ,C5i are defined in equations (3.41).

4.3.2 Unsteady Fluid Forces For Inner Flow

The unsteady fluid stresse~for the inner flow are given b~ equati:ns

(4.19)-(4.21) with a subscript ~"" Substituting for ~i' >/>xi' >/>91 ;}nd >/>ri

into the stress equations and using the dimensionless terms, the unsteady

stresses are:

-,
Trxi

" (4.35)

-,
TrOi

+ [ _n
2

In(Pi ) +Pi I~(Pi)- pi
2 I~(Pi)] C3i

~

+ [ i ~ (i+n) In+l(Pi ) - i~ PiI~+l(Pi)] C5i

•
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• "

[ i>~i +
-2 l-, a ~ (;:;)] CuT - P U 2rri i Ei ci

[ -, _2_ ' -
- n I n ( Pi»] (4.37)+ P2i + 2 «{Ji n In((Ji) C3i

Eic i

[ i>;i
2

( -ia{Ji) I~+1(Pi)] Csi+ +--
2

Ei ci

wherc
-, -, -,

in Appendix D.Pli' P2i and P3i are given

1. ,4 SOLUTION FOR THE ANNULAR FLOW

The solution for the annular flow is expressed by putting a subscript

o ta the velocity perturbation equations, which gives:

~ (r) - Cl l (kr) + C2
K (kr) (4.38)

0 o n 0 n
1

(~(r) - C3 l ({J r) + C40 K ({J r) (4.39)
o n 0 n 0.,

'i
"'ro(r) "'Oo(r) - Cs l 1({J r) + C6 K +1({J r) . (4.40)

on+o on 0

where CIo' C2o ' C30 , C4o ' Cso and.C60 are constants to be determined.

Boundary Conditions

Upon substituting th~ solutions ~ ,'" "'0 and'" given bv equationso xc 0 ra ;;:r

(4.4)·(4.7) into equations (2.61)-(2.66). Iole obtain at r - ai + 0

( - ik ~ . (n+1) ~ a"'ro ) (-w+Uook) A
ar -0 r ro n

r-ai+o

( n-
av>

) ( .w . U00 k )
xo

ik "'ro i B- - ~ .
ar

.
r a n

r-ai+o

(4.41)

(4.42)

c
-

a~ o n-
ar + r "'xo ik "'ro ) i ( w - Uoo k ) Cn

r-ai+o

(4.43)
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and at a
o •

( -ik 4>0
(n+l) ~ .

r ro
a"'ro )
ar - 0 (4.44)

(
n-

- - 4> -r 0

r-a
o

P'.w-: O.
r-a )

o

ik "'ro) - 0

r-a
o

(4.45)

(4.46)

Substituting equations (4.38)-(4.40) into equations (4.41)-(4.46) and·us1ng

the nondimensional terms given by equation (3.55), we obtain

(1.. 47)

- - -
Q U, )B

DO n
(4.48)

..."
";Ji/

v and, at r - a
o

-J- -
i Q < l (Q< ) CIo + i Q < K (Q< ) C20 +

r n r r n r

{ ,
} ë50(n+l) I n+1 (fi o Gr) + fJo < l . (fJ < ) +

r n+l 0 r

{ ,. \ - 0,(n+l) Kn+1«r fJo) + fJo < Kn+1 (fJo <r ) f C60
.. ~~

r

" .

(4.49)

(4.50)
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- - \
C5 - i a c ÎK 1

o '--:v n+
(4.51)

(4.52)

where fJ - fJ ao 0 i
c
r

a
o-- and ais defined by equation (4.31).

4.4.2 Unsteady F1uid Forces for Annu1ar Flow

The f1uid forces in the annu1ar f10w are obtained by putting a sub

script 0 ih the stress' equations '(4.19)-(4.21). In a similar ana1ysis as

- - - -
for the inner f1ow, the solutions for ~ ,~ • ~ .~" from equation (4.38)o xc ro ~O

-(4.40) are substituted into equations (4.19)-(4.21), and that 1eads,to

ina K
n

-2 ' - 
2i a l (a) Cln 0

-

-,
r rxo

(4.53)

:.,,_ r
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+ {2n Kn (;;) • 2n ;; K~ (;;) } ë
20

->-
.'. ".

\J.
+ {_n2 In(-P ) + -P ,- ~.J - 2 "o 0 In(Po ) . Po In (Po)

· !-.{.."0" '0 ';"0' -'0' ';"0'

+ {la (n+l) In+l (Po) - la Po I~+l (~o)

+ {la (n+l) Kn+1 (Po) - la Po K~+l (Po)

"

and \ (IL 51,)

" -

l'
{ - 2 l (a)

} ë10
Tl _ pp li -1 2 Q _n__

"-rro r 1 PUo + €l€r 2
<1

" -
{ -, 2

-2 K (a)
} ë20

+ a _n__
P1Ko +

€l€r 2
<1

(4,55)
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Po €o -, -, -, -, -, -,
where P - €r - €i' and~PlIo' P1Ko' P2Io' P2Ko' P3Io and P3Ko repre-

r Pi . -~

sent the effect of the pres,{ure perturbations in the annulus and expres-

sions for these terms are given in Appendix D.

4.5 DETERMINATION OF T~ UNSTEADY FLUID LOADING ON THE SHELL

The net f1uid 10ads~.the she11 arising from the perturbation terms

are

.~. qx - ( Trxi T ) ,rxo
r-a -6 a

i
+6i

qo ( TrOi T
rOo ) ,

r-a -6 r-a i +6i

(4.56)

(4.57)

( Trri
r-a -6

i

T
rro ) , (4.58)

where q , qo and q are the axial, circumferentia1 and radial 10ads,x r

respective1y. Equations (4.56), (4.57) and (4.58)

following form:

he wri tten in the'

- q (r) cos nO i(wt - kx)
(4.59)qx e

x

,qo-qO(r) sin nO i(wt - kx) (4.60)e

\.. . o i(wt - kx)
qr -~r(r.) cos n e (4.61)•

where
(

-, -,
)q (r) - Trxi(r)1 - T (r) 1 ,x rxo

a i -6 a
i
+6

( -;~Oi (r) 1
-,

)qO(r) - Troo(r) 1 ,

~-
a

i
-6 a

i
+6

(4.62)

(4.63)
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(4.64)

The fluid loading is found'following the same analysis ~s in Chapter III.

The boundary condition equations and the stress equations are put in matrix

form as in equations (3.85) and (3.'86). Finally, the fluid loading may be

written as

[q] , (4.65)

where (q} now represents

The elements of matrices [T] and [B] are given in Appendix E.,
1

The' unsteady" fluid stresses are evaluated as in equations (4.56)-

(4.58). However, these stresses are expressed in a generalizod force

form in connection wlth the weighted residual method used in the solution
r
of the equations of motion. The amplitudes of these generalized forces

are defined here as

(4.66)

(,4.67)

(4.68)

,-.,,./
Finally, the generalized fluid

displacements, as follows:

i
1
)

1

./
forces' are expressed in terms of the shell
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(4.69)

- =
qo - qOl An + q02 Bn + q03 Cn

- - =
qr - qrl An + qr2 Bn + qr3 Cn

(4.70)

(4.71)

where expressions for qxl' Qx2' qx3' qOl' q02' qil3' qrl' qr2' and qr3 are

given in Appendix E, equations (E.2.6).

4.6 SOLUTION OF THE EQUATIONS OF MOTION

Similarly to Galerkin' 5 method used in Chapter III, a "eighted

residual method is used here. The shell equation (2.5)-(2.7) are weighted

bya sine function which satisfies.the pinned-pinned condition at either

end of the flexible shell. The weighting· function is given by

f(.x) - sin l~X ; (4.72)

the solution to the equations of motion may be written in operator form

LI
o

fj(x) :l. (u,v,w) dx - 0 . (4.73)

After integrating equation (4.73), we obtain the following sets of linear

homogeneous algebraic equations:

1

1
A(1) A(2) B + A(3)

,
, , A + C - 0 ,

) jj n jj n jj n

A(4) A + A(5) B· + A(6) C - 0 , ..
jj n jj n jj n

A(7) A + A(8) B + A(9) C - 0 (4.74)jj n jj n jj n

where the coefficients {(l) (9)} are given in Appendix G.Ajj .....A
jj
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The set of equations in (4.74) are put into matrix form

[ A] {x}-{Or
...

(4.75)

where
D

.r

{x} - [An' Bn , ëJ T (4.76)

The frequencies of the system subjected to internal or annular flow can bo

found by setting the determinant of matrix [A] given by~equation (4.75) to

zero.

4.7 INVISCID THEORY

Following a similar analysis as in Section 3.5, the unstead} inviscld

forces are given by

and

in Appendlx H.

)

(
2 - (1) - (2) - (3») -

qr3 - 0 qr3 + 0 qr3 + qr3 Cn ,

where t'he expressions for q(1) q(~)a d q(3) are derived
r3' r3 r3

The elements of matrices [M]. [K] and Cl, in equation (3.112), are

given in Appendix H.

--~/

(4.77)
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CllAPTER V

, •
THEDRETICAL RESULTS

In this Chapter, the results of the investigation on the dynarnical

behaviour of the system, using the methods derived in Chapters III and IV,

The systems considered differ from one another in manyare pr~sented.

ways, according to

'(a) whether the f~ow is internaI or annular;

(b) whether the fluid is considered to be inviscid or viscous;

(c) whether the shell is assumed to be pinned or clamped at either end.

The systems considered 'also .differ according' to the values assigned

to the various system pararneters. These pararneters are many, e. g. the

shell thickness/radius ratio, length/radius' ratio, the gap width, various

physical properties of the fluid and of the shell materials, etc. It

would be interesting to consider aIl possible combinations. However, that

is not practical. The main goal of this study is to investigate the effects

of unsteady viscous forces on the stability of a system subjected to inter-

nal and annular flow; hence, ,only the effects of gap width, which has the

strongest influence on the unsteady viscous forces, are investigated. In

order to assess the effects of unsteady viscous forces, we will be compar-

ing results from the present theory with those from potential flow theory.

In Section 5.1, the stability of the system subjected to unsteady in-

viscid forces and steady viscous forces is presented using the Fourier

Transform method. The sarne investigation is repeated in Section 5.2 using.

c
a tràvelling wave solution, where the results of the two methods of

solution are compared.
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The effects of unsteady viscous forces are then invest-igated in tho

presence or absence of steedy viscous forces. Both methods of solution are

considered. However, the effects ~annu1a~ f10w cou1d not be investigated

using the Fourier Transform method due to "the high computationa1 cost;

hence, a detai1ed investigation on the effect of unsteady and steady

viscous forces in interna1 or annu1ar f10w is presented in Section 5.3

using on1y the travelling wave solution. Finally, th!\. stabillty of a'

system subjected to unsteady viscous forces in interna1 f10w is presentod

in Section 5.4 using the Fourier Transform method. ~

Ca1cu1ations are done for a steel she11 subjected to water f10w. Two

gaps have been considered: the so called "1/10 gap-system"t in which tha

annu1ar gap width is equa1 to one - tenth of the inner radius, yd "1/100 gap - .

system", in which the gap is one-hundredth of the she11 radius. Tho she11

and f1uid parameters for the two systems are given in Table 5.1.

t

~)

!

,JJ

For comparison purposes, the paremeters for the 1/10 gap-system given
in Table 5.1 are the seme as in Ref. [48].

( .'
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....
Variable Parametera Steel-water System

1/10 gap 1/100 gap.
ai (cm) 9.091 9.9

a (cm) 10 10
0

L (cm) 100 100

h (mm ) 0.5 0.5

ci - (a/L) 1/11 .099 -

c - (a /L) 1/10 1/10
0 0

a
0 1.10 1.01cr -ai

3
5.5 5.05(h/a

i
) x 10

• piai
23.30~ - (p----h) 25.36

s

[ E ] 1/2
5308 5308u - 2 (m/s)

P (l-v )
s s

E ( N/m
2
) 1. 99 «1011 1. 99 x 1011

v 0.3 0.3s

Pr - Po/Pi 1 1

- l'/P i
2 1.121 x 10. 6 1.121 x 10- E

vi (m /s)

Table 5.1. Fluid u~ed and shell parameters for the two
systems in the calculations

It was shown in Ref. [48] that a 1/10 gap steel-water system loses

stability first in its third circumferential mode (n - 3) for similàr para-

meters as in Table 5.1. For this reason all calculations in this Thesis

are done for the third circumferential mode.
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Unless otherwise specified, when tbe system is subjected to internal

.flow, the annulus is filled wi th water (U - 0)
o

on the other hand, if

annular flow effects are investigated,' the inner shell is filled with

stagnant fluid (U
i

- 0) .

5.1 EFFECTS OF UNSTEADY INVISCID FORCES AND STEADY

VISCOUS FORCES USING FOURIER TRANSFORM METHOD

5.1.1 Effects of the Unsteady Inviscid Forces

This section presents the

inviscid incompressible flow.

,':()

considered in detail in. Ref.

results obtained for a system subjected to

~e case of a clamped~:~~~ shell has been

[48]; however, some cases will be presented

"'here for comparison with the results\ obtained for a shell pinned at both

J
ends.

l t is seen in Section 3 ..5 that for inviscid theory, the governing

matrix is reduced to an eigenvalueproblem as in equation (3.112). The
'J

fluid forces given in Appendix E~are evaluated numerically. A copy of the

computer program used for this purpose is given in Appendix I .., Equation

(3.112) is sol~ed using the IMSL subroutine EIGZC which provides the eigen·

values. A copy of ·the computer program is given in Appendix J.

case, the steady viscous forces are not included.

5.1.1(a) Comparlson wlth prevlous methods

In this

The program is first compared with the results obtained carlicr by

Weaver and Unny [21]. In this case. the system consists of a s~mply

no fluid in the annulus. The shell paràmeters are:

supported steel shell conveying water. The flow is internal OnlY.~
,

<i - 1/2, n - 5, '1 - 12.73.
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"i'

The dlmenslonless crltlcal flow velocltles for buckllng and coupled-

mode flutter ,obtalned hert! and by Weaver and 'Unny are compared in Table

5.2. lt is Been that the two sets of reBults are in reasonably good

agreement.

Nondimensional critical
flow velocities r-

I
r

Buckling Coupled-mode flutter

Weaver & Unny 5.10XIO· 2 -2
6.50 x 10

Present work 5.00XIO- 2 -2
6.80 x 10

-..
Table 5.2. Comparison between present studyand

,results by Weaver and Unny [21].
Î

The difference in the critical flow veloci~~.{n the two theories could be

attributed to the use of different equations to describe the shell motion

(Kempner's equations in the previous work and Flugge's, shell equations in

the present work).

5.I.I(b) InternaI flow(---...
The results presented here ar~ for the 1/10 gap-system (see Table

5.1). In Fig. 2, the dimensionless frequencies, of the first two axial

modes (m- 1,2) and the third circumferential mode (n- 3). are plotted -..J

against the dimensionless internaI flowl~elocity, Ü
i

.

lt is seen that the freqUe~ieS associated with the first and second

axial modes decrease as the velocity Ü
i

increases. The purely real frequency

of th-~ first axial mode,vanishes àt point B (U
i

- 0.02). indicating the

1----
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this po(nt the frequency
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becomes

/

purely imaginary. However, at a higher flow,velocity, point R where (Ui 

0.023), the frequency becomes real once more, indicating the restabiliza-

tion of the sys,Çem. Then, at point F (Ui - 0.024), the loci of the first

and second axial modes coalesce. After coalescence, the frequenc1es become

complex conjugate pairswhich is the characteristic of coupled mode flutter, "

The effect of end conditions is presented in Table 5.3. As expected,

a shell with both ends pinned loses stability before'a clamped-clamped one.
/'

End conditions

Nondimensional
critical flow velocities

"

Pinned-pinned

/
Clamped-damped

Buckling

2.obxIO- 2

~ 2.50x 10- 2

Coup led-mode flutter

.• ,,/-. - 2
2.40 x 10

, - 2
3.14 x 10

Table 5.3. Critical flow velocities for buckling for a
clamped-clamped and a pinned-pinned system
with internal flow.

5.1.I(c) Annular flow

Typical ''resul~s for a 1/10 gap-system subjected ta annular flaw are

shown in Fig. 3. The dynamical behaviour of the system is similar ta that

sy~tem with internal flow: the system loses stability in its first axial

mode (m-I) at point B, it is restabilized at point R, and then the loci of

the first and second mode coalesce nt point F indicating the 10BB of

stability by coupled-mode flutter.

Th•• criticnl flow velocities for divergence and c04pled-mode' flutter

are given in Table 5.4, where. they are compnred 'with the correspondlng

values when the flow ls Internal. It la found that, a ahell aubjected to a
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straight annulàr flow loses stabll1t:y at' much lower flow velocities thatl,•

/
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1
i

.. ,1'

. '

whan it is subjected to internal flow, at least for a g~p'radius ratio'of
," ,

1/10,
•

......""

- 4 <
, -

Nondimensional cdtical flowvelocities
1

. ...
, , Divergence, ?oupl~d-mode,flutter

Internal flow .
2.40 XJO-2

(U - 0).
2.00 x 10- 2

0
Annular·flow

1.09 x 10- 2 1.40 x 10- 2
~

(U i -0) .

"

Table 5:4.
, 'If • •

Critical flow,velocit~es for divergence and"
coupled-mode ,flutter of the 1/10-gap steel
shell system subjected to an,internal or
annular flow'of water;

•
5,1.1 Cd) Efface 9f gap....ldé:h,.

Tha affect of the gap width is illustrated ln, Table 5.5. It is seen

that. 1/100 gap system is mucH'less stable than the 1/10 g~p system. ,Tbis

1s so. bacÂllse of . tha increaseL-e-f thevirc;;'a1 mass associated with 'a }

Imallar gai>. which reduces the natural'frequency at zero flow. (Recall that

ln ' thasa 'ca1culat10ns the fluid flow ois considered to 'be inviscid,)

(
.

Nond1mansional critical flow velocities
, Cap,-to-radius
,ratio (g/ai ) - . ,

Buckl1ng Coupled-mode.flutter
~ ,--_.,-,

" "
.
,

, ·2 '1.40 x 10- 21/10 • 1.09 x 10

.
-3

~

1/109 . 3.15)( 10 4.0 x 10. 3
:

....

.'

''''

1aMa 5.5. Tha aCCect oC ennu1ar sap v1dth on ~~

at&bl~lt10C tha.•Ylt••~1ar·nov)

. ,

"

",... ,

..

.'.• "!l..
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•

It is important ta ment10nhere that coupled mod~fll,lt'ter ls only
.. " .

predicted by linear theory. Fora similar problem, nonlinear'theoty, [11].

shows that c,oupled modefluttershould notmaterialize, for a beamsupportéd'~'
\ ) .. ';'.

at-botllends. In the present study,. the system underinvestigation is not
. '.' ': 'i' ,. _

a beam but a shèll; nevertheless, we expect ft to have a similar behaviour, '

to the system investlgated in Ref. [11]. Th~ argument'i~ s~pported by the
", , ' .' ,

experimental results ~ent~d in Chapter VII. In the' experiments, a sili-,

cone rubber sheH is coaxially located in a rigid cylinder and cla,mped Dot
, i ',; , '"" , '

bath ends. The system is subjected to an annular flol<, and the fluid flow-
.; II- . . ..' ~':.; ,. . ~

ing" in the annu1\is is air. The experiment shows that the system loses
i

stabiHty bybuckllng as ,predicted by linear theory;,however, éoupled-mode

, flutter at higher flows was never observed.
) ,

, .. Based on 'the ab"ove, observations, the' post-buckling instability,

. , nainely 'coupled-mode flutter' will not be of further concern -in this Thesis;

thus', henceforth 'resuits for' buckling' alone "(il l be discussed.
, ,

,

,,5;1.2 Effects of Stèady Viscous $orces
.".l,", ' In, this section, the system ~s analYzzed, consid' ing both the unsteady

'. " inviscid for.:;es and the steady visèous' forces in c ntrast ta the results
" .. '. , ' .

.1 up'to this point, which were for inviscid flow.

\. _' 5.1.2(a) InternaI or snnular flo"

~e effects ofsteady viscous forces for a '1/10 gap,-system are-
illustrated in Table 5-:6. The., critical ,flow velocit~es}J>.r buckling, for

internal and 'annular flov, àre compared wi'th the corresponding results. .,', ,

. /'

requlred ta overcolI8 frl~tronal pressure drop'.' In the è..e of lnuer t·lov, '

.'.
from InvisclC! the'ory.

billze 'the sysum' ln

Inner flov case. Thl•

It is seen that the steady visc~us ,forces'dé.ta:

tli~of af!I'ular flov,and :tabllize It for th!>

could be\ explalnad by the effect. of pressurizaèlon
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. ,
, .

the pressure on the interio~side of the flexible shell is higher than on
) "

, the annulus •. The. ne.t pressure àcting on thll innersurface 1$ in a radially

"-,outward dir'!ction. This pressure . tends to incre'ase' the st~ffness.ofthe.
.'

shell; hence, it delays the instabilit~ which is ultimately causedby. the

unsteadyforces. In the case of--ànnular flow. ...x'actly the reverse applies .
.'

The ptessurewh!ch is.higher in the annuius tha~inthe inner r~gion'tends

to .. collap~e the flexible shell, , thus destabilizing the system .

. .

, Nondimensional critic.al flow'
velodty for divergence

, ...,,;' _ ••. o·".

•
Inviscid Inviscid and
forces steady viscous,

..'ll. forces ,.
InternaI . ,\,' ..

, ~""" 2.bo'xlO- 2 3.80 x 10- 2
(U -0) , ",.
, 0 .
Annular j

1. 09 X'rô- 2 . 10- 3,' -
(Ü :. 0) 2.4 li:.,

, i'
"

, .

Table 5.6. 'Effect of steady viscous.forces on' the
stability,of a system subjected.to
internaI or annular flow.

. ,
.'" 5.1.2Cb) Effect of annular {fap

The cri.tical flow :veloclti~s" at buckling for the two different gaps

·g/ai - 1/10 and 1/100) _taking into account the steady, viscous forces are.. .... .. , . t ' . . ....
pres,etls.,,~in Table 5.7, where they are' compared with those from invi\'cid

.' . . .. "'i •

theory.In both theories •. the system' beccSmes ~ess stable. as the ratio" of

gap-size to. radilJs decreases ;howe~er, 'the ratio between the critical flow
, '.

velocities is 0.22 for the· I/10-gap system and 0.16' fo.r the 1/100.gap

syate... This is an indication of the increased effect of. the stead!

" .

"

viscous force~ for a SlD811e~ap as a result of the' incre~se in pressure .

.required to drive .-the fluid in a slll811er annulus.

..
..
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. ;;

•
Nondimensional c~itical flo~

vèlocity for div~i:gence

•
\;

Gap-size to ,
radiuS ratio

(g/a
i

) Inviscid only
1

'Inviscid and
,>('l:e~dY viscous" Ratio

"

1/10
1., -3

.' 2.40 x..10 0.22'

," "Effect of steady viscous forces in annular
flow for d~fferent gap-systems by the
Fourier Transform method.

\ 1/100

Table 5.7.

'3.15 x 10- 3 4.95xlO- 4 . 0,16,

The ',.investigation on the stability of, a system subj ect ,to both

unsteady arid steady viscous forces in internal and annular flow has been
,-.- ., ,. .. - .

completed using ,the F~urier Trarisform'~ethod. 'In the following sectiori,'n'
• ----.... ' 1

similar study is carried out. using ,the travellIng wn)Te solution','

5.2 ÉFFECTS OF UNSTEADY INVISCID FORCES AND STEADY

VISCOUS FORCES USING TRAVELLINGWAVE SOLUTION . ,
.. ' / ~ ~

Before preseriting theresults"\,, it is useful to d15cuss the nature 'of
• ..c}, ,'" '

a travellingwave solutIon.' As discussed in Ref. [31] ,the solution con-
, . ,. . ,

sts 'of two parts: the' firstpart 15 associated' with e,i (wt + kx), and' the

second with ei(wt - kx) ,correspond1ng to a backward and a forwai'd moving

disturba~ce, i:espect~v~ly.

Examining the' case .of

equation are represented by

+ + +
w - wl + i w2 •

i(wt + kx)
e .. , the two frequericy

(5.2.1)

'. +where w

\
w ~ w

1
- i w2 (5.2.2)

~ ,
eOrrespon~ to the frequency of,motion, ..sociated with à backward

"--, "

. ,

travellint wave. while w- Ct.teSponds to' a forward travelling wave, and w1

andw
2

are the ' real 'and .imaginary parts of the frequency, respectively.

" )



1

•
71

It is important to mention here that a travellin wave does not satisfy

the boundary conditions for a shell pinned at bot ends; however, as Iole

will see later, if Iole use a wavelength equal to t~'length of the pinned

pinned shell in the analysis, Iole will be abl~ predict the buckl1ng

velocity for a pinned-pinned shell,

The unsteady inviscici forces for internaI and annular flow have been

derived in Appendix H. A copy of the program developed for studying the

-;
stability of the system subjected to these forces is given in Appendix K.

The wavelength used in the computation is equal to the length of a

pinned-pinned shell.

5.2.1 Effect of the Unsteady Inviscid Forces

In this section, the steady viscous forces are not included in the

calculations,

5.2.1(8) Effect of internaI flow

A 1/10-gap system with stagnant fluid in the annulus is considered,

i(wt+ kx)' - +
For the case of e. , the nondimensional frequencies 0 and 0.' .

.' + -
(they correspond to' the frequencies w and w , respectively) are plotted

against the dimensionless internaI flow velocity U
i

in Fig. 4. As expected,

+ -at zero flo"" 0 and 0 are equal in magnitude but ~f opposite signs.

lly. this represents the two waves of the sarne frequency which are

are zero

than 0-, until the former+however, n decr~ases faster

"veloc1ty U
i

- 0.01'94.

ing in opposite directions.

increase the f~ow velocity, both frequencies 0+ and 0 decrease

reaches zero at a
•

in absolute value;

throughout, indicating the absence of damping.,
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+ - .
For a slightly higher value of U

i
• Cl becomes negative, producing a

new forward going wave; hence, no natural self-sustained backward travel-

ling wave is possible in the system above a'cer~ain flow velocity. At a

little higher flow velocity (U
i

slightly less than 0.022), bath frequon

cies meet at the Re(Cl)-axis where we have Cl+ - Cl and then becorne complex,

indicating the threshold of flutter.

The results for ei(wt - kx) are given in Fig. 5. We see that this is

critical flow velocity.

) simply a mirror

exactly the same

image of Fig. 4. The instability threshold occurs at

Henceforth, only the backward

travelling wave corresponding ta
i (wt+kx)

e will be considered as the

forward travelling wave gives identical results.

It is important t!'o mention here
.' r

that the velocity +at which Cl

vanishes is of great interest ta us. Although, the travelling wavc

solution does not satisfy the boundary c0I!6'itions of a. shell pinned at

both ends, it nevertheless gives some insight into the velocity at which

buckling occurs in a pinned-pinned shell.

compared with the frequencies of a pinned-pinncd shell

In Fig.
)'

velocity and

6,
, +

the frequency Cl is plotted against the dimensionlcss

obtained using the Fourier Transform method. I t is seen that the fre-

quencies of the two methods at zepo flow (Ui - 0) are the samc.· As wc

increase the flow velocity, the frequencies in bath methods are reduced;

however, they are appreciably different.. Neverthelesa, the real part

becomes zero at approximately the same flow velocity for the two m.thods.

In Table 5.8, we compare the flow v~locity at divergence
\
'. +

Transform method with the velocity at .which Cl vanishes

wave solution. •I t is apparent that the two values are

using the Fourier

in ·tb~trav.lling

almost the sarne 1

and this 15 an indication that the
+velocity at which 0 va,:,ishes may

indeed correspond to the buckling velocity of a ~1nned'pinned shell.
'-..~
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-Nondimensional critical flow
Method of solution for divergence

..

Fourier Transform
- -2

2.00 x 10
method

-1_,-

Travelling wave 1. 94 ~ 10- 2

solution

Table 5.8. Critical flow velocities at divergence for the
Fourier,transfotm and the travelling-wave
methods of solution for internaI flow

The difference in the results of the two methods could be attributed
)

to the nature of the solutions. In the tr-avelling wave' solution, the

. Cl
sl'~~em.

)

c

•

unsteady forces -are calculated by -considering one axial mode only (m - 1);

for the Fourier Transform method, on the other hand, these forces are

determined using Galerkin' s technique, which results in the coupling of

three axial modes (m- l, 2, and 3). In the latter method, the inertia

and centrifugaI forces for each mod'l could be decoupled (the derivatives

invoJ-ved in evaluating these terms are functions of time and the axial

space coordinate, __ respectively); however, the Coriolis forces for the

three modes are coupled because of their dependence on both time and axial

space coordinate (x)~[see equ~tion (2.49)]. Hence, the Coriolis forces in

the two methods of solution are different, and these are the forces which

cause the difference in frequencies before buckling. At the point of diver-

gence, the frequency is equàl to zero; hence, the Coriolis forces are zero,

and the centrifugaI 'fol.es, wh'ich ar~ responsibl: for divergence and are
•

the same for the two methods, are the only forces acting on the
,,,,/

-~ence the results in Table 0.8 are not surprising.

). -
Another )important point which shoùld be pointed out for causing the

difference in rite resules is the difference in' the boundary conditions

,
..... ,
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considered beyond the shell ends. For the Fourier transform method the
..~ .
•, ;.t

shell is assumed to be connected to a rigid cylinder at either enll;'

whereas. as for the travelling wave solution, the shell is considered to be

infinitely long. Hence, the "actual" system is better represented~

Fourier transform method.

Based on the above discussion, the threshold for divergence in the

travelling wave solution is taken to be the velocity at which 0+ vanishos.

5.2.1(b) Annular flow

In this. case, the inner shell is fiëd with stagnant fluid, whilst

the annul~r fluid is flowing with a velocity Ü. The results for the 1/10
o

+gap steel-water system are shown in Fig. 7 where the frequency 0 is plotted

against the dimensionless.flow velocity in an Argand diagram. The dynamical. ,
behaviour of the system is similar to that of the internal flow case; the

+system loses stability first by divergence (0 is equal ta zero). followod

by flutter.

In Table 5.9, the critical flow velocities for buckling for intornnl

and for annular flow are compared with the corresponding results from the

Fourier Transform method. It is found that the two methods aro in good

agreement.
\

Nondimensional critical flow
velocities for divergence

Travelling Fourier Transform
wave solution method

. Internal flow ,
. -2-2- - 1.94 X 10 2.00xlO

(U ... O);(U -0)
~ 0

Annular flow
-2 -2- . 1. 03 X 10 t-- 1.09 x 10(Ü

o
.. '0); (U

i
- 0) ..

Table 5.9. Comparison between results using travellingrave
solution and Fou,ier Transform method,.for i ternal
and annular flow for 1/10-gap system. •

"
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The effect of gap-width on the buckling velocity is illustrated in

Table 5.10. The results agree with the corresponding ones from Fourier Trans-

form method; the 1/100 gap-system is less stable than the 1/10 gap-system., -

Nondimensional critical flow

---. velocity for divergence
Gap-to-radius

ratio .l~velling . Fourier Transform
ave solution method

1/10 -2 1.09 x 10- 21.03 x 10

1/100 -3 3.15 x 10- 33.10 x 10

Table 5.10. Effect of annular gap width on the stability
of the sysfem subjected to annular flow for
the two methods of solution.

5.2.2 Effect of the Steady Viscous Forces

The effect of annular flow with both unsteady invsicid forces and the

steady viscous forces is investigated ,for both annular, gaps used in the

foregoing. The critical flow velocities for divergence are given in

Table 5.11, where they are compared to those obtained using the inviscid

theory,
é

lt is seen that the ste~dy forces destabilize the system; the

c
"

smaller the gap, the higher is the effect on the stahility.

"

Gap-to-radius Nondimensional critical flow Ratio
ratio velocity for divergence

(g/a i ) r lnviscid & steady
lnviscid forces viscous forces

-'-
1/10 1.03XlO- 2 2.35 x 10- 3 0.22

1/100 3.10x 10. 3 4.95X10- 4 0.16

Table 5.11. Effact of'steady viscous forces on the
stability for the two gap-systems in
annular flow predicted. by the travelling
wave method. .

,.

•
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The results in Table 5.11 are in good agreement with those obtnined

from the Fourier Transform method in Table' 5.7. This demonstrates the

reliability of the travelling wave solution in predicting the buckling

velocity of a pinned-pinned shell.

In this Section, we have used the ,travelling wye solution to study

the stability of a system subjected ta unsteady inviscid and steady viscous

forc s.

the following Section, we will be dealing with the effects of both

and steady viscous forces on the stability of 'the system. Thus,
.... .J- .

this is the full theory , where aIl effe'cts coruiidered in this Thesis are,
'-,

taken into account. The investigation is carrieu'put using the travelling,

wave solution.

5.3 EFFECTS OF UNSTEADY AND STEADY VISCOUS

FORCES USING THE TRAVELLING WAVE SOLUTION

In Section 4.6 the govern\ng matrix [A) ta be used in r.his case has

been formulated.' The elements of this matrix are given in Appendix 'G, and

a copy of the computer program developed for studying the, stability of the

system is given in Appendix L. The effects o~ unsteady viscous forces are

investigated first; then, the system ls subjected to both unsteady and

steady viscous forces.

In aIl cases considered, the results are compared with those from

invisCid theory. ')

5.3.1 'Effects of Unsteady Viscous Forces

As mentioned in Chapter II, there are two approximations for the

boundary conditions:

(i) anaveraged velocity, Uav ' is presumed ta be acting at the wall, which

is determined via equations (2.50) and (2.51) for internaI and annular

flows, respectively;

"
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(11) the boundary' conditions are applied at a distance 6 from the wall, which

15 of the saroe order of magnitude as the shell deformation in the radial

direction due to the turbulent flow excitation. The velocities asso

ciated with "6 t for internaI and annular flows are given by equations

(2.52) and (2.53), respectively.

It has been verified that any of the pressu~e perturbation equations

(2.40)-(2.42) will lead to the saroe critical/flow velocity at buckling when

based on averaged velocity approximation at the· bou~dary. However, equa-

tion (2.42) is the ll10st appropriate one for 'carrying out a compariso:,

between the effects of the two approximations with,~espîct to the stability

of the system. Hence equation (2.42) will ~e used in finding the pressure

,
pertubation forces in the following analysis. ~The expressions for these

forces are given in Appendix D.

5.3.l(a) Comparison between the"two approximations
for the velocities at the shell boundary

For the 1/10- gap system subj ected to' internaI flow, the buckling

velocities are plotted in Fig. 8 for a variable 6. It is found th~t, as 6

is increased, the buckling velocity converges toward the value obtained by

,the average velocity approximation.

In the experimental study presented in Chapter'VII, we have measured

the amplitude of vibration in the radial direction, w, for a silicone

rubber shell coaxially located in a rigid cylinder and subj ected to annular

flow of air. We have found that the ratio ( w ) varies between d.01r -a
m i

and 0.02 for a11 the cases considered. This ratio is ce1ated to 6 in the

theoretical study; hence, we can use this experimenta1 range for 6 in the

,r

•

t 6 is the nondimensiona1 form
inner shell and to ~rm,- ai)

!

for 6; it is equa1 to
for the annulus. \

6/a
i

' for the
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theoretical approximation. In Table 5.12, the buckling velocities for 6 -

0.01 and 0.02 ·are compared with the value obtained from the averaged

veloc ty approximation; the difference is found to be 18% and 13%. respec

tively Thus, the averaged velocity approximation could be used for pre-

tio . moreover, this approximation is convenient when comparing the present

theory with the inviscid theory in which the flow velocity is also constant

across the cross-section.

Nondimensional critical flow
velocity for divergence

.
- 10- 2
6 -0.01 2.3 X

i'!

- 10- 2
6 - 0.02 2.2 X

Average velocity
1.95xlO- 2approximation

Table 5.12. Comparison bet~een the buckling velocities
for different 6 and the value obtained
from the average velocity approximation

Based on the above discussion,

be used in the following analysis.

,

the averaged velocity appJltimation will

5.3.1(b) Caiculation Eor internaI Elow

For a 1/10- gap system where the annular fluid is stagnant, the non-

+dimensional frequency 0 is plotted against the dimensionless internaI flow

velocity in Fig. 9, whe~e it is compa~ed wlth the corresponding curve f~m

. +
invlscld theory. It ls found that the values.of Re(O) are elmost the same

. +.
in the two theories; whl1e Im(O ) ls now larger (of the order

~' .
pared to zero). This represents the effects of fluld damping,

com-

an unsteady
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v1scous effect. The cr1tical flow velocit1es for d1vergence and flutter are

compared 1n Table 5.13. lt 1~5hown that the yeloêities in che two theories

are the same. which 1ndicaC"9 how ins1gn1ficant is the role of viscosity

on the unsteady forces, at least for the 1nternal fIor and for the

parameters cons1dered. A similar conclusion has been r,orted in Ref.

[52]. where a theoret1cal study has been conducted for a s111cone rubber

shell clamped at both ends and convey1ng water.

Nond1mensional cr1t1cal flow
veloc1t1es.'

Buckl1ng Flutter

Unsteady 1nv1sc1d
-2 ,

2.20 X 10-?forces 1. 94 x 10

Unsteady vlscous
-2 2.20 x 10. 2forces 1.95xlO

1·

Table 5.13." Compar1son between cr1t1cal flow velocities
using unsteady forces from 1nv1sc1d and v1scous
theor1es for internaI flow (g/a

i
1110)

S.3.1ec) Cs1cu1stion for snnu1sr f10w

A 1/10-gap system 1s cons1dered with stagnant fluid in the 1nner shell

(U1 - 0). In Fig. 10, the frequency-velocity ~urv~ is compared to the cor

responding one from inviscid theory. The fluid 'viscosity slightly affects

the frequency of ~he system before divergence; however. the critical ~w

velocities for divergence are essentially the same in the two theories, ~s

shown 1n Table 5.14. These findings agree in principle with the theoretical

study in Ref [55] for tsystem consisting of a flexible beam clamped ;rt
~, .

bAt,h ends and ~axial1Y 1 cated within a rigid cylinder, with water-flow in

the annulus.
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Nondimensional critical
flow velocity

Unsteady inviscid 1.03XIO- 2

Unsteady viscous 1.03 x 10- 2

Table 5.14. Critical flo~elocity for divergence
for the two cases of unsteady iûviscid
and unsteady viscous forces for annu15r
flow (g/a i 1/~0).

·The behaviour of the system with a smaller gap-size (g/a i - 11100). is

quite' different from the previous case, mostnotably the fluid vtscosity has

stronger effects on stiffness. hence on the frequency and the buckling

velocity of the system. In Fig .. Il. the freqùency velocity curves for both/~

\~•. / viscous and inviscid theory subject to annular flow are compared. l t ts

found that the fluid viséosity reduces the frèquency of the system at zero

flow velocity. As the flow velocity increases, the frequencies in the two

theories are. reduced; however. the frequency associated with the viscous

the,ory decreases more slowly than ·the one from inviscid theory. In Table

5.15, we see that· the velocity for divergence asociated with the viscous
...

theory for annular flow is higher than the corresponding value from

invisèid theo~y. This is because of the added stiffness in the system as·

~ result of inclûding the viscous perturbation forces. Hence, the unsteady

viscous forces are more pronounced in a very narrow gap,

system more stable.

•..

rendering the
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J

NonCiimensiona1 critical flow
ve'locÙY for

,
divergence

Unsteady inviscid
.

3.1 X 10. 3

Uns~adY viscous 8.0 X'10' 3t
,

Table 5.15.' Critical f10w ve10city for divergence
for the two cases of unsteady inviscid
and unsteady viscous theories in
annular flow (g/ai - 1/100).

Effect of Steady Viscous Forces in Annular Flow.,
(Resu1ts with the Complete Theory)

.........
~r

Both systems (with dUferent annular gaps) are considered hore. In'

Table 5.16, we compare the ve10cities for divergence in this casa with,
those from the unsteady viscous theory. It is found thnt' the stondy

viscous forces have a dèstabilizing effect on the system; furthormoro, '-
'v ~

these effects are more PFonounced in ~lOO'gap system .

J

•

.
1 Nondimensiona1 criticn1 flow

Gap-to-radius' : ve10cities for divergence
ratio

Unsteady '. Unsteady viscous
(g/ai ) viscous and steady vtsco~s

on1v •
1/10 '1.03XlO· 2 2.35 x 10. 3

,

1/100 8.0 x 10. 3 5.0 x 10.4

"
Table 5.16. Effects of steady viscous forces for both

gap·systems for annu1ar f1ow.

In connection with Fig. 11,
wou1d precipitate buck1ing at; ,

perhaps nonuniformities in a' renl sheH
4.0 x 10,3 rather than 8.0 x,10' 3 .
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--,
lt seems that tPL critica1 f10w ve10cities for divergence depend

main1y on the staady viscous forces. This is verified by c?mparing the

resu1ts for the two theories (~teady viscous forces .against unsteady and'

stea~y viscous forces together). In Table 5.17, Iole can

gap sys tems , the ·flow ve10cities for buckling are the,

see that for bath'

same. This shoàs

agaip that the effects of unsteady viscous forces on divergence of the

system are essentia11y insignificant.

J

Gap/radius ratio 'Nondimensiona1 critica1 f10w
(g/a

i
) ve10cities for divergence..

"'é Unsteady viscous
Steady viscous and steady viscous

1/10
-3 -3

2.35 x 10 2.35 x 10

1/100 4.95X10-~ 5.\X 10-4 .

J

<

1

Table 5.17. Effects of steady viscous forces with,and
without unsteady viscous forces the two for
gap systems subject ta annu1a~ f1ow.

-,
•

The frequency-ve1ocity curvE< for a 1/100-gap system is p10tted in Fig.

12, where itis, compared vith the corresponding one from inviscid theory i~

c1uding th? steady viscous forces. lt is shawn that the frequencies of the
,-
system subjected'to unsteady viscous forces are lower than for inviscid,

forces; neverthe1ess, , the ve10cities for divergen'"ce are the same, A1so

ta be' sean in Fig. 12 isthat. the 'long "tan" in the locus of Fig. 11 is

no longer present.

In this section Iole have found that, in the ab{;ence of steady viscous

forces, the unst!,ady viscou'i effect is insignificant for a 1./10- gap system;

however, this effect is more. pronounced for a 1/100- gap' syst'em , rendering

the sy~tem more stable. nfe situation is quite different when the steady vis-

cous forces are inc1uded. For bath gap systems, the stabi1ity of the system
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depends mainly on the stea:dy viscous {orees, and the' unsteady viscous,
effects influence on1y the frequencies of the system prior to divergence.

Resu1ts in this Section were obtained using the travelling wave

solution.

In the fol1owing Section, we will be 'dealing )with the

unsteady viscous forces in interna1 f10w using t~e Fourier
L.

,Method.

effec t of

Transform

•
. .

-\

5.4 EFFECTS OF UNSTEADY VISCOUS FORCES (FOURIER TRANSFORM METHOD)

.~ The e1ements of matrix [A] deve10ped in Section 3.5 are given in

Appendix C. This matrix invo1ves both interna1 and annu1ar f10ws. In this

(
the ory , the unsteady viscous forces are frequency-dependent; henco, an

iteration method is needed to study the stabflityof the "system. Tho

computationa1 costs associated with annu1ar f10w'are very high; thorefore,
JI

we will consider on1y the case of interna1 f10w.

In this study the she11 parameters are described as in the 1/10-gap

system and omitting the annu1us. Ca1cu1ations are done for both c1ampcd-

c1amped ;:md pinned-pinned .shells.. A copy of the prog'lm is givcn in

Appendix M.

The ve10city app1ied at the boundary of the moving she11 iB based on

"th!' average ve10c~y approximation:
f

5.4.1 C1omped-c1amped She11

\

The frequency-ve10city curve is p10tted in Argand diagram form in Fig.

13, where it is compared to the correspond1ng curve from 1nv1scid theory.

It is found that as the ve10city increases, Re(O) in both theoricB is

ceduced by the some amount; Im(O) is of the arder 10- 5 for the V1SCOUB

theory, as opposed to zero· for 1nviscid theory. The buck11ngve10citics in

..
th-;' two theories are the sarne (Ü'

c

effects of viscosicy are ~nsignif1cant.

-',

0.026); th1s 1ndicates that the
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• -' 5.4.2
•

Pinned-pinned She11

'- - j

In Fig. 14, we compare again the frequency-ve1ocity curves ~or viscous

and inv15cid theory, but with pinned-pinned" end conditions. A similar

. .

t

r .., • j

conclusion is reached as in the c1amped-c1amped case: the f1uid 'damping

effects are essentia11y insignificant.

It 15' important to mention here tha?' the re",u1ts obtained in this

Section using' the tourier Transform method' are simi1ar to the resu1ts

obtained 'in Section 5,3 (Tab1ê 5,13) using the travelling wave solution;,

thus, we can have some confidence that both methods of solution are correct.

/ .

"

1

\
,
\

..
..

.J
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CHAPTER VI

EXPERIMENTAL APPARATUS

6.1 GENERAL DESCRIPTION OF APPARATUS

In parall:r to the theoretical work, sorne experiments were conducted

in order to check the theory. The experiments involve a cylindrical sholl

pos i ti'ômed Ina rigid cylindrical pipe (Fig. 15). !WO types of end

"
conditions are considered:

(i) the shell is clamped at both ends;

the
i

(H) the shell is clamped at one end and free at other.

.The shell is made of silicone 'rubberY, The outer :éontainment pipo is
,

made of plexiglas, so that the sheJ,,1 within is clearly visible'. The fluid

flowing in the annulus and stati~nary inside the shell is air. The air is

supplied from a mete~ed supply, ultimately from an air compressôr. A'honoy-

comb 1 screens and a contract1ng section upstream of the annulus aro cm-

ployed to render the flow entering the annulus straight and quito uniform.
,

The mean radius of the shell is 24.7 mm, wall-thickness/radius - 0.05.

Experime'nts ';'ere conducted for various shell lengths,

size betwe~n the inner shell and the cylindrical pipe.

and difforent gap

"-
Tho longth/radius

'1

•

ratio, L/a i ranged between 5.5 and 7.0, and the gap/radius, g/a i , was 0.1,

0.25 or 0.50.

In order to ,assess the presurization effect for the ClampOd-Clamp~o

shell, two cases are considered. In the "first case, the air insido, t e

J
shell is at a mean pressure equal to the atmospheric pressure as in Jàl

arrangement shown in Fig. l6(a). Subsequently, the test ,is repeated with

the inner pressure equal to the static pressure of the annular flow at the-downstream end of the shell, as in Fig. l6(b). For a clamped-free shell, of
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effect could not be investigated since, the down'-

1
1

stream end of the shell is free as in Fig. l6(c).

6.2 SILICONE RUBBER SHELL,

The shell is cast in a special mould, from a l{~uid silicone rubber,

'which hÏ1rdens with the ai~ of a' cat:,lyst. The mould consists of, a rigid

cylinder of aluminum coaxially located in a rigi~ cylindrical p~pe made of
'..

plexiglas (F~g. 17). The diameter' of the rigid cylinder is 48.,26 mm' and
" "

the inner' diameter of the pipe is' 50.80 mm. The difference in diameter'

represents twice the thickness of the rubber shell (sO,h - 1.27 mm). ,

The ,liquid rubber, fre~ from air.bubbles, is injected from below in

the mould. Care is taken in the moulding of the shell and in the machining

and mounting of the vari9us components of the apparatus to ensure uniform-
r

ity of the .shell ,to the extent po~î)Dle~

Young' 5 modulus of the shell is determined experimentally from the

frequency of a cantilevered rod wi th various lengths. The average value

for Young's modulus is,E - 2.42 MPa.

6.3 MEASUREMENT INSTRUMENTS

• '3 3
The density ps -' 1. 22 x.10 kg/m.

\.

~The flow velocity ,is measured either with a rotameter', upstream of the
,

apparatus or with pitot tube utilized n~ar the exit of the annulus. Small
•

amplitude vib,ations of the. shell 'induced by flow turbulence' are measured
'"

via one or two fio}:e-optic sensors ("Fotonic Sensors"), azimuthally

s?parated by 140'. The signals from these sensors are processed by a dual

charinel Hewlett·Packard 5420A FFT Signal Analyzer. Power or Cross Spectral

densities ·(PSDs or CSDs) yielded the dominant frequencies excited by the

Jlow, whicfivaried with increasing flow velocitY. The instability (buck- •
~

J ling) itself could be determined from the variation of frequency with flow
", ~.

• ', 1If

velocity; however, the onsetofinstability could also be assessed visually.



~...
/ -

• 6.4 . TEST PROCEDURE

87

The' following steps are involved in any given test:

(i) the fibre~optic prbbes are properly positioned and calibrated, so that

they would operate in a linear rango;

CSD w~s obtained (accordi~g~y identifying dif:er~nt modes of

of the shell excited by the turbulent, flow;

r

for the vibration sign,!-l ob~a~ned,
\

(ii) the flow velocity is incremented in steps and at each step', a PSD or·
\

~~
v1brati~'"

(iii)' based on tii) , plots of frequency of the doml:nant modes of vibration

flow velocity obtained; --versus are """------. l' ,)
(iv) steps (ii) ,land (iii) are càntinued until the system lost stability.

Tests were. conducted with no~ally identical sheUs to v6'rify the

repeatability of the experiment.

to the

g/a 1cofcted with

presstire equal
"

Generally for a given shell, the first test was

0.25 and with the air "in the innèr shell at a mean
• 1

atmosp'heric pr~ssure, as in Fig. 16(a)" Subsequently the te~t was repeated

with the inner pressure equal to that of the annular flow at the downstream

end of the shell, as in Fig. 16(b).

'The value aD g/ai'was,then changed fr'om 0.25 to 0.50 or 0.10 by instal·

ling another'plexiglas pipe with' ~he appropriate inner diameter. Also the

&effect of Liai was investigated by cha~ging the length-to-radius ratio from,
'7.0 to 5.5 in 0.5 steps .

.(-x?P--L'; -
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c.HAPTER VII

EXPERIMENTAL RESULTS .' ,

The behaviour of a clamped-cl~ed syscem ~s
~

presented first, followed
,

by the behaviour of a clamped-free system.

7.1 CLAMPEn-CLAMPED SYSTEM
c::::J 1

7.1.1 General Behaviour of Clamped-Ctamped System

Generally, the second and third circumfer~ntialmodes, n - 2, 3 (and, in

both cases, the firsc axial one, m - 1) of the shell were m~t prominently

excited by the turbulent flow. The amplitude of vibration was typically
•

verysmall.ranging between 0 mm and 0.04 mm (measured at mid-span of the

shell) for flow velocities in the annulus, U, in

This corresponds to a Reynolds number in the range

the range 0 to 50",,"/s.

4of 0 to 5. l X 10 ..

i i

As the flow velocity was increased, the frequency of both modes, n - 2

and 3, was diminished, as sho~ in a· typical case in Fig. 18. Phys ically,

this reduction of the frequency with flow is associated with a "centri-

1 2
fugal" force proportional to MfU , wher.e Mf is the fluip. added mass; this

,/
force is equivalent te' a compressive load,on the shell .

."In this particular case, for U - 45.5 mis, the shell buckled'in the n

2 mode. The amplitude of the buckling woas very large, and the two sides of
1

the shell, in its central por~ion, .actually touched, as shown in Fig. 19(a).

In sorne cases, as the flow velocity was increased further, the buckled

shape was transformed quite abruptly from n. - 2 to TI - 3. In other cases,
,

however, typically for the smaller values of.. Liai bucklir:g occurred first

in the n - 3 mode, as shown in,Fig. 19(b).
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No flutter of the shell was ever observed. in contrast to èheoretical

predictions. in Ref. [48l ) and here. that coupled-mode. flutter succeeds
" '

divergenceiat higher flow velocities.

;
General Agreement betweèn Theory and Experiment7.1. 2

It was .seen in Chapter V'that the dynamics and stability for allIO-gap

, .
.I....system. which is subjected to unsteady and steady viscbus forc<i.s corros· ..

."" ~ . . . , .

ponds closely to EhebehaViour.ofthe same system when subjected to unstoody

inviscid and ste~ viscous forces <as in Ref. [48]). For this reason. tho
\ - .

experimental results are 'compared with their theoretical' counter'parts

obtained with the theory of Ref. [48].

1 The effect of Liai on the circumferential modos at b~ckling could givo

\
a good indièation on the qualitative agreement between the thoorotical and

( . . .
experimental results.

It is seen from Table 7.1 that theory and experiment agree with oach

other that the shorter the shell. the larger.1s the c1rcumferentfal modo

number associate~ with buckling.

,

,

~
.'

Circumferential mode
Le,ngth- tO,-radius ~

ratio (Liai) r:xperimental Theory

5.5 3 . 3, ...
6

,
2 3

6.5 2 3

7 2 2

, 't>l

Table 7.1.
•

Effect of the length-to-radius rat~o Liai on the

circumferential 'mode associated with buc~ing

(g/ai~- 0.25. ~A - PB)'



For Liai - 5.5. in both theory and experiment theshell buckles in the••
•

' .

same circ\UDferential mode, n - . 3; similarly for Liai - 7,
, .

associated.with n - 2 ls both predicted and observed. However,

'90

instoability

for Lia. - 6
l .,' ~

and 6,5, the. theoretical circumferential mode number for buckling i5 dif

ferent from the experimental.one. This could be ellplained by the difference

in axial tensioo .to the shell. The state of zero tension' on the shell"
o

r assumed in the theory, is very difficult to achieve experimentally; a

small difference in tension for a specific sbell. length coulc! well cause

tne disagreement between theory and experiment:, The .effect of tension or

compres~i,?n on 'the' circumferential "mode at buckling is clearly discussed

in Ref. [56).

moulding apparatus which would result in imperfections, favouring the lower

Another reason for "the difference 'between the theoreti\(Jll and

experimental results could be caused by a possible eccentricity' in the

j'.
circumferential mode (n - 2).

\

n -

..The difference in"the theoretical critical flow velocities for buckling

in n - 2 and n - 3 is generally small; that' is why small differences in

. tension and imperfections are so important. For Liai - 6. U
c

~. 58.0 for

2' U - 55.5 for n - 3., c

Furthermore., it should be noted that the qualitative disagreement for \\

Liai - 6 and 6.5 is not a general one; but rather depends on the shell
t.

~arameters as shown in Table 7.2. ioi a system with Liai - band different

gap sizes (g/a
i

- 0.1,. 0.5) theory and ellperiment are in good agreement

regarding th~ circumferential mode at buckling. _

\. 0
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. "

.

Table 7.2.

'-J'
~

" .

•

"(, .,,' 7.1.3

Circwnferential mode nwnber n
g/ai

•
\

A Expel!iment Theor):'

'0.1 3 , 3

0.5 2 2'.
.

Circwnferential modes at buckling
for L/ai -' 6 and g/a i - 0.1, 0.5.

Quantitative Agreement with Theory 4

The so-called "standard" system will be discussed first. In this case,

L/ai - 6.0; g/a i .. 0.25 and the air within the shell' is at the static

pressure of the'fluid flowing in the annulus at the downstream end of the

sheH [Fig. l6(bn. Later, the effect of variations of these parame ter"

on system b~hraviour ,will be discussed.,
, , ,

In ,the experiments, the critical
\

flow velocity is associated -.With the n - 2 mod~, as shown in Fig. 20 (the

same case as in Fig. 18),

the n - 3 mode. In this

Dut'then at higher flow there is a transition to
~

c,ase, the theory predicts that the shell should

buckle first in {ts third circumferential mode (Fig. 20). The results are

summarized in Table 7.3.

( Circumferential mode Critical flow velocity, U (m/s)c

n . •Experiment Theory,

2 45.3 ± 9% 58.0 .

3 48.6 ± 9% 55.5

Table 7.3. Criticnl
system.

flow veloci ties of the "bas ic"
L/a i 6, g/a i 0.25 and

. /
\ ../

1

p A
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The experimental results presented above are based on tests conducted

with fJur nominally' identical shells; the- differences in the critical flow

velocities (quoted in percent of the mean U ) could be attributed to the
c '

imperfections and) nonuniformity of the moulded she11s and the associated

apparatus.

• . --lt is important'to reiterate that the coupled-mode flutter predicted ~
"----~

theory was not observed in any of the exp riments. Thus t!:!e behaviour of

ity by divergence - i.e. the post-the system beyond the first loss

buckling behaviour - canf be succe sfully' predicted by linear theory.

This is usüa11y the case."- The same observations were made in the~ase of

beam-like motions of a pipe supported at ,both ends and conveying fluid: '

"

linear theory predicts the occurrence of post-buckling~oupled-modeflutter,

whj.ch is not found experimentally. Nonlinear theory

fact, coupled-mode' flutter should '~materialize,
, \ "

experimental observation~~

[11] shows that, in

in agreement wi th

)

.r
On the other hand, unlike the problem of the flow-conveying pipe, the

system here under consideration is,not entirely.conservative, as it is sub-

jectèd to unsteady--viscous forces . .In this res?-ect, this problem is similar
-_.--/

to that of a beam in ax1symmetricallyconfined flow, already studied

[31,57]', which does develop post-buckling coupled-mode flutter [571, in

the mat'''''é i'l:"dicted by theory. The most likely re!,son for the difference

between the beam system'of Refs. [31;57] and the present on~ is that the

1

maximum amplitude of the buckled system is small in the former case and

extremely large in the present case. This obviously affects~ost-buckling

1

C

behaviour in' the experiments and reduces the chances of good agreement with

linear theory, which, it is recalled, considers stability in terms of small

perturbations about the original, undeformed equilibrium position [48].
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the length-to-radius ratio. are discussed.next.

\
1

(

The effect of the gap, size, pressurization of the sheH and clïanging

7.l.3(a) Effect.of Gap Size

Three different gap-sizé/radius ratios were con'sidered: g/a i - 0.1,
./

0.25 and 0.5. Table 7.4 show~ the effect of changing the gap size on the

critical flow velocity for a system'with L/a i - 6 and PA - PB'

, ~

r.

,
Critical flow velocity, U (m /s)

Gap-size/radius • - c

g/a i
~

Experiment Theory

0.10 29.7 37. 0.
0.25 45.3 58.0

0.50 59.2 79.3
.,

Table 7.4 The effect of annular gap width on,
the stabiHty of the system (n - 2)'.

1""':\
'4)

, .

There are two reasons for which the critical flow 've'ioci ty is decreased
~ '.

A

as g/a i is reduced:

(i) a higher virtual mas's is associated with a smaller .gap; which rneans II

prop~rtionally larger "compressive"-type t:luid force acts on the shell 1.
reducing the nattral frequency at zeT.O flow;

(ii) a higher pressure 15 reqùired to drive, the flow in the narrow g"p; this
q

makes the inward-directed differential pressure acrossthe shell larger,

which tends to destabilize the system.
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7.1.3(b) Effect of Pressurization

In arder ta examine the effe~~ of pressurization on the stability of the

system, two cases were consid~ed: (i) the inner shell open ta the atmos"

phere, as in Fig. 16(a); (U) the stagnant. inner fhdd within the sheÙ

connecte.d ta the fluid in the annulus at x - L, as in Fig;".16(b) . .lt is seen

in Table 7.5 that, in the latter case, wherè the inner shell is pressurized
5

ta the same extent as the downstream end of the annular region, the system

loses stability at a· higher flow velocity than when the downstrF end is .-

open to the atmosphere. These results show that internaI pressurization

"-
tends ta stabil·ize the system.

Pressure (Pa) Critical flow velocity, U (m 15c

Inner shell Annular Experiment Theory

P - 0 PB -.164.3 29.6 41.4A

P - 391.4 PB - 391.4 45.3 58.0
Ac

Table 7.5. The effect of pressurization on stability
for the ·system with g/ai -0.25, L/ai-6, (n-2)

Theory and experiment are in good qualitative agreement; from Table

7.5, the ratio between the critical flow velocities in the two cases, . is

1.41 for the theory and 1.53 for the experiment.

7.1.3(c) Effect of Changing Length-to-Radius Ratio, Liai

The critical flow velocity and corresponding circumferential modes for
--,

various length-to-radius ratios -tIre s~wn in Fig. 21. The critical flow

velocity decreases as thé shell length increases: the shorter the shell, the

larger is th~ circumferential mo~e number associated with buckling ..
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The~isagreement between thff tpeoretical and experimental results for

L/ai - 6 and 6.5 has been discussed earlier and may be attributed ta tho

ten~idn inadvertently applied on the shell in the experiments .

..
It has already been mentioned in the discussion of tho dynamical

behaviour of the "standard" system, that in sorne cases tho shell losos

stability in the n - 2 'mode, but, if the flow is further increased, there is

',a transition ta the n - 3 mode. -In these experiments', t)lls was only

observed for shells with L/a
i
~ 6.

In aIL experiments presented.in this paper, L/a
i

was sufficiently small

for the system ta lose stability in o~e of its shefl modes(n ~ 2). For

sufficiently large I;-/a i • however. the system would rose stability in the n - l

mode, deforming laterally as a peam, similarly ta the case of intornal flow

in the shell [20] . It has been shawn that, for large enough L/a i and for

n - l, the dynamics of the shell subjected ta internaI flow may be analyzed

adequately by beani ratlmr than sheH theory [9] ; tho same should apply' ta
1 J\

\. shells in annular flow. Furthermore, the dynamics of cyli'ndrical bcams

subj ected ta annular· flow have already been studied, see for example
)

Refs. [31,57]. Hence the general character of stability of the system

7.2 CLAMPED-FREE SYSTEM

in the n - l modes is weIL known and will not be elaborated upon here.

\...
Experiments on annular flow for a clamped- free shell have never bocn

done heretofore. However, it is of interest that a case of flutter of a

coaxial conical shell subjected ta bath internaI and annular flow has bccn

reported and has been attributed ta the annular flow, and model experiments

-were conducted confirming that this was the case [58).
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Despitethe fact that aIl of the theoretical development in the annular
.' )

flow éase has been for cylindrical shells clamped at both ends [48J, it was.- .. --- ,

nevertheless considered desirable to undertake some experiments for the

dynamics of clamped-free shells in annular flow.

7.2.1 'Genera~ Behaviour of the System

In conorast to the clamped-clamped case, the system (being non-

conservative) loses stability, by flutter. The circumferential mode

associated with the instab11ity depends on ,the length/radius ratio and on

the gap size.

The reduction in frequency, up to a point, and its subsequent

increase as the flow velocity is raised is associated with the effective
"

loss of stability by flutter

2Coriolis force MfU(a w/axat),

The

involves interaction of this force with the

compl'efsive load due to the flowing fluid, M
f
U2(a 2w/ax2), which does work

'ê- .?~

since the system is nonconversative.

as discussed in Ref. [2];' the system loses stability at point F of Fig.,
22, by negative-damping, single-degree-of-freedom fl~tter. The amplitude

of vibration before flutter
../

ranged between a and o.og. mm for
J

flow /'
./

velOoities in the annulus in the range a to 51.1 m/s The flutter

instability was associated with very large vibrations, so the inner sides

of the shell were actually touching, and the outer sides of the shell

touched the inner cylinder wall.

Thus, in its essentials, the behaviour of clamped-free shell
,

subjected to annular flow is similar to the· internaI flow cas,e [2,20].
>

7.2.2 Effect of Gap Size

Three différent gap-size/radius ratios were considered: g/a
i

- 0.1,

~' 0.25 and 0.5. Tab1e 7.6 shows the effect of gap-size on the critical flow

yelocity and the circumferential mode associated with it .

, ....
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Gap Size Critieal flow veloeity.' Cireumferential
U (m Is) mode

e
,

0.1 37.1 4

0.25 46.8 \ 4 .

0.5 55.3 3

\.

Table 7.6. Effect of gap-size. on the critical flow velo\i.,ty

the cireumferential mode associated with it L/ a 1 - 6
.,

A higher eireumferential mode number is associated with smaller gap.

Moreover. the critical flow velocity decreases as the gap size decreases.

This behaviour is similar. to that of the clamped-clamped caso.

7.2.3 Effect of LIai

The effect of LIai the critieal flow veloeity and the clrcumforontlal

mode associated with it are prese~ted in Table 7.7.

Critieal flow velocity. Circumferential
Liai U (m Is) mode

'c
-

6 37.~ . 4

6.5 35.5 4

7 31.1 3

with

length-to-radius ratio LIai on

and the circumferential mode

Effect of

stability

associated

Table 7.7.

buckling (glui

The critieal flow veloeity decreases as the shell length lncreases;
. ;-;

However the shorter the shell, the larger ls the circumferential mode number

associated with flutter, again similarly to the case of internal flow (20).
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CHAPTER VIII

CONCLUSION

Thls Thesls presents a theoretl~ and experlmental lnvestlgatid~ on

th/dynamlcal behavlour and the stabll~ty of cyl1ndrical shell coaxlally

study ls to lnvestlgate the effects of

experlme~tal study only annular flow has been consldered.

located ln a cyllndrlcal plpe and subjected to

theoretlcal analysls, the flow could be lnte~nal or

In thè

for the

flow.axlal

annular, whl1e
" -'\\

'\
THEORETICAL STU~'

The alm oi ~eoretlcal
8.1

unsteady

effects

derlved

Vlscou~orces on the stabl1lty of the system as.. compared to the

of lnvl ld forces. However, the effects of, steady viscous forces

ln Ref. [4 are also studled. Th~ derlvatlon of lnvlscld fluld-
"

dynamlc force~ ls based on potentlal flow theory, while the unsteady

vlscous forces are derlved uslng Navler-Stokes equations (see Chapter II).

Two methods of solutlon hav~ been useél ln formulating the problem:

(1) the Fourler Transform method glven, ln Chapter III;
•

(11) the travelllng wave solutlon glven ln Chapter IV.

In the first method, the shell could be clamped or plnned at both

ends; whiie ln the second method only a plnned-plnned shell coulé! be

consldered.

,The uns teady vlscous forces are frequency-dependent; hence, an

lteratlon method ls needed to evaluate the frequencles of:the system.. For
~ ~

the Fourler Transform method, the stabillty of the system subjected to

1
lnternal flow ls lnvestlgated withln acceptable computational' costs;

however, for the annular flow case, these costs ~re extremely high,
,~ , /

rendering this method inconvenient to be used. For this reason,
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travelling "lave solution has been developed, with the aid of which all .

calculations for annular I~w can be done. within reasonable costs. c

8.1.1 Effects of UnsteadY Inviscid Forces and Steady Viscous Forces

8.1.1(a) Fourier Transform method

When the system i~~Ubjected to inviscid forces only, it is seon that a
,..1 .

shell pinned at both ends and subjected to internaI or annular flow los os

stability first by buckling, followed by coupled-mode flutter. Tho critical

flow velocities associated with annular flow are much lower than thoso for

internaI flow.

It is important to mention here that the post-buckling-!hstabilitios
." ~
predicted by linear theory "las never observed experimentally; honco, "10 can

rely on line,ar theory only for predicting the first type of instability

1. e., buckling.

The effects of steady/4iscous forces are to stabil-i-ze the systom for

the internaI flow case and destabilize it for the annular flow caso. This

could be explained by the effects of pressurization of the systom. In the

annular flow case, the pressure required to drive the fluid in the annulus

" is higher than the pressure 'in the inner shell. The net pressure differ-

ence acts radially inward, tendingto collapse the system. Tho case

of internaI flow is .exactly the opposite. The net pressure diffe.ençe i5

no~ acting radially outward, which rekults in increasing the stiffness of

the shell; hence delaying,the buckling instability.

8.1.1(b) Travelling wave solution

\

The travelling "lave solution has beeu developed mainly to investigate

the effect of unsteady viscous forces in annular flow; nevertheless, the
V ' .

case of internaI flow is also considered.

'.
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•
In this method, the motion is c~mposed of~e forwaxd-~~ave11ingwave

+ {
of frequency w and a bac~rd-trave11ing wave ~ith frequenoy w-. ~e wave-

1ength used .in the cal9ü:ation is ~ssumed to be the. same as '~~f:' of a

pinned-pinned beam. For "~~e case of interna1 f10w with unstead~nviscid
~

. \
forces, the frequencies of both waves decrease as the f1owve1ocity

+increases; however, atsufficient1y high f1o,,,,,"",,,,~city w vanishes. When
\ . .

. +
the f10w ve10city increas'l's further, w comes negative, indicating the

presence of a

ve1ocity, rea1

new forward-t.rave11ing wave. At a slight1y) higher ~low

+parts of both frequencies w and become equa1 indicating

the thresho1d of a f1utter-type instabllity. It was found that the flow

ve10city at which Re(w+) vanishes corresponds c1~se1y to the buckling.
,

ve10city for the pinned-pinned she11 in the ana1ysis using the Fourier

Transform method. This· finding is not regarded as a coincidence; it is

....
rather based on physica1 grounds as the centrifuga1 forces are the same in

both methods of solution, those'being the forces which cause. buckling in
"t""

such gyroscopic conservativ~ syste",s. Hence, in a11 ana1ysJ"s using the

travelling wave solution, the ve10city at buck1ing· is &ken .to be the

+ve10city at which Re(w ) vanishes.

In a11 cases considered, the qualitative agreement betweelè the two

In the uns teady viscous th'!,ory, two approximations have been used to
J------.

represent the effects O~' steady f10w U(r) on the moving boundary:

methods of solution is excellent; however, the critica1 f10w 've1ocities

for bU~ling using the tr~ling wavè-so1ution are slightly lower than
."'. j

,1 .'\hosé from the Fourier Transform method.

/ ;;:.8-'\1'1"'•..=2'-_..=E:.:f"'f"'e"'c:..;t:.:s:......:o"'f:......:U:.:n:,:s"'t"'e:.:a"'d;;:.V'-V"'i::;s;;:.c;;:.o;;:.·u",s=...F",o",r=c;;:.e",s-=a:,:n.=d-=S..=t.=e"a-=d"V---=V..:i",s",c:.:o:..;u::s:......:F,-,o:..:r:..:c",e=s

l '

(i) an averaged ve10city is presumed to be acting at the

(ii) the boundary condition is app1ied at a distance 6 from the wall.
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These approximations have been introduced as ,a result of ,the unsatis-

factory application of the no-slip 'condition at, the' moving wall. For tho

~ ..~,

no-slip condition, the mea'n flow velocity at the, wall hl zero. 'Mathoniati-'

cally, this causes a problem in obtaining the centrifugal forces which aro

flow-velocity-square dependent.
,

In the absence of these forcos, tho

problem is not well defined physicallyo/ since the' centrifugal forcos aro

~\ those which cause buck~ing.

8.1.2(a) Travelling wnve solueion

For the int'ernal flow case, the buckling velocities 'using the two

. "

a~proximations have been compared. It was found that the, buckling volocity

associated with the second' approximation using a nondimensional distanco

(6 - 0.02) is' 13% higher than that fromthe average velocity approximatio!,.

, '.t'
This value of 6 corresponds closely t'o the value measured experimentally

for the non-dimensional shell qeformation in the radial direction

hence, the prediction of the buckling vel~city by the avoraged

w
(r-:-il") ;

m i
velocity

approximation

analysis.

i5 ,:atisfactory and has
(

been used in the viscous theory

~),
~.....

!

The effects of unsteady viscous forces are iiwes'tigated fen: internai-.....- '

and.annular flow. The results are compared to the corresponding ones from

inviscid theory. It is found that for internal flow and annular flow with
, ,

1/10:gap system, thè eff~cts of viscosity on the stability of the system

are insignifica'ôt; however,' fOf a smiller gap (g/a
i

- 1/100), thoso effocts

are more pronounced, rendering the 'system more stabie.

, -. /
When both steady and unsteady viscous forces are applied, tho results

\
are qui~e different from the previous.case. For the annular flow case, the

. 'è
loss of stability depends only on the steady viscous forces. The unstoady

"forces affect the frequency of the system before it becomes unstabl~.

..
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8.1.2(b) Fourier Trsnsform method

Only ,the' case of internal flow is considered. For a shell clarnped or

pinned at both ends and subj ected to unsteady viscous forces, the fre-

quencies and the buckling velocities of the system are the sarne as in the

caffe of 'inviscid theory. These resul ts support what has been p'rescnted

using the travelling wave solu~ion.
\

8.2
-

EXPERIMENTAL STUDY

In theexperiments, the shell could be clarnped at both ends or clamped

at one end and free at· the other. The effect of length to radius (L/a
i

) and

gap-size to radius ratio (g/a i ) have been investigate~. In the clamped-

clamped case, the effect of pressurizing the inner shell.has been studied.

8.2.1 Clamped-Clamped shell

In all cases considered, the shell loses stability by buckling in its
1

second or third circumferential mode. This is the

observed in the experiment. (Post-buckling flutter

only~ype of instability

instability predicted by

linear theory was never observed experimentally.) This observation is

the post-buckling~stabilities.

...

.

,

significant as it demonstrates the invalidity of linear theory in predicting

~

The system becomes less stable as L/a
i

increases; however, the cir-

cumferential mode as~ociated with b~~kling increases as L/a
i

decreases.

The critical flow velocity for buckling decreases as the gap-size

(g/ai ) is reduced, this is 50 because of the increBse in th~ virtual mass

which is associated with a smaller gap. The effect of pressurizatia,n of

the i~er shell is to stabilize the system.
\ .,

the« The experilllental results are compared with theoretical ones in
i

Ref. [48]. It is found that they are in a good qualitative agreement.
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Quantitatively, the percentage difference varies for each gap-system. For,

g/8..
, 1,

"

0.1, the difference is 10%; however, for the largest gap-systein

g/ai - 0.5, the difference may reach 30%.

8.2.2 Clamped-Free Shell

For a clamped-free shell, t~e system loses stability by flutter (being.
a non-conservative sys'tem).

The eff:ct of Liai and g/ai are'similar to thedflamped-clamped case.

The system becomes less stable as Liai is increaseo, or !\lai decreased;

'however, the circumferentiai mode associated with flutter increases as Liai

or g/ai is decreased. ~

The case of clamped-free system subjected to annular flow has never

J

been studied theoretically; hence, the experimental results cannot be

compared with their theoretical counterparts.

8.3 SUGGE§TIONS FOR'FUTURE WORK

In th,e theoreti~Al analysis, we have faced a major problem in handling
----_J - '\

the boundary conditions 'lfor viscous theory. By applying thê no-slip con-

dition pirectly, we havefailed to ob tain the centrifugal forces. There

fore, we have introduced two approximations at the boundary to incorpora te ,

the effects of centrifugal forces. This problem of boundary condition in

structtù,es subj ected to viscous flow is an, important one in the flow-

induced vibrations field and needs to be investigated further.

lt would be interesting to simplify the annular flow case while using

the Fourier Transform method, so as to be able to perform the calculations

/ '

within reasonable computational, costs.

As for the experimental work, we have only studied the annular flow

case. One may suggest investigating the

annular flow.

combined ~ffe~ internal and
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F1na11y,-the case of clamped-free shel1 subjected to annu1ar ·f1ow has

been 1nvest1gated exper.1menta1ly; however. th1s case was never studied

theoret1cally. It 1s important then to mod1fy the· present theory (for

c1amped-c1amped o~ p1nned-p1nned she1ls) so as to be able to cons1der the

case ofoa clamped-free shel1.

\

....

..

,

\
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APPENDIX A

DERIVATION OF THE STEADY FORCES
\,

In the derivation of the equations of motion, the· shell is assumed to

,be pre-stressed by the following loads:

(i) a constant axial force per unit area

P
x
,- B

f

(ii) an axially symmetric normal pressure

(A.l)

p..... 
r

(A.2)

The associated axial and hoop stress resultants are

~
N

x
(A. 3)

\
Na - - a ( Cfx+ Df ) -' (A.4)

\. i
\~ I~

equationsThe effect of the above forces and stl·esse.s Jsppear in the of. ,
....7

motion as ql' q2 antl q3' where .. ,-c--

-"

q - [ (1 - U s
2

)/Eh} N (A. 5)
1 x l-io

q - [ ai(l u
2 )/Eh } P (A.6)

2 s x

q3 - [ ai (1 - U s2) / Eh } Pr (A. 7),
The ~eri~a{~~f these loads was done in Ref. [48J. In this Appendix, the

expressions for ql' q2 and 'q3 are simply given without going through the

complete derivation. However, a description of how one can arrive at the

final expressions is attempted.

\.
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SSURE AND THE SURFACE'FRICTIONAL FORCES

~The flow s assumed to be fu11y dev&loped turbulent, incompressible

and viscous. The fluid pressure and the surface frictional forces, inside

a circular cylinder and in the annulus between two coaxial cylinders, are

derived by assuming the cylinders to be rigid.

The schematic of the system is shown' in Fig. 1. The flow velocity

components in the cylindrical coordinates 'x, e, rare U + ux ' ue' and u
r

respectivelyt; U is the mean velocity in the axial direction while ux ' u e'

u ,are the fluctuating veloclty components of the turbulent flow.
r

For a

flow velocity U and static' pressure P, th~,time-mean Navier-Stokes

equations are [52)

l ap l d (r ~.) + u d
( r dU )r dr

.
p ax x r r dr dr ,

/
l ap l d ( r u 2) l ( ue

2
)

p ar r dr +r r

o - :r ( ur ue ) +,~ ( ur ue ) .

(A. a)

(A.9)

(A. 10)

After'going through some mathematical manipulations, the following relation

ships were obtained, tcfr internal and for annuler flow.
;,

(1) InternaI Flow

dr + Pi (D,ai)

(A. 11)

where Uri' the so-called stress velocity, is given by

_ (-u dUi
i dr

r-a

) 1/2 , (A.12a)

I~
t The analysis applies to both internaI and annular region~.
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(A.12b)

(A.12c)

! 0-

ai is the radius of the inner cylinder

Ui is the mean ~xial velocity of the internal flow

Twi is the fluid frictional force per unit area of the interior sur

face of the shell
'.!..

fi friction factor

Pi(x,r) is the internal time-mean pressure

Pi (0, ai) is the internal fl,!id pressure at the position x - 0, r - ai

Pi and u i are the fluid density and kinematic viscosity, respectively;

( ) represents the time-mean of ( )

i is a subscript to denote the internal flow

(ii) Annular Flow
(

2a
Po (x , r) - - [ --::2,---:°"-""2

(a - r )
o m

where

) P U2 x _ P u2 + P
o TOO 0 ra 0

-- --
2 2

u - u
80 ro

r
dr+P (O,a.)

o ~

(A.13)

dU
o

-tla dr
) 1/2 : (A.14a)

r-a
o

1/2
(A.14b)

[~ [
2 2

U2 r/2a - r
)0 m f

a (a - ai) 0 o '
° °

dU

1
'. )1/2'.U - (

0

Toi -uo' dr
r-a .i .

(A.14c)

(A.1Sa)
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where

(r rn;01 \";'
o •

2 2
] 1:/2_ [ ao (

r ai ) U2m
ai 2 2 rooa r

0 m

""(A. ~5b)

(A.15c)

u
o

p (x, r)
o

Uroi

f
o

Twoi

~he mean axial velocity in the annulus

is Je annular time -mean pressure f

"....
is the annular fluid pressure at the position x - 0, r - ai

is the stress velocity at the inner surface of the outer

cylinder

is the stress velocity at the outer surface of the inner

cylinder
~

is the friction factor in the annulus

is the fluid frictional force per unit area of the outer

surface of the inner cylinder

r is the fluid frictional force per unit area of the 1nnerwoo

surface of the outer cylinder

Po and V
o

are the fluid density and kinemat1c v1scos1ty, respect1vely

r is the radius at wh1ch the mean veloc1ty U 1s maximum
m V 0

a is the inner radius of the outer cylinder
0

0 1s a subscript to denote the annular flu1d

In order to find U i' U 1 and U ,one must evaluate fi' f and r .
. T Ta . TaO 0 m

First, r
m

cannot be determined an~lyticlallY. Based on sorne experimental

data [50,51J, it is found that for the c/ses cons1dered, r m could be approx

imated by its counterpart in the case of laminar flow.

}

(A.16)

1

~"
r
i
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The friction factor f is a function of the Reynolds number Re, and the

relative roughness of the pipe k/d, where k is the average height of the. ..
surface p~otrusions and d is the pipe diameter. The friction factor may be

found graphically from a Moody diagr;am which is a plo't of f versus Re for

different k/d. Alternatively, it may be determined with a number of

empirical formulas.

[52], which is

A common practice is to -use the Colebrook equation.'

- - 2 log [k/d + L2.L ]ro 3.7 Re(f)1/2
(A.17)

To avoid solving the implicit Colebrook equation, it may be modified as

follows [52]

_1_
(f)1/2

- -2 log
".10 [

k/d 2.51 _ ]
3.7 + Re(f )1/2 '

'-.l a

(A. 18)

where fa is ,given by the following equation derived by Moody and matches

equation (A.17) with~~ 5%:

fa - 0.0055 { 1 + [ 20,000
./

(A. 19)

Equations ,(A.18) and (A.19) are applicable for both internal and' annular

flow. For internal flow, the friction factor fi is found by setting d equal

to the diameter of the inner cylinder di and -Re to Re
i

, where

Re-, -
Uidi

(A.20).i'_ vi

for the annular flow, in place of the diameter of the pipe, the hydraulic

diameter, D
h

, is used

n.:

with the Reynolds number Re , which is defined
o
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Re
UoDh---a lia

where
D - 2(a - ai)h a

(A.21)·

(A.22)

A.2 BASIC LOADS

The radial basic load on the shell is

Taking equations (A.ll) and (A.13) evaluated at r - ai' P
r

may be exprossod

where the fact that u
2

must vanish at the wall has boen utilizod.ra

~
\ \

as

(A. 23)

U 2 }x+Pi(O,ai)-p('o,ai )
~OO~l .. . 0

'(A.24)

The axial basic load is

(A.25)

hence
P

x
(A.26)

Comparing, (A.l) and

Bf - PiU}i

(A.2) with (A.24) and (A.26) one may find that

] (A.27)

2P i 2
C - - U

f ai Ti

2a
a

2 2
a - ra m

(A.28)

where
2a'

P (0, a) _ ---,,---,,-0-;:- P U 2 L + P
a 2 2 a roo atm

a - r
a m

(A.29)

(A. 30)

(A.31)

Having

2Pi2
Pi(O,a) - ai Uri,L + Patm

defined the constants Bf , Cf and,Df , the basic forces ql' q2 and q3

,. are then evaluated.
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APPENDIX B

MATHEMATICAL MANIPULATION OF EQUATION (2,33)

In this Appendix the proof is giv~n of the mathematical nianipulatiori of

·equation (2.33) to give equation (2.35). It is recalled that the former is

... 2
p aa

t
( Vx;fJ - JJ V (V x~ ) (B .1)

Now a (V x Jo ) could be written as
1 at 't'

vx§i lat . ?

and us ing V
2A- V (V· A) - Vx (v A) one may wri te

(B.2)

"lx ("'lX (vx~'J) . (B. 3)

Using the fact that, the divergence of a curl of a vector is equal to zero,

equlltion (H.3) reduces to

"'l2 (V x ~ .) - - V x ( Vx ( Vx ~ )) . (B .4)

similarly,

)
~ x ( V x if> ). - V ( V. ~) ... "'l2 ~_

and her.ce

(B.5)

\.
,) (

The Curl of gradient of V • if> vanishes; then, equati,on (B. 6) reduces to

~ x ( Vx ( Vx ~ )) - - Vx ( "'l2 ~) '. (B.7)

(B.B)

(B.9)

in the form

of equlltion (2.35).

~x[p§i-JJ
al;

Substituting for vx (vxvx~) into equation (B.4), leads to
r .../".........

"'l2 (V x ~ ) - Vx (vI- ~) . "-....'7"--.
Using equations (B. 2) and ~~), one can...r~write

, , -f·
~"
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~.

The constants ~, bkm , ~, ekm , f km , gkm' hkm and Jkm re~uirod in

the ana1ysis in Chapter III can be written in nondimensiona1 forw ~sing

xthe vœriab1e , - - , as fo11ows:
L

1
Skm - f ~k(') ~m(') d,o .

141

1

~- fo

( d~k d3~

bkm -
__m d,

0
d, d,3

1 d2~
~ - f ~ _m d,

o ~ d,2 _
•

f1 d~k
d3~ (

ekm - , d,
__m d, (C.1)

0 d,3

f km - ( d~k

d, ~m d,
0 . \

- 1

J - f 'km 0
~k ~m d,

\. . ~here ~k and ~m are characteristic eigenfunctions of a beam.
,

>
1
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CLAMPED-CLAMPED BEAM

ln this case, the mth eigenfunction is defined as

oz,m(n - cosh (~mï) - cos, (>'mï) - am [sinh (>'mï) - sin (>'m ï ) J ' j]

(C.2)
where >. and a are the eigenvalue and the characteristic constant,m m

respectively.

instead of m.

oz,k(ï) is represen~ed by equation (C.2) with a subscript k....
The values for the integra~s for a clamped-clamped beam as given in

Ref. [48J are listed below:

"km - 6km - l for m - k

- 0 for m" k,

(C.3)

bkm - 0 for k .. m ,

.,. bkk - _>.4 (C.4)k

~ - -akm (C.S)

- 4(3 >.~ + >.~) >.3 >.3 ok am
[ (_l)k+mk m ]ekm - (>.4 _ >.4)2

-1 for k ,.. m 1

m k
., _>.4

k
(C;G)ekk --2



f km
[ (_l/+In _ 1 ] for k .. In ,
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(_l)k+In 4

g -
km p.4

;' In
>. "In m ) -

(C.7)

for k .. m ,

<_l)k+In 4 >.2 >.2 (>,,, - >'k"k) (3 >.~ + >.~)
~-

k In In In + f km>.4 >.4 _>.4
In In k

~k-
>'k"k

( 2 - >'k"k )2

)
j - 16 >.3 >.3

"k " [ (_l)k+In - 1 ] for k .. m ,
km k In In

(C.B)

for k "" m 1

(C.9)

,.,
..<6/

1
jkk-Z (C.10)

for a c1aInped-c1amped beaIn, " is defined asIn

cosh >. - cos >. sinh .\ + sin >.In In In In
"In sinh >. - sin >. cosh >.. >.. cos

In In In In

and the eigenva1ues >. are the rocts of the transcendental equatlon,
In

cosh >. cos >. - 1 - aIn In
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,

C.2 PINNED-PINNED BEAM

The mth eigenfunction for a pinned-pinned beam is given by

~ (Il - sin m,.. ï .m
,/.

The values for the integrals are listed below

144

(C .11)

6 - 0km

~ - 0

for k '" ID ,

for k ... ·m

(C.12)

b
km

- 0 '~or k ... m

_ k4,..4
bkk - -2-

dmk - 0 for k ... m ,

, ~k - - ~k •

[ (_l)k+m _ 1 ] for k ... m

(C.13)

(C.14)

(C.lS)

(C.16)



f
km

- 2km [( -1) k+m - 1 ]
(k _ m2 )

f kk - 0 •

•
for k ... m

145

(C.17)

) [ (_l)k+m for k ... m

(C'.1S)

[ (_l)k+m _ 1 ] for k ... m ,

(c.19)

Jkm - 2 2 ~ 2 [(_l)k+m - 1] for k ... m •
(k - II) )7f

~O)
,
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APPENDIX D

DETERMINATION OP THE PRESSURE PERTURBATIONS

The pressure perturbation equations are given in Chapter II by

146

equations (2.40)-(2.42); upon integrating equation (2.42) with respect to r,

we ob tain

0.1 FOURIER TRANSFORM SOLUTION

[
li.

P at
ull

axar
r 1

(D.1)

The expressions for ~r' ~O' ~x' ~,p are given in equations (3.5)-(3.8)

and (3.48), respective1y.
,

Upon substituting for ~r' ~o' ~x' ~,p into

equations (2.40), (2.41) and (0.1), we obtain
A::

(
~O + a~O
r ar

( li. n - a~OJ
+ ar + ; ~x - --a--x

dU ] __
dr

,-,

~
ax (D.2)

iw ~ + U li.ax
rU.E...
n ax (

a~r

ax
a~x
ar J] - -p' (0.3)

P [

r r r 2 r 2
1

2
f2 II a~' J]iw ~ dr+ f U.E... ( 1 - 0 p' 1 ;+ U axar ax ; ~x - ax

r 1 r 1 r 1 r 1
-, (D.4)

substituting for ~r' ~O' ~x' ~ and p as defined by (3.9) into equations

(0.2)-(0.4) and taking the Fourier transform of the resu1ting equations we

get

j
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~• P [ iw t/J* - ia U t/J* + U

+ i 1 ~* + El '" * .
a \ ar r x

f (n+l) '" *
\ - r r

ia ., *} dU _ * '
"r dr p , (0.5)

[ aa"'rx*.\/] _ _ *'P iw t/J* - iaUt/J* - ~ U(-ia) { -ia V>: - p , (0.6)

The solution for the inner flow is expressed by putting a subscript i

to equations (0.3)-(0-7).

The flow velocity Ui(r) is given by the power law [59]

U (rY-;;--U ( l -
i max (0.8)

a. and d.
1 1

Rei' where

t
where si is a constant which depends on the Reynolds number

and the diameter of the shell, respcctivcly.

(0.9)

Oifferent values for sare given in Ref. [59] for variable Re.

U . is the average velocity which is defined by
m1

U . - 2
m1

(O. 10)

(1t)..
':i ',.

,~

The solutions for t/J i *, "'r: and "'x: are given in Chapter III by equatlons

(3.28)-(3.30) .

Using the following non-dimensional terms
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.rr,.,
\1

Using the j fo11owing n~n,dimensiona1 terms
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a - aL
r

r --a •
i

•
where U is given by equation (3.36), and substituting "'i*' ,p.!' and'" *

r~ xi

into equations (0.5)-(0.7), we ob tain

{ i n In(a(i)
,

} Cfi

i In(a(i) dU.
PiU i ;; U

i l n(a(i) + -~ *1- - Pi(i (.
dr~

+'{ ( _i~ J l (Pi(i) d~i } C3in
.a(i dr

In+l (Pi(i) dUi (n+l)
I n+1 (Pi (i) Ui+ (i , dr (i

, CSi
- Pi In+l(Pi(i) Ui

(D .11)

1<i _ _ {
+ - a U -

n i (0.12)

(-ia)

(0.13)
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Any one of equations (0.11), (0.12) or (0.13) may be used in eva1uating

the pressure perturbations P~' ..
,

*' *' *'PU' Pu and P3i defined in equation (3.51) may now, be eva1uated.

At r-a.-6, we obtain
1

(i) from (D.11) ,

i n l
n- [

dU~i ]

dr

i ,
In(ac i ) + -- l (ac

i
)

ci' n
dÜ~i]
dt

(D.1/I6)

(D.14b)

where U
6i

is the ve1~.ity Ui eva1uated at r-ai-6;

(H) from (0.12)

(D.14c)

*' [Pu -
i n l

n (D.15a)

Yr
f
"1. -

•
(D.15b)

(iH) the

*' [iCni\"{
P3i -

*'pressure P at

i~ I n+1(Pi:i)} U6i ] ;

r-O in equàtion (D.13) being zero because

(D.15c)

~ ,o.

'(D.16a)

(D.16b)
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••• *' {,P3i - dr}
r-a -0

i

(D.16c)

,
the integrations in (D.16 a~b and c) will be evaluated at the end of this

Appendix.

D.l. 2 Annular flow

The solution for the annular flow is expressed by putting a subscript 0

to equations (2.40)-(2.42). The flow velocity Uo(r) may be expressed by

the law of the wall [51,52].

yU'
2.44 ln ( luTOl) + 4.9 ,

"
(D .17)

where UTOI is the stress velocity and is defined by (A.14a,b,c), Uo is the

annulus, andin/the

(
YI - r - ai .

Equation (D.17) is applicable only between t - ai and r - r m ,'where'

kinematic viscosity of the fluid

r is the radius at which the mean velocity U is maximum. r is given bym . 0 ln

equlltion (A.16).

ln this Thesis, we have llssumed a simple forro for U (r) as compared to
o

equation (D.17), which is represented by

(D.IB)

, The solutions for "'0* , "'ro* , and "'xo* are given in Ghapter III by equations

(3.52)-(3.54)_ Substituting for Â * ., * , and'" * into equations (D. 5)-'t'o l 't'·ra xc

(D.n, the nondimensionalized equations become
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>{ .,
{i 0 l (ac

i
)

- i dU }n , - 0

1 ' p p U . i a U l (ac
i

) +- In(ac i ) C10\../- r i ci 0 n ci dr

+ { i 0 Kn

ci

i ,- / dUo}
K (ac

i
) + - K (ac

i
) -

n ci n dr

l (fJ ci)n 0

dU }
.. dr

o dU
o

dr

,
p*

o

dU
o

dr
. U {(n+1)

. 0 ci

- -
I n +1 (fJo

c
i ) + fJ o

dU
o

dr
. U{(n+1)

o ci

(D.19)

- ia

ici
+ -- aUn 0

1<
ë· +_i ; U { . i; K (fJ- c )} ë

50 n o. n+1 0 i 60
..,

-,. ~,. ,

~)
(D.20)



{ i.Q. l (ar)
ci n

r

la
m

+6
i

i a U l (ar)o n
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{
i 0
- K (ar)
ci n

{ f
rm

+ (- ia)

r

la
m

+6
i

r. m
i ;; f Ü

o
a i =!;6
',j;~
,",.

K (or)
n

r

{ f m U
o

+ (- ia)

a
i

+6

.6,

--

(~~)2lm

a
i

+6

Now one cao

obtain the fo11owing.

~
(i) From Equation (D.19):

1

Üo Kn+1(fiir)d~ ë60

l/~

r
m

- i
l (ac

i
) +-

n ci (D.22a)

. r', __ ' ..
',_ .1

*'
P1Ko

\

_{'i _O_K_n
ci .

(ac i ) - - _ i' _
- i a U

6
K (ac

i
) +- K (ac

i
)

o n ci n (D.22b)
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,/

• *' f in l (Po'i)
dU~o}

P2!o - l n
O'i dr

" { dUso }.*' in K
(Po'i)P2Ko - dr- n

o'i
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(D.22c)

(D.22d)

{ l . (P 0ci) dUSo*' -.!!±!P3Io 'i dr

*' { Kn+1 (Po'i) 'dUS 0
P3Ko - dr'i

where USo i5 the ve10city U0

(U) From equation (D.20):

{~ - - - , - }- }
~'i In+1(Poc i ) +USoPoln+1 (Poc i ) USo "

(D.220)

{~ - - - , - } - }
ci Kn+1(Poc i ) +USoPoKn+l,~Poci) USo '

(D.22f)
eva1uated at r-ai+S.

(

l
''\

{ i
n l (.o'i)

In(;:;'i)} ,
n io USo'i

{ i
n K (o'i)

Kn(;:;'i)}
n io USo'i

1<i
USo { - Po I~(Po'i) }-0

n

(D.23a)

(D.23b)

(D.23c)

*'
ici. __

{ Po K~(POci)} (D.23d)P2Ko -oUn So

)

*'
iCi __

{ - io In+1(Poc i )} (D.23c)P3Io
-oUn So

*'
iCi __

{ i;:; Kn+l(Poii )} . (D.23f)P3Ko - -oU
,~ n So
.,é..' Û

\
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(111) Equatlon (D.21) glves the pressure difference between r m and al' lt

has been reported [60J that, for narrow annu11, the pressure dlfference is

a1most zero. Hence the pressure perturbatlon ls the same at any point ln

the annu1us. Therefore, the pressure perturbatlon P:' at r-ai+o ls eva1

uated·from equatlon (D.21) as fo110ws: the integratlon i5 performed first,

b *'then the pressure pertur atlon Po •ls on1y eva1uated at r-a1+0; so that

{
1 0 -
- 1 (ac

1
)

cl n
l'(ar)dr}

n
r-ai+o

} (D.24a)

*'P1Ko - {
1 0·- {- f -- K (ac i ) - ia a U
cl n 0

(D.24b)

*'
P210

*'
P2Ko -

dr}
r-a +0

1

dr}
r-a +0

i

(D.24c)

(D.24d)

/

*'
P310 - { - 2 f-(-ia) Uo dr}

r-a +0
1

(D.24e)

dr}
r-a +0

1

(D.24f)

D.2 TRAVELLING l'lAVE SOLUTION

The expresslons for~, ~x' ~O' ~r' p' a~ given by (4.4)-(4.7) and

(4.18), respective1y.

Upon substituting ~, ~~, ~O' ~r' p' into equatlons (2.40)-(2.42),

we obtaln



[ { . (n+l) ~ _ a",
}p iw '" . ik U '" + U -.E

r r ar

i{2i n- ik ~ } dU] p'+- +-'pk ar r x r dr

- P [ iw '" ik U '" - ~ U (- ik) { - ik "'r a:;}] --p'

(0.25)

(0.26)

r
2

r
2

_ _

1 - ik S- U·~ dr + (- ik)

r
l

r
l

U (!! ~ -ik ~ ]r x r dr] -

(0.27)
following the same analysis as in the Fourier Transform method, wo con

arrive at the expressions for the pressure perturbation terms.

0.2.1 Internal flow ,,. •

The pressure perturbations P~i' P;i and P;i defined in equotion (4.37)

may now be -evaluated as follows:

(i) from (0.25)

Pl'i - ~ { (iOI (a)
<i n

_ dUSi }
+ l (a)-d-n r

(0.280)

(D.28b)

"
-, I n+l (P;) dUSi
P3i - ~ d!

(ii) from ~26~

Pl'i - ~ { iOI (a)
<i n

(D.28c)

(0.290)

(D.29b)
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• (D.29c)

(D.30a)

(iii) from (D.27)

- ;~ [ f Üik I~(kr)ldr] ,
r-a i -6

P~i - [(-;:l fÜi ~ I n (.8i r )dr] -, (D.30b)

r-a
i

-6

1. 2
P~i - [( (;:L fÜi In+l (.8 i r )dr] . , (D.30c)

r-a
i

- 6

The integrations for (D.30a,b and c) are given at the ènd of this

.. .. ' .

'.

Appendix.

D.2.2 Annular flow

(i) from the axial direction equation (D.26), we get

l (Q)
, -

~, [ i 0 iQ l (Q) dU60 ]n n
PlIo - U60

l (Q) +-- ,
(i (i n (i dr

i 0 K (Q)
, -

-, [ iQ K (Q) dU60 ]n n
PlKo - U

60
K (Q) +-- ,

(i (i n (i dr

-,
[ in l (P )

dU
60 ]P2Io - - n 0 drQ(i

-,
[ ..l!!. K (P )

dU60 ]P2Ko - ,- n 0 drQ(i

(D.3la)

(D.3lb)

(D.3lc)

(D.3ldJ

n+l l (.8 )U
(i n+l 0 60

(D.3le)

('
•

"

(D.3lf)
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(ii) from the c'ircumferential direction equation (D.26), we ob tain

.... -

}i -( i"'lf In (;:;) . i ;:; ÜSo In(;:;)] •
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(D.32a)

-, 1
( i " Kn (;:;) ]P1Ko - o K (a) . i a USo , (D.32b)

ci n

-, i (- ;:;PoI'(B) Üso] (D.32c)P2Io - n ci n 0

-, i ( - ;:; ~o K' (P ) Ü l (D.32d)P2Ko - n ci n 0 So
v

-, ia ( - i a In+l(Po) Üso) (D.320)P3Io - n ci

-, ia: ( . i a Kn+l(Po) üSo ] (D.32f)P3Ko - n ci

(iii) finally from the radial direction equation (D.27.) , wo obta1n

-, 1 ( i 0 I
n

(;:;») ( 1;:; l Ü k l' (kr) dr]PlIo - - •ci o . n
r-a

1
+S

-, 1 ( iOKn(;:;») ( 1;:; l Ü k'K' (kr) dr]PlKo -
ci o n •

r-a
1

+S

-, ( ( - 1a) l Ü n l (P r) dr)P2Io - r •ci 0 n 0

r-ai+S

-, ( ( - 1a) l Ü !! K (P r) '<Ir)P2Ko - , ci 0 r n 0 •

• r-ai+S

ç' -, 1 ( ( . ia) 2 I Ü In+l(Por) dr)P3Io - L •ci 0

r-ai+S

-, 1 ( (.. ia) 2 I Ü Kn+l(Por) dr]~ P3Ko - L ci 0

r-ai+o

,Ti

(
"

(D.33a)

(D.:i3b)

(D.33c)

(D.33d)

(D.330)

(D.33f)
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D.3 INTEGRATION
\

The lntegrations in (D.16), (D.24), (D.30) and (D~33) may be performed

ana1ytica11y as described be10w.

The ~low ve10city Ui and Uo are given by equations (D.8) and (D.18),

respective1y, as fo110ws:

and

(
r - ai) l/so
r - am i

U - Uo maxo

'\
The integrations may be performed ana1ytica11yby rewriting the f10w

ve10city as a second order polynomial of r, as fo110ws:

and

(D.34)

U - Uo maxo

r - r

( A + Al _m__ + A
2o r - am i

( ~)2 )
'r - a t

m i
(D.35)

where U is the ve10city at r - 0 and U is the ve10city at r - r .
maxi maxo.· ID.

The fo110wing integrations are needed for eva1uating the pressure pertur-

bations;

(D.36)

-, ..J

f ui(r)
r

I n+l({3i r )" dr ,

.(

f Uro(r) I({3 r) drn 0

(D.37)

(D.38)
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:~,
\~

f ij k K'(kr) dr ,
o n

U (r)

f ~ K (p r) dr ,
r, n 0

•

..

(0.39)

(0.40)

~

(0.41)

(0.42)

(0.43)

/~,. .4;i,/

The above integrations may now be easi1y evaluated as in Ref. [61J.

1 .

1
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APPENDIX E

DETERMINATION OF THE GENERALIZED FLUID FORCES

In this Appendix the unsteady fluid forces are expressed in terms of

the shell displacements. For the time being, the analysis is equally

applicable for the two methods of solution given in Chapters III and IV:

the Fourier Transform and travelling wave solutions.

In Chap~er II, the boundary condition equa~ns are expressed in

{c} is a (9 x 1) vector which represent the constants,

matrix

where

form\s follows:

,)

[B] {c} - {R} (E.l)

[B] is a (9 x 9) matrix,

{R} is a (9 x 1) vector which represent the shell displaceme~s

where the asterisk, used in the main text in equation (3.85), has been

omitted here for the time being.

The unste~dy fluid loading is given by:

where

[T] {c} -{Q},.

[T] is a (3 x 9) matrix, and {Q}
represents the unsteady fluid stresses .{ ~,

sol~ing for {c} from (E.::') , we obtain

{C}_[B]-I{R}.

(E.2)

is a (3 x 1) vector which

(E.3)

Substituting for {c} from (E.3) into .(E. 2), we get
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(E.4)

The unsteady fluid stress vector [ Q}. is now related to the sheU

displacement vector [R} by equation (E.4).

Inversion of matrix [B]

Equation (E.l) may be written as

.,) [B] i {c~_~-=ic~} i •

and

[ B] 0 {c} 0 - {R} 0 •

\

(E.S)

(E.6)

where (E.S) represents the boundary conditions for the inner flow which is

given by

corresponding boundary conditions for the annular

bU b12

b
21

b 22

( b 31 b 32

.) ~(E. 6) represents the

flow case,

CH Rl

C3i = R2

CSi R3

(E.7)

b44 b4S b46 \ b47 b48 b49 Clo R4 1,
l.bS4 bSS bS6 bS7 bS8 bS9 C20 RS (E.8)

b64 b6S b 66 b67 b68 b69 C30 R6·

'"b74 b 7S b 76 bn b78 b 79 C40 R7

b84 b8S b86 b87 b88 b89 CSo R8

b94 b9S b96 b9.] b98 b99 C60 R9

The two matrices [Bil aM [B J are inverted separately by an IMSL Bub·
1 . 0

routine. The inverse matrices for [Bi J and [B 1 are denoted by [Di) and0
("!:\
':ci) [D ]. respectively. The total matrix [D 1 iB given by0
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Fina11y the vector (cl is given by

[DJ . [a]
(E.9)

..
_ [~ -1

[DJ[a]
[D] -•

[D] {R}-{C} (E.1a)

ànd in a detai1ed form by

!
... 1

J

a

aa

a

a a
r-,\

d48 .?-49 ::..---)

d
58

d
59

)

d 68 d
69

d'l8 d79

d
88

d
89

d
98

d
99

d
46

d
47

d
56

d
57

d
66

d
67

d 76 dn
d

86
d

87

d96 . d97

a a

a a

a ad13 a/'0
•

d
23

a' a

d33 a a

a d44 d45

a d54 d55

a . d64 d65

a d74 d
75

a d
84

d
85

a d
94

d
95

a a

a a

a a

a a

a a

d
11

d
12

d
21

d
22

. d
31

d
32

a a

(E.11)
One can find now the unsteady fluid forces (Ql in terms of the she11 dis-

placements as given by (E.4),

where

{Q} - [s] {R}, ,~/

[s] - [T] [D] . '._____

(E.12)

(E.13)

Fina11y, the unsteady stresses are given by
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0(3) _ 5 R 5 R
'x 13 3 + 16 6

Q ~l) _ 5 R 5 R
o ". 21 l + 24 4

and

.,

(E.14)

(E.15)

Q(~) - 5 R + 5
36

R
6

.
r 33 3

Q~l), ~2), ~3) are the coefficients of

for axial iirection.

- -
A , &,

n .n
-t:.-r

(E.16)
- ..
C in Flugge' s cquation

n

Similar definitions pertain to Q~l), Q~2), Q~3) and Q~l), Q~2), ~~3).

E.l FOURIER TRAN5FORM SOLUTION.

For the Fourier Transforro method, the vector [R) is dcnotcd by [R*)

as in (3.85) and [Q) by [Q*) as in (3.86). The elemen"ts of matrix [B]

are taken from the boundary condition equations (3.37)-(3.40) and

(3.56)-(3.62); theyare:

j

bll -- iac i In(ac i ), b12 -O, b13 -- (n+l)In+l(8ici)+(ciPi) I~+l(Pici))

i~



•
,

-
b44 - ,i a 'i 1n (a'i)' b45 - -i a 'i Kn(a'i)' b46 - 0, b 47 - 0,

( - -
I~+l (P~'i»)b

48 - - (n+ 1)1 , (,8 ci) + ('i.8 ). n+_ 0 0,
( -'

K~+l(Po'i»)b
49 - - (n+ l)K 1(,8 ci) + ('i,8 )n+ 0 0

-~. n (a'i)' (,8o'i)
, -

b
54 1n (aé'i) , b55 - • n K b _. 1n(,8o'i),n 56
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"
- -

b 74 _. ia'o 1
n
(a,0)' b

75
_. ia'o Kn(a,o),

n K
n

(a1:>""o) , b
86

' _. ,) l' (ii , ),
o 0 n"'o 0

. "

.1 •
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'.;,J;'

·,

c "o c "o

16S

The e1ements of vector (R*J is given' by:

(E.1.1)

R* - i U(O' ci" USo ). ~* c3 m mn

R*
_ U - 2-2- ~ ,~(ci" 0 - ci" U6i ) A4 m mn

* ~*RS - i U(O - "ci USo) B
m mn

* ~*R6 - i U(O ~ "ci USo) C
m' ml}

"

R* - R* - * - O.7 8 - Rg

.~.

(E.1.2)

In a more convenient way we can rewrite (E.1.2) as

R* ~*
-

R* ~* B R* ~*
~

- Rl
A - R mn' - R C

1 m mn 2 2 m 3 3 m mn

. R* ~* A R* - ~* A R* ~*
-

- R4 R
S - R6

A
4 m mn' S ,m mn' 6 m mn

where 2-2-
(E.1.3)

R
l U(c i " 0 - ci" U6i ),

R
2 iU(O· ci" US.1) , R

3
-R'

2 '

\ - 2-2- ....
i\ U(c i " 0- ci" USo)' R

S iU(D- ci" USo) , R - RS6

The elements of [T] of equation (E.2) are given by",,- l

'~"
,. '. 1
<:-.

"
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_ p
r

p
1
U

{ -Z - } P PlU { -Z - \- r
T14 - -Z la I~(acl) TIS - -Z la K~(acl)f€ • €o0

P PlU { - lan l' (p C ')}
_ p

r
p

1
U

{ - lan K' (p. C. ) \T16 -
·_r__

T17 -€ Cl n 1 1 €o Cl n 1 1 f
0

."
~.~

P PlU- r
T18 - <

'0
{

l + n. -z1
-Z-Z-af
Cl Cl

-
j

( Zn 1 (- ) in ~- ac - - a
Z n 1 Cl

Cl

(

P PlU- r
TZ4 - <

'0
(

Zn - Zn - 1 (ac ) - - a
Z n 1 Cl

Ci

(
Zn - Zn - ,- )
-Z K (OC

i
) -~ a K (ac

i
)

n Ci n
Ci

..
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1

/

T28 -
_ prpiU

( ia (n+l) I n+1 (.8
0
'i) ia fJ I~+l (Po'i)]Ço 'i 0

_ prpiU
( ia

<+1(PO'i)]
".

T29 - (n+l) Kn+1 (fJo'i) ia fJ
Ço 'i 0

+-"'-P
'i i

n 
+ -. fJ
'i 0

,"'9\...,

(
,
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"\Flnally, uslng equatlons (3.92)-(3.94) and (E.l.4)-(E.l.6) we can wrlte the

generallzed forces as:

([
-'"

- (3)
qxkm -

- (1)
qOkm - ([

-'"

([
-'"

- (3)
qOkm -

- (1)
qrkm - ] ~(a) da

- (2)
qrkm - ([

-'"

- (3)
qrkm - ] ~(a) da

(E.l.s)

where Gkm(a) and Hkm(a) are glven ln Appendlx F and

Rl , R2 , R3 , R4 , Rs and R6 are glven ln equation (E.l.3).

E.2 TRAVELLING-l'AVE SOLUTION

."
The vector [Q} glven by (E.4) is denoted by [q} ln equation (4.77) .

The coefficients for màtrix lB] glven by (4.32)-(4.34) and (4.47.),;(4.52)

are \

"'---'
i"

)
/•
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, -
b12 - O. b 13 - (n+ 1) I n+l (.Bi) + .Bi I n+l (.Bi)

~

169

• - - 1 -

b49 - (n+ l)Kn+l (.Bo~ Kn+l (.Ba)

b
57 - . P~.l<~ (P~) • b58 - - iCt I n+l (ft 0) b

59
- . i~J. I}n+l (.Ba)

-- , - ,
, b 64 - Ct 1 (Ct) b 65 - Ct K (Ct) b66 - n 1 (.B )

n n n a

b - i Ct 1 (") • b - - i Ct K (fJ)68 - n+l "a 69 n+l a

b
74

- i Ct' 1 (Ct. )
r n r

- -
b

75
- i Ct. K (Ct. ).r n r

•

l'
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, -
< K (a< ) .'r n r

-,
The e1ement of matrix [T lare given by

PiU
--2-

<i Ei

_ P
2i

U (

<i Ei -

•

(- { -ine> (- { - - \]-ina K (fJ )jn 0
i'

T18 -
prpiU [-{
2

1 ," <i Ei Er

• prpiU
T19 - (- {

2
t'

<i 'E iEr

C

,-



./1

/

PrPiU (- ( - -
I~(;i)))TZ4 - Z Zn l (a) - Zn a ,

ci EiEr
n

) .
"-

TZ5 -
PrPiU

( - ( Zn Kn (;;) - Zn ;; K~ (;;) J)Z ,
ci EiEr

prpiU (- ( -
I n+1 (po) I~+l (Po) J)/TZ8 - Z ia (n+l) ia fJ •

ci EiEr
0

prpiU (- ( -
- i;; Po K~+l(Po)))TZ9 - Z ia (n+l) Kn+1 (fJ0)

ci EiEr

171

,

. i
1

-Z
Za " - )+ --Z- In (a) -

Ei ci .

'. ".

/ '. (
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" -1:~a) ]

i

" -
Kn (a) ]

2 •
ci

•

and the vector (R} i5 given b:(

-
R

2
- iU «(l-a Ua) Bn

(E.2.2)
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(E.2.3)

We can rewrite (E,2.3) in the fo11owing form

Rs - Rs Bn

!,
where " ~

) R1 -11 (0 - a U5i)

(E.2.4)
:,

(E.2.s)

Fina11y, usi~g equations (4.66-4.68) and (E.2.4), the genera1ized forces

.are written as:

C FI \- + Sls Rs )qx2 - --2 (S12 R2 ojj
Pill

) - ~i'1 (E.2.6)qx3 - --2 (S13 R3 + S16 R6) 0jj
Pill

_ ci '1
RI + S24 R4 ) 0jj

{~
qOl - --2 (S2l

Pill

~

, ,



- --
(Szz RZ + SZ5 RS) 0jj •

- -
(SZ3 R3 + SZ6 R6) 0jj •

174

J'

- 'i'l
qr1 - --Z

, p u
i

- -
(S3Z RZ + S35 R5) 0jj

- -
(S33 R3 + S36 R6) 0jj •

1
where 0jj - 2 ' for j - 1.
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APPENDIX F

THE EXPRESSIONS FOR~km(a) AND Gkm(a)

Hkm(a) is defined in equation (3.97) as follows:
l - l

~(;:;) - Jo o%>k(O e -iaÇ dÇ x Jo o%>m(O e
iaÇ

dÇ "

and Gkm(a) is given by equation (3.96) as

l - l
Gkm (;:;) - J0 0%>~(0 e-

iaç
dÇ x Jo o%>m(O e

iaÇ
dÇ ,

where o%>mÇÇ) (or o%>k(Ç» is the beam eigenfunction funotion.

F.l CLAMPED-CLAMPED BEAM

For a clamped-clamped beam. the characteristic beam function has tho

form -

."

0%> (0 - cos h), ç - cos), ç - u (sin h ), ç - sin), n.
m m m m m ·m

which satisfies

(F.l)

(F. 2)

The eigenvalues), and the constants u for the clamped-clampod boam
m m

are defined in_Appendix C.

F.I.I Expressi~ for Hkm(a)

The expression for ~(a) has been evaluated in Ref. [48J. and is givon

here as follows:

f
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where

A - 2>.3(J
m m m

~-
(F.3)

Equation (F.3) ho1ds for a11 values of a except when ;:;:4 _ >. 4 or >. 11 i.e.
m k

when

(F.4)

For a - ± i >.
m

± >.
m

1

f ia,
, the integration <1> (n· e d, in eq:>ation (3.97)

Dm.

is given by:

(1). ~/4X - i) +m»" m[

1>.
(_1)m+1 e m1

d, - (-2>' )
m

1>. ,
m

e
1

f <1> <no m

(F. 5)

>. - i)m
(1). (J

m m[

- 1>.
(_1)m+1 e m1

o
d, - (-2>' )

m

- 1>. ,
m

e

(F.6)

(_1)m+1
->.

e m ( >. (J
m m >.m

(F.7)",

• >. ,
e m d,- 1 /[ (_1)m+1 V( >. (J

(-27) e m m
m

- >.
m -1)+1].

and for the integra1
1 -

f <1> (ne-ia,
o k r

(F.8)

d, • when a - ± >'m • ± i >'k • the correct
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expressions can be obtained by replacing the subscript m by k in equations

(F.5)-(F.8) ..

F.1.2 Oerivation of Gkm(a)

Let us consider the integral

lf ~~(n
o .

(F.9)

•

,
'f

Integrating (F.9) by parts, we obtain

l l -
~k(n

-ia,
1 . + i ~ Jo ~k(n. ~-ia, d,e

, 0

Using the fact that

equation (F.IO) reduces to

,

(F.IO)

-.-.....

... i a (F.U)

',.,.

and finally G
km

(a) may be written as

l "" .l
Gkm(a) - ia f ~k(n -i", d, x' f' ~m(n

- ia, d,e e
0 0

Gkm(a) may now be evaluated.

- F. 2 PINNEO-PINNEO'BEAM

(F.12)

For a pinned-pinned beam, the characteristic beam function has the form:

~,(n -"Illf,n m", .m
(F.U)



,. F.2.1 Expression for 11œ,(a)

Let us consider the integral

l \

f ~m(n iar dre
0

, .
/

ns'

(F.14)

(
Upon substituting (F.l3) into (F.14) and integrati~g by parts,we obtain

[
ia .m+l ]

~e (-1) + 1 m"

-2 2 2
- a + m 71'

(F.lS)

then we consider the integral

(

"'.
(F.16) .

lf sin k" r .,.- iar dÇ 
o

substituting for ~k(r) into (F.16) and integrating by parts:~we get

[ -e -ia( _l)k+l + 1] br

_ ;; 2 + k2 ,,2

Finally Hkm(a) may be written as:

(F.ll)

.F.2.2 Expression for Gkm(a)

(f.lS)

•

Gkm(a) is evaluated using equatio(l (F.12), 'where 11œ,(a) is now given by

equation (F.lS).

/

•

c
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STRUCTURE OF MATRIX [Ar

G.l FOURIER Ta,wSFORM METHOD

~
.~

In this Appendix, the structure of matrix [A] is ~cribed in.de t ail.
"

The matrix 15 given for ,he case of k; QI - 1, 2, 3.

The strMcture of matrix A is shown below

A(1) A(I) A(1) A(2) A(2) A(2) A(3) A(3) A(3).,
lln 12n l3n lln 12n l3n lln

"n~1
k - 1

A(4) A(4) 'A(4) A(5) A(5) A(5) A(6) A(6) 6)
lln 12n l3n ~ lln ,12n l3n lln 12n l3n

. (7) A(7) A(7) A(8) A(8) A(8) A(9) A(9) A(9)
'''-_... A

lln 12n 13n lln 12n 13n lln 12n 13n f
'-. --...J

A(1) A(1) A(1) /2) A(2) A(2) . (3) A(3) A(3)
2ln 22n 23n .21n 22n 23n

A
21n 22n 23n

k - 2
. (4) (4) , (4) A(5) A~5) A(5) A(6) A(6) A(6)A

21n
A

22n
A

23n 21n 2n 2'3n 2ln 22n 23n

A(7) A(7) 'A (7) (8) A(8) A(8) A(9) A(9) (9) .
A A

23n21n 22I1' 23n . 2ln 22n 23n 21n 22n
,

• (1) A(1) A(1) A(2) l'y'" A(2) A(3)' A(3) A(3)A
31n 32n 33n 31n 32n 23n 31n 32n 33n

\

" k - 3
A(4) A(4) A(4) A(5) A(5) A(5) A(6) A(6) A(6)

31n 32n 23n 3ln 32n 23n 31n 32n 33n
.,

A(7) A(7) A(7) A(9) A(9), A(8) A(8) A(8) A(9)
31n 32n 23n 31n 32n 23n 31n 32n 33n

where ~)(k m - 1
!S

n' , 2, .3; J. - l, 2, 9, n - 2, 3) are given as follows:

~) _~ + F(J.) + Q(J.)
n kmn kmn

there ~ i'epresents the elements for free vibration of the shell, F(J.)
, . kmn

representt' the steady fl~id forces and Q~~ represents the unsteady fluid

Cc' \
of matrix [A] are"Y forces. ):he coefficients given below:

1 ,."
, ,
\
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where

.- (1) 2 .' -,," 2 ~ 2
~u - <1 bkm + (vs - 1) (ks+ l)u .2 + (1 ~

-.F.

,'.'
,
180

,

•

j

Q
(l) -(1)
kmu - qxkm ;

Â(2) _ E(2) + F(2) + Q(2)
"î<mu kmu kmu kmu

F(2) _ r .E... f
kmu U <1 km

, .
,

Â(3) _ E(3) + T(3) + Q(3)
--kmn, kmu kmu kmu

il

(3) 'u
2 2

E .;. (v + (v - l)k - a. - k < 'tkmu s _s s 2 km s 1: km

11 F(3) _ r Uf r r
kmu <1 km - 14 gkm 15 ~

.... '" r '" ...

1

Q
(3) - (3)
kmn - qxkm ;

Â(4) _ E(4) + F(4) + Q(4)
--kmu kmu kmu •• kmu

(4) • , 2 '1an
~ - (l+vs )u <1 2

F~ - 0

Q
(4) - (1)
kmu - qOkm ;

/_ ... -

,
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.'.• \'
, .

" ~~ r
A-(5) _ E(5) + F(5) +Q(5 .
'1<mn 'lann lann lann'

• •

lS~

"

F( 5) _ " 2 b f' 2 cl . f 2. J 2-
lann 1 i1 <i Ian + i2 <i clan - i4 n J ian - fiS ~, Sian

Q'f:5) -(2)
lann - qu~
. . b'

A-(6) _ E(6) +F(6) + Q(6)
'1<mn lann .lann lann

\

Q
(6) - (2)
lann - qUIan ;

A-(7) _ E(7) + F(7) + Q(7)
'1<mn lann lann lann

'\on
2 . -

\

E(7) ,4 4. kj'< (2 k (1 _ Il )"n2 ) 2 '\on
lann - "m <i'-y "Ian - Ils ,- S s <i 2.

(7) 2 f~ 2
Fkmn - f i4 <i ~ +~ <i '\on .

•

A-(S) _ E(S) + F(S) + Q(S)
'-lann lann kmn kmn

(8) 2 '\on
E - k (3 - Il )n <. - - n Skm

kmn s s 1\
(S)

Fkmn - - r i4 n jlan - fiS n Skm •

Q
(SJ _ - (2) .
kmn qrkm'



\ . .' •

- .
(

A.(9) _ .È;(9) + F(9) + Q(9) \.'
'îann kmn kmn kmn'--1.

1

. :').

. where -q (1) -q (2) a(31;. -q (1)
xkm' xkm" -xkm' 8km

giv~n in Appendix F'and fil' f i2 ,

.,.,

, aiLCf ·
f i4 - J\ f iS -

?

2 2
j~ .-

2 -
< ~- f i4 n riS n 6km ., C.i . "li

..

J
-. (2) - (3) - (1). - (2) - (3) .. •
q8km q8km.·' qrkm ,qrkm and q . :-.are• rkm'"

f' ft and fiS are as follows:
13 '. '(i4

fil
- + vI

2 s

•

c

where J\ -~
. 1 2'-v (

Bf , Cf' Df are defined in Appendix A by equations (A.27)-(A.29).

G.2 TRAVELLING WAVE SOLUTION

Matrix [A] i5. given by equation (4.74) as follows:

.

A~~) A~2) \.. (3)
JJ Jj ~

A(4) A(S) A(6)
jj jj jj

A~?) A~~) A~~)
JJ JJ JJ

where A~~)(j - l,
JJ

i - 1,2, '" 9) are given as

~- 'W' .J



... ~

,

..
~ • f

')where Ej1) ,.~ Qj;) are the 'è1~ments for f~ee vibr;'t,ion 'o.f th'e. shell,

steady f1uid'forces, and ~he unsteady f1uid forces, respective1y.,

The coefficients of matrix [A] are given be1ow: G

,
where

•
F

(l)..;; _ -Z -Z -
. jj. a. r il bjj + riZ (-a) 0jj

-
'Q(l)_ qx1
jj i'

,c

•

,

-
(Z) Qxz

Qjj - i

A(3)_ E(3)+ F(3)+ Q(3)
jj jj jj jIj J •

1-11 .' 1

Ej~)- {-;.; "s .; kJ (T)(-!'Z)(-;';)

r
F(3)_ -il < - r -b r

j j i 0 j j - "', 14 j j - "'. i5 °j j-
Q

'(3)_ Qx3
. jj i

A(4)_\E(4)+ F(4)+ Q(4)'
jj. '~jj jj jj'

(4) HIIS

E~j - -Z- (-n)a 0jj ,

F(4)_ 0
jj

(4) 
Qjj - q91

~ .>"

,



.~

(6) -
Fjj - - r i4 n bjj riS n 5jj •

(6) 
Qjj - Q03

A(7)_ E(7)+ F(7)+ Q(7)
jj jj jj jj

184

( 7) J -
E .. - \ - a v + k

JJ S S
[

l-vs - 2 -3]'-
(-2-) an - a J 5jj

1

,

•
•



•
'1" ,

A(9)_ E(9)+ 'F(9)+ Q(9)
. jj . jj . jj jj

{9) [ - 4 - 2 2 2' 2 2]-E .," . - 1 + k,s (- a - 2a n· - (n - 1) + Cl S, " •
jj . - JJ

(9) . - 2 - - 2 - . 2 - 2 -
Fjj - - a rU b jj + r i2 (-ci) Sjj - r i4 n b jj - riS n Sjj

-18S~··.'"",è". / .
"

\., ~

since we h~ye only considered the first mode j.- 1 then

f l 2
• sin a e de

- 0 ,
t

,

•
and

1;. f e
o

2 -
sin a e de .-

'1

.. ':,: /

••

-',
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APPENDIXH

INVISCID FLOW THEORY

In this Appendix, , thE! unsteady viscid forces are deri.ved uslng two

different'methods.

R.I FROM VISCOUS THEORY

It'has been described in èhapters III and IV that the unsteady viscous' ~

forces reduce to inviscid forces by setting

•
,~ - 0 , '~ - 0 , U(r) - Uc (R.l)

where U
c
~,a constant velocity.

,
In this IllSthod, the frequency equation of the system is obtained by

This method

setting the (îeterm~nant of the coefficient matrix [A] in equation (3.105)

and (~.75) equal to zero; that is

deè'[ A] - 0 , ~

whe(e' the elements of m~trix [A] are given in Appenàlx G.

requires aI'l: iteration technique to find the frequencies of the system.'

R.Z POTENTIAL FLOW THEORY

L.. In the inviscid theory, the pressure perturbation is the only unsteady

force that can be derived using poténtial flow theory as in Ref. [48].

R.Z.I , Derivation of the Pressure Perturbation

•
The flow velocity is expressed as follows:

~

V-U+Vif> (R.2.1)

o·!
r

where U is the, mean flow velocity and "il if>
1 \ <Çj'

describes the velocity perturbations.

(

is the velocity potential which

\
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App1ying the corttinuity
J \

we get

(H.2.2),
'.'~ ,

The pressure perturbation is derived using the unsteady Bernoulli equation

and is given by

, ,-r" [ ~, ~ ]
P (x,O,t,t) - "p , at + U ax (H.2.3)

•
The above ana1ysis is equa11y applicable for inner and annu1ar f1ow,

H,2.2 ' Inner f10w,
The inner f1o~ is denoted by pu~ting a subscript i to equations

(H.2.2) an~ (H.2.3)~nCe

.' "

(H.2.4)

(H.2.5)

and the boundary condition is given by

•
(H.2.6)

H.2.3 Annu1ar flow

1

The annu1ar f1ow'is denoted by a subscript 0

,,/24> - 0 ,
o

, [ a4>0 a4>0 )p _. p --- + U ---
o at - 0 a1t

and the boundary condition is_given by

O'.

r-ao

,

)

(H.2.7)

(H.2.8)

,
(H.2.9)
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The two methods of solution described in Chapters III and IV are

here next.
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"applie~

H.3 FOURIER TRANSFpRM METHOD .'

The followi~nalysis is applicable fo~ a shell clamped or pinned at

both ends.

~i' ~o' Pi' Po and w have been.defined by equation (3.8) and (3.48),

respectively. Following the sarne procedure as in Chapter Ill, we arrive /
!

at a final expression for the generalized forces in the radial direction

-(3) _ (02 -(1)· -(2) -(3»)
qrkm qrkm + 0 qrkm + qrkm

where q;~ ,q;~ and q~~ are given in Ref. [48]. They are:

-(1) 'Ii
[ (<D En(a) r - - ~]qrkm 27f<i Hm.(a) da ' Pr Fn(a) ~(a)

,<D .
/'

-(2) !Z- r En(a) ~(a) daqrkm - U.7f' 1 ,_<D

'(H.3.11

(H.3.2)

(H.3.3)

-(3)
qrkm

-2
'1 <iUi r -

a E (a) ~(a) da7f n
-'" ..

-2
'1 cU r1 0 a F (a) ~(a) da7f Pr n_<D

(H.3.4)

Cc
where E (a)

ln(a< i)

n ,
1 (a<.)n 1 •

, -
Kn(;;e i ) - In(;;e i )

, -
l (ae ) K (ae )

and F (a) -
n 0 n 0

n , { , ,
l (ae ) Kn(ae i ) - In(ae i ) K (ae )n 0 n 0

(~.~
\
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)
Havjng defined the unsteady forces, we can write the elements of matrices

[K], [M] and. [C] as in equation (3.110).

H.3.l Matrix [K]

Elements of [K] are equal to corresponding elements of [A] with F(l)
- kmn

Q~~ --0, except for those specified below

K..(5) .... E(5) _ 0
"1ann kmn

E(9)
kmn

/

where

C.

H.3.2

'[ç~
- (3)qrkm is given by equation (H.3.4) and ~, Skm are given in Appendix

Matrix [M]

This is a (9 x 9)~iX.

fo11owing \

~-
(1) -
Çn-~'

lts elements are equal to zero except for the

- M(9) _ S +
kmn km.

where q}~ is given hy equation (H. 3.2).

H.3.3 Matrix [Cl

•

This is àgain a- (9x 9) matrix with aU e~ements equal" to zero except

for C~n)whiCh i5 equal to q;~, where q;~~S given hy equation (H.3.3:.

\ .
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H.4 TRAVELLINGWAVE SOLUTION

To the

solution is
~.,

autho~ knowledge. ·this is the first .time a travellin~,,~~~ve

used in~deriving the inviscid f~uid forces in the annul~r~flow

., case .

Following the same analysis as in Chapter

defined as follows:
l

~ i (x. 0 •r. t) ~i(x.r) éos o i(wt-kx)n .e

.\1..... ~o(x.O.r.t) ~ (x.r) cos nO i(wt-kx)
e .

0

, -, i(wt-kx)
Pi(x.O.r;t) - Pi(x.r) cos nO e,

,
- p'(x.r) i(wt-kx)

po(x.O.r.t) cos nO e
,0

< ,. i(wt-kx)
w (x,8,r,c) ..; C cos· nO e ,n

, ,
IV. ~i' ~o' Pi' Po and w are,

)
(H.4..1)

(H.4.2),
o·

(H.4.3)

(H.4.4)

).
(H.4.5)

The solution for ~. and ~ have been expressed in terms of modified Bessel
1 0

functions by equation (4.28) and (4,45). that is

-.. H.4.1

- l (kr) Cl + K (kr) C2non 0

Solution for the inner flow

(H.4.6)

(H.4.7)

Upon substituting for~i and Pi from (H.4.l) and (H.4.3) into (H.2.5).

we obtain

-,

..--
."

Using the same non-di';e~sional terms as in Chapti'r IV

OU k
a U.

Ui
Cu

Cu
w -- - - • -ïï --

ai ai 1 L

/.~)

.cf,-r- .
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,
ln.,

equation. (H.4.8) may be rewritten ~s: ~

Substituting

p U
} (i (0 -;:; U.)~In(kr)ël.
Li ~ ~ ~

r

~i - and w from equation (H.4.1)

(H.4.9)

and (H.4.5) into equation

-(H.2.6), we get

a~i 1 - i(w - k Ui)Cnart
r-a

i

(H.4.10)

substituting for ~i from (H.4.6) into (H.4.10), we can rewr1te the l~
in non-dimensional form as follows

'"
a I~(kr) Cu - iU(O-;:;ui)ën

"where

(H.4.10)

Finally, solving for Gli from ,quation (H.4.10) and substituting the

solution into (H.4.9), we get at r-a
tr

where

H.4.2

2
;:;2 U2)-,

p i!!- ,(02
Pi - -2a U. o + E (a)

<. ~ n
l

l (a)
E (a) - n

- , -n al (a)n

Solution for the annular flow

Upon substituting for ~o and from equations (H.4.2) and (H.4.4),

into (H.2.8), (H.2.9), (H.2.1Ô), we obtain

(H.4.13)

a4>o
ar

('-
- (iw- ikU )C

o n (H.4.14)
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'1• aq,0-'ar
r-a

o

-.0 (R.4.1S)

fol1owing non-dimensiona1 terros:
, ,. Substituting for " from

"'0
(H.4.7) into the above equations. and using the

equations (H.4.13), (H.4.14) and (H.4.1S)may bé written as

-,
p o

P piU- r

'i
(iO - i-;; li) { l (kr)ë

1
+ K (kr)ë

2
}

o non 0
(H.4.I6)

iO - ia li ) C
o n

(H.4.I7)

-;; [ r' (-;;, )C
I

.+ K' (-;;, )ë
2

] - 0 .
n r 0 n r 0

Solving for CIo and C20 from (H.4.I7) and (H.4.I8), we obtain

(H.4·.I8)
,

..'j

1 - 1 - t _ 1 -

a [K (a) l (a' ) - K (a, ) 1 (a) 1n n r n r n

)

(H.4.I9)

(H.4.20i

Substituting for CIo and

evaluated at r-a
i

-,
CZo into (H.4.I2), the pressure perturbation Po

117\1
"'~iJfI

r-a ..
~

(H.4.21)

,
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f m-
si" L qr3

o

The amplitude of the generalized force as defined in equation (4.68)

given by

Non-dimen~onally

R

•



- [ 0
2 -(1) + 0 q(2) + q~3)]• qr3 - qr3, r

where

-(1) . -(1)
oHqr3 <i" qr3

-(2) -(2)
0jjqr3 - '1:'\ qr3

-(3) -(3) °jjqr3 - 'i" qr3

where !

'L l.....)- f 2 7TX
dx for j - 10jj - ° - sin L11 0

(H.4.30)

(H.4.31)
..

(H.4.32)

1

(H.4.33)

(H.4.34)

Q~~) - 0, except for those specified in the following'matrix
JJ

We can n~ write the

H.4~ Matrix [K]

Elements of [K]

elements of matrix [K], [M] and [C].

are equal to corresponding elements of
..

[A] with F(l) 
jj

where -(3)
qr3

- /'0
is given by (H.4.33) and o.. is given by (H.4.34)

JJ

\



H.4.5 Matrix [M]

\

The structure of matrix [M] is given below,.

M(l) 0 0
jj

0
. (5)

0

~
M
jj

.

0 0 M(9)
jj

where \
M(l)

- 0jj
..~~~

jj

M(9) -(1)
jj - 6jj + qr3 .

where q(l) ~s given by tH.4.31).
r3

1.4.6 Matrix [Cl

/

•

The structure of mat.ix· [C J is given as

0 0 9
,:;,
'~' .. '

0 0 0

0 0 c<h
jj

1

(9) -(2)
where CIl - qr3

f
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APPENDIX 1

COMPUTER PROGRAM FOR CALCUlATING

THE INTEGRALS IN THE UNSTEADY

INVISCID FORCES

'il'program is originally developed in Ref. [48] for the clarnped-clamped case, In

this Appendix, the program for pinned-pinned shell is presented here.

This prog~am eVaIU~;:~"integrals with unsteady

Program Structure

MAIN PROGRAM

COMPLEX FONCTION IN

COMPLEX FONCTION KN

DOUBLE PRECISION FUNCTION R

DOUBLE PRECISIQN FONCTION F

DOUBLE PRECISION FONCTION FA

inviscid forces. The

(
/

• ,
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1

--"'"

~,N+1)
,N+1)

C

• C************~******************~********************* ****************!*
C COMPUTER PROGRAM FOR CALCULATING THE INTEGRALS IN THE GENERALIZED*'
C FLUID FORCES
C PINNED" PI,NNED SHELL
C*********~*~~*************************************~** **,***************
~ '", , '

c* ** * ****. * *'* *'\. * *** *** * ** *' * * * * *'* *'* **** ** * ** ** * ** **** ** * * *** * te ** ** * * * * ** **
'C ' MAIN PROGRAM ' ,1 *
c* ***** * ** * **"* **** ** ~.* ** * ** * *'* * * ** ** * *J1 ~* ****** * * * * * * ** * *'*'* **'* * *~* *** * * ~*

IMPLICIT COMPLEX*16(A-Z), '

REAL*8 C(3) ,P(3) ,PI,GAMA,'EI,EO,X1,X2,D
INTEGER N,K,M,I
COMMON PI, GAMA
COMMON/DATA1/C,P
INP(Y)=N*IN(Y,N)/Y+IN
K~P(Y)-N*KN(Y,N)IY~KN

PI=3.l4159265358979DO
GAMA~0.5772156649011618
P (1 Y=3 . 1416DO
P(2)=6.2832[)0
P (3 ) - 9 . 42DO
!ÈI-.099DO
EO-1.DO/10.DO
N-3
D-2. Dfr
DO 2'K= ,3
DO 2 M-1 3
,Xl--50.DO+ 2*(1-D QRT(1/
X2--50.DO+D/ (1+DS RT(1
Q1-(0.DO,0.DO).
Q2-Q1
Q3-Q2
Q4.,.Q3
Q5-Q4
Q6-Q5
DO 1 1-1,98
EIX~X1*EI

EOX-X1*EO
INIX-IN(EIX,N)
INOX-IN(EOX,N)
KNIX-KN(EIX,N)
KNOX-KN(EOX,N)
INPIX-INP'\f!IX) ,
INPOX-INP(EOX)
KNPIX-KNP(EIX)
KNPOX-I$'NPt@:OX)
,DEM-INPOX*KNPIX-INPIX*KNPOX
EN-INIX/INPIX
FN-(INPOX*KNIX-INIX*KNPOX)/DEM

. II- ( 0 . DO ,).r.ODO )
FI-CDEXP(-II*X1)
F2-CDEXP(II*X1)
HKM-(Fl*(-1)*~(K)-1)*(F2*(t1)**(M)-1)*M*K*PI**2/(-Xl**2+

&M**2*PI**2)/(-Xl**2+K**2*PI**2)
,QGI-EN*HKM
QG2-FN*HKM
QI-Q1+QG1/Xl
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1

"

. Q2=.Q2+QG2jXl

. Q3=Q3+QGl*Xl
Q4=Q4+QG2*Xl
Q5=Q5+QGl
Q6=Q6"+QG2
Xl=X1+D
IF(I.EQ.49) Xl=X2
CONTINUE
PRINTlO,N,K,M
FORMAT('-' ,'N=' ,Il,'
PRINT1l,Ql
PRINT12,Q2
PRINT13,Q3
PRINT14,Q4
PRINT15,Q5.~

PRINT16,Q6 ~
CONTINUE .
PRINT40 -.
FORMAT('O' ,'Ql=(' ,2D24.l6,lX,')')
FORMAT('O' ,'Q2=(' ,2D24.16,lX,')')
FORMAT('O' ,'Q3=(' ,2D24.l6,lX,')')
FORMAT( '0', 'Q4;=(' ,2D24.l6,lX,');)
FORMAT('O' ,'Q5=(' ,2D24.l6,lX;')')
FORMAT( '0', 'Q6=(' ,2D24.l6,lX, ',)')
FORMAT('l') .
STOP
END.

10

1

1

..f
C ~ .
C**~*****************/~*************************~***** ******************
C COMPLEX FUNCTION H *
C*********************************************~******* ******************

COMPLEX FUNCTION H*16(~B,K;M)

IMPLICIT COMPLEX*16(A-Z) (
REAL*8 AB,C(3),P(3),ABl
INTEGER K,M,J,Ml
COMMONjDAfAljC,P
H= (1. DO, 0 . DO)
1::" (O. DO , 1. DO)
ABl=AB
Ml=M
"DO 1 J=1,2
IF(DABS(AB).EQ.Ml) GO TO 10
A=2*C(Ml)*~(Ml)**3
B=I*2*P{Ml)**2 .

• El={-l)**(MlTl)*CDEXP(I*ABl)+l ;f
E2=El-2
IM=(A*El-~*AB\*E2)j(ABl**4...p(Ml)**4)
GO TO 11

10 IF(J.EQ.2) GO TO 20
IM={(I*C(Ml)*P(Ml)**3-I*P{Ml)**2+AB*P(Ml)**2)*(-1)**(M1+1)*
~CDEXP(I*AB)+I*P(Ml)*~2)j{~2*AB*~3)

GO TO 11 • /
20 IM={ (-I*C(Ml) *'P(Ml) **3f:J;,*P (Ml) **2+AB*P{Ml) **2) * (-1) ** (M1+l) *

~CDEXP(-I*AB)-I*2*P{Ml)**2)j{-2*AB**3) .
11 Hïjil*IM

Ml=K
ABl=-AB
CONTINUE

..

2

11
12'
13
14
15
16

... 40

,

Ji

•

•
•
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,
'RETURN
END

C , ~

c***********************************************************************
C SUBPROGRAMS' FOR CALCULATING THE _BESSEL FUNCTIONS *
C*****'**********************************~************ *******************

COMPLEXFUNCTION IN*16(X,N)
IMPLICIT REAL*a(A-Z)
COMPLEX*16 W,X,Y,Z;T,T1,T2,T3,T4,I,DCMPLX,DCONJG
INTEGER K;N
COMMON PI,GAMA
I-(O.DO,1.DO) "
IF(CDABS(X).GE.20.'P,ol GO TO 10
IN-(O.DO~O.DO) i

K-O ' ..... '?:~

11T-(X/2) ** (2*K)/FA( K)/FA(N+K)
IF(CDABS(T).LT.1.D-12j 'Go. TO 12
IN-IN+T
K-K+1
GO TO 11

12 IN-(X/2)**N*IN
RETURN

10 T1-(4*N**2-1}-/B/X
T2~T1~(4*N**2-9)/16/X •
T3-CDEXP(X)/CDSQRT(2*PI*X)
T4-CDEXP(-X)/CDSQRT(2*PI*X)
Y-X-DCONJG(X)
Z-DCMPLX(O.DO,CDABS(Y»
W-Y+Z -
IF(CDABS(Y).EQ.O.DO) GO TO 14
IF(CDABS(W).EQ.O.DO) GO TO 13

14 IN-T3*(1-T1+T2)+(-1)**N*I*T4*Vi+T1+T2)
RETURN

13 IN-T3*(1-T1+T2)+(-1)**(N+1)*I*T4*(1+T1+~)

RETURN
END

C

\

COMPLEX FUNCTION KN*16(X,N)
IMPLICIT REAL*B(A-Z) )
COMPLEX*16 x,KN~~T,T1,T2,T3

INTEGER N, M, K,r 1
COMMON PI, GAMA , '
IF(CDABS(X) .GEf\15".DO)' GO TO 40
IF(N.EQ.O) GO TO 46 . (
KN-FA( N-1) * (2/X) **N'
IF(N.EQ.1) GO T045

,M-N-1 '
• DO 41 I-1,M .

41 KN-KN+(-1)**I*~A(N-I-1)/FA(I)*(2/X5**(N-2*I)

45 KN-KN/2 "-
GO TO 47

16 KN-(O.DO,O.DO)
47 ~N1-(O.DO,O.DO)

K-O
43 T-(X/~)~*(N+2*K)/FA(K)/FA(N+K)*(CDLOG(X/2)-(F(K+1)+F(N+K+1»/2)

,IF(CDAB~(T).LT.1.D-12)GO TO 42 ,~

KN1-KN1+T
K-K+1

Î



• GO TO 43
42 ·KN=KN+KN1* (-1) ** (N+1)

RETURN.
40 T1=(4*N**2-1)/8/X

T2=T1*(4*N**2-9)/16/X
T3=CDEXP(-X)*CDSQRT(PI/2/X)
KN=T3*(1+T1+~2) .
RETURN

Î END·
C

1 200

••
40

. DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z)
INTEGER K/I
R=O.DO
DO 40 I=l / K
R=R+l.DO/I
RETURN
END

C

C

50

21

22

DOUBLE ·PRECISION FUNCTION
IMPLICIT REAL*8(A-Z)
INTEGER K
COMMON PI 1 GAMA
IF(K.EQ.1) GO TO 50
F=R(K-1)-GAMA 
RETURN'
F=-GAMA
RETURN
!END
'\
D~BLE PRECISIO~ FUNCTION
l PLICIT REAL* 8 (A-Z l ..
l EGER K,L
FA- .DO ~

L=l
FA=FA*L
IF(L.GE.K) GO TO 22
L=L+1
GO TO 21
CONTINUE
RETURN
END

F(K)

FA(K)

~..

•
_ " Cl
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APPENDI:X J

COMPUTER PROGRAK FOR INVISCID THEORY

.USING FOURIER TRÀNSFORH KETHOD

The program caIcuIates the dimensionless frequencyO for each flow

velocity. the -flow could be internaI or annular. The program. is

\

originally developed in Ref. [48] for the cIamped-cIamped case and

modified here for the pinned-pinned case.

Program Structure

MAIN PROGRAM

SUBROUTINI\ MKMAT

SUBROUTINE GMAT

SUBROUTINE REDUGE

L

SUBROUTINE EIGZG

(

r-

,
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C
C*********-********************************~**~******* *********.**********
C ,MAIN PRpGRAM , *
C******************************* **************************************~

, IMPLICIT,REAL*8(A-H,O-Z)
'COMPLEX*l6 MM( 9,9) ,KK( 9,9) ,C (9,9), AA( 18, lB) /3 24 * (O. DO, O. DO) / ,
#BB(lB,18)/324*(O.DO,O.DO)/,EI (lB),EIGB(lB),Z(18,~8),WK(lB,36),

#OMEGA,Q1(3,3)~Q2(3,3),Q3(3,3),Q4(3,3),Q5(3,3),Q6(3,3)

REAL*8 NU,
COMMON/DATAl/NU,SK,EI,EO,ER,C(3),P(3),N
COMMON/DATA2/Z1,DR,PI
COMMON/DATA3/Ql,Q2
COMMON/DATA4/Q3,Q4
COMMON/DATA5/Q5,Q6
COMMON/DATA6/PPI,PPO,PO,PL,RMS,DEN,DDI,VIS
DATA IA/l8/,IB/18/,NN/1B/,IJOB/2/,IZ/1B/
PI=DARCOS(-l.DO)
P(1)=3.14l6DO
P(2)=6.2632DO
P(3)=9.42DO
EI=l/ll.DO
EO=O.lDO
ER=lO/l1'"DO
RMS=(1-Ett**2)/2/DLOG(1/ER)
NU=O.30DO
SK=(5.50D-3)**2/12
ZI=2.330D1
DR=l.DO

> N=3
D~~/;98. 6DO
DD~=8. 26lD-7
VI/S=l.l2l6D-6
De) 3 K=1,3
DO 3 M=l,3
'READ(5,*) Ql(K,M),Q2(K,M),Q3(K,M),Q4(K,M),Q5(K,M),Q6(K,M)

3 .CONTINUE
CALL CONT(C,P)
CALL PREMAT(MM, KK)
UO=(O.ODO,U.DO)
UI=0.0395DO
CALL MKMAT(UI,UO,MM,KK)
CALL CMAT(UI,UO,CC)
CALL REDUCE(MM,KK,CC,AA,BB)
CALL EIGZC(AA,IA,BB,IB,NN,IJOB,EIGA,EIGB,Z,IZ,WK,INFER,IER)
PRINTlO,UI,UO ,

10 FORMAT('l' ,'FLOW VELOCITY INSIDE THE INNER CYLINDER-' ,F8.5/'0' ,'FL
#OW VELOCITY IN THE ANNULAR REGION=' ,FB.5)

PRINT13,PPO
13 FORMAT('-' ,'GAUGE PRESSURE AT THE UPSTREAM END OF THE CYLINDERS IN

#' TH~ENNULAR FLUID REGION-' ,D24.l6,'" N/M**2')
PRI 4,PPI'

14 FO T('O' ,52X,'IN THE INNER· FLUIDjREGION-' ,D24.l6,' N/M**2')
PRINTl5, PO, PL 'Ill

-. ~

C*******************,***************************~********~,******~*******
C COMPUTERPROGRAM FOR THE CASE OF STEADY VISCOUS FO E AND
C UNSTEADY INVISCID FORCES ' *
C '~PIN-PIN *
C*****************~*~***************~****************************.*~*****,

o

•
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15•
11

6 20
12
1·

FORMAT('-' ,'AXIAL COMPRESSIVE LOAD ACTING ON.THE X~O END OF THE IN
HNER CYLINDER=' ,D24.16,' N/M'/'O' ,37X,'X~L END' ,22X,'=' ,D24.16,' N/
HM' )
PRINTll
FORMAT ( , ..;. ", ' THE FREQUENCIES ,ARE: ' )
DO 20 1-1,18
OME'GA=-EIGA( 1) /EIGB (1) ~
PRINT12,OMEGA
FORMAT('O' ,'(' ,2D24.16,lX,')')

- CONTINUE' - 1

PRINTl.OO
100 FORMAT('l')

STOP
END

C

/'

•

- ,

1

40

C'

C****~********************~**************************~******************
C SUBROUTINE CONT *
c***********************************************************************

SUBROUTINE CONT(C,P)
IMPLXCTT REAL*8(A-H,P-Z)
DIMENSION A( 3 , 3 ) ,B ( 3 , 3 ) ,C ( 3 ) ,D ( 3 , 3 ) , SE ( 3 , 3 ) , SF ( 3 , 3 ) ,G (3 , 3) , H(3 , 3 ) ,

HSJ(3,3),SL(3,3),DEL(3,3),P(3) , .
INTEGER KL,K,M '
COMMON/CONl/A,B,D,DEL
COMMON/CON2/SE,SF,G,H,SJ,SL

PI-3.1416DO
DO 3 K=1,3

. DO 3 M=1;3
IF(K.EQ.M) GO TO 1
PC=P(M)*C(M)-P(K)*C(K)
KL=K+M

IF(MOD(KL,2).EQ.0) GO TO 40
A(K,M)=O.DO
B(K,M)-O.DO
D(K,M)--A(K,M)
SEC K,M) =K*MI< *3*PI* *2*2* (K* *2+M* *2) / (1Jl**'2-M* *2) **2
SF(K,M)~-2*K*M/(K**2-M**2) .
G(K,M)--K*M*2*(K**2+M**2)/(K**2-M**2)**2
H(K,M)=4*K*M**3/(K**2-M**2)**2
SJ(K,My-,4*K*M/(K**2-M**2)**2/PI**2
DEL(K,M)-O.DO
GO TO 3

A(K,M)=O.DO
B(K,M)-O.DO
D(K,M)-O.DO
SE(K,Mf;"o.DO
SF(K,M)-O.DO
G(K,M)-O.DO
H(K,M)-O.DO
SJ(K,M)=O.DO
DEL(K,M)=O.DO
GO TO 3

A(K,K)-P(K)**2/2
B(K,K)--P(K)**4/2
D(K,K)--A(K,K)
SE(K,K)-B(K,K)/2
SF(K,K)-O.DO
G(K,K)-A(K,K)/2

,



;
!
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3

3

61
60

HCK, K) =-4(K, K)
SJ ('K, K) =0. 25DO ch

DEL(K,K)=.5DO
CONTINUE
. ,DO 60 K=I,3

DO 60 M=1,3
WRITE(6,61) SE(K,M)

FORMAT('O' ,F10.4)
CONTINUE ~

U~ .~ [END

g***********************************~**~*.************ ******, ***********
C SUBROUTINE PREMAT *
C***************~******·**************~*.***~********~ *****ft*************

SUBROUTINE PREMAT(MMJKK)
IMPLICIT REAL*8(A-H,O-Z)
DIMENSION A(3,3) , B( 3 , 3 ) , D(3, 3 ) , DEL ( 3 , 3 ) , COEM( 3 , ~, 3 ) , COl;: ( 9, 3 ,3 )
COMPLEX*16 MM(9,9),KK(9,9),Q1(3,3),Q2(3,3)
REAL*8 mI
INTEGER 11
COMMON/DATA1/NU,SK,EI,EO,ER,C(3),P(~),N

COMMON/DATA2/ZI,DR,PI
COMMON/DATA3/Q1,Q2
COMMON/C~A,ByD,DEL

COMMON/COEFj'G0É
D09I=1,9
DO 9 J=1,9
MM(I,J)=(O.DO,O.DO),

9. KK(I,J)=(O.DO,O.DO)
C1=ZI/2/PI/El
C2=C1*DR

. DO 3 K=1,3
DO 3 M=1,3 .
COEM(1,K,M)=A(K,M)
CO~(2,K,M)=DEL(k,M)

COEM(3,~,M)=DEL(K,M)+C1*Q1(K,M)-C2*Q2(K,M)

DO 4 K=1,3 .
DO 4 M=1,3

. COE(1;K,M)=(ÉI**2*B(K,M)+(NU-1)*(SK+1)*N**2*A(K,M)/2)
COE( 2,K ;M)=- (1+NU) *N*EI*~2*D( K,M)/2 ,
'COE(3,K,M)=(P(M)*EI)**4*SK*DEL(~,M)-(2*NU-SK*(1~NU)*N**2)

C*EI**2*D(K,M)/2
COE( 4 , K,M) = ( (1+NU) -*N*A( K,M)/2)'
COE( 5, K,M) =-N**2*DEL( I\.,M) + (1+3 *SK) *(1-NQ) *El* *2!',D (K, M) /2
COE(6,K,M)=SK*(3-NU)1N~EI**2*D(K,M)/2-N*DEL(K,M)

COE(7,K,M)=«~U+(NU-Y)*SK*N**2/2)*A(K,M)-SK*EI**2*B(K,M»

COE( 8, K,'M)=-N*DEL( K,M) +( 3-NU) *sK*N*EI~*2*D(K,M)/2
COE( 9, K,M) =-SK* ( ( (P~) *El) **4t eN*" 2-1) **2) *DEL( K,M) -2* (N*EI)
~**2*D(K,M»-DEL(K,M)

K=O l '
liO 5 1=1,7,3
K=K+1
DO 5 M=1,3
DO 5 L=1,3
H='L-1

, MM(I+H/M+3*H)=COEM(~,K,M)

CONTINUE ~ ,
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RETURN
C END ( . -

C **********~*********~********************************* ************
C SUBROUTINE MKMAT *
c* * * * ** * ** *** * * * * **** ** *'*'fk * * *** * * * ** "ft * ** * * * ** * ** * * * * * * *.** ** ** * * * * * * * * *'-f *

SUBROUTINE MKMAT(UI,UO,MM,KK)
IMPLICIT REAL*8(A-H,O-Z)
COMPLEX*16 MM(9,9),KK(9,9),Q3(3,3),Q4(3,3),CCOE(9,3,3)
INTEGER W, v, H'H
REAL*8 NU
DIMENSION A(3,3),B(3,3),D(3,3),SE(3,3),SF(3,3),G(3,3),H(3,3),

#SJ(3,3),SL(3,3),COE(9,3,3),DEL(3,3)
COMMON/DATA1/NU,SK,EI,EO,ER,C(3),P(3),N
COMMON/DATA2/ZI,DR,PI
COMMON/DATA4/Q3,Q4
COMMON/DATA6/PPI,PPO,PO,PL,RMS,DEN,DDI,VIS
COMMON/CON1/A,B,D,DEL
COMMON/CON2/SE,SF,G,H,SJ,SL
COMMON/COEF/COE
FA(RR,RE)=DSQRT(0.00SS*(1+(20000*RR+l.D6/RE)**(1./3.»)
F(RR,RE)=1/(-4*DLOG10(RR/3.7+2.Sl/RE/FA(RR,RE»)**2
SU=S.30B2D3
UOM-UO*SU
UIM=UI*SU
RR-O.DO
RO-UOM*2*(EO-EI)/VIS
RI-UIM*2*EI/VIS
IF(RI.EQ.O.DO) GO TO 10
FI-F(RR,RI)
GO TO 11

10 FI-O ..DO
11 IF(RO.EQ.O.DO) GO TO 12

FO-F(RR,RO)
GO TO 13

12 FO-O.DO
13 PPI=DEN*FI*UIM**2/EI

PPO-DEN*FO*UOM**2/(EO-EI)
UTBS-(1-RMS)/2/(1-ER)*FO*UOM**2
UTAS-(RMS-ER**2)/2/ER/(1-ER)*FO*UOM**2
UTS-FI*UIM**2/2
BB-UTS+U~S

CC-2*UTS/EI~2*UTBS/EO/(1-RMS)

DD-(PPO-PPI)ïDEN
GM1--BB*DDI/EI
GM2--(NU*CC*DDI+GM1)/2-NU*DD*DD~.
GM3-BB*DDI .
GM4-~CC*DDI
GMS--DD*DDI
C3-UI**2*ZI*EI/2/PI
C4-UO**2*ZI*EI*D~/2/PI

PO-«NU*EI*CC-BBj/2+NU*EI*DD)*DEN~

PL-«NU*EI*CC+BB)/2+NU*EI*DD)*DEN
DO 4 K-l,3 /.
DO 4 M-l,3 /
CCOE(1,K,M)=CPE(1,~M)+'GM1*EI**2*SE(K,M)+GM2*EI**2*B(K,M)-GM4*N**

#2*G(K,M)-GMSfN**2*A(K,M)
CCOE(2;K,M)~tOE(2,K,M)

1

•



CCOE(3,K,M)~COE(3,K,M)+GM4*EI**2*H(K,M)+GM5*EI**2*D(K,M)
CCQE('4,K,M)=COE(4,K,M)+GM3*N/EI*SF(K,M)
CCOE(5,K,M)=COE(5,K,M)+GM1*EI**2*H(K,M)+GM2*EI**2*D(K,M)-GM4*N**

#2*SJ(K,M)-GM5*N**2*DEL(K,M)
CCOE(6,K,M)~COE(6,K,M)-GM4*N*SJ(K,M)-GM5*N*DEL(K,M)

CCOE(7,K,M)=COE(7,K,M)+GM3/EI*SF(K,M)-GM4*G(K,M)-GM5*A (K,M)
CCOE(8,K,M)=COE(8,K,M)-GM4*N*SJ(K,M)-GM5*N*DEL(K,M)

4 CCOE(9,K,M)=COE(9,K,M)+GM1*EI**2*H(K,M)+GM2*EI**2*D(K,M)-GM4*N**2*
#SJ(K,M)-GM5*N**2*DEL(K,M)+C3*Q3(K,M)-C4*Q4(K,M)

K=O
DO 5 I=l,7,3
K=K+1
DO 5 M=l, 3
W~-l

DO 5 V~l,7,3

W=W+1
DO 5 L=l,3 \
HH=L-1 ~
KK(I+HH,M+V-1)=CCOE(L+3*W,K,M)

5 CONTINUE /
CCL=GM1*EI**2*H(l,l)+GM2*EI**2\~(1,i)-GM4*N**2* _

#SJ(l,l)-GM5*N**2*DEL(l,l) "
WRITE(6,55) CCL

55 FORMAT('O' ,D11.4)
RETURN
END

•
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C
C****************.******** ****** *** ** ** * *** * * * * * * * * * ** * * * * *** * ** * * * * * * ** *
C SUBROUTINE CMAT *
C***************************************************** ****************~*

SUBROUTINE CMAT(UI,UO,CC)
IMPLICIT REAL*8 (A-H,O-Z)
COMPLEX*16 CC(9,9),Q5,Q6
COMMON/DATA2/ZI,DR,PI
COMMON/DATA5/Q5(3,3),Q6(3,3) J
DO 2 I=l,9
DO 2 J~1,9

2 CC(I,J)~(O.DO,O,DO) ~

C5=UI*ZI/PI
C6=UO~ZI*DR/PI

DO 1 K=l,3
DO 1 M=l,3
CC(3*K,6+M)=-C5*Q5(K,M)+C6*Q6(K,M)

1 CONTINUE
RETURN )
END

C
c***********************************************************************
C SUBROUTINE REDUCE *
C***********************************************************************

SUBROUTINE REDUCE(MM,KK,CC,AA,BB)
COMPLEX*16 AA(18,18),BB(18,18),MM(9,9),KK(9,9),CC(9,9)
DO 1 I=l,9
AA(I,I+9)=(1.DO,O.DO),
BB(I,I)=(~l.DO,O.DO)

1 CONTINUE
DO 2 I=l,9
DO 2 J=l,9



< AA(9+I,J)=KK(I,J)
AA( 9+I, 9+J) =CC( I,.J)
BB(9+I,9+J)=MM(I,J)

2 CONTINUE
RETURN
END

//GO.SYSIN DD * _
(0.9488942682409000D-Ol,0.00000000000000nOD+00)
(-0.3388882646536831D+00,Q.2530009449472896D-14)
(O.8963660194668257D+00,0.0000000000000000D+00)
(-0.3125736140399624D+Ol,0.3654727955866147D-ll)
(-0.7510231870242804D-Q5,0.0000000000000000D+00)
(0.1405221268812409D-04,-0.9186404257521180D~13)
(-0.1562600697365384D'-18,-0:2042373375506055D-06)
(-0.8547107142611914D-15,0.3839032126031i92D-06)
(-0,2026874670384583D-17,-'0.48T4609543353414D-03)
(-0.1677557461862756D-ll,0.9161303960358518D-03)
(0.2980415091981127D-18,-0.2517401932134774D+00)
(0.2998648803911531D-13,0.8905105289948569D+00)
(0.33805708~0220098D-04,0.0000000000000000D+00)

(-0.5671535404586738D-03,0.6789390407096391D-~4)

(~0.1174624146655580D+00,0.0000000000000000D+00)

(0.6064926740006390D+OO,0.1149235066738984D-I0)
(-0.2329329050940974D-04,0.0000000000000000D+00)
(0.4358372896014636D-04,-0.2~1139353028704D-12)

(-0.1562600697365384D-18,0.2042373375515842D-06)r
(0.855834809239Z4~2D-15,-0.3839032126048518D-06)

(-0.2026874670384~~F-T0.4874609543353422D-03)

(0.1677560751174119D-ll,-0.9161303960358665D-03)
(0.2980415091981125D-18,0.2517401932134774D+00)
(-O. 2998862526071301-Q-13, -O. 8905105289948569D+00\ (
(0.9397415820946215D-O~,0.0000000000000000D+00)1
(-O. 3299706561406452D+00, -O. 3428192176519597D-14)~
(0.3551985421936918D+Ol,0.0000000000000000D+00)
(-0.1217679965761827D+02,-0.8219501584326605D-ll)
(-0.1932193425764670D-04,0.0000000000000000D+00)
(0.3643946515632464D-04,0.1811084324637418D-12)
(0.1645526999083061D-18,0.6337767299870169D-06)
(O. 5.055735053178416D-15,-0 . 1191311275914592D-05 )
(O.1316268166584047D-16,0.1512631768261931D-02)
(O.5052250294961182D-lli-0.2842844208701724D-02)
(O.1872529253174458D-IT,-0.4471872546438655D+00)
(-'0.7893170320271388D-13,0.1545004117643541D+Ol)
(0.3380570860220076D-04,O.00000000ooOOeOOOD+00)
(-0.5671535404586774D-03,0.6789390407096391D~14)

(-0.1174624146655580D+00,0.0000000000000000D+00)
(O.6064926740006390D+00,0.1149235066738984D-I0)
(-O. 2329329050941151D-t14,0.0000000000000000D+OO)
(0.4358372896014987D-04,-0.2831139353028704D-12)
(0 • 154"5526999083062D-18 , -0 .6337767299880196D-06)
(-0.50667024S6320618D-15,0.1191311275920182D-05)
(O.1316268166584047D-16,-0.1512631768261992D-0t)
(-0 ;-5052371129682607D-ll, O. 2842844208701988D-02)
(O.18v2529253174458D-17,0.4471872546438655D+00)
(O.7891892788411455D-13,-0.15450041~7643541D+Ol)
(O.9249605669901730D-Ol,0.0000000000000000D+OO)
(-0.3161251213563608D+00,0.2208347268234370D-13)
(.0. 7862707203612402D+Ol, O. OOOOOOOOOOOOOOOOD+OO)

•
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• (-O.2624399823~~~381~'O.3623762246243465D-I0)
(jO.7224513115367823D-04,O.OOOOOOOOOOOOOOOOD+OO)
("I.1351774657193256D-03i-O.8943857238535201D-12)
Il''' . , .

,

f
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APPENDIX K

COIfi'llTER PROGRAH FOR INVISCID

THEORY USING TRAVELLING-li1AVE SOIlJTION

209

This program calculates the dimensionless frequency 0 for each flow

velocity. The flow could be internal or annular. Steady viscous and un-

,

stead~ inviscid forc~

Program Structure

MAIN PROGRAM

SUBROUTINE PREMAT

SUBROUTINE UNSFO

SUBROUTINE STFOR

SUBROUTINE MATRIX

are considered.

(

COMPLEX FUNCTION IN

COMPLEX FUNCTION RN

DOUBLE.P~ECIS~N F

DOUBLE 'PRECISION FA

DOUBLE PRECISION R
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, 1
C************~******************~******~************** ******************

C COMPUTERPROGR~ FOR 'TRECASE OF STEADY VISCOUS 'FORCES AND *
C .UNSTEADY INVISCID FORCES USING TRAVELLING-WAVES SOLUTION *
C .'
c*****************************************************;*****************. t
C
C***************~********t******~************·******** *******************

C MAIN PROGRAM *:
c***********************************************************************

IMPLICIT REAL*8(A-H,O-Z)
COMPLEX*16 MM(3,3),

&KK(3, 3) ,CC(3,3).,AA(6,6) ,BB( 6, 6) ,EIGl!« 6j;EIGEl( 6 )., Z(6, 6) ,WK( 6,12),
&OMEGA •
#,FS,UO,MIL,COE(2,9),CC02(2,9)

INTEGER INFER(3),MS,N
EXTERNAL FS

REAL*8 NI,NO,UI .
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N.
COMMON/DATA2/EI,EO,ER,HR,URR ., \
COMMON/DATA3/ZI,ZO,USR,DSR
COMMO~/DATA7/UI,UO

COMMON/AREAl/AAA
COMMON/DATA5/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
DATA EPS/l.D-10/,NSIG/5/,NGUESS/1/,ITMAX/10/,II/1/
DATA ~A/6/,IB/6/,NN/6/,IJOB/O/,IZ/6/

COMMON/COCE/COE
COMMON/CCCE/CCOE

~ :;zs:~~~~;~~~;;~~~:~~:::
PI=3.141617DO
CIG(1)=O.98250221457621Bü
CIG(2)=1.00077731190727DO
CIG(3)=O.99996645012540DO
P(1)=4.7300407448627DO
P(2)=7.85320462409584DO
P(3)=10.99560783800167DO

C --------------------------------------
C SMALL GAP,STEEL-WATER SYSTEM
C ------------------------------------

EI=l/l1.DO
EO=1/10. DO '
ER=EI/EO

ZI=23.3DO
SU=5308.DO
NI=.3DO
LEN=1. ODO
SKI=(5.5D-3)**2/12
lf=3

C --------------------------------
CALL PREMAT

UI=.0395DO
UO=(O.ODO,O.DO)

MS=l
NK=MS-l,

CALL UNSFO(UI,UO)
CALL STFOR(UI,UO,GMl)

À
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CALL MATRA(MM,KK,CC,AA,BB)
DO 14 K=1,6

WRITE(6,4l9) (M(K,J) ,J=1,6)
FORMAT ( '0',6 (D1l. 4, lX»

CONTINUE
DO 114 K=1,6

WRITE(6,3l9) (BB(K,J),J=1,6)
FORMAT('O' ,6(D1l.4,lX»

CONTINUE
CALL EIGZC(M,IA,BB,IB,NN,IJpB,EIGA,EIGB,Z,IZ,WK,INFER,IER)

PRINT10,UI,UO
FORMAT( 'l', 'FLOW VELOCITY INSIDE THE SHELL=' ,F8.S!,O', 'FLOW

&VELOCITY IN THE ANNULAR REGION=' ,F8.S)
PRINT11

FeRMAT ( '-' , 'THE FREQUENCIES ARE:')
00 20 1=1,6
OMEGA~-EIGA(I)/EIGB(I)4>
PRIN~12,OMEGA

FORMAT ( 'O',' (. ,2D24,16,lX,')')
STOP
END

l

,

C*******************~********************************* ******************

C SUBROUTINE PREMAT' *
C*****~*******~****************************;********** ******************

SUBROUTINE PREMAT
IMPL~CIT REAL*8(A-H,O-Z)
COMPLEX *,l,6~."COE ( 2 ; 9 >'
REAL*8 Nl,"NCr,NU
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/CPCE/COE:
J=O 1

E=EI
NU=NI
SK=SKI

c *******************************************************************
C FREE SHELL VIBRATION
C **********************************************************************

X1=-3.14l6DO
12 JJ=J+l

COE(JJ,1)=-Xl**2*E**~+{NU-1)*(SK+l)*N**2/2

COE(JJ,2)=-(1+NU)*N*Xl*E/2
COE (JJ ,3) =-NU*Xl *E+SK* (-E** 3*X1**3+N** 2* (l-NU) ,* (Xl) *E/2)
COE(JJ,4)=-(1+NU)*N*X1/2*E
COE(JJ,S)=-N**2-(1+3*SK)*(1-NU)*E**2/2*Xl**2
COE(JJ,6)=-SK*(3-NU)*N*E**2*X1**2/2-N
COE (,J"J ,7) --NU*Xl*E+SK* (-E** 3*X1**'3+N* *2* (l-NU) *Xl *E/2)

'. COE(JJ,8)=-N~(3-NU)*SK*N*E**2*X1**2/2

COE(JJ,9)=-SK*(E*"'4*X1**4+(N**2-1)**2)-2*SK*(N*E)
1**2*X1**2-1.0DO.

RETURN
END

c* ***** ** * * ** * * *** ** * ** * ** * *** * * * ** ** * **'* * * * * * ** ** * * * *'* *. * * * * * * ** * * * * * **
C SUBROUTINE ~VOR. . " *
C********************~******************************** ******************
Œ THE STEADY FORCES ARE CALCULATED UN THIS SUBROUTINE



•
212 "

SUBROUTINE STFOf!(UI,UO,GMl)
IMPLICIT REAL*8(A-H,O-Z) (
INTEGER DEL(3,1),W,V,HH,KK,N
REAL*8 NU,NI,NO,Xl
COMPLEX*16 CCOE(2,9),KI,X(3),UO,I
DIMENSDJN AK(3,3),BK(3,3)
COMMON/DATAl/NI,NO,SKI,SKO r CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR _

"COMMON/DATAS/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
/ COMMON/CONl/A,B,D,DEL

COMMON/CON2/SE,SF,G,H,SJ,SL
COMMON/CCCE/CCOE "
FA(RR,RE)~DSQRT(0.00SS*(1+ri20000*RR+l.b6/RE)**(1./3.»)
FW(RR,RE)=1/(-4*DLOGIO(RR/J.7+2.S1/RE/FA(RR,RE»)**2

-

•

-----------_....:----------------------------------------'--------

c

C
C DATA FOR STEADY FLOW
C -------------------------------------~----------------

I~(O.DO,l.ODO)

---"" DEN~998.6DO
DDI~8 261D-7
DDO=DD /ER
ALEN=l. ODO
VIS=l. 21D-6
SU~S30 .ODO
Xl~-3. 41 DO*EI
N=3

•

RMS=(1-ER**2)/ DLOG(l/ER)
RM~DSQRT(RMS)

UOM=UO*SU
UIM=UI*SU
RR=O.DO
RO~UOM*2*(EO-EI)/VIS*ALEN

RI~UIM*2*EI/VIS*ALEN

IF(RI.EQ.D.DO) GO TO 10
FI=FW(RR,RI)
GO TO 1"1.

10. FI=O.DO
Il IF(RO.EQ.O.DO) GO TO 12

FO=FW(RR,RO)
GO TO 13

12 FO~O.DO

11 PPI~DEN*FI*UIM**2/EI

PPO=DEN*FO*UOM**2/(EO-EI)
UTBS=(1-RMS)/2/(1-ER)~FO*UOM**2

UTAS=(RMS-ER**2)/2/ER/(1-ER)*FO*UOM**2
UTS=FI*UIM**2/4 " "
BI~UTS+UTAS

CI~2*UTS/EI-2*UTBS/EO/(1-RMS)

DI=(PPO-PPI)/JEN
J=O
E=EI
NU=NI
BB=BI
CC=CI
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, DD-DI
BD-DDI
GM1--BB*BD/E
GM2--(NU*CC*BD+GM1)/2-NU*DD*BD
GM3-BB*BD '
GM4--CC*BD
GM5--DD*BD*.25DO

WRITE( 6 ,'99) DDI, UIM, PPI, UTS
FORMAT('O' ,'DDI-{' ,Dll.4,lX,')' ,2X,'UIM=(' ,Dll.4,lX,'):,
2~,'PPI-(',Dll.4,lX,')',2X,'UTS=(',Dll.4,lX,')')
WRITE(6,100»)'lB,CC,DD "
FORMAT( '0', 'BB-(' ,Dl1.4,lX,')' ,2X, 'ce=(' ,Dl1.4,lX,")',
2X, 'DD-(' ,Dl1.4,lX,:)')
WRITE(6,101) FI,RI
FORMAT ( '0', 'FI,;,(' ,Dl1.4,lX,')' ,2X, 'RI=(' ,Dl1.4,lX;')')'
WRITE(6,102) GM1,GM2,GM3
FORMAT('O' ,'GM1=(' ,Dll.4,lX,')' ,2X,'GM2=(' ,Dll.4,lX,')',
2X,'GM3=(' ,Dll.4,lX,')')
WRITE16,103) GM4,GM5,Xl,N

103 FORMAT( '0', 'GM4=(' ,Dl1.4,lX,')' ,2X, 'GM5=(' ,Dl1.4,lX,')',
& 2X, , Xl= ( , , Dl1. 4 , lX, , ) , , lX, 'N= ( , , I3 , lX, , ) , )
JJ-J+l
PO(JJ)-«NU*E*CC-BB)/2+NU*E*DD)*DEN
PL(JJ)-«NU*E*CC+BB)/2+NU*E*DD)*DEN

K=l
M-l

AK(1,1)=.5DO
BK(1,1)-.25DO
CCOE(JJ, 1) =GM1* (-Xl **2) *BK( K,M) +GM2* (-Xl * *'~) *AK( K, M) -GM4*

# N**2*BK(K,M)-GM5*N**2*AK(K,M)
CCOE(JJ,2)=(0.DO,0.DO)
CCOE(JJ,-3)=+GM4*Xl*~K(K,M)+GM5*Xl*AK(K,M)

CCOE(JJ/4)=GM3*N/I*(,:K(K,M) , ' ,
CCOE(JJ,5)=GM1*(-Xl**2)*BK(K,M)+GM2*(-Xl**2)*AK(K,M)-GM4*

#N**2*BK(K,M)-GM5*N**2*AK(K,M)
CCOE(JJ,6)=-GM4*N*BK(K,~-GM5*N*AK(K,M)

CCOE(JJ,7)=GM3/I*AK(K,M0-GM4*Xl*BK(K,M)-GM5*Xl*AK(K,M)
CCOE(JJ,8)=-GM4*N*BK(K,M)-GM5*N*AK(K,M) _

CCOE(JJ,9)-(GM1*(-Xl**2)*BK(K,M)+GM2*(-Xl**2)*AK(K,M)-GM4*
#N**2*BK(K,M)-GM5*N**2*AK(K,M»

WRITE(6,621)
FORMAT('O' ,'CCOE')

JJ-l
DO 441 K'K-l,9

WRITE(6,455) CCOE(JJ,KK)
FORMAT ( '0' ,2 (Dl1. 4, lX»

. CONTINUE

102
&

101

100
&

99

455
441

621

..

RETURN
END

c ******************************************************************
C SUBROUTINE UNSFOR(QTETI)*
C*****************'***********·***************************************
C 'J;'HIS,PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
C THE PERTURBATIONS*
c*******************************************************************
C

SUBROUTINE UNSFO(UI,UO)
IMPLICIT COMPLEX*16(A-Z)
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COMPLEX*16 MM(3,3),CC(3,3),KK(3,3) .
REAL*8 EI,EO,Xl,CIG,P,PI,GAMA,UI,ZI,ZO,DSRiUSR,HR,ER,URR
REAL*8 NI,NO,SKI,SKO,SU,LEN,VIS,TEIl,TEI2 ".
INTEGER N,K,M,J,L,NN
COMMON PI, GAMA·
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EQ,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR
COMMON/CLLE/QTRIl,QTRI2,QTRI3

INP(Y)=(IN(Y,N-l)+IM(Y,N+1»/2
KNP(Y)=-(KN(Y,N-1)+KN(.y,N+1) )/2
KNPP(Y)=(KN(Y,N-2)/2+KN(Y,N)+KN(Y,N+2)/2)/2

GAMA=.5772l566490ll6lDO
PI=3.l4l59265358979DO

X1=-3.1416DO*EI
ALP=-3.l4l6DO*EI
M=N+1

ALA=Xl
ER=EI/EO
ALB=ALA/ER

M=N+l
INIA=IN(ALA,N)
INPIA=INP(ALA)
KNIA=KN(ALA,N)
KNPIA=KNP(ALA)

••

C ----------------------------------
INIB~IN(ALB, 11)
KNIB=KN(ALB,N)
INPIB=INP(ALB)
KNPIB=KNP(ALB)

C ------------------------------------------------------
CPOTENTIAL FLOW THEORY
C --------------------------------------------------------

" Fll~INI~/ALA/INPIA ~
C ~ WRITE(6,ll9) ALA,Fll
Cl19 FORMAT ( '0', 'ALA=(' ,2Dl1.0I,lX,')' ,2X, 'Flla(' ,2Dll.'4,lX,')')

F2~(INIA*KNPIB-INPIB*KNIA)/(KNPIB*INPIA-INPIB*KNPIA)

F3=-2*Xl*UO*F2/ALA*ZI
C F3=(0.DO,0.DO)

F4=F2/ALA*ZI . AM.

F5=Xl**2*UO**2/ALA*F2*ZI ~ ~

QTRIl=Fll*ZI-F4
QTRI2=-2*Xl*UI*ZI*Fll-F3

QTRI3=Xl**2*UI**2*Fll:ZI-F5
RETURN
END

C******************************************7r****************************
C . -SUBPROGRAMS FOR CALCULATING THE BESSEL FUNCTIONS *
c***********************************************************************

COMPLEX FUNCTION IN*16(X,N)
IMPLICIT REAL*8 (A~"Z) -
COMPLEX*16 X, T, Tl, T2, T3,-'l1, l, T5, XXX
INTEGER K,N,M
COMMON PI,GAMA-
I= (O. DO, 1. DO)
IF(CDABS(X).GE.15.DO) GO TO 10
IN=(O.DO,O.DO)
K=O

••
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Il T-(X/2)**(2*K)/FA(K)/FA(N+K)
IF(CDABS(T).LT.l.D-12) GO TO 12
IN-IN+T
K-K+l
GO TO 11 t

12 IN-(X/2)**N*IN
GO TO 36

10 T2-(2.0DO/PI/X)
T3-CDSQRT~T2)

TEIl-X'
T5--I*X

TE:j:2-T5.
Tl~(4*N**2-l)/(8*X*I)
xXX-I*~TEI1-PI/4-N*PI/2)

IN-T3*(1.ODO-Tl)*CDEXP(XXX)
36' WRITE(6152) IN

.52 FORMAT(' O· " IN-(' ,2D11. 4,lX, .) ',)
RETURN .
END '

C --------------------------------------------------------------------

,

41
45

46
47

43

42

40

COMPLEX FUNCTION KN*16(X,N)
IMPLICIT REAL~8(A-Z)

COMPLEX*16 X,KNl,T,T1,T2,T3
INTEGER N,ML,K,I
COMMON PI, GAMA

PI-3.l4l6DO
GAMA-O. 5772DO

IF(CDABS(X).GE.15.DO) GO Tb 40
IF(N.EQ.O)GO TO 46
KN-FA(N-l)*(2/X)**N

IF(N.EQ.l) GO TO 45
ML-N-l

DO 41 I-l,ML
KN-KN+(-1)**I*FA(N-I-l)/FA(I)*(2/X)**(N-2*I)·
KN-KN/2
GO TO 47
KN- ( 0 . DO., 0 . DO )
KNl-(O.DO,O.DO)
K-O
T-(X/2)**(N+2*K)/FA(K)/FA(N+K)*(CDLOG(X/2)-(F(K+1)+F(N+K+1»/2)
IF(CDABS(T) .LT.l.D-12) GO TO 42 •

'KNl-KNl+T
K-K+l '
GO TO 43
KN-KN+KNl*(-l)**(N+l)
RETURN
Tl-(4*N**2-l)/8/X
T2-Tl*(4*N**2-9)/16/X
T3-l.DO*CDSQRT(PI/2/X)
KN-T3*(1+Tl+T2)
RETURN
END

C
DOUBLE PRECISION FUNCTION

.IMPLICIT REAL*8(A-Z)
INTEGER K,I
R-O.DO
DO 40 I-l,K

R(K)
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• C

"40 R=R+1.DO/I
RETURN
END

DOUBLE PRECISION FUNCTION F(K)
IMPLICI~ REAL*8(k-Z) ,
INTEGER K
COMMON PI, GAMA
IF(K.EQ.l) GO TO SO
F=R(K-l)-GAMA

'RETURN
SO F=-'GAMA

RETURN
END

, .

C

21

22

DOUBLE PRECISION FUNCTION FA(K)
IMPLICIT REAL*8(A-Z)

INTEGER K,L
FA=1.DO
L=l
FA=FA*L
IF(L.GE.K) GO TO 22
L~L+l

GO TO 21 \
CONTINUE "-.-.
RETURN
END

SUBROUTINE MATRA(MM,KK,CC,AA,BB)
IMPLICIT REAL*8(A-H,O-Z)
COMPLEX*16 AAA(3,3),AA(6,6),BB(6,6),MM(3,3),KK(3,3),CC(3,3),

&COE(2,9),CCOE(2,9)
COMPLEX*16 QTRI1,QTRI2,QTRI3
INTEGER N,JL
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO'jR,HR,URR
COMMON/DATA3/ZI,ZO, SR,DSR ,
COMMON/DATAS/PPI,PE ,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
COMMON/COCE/COE
COMMON/CCCE/CCOE
COMMON/CLLE/QTRI1,QTRI2,QTRI3

WRITE(6,166) QTRI1,QTRI2,QTRI3
FORMAT ( "0" ;'QTRIl=(' ,2Dl1.4,1X,")· ,2X, "QTRI2-(" ,2Dl1.4,1X,")

&" , 2X, "QTRI3= ( . , 2D11. 4, lX, . ) . )
JJ=l • ..

KK(.1,1)=COE(JJ,1)*.5DO+CCOE(JJ,1)
KK(1,2)=COE(JJ,4)*.SDO+CCOE(JJ,4)
KK(1,3)=COE(JJ,7)*.SDO+CCOE(JJ,7)

166

c* ***** * ***** ******** *'****** * **** ** ** ** * * * * * * * ** * * * * * * * * * * * * * * * * ** * * *
c* MATRIX AAA**
c*
C*~******************************************************************

C THIS PART IS USED TO ASSEMBLE MATRIX AAA WHICH CONTAINS THE*
C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOE,AND THE UNSTEADY*
C FORCES .QTXI, ... *
c*********************************************************************
~

\

• C
KK(2,1)=COE(JJ,2)*.5DO+CCOE(JJ,2)
KK(2,2)=COE(JJ,S)*.SDO+CCOE(JJ,S)
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C
C
C
C11

12

13

419
14

319
114

KK(2,3)=COE(JJ,8)*.5DO+CCOE(JJ,8)

KK( 3,1) =COE(JJ,3)*. 5DO+CCOE(JJ, 3)
KK(3,2)=COE(JJ,6)*.5DO+CCOE(JJ,6)
KK(3,3)=(COE(JJ,9)+QTRI3)*.5DO+CCOl!l.!,.JJ,9)
CC(3,3)=QTRI2*.5DO \

DO 11 J=l,2
MM(J,J)=(1.0DO,O.DO)

CONTINUE
MM(1,1)=(1.0DO,.ODO)*.5DO
MM(2,2)=(1.0DO,.ODO)*.5DO
MM(3,3)=«1.0DO,.ODO)+QTRI1)*.5DO

DO 12 J=1,3
AA(J,J+3)=(1.0DO,.ODO)
BB(J,J)=(-1.0DO,O.DO)
CONTINUE

DO 13 J=l,3
DO 13 K=1,3

AA(3+J,K)=KK(J,K)
AA(3+J,3+KJ=CC(J,K)
BB(3+J,3+K~~MM(J,K)

CONTINUE .
DO,*4 K-1,6

WRITE'(6,419) (AA(K,J) ,J=1,6)
~ORMAT('O' ,6(D11.4,lX»

CONTINUE
DO 114 K=1,6

WRITE(6,319) (BB(K,J) ,J=1,6)
FORMAT('O' ,6(D11.4,lX»

CONTINUE
RETURN
END...

Zi7

/
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• APPENDIX L

) PROGRAK FOR VISCOUS THEORY

USING TRAVEl.LING llAVE SOUJTION •

This program considers the full theory, the cases of internal and

annular flow could be considered; the effects of unsteady and steady viscous

forces could be investigated.'· The program calculates the dimensionless

frequency 0 for each flow velocity.

Program Structure

.~

"V

MAIN PROGRAM

SUBROUTINE PREMAT

SUBROUTINE STFOR

SUBROUTINE UNSFOR

SUBROUTINE MATRA

COMPLEX FUNCTION FS

COMPLEX FUNCTIONDET

COMPLEX FUNCTION IN

COMPLEX FUNCTION KN

DOUBLE PRECISION R

DOUBLE PRECISION F

DOUBLE PRECISION FA
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C*************~**************~****~************************************~
C COMPUTER PROGRAM FOR THE CASE OF STEADY AND UNSTEADY VISCOUS *-
C " THORY (FULL THEORY) ') *
C TRAVELLING WAVE SOLUTION *
C************************.***************~************ *******************

C '
c* * * * * * * * * * * * * *** * * ** * ** ** * ** * **'* *** *** fc * * * * * * * * * *.* * * * * * * **r*** ** * ** * * *
C 0 0 THE jOLLOWING ARE INFORMATIONS TO HELP RUNNIN THE
C PROGRAM PROPERLY' 0

C ---~----------------------------------------------------------

C INTERNAI. AND OR ANNULAR FLOW
C (1) UNSTEADY +STEADY
C (II) UNSTEADY
C (III) STEAby
C SET KF=1 THIS LEAD TO INTERNAI. FLOW ONLY IN UNSTEADY
C ~F KF(NOT=TO 1) INTERNAI. AND ANNULAR FLOW ARE CONSIDERED
C LL=O CONSTANT VELOCITY pOFiLE'ÎNTERNAL FLOW .
C LS=O CONSTANT VELOCITY PROFILE ANNULAR FLOW .
C ------ IF CAl=CA2=O.DO, AND UB=UMAX THIS IS THE CASE OF CONST
C VELOCITY PROFILE "
C ~ IN MATRIX AAA
C -------------
C "J IF QTRI~QTETI=QTXI=O NO UNSTEADY FORCES
C IF COE=O é NO STEADY FORCES
C ******************************* ************************************
C MAIN PROGRAM o'

C ** * * *~l * **** **** **~ * ** * *** * ** * * **.**** **** *.***** * * * * * * * ** * * * * ** ** *
IMPLICIT.REAL*8(A-H,O-Z)

COMPLEX!16 QTXI(6),QTETI(6),QTRI(6),AAA(3,3),XY(3)
#,FS,UO,MIL,COE(2,9),CCOE(2,9)

INTEGER INFER(3),MS,N '
EXTERNAL FS

REAL*8 NI,NO,UI
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR D
COMMON/DATA7/UI,UO
COMMON/AREAl/AAA
COMMON/DATA5/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
DATA EPS/l.D-10/,NSIG/8/,NGUESS/I/,ITMAX/10/,II/I/
COMMON/COCE/COE
COMMON/CRCE/CCOE
èOMMON/CLLE/QTXI,QTETI,QTRI

C --------------------------------
C DATAS REQUIRED FOR SHELL
C --------------------------------

Pl a 3.14161700
C -----------------------------
C STEEL WATER. SHELL
>i ----------------------------
C ------------------------
C 1 GAP(O.I/10)WATER
C -----------------------------------

EI-lIll.DO
EO-l/I0.0DO

ER-EI/EO
ZI=23.300
SU-S308.00
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NI=.3DO
LEN=l.ODO
SKI=(5.5D~~**2/l2

-N=3
C ----------~~----------------------------

CALL PREMAT
C ----------------------------------------

UI=O.04DO
UO=(O.ODO,O.DO)

MS=l
N,K=MS-l

XY(1)=(-.6l9D-3,.17lD-4)
C

CALL ZANLYT(FS,EPS,NSIG,NK,NGUESS,II,XY,ITMAX,INFER,IER)
CALL UNSFO(UI,UO,XY(l),MIL)

CALL STFOR(UI,UO,GMl) .
~

CALL MATRA(XY(l),AAA)
PRINT 111,XY(MS)

111 FORMAT('-' ,'FREQUENCY AT A SPECIFIC,VELOCITY TO STUDY THE
& INSTABILITY=(' ,2Dll.4,lX, ')')

'PRINT l55~,INFER(1)

155 FORMAT('O' ,'NO.OF ITERATIONS REQUIRED=' ,13/)
PRINT30

30 FORMAT ( . l' )
PRINTlO,UI,UO

10 FORMAT('l' ,'FLOW VELOCITY INSIDE THE INNER CYLINDER=' ,F8.5/'O', 'FL
~OW VELOCITY IN THE ANNULAR REGION=' ,F8.5)

STOP
END

C
C
c***********************************************************************
C SUBROUTINE PREMAT *
C**************y***************~*******~************** ******************

SUBROUTINE PREMAT
IMP~ICIT REAL*8(A-H,O-Z)
COMPLEX*16 COE(2,9)
REAL*8 NI,NO,NU
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3y,P(3),N

'COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/COCE/COE
J=O
E=EI
NU=NI
SK=SKI

Xl=-3.14l6DO*E
12 JJ=J+l

COE(JJ,1)=-Xl**2+(NU-l)*(SK+l)*N**2/2
COE(JJ,2)~-(1+NU)*N*Xl/2

COE(JJ,3)=-NU*Xl+SK*(-Xl**3+N**2*(1-NU)*(Xl)/2)
COE(JJ,4)=-(1+NU)*N*Xl/2
COE(JJ,5)=-N**2-(i+3*SK)*(1-NU)*Xl**2/2
COE(JJ,6)=-SK*(3-NU)*N*Xl**2/2-N
COE(JJ,7)=-NU*Xl+SK*(-Xl**3+N**4*(1-NU)*X1/2)
COE(JJ, 8) =-N-·O-NU)*SK*N*Xl**2/2
COE(JJ,9)=-SK*(Xl**4+(N**2-l)**2)-2*SK*(N)

'~**2*Xl**2-l.0DO '
RETURN
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319
320

END
C***************************************************~* ******************

C . COMPLEX FUNCTION FS *
c* * ** * ** ** ********* **** **** ******.* * * ** *)* * * * * * * * * * * ** * * * * * * * ** * ** **** * * * *

COMPLEX FUNCTION FS*16(KI) )
IMPLICIT REAL*8(A7Z)·
COMPLEX*16 KI,AAA(3,3),DET,UO,MIL
INTEGER L(3),M(3)
COMMON/DATA7/UI,UO
COMMON/AREA1/AAA

CALL STFOR(UI,UO,GM1)
CALL UNSFO(UI,UO,KI,MIL)
CALL MATRA(KI,AAA)

DO 320 K=1,3
WRITE(6,3l9) (AAA(K,J),J=l,3)
FORMAT('O' ,6(D1l.4,lX»

CONTINUE .
FS=DET(AAA,L,M,3)

PRINT 11,FS
FORMAT ( , 0' ," FS=' ,2 (D11 . 4 , lX) )

PRINT l16,KI
116 FORMAT('O','KI=' ,2(D11.4,lX»

RETURN
END

C
c***********************************************************************
C SUBROUTINÉ STFOR *
C**************************************************~** ******************.

C THE STEADY FORCES ARE CALCULATED UN THIS SUBROUTINE
C************************************ft**************** ******************
C

DATA FOR STEADY FLOW

SUBROUTINE STFOR(UI,UO,GM1)
IMPLICIT REAL*8(A-H,O-Z)
INTEGER DEL(3,3),W,V,HH,KK,N
REAL*8 NU,NI,NO,X1
COMPLEX*16 CCOE(2,9),KI,X(3),UO,I
DIMENSION AK(3,3),BK(3,3)
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR
COMMON/DATA5/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
COMMON/CON1/A,B,D,DEL
COMMON/CON2/SE,SF,G,H,SJ,SL

. COMMON/CRCE/CCOE
FA (RR, RE) =DSQRT"( 0 . 0055*J-U4.,20000*RR+1. D6/RE) * * (1./3. ) ) )
FW(RR,RE)=i/(-4*DLOG10{RR/3\7+2.5l/RE/FA(RR,RE»)**2 .

C
C
C ------------------------------------------------------

I=(0.DO,1.0DO)
DEN=998.6DO

DDI-8.261D-7
DDO-DDI/ER

. VIS-l. l21D-6
SLE~-1.0DO

Sl1~308.0DO
tl--3.14l6DO*EI
N-3
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C --------------------------~-- _

\

t

&

103

101

RMS=(l-ER**2)/2/DLOG(l/ER)
RM=DSQRT(RMS) 0

RMA=RM/(RM-ER)
LRA=DLOG(RM/ER)
RMB=RM/(l-RM)
LRB=DLOG(i/RM)
CA=-0.7864DO-0.56*RMA+0.5064*RMA*LRA+0.56*RMA**2*LRA
CB=0.7864DO-0. 56*RMB-0.5064*RMB*LRB+0. 56*RMB**2*LRB
UOM=UO*SU
UIM=UI*SU
RR=O .DO
RO=UOM*2*(EO-EI)/VIS*SLEN
R!=UIM*2*EI/VIS*SLEN
IF(RI.EQ.O.DO) GO TO 10
FI=FW(RR,RI}
GO TO 11

10 FI=O.DO
11 IF(RO.EQ.O.DO) GO TO 12

FO=FW(RR,RO)
GO TO 13

12. FO=O.DO
13 PPI=DEN*FI*UIM**2/EI

PPO~DEN*FO*UOM**2/(EO-EI)

UTBS~(l-RMS)/2/(l-ER)*FO*UOM**2

UTAS=(RMS-ER**2)/2/ER/(l-ÉR)*FO*UOM**2
UTS=FI*UIM**2/2
BI~UTS+UTAS

CI=2*UTS/EI-2*UTBS/EO/·( l-RMS)
DI=(PPO-PPI)/DEN
BO=UTBS
CO~2*UTBS/EO/(l-RMS)

DO~-(CA*UTAS+CB*UTBS)-PPO/DEN

J=O
E~EI

NU=NI
BB=BI
CC~CI

'" DD~DI.

BD~DDI

GM1~-BB*BD/E P
GM2~-(NU*CC*BD+GM1)/2-NU*DD*BD
GM3~BB*Bb .
GM4:::-:CC*BD
GM5=-DD*BD

WRITE(6,99) DDI,UIM,PPI,UTS
FORMAT( '0' "DDI~(' ,Dl1.4,lX,')' ,2X,:UIM=.(' ,Dl1.4,lX,')',

2X, 'PPI=( ',Dl1.4,lX,')' ,2X, 'UTS.=(' ,Dl1.4,lX,')')
WRITE(6,100) BB,CC,DD_
FORMAT ( '0', 'BB=(' ,Dl1.4, lX,')' ,2X, 'CC';;'(' ,Dl1.4, lX,')' ,
2X, 'DD=(' ,Dl1.4,lX,'):)
WRITE(6,10~) FI,RI .
FORMAT ( '0', 'FI=(' ,D11.4,lX, ')' ,2X, 'RI=(' ,D11.4,lX,')')
WRITE(6,102) GM1,GM2,GM3 .
FORMAT( 'O', 'GM1=(' ,Dll.4,lX,')· ,2X, 'GM2-(' ,Dl1.4,lX,')',
2X,'GM3=(' ,Dll;4,lX,')')
WRITE(6,103) GM4,GM5,Xl,N
F0l<MAT( 'O', 'GM4=(' ,Dl1.4,lX,')' ,2X, 'GM5-(' ,Dl1.4,lX,')"',

100
&

102
&

99

\
•

•
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& 2X,'Xla(' ,Dl1.4,lX,')' ,1X,'N=(' ,I3,lX,")')
JJaJ+l ,
PO(JJ)a«NU*E*CC-BB)j2+NU*E*DD)*DtN
PL(JJ)a«NU*E*CC+BB)j2+NU*E*DDJ*DEN

K-l '
M-l

AK(1,1)-.5DO
BK(1,1)-.25DO .
CCOE(JJ, 1 )=GMl * (-Xl**2) *BK( K,M)+GM2* (-Xl* *2) *AK( K"M) -GM4*

# N**2*BK(K,M)-GM5*N**2*AK(K,M) .
CCOE(JJ,2)-(0.DO,0,DO)
CCOE(JJ,3)-+G~4*Xl*BK(K,M)+GM5*Xl*AK(K,M)

CCOE (JJ, 4) =GM3 *NjI*AK( K,M) . "
CCOE(JJ,5)-GM1*(-Xl**2)*BK(K,M)+GM2*(-xf**2)*AK(K,M)-GM4*

#N**2*BK(K,M)-GM5*N**2*AK(K,M)
CCOE(JJ,6)=-GM4*N*BK(K,M)-GM5*N*AK(K,M)
CCOE(JJ,7)-GM3jI*AK(K,M)-GM4*Xl*BK(K,M)-GM5*Xl*AK(K,M)
CCOE(JJ,8)=-GM4*N*BK(K,M)-GM5*N*AK(K,M)
CCOE(JJ,9)=GM1*(-Xl**2)*BK(K,M)+GM2*(-Xl**2)*BK(K,M)-GM4*

#N**2*BK(K,M)-GM5*N**2*AK(K,M)
WRITE(6,62l)

621 FORMAT('O' ,'CCOE')
JJ-l 1

DO-44l KK=1,9
WRITE(6,455) CCOE(JJ,KK)

455 FORMAT('O' ,2(Dll.4,lX»
441 CONTINUE

RETURN
END

C
C ****************************************************** *~**********

C SUBROUTINE UNSFOR(QTETI)*
C****************************~******************~***** **************

C THIS PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
C THE PERTURBATIONS*
c*******************************************************************
C

.-

c

C
C
C

SUBROUTINE UNSFO(UI,UO,KI,MIL)
IMPLICIT COMPLEX*16(A-Z)
COMPLEX*16 QTETI(3),QTRI(3),QTXI(3),A(4 4),B(4,4),WA(15)

, COMP;LEX*16 AA( 10,1,0) , FT,\,( 6,10), MIL,T0) ,MEF ,MEl, TT1, TT2,
& T~ TT4 , FST (3,3) , WK (3) , C(6,6) ' D(6,6) , T$~ (6,6) , WWA (48) ,WWK ( 6)

. REAL*8 EI,EO,Xl,CIG,P,PL,GAMA,UI,ZI,ZO,DSR,USR,HR,ER,URR
REAL* 8 NI, NO ,,(SKI, SKO, SU ,LEN, VIS ,TEIl, TEI2, KMS, XX1, XX2
REAL*8'NVISC;EX1'TE!A'TEIB'TEI3'TE~EI6'DF'DG'TSS
REAL*8 ÇAO,CA1,CA2,~1,C2,C3,Rl,R2,Yl 2
INTEGER N,K;M;J,L,NN,MM,IA,IB,IJOB, ER,LL,LM,IL,LS,LR
INTEGER II-,JJ, KK, KMFfKML, III, lIA, IIB,MMN, NNN, IIJOB, IIER
COMMON PI,GAMA '

'COMMONjDATAljNI,NO,SKI,SKO,CIG(3),P(3),N
COMMON;DATA2jElq EO,ER,HR,URR .
COMMONjDATA3jZI,ZO,USR,DSR
COMMONjCLLEjQTXI,QTETI,QTRI
-------~---------------~ ----------
MODIFIED BESSEL FUNCTION
---~----~-------------------------~-----

INP(Y)-(IN(Y,Nr l)+IN(Y,N+l»j2
INF(Y)=(IN(Y,M-l)+IN(Y,M+l»j2
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•

WATER STEEL

INPF(Y)=(IN(Y,N-2)/2+IN(Y,N)+IN(Y,N+2)/2)/2
tNPF(Y)=(IN(y,M-2)/2+IN(y,M)+IN(Y,~+2)/2)/2
KNP(Y)=~(KN(y,N-l)+KN(y,N+l»/2

KNF(Y)=~(KN(Y,M-l)+KN(y,M+l»/2

KNPP(Y)=(KN(Y,N-2)/2+KN(Y,N)+KN(Y,N+2)/2)/2
KNPF(Y)=(KN(Y,M-2)/2+KN(Y,M)+KN(Y,M+2)/2)/2

GAMA=.577215664901161DO
PI=3~~4159265358979DO

DATAS FOR VISCOUS FLUID AND SHELL DIMENSIONSC
C --------------------------------------------------------
C
C
C

SU=5308.0DO
LEN=l. ODO '0

VIs=1.121D-6
RFE=1.21DO/997.2DO
RHE=l.ODO •

C ----------------------------------------

- cr)

";J'.--------

INIA=IN(ALA,N)
YNIA=KN(ALA,N)
BXIA=IN(MEA,N)
BRIA=IN(MEA,M)
BXPIA~INP(MEA)

BRPIA=INF(MEA)
BXYA=KN(MEA,N)
BRYA~KN(];lEA,M)

BXPYA=KNP(MEA)

CONDITION AT R=A,ANNULAR

BXIl=IN(MEI,N)
• BXPI1=INP (MEl).

BRI1=IN(MEI,M)
BRPlhINF(MEI)
BRFPIl=INPF(MEI)
BXPPIl=INPP(MEI)

INNE SHELL
*********~******************************

C ---------------------------------
C
C

C
C
t
C

EPI=SU*LEN/VIS
EPO=EPI

ER=EI/EO
URR=l.ODO

• HR~l"ODO

?~1=-3"1416DO*EI
ALP~-3"1416DO*EI

RHOE=RHE/EPO
C ***************************************

M=N+l .
ALA=CDSQRT(ALP**2)

, ALB~AI;A/ER
X2=Xl/ER
I~(O"DO,l.DO)

MEI=CDSQRT(I*EPI*(KI*EI)+Xl**2)
MEA=MEI
MEB=MEI/ER
MEI~EI*MIL
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•

'. BRPYA=KNF(MEA)
INPIA-INP(ALA)
YNPIA=KNP(ALA)
BRPPIA-INPF(MEA)
BXPPIA-INPP(MEA)
BRPPYA=KNPF(MEA)

, BXPPYA-KNPP(MEA)
INPPIA=INPP(ALA) ~

YNPPIA=KNPP(ALA)
C CONDITION ~T R=B,ANNULA~ ,
C ************************************************

INIB=IN(ALB,N')
, YNIB=KN(ALB,N)

BXIB-IN(MEB,N)
BRIB=IN(MEB,M)
BXPIB=INP(MEB)
BRPIB=INF(MEB)
BXYB=KN(MEB;N)
BRYB;=KN(MEB,M) .
BXPYB=KNP(MEB)
BRPYB~,KNF (~EB)

INPIB=INP(ALB)
yNPIB=KNP(ALB)
LM-l

C ----------------~-------------------------------------

C SOLUTION FOR BRII USING MODIFIED BESSEL FUNCTION
C -----------------------------------------~-----------

122

112

131
9
11

13

14

163
&

INVERSION OF MATRIX A,INNER FLOW ,
~*****************************************************

192
&

\

WRITE(6,163) BRIA,MEI,M
FORMAT ( , 0' , 'BRJ;A~ ( , , 2Dl1. 4 ,~X, , ) , , 2X, .MEI~ ( . , 2Dl1. 4 , IX, , ) , ,

< 2X, 'M=' ,15)
WRITE(6,i3l) EI,EPI
FORMAT ( , 0' , 'EI= ( , , Dl1. 4 , IX, , "'" 2X, . EPI~ ( . , Dll .4, IX, , ) , )
WRITE(6,11) MEI,MIL
FORMAT ( ,0' ,: MEI= ( , , 2Dl1. 4 , IX, , ) , , 2X, 'MIL~ ( , , 2Dl1. 4 "IX, , ) , )
WRITE(6,112) ~Il,TEI2
FORMAT( '0' ,:TEIl=(' ,D11.4,lX,·)' ,2X, 'TEI2~(' ,Dll.4,lX,')')
WRITE(6,122) KNIA,KNPIA ..

'FORMAT( '0', 'KNIA=(' ,2D11.4,lX,·)' ,2X, 'KNPIA=(' ,2Dl1.4,lX,')')
WRITE(6,12) INIA,INPIA,INPPIA

12. FORMAT ( '0', 'INIA=(' ,2Dl1.4,lX,')' ,2X, 'INPIA~(' ,2Dl1.4,lX,')',
& 21,' INPPIA=(' , 2Dl1.4,lX,')') "

WRITE(6,192) TTl,TT2,TT3
FORMAT ( '0', 'TTl=(' ,2Dl1.4,lX,')' ,2X, 'TT2=(' ,2Dll.4,lX,')',
2X, 'TT3= ( , , 2D11. 4, IX, , ) , )
WRITE(6,13) BRYA
.FORMAT( 'O', 'BRYA=(' ,2Dl1.4,lX,')')
WRITE(6,14) BXYA

FORMAT('O', 'BXYA=(' ,2Dll.4,lX,' )')
WRITE(6,18) BXPYA,BRPYA

18 FORMAT('O' ,'BXPYA~(' ,2Dll.4,lX,')' ,2X,'BRPYA~(',2Dll.4,lX,')')
C ***************************ft~**************~********* ~
C
C

.A(l,l)=I*Xl*INIA
A(1,2)=(0.DO,0.OO)

A( l, 3')=(MEl'i"BRPIl+( N+l) *BRIl)
A(2,1)=-N*INIA

A(2,2)=(-MEI*BXPIl)
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A(2,3)=-Xl*I*BRIl
A(3,1)=ALA*INPIA

A(3,2)=(N*BXIl)
A(3,3)=-I*Xl*BRIl

FSSl=DET(A,L,M,3)
WRITE (6,77) FSSI

77 FORMAT ( '0', 'FSSl=(' ,2Dl1.4,lX,')')
C --------------------------------------------------

82

71
34

WRITE(6,82) AKJ
FORMAT('O' ,'AKJ') .

DO 34 K=1,3
'WRITE(6,7l) (A(K,J),J=1,3)

FORMAT('O' ,6(Dll.4,lX»
CON.TINUE

C
C SOLVING FOR ClI,C3I,C5I,AND PRINTING THE MATRIX B(K,J)
C ''3

DO 101 K=1,3 .
DO 101 J=1,3

B(K,J)=(O.DO,O.DO)
IF(K.EQ.J) B(K,J)=(l.ODO,O.DO)

101 CON'TINUE '
C --------------------------------------------------------------

,

CHEK FOR CORRECT INVERSION IDENTITYMATRIX

&

53

DD=A(2,2)*(A(3,3Y*A(1,1)-A(3,1)*A(1,3»-A(3,2)*(A(1,1)*
A(2,3)-A(1,3)*A(2,1» ,
B(3,1)=(A(3,2)*A(2,1)-A(3,1)*A(2,2»/DD
B(3,2)=-A(3,2)*A(1,1)/DD
B(3,3)=~(2,2)*A(1,1)/DD

SS=A(1,1)*A(2,3)-A(1,3)*A(2,1)
B(2,1)=-(A(2,1)+SS*B(3,1»/A(1,1)/A(2,2)
B(2,2)=(A(1,1)-SS*B(3,2»/A(1,1)/A(2,2)
B(2,3)=-SS*B(3,3)/A(1,1)/A(2,2)
B(1,1)=(1-A(1,3)*B(3,1»/A(1,1)
B(1,2)=-A(1,3)*B(3,2)/A(1:1)
B(1,3)=-A(1,3)*B(3,3)/A(1,1)
WRITE(6,53) BKJ,
FORMAT('O', 'BKJ')

DO 44 K=1,3
WRITE(..Q..,_9-9) (B(KiJ) ,J=1,3)

99 FORMAT ( '0' ,6(Dll.4,lX»
44 , , CONTINUE

---------------------~-------------------------------- ------C
C
C -------------------------------------------------------------

"

LL=l,VARIAB~'VELOCITY PROFILE,FOR INTENAL FLOW

501

61

DO 61 II=1,3
DO 61 KK=1,3

FST(II,KK)=(O.DO,O,DO)
DO 61 JJ=1,3

FST( II, KK)=FST( II', KK) +A( II ,JJ) *B'( JJ, KK)
CONTINUE

WRITE(6,50l) FSTKJ
FORMAT('O', 'FSTKJ')

DO 516 K=1,3
WRITE(6,5l7) (FST(K,J),J=1,3)

517 FORMAT('O' ,6(Dll.4,lX»
516 CONTINUE '

************************~****.************************ *********C
C
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LR=O
LL=O

, ,
-----------------------------------------------------------

193
&

C

c * ********~********************************************* **********
C" DETERMINATION OF THE CONSTANTS
C -----------------------------------------------------------

R1a .98DO
R2=.7DO
Y1=.7DO
Y2=.89DO '
CAO=1.0DO
CA2 a «R2-R1)+R1*Y2-Y1*R2)/(R1*R2**2-R1**2*R2)
CA1=(Y2-1-R2**2*CA2)/R2 c

WRITE(6,193) CAO,CA1,CA2
FORMAT('O' ,'CAO=(' ,D11.4,lX,')' ,2X,'CA1=(' ,D11.4,lX,')' ,lX,

'CA2 a ('D11.4,lX,')')

•

IF(LR,EQ,l) GO Ta 291
IF(LL.EQ.1) GO Ta 135

C-----~----------------~-----------------~-------------
C PRESURE pERTURBATION U=UO
C -----------------I---~--------------------------------~
C CO~STANT VELOCITY PROFILE
C ---------------~---------------------------------------~-

/Î
153

IF(N.EQ.3) GO Ta 153
BXH=IN(MEA,l)
TI2=INIA
TI4=BXll/MEI
TI6=BXIl-2*TI4

GO Ta 291
TI2=INIA
BX11=IN(MEA,l)
BX21=IN(MEA,2)
TI4=BX21/MEA-BX11/MEA**2
TI6=BXIl-3*TI4

GO Ta 291
C -----------------------------------------------------
C VARIABLE VELOCITY PROFILE
C **********************************************************
C ******************************~*********************** ***

135 ALA1=.99DO*ALA
MEIl=.99DO*MEI
INN=IN(ALA1,N)
BX1=IN(MEIl,1)
BXO=IN(MEIl,O)
BX2=IN(MEIl,2)
BX3=IN(MEIl,3)

C ----------------------~-----------------------
IF(N.EQ.2) GO Ta 5

G ----------------------~--~---------------------
TI2=CAO* INN+CA1/ALA* (ALA1 *INN'- (ALA1 * *4/48/4+ALA1 **6/

& 768/6) )+CA2/ALA**2* (ALA1*!*2*INN- (ALA1 **5/48/5+ALA1**7/768/7) )
'TI4=CAO*(BX2/MEI1-BX1/MEI1**2)+CA1*(BX2-2*BX1/MEIl

& )/MEI+CA2*(BX2*MEIl-3*(BX1-BX1/MEIl) )/MEI**2
TI6 a CAO*(BX3-3*(BX2/MEI1-BX1/MEl1**2»+CA1*(BX3*MEI1

& -4 * (BX2-2*BX1/MEIl) )/MEI+CÀ2* (ME:t:1**2*BX3-5* (BX2*MEIl-3
& *(BX1-BX1/MEIl» )/MEl**2

GO Ta 133
C --------~-----------7----------~~-------------~--~-~-------~---~-~--
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&

..

C *
C
C
C
C -----------.----------------------------------------------------------

-5 TI2=CAQ*IN2+CA1*(ALA1*IN2-(ALA1**3/24+ALA**5/~6/5»/ALA+

& CA2*(ALA1**2*IN2-2*(ALA1**4/32-ALA1**6/96/6»/ALA**2
".TI4=CAO* (BX1/MEIl)+CA1* (BX1-BX1/MEIl )/MEI+CA2* (MEIl*BXl-2

$ *BXO)/MEI**2
TI6=CAO*(BX2-2*BXl/MEIl)+CA1*(MEIl*BX2-3*(BXl-BX1/MEIl»/MEl

. & . +CA2* (MEI1**2*l;lX2-4* (MEI1*BXl-2*BXO) )/MEI**2
C ----------------------------~--------------~-~------~-----------------

133 WRITE(6,102) TI2,TI4,TI6 ,
102 FORMAT ( '0', 'TI2=(' ,2D11.4,lX,') ',2X, ·TI4~(· ,2D11.4,lX,·)·,

& 2X,'TI6=(' ,2D11.4,lX,')')
C -----------------------------------------------------------
C INNER SHELL
C -------------------------------------------------------

291 T(1,1)=-(-2*I*Xl*ALA*INPIA)/EPI/EI**2
T(1,2)=-(~I*N*X1*BXI1)/EPI/EI**2

T(1,3)=-«1-Xl**2+N)*BRIl-MEI*(1+N)*BRPIl-MEI**2*
BRPPI1)/EI**2/EPI

T(2,1)=-(2*N*INIA-2*N*ALA*INPIA)/EPI/EI**2
. T(2,21=-(MEI*BXPII-N**2*BXIl-MEI**2*BXPPIl)/EPI/EI**2

:]

T( 2,3) =-( (1+N) *I*Xl*BRIl-I*Xl*MEI*BRPIl )/EPI/EI* *2
c- ---- -------------------~-------~~--------------------------------
C .. RADIAL STRESSES USING RADIAL DIRECTION
C ------ ---------------~----------------------------------------------

T(3,1)~-«I*KI*INIA+UI*(-I*Xl)*TI2)/EI+2*ALA**2*INPPIA/EPI/EI**2)

T(3,2)=-«-I*Xl*N*UI*TI4)/EI+2*(MEI*N*BXPIl-N*BXIl)/EPI/EI**2)
T(3,3)=-«-Xl**2*UI*TI6)/EI/MEI+2*(-I*Xl*MEI)/EPI/EI**2*BRPIl)

******************~*****t*****************************************-
HERE IF WE WANT ~O SOLVE FOR INNER SHELL ONLY

THEN JUMP OVER THE ANNULAR FLOW
SET KF=l'

•

SOLVING FOR LlO,L20,L30,L40,L50,L60
MATRIX INVERSION ANNULAR FLOW

* * ** * ** ** ** *******-* ************** * **** ******** *** *** ***** * * *

C(2,1)=-N*INIA·
C(2,2)=-N*YNIA
C(2,3)=-ME~*BXPIA*EXI

C(2,4)=-MEA*BXPYA
C(2,S)=-I*Xl*BRIA*EX1
C(2,6)=-I*X1*BRYA

TEIA=MEA
TEIB=MEB
TEI3=TEIA-TEIB
IF(TEI3.GE.50.DO) GO TO 33
EXl=DEXP (TEI3 )

GO TO 44
EXl=.SOD-30

EXl=l. ODO
C(l,l)=I*Xl*INIA
C(1,2)=I*Xl*YNIA
C(l,j)=(O.DO,O.DO)
C(1,4)=(0.DO.0.DO)
C(1,5)=«1+N)*BRIA+MEA*BRPIA)*EXl
C(1,6)=(1+N)*BRYA+MEA*BRPYA

----------------~------------------

33
C

44

KF~O

IF(KF.EQ.l) GO TO 941
C ************************************************************
C
C
C

cc
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C ----------~-------------..,----------

c:•
. C

C(3,1)-ALA*INPIA
C(3,2)=ALA*YNPIA
C(3,3)-N*BXIA*EX1
C(3,'1)-N*BXYA
C(3,5)--I*X1*BRIA*EX1
C(3,6)--I*X1*BRYA

-------~~~~:~:~;:~;~;--------------

C(4,2)~I*X2*YNIB

C(4,3)-(O.DO,O.DO)
C(4,4)=(O.DO,O.DO)
C(4,5)=«1+N)*BRIB+MEB*BRPIB)
C(4,6)=«1+N)*BRYB+MEB*BRPYB)*EX1

363

165
164

211

cc -----------------------------------
C(5,1)=-N*INIB
C(5,2)=-N*YNIB
C(5,3)--MEB*BXPIB
,C(5,4)=~MEB*BXPYB*EX1

C(5,5)=-I*X2*BRIB
C(5,6)=-I*X2*BRYB*EX1

C -----------------------------------
C(6,1)=ALB*INPIB
C(6,2)=ALB*YNPIB
C(6,3)=N*BXIB
C(6,4)=N*BXYB*EX1
C(6,5)~-I*X2*BRIB

C(6,6)=-I*X2*BRYB*EX1
C ----------------------------------------------------

PRINT363
FORMAT ( , 0' , 'CKJ' )

DO 164 K=1,6
WRITE(6,165) (C(K,J),J=1,6)
FORMAT('O' ,10(D11.4,1X),II,2(D11.4,1X»
CONTINUE
FSS=DET(C,L,M,6)
WRITE (6,.43) FSS

43 FORMAT('O' ,'FSS=(' ,2D11.4,1X, ')')
C -------------------------------------------------
C INVERSION OF THE MATRIX
'c ----------------------------------------------------

DO 211 K=1,6
DO 211 J=1,6.

D(K,J)=(O.DO,O.DO)
IF(K.EQ.J) D(K,J)=(1.0DO,O.DO)

CONTINUE
IIA=6
IIB-6

NNN=6
MMN..6,
IIJOB.. O

CALL LEQ2C(C,NNN,IIA,D,MMN,IIB,IIJOB,WWA,WWK,IIER)
C ----------------------------------------------~--------------
C ----------------------------------------------

PRINT63
63 FORMAT('O','DKJ')

DQ 136 K=1,6
WRITE( 6 /137) (D(K,J) ,01=1, 6)

,
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137 ,FORMAT ( 'O' ,10(Dl1.4,IX) ,II, 2(Dll.4,IX»
136 CONTINUE

C ---~--------------------------~-----------------------------
.C CHEK 'FOR CORRECT INVERSION IDENTITY MATRIX
C:-----7~---------------------------------------------_________ L

DO 31 II=I,6 .
~ DO 31 KK=I,6

TST(II,KK)=(O.DO,O.DO)
DO 31 JJ=I,6

TST(II,KK)=TST(II,KK)+C(II;JJ)*D(JJ,KK)
31 CONTINUE

WR±TE(6,601) TSTKJ
601 FORMAT ( '0', 'TSTKJ')

DO 616 K=I,6
. WRITE(6,617) (TST(K,J) ,J=I,6)

617 FORMAT('O' ,10(Dll.4,IX),11,2(Dll.4,IX»
616 CONTINUE "

C * ************************************************************
C FOR CONSTANT VELOCITY PROFILE,SET LS-O
C *******************.**************************************

LS=1
IF(LS.EQ.l) Gd'TO 212

C ****~************************************************* *******
C CONSTANT VELOCITY PROFILE '
C ANNULAR FLOW ~

C ** ****** *** *** *.Je * *..* * **) * * *" * * * * * * * * * * * * * * * * * * J* * * * * * * * * * * *' * * * * *. * *

55

IF(N.EQ.j) GO TO 55
TI02=INIA
TY02=YNIA

BXll=IN(MEA,I)
BXYl=KN(MEA,I)
TI04=(BXll/MEA)
TY04=(-BXYlïMEA)
TI06~(BXIA-2*TI04)

TY06=(-BXYA+2*TY04)
GO TO 656

TI02=INIA
TY02=YNIA
BINA2=IN(MEA,2)
BINAl=IN(MEA,1)
TI04=BINA2/MEA
BKNA2=KN(MEA,2)
BKNAl=KN(MEA,1)
TY04=-BKNA2/MEA

BINAN=IN(MEA'iN)
BKNAN=KN(MEA,N)

TI06=(BINAN-3*(BINA2/MEA-BINAI/MEA**2»
TY06=(-BKNAN+3*('-BKNA2/MEA-BKNAl/l\lEA**2»

, GO TO 656 ._______________________________3 ----------- _
C
C INTEGRATION, ANNULAR ,ANALYTICAL
C ---------------~----------~-----------------------------------------

212 ALA2=1.02DO*AJ"A '
ALAM=I.317DO*ALA
MEI2=1. 02DO*MEI
ME IM=1. 317*MEI
INON=IN(ALA2,N)

KNOO=KN(ALA2;O)

•',~. .

\
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KN01-KN(ALA2,1)
KN02-KN(ALA2,2)
KNON-KN(ALA2,N)

BINAO-IN(MEI2,O)
BINA1-IN(MEI2,1)
BINA2-IN(MEI2,2) .
BINAN-IN(MEI2,N)
BKNAO-KN(MEI2,O)
BKNA1-KN(MEI2,1)
BKNA2-KN(MEI2 2)

BKNAN-KN(MEI:!, N)'
c --------------------------------------------------------------------

PK=CDLOG(ALA2/2)
PKK-(PK+.577DO)*(ALA2**3/24+ALA2**5/768)-(11*ALA2**3/288 '

& +37*ALA2**5/2304)/2+(16/ALA2**3-2/ALA2+ALA2/4)/2 -
YNN-KN(ALA2,3) -
INL=IN(ALA2,3)
PKS=ALA2**3/48+ALA2**5/768

PIO=ALA2**4/48/4+ALA2**6/768/65
PI1=ALA2**5/48/5+ALA2**7/768/7

1 POK-(ALA2**4/192*(.5777DO+PK-1/4.DO)+ALA2**6/4608*
$ (.577DO+PK-l/6.DO»-(ALA2**4/ll52*11+37*ALA2**6/l3824)/2
& +(-8/ALA2**2-2*PK+ALA2**2/8)/2' ,

P1K=(ALA2**5/48/5*(.5777DO+PK-l/5.DU)+ALA2**7/768/7*
$ (.577DO+PK-l/7.DO»-(ALA2**5*11/5/288+37*ALA2**7/7/2304)/2
& +(-16/ALA2-2*ALA2+ALA2**3/3/4)/2

C -------------------------------------i----------~---------------------
C· (RM-R)/(RM-Rl) .
C,,------------------------------------~ ----------------------------- ~

ALAX=ALAM-ALA2 ~/

MEIX=MEIM-MEI-2
CF1=CAO+CA1*(ALAM/ALAX)+CA2*ALAM**2/ALAX**2
CF2=CAO+CA1*(MEIM/MEIX)+CA2*MEIM**2/MEIX**2

TI02-(CAO+CA1+CA2) *INON+CA1*PIO/(ALAM.)+2*CA2* (ALAM*PIO- PI1)
&/(ALAM)**2

~ TY02=(CAO+CA1+CA2~*KNON+CA1*POK/(ALAM)+2*CA2*(ALÂM*POK-PlK)
&/(ALAM)**2 '

TI04=(CF2)*(BINA2/MEI2-BINA1/MEI2**2)
&-(CA1/MEIX+2*CA2*MEIM/MEIX**2) * (BINA2-2*BINA1/MEI2)
& +CA2*(MEI2*BINA2-3*(BINA1-BINA1/MEI2»~EIX**2

TY04=(CF2)*(-BKNA2/MEI2-BKNA1/MEI2**2) ,
& -(CA1/MEIX+2*CA2*MEIM/MEIX**2)*.(-BKNA2-2*BKNA1/MEI2)
& +CA2*(-MEI2*BKNA2+3*(-BKNA1-BKNA1/MEI2»/MEIX**2

TIO~-(CF2)*(BINAN-3*(BINA2/ME12-BINA1/MEI2**2»
&-(CA1/MEIX+2*CA2*MEIM/MEIX**2)~(MEI2*BINAN-4*(BINA2-2*BINA1/MEI2»

& +CA2*(MEI2**2*BINAN~5*(MEI2*BINA2-3*

& (BINA1-BINA1/MEI2»)/MEIX**2
TY06=(CF2)*(-BKNAN+3*(-BKNA2/MEI2-BKNA1/MEI2**2»

&- (CA1/MEIX+2*CA2*MEIM/MEIX**2) * (-MEI2*BKNAN+4 * (-BK'NA2-2*BKNA1/MEI2
&»+CA2*(-MEI2**2*BKNAN+5*(-MEI2*BINA2+3
&*(-BKNA1-BKNA1/MEI2»)/MEIX**2

C ----------------------------------------------------------------------
656 WRITE(6,772) PIO,PIl, .

772 FORMAT('O' ,'PIO-(' ,2Dll.4,lX,')' ,2X,'PI1=(' ,2Dll.4,lX,')')
WRITE(6,872) POK,P1K ,

872 FORMAT( '0', 'POK=(' ,2Dl1.4,lX, '.)' ,2X, 'P1K=(' ,2Dl1.4,lX,·)')
WRITE(6,172) TI02,TY02

172 FORMAT ( , 0' , 'TI02= ( . , 2Dll. 4, lX, , ) , , 4.X, , TY02= ( , , 2Dll. 4 , lX, , ) ')
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• C

WRITE(6,182) TI04,TY04,TI06,TY06
182 FORMAT(' 0' ,'TI04=(' ,2Dl1.4,lX,')' ,2X, 'TY04-(' , 2Dl1.4, IX,')' ,

& 2X, 'TI06=(' ,2Dl1..4,lX,')' ,2X, 'TY06-(' ,~Dl1.4,lX,')')
---------~--------~------------------------~---------------

SEI=EI**2*EPI
NVIS=EPO/EPI

XTT=NVISjSEI
UOl=UO

C ------------------------------------------------------------

...

WRITE(6,69) TKJ
FORMAT('O' ,'TKJ')

DO 254 K=1,3
WRITE(6,255) (T(K,J) ,J;;l, 9)

FORMAT('O' ,10(Dll.4,lX),//,8(DlJ.4,lX»
CONTINUE

&

&

255
254

T(1,4)=(-2*I*Xl*ALA*INPIA)*XTT
T(1,5)=(-2*I*Xl*ALA*YNPIA)*~TT

T(1,6)=(-I*N*Xl*BXIA)*XTT*EXl
T(1,7)=(-I*N*Xl*BXYA)*XTT
T{1,8)=«1-Xl**2+N)*BRIA-MEA*(1+N)*BRPIA-MEA**2*
BRPPIl\) *XTT*EXI
T(1,9)=«1-Xl**2+N)*BRYA-MEA*(l+N)*BRPYA-MEA**2*
BRPPYA)*XTT

T(2,4)=(2*N*INIA-2*N*ALA*INPIA)*XTT
T(2,5)=(2*N*YNIA-2*N*ALA*YNPIA)*XTT

T(2,6)=(MEA*BXPIA-N**2*BXIA-MEA**2*BXPPIA)*XTT*EXI
T(2,7)=(MEA~~PYA-N**2*BXYA-MEA**2*BXPPYA)*XTT

T(2,8)=(~+N)*I*Xl*BRIA-I*Xl*MEA*BRPIA*XTT)*EXl

T(2,9)=«1+N)*I*Xl*BRYA-I*Xl*MEA*BRPYA)*XTT
T(3,4)=«I*KI*INIA+UOl*(-I*Xl)*TI02)jEI+2*ALA**2*INPPIA*XTT)
T (3,5) = ( ( l *KI *YNIA+UOI * (-1 *Xl) *TYO 2) /EI+2 *ALA* *2 *YNPP.IA*XTT)

T(3,6)=«-I*Xl*N*UOl*TI04)/EI+2*(MEA*N*BXPIA-N*BXIA)*XTT)*EXI
T (3,7) = ( (-I*Xl *N*UOI*TY04 )JEI +2 * (MEA *N*·BXPYA-N* BXYA) *XTT)

T(3,8)=«-Xl**2*UOl*TI06)/EI/MEA+2*(-I*Xl*MEA)*XTT*BRPIA)*EXI '
T(3,9)=«-Xl**2*UOl*TY06)/EI/MEA+2*(-I*Xl*MEA)*XTT*BRPYA) .

-~-----------------------------------------------------------~-~-C
941

69

\

ft
~

C -------------------------------------------------------
C ,.-J ASSEMBLING MATRIX AA( 9,9).
c----f--------------------------------------------------

\, DO 223 K=1,3
. , DO'224 J=1,3

AA(K,J)=B(K,J)
224 CONTINUE
223 CONTINUE

DO 213 K=1,3
DO 214 J=4,9 .

AA(K,J)=(O.ODO,O.DO)
214 CONTINUE
213 CONTINUE

DO 313 K=4,9
DO 312 J=1,3

AA(K,J)=(O.DO,O.DO)
312 CONTINUE
313 CONTINUE

DO 411 K=4,9
DO 412 J=4,9

CC AA(K,J)=(O.DO,O.DO)
AA(K,J)=D(K-3,J-3)
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601

412
411

717
716

c*********

90

C

C

CONTINUE
CONTINUE

DO 90'II~1, 3
DO 90 KK=1,9,

FTT(II,KK)=(O.DO,O.DO)
DO 90 JJ=1,9

FTT(II,KK)=FTT(II,KK)+T(II,JJ)*AA(JJ,KK)
CONTINUE "

WRITE(6,60l) FTTKJ
FORMAT('O" ,'FTTKJ')

DO 716 K=1,3
WRITE(6,7l7) (FTT(K,J),J=1,4)

FORMAT("O' ,6(Dll.4,lX»
CONTINUE

AERODYNAMIC FORCES *************
RP1=(KI-Xl*UI)
RP2=(KI-Xl*UO*.7DO)
QTXI(1)=(FTT(1,1)*RP1+FTT(1,4)*RP2)*ZI/I*EI
QTXI(2)=(FTT(1,2)*RP1+FTT(1,5)*RP2)*ZI*EI
QTXI(3)=(FTT(1,3)*RP1+FTT(1~6)*RP2)*ZI·EI

QT~TI(1)=(FTT(2,1)*RP1+FTT(2,4)*RP2)*ZI*EI

QTETI(2)=(FTT(2,2)*(I*RP1)+FTT(2,5)*I*RP2)*ZI*EI
QTETI(3)-(FTT(2,3)*RP1+FTT(2,6j*RP2)*I*ZI*EI

QTRI(1)=(FTT(3,1)*RP1+FTT(3,4)*RP2)*ZI*EI
QTRI(2)=(FTT(3,2)*(I*RP1)+FTT(3,5)*RP2*I)*2I*EI

QTRI(3)-(FTT(3,3)*RP1+FTT(3,6)*RP2)*I*ZI*EI
C---------------------------~-----------------·--------------

•..

( 178
177

607 J>
606

609
60B
'111

C ------

DO 177 L~1,3

WRITE(6,17B) QTXI(L)
FORMAT("O" ,2(Dll.4,lX»
COIc'lTINUE

DO 606 L=1,3
WRITE(6,607) QTETI(L)
FORMAT('O" ,2(Dll.4,lX»

CONTINUE
DO 60B L~1,3

WRITE(6,609) QTRI(L)
FORMAT("O" ,2(Dll.4,lX»

,CONTINUE
CONTINUE
RETURN

END

COMPLEX FUNCTION IN*16(X,N)
IMPLICIT REAL*B(A-Z)
COMPLEX*16 X,T,Tl,T2,T3,T4,I,T5,XXX
INTEGER K,N,M
COMMON PI, GAMA
l - ( a . DO , 1. DO )
IF(CDA~S(X).GE.15.DO) GO TO la
IN- ( 0 . DO., a . DO)
K-O

11 T-(X/2)**(2*K)/FA(K)/FA(N+K)
IF(CDABS( T) . LT.1. D-12) GO TO 12'
IN-IN+T .
K-K+1

'"
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'. 12

10

115
C 15
C 51
C
C36
C52

36

GO TO 11
IN=(X/2)**N*IN
GO TO 36
T2~(1.ODO/2.0DO/PI/X)

T3=CBSQRT(T2) .
TEIl=X
T5~-I*X

TEI2~T5

Tl=(4*N**2-1)/(8*X)
XXX=I*(TEI2+N+l/2)*PI

IF(TEIl.GT.O.DO) GO,TO 115
XXX=I*TEI2
IN=T3*(1.ODO~Tl)*CDEXP(XXX)

GO Tc0 36
IN=T3*(1+Tl)*CDEXP(I*TEI2)
WRITE(6,51) Tl,T2,T3,T4

FORMAT( '0', 'Tl=(' ,2Dl1.4,lX,')' ,2X, 'T2-(' ,2Dl1.4,lX,')' ,2X, 'T3-(
&' , 2Dll . 4 , IX, ' ) , , 2X, ' T4,= ( , , 2Dll . 4 , IX, ' ) , )

WRITE(6,52) IN
FORMAT ( , 0' , ' IN= ( , , 2Dl1. 4 , IX, ' ) , )
RETURN
END

C -----------------------------------

41
45

46
·47

43

42

.40

COMPLEX FUNCTION KN*16(X,N)
~MPLICIT REAL*8(A-Z)
COMPLEX*16 ~,KNl,T,Tl,T2,T3,T5,XXX,II

INTEGER N,ML,K,I
COMMON PI, GAMA

PI-3.1416DO
GAMA~O. 5772DO

IF(CDABS(X).GE.15.DO) GO TO 40
IF(N.EQ.O) GO TO 46
KN~FA(N-l)*(2/X)**N

IF(N:EQ.l) GO TO 45
. ML=N-l

DO 41 I~l,ML

KN=KN+(-1)**I*FA(N-I-l)/FA(I)*(2/X)**(N-2*I)
KN~KN/2

GO TO 47
KN~(O.DO,O.DO)

KNl=(O.DO,O.DO)
K=O
T=(X/2)**(N+2*K)/F~(K)/FA(N+K)*(CDLOG(X/2)-(F(K+l)+F(N+K+l)/2)

IF(CDABS(T).LT.l.D-12) GO TO 42
KNl=KNl+T
K~K+l

GO TO 43
KN~KN+KNl*(-l)**(N+l)

RETURN
Tl=(4*N**2-1)/8/X
T2=Tl*(4*N**2-9)/16/X
T3=1.DO*CDSQRT(PI/2/X)

II= (O. DO, 1. ODO)
TEIl~X

T5=-IÎ*X
TET2=T5
XXX=II*TEI2

KN=T3*(1+Tl+T2)*CDEXP(-XXX)
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RETURN

• 'END
C

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z)
,INTEGER K, l
R-O.DO
DO 40 I-1,K

40 R-R+l.DO/I
RETURN '--
END ---_..-

'C
~OUBLE PRECISION FUNCTION -p (K)
IMPLICIT REAL*8(A-Z)
INTEGER K
COMMON PI, GAMA. .

GO TO 50IF(K.EQ.1) cr
F-R(K-1)-GAMA
RETURN

\50 F--G~

RETURN
END

C
DOUBLE PRECISION FUNCTION FA(K)

IMPLICIT REAL*8(A-Z)
INTEGER K,L
FA-l.m
L-1

21 FA-FA*L
IF(L.GE.K) GO TO 22
L-L+1
GO TO 21

22 CONTINUE
RETURN
END .

C*************************************~*************** *************
C* MATRIX AAA**
C*
c********************************************************************
C THIS PART IS USED TO ASSEMBLE MATRIX AAA WHICH CONTAINS THE*
C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOE,AND THE UNSTEADY*
C FORCES QTXI, ... * ~

C*********************************************************************
SUBROUTINE MATRA(KI,AAA)
IMPLICIT REAL*8(A-H,O-Z)

") COMPLE;X*16 AAA(3,3) ,QTXI(3) ,CKMN(36)
&,QTETI(3),QTRI(3),KI,UO,COE(2,9),CCOE(2,9)

DIMENSION AK(3,3),BK(3,3)
IeEGER N,JL .
C MMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
C MMON/DATA2/EI,EO,ER,HR,URR
C ON/DATA3/ZI,ZO,USR,DSR
COMMON/DATA5/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
COMMON/COCE/COE
COMMON/CRCE/CCOE
COMMON/CLLE/QTXI,QTETI,QTRI

AK(1,1)-.5DO
BK(1,1)-.25DO



&

&

C

C

C

JJ=l
CKMN(l)=(COE(JJ,l)
+QTXI(1)+KI**2)*AK(1,1)+CCOE(JJ,1)
CKMN(2)=(COE(JJ,4)+QTXI(2»*AK(1,1)+CCOE(JJ,4)
CKMN(3)=(COE(JJ,7)+QTXI(3»*AK(1,1)+CCOE(JJ,7)

/

CKMN(7)=(COE(JJ,2)+QTETI(1»*AK(1,1)+CCOE(JJ,2)
CKMN(8)=(COE(JJ,5)+
QTETI(2)+KI**2)*AK(1,1)+CCOE(JJ,5)
CKMN(9)=(COE(JJ,8)+QTETI(3»*AK(1,1)+CCOE(JJ,8)

CKMN( 13 )=(COE(JJ, 3 )+QTRI.( 1» *AK( l, 1 )+CCOE(JJ, 3)
CKMN(14)=(COE(JJ,6)+QTRI(2»*AK(1,1)+CCOE(JJ,6)
CKMN(15)=(COE(JJ,9)+

& QTRI(3)+KI**2)*AK(1,1)+CCOE(JJ,9)

236

AAA(l,l)=CKMN(l)
AAA(1,2)=CKM~(2)

AAA(1,3)=CKMN(3)
AAA(2,1)=CKMN(7~

AAA(2,2)=CKMN(8)
AAA(2;3)~CKMN(9)

AAA(3,1)=CKMN(13)
AAA(3,2)=CKMN(14)
AAA(3,3)=CKMN(~5)

DO 420 K=1,3
WRITE(6,4l9).(AAA(K,J),J=I,3)

419 FORMAT (' o· ,6 (Dl1. 4 , IX) )
420 CONTINUE

RETURN
END

c***********************************************************************
C COMPLEX FUNCTION DET •
C************************************~**************** *****'*************

COMPLEX FUNCTION DETt!6(A,L,M,N)
DIMENSION A(N,N),L(N),M(N) .
COMPLEX*16 A~IVOT'HOLD
INTEGER END, OW,COL,PIVROW,PIVCOL
END=N-l .
DET= ( 1. DO , 0 . DO )
DO 10 I=l,N
L(I)=I

10 M(I)=I ..
DO 100 LMNT=l,END
PIVOT=(O.DO,O.DO)
DO 20 I=LMNT,N
ROW=L(I)
DO 20 J=LMNT,N
COL=M(J)
IF(CDABS(PIVOT).GE.CDABS(A(ROW,COL») GO TO 20
PIVROW=I
PIVCOL=J ,
PIVOT=A(ROW, COL)

20 CONTINUE
IF(PIVROW.EQ.LMNT) GO TO 22
DET=-DET
KEEP=L(PIVROW)
L(PIVROW)=L(LMNT)



26

333

100

•
•

L(LMNT)=KEEP
22IF(~IVCOL.EQ.LMNT) GO TO 26

DET=-DET
KEEP=M(PIVCOL)
M(PIVCOL)=M(LMNT)
M( LMN.T )'=KEEP
DET':DET*PIVOT
IF(CDABS(PIVOT).EQ.O.DO) GO TO 333
JAUG-LMNT+1
PIVROW=L(LMNT)
PIVCOL=M(LMNT)
pO 100 I=JAUG, N
ROW=L(I)
HOLD=A (ROW., PIVCOL) /P IVOT
DO 100 J=JAUG,N
COL=M(J)
A(ROW,COL)=A(ROW,COL)-HOLD*A(PIVROW,COL)
DET-DET*A(ROW,COL)
RETURN
END

(

237
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1

."
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j
APP,ENDIX K

..

PROGRAK FOR VISCOU~ THEORY

USING FOURIER TMNSFORK KETHOD

This program considers only internaI flow with unsteady viscous forces,

The program calculates (J for variable U
i

... The shell could be clamped or

pi,nnsd atboth ends.

Program Structure'

MAIN PROGRAM

,>,0

SUBROUTINE POLEMAT

SUBROUTINE ZANLYT

SUBROUTINE UNSFOR

SUBROUTINE MATRA

COMPLEX FUNCTION HXX

COMPLEX FUNCTION DET

COMPLEX FUNCTION IW

DOUBLE PRECISION FUNCTION R
, , , '

DOUBLE P~ECIS1ON\FUNCTION F

DOUBLE PRECISION FUNCTION FA

"

•

•

•. f; .orL.'



c***********************************************************************
C COMPUTER PROGRAM FOR THE CASE OF UNSTEADY VISCOUS FORCES *
C ÛSING FOURIER TRANSFORM METHOO *
C CLAMPED-CLAMPED SHELL ,
C**************·************************************** *************.**~**
C .

C******************.*.,* *****************'* ********************************* .C • MAIN PROGRAM . . !JI *
C****************************************************~~*****!***********

IMPLICITe REAL*8(A-H,0-Z)
COMPLEX*l6 QQTXI(6,3,3),QQTETI(6,3,3),QQTRI(6,3,3),QQTXO(6,3,

~3),QQTETO(6,3,3),QQTRO(6,3,3),AAA(9,9),COEM(3,3,3),XY(3),

~B(8),UNIt,FS,UO,MIL,COE(2,9,3,3),CCOE~2,9,3,3)
INTEGER IJ,K,M,INFER(3),J,MS,N

EXTERNALFS
REAL*8 ~I,NO,WA(8),UI

COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR
COMMON/DATA7/UI,UO
COMMON/AREAl/AAA

~

COMMON/PATA5/PPI,PPO,PO(2) ,PL(2) ,RMS,DEN,DDI,DDO,VIS,CA, CB
DATA EPs/i.D-lO/,NSIG/5/,NGUESS/l/,I.TMAX/l2/,II/l/
~ATA IA/8/,IB/8/,NN/8/,IJOB/0/,IZ/36/
COMMON/COCE/COE
COMMON/COEF/CCOE
COMMON/CLLE/QQTXI,QQTETI,QQTRI,QQTXO,QQTETO,QQTRO
PI-3~14l6l7DO

CIG(l)-O.9825022l457623DO
CIG(2)=1.00077731l90747DO
CIG(3)=0.999966450l2540DO
P(l)=4.7300407448627DO
P(2)=7.85320462409584DO
P(3)-10;99560783800l67DO

C ----------------------------
C WATER STEEL
C --------------------------------

EI-l/ll.DO
EO-l/lO.OO
HR-l.ODO
URR-l.ODO
ER-EI/EO
NI-0.3DO
SKI-(5.5D-3)**2/12
ZI-23.3DO .
DSR-l.PO
USR-l.DO
N-3
DEN-998.0DO

•
( J

\
)

C --------------------------------------------
CALL CONT(CIG,P)
CALL PREMAT(COEM)

UI-0.02DO
UO-(O.OOOO,O.DO)

MS-l
NK-MS-l:

XY(l)-(.4l8D-5,-.l35D-3)
C

..

• ..
239
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•"-- ,, '

CALL ZANLXT(FS,EPS,NSIG,NK,NGUESS,II,XY,ITMAX,INFER,IER)
CALL UNSFO(UI,UO,XY(l),MIL)

CÂLL MATRA(UI,UO,XY(l),AAA)
cc

3

1

30

155

PRINT 111,XY(MS) • ,
111 FORMAT('-' ,'FREQUENCY AT A/SPECIFIC VELOCITY 'to STUDY, THE

& INSTABILITY=(' ,2Dll.4,lX,')')
PRINT~55,INFER(1)

FO~T('O' ,'NO.OF ITERATIONS REQ~IRED-' ,13/)
PRINT30

, FORMAT ( 'l' )
PRINT10, UI, tJO

10 FORMAT('l'I'FLOW VELOCITY INSIDE THE INNER ÇYLINDER-' ,F8.5/'O' ,'FL
~OW VELOCITY IN THE ANNULAR REGION-' ,F8.5)

STOP •
,END ,_

c***********************************************************************
C SUBROUTINE CONT *
C****************~************************************ ******************

SUBROUTINE CONT(CIG,P)
IMPLICIT REAL*8(A-H,O~Z)

DIMENSION A(3,3),B(3,3),CIG(3),D(3,3),SE(3,3),SF(3,3),G(3,3),
~H(3,3),SJ(3,3),SL(3,3),DEL(3,3),P(3)

INTEGER DEL
COMMON/CON1/~B,D;DEL
COMMON/CON2/SE,SF,G,H,SJ,SL
DO 3 KF1,3
DO 3 M=1,3
IF(K.EQ.M) GO TO 1
DEM=P(M)**4-P(K)**4
PC=P(M)*CIG(M)-P(K)*CIG(K)
PWR=(-l)**(K+M)
PMKS=P(M)**2*P(K)**2
A(K,M)=-4*PMKS*(PWR+l)*PC/DEM
B(K,M)=O.DO
D(K,M)=-A(K,M)
SE(K,M)=4*(3*P(M)**4+P(K)**4)*PMKS*P(M)*P(K)*(1-PWR)/DEM**2
SF(K,M)=4*PMKS*(1-PWR)/DEM '
G(K,M)=-4*PWR*PMKS*PC1DEM-2*(P(M)**4+P(K)**4)*SF(K,M)/DEM
SL(K,M)=-SF(K,M)
H(K,M)=4*PWR*PMKS*PC/DEM-(3*P(M)**4+P(K)**4)*SL(K,M)/DEM
SJ(K,M)=16*PMKS*P(M)*P(K)*CIG(M)*CIG(K)*(PWR-l)/DEM**2
DEL(K,M)=O '
GO TO 3 ,
A(K,K)=P(K)*CIG(K)*(P(K)*CIG(K)-2)
B(K,K)=-P(K)**4 -
D(K,K)=-A(K,K)
SE(K,K)=-B(K,K)/2
SF(K,K)=O:DO '
G(K,K)=A(K,K)/2
H(K,K)=-G(K,K)
SJ(K,K)=0.5DO
SL(K,K)=O.DO
DEL(K,K)=l
CONTINUE

'RETURN
END

C
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445
444

C******************************~**********************************~**~*~
C SUBROUTINE PREMAT ' *
C*****************~*********************************** ********'**'*'**'*****

SUBROUTINEPREMAT(COEM)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION A(3,3) ,B(3, 3) ,D(3,3) ,DEL(3,3)
COMPLEX*16 COE( 2, 9,3,3) ,COEM( 3',3,3)
REAL*8 NI,NO,NU
INTEGER R,Q,W,V,H,KK,IJ
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/CON1/A,B,D,DEL

, COMMON/COCE/COE,
DO 3 K-l,3
DO 3 M-l,3
COEM(l,K,M)-A(K,M)
COEM(2,K,M)-DEL(K,M)
COEM(3,K,M)-DEL(K,M)
J-O
E-EI
NU-NI
SK-SKI

12 JJ-J+l
DO 4 K-l,~ Ct.

ggE~J~:i;i,M):(E*~2*B(K,M)+(NU-l)*(SK+1)*N**2*A(K,M)/2)
COE (JJ, 2, K,'M) --( l:+-NU) *N*;E** 2*D( K,M) /2

. COE(JJ,3,K,M)-(P(M)*E)**4*SK*DEL(K;M)-(2*NU-SK*(1-NU)*N**2)
IC*E**2*D(K,M)/2 .

COE(JJ, 4', K,M)- (1+NUj *N*A(K,M)/2
COE(JJ,5,K,M)--N**2*DEL(K,M)+(1+3*SK)*(1-NU)*E**2*D(K,M)/2
COE(JJ,6,K,M)-SK*(3-NU)*N*E**2*D(K,M)/2-N*DEL(K,M)
COE (JJ, 7 , K,M) - ( (NU+ (NU-l) *SK*N* *2/2) *A( K,M) -SK*E*,*2*B (K,M) )
COE(JJ,8,K,M)--N*DEL(K,M)+(3-NU)*SK*N*E**2*D(K,M)/2 1 1

COE(JJ, 9, K,M)--SK* ( ( (P (M) *E) **4+ (N**2-l) **2) *DEL(K,M) -2*(N*E) ,
#**2*D(K,M»-DEL(K,M)

CONTINUE
DO 444 KK-l,9
'00 444 K-l, 3
DO 444 M-l,3

WRITE(6,445) COE(IJ,KK,K,M)
FORMAT('O' ,2(Dll.4,lX»

CONTINUE

•

RETURN
, END

C****'Ii.,'It*********************,~*********************** ****{tr*·*******-*******.
C COMPLEX FUNCTION FS ' ~.*

c************.****~**************************~i~****** ******************~
COMPLEX FUNCTION FS*16(KI) .
IMPLICIT REAL*8(A-Z) ....
COMPLEX*16 KI,RES,QB(3,3),AA1'.(9,9hDET,UO,MIL
INTEGER L(9),M:(9),K,J '
COMMON/DATA7/UI, UO .
COMMON/AREA1/AJ'.A

CALL UNSFO(UI,UO,KI,MIL)
CALI.. MATRA(UI, UO, KI ,AAA)

FS-DET(AAA,L,M,9)
. PRIN'!' 11, FS
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•
,:-,

.,. ',C'

11 FORMAT ( •O' , •FS=' ,2 (Dll. 4, IX»
PRINT 116,KI

.116 FORMAT( . O' , . KI=' ,2 (Dl1.4, IX»
RETURN
END

C
C *****************~*~********************************** ************
C SUBROUTINE UNSFOR(QTETI)*
C******************************~*********************************~**
C· THIS PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
C THE PERTURBATIONS* '.' \
c**** ** * * ******* ** ** ********.**** ** ** ** ** **** ** *** **o*.* * * * * *'~",* ** * **** *
C

EPI=suhEN/,VIS
EPO=EPI
UAVI=U:t'*.8DO ,
UAVO=UO*.8DO

RFE=l.DO
RHE=l.DO
RHOE=RHE/EPO
M=N+i
DT=2,DO

, Xl=-20+DT/2*(1-DSQRT(1/3.DO»
X2=-20;t-DT/2*(1+DSQRT(1/3.DO»
DO 955 IJ=1,3
DÔ 9551<=1,3'
DO 955 M2=1,3•

.QTXXI( IJ, K,M2)-( O. DO, 0 .DO)

!--------------------------. .• C

SUBROUTINE UNSFO(UI,UO,KI,MIL)
IMPLICIT COMPLEX*16(A-Z)
COMPLEX*16 A(3,3),B(3,3),D(6,6),T(6,10),QTXI(6,3,3),ST(4,4)

COMPLEX*16 'QTETI (6,3;3) , QTRI (6,3,3), QTXO( 6,3,3), QTETO( 6,3,3 ),,'
&, QTRO ( 6,3,3) ,.QQTETI (6,3,3) , QQTRI ( 6 , 3 , 3 ) , QQTXI (6, 3. 3 ) , QTRIl (6, 3 , 3) ,
&QQTETO(6,3,3),QQTRO(6,3,3),QQTXO(~,3,3),QTXXI(6.3,3),QTRQl(6,3,3),

&QTRRI ( 6,3, 3) , QTETTI (6,3,3) , QTXXO ( 6 f 3,3) , QTETTO( 15 , 3 , 3 ), QTRRO ( 6 ,<3 , 3 )
COMPLEX*16 C( 6, 6) ,E( 6,6) ,M( 10, 10) ,FTT(6 ,10) ,MIL ;,.'.,
REAL*~ EI,EO,Xl,X2,CIG,P,PI,GiMA,UI,ZI,ZO,DSR,USR,HR;ER,URR

,', REAL*8 WK(3) ,WF(6) ,NI,NO,SKI,:!:\KO',SU,LEN,VIS , .
INT.EGER N, K, L,M, NN, MM, lB, lA, IjOB .IER ,IL, IS', lM, NF',NM,.:)".
INTEGER· LL,MS,NB, IC ,KI ,M2 ,Ml ;U,JJ, KK, IJ, LI ,JK .
COMMON PI, GAMA . " . ,i

. COMMON/DATAI/NI, NO, SKI, SKO, CIG (3 ) ,P ~3) , N,
.',ÇOMMON/DATA2/EI, EO, ER, HR, URR
~OMMON/DATA3/ZI,ZO,USR,DSR "
CQMMQN/CLLE/QQTXI,QQTETI,QQTRI,QQTXO,QQTETO,QQTRO
l'N~ (YJ=( IN(Y, N-l)+IN(Y, N+1) )/2 .
IN.F,(Y)=(IN(Y,M-l)+IN(Y,M+l»/2 .
.INPP(Y)=(IN(Y,N-2)/2+IN(Y,N)+IN(Y,N+2)/2)/2
INFF(Y)=(IN(y,M-2)/2+IN(Y,M)+IN(y,M+2)/2)/~,

GAMA=.5772l566490116lDO .
o PI=3.l4l59265358979DO

~':. C -------------------'----------------------
C WATER~~TEEL
C' -----------------4~----~----------

SU=5308.0DO
LEM=l.ODd'
VIS=1.12lD-06
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955

--------~~--------~-----------------------~------

• QTRRI(IJ,K,M2)-(0.DO,0.DO)
QTETTI(IJ,K,M2)=(0.DO,0.DO)

CONTINUE;
DO 737 LI-l,4l

SI-Xl
AL~-Sl*EI

ALB-~l*EO

I-(0.DO,1.DO)
MIL-CDSQRT(KljEI*EPI*I+Xl**2)
MEI';'EI*MIL
M-N+l

g-----------i;;;;;~-;~~;-;:~----(--~---------~----

C
l'NIA-IN (ALA, N)
INPIA-INP(ALA)
INPPIA-!NPP(ALA)
BRIl-IN(MEI,M)
BXIl-IN(MEI,N)
BXPIl-INP(MEI)
BRPIl-INF(MEI)
BXPPIl-INPP(MEI)
BRPPIl-INFF(MEI)

_C ---------------------------------------------------------
9

,lA,' Il
&

l:;!'a

13

14

PRINTll,MEI,MEA,MEO
FORMATCO', 'MEI"'(' ,2Dl1.4,lX,')' ,2X, 'MEA=(' ,2Dl1.4,lX,')·

,2X,'MEO-(' ,2Dll.4,lX,')')
PRINT12,INIA,INPIA~; , . ,
FORMAT ( '0' , 'INIA-( "';2Dl1. 4, IX, ,') , , 2X, . INPIA=( , , 2Dl1. 4, IX, , ) , )

PRINT13,BRIl
FORMAT('O' ,'BRIl=(',2Dll.4,lX,')')
PRINT14 , BXIl
FORMAT (' 0' , 'BXIl- ( , , 2Dl1. 4 , IX, , ) , )

C ----------~---------------------------------~-.
C INVERSION OF MATRIX A
C' ------------------------~-----------------------------

195 A(l,l)=-I*Xl*EI*INIA
A(1,2)-(O.DO,0.DO)

A(1,3)=-(MEI*BRPIl+(N+1)*BRl1)
A(2,1)--N*INIA

A(2,2)-(-MEI*BXPIl)
A(2.3)--Xl*EI*I*BRIl
A( 3, l,)-ALA*INPIA

A(3',2)-(N*BXIl)
A(3,3)--I*Xl*EI*BRIl

C --------------------------------------------------

82

71
34

WRITE(6,82) AKJ
FORMAT('O' ,'AKJ')

DO 34K-l,3'
ytRITE(6,71) (À(K,J),J=1,3)

FORMAT( '0' ,6 (011:4, IX»
CONTINUE

DD-A( 2, 2)*(A(3, 3) *A( 1, l)-AP, 1) *Ad, 3) )-A( 3,2)* (A( l, 1) *
A(2,3)-A(1,3)*A(2,1»'
B( 3, l)-(A( 3,2) *A( 2, l)-A( 3,1) *A( 2', 2) )/DD
B(3,2)--A(3,2)*A(1,1)/DD

&

~,

C ---------------------------------------------------------~----

•
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53

61

501

99
44

B(3,3)=A(2,2)*A(l,l)/pD
SS,:,A( 1',1) *A( 2,3 )-A( 1,3) *A( 2,1)
B( 2,1)=- (A( 2,l)+SS*B(3,l) )/A( 1,1 )/A( 2,2)
B(2,2)=(A(l,l)-SS*B(3,~)">/At1,l)/A(2,2)
B(2,3)=-SS*B(3,3)/A(l,l)/A(2,2)
B(l,l)-(1-A(l,3)*B(3,l»/A(l,l)
B(l,2)=-A(l,3)*B(3,2)/A(l,l)
B(l,3)=-A(l,3)*B(3,3)/A(l,l)
WRITE(6,53) BKJ
FORMAT ( , 0' , 'BKJ' )

DO 44, K=l,3
'WRITE(6,99) (B(K,J),J-1,3)

FORMAT ( '0' ,6(D11.4,lX»
CONTINUE '

DO 61,11,;,1,3
DO 61 KK=l,3

ST(II,KK)-(O.DO,O.DO)
DO 61 JJ=1,3

ST(II,KK)=ST(II,KK)+A(II,JJ)*B(JJ,KK)
_ CONTINUE

WRITE(6,501) STKJ
FORMAT('O' ,'STKJ')

DO 516 K=l,3
WRITE (6, 517) (ST (K, J) , J-l, 3 )

517 FORMAT ( '0' ,6(D11.4,lX»
516 CONTINUE

C ----------------------------------------------------------------------

136

&

69

255
254

IF(N.EQ.3) GO TO 36
TI2=INIA
TI4=-B*iî/MEI
TI6=-BXIl+2*~I4

GO TO 136
TI2=INIA
BXll=IN(MEI,l)
BX21=IN(MEI,2)
TI4=BX21/MEI-BXll/MEI**2
TI6=BXIl-3*TI4

T(l,l~=-(-2*I*X1*Sl*INPIA)/EPI

T(l,2)=-(-I*N*X1*BXIl)/EPI/EI
T(l,3)=-{(1/ÊI**2-X1**2+N/EI**2)*BRI1-MIL*(1+N)*BRPIl/EI-MIL**2*

BRPPIl)/EPI
T(l,4)=(0.DO,O.DO)

T(2,l)=-(2*N*INIA/EI**2-2*N*Sl*INPIA/EI)/EPI
T(2,2)=-(MIL/EI*BXPI1-N**2/EI**2*BXIl-MIL**2*BXPPIl)/EPI

T(2,3)=-«1+N)*I*Xl/EI*BRI1-I*Xl*MIL*BRPIl)/EPI
T(2,4)=(0.DO,O.DO) ~

T(3,l)=-«I*KI/EI*INIA+UI*(-I*X1)*TI2)+2*Sl~*2*INPPIA/EPI)

T(3,2)=-«-I*X1*N*UI*TI4)+2*(MIL*N*BXPIl/EI-N*BXIl/EI**2)/EPI)
T(~=-( (-Xl,,**2*UI*TI6 )/MIL+2* (-I*Xl*MIL)/EPI*BRPIl)
,,1 T(3,4)=(0.DO,O.DO)

WRITE(6,69) TKJ
FORMAT,(' 0' , 'TKJ' ) )

DO 254 K-1,3
WRITE(6,255) (T(K,J),J=l,4)

FORMAT('O' ,8(Dl1.4,lX»
CONTINUE ,
DO' .223 K=l,3

DO 224 J=l,3i
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,"

C
c*********

AA(K,J)=B(K,J)
.eONTINUE

CONTINUE
. DO 213 K-l,3

,AA(K,4 )-( 0 ,00,0.00)
CONTINUE

·00 3l2J-l,3'
AA ( 4,J )- ( 0 . DO, 0 . DO) .

CONTINUE
·AA(4,4)-(0.DO,0.DO)
AA(4,4)=1/(Xl*KNPIA)

no 90 II=1,3
DO 90 KK=1,4
FTT(II,Kk)-(O.DO~O.DO)

DO 90 JJ=1,4
FTT(iI,KK)=FTT(II,KK)+T(II,JJ)*AA(~J,KK)

CONTINUE
WRITE(6,60l) FTTKJ
FORMAT('O' ,'FT~KJ')

DO 716 K-l,3
WRITE( 6,717) .(FTT( K,J) ,J=l, 4)

FORMAT ( . O' ,6(011. 4, lX»
CONTINUE

DO 797 K1=1,3
DO 797 M2=1,3.

ijKM-HXX(X1,K1,M2)
-GKM=I*X1*HKM

AERODYNAMIC FORCES *************
UAVI-UI
RP1-(Xl*KI/EI-X1**2*UAVI)*EI**2
RP2=I* (KI/EI-X1*UAVI) *EI

•

/

C

C

,C
C

966
797

737 .

QTXI(l,Kl,M2)'eFTT(1,l)*RP1*GKM
QTXI(2,K1,M2)=PTT(1,2)*RP2*GKM
QTXI(3,Kl,M2)=(FTT(1,3)+FTT(1,4»*RP2*GKM

QTETI(1,K1,M2)=FTT(2,1)*RP1*HKM
QTETI(2,K1,M2)=FTT(2,2)*RP2*HKM
QTETI(3,K1,M2)-(FTT(2,3)+FTT(2,4»*RP2*HKM

QTRI(l,K1,M2)=FTT(3,1)*RP1*HKM
QTRI(2,Kl,M2)-FTT(3,2)~RP2*HKM

QTRI (3, Kl ,M2)= (FTT( 3, 3 )+F~T( 3,4) ) *RP2*HKM

DO 966 IJ-1,3
QTXXI(IJ,K1,M2)-QTXXI(IJ,K1,M2)+QTXI(IJ,Kl,M2) çJ
QTRRI(IJ,K1,M2)~QTRRI(IJ,K1,M2)+QTRI(IJ,K1,M2)

QTETTI(rIT,K1,M2)=QTETTI(IJ,K1,M2)+QTETI{IJ,Kl,M2)
CONTINUE

CONTINUE
X1-Xl+DT .

IF(LI.EQ.2l) X1=X2
CONTINUE

DO 301 IJ"1,3.
DO 301 K-l,,3
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3Ôl M7l,3
QQTXI(IJ,K,M)=ZI*QTXXI(IJ,K,M)/2/PI
CONTINUE

305 IJ=1,3
305 K=1,3
305 M=1,3

QQTETI(IJ,K,M)-ZI*EI*QTETTI(IJ,K,M)/2/PI.
QQTRI(IJ,K,M)=ZI*EI*QTRRI(IJ,K,M)/2/PI

CONTINUE .
IŒTURN '.
END

C -----------------------------------------------
COMPLEX FUNCTIONHXX*16(AB,Kl,M2)
IMPLICIT COMPLEX*lô(A-Z)
REAL*8 AB,CIG;P,ABl,NI,NO,SKI,SKO
INTEGER Kl,M2,J,Ml,N
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N
CIG(1)=0.9825022l457623DO
CIG(2)=1.0007773ll90i27DO
CIG(3)=0.999966450l2S40DO
P(1)=4.7300407448627DO
P(2)=7.85320462409584DO
P(3)=10.99560783800l67DO
HXX=(l.DO,O.DO)
I=(O.DO,l.DO)
~Bl=AB

Ml=M2
DO 1 J=1,2 /
IF(DABS(AB') .EQ.Ml) GO TO 10

,A=2*CIG(Ml)*P(Ml)**3 .
B=I*2*P (Ml) **2
El=(-l)**(Ml+l)*CDEXP(I*ABl)+l
E2=El~
IM= (A*El-B*ABl *E2 )/(ABl* *4-P (Ml),**4)
GO TOIl'

10 IF(J.EQ~2) GO Ta 20
IM=«I*CIG(Ml)*P(Ml)**3-I*P(Ml)**2+AB*P(Ml)**2)*(-1)**(Ml+l)*
~CDEXP(I*AB)+I*P(Ml)**2)/(-2*AB**3)

GO TO 11
20 I~[=«-I*CIG(Ml)*P(Ml)**3+I*P(Ml)**2+AB*P(Ml)**2)*(-1)**(Ml+l)*

~CDEXP(-I*AB)-I~*P(Ml)**2)/(-2*AB**3)

Il HXX=HXX*IM
Ml=Kl
ABl=-AB

1 CONTINUE
RETURN
END ' .1 •

C************~****************************~*********** *****************

C SUBPROG~S FOR CALCULATING THE BESSEL FUNCTIONS *
c***************************************************** *****************~

COMPLEX FUNCTION IN*16(X,N)
IMPLICIT REAL*8(A-Z)
COMPLEX*16 X,T,Tl,T2,T3,T4,I,T5,XXX
INTEGER K,N,M '
COMMON PI,GliMA
I= (O. DO, 1.DO)
IF(CDABS(X).GE.15.DO) GO TO 10
IN=(O.DO,O.DO)
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K-O
llT- (X/2) ** (2*K)/FA(K)/FA(N+iq

IF(CDABS(T).LT.1.D-12) GO TO 12
IN-IN+T
K-K+1
GO TO.ll

12 IN-(X/2)**N*IN
GO TO 36

10 T2-(1.0DO/2.0DO/PI/X)
T3-CDSQRT(T2)

TEIl-X·
T5--I*X

TEI2-T5 .
T1-(4*N**2-1)/(8*X)
XXX-I*(TEI2+N+1/2)*PI

IF(TEI1.GT.0.DO) GO TO 115 .
XXX,,:,,;I* (TEI2+N+1/2.) *PI .

IN-Tf*(1.0DO-T1)*CDEXP(XXX)
GO TO 36

115 ,IN-T3*(1+T1)*CDEXP(I*TEI2)
36 RETURN

END
C

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z)
INTEGER K'\
R-O.DO
DO 40 I-1,

40 R-R+l.DO/I
RETURN ,.
END ·cr

C
DOUBLE PRECISION FUNCTION F(K)
IMPLICIT REAL*8(A-Z)
INTEGER K
COMMON PI,GAMA
IF(K.EQ.1) GO TO 50
F-R(K~l)-GAMA

RETURN
50 F--GAMA

.RETURN
END

C
DOUBLE PRECISION FUNCTION FA(K)

IMPLICIT REAL*8(A-Z)
INTEGER K,L
FA-l.DO
L-1

21 FA-FA*L
IF(L.GE.K) GO TO 22
L-L+1
GO TO 21

22 CONTINUE
RETURN
END

C**********~***********~******************~*********** ***************

c***************************************************** *~*************

C*' MATRIX AAA** .



248

&

C*
C*****************!*********************~***********~* ****"***********

C THIS PART IS USED TO ASSEMBLE MATRIX AAA WHICH CONTAINS THE*
C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOE,AND THE UNSTEADY*
C FORCES QTXI, ..•*' / . '
C**************}***********~***/**************************************

SUBROUTINE MATRA(UI,UO,KI,AAA) .
IMPLICIT REAL*8(A-H,0-Z)
COMPLEX*16 AAA(9,9),CK(2,3,3),QTXI(6,3,3),QQTXI(6,3,3),
$QTETI(6,3,3),QQTETI(6,~,3),QTRI(6,3,3),QQTRI(6,3,3),A~(18,18)
&,Q~XO(6,3,3),QQTXO(6,3,3),QTETO(6,3,3),QQTETO(6,3,3),CKMN(36,3,3)

&,QTRO(6,~,3),QQTRO(6,3,3),KI,UO,CCOE(2,9,3,3),COE(2,9,3,3)

INTEGER W"V,HH,N
REAL*8 NU,NI,NO .
DIMENSION A(3,3),B(3,3),D(3,3),SE(3,3),SF(3,3),G(3,3l,H(3,3),

#SJ(3,3),SL(3,3),DEL(3,3)
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR
COMMON/DATA5/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
COMMON/CON1/A,B,D,PEL'
COMMON/COEF/CCOE
COMMON/COCE/COE
COMMON/CLLE/QQTXI,QQTETI,QQTRI,QQTXO,QQTETO,QQTRO

JJ=1
DO 331 K=1,3
DO 331 M=1,3

CKMN(1,K,M)=CCOE(JJ,1,K,M)+COE(JJ,1,K,M)
+QQTXI(1,K,M)+KI**2*A(K,M)
CKMN(2,K,M)=C~OE(JJ,4,K,M)+COE(JJ,4,K,M)+QQTXI(2,K,M)

CKMN(3,K,M)=CCOE(JJ,7,K,M)+COE(JJ,7,K,M)+QQTXI(3,K,M)

1

)

&

C

C

331
C

CKMN(7,K,M)=CCOE(JJ,2,K,M)+COE(JJ,2,K,M)+QQTETI(1,K,M)
CKMN(8,K,M)=CCOE(JJ,5,K,M)+COE(JJ,5,K,M)+ à

& QQTETI(2,K,M)+KI**2*DEL(K,M)'
,CKMN(9,K,M)=CCOE(JJ,8,K,M)+COE(JJ,8,K,M)+QQTETI!3,K,M)

CKMN(13,K,M)=CCOE(JJ,3,K,M)+COE(JJ,3,K,M)+QQTRI(1,K,M)
CKMN(14,K,M)=CCOE(JJ,6,K,M)+COE(JJ,6,K,M)+QQTRI(2,K,M)
CKMN (15, K,M) =CCOE (JJ, 9 ,'K ,M) +COE (JJ,9, K,M) +
QQTRI(3,K,M)+KI**2*DEL(K,M)

CONTINUE

175

341

318

K=1
IL=1
NL=1

JL=O
DO 318 NS=1,3

L=NL*NS
DO 3Ù M;).1,3.
AAA(IL,~L+M)=CKMN(L,K,M)

CONTINUE ~

JL~JL+3 '
CONTINUE

DO 313 NL=6,12,6
IL=IL+1

JL=O
DO 314 NS=1,3
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••
311

314
313

L-NL+NS
DO 311 M-1,3

AAA(IL,JL+M)-CKMN(L,K,M)
CONTINUE

JL-JL+3
CONTINUE

CONTINUE
IF(K.EQ.3) GO TO 176

K-K+1
.~ IL-IL+1
~GO TO 175

/

.'

176 RETURN
END

C*~***************~**~******************************** ******************

C COMPLEX FUNCTION DET *
C*~*************************************************** ******************

COMPLEX FUNCTION DET*16(A,L,M,N)
DIMENSION A(N,N) ,L(N) ,M(N)
COMPLEX*16 A,PIVOT,HOLD
INTÈGER END, ROW, COL, PIVROW ,.p IVCOL
END-N-1
DET- ( 1. DO , 0 . DO )
DO 10 I-1,N
L(I)-I

10 tACI> =I
txl: 100 LMNT=l,END
PIVOT-(O.DO,O.DO)
DO 20 I-:-LMNT,N
ROW-L(I)
DO 20 J=LMNT,N
COL-M(J)
IF (CDAS5-(-PIVOT) .GE.CDABS(A(ROW,COL) )KO TO 20
PIVROW-I
PIVCOL=J
PIVOT=A(ROW, COL)

20 CONTINUE ..
IF(PIVROW.EQ.LMNT) GO TO 22
DET--DET
KEEP-L(PIVROW)
L(PIVROW)-L(LMNT)
L(LMNT)-KEEP

22 IF(PIVCOL.EQ.LMNT) GO TO .26
DET--DET
KEEP-M(PIVCOL)
M(PIVCOL)-M(LMNT)
M(LMNT)-KEEP

26 DET-DET*PIVOT
IF(CDABS(PIVOT).EQ.O.DO) GO TO 333
JAUG-LMNT+l
PIVMW-L(LMNT)
PIVCOL-M(LMNT)
DO 100 I-JAUG,N
ROW-L(I)
HOLD-A(ROW,PIVCOL)/PIVOT
DO 100 J-JAUG,N .
COL-M(J) .

100 A(ROW.,COL)-A(ROW, COL)-HOLD*A( PIV'ROW, COL)
DET-DET*A(ROW, COL)



• 333 RETURN
END

\

. 250
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c***********************************************************************
. - .
C COMPUTER PROGRAM FOR THE CASE OF UNSTEADY VJSCOUS FORCES *
C USING FOURIER TRANSFORM METHOD *
C PINNED-PINNED SHELL *
c*******************************************************************'****
C
c***************************************************** **************~**.*

CMAIN PROGRAM *
C*******'**************************~****************** *******************

IMPLICIT REAL*8(A-H,O-Z)
COMPLEX*16 QQTXI(6,3,3),QQTE~I(6,3,3),QQTRI(6,3,3),QQTXO(6,3,

H3 ) ,QQTETO (6,3, 3 ) ,QQTRO ( 6 , 3 , 3 ) ,AAA ( 9 , 9 ) ,COEM( 3 , 3 , 3 ) , XY ( 3 ) ,
HB(8),UNIT,FS,UO,MIL,COE(2i9,3,3),CCOE(2,9,3,3)

INTEGER IJ,K,M,INFER(3);J,MS,N
EXTERNAL FS

REAL*8 NI,NO,WA(8),UI
COMMON/DATA1/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/DATA3/ZI,ZO,USR,DSR
COMMON/DATA7/UI,UO
COMMON/AREA1/AAA .
COMMON/DATAS/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CE~
DATA EPS/1.D-10/,NSIG/S/,NGUESS/1/,ITMAX/12/,II/1/·
DATA IA/8/,IB/8/,NN/8/,IJOB/O/,IZ/36/
COMMON/COCE/COE
COMMON/COEF/CCOE
COMMON/CLLE/QQTXI,QQTETI,QQTRI,QQTXO,QQTETO,QQTRO
PI~3 .141617DO
P (1 )-3 .1416DO
P(2)=6.2832DO
P(3)=9.4248DO

C ----------------------------
C, WATER STEEL
C --------------------------------

EI-1/ll.DO
, EO';'1/10. DO

HR=1.0DO
URR=l. ODO
ER=EI/EO
NI-O.3DO
SKI-(S.SD-3)**2/12
ZI=23.3DO
DSR-l.DO
USR-l.DO
N-3
DEN-998.0DO

C --------------------------------------------
CALL CONT(CIG,P)
CALL PREMAT(COEM)

UI-O.02DO
UO-(O.OODO,O.DO)

MS-l .
. NK-MS-l
XY(1)-(.418D-S,-.13SD-3)

C
CALL ZANLYT(FS,EPS,NSIG,NK,NGUESS,II,XY,ITMAX,INFER,IER)

C~LL UNSFO(UI,UO,XY(l) ,MIL)
CALL MATRA(UI,UQ,XY(l),AAA)
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30

10

155

C~

111
PRINT 111,XY(MS)
FORMAT('-' ,'FREQUENCY AT A SPECIFIC VELOCITY TO STUDY THE

& INSTABILITY= ( . ,2D11. 4, lX, . ).' )
PRINT 155,INFER(lj

FORMAT('O' ,·NO.OF ITERATIONS REQUIRED-' ,I3/)
PRINT30 )

FORMAT ( '1') .
PRINT10,UI,UO
FORMAT( . l' , . FLOW VELOCITY INSIDE THE INNER CYLINDER-' ,F8 ..5./1.,.9...•., '. F~_

#ow VELOCITY IN THE ANNULAR REGIO~=' ,F8. 5) . .,._
STO').
END

C**************************~************************** ******************

C SVBROUTINE CONT - *
C*******************************************,*******~* *******************

SUBROUTINE CONT(C,P)
IMPLICIT REAL*8(A-H,O-Z)
DIMENS ION A( 3 , 3) , B( 3 , 3 ) ,C ( 3 ) ,D ( 3 , 3 ) , SE ( 3 , 3 ) , SF ( 3 13 ) ,G ( 3 13 ) 1H( 3 , 3 ) ,

#SJ(3,3),SL(3,3),DEL(3,3),P(3)
COMMON/CON1/A,B,D, DEL
COMMON/CON2/SE,SF,G,H,SJ,SL

PI=3.1416DO
DO 3 K=1,3
DO 3 M=1,3
IF(K.EQ.M) GO TO 1
A(K,M)=O.DO
B(K,M)=O.DO
D(K,M)=-A(K,M)
GO Tq 3

1 A(K,K)=P(K)**2/2
B(K~K)=-P(K)**4/2

D(K,K)=-A(K,K)
DEL(K,K)=.5DO

3 CONTINUE
RETURN
END

C

3

c***********************************************************************
C SUBROUTINE PREMAT *
C*~*************************************************** ******************

SUBROUTINE PREMAT(COEM) ~
IMPLICIT REAL*8(A-H,O-Z)
DIMENSION A(3,3),B(3,3),D(3,3),DEL(3,3)
COMPLEX*16 COE(2,9,3,3),COEM(3,3,3)
REAL*8 NI,NO,NU
INTEGERR,Q,W,V,H,KK,IJ
COMMON/DA~A1/NI,NO,SKI,SKO,CIG(3),P(3),N

COMMON/DATA2/EI,EO,ER,HR,URR
COMMON/CON1/A,B,D,DEL
COMMON/COCE/COE
DO 3 K=1,3
DO 3.,M=1,3
COEM(l,K,M)=A(K,M)
COEM(2,K,M)=DEL(K,M)
COEM(3,K,M)=DEL(K,M)
J=O
E=EI
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445
444
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NU-NI
SK-SKI
JJ-J+l
DO 4 K- ~,-r-~."

DO 4 -1,3
COE J,l,K,M)=(.E**2*B(K,M)+(NU-l)*(S'K+l)*N**2*A(K,M)/2)
CO (JJ,2,K,M)--(1+NU)*N*E**2*D(K,M)/2
COE(JJ,3,K,M)-(P(M)*E)**4*SK*DEL(K,M)-(2*NU-SK*(1-NU)*N**2)

C*E**2*D(K,M)/2
COE(JJ,4,K,M)-(1+NU)*N*A(K,M)/2
COE(JJ,5,K,M)--N**2*DEL(K,M)+(1+3*SK)*(1-NU)*E**2*D(K,M)/2
COE(JJ,6,K,M)-SK*(3-NU)*N*E**2*D(K,M)/2-N*DEL(K,M)
COE(JJ,7,K,M)-«NU+(NU-l)*SK*N**2/2)*A(K,M)-SK*E**2*B(K,M»
COE(JJ,8,K,M)--N*DEL(K,M)+(3-NU)*SK*N*E**2*D(K,M)/2 ~--

,COE(JJ, 9, K',M) =-SK* ( ( (P(M) *E) **4+ (N**2-l) **2) *DEL( K,M) -2* (N*'E)
#~*2*D(K,M»-DEL(K,M)

CONTINUE
DO 444 KK=l, 9

DO 444 K=1,3"
DO 444 M-l,3

WRITE(6,445) COE(IJ,KK,K,M)
FORMAT('O' ,2(Dll.4,lX»

C.oNTINUE
RETURN
END

..

11

c********************************************************~**************

C COMPLEX FUNCTION FS *
c***********************************************************************

COMPLEX FUNCT+~N'FS*16(KI)

IMPLICIT REAL*8}A-Z)
COMPLEX*16 KI,RES,QB(3,3),AAA(9,9),DET,UO,MIL
INTEGER L(9),M(9),K,J
COMMON/DATA7lUI ,UO ,
COMMON/AREAl/AAA

CALL UNSFO(UI,UO,KI,MIL)
CALL MATRA(UI,UO,KI,AAA)

FS-DET(AAA,L,M,9)
PRINT 11, FS

fORMAT('O' ,'FS=' ,2(Dll.4,lX»
PRINT l16,"KI

116 FORMAT('O' ,'KI-' ,2(Dll.4,lX» ~
RÉTURN '1
END 1

C /
c ******************************************************************
C SUBROUTINE UNSFOR(QTETI)*
C**********~********************************************************
C THIS PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
C THE PERTURBATIONS*
C*****************~*********************************** *************~

C
SUBROUTINE UNSFO(UI,UO,KI,MIL)
IMPLICIT COMPLEX*16(A-Z)
COMPLEX*16 A(3,3),B(3,3),D(6,6),T(6,100,QTXI(6,3,3),ST(4,4)

COMPllEX*16 QTETI(6,3,3),QTRI(6,3,3),QTXO(6,3,3),QTETO(6,3,3)
&,QTRO(6,3,3),QQTETI(6,3,3),QQTRI(6,3,3),QQTXI(6,3,3),QTRIl(6,3,3),
&QQTETO(6,3,3),QQTRO(6,3,3),QQTXO(6,3,3),QTXXI(6,3,3),QTROl~6,3,3),

&QTRRI(6,3,3),QTETTI(6,3,3),QTXXO(6,3,3),QTETTO(6!3,3),QTRRO(~



,
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COMPLEX*16 C(6,6),E(6,6),AA(10,10),FTT(6,10),MIL
REAL*8 El, EO, Xl, X2, CIG, P, PI, GAMA, UI, ZI, ZO, DSR, USR, HR, ER"URR
REAL*8 WK(3),WF(6),NI,NO,SKI,SKO,SU,LEN,VIS' ~
INTEGER N,K ,L,M,NN ,MM', lB ~ lA, IJOB, 1ER, IL, IS, lM, NF, NM,J
INTEGER LL,MS, NB, IC, KI ,M2 ,Ml, II "JJ, KK, IJ, Lr, JK
COMMON PI, GAMA
COMMON/DATAl/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER,HR,URR

o COMMON/DATA3/Z1 ,ZO, USR, DSR
COMMON/CLLE/QQTXI,QQTETI,QQTRI,QQTXO,QQTETO,QQTRO
INP(Y)=(IN(y,N-l)+IN(Y,N+l»/2 \
INF(Y)=(IN(Y,M~1)+IN(Y,M+l»/2

INPP(Y)=(IN(Y,N-2)/2+IN(Y,N)+IN(Y,N+2)/2)/2
INFF(Y)=(IN(Y,M-2)/2+IN(Y,Mi: N(Y,M+2)/2)/2

GAMA=.5772l566490ll6lDO
PI=3.l4l59265358979DO -

~ ~~~~~~~~~~~~~~~~~=~~~~~~~~~~~~~~~~J -----
SU=5308.0DO
LEN=l.ODO
VIS=1.121D-06

C --------------------------

955

EN=SU*LEN/VIS
EPO=EPI
UAVI=UI*.8DO
UAVO=UO*.8DO

RFE=l:DO
RHE=1.DO
RHOE=RHE/EPO '"
M=N+l
DT=2.DO
Xl=-20+DT/~*(1-DSQRT(1/3.DO»)

X2=-20+DT/2*(1+DSQRT(1/3.DO»)
DO 955 IJ=1,3
DO 955 K=1,3
DO 955 M2=1,3

, QTXXI(IJ,K,M2)=(O.DO,O.DO)
QTRRI(IJ,K,M2)=(O.DO,O.DO)
QTETTI(IJ,K,M2)=(O.DO,O.DO)

CONTINUE
DO 737 LI=1,4l

Sl=Xl
ALA=Sl*EI
ALB=Sl*EO
1= ( 0 . DO , 1. DO )
MIL=CDSQRT(KI/EI*EPI*I+Xl**2)
MEI=EI*MIL \
M=N+l

/

C --------------------------------------------------
C INTERNAL FLOW R=A
C -------------------------------------------------

INIA=IN(ALA,N)
INPIA=INP(ALA)
INPPIA=INPP(ALA)
BRIl=IN(MEI,M)
BXIl=IN(MEI,N)
BXPIl=INP(MEI)

'.
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BRPIl~INF(MEI)

BXPPIl-INPP (MEl)
BRPPIl-INFF(MEI)

C ---------------------------------------------------------
9 PRINTll,MEI,MEA,MEO·. .
11 FORMAT( '0', 'MEI=(' ,2Dl1.4,,lX, ')' ,2:::::,'MEA= ',2Dl1.4,lX,')'

[, ,2X,'MEO=(',2Dl1.4,lX,')') '.
PRINT12,INIA,INPIA

12 FORMAT('O' ,'INIA-(' ,2Dll.4,lX, ')', X,'INPIA=(' ,2Dll.4,lX,')')
PRINT13 , BRIl

13 FORMAT('O' ,'BRIl-(' ,2Dll.4,lX, ')')
PRINT14,BXII

14 FORMAT ( , 0' , , BXIl- ( , , 2Dll. 4', IX, , ) , )
C ----------------------------------------------
C INVERSION OF MATRIX A
C ------------------------------------------------------

195 A(l,l)=-I*Xl*E~*INIA

A(1,2)-(0.DO,0.DO)
A(1,3)--(MEI*BRPIl+(N+1)*BRIl)
A(2,1)--N*INIA

A(2,2)=(-MEI*BXPIl)
A(2,3)--Xl*EI*I*BRIl
A(3,1)=ALA*INPIA

A(3,2)=(N*BXIl)
A(3,3)=-I*Xl*EI*BRIl

C --------------------------------------------------
•

82

71
34

WRITE(6,82) AKJ .
FORMAT('O', 'AKJ')

DO 34 K=1,3
WRITE(6,7l) (A(K,J),J-l,3)

FORM.!\T ( . 0' ,6 (D11. 4 , IX) )
CONTINUE

C --------------------------------------------------------------

53

99
44

61

[,
DD=A ( 2, 2) * (.A ( 3 , 3 ) *A( 1 , 1) -A ( 3 , 1) *A( 1,3) ) -A ( 3 , 2 ) * (A ( l, 1) *
A(2,3)-A(1,3)*A(2,1»
B( 3 , ,1 )= ( A( 3 , 2 ) *A( 2 , 1 ) - A( 3 , 1 ) *A( 2 , 2 ) ) /DD
B(3,2)--A(3,2)*A(1,1)/DD~
B(3,3)=A(2,2)*A(1,1)/DD
SS=A(1,1)*A(2,3)-A(1,3)*A(,1)
B(2,1)=-(A(2,1)+SS*B(3,1)' (1,1)/A(2,2)
B(2,2)=(A(1,1)-SS*B(3,2»/A(1,1)/A(2,2)
B(2,3)=-SS*~(3,3)/A(1,1)/A(2,2)

B( l, 1) = ( 1-A( l, 3 ) *B ( 3 , 1) ) /A ( l, 1)
B(1,2)=-A(1,3)*B(3,2)/A(1,1)
B(1,3)=-A(1,3)*B(3,3)/A(1,1)
WRITE(6,53) .BKJ
FORMAT('O', 'BKJ,')

DO 44 K=1,3 r J
WRITE(p,99) (B(K/J),J";1,3)

• FORMAT ( .°'J 6 (D11. 4 , IX) )
CpNTINUE

DO 61 11=1,3
DO 61 KK=1,3 .

. ST ( II, KK) - (O. DO, 0 . DO ) ('
DO 61 JJ=1,3 '-

. STe II ,KK)=ST( II, KK) +A( II ,JJ) *B(JJ, KK)'
CONTINUE
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WRITE( 6,5'01) STKJ
501 FORMAT ( '0', 'STKJ')

DO 516 K=1,3
WRITE(6,517) (ST(K,J) ,J=l,3)

517 FORMAT ( '0' ,6 (D11. 4,lX»
516. DJ CONTINUE

C ----------------------------------------------------------------------

o

/ .

36

.,1.36

&

69

255
254

224
223

213

. 312

\,~

90

601

IF(N:EQ.3) GO TO 36
TI2=INIA
TI4=-BXll/MEI
TI6=-BXIl+2*TI4

GO TO 136
TI2=INIA
BX11;"IN(MEI,1.)
BX21=IN(MEI,2)
TI4=BX21/MEI-BX11/MEI**2
TI6=BXIl-3 *TI4

T(1,1)=-(-2*I*X1*Sl*INPIA)/EPI
T(l,2)=-(-I*N*X1*BXI1)/EPI/EI

T( 1,3) =- ( ( l/EI* * 2-X1 **2+N/EI **2) *BRIl-MIL* ( 1+N) *BRP Il/EI,-MrL* *2*
BRPPIl) /EPI
T(l,4)=(O.DO,0.DO) "/

T(2,1)=-(2*N*INIA/EI**2-2*N*Sl*INPIA/E )/EPI
T(2,2)=-(MIL/EI*BXPI1-N**2/EI**2*BXI1-MIL**2*BXPPI1)/EPI

T(2,3)=-((1+N)*I*X1/EI*BRI1-I*X1*MIL*BRPl1)/EPI
T(2,4)=(O.DO,0.DO)

T(3,1)=-((I*KI/EI*INIA+UI*(-I*X1)*TI2)+2*Sl**2*INPPIA/EPI)
T(3,2)=-«-I*X1*N*UI*TI4)+2*(MIL*N*BXPIl/EI-N*BXIl/EI**2)IEPI)

T(3,3)=-((-X1**2*UI*TI6)/MIL+2*(-I*X1*ML-L)/EPI*BRPIl)
T(3,4)=(O.DO,0.DO)
WRITE(6,69)TKJ

FORMAT ( . O' " TKJ')
DO 254 K=1,3
WRITE(6,255) (T(K,J),J=1,4)

FORMAT('O' ,8(D11.4,lX»
CONTINUE
DO 223 K=1,3

DO 224 J=l,3
AA(K,J)=B(K,J)

CONTINUE
CONTINUE
DO 213 -K=1,3

AA(K,4)=(O.DO,0.DO)
CONTINUE -
DO ;312 J=l,3

AA(4,J)=(O.DO,O.DO)
CONTINUE

AA(4,4)=(O.DO,O.DO)
AA(4,4)=1/(X1*KNPIA)

DO 90 11=1,3
DO 90 KK=1,4

FTT(II,KK)=(O.DO,O.DO)
DO 90 JJ=1,4

FTT( II, KK)=FTT( II, KK)+T( II,JJ) *AA(JJ, *K)
CONTINUE

WRI'i'E(6,601) FTTKJ
FORMAT('O' ,'FTTKJ')

DO 716 K=1,3
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WRITE(6,7l7) (FTT(K,J),J=1,4)
FORMAT ( '.0' ,6(Dl1.4,lX»

CONTINUE

DO 797 Kl=1,3
DO 797 M2=1,3

Fl=CDEXP(-I*Xl)
F2=CDEXP(I*Xl)

. HKM= (Fl* (-1) **Kl-l) * (F2* (-1) *;*M2-l) *M2*Kl *PI**2/ (-Xl **2+ .
& M2**2*PI**2)/(-Xl**2+Kl**2*PI**2)

GKM=I*Xl*HKM
C
c*********

C

..
C

C

C
C

. AERODYNAMIC FORCES *************
UAVI=U,I
RP1=(Xl*KI/EI-Xl**2*UAVI)*EI**2
RP~=I*(KI/EI-Xl*fAVI)*EI

QTXI(1,Kl,M2)=FTT(1,1)*RP1*GKM
QTXI(2,Kl,M2)=FTT(1,2)*RP2*GKM
QTXI(3,Kl,M2)=(FTT(1,3)+FTT(l,4»*RP2*GKM

QTETI(1,Kl,M2)=FTT(2,1)*RP1*HKM
QTETI(2,Kl,M2)=FTT(2,2)*RP2*HKM
QTETI(3,Kl,M2)=(FTT(2,3)+FTT(2,4»*RP2*HKM

QTRI(l,Kl,M2)=FTT(3,l)*RP1*HKM
QTRI(2,Kl,M2)=FTT(3,2)*RP2*HKM
QTRI(3,Kl,M2)=(FTT(3,3)+FTT(3,4»*RP2*HKM

DO 966 I.J=1,3
QTXXI(IJ,Kl,M2)=QTXXI(IJ,Kl,M2)+QTXI(IJ,K1,M2)
QTRRI(IJ,K1,M2)=QTRRI(IJ,K1,M2)+QTRI(IJ,Kl,M2)
QTETTI(IJ,Kl,M2)=QTETTI(IJ,Kl,M2)+QTETI(IJ,Kl,M2)

966 CONTINUE
797 CONTINUE

X1=Xl+DT
IF(LI.EQ.2l) X1=X2

",737 CONTINUE •
DO 301 IJ=1,3
DO 301 K=1,3
DO 301 M=1,3

_ QQTXI ( IJ ,1<, M) =ZI*QTXXI ( IJ, K, M) /2/PI
301 CONTINUE

DO 305 IJ=l,3
DO 305 K=1,3
DO 305 M=1,3

QQTETI(IJ,K,M)=ZI*;EI*QTETTI(IJ,K,M)/2/PI
QQTRI(IJ,K,M)=ZI*EI*QTRRI(IJ,K,M)/2/PI

305 CONTINUE
299 RETURN

END C

C****************************~**************~********* **********.*******

C SUBPROGRAMS FOR CALCULATING THE BESSEL FUNCTIONS *
C***************************~************************* ***.***************-

COM.PLEX FUNCTION I.N*16(X,N) .,

IMPLICIT REAL*8(A"':Z) ·r·''. _,
COMPLEX*16 X,T,Tl,T2,T3,T4,I,T5,XXX.
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11

12

10

\

115
36

INTEGER K,N,M
COMMONPI, GAMA
I= (O. DO, 1. DO)
IF(CDABS(X).GE.15.DO) GO Ta 10
IN=(O.DO,O.DO)
K=O
T=(X/2)**(2*K)/FA(K)/FA(N+K)
IF(CDABS(T).LT.l.D-12) GO Ta 12
IN=IN+T
K=K+l
GO Ta 11
IN=(X/2)**N*IN
GO Ta 36
T2=(1.0DO/2.0D~
T3=CDSQRT(T2)

TEIl=X
T5=-I*X

TEI2=T5
Tl=(4*N**2-1)/(8*X)
XXX=I*(TEI2+N+l/2)*PI

IF(TEIl.GT.O.DO) GO Ta 115
XXX=I*(TEI2+N+l/2)*PI

IN=T3*(1.ODO-Tl)*CDEXP(XXX)
GO Ta 36'

"IN=T3*(1+Tl)*CDEXP(I*TEI2)
RETURN
END

\ "-......-..

FA(K)

22

DOUBLE PRECISION FUNCTION
IMPLICIT REAL*8(A-Z)

. INTEGER K,L 1

F~=LDe
l.i.= 1 .

21 . FA=FA*L
IF(L.GE.K) GO TO 22
L=L+1
GO Ta 21
CONTINUE

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z)
INTEGER K,I
R=O.DO
DO 40 I=l,K

~
= +1.DO/I

R URN .
lY'

DOUBLE PRECISION ·FUNCTION F(K)
IMPLICIT REAL*8(A-Z)
INTEGER K
COMMON PI, GAMA
IF(K.EQ.l) GO Ta 50
F=R(K-l)-GAMA
RETURN

50F=-GAMA
RETURN
END

40

C

C

o

"
i
' ..
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RETURN
~® .

C********************************~******************** i**************,
C****~*~*****************************~***********~~*** ***************
C* MATRIX AAA**
C*
C'l'r * ** * ** * * * * * *_* ** * * ** ** * *** ***** ** * * * * * * * *** * * * * * * * *** * ** *-** * * ** * * * * *
C THIS PART IS USED TO ASSEMBLE ~RIX AAA WHICH CONTAINS THE*. .
C FREE VIBRATIONS TERMS COE'~HE'~A~ORCES CCOE,AND THE UNSTEADY*
C FORCES QTXI, ... * . '.
c************************************* **~****************************

SUBROUTINE MATRA(UI,UO,KI,A~\
IMPLICIT REAL*8(A-H,O-Z) . •
COMPLEX*16 AAA(9,9),CK(2,3,3),QTXI(6,3,3),QQTXI(6,3,3),

$QTET l ( 6 , 3, 3 ) , QQTET l ( 6 , 3 , 3 ) , QTRI ( 6 , 3 ,3 ) , QQTRI ( 6 , 3 , 3 ) , AA ( 18-, 18 )
~-&-rWXO ( 6 , 3 , 3 ) , QQTXO"( 6 , 3 , 3) , QTETO ( 6 , 3 , 3 ) , QQTETO ( 6 , 3 , 3 ) , CKMN ( 36, 3 , 3 )

&,QT 6,3,3),QQTRO(6,3,3),KI,UO,CCOE(2,9,3,3),COE(2,9,3,3)
INTEG W,V,HH,N
REAL*8 NU,NI,NO
DIMENSION A( 3 , 3) , B(3,3 )e" 3 ) , SE ( 3,3) , SF ( 3 , 3 ) , G( 3,3) ,11 ( 3,3) ,

#SJ(3,3),SL(3,3),DEL(3,3
. COMMON/DATA1/NI,NO,SKI, KO,CIG(3),P(3),N .
COMMON/DATA2/EI,EO,~R,HR,URR;\ .
COMMON/DATA3 /'lJ l, ZO, USR, DSR'~~ ,
COMMON/DATA5/~PI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB

COMMON/CON1/A,B,D,DEL
COMMON/COEF/CCOE
COMMON/COCE/COE
COMMON/CLLE/QQTXI,QQTETI,QQ~RI,QQTXO,QQTETO,QQTRO

JJ=l
DO 331 K=1,3
DO 331 M=1,3

CKMN (l, K,M)'=CÇOE( JJ, l, K,M) +COE(JJ, l, K,M)
+QQTXI(1,K,M)+KI**2*A(K,M)
CKMN(2,K,M)=CCOE(JJ,4,K,M)+COE(JJ;4,K,M)+QQTXI(2,K,M)
CKMN(3"K,M)=CCOE(JJ, 7 ,K,M),+COE(JJ, 7 ,K,M)+QQTXI(3,K,M)

C

#:111.;;-,;

C

331
C

175

341

&

&

CKMN(7,K,M)=CCOÉ(JJ,2,K,M)+COE(JJ,2,K,M)+QQTETI(1,K,M)
CKMN(8,K,M)=CCOE(JJ,5,K,M)+COE(JJ,5,K,M)+
QQTETI(2,K,M)+KI**2*DEL(K,M) ,
CKMN(9,K,M)=CCOE(JJ,8,K,M)+COE(JJ,8,K,M)+QQTETI(3,K,M)

~ . ~

CKMN.(13,K,M)=CCOE(JJ,3,K,M)+COE(JJ,3,K,M)+QQTRI(1,K,M)
CKMN(14,K,M)~CCOE(JJ,6,K,M)+COE(JJ,6,K,M)+QQTRI(2,K,M)

CKMN(15,K,M)=CCOE~JJ,9,~+COE(JJ,9,K,M)+

QQTRI(3,K,M)+KI**2~,M)

CONTINUE J '
K-1
IL-1
NL-1

JL-O
DO 318 NS-1,3

L-NL*NS
no 341 M=1,3
AAA(IL,JL+M)=CKMN(L,K,M)

CONTINUE
JL=JL+3
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318

311

314
313

CONTINUE
D0313NL=6,12,6 é

IL=IL+1
JLe=O
DO 314 NS=1,3

L=NL+NS
DO 311 M=1,3
AAA(IL,JL+M)=CKMN(L,~,M)

CONTINUE
JL=JL+3

CONTINUE
CONTINUE

IF(K.EQ.3) GO XO 176
·K=IS+1
IL=IL+1,

GO Tb' 175

260

..

o

176 RETURN
END

c***********************************************************************
C COMPLEX FUNCTION DET' ' *
C****?******************************************************************

COMPLEX FUNCTION DET*16(A,L,M,N)
DIMENSION A(N,N),L(N),M(N)
COMPLEX*i6 A,PIVOT,HOLD
INTEGER END,ROW,COL,PIVROW,PIVCOL
END=N-1 .
DET=(l.DO,O.DO)
DO 10 I=l,N·
L(I)=I

10 M(I)=I
DO 100 LMNt7i,END
PIVOT=(O.DO,O.DO)
DO 20 I=LMNT,N
ROW=L(I)

'DO 20J=LMNT,N
COL=M(J)
IF(CDABS(PIVOT).GE.CDABS(A(ROW,COL))) GO TO 20
PIVROW=I
PIVCOL=J
PIVOT=A(ROW,COL)

20 CONTINUE
IF(PIVROW.EQ.LMNT) GO TO 22
DET=-DE'):'
KEEP=L(PIVR0W)
L(PIVROW)=L(LMNT)
L(LMNT)=KEEP

22 IF(PIVCOL.EQ.LMNT) GO TO 26
DET=-DET
KEEP=M(PIVCOL)
M(PIVCOL)=M(L~m~
M(LMNT)=KEEP

26 DET=DET*PIVOT .
If(CDABS(PIyOT).EQ.O.DO) GO TO 333
JAUG=LMNT+1
PIVROW=L(LMNT)
PIVCOL=M(LMNT)
DO 100 I=JAUG,N
ROW=L(I)



C'

.-

,HOLD-A(ROW,PIVCOL)/PIVOT
DO 100 J-JAUG, ti
COL-M(J) ,

100 A(ROW/COL)=A(ROW/COL)-HOLD*A(PIVRO~/COL)

DET-DET*A(ROW,COL)
333 RETURN

END

J'
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