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ABSTRACT

This Thesis investigates theoretically and experimentally . the
dynamical behaviour and the ‘stability of a cylindricnl~éﬁell coaxially ..

located in a rigid cylindrical pipe and subjected to internal or annular

LI

%low.

In the theoretica} study, the;fiuid flow in the inner shell and the
annulus is assuméd to b® wviscous and incomprggsihlé. The fluid forces
consist of two parts: (i) steady visé;;s forces representing the effects
of upstream pressurization of the flow (to overcoﬁe’frictional pressure
drop) and skin fri;tion on the shell surface, which ara'datermined using
turbulent fully-developed boundary layer theory; (i{i) unsteady viscous
forceg which are derived by meé's of linearized Navier-Stokes equations.
Shell motions are described by a|modification of'FlaggF's shell equations.
Two methods of solution are| empleoyed to formulate the problem:

1, Fourier transform technique;

2. travelling wave solution, =

Iﬁ the first method, the shell could be clamped or pinned at both

< _
ends; while in ghe second method, the shell is simply supported at both

ends. The objectives are to investigate the effects of unsteady viscous

forces on the &ynamical behaviour- and stability of the system In the

»

presence and absence of steady forces.

Calculations have been conducted with a steel shell conveying water

with differént gap-to-radius ratios g/ai -~ 1/10 and 1/100.



intérnal flow and annular flow with 1argé g/ai,,the effects of viscosity

N o (1ii)

First, the system 1s subjected to unsteady viscous forces only. The
results are compared to ‘those of inviscid theory. It is found that, for
i g
on the stability of the pystem are insignificant; however, for the smaller

gap (g/ai - 1/100), those effects are more pronounced, rendering'tﬁé system

.mqu’stab}q.‘ When,both'sgeady and unsteady viscous forces "are apbiied,

A
N .

thp_‘resulqsﬁ are quite different from the prewvious case, For interndl
flow, the system becomes more stable; while for annular flow, the system

loses hgability at much lower velocities for both gap-systems. f& the

"annular flow case, the loss of stability depends only on the steady

—

Qfﬁco@?iforces for the parameters considered. The unsteadxtifnpes affect
only'Fﬁé frequency of the systeT before it becomes unstable. -

- . In the experiméntal séudy, the flow is only annulq;\agﬁ the fluid is 4)
air.. The flexible shell is made of silicone rubber aﬁd the outer cylindegi’
is ' made of plex?glas. The shell could be ‘clamped ‘Eé: both ends or
clémped at one end and free at the othgr. For_thé clamped-clamped shell,
tﬁe )system loses stability by divergence ‘(buckling) as predicted by

linear theory. Howaver, coupled-mode flutter was never obseﬁféd

éﬁperimentall&. Clamped-free shells, on the other hand, lose stability
. ! . L

.<f . /

."‘

by flutter.

%
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_ SOMMAIRE ./

[

Cette these presente une étude théorique et experimentale de la

A » * v . v
-dynamique ‘et de la stabilite d’une coque cylindrique localisée d'une fagon

coaxial dans un cylin&re réglde et soumise a un écoulement interne ou

annulaire. B }

Dans l'étude théorique, * 1’'ecoulement de fluide a l'interieur de la

i

y “<coque ou dans l'espace annulaire est considere visqueux et incompressible.

Les forces du fluide consistent en deux parties: (1)‘1es forces visqueuses

. % - * .0
stationnaires represéntant les effets de pressurisationde fluide necessalre
L] .
-' - H
pour comperiser les pertes de charge, ainsi que la force de frottement

paégétal; (11) les \forces visqueuses instationnaires é;ant basees sur la
- | . \ L
théorie linearisee des equations de Navier-Stokes. Les déplacements de la

coque sont decrits par 1& équations modifiées des coques-.minces de Flaaﬁa.

Deux 'méthodes ‘de solption sont utilisées pour formuler le problame:

1. technique de transformation de Fourier

N
2. solution avec des ondes mobiles. o : .

Dans 1la premié;!méthode, la coque peut &tre .erlcastrée ou sfmplement
supportée aux deux extremites; tandis que dans l'autre methode, la coque
est simplement s&pportée aux deux extrémités.

L'objectif est d'examiner les effets de”Fdrces visqueuses insgntton:
naires sur le comportement -dynamique et 1a-ﬁtabi'1%§ du gystémc dans la
présence ou l’'absence de; forces perﬁanentes. |

. Les ecalculs sont effectués pour une coque d'acier soumise a un
ecoulement d’eau avec di?fé;épts rapports d'espace annulalre' par rayon au

rayon g/ai - 1/10 et 1/100.

3
0

3
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Premiérement,. le systeme est souml aux forces visqueuses instation-

P naires seules. On trouve que, pour 1'écou1em§nt interne et annulaire';t
pour g/ai - 1/10, les ? feés‘&e la viscosité-au fluide sur la stabilite du
systéhme sont negligeables. Pourtant, pour le petit espacement de g/ai -
1/106, ces effets é;nt plus prononcés, rendant le systéeme plus stable.
Lorsque les deux forces viéqueuses.stationnhire kff iﬁstationnaires sont

appliquées,#les rasiltats sont, tout a fait differenbs du cas précédent.

., Pour 1'écoulement interne, le systeme devient plus stable; tandis que pour

~

I'écoulement annulaire, le systeme perd sa stabilité a des vitesses .moins

éleveesqque celles du cas précédent ™)Dans l‘écoulement annulaire, la perte

" de stabilite depend uniquement des forces visqueuses stationnai;es..‘Les

¢

-
»foreces visqueuses instationnairefE)}ﬂfluent seulement les fréquences_ du

L]

< . systeme avant qu’'ll devienne instable.

Dans 1'étudé experimentale, 1'ecoulement est seulement annul%irejet

1'alr est’utilisé comme fluide. La coque est faite" de caoutchouc et le

cylindre rigide est fait de plastique. La coque peut étre encaétrée aux 

" deux -extrémites ou encastrée a une.extrémité et libre a l'autre. Pour la
coque encastrée aux deux extremités, le systeme perd sa .stabilité par
v - ’ ‘- '

> . flambage comme prédit par la théorie linéarisée. Cependant, 1l'instabilite

oscillatoire (flottement) en modes conjugues n’a jamals ete observee,

experimentalement. Pour la coque encastrée a une extrémité et libre a
. . . \ )
1'autre, le systéme perd sa séabilité par flottement.

* | . - / . .
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CHAPTER 1

INTRODUCTION .

The dynami;al behaviou; and stability of cf{ihdrical\ structures
subjected ‘to, or containing flowigg fluid have been studied quite
axtegsively. Interesé in this field started with the observation of bending
vibrations of the Trans-Arabian pipéline, in the early 1%50‘s (see Ashley
" and Haviland [1]). For the last three decades, however, resear intqrthe

dynamics of ,pipes and shells containing flowing fluid hag éE;;:/;iven

additional attention due to the- development of nuclear power plants,
Historical reviews may be found in references [2-4].

In presenting "the bibliography, three types of flow are considered:

G

internal, external and annular. For each case, the stabilié} of beam-type

cylinders 1is considered first, followed by the stability of shells.

1.1 INTERNAL FLOW

The stability of a straight pipe with simply-supported ends conveying
fluid was first investigated by Feodos’ev [5], Hous;;r [6] and Niordson [7].
Using different methods, they arrivéd at the same conclusion: the system’s
natural frequencies are reduced as the flow yelo;ity is increased,
HoweveF\\Et sufficlently high flo; velocities, the system is éubjected #o
buckling (divergence), in which the tube buckles essentially like a column
subject to compressive axial loading. )

In a more pgeneral wdrk, Paidoussié and Issid [8,9] studied thé
dynamical behaviour of pipef conveying fluid with both ends supported -
either pinned or clamped. They reported that according to linear theory,

the system is not only subject to.divergence (buckling) but also to coupled-

mode flutter at higher flow velocities. In physical terms, this-is expected

"



L

to be so, because the system is conservative gyroscopic and thepresenc?ng
Coriolis terms could in fact cause coupled-mode flutter instabilities (10].
However, -by nonlinear anai}sis, Holmes {11} showed that a pipe supported at

both ends cannot flutter,

™ The theoregical predictions for buckling have bean confirmod

experimentally by Naguleswaran and Williams [12], Liu an;AMote [13] nnq.

more recently, by Jendrzejczyk and Chen ([14]. However, cogpled-mode
flutter has never been observed experimentally.

.The stability of a cantilevered tube conveying fluid was fir;t studied

By Benjamin [15,16]. He 'considered the case of articulated tubes corveying

fluid, and found that cantilevered tubes develop oscillaéory instabilicy

(flutter) dwee to their non-conservative nature. These findings were later

confirmed both theoretically ‘and experimentally by Gregory and Paidoussis

[17,18]. s
.In the research described so far, the cylinder was considered as =&
beam, and only the oscillation in the flexural beam médes was studied.

However, the instabilities assoclated with very thin pipes conveying fluid.

are more of the shell-typé, rather than the beam-type. Paidoussis and
Denise  [19,20], were the ﬁirst to. observe this phencmenon while
experimenting with thin cantilevered tubes conveying alr. They demon-

strated that, if the cantilever is sufficiently short (so thn; it remains
stablé with respect to the flexural instaﬁility fo fairly higﬁ flow), a
shéil-type instability occurs spontaneously above a certain critfénl flow
velocity:.the cantilever vibrates in the second circumferential mode of a
circular cylindrical shell’gi-Z),

The subject was studied theoreticallyandexperiment#lly (20], both for

clamped-clamped and cantilevered shelis. The theoretical model described

~
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shell motions by means of Fi&gge’s equations, and the fluid forces were
obtainea by.linearized potential flow theory:‘The same types of Instabili-
ties described In the beam theory for thicker pipes still hola fox the
shell theory; except that they are of courseAas;ociated with shell mode;,
as mentioned earlier. Thus, for a shell.supporbed at both ends, the system
loges stability first by divergence, followed by coupled-mode fluttér. It
is-important to mention that, in contrast to the pipe problem, only flutter
was observed experimentally. ‘

-Vin the case of a cantilevered shell, both theory and experiment showed
:thgk, the system is only subject to single-mode flutter.

The toplc was later studied by Weaver and Unny [21] and Shayo and Ellen )
(22],. in the case of simply supported shells, and by Weaver anQ Myklatun
[23], in the case of clamped-clamped sﬁells. They h&ye all found the same
éype of instabilities described earlier [20]. The problem was also studied
by Pham and Misra [24], Lith special attention to ¥he effect of" a super-

¢imposed linearly var§1ng or constant axial loading on the shell.

The fluidelaatic'instabilities.réferred to gbéve ra;ely materialize in
practicé, because the critical flow velocities associated with the insta-
bilities are extremely high and seldom encountered. Nevertheless, fzhish

work has found ‘- physiological applications in the study of)flu;ter\and

(f\,-

N

collapse of resplratory passages [25-27].
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1.2 EXTERNAL FLOW . . »

As In the épse of internal flow, extensive research has been done on
the dynamics of cyiindrical structures subjected t;‘externhl axial flow.
Paidoussis [28-29) was the ‘first to study the dynamical behaviour of
flexible cylinders in an axial flow. Using the slender-body approxlmation,
he showed that, cylinders ‘with both ends supported lose stability by
divergepce and, at higher flow velocities, by coupled mode flutter,

In a;se;arate work, Paidoussis [30] showed that Lf the flow about the
cf;inder is confined, by a conduit ‘or by adjacent strugtures, then tho
instabiiities oceur ét lower flow v:locitles due to the increase in the

virtual' mass. The effect of slenderness of the cylinder and compresasi-

bility of the fluid was later studied by Paldoussis and Ostoja-Starzewski

[31]. Interestihgly. compreésibility was found to have an Insignificant
N :
effect on the stability of the cylinder (for slender cylinders). .

Chen [32] was the first to study the dynamics of arrays of parallel
cylinders in dense fluid. He showed that the instabilitiegs occur at much
lower flowhveloeities than for a single flexible cylinder. Thig is so,
because of the increase in thea virtual mass associated with the fluid-
dynamic codpling. ‘ : H -

The stability of clugzers of cylinders in axfal flow and the sequenge
of ipstabil%ties as the. - flow wvelocity 1s increased wers, examin?d
thorougﬁly, both theoretically and experimentaliy by Paldoussis [33i.
Theo;y and experiment were found to be in#good agreement, and similar con-
clusions as in Reé. [32] were pbthined. ‘ ‘ )

In parallel to the work on dynamics of cylinders in axial flow, t;:xt:en-a

i |
dynamics and stability of c¢ylindrical she

*

sive research has been done on the effect of external axial flow on the
ﬁgs

Both supersonic and subsonie

e .

.t
i
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flows were considered. A ‘revié’w on this topic may be found in-a work of

Dowell ([34]. ‘Thése studles are applicable in the aeronautical field and,

, { W . )
accordingly, they are concerned with flutter invery high speed compressible

flow. The dyn:é.mi.cal behaviour of ‘the system is similar to that of a shell

with internal flow; nevertheless, the two cases cannotbe directly compared.

Among the numerous outstanding pu/bli ed papers, the work by Dowell and
Widnall on the forﬁulatibn of the generalized aerodyn-amic fcl)rces Bfmeans
of Fourier transform techniqt,;es éhould be specially noted [35], as this work'
is adaptable for the proﬁlem considered in this Thesls.

1.3 ANNULAR FLOW

H
-

So far we have discussed the 'instab_ilitties assoclated ;wit‘:h internal.
arid‘ external flows, For these types of flows, the +‘elocities at which

instabilities“occur are very high. Hence, they are of “limited practical

-

- ' A
concern, despite theilr very considerabte fundamental appeal. The case of

annular flow is quite different; many failures associlated with this type’

of flow have been reported. A review of Pra:ﬁic&l Problems is given in

Ref. [2]. _ L '

| The c:;se‘ofa rigid cylindrical body, hinged at.: one point and coaxially
;)ositioned in a flow-carrying duct, was studied by Hobson .[36]. He showed
that, as the £low velocity'ls increased in the am'mulus, the .nggative fluid-

. .
dynamic damping overcomes the mechanical damping, which Tresults in

: oscillatory instabilities in the gystem. Mateescu and Paidoussig [37]

investigated this problem further. In their inviscid analysis, they showed

that the positionof the hinge affects strongly the stability of the system.

They identified a critical location of the hinge; downstream of that

location, the system becomes unstable and the associated flow velocity

"decreases as the hinge is moved further dowffstream. Paidoussis and Mateescu

v
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. extended their theory to take Into account viscous effects [38]. It was

—r

Al

found that the viscous effects stabilize _the system, becoming morf/

important as the annulus becomes narrower.

The‘d}namical behaviour of coaxial shells with ‘SL{}I fluiﬁ in the
annulus has also been ;%%g}ed fairiy thoroughly, the maln 1ntargst {n these
stuaies beiné the coupling. of thq shells, aspecialiy-whare-kha annular
fluid is a 1liquid. In such cases the hydrodynamic or added ﬁass. for suffl-
ciently nafro& annuli cpnhbe several. times the 6&55 of the shell, which
obviously exerts a strong influence on the eigenfrequenéies of the aystem
and resSults in a very strong coupliné; Krajeinovic [39], Au-Yang [40],
Brown énd Lieb. [41] are among those who have .studied thi; problem, In dif-
ferent\manners, they raacﬁed the same conclusion: that the effacc of the -
added mass is to give a reduction in the natural frequencies of the syhtém.
"In gll the:above stud%es of coaxial §helLs. the fluld is assumed to be
inviscii; Some studies have taken flqid viscosity into acﬁount. Chenl
Wambsganss and Jendrzejczyk [42] studied analyticaII?}and experimentally the
vibration of a cylindrical rod in. a viscous fluid enclosed by a rigidA
concentric shell. They found that: for a fixed rod diameter and kinematic

viscosity, both the added mass and damping coefficlent ingrease as

the annular gap decreases. Yeh and Chen [43] have developed a remarkable

—

. method te take Intoc account the(viscoéity effect for this type of systems.

| -
Particular attention may be given to tﬁ}s work, since it can be ‘adapted for

the problem at hand. The system &gs modeled as two coaxlal shells
separéted by ; viscous fluid. Fl&gge's 'shell equations of motion and fhé
linearized Navief-Stokes equations for viscous fiuig were employed. A
travelling-wave type solutlon was assumed for shell and fluid, ‘The natural

frequencies, mode shapes and modal damping ratios of the coupled modes were
: S

3
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then calculated., It was found that the effect égjfluid viggosity on thé
system naturaL frequencies is negligibly small 1n most practical systems
However “fluid viscosicf contributea significanC1y to the modal damping
For a coupled shell system, the viscous effects ‘are mostly pronounced for

. the out-of-phase modes than that of the in-phase modes.

-Hefe 1t should be emphasized th%F the work discussed in the foregoing

on coaxlal shells [39-43] involved quiescent fluid in the annulus. . 1

The problem of shells containing swirling annular flow has been i

studied extensively [44], because of its application: to airc?afu engines.
In cénurast. the %tuéy of the dynamic; and stability of é&lindricai struc-
tures subjecxgd to stralght annular flow has only recently begun. Chen [43]
s@udied theidynamics of a rod-shell system conveying fluid. He showed that
the ?atgral frequencies Fnd critical flow veloclty of the coupled rod-fluid-
shell are smaller thaﬁ‘those of an isolated rod subjected to axial flow,
Recenély the stabilicy of shells subjectéd to stralght annular flow
hag been stu&ied f&6-48]. A historical literature review may be found in
Ref. Eh?]. It is found that, in general, for reasonabiy narrow ﬁnnuli, a
shell subjectad to a straiggt annular flow, which is the topic of the
present work, loses stabiiity at much lower flowevelocities than when it is
subjected to internal flow [47] — aa effect which becomes even more pro-

nounced when the annulus is made up of two céagial'shells, instead of having

a rigid outer containment pipe. The instabilities prédicted were similar

to those of shells with internal flow: divergence (buckling), followed by .

coupled-mode flutter. 7

Weppelink [46] formulated the problem of two coaxial cylinders, only

the inner one of which 1s flexible (cantilevered or clamped-clamped),

conveylng incompressible fluid inside the shell and in the annulus; shell *

-
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‘motions were described by the Morley - Koiter shell eiﬁaéion. and the fluld
ﬁpfces weré determined by 1inearizad:ﬁbtentia1 flow theory.

Paidoussié, Misra and Chan [47,48] also conducted a ﬁtudy‘on this
topic. They considered the case of two coaxial shells. At first they
geglected the viscous-flui& effects_{ﬁ?]. The inviscid tgrms in the equa-
tions were derived from potential flow theg}y';nd thé" aerodynamic forces
were'formulated using antintegral transform technique. Shei% motiop was
described by Flﬁgga’s equations. The rationala for' neglecting viscous
effects was that they would principally induce steady-state, time-mean
axial agd radial 1oads,.tha effects of which are qualitatiﬁely wall known,
Incidentally, this aréument is precisely valid for tubular beaﬁs conveying
fluid; as shown by Benjamin {15,16] for fully developed turbulent flow, the
viscous gffects are negligible in the following sense: tﬁe terms in tﬁe
equation of motion arisiqg from pressure drop in the fluld are completely

[ M ~ .
~cancelled out by those proﬁuced by surface traction Eorcei_qﬁ the beam due
to fluid.friction, so that the analysis may be conducted as 1f the fluld
were effecﬁively'inviscid. However, thisis not true for cylindrical shells,

For this reaseon, Paidoussi;; Misra anzr-chan [48) ext;nded their
inviscid theory to include the viscous effects. They only cogk into nécount
the.éfeady time-dependent viscous terms and negiected t;é‘unsteady ones,
Flﬁgge‘s shell equations had to be modified to fncorporate the stresses and
strains chused by the viscous Forces. The flow was assumed to\bé fully
developgd and‘the viscous forces wegibderived basgﬂ on a work by Laufer [49].
It was fqund that among the steaéy viscoﬁs terms, the dominant one Iis
associated with the pressurization of the upstream end of the a?nulus {or,
equivalently depressurization of the downstream end) to overcéme frictdonal

gt

pressure drop; depquing on the internal pressure in the inner shell, pres-

*
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surization can havea strong effect"on stabllity as compared to inviscid

theory. F . .

In contrast to the unéteady forces in the iInviscid theory, the effect

'

of unsteady viscous forces in axial flow havir not. been given attention, °

f o -
Cne reason for this could be the complexity‘of the problem (cf. Ref. [38]),
in particular the handling of the boundary condiCion at a moving wall.

To the author’s knowledge, the effects of both steady and, unsteady vis-

cous forces together, on the stability of coaxial shells subjected to flow

fn the annulus have never been studied. Similarly, the effect of annular
flow on cylindrical shells has never been experinéntally investigated.

1.4 OBJECTIVES

This Thesis presents a theoretical and an experimental investigation

‘within a cylindrical rigid pipe. In the theq;y.'the flow could be internal

¢

or annular and the effects of the steady and unsteady viscous forces are

invessigated, ' For the experiment the E\bw is only annular.

{ \
The unsteady aerodynamic or hydrodynamic forces are formulated using
. ‘.
two different methods: .
(i) the first one-is based on an integral Transform tecnﬁique [47]).  This
. re* .

i

method 1s YeryKEostly in computation; since the aerodynamic forces are

frequencfinenendant, an iteration method is reeded to study the stabi-

lity and the integration has to be performed for. each frequency;

(11) the second method is based on a' travelling-wave type solution, and is
<.

more practical for the cases considered, with the computation 'cost re-

duced enormously.
!

In the first method, the shell is assumsd to be clamped or pinned-at.

both ends to identical but rigid cylinders of infinite length. In the -

s

" of the effects of axial flow on a cylindricdl shell coaxially located,

‘J
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second method, the shell is eSsantially of infinite length, with periodic

supports at intervals equal to the length of the shell being considered; the
4
supports are of the pinned type. The flow is assumed to be turbulent and

. fully daveloped. " The steady viscous foi%es are taken into account in both

S
. methods. '

2.
The structure of this Thesis is as follows. In Chapter II.\\r.he_’

problem 1s formulated.. The shell motion 1s. described Ey the modified

Flvrxgge equations trived in Ref. [48]. The unsteady viscous forces aiu

. \ ‘ N,
derived from the QJavier-Stokes equations. -They are linearized with the
i .

N

aid of the assumption of small perturbations. v

5

In Chaptér III, the derivation of the first method of solution is
completed. Galerkin’s technique is é’employed in the solutien of the

gquations' of motion, and the integral trsnsform technique 1s used for

obtaining the generalized.fluid forces.(

I? Ghapter IV, the derivation of the secend method 1s completed,

L3

The travelling wave method is employed in the solution of the equations of -
motic;n, ar;d in obtaining the generalized fluid forces. The derivation of
inx(%igia theory usiné the tra\;elling-wave method is incorporated in tHis.Chﬂpter
to facjilitate the comparison Iﬁtween. viscous and inviscid theory.

In Chapter V, the theoretical results obtained for the clamped-clamped
r . ' -
and pinned-pinned shells are discussed and compared with those from the

a,

inviscid theory. re
In Chapt‘er VI, the experimental apparatus and measurement technlques
are discussed, and in Chapter VII the experimental results are coi‘npnred

with the theoretical ones,

Finally in Chapter VIII, the conclusions are fiven, along with. sone

-

suggestions for further work. o

K yl
s
.

™
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CHAPTER 11

FORMULATICN OF THE PROBLEM °

2.1 DESCRIPTION OF THE SYSTEM

The system consists of a flexible cylindrical shell of length L,

coaxially located in a rigid cylindrical pipe (Fig. 1). The shell is

. assumed to be thin, elastic and isetropic. The geometric configuration and

the material properties of the system are denoted by: shell radius éi’
shell thickness h, shell length L, Young’s modulus of elasticity of the
shell E, density of the~shell p . Poisson’s ratio v_ and inner radius of
the_outer rigid cylinder 8- |

The displacements of the middle surface of‘the shell, with respect
to its undeformed position,—;;; represented by the cylindrical coordinatéﬁ
(x,8,r). The x-axis colncides with the common axis of the shell and the

outer cylinder, The displacements are denoted by u(x,f,t), v(x,6,t) -and

wix,0,t) in the axial, circumferential and radial direction

-

respectively. The displacements are assumed to be sufficiently small, so

that linear shell theory can be applied in this study.

In deriving the unsteady forces, two 'methods of solution are
consideraed: * (i) a Fourier transform teéhnique, and (ii) a travelling wave?
type solution. 1In the first method, the shell is-assumed to be clamped or
simply-supported at both ends, while for the second method only a simply-
supported case is considered. .Also, for the Fourier transform method, the
shell is assumed to'be-connected at either end to semi-infinite rigid tubes
of ‘the same radif and wall thicknesses, so ‘that the perturbations

originating in the flexible shell could be considered to vanish at the

"inlet" and "outlet" of the rigid cylinders — for analytical convenience.
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The system could be‘subjectgﬁfto inner and annular axial flow. The
[ )
“Fluid is assumed to be incompressible, and the flow is fully-developéd

turbulent. The flow velocities are denoted by U, and u,. The two fluids,

1
generally considered to be different, .have densitles Py and P and
dynamic viscosities By and By s the subscripts 1 and o refer to internal
and annular flow, respectively. L\,—““ -

The fluid forces exerted on the system are of‘ two types:

(1) Steady viscous forces as derived in Ref. [48], for {instance. They
consist of the static pressure required- to drive the viscous fluid
through the cylinders and the surface frictional force inrthe axial
direction. The steady viscous forces are called basic loads and are
responsible for pre-strégéing the shell., They will induce " the basic
stresses which also'&eﬁfkmine the steady deformation of the sﬁell due .

; to the mean flow.

(ii) Unsteady viscous forces which consist of the time-dependent fluld
forces., These forces are wviewed . as agditionnl loads, The wunsteady
forces\\Produce the additional stresses and the additiponal dispiqce-ﬁ_‘
ments. The derivation of these forces and qhs‘study of thgir Pffccts”
on the stability of the system Lepresent a major part of this Thesis..

2.2 EQUATIONS OF MOTION

The equilibrium of the shell, subjecﬁ to the total stress system, has
been qérived in Ref. [48]. The shell was assumed to be pre-stressed by the
following basic loads:

(1) a constant axlal force per unit area:
P = Bg . : (2.1)

7 -
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({1) an axially symmetric normal pressure

Pr - —(Cfx-!-Df) ' ’ ' . (2.2) < .

in these relationships Bf, Cf and 'Df are related to the pressure drop of

the viscous fluid as it flows in the inner shell or in the annulus,

R

The associated axial and hoop stress resultants were shown [48] to be

lLC +D

- l ) B
N, = Bg(5 L-x) -v.a, (5 LC+Dy),

(2.3

N, (2.4)

In addition to these stress resultants, there are the stresses

- '&1((-:fx+Df)' '
associated with shell deformations, which are coupled to the unsteady

viscous perturbations.: The dynamic equilibrium of the shell, subject to

the total stress sysbem‘ is governed by -the following equations:of motion:

l-v . \"‘ltv l -1-u

1l oo \_l° S5 oo
u o+ 7 u + s w o+ k 2 u
1l-v
W' 2 W' +q1 q2 (v*® +w)
- ° qX
+q, (u 'W)""'T *—2--p— , (2.3)
14—11S o l-uS 3
7 u + vt o+ 5 v +w' +k [5(1'Us)v'
J-v 2 1
3 ne i oo o a v 9
2 w]+qlv +q3(v +w)-‘1[ 2-ph]’ (2.6)
Jt s
. l-vs J-v e
v ou + v +w+ks[ 2 u"‘?-u’"- 2 v +
K] 2 q
Vw+2w +w]-qw-q(u -v +W)--1[§-—w-—r].(27)
1 3 2 ph
' 3 . 3 o at s
where ( )} = a; 3% ¢ ) = 38
’ az(ll v2
1 2 )
k, = 17 (h/a) R T , A : (2.8)

v - a"; @Pax?) + (327307 | K
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o= [a-dm] T k= [aa-dm) g,

2 —_
a; = [ a,(1-v2y/em] B_
with Fx’ Er and_.ﬁx glven by equations (2.1)-(2.3). A complete derivaticn
of 9. 4, and 4 is given in Appendix A. In equations (2.5)- (2.7), 9

q, and q, are the unsteady viscous forces per unit area of the. middle

surface of the shell, in the radial, circumferentlal and axial directions,

respectively. They are given by !‘\\S
q_ =T . - o
r rrilr ai rrolr ay
! - ]
Y% = "roilr-a, ~ Troolr-a, (219)
i i
q - 7! - o _ ,
X rxilr ai rxolr a, W\
where 7' , 7' and r' are the unsteady £fluld stresses, in the
rr ré rx

L
radial, circumferential and axial directions, respectively.

2.3 DERIVATION OF THE FLUID FORCES

The following analysis is applicable for both internal and annular
flow. The flow Is unsteady and has been assumed to be imcompressible and
viscous. The flﬁw velocity may be expressed as follows:

V-V + VxP + U(x) , ' (2.10)
where ¢(x,d,r,t) 1s a scalar potential and ¥(x,8,r,t) is a velocity
perturbation vector, so that $¢ and 6)(5 are the unsteady parts of the
velocity, representing the perturbed state, U({r}) 1is the steady part,
the.ﬁean flow wvelocity in the axial direction. (This decomposigion of the

[

flow velocity has been introduced for convenience in the manipulations that



: flow velocities as follows:

15

follow in the analysis; it is the result of several attempts to analyze the
system, and was found to be the most suitable.)
The velogity component in the axial, ‘circumferential and radial

L

directions are given, respectively, by:

- Vx - U(F) +’%$ + ig + %;g - % %;F ' ' e (2.11)

v, -9, %;f . %;} , - (2.12)

v, -2 * %~;§§ : égg ' (2.13)

wheare wx(x.ﬁ,r,t) . ¢8(x,9.r,t)l and ¢r(x.9;r,t) are the componﬁnCS of

-
Y(x,4,r,t) iIn the axlal, circumferential and radial directions, respect-

ively. ' ~
Similarly, the pressure is defined by
L
p(xlgrrlt) - Po(xlr) + pl(xranrnt)l (2'14)

where Po is the steady pressure, and p' is the perturbation pressure.

The fluid stresses are defined as:

ro(%.0,5,8) = ?rx(i,r) + 1l (x,8,1,8) . (2.15)
\_i} rra(x,é,r,t) - ;rg(x,r) + réa(x,ﬁ,r,t) ; | (2.16)
(8T, E) = TR+l (x,0,5,0) , (2.17)

where :rx’ Teg :rr are the steady stresses in the axial, circumferential
and radial directions, respectively, and the primed quantities are the

corresponding unsteady components, The fluid stresses are related to the
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BVr avx ]

e . ' 2.18)

ax a:,:/ ( ‘

™
\Y av -
a [ L r

ra—r (?] +;- —T] . ‘(2.19)
: av_ .
- -p + 2p —— (2.20)

dr ' “n

where g is the dynamic viscosity of the fluid.

Substituting equations (2.11)-(2.14) into equations (2.18)-(2.20),
. L] 1]

this leads to the terms for stéady and unsteady stresses

) 3
- du ;
rrx-‘udr_' . (2.21)
=0 . (2.22)
P . (2.23)
2 2 2 2
, P 100 TV % (1% ¥y g W 00
dxdr r dxdf 2 2 r Jdr 2 2 af r dédr !
ax T ar T i
(2.24)
2 2 2 2
298, 20% 1 P TV 1 0% 4 0¥ T¥ %
2 a8 r ar r r 2 2 2 r d8dx ' dxdr r
r - dr r~ af
3 {(2.25)
I - 2 2
r' - . . 2;‘ \B‘az . 1 a_‘bz + _]:. ?—ﬁ _ 4 ‘bg ] (2 26)
rr P 527 298 T rafer T axar :
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2.3.1 Derivation of the pressure perturbation

A
F o)

The continuity equation for incompressible fluid is given by:

7.V =0, , - (2.27)
Substituting equation (2.10) into equation (2.27) leads to the Léplacian

equation

’ 724 - 0. | (2.28)

The Navier-Stokes equation governing the viscous flow is as follows:

P [ %% +(V.9)F ] - Tp+ V. O (2.29)

Substituting for V and p glven ;;\équations (2.10) and (2.14), respectively
and assuming a small disturbance, the above equation may be linearized by’

dropping second order terms, i.e.,

P [-}t (V¢ +7xp) +_{ (5¢+$x$] 5;3}ﬁ+

=]

(v-v) u+(u-9) ( 5¢+§xE}L—- Vp' - VP_+p vz‘ [ %4+ 77 ] + 72
o g

: - (2.30)
Also, the Navier-Stokes equation is clearly valid for the steady

viscous flow; hence we must. have

p (U-9) U~ - Gpo + a9t T, . (2.31)

Subtracting equation (2.31) from equation (2.30), and using equation

(2.28), leads to

e e I LT YA = L 2(m.
p | 3 (To+Txe)+ ([ Vo+Vx%) - Ty U+ (T-7)(To+Txp)|=- Tp'+pu v ( Tx§ )

(2.32) .

Equation (2.32) may be written in the cylindrical coordinates, which results

in having three equations and four unknowns ¢XL ¢g. wr and p'. (Note that ¢



expressed in terms of the four new wvariables ¢, w%’ v
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T

is knowm from the solution of equation (2.28)). The reason for the
presence of an extra unknown is Eh follows. The three velocity parturba-
tion components Vx, g vr that are the primary unknowns hnve baon
g wr in equations
(2.11)-¢2.13) givihg rise to an extra variable,. Obviocusly these four

variables cannot be independent. In order to resolve this}?ifficulty, a

constraint is introduced as follows;

p[git(ﬁx{i]]- pvz[Gbe] . . (2.33)

This chosen equation of constraint is a vector equation, which adds
three (not one) additional equations. This £;\¥gct 1s overspeclifying the
mathematical problem; however,. as will be seen later, two of the added
equations will reduce to a single one, due to ‘the choice of the assumed
solution for ¢r and wg, which finally results in having three cquations
and three unknowns ¢, ¢r' Yy

Now subtracting equation (2.33) from equation -(2.32) one obtains

' % Vé+ \ (Vo+Vxy) - Ty U+ (U 7) [ p+Uxp)| = - Vp',
_ (2.34)

The constraint given by (2.33) may be justified as follows. Basically the
vector potential E was Introduced to represent the viscous perturbations.
Then, it is possible to derive these wvelocity perturbations separately as

in equation (2.33), and include their effects on the dynamic pressure as in

équation (2.34), In the absence of E, equations (2.33) and (2.34) wiyl

reduce to potential flow theory. This justification may not be the best in.
mathematical terms, but it is based on phyéical grounds. Equation (2.33)

may now be rewritten as
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- - X
) T x [ p %‘5 - u vz'ﬁ] - 0. ' (2.35)
A proof of the above transformation L{s given in Appendix B.
A solution for equation (2.35) is
o B P, N (2.36)

at
~Lt.recognized here that equation (2.36) is not a general solution for equa-—

tion (2.35); it 1s rather a particular one. This equation may be rewritten
-

in cylindrical coordinates as_follows:

C 2 e ! 2 2-
ar ¥ 34 ax
2 2 2
pﬂ- (6%4-;6%4-1 23—+a%-fﬂ+iij&] C(2.38)
at ~ ¢ 2 Tt or 2 2 2 2 2 ag ' :
ar r ad _ dx Tr r
2 2 2
P%_P.(a"”r+_1_a‘{’r+ia‘br+3'pr_"(’_r_iff'_ﬂ) (2.39)
at ar2 r dr r2 362 axz r2 r2 a6 :

Haviﬁg determined ¢r, ?E, wx and ¢, the pressure perturbation p' may be
obtained from equation: (2.34). It is convenient now to write equation

(2.34) in the (x,§,r) directions, i.e.,

K,
%
4 ayp ay
1 8 o) 8 ¢ a g g 1 r
el () v (R) v (T+5% 23
a3y ,
8¢ 1 " "x § y du ap .
* ( ar * T a0 ax ] dr | = T ax {(2.40)
[ . a_ o .
4 r13dé 4 rlag 8 r X 134
P at(raﬂ]+Uax(rae]+Uax["‘ax"_ar ]}--rg%. (2.41)
: ay ay :
4 (8¢ 4 (8¢ .8l Tk 78 : an'
P 3t ( ar ] +Uax (ar] +Uax ( r 4¢ - ax ]} - 'é‘% . (2.‘62)

Any of the above equations can be used for calculating the pressure pertur-
bation p'; howaver; the compatibility of the three equations is discussed

in Chapter V.
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@ 2.4 BOUNDARY CONDITIONS -

The veloeity of the fluid at the wall must be equal to the veloclty of

the shell.. Thus, the boundary conditions in the (x,d,r) directions may be

expressed as:

a3, Yo, P 1% | (2.4%)
ax r Jr r adé bt '’ )
ap ay o

lag £ "x_Dv

ras V ax ~ or Dot (2.44)

b, 1% P s
- axr T r a0 9x Dt ° . 4
where

D 3 3 .

be " ac " Yax ' | . (2.46)

and U is the mean flow velocity at the moving wall.

It is understoo& that, in the viscous tﬁeory, the no-gslip cohdition on the
wall muse be applied. This requires that the mean ¥1ow velocity U at the
wall be equal to zero. However, in this study, we have faced a problem in
applying the no-slip condition at the moving wall. To understana the
physical nature of this problem, it is helpful to present the pptoential
(inviscid) flow theory firsﬁ.

2.4.1 Pdtential‘Flow Theory

-

In inviscid theory‘[Ab], the impermeability condition i{s always used to
describe the boundary condition: the veloclty perturbation at the wall is
equal to the substantial derivative of the shell deformation in the radial

dr

direction. If g¢ represents the velocity perturbacibn in the radlal

direction, and w represents the shell deformation in the same dlrection,
]

~

then the impermeability condition could be represented by:

2 - & gu ‘ (2.4
'.g" arlr-ai at + Uc ax ' (2.47)

where Uc is a constant flow velocity.
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The pressure perturbation obtained from potential flow theory is given

by!

p'--p[%%+ucg—$]. (2.48)

" The solution for ¢, can be représented by a Bessel function; solving for

the pressure term, one can obtain the following expression:

b

2 2 2
. ) " w aw 23w .
p' - -p [—'—2 + 2Uc _axat + Uc — :| X I(n,A), (2.49)
ac ax%

where I 1s a functional of Bessel functions, depending on the circum-
ferential wave number n and the axial one A\, and g is the éensity of the
fluid. The wvarious termi may be identified sequentially, as éhe inertia
force, a Coriolis %erm, and a centrifugal term, 4

2.,4,2 Present Theory

It is understood from potential flow theory that, when the shell
deforms, the flow induces three types of forces, inertia, Coriolis and
centrifugal. The centrifugal forces are velocity-squared dependent.

In the ‘viscous theory (present theory), if the no-slip condition is
applied ;c the moving wall, the centrifugal forces do not appear any more.
That disagrees with the physical behaviour of the system, because buckliﬁg
instabllities do not occur in the absence of centrifugal fo:pes; (this was
confirmed by simple calculations using potentiél flow theory, in which the
centrifugal forces were artificially suppressed).

Mateescu (53] dealt with this type of problem when studying the
stability of a shell conveying viscous fluid. She considered the case of a
developing inner flow and was able to divide the flow into two regions:
(1) an inviscid flow in the core of the shell;

(ii) a viscous flow close to the wall (at a distance equal to the boundary

layer thickness). ) . //ﬁ
— )

Yo - ) . b
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To overcome the problem presented earlier, the boundary-condition wns/)

applied at the edge of the boundary layer thickness where the mean flow.
velocitf is equal to Uc' rather than at the wall, where it would be squal

to zero,

Vent?es [54), in studying the_Pffect of boundary layer on the shear
flow, has applied the boundary conéition at the edge of the viscous sub-
layer, again to ovgrcome fhe difficulty discussed here.

The method deriveb by Mateescu [53], cannot\tiwincorporated in the
present work, since the flow is assumed to be fully developed. Neverthe-~
less, the effecufof the mean flow velocity 1s incorporated at the boundary,

by two different methods.

Method 1.

In this method, a slip condition is permitted at the moving waﬂf; a
mean velocity was agfumed to exist which 1s averaged (over ghe flow area)
and lumped at the wall. The averaging for thié mean veloclty was done as
follows:

(1) for internal flow - e

a; 2 U(r) rdr
Uavi 'f 2 (2.50)
av 0 Bi 3 ) '
(ii) for the annular flow

»

r 2 U(r)rdr
Yavo = | PR NI (2.51)
avo a (r2-a?y ¢

i m i \%

/

where T is the radial positlon at which the maximum flow velocity occurs;

r is evaluated in Appendix A.

In these equations, U denotes the
avi

average velocity for internal flo P and Uavo dqpotes the average flow

velocity in the annulus.

)
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, Method 2.
In this method, the boundary condition is applied at a distance § from

the wall, which is equal to the .shell deformat&on in the radial direction.

The assoclated flow ~velocity- 1is described in power-law form:

(L) for internal flow ~ ‘
. . W
by 1/s e Co
Usi = Unaxt ( ai] ; (2.52)
(11} for annular klow
' 1/s ; . o
Ueo = U ( s ) . - (2.53)
§o maxo rm- ai

'wheré L and s are taken from the steady case, the values pf which are
givén in Appendfces A and D, respectively,.

The effect of wvarying 6 on the stability of tﬁe' system 1is
invesgigated and presentéd.later in the discussion.

It is important to mentionirere that, although extensive research has
been done to develop these two methods for handling the boundary condi-
tions, there might yet be different and better methods to resolve this
dilemma, Neyertheiess, with the best information currently available to

. e
the author, these twe methods are thought to represent reasonable and

convenient ways to arrive at a solution to the proble at hand.
The two regions of the fluid are now considered. 'A subscript "i" is

used to denote the iInternal region while "o" 1is Used for the annular

" region. For the internal regdon, in view of the above analysis, we have

v34, -0, (2.564)
i .
and _
t‘ .
¥y b, VB (2.55)
P1 ¢ i i +227

These equations are subjected to the following boundary conditions

ap
ri du ' au
20, ] “ac t Ysi ax (2.56)

C7L r=a.-4é
1

[ 3¢y . \H . gy

1
ax r dr r
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(la¢i+a¢ri-a¢xi] -y & (2.57)
r 30 ax ar at T "§1 ax ' . :
. r=a_ -§
1
[ m + 1 e’ - ——a%i ] By Gw /\ (2.58)
dx r 8§  dx at 61 ax ' & '
r=a, -§ -~
for 0 s xsL; ' ‘s )

The left-hand side in each of the equations (2.56)-(2,.58) is equal to O for .~
x < 0 and x > L. Equations (2.56), (2.57) and (2.58) are in the axial,
circumferential and radial direction, respectively.

Similariy, the equations governing the velocity perturbations in the

annular reglon are . E

2 ' o
v =0, { (2.59)
and e ' . > , '
|
3y
o) 2 -
e " Ho ¥ By (2.60)
The assoclated boundary conditions are
( %o, Yoo, Poe 1 T ] -3y (2.61)
ax r or r a4 a4t fo dx ' )
r=a, +§
i
[lﬁ Pro ¢"°] -y & (2.62)
r dé ax ar at §o ax ' '
r-ai+6 '
[%+la¢x°-—-—a¢6°] ~ Ly & (2.63)
ar r 44 ax at fo ax ' ’
r=a_ +§
i
and
[ 3¢0 + ¢Ho 3¢90 1 a¢ro ] _ 0‘ ' (2.64)
ax r ar r 44 ! ’

r=a
o}
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b Y
r 348 ax dr ! ’
~ =8 3
[ 9,1 %0 o ] -0 . - (2.66)
ar r 4af ax ’ )

/ -
fo;_ 0sx=s1L;

and equal to zero for x < 0 and x > L .

The above boundary conditions are given according to the wvariable §
method (method 2). However, for the first method, équations (2.54)-(2.66)

are still applicable but § is set equal to zero while U and U&o are

61

»

replaced by\uavi and Uavo' respectively. )
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CHAPTER III

METHOD OF SOLUTION I:

FOURTER TRANSFORM METHOD

+

In this chapter, clamped-clamped and pinned-pinned shells are
considered. fhe unsteady fluid forces acting on the shell are ovaluated
using the .Fourier transform method. The gfiuations of motion (2.5)-(2.7)
are solved using Galerkin’s method.

Accordingly, the displacements u, v and w of the mid-surface &f the

cylindrical shell are exiressed as infinite series of the following form:

[= ~]
) [ - ' iwt
u(x,d,r) = m§l A cos nf | aiwm(x) ] e , (3.1)
m". . i t
w
Cv(x,f,r) = m§1 an sin nf i ¢m(x) ] e , (3.2)
rd
0 | {wt .
u .
wi(x,8,r) = mgl Cmn cos nf i ¢m(x) ] e , (3.3

here ()l stands for 840 , and Amn' B

. o Cmn are arbitrary constant
coefficients; m and n are the axial and circumferential wave numbers,
fespectively; furthermore, ¢m(x), m~-1,2,..., are the eigenfunctions of a
beam'having the same boundary conditions as the shell. For a clamped-

14
clamped beam,

‘Pm(X)-cosh(A ) - cos [Am%]-am [ [sinh(,\ml—’:_]-sin (Am%]] ,

-

(d E

m

(3.4a)

where L is the length of the begm; the eigenvalues A and the characteristic -

-r

constants g are-given in Appendix- C.
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The eigenfunctions for pinned-pinned hggg\are given by
. N E

mrXx

® (x) = sin =, m = 1,2,... (3.4b)

The solutlion for the perturbation flow velocities are assumed to have //Z

4

the form;
wr (x,r,8,t) = $r~£§,r) sin nf eiwt . (3.5
- fwt .
wa {x,r,0,t) = wa (x‘r) cos nf e ) (3.6)
b (x,r.0,£) = % (x,r) sin nd et ’ SN D
X TX
¢ (x,r,8.,t) -¢%;'(x,r) cos nf eiwt . . {3.8)

The inner and annular flow regions are denoted by the subscripts i and

o, respectively. The resulting perturbation f&au\ygléﬁity amplitudes ari'

¢91' wxi, ¢i' ¥, ?80,'¢ and ¢° are represented by the inverse Fourier

Tro Xo

Transforms. For example,

aX

¥ Ger) = 5 I_m‘b:i (@ e ™ da . (3.9)

where a is the transfrom variable, and the transform function is defined as
Y

i (a,x) - fﬁmy—bri(x,r)ei“" dx . : ' (3.10)

All pressure and velocity perturbation terms follow the same representation

as in equations (3.9) and ¢3.10).
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3.1 SOLUTION TC THE VELOCITY PERTURBATIONS

The equations governing the velocity perturbations derived in‘Chaptdr

II are:
. :
240 . (2.28)
and '
n 2 2 2
) ¥ 9 ¢x 1 a¢x 1 9 ¢x 4 ¢x
? e T # 2 Yt T2 2 Y T2 ) 2.3
ar r a4 9x -
2 2 z
3%, AR I A A
S T G S-S i Tt S S S S B TR BURN b
ar r‘ ae ax T r ™
2 2 2 '
pﬁl: p[_a¢r_+la_¢_r+lawr+a¢r_¢_r_g %] (2.39)
T o2 |t r 2 302 a2 2 g2 8

Equation (2.28) may be written in rerms of cylindrical coordinatés.

2 ) 2 2
u+lié+la_é+3__g_o

2 r ar 2 ..2 L (3.1
ar . r ‘

Q>
=
=1
E

where it is understood that the above equations are equally valid for the

" inner and annular rcgions. Hence, the suffixes 1 and o are omitted for the

time being.

After the assumed solution for ¢ given by (3.8) 1is substituted into

equation (3.11), one obtains

2— - 2 2- ‘ . ;
3_§+%%§-“—2¢+3—g-0. - (3.12),
ar r ax

Taking the Fouriet transform of equation (3.12), ylelds

okt Las* (2, nl ¢
ar2+;ar-(a +;§]¢-o, (3.13)

where use has been made of the assumption that
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1lim g(x,r) ~ 0 and 11 Qééﬁ;El -0

X ¥t XVt
AN
. -
thus;’j; has Been assumed that both ends of the shell are connected Cto
c

:rigi ylinders, so the flow perturbation and its derivative will vanish at
a great distance away from the flexible portion of the shell.
It is noted that equation (3.13) is in the form of a m?dified Bessel
equation of order n, which has a complete sotution of
6 (a,x) = ¢,(a) I_(ar) + Cyla) K_(ar) |, C(3.14)
where In(ar) and Kn(ar) are the nth order moéified Bessel functions of the
first and second kind, respectively.

By substituting the expanded forms of ¥_, ¥ iven by (3.5)-(3.6) into
Yy ' ¥ B Yy

equations (2.3B) and (2.39), we obtain

9~ - - -
- 3%y ay 2 87y Y
= r 1 'r n = r r 2n 7
lop, = v [ 2 Yr 3T T2 Vet T ot ¥ ] v (313
ar r ax r r
one a%% 0y, 2 %%, %
. o, 1% o ¢ % 2 -
log, = v [ 2 YT ar T2 Yt T - 3t T, ¥y ] o (3.18)
dr r ax T r

where v is the kinematic viscosity of the £luid.
Equations (3.15) and (3.16) reduce to oné single equation for wr -+ "

By using Er-- Eg' we obtain
2._

3% R 2, - @ - ~
r, 1% [ iw  (n+1) ] v +A~~L o0 . (3.17)
2 r ar v 2 r /' 2

ar r ax

A similar equation could have been obtained using ir-ag; however, the’
order of the Bessel function would have been different.
Similarly, the assumed form for ¢x,given by (3.7) is substituted into

equation (2.37), which leads to the following equation:

97—
d wx

-

v 2 39 :
x f[iw n ] = X

+ - + ¥+ -0 . (3.18)
ar ar (v L2 X 6x2 .

A}
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Taking the Fourier iransform of aquations (3.17) and (3.18), ylelds

3%y * 3P _*
r+l—r-[ﬂ+a2+ﬁl‘+—ll]¢* 0, (3.19)
2 r dr v 2 r
Jdr r o,
and
3%y * L o { , 2 .
X i_x lw n_ -
2 Yt r or [ y tat 2 ] wx 0 (3.20)
ar r
where uselhas been made of the fact that
in v (o), ¥, (61), P, (kD)) =0,
Xt
/ - 5 )
and ' (3.21)
d
un {5 (v, m, vy can, vy 00 ) }-o.
\ - \

. -
r

for the same reasons explained eq;lier with regard to ¢. Equations (3.19)

- and (3.20) are modified Bessél equations and admit the following solutlons:

b (a,x) =Gy (@) I (Br) + C (a) K (Ar) (3.22)
and
p.* (ar) = -¥,% = Co (a) Lnep (BE) + G (@) Koy (Ar) . (3.29)
P

where In(ﬁr), Kn(ﬁr) are nth order modifled Bessel functions of the flrst
th
and second kind, respectively, fhile In+1 (Br), Kn+1 {(Br) aFe (n+l)

order modified Bessel functions,

and B p . I

ﬁ2-[-—~+a2]. (3.24)
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3.2 SOLUTIONS FOR THE INNER FLOW

The solution for the imner flow may be expressed now by putting a

subscript 1 in the foregoing, {.e.,

¢i*(a) = Cqy (@) I (ar) + C,, (a) K (ar) , - (3.25)
By (@) = Cyy (@) I (Byr) + Gy (a) K (Byx) , (3.26)
wri*(a) - Cgy (@) L (ByT) + Cpy (a)'xn+1(ﬁir> . (3.27)

/’“

Since K_(ar), K (8,1) and K ,1(8;¥) become infinitely large at =0, one

must have

Gy (@) = Gy (@) = Gy (@) = 0;

hetice, the remaining solutions are

$,% @) = C (@ I (ar) , (3.28)
by (@) = Cyy (@) T (Bi1) ' (3.29)
b f@) = G (@ I (8T, (3.30)

where Cli(a), CBi(a) and Csi(a) are constants to be determined.

J.2.1 Boundary Conditions

For the inner flow, the boundary conditions are given in Chapter II by
equations (2.56)-(2.58).

Upon substituting the solutions for ¢1. wxi' ¢81’ wri’ u, v and w into
equations (2.56)-(2.53) and taking the Fourler transform of the resulting

equations, one obtains
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ap_ %
* SI‘H'].! * ri - ) 2 *
[ “lag T - T YL B ] [ aw - a” Uc, ] a® AL
‘ r-ai-6
. (3.31)
ayp ¥
ne¢* Tkl * . ) *
(-2% - 55 -tav ) t(w-au,)e 8 (3.32)
r-ai-S '
d¢ *
1.0 % * - . *
( ar T 1 ¢xi ia ¢ri ] i [ w - a U51 ] @m Cmn" (3.33)
r=a, -4 -
1
where im* {a) is the Fourier ‘transform of @m(x),
© lax i
* a . L
¢m (a) = J ¢m {(x) e dx
-
L fax
-J ¢ (x) e dx (3.34)
IO m »
and
) I 1 ‘
1 * -iax
o, ) =5 f_m% (a) e da . ‘ (3.35)

Since the shell displacements vanish beyond the range 0 s x < L, the’
integration in equation (3.34) need only be performed from x = 0 to x - L.

Using the following nondimensional terms

1/2
4 i _E
ci - L L a al. , U = 2 ,
w ps(l- vs)

[++}
[
Cn
]

U6-

i UL - = i
Q = F ¥ Ei - Ui ' ﬁi - ﬁiL 1 USi - i -
Amn an Cmn
" i £+ 1 UL - -t B
Amn - oL an L mn L ' (3.36)

and substituting the solutions (3.28)-(3.30) {into equations (3.31)-(3.33),
the boundary conditions may be written in nondomensional form as:
daey L) Ty - [ 1 Grep v 0B 1, Bre) | B

wt

- 2 —2+ * T
-u(ca@n-cf a°U, ) oA, (3.37)

oy
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:; ‘ \ ' * 3;\\,//

(™ - - _ \5‘ _ _ - -
-0 LoCaey) €y - (Byey) T( {) Cqg loey T 108y Csy

el Jo*B (3.38)

- it ( a- €4 51 m mn

— ‘_ — —— — —
eqa I(acy) Gy + 0l (Bie)) Cyy -lacy T ,08565) Cgy

- .= _
- (a-caby )o*c €3.39)
where
' (Be) = —2— 1 _(B.ey)
n+1 7154 5 n+ltivLs
a(p.c.)
151
I'(ae,) = —2— 1 (ac,) " (3.40)
n i - n i’ "
a(aci)
and 7 ) S r
c c c , ‘
- 1 = S 51
Co4 =T ¢ %1~ 7T G5~ - (3.41)

o ) .
3.2.2 Unsteady Fluid Forces for the Inner Flow

The fluid forces for the inner flow are obtained by putting a subscript

1 in the stress equations described in Chapter II:

2 2 T2 2 2
vy [, 8%, %% ¥ Yes 1% ¥y 1 e 1PV
rxi~ Hi dxar  r axal a2 2 'r dr 2 2. 360 r adar |

X r Jxr r
(3.42)
2 2 2 2 2
o 2% 289 1% Vg ) TV 1 0¥ T¥y g Wy
'Y Bt ] 2 38 'r 36dr r ar 2 2 2 r d8bx @ 8xdr r dx |°
r. 2r r ad
(3.43)
2 2 2
r ) [Mﬁi-laq&"‘i+lawXi a%i] (3.46)
rri Py ¥ <44 2 2 a6 ¥ 88dr = axér J



where r'

xi’ "roi’ T

rr

rrxi(x.r.ﬂ.t) - rrxi(x.r)

rrai(x,r.ﬁ.t) - rrai(x,r{

Trri(x.rna:t) - rrri(x:r)

pi(xlr|9$t) - Pi(x.r) cos

and 1rrxi.' Trﬂi' Trri

Fourier transforms as in equations

Upon_substitucing the solutions for ¢i' ¢x1' ¢ri.ar' '

X1

{ and pi may be defined as:

cos ng X9t - (3.45)
sin nale.iwt . (3.46)
cos nf o 1wt . (3.47)
ng el“% | (3.48)

and Ei(x,r) would be represented by the inverse

(3.9) and (3.10)}.
B

rxi’ 1rr&i' Teri and

p; into equations (3.42)-(3.44) and taking the Fourler transform of the re-

sulting equations, then makiné use of the nondimensional terms, we obtain

p U - —
* 1 o =250 = lan — -
ot T ey 2 Lo Lo(aeg) €y - c, ity Gy
77727 [ T (Pis) - Qrm T (Besy 51
AN Ei Ci £
+
Ca _52 3
| A T B ]
— (3.491_]
p, U ) .
* 1 Zn, ~  2n-— - =
Tro1 T E, { ( 2 a(%ey) c, 1 (ac,)) } Ciy
{
2 B
n_ - -2 = _i | - - )
ol 2t Ay Inye) o TnlPrey } Cay. :
1
+ 1—;(l+n)1'([_3:)—i;79 1. (Bt }E
L_ €y n+Hl 1T 1 "n+l™"17° 4 51
' v
(3.50)
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=2 .
1 *! a_ *! _2_- -n —
Tret " P1M { Py * 2 ¢, 'n I, (°'1)} 10 * { Pyy * £, ( 201y
£

n< .',% = *! :
M 1, (Byep) } C31* { p31 * E’ (-1a) ﬂi n+1(ﬁ1‘1)} ®s4)
AN (3.51)

L]
where pti, p;i and pgi represent the effect of pressure perturbations on the

_radial stress Tt The pressure perturbations are evaluated in Appendix
D using-equations (2.40)-(2.42) derived in Chapter II.
3.3 SdLUTIONS FOR THE ANNU FLOW REGION

M o
As In the case of immMer flow, the solution for annular flow may be

expréssed by putting a subscript o, to theﬁpertinent equations obtained

in ‘section 3.1. Hence,

X (@) = G o (a) I (ax) +C, (a) K (ar) , (3.52)

b (@) = Caq (@) ToBE) + €y (@) K () (3.53)
* : ”\

bear (@) = Gy (@) T (BE) + Cp (@) Ky (B0) ~(3.54)

where Clo(a), Czo(a), 030(9). C&o(a)' Cso(a) and CGo(a) are determined from
boundary conditions (2.61)-(2.66).

1.3.1 Boundary Conditions b

We first define the fallowling nondimensional terms:

R L R Jso
‘o L ' "o v, ' o o ' “do u
LY+ e U S T S T '
Pr ,:t_?/"' lo L ' "2 L " “3o L
C C C:
r 4o = 30 = _6o |
Coo =T "%~ 1L 'S0~ 1T - (3.53)
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Then, substituting the assumed form of \éo, v, ”680' ¥ o W v and w and
taking Fourier Transform of the resulting equations, we obtain at r = ai+6:
laey Tlaey) G - lae; Kacy) Cyo- [ o1y 1 Boep) + e B, 14y Buep)] B,
- a8 3 I a C - o . 2 u * A
[ (nt1) I(n+1(ﬂo£i)'i-"::l.ﬁo Kn+1(ﬁo':i.)] Cﬁo o £4< Q- f1 @ U ) Qm Amn’ '
(3.56)
- n In(aci) (.:10 - n I{l*x(m":i) C20 ) (ﬁ € ) I, (ﬂ ci) C 'ﬁo i K woci) Cﬁo
- - - - - - - - . =
“laey 1 00B.e) Cgp-laey Ky 1 (Boey) Cop = I (R - aey Ug ) &7 B
(3.57)
s In(aci) Clo+ £, o Kn(aci) C2°+n In(ﬁoci) C3° +n Kn_(-ﬁoci) Clm
- - - - - - - = . =
- ic:u:i In+1(ﬂ0£i) CSO- iaci Kn+1(ﬁo€i) C60 - iU (Q - ac, U50) fbm Cmn .
\
{3.58)
o _ 3 )
where Km_l(ﬂoci) K (ﬁ ci) . (3.59)
(B ofi) .
L]
The boundary conditlons at r = a, are given by
e
-1 *o In(a_:o). 1o -1 cxcoKn(an)Czo : [ (n+l) In+1(ﬂoco) e o r1+l(}g ]
hal . )
) [ (nt+1) Kn+1(ﬂoco) + coﬁo Kn+l(ﬁoco) ] Cﬁo -0, (3.60),

- n I'n(;":o) Elo -n Kn(;co) E20 B (1_9050) I;(Eoco) 630 i Eo o K;(Eoco) E&o

- iaco In+1(ﬁ°c°) CSO- iaco Kn_l_l(ﬁoco) C60 -0, (3.61)
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e, @ In(aco) Clo+coa Kn(aco) C-20 +n In(ﬁoco) C3°+n Kn(ﬁoco) C40
-ilac In+l(ﬁoco) C50 “la £, Km_l(ﬁoeo) CGo -0 . (3.62)

Q

3.3.2 Unsteady Fluid Stresses in the Annular Flow

The fluid forces for the annular flow are obtained by putting a

subscript o in the stress equations derived in Chapter II.

2 2, 2 ~ 2 2 :
;- 2a¢o+;a¢xo ) a"bao_"‘bﬂo+_1_a"bﬂo+a "b80+l AT _lawro
rxo o dxdr r adxad 2 2 'r &r 2 2 a# r J44ar !
L dx r ar r
(3.63)
, 2 2 2 2 2
o _g_%+ga¢o+Lawxo_al‘bxo+_l_ a,'bxo la"bﬁo_*_a’ﬁro__]:awro
"reo Ho | T2 30 "r a88r r ar 2 7 2 .2 " r dfax  axdr r Ox
L r ar r- a4
(3.64)
2 2 2
P e p! 42 [a¢°-la¢“°+la¢“°-a%°] (3.65)
rro Po T “Hy ar? 2 3¢ ~ r 863r  adxdr /- :
r T
Using a similar analysls as in the case of iInner flow, r' , r', ", ='. and
: Ixo rfo rr}o
p, are defined as -_ _ \\f
N
r' (x,r,8,t) = T {x,r) cos }'w eiwt (3 Egj)
rxo * ’ ] er ] ’ ) . . i
\ = lwt &
rrgo(x,r.ﬁ,t) Trﬂo(x,'r) sin nf e , (3.67)
, _ T ) iwt o
rrro(x.r.ﬂ,t) rrro(x,r)Acos nd e , (3.68)
) oy - iwt
po(x,r,ﬂ,t) - po(x,r) cos né e . (3.69)
vhere ;;:xo' :;:60' ;xl:ro and E;(x,r) are represented by the inverse Fourier
Transform as in equation (3.9).
L .
t 1 '
Upon substitut:_ing he assumed solutions for gﬁo, ‘bxo' "bro’ T xo’ Trfo’

rz.:ro' and pé into equations (3.63)-(3.65), we obtain
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pipr

§

38

=2 .., - ‘ -2 ., =
-2i e In(aci) Clo - 21 a Kn(aci) 020
i <, In(ﬁoci) i - ey l(n(ﬁo':i) C&o
Ar 2321 (e - % (L+n) I (Be]C
2 2 ~ ¢ o+l Poft n+1 ot 50
£ £ ' i
i i
ﬁO In+l(ﬁo£i)
[, E ' —_
L,n 32 (Be)- = (l+n) K (Ben|C
2 2 n+l o L c n+l* e L 6o
£ £ i
i i
- B K (B :
— o n+l1 Yo 1
(3.70)
D ——
P SN I e
. { 2 In(aci) il In(aci)} Clo
£ 1
. i
L AN ST G
{ ZK (aci) ) € « Kn(aci)} c2o
&g Y
2 . ] {
n_ 2 ..z 9 ' SO
{ T2 1 ('Boci) 'ﬂo In(ﬂt:-“:i.) + € In(ﬂoci) } C30
£ i
i
'[12 - 2 T _o ‘- -
- -—2 Kn(ﬁoci) '60 Kn(ﬂoci) + t_i' Kn(ﬁoci) C&o
£y .
~i—§(1+n)1- (B -da B I (e (C
€ n+1l ﬁoci) o n+tl*" o 1 So ) /
i—a'-(;+n)l( (Be)-1apf K (Be)(C
€y n+l ‘Pot1 o ntl'o 1 6o

3.71)
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r
i

* ' [+ ] ", = - *! a” n,T -
Trro” P1Prt { P10 * 2 3 In(“‘i)} Clo'*{ Piko * 2 ¢ %n®*1) [ O20
" D L2 (-n 3 ns 5.0 bz
+ { p;Io * E_ ( -_iln(ﬂoci) T ﬁo In(ﬁoci)] I C30
o ¢y i
) 2 - Y= ) - ) — -
* { p’I‘Q‘Ko * R (ﬁ %Kn(ﬂoti) * ai ‘Bo Kn(ﬁQEi)] } C&o
0 £y i
" 2 - = -
* { P30 ¥ 5 10 A In+1(ﬁo€i)} “so
*! i _ - ' -
* { Piko " g, (1) Ao Kn+1(ﬂo‘i)} %60

*! %! *! *! *! *' "
where P1lo’ Piko’ P21o’ P2ko* PiTo’ Pako 2F© given in Appendix D.

=

3.4 DETERMINATION OF THE UNSTEADY FLUID LOADING ON THE SHELL

The net fluid loads on the shell arising fron the pertirbation terms are

glven by: ~’
G = (o | T | ). (3.73)
r-ai-6 r-ai+6 b
% = (s | - Tope | ). (3.74)
r'ﬂi'5 ‘ r-ai+6
qQ - T;ri | - féro | ) . ' (3.75) .
r-ai-S F-ai+6

Here q_, q,, and q_ are the axial, circumferential and radial loads, res-
X ) r

pectively,

Equations (3.73)-(3.75) can be e;pressed in the following form:

@ - - v
q, =%, Q__ cos nf &t _ | (3.76)
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. - " ot . -
Uy = pZ1 Qppp sin nf e v (3.77)
. 2= lwt
Qe = m§1 Qrmn cos nf e ’ (3.78)
where
Yo T [ Texi | * Texo | ] ' (3.79)
I‘-ai-S r-ai+6
Uun = (Trps “ Troo | ) (3.80)
r-ﬂi-S r—ai+6
Umn ~ [ Teri | " Tero | ] , . (3.81)
r-ai-é' r-ai+6
* * *
.and the transformed functions men' Qﬂmn and Qrmn can be defined as
* * 1! %! -
men(a) Trx{ " Trxo | ’ (3.82)
r-ai-6 r-ai+6‘
Q* (a) = r* | - * [ (3.83)
fmn rxi X0 ' L,/ .
r-ai-é r-ai+5
* o o*! Lok 4
Qrmn(a) Trxi I- Trxo l . (3.84)
r-ai-s r-ai-{-a

(a«), Q¥ (a) are defined as in

The transformed function Q:mn(a)' Q;mn rmn

equation (3.10). . ' -
In order to find the fluid loading, one has to find the constants Cli'

CBi’ C51 and C10 to 960' This £{s done as folloys.
First, the boundary conditions for the inner and annular flow

(equations (3.37)-(3.39) and (3.56)-(3.62)) are put In matrix form:



(8] {c}-{r*}, . (3.85)

‘where matrix [B] 18°(9x9), {C} is a (2% 1) vector which contains the con-

stants, and [R*] is a (1x9) macrix. Similifly' the fluid forces given by

equations (3.82)-(3.84) are put in matrix form:

‘ N . | .
\ * .

['r] {c} -{Q*} , : (3.86)

where matrix [T] 1s (3x 9), and {Q*} is a (3x 1) matrix. From equation

{3.85), one can sg&ve for {C] ,

-{c}- [2]t {=*} . | (3.87)

~

Substituting for (C} into equation (3.86), one obtains

[z] [o] " {x*) -{e*} . ' o (3.88)

The e%ements of matrices [T], [B], (R*} and (Q*} are all given in
Appendix E.

— /4 .

Taking the inverse Fourier transform of (3.88) will lead to the

unsteady viscous 1oad§ men' Qbmn' and Qrmn given by equations'(3.79),

(3.80) and (3.81), respectively. The equations of motion are solved using

Galerkin's method. In connection with this method, the fluid dynamic forces

.o "
are written Iin suitable form, as the so-called genef%lized fluid forces.

The amplitudes of the generalized forces are given by:

\ L
Ty = 1 — I a @{c(x)- Q%) dx | (3.89)

af ps 0

/
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’ o Y = 5 T IL-; .(x) Q, (x) dx (><\ (3.90)
| fkm L2 psh 0 k #mn ! N T
. T q | |
Ikm (2 ».h IO U (X)) Q%) dx . (3.9D)

taking the Fourier transform of (3.89)-(3.91) and making use of the non-

dimensional terms, the generalized forces are

. -]
- 4 . - - - .
ke 9 2 I men(a) ka(a) do _ (3.92)
ﬂpiu -
ne w :
—_ . i * - - _
Qgpm ~ 2 I Qﬂmn(a) Hkm(a) da (3.9
21rpill - .
- ney = - -
G =~ ] @ @ H_@ da (3.96)
Zﬂpiu -~
p.a
where n = pihi L e =% and (3.95)
s »
L -iaf 1 ia
Gl = | o) e e x [T o) o, (3.96)
0 0
. -ia¢ 1 fag
H (@) = jo ® () e d¢ x Io 25y e dg (.3.97)

The integratioﬁs ’in équations (3.96) and (3.97) can be performed
analytically and the resultant expressioné in terms ?f a are given Iin
Appendix F. ~However, the Integrals in the fluid force terms (3.92)-(3.94)
are very complex and cannot be évaluati?fanalytically. Therefore, the
integrations are performed numerically wusing the two-point Gaussian

quadrature technique. Finally, the generalized fluld forces are expresscd

in terms of the shell displacements as follows:
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-z oz L@ Lz g ;
Ykm ~ Ixkm Pmon ¥ Ykm Pon t Yk “on (3798)
ST ¢ SR Y ¢ DS <N

Uk ~ Yk Pon ¥ Ykm Pon * Ykm Cun (3.99)
L I T OB ST R

-(1 —-(2 - - —(2) =3 - (1 = (2
Expressions for qx(km) ' qx(km) , qx(k:’:n) ' qﬂ(k];n) .,.qg(km) ' qﬂckm) . qrﬁ ) qr(km) '
= (3 '
Ukem -

3.5 SOLUTION TO THE EQUATIONS OF MOTION

and

are given in Appendix E, equations (E.l.5).

The modified Flagge's shell equations (2.5)-(2.7) may be written in a
general form:

¢

' £ (u,v,¥) =0 m=-1,2,... (3.101)

The solutlion for the displacements u, v, and w given by equations (3.1)-

(3.3) are approximate solutions; hence, they would not necessarily satisfy

the shell equations (2.5)-(2.7);  then we would have, 1in general

£ (u,v,w) =0 form =~ 1,2,... . (3.102)

Eduation (3.102) 1s solved using Galerkin’s method. In this method, we

multiply equation (3.102) by a set of weighted functions, using theg “same
comparison functions employed in the series solutions of the displa$£1ents,

then integrate the new expression over the,domain (0 to L, in thié case) .

The resultant integral 1is then put identically equal to zero,_1i.e.,

R

L .
f fk(x) £ (u,v,w) dx = 0 , k=1,2,... m=-1,2,3 (3.1?6)
0 m

where fk(x) are the welghting functions,

The shell equations (2.6) and (2.7) are weighted by the eigenfunction

of a beam, Gk(x), vwhile equation (2.5) is welghted by the eigenfuniiij;/?,d_

derivatives a, k(x).

~
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After integrating aquatidn (3.103), we obtaiA)the following set of

linear homogeneous algebréic equations:

kgl m§1 [ Aé;i Kmn * Aiii gmn + Aéii Emn] =0
© o
k§1 m§1 [ (Ai Kmn * (5; Emn + (;i _mn] -0
. o
k§l ﬁgl [)Aéii Kmn + (Bi Emn + (91 Emn] - 0. | (3.104)
/ : o
where the coeff cient; { (1i ..... 'Aizi } are given in Appendix G,

A solution to the infinite sets of equations (3.102) is impossible
to obtain; hence, the series solutisns (3.1)-(3.3) may be truncated so as
to have a set of finite number of terms, which of course must converge,
It was shown in fact in Ref. (48], that the solution converges by consid-
ering only the first three terms. Consequently, only the firsc three terms

in the Galerkin series are retalned,

The set of -equations. (3.104) may be written 1in matrix form

[A] {X}-—{O} , (3.105)
where .
S\ - - - L= - — .= - = T
\Efo= [ Al ' A2n' A3n ! Bln’ B2n' BSn ' Cln' C2n' c3n ] (3.106)

is a 9-element column vector, and [A] is a 9x 9 matrix. Ehe structure of
matrix [A] is shown in Appendix G.
The frequencies of the system found by setting the determinant of
matrix [A] in equation (3.105) equalito zero; that is
det‘[ A ( a, ﬁi' 66’ fluid, material and geometriéallproperties] ] -0,

. (1.107)
It should be noted that, the unsteady viscous forces are compllcated

functions of the frequency f}. Therefore, an iteration proceduré is needed

to find the frequencies of the system for a given set of fluid and shell

parameters.

s /‘\ B RN
. Qj //..f_ e ’



- . ‘ 45
The numerical integrations, and the iteration method render this
method of solution computationally very costly for the annular flow case.
For this reason, another method of solution is derived, as will be seen in_

the following chapter.

3.6 INVISCID THEORY

The inviscid theory may be deduced from the viscous theory by setting

=0, ’
p=0, , : (3.108) .

U(r) = U,

However, the unsteady inviscid forces are also derived using potential flow
theory. The derivation of the fluid forces is given in Appendix H. The
generalized fluid-dynamic forces are rearranged as quadratic functions of

the frequency parameter {1, where

Ukn ™ Ypkm = O

T = 0

";ig =0 . | -

-rg (o* Er(k? +agld +a 350)) (3.109)

The matrix equation (3,105) can, therefore, be written in the form

a? [M] {x}+a [c] {x} + [x] {x} -{o} , (3.110)

whete (X} 1s as defined in (3.106) and the matrices [M], [C] and [K] are

glven in Appendix H.



Using the following equaéion

y (k)
-

46 -

(3.111)

we can reduce the second-order equation (3.110) to a fifst-order equation

l.e.,

s

or l——

[[p];n[q]]{y}-{a},

where [I] is the identity matrix.

+ Q

[o]

[] [o]

|
|

]

- -

)

{v}-{o}, @uy

(3.113)

Thus, the problem for incoﬁbressible inviscid flow 1s now reduced to

one of solving for the eigenvalues of equation (3.113).
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CHAPTER IV

METHOD OF SOLUTION II:

RAVELLING WAVE-TYPE SOLUTION

In this Chapter\ the shell is assumed to be simply supported at both
— '~ - :
ends. The fluld forces are evaluated'uding a travelling wave-type solution.

Accordingly, the displacements u, v and w of the cylindrical shell are

expressed in the following form

u(x,6,t) = 1 A_ cos nf pllwt-kx) 4.1)
v(x,0,t) = B_ sin nf gl(wt-kx) (4.2)
w(x,f,t) = C_cos nd ol (wt-kx) . _— ‘ (&4.3)

AN

where An' Bn and Cn are constant coefficients and n is the circumferential
wave number, k is the wave number of the axially travelling disturbances
and w the frequency of the disturbance. The perturbation velocities

o
are assumed to have the following form:

¢ (x,8,r,t) = ¢ (r) cos nf ei(wt-kx) , . (6.4)

¥, (x,0,r,t) - Ex (r) sin nd G , (4-5)

¥, (6,6,r,8) = F_ (r) sin ng ot I (4.6)
1 {wt-kx)

¥, (x.6,r,£) = p, (r) cos nf e , | (4.7)
where it i{s understood that the above relations are equally applicable for
the 1nt;rnai and annular flow reglons. In the forthcoming analysis, a
subscript 1 is added ta the per;inent equations to denote the inner flow,

~

while the annular flow is denoted by a subscript o.
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It is appropriate to mention that, the derivation of fluld forces here
is wvery similar to what has been presented iIn Chapter III, but it 1is
convenient to present this ;ethod in a separate chapter to avoid confusion
between the two methods. The structure of this chapter parallels closely
that of the previous one.

4.1 SOLUTION TO THE VELOCITY PERTURBATIONS

The velocity perturbations are governed by equations (2.28) and
(2.37)-(2.39).
When the solution for ¢ given by equation (4.4) is substituted into

equation (2.28), we obtain

2— - 2
a¢  138¢ . 2, n"y 7 _
2 + o5 (x +-r2 ]$=0. (4.8)

Equation (4.8) is in the form ofzamodified.Bessel equation of order n which

has a complete solution

$(r) = € I (kr) + C, K (kr) , _ (4.9)
A

vhere C1 and C2 are constants and In(kr) and Kn(kr) are the nth order
Bessel functions of the first and second kind, respectively.
Upon substituting the solutions for ¢r and ¢9 given by (4.6) and (4.7)

into equations (2.38) and (2.39), we obtain

-4 —_
) dy 2 ]
- r r n 2 = 2 =
iw ¢r - [ 2 * 3r - ( 7+ k™ + 9 ] ¢r +—3n wﬂ , (4.9)
ar r r r J
and 2— _
: a Y ayp 2 - T
- 8 1 § n 2 1 - 2 n
iw‘lﬁg—u [ 2 +;ar - (—2+k +—2]1j;9+"—2'n¢r .{6.10)
dr T r r J

Equations (4:9) and (4.10) are reduced to one single equation for zr-'- Ee}

this equation 1s ] o
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2_ —
a8y 3y ( f - )

r 1_'r [ 1w + k2 . n+l ] ¥ =0 . (4.11)
ar2 r 3r v r2 T

Similarly, the solution for ¢x given by (4.5) 1s substituted into

equation (2.37), leading to

2-._ -_
ay ) 2
x 1 " "x iw 2 ny37 _
ar2+rar'(v+k +r2)¢x 0 . (f;.lZ)

Equations (4.11) and (4.12) are modified Bessels function and admit the

féllowing.solucions

b (r) = Cy I (Br) + G, K (1) ' (4.13)
and z
Po(x) = - Pyr) = Co T (FT) + Cp K L (BT) , (4/14)
-
where . —_ o
2 fw 2.7 N
g - ( T + k ) . _

4.2 DERIVATION OF THE UNSTEADY FLUID FORCES

The unsteady fluld stresses for the inner and annular regions are

given in Chapter 11 by equatlons (2.24)-(2.26), repeated here for

convenience:
2 2 2 2
I PSS Bk SR B TS Wi B¢ S Ui S Wl
x# axdr | r 9xdl 2 27T ar 2 2 3¢ ~ r asar | '
ax r dxr r
7
(2.24)
2 2 2. .2 ‘
o zas 28k 1 B P 1 8¥ 1 T S0 @]
ré 4 r2 a8 r dfdr r b ar2 r2 392 r dJdfdx dxdr r ax !

\ . ' (2.25)
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3%, %
P x 8 (2.26)
r 368r  9xdr ' )

2 8
g 2% 1 P
Trr - p' + 2u [ \ 5

2 a9
r T

where T’ Tra' Tre and p may be expressed as .
I\
- .7 1 (wt-lof™
frx(x,ﬂ.r,t) rrx(r) cos né a o {(4.15)
‘. - i(wt-k
rio(x,8,T,8) = 7. (r) sin ng ol WETRX) (4.16).
' .7 1{wt-kx) : ’
frr(x,a,r,t) rrr(r) cos nf a " / & (4.17)
p'(x,8,r,t) = p (r) cos np elWEKX) (4.18)
Upon substituting the assumed solution for ¢, wx' ¢r' ¢6, Tex' Tra' Trr and
p', equations (2.24)-(2.26) become
= %, . 0%, &% 8%
= ey (o 88 ik 22— Y 1% ¢ .n 7 n%
Trx(r) # ( 21k ar x wx tk ¢3 2 + r dr * 2 * 2 11bx: r ar ] '
: r dr r
(4.19)
= 2 o, 3% v 8%
pf n- 2ndé o5 1 "x % 6 ik < _r
Trﬂ(r)-“( 2¢ r dr 2 1bx""r ir 2 ikn‘7: + r wr- ik ar ]’(4'20)
o r ar
2 ay 3y \
= - ¢ n 7 . n’’x 8 e
T (xy=-p i+ 2 5 b+ T et —— ) (4.21)

The solutions of these equations for internal and annular flow are given
in Sections 4.3 and 4.4, respectively.

4,3 SOLUTION FOR THE INNER FLOW

In order to represent the inner flow, a subscript i is added to the

A\

+

foregoing, i.e.,

Ei(r) = Gy I(ke) + €, K. (kn), (4.22)



&

"'x(r) - 031 In(ﬁir) + C‘ti Kn(ﬂir)! . . ([‘-23)

d

V() = Coy Ty (By™) + gy Ko Bym)r (4.24)

Since Kn(kr), Kh(ﬂr) and Kn+l(ﬁr) become infinitely large at r — 0, one

must have
Cog = G4y = Gy = 0-

Hence, %ha sqlﬁtions simplify to

(Jﬁﬁ ¢, (x) = Gy T (kr) , ' . . (4.25)

rf
TR B (1) = Gy, T (BT ‘ (4.26)

-

Yo (8) = Coy T (BT, (4.27)

where cli'.?3i and CSi are constants to be determined.

4,3.1 Boundary Conditions

Upon substituting the solutions for‘¢i, Y u, v and w inéb

xi' ¥o1r Pryv
the boundary conditions equations (2.56)-(2.58), we obtain .

3 K
- 1 - 1
(-3, - "%, - =)= (-o+rkyu, Ja, (4.28)
r=a_-§
Ty
_ _ & -
J-293, + 1w ¥op - 2] ot (0-ky, ) B, (4.29)
~ r-ai-ﬁ
%, -
[ e+ 20 - B, | = (u-x Usg ) Cq v (4.30)
r-ai-d

. o _ _
Substituting for ¢i' ¢x1, ¢ri' ¢6i fromtequation (4.25)-(4.27) and using’

the following nondimensional terms

T _ A _ B _ ¢
Q-kai, ﬁi-ﬂiain A_—I:-n B-_I:-u C-“"];-""

n n n T {(4.31)
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the bouﬁdary conditions may Be'ﬁfittan as
ia In(a) Gy +'{ (nfl) In_i_l(ﬁi)-kﬁi In+1(ﬁi)} Cqy =U(Q-a USi) AL (4.32)
-n I (a) gli - ﬂi In(ﬁi) C31 « la In+1<ﬂi) CSi ~iu(Q-a U&i) B, . (4.33)

va:I (a) €y +nI (B)) Cyy - da T () Cgy =ill(@-a U ) C (4.34)
vhere U, 'Q, ﬁ&i' are the dimensionless terms given by equation (3.36),
and 011' 031"051 are defined in equations (3.41),

4.3.2 Unsteady Fluld Forces For Inner Flow

The unsteady fluld stresses\ for the inner flow are given by equations

(4.19)-(4.21) with a subscript I Substitucing for $,, ¥, ¥, and ¥y
into the stress equations and using the dimensionless Eerms, the unsteady
stresses are: } n
/ - | S
"// . -
p. U .
= i =2, 0= = - ==
Txi =2 . :2 ia In(a) Cli + (-?n a In(ﬂi)) C31 %
£ € . : ‘ .
i*i :
s(-3%m 1 (BBl 1 By - BRI, (B)) €
n+l UL i n+l171 1 "n+l2"1 5t
(4.35)
p.u [ _ ™ _|
— i . - | - -
91" 3 [ Zn In(a) -2n a In(a)] C1i
ey &
s [ ol 1 (B +B 1B BB € 4.36)
n'i i "n*4 1 "n¥i 31 P
i k
+ [ {a (i+n)-In+1(ﬁi) - la ﬁiIn+l(ﬂi)] CSi —J '
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_2 Ill )
7! =1 . o n ,— =
reg ~ P | Py v 2 T2 (“)] 11
i ci .
+ [ 3y + 27 (a1, B - n 1 (BD] & | @D
i1
[ By + o (13 B T, Bp] Sy !
€if 1 ' |

where Py Poy and Py are given in Appendix D.

4.4 SQLUTION FOR THE ANNULAR FLOW

The solution for the annular flow is expressed by putting a subscript.

o to the velocity perturbation equations, which gives:

¢0(r) - C10 In(kr) + C20 Kn (kry , {4.38)
7
<;Kgfr) - 030 In(ﬁor) +‘f40 Kn (ﬁor) , (4.39)
) _ |
b (T) = = %, (r) = € T (BT + G K (BX) (4.40)
vhere Clo' C2o' 030, CAo' CSo and-060 are constants to be determined.

4.4.1 Boundary Conditions

Upon substituting the solutions ¢o’ wxo wﬂo and wro given By equations

(4.4)-(4.7) into equations (2.61)-(2.66), we obtajn at r = a_ + §

! i
( -1k -Smb g e ( U, k) 41
RLE e T ] - "9t Yo A (4.41)
r-ai+6
(-Z%%¢ Txe ikp_ ] - i (w-U,_k]B 4.42)
T r ¢o- ar wro @ o n ' (4.
r-aifG
3, _ _ .
[-r—+;¢xo-1k¢m]- 1(w-U60k]cn, (6.43)
r=a, +§



&)

69

54
and at a
o . ‘
(- -y aE‘:°] 0 b 46)
o T or ro  ar = ' (4.
r=a
_ o
n < a”bxo - - !
(- 3% 3 - ,ils_\bgmj\-ol. < (4.45)
r-a ! )
_ o
34 A , '
(—“—O-PBE -ika ] - 0 (4‘66)
- dr r "xo ro ) _ . ’
Y=g
o] - 3

Substituting equations (4.38)-(4.40) into equations (4.41)-(4.46) and using
the nondimensional terms given by equation (3.55), we obtailn

atr = ai+6

ia In(;) EJ.c: * i';Kn(;) EZo + { (nfl) In+l(Eo) + E<:o Irlt+1(730) }650

(n+1) K_ B +B, K, (B G =U (0 -aT, ) A, (4.47)

+
—~—

-n In(cx) Clo -n Kn(cx) C?.o - ﬁo I

- la In+l(ﬁo) CSo- ia & (ﬂo) Cﬁo - iU (1 - aU o)Bn

n+l 5 ' (4.48)
a In(a) Clo-f- a Kn(a) C20 + nyn(ﬁo) 030 + n Kn(ﬂo) Cl‘0
-ia In+l(ﬁo) Coy - ia Knﬂ(pq_? Cep = i1 (B - @ qu) C, . (A.§9)

and, at r = ao

</

icxr.r In(asr) Clo + iacr Kn(acr) C20 +

{ (n+l) In-|~1(‘_60 r‘1:) + Eo £1: Ir.ﬂ-l(ﬁo ‘r) } 650 * //

. 1 .
K 1B c,) J Coom O, (4.50)

{ (n+1) Koa(ep B) + By e,
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-n In(gcr) Clo-n Kn(acr) Czo-ﬁo €. In(ﬁ €_) C3o- B ¢ I{n(ﬁq EI-') C.Ao

-ilac 1 l(ﬁozr) CSo-ia.cr Kn+l (ﬁocr) C60 -0, o (4.51)

Of €. In(acr) Clo+ ac, Kn(acr) 020 +nIn(j.‘Jo £ )C3o+n Kn(ﬁo £ )'Cl;o

r
-lae 1B e ) Co -lac K (B e )Co =0, (4.52)
where ﬂo - ﬁoai ) €y _a: and a is defined by equation (4.31). .

4.4,2 Unsteady Fluid Forces for Annular Flow
The fluid forces in the annular flow are obtained by putting a sub-

script o iR the stress equations (4.19)-(4.21). In a similar analysis as

for the inner flow, the solutions for qSo, y"xo' "bro' ¥

fo
-(4.40) are substituted into equations (4.19)-(4.21), and that leads to

from equation (4.38)

_ e u [T e o~ — T D ]
o ™ ; L . 21'a21n (a) G - 21 aan (@) Cyp
LT '
-inaI_ (B ).C, -ina K () C
n o ‘\30P_ n o 4o
. '__2 . _ _— ' — 7 —
+ (1-a®+n) 1, (B)-B,a+n) I . (B) | Co
-2 " -
,-//:" ) 'Bo Infl (ﬁo)
+ ( 1';2+ n] K:14|~1(Eo)_ B Eo(l+n) K;;+l (Eo) '660
-2 " -
L L 7 ﬂo Kn+1 (ﬁo) 4
N (4.53)

-~



and

rTo

{

—

2n In(E) -2n a

2n Kn(E) -2n a

- u
PePy

+ { w1 Boy+E T @SR (G }E
n'Po o n'o o n ‘Yo Jo
2( .
+ { -n/IKn(EO) +Eo K;(Eo) "1302 K;(Eo) } Elm
+ { la (n#1) I (B ) - 1o B 1., (B,) } Csq
+ { ta (n+1) K (B ) -da B K, (B) } %o

=2 52 In(a) C
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where - fg £ = EQ and p. B, P. P. P. and p,
ere Pp Py ' r fi' ,Pllo’ Piko' P210' P2Ko' P3lo P3Kko
sent the effect of the presgare perturbations in the annulus and expres-

repre-

sions for these terms are given in Appendix D.

4.5 DETERMINATION QF Tag UNSTEADY FLUID LOADING ON THE SHELL

The net fluid 1oads\:hkthe shell arising from the perturbation terms

are

qx - [ f]'."Ki | - ) rxlj'xo | ] * . (4‘56)
r=a, -§ a+s

B - [’1':51 | - ’;go | ) . . (4.57)
r-ai's r-ai+5

a, = (rppg | " Trro | ). (4.58)
r-a, -§ r=a, +6

,—

where qx, qg and 9, are the axial,-circumferential and radial loads,
respectively, Equations (4.56), (&4.57) and (4.58) y be written in the

following form:

i(wt - kx)

q, - Ex(r) cos nf e , (4.59)
(4, = 3,(x) sin ng ot (WE - kx) . (4.60)
q;\:<§é(r) €os n&Eei(wt - kx) , ' o {4,861)
where _ - -
q (= (7 @ -7 @ ], (4.62)
ai-6 ai+8 ’
9 = (1@ -7, @ ). . (4.63)

ai-5 . ai+6
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O] IR ¢ 1 I (4.64)

ai-6 ai+6

a. () =

The fluid loading is found following the same analysis as in Chapter III.
The boundary condition equations and the stress equations are put in matrix

form as in equations (3.85) and (3{86): Finally, the fluld lecading may be

written as
[z} [#] * [=] - [3]. (4.65)
where [ q} now represents {Ex. Ea, Er1T .

The elements of matrices {T] and [B) are given in Appendix E,

The'unsteadyfkluid stresses are evaluated as In equations (4.56)-
(4.58). Howeveé,‘these stresses are expressed in a'generalizéd force
Eprm in connection\;ith,the welighted residuql method used in the solution

of the equations of motion. The amplitudes of these generalized forces

are defined here as

N

L
- 1. I sin 17x 5 otk g
0

X g h L ™x ' (4.66)
5
e
= L - -1kx
qp = —Iﬁ j sin 1%— q, © dx , S~ (4.67)
Ps 0 N\

- L - ik

q - —L- f sin 12X 7 o HX gy (4.68)
T psh 0 L r ~

e
Finally, the generalized fluid - forces are expressed in terms of the shell

displacements, as follows:

e e
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‘ 9 = 9 An M A2 Bn + 93 Cn ' (4.69)
qg = g1 Ay + Gy By * 953 C (4.70)
9% 7 9 K'n M) En T _n ' (4.71)
where expressions £of qu), dyp. dy3r 9p17 Gppr 9p30 9ppr dppr @09 4y are
glven in Appendix E, equatlions (E.2.6).
4.6 SOQOLUTION OF THE EQUATIONS OF MOTION
Similarly to Galerkin’s method used in Chapter III, a weighted
residual method 1s used here. The shell equation (2.5)-(2.7) are weightedi
by a sine function which satisfies. the pinned-pinned condition at either
end of the flexible shell. The weighting function is given by
f(x) = sin JE—" : (4.72)
the solution to the equations of motion may be written in operator form
EACEITEROR T, ‘ .73)
0
¢
\ After integrating equation (4.73), we obtain the following sets of linear

homogeneous algebralc equations:

/
S 1L (@ (M5
y Ay AL A B nt A5y G- 0 )
ROESNE) 6) = _ .
jj A+ A}j B + Ajj Cn 0,
7 % (8) 3 9 ¢ :
Ayj A+ Ajj B + Ajj Lm0 | (4.74)
where the coefficlents { all ;3) are given in Appendix G.

t 33

[
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The set of equations in (4.74) are put into matrix form . ,
. N 'y
[a] {x}=-{o}. (4.75)
[} . .

where
-7
= = =77 '
{x} - [An, B, cn] . . _ (4.76)
The frequencies of the system subjected to internal or annular flow can be
found by setting the determlnant of matrix [A] glven by-equation (4.75) to

Zero,

4.7 INVISCID THEORY

Following a similar analysis as in Section 3.5, the unsteady inviscid

forces are given by

e 7 92 0,
and
= 2=, o=(2), =(3)) =
q_4 (a 45+ 0 a4, a5 )G (4.77)

where the expressions for E;gj, EJ;) and E;;) are derived in Appendix H.

The elements of matrices [M], [K] and [\C], in equation (3.112), are

given in Appendix H.

-
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CHAPTER V

THEORETICAL RESULTS

In this Chapter, the regults of the investigation on the dynamical
behaviour of the system, using the methods derived in Chapters III and 1V,
are pr?sented. The systems considered differ from one another in many
ways, according to

*(a) whether the flow is internal or annular;
(b) whether the fluid is considered to be inviscid or viscous;
{(c) whether the shell is assumed to be pinned or clamped at either end.

The systems considered also differ according to the values assigned
to the varlous system parameters, Thesé parameters are many, e.g. the
shell thickness/radlus ratio, length/radius ratio, the gap width, wvarious
physical properties of the fluid and of the shell materials, etec. It
would be interesting to consider all possible combinations. Hoﬁever, that
is not practical. The main goal of this study is to investigate the effects
of unsteady viséous forces on the stability of a system subjected to inter-
nal and annular flow; hence, ,only the effects of gap width, which has the
strongest influence on the unsteady viscous forces, are invest;éated. In
order to assess the effectg of unsteady viscous forces, we will be compar-

~ing results from the present theory with those from poten;ial flow theory.
In Section 5.1, the stability of the system subjected to unsteady in-
viseld forces and steady viscous forces 1s presented uﬁing the Fourier
Transfo}m method, The same investigati;n is repeated In Section 3.2 using
a travelling wave solgtion, where the results of the two methods of

solution are compared.
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The effects of unsteady viscous forces are then investigated in the
presence ol ébsence of steady viscous forcés.’ Both methods of solution are
consldered. However, the effects dfannular flow could not be investigated
using the Fourler Transform method due to the high computational cost;
hence, a detailed investigation‘ on the effect of unsteady and asateady
viscous forces In internal or annular flow is presented in Section 5.3
using only the travelling wave éolution. Finally, the stabllity of a-
system subjected to unsteady viscous forces in internai flow is p;asented
in Section 5.4 using the Fourier Transform method. -

Calculations are done for a steel shell subjected to water flow, Two
gaps have been considered: the sb called "1/10 gap-system"! in which the
annular gap width is equal to one-tenth of the inner radius,/gﬁd "1/100 gap-
system", In which the gap 1s one-hundredth of the shell radius. The shall

and fluid parameters for the two systems are given in Table 5.1,

o

1 For comparison purposes, the parameters for the 1/10 gap-system given
in Table 5.1 are the same as in Ref. [48].



M.
Variable Parameters. Steel-water System
4
1/10 gap 1/100 gap
ai(cm) 9,091 9.9
- . a_(cm) 10 10
L (cm) o 100 100
h (mm) 0.5 0.5
_ c‘i‘-- (a,/L) ‘ 1/11 .099 .
e, = (a /L) . 1/10 : 1/10
. B
£ - = 1.10 1.01
r a
i
(h/a,) % 10° 5.5 5.05
~ p.a
191 .
n - ["s_h] 23,30 25.36
' 1/2 :
U - [ E—] (m /s) 5308 5308
p(l-vy) .
& ( N/n?) .1.99x10 1.99x 10t
v : 0.3 0.3
s N
Pr = PPy 1 1
2 -6 oy
vy = /ey (a/5) 1.121x 10 1.121x 10

Table 5.1. Fluid used and shell parameters for the two
systems in the calculations

It was shown in Ref. [48] that a 1/10 gap steel-water system loses
stability first im its third circumferential mode (n=3) for sgimilar para-
(y meters as in Table 5.1. For this reason all calculations in this Thesis

are done for the third circumferential mode.
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@ Unless otherwise specified.. when the system is subjected to internal
-flow, the annulus is filled with water [ ﬁo - 0] i on the other hand, if
annular flow effects are Iinvestigated,' the inner shell 1s filled with

. stagnaét fluid ( Ui - 0]
5.1 EFFECTS OF UNSTEADY INVISCID FORCES AND STEADY

VISCOUS FORCES USING FOURIER TRANSFORM METHOD

5.1.1 Effects of the Unsteady Inviécid Forces

This section presents the results obtained for a system subjected to

~
»—

inviscid incompressible flow. fhe case of a clamped-clamped shell has been
congidered in detgil in. Ref. [48]; however, some cases will be praesented
here for compariéon with the resulﬂggobtained for a shell pinned at both
ends. g )

It is seen in Section_3,5 that for inviscid theory, the governing
matrix is reduced to an eigenvalue-groblem as In equation (3.112). The
fluid forces given in Appendix E.are evaluated numerically. A copy of the
computer program used for this purﬁgse 1s given in Appendix I. ~ Equatlon
(3.112) is solved using the IMSL subroutine EIGZC which provides the eigen-
values. A copy of ‘the computer program is given in Appendix J. In this

case, the steady viscous forces are not included.

5.1.1(a) Comparison with previous methods

The program is first compared with the results obtained carller by
Weaver and Unny [21]. In this case, the system consists of a simply
supported steel shell conveying water. The flow is internal only>\Q£31L
no fluid in the annulus. The shell parameters are: . -

€ - 1/2, n=3, n = 12.73,

PV
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The dimensionless critical flow velocitles for buckling and coupled-
mode flutter obtained here¢ and by Weaver and -Unny are compared in Table
5.2. It is seen that the two sets of results are in reasonably good

agreement,

Nondimensional critical
flow velocities o
/
[
Buckling Coupled-mode flutter
-2 -2
Weaver & Unny 5.10x 10 6.50x10
. -2 -2
Presént work 5.00x 10 6.80x 10

-

Table 5.2. Comparison between present .study-and
results by Weaver and Unny [21].

) |

The difference in the critical flow velocic&ésj&n the two theories could be
attributed to the use of different equations to describe the shell motion’
(Kempner’g equatlions in the previous work and Fltuxgge's, shell equations in
the present work). .

5.1.1(b) Internal flow

I
The results presented here arg® for the 1/10 gap-system (see Table

5.1). In Fig. 2, the dimensionless frequencies, of the first two axial
modes (m= 1,2) and the third circumferential. mode (n= 3), are plotted
against the dimensionless Iinternal flow,velocity, ﬁi'
It is seen that the frequergies associated with the first and second

axial modes decrease as the velocity ﬁi increases. The purely real frequency

of tha first axial mode -vanishes at point B (ﬁi = 0.02), indicating the
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rloss of stability by buckling. Eeyond this point the frequency becomes
purely imaginary. However, at a higher fiow_velocify, peint R where (ﬁi -
0.0232), the frequency becomes real once more, indicating the restabiliza-
tion of the sysgem. Then, at peint F‘(ﬁi = 0.024), the loci of the first
and second axial modes coalesce. After coalescence, the frequencies bacome
complex conjugate pairs which is the characteristic of coupled mode flutter.”

The effect of end conditions is presented in Table 5.3, As expected,

a shell with both ends pinned loses stability before’'a clamped-clamped one,
' -

~

Nondimensional
critical flow veloclties
End conditions

Lt
"

Buckling Coupled-mode flutter
- ST
Pinned-pinned | 2.00x10 2.40x10
/ -2 ' -2
Clamped-clamped _2.50x10 3.14x 10

Table 5.3. Critical flow veloclities for buckling for a
clamped-clamped and a pinned-pinned system
with internal flow.

5.1.1(¢) Annular flow

Typical ‘results for a 1/10 gap-system subjected to annular flow aro
shown in Fig., 3. The dynamical behaviour of the system ls similar to that
system with internal flow: - the sysfem loses stability in its first axial
modé {m=1) at point B, it is restabilized at poinc R, and then the locl of
the first and second mode coalésce at point F indicating the loss of
stability by coupled-mode flutter.

The critical flow wvelocities for divergence and coupled-mode’ flutter
are given in Table 5.4, where they are compared ‘with the corresponding

values when the flow is internal. It is found that, a shell subjected to a

ey = |



straight annular flow 1oses stability at* much 1ower flow velocities t:han o

whan ic 1s subject:ed to internmal flow, at 1east: for a gap radius ratio of

'fhe affdct of the gap width is {llustrated 1n« Table 5. 5

smaller gap, which reduces the natural-frequency at zero f1§w.

in" thoéeﬁ_'ca.léul'att.ions the fluid ‘flow . is

1/10.
K I.a so.
I T
. 4\ . -

L . -..*_ \ -
‘ . L ¢ . -
Nondimensional critical flow velocities
— (\' —— ‘
Divergence Coupled-mode flutter
Internal Elow o -2 o -2 '
- 2,00x10 2.40%x 10 .
- (U, =0)- ‘ ) .
“Annular  flow ‘ .2 )
: = 1.09x10 1.40x10 '
(Ui - 0) . - ' B
Critical flbw':v;l‘ocit‘ies-for divefgence and.

Table 5.4,

coupled-mode flutter of the 1/10-gap steel -

shell system subjected to an. internal or

annular flow of water.

'5.1.1(d) Effect of gap;wxd‘ch

.

-

becnulse “of *the incraase&'/e'f

considered to be

.. chuc a 1/100 gnp system is much less st:able than the 1/10 gap system

Table 5.5,

stabllicy of the systea (

' : Nondj.ma"nsiona]_. critical flow veloclities |
~ Gap-to-radius ' ' - :
ratio . (g/ai) - . S W
: . , Buckling - Coupled-mode .flutter
/10 - 1.09x10 1.40x 10
- TS T s -3
e 3.15x%10- 4.0 x 10 7
Tht effect of annular gap vidth on the

__;{xnuhr flow)

It is seen

This

the virtual mass a_ssoqiated with ‘a j
(Recall that

inviscidf)t
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It is important to mention here thet coupled mode flutter is only :‘f

' -‘predicted by linesr theory. For ‘a similar problem, nonlinear theory [ll].‘:-

LY

'shows thet coupled mode- flutter should not" materialize for a besm supportedur'

‘at both ends In the present study, the system under investigstion is not

a beam but a shell nevartheless we. expect it to heve a similer behsviour
e’

to the system investigeted in Ref [ll] Thi@ argument is supported by the '

”experimental results nrxsented in Chapter VII In the’ experiments, a sili-,

cone rubber shell 1s coexially located in a rigid cylinder ‘and clemped at

. |
. both ends , The system is subjected to sn ennular flow, end the fluid flow-

’_ ‘ [P ﬂ

ing in-the snnuTbs is alr., The experiment shows thst the system loses

:stability by buckling as predicted by 1inear theory. however coupled mode :

':flutter at higher flows was never observed
I

.o

?T*"; Based on ‘the above _observations, the’ post-buckling instability,

‘.nemely coupled-mode flutter will not be of further concern*in this Thesis.

thus, henceforth results : for:' buckling elone “ will - be discussed.

..5:1.2 Effects of Stesdy Viscous Forces ‘

In this section, the system is enslyzed consid" ing both the unsteedy

'j‘inviscid forges and the steedy viscous® fofces — in cgntrast to the results
up:to this point, which were for inviscid'flow.

5.1,2(a) Internal or annular flow -

p—

| illustrated in Table 5.6. The critical flow velocities//pr buckling, for
internal snd-annulsr flow, are compered with the corresponding results
from_inviscid,theory. It is seen that the steady uiscous.forces dests-.

bilize the system in the kase of snnulsf'fldw‘snd'stsbilize ic for the

~ ‘inner flow case. This could bé\ explained by the effects of Pressurization

et

required to overcome frict}onsl-prellure drop.” In the case of inner flow, .

[

. -

] effects of stesdy viscous _forces for e"1/10 gsp system sre';
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- )

.' the pressure on the interior side of the flexible shell is higher than onl |

- the annulus The net pressure acting on the inner surface 1s in a radially

L"‘01.1t:w.=.1rd direction ' This pressure tends to increase‘the stiffness of thef

'_shell hence, it delays ‘the instability which is ultimately caused by the'

‘unsteady‘forces In the ‘case of annular flow exactly the reverse applies.-

o

ng/a - 1}10 and 1/100) taking into account the steady. viscous forces ate

The pfessure which is higher in the annulus than in. the inner region tends..

t collap.se Ithe flexible shell,  thus destabilizing the systen.

-

- Nondimensional critical flow-
- velocity for divergence
Inviscid © ) Inviscid and
; forces . | . steady viscous _
o T RN, WA . forces TS P
L Internal- S u';kiig o 2 R
L (U - 0)‘ | E : 2'.OQ><.10_?, . 3.80x10 :
Annular DY _ 9 ] 3 -
Table 5.6, - ‘Effect of steady viscous forces on the
L we .v... . .stability of a system subjected to
r/P o ~_ internal or annular flow )

' 9.1.2(b) Effect of annular gap

The.critical‘flow yelocitiesaat buckling for the two,uifferentygaps

_presented in Table 5 7, where they are" compared with those from invi%cid."

theory In both theories,;the system becomes less stable. as the “ratio ‘of

gap- -size to radius decreases' however ‘the ratio between the critical flow )
. -

velocities is 0. 22 for the - 1/10- gap system and 0. 16 for the 1/100 gap

" system. This ‘is an indication. of the increased effect of the’ ‘steady

i}

 viscous forces for a smaller ap as a result of the increase in pressure_

_raquired to drive ‘the fluid 1n a smaller annulus -
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second with e

,disturbance, respectively.

Y ":ﬂh IR N Nondimensional:critical flow
L o ‘ ‘ “velocity for divergence
- Gap-size to - B L oo
~radlus ratio = E - |, ;Inviscid and | :
(g/ai) . |Inviscid only ;éready viscous | Ratilo | -
: s o AEIEPORE 10
10 | i.09x1072 | 2.40xa07 | 0,220
\ 1/100 . = |-3.15% 107 4.95%x10°" | 0.16
Table 5.7. Effect of steady viscous forces in annular
. - flow for different gap- systems by the
. - o Fourier Transform method. .

The _investigation on the stability of a system subject to both

- unsteady and steady viscous forces in internal and annular flow has been. .

completed using the Fourier Transform method In the following section. a’
similar study - is carried out using _the travelling wave ‘solution.”

5. 2 EFFECTS OF UNSTEADY INVISCID FORCES AND STEADY

VISCOUS FORCES USING 'I'RAVELLING WAVE SOLUTION - "'J Y

/ i
: Before presenting the resultsﬁbit is useful to discuss the natura of

a travelling wave - solution As discussed in Ref [31], the solution con-

L ]

sts of two parts: the first part is associated with ai(wt*'F*)

It - kx) )

,‘andnthe,
, corresponding to a backward and_a forwatrd moving

;-

1(wt + kx)

Examining the case of e L .,. the two rootsof 'the frequen'cy
‘equation are represented by ~ N
i + o+ . ’ + . . ‘ : - . |
[ —w1+ 102 4 . . - ' . ‘ (5.2.1)
and: S ‘ o - A L
x e = ml -1 Wy s | ' - | o §§.2.2)
. AN ! .

where w+ corresponds to the frequency og:motionpassociated with d backward
travelIing wave, while W co'responds to-a forward travelling wave. and wl

and,qz are ‘the:real end dnaginary parts of the £tequency. respectivaly
I + ) .



71

It is important to mention here that a travelling wave does not satisfy
the boundary conditions for a shell pinned at bot ends; however, as we
will see later, 1f we use a wavelength equal to the length of the pinﬁed-
pinned shell in the analysis, we will be able predict the buckling
velocity for a pinned-pinned shell.

The unéteady inviscid for;es for internal and annular flow have been
derived in Appendix H. A copy of the program developed for studying the
stability of the sysgem subjected to these forces is given in Appendix K.

The wavelength used in the computation is equal to the length of a

pinned-pinned shell.

5.2.1 Effect of the Unsteady Inviscid Forces

In this section, the steady viscous forces are not included in the
calculations.

5.2.1(a) Effect of Internal flow

A 1/10-gap system with stagnant fluid In the annulus is considered.

iFwF*—kx)’ the ﬁondimepsional frequencies 6" and 0

For the case of e
(they corresﬁand to the frequehcies w' and w , respectively) are plotted
agalnst the diménsionless internal flow velocity Er in Fig. 4. As expected,
at zero flow, o' and 0 are equal in magnitude but of opposite signs.
Physicylly, this represents the two waves of the same frequency which are
travel ing in opposite directions.

s we Increase the flow velocity, both frequencies Q+ and 27 decrease
in absolute value; however, 0+ decrqasés fagter than 0, until the former

~

reaches zero at a velocity U, -~ 0.0194. Im (0+) and Im(0Q ) are zero

i
throughout, indicating the absence of damping.
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For a slightly higher wvalue of 61' at gécomés negative, producing a
new forward going wave; hence, no natural self-sustalned backward travel-
ling wave is possible in the system above a'certain flow velocity. At a
lictle higher flow velocity (Gi slightly less than 0.022), both frequen-
cles meet at the Re(Q)-axis where we have Q+ - 0 and then becoms coﬁplex,

indicating the threshold of flutter.

The results for ei(wt- k) are glven in Flg. 5. We see that this {s

//simply a mirror image of Fig. 4. The instabllity threshold occurs at

exactly the same critical flow velocity. Henceforth, only the backward

travelling wave corresponding to ei(wt+kx)

will be considered as the
forward travelling wave gives ldentical results.

It is important !$% mention here that the‘ velocity at which at
vanishes is of great interest to us. Although, the travelling wave
solution does not satisfy the boundary congitions of a shell pinned at
baoth ends, it nevertheless gives some insight into the veloclty at which
buckling occurs in a pinned-pinned shell.

In Fig. 6, the ffequency o is plotted against the dimensionless
velocity and compared with the frequencies of a pinfed-pinned shell
obtained using the Fourler Transform method.. 1It{is seen that the fre-
quencies of thé two methods aelzebo flow (ﬁi— 0) are the same.. As we
increase the flow velocity, the frequencies in both methods are reduced;
however, they are appreclably different.. Nevertheless, the real part
becemes zero at approximately the same flow velocity for the two methods,

-

in Table 5.8, we compare the flow ¥plocicy at divergence using the Fourler
X ;

Transform method with the velocity at which a° vanishes in th travelling

wave solution. It is apparant that the two values are almost the same,

and this 1s an indication that the wvelocity at which o vanishes may

indeed correspond to the buckling velocity of a pihned-hinnad“shell.‘l
. S S,



‘Nondimensional critical flow
Method of solution for divergence
Fourier Transform 2.00x10°2
method
Travelling wave 1.94){10'2
solution

Table 5.8, Critical flow velocities at divergence for the
Fourier transfofm and the travelling-wave
methods of solution for internal flow
' The differenge'in the results of the two methods could be a}tributed
te the nature of the solutions. In the.tvaveliing wave solution, the
unsteady forces-;re calculated By'considering one axial mode only (m=1);
for the Fourler Transform mefhod, on the other hand, these forces are
determined using Galerkin's technique, which results In the coupling of
thre; axlial modes (m= 1, 2, and 3). In the latter method, the inertia
and Eentrifugal forces for each mode could be decoupled (the derivatives
involved in évaluating these terms are functions of time and the axial
space cooféina;g,’_respectively); however, the Coriolis forces for the
three modes are poupled because of their dependence on both time and axial
space coordinate (x)*{see equation (2.49)]. Hence, the Coriolis forces in
the two methods of solution are different, and these are the forces which
cause the difference in frequencies before buckling. At the point of diver-

gence, the frequency is equal to zero; hence, the Corlolis forces are zero,
. <
and the centrifugal foré;s, which are responsible for divergence and are
' i - -
L} ~ \
the same for the two methods, are the only forces acting on the sy§géh.

‘Hence the results in Table 5.8 are not surprising.
Another)imporcaht point which should be poiﬁcad_out for causing the

difference in the results is the differgnce in' the boundary conditions
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considered beyond the shell ends. For the Fourier transform method the
".*. .
shell is assumed to be connected to a rigid cylinder at alther eﬂﬂﬁp

whereas as for the travelling wave solution, the shell 15 considered to be

_infinitely long. Hence, the "actual® system is better represented %y the

Fourier transform method.
Based on the above discussion, the threshold for divergence in the
travelling wave solution is taken to be the velocity at which 0 vanishes.

5.2.1(b) Annular flow

t.

In this case, the Ilnner shell 1is filled with stagnant fluid, whilst
the annular fluid is flowing with a velocity ﬁo' The results for the 1/10-.
gap steel-water system are shown in Fig, 7 where the frequency at is plocted
against the dimensionless{flow velocity in an Argand diagram. The dynamical
behaviour of the system is similar to that of the internal floﬁ case; the
system loses stability first by divergence (O+ 1s equal to zero), followed
by flutter.

In Table 5.9, the critical flow Qelocities for buckling for internal

and for annular flow are compared with the corresponding results from the

Fourier Transform method. It is found that the two methods are in good -

agreement.
N
\_\ ’ -
4 Nondimensional critical flow
velocities for divergence
- o Travelling Fourier Transform
wave solution method
‘Internal flow .2 v . )
(ﬁi"O)i(ﬁo"O) 1.94x10 2.00)(10
Annular flow ' -2 2
(ao #-O);(I_Ji -0) 1.03x10 [~ 1'09.5 10

Table 5.9. Comparison between results using travelling wave
- solution and Fourier Transform method,for i{:ernal
and annular flow for 1/10-gap system. .

t

=2
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A
5.2.1(c) Effect of gap size (

The effect of gap-width on the buckling wvelocity 1is illustrated in

Table 5.10. The results agree with the corresponding ones from Fourier Trans-

form method; the 1/L00 gap-system is less stable than the 1/10 gap-system.
. ' . i -

Nondimensional critical flow
velocity for divergence
Gap-to-radius N
ratio w;kavelling‘ Fourier Transform
ave solution method
1/10 ' 1.03x 1072 1.09x 10" 2
1/100 3.10x 107> 3.15% 107>

Table 5.10. Effect of annular gap width on the stabilicy
‘ of the system subjected to annular flow for
the two methods of solution.

5,2.2 Effect of the Steady Viscous Forces

The effect of annular flow with hoth unsteady invsicid forces and the
steady viscous forces is investigated for both annular, gaps used in the
foregoing. The criticai flow velocities for divergence are given in
Table 5.11, where they are compared to those obtained using the inviscid
theory. It is seen that ﬁhe steady forces éestabiliZB the system; the

smaller the gap, the higher is the effect on the stability.

“«

Gap-to-radius Nondimensional critical flow Ratio
ratio velocity for divergence
(g/ai) P Invisecid & steady.
Inviscid forces viscous forces
1/10 1.03x 102 © 2.35%x107° 0.22
T : -3 A
' 1/100 3.10x10 4.95%x10 0.16

Table 5.11. Effect of steady viscous forces on the
stability for the two gap-systems in
annular flow predicted by the travelling
wave method.
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The results in Table 5.11 are in good agreement with those obtained
from the Fourier Transform method in Table -5.7. This demonstrates the
reliability of the'travelling wave solution In predicting the buckling
velocity of a pinned-pinned shell.
| In this Section, we have used the travelling ﬁ;ﬁe solution to study
. the stability of a system subjected to uﬁscaady inviscid and steady viscous
forces. ' |

In the following Section, we will be dealing with the effects of both
unstead; and‘steady viscous forceﬁ on the stability °f:§h9 system. Thus,

~

this is the full theory, where all effects coqﬁlderad in this Thesis are
.

taken into account, The investigation is carried put using the travelling

. - !

wave solution.
5.3 EFFECTS OF UNSTEADY AND STEADY viSCOUS

FORCES USING THE TRAVELLING WAVE SOLUTION

In Section 4.6 the governkng matrix [A] to be used in this case has

been formulated.- The elements of this matrix are given in Appendix G, and

a copy of the computer program developed for studying the stability of the
system is given in Appendix L. The effects of unsteady viscous forces are

investigated first; then, the system 1s subjected to both unsteady and

steady viscous forces.

In all cases considered, the results are compared with those from
' A

invis¢id theory. ’ 7)

5.3.1 Effects of Unsteady Viscous Forces

As mentioned in Chapter II, there are two approximatibns for the

boundary conditions:
(i) an averaged velocity, Uav' is presumed to be acting at the wall, which
is determined via equations (2.50) and (2.51) for internal and annular

flows, regpectively;
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(11) the boundary'conditions are aﬁplied at adistance § from the wall, which
is of the same order of magnitude as the shell deformation in the radial
direction due to the turbulent flow excitation. The velocities asso-
clated wich Ef'for internal and annular flows are given by equations
(2.52) ap@ (2.53), respectively.

It has been verified that any of the pressure perturbation equations

(2.40)-(2.42) will lead to the same critical,flow wvelocity at buckling when

based on averaged velocity approximation at the-boundary. However, equa-

tlon (2.42) 1s the most appgbpriate one for -carrying out a comparison

between the effects of the two approximations with_fesp@ct to the stability
of the system. Hence equation (2.42) will be used in finding the pressure
pertubgtion forces in the following analysis. i?he expressions for these
forces are glven in Appendix D.

5.3.1(a) Comparison between the two approximations
for the velocities at the shell boundary

For the 1/10-gap system subjected to internal flow, the buckling
velocities are plotted in Fig. 8 for a variable §. It is found that, as 5

is increased, the buckling velocity éonverges toward the value obtained by

.the average velocity approximation,

In the experimental study presented in Chapter VII, we have measured
the amplitude of wvibration in the radial direction, w, for a silicone
rubber shell coaxially located ina rigid cylinder and subjected to annular

flow of air. We have found that the ratio f;-¥;~7 varies between .01
m i .
and 0.02 for all the cases considered. This ratio 1is related to § in the

theoretical study; hence, we can use this experimental range for § in the’

1 § 1is the nondimensional form for §; 1t is equgl to S/ai' for the
inner shell and to 4t;]:m - ai) for the annulus.

n/ ’
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theoretical approximation. In Table 5.12, the buckling velocities for § =
0.01 and 0.02 are compared with the value obtained from the averaged
velocity approximation; the difference i1s found to be 18% and 13%, respec-
tively Thus, the averaged velocity abproximation could be used for pre-
dicting approxiﬁately the buckling velocity of the system under investiga-
ﬁio : moreo%er, this approximation 1s convenient when comparing the pfasaﬁt

theory with the inviscid theory in which the flow velocity is also constant

across the cross-section,

Nondimensional critical flow
velocity for divergence

5 =0.01 2.3 x 1072
2 A
- -2
5§ =~ 0.02 2.2 x 10
Average veloclity 2

approximation ©1.95%x10°

Table 5.12. Comparison between the buckling velocities
for different § and the value obtained
from the average velocity approximation

L4

_‘Based on the above discussion, the averaged velocity app&’iimacion will

-

be used in the following analysis.

5.3.1(b) Calculation for internal flow

For a 1/10-gap system where the annular fluid is stagnant, the non-
dimensional frequency o is plotted against the dimensionless inte;nnl flow
velocity in Fig. 9, wheyelit is compared with the corresponding curve f:;m
inviseid theory. It is found that the values_;f Re(0+) are almost the same
in the two'theocigﬁ; while Im(n+j is now larger (of the order 10‘“'as com-

pared to zero). This represents the effects of fluid damping, an unsteady

-
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viscous effect. The critical flow velocities for divergence and flutter-are
compared in Table 5.13. It i shown that the velotities in the two tﬁeories
are the same, which indicates how insignificaﬁt is the role of viscosity
on the wunsteady forces, at least for the internal flow™>and for Léhe
paraneters considered. A similar conclusion has been reported in Ref.
(52], where a theoretical study has been conducted for a silicone rubber

shell clamped at both ends and conveying water.

Nondimensional critical flow
. velocities
Buckling Flutter
Unsteady inviscid _p s -9
forces 1.94x10 ‘ 2.20x19 |
Unsteady viscous -2 .2
forces 1.95x%10 2.20%x10

Table 5.13." Comparison between critical flow velocities
using unsteady forces from inviscid and viscous
theories for internal flow (g/ai - 1/10)

5.3.1{(c) Calculation for annular flow

A 1/10-gap system 1s considered with stagnant fluid in the inﬁer shell
(ﬁi = 0). In Fig. 10, the frequency-welocity Qufyg is compared to the cor-
responding one from fnviseid theory. The fluid viscosity slightly affects
the-frequenpy of éhe system before divergemce; however, the critical 5}6&
vélocities for aiva;gence are essentially the same in the two theories, as
shown in Table 5.14. These findings agree in principle with the theoretical
sggéz‘in Ref. [55] for system consisting of a fle#ible beam clamped gt

bngp ends and eoakial%y located within a rigid cylinder, with water-flow in

the annulus.



» Table 5.14, Critical flog}iﬂlocity for divergence

Nondimensional eritical
flow velocity

Unsteady inviscid 1.03 x 10-2

Unsteady viscous 1.03)(10-2

for tha two cases of unsteady laviscid
and unsteady viscous forces for annular
flow (g/ai - 1/10). - -

-The behaviour of the system Q&th a smallerlgap-size (g/ai - l/lOO)}ig
quite different from the previous case, most‘ﬁotably the fluid viscosity has
strénger effects on stiffness, hence on the frequency and the buckling
velocity of the system. In Fig. 11, the frequency velocity curves for both
viscous and inviscid theory subject to annular flow are compared. It 1s
found that the fluid viscosity reduces the fréhuancy of the system at zero
flow velocity, As the‘flow velocity increases, the frequencies in the two
theoties are_reduced; however, the frequency aséociatad with the viscous
theory decreases more slowly than the one from inviscid theory. In Table
5.15, we see that' the veibcity for divergence asociated with the viscous

>

theory for annular flow is higher than the corresponding value frem

inviscid theory. This is because of the added stiffness in the system as?®

~4 result of incliding the viscous perturbation forces. Hence, the unsteady

viscous forces are more pronounced in a very narrow gap, rendering the

system more stable.

]



Nondimensional criticnx flow
" velocity for divergence

Unsteady inviscid 3.1 x 10-3

. _at
8.0 x'10°3

Uns?fady viscous

4

Table 5.15. Critical flow velocity for divergence
' for the two cases of unsteady inviscid
and unsteady viscous theories in
annular flow (g/ai - 1/100).

5.3.2 Effect of Steady Viscous Forces in Annular Flow ..

-~ (Results with the Complete Theory)
Both systems (with different annular gaps) are consldered here. In

. Table ?.16, we compare the velocities for divergence in this caso with
. - ¥ .

those from the unsteady viscous theory. It 1s found that ' the steady

viscous forces have a destabilizing effect on the system; furthermore,«
. ' [ -
these effects are more pronounced in %/100-gap system,

! Nondimensional critical flow
Gap-to-radius" < velocities for divergence )
: ratio
) ; Unsteady - Unsteady viscous
(g/ai) viscous and steady vi'scous
only 1
o 1 0% w1072 -3
1/10 1.03x10 2.35%x10
rd . R ’
-3 . -4
. 17100 8.0 x 10 5.0 x 10
N
Table 5.16. Effects of steady viscous forces for both o0

gap-systems for annular flow.

-
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t.  In connection with Fig. 11, perhaps nonuniformities in a real shell
~would precipitate buckling at 4.0 x 10-3 rather than 8.0 x 10-3.



Q - | I'Lf seems that the critical flow velocities for div:;:gence depend
mainly on the steady viscous forces. Thisis verified by comparing the
results for the two theories ('.s-teady viscous forces against unsteady and'('
steady viscous forces together). In Table 5.17, we can see that for both

gap systems, the flow velbcﬁicies for buckling are the same. This shovs

® again that the effects of unsteady viscous forces on divergence of the
. sjstem are essentlally insignificant.
Gap/radius ratio "~ 'Nondimensiomal critical flow
. (8/a;) velocities for divergence i
%
Unsteady viscous
Steady viscous and steady viscous
-3 ] -3
- 1710 . 2.35x10 2.35% 10
. =4 ' -4
1/100 S 4.95x10° 5.0\>< 10 .
- i
Table 5.17. Effects of steady viscous forces with and
- wlthout unsteady viscous forces the two for
gap systems subject to annulax flow.
The frequency-velocity curve for a 1/100-gap system is plotted in Fig.
12, where it i; ‘compared wvith the correspénding one from inviscid theory in-
< : cluding the steady viscous forces. It is shown that the frequencies of the
., 5 ‘ : .

system subjected’to unsteady viscous forces are lower than for inviscid
. . " forces; nevertheless,. the velocities for divergen::e are the same. Also
- S to be seen In Fig. 12 is that the*long "tail" in the locus of Fig. 11 is

(%

~ ' no longer present,
In this section we have found that, in the absence of steady viscous

= forces, the unsteady viscoug effect is insignificant for a1/10-gap system ;

@ . .however, this effect is more pronounced for a 1/100-gap system, rendering :

the system more stable. THe situationis quite different when the steady vis-

M <

cous forces are included. For both gap systems, the stability of the system
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depends mainly on the steady wviscous forces, and the ‘unsteady viscous

-

effects influence only the frequencies of the system prior to divergence.

Results in this Section were obtained using the travelling wave

—

selution. ' .

-

In the following Section, we will be 'dealing jwith the effect of

unsteady wviscous foreces in internal flow using the Fourler Transform
’ —

Method,

" 5.4 EFFECTS OF UNSTEADY VISCOUS FORCES (FOURIER TRANSFORM METHOD)

. The eiements of matrix [A] developed In Section 3.5 are glven in
Appendix G. This matrix involves both internal and annular flows. In this
thed;y, the unsteady‘ viscous forces are frequency-dependent; hence, an
iteration method is needed to study the stability ﬁf the Eystem. Tha
computational costs associated with annular flow are very high; thoroforo,
we will consider only thejcase of Internal flow,

] In this study the shell parameters are described as in the l/10-gap
system and omitting the annulus. Calculations are done for both clamped-
clamped and pinned-pinned shells. A copy of the progzpm is given 1In
Appeﬁdix M. )

‘ The velocity applied at the boundary of the moving shell is based on

- ~
the average velocity approximation.

5.4.1 Clamped-clamped Shell

The frequéhéy-velocity curve is plotted in Argand diagram form in Flg.
13, where it is comparéd to thé Eorresﬁonding curve from Inviscid theory.
It is found that as the wvelocity increases, Re(Ql) in both theories 1is
ceduced by the same amount; Im(fl) is of the order 10'5 for the viscous
theory, as opposed to zero-for in;isciﬁ theory. The buckling velocities in
the two theories are the same (Gé - 0.026); this indicates that the

a

effects of viscosity are insignificant,

s
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5.4.2 Pinned-pinned Shell .

»

In Fig. 14, we compare again the frequency-velocity curves for viscous

and inviscid theory, but with pinned-pinned’ end conditions. A similar

T

i
"conclusion 1s reached as in the clamped-clamped case: the fluid ‘damping

-
effects are essentially insignificant.

It 1is® important to mention here tha? the reéults obtained in this

Section using’ the Fourier Transform method are similar to the results
. - ’ o '

obtained in Section 5.3 (Tablq.' 5.13) usihg the travelling wave solution;

thus, we can have some confidence that both methods of solution are correct.

/.
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CHAPTER VI -

EXPERIMENTAL APPARATUS

6.1 GENERAL DESCRIPTION OF APPARATUS

In parallel to the theoretical work, some experiments were conducted
in order to chéck the theory. The experiments involve a cylindrical shell
positioned ina rigid éyiindrical pipe (Fig. 15). Two types of end
conditions are considered: %
{1) the shell is clamped at both ends;

(ii) the shell is clamped at one end and free at tHe opher.
-The shell is made of silicone'rubbe?qi The outer .containment pipe is
made of plexiglas, so that the shell wichin is clearly visible. The fluid

flowing in the annulus and stationary inside the shell is air. The air is

supplied from a metered supply, ultimately from an air compressor, A honey-

_ comb, screens and a contracting section upstream of the annulus are cm-

Ll

ployed to render the flow entering the annulus straight and quite uniform,
The mean r;dius of the shell ig 24,7 mm, wall-thickne;s/rndius - 0,05,
Experiments were conducted for various shell 1ength§, and different gaﬁ
size betweén the inner shell and the cylindrical pipe. The length/radius
ratio, L/a, ranged between 5.5 and 7.0, and the gap/radius, g/a;, was 0.1,
0.25 or 0.50. ‘

In order to assess the presurization effect for the clamped-clamped
shell, two cases are considered. 1In the.}irst case, the air inside tHe
shell ié at a mean pressure equal to the dkmospheric pressure as in‘ph
arrangement sﬁown in Fig. 16(a). Subsequéntly, the test Jls fepeuted with

the inner pressure equal to the static pressure of the annular flow at the

downstream end of the shell, as in Fig. 16(b). For a clamped-free shell, of .

¢
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'course, the pressur;zation effect could not be investigated since the down-

stream end of the shell is free ag In Fig. 16(c).

o

6.2 SILICONE RUBBER SHELL

-~

The shell is cast in a sﬁecial mould, from a ;{qﬁid silicone rubbér-
"which hérdens with the aid of a'catglyst. The mould consists oﬁ'a.rigid
cylinder of aluminum coaxially located in a rigid cylindrical pipe made of
plexiglas (FLg\’IZ). T;e diameter of the rigid cylinder 1is 48.26 @nf and
the iﬁnér'éiameter of the pipe‘is'50.80 mm . The difference in diameter
represents twice the thickness of the rubber shell (so h = 1.27 mm). ;
The 1liquid rubber, free from alr-bubbles, is injected from below in
the mould. Care 1s taken in the moulding of the shell and in the ﬁachining
and mounting of.the various components of the apparatds to ensure uniform-
ity of the‘égélilto the extent poggfﬁle;
Yoﬁng's modulus of the shell is determined experimentally from the
frequency of a cantile%éred rod with various lengthﬁ. The average value
for Young’s modulus is.E = 2,42 MPa. The density Pe -1.22 x 103 kg<?3;

6.3 MEASUREMENT INSTRUMENTS

~The flow velocity 1is measured elther with a rotameter, upstream of the
apparatus or with‘pitot tube utilized near the exit of tﬁ% annulus. Small
amplitude vik;ations of the, shell induced by flow turbulence are measured
via one or two fibyre-optic sensors (TFoton;c Séns;rs"s; azimuthally.
separated by 140°. The signals from these sensors are processed by a dual
charinel Hewlett-Packard 5420A FFT Signal Analyzer. Power or Cross Spectral
densitias‘éPSDs or CSDs) yielded the dominant frequencies excited b; the
flow, which varied with increasing flow velocity. The instability (buck- :

iling) itself could be determined from the variation of fréqugncy with flow

. ' ‘.-7.
velocity; however, the onset of instability could also be asséssed visually.

A\ ‘ . ‘ ‘
\ *
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6.4 ~ TEST PROCEDURE '

The following steps are involved in any given test:
(i) the fibre:optic pt%bes are properly positioned and calibrated, so that
for the vibration signqluobﬁaiped, they would operate ina linear range;

\ e
(i1) the flow velocity 1s incremented in steps and at each step, a PSD or.

) _ ®. i
© CSD was obtalned (accordipgly ldentifying different modes of vibrutioﬂfﬁﬁ‘

PR

of the shell excited by the turbulent flow;

(11i) based on gii), plots of frequency.of the dominant modes of vibration

-
-

. versus flow veloclty are obtained; ' ) .

' f : - -
(iv) steps (ii)ﬁﬁnd (111) are econtinued until the system lost stabiliry,

s

Tests were conducted with nomigally identical shells to vprify the

~

repeatability of the experiment.

Generally for a given shell, the first test was co?dacted with g/ni -

0.25 and with the air Jdn the inner shell at a mean pressure equal to the
1 . . 2
. £ . > . .
atmospheric pressure, as in Fig. 16(a).. Subsequently the test was ropeated

5

with the inner pressure equal to that of the annular flow at the downstream
end of the shell, as in Fig. 16(b).
' The value of g/ai'was.then changed from 0.25 to 0.50 or 0.10 by instal-
ling another'plexigl;s pipe with' the appropriate inner diameter. Also the
¥ xeeffect of L/ai was inyeétigated by chagging the length-to-raéius ratio from

-~

7.0 to 5.5 in 0.5 steps.

~

A



. . CHAPTER VII : . -

" EXPERIMENTAL RESULTS

¥ .

The behaviour of a clamped-clamped system is presented first, followed

by the behaviour of a clamped- free system

7.1 CLAMPED CLAMPED SYSTEM

7.1.1 General Behaviour of Clamped-CYamped System

Generally, the second and third circumferential modes, n = 2, 3 (and, in .

both cases, the first axial ome, m = 1) of the shel]l were mdst prominently

+

excited by the turbulent flow. The amplitude of wvibration was typically
¢

very small¢ranging between 0 mm and 0.04 mm (measured at mid- span of the
shell) for flow velocities in the annulus, U, in the range 0 to SOKW/S
This ¢orresponds to a Reynolds number In the range of 0 to 5.1)(19..

As the flow velocity was increased, the frequency of both modes, n =2
and 3, was diminished as shown in a- typical case in Fig 18 Physically,
this reduction of the frequency with flow is associated with a “centri-

{

fugal" force proportional to Mf

C e
force is equivalent to a compressive load on the shell.

U2, where Mf is the fluid»added mass; this

In this particulafﬂcase, for U = 45.5 ﬁ/s. the shell buckled’in the n =
2 mode. The amplitude of the buckiing was very large, dnd the two sides of
tﬁe shell, in its central poréion,'actuallyjtouched,as shown in Fig. 19(a).
In some cases, as the flow veioqity wa§ increased furthdr, the buckled
shdpe was trénsformed quite abruptly from n = 2 toﬂh'- 3. In other cases,
ho;ever, typically for tﬁe smgller'values OfFL/?i buckling occurred first

in the n = 3 mode, as shown in Fig. 19(b).

rd




No flutter of the shell was ever observed, in contrast to theoretical .
predictions, in Ref. [QBI)aﬁd here, that cduplad-moda_flutter succeeads

divergenceiat higher flow velocitias.

(e

-

7.1.2 General Agreement betweén Theory and Experiment =
= - .

It was seen in Chapter V that the dynamics and stability for a I/iO-gup

JﬂafySCEm, which 1is subjected to unsteady and steady viscous forcés corros-

v

ponds closely to the behaviour of the same system when subjected to unsteady

inviscid and stgg viscous forces {as in Ref. [48)). For this reason, the
\ o . :

experimental resultS—are ‘compared with their theoretical' counter-parts

obtalned with the theory of Ref. [48].
The effect of I../a1 on the circumferential modes at buckling could give

3 . .
a goo? indication on the qualitative agreement between the theoretical and

.

[l

experimental results, .

It is seen from Table 7.1 that theory and experiment agree with cach

b

other that the shorter the shell, the larger is the circumferential mode

’

number associated with buckling.

¥

o - Circumferential mode
@ES Length-to-radius < ‘
ratio (L/ai) Experimental Theory
5.5 - 3 . i 3
6 2 3 A
6.5 2 K}
7 2 2

\ (ET

o ) B

Table 7.1. Effect of thenlength-CO-radius ratio L/ai on the
circumferential mode associated with bucE}ing

(g/ag== 0.25, By = Pp).
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F;r L/a; = 5.5, in both theory and:experiment the shell Buckies in the
same clrcumferential mode, n = '3; simiiarly. for L/ai - 7; instability
associated_?ith n = 2_15 both predictgd and ob;;rved. However, for L/ai %lé
and éES, the. theoretical circumferential mode number for buckling is dif-
ferent from the experimentaigone._This could be expléined by the difference
in axial téﬁsionato the shgllt- The state of zero tension on the shélya
assumed iﬁ Phe theory, 1s wvery difficult to achieve experimentally; a
small &ifferéhce iﬁ‘gension for a specific shell.length could weil'cauéé
the dis&greemene between the;ry and experiment;. The effect of tension or
compfesgiqn on’the~circumferential-mode at buckling is clearly discussed
in Ref. [56]. _ \ : . ' )
Another reaébn for fﬁe difference ‘between the theoretiQal and
experimental results could be caused by a possible eccentricity’in the
moulding_apparatug which ﬁﬁuld result in imperfections, favouring the lower
circumfe;eﬁtial mode (n =~ 2), & . -

-The difference in the theoretical critical flow velocities for buckling

Inn =2 and n = 3 is generally small; that'is why small differences in

* tension and-imperfections are so Important. For L/ai -6, Uc - 58.0 for

n=2; Uc = 55.5 for n = 3.
Furthermore, it should be noted that the qualitaé?%e disagreemént for

L/ai - 6 and 6.5 1s not a general one; but rather depends on the shell
&

~parameters as shown in Table 7.2. Bor a system with L/ai = 6 and different

gap sizes (g/ai = 0.1, 0.5) theory and experiment are in good agreement

regarding the circumferential mode at buckling.

—
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pircumferenéihl mode number n
} g/ai ' - ]
~ Experiment Theory
‘0.1 3 3
T ‘ .
0.5 e 2 2"
- Table 7.2, Circumferential modes at buckling

for L/ai - 6 and g/a; = 0.1, 0.5.

Quantitative Agreement with Theory =

The F;;called "standaéd" systed will be discussed first. 1In this case,
L/ai - 6.0, g/ai = 0.25 aﬁd‘ghé gir within.the shell” 1s ﬁt thc\stqtiq
pressure of the fluid flowing in Fhe'énnulus at the downstream end of the

shell [Fig. 16(b)}. DLater, the effect of wvariations of these paramecters

[

on system behaviour will Bg discussed. In the experiﬁentf; the critical
flow velocity is associated with the n = 2 mode, as shown in Fig. 20 (the -
same case as in Fig. 18), but then at highef flow there is_a'ﬁransition to

. : ]
the n = 3 mode. In this case, the theory predicts that the shell should

buckle first in its third circumferential mode (Fig. 20). The results are

"

summarized in Table 7.3.

(

~1. Circumferential mode Critical flow velocity, Ucﬁn/s)
n . .
Experiment Theory
~
2 45,3 + 9% 58.0 .
3 | 48.6 £ 9% ¢ 55,5

- Table 7.3. Criticpl flow velocities of the "basic”

system, L/a1 - 6, g/a; = 0.25 and P, =~ Py
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1) )

The experimental results presented above are based on tests conducted
with féhr neminally- identical shells; the differences in the critical flow

velocities (quoted in percent of thé mean Uc) could be attributed to the

imperfections and, nonuniformity of the moulded shells and the associated

apparatus, . : : ~

-

It is important\qgkiiiterate that the coupled-mode flutter predicted Jy

—— ’

+

thgo:y was not ohserved in any of the exp riments.  Thus the behaviour of
the system beyond the first loss ;? stabjTity by divergence - i.é.‘the post-
buckling behaviour - can76€ be successfully' predicted by linear thedry.
This is usually the case > The same obsefvations were made in the}gase of
beam-1like motions of a pipe supported at both ends and conveying fluid:

linear theory predicts the occurrence of post-buckling voupled-mode flutter,

L
. .

which is not found experimentally. Nonlinear theory [1l]) shows that, in
fact, coupled-mode"flgtter should ~;;;l\paterialize, in agreement ﬁith
# experimental observationST\:x J
.;} On thé other hand, unlike the Eroblem of the flow-conveying pipe, the
system here under consideration is not entirelynconservative; as it is sub-
jected to unsteady~viscous forces, In this refpect; this problem is similar
to that of a beam in axisymmetrically ’é;nfined flow, already studied
[51,57]} which does develop post-buckling coupled-mode flutter [57], in
the manner gradicted by theory. The most likely reggon for the difference
between the beam system;of Refs. [31,57) and the present one is that the
maximum amplitude of the buckled system is sméll in the former case and
extremely large in the present case., This obviously affectsthost-buckling
behaviour in the experiments and reduces thé chances of good agreement with

linear theory, which, it is recalled, considers stabilitcy iIn terms of small

perturbations about the original, undeformed equilibrium position [48].
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The effect of the gap.size, pressurization of ths shell and changing

the length-to-radius ratio are discussed.next.

7.1.3(a) Effect.of Gap Size e

Three different gap-size/radius ratios were considered: g/ai - 0.1,
W
0.25 and 0.5, Table 7.4 shows the effect of changing the gap size on the

critical flow wvelocity for a systeﬁ'with L/a1 - & and PA - PB' :

\.\
N i ) Critical flow velocity, U \(HI/S)
Gap-size/radius ' n_ ¢
g/a;
Experiment Theory
- 0.10 . 29.7 - 32.0
0.25 45.3  58.0
. 0.50 " 592 ' 79.3 -
Table 7.4  The effect of annular gap width on
the stabiligy of the system (n = 2).
There are two reasons for which the criéical flow -velocity is decreased
- A -.'
as g/ai is reduced:_ : . '

(1) a higher virtual mass ls associated with a smaller g;ﬁ:.hﬁhich means a
pr;pértionally larger "compresslve"-type fluid force acts on the shcll}L
reducing the nétﬁral frequency at zero flow;

(1) a higher pressureié required to dfive‘the flow in the narrow gep; this

. . a .
makes the inward-directed differential pressure across the shell larger,

which tends to destabilize the system.
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7.1.3(b) Effect of Pressurization

In order to examine the effect of pressurization on the stability of the
system, two cases were considered: (i) the Iinner shell open to the atmos-
phere, as in Fig. 16(a); (ii) the stagnant inner flpid within the shell

connected to the fluidij1the annulus at x = L, as in Fig;bl6(b). }t is seen

in Table 7.5 that, in the latter case, whera the inner shell is pressurized

§

to the same extent as the downstream end of the annular region, the system
loses stability at a higher flow velocity than when the downstﬂg;& end is
opan to the atmosphere. These results show that internal pressurization

.
tends to stabllize the system,

Pressure (Pa) Critcical flow velocity, Uc (m/s}
Inner shell Annular | Experiment Theory
P, = 0 PB - 164.3 . 29.6 41.4
PA - 391.4 . PB - 391.4 45.3 - 58.0

Table 7.5. The effect of pressurization on stability
for the system with g/ai-O.ZS, L/ai-ﬁ, (n=2)

Theory and experiment are In good qualitative agreement; from Table
7.5, the ratio between the critical flow velocities in the two cases, 'is

1.41 for the theory and 1.53 for the experiment.

7.1.3(c) Effect of Changing Length-to-Radius Ratio, L/ai

The critical flow velocity and corresponding circumferential modes for
various length-to-radius ratios -dre shézg—;;‘Fig. 21. The critical flow
velocity decreases as the shell length increases: the shorger the shell, the

larger is the circumferential mcde number associated with buckling.

4
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The:gisagreement between the theoretical and experimental results for

L/ai - 6 and 6.5 has been discussed earlier and may be attributed to tho
tengzbn inadvertently applied on the shell In the experiments. .
* It has already been mentioned in the discussion of the dynamical

behaviour of the "standard" system, that in some cases the shell losos

stability in the n - 2 'mode, but, if the flow is further increased, there is

™a transition to the n = 3 mode. In these experiments, thils was only

observed for shelis with L/ai z 6.

In all experiments présented-in this paper, L/a1 was sufficiéﬁtly small
for the system to lose stability in one of its sheill modes (n = 2). For
sufficiently large y/ai, however, the system would £zia stability inthe n=-1
mode, deforming laterally as a beam, similar;y to the case ;f internal flow
in the shell [20]. It has been shown thét, for large enough I;/a1 and for

n =1, the dynémics of the shell subjected to internal flow may be analyzed

adequately by beam rath5¢ than shell theory [9]; the same should apply to

"~ shells in annular flow. Furthermore, the dynamics of cylindrical beams

subjected to annular flow have already been studied, see for oxample
. . ,

Refs. [31,57]. Hence the general character of stability of the system

in the n = 1 modes is well known and will not be elaborated upon here,

7.2 CLAMPED-FREE SYSTEM

\\

Experiments on annularlflow for a clamped-free shell‘have never been
done heretofore. However, it 1is of interest that a case of flutter of a
coaxial conical shell Subjécted to both internal and annular flow has been
reported and has been attributed to the annular flow, and model experiments

——m

were conducted confirming that this was the case [58]. \

\ |
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Despite the fact that all of the theoretical development in the annular
7

.._flowuggse has been for cylindrical shells clamped at both ends (48], it was

nevertheless considered desirable to undertake some experiments for the
dynamics of clamped-free shells in annular flow. ) u

7.2.1 " General Behaviour of the System

~In contrast to the clamped-clamped case, the system (being non-
conservative) loses stability. by flutter. The circumferential mode

associated with the instabllity depends on the length/radius ratio and on

~

the gap size,

The reduction In frequency, up to a point, and 1its subsequent
increaig as the flow veloeity is raised is associatéd with the effective
compn?ifigg loaﬁ due to the flowlng fluid, MfUZ(azw/axz), which does wﬁrk

-

since the system 1s nonconversative, - The loss of stability by flutter

. Involves interaction of thils force with the Coriolis force MfU(azw/axat).

as discussed in Ref. [2]; the éystem loses stabiiity at point F of Fig.

I

22, by negative-damping, single-degree-of-freedom flutter. The amplitude

of wvibration before flutter ranged between 0 and 0.08 mm for flow

. : — _
vel®tities in the annulus in the range 0 to 51.1 m/s . The flutter

instability was associated with very large vibrations, so the inner sides

of the shell were actually touching, and the outer sides of the shell

touched the inner cylinder wall.

Thus, in 1its essentials, the behaviour of clamped-free shell

hY

subjected to annular flow iIs similar to the internal flow case [2,20].

¢

7.2.2 Effect of Gap Size
*  Three different gap-size/radius ratios were considered: g/ai - 0.1,
0.25 and-O.S._ Table 7.6 shows the effect of gap-size on the critical flow

velocity and the circumferential mode associated with it. o

-
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Gap Size Critical flow velocity, Circumferential
Uc(m/s) mode -
- #
0.1 3T
0.25 46.8 Y
6.5 55.3 3
& = -
/
Table 7.6. Effect of gap-size on the critical flow veloQ}ty
the clrcumferential mode assoclated with it L/ai - 6
3
A higher circumferential mode number is associated with smaller gap.
Moreover, the critical flow velocity decreases as the gap size decreases.
This behaviour 1s similar. to that of the clamped-clamped case,
~ 7.2.3 Effect of L/ai
~ The effect of L/a, the critical flow velocity and the circumferential
mode assocliated with it are preseg{ed in Table 7.7.
Critical flow velocity, Circumferential
L/ai Uc(m/s) m?de
6 _37.\‘
6.5 © 35.5
7 . - 31.1 3
Table 7.7. Effect of length-to-radius ratle L/aj on 4/
stability and the circumferential mode
associated with buckling (g/ni - D).
The ecritical flow velocity decreases as the shell length Increases;
However the shorter the shell, the larger i{s the circumferential mode number
{:Za associated with flutter, again similarly to the case of internal flow [20].

g
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CHAPTER VIII o oo
- . L
CONCLUSION - _ .
This Thesis presents.a theoretical and experimental ipvestigatioﬁ on
the/ dynamical behaviour and the sta::IDty of cyliﬁdriéal shell coaxially
located in a cylindrical pipe and subjected to axial flow. In the
theoretical analysis, the flow could be inte}nal or annular, while for the
’ . M »

experimental study only annular flow has been considered. J\\
‘ N

8.1 THEORETICAL STUDY

The aim of g;;/ggeoretical study is to investigate the effects of

unsteady viscouk forces on the stability of the system as compared to the

- -
effects of Inviscid forces. However, the effects of: steady viscous forces

derivéd in Ref. [& are also studied. The derivation of inviscid fluid-

1
‘o

dynamic forces 1is based on potential flow theory, while the wunsteady
viscous forces are derived using Navier-Stokes equations (see Chapter II}.
Two methods of solution have been used in formulating-the problem:

(i) the Fouriér Transform method given.in Chapter I11I1;
]

(i1) the travelling wave solution given in Chapter IV,
- In the first method, the shell could be clamped or pinned at both

ends; while in the second method only a pinned-pinned shell could be

~

considered.

The unsteady viscous forces are frequency-dependent; hence, an
iteration method is needed to evaluate the frequehcies of .the system. " For
iy :

~Na

the Fourier Transform method, the stability of the sysfem subjected to
y

intérnal flow 1is investigated within acceptable computational ' costs;

howaver, for the annular flow .case, these costs are extremely high,

. ) .
rendering this method inconvenient to be used. For this reason,
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travelling wave soluﬁion“has been devel;ped, with the aid of which all
calculations for ‘annular /figY can be doﬁe:‘within reasonable costs.,

8.1.1 Effects of Unsteady Inviscid Forces and Steady Viscous Forces

, 8.1.1{(a) Fourler Transform method
Wh;n the system ié\fub;ected to inviscid forces only, it 15 seen thng a
shell pinned at both en;s and subjected to Internal or annular flow ioses
stability first by buckling, followed by coupled-mode flutter. The critigal

flow velocities associated with annular flow_ére much lower than those for -

-
-

internal flow.

It is important tq\?entioﬂqhere that the post-buckling—fnstabilities
predicted by linear theory was never observed experimentally; hence, we can
rely on linear tﬁeory‘only for predicting the first type of 1nstabiliéy
i.e., buckling. | -

e

Thg effects of steadvaiscous forces are to stabilize thé system for
the internal flow case and‘déstabilize it for the annular flow case. This
could be explained by the effects of pressurization of.the system. In the
annular flow case, the pressure required to drive the fluld in the annulus
is higher than the pressure 'in the inner shell. The net pressure differ-
ence acts radially inwa;d, jtending to collapse the ‘szstém.‘ The case
of internal flow is .exactly the opposite. The net pressure diffevence 1s
now acting radially outward, which rebults in increasing the stiffness of

the shell; hence delaying the buckling instability. \

8.1.1(b) Travelling wave solution

The travelling wave solution has been developed mainly to investigate

the effect of unsteady viscous forces in anqgigr flow; nevertheless, the

case of internal flow is also considered.
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In this method, the motion is composed of/Zne forwajrd-‘t'favelling wave

of frequency w' and a backxq,ard-traveliing wave with frequency & . The wave-
~ e -

length used in the calc;‘ulation is ;aésumed to be the same as thdt of a

‘pinned-pinned beam, For.'-iahe case of internal flow with unsteady inviscid

.\ .
forces, the frequencies of both waves decrease as the flow velocity

¥

increases; however, at sufficiently high flo city w vanishes. When

TN,

3

the flow veloclity increases further, o comes negative, indicating the

presence of a new forward-t_ravelliné wave.\_ At a s}ightly}higher leow
‘veloci‘ty, real parts of both frequencies w' and becomé édual indicating
the threshold of a flutter-type Iinstability. It was _fouﬁd that the flow
velocity at which Re(m+) vanishés corresponds closely to the buckling
velocity for the pinned’-p_inned sh‘ell in the- analysis using the .Fourier
Transform method. This. finding is not regarded as a coincidence; it is',

rather based on physic\&l grounds as the centrifugal forces are the same in

<
both methods of solution, t:'hose“\"being the forces which cause buckling in
- . :
such gyroscoplc comservative systems. Hence, in all analysis using the

trﬁvelling wave solution, the velocity at buckling-is ken ro be the
velocity at which Re(w+) vanishes. .

4 - —
In all cases considered, the qualitative agreement between. the two

met_hods of solution is excellent; however, the critical flow velocities

for bu;:-] ling using the tr;}klling wave solution are slightly lower than
AR - .

1/' '\‘t\hosé from the Fourier Transform method.
/ :
E 8._).2 Effects of Unsteady Viscous Forces and Steady Viscous Forces
/ ' In the unsteady viscous f:hgory, two approximations have been used to
-

represent the effects of- steady flow U(r) on the moving boundary:
@ ' (L) an averaged velocity is -pres.umed to be acting at the wall;
(i1) the boundary condition is applied at a distance § from the wall.

. v

-

i
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These approximations have been introduced as .a result of .the unsatis-

L]

factory application of the ne-slip ‘condition at the moving wall. For the

‘no-slip condition, the mean flow velocity at Ehe,wall.is zero. Mathemati-’

cally, this causes a problem in obtaining the centrifugal forces which are

flow-velocity-square dependent, In the absence of these forces, the
* ' ’ !

problem is not well defined physically, since the centrifugal forces are

those which cause buckling. e B

8.1.2(a) Travefiing wave solution

For the internal flow case, the bhuckling velocities using the two

-

" approximations have been compared.'ﬂIt was found that the buckling velocity

associated with the second approximation using a nondimensional distance

< (5 - 0.0Z) is 13% Higher than that from the average veloclty approximation.

—_ ] : : -~ -
This value of § corresponds closely to the value measured experimentally

for the non-dimensional shell deformation in the radial direction (

W
)i

, . “m 81

hence, the prediction of the buckling velocity by the averaged velocity

. <
approximation is ﬁatisfactory and has been used In the wviscous theory

[

analysis..
The effects of unsteady viscous forces are investigated for internal
and.annular flow. The results are compared to the corresponding ?nes'frOm
inviscid theory. It is found that for internal flow and annular flow with
1/10-gap system, the effgcts of viscosity oﬁ the stébiliéy of the system
are insignific;ﬁt; however, fOF a smaller gap (g/ai - 1/100), these effects
are more pronounced, rendering-tﬁe'system more stabié. |
When both steady and unsteady viscous forces are applied, the results
are qu}te differéqp from the previous;case. For the annular flow case, the

loss of stability depends only on the steady viscous forces. The unsteady

F:
forces affect the frequency of the system before it becomes unstable.

LN .

L LA
.



-r

. 102

8.1.2(b) %ourie; Transfotm method

Only the case of internal floe is eonsidered. For a shell clamped or
pinned at both ends and subjected to unsteady viscous forces, the fre-
quencies and the buckling veltcities of the system are the same as in the
case of inviscid theory. These results support what has been presented
using the travelling wave soluq&on.

8.2 EXPERIMEﬁTAL STUDY

In the experiments, the shell could be clamped at both ends or clamped
at one end and free at the other. The effect of length to radius (L/ai) and

gap-size to radius ratio (g/ai) have been investigateQ. In the clamped-

| clamped case, the effect of pressurizing the inner shellxhas been studied.

+

8§,2.1 Clamped-Clamped shell

'ﬁin all cases consldered, the shell loses stability by buckling in its
s;cond or third circumferential mode. This is the onlepype of instability
observed in the experiment (Post-buckling flutter instability predicted by ‘
linear theory was never observed ekperimentally.). This observation is.

significant as it demonstrates the invalidity of linear theory in predicting

the post-buckling@nstabilities. .

The system becomes less stable as L/ai increases; however, the cir-
cumferential mode associated with bd%kling Increases as i/ai decreases,

The critical flow velocity for buckling decreases as the gaelsize
(g/a ) is reduced, this is so0 because of the incregse in the virtual mass
which is associated with a smaller gap. The effect of pressurization of

the irmer shell {s to stabilize the system.

’ <
The experimental results are compared with thé theoretical omes in

F { .
Ref. [48]. It is found that they are in a good qualitative agreement.
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. i - Quantitatively, the percentage difference varies for each gap-system. For.
g/éi - 0.1, the difference is 10%; howevér, for the largest gap-systaﬁ

g/ai = (0.5, the difference méy reach 30%.

- 8§.2.2 Clamped-Free Shell

For a clamped-free shell, the system loses stability by flutter (being

i
a noun-conservative system). '

The effect of L)ai and g/ai are similar to thesflamped-clumped case,
The system becomes less stable as L/ai 1s increased or g/ui dacreased;
“however, the eircumferential mode associated with flutter increases as L/ui

The case of clamped-free system subjected to annular flow has never

or g/ai is decreased.

been Jstudied theoretically; hence, the experimental results cannot be

compared with their theoretical counterparts,

»

. 8.3 SUGGESTIONS FOR FUTURE WORK

In the theoretical anal&sis, we have faced a majJor problem in handling
—_ L

the boundary conditioms™\for viscous theory. By applying the no-slip con-

dition directly, we have failled to obtain the centrifugal forces. There-

fore, we have introduce& two approximations at the boundary to incofporuté

the effects of centrifugal forces. This problem of boundary condition in
N structures subjected to viscous flo& is an. important one in the flow-
induced vibrations field and needs to be investigated further.

' It.wpuld be interesting to simplify the annular flow case while using
the Fourier Transform method, so as to be able to perform the calculations
within reasonable computatigﬁalfcosts.

As for the experimental work,'we have only studied the annular flow

case. One may suggest investigating the combined effectsyof internal and
3

annular flow. ho
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‘_ Fiﬁally.ﬂthe case of clamped-free shell subjected to annular -flow has
been investigated experimentally; héwever, this case was never st;died
theoretically. It is important tgen to modify the present theory (for
clamped-clamped or pinned-pinned shells) so as to be ablé to consider the

case of a clamped-free shell.

> N
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Figure 1. Diagram of the system.
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APPENDIX A

DERIVATION OF THE STEADY FORCES
y

\

In the derivation of the equations of motion, the- shell is assumed to
-be pre-stressed by the following loads:
(1) a constant akial force per unit area
— - , N ‘1
B Bg (a.1)

(11) an axlally symmetric normal pressure ' W

"15;_;- - (Cfx+ Df] ) | B (A.2)

The assoclated axial and hoop stress resultants are

S~

=l 1
Nx - Bf(2 L-x) - v, ai (2 I,Cf+ Df) . (A.3)
N, = - ay (cex+D. ) . B (A
- - 7 o
The effect of the above forces and stresses appear in the equations of
. e
motion as q, q, and dq: where Pt
‘ —-(l-vz)/Eh]E (a.5)
ql L 8 x ] . ’f‘:_' .
’ - 2 _
a, = [a,0-v2) /m]E, (A.6)
. 2 _
9y = | a1 -v )/ Eh] P_ . (A.7)

t

The heriug&ion.@f these loads was done in Ref. [48]). 1In this Appendix, the
expressions for 91+ 9y and‘q3 are simply given without going through the
complete derivation. However, a description of how one can arrive at the

final expressions is attempted.
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A.1 STATIC FLUID pPRESSURE AND THE SURFACE -FRICTIONAL FORCES

*The flow -s assumed to be fully'deV&loped turbulent, incomprossible
and viscous.' The fluid préssure.and the surféce frictional forces, inside
a circular cylinder and in the annulus between two coaxial cylindars,‘are
derived by assuming the cylin@grg to be rigid.

The schematic of the sysﬁem 1s sho@n’in Fig. 1. The flow velocity
components Iin the cylindrical coordinates x,f,r are U + U Uy, and u
respectivelyTi U is the mean velocity Iin the axial direction while Uy g,
u_ .are the fluctuating velocity components of the turbulent flow., For a

flow wvelocity U and static’ pressure P, tha\‘time-mean Naviaer-Stokes

equations are [52]

LT A 2)
) ~

%g—i--%%[rurz]+%(u92), , (A.9)

0= é% ( u. u, ] +‘% { UL u, ] ; (A.10)

After going through some mathematical manipulations, the following relation-

ships were obtained, for Iinternal and for annular flow.

\

(1} 1Internal Flow

~7 =2
-2 P12 -2 jr Y91 " Yet
Pi_(x,r) - a Urix TPy U + Py . — dr + Pi(O,ai)
! (A.11)
where U the so-called stress velocity, is given by
du
T 1/2
Pri - [ Vs dr ] o . {A.12a)
r=a
t The analysis applies to both internal and annular regions.

13
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7 1/2
- [ i ] , (A.12b)
Py
[ /
/ . .
- [l £ U2] 7z . (A.12¢)
. 8 "1 1
where

a4 is the radius of the inner)cylinder.
Ui is the mean gxial velocity of the internal flow

Tl is the fluid frictional force per unit area of the interior sur-

face of the shell

fi friction‘kactor

Pi(x,r) is the internal time—mean;pressure

Pi(O,ai) ls the internal flyid pressure at the position x=-0, r-a;
Py and v; are the fluid density and kinematic viscosity, ;espectively;
(_) represents the time-mean of ()

i is a subscript to denote the internal flow

(11) Annular Flow

( —_— ——

2 2
‘ 280 2 2 T Yo" Yro h
Po(x,r)-<-[ 2 2 ]poUroo x -pouro-ﬁpo J r dr4-Po(0'ai) ’
. (ao - r ) a;
(A.13)
where b
du
Yo 1/2 .
UTOO [ -UO dr ] ) (A. l&a)
. Tr=a
(]
172
.
- w°°] : (A.14b)
\ po
! . 2 2 '
a - r 1/2 :
- .;_ [—-———a°(a o ) ] £ UO-?‘] : (A.14c)
L oo i .
du .
- o 1/2-
UTQi [ 'UO. dr - ] ’ (A.lSa)
r-ai_
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T 1/2 ‘
q _ [ wol ] S \F\(A.ISb)
p )
o -
2 2 ‘ :
a r - a /2
- -2 [ L i ] v (A.15¢c)
a; 2 2 700 .
a - r
. ) m
where
U, he mean axial velocity in the annulus
Po(x.r) is the annular time-mean pressure L\
A Y

PO(O,ai) is the annular fluid pressure at the position x~0, r=a

u is the stress velocity at the
00
cylinder
u is the stress velocity at the
roi .
cylinder
S
f0 " 1s the friction factor in the
T : is the fluild frictional force
wol
- surface of the inner cylinder
7 . is the fluid frictional force
woo

surface of the outer cylinder

N
i

inner surface of the outer
outaer surface of the inner

annulus

per unit area of the outer

per unlt area of the inner

P and v, are the fluid density and kinematic viscosity, respectively

r is the radius at which the mean velocity U is maximum
a is the inner radius of the outer‘cylinder
o is a subscript to denote the annular fluid

In order to find

First, . cannot be determined analyti

Uri’ Ufoi

and U , one must evaluate £,, £ and r
. TOO i o

cally.

i

Based on some experimental

data [50,51}, it is found that for the cﬁges conslidered, o could be approx-

-

—.:__3—,/)

2 2
a - a 1/2
2 1n (ao/ai)

 imated by its counterpart in the case of laminar flow.

- (A.16)
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The friction factor f is a function of the Reynolds number Re, and the
relative roughness of the pipe k/d, ﬁhere k is the average hgight of the
surface pfo;rusions and d is the pipe diameter. The friction factor may be
found graphically from a Moody diagram which is a plot of f versus Re for
different k/d. Alternatively, it may be determined with a number of

empirical formulas. A common practice is to -use the Colebrook equation

(52], which is

1

d , 2.51 '
— , =-2 log [ + =2 } . . (A.17)
N 10 | 3.7 7 o (g2

K

-

‘To avold solving the implicit Colebrook equation, it may be modified as

follows [52) -
1 k/d 2.5 .
L2 leg l-L+—— ] , (8.18).
(512 210 \33.7 Re(fa)l/z |

where fa is given by the following equation derived by Moody and matches

equation (A.17) withjn & 5%:

] a6 4 1/3
fa-o.0055{1+[2o,0?o(§]+ﬂ-— }

Re (A.19)

~

Equations ,(A.18) and (A.19) are applicable for both internal and annular
flow. For internal flow, the friction factor fi is found by setting d equal

to the diameter of the Inner cylinder di and «Re to Rei, where

Rey = —o— (A.20)

for the annular flow, in place of the diameter of the pipe, the hydraulic

diameter, Dh’ i{s used along with the Reynolds number Reo, which is defined

az
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' UoDh
Reo STy ! (a.21)
o
. where )
Dh - 2(a° - ai) . {A.22)

A.2 BASIC LQOADS

P
The radial basic load on the shéll is
Pr - Pi(xlai) = Po(x.ai) . . . (A.23)
Taking equations (A.1l) and (A.13) evaluated at r = a, Fr may be expressed
as
2 :
P - 'zpiU’i+[ (25 ] -y 2 +P,(0,a.) - P (0,a,)
r a; a;L\r1ﬁf o 700, }x (878 o' ' } !
- : - . . (A.24)
where the fact that v, must vanish at the wall has been utilized,
The axial basic load is .
ﬁx “Tui T Thot ) (4.2
hence _ 2 2 _ .
Px - piUri + poUroi ) : (A.2§)
Comparing (A.1) and (A.2) with (A.24) and (A.26) one may find that
, 2 "2 b
;f - piUri + pOUrwi ! : f , (A.27)
2p 2a
i 2 o 2
C.=——1 - —— , {A.28)
£ ay ri a2 . r2 o] F?o
o m
Df - Po(O,a)- Pi(O,a) , {A.29)
where
2a, 2
PO(O,a) - 7 P Uroo L+ Patm {A.30)
a“ -r .
o m
2Py 2
Pi(o,a) - ? U‘ri.L + Patm ) (A.31)
Having defined the constants Bf,'Cf and,Df, the basic forces 91+ 99 and 9,

are then evaluated.
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APPENDIX B

MATHEMATICAL MANTPULATION OF EQUATION (2.33)

In this Appendix the proof is given of the mathematical manipulation of

-equation (2.33) to give equation (2.35). It is recalled that the former is

b L (Fx3) -uv (Fx3) . (8.1)
a _ - . .
Now, e [ Xy ] could be written as
3 . .
x % ° (8.2)

|

) - GX ( ELK ] one may write

v (Tx¥ )=7 [T (TxF

—

) -Fx (Fx(Fx39) . - o

'Using the fact that, the divergence of a curl of a vector is equal to zero,

equation (B.3) reduces to

ve (xp ) --Ix(¥x(Txp)) ; (B.4)
similarly, B

Fx (% 3).-7 (7-3) -5, . (B.5)
and herce

Tx (Tx(7x3)) =% (7 (7-5) ) -x(+*F) . (B.6)

The Curl of gradient of V- ¥ vanishes; then, equation (B.6) reduces to

Ix (Fx (Fx%)) - -Fx(v¥3%). - (3.

Substituting for V><( §><¢ ] into equation (B.4), leads to
T —
V2(§x_] - VX (V E) \“\g | B.8
R - :
Using equations (B.2) and'}B4 ), one can-rewrite equation (Bfl) in the form
of equation (2.35). .

|
{

T x [p -g% - u \725‘"]\- o. ‘ (B9

‘J / | n’
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APPENDIX G {

INTEGRALS INVOLVING CHARACTERISTIC BEAM FUNCTION

—

The constants akm' bkm’ dkm’ ekm‘ fkm' gkm' hkm and jkm reauired in

the analysis in Chapter III can be written in nondimensional formr ysing

the variable ¢ - x , as follows:
5. - foek(_c) 2.(5) & -

1 d@ do

m
akm I d{ d§ d¢
3
Pkm " f a _—'dg
J. d2¢
2, —dg
k gc2
de d3¢ - ‘ '
®km ~ .[ TN dcs d¢ | (C.1)
S
A
do, de
m
Biem = J.f & a X
jf ¢

1 a%s
hkm = j ¢ ék ;ldg
0 dc
. 1
ka'fof"k"’mdf

,ghere ¢k and ¢m are chéracteristic'e;genfunctions of a beam.
A .
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C.1 CLAMPED-CLAMPED BEAM

In this case, the mth eigenfunction is defined as

Om(g) =~ cosh (émg Y - cos.(Amf ) - o [ sinh (Amc )y - s?n (Amg‘)”] ' g

‘ (C.2)
where Am and o, are the elgenvalue and the characteristic constant,

respectively. @k(f) is represeﬁigd by equation (C.2) with a subscript k
Instead of m.
The values for the integralis for a clamped-clamped beam as given in

Ref. [48] are listed below:

Y Ekm - Skm =1 for m~ Lk ,
) -0 for mwk , .
9
2,2 :
4 AT A
k "m k+m
akm - Aa_- Aa [ (-1)_ + 1 ] [ A o - Ak % ] for k w m ,
k m
B = Mo (2 -2 0. ), : (c.3)
bkm -0 for k w m ,
4 . . .
o P T A | (C.4)
dkm = -apn (C.5)
4 4. .3 .3
-4(3 Am4-Ak) Ak Am o am le+m )
Cm A %2 {-1) -1 for.k oo,
(lm - Ak)
“'\'_'. -l\i
ey " 7 - (G:6)
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2.2
4 A7 A
"k “m k+m
fkm - % &4 [.(-1) -1 ] for k m m ,
Ak— A
m
£ = 0 ¢ (C.7)
(-1 4 "12< 22 204 + 2%
m m k
Bym A % ( Akak - o ) - Z ’” fkm for Kk » m ,
, (Am - Ak) '\l:n - Ak
A, O
k' k , .
B = —3 (N -2 ). (C.8)
D4 a2 32 o ao) 3 %Y
k "m mm k' k m k
-~ + f for k. w m ,
hkm 4 4 4 lem
A A=A
m m k
AT
k' k : :
g = =5 (2 - 2o ) (€.9)
jkm - 16 Ai Ai % 9o [ (_1)k+m -1 ] for k w m ,
jkk-% ; - ‘ (C.10)

for a clamped-clamped beam, % is defined as

cosh A_ - cos A sinh A +3sin A
o = m m m m
B sinh A - sin )\ cosh X -cos A
m m m m

b

and the eigenvalues Am are the roots of the transcendental equation,

cosh A cos A - 1=20
m m

Ll
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C.2 PINNED-PINNED BEAM

P

tbm(;') =sinnn{ .

The values for the integrals are listed below

5. =0 forkwmum,

km

- 1

Sy =2 ¢

an - 0 for k wm ,
- k2w2

81k 2

d, =0 for k= m ,

mk
e = 7 Puxe
o _1-k m3ﬂ3 (kzi-mz) [ (_1)k+m 21 ]
kn PN
-’ ﬂaka
®xk 4

The mth eigenfunction for a pinned-pinned beam is given by

for k-# m ,

144

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)



for k' » m ,

[ (_1)k+m‘_ 1 ] for.# “m,

[ ﬂ-lzk+m -1 ] for k » m ,
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{(C.17)
(c’18)

(C.19)

[ll"'

ﬁ - \
(c.20) .
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APPENDIX D

DETERMINATION OP THE PRESSURE PERTURBATIONS

The pressure perturbation equations are given in Chapter Il by
equations (2.40)-(2.42); upon integrating equation (2.42) with respect to r,

wa obtain

b T )
2 2 2

as J 8¢

[ at | t) Uggar &

T

. B \F2
8 (1L = _ 78 .
p '+I Uax ( r a8 ax] d{} P ’
1 5
(D.1)

r

1 1

D.1 FOURIER TRANSFORM SOLUTION

The expressions for ¢r, ¢9, wx' ¢, p' are given In equations (3.5)-(3.8)
and (3.48), respectively, Upon substituting for ¢r’ ¢8' ¢x, $, pl into

equations (2.40),(2.41) and (D.l), we obtain
&

Al

- . ”~
= 2 5 ap e
— P 3¢ 2 (2,78 n=
o[ (B evitiu g (2.5 05
—_— a‘b‘ o}
d¢ . n _._5]99 __ 9
*+ [ dr + r ¢x dx ) dr ax ' (D.2)
z ay ¢
< a 3 - —
plwd evBozod (32355 0.5
r2 ) 2 r2 a&} r2
3 a4 2 (13 __f?.] _L o )
4 [iw¢| +.[ Usxer dr+.[ U ax [r‘bx' ax TP '
r, y T,
(D.4&)

substituting for Er’ E&’ ;x, E and 5' as defined by (3.9) into equations
(D.2)-(D.4) and taking the Fourier transform of the resulting equations we

get
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. 2y
* * [ (otl) » _ 'r)
p [imqﬁ iaUgd™+U \ - "br T
i/38" . n  « * | dU *! '
Talar tr wx T ia wr } ar ~ ! (0.3
P *
<k + I { . x \ *
p[lwgﬁ - ialUg¢ - o U(-ia)\-'iax,br-ar.f]--p , (D.6)
r r ' r r
2 2 * 2 2
* - Qﬁ . J [E 3 - *] - !
p[iqu icxf Uardr+(icx) 4] rl’bx- :Lai,br dr=-p
ry Xy ry Ty
(D.7)
D.1.1  Innmer flow
The solution for the immer flow is expressed by putting a subscript i
to equations (D.3)-(D-7).
The flow velocity Ui(r) is given by the power law [59]
I y1/3
v y=u _ (1- s ], | (D.8)
where s. is a constant which depends on the Reynolds number Rey: where
U . d,
Re, = —BL I : : (D.9)
i vy
a, and di are the radius and the diameter of the shell, respectively.
Different values for s are given in Ref. [59] for variable Re.
. Umi is the average velocity which is defined by
iy {r)rdr
(D.10)

i
Umi-?'.[ 2
0 1

*

The solutions for ¢i*, wr;' and ¢x;’ are gliven in Chapter III by equatlons

(3.28)-(3.30).

Using the following non-dimensional terms
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Using the [following nori-dimensional terms

: wa U
= _x e T = _ Y%
r = &_ y fb = g+ *- al , Ui EETEE
i
where U {g given by equation (3.36), and substituting q!»i . ¢ and ;bxf
into equations (D.5)-(D.7), we obtain
T 1a I (ac,) - LI (ae;) dU, | _ "
L —_— L ——
2 ey @ Uy I (azy) + P = [ C|= - Py
i dr i
‘ ‘ du
in] = i =
- + { [:— I (Biey) — } Cay .
.QCiJ n i1 dr 3i /‘__,/'\
' au N
Ty Byep) 90 -
+ £ = £ n+1(‘Bi£i) v
i . dr i _
51
" By L By By -
. . —
L“‘ (D.11)
—
[181 (agy) o _ ]
U -
Py ) Lol Tlaegdp €y
le, + B
~i-= r " A - *!
el { By In(ﬁi‘i)} €33 =Py
ici _ _ {
—+ o ¢ Ui - la In+1(ﬁici)f CSi N (D.12)
I 5 —
{ te1 e 70 _ M6 - | -
e, U - ia-j U, al (ar) drs C
1 e 0 o 1%m [ 14
a,-§& a,
+ { (-ia) ' Z1 (B r)dr} c *!
{ n'’y 31 Pi 1,
e
-2 3¢
S (-ia) = = -
+ { U. I (8 r)dr} C
L i "n+l
- n i 51 (D.13)
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Any one of equations (D.11), 75.12) or (D.13) may be used in evaluating

the pressure perturbaticns p;'.

-

p;i, pgi and pgi defined in equation (3.51) may now.be evaluated,

At r-ai-s, we obtain

* (i) from (D.11) ,

i0 1 (at,) : ©du
. P R §1 ,
139 [ . ia UEi In(aci) + : .In(aci) - ] . (D.l4a)
i i dr
‘ au
*! dn ;3 —61
Poy [_ I (Biey) —C ] , (D.14b)
ae dr
i -
1 du
- +1 = 51 +1 = - = o
PRy e By - [ L Byep) +By In+l(ﬂfci)] Upy »  (P-100)
1 dr 1 .
where USi is the velgg;ty Ui evaluated at r=aj-§,
(ii) from (D.12) ,
e 101 (ac) _ _ 1. .
Py ti - la USi In(aci) - ] (D.15a)
.z B
B £,
%" A5 (.3 13 -7
P T Ta Yt A In(ﬂi‘i)'}] '_ (D.15b)
1 oe,a
\ 1= - - -
P3; " n {-1a In+1(ﬂici)} Usy ] ; (D.15¢)
P L s
(1ii) the pressure p*' at r=0 In equation (D.13) being zerc because
L]
: * %! *! —_— .
In(O) 0, hence, P1i' Poy and Py at r=a, 5§ are given by
1’ ¢
i 4,
QR U s al =T, 1 d «D.16.
Py = Ip(ee) -ia a U, I (ar))drp, (D 16a)
i r-ai-S
p;i - { (-ia) Iﬁi % In('ﬁir)dr} , (D.16b)
. r-ai-S
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Foal it [T | D.16

Pag { (-1la) Ui In+1(ﬁir) dr} {D.léc)
. r-ai-E

the integrations in (D.16 ;>¢b and ¢) will be evaluated at the end of this

Appendix.

D.1.2 Annular flow
The solution for the annular flow is expressed by putting a subscript o
to equations (2.40)-(2.42). The flow velocity Uo(r) may be expressed by

-y

the law of the wall [51,52].

U y,U '
°© _2.44 1n (22 v 4.9, _ (0.17)
[§) v ‘
r0l o
" where U1_01 is the stress velocity and is defined by (A.l&a:b,c), v, is the

kinematic viscosity of the fluid in/the annulus, and

l

yp = r - a; .

Equation (D.17) is applicable only between % = a; and r = L ,” Where

r 1s the radius at which the mean velocity_Uo is maximum, . is given by
equation (A.16), |

" In this Thesis, we have assumed a simple form for Uo(r) as compared to
equation (D.17), which is.represented by‘

r-a l/so

i
i] . _ (D.18)

Uo(rz - Umaxo [ r -4

" The solutions for ¢:’, wr:', and ¢x:’ are given in Chapter III by equations

(3.52)-(3.54). Substituting for ¢*, ¥ *, and $ ¥ into equations (D.5)-

(D.7), the nondimensionalized equations become

S
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u
-PrPl

ppiu1

+

P+

_ Y

1
[
R

'
[N
RI

£

i

iz

[

4

Ti QI (ae

21

R

dr- o] €y

du

;)
n+l<ﬁo i" o g (n+l) K

dr o €

i)

ﬁo { ) Eo Ir‘l(Eoci)} 630

0, {-ta In+1‘§ﬁo‘:i)} C50

- ia UDIn(ar_i)} Clo+{ c
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—_ - i , — dUo -
Uo In(aci) +€—- In(aci) — Clo
i dr
o . /dU L .
Uo Kn(aci) +£1 K (aci) ;" } C20
dﬁ
in - &
{[ ] K (ﬁ ci) dr }C&o - P
€y .
(B c,) dU i |
101" o = [{nt+l) = = Lz =
-v Ini—l(‘go'E ) +ﬂo In+l(ﬁoci)}} CS
n+l(ﬁoci) +‘Bo Kn-kl(ﬁo‘::l.)}} CGo
(D.19)

iq Kn(aci)

) - la UoKn(aci)} 020

iz,
i

+

ic
i -_— — -— -_— —
n ¢ Uq.{ - la Kn+1(ﬁoci)} CGo = " Py

(D.20)
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— r 3 -
p_p UL { 18 I (1) -ia j B U, I_(ar) drf Elo
r “ ai+6 a +é
i
r
10 " il : [
— K _{ar) -1la U K (ar) drj C
€ n o 'n 20
“1 a,+6 a,+6
Tm
- - n -
+ { (-1a)_f u_ 2 In(ﬂir)dr} Sy,
ai+6 -
- rm - .
cia u & c
+{ (-12) j - Kn(ﬁir)dr} Cy
ai+6
2 'm
(-ia) j - -
+ { L Uo In+1(ﬁir)dr} CSo
a +é
i
4 r
.2 Inm m
i - . —_ *!
N {2 Y Kn+1(51r)d§; %60 . TP
a, +b - a,+§
i . ) i
R K\\m P o
- TN
' (D.21)

Now one can find p?io.

obtain the following.

(1) Frga/E;;ation (D.19):

o in In (aci)- .
P11o gy

w £iq Kn (Qci)_ .
leo €

*! *! * ! * ! oy
Plko' PaTo’ Pako’ P31o 879 Pag,- At r=a;+6, we

o USo In(aei) .

i

+-£-I'(ac
£ n

— — i -
a USo Kn(cxsi)-i-€ Kn(a:i)

du
601
D I [ (D.22a?l—
du
so! (D.22b)

dr I '
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L ——

du
*! j An = fo
P21 1 — In (ﬁoci) -
ae dr
i Nl
du
*! in fo
PaKo { = (o) ar
ac
i
e _ [ I Bty W
P310 £ dr
i
e Kaen Bot) Weo
P3ko € dr
i
where U__ is the velocity U
6o o]
(ii} From equation (D.20):

-

Plro
Plko
Pt
P2ko
Piro

*I
pSKo

{ iarl
- n
i

[

(;:

i)

Kn (;ci)

RI

Rl

R

U5o { ) Eo I;(Eocii} '

(n+1) -
{ e Ko (Boe) *

evaluated at rea, +§.

i

- la U60 In(aci)} '

- la UE0 Kn(aci)}

1

Uss {- 8, K;<Eo‘1)} '

Pl

-

ﬁ60 { - da n+1(ﬁ )}

U

T, { -

1G.Kn+1(ﬂoéi)} '
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{D.22c)

(D.22d)

. §n+1! = - = ! - - -
{ -y In+l(ﬁoci)"‘USOﬁoIn-Pl(ﬂoci)} U6o}'

(D.22¢)

Uy oK1 (Pocy)) an}'
(D.22f)
(D.23a)
(D.23b)
(D.23c)
(0.23d)

. {P.23e)

(D.23f)
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(11 Equation (D.21) gives the pressure difference between r and a- It
has been reported [60] that, for narrow annuli, the pressure difference is
almost zero. Hence tﬁe pressure perturbation is the same at any peint in
.the annulus, Therefore, the pressure perturbation p:' at r-ai+5 is eval-
uated from equation (D.21) as follows: the Integration is performed first,

L3

then the pressure perturbation p:' i1s only evaluated at r—ai+6; so that

! i Q ha — _— ]
Pl1o { o Leeg) - { 1 J a U In(ar)ér} } (D.24a)
. r-éi+6
ke = 1o K@ '{iaf T K (ar)ar) ! (D.24b)
P1ko e, n'%q @ Up Kplemddry  f .
i
*! = n |
Phr, = { 1@ [T 21 a0 dr} s (D. 24c)
T Eli
Piko " { (-ia) Iﬁo >R _(Br) dr} (D.24d)
) rfai+6
' — 2 —_
P30 ~ { (- fe) I Up Tna1(ByD) df} (D.24e)
: r ai+6
Y = (‘i;)z I U K (B,r) dr (D.24f)
P3Ko o n+l'fi S~ .
r ai .

D.2 TRAVELLING WAVE SOLUTION

The expressions for ¢, ¢x' ¢9, wr’ p' are given by (4.4)-(4.7) and
(4.18), respectively.
Upon substituting {3;’$: ?x, ¢8' ¢r' p' Into equations (2.40)-(2.&2),'

we obtain
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_ - _ o
p [ g -tkug+u{. By X
1/86 .03 _ ;3\ -,
*k { ar T ¢ by - 1k wr} dr] =P . (D.gS)
_ — 3y _
p[ iwg -1k U $ -ﬁtl(ik){ -1k B a: } - -9, (D.26)
— r2 - ::2 a_E ) ’ n - - f —1 rz
P [ iw ¢ | - ik I U'ar dr + (-1k) J U [ ~ ¢x - ik ¢rJ dr} --p ‘ .
1 ol 1 r)

(D.27)
following the same analysis as in the Fourier Transform method, we can

arrive at the expressions for the pressure perturbation terms.

D.2.1 Internal flow . v

-

The pressure perturbations Eii' Eéi and ;;i defined in equa&ion £4.37)
may now be evaluated as follows:

(1) from (D.25)

du
r.. 2 - 137 — T
SEa £y { (inIn(a) la Ui » (D.28a)
du
- in = 51 :
pZi - _ In(ﬁi) - ! ' . (D.28b)
ac dr
i ~
(8,) dU B
- n+1 i (n+ ) _i 1 - .= .
P3g = g df c; 1,80 o I, (BOU ;i (D.28c)

(ii) from (D?ZQ{ﬁ

— i . _ _ _
Pii T e { 101 (e) - 1o Ugy In(a>} : (D.29a)
-_— i — — . M

P00~ e [- a5 Gp ). (D.29b)



t . ¥

— { - - - i
¢ | Pai = mer (7 1@ 10 (BD) Uy (0.

i

(111) £rom (D.27)

;ii - %? In(E) - %f { I ﬁik I;(kr)]dr] , (D.
r-ai-s )
P = (2 [ 2rmmed @
- r=-a_ -§
1
— Sii!z =
Pyy = [ ( P I Uy In+1(ﬂ1r)dr] C e (0.
. r=a_ - §

i
The integrations for (D.30a,b and ¢) are given at the énd of this

Appendix,
D.2.2 Annular flow

(1} from the axial direction equation (D.26), we get

1 - v =
- ia In(a) {2 - _ In(a) dUSo
p - —_ - = U I (a) + , (D.
110 £y € §o n Ci ar :
_ (10K (a) - _ K(a) dU
leO = Cn = ici USO Kn(a) + : io ] [ (D-
. . i i i dr
r du 3 :
. -t i_n - 60 "
Pa1o 1 = In(ﬁo) ir ! (D.
ey
¢ du 3
= : in - o
) Poko SR B —— | (D.
. \acg dr .
i
-— - : In+l (ﬂo) dUlSO - p+_1 1 (E )— _ ﬁ_o Il (ﬂ ) (D
P31e &g dr €; n+l o’ §o i n+l "o’ §o
) - Kn+1 (ﬁo) dU50 . &t]_._ K (E )— . ﬂ_o KI (E )— (D
p3K0' €y dr €y n+l* o’ § i +1 "0’ §
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29c)

30a) -

30b)

30c)

3la2

3lb)

31le)

3lap

.31le)

.31f)
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‘ (i1) from the circumferential direction equation (D.26), we obtain
. = 1 &hfl N1 =2 = ' |
Pt = 2 (t¥r@-1ab,, 1@, (D.320)
- ]_ 0 - - - .
Plko Tt [tax@- 120, k@], (D.32b)
- B
ndl i ~afo 1, = -
P10 = n [ e LB, Ugo] ' (D.32¢)
-3 - -
= i -ato Ltm . =), )
P)ko ™ n ( ‘ci Kn(ﬁo) Uso] (D.32d)
G
‘ -
-~ 1ia [-ia1 3, ] ~ (D.320)
P310 ne, n+l*"o S5o0) ' o . .
= i ~ - = _
Piko = Tneg [ e Ko Ugo] . (D.32f) .
' (iii) finally from the radial direction equation (D.27), we obtain
i1 - L [101 (;)] - [i;fﬁkll(k.r) dr] (D.33a)
1lle e; n o . n ’
r-ai+5
Pl = = [imHZ)] - [iEIﬁk‘K'(kr) dr] ' (D.33b)
1Ko ey b n o] n ' . ’
r-ai+5
i ia = n = -
Prio ™ [ [—‘_1] on T 1,(B,0) dr] , (D,33¢)
r=a, +6
i
- ia - n — _
Poko ~ [ (- Ti) Ju, TRBD ﬂr] : (D.33d)
. e r—ai+6
N 1 (. iay2 (=
q Pize = L [ (- ‘i] on I 181D dr] : . (D.33e)
r=a +§
i
5 L (. i215 ).
*Page & L [ [- Ci] J-Uo Kn+l(‘aor) dr| . (D,331)
r-ai+6
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s

D\3 INTEGRATION
) The integrations in (D.16), (D.24), (D.30) and (D.33) may be performed
analytically as described below. ‘
The glow velocity‘Ui and UO are given by equations (D.8) and (D.18),

respectively, as follows:

s 7 x| 1/
Ui Umaxi [ 1 a; ] i
and
_ _ [ r - ai] l/so
U =1
o maxo r -a
m i

AN

The integrations may be performed analytically by rewriting the flow
velocity as a second order polynomial of r, as follows:

2

= = r T
Ui - Umaxi [ Ao + A1 a + A2 2] ! (D.34)
i ai
and
_ _ L r, -r 2
25 [(ava 2 s (B2 (.59
0 maxo o lr -~a 2 r -a
m i m i
where U is the velocity at r=0 and U is the velocity at r—-r .
maxl . maxo L. m

The following integrations are needed for evaluating the pressure pertur-

bations;

U, (r) - '
I? Ta(Byr) dr (D.36)

oy 1)
I Uik In(kr) dr ,

o o
Iuim I, (B dr ‘ (D.37)
_ {
Uo(r) -
21y e, (D.38)
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"Q\ . n !
\.,5,1' Iuok In(k‘r) dr , (D.39)
[Tk ko) ar | (D.40)
L]
Y
ﬁo(r) N
.[?. Kp(Br) dr (D.41)
—_ _\
[o,0 1, 8,0 ar, | (.42)
JUo(r) K 4y (Br) dr _ (D.43)
The above integrations may now be easily evaluated as in Ref.' (61].
&
\
\\_“
345!
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APPENDIX E

DETERMINATION OF THE GENERALIZED FLUID FORCES

In this Appendix the unsteady fluid forces are expressed in terms of
the shell displacements. For the time being, the analysis is equally
applicable for the two methods of solution given in Chapters III and IV:
the Fourler Transform and travelling wave solutionk.

In Chapéer I1, the boundary condition equarions are expressed in

matrix form as follows: _
(8] {c} -{r} . - (E.1)

where
[B] is a (9 x 9) matrix, -

{(3} is a (9 x 1) vector which represent the constants,

{ €310 €510 G100 Coqt G300 Cuor Csor ool " -

{I{} i1s a (9 x 1) vector which represent the shell displacemengs
where the asterisk, used in the main text in equation (3.85), has been
omitted here for the time being,

The unstepdy fluid loading is given by:

(1] (o) -{a}. G

where
[T] is a (3 x 9) matrix, and {(2} is a (3 x 1) vector which

represents the unsteady fluid stresses'{ Qx’ Qg, Qr} T.

Solving for {(3} from (E.1), we obtain

{c}- [B] 1 {r}. | : | (E.3)

Substituting for {(3} from (E.3) into .(E.2), we get



displacement vector { R} by equation (E.4).

Inversion of matrix

(B]

Equation (E.1)} may be written as

NSRRI

‘and

ORORION

[z] [s] * (=} -{a}.

The wunsteady £luid

stress vector { QJ,

is

now related

161

(E.4&)

shell

(E.5)

(E.6)

where (E.5) represents the boundary conditions for the inner flow which is

glven by
P11 P12 "13-1 G| R
Bp1 P2 Pa3 €3 )= E)
__ | L?Bl b3z P33 FSi
"2 nd (E.6) represents the corresponding boundary conditions for the annular
® flow case,
4 Pys bas'\P47 Pig Puo | €10
Bss Pss Psg P57 Psg Pso €20 (E.8)
|P6s Pes Pes P67 Pes g9 €30
by4 P75 P7g P77 P7s Py €40
s, Pgs Pgs Pgz Pes Pgg Cso
P96 Pos Bgs Pg7 Pgg Pog |\ Ceo

The two matrices [Bi] and [Bo] are inverted separately by an IMSL sub-
\ ) .

routine. The inverse matrices for [Bi] and [Bo] are denoted by [Di] and

&9

[DO], respectively.

The total matrix [ D] is given by



[»] -

Finally the vector { C} is given by

[0] {x}-{c}

dnd in a detailed form by

d;

9

1931

0

One can find now the unsteady fluid forces {Q} in terms of the shel

placements as given by (E.4),

{a}-[s] {=}.
[s]-[z] [>]

Finally, the unsteady stresses are given by

where

%

di2

432

d

32

0

d

23

d3,

0

S

11

. d

0

Y

ds,,

64

974

dgy,

d94

R

djy O /’6‘
0 0

0

945

dgg

dgs

975

dgs

d95

Y46

dsg

66

76

dgg

d

96 .

1% 514 Ry s

447

54

67

77

dg;

dg;

" d

48
d5g
68

78

d

88

dgg

~, /

162

(E.9)

(E.10)

®11 |

Cq4

5i

lo

GZO fl

C3o |

Q)

4o

2]

S50 ¢

LY

6o /

(E.11)
1l dis-

(E.12)

(E.13)
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12 ™2 15 75

13 R3 + 816 RG . . . (E.l&)
= Sy Ry ¥ Sy, Ry , .
Spp Ry *+ Sps Ry
- S8..R.+S,..R | S (E.15)
23 73 7 726 6 L TN '
. , —
and
(L) _
Q S31Ry * S5 Ry
(2) _ o :
Q. Syp Ry + S35 Rg )
Q¥ - 5. R +5.R ' - “
e 33 Ry + 536 Rg (E.16)
P, of®, 3) are the coefficients of A, B, C. in Flugge's cquation
x ' Qx ! Qx n' “n' "n g8 4

£or T

for axial direction.

Similar definitions pertain to le), ng), Qg?’) and Qil), QE_Z), 39’.

E.1 FOURIER TRANSFORM SOLUTION.

For the Fourier Transform method, the vector {R} is denoted by {R*}
as in (3.85) and { Q} by {Q*)} as in (3.86). The elements of matrix (B]
are taken from the boundary condition equations (3.37)-(3.40) and

(3.56)-(3.62); they are:

P ,
byy=- ieey T@e), by =0, byy=- (n+ T (Byeg) + (egBy) L Byep)

_— - Y= 4 - 3
byy = -n I (ae), by, = - (gi g) 1n(Beg)s Doy = -laey T (Bepd,

byy = ey I (@e;), byy =~nl (Biey), byg=-lacy I, ‘ﬂi‘t&.’ |
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- siaci In(m:i)’ b

44 4s = ieey K(ae), byg =0, byy = 0,
byg = 0+ DI Boe)d+ (248 ) L1 Boep))

\ ’ '_,

. i - » — Y -
byg = - [+ DR By +(eB) K, Bep))
b, - L(ae)), bgg = - n K (aey), bgo = - (Bey) L(Ber),
Psy = = (e Ky(Bpey)y bog = daey I 5 (Boey)s bgg = - daey Kypy (Boey),
g6 = 1@ Ln(eey), bgg = eya Kolacs), bee = n 1 (Bes),
by = M K (Bpryde bgg = - Taey T 1(Buey)r Pgg =-daey Koy (Boegdy

_ . -

b74 - - iaco In(aco), b75 --ia £, Kn(aco).
by = 0, b, =0,
bsg = - [ (n+1) In+l(ﬁoco) + Eoﬁo I1—1+1(‘Bo"'o):| d
b79 - [ (n+1) Kn+1(ﬂo£o) ® t:oﬁo Kn+i(ﬁoto)} '
baa T In(aco..)' bSS = - n Kn(aa;)’- b86' - oco) In(ﬁoco)’
bgy = = (Bory) K(Bye), bgg =~ lae /L 1 (Be)), bgg =-dac K (B c),

&
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A
v., bga. T In (aco)’ l:'95 - 0@ Kt*a(m'"c\)' b96 =n In(‘aoco)'
— _ o o - _ - _
b9</\- n l{n(ﬁoco)' b98 = - la N In-}-l‘wc»':o)' b99 “la ‘o ‘Kn+1(‘80co)' (B.1.1)
The elements of vector { R*} is given'by:
* = -- 2-2= * = '
R1 y (Eia a £ @ USi) m =% mn
* L1 (q- *
R iu(n € U&i) ¢m an
. _ >
* _ 5o e *
R 1 1I(Q €@ Uéo).¢m Cmn
* - U - _ 2—-2= W%
. RL; (cia 9] €y @ UEi) @m o
R\ - iu@n-ac, U.) 0% B
5 i “éo m mn
R*-iu(}::E:"ﬁ )y 8F ¢
6 . i “éo m mn
* * ok : -
R7 --'RB-Rg 0. y (E.1.2)
In a more convenient way we can rewrite (E.1.2) as
* o ak 7 * T kT * T ak o
Rl - % (pm'Amn ' R2 R?. ‘»m an’ l:t3 - RB ¢)l.rn Cmn
cp* _ 3 a* & * 5 kT * _ @7 a% 2
Rl& R& m Amn' RS RS q)m Amn’ R6 6 ¢m Amn
where _ o 9 -9 o _ _ _ (E.1.3)
: Rl-ugcia ﬂ-ci a UEi)’ RZ- iU(D—cicr U6.£).' R3 .-R2"
- L-H( n-e2227 E-iu(ﬂ-a’:;ﬁ ), R, =R
Ry = Wega B-eia” e, Ry s 4@ Ugg) Rg = Rg
The elements of [T] of equation (E.2) are given by.” 3
p u . " . . p u '_ . .
S =21¢a ' 4§ fan v 3
- 1T {-2&%y@ept, 1, ¢, { €, LByep)
R .
e
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p U . . . 8. ‘
1 ]. n "2 - ___i. ' -
S E R {T*“z""‘. } T Byeg) - 77 (L4 I, (B
i £ £ . i
i i . .
ﬁz Ill ( )
1 IneifPifg) ;
o _p U p_p U '
- PPy o =2, - ey -2 .=\
.Tll&' - T -2 la In(aei)} , T15 - —$° { -2 e Kn(aei)f .
p p. U PP
ol -"ri ilan _ . -"r'i ioen ¢
16~ "¢, {- p In(ﬂi'::L)} Ty 3 {- e, ‘nlPieids
i p_p;U 1 _ B
- _x i A, n =2 . - S A
TlB - £ { 2 . 2 ¢ f In+l(ﬁo€i) £ (1+m) In+l(ﬁo£i)
o € £ i
i i
B2 1 (e
. ﬂo n+l ocil '
p_p M © B i
-l 1,0 =2 3 . % ' (3
Ti9= ¢ { 2t 77 @ } Knp1Bofs? - - (1Fm) Ky (Bey)
0 £ £ i
i i
-2 —_
ﬂo Kn+1(ﬁoci) ’ __J
p,u 5
1 2n 2n—- v ,—
Ty = (i@ -2ar1@e)) .
i £ i
i .
p, U 2 B
i n- Yy ._—2 Wwo— _i 1 '
T22 - [ . 2In(ﬁizi) ﬁi In(ﬁici) +E In(ﬁici)] '
i Ei i ]
et - ]
| i 5cy-133 1 .3
Toy = ) [ e (40} I, 4q(Byey) - 1o By In+1(ﬁici)] '
F
PP 2n - 2n - 1 =
TZA - € ( 5 In(aci) T @ In(aci)] .
o £ i
i
p_p. L
PP cam =y 2n- -
T25 - € [ 2Kn(m:i) e« Kn(m:i)) ,

O‘Ci i
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_Prpl}/ 2 —2 ‘O
£, [“_I(ﬁ 'ﬁoln(ﬁC)+ I(ﬁci)]
1
. _epu 2 E
- r.fi [_—-K(ﬂoci)ﬁx(ﬁci)+ I((ﬁ )] | #
o i i
N -
- 60 [::_i (n+1) Iml(ﬁoci) - i ﬁ 1 1(5 ¢ )]
N
-prpiu ia - -— \ - hN
B %o [ ;I (n+l) Kpyy (Boey) - la B, l(n~|-1wc.‘ci)]
' 2 =2 _n —
: %! '2_ - N - _I"l_ —_ | —
- At { Plii T g, [ I.(Bje) + = By In(ﬁici)]} :
€g ‘ i -
-pudpt v 2 (a5 B, 1, (Bye)
g P11 §; LS AL B | '
| -' 2—- "
e rpt ity 1T )
mp o { pFl 4 2;21("("5 )}
Prpi leO 60 n o 1 f
2 - n - n -
= PPy {P2I0+E: [ :—éIn(ﬂoci) +c—;ﬂ° In(ﬂ c )]}
1
' #° 2 [-n g
".’Prpiu{szo+so[ T2 En(Boty) * o By Ko(B ci)]},
i

.9 - - , _
+ z (-1a) ﬂo In+1(;9°ci)} ,
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Fiﬁally, using equations (3.92)-(3.94) and (E.1.4)-(E.1.6) we can write the’

generalized forces as:

E.2

0

e [ (s e T ) o
Iy km 7 511 Ry * 514 Ry | Sipl®)
Qrpu” e |

B

-]

- (T )
Ukn 7 S19 Ry + 815 Rg | 6
mp Ul -

-8'|_

«

02 [ (35 R ) 6
ke 2 S13 By #7814 Rg | Gy (@)
Zﬂpiu -

g

@

BT [ (o e )
Ykn = 5 72 Sp1 By * Sp Ry j i)
ﬂpiu -0 .

&

w0

—(2)_ 1% J' [ — = ]
DY kem 2 Sgg By * 895 Ry | H
Zﬂpiu -0

g1

£

WL [ (450 ) ne
Ykn = 5 2 Sg3 Ry + Syq Re | Hyp(e)
npiu -

g1

() _ "4 (s, & R, | #, @
Uiem ™ 2 J S31 Ry * 53 By | Hym(®)
Zﬁpiu -m

Y

S [ (e 0,5 )
Yrkn = 2 S39 Ry * S35 Rg | Hy (@)
npiu e

PGS ¢ J. [s R, + S R_]Hkm(E)dZ :
k" 2 17337 T P T ) T E1.5)

]
f

where ka(;) and Hkm(;) are given in Appendix F and

Rl' R2. RB' R&' R

5 and R6 are given in equation (E.1.3).

TRAVELLING-WAVE SOLUTION : . -

The vector {Q} given by (E.4) 1is denoted by {q} inrequation (4.77).

The coefficients for matrix‘;B] giveh by (4.32)-(4.34) and (4.472)-(4.52)

are’

| : ' . .

~o



o

—
t

ia In(a) , b12 -0, b13 - (n+l)1n+1(}91)+ ﬁi In+1(ﬁi) '

snLed s by = oAy LB L by = e T B

eI @ 4 by, = I (B) ., by =-ia LB

la In(cx) ' b45 =ia Kn(a) , b, =0

(n+ 1)In+l(ﬁo) * ﬁo In+l

8,

(n+ 1)Kn--l-l(Eo\)""‘/_‘a’c)\ l{n+1 (‘Eo)

-nIn(E), bss--nKn(E). b, = -8 I

o T R N I L I R
a I'@) , by = a Kl (@) , beg=nI(B) .

n R (B beg = - la I (B) by =-ia K _(A)
fac, In(;cr) ) bys = 1Er.r K (ac ),

~

0! b77 _\.0'

(n+1) In-i-l(ﬂocr) + (ﬂocr) In+l(ﬁo£r) !

169
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o
1

79 = (W1 K G (Boe) + (Boe) K (Be)
‘

bgy = - n L (ac) , bBgg = - mKac) , bgo=- (Boe) I (Be)

o
]

g7 =~ (Boty) K (B oe) o bgg =-dac T.,(Bc)  bgg=-ldac X ,(B),

bgy =@ ey Iy (ae) v bgg =g, Klae,) o bgg = n 1 (B,

o
1

97 n Kn(ﬁocr) ' b98 } j'Q"‘:r In+].('Bo£r) ! b99 -liacr Kn+1(ﬁo€r) - (BE.2.1)

-
.

The element of matrix [T ] are given by

an -2, - _ Pt - -
T - L2, [ -2 la In(")] v Ty 2, [ 1na In(ﬂi)] ’ .
151 ‘ 1 %4 -
T, = e [ 1-52; y I .. (8 B. (n#1) 1. (F,)-Bl1" 5 ]
1372, ¢ W) Tag(By) - By (i) T B - Ay T By
fL 51 |
PPl -2, - " Pl —2., -\
T]_l; -5 [ { 2 ia In(a)}] , T15 - [ { 2 ia Kn(a)f] ,
. St 1 €18y
prpiu — - prpiu , = - \.
16T 2, . [-{ma @] 1y " 2c. [-{ - 1)
AT e €15
- PePit S o= =20 =\
Tig = 32 [ ) { (1-a”+ n)In+1("90) B ﬂo(m'l)lrﬁl(ﬁo) - ﬁor In+l(ﬂo)f] '
i Ei fier i N
< ¥
p_pu Y - - ' —- = n =
T19 - [_ { (- a2+ n)Kr1+1(ﬁo) ) ﬁo(n+1)Kn+1(ﬂo) B ﬁoz Kn-i-l(ﬂo)}] o

o



N

21

22

23

24

25

26

27

/Y28

29

31

—

32 ©

p,U _ - -y

;’ [ 2n In(a)- ?n a In(a)] T
1 &y by

2l G = =2 =

57— (- o 1B By 1 BB
5 $1 B

Pyt - -~ - =

2 (= w1 By Nar 1, G
&

PrPi - - ﬂ-
7, [- (2n1 (@ -2n4a In(a)]] ,

irir

p_p U - -, -
—?f—i—— [- ( 2n Kn(a) -2na Kn(a)]] .
£y 36
e Sl S T g
= (- 2?1,y +B, 1.8 -B21.B)) .
irir ' :
T PP u - — 1 -_— Il.-' ;
A [ - PR (BB, KB -BIKLGE))
1 eier .

ppgU - - -

;: : [‘ ( la (n+l) In+l(ﬂo) - o ﬂo In+l(ﬁo)]] !
e €6 S
p P U - — - . -
_ZL—' { (o () K1 (Bg) - 1e B, K1n+1(’3<:')]] '
‘1 EiEr

—2
=i 2a "o—-
pitt [ P1y ¥ 7 2 In(“)] .
fici .
u (5, + =25 | Bn 1B -n 1 G
Pim L Pai 7 2 1" *atPy n'‘f1’) o
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. ;l 2 —_—— 1
Tygg =t APy ¥ 3 [ la By In+1('61)] '
_ §1¢4

-1

T

~ et L@
34 " PrPit [ P11o €6 .2 ] '

\ "W =

[_‘ 2;2 Kn(a) ]

+

T35 =-ppepyl | Pigo X

T

36 prpill [ E2'10 * : ( Eor1 II'I(EO) - n In(Ec)]] !

AN ]

- 2 - — ’
T37 - prpil'1 [ Poge * 2 [Eorl Kn(ﬂo) - n Kn(ﬁo)]] '

T

3g =" PpPyM [ P3re * 5 (-1 B) I;(Eo)]] '

T

T 2— (1 B) ®.3))] .

39 = PryM [ P3go *
fi&'rci ‘ {£.2.2)

and the vector [ R} is given by

e
1
[u N
e
(5
]
Q
c
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Rg = ill (B-a U; ) B,
Rg = iU (A-a U ) T,
R, = Rg = Ry = 0. (E.2.3)

We can rewrite (E.2.3) in the following form

1~ Ry Ay Ry =Ry By
- A
: Ry =Ry G Ry =R, A
'5 C o
| R, - R B, R =R G (E.2.4)
,."‘ !
Whefé ~ _
J R -u@-aly), R -im@-al,). ¥, -E,
R,- U@-al,), Ro=iu(a-a i, ), K =% . (E.2.5)

Finally, using equations (4.66-4.68) and (E.2.4), the generalized forces

.are written as:

- {7 - - -
Gy =73 S11 Ry F Sy, Ry by
p -
i
5 -5 R 45, R G \
U2 2 Gz Ry * By5 Re) 844
p
1
— cin —_ B — — ’ '
Gy =77 Gz Ry F B6 Re) 84y (E.2.6)
pi . !
5. -2 (s R +s,, K)3F
491 7 (Sg1 Ry + Sq0 By 84y
. piu
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¢ Gy~ 5y By v 8 B B
q - (S R, + § R.) & N
27 2 Pt T P s) 9y
5 .=t (s R 45, R
03752 2 3+ 56 Rg) 845 -
5 . - - (S, Ry +8,, B,) 6§
U "7 7 o B Sa R 8y
Py
s AT s R +s. B
17 2 Gz fe TP Rs) 6y
i {
TR L N -
SRR 3+ 536 Rg) 64y
' | -
where §,, = 1 , for j = 1, - - -
e 8y 73 ‘
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APPENDIX F

THE EXPRESSIONS FOR H,_(a) AND G, (a)

Hkm(;) is defined in equation (3.97) as follows:

- 3 im 1 -
H (e = j 2 (£) e Lag d¢ x I ® () elof dc
4] 0
and ka(;) is given by equation (3.96) as
6 (a) = Il¢‘(g) e'iaf dt x flo () ¥ 4
km o 0 k 0 m g f '

where ¢m(§) {(or @k(f)) is the beam eigenfunction funstion,

F.1 CLAMPED-CLAMPED BEAM

For a clamped-clamped beam, the characteristic beam function has the

form -

¢m(§) - cosliAmc - cos Amg - am(sin}1 Amg - sin'Amf), . {(F.L)

which satisfies

iv 4
¢m {(¢) = Ay ¢m(§)- | (F.2)

The eigenvalues Am and the constants “, for the clamped-clamped becam

are defined in Appendix C.

F.1.1 Expressiﬁ for Hkm(Z)

i

The expression for Hkm(;) has been evaluated in Ref. (48], and is given

here as follows: QF
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1 m+1 ia m+1 1& \
H (@) = — 4{ ew 1] - B3 [ (D™ ]y
{a) - A
m
1 k+1 ia R S % | 13 1
X3 Q{Ak[(l) 1] - B3 [ 1 +l]j'
) (a) -Ak )
where
A =230 , B =2122%, N
m m m m m
A - 2)\1(3ak . By = 21113. ' (F.3)
Equation (F.3) holds for all values of a except when ;Z‘- A;‘ or Aé?, i.e.
when
_- + ' ’
@ =k, ok LA, kA or 1A . (F.4)

For a = * 1x ., A, the integrationj- @ (£) el 4 in equation (3.97)
0 S :

is given by:
i ¢ i
f 2 (5)e g '(.Tl,\T [ (-l @ (Lr_ g ~Fx_- i)+ i] :
0 ““m : 3
(F.5)
-ix ¢ -ix '
[ e ™ & - [ D™ e TP (1a o - - 1) +i] ,
0 Ld o - m ‘ ¢
(F.6)
k=
- SN , .-A
[ere™ dc-(,z—f\)[(‘d)“‘“e " (a0 - A -1]+1] .
0 - "
' . (F.7),
. 1 PR |
J ou o arw gt | 0T (0 a1 v
‘m
= | (F.8)

and for thé integral I @k(f)e-iag d , when a = + ) , i), the correct
0 r n k-



177

expressions can be obtained by replacing the subscript m by k in equations

(F.5)-(F.8)..

F.1.2 Derivaticn of ka(;)

~

Let us consider the integral

1 - .
: -1
I 2.(5) e ar . (F.9)
o ¢ : .
Integrating (F.9) by parts, we obtain . T
| - 1 1 -
@ (§) S R f ok(n.e'i""' dc (F.10)
- . 0 0 T
Using the fact that . '
2,(0) = & (1) = 0, - .
equation (F.10) reduces to
~ ! Ao
ia | &0 e £ ar (F.11)
a . 0 k v . ‘
and finally ka(;) may be Qritten as '
1 _ . 1 _ R,
=y o 4 , -lat .J. -laf
G, (@) - 13 fofrk(c) et as [ o (o) &7 g
. -0
(F.12)

= Lla H_(a)

ka(a) may now be evaluated.

kS

.F.2 PINNED-PINNED BEAM

Fdreipinned-pinned beam, the characteristic beam function has the form:

8.(¢) =inmng . - (F.13)

fal
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F.2.1 ‘Expl‘:essioﬁ for Hm(;-) - -~ Lo
Let us consider the integral ‘ ‘ . ~
L ia ° | v

| I@(g‘)e;dg‘. : (F.14)
m
0 .
. , C
Upon substituting (F.13) into (F.1l4) and integrating by parts, we obtain
1 = [ _eia(_l),m-l-l + 1] o s
f sin g e ™ df - s . (F.15)
0 ~-a +m n
then we consider the integral
1y =
[ o)™ e (F.16) -
0 - : .
substituting for <I>k(§') into (F.16) and integrating by parts, we get
[ g -~
1 — [ cetle gkl 1] K
j sin kx¢ o 2 g - ———53 . (F.17)
0 . -a + kT r ’
&
Finally Hkm(;) may be written as: «
- . -
. [ -e-ia(-l)k+1+1‘] [ _eia(_l)m+1+ 1] mk ﬂ2 .

(@) = - . (1-4.13)
(Hkmq (-32+k2 1I’2] [ '-c':?f+m2 1r2]
H ) .

F.2.2 IExpression for ka(;)

ka(;) is evalﬁa;ed u.éing equation (F.12), ‘where H'lun(;) is now given by

equation (F,18).
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o S APPENDIX G =~ =
\ = .
i"?t\_ o . = . : . i
STRUCTURE OF MATRIX [A]
G.1 FOURTER TRANSFORM METHOD - Y

. In this Appendix, the structure of matrix [A] is dé;;ribed in.detail.

-

The matrix is given for the case of k, m = 1, 2, 3.

The structure of matrix A is shown below

(1) (1) (1) (2) (2) (2) (3) (3)
11n 12n 13n lln 12n 13n 11n 12n_

Kk =1 (4) ' (ﬁ) (4) (5) (5) (5) (6) (6) 6)
A1n 220 2130 5M1n 220 213n A1n Y20 Ai3n

(7) (7) (7) (3) (8) (8) (9) A(9)
lln 12n 13n 11n 12n 13n 11n 12n
~ b )
A, 82) @) (2) 7,3 ,B3) ()
21n . 22n 23n 21n 22n 23n 21n 22n 23n

k=2 | (4? (4) (4) (5) (5) (5) (5) A(6) (6)
21n 22n 23n 21n 2n 23n 21n 22n 23n

(7) (7) ) (7) (3) (8) (8) (9) (9) A(Q)
21n ZZW 23n . 21n 22n 23n 21n 22n 23n

S '(1) (1) (1) (2) (2? (2) (3)' (3) (3)
31n 32n 33n 31n 32n 23n 31n 32n 33n

k=3 | al®) fl8) 8 ,(5) () ,(5) ,(6) ,(6) ,(6)
31n 32n 23n 31ln 32n 23n 31n 32n A33n
ATy A7), (8) ,(8) L (8) (9) NSNS,
o t A31n A32n 23n 310 %320 %230 %310 %320 A3t
) .
where A (km =1, 2, 3; £ =1 e iven as follows:
Akmn( ,n=1,2, 3; £ =1, 2,7... 9, n = 2, 3) are given as follows:
(2) E(E) (2) (E)
there (& repfesents the elements for free vibration of the shell, Fﬁii

(£ )

representg the steady fiuld forces and Q re.prese.nt’s the unsteady fluid

forces. The coefficients of matrix [A] are given below:

]



o " : v
where - o T
. ) -] b + v - 15’(‘1;5_; 1)n? al%“ +a’a
- F&i - rn“. o e.k:m * ri.2- eizblqm.-_ Py By« Tys n 0y
o -3 - |
AD gD gD q® o
o B L vy na g2,
o .Fl(uizl_riB:n;flqn :
@ .
o a2 D |
RN S
‘sFl(Gir)l—%f'flan-rihglqn--riSakm’ ﬁ h
e
El(;x)l - -‘(.1+us?n ;12 5
R -0, N | T
. . i
@ 3, | f
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Bf, Cf, Df are defined in Appendix A by equations (A.27)-{A.29).

&
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G.2 TRAVELLING WAVE SOLUTION

Matrix [A] is given by equation (4.74) as folléwg:

oo .
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(7, (8) (9
A1 M3 P43

where A§§)(j -1, £ =1,2, ... 9) are given as foéllows:

C O (B, (B, (D)
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steady fluid forces, and _the unsteady fluid forces, respectlvely. St
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APPENDIX-H T ”

INVISCID FLOW THEORY | S
In this Appendix, - the unsteady viscid forces are derived ﬁsing two

different methods.

H.1 FROM VISCQUS THEORY : -

It has been described in\bhapters IIT and IV that the unsteady viscous -

) o
forces reduce to inviscid forces by setting

P =0, p=0, U =U ' (H.1)
] . ) [+
where U, is, 2 constant velocity,

pd
In this method, the fre&uency equation of the system is obtained by

'setting the '&eterm_inant of the coefficient matrix [A] iIn equation (3.105)

and (4.75) equal to zero; that is

dei:‘-[A]-o , >

whe?g the elements of m§trix [A] are given in Appenaix G. This method

. requires am iteration technique te find the frequencies of the system.

H.2 POTENTIAL FLOW THEORY _ !

F

. In the inviscid theory, the pressure perturbation is the only unsteady
force that can be derived using poqéntial flow theory as 1in Ref. [48]

H.2.1 ;Dérivation‘of the Pressure Perturbation

. The flow velocity is ;xpressed as follows:
‘G

V_U+Vé , : : - . (H.2.1)

-

 where U 1is the mean flow velbcity and V¢ 1is the velocity potential which
v |

\ ‘
describes the velocity perturbations. \
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-

Applying the continuity eqf?tion, we get
. = - . :

wf

The préssure

and is given by

\

4= 0 . RS o | (H.2.2)

pérturbation is derived usiﬁg the unsteady Bernoulli equation

=

2 '

dt ax

D (X.8.5,E) = - p [ 2., pyds] . A , (H.2.3)

Thie above analysis is equally applicable for inner and annular flow.

-

H.2.2° Inner flow

\

The inner flow is denoted by putting a subscript i to equations

(H.2.2) and (H.2.3), hence = _
2 . -
v ¢i -0, (H.2.4)
L T ‘
, ) a4, 4
- (wmrhm) H.2.3)
R
and the boundary condition is given by
A
ag,
i aw dw
, or "ot t Ui ax (H.2.6)
r=a,
H.2.3 Annular flow
The annular flow is denoted by a subscript o
V2¢°-0. S (H.2.7)
' - [if‘—’aru Ei!’-‘1] | H.2.8
o= P23t "o ] / (H.2.8)
and the boundary condition is given by
a¢ S,
&) aw aw .
2 ar - 3t\f Y% ax_ ’ ‘ ((H.2.9)
r=a; '
a& - 0 ‘ H.2.10
ar . - . 7 (H.2.10) _
T=a

[+



‘The two methods of solution described in Chapters III and IV are applied

N

[}
here next.

- ~

. H.3 FOURIER TRANSEQRM METHOD _

The followir_tg’_,d\nalys.is is‘applicablé for é shall clampe;d or plnned at
both ends. -’ ~ .I

r,bi, 47.’»0, Pys P and w havé -béenﬁe‘:‘fine\d by equatioi (3.8) and (3.48)-;
respectively. ' Followihg the same procedure as in Chapter III, we arrive

at a final expression for the generlalized forces in the radial direction

-(3) (1) =(2) | =(3) .
rkm ( n rk]n + 0 q qum ] ' (H.B.l)_
where -(121 -élzc; and qcﬁ) are given in Ref. [48]. They are:
,,(1) ni @ - _ _ @ _ _ _ :
Uy - ™ .2“1 [J-mEn(a) Hkm(a) da - P I Fn(f’-) Hkm(n) de {, (H.3.2)
Vs
-2y 9= [ . ~ - -
m " Ui I_m E (@) H (a) da _ (H.3.3)
13 Yo - =
“x Yo P J._mEn(a) Hk:m(a) da ,
_ 7 e.U ° o , |
T~ f_m‘" Fn(@) Higy (@) da (H.3.4)
2 - 7 |
" siUo ° o - - -
T oon Pr .[_ma Fola) H (e) do
T I (ace,) ,
— i )
where E (a) = N
n ] - . \ -
I (@) . \/\/\
_ I (e ) K (ac,) - I_ac,) K (az )
and Fn(a) . n o m i n' 1" ™n* o

I (ac,) K;(;ei) -1 (@e,) K (ac )
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‘Having defined the unsteady forces, we can write the elements of matrices
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. [K], [ﬂJ and [C] as in equation (3.110).

H.3.1 _ Matrix [K] L - l

. oo ' J-F N 4

Elémeﬁts_of {K] are equal to corresponding elements. of [A] with Fiii =
Q(ﬂ) =0, except for those specified below
-
\ |
% N eN) (l) a2
: \\mh_bcykmn kmn 8 Sem .
(3 (5) AN
Kkmn EI"Ekmn a Skm !
£ _[o? 5 =(3)

[ a 6km + 9iem
where q(3) is given by equation (H.3. 4) and a km are given in Appendix
c.

™5
H.3.2 Matrix [M]

This is a (9)(9)rmg5§i%. Its elements are equal to zerolexcept for the

following
o ™ % . .
2 .
Ymn = Sk * Eh
where q (kl: is given by equation (H.3.2). -~

-
H.3.3 Matrix [C]

This is égain'a~(9x 9)'matrix with all e;ements equal’ to zero except

for Ciz )which is equal to q( ) 2(2)

\

, where Uem is given by equation (H.3.3).

S
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H.4 TRAVELLING WAVE SOLUTION L. | %
s . To the author®s knowledge, 'this is the first time a travelling -wave

solution is used in deriving the inviseid fluid forces in the annulﬁ?ﬁﬁiow -

" case.

T

Following the same analysis as in Chapter IV, ¢i' ¢°, pi, p; and w are

: 5
defined as follows: .

¢i(x,9,r,t) - 3i(x,r) cos nggei(wt-kx) - (H,&.1y
)  . X | . . . |
L ¢o(x,9,r,t) - Eg(x;r) cos nf ei(wtka) ' (H.§.2) -
py(x,0,5,t) = p,(x,r) cos nf ol (wt-kx) - (H.4.3)
P (x,8,r,t) = p.(x,r) cos ng el (WETKX) (H.4.4)
o ) »0 ,
w{x,f,r, t) - én cos—pﬂ ei(?t-kx) (H.&?s)

The solution for Ei and 30 have been expressed in terms of modified Bessel

functions by equation (4.28) and (4.45), that is ' !
(r) = I (kr) €, @)
_¢°£3) - 1_(kr) € + K (kr) G, . ’ (H.4.7)

-~ H.4.1 Solution for the inneér flow

Upon substituting ?or ‘éi and pi from (H:h.l) and_(H.473) into (H.2.5),

we obtain

- - 3

- : _ ¥ _ o /ﬂ\\}bhﬂs
- Py = - oy (1w ;- U-104,) ” (FAS)
- L b - .

e

Using the same non-diﬁepsional terms as in”Chaptﬁr v L

T S Nt
’ i {1 1i L’
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equation (H.4.8) may be rewritten as: =2

‘—l - piu —_ - . — - :.-‘: ,
R (ﬂ-a.Ui)]in(kr)Cli _ (H.4.9)

i

Substituting ¢i‘ and w from equation (H.4.1) and (H.4.5) into equation

(H.2.6), we get . -

a¢ :
'ﬁf

r-ai

- i(w-k Ui)cn ; ' (H.4.10)

substituting for 31 from (H.4.6) into (H.4,10), we can rewrite the 14?2;;

in non-dimensional form as follows

S
a In(kr) Cli - Ulﬂlha Ui)cn , : (H.4.10)
where
- Cn ’
-— = \ y
Crl 1 - _ (H.4.11)

Finally, solving for 3 from eguation (H.4.10) and substituting the

1i

solution into kH.4.9), we get at r=a

i {/—\

2 -
- - 2 —= - =2 2 = —
Py = pi‘q\(ﬂ 22U, a+a"U) E (@) , , (H.4.12)
_ - I . ’
where E (a) = .
n ol (a)
n
H.4.2 Solution for the annular flow

Upon substituting for ¢o and- p;, from equations (H.4:2) and (H.4.4),

into (H.2.8), (H.2.9), (H.2.10), we obtain

— - - @

P, = - 2, (iw - ikU°)¢° , (H.4.13)
"~

a¢° (—-ﬂ\

Ty - (iw- lka)Cn . . (H.4.14)

Y=a

i

A
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as_. . ,.
KTy -.0 . t ' ' (H.4.15)
r=a ' ‘
e &
N ‘ Substituting for 3; from (H.4.7) into the above equations, and using the

following non-dimensional terms:

— V Uo . . \\ -
ATy =T v o = Prfy

equations (H.4.13). (H.4.14) and (H.4.15) may be written as

"-‘prpiu[in-i_ﬁ‘)‘{x kr)C K_(kr)C, HAIG;
Py 5 ‘a o n( r 1o_+ n( r) 20/ 7 (.' )
a [ In(a)Clo"+ Kn(a)c.?o] —f;g( iQ - ia Uo) Cn . (H.4.17)
. a [ (e )0 + K (@ )C, | =0 . . (H.4.18)
Solving for Elo and.E20 from (H.4.17) and (H.4.18), we obtain ¥
[ ﬂ ey _—— - ' ‘_
‘ ./_ -1 O+« UO)C K (e_a)
C o =T T = et (H.4,19)
cz_[Kn(a) In(aer) -Kn(aer) In(a)] . B

-+

_ i(@-aU)C I'(ca)
Céo - "= ro— = b — - . = . {H.4,20)
a [Kn(a) In(aﬂr) -Kn(aer) In(a)] :

Substituting‘for Elo and 620 inte (H.4.12), the pressure perturbation E

evaluated at r-ai'

(% -2a U o+a“U7) F ()¢ | (H.4.21)
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where _ K (a) I (ac ) -K (ac ) I4a)
F(a) = H—— L5 R F B (H.4.22)
Kn(a)'~’~?n(a.£r) -K (ae ) I (a) y )
H.,4.3 Pressﬁre Loading
The pressure load on the shell is defined by
9, - Py - P, : L SRR )
r=a, r—a% rma,
where 4
f ~
_ = 1(wt - kx) |
. qr3 qr3 cos nf e . (H.4.24)
Hence,
9.9 = Py - Py . . - (H.4.24)
r=a, r-a
2 [ 2 =(1) —(2) , =(3) ,
= Ayt 9ey” + 0 Q4 +°1::3] ' . (He25) .
E (a) F_(a)
L. o, 2—] . (H.4.26)
i a a
iDL (25 , F@ -27, & @] Ve
U3 =g 20U p_ F (a) - 20, E (@] , (H.4.27)
i : ‘ .
&
—(3)_1[——2—— == ——]
93 . o Ui En(a) « Uo Py Fn(a) . ~ (H.4.

The amplitude of the generalized force“as defined in equation (4.68)

:given by

- &

R |
r3 psht o

Non-dimengéonally



g

9r3
where

=(1)
Q3 =

=(2)
Q3

where

We can now write the elements of matrix [K], {M] and.[C].

H.ALAJV//iatrix

Jjj - 611 - J sin

- [ az‘Eii) + 0

. ._.(1) —
31 9p3” Oy

2% 93 85y

PSS

€37 93 %33

L )
0

[K]

Elementg of

) _
]
—

]

[« -

K.,
J

=(2) -(.3)] ,

qr + qr

9
L dx

for j = 1 .

'/_- -

@

?H.a}
(H.4.
(.4
(H.4,

(H.4.

[K] are equal to corresponding elements of [A] with F

(1)

k{2

+ which are given by

;
(D
i3

(3)
. K..
o J3

k(9
3]

=(3) . . - N
where q. 3" is given by (H.4.33) and ajj is given by (H.4.34)

- . a?3

i3 J

-2 %%

e} :
N ]

-9 _ 25
R o]

B

j

j H

g

Q.. 0, except for those specified in the following matrix

e
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30)
31)
32)
33)

34)

0 _
33



H.4.5

w

Matrix [M]

TBe structure of matrix fM] iz given below -

D 0
"33
. o (3)
0 M. 0
Xv 3]
9
i 0 0 My _
where \
(1) _ <
5577 %55
(5% =. ',
MYT = s
o i3 ij
(9 _5 4z
Y530 T 0y T e
where Eii) Ls given by ¢H.4.31).
1.4.6 Matrix [C]

—

L

The structure of matrix [C] is given as

where

[ 0: 0

0 o 0
| (9
__0 0 ij 1

(9) _ =(2)
C11" = %3 -

Fw

&
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APPENDIX I

COMPUTER PROGRAM FOR CALCULATING ‘ .
THE INTEGRALS IN THE UNSTEADY

\\\ -~ INVISCID FORCES
AN ek ;

. -
S

.
Sy

This ptrogram evaluapes/€;;‘integrals with unsteady Inviscid forces. The
tg’.
program is originally developed in Ref. [48] for the clamped-clamped case. In

this Appendix, the program for pinned-pinned shell is presented here.

Program Structure 3

MAIN PROGRAM ’ /
COMPLEX FUNCTION IN

COMPLEX FUNCTION KN

DOUBLE PRECISION FUNCTION R .
DOUBLE PRECISIQN FUNCTION F

DOUBLE PRECISION FUNCTION FA
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C***********************************************************************

C  COMPUTER PROGRAM FOR CALCULATING THE INTEGRALS IN THE GENERALIZED*"
C  FLUID FORCES
C PINNED> PINNED SHELL

C'k*************************************'k*'k'k******'ﬁn**'k***'k%**-k-k-k**-k*******' ’

ca
]

C****‘k***'k***p*********'k*************************'k‘k**********************

C - MAIN PROGRAM - ! S *

C******************‘k*******‘k***'k'k'k'k*'k*17\;****'k'k*-k**'k*'k**************‘k****

IMPLICIT COMPLEX*16 (A-%)

REAL*8 C(3),P(3),PI,GAMA,EI,EO,X1,X2, D
INTEGER N,K,M,I
COMMON PI,GAMh '
COMMON/DATAL/C, P
INP(Y)=N*IN(Y,N)/Y+IN
KNP (Y)=N*KN(Y,N)/Y-KN{Y,N+1)
PI=3,14159265358979D0
GAMA=(0.5772156649011618
P(1)=3.1416D0 °
P(2)=6.2832D0
"P(3)=9.42D0
BI=.099D0 - - e
EO=1.D0/10.D0
N=3

X1=-50,D0+D
X2=-50.D0+D/
Q1=(0.D0,0.D0).
Q2=Q1
Q3=0Q2
Q4=Q3 , '

Q5=04 -

Q6=0Q5

DO 1 I=1,98 -
EIX=X1*ET ‘

EOX=X1*EQ ) _oE
INIX=IN(EIX, N) : )
INOX=IN(EOX,N) . .
KNIX=KN(EIX, N) N
KNOX=KN(EOX,N) _

- INPIX=INPREIX) , = S ~
INPOX=INP(EOX) ' :
KNPIX=KNP(EIX)

KNPOX=KNPTEOX)

DEM=INPOX*KNPIX-INPIX*KNPOX
EN=INIX/INPIX \

FN=( INPOX*KNIX-INIX*KNPOX)/DEM

« II=(0.D0,1<0D0)
F1=CDEXP(-II*X1)
F2=CDEXP(II*X1)
HKM=(F1*(~1)** (K)~ 1)*(F2*(71)**(M) 1)*M*K*PI**2/( —X1¥*2+
 GMAR2XPIX*D) /(~X1**2+K4*24PT**2) -
_QG1=EN*HKM ' L
QG2=FN*HKM
Q1=Q1+0G1/X1



@

7

1 02=0Q2+0G2/X1
- Q3=0Q3+QG1*X1
Q4=Q4+QG2*X1
05=Q5+QG1
Q6=06+QG2
X1=X1+D

IF(I.EQ.49) Xl X2

1 CONTINUE

PRINT10,N,K,M

"N='fIl" K{,/,Il" M',Il)

198

10 FORMAT( -
’ PRINT11,Q1
PRINT12,02 .
PRINT13,0Q3
PRINT14,04 -
PRINT15,05 _
PRINT16,0Q6 »
2°  CONTINUE </ff
PRINT40 v : .
11 FORMAT('0°,’Ql=(’,2D24.16,1X,')")
12 FORMAT( 0", Q2=(’,2D24.16,1X,")")
13 FORMAT('0",’Q3=(',2D24.16,1X,")")
14 FORMAT('0°,‘Q4=(',2D24.16,1X, ).’ )
15 FORMAT( 0, Q5=(’,2D24.16,1X,")" )
16 FORMAT('0’, Q6=(",2D24.16,1X,"')")
40 FORMAT('1") .
STOP
& END & i
o - “ ,
C**_****‘k******‘k******#*'******'k****‘k**************‘k‘k*****'k*************‘k*
C COMPLEX FUNCTION H *

C***********************************************************************
COMRLEX FUNCTION H*16 (AB,K;M)
IMPLICIT COMPLEX*16(A-Z)

REAL*8 AB,C(3),P(3),ABl

INTEGER K,M,J,M1
COMMON/DATAL/C, P

H=(1.D0,0.D0
I=(0.D0,1.DO
AB1=AB

M1=M

DO 1 J=1,2

)
)

-

N

IF(DABS(AB).EQ.M1) GO TO 10
A= 2*C(M1)#P(M1)**3

. B=T#2%P(M1})*

*2

. El=(-1)*%x(M14+1)*CDEXP(I*ABl)+1

E2=E1-2

/

IM=(A*E1-B¥ABL*E2)/(ABL% #4~P (ML) **4)

GO TO 11

- 10 IF(J.EQ.2) GO TO 20
IM={(I*C(M1)*P(M1)**3~ I*P(Ml)**2+AB*P(Ml)**2)*( 1)**(Ml+l)*

#CDEXP(I*AB)+I*P(M1)**2)/( -2*AB**3)

GO TO 11

]

20 IM={{(- I*C(Ml)*P(Ml)**3+I*P(Ml)**2+AB*P(M1)**2)*( 1y**(ML+1)%

#CDEXP(—I*AB)-I*2+P(M1)**2)/(-2*%AB**3)

11 HyH*IM
M1=K
AB1=-AB

1  CONTINUE
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"RETURN

-END .
. -
'C***********************************************************************

I

SUBPROGRAMS FOR CALCUEATING THE BESSEL FUNCTIONS ¢ *

C*******************************'k'k**'k'k**'k**'k**‘k‘k*****‘k*****'k*'k'k*‘k**-k****

11

12

10"

14
13

41
45

6
47

43

COMPLEX FUNCTION IN*16(X,N)

IMPLICIT REAL*8(A-Z) -

COMPLEX*16 W,X,Y,Z,T,T1, T2 T3 T4 ,1,DCMPLX,DCONJG

INTEGER K;N .

COMMON PI,GAMA : ‘ '
I=-(0.D0,1.D0) .

IF(CDABS(X) GE. 20. DO) GO TO 10

IN=(0.D0,0.D0) d

K=0 : T

TH(X/Z)**(2*K)/FA(K)/FA(N+K) _

IF(CDABS(T).LT.1.D-12% ‘GO TO 12

IN=IN+T

K=K+1

GO TO 11

IN=({X/2)**N*IN

RETURN _

Tl=(4*N**2-13%/8/X

T2=T1l* (4*N**2-9)/16/X %

T3=CDEXP(X)/CDSQRT(2*PI*X)

T4=CDEXP (~X)/CDSQRT(2*PI*X)

Y=X-DCONJG(X)

Z=DCMPLX(0.DO0 CDABS(Y)) :

W=Y+Z .

IF(CDABS(Y).EQ.0. DO) GO TO 14

IF(CDABS(W).EQ.0.D0) GO TO 13

IN=T3* (1-T1+T2)+{— 1)**N*I*T4*Q&+T1+T2)

RETURN .
IN=T3* (1-TL+T2)+{~1)**(N+1)*I*T4* (1+T1+T2)

RETURN
END

—

COMPLEX FUNCTION KN*16(X,N)

IMPLICIT. REAL*8(A-2) - ~
COMPLEX*16 X,KN1,T,T1,T2,T3 Ht:)
INTEGER N,M,K;1~ lf

COMMON PI,GAMA;,

IF(CDABS(X) GE,15.D0) GO TO 40

IF(N.EQ.0) GO TO 46

KN=FA(N-1)*(2/X)**N . 4
IF(N.EQ.1) GO TO 45 :

. M=N-1

DO 41 I=1,M

KN=KN+ (- 1)**I*FA(N—I l)/FA(I)*(2/X)**(N 2*1)

KN=KN/2

GO TO 47

KN=(0.D0,0.D0)

XN1=(0.D0,0.D0)

K=0Q -

T-(X/2)**(N+2*K)/FA(K)/FA(N+K)*(CDLOG(X/Z) (F(K+1)+F(N+K+1))/2)

. IF(CDABS(T).LT.1.D-12) GO TO 42

KN1=KN1+T

- K=K+1

@
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40

40

50

21

22

G0 TO 43

-KN—KN+KN1*( l)**(N+1)

RETURN.

Tl=(4*N**2-1)/8/X
T2=T1*{4*N**2-9)/16/X -
T3=CDEXP(~ X)*CDSQRT(PI/2/X)
KN=T3*(1+T1+T2)

RETURN

END -

- DOUBLE PRECISION FUNCTION R(K)

IMPLICIT REAL*8(A-Z)

INTEGER K, I

R=0.D0 RN

DO 40 I=1,K ®

H=R+l . DO/I : Lo
RETURN , &
END : :

DOUBLE PRECISION FUNCTION F(X)
IMPLICIT REAL*8(A-7)
INTEGER X

COMMON PI,GAMA
IF(K.EQ.1) GO TO 50
F=R(K-1)-GAMA ~

RETURN -~

F=—GAMA

RETURN !

END

DQUBLE PRECISION FUNCTION FA(K)
IMPLICIT REAL*8(A-Z) .-
INTEGER X, L

FA=1.D0Q

L=1

FA=FA*L

IF(L.GE.X) GO TO 22
L=L+1

GO TO 21

CONTINUE

RETURN

END

200



' COMPUTER PROGRAM FOR INVISCID THEORY

USING FOURIER TRANSFORM Hﬁ&HOD

The program calculates the dimensionless frequency i for each flow

velocity, the -flow could be Iinternal or annular. The progrém. is

originally developed in Ref. [48) for the clamped-clamped case and

modified here for the pinned-pinned case.

Program Structure

~rrger

MAIN PROGRAM
SUBROUTINE, MKMAT
SUBROUTINE CMAT
SUBROUTINE REDUCE

V4
SUBROUTINE EIGZC
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. : . ' -, T I N )
(st R SRS E ARSI S L E RS LSS R AR SRE SRR EELE S TR ELEE] ************
c COMPUTER PROGRAM FQR THE CASE OF STEADY VISCOUS FORCES AND

C UNSTEADY. INVISCID FORCES o
C »@&=PIN-PIN ' *

C*******‘k********************************‘k‘k**t**************‘k***********

C ! . .

C*************************************************************'**********
C - - MAIN PROGRAM | *
C‘k****************************** **************************‘k************

IMPLICIT. REAL*8(A-H,0-2)

' COMPLEX*16 MM(9,9),KK(9,9),CQ(9,9),aA(18,18)/324*(0.D0,0.D0)/, .
#BB(18,18)/324*(0.D0,0.D0)/,EIGA(18),EIGB(18),2(18,18),WK(18,36),
#OMEGA, 01(3,3)7,02(3, 3y,03(3.3), 04(3,3),05(3,3),06(3,3)

REAL*8 NU - R

- COMMON/DATA1l/NU,SK,EI,EO,ER,C(3),P(3),N
" - COMMON/DATA2/%Z1,DR,PI

COMMON/DATA3/Q1, Q2 »

COMMON /DATA4 /Q3, Q4 '

COMMON/DATAS/Q5, Q6

COMMON/DATAG /PPI,PPO,PO,PL,RMS,DEN,DDI,VIS

DATA IA/18/,1B/18/,NN/18/,1J0B/2/,12/18/ _

PI=DARCOS{-1.D0) .

P(1l)=3.1416DO0

P(2)=6.2632D0

P{3)=9.42D0

EI=1/11.DO0

EO0=0.1D0

ER=10/11\D

RMS=(1- E&**z)/z/DLOG(l/ER)

NU=0.30D0

SK=(5. 50D=3) **2/12 ;

21=2.330D1

DR=1.D0

~ N=3
~ DEN=998.6D0
DDY¥=8.,261D-7
VIS=1.1216D-6
3 K=1,3

DO 3 M=1,3

'READ(5,*) QL(K,M),Q2(K,M),0Q03(K,M),04(K,M),Q5(K,M),Q6(K, M)
3 ., CONTINUE

CALL CONT(C,P)

CALL PREMAT (MM, KK)

U0=(0.0D0,0.D0)

Ul=0.0395D0

CALL MKMAT(UI,UO,MM,KK)

CALL CMAT{UIX,UO,CC)

CALL REDUCE(MM,KK CC,AA,BB)
" CALL EIGZC(AA,IA,BB,IB,NN,IJOB,EIGA,EIGB,Z,IZ, WK INFER, IER)

) PRINT1O0,UTI, UO
10 FORMAT( 1, FLOW VELOCITY INSIDE THE INNER CYLINDER=',F8.5/°0° ,'FL
#OW VELOCITY IN THE ANNULAR REGION=",F8.5) :
~ PRINT13,PPO

13  FORMAT('~',’GAUGE PRESSURE AT THE UPSTREAM END OF THE CYLINDERS IN
4 THE ANNULAR FLUID REGION=',D24.16,# N/M**2")
PR§Z§?4 PPI " | _

14 FORMAT(‘0’,52X, IN THE INNER-FLUID%REGION-',D24.16,' N/M##*2°)

PRINTlS,PO;PL

]
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1

15 FORMAT( "—-', "AXIAL COMPRESSIVE LOAD ACTING ON .THE X=0 END OF THE IN
§NER CYLINDERH’,D24.16,’ N/M’/'0°,37X, X-L END’,22X, '=',D24.16, N/
M) '

PRINT11

11 FORMAT('-',’THE FREQUENCIES .ARE: * )
DO 20 I=1,18
OMEGA=-EIGA(I)/EIGB(I)

20 PRINT1Z,OMEGA R

12 . FORMAT('0',’ (' ,2D24.16,1X,°)")

1.  CONTINUE ‘ -

. PRINTL00
100 FORMAT(1’)
STOP
- END
C
C*****************‘k*‘k***************'k*************"k*‘k*********‘k*********
c SUBROUTINE CONT *

C*****************‘k***********'k***'k‘k**'k'k**'k'k*‘k‘k'k**********************‘k*

SUBROUTINE CONT(C,P) o y

IMPLICIT REAL*8(A-H,0-2) -

DIMENSION A(3,3),B(3,3),C(3), D(3, 3) SE(3,3),SF(3,3),G(3,3),H(3,3),
#83(3,3),SL(3,3),DEL(3,3),P(3)

INTEGER KL,K,M

COMMON/CON1/A,B,D,DEL

COMMON/CON2/SE, SF,G,H,SJ,SL

PI=3.1416D0

DO 3 K=1,3

DO 3 M=1,3 : .

IF(K.EQ.M) GO TO 1 Y -
C -  PC=P(M)*C(M)-P(K)*C(K) "

KL=K+M

IF(MOD(KL,2).EQ.0) GO TO 40
A(K,M)=0.DO0
B(K,M)=0.DO0
D(K,M)=-2(K,M)
SE(K, M)“K*M**3*PI**2*2*(K**2+M**2)/(H**Z M**Z)**2
SF(K,M)==2*K*M/(K**2-M**2)
G(K,M)=—K*M* 2% (K**24+M**2) /(K¥ ¥ 2~M*x*2) %% 2
H(K,M)=g *K*M* %3 /(K**2=M**2) * %2

ST(K, Mym—4 *K*M/(K**2-M**2)**2 /PT*%2 ,//’
DEL(X,M)=0.D0 ] )
GO TQ 3 ' \ Sl
40 A(K,M)=0. DO : ' .
B{K,M)=0.D0 ) - _ v

D(K,M)y=0.D0
SE(K,M)=0.D0
SF(K,M)}=0.D0
G(K,M)=0.D0 . -
H(K,M)=0.D0 - ‘ *
- 8J(K,M)=0.D0
DEL(K,M)=0.D0
o GO TO 3 £
1 A(K,K)=P(K)**2/2
B(K,K)=-P(K)**4/2 _ ..
D(K,X)=-A(K,K)
SE(K,K)=B(K,K)/2
SF(K,K)=0.D0
G(K,K)=aA(K,XK)/2.
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C*‘k***********‘k**********************‘**#*'******************W

C

C‘k******‘k*‘k‘k‘k*‘k‘k‘***********************#**‘k*************‘k***************
SUBROUTINE PREMAT(MM,KK)
0-2)

61
60

e

H(K,K)=-G (K, K)
SJ (K,K)=0.25D0 .,
DEL(K,K)=.5D0
CONTINUE
,DO 60 K=1,3
DO 60 M=1,3
WRITE(6,61) SE(K,M)
FORMAT(' 0 ,F10.4)
CONTINUE
RETURN
END

SUBROUTINE PREMAT

IMPLICIT REAL*8(A-H

o

204

{:;********i

*

DIMENSION A(3,3),B(3,3), D(3,3),DEL(3,3),COEM(3,3,3),COE(9,3,3)

COMPLEX*16 MM(9,9), KK(9 9),01(3,3),02(3,3)

REAL*8
INTEGER

COMMON/DATAl/NU,SK,EI,EQ,ER, C(3) P(3), N

COMMON /DATA2/ZI,DR, PI
COMMON /DATA3 /Q1, 02
COMMON /C a,B,D,DEL
COMMON/C%E%éG@E/

DO 9 I=1,9

DO 9 J=1,9
MM(I,J)=(0.D0,0.DO0),
KK(I,J)=(0.D0,0.D0)
C1=2I/2/PI/EI
C2=C1*DR

-DO 3 K=1,3

DO 3 M=lp3 A
COEM(]-:K:M.)EA(K!M)
COEM(2,K,M)=DEL(K,M)

COEM(3,K,M)=DEL(K,M)+C1*Q1(K,M)~C2*Q2(K,M)

DO 4 K=1,3

‘DO 4 M=1,3
. COE(1,K,M)= (EI**Z*B(K M)+(NU—1)*(SK+1)*N**2*A(K M)/2)
COE{2,K,M)=—(1+NU)*N*EI**2*D(K,M) /2

COE(3,K,M)= (P(M)*EI)**4*SK*DEL(K’MJ (2*NU SK*(1* NU)*N**Z)
C*EI**2%D(K,M)/2
COE(4,K,M)=( (1+NUJ*N*A(K,M)/2) : '
COE(5,K,M)=~N**2*DEL(K,M)+(1+3*SK) * (1~-NU) *EI**2*D (K, M) /2
COE(6,K,M)=SK* (3-NU)*NABI**2*D(K,M)/2-N*DEL(K,M)

o’

“‘\\\

COE(7,X,M)=( (NU+(NU-1) *SK*N**2/2) *A(K,M)—SK*EI**2+B(K,M) )

COE(8,K/M)=—N*DEL(K,M)+(3-NU) *SK*N*EI§*2*D(K,M) /2

COE(9, K, M)=—SK* ( ((P{M) *EI)**4+ (N**2-1) ¥¥2) *DEL(K, M)- 2% (N*EI)

$**2*D(K,M))~DEL(K,M)

K=0 ,

oS 5 I=1,7,3
K=K+1

DO 5 M=1,3
DO 5 L=1,3
H=L~1

CONTINUE -~

° MM(I+H,M+3*H)=COEM(L,K,M)
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C***‘k**‘#***********'k****‘*{***********ﬁ***'k*********‘k****I***************?c*

10
11

12
13

7
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RETURN

END "
C *kkhkhkhhkhkhhrhhhhhhkhk khkkkkkhkhkhkhhkhkhhkhxhkhrhhkhkhhhhhhrkhkhkrhkhhkhrokhrhkk

SUBROUTINE MKMAT

SUBROUTINE MKMAT (UI,UO,MM,KK)

IMPLICIT REAL*8(A-H,0-2) .

COMPLEX*16 MM(9,9), KK(9 9),03(3,3),04(3,3),CCOE(9,3,3)
INTEGER W,V,HH

REAL*8 NU _
DIMENSION A(3,3),B(3,3),D(3,3),SE(3,3),5F(3,3),G(3,3),H(3,3),
$SJ(3,3),SL(3,3),COE(9,3,3),DEL(3,3)

COMMON /DATAL/NU, SK,EI,EO,ER,C(3),P(3),N

COMMON /DATA2/ZI,DR, PI

COMMON/DATA4 /Q3 , Q4

COMMON /DATA6 /PPT , PPQ, PO, P, RMS, DEN, DDI, VIS
COMMON/CON1/A,B, D, DEL

COMMON/CON2/SE, SF,G,H,SJ, SL

COMMON /COEF /COE

FA(RR,RE)=DSQRT(0.0055%( 1+(20000*RR+1.D6 /RE)**(1./3.)))
F(RR,RE)=1/(- 4*DLOG10(RR/3 7+2.51/RE/FA(RR,RE)))**2
SU=5.3082D3

UOM=UO*SU _

UIM=UI*SU

RR=0.D0

RO=UQM* 2% (EQ-EI) /VIS

RI=UIM*2*EI/VIS

IF(RI.EQ.0.D0) GO TO 10

=

FI=F(RR,RI) gw”%v

GO TO 11 *

FI=0.D0

IF(RO.EQ.0.D0) GO TO 12 . -
FO=F(RR, RO) :

GO TO 13

FO=0.D0

PPI=DEN*FI*UIM**2/EI
PPO=DEN*FO*UQM**2/(EO-EI)

UTBS=~( 1-RMS)/2/(1-ER) *FO*UOM* * 2
UTAS=(RMS-ER**2)/2/ER/(1-~ER) *FO*UOM* *2
UTS=FI*UIM**2/2

BB=UTS+UTAS
CC=2*UTS/EI~2*UTBS/EQ/{1-RMS)
DD=({PPO-PPI)/DEN

GM1=-BB*DDI/EI

‘GM2=- (NU*CC*DDI+GM1)/2-NU*DD*DDT - _
GM3=BB*DDI | , -
GM4=-CC*DDI : '
GM5=-DD*DDI o _ _ ///’
C3=UI**2*ZI*EI/2/PI - '
C4=UO**2*xZI*EI*DR/2/PI

PO=( (NU*EI*CC-BB)/2+NU*EI*DD) *DEN_

PL=( (NU*EI*CC+BB)/2+NU*EI*DD) *DEN

DO 4 K=1,3 )

DO 4 M=1,3  /

*

CCOE(1,K,M)=COE(1,K,M)+GM1*EI**2*SE(K, M)+GM2*EI**2*B(K M) GM4 *N* %

#2*G(K,M)~GMS¥N**2%A (K, M)
CCOE(2 X,M)=COE(2,K,M)
.‘/

b



J

C

L . 206
£ -

CCOE(3,K,M)=COE(3,K,M)+GMA*EI**2*H(K,M)+GMS*EI**2+D(K,M)
CCOE(4,K,M)=COE(4,K,M)+GM3*N/EI*SF(X,M)
CCOE(5,K,M)=COE(5,K,M)+GML*ET**2*H{K,M)+GM2*EI**2*D(K,M)~ GM4 *N* ¥
#2*ST(K,M)—-GM5*N**2*DEL (K, M)
CCOE(6,K,M)=COE(6,K,M)—GM4A*N*SJT(K,M)~GM5*N*DEL(K, M)
CCOE(7,K,M)=COE(7,K,M}+GM3/EI*SF(K,M)~GM4*G(K,M)~GM5*A (K, M)
CCOE(8,K,M)=COE(8,K,M)~GM4*N*SJT(K,M)-GM5*N*DEL(K,M)
CCOE(9,K,M)=COE(9,K,M)})+GMI*EI**2*H (K, M)+GM2*EI**2*D(K,M)~GM4 *N**2*
#ST(K,M) GMS*N**Z*DEL(K M)+C3*Q3(K,M)—C4*Q4 (K, M)
K=0 .
DO 5 1=1,7,3 _
K=K+1 ‘
DO 5 M=1,3
=—1
DO 5 v=1,7,3
W=W+1 .
Do 5 L=1,3 \\
HH=L-1
KK(I+HH,M+Y-1)= CCOE(L+3*W K,M)
CONTINUE
CCL=GM1*EI**2*H(1,1)+GM2*BI**2*Q(1,1)-GM4*N**2
4SJ(1,1)-GM5*N**2*DEL(L1,1)
WRITE(6,55) CCL :
FORMAT( 0°,D11.4)
RETURN
END

AR A SRS SR EEE LRSS REESEEREEEEEEEESEREEEEEEEEERESS RSN EEEEE S

c

SUBRCUTINE CMAT *

Chxhkdhhhkhhhhhkhhhhdhhhhhhhhhkhhhhhhhhhhhhhhhhhhhkhkhkhhrkhhrhhkrhhkhhxhkrrhhhkkx

C

SUBROUTINE CMAT(UI,UO,CC)

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX*16 CC(9,9).,0Q5,Q6

COMMON/DATA2/ZI,DR,PI _
COMMON/DATAS 7Q5(3,3),06(3,3) Ji
DO 2 I=lf9

DO 2 J=1,9

CC(I,J)=(0.D0,0.D0) ’ %
C5=UI*ZI/PI

C6=UO*ZI*DR/PIJ

DO 1 K=1,3

DO 1 M=1,3

CC(3*K,6+M)=—C5*Q5(K,M)+C6+*Q6 (K, M)

CONTINUE ‘

RETURN ?

END .

Chuxxrhhk kAT hkhhkhhhhhkh kAT kxR AA AKXk hkhh kI kAR kR kAN RRRARA K Kk *

C

SUBROUTINE REDUCE ' *

ChahkhkhhkrhhhkhkhaxhhhhhkhTRA kAR XKk hhxhhkhhhkkhkAhhhhhkkhhkrrhkhkhrhkrhhhkrahhhkhhhhnk

SUBROUTINE REDUCE(MM,KK,CC,AA,BB)

COMPLEX*16 AA(18,18), BB(lB 18),MM(9,9),KK(9,9),CC(9,9)

DO 1 I=1,9

AA(I,TI+9)=(1.D0,0.D0), ]
BB(I,I)=(~1.D0,0.D0)

CONTINUE ‘
DO 2 I=1,9

DO 2 J=1,9
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. AAR(9+I,J)=KK(I,J)
: AA(9+I,9+J)=CC(I,J)
BB(9+I,9+J)=MM(I,J)
2  CONTINUE
" RETURN
END

//GO.SYSIN DD * C
(0.9488942682409000D-01,0.0000000000000000D+00)
(—-0.3388882646536831D+00,0.2530009449472896D~14)
(0.8963660194668257D+00,0.0000000000000000D+00)
(—0.3125736140399624D+01,0.3654727955866147D-11)
(—0.7510231870242804D"$5,0.0000000000000000D+00)
(0.1405221268812409D-04,-0.9186404257521180D~13)
(—0.1562600697365384D-18,-0.2042373375506055D-06)
(-0.8547107142611914D-15,0.3839032126031192D-06)
(-0.2026874670384583D-17,-0.4874609543353414D-03)
(—0.1677557461862756D-11,0.9161303960358518D-03)
(0.2980415091981127D-18,-0.2517401932134774D+00)
(0.2998648803911531D-13,0.8905105289948569D+00)
(0.33805708%60220098D-04,0.0000000000000000D+00)
(~0.5671535404586738D~03,0.6789390407096391D-14)
(<0.1174624146655580D+00,0.0000000000000000D+00)
(0.6064926740006390D+00,0.1149235066738984D~10)
(—0.2329329050940974D~04.,0.0000000000000000D+00)
(0.4358372896014636D-04,-0.2831139353028704D-12)
(~0.1562600697365384D-18,0.2042373375515842D-06) ¢
(0.8558348092392442D-15,-0.3839032126048518D-06)
(-0.2026874670384583D=1770.4874609543353422D-03)
(0.1677560751174119D0-11,-0.9161303960358665D-03)
(0.2980415091981125D-18,0.2517401932134774D+00)
(—0.2998862526071301R-13,-0.8905105289948569D+00Y_ ,
(0.9397415820746215D-0%,0.0000000000000000D+00) -K\y’//ﬂ
(~0.3299706561406452D+00,~0.3428192176519597D~14)
(0.3551985421936918D+01,0.0000000000000000D+00)
(-0.1217679965761827D+02,-0.8219501584326605D-11)
(-0.1932193425764670D-04,0.0000000000000000D+00) "
(0.3643946515632464D~04,0.1811084324637418D-12)
{0.1645526999083061D~18,0.6337767299870169D-06)
(0.5055735053178416D-15,-0.1191311275914592D~05)
(0.1316268166584047D—16,0.1512631768261931D-02)

{0.5052250294961182D-11,-0.2842844208701724D-02)

{0.1872529253174458D-17,-0.4471872546438655D+00)
(=0.7893170320271388D-13,0.1545004117643541D+01)
(0.3380570860220076D—-04,0.0000000000000000D+00)
(-0.5671535404586774D-03,0.6789390407096391D~14)
(-0.1174624146655580D+00,0.0000000000000000D+00)
(0.60664926740006390D+00,0.1149235066738984D-10)
(-0.2329329050941151D-04,0.0000000000000000D+00)
(0.4358372896014987D-04,-0.2831139353028704D-12)
(0.1645526995%083062D-18,—-0.6337767299880196D-06)
(~0.5066702456320618D-15,0.1191311275920182D-05)
(0.1316268166584047D-16,-0.1512631768261992D~0F
(—=0:5052371129682607D-11,0.2842844208701988D-02) »
(0.1872529253174458D~17,0.4471872546438655D+00)
(0.7891892788411455D-13,-0.1545004117643541D+01)
{0.9249605669901730D~01,0.0000000000000000D+00)
(-0.3161251213563608D+00,0.2208347268234370D-13)

(0.7862707203612402D+01,0.0000000000000000D+00)



(-0.2624399823606381

.

DQ;;,O.3623762246243465D—10)

($0.7224513115367823D-04,0.00000000000006000D+00)

ves

f’

{(©.1351774657193256D—-03,-0.8943857238535201D-12)

»
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COMPUTER - PROGRAM FOR INVISCID .
THEORY USING TRAVELLING-WAVE SOLUTION
This program calculates the dimensionless frequency i for each flow
velocity. The flow could be internal or annmular. Steady viscous and un-
steady inviscid forcqilare considered.

7 ~

Program Structure (

MATN PROGRAM . N
SUBROUTINE PREMAT

SUBROUTINE UNSFO

SUBROUTINE STFOR

éUBROUTINE MATRIX ~

COMPLEX FUNCTION IN
COMPLEX FUNCTION HN
DOUBLE.Piﬁcxs&oN F
DOUBLE 'PRECISION FA

DOUBLE PRECISION R
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)
C***************'k*‘k'k‘k*******************************‘k*******‘k*‘k*********

¢ - COMPUTER PROGRAM FOR THE CASE OF STEADY VISCOUS ‘FORCES AND . *
Cc . UNSTEADY INVISCID FORCES USING TRAVELLING~WAVES SOLUTION *
C a .

C'k'k'k*‘k‘k‘k*********'k*-k‘k'k****‘k****************************5*************'*_***

C - . '
C*'k'k****‘k*******\****‘k****3****:\'**_************'**********‘k****************

o MAIN PROGRAM | | : , x

c*****************************************‘k*t******‘k‘k*‘k***************'k'k
IMPLICIT REAL*8({A-H,0-%)

COMPLEX*16 MM(3,3), '
&KK(3,3),CC(3,3),AA(6,6),BB(6,6),ETGA(6),EIGR(6)., 2(6,6), WK(6, 12),
SOMEGA
#,FS,U0,MIL,COE(2,9),CC02(2,9)

INTEGER INFER(3),MS,N
EXTERNAL FS

~ REAL*8 NI,NO,UI :
' COMMON/DATA1l/NI,NO,SKI,SKO,CIG(3), P(3) /N
COMMON /DATA2/EI, EO, ER, HR, URR %

COMMON /DATA3 /21,20, USR,DSR

COMMON/DATA7 /UI, UO

COMMON /AREA1/ARA . :
COMMON/DATAS/PPI, PPO, 90(2) PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB
DATA EPS/1.D-10/,NSIG/5/,NGUESS/l/,ITMAX/10/,11/1/

DATA IA/6/,IB/6/,NN/6/,IJ0B/0/,12/6/

COMMON /COCE/COE

COMMON /CCCE/CCOE - ‘
COMMON/CLLE/QTRI ,QTRI2,QTRI3

C _______________________________

C f/\\DATAS REQUIRE?%iOR SHELL e e {

C e ' ‘ o~
PI=3.141617D0 : -
CIG(1)=0.98250221457623D0 - \\
CIG(2)=1.00077731190727D0
CIG(3)=0.99996645012540D0
P(1)=4.7300407448627D0
P(2)=7.85320462409584D0
P(3)=10.99560783800167D0

rrfr

EI=1/11.D0

EO=1/10.D0 °

ER=EI/EO

2I=23.3D0

SU=5308.D0

NI=.3DO0

LEN=1.0DO0 ‘ :
SKI=(5.5D~ 3)%+2/12 : : )

CALL PREMAT
UI=.0395D0
U0O=(0.0D0,0.D0) -
MS=1
NK=MS-1
CALL UNSFO(UI, U0)
CALL STFOR(UI,UQ,GM1)

-
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CALL MATRA(MM,KK,CC,AA,BB)
DO 14 K=1,6 .
WRITE(6,419) (BAA(K,J),J=1,6)

419 - 'FORMAT(’0’,6(D11.4,1X))
14 - CONTINUE

DO 114 K=1,6

WRITE(6,319) (BB(K,J), J=1, 6) :
319 FORMAT( 0’ ,6(D11.4,1X)) :
114 CONTINUE '

CALL BEIGZC(AA,IA,BB,IB,NN, IJOB EIGA,EIGB,Z, IZ WK, INFER, IER)
PRINT10,UI,UC

10 FORMAT('l','FLOW VELOCITY INSIDE THE SHELL=",F8.5/°0', FLOW

&VELOCITY IN THE ANNULAR REGION=",F8.5) y

PRINTll

11  FEeRMAT(’ ' THE FREQUENCIES ARE: ")
. Db 20 I=1, "6
0MEGA=-EIGA( I)/EIGB({Iy*®

20 PRINT12, OMEGA

12 FORMAT("O',’(‘,2D24.16,1x,')')
STOP .
END

C*******************?***************************************************

c
C

c

EUBROUTINE PREMAT
* ok k ok ok

SUBRQUTINE PREMAT

IMPLICIT REAL*8(A-H,0-Z)
COMPLEX*16..COE(2,9)

REAL*8 NT,NG,NU °

COMMON/DATAl/NI NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EQ,ER,HR, URR
COMMON/COCE/COE ”
J=0 1 .

E=EI

NU=NI

SK=SKI

FREE SHELI VIBRATION

L

C *******************************************************************

*

h » :
IS S SRR RS ELAEESEE LSRR SRR AR R RS REEE TR SR LR EESEREEEEESEE LRSS S

SRR R SRR SRR SRS SRR RS R RER RS EE RS R SRR R R RS R EEEEEEE RS R R

X1=-3,1416DO

12 JJ=J+1 '
COE(JJ,1)=—X1**2*E**2+(NU~1)* (SK+1) *N*%2/2
COE(JJ, 2)=—( L+NU) *N*X1*E/2
COB(JJ, 3)=—NU*X1¥E+SK* ( ~EX*3%X1#*3+N** 2% (1-NU)* (X1) *E/2)
COE(JJ, 4 )=—(1+NUJ *N*X1/2*E
COE(JJ,5)==N**2—(1+3*SK)* (1-NU) *E**2 /2*X1**2
COE(JJ, 6)=~SK* (3~NU) *N*E**2*X1%*2/2-N
COE(JJ,7)=—NU*X1*E+SK* (—E**3*X1**3+N**2*% (1-NU) *X1+E/2)

- COE(JJ,8)=—N-"(3-NU)*SK*N*E**2*X1*%2/2

COE(JJ, 9)=~SK* (E**x4 *X1**4+ (N**2-1)**2)}-2*SK* (N*E)
Rr*2XY1*%2-1.0D0 .
_RETURN
END

C***t*******************************************************************

c

€

SUBROUTINE" SQ?OR. , "

THE STEADY FORCES_ARE CALCULATED UN THIS SUBROQUTINE

*

C***************tt******************************************************
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CPrA* kK hkkhFhhhhk bk *******************************************t***

C . _ ‘ .

O . SUBROUTINE STFOR(UI,UO,GM1) o

IMPLICIT REAL*8(A-H,60-Z)

INTEGER DEL(3,3),W,V,HH,KK,N

REAL*8 NU,NI,NO,X1

COMPLEX*16  CCOE(2,9),KI,X(3),U0,I

DIMENSTION AK(3,3),BK(3,3)

COMMON/DATAL/NI,NO, SKI,SKO,CIG(3),P(3),N

COMMON/DATA2/EI, EQ, ER, HR, URR

COMMON/DATA3 /21,20, USR,DSR

- COMMON/DATA5 /PPI , PPO, PO(2),PL{2),RMS,DEN,DDI,DDO,VIS,CA,CB
# COMMON/CON1/A,B,D,DEL

COMMON /CON2/SE, SF,G,H, ST, SL

COMMON /CCCE/CCOE

FA(RR,RE)=DSQRT(O. 0055*(l+g20000*RR+1 D6/REY**(1./3.)))

FW(RR,RE)=1/(~-4*DLOG10(RR/3.7+2.51/RE/FA(RR,RE)))**2

€ e e
c DATA FOR STEADY FLOW '
C e ———————— e
I=(0.D0,1.0D0) . -
.DEN=998 . 6D0 -

¢ ‘ RMS=(1- ER**Z)/ DLOG(1/ER)
RM=DSQRT ( RMS )
UOM=UQ*SU ‘ .
UIM=UI*SU
RR=0.D0
RO= UOM*Z*(EO—EI)/VIS*ALEN
RI=UIM#*2*EI/VIS*ALEN
IF(RI.EQ.0.DO) GO TO 10
FI=FW(RR,RI)
GO TO 11

10 . FI=0.D0

11 IF(RO.EQ.0.D0) GO TO 12
FO=FW(RR, RO)
GO TO 13

12 FO=0.DO

13 PPI=DEN*FI*UIM**2/EI
PPO=DEN*FQO*UOM**2/(EO-EI)
UTBS=(1-RMS)/2/(1~ER) *FO*UOM* * 2
UTAS=(RMS—ER**2)/2/ER/(1—ER) *FO*UQOM* * 2
UTS=FI*UIM**2/4 .
BI=UTS+UTAS ‘
CI=2*UTS/EI-2*UTBS/EQ/(1-RMS)
DI=(PPO-PPI)/
J=0
E=EI
NU=NI
BB=BI
CC=CI
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. DD=DI | .
" BD=DDI : | : . -
14 GM1=-BB*BD/E
- GM2-~(NU*CC*BD+GM1)/2 NU*DD*BD
GM3=BB*BD
GM4=—CC*BD
GM5=~DD*BD* . 25D0
‘ WRITE(6,99) DDI,UIM,PPI,UTS
99 FORMAT('0’,"DDI=(’,D11.4,1X,)’,2X, "UIM=(",D11.4,1X,") ,

& 2X, PPI=(',D11.4,1X," )" ,2X, 'UTS=(",D11.4,1X,")")
. WRITE(6,100) BB,CC,DD - :
_ 100 FORMAT(’0’, "BB=( ' ,D11.4,1X, )" ,2X, 'CE=(’',D11.4,1X, )",
& 2X, 'DD={',D11.4,1X,.)")
_ WRITE(6,101) FI,RI , '
101 FORMAT( 0’', 'FI=( ,D11.4,1X,")’,2X, RI=( ,D11.4,1X," )" )
WRITE(6,102) GM1,GM2,GM3 : :
102 FORMAT('0’, 'GM1={ ' ,D11.4,1X,°) ,2X, GM2=( ' ,Dl1l.4,1X,")",
& 2X, 'GM3=(',D11.4,1X, ) )
WRITE(6,103) GM4,GM5, X1,N |
103 FORMAT( 0', "GM4=(',D11.4,1X, ) ,2X, GM5=( ,D11.4,1X, )",
& 2X, "X1=(',D11.4,1X,") ,1X, 'N=(',I3,1X,')")
JJ=J+1

PO(JJ)=( (NU*E*CC-BB) /2+NU*E*DD) *DEN
PL(JJ)=( (NU*E*CC+BB)/2+NU*E*DD) *DEN
K=1
M=1 | -
_AK(1,1)=.5D0 B
BK(1,1)=.25D0
CCOE(JJ,1)=GM1*(-X1**2)*BK(K, M)+GM2*( Xl**ﬁ)*AK(K M)—GM4 *
# N**2%BK(K,M)~GMS*N**2*AK(K,M)
CCOE(JJ,2)=(0.D0,0.D0)
CCOE(JJ,3)=+GM4 *X1*BK (K, M)+GMS5*X1*AK(K,M)
CCOE(JJ, 4)=GM3*N/17§K(K My
CCOE(JJ, 5)=GML* (~X1#**2) *BK(K,M)+GM2* (- X1%#%2) *AK (K, M)~GM4 *
#N**2%BK(K,M)-GM5*N**2*AK(K, M)
CCOE(JJ, 6 )=~GM4 *N*BK (K, M) ~GM5*N*AK(K,M)
CCOE(JJ,7)=GM3/I*AK (K, M)~"GM4*X1+*BK(K,M)~GM5*X1*AK (K, M)
CCOE(JJ, 8)=—GM4 *N*BK(K,M)-GM5*N*AK (K, M)
CCOE(JT, 9)=(GM1*(—X1**2)*BK(K,M)+GM2* (-X1**2) *AK(K,M) GM4*
BN**2%*BK(K,M)-GM5*N**2*AK (K, M) )
WRITE(6,621)

621 - FORMAT( ‘0’ , "CCOE" ) -
JJ=1
DO 441 KK=1,9 o
s WRITBE(6,455) CCOE(JJ,KK)
455 FORMAT( 0’ ,2(D11.4,1X))
441 - CONTINUE
RETURN
'END : ¢ ‘
’_c 'k*****‘k*****************t*****************************************
C SUBROUTINE UNSFOR(QTETI)*

C**********************'k**'k*_***‘k*****************************.**‘k****

c THIS -PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
c THE PERTURBATIONS*

e R L e eI T P T T T T T T T T L T
c | - ”
SUBROUTINE UNSFQO(UI,UO0)
IMPLICIT COMPLEX*16(A-Z)
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COMPLEX*16 MM(3,3),CC(3,3), KK(3,3) . .
REAL*8 EI,EO,X1,CIG,P,PI,GAMA,UI,ZI,20,DSR;USR, HR ER, URR
REAL*8 NI,NO,SKI,SKO,SU,LEN, vis, TEIl TEI2
INTEGER N,X,M,J,L;NN :
COMMON PI,GAMA. .
COMMON/DATAL/NT, NO, SKI, SKO, CIG(3) P(3),N
COMMON/DATA2/EI, EQ, ER, HR, URR
COMMON /DATA3 /%I, %0, USR, DSR
COMMON/CLLE/QTRIL, QTRI2, OTRI3
INP(Y)=(IN{Y,N-L1)+IN(Y,N+1))/2
KNP (Y)=—(KN{Y,N-1)}+KN(Y,N+1)})/2
KNPP(Y)=(KN(Y,N-2)/2+KN(Y,N)+KN(Y, N+2)/2}/2
GAMA=.577215664901161D0 \ :
PI=3.14159265358979D0 ’
X1=-3.1416D0*EI - :
ALP=-3.1416D0*ET
M=N+1
ALA=X1
ER=EI/EO
ALB=ALA/ER
M=N+1 o
_ INTA=IN(ALA,N)
. INPIA=INP (ALA)
KNIA=KN(ALA,N)
KNPIA=KNP (ALA)

C __________________________________
INIB=IN(ALB, )
KNIB=KN(ALB,N)
INPIB=INP(ALB)
KNPIB=KNP (ALB)
C ______________________________________________________
C POTENTIAL FLOW THEORY
c ________________________________________________________
F11=INI3/ALA/INPIA ¥
c L WRITE(6,119) ALA,F11 R
Cc119 FORMAT( 0", 'ALA=( " ,2D11.4,1X, ) ,2X, Fll=( ,2D11.,4,1X, )" )
) F2= (INIA*KNPIB-INPIB*KNIA)/(KNPIB*INPIA~ INPIB*KNPIA)
F3=-2*X1*UQO*F2/ALA*ZI
C F3=(0.D0,0.D0)
| F4=F2/ALA*ZI _ :
/ FS=X1**2*UQ0**2 /ALA*F2*ZT P

QTRI1=F11+ZI-F4
QTRI2=-2*X1*UI*ZI*F11-F3
QTRI3=X1**2*UI**2*F11*ZI-F5
. RETURN

END
C**'k******************************'k**'k*'k**‘k:t****************************

. C _ 'SUBPROGRAMS FOR CALCULATING THE BESSEL FUNCTIONS

C***‘*‘ki{***‘k****************1{*******************************‘k************
COMPLEX FUNCTION IN*16(X,N)
IMPLICIT REAL#*8(A~Z) i
COMPLEX*16 X,T,T1,T2, T3 A4,1,T5,XXX
INTEGER K,N,M
COMMON PI,GAMA-
1=(0.D0,1.D0)

IF (CDABS(X).GE.15.D0) GO TO 10
IN=(0.D0,0.D0)
K=0 .
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11 T=(X/2)**(2*K)/FA(K)/FA(N+K) S -
IF(CDABS(T).LT.1.D-12) GO.TO 12 , . .
IN=IN+T & .. -

K=K+1
GO TO 11 ¢

12 IN=(X/2)**N¥IN
GO T0 36 C : . A

10 T2=(2.0D0/PI/X} ) : -

s T3-CDSQRT(T2)

TEIl=X
TS=—T*X :
TEI2=T5_ ' ' , -
Tl=(4*N**2-1)/(8*X*I)
XXX=I*(TEI1-~PI/4-N*PI/2)
IN=T3*(1.0D0~T1)*CDEXP (XXX)

36' . WRITE(6,52) IN .

52 FORMAT('0’, "IN=(",2D11.4,1X,")")
"RETURN ' )

END : 4

COMPLEX FUNCTION KN*16(X,N)
IMPLICIT REAL*8(A-~Z) -
COMPLEX*16 X,KN1,T,T1,T2,T3
INTEGER N,ML,K,I

COMMON PI,GAMA -

PI=3,1416D0
GAMA=0.5772D0

IF(CDABS(X).GE.15.D0) GO TO 40
IF(N.EQ.0) GO TO 46
KN=FA(N-1)}*({2/X)**N

IF(N.EQ.1) GO TO 45
ML=N-1

DO 41 1I=1,ML

41 KN=KN+(~1)**I*FA(N-I-1)/FA(I)*(2/X)**(N-2*I)

45 KN=KN/2
GO TO 47

46 KN=(0.D0,0.D0)

47 KN1=(0.D0,0.D0)

K=0
43 T-(X/Z)**(N+2*K)/FA(K)/FA(N+K)*(CDLOG(X/2)—(F(K+1)+F(N+K+l))/2)
IF(CDABS(T).LT.1.D-12) GO TO 42 *
"KNi1=KN1+T -
K=K+1 ‘
GO TO 43
42 KN=KN+KN1*(-1)**(N+1)
RETURN -

40 Tlw=w(4*N**2-1)/8/X
T2=T1*(4*N**2-9)/16/X
T3=1.DO*CDSQRT(PI/2/X)

N-TB*(1+T1+T2)
RETURN

'END | o : o | ()

DOUBLE PRECISION FUNCTION R(K) /N
~ IMPLICIT REAL*8(A-2Z)

INTEGER K, I
- R=0.DO

‘DO 40 I=1,K
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40 R=R+1.DO/T - ; N
" RETURN | S
$ END | N

DOUBLE PRECISION FUNCTION F(K)
IMPLICIT REAL*8(A-Z) .
INTEGER K , ~
COMMON PI,GAMA : -
IF(K.EQ.1) GO TO 50
F=R(K-1)-GAMA

: ' RETURN v

50 F=-~GAMA '
RETURN . .
END ~ '

DOUBLE PRECISION FUNCTION FA(K)
IMPLICIT REAL*B(A-2)
INTEGER K,L
FA=1.DO
I=1
21 FA=FA*L o
IF(L.GE.K) GO TO 22 ’
L=L+1 .
GO TO 21
22 CONTINUE
RETURN
END
C********************************************************************
C* MATRIX AAA**
C* '
C***************************t**************t*************************
C THIS PART IS USED TO ASSEMBLE MATRIX AAA WHICH CONTAINS THE*

C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOQE,AND THE UNSTEADY*
C FORCES QTXI,...*
C***************************************************************#*****
2 SUBROUTINE MATRA(MM,KK,CC,AA,BB)

IMPLICIT REAL*8(A~H,0-%Z)

COMPLEX*16 AAA(3,3),AA(6,6),BB(6,6),MM(3,3),KK(3,3),CC(3,3),

&COE(2,9),CCOE(2,9)

COMPLEX*16 QTRI1,QTRIZ2,QTRI3

INTEGER N,JL

COMMON/DATAL /NI, NO,SKI,SKO,CIG(3),P(3),N

COMMON/DATAZ/EI,E0:§R HR,URR .

=

COMMON,/DATA3/ZI,Z0,USR,DSR
| COMMON/DATAS /PPI,P 90(2) PL(2),RMS,DEN, DDI,DDO,VIS,CA,CB
COMMON /COCE /COE
COMMON/CCCE /CCOE :
COMMON/CLLE/QTRI1,QTRI2,QTRI3
WRITE(6,166) QTRI1,QTRI2,QTRI3
166 FORMAT( 0" ;" QTRI1=( ,2D11.4,1X,") ,2X, QTRI2=(',2D11.4,1X, ")
&' ,2X, QFRI3=(',2D11.4,1X,")")
JI=1
KK(1,1)=COE(JJ,1)*.5D0+CCOE(JJ,1)
KK(1,2)=COE(JJ,4)*.5D0+CCOE(JJ,4)
KK(1,3)=COE(JJ,7)*.5D0+CCOE(JT,7)

KK(2,1)=COE(JJ,2)*.5D0+CCOE(JJ,2)
KK(2,2)=~COE(JJ, 5)*.5D0+CCOE(JJ,5)

L]
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KK(2,3)=COE(JJ,8)*.5D0+CCOE(JJ, 8)

KK(3,1)=COE(JJ,3)*.5D0+CCOE(JT,3) |
KK(3,2)=COE(JJ,6)*.5D0+CCOE(JJ, 6)

KK(3,3)=(COE(JJ,9)+QTRI3 ) *.5D0+CCOR(IT, 9)
CC(3,3)=QTRI2*.5D0 '

DO 11 J=1,2
MM(J,J)=(1.0D0,0.D0)
CONTINUE
MM(1,1)=(1.0D0,.0D0)}*.5D0
MM(2,2)=(1.0D0,.0D0)*.5D0
MM(3,3)=((1.0D0,.0D0)+QTRI1}*.5D0
DO 12 J=1,3
AA(J,J+3)=(1.0D0,.0D0)
BB(J,J)=(-1.0D0,0.D0)
CONTINUE
DO 13 J=1,3
DO 13 K=1,3
AA(3+J,K)=KK(J,K)
AA(3%J,3+K)=CC(J,K)
BB(3+J, 3+K)y=MM(J, K}
CONTINUE
DO-14 K=1,6
WRITE\6,419) (AA(K,J),JT=1,6)
FORMAT( 0',6(D11.4,1X))
CONTINUE
DO 114 K=1,6
WRITE(6,319) (BB(K,J),J=1,6)
FORMAT( 0’ ,6(D11.4,1X))
CONTINUE
RETURN
END
L+ 4

2i7 



APPENDIX L

PROGRAM FOR VISCOUS THEORY

- | - USING TRAVELLING WAVE SOLUTION N

' -

This program considers the full theory, the cases of internal and
annular flow could be considered, the effects of unsteady and steady viscous

forces could be investigated~ - The program calculates the dimensionless
. ‘ N

frequency 0 for each flow velocity,

Program Structure

MAIN PROGRAM L w”“*\
SUBROUTINE PREMAT
' SUBROUTINE STFOR
SUBROUTINE UNSFOR
SUBROUTINE MATRA
COMPLEX F;NCTION Fs
COMPLEX FUNCTION DET
COMPLEX FUNCTION IN
COMPLEX FUNCTION KN , : o
DOUBLE PRECISION R

DOUBLE PRECISION F

DOUBLE PRECISION FA ) ' : .

R
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©

C**********************************************************************%'

c COMPUTER PROGRAM FOR .THE CASE OF STEADY AND UNSTEADY VISCQUS *-
¢ L THORY (FULL THEORY) \3 *
c - : TRAVELLING WAVE SOLUTION . ' ’ *

C***********************************************************************
C a Fa - N
C************************************************************** Kok kKK KK
THE FOLLOWING ARE INFORMATIONS TO HELP RUNNI%?/EE;
PROGRAM PROPERLY
INTERNAL AND CR ANNULAR FLOW
{I) UNSTEADY +STEADY i
(II) UNSTEADY
(III) STEADY )
—<—— SET KF=1 THIS LEAD TO INTERNAL FLOW ONLY IN UNSTEADY
* =~-— IF KF(NOT=TO 1) INTERNAL AND ANNULAR FLOW ARE CONSIDERED
---- LL=0 CONSTANT VELOCITY POFILE INTERNAL FLOW
—-——— LS5~=0 CONSTANT VELOCITY PROFILE ANNULAR FLOW
—————— IF CA1=CAZ2=0.D0, AND UB=UMAX THIS IS THE CASE OF CONST
. VELOCITY PROFILE
* IN MATRIX AAA

=

IF QTRI=QTETI=QTXI=0 NO UNSTEADY FORCES
IF COE=0 NO STEADY FORCES

LSRR S ESEE NS EEREEEEREEREESEEEEREEEFSEEEREEEEEEESEEEEEEEREREE SRR R

MAIN PROGRAM
******************ﬁ************ *f*****t********t*****************
IMPLICIT .REAL*8 (A—H,O-2)
COMPLEX*16 QTXI(6),QTETI(6),QTRI(6), AAA(B 3), XY (3)
#,FS,U0,MIL,COE{2,9),CCOE(2,9)
INTEGER INFER(3),MS,N d
EXTERNAL FS -
REAL*8 NI,NO,UI . ) .
COMMON/DATAL /NI, NO, SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI, EQ, ER, HR, URR
COMMON/DATA3/ZI, 20, USR, DSR P
COMMON/DATA7 /UL, UQ :
COMMON/AREA1/AAA , ‘
' COMMON/DATAS /PPI, PPO,PO(2),PL(2),RMS, DEN,DDI,DDO,VIS,CA,CB
DATA EPS/1.D-10/,NSIG/8/,NGUESS/1/,ITMAX/10/,11/1/

NOONN0A0A0ONANANANN
@

COMMON /COCE/COE
" COMMON/CRCE/CCOE
COMMON/CLLE/QTXI QTETI, QTRI
C e e e e e e e e e e
C DATAS REQUIRED FOR SHELL
C ________________________________ ;.Y
PI=3.141617D0 .
C _____________________________
;{ STEEL WATER SHELL
C ————————————————————————
o 7 GAP(0.1/10)WATER P
C ___________________________________
EI=1/11.D0
EO=1/10.0D0 _
ER=EI/EOQ
%I=23.3D0
SU=5308.D0
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‘NI=_.3DO

LEN=1.0D0
SKI=(5.5D- 3}**2/12
“N=3

UI=0.04DO0
U0=(0.0D0,0. DO)

MS=1 '
NK=MS-1
XY(1)=(~.619D-3,.171D—4)

CALL ZANLYT(FS,EPS,NSIG,NK,NGUESS,II,XY,ITMAX,INFER,IER)
CALL UNSFO(UI,UO,XY(1l),MIL)
CALL STFOR(UI,UOQ,GML)
CALL MATRA(XY(1l),AAA)
PRINT I11,XY(MS)
111 FORMAT('~', FREQUENCY AT A SPECIFIC VELOCITY TO STUDY THE
& INSTABILITY=(',2D11.4,1X,")")
"PRINT 155" ,INFER(l)

155 FORMAT (' 0", 'NO.OF ITERATIONS REQUIRED=',I3/)
' PRINT30 ,
- 30 FORMAT( ‘1" )

PRINT10,UT, Uo' ‘ )
10 FORMAT( 1", FLOW VELOCITY INSIDE THE INNER CYLINDER=',F8.5/'0°,
HOW VELOCITY IN THE ANNULAR REGION=',F8.5)

STOP

END
C
C - ,
C*'k*‘k'**‘k***************%********************‘k***********************t***
C SUBROUTINE PREMAT ~ *

C**************_‘k****‘k****#**‘k******'k***_*'*'k*'k*'k*'k******************W***** )

SUBROUTINE PREMAT

IMPLICIT REAL*8(A-H,0~Z)

COMPLEX*16 COE(2,9) .

REAL*8 NI,NO,NU ‘ . A

COMMON/DATAL /NI, NO,SKI,SKO,CIG(3y,P(3),N

:COMMON/DATA2/EI, EO,ER,HR,URR

COMMON /COCE/CQE

J=0

E=EI

NU=NI o

SK=SKI

~3.1416D0O*E .

12 JJ J+l ‘ ‘
COE(JJ, l)=—Xl**2+(NU-l)*(SK+1)*N**2/2
COE(JJ,2)=—(1+NU)*N#*X1/2

- COE(JJ,3)=—NU*XL+SK*(~XL**3+N**2* (1-NU)*(X1)}/2)
COE(JJ,4)=—(1+NU)*N*X1/2
COE(JJ,5)=-N**2—(1+3*SK)*(1-NU)*X1**2/2
COE(JJ,6)=—SK*(3-NU)*N*X1**2/2-N
COE(JJ,7)=—NU*X1+SK*(—Xl**3+N**2*(l—NU)*Xl/2)
COE(JJ,8)=—N—(3~NU)*SK*N*X1**2/2
COE(JJ,9)=—SK*(X1**4+ (N**2~1)**2)— Z*SK*(N)
T4xx2%X3*x+%2~-1,0D0 .
RETURN
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END

C***************************************************k*******************

:;": c .

COMPLEX FUNCTION FS . : : *

C**************************************r********************************

319
320

| 11
f\\\ma 116

c

INTEGER L{3),M(3)

COMPLEX FUNCTION FS*16(KI)
IMPLICIT REAL*8(A-Z}-
COMPLEX*16 XI,AAA(3,3),DET,UQ, MIL

-

COMMON/DATA7 /UI, UO
COMMON /AREA1 /AAA
CALL STFOR(UI,UOQ,GM1)
CALL UNSFO(UI,UO,KI,MIL) ° |
CALL MATRA(KI,AAA) -
DO 320 K=1,3 '
WRITE(6,319) (MAA(K,J),J=1, 3)
FORMAT( 0’ ,6(D11.4,1X))
CONTINUE ‘
FS=DET(AAA,L,M,3)
PRINT 11,FS
FORMAT( 0, FS=",2(D11.4,1X)) ,
PRINT 116,KI
FORMAT('0*, 'KI=',2(D11.4,1X))
RETURN .
END

2R A SRS ERERRS SRR SRS EEERE SRR PR SRR RS SRR EEEEEEEEEE RS RS

C

SUBROUTINE STFOR *

C***********************************************************************-

.c

THE STEADY FORCES ARE CALCULATED UN THIS SUBROUTINE

C************************************j*********t************************

C

SUBROUTINE STFOR(UI,UO,GM1)
IMPLICIT REAL*8(A-H,O0-Z)

INTEGER DEL(3,3),W,V,HH,KK,N

REAL*8 NU,NI,NO,X1

COMPLEX*16 CCOE(2,9),KI,X(3),U0, T
DIMENSION AK(3,3),BK(3,3)

COMMON/DATAL /NI, NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO,ER, HR, URR
COMMON/DATA3/2I,%0,USR,DSR .
COMMON/DATAS/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO, VIS, CA,CB
COMMON/CON1/A,B,D,DEL ..

COMMON /CON2/SE, SF,G,H,SJ, SL

-~ COMMON/CRCE/CCOE

FA(RR,RE)=DSQRT(0.0055* 20000*RR+1.96/RE)**(1./3.)))
FW(RR,RE)=1/(—4*DL0G10(é§f§k7+2.51/RE/FA(RR,RE)))**2

I=(0.D0,1.0D0)
DEN=998 . 6D0
DDI=8.261D-7
DDO=DDI/ER

_vxs-1 121D-6

=1.0D0
Sﬁ, 308.0D0
*-3 1416D0*EI
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L e ———————
RMS=(1- ER**Z)/2/DLOG(1/ER)
O RM=DSQRT(RMS) _
RMA=RM/ (RM-ER)
LRA=DLOG(RM/ER)
RMB=RM/ (1-RM)
LRB=DLOG ( 1/RM)
CA=-0.7864D0-0.56*RMA+0, 5064 *RMA*LRA+0 . 56*RMA**2*LRA
CB=0.7864D0~0.56*RMB-0.5064*RMB*LRB+0. 56*RMB**2*LRB
UOM=UO*SU
UIM=UI*SU
RR=0.DO
RO=UQM*2* (EO—-EI)/VIS*SLEN
RI=UIM*2*EI/VIS*SLEN : | o
IF(RI.EQ.0.DO) GO TO 10
FI=FW(RR,RIY
GO TO 11
10 FI=0.DO
11 IF(RO.EQ.0.D0C) GO TO 12
FO=FW(RR, RO)
GO TO 13 .
12 . FO""‘O .DO ’ )
13 PPI=DEN*FI*UIM**2/EI
PPO=DEN*FO*UOM**2/(EQ-EI)
UTBS=(1-RMS)/2/(1-ER)*FO*UOM**2
UTAS=(RMS-ER**2)/2/ER/(1- ﬁR)*FO*UOM**z
: UTS=FI*UIM**2/2
- BI=UTS+UTAS
CI=2*UTS/EI-2*UTBS/EO/{1-RMS)
DI=({PPO-PPI)/DEN
BO=UTBS -
CO=2*UTBS/EQ/( 1-RMS)
DO=—(CA*UTAS+CB*UTBS )~PPO/DEN

J=0
E=EI
NU=NI
BB=BI .
CC=CI .
% DD=DI . ~
BD=DDI s
4 -GM1=-BB*BD/E T
GM2=-(NU*CC*BD+GM1)/2-NU*DD*BD
GM3=BB*BD - :
GM4=-CC*BD
GM5=-DD*BD
WRITE(6,99) DDI,UIM,PPI,UTS . :
99 FORMAT( 0", 'DDI=(',D11.4,1X, )’ ,2X, UIM=(" ,D11.4,1X, )",
& 2X, 'PPI=(’',D11.4,1X, ) ,2X, 'UTS=(',D11.4,1X,")") .
WRITE(6,100) BB,CC,DD i
100 . FORMAT('0",'BB=(",D11.4,1X, )" ,2X, CC=( ,D11.4,1X, )"
& . 2X,'DD=(',D11.4,1X," )"} -
. WRITE(6,101) FI,RI | . .
101 FORMAT( 0", "FI=( ,D11.4,1X,") ,2X, RI=(’,D11.4,1X,"')’
WRITE(6,102) GM1,GMZ,GM3
102 FORMAT( 0", "GM1=(",D11.4,1X," )" ,2X, "GM2=(',D11.4,1X,
5 2X,'GM3=(’,D11:4,1X,")") . .

WRITE(6,103) GM4,GMS5,X1,N
\\ 103 FORMAT( 0", "GM4=(",D11.4,1X, )" ,2X, 'GM5=(",D11.4,1X,"’
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&  2X,’Xl=(",D11.4,1X%,"')",1X, 'N=(’',I3,1X,")")
JI=J+1 .
PO(JJ)y=( (NU*E*CC- BB}/2+NU*E*DD)*DEN
PL(JJ)=( (NU*E*CC+BB)/2+NU*E*DD)y*DEN ‘ A
K=1 i. ‘ .
M=1 . . .
AK(1l,1)=.5D0
BK(1l,1)=.25D0 - N
CCOE(JJT, 1)=GM1*(—-X1**2)*BK(K, M)+GM2*({—-X1**2)*AK(K, M) GM4*
# N**2*BK(K,M)-GMS5*N**2*AK(K,M)
CCOE(JJ,2)=(0.D0,0.D0)
CCOE(JJ,3)=+GM4A*X1*BK(K, M) +GM5*X1*AK(K, M)
CCOE(JJ,4)=GM3*N/I*AK(K, M)
CCOE(JJ,5)=GM1* (—X1**2)*BK(K,M)+GM2* (- XT**2)*AK(K,M) GM4*
$N**2*BK(K,M)-GM5*N**2%AK(K,M)
CCOE(JJ, 6)=—GM4 *N*BK(K,M)~GM5*N*AK (K, M)
CCOE(JJ,7)=GM3/I*AK(K, M)-GM4*X1*BK(K, M)-GM5*X1*AK(K, M)
CCOE(JJ,8)=—GM4*N*BK(K,M)-GM5*N*AK(K, M) ‘ : )
CCOE(JJ,9)=GM1*{—-X1**2)*BK(K, M)+GM2* (- Xl**Z)*BK(K M)y—-GM4 *
#N**2*BK(K,M)~GM5*N**2*AK(K,M)
WRITE(6,621)
621 - FORMAT( 0", "CCOE")
JJ=1 | V4
DO-441 KK=1,9
WRITE(6,455) CCOE(JJ,KK)
455 . FORMAT( 0" ,2(DP11.4,1X))
441 CONTINUE
RETURN \
END

f

C

C ******************************************************************

c SUBROQUTINE UNSFOR(QTETI)*

. C*******************************************************************

C ~ THIS PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY*
cC THE PERTURBATIONS*
C*******************************************************************h
C
SUBROUTINE UNSFQ(UI,UQ,KI,MIL)
IMPLICIT COMPLEX*16(A-7)
COMPLEX*16 QTETI(3),QTRI(3),QTXI(3), AQ/L4) ,B{4,4),WA(L5)
COMPLEX*16 AA(10,10),FTT(6,10),MIL,T(4,9), MEF,MEI,TT1,TT2,
& TT3,TT4,FST(3,3),WK(3),C(6, 6§_D(6 6),TST(6,6),WWA(48),WWK(6)
< REAL*8 EI,EO,Xl,CIG,P}PL,GAMA,UI,ZITZO,DSR,USR,HR;ER,URR
REAL*8 NI,NO,SKI,SKO,SU,LEN,VIS,TEIl,TEI2,KMS,XX1,XX2
REAL*8- NVISC,EXl,TEIA,TEIB,TEI3,TERS, TEI6,DE,DG, TSS
REAL*8 cAo,gAl,CAz,cl,cz,c3,R1,R2,$§§Y2 N
INTEGER N,K,M,J,L;NN,MM,IA,IB,IJOB, JER,LL,LM,IL,LS,LR
INTEGER II,JJ,KK,KMF/KML,III,IIA,IIB,MMN,NNN,IIJOB, IIER
COMMON PI,GAMA
COMMON/DATAI/NI NO, SKI,SKO,CIG(3), p(3) N :
COMMON/DATA2/EI, EQ,ER, HR, URR S
COMMON/DATA3/2I,%0,USR,DSR
COMMON/CLLE/QTXI, QTETI QTRI

i o L b e i e e e e —— e
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INP(Y)=(IN(Y,N=1)+IN(Y,N+1))/2 -
' : INF{Y)=(IN(Y,M-1)+IN(Y,M+1))/2
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_ < INPP(Y)=(IN{Y,N-2)/2+IN(Y,N)+IN(Y,N+2)/2)/2

- INPF(Y)=(IN(Y,M~2)/2+IN(Y,M)+IN(Y M+2)/2)/2
KNP(Y)=—(KN(Y,N-1)+KN(Y,N+1}) /2
KNF(Y)=—(KN(Y,M-1)+KN(Y,M+1))/2

- -KNPP(Y)=(KN(Y,N-2)/2+KN(Y,N)+KN(Y,N+2)/2) /2

KNPF(Y)=(KN(Y,M-2)/2+KN(Y,M)+KN{Y, M+2)}/2) /2

GAMA=.577215664901161D0
PI=3".14159265358979D0 i
DATAS FOR VISCOUS FLUID AND SHELI, DIMENSIONS

e e e e o i o e o e e . . L o e it s o T s b . T o e i it o S T B ko o T Y Bl e . e g . e e

®

SU=5308.0D0
" LEN=1.0D0
VIS=1.121D-6
RFE=1.21D0/997.2D0
RHE=1.0D0O
EPI=SU*LEN/VIS
EPO=EPI
ER=EI/EQ
"URR=1.0D0
~ _HR=1.0D0O N
*'X1=-3.1416DO*ET ‘
ALP=-3.1416D0*EI
RHOE=RHE/EPQ
(A EE LTRSS FEEEEEELEEESEEEEREEE NSRS R TR RS -
M=N+1 -
ALA=CDSQRT(ALP**2)
" ALB=ALA/ER :
X2=X1/ER
I=(0.D0,1.D0)
MEI=CDSQRT( I*EPI*{KI*EI)+X1**2) iy
MEA=MET ,
MEB=MEI/ER
MEI=EI*MIL
**-k'k'k****1‘r***********************t******
INNE SHELL
BXI1=IN(MEI,N)
'~ BXPT1=INP(MEI)
BRI1=IN(MEI,M)
BRPI1=INF(MEI)
BRPPI1=INPF(MEI)
BXPPI1=INPP(MEI)

INIA=IN(ALA,N)
YNIA=KN(ALA, N)
BXIA=IN(MEA,N)
BRIA=IN(MEA,M)
BXPIA=TINP(MEA)
BRPIA=INF(MEA)
BXYA=KN (MEA,N) :
BRYA=KN(MEA,M) . -
BXPYA=KNP(MEA) . - )

AR

P 7
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A : - BRPYA=KNF{MEA) ' ¥
S : INPIA=INP (ALA)
: ‘ . " YNPIA=KNP(ALA)
o BRPPIA=INPF(MEA)
- BXPPIA=INPP(MEA) : ,
‘BRPPYA=KNPF (MEA) »
' BXPPYA=KNPP(MEA) . .
INPPIA=INPP(ALA) . '
YNPPIA=KNPP (ALA)
C CONDITION AT R=B,ANNULAR | \
. C ************************************************
INIB=IN(ALB, N}
- YNIB=KN(ALB,N)
BXIB=IN(MEB,N)
BRIB=IN(MEB,M)
BXPIB=INP(MEB)
BRPIB=INF(MEB)
BXYB=KN(MEB,N)
BRYB=KN(MEB,M).
BXPYB=KNP (MEB)
BRPYB=KNF ({MEB} . :
INPIB=INP(ALB) .
YNPIB=KNP(ALB)
LM=1

WRITE(6,163) BRIA,MEI,M
163 - _ FORMAT('0’,'BRIA=(',2D11.4,1X,")",2X, MEI-(’,2D11.4,1X,")’
L T 2X, M= 15) )
' WRITE(6, £31) EI,EPI : :
131 © FORMAT('0‘, 'BI=(',D11.4,1X, ¥.,2X, EPI=(',D11.4,1X,")")
9 WRITE(6, 11) MEI,MIL .
11 FORMAT('0’, 'MEI=(',2D11.4,1X, ) ,2X, 'MIL=(',2D11.4,1X,")")
. WRITE(6,112) TEI1,TEI2
112 FORMAT('0’,!TEIl=( ,D11.4,1X, )’ ,2X, TEI2=( ,D11.4,1X, )")
WRITE(6,122) KNIA, KNPTA S
122 'FORMAT('O','KNIA?(',2D11.4,1X,')',ZX,'KNPIA=(';2D11.4,1X,')'
- WRITE(6,12) INIA,INPIA,INPPIA
12. FORMAT( ‘0", 'INIA=( ,2Dl1.4,1X, ) ,2X, INPIA=( ,2D11.4,1X,")’
& 2X, INPPIA=(',2D11.4,1X,°)") ' v
o WRITE(6,192) TT1l,TT2,TT3 : _
192 FORMAT( 0', "TT1=("',2D11.4,1X, )" ,2X, TT2=( ,2D11.4,1X%X," )",
& 2%, "TT3=(',2D11.4.,1X, ")) : .
WRITE(6,13) BRYA :
13 FORMAT( 0", 'BRYA={( ,2D11.4,1X,')")
. WRITE(6,14) BXYA =
14 FORMAT( 0", 'BXYA=(',2D11.4,1X,')")
WRITE(6,18) BXPYA,BRPYA :
18 FORMAT( ' 0, "BXPYA=( ,2D11.4,1X, ) ,2X, BRPYA=(',2D11.4,1X,"')"
C **********t***************tﬁ***************T********* @

C  INVERSION OF MATRIX A,INNER FLOW . y
C AR E LSS RS ER R LSRR AR E R ESL SRR R EEEREEEEEEEEEEIEEEE]
t' CA(L,1)=I*X1*INIA '
: A(1,2)=(0.D0,0.D0)
_ A(l,3)= (MEI*BRPII+(N+1)*BR11) .
S : A(2,1)=-N*INIA g
I ' - A(2,2)=(-MEI*BXPIl)
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C SOLVING FOR C1I,C3I,C5I,AND PRINTING THE MATRIX B(K,J)
C ;

C
Cc

71
34

E@m . 226
A(2,3)=—X1*I*BRI1. S
A(3,1)=ALA*INPIA ;
A(3,2)=(N*BXI1l) '
A(3,3)=-I*X1*BRI1 - .
FSS1=DET(A,L,M, 3) :
WRITE(6,77) FSS1
FORMAT('O','FSSl=(‘,2D11 4,1X,°)")

WRITE(6,82) AKJ
FORMAT( 0’ , AKJ') -

DO 34 X=1,3

'WRITE(6,71) (A(K, J),J=1,3) N
FORMAT( 0’ ,6(D11.4,1X))
CONTINUE

DO 101 K=1,3 °
DO 101 J=1,3 )
B(K,J)=(0.D0,0.D0)
IF(K.EQ.J) B(X,J)=(1.0D0,0.D0)
CONTINUE °

DD=A(2,2)*(A(3,3Y*A(1,1)-A(3, 1)*A(l 3))=A(3,2)*(A(1,1)*
A(2,3)~A(1,3)*A(2,1))
B(3,1)=(A(3,2)*A(2,1)-A(¢(3,1)Y*A(2,2))/DD
B(3,2)=-A(3,2)*A(1,1)/DD
B(3,3)=A(2,2)*A(1,1)/DD
SS=A(1,1)Y*A(2,3)-A(1,3)*A(2,1)
B(2,1)=—(A(2,1)+85*B(3,1))/A(1,1)/A(2,2)
B(2,2)=(A(1,1)-SS*B(3,2))/A(1,1)/A(2,2)
B(2,3)=—88*B(3,3)/A(1,1)/A(2,2)
B(1,1)=(1-A(1,3)*B(3,1))/A(1,1)
B(1l,2)=-A(1,3)*B(3,2)/A(1,1)
B(1l,39=-A(1,3)*B(3, 3)/A(1 1)
WRITE(6, 53) BKJ . .
FORMAT( 0", 'BKJ ") -
DO 44 K=1,3
WRITE(6,99) (B(K,J),J=1,3) ,
FORMAT( 0’ ,6(D11.4,1X)) ‘
CONTINUE .

———-—_-————-.__.._____.._____...._.___..__—___.__.__.__.______.___.....,,......,_.___._.__._____-—-

"6l

501

517
516

DO 61 II=1,3
DO 61 KK=1,3
FST(II,KK)=(0.D0,0.D0)

DO 61 JJ=1,3 .

FST(II,KK)=FST(II,KK)+A(II,JJ)*B(JJ, KK)
CONTINUE '

"WRITE(6,501) FSTKJ

FORMAT( 0°, 'FSTKJ ')

* DO 516 K=1,3

WRITE(6,517) (FST(K,J),Jd=1,3)
FORMAT( 0’ ,6(D11.4,1X))
CONTINUE °

IEEEEE R E RIS ST RS S SL S S S L L LSS RS TR S SRS LRSS R SRS S

LL=1,VARIABLE-VELOCITY PROFILE, FOR INTENAL FLOW
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c * ********f****#;*ﬁ*****;#*****************************f**********
C X  DETERMINATION OF THE CONSTANTS

Rl=.98D0
R2=.7D0
Y1=.7D0 . 7
Y2=,89D0 . “- 3
CA0=1.0D0 :
CA2=((R2-R1)+R1*Y2- Yl*R2)/(Rl*R2**2 RI1**2*R2)
CAl=(Y2-1-R2**2*CA2)/R2
WRITE(6,193) CAO, Cal, CA2
193 FORMAT( 0', CAO=(",D11.4,1X, ) ,2X, CAl=( ,D11.4,1X, ) ,1X,
& "CA2=( 'D11. 4,1x,')')

C  mmmmmmeee e
LR=0
LL=0 A
IF(LR.EQ.1) GO TO 291
. IF(LL.EQ.1) GO TO 135
Cmﬂ___________———————————————————~——____—;; ____________
c PRESURE PERTURBATION U=U0
C ______________________________________________________
c CONSTANT VELOCITY PROFILE
0 e e e -
IF(N.EQ.3) GO TO 153 -
BX11=IN(MEA, 1) -
’ TI2=INIA :
TI4=BX11/MEI
TI6=BXI1-2%TI4
| GO TO 291 A
153 TI2=INIA
' BX11=IN(MEA, 1)
BX21=IN(MEA,2)
TI4=BX21/MEA-BX11/MEA**2
TI6=BXTI1-3*TI4 |
GO TO 291 i
O S e
C - VARIABLE VELOCITY PROFILE

C hkhkkhkhhhkkhkdhhkhhhkhhkhkhkkhkhhkhhkhkhkkrhkkhkhhdthhhrhkhkkahkhkhkhkrhkrhhdoThdxx
C ******************************t&***ﬁ*********************

135 : ALAl=.99DO*ALA
S MEIl=.99D0*MEI
INN=IN{ALALl,N)
BX1=IN(MEI1l,1)
BX0=IN(MEIl,0)
BX2=IN(MEI1, 2)
-~ BX3=IN(MEIL,3) .
C —‘_'"“—""_""‘____"""""‘_"‘“_""""'""—-._—”—"__—__"_ ______________
IF(N.EQ.2) GO TO 5

TIB=CAO*INN+CA1/ALA*(ALAl*INN“(ALAl**4/48/4+ALAl**6/
& 768/6))+CA2/ALA**2* (ALAL**2*INN—(ALAL1**5/48/5+ALA1**7/768/7) )
TI4=CAO* (BX2/MEI1-BX1/MEI1**2)+CAl*(BX2-2*BX1/MET1

& ' )/MEI+CA2*(BX2*MEII 3*(BX1-BXL1/MEIl))/MEI**2
TI6=CAO* (BX3~— 3*({BX2/MEI1-BX1/MEI1**2))+CAl*(BX3*MEIl
& —4* (BX2- 2*BX1/MEIl))/MEI+CA2*(MEI.1**2*BX3 5*(BX2*MEIl 3
& . *(BX1— BXl/MEIl)))/MEIE**2 ‘
‘ GO TO 133

i i .- - . . -
C e S . . S . . . T T TP R ke T o TR Ty Y S ok . e S 7t T o . ] VL e . . . o S o . e . e e e o e e i S A oy o . ot o T e s e e e
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-5 - TI2=CAQ*IN2+CAl*(ALAL*IN2-(ALA1l**3/24+ALA**5/96/5))/ALA+
. & CA2* (ALAL**2*IN2-2*(ALAl**4/32-ALAl**6/96/6) ) /BLA**2 ‘
"TI4=CAQ*(BX1/MEI1)+CAL*(BX1-BX1/MEI1l)/MEI+CA2*(MEI1*BX1-2

$ - *BX0)/MEI**2

TI6=CAQ0* (BX2-2*BX1/MEI1)+CAl* (MEI1*BX2— 3*(BX1 BXl/MEIl))/MEI'
& +CA2*(MEI1**2*BX2 4*(MEIl*BXl 2*BXO))/MEI**2

133 WRITE(6, 102) TIZ TI4 TI6 - , .
102 FORMAT( 0", 'TI2= ( ,2911 g, 1x,‘)f,2x,'TI4=(“,2D11.4,1X,')',
_ & 2X,'T16=(',2Dll X, )Y <
C ___________________________________________________________
C INNER SHELL
C _______________________________________________________
291 T(l,1)=—(-2*I*X1*ALA*INPIA)/EPI/EI**2

T(1l,2)==(~I*N*X1*BXI1l)/EPI/EI**2
. T(l,3)=—{(1-X1**2+N)*BRI1-MEI*(1+N)*BRPI1-MEI**2+
& BRPPI1)/EI**2/EPI
T(2,1)=—(2*N*INIA~2*N*ALA* INPIA)/EPI/EI**2
T(2,2)=-(MEI*BXPI1~N**2*BXI1-MEI**2*BXPPI1)/EPI/EI**2
T(2,3)==((1+N)*I*X1¥BRI1-I*X1*MEI*BRPI1)/EPL/EI**2

o e e e e e o o i e e i e e e o v ot e o o o e . B A e e S AL e e . Y Ul G e S S WA St (o B S S TEYE i S

RADIAL STRESSES USING RADIAL DIRECTION
T(3,1)=—((I*KI*INIA+UI*(~I*X1)*TI2)/EI+2*ALA**2*INPPIA/EPI/EL**2)
T(3,2)=—((~I*X1*N*UI*TI4)/EI+2*%(MEI*N*BXPI1-N*BXIl)/EPI/EI**2)
T(3,3)=—((~X1**2*UI*TI6)/EI/MEI+2* (~I*X1*MEI)/EPI/BEI**2*BRPI1)

C * ****‘k*'k************@c********‘k****************‘k*********‘k***********
C HERE IF WE WANT TO SOLVE FOR INNER SHELL ONLY
C THEN JUMP OVER THE ANNULAR FLOW
C SET KF=1
C ______________________________________________________________________
KF=0
IF(KF.EQ.1) GO TO 941
C ****************‘k**************'k****************************
C SOLVING FOR L10,L20,L30,L40,L50,L60
C MATRIX INVERSION ANNULAR FLOW
C 'k*'k'k'k*************»********‘k*********************************
TEIA=MEA
TEIB=MEB

TEI3=TEIA-TEIB
IF(TEI3.GE.50.D0) GO TO 33
EX1=DEXP(TEI3)

‘ GO TO 44
33 EX1=.50D-30
C EX1=1.0DO
44 C(1l,1)=I*X1*INIA

C(1l,2)=I*X1*YNIA
C(1,3)=(0.D0,0.D0)
C(1,4)=(0.D0,0.D0)

' C(1,5)=((1+N)*BRIA+MEA*BRPIA)*EX1
C(1,6)=(1+N)*BRYA+MEA*BRPYA ;

C(2,1)=-N*INIA
C(2,2)=—N*YNIA
C(2,3)=-MEA*BXPIA*EX1
C(2,4)=-MEA*BXPYA
C(2,5)=-I*X1*BRIA*EX1
C(2,6)=—I*X1*BRYA
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o .C(3,1)=ALA*INPIA o
‘ ‘ ' €(3,2)=ALA*YNPIA R
C(3,3)=N*BXIA*EX1 =
C(3,4)=N*BXYA ' -
C(3,5)=—I*X1*BRIA*EX1
C(3,6)=—I*X1*BRYA

C(4S N =I*X2+INIB
C(4,2)=I*X2+YNIB
C(4,3)=(0.D0,0.D0)
C(4,4)=(0.D0,0.D0) -
C(4,5)=((1+N)*BRIB+MEB*BRPIR)
C(4,6)=((1+N) *BRYB+MEB*BRPYB) *EX1

C(5,1)=—N*INIB
C(5,2)=-N*YNIB
C(5,3)=—MEB*BXPIB
.C(5,4)=-MEB*BXPYB*EX1
C(5,5)=—1*X2*BRIB |
C(5,6)=—I*X2*BRYB*EX1

C(6,1)=ALB*INPIB :
C(6,2)=ALB*YNPIB .
C(6,3)=N*BXIB
C(6,4)=N*BXYB*EX1
C(6,5)=—I*X2*BRIB .
C(6,6)=—I*X2*BRYB*EX1 .

.. PRINT363

363 FORMAT('0°, 'CKJ") ) _ .
DO 164 K=1,6 _

. WRITE(6,165) (C(K,J),J=1,6)
165 FORMAT('O',10(Dll.4,1X),//,2(Dll.4,1X))
164 CONTINUE ‘
| FSS=DET(C,L,M,6) - ' i

WRITE(6,43) FSS :

43 FORMAT( 0", ‘FSS=(',2D11.4,1X,")")

DO 211 K=1,6
DO 211 J=1,6.
D(X,J)=(0.D0,0.D0)
AR - IF(K.EQ.J) D(K,J)=(1.0D0,0.D0)
S 211 : CONTINUE
' ‘ IIA=6
IIB=6
NNN=6
- MMN=6
ITJOB=0
' CALL LEQ2C(C, NNN IIA,D,MMN, ITB, IIJOB, WWA, WWK, IIER)
C ALl e . T Y T o L Sy vy AL . T it e e e e S Y . T O ———— . . . iy i e e e A . e A B Al o e e e e

PRINT63 | : - -
63  FORMAT('0’, DKJ') :

DQ 136 K=1,6

WRITE(G 137) (D(K, Jy, J 1,6)
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137 .FORMAT('O’ lO(Dll 4,1X),//,2(D11.4, 1))
136 CONTINUE

R i Ty S ——

31

601

.l . A o e e " B e . ey B (o ey e 2t o o i oy o W Sk B

DO 31 II=1,6
DO 31 KK=1,6
TST(II,KK)=(0.D0,0.D0)
DO 31 JJ=1,6
TST(II,KK)=TST(II,KK)+C(II,JJ)*D(JJ,KK)
CONTINUE
WRITE(6,601}) TSTKJ

FORMAT( 0", 'TSTKJ")

DO 616 XK=1,6

-WRITE(6,617) (TST(K,J),J=1,6)

617 FORMAT( 0’ ,10(D11.4,1X),//,2(D11.4,1X))

616

CONTINUE

C * R R R R R R R R S R A )

cC
c

FOR CONSTANT VELOCITY PROFILE,SET LS=0

A R E R S E IR E LS LR AL SRS ST R AL R R AR TR S EE L ETEEE R T E RS

LS=1 4 .
IF(LS.EQ.1) GO'TO 212

*****C;*'k'k'k********'k********'*‘k‘k'k*'k************‘k*****************

CONSTANT VELOCITY PROFILE

ANNULAR FLOW J"\
***************f-k*-****\-********************* KhkhkikkRkhkxhkhkxhkhdkXkkkFix

55

IF(N.EQ.3) GO TO 55
TI02=INIA
TY02=YNIA ,
BX11=IN(MEA,1)
BXY1=KN(MEA, 1)
TIO4=(BX11/MEA)
TYO04=(—-BXY1/MEA)
TI06=(BXIA-2*TI04)
TY06=(-BXYA+2*TY04)
GO TO 656
TIO2=INIA
TYO2=YNIA
BINA2=IN(MEA, 2)
BINAl=IN(MEA,1) .
TI04=BINA2/MEA
BKNA2=KN(MEA, 2)
BKNA1=KN(MEA, 1)
TY04=—BKNA2/MEA
BINAN=IN(MEA,N)
BKNAN=KN (MEA, N)
TI06=(BINAN~3*(BINA2/MEA-BINAL/MEA**2))
TYO6=(~BKNAN+3* (~BKNA2/MEA~BKNAL/MEA**2))
GO TO 656

____.......__——___—__-..._n——«—.___—-..___—-.___-..—___——.--......-—————---——.

INTEGRATION, ANNULAR ,ANALYTICAL

ALA2=1.02DO*ALA .

ALAM=1.317DO*ALA

MEI2=1.02DO*MEI

MEIM=1.317*MEX , _
- INON=IN(ALA2,N)

KNOO=KN(ALAZ2,0)

¥
A}
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KNO1=KN(ALAZ2,1) —
KNO2=KN(ALAZ,2)
KNON=KN({ALAZ, N)
BINAO=IN(MEI2,0) .
BINAL~IN(MEI2,1) _ . —
BINA2=IN(MEI2,2)
BINAN=IN(MEI2,N)
BKNAO=KN(MEI2,0)
BKNA1=KN(MEI2, 1)
BKNA2=KN(MEIZ2 ,2
BKNAN-KN(MEI% N):
- PK=CDLOG (ALA2/2)
PKK=(PK+.577D0) * (ALA2**3/24+ALA2**5/768)— ( 11*ALA2**3/288 *
& +37*ALA2%*5/2304)/2+(16/ALA2**3-2/ALA2+ALA2/4) /2 h '
YNN=KN(ALA2,3)
INL=IN(ALAZ2,3)
PKS=ALA2**3/48+ALA2**5 /768
PIO=ALA2**4 /48 /4+ALA2**6/768/65
. . PI1=ALA2**5/48/S+ALA2**7/768/7 '
| . POK=(ALA2**4/192*(.5777D0+PK-1/4.D0)+ALA2**6/4608*
S (.577D0+PK-1/6.D0))~ (ALA2**4/1152*11+37*ALA2**6/13824)/2
& +(-8/ALA2**2-2*PK+ALA2**2/8) /2
P1K=(ALA2**5/48/5% (. 5777D0+PK— 1/5.D0)+ALA2%*7/768,/7*
S (.577D0+PK-1/7.D0))~ (ALAZ**5*11/5/288+37*ALA2**7/7/2304)/2
& +(-16/ALA2-2*ALA2+ALA2**3/3/4) /2

ALAX=ALAM-ALA2 -
MEIX=MEIM-MEI2
CF1= CAO+CA1*(ALAM/ALAX)+CA2*ALAM**2/ALAX**2
CF2=CAQ+CAl* (MEIM/MEIX)+CA2*MEIM**2/MEIX**2
TIO2= (CAO+CA1+CA2)*INON+CA1*PIO/(ALAM)+2*CA2*(ALAM*PIO PI1)
§/(ALAM) **2
= TY02=(CAO+CA1+CA23*KNON+CA1*POK/(ALAM)+2*CA2*(ALAM*POK P1K)
&/(ALAM)**2
TI04=(CF2)*(BINA2/MEI2- BINAl/MEI2**2)
&= (CAl/MEIX+2*CA2*MEIM/MEIX**2)* (BINA2-2*BINAL/MEI2) -
& +CA2% (MEI2*BINA2-3* (BINAI-BINAL/MEI2)) /MEIX**2 '
TY04=(CF2)* (—~BKNA2/MEI2-BKNA1l/MEI2**2)
& ~(CAl/MEIX+2*CA2*MEIM/MEIX**2)+*(—BKNA2-2*BKNALl/MEI2)

& +CA2*(-MEI2*BKNA2+3+%(—BKNA1-~BKNA1l/MEI2))/MEIX**2
TIOE=(CF2)*(BINAN-3*(BINA2/ME12~-BINA1l/MEI2**2}) °
&-(CAl/MEIX+2*CA2*MEIM/MEIX**2)* (MEI2*BINAN~4* (BINA2- 2*BINA1/MEI2))

& +CA2* (MEI2**2*BINAN=-5* (MEI2*BINA2-3*
& (BINA1-BINAL/MEI2)))/MEIX**2

TY06=(CF2)* ( ~BKNAN+3* (—BKNA2/MEI2- BKNAl/MEIZ**Z))
&—(CAL/MEIX+2*CA2*MEIM/MEIX**2)* (—-MEI2*BKNAN+4 * (-BKNA2-2*BKNA1l/MEI2
&) ) +CA2* (-MEI2* *2*BKNAN+5* (—~MEI2*BINA2+3
&*(—BKNA1~BKNA1/ME12Y))/MEIX**z

656 WRITE(S6, 772) PIO,PIl _
772 FORMAT('0’, "PIO=(",2D11.4,1X,")',2X, PIl=(’,2D11.4,1X,")")
o ‘ WRITE(6,872) POX,P1K 1 :
872 FORMAT( 0, 'POK=(',2D11.4,1X,")",2X, 'P1K=(",2D11.4,1%X, )")

- WRITE(S6, 172) TIO2,TYO02 :
172 FORMAT('0’, 'TIO02=(',2D11.4,1X,")",2X, TY02=(',2D11.4,1X, )")
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S 2327
WRITE(6,182) TIO4,TY04,TI06,TY06 | o
182 FORMAT('0°, 'TTO4=(',2D11.4,1X,)",2X, TY¥04~(',2D11.4,1X,")",
& 2X, 'TI06=( ,2D11.4,1X, )" ,2X, TY06=( §D11 4,1X,°)")

' SEI=EI**2*EPI

NVIS=EPO/EPT

~ XTT=NVIS/SEI .
U01=U0

T(1l,4)=(-2*I*X1*ALA*INPIA)*XTT
T{1,5)=(-2*I*XL*ATLA*YNPIA)*XTT .
T(1l,6)=(-I*N*X1*BXIA)*XTT*EX1 - -
T(1,7)=(-I*N*X1*BXYA)*XTT
T(1,8)=( (1~ X1**2+N) *BRIA-MEA* (1+N) *BRPJA-MEA**2% 7

& BRPPIA)*XTT*EXL
T(1,9)=((1-X1**2+N)*BRYA-MEA* ( 1+N) * BRPYA~MEA**2*
& i BRPPYA ) *XTT
T(2,4)=(2*N*INIA-2*N*ALA*INPIA)*XTT
T(2,5)=(2*N*YNIA-2*N*ALA*YNPIA)*XTT
T(2,6)=(MEA*BXPIA-N**2+*BXTA-MEA**2*BXPPIA) *XTT*EX1
T(2,7)=(MEAXBXPYA-N**2*BXYA-MEA**2*BXPPYA) *XTT
T(2,8)= FN;+N)*I*Xl*BRIA—I*Xl*MEA*BRPIA*XTT)*EXl
T(2,9)=((1+N)*I*X1*BRYA-I*X1*MEA*BRPYA)*XTT
T(3,4)=( (I*KI*INIA+UOL*(—-I*X1)*TI02)/EI+2*ALA**2*INPPIA*XTT)
. T(¢3,5)={ (I*KI*YNIA+UOLl*(~I*X1)*TYQ2)/EX+2*ALA**2*YNPPIA*XTT)
T(3,6)=((-I*X1*N*UO1*TI04)/EI+2* (MEA*N*BXPIA-N*BXIA)*XTT)*EX1
T(3,7)=((-I*X1*N*UQL*TY04)/EI+2* (MEA*N*BXPYA-N*BXYA)*XTT)-
T(3,8)=((-X1**2*U01*TI06)/EXI/MEA+2*(—~I*X1*MEA)*XTT*BRPIA)*EX1 ~
T(3,9)=((-X1**2*U01*TY06)/EI/MEA+2* (~I*X1*MEA)*XTT*BRPYA)

S

941 . WRITE(6,69) TKJ
69 FORMAT( 0", TKJ ')
DO 254 K=1,3 ‘
_ WRITE(6,255) (T(K,J),J=1,9)
255 . FORMAT('0’,10(D11.4,1X),//,8(D11.4,1X))
254 CONTINUE

. DO 223 K=1,3
h DO 224 J=1,3
AA(K,J)=B(K,J)
224 CONTINUE
223 CONTINUE
DO 213 K=1,3
DO 214 J=4,9 .
AA(K,J)=(0.0D0,0.D0)
214 CONTINUE
213 CONTINUE
DO 313 K=4,9
DO 312 J=1,3
AA(K,J)=(0.D0,0.D0)
312 CONTINUE
313 CONTINUE
DO 411 K=4,9
DO 412 J=4,9
CC BA(K,J)=(0.D0,0.D0)
' AA(K,J)=D(K-3,J-3) .

LT
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411

90

601

717
716
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CONTINUE
CONTINUE -
; DO 90 ‘II=1,3
DO 90 KK=1,9
FTT(II,KK)=(0.D0,0.D0)
DO 90 JJ=1,9
FTT(II,KK)=FTT(IL,KK)+T(II, JJ)*AA(J ,KK)
CONTINUE
WRITE(6,601) FTTKJ
FORMAT( 0, 'FTTKJ )
DO 716 K=1,3 . |
| WRITE(6,717) (FTT(K,Jy,J=1, 4y S
FORMAT('0’,6(D11.4, lX))
CONTINUE

Crrkhkkxkxk AERODYNAMIC FORCES *hkkrkxkhk® s %%

s
=

178
177

606

609
608

111

11

RP1=(KI~X1*UI) -

RP2=(KI-X1*UQ* . 7D0)

QTXI(1)=(FTT(1, l)*RPl+FTT(1 4)*RP2)*2I/I*EI
QTXI(2)=(FTT(1,2)*RP1+FTT(1l,5)*RP2)*Z2I*EI
QTXI(3)=(FTT(1,3)*RP1+FTT(1,6)*RP2)*ZI*EI

QTETI(1)=(FTT(2,1)*RP1+FTT(2,4)*RP2)*ZI*EI
QTETI(2)=(FTT(2,2)*(I*RP1)+FTT(2,5)*I*RP2)*ZI*EI
QTETI(3)=(FTT(2,3)*RPI+FTT(2,6 y*RP2)*I*ZI*EL

OTRI(1)=(FTT(3,1)*RP1+FTT(3,4)*RP2)*ZI*EI
QTRI(2)=(FTT(3,2)*(I*RP1)+FTT(3,5)*RP2*1)*ZI+EI
QTRI(3)=(FTT(3,3)*RP1+FIT(3,6)*RP2)*I*ZI*El

DO 177 L—1,§

WRITE(6,178) QTXI(L)

FORMAT('0°,2(D11.4,1X)) .

CONTINUE

DO 606 L=1,3

WRITE(6,607) QTETI(L)

607 FORMAT( 0" ,2(D11.4,1X))

CONTINUE
DO 608 L=1,3
WRITE(6,609) QTRI(L)
FORMAT( 0’ ,2(D11.4,1X))
CONTINUE
CONTINUE
RETURN
END-.

COMPLEX FUNCTION IN*16(X,N) :
IMPLICIT REAL*B({A-2) B
COMPLEX*16 X,T,T1,T2,T3,T4,I,T5, xxx
INTEGER K,N,M

COMMON PI,GAMA

I=(0.D0,1.D0)

IF(CDABS(X) GE.15.D0) GO TO 10
IN=(0.DD, o DO)

K=0

T-(X/2)**(2*K)/FA(K)/FA(N+K)
IF(CDABS(T).LT.1.D-12) GO TO 12

C IN=IN+T -

K=K+1
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GO TO 11
- 12 IN=(X/2)**N*IN
'@

GO TO 36 ; \\\
10° T2=(1.0D0/2.0D0/PI/X) -
T3=CBSQRT(T2) .
TEI1l=X
T5=-I*X
TEI2=T5
S Tl=(4*N**2-1)/(8*X)
XXX=I*(TEI2+N+1/2)*PI
IF(TEI1.GT.0.D0) GO TO 115
XXX=I*TEI2 .
IN=T3*(1.0D0=T1)*CDEXP ( XXX) % ®
GO TO 36 .
115 IN=T3*(1+T1)*CDEXP({I*TEI2)
C 15 WRITE(6,51) T1,T2,T3,T4 )
C 51  FORMAT('0’, Tl=(’',2D11.4,1X,")’,2X, T2=(',2D11.4,1X, ) ,2X, T3=¢(
C & ,2D11.4,1X, )" ,2X, T4=(',2D11.4,1X, )")
C36 WRITE(6,52) IN
C52  FORMAT('0', IN=(',2D11.4,1X,")")
36 RETURN : C
END &

COMPLEX FUNCTION KN*16(X,N)
IMPLICIT REAL*8(A-~2) .
COMPLEX*16 X,KN1,T,T1,T2,T3,T5,XXX,II
INTEGER N,ML,X,I
COMMON PI,GAMA -
PI=3.1416D0
GAMA=0.5772D0 .
IF(CDABS(X).GE.15.D0) GO TO 40
IF(N.EQ.0) GO TO 46
KN=FA(N-1)}*(2/X)**N -
IF(N:EQ.1) GO TO 45
- ML=N-1 -
DO 41 I=1,ML ~
41  KN=KN+(—1)**I*FA(N~I-1)/FA(L)*(2/X)**(N-2%1)
45 KN=KN/2 .
GO TO 47
46 KN=(0.D0,0.DO0)
47 KN1={0.D0,0.D0)
K=0
43 T= (X/2)**(N+2*K)/FA(K)/FA(N+K)*(CDLOG(X/2)“(F(K+l)+F(N+K+1))/2)
IF(CDABS(T).LT.1.D~12) GO TO 42
KN1=KN1+T
K=K+1
GO TO 43
42 KN=KN+KN1*(—1)**(N+1)
RETURN
40 Tl=(4*N*=*2-1)/8/X
T2=T1*(4*N**2-9)/16/X
T3=1.DO*CDSQRT(PI/2/X)
II=(0.D0,1.0D0)
TEI1=X
T5=-II*X . ‘
TEI2=T5 , *
XXX=II*TEI2
KN=T3#*(1+T1+T2)*CDEXP (—-XXX)

\‘“#
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RETURN - -
‘END

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z)
INTEGER K, I
R=0.D0
DO 40 I=1,K
40 R=R+1.D0/I
RETURN o
END -

. DOUBLE PRECISION FUNCTION F(K)
IMPLICIT REAL*8(A~Z)
INTEGER X
COMMON PI,GAMA
IF(K.EQ.1) GO TO 50
F=R{K-1)-GAMA
RETURN

50 F=-GAMA

" RETURN

END

DOUBLE PRECISION FUNCTION FA(K)
IMPLICIT REAL*8(A-Z)
INTEGER K, L
Fa=1.90
L=1
21 FA=FA*I,
IF(L.GE.K) GO TO 22
L=L+1 .
"GO TO 21
22 CONTINUE
' RETURN
END
C****'k********************************m****************************
C* MATRIX AAA**
C-A-
C***********************************************'**************-k**'k***
C THIS PART IS USED TO ASSEMBLE MATRIX 2AA WHICH CONTAINS THE*
C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOE,AND THE UNSTEADY*
C FORCES QTXI,...* «
C*‘k******************************1\'************************************
SUBROUTINE MATRA(KI,ARAA) _
IMPLICIT REAL*8(A-H,0-2) .
7 COMPLEX*16 AAA(3,3),QTXI(3),CKMN(36)
&,QTETI(3),QTRI(3),KI,U0,COE(2,9),CCOE(2,9)
DIMENSION AK(3,3),BK(3,3)
INTEGER N,JL
COMMON/DATAL /NI, NO, SKI SKO,CIG(3),P(3),N
COMMON/DATA2/EI, EQ, ER, HR,URR
COMMON/DATA3 /21, 20,USR,DSR
COMMON/DATAS5/PPI,PPQ,PO(2),PL(2),RMS,DEN,DDI,DDO, VIS, CA,CB
COMMON/COCE/COE
COMMON/CRCE/CCOE
COMMON/CLLE/QTXI,QTETI, QTRI
AK({1l,1)=.5D0 :
BK(1l,1)=.25D0 .

AN
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" ¥
: : JI=1
- CKMN(1)=(COE(JJ, 1)
P 4 . &  +QTXI(1)+KI**2)*AK(1,1)+CCOE(JJ,1)

CKMN(2)=(COE(JJ,4)+QTXI(2))*AK(], 1)+CCOE(JT, &)
CKM§;3) (COE(JJ,7)+QTXI(3))*AK(1l,1)+CCOE(JT,7)

CKMN(7)=(COE(JJ, 2)+QTETI(1))*AK(1,1)+CCOE(JJ, 2)

CKMN(8)=(COE(JJ,5)+ . &
& QTETI(2)+KI**2)*AK(1,1)+CCOE(JJ,5) )

CKMN(9)=(COE(JJ, 8)+QTETI(3))*AK(1,1)+CCOE(JJ,8)

CKMN(13)=(COE(JJ,3)+QTRI(1))*AK(1,1)+CCOE(JJ, 3)
CKMN(14)=(COE(JJ,6)+0QTRI(2))*AK(1l,1)+CCOE(JT,6)
~ CKMN(15)=(COE(JJ,9)+
& QTRI(3)+KI**2)*AK(1,1)+CCOE(JT,9)

BAA(L1l,1)=CKMN(1)
ARA(1,2)=CKMN(2)
_AAA(1,3)=CKMN(3)
AAA(2,1)=CKMN(7)
AAA(2,2)=CKMN(8) »
ABAA(2,3)=CEKMN(9) ' .
AAA(3,1)=CKMN{13)
AAA(3,2)=CKMN(14)
AAA(3,3)=CKMN(15) 5
DO 420 K=1,3 ‘
. - WRITE(6,419) (ARA(K,J),J=1,3)
419 FORMAT("0’,6(D11.4,1X))
420 CONTINUE
RETURN
, END .
C****************************-k-*'k*'k'k**-k-k-k****************************‘k**'ﬁr
C COMPLEX FUNCTION DET w
C**********t**********'k************** R RS E R ENERESEEE SR EREEEEEEEEEEESE SR
COMPLEX FUNCTION DET*X6(A,L, M, N?
DIMENSION A(N,N),L{N),M(N)
COMPLEX*16 A}PIVOT,HOLD
INTEGER END, AQ? COL, PIVROW, PIVCOL
END=N-1
DET=(1.D0,0.D0)
DO 10 I=1,N
. L(I)=1I
10 M(I)=I
DO 100 LMNT=1,END
PIVOT=(0.D0,0.D0)
DO 20 I=LMNT,N -
ROW=L(1I)
DO 20 J=LMNT,N
COL=M(J)
IF(CDABS(PIVOT) .GE. CDABS(A(ROW COL))) GO TO 20
PIVROW=1
PIVCOL=J ,
PIVOT=A(ROW,COL)
20 CONTINUE
. IF(PIVROW.EQ.LMNT) GO TO 22
DET=—-DET :
KEEP=L(PIVROW)
L(PIVROW)=L(LMNT)




22

26

100
333

. P

L(LMNT)=KEEP

IF(PIVCOL.EQ. LMNT) GO TO 26
DET=-DET -

KEEP=M(PIVCOL)
M(PIVCOL)=M(LMNT)

© M{LMNT y=KEEP - | .

DET=DET*PIVOT
IF(CDABS(PIVOT).EQ.0.DO) GO TO 333
JAUG=LMNT+1

PIVROW=L(LMNT)

PIVCOL=M(LMNT)

DO 100 I=JAUG,N

ROW=L (1)

HOLD=A (ROW, PIVCOL) /PIVOT
DO 100 J=JAUG,N

COL=M(J)

A(ROW, COL)=A(ROW, COL)—HOLD*A(PIVROW, COL) -

DET=DET*A (ROW, COL)
RETURN
END

2

237 .
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" APPENDIX M

PROGRAM FOR VISCOUS THEORY

USING FOURIER TRANSFORM METHOD

This progra.m considers only internal flow with unsteady viscous forces.

The program calculates ( for variable U, w The shell could ba clamped or

i

pinned at ~both ends.
- ;

v

Program Structure

MAIN PROGRAM . ' -
SUBROUTINE POLEMAT -
SUBROUTINE ZANLYT
SUBROUTINE UNSFOR
SUBROUTINE MATRA

COMPLEX FUNCTION HXX
COMPLEX FUNCTION DET
COMPLEX FUNGTION IW

DOUBLE PRECISION FUNCTION R

DOUBLE PRECISION 'FUNCTION F ' .

DOUBLE PRECISION FUNCTION FA
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. C****************************************************t******************'

C COMPUTER PROGRAM FOR THE CASE, OF UNSTEADY VISCOUS FORCES . *
C USING FOURIER TRANSFORM METHOD *
C . CLAMPED-CLAMPED SHELL

C***********************************************************************.
C*************************************%*********************t***********?
C ~ MAIN PROGRAM ) 4 : *
C******************************************************i****************

IMPLICIT: REAL*8(A~H,0-Z) v

COMPLEX*16 QQTXI(6,3,3), QQTETI(6 3,3),Q0TRI(6,3,3),00TX0(6,3,
#3),Q0QTETO(6,3,3), GQTRO(6, 3, 3) BAA(9,9),COEM(3,3,3) ,X¥(3),
#B(8),UN®®, FS, U0, MIL, COE(2,9,3,3),CCOE(2,9,3,3)

INTEGER IJ,K,M, INFER(3),J,MS,N

EXTERNAL ‘FS - ,

REAL*8 NI,NO,WA(8),UI :

COMMON/DATA1/NI,NO, SKI,SKO,CIG(3),P(3),N

COMMON/DATA2/EI, EO, ER,HR, URR

COMMON/DATA3/ZI, %0, USR, DSR

COMMON/DATA7 /UT , UO .

COMMON/AREAL/AAA

COMMON/DATAS/PPI, PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CA,CB

DATA EPS/1.D-10/,NSIG/5/,NGUESS/1/, LTMAX/12/,11/1/

DATA IA/8/,1B/8/,NN/8/,1J0B/0/, 12/36/

COMMON /COCE/COE

COMMON /COEF /CCOE

COMMON /CLLE/QQTXI , QQTETI , QQTRI, QQTXO QOTETO, QOTRO

PI=3.141617D0

CIG(1)=0.98250221457623D0

~ CIG(2)=1.00077731190727D0

* ' CIG(3)=0.99996645012540D0
P(l)=~4.7300407448627D0
P(2)=7.85320462409584D0  °
P(3)=10.99560783800167D0

‘BI=1/11.D0 ° ' ’
EO=1/10.D0 B
HR=1.0DO \ e - '
URR=1.0DO . - .
ER=EI/EQ '
NI=0.3D0
SKI=(5.5D-3)**2/12 :
ZI=23,3D0 . , .
DSR=1.D0
USR=1.D0
" N=3
DEN=998. 0DO

CALL CONT(CIG,P)
CALL PREMAT(COEM)
Ul=0.02D0
UO=(0.00D0,0.D0)
MS=1 ,
- NK=MS-1 a
XY(1)=(.418D-5,-.135D-3)
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o CALL ZANLY:T(FS EPS,NSIG,NK,NGUESS, IT,XY, ITMAX, INFER, IER)
%I% : .  CALL UNSFO(UI,UO,XY(1),MIL)
~ CALL MATRA(UI,UO,XY(1),ABA)
cc
PRINT lll XY(MS) "
111 FORMAT('-’,’FREQUENCY AT A/SPECIFIC VELOCITY 70 STUDY THE
s INSTABILITY=(',2D11.4,1X,")") o
PRINT -155, INFER(l)

155 FORMAT( 0', "NO.OF ITERATIONS REQUIRED=',I3/)
: PRINT30 S
30 " FORMAT( 1")

PRINT10,UI, Uo

10 FORMAT( 1", FLOW VELOCITY INSIDE THE INNER CYLINDER=',F8.5/’ 0", 'FL
#ow VELOCITY IN THE ANNULAR REGION=',6F8.5)

STOP “ ] o

END
C**********************************************************#*********t**
c . SUBROUTINE CONT : *

C*'k***‘k**********1\;&.************‘k*****************************************
SUBROUTINE CONT{CIG,P)
IMPLICIT REAL*8(A-H,0~%2)
DIMENSION A(3,3),B(3,3),CIG(3),D(3,3),SE(3,3),8F(3,3),G(3,3),
4H(3,3),S8J3(3,3),8L(3,3),DEL(3,3), P(3)
INTEGER DEL
COMMON/CON1 /%% B,D,DEL
COMMON/CON2/SE, SF,G,H, 8T, SL
DO 3 K=1,3
DO 3 M=1,3
IF(K.EQ.M) GO TO 1
DEM=P (M) **4-P(K)**4
PC=P(M)*CIG(M)-P(K)*CIG(K)
PWR=(—-1) ** ( K+M)
PMKS=P (M) **2*P(K)**2
A(K,M)=—4*PMKS* (PWR+1)*PC/DEM
B{K,M)=0.D0
. D(K,M)=-A(K,M) )
SE(K,M)=4*(3*P(M)**4+P(K)**4)*PMKS*P (M) *P(K)* (1-PWR) /DEM**2
SF(K M)=4*PMKS* (1-PWR) /DEM
G(K, M)=—4*PWR*PMKS*PC/DEM-2*(P(M)**4+P(K)**4)*SF(K M) /DEM «
SL{K,M)=—-SF(K,M)
H(K,M)= 4*PWR*PMKS*PC/DEM—(3*P(M)**4+P(K)**4)*SL(K M) /DEM
SJT(K,M)=16*PMKS*P (M) *P(K)*CIG(M)*CIG(K)*(PWR-1)/DEM**2
DEL{K,M)=0 _ , ‘ -
. GO TO 3 . '
1  A(K,K)= P(K)*CIG(K)*(P(K)*CIG(K) 2)
B(K,K)=-P(K)**4
D(K,K)=-A(K,K)
SE(K,K)==-B(K,K)/2
SF(K,K)=0:D0 .
G(K,K)=A(K,K)/2
H(K,K)=-G(K,K)
SJ(K,K)=0.5D0
SL(K,K)=0.D0 "
DEL(K,K)=1 ® "
3  CONTINUE
' "RETURN
END

=)
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C**********************************************************************ﬁ

‘4‘ C SUBROUTINE PREMAT ’ ‘ : o x
' C***********************************************************************
. SUBROUTINE PREMAT (COEM)
IMPLICIT REAL*8(A~H,0-%)
DIMENSION A(3,3),B(3,3),D(3, 3) DEL{ 3, 3)
COMPLEX*16 COE(2,9,3,3),COEM(3,3,3)
REAL*8 NI,NO,NU
INTEGER R,Q,W,V,H,KK,IJ
COMMON/DATAL/NI,NO,SKI,SKO, CIG(3),P(3),N
COMMON/DATA2/EI, EO,ER, HR, URR
COMMON /CON1/A,B,D, DEL
. COMMON/COCE/COE -
DO 3 K=1,3
DO 3 M=1,3
COEM(1,K,M)=A(K,M)
COEM( 2,K,M)=DEL(K,M)
3  COEM(3,K,M)=DEL(K,M)
J=0
E=EI
NU=NT
SK=SKI
12 JJ=J+1 '
DO 4 K=1, sy
DO 4 M=1,3 ‘
COE(JJ,1,K,M)= (E**Z*B(K M)+(NU—1)*(SK+1)*N**2*A(K M)/2)
' COE(JJ,2,K,M)y=={(1+NU) *N*E**2*D(K,M) /2
. COE(JJ,3,K,M)=(P(M)*E) **4*SK*DEL(K, M)~ ( 2*NU-SK* (1- NU)*N**Z)
IC*E**2%D(K, M)/2
COE(JJ,4', K, M)= (1+NUj *N*A(K,M) /2
COE(JJ,5,K,M)=-N**2*DEL(K,M)+(1+3*SK)* (1-NU) *E*x*2*D (K, M) /2
COE(JJ,6,K,M)=SK* (3-NU) *N*E#*2*D(K,M) /2-N*DEL (K, M)
COE(JJ,7,K,M)=( (NU+(NU~1)*SK*N**2,/2) *A(K,M)~SK*E**2*B (K, M))
COE(JJ, 8,K,M)==N*DEL(K,M)+(3-NU) *SK*N*E**2*D(K,M) /2 ' -
COE(JJ,9,K,M)=~SK* ( ( (P(M)*E)**4+(N**2-1)**2) *DEL(K, M) 2*(N*E)’
§%*2%D(K,M) )-DEL(K, M) ‘ |
4 ° CONTINUE . o
DO 444 KK=1,9 | . R
DO 444 K=1,3 :
DO 444 M=1,3
WRITE(6,445) COE(IJ,KK,K,M)

445 FORMAT( ‘0 ,2(D11.4,1X)) - Ty
444 . CONTINUE - .
‘ RETURN
. END :
c******************************************************%tiiif***********
C COMPLEX FUNCTION FS : X

C*****************************************************************#*****

. . COMPLEX FUNCTION FS$*16(KI) .-
'~ IMPLICIT REAL*B(A-7)
- COMPLEX*16 KI,RES, 03(3 3y, AAA(9 9),DET U0, MIL
_ ~ INTEGER L(9),M(9). K,J
t | COMMON/DATA7/UI,; UO".
| " COMMON/AREAl/A?A -
CALL UNSFO(UI,UO,KI,MIL) |
CALL MATRA(UI,UO,KI,AAA) e
FS=DET (AAA, L, M, 9) . S .
- PRINT 11,FS S P B ‘
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11  FORMAT('0’,’FS=',2(Dll.4, lX))
3 __PRINT 116,KI
116 FORMAT('0’, KI=',2(D11.4,1X))

" RETURN
END
c .
C *Ahh kR h IR K AR R I RARKIRRRRER K I RR AR I RAR KR RI AR IR R RRRIRRRRRRIRR RN IR RKK
c SUBROUTINE UNSFOR(QTETI)*

C*********************t********************************************* :
(ol THIS PROGRAM IS TO CALCULATE THE. UNSTEADY 'FORCES CAUSED BY*
c THE PERTURBATIONS* )
C*****************-k***********1\-************************************* '
C .
SUBROUTINE UNSFO(UI,UQ,KI,MIL) ,
IMPLICIT COMPLEX*16(A-Z) ' IR
COMPLEX*16 A(3,3),B(3,3),D(6,6),T(6,10), QTXI(G 3 /3, ST(4 4)
COMPLEX*16 ‘QTETI(6,3,3),Q0TRI(6,3,3),QTX0(6,3,3), QTETO(G 3y
&,QTRO(6,3,3),Q0TETI(6,3, 3) QQTRI(6,3,3),00TXI(6, 3@3) QTRI1(6, 3 3),
&QQTETO(G 3,3),00TRO(6,3,3),QQTX0(6,3,3),QTXXI(6,3,3),QTR01(6,3,3),
&QTRRI(6,3, 3) QTETTI(6,3,3),QTXX0(6,3,3), QTETTO(é 3 3),QTRRO(6, 3 3)
COMPLEX*16 c(6,6),E(6,6),AA(10,10),FTT(6,10) ,MIL, < ., |
REAL*8 EI,EO,X1,X2,CIG,P,PI,GAMA,UT,%I,20,;DSR,USR, HR,ER, , URR
REAL*8 wx(s) WF(G) NI,NO, SKI SK0, SU,LEN,VIS '
INTEGER N,K,L,M,NN,MM, IB,IA, IJOB IER,IL,IS,IM,NF;,NM, J
INTEGER LL,MS,NB,IC,K1,6M2,M1, 11 JJ KK,1J,LI,JK o
. COMMON PI,GAMA .7
~ . COMMON/DATAL/NI,NO, SKI, SKO, CIG(B) P(3),N, K ‘
- ~COMMON/DATA2/EI, EQ,ER, HR URR . | _
: COMMON/DATA3/Z1, Z0,USR,DSR ' ‘ ' _ o
' CQMMQN/CLLE/QQTXI, QQTETI QQTRI, QQTKO OQTETO QQTRO e
INP(¥)=(IN(Y,N-1)+IN(Y, N+1))/2 ° .
INE(Y)=(IN(Y,M-1)+IN(Y,M+1))/2
INPP(Y)=(IN(Y,N-2)/2+IN(Y,N)+IN(Y, N+2)/2)/2
"INFF(Y)=(IN(Y, M—2)/2+IN(Y,M)+IN(Y,M+2)/2)/2
. GAMA=.577215664901161D0
i PI=3. 14159265358979D0

SU=5308;QDO~l >
LEN=1.0D0"
VIS=1.121D-06

EPI=SU*LEN/VIS J}
EPO=EPT: e
UAVI=UT*.8D0 . | 1
UAVO=UQ* . 8D0
RFE=1.D0
RHE=1.DO0
RHOE"RHE/EPO
M=N+1
DT=2,D0
£ x1-~2o+DT/2*(1 DSQRT(1/3 D0))
X2ﬂ—20+DT/2*(1+DSQRT(l/3 DO))
DO 955. 1J=1,3 = -
DQ 955 K=1,3- o | f .
DO 955 M2ﬂl,31 , N - ,
- QTXXI(IJ,K,M2)=(0.D0,0.D0) -
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"QTRRI(IJ,K,M2)=(0.D0,0.D0)
B . QTETTI(IJ,K,M2)=(0. DO 0.D0)
955 - CONTINUE:
DO 737 LI=1,41
S1=X1 I
ALA=S1*EI =
ALB=S1*EO
I=(0.D0,1.D0) -
MIL-CDSQRT(KI/EI*EPI*I+X1**2)
MEI~EI*MIL \
M=N+1

FNIAfIN(ALA,N)
INPIA=INP(ALA)
INPPIA=INPP (ALA)
BRI1=IN(MEI,M)
BXI1~IN(MEI,N)
BXPI1=INP(MEI)
BRPI1=INF(MEI)
BXPPI1=INPP(MEI)
BRPPI1=INFF(MEI)
9 PRINTll/MEI,MEA,MEO C
11 FORMAT( 0', 'MEI=(" 2D11.4,1x,')',2x,'MEA=(',2D11;4,1x,')'
& ,2X,'MEO=(',2D11.4,1X,')") :
. ~ PRINT12,INIA, INPIA
12% FORMAT( ‘0, INIA=(" 2Dll 4, 1x, "y’ ,2X, "INPIA=(  ,2D11.4,1X,")"
PRINT13,BRII

13 FORMAT( 0", "BRIl=("’ 42D11.4,1X, Y7

PRINT14,BXI1 .
14 FORMAT( 0", 'BXIl=(’,2D11.4,1X,"')")

ity e i o — —— — v —— —— e e

c —————————————— —— e e e e i — T i, i e e e e

195 A(l, 1)=—I*X1*EI*INIA
A(1,2)=(0.D0,0.D0)
A{l,3)=—(MEI*BRPI1+(N+1)*BRIl)
A(2,1)=-N*INIA
A(2,2)=(-MEI*BXPI1)
A(2,3)=—-X1*EI*I*BRI1
A(3,1)=ALA*INPIA
A{3,2)=(N*BXIl)
A(3, 3)=-I*X1*EI*BRI1

C _______________ -— s P e e e e e e e e e e

_WRITE(6,82) AKJ
82 - FORMAT( 0’ , “AKJ")
DO 34 K=1,3 - -
- WRITE(6,71) (A(K,J),J=1,3)
71 FORMAT('O‘,G(D11:4,1X)) : N~
34 _ CONTINUE -

. DD=A(2, 2)*(A(3 3)*A(1,1)-A(3,1)*A(1,3))~A(3, 2)*(A(1 1)*
& A(2,3)-A(1,3)*a(2,1)) .

, B(3,1)=(A(3,2)*A(2,1)~A(3,1)*A(2,2))/DD
B(3,2)~ A(B 2)*A(1 1)/DD |

v

y:
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: - B(3,3)=A(2,2)*A(1,1)/DD" ‘ 5 \- :
% | , SS=A(1,1)*A(2,3)-A(1,3)*A(2,1) o
' B(2,1)=—(A(2,1)+SS*B(3,1))/A(1,1)/A(2,2)
B(2,2)=(A{1,1)-SS*B(3,2))/Al1,1)/A(2,2)
B(2,3)=-SS*B(3,3)/A(1,1)/A(2,2) - .
B(1,1)=(1-A(1,3)*B(3,1))/A(1,1) .
B(1,2)=-A(1,3)*B(3,2)/A(1,1)
B(1,3)=-A(1,3)*B(3,3)/A(1,1) -
WRITE(6,53) BKJ
53 FORMAT( ' 0°, BKJ")
DO 44 X=1,3
"WRITE(6, 99) (B(K, J) J=1,3) -

99 FORMAT{ " 0 ,6(D11.4,1X))
44 CONTINUE
DO 61 II=1,3
DO 61 KK=1,3 o -

ST(II,KK)=(0.D0,0.D0)
DO 61 JJ=1,3
ST(II,KK)=ST(II,KK)+A(II,JJT)*B(JJ,KK)

61 . CONTINUE
WRITE(6,501) STKJ
501 FORMAT( 0", STKJ ')

DO 516 K=1,3
WRITE(6,517) (ST(K,J),J=1,3)
517 ~ FORMAT('0°",6(D11.4,1X)) _
516 CONTINUE

IF(N.EQ.3) GO TO 36 -
TI2=INIA
TI4=-BX11/MEI
TI6=—BXI1+2*TI4
GO TO 136
36 TI2=INIA
BX11=IN(MEI,1)
BX21=IN(MEI,2)
T14=BX21/MEI-BX11/MEI**2
TI6=BXI1-3*T14
136 : T(1,1)=—(-2*I*X1*S1*INPIA)/EPI
, T(1,2)=—(-I*N*X1*BXI1)/EPI/EI
T(1,3)=—{( (1/EI**2-X1**2+N/EI**2)*BRI1-MIL*(1+N)*BRPI1/EI-MIL**2*
& BRPPI1)/EPI
T(1,4)=(0.D0,0.D0)
T(2,1)=—{2*N*INIA/EI**2-2*N*S1*INPIA/EI)/EPI
T(2,2)=—(MIL/EI*BXPI1~N**2/EI**2*BXI1-MIL**2*BXPPI1)/EPI
T(2,3)=—( (1+N)*I*X1/ET*BRI1-I*X1*MIL*BRPI1)/EPI
T(2,4)=(0.D0,0.D0) A
T(3,1)=—( (I*KI/EI*INIA+UT# (~I*X1)*TI2)+2*S1**2+INPPIA/EPI)
T(3,2)=—({~I*X1*N*UI*TI4)+2*% (MIL*N*BXPI1/EI-N*BXI1/EI**2)/EPT)

T(35,3)=—((~X1**2%UI*TI16)/MIL+2*(-I*X1*MIL) /EPI*BRPIL)

. ‘ T(3,4)=(0.D0,0.D0)

“WRITE(6,69) TKJ
69 FORMAT( 0’ , TKJ')
" DO 254 K=1,3 ,//ﬁ
: WRITE(6,255) (T(K,J),J=1,4)
255 FORMAT('0’,8(D11.4,1X))
254 © CONTINUE %

DO 223 K=1,3
DO 224 J=1,3
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223

213

312

90

601

717
716

c
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. . BAA(K,J)=B(K, 7y

 CONTINUE
 CONTINUE
DO 213 K=1,3
AA(K,4)=(0.D0,0.D0) _
CONTINUE : Co
DO 312.-J=1,3 "
AA(4,J)=(0.D0,0.D0) = :
CONTINUE R
'AA(4,4)={0.D0,0.D0)
AA(4,4)=1/(X1*KNPIA)
DO 90 II=I,3
DO 90 KK=1,4
FTT(IX,KK)=(0.D0,0.D0)
. . DO 90 JJ=1,4
FTT(II,KK)=FTT(II,KK)+T(II, JJ)*AA(JJ KK)
CONTINUE
WRITE(6,601) FTTKJ
FORMAT( 0, ' FTEKJ ")
DO 716 K=1,3
WRITE(6,717) (FTT(K,J),J=1,4)
FORMAT( ‘0’ ,6(D11.4,1X))
CONTINUE

DO 797 K1=1,3

DO 797 M2=1,3.

HKM=HXX(X1,K1,M2)

~GKM=I *X1*HKM
AERODYNAMIC FORCES  **&*% k& k%%
UAVI=UI
RPL=({X1*KI/EI-X1**2*UAVI)*EI**2
RR2=I*(KI/EI-X1*UAVI)*EI

OTXI(1,K1,M2)=FTT(1,1)*RP1*GKM
QTXI(2,K1,M2)=FTT(1,2)*RP2*GKM
QTXI(3,K1,M2)=(FTT(1,3)+FTT(1,4))*RP2*GKM

QTETI(1,K1,M2)=FTT(2,1)*RP1*HKM
QTETI(2,K1,M2)=FTT(2,2)*RP2*HKM
QTETI(3,K1,M2)=(FTT(2,3)+FTT(2,4))*RP2*HKM

QTRI(1,K1,M2)=FTT(3,1)*RP1*HKM

QTRI(2,K1,M2)=FTT(3,2)*RP2*HKM
QTRI(3,K1,M2)=(FTT(3, 3)+FTT(3 4))*RP2*HKM

DO 966 1IJ=1,3

966
797

QTXXI(IJ,K1 M2)=QTXXI(IJ K1,M2)+QTXI(IJ,K1,M2)
QTRRI(IJ,K1,M2)=QTRRI(IJ,K1,M2)+QTRI(IJ,K1,M2)
QTETTI(IJ,K1,M2)=QTETTI(IJ,K1,M2)+QTETI{IT,K1,M2)
CONTINUE

CONTINUE

X1=X1+DT

IF(LI.EQ.21) X1=X2

737 . CONTINUE

DO 301 IJ=1,

3

DO 301 K=1,3

.
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. o DO 301 M=l,3 '
g’% ‘ QOTXI(IJ, K, M)=ZI*QTXXI(IJ K, M)/2/PI
301 ~ CONTINUE
\ DO 305 IJ=1,3
o , DO 305 K=1,3
DO 305 M=1,3 o
QQTETI(IJ,K,M)=2I*EI*QTETTI(IJ,K,M)/2/PI
QQTRI(IJ,K,M)=ZI*ET*QTRRI(1J,K,M)/2/PI
305 CONTINUE
299 . RETURN
END

COMPLEX FUNCTION HXX*16(AB,K1,M2)
IMPLICIT COMPLEX*16(A-Z)
REAL*8 AB,CIG,P,ABl,NI,NO,SKI,SKO
INTEGER K1,M2,J,M1,N
COMMON/DATAL1/NI,NO,SKI,SKO,CIG(3),P(3),N
CIG(1)=0.98250221457623D0
CIG(2)=1.00077731190727D0 R
CIG(3)=0.99996645012540D0
P(1)=4.7300407448627D0
P{2)=7.85320462409584D0 )
P(3)=10.99560783800167D0
HXX=(1.D0,0.D0)
- I=(0.D0,1.D0)
AB1=AB
M1=M2
DO 1 J=1,2
IF(DABS(AB).EQ.M1) GO TO 10 . ///
VA=2*CIG(M1)*P (ML) **3
B=I*2*P(M1)**2
El=(-1)**(M1+1)*CDEXP(I*ABLl)}+1
E2=E1-}
IM=(A*El- B*ABl*EZ)/(ABl**4 P(M1)**4)
GO TO 11 .
. 10 IF(J.E@.2) GO TO 20 '
IM=( (I*CIG(M1)*P(ML)**3~I*P(ML)**2+AB*P(ML)**2)* (- 1)**(M1+1)*
$CDEXP (I*AB)+I*P(M1)**2)/(—2*AB**3)
GO TO 11 _
20 IM={(- I*CIG(Ml)*P(Ml)**3+I*P(Ml)**2+AB*P(M1)**2)*(—1)**(M1+1)*
$CDEXP(~I*AB)- Ihe*P(Ml)**z)/( 2*AB**3)
11 HXX=HXX*IM
MI1=K1
AB1=-AB
1 CONTINUE
RETURN
END i :
C************'M*********************************************************
C SUBPROGﬁAMS FOR CALCULATING THE BESSEL FUNCTIONS *
C*'k************t*******************************************************i{
COMPLEX FUNCTION IN*16(X,N)
IMPLICIT REAL*8(A-Z)
COMPLEX*16 X,T,T1,T2,T3,T4,I,T5,X%XXX
INTEGER K,N,M w
COMMON PI,GAMA
I=(0.D0,1.D0)
. IF(CDABS(X).GE.1l5. DO) GO TO 10
_ IN~(0 D0,0.D0)
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K=0 .
‘-, 11 _'I‘-(X/2)**(2*K)/FA(K)/FA(N+K)
: 3 IF(CDABS(T).LT.1.D-12) GO TO 12
IN=IN+T A
K=K+1
GO TO. 11
12 IN=(X/2)**N*IN
GO TO 36 :
10 T2=(1,0D0/2.0D0/PI/X)
T3=CDSQRT (T2 )
TEI1=X-
TS=—I*X
TEI2=T75
Pl=(4*N**2-1)/(8*X)
XXX=I* (TEI2+N+1/2)*PI
5 IF(TEIL1L.GT.0.D0) GO TO 115
- ’ XXX=I*(TEI2+N+1/2)*PT
S IN=T3*(1,0D0~ T1) *CDEXP ( XXX)
GO TO 36
115 (IN=T3*(1+T1)*CDEXP(I*TEI2)
36  RETURN
END

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-2)
INTEGER K,/I
R=0.D0O
DO 40 I=1,
40 R=R+1.D0O/I

RETURN -

DOUBLE PRECISION FUNCTION F(K)
IMPLICIT REAL*8(A-2Z)
INTEGER K
COMMON PI,GAMA
IF(X.EQ.1) GO TO 50
F=R(K-1)-GAMA
RETURN
50 F=-GAMA
RETURN
~ END

DOUBLE PRECISION FUNCTION FA(K)
IMPLICIT REAL*8(A-Z)

INTEGER K,L

FA=1.D0

I=1 /
21 FA=FA*L )r”tg
IF(L.GE.K) GO TO 22 ‘
LaL+1 : -/
GO TO 21
[ & 22 CONTINUE
RETURN
END

C*****‘k‘k**‘k‘_********‘k‘k**..‘k‘k*****************t‘k***************‘k*********
C**_******************‘k“k*****‘k********‘*********‘Ié****‘k****'**‘k********‘k*
C* MATRIX AAA** :

ES
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.- C* ! ) . N
' C*************************t******************************************
-C  THIS PART IS USED TO ASSEMBLE MATRIX AAR WHICH CONTAINS THE*

C FREE VIBRATIONS TERMS COE,THE STEADY FORCES CCOE,AND THE UNSTEADY* .
C. FORCES QTXI,...

C**************k***************}(‘k*‘k*****************t****************
SUBROUTINE MATRA(UI,UQ,KI,AARA)
IMPLICIT REAL*8(A~H,0-Z)
N COMPLEX*16 AAA(9,9), CK(2 3,3),QTX1(6,3,3), QQTXI(6,3,3),
¥ ' fr $QTETI(6,3,3),00TETI(6,3,3),QTRI(6,3,3),Q0TRI(6,3,3),AA(18,18)
{ & QTX0(6,3,3),0QTX0(6,3, 3) QTETO(6,3,3),QQTETO(6, 3 3),CKMN(36,3,3)

&,QTRO(6,3,3),00TRO(6,3,3) ,KI, U0, CCOE(2,9,3,3), COE(2,9,3,3)
INTEGER W,V HH N

S REAL*8 NU,NI,
. ' DIMENSION A(3, 3) B(3,3),D(3,3),SE(3,3),SF(3,3),G(3,3),H(3,3),
$#SJ(3,3),SL(3,3),DEL(3,3)
COMMON/DATAL/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON /DATA2/EI, EO,ER,HR, URR
COMMON/DATA3 /%I, %0,USR, DSR
COMMON/DATAS5/PPI,PPO,PO(2),PL(2),RMS, DEN, DDI, DDO, VIS, CA,CB
COMMON/CON1/A, B, D, DEL
COMMON /COEF /CCOE
COMMON /COCE /COE
COMMON /CLLE /QQTXI , QQTETI, QQTRI , QQTXO, QQTETO QQTRO
JJI=1
DO 331 K=1,3
DO 331 M=1,3
CKMN(1,K,M)=CCOE(JJ,1,K,M)+COE(JJ,1,K,M)
& +Q0TXI(1,K,M)+KI**2*A(K,M)
CKMN(2, X, M)=CCOE(JJ,4,K,M)+COE(JJ, 4,K,M)+QQTXI(2,K, M)
CKMN(3,X,M)=CCOE(JJ,7,K,M)+COE(JJ,7,K,M)+QQTXT(3,K, M)

c
CKMN(7,K,M)=CCOE(JJ,2,K,M)+COE(JJ, 2,K,M)+QQTETI(1, K M)
CKMN(8,K,M)=CCOE(JJ,5,K,M)+COE(JJ,5,K, M)+
& QQTETI(2.K M)+KI**2*DEL(K My -
.CKMN(9,K,M)=CCOE(JJ,8,K,M)+COE(JJ,8,K,M)+QQTETI(3,K,M)
o ‘ .
CKMN{13,K,M)=CCOE(JJ,3,X,M)+COE(JJ,3,K, M)+QQTRI(1,K,6M)
CKMN(14,K,M)=CCOE(JJ,6,K,M)+COE(JJ,6,K,M)+QQTRI(2, K, M)
CKMN(15,K,M)=CCOE(JJ, 9,K,M)y+COE(JJ,9,K, M)+
& QQTRI(3,K,M)+KI**2*DEL(K,M)
331 CONTINUE
c _
K=1
IL=1
175 NL=1 ,
JL=0 &
by DO 318 NS=1,3 ~
L=NL*NS

DO 341 M=1,3 .
AAA(IL,JL+M)=CKMN(L,K,M)

341 " CONTINUE 2
JL=JL+3 '
318 CONTINUE
DO 313 NL=6,12,6
IL=IL+1

- JL=0
' bO 314 NS-=1,3
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L=NL+NS -
DO 311 M=1,3
AAA(IL,JL+M)=CKMN(L,K,M)

311 : CONTINUE
:  JL=JL+3
314 CONTINUE
313 ~ CONTINUE
IF(K.EQ.3) GO TO 176
K=K+1
o IL=IL+1
26O TO 175
176 RETURN :
END

C****************************************************************
C COMPLEX FUNCTION DET ‘

et
o

L
*

C***'k***'k***‘k‘k*********************************‘k************************

COMPLEX FUNCTION DET*16(A,L,M,N)
DIMENSION A(N,N),L(N),M(N)
COMPLEX*16 A,PIVOT,HOLD
INTEGER END,ROW,COL,PIVROW,PIVCOL
END=N—-1 .
DET=(1.D0,0.D0)
DO 10 I=1,N :
L{I)=I <
10 (I)=1
100 LMNT=1,END
_PIVOT=(0.D0,0.D0)
DO 20 I=LMNT,N
ROW=1.(1)
DO 20 J=LMNT,6N :
COL=M(J)} -
IF (CDABSY-PIVOT).GE.CDABS(A(ROW,COL) ) )-GO TO 20
PIVROW=I
PIVCOL=J
PIVOT=A(ROW, COL) .
20 CONTINUE
IF(PIVROW.EQ. LMNT) GO TO 22
DET=-DET
KEEP=L(PIVROW) : ,
L(PIVROW)~L(LMNT) T
L(LMNT)=KEEP )
22 IF(PIVCOL.EQ.LMNT) GO TO 26
DET=-DET
KEEP=M(PIVCOL)
M{PIVCOL)=M({LMNT)
M({LMNT)=KEEP
26 DET=DET*PIVOT
- IF(CDABS(PIVOT).EQ.0.D0) GO TO 333
: JAUG=LMNT+1
PIVROW=L(LMNT)
PIVCOL=M(LMNT)
DO 100 I=JAUG,N
ROW=L{I)
HOLD=A(ROW, PIVCOL) /PIVOT
DO 100 J=JAUG,N
COL=M(J)
100 A(ROW,COL)=A(ROW,COL)- HOLD*A(PIVROW COL)

——

DET=DET*A(ROW,COL) f o
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. 333 RETURN
4"‘ ) END
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4
!

C**********'k'k************'k*************************************‘k********

C ' COMPUTER PROGRAM FOR THE CASE OF UNSTEADY VISCOUS FORCES o
C USING FOURIER TRANSFORM METHOD | - : *
C PINNED-PINNED SHELL ' L%
C***************'k********‘k****'k*'k'k'k'k‘k'*'***'k***‘k**********‘k***************
c
C*‘k*****‘R********,‘.‘k********************‘k*‘k**'k****'k*****i‘**‘k“k*‘k*******t**'* )
C° MAIN PROGRAM | - *

c**‘k****‘******‘k********'k'k**‘k*‘k'k‘k*I*'ﬁ_“k‘k'k****'k**********'k********‘k***#***** '

IMPLICIT REAL*8(A~H,0-2)

COMPLEX*16 QQTXI(6,3,3),00TETI(6,3,3),Q0TRI(6,3,3),00TX0(6,3,
#3),Q00TETO(6,3,3),00TRO(6,3,3),ARA(9,9),COEM(3,3,3),XY(3),
#¥B(8),UNIT,FS, U0, MIL, COE(2,9,3,3),CCOE(2,9,3,3)

INTEGER IJ,K,M,INFER(3),J,MS,N

EXTERNAL FS
REAL*8 NI,NO,WA(8),UI
COMMON /DATA1L /NT, NO, SKI, SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EO, ER, HR, URR
COMMON/DATA3/%I,%0,USR,DSR
COMMON/DATA7 /UL, UO :
COMMON/AREAL/AAD
) COMMON/DATAS/PPI, PPO, PO(2),PL(2),RMS,DEN,DDI,DDO, VIS, CA,CB
DATA EPS/1.D-10/,NSIG/5/,NGUESS/1/,ITMAX/12/,11/1/
'DATA IA/8/,IB/8/,NN/8/,1J0B/0/,12/36/
COMMON/COCE/COE
COMMON /COEF /CCOE
COMMON/CLLE/QQTXI, QQTETI, QQTRI, QQTXO QQTETO, QQTRO
PI=3.141617D0
P(1)=3.1416D0
P(2)=6.2832D0
P(3)=9.4248D0

EI=1/11.D0 ..
E0=1/10.D0
HR=1.0DO
URR=1.0D0
ER=EI/EO
NI=0.3D0
SKI=(5.5D-3)*%2/12
2I=23.3D0
DSR=1.D0
USR=1.D0
N=3
DEN=998.0D0

CALL CONT(CIG,P) .
CALL PREMAT(COEM)

UI=0.02D0

UO=(0.00D0,0.D0)

MS=1 -

" NK=MS-1

XY(1)=(.418D-5,-.135D-3)

CALL ZANLYT(FS, EPS,NSIG,NK,NGUESS, II,XY, ITMAX, INFER, IER)
CALL UNSFO(UI, U0,XY (1), MIL)
CALL MATRA(UI UQ,XY (1) ,AdA)

-
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- ce . - : )
| PRINT 111, XY (MS) | S
111 FORMAT('-', FREQUENCY AT A SPECIFIC VELOCITY TO STUDY THE
& INSTABILITY=( ,2D11.4,1X,")")
PRINT 155, INFER(l)

155 FORMAT('0', 'NO.OF ITERATIONS REQUIRED=',I3/) -
_ PRINT30
30 FORMAT( 1°)

PRINT10,UI, UO
10 FORMAT({ 1", FLOW VELOCITY INSIDE THE INNER CYLINDER=',F8 5/3
#OW VELOCITY IN THE ANNULAR REGION= +F8.5) :

STOBy | : \ e b

END
C***********************************************************************
C SUBROUTINE CONT x

C***********************************************************************

SUBROUTINE CONT(C,P)
IMPLICIT REAL*8(A-H,0-2)
DIMENSION A(3,3),B(3,3),C(3),D(3,3),SE(3,3),S8F(3,3),G(3,3), H(3 3y,
#5J(3,3),SL(3,3),DEL(3,3),P(3)
COMMON/CON1/A,B,D,DEL
COMMON/CON2/SE, SF,G,H,87,SL
PI=3.1416D0
DO 3 K=1,3
DO 3 M=1,3
IF(K.EQ.M) GO TO 1
A(K,M)=0.D0
B(K,M)=0.D0
D(K,M)=~A(K,M)
GO TO 3
1 A(K,K)=P(K)**2/2
B(K,.K)=—P(K)**4/2
D(K,K)=—A(K,K)
DEL(K,K)}=.5D0
3 CONTINUE

RETURN

END
C
Ak k kAR A AR AR AR R AR A AR R A AR R AR AR AR R A KR A R R A A kAR K AR kAR A R KRR KRR AR A AN A R KRR KA K
C SUBRQUTINE PREMAT - Tk

AR A SR SRR ESERELEEEEESSEEEEERESE RS EREREREREEER SRR IR EERE I

SUBROUTINE PREMAT (COEM) ’

IMPLICIT REAL*8(A-H,0-%)
DIMENSTON A(3,3),B(3,3),D(3,3),DEL(3,3)
COMPLEX*16 COE(2,9,3,3),COEM(3,3,3)

- REAL*8 NI,NO,NU

™\ INTEGER R,Q,W,V,H,KK,IJ

COMMON /DATA1 /NI, NO, SKI,SKO,CIG(3), 9(3) N
COMMON /DATA2/EI,EO, ER, HR, URR
COMMON /CON1/A, B, D, DEL-
COMMON /COCE /COE g
DO 3 K=1,3 ,

DO 3 M=1,3 - ,
COEM(1,K,M)=A(K,M) | —

COEM(2,K,M)=DEL(K,M)
3  COEM(3,K,M)=DEL(X,M)
J=0
E=EI
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12

COE(JJ,1,K,M)=(E**2*B(K, M}+(NU~1)*(SK+1)*N**2*A(K My/2) B
CORATT,2,K,M)=—{ L+NU) *N*E**2%D(K,M) /2 :
COE(JJ,3,K,M)=(P(M)*E)**4*SK*DEL(K,M)—(2*NU—SK*(l—NU)*N**2)
C*E**2*D(K,M) /2
COE(JJ,4,K,M)=(1+NU)*N*A(K, M) /2
COE(JJ,5,K,M)=—N#*#*2*DEL(K,M)+(1+3*SK)*(1- NU)*E**2*D(K M)/2 5
COE(JJ,6,K,M)=SK* (3-NU) *N*E**2*D(K,M)/2-N*DEL(K,M)
COE(JJ,?,K,M)ﬂ((NU+(NU"1)*SK*N**2/2)*A(K,M)—SK*E**2*B(K,M))
_COE(JJ,8,K,M)=~N*DEL(K,M)+(3-NU) *SK*N*E**2*D(K,M) /2 -
COE(JJ,9,K,My=—SK*(((P(M)*E)**4+(N*x*2-1)**2)*DEL(K ,M)—2* (N*E)
##*2*D(K, M) )~DEL(K, M)
4  CONTINUE
DO 444 KK=1,9
DO 444 K=1,3" ¢
DO 444 M=1,3
WRITE(6,445) COE(IJ,KK,K,M)

445 FORMAT('0',2(D11.4,1X))
444 CONTINUE
RETURN
END
C*‘k************************************'k******‘k*‘k*‘k******#**************
C COMPLEX FUNCTION FS *

oA EE AR EEEEE RS L EEAERSEELLEELESEEEELEESEEEEEEEEEEEREREREEERESERE SRR LSS ]

COMPLEX FUNCTJON ‘'FS*16(KI)
IMPLICIT REAL*8{A-7)
COMPLEX*16 KI,RES,QB(3,3),AAA(9,9),DET, U0, MIL
INTEGER L(9),M(9),K,J
COMMON /DATAT /UI, o &
COMMON/AREAL/ARAA

CALL UNSFO(UI,UO,KI,MIL)

CALL MATRA(UI,UQ,KI,AAR) .

FS=DET(AAA,L,M,9)

PRINT 11,FS . )

11  FORMAT('0', ES=',2(D1ll.4,1X))
PRINT 116 KI

116 FORMAT('0', KI=',2(D11.4,1X)) S
' RETUKN ‘ )
END '
c : /}
C IR RS EEEFEEE S SRS LS E RS L EE LS R EEFEEEEEEEEEREEREEESESEEE X EEEEEEEEEEEE T IR
c SUBROUTINE UNSFOR(QTETT)*

. C**fk***'k*****'k*********************‘k**%**‘k*‘k************************

c THIS PROGRAM IS TO CALCULATE THE UNSTEADY FORCES CAUSED BY* = '
C - THE PERTURBATIONS*
C*****************“****‘k***********************‘k******************x*‘k
C y
SUBROUTINE UNSFO(UI,UO,KI,MIL)
IMPLICIT COMPLEX*16(A~%).
COMPLEX*16 A(3,3),B(3,3),D(6,6),T(6,10), QTXI(6 3,3),ST(4,4)
COMPLEX*16 QTETI(6,3,3),QTRI(6,3,3),0TX0(6,3,3),QTETO(6,3,3)
&,QTRO(6,3,3) ,QQTETI(6,3,3), QOTRI(6,3,3),00TXI(6, 3,3),QTRT1(6,3,3),
5QQTETO(6,3,3),00TRO(6,3,3) , QOTX0(6,3,3) ,QTXXI(6,3,3),QTROL(6,3,3),
&QTRRI(6,3,3),0TETTI(6,3,3),0TXX0(6,3,3), QTETTO(6’3 3y, QTRRO(6¢31§1H
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COMPLEX*1l6 C(6,6), E(6 6), AA(].O,,IO) FTT(G 10) MIL .
REAL*8 EI,EO,X1,X2,CIG,P,PI,GAMA,UI,Z2I,20,DSR,USR,HR, ER +URR

3 REAL*8 WK(3),WF(6),NI,NO,SKI,SKO,SU,LEN,VIS.
' INTEGER N,K,L,M,NN,MM,IB,IA, IJOB IER, IL, IS, IM,NF,NM,J
v INTEGER . LL,MS,NB, IC, Kl,M2 M1,II,JJ7,KK,IJ,LI,JK
- COMMON PI,GAMA i
'COMMON/DATALl/NI,NO,SKI,SKO,CIG(3), p(3> N °

COMMON/DATA2/EI, EQ, ER,HR, URR
o COMMON/DATA3 /21,70, USR DSR '

" COMMON/CLLE/QQTXI, QQTETI, QQTRI, QQTX0,QQTETO, QQTRO
INP(Y)=(IN(Y,N-1)+IN(Y,N+1))/2 LY
INF(Y)=(IN(Y,M-1)}+IN(Y,M+1))/2
INPP({Y)=(IN(Y,N-2)/2+IN(Y,N)+IN(Y,6N+2)/2)/2 )
INFF(Y)=(IN(Y,M-2)/2+IN(Y,MY£IN(Y, M+2)/2) /2

GAMA=.577215664901161D0
' PI=3.14159265358979D0 -

o

C ' WATER-STEEL j

SU=5308.0D0
LEN=1.0D0 ‘ - ‘
VIS=1.121D-06

'EPI=SU*LEN/VIS
EPO=EPI
UAVI=UI*.8D0
UAVO=UO* . 8D0
RFE=1.D0 /
RHE=1.DO
RHOE=RHE/EPO * 2
M=N+1
DT=2.D0 -
X1=—-20+DT/2*(1-DSQRT(1/3.D0))
X2=-20+DT/2* (1+DSQRT(1/3.D0))
DO 955 1J=1,3
DO 955 K=1,3
DO 955 M2=1,3
" QTXXI(IJ,K,M2)=(0.D0,0.D0)
QTRRI(IJ,K,M2)=(0.D0,0.D0)
QTETTI(IJ,K,M2)=(0.D0,0.D0)
955 CONTINUE
DO 737 LI=1,41
; S1=X%1
ALA=S1*EI
ALB=S1+EO
I=(0.D0,1.D0)
MIL=CDSQRT(KI/EI*EPI#*I+X1*%2)
MEI=EI*MIL \
M=N+1

INIA=IN(ALA,N)

INPIA=INP(ALA)

INPPIA=INPP(ALA)

b d BRI1=IN(MEI,M) ’
BXI1=IN(MEI,N)

BXPI1=INP(MEI)
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1

12

s - B

BRPI1=INF(MEI)
_ BXPPI1=INPP(MEI)
BRPPIl=INFF(MEI)

" PRINT11,MEI,MEA,MEO _ ‘

1 FORMAT( 0", "MEI=(',2D11.4,1X, ) ,2X,’
& ,2X, ‘MEO=(’,2D11.4,1X,')")
PRINT12, INIA, INPIA
FORMAT( 0’ , INIA=(',2D11.4,1X, ) ,2X, "INPIA=(",2D11.4,1X, ) )

PRINT13,BRI1 .
FORMAT(’O','BR11=(',2D11.4,1X,')'),

PRINT14,BXI1 :
FORMAT( 0’ , 'BXIl=( ,2D11.4,1X, )")

MEA=¢* ,2D11.4,1X, )’

A(1l,1)=—I*X1*EI*INIA
A(1,2)=(0.D0,0.D0)
A(l,3)=—(MEI*BRPI1l+(N+1)*BRI1)
3(2,1)=—N*INIA
A(2,2)=(-MEI*BXPTIL)
A(2,3)=—X1*EI*I*BRI1
A(3,1)=ALA*INPIA
A(3,2)=(N*BXI1)
A(3,3)=—-I*X1*EI*BRIl

” : . WRITE(6,82) AKJ _
B2 FORMAT( 0", "AKJ ")
DO 34 K=1,3
WRITE(6,71) (A(K,J),J=1,3) : ' :
71 FORMAT( 0’ ,6(D11.4,1X))
34 CONTINUE

53

99

44

T 61

DD=A(2,2)*(A(3,3)*A(1,1)-A(3,1)*A(1,3))-A(3,2)*(A(1,1)*
& A(2,3)~A(1,3)*A(2,1))
B(3,1)=(A(3,2)*A(2,1)~A(3,1)*A(2,2))/DD
B(3,2)=-A(3,2)*A(1,1)/DD
B(3,3)=A(2,2)*A(1,1)/DD
SS=A(1,1)*A(2,3)-A(1,3)*A(2,1)
: B(2,1)=—(A(2,1)+SS*B(3,1) (1,1)/A(2,2)
L B(2,2)=(A(1,1)-SS*B(3,2))/A(1,1)/A(2,2)
B(2,3)=-S8*B(3,3)/A(1,1)/A(2,2)
B(1,2)=-A(1,3)*B(3,2)/a(1,1)
B(1,3)=-A(1,3)*B(3,3)/A(1, 1)
WRITE(6, 53) BKJ
FORMAT('0’, "BKJ")
DO 44 K=1, 3
WRITE(S6, 99) (B(K,J), Fe 1,3)
® FORMAT( 0°,6(D11.4,1X))
CONTINUE
' DO 61 II=1,3
- DO 61 KK=1,3
ST(II,KK)=(0.ﬁ0,0.D0) g
DO 61 JJ=1,3 {:ﬂ
" ST(II,KK)=ST(II,KK)+A(II,JJ)*B(JJ,KK)'
CONTINUE



36

136

69

255

254

224

223
213

. 312
l

90

601

255

 WRITE(6,501) STKJ
FORMAT(' 0", ' STKJ )

DO 516 K=1,3

WRITE(6,517) (ST(K,J),J=1,3)

FORMAT('0',6(D11.4,1X))

‘CONTINUE
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"IF(N.EQ.3) GO TO 36

- TI2=INIA-

TI4=-BX11/MEI 4
TI6=—BXI1+2*TI4 ‘ '
GO TO 136 '
TI2=INIA - oo
BX11=IN(MEI, 1) : -
BX21=IN(MEI, 2} '
TI4=BX21/MEI-BX11l/MEI**2
TI6=BXI1-3*TI4
T{1,1)=—(-2*I*X1*S1*INPIA)/EPI
T(1,2)=-(-I*N*X1*BXI1l)/EPI/EI

T(1,3)=—((1/EI**2-X1**2+N/ET**2)*BRI1~ MIL*(1+N)*BRPII/EI MIL**2% -

BRPPI1)/EPI .
T(1,4)=(0.D0,0.D0) )
T(2,1)=—(2*N*INIA/EI**2-2*N*S1*INPIA/ETL)/EPI

T(2,2)=—(MIL/EI*BXPI1~N¥*+*2/BI**2+*BXI1-MIL**2*BXPPI1)/EPI

T(2,3)=—((1+N)*I*X1/EI*BRI1~I*X1*MIL*BRPI1)/EPI
T(2,4)=(0.D0,0.D0) '

T(3,1)==( (I*KI/EI*INIA+UI*(-I*X1)*TI2)+2%S1**2*INPPIA/EPI)
T(3,2)=—( (~I*X1*N*UI*TI4)+2*(MIL*N*BXPI1/EI-N*BXI1/EI**2)/EPI)
T(3,3)=—((~X1**2*UI*TI6)/MIL+2+%(-I*X1*MIL)/EPI*BRPI1)

T(3,4)=(0.D0,0.D0)
WRITE(6,69) TKJ
FORMAT( 0, "TKJ ")
DO 254 K=1,3
WRITE(6,255) (T(K,J),Jd=1,4) /
FORMAT( 0’ ,8(D11.4,1X)) \
CONTINUE
DO 223 K=1,3 ' )V
DO 224 J=1,3
AA(K,J)=B(K,J)
CONTINUE
- CONTINUE
DO 213 -X=1,3 P
AAM(K,4)=(0.D0,0.D0)
CONTINUE
DO 312 J=1,3
AA(4,J)=(0.D0,0.D0)
CONTINUE
AA(4,4)=(0.D0,0.D0)
AA(4, 4),1/(X1*KNPIA)
DO 90 II=1,3
DO 90 KK=1,4
FPT(II,KK)=(0.D0,0.D0) -
DO 90 JJ=1,4
FTT(II,KK)=FTT(II,KK)+T(II, JJ)*AA(JJ KK)
~ CONTINUE
"WRITE(6,601) FTTKJ
FORMAT( 0", 'FTTKJ ")
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. WRITE(6,717) (FTT(X,J),J=1,4)
: 717 FORMAT( 0’ ,6(D11.4,1X)) \
c 716 CONTINUE

DO 797 Kl=1,3
DO 797 M2=1,3
F1=CDEXP (-I*X1)
F2=CDEXP (I*X1)
_ . HKM=(F1*(-1)**K1-1)* (F2*(~ 1) %AM2- 1) *M2*KL*PT**2/ (~X1**2% .
§  M2**2*PI*%2)/(-X1**2+K1#*2*xPI*%2)

GKM=I*X1*HKM
o . .
Chrxxkkhkkxx ) AERODYNAMIC FORCES khkkkxxtxhkrtxkkk*x
UAVI=UI '
RP1=(X1#*KI/EI-X1**2*UAVI)*EI**2
RP2=I*(KI/EI“X1*EAVI)*EI
C

QTXI(1,K1,M2)=FTT(1,1)*RP1*GKM
_— OTXI(2,K1,M2)=FTT(1,2)*RP2*GKM
‘ QTXI(3,K1,M2)=(FTT(1,3)+FTT(1,4))*RP2*GKM

QTETI(1,K1l,M2)=FTT(2,1)*RP1*HKM
 QTETI(2,K1,M2)=FTT(2,2)*RP2*HKM :
QTETI(3,K1,M2)=(FTT(2,3)+FTT(2,4))*RP2*HKM

QTRI(1,K1,M2)=FTT(3,1)*RP1*HKM
QTRI(2,K1,M2)=FTT(3,2)*RP2*HKM
QTRI(3,K1,M2)=(FTT(3,3)+FTT(3,4))*RP2*HKM

DO 966 IJ= 1 3
QTXXT (IJ,K1,M2)=QTXXI(IJ,K1,M2)+QTXI(IJ, K1, 6 M2)
QTRRI(IJ,K1,M2)=QTRRI(IJ, K1, M2)+QTRI(IJ, K1, M2)
, QTETTI(IJ,K1,M2)=QTETTI(IJ, K1, M2)+QTETI(IJT,K1,M2)
966 , - CONTINUE
797 CONTINUE
:  X1=X1+DT
IF(LI.EQ.21) X1=X2
<737 CONTINUE
DO 301 IJ=1,3
‘DO 301 K=1,3
DO 301 M=1,3
. _ QOTXI(IJ,K,M)=2ZI*QTXXI(IJ,K,M)/2/PI
301 CONTINUE
DO 305 IJ=1,3
DO 305 K=1,3
DO 305 M=1,3
QQTETI(IJ,K,M)=ZI*EI*QTETTI(IJ, K,M)/Z/PI
QQTRI(IJ,K,M)=ZI*EI*QTRRI({IJ,K,M)/2/PI

305 CONTINUE
299 RETURN
END °
el T R R R R R X L A R R R R g
c SUBPROGRAMS FOR CALCULATING THE BESSEL FUNCTIONS : *

C************************'k*'k**'k**‘k*‘k'k*************‘k*********************
COMPLEX FUNCTION IN*16(X,N) . o~
' IMPLICIT REAL*8(A-Z) Ly
COMPLEX*16 X,T,T1,T2,T3, 74,1, 75, XXX




11

12

10

115
36

40

21

22

"INTEGER K,N,M

COMMON .PI,GAMA
I=(0.D0,1.D0)
IF(CDABS(X).GE.15.D0) GO 10 10

©, IN={0. DO 0.D0).

K=0

T=(X/2)**(2*K) /FA(K) /FA(N+K)

IF(CDABS(T).LT.1.D-12) GO TO 12
IN=IN+T
K=K+1
GO TO 11
IN=(X/2)**N*IN
GO TO 36
T2=(1.0Do/2.0?9£g;¢ﬁ3
T3=CDSQRT (T2)
TEI1=X
TS5=—T*X
TEI2=T5
T1=(4*N*%2-1)/(8*X)
XXX=I*(TEI2+N+1/2)*PI
IF(TEI1.GT.0.D0) GO TO 115
XXX=I*(TEI2+N+1/2)*PI
IN=T3%(1.0D0~T1)*CDEXP (XXX)
GO TO 36.
‘IN= T3*(1+T1)*CDEXP(I*TE12)
RETURN .
END *

DOUBLE PRECISION FUNCTION R(K)
IMPLICIT REAL*8(A-Z) .
INTEGER K, I
R=0.DO
DO 40 I=1,K
R=k+1.D0/1I
RETURN , :
o

DOUBLE PRECISION FUNCTION F(K)
IMPLICIT REAL*8(A-Z)
INTEGER K |

COMMON PI,GAMA

JIF{K.EQ.1) GO TO 50

F=R(K-1)-GAMA

RETURN
F=-GAMA

RETURN

" END

"DOUBLE PRECISION FUNCTION FA(K)

"IMPLICIT REAL*8(A-Z)

. INTEGER K,L ,

FA=1.DO
L=1

. FA=FA*L

IF(L.GE.K) GO TO 22
L=L+1

GO TO 21

CONTINUE

a8

e
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RETURN

END
C***********‘#**‘k***'k*'k***‘k*‘k***‘k‘k*‘k‘k**‘k*‘k**‘k************************7\'
C*'k'ﬁ'k1(******************'k***'k****'k*'k**'k********************k*****‘)c'k'k*
C* ' MATRIX AAA**
C* ‘
C*********'k'k*******************************************************1\'*
C THIS PART IS USED TO ASSEMBLE MATRIX AAA WHICH CONTAINS THE*

C FREE VIBRATIONS TERMS COE,FHE™STEANY FORCES CCOE,AND THE UNSTEADY*
C FORCES QTXI,...*

C********************************‘k**‘k* 'k‘kt‘k**********7\‘******‘********’**

SUBROUTINE MATRA(UI,UO,KI,AaR)]

IMPLICIT REAL*8(A-H,0~7%)

COMPLEX*16 AAA(9,9),CK(2,3,3), QTXI(6 3,3),00TX1(6,3,3),
$QTETI(6,3,3),Q0TETI(6,3,3),QTRI(6,3,3),Q0TRI(6,3,3),AA(18,18)

X0(6,3,3) QOTXO(6,3,3),QTETO(6,3.3), QOTETO(6,3,3) , CKMN( 36,3, 3)

"&,0TRO(6,3,3),00TRO(6,3,3),KI,U0,CCOE(2,9,3,3),C0E(2,9,3, 3)

INTEGER W,V,HH,N

REAL*8 NU,NI,NO _

DIMENSION A(3,3),B(3, 31gp?3y3),SE(3,3),SF(B,B),G(B,B);H(B,B),

-

#83(3,3),SL(3,3),DEL(3,3
COMMON/DATAL/NI,NO,SKI,SKO,CIG(3),P(3),N
COMMON/DATA2/EI,EQ,ER,HR,URR _

COMMON/DATA3 /%I, 20,USR,DSR" .~ " :
COMMON/DATAS /PP, PPO, PO(2), PL(2) ,RMS, DEN, DD, DDO, VIS, CA,CB
COMMON/CON1/A,B,D, DEL
COMMON,/COEF /CCOE
COMMON /COCE/COE
COMMON/CLLE/QQTXT , 0QTETI, QQTRI QQTX0, QQTETO, gQTRO
JJ=1
DO 331 K=1,3
DO 331 M=1,3
CKMN(1,K,M)=CCOE(JJ,1,K,M)+COE(JJ, 1, K, M)
& +QQTXI(1,K,M)+KI**2%A(K,M)
CKMN(2,K,M)=CCOE(JJ,4,K,M)+COE(JJ;4,K,M)+QQTXI(2,K,M)
CKMN(3,K,M)=CCOE(JJ,7,K,M)+COE(JJ,7,K,M)+00TXI(3,K,M)

-

4

C _
CKMN(7,K,M)=CCOE(JJ,2,K,M)+COE(JJ,2,K,M)+QQTETI(1,K,M)
CKMN(8,K,M)=CCOE(JJ,5,K,M)+COE(JJ,5,K, M)+

& QOTETI(2,K,M)+KI**2*DEL(K,M)
CKMN(Q,K,M)=CCOE(JJC8,K,M)+COE(JJ,8,K,M)+QQTETI(3,K,M)

e /
CKMN(13,K,M)=CCOE(JJ, 3,K,M}+COE(JJ,3,K, M)+QQTRI(1,K, M) ~
CKMN(14,K,M)=CCOE(JJ,6,K,M)+COE(JJ, 6 ,K,M)+QQTRI(2,K,M)
CKMN(15,K,M)=CCOE(JJ, 9,K, M}+COE(JT,9,K,M)+

& QQTRI(3,K,M)+KI**§KQ§L1KT§§
331 CONTINUE ‘ )

c | J

: K=1
IL=1 ‘

175 NL=1
JL=0
- DO 318 NS=1,3
L=NL*NS '

DO 341 M=1,3
_ AAA(IL,JL+M)=CKMN(L,K,M)
341 - " CONTINUE :
{ . JL=JL+3



‘ﬁ

318

311

314

313 .

176

260

CONTINUE
DO 313 NL=6,12,6 (/
 IL=IL+1
JL=0
DO 314 NS=1,3
L=NL+NS
DO 311 M=1,3
AAA(IL,JL+M)=CKMN(L,K, M)
CONTINUE
JL=JL+3
CONTINUE ‘ -
CONTINUE
IF(K.EQ.3) GO TO 176
-K=EK+1
IL=IL+1.
GO TO 175

e

RETURN
END 1

C***********************************************************************

v 0

L%

CNMPLEX FUNCTION DET: ) *

C****}'**********‘k'k*****************************************'k************.

COMPLEX FUNCTION DET*16(A,L,M,N)

- DIMENSION A(N,N),L(N),M(N)

10

20

22

26

COMPLEX*16 A,PIVOT,HOLD
INTEGER END,ROW,COL,PIVROW,PIVCOL

END=N-1

DET=(1.D0,0.DO0) ‘ <;

DO 10 I=1,N.

L(I)=1 ¢

M(I)=I

DO 100 LMNQ; ,END

PIVOT=(0.D0,0.D0)

DO 20 I=LHNT, N

ROW=L(I) : ¥

'DO 20 J=LMNT,N | o 5

COL=M(J)

IF(CDABS(PIVOT) .GE.CDABS (A(ROW,COL))) GO TO 20
PIVROW=1

PIVCOL=J

PIVOT=A(ROW, COL)

CONTINUE

IF(PIVROW.EQ.LMNT) GO TO 22 :
DET=-DET .
KEEP=L( PIVROW) '
L(PIVROW)=L(LMNT) '
L(LMNT)=KEEP - :
IF(PIVCOL.EQ.LMNT) GO TO 26 "
DET=—DET

KEEP=M(PIVCOL)

M(PIVCOL)=M(LMNG ¥
M{LMNT)=~KEEP
DET=DET*PIVOT -

IF(CDABS(PIVOT). EQ 0.D0) GO TO 333
JAUG=LMNT+1

PIVROW=L(LMNT)
PIVCOL=M({LMNT)

DO 100 I=JAUG,N .
ROW=L(TI)




.

100
333

.HOLD=A (ROW, PIVCOL) /PIVOT

DO 100 J=JAUG,N

COL=M{J)-

A(ROW, COL)=A(ROW, COL)~HOLD*A ( PIVROW, COL)
DET=DET*A (ROW, COL)

RETURN

END





