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ABSTBACT 

The tl'lo-layer model formulated by Lorenz ln 1960 and 

modlfled by Merllees ln 1968 ls used to lnvestlgate the so­

called Il a~plltude vaclllatlon" or barocllnlc vaclllatlon 

phenomenon. 

The results of few numerical integrations of the 

adlabat1c part, w1th the static stab1llty kept constant, are 

glven. Then heatlng and lnternal vlscosity are added. A 

stëady state solution 1s found and its character1stics are 

worked out analytically. 

A further investlgation is made with the inclusion of 

friction w1th the boundar1es. 
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RESUME 

Le modèle à deux niveaux formulé par Lorenz en 1960 et 

mod1fié . par l'Ier11ees en 1968 est uti11sé pour étudier le 

phénomène de vacillation barocl1ne, appelée par certains 

auteurs,nVac1llation d'amplitude". 

Les résultats de quelques intégrations numériques de la 

partie adiabat1que, avec le paramètre de stabilité stati~ue 

ma1ntenu constant, sont exposés. La viscosité interne, les 

échanges de chaleur aux frontières et la diffusion de celle­

ci sont ensuite simulés. Le modèle admet alors pour solution 

un état stationnaire; une analyse mathématique détermine ses 

caractéristiques. 

L'investigation se termine par l'addition de la friction 

aux front1ères. 
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RESUME 

Le modèle à deux niveaux formulé par Lorenz en 1960 et 

modifié par )lerilees en 1968 est utilisé pour étudier le 

phénomène de vacillation barocline, appelée par certains 

auteursl"Vacillation d'amplitude". 

Les résultats de quelques intégrat10ns numériques de la 

partie adiabatique, avec le paramètre de stabilité statique 

malntenu constant, sont exposés. La vlscosité lnterne, les 

échanges de chaleur aux frontières et la diffusion de celle­

cl sont ensulte simulés. Le modèle admet alors pour solutio~ 

un état stationnaire, une analyse mathématique détermine ses 

caractéristiques. 

L'1nvest1gat1on se termine par l'add1t1on de la fr1ct1on 

aux front1ères. 
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ABSTBACT 

The two-layer model formulated by Lorenz in 1960 and 

modlfied by Merilees in 1968 is used to lnvestigate the so­

called If amplitude vacillation" or baroclinic vacillation" 

phenomenon. 

The results of few numerical lntegrations of the 

adiabatic part, with the static stability kept constant, are 

given. Then heating and internaI viscosity are added. A 

steady state solution is found and its characteristics are 

worked out analytically. 

A further investigation is made ln th the inclusion of 

friction 'tri th the boundaries. 
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1 
1. INTiWDUCTION 

In the search to a better understanding of the 

atmosphere, scientists constructed different laboratory 

models. Fultz., Bide and their collaborators worked \'11 th a 

rotating annulus of fluid to \'lhich a differential heating 

was applied, the outer wall of the annulus was kept at a 

hlgh constant temperature whlle the 1nner one l'laS kept at a 

relat1 vely lOl'ler constant temperature. In thelr exper1ments 

they ldentlfied four different reglmes of flol'l as dep1cted 

schemat1cally 1n Flg 1. The ordinate ls the "forced" thermal 

Rossby number Rot*1 

R o"t*:: ? V é (T b - Ta.) 

1L2. (b-a)2. 
, 

where g ls the acceleratlon of gravit y, D ls the depth of 

the fluid, E 1s the coeffic1ent of thermal expansion, Tb and 

Ta are the outer and lnner l'lall temperatures, b and a are .-l 

a:nd .n. ~ ttu. YOil,:t:11m V"~e. 
the rad11 of the outer and 1nner cylindrical walls~ The 

abclssa 1s the Taylor number Tai 

Ta , 

where J ls the klnematlc viscosity. The steady wave reglme 

la dlatlngulshed by the tact that only one "Tave number at a 

tlme domina tes the flo\of, the hlgher ;rave numbers occurrlng 
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F1gure ·1. Schemat1c p1cture shol'Tlng the four reglmes 

1dentlfled by Ful~z et al. 
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at 101'Ter values of Rot*. These waves are quasl-steady and 

regular ln appearance. The unsteady wave reglme ls 

characterlzed by more turbulent, contlnually changlng flm'T 

patterns, slmllar to the large-scale motlons of the earth's 

atmosphere, ln wh1ch a spectrum of waves of d1fferent scales 

dom1nates the flow. The ax1ally symmetr1cal reg1mes are also 

called Hadley circulat10ns. In the reg10n betl'leen the steady 

wave regime and the unsteady wave reg1me, Hid~Fultz and 

their collaborators have observed a phenomenon l'lh1ch Ride 

called "vacillation" in which the l'raves undergo a perlodic 

change first tllting from north-west to south-east and later 

from north-east to south-l'lest relatlve to the annulus. 

Durlng the winter 62-63, Pfeffer and Chlang observed a 

different k1nd of "vaclllatlon" ln which the l'laVe pattern 

expands and contracts with no notlceable change in the tllt 

of the disturbances. The flrst type of vacillation \':as then 

called "tilted-trough ll vacillatlon and the nel'l one, 

"amp11tude" vacillation. 

The main characterlstics of the tilted-trough 

vacillation is the large perlodical fluctuation ln magnitude 

and in sign of the rate of conversion ci kinetic energy 

between the eddies and the mean zonal flol'l. This rate of 

conversion, (KE -+ KZ>' depends upon the covariance of u'v' 

and ()(a./."t.)~,1. • Bere u and v are the zonal and meridional 

components of veloclty, respectively. The bar represents a 

zonal average and the pr1me represents the departure at a 

polnt from thls average. Thls fluctuation was found from 
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Fultz's data • 

In ampll tude vaclllatlon, the troughs of the l-rave are 

orlented north-south and thls lmplles that ~=O and 

(KE-)KZ)=O; consequently the energetlcs of thls phenomenon 

ls qul te dlfferent. There ls a strlklng slmllarl ty bet\'leen 

th1s phenomenon and certaln lndex breakdol'lnS 1n the earth' s 

atmosphere, an example of l'lhlch ls glven ln Flg 2. ~l1nston 

and Krueger (1961) dld a detalled analysls of the energetlcs 

of the 1ndex breakdOlffl plctured 1n Flg 2. They shol'red 1 t was 

assoclated ~nth a rapld adlabatlc converslon of potentlal 

energy lnto klnet1c energy of the atmosphere. 

In order to descrlbe the energy cycle of amplltude 

vac11latlon, the slmple plcture of flgure 3 ls sufflclent. 

In the flgure, the subscrlpts Z and E refer to the zonal 

and eddy components respectlvely; A ls the avallable 

potentlal energy, K ls the klnetlc energy, G ls the rate of 

generat10n of avallable potentlal energy, and F ls the rate 

of dlsslpatlon of k1net1c energy; the quant1t1es (AZ~AE)' 

(AE~KE)' (KE~KZ) and (KZ ~AZ) are the rates of convers1on 

from one form of energy to another. Pfeffer and Ch1ang's 

exper1ments suggest the follo\-11ng cycle. Durlng the flrst 

part, where the wave present decays, l'le have FE > (AE~KE) 
and the authors suggest that GZ > (AZ .... AE) such that nt the 

end of th1s f1rst part the strong radlal temperature 

grad1ent makes cond1tlons favorable for a more rap1d release 

of ava1lable potent1al cnergy. Dur1ng the second part, the 

growth of \-rave cyclones takes place slOl.;1y. Durlng the th1rd 



Figure 2. 500 mb charts sho~r1ng t"TO stages of an 

atmospheric index cycle. (after \-I1nston 

and Krueger) 
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Figure J. Schematic picture of the energy cycle in a 

differentially heated, rotating annulus of 

fluid. 
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part, the gro~~h becomes more accentuated and it suggests 

that the adiabatic rates of energy conversion (AZ~AE) and 

(AE -+ KE) are the domina~t processes affecting AZ' AE and KEo 

As the eddies grOl'l', the supply of available potential energy 

dim1nishes and these conversions must decrease in intensity 

and l'le are back to the beginning l'1here the friction talres 

over. Speculating about the effect of viscosity, Pfeffer and 

Chiang came to the conclusion that at 10\'1 Taylor number and 

high viscosi tles, only one single two-dimensional l'laVe 

number can be present and therefore amplitude vacillation 

can resul t. only from baroclinic interactions bet\'l'een the 

mean zonal current and the l'lave. This involves only 

conversions of the type (AZ4AE> and (AE~KE). 

When the Taylor number is increased, a given l'laVe scale 

ln the east-l'lest direction can have more than one l'laVe 

number in the radial or north-south direction. Under these 

conditlons the resultlng wave is free to interact 

barotroplcally, as weIl as barocllnically, l'li th the zonal 

current, leading to energy conversions of the form (KE~KZ) 

ln addition to other posslble energy transformations. In the 

atmosphere, "Jhere many l'Jave scales can be present, an almost 

pure amplitude vacillation is then sporadic; in laboratory 

experlments, it is more closely cyclic in nature. 

Before coming to the present work, let us mention that 

Po,.,lls and ?feffer (1969> l'lere able to get data of amplitude 

vacl11ation of synoptlc density. They lntroduccd 50 fine 

thermocouples 1n an annulus ,,;hose radll "rere b = 6.0)cm and 
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a = 3.49cm. With a clever disposition, they were able to 

minimize the probe effects to a very s~ll proportion and 

the y got at the same t1me a good apprec1at10n of the zonally 

average temperatures at 6 d1fferent rad11. F1gure 4 sho\'lS 

some of the1r results. They invest1gated a l'Jave number four 

pattern. The rap1d decrease 1n the radial temperature 

gradient betl'leen t1me t 1 and t 2 in figure 4 appears to 

correspond to the th1rd part of the energy cycle described 

prev10uslY' where the wave gro\'ls rapidAly. 

\ol1th the a1m of knowing something more about 

vac1llat1on, the follol'11ng research 1s done \'li th a 

mathemat1cal model. It 1s a spectral model "lhich allol'/'s a 

non-11near interact10n betl'leen a l'laVe and a zonal flOl-l. In 

permitt1ng the presence of only one tl'l0-dimens10nal l'1ave 

number, the tilted-trough vacillat10n does not occur. 

Jo1er1lees (1968 b) got fairly good results l'lith 1t 1n 

descr1 b1ng the transi t1 on betl'leen ax1 symmetr1c and nonax1-

symmetr1c reg1mes 1n a rotat1ng annulus. ~ler1lees also 

showed that the ad1abat1c part of the model ex1b1ts 

vac1llat1on and the solut1ons of the system are el11pt1c 
~ 

funct10ns of t1me. (Personnal commun1cat10n) 

In th1s study we 1nvest1gate briefly the ad1abat1c 

oscillat1ons. The ma1n part of the research 1ncludes a 

s1mulation of heat exchanges at the boundaries together ",,1th 

diffus10n and 1nternal v1scos1ty. F1nally, a br1ef look at 

the effect of frict10n l'nth the boundar1es completes the 

work. 
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Figure 4. Time variations of the zonally averaged 

.,..' 

temperatures at six different radii over 

a 10 min. interval. The imposed 
o temperature d1fference 1s 10 c. 

r~l
Tr --'nl 

1- 'LI tJr 
HM?[Rf. T:,,;;![ 0 ~- H~:l: ï l,it:l 
S~NSITI'/IT'( o-m+-.1 . '!"'~.' 

(e. °1 -0 ~- d -l11 \Ji 

CCI. 0 !>O:JP.Ci 

-1- .Ji llllJ 

2 

llML (trin) -



2. THE Z,lODEL 

The follo\'11ng chapter is a partial reproduction of 

11erilees' article (1968 b); for more detailed information 

the reader is referred to it. 

10 

The model equat1ons, apart from the diabatic terms, are 

the same as those formulated by Lorenz (1960 b) as the 

slmplest energically cons1stent model l'lhlch descri bes 

baroc11nic flot" and considers a variable static stab1li ty. 

If 'l'+'Z:"', 't'-t" denote the stream functlon for the nondlver­

gen t part of the flol'l in the upper and lO\'ler layers, 

respect1vely, 9+ i' , e - ([' the correspondlng temperatures, and 

-~ and X the velocity potentials for the divergent part of 

the flow in these layers, the govern1ng equations for the 

model are 1 

(1) 

( 2) 

( ) 

+ [<iL] 
d't d 

, (4) 
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'tlhere J represents e Jacobian l'n th respect to the horizontal 

coordinates, f is the (constant) Coriolis parameter and the 

quantities in brackets are diabatic terms. The bar operator 

lndicates a horizontal average, so that the static stabillty 

iF ls function of time alone. 

The thermal 1'11nd equation for this model is given by 

(5) 

where é is the coefficient of thermal expansion, g the accele­

ration due to gravit y and D the depth of the fluid. It has 

been assumed, for the temperature variations anticipated, 

that the equation of state of the fluid is given by 

0( = 0(0 (1 + é 9.) , (6) 

where ~o is a reference value of specifie volume. 

The frictional effect of the boundaries is modelled in 

the following ."lay. We suppose that friction 1,11 th the side 

boundaries tends to destroy motion relative to the rotating 

annulus in both the upper and lower layers of the fluid. In 

addi tion, the motion in the lOl'ler layer is supposed to be 

retarded by friction wlth the underlying surface. We also 

permi t an exchange of momentum between the t\'lO layers of fluid 

which depends on the difference of veloci ties in the t\'10 

layers. Each of the boundary disslpatlon terms ls modelled ln 

terms of a constant decay rate. Thls is justlfled for the 
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bottom boundary as shown by Bolton (1965) but is an extremely 

crude assumption for the side boundary layers. However, as 

can be seen in 11erilees' article, the formulation produced 

some realistic effects on the transition curves betl'leen 

Hadley and Rossby regimes. 

If we further assume that the friction effect of the 

boundaries dep"ends only on the area of contact betloreen the 

fluid and the boundary and not on wheter the boundary is a 

side wall or the bottom, and we include the effect of 

internal viscosity, we find that 

(8) 

, . -1" 
where k is the boundary dissipation rate (time ), k the 

layer exchange dissipation rate,' the ratio of the depth of 

the fluid annulus to i ts \olidth, and al the kinematic viscos1 ty. 

The diabatic heating and cooling effects produced by the 

boundary layers are considered to be Ue\'ltonian in form. \o/e 

1magine a specif1ed temperature distribution tO\'Tard which the 

boundary heating effects are continually dr1v1ng the fluide 

The rate of heat exchange with the boundarles is measured by 

h'. With these assumptlons and the inclusion of internaI 

heat conduction, we find that 



rd e] - - h'(e - e*) + 1< \Jle , 
Ô t d 

h'q , 

13 
(9) 

(10) 

where e* ls the flxed, preasslgned, vertlcally averaged 

temperature dlstrlbutlon and K the thermometrlc conductlvlty. 

T~e preasslgned vertical temperature dlfference ls considered 

to be zero. 

The above equatlons are next slmpllfled by uslng thelr 

spectral forms l'l'1th a very fe1-T number of components. The 

spectral functlons are· chosen such· that the average vortlclty 

vanlshes. A circulatlon whlch does not satlsfy thls conditlon 

ls necessarlly translent ln thls model as has been ShOl'ffi ln 

Lorenz (1962). The derlvatlon of the spectral equatlons 

closely parallels that in Lorenz (1962) and detalls of the 

annular equlvalent are reported ln Nerllees (1967). Here 

follows the resultlng nondlmenslonal spectral equatlons and 

the dcflnltlon of the quantlties involved. 

The expansions of the vertlcal mean floi'T 'JI, the vertlcal 

shear flow ~, the vertlcal mean temperature e, the vertical 

temperature dlfference tr, and the lOl'Ter layer dl vergence vl. X 

(equal and opposlte ln upper layer) are glven bys 

(11) 
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( -rA FA + '( k: F f{ + 'l'L FL ) , 

14 
(12) 

e =A/b2(eoFo+eAFA + el{ FK +eL FI) , (1;) 

,,1.x = 1. ( W A FA + W K F K + W L F L ) , (14) 

if " A lb? Ôo Fo , (lS) 

where f=21l, b 1s the rad1us of the outer cy11nder, 

A=4fe-1g-1D-1 , and the F's are the annular spectral functlol1s 

(Eqs. (;1)-(;4». The spectral equatlons are thenl 

• 
~ A :: - ~ h ( \ + 2. ?z ) ~ A + t h ~ A - h PA. X ~ 1\ , (16) 

. 
'Yf(::'-lX~(\f"A f L +t'Ati)- Oh(1+21)tt'K 

+ r h '( K - h \1 X (\ - f3') - \ ~ K ., ( 17) 

. 
\fiL :: O<P('YA~K +'C'A 'C K) -~h() +~Îl) ~'L 

+~hTL - h'PIlX(t-(3)-to/L , (18) 

'Cl :: 0<(3 (~A f'l< + 'CA ~K) - y:LUJl + ~ h ~l 
-?)h«(+ b-t21t)7:i- hPItX(I-~)-'rL' (21) 



" 15 

( 22) 

• _1 

el =--o((theA -eK't'A)+ ~wL -heL - hX('-~) eL' (25) 

• 
Ôo =- -WAeA - (,VKsK-WLeL - ho;, (26) 

(27) 

where the dot denotes differentiation \'1i th respect to 

nond1mensional tlme t (t=t*f, t* being d1mensionsl time), 
"C' ", 1 r= k/h , 0= kI~ , h=h'f- , and the forced temperature 

contrast 1s assumed to be zonally symmetr1c, 1.e., 

• (28) 

h represcnts the (nondlmensional) rate at whlch heat ls 

exchanged -..ri th the boundar1es, rh the rate at \tlh1ch momentum 

ls exchanged with th~ lower boundary, ~hS the rate at which 

momentum 1s exchanged bet\<leen the layers, and 2rhl the rate 

at wh1ch momentum is exchanged \trith s1de boundar1es. The 

parameters X and Fr are defined as 

-, 
Fr = Prandtl number = y K , ( 29) 



( , 

16 

(30) 

where \/, 1( are the nondimcnsional kinematic vlscosity and 

thermal conductivity, respectively (scaled by the factor~!). 
The spectral functions are given by: 

FO = 1, (31) 

( 32) 

(33) 

(34) 

where N, NA are normallzlng factors, 

-1 \ R = ab ,~ls the flrst root of 

• 
7 

r ls the flrst root of 

J n ls the Bessel functlon of the first klnd of order n, and 



17 
Yn 1s Neumann's Bessel funct10n of the second k1nd of order 

n as def1ned by Abramow1tz and Stegun (1965). 

The spectral parameters 0(, f are def1ned in terms of 

the spectral funct10ns as 

(:35) 

(J6) 
• 

These parameters depend on n, as l'zell as on the relative 

horizontal dimensions of the annulus, spec1f1cally on R. 

The1r values and the values of r are g1ven in Tables 1, 2 and 

J. As a result of the relat1onsh1p betl'leen JO' and J 1 , and 

between YO' and Yi' note that p. 1s g1 ven the value of X l'1hen 

n = 1. Due to the cho1ce of orthogonal funct1ons, wave 

number one does not develop in th1s model. 

Note that SA and e~ are proport1onal to the 1nter1or 

thermal ROS8by number Rot and the "forced" thermal Rossby 

number Rot* respect1velYI ~o 18 proport1onal to the 

rotat1onal stat1c stab1l1ty Sz. We have the folloH1ng 

def1n1t1onsl 

, 



~T 

b.Z 
, 

where ~HT 1s the hor1zontal temperature difference 1n the 

1nter1or of the fluid and AI 1s the mean lapse rate. In 
AZ. 

terms of spectral ampl1tudes of the model we have 

., 

, 

, 
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where AFA 1s the change 1n the spectral funct10n across the 

annulus. The parameters Bl' B2 and AFA are g1ven ln Table 4 

as funct10n of R. 

For the relat10nsh1p bet\'1een coefflc1ents representing 

the boundary layer effects and the phys1cal propertles of 

the fluld, some assumptlons must be made. The assumptlons 

d • ~l use here are the same as the ones ln l~er11ees artlcle; fi 

1s set proportlonal to .cs: and the same constant of 

proportlonal1ty 1s used. It 1s assumed that 

h-'l:: 4 .. (l.?- Cb- a) 4 

0"1 ))*2 
1 

where v· ls the d1mens1onal k1nematlc vlscosity. This leads 



to the follol'11ng useful relations: 

h = 'O/yTa' , 

In the exper1ment descri bed l're have made the further 

assumpt10n that the stat1c stab1lity 1s constant lnth 

respect to t1me. 

19 



Table 1. The parameter p as funot1on of wave number (n) 

and annular s1ze (R). 

Rn 1 2 3 1, 5 6 1 8 9 

0.0 0 .4113 .639 .145 .809 .851 .881 .902 .918 
0.1 0 .413 .618 .130 .798 .842 .814 .896 .913 
0.2 0 .342 .561 .689 .767 .818 .854 .880 .899 
0.3 0 .260 .1,75 .619 .113 .116 .820 .852 .876 
0.4 0 .183 .311 .521 .630 .708 .164 .806 .837 
0.5 0 .120 .265 .h02 .516 .606 .676 .130 .112 
0.6 0 .071 .169 .276 .378 .1,69 .547 .612 .666 
0.1 0 .037 .092 .159 .233 • 306 .377 .443 .502 
0.8 0 .015 .039 .070 .107 .11,9 .194 .240 .286 
0.9 0 .003 .009 .017 .026 .038 .051 .066 .082 

10 

.930 

.926 

.914 

.894 

.861 

.805 

.110 

.554 . 

.331 

.100 

f" .. ~ 
" , 

N o 



Table 2. The parameter «as funot1on of wave number (n) 

and annular s1ze (R). 

Rn 1 2 3 4 5 6 7 8 9 10 

0.0 9.631 16.020 20.763 24.508 27.621 30.249 32.555 31'.596 36.455 38.103 
0.1 9.350 16.4·(6 21.701 25.815 29.217 32.119 34.650 36.898 38.922 40.765 
0.2 9.084 1).145 23.685 28.898 . 33.184 36.832 40.012 42.834 49.373 1'7.682 
0.3 9.131 17.845 25.766 32.670 38.562 43.605 47.990 51.871 55.356 56.522 
0.4 9.552 18.940 27.993 36.540 44.438 51.605 58.043 63.812 69.006 73.717 
0.5 10.441 20.819 31. 072 41.123 50.895 60.306 69.282 77.764 85.716 93.130 
0.6 12.037 24.052 36.023 47.925 59.730 71.407 82.924 91, • 2112 105.324 116.131 
0.7 14.946 29.885 41~.811 59.717 711.595 89.438 104.235 118.917 133.654 11,8.252 
0.8 21.039 42.076 63.111 84.11.2 105.166 126.184 147.192 168.188 189.174 210.11,4 
0.9 39.734 79. J,68 119.202 158.931 193.669 238.398 278.135 317.863 357.594 397.323 

l\) 
t-A 



n n 

0.0 
0.1 
0.2 

0.3 
0.4 
0.5 
0.6 
0.1 
0.8 
0.9 

Table J. Flrst roots of Jn(rR)Yn(r) - Yn(rR)Jn(r) = O. 

1 2 3 " 5 6 1 6 9 - 10 

3.832 5.136 6.360 1.566 6.771 9.936 11.066 12.225 13.354 14.476 
3.941 5.142 6.380 1.586 8.171 9.936 11.086 12.225 13.354 14.476 

'4.236 5.222 6.395 1.590 6.772 9.936 11.066 12.22~ 13.354 14.476 
4.106 5.1&10 6. h94 1.623 6.181 9.939 11.087 12.225 13.354 14.476 

5.391 5.966 6.800 7.790 8.863 9.976 11.103 12.232 13.357 14.476 
6.393 6.814 1.458 6.267 9.190 10.189 11.236 12.311 13.403 14.502 

1.930 8.227 8.699 9.317 10.053 10.880 11.777 12.727 13.717 14.735 
10.522 10.720 11.042 11.476 1~.012 12.635 13.332 14.092 14.906 15.763-
15.736 15.855 16.050 16.318 16.656 17.061 17.527 18.049 16.623 19.21.5 
31.429 31.482 31.570 31.693 31.850 32.041 3~.265 32.5~2 32.810 33.130 

~~ 

N 
N 



23 

Table 4. Parameters necessary to 

R B1 B2 AFA 

0.2 78.5 100 3.139 
0.3 98.8 130.6 3.025 
O.J. 131.1 1T{.8 2.950 

0.5 185.6 256 2.900 

0.6 286.5 ~OO 2.865 

0.7 506.3 711.1 2.8~8 

0.8 113J,. J, 1600 2.636 

0.9 ~528.0 6400 2.830 
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3. ADIABATIC OSCILLATIONS 

~lhen we conslder the adlabatlc part of the model \'li th a 

constant statlc stablllty, the set of equatlons (16)-(25) 

reduces tOI 

en) 

• 
'YK =-0( ~ ('fA 'fL +9AG\.) , ( )8) 

. 
~L = 0( P (~A tt'K + SAeK) (39) 

'VA = constant; ao = constant, S = <ro r2 
• 

The ldea beh1nd the study of such a reduced system ls that 

vac1llatlon occurrlng here could be s1milar to the 

osclllat1on of a pendulum sw1nging ln a sllghtly viscous 

flu1d. The fundamental frequency mlght be affected Just a 

11ttle by viscous forces, although to aCh~e a steady 

osc11lat1on, there would have to be an energy source to 

compensate for the frictlonal loss of energy. 

Equatlons (3?)-(41) are a set of ordlnary different1al 

equatlons. The calculatlon procedure used to 1ntegrate them 

numer1cally ls the variation of the Runge-~utta fourth-order 

process due to Glll. A descr1ption of thls procedure ls 
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given in Ralston & Hilf (1960). 

vlhile integrations l'lere performed, the energy oi' the 

system l'laS calculated to detect the leaks due to the 

numerical scheme. All experiments were done in double 

precision l'li th a time step of one nondimensional time unit 

(n.t.u.; 4 n.t.u. = period of one annulus revolution). Some 

integratlons were carried up to 2,000 n.t.u. and the energy 

losses over this \'lhole interval of time l'Tere smaller than 

1 part in 1,000. Before looking at results, let us recall 

that the periods of vacillation, Tvac ' obtained by FOi'1lis & 

Pfeffer (lpc. cit.) were varying betl'leen 320 and 396 n.t.u. 

and the y were increasing ,,11 th increasing Rot* as sho\'rn in 

Table S. 
From the results of' the first three experimcnts sho .. m in 

Table 6, a relation between Rot maximum and Tvac ls easl1y 

found to be 

whlch verifies rlerl1ees' solutlon. Tvac ls function of the 

geometry of the annulus as can be seen from exp. nos 3 and 4; 

lt is also function of the rotatlonal static stabl11ty Sz' 

exp. nos 1 and S. Flnally exp. nos 6 and 7 lndlcatc that 

Tvac also depends on the lntenslty of the vertical mean 

zonal flo\'l • 

tlote that the maximum value of the internaI Rossby 

number depends on the inltial conditions: this ia a very 



Table 5. Periods of vacillation in Fowlls and 

Pfeffer's experiments. (Pr=6.28, 

a=3.49cm, b=6.03cm, Tb=30oc, Ta=20oC) 

..n.. Rot* Tvac 
sec-1 n.t.u. 

2.20 • 805 396 • 

2·30 • 737 328 • 

2·35 .705 320. 
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Table 6. Perlods of vacillation for l'Tave number 4 in the 

adiabatic modela 

EXP. NO. R Sz fA/SA Rot max Tvac 
n.t.u. 

1 0·5 1.0 2.0 ·500 176. 

2 0·5 1.0 2.0 ·705 125· 

3 0·5 1.0 2.0 .805 108. 

4 0.6 1.0 2.0 .805 61. 

5 0·5 0.1 2.0 ·500 158. 

6 0·5 0·5 0·5 ·500 150. 

7 0·5 0·5 0.1 ·500 172. 
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unpleasant result because lt lmplles a conslderable degree 

of arbltrarlness ln the results. If the perlods of 

vacillation obtained '\'li th the model are compared roughly 

with the ones obtained in laboratory experiments, (roughly, 

because the amount of energy at init1al t1me in the model 

influences Rot max and because Fowlis & Pfeffer used a 

slightly different value of R) l'le see that there is a factor 

at least 2 of d1screpancy betl'leen theory and experiments. 

From this, one May conclude that the d1abatic processes play 

a role which cannot be neglected. 
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4. SYSTEr·l vliTH HEAT Atm INTERNJI.L VISCOSITY 

One logical step forl'rard in the s~udy of vacillation is 

to add a simple forro of heating and a dissipation mechanism. 

The Ne\'ltonian form of heating and the heat conduction process 

used are described by"equations (9) and (10). 

The dissipation process considered in tpis section is 

1nternal viscosity; 1t 1s represented by terms vV'lc.p and 1JV'
4

'Z'" 

1n equat10ns (7) and (8) respectively. When we add the above 

processes to the ad1abat1c system l'le get the follo\'ling set 

of equat10nsl 

(42) , 
. 
~ K -:.-c'). eA eL - C3 '-PL- - Cq. \fK 1 

(43) 

• 
"PL ~ c1. eA 9 K + c3 '+'K -cL{'fL (44) 

• 
e K = Cs eA~L - cbeL -c1 eK (45) 

• 
eL = - cSeA '+'K + c~ et< - C.7 9 L 1 (46) 

1 

, 



; Cio l 
= constant, s= Uor · 

This formulation is some\'lhat inconsistent since l'le 

apply dissipation only to the eddy motions and not to the 
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zonal flow, but we are basically looking for an energy cycle 

which has these properties. Therefore l'le set 'l'A to a 

positive constant. 

Equations (42) to (46) were integrated numerically with 

seven different setsof paTametric values. In all cases the 

evolution of 9A consisted of few oscillations follol'led by a 

levelling off tOliards a constant value. The steady state 

solutions consisted of a wave moving around l'li th a constant 

amplitude and speed or a Hadley regime. 

In order to get some characteristics of the steady 

state solutions l'le can do the following. First let us define 

. 't' and 6. 

0/ =- "Y K + i ''l'L , 

, • 

The steady state ia characterised by 

• 
eA = 0 d-. l~l = 0, 4... lei - 0 

") • 
dt dt 

We also have 

î. 
.1 cL\'t'1 =0 , 
2. dt" 



• • 
o • 

JO 
(47) 

This can be expanded w1th the he1p of equat10ns (4J) and (44) 

to read 

(48) 

Now combining equation (42) with (48) we get 

~le can deduce sim11ari1y an equation for the square of the 

ampli tude of the temperature l'lave. 

• (50) 

In the domain of variation of parameters i1e are interested in, 

constants cl to c9 are a11 positive. If a Had1ey regime i8 
2. 2-

present then 1 ~I and lEH are both zero and we obta1n 

c..$~ 
In order to get the value of BA .. funct10n of parameters 

for a nossby regime ire proceed as fo11o\olS. First note that 

in a steady state, equat10n (42) becomes 

(51) 
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If l'le take the time deri vati ve on both sides l'le obtain 

We can expand the above equation with (43) to (46); after 

regrouping we come to 

l 2 
- C2 eA ,el - c5 eA l "VI +(Cb-C:)('+'KeK+~t eL) 

- ( c7+ C '"1) ('fKeL - \fil- e K) = o. (52) 

2. 2 
A substitution for \'\11 , lei and ('t'Ke,--~f'L9K) can be done 

l'li th equations (49), (50) and (51) respecti vely. No", l'Te l'1ant 

to replace ('Pk 9 k+"t el) by an expression containing only BA 
and some of the constants cl to c

9
; 

• , 
to do so l'Te define an origin such that 1 

9 K - le, COS (wt - ~,) , 

el = 1 el SIN ( w 'C - CP, ) , 

\fk :. 1 Cf 1 CoS (w r: - 'Pl. ) , 

'rL :: 1 Y' 1 SIN (W "C - 'Pl. ) , 
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where "'-'/1\'\ 1s the angular veloc1 ty of the Rossby l'laVe '\011 th 

respect to the rotatlng system of coordlnates. It 1s easy to 

see that 

and a1so 

l 
=- -(.AJ lei , (53) 

• ( 54) 

l l 
In a Rossby reglme both lei and l~l are d1fferent from . 

zero and consequent1y we are a11ol'led to d1v1de (53) by le,l 
2. 

and (54) by ''fil to e11m1nate w. The resu1t1ng equatlon can 

be expanded, aga1n 1'11 th the he1p of (43) to (46). In 

group1ng terms '\Ole are left l'li th 

(E) - {, (, - c:0 , e? 1 tp 1
2 

( 55) 

(C.S SA ,~\2 + c~ 9A ,e Il) 
W1th equat10ns (49) and (50) 1t reduces to 

(E) - cg (Cb- c,?» ('9- eA) 
• • 

(56) 

CI (CL{ + C7) 

In putt1ng th1s express10n back 1n (52) \-le f1nally come 

to a cub1c equatlon 1n BA-
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o . (57) 

This equation is of the form 

• , 

• 

CL 

c9 isVsolution, the other two are 

Ji 
= :!: ~ -;: :!: j '-4 C, (Cy+C7)1 + (Cb-(~)2.1 } 

l C2 Cs (C~+C7r~· 
• 

Q, 

When C
9 

isVsolution, we are in presence of a Hadley reg1me; 

lt ls easy to see that such a reglme 18 always a solutlon to 

the system (42) to (46). 

When we pay attentlon to the SA = +Và solution, we note 

that 1 t ls not functlon of c9 l'lhlch ls proportlonal to e If. 
From equatlons (49) and (50) we can conclude that there will 

be values of e':, or c9' for which the \-laves \-1111 be 

nonexistant. We are ln a sltuatlon, depicted ln Flgure 5, 

where for low values of eA* a Hadley reglme is present; thls 

reglme ls characterlzed by a llnear relatlonshlp bet\'leen eA~ 

andeAI th18 relatlon i8 easlly round by setting the 
. 

amplltude of "lave components equal to zero and SA =0 ln (42). 

As eA~ ls lncreased, lt reaches a crltlcal value abovc which 



F1gure 5. Propert1es of the solut1on of the system. 

1 

o 
o 

Q1 = VQ'(PrX }..2dë, + X + 1») 

HADLEY ROSSBY 

M 2M 

) 
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a Rossby regime occurs. The equation for the transition 

bet\'leen the Rossby and the Hadley regime 1s 

CCf :. +.;Q , 

The solution SA::' -~ implies a situation l'lhere the 

zonal westerlies. are decreasing l'11th height; this is not a 

realistic simulation of mid-latitude tropospheric flol'1; i t 

is also not the situation in the annulus. Therefore it is 

disregarded. 

We complete our description of the steady state solution 

by searching expressions for w and for the angle betl-leen 

the "fi and e "laves 1 the latter is useful in computations of 

meridional heat flow. 

In the derivation of equation (55) l'le get as a 

by-product the following t'NO equations 

, 

elimination of (E) leads to 

'1 l. 
In substi tuting for 1",,1 and' el l'le get after rearrangemcnts 



LV =: C1» Co? +CL.{C~ 
C'1 .,. C '1 

If l'le deflne Xl and x 2 such as 

and , 

then the physlcal angle i betl'reen the 'l'and the e l'laVe ls 

• 

The denom1nator ls the expresslon (E); the numerator can be 

8ubstltuted for by the use of (51); after slmp11flcat1ons 

l'le come to 

, 

It 18 easy to ShOli that the argument of the arctangent 1s 

greater than zero; consequently i var1es from 0 to nf,un and 

there 1s a net flo\fl of heat advected from equator to pole. 

. , 

AJ.l the above character1st1cs \-jere checked numer1cally. 

The stab1l1ty of the steady state solut1on l'11th respect to 
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small perturbations is an important question to considere 

Let us consider a solution of the form 

("(N./"t+~) , 
~ = ~S e + \.V 

1 

e = eS 
(.' rv.r t 

e + el , 

where the perturbations are the pr1med quanti ties and \'1here 

w =~/n. W1th the change of var1able 

, i. tvJ' 't 
(;} := e e 

'" , 

and the follo~dng def1n1t1ons 

1 

e-,...., , 

we come to a set of equations for the new perturbat10ns of 

the form 

• 

Ci') = CA) (P) , 

, , 
Hhere (P) is a colunm vector l'Those cocponents are GA , 0/1' 

" , 
'f'i , ail. , and ai • The matr1x (A) 1s the follow1ngl 
,.., "" "" 



J8 

- cg o -CI es - CllfS SIN l Cllfs cos ~ 

o - C~ 

(c~- JW'") 

o 

If the real part of tteelgenvalues of the above matrix are 

aIl negatlve then perturbatlons "Tl11 decay and the reglme 

wl11 be stable. It ls dlfflcult to prove analytlcally that 

thls ls the case. As an alternatlve one can flnd numerlcally 

the roots in a flnlte number of cases. Thls was done for 50 

cases as sho"m ln Flgure 6. The posltlon of crosses indlcate 

the values glven to Rot* and Ta ln each experlments. Values 

of the other parameters l'rerel R = 0.5, Pr = '1.0, )' = 3.0, 

'l'A = ° .5xl0-J , 40 = ° .5Xl0-J • Experiments were done wl th 

wave number 4. In aIl cases, two palrs of complex roots 

wlth negatlve real parts and one real negatlve root were 

obtalned. 

To summarlze, the system of equatlons (42) to (46) 

ex1b1ted, ln numerlcal experlments, elther a Hadley or a 

Bossby reglme ln walch the amplltude of the wave wes constant. 

A mathematlcal analysls shows that the Hadley reglme ls 

always a solut1on and that above a crltlcal value of et a 



F1gure 6. Exper1ments w1th perturbat1ons. 

l 0' 

Rot* 

lOO 

-1 
la 

(The so11d I1ne 1s the curve of trans1t1on 

between Hadley and Rossby reg1mes. Values of 

other parameters are g1ven in the text) 

~ ~ 

~ ". Il ~ If Je 7l ~ 

11 If J( Il ,l( ,.. ,. ,. 

11 J( J( /( )C 1( l( 1< 
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Ta 
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Rossby regime, in which the amplitude of the wave 1s constant, 

is also a solution. 
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5. EXTEN"SION OF THE RESEARCH AHD DISCUSSION 

Wi th the aim of modelling fluctuations bet\'leen a zonal 

flo"1 and a single wave and knOloTing that l'l1nd shear favors 

instability, one is led to think that the insertion of 

friction l'Ti th the bottom of the annulus, the walls and 

betl'leen each layer would stress the system in the right 

direction. When physica1 processes just mentioned are added 

to the system of equations (42) to (46), the resu1ting one 

is identica1 to (16) to (25) except for ao which is a 

constant. 

A numerica1 investigation was done and for the different 

sets of parameters sho,"m in Table 7, Rossby regimes with 

no signs of vacillation 11ere observed. It is rea1ized that 

many more sets of parameters cou1d have been used but from 

latest 1aboratory experiments (personna1 communication), 

baroc1inic vacillation appears to be a \'lidespread phenomenon 

and one l'10u1d 1ike to see in a theory some signs of 

vacillation at the listed values. 

l think one should look back at the approximations used 

in the mOde11ing of physica1 processes and try to refine 

themJ the crudest is certain1y the heat exchange "li th 

boundaries. For further research one shou1d use a different 

forml one could a1so look at the effect of letting the 

static stabili ty vary wi th time. Let us note that if a ne", 

formulation of heating has for sole result a change in 

constants cl to c9' as long as they remain a11 positive, the 

forma1ism in chapter 4 will still app1y. 



Table 7. Sets of parameters used in the 

experiments with friction. (~ = 3.0, 

S = 1.0, 1 = 3.3 and Sz = .01 in a11 

experiments) 

EXP. NO. Rot* Ta Rot 
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obtained 
6 

1 1.0 10.0xl0 .170 

2 1.0 20.0 .121 

3 1·5 8.0 .189 

4 2.0 8.0 .190 

5 2.0 40.0 .085 

6 4.0 0.7 .638 

7 4.0 1.0 .536 

8 4.0 s·O .239 
-

9 4.0 8.0 .190 

10 4.0 40.0 .085 

11 8.0 8.0 .190 

12 8.0 40.0 .085 



This study was an attempt to simulate a continuous 

phenomenon, therefore not much attention was paid to 

transients. Finally let us mention that as far as atmospheric 

flow is concerned, ln view of results obtalned, nothlng can 

be sald about the index cycle as whether lt ls a barocllnlc 

vaclllation, a barotroplc phenomenon or a specifie mixture 

of both. We are still far from forecasting the period of lt. 

This study suggests that diabatlc processes play a very 

important role in baroclinic vacillatlon and that a dellcate 

relationsh1p between generation of energy and its dissipation 

is probably necessary to keep the system from proceed1ng to 

a steady state. 
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