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Abstract

In 1986, Landweber, Ravenel, and Stong introduced a new family of generalized
cohomology theories. As these theories are in a sense defined by elliptic curves, they
were dubbed elliptic cohomology theories. In this thesis, we survey the mathematics
~behind the construction of elliptic cohomology. Topics treated include the theory of
universal formal group laws and the Lazard ring, the formal group law of an elliptic
curve, the group law (up-to-homotopy) on CP*, oriented and complex cobordism

theories, the universal elliptic genus, and Landweber’s exact functor theorem.
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Résumé

En 1986, Landweber, Ravenel, et Stong ont introduits une nouvelle famille de
théories cohomologique généralisés. Comme ces théories sont, d’une certaine maniere,
définies par des courbes elliptiques, elles furent appelées théories de cohomologie ellip-
tique. Nous couvrons, dans cette thése, les mathématiques soutenant la construction
de la cohomologie elliptique. Les sujets traités incluent la théorie des lois de groupe
formel universelles et anneau de Lazard, la loi de groupe formel d’une courbe el-
liptique, la loi de groupe (& homotopie prés) sur CP™, les théories de cobordisme
orienté et complexe, le genre elliptique universel, et le théoréeme du fonctor exact de

Landweber.
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Introduction

In 1986, Landweber, Ravenel, and Stong introduced a new family of generalized
cohomology theories called elliptic cohomology theories. This terminology is appro-
priate as these theories are in a sense defined by elliptic curves. In this thesis, we
seek to survey some of the mathematics invloved in the construction of these elliptic
cohomology theories.

At the moment, there is no intrinsic, geometric description of elliptic cohomol-
ogy. It is defined by as a specialization of another generalized cohomology theory
called complex cobordism theory. Both complex cobordism theory and the elliptic
cohomology theories are examples of complez-oriented cohomology theories. These
complex-oriented cohomology theories have formal group laws associated to them in
a natural way. That the specialization of complex cobordism theory to the elliptic
cohomology theories works relies heavily on properties of formal group laws of elliptic
curves, which turn out to be the formal group laws associated to elliptic cchomology
theories.

In Chapter 1, we discuss the basic theory of (1-dimensional, commutative) formal
group laws, including Lazard’s construction of a universal formal group law defined
over the polynomial ring Z[ug, us, . . .].

In Chapter 2, we discuss how one may obtain a formal group law which represents
the addition law on a given elliptic curve in a neighbourhood of its neutral element.
We construct specific formal group laws corresponding to elliptic curves given by the

equations 42 + a12y + asy = 2° + a97® + asx + ag and y? = 1 — 2622 + ezt

X



x INTRODUCTION

Having discussed instances where formal group laws appear in algebraic geometry,
we turn our attention to formal group laws arising in topology. The appearance of
formal group laws in topology is a consequence of the fact that CP™, the infinite-
dimensional complex projective space, is a group-up-to-homotopy. This fact is proved
in Chapter 3 using the theory of classifying spaces of vector bundles. Chapter 3 closes
with a discussion of characteristic (Stiefel-Whitney, Chern, and Pontryagin) classes
of vector bundles.

Chapter 4 begins with the definition of a generalized cohomology theory, and
continues with a brief discussion of complex-oriented cohomology theories. Loosely
speaking, these are generalized cohomology theories which behave well on the com-
plex projective spaces CP". We then explain how the group law up-to-homotopy on
CP* allows us to attach a formal group law to each complex-oriented cohomology
theory. Next, we treat in some detail several important complex-oriented cohomology
theories: oriented cobordism and complex cobordism theories. Our treatment of these
includes geometric descriptions of the oriented and complex bordism rings. Com-
plex cobordism theory is in a sense universal among complex-oriented cohomology
theories. Its formal group law is universal. It therefore seems feasible to attempt
the construction of other complex-oriented theories by somehow specializing complex
cobordism.

This specialization process is discussed in Chapter 5. The notions of oriented and
complex elliptic genera are introduced, and Landweber’s condition under which a
specialization of complex cobordism yields a generalized cohomology theory is stated.
This condition is phrased in terms of formal group laws. We then use special prop-
erties of formal group laws of elliptic curves to verify that the particular specializa-
tions of complex cobordism yielding the elliptic cohomology theories works. We then
proceed to discuss how the oriented and complex elliptic genera may be viewed as
functions assigning modular forms to manifolds. We are also able to interpret the

rings of coefficients of the elliptic cohomology theories as rings of modular forms.
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In Appendix A, we generalize Lazard’s construction of a I-dimensional, universal

formal group law over Zlug, us, ...] to the case of higher dimensions.



CHAPTER 1

One-dimensional formal group laws

1. Basic definitions

Let R be a commutative ring and let Rz, ..., z,] denote the ring of formal power

series in indeterminates z; ...z, with coefficients from E.

DEFINITION 1.1. A one-dimensional, commutative formal group law with coeffi-
cients from R (or more briefly, a formal group law defined over R), is a formal power
series F(z,y) € R]z,y] satisfying

(i) F(z, F(y, 2)) = F(F(z,y),2)
(ii) F(z,y) = F(y,2)
(iif) F(z,0) =z and F(0,y) =y
(iv) there exists a power series i(z) € R]z] such that F(z,i(z)) = 0.

The power series i(z) of property (iv) is called the formal inverse.

Notice that if we write F'(z,y) = >, 50 @Gmn2™y", then properties (ii) and (iii)
imply that F'(z,y) has the form

(1.1) Flz,y)=x+y+ Z agztyt + Z An (Y™ + 2"Y™).

21 n>m>1

EXAMPLE 1.2. The formal additive group law is given by the power series G,(z,y) =

z +y. The formal inverse is given by i(z) = —z.

ExaMPLE 1.3. The formal multiplicative group law is given by the power series
Sm(z,y) = 2 +y + zy. The formal inverse is given by i(z) = —z + 2% — 2% + - - -

That G,, satisfies properties (i)-(iv) of Definition 1.1 is a routine verification.

1



2 1. ONE-DIMENSIONAL FORMAL GROUP LAWS

2. Manufacturing groups subordinate to formal group laws

Formal group laws resemble “group laws without any group elements”. Properties
(1)-(iv) of Definition 1.1 assert (formal) associativity, commutativity, existence of 0,
and existence of additive inverses, respectively.

Sometimes, it is possible to evaluate a formal group law on a collection of ele-
ments, turning that collection into a group. Let F(z,y) be a formal group law with
coefficients in R, and suppose A is a commutative, topological R-algebra such that
for every a,b € A, F(a,b) and i(a) converge. If we define new addition and inversion

laws on A by
a+pb=F(a,b) and —r a=i(a),

the fact that (A, +r, —p) is an abelian group follows immediately from properties
(i)-(iv) of Definition 1.1.

EXAMPLE 1.4. Let A be a commutative R-algebra and let N(A4) denote the col-
lection of nilpotent elements of A. Then for any formal group law F(z,y) with
coefficients in R, and for any a,b € N(A4), F(a,b) and i(a) exist and are in N(A4).
Thus, the above construction may be applied to define a new group law +5 on N(A).

ExAMPLE 1.5. Let R be a complete local ring (R = Z,, for instance) with maximal
ideal m, and let F'(z,y) be a formal group law with coeflicients in R. For any a,b € m,
both F(a,b) and i(a) converge to an element of m, by the completeness of R. Thus,
F(z,y) induces a new group structure on m. This group will be denoted mg. Notice

that

mp 2 @(m/m")p, and m/m" = N(R/m").

3. Homomorphisms and Logarithms

DEFINITION 1.6. Let F(z,y) and G(z,y) be formal group laws with coeflicients
in R, and let A be an R-algebra. A homomorphism ¢ : F — G defined over A is a
power series ¢(z) € Afz] such that o(F(z,y)) = G(p(z), ¢(y)). We will say that ¢
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is an isomorphism (defined over A) if there exists a homomorphism ¢ : G — F, also
defined over A, such that ¥(p(z)) = pW(z))=2z. Hp: F - Gand ¢ : G — H are
homomorphisms, then the composition of ¢ and ¥, Yo : F' — H defined by ¥p(z) =
¥(p(z)) is a homomorphism from F to H. We say ¢ is strict if p(z) =z +---.

This definition is natural in the following sense. Suppose A is an R-algebra on
which the formal group laws F(z,y) and G(z,y) can be imposed (in the sense of
Section 2), yielding abelian groups Ap and Ag. Let ¢ : F — G be a homorphism
defined over R with the property that for each a € A, ¢(a) converges to an element
of A. Then ¢ induces a homomorphism ¢y : Ap — A of abelian groups by the rule
wy(a) = p(a). If ¢p: G — H is another homomorphism of formal group laws, then we
have the identity (9)y = ¥ypy. Thus, if F' and G are isomorphic formal group laws,
then Arp and Ag are isomorphic abelian groups.

Let F' and G be formal group laws defined over R and let Hom(F,G) be the
set of homomorphisms from F to G. One can verify directly that the addition law
(o(x),¥(z)) = G(p(z),¥(r)) endows the set Hom(F,G) with the structure of an
abelian group. As usual, set End F' = Hom(F, F'). One can show that End F has a
ring structure where the addition operation is as above, and multiplication is given

by composition of power series.

ExAMPLE 1.7 (Continuation of Example 1.4). Now that we have the appropri-
ate notion of morphism, we observe that the correspondence A — (N(A),+p) of
Example 1.4 can be viewed as a functor F from the category of R-algebras to the
category of abelian groups. Suppose F' and G are formal group laws defined over R, |
and ¢: F' — G is a homomorphism, and let F and G be the corresponding abelian
group valued functors. Then ¢ induces a natural transformation T,,: F — G; for an
R-algebra A, the map a — ¢(a) is a well defined homomorphism from F(A) to G(A4).
One can check that the transformation so defined is natural.

We can in fact show that all natural transformations between functors obtained

in the above manner are induced by homomorphisms of formal group laws. Let
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T: F — G be anatural transformation. We shall produce a homomorphism¢: F = G
such that 7' = 7,. Let f: A — B be a homomorphism of R-algebras. Then the

naturality of T’ gives us a commutative diagram of the forin

F(A) 25 G(A)

(1.2) il lf

We construct a power series ¢(x) € R]z] such that T4(a) = ¢(a), for each a € N(A).
Let A, = R[z]/(z"), and for 1 < k < n, define a(") € R by the relations

T, (z Za(") ¥ (mod z™).

Let 7: A,y 1 — A, be the unique R-algebra homomorphism sending x to z. Replacing

o™V when

A, B,and f in (1.2) by An+1, An, and 7, respectively, one sees that a( ")
1 <k < n. Letting oy, = ak Y and () = i1 o w*, we have that Ty, (z) = ¢(x),
for all n.

Let B be an R-algebra, and let b € N(B). We claim that T5(b) = ¢(b). Let n > 1
be such that 6" = 0. Then there exists a unique f: A, — B sending z to b. By the

naturality of T, we have

Tp(b) = Tp(f(2)) = f(Ta.(2)) = f(o(2)) = o(f(z)) = o(b).

Note that f(p(z)) = ¢(f(zr)) since f is an R-algebra homomorphism and ¢(z) is a
polynomial in the nilpotent element z of A,,.
It remains to show that ¢ is a homomorphism from F' to G. For n > 1, define

R — algebras C, = Rz,y]/(z*y" % | k= 0,...n). Computing in C,,, we see that

o(F(z,y)) = Te,(z +ry) = Tc, (7) +6 Tc, (y) = Glp(z), 0(y))  (mod degree n).

Thus, the identity o(F(z,7)) = G(¢(2), ¢(y)) bolds in Rfz,y], and we have produced
a homomorphism ¢ such that 7' = T,
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Viewed slightly differently, we have essentially shown that the correspondence
F +— F embeds the category of formal group laws defined over R into the category of

abelian group valued functors of R-algebras.

ExAMPLE 1.8. Let F(z,y) be a formal group law with coefficients in R. For each
integer m, we define a homomorphism [m] : F' — F called the formal multiplication-
by-m map. We define [0](z) = 0, [m](z) = F(z,[m — 1](z)) for m > 1, and [m](z) =
i([-m](z)) for m < —1. It is easy to verify that [m] is in fact a homomorphism
of formal group laws defined over R and that the map from Z to End F' given by
m ~ [m]p is a ring homomorphism.

If Ais an R-algebra on which the formal group law F'(xz,y) can be imposed yielding
an abelian group Ap, the the induced map [m}y is the usual multiplication-by-m map
on Ap.

The following result, although trivial to prove, is important.
LEMMA 1.9. For m € Z, [m](xz) = mxz + (higher order terms).

ExampLE 1.10. If F(z,y) is a formal group law with coefficients in R, a ring of
characteristic p > 0, then the Frobenius map ¢ : F — F defined by ¢(z) = 2P is a

homomorphism of formal group laws defined over R.
ExampLE 1.11. Let R be a ring of characteristic 0 containing () as a subring.

Define log : G — Go by z > log(1 + z) where log(1 + z) is defined by the formal

Taylor series

22z

logl+a)=a— —+% ...
ogl+z)==x 2+3

This in fact defines a homomorphism, as

log(1 + Gm(z,y)) = log[(1 + z)(1 + )]
= log(1 + z) + log(1 + y)

= Ga(log(1 + ), log(1 + y)).
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The log map is actually an isomorphism; one may similarly define an exponential
z+>expx — 1 map z — expx — 1 which acts as the inverse to log.

Example 1.11 can actually be generalized.

THEOREM 1.12. Let R be a Q-algebra, and let F(z,y) be a formal group law with
coefficients in R. Then there is o power series f(x) € R[z] of the form f(z) = z+- -+,

such that
f(F(z,y)) = f(z) + f(y).
Proor. Let
(1.3) f(z) :j{x FQEZO)

where Fy(z,y) = 0F/0y. That f(x) has leading term z is immediate from equa-
tion (1.3). Let w(z,y) = f(F(z,y)) — f(z) — f(y). We want to show that w = 0.
Differentiating the identity F(F(z,y),z) = F(z, F(y, z)) with respect to z and eval-

uating the derivative at z = 0, we get
(1.4) By(F(z,1),0) = Fy(z, F(y, 0)) Fy(y, 0).

On the other hand,

%’g = P(F(, ) Fo(a,y) - £'(9)
. F2 (Z, y) N .
~ EFle.y),0)  Bgo) O Dauationl3)
=0 (by Equation 1.4).

Symmetrically, Ow/0z = 0, so w is constant. Noting that w(0,0) = 0, the proof is
complete.. O
NOTATION 1.13. We will denote the power series f(x) of Theorem 1.12 by logp(z).

COROLLARY 1.14. Let F(xz,y) be a formal group law with coefficients in R, a ring

of characteristic 0. Then F' is strictly isomorphic to G, over R® Q.
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PRrRoOF. By the previous theorem, logg : ' — G, is a strict isomorphism. ]

4. Universal formal group laws

Let R and S be rings and ¢ : R — § be a ring homomorphism. Then ¢ induces a
map ¢, : B[z,y] — S[z,y] by applying ¢ to each coefficient of a given power series
in R[z,y].

DerINITION 1.15. Let R be a ring and A be an R-algebra. A universal formal
group law over A relative to the base ring R is a formal group law F"(z,y) with
coefficients in A such that for any R-algebra B and formal group law G(z,y) defined
over B, there is a unique R-algebra homomorphism ¢ : A — B such that ¢, F"(z,y) =
G(z,y).

Suppose that FY*(z,y) and Fy'(z,y) formal group laws defined over R-algebras A;
and As, respectively. Further, suppose that F{*(z,y) and F}(z,y) are both universal
relative to the base ring R. By the universality of F}* and F}', there exist unique
R-algebra homomorphisms ¢: 4; — A, and ¢: Ay — A; such that ¢ F} = F}
and 9, Fy = FP'. The standard argument shows that ¢ and ¢ are mutually inverse

isomorphisms. That is, the pair (F“(z,y), A) is unique, up to unique isomorphism.

PrROPOSITION 1.16. Let R be a ring. Then there is an R-algebra Ly and a uni-

versal formal group law over L, relative to the base ring R.

PROOF. We construct an R-algebra Lg and a formal group law F®&%(x,y) over
Lr, universal relative to the base ring R. Let L = Rloyn, | m,n > 0] where the
Omn are indeterminates. Let F(z,y) = Zm,nzo mn 2™y € L]z, y]. To say that
F(z,y) is a formal group law is to say that the coefficients a,, satisty a collection
of polynomial identities Ps({cmn}), 8 running over some index set, coming from the
associativity and commutativity axioms. Let I be the ideal of L, generated by the
Ps({amn}), Lr = Ly/I and 7 : Ly — Lg be the canonical projection. We claim that

FRu (g y) = 7, F(z,y) is a universal formal group law over Lg. Let A be an R-algebra
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and G(z,y) = >, 50 bmn@™y" be a formal group law with coefficients in A. Define
an R-algebra homomorphism ¢' : L, — A by ¢'(0mn) = bmn. As G(z,y) is a formal
group law, the by, satisfy the identities Ps({bmn}). Thus, I C Ker ¢/, and ¢’ induces
an R-algebra homomorphism ¢ : L — A which satisfies ¢, F®%(z,y) = G(z,y). The
uniqueness of the map ¢ is a consequence of the fact that the set {m{cy,,)} generates

Lpg. U

The ring Lg (unique up to R-algebra isomorphism) is called the Lazard ring for
R-algebras, after M. Lazard, one of the originators of the theory of formal group
laws. The Lazard ring for Z-algebras will be refered to simply as the Lazard ring and
denoted by L.

The following remarkable theorem, which we prove in the next section, determines

the isomorphism class of L. This theorem is due to Lazard, see [22].

THEOREM 1.17. There ezists a universal formal group law (relative to the base

ring Z) defined over the polynomial ring Zlus, us, ... ].

COROLLARY 1.18. Let K be any ring. Then there exsts a universal formal group

law, relative to the base ring R, defined over the ring Rlus, us,...] = L &z R.

PRroOOF. Let F*(x,y) a universal formal group law defined over Z[ug, us, ...]. Let
h: Zlug,us,...] = Rlus,us,...] be the unique ring homomorphism fixing each u; and
define F®¥%(x,y) = h,F*(z,y). We claim that F&¥(z, 1) is universal formal group
law relative to the base ring R. Let G(z,y) be a formal group law defined over an
R-algebra, A. By the universality of the formal group law F*(x,y), there exists a
unique ring homomorphism ¢ : Z[ug, us,...] — A such that G(z,y) = @ F*(z,y).
Let @ be the unique R-algebra homomorphism from Rlug,us,...] into A such that
hp = . Then it is clear that P, F®¥(z,y) = G{(z,y). Suppose ¥: Rluy, us,...| =+ A
was another R-algebra homomorphism such that ¢, F®" = G. Then (¢h),F* =
Yo FY = 1, FB% = G, As ¢ is the unique ring homomorphism with that property,
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we have Yh = . It thus follows from the uniqueness property of @ that ¢ = @.

Therefore, 7 is the unique R-algebra homomorphism such that ¢, 7 %% = G. U

REMARK 1.19. Using logarithms, it is easy to show directly that Ly is isomorphic
to Qug, us, ... |. Let F(z,y) be the formal group law over Q[ug, us, . . . | with logarithm
f(z) = o + upz® + uzz® + - - -. We claim that F(z,y) is universal with respect to the
base ring Q. To see this, let G(z,y) be a formal group law defined over a Q-algebra A.
Let g(x) = z+box?® +b3z®+- - - be its logarithm and note that g(z) is also defined over
A (as A is a Q-algebra). Then the Q-algebra homomorphism ¢ : Qus, us,...] = A
defined by (u;) = b;, 1 > 2, is clearly the unique map sending F'(z,y) into G(z,y).

This observation may serve to motivate Theorem 1.17.

5. Structure of the Lazard Ring

Our ultimate goal in this section is to prove Theorem 1.17, that the Lazard ring,
L, is isomorphic to Z[ua, us, .. .]. We do this by constructing a universal formal group
law over Z[us,us,...]. The material in this section is from [22]. Other treatments
are given in [23], [1, Chapter II, §7], and [34, Appendix 2|. A more explicit method
for constructing universal formal group laws over Z[us, us, ...] is given in [15, Ch. I]

To facilitate this construction, we introduce more primitive structures — formal
group law buds of order n (more briefly, n-buds). An n-bud is simply a formal power
series which satisfies the axioms of a formal group law, modulo degree n+ 1. We will
show that for each » > 2, one may construct (inductively) a universal n-bud F,,(z,y)
over the ring Zus, ..., u,]. This construction can be carried out in such a way that
Foy1(z,y) extends F,(z,y), so that the limit F(z,y) = lim, o Fn(z, y) make sense.
F(z,1) is our universal group law defined over Zfug, us, . ..].

The key tool in our arguments is a result known as the Lazard Comparison Lemma,
stated below as Theorem 1.25. This lemma regulates how the process of extending

an n-bud can proceed.
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5.1. Buds.

DEFINITION 1.20. Let R be a ring and let F(z,y) € R[z,y] and n > 1. We say
that F(xz,v) is a formal group law bud* of order n defined over R (or briefly, an n-bud)
if F(x,y) satisfies the defining properties of a formal group law, mod degree n + 1.
That is,

(1) F(z,0) =z and F(0,y) =y,
(i) F(z,y) = F(y,z) (mod degree n + 1),
(iii) F(F(z,y),2) = F(z, F(y,z)) (mod degree n + 1).

A formal group law G(z,y) is an n-bud, for any n. We often think of an n-bud as
a polynomial of degree n by ignoring terms of higher degree. Let F'(z,y) and G(z,y)
be m and n-buds, respectively, with m < n. We say that G(xz,y) extends F'(z,y) if
F(z,y) = G(z,y) (mod degree m + 1).

Most of the notions which we have discussed for formal group laws have natural
bud analogues. In particular, we have the notion of a universal n-bud. We say that
an n-bud F¥(z,y) defined over a ring R is universal if for any n-bud G(z,y) defined

over a ring S, there is a unique ring homomorphisin ¢: R — S such that
G(z,y) = ¢ F'(z,y) (mod degree n + 1).

Our strategy for constructing‘a universal formal group law is as follows. We
construct inductively a sequence F' of universal n-buds, where F is defined over a
ring A,. This construction is performed in such a way that A, C A,y and F?,
extends F¥. Consequently, the limit F*(z,y) = lim, ,c F*(z,y) exists and is a
universal formal group law defined over the ring A = lingn. For suppose GG is a
formal group law defined over a ring B. Since G may be viewed as an n-bud for each
n, there exist unique maps ¢, : A, — B such that (¢,).F* = G (mod degree n+1).
The map ¢, extends ¢, by the uniqueness of ,. Therefore, we may let ¢ =

lim, o0 o A — B. If is clear from its construction that ¢, F* = G.

L French: bourgeon
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To successfully execute this strategy, we must first describe the extension process.

To ease the notation, let
AF(x,y,z) = F(F(z,y),2) — Flz, F(y, z)),

and ALF be the homogeneous component of AF of degree k.

LEMMA 1.21. Let F(z,y) be an n-bud over R. Then F(x,y) can be extended to
an (n+1)-bud over R if and only if there exists a homogeneous polynomial H(z,y) €
R[z,y] of degree n + 1 such that 6H = A, F(x,y, z), where

5H:H(y,é)~H(x+y,z)+H(:c,y—l—z)—H(I,y).

PRrROOF. We may assume that F(z,y) is a polynomial of degree n. F(z,y) can
be extended to an (n + 1)-bud if and only if we can find a symmetric polynomial
H(z,y), homogeneous of degree n + 1, such that A, (F + H) = 0. Set F'(z,y) =
F(z,y) + H(z,y). A direct computation reveals that

A1 Fl(z,y,2) = Mg Fz,y,2) — 6H(z,y, 2).

The lemma follows. 0

Let @ be an (n — 1)-bud, and suppose F' and G are n-buds extending ). Must F
and G be related in any nice way? The following corollary to Lemma 1.21 answers this
question affirmatively; it describes the restrictions involved in the extension process.

This result will be refined later.

COROLLARY 1.22. Let F' and G be n-buds defined over a ring R with F(x,y)

G(z,y) (mod degree n). Then there exists a homogeneous polynomial H(z,y) €
Rz, y] of degree n satisfying

(i) 0H(z,y,2) = H(y,z) - H(z +y,2) + H(z,y + 2) — H(z,y) = 0,

(if) H(z,y) = H(y,z),
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such that

Flz,y) =Gz, y) + H(z,y) (mod degree n + 1).

Proor. View G(z,y) as an (n — 1)-bud. Since F(z,y) is an n-bud extending
G(z,y), Lemma 1.21 asserts the existence of a homogeneous polynomial H(z,y) €

Rz, y] of degree n with
F(z,y) = G(z,y) + H(z,y) (mod degree n+ 1)

and 6H = A, G. But since G(z,y) is an n-bud, A,G = 0. The above congruence also
shows that H(z,y) = H(y,z). This completes the proof. O

DEFINITION 1.23. We say that a homogeneous polynomial H satisfies Lazard’s

conditions if H satisfies conditions (i) and (ii) in the statement of Corollary 1.22.

We wish to prove a result, due to Lazard, which describes completely (and simply!)
all polynomials which satisfy Lazard’s conditions. This result gives us the control we
need to proceed with our construction of universal n-buds and formal group laws. We

treat the one-dimensional and N-dimensional cases separately.

5.2. The Lazard comparison lemma. In this section, we give a complete
description of all polynomials H(z,y) satisfying Lazard’s conditions. This will allow
us to deduce the Lazard Comparison Lemma.

Let v(n) be p if n is a power of p, and 1 otherwise. For n > 1, we define the

polynomials

om,y):;%Bn(x,y): ety = =]

THEOREM 1.24. Let H(z,y) € R[z,y] be a homogeneous polynomial of degree n

satisfying Lazard’s conditions. The there exists some o € R such that

H(.I, y) = O{Cn(l', y)
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Combining this result with Corollary 1.22, we obtain the following pleasing result.

THEOREM 1.25 (1-Dimensional Lazard Comparison Lemma). Let F(z,y) and
G(z,y) be n-buds over R with F(x,y) = G(z,y) (mod degree n). Then there exists

some a € R with
F(z,y) = G(z,y) + aCy(z,y) (mod degree n + 1).

The proof of Theorem 1.24 which we give is due to Frohlich, [12, Chapter 3, §1].
In this proof, most of the computations take place under the assumption that the
ring R is in fact a field. The characteristic zero case is easy; the case of a field of
positive characteristic requires a bit more analysis.

Let H be a homogeneous polynomial of degree n; write
n
H(z,y) =Y am'y™™".
=0

It is easy to check that H satisfies Lazard’s conditions if and only if a; = a,_g,

ag = a, = 0, and for any ¢, j, £k > 0 with i + j + k = n, we have

i+ j+k
(15) ai+j< j )ZCL]‘.H;( L )

We derive a useful formula. Suppose H satisfies Lazard’s conditions. Then setting

i=1and k=n—1-7jin (1.5), we see that

(1.6) a1 (1 +7) = m (n ; 1);

forj=1,...,n—2.
5.2.1. Fields of characteristic zero. Theorem 1.24 can be deduced easily in the
case where R = F', a field of characteristic zero. Let H be as above. Equation (1.6)

(with £ = 5+ 1) implies that for £ =0,...,n— 1,

w w=2(17)-2()

Thus, H = %Cn, so verifying the theorem for fields of characteristic zero.
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5.2.2. Fields of positive characteristic. Let R = F, a field of characteristic p > 0,

and let H be as above, satisfying Lazard’s conditions. The following observation

about the polynomial C,,, modulo p, is crucial.

LEMMA 1.26. Let m > 2. Then

Com(2,9) = Cra(2®,y")  (mod p).

ProOOF. First, suppose m is not a power of p. Then C),, = By, and C,, =

Therefore, working modulo p, we have

Bip(z,y) = (x +y)"" — 2" — y™"
= (& +¢7)" = (@)™ = ()"

= By, (2%, 4").
It remains to show that for r > 2, the congruence
Cyr(z,y) = Cpr—1(2P,9y")  (mod p)
holds. We have

r—1 T T

Byr-1(2”,9) = [(z +9)" = Bylz, )P~ — 2" —¢F

p'r~l r—1
p r—1__
— B+ 047 ) Bl 4.
k=1

B,

As r > 2, the binomial coefficient (¥, 1) is divisible by p, for k = 1,...,p""1. Also,

each coefficient of B,(z,y) is divisible by p. Therefore,
By (z,y) = Byp-1(2P,9")  (mod p?).

Dividing by p = v(p") = v(p"™!), we obtain the desired congruence.

O

In light of the above lemma, the following lemma must hold if Theorem 1.24 does.



5. STRUCTURE OF THE LAZARD RING 15

LEMMA 1.27. Let H be a homogeneous polynomial over F' of degree pm which
satisfies Lazards conditions. Then there exists o homogeneous polynomial h over F

of degree m such that
H(z,y) = h{z?,y").
Further, h satisfies Lazard’s conditions.

Proor. Write
pm
H(z,y) = aa'y™ "
1=Q

Suppose p 1 i; we will show that a; = 0. Write ¢ = rp+ s where 1 < s <p — 1. Since
a; = Gpm—i, We may assume without loss of generality that v > 1. The polynomial H

satisfies Lazard’s conditions, so setting ¢ =rp, j =s, and k =p(m —r
g B, J )

TP+ s plm —r
a/rp+s( s )Zap(m»r)(( s )>

As 1 < s < p— 1, the binomial coefficient (p(ms”’)) is divisible by p. On the other
hand,

(O I IR RCAR
s s(s—1)---1

is evidently not divisible by p. Therefore, we must have a; = a,p4, = 0. Consequently,

h exists and is given by the formula
m
hz,y) = z apiz'y™ "
i=1

To say that h satisfies Lazard’s conditions is to say that the coefficients a,; satisfy
various identities. That these identities are satisfied follows from the fact that the

coefficients of H satisfy those identities. O

We may now prove Theorem 1.24 for R = F', a field of characteristic p > 0. We will

initially consider several special cases. Assume first that pfn. Let £ € {1,...,n—1}.
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If p1 ¢, then equation (1.7) is still valid. If p | £, then as we assume p { n, we must

have ptn — £. Thus, by equation (1.7) with £ replaced by n — £, we have

= a _Ell T ~~(1,1 n
et =) T n\e )

Therefore, in the case p{n, we still have H = 2.C),.

The final special case we consider is the case n = p. In this case, for each / =

a; fn—1
qp == — .
SRR |

n—1
1/n—-1 _ ~
H(z,y)=a E z(€_1>xzy" = a,Cn(z,7),
£=1

1,...,n—1, we have p {1, so

Therefore,

where the polynomial C, is defined by the above equation. It is clear that C,, satisfies
Lazard’s conditions.

It follows from our argument that any homogeneous polynomial of degree n defined
over F' which satisfies Lazard’s conditions is a wmultiple of Ch. Thus, in particular,
C, = BC,, for some B € F. We conclude that H = a;871C,.

For the remaining case n = mp, with m > 2, we proceed by induction. By
Lemma 1.27, there is a homogeneous polynomial h of degree m = n/p satisfying
Lazard’s conditions such that H(z,y) = h(z?,y?). But by induction, there is some
v € F such that h = aC,,. An application of Lemma 1.26 gives C,,(z, y) = Cpn (27, )
in F'. Thus, we have H = aC,,, completing the argument.

5.2.3. Completion of the proof: General ring R. Let R be a ring and let H be
a homogeneous polynomial over K of degree n which satisfies Lazard’s conditions.
Notice that Lazard’s conditions involve the multiplicative structure of R only to the
extent of its Z-module structure. We thus treat H as a “polynomial over R”, the
additive group of R, where by definition, a polynomial (in two variables) over an

abelian group A is an element of A ® Z[z,y].
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We translate Theorem 1.24 into the language of polynomials over abelian groups

so that we may invoke the structure theory of finitely generated abelian groups.

THEOREM 1.28. Let H be a homogeneous polynomial of degree n over an abelian
group A which satisfies Lazard’s conditions. Then there is some o € A such that

H=qalC,.

REMARK 1.29. Note that since ), has integer coefficients, the expression aC,

makes sense in the abelian group A ® Z[z, yl.

PROOF. Since H is defined over the subgroup of A generated by its coefficients,
we may assume A is finitely generated.

Since the theorem holds for polynomials defined over @, and the polynomials C,,
are primitive polynomials with coefficients in Z, the theorem holds for polynomials
defined over Z. That it also holds for polynomials defined over Z/p"Z follows from

the folldwing lemma.

LEMMA 1.30. Let H be a homogeneous polynomial of degree n defined over the
abelian group L/p"Z. Suppose H satisfies Lazard’s conditions. Then there ezists some

a € L/p'Z such that H = aC,.

PROOF. We proceed by induction on r. The r = 1 case holds by the above lemma,

as Z/pZ is a field. Suppose the conclusion of the lemma holds for r, that is,
H(z,y) = aCp(z,y) + p"K(z,y) (mod p™*).

Writing this congruence as
p'K(z,y) = H(z,y) — aCu(z,y) (mod p™*),

it is evident that K satisfies Lazard’s conditions, modulo p. Thus, we may find some

B such that

K(z,y) = BCh{z,y) (mod p).
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Therefore,
H(z,y) = (0 +p"F)Culz,y) (mod p'™),

completing the proof. O

It is obvicus that if the theorem holds for abelian groups A and B, it also holds
for their direct sum. Therefore, by invoking the structure theory of finitely generated

abelian groups, we are done. N

5.3. Construction of a universal, one-dimensional formal group law.
The following lemma describes the inductive construction of universal formal group
law buds of order n, defined over Z[us,...,u,]. By a limiting process, this can be
extended to construction of a universal formal group law over the ring Z{us, us, .. .|

We introduce the shorthand
A=Zuy,us,...], A,=2Zus,...,u,] forn>2.

LEMMA 1.31. One may construct two sequences of power series, F,(z,vy) and

fulz), satisfying the following conditions for all n > 2:

(1) Fa(z,y) € Anlz,yl,  fo(z) € (A @ Q2]

(i) Fu(z,y) = Frya(2,y) and fo(z) = fora(z) (mod degree n+1)
(iil) fo(Fulz,y)) = fulz) + fuly) (mod degree n+ 1)
(iv) Fu(z,y) — unCn(z,y) € Ana[z,y]

REMARK 1.32. Conditions (ii) and (iii) say that F,,(z,y) is an increasing sequence
of formal group law buds with given by the increasing sequence of “logarithm buds”
fu(z) (by ‘increasing’, we mean that the (n + 1)-st series extends the n-th). The
purpose of condition (iv) is to ensure that F (vx,y) is “free enough” to satisfy the

universality property.

ProOOF. We proceed by induction on n. Define

U
By(z,y) =z +y+uwy, folz,y)=1- “22332
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One may show directly that Fy(z,y) and folz,y) satisfy (i)-(iv).

Now assume we have constructed Fy(z,y),..., Fo(z,y) and fo(z), ..., folz) satis-
fying (1)-(iv). We may assuine that each F,(z,y) and f,(z), 2 < r < n, is a polynomial
of (total) degree r.

Let @,(z,y) be the formal group law with logarithm f,(x), that is,

(1.8) O, (2, y) = f (Falz) + fuly))-

By (iii) and our assumption that F,(z,y) is a polynomial of degree n,

(1.9) O, (z,y) = Fp(z,y) + H(z,y) (mod degree n + 2),

where H(z, y) is the homogeneous component &, (z, y) of degree n+1. By Lemma 1.21,
SH(z,y,2) = ApiF(z,y,2) € Apfz,y, 2]

From the fact that ®,(z,y) is a formal group law, it follows that, that H(z,y) =
H(y,z). Although H(z,y) may not be defined over A, (&, is defined over A, ® Q,
not necessarily over A,), we may find a positive integer k& such that K(z,y) :=
EH (z,y) has coefficients in A,. Let A, = A,/kA,, and let K(z,y) denote the image
of K(z,y) in A,. From the above discussion, it follows that 0K (z,y,7) = 0 and
K(z,y) = K(y,z). Thus, by Theorem 1.24, we may find some @ € A, with

K(l‘, y) = aCin+1('7:7 y)

Let a € A, be a lift of @. Then the above relation says that there exists some

H'(z,y) € Aylz,y] with
(1.10) kH(z,y) = aCpay(z,y) + kH'(z, 7).

Define F;,.1(z,y) and foy1(z) by

(1'11) Fn+1($7 y) = F’I’L(x7 y) + Hl(xa y) + un-}-lCn—&-l(gjv y)7
(1.12) funs(#) = Fu(@) = Sy (s = D™
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It is clear that with the above definitions, Fj,11 and f,1 () satisfy conditions (i), (ii},
and (iv) of the lemma. It remains to verify (iv):

Let S = ups; — a/k. Combining (1.9}, (1.10), and (1.11) we see that
(1.13) Fri(z,y) = Oplz,y) + fCut1(z,y)  (mod degree n + 2).

Replacing = by F,11(z,y) in (1.12), we get

(1.14) Sooi(Fopi(z, ) = fo(Fana(z,y)) — ‘VE%T)FnH(%?J)n“-
Computing (mod degree n + 2), we see that
fn(Fn+1(x7 y)) = fn((I)n(ma y) + IBCR"}"l(w? y)) by (113)
= fu(®@nlz,y)) + BChia(z,y)
(115) = fn(l’) +fn(y)+ﬁcn+1(x7 y)
and Fyi(z,y)" = (x +y)""
(1.16) =" +y" + B (z,y).
Combining (1.14), (1.15), and (1.16), we have, mod degree n + 2,
fra(Pria(e,9)) = Folo) = 7o + faly) = s

+ BCna(o,9) - o)

= frr1(®) + fura(y).
So (iv) holds for Fy,.1(z,y) and fu41(x). This completes the proof of the lemma. O

We now verify that we have in fact constructed universal objects.

THEOREM 1.33. Let n > 2. Then the Fy,(z,y) (as constructed above) is a universal
formal group law bud of order n. More precisely, if G(x,y) is a formal group law
bud of order n defined over a ring R, there is a unique ring homomorphism ¢, :

Zlug, ..., us] — R such that G(z,vy) = (¢n)+ Fu(z,y) (mod degree n + 1).
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PRrROOF. Again, we proceed by induction on n. Let G(z,y) be a 2-bud defined

over a ring R. Then
G(z,y) =z +y-+bry (mod degree 3},

for some b € R. Defining ¢, by the rule po(uz) = b, we have G(z,y) = (pq). Fo(z,y)
(mod degree 3).

Now suppose that the theorem holds for an arbitrary n > 2. Let G(z,y) be an
(n + 1)-bud defined over R. Treating G(z,y) as an n-bud, our induction hypothesis
asserts the existence of a ring homomorphism ¢, : Zug,...,u,] — R such that
G(z,y) = (on)«Frulz,y) (mod degree n + 1).

Extend ¢, to a map ¢, : Zus, ... Uyy1] — R by defining ¢ (4,41) = 0. It is easy
to see that

(@) Frii(z,y) = G(z,y) (mod degree n+1).

Since both (¢} ).Frii(z,y) and G(z,y) are (n + 1)-buds, the Lazard Comparison

Lemma asserts the existence of some ¢ € R such that
(1.17) G(z,y) = (@)« Frpi(z,y) + aCryi(z,y) (mod degree n + 2).
By its construction (see (1.11)),

Fn+1($>y) = Fn($ay) + H’(ﬂfa y) + un+1C’n+1(a:,y),

where H'(z,y) € Zlus, . .., u,] is homogeneous of degree n + 1. Thus,

(1.18) (@)s Frii (2, y) = (o) (Fnlz,y) + H'(z, 7).
Let pny1 extend @, to a map from Zfua, . . ., uy1] to R by setting @ni1(tn1) = a.
Noting that ¢,.1 and ¢, agree on Zlus, ..., u,], we see that

(Qpn+1)*Fn+1 (SE, y) - (W"+1)*(Fn(m’ y) + HI('/Ev y)) + 90n+1(un+l)cn+1 (3;7 y)
= (¢})uFri1(z,y) + aCria(z,y) by (1.18)

= G(z,y) (mod degree n+2) by (1.17).
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This completes the argument. U

COROLLARY 1.34. Let F,(z,y) be as above and let F(z,y) = limy—e0o Fr(z,y).

Then F(z,y) is a universal formal group law defined over Zlus, us, . . ..

Proor. Let G(z,y) be a formal group law defined over a ring R. Treating G(z,y)
as an n-bud for each n > 2, we obtain a sequence of mappings ¢, as in the above
theorem. Letting ¢ = lim, o ¢, (limit corresponding to the chain of inclusions

Zlug, ..., us) C Zlug, ..., ups1]), it is clear that ¢, F(z,y) = G(z,y). O

Since the universal n-bud extends to the universal (n + 1)-bud, the following

becomes clear.

COROLLARY 1.35. Let G be an n-bud defined over a ring R. Then G can be

extended to an (n + 1)-bud, and in fact to a formal group law defined over R.

6. Formal group laws in characteristic p

In this section, we introduce an important invariant of formal group laws de-
fined over rings of characteristic p called height. We begin by making the following

observation.

LEMMA 1.36. Let f: F — G be a homomorphism of formal group laws defined
over a ring R of characteristic p. Then there exists a unique integer h > 0 and a

power series g(x) € R[z] satisfying ¢'(0) # 0 such that f(z) = g(z").

PRrooOF. Write f(z) = a12 + apx? +---. If f/(0) # 0, take . = 0 and g = f.
Suppose that f'(0) = 0. Differentiating the relation f(F(z,v)) = G(f(z), f(y)) with
respect, to y and setting y = 0, we obtain

(@) (0,0) = 5 (£(2),01/0) =0.
Note that (0F/8y)(z,0) = 1+ ---, so it is a unit in R[z]. Therefore, f'(z) is
identically zero, that is, na, = 0 for all n > 1. As R has characteristic p, if p{ n, we

must have a, = 0. Letting fi(z) = > 5 apa", it follows that f(z) = fi(a?). We
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now interpret fi; as a homomorphism of formal group laws. Let ¢: R — R be the
p-th power Frobenius endomorphism, and let F' (") = @ F. Then the power series zP
defines a homomorphism from F to F®). We claim that f; is a homomorphism from

F®) 6 G. Indeed,

FFP (P, 7)) = fi(F(z,y)") = f(F(z,9))
=G(f(x), fly)) = G(fr(a"), f1(¥7)).

If f{(0) # 0, then take h = 1 and g = f;. Otherwise, repeat the above argument
replacing f by fi and F by F®, 0

REMARK 1.37. Thus, a homomorphism f: F' — G can be expressed as the com-

position F — F®") — G of a Frobenius map and a map g with ¢’(0) # 0.

DErFINITION 1.38. Let f: FF — G be a homomorphism of formal group laws
defined over a ring R of characteristic p. As in Lemma 1.36, write f(z) = g(2*"),
with ¢'(0) # 0. The integer h is called the height of f, and denoted ht f. We define
the height of a formal group law F to be the height ht[p]r of its multiplication-by-p
endomorphism. We denote the height of F' by ht F. If [p]p = 0 (meod p), we define
ht F' to be co. Note that ht F/ > 1.

ExaMPLE 1.39. Consider the additive group G,(z,y) = z+y. Then [p|g, = pz, so
ht G, = oo. Consider the multiplicative group, which we write in the form G, (z,y) =
(1+2z)(1+y)— 1. An easy induction verifies that [m]g,, (z) = (1 +z)™ — 1, and
consequently, one has [plg,, = 2P (mod p). Therefore, ht G,,, = 1.

It is easy to see that ht F' is an isomorphism invariant of . In fact, it a complete
isomorphism invariant for formal group laws defined over a separably closed field of

characteristic p.

THEOREM 1.40. Let F' and G be formal group laws defined over the separably

closed field k of characteristic p. Then F and G are isomorphic (over k) if and only
fht F=htG.
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For a proof of this theorem, see [12, Chapter III, §2].



CHAPTER 2

The formal group law of an elliptic curve

In this section, we investigate how the addition law on an elliptic curve may be

described locally by a formal group law.

1. Theoretical considerations

Let F be an elliptic curve defined over a field K, with additive structure given by
the rule o : £ x E — F and the neutral element O. Pick a uniformizer z for £ at O.
Then by the Cohen Structure Theorem, the completed local ring 5) 5.0 1S isomorphic

to the power series ring K|[z]. Noting the isomorphism

1%

(2.1) 6E><E,(O,O) = 6}3,0 6370 K[1®z2®1],

=)

we may view oz as a power series F(1® 2,28 1) in K[1 ® 2,2 ® 1]. We claim that
F'is a formal group law. We show how F' inherits the required associativity property
from the associativity of . The verification of the other axioms proceeds similarly.

By associativity of addition on F, the diagram

ExExE 2 pxE

axa | E

IExlE — F

commutes.

25
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Passing to local rings at the neutral elements and using the isomorphism (2.1),

we obtain the following commutative diagram.
K[1®1®218281,20181] <2 K[1®2,28 1]
id@a*/[ Ta*
K[1®2z281] — K[z

Computing, we see that

(0" ®id)(a*2) = (0" Rid)(F(1 B 2,28 1))

One verifies similarly that

([d®a*)(a'2) =F1®18 7z F1®:81,28181)).
It follows from the commutativity of the above diagram that
FFI®18218281),z8181)=F(13182F1®:2831,281&81)),

verifying the associativity condition for F'.

REMARK 2.1. Let G be an algebraic group of dimension n defined over a field
K. One can show by arguments analogous to those presented above, that the group
law on G can also be described locally by an n-dimensional formal group law over K.
This formal group law need not be commutative in general (cf. Example A.6).

The above correspondence from elliptic curves to formal group laws is actually
functorial. Let ¢: E; — F5, be an isogeny of elliptic curves defined over K. Let F;
be the formal group law attached to E; as above by choosing uniformizers z; € Og, o,
for i = 1,2. We will show how ¢ induces a homomorphism f: Fy — F5. The map ¢

is an isogeny, so p(O) = O. Thus, we have an induced map ¢*: 0 E2,0 — 6E1,0~ Now
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Op.0 = K[z], so we may view ¢*z, as a power series f(z) € K[z]. We claim that
f is actually a homomorphism from F; to Fj.
Let a; and oy denote the addition laws on £) and Fs, respectively. As @ is an
isogeny, the diagram
E, x B, -2 F,

oxe | &

Ey,x By —225 E,

commutes. Passing to the local rings, we obtain the commutative diagram

~ o ~
Or .0 — Og0

[

OEz,O <——;—— OEl,O-
Qg

(&N
=

0

A
)
.G*
Xy — Q)

>
&

o

Computing, we see that

a;(p*22) = o f(21)
= f(aiz)
= f(R(1®2,281)),
(0" ® ") (0522) = (¢" ® ") (F(1 ® 22,20 ® 1))
=F(1Q ¢z, ¢z ®1)

=F(f(1®2), f(22®1)).

By the commutativity of the above diagram, we have
JRAR 2,2 81)) = B(f1®n), f(2281)),

implying that f is a homomorphism, as claimed. Thus, given elliptic curves E| and
E, with corresponding formal group laws Fj and F5, one has a map from Hom(E}, Ey)
into Hom(F}, Fy), where Hom(Fy, E5) is the group of isogenies from Ey to E,. By

applying the definition, one may show that this map is a group homomorphism.
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Further, one verifies easily that if F5 is a another elliptic curve with formal group law
Fj;, then the diagram
Hom(E", Ey) x Hom(Es, E3) —— Hom(Fy, Fy) x Hom(F;, F3)
| |
Hom(E, Ej) —— Hom(F;, F3)
commutes, where the vertical arrows are given by composition. Thus, the map from
End F; to End F} is a ring homomorphism.

ExaMPLE 2.2. Let I be an elliptic curve, and let F' be the formal group law
obtained from £ by choosing a uniformizer z € Oggo. Let [mlg: E — E de-
note the multiplication-by-m endomorphism of F. Since the map from End F to
End F' is a ring homomorphism, it follows that the isogeny [m|g induces the formal
multiplication-by-m map [m|r on F.

ExaMPLE 2.3. Let E be an elliptic curve defined over a field K of characteristic
p, and let ¢: E — E®) be the p"-th power Frobenius map (see [37, Chapter II, §2]).
Then one can show that the induced homomorphism of formal group laws is given by
the power series f(z) = 27 .

One can show that the height of the formal group law of an elliptic curve is 1 or

2. This will be discussed in more detail in §4.
2. More explicitly
Let E be an elliptic curve given by the Weierstrass equation
(2.2) E:y? + a1zy + asy = 2° + a92”® + asx + as.
It is convenient to introduce the change of variables
(2.3) 7= ——, W= -,
under which the equation of F becomes

(2.4) w = 2° + a1 2w + a22*w + asw? + agzw? + agw® = f(z,w).
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We attempt to express w as a power series in z by substituting equation (2.4} into

itself again and again. The first substitution gives

w = f(z,w) = f(z, f(z,w))
.3 4 5 6 7 9 : :
=27+ @17 + a2 + a3z +ag2’ +agz” + (terms involving w).

We want this process to converge to a power series w(z) € Z[a, . .., ag][2] such that
w(z) = f(z,w(z)). For the rest of this section, let R denote Z[ay, ..., as)]z].
To prove this, we need to give a more precise description of our algorithm. Define

a sequence of polynomials inductively by

filz,w) = f(z,w), fapm(z,w) = f(z, f(z,w)) for n > 1.

The n-th approximation to our desired power series w(z) is f,(z,0). It is clear that
each f,(z,0) is a polynomial with coefficients in R. We claim that the sequence
fn(z,0) converges to a limit w(z) € R[z] in the obvious sense — that is, if we let aén)
be the coefficient of 2* in f,(z,0), then the sequence (a,(cn))nzl is eventually constant.
The convergence of the sequence f,(z,0) is a consequence of a variant of Hensel’s

Lemma,; see {37, Ch. IV, Lemma 1.2]. We obtain

LEMMA 2.4. The sequence f,(z,0) converges to a power series
w(z) =2} (14 anz + ag2® + -+ ) € R[7]

“satisfying w(z) = f(z,w(z)).
Thus, by Equations (2.3), £ and y have formal Laurent expansions of the form
z 1 1 1

(2.5) a:(z):-z—u—(;j:—z—iﬂt---, y(z):~w(2):—;§+-.-7

vielding formal solutions (i.e., solutions in the ring of formal Laurent series) to Equa-
tion (2.2).

We now use Equations (2.5), together with the group law on E, to derive a power
series F'(z1,22) € R|z1, 20] series describing this group law. In fact, it is convenient

to begin by developing a power series i(z) € R]z] describing the inversion operation
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on E. Let z be an indeterminate and let P = (z,w(2)) represent a point on FE.
If we represent P in the (z,y)-plane by (z(z),y(z)), then —P is given formally by
(2(2), —y(z) — a1z(z) — a3). Therefore, the value of z corresponding to —F is

) _ z(z) B 272 .. )
(24) = o T e ¥ as - ey <

yielding a formal power series describing inversion on E.
Let z; and 2o be indeterminates, and let w; = w;(2;) and P, = (z;, w;) for i = 1,2.

The line joining P, and P, has slope

W — W 27— 2y
V=T T e, (=)
1 2 n>3 1 2

=+ nz+ ) a2+ 2l 2 + 2 - € Rz, ).

Letting v = w; — Az, we have the line through P, and P, is given by w = Az +
v. Substituting this expression into equation (2.4), we see that that the points of

intersection of w = Az + v and E are given by solutions of
0=2"+a12(Az +v) + @22 (A2 + v) + +as(Az + v)?
+asz(Az +v)2 +ag(Az +v)® — Dz +v)
= (14 ap) + ay X + ag\) 22+
+ (a1 A + agv + azA? + 2a.\v + 3a6/\2y)22 + Az + B.

By construction, z; and 2z are roots of this cubic; let z3 = z3(2;, 22) be the other one.
By examining the quadratic term, we get
A + agi + azA? + 2a4\v + 3ag v

14 agh + agh? + agh?

al/\ + aoV + CL3)\2 =+ 20,4)\V + 3&6)\2V
1+ CLQA + 04)\2 + G,(;AB
So by the definition of addition on F, the value of z corresponding to P, + P, is given

by

—-—(Zl + Z9 + 23) =

= =5 — 2 — € R[z, %]

(2.7) F(z1, 22) = i(z3(21, 22)) € R]z1, 22].
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One can compute that the first few terms of F(zy,2;) are given by

oY {2 2
Flzy,20) = 21 + 20 — @121 29 — G2(2{ 22 + 2125)—

— ZQB(ZEO)ZZ + 2123) — (a1a2 — 3a3)z%z§ e,

It follows from the corresponding properties of the group law on £, that the power
series F'(z1,22) of equation (2) and i(z) of equation (2.6) satisfy all the properties
of Definition 1.1. Thus, F(z,22) is a formal group law with coefficients in R =
Zlas, ..., ag).

REMARK 2.5. Suppose E be is an elliptic curve defined over a complete local
field K with ring of integers R and maximal ideal m. Let F(z, z5) be the formal
group law obtained from F as described above and form the group mp as described

in Example 1.5. Then the map
 :mp — E(K) defined by ¢(a) = (z(a), y(a))

is clearly a homomorphism as the group law on mp is induced by the group law on
E(K). The map  is actually one-to-one, its inverse being given by the correspondence

(z(a),y(a)) — —z(a)/y(a). One can show that
Imy={(z,9) € E(K) [1/z € m},

see [37, p. 114]. These observations allow one to use the theory of formal group laws

to analyse elliptic curves defined over local fields.

3. Elliptic curves given by Jacobi quartics

3.1. Euler’s formal group law. For some applications to topology, it is often

more convenient to coordinatize elliptic curves in the form
(2.8) E:y* = R(z) =1 — 20z* + ez,

where the discriminant A := (6% — £)? is nonzero. The polynomial R(z) is called a

Jacobi quartic. One may obtain a formal group law F'(z,y) from this equation which
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represents the group law on E around its neutral element O = (0,1). We will show
that this formal group law has the pleasing form

(2.9) Floy) = 2V R(y) +y/R(z)

1 —ex?y?

This is actually for the addition formula for the elliptic integral [ dt/R(t)'/?. That

[l vl

This formula is due to Euler, and thus the formal group law (2.9) is often called

is,

Euler’s formal group law. The origins of these formulae lie in the classical problem of
doubling the arc of the lemniscate. For an elementary exposition of this issue, see [36,
Chapter 1]; for a higher powered account see [31, Chapter 2].

We prove that (2.9) is in fact a formal group law using complex analytic techniques.
We show that for complex number z,, 2, and x3 of small enough modulus, the
power series F(F'(x1,23),z3) and F(z1, F(z2, z3)) converge to the same value. Thus,
the corresponding coefficients of their power series expansions, given by the usual
formluas, are the same.

Of course, the elliptic curve FE is isomorphic to one given by a Weierstrass cubic.
We will show that Euler’s formal group law is strictly isomorphic to an elliptic formal
group law of the form given in the previous section. This isomorphism is induced by

a change of variable converting quartics to cubics.

3.2. The Weierstrass p-function. We need to recall a few facts about the
Weierstrass p-function. For proofs of the assertions below and basic facts concerning
elliptic functions, see [31, Chapter 2] or [37, Chapter VI]. Let A = Zw; + Zws be a
lattice in C, and let A’ = A — {0}. Defering to tradition, we define the Weierstrass
p-function p(z, A) of the lattice A by the formula

o0 =oe ) =5+ Y | - ]

weAM!
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The function p(z) defines an even, meromorphic function, elliptic (doubly periodic)
with respect to the lattice A, with a double pole at each lattice point. The derivative
¢'(z) is given by

o'(z) = ——‘.ZZ (—Z—:l——U—J)—g

wEA

The function '(z) is an odd, meromorphic function, also elliptic with respect to A,

with a pole of order three at each lattice point. One can show that in the set
{riwi+7rws [0 <1y, 7 <11,

the fundamental parallelogram of A, the function ¢'(z) has simple zeros at

w: wi +w
o= A2:=—25, and  \; = 12 2,

Let ; = p(X;), for i = 1,2, 3.

Further, the p-function satisfies the differential equation

©'(2)” = 4p(2)® — g2p(2) — g3

= 4(p(2) — e1) (pl2) — e2)(p(2) — €),

where g and g are defined by the Eisenstein series
= (A)—GOZ—l— = (A)—14OZ~—1—
g2 = g2\r) = . o BT gs\y) = n o6

Therefore, the correspondence z +— (p(2), p'(2)) is parameterization of the elliptic

curve
?JQ :,4953 — 2% — gs3.

In fact, the above correspondence is an analytic isomorphism of Lie groups between
the torus C/A and the above elliptic curve, see [37, Ch. VI, Proposition 3.6].

Conversely, given an elliptic curve in the form

(2.10) y? = 42® — Az — B,
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with A, B € C and A% — 27B% # 0, we can find a lattice A with g,(A) = A and
g3(A) = B. Thus, any elliptic curve in the form (2.10) can be parameterizéd using
the Weierstrass p-function. This is the content of the celebrated Uniformization
Theorem [37, Chapter VI, Theorem 5.1].  Above, we interpreted g» and g; as complex
value functions of lattices in C. One may also view g and g3 as complex valued
functions defined on the Poincaré upper half plane, H. For 7 € H, let A, = Z + Zr.
As noted above, the Weierstrass p-function p(z, 7) := p(z, A,) satisfies the differential

equation, depending on the parameter 7,

(@')2 = 4@3 — 92(7)p — g3(7),

where g;(7) = ¢i(A;). In Chapter 5, we will interpret go(7) and gs(7) as modular
forms.

Using the group law on the elliptic curve which it parameterizes, one can show
that the Weierstrass p-function admits the algebraic addition formula
L [@’(zl) - p’(Zz)r

plar+2) = —p(ar) = plz) + 3 | o8

3.3. Parameterization of Jacobi quartics. In order to understand elliptic

curves given in the form
(2.11) y? =1- 262" +ex?, G,eeC

we describe a parameterization analogous to the one given above for elliptic curves
in Weierstrass normal form. To ensure the curves given by 2.11 are nonsingular, we
insist that the discriminant A := £(§? —¢)? be nonzero. One can parameterize elliptic
curves defined by such Jacobi quartics as follows (see [21, §5] and [45] for details).

We shall use the notation of the previous section.

THEOREM 2.6. Let A = Zw- + Zwsy be the unique lattice with

1 1
ga(A) = ‘?;(52 +3¢), g3(A) = 5;5(52 — 9¢),
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and p(z) be its associated p-function. Define

Pz, A) 7

where es 18 defined as in §3.2. Then o satisfies the differential equation

(2.12) o{z) =a(z,A) =

(0'(2))? =1 - 260(2)? +co(2)*,

and therefore the correspondence z v (0(2),0'(2)) is a complex parameterization of

the elliptic curve (2.11).

One may view the parameters 6 and ¢ as complex valued functions on H. As
before, let 7 € H and define A, = Z + Z7. Then o(z,7) := o(z,A,) satisfies a

differential equation, depending on the parameter 7, of the form
(0')? =1 —26(1)o? + e(r)o™.

In Chapter 5, we will interpret the functions 6(7) and e(7) as modular forms.

We list a few properties of the function o(z) and its derivative, o'(z) which may
be deduced directly from (2.12) and properties of the Weierstrass p-function.
(i) o(z) is an odd function with simple poles at A; and A;, and simple zeros 0 and
Az, that is,
divo(z) = (0) + (A3) — (M) — (A9).

(i1) o(z) satisfies the identities
o(z+ X3) = —o(z), o(ds3—2) =0(2).
(iii) o'(z) is an even elliptic function satisfying ¢'(0) = 1. Letting § = X3/2, we have
divo'(z) = (0) + (—0) + (6 + A1) + (B + 22) — 2(A1) — 2(02).

(iv) The function o(z + A;) has poles where o(2) has zeros, and zeros where o(2)
has poles. Therefore, divo(z + A1) = —divo(z), or o(z + A1)o(z) = ¢, for some

ceC
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(v) Replacing z by z + Ay in (iv) and using (ii), we see that o(z + A9)o(2) = —c.
We may actually identify the constant ¢ appearing in (iv) and (v). By (iii), and the
differential equation for o(z),
o(8), o(=8), o{8+X), oc(@+A)
are zeros of the polynomial 1 —28z+ez*. Examining the constant term in the identity
1-2602 + ezt =c(x—0(0)(z — o (=) (z — (8 + M)z — (6 + \2))

and using the fact that o(z) is odd, we conclude that e = 1/c2

As o(z) parameterizes an elliptic curve, it is not surprising that it satisfies an

addition formula.
THEOREM 2.7 ([21, Appendix]). The function o(z) and its derivative o'(z) satisfy
the addition formula

o(z)o"(w) + o(w)o'(z)
1 —e0(2)20(w)?

(2.13) oz +w) =

ProOF. Fix a complex number w with o(w) # 0. It suffices to verify (2.13) for

such w. Let

A(2) = o(z + w) (1 - ia(z)%(wV) ,

2

B(z) = o(z)o'(w) + o(w)o’(2).
Since A(0) = o(w) = B(0), and A and B are elliptic, it suffices to show that A(z)
and B(z) have the same divisor.

To compute div A(z), we identify the zeros and poles of each factor in the expres-

sion

C

Az) = oz +w) (1 - };a(z)a(w)> (1 + %J(z)o(w)) |

It follows immediately from (i) that

divo(z+w) = (—w) + (A3 —w) — (A —w) — (Ae — w).
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To compute div(l — o(z)o(w)/c), we first note that the function 1 — o(2)o(w)/c
has the same poles as o{z), that is, simple poles at A; and Ap. From the formula
a(z + A)o(z) = cof (iv), it follows that A, +w is a zero of 1 — o(z)o(w)/c. Also, by

the oddness of o(z) and (v), we obtain
o(w)o(Ay — w) = —o(—w)o(Ae + (—w)) = c.

Therefore, Ay — w is also a zero of 1 — o(z)o(w)/ec. Since it has only two poles, we

conclude that

div (1 - %a(z)a(w)) = Ot w) + Oa— ) — (A1) = (o).

In like manner, one shows that
div (1 + %a(z)a(w)) = (A —w)+ (A +w) — (M) — (Ma)-
Therefore,
div A(z) = (—w) + (A — w) + (A +w) + (Ao +w) — 2() — 2(X9).

To compute the divisor of B(z), we first note that its poles are precisely the poles
of ¢'(z), that is, double poles at A\; and A;. We proceed to show the four zeros of
A(z) are also zeros of B(z). As o(z) is odd and ¢'(2) is even, we see that B(—w) = 0.
It follows easily from (ii) that A3 — w is a zero of B(z). Differentiating the relations
oz + M)o(z) = c and o(z + A)o(z) = —c of (iv) and (v), respectively, we see
that B(A + w) = B(Ay +w) = 0. This completes the verification that B(z) has
the same zeros and poles, and hence the same divisor, as A(z). This completes the

argument. U

3.4. Elliptic formal group laws, revisited. Using the addition formula proved
above, it is easy to deduce that Euler’s addition formula for the elliptic integral is in

fact a formal group law.
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THEOREM 2.8. Let & and ¢ be indeterminates, let R(z) = 1 — 2§2% + ex*, and let

Flz,y) = W EW +y VR

1 — ex?y?

The F(x,y) defines a formal group law with coefficients in the ring Z[1/2,4,¢].

Proor. That the power series expansion of F(z,y) has coefficients in the ring
Z[1/2,6,¢] follows from the binomial expansion. It is clear that as formal power
series, F'(z,0) = z, F(0,y) = y, and F(z,y) = F(y,z). It remains to verify the

formal power series identity
(2.14) F(F(zy,15),23) = F(z, F(z9,23)).

Suppose that (2.14) held for all complex numbers § and ¢ with (6% — ¢)? # 0.
This would say that the corresponding coefficients of the power series expansions of
each side of (2.14) define the same polynomial function of § and . This implies that
the corresponding coeflicients are equal as formal polynomials in ¢ and €. Thus, it
suffices to verify (2.14) for all complex numbers ¢ and ¢.

Let § and € be complex numbers with (62 — £)? # 0. As mentioned on page 31
it suffices to show that the functions F(F(zy,22),z3) and F(xy, F(zs, z3)) have the
same value for complex numbers z,, 9, and x3 with sufficiently small modulus. Now
o(z) is analytic at 0, so we may find neighbourhoods U and V of 0 in C such that
o(U) =V, and o(z) has no polesin U + U + U. Let z1, 2, 23 € V, and find uy, u,,
uy € U such that z; = o(u;) for ¢ = 1,2,3. Then

F(F(21,%2),33) = F(F(0(w1), 0(u2)), o{u3))
= F(o(uy + ua), o(us))

= o(uy + ug + uz) < 00,
by two applications of Theorem 2.7. Symmetrically,

F(z1, Fzg,23)) = o(uy + ug + u3) < co.



3. ELLIPTIC CURVES GIVEN BY JACOBI QUARTICS 39

Thus, F(F(x,29),23) and F(zy, F(zy,23)) agree on V, completing the proof. O

To relate the above discussion to that of §1, we point out explicitly how Euler’s
formal group law does indeed come from the expansion of the group law of an elliptic
curve around its neutral element with respect to an appropriate uniformizer. Let §,
e € C with A = £(6%2 — €)? # 0 and consider the elliptic curve given by E : 4% =

1 —262% + ex. Let A be a lattice which parameterizes F via

(z,9) = (2(2),y(2)) = (0(2),0'(2)).

Since ¢ has a simple zero at 0, the function x is a uniformizer for the local ring of E

at O = (0,1). By Theorem 2.7, one has
#(21 + 2) = 0(z1 + ) = F(o(21), 0(2)) = F(z(21), (22)),

where F' is Euler’s formal group law. Thus, F' represents the expansion of the group
law on E around O = (0,1) with respect to the uniformizer z € O o.

Given an elliptic curve F, we have defined for it two different formal group laws —
one formal group law, Fyy(z,y), corresponding to its Weierstrass cubic representation,
and another, F;(z,y), corresponding to its Jacobi quartic representation. Since they
both these formal group laws represent the group law on F locally at O, they should
certainly be isomorphic. We verify this fact.

Setting notation explicitly, let ¢ and £ be such that A = (6% — €)% # 0, and let
E be the curve given by the Jacobi quartic (2.8), and let F;(z,y) (‘J” for Jacobi) be

Euler’s formal group law. Let E’ be the curve
Yy = 42° — gox — gs,

given in Weierstrass form, where ¢ and g3 are given in terms of ¢ and £ as in the

statement of Theorem 2.6. The change of variable

(2.15) T =
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puts the above curve into the form

3 2 9 g3 3
W=z — = — 2203
z 4zw 4w

Thus, we may use the methods of the previous section, we may express w as a
power series w(z) in z, and thereby construct a formal group law Fy(z,y) (‘W’

for Weierstrass) representing the group law on E' in a neighbourhood of O.
THEOREM 2.9 ([21, Theorem 4]). The formal group laws Fy(z,y) and Fw(z,y)

are strictly isomorphic over the ring Z{1/6,¢,5).

ProoF. Guided by (2.12) and (2.15), we define our perspective isomorphism of
Fy(z,y) onto Fy(z,y) by the formula

As w(z) has coefficients in Z[1/2, §, ], it is clear that f(z) has coefficients in Z[1/6, §, ¢].
By arguments similar to those presented in the proof of the previous theorem, to

show that the power series identity

FFwl(z,y)) = E5(f(2), f(y)),

holds, it suffices to verify the above for complex variables § and ¢ in C with £(62—¢)? #

0. Still guided by (2.15), define elliptic functions

z(s) = —~2p(s) w(s) = 2 :

We also have

o(s1+ s2) = Fy(o(s1),0(s2)), 2(s1+ s2) = Fw(2(s1), 2(s2)).
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Therefore,
F(Fwlz(s1),2(s2))) = f(2(s1 + 52))
= o(sy+ s2)
= Fy(o(s1),0(s2))-
The desired conclusion follows. O

4. Heights of elliptic formal group laws

In this section we prove the following description of elliptic formal group laws.

THEOREM 2.10. Let F' be the formal group law of an elliptic curve E defined over
a field of characteristic p. Then ht F =1 or 2.

This theorem is a consequence of the following result.

LemMA 2.11 ([37, Chapter IV, Theorem 7.4]). Let k be o field of characteristic
p, and let p: By — FEy be a nonzero isogeny of elliptic curves defined over k. Let f

denote the homomorphism of formal group laws induced by w. Then

p*f = deg; o,
where deg, ¢ denotes the degree of inseparability of ¢.

SKETCH OF PROOF. We begin by considering two special cases. First, suppose
¢ is the p"-th power Frobenius map. Then f(z) = 2P (see Example 2.3), and
p*f = p" = deg; p. Now suppose ¢ is separable. In this case, one can show that
the height of the corresponding homomorphism of formal group laws is zero. One

completes the proof using the following facts.

e A nonzero isogeny of elliptic curves can be written as the composition of a
Frobenius map and a separable isogeny (cf. Remark 1.37).

e The assignment of a formal group law to an elliptic curve is functorial (see

§1).
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e If f: FF— G and g: G — H are homomorphisms of formal group laws, then
ht fog="ht f+htg.
O

Proor OF THEOREM 2.10. By definition, ht ' = ht[p|r. Now [p|r is the ho-
momorphism induced by the multiplication-by-p endomorphism [p]g of E (see Ex-
ample 2.2), which has degree p* (see [37, Chapter III, Theorem 6.4(a)]). Therefore,
deg;[plz = 1, p, or p>. Now [p]r(z) is nonzero and has the form [p|p(z) = pz +---,
so ht[p]r # 0. The theorem follows. O

DEFINITION 2.12. An elliptic curve ¥ defined over a field k of characteristic p is
called supersingular if the height of its formal group law is 2. It is called ordinary

otherwise.

For a lengthy list of conditions equivalent to supersingularity, see [37, Chapter V,
Theorem 3.1}.



CHAPTER 3

Vector bundles and CP*®

1. Projective spaces and Grassmann manifolds

1.1. Definitions and basic properties. We begin by discussing the ubiquitous
projective spaces and their generalizations, the Grassmann manifolds. Let V be a
vector space. We shall refer to a 1-dimensional subspace of V as a line in V, and
to an n-dimensional subspace of V as an n-plane in V. If a = (ag,...,ap-1) € F”,
we let (ag : - -+ : ap—1) denote the line through a. An n-frame in V is defined to be
an n-tuple of linearly independent vectors of V. Let F denote either of the fields R
or C. For positive integers n, we let FP" be the set of all lines in F**L. We give
FP" the quotient topology induced by the map ¢ : F**! — {0} — FP" defined by
q(u) = Fu. The space FP" is called n-dimensional (real or complex) projective space.
One may easily show that RP™ (respectively, CP"), can be given the structure of a
smooth n-dimensional (respectively, 2n-dimensional), compact manifold.

There is a chain of topological embeddings, FP! C FP? C ---, induced by the
inclusion (z1,...,%,) = (z1,...,%,,0) of F* into F"*'. We may therefore define
the infinite dimensional (real or complex) projective space, denoted FP™, to be the
topological direct limit of the spaces FP”. A subset U of FIP® of is open if and only
if U NTFP" is open for each positive integer n. Letting F*° be the union of the spaces
™, one sees that FP*° can be identified with the set of lines in F* = @, F.

Let V(n, F"**) denote the set of all n-frames in F**%. The collection V(n, F"**) is
an open subset of F*("*%) called the Stiefel manifold. We define the (real or complez)
Grassmann manifold G(n,F***) to be the set of n-planes in F*"*%. Give G(n, F***)

43
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the quotient topology induced by the map from V(n,F***) to G(n,F*™*) taking an

n-frame to the n-plane which it spans. By definition, we have
FP" = G(1,F**).

so the Grassmann manifolds are in fact a generalization of the projective spaces.

We briefly recall the definition of an oriented vector space. Let V be an n-
dimensional real vector space. We define an equivalence relation on the set bases
of V by declaring two bases equivalent if the determinant of the transition matrix
between them is positive. Evidently, this equivalence relation partitions the set of
bases of V into two parts. Each equivalence class is called an orientation of V; thus
each real vector space has two distinct orientations. An oriented vector space V is
simply the space V, together with a choice of orientation for V. A basis of V contained
is called positively oriented if it is contained in the orientation of V| and negatively
oriented otherwise. One may modify the above construction by considering oriented
n-planes in R***. Let GO(n, R***) be the set of oriented n-planes in R***. Define
g: V(n,R"™) — G%(n,R"*) by mapping a given n~tuple to the unique oriented
n-plane for which it is a positively oriented basis. Give G®(n, R**%) the quotient
topology induced by g. The space G®(n,R***) is called an oriented Grassmann
manifold. 1t is a fact that if V' is a complex vector space, then its underlying real
vector space has a preferred orientation. Therefore, we do not consider a complex
analogue of this construction.

As their name implies, the Grassmann manifolds may be given a manifold struc-

ture.

LeMMA 3.1 ([25, Lemma 5.1)). The space G(n, R**) (respectively, G(n, C**))
can be gwen the structure of a smooth, compact manifold of dimension nk (respec-
tively, 2nk). The oriented Grassmann manifold GO (n, R""*) is a smooth, compact,

oriented manifold of dimension nk).
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As before, the inclusion of F* into F**! induces a chain of inclusions G(n, F**) C
G(n,F**2) C G(n,F"*3) . ... Therefore, we may define the infinite (real or complex)
Grassmanu manifold G(n,F*®) as the direct limit (with respect to k) of the spaces
G(n,F***). In like manner, one constructs the infinite oriented Grassmann manifold

GO(n, R>).

1.2. Cohomology of projective spaces and Grassmann manifolds. One
computes the cohomology of the projective spaces and Grassmann manifolds by rep-
resenting them as CW-complexes. For basic definitions of and theorems about CW-
complexes, consult [26, §38]. The complex projective spaces have a very simple cell

structure.

THEOREM 3.2. The complex projective space CP™ has the structure of a CW-
complex with ezactly one 2k-cell, for each k = 0,...,n. The infinite dimensional
complex projective space CP™® has the structure of a CW-complex with one 2k-cell for

each k > 0.

PRrROOF. We proceed by induction on n. The theorem holds trivially for n = 0, as
CP? is just a single point. Suppose the theorem holds for CP*~!. Let B?" denote the
closed, real, unit 2n-ball, and let ey, = CP* — CP"!. Define f: B** — CP" by the

rule
n—1 1/2
F(@o, Yo, - s Tty Yn1) = (To Y0 1 -+ 1 Ty + W1 {1 =Y (@ +u)| )
k=0

Then f maps Int B%* homeomorphically onto e,,, and maps the boundary of B" onto
CP"~!, which by our induction hypothesis is a union of cells of lower dimension. The
assertion about the cell structure of CP™ follows from the fact that it is the union of

the spaces CP". ]
Thus, the cellular cochain complex of CP” is

Z—-+0—-+2Z—-0—-— 0 =2 Z —-0—=20—-0—---.
(2n—1) (2n)



46 3. VECTOR BUNDLES AND Cp*

Therefore, H*(CP",Z) = Z, 0 < k < n, and all of its other cohomology groups

vanish. The cellular cochain complex of CP™ is
Z—-0—=Z—-0—---.

Therefore, H*(CP>®,Z) = Z, k > 0, and all of its other cohomology groups vanish.
To determine the ring structure of the complex projective spaces, one uses Poincaré
duality; see [26, §68].

For a description of a cell structure for Grassmann manifolds and a computation
of their cohomology, see [25, Chapter 6].

We summarize the results which we shall need. When discussing complex or
oriented Grassman manifolds, we shall consider cohomology with coefficients in Z.
When discussing real (unoriented) Grassmann manifolds, we shall use Z/27Z as our

coefficient ring,.

e The i-th cohomology group H*(RP™, Z/2Z) of real projective n-space is cyclic
of order two for 0 < ¢ < n, and zero otherwise. If ¢ denotes the non-zero
element of HY(RP",Z/2Z), then H'(RP",Z/2Z) is generated by the i-fold
cup product g*. Further the cohomology ring H*(RP", Z/27) is generated as
a Z/2Z-algebra by g, that is,

H*(RP", Z/2) = (Z./2Z)[g)/ (9"*),

where ¢ has weight 1.

e The cohomology ring of H*(RP*>,Z/27Z) = lim H* (RP"™, Z/27) is isomorphic
to the power series ring (Z/2Z}[z].

e The 2:-th cohomology group H*(CP",Z) is infinite cyclic if 0 < i < m;
all other cohomology groups of CP" vanish. In fact, if g is a generator of
H?(CP",Z), then H*(CP", Z) is generated by the i-fold cup product g*. The
cohomology ring H*(CP™, Z) is generated as a Z-algebra by g, that is,

H*(CP", Z) = Z[g]/(g™"),
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where ¢ has weight 2.
e The cohomology ring H*(CP*®,Z) = Er_nH*((CIP’”,Z /2Z) is isomorphic to the
power series ring Z[z].
e The cohomology ring H*(G(n, R®), Z/27Z) is isomorphic to (Z/2Z)[x1, . . . , Tn]-
e The cohomology ring H*(G(n, C*), Z) is isomorphic to Z]xy, ..., z,].

2. Vector bundles

2.1. Definition and examples.

DerINITION 3.3. Let E and B be topological spaces and n: £ — B be a contin-
uous surjection. The triple £ = (F,w, B) is called a vector bundle of dimension n, or

an F*-bundle if the following conditions are satisfied:

(i) For each b € B, the set 77'(b) has the structure of an n-dimensional F-vector

space.

(i) There is an open cover U of B such that for each U € U, there is homeomorphism
h,U U x F° —)ﬂ'—l(U)

which restricts to a vector space isomorphism hyy : {6} X F* — 771(b), for each

b € U. This condition is called the local triviality condition.
A vector bundle of dimension one will be refered to as a line bundle.

We call B and E the base space and total space, respectively. To avoid ambiguity,
we will sometimes write B(£) and E() for the base and total spaces of a vector
bundle £&. For b € B, we call the set 7~1(b) the fibre (of 7) over b and denote it by
Fib, £.

REMARK 3.4. There are standard ways to convert complex vector bundles into
real ones, and vice versa. It is clear that one may treat a C*-bundle as a R®*"-bundle
by simply forgetting about its complex structure. Conversely, if & is a real vector

bundle, one obtains its complexification £ @ C by tensoring each fibre with C.



48 3. VECTOR BUNDLES AND CP*

In order to turn the class of class vector bundles into a category, we must define

a notion of morphism.

DerFINITION 3.5. Let £ and n be complex vector bundles. A morphism or bundle
map from & to 7 is a continuous map f : F(&) — E(n) such that f maps each fibre
Fiby £ isomorphically onto some fibre Fiby 1. We write f : £ — 7.

We let VB denote the category of vector bundles and bundle maps. If B is a
topological space, we denote by VBpg the subcategory of vector bundles over the base

space B.

Since points of the Grassmann manifolds are by definition vector spaces, it is not
surprising that there exist canonical constructions of vector bundles over these spaces.

To construct an n-dimensional vector bundle +, x(F) over the Grassmann manifold

G(n, ), let |
E(ymi(@) = {(H,2) € Gn, ") x I |2 ¢ H},

and define 7 : E(v,x(F)) — G(n,F***) by the rule 7(H,z) = H. The bundle , ;(F)
does indeed satisfy the local triviality condition; for details see [25, §6].

We may construct an n-dimensional bundle v,(F) over the infinite Grassmann
manifold G(n,F*°) by taking the direct limit (with respect to k) of the bundles ~, x(F).
The total space of v,(IF) may be identified with the set

{(H,2) e G(n,F*)xF*° |z € H},
with the projection map 7 defines as above.
Oriented vector bundles. Fix an orientation of R", and let £ be a real n-bundle.

An orientation of £ is a choice of orientation of each fibre of ¢ such that the following

compatibility condition is satisfied:
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There exists a trivialization U of £ with coordinate charts hy, U €
U such that the map z ~ hy(b,z) is an orientation-preserving'

isomorphism of R” with Fib, £ whenever b € U.

Using the fact that points of GO(n, R***) are oriented n-planes, there exists a tauto-
logical construction of an oriented n-plane bundle over GO(n, R*™*). This construc-
tion is completely analogous to that in the non-oriented case. We denote this bundle
by 7}2 .- Taking direct limits, we may also define a tautological oriented n-plane bun-
dle 49 over the infinite oriented Grassmann manifold G°(n, R®). Again, the details

of this construction are the same as in the non-oriented case.

There is another way of looking at vector bundles which is often illuminating.
Suppose € is an F*-bundle, with open cover U and coordinate charts hy as in Defini-

tion 3.3(ii). Suppose elements U and V of U intersect nontrivially. Then the map
hov: (UNV)xF' - UNV)xF

defined by hyv = hy o byt (suitably restricting domains) is a homeomorphism. Fur-
ther, for any b € U NV, the map hUVl{b}XFn may be naturally identified with an
element of GL(n,F). It is easy to see that the map

guv: Ny — GL(TL, IF)

defined by guv(b) = hyv|pyxe is continuous. The maps gyy are called transition
maps.

In fact, the transition maps gyy determine £ up to isomorphism. Let

UXIF"/N

eu
where the equivalence relation ~ identifies points (b,z) € U x F* and (b,y) € V x "
if guv(b)(z) = y. One may easily show that E is the total space of a vector bundle

Yi.e., the map sends positively oriented bases of R” to positively oriented bases of Fiby £
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isomorphic to £. One calls the group GL(n, F) the structural group of F"-bundles, and
thinks of the maps gyv as specifying some sort of “glueing data”. For more details
on this point of view, see [17, Chapter 5].

One can show that a real n-plane bundle ¢ is orientable (i.e. can be given an
orientation) if and only if one may find a trivialization U of ¢ with coordinate charts
hy, U € U, such that the corresponding transtition functions gyyv take values in the

subgroup of GL(n, R) consisting of matrices with positive determinant.

2.2. Operations on vector bundles. There are many ways to make new vector
bundles out of old ones. For instance, if £ is a vector bundle, and A C B(£), there
is an obvious way to restict £ to a bundle £|4 over A. Also, if 77 is another bundle,
then there is a canonical construction of a product bundle & x 77 over the base space
B(£) x B(n)-

Somewhat more exotic is the construction of the pullback of a vector bundle.
Suppose 7 is a vector bundle with projection w: E(n) — B(n), and f is a continuous
map from a space B into B(n). Then we may pull back the bundle 5 to construct a
bundle f*n over B with total space

E={(be)e BxE(n)]|f(b)=m(e)},

and projection map p sending (b,e) € FE to b € B. Again, one must verify the local
triviality condition. If we define f: E — E (n) by f(b, e) = e, then it follows that i

is a bundle map and that the following diagram is cartesian:

E —1% B

0| |

B - B(n)

The vector bundle f*n constructed above is called the pullback of n by f.
Conversely, suppose ¢ : £ — 7 is a bundle map. Let g: B(¢) — B(n) be defined
such that the formula g(Fiby§) = Fibgy) n holds. Then one can show that & is
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isocmorphic to g*y. This illustrates the intimate relationship between pullbacks and

bundle maps.

One often thinks of a vector bundle as a continuous family of vector spaces lying
over a topological space. For this reason, it seems natural to attempt to define
analogues of popular vector space constructions (direct sum, tensor product, dual,
...) for vector bundles. Below, we indicate how this may be accomplished.

Let VS denote the category of vector spaces over F. To unify (and simplify) our

presentation, we make the following definition.

DEFINITION 3.6. Let 7" be a functor from the product category VS" to VS. We
say that 7' is continuous if for any vector spaces V..., V,, Wi,..., W, in VS, the

map

Hom(V;, W) x -+ x Hom(V,,, W,,) — Hom (T (V4, ..., Vo), T(Wy,...,W,))

induced by 7 is continuous. In other words, the map T'(f1,..., fn) depends continu-
ously on fi,..., fn.
The functors @, ®, and ¥ {dual) are easily seen to be continuous.

THEOREM 3.7 ([25, §3(f)]). Let &,...,&, be vector bundles over the common
base space B, and let T: VS™ — VS be a continuous functor. Then there is a vector
bundle £ = T'(&1,...,&) over B such that for all b € B, the fibre Fiby & is equal to
T(Fiby &1, ..., Fiby &,).

Proor. Let

F = H T(Flbb fl, ey Flbb gn)

beB
(we the symbol [] for disjoint union). Define 7 : E — B by the rule

m(T(Fiby&,,...,Fiby&,)) = b,

and set £ = (F, 7, B).
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For each i < n, find a local coordinate system (U, h;) for &. Writing m; for the
dimension of {each fibre of) & and m; for the projection from E(§;) to B, we have
that the map A; is a homeomorphism from U x F™ onto ;' (U) mapping {b} x F™
isomorphically onto Fib, &;. Let h;p = h;]{b} x F™. By the functoriality of T, the
map

T(hipy . yhnp)  TE™,. . JF™) = T(Fiby &, . .., Fiby &)

is an isomorphism. By the continuity of T, the map hy : U x T(F™ ... ™) —
7~ H(U) defined by the rule

hulpyxrmm . gmny = T(hip, ..., hny)

is a homeomorphism.

If U and U’ are coordinate neighbourhoods for all the &, then it is clear that
the map hy: o hy is a homeomorphism of (U N U') x T(F™,...,F™) onto itself.
Therefore, there is a unique topology on E such that each map hy constructed above
is continuous.

Letting U be the collection of all open U C B such that I/ is a coordinate neigh-
bourhood of each &;, we have shown that U is a trivialization of . This completes

the proof. O

It is easy to show that the correspondence

(glu-uagn) HT(é‘l:agn)

extends to a functor from (VBpg)™ to VB.

A continuous functor unique to the category of complex vector spaces is the com-
plex conjugation functor. Given a complex vector space V, we let V denote the
vector space whose underlying abelian group is V, and whose scalar multiplication
is defined by twisting that of V by complex conjugation. That is, if s: Cx V — V
represents scalar multiplication in V, and ¢: C — C is complex conjugation, then

scalar multiplication in V is given by s o (c x id).
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Let w be a complex vector bundle. We denote by @ the vector bundle obtained
from w by applying the complex conjugation functor. We call it the conjugate of w.
A fibre Fib, @ of @ is naturally identified with the vector space Fibyw.

Note that even though V 2 V for any vector space V' (they have the same dimen-
sion), it is not true in genéral that a complex vector bundle w is isomorphic to its
conjugate w. This is because there is generally no canonical C-vector space isomor-
phism between V and V (complex conjugation is not C-linear). One may construct
bundle isomorphisms w|y = @|y for suitable sets U, but the lack of a natural choice
for these isomorphisms may prevent them from being mutually compatible.

We show, for example, that the tangent bundle 7 of CP! is not isomorphic to its
conjugate bundle, 7. Observe that if V' is a 1-dimensional complex vector space, and
w: V = V is a linear isomorphism, then ¢ is given by reflecting V' across some line.
Suppose there was an isomorphism f from 7 to 7. Let TpCP! denote the tangent space
to CP* at the point P. Then f induces a linear isomorphism fp: TpCP' — TpCP!,
which must be given by reflection across a line £p. We may identify CP' with the
2-sphere S? and view fp as a line in R® tangent to S? at P. Since f is a bundle
morphism, it follows that the lines £p vary continuously, and cut out a 1-dimensional

subbundle of the tangent bundle of the 2-sphere, S%. Let
X ={(Pv)|PeS*velp, and |v| =1}.

Since the lines £p vary continuously, the space X is naturally a double covering of the
2-sphere S%. But S? is simply connected, so X must be the trivial double covering.
Each branch of the covering X represents a nonvanishing vector field on $2. It is well
known that such a vector field does exist; see for instance, [26, Corollary 21.6]. Thus,
the tangent bundle of CP! is not isomorphic to its conjugate.

Continuous functors interact very nicely with pullbacks.

LEMMA 3.8. Let B and B’ be topological spaces, &y, ..., &, be vector bundles over

B and f: B — B be continuous. Suppose that T: V8" — VS is a continuous
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functor. Then
T(fxfla e f*‘fn) = f*T(fh s >§n)

There is another way in which we may mutate continuous functors of vector spaces
into functors of vector bundles. Let By,..., B, be topological spaces and T: VS" —
V'S be a continuous functor. Then one can show using arguments analogous to those

presented above that T' induces a functor
T: VBg, X --- x VBg, — VBp, «..x5,.

One proves this fact using the following theorem.

THEOREM 3.9. Let &, ..., &, be vector bundles over base spaces By, ..., By, respec-
tiwvely, and let T: VS™ — VS be a continuous functor. Then there is a vector bundle
5:?(&,...,@) over By X - -+ X B, such that for allb = (by,...,b,) € By x---x B,,
the fibre Fiby £ is equal to T(Fiby &y, ..., Fiby&,).

It is traditional to denote the functor ®: VB, x VBp, — VBg, 5, by X.

The above constructions are related in the following way.

LeMMA 3.10. Let &, ..., &, be vector bundles over the common base space B.
Let T: VS™ — VS8 be a continuous functor, d: B — B™ be the diagonal map, and
p;: B — B be the i-th projection map. Then

(1) T(&,-- o &n) AT (&, -5 8n),
(i) T(6r, &) 2 T(i&, - P3n)-
Both isomorphisms are canonical.

For vector spaces U, V,and W, we know that UV 2V U, URQRV 2V U,
U(VeoW)=UV)eW,andU(VeW) = (UV)e(U®W). The following
result shows that analogues of these identities hold for vector bundles £, 7, and (.
The proof is a just diagram chase.

LEMMA 3.11. Let B, By, ..., B, be a topological spaces, and let S and T be

naturally equivalent continuous functors from the n-fold cartesian product VS™ into
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VS. Then S and T remain naturally equivalent when viewed as functors from (VBg)"
into VBp. Also, the functors S and T from VBpg, x---xVBpg, to VBp, «..xp, are

naturally equivalent.

2.3. Euclidean and Hermitian metrics on vector bundles. One may also
study vector bundles in which each fibre has the structure of an inner product space.

A Euclidean metric on a real vector bundle £ is a continuous map
E(f@g) —}R') (61762) — <€1762> ER

such that for each b € B, its restriction to Fib,(€é @ &) defines a Euclidean inner
product on Fiby&. A Hermitian metric on a complex vector bundle w is defined in
like manner, except one insists that the metric endows each fibre of w with a Hermitian
inner product.

One shows that any vector bundle over a “reasonable” base space admits a metric.

DEFINITION 3.12. A topological space X is said to be paracompact if any open
cover of X has an open, locally finite refinement. That is, if U is any open cover of

X, there exists another open cover V of X such that

(i) For each V € 'V, there is some U € U with V C U.

(ii) Each point of X has a neighbourhood that meets only finitely many elements
of V.

Most non-pathological spaces, including all metric spaces and all manifolds, are
paracompact. We will deduce the existence of metrics on vector bundles over para-
compact base spaces using the notion of a Gauss map. Let £ be an n-dimensional
vector bundle. A continuous map of f: E(£) — F"** is called a Gauss map if f is
linear and injective on each fibre of £. One may prove the following result, which we
will use again later. For details, see [17, Chapter 3, §5] or [25, Lemma 5.3, Theorem
5.6].
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THEOREM 3.13. Any vector bundle over a paracompact base space admits a Gauss

map.

COROLLARY 3.14. Any real (respectively, complex) vector bundle over a paracom-

pact base space admits o Buclidean (respectively, Hermitian) metric.

ProoOF. Let £ be a real, n-dimensional vector bundle over the paracompact base
space B, and let f: F(§) — R** be a Gauss map. Lettbing (-, —) denote the stan-
dard Euclidean inner product on R"™*  one verifies easily that the correspondence
(e1,e2) — (f(er), f(e2)) defines a Euclidean metric on €. Hermitian metrics on com-

plex vector bundles are constructed similarly. O

REMARK 3.15. One may also prove the above corollary using a standard partition

of unity argument.
The existence of metrics allows us to relate vector bundles with their duals.

LEMMA 3.16.

(i) Let & be a finite dimensional, real vector bundle with Fuclidean metric (—, —).
Then the correspondence e — (—,e) defines an isomorphism between & and its
dual, £Y.

(ii) Let w be a finite dimensional, complex vector bundle with Hermitian metric
{(—,—). Then the correspondence e + {—,e) defines an isomorphism between its

conjugate bundle @, and its dual bundle, w".

The proof of this lemma is an easy generalization of the standard argument from linear
algebra. Using a vector bundle analogue of the Graham-Schmidt orthogonalization
algorithm, one may prove the following lemma, which asserts that one may always

find orthogonal gluing data. For details, see [17, Chapter 3, §9].

LEMMA 3.17. Let £ be a real (respectively, complez) vector bundle with o Fuclidean
(respectively, Hermitian) metric. Then there exists an open cover U of B(§) with

coordinate charts hy, U € U, such that the corresponding transition maps gyy (see
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§2.1) take values in the group O(n) of orthogonal mairices (respectively, the group
Uln) of unitary matrices).

Thus the existence of a Euclidean (respectively, Hermitian) metric facilitates a
reduction of the structural group of a real (respectively, complex) vector bundle from
GL(n,R) (respectively, GL(n,C)) to the group O(n) (respectively, U(n)). Similarly,
the existence of a Euclidean metric allows one to reduce the structural group of an

oriented R"-bundle to the group SO(n) of orthogonal matrices with determinant 1.

2.4. Classification of vector bundles. In §2.1, we constructed canonical vec-
tor bundles over the Grassmann manifolds. As it turns out, these bundles classify
all finite dimensional vector bundles over paracompact spaces, in a sense to be made

precise below. One may prove the following:

THEOREM 3.18 ([25, Theorem 5.6]). Any F"-bundle £ over a paracompact base
space admits a bundle map into the canonical n-plane bundle ~v,(F) over the infi-

nite Grassmann manifold, G(n,F®). Thus, every such bundle £ determines a map

f: B(&) = G(n,F*) such that & = f*y,(F).

ProOF. Let §: E(£) — F*t* C F* be a Gauss map, the existence of which was
asserted in Theorem 3.13. Define g: E(§) — E(7,(F)) by the rule

g(e) = (g(fibre through e), g(e)).

One may verify the continuity of g using the local triviality of £. It is clear that g is

fibre preserving. Therefore, g is a bundle map. O

This result may be strengthened:
THEOREM 3.19 ([17, Chapter 3, Theorem 7.2]). Two F"-bundles & and i over the

same base space B are isomorphic if and only if the determine homotopic maps from
B to G(n,F>®).
Thus, the isomorphism classes of " bundles over a paracompact base space B

are in one-to-one correspondence with the set [B, G(n,F*)] of homotopy classes of
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maps from B into the infinite Grassmann manifold G(n,F*). For this reason, the
space G(n,F>) is often called the classifying space, or universal base space for F"-
bundles. Topologists denote the classifying spaces G(n, R®) and G(n, C>) by BO(n)
and BU(n), respectively. The ‘B’ stands for ‘base space’; the ‘O’ and ‘U’ stand for
‘orthogonal’ and ‘unitary’, respectively. The notation BO(n) is appropriate since it
is the universal base space for vector bundles with O(n) as structural group (see
Lemma 3.17). A similar remark holds for BU(n). We make special note of the fact
that BU(1) = CP>.
Analogously, one may show that the infinite oriented Grassmann manifold G°(n, R*®)

is the classifying space for oriented R"-bundles. This space is often denote BSO(n)

because it is the universal base space for bundles with structural group SO(n).

3. A group law on CP* (almost)

We briefly digress from our general discussion of vector bundles to discuss an
important application of the notions discussed above. Borrowing notation from al-
gebraic geometry, we let Pic B be the set of isomorphism classes of line bundles over
the paracompact topological space B. The following theorem is fundamental to un-

derstanding the structure of Pic B.

THEOREM 3.20. The function (&,n) — £ @ n is an abelian group law on the set
Pic B. The neutral element for this group law is the trivial line bundle, £ (with total

space B x F), and the inverse of a bundle £ is given by its dual bundle, £.

PROOF. The tensor product operation on vector bundles is associative and com-
mutative by Lemma 3.11, and it is easy to check that £ ® ¢ = £. That &Y serves as
an inverse of ¢ follows easily from the fact that for a one dimensional vector space V,

the tensor product V ® V'V is canonically isomorphic to the field of scalars FF. O

REMARK 3.21. By Lemma 3.16(i), the group of real line bundles over a given para-

compact base space B has exponent two. By Lemma 3.16(ii), the bundle conjugation
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acts as inversion on the group of complezr line bundles over a given paracompact base

space B.

Using the universal property of the space CP* in conjunction with the above the-
orem, we can show that CP* actually has the structure of a “group up to homotopy”.

Let the symbol ~ denote the homotopy relation.

DEFINITION 3.22. Let X be a topological space and m: X — X be a continuous
map. We say that m is an abelian group law up to homotopy if there exist continuous

maps e: X — X and i: X — X such that

(i) (Associativity) m o (m,idx) ~ mo (idx, m),
(ii) (Commutativity) mos ~ m where s: X x X — X x X be given by s(z,y) =
(y, 2),
(iii) (Identity) m o (idx,e) ~ idx,
(

(iv) (Inverse) mo (idx,7) ~ e.

Let v = 1 (C) and € be the universal and trivial line bundles over CP*, respec-
tively, and consider the line bundle v &K « (in the sense of Theorem 3.9) over the
product CP* x CP*. By Theorem 3.19, applicable as CP*° x CP* is paracompact,
there exists a continuous map m: CP* x CP* — CP*, unique up to homotopy, such
that v ® vy =2 m*y. Let e and 7 be the continuous maps from CP* to CP*, unique
up to homotopy, such that ¢ = e*y and Y & i*v.

THEOREM 3.23. The map m gives CP® the structure of an abelian group, up to

homotopy, with identity map e and inverse map 1.
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Proor. We must verify (i)-(iv) of Definition 3.22. We will verify (iv), the rest
being similar. Let py, py @ CP® x CP*® — CP* be the projection maps. Then

(mo (id,7))"y = (id, 7)"m"y

= (id,?)"y K~ by the above,
= (id, )" (p]y ® p57) by Lemma 3.10,
= ((id, 7)*piv) & ((id, )" ph) by Lemma 3.8,

= (p1 o (id,7))"y ® (p2 o (id, 7)) "y

€ by Theorem 3.20.

We have shown that the map mo(id, 7) pulls back -y to . Therefore, by the uniqueness

of e up to homotopy, we must have m o (id, i) ~ e. U

We can actually give explicit formulas for the maps e, i, and m. Let a = (ag, ay, .. .)
and b = (bp, by,...) be elements of C*°. We let A and B denote the lines through o
and b, respectively. View A and B as elements of CP*. Define a bilinear composition

law * on C* by the rule
T
axb=(c,c1,...), where ¢, = Z a;bp_;.
=

Notice that if we identify C* with the polynomial ring Clz] by identifying ¢ with
the polynomial ag+a 2+ - - -, then the composition law * corresponds to polynomial
multiplication. Therefore, if ¢ and b are nonzero, then a % b is also nonzero. It is
also clear that (\a) * (kb) = Ax(a = b) for all complex numbers A and x. Therefore, *
descends to a map from CP> x CP* — CP*. With this point of view, we have that
axbe Ax B



3. A GROUP LAW ON CP> (ALMOST) 61

THEOREM 3.24. Let e: CP™® -3 CP*® be eny constant map, i: CP® — CP*
be induced by complex conjugation, and m: CP>® x CP*® — CP*® be defined by the
formula m{A,B) = Ax B. Then ey Z ¢, i*y =2V, and m*y Z vR .

PrOOF. It is clear that e*y = ¢. By Lemma 3.16(ii), we may show instead that
i*y = 7. To demonstrate this, it suffices to produce a bundle map I: E(7) — E(v)
such that the diagram

E®) —— E(v)

| !

commutes (see §2.2). Define I: E(¥) — E(y) by the rule I{4,a) = (4,d), where
@ = (@, G, . ..), and A is the line through @. One verifies directly that I is a bundle
map which completes the above diagram.

Let A, B € CP*, and consider the mapping from (Fibsy) x (Fibg ) to Fiba.z v
given by |

((A,a),(B,b)) — (Ax B,axb).

This is a well defined, bilinear map. Therefore, it induces a bundle map M: E(y
v) = E(7) defined by

M((A,a) ® (B,b)) = (A * B,axb).

It is clear that the diagram,

E(y®y) —— E(y)

l !

CP* x CP*® —— CP*

commutes, so we may conclude that m*y = vy X ~. tJ
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4. Characteristic classes of vector bundles

We continue our discussion of vector bundles by introducing a family invariants of
known as characteristic classes. These characteristic classes are special cohomology
classes of the base space of a bundle which contain much useful information. For
details on the constructions of these characteristic classes, see [25].

We first introduce the Stiefel- Whitney classes. One may show that for any real vec-
tor bundle £, there exists a unique sequence of cohomology classes w;(£) € H/(B(E),Z/2Z),
i > 0, with the following properties:

(i) The class wo(§) is the unit element of H(B(£),Z/2Z), and w;(§) is zero for
1> dimg €.
(ii) If f: & — nis a bundle map, then w;(€) = f*w;(n).
(iii) If £ and n are vector bundles over the same base space, then

k

wi(§ @ n) = Zwi(f) Uwgs(n).

=0
(iv) Letting 71 1(R) denote the canonical (Hopf) line bundle over RP! (see page 46),

the class wq(711(R)) is nonzero.

The cohomology class w; (&) is called the i-th Stiefel- Whitney class of the vector bundle
&. Letting

w(§) = wo(§) +wi(€) +--- € H(B(£), Z/2Z),

we express property (iii) in the form w(§ ® n) = w(&) Uw(n). We call w() the total
Stiefel- Whitney class of €.
One may compute the Stiefel-Whitney classes of a cartesian product of vector

bundles in terms of the Stiefel-Whitney classes of the factors.

LEMMA 3.25. Let € and n be vector bundles. Then

k

w(€ X n) = wil€) X wei(n).

1=0
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Here, w; (&) X wy—;(n) denotes the cohomology cross product w;(€) and wy_;(n). For

its definition and properties, see [26, p. 355{f]

ProOF. Let m; and 7 be the projection maps from B(£) x B(n) onto B(£) and
B(n), respectively. Then & x p =2 (77€) @ (73n). Computing, using the natural-
ity of characteristic classes and a standard fact relating cup and cross products in

cohomology, we see that

we (€ x n) = we((716) © (737))

k
= Z w,(wff) U wi—i(m3n)

=0

= Z(ﬁwi(é)) U (mywi—s(1))

O

One may use the Stiefel-Whitney classes to derive interesting non-embedding re-
sults for manifolds (see, for instance, [25, Theorem 4.8]), and important theorems
concerning the existence of real division algebras (see, for instance, [25, Theorem
4.7]). The fact we have chosen our coefficient ring to be Z/27 makes Stiefel-Whitney
classes ideally suited to studying non-oriented manifolds. They will come up again
later when we discuss non-oriented cobordism.

We now introduce the Chern classes, characteristic classes of complex vector bun-
dles. For every complex vector bundle w, there is a unique sequence of cohomology
classes ¢;(w) € H*(B(w), Z) satisfying properties completely analogous to properties
(i)-(iv) of the Stiefel-Whitney classes.

(i) The class co(w) is the unit element of H*(B(w),Z), and ¢;(w) is zero for ¢ >
dime w.

(i) If f: w — ( is a bundle map, then ¢;(w) = f*¢;(C).
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(iii) If w and ¢ are vector bundles over the same base space, then

k

cwd () = Zci(w) U ex-:(C)-

i=0

(iv) Letting 77 1(C) denote the canonical (Hopf) line bundle over CP! (see page 46),
the class ¢;{7,,1(C)) is nonzero.

The class w;(w) is called the i-th Chern class of w. We define the total Chern class

of w to be the sum
c(w) = cp(w) + c1(w) + co(w) + - - - € H(B(w), Z).

One can prove the following relationship between a complex bundle and its conjugate.

LEMMA 3.26 ([25, Lemma 14.9)). Let w be a complex n-bundle. Then the total

Chern class of @ is given by
(@) =1—-c(w)+c(w) =+ (1) (w).

For what shall follow, we will require one more family of characteristic classes, the
Pontryagin classes. These classes are actually defined in terms of the Chern classes.
Let £ be a real, n-dimensional vector bundle. Then the complexification £ ® C of ¢
is an n-dimensional complex vector bundle. The i-th Pontryagin class of £, denoted

pi(€), is defined in terms of the 2i-th Chern class of its complexification by the formula
pi(§) = (-1'ex(6 ® C) € HY(B(¢), Z).

We define the total Pontryagin class of £ to be the sum

(&) = po(&) +p1(€) + p2(§) +--- € H(B(E), Z).

The Pontryagin classes satisfy properties formally similar to those satisfied by the
Stiefel-Whitney and Chern classes. These properties may derived from the corre-
sponding properties of the Chern classes. The following relationship between Chern

and Pontryagin classes is useful.
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LEmMMA 3.27 ({25, Corollary 15.5]). Let w be a complex n-plane bundle and wg

the real vector bundle obtained by ignoring ils complex structure. Then
1—pilwr)+- -+ (=1)"pp(wr) = (1—ci(W)+- - -+ (=1)"cp(w)) (L +cr(w) +- - -+ cp(w)).
PROOF. By the definition of Pontryagin classes, we have
IL=pi(w) +pa(w) =+ (=1)"p(w) = L+ c2(Wr ® C) + -+ - + o (wr ® C).
But wug @ C = w ®w, so by Lemma 3.26,
wr®C) =14+c1(wr @C) + -+ cop{wr ® C)
= ¢(w B W) = c(w)e(w)
=(1+cw) + - +eW)l=caw) +- -+ (=1)cp(w)).

It follows that if £ is odd, then
k

alwr®C) =Y (=1 + (=1))ei(w)eri(w) =0,

1=0

since (—1)%¥7* + (~1)* = 0 for each i = 0,..., k. Therefore,

1—pi(w) +p2(w) = -+ (=1)"pn(w) = c{wr ® C)
=(1+aW +-+a@)l-aw +--+ (=) "W).
O
One has aﬁ analogue of Lemma 3.25 for Chern and Pontryagin classes. Since

the arguments in the proof of Lemma 3.25 were purely formal, the proof remains

unchanged.
LEMMA 3.28.

(i) Let w and ¢ be complex vector bundles. Then
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(i1) Let & and n be real vector bundles. Then

pe(€ x ) = sz ) X Pril)-

Let X be an n-dimensional, smooth manifold. One defines its Stiefel-Whitney
classes w;(X) (respectively, its Pontryagin classes, p;(X)) to be the Stiefel-Whitney
classes (respectively, Pontryagin classes) of its tangent bundle. To make a similar
definition for Chern classes, we introduce a piece of terminology. We call a com-
plex structure on the tangent bundle of X an almost-complex structure on X. An
almost-complex manifold is defined to be a manifold together with an almost-complex
structure. Consequently, the tangent bundle of an almost-complex manifold can be
viewed as a complex vector bundle. We may therefore define the Chern classes ¢;(X)

of the almost-complex manifold X to be the Chern classes of its tangent bundle.

One may use these characteristic classes to define numerical invariants of mani-
folds. Let X be asmooth, compact, n-dimensional manifold, and let ux € H,(X,Z/2Z)
denote the fundamental homology class of X. Then for any cohomology class u €
H"(X,Z/2Z), the Kronecker product (u, ux) is a well defined element of Z/2Z. Let
I = (i1,...,1%,) be a partition of the integer n (i.e. 4y < --- <4, and 43+ +1i, = n).
Then the cohomology class w, (X)U ---Uw; (X) is in H*(X,Z/2Z). Therefore, we
may define |

wilX] = (w4 (X) U+ Ui, €), o)) € B/22.

The integer w;[X] is called the I-th Stiefel-Whitney number of X. If X is an ori-
ented manifold, then X has a fundamental homology class uxy € H,(X,Z), and the
Pontryagin numbers pr[X] may be defined in an analogous manner. In addition,
Chern numbers ¢;[X] may be constructed under the assumption that X is almost
complex (which implies that X has a preferred orientation). If X is an n-dimensional
complex manifold, one can show that the Chern number ¢,[X] is equal to the Euler

characteristic x(X) of X; see [25, Corollary 11.2].
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ExaMPLE 3.29. To illustrate the above points, we discuss the characteristic classes
and numbers of the projective spaces. We begin with the Stiefel-Whitney classes of
real projective space. There is an obvious bundle map f from the canonical line
bundle v11(R) over RP* to y1,(R) over RP". By properties (ii) and (iv) of Stiefel

Whitney classes, we have

0 # wi(11,1(R) = fFfwi(71.(R)).

Therefore, w1 (y1,,(R)) = g, where g is the unique nonzero element of H'(RP", Z /27Z).
Applying property (i) of Stiefel-Whitney classes, it follows that w(y;,) =14+ g.

Let mgp» be the tangent bundle of RP*, and let ¢ be the trivial line bundle over
RP"”. One may show (see [25, Proof of Theorem 4.5]) that

Tepe @€ & 110(R) & - @ 71 (R).

o

n + 1 summands

This is an example of the splitting principle for vector bundles. Therefore, by property
(iii) of Stiefel-Whitney classes,

w(RP") = w(7gpn) = w(TRes ® €) = (1 + g)" ™

___H( ) ( >z+...+(n:1)gn.

This formula can be used to show that all of the Stiefel-Whitney numbers of RP"
vanish if and only if n is odd. If n is even, then it follows from the above formula
that w,(RP") = (n + 1)¢”, implying that w,[RP"] = 1 (mod 2). Now suppose n is
odd, and write n = 2k — 1. Then

w(RP) = (14+9)* = (146" = Z (f)gzk (mod 2).

Since the above sum contains no terms of even weight, it follows that w;(RP") = 0 if

7 is odd. Consequently, all the Stiefel-Whitney numbers of RP™ vanish.
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One may use similar ideas to compute the Chern classes of complex projective

n-space, CP". In this case, one begins by showing that
1epr = Hom(y n(C),e ®--- ®e)

p
n + 1 summands

for details, see [25, Proof of Theorem 14.10]. Therefore,

¢(CP") = ¢(712(C)™ = (1 — cr(11a (O™
Letting g = —¢1(71,,(C)), it follows that

1 1 1
c((CIP’"):1+(nT )g+(n; )g2+---+(n;: )g".

It can be shown that g is the generator of H*(CP™,Z) such that g" € H**(CP",Z)
is compatible with the preferred orientation of CP", (i.e., {ucen, ") = 1). It follows

that for any partition [ = (41, ...,4,) of the integer n, we have
1
(3.1) ¢r[CP"] = (”+ ) ("H>
(5 Ty
For example,
(3.2) a[CP'l =2, E[CP?] =9, c|CP?=3.

From Lemma, 3.27, it follows that the total Pontryagin class p(CP™) is given by
(1 + ¢g?)™*!. Its Pontryagin nmbers are given by

n Zn+1 2n+1
pI[CP ] fanad ( . > [P < . ) ,
27 (7

where [ is a partition of n. Therefore,
(3.3) pi[CP?] =3, pi[CP*] =25, pu[CP*] =10

ExamMpPLE 3.30. Let €1 and C5 be complex curves, and define the surface S =

Cy x Cy. Computing using Lemma 3.28, one obtains

CQ(S) = Cl(Cl) X 61(02), C%(S) = 261(01) X 01(02).
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Let ug be the homology class which determines the preferred orientation of S. One

can show that pg = pe, X pe,. Therefore,
2[S] = (e2(S), pey X pic,) = (e1(Ch), ey )(e1(Ca), picy) = e2[Chlea|Cr),
c3[S] = 2¢1[Ch]ey[Ca).-
Since, by (3.2), ¢;(CP') = 2, we have
(3.4) c[CP! x CP'] =4, cJ[CP! x CP'] = 8.

Using the above style of argument, one may prove results relating the Pontryagin
numbers of a product of manifolds to the Pontryagin numbers of the factors. In

particular, one may show that if M and N are 4-dimensional oriented manifolds,

then

pg[l\/f X N] = pl[ﬂf]pl [N], p%[M X N] = 2p1[IV[]p1 [JV]
Consequently,
(3.5) po[CP* x CP?] =9, pi[CP? x CP?] = 18.

We summarize in tabular form some manifolds and their characteristic numbers:

| e P} | p2
CP' xCP' |8 |4 CP?2 x CP? |18 |9
CP? 9 13 CP* 25110

ExXAMPLE 3.31. Let X be a complex surface, and let X be the blow-up of X at
a point P. There is a nice relationship between the Chern numbers of X and X. It
is a fact (see for instance [14, Appendix A, Example 4.1.2]) that for any surface Y,
we have ¢;(Y) = —Ky, where Ky is the canonical divisor on V. Further, by [14,
Chapter V, Proposition 3.3], one has the relationship K% = K% — 1. Therefore,
AlX] =d[X] - 1.
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Let E denote the special fibre of the blow-up X — X. It can be shown (see [13,

p.473-474)) that
Hi(X) = H;(X) @ Hy(E), i>0.

Since F & CP!, it follows that dimH;(X) = dimH;(X), if ¢ > 0 and ¢ # 2, and
dim HZ(X } = dim Hy(X) 4+ 1. Since the top Chern number of a manifold is equal to
its Euler characteristic (this was mentioned on page 64), we have c3[X] = ¢;[X] + 1.

EXAMPLE 3.32. In this example, we describe the Pontryagin classes of the quater-
nionic projective spaces HP™. For proofs of the assertions made below, see [16,
§1.3]. Using an appropriate cell decomposition, one can show that H*(HP™ Z) =
Zlu]/(u™1), where u is a generator of H*(HP™, Z).

Let u be the generator of H*(HP™, Z) which is compatible with the orientation an

HP™. Then the Pontryagin classes of HP" are given by
p(HP™) = (1 +w)* (1 + 4u) ™
= (14 u) (1 — 4u + 16u? — 640> +-- ).

As an illustration, we compute the Pontryagin numbers of HP?. Let v € H*(HP?,Z)

be as above. Then since u® = 0, the above formula reduces to
p(HP?) = (1 +u)%(1 — 4u + 16u?) = 1 + 2u + Tu’.
That is, p; (HP?) = 2u and p,(HP?) = 7u?. As (u, ugp) = 1, we have

(3.6) piHP?] =4, py[HP?] =7.



CHAPTER 4

- Bordism and cobordism

1. Generalized cohomology theories

1.1. The Eilenberg-Steenrod axioms. We begin by recalling the Eilenberg-
Steenrod axioms defining generalized cohomology theories; see [10]. If (X, A) and
(Y, B) are pairs of topological spaces with A C X and B C Y, then amap f: (X, 4) —
(Y, B) is a continuous map f: X — Y with f(4) C B. Let A be a category of pairs
(X, A) of topological spaces with A C X such that:

e If the pair (X, A) is in A, then so are the pairs (X, X), (X, ©), (4, A), and
(A, ).
e If (X, A)isin A, then sois (X x I, A x I).

e There is a one-point space x with (x, @) in A.

Such a category is called admissable. We shall often identify the pair (X, @) with the

set X. A generalized cohomology theory on A consists of the following data:

e A sequence h™, n > 0, of contravariant functors from A to the category of
abelian groups. If f: (X, A) — (Y, B) is a continuous map between admiss-
able pairs, we let f* denote the induced map A"(f): h*(Y, B) — A™(X, A).

e A coboundary map §: h““l(A) — h™(X, A) for each admissable pair (X, A)

and each n.

Further, we require that the following axioms be satisfied.

71
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(1) If f: (X, A) — (Y, B), then the diagram

W(B) —— h"(Y,B)

(.flA)*l f“i

W A) s B(X, A)
commutes.

(2) (Exactness) If i: A — X and j: X — (X, A) are inclusion maps, then the

sequence of homomorphisms
S ) S X, A) D A S o) S -

is exact.

(3) (Homotopy) If f and g are homotopic maps from (X, A) to (Y, B), then
fr=9

(4) (Excision) Let (X, A) be in A, and let U be an open subset of X such that
UCIntA If (X —U,A-U)isin A, then inclusion induces an isomorphism

WX —UA—U) = A (X, A).

In addition to satisfying the above, ordinary cohomology theory H” also satisfies

the following dimension aziom.
If % is a one point space then H"(x) = 0 for n > 1, and H(x) = Z.

One can show that on a sufficiently nice admissable category (for example, the cate-
gory of simplicial complexes and simplicial maps), Axioms (1)-(4) together with the
dimension axiom characterize ordinary cohomology theory [10]. Later, we shall come
across generalized cohomology theories, the cobordism theories, for instance, which
do not satisfy the dimension axiom.

A generalized cohomology theory A" is said to have products if for each admissable

pair (X, A) and integers m and n, there is a pairing

A, A) x BMX, A) = (X, A)
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which endows the direct sum A*(X, A) = @, ., h"(X, A) with a ring structure. We
note that h*(X, A) is always a graded module over h*(x).

1.2. Complex-oriented ‘cohomoﬂogy theories. For our purposes, one of the
crucial properties of the space CP* is that its cohomology ring is a power series
ring in one variable. We thus define a class of generalized cohomology theories, the
complex-oriented cohomology theories (see [40, §2.2], or [15, §31.1.1]), which share
that property.

Let h* be a generalized cohomology theory with products such that 2 is invertible
in the ring of coefficients h*(x). We call h* complex-oriented if there is a cohomology

class t € h?(CP*>) (called an orientation) such that:
e ¢ maps to —t under the endomorphism of h*(CP*) induced by complex
conjugation,
e t restricts to the canonical generator of h%(S?).

Suppose h* is a complex-oriented cohomology theory. Then one may deduce using

ounly the above properties and the Eilenberg-Steenrod axioms that
h*(CP™) =2 h*(%)[=].

Ordinary cohomology is a complex-oriented theory. Representing the 2-sphere S? as
C U {oo}, one observes that complex conjugation induces a reflection of S? about an

equator. Such a reflection induces multiplication by —1 on H?(S?, Z).

Now suppose h* is a complex-oriented cochomology theory. Let R = h*(x) be
its ring of coefficients. For each space X, h*(X) is a module over h*(x). As h* is

contravariant, the map m: CP*® — CP* induces a co-multiplication map
p: B (CP®) — h*(CP® x CP™) = h*(CP*) ® h*(CP™),
R

where the isomorphism in the above formula is a consequence of the Kiinneth theo-

rem. Note that since h* is well defined modulo homotopy equivalence, the map p is



74 4. BORDISM AND COBORDISM

independent of cur choice of m. As h* is complex-oriented,

o~

h(CP®) = R[z], and A"(CP%) ® R*(CP*) =2 R[z] ® R[z] = R[z,y].

Therefore, we may view u as a map from R[z] into R]z,y]. A purely formal argu-
ment, essentially identical to the one presented in Chapter 2, §1, proves the following

consequence of the group law property of the map m.

THEOREM 4.1. Let F(z,y) = p(z) € Rz, y]. Then F(z,y) is a formal group law
with coefficients in the ring R = h*(point).

In summary, using the group property of the classifying space CP> = BU(1), we

may attach a formal group law to each complex-oriented cohomology theory.

2. Bordism

Bordism theory, initiated by L. Pontryagin and V. A. Rohlin and brought to
maturity by J. Milnor and R. Thom, was developed to answer questions like the

following:

Given a manifold, how may we determine if it is the boundary of

another manifold?

Considering the central role played by the notion of boundary in homology theory, it
comes as no surprise that homological tools have been vital in investigations related
to the above question. In fact, our answer is phrased in terms of characteristic
cohomology classes.

Agsume all manifolds appearing in this section are smooth and compact. By
a closed manifold, we mean a manifold without boundary. Let M be the set of
diffeomorphism classes of closed (smooth, compact) manifolds. For manifolds X; and
Xs, we let X7 + Xy denote their disjoint union. The empty manifold @ serves as a
neutral element for +. The cartesian product operation on M distributes over disjoint
union. In fact, (M, +, X) has satisfies all axioms of a commutative ring except for the

existence of additive inverse.
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2.1. Non-oriented bordism. We define an equivalence relation on M by declar-
ing X; and X, equivalent if and only if there is a manifold ¥ such that Y is diffeomor-
phic to X7 + X5. This is an equivalence relation: Symmetry is obvious; reflexitivity
follows from the fact that for any closed manifold X, the disjoint union X + X is the
boundary of the cartesian product X x [0, 1]. Transitivity follows from the following

theorem, which allows us to glue two manifolds together along a common boundary.

THEOREM 4.2 (Collar neighbourhood theorem). Let X be a smooth, compact
manifold with boundary 0X. Then there exists a neighbourhood of X in X which s
diffeomorphic to X x [0,1).

We call this relation non-oriented bordism, and say that two related manifolds are
bordant. Let 2, be the set of equivalence classes of M, modulo the non-oriented
bordism relation.

We claim that (2, is a ring under + and x. That addition is well defined follows
from the identity O(Y; + Y3) = Y7 + 0Y5. A closed manifold X is its own additive
inverse in £, as X + X = 90X x [0,1] is a boundary. That x is well defined on
(1, follows from the fact that if X is closed and JY is a boundary, then X x 0Y =
O(X xY). We call Q, the non-oriented bordism ring. The ring ., is graded by
dimension. The set 2, of equivalence classes of closed, n-dimensional manifolds

under the non-oriented bordism relation is an abelian group, and
Q, =P .
n>0

It is clear that the cartesian product induces a bilinear map x: 2, X 0, = Qpn.

The structure of €, is given by the following theorem.

THEOREM 4.3 (Thom [39]). The non-oriented cobordism ring §. is isomorphic

to a polynomial ring

(Z)27)[ X, X4, X5, Xg, X3, Xo, .. ],
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with one generator X, € §, for all n # 2™ — 1. If n is even, then we may take X,
to be the bordism class of real, n-dimensional projective space.

A proot is also given in [38].

The Stiefel-Whitney numbers, discussed earlier, are complete invariants of non-

oriented bordism.

THEOREM 4.4 (Pontryagin [30], Thom [39]). Let X be a smooth, compact, closed
manifold. Then X is the boundary of a smooth, compact manifold Y if and only if
all of its Stiefel- Whitney numbers wi|X]| are zero.

These issues are treated in detail in [38]. From the discussion of Example 3.29,

we see that RP" bounds if and only if n is odd. Observing that
H* (X1 + X3,2/272) = HY(X,,Z/27) & H* (X4, Z/2Z),

it follows that for any partition I of the integer n, we have w;[X; + Xo] = wi[X;] +
wr|Xo] in Z/2Z. We therefore obtain the following corollary.

CoOROLLARY 4.5. Two smooth, compact, closed, n-dimensional manifolds X, and

X, are cobordant if and only if X1 and X, have the same Stiefel- Whitney numbers.

2.2. Oriented bordism. We also wish to determine necessary and sufficient con-
ditions for an oriented manifold to be an oriented boundary. For an oriented manifold
X, we let —X denote the manifold X with the opposite orientation. Let M denote
the set of isomorphism (i.e. orientation preserving' diffeomorphism) classes of closed,
oriented manifolds. The set M® satisfies all the axioms of a ring except for the
existence of additive inverse. Unlike in the non-oriented case though, the cartesian
product operation on M is not commutative in usual sense. It is, however, commuta-
tive in the following graded sense. If we view M as being graded by dimension, and

let X and Y be oriented manifolds of dimension m and n, respectively, then X XY is
Yet ¢: X = Y be a diffeomorphism between oriented manifolds X and Y. We say that ¢ is
orientation preserving if the induced map diy on tangent spaces sends positively oriented bases to

positively oriented bases.
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isomorphic to (—1)™"Y x X. The reason for this is as follows. Let ¢o: X XY — ¥ x X
be defined by ¢(z,y) = (y,x) Let e = {e1,...,en) and f = (f1,..., fa) be bases for

the tangent spaces of X and Y at points z and y, respectively. Then

ex f:=((e,0),...,(em,0),(0, f1),-. ., (0, fn)) and

fxe=0f,0),...,(fn,0),(0,e1),...,(0,en))

are positively oriented bases for the tangent spaces of X x Y and Y x X at (z,y)
and (y, z), respectively. Let dy denote the map on tangent spaces induced by ¢. As
dp(e;, 0) = (0,¢;) and d(0, f;) = (fi,0), it follows that dy sends the basis e x f to
the basis

do(e x f) = ((0,e1), -+, (0, em), (F1,0); - -, (f, 0)).

One sees directly that the determinant of the change of basis from f x e to dp(e X f)
is (=1)™". Therefore, the assertion that X x Y = (=1)™Y x X follows.

We define a relation on the class of oriented manifolds by declaring X; and X,
equivalent if X7 + (—X5) is the boundary of another oriented manifold. The proof
that this defines an equivalence relation proceeds essentially as in the non-oriented
case. Note that as oriented manifolds, 0X x [0,1] = X + (—X). This relation is
called the oriented bordism relation, and again, two related manifolds are said to be
(oriented) bordant. Let QP be the corresponding set of equivalence classes. Then
as in the non-oriented case, (0¥ is a ring, with the additive inverse of and oriented
manifold X being —X. Letting Q9 denote the set of equivalence classes of oriented
n-dimensional manifolds under the oriented bordism relation, it follows easily from
the above that

00 =hag
n>0
is a graded ring, commutative in the graded sense.
The structure of this oriented bordism ring, modulo 2-torsion, is given by the

following theorem:
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THEOREM 4.6 (Thom [39], Milnor [24]).

(i) The tensor product QY ® Z[1/2] is isomorphic to a polynomial ring
Z[1/2)| X4, Xs, . ]

with one generator in each positive dimension divisible by 4.
(ii) Let [CP"] denote the oriented bordism class of CP™. Then killing all torsion, we
may take Xy, = [CP?"]. That is,

Q. ® Q= Q[[CP?,[CPY,...].

Note that since all the generators of Q2 ® Z[1/2] have even weight, the graded com-
mutativity inherited from Q9 is just commutativity. For a description of the 2-torsion
in Q9 see [41].

Together, the Pontryagin and Stiefel-Whitney numbers constitute complete in-

variants of oriented bordism.

THEOREM 4.7 (Pontryagin [30], Milnor [24], Wall [41]). Two oriented manifolds
X and Y are oriented bordant if and only if all of their corresponding Pontryagin
and Stiefel-Whitney numbers coincide. Consequently, a compact, oriented manifold
X is a the boundary of another compact, oriented manifold if and only if all of its

Poniryagin numbers and Stiefel- Whitney numbers are zero.

The Pontryagin numbers of an oriented manifold completely determine the image

of an oriented manifold in Q9 ® Q.

THEOREM 4.8 (Thom [38]). Two oriented manifolds have the same image in

Q° ® Q if and only if all of their Pontryagin numbers coincide.

EXAMPLE 4.9. Let X = 3(CP? x CP?) —2CP*. We claim that X and HP? have the

same image in QF ® Q. We must show that their have the same Pontryagin numbers.
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Consulting (3.6) and the tables on page 66, we see that

piX] = 3p}[CP? x CP?] — 2pj[CP']
=3-18-2-25=4
= pi [HP?],

p2]X] = 3p[CP? x CP?] — 2p,[CP*)
=3.9-2-10=7

= Pz[m‘?]-

So our claim holds.

Thom determined the structure of the oriented bordism groups by interpreting
them as certain stable homotopy groups. To each vector bundle &, Thom attached a

space T(€), called the Thom space of £, with the following property:

e If n < k— 1, then the homotopy group m,44(T(7?)) is isomorphic to the
n-th oriented bordism group S, where 7S is the universal oriented n-plane

bundle over the oriented Grassmann manifold G°(n, R*).

For an accessible discussion of Thom spaces, see [25, §18]. We shall refer to these

Thom spaces again when discussing the construction of cobordism theories.

2.3. Complex bordism. Somewhat less intuitive, although essential for our
purposes, is the notion of complexr bordism. Before we give the definition, we must
introduce some terminology.

Let & and n be vector bundles over the common base space B, and let € be the
trivial line bundle over B. We say that £ and 7 are stably equivalent if there exist
integers m and n such that £ @ ™ = 5 @ &". For example, by the discussion in
Example 3.29, the tangent bundle mgp~ of RP" is stably equivalent to v1, ® - - @ V10
(n 4+ 1 summands). If £ is stably equivalent to a trivial bundle (that is, £ @ ™ = £,

for some integers m and n), we say that & is stably trivial. It is clear that stable
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equivalence is an equivalence relation on the class of vector bundles over B. In fact,
the set of stable equivalence classes of vector bundles over B form an abelian group
under the operation of @. The existence of additive inverses is a consequence of the

following result:

LEMMA 4.10. Let & be an F-vector bundle over the paracompact base space B.
Then there exists another F-vector bundle n over B such that the direct sum £ @ n 15

(stably) trivial.

PRrROOF. Let g: E(§) — FV be a Gauss map. Since B is paracompact, such a map
exists by Theorem 3.13. Define §: E(§) — B x FY by e € Fiby& + (b, g(e)). Then g
embeds £ as a subbundle of the trivial N-bundle £. Choosing a metric on £V (here,
we need the paracompactness of B), we may find a complementary subbundle 7 for

¢. | O

The notions of oriented and non-oriented bordism discussed above do not gener-
alize readily to the case of complex or even almost-complex manifolds (see page 63).
This is because complex or almost-complex manifolds have even real dimension, and
thus the boundary of a complex or almost-manifold cannot be complex or almost-
complex. The notion of stable equivalence allows us to circumvent this difficulty.

Let X be a manifold, and let 7 be its tangent bundle. Let w be a complex vector
bundle whose underlying real vector bundle is stably equivalent to 7. The stable
equivalence class [w] of the complex vector bundle w is called a complez structure on
the stable tangent bundle of X. A stably almost-complez manifold is defined to be
a pair (X, [w]), where X is a manifold and [w] is a complex structure on its stable
tangent bundle.

We define the complex bordism relation for stably almost-complex manifolds. We
first note that if [w;] and [we] are complex structures on the stable tangent bundles
of manifolds X; and X,, respectively, there is an obvious way to define a complex

structure on X; + X, induced by [w;] and [ws]. For a stably almost-complex manifold
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(X, [w]), we define its boundary, 8(X, [w]), by the formula
O(X, [w]) = (8, [wlox])-

Let (X, [w]) be a stably almost-complex manifold. We wish to define —(X, [w]). Let
er and e¢ be the trivial real and complex line bundles over X, and let E¢ be the
conjugate bundle. Note that the underlying real bundles of e¢ and ¢ are both
isomorphic to eg @ eg. We define — (X, [w]) to be the stably almost-complex manifold
(X, |w @ &c]). It now makes sense to declare two stably almost-complex manifolds

(X1, [w]) and (Xs, [we]) complez-bordant if there exists another stably almost-complex

manifold (Y, [(]) such that

(X1, [wi]) + (X, [wa]) = 0(Y, [C])-

As before, one can check that this does in fact define an equivalence relation on the
class of stably almost-complex manifolds. We denote the quotient by 2V. One defines
the cartesian product of (X, [w]) and (Y, [{]) to be (X XY, [w x (]). To show that this
makes sense, we verify that the underlying real bundle (w x ()g is stably equivalent
10 Tx X Ty. Suppose wr = 7x @™ and (g = 7v ® ", and let m; and 7y denote the

projection maps from X x Y. Then

(wXC)ngRXCR

1

i (Tx ®e™) B i (ry Be™)

1%

(ri7x) ® (71€™) @ (m37v) ® (7m3¢€")

14

(mi7x) ® (mory) @ ™F

14

(TX X Ty) & En—&-m.

As before, the operations + and x give QU the structure of a graded ring. That
+ is well defined, modulo bordism, follows from the additivity of +. To check that

multiplication in 2V makes sense, we must verify that the set of boundaries is closed
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under multiplication by arbitrary closed manifolds. Computing, we see that,

(OM, [Clam]) x (X, [w]) = (OM x X, [Claar x w])
= (M x X), [(¢ % w)agrxx)])

= d(M x X, [ x w]).

Thus, QU is a ring. The structure of this complez bordism ring was determined by

Milnor, and independently by Novikov.

THEOREM 4.11 ([24], [28]). The complez bordism ring QY has the structure of a

polynomial ring Z[Xs, X4, .. .], with one generator in each real dimension divisible by

4.

A system of generators for {}Y can be described as follows. Let H;; C CP! x CP?
be the smooth hypersurface defined by the relation zgyy + - - - 7y, = 0, where k =
min{s, j}. The manifold Hj; has real dimension 2(i + j — 1). One can show (see 186,
§4.1]) that the manifolds H;; are polynomial generators of QU.

We note that two stably equivalent vector bundles have the same characteristic
classes, since the characteristic classes of the trivial bundle are trivial. Therefore,
the Chern classes and numbers of a stably almost-complex manifold are well defined.

These Chern numbers are complete invariants for complex bordism theory.

THEOREM 4.12 (Milnor [24], Novikov [28]). Two stably, almost complex manifolds

are complez-bordant if and only if all of their corresponding Chern numbers coincide.

ExaMPLE 4.13. Let X be a smooth, projective, complex, algebraic surface, and
let X be the blow-up of X at a point P. We claim that X — X and CP! x CP! — CP?

are complex-bordant. We compute their Chern numbers, referring to Example 3.31
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and the tables on page 66.

E[CP! x CP' — CP?] = 2[CP! x CP'] — 3[CP?]

&[CP' x CP* — CP?] =4-3=1

= Cg[}z - X]

As their Chern numbers coincide, they are complex-cobordant.

We have remarked before that every almost-complex manifold is oriented. There-
fore, there is a natural ‘forgetful’ homomorphism : QY — Q9. This follows from the
fact that an orientation of a vector bundle stably equivalent to the tangent bundle
7 of X induces an orientation of the n-dimensional manifold X. For let £ = 7 @ &§,
and e, ..., e; be the standard basis of R*. Let z € X. We say that an ordered basis
(vq,...,v,) is a positively oriented basis for Fib, 7 if and only if (vq,...,vp, €1, .., €x)
is a positively oriented basis if Fib, & = (Fib,7) ® Rf. One can easily verify that
this is well defined. Thus, a complex structure on the stable tangent bundle of X
induces an orientation of X. One can check directly that the complex structures [w]
and [w @ Z¢| induce opposite orientations on the underlying manifold. It is known,

see (38, Chapter IX], that ¢ is onto, modulo torsion.

3. Bordism theories as homology theories

Our construction of the bordism groups may be generalized. We describe this
generalization for oriented bordism, since it will be important for us later. Fix an
oriented manifold, X. We shall consider pairs (M, f), where M is a manifold and
f: M — X is an orientation preserving (see footnote, page 73), smooth map. Declare

two such pairs (My, f1) and (Ms, f2) equivalent if there exists a pair (IV, g) such that
e ON is diffeomorphic to My + (—M>),
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o fi =gl and fo = glu,.
Let MSO,(X) be the set of equivalence classes of such pairs (M, f), where M has
dimension n. Let x be a one point space. One observes immediately that MSO,, (x) is

just the n-th oriented bordism ring, Q9. It is clear that the disjoint union operation

endows the set MSO, (X) with an abelian group structure. Let

MSO,(X) = €D MSO,(X).
n>0
The cartesian product does not induce a ring structure in a natural way on MSO, (X).
However, MSO,(X) does have the structure of a MSO,(x)-module. For oriented

manifolds X and Y, there is an obvious pairing
MSO,(X) x MSO.(Y) — MSO,(X xY)

defined by the correspondence ((My, f1), (Ma, f2)) — (M; x My, f1 x f2). We obtain
our module structure by taking ¥ = {x}, and noticing that X x {x} can be naturally
identified with X. '

The correspondence X +— MSO,,(X) is covariantly functorial. If #: X — Y is an
orientation preserving diffeomorphism, then there is an induced map 6, : MSO,,(X) —
MSO,(Y) defined by 6.(M, f) = (M, 80 f). In fact, one can show that the correspon-
dence X +—» MSO, (X) defines a generalized homology theory in the sense of [10]. We

verify invariance under homotopy; for other details, see [2].

LEMMA 4.14. Two homotopic maps from X toY induce the same homomorphism
from MSO,(X) to MSO,(Y).

ProoF. Let H : X x [0,1] = Y be a smooth map, and let Hy(z) = H(z,t), for
t € [0,1]. We must show that Hy, = Hi,.. By definition,

HO*(Maf):(MaHOOf)7 Hl*(M7f):(M7Hlof)'
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Let g = F o (f xid), and consider the pair (M x [0, 1], ¢). Then we have
OM xT) =M x {1} + (=M) x {0} =2 M + (= M),
glarxgoy = Hoo f,
QIMx{l} =Hyof.

Therefore, (M, Hyo f) and (M, Hy o f) represent the same element of MSO,(X). O

One may make analogous definitions for complex bordism. One defines functors
X = MU,(X) and X  MU,(X) such that MU, (x) = QUV, and that these functors
actually define a generalized homology theory. Considering the intimate relationship
between the oriented and complex bordism rings, it is not surprising that the ho-
mology theories MSO, and MU, are related. It is known that the forgetful natural

transformation from MU, to MSO, induces an isomorphism
MU, (~) ® Q°[1/2] = MSO.(=)[1/2].
2.
For details, see [18].

4. Cobordism

4.1. Spectra. Before we indicate how one may construct cobordism theory, the
generalized cohomology theory dual to the bordism theory introduced above, we
introduce some terminology. Let X be a pointed topological space with base point
xg, and let I denote the unit interval. We denote by 22X the quotient space of X x [
obtained by identifying the subset (X x {0}) U ({zo} x I) U (X x {1}) to a point. We
call the space X the reduced suspension of X.

REMARK 4.15. The suspension operator X is a natural object to consider. Let
QX denote the set of loops based at zy with the compact-open topology, the so-called
loop space. One may show that ¥ and ( are actually adjoint functors in the sense

that [XX,Y] = [X,QY].
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We define a spectrum E to be a sequence of pointed spaces F(n), n > 0, together
with pointed maps a,: ZE(n) — E(n+1). Let E = (E(n),¢,) be a spectrum and
let X be any space. Then for any i and 7, there is a natural map from [Y'X, E(5)]
to [21 X E(j + 1)], which one constructs as follows. Let f: Z'X — E(j), and let
fo: X — T E(4) be the map induced by the functoriality of £. Let f — «; o fi.

According to a theorem of G. W. Whitehead, given a spectrum E = (E(n), ay),

one may construct from it a generalized cohomology theory X — E™(X),
(1) B"(X) = limg[S*X, B(n + B))

k
where the transition maps are as above.

4.2. Oriented and complex cobordism. Earlier, we mentioned the Thom
spaces T(72), where 7 is the universal oriented n-plane bundle over the oriented
Grassmann manifold G°(n, R*®) = BSO(n), and the crucial role they play in the de-
termination of the structure of the bordism groups. Defering to topological tradition,
we shall begin using the notation MSO(n) for the space T'(7$). One may define the
Thom space MSO(n) as the quotient E(v9)/A, where E(7S) is the total space of the
bundle 7© and A is the collection of all vectors in F(79) of length greater than or
equal to 1. Thus, MSO(n) comes equipped with a natural choice of base point, the
image of A. By the universal property of fygﬂ, the Whitney sum v @ ¢! admits a
bundle map into 4, ;, where €! denotes the trivial line bundle over BSO(n). This
map, in turn, induces a pointed map a,,: EMSO(n) — MSO(n+1). Thus, the Thom
spaces MSO(n), together with the transition maps «,, form a spectrum which we
call the Thom spectrum and denote by MSO. We define the n-th oriented cobordism
group of X by

MSO™X) = lim[Z*X, MSO(n + £)),
k

and by Whitehead’s theorem, the correspondence X — MSO"(X) defines a general-

ized cohomology theory which we call oriented cobordism.
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We construct complex cobordism via its spectrum. One defines spaces MU(n) as
we defined MSO(n) above, but with complex Grassmannians and the corresponding
complex bundles in place of their oriented counterparts. Essentially due to the fact
that dimg C = 2, the universal property of the canonical bundle over G(n,C®) =
BU(n) induces a natural map from 2*MU(n) to MU(n + 1) (not from ZMU(n) to

EMU(n + 1)). Thus, we define a spectrum MU whose constituent spaces are
0, 0, MU(1), MU(1), MU(2), MU(2), MU(3), MU(3), ...

From Whitehead’s theorem, we obtain the generalized cohomology theory of complex
cobordism, MU” defined by formula 4.1. For a nice geometric description of complex

cobordism theory, see [33, §1].

4.3. Quillen’s theorem. One can show that complex cobordism is in fact a
canonically complex-oriented cohomology theory; see (1, Part II, §2]. Therefore, we
can attach to complex cobordism theory a formal group law FMY defined over the
ring MU*(x) = QU. By a remarkable theorem of Quillen [32], this formal group law

is actually universal. We state this important result as a theorem.

THEOREM 4.16. Let FMU be the formal group law of complex cobordism, defined
over the complez bordism ring QU. Then FMV is a universal, one-dimensional formal

group law.

Note that this result is consistent with Milnor’s determination of the structure of

the complex bordism ring (U; see Theorem 4.11. We can also give a very pleasing

formula for the logarithm of FMY,

THEOREM 4.17 (Mischenko, Appendix 1 in [28]). The logarithm of the formal
group low of complex cobordism is given by

[CP"] iy
logpmu (2) = z gt
e n+1

Not only is the formal group law universal, but complex cobordism theory is

actually a universal object in the category of complex oriented cobordism theories.
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It is known that if A* is another complex oriented cobordism theory, then there is a
natural transformation from MU to h* sending the complex orientation of MU* to

that of h*; for details, see [33].



CHAPTER 5

Elliptic genera and elliptic cohomology theories

We have seen in Chapter 4, §1.2 that complex-oriented cohomology theories have

associated formal group laws. It is natural to ponder the converse of this observation:

Do all formal group laws arise from complez-oriented cohomology

theories?

Since the universal formal group law is the formal group law of complex cobordism
theory, this seems to be a reasonable thing to ask.

Although this question is still very much open, some special cases are known. The
additive and multiplicative group laws arise from ordinary cohomology and K-theory,
respectively. We shall show that Euler’s formal group law,

Tp— (z) = 1 — 262° + ez,

defined over the ring Z[1/2, 4, ¢], arises from a complex oriented cohomology theory,
a so-called “elliptic cohomology theory”. The proof of this fact uses in an essential

way the theory of elliptic curves.

1. Genera

Let G be a formal group law, defined over a ring A of characteristic zero. Since the

formal group law, FMU

, of complex cobordism is universal, one is tempted to attempt
the construction of a cohomolgy theory yielding G by somehow “specializing” complex
cobordism theory. One could proceed as follows. |

Let QU denote the complex cobordism ring, which we recall is isomorphic to the

Lazard ring. By universality, there exists a unique ring homomorphism ¢: QY — A

89
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such that ¢, FMY = G. The map ¢ induces a QV-module structure on A in the

standard way. Define a ring valued functor on topological spaces by the rule

(5.2) X = MU*(X) @ 4.
Q*

One proves the following lemma by tracing through the construction of the formal

group law of a complex-oriented cohomology theory.

LEMMA 5.1. Suppose (5.2) defines a generalized cohomology theory. Then its

formal group low is G.

PRroOOF. Let h* denote the generalized cohomology theory given by (5.2). Note
that

R (x)=MU*(%) @ A=Q @ A A
Qv QY
Also, we have
h*(CP*) = 1_§§(CIP’” kl_—h (CP™)
= lim(2 (9)[2]/ (&™) & A
=1im(0Y(+) & A)lal/(@*)

= Al=],
from which follows,

B* (CP® x CP®) = Al 7).

Let m: CP*® x CP* — CP*™ be the multiplication map of Chapter 3, §3. Arguing

as in Chapter 4, §1.2, m induces a comultiplication map,

p: Alz] = Az, 22
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which can be described as follows. Let FMU(zy,2,) = ¥, a;;zia) be the formal
group law of complex cobordism. Then the map y is given by
pa) =Y (a5 @ Dziad = > (1 & p(a;))zia.
o] 1,7
Note that u{z) is the formal group law of h*. Under the natural isomorphism of
Qv g% A with A, the formal group law 3, .(1® o(ai;))7iz] is identified with G. O

One would certainly like to know when (5.2) defines a generalized cohomology
theory. We shall discuss this issue in the next section. First, though, we introduce

some useful terminology. Let A be a Q-algebra, and let B be a ring.

DEFINITION 5.2. An oriented genus with values in A is a (Q-algebra homomor-
phism from Q°®Q into A. A complezr genus with values in B is a ring homomorphism

from the complex bordism ring QU into B.

REMARK 5.3. In the literature, an oriented genus is usually referred to simply as
a genus.

Let FMU and FMSO he the formal group laws of the complex and oriented cobor-
dism theories, respectively, constructed as in Chapter 4, §1.2. By Quillen’s Theo-
rem 4.16, the formal group law F™MU is universal. As all formal group laws over B can
be obtained from FMV via base change, complex genera with values in B are in one-to-
one correspondence with formal group laws defined over B. If ¢: QY — Q0 ®Q is the
forgetful homomorphism, then one has FM50 = ¢, FMU_ Therefore, by Theorems 4.17
and 4.6, the logarithm of FMSO ig given by

lOgFMSO (:L‘) = Z

n>0

[(C]P)Qn] $2n+1
2n+1 ’
Since every formal group law over a Q-algebra admits a logarithm, and (9 ® Q is free
on the [CP?"] by Theorem 4.6, it follows that oriented genera with values in A are in
one-to-one correspondence with formal group laws over A whose logarithms are odd

power series of the form z + - --.
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We define the logarithm of an coriented or complex genus ¢ with values in a ring

A of characteristic 0 to be the power series

tog, (@) = 3 AU ot ¢ (4@ Q.

>0 n+1
If F, is the formal group law corresponding to ¢, then by Theorems 4.16 and 4.17,
the logarithms of ¢ and F,, coincide.

DEFINITION 5.4. An oriented or complex genus ¢ with values a Z[1/2}-algebra A

is said to be elliptic if its logarithm is given by an elliptic integral of the form

(5.3) log () de € A

= [ st

Its formal group law F, is given by Euler’s formula (5.1), and is defined over
Z[1/2,8,¢]. Let 9° (respectively, V) be the elliptic oriented (respectively, complex)
genus with values in the ring free polynomial ring Q[d, £] whose logarithm is given by
(5.3). We call ¥© (respectively, 1Y) the universal elliptic oriented (respectively, com-
plex) genus. This terminology is justified since every elliptic oriented (respectively,
complex) genus can be obtained from ¢© (respectively, ¥V) by specializing § and .

REMARK 5.5. Let X be a stably, almost-complex manifold. We know that in
this case, X has a preferred orientation and thus may also be viewed as an oriented
manifold. In such a situation, one has ¢°([X]) = ¢V ([X]).

Let 1) denote either ¢ or ¥U. Using the binomial expansion, we may write log,

in the form

P,(d,e) o,
logy(z) = ) m+ 1 z,
n>0

where the polynomials P,(d,¢) lie in Z[1/2,6,¢]. These polynomials are related to
the classical Legendre polynomials P,(d) defined by the generating series

P
Vv1— 25$+81‘2 Z
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One can verify that P,(6,1) = P,(8) and P,(5,¢) = P.(§/+/€)e™?. For example,
. 1
PQ((S,E):L Pl(O,E):é, P2<6,8)25(362—6).

We can actually be more precise about the images %° and ¥V.
LEMMA 5.6.

(i) The universal elliptic complez genus ¥¥ maps QY into the subring Z[1/2,6,¢] of

Ql4, €]. |
(ii) The image of the composite 12 — Q° @ Q ﬁ Q[d, €] is contained in the subring

Z[1/2,6,¢] of Q[,¢].

ProOF. (i) Since QU is generated as a ring by the coefficients of FMV, the image
of 9V is contained in the subring of Q[4, ] generated by the coefficients of Euler’s
formal group law, YJFMY. We noticed earlier, however, that Euler’s formal group
law is defined over Z[1/2,4,¢].

(i) By (i), the image of the composite

OV 500 5 0%e0Q % Qe

is contained in Z[1/2,6,¢], where QY — QF is the forgetful homomorphism. We
remarked on page 79 that this forgetful homomorphism is onto, modulo torsion. Since

QI4, €] has no torsion, the images of 29 and QY in Q[4, 2] are equal. O

For geometric characterizations of elliptic genera, see [29] or [16, Chapter 4].

Let us compute the images under ¥°© and 9V of various manifolds.

EXAMPLE 5.7. Let 9 denote either ¥© or ¥V We have two expressions for the

logarithm of :

([CP?"] P.(3,¢)
1 n+1 — 2n+1.
ng ; n 4+ 1 2 2n+1 *

Comparing coefficients, we see that

P([CP™"]) = Pa(d,e),  y([CP™]) =0.
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In particular, $([CP']) = 0 and ([CP?]) = 4.

EXAMPLE 5.8. Let us compute the image of HP? under v°. In Example 4.9, we
showed that 3(CP? x CP?)—2CP* and HP? have the same image in Q9 ®Q. Therefore,

yO ([HP?]) = 3y ([CP* x CP?]) — 2y ([CP*])
= 3P1(6,2) — 2P,(d,¢)
=36 —-2- %(352 — )

=E£.

EXAMPLE 5.9. Let X be a smooth, projective, complex, algebraic surface, and let
X be the blow-up of X at a point P. We compute the difference between Y ([X])
and ¥Y([X]). In Example 4.13, we showed that X — X and CP* x CP! — CP? are

complex-bordant. Therefore,

PU(R]) — V(X)) = vV (X - X]) = ¢U(CP' x CP']) ~ 9V (CB]) = 0 ~ 5 = 3,

or alternatively, 9V ([X]) = ¥ Y([X]) - 6.

2. Landweber’s exact functor theorem

Let A be a ring and let ¢: QU — A be a complex genus with values in A. We
wish to specialize complex cobordism via ¢ in order to obtain a new generalized
cohomology theory given by the rule

X = MUX) ® A
ay
A condition under which this construction works was formulated by Landweber
in [18]. Before we formulate this condition we introduce a piece of terminology.
A sequence ai,as, ... of elements of a ring A is called regular if multiplication by
ay is injective on A, and multiplication by a, is injective on A/(ay,...,a,1), for

n > 2. Suppose a4, . .., a,1 is a regular sequence, and a, is a unit in A/(aq,...,0,-1)
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Then ay,...,8p-1, 0y, Gpat, - .- is regular for any choice of elements a1, @pi2. .., 85
Allay, ..., a,) =0.

Let F' be the formal group law over A specified by the genus . For each prime
p, we consider the formal multiplication-by-p endomorphism of F'. Let u, be the

coefficient of 27" in [p]r.
(5.4) plp(z) =pz+ - +u@® + - Fupa® +---

THEOREM 5.10 (Landweber [18]). Suppose that for each prime p, the sequence
P, UL, Us, - .. 15 Teqular in A. Then the functor X +— MU,(X) ®qu A defines a gener-
alized homology theory.

For our purposes, we require a version of this theorem for cohomology.

COROLLARY 5.11. For finite CW-complezes, the associated cohomology is given
by
X — MUY (X) ® A.
Qv

For details on the derivation of this corollary from Theorem 5.10, see the paragraph
following the statement of Theorem 2 in [11]. Since the complex projective spaces
CIP™ are finite CW-complexes, it follows from the above corollary that the cohomology

theories arising from genera satisfying Landweber’s condition are complex-oriented.

3. Elliptic cohomology theories

Let R = Z[1/2,6,£], and let ¥Y: QY — R be the universal elliptic genus. The
corresponding formal group law F' is given by Euler’s formula (5.1). We claim that
if we invert A = (62 — €)%, Landweber’s conditions will be satisfied. We must verify
that for each prime p, the sequence p, uy, s, . .. (asin (5.4)) is regular in R[A™}]. The
verification relies heavily on the theory of elliptic curves.

Since 2 is invertible in R[A~!], the case p = 2 is trivial. Therefore, suppose p # 2.

It is clear that multiplication by p is injective on R[A™!]. To show that multiplication
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by u is injective on R[A™'] =2 F,[§,e, A7, it suffices to show that u; is nonzero,

modulo p. Find §y, &g € Fp such that the elliptic curve
EQZ y2 =1- 260.’132 + 60%4

defined over F, is ordinary (i.e., not supersingular). Why do such parameters ex-
ist? There is a one-to-one correspondence between isomorphism classes of elliptic
curves defined over F, and elements of Fp given by associating to an elliptic curve its
j-invariant (see [37, Chapter I1I, Proposition 1.4(b)(c)]). The set of j-invariants cor-
responding to supersingular elliptic curves over I, is finite (see [37, Theorem 4.1(b),
Proof of (c)]). But the j-invariant of an elliptic curve of the form y? = 1 — 2622 + ez*
is a rational function of § and ¢ (see (5.7) on page 96). Therefore, there are inﬁnitely
many j-invariants corresponding to curves of that form, and the desired parameters
do and £g can be found.

Let Fy be the formal group law of the curve Fy obtained by choosing = as a
uniformizer at O = (0,1). By the discussion following Theorem 2.8, Fy is given by
Euler’s formula,

Folz.y) = z+/R(y) + y/R(z)

1 — ex?y?

€ F,[00,e0)[z, 0], R(z) =1—26px* +goz”.

The map 0: Z{1/2,6,¢] — F,[d, 0] specializes F' to Fy. Let vy be the coefficient
of z? in the multiplication-by-p endomorphism of Fy. Since the elliptic curve Ej is
ordinary, it follows that vy # 0. As 6,F = Fy, we have 6(uy) = v; # 0. Therefore, u;
is nonzero, modulo p.

We now claim that us is a unit in Ry = R[A™!/(p,u1). If we can verify this
claim, we are done, for all subsequent quotients will be trivial. Suppose u5 is not a
unit in R;. Then we may find a maximal ideal m C Ry with u, € m. Let 6 and & be

the images of § and ¢, respectively, in the field R;/m, and consider the curve

E:y*=1- 20z + &2
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Since A is invertible in R, it follows that A is nonzero, modulo m. Therefore,
E is an elliptic curve. Letting w, be the coefficient of 27" in the multiplication-by-p
endomorphism of the formal group law of E. If follows immediately that w, = wy = 0,
implying that the height of the formal group law of E is greater than two. But this
contradicts the fact that the height of the formal group law of an elliptic curve is 1
or 2 (cf. Chapter 2, §4). Therefore, us is a unit in R;. We have proved the following

theorem:

THEOREM 5.12. Let 9V: QU — Z[1/2,6,¢] be the universal elliptic genus. Then

the functor

X = MU.(X) ® Z[1/2,5,¢,A7"]
25

defines a generalized homology theory. The formal group law associated to its (complez-

oriented) cohomology theory is given by Euler’s formula,

F(z,y) = 2y Rly) + v/ Fl) R(z) =1 — 262® + ex*.

1 — ex?y? ’
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BEMARKS 5.13.

(i) One can show that for p odd, we have
u = Pp_1)2(6,) (mod p),

where P,(4,¢) is as in §1. That u; is nonzero modulo p follows from the fact
that P,(1,1) = 1 for all n. For details, see [21, §2].
(ii) That us is a unit in R[A™] follows from the congruence

Uy = (%) APV (mod p,ug).

This is proved in [21, §3]. Landweber attributes this result to B.H. Gross.

(iii) It is proved in [11] that Landweber’s condition is still satisfied if instead of
inverting A, one inverts another element p € Z[1/2,4,¢] of positive degree.
This approach yields cohomology theories whose values on a one point space
is Z[1/2,6,¢, p~Y]. These cohomology theories are known as elliptic cohomology
theories.

(iv) One can construct an elliptic cohomology theory with coefficient ring Z[1/2, 4, |
using a construction of “bordism with singularities”. For more details on this

approach, see [19, §3.5].

4. Elliptic genera and modular forms

In this section, we show that one may view the universal elliptic genus as taking
its values in a ring on modular forms. We begin by setting ideas, notation, and
terminology relating to modular forms. For more details, consult [35, Chapter VII],
[18, Appendix I}, or [8, Chapter 1].

Let H denote the Poincaré upper half-plane. The group SL(2,Z) will be referred
to as the modular group. Let ['g(2) denote the subgroup of SL(2, Z) consisting of all
2 x 2 matrices which are upper-triangular, modulo 2. The subgroup I'4(2) of SL(2,Z)
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is non-normal of index 3. The subgroups of the modular group act on H by fractional-
linear transformations. View 3 as a subset of CP' = CU {co}. Then subgroups of
the modular group also act on the extended upper half-plane H* = H U (C“_DIP’1 by
fractional-linear transformations.

Let T be a subgroup of the modular group. An open subset Fr of J is called a
fundamental domain for T if Fp contains a representative of each orbit of ', and Fy
contains at most one representative of each orbit. Fundamental domains of SL(2,Z)
and ['y(2) are given by
(55)  Fspm = {z€H| ~% <Rz < % 2> 1),

(5.6) Fp:{zéﬂﬂ-——;—<§ﬁz<—;~, 2—1]>1, |s+1]>1}.
For proofs, see [8, Proposition 1.2.2] and [16, p. 79)].

The cusps of I' are defined to be the orbits of I' in QP!. The points where a
fundamental domain of Fy meets the boundary of 3 in CP' constitutes a set of
representatives for the cusps of I'. Abusing terminology, these points will also be
referred to as the cusps of I'. From (5.5) and (5.6), it is evident that SL(2,Z) has a
single cusp at oo, while I'y(2) has cusps at 0 and oo.

Let T denote either SL(2,Z) or T'4(2). We say that a function f: H — C is a
modular function of weight k for T if

(i) f is meromorphic on H,

(ii) for all (¢ %) € I’ and all 7 € J, we have

F(EE5) =@+t

(iil) f is meromorphic at the cusps of I'.

Since (1) € T', we have f(r+1) = f(7) for all modular functions f for I'. Therefore,

any such f can be expanded in a Fourier series of the form 3 a,q¢", where ¢ = €™,
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That f must be meromorphic at co says that this Fourier series actually has the form

for some ng € Z.

A function f: H — C is said to be a modular form of weight k for T if f is a
modular function of weight & for I', and f is holomorphic at the cusps of I'. Such
a function f has a Fourier expansion of the form f(7) = } 5, ang". We let My(I')
denote the complex vector space of modular forms of weight k, and let M, (') :=
P, Mi(I') be be the corresponding graded ring.

We proceed by giving some examples of modular forms. Let A be a lattice in C.
The Fisenstein series of weight 2k is the series

Gu(d) =Y
£%0
For 7 € 3, welet A, = Z+Z7, and set Go(7) = Gax(A;). One can show that Gap(T)

is a modular form of weight 2k for SL(2,Z). Tts Fourier expansion is given by

Gon(7) = 20(2k) + 27 ;ff_ ol +Z(Zd2’“ 1)q :

n>1 din

where ( is the Riemann zeta function and q = €™ (see [37, Appendix C, Proposi-
tion 12.4]). One can show that G4 and G are algebraically independent generators
of the ring M. (SL(2,Z)), that is, M.{SL(2,Z)) = C[G4, G]. For proofs of the above
assertions, refer to [35, Chapter VII].

One may construct other popular modular functions from these Eisenstein series.

Define

The function A is a modular form of weight 12 for SL(2,Z), while j is a modular

Junction of weight 0 for SL(2,Z) (j has a simple pole at co). Their Fourier expansions
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have the form

A(r) = q — 24¢° + 252¢° — 1427¢* + 4830¢° + - - - ,
1
() =+ T44 196884 + 21493760¢° + 864299970¢° + - - - |

The j-function gives a complex embedding of SL(2, Z)\H into CP! which extends to
an isomorphism of extended quotient SL(2, Z)\H* with CP!. For details, see [37,
Chapter VII, Proposition 5 and remarks following].

Elliptic curves and modular forms are intimately connected. We first consider
elliptic curves given in the standard cubic form y? = 42° — g.2 — g3. Recall from
Chapter 2, §3.2 that the Weierstrass p-function p(z,7) of the lattice A, = Z + Z7

parameterizes the elliptic curve
y® = da® — go(7)x — g3(7),

where ¢2(7) = 60G4(7) and g¢3(7) = 60Ge(7). Thus, the coefficients g, and g3 are
modular forms of weight 4 and 6, respectively, for SL(2,Z).
Similarly, the function o(z,7), introduced in Chapter 2, §3.3, parameterizes the

elliptic curve

y? =1-28(1)z* + E(‘.T)ZL’LL.
It can be shown (see [45]) that §(7) and e(7) are modular forms of weight 2 and 4,
respectively, for the group I'g(2), and that

1 0
go(7) = g(5(7’>2 +3e(r)) and g3(7) = 5,?(5(7'2) — 9¢(1)).
Using these identities, one deduces that
g _ 1 (82-3¢)

(5.7) T T 60PN T B 60° (02 —e)

The modular forms ¢ and ¢ are algebraically independent generators of the polynomial

ring M,(To(2)), that is, M.(I'0(2)) = C[d,2]. The Fouier expansions of ¢ and ¢ are
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given by
1
(5.8) 6(r) = =5 =33 (3" d)qn,
n>0 din
d odd
(5.9) =3 ( 3 ),
nzl n/ZIde

where ¢ = €*™7. These issues are treated in detail in [16, Appendix I] and in [45].
One can use the modular forms § and £ to construct a complex embedding of the

Riemann surface To(2)\H*. We claim that the map 8: T'q(2)\H* — CP' given by

0(r) = (6(7)? : &(7)) is an embedding. To see this, define y: CP* — CP! by the rule

vz y) = ((z = 3y)* : 3°- 60°%(8% — ¢)?),
and consider the diagram

o)\ —2- cpt

| e

SL(2, Z)\H* ——s CP'.
7

By (5.7), this diagram commutes. Since I'g(2) has index 3 in SL(2,Z), the map
g: To(2)\H* — SL(2, Z)\H is a triple covering. The map v is also a triple covering,
as it is described by polynomials of degree 3. As we mentioned before, j is an
isomorphism. Therefore, the composite v o 8 is a triple covering. It follows that
¢ is one-to-one, and being a morphism of compact Riemann surfaces, must be an
isomorphism.

From Lemma 5.6, we know that ¥V and v map QU and QF, respectively, into
Z[1/2,6,¢]. Since these elliptic genera are in fact graded homomorphisms, ¥ (re-
spectively, ¥°) assigns to each stably almost-complex manifold (respectively, oriented

manifold) of real dimension 2n a modular form of weight n in Z[1/2, 6, ¢]. These mod-

ular forms can be described as follows.

THEOREM 5.14.
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(i) The ring Z[1/2,06, €] consists of all modular forms for To(2) whose Fourier coef-
ficients lie in the ring Z[1/2].
(ii) The localization Z[1/2, 6, €][A™Y can be identified with the ring of modular func-

ttons for I'y(2) which are holomorphic on H.

PROOF. (i) View Z[1/2,6,¢] as a subring of M,(T'4(2)). For any ring R with
Z C R C Q, let ME(T'y(2)) denote the set of modular forms for o(2) whose Fourier

coefficients lie in R. The proof of (i) will follow from the following claim.
For any ring R with Z C R C QQ, we have

ME(4(2)) = R[86,¢].

The inclusion “2” follows from the above (5.8) and (5.9). Conversely, suppose
f € ME (T'4(2)). Let ¢, € R denote its n-th Fourier coefficient. Since § and € generate
M, (Iy(2)), we may write
f= 2 a(-88)%e,
1<k/2

where ay € C. It follows again from (5.8) and (5.9) that

ar(—80)* et = apgt + z aghPq",
n>{

where bﬁf Ve 7. Collecting terms, we obtain

3 a8t = 3 (3 a? + o)
£<k/2 n>0  f<n
Comparing terms, see that

(n = Cp — Z ab®.

£<n

In particular, ag = ¢g. Suppose, for the purposes of induction, that a4,...,a, are in
R. Then since ¢, is also in R and each bﬂl is an integer, it follows from the above

identity that an.; € R. Therefore, by induction, the proof of (i) is complete.
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(i) Recall that A = (6% — €)%, From the fact that § and ¢ are holomorphic on
H U {oo} and nonvanishing on 3, it follows that A is a modular function for T'o(2)
which is holomorphic on H. Conversely, we note that A has a zero at oo, as € does.
Therefore, if f is-a modular function for I'y(2) which is holomorphic on F{, then fAY
is a modular form for sufficiently large N. If, in addition, the Fourier coeflicients of
f lie in Z[1/2], it follows from (7) and the fact that the Fourier coefficients of A lie
in Z[1/2] that fAY € Z[1/2,6,¢]. Thus, f € Z[1/2,6,¢][A™Y], and (ii) is proved. [

Thus, the universal elliptic genus assigns a modular form to each manifold! Two
cobordant manifolds are assigned the same modular form. Also, the rings of coeffi-

cients of the elliptic cohomology theories can be viewed as rings of modular forms.

5. Conclusion

In this text, we have barely scratched the surface of the theories of elliptic coho-
mology and elliptic genera; much research has been done on these topics and many
tantilizing questions remain.

There is a body of work by A. Baker [3, 4] establishing precisely the relatiou-
ship between operations in elliptic cohomology and isogenies of supersingular elliptic
curves. In particular, Baker proves in [3] the “supersingular congruence”

-1
3

(Epp)P ™ =~ ( ) AP-D12 - (mod p, B,_y)

between the Eisenstein functions F,y, and E,_,, and the modular form A. This con-
gruence is intimately related to the congruence of Gross mentioned in Remark 5.13(ii).

Much research is also being done in the field of elliptic genera. In [16], Hirzebruch
develops generalized elliptic genera which take values in rings of modular forms of
higher level. We observed earlier that the universal elliptic genus assigns to each
manifold a modular form. There are many papers devoted to investigating this cor-
respondence in various specific cases. A striking result of [9] computes the elliptic

genus on a symmetric power of a manifold X in terms of its value on X itself. Elliptic
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genera of Calabi-Yau manifolds have also been computed, and relations with mirror
symmetry have been noted. In [7], it is shown that the elliptic genus of a Calabi-Yau
manifold is a Jacobi form and that the elliptic genera of Calabi-Yau hypersurfaces in
toric varieties and their mirrors coincide up to sign.

Properties of families of modular forms attached to families of manifolds have
also been studied. In [5], Borisov and Gunnels investigate a subring of the ring of
modular forms for I'y (¢) which is naturally associated to the family of toric varieties.
They show that this family of “toric modular forms” has many nice properties — it is
a finitely generated ring over C, and it is stéble under the Hecke operators and the
Fricke involution. In [6], they characterize the space of weight two toric forms as a
vector space generated by cusp eigenforms whose L-functions satisfy a nonvanishing
condition.

Elliptic genera are also of interest to mathematical physicists. In [43, 44], E.
Witten discusses how one may view the elliptic genus as the index of a certain Dirac-
like operator on loop space. He also presents connections between elliptic genera and
quantum field theory.

Perhaps the most fundamental outstanding issue in the theory of elliptic coho-
mology at present is the lack of an intrinsic, geometric description of this cohomology
theory in general. There are specific instances of elliptic cohomology, though, in
which one does have a geometric description to work with. Moonshine phenomena
allow one to describe geometrically the elliptic cohomology groups of the classifying
spaces of finite groups; see [40]. It is perceived that it is the lack of an intrinsic
description of elliptic cohomology that is currently limiting its application. In words
of Thomas [40, p. v|, “With more geometric input, elliptic cohomology may resolve

some of the open questions which seem just beyond the reach of K-theory”.



APPENDIX A

N-dimensional formal group laws

1. Definition and examples

DEFINITION A.1. An N-dimensional, commutative formal group law with coeffi-
cients from R (or more briefly, a formal group law over R) is an N-tuple of power

series
Fl(xlw"7$Nay17‘"7yN)7"'7FN($1:"'733N7y17"'7yN)

in R[zy,...,ZN, Y1, .., yn] satisfying:

(i) For i =1,..., N, we have the identity

E(xlv"'y'TNJFl(ylv'"7yN7Z17"'JZN)a"'7FN(y17"'ayN7Z17"'7ZN))
:Fi(Fl(zla"'7$N7y17"'7yN)7"'7FN(x17'--;mNaylv"'ayN)azla---aZN)

in the power series ring Rlz1,...,ZN, Y1, -, YN, 215 - - -5 2N]-

(i1) For 1 =1,..., N, we have

Fizy, .. 25,01, -5 un) = Fillyn, - yns, 1, - -, TN )

(i) Fori = 1,...,N, we have Fi(zy,...,2x,0,...,0) = z; and F;(0,...,0,%1,...,yn) =
Yi-

(iv) There exists an N-tuple of power series ¢;(z1,...,Zn),...,tn(Z1,...2N) such

that foreach7=1,..., N,

E(Zlﬁ‘l, C ,$N,L1($1, N ,IEN), . .,LN(IEh . . .’EN)) = 0.
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REMARK A.2. By using the formal implicit function theorem, one may actually
deduce (iv) from (i)-(iii). Thus, any N-tuple of power series satisfying (i)-(ii) is a

formal group law.

The above notation is quite cumbersome; we introduce the following shorthand.
We will often write = (respectively, y) for the list z1,..., 2y (respectively, y1,...,Un).
Also, we may write F' for the list Fy,..., F,,. With these conventions, conditions (i)-

(iv) take on a more pleasing form.

F(.’L‘ F(y7 )) ——F(F(.’L‘,y),Z),
F(z,y) = Fly, z),
F(z,0) =z and F(0,y) = vy,

(i)
(ii)
(iii)
(iv)

There exists an N-tuple of power series ¢ = (14,..

F(z,u(2)) = F(u(y),y) = 0.

.,tn) in R]z] such that

The N-tuple ¢ is known as the formal inverse.

NoTaTiON A.3 (Multi-index notation). We introduce a convenient notational de-
vice. An infinite sequence of nonnegative integers j = (j1, Ja, ...) with only finitely
many nonzero terms will be called a multi-indez. We let 0 = (0,0,...). Partially
order the collection of all multi-indices by saying j < k if j; < k; for all 7. We write
j < kifj <k butj#k, that is, there is strict inequality in at least one component.
We let e; be the multi-index with 1 in the i-th component and zero in every other

component. We add multi-indices componentwise. If x;,..., 2y are indeterminates

and j is a multi-index, we let 23 denote the monomial 2722 - - - 27V .

Using this notation, we see that a formal group law F' must have the form

(Al) E(QZ, y) =1; +Y; + Z (ij(a?jyk -+ :zrkyj) -+ Z(J,Hﬂil’yi.

i>k>0 1>8

For completeness, we mention a few standard examples.
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ExaMPLE A.4. The N-dimensional formal additive group law is given by the

N-tuple of power series G where
Gz, y) =z +ui.

The formal inverse is given by t(z) = —=z.

ExamMPLE A.5. The N-dimensional formal multiplicative group law is given by N

power series
G (%, Y) = Ti + i + Ty,

Its formal inverse is given by (z) = —z -+ 12 — 2% +---.

ExXAMPLE A.6. Let K be a field and let A/K be an abelian variety of dimension
n with neutral element 0. We obtain an n-dimensional formal group law from A
by expanding the group law on A around O. We will only sketch the details of the
construction, as they are quite similar to the one-dimensional (elliptic curve) case.
Let oo A X A — A be the group law on A. Then « induces a map between the local

rings,

o’ GA’O - 6,470 % 6/470.
By the Cohen structure theorem, 0 40 = Kz, ...,z,]. Noting that
Kl[a:l,...,xn]]%K[[a:l,...,xnﬂ K[z ®1,...,2, 1,18 z4,...,1 3 3,],

we may view o as a map from K[zi,...,z,] into K[z:®1,...,2,81,1821,...,1&

z,). Fori=1,...,n, let
Fi(:cl@1,...,%@)1,1@3:1,...,1@):1;”):a*:z;i.

Then F = (Fy,..., F,) is an n-dimensional formal group law defined over K.



3. THE N-DIMENSIONAL COMPARISON LEMMA 109

2. Logarithms

One can produce many formal group laws using the followx*iﬁg construction. Let
f={(fi,---,fa) be an N-tuple of power series from R[z1,...,zy] with no constant
terms. Let Df = (0f;/0z;) be the N x N Jacobian matrix of f, and suppose that
Df(0) is the identity matrix. Then by the formal inverse function theorem, f is

invertible (with respect to composition), and the rule

(A.2) Fz,y) = f7H(f2) + F(y)

defines a formal group law. The N-tuple f is called the logarithm of F', and is often
denoted logp. It will follow from our construction of an N-dimensional formal group
law that each formal group law F'(z,y) defined over a ring R of characteristic zero

admits a logarithm defined over R ® Q.

3. The N-dimensional comparison lemma

The relevant definitions and results about buds carry over, mutatis mutandis, to
the N-dimensional case.

Theorem 1.24 and the Lazard Comparison Lemma 1.25 were our main tools
in the construction of a universal one-dimensional formal group law over the ring
Zlug,us,...]. In order to generalize our arguments to [N dimensions, we must first
appropriately generalize these results.

Let n and k be multi-indices (see Notation A.3). We define
in| =mn; +no+ -+ ny,
n . Ty ) ny
k/ ky kn/’

v(n) = ged{ @) l0<k<n}
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Our first task is to define the family of polynomials which will play the role of the

(one-dimensional) polynomials Cy,{z,y). We define the polynomial

i
Culz,y) = ;/—(1—17[(331 +yn)™ - (ay A yn)"™Y =22 =yt ey

. 1 n n n
It is clear that C,, satisfies Lazard’s conditions (see Definition 1.23). It is these
polynomials which will play the role of the C, (in fact, they are a generalization of
the C,). Note that Cy, is a primitive polynomial in Z[z, y].
We wish to prove the following theorem characterizing N-dimensional Lazard

polynomials.

THEOREM A.7. Let B be an abelian group and H(z,y) € Alz,y] be a polynemial
satisfying Lazard’s conditions. Then H(z,y) can be written as a B-linear combination

of polynomials Cy, |n| = deg H(z,y).

This theorem combined with Corollary 1.22 give the N-dimensional analogue of
the one-dimensional Lazard Comparison Lemma. We define an N-dimensional n-bud
to be an N-tuple of power series F' which satisfies the axioms of an N-dimensional

formal group law, mod degree n + 1.

THEOREM A.8 (/N-dimensional Lazard Comparison Lemma). Let F' and G be two .
N-dimensional n-buds defined over a ring R with F(z,y) = G(z,y) (mod degree n).
Then fori=1,..., N and multi-indices j with |j| = n there exist elements a(%,j) € R

such that

Fi(z,y) = Giz,y) + »_, a(6,j)Cs(z,y) (mod degree n + 1).

lil=n

We will prove Theorem A.7 essentially by reduction to the 1-dimensional case.
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Let B be an abelian group and H(z,y) € Blz,y] be a symmetric polynomial of
degree m with H{(z,0) = H(0,y) = 0. Then H(z,y) may be written in the form

H(z,y) = Z Z c(n, k)akymx,

in|=m 0<k<n

One checks that H(z, y) satisfies Lazard’s conditions if and only if ¢(n, k) = ¢(n, n—k)

for all n, k, and
. ..
(A.3) (1§J>c(n,i+j€):($; )c(n,j+k) for i,j,k > 0 withi+j+k=n

(cf. Equation (1.5)). To prove Theorem A.7, we show that for each n with |n| =m,

we can find some b, € B with

Z c(n, k) 25y = b,Cy(z, 7).

O0<k<n
The above relations, combined with the fact that we can work ‘one n at a time’, leads
us naturally to consider the following object.
Fix a multi-index n with |n| = m, and let A, be the abelian group generated
freely by the set {u(n,k) | 0 < k < n} subject to the relations u(n, k) = u(n, n — k)

and
i+ s j+k . . s s
; u(n,i+j) = K u(n,j+k) forijk>0withi+j+k=n.
With notation as above, it is clear that there is a unique homomorphism ¢ : A, — B
with pu(n, k) = c(n, k) for all k with 0 < k < n, or equivalently,
e Y u(m k)RR = ) 0 e(n )yt
O<k<n O<k<n
The following lemma describes the structure of A, is some cases.
LeMMA A.9. Let n be a multi-indez, and suppose n has more than one nonzero

component. Let i be the smallest index such that n; is nonzero. Then A, is generated

by the single element u(n, n;e;).
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PROOF. We show how to express each generator u(n, k) as an integer multiple of
the element u(n, n;e;). We consider two cases.
Case 1. Let j = je;. Define k = (n; — j)e; and 1=n — j — k. Then

I+k

u(n,j) =u(n,n—j) =unl+k), ( 1

) = 17 U(Il,j + k) - u(nvniei)'

Therefore,
1+k j+k j
st = (1 a1 = (1 )umir0 = (15wt e

Case 2. Suppose r is not of the form je;. We may without loss of generality
assume that 0 < r; < n;, for otherwise replace r with n — r and use the fact that
w(n,r) =u(n,n—r). Let j=re;, k=r—j and I =n—j—k. Then

itk

u(n,r) =u(n,j+k), ( K > =1, u(nk+1) =unj =uln re).

Therefore,

u(n,x) = (j;k)u(n,jJrk) - (“ik)u(n,uk) - (“ik>u(n, ries).

By Case 1, u(n, r;e;) is in the subgroup generated by u(n, n;e;), so we are done. [J
We are now in a position to complete the proof of Theorem A.7.

ProOF OF THEOREM A.7. Let
Gu(z,y) = Y u(n,k)z*y"™ € Aqlz,y].
0<k<n
It suffices to show that Gu(z,y) = b,Cu(z,y) for some n € A,. If n has only one
nonzero component, then this is just the one dimensional case. Thus assume n has
more that one nonzero component and 2 is the smallest index with n; nonzero.

Since Cy is a Lazard polynomial over Z and v(n) = 1, the map ¥ : A, — Z

defined by the rule
n
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is a well defined homomorphism (this is the unique homomorphism satisfying ¥.G, =

Cp). By the above lemma, we may find, for each k, some ax € Z with
u(n, k) = axu(n, n;e;).

Applying 1 to this equation, we obtain

n n
=a = ay.
k K ;€ k
Substituting, we have

Gulag) = ulmme) 35 (1 )a"* = ulo,me)Cula),

O0<k<n

4. Construction of a universal, N-dimeunsional formal group law

The logical structure of our construction of an N-dimensional formal group law
is the same as that in the one-dimensional case. Due to the increased volume of
notation, we recapitulate much of the argument.

Foreachi=1,.. ., N and each multi-index j of length N, we introduce an inde-

7 3

terminate u(i,j). We introduce the shorthand
A=2Z[u(s,j)|i=1,...,Nand |j| > 2],
A =Zu(i,j) |i=1,...,Nand 2<|j| <n], n>2.

We also let AV = 7.

LEMMA A.10. One may inductively construct two sequences of N-tuples of power

series, FO) (zy, ... xxn,y1, .. yn) and fO(zy, ..., zy),
F(”)(as, y) = (Fl(")(a:,y), e ,Fﬁ’)(z,y))
FO (@) = (M (@), S (@),

satisfying the following conditions for alln > 1.
() F (@) € A%z,y),  £7(2) € (AW @ Q)]
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(ii) Frti(z, y) = FW(z,y) and f*(z) = f™(z) (mod degree n + 1),
(i) £ (F(z,p) = FO(2) + FO(y) (mod degree -+ 1),

(iv) If n > 2, then for eachi=1,...,N,

F (@) = ) uli ))Cy(z,y) € A Iz, y].
ij=n

Proor. We proceed by induction on n. For n = 1, we define Fi(l)(x, Y) =i + Yi
and fi(l)(:n) =g, for i = 1,..., N. Defined in this way, F(® and f clearly satisfy
the required conditions.

Now suppose we have have constructed FO), ... F®) and fO, ... f® satisfying
conditions (i)-(iv) of the lemma. We wish to construct F(**+1) and f(»+1),

Let ®™ be the formal group law with logarithm f(™. By an argument analo-
gous to that presented in the one-dimensional case, we may find an N-tuple H =
(Hy,...,H,) of homogeneous polynomials of degree n + 1 in (4™ ® Q)[z,y], such
that

(A.4) ™ (z,y) = F™(z,y) + H(z,y) (mod degree n + 2)

Essentially by clearing denominators, we may find a positive integer &t such that
kH;(z,y) € A™[z,y] for i = 1,..., N, and each kH; satisfies Lazard’s conditions,
modulo k. More precisely, H(z,y) = H(z,y) and é6(kH) =0 (mod k). Therefore, by
Theorem A.7, for i = 1,..., N and each multi-index j with |j| = n + 1, we may find
some a(i,j) € A™ such that

kHi(z,y) = > a(i,j)Ci(z,y) (mod k).
lil=nt1
Thus, we may find polynomials H!(z,y),...,Hy(z,y) € A™[z,y] such that

(A.5) kHy(z,y) = Y a(i,)C(z,y) + kHj(z,y),
si=nt1

fori=1,...,N.
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We may now define, fort=1,... N,

(A.6) F (@, y) = F (2,) + Hiz,g) + > u(i,j)Cilz, p),
l=n+1

A. (n+1) _ p(n+1) _ __l_l: . e __a(iaj)] j

(A7) 17 = 5T ) Ué\jm S (0D ==

It is clear that F("*1) and f("+1 satisfy conditions (i), (ii), and (iv) of the lemma;
it remains to verify (iii).

Let 8(i,) = u(4,j) —a(i,j)/v(j). If follows from Equations A.4, A.5, and A.6 that
fori=1,...,N,

(A.8) FM (@, y) =3 + Y B(3,)Ci(w,y)  (mod degree n +2).

i
li|=n+1

By Equation A7, fori=1,..., N,

FEFEED (2, 4)) = FHEFEOD (2, 1))

(19) - 3 AR EE
lii=n+1

We wish to approximate each term on the right hand side of the above equation

modulo degree n 4 2. We accomplish this using the following easy lemma.

LeMMA A1, Let [ be a polynomial of the form

f(zy,...,zn) = z; + higher order terms.

Let g1,...,gn be polynomials with no constant term, and let hy,..., hy be homoge-

neous polynomials of degree m. Then

f(gl +h1)-"7gN+hN) = f(glaygN)+hz (mOd degree m+1)
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Working modulo degree n + 2, we have fors =1,... | N,

[EED (@, g) = @0,y + Y BLICE ),

ljl=n+1
oW @)+ D BN, IC(z,y)
[§l=n+1 .
= 1@ (z,y), ..., 8P (=, 1)+
(A.10) + > B6,3)Cs(z,y),

lil=nt1

by the above lemma with f = f™. g, = ®™, and h, = Plii=nn B D) Ci(2,y).
But by its definition, f™ is the logarithm of ®™. It therefore follows that working

modulo degree n + 2,

(A.11) FPEFEED @) = (@) + )+ Y B6,I)C . y).

lij=n+1

Since P}(”H) = x;+y;+higher order terms, it is easy to see that for any multi-index

jwith |jl=n+1,

PO (g )i (n+1)(x7y)jN = (z1 + )7 - (zn + yn)V,

(A.12) =v(§)C;(z,y) + ¥+ (mod degree n + 2).
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Plugging (A.11) and (A.12) into Equation A.9, we obtain foreach i =1,... | N

FEEeD (@) = [ + P+ S 860, y)-

ljl=n-+1

- > AL, ‘)E (1)Cilz,y) + 2 +4)

[jl=n+1

_ gy B(i,J)
£ (=) m;d O

“I‘fn) Z /8(7’:.]

si=nt ZM

= () 4 £ (y)  (mod degree 1 + 2).

3

This completes the proof of property (iv) and the lemma. O

As in the one-dimensional case, we verify that we have in fact constructed universal
objects. The proof is a straight generalization of the proof of the corresponding one-

dimensional theorem.

THEOREM A.12. Let n be a positive integer. Then F™) (as constructed above) is

a universal, N-dimensional n-bud.

Proor. We proceed by induction on n. The n = 1 case is trivial. Suppose the
theorem holds for some n, and let G be an N-dimensional (n+ 1)-bud defined over a
ring K.

Treating G as an n-bud, our inductive hypothesis our inductive hypothesis asserts
the existence of a unique ring homomorphism ™ : A®™ — R such that gp&")F "Nz, y) =
G(z,y) (mod degree n + 1). Extend ¢™ to a map ¢™: A — R by setting
PMu(i,j) =0foralli = 1,..., N and all multi-indices j with |j| = n + 1. It is easy
to see that

FMFPO (5 o) = G(z,y) (mod degree n + 1).

Since G F®H) and G are both (n + 1)-buds over R which agree, modulo degree

n+1, the N-dimensional Lazard Comparison Lemma asserts the existence of elements
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a(i,j)€ R, i=1,...,N, [jl = n+1, such that

Gi($7y) = @in)Fz(Jjay) + Z a(i’j)Cj(Iv y)'

lil=n-+1

Recalling Equation A.6, we have
FM Y (e,y) = F (z,y) + Hiw,y) + Y (i j)Cile,y),
il=nt1

where H; € A™[z,9] is a homogeneous polynomial of degree n + 1. Thus,
AR (2, y) = GO (B (@,9) + Hiz,y).

Let ©™ extend ™ to a map from A®+Y to R by setting o™+ Yu(i,j) = a(i,j)
for all ¢ = 1,..., N and all multi-indices j with |j| = n + 1. Noting that @™ and
o) agree on A, we see that

gpfk"“)F(”“)(x,y) n+1)(F ")(.27 y) + H/ x y Z 0 n+1) ’j)Cj(iE, y)

[jle=n+1

= WF N @, y)+ Y ali,)Ci(z,y)

lil=n+1

= G;(z,y) (mod degree n + 2).
0

We obtain the following the following corollaries just like in the one-dimensional
case.

COROLLARY A.13. Let F™) be as above and let F(z,y) = lim,_oo F™ (z,7). The
F is a unwersal, N-dimensional formal group law defined over the ring A.

COROLLARY A.14. Let G be an N-dimensional n-bud defined over a ring R. Then
G can be extended to an N-dimensional (n+1)-bud, and in fact to an N-dimensional
formal group law defined over R.

COROLLARY A.15. Let F' be an N-dimensional formal group low defined over a

ring R of characteristic zero. Then F' admits a logarithm defined over the ring R®Q.
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