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1 Abstract 

This tlH'sis dC'als wit h dynamic control of Illull.i class sin).!,I(· S('I'\'('I' <l1I('\I('S, 

ln a blOad class of ,~II('h ~yst('m'i, fix('d-priority l'Illes, although ~t,lIk, h,I\'(' 1)('('11 
sho\\'1l to 1)(' optimal arnong dynalllic sdl<'dlll(·s, This f('slIlI hO\\'(·\'t·(' J('sts 011 tilt' 
indel)('JI(kll(,(, Il<'t\\'('('1I the' (mIN of service aJl(I t II<' patt<·ru of <IlTi\'als, <In .'~SIIII\(I­
t ion which is \'iola!<'d wh('n no\\' cOlltrol is (·Y(>l>c>ÎsC'd. \VI' S('t'" to ('h éll><I('t ('1 il"(' tIlt' 
optilllai sclU'd\lling in t1l<' pl'('S('Il(,(' of now cOIII.IOI, wlll'Il hot It ~d)('dlllill)!; alld tlu\\' 
(OlItrol (Il'(' opt illllz('d joillt Iy. 

'l'Il<' problC'1ll is formlllat('c\ in a Marko\'ian CnVil'OnllH'lIt, 'J'II<' ('ost./ln·llt'fit 
~t nl( t IH(' i~ snch a~ to p('llaliz(' d('lay and ICward t,hrollghpllt. Il. is fir~t. sho\\'11 
that the p('l'vasi\'(' Ile-rult' is ilOt. optimal ill g('II('ral, ('V('II \\'11<'11 flow mllt 101 is 
jointlyoptimal. H('strict ing tll(' sC'tup to dass illd<'J)(,lId(,lIt. II~('I' f(·(·s ,11111 ",,,it III)!; 
cObt-rat('I" thC' probl('1Il élll10llnts 1.0 charactel'izing tlJ(' ('olllhin.lt.ioll of (l1(·(·lllpti\'(· 
sc\J('<!ulillg and flo\\' COllt 1'01 opt illlizing tl\(' tradcofr hel W('('11 d(·I.I.\' ,,"c1 t hroll/1,hpllt 
in mllili-class sillglt· s(,I'\"('r qll(·II('S. III the' spt·cial C.ISI· of t W<l q\l('IH'S, 011(' IU'illg 
satllrat,C'c\. \\'C' ('st abli~h th<, joillt opt,imality of SE.) F (Shol t(,..,t I-:x(ll'( t .. d .Job FII~t.) 
schednlillg and tlll('~hold ly(><' now cOlltrol. Wc' conj('ct lit'(· t h.t\, SE.J F n'maill~ op­
timal in tl)(' prC'~('II«' of Illultiplc' indc'pendellt POiS~OII 'Irrival (lIO('('~"('S, Plovic!t'd 
t.hat tllC' f1o\\' COllt 1'01 i~ silllllltal\('ollsly optllllal. TIH' collj('( t 111(' IS slIPIHlrlt·d IIy 
ail ext.cn~i\'(· computaI ional illv('stigation which I('v('als as \\'(,11 t hat t 1)(' loillt Iy 
optilllallllollotolli(' flow control is (haract,('rized hy ~wit('hlll~ (1I1V('l-> that .11'" V('IV 
IIcarly lin(·ar. Frolll t.ltis obs(,l'\'rltioll wc dcrive an approxilllat(· IH'r fOrlllall( (' .111.11-
ysis bas('d 011 a stt'ady-still<' a~sl\lllptioll; the approximatioll i~ ~1t()WIl 1,0 1)(' V('ly 
robll'it alld capa bk of rC'llwrkahle accuracy. TIt(· ~c'lIl->itivity 01 t 1)(' I)('r fOl'III;II)( (' to 
1.11<' scll<'dllling rule i~ quallt ifi('d. Th(' c1ass of willdow flow (Ollt rob i.., ol)~('1 v('c1 to 
bc only slight Iy ~lIhopt illlal. 

The cOlljl·ctul(·d optilllality of SE.JF is Ilot proV<'d y('t. Wc' ~ltow th ... w(·11 
cstablished methods ('itl)('r fail compldcly ill LI\(' pr(,~(,lIt ~dtill).!, 01 1>I('s('lIt 1111-

('xped.ed difficlllt i('~ ill t llC'ir application. Exp('rinwllb \Vit It 111011' P;1·1H'I.d IlIocl('ls 
suggcst that t h(' optilllalit.y of SEJF is insellsitiv(' t.o t II(' (·XpOll('lItl.11 a~"1I111ptioll 

for arrivrll pro('('S~('S, pro\'ided that the flow collt.rol i'i Joillt 1 .... optirllétl. It i.., .t1~o 

observed t.hat tlte optimality of SEJF persists rit. t.1)(' ~ink 1l0cl(· of <1 t<lncl('111 111'1.­

\\'ork of two qllClI('S with scheduling and flow cOlltrol at hot 1. IlOcI(·~; il~aill, thi~ 

optima lit y of SE.JF d{'p('IHls 011 silllultaneously opt.illlélllllollotolli( flo", (olltrol <lI, 

('och node. 
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Sommaire 

Cd,t<· 1,111'.<;(' trait(, (III ('ontrôl(' dynamique dans les fiI('s d'attente à serveur 
IIl1iql1(' ('1, il poplliation I)(~t<~rog('n('. L'ordonnancement des tâches scion des prio­
l'it(~s fixc· ... <'st opt illlai pOlir un(' classe générale de systèmes de files d'attente. 
C<'IH'IHlalll la validité dl' Cf' r~sultat dépend de l'indépendanc(' entre le processus 
d(' sC'l'vic C' d 1(' 1)1 OC('SSIIS d('s arriv~es; il est clair que cette condition n'est pas 
~clti<;fail«' IOJ'sqm' 1(' pJ'()('C's~us des arrivée& est soumis à lin contrôle. Nous nous 
pI'OP()SOIl~ dc' d(~teJ'lllillc'r la structure de l'ordonnancement optimal en prés('nce 
d'lIl1 ('Ollt 1<'>1" dYllamiqm· d('s admissions, lui-mêm(' sujet à optimisation. 

L" plOhl('II1<' est forJllIlI(~ dans un contexte markovi('n. Vne struetur(' économi­
qll(' ('st IIltJOChllt(' P01lJ' traduire la pénalit~ attrihué(' à UII long délai ('1, le bénéfice 
COII'C'spollclant d 1111 déhit (;Ievé. A l'aide d'exemples, nOlis montrons que la règle 
/1(' n \'sl pa~ optill!c\le cie façon générale, même si le contrôle des admissions est 
simultall(~II)('nt, optilllai. Oalls le contexte restreint Olt les frais d'admission ct les 
coùts d'ath'nl<' dalls la file 11(' d(~p('ndent pas de la classe d('s tâches, l'obj('ctif est 
dt' d(~t('l'Illil)(,1' l'ordonnan('('rn('nt pf(~emptif et 1(' contrôle d('s admis.,ions dont la 
('Omhillai~on produit 1" ('oIllPl'Omis optimal entrc d~lai ct débit. 

LI' cas spécial dl' deux fiI('s d'attente, l'unc étant saturée, ('st ('onsidc~f(S en 
pl ('mi('J' li(·11. II ('st ('·trlhli q\l(' l'ordonnancement des tâclws dans l'ordre des temps 
JlIoY('ns dl' S('J'vic(' (SE.JF) est optimal lorsque jumelé à un contrôle des admi!'~ions 
d(' typ(' S('U i 1 (,olljoi Il telll<'n l opt imi' 1. V ne analyse numériqu(' d'un large échant ilion 
c1(. para 111('1 l'('S Sil pporte la conj(·cture que la règle S E.J F demeuJ'(' opti mal(' dans 
1(, ca~ <1(' d('lIx pl'ü(,(,~SIlS d'arrivées de type Poisson indépendants et contrôle des 

adlllis~iolls ('onjoilll<'II\('nt optimal. Oe plus, cette analyse lév;'I(' <1"<' la flOllW~rc 
('1111'(' 1(, dOlllaill(' optimal d'admission ct le domaine optimal de f('j('t ('st presque 
linc~(\iJ'(·. ('t·s obs('r\"ations sont mises à profit dans la concpptioll d'une proc(~dlll'e 
approximat i\'(· pour 1(' calcul du compromis optimal <,ntr(' délai <,1, déhit. Cette 
approxilllatioll s'é\\"('r<, 11';. ... rohuste et possède un efreUf rclat.ivl' infinw. 

La PH'II\'(' d(' l'optimalité de la règle SEJF, junwlée à un contrôle des admis­
siolls d(' typ(' s('uil, ('st jonchéc' de difficultés. On montre comment 1(, problème sort 
du dlcllllp d'applicatioll dl' c('rtaines méthodes; d'autres techniqllcs, bien fiu'appli­
cahl('s ('II t1u;ori(', plés('ntent des difficultés analytiques qui sont discutées. Enfin, 
011 n>llsidi'J(' quelques généralisations du modèle qui indiquent que le contexte 
clans "'qll('1 la r('gl(' SE.JF est optimale peut être considérablenwnt élargi. 
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Chapter 1 Introduction 

New COllllTIllllication nC'lworks like ISDN, broéldlJallcl ISDN, allcl high sIH'('c1 

Local Ar('a NctwoJ'ks arC' d('signC'd to provide a flcxihl(' PI1ViroIlIlH'IIt. fol' t.lw ill-

tegl'at.ioll of a mult.it.llde of sC'rvices, White advances in fil)!'1' opt.ics alld VLSI 

increase tl'allsmission and switclting capabilities, cfTicimt ('('S01ll'('(' lIlétllétW'III('lIt is 

neccssélr)' t 0 CIlSltt'C t hat. t Il(' mliit ipl(' alld het.crogcll('OIlS dC'lIléllHIs pla('('d 011 tlws(' 

networks él\'C' sat.isfi('d wit.i!in t.heir l'('spective grades of sprvic(', '1'0 étchi(·'v(· t.his, 

net",ork activity Illllst bC' controlhl to avoid, or al, I('ast 1.0 dilllillish, (,OIIP,('st.ioll 

that would l'('snlt in rC'dllcC'd pC'rformance, 

Congestion co lit. 1'01 has always bren an important part of tll(' desigll alld illlal-

ysis of tclccommulIÏcat.ion Ilf't.works in general, and of compllter ('onmllllli('(d.ioll 

netwol'ks in part icular, Th(' ('volut.ion towards packet sr)('('ch and vid .. o ([7H]) (IJI(I 

the promise of broadballd ISDN based on the new ATM tpclllli(JlH' ([1], [!lJ) have 

created ne.\' problems of trame management and fucler! rcseaJ'ch ill this an:a, On 

the other hélnd, congC'st ion control has a l'ole in the design and OP('J'éltioll ilOt. 
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ollly or t(·I(~folT\nltlJlicat.ion ndworks, but nf many other systems as weil, su ch as 

indu:-.trial pl'Odllct.ioll li,ws, 

Stochast.ic qucll<'ing models are widely used to study the performance of these 

syst.ellls, Val'iatiolls or job interarrival and service times can create congestion, 

Illallirestpd by long delays and r(>duced throughput, in an uncontrolled system, 

Ways to t.(·mper cOlIg<,stion in networks includc l'Outing, which involves the se lec-

tioll or t,lw I)('sl, pat Ils roI' johs alt'cady accepted into the network, flow control, 

which d('I<'l'lIIilles the amOllJlt of tratfic accepted into the network, and scheduling, 

which reallocéll,('S Jlctwol'k dclay among the job classes by specifying the order of 

(."élIISlllissioll, 

1.1 Scope and purpose 

1\ pal't.ifuléll' cOllt.l'ol is said to he dynamic if it responds to actual network 

oJwl'at.ing conditions, and slalic otherwise, The implementation of adynamie 

cOllt.rolreqllil'C's SOI11(' fonn of state feedback; the implementation of a static control 

do('s 1101, /)Yllélll1ic colltrols are of intcrest partly because they reprl sent the 

\'('ry h<,st 1 hat. ('lll1 1)(' clone when information is abundant and free, and partly 

I><.'C(\US(' 1 II<')' al(' occasionally relatively insensitive to lack of precision in the 

JH'('S(Tipl iOIl of Jlpt,work op<'l'ating pal'ameters, On the debit side, dynamic con troIs 

an' lIot.oriollsly difTiclllt. to opt.imize and frequently costly to implement, 

Fn'fJlI<'lIt.ly, 110\\'<'\'('1" it call hc shown a priori that the se arch for an optimal 
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dynamic contl'OI can he r<>st rided to the Illelllh('rs of SOIlle' pal'alllt't rie f.lIl1il,v. 

The so-calle'd "baug-hang" cOlltrols arc olle such famil)'. So too arc t.hn·sltuld 

or switch--ClIl'\'c policit's. In showing that the seal'ch cali ind('(·d 1lC' so l'('st ride·d. 

on~ is .. J.lid to have "dJa\'é\ctel'i1.(·d" the optimal control. SII·h ('ltaracl«'riz.1t iOlls 

arc consid('led int,cl'esting fil'st, bccausc th('y t(,lld t.o ('onfil'Ill tltat tll(' optimal 

cOIlt.l'Ollwhaves qualitatively oS 011<> might ho\'(' ('xpected, and S('(,olltl, hC'(,<lIIS(' of 

the possibility that. tht' pal'ticulal' fonn of the optimal ('olltl'OI ('ail \lC' ('xploitc'd t.o 

reduce tll<' computat ional compl('xity of the optimi1.at.ion, 

The Chéll'é\('tc'I'iultion of opt imal policies for flow cOlltrol, l'OU t.i IIg or sdlC'clllliug 

hos gt'l1crated a slIbstantial l'C('('llt li t.el'a t. li 1'('; sec [m)] for a CO III pn'hC'llsi vC' SIlI'\'C'y 

\Vith ft'w c'xcC'ptions, the thrC'C' pl'Obl('lI1s arc' consid(,l'ed SC'IMI at/·ly; t.1U' 11Iod('ls 

dealt Witll é\J'{' typically simplel' than Jacksoll IIdwol'ks, and f('at.m(· ollly 011(' of 

the thl'cC' t,,"!les o( ('ont 1'01. The wOl'k l'cported hcre cont.inu(·s 1.1)(' fO('1IS 011 ~illlpl(' 

1110dcls, but \\'ith the diffC'l'enn' tllat f10w control and sdIP<!ulillg aH' opt.imiz(·d 

togdhc/', hs goal is to chal'act('rize the jOÎnlly optimal policic·:-, and t.o SIl,f!,g(·St. 

simple gllid('lillt'~ fol' (It'signing nt'ar-optilllal OI\{'S, 'l'lU' mod('ls (ollsid(·;('d have' 

in CO 111 1110 Il that thc're art' r('wards to the syst('1Jl for aC('('ptillg IlC'W t.asks, and 

p(·nalt.ies propol'tiollal to l'('SflOIlS(' tiTJl(' for ('it,ct. task adlllitt,(·d. Ail opllllllli f10w 

cont.rol/selle·dult' maxillli7.('s t,Il<' syst('m's rate of rt'ttlnt, '1'1)(' followillg SU III 1 lia ri",f'S 

the result.s: 

• The so-called Ilc-ntle, hy which a task is l'ankcd for service accordillg t.o 
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.. t!te prodll<'1 of il,:, :,('rvice complet ion rate Il and waiting cost rate c, is known to 

'- IH' optilllai ill t!\(' c1ass of dYliamic and static schedules for a variety of lossless 

:,illp,lc' ~c'rV('1 qU('\H'S ([1], fI Il, [;;1]). ft is known to be (strictly) sub-optimal where 

t.IWJ'(' élJ'(' fillit(', separatc' huffC'rs for C'ach job class ([75]). Snch buffering itself is a 

Slll> optilllal fonll of no\\' cont ml. Wc show by example that the Ilc-rule rernains 

SIII> optilwtl \\'1)('11 now COlll1'01 and schedulc arc optimizcd togcther . 

• \VIJ('II r('wélrds and wailing cost rates are independent of job c1ass, the control 

prohl('111 aillollnts 1,0 1 hc' opt.imi7.ation of the trildeoff between delay and through-

put. in IlII1It i délSS, singl('-s('rver queues. The Ilc-rule in this case specializes to 

whal, wc' ('011 the JI 1'111(', or SE.JF (Shortest Expected Job First); priority goes to 

t.hc' lask ill <l1IC'\I(' ",ith thC' largest. sC'l'vice-completion rate. Wc show by example 

t.hat. t II<' JI nllc' is HIII>- optimal in this setting when flow cont.rol takes the forrn of 

nl\itary hlllr('ring of III<' il\dividu;,1 classes. This t.ime, however, the Il-rule seems 

f,o l'Cco\'c'r ils optilllc\lily when t.he now control is optimized as weil. We offet' a 

proof of Ihis faet ill IhC' case' that. thcl(~ are two job classes, one Poisson (rncan-

il\g t.hat. 1 II<' «)rt'('spollding élI'rival instants form a Poisson point process) and the 

(11)('1' sa tmah'cl, ill III(' 8('11"<' 1 hélt. the'l'e are always tasks from that class available 

for :wl'\'in', Ext(,l\si\'(' complitationai work suggests that the rcsult is valid more 

g('I)('ra Il.\', \\'hc'II t 11(,1'(' are lllult.iple Poisson flows, but we have not succeeded in 

Hilding éI ]>1001'; W(' dc'scrihe sorne of the approaches tried, and where they seern 

to l'ail. 
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• '1'1)(' f01'1ll of tlJ(' optimizing flow control is invc'st.igntcvl assllming IIlllltiplt' 

illdC'pC'nd('JlI Poisson flo\\'s. Th(' llul11('rical work suggC'sts that tIlt' optimal polit'y 

is chal'acterizc'd by a famil.\' of switch- CllrV('S, 01\(' for ('aeh joh t lass. l\10It'()\'('I', 

il. rcv('al~ Ihat Ihe bOllndaric's hc·twc·cn the acCt'ptar}('(' and l't'j('clion rq~i()l\s (fOI 

each c1as~ of job~) in nI(' mult i- dimcllsional stat(' spac(' are \'t'l')' IIc'arly lilH'êll'. 

This suggests a sl((u:y-.o;[alc approximat.ion which grC'atly ~llIIplifies t!w ('01111'"­

tation of t.1lt' optilllal flow contl'OI and of th(' eOlTC'spondillg 1)('1 forlllaIH'(', This 

appl'OXimdtioll i" shown 10 1)(' \'('l'y robust and capa hIC' of 1'(·III<\I'\..ahl(· <H'C1II',lt')' . 

• Windo\\' flow conl l'ols arC' attractivc bccal\s(' they al'c' ('as)' to apply. ASSIIIII­

ing SE.JF ~(,I'vi('(', t 1](' c1ass of ",indow flow cOIlt.rols is oI>S('I'\'('<I t.o 1)(· onl)' sli,..,ht.ly 

sllboptimal: any point 011 1 he' o\'C'rall optimal d(·layjt.hl'ol\ghpllt. t.I,ul('orr ('111'\'1' (',III 

be achieved \'('l'y c1osC'ly hr ail appropl'iatC' window flow (,()1It.1'01. This ohst'I vat. 1011 

illul1IilHltc's Ill(' relativ(> valtl(' of state fcC'dback ill t.he COli 1. 1'01 of qU('I\('illg syst('llIs. 

1.2 Background 

Wc l'evit'w h('l'(, the main l'csults conccrning dynarnic scllC'dl\ling and dyllalllic 

flow cont.rol, as wcll as thp fC'w l'ccent. contributiolls wh('l'(, hot,h sclH'dl\lillg alld 

flow cont.rol an' stlldicd jointly, 

The pme Sdll>dtding probl('1ll in rnulti-class, singlc-scrvC'1' <l'I('\I('S consist,s ill 

specifying the ''>1'0('1' of sC'I'\'ice so as to optirnize sorne cconomic ohjC'ctiVf' fUllc-
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lion. 'J'hi" fllllctioll dC'p(,lIds on class-dependent waiting cost-rates and service­

cOlllplc·tioll ('('wards; the' goal is to minimize either long-run average costs or 

illfiJlil,c' hOl'i~()Jl ('X))('cle'd discollnted costs. 

'1'1)(' still ie pl'Ob)e'1TI was solv('d in [17], where it was established that the priority 

assiglilP _'lit JlliJlilllizing long-run average costs in .M/C/I queues is the so-called 

l'C- lull'. 'l'II<' IU'--rule assiglls priorities in decreasing order of the product of c1ass 

)Hll'élJllC't('rs JI (iJlvel'se' IlIc'all se'l"vice time) and c (per-second cost of delay). This 

l'C'S1I1t, wa:-. obtaiJlf'd iJl fi 7] hy an interchange argument, a technique that has since 

1>('('11 applic·d ill IlIllch I1IOI'C gt'ncml settings [79]. 

The' lllos1 geJlcra) rC'slIlts for dynamic scheduling come from the theory of ban­

dit proCPSSI·S. 'J'he' fllndalllenttll result establishes the optimality of Gittins index 

polieil's [21], [8~], [S,I]. \Vhen the .\l'rival process of each class is Poisson, the dy­

lIé\lllic sdwdllling pl'OblC'1Il in mlliti-class, single-server queues, can be formulated 

as élJl jUill ilCqllil'ilig billldit. [25], [79]. In the context of multi-class queues, an 

illdc'x poli('.\ is chal'élcte'ri~('d hy an algorithm which assigns to each arrivaI a single 

l'l'al illdl'x d('I)('lIdillg on ils claSH and on the arrivaI, cost. and service rates in the 

:-)"sl<'llI; pl'iol'it.r gops to 1 II(' télsk in queue whose index is largest. The key point is 

1 hal ail hOllgh illd('x policic·s are stat.ie, they are nonetheless optimal in the c1ass 

1)1' dyJlallli( "c!wdulps in a varic,ty of important models ([10], [32], [33], [40], [74), 

[79]). III :-01lJ(' 1II0d('ls, t Iw opl imal seheduling is more complex but hellristic index 

rull's al'(' only slight Iy slI!>optimal [52] [60]. 
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The' 11('- l'lIle is il pal'ticlilar instancc of an index polie)'. The l/(' l'IIlt' lIlillillllZt'S 

t hc <,xl)(,C't('d discount('d cost o\'(,l'an illfinit(, horizon in AI /0/1 ql\('II('S \Vit hOllt 

prc'<'llIptiol1 ([51J). and ill 0IM/1 <JUCU('S \Vith !>J't't'mpt.ion ([IJ. [11]), (\~ "'1·11 as 

al. the S('COl1d no<l(' of il tandC'1ll nt't\Vork of t,wo lIlult,i-c1ass (,'/lH/I qllt'Ut'S ",ith 

PI't'('lllptin' S('l'\ Îc(' ([!l:l].[!) 1]). 

The optilllillity of fix('d-priol'ity l'ules among dynamic sclH'dlllt's in IIIl1it i c1.ls~ 

MI(,'! J qU('I\('S IHI<I 1)('('11 t's\.ablisllC'd in [28], [:19], and [7(i] hy al'gulllt'nts fl'OIII IIlt' 

theol'y of s('llli--l\lal'ko\' J)(lcisioll Pl'Ocesses. 

The opt illlal d)'nallli(' sch('dllling problplll wit.h an aV(lrag<' wait.inp; t.illw ('011-

st.raillt. fol' :-'Oll1t· c1ass('s of johs is studied in [55], [62], [63J. '1'1)(' gtlllPral 11·~IIIt. 

in t.his colltt'xl is the optilllalit.y of l'alldomized fixed-priOlit.y "d('s. St·p .. Iso [I!)J, 

[21], and [!l8J. WIJ('11 llJ('ssagps have IIldivu!Il111 constraints on tJwir wait.illp, t.illl(', 

t.hat is, ill syst('llls wit.h impat ient custoll1ers, tht' EDF -l'Id(' (ErlI'litl~t. J)('adlill(' 

First) opt.illlizt's a varit'ly of obj(,ctive functiolls [:3J, [I:1J, and [!l7J. St'(l abo [HfiJ. 

ThCl't' is very Iittlc \\'ol'k on thp schedliling probl<'1lI in I\('t.works of qll(·II(·S. 

Bounds \\'e1'<_' obtaillcd ill [60] for the minimum IOllg-1'II1l aV<'J'agC' cost. ill a 1\f't.woJ'k 

version of K li mo,,'s 1110d(·1. A J't'fonllulation of the cost fu ndioll was IIS('c1 1.0 (Jt.vist' 

a !lt'uristic illdpx l'lIlt' \\'host' 1wrforrnancc is cvaluated hy the hOIl IIe1S. 

The' ~o- call('d [J,.OWIIÙ", llclwo,.k ([29], [30], [:31]) is a lwavy traffie approxi­
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lIlal iOIl 10 il 1111111 i dilS~ qm'lI('ing network with dyn?mic scheduling. The model 

WilS ilpplie·c1 ill [:11] 10 il Iwo station c10sed nctwork in heavy trame; the objective 

is 10 sc 11('c!lllc' 1 Il(' two sc'rvel's to rnaximize the long-run average throughput of 

t11(' JI('I wurk, 'l'II(' hC'a vy -t l'affie sol ution is used to devise a good sequencing under 

Il''is 10é1C!c'c! f'OlIditiollS; tlais sclH'dtlling is a st.at.ic priority rule at each node. 

1.2.2 Flow control 

'1'1)(' lIIaill t Il('ol'l'tical l'e'slIlts on dynamic flow control concern the optimality 

of switcll ('lll'\,c' policips. A s",itch-curve policy is characterized by a surface in 

stalc' spa('c'; a IWU' ta~k is éldmittC'd if and only if the state at the time of arrivai 

lic's bc'Ic)\\' 1 hc' sUl'face' ([Hl. [23]). \Villdow policies, which are used in practice, are 

( t.I\I' :,;jlllple·~t ('xcllllplf's ([,12]. [88]). These l'esults estahlish the monotonicity of the 

Stll fae (' de·flllÏlIg 1 h(' bOlllldary bdwcen the acceptance and rejection regions; this 

(,(>Jlfil'llls t III' illt lIil iOIl t.hat. if il. is optimal to aceept an arriving task in a given 

~Ial(', 111('11 il ~holJld hl' optimal also to accept this task if one (or more than one) 

trlsk is le'1I10\'C'd t'I'OIll 1 II<' syst('m. 

III g(·lle·l'al. tlll' ('ost./h(·nefit structure involves waiting cost-rates for jobs al-

n'ady i Il t hl' sy~1 ('111 and 1 ('wards for cach admitted task. This structure reflects 

t 1)(' filet Il .. 11 dc'Iay is bad and 1 hat throughput is good. The objective - to max-

i lIlize' ('il 11('1' 1 II(' ('XIH'('j ('d d iscoun ted benefit over finite or infinite horizons, or the 

IOllg J'lili a\'t'I'agc' IWlldit -- amounts to characterizing the tradeoff between delay 

( alld thl'OlIghpllt. 
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For a Il i\I /.\1 /1 qUf'II(" the> admission poli('y rnaxlIIlIzlIIg IOllg- 1"1111 il\'('ral!,t' 

bendîts, wit.hin the' dass of t.hreshold policies, \Vas obtailwd ill [5(iJ. A t,lm'shold 

tyP(' poliey adrnits a job only if the numbcr alr('ady in qll\'lIf' i8 8I11all('r t "dll 

t,\w thr('shold. Extensions to CI/M/l and CI/Mje qllf'Il('S art' fOUI1(1 ill [~!l] and 

[90] wlw\'(' tht' rC'strict.ioll to thr('shold policie's was shown 10 h(· wit.hout loss of 

optimality. 

The Indllrt ive Approaeh has hccn appIicd to a vari(,ty of S<'lIIi Markov 1>(.­

ci sion PI'O«'ss fOllllllléltiolls of t\w f10\\' eontl'OI pl'01>If'III, [2:IJ, [.liJ. [.ISJ, and [il]. 

The 1Il01l0tollicity pI'OP('l'l.y of fillitc--horiwn optimal now cOIlt.rol:.. cal'l'it's (,\,t'\ 10 

iufînit.e- hOl'izoll alld long-1'I11l average prohl(,l1Js hy gf'IlNal re'sults of t.ht· t ht'ol'y 

of semi-~Ial'ko\' J)('cisioll Proce'ss(,s [.\5J, ['16]. 

Th ('l'(' arc cases wh('l'(, it is difficult to der ive 1l10Ilot.onicit.y 1'1'0111 t.11t' t1yn,lIlli( 

prograllllllillg optill1ality ('«uation and induction, [61J. Th(, Lill('al' Prog!'illlllllin,l!; 

App!'oach illtl'Oduet'd in [61J, and lalc!' gClleralizcd in [SOJ is an a\t,Plllat.ivc' tt'('h­

niqut' appli('d with l'IUC(,('ss to él wide val'iety of 1II0<\('ls in [80J. St't' also [ltl], [1\ 1], 

and [,19]. 

The dYlléllllic f1o\\' cOlltrol prohlem is formulated in [1\2] as a ('onst.railwd 01'­

tilllizatioll probl('lII. TIlt' obj('clive is to Illaxirnize the' f'xpeLl,(·d t.hrou.e;hput. of 

an J/ / M /1 qlu'ue in cquilibrilllll, subjcct t.o a bouml on tlH' avc'rag(' d('lay alHl 

a bound 011 t II<' maximlllll <tdmissi ble offf'f(·d--Ioad. This is c\ol'lply f(·lat,('d tu 1.11<' 
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Ill,IXillliziit iUII of 1 II(' IOIl~ 1 li Il rlverage net berwfit. The opt.imal delay /throughput 

t 1 arl('off i.., <I( Ili('\'(·rI by il 1 anclolllized wiudow f10w control; randomization is Ileces-

..,,1 l'y ill III(' willdo\\' IJOlllldary 10 achi('ve the (klay constraint exactly. The analysis 

~('JI('I ,diz('''' 1 0 ,li /,\/ / 11 q"('IH'S and to uetwol'ks of queues ([43]. [44], [59], [88]). Dy-

IléllIll( flo\\' ('(mllol fol' d('lay-ccjllstrainccl multipacket messages is also studied in 

[:n]. 

1.2.3 Sch~duling and ftow control 

TIt(, joillt 01'1 illlizal iOIl of scheduling and input./output. rat.e control in a multi-

das~. sillgl(' S('('\'('I' qlU'lJ('. with linear holding costs is consiclered in [12] and [87]. 

TI\(' W' 1'111(· i:. :.!tO\\'1I 10 llIiuilllize the expeded discounted cost over an infinite 

hOl'iZOIl wl(('11 1 1((' input. éllld ouI put rates are bounded below (throughput require-

nH'lIl) 1IIId ,d)()\'(' (capiH'il~' r<'quirement) respectively. Since there is no rcward for 

S('l'villg il 1 a.., 1.;. il i~ 1101 sllrpri~ing that discounted costs are minimized by setting 

11((· inpllt lill('s ('qllal to th(·il' lower bound. In our setting, the flow control must 

d('cid(' \\'111'1111'1' 10 ,H'('('pl 01' J('ject jobs upon arrivaI; this decision is based on the 

J'('wal'd hl'OlIghl to the sysl<'Jll h)' the admission of the arriving job, compared to 

1 Ill' (\(,cI'Il<'d \\'élÎt illg ('ost l'('snlting from this admission. 

W(, !ta\'(' ~('('II ,Ih()\'(' Ihal the Ilc-rule is broadly optirnl\l in multi-class single-

S('I'\'('1' «11('11("'. pw\'idt'd 1 !tat t he input process to the queue is unaffected by the 

01 d('1' of S('I'\ in'. III t 1)(' PI'('S<'I1(,(' of flow control, the powerful results from the 

( t Iwol y of halldit I>I'O(,(,SS(,S ar(' not directly applicable. It is shown in [75] that the 
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1/(' l'ulc' i:-. IlOt g('Il('rally optimal in I1llllti--dass ,li/Mil qlU'lU'S with finitc' S('paJdtC' 

l>urr(·l's f()) <'é\ch class (a f01'l11 of f10w control), 1I00\'(,\'c'r, t lu' flo\\' l'Ont roi ill [ït")] i:-. 

not opt illl.d, WC' show hc'\'(' that the 1'(,-l'lIle is Ilot gC'I\('rally opt 11llal ('\'C'II wllC'll 

I>ot.h scl\('c!uling and flo\\' cont roi arc Opt.illlized togptlwl'. 

Schedulingall(1 rio", cOlltlol a\'('optilllized togC'l,ht'r in [82], whc'J'(' th .. BJ'Ownl.1I1 

Il<'t.\\'ol'k approximation is appli('d to the dy"amic sche<!lIling of ri 1I1\11ti c1a:-.s t Wo 

:-.tatioll 1}('I\\'Ol'k \Vith colltrollahlc' inputs, This mod('1 incorporc\!('s hoth inpllt .Ind 

:-'C'qtJ('llcillg d('cisioIlS, Th(· sC'(l'l<'ncillg d('cisiolls sJ)('cify, al. ally t iulf', which d.lss 

of job" 10 I>IO('('S:-' cl t .. ac h ... tilt iOIl of t 1lC' l\I't \\'01 k, 'l'h('I'(' i:-. _\II ('111111':-''' 1 ilw (If jobs 

\\'aiting 10 gain (·IIt.I)' illto t Il<' lI<'1.wO! k, 'l'II(' proportioll of johs of ('rlch type' ill t.11f' 

waiting lill<' is PJ'('-bpccifi('d and det('l'mines t.!w ordpr ill whi( h jolis .If(' adlllitt('d 

illto tll(' lle·l\\'or\.:, 'l'II(' l'ole' of illput control is to dd('rlllilJ(' tllC' timillg of Id(·.ls(· 

of th .. job .11 Ill<' lJ('ad of t!te waitillg lill<'; t11<' inp1lt control 1:-' Ilot allo\V('d to 

:-,('IC'ct t Il<' r1ass of ( IIstOI1j('1' to admit IH'Xt. T!tlls t!l<' sdnp ill [~~l c1iff('! s 1'1'0111 t11<' 

dassical dynélmic Ho\\' control problcll1 in network of q\l('II<'S, wlwJ'(' the' d(·( i:-.ioll 

option is wlwtlw)' to ae('('pt or l'cject jobs at arrivaI (·J)()ch:-., Both tYI)('s of flow 

cOlltrol <11'(' ('()Ilsid('l('d in t his t hcsis. 

1.3 Thesis overview 

111 Chapt('r 2, \\'(' propose a multi-class, singl(!--~('rver qll<'\I(: iI'i a simple' 1110(1<·1 

of a sy~telll \Vith combi!l<'d now control and scheduling. Tlj(' ratiollal(' for ollr 

choice of lI10dcl is disclIssed. A cost/bcnefit ('collomic strllct tll'f' IS ddilwd 1.0 
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(<lpllll(' 1111' (leHI('oll' 1)('1\\'('('11 cJplay and throughput. We derive the dynamic pro-

p,1 fllllilli 1Ip, opt i (Ilalil y ('qllation which charactprizes the flow contro! and preemptive 

S('( vi( (' poli(')' whicIJ (og<'lllC'( llIinimizc the 10llg -l'un average nct cost. We show by 

("\<IllIpl(' 1 b,lt t 1)(' I/r III'" is Ilot g('Jlcrally optimal in the presence of flow control, 

('\'1'11 ri !'>c1l1'dlllilig ,,"d f10w cont 1'01 ,ue optimized together. We show further that 

11((' 1/ l'III/' (SE.JF 1'lI1(,), to which the ILc-rulc rcduces when the waiting--cost rate 

(' i~ illd('p(·lIdl'lIt. of joh dass, is strictly suboptimal when flow control takes the 

fOrJll of ~('péll'éll/' blllfc'ring fol' paclr c1ass. 

III Chaptt·( :J, \V(' cOlIsidcl' t.he special case in which there are only two queues, 

of \\'hich Ollt' is satllratt'd. When waiting cost-ra~es and user fecs are class-

( ind('I)('nd('(II, \\'(' show t bat the optimal policy combines SEJF scheduling with 

il 1 hrc'shold type' f10\\' cOII(.l'ol; in particular, t,hat the Jl-rule recovers its optimal-

il.\' (>('()\'id"d 1 hal t Ill' now cont.rol is simultaneously optimal. 

'l'Il(' IlIO('(' g('II('l'al case' of 1.\\'0 independent Poisson arrivai processes is consid-

(.('(.<1 ill Chapl<,l' ,1. An ('xle'nsin' computat.ional investigation suggest.s that SEJF 

('('III<liIlS opl IIlle,1 wl](,11 COli phi to simultaneously optimal monotonie flow controls. 

Il .. 1:-:0 J'("'(""!,> thal Ill<' optimal admission policies have a simple form. Assuming 

SE.JF st'I'\'i,,', \\'t' ~llo\\' thal l'cstricting the opt.imization to the class of threshold-

I."pt' poli('j(,o.; or 10 tl)(' clelsS of window policieR is only slightly suboptimal. 

( Ex ploi t j IIg t h(' sim!> 1(, f()1'1ll of the jointly optimal flow control, a steady-state 
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approxilllèltioll is deri"ed ill Chaptel' 5 for ll11111i- class <jlleu('s tlIHkr SE.JF scl\('dlll­

illg élnd 1l101l0tonie 1I0w control. The approximat ion gn'atly silllplifif's t.h(' COI1\­

putation of' the 1)(,8t thrC'shold- type flow control. The rohust.n('ss and acclII'dcy of 

t.his approximation arp evalllatC'd hy comparing pel'fOnllatH'(' wit.h truly opt.lIl1al 

flo\\' cont.rols. 

Extensions t.o morC' than two job classes ar(' consid('l'C'd ill Chapt,('1' 6. 'l'Il(' 

application or a \'éI ri ct Y of techniques to prove the optimality of SE.JF wl)(,11 ('0111-

bined \Vith joilltly optimal flo\\' controls is invcstigaü'd in Chapter 7. SOIll(' or th('s(' 

techniques al'(' shown 10 fail ill our set.ting" the unexpcdcd difficlIlti<'s ellcolIlIl,c'rC'd 

i Il t hl' a pplicéI 1 ion of' 01. hers Ilwt hods are discIIssC'd. 

Chapt{'r 8 ('onsiders few ge-l1cralizations of OUI' basic mocl(·1. SE.IF app('ilrs 

to l'cma in opt imal w 11<'11 the- alTi val proccsscs are Markov- Ml)(lula ted Poissoll 

Proccsses (l\I~IPP), rathcr than simply Poissoll. SE.JF also S('('I\lS 1.0 1)(' optilllai 

at the s('colld nod<' or a Ilctwork of two Iflult.i class M /1\1/1 <l1I<'II<'S in t<lIlc!('IlI. 

In both cas{'s, the (,oITespondillg optimal flow controls are monotoni<, 1)\11, with cl 

more complC'x fonn than in the> case of a simple !VI/ M /1 system. 
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Chapter 2 

A multi-class 

single-server queue 
with dynamic 
flow control 

and scheduling 

Tlae pl'ohlC'tn of simllltaneollsly optimizing flow control and scheduling is for-

1II11lat('d for a singlp-sen'er (Iueue. The dynamic programming optimality equation 

charactel'izing t.he optilllili policy is obtained and used to establish that the IlC-

l'Ille is Ilot opt.imal in gel1 ('l'il 1 in the presence of flow control even if scheduling 

<Incl no\\' collt.rol art' optilllizC'd togct.her. 

2.1 The model 

0111' st,udy of t.he joint dynamic control of admissions and service order in 

<llIeUl'S is has('d 011 Dynélmic Pl'ogmmming. We chose a simple Markovian setting 

f('at millg il singl<' SC'J'\'('I', 111 jol.J clilSSCS, where m is an integer biggel' than one, and 

pot.ent iéllly IIl\limit('d buff('l'ing. The arrivaI processes (one for each job class) are 

illdt'!)('lldellt and Poisson; s<'l'vice times within each class are iid and exponentially 
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distributc·d. ]>('l'forlllanC'C' is lllC'asl\I'cd by the volume of carri('(l t rani<- ill ('a<'ll d,ISS 

alld by the c1ass-d('»endellt ll1C'an delays. The goal of th(' syst('111 df'sign('r is 1.0 

achievc a favorable trac!corr among these variahlC's by apPl'Opriat.ply s(·I(·c!,inp, t.h(' 

admission cont l'olier, which disC'ards jobs on the basis of c1ass and of ndwork 

congestion, and the schC'c1ull'l', which decides to which c1ass tl\(' s(,I'\'('r should 1)(' 

assigned. We assume that s(,l'vic(' is pre('mpt.ible, so that, thl' sdwdul('r rl'visf'S it.s 

dedsiolls continually, and that service of a preempted job rf.'SUIlWS at 0)(' poillt. of 

inte1'l'uption. \Ve aSSIIIlH' also that remaining service times are ullkl\own 1.0 t.!w 

system; the informat ion a\'ailablc to the controllers is t.hC' f('corcl of i1l'1'ivals and 

departurcs (by dass) to t.he prl'sent time, and thus, in particlllar, thl' IIlImh('I' of 

- jobs of each c1ass ill t Il(' system. 

The mult.i-dimensional p('l'formance measure is reduced to a single scalar index 

in the llsual way, by supposing that the system is rewarded for cach joh 1>1'00':-;:-;('(\ 

and penalizC'd fol' tlle' dC'lay iltC'ul'I'ed. The efficacy of a particular ('olTlprOlllisl' 

between throughputs and dC'lays is ITIcasured by the corrC'spondillg nC'l ('ost. late 

(the negati\'c of the l1<'t inmll1e l'ate) - the differencc bctwcen t.he averagp rate 

at which 1l100Wy leaves ill thf' form of compensat.ion to jobs which wait., amI OU' 

avel'age rat.e at which 1'C'\\'é\l'ds accrllP due to the entry of new johs. Wc' aJ'(~ 

intcl'csted exclusivf'ly in stC'ady-st.al(· behavioul'j the avpragcs r(~fel'rc'd 10 af'(~ with 

respect to thf' station al',)' pl'ohahilit.ics induced by the choi<'C of (·ontrol. Th(~se 

stationary pl'obabliti('s c'xist. in ail hut degenerate instances of our problern. 
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· Eadl joh c1ass is thus chal'arlerized by its mean arrivaI rate (prior to control), 

\ 
it.s S(" viel' cOlllpl(·tion l'atC' (tlw invC'rse mean service time), the reward to the 

sys\'('1II fol' ('(tch job proc('ss('d and t.he penalty for delay. We assume, regarding 

Ut(' laUer, t hat the IWHaity is lim-ar in delay. The parameters for class i are.Ài (the 

éll"l'ivéll rah'), Iii (t.he s(,l'vice complet.ion rate), Ti (the reward per job processed) 

alld ('/ (Ut(' penalt.y P('I' job pel' second of delay). The effect of the choice of a 

paI'Î,;"lIlal' control 7r (a combination of an admission controller and a scheduler) is 

('XI)J'('ss('<! t.hl'Oligh the nu'an througltputs "Yi(1r), the mean occupancies Xj(1r) and 

t.he lIu'all J('lays Di( 'Ir) associatl'd in st.eady state with the job classes indexed by 

i. TIH'sC' an' well-defincd and fiuite whenever the Ci are strictly positive, which is 

t.he situatioll of illtcl'(·St.. They are rc1ated by Little's Theorem applied separately 

( 1.0 eélch cla ss: 

(2.1) 

implicit in ihis is the convention, on which we comment below, that the delay 

iIlCIIIT(·d by a job iu its sojoul'll through the system includes service as weil as 

wait.ing t.in\(', and t.hat the orcupancyof class i includes the job (if any) in service 

as w<,11 as t h(' jobs in qupuc. 

'l'Il(' pC'l'fol'lIJance of the control 7r, relative to the reward/ cost structure defined 

by t.ht' t'i, Ci, is given hy 

(2.2a) 

m 

( = L 1';( 1r) (CiDi( 11") - Ti) . 
;=1 

(2.2b) 
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It is this qllantity which is to hC' miniJ1lizC'd by opt,III~;zat.ion of 'Ir. In \'ip\\' of 

t hc pl'cemptive-I'CSlIllW charader of t.he service disciplir,C' and 1 hC' 11l(·lllol'yh·ss 

pl'op(,l'l)' of tlH' intC'r-al'l'i\'al and sC'rvic(' Ume st.at.istic .. , t.ht' optimal 7r is rOllnd 

alllong t!Jose sll'atC'gie's whose action at. time t dC'pends sol('ly 011 !.IJ(' oCClIpallci('s 

Xi(t) of the' diffcrC'llt c1assC's (St'ction 2.2). SlIch 7r, said 10 Il(· .~/all(m(II'.'J alld 

AlarJ..·Ol' ([85]), give l'ise' to occupancy »l'Ocesses X(1I')(t) = (X~1I')(I), ... , x!,7)(I)) 

",hich arc IVlarkov. This ohst'I'vation, and the fact t.hat the t'Ost. ratC' 1'(71") for 

stationary ~Iarko\" 7r is jllst t.he slcady state mean of some memoryl('ss fllllet.ional 

.f ( 7r, X( iI') (1)) of 1 1)(' OC('II pancy process, togetl)('r place tll<' 1>1'01>1('111 of opt.illli;.:ing 

7r wit.hin the purviC'w of 1 II<' t h('ory of Markov Decision ProC<'s~ws and DylléllllÎC' 

Programming. 

Remarks 

• The asslllllC'd prcempt.ihilit.y of service simplifies the statc dcscript.ioll. In 1II0<l('ls 

wit.h prccmpt.ion, t.he o('cupanc)' V(·etOI' X is Markov --- in fad, ail 71l- dim('lIsiollal 

Birt.h-J)cath process. III llIodels without pl'ccmption, X is ilOt. Markov; il. ("<111 

be made Markov by adding a cool'dinate to idcntify Uw class in s('rvic(' al, t1u' 

prescllt. tiuw, or by slIhsélmplillg at dcpal'turc instants, in wllÎch case t1H~ Birth 

Dcath prop(·rt.y is lost. 

• The J))'cC'll1ptible v('J'sion of tll<' J>roblcm is less constrained, and therefor(! a 

more favorable sctting in wllÎclJ t.o evaluate the rncrit of dynamic control, than 
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t1H' 11011 ))J'('('mptibl(' 011<'. The performance figures cited in later chapters are thus 

optilllistir. II. will tH' 8('('11 that there are ranges of parameter values in which the 

~aills duc' t.o Sc!)('dlllillg ôJ'(' marginal; this will be so a fortiori when the service is 

11011 - pJ(·(·mpt.i ble . 

• 011 .. pl'illlcH'y practical intercst is in packet-switching telecommunication net-

wOl'ks. ",h('1 (' the notion of "service" is identified with transmission on a physical 

challlld. Pa('k('t trauslllissions are usually (but not always) non-preemptible. But 

1 he' (·ut.il i(·s, 01' jobs, sllblllitt<,d to the network by its subscribers are not packets, 

but. II/{ .... "" .• J" ..... which Iypically al'C' aggregatcs of packets. Viewed from the mes-

sage I('"d, s(,I'"Ï<'e in a packet network is indeed preemptible -- with preemptions 

« J'('strid,('d 10 padœt boundaries. Our model can be thought of as an idealized 

pack<'l. mull iplexoJ' ill which packets are illfinitessimally sma!l, or at least very 

nlll('11 8hol'l('1' thôn mess •. g('s . 

• The J'('ward/cosl. st.rucl ure in the model assigns cost to deii'l~' (waiting time 

pins seJ'vic(' tim(') l'atheJ' than to waiting time alone. The two options are not 

Njui\'éd<'lIt. III (·itllt'J' case ther<, will be a bias (depending on the rewards and cast 

l'at('s) against admittillg long jobs. Choosing delay, rather than waiting time, as 

1.11(' lIll'ilSlll'(' of gra<!<,--of-s('rvÏ<'<" l'C'inforces that bias. There are no constraints in 

l!te forlllulai ion of 1 he opt imization problem to ensure minimal levels of service 

fol' illdi\'idual US(·I'S. 'l'lU' \'olulll<' of traffic admitted into the system from each 

;( 
... dass is what.evC'1' lIlak<,s the op<,ration of the system most profitable . 
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• In the ilbsencc of f10w control, <lday Dj(7r) and backlog x,(7I') an' ('quival.'lIt oh-

jl'ctive funet ions, differing only hya cOllstant seale fador -- th(' c1as~~ -; arri",t1 ra .... 

III the present case, the scale factor itsclf is suhject t.o opt.imizat iOll, NOIwt I!t'Iess. 

the l'quivillc'neC' bctwe('n (h'lay and backlog persists, in tilt' following S('IIS.', Say 

that control 71' is optimal for gi\,(,1l r = (q,1'2" .. ,Tm), C = (CJ.('~" .. ,cm) if éllld 

onl)' if 7r llIinimizcs the ('Ol'l'('spollding cost rat.<' v('). Say that 71' is allmi,"i, .. ,blt' if 

and only if there is 110 ot.)l<'r control 71" satisfying 

for ail " wit.h at I('ast 011(' of the ine(IUalitics strict, it heing IIncl('rst.ood t.hal. 

Dj{7I') = 0 whenevc'l''Yj(7r) = O. The daim is that ail optimal controls al'(' admis­

sihle. 

The daim is pl'Oved by ohsel'ving that each c1ass-i job admitt.cd 1,0 the systelll 

brings a Bet l'c'wa1'd l'quaI t.o 1'; - cjd, where (l is the corrcsponding dday, and t.hat 

strict posit.ivit.y of 1'; - Cid is Il ('C('ssary (but not sufficiC'nt) for admission. Sn if 7r is 

opt.imal, t.ll<'n fol' e\,('I'Y i eithel' 1i(7r) = 0 or l'Ise 7', - CjJ),(7r) > O. It. follows frolll 

this, for 'Tr' satisfyillg the inequalities above, that v ('Tr,) :S v(7I'); st. ri ct, inelluality 

in any of t.he above would imply 'li (71',) < v(7I'), violating the assum,.d optimality 

of 71', So 7r is llecessarily admissi hic. 
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2.2 FormaI description of the Markov decision problem 

'J'II<' pO(llllatioll 1)I'oc<'ss X( t) dcfined in Section 2.1 evolves as follows. Po-

tl'lIti.ti t l'illlsitiollS ill X(I) occur at arrivaI and departure epochs. Whenever the 

poplll<l t iOIl l'I'OC('SS e'lIte·I'S stat(' x an action a is chosen. The cost to the system 

1'01 :,(·I(·('tillg étctioll a ill st ate' x is I\(x, a). After an exponentially distributed 

alllOllllt of t ilJl<', \Vith péll'élnwt.('r -'(x, a), the population becomes y with proha-

hility ]J(x, a,y). lJpOIl c/ltt'I'ing st.ate yan action is taken, the corresponding cost 

is iIlClJJ'J'(·d, alld the' PI'()('('SS (,olltinues. 

'l'II(' ad.ioll a is ail (m + 1) t.uplct 

a=((q,a:l, ... ,am+l)E {O,l}m X {1,2, ... ,m}. 

'1'1)(' compolwnt (Ii, 1 ~ i ~ 111 indicates whether a type-i arrivaI should he 

ét('('('pt<,d (ai = 1) or rej('cted (aj = 0). The last component, am+l, indicates what 

type' (JI' CllstollJ('r is giVC'1I priorit.y for service - type i, if am+l = i. 

'l'rélllsitiollS occur at rate 

m 

-'(x, a) = L ai-'i + Jlamtl I[x ::f 0] 
;=1 

\\'11<'1'(' 1[.] is the illdicator fllnction. The transition prohabilities are 

{

,\;/,\(x.a) if y = AiX, ai = l, 
p(x.a.y) = 1 ~ i ~ m, 

JI;/,\(x, a) if y=Djx, am+l =z, 

(2.4) 

(2.5) 

alld IIJ(' l'ost. K (x. a) is t.ht' C'xpected net cost until the next transition, that is 

, ex m 
/\ (x. a) = ~( • -) - L rjP(x, a, Ajx), 

"x,a j=l 
(2.6) 
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where 

(:!. i) 

and AiX, DiX, arc the population v<,ctOI'S obtained from X by adding 01' (h'ktlllg 

a typc-i eustolller. 

A polie)' 7f' speci fies t.h(' cont.rol applied at each time inst.ant. t. L(·t A,(I) 1)(' 

tll<' numbC'1' of arrivaIs in [0, ,] in a Poisson process with rat.(· Àj, 1 :s 1 :s "', 

and let X(7I')(l) = (.\·f1l')(l),X~1I')(l), ... ,X!:)(t)) d<,not.e th ... population pron'ss 

under poliey 7f'j X(7I')(.) is lak ... 11 10 be left-cont.illuous. V}.'r)(X(}) st.ands for t.11t' 

net. cost. é1n'ull1ulal cd during 1 h(' int.erval [0, Tl wl)('n the init.ial haeklog is XI) = 

(.l'},O,.1'2,O, ... , ·1'1/1,0) and tl)(' poliey is 7f': 

(:!.8) 

where Exo dellotcs exp('cI al ion with starting backlog xo. The goal is t.o det('l'Il1irw 

the policy minimizillg t he' élsymptol,ic cost-rate 

1 (71') 
lirn sup T v'r (Xo), 
T-oo 

where lim Slip is llsed 1.0 ... I1SU)'(' 1 Il(' existence of the Iimit. 

(2.B) 

In a series of papers ([GJ--[9]), Borkar has studied the control of Markov ('hains 

ullder loug-rull aV('rage cost crit<'rion. The basic assumptions he introduced were 

deviscd to cover average cost opl irnization in queucing networks. TIJ(' k ... y assurnp-

tion is that tilt' cost-rat(' fundioll is a non-negativc, unbounded function of the 
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sUd,(', li (,olldition whid lIslially prevails in queueing models. The assumptions in 

[li] aJ'c' tJ'ivially verific'ô in the present context. 

Frolll gelH'ralresults ill [6], the optimal policy minimizing the asymptotic cost­

J'atp (2.H) is stat.iollary, non -randomized, and Markov. Moreover, the optimal pol­

ie)' is 'iJ)('('ified by the avcl'age-cost optimality equation of dynamic programming. 

Fol' il ~tcltiollal'y Markov poliey l, the population process X(f)(t) is a Markov 

JU'O('('ss 011 si at,(' Spél(,{, 

.5' = {x = (,l'],J'2, ... ,xm)lxi > 0,1 ~ i < ml. (2.10) 

A 11011 J'ilndomi",ed staliollary Markov policy f selects action f(x) whenever the 

j>J'occ'SS is in st,at(' x. A stationary Markov policy induces a Markov process with 

IlWélll sojolll'll t,illl(' 1/À(x,/(x» in state x. 

U llifoJ'lIIiza lIon is a dcvise which converts a continuous-time Markov decision 

j>l'Obl<'1II int,o olle fol' whkh limes between transitions are independent of the state 

and of t.ht' action t,aken. This uuiformized process is in turn easily shown to he 

('(jllival('nl 10 il contl'ollC'd Markov chain ([36], [67]). Uniformization of a controlled 

~Ial'kov pt'oce'ss alllollllts 10 ohscl'ving the system at each tick of an exponential 

dock wllÏch J'lIIIS l'aster thal1 the pl'ocess itself. Therefore, hetween two successive 

t.l'é\lIsitioll ('pochs of the original process there will be many dock ticks which do 

not COI'I'('sj>olld tü il transition cpoch of the original process; these are referred to 

as false or j>otC'ntial transitions. and have no efTect on the evolution of the process. 
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For om probl('IIl, lI\(' uniformized clock l'at(, (also cal1('d t,1U' total ('\,('lIt rate.) 

cali he take'll lo bl' 

III 

A = EPi + Jli)' (~.II ) 
;=1 

Let TI.: d(·lIot<· the S('qllC'IH'C' of clock ticks. Fol' a giv(,11 stat.iollary polky I, 1<'1 

x(f)(I) 1)(' the ulliformized l\'larkov process. \Vith initial stat(' XII, Ul(' (·XIH·<'tc·d 

lH't cost 0\'('1' tll(' firsl 1/ clock ticks (the horizoll) is, 

(2.12) 

Applying g('lleral r('sttlts from [6], we have that 

(2.1:1 ) 

and therc is a ulliqu(' solut ion y, v(x) to the average-cost. optimalit.y ('(Illation 

ex _ y 111..\. 
v(x) = A + ?: ~ min {11(A 1x) - ri, v(x)} 

1=1 

{
Il ' l'} + fl1 ill A' v(D,x) + E AJ v(x) . 

1<I<m '..J.' - - 11-1 

(2.1 ~) 

The statiollal'y poliey dC't('rmined by the optirnality cqnation is optimal, and tll(! 

scalar y is the' lIlinimum average cost pel' unit of lime (indepcndent of the st.art.ing 

state); thal is, 

9 = inf Iimsup I
l
, V~1r)(xo). 

'Ir T ...... oo 
(2,1:;) 
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'l'lU' so ('alh) J'('lativ(' vahlC's v(x) can be interpreted as the expected first­

passagc' co:-,\. fl'olJl statc x t 0 st ale 0, assurning that the optimal policy is applied 

alld \.ltat. III(' Iioldillg cost rate in state x is cx - g. 

2.3 Computation of the optimal policy 

Poliey itel'atioll is an algorithm which uses the average cost optimality equa­

\.ioll 10 pme/uf(' a seqlwlH'C' of policies with decreasing average cost ([77]), At 

('(lch st.c'p of \.11<' algol'il la 111, policy-itel'ation impl'Oves the current policy, that is it 

ddc'l'll1ines a polic)' \Vil h smaJ/f'1' average cost per unit time. The policy-iteration 

algol'ithlll conV('l'ges at't.C'1' a finite number of iterations to the optimal policy min­

illli~illg t.1J(' IOllg -l'lill aVNagt' cost. The algorithm is found to he very robust and 

1.0 ('OIlVt'l'gc' V('l'y fclst in sp('cific applications. 

Ali applicat ion of policy-itf'ration to determine the jointly optimal flow control 

alld sdu'dllling i 1\ OUI' lllodC'll'equil'es that we truncate the countably infinite multi­

dillu'lIsiollal state sparc. \\Te arc guided by known results on the optimal flow 

('0111 roI of qllC'lI('illg syst.C'llIs wit.h a costjbenefit structure similar to ours; these 

J'('slllts collfil'Ill thl' illtllitioll that the number of jobs in the system should not 

tH' allow to gm\\' inddinitC'ly. Thus we apply policy-it.eration to the truncated 

lIlul! i class single -S('I'\'('I' qll<'lIC in which a finite buffer of length L is availahle to 

t he' (,Ollllllllllity of III job-classes. The state space for this truncated queue is 

SL = {('l'f. ,1'2 ... " J'm) E SIJ'l + x2 + ... + xm < L} 
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The' bOllndary 'h of SI. is the' Sllbs(,t of states (.f). ·1'2, ...• . 1'fII) for whiclt .fI + 
... ' 

.1"2 + .. , + .1'/11 = L. tlli\t is for which tht' bufrt'r is full. Tht' opt imal policy if?' 

minimizing the a\'t'I'agt' cmot for tlH' tl'Ullcatt'd <lIIPUt' is 1.1)(' n'striction to ,";/. of 

the opt.illlal polky 'Ir?1,' for tlU' infinite <lue\l(', provided tltat t.ht' <l<lrnissioll Ic'~ioll 

tl\{' ~\Ihs('\ of ~tat('s (:q,.r2"""l'l1I) E SI, in which 7rt' adlllits il 

typC'-i clIstOJllcr for SOIllt' 1 = 1,2, ... , ln - do('s Ilot t.ouch t.Jl(' hOlllldar) 'h. This 

fol\o\\'s 1'1'0111 th<, observation t Itat a solution g, v(x), to t1lC' t.nll\célt.t'd vt'n,ioll of 

the optilllalily t'<fudtioll (2.11), spt'cifying a policy not touchill,!!, tl)(' hOIl Il d<ll'Y. 

can hf' C'xlt'I\(kd 10 il solutioll of t.J\(' original (Ilot t.runeat('d) optilllality (·<tIl,II.i()n~ 

ind('cd, valll(':; of u(x) for lljJJU1' stat<'s outside t1H' admission ('(',!!,ion dq)(,lId only 

on valut's of t'(x) at IO/N /' st ate's, and can thus I)(~ (!<·fille'd f('('lIlsiVl'ly frolll t.J\(' 

dynamic pl'Ogl'élllllllÎ ng opt i ilia lit y t'qllation. 

Each itC'J'ation of the polie)' improv(,lTIent algorithm r('quires 1.11<' SOlll1.ioll of 

a system of Iinear cqUelt iOlls. This system of equations is spars(' hy natll(,('. TI\(' 

SPARSPAK package [22] was us(·d 11\ our programs. 

2.4 Is the II<:.-rule optimal? 

As lJl('nt.iOlwd in Chaptt'r 1, the Ilc-I'ule is optimal in a large' claSH of modds. 

In the absencc' of flow ('ont 1'01, the Ilc-I'ule is known to rninimiz(' UJ(' IOllg 1'1111 

average cost ill our llIulti-c1ass single sel'ver queue ([11]). The proof hinges 01\ the 

illdependcll(,(, bet W<-'<'II s<'I'vÎce orcier and arrivaI proc<,ss. 
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'J'b,ll l/u' IlC 1'11/<' i" 1101 p,enc'rally optimal in the presence of input constraints 

wa~ fll:-l ol)~('lv('d ill li!)] wlwl"(' the pure scheduling problem when only fini te 

~('/)éll"al(' IHlff(·l's éll(' aVélilabl(' is (,1~llsidered. Imposing a limit to the number of 

lyp(' 1 job" ill t.J1<' sys1.('1lI is a particular form of flow control. The question 

J('lllaÎII:- alJOlll tl1(' opl illléllity of the Ilc-rule when scheduling and flow control are 

op1.i/lli,wd t,ogdh('I·. 

Applinl1 iOIl or poliey it('ration l'eveals that the Ilc-rule is not generally opti-

ilia 1 i Il III<' /H'('SI'II('(' of flow cont 1'01, ('ven if the flow control is simultaneously opti-

lIIal. Figlllt''> :!./ tu ~.;J show 1.lw optimal policy when flow control and scheduling 

a('(' optillliz('d togel/t(·1' ill a single--server queue with two job classes with param-

('1 ('l'S: 

111=5.0, 

P1=OA, 

CJ =100.0, 

l'J =800.0, 

1l2=2.5, 

P2=0.4, 
C2 =195.0, 

f2 =800.0, (2.16) 

\\'h(·I'(' Pi = >'1/ll i. 1 = 1,2. In Figures 2.1 and 2.2, • indicates states where 

éldlllÎSSÎOIl is t /1<' optimal action. In Figure 2.3, • indicates states where serving 

tyP(' ~ is the' optimal action. 

SiIlC(' III ct > Il'2(''2, tJl(' pl'f's('nce of states other than (0, X2) where providing 

Sl'n'Îc(' to tYJ)('-~ is t.I1f' opt.imal act.ion, shows that the Jlc-rule is not optimal. 
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• • 
• ••• • ••• • • • • •• • • • • • • • • • • • • • • 

J'2 • • • • • •••• • •• • ••• • • • • • • • • •• • • • • • • • • • • • • • • • • • • • • • • • • • •• • •••• • • 
0 • • • • • • • • ••• • •••• • • •• 

0 J'} IH 

Fig. 2.1 Opthnal flow control for class-l jobs. 

• • 
;1'2 •••• 

• ••••• o .q 5 

Fig. 2.2 Opthnal flow control for class-2 jobs. 

• • • • • • • • • • • • • • • • • • • .1'2 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •• • • • • •• 
0 • 

0 xl 

Fig. 2.3 Optimal schedulillg. 
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The millimullI cost fol' th<, selected set of parameters is -1984.5. It turns 

out that t,Jl(' adlllission policy of Figures 2.1 and 2.2 also minimizcs the long-run 

<lw'rag(' cost whcn servin' is provided according to the pc-rule; the corresponding 

a V('rag(' cost is -1980.5 

Wll('n holding cost rates arc class-independent, the lle-rule becomes the 

Slaort.(·st. ExpC'ctcd -.Jol>- First l'ule. The following example shows that SEJF is 

not gell(,l'éilly optimal wh('11 f10w control is exercised by finite separa te buffers. 

'l'II<' sche'dulillg polic)' millimizing long-run average costs for buffers of length 5 is 

shoWII in FiguI'C' 2..1 fol' paramctel's: 

III =1.0, 

Pl =0.8, 

CI =1.0, 

1') =1.5, 

1'2=0.5, 

P2=0.8, 

c2 =1.0, 

7'2 =1.5. (2.17) 

III Figlll'e 2. l, 0 indicat.C's statC's whcre serving type-l jobs is the optimal action. 

TIa(· COI'l'('sponding a\'('l'ag(' cost. is 4.9. The optimal cost is -2/9, obtained by 

n('\,('I' admit t.illg any ty»e- 2 job into the system and admitting a type-l job only 

ÎII ~t.atc- (0,0). 

00000 
000 0 

000 

X2 000 
000 

o 000 0 0 

0 Xl 5 

Fig. 2.4 Optimal scheduling for Boite buffers. 
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2.5 The thesis setting 

In the following chaplc'rs wC' study a special case of the basic 1110<lC'1 d('snilwd 

abovej nan1f'ly, the> case \\'h('n holding cost-rates and admission rewards al"(' dass­

indcpcndent. l\Iinimizing t Il<' long-run average net cost amount.H t.h(·n t.o opt.illli;.t,­

ing the t.1'adeoff bct\\'(~(>n dl'Iay (averaged ove1' jobs (rom ail dass(·s) and t.hl'OlIgh­

put.. 'Wc begin by invf>st igating, in t.he next. chapter, the case of only two qllC'\WS, 

of which one is satul'ated. 
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Chapter 3 
The saturated queue: 
a special case t 

We cOllsidC'r here a. spC'cial case of the model described in Chapter 1; namely 

t.wo ((\lem's, Oll{' of which is satllrated. The other is a. Poisson queue with fini te 

arrivai rat.c'. 

'l'he sctt.ing is part.iclIlar in t.hat jobs from one class are always available for 

adlllission illt.o t.he system. On(' may think of this model as a limiting version of 

t.IH' basi(' llIodcl, in which t.he arrivai rate of jobs from one class greatly exceeds 

hol h t.11C' arrivai rate' of johs from the other class and the maximum service rate. 

Th(, salllJ'élted qU('lIe assumpt.ion amounts to controlling the timing of the 

rdc'élsc' of 1 h('s(' tasks int.o t.he system, rather than controlling whether to accept or 

('('jc'ct Ile\\' élJ'J'i\'als. SlIch an input control, combined with scheduling, was studied 

hy Wc'in [~11 in his Iwavy trame analysis of a two-station network. He showed 

ho\\' ('Out rolling the timing of inpu t s is appropriate in certain specifie applications 

1 The allalysis of 1 his chapt C'r has h<'I?n published in [18] 



such as factory scheduling. 

In this context, wc show t hat the Ile-I'ule is not. optimal in geJ1(·ral. 011 Ut(' 

olher hand, W)WII cost-ratf'S and l'ewards are independent of dass, t.1l<' combillat,ioll 

of scheduling and input ('ontl'O) joinlly minimizing the long-rull aVf'ragf' nd mst, 

is fully characterized. l'Il(' f'ff('cf of the satul'ated qU(>Uf' asslIl11pt.ioll is t,O r('dIH'('c1 

the general two-dinlf'llsional contl'Olled proccss t.o a one-dinl<'lIsional prOf('SS, t.lIIIS 

making possible t1l<' dirf'C't approach prcsentcd bf'low. 'l'he analysis lias SOIll(> 

similarity with Naor's st,udy of an AI/Af/l quelle in [56]. 

3.1 The mode} 

Two strf'ams of cust.olTlcrs dist.inguishcd by t.heil' mcan sf'l'vice t.illl(>s cOfllpd(' 

fol' a single servel'. Service tinws arc exponentially distl'ibllt.cd wit.ll lIIf'allS 1/ III 

amI 1/1''2' Type-l cust.omcrs arrive according to a Poissoll pron'ss at. rat.(· "1. 

Wc assullle ail illfinite pool 1)1' typ<,-2 customcrs waiting out.sicl(' t.!w syst,('1II amI 

immcdiat.({\' aVélilable for adlllission into the qUCllf' UpOIl r('qll('st fmlll Uw f10w 

contl'OlIel'. Each custonwl' of t,ype-i (i = 1,2) pays ''; dollars IIpOIl (·nt.ry int.o t.lu· 

system, alld coll('cts Ci dollars 1)('1' unit of time until its dc>part.llre. WC' st.rc'ss t.hat. 

cost. and l'('ward are associatf'd only to jobs admittcd int.o the <Jlu'ue; ill partÎ<:lIlar, 

type-2 jobs awaiting admission in the illfinit(~ pool do ilOt. contrihllt.e t.o syst.C'tr1 

costs. Similarly. 110 cost is incuued by rcjecting a typ<,-l joh IIpon it.s arrivaI to 

the system. 
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'nie objective is to detC'rminc the structure of the flow control and sched­

Ille wllich joinlly minillli~C' the long-run average rate at which money leaves the 

syst('Ill. 

Silice il typc-2 custoJne>r is always available for admission and sinee rewards are 

collccted Il)>011 cntry, it cannot be optimal, for long-run average cost minimization, 

to admit ft 2-cllstomer unless to serve it immediately. Consequently, for the long--

1'1111 a\'C'rapp cost cl'iterion, tlJ('re will never be more than one type-2 job in the 

syst('III, ('itlwr hC'Îng serYC'd or waiting in queue because of preemption by type-l 

jobs. The> state> spacc is thus 

8 = {(i,j)li ~ O,j = 0, 1}. (3.1) 

A policy specifies at al1y time what type of customers should be provided 

service, and wll('t.her a type-l arrivai sholild be aceepted or rejected. The control 

is a pail' (01,(12) E {O,I} x {O,I}. Thefirst component, ab indicates whether 

a (,YP('··\ arrivai should 1)(' accC'pted (al = 1) or rejected (al = 0). The second 

COIl1POII('II'" 0'2, indicatC's what type of customers is given priority for service, 

t,\'»e-I if (1'2 = 1, and typC'-2 if U2 = O. Note that action (abO) in state (i,O) caUs 

for t!w illput of a t,\'»e-2 job (from the infinite pool) directly into service, in front 

of tilt' i ty!>(' -1 jobs aln'ady in the system. In view of the fact that there is never 

11101'(' t hall 011(' t.ype· ~ job ill the system, the scheduler is seen to exercÏse control 

011 tll<' t.illling of J'(~IC'as(' of ty»e-2 into the system. 
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A stat.ionary poliey 7r is a pail' (11"}, 7r2) of binary-valucd funct.ions on t.!w st.att' 

space {(i,j)li ~ O,j = 0, I}. f>ach taking valucs in {D,I}. A st.at.ionary poliry 11" 

applics co1ltl'01 (1I"dl,j).7r:!{i,j)) in stat.c (i,j). 

Let AI (l) he the' nUlllhf>r of al'rivals hy t.ime t in a Poisson P)'()('t"SS with J'Rt.(, 

-\1. Wc dCllotc X(7r)(I) = (Xi ll\t), X~1I")(t» t.he st.ate process IInclf>r poli('y 11"; 

X(7r)(·) is tak('n to he' le·ft-cont.inuous. With st.arting statc Xo = (:rt,O,.r2,O) U\(' 

('xpectcd (Qsts V,V) (xQ) arcullllllatcd during the intcl'val [0, Tl wlwlI st.al't.illg ill 

state XQ and applying poliey 11" is 

(:J.2 ) 

where Exo denot.cs tlw cXI)('dation \Vith starting state Xo and 1[·] is the inclkator 

function. The goal is to d(,t('l'lllinc the polie)' minimizing 

1 (7r) 
lim sup T VT (xo)· 
T-+oo 

'Ve point out, bf>for(' going on, that, by its very natlll'(" OUI' mode! IiV('s in a 

non-work-cons(,l'ving (,lIvil'onm('nt.. Indecd both the totalllnfinisltcd work alld t.1t(~ 

total system population do dq><,ncl llpon the control policy applif'd, in pal't,j('lIlar, 

upon the admissi01l cont.rol (~xf>l'eised, and thus are Ilot cons(,l'ved. 'J'hat a poliey, 

upon full dcpletioll of tYP(L 1 johs, prefers to kccp the serv('r idle alld wait. for tJ)(~ 
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• I)('xt tyP(~ 1 joh l'ath('r than to admit and serve a readily available type-2 job, 

" i~ silll)'ly il chal'act.C'l'istÏ<' of the c1ass of policies considered, namely those jointly 

IlIl1nagillg <tdmission and s(·rvÏ<'C'. 

3.2 The optimality equation 

{J nifoJ'lllizatioll ([36], [67]) reduces the ab ove continuous-time problem to a 

disere·te t.illl(· probl(,l11. DC'cÎsion epochs OCCllr at rate A = '\1 + III + 1l2. The 

11 W'l'ag(' cost. opt illlalit.y (·qllat.ions are 

(3.4a) 

l' (i, t ) = III i Il { ct i + ~2 - 9 + i [l' (i + 1, 1) - rI] + ~I v ( (i - 1) + , 1) + 7 v( i, 1), 

ct i + C2 - fi ,\ 1 [ . ] Ill· 1l2. A + A v(z + 1,1) - rI + AV(z, 1) + TV(z,O), 

(3.4b) 
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The first t\\'o tenus in t h<> min correspond to pl"Oviding s<>rvir(' to c1ass 1 \Vhilt' 

the third and fOUl'th terms correspond to serving c1ass 2. Th('s(' t,('rms ar<> fUI't.her 

distinguislwd by tll(' admission opt.ion with respect to 1-CllstOltWI'S. 

FroIll gC'neral rcsult.s in [6], t1l<>re is a unique solut.ion g, v(i,j) t.o eqllat.iolls 

(:J..l). Th<' stat.ional'y policy det,ermined by t.he opt.imalit.y ('{Iuat.ions is opt.illlal, 

and the scalar 9 is the minimum average cost (independent. of the st,art.ing st,at,c). 

3.3 Computation of the optimal policy 

Polic~' itC'l'at ion ([n]) can he applied to dctermine the optimal policy 1111111-

mizing t.ll<' long-l'un average' costs fol' the truncat.ed queue mod('1 in whidl only a 

finitc buffel' is availabl<, to typC'-I customers. The state spac(' fol' t.his t.l'Il11cated 

queue 18 

.5'L = {(i,j)IO:::; i :::; L,j = 0, I}. (:1.1;) 

Wc l'der to the boundal'Y as the subset BL = {(L,O),(L, l)}. The optimal policy 

7rj!)1 millillli~ing a\'el'ag<' costs for the truncated queue is t.he l'('strid.ioll 1.0 S'l, of 

the optimal policy rr,'!l' for tll(' infinite queue, pl'ovided that 01(' admissioll r<'gioll 

AL(7rï!J/) -- the suhset of st.atC's (i,j) E 8L in which rril admits a 1 C'llstOIJWr 

<loes Ilot tOllch the houndary Ih. 

Figure :3. J shows the optimal policy minimizing average cost!, for paramet(!rs: 
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L =30, 

"1 =2.0, 

III =2.0, 1'2 =1.33, 

ct =1.0, C2 =1.5, 

rI =10.0, r2 =2.0, (3.6) 

in which cas(' l'l ct = 2.0 > 1'2c2 = 1.995. In this figure, , identifies in the first 

p,l'aph, st.ill,cs WhCl'(' a<lmission of type-l customers is the optimal action, while in 

the secolld gl'aph it id(>ntifics stat.es where serving type-2 is optimal. 

opl 
71'L,l 

l " •• ° , , •• , 
:q 

"!r
0pt 
L,2 

, . , . , 
Xl 

Fig. 3.1 Opthual policy for parameters in (3.6). 

H is ol>s(,I'\'('d t.hat t h(' Ilc-rule is not optimal since there are states (i, 1) in 

which it. is optimal to J>l'Ovide sCl'vice to type-2 customers. 

A similal' l'csult holds ('\"("n if the rewards are identical as seen in Figure 3.2 

which COlT(,spollds to pal'ametel's: 
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• 
L =30, 

"1 =2.0, 

l' 1 =2.0, 
Ci =1.0, 

'1 =10.0, 

1 ••• 
o •••• 

;q 

1'2 =1.33, 

C2 =1.5, 

r2 =10.0. 

opi 
'Ir L,2 

• ••• • 
.q 

Fig. 3.2 OptÏlnal policy for parameters in (3.7). 

p.ï) 

\Ve show belo\\' that fol' c1ass-independent holding cost-ratf'S (q = c~,d and 

class-indep('lIclent. l'ewal'ds (1'1 = "2) long-run average net cost is rninimi:wd hy 

the Il-rul(' couplcd to a contl'OI-Iimit admission policy for type -) clIstoUH'rs. 

\Vhen ct = C1, ''1 = 1'2, and 1'2 > l'l, the optimal policy consists in /wv('r 

admitt ing ally type-l custol1wr and continuously providing servin' to t,ype ~ ("118-

tomers ill steady-statc. Consc<III(,/ltly, the only rCCUl'l'('nt. stat,(· is (0,1) and 1.tU' 

long-mil an'rag(' cost. is (':l - Jl2'·2. As for the transicnt I)('haviour, start,illg ill 

state (i, 1) \Vith i > 0 it is I)('st to first serve the 2-cust.om(·r, thell 1.0 f'JJ1pty I.h(~ 

system of tllC' i type-l customers hefore dcvoting service only to 2 clIst.orrwrs from 

then on. The I('ss trivial case III > 112 is the suhjcd of the following analy~js. 
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3.4 The case of class-independent cost-rate and 
rewards 

F/'OIII 1l0W 011, wc assume that the holding cost-rates are identical for both 

c1assc's of clistomcJ's: CJ = C2 = c. Wc also assume that the rewards are identical: 

1'1 = 1''2 = l'. Whil(· the assumption of c1ass-independent cost-rates is essential 

(ill vic'w of tllc discussion about the non-optimality of the Ilc-rule in the previous 

chaptc'r), 1,11<' asslIlllption of c1ass-independent l'ewards does not seem necessary 

foJ' UIC' optillléllity of thc Il-J'ulc, but makes the presentation simpler. Finally, cus-

tOIlIC'J'S fJ'olll the Poissoll stJ'<.'am have shorter mean o::ervice times than customers 

1'1'0111 t.11<' illfillitc »001: l' 1 > 112. 

'J'he dflim is that thc optimal policy rninimizing the average cost combines 

t II<' l' -1'tI1(· \Vith a cOl1tJ'ol-limit admission policy for type-l eustomers. It follows 

(sill(,(' 1'1 > Il '2) tltal a ty»e-2 cllstomer is served only when the queue is depleted 

of t.Ype' 1 jobs. Two c'ase's must be distinguished, aecording to the poliey adopted 

\Vith 1'('sl)('('1 to typ('-2 customers: 

il) ill 01\(' r(\s(" t.ypc-2 jobs are continuously served (one at a time) 

IIllt il ail illl<'l'I'lI»t.ion by a type-l busy periodj 

b) while' ill t.he ot.I)('J' case, no 2-eustomer is ever admitted into the 

systclll, 

\VI' d('rill<' below 1 wo dass('s of polides corre~ponding to the two cases just 
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l11entioned, \Vithin each c1ass, the poliey minimizing average cost.s is c\('t('rIllÎI\I'(1. 

That olle or thesc two polides is O\'crall opt.imal is verifi('d by suhst.it.ut.ioll inlo 

the dynamic pl'Ogramming opt imality cquation, 

3.4.1 Two candidates for optimal policy 

\\le (\<'lIote by \110 t.he c1ass of stationary policies which cOlllbirH's t1)(' l' 1'111(· 

with a thl'('shold-type admission control fol' l-customcrs, and which nevcr <lcllIlit.s 

il 2-ClIstOIllPl', Fol' a poliey in "'0, the schedulel' which giv('s priori l,y t.o t.YP(' 1 

jobs is act i\(· ollly IIl1t il 1 hc' lyp('-2 job (if any) present, al. the I)('ginlling has I(.ft. 

tlw quell(', Frolll thcll 011, only 1 YI)('-l jobs are admiUed for servin' alld (,ollt.rihllt.(· 

1.0 opel'at.illg t'osls, 

Similal'Iy, \111 is the c1ass of stationary policies which COJJlbilWS t.hc· 1" l'Ille 

wit.h <1 tllJ'('shold-t.yp<' admission control fol' l-clIst.omers, and which illlllwdiat.(·ly 

ad mi ts aud S('l'\'('S éI l'('adi Iy a va ila hIc type-2 joh li pon servi((' CO III plC'l,iOIl or a ~ 

CtlstOlJll'J', SiliCe' tY/>(L-1 jobs have prccmptive priority, sNvic(' of t.lw t.ype' ~ job 

might. 1)(' i Il t (,l'l'II pt ('d hy a (random) n lImbcr of t.YP(·-l hllsy I)('l'iods, ft. shollld 

bc o!)\,iotls Ihat lllldc'l' a poliey in \111 thcl'c is always a t.ypc-2 joh in UIC' sySt.(·III, 

eitltcr bcing M·rv(·d 01' waiting in quelle as a rcsult. of an int.errupt.ioll bya t.ype 

busy period, 

We poillt out that t.h(' c1assc>s \110 and \111 of admissible policies do not cover 

the c1ass of aIl admissibl(' stationary policics. Thcir dcfinitioll is ollly rnotivaled 
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by t IIC' (·XIH·ctatioll that the ove rail optimal policy is either in \lfo or in \If}, its 

admtl positioll dep('JHling on SJ u~em parameters. Our contribution is to verify, 

hy ~lIh~t Îtlltioll illto th<.' dynamic programming optimality equation, that this is 

W(' fi!'st determinc the best rules within each class. 

3.4.2 Optimal policy in \110 

WC' d(·lIol.(· by 11"0 { 11) tJJ(' st ationary policy in \110 which admits l-customers 

aC(,()J'dillg 1.0 Cl cOlltrol Iilllit poliey with threshold n. Under policy 1ro(n) the set 

of J'('('UJ'!'('lIt st.ates is {(O.O),(I,O), ... ,(n,O)} with steady-state probabilities 

( 
(3.8) 

wl)('J'(' f' = )qllq. Th<.> a\'<.'l'agc cost 4>o(n) corresponding to 1ro(n) is 

n 

~O{l1) = c E kp(k,O) - "t[I- p(n,O)]r (3.9) 
~·=o 

",hieh cali 1)(' ('xl>l'('sscd as 

_ {p (n + l)pn+l} p _ pn+l 
ç&o(n) - c 1 _ p - 1 _ pn+l - l'Ir 1 _ pn+l (3.10) 

II. Célll 1)(' shown t.hat ~O{ll) has a unique minimum. The optimal threshold no = 

aJ'g mÎII tPo{ 1/) sat.isfi<.'s 

cPo{no) - 4>o(nO - 1) ~ 0, 

;[ 
(3.11) 

4>o{no + 1) - 4>O{nO) > O. 
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These incqualities can he' combine'd in 

no{l- p) - p(1 - pllO) < 11I1' < (nO + 1)(1 - p) - p(1 - p"o+l) (:1.1:!) 
(l-p)2 - c (1-p)2 

We denote gO the minimum value 4>0 ( 110)' 

3.4.3 Optimal policy in \}Il 

Similarly, we denot.<' hy 1fJ(11) the stationary policy in \}II which admit.s 1 

custoll1ers according 1.0 a cont.rol-limit policy wit,h threshold 11. U nc!('r policy 11, (11) 

the set of l'eCUl'rent stat('s is {( 0, 1), (1, 1), ... , (n, 1)} wit,h st,C'ady- stat(' probahiliti(,H 

(:U:l) 

The averag(' cost 4>1(11) cOITC'sponding to 111(n) is 

Il 

4>}(11) = C L ~']J(~', 1) - .xI[ 1 - p(11, 1)] r + C -lt2rp(O, 1), (a.llj) 
k=O 

which can 1)(' expressed as 

(:Ll ri) 

The optimal threshold 111 = arg min 4>1(n) satisfies 

which is equivalent to 

ni (1- p) - p(1 - p71 1) (Ill - JL2)1' (ni + 1)(1 - p) - p(I - p"1 +1) 
----"-'----'--'-----'~----'---'- < < 2 ( a. 1 7) 

(1 - p)2 - C (1 - p) 
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( 

( 

WC' dellotc' fil the minimum cost 4>1 (nt). 

SlIlIlIlIill'il'.ing, 1ro{nO) is optimal among policies 1rO(n) in \110, while 1I'1(nt} is 

optimal aJllong polîcics 11'1 (11) in \fi 1. The best policy is 1rO( no) or 11'1 (nt) depending 

011 whdl!c'r 90 < 91 or 90 > 91. If 90 = 91, 1r'O(nO) and 1rl(nt} are equally good. 

3.4.4 The relative values 

'1'0 C'st.a blish thc oVNall opl imality of 90 and 91 we intend to verify the average­

cost. opt.illlalit.y eqllat.ion. This requires the computation of the optimal relative 

\'d./II(,S ([77]) (,oITC'sponding to 1I'0{no) and 1rl (nt) respectively. This in turn requires 

t.h.tf. t.he polici('s 1rO(71o) and 1I'1(71d he defined on their respective set oftransient 

staf.('s. Sill(,(' boUt polici('s pl'ovide service according to the Il-ru le, what Ileeds to 

be specifi('cI is the admission l'ule for l-customers in transient states. Once 11'0 ( no) 

/tas 1)('('11 ('x(,('IHlpd to cllI st ates, its relative values vo( i, j) can he computed as the 

('XIH'('/,('d ('osls \I11t.iI a. fil'st. passage int.o a chosen reference stat.e, (0,0), starting in 

st aIl' (l, j), with holding ('ost -ratc c( i + j) - 90 in state (i, j) and reward r for each 

adlllit.t.{·d ClISt.OIJWI'. Similarly, for 1l'J(nd the relative values vl(i,j) are computed 

wit.h l'('sl)('l'! to )'{·fcl'cncc st.ate (0, 1) a.nd holding cost-rate c(i + j) - 91 in state 

(i. j). 

3.4.4.1 Fia'st passage cost in a simple birth-death pro cess 

'l'II<' (,(H1didat c optimal polides are obtained byextending 1r'0( no) and 1r1 (nt) to 

tll<'il' t.rallsit'nt states so that the relative values vo(i,j) and vl(i,j) he minimized. 
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'1'0 that end, consider the' hi rth-de'at h pl'OCCSS (Figure :1.3) oefin('d on t.l1(' illt ('gt'I'S 

i ? 0, with holding cost-rate' ci - 9 in state i and reward ,. for ('ael, hirt.h. 

o 3 if 11 6 7 

Fig. 3.3 A simple birth-death process on the integers. 

The computation of t.he exppcted cost K(i,n,g) untiJ a first passage' 1,0 

state 0 w}wn starting in statc i is a standard cxercisc in prohability tht'ory. 

Case 1: 1 ::; i ::; 11: 

C {i 1 ( 1 t p) pn-Hl _ pn+1 ( I)} 
K (i, 11, y) =~ 2 1 _ p i + 1 _ p - (1 _ p) 2 11 + 1 _ P 

Case 2: 11 < i: 

_.!L_1_ (i _ pn-i+l - pn+l )\ 
Illl-P I-p 

p (. pn-i _ P") 
-1'-- 1-

I-p I-p' 

KU, n,y) = ..!:. (i -11) (i + 11 + 1) - (i - n).!L + J(n, n,g). 
Il) 2 ILl 
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011<' (,i1sily obtains 

K(i, Il,fI) - I\(i, 11 - 1,9) = 

pn-i _ pn 1 
(ne - 9 - /lIr), 

1 - P III 

p_ pn 1 
=---..:..- -(ne - g - III r), 
1 - P /lI 

i < n, 

(3.19) 

i ~ n. 

It follows I.hat t.he optimal 11 minimizing (for ail starting state i) first passage costs 

1.0 stat.(' 0 i:-. dctel'Illined hy 

UC - 9 :5/'1 r < (n + l)e - g. (3.20) 

\V(, point. out that. if the ('ost rat.e in state i is e(i + 1) - 9 rather than ei - 9, 

t!w fin,t. passag<' ('ost l'rom statC' i is simply !«(i, n,g - e). 

3.4.4.2 Relative values corresponding to 7r'O(no) 

Hdlll'llillg 1.0 th(' ('omputation of relative values let us consider first those 

COIT('SPOlldillg to 1i'o(no). First, it is obvious that vo(i,O) = K(i, nO,gO) and it is 

C'élsily \,(,l'iri('u t hat cqt1atioll (3.12) is equivalent to 

no!' - 90 :5lt l r < (nO + l)e - gO· (3.21) 

For tll(' trallsil'lIt. stat('s (1,1), i ~ 0, the expected first passage cost to (0,0) 

for a (,Ollt l'OI-lilllit admissioll poli('y for l-customers with threshold n is 

c - gO ~l { , } wu(O, 1) = -- + - A(I,n,gO - e) - r , 
1'2 1'2 

(3.22a) 

li' 11 (i, 1 ) = /\' ( i, 11 • 90 - c) + Wn ( 0, 1), i > O. (3.22b) 
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, 
t. 

Il is casy to compute 

Case 1: i < 11: 

(
p"-i _ prl Âl ) 1 

11',,(1,1) - wlI-di, 1) = 1 + _p"-I - [(n + I)c - 90 -Ittr], (:1.2~la) 
- p I l 2 Il] 

Case 2: /1 ::; i: 

1I'1I(i, 1) - /l'n-l(i, 1) = (P
t
- pU + ~pn-l) _1 [en + I)e - 90 -,ll"], 
- P 1'2 III 

It is thC'n obvious that th(> threshold millimizing the expl'ct.c(1 cost. \lntil il tlrst. 

passage to (0.0) t'rolll (i, 1) is determincd by 

(II + I)e - gO ~ Il} r < (n + 2)c - flo, 

which, comhillC'd \\'ith (:1.21), proves that this optimal t,hrcshold is fI() - 1. 11<'11('1' 

wc have 

i > 0, (:1.2:'a) 

C - flO "1 { , } "0(0,1)= +- 1\(1,110-1,gO-c)-r, 
1'2 1'2 

vo(i.I)= l\(i.lIo -l..tJO -c) + v(O,I), 1 > O. (:1.2:'(') 

1'0 slIllllllélrize, W(' haw' showll t hat. the calldidat,f' opt.imal potiey COIT('spondilig 

to gO is fully chal'élct,('riz('d by "0, siuC(> the optimal admissioll t.hl(·shold i .. stat<'s 

(i,0) is /10, whil(' t.1J(' optimal adlllission t,hreshold in st.at.(·s (i, 1) is Uo - 1. 

-
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( 

\\lc' will d(·lIote.' 1f'ér thC' polie)' dcfined by 

{

(I,I), 

1f'8pl (i, 0) = 
(0,1), 

(1,0), 

no < i, 

i=O 

°111 (' 1) - ( 1 1) 1f'O l, - " o < i :5 nO - l, 

(0, 1), no ~ i. 

'" . . 1 0111 1 . F' 3 4 rélIlSIt.IOIIS tlllC ('1' 1f'o élre S lown ln Jgure • • 

o 

o 2 no 4 5 

Fig. 3.4 State-transitioll-rate diagram correspondillg 
to 1r8111. 
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3.4.4.3 Relative values correspollding to 'q (n)) 

A similar del'Ïvatioll fol' 'q (11)) with rcfcl'cncc stat.c (0, 1) l'st.ablishl's t.hal. I.ht' 

optimal admission thresholds for 9} arc 11} +1 in stat.es (i,O) and 11} in st.at(' (/,1). 

It. is also ohtaincd that 11} is fharafterized by 

(7l} + I)c - 9} ~ Il} r < (11} + 2)c - 9} 

which is cquivalent to (:U 7). Finally the rehttivc values ll)(i,j) arC' 

l'} (0, 0)= -r, 

1'}(i,0)= -r+ l\(i,u} + I,g)), l > 0, 

"d l, 1 ) = A' (i, 'lI , 9} - c), i > O. 

\V(, will dC'notc by Tt?1 thC' polky dcfincd by 

(1,0), i = 0, 

Dpi (' 0) -Tt} l, - (l, 1), l<i~nl+l, 

(0, 1), n} + 1 < i, 

(1,0), i = 0, 

opl (' 1) -Tt} 1. - ( l, 1 ), O<i~n}, 

(0, 1), 711 < i. 

'1' ., 1 Dpi l 'F' '1 5 l'allsltJOIlS Ull( cr Tt} an' S lown 111 'Igurc .J,' • 
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( 

( 

o 

o 1 3 4 5 

Fig. 3.5 State-transition-rate diagram corresponding 
t 01)1 
o 1r} • 

3.4.5 Vel'iftcation of optimality 

The O\'(,l'all opt imality of policics 1ropt and 1r?t is established by showing that 

ullde'r go < HI tlte pail' (gO, 1'0) satisfies the average-cost optimality equations 

(:1.·1), \Vltil(l tltese ('<Juations are satisfied by the pair (91,V)) under 91 < 90. 

ThC' \'('l'ifiCéttioll illvol\'es lengthy and cumbersome algebraic manipulations 

t hat will Ilot 1)(' pl'cs('IIt,ed hcrc. The steps involved in this verification are sketched 

ill ApP('lIdi'\ A. 
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Chapter 4 

A numerical 

investigation of a 
single-server queue 

with two job classest 

Using the dynamir pl'ogl'amming appl'Oach described in section 2.2, we st.udy 

the case of only 1 wo indC'»C'ndC'llt. Poisson arrivaI processcs. An C'xt.C'llsive Illl-

merical ill\'(·stigat.ioll indicat,es that, t.he optimality of SE.JF persists in t.his ca.SC', 

providC'd that tllC' flow ('olltl'ol is simllitaneously optima.l. As expectC'd, this jointly 

optimal flow font roi is lIlollotonic. Thcse computations also rC'veal t.hat OU' bound-

élry betwcen acccptanc(' éllld rC'jC'ction regions are very nc~ar1y lin('ar, ft. is shown 

that, ullder SE.JF ~chedlilillg, restricting flow control optirnizat.ion t.o t.I\('se lillear 

boundarie~ is (mIr slightl,v slIhoptimal. It is also onscrvC'd t.hat t.l1f' opt.imal de-

lay fthrollghJ>lIt tl'adf'ofr is only slightly underestimatcd by a comhinatioll of SE.J F 

schcduling and optiméll w/llliow flow control. 

t The aualysis 01' t his ('hapler has bœn published in [19J 
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4.1 The model 

III this chaptel', we ill\'(>stigate' a special case of the general model described in 

sedion 2.1, nanwly the case' of only Iwo Poisson arrivai streams with intensities 

"1 aJl(I "2' We r<~{'a" from section 2.4 that holding cost-rates and admission 

l'ewards arc assullIed inde'pe'Jl(lent of classj thus, ct = C2 = c, and Tt = T2 = r. 

1"111"1.11('1"11101"" wc' assulIl<' 11<'1'(' that III > /l2, and define 

(4.1) 

4.2 The optimal policy 

Extensive' COlllpUt atiollal experiments suggest that the jointly optimal schedul-

illg alld now <"Olit roI millimi1.ing the long-run average net cost for operating the 

syst.e'IIl, cOlllbilH'S S E.J F pl"(>(,lllpt.iv(> seheduling with monotonie flow controllers. 

Conjectured joint optimal ftow control and scheduling 

scheduling SElF 

flow contl'ol fol' type-l jobs 

fI monotonically decreasing 

ftow control for type-2 jobs admit ifr X2 $ h(xt} with 

/2 monotonically decreasing 

( 
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l\IOl'co\'cr, tl\(' optimal flow control for typc-I jobs ha. .. t.hl' simpll' f01'1II of a 

thrcshold on the total J)umlwl" of johs in tht' system, that. is: 

admit a type-l job in state (;Q,.r2) itr .Tt + ·1'2 ::; t 1. 

Typical optimal admission policies for type-2 jobs are shown in Figurt's 4.1 1.0 

4.4. In thcsc figures, • indicat,t's statcs whcre admission of t.YPt'- 2 arrivaIs is t.11(' 

optimal action. 1\180 indiCélted in ('ach figure is the joint. optimal thr('shold, lit', 

for tYI><,-1 jobs, as w(·11 as qu<'uC' pal'anwtcl"sj in pal'ticular, P, = ,\; / l'" , = 1,2. 

Numbers on the' righl il1'(' \'ahU's of b(:r:!) 

boundary ot' tll<' admissioll n'sion. 

tO/I1 - '13 1 - .. 

• •• • • • • • • • 
.1'2 • •• • ••••••• • •• • • • • • • • • • • • • • •• • • • • • • • • • • • • • 

0 .l'J 

;l'J + f3.r2 (funct.ioll of .1':!) on t.ht' 

18 
18 
18 
18 

••• 18 
18 

ILI = 1.0 
Il:! = 0,2.') 
PI = 0.6 
fI:! = 0.2 
c = 1.0 
l' = !JO.O 

Fig. 4.1 Optimal flow control for type-2 jobs. 

It is l'cadily o!Js(,I'\'C'd t'rom thcs(' figures tha! the hOllndary IwtwPPJ) opt.imal 

acccptancc and l'ejpct iOIl l'egions for type-2 jobs is vpry nparly of Il)(' forrn 
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(~ 

« 

• • 21 
• • • • • • 20 

J':l • • • • • • • • • • • 20 
• • • • • • • • • • • • • • • 19 
• • • • • • • • • • • • • • • • • • • • 19 
0·1') 19 

Fig. 4.2 Optimal flow control for type-2 jobs. 

• •• • ••••• 
.l':l •••••••••• 

• •••••••••••• • ••••••••••••••• 
O·q 15 

15.333 
15.000 
15.667 
15.333 
15.000 

Fig. 4.3 Optimal flow control for type-2 jobs. 

• •• • ••••• • •••••••• ·"2 •••••••••••• 
• •••••••••••••• • ••••••••••••••••• 
o ,1'J 17 

18.667 
18.333 
18.000 
17.667 
17.333 
17.000 

Fig. 4.4 Optimal flow control for type-2 jobs. 

1'1 = 1.0 
1'2 = 0.2 
Pl = 0.6 
P2 = 0.2 
c = 1.0 
r = 100.0 

1'1 = 1.0 
1'2 = 0.3 
Pl = 0.8 
P2 = 0.2 
c = 1.0 
r = 200.0 

1'1 = 1.0 
1'2 = 0.3 
Pl = 0.8 
P2 = 0,2 
c = 1.0 
r = 250.0 

Shollid that hOlllldary Dl' exact 1)' of this form, the optimal flow control would have 
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the very appcaling structlll'e 

admit a type-l job in state (:q"l:2) itr 

admit a type-2 job in state (:q, ,1'2) itr 
,q ,1'2 - + - ~ 1l'2, 
l' 1 1'2 

fol' tl1l'e8hold8 lOI, lV2' The app(3al of sueh an admission poli('y ('OI11('S from 

the fad that. Il Il der SEJ F sclwcl Il li ng, the expr('ssions ('(,Tt + 1 + ,"2)!JQ ami 

(.:,q / Ill) + (c( ,1'2 + 1)/112) élJ'(' pasily interpreted as th(' accrtwd cost. 1,0 Ut(' syst.c·1II 

l'csulting 1'1'0111 the admissioll of a t.yp('-1 job and a t.yP(·- 2 joh i Il sUtte' (,"', ,1'2) 

respectivcly, ;1/ 'h( (IbM 1/('( of fll/'Ihe/' arrivais, The sum (:tt/PI) + ((,"2 + 1 )/,12) 

is also l'ecogni~C'd a~ tll(' ('xp('ctc'd wOl'k in the system, ln 1.11(' ahs('II('(' of arrivais, 

t.hese accl'l1<'d cost!'. arc compared to the reward l' to dctC'rmin(' wl\('t.llC'r it. is 1)('11-

eficial for tlw syst elll to st art with one more job, 

ft is casy to det('rmilw if t.he opt.imal flow cont.rol for typp-2 jobs is of t.he fonn 

.l'J + /3:1'2 :s; t2' If,fi is ail illt.C'gC'r, thr<,shold t2 can he restrid,pel to int('g('r vahw8, 

If fJ i8 Ilot ait il1teg(,l" 1C't. rJ = lJ1J + (mI3/nfJ) where lfJJ d('nO\'('8 Ut(' ill\'C'gc!r part 

of /3, and ml} éll1d 1IJ3 arc> intf'gf'rs with 0 < 11/{J < n{J' In this casf', '2 CéllI he 

restricted to lIIultiple':; of l/lltJ, 

To determinc if the optimal type-2 flow controller is of thresltold type, one 

examines tl1<' vahlC's b(,1'2) = ,q + fJ,T2 on the bOllndary of the adrnissiolt region. 
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If /1 is clll inl<'gcr, il tlll'(·<.;lIol<l policy is obtained if all these values are equal, the 

COIIIIIIOI! vaille beillg tlll' thl'csllold. ft follows that the flow control of Figure 4.2 

j~ Ilot of t1m'shold type whil(' the one of Figure 4.1 is. 

If /j is Ilot ail illtcger, tlH' S('qllenœ b(O), b( 1), b(2), ••• must have bmax-bmin < 1, 

alld II1l1st be a subscqueIH'(' of the periodic sequence of period n(J, with values 

wlJ('l'e F( 1/1/11) dellot('s t II(' fl'actional part of the rational number m/n. The 

t.hn·shold is t.!H'1I blllax ' ft follows t.hat the optimal flow control in Figure 4.3 

(fi =:lA) is of tlm'sllOld t.yP(" with threshold equal to 15~, while the optimal flow 

('outl'OI ill Figlll'c ·1.'1 is Ilot. 

( 

Und('1' SE.JF s(')'viec, wc expert that it cannat be optimal to admit a long job 

III a giv(,1l st.at,(· jf it is optimal 1.0 reject a short job in this state (holding cost 

and J'('wéll'd Iwillg c1ass-illdcpcnd('nt); this means that we expect the admission 

)'cgiolJ of l.y»(·-2 johs t.o 1)(' illchl<\('d in the admission region of type-J jobs, This 

was ilJdcC'd \'(,l'ifi('d t hl'oughoul. 0111' computations and is obvious in the examples 

COllsid(·J'(·d 11(,1'(', \ VlwlJ t 1)(' opt imal flow control for type-2 jobs is of the form 

.J 0]11 l' 1 L opt
J 

opi ,q + /1,1''2 :::; ,'}. • t liS tl'HIIS atcs to ''2 :::; fI . 

Thes(' obs('I'\'at ions ll1oti\'at.e us to study our two-c1ass single-server queue 

IIl1d('I' SE.JF )>l'('C'lIlpti\'C' schC'duling, to determine the flow control minimizing, 

( wit.hin t.11<' dass of t hn'shold policiC's, the long-l'un average cost. 
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4.3 The optimal thresholrl-type ftow control under 
SEJF scheduling 

Wc a pply SE.J F pl'l'<'1ll pt ive schC'dllling to OUI' si nglc-s{'rver (lll('Ue t.o <1<'I,t'rlll i lit' 

t.he flow cOlltrolminimizillg long-nlll average cost. The minimizat.ion is f('sl.rict('d 

to the class of thl'cshold--typ<' flow ('ont1'OIs, namely thosc specifiC'd hy t.hl'f'sholds 

Threshold-type ftow control 

admit a type-l job in state (;q, T'l) iff :q + T2 S; '}, 

admit a type-2 job in state (xI,:r'l) iff X} + {-J,l''2 S; l2. 

Given a t,)lJ'('sltold-typ(' f10w cont.1'01, the cOlTesponding set of J'('CIlrt'('IIf. st.a.t.(·s 

for the quelle pl'ocess 1Il1dC'r SE.JF scllC'duling is ('asily dd,C'rlllined. TIJ(' IIwali 

lIumber of jobs ill qll('lIc -:ri alld thC' lII<'an throughput 'Yi for t.ype i johs (1 = 1,2) 

are computed by ~olvillg t II<' sysj,('Jll of global-balanœ linC'ar eqllat.iollH for t.11<' 

steady-stat<- pl'Obdbilitit·s. 

The bcst thl'<,sholds are obtain<,d hy minimizing the (>xpected r)('t. COHt 

as a function of t1}(' tl1l'('sholds II and t'l' 

This opt.imizatioll é1HSlIlIl<'S that t.he net cost has a dcpcndcJlC<' on l) and 1'2 t.hat 
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,{ 

is tliMTd dy 1111i11todulal', 1lI('aning that a local minimum is a global minimum. This 

would ohviollsly he tlw ('a~(' if both ;;: = X) +X2 and 'f = 'YI +"12 were monotonically 

iIlC'l'('a~illg fllnctiolls of ,) alld '2. Jo is indeed monotonically incrcasing in tl and t2; 

011 t!J(' othel' halld, whilC' -r is also increasing in tb it may he slightly decreasing 

ill '"1, on'I' éI ('('l'taiu l'élnge. Thcse properties were observed numerically. The 

lu·haviollr \'('l'SUS t'2, fol' t) fixcd, can be explained hy the fact that, in increasing 

''2 hy il minimal éllIIOUllt l/"IJ' wc increase the prohability of trading a short job 

for a long joh. Th is t radf' IlHlint.ilins the number of customers. On t.he othel' hand, 

tlu' loss of t.hrougllJHlt for ~hol't jobs mily olltwcigh the gain of t.hroughpllt for long 

johs, r('sult illg ill cl IId c\('C!"C'ilS(' of t.ot.al throughput. 

Figun's ,1.5 éllld ,1.G displilY th" hest threshold-type flow cont.rols corresponding 

10 1.11(' 11011- t Im·shold--t.yp(· admission policies of Figures 4.2 and 4.4 respectively. 

'

1111' - '3- tt/n' - ?O 0 1 -.1, 2 -~. 

• • ••••• 
.1''2 ••••••••••• 

• ••••••••••••••• • •••••••••••••••••••• 
o rI 20 

20.0 
20.0 
20.0 
20.0 
20.0 

Fig. 4.5 Best tlu-esbold-type flow control 
cOl'l'esponding to optimal control of Figure 
4.2. 
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,', 

t /
l
h1' = -Il, t~,r = 18.667 

• •• • ••••• • •••••••• 
·1'2 ••••••••••••• 

• ••••••••••••••• • •••••••••••••••••• 
o .q 18 

18.667 
18.333 
18.000 
18.667 
i8.33:J 
18.000 

Fig. 4.6 Best threshold-type ftow control 
cOI'responding to optimal control of Figure 
4.4. 

lit = 1.0 
1'2 = 0.:1 
PI = 0.8 
P2 = 0.2 
c= 1.0 
l' = 2:'0.0 

A!oI a typical (,Xéllllple', the' 1)('1' for III a 1\ cc of tl\(' quc'II(' with paI'iHlwt,(·I'S 

1'1=1.0. PI = 0.9.5, c = 1.0, 

1''2 = O.:!. P2 = 0.'10, r = :100.0, 

is pr('scntcd in Figll1'('s ·I.i to ,J.H. Thc best t}m'shold-typ{' flo\\' ('()ntl'OI illld its 

pcrforlllélllCP arc 

'

lin- _ ·r
l 1 - - , 

'
lin- _ (' '2 -). J) = x/"7 = 12.098, 

P = l'-;;Y - cT' = 271.67, 

whcl'c su p('rsni pt 1111' ('Illphasiz<,s tll<' fad that the' opti mi;"at iOIl was n'stt ktf'd tu 

thrcshold-typ(' adllli!ol:.ioll policic·s. 

Figures -I.i and -1.S ~ho\\' tlH' variation x with II and 1'2; Figlll'('s '1.9 alJ(l 1.1 () 
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are 1->ilJlilal plotli fol' 'l' TIIC' st riking featurc of these plots is the non-smooth 

Vil riatioll of x il IId 1 verslls l'2' W(' also note the slight decrease of l' for increasing 

''2' TIt(· profit P = 1'1- ('T' is plott('d in Figures 4,11 and 4.12 as a function of the 

t.ltr(·sholdli, The's('I('vd ('lII'V('S W('I'(, sclccted to include the maximum point, Figure 

-1.1:J is il JWI'1->J)('d ive plot. of t1u' profit versus t 1 and t2 in the range 0 :5 t2 ~ 30, 

''l ::; '1 :S 1'2 + :10, Of course> ?f, 1, and P ail arc discrete functions of 11 and t2; 

colltillllOIl:-' plots ill'e lIs(·d fol' gl'aphical c1arity, Wc point out that level CUl'ves in 

FigllJ'(' -1.1:1 corn·:-,polld 10 t'Ollstalit values of Xl and Xl - X2' 

( 
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Fig. 4.7 N umber of jobs as function of , l' 
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Fig. 4.8 Number of jobs as function of ''2' 
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0.88~~~~----~--~~----~~----~--·~ o 10 20 30 40 50 60 

Fig. 4.9 Throughput as function of il' 
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Fig. 4.10 Throughput as function of i2' 
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Fig. 4.11 Profit as function of 'l' 
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Fig. 4.12 Profit as function of l'l' 
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Fig. 4.13 Plot of profit versus thresholds tl and 12. 
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4.4 Compal'ison between optimal and threshold-type 

flow control under SEJF scheduling 

As nlC'ntiOlH'd in t.he intl'Oduction, in th(' particular cast' t.hat costs alld n'-

Wéll'ds élI'(, c1é1ss-ind('p<'n<l('nt., t II(' optimization problC'1ll arnounts to (lf'lf'I'llIining 

thl' dclay/thl'Oughput charartf'l'istÎc of the qU('lIe. Figurf's 4,14 and .1.1!) an' l'loIs 

of t1\C' optimal dday/thl'ollghpllt tradC'off. Thl'sl' Cllrves w('r(' ohlélint'd hy vill'ying 

the l'ewêll'd /' with ail othf'l's pal'amf't.l'rs kept fixed, (in particlllar, (' = 1.0) and 

cOll1put.ing for ('ach valtw of ,. 1 1 If' opt.imal joint cOl1troll('r and it.~ p<'l'fOnllill\CI" 

If Jil = l''l_ ~ill(,(' holding ('ost-ratC's and l'<'wal'ds arC' dilSS- ill(l('p('rul('ut _ CIIS-

tomers fOl'm a sillglc' class: tilt' opt imal S('I'\'t'l' onl)' has t.o hc' cons('rvilt.ivf· \Vhil., 

the optimal no\\' ('0111 \ 011.,1' adlllil s ac('ordillg 10 a thl'C'shold on Ul<' total 1I1111l1H'1' 

of CIlSt.OllWI'S iu «W'III', Laz(11' [·I:!] dpl'iv('d ail C'XIH'C'ssioll fol' 1 II(' d(,lay Il 1 Il'0 U,!!;" l'lit. 

ClIl'\'l' for 1 his </11('\1('. 'l'l\(' ('ll'l'cI of li = Il) 111'2 is shoWII in Figlll'(' ,LI!). 

Tabl('s -1.1. I.:!. alld 1.:1 ('01111><11'(' t.he d('lay/throllghpllt. pf'rforlllall(,(' fOI 01'-

timal and bpst 1 hreshold Iypl' now nmt.rols. In thC'sf' t.ahlf's, f) n'ff'l'S t.o (ft'Iay 

averag(·d O\'PI' ail t'usl 011 \(·r~. SIII)('rscript opl obviollsly rt'f('rs t 0 t. II(' t.rllly opt.i-

mal values; SlIlH'IMl'ipt Ihl'l'l'I'('rs to lite best Ihrt·~h()ld t.YP(· lIow (olll.roi IIl1d('1' 

SE.JF schedlllillg, :\11 \'iIltIC'S W('!'C' COlllpul('d with pararm'I('ls Il) iIIul (' ~('1. 1.0 

1.0, In IhesC' tabl('", • illdi('éll('s cas('s wherc t.he optimal trad('ofr i~ a<'hiew'd hy 

a thrcshold-t.,rp(· flo\\' cOlltl'ol. Thn'shold il can 1)(' f('stridf'd 1.0 illtt',!!;('r vahlf'sj 

g<'ncl'ally Il ~ 0 1I111f'~s il is opl irnal lo dose the systf'rn to !'YP(' 1 ('lIslorllers, ft 
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pol>sil,ilit'y d('snitH'd by '1 = -1. Shutting clown the system cannot be optimal if 

1" > ('/11), a ('olldit iOIl that wc' assume throughout. If f3 is an integer, threshold 

''2 ('ail also tH' l'(':-.t l'i('1c·d to intc'gC'r values; gcncrally t2 ~ 0 unless it is optimal to 

dosc' 1,11<' 1>ystc'lII to t)'pc' :! clIstolllcrs, a possibility described by t2 = -1. Data 

is 1)I'('S('1I1('d ill IIU' fonll of lahlc's bccallse corrcsponding delay/throughput curves 

would he' haI'Clly distillgllishahle. 

/t. il> ob:';{,I'\'('<1 fWIIl 1 his (,ol1lparison that the c1ass of threshold-type f10w con­

t.rols is ollly :-.Iighl I,\' slIhopl illlal. This faet will be exploited in Chapter 5 to ap­

proxilllat.t' t.11C' fOllt.rollc·d pl'OCC'SS; this approximat.e-process has easily computable 

opt.il1lal t IIJ'('sholds. 

W(, poillt. Ollt thélt. O(,CUl'élll<'C'S of cquality bctween optimal and bcst-thrcshold 

poli('ies ill t"I'JIlS of d(·la)' and thmughput performance when the optimal policy is 

1101 of tlm'shold Iyp<' <11'(' duc' 10 J'Oundoff. 
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Fig. 4.14 Delay/throughput tradeoff curves. 
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Fig. 4.15 Delay /throughput tradeoff curves. 
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( 
1'1 l''l. 

,. 10111 
J 

l'hr 
1 

tllu' 
'2 

,opt ;:ythr Dopt D
thr 

.'10 .'10 10 3 3 3.11 .6579 - 2.1859 • 
20 6 6 5.55 .7189 - 3.1352 • 
50 f.t 14 12.22 .7521 - 4.3630 • 
80 22 22 18.33 .7577 - 4.7947 • 

100 26 26 22.33 .7591 - 4.9468 • 
200 50 50 42.33 .7600 - 5.0841 • 

.'10 .95 10 2 2 2.11 .7631 - 2.0614 • 
20 4 4 3.33 .8572 - 3.3438 • 
50 8 8 5.22 .8895 - 4.3703 • 
80 JI Il 6.44 .9053 - 5.2668 • 

100 13 1 :1 7.00 .9147 - 6.0620 • 
200 :W 20 9.00 .9268 - 7.878.5 • 
·100 :H :H 11.22 .9330 - 9.7951 • 
600 IS 48 12.66 .9349 - 10.7824 • 

.H5 .'10 10 2 2 1.11 .8160 - 2.1139 • 
:W :1 ;] 2.22 .8720 - 2.7766 • 

(' 50 6 6 4.11 .9359 - 4.5283 • 
SO S 8 5.00 .9552 - 5.73.56 • 

100 8 8 5.33 .9570 - 5.8993 • 
200 12 12 6.66 .9749 - 8.3389 - • 
400 I<i 16 8.11 .9824 - 10.5233 • 
600 19 19 9.00 .9859 - 12.2484 • 

1000 2·1 :N 10.11 .9890 - 14.6853 • 
2000 :1:1 :J:1 J 1.77 .9916 - 18.3373 • 

.9:) .!)!) 10 2 2 1.11 .8729 - 2.2368 • 
20 :1 :] 2.00 .9058 - 2.7443 • 
50 5 !j 2.22 .9.502 - 4.0175 • 
SO 6 6 3.33 .9640 - 4.9186 • 

100 - ï 3.3:] .9693 .5.3847 1 • 
200 9 H ·1.22 .9763 - 6.3625 • 
·100 1 ;j 13 ·1.44 .9847 - 8.5087 • 
600 l(i 16 5.33 .9873 - 9.8049 - • 

1000 20 :W 5.55 .9900 - 11. 7976 • 
:WOO 29 29 6.66 .9925 - 15.4178 • 

Table 4.1 Optimal versus best-threshold delay and 
thl'oughput for It2 = 0.9, that is /3 = 1 ~ 

( 
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,./'\' 

~. topl ,"'" ,,,,,. "j0pl "jlhr DOl>1 -II,,' 
{JI P'l ,. 

1 1 '1 J) 

..10 .'10 10 5 5 0 .4330 2.1633 • 
:W Il II 3 .4,156 2..133:1 • 
30 l() 16 7 A(i06 .4606 3.086~1 a.08()~ 

50 .)-
.1 

.)-

.1 12 .4682 .4682 3.6718 :1.671 ~ 
80 ·1:3 ·13 20 .'17,11 .4741 ,1.420;' 4..t250 

100 5:3 1)2 25 .4761 .4761 4.781 ,1 '1.785:l 

.'10 .9.5 10 5 5 0 .4569 2,48·17 • 
20 10 10 2 .4690 2.7:3!J0 • 
30 16 16 5 .4875 .4875 3.6606 3.6621 
50 :W :W 7 .4925 .4925 3.9775 :1.9777 
80 ·11 Il II .5032 .. 5032 !l.2·188 !l.2·197 

100 51 !)I 12 .5037 )jO:Jï !).:J:Jï8 ri.:1:181 

.95 ..to 10 :3 3 -1 .7790 2..1:159 • 
20 5 5 -1 .8343 :1.:150() • 
.50 !} 9 0 .8885 5.2:1:1:3 • 

100 1 1 1·1 2 .9177 7.:J916 • 
....... 200 21 21 ri .9357 .93.58 1O.094~) 10.1208 
4Jo- ,100 :32 :12 ï .9477 .9477 1 :J.5:J()!) 1 :t!),l!) 1 

GOO ·12 ·12 !) .9528 .9525 .6.0888 1 !l.90'IH 
800 :') 1 !jl II .9553 .9.5.53 17.8289 17.8()()ï 

.95 .95 10 :3 :1 -1 .7790 2.'1:359 • 
:W :) 5 -1 .83,13 :J,:150(i • 
50 9 9 0 .8917 5.:H51 • 

100 1:3 1 :1 1 .9160 7.0(i2:1 • 
200 21 21 :1 .9367 10.0016 • 
'100 :32 :J2 1) .9487 .9487 1 :J.I)OO:I 1 :1.1) 1 Hi 
GOO ,12 ·12 fi .9535 .9535 15.88:18 15.88!W 
800 ;')1 !)I 7 .9558 .95.58 17.'1987 17.!)O7!) 

Table 4.2 Optimal versus best-threshold delay and 
throughput for 1'2 = 0.2, that is fi = .1. 
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~( 
PI ()'2 ,. tupi 

1 
l Ill!' 
1 t lhr 

:l 
-y0pl -ythr nopt nthr 

.'10 .'10 10 .5 .5 -1 .3990 1.6420 • 
20 Il Il 1 .4214 2.4512 • 
30 17 17 4 .4233 2.5461 • 
10 23 23 7 .4234 2.5.520 • 
60 34 :H 14 .4310 .4310 3.3013 3.3013 
80 15 '15 20 .4333 .4333 3.6902 3.6904 

100 57 .17 25 .4317 .4347 3.9402 3.9402 

.'10 .~).1 10 5 5 -1 .3990 1.6420 • 
:W Il Il 1 .4339 2.8724 • 
;10 17 17 3 .4355 2.9534 • 
·10 22 22 4 .4356 2.9612 • 
GO :J.l :H 10 .4444 .4444 4.0221 4.0223 
80 45 ·15 12 .4469 .4470 4.3643 4.3643 

100 5G r;G 14 .4472 .4472 4.4058 4.4058 

.H.!) .·10 10 :j :J -1 .7790 2.4359 • 
:W r; .) -1 .8343 3.3506 • 

(' :JO Ci () -1 .8514 3.7953 • 
50 9 9 -1 .8840 5.0787 • 

100 J.l 1·1 -1 .9107 7.0519 • 
200 22 22 2 .9322 10.1777 • 
,100 :J4 :J.l .5 .9439 13.5906 • 
600 15 ·15 7 .9484 15.8554 • 
800 !)!) .1.1 12 .9512 .9.512 17.8367 17.8649 

. !).1 .9.1 10 :3 3 -1 .7790 2.4359 • 
20 !) 5 -1 .8343 3.3506 • 
:30 fi () -1 .8514 3.7953 • 
50 9 9 -1 .8840 5.0787 • 

100 1·1 1·1 -1 .9107 7.0519 • 
:WO 21 21 .9314 9.9285 • 
·100 :11 :31 :J .9445 13.6474 • 
()OU ·11 ·1·1 .5 .9487 1.5.7451 • 
800 ,1">1 :'·1 5 .9.509 17.2697 • 

Table 4.3 Opthllal versus best-threshold delay and 
tlu'oughput for Jl2 = 0.1, that is f3 = 10. 

( 
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4.5 The opthnal window f10w control under SEJF 
scheduling 

Willdow flow control is wid('ly lIscd is pract.ice and has bc('n shown t,o 1)(' 

optimal in a variety of COlltc'xt, ([34],[59]). A window flow cont.rol assigns finit,c' 

sC'pal'éltc buffcrs to tll(' alTival str<,ams; that is 

Willdow flow control 

admit a type-l job in state (;l'l,;/'2) iff ;q:::; "), 

admit a type-2 job in state (·l'l,;/'2) iff ·1'2:::; "2. 

As for thrcshold-typC' flo\\' (olltl'ol, t.he I)('st Willdo", sizes b) illld "2 IIl1d('1' SE,JF 

scheduling an' obtaillcd Il)' nlillilllizing the ('xpc,ct,cd nd cost c(:r) +:r:.d - d'"1) +'"1:,d 

as a Cunet ion of VI élnd "2. This computation assumc's t.hat t.his Ild. ('ost. has 

a dCPClIdc'llc(> 011 b) aJl(I b'2 that is d18CI't'lcly uuimodll/a1', 1TJ('il.ning th al, él lo('al 

minimum is a global mill illl Il Ill. 

4.6 Comparison between optimal and window f10w 
control under SEJF scheduling 

Tables ,lA, 1..1, élnd l.G compare> the delayjthroughpllt. I)('rfol'lllancc' fol' opti-

mal éllld bc!>t l','indu\\' lIow cOlltrols. III these tahles, f) rders to dday avc'I'aged 

ovel' ail CllstOl11<'IS, SUj>('I'!>nipt opl obviously rdc'rs 1.0 the trllly optimal vailles; 

supcl'script /l'in n{c)'s to tlU' I)('st willdow flow control undC'1' SE.JF sdlC'dulillg. 
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f~/III I~ (1)(' lIIill illl Il Il 1 Vêt!lJ(' of 12 such that the overall optimal admission region 

fol' IYllI' ~ joho.; is illdlld('d ill {(:l'J, J'2)lxl + {h2 ~ tÛ' Ail values were computed 

\Vit h IHl! clllwt(·)'!> 1'1 aJl(I (' :,C't to 1.0. 

Thi:-. cOlllparÎsolI sho\\'~ tltat t l "overall optimal delay/throughput tradeoff can 

!'(' ,Ichi('\"('d V('I')' c10sely !'y a cOlllbination of prccmptive SEJF scheduling and a 

",illdo\\' flow COlltrol. 'l'hi:. observation is an indication of the relative value of 

de'l ail('d :-.1 al(' f(·(·dbélck ill 111<' ('olltrol of the system. In the prcspnt contcxt for 

(':-'(\1111'1(" tlJ(' op! illl,a! sclll'dllling is a stalie pl'iority rule. Moreover, under this 

opt.illlai sdlf'dulillg, t lu' ildpl'O\'('mellt obtained by the use of state feedback to 

achi('\'(' il Il optilll,J! ! l',,dmfr hd ween delay and throughput is marginal. 
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1 

." 

'. 
PI (11 /' 

lopl hl Ib/ld b'2 ~()JlI -11'/1' f)0pl J) WIll 
1 '2 '} 

.10 .·10 10 :3 2 .528:J .5-128 2.3,195 2.62:t~ 

:W 9 6 5 2 .56:3:3 .5661 3.0,57,1 :1.1 fi82 
:30 1:3 10 8 :3 .5800 .b773 :3.6828 :1.578:1 
10 li la 1 :$ ·1 .58()l .58·12 ·1.022~ 3.922·1 

GO :W Il 18 ... .5928 }j!)·12 4.!):1 10 ·1.667·1 1 

100 ·12 ·12 :!:} II .5982 .598:1 .1.I,r)~)8 .1.1891 

..!O .95 lU ·1 j 0 .5601 .5627 2.1887 2.2:179 
:W 8 G :1 .(i22·1 .6215 :1.097.') :1.1811 
10 1,') 12 .1 2 .6:> 1 ~) .65:12 '1.0.')(i 1 .\. 1.') iO 
llO 22 18 1 :1 .(,68·1 .(iG!)!) :'.0<,98 :'.1970 
80 28 2:1 8 ,1 .67(i!) .6796 :'.m)7~} 6.:1028 

100 :j.j :W 9 ·1 .G78~) .(ii!)(i 6 1 (i~:1 6.:1021'1 
12U ·11 10 10 ·1 .G8:18 .(ii!)() 6 !)7:12 6.:J021'1 
1.")0 .11 :ll'i Il .') .()8.')() .(iS61 7.:12().') 7.·l(i(i 1 

.!J:) .JO lU ;} :1 0 -1 .800:1 .7790 :! :':17:1 2.-1 :J.')!) 
""'"' .. 

10 1 () 2 0 .8!HO .889() ·1.!i!}ï2 -1 . .')·12·1 
SU 10 !J :J 1 .9201 .92.r>7 6.0:W7 6.(m2·1 

IUO 12 lU ,1 .9:320 .9:10:1 707b·1 7.11 I!) 
:WO 18 1:") 5 2 .9492 .9197 !).5('0 1 9.97,r):1 
·IOU :!.i 2·1 ï 2 .961 :} .9602 1 :U)tJ :19 12.lJ(,6S 
GOO :11 ;}O 8 ;} .9658 .%.')7 15.2921 1 ;)..')(i 77 

80U la ;17 !J :1 .968:1 .9G80 16.!m!)() 1 ï.18!):J 

.!)5 . !J5 lU :2 2 0 0 .7702 .8179 2.1.1·17 2 7.'):H 
:20 :1 1 0 .8530 .8509 :1,17.')() :1.2:n.') 
:JO !j 5 0 .87:11 ,8882 :Ui2,r) 1 .1.1 '1,r)0 
10 i (i a .89~H ,8998 -\':,() 1.') -1.G8!J.1 

GO 8 8 2 0 .9150 .91 (iO !),226:J .rd 5 1 Il 
80 10 8 2 .9276 ,9287 6.0(j-l,r) 6.:JS(i:J 

100 Il 9 :1 .9:1:39 .n:l:n (i.(;:I:JI} (;.so:n 
200 li 1,:) ,1 .9521 . 9!'.i 09 !),~/l Hi !J.I:J Jt1 

·100 25 22 5 2 .9624 ,962!'.i 1 :!.18:J0 1 ~ tI(;:J!) 

800 :19 ;Hj fi 2 .!J(i9.r> .9(mO J().2S:18 l(i.IO 17 

Table 4.4 Optimal versus best-window delay and 
tlll'oughput for Ji2 = 0.5, that is (1 = 2. 

~ 

~.i 
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PI fI'2 /' 
Lupl 
1 !JI tbl/ Il 

:l b2 -r0pt -rwin nopt Dwin 

..10 .'10 JO !j " 0 0 .4330 .4437 2.1633 2.4015 
:w Il 10 3 0 .4456 .4460 2.4333 2.4483 
:w tG 1·1 .. 1 .4606 .4612 3.0863 3.1330 1 

50 ')'"' -1 :H 12 2 .4682 .4686 3.6718 3.7142 
100 !j:J :w 25 4 .4761 .4752 4.7814 4.6028 

.·10 .9!) 10 !) 0 0 .4569 .4675 2.4847 2.7252 
:w 10 !.I 2 0 .4690 .4696 2.7390 2.7673 
:w IG Il !) 1 ,487.5 .4929 3.6606 4.0180 
5U :W ~I 7 1 ,492.5 .4929 3.977.5 4.0180 
.s0 11 li ] 1 2 .5032 .5039 5.2488 .5.3836 

100 !)I 1)1 12 2 .. 5037 .5039 5.3378 5.3836 

. !)!) .'10 10 ;j ;J -1 -1 .7790 .7790 2.4359 2.43.59 
~U !j !j -1 -1 .8343 .8;143 3.3.506 3.3.506 
:')0 !) !) 0 -1 .8885 .8840 5.2333 5.0787 

10U Il 1 ;J 2 0 .9177 .9180 7.3916 7.5300 

i :WU :n :W :) 0 .9357 .9349 10.09':,0 10.0194 ... 
100 ;J:~ ;JO 7 1 .9H7 .9480 13.5369 13.8628 

GOO ·12 10 10 1 .9528 .9526 16.0888 16.0979 
~UO !)1 .H) Il 1 .9553 .9548 17.8289 17.6273 

.!)r) • !)!) 10 ;j ;J -1 -1 .7790 .7790 2.43.59 2.4359 
,1)0 9 9 0 -1 .8917 .8840 5.3451 5.0787 

100 1 :3 12 1 0 .9160 .9164 7.0623 7.2015 
200 21 20 ;J 0 .9367 .9367 10.0016 10.0.587 
·100 :J2 :H 5 0 .9,187 .9475 13.5003 13.2039 
t'lOO 51 19 7 1 .95.58 .95.1)9 17.4987 17.6941 

Table 4.5 Optimal versus best-window delay and 
t111'oughput for 112 = 0.2, that is f1 = .5. 
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{JI fi'}. /' 
,op/ 
1 /JI Ibm! 

'2 b'}. )01'/ )wm J JOJI/ /)"'11/ 

..10 .,10 10 1) :') -1 -1 .3990 .3990 1.(i·I:W 1.61~O 
:W II 10 1 0 .421·1 A2:H 2A.1 12 2.!).120 
·10 23 22 7 0 ..I2:H .423,1 2.5.120 2.!)!)~ 1 
GO :J.I :J:l J.I ..1:310 ..1311 :1.:10 1:1 :1.:J:4SS 

100 !)7 JO 2,1) 2 .·I:J li ..1:1 Iï :J.9·1O~ :J !).I29 

.10 .9.j 10 5 !) -1 -1 .:m90 .3990 1.(i·I:W l'(i·I:W 
:W Il 10 1 0 A:J:m A:156 2.Sn·1 2.96!):1 
·10 22 21 ·1 0 ..1 :t!)(i ·1 :l.16 2.961:1 :l.!)(i!)7 
(,0 :.JI :J2 10 ..1·1·1·1 .H 72 ·1.0221 ,I..t 12:1 
xO II) 1:') 12 .H6!J .H 72 ·I.:!(i!:t ·1.·\12:1 

100 !)(j :jh 1 1 .·11 i'2 .'1·1 i'2 1. IO!)S 1..1 12:1 

.9.j .10 10 :J :1 -1 -1 . 77!H) .77!)0 2.·I:J;)!) 2.·I:lri!) 
10 S l'J -1 -1 .87ri,1 .R7ri 1 ·1.6;)!1:I ,1.(i!)!):1 

100 Il Il -1 -1 .9107 .9107 7 .O!) I!} 7.0!) 19 
2UO 22 21 2 0 .9:322 . !):126 10.1 ïï7 IO.:J7:J!J 
-IOU :n :1:~ 

~ 

0 . !).J:J!) .9.J.\O 1 :U,!HI(i 1 :Ui!)7:t 
GOO I!) Il 7 0 .918·1 .9IS·1 1 !).WiTl·1 l!'.!):H .\ 
~OO ;,:) !)I 12 0 .%12 . !)!)O!) 1 i.S.Hii 17..1 1 ï 1 

.9!) .!J.j :W .) :, -1 -1 .8:J·I:] .S:II:J :t:JTI()(i :1 :J!)()(i 
100 11 Il -1 -1 .!)J 07 .9107 i.()!) l') i.0!)19 
200 21 21 0 .9:] I,t .!J:nl !),!)28T1 IO,1:W(i 
·100 :Jl :J 1 :] 0 .!).J.I 1) .9H(i 1:1 fi \7,\ 1:1 7 ~ 1 !) 
()OO Il 1 :J !) 0 .!J 187 .!HS7 1!).7,1!)1 1 !). i!J!)8 
l'JOU :'1 .j:j !) 0 .9509 .9!)0!) 17.2(i!Jï 17.:J2!)·1 

Table 4.6 Optimal versus best-window delay and 
thl'oughput for Il'2 = 0.1, that is jj = 10. 
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4.7 Sensitivity of performance to scheduling 

111 IIIC' 1II'('vi()lI.., ..,(·ct iOIl~ \V(' have <,xamincd the sensitivity of performance to 

flow COli 1 101 hy ('oillparillg t))(' I)('rfollllance und<,r SEJF scheduling (the optimal 

ruh') (ollpl('d 10: 1) t11<' ovel ail optimal joint f10w control, 2) the best threshold­

IYI)(' lIow «mlrol, a/ld :1) III(' Iws\' \vindow-typc f10w control. JIC'fe we study the 

~(·lIsili\'il.\' 10 sc!lt'dulillg hy cOlllparing Ihe optimal performance to the perfor-

11lé1l1('(' 1111<1.'1' il Ba/ldolll 01<1(,1'- of-Service scheduling rule (ROS) coupled to the 

opl i/lwl flo\\' ('0111 roi roI' ~1I('h a sel'\'ic<, policy. 

III 0111 1110(\<·1 \\'ilh 1\\'0 c1ass('s of jobs, ROS is specified by tl.e probability 0' 

1 hal. 1111' ~('I'\'('r, \\'111'11 il IIII'IIS fl'('c at a sel'vice complet ion epoch, is assigned to a 

I.,\'I>C' 1 juiL It is a~"'lIlll('d 1 hal nos is activatcd only \Vhen thcre are jobs of each 

I,v(><' <I"(·IU·<I, Ot 11('1 \\'iM" 1 he S('I'\'(,I' O(>('l'iltC'S on a first.-comc-fi rst.-scrved basis. 

1>1'('('1 Il pl iOIl i~ 1101 a lIo\\'('d , III part icular, ROS with 0' = 1 is not. identical to 

pn·(·l1Iplin· SE,JF (,l';sUll1illg III > l''l as lIsual) because a typf'-l job arriving to a 

qlU'lI(' of 1 Y1)(' ~ joh~ oui,\'. is 1101 allowed to precmpt the t.ype-2 job in service, as 

il iS ulld!'r pre'('llIpl in' SE.! F sr!tcduling. 

Flo\\' (01111'01 IIlId(·1' HOS is ~lIbject t.o optimization. The goal is to detel'mine 

IIH' lIo\\' co/il roi Illillill1izillg IOllg- l'lin average cost under a costjbenefit structure 

id('11 1 irai 10 1 II<' 0\ ('1 d Il joi III opl i mization problem of Aow control and scheduling, 

1 hal is ",il h I!oldillg cosl l'al<' (' alld admission reward r both independent of class. 
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,0. ['erfol'lllÎng 1I11ifol'IIlizéltion \Vith total (,"(,Ilt. l'ate A = '\1 + '\2 + lit + 1''2. tht' 

a\'crag(' cost dylléllllÎc progl'all.millg optimality C'quatioll is 

Il) + T{[lIl'('/'1 - 1,·1":.d + (1 - n)w(.fJ - 1,·1'2)]/(·1'1 > 1) 

+ II'{O,.l''2)/(.q = I)}, (,I.~(l ) 

d ./' 1 + ,1''2} - li 111 
1c(,l'J,.I''2}= .\ + T w(:Q,.1'2) 

+ \1 lIIill{II'(,q + 1..1'2) - 7',w(.l'J,.r2)} 

'\') + .\- Illill{ Il'(.I'J, ·1'2 + 1) - 1', w(.l'J, :r2)} 

+ l'(.l'J. 0) / (./''2 = I)}, 

wIll, (' d,l'J, .l':,d éllld ll'(.l'J, ,1''2) (lJ'(' t!H' relative valu('s ill state (.l'J, ,1'2) W/WH s('l'vin' 

is d('vot<'d to tYJ>1' 1 éllld type' ~ J'('s(wctivcly, alld.fl is the aV(,I'ag(' cost. iIUI('IH·lIdellt. 

of startillg stal<-, 011(,(' tll<' optilllai flow cOlltrollllldcr nos has 111'('11 ddC'l'lIIilwd 

by (.1.~), tl\(' cOll'e!>polldillg spI or J'('(,lIrrcnt states, t1){'ir st.(·ady-stal<! probabilit.i(·s, 

t.he meall d(·lay. élnd tlw a\'('I'ag(' thl'Oughput are casi/y ohtaill<'d. 
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( 

" III' ~(·I(·ct iOIl of U . .1 for the' pal'amctcr a is motivated by the desire to have 

fUI IUi/J/{IMd BOS ('(mllol!pl', that is, one which is blind to the type of job to be 

pl ovid(·fi ~('I vic(' lIext. Tlli~ ~hollid acccntuatc the difference between the optimal 

sdl<'cllIlill~ (SE.JI-' wlriel. i~ cI('ad)' hia:o.cd lowards type-Il and suboptimal ROS, 

illld plO\'id(· a l/H'ilSIlr<' 01 III(' vahl(' of fccdback for scheduling. 

'l'II<' o\'C'rall optilllai d(·la)' jllrrollghpllt tl'adeoff is compared to the optimal 

Il'full'off IIl1d(·1' HOS ill Figlll'e 1. Hi. The solid clIrve corresponds to the overall 

op! illlail l'a<l('oll' ",lIil(' t II(' dott(·d ('\II'\,(' cOlTcsponds to the optimal tradcoff under 

HOS, TII('~(' Clll'\'('~ \\'('1'1' (Olllpllt(·d by \'arying the reward 7' with the holding 

('()~ 1 l'al<' (' ~<'I toi. 

6 IIJ = 1.0 

s 

4 

3 

2 

1''2 = 0.2 
Pl=O.:J 
P'2 = O.G 
(\ = 0 . .1 

1 " 1 

, , , , 
, 
",,/ 

1 , "" 
" 

, , 

, , , , , 
1 , , 

1 
1 

1~~--~--~--~---4--~----~---~--~--~---4~ 
0.26 0.3 0.34 

1 
0.38 

Fig. 4.16 Delay /throughput tradeoff' curves. 
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Bot h nll'\'c's coi lI<"id(' for va hl<'s of l' ju~t slightly larger t hall cl/'1 = 1 h('( .HIM' 

lhen tlte opt.imal Jlo", (,olltl<Jl IIn<lel' both SE.IF and nos sclH'dllling rlllc's 11("'('1' 

admits ail)' t.ype :2 joh alld admits a t.ypl' 1 job only whell t.11<' qll('U(' is l'illpty, 

This explclills ",hy III<' (UI'\'I'S <'OIl\'('l'g<' to t.11(' sant(' point. (1"\1/(1 + 1'1)) as ,. 

is l'<'(hl«'d 10 cil' 1 = 1. Of ('ourS(' th{'~(' Clln'('s could he ('xtc·IHIt·c1 to tilt' poillt 

(0,0) ",hich cOI'I'('sponds ln shutting dowlI t11C' syst,('m, t.hl' optimal p()lir~' \\'1\('11 

o :::; /' < clllJ, 

011 the' 0111<'1 Ilillld. ill( IC'il~illg /' IIlC'allS ill<TC'a~illg tl)(' oplilll.d culmissioll n', 

giolls fol' bolh Iyp('~ of job ..... SIII(,(' fol' tllC' ~('I('('I<'d palalllC'tc'l'S the' pllol'il\' CI'1('1II' 

COJ'l'I'SpOlldillg 10 SE.J F ~c1l('dulillg alld 110 flo\\' (,01lt.1'01 is sl.abl('. 1 II(' opt.illlai 1,1 élelc'· 

off ClII'\'C' COII\'('lg'''' ln 1 lit' poinl (f)x,."'j,x,) gi\'1'1l by 

\\'!tC'I'(, f) 1 alld /)'2 Il'1'1'1' 10 1 1 J(' a \'('l'agl' (1<·la)' of typc' 1 alld t.YP(· 2 jobs rc'sl)('('1 i vply, 

ill a single' :-;('('\'('1' <JlH'U(' wil h pI'C'('mpti\'C' pl'iol'ity 1.0 typc' 1 t.a~b, Expn'ssiolls 1'01' 

DI ami D'2 (,élll 1)(' roulld UII page' 125 of [:38]. 

Figul'{' ,l.lï ~ho",s III<' gain adlievC'd hy exel'cizillg flow COli 1.1'01 and SdH~dul-

ing. The 10\\'''1' ClIl'\'es éll'C' silllilar to the cmves of Figllre Il. J(>; thc·y l'PI)Jc·seul. 

the' delay/thl'oughpllt tI'éHI<'O!f fol' SE.JF (solid cllrve) alld BOS (dot.tf'd cu/'v<,) 

- 77-



. 

( 

'f 
-; .. 

~( IlI'dlllillg wil li t1)('ir J('S))(,ct in' optimal flow control. The upper curves represent 

1,1&(. d('lay /thl'OlIgl1JHlI tl'ad('off for SE.JF and ROS scheduling in the abcense of flow 

(,OlltlOl. '1'1)(' IlIl'clll <h'la)' fol' SE.JI" schcduling without flow control is calculated as 

ill (11.:') alld (,1.1) fl'olll Imo\\'11 (,xpl'('ssions about preemptive priority queues. The 

Il Will 1 d(·I,,)' fo,' Il OS sc!wdulillg of two job-classes differentiated by the mean rate 

of t.!H'il' ('XPolI('lItial s('l'vin' tilll('s is obt.ained from the M /G /1 Pollaczek-Khinchin 

fOl'llllllrl with ail ItY)('J'(>xpollt'lItial sel'vice distribution specified by the probability 

li 1 hal Ut(' ~('I'vi('e i'i \ 'xpOIIl'1I1 ial with rate l''I, while the service is exponential with 

l'aIl' 1''2 wit.h 11&1' (,OJlIpl('JlI('lIlary probability 1 - 0'. The upper curves (no flow 

cOlIl.l'ol) \\'('1'(' obI êI illt'd h,\' ke"pillg P2 fixed and varying Pl from 0 to the outset of 

illslahility. 'l'h(· 10\\,('1' CII\'\'('S (with now control) correspond to Pl = 0.3. 

30 

f) 20 

10 

III = 1.0 
1''2 = 0.2 
(\ = 0,5 

fI'2 = 0.6 
(Pl = 0.:3) 

1 

,~ 
,1 , ' , 1 

, 1 
, 1 

, 1 
, 1 

, 1 
, 1 

, 1 
1 1 

" 1 1 1 
, 1 

" 1 1 1 

" 1 
" 1 _, 1 

" 1 .... 1 .... , 

~~ 

0.1 0.2 

'1 
0.3 0.4 

Fig. 4.17 The gain for exercizing control. 
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Figul'C' ·1.18 ~h()\\':-. 1 Il(' 'i('lIsili\'ily of the t.l'adeoff 1.0 sd)('duling. ft is a plol of t lit' 

ga in ill dcci hds a~socia \(.<1 wil h 1 II<' passagC' from Il OS 1.0 opt illlai sdu'd IIlill~ (wi 1 Il 

flo\\' conl roi). ('opl alld ('ro., 1'('1'('1" 10 1.11(' minimlllll ('ost IIl1d,,1' SE.JF sdlC'dlllin~ 

(the' optimal polie.)") alld IIl1d(·1' nos sd\('dulillg J'(·spediv(·ly. ('ollsid(·1' Ilu' (111'\'(' 

eOITC'spollding 10 fi"). = x. FOI fil slllallcl" than the valu(' wl\('\'(· II\(' lIIaxilllullI 

is acllÏ('\'C'd, 1.11('1"e· is il IIOII,WI'O (lVC'lag(' throughput of type' 2 l.lsks fol' !lolh tilt' 

optilllai no", control IIl1del SE.JF alld the optimal now (·OIlt.I'Ollllld(·1' nos. FOI 

higllC'l' \'abu's of PI, 1 II(' opl illlai Jlo\\' COli 1 roi IlIldPI" nos dosps 1 II(' qU('IU' III IIH' 

typC'-2 si n'cil Il , ",bil(· IIt(·I'(· is il nOil-ZC'I'O throughput of tyP(' 2 johs fol' 11I('oplilllctl 

flo\\' ('0111101 1111<1('1 SE.J F. Fol' ('\'('11 higlJ('1' vahJ('s of fil, il, I)('('ollws opt illlai t Il 

close tll(' qUC'II(' 10 Iyp(' ~ johs und('1' SE.JF too; fol' sile h valll('!'> of 1'1 tllC'J(' IS 

110 f->c1H'dlllillg ('x(,l'l'iz('d (111,\"11101'(' alld tlH' gaill is O. 'J'h(·s(· (,OIlIIllf'lIts applv 1.0 

thC' CUI'H'S (,ol'n'!'>polldillg 10 fI'2 < 00. Th(· valu(' of 1'1 wh('I"(' Il)(' Opt.illl,d lIow 

('onl l'oIUlld('1' nos do!'>('s Il)(' qU('W' to type -2 jobs is oh~;(,l'v('d to IH' allIIost. 101 ally 

ins('nsiti\'(' to 1 lu' \·(tlllC' of fI'2' 

Il if-> appéll'('111 1'1'0111 Il)(':-,(' cun'('s thal LllC' choin' of sc}lC'<!ulillg Cilll hl' of par-

tieulill' belwfil 10 tyP(' 2. (lt I<'flst ill 1('I'II1S of Lll<" ')hmw of type' 1 t.raHie t.hal (ail 

be accolllodal(·d IH'fOlc' type' 1 is shut. out. III 1.1)(' ('xalllpl(' t.o whi( h t.h(· (1IrV('S 

apply, t 1)(' ('J il ira 1 \'ëd 1I('!'> or {J 1 art' l' 1 ~ DA W 11<'11 sched III ing i:-. H OS, illul l' 1 ~ O.H 

\\'11<'11 Sc!Wdlllillg b optillléli - él 1 wo fold improV<'lIlC'llt. 

Wheu P2 = 00. we hél\'(' LIt<' quelle> studi('d in Chapter:J. Wc J('cilll that sillC(' 
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Fig. 4.18 The gain of SEJF over ROS. 

typC' -:! t.a:-ks éll'C always aVélilahlC' on dC'mand, a type-2 job is admittcd only when 

the hyStC'1ll is l'('ady t.o stéll't sC'l'villg il. Under both SEJF and ROS, this occurs 

wh('11 tilt' qIlC'II(' is (·mpty. III t.ltis casf', the gain of SE.IF over ROS is really the gain 

or pn'(,lIlpti\'(' he Iwdlllillg 0\'('1' 1I01l--pl'f'f'mptivc scheduling. This gain is plotted in 

Figlll't· I.I!). No'" litaI as IOllg as 7' > C/Jl2, thel'c is Pl sma)) enough for which it 

(,1\11110t. hl' optilllai 10 close' tlH' «IiClIe t.o type-2 jobs under cither SEJF or ROS. 
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Fig. 4.19 The gain of SEJF over ROS. 
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Chapter 5 

An approximation for 

the single-server queue 

with two job classest 

Ali élppl'oxillJat.ioll or t h(' stc'ady-stat.e probab;Jit.ies un der SEJF scheduling 

alld t IlI'('shold type' flo\\' cont 1'01 is derived hcre. This approximation is bascd on 

tlll' ('XI)('cfatÎolI tllal tl\(' qlle'lH' pl'OCCSS for high priority jobs (type-l) will reach 

!'>t<'éld~' stail' I)('I.W('('II élny t.ransit.ion of the queue proccss for low priority jobs 

(t)'p(' 2), ('!'>IH'cially wllC'lI 1'1 » It2' 

1111<1(,1' 1 bis .~/((lf/!J· ",1 Il Ir élsslllnption, t.he computation of the system pcrfor-

ilIa 1\('(' is a silllpl(' ('X(·I'Cise'. This procedure is used to determine the best threshold-

type' flo\\' ('OlItl'Ol for which tll<' (approximate) average net cost is minimum. 

:\ COIllI>éIJ'lSOn hl'tw('('11 tl'lrly optimal and approximate delay/throughput 

t rad('oll's 1'I'\'!.·als t hat t II(' il pproximation is very robust and capable of remark-

ahl(' '1l'('Ul'ac.\', 

Th .. aualy:'l"; or thi..; chaptf'r has hCf'1l publishcd in [19] 

- 82-



5.1 The steady-state approximation 

Figure :).1 shows an optimal flow control. W(, r('call t.hat • indicatt's statt'S 

wh('re adlllittillg typ('- 2 jobs is the optima! action. Th(, joint.ly opt.ilJlal (Jo\\, 

control for type-I jobs is sp<,cified by thr('shold t~,)t on tl](' nllllll)('r of johs III 

queue, .1'1 + .1'2. Of eoll\'S(" SE.IF schcduling is the opt.imal sdH'dllling. 

The optimal type-2 no\\' cont.rol admits aceordillg t.o a lIlollot.ollically dt'('\'('clS-

ing fUl\ct.ioll f(.1'2): adlllit a t.ype-2 job in (.q, .1'2) ifr .q ~ /(./'').). Th(, opt.imal 

poliey of Figlll'('!U is 1101 of t.ltn'shold -t.ype, t.hat. is, t.Il<' opt.imal ,Hllllissiol\ rq!,ioll 

fol' type ~ jobs is not of the f01'1I1 .1"} + (/ll/Wl.)'l'').::; 1').. 

lyP' = 17 

• • • 
.f'). • • • • • • 

• • • • • • • • • • 
0 .lï 9 

Fig. 5.1 An optimal policy. 

ILI = 1.0 
Il'). = 0.2:) 
PI = 0.7 
fI'2 = 0.1 
(' = 1.0 
l' = m.o 

The dale-t.ransitioll--rat(· diagl'am of the two-dinwllsional birth dc'at.h 1>I'OC('ss 

X( l) = (X 1 (i ), X 2( l)) cOI'\'<,spollding to this optimal policy is showll i Il Figlll (' !i.2. 

In this figurc', lInidil'ectional transit ions, at rate "2, havc' b('(,11 illdicatc'd with .L11 

arrow. Each horÎwllt al s('gmcnt hel WecIl lwo htatcs rcprCSf'lI b a pili r or trallsitiollS, 
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011(' to the rig"t at l'at(· ,\) and one to the' 1<'I't at. l'at.e II). Similarly ('ach \'l'rI inti 

segllH'IJt at th<, extrC'lllC' J('ft 1'('»I'('sents a pair of trallsit.ioIlS, Oll(' up at rait' ,\:! éllHI 

olle dowll al rate 1l2. 

;1"2 ... -t~""-""-""'''''''--+-'''-'''''''''--+-'''--4~''''-''''---4 ..... -t_ ... 

o .1"] 9 IH 

Fig. 5.2 State-tral1sition-rate diagram fûr X(I). 

Let /"'2 dcnote th(' maximum value of X2 fol' stat('s in the admission rq!;ioll of 

type-2 jobs. FOI" exampl<', "2 = 2 in Figme .5.1. 

Let (X l, X2) he randoll1 variables l'(!presenting the joint. stNldy st.at(· distl'ihu-

tion of jJI"OC('ss X( 1) 1Ind('I" a gi\'<'11 combinat.ioll of fH·C'crnpt.iV(· SE" F scll<'dulilll!, alld 

monotonie flo\\' cont.rol. Onc(' the syst.em of global halanc'(! ('quatio:ls Ilrls Iwc'II 

solved for thc' steacly-statc pl'Ohabilitics P(X) = i, X2 = j), t.he f)('rfo/'lllrtflc(' 
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1J1('1l~1IJ'('~ ;lJ'(' (·'\l,ily oht.ailwd. The mean number of jobs in qucue is 

k2+1 Il +l-j 

:rI = L L iP(XI = i,X2 = j), 
j=O i=O 

k2+1 tl+I-) 

x2 = L L jP(Xl = i,X2 = j). 
J=O ;=0 

'l'Ill' 111('(111 t1ll'Oughput.s arC' 

k'.! lU) 
7'2 = -'2 L: L P(XI = i,X2 = j). 

j=O i=O 

Th(· de'la)' IJ, aVNaged ove'l' ail clIstomers, is given by Little's theorem: 

D = Xl t X 2. 

'YI t 'Y2 

Villally, Il)(' ('xp('cI,ed cosl. corl'C'sponding to the (tI,!) admission policy is 

(5.1) 

(5.2) 

(5.3) 

t5.4) 

'1'0 apPl'Oximal<' t Il<' slC'ady-st.atc probabilities, wC' assume that the Xl process 

('('cl( Iws sl<'éldy-stat(' 1)('1\\'('('n transitions of the X2 process. This assumption is 

jll:-.t.ifie·d h," tilt' faet. t hal Jll > 1'2, and the fact that SEJF service is applied. The 

disll'ihutioll of Ih(' llullIl)('1' of short jobs in queue, conditioncd on the number of 

IOl1g johs. is t h('1\ gi vell hy 

o ~ i ::; il - j + 1, 
(5.5) 
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which il' tll(, probability of stat(· 1 in an A/IM/IIUJ - J + 1) <J\I(,\I(', 

Lct Jlj d<.'l1ote tlu' condit ioual pl'Obability, gi\'cn .\'2 = j, of stat<·s wll<'l't· t .vII" ~ 

aITivals é\l'e' admittcd: 

l(j) 
Pl = L P(XJ = fi.\"2 = j), o ::; j ::; ~''2' 

(=0 

Similarly, let qj dCllotc the' prohahility of t1H' single stat<.' whe'l'<' a dowl1 t.rallsltioll 

of th<.' type' 2 proc('ss is possihlc: 

o ::; j :::; ~'2 + l, (,r;,ï) 

'1'0 obtaill the dist.l'ibut ion of the number of loug johs ill ql1('I((" wc' flll t.!1<'1 

assume tliat the t.irnc I)('t \\'('cn transitions of the typc-2 prO('('SH il' (·XIH)JJ('IIt.i,t! 

'1'11<' class-2 »l'Ocess is tll<'l1 a ppl'oxirnatcd by the' simple A/ 1 AllI 1 (~''2 + 1) (1\1('11<' 

witl! parallwt,('rs 

j = 0, l, 2, .. " k2 , 

j =: 1,2, ,." ~'2 + 1 (.r;,H) 

It follows t1lë1t 

élnd the llol'llIali;dllg condition yiclds 

{ 

k2+1 j-l }-J , Pl 
P(X2 = 0) = 1 + L p~ II -

j=1 (=0 '1l+1 
(.1,10) 
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Fillillly the approximatp stC'éldy-statc probabilities are 

/'(.\", = i, X:l = j) = P(X, = il.\2 = J )P(X2 = j). (1'>.11) 

/l( 1 ) 

À(O) 

Jl(2) /l(3) Il(4) p(5) p(6) Jl(7) Il(8) Jl(k2+1) 

À( 1 ) À(2) À(3) À( 4) "\(5) À(7) À(8) 

o 2 3 4 5 6 7 

Fig. 5.3 The approximate type-2 process. 

This cOlllput.atioll is dil'C'Ct and élvoids the solution of possibly large systems of 

lil){'aJ' ('qllal iOlls 1I('Ce'SSéHY to ohlain the exact performance. The function f(X2) 

does 1101 hel\"(' 10 he' of Ihe fonn :q + (/LJlp2)X2 = t2 for sorne t2. However, 

rt'~1 rict.illg flo\\' cont.rol 101 h(' c1ass of threshold-type admission policics, the above 

il pp 1'0:-' illlil 1 iOIl is lIse'd to dd('rminc best thl'esholds minimizing the average net 

('osl. 

Bt'sl \(,!lI<'S of l, alld 12 can be computed under the assumption that the 

ilPproxilllc\l(' cosl !tas a d('I)('II<1('I1C(' on '1 and t2 which is discretcly unimodular. 

Thes(' Iwst ntlut's of '1 éllld 12 approximate the truly optimal flow control obtained 

hy dyllilllli( progralllll1illg ill ChaplC'l' 4. 
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5.2 Comparison between approximate and 
best-threshold performances 

We ('X<1 lIline J)('low t 1)(' accuracy of t.he aho\'(' approxilllat iOIl wl)(,l1 it i:. Il:.('d 

to e\'alu<lt(' tll(' dclay/tlll'Oughpllt tl'adeoff, ln "i{'w of t.!1(' fat t that. tl\(' opti-

mal joint. flow control is \'('l'Y Jl('ady of thJ'('sllold tYI)(', rat h('1 t han (,ollll>.tl'ing 

)('st delayjthroughput trad('off 1I1lder the ~:C'éldy stat(' aSSlIllIptioll to tl\(' ()\'c'Iall 

optil1lal 1)('II'Ol'l11aI1CC, we compal'e il, t.o tht' opt.imal p('rforman( (' ill t Il(' ( IMis of 

1.11I'('shold--l."p(' flo\\' cont l'ols, This allows us 1.0 COlllpar(' policJ('s parélllwtcrize'd 

by t \\'0 nUIllIH'l's, li and 1'2' 

ln tables 0,1, 5,2, and 0,:3, SlIp('J'SCl'Ïpt Ihr l'(,[(.I'S t.o t.he opt.iIllét1 thl'<'shold t.ype' 

no\\' cont.rol cOllplt'd to S E.J r scl\('dllling; su persCI'ipt. app 1'<'1'('1 S t.o t II(' a pprox i ilia t.e' 

now control cOllpled to SE.JF sch('dllling, 

As is obs('I'\'('<! in t I)('se t élhl('s, the steady-state approximat.ion i~ V('I'Y rO),lIst.; 

it.:; accl\I'acy is still \'('l'Y high for smitH valucs of /1. W(· 1'(~lTIark t.hat ill SOIll(' (',l'';('S, 

there is a ",ide gap bct\\'('en cOl'\'esponding thrcsllolds which c\()('s not. t.l'élnsl,tlf' in 

",ide diff('l'('IH'('S of delays and t hrollghplIts, This situat.ion was o),s('l'v('d 1,0 al'l~(' 

",hclI tlw systelll pal'anlC't('rs ar(' such that t.he ('xpcded cost hd~ il fiaI Opt.illlllill 

as a fllllCt.ioll of 1.11<' t.hl'e"holds Il and t2. As fol' the ('ornpariso/l or trllly optilllal 

and bcst tlll'<'sllold- type' po!icies ill Chapter 1, data is pl'es('/lt('<1 ill t.!1(' f01'l1l of 

tables bccause corrcsponding plot.s result in curV('S hardly disti/lgllislrahlf', 
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•• fil fi:/. /. ft Itr 
1 

fU/I]! 
1 

ltllr 
'2 

{'PP 
2 

,?UII' ,?app D'lIr nUPJI 

./JO 10 10 ,1 -1 2 3 .5283 .546.5 ~l3495 2.3737 
:w !) ~) .1 5 .5633 ..5'115 3.0.571 2.8191 
:JO 1 :J 13 8 9 .5803 .5891 3.6992 3.4801 
10 17 16 10 11 .5861 .. 5930 4.0228 3.7100 
(jO 26 20 11 Hj .5928 .5970 4..5310 4.0316 
80 :.H 21 19 19 .5966 .. 5987 4.9/103 4.2206 

100 -12 21 23 21 .5982 .5991 5.1631 4.281-1 

.-JO .!).) 10 ,1 1 1 1 .5605 .. 5680 2.1887 2.1056 
20 8 8 3 3 .6221 .6346 3.097.5 2.9817 
,JO 15 1.1 [) 5 .6519 .6636 4.0.561 3.9600 
60 22 li 7 7 .6686 .6786 5.0893 .5.0316 
80 28 20 8 7 .6769 .67~6 .5.9128 .5.0316 

100 :10 19 9 8 .6790 .6852 6.1904 .5.9381 
150 51 20 10 9 .6843 .6871 7.0586 6.1901 

.!):) .10 10 :3 2 0 1 .8003 .76.58 2.5373 2.1315 
20 -) .) 1 2 .8385 .8020 3.0896 3.2091 
,10 7 ... 

2 3 .8910 .9048 4.5972 4.663.5 1 1 

GO ~) 8 3 3 .9139 .913,1 5.6130 5.0929 " 
80 10 10 3 4 .9201 .9294 6.0370 6.16.52 

100 12 Il 4 5 .9320 .9361 i .0764 6.7678 
200 18 li 5 5 .9,t92 .9521 9.5601 9.0671 
·100 ')"" -1 25 7 6 .9613 .9628 13.0439 12.u464 
GOO :1 1 :32 8 7 .9658 .9674 1.5.2924 14.281:3 

. !)!) . !):) 10 2 2 0 1 .7702 .7858 2.1.547 2.2234 
:W ,1 ,1 1 .8530 .8592 :3.1756 3.1259 
·10 1 6 2 .89f' 1 .9008 4..504.5 4.:J27'1 
(lU 8 8 2 3 .91.50 .9228 .5.2263 .5.3337 
80 10 10 2 3 .9276 .9315 6.064.5 6.1598 

100 Il 12 3 3 .9340 .9388 6.6.518 6 .. 5770 
200 17 16 4 3 .9525 .9522 9.3224 8.4981 
·100 25 2) .5 4 .9625 .9633 12.2179 11.6355 
GOO :12 :i2 5 5 .966oS .9665 14.1730 14.1760 

Table 5.1 Best-threshold versus approximate delay 
and throughput for Il2 = 0.5, that is f3 = 2. 
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• (II (1'2 /' [III,' {'l'l' ,Ih,' {'PP )1 h,' 1(/1']1 /jill/' Il'I'I' 1 1 '2 2 

.10 .10 10 5 !) 0 ·1 .1:J:m ..I1():1 ~.I (i:I:J ~.:I1(iO 

20 J 1 Il ;J <1 . .J.I !)(i ..1·177 2.I:tl:J :!.:Iï(i'j 
:30 JG J(j 7 !J . WO(i .w:m :to~m, :to:!;) 1 
·10 21 19 JO J,I .·1657 ..t701 :J.Hi:n :1 ;) 7:!ï 
GO :12 20 Jr, J!) .1710 ..t7:W :U)~70 ·I.O:!:! 1 
80 ·13 20 20 19 ..17 Il ..t7:l9 ·1 12~,() ,I.O:!:! 1 

100 52 :W 2r, :W AïGI .175:J 1. ïS;<J ,1 :! 1 ;).) 

.10 . !);) 10 5 r, 0 <1 ..I5()9 .'17 J() :HSI; 2.(i(i;) 1 
20 10 10 2 4 ..I()HO A7:J2 2.7:190 ~.(;97!1 

10 :.n J9 fi 9 ..t915 .,19(i:J :t!)()(U :t9171 
GO :H 19 8 9 .,1928 ,.j!)():3 ,1.00 II :1 !) 171 
80 ·12 :W II 1,1 50:J:! .;J067 ;'.~.I!); ,1.:I:ISI 

100 51 20 12 1,1 .r,O:Jj ;JO(i; ;I.:I:ISO r) :tls 1 

.!),) .10 10 :3 :3 -1 -1 .ïï90 .7790 2.,I:I:,!) 2 1 :1:,'1 
20 ri !) -1 -1 $3,1:3 .S:11:3 :1 :1!iOh :3 :t:,Oli 
,10 8 ~ 0 -1 .8798 .SS!)7 I.S I:Hi !I.O 1 r,o 
GO 10 JO 1 ,1 .8976 .!JO 1:3 !I.7,ISS !i.S 1 rll 
80 12 12 2 -1 .!lO!)!) .!ll :! 1 (i.li~ 1 1 li, li, l!i 1 

100 1 1 1 :3 2 ·1 .9177 .!J 1 (i, 1 7 .:I!) 1 (i 70:3:17 
200 :.n 21 r, '1 .!);J58 .!l:J(i:! IO.120S ~~ S(iO 1 
,100 :32 :3:~ 7 H .!) 177 .!H !)!) l:trll!ll 1 :UiO:! 1 
GOO 12 II !J 9 .952.') .!J.1:35 1 !I.!J(),I S 1 !I.liOOS 

.% .!J.) 10 :3 :3 -1 -1 .ïï90 .7790 2.,I:I!I') 2.,1 :3!11) 

20 5 :) -1 -1 .8:3·1:3 's:J.I :3 :U.1Oli :t:3!iO(, 
-10 8 8 0 -1 .88:31 .888.'1 ·1.!)2!i 7 .1./1 :!:! 
GO 10 JO 1 .9007 .!)O Il .1.s7:!7 .1. (J,II :! 
80 12 Il 1 -1 .9117 .!JO!)!) (i.G7:3!) (i :1,1 1:-; 

100 1 :3 1 :1 1 -1 .91 (iO ,9]90 i.{)(i:!:l 7.1 :!!)."', 
200 21 20 3 ,t .9:W7 .!J:W8 10.001(, !Ui:l:I:1 
100 :12 :31 r, ·1 .9tHi ,!JI82 1 :J..1 11(; 12 S:l:l 1 

GOO ,12 -Il fi !J .!J!):J5 ,!)!) 12 1 .1.8,~!)h 1.1 H:n.') 

Table 5.2 Best-threshold ven"ls approxÏJnate delay 
and throughput for Il2 = 0.2, that is /"J = !) 
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"1 
fil fJ'l. 

,. 1'1,,' 1 fi 11]1 .,,, r {'l'l' -:y1l17' "i0pp J)ihr jfl'P 
" 1 1 ';1 2 

10 .10 10 5 !) -1 -1 .:1!J90 .3990 1.6120 1.6420 

:W J J Il l 9 ,421-1 .4240 2,4512 2 .. 5],'j.! 

:m J7 18 ,1 9 .·U:3:3 .4240 2 . .5161 2.51.57 

·10 2:3 18 7 9 ,423·1 .4240 2 .. 5520 2.51.57 

GO ;J.! 1 !) 11 19 .'1:110 .1316 3.3013 3.2520 

SO tG il) 20 19 .·t33:J .4316 3.6904 3.2.520 

JOO G7 IH 25 19 .·I:H7 ..1316 3.9·102 3.2.520 

· 1 () . !)."") 10 [) !) -1 -1 .:3990 .3990 1.6420 1.6420 

:W Il Il 1 9 .'1:3:39 .4368 2.87·~4 2.9292 
:JO 17 IG :3 9 .H.5!) .4368 2.95::4 2.9295 

JO :22 17 ·1 9 .'1356 ..t368 2.961:3 2.9295 

GO :J.I 1 !) 10 18 A4H .4482 ·t.0223 ,1.3788 

SO ·1·1 ]9 12 ]9 .H69 .4482 4.364:3 4.3789 

10U .16 19 ]4 19 .H 72 ,4482 ·1..1058 4.3789 

· !l.") . 1 () JO :1 :3 -1 -1 .7790 .7790 2..t359 2.4:3.59 

:W ;) !'j -1 -1 .83,1:3 .8343 3.3506 3.3.506 

l 
:JO (i () -1 -1 .8514 .8.514 3.79tj3 3.7953 

10 8 8 -1 -1 .875·! .87.54 4.6593 4.6.593 
~ 

80 12 12 -1 -1 .9024 .902·1 6.2872 6.2872 

100 H II -1 -1 .9107 .9107 7.0.519 7.0.519 

:WO 22 21 2 9 .9322 .9321 10.1777 9.9910 

JOO :3 1 :1:1 .5 9 .9,139 .9442 13 .. 5906 13.3.588 

GOO 15 II 7 9 .9·18·1 .9·188 1.5 .8.5!j.1 15.6339 

800 ri!) .11 12 9 .9.5] 2 .9509 17.86·19 17.151:3 

· !);"j .!l.i JO :3 :1 -1 1 .7790 .7790 2.'1:3.59 2.4359 -J. 

20 !) 5 -1 -1 .8343 .8343 3.3506 3.3506 
:W (i 6 -1 -1 .85H .8.5H 3.7953 3.795;3 

10 8 ~ -1 -1 .8754 .8754 4.6.59:3 4.6593 

80 12 12 -1 -1 .902·1 .9024 6.2872 6.2872 
100 II II -1 -1 .9107 .9107 7.0.519 7.0519 
:WO 21 21 1 9 .93H .9328 9.9285 10.0740 

·100 :3-1 :3:1 :1 9 .9145 .9448 13.6474 13,4488 

GOO Il ·1·1 5 9 .9·187 .9·194 15.745] 1.5.7300 

800 !) 1 !'j·l 5 9 .9509 .9516 17.2700 17.2521 

Table 5.3 Best-threshold versus approximate delay 
and throughput for J/2 = 0.1, that is f1 = 10. 

or 
~ 

- 91 -



," 

Chapter 6 
Extension to more 

than two job clasRes 

Ail applicatioll of 1 1](, IIH'I hods alld approxilllat.ioTls <iI''''c ril)('d ill 1 lit' 11I\'\'\'\'dillp, 

chapl('rl-l :->llppolll-l Ih(· (,Ollj('<!IIIP Ilrdl Il)(' ll'é1(koff 1)('1\\'('('11 d(·lrI\' rllld IhlulIghplll 

ill l-lillgl(· "'('1 \ c·" qlJ('tI(·~ ",il Ir Illllit ipl(' job c1é1s~('~ il-l 01'1 illliz(·d 1,\, ri (Olllhill,tlllIlI III 

pl'<'('lI1pt in' SE,) Jo' dllcl 1l101IOtollic flo\\' COllt roI. 'l'Il<' opt.lmal IJo\\' (,ollll'ui 1 ... \ ('1 \' 

IU'ad,\' clrarac\('1 iz(·d by h.\·pc·rplaIIC·s in Ill(' IlIlIlt i dillH'IISiollcd ~1.ell(· l-lpcH (' Th(, 

sI C'ady .., 1 <III' approxima 1 iOIl ('xl c'lIds 10 more tha Il 1. wo jol, ciel ~~!'l-l: 1 II!' I!.( 'II( 'l,Ii 

forlllllial iOIl i~ l-lkct < hed, 

6.1 The optimal policy 

COIll\>lIt,J1ioll of t.h<' optilllai <ombillat.ioll of ()J'{,(,1I1pti\'C'~! lJ('dlllilll!. ,nul IJow 

COllt roi IIlillilllizillg IOllg l'lIll a\'('ragc' 11<'1, cost whPII t.h!'!'!· éll!' 11101(' 1 hélll 1 Wu loi, 

c1a.,sc·s ~lIgg('~I~ 1 Irat SE,JF J'('lIléliIlS optimal wl](,11 cOllpl<-d to l-lillllrltall!'oll~lv op­

till1al flo\\' cOIII roI. As <'x/)('cI('c1, 1.11(, op! imal flow cOllll'ol i" IIlOIIOlollic, I.htlt 1", 

described hy sllrfaces Ci, 1 :::; 1 ::; 111, ill the IIllllti dilll<'nsiollai ~I ,LI!' Spél(,('; ft 1 YI/!' 

1 job is adllliu('d ollly if 1lH' sIal!' \lpOIl arrivalli!'~ bc·low ~lIlrrl(C' ('l' < 1 < 111 
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\!IJ"'()\('J 1111''''(' 0.,'" l,H(· ... cil!' \'('ry fI(·arly lilH'élr. 

1,('1 X = (.l'( .. /:! ...... r,,d \)(' Ill(' pop,r1alioll and aSSllnlf' 1'1 > 112 > ... > 1'7/1' 

'1 \ J(' opl i III ,Ji rio\\' (,olllroi i~ air lIo~t a COli t rol-\ imit admission policy of t h(' following 

1 \'1 H' 

Approximate threshold-type flow control 

ad mit c1ass-l jobs iff 

admit c1ass-2 jobs iff 

ad mit c1ass-3 jobs iff 

ad mit c1ass-m jobs iff 

01 ill (OIlIPdl 1 l' o l'Ill: 

.li + J':! + ... + .l'm 
------------- ~II 

1'1 

_.li + .l':! + .l'a + ... + .l'm 

III l':! 
::; '2 

.li .l':! ·1'3 + .1'4 + ... + ·l'm - + - + ::; 13 
III 1''2 Il :\ 

.l'J .r2 ·l'm -+- + ... +- ~ 'm 
III 112 !lm 

admît. a c1ass-J.· job in state x iff 
k-I 1 m 
" .Ti ~ L.... - + - L... :ri ::; tk 
;=1 Iii Ilk z=k 

(6.1 ) 

III t Ill' IIb .... ( 1/('( of cllTi\'ak t Il<' (,Xl>r('~sioll 011 the I('ft hand side of (6.1) is easily 

Il,1,, \t'd loi lit· .1l'l'IlH'd cosl t () t Il(' sp,telll for having an ext.ra type-J.· job. This 

('\11 il l'o~1 i ... (lJlIlpo~('d of (('/ l'~. )+(' L~::l (.ri/II,), which is t.hr cost. for qu('ueillg the 
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l'xl l'il 1,1 IH' , .. juil" Ilil<' ~I'I \ IIlg higllt'I' 01 l'<flled pllOllly .I()Il~. ,llId (1/,11.) :~;~I.'I ! l" 

"l,icI! i ... 1111' (()~I loI' d('!cl\ illg IOI\'!'1 plloril,\ j()h~ h,\ (II/Id tilt, IIH',llI "'1'1\'1It' 111111' 

(J! t III' 1'\11 d joli, 

\\"11<'11 IIH'II' i ... 110 clll'iv,t1 1 hi ... <'\:lléI co,,1 i ... (OllllMI<'d 10 II\(' Il'\\,.11<1,. III 1I1c!1'1 

10 d('l<'lllIilll' if hcl\'ill~ 1 hi ... <':-.II'é1 job i" 1)('lIdi(i.ti to tlll' .... '·:-.1('111 III tht' Id"'" or 

illdq)('II<1I'1I1 P()i~:-'lJlI !>l'O«':-''''('S, III<' tlll('~h()ld ... " <I<'I)('lId 011 III<' IIII<'II:-.itw~ \,. 1111' 

Iliglll'l 1 II<' 11I11'II~il \',1 III' ~lll(t1I('1' i~ t II<' t hl'<':-.ftold. 

<'\:IH'II<'<I 1 hell if Il 1 ... opl illl,t/ 10 n·j('< 1 cl ('leI"'~ 1 lull ill ... 1.11(' x Il 1111I ... t 1)(' opt 1111.d 

al ... o lu Il'jl'l 1 IO\\(,1 pllul'it~· joli..,. !I,lIlwly t II<N' IJUIII (Icl"''''('~ 1 + 1. , Il ill ~I.dl· x 

Il fO"()II~ 111.1t 1\'(' t'XIH'cl Il)(' oplilllai Ihl('~huld~ to "'c1li~fy 

(Ii :.!) 

III tll<' IIt'xl ... ('(Iioll, I\·(':-.k('\('h ho\\' 111I'~I('e\{ly ~lat(,.lpp/Oxilli.lli()1I of ('I,tlplt'I 

:'} l (\11 1)(' l'Xll'II<I<,<I 1 () 1II0l'<' 1 hélll t \\'0 job c1a~~('~, 
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6.2 Steady-state approximation 

\\'1' 1\ 1,,11 lu (OIll)J1IIt· 1 II<' p<'J'rOl'lllél/l(,(' or éI ~ingl(' s{'rv<,J' quel\(' with 111 job 

Il,,:-'..,1'''' SE.J Jo' PI('('llIpt i\'(' :-,C'('\'in', and (lI, ''2' ... , lm) thr{'shol<1-t.yW· flow control 

1\'1111 1 J 2 ''1. ~ ... 2 '11/. 'l'Il<' cOll1putatioll or the joint stC'ady-state probabilitics 

(Jf 1111' plCl! ('''''' 

(6,:3) 

1I11t/('1 "Ile Il (0111 l'o!. i-.; /loI <Ill ('a~y task, alld n'quiJ'es the solution or a possibly 

1.11 /1,(' ..,1'1 (Jf' /1111',11 ('qllalloll", \V(· inl J'odllc(' a stC'ady-st.atc· assurnption allowing 

" ""l1pl(' 1 ('( III..,i\ (' ('0111»111 fil iOIl or approximaü' ~t<,ady-statC' prohahilities, The 

fi!llJl UXilllfil lOI) (.111 III<'/l 1)(' Il..,('c! 10 opt imizC' the d{'Jayjthroughput tradcoff within 

Il)(' (1""" 1I1 ('t, ''.! ..... '/II) "dllli:-,sioll policies alld 10 obtain tI](' })('st valu('s of 

't./',.!· '/111 SlIdl "II optilllization was caJ'J'i<,d out ill Charter 5 for the sp<,cial 

('''''(' /11 = :.! 

LC't Il., fl:-' Ille' flo\\' (UlltlOl tlm'sholds il ~ 1'2 ~ .. , ~ lm, TIl<' steady-state 

asslIIllpt,ioll <I:-'''('l'ls 1 hall I)(' )>l'O('C'SS 

(6.4 ) 

/('cl( IIC'~ ..,1 ("Icly ~ l,II (' I)('t \\'('('11 t l'a IIsit ions of the process 

(6.5 ) 

fUll = I.:.! ..... III - 1. Sll)wl':-,cript - (+) rcfC'l's to job classes \Vith priority strictly 

:-'l11all('1 (11l!!,"('1 01' ('qllal) 1 h,lIl c1cl~s l. This assumption is justified by the fact 

If' , 
Ihcll /'1> /''.! > .. , > /'/1/, alld Ill(' rad that SE.JF service is applied. 
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Dcfill(' II/ = rf/,1il. Th(, 'iC't of l'C'CUl'l'ent stat('s IIl1d('1' 0111' cOl\trollilllit .tdlllis-

..,ioll poli( y i!-l t IWII 

( (Ui) 

D('fill(' fol' 1 = :2, :1, ... , IIi, 

«i.7) 

ï~ i.., the Pl<Jj('ctioli of tll<' "pt of 1'('(,111'1(,111, stat<'s 0111.0 

{('l'J,.I';l, ... ,.l'lIdl:Q = .T2 = ... = .1'/-1 = O}. 

,\1..,0 d(·fll)(· lori = ~,:J, .... 1//, 

L-+-L:'/'f:S/" 
1- 1 .1' ( 1 11/ } 

(=1 Ilf Il, l'=. 1 

(j.X) 

,.,',(.1'" ..... 1'111) ('élIl h(' \'j('\\,('c\ as the support. of c1ass-z a(!Jlli~~i()J1 J'('p,1011 cd)()v(' 

( .1'" ... , .1' 11/ ). 

To ol)taill ail approxilllation fol' tllC steady-stat,(' di~,t,rihlltioll IJ(x) of .\'(1), 

t he' ('olldit iOllal distl'ibut iOlls 

((i.!) ) 

fol' (.r~.+ 1 .... ,.1' I1d E Tk+ l, il 1'(' romputcd /'C'cursive!y fol' l· = 1,2, ... , .", - 1. Fi Ilrdly, 

tllC' lIIargiwd dist l'ibutioll 1)(.1'1/1) of X lll (L) is ohtain(·d. 
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6.2.1 Conditiol1al distributions of Xl 

IJ/ld(,1' Il)(' (,1II'1'('lIl !-.I(wly-slôie assurnpt.ion and the current admission pol-

i('y, IIJC' di!-!ll'ibut.ioll of thC' nllrnl)('1' of shortest jobs in queue, conditioned on the 

11111111)('1 of IOllgC'r johs, is giv('f1 by 

(6.10) 

This ('xJ>J'('ssioll is ,'(·cogniz(·d as the pl'obability of state Xl in an AI/M/I/(n! -

,/,:! - ... - ,/, III) (1' f('11(', 

6.2.2 Couditional distt'ibutions of Xk' k = 2, ... , m - 1 

Lf't, liS élSSUIll<' now t.ltat th" conditional distributions P( xilxi+l, ... , xm), i = 

I,~, ... , "'-1. l'é\\'(' 1)('('11 compute·cI fot' sorne k, 2 :::; k < m-l. Fol' aIl (Xk+l' ... , xm) E 

~k( ·1'~·I,I'k+l •... , ,l'II'} = L ÀkP(x}' ... , Xk-llxk' ... , xm), 
(J', ,,,.,X k-t}ESk(Xk , ... ,Em) 

,,"d 

Of courS(' /)(.l'J .... , .1' A'-ll.l' k • ... , J'm) in (6.11) and (6.12) are given by 

k-l 
/>(.1' 1, .... ·l'~·_ll·"~" ... , ,t'II,) = II P( X e IXCtl' ... , xm), 

e= 1 
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The nUlIlbel' of dass ~. jobs in qU{,lIe', rondit iOlled 011 t ht' Illlllllwr of )0\\'('1' pl i-

ori!.y job~. is th(,11 apPl'Oxill1at<'d hy the nUllllwr of CllS!.OIlle'rs in illI AI/AI /1/ (1/ A' -

,/, ~,+ 1 - ... - ,l'"z) qU('lI<' \Vit h pa l'an1<'tNs 

~d,l'kl,1"k+l' .... . 1"m), 0 :::; .l·k :::; UA' - '/'k+1 - ... - '/'11' - 1, 
((i.!·I) 

ïi k(.q,l·q·+ l, ... , .1'7/1), 

ft follows t hilt 

and the Ilol'lllalizillg condition yields 

6.2.3 Mal'ginal distribution of XIII 

).11/ P(;r) , ... , '/'111-11'''1/1), ((I.! 7) 

alld 

(fi.) H) 

The ma rgillél 1 distrihll t ion of the' 1III1I1bcr of )oJlgest johs is cl pproxi mat(·c1 hy 1.11(' 

distribut.ion of the nUlllhpl' 01 clIst.omcrs in an NI / M /1 /Tlm '1\1('11<' wi1.h JHlrttJIJ('t('IS 

>'",(.1'",), 0:::; Xm ::; 7lm - 1, 
(fU!J ) 

ji 111 (.1'",), 
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( 

( 

Il r()lIo\\'~ Il,," 

(6.20) 

,II J( 1 t!w 1l0rllléllizi ng {'ond i t ion yiclds 

{ 
1 - }-1 "m Zm- À (f) 

P(XIII = 0) = 1 + L II -=- Te 1) 
xm=1 l'=o Jlm + 

(6.21 ) 

6.2.4 Appl'oxÎmate performance 

Th!' approxilJlélt,(' pC'l'fOrlllal1cc under the given (il, t2, ... , lm) flow control cou-

ph'd t.o SE.J F sc!)('duling is t Iwn ob1.ained as follows. First the approximate stcady-

sté" (' dist.l'ilHltiOIl {Jf tlt(' qllC'llC' Ic'ngth process is 

'l'II<' llH'illl 1I1I1Il1wI' of clilSS i johs in queue is 

Xi = E x;P(x), 
xESn 

'l'Il<' IlWilll t ltl'ougltput.s èll'C' 

1 :5 i < m. (6.23) 

ÀiP(X). (6.24) 

TIIC' 111(',111 d('la)' /J, a \'C'I'ilg,<'d 0\'('1" ail clIstomers, is given by Little's theorem: 

D = :rI + X2 + ... + xm . 
71 +12 + ... +7111 

(6.25) 
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Finally, the' ('x}wdcd cost corrf'spollding to I.h(' (tl,/2,"" ,,,,) admissioll poli('~' is 

(i.2(i) 

- 100-



Chapter 7 Methods of proof 

Th(, l'roof t,hat. Ilw t ra <!poff h<'twecn delay and throughput in our multi-class 

sin,!!,l!' S('I'V('I' qUl'll<' is optillliu>d hya combination of preemptivc SEJF scheduling 

élJld lllOllOlollic flo\\' COllt 1'01 is plagllcd with analytical difficulties. We show here 

ho\\' SOIlI(' 1 ('chniqll('s (in pal'Iiclliar the Linear Programming Approach) fail in the 

PJ'('S('IIt. s<'I.lillg. ",hile olllC'J's (Iike the Induction Approach) prcsent unexpected 

difJiclllt.i('s ill tlJ('ir appliC<ltioll. A proof of the above conjecture is still missing in 

1.11<' p/'!H'l'al cas('; ill Chapl('1' 2. wc presenteJ a proof for the special case of only 

two qll('IIt'S, 011(' I)('illg l'lat lII'al('d. 

WC' cOlIsid<'1' lu'('(' thl' 11I0d<'1 describcd in Chapter 2, but with only two job 

('Iass('s. W(, aSSlillW 1 hroughollt t hat Il} > J.l2. 

7.1 Tbe Induction Approach 

The IlIdllet iOIl Approach is a weil established method in the context of control 

of qll('lH'S [i2], It has 1>('('11 widply IIscd in a variety of situations to characterize 
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optimal poli('iC's. NotahlC' and rc,lc'vant applicdt ions of t Il<' Indllct in' 1\ppro'\('11 

illclude: Johansen and St idham [:35] who applied il to t IH' adlllission nmt roI fOI 

a stocltastic ill»ut--out put systC'lll; lIajek [2(i] who cont.rols l'out illg cllld ~('I "in' 

priority ill a IIdwork of 1 wo qllC'll('S with fc('dhack; GhOlH'im and St.idham [~;~] 

who cOlltrol admission al. c'ach of t.wo nodes in tandC'll1; W<,IH'I' ,In<l Siidham [SI] 

who control scrvice l'ales in a tand(,1ll network. Sec also [16], [27], [,17], [.I~], [(iS] , 

[70], [71], and [86]. 

III ('ssC'n('('. 1 h(' appl'oach <'Onsist.s in studying finil,e--horizoll (\ discollllt.(·d ('os\.s 

fol' t.he spt('1Il IIIl<kl' ill\'c'st igat ion. TIl<' precise Illcaning of }in Il, hOI'l::oll will 1)(' 

gi\'cll shortly. TIJ(' nllit(' horizoll dynamic programmillg cquation is t.hm 1I~('d \.0 

cstabliF.h, bIJ indue/ioll 011 III( hori::on, that finitc- hori:lon optilllal polici('s have' 

certain st l'li ct. li l'a 1 IHop<,rt.ies (liJ.a· switch-cUJ'w). Unc!C'1' gC'll(')'al ('ollditions ([Wl]), 

t.hcsc propel't iC's cxte'nd 10 tll<' i Il fi nitc-horizol1 d iscollntC'd --(·OS\. prohl(·III. '1'1)(' 

long-mil average co~t prohlC'Jll is t.hcl1 trcatcd citlwl' as a lilllit of di:-iCOUllkd 

problcll1s wit.h discount fador apPl'oaching 1,('1'0 as in [2], ['I!)], [/Hi], [()·1], or as !.I)(' 

limit.illg case of fillit.(· Lillle-horizon ))rohlcllls as in [6]-[9] and [(il]. 

A contillllolls--tilll(' 1\lélrko\' <!('cÎsion process formulat.ion of t.hC' pro"ll'l1I wa.s 

dcri\'ed in Chapter 2. III t II<' case' of only two job-c1ass(·s the sl.étl.(· span' is 

s = {x = (:Q,x2)lxl,X:.! = 0, 1,2, ... }. (7.1 ) 

VVe l'ccall .. Jlél\. conlrol a = (Q,(/2,Cl;J) spccifies whet.hcr a t.ype· i a.rriva.1 (l = 1,2) 

shr>uld bc élcc('pled (ai = 1) or l'C'jectcd (ai = 0), whilC' (J:~ sp('cifi('s wh(·tJJ('J' 
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:-'('/'vi(l' i:-. d('votC'd to typC' 1 ((/a = 1) or to type-2 (a3 = 0). The state transition 

(7.2) 

wl)('l'(, A = ..\\ + ).~ + ILI + 112 is the total evcllt rate, I[ ] the indicator function, 

(7.3) 

and z+ = 1I1élX(':,O) fol' l'pal z. A control policy 7r is a sequence (UO,U1,"') of 

rllllct iOlls 

l T Ildl'I' a pol je)' 7r. t Il<' st él t (' pl'O(,(,SS sta rting in initial state xo = (x 1,0, X2,O) evol ves 

clS él Illlirol'llli:l.<'d Mal'kov Pl'o('('SS 

X(lI')(t) _ y(7r) 
- N(t)' 

\\' 11('1'<' .\' (1) is il POi:-'SOll proc('ss wi th rate A, independent of the Markov chain Y k 

011 • ..., •• ",itll P(Yo = xo) = L and transition probabilities 

1 
',*, Yk is tll<' stalt' ('IllIH'd(!<'d at transition cpochs. 
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LC't 0 < TI < T'2 < ... < T~. < ... dC'noi<' tl1<' Sl'qll('I\(,(' of jlllll!> t ÎIlWS for pron'ss 

N( l). 'l'Il(' expcc!ed (l-di~(,ollnt('d Il('t cost for operaI ing Ill(' systcllllltld('r a policy 

7r 0\'('1' 111(, 1'«11<10111 inlt'I \'al [0, Till \\'lwlI staI'l ing in slat(' Xo il' 

wll<'l'c IIX{I) Il = X dl) + -"'2(f). Evaillat.ing wc oht.ain 

whcl'e 

A 
fJ= --. o+A 

(ï. 1) 

This cosl is l'élsily il1l('l'pl'd('d élS the cost ov<'r t.he fin;!. 11 skps of il (Iis( 11'1.(' 

time ~Iarkov dl'cisioll PI'O('('S<;, \Vith dbcount factor fJ (fi was IIs('d ill c1wp1.(·I'S -1 

and 5 10 dC'llOle il l'al in of s(,l'vicc' 1'«I('s; ill this chapt('r, (1 d(·lIot(·~ 1 1)(' d;~(,()lIl1t. 

factor) . 

For gi\'C'1l illitial slal(' Xo ch·fille 

(7,fj) 
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111(' /IIilllllllllll/i di"collllt('d cost oV<'r the first n transitions. Dy convention V!(xo) 

i., :-,('1 tu O. 'l'lwlI \1;:3 is ('hal'acl<'l'ized by the dynamic programming optimality 

"qlla t iOIl 

\':;~ 1 (.1' l , .l''l) =d .1' J + .1'2) (() + A) --1 

+ /i{;\:d A) mill {V,f(.TI, J''l + 1) - r, Vn f3(:q, .T'l)} (7.7) 

+ lilllill{(,l}/A)'~f((.1'1 -1)+,X'l) + (l t2/A)V!(XI,X2), 

(,1} / A)~~f(:l'}, ·1'2) + (,t21 A) V[(X}, (X2 - 1)+) }, 

",hicl! is f'Cjlli\'é1kllt, aft(' .. simplifiration, to 

\\'11<'1'(' T is t h(' O!H'l'éi t 01' d(·fi II(> on l'cal-valued functions f on S by 

Tf(.I'J .. I''l) = I1A- 1{c(.1'J + .1'2) 

+ "1 min {.f(:q + 1,X2) - r,j(x}'x2)} 

+ mill {/'1 f( (x 1 - 1)+ , X2) + It2f( xl, X2), 

11I!(:Q,:Z:2) + It2f(x} , (X2 -1)+))}. 
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Frolll (i.i) it follows Ihal Ihe optimal aclion a = (al,a:!,II:d ill strllt' x 

(.!'J,.I':!) whc'II the'l'C' al'<' 11 stf'(>s 1'C'lllaÎllillg is dt't('l'l11ill('d hy 

(i.IO) 

111 \'ie'\\' uf (ï.1 0) 1 he' II/OI/olonicily of t11(' opt.imal f10w ('ont.rol will \)(' ('IISIJI'(,<I 

ii III(' optilllai co.., 1 flllletiolls sati:·.r,\': 

2) \~/(.!'J + 1 .. 1':2) - \~/(.I'I .. I':2) is Jloll-d('('I'e'asillg in .1'2 (Slll)('1'I110dllli-llit.y), 

;3) \ ;/(./'1 .. 1'1 + 1) - \ ;;j(.I'I,.I'~d is lIon-decl'C'asing in .1'2 (collv('xit.y ill .l':!), 

1) \~;1(.1'J •. 1':2 + 1) - \~;1(.I'J,.I':2) is JlOrt- decl'casillg iJl:i'J (SlIpf'l'IIlodlllal'it.y). 

IJld('('d, t.11t'~(, IHOIH'rtit>.., illlply tllat if admission of a t.yP(' 1 job is optilllcd in 

~tclt(' (.l'J. ·1'1), adlllissioJl i~ al~() opt.imal in staU's (.l'J - 1, .l'~,d alld (.l'J,.I':! - 1). 

Thus tll<' hOlllldal''y \)('t \\'('('11 adllli~sion and !C'j<,ction J'('gions is ('harad('l'iz(,d \'ya 

1II0Jlotollie ~\\'itcltillg-(,l1l'\·(·. As fol' scheduling, opt.imality of SE.JF l'C'Cjllil'(,s tltat., 

for ,l', ~ 1 rllld .l':! ~ 1. 

(7.11 ) 
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TIll' ol,j('(l,i\'(' i" 1011"'(' III<' dynamic proglamming cquation (ï.8) to show, by 

i"ductio" 011 IIH' IIOJ'izoll Il. Ihat Ill<' millimum cost functions salisfy the rcquired 

"lop('l'li('~. Tllis .1I1l01l1l1s 10 showing that thel-!(' propcrtics carry over from f to 

'J' r. 1 II-!1Iall)', to show thid Tf acquirel-! a certain propcrty from f, one obtains a 

1I111('1t ... 1 IOllge'J' \'('Slrlt; lIall1(,ly, tllat ('ach term of the summation defining Tf has 

III I-!Ol1l<' ('a~('s ail ('\,('11 sI rong('r {"psult is obtained lo establish t.he switeh-

( III'V(' st,l'ud 1Ir<" 1If11lH'ly t lIaI. diagonal-monotonicity (also callpd subeonvexity), 

l'éllill'I Ihall t'Oll\'('xily, (,éll'I'i('s over from f to Tf. Diagonal-rnonotonicity was 

Ils('cI by lIaj('/\ ill [:W] fol' Ilil-! illdl\ctive proof of switching-cttrvp opt imal polieies 

fOl fi 11<'1 \\'01'/\ of 1 \\'0 qU('IIC'''' \\'it Ir fC'cdback; it was also llscd in [2:1] to dcrivc the 

\lIollolollieily of optilllai f!o\\' control at caeh of two nodes in tandem. SeC' also 

[~U], 

Fol' il \'('al \'alued fil Il et iOIl f(.1'], .t·2) wc define 

Subcollvexity of f iu .1' 1: 

/(./') + 1, .l'~ + 1) - f(.q,.T2 + 1) ~ f(Xl + 2,X2) - f(:q + 1,x2)' 

Subcollvexity of f in ./':.1: 

f(.l'J + 1. ./':.1 + 1) - f(.q + l, .1'2) ~ f(x}, :1'2 + 2) - f(:l'} , x2 + 1). 

A l'ulld iOIl f is diagonally monotone if it is both subconvex in Xl and sub-

t'011\ (', ill .l'~, 'l'II<' (lPP('<l1 of diagonal-monotonicity cornes from the following 
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e!('IIH'1I 1 a l'y l'C'SIt!t:, aboul 1 Il<' ll'îlllSfol'l1Jatiolls 

1~f(·1'1.·I''2) = min{f(·1'J,.l'2 + 1} -7',J(.1'J,.r2}}' 

\\'1]('1'(' ,. is a n'al collstallt. Th(' simple proofs ale skctclwrl ill ApJ)(,lldix B. 

Proposition 7.1 

If / is nOlldecrc'Hsing in :l'J and in .1'2, 

(1)('11 'f'J.f' alld 1~.1 .11'(' nOlldccreasing in .l'} and ill ,1'2, 

Proposition 7.2 

If / is SlIpt'l'lIIodlllal'. suhcollvcx ill :l'J, and :mhcollvPx in .1'2, 

(1)('11 .1 i~ ('OIl\'('X in .1' 1 and in .1'2, 

Proposition 7.3 

If / i~ SlIp(·l'Il1odlllal'. convex in ,q alld conV<'x in ,1'2, 

111<'11 '/'1.1 alld '1'.;./ élI'(' sllJWl'l1JOdlllal' fol' ail 7' ~ 0, 

Proposition 7.4 

1 r / is ('OI1\'('X i Il ''1. 

1 11<'11 'f'1.I is COII\'('X ill .r 1 fol' ail ,. ~ 0, 

Proposition 7.5 

If / i~ ('OIl\'('X iu ,1'2, 

111<'11 1~f is COII\,(''.; ill '/'2 fol' ail l' ~ O. 

Proposition 7.6 

Fol' / lJolJd('('I'('a"illg alld supC'l'lJlodulal', 

111t'1I TI/ is (,OIl\'('X ill .1'2 fol' ail r ~ 0 iff f is suhcollv('x in .1'2' 

Proposition 7.7 

Fol' f non dt'cl'('a~i Ilg élnd su J)('l'lJlod IIlal', 

1 ht'II 1'.;./ is (,OIl\'('X ill ./'1 fol' ail T' ~ 0 iff f is slIheoflvc'x ill .1' l, 
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Proposition 7.8 

Il l is IIOIHI('('I'('(tsillg, sllp<,rmodular, and diagonally monotone, 

llwlI '/'( f cwel r/~f cu'(' nondecreasing, supermodular, 

allcl diilgollally IIIOliolorw for ail T ~ 0, 

Sllolllcl !>IIP('1'I110dulill il,\' and diagonal-monotonicity carry over from J to T3J 

(7,12) 

1 h('" lillil(' horizoll millillllllll cost fundions ~~f would he supermodular and diag-

olla IIy 11101101011<', 11('11(,(' (,OIIW'X, ill1J>lying switch-curve structure for finite-horizon 

opt.illiai Ilo\\' r01l1 rol'i, 

110\\'('\'('1', a Il Il Il \('riral ('valuat.ion of the minimum costs v,~ reveals that they 

al(' 1101 IU'«''isaril,\' diagollally 1I10notone functions of the state (Xl, X2). On the 

01 Ilt'r Ilalld 1 he.\' app<'él!' lu 1)(' COI1VC'X. 

Thil!'>. diilp,(lIIal Il\ollolollieily is too strong in the context of (7.7). To perform 

111(' i Il el Il ct i \ (' !'>1 ('p. 011(' III IIs1 111('11 detC'l'mine a set of weaker properties of the cost 

1'1111('( iUII" \;/ thal imply s\\'itch-clIl'\'(' flow control and SEJF scheduling, and that 

C.II'I',' 0\'('1' ('illll'r dil ('ct Iy l'rolll .r 1.0 T.r or from .r to each term of T.r and th us 

III 1'/ ihdr. \Y(' "'('J'(' lIul .1hl(' 10 carry out that proglam, Rosherg, Varaiya, and 

\\'all"lII<I [li 1] ('Ill'Ollll l<'I'('d !>i lIIiléll' di ITiculties in thcir analysis of the optimal control 
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of sC'l'vice' ill tandc'Ill qll('I1<'<;. NC'Y<'l'thclC'ss, 1 he'y proVC' thal 1 lit' opl imal (Ollt 101 

is swit < h -CIIIT(' IJ)" COllst l'lIcl illg an C'qlli\'éll<'llt lilwar prograllllllillg prohl<'111 ,Illel 

lI~ill,!!, ,1 dllalily mglllllC'llt to d<'duce' cOll\'e'xity. 'l'Il(' applicat.ioll of t !tis appl'thlCh 

10 OUI' problC'11l is stlldie'd ill t.hC' 11<'Xt. Se'ct.iOll. 

7.2 The Linear Programming Approach 

The' Lill('ar Proglëllllllling Approach, introdllccd in [61] and sllhsC'(l'1<'nt.ly ,!!,<'n-

('l'éllize<! in [80]. l'ails wlwll ilpp\i<'d Lo our problC'lll. III short., t.ltis approac!t consist.s 

in fOl'llIulal illg tl1<' fillit.<, !toriwll optimizatioll prohlem as ail int.<'gN progrHllIllli Il,!!, 

prohlC'1Il on 1 hc' fillite hOl'izoll cOllt.rols. One consid('rs I.h(,11 1 Il<' corrc'spollclillg lill-

<'al' plogléllllilling prol>l<'11I oblaim'd hy allowing t.h(' variabl<'s (cont.rols) 1.0 t.ake' 

yaltl<'s in [O,IJ l'élt.he'r 1 han {D, I}. The 3UCCCSS of the approHch, hillg<'s 011 t.11P 

possibilit.,\' of s!towing t.hat, for any start.il1g stat.c, the relax<'c1 Li> !tas ail int.I,,!!,!'1 

solution, which must th(,11 be ('quaI 10 the solutioJl of the original int.c"I!,<'r pro,!!,1 ,1111. 

Villiotis [80] pointed out t !t,Il il simple way of cst.ablishing t.his prop<'rt.y is 1,0 c!l('ck 

that. the' matrix of ("olls1l'aints fOI' LP is t,otally llllimodlliar [Gn]. This is C'asily dOliC' 

for lJ1all~' con t rollcd q ll('IH'S [.11], [,19], [80]. lIowcver, as showll 1H'low, 0)(' ilia t.rix 

of (,ol1straillts COlT('f>polldillg to om prohlclll is not tot,ally 1IllilllOcllllar. 

7.2.1 Formulation of the flnite-horizon problem as a integer 
progrum 

As ill s('cliol\ Î.I. wC' cOl\sidc'r t he special case' of only two jo), c1as!><·~. Oll('(! 

uniforlllizat.io!l bas b('('ll appli('d to the original contiTlIIOll~- t.1Il1<' Plohlelll, UI(' 
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~,llIlpl(· "1"" (' for t,lj(' disCT<,te-t.ime Markov decision problem over n uniformized 

t i Ill<' siob (,oll~i~h of ail sPqUC'Il(,('S 

wlJ('J'(' 1.4.', E n = {A l, A~, J) 1, D~} arC' i.i.d. random variables with Pr{ w = Ad = 

À"alld /),.{w= f),} =llj. fori= 1,2,aftertheparametershavebeen normalized 

~o t !t,d A = "1 + À:.? + III + II~ = 1. Ohvious]y, wk = Ai or Di according to whcther 

t/I(' 1 ransil iOIl al, skp /.. is a type-z arrivai or a type-i departure (true or false). 

Ddillc' 
(1,0) ifw=A}, 

(0,1) if w = A2, 
~(w) = 

( 
( -1,0) if w = Dl, 

(0,-1) ifw = D2. 

ç(w) 1'C'»n·s(·IIt.s t II<' change in stat.e incurred by transition w. 

A pl'ocess .r is a S('<JlU'Il('(' of random variables fI, 12, ... , In, where Ik 1S a 

A policy:: is Cl p\'O('('s~ (::1 ... , ZI1) of functions Zk on Ok with values in {0,1} 

alld slIch t hal 

(7.13) 

Th(, ('011 t 1'01 varia hic' ':k( "",k) sl)('dfics the action to be taken at time k if the system 

( . (','oln's as v .. l. TI\(' control \'a1'Ïahlc Zk(wk-I,Ai) is equal to 1 or ° according to 
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whethcr a typ('-i arri\'al is ac('('ptcd or l'ejectcd at time A,. 011 t.!w otlt('1' hand • 

.:-~.(wk-I. Dd = 1 indicates tltat S('l'vice is dcvot('d to a typ('-l joh ov('r tilt' A· th 

slot. The condit.ioll (7.1:1) ('I\SIII'C'S t.hat a single cust.olllC'r is lwillg s{'rv{'d at c\lly 

givell t.ime. 

The trajectory in st at.C' ~pacc S cOl'l'esponding 1.0 policy :: and init.ial st.at,(' 

Xo E S, is the pl'Ocess (Xl, ... , XII) dcfincd by 

~. ( k-l) (k) t ( k) x~.(""" } = x~'_1 W + zk W <"k W , 1 S; A· S; n. (7.1·1 ) 

\V(' assume l'mt h{'l' 1.1)(\1. a policy is consel'vative and milint,ains t.!w COIT(':;pOlHI-

ing trajC'ctory within tl\(' stah' :;pa('c S, that is 
'."1-

(7.1!)) 

1'11(' exp('c(c'd cost:; illcUI'r{'d ovel' 17 uniformizC'd t.irne slots wl)('u stal't.illg in 

stat.{' Xo and applying poliey ::: is 

11-) 

\'~I(:::, xo} =E L ;lc(o + 1 )-IIlXkll 
k=O 

(7.Hi) 

l wherc Ilxkll = .l'k,l + .1'~','2 is the' total number of jobs at epoch k. SuhstitutioJl for 
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( 

x~, yit'Ids aft(·1' (·I(·lll<'ntéll'y Illéluipulations 

71-1 
+ L L p{wk- 1){ ÀI Zk(wk- 1,Al)(6kC - ,akr ) 

k=1 wl.-1Eflk - 1 

",11<'1'(' f,~, = /j~' + /j~'+l + .. , + /1"-1. Equation (7.17) can be expressed as 

n 

\~,(:' xo) = c8o/lxoll + L E O}(Wk)Zk(Wk ), 
k=l wA:EOk 

(7.18) 

",1)('1'(' t.1H' ()l'O('('SS a is ind('()('I1<!<'ul of the policy z and the starting state xo. Thus, 

1.11<' ('ost. is il lil\(,élI' fundioll of cont.l'ol variables Zk(Wk). 

'l'III' opl ill1al polie)' 0\,('1' tl1<' fîl'st n transition epochs is then the solution of 

1,1)(' inlq!,('1' pl'Ogl'ilm ill 1.11<' fîuite set of variables {Zk(wk)lwk E Ok, 1 ~ k < n}, 

n 

l';,(xo) = rnjn E L O'k(wk)zdwk ) 
k=1 wke{lk 

sllhj('d 10 II\(' (,OIlSll'élint.s 

• :~.(u,l) E {O, (}, w k E nk 1 < k < n , - - , (7.19a) 

wk E nk 1 < k < n. , - - (7.19c) 
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....... 

7.2.2 Relaxation and optimal poliey 

Om objecti\'e is to <'slablish HI<' convexit.y of finite-horizoll (·ost. ~';I(XO); t.ltis 

would illlply swilch-curn' structure fol' the opt.imal finit('--horizon f10w (·ollt.l'Ok 

Thf> silllllltaneolls optimization of f10w control and schedulillg is ('lllbodi('<1 ill t.I)(' 

forl1lulal ion; 1.0\\,('\'('1', 1 he' st.l'ucture of the jointly optimal scll<'duling is ilOt. ad-

dre:;sed ht're. 

\Vit.h that iUlJlilld, W(' n'Iax t.he const.raints (7.19) by allowillg t.Iw cont.rol vélri-

ables t.o t.al\{' vahl('s in [0, l]rath<,1' than in {D, 1}. Th<, t.raj<,ctol'y (7.J.t) can t.I)('1I 

be in t.(,l'pl'e! cd (tS tlt<' ('\'0111 t ion of a queue \Vith "fl'actional" johs. 'l'II<' lIIill i 11111111 

fiuit.e-hol'izon cost fol' st\cl! a qu<,uC' is thcn the solution of t.11<' lill('éll' progl'éllll 

(J.P) : 

subj('ct to the ('()J1st.raint s 

11 

W,,(xo) = mjn L L lTk(wk):dwk ) 
~ k=J w k E11 k 

• 0 ~ ::dI.41"')::::; 1. wk E Ok, 1 ~~'::::; n, (7.20a.) 

• 0::::; :/...(f.4,,/,,·-I, Dt} + :/..-(w/,,·- l , D2) ~ 1, w k- l E Ok-l, 1 ::::;~. ::::; n, (7.201» 

• Xo + 2:j=1 :j("",j)~j("",j) 2 (0,0), w k E Ok, 1 ~ ~.::::; 1/. (7.~W(') 

'l'Il<' following proposition is a standard rcsult. in t.he thcol'y of lilH'ar )>l'ogl'itlll-

ming (set' [G 1], [80]) 

Proposition 7.9 

IYn(x) is a COIl\'('X l'unction of x . 
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III p,('ll<'l'al (LP) alld (II» are> quite diffcl'cnt. However, if (LP) has an integer 

~ollit iOIl, t 11('11 lVl/(x) = \~I(X) for intcgcr x, and convexity of Vn follows from 

Pl'opo ... it iOIl 7J). 

Viniotis [SO] ('xploit('d the following fundarnental theorern (see Schrijver [66], 

Chap/'('r !!), Corollmy H).2a (lloffrnan and IÜuskal's theorem), page 268): 

Pl'opositioll 7.10 

Ld ;\ he' ail illtC'gral matrix. Then the vertices of the poly-

h(·dmll {xlAx ~ b, x ~ O} ail have integer components for any 

illU'gral \'('dor b if and only if the matrix Ais totally unimodular. 

,/,11<'\'('1'01'(', 1.0 d<'lC'l"Illill<' wltcther (LP) has an integral solution, w., need to 

v(,l'ify if t./lC' ilia 1 rix of cOlIst.l'é1ints corresponding to (7.20) is totally unimodular. 

Frolll (ï.:!O) it is ohviolls tltat the matrix of constraints A for (LP) has en tries in 

{-I,O, 1 }, whil(' 1 JI(' n'clol' /J, in A:r ~ b, has cntries in {l, xO,I, XO,Û. In fact A 

(ll1d b élJ"(' tll<' sa 111(' fol' botlt (LP) and (IP). 

Definition 7.11 

'1'1)(' lIIélt rix A is totally unimodular if each of its subde-

t('l'Illillallts is - L 0, or +1. In particular, each entry of a totally 

1I11illlotIular JIIatrix is -l, 0, or +1. 

- 115 -

ft 



-

7.2.3 The matl'ix of constraints is not totally unimodular 

Ther(' arr Illally characl<'rizat iOlls of totally ullimodular malrin·s. SOIll(' of 

t hcm élr(' collrctcd in Tlwo!"C'1Il 19.3 of [66]. Among tlu's<" a usc·ful 011(' in tilt' 

prrscnt contc'xt is gi\'cn hy 1,11<' next. propositioll. 

Proposition 7.12 

A Illatrix wit.h cntries 0, +1, -1 is totally unimodular if alld 

olll~' if pé\ch ("ollcct inn of columns ("éln he split illto t wo part.s so 

that the SUIII of 1 Il<' colullms in Olle part millus UJ(' sum of t.!1I' 

COIUIIlIlS in IIIC' othC'r part is a vcctor with ('Iltric's ollly 0, +1, and 

-1. 

'1'0 sec t hal the' Illatrix of cOllstraiuts A dcfincd hy (7.20) is Ilot tot.ally IIl1i-

modular in g(·llc·ral. wc set the horizon n = :1 élnd cOllsiclc'r HI(' colle·ct.ioll of 

COIUIllI1S C01"l"('spolld illg 10 variables z( JJt), z( DI, D)), z( DI, f)"}.), ::( 01, Ih" IJ d, 

and ::(Dl, D'2. /)"}.). COllcentrating 011 the lilles corrcsponding to constraillts 

a) .r:U ( J) 1 , DI, D d ~ 0, 

b) ,1":3,dDl,D"}.,Dt}~O, 

c) ,1":3,"}.(DI, D2, JJ0 ~ 0, 

(1) ::(DI' Dt) + Z(DI, f)2)::; 1, 

c) ::(DI,D'2,Dt}+z(Dl,lh,D2) ~ 1, 

WC obtaill thc' following tahlpau: 
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(' 

( 

:'(/)1) ;;(J)I,JJd z( J) 1,1)2) Z(Dl,D2,Dt} z( Dl, D2, D2) 

il) 0 0 0 

\, ) 0 0 0 

c) 0 0 1 0 1 

d) 0 0 0 

(.) 0 0 0 1 1 

Il siloilld he' ol"'ious 1 Ital 1 his set. of columns cannot he split. into two part.s such 

1 hat. 1.11(' :-'11111 01' 1 II!' ('OIUIlIIIS ill Oll(' part. minus the sum of the columns in the other 

part. is il \'c'dor \l'it.h ('lIlri('" only 0, +1, and -l. By proposition 7.12 we must 

cOllcltlc!(, th.lt tlH' ilia 1 rix 01' collstraints is not. totally unimodular. That (LP) has 

a 11011 illteger solul iOIl \Vas also vC'l'ified numerically, 

(~Ow;('qll('111 1.)', (LI» does Ilot necessarily have an integer solution, optimal and 

J'('laxc'd cosl -t'ulld iOlls ,~, a 11<1 WII do not coincide, and convexityof Wn cannot 

\)(' IIS(·<I 10 obtaill Wllv('xity of \/;/, Thus, the method faBs in this context. 

7.3 The First Passage Cost Approach 

As Il}('1I1 iOIl('cI ill Sc'ct iOIl 7.1, the optimality of a monotonie policy for mini­

lIIizal iOIl or IOllg-1'I111 él\'('rag(' costs is usually inferred from a simBar result for the 

(\ dis('oulll ('cI »1'01>1('111. St idham and Weber [73] approached the problem from a 

<Iitr('re'llt dllglc'. TllC'y cOlIsid('l' minimizing the expected (undiscounted) net cost 

IlIItil the' s,\'st<'11l tirsl r<'llll'liS 10 th<.' empty state from each starting state. Their 
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IIl<'tho<l l'f'Ji('S 011 11\(, lefl skip-fl'f'(' pl'opf'l'ly of III(' slatf' PI'OCf'SS 011 ils \\'ay 10 1 lit' 

<-'llIply ~Icllf'. '1'11(' aVf'l'ag(' (osl prohl('1II is l'f'cO\'('rC'd from ils ('<!uÎ,'al('nCt' 10 IIU' 

probklll of millilllizing ('x»<,('t('<1 Il<'t co~t 1I11tii a l'et.urn to tJ\(' ('Ill pt Y staft> wh"11 

holdillg, (ost -n\l(' in statp i is ('1 - g. wherc 9 is the' minimlllll av('rag(' n<'l. ('ost.. 

Olldc'I' SE.J!" sch<'duling, (pl'iodty 1,0 c1ass 1), t.hC' state pron'ss for our sill,!!,I,' 

S('J'\,('I' <j1l('lW Illust visit stat<' (0,3'2) on its way to statc (0,0) fl'Olll statf' (,l't.,I'~). 

Wc ill\'('stig.\lc' 1)('1'<' \\'IU'II\('I' this propert.y cali he c'xploitf'd, as ill [n], t.o ('stahlish 

t Il(' Illollotonicit,\' of the' opl illlai f10w cOIlt.rol ulld('r SE.JF Sdl<'dlllillg, 

SE.JF scll('<!ulillg is a slc\tie pl'Ïol'ity discipline, Wc arc' tlwn (,ollsid,'rillg t.llt' 

optima) flo\\' cOllll'O) pl'obh'lll in priority quellcs, That seh('c!lIlillg is ilOt. sllhj('cf, 

to opt illlizat iOIl is a shit't t'I'OJl] 0111 main theme. This shift. is lIIot.ivc\t(,c1 hy 0111' 

cOllj('ctl\l'f' t.hal SE.JF is opt.illlal. 

vVe COllsid('l' OUI' singl(' -S('I'\'('I' modcl with two joh-dassC's. W(' ll10dify t.JI(' 

holdillg cosl-ra\,(' t.o c(i + j) - il in statc (i,j), where h is a l'pal collstant. (LIIII, as 

usual, first. and sC'(,()IHI (,ool'dilléltc's l'der to the nllmhcr of typc' 1 alld t.YP(' 2 jol,,, 

resped.i\'(')y. Wc' as:-.l:IlI(' il S; O. 

Let v(i,j) dl'Ilotc t.11(' minimum cxpcctcd first-passagc mst. rrom st.at,c· (i,}) 

to st.ate (0,0) assLlllIillg Ihat c1ass 1 is assigncd prccmptivc priorit,y over class 2. 
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( 

'/ IJ('!-I(' (()!-I1!-> silti~,.r.v tlU' followillg optimality equation 

l'{O,O) =0. 

(AI + -':l + Il:l)I'(O,j) =(ej - h) + Il2V(O,j -1) 

+ À1 min{,,(l,j) - t',v(O,j)} 

+A:llllin{v(O,j+l)-r,v(O,j)}, j;:::l, (7.21) 

(,\ 1 + '\:l + III ) u( i, j) =c( i + j) - " + III v( i - 1, j) 

+ '\1 min{v(i + 1,j) - r,v(i,j)} 

+ A:.! mill {l,(i,j + 1) - r, v(i,j)}, i;::: l,j ~ O. 

Wit" wk(i,j) he thl' IIlillilTlUIll expcded fil'st-passage cost from state (i,j) to 

!-Itat(· (0, ~.) for j ;::: 1.', 

alld 

Il'k(i,j) = vU,j) - v(O, k) 

!l'dO,~') =0, 

('\1 + ,\:.! + 1':du'dO,J) =cj - Il 

+ Àl min{wk(l,j) - r, Wk(O,j)} 

+ À2 min{wk(O,j + 1) - r,wk(O,j)} 

+ 112Wk(O,j - 1), 

('\1 + ,\:.! + 1'1 )11'~.(i.j) =c(i + j) - Il 

j > k + 1, 

+ À1 min{Wk(i + 1,j) - r,wk(i,j)} 

+ III wk(i - l,j), 
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J)('fillillp, 1I~.(I,)) = lI'd/,) + l,'), for 1 ;::: 0, J ;::: 0, \\'e ohtain 

/l,dO. 0) =0, 

+ Jl'2I1~.(O,j - 1), j ~ 1, (7.2·1 ) 

(.\1 + ,\~ + 1'1 )/ld /.)) =c(i + J + ~.) - Il 

+ III IIk(i - l,j), i ~ 1, J ;::: N, 

so that li\(' III.' sat isfy tlt(· :-'élllI(' <'qtlation hllt with holdillg cost rate' illcr(·as(·d ill 

pl'Oport iOIl wi t Il 1.-. Now 

J ~ l, 

1~1, j~l. (7 .'2Gb) 

ft follows that "I., is {,olllpl('t(·I~' d('I,('rmilled by its value aL (0, 1) alld (i, 0) and t./w 

knowledge of 111.'+1' 1'\'101'<'0\'('1'. (,olllhinillg (7.24) and (7.25), we oht,ain 
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( 

+,\~ min{uk+l(O, 1) - r,O}, 

(7.26) 

+ JlJudi - 1,0), i 2: 1. 

'l'hl' polie)' Illillill\izillg first. passage cost to state (0,0) from starting state 

(i, ~.) IIlIlst fin,t Illillilllizt' t \1<, ('ost to state (0, ~-). Let 7rk : Sk 1-+ {0,1}2, denote 

( t.ht' opt.illlai now cOlltrol lIIillilllizillg tirst. passage cost to state (0, k), where Sk = 

Jt ('(III ht' éll'gll<'<I lltéll fol' h' large enough, the first passage cost to state (0, k) 

1'1'0111 ail stat('s (i,) + h') is Illinimized hy c10sing the system to ail arrivaIs until 

stak (0, ~.) is l't'aclH'd. 'l'II<' opt imal f10w control 7rk is monotonie by default for 

surit k. 

Th(' ohjt'd i\'t' is lü sho\\' t Itat. Illonotonicity filters down through (7.26) from 

7r~'+1 to 7r~., élud tltus to 7'10, the' optimal f10w control for first passage cost to 

st.at(' (0,0). W(' \\'t'I'C Ilot able t.o carry out this downward induction program. 

( TIlt' tlillit ult it'S t'llt'Ounl<'I't'd art' very similar to those related to the induction 
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approclch of Seclioll ï.l. 

7.4 Interchange Arguments 

III 1 h<.' I)\'('('('('dillg t Im'(' sC'ctions, tI\(' <.'1l1J>hasis was on t.h<, opt illlalit.y of 1110110-

tonie flo\\' control; tlte joilltl)' optimal scll<'dlllin~~ \Vas C'it.lH'r lC'ft, not. id('ntili('d, cl:' 

ill tlJ(' LilH'ill' PI'Og,rallllllillg, Approach, or aSSIIIII('d, as ill IIJ(' Fil':.t Pass .. ~(' ('ost. 

Approacll. III titis s('clioll W(' comnwllt. on t!1<' possibility of adapt.ing ;1/1 f/'('lIo Il.fJ'' 

{/1'!J1I11I(1I18 IIs(·d fol' pu\'(' sc!l<'<llIlillg pl'oblellls lo our sclJ('dulillg <IIHI flow <01It.lol 

pl'ol>l<>llI. 

The 1I~(' olïllt('I'Cllélllg(' éll'g,II11H'llts in sch('dlllillg prohlC'lIls gO('S hilCk t.o Cox alld 

Smit.h [i il who applicd it 10 pl 0\'(' t.hat t.he opt.imal priorit.y assigJlJlJ('Jlt. llIillillli;r,illg 

10llg -1'1111 a \'('l'ag(' cust~ ill H / c: /1 qlleu('s is the Ilc--l'lIh Th(' POW(,1' of i JI 1,('l'cha 1Ig,(' 

al'gllll1('Jlts was ('('\'('alC'd ill tlte s('minal cont.ribution of Véll'aiya, \-Vall'and, and 

Bllyukkok [ï9J 011 bandit procc·ss('s. Basic idcas fl'om [79J W('I'I' appli('d 1,0 dYllillllic 

scheduling of qUl'lI('S ill [IIJ, [:3:3J, [!j:J], [tHJ. 

'l'II<' bas ic j>1'O('('<I lIr<' 10 C'stahlish the opti rnality of a policy 'Ir with il gl vell 

pl'o\>e1'(,)' jJ (liJ.:(· 111<' l'c-ntlp say) eOllsists in considcl'illg ilnOUl<'r poliey ir which 

clocs Ilot ha VC' j>I'OpC'lty JI, alld showing tltat 'Ir outpcrforms Tf. 'l'hl' cOfllpal'ison 

bctwccn 7r and if IIsllally illvolV<'s a compal'ison of sample paths IInd('1' hoUI poli­

cies. This cOlllj>i1l'isOll hillgC'S 011 the independcncc betW(,C'fl arrivai pl'Oces::iC'S amI 

service Pl'OceSS('S ill scllC'dulillg Jll'Oblcm in (Iucues. This assurnptiort is ohviollsly 
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viol;'1f (·d wll('11 !lu\\' ('(ml roI is pxcl'cised together with schcduling. We werc not 

idll(· 10 ('il ('III Il \'('Jlt tlte difficult.ips arisillg from the dependence between arrivai 

illld ~c·r\'i('(· pro( ('hSP"i, tü obtaill tl)(' optimalit.y of SE.JF scheduling and monotonie 

fil/\\' (olltlol hy illt('ldlélllgC' arglll11<'nts. 

7.5 Optimal flow control in prior;ty queues 

TIIC' oplillwl (Jow control pl'Ohlc'm in pl'iority queues has been allllded to in 

S(·('ti(1I1 Î.:I ill 1('lalioli 10 thC' llIinimizatioll of the expccted undiscounted first 

paSSdp"(' <ost Ulil il a r<'1ul'II 10 an C'mpt.y queue opcrated under SE.JF seheduling. 

Allolll('l' forlllulatioll is ('xall1inC'd hC'l'c, where the state evolution of a priority 

( 
q\lI'III' with no\\' l'OlIt roI is oh'iC'rvcd at deeision epochs, narnely at arrivai epochs. 

'l'III' IIloc!pl is a~ ill ('ltaptC'r 2, hut wlth only two classes of jobs, and SEJF 

srl)('dulill,!!. applil'd: t Itat is. priorit.y is given to type-l jobs over type-2 jobs. 

TI\(· 1II('IIj()l'yh'ss pl'Opl'l'ty of the exponential interarrival-time and servlcc-

t inll' dist rihllt iOIl gllill'élllt(·C'S t hill the system has the Markov property at arrivai 

illstallts. th,1f is, titI' l'lIlu\'(' ('\'olution of the system depends only on the current 

st.,tf (' a "cl 011 1 II<' s(·I(·ct ed COli t roI. The resulting decision process is a eontinuous-

t i 1111' 1\ 1 ill'ko\' c!('cisioll IHO('('SS 0\'1'1' S, 

Ld d~')(/.J) dl'lIol(' th(' minimal expected o-diseounted net eost, when a 

r1ass /,. joh has just arrivI'd to a queue in state (i,j), and the horizon is n, that 
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is. t he ~.\'stc'Ill will op('l'ate uutil 11 additional jobs have' arri\'('d cllld t h<'11 cHllIlit 

110 fUl'tlJ('1' jobs. A tel'Illinal cost Uo(i,j) is ill(,\lIT('d if the stak at t,('rnlinatioll is 

(/,j). FOl" cxalllple, the se\,\'el' might cOlltillUC' t.o 0p('l"at(' lIutil ail 1 + j johs hav(' 

bcen s<:'l'\'cd, ill which ('0:-'(' UO(i,j) is the expect,('d n-discoun!.e'd holdillg COst. \l1It.i! 

t.he quell(' is dC'pll'tc'd of the' i + j jobs. 

\\Te dellot(' hy 'J' the illterarrival time; l' is exponentially dist rihut.pd wit.h 

l'ate A = '\1 + ,\~. 1'11<'11. \,~~k)(i,j) satisfy the following dyllaJlli( (>rogl'éllllllling 

optima!it.y <'quat iOIl: 

(7.27) 

\,~r~)(/.j) = min{UtI(i,j + 1) -- r,Un(i,j)}, 

for /1 ~ 0, \\'h('I'I' 

(7,2H) 

whel'e X(/,j./) is t he population vccto1'-pl'OCCSS bet.wc'f'n two sllC("('ssiVC' élrrivals, 

with coordinatc's gi\'t'Il Ily 

- (7.:W) 
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• wll!'l(' Ti is t11<' l'éllldOIll tilll<' l'equired to servf>d the i type-l jobs present imme-

\ 
difll('ly aft,(·1' 11 d('(isiOIl <,poeh, and N}(t), N2(t) are Poisson processes with rate 

1'1, l''}, r(·sJH·(tin·I)'. IIX(i,j,t)11 = X)(z,j,t) + X2(i,j,t) is the numbcrof jobs in 

(jIWII(' 1 IIl1its of tilll(' art('r the Jas" al'l'ival cpoch. As usuaI, z+ = max(O, z). 

TIH' fil'st tC1'I1l 011 tlr(· right-hand-side of the equation for Un is the expected Q'-

discollllt.<·d <ost illCllITed llntil t.he lIext arrivaI. The remaining sum is the expected 

pl'('S('1I1 \'éllll(' of 111(· Opt.illléllllPt cost over the remaining Tl - 1 decision epochs. It 

follo\\'s t.llal Ill(' uptilllal flo\\' collt.rol when n deeision epochs remain is: 

admit a type-l job in state (i,j) ur Un(i + I,j) - Un(i,j) :5 r, 

admit a type-2 job in state (i,j) Uf Un(i,j + 1) - Un(z,j):5 r. 

{ .. 
\VP (·xJweI. tirai t.lt<' opt.imal admission poliey is monotonie (switch-curve) for 

si il 1 ic prioril y q II(·II<'S. 1\ 101l0ton icity of the optimal flow control would follow 

if fllllCt.iolls LIu a 1'(' lIoll--d('('J'('élsing, supel'modular, and convex. Our efforts to 

(·st.ablislr 1 h('s(' 1)1'oJ)('1'1 i('s hi an indu('t.ive argument based on (7.27) and (7.28) 

J'('lIIaill<'d IIIISII('('(·ssful. TI", difficulties eneount.el'ed are similar to those discussed 

i Il S(·ct. iOIl ï .1. 

Il shollld Iw t'Illphasiz('d in t.ltis context that although we anticipate the mono-

loniril y of t hl' opt illli\1 f10\\' cont 1'01 in static priority queues, the same is not true 

fol' 1III," dyllalllil' M'\wdulillg polie)'. IIerc is an example of a scheduling poliey for 

wltirh 1 hl' t'Ol \'('spolldillg optimal flow control is not monotonie; the parameters 
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arc: 

III = 1.0 Pl = 0.9 c = 1.0 

Il2 = 0.5 P2 = 0.1 r = 75.0 

In Figmc 7.:J, il. ShOllld he und(,l'stood that. service is d('vot(·<1 1.0 dass ~ ill ail 

states (O,j). 

Fig. 7.1 

Fig. 7.2 

• • • • • • • • ••• • •••• • ••••• • •••• • • 
·1'2 • • • • • • • • • • • ••• • • • • • • ••• • ••• • • • ••• • •••• • • • ••• • ••• • • • • • ••• • • • • • • • 

:q 13 

Optimal flow control for type-1 jobs. 

• ••••••• 
·1'2 • 

• • • •••• o Xl 

Optimal flow control for type-2 jobs. 
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x2· 

• • • • • •• • • •• • • •• • • 
0 xl 4 

Fig. 7.3 Specifled scheduling. 

( 
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Chapter 8 Generalizations 

Two g('IIC'I'alizat.iolls of t.hC' basic modcl dcscribcd in ChaptN 2 an' hl'ie·f1y 

cOlIsidcl'ed 11('1'(', F'irst, 1.11(' Poi~son arrivaI pI'OCCSS('s ar(' r('pla«'e! Ily illd('p('nd(·IIt. 

Marko\'-lIlodulal.ed Poisson a l'I'i va 1 pI'0(,CSS('8 (MMPP). It aplwétI's t.hat. SE.W J"C'-

maills optilllal, an indi('at iOIl that this optirnality is inscnsitiv(' t.o t.he' (·xl)()JI('IIt.iill 

assumptioll fol' int.eralTival t inlC's. Second, wc colIsidcr a !J('t.wol'k of t,wo Illult.i 

c1ass singlc'--s('I'\'C'I' <{lI('lIPS wit.h f('C'dback whcl'c jobs C'it.lH'1' l('aV!' t.h(' sys t.C' Il 1 01' 

join the ot.h('I' qucuc U))OIl s(,I'\'Îce complction. Exog('!Jeolis t.raHie is slIbj('de'c1 t.o 

dynamic flo\\' cOIlt.1'01 and dynamic sclwduling is ('x('rcis(·d aL ('ach lIod(', Fol' ail 

appropriatc selection of t II(' l'out ing probahilities, a Land(,1Il !wt.wol'k is oht.ailJ('c!, 

The optillléllity of SE.JF 1)(,l'sists af. the !iÎllk node ollly. In hot." 1.1)(· MMPP 11Ioc!('1 

and t.he 1I<'t.\\'ol'k 1110<1(·1. t.h(· jointly optimal flow ('ontrol is swit.ch Cllrv(', hllt. t!J(' 

boundal'Y bpt \\'('('11 élc('('ptanc(' and rcj('dion regions is mol'(' cOlJlpl('x than in the 

basic mode!. Again ilJ tlris chapter wc l'estrict 1.0 two classes of jobs, assllllllng 

throughout. that. JlI > Il'2' 
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8.1 MMPP arrivaIs 

A Mill'kov- Hlodulat('d Poir-.son process (MMPP) is a doubly stochastic Poisson 

1)J'O('('ss; that is, a Poisson proc('ss whose instantaneous rate is itself a stationary 

l'illldOIll PI'OCC'ss which vari('s according to an irreducible Markov chain with m 

statc·s. Ali M1\-IPP is chal'actc'I'izf'd by the infinitesimal generator Q of the un-

d('l'lyillg Markov pl'OC(,ss and hy the vector of corresponding rates Ph À2, ... , Àm). 

'l'III' MMPP is in phase l ",IWJl the underlying Markov process is in state i. When 

Ih(' l\1MPP is ill phase' l, itlTivals occur according to a Poisson process of rate Ài' 

\Vp propose' h('I'(' t.o re'place c>ach Poisson arrivai streams in the basic model 

by a t.\\'o- phase 1\11\IPP. Thlls, for ,,~ = 1,2, type-k jobs arrive according to an 

MM»» witll rates (,\\k), ;\~k)), and generator 

(8.1) 

'l'I\(.> slal(' of t.hc' syst<'111 is 1l0W characterized by the number of jobs of each 

t.'vI)(' ill t.l1(' systc'lIl and 01<' phasC' of each MMPP. Thus, the state space is 

As ill 1 he' case of Poisson arrivaIs, control a = (al,a2,a3) specifies whether a 

I.\'P(· ". ,\l'l'i,'(\1 (~. = 1,2) should he admitted (ak = 1) or rejected (ak = 0), while 

(/:1 spc'cifies \\'hdIH'1' :'\('r\'Î('(' is cJe'voted to type-1 (a3 = 1) or to type-2 (a3 = 0). 

- 129-



..... 

Perfo!'llling uniformil'éltion, w(' obtain a continllolls-t.illl(' l\larkov d('cisioll 

!HO('('SS 011 S' \Vith state transition probabilit.y from x = (,q"/'2.it,i2) tn y = 

(f1l,Y2,J\,h) ullde!' action a = (al,u2,a3) giV<'1l by 

w!wre 

is the total (>\,('nt l'a 1.(', I[ J I.lu' illdicatol' fundion, and 

DIX = ((.q -1)+,3'2,il,i2), 

D'lX = (3'1,(X2 -1)+,il,i2), 

!)(.'t X = (3'1,3:2,1 + (itTnod(2)),i2), 

PC'2 X = (.Q,x2,il, 1 + (i2TTWd(2))). 

'fhC' tl'élJlSfO!'lJ1éltion PC I and PC'2 colTesponcl to phase dlélnges ill nI(' IInc\('r1yillg 

proccss fol' (,é\eh c1ass o~ jobs. 
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'1'11<' fi v('l'ag(' ('ost opti mality <'quation is 

Ao(x) +,q =cllxll 

(8.5) 

FI'OIII gc'I)('rai !'<,slrlls in [6J, the optimality equation has a unique solution v, 

( 
,q. 'l'II(' st. .. , 1 iOlla!'y poliey detel'Illin<,d by (8.5) is optimal, and the scalar 9 is the 

lIlillillllllll (lV('l'age cost (illd('pendent of the starting state). 

Poli(')' il ('l'at.ioll was appli('d 10 (8.5), as in section 2.2, to determine the optimal 

('Olllbillilt.ioll of flow conf roi and schcduling minimizing long-run average net costs. 

'l'II<' opl illwlity of SEJF )H'l'sists irr t.he case of MMPP arrivais provided again that 

1 Ir rio\\' cOlltrol is sillllJ\tan<,ollsly optimal. The boundary between acceptance 

alld n'j('ct iOIl n'giolls is phas('-dpppndent for each class of jobs. Although sorne of 

1 Ia(' lill<'arily ('xhibited ill 1 Il(' case of Poisson arrivaIs is also observed for MMPP 

arri\'als, 1 II<' adlllit/n.',Ï<'d bO\ll1darics are llsually slightly more complex as shown 

\'y t II<' followillg ('xampl(' wit.h parameters: 
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Il} = 1.0 "P) = 5.0 ,,(1) _ 0 
2 -

1'2 = 0.5 ,,\2) = 0.3 ,,~2) = 0 

O"P) = 0.1 0"(1) - 0 O') 2 - .... c = 1.0 

0"\2) = 0.01 0"~2) = 0.01 7' = :10.0 

Fol' th('s(' paramctC'rs, t 1)(' opt.imal flow control for tyP('- 1 johs in phils('s (~, t) 

alld (2,2) arc' both of thrC'shold-typc on the number of johs in qU('l\P, with thn'sh-

olds 18 éllld 21 resp<,ctively. In phase (1, 1) il, is optimalnot t.o admit. any t.yP(· 2 

jobs, while in phas(' (1,2) il, is optimal to admit typ('-2 johs onl,V in st.at,(·s (0,0) 

and (0, 1). The reIllaining optimal acccpt.ancc regions al'<' shown in Figll1'('s s. t t.o 

8.-1 hclow. 

• • • • • • • • • • 
• •• • •• 

X2 •••• 

• •••• • ••••• • •••••• • ••••••• • •••••••• • ••••••••• 
o Xl 9 

Fig. 8.1 Opthnal flow control for type-l jobs, in 
pbase (1,1). 



( 

( 

II) 

• • • • • • • • • • • • • ••• 
. T2 • •••• 

• ••••• • •••••• • ••••••• • •••••••• • ••••••••• • •••••••••• • ••••••••••• • •••••••••••• • ••••••••••••• 
o 14 

Fig. 8.2 Optimal flow control for type-l jobs, in 
phase (1,2). 

• • •• • •••• 
X2 • ••• • • • ••• • • • • • ••• • ••• • • • 

0 Xl 10 

Fig. 8.3 Optimal flow control for type-2 jobs, in 
phase (2,1). 
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• • • ••• • •••••• • • • • • • • • • • •••••••••• 
• 1'2 • 

• • • 
o 

• • • • • • • •• • • • 

• • • • • • • • • • • • •••••• • • • • • • • • • • • • • • •••• 
:q 

• • • • • • • • • • • • • • 
19 

Fig. 8.4 Optimal ftow control for type-2 jobs, in 
phase (2,2). 

8.2 Tandem queues 

.,....~ Wc consider th(' nd wOl'k of Figlll'(' 8.5. Both stations élJ'(' lIlull.i c1.\ss sillgl(' 

servel' qtH'U<'S with dynéllllic sclwduling and dynamic flow cOIlt.lol 011 1.11(' ('xog('. 

neous t.nlffic. Two classc>s of tasks usc this Il<:'t.work. Upon s<'I'vin' cOII.pl(·t.ioll, <1 

job eith(,I' l('aves tllC' nd \\'ol'k or joins the otller q\l('IW. JII t.(·l'arriva 1 alld s('l'vin' 

times arc ('xponential and class-d(,pPlldent. Arrivai int('lIsiti('s lIlay he' st.lf.ioll 

dppClldellt. as w('lI; ho\\'(' \'('1' , tlw service rate for a givclI c1ass of johs is 1./1(' :-;<1111(' 

al both nodes. \Ve follow 0111' convcntion that holding cost lat.(·s alld adll.i~si()11 

rcwards are c1ass-independent., denoted as usual by c and l' f(·slH'ct.iv(·ly. 

The l'tat(' of the system is characterizcd by the population ofjohs of ('aet. t.ype 

at each stat.ion. Thus, tllC' stat(' spacc is 
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( 

III 
ÀII • • 
À:.11 •• 

1'2 

112 Pl 

III 

• Àl2 

• • • 
À22 

Il 2 

Fig. 8.5 A simple feedback network. 

( 

'J'IH' coordillat" ,/',~, \'<'f(\\'s to t.he population of class-i tasks at node k. 

(1 1,2) should h(' admitt"d al. node k, (aik = 1) for k - 1,2, or rejected 

(lIi~' = 0), whil(\ a:H' sp"cifj('s wh('ther service is devoted to type-l (a3k = 1) or to 

t ."J>(\ 2 ((/ :Jk = 0). 

( »c\rfo\'lIIing 1Il1ifol'll1hmtion, w(' obtain a continuous-time Markov decision pro-
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ce'ss on S \\'ith st.at(> t.ransition probability fl'Ol11 x tü y unde'r éH t.ion a gin·" hy 

~ 

p(x,a,Y)/\ = LÀ1klllk/[Y = AlkX ] + À2k(/~k/[Y = A2~·xJ 
~'=l 

wll<'l'(' 

2 
A = L (À 1k + À2k + III + I l 2) 

k=1 
(S.8) 

is tl!(' total ('v('nt rate', I[ J t.llC' illdicat.or functioTl, Pk is the prühahilit.y of il trallsf!'1 

frolll lIod(' /.. to th(' otllC'r 110<1(' (inde·pendent. of class). The' St.êlt.(· t.lélIlSfol'lllêlt.ioIlS 

A,~. élnd Da COI'I'('spond .as lIslIéll to arrivaIs and departure's of l'YI)(' 1 jobs al. lIoel(· 

/". Th(, trallsfol'mat.iolls 1',1.: cOI'J'('spond to the t.l'ansf('1' of a. tyP(' 1 joh fl'olll lIod(· 

/.. to Ill<' olh"r )lode; fol' (,xélmpl(' T12{X) is ('quaI to (3'11 + 1,;r~I,.I·J2 - I,./'~~) if 

:/'12> 0, alld to x if ."l2 = o . 
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'l'II(' aV('J'(lg(' rost optilTlôlity e'quôtion is 

~ { Al'(x) +.lI = cllxll + L ÀU' min {v(AJkx) - 1" v(x)} 
k=l 

+ À2k min {V(A2kX) - r,v(x)} 

+ min{/lt [PkV(TlkX) + (1 - Pk)v(DlkX)] + Il2V(X), 

IIJV(X) + /l2[Pk V(T2kX) + (1- Pk)V(D2kX)]}}, 

(8.9) 

Frolll W'IH'l'al J'('sults in [6], the' optimality equation has a unique solution v, 

.li. Th<' st.at iOllary poliey determined by (8.9) is optimal, and the scalar 9 is the 

Illillillllllll a,,('rage ('Ost (ind<')wndent (If the starting state). 

Ail applicc\tion of policy ite'ration as in section 2.2 is possible only to a small 

siz(' I\('t \\'ork. 'l'Il<' llumber of stal,C's grows very rapidly with the maximum number 

of té\~ks é\('('('pt('d illto t.!H' syste'll1. Fol' example there are 135751 states when the 

11<'1 work total poplila tion cétnllot cxceed 40. Value iteration [77] was used to obtain 

( opt illlai flo\\' control and seh('dl1ling fol' this network. 

Sd 1 ing IJI = 1 and />2 = 0, wc obtain a multi-class tandem network with flow 

('Ollt roi and scll('dulillg al. (,é\ch nod('. This is a multi-class version of the model 

st udit'd in [2:1]. Frolll élll applieatiün of value iteration ta (8.9) for numerous sets 

of l>ilrêlllll'tt'rS, il WélS obs(,I'\'('d t Itat SEJF remains optimal at the sink node only, 
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pro\'ided ! hat the flow cOlltrol a! ('ach node and schcduling al. t IH' 80111'('(' nod(· aJ't' 

simult.allcouslyoptimal. Wla'n Oow cont.rol is IlO! ('x('rcisC'd (infinit.(· qU(,I\('~), t h(' 

optimalit.y of SEJF (of t.he Ile-rule in faet) at t.he '<;11/~' 110<1(' \VélS ('st.ahlislH'd ill 

[5:3] and [.1,1]. 

'l'Il(' opt.imal acccptall(,c rcgions arc chal'act,pril',cd hy monotoni(' sUl'fa('(' ("~' in 

t.he fom-dimcnsiollal sta tc-sPéU'(', one snch surface for ('aeh pai l' (joh c1ass " 1I()(lc' 

l'), SOIllf' of t.hc lillcarit.y l'oun<l in the sillgle-nodp moc!('ln'lIlains ill t1H' t.all<l('111 

nctwork; hO\\'('\'C'I' th(' boulldary h(·t.ween a('œptall('(' and l'cj(,(,t.ion l'('p,iolls ill t.h(' 

tandem IId work is slight I~f IllOI'C' ('omplex in general. 

\Vhcll f('cdback is allo\\'('d, Pl > 0 and ]1'2 > 0, 0)(, modc'I is a l1lult,i (Iass 

'·C'I'o.;iOll of tl\(' olle cOlIsidC'I'('(1 ill [H], SE,JF ceases 1,0 h(' opt.imal in g<'IH'ral, hllt, 

optimal flo\\' COllt l'Ols al'<' monotonie, 
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Chapter 9 Conclusion 

COlIgcstioll ('ontrol is an integral part of the design and analysis of te1ecom-

1I11111Ï<"élt.iOIl 11<'t,wol'ks. ThC' scarch for dynamic procedures optimizing sorne figure 

of lIu·rit. has prodllced a slIbstantial literature on the dynamic control of queueing 

systc'IIIS, Flow COllt roI, sclwduling, and routing are the main constituents of con-

g('sf iOIl colIl.rol. It is ollly Vf'ry reccntly that the combined optimization of these 

('Ollll>oll<'nts has bCf'1l und('l'taken ([4]], [82], [87]). 

9.1 This thesis 

This t,lH'sis intl'odll('('d th€' simultaneous optimization of scheduling and flow 

rOllt roi ill Illuit i-dass singlc--sf'rvcl' queues. It addressed in particular the opti-

lIIalit.y of st.atic pl'iority \'\lles in the presence of fiow control. 

:\ ~Iilrkovia" lIIode'l ",as proposcd, with a costjbenefit structure rcflecting the 

fart t.hat d('lay is béld and throughput is good. General results from the theory 

of i\larko\' decÎsioll proc<'sscs wcre invoked to charaderize the jointly optimal , 

j 
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schedulc and flow control. 

Examples were provi<l('d to show that. th<, pcrvasivc lU' l'II h' is 1101. opt.i ilia 1 i Il 

gC'llcral when flow control is exercised, even when flow cont.rol is joilll Iy optilllai. Il 

\Vas observed thal. fol' c1ass-depcndcnt waitillg cost. l'at.es 1 lu' opl illlal scl\('dlllill~ 

ill the presence of flow conf roI may he rathel' cOlllpl('x. 

In tll<' specÎol case of c1ass-indepeudent. IIspr -f('(,~ and wait.illg ('ost. ".\t.('S, t.h(' 

pl'Oblelll amOllllt.s to chéll'ôcterizillg th<.> cOlllbillat.ioll of J)J·(·(,lllpt.i\'(· sdu·dulilll!, alld 

flo\\' cOIlt.rol opt.imizing tll<' 1 rad('off hct.weell d('lay alld 1 hrollp,hplll. III t.his 1'011-

t.ext, we consid('l'ed first Ih(' spf'cial case of t\Vo </II('\I('S, 011(' of wlll('h is :-.at matl·d. 

In that. sctting, wc provid!'d a direct pl'Oof of tJ)(' optirnalit.y 01 st <II ie pr io"it.v r IIh·s 

when combin<,d to :-.ill1ullarwo\lsly optimal now cOIlt.rol. 'l'If(' opt.imal Sc\lt'dlllillp, 

is the SE.JF l'tll(' (Short<'st Expedcd .Job First) whil!' t.h<, opt.lll1al Ho\\' ('0111 roi is 

a control-limit admission rule. 

Provins t.hat a ~illlilélr l'<,sult pel'sists ill the g<'Il(,l'al ('a~(' of t.wo illdppf·r)(11'1I1. 

Poissoll arrivai proc('sses J)J'('sf'llted llllexl)('cted diHiclllt i('~. 'l'II(' Lil\f'al' Prop,rarrr­

ming Appl'Oach illll'Oduc('(1 ill [61] and gerwraliz('(1 in [80] l'ails ill tlris ('orlt.(·xt.. 

Several ot.l)('r t('chlliqu<,s, alllong which the Inductive Appl'oadl, do ilOt. ;tpply 

casily; Il](' lIat.l1\'(· of thc difficnlt.ies al'c point<'d out. 

In view of t.hes!:' analytical difficultics, an cxt('nsive ('ornpllt.ational ill\'('sti~a-
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1 jOli wa~ \IIHI('I'taken, ft led to the conjecture that. SE.JF remams optimal for 

i mlqH'lIc!c'll 1 P()is~oll arri va 1 pro('('sscs, when cou pied to simultancously optimal 

flow (,()lItl'ol. 'l'his compulation also revcaled that the jointly optimal monotonie 

(Jow ('0111 1'01 is ('hal'adel'i~w(1 by switching eurves that are very nearly Iinear, 1t was 

abo ol>s('/,\,(,d t.hat the clasH of window f10w controls is only slightly suboptimal, in 

1 liaI. t!w oVPI'all optimal tradC'ofr hetwecn dclay and throughput ean be aehieved 

\'('l'Y c1Ol-wly by \\'illdow policies, This obscrvation iIIuminates the relative value of 

sf,.If(' f(·(·dback in 1))(' COllt l'olof queueing systcms, a topie that warrants further 

1 ('S('ilrc'I, 

( 1\11 approxilllHt(· pC'rfol'mance analysis \Vas dcrived, The ap9fOximation is 

bas(·d 011 1 Il<' 1 l<'iI 1'- lilH'éll'ity of tl\(' optimal acccptanccjrejcction boundary and on 

a sl<'cld~' si al(' a~slllllpt iOll, The approximation is shown to be very robust and 

capable of' J'('lllélrkablC' accllracy, 

S('\'('nd ('xtc'lIsioIlS and genC'l'alizations were eonsidercd to examined the sen-

sil i\'ity of' t II<' ilbo\'(' ('onj('cl \11'(' to t.he underlying assumptions, The simultaneous 

opl illlalit ,\' of' SKI F and 1II01l0tOllic flow control pcrsists whcn thcre are more than 

1 \\'0 r1ass('s of' télsk'i; 11101'('0\'('1', the optimal acceptanccjrejcction boundarics are 

"('l',\' Il!'élrly lillC'ar. 'l'II<' daim also secms to be inscnsitivc to thc exponential 

f . clSSUlllpl ion ahoul illt<'rarl'ival 1 imcs, as its validity extends to MMPP arrivaIs . 
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9.2 Future research 

l'Il<' difficult il'S l'('latc-d to thl' proof of tI\(' opt.iil1rllit.y of SE.JF scl\('dlllill~ 

couplcd to monotonie flo\\' ('OlItl'Ol must bl' r('sol\'('<I. This J'('<jllin's ('it 11t,1' t hell 

the difficulties eneountC'rl'd in t.he applicat.ioll of wC'lI- <'st.ahlish('d tf'chlliqw's ht' 

cirCulllvented or that a new approach be used to c1arify t.h(' <I('P('lId('II<'i('s ))('t \\'t't'II 

arrivai and service pI'OCl'SSl'S. 

\\Tc ha\'(' studied prC'C'mptive scheduling 1.0 mode! t.hl' possihilit.y of illf.t'n\'t'el\,-

mg Illulti-paek('t, lllC'ssages. Pl'eemptioll is Ilot, always possihlt' 01' d('~ilahlt' ill 

cert.ain context. '1'1)(' opl imizat iOIl of nonpl'cempt iv(' sdJ('dlllillg ill tilt' pre'St'llI t'of 

dynamic f10w cOlltrol is an 0l)('n l'l'sl'al'eh pl'Ohklll. Nonpl'('('lIlpt ive' st.af.ic pl i011l y 

mies ar(' kllOWII t.o 1)(' opt illlf\1 in a wide vari<,ty of 1Il0tlPls. As for pre't'Illpt.i VI' 

scheduling, this optilllrdit.y rest.s on the indepcnd('II('f' ))('I.\\'('t'II ~('I vit (' éllld arrivai 

processes, a condit iOIl t hat is violated when flo\\' COllt 1 01 is ('x('reis('d. As ill t his 

thesis, the goal is to dd('l'Il1inC' 1.0 what C'xlellt and in what cont(·xt. this cOlldit.ioll 

can he relaxed, 

The su hject of optimal flow COli 1.1'01 in priol'ity q \I('II('S i~ c1mf'ly n'Ia f (·d t 0 

our problC'lll. III view of the' importance of priority ql1('IIt'~, alld of f lit' ,,1)111111,1111. 

literattll'(' OH opt imal flo\\' cont roi, it is iloll1('what. sllrprisillg t.h,tf tilt' plObl('fll of 

dynalllÏc flo\\' control ill pl'iority qlll'llf'S lias not he('11 addf'(·~..,(·d y"f. ~11I('h J'('llliliIIS 

to be done ill t his élJ'(·a. 

- 142-



01'1 illlai sclJ{'dllling and optimal flow control of messages with real-time con-

Sll'élillt., is a l'C's('arch t.opi(· of current interest. So far however, each control mecha-

lIisllI II<IS 1)('('/1 st IIdic'd in the absence of the otller. A generalization to constrained 

:-.illllllt.iIIU'OIlS opt.imizat.ion of scheduling and flow control is an open problem. 
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Appendix A 

The saturated queue: 

verification of the 
optimali ty of ?r~,lf 

This apPclldix supplc'Illf'lIts the analysis of Chaptc·I':J. WC' skdcl! t.1t,· \,('11-

fiealioll Illat. polie)' ?r81'f is m'Nall optimal wheH gO < HI; Ulis lequin's t.!r,II, 1111' 

l'elaliw' \'aluC's l'u{i,j) COlTcspollding to ?rgPI 1)(' show Il 10 sat.isly t.IlC' opt.lIl1<llity 

equatioll (:3.1). That ?r?f is o\'C'rall optimal wllC'll 91 < flO illvolvc's silllilar C''''IIII'II-

Imy lIlal\ipulatiolls thal will Ilot he pl'cscntcd Il('l'c'. For silllplic it y, wc' drop tllI' 

. l ,. opl. 1 r Il . sllpCrSCrIpt op o ?ru 111 1 le JO oWlIIg. 

\Ve )'('\\'l'itC' 1 lu' dynamie progl'alllmÎng opt.illléllity ('qllal iOll clS 

( 11.1 ) 

\\,h('l'(, Z{ "".,.) is ddillC'd hy ('qllat.ion (:3.'1). By ddillitioll, 

l'o(i,j) = Z(i,j,?ro(z,j)). ( 11.~) 

'1'0 est.ablish thC' optinralit.y of ?ro, we necd to vc'rify that fol' ail (l,)) E ,S', 

( /1.:1) 
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( 
III vic'w of t1l(' d(·fillition of 1ro, the verification can he divided into four cases, two 

of whkh will 1)(' (,ollsi<l('I'('cl in gl'('atcr detaiIs. 

A.1 Optimality of 1ro in state (i,O), i > no. 

Th(· (Idioll sp('('ifi('d hy 1ro in states (i,O) for i > no is 1rO(i,O) = (0,1), that 

ÎS (!'I·jc·ct. t.,vj)(·-I éll'J'ivélls. s('rv(' type-l jobs). To show that this is the best choice, 

WC' (,olllpar(' 1.01 II(' éll1c'l'rlélt.ivC's. 

A.1.I Action (0,1) is beUer than action (1,1). 

Aej,joll (0.1) is lu·(·r(·IT('d to action (1,1) (acccpt type-l arrivaIs, serve type-l) 

( if 

( '{») C/-YO ÀI [(' 0) ] III (' ) 
Po /, ::; \ + À vo z + 1, - l' + À vo z - 1, 0 , 

/ 1 + 1'1 1 + 1'1 1 + III (A.4) 

\\'hÎcll Îs (·qIlÎ\'illpllt. to 

0::; ci - gO -Il( ["o(i.O) - l'o(i - 1,0)] + Àl [vO(i + 1,0) -- vO(i,O) - r]. (A.5) 

Bill 

( ' 0) ( . 0) cz - 90 ,·U /. - 1'0 1 - 1, = , 
III 

(A.6) 

\\'Ilich cOlllhilH'd \\'it Il 

( , + 1 0) (' 0) c( i + 1) - 90 > c( no + 1) - 90 "u / • - 1'0 1. = _ > r, 
PI Pl 

(A.7) 

( (lI'O\'('S (:\.1): tIU' last il\('qllality in (A.7) comes from (3.~1). 
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A.1.2 Action (O. 1) is better than action (0,0). 

Actioll (0.11 is prC'fC'rrC'd ta action (0,0) (n'jC'ct typ('-I ani\',.ls, illtl'Odll('C' .. 

ty))('-2 job in sC'I'vin1
) if 

c(i + 1) - '10 
l'O(I.O)~ . -1'+1'0(/,0). 

Jl2 
(:t.S) 

that is 

\\'hich follows frolll ('qllélt iOIl :1. élnd 

1'21' < Il p' < c( 71 0 + 1) - 90 ~ r{ i + 1) - !/o. (.,\.1 0) 

A.1.3 Action (O. 1) is better than action (1,0). 
-f".r 

Act ion (0, 1) is ]>r<'l"(lITC'd to action (1,0) (ac('('pt typ(l-l il ni vals, i Il t.roc! 11('(' il 

typ('-2 job in sC'I'\'ice) if 

. c(i + 1) - 90 " 1· JI '2 
1'0(/,0)::; \ -1'+" [vO(/+l,I)-1']+" /10(1,0), (/LII) 

, 1 + 112 1 + Jl2 1 + Il'2 

which is c<Juival(lllt 1.0 

o < [c(i + 1) - 90 - JI '2 ,.] + ,\ 1 [v (i + l, 1) - 0( 1 + 1, 0) - l' J 

(/\.1 :!) 

+ "1 [1I{i + 1,0) - u(i,O) -,.]. 

Invokillg (:1.) again we have 

(A.1 :1) 

Artel' substit.ut.ion and simplification wC! obtain, for i ~ 110 + 1, 

.,.... ( l 1) d l + 1) - '10 l'o(i, 1) - 1'0(i,0) = [c- 90 + <PO{710 - 1)] - - - + .. 
Il'}. III l'I 

(A.I '1) 
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( 
By d(·fillitioll of 7I(h rjJ(1I0 - 1) > 4>(no) = 90i combined with (A.6), this yields that 

~('(,()lId and thir<1 tI'l'ms of tl)(' l'ight-hand sicle of (A.12) are positive. Thus (A.12) 

v('J'i fi(·s. 

A.2 Optimality of 71"0 in state (i,O), 0 :5 i < no. 

'l'II(' ilCt.ioll sp('cifi('d by 71"0 in states (i,0) for 0:5 i < no is 7I"o(i,O) = (1,1), 

t hat is (éU'('('pt tYP('-1 éll'I'ivals. serve type-l jobs). To show that this is the best 

('hoi( (', \V(' COlllp(jJ'(' to 1 II<' all<'l'Ilativcs. 

A.2.1 Action (1,1) is better than action (0,1). 

( 
Action (1. 1) is 1>1'('f('I"I'('<1 10 action (0,1) (reject type-! arrivaIs, serve type-l 

jobs) if 

( . 0) Cl - go ( . 0) 1'0 l,:::; + vO 1 - 1, 
III 

(A.15 ) 

t hat is if 

1 . ( . ) Cl - gO } • ( . ) 
\ 1,110,90 :::; + \ z -1,nO,gO 

/lI 
( A.16) 

SlIhst it lit illg fol' 1\'(.,.,.) and lIsing (3.) which states that 

{ 
110 p_pno+l} 

JI P' ~ (' -1 -_-p - '--::(-1 "":""_-p-:-:) 2~ (A.17) 

ill('qllalit~· (A.W) J'(,dllc('s af'tel' simplification to 

0:::; (no - i)(l- p) - (1- pno-i) ( A.18) 

( \\'hic" \'t'I'ilil·h. 
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A.2.2 Action (1, 1) is better than action (0,0) 

Action (l, 1) is prcfclTC'd to action (0,0) (l'<'jccl tYP('-1 HlTi\'als, intl'Odll(,(' il 

typL'-2job ill SNVÎcC) if 

. c(i + 1) - gO 
"0 ( 1 , 0) ~ . - l' + 1'0 ( 1 , 0) 

Il 2 
(.\.19) 

tltat is if 

o ~ i ~ 110 - 1 ( :\.~O) 

But 

(:\.~I) 

Titus (A.18) v<'l'ifies . 
. -, 
.' 

A.2.3 Action (1. 1) is better than action (1,0) 

Actioll (1, 1) is pl'cfC'ITC'O to action (1,0) (acecp!' tYP('-1 élrrivals, illtrodll(,(' .. 

tYl>c-2 job in se'l'vin') if 

. c(i+I)-qo -'). l''}. 
VO(/,O) ~ \ . -1'+ À [110(1 + 1,1) -1'] + \--1)0(/,0) (!l.~~) , ) + M. ) + Il'}. "1 + l''}. 

This cas(' 1)('('<1s Lo be fmt 1)('1' subdividco é1ccol'dillg Lo wlJ('1 he', 1 = 0, 01' 1 ~ , ~ 

110 - 2, 01' i = "0 - 1. \\TC' will considcl' the case i = 0 only. 

Sillcc /'0(0,0) = 0, ilH'quality (A.22) rcdllces Ln 

.' 
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1\11<'1 !-luIJ'i1 il utioll éllld simplification, this becomes 

(A.24) 

w Il ici 1 follows frolll 

(A.25) 

t!J(' fils!, ilJ('quality J'('sulting from the definition of nI (3.), the second inequality 

Iwill,!!, t!J(' hélsic asslIllJptiolJ. 

'1'1)(' oplillléllity of 1ro in stat(' (i,O), fol' ° < z < no, and III states (i,l), 

o ~ 1 < II(J - 1 is ('st"hlis)wd similarly. 

( 
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Proofs of 
Appendix B 

Propositions 7.1 ta 7.7 

III this élPI)("Hlix \\'C' sk(,tch the c1elllcntary »l'Oofs or t.he' proposit.iolls ill :·i('diOIJ 

ï.l. ""C' l'end 1 t hat fol' éI real-vétlllcd rllnctioll J and a l'eal COII:-.t..lllt. l' > 0, t.!)(' 

t.rélnsformations 'l'} f and T'}./ arc' dcfined by 

TIi'(:", . ,l";.) = mill {/(.q + 1, :l'~) - 1', .f(.1') , .1''}.) }, 
\ . 

'j~f(·",.·l''2) = min{j(.Q,.r2 + 1) - r,j(.q,.l''}.)}. 

Proposition 7.1 

If .r is lIollde('J'cl asing in .1'1 and in .1'2, 

t 11<'11 Tl f and 7'-2f are nOJldccrcasing in.f) and in .l''}.. 

Proof: Ob\'iollS, 

o 

- 150 -



Proposition 7.2 

If l is SIII)('rrnodlilar, subconvcx in :q, and subconvex in X2, 

t.I)('1I J is COIlV('X in Xl and in X2. 

Proof: Th(· cOllvexity of .f in Xl follows from the sequence of inequalities 

wll('I'(' (lU) is dll(' t.o Sil p('J'lllo<lula rit y of J, and (8.2) to subconvexity of J in Xl. 

'J'II(· pl'Oof t.hat l i" ('onv('x in .f2 is symmetric. 

D 

Proposition 7.3 

If.r is sllJ)(,l'lllodlllar, convcx in Xl and convex in X2, 

t,Jl('n 'l'Il and 1~1 arc sllpermodular for ail r ~ O. 

Proof: W(· W1\II1. ta show t.hat 

Lalwl poillt (.1'),.1'2) with A or R according to whcther J(XI + 1,X2) - J(XI,X2) 

is ~ l' or > ", wit.h t h(' obvious intcrprctation of admission or rejection of type-l 

johs ill th(· ('onl<'xt of fillitC'-hol'iwn discountcd costs. Since J is COllvex in Xl and 

ill .l':!. t 11<'1'(' éH(' only six cas('s to cOBsidcl' in (8.3), namely 

AA 
AA, 

AH 
AA. 

AR 
AR, 

RR 
AA, 
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RR 
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Incquality (B,~j) follo\\'s dirC'ctly from t.he supc!'lllodula!'ity of r i1\ t h(· fi!'st a1\d 

sixt h cases, In the second casC', (B,3) bccollles 

J(.1'1 + 2,:1'2) - J(XI + 1,,1'2) :::; 1', (/J, t) 

which verifies becausC' or t.he lowcr right A, ln t.he third case" !>ot.h krills ni (B.:J) 

are equal to 1', In t.he fOlll't.h case, (0.3) becoll1cs 

J(./'J + 2,.1'2) - f(:q + 1,:1'2) ~ f(XI + 1,·1'2 + 1) - f(,I'),.I''2 + 1), (/1.·1) 

which "crifles bccélusC' lo\\'cr right A and lIPP('!' krt. Il lIlC'allS 

l(·l'J + 2, ,1'2) - f(·l'} + 1, ,1'2) :::; r < l(XI + 1, .1''2 + 1) - f(.l' l, .1''2 + 1). (/J.:)) 

Finally, in t.11<' firt.h case, (B,3) becomes 

l' $ f(:1:} + l, ;t'2 + 1) - f(.1'J, a'2 + 1), (lUi) 

which "crifics bccéluse or upper left R, The proor that. r/~.r is :mpe'l'rllodlllal' IS 

symmct rie. 

o 
Proposition 7.4 

If .r is coll\'ex in ,1'1, 

then 'l'If is convcx in aï fol' ail r 2:: o. 

Proof: We wan!. to show that 

Td,l'! + l, ,1'2) - Tda,!, :1'2) ~ T}(''CI + 2, x2) - 'l'dxJ + 1, ,c~d. (lJ.7) 
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l 
( 

( 
1 ;!'Iillg 1.1)(' labellillg int roduccd abov(·, the convcxity of f reduces the number of 

('iI!'I('!'I 10 fOllr, IIélll)('ly AAA, AAR, ARR, RItR. In the first and last cases, (B,7) 

/'ollows din'Ctly l'rom the' ('onvcxity of f. In the second case, (B.7) becomes 

(B.S) 

wlticfl V<'l'ifies hy llIiddle A. Finally, in the third case, (B. 7) becomes 

(B.9) 

wlticfl \'('l'ifi('s hy llIiddle IL 

o 
P.'opositioll 7.5 

If l is cOllvex in :t'2, 

( t hC'1I '/~l is (onvex in ,1'2 for ail 7' 2:: 0, 

Pl'oof: 'l'III' »1'001' is symnwtrÎc to the one for Proposition 7.4, 

o 
Pl'Opositioll 7.6 

Fol' IIlOlld(,(,I'C'élSillg and supermodular, 

t 111'11 'J'Il i!'l (,OJl\'('X in a'2 fol' ail 7' 2:: 0 iff f is subconvex in :1'2, 

P.'oof: Wc' fir~t pl'O\'(' the "if" statell1cnt, that is we want to show that 

(B.lO) 

BI'CcI\I:-'I' / is SIIIH'l'l1lodulal'. only fouI' cases Ilccd to he considcl'cd 111 (8.10), 

( 

- 153-



" A 
A 
A, 

n 
A 
A, 

H 
H 
A, 

H 
H 
H. 

III III<' fîl'sl and last cas('s, (11.10) follows fl'oll1 thc' cOllv('xity of fin .1'2 ",hic" ibwlf 

l'esults t'rolll t h<> SlIp('l'lllodlllal'ity and the suheollv('xit.y in .1''2 of f. III t hc' S('('orlll 

CRse. (B.IO) becol1les 

f(·q + 1. .r:.! + 1) - /(.1't + l, .1':,d ~ .f(.1't, ·1'2 + 2) - J(.l'J + 1. .1''2 + 1) + 1'. (//.11) 

nut 

f(·'1 + 1 .. /''2 + 1) - f(·,.. + 1,·1'2) ~f(.q, .1''2 +~) - {(.q, .1''2 + 1) ( 1J.1'2) 

+[1(.1'1 + l, .L''2 + 1) - /(./·I..r'2 + 1)] (II I:q 

~f(·q , .l':.! + '2) - J(./' 1 + I. ./''2 + 1) -1- /. ( IJ.I 1 ) 

wlJ('I'(' (IU1) rs suheoll\'('xity ill .1':1, (B.l:J) is (B.I:!) wiHr a j(. l' Il 1 cldd(·d .. IId ,,"l, 

~tl'él(t('d, éllld OU 1) COIIJ('<; l'rom th(' lIIiddl(· A. III th(' thircl (·a~(·. (B.IO) IJI"'JlIl('" 

f(·I'1 .. /''2 + 1) - f(.,.. + 1. .l'~!l + /' S f(·q .. 1''2 + '2) - {(./' 1 .. /''2 + 1) 

But 

f(·'1 .. /''2 + 1) - ./(·/'I + 1. ./''2) 1- l' ~ [.f(.l'J,.I':1 + 1) - J(./'J + 1,./':dJ 

+[I(:q + 1,./''2 + 1) - J( l'h'I''2 + 1)] (IJ.U·)) 

~J(·1'1 + 1"/':1+ 1)-J(.1j + I .. /':d (lJ.I(j) 

;:;f(.1'J, .1':1 + 2) - J(./(, ./''2 + 1) ( 1/ 17) 
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( 

\\'111'11' (IU~)) COIIWS from III(' middlf' n, (B.Hi) is just (J1.15) after simplification, 

<11111 (B.I Î) i~ Sil 1)( ollvI'xity ill J"2. 

\\'(' II0W pl"O\'(' tif(' "ollly if" part of thc c1aim. \Ve procœd by contradiction, 

"~~IIII1(' 1 hat J i:-. Ilot SlIbcOII\'('X in J'2, and show that a valuc of r can be found 

~1I1 " t ".If '/'1/ i~ 1101 COllve'X ill .l'~. Suppose thf'l'c is a point ('TJ, ,1'2) slIch that 

By SIIIH'/'III1HllIlal'il y. \\'C' ha\'c' that 

< J(.1'J + l, ,1'2 + 2) - f(,TI, 3'2 + 2) 

SI'lc'ct /' = .1 (''ï + 1. ,f:.! + 1) - J(;q, ,1'2 + 1). 'l'hm 

TJl('1'J,.r2) = f(·TI + 1,,1'2) -7" 
'l'If( .l'J • ,7':.! + 1) = f(.q + 1, ;t'2 + 1) - r 

'1'1/( .l'J .. 1'2 + 2) = J ( :q , ,r2 + 2), 

\\'hjch Îlllpljl's 1 hal 

1')(,,') .. /':.! + ~) - 1'd.I'). ,1'2 + 1) = /(,1'1. ,1'2 + 2) - f(,1'], ,T2 + 1) 

l'd,l') .. l':! + 1) - 'l'd.l'), ,l':d = J(,"1 + l, .7'2 + 1) - f(:1'} + 1, ,1'2), 

('olllhillillP. (IJ.]~). (B,21). élnd (B.22), wcobtain that 
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(B.19) 
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il COllt 1 <l<lict iOll t 0 t he' ('Ol! \'('xity of .r ill ./'~. 

o 
Proposition 7.1 

For f llolld('('J'('él~illg alld slIl)('l'modlllal', 

t h('11 'J ~ f is ('011 \'('X i Il .q for il Il ,. 2:: 0 W r is Sl1 hcolJ\'('1( i 11 .l'J. 

Proof: 'l'II<' pl 001' is ~yllllll('tric to tl\(' 011(' for Proposit.ioll ï.;'. 

o 
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