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Abstract-English 

In this thesis equivalence of the concepts of ana-bicategory and 2D-multitopic category is proved. The 
equivalence is FOLDS equivalence of the FOLDS-Specifications of the two concepts. Two constructions for 
transforming one category to another are given and it is shown that we get a structure equivalent to the 
original one when we compo e two constructions . 
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Abstract-French 

Dans cette thèse l'équivalence de la catégorie de l ana-bicategory et de la catégorie 2D-multitopic est 
prouvée. L équivalence est une équivalence FOLDS. Deux constructions pour transformer une catégorie en 
l autre est donnée. Il est montré qu on obtient une structure équivalente à l 'original loisqu 'on compose les 
deux constructions. 
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Chapter 1 
Introduction and Preliminaries 

1.1 Introduction 

In category theory there is an emergence of higher dimensional categories. There are two distinct flavors of 
higher dimentional categories: 

Pure algebraic: In these the composition of cells is defined by a composition function. Then there 
are huge coherence condition about the way composition works. Examples include bicategory, tricategory, 
2-category etc. 

Virtual: In these composition oZ cells is defined by universal property of certain special celh called 
' universals . Examples are multitopic category opetopic category etc . 

Even for case n = 3 the pure algebraic version become intractable with lots of isomorphisms and 
coherence diagrams. Virtual version doe not have the same problem and in certain sense it is "scala ble . 
Another point to be remembered i that virtual ver ion defines the composition up to isomorphism in true 
categorical spirit . In view of these advantages it tempting to propose virtual definitions of categories. To 
take the step of proposing virtual definition of categories we first need to show that for the case of n = 1 2 
virtual definition reduces to the ordinary definitions of category and bicategory respectively. In this thesis 
we consider multitopic category a the basic virtual definition for higher dimensional categories . We call 
multitopic category for case n = 2 which is the case being dealt here , as 2D-multitopic category. 

In parallel there is another point to be made about category theory. Though it is emphasized in category 
theory that concepts should be defined up to i omorphism this does not go beyond structures internai to 
the category like limits colimits etc. For example in defining functor we do not say that it takes certain value 
up to isomorphism. In [4) !Iakkai ha propo ed a version of category theory in which external concepts like 
functors and natural transformations are also defined up to isomorphism. The functor there called anafunctor 
is defined up to isomorphism. This was extended to define bicategory as ana-bicategory. Another concept 
introduced in the same paper was saturation which more or less means that functor can take any of the 
isomorphic copy of object as its value. 

In light of what has been said I feel that correct concept of bicategory is ana-bicateogry, and it is actually 
found to be the case that the 2D-rnultitopic category is equivalent to an ana-bicategory with saturation. This 
should not be surprising because the horizontal composition internai to 2D-multitopic category is defined by 
universal property hence up to isomorphism. 

In next section we give the formal definitions that will be used . In chapter 2 we show how to get 
ana-bicategory from 2D-multitopic category. In chapter 3 the way to get 2D-multitopic category from ana
bicateogry is given. In chapter 4 the equivalence of these two definitions is shown. 
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Chapter I: Introduction and Preliminaries 

1.2 Preliminaries 

In this section we give the mathematical definitions that are required for subsequent chapters. 

1.2.1 Ana-bicategory: 

The concept of ana versions of categorical definitions was introduced in [4] . 

First the concept of AnaFunctor and Natural AnaTransformation are to be given . Let C and V be two 
categories . 

AnaFunctor: An AnaFunctor F between categories C and V is given by _following data (1,2) and 
conditions (3,4 5): 

1) A class IF I, with two maps a: IF I ---+ O(C) (source) and T: IF I ---+ O(V) (target). We use the 
following notation, for XE O(C) we denote IFI(X) ={sE IF I : a(s) =X}, and fors E IF I(X) we denote 
1(s) by Fs(X). IF I is called class of specifications. 

2) For each X Y E O(C) sE IF I(X), tE IF I(Y) and f: X ---+ Y, an arrow Fs ,t( f) : Fs(X) ---+ 

Ft (Y) in V. 

3) For every XE O(C) IF I(X) is non-empty. 

4) For all XE O(C) and sE IF I(X), Fs ,s(Idx ) = IdFs(X) · 

5) For all X , Y Z E O(C) , s E IF I(X) t E IF I(Y) u E IFI(Z) f : X ---+ Y and g : Y ---+ Z we 
have Fs ,u( f · g) = Fs,t( f) · Ft,u(g). 

Saturated Anafunctor: Given an anafunctor F , Fis said to be saturated, if F8 (X) =A and i: A~ B 
in V then there is unique tE IF I(X) such that Ft(X ) = B and Fs,t( I dx) = i. 

Saturation is something external on anafunctor but usually anafunctors that arise naturally have this 
saturation property for example product AnaFunctor. 

Natural Ana'I'ransformation: A Natural AnaTransformation cp between functors F and G is given 
by following data (1) and condition (2): 

1) A family < c/Jx,s,t : Fs(X) ---+ Gt(X) > XEO(C),sEIFI(X) ,tEIGI(X)· 

2) For every f: X---+ Y in C(X, Y), and for every sE IF I(X) tE IG I(X) u E IFI(Y), v E IGI(Y), 
then following diagram commutes 

2 



Chapter I: Introduction and Preliminaries 

Natural Anaisomorphism: Natural Anaisomorphism is a Natural AnaTransformation is which the 
fa1nily < r/Jx,s,t : F8 (X ) ---7 Gt(X ) > XEO(C),sEIF I(X) ,tEI GI(X) consists of isomorphisms. 

Ana-bicategory: An ana-bicategory A consists of following data (1 2,3 4,5,6,7) and conditions (8,9): 

1) Collection O(A ) of abjects (0-cells) . 

2) For any pair of abjects A B E O(A), a category A (A B) (1-cells as its abjects and 2-cells as its 
arrows) . 

3) For any object A E O(A ) an identity anaobject in A ( A, A) determined by anafunctor 

l A : 1 ---7 A (A A) 

4) For a11y three abjects A B CE O(A ), composition anafunctor 

oA,B,c : A (A B ) x A (B C) ---7 A (A C) 

5) Associativit nat ur al anaisomorphism 

ŒAB,CD : ((-)o(-))o(-) = -===:::;:..(-) o((-)o(-)) 

where ((-) o (-)) o (-) = (oA B ,C I dA(C,D)) · oA,C,D and(-) o ((-) o (-)) = (IdA (A,B) o B,C,D) · o A ,B ,D· 

6) Left identity natural anaisomorphism 

ÀA ,B : (-) o lB ==-==>f dA( A B ) 

where I dA (A, B ) is Identity Functor and (-) o l B = (I dA(A,B) ! ·lB) · oA ,B,B : A ( A B) ---7 A ( A B ). 

7) Right identity natural anai omorphism 

PA,B: l A 0 (- )==-=:>IdA (A,B) 

where I dA(A ,B ) is Identity Functor and l Ao (-)=(!·lA, I dA(A ,B)) · oA,A, B : A ( A B ) ---7 A ( A B ). 

8) For any five abjects A B C D , E E O(A ) and four 1-cells f E O(A (A B)) g E O(A(B C)) 
hE O(A(C D )) i E O(A (D E)) the coherence pentagon: 

Ql24-Û36 Jd · Q 

. ' •" ' ~ (f os (g 04 h) ) 06 i ==5
='

6
='

7
='

8==> f 0 ((g 04 h) 07 i) 
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Chapter I: Introduction and Preliminaries 

9) For any two objects A B E O(A) , and two 1-cells f E O(A(A, B)), g E O(A(B C)) the 
coherence triangle: 

Remark Saturation:. Ana-bicategory is aid to be saturated if anafunctors lA and oA,B,C are . 

I.2.2 2D-Multitopic category: 

The concept of multitopic category was introduced in [1,2,3). Since here we are concerned with only 2 
dimensional case we simplify the definition by removing all the amalgamation mechani rn that was built into 
its definition . First we define what a multicategor is. Then we go to definition of 2D-multitopic category. 

Multicategory: Multicategory M consists of following data (1 2 3) and conditions (4,5,6) : 

1) A collection O(M) of object . We denote by O(M)* to be collection of all tuples (strings) of 
object . 

2) A collection A(M) of arrow with domain in O(M)* and codomain in O(M). 

3) An natural number indexed partially defined composition ·- of arrows in A(M). Composition 
of a f3 E A(M) is defined if and only if the codomain of a fits into domain of /3. Formally if the domain 
and codomain of a are lex and gex and the domain and codomain of f3 are ff3 and g13 uch that f f3(i) = gex 
then composite aï f3 is defined· it is an arrow in A (M) with domain ff3[fex/(i i + 1)] and codomain g13. 

Remark 3. In here and sub equent places s[t/(i j)] is string formed by replacing ith to j- lth substring 
of s by t . 

Remark 4. From here on for convenience the subscript for composition is removed. But it should be kept 
in mind that composition is placed. 

4) Composition is associative i.e. a· (/3 ·T') = (a· /3) · T' 

5) Composition is commutative i.e. a· (/3 · 1') = {3 · (a· T') 

4 
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6) For any fE O(M), there is an identity in A(M) with domain the string< f > and codomain 
f denoted as I d f su ch th at for any appropriate a, I d f · a = Œ = a · I d f. 

2D-multitopic category: A 2D-Multitopic category consists of following data (1 2 3,4) and condition 
(5) : 

1) A collection Cell0 (M) of 0-cells. 

2) A collection Celh (M ) of 1-cells with domain and codomain in Cell0 (M) . We denote by 
Celh (M )* collection of all composable strings of 1-cells from Celh (M ). Celh (M ) is referred to as (1-
) pasting diagrams also abbreviated as 1PD. 

3) A collection Cell2(M) of 2-cells with domain in Celh(M) * and codomain in Celh(M), such 
that their initial and terminal 0-cells match. 

4) The collections Celh(M) and Cell2(M) form a multicategory with composition·. 

5) For every f E Celh (M )* there exists a 2-cell say a E Cell2(M) with domain f such that 
fo_r e ery /3 E Cell2(M) with domain containing the tring f there is a unique 1 E Cell2(M ) for which 
Œ · = B. Such an Œ is called universal arrov . 

1.2.3 FOLDS Equivalence: 

FOLDS stands for First Orcier Logic with Dependent Sorts. Here just a hort overview will be given. Details 
are in [5) [7). 

A FOLDS theory (L I;) consists of a signature L a::1d set of axioms 2::; . The FOLDS signature L is a 
one way category. The objects in this category are the sort . Each sort is dependent on all the sorts that 
are below it (an arrow to it) . For an object A in L let L 1 A be set of all arrow in L with domain A. The 
axiom in 2::.; are fust order entences with restriction. The restriction i that equality is disallowed and all 
the statements are about existence of certain element in or ts. For example instead of saying g o f = h we 
would say 3T E T(X Y Z · f g h).T. The advantage is that all axioms turn out to be asserting existence of 
certain element that represents the truth of axiom. 

ow FOLDS structure Sis a functor from L to any categor , that satisfies the axioms in 2::; . Given two 
L structures S T a homomorphism p is a natural transformation from S to T. 

Two FOLDS structures S T with same signature are said to be equivalent if there is a span 

where p q are natural transformations and are fiberwise surj ective. This is denoted as S '::::::.L T. 

p : S ~ T is fiberwise surjective if the following diagram is a weak pullback, for all objects K in L . 

5 



Chapter l: Introduction and Preliminaries 

S(K) _ _ P_K_~ T(K) 

nKsl lnK T 
S(K) Pi< T(K) 

k is the context of sort K. Intuitively context is the sorts on which the sort K depends. 7rK,T is 
projection of context value from the sort K. 

Up to this point we have seen the equivalence of two structures with same signatures. To compare two 
structures with different signatures we need something more (6). 

Suppo e we have two theories T1 = (L1 2.:; 1 ) . To say that T1 and T2 are equivalent we need two 
constructions one taking any T1-model S1 to a T2-model Si and another taking any T2-model S2 to Tl
mode! sr. ow we say that Tl and T2 are equivalent whenever sl r::::::.Ll s;# and s2 '::::::.L2 st* for all sl and 
S2. 

The constructions (- )* and (- )# are canonical· in particular they do not u e the axiom of choice. 
More over the data for the equivalen ce sl '::::::.Ll s;# and s2 r::::::.L2 st* are also canonically constructed 
from S1 respectively S 2 . In fact the combined constructions add up to an equivalence of the two concepts : 
ana-bicategory and 2D-multitopic category, in the sense of [6), Section 6. 

In Chapter II the construction of an ana-bicategory from a 2D-multitopic category is given . In Chapter 
III the const ruction of a 2D-multitopic categor from t he ana-bicategory is given. In Chapter IV FOLDS 
Equivalence of ana-bicatogor and 2D-multitopic category is proved using the con t1 uctions in Chapter II 
and Chapter III. 
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Chapter II 
2D-Multitopic Category to Ana-BiCategory 

In this chapter, the construction of an ana-bicategory from a 2D-multitopic category is given. This construc

tion will be dentoted as M~M* where M is the given 2D-multitopic category. For simplicity, in this 
chapter M * will be denoted by A . The construction first involves extraction of ana-bicategory data from a 
2D-multitopic category and then proving the axioms of ana-bicategory. 

II.l Data Definitions 

Given a multitopic category M data of the associated ana-bicategory A is defined as follows: 

Objects: O(A) = Cell0 (M). 

Category A (A B): For A B E O(A) category A(A B ) 

A (A B). 

Objects: O(A(A B)) = {f: fis 1 cell of the fonn A~B C:: Celh(M)}. 

f _.......----., 
Arrows: A (A, B )[f g] = {,B : ,B is 2 cell of the form A -lj..B B E Cell2(M)}. 

f _.......----., 
Iàentity: Id f = A {rdt B E Cell2 (M) 

~ 

f 

~ 
g 

Composition: Composition of arrows is defined as composition of 2-cells in M restricted to 

ldentity: Identity AnaObject for A in A(A A), AnaFunctor 

lA: 1 ~ A(A,A) 

0-Specifications: llA I( l) = {p : p E Cell2(M ) is universal from empty pd A}. These are of the 
form shown in Figure 1. 

Re mark 1. In all the figures here on the univers al cells will be denoted by (:) in the center. 

7 



Chapter II: 2D- fultitopic Category to Ana-BiCategory 

Figure 1. 

AnaFunctor on Objects: lA p(l) = codom(p) where p E llA I(l ) . Since-1 is the only abject in 1 , 
we denote lA ,p( l ) by lA,p· 

AnaFunctor on Arrows: l A p,q(Id1 ) = 8 where p q E llA I(l) and 8 E A(A A)[lA ,p, l A,q] such 
that p · 8 = q. Since I d1 is only arrow in 1 we denote lA ,p q(I d1 ) by lA p,q· See Figure 2. 

Figure 2. 

Horizontal Composition: Composition AnaFunctor 

oA,B c : A (A B) x A(B C) ~ A(A C) 

Since A B C will be clear from the context oA,B,C,- and oA,B,C,- _ will be refered to as o_ and o- ,

respectively. Furthermore, o_(J,g) and o-,-(!3 r) will be denoted in the infix formas f o_ gand f3o-, - r 
respectively. 

2-Specifications: 1 oA,B,C i(f,g) = {s: sE Cell2(M) is universal from A~B~C}. These 
are of the form shown in Figure 3. 

8 



Chapter II: 2D- 1ultitopic Category to Ana-BiCategory 

• Qs 
A ------..--........ c 

Figure 3. 

AnaFunctor on Objects: fos 9 = codom(s) where sE 1 oA B ,C l(f,9) . 

AnaFunctor on Arrows: f3 os,t 1 = 8 where s E 1 oA ,B ,C 1(!1 91) t E 1 oA,B,C 1(!2, 92), 
(h gl) (!2 92) E A (A B ) x A(B C) ((3 1) : (h 91) ~ (!2 92) and 8 E A (A, C)[h os 91, !2 Ot 92] 
su ch that f3 · ( 1 · t) = s · 8. See Figure 4 . 

0t 

Figure 4. 

Associativity Isomorphisms: Natural Analsomorphism 

CiA,B,C,D : ((-) o (-)) o (-)=-====?(-) o ((-) o (-)) 

where ((-) o (-)) o (-) = (oA,B c IdA (C,D)) · oA ,C,D and(-) o ((-) o (-)) = (IdA(A,B),oB ,C,D) · oA,B,D · 

Since A B C, D will be clear from the context ŒA ,B c,D will be denoted by ex. 

Define Cts,t,u,v = 8, where s E 1 oA,B c I(J, 9), t E 1 oA,C,D l( f os g h), u E 1 oB,C,D l(g, h), v E 1 oA, B ,D 

l( f 9 ou h) and 8 E A (A D )[( f os 9) ot h f ov (9 ou h)] such that (s · t) · 8 = u · v . See Figure 5. 

9 



Chapter II: 2D-Multitopic Category to Ana-BiCategory 

Figure 5. 

Left ldentity Isomorphisms: atural Analsomorphism 

~ 

ÀA B : (-) o l B ===?1 dA(A ,B) 

where 1dA(A B ) is Identity Functor and(-) o l B= (1dA(A,B) ! · l B)· oA,B,B: A(A,B) ----7 A (A B ). Since 
A B will be clear from the context ÀA ,B will be denoted by À. 

Define À s p = 0, where E 1 o A B,B l( f lB ,p) p E llB I( l ), and 0 E A (A B )[f os l B ,p, f] such that 
(p · s) · o = 1dJ. See Figure 6 . 

Figure 6. 

B ,........ -

Right ldentity Isomorphisms: Natural Analsomorphism 

PA ,B : lA 0 (- )==-=:?1 dA(A ,B) 

where 1 dA (A,B) is Identity Functor and l Ao (-) = (!·lA, 1 dA(A,B)) · oA,A,B : A ( A B ) ----7 A( A B ). Since 
A , B will be clear from the context PA ,B will be denoted by p. 

Define Ps,p = 0, where s E 1 oA,A,B l(lA,p f) , p E llA I( l ), and 0 E A (A B )[lA,p os j, f ] such that 
(p · s) · o = 1 d f. See Figure 7 . 

10 



Chapter II: 2D-Multitopic Category to Ana-BiCategory 

Figure 7. 

II.2 Ana-BiCategory Axioms 

In this section the axioms of Ana-BiCategory are verified for the data defined the the previous section. 

II.2.1 Category Axioms 

T his is verification of A (A B) being a Category. 

Associativ ity : Follows from associativity in multicategory M. 

Existence of Identity: Follows form existence of identity in M. 

Left and Right ldent ity laws: Idj ot5 = t5 oid9 = t5 (Identity law in mult icategory), where t5: f ===} g. 

II.2.2 Identity AnaObject Axioms 

This is verification of lA being AnaFunctor. 

Weil defined: lA,p ,q E A(A A) [lA P lA ,q] where p q E llA I(l) is well defined since by universality of 
p there is unique lA ,p,q such that p · lA,p q = q. 

Inhabitedness: llAI(l) is nonempty from existence of universal from every P D , in particular from PD 
A . 

Composition: Need to show lA ,p,q · lA ,q,r = lA ,p,r where p q, rE llAI(l). We have p · lA,p ,q = q and 
q · l A,q,r = r, p · lA,p,r = r from definit ion. See Figure 8. 

P · (lA ,p,q · lA ,q,r) = (p · lA ,p,q) · lA,q,r 

= q · lA ,q,r 

=r 

= P · lA ,p,r 

11 



Chapter II: 2D-Multitopic Category to Ana-BiCategory 1 

A e A 

G 
---

Figure 80 

Since universals are left cancellable we have l A ,p ,q 0 lA ,q ,r = l A,p,r o 

II.2.3 Composition AnaFunctor: 

This is verification of o being an AnaFunctor 0 

Well defined: f3 o s ,t Î E A (A C) [h os 91, !2 Ot 92), where s E 1 oA,B ,C 1(!1 91) t E 1 oA,B,C 1(!2 92), 
f3 E A (A B )[J1 , f2 ] and Î E A (B C) [91,92] is well defined since by universality of s, there is unique f3os,tÎ 

such that f3 ° (Î 0 t) = s 0 f3 os ,t T 

lnhabitedness: 1 oA,B,C l( f 9) is non empty from existence of universal from every PD, in particular 
f g 

from PD A~B~C 

ldentity: Id! o 8 , 8 I d9 = I dfosg, since IdJ 0 (Id9 ° s) = Id! 0 s = s = s 0 Idfosgo See Figure 90 
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Figure 9. 

Composition: Need to show (/31 os,t 1) · (f32ot,u!2) = (j31 - f32)os,u (11·12), where sE 1 oA,B c l(h,g1), 
t E 1 oA,B c l(h 92), u E 1 oA B c l(h,g3) f3i E A(A B )[fi fi+1] and li E A(B C)[gi 9i+1]· We have 
!31 · ('/'1 · t) = s · !31 os,t '/'1 /32 · ('/'2 · u) = t · /32 ot u 12 (!31 · /32) · ((!1 · !2) · u) = s · (!31 · /32) os,u ('/'1 · !2)· See 
Figure 10. 

S · ((/31 Ost 1) · (/32 Ot u !2)) = (s · ({31 os,t '/'1)) · (/32 Ot,u '/'2) 

= ({31 · ('/'1 · t)) · (/32 Ot,u !2) 

= f31 · (('1'1 · t) · (/32 Ot,u '/'2)) 

= /31 · ('1'1 · (t · (/32 Ot,u '/'2))) 
= !31 . ( '1'1 . (/32 . ( '/'2 . u))) 

= !31 . (!32 . ( '/'1 . ( !2 . u))) 

= !31 . (/32 . ( ( '/'1 . '/'2) . u)) 

= (!31 . !32) . ( ( '/'1 . !2) . u) 

= S · ({31 · /32) Os,u (!1 · !2) 

13 
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-

Figure 10. 

Since universals are left cancellable we have ({h os,t / 1) · ({32 ot,u /2) = ({31 · fJ2) os,u (Il · 12). 

II.2.4 Associativity Isomorphims 

Weil defined: as,t ,u,v E A (A, D )[( f osg) ot h f ov(gouh)] where sE loA, B,ci(J,g), tE loA,c,DI( f osg, h), 
u E 1 oB ,C,D 1 (g, h) v E 1 o A,B D 1 (f g ou h) is well defined sin ce s · t is composite of universals hence a universal. 
So, t here is unique a 8 ,t,u,v such that (s · t) · as,t u,v = u · v. 

Isomorphism: a 8 ,t,u ,v is inverti ble. Its inverse c/Js, t ,u,v is such that s · t = ( u · v) · c/Js,t,v,u) . c/Js,t,u,v is 
well defined , since u · v is composite of universals so there is unique c/Js,t,u,v such t hat ( u · v) · c/Js,t,u,v = s · t. 
See Figure 11, 12. 

14 
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Figure 11. 

Figure 12. 

Need to show as,t u,v · c/Js,t u ,v = I d(fo
8
g)oth (See Figure 13) and c/Js,t,u,v · as ,t,u ,v = I d f o-u (gou.h) (See 

Figure 14). We use universality of s · t and u · v and following calculations. 

(s · t) · (as t,u ,v · c/Js ,t u ,v) = ((s · t) · Cis,t u,v) · c/Js,t,u,v 

= ( U ·V) · c/Js L,u v 

= (s · t) 

= ( · t) · I d(fo sg)oth 

15 
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Figure 130 

Chapter II: 2D- fultitopic Category to Ana-BiCategory 1 

(u 0 v) 0 (cf> s,t u v 0 Œs t,u ,v ) = ((u 0 v) 0 cf>s t,u v) 0 Œs ,t u,v 

=(s ot) OŒs t,u,v 

= (u 0 v) 

= (u 0 v) 0 Idf ov (gouh) 

9--.... 

:= / (!)V 
A 

Figure 140 
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Chapter II : 2D-Multitopic Categor to Ana-BiCategory 

N aturality: eed to show that following diagram commutes. 

Ü! s l , tl , u·} ,'Ul 

(h 0 s 1 91) Ot 1 h1 h 0 v 1 (91 °u1 h1) 

(iJo, , ,,2 ~)o ,, .yi~ ~iJo o , ,02 b oo, , ,.2 0) 

(!2 ° s2 92) 0 t 2 h2 ===~ !2 °v2 (92 °u2 h2) 
O! s 2 , t2 , u.2 ,-u2 

From universality of 1 · t 1 it is sufficient to show ( s1 · t1) · ( Œ81 ,t 1 ,u 1 ,v 1 · /3 ov1 ,v2 ( 1 o u 1 ,u 2 8)) = ( s1 · t1) · 

((/3 Osl,S2 1) Otl t2 0. Ûs2 t 2 U 2 v 2). See Figure 15, 16 . 

(sl · t1) · (a 1 t1 ,u1 ,v1 · f3 ° v1 v 2 (1 ° u 1 ,u2 8)) = ((sl · t1) · as1 ,t1,u1 v1) · f3 ° v 1 ,v2 (1 ° u1 ,u2 8) 

= (ul. VI) . f3 °v1 ,v2 (1 °u1,u2 0) 

= U1 . (VI . f3 °v1 ,v 2 (1 °u1,U2 0)) 
= U1 . (/3. (1 0u 1 ,u 2 0. V2)) 

= /3 . (ul. (1 Ou 1,u 2 0 . V2)) 

= f3 · ((ul ·1 Ou 1 ,u 2 8) · v2) 

= /3 · ( ( 1 · ( 8 · u2)) · v2) 

= /3 · ( 1 · ( ( 8 · u2) · v2)) 

= /3 · ( 1 · ( 0 · ( U2 · V2) ) ) 

Figure 15. 
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(sl. t1). (({3 °81,82 r) 0 t1h 8. Œ82h,u2,v2) = ((s1. t1) . ({3 °81,82 r) 0 t1h 8) . (X82h,u2,v2 

= (sl . (tl . ({3 °8 1 ,82 r) 0 tlh 8)) . Œ82h,U2,V2 

=(si· ({3 o 1,82 r · (8 · t2))) · Œ8 2,t2,u2,v2 

= ((sl. {3 0 1,82 r). (8 . t2)) . Œ82h,u2,v2 

= (({3 · (r · s2)) · (8 · t2)) · Œ82h,u2,v2 

= ({3 · ((r · s2) · (8 · t2))) · a82,t2,u2,v2 

= ({3 · (8 · ((r · s2) · t2))) · a82,t2,u2,v2 

= ({3 · (8 · (r · (s2 · t2)))) · a82h,u2 ,v2 

= ({3 · (r · (8 · ( 2 · t2)))) · a82 ,t.2,u2,v2 

= {3 · ((r · (8 · ( 2 · t2))) · Œ82 ,t2,u2,v2) 

= {3 · (r · ((8 · (s2 · t2)) · Œ82h,u2,v2)) 

= {3 · (r · (8 · ((s2 · t2) · a82,t2,u2,vJ)) 

= {3 · ( r · ( 8 · ( u2 · v2))) 

Figure 16. 

II.2.5 Left Identity Isomorphims 

18 



Chapter II: 2D- 1ult itopic Category to Ana-BiCategory 

Weil defined: À s ,p E A (A B )[f os 1 B,p f ] where sE 1 oA ,B ,B i(f , 1B,p), p E I1B I(1) is well defined, 
ince s · p is composite of universals hence a universal. So there is unique À s ,p su ch that (p · s) · Às,p = 1 d f · 

Isomorphism: Às ,p is invertible . Its inverse is p ·s . One side (p · s) · À s ,p = 1dt was verified above. 
ow (See Figure 17) 

Figure 17. 

(p · S) · À s p = 1 d f 

===> ( (p . s) . À s p) . (p . s) = 1 d f . (p . s) 

===> (p . s) . (À s, p . (p . s)) = (p . s) 

===? (p · S) · ( À s ,p · (p · S)) = (p · S) · 1 d f 

===>Às p · (p · s) = 1dt 

N aturality: Need to how that following diagram commutes. 

j 0 s 1B ,p 
À s, p 

f 

fJo ,,dB ,p,, ~ 1fJ 
j 0 t 1 B,q 

Àt ,q 
g 

From universality of p · s it is sufficient to show (p · s) · (Às,p · {3) = (p · s) · ({3 os,t 1B ,p,q · À t ,q) · See Figure 
18, 19. 

(p · s) · (Às,p · {3) = ((p · s) · Às ,p) · {3 

= 1dt· f3 

= {3 

19 



Figure 180 

Figure 190 

Chapter II: 2D-Multitopic Category to Ana-BiCategory 

(p 0 s) 0 ({3 o s ,t 1B,p q 0 Àt q) = ((p 0 s) 0 {3 o st 1 B ,p,q) 0 Àt ,q 

= (p 0 (s 0 {3 os ,t 1 B ,p,q)) 0 Àt q 

= (p 0 ({3 0 (lB ,p ,q 0 t))) 0 Àt,q 

= ({3 ° (p 0 ( 1B ,p,q 0 t))) 0 Àt ,q 

= ({3 o ((p 0 1B ,p,q) 0 t)) 0 À t q 

= ({3 ° ( q 0 t)) 0 Àt ,q 

= {3 0 ( ( q 0 t) 0 Àt,q) 

=f3 °1dt 

={3 

~A~B=--

11.2.6 Right ldentity lsomorphims 

Weil defined: Ps ,p E A ( A B )[1A ,p os f , f ] where sE 1 oA ,A ,B l(lA ,p f) p E I1 AI( 1 ) is well defined , since 
s 0 p is composite of universals hence a universal. So, there is unique Ps ,p su ch th at (p 0 s) 0 Ps ,p = 1 d 1 0 

20 



Chapter II: 2D-l\1Iultitopic Category to Ana-BiCategory 

Iso m orphism: Ps,p i inverti ble. It inverse is p · s. One si de (p · s) · Ps ,p = Id f was verified ab ove. 
ow (See Figure 20), 

Figure 20. 

(p · s) · Ps ,p = I d f 

~ ( (p · s) · p s P) · (p · s) = Id f · (p · s) 

~ (p . s) . (p s p . (p . s)) = (p . s) 

~ (p · s) · (p s ,p · (p · s)) = (p · s) · 1 d f 

~Ps,p · (p · s) = I dj 

N at urality: eed to show that following diagram commute . 

1A ,p 0 s j 
Ps, p 

f 

l A,p ,,o , dl~ ~~ 
1A ,q 0 t j 

Pt ,q 
g 

From universality of p · s it is sufficient to show (p · s) · (Ps,p · (3) = (p · s) · (lA ,p,q ost (3 · Pt ,q). See Figure 
21 , 22 . 

(p . s) . ( p s ' p . (3) = ( (p . s) . p s' p) . (3 

= 1dJ · f3 

= (3 
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Figure 21. 

Figure 22. 

11.2.7 Coherence 

Chapter II: 2D- fultitopic Category to Ana-BiCategory 

(p · s) · (lA p,q ost f3 · Pt,q) = ((p · s) ·lA p,q os,t {3) · Pt,q 

= (p · ( S · lA ,p,q os,t {3)) · Pt ,q 

= (p · (lA,p ,q · ({3 · t))) · Pt,q 

= (p · ({3 · (lA,p q · t))) · Pt ,q 

= ({3 · (p · (lA,p ,q · t))) · Pt ,q 

= ({3 · ((p · lA ,p,q) · t)) · Pt ,q 

= ({3 · ( q · t)) · Pt ,q 

= f3 · ( ( q · t) · Pt ,q) 

=f3· I d1 

={3 
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Pentagon Condition: Since there are too many pecification to be considered we use number to 
repre ent them rather than letters. 

I d JO' · · "'· · ' · '" · "~ 
(J 01 g) 012 (h 010 i) ==================? j o9 (g On (h OlQ i)) 

0'1 , 12 , 11 , 9 

Sufficient to how (( 1·2)·3)·(a1 ,2,4,so3 6I di ·(as 6,?, ·Idt o ,9a4,71o,n)) = ((1 ·2) ·3))·(a2,3,10,12 .a1 ,12,11,9) · 

See Figure 23 , 24. 

((1 · 2) · 3) · (a1 ,2 4,s o3,6 !di· (as,6 1, ·Id! o 9 a4,7,10,11)) 

= ( ( (1 · 2) · 3) · a1,2,4,s o3,6 I di) · (as 6 7,8 · I d f os,9 a4,7,10,11) 

= ((1 · 2) · (3 · a1 ,2,4 s o3,6 !di))· (as,6,7, ·Id! os,9 a4,7,10,11) 

= ((1 · 2) · (a1 ,2,4 ,s · (! di · 6))) · (as,6,7, ·!dt o ,9 a4,7,10,11) 

= ((1 · 2) · (a1 ,2,4 ,s · 6)) · (as 6,7, · I d! o ,9 a4,7,10,11) 

= ((( 1 · 2) · a12 4,s) · 6) · (as,6,7, · ! dt o 9 a4,1,10 11) 

= ((4 · 5) · 6) · (as 61 ·!dt o ,9 a4,7,1o,n) 

= (4 · (5 · 6)) · (as,6,7 · ! dt o 9 a4 ,7,1o,n) 

= ((4 · (5 · 6)) · as,6 ,7 s) ·Id! o 9 a4 1,1o 11 

= (4 · ((5 · 6) · as,6 1, )) ·!dt o 9 a4 ,7 10,11 

= (4 · (7 · 8)) ·!dt o 9 a4,1,1o 11 

= ((4 · 7) · 8) ·!dt o 9 a4 1,10,11 

= (4 · 7) · (8 ·Id! os 9 a4,7,10,11) 

= (4 · 7) · (!dt· (a4,7,10,11 · 9)) 

= ( 4 · 7) · ( a4,7,10,11 · 9) 

= ((4 · 7) · a4,7 10,11) · 9 
= (10. 11) . 9 
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Figure 23. 

Chapter II: 2D- 1ultitopic Categor to Ana-BiCategory 

((1 · 2) · 3) · (a2 3 ,10 12 · a1,12,11,9) 

= (1 · (2 · 3)) · (a2 3 ,10,12 · a1,12,11,9) 

= ( (1 · (2 · 3)) · a2 3 ,10,12) · al,l2,11,9 

= (1 · ((2 · 3) · a2,3,10,12)) · a1 12 ,11 ,9 

= (1 · (10 · 12)) · a1 12,11 ,9 

= (10 · (1 · 12)) · al,l2,11,9 

= 10 · ( (1 · 12) · a1 12 ,11 ,9) 

=10·(11·9) 

= (10. 11). 9 
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Figure 24. 

ldentity Triangle: 

Suffi.cient to show (p · (s · t)) · (as ,t ,u ,v · I d! ov,w Pu ,p) = (p · (s · t)) · Às ,p ot,w Id9 . See Figure 25, 26. 

(p · (s · t)) · (as ,t u ,v · Idj Ov w Pu ,p) 

= ((p · (s · t)) · as ,t ,u,v) · I dj ov ,w Pu ,p 

= (p · ((s · t) · as ,t ,u ,v )) · I dj Ov ,w Pu ,p 

= (p · (u · v))· I d! ov ,w Pu ,p 

= ( (p · U) · V) · J d j Ov, w Pu p 

= (p · U) · (V · 1 d f Ov w Pu ,p) 

= (p · U) · ( J d f · (Pu ,p · W)) 

= (p · U) · (Pu ,p · W) 

= ( (p · U) · Pu ,p) · W 

= Id9 · w 

=W 

25 



Figure 25. 

Chapter II: 2D-Multitopic Category to Ana BiCategory 

(p · ( · t))·À 8 pOt ,w ldg 

= ( (p · S) · t) · À 8 ,p Ot w 1 dg 

= (p . s) . ( t . À s) p 0 t) w 1 dg) 

= (p · ) · ( À8 p · ( 1 dg · W)) 
= (p . ) . (À s p . w) 

= ( (p . ) . À ,p) . w 

= I d1 · w 

=W 
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Figure 26. 

II.2.8 Saturation: 

The ana-bicategory A con tructed i aturated. 

Consider p E ll AI(l ) l A,p = f and cp : f ~ 9 then p · cp is an universal. Renee t here is a (unique) 
q E ll AI(l ) such t hat q = p · cp . 

Similarly consider s E 1 o A ,B c 1 ( f 9) f o 9 = h and cp : h ~ i , then s · cp is an universal. Renee t here 
is a (unique) tE 1 oA B c l(f g) such that t = ·cp . 

11.3 Conclusion: 

Theorem 1. Construction (- )* tran form 2D-multitopic category to ana-bicategory. 
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Chapter III 
Ana-BiCategory to 2D-M ultitopic Category 

In this chapter the con truction of a 2D-multitopic category from the ana-bicategory is given. This con-

truction will be denoted as A~ A# w he re A is given ana-bicategory. For simplici ty, in this chapter 

A# will be denoted by M. This con truction i more complicated than (- )*, the reason being while the 
construction (- )* involved a process of truncation (- )# involves building up 2-cells and showing global 
condition of universality. The construction i similar to term-model construction in logic. 

III.l Data Construction: 

111.1.1 0 and 1 Cells: 

0 Cells: 
C ll0 (M) = O(A) 

1 Cells: 
Celh(M) = U O(A(A, B)) 

A BEO(A) 

111.1.2 2 Cells : 

2 cells are defined as equivalence clas e of ordered labelled typed trees. The set of such trees is denoted as 
Y and the equivalence relation as ~c Y x Y. 

The ordering means that children of any node has left to right ordering that can not be permut d. The 
labels on the nodes are either 2-cells 0-Specification or 2-Specifications. Labels on the edges are the 1-Cell 
or 0-Cells (if node below is 0-Specification). Th label on edges will not be shown except for the outermo t 
ones since the can be recovered from the nod lab ls. The degree of each node is at most 2. We will think 
of degree of the node with 0-Specification to be 0 even though it has an edge coming in. 

Each tree has a type. The set of types is 8 c Celh(M)* x Celh(M), where Celh(M)* is the set of 
composable strings of Celh (M) (pasting diagrams) . If T is the type of the tree T then define dom(T) = 1r1 ( T) 
and codom(T) = 1r2 ( T ) . · is the concatenation operation on the strings in Celh (M)* . 

Y and the type of trees in Y are recursively defined as follows: 

(1) If fE A(A B), then 
(!) 

1 

(!) 
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f f 
a tree of type (A --------+ B A--------+ B ). 

(2) If A E O(A ) p E Jl AJ( l ) and j = l A ,p t hen 

~ 
(J) 

i a ree of t pe (A- .:_ -A A~ A). 

(3) If T1 is a tree of type (A~B A~B) T2 a tr e of type (B~C B~C) and s E 

1 oA B c I(J g) where fE A (A B ) gE A (B C) A B CE O(A ) and h =fos h then 

s 

(h) 

ld2 h 
a tree of type (A -----+C A-----+C). 

l f (4) If Ti a t ree of t pe (A~B A~B) and E A ( A B )[f g] where f gE A (A, B ), A B E 
O(A ) then 

~ 
(g) 

is a tree of type (A~B A~B). 

R emark 1. These trees can be thought of 2 dimensional pasting diagrams in multitopic category in which 
0-cells and 1-cells are as in A and 2-cells are 0-Specifications 2-Specifications and 2-cells . 

Now the equivalence relation ~c 1 x 1 is defined. Thi is done in terms of elementary tree tran -
formations T1 -----+ T2 . We define ~ to be transitive clo ure of -----+ hence ~=-----+ * . Each elementary tree 
transformation step is inverti ble. Each step is labelled as X X and its inverse as X X. The elementary steps 
are classified according to their origin in ana-bicategory. 

In these elementary steps the position (pos E { u, l r } *) indicates where the transformation is applied. 
So pos is string from alphabet { u l , r }, which gives the po ition relative to the root node. The logic is simple. 
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Start from the root node of the tree. Read pos from left to right and on seeing u move up on l move left 
and on r 1nove right. If such a move is no.t possible for any part of the string pos then position is invalid. If 
po i a string and pos' is a prefix for it then pos - pos' denote tring such that pos' · (pos- pos') = pos 
where · is string concatenation operation. 

If T is a tree and pos a valid position in T then T [po ] is subtree of T at position pos. Denote by 
p(T) et of ali valid po itions in T. The notation remind us the fact that pos is index for the trees just like 
number are index for the sequences. 

Composition Law: This cornes from composition in Category A(- - ) . 

(V C) This transformation i replacement of two nades representing arro~s in Category A(- -) 
with their composite. Let {3 · = o in A (- - ). 

(pos VC,8 (3 ,-y) 

S t ruct ural Laws: These are the law that change the specifications used and the skeleton of the 
tree. There are two laws for the 0-Specification and 2-Specifications, and three laws for the three Natural 
AnalsoMorphisms a À and p. 

(SO) This transformation is for changing the 0-Specifications. Let p,q E llAI(l). 

[A] 

(A] 
(pos ,SO,p ,q) 

(pos ,SO,p,q) 

(82) This transformation is for changing the 2-Specifications. Let s E 1 o A,B,C 1 (h 91 ), t E 1 o A,B ,C 

ICJ2, 92) , {3 E A( A B)[h , !2] and 1 E A(B C)[91 , 92 ]· 
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(pos,S2 /3,/,S t) 

(pos S2 {3,,,s,t) 

(ALP) Thi transformation change the hape of tree. It change it from .right oriented one to left 

oriented. Lets E 1 oA B c l( f g) tE 1 oA ,C,D l( f 0 8 g h) u E 1 oB cD l(g h) v E 1 oA,B,D l(f g ou h). 

u (pos ,!!.fd!_ s ,t u,v) 

(pos,ALP ,s ,t ,u,v) 

(LMD ) This transformation elimina tes the 0-Specification on the right of a 2-Specification. Let 

sE 1 oA, B ,B l( f lB ,p) P E llB I( l ). 

[B] 

(pos ,LM D ,s,p) 

(pos,LM D ,s ,p) 
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(RHO) Thi tran formation eliminates the 0-Specification on the left of a 2-Specification. Let 

E 1 °A ,A ,B j(lA ,p f) P E jlA j(l) . 

[A] 

(pos RHO,s ,p) 

(pos ,RHO ,s ,p) 

ldentity Law: Thi 
the two cell . 

the law i reflective of the fact that composition with identity does not affect 

(ID ) Thi tran formation introduces Identity node into the tree. Let codom( T1 ) = f , then 

(pos ID,!) 

(pos 1 D,f) 

N ow we can defi ne et of two cells to be 

111.2 Composition: 

Composition of trees i defined as typed concatenation of two trees . Let T 1 be a tree uch th at codom(T 1) = f, 
T2 and pos be such that T2(pos] = (f). Then T = T1 0 pos T2 is a tree such that at position pos in T2, T1 is 
attached. 

Remark 2. The composition can be though of as composition of 2-PD s mentioned in Remark 1. 

Formally 
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('tlpos' E p (T2)) 
T , _ { T2 [po s'] if po s' is not a prefix of pos 

[pos ] - T1 O pos" T2 [po s' ] otherwise w here po s" = pos - po s' 

Lemma 1. Composition is well defined i. e. T1 -:::: T{ and T2 -:::: T~ then T1 O p T2 -:::: T{ O q T~. 

Proof. Let < tl i > be transformations for T1 ~ T{ < t2i > be transformations for T2 ~ T~. < 
t2i > transforms position p to q and P* < t l i > be sequence of transformations with p prefixed to every 
tran formation in < tl i >. Now P* < tli > · < t2i > is transformations for T1 O p T2 ~ T{ O q T~. • 

Lemma 2. Composition is as ociative. 

Proof. Let T1 T2 T3 be trees and p E p(T2) and q E (T3) such that codom(T1) = f, codom(T2) = g 
T2[p] = ( f ) and T3 [q) = (g). Then (T1 O p T2) O q T3 = T1 O q·p (T2 O q T3 ) . In pictures 

v 
(!) ~ 

(g ) 

(!) 

Lemma 3 . Composition is commutative. 

• 

Proof. Let T1 T2 T3 be trees and p q E p(T3) such that codom(T1) = f codom(T2) = g, T3[p] = (! ) and 
T 3 [q] = (g). Then T1 O p (T2 O q T3) = T2 O q (T1 O p T3). In picture 

v 
(!) 

v 
(g) 
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g) (f 

p 

• 

Lemma· 4. Composition respects identity law . 

Proof. Let T be a tree and p E p(T) su ch th at codom(T) = f and T[p] = (g) . Al o Id f and I dg be identity 
trees for f and g respectively. 

1: I dg Op T ~ T. 

y 
T = (J) 

(g) 

~ 
Idg = (g) 

(J) 
~u> 
y 

I dt = (J) 

111.3 Complete set of specifications: 

~ - ( <-u>-,l-D,-f) ~ J, 
T O <u> I dt = (J) 

• 

Definition Pasting diagrams:. P asting diagram (PD) is a triple J = (n,fo,fA), where Jo: n+ 1 ---t 

Cello(M) and fA : n ~ Celh(M) such that (VO::; i < n)(JA(i) : fo(i) ~ fo(i + 1)). Define lfl = n 
Ob(f) = Range(fo) and Ar(J) =Range(! A)· 
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Al o we ay 9 ~m f for 9 is substring of f at po it ion m i. e. 

191 ~ lf l 1\ (0 ~ m ~ 1/1) 1\ ((\10 ~ i < 191 + l )(go(i) = fo(i + m)) 1\ (\10 ~ i < l9 l)(gA(i) = !A( i + m)) 

and 
9 ~ f ~ (30 ~ m < 1 f i + 1) (9 ~m /) 

Thi defines a partial order on PDs. Define 9 = f (mm')= (m'- m go 9A) as go(i) = fo(m + i) 0 ~ 
i ~ m' - m and 9A ( i) = f A ( m + i) 0 ~ i < m' -m. 

e now define complete set of specifications forgiven PD. Intuitively this is a collection of 0-Specifications 
and 2-Specifications that fit together to define the composition of 1-cells such that between any pair of 0-
cell there is a unique 1-cell. So the ba ic idea in this definition is that all a p, À s associated with these 
specifications are identit ies. 

For 1 C N define 
\12 I = {(i j) l(i j) E l x 1 1\ i ~ j} 

and 
\13 I = {(i j k) l(i j , k) E l x 1 x 1 1\ i ~ j ~ k} 

Definition 1 Indexed set of specifications:. Given a PD f let N = lf l 1 = {0 ... N }. Define 1 
indexed set of specifications S = ( 8 F SO S2) for f as 

such that 

1) 8 =Jo , 

2) F (i j) : 8 (i) ----t 8(j) 

3) F (i i + 1) = !A (i). 

8 : 1 ----t Ob(/) 

F : \12 I ----t Ar(/) 

so: 1 ----tI l -l 

S2 : \13,1 ----t 1 °-,-,- 1 

4) SO(i) E lle(i) 1(1) F (i i) = le(i),Sü(i) 

5) S2(i j, k) E 1 oe(i),e(j),e(k) I(F(i j) , F (j k)) F (i k) = F (i j) os2(i,j,k) F(j, k), 
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Giv nI indexed et of pecifica ion S for an non empty J Ç I the sub y tem SIJ = (8' F' SO' S2' ) 

uch that 

1) 8' (i) = 8 (i) for alliE J 

2) F' (i j) = F (i j) for ali i jE J 

4) SO'(i) = SO(i) for alliE J 

8' : J ------7 Ob(/) 

F' : V 2 J ------7 Ar(/) 

SO' : J ------7 Il- l 
S2' : V 3,J ------7 1 o-,-,- 1 

5) S2' (i j k) = S2(i j k) for all i j k E J 

Definition a -Coherent Systems:. I indexed set of specification S is said to be a -Coherent system if 

for all non-empt J Ç I uch hat 0 < IJ I ::; 4 th ubsy tem SIJ = (8' F' , SO' S2' ) satisfies 

as2' (i, j ,k) ,S2'(i, k,l) S2'(j,k ,l),S2'(i ,j ,l ) = I d:r-'(i t) 

for i j k l E J uch that i ::; j ::; k ::; l. 

Definition p-Coherent Systems:. I indexed set of specifications Sis said to bep-Coherent system if for 

all non-empty J Ç I uch that 0 < !JI ::; 2 the sub ystem SIJ = (8' F' , SO' S2') sati fie 

PS2'(i ,i j) SO'(i) = 1 dP(i,j) 

for i j E J such that i::; j. 

Definition À-Coherent Systems:. I indexed et of specifications Sis said to be À-Coherent system if for 

all non-empty J Ç I uch tha 0 < !J I ::; 2 the ubsystem SIJ = (8' F' SO' S2') satisfie 

Às2'(i j,j) so'(j) = I d:r-'(i,j) 

for i j E J such that i::; j. 

Definition Complete set of Specification (CSS) for PD/:. Given a PD f , let N = 1/ 1, I = {0 ... N}. 

Then we say I indexed set of specifications S = (8 , F SO S2) is complete set of pecification for PD f 
whenever its a p À-Coherent System. 

Examples of complete pecification 
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1) For n = 0 

Figure 1. 

2 ) For n = 1 

Figure 2. 

3 ) For n = 2 

Figur 3. 
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Given I C N m m' E I such that m < m' then define [m m'] = { i E J lm :s; i 1\ i :s; m'} and 
]m m'[= { i E I Ii :s; m V m' :s; i}. S j (mm') i upper half of CSS S from m to m' i.e. S T (m,m') = SI [m,m']· 
S lem m' ) is lower half of CSS S fromm tom' i.e. S l(m,m')= SIJm m'[ · ote we might readjust the indexes 
w henever necessar . 

Lernrna 5. Given an abject A , we can choo e pecifications p E llA I(l) and sE 1 oA,A A 1(1A ,p 1A,p) such 
that lA p Os lA p = lA p and Ps p = Às ,p = CXs ,s,s,s = I d1A ,p 

Proof. Choose an p E llA I(l) . Then from saturation 3s E 1 oA,A,A 1(1A,p 1A ,p) such that Ps ,p = Id1 A,p· 
Using coherence we have 

P s. p 

So Às ,p = Ps p = I d1A ,p . Using coherence again, 

• 

Lem ma 6. G iven 1 = ( n f o fA) , complete set of specifications S (8 F SO 52) for 1 and g 
(n + 1 go 9A) such that 

1) go(i) = fo(i) 0 :s; i < n + 1 

2) 9A(i) = fA( i ) 0 :s; i < n 

Th en there exists complete et of specifications S' = ( 8' F' SO' S2') for g uch that 

1) 8' (i) = 8(i) 0 :s; i :s; n 

2) F' ( i j) = F ( i j) 0 :s; i :s; j :s; n 

3) SO'(i) = SO(i) 0 :s; i :s; n 

4) S2'(i j k) = S2(i j k) 0 :s; i :s; j :s; k :s; n 

Proof. Let 

1) 8'(i) = 8(i) 0 :s; i :s; n and 8'(n + 1) = go(n + 1) 
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2) :F'(i j) = :F(i j) 0 ::; i::; j::; n and :F(n n + 1) = 9A(n) 

3) SO'(i) = SO(i) 0::; i::; n 

4) S2'(i j k) = S2 (i,j, k) 0::; i::; j::; k::; n 

In this proof locall we u e following abbreviations: 

:F' i,j := :F' ( i j ) 

0 i,j ,k := 0 S2'(i j k) 

oi ,j k := oS2'(i,j,k),S2' (i,j,k) 

Pi ,j := PS2'(i ,i,j),SO' (i) 

Ài j := ÀS2'(i j,j),SO'(j) 

Œi,j k l := ŒS2'(i ,j,k) S2'(i,k,l) ,S2'(j,k,l),S2'(i,j l) 

1e'(i) := 1e'(i) SO'(i) 

I di j := I dP(i,j) 

Base Step: U ing Lemma 5 we get SO'(n + 1) and S2' (n +- 1, n + 1 n + 1). From saturation we have 

unique S2' (n n n + 1) uch that Pn ,n+l = I dn ,n+l and S2'(n n + 1 n + 1) such that >.n,n+l = Idn,n+l · 

lnd uction Step: For an 0 ::; i < n suppose we completed the following pro cess for all i < j ::; n + 1 

we choose S2'(i n n+1) E loe' (i),8'(n) ,8'(n+l) !(:F' (i n) :F'(n n+ 1)), and let :F'(i n+1) = :F' (i n)oi,n,n+l 

:F' (n n + 1). 

Now we need to define S2'(i j n + 1) for i::; j::; n + 1 /\ j =f- n . 

(Il) For j = n + 1 from aturation we have unique S2' ( i, n + 1 n + 1) uch th at 

(12) For j = i from aturation we have unique S2' (i i n + 1) such that 

Pi,n+l = J di,n+l 

(13) For any i < j < n from saturation we have unique S2'(i , j, n + 1) such that 

Œi,j,n,n+l = J di,n+ l 

The selection satisfies p and À coherence. We need to show the a coherence for i ::; j ::; k ::; l = n + 1. 

This has 8 cases depending on where equalities and inequalities lay. All of t he following diagrams commute 

due to coherence. 
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Case 1 : i < j < k < l = n + 1 k # n 

( (F' i j oi,j,k F' j,k) oi,k n F
1 
k,n) oi,n n+ l F

1 
n,n+l 

:F\ j Oi j,n+l (( F
1 
j k oj,k n F

1 
k n) oj,n n+l F

1 
n,n+l) 

~ Id · · o · · 1a · k • ,J • ,J,n ~1 

~ , a · · o · Id 

1

. . . . 

1 1 

~,n ,n+ l l n.n+l . 

(F • Jo, J,n (F j k Oj k n F k n)) O; n n+l F n,n+l 
0

' ' ·"" 

0 <.J.•+> (F 1
,; 1· Oi 1· k F

1

1· k) Oi k n+l (F
1 
k nOk n n+l FIn n+l) 

~ ., " ' ' ' ' ' ' ' 

/./ 
F

1 
i,j oi,j,n+ l (F

1 
j k oj,k,n+ l (F

1 
k ,n ok,n,n+l F' n,n+ l)) 

Now 

1 : 

becau e Œi j k n = 1 di n from specifications S . 

2: 

from choice in item (13) above. 

3 : 

because Œj ,k n n+ l = 1 dj ,n+l by induction as j > i . 

4: 
Œi,k n,n+l = 1 di.n+l 

from choice in item (13) above. 

5 : Since the diagram above commutes, we have 
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Case 2: i < j < k = l = n + 1 

(F' i,j 0 i j n+l F' j,n+l) oi,n+ l ,n+l le'(n+l) 

~ 
À < .n+'~ 

Id ·· o ·· +1~+1 
CX i , j , n~1 , n 1 F' i,j oi j n+ l F' j,n+ l 

~< , J , n J , n 

F 'i j oi j n+l ( F 'j ,n+l 0 i n+l n+l le' (n+ l )) 

- ow 

1: 

from choice in item (Il) ab ove. 

2: 
I di ,j oi,j n+l À j,n+ l = I di n+l 

becau e Àj n+l = I dj n+l b induction as j > i . 

3: Since the diagram above commutes we have 

Œi ,j ,n+l n+l = I d i,n+ l 

Case 3: i < j = k < l = n + 1 

(F' i ,j oi,j j le' (j)) oi j,n+l F' j,n+ l 

~ 
Ào ,;o< ,; , n+'l~ 

ld ·· o ·· ~ 
CXi ,j,I", n 1 F ' i,j oi,j,n 

~t , J , n+1 PJ , n+1 

F' i,j oi,j n+ l (le' (j) oi,j,n+ l F' j,n+l) 

Now , 

1: 

because À i,j = I d i j from choice in item (Il) above. 

41 

1 F' j,n+l 



Chapter III: Ana-BiCategory to 2D- 1ultitopic Category 

2: 
J di ,j Oi j ,n+l Pj ,n+ l = J di ,n+l 

becau e Pj,n+l = I dj ,n+l by induction as j > i . 

3 : Since the diagram above commutes, we have 

Œi, j ,j ,n+l = J di n +l 

Case 4: i < j = k = l = n + 1 

ow 

1: 

from choice in item (Il) ab ove. 

2: 
J di ,j oi,n+l ,n + l Pn+l n+ l = I di,n+l 

because Pn+l ,n+l = I dj ,n+l from Lemma 5. 

3: Since the diagram above commutes we have 

Œi,n+l ,n+l ,n + l = f di,n+ l 

Case 5 : i = j < k < l = n + 1 
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0\ 

1: 

Pi, k oi k ,n+l I dk ,n+l = I di ,n+ l 

bec au e Pi k = I di k from pecifications S. 

2: 
Pi,n+ l = J d i,n+ l 

from choice in item (12) above. 

3: Since the diagram above commute we have 

Œi,i,k.n+ l = J d i,n+ l 

Case 6: i = j < k = l = n + 1 

ow 

1: 

because Pi ,n+ l = I di n+l from choice in item (12) above. 

2: 
Pi ,n+l = J d i,n+l 

from choice in item (12) above. 

3: Since the diagram above commute we have 

Œi,i,n+l ,n+l = J d i n+l 
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Case 7: i = j = k < l = n + 1 

ow 

1: 

bec_au e Pi ,i = I di,i from Lemma 5 above. 

2: 
Pi,n+l = I di ,n+l 

from choice in item (12) ab ove. 

3: Since the diagram above commutes we have 

Case 8: i = j = k = l = n + 1 

Œn+ l n+l,n=l n+l = J dn+l ,n+ l 

from Lem ma 5 . • 

Lemma 7. Given f = (n Jo f A) complete set of specification S (8 F SO S2) for f , and g 
(n + 1 go gA) such that 

1) go ( i) = f o ( i - 1) 0 < i ::; n + 1 

2) gA(i) = f A(i - 1), 0 < i::; n 

Then there exists complete set of specifications S' = (8' F' SO' S2' ) for g such that 

1) 8' (i) = 8 (i- 1), 0 < i::; n + 1 

2) F' ( i j) = F ( i - 1 j - 1) 0 < i ::; j ::; n + 1 
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3) SO'(i) = SO(i- 1) 0 < i ~ n + 1 

4) S2' ( i j k) = S2( i - 1 j - 1 k - 1) 0 < i ~ j ~ k ~ n + 1 

Proof. S mmetric to Lemma 6 . • 

Lemma 8. Gil en 1 = (n Jo fA) complete set of pecifications S (8 F SO S2) for 1, and g 
(no+ n + n1 90 9A) such that 

1) 9o (no + i) = f o ( i - 1) 0 ~ i < n + 1 

2) 9 A (no + i) = fA ( i - 1) 0 ~ i < n 

Th en there exi ts complete et of p ecification S' = ( 8' F' SO' S2') for g su ch th at 

1) 8 ' ( n0 + i) = 8( i) 0 ~ i < n + 1 

2) F ' (no + i no + j) = F ( i j) 0 ~ i ~ j ~ n 

3) SO' (no +i) = SO(i) 0 ~ i ~ n 

4) S2' (no + i no + j no + k) = S2 ( i j k) 0 ~ i ~ j ~ k ~ n 

Proof. Use Lemma 6 to extend to the right and Lemma 7 to extend to the left . • 

Lemraa 9. Given 1 = (n Jo fA) there i campi te et of p ecifications S = (8 F SO, S2) for f. 

Pro of. We use induction on length 111. 

1) If 111 = 0 use Le mm a 5 to get CSS for f. 

2) For 111 = n + 1, where n ~ 0 suppose we have CSS S for 1 j (O,n) we use Lemma 6 to extend it to 

CSS for f. • 

III.4 Universal Arrows: 

111.4.1 Nor mal form for complete specification trees: 

Given a PD 1 and a CSS S for 1, we have t rees wit h only specification nodes that are constructed from 

S· they use only specification appearing in S, placed in the same way as in S and contains no 2-Cell nodes . 

Call such a tree a Specification Tree, and denote set of such trees as Y s (dom(T ) = 1 whenever TE Y s) . 
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All such TE Ys are equivalent to a unique tree in normal form in Ys as shown below. Denote normal 

form tree for S b ils· 

D efin it ion N ormal form :. A tree TE Ys i said to be in normal form if and only if . 

(1) Il l = 0 and 

(2) or Il l = 1 and 

(3) or, Il l > 1 and 

and T1 is in normal form. 

~ 
T = (h) 

(g) 
1 

T = (g) 

~g) 
T = (h) 

Lemma 10. Given complete pecification et S and TE Y s then T ~Us, i.e. T ~*Us· 

Proof. An algorithm for converting a specification tree into it normal form is given. It actually produces 

a witness for converting T into its normal form. Thi is called N orm and has type 

N orm : Ys ~ (--+ *) 

where ( --+*) is set of sequences of elementary transformations. 

N orm is defined recursively as: 

1: 
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2: (fv g) 
orm( (h) ) = E 

3: 

u s 

Norm( (h) ) = (é ID h) · (é ALP,s t,u v)· Norm( (h) 

4: 
[B] 

p 

Norm( 

s - y 
) = ( é ID h) · ( é LM D s p) · N orm( ( h) ) (h) 

5: 
[A] 

Norm( 

s - y 
) = ( é ID h) · ( é RH 0 s p) · N orm( ( h) ) (h) 

6: wyg) 
Norm( (h) ) =< l > *Norm(!) 

Let< ti>= Norm(T) . Then <ti> is transformation forT ---4 Us· Renee, T ~ Us· • 
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Corollary 10.1. Given complete specification setS and T1 T2 E Y s then T1 ~ T2. 

• 

III.4.2 Residue modulo complete specifications of a tree: 

Given a tree T let number of 0-specification in T be #o(T) and number of 2-specifications in T be #2(T) . 
Let #(T) = # 2 (T) + 1- #o(T). 

For any tree T uch that dom(T) = f and S is complete specification set for f , we define [T]s the 
re idue of T modulo S recur ively as below. We also produce a witness for the transformation that finds 
[T ]s denoted a Vs (T ) . ow 

1) If T = ~ then [TJ =lA so(o) p and Vs(T') = (c SO SO(O) p). 

(g) 

2) If T = (!) hen [T ] = Id9 and Vs(T) = (E ID f). 

3) If T = (h) then [T ]s = [TI ]STdom(T1 ) os2(0,# (TI) # (TI)+# (T2 )) s [T2]STdom(T2 ) and 

Vs(T) =< l > *VSTdom(Tl)(TI )· < r > *VSTdom(T2 )(T2)·(E , S2 [TI ]STdom(TI) [T2]STdom(T2 ) S2(0 #(TI) #(TI)+I 
#(T2)) s). 

~ -
4) If T = (g ) then [T ]s = [TI]s · {3 and Vs(T) =< u >*Vs (TI)· (E VC [TI ]s · {3 [TI]s {3). 

Denote by < T > 5 the tree obtained using transformations Vs (T) on T. Th en note th at < T > s [ < 
u > ] E Y 5 . We denote< T >s [< u >]as T/S. Thus we have an equation T ~< T >s= T/S O <u> [T]s . 

Let ~r be restriction of~ ( elementary transformations) to case where pas = E i.e. the transformation 

is applied at the root only. 

Lemma 11. T ~r T' and Sis complete set of specifications for dom(T) , then [T]s = [T'] s . 
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Proof. For implicit in thi proof subscript S is removed from [T ]s. 

VC For (t VC b {3 1) (T ) = (T1) · {3 · 1 and (T'] = (T1) · b = (T1)· {3 · f. Renee [T ) =(T'). 

VC For (t VC b {3 1), proof i ame as above. 

80 For (t SO p q) [T ] = le(i),SO(i),q and [T']= le(i),SO(i),p · le(i),p,q = le(i),SO(i) ,q· Renee [T ] = [T']. 

80 For ( E SO p q) pro of is same as ab ove. 

82 For (E S2 {3 1 t) [T ] = ([T1] · {3) os2(i j,k) t ([T2] · 1 ) and [T'] = ([Tl ] os2(i,j k),s [T2]) · ({3 °s,t 1) · 
Renee [T ] = [T' ]. 

82 For ( E S2 {3 1 t) proof is same as above. 

ALP For (t ALP t u v) [T ] = [Tl ] os2(i,j l),v (1 os2(j,k,l),u b) and [T') =( [Tl ] 0 S2i .j. k s [T2]) 0 S2(i ,k,l),t 
[T3 ]. From naturality we have [T'] = cxi ,j,k l · [T ] and from ex coherence w have Œi,j ,k,l = I di ,l· Renee, 
[T]= [T']. 

A LP For ( E ALP. t u v) pro of i ame as ab ove. 

LM D For (t L ID p) [T ] = (T1 ] ·Id! = (T1 ] and (T'] = ((T1] os2(i j ,j),s le(j) so(j),p) · Às,p · From 
naturality we have [T' ] = Ài ,j · [T ] and À coherence we have Ài j = I di ,j . Renee [T ] = [T' ]. 

LM D For ( E L 1 D s p) pro of is same as ab ove. 

RHO For (t RHO p) [T ) = (T1 ] · Id! = (T1 ] and (T'] = (le(j),Sü(j) p os2(i ,i,j) ,s [T1 ]) · Ps ,p· From 
naturalit we have [T' ] = Pi, j · [T ] and p coherence we have Pi j = I di j . Renee [T ] = [T']. 

RH 0 For ( E RH 0 , p) proof is same as ab ove. 

ID For ( E ID f) proof i same as above. • 

Lemma 12. I f [T1]s = [T{ ]s then [T1 Op T2 ]s = [T{ Op T2 ]s 

Proof. Since T1 is subtree of T1 Op T2 and T{ is a subtree of T{ Op T2 while evaluating [T1 Op T2]s and 
[T{ Op T2]s at certain point we need to evaluate [T1]s and [T{]s . But then [T1]s = [T{] s, and rest of the 
evaluation is same for [T1 Op T2]s and [T{ Op T2 ]s . Renee [T1 Op T2]s = [T{ Op T2] • 

Corollary 12.1. T ~T'and Sis complete set of specifications for dom(T) then [T]s =[T'] s. 

Proof. Using Lemma 11 and Lemma 12 we have T---t T'====> [T]s = [T']s. Using induction on number 
of steps in ~=---t* we get the required result. • 
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Lemma 13. Suppo e T 1 T2 E Y such that T(T1) = T(T2 ) , and S is complete et of sp ecifications for 

dom(T1) = dom(T2) th en 

Proof. ( <==) 

Vs (T1) ( E,I D ,codom(T1)) 
T1 ----~ < T1 > s= T1 / S O<u> [T1]s (T1/ S O <u> [T 1]s) O <u> 1 dcodom(T1 ) 

As.ociativity! 

T1 / S O <uu> ([Tl]S O <u> 1 dcodom(T1 )) 

(<,VC,(T,]s JT,] s IDcodo~( r,)) J 
~ T1/ S O <u> [T2]s 

CorollarylO. l 

( ===?) Corollary 12.1 • 

111.4.3 U niversal arrows: 

Definition Universal Arrow:. A tree T is defined to be universal if and only if [T ]s is isomorphism, 

where Si CSS for dom(T). 

Exi tence of universal arrow follows from Lemma 9. We denote uch tree b U. Now we prove the 

univer al property of such an arrow. 

Lemma 14. Given any 2-Cell T such that dom(T) = f and a univer al arrow U uch that dom(U) = g = 
f j ( m, m') th en there is a 2-Cell T' , su ch th at U O pos' T' ~ T. 

Proof. LetS be set of CSS for g = dom(U). Since, g = f j (m,m') we extend S to S' such t hat S' is CSS for 

f. Now let S" = S' l(m m')' li= /[codom(U)/(m m')), pos =< zliil-m- l . rif(m=O)(O)else(l) >,pas' = u. pos 
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and pas"= u ·po ' . Then U / S 0 pos U s" E 1 S' with dom(U 0 pos U s")= f. Now we have, 

T ~ T / S' 0 <u> [T ]s' 

~ (U / S 0 pos lJ) 0 <u> [T ]s' 
S" 

S" 

S" 

S" 

S" 

= U 0 pos" ((ll 0 <u>8) 0 <u> [T ]s') 
S" 

wh~re 8 = (1 dF" (O m) 0 S2"(0,m m+l) S2"(0 m,m+ l) [U]s1
) 0 S2"(0,m+l ,llii),S2"(0 m+l,llil) 1 dF"(m+l,llil) · Thus T' = 

(Us" 0 <u>8) 0 <u> [T ]s' satisfies the lemma. • 

Lemma 15 . Given a universal arrow U and two 2-cells T1 and T2 such that dom(U) = g, dom(TI) = 
dom(T2) = J codom(T1 ) = codom(T2) and codom(U) = fA (m) . Then U0 p1 T1 ~ U 8 p2T2 implies T1 ~ T2. 

Pro of. Let S be CSS for g. Let h = ][g / ( m m + 1)]. Let S' be extension of S to h and S" = S' lm, m+ 1§1 · 
Let pl'= Vs"(TI) (pl) p2' = Vs"(T2)(p2), and p =< tlf l-k-l . rif(k=O)(O)else(l) >. Then 

U 8p1 T1 ~ U 8 p2 T2 

=? U 0 pl' (TI/ S" 0 <u> [TI] S") ~ U 0 p2' (T2/ S" 0 <u> [T2 ]S") 

=? U 0 p' (lJ 0<u> [TI ) S") ~ U 0 p' (lJ 0 <u> [T2]S") 
S" 

S" 

S" 

=? 8 · [TI ]S" = 8 · [T2]S" 

=? [TI )S" = [T2]S" 

=? T1 ~ T2 

S" 

S" 

S" 

S" 

S" 

where 8 = (I dF"(O ,m) os2"(0,m,m+l) ,S2"(0,m,m+ l) [U]s
1
) 0 S2" (0 m+l,llil) S2"(0,m+l ,l lil) 1 dF"(m+l ,l lil) · Since [U]s 

is isomorphism, so is 8. • 
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III.5 Conclusion: 

Theorem 1. Con truction (- )# transform ana-bicategory to 2D-multitopic category. 
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Chapter IV 
Equivalence of 2D-Multitopic Category and Ana-BiCat egory 

In chapter 2 and chapter 3 two constructions (- )* and (- )# were described. In this chapter we 
show that these constructions form adjoint pairs in the sense of FOLDS . First we take two composites 

(-)* (-)# (--)# (-)* 
M f-------7- M *f-------7- M *# and Af-------7-A # f-------7- A#* . A ~ A#* is obvious because all the data is preserved . 
In fact this is equality. 

Non obvious equivalence is that of M ~ M *#, on which we start to work now: 

IV.l FOLDS signature 

The FOLDS signature for 2-D multitopic category (L2-DMLt) is 

Eq[O] U(O] Id Eq [m] 

Co 

The following equations hold for the arrows in the above one way category. 
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Chapter IV: Equivalence of 2D- fultitopic Categor and Ana-BiCategory 

(\ln E {1 2 ... } )(\/1::; i < n)(d~ · d = d~_ 1 · c) 

c0 . d = c0 . c 

(\ln E { 1 2 . . . } ) ( d~ · d = en · d) 

(\ln E {1 2 . .. })(d~_ 1 · c =en · c) 

i · d5 = i · c1 

(\ln E {0 1 ... } )(\lp E C2 [n] l L2-DMLt)(eqz · p = eqr · p) 

(Vm E { 0 1 ... } ) (\ln E { 0 1 ... } ) (\/0 ::; i < n) ( c1 · ~ = co · cm) 

(\lm E {0 1 ... })(Vn E {0 1 . . . })(\/0::; i < n)(\10::; j < i)(c1 · dj = c2 · dj+n-l) 

(\lm E {0 1 ... } )(\ln E {0 1 ... } )(\10::; i < n)(\li < j < n)(c1 · dj = c2 · ~!j-=:-J) 

(\lm E {0 1 . . . } )(\ln E {0 1 . .. } )(\/0::; i < n)(\10::; j < m)(c0 · dj = c2 · d~jn-l) 

(\lm E { 0 1 ... } ) (\ln E { 0 1, ... } ) (\/0 ::; i < n) ( c1 · cm = c2 · cm+n-l) 

The 2-D 1ultitopic Categor is L2_D flt structure that ati fies the following Axioms (~2-DMlt)-

· Equality: 

(\leE C2[n])(3e(c c) E Eq [n]) 

(Ve1 (cl c2) E Eq[n])(3e2(c2 c1) E Eq [n]) 

(Ve1 ( c1 c2) E Eq[n]) (\le2( c2 c3) E Eq[n]) (3e3 ( c1, c3) E Eq [n]) 

(Va E C2 [m])((3e(a a') E Eq[m]) ====? ((\lb E C2 [n])(Vd E C2 [m + n- 1])(3c(a b d) E o[m, n i]) ====? 

(3c(a' b d) E o(m n i]))) 

(\;'bE C2 [n])((3e(b b') E Eq[n]) ====? ((Va E C2 [m])('v'd E C2 [m -:- n- 1])(3c(a b d) E o[m, n, i]) ====? 

(3c(a b' d) E o[m n i]))) 

Composition: 

(Va E C2[m])(Vb E C2[n])(cm(a) = ~(p:;n(b)) ====? (3d E C2 [m + n- 1])(3c(a b d) E o[m, n, i])) 

Commutativity: 

(\la E C2[m])(Vb E C2(n])(cm(a) = ~(p:;n(b)) ====? 

(\IdE C2(m + n- 1])(3c(a b d) E o[m n, i]) 

(\Id' E C2[m + n- 1])(3c'(a b d') E o[m n i]) 

(3e(d, d') E Eq[m + n- 1])) 

(Va E C2[m])(Va' E C2[m'])(Vb E C2[n])(cm(a) = dm(p:;n(b)) A cm(a') = dm(pj(b)) Ai< j ====? 

(\/abE C2[m + n- 1])(\/a'b E C2[m' + n- 1])(\/a'ab E C2[m' + m + n- 2]) 

(\laa'b E C2[m +m'+ n- 2])(3c(a b ab) E o(m n i])(3c'(a' b a'b) E o[m' n, i]) 

(3c"(a' ab a'ab) Eo[m' m+n-1 j+m-1])(3c"'(a a'b aa'b) Eo[m m'+n- 1,i]) 

(3e(a' ab, aa'b) E Eq[m +m'+ n- 2])) 
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Associativity: 

(Va E C2 [l])(Vb E C2 [m])(Vd E C2 [n])(cl(a) = r(pj(b)) 1\ cm(b) = dn(P7(d)) ===? 

Identity: 

(Vab E C2[l + m- 1])(Vbd E C2[m + n- 1])(\l(ab )d E C2[l + m + n- 2]) 

(Va(bd) E C2 [l + m + n- 1])(3c(a b ab) E o[l m j])(3c'(b d bd) E o[m n i]) 

(3c"(ab d (ab)d) E o[l + m- 1 n l + m + n- 2]) (3c"'(a bd a( bd)) E o[l m + n- 1, i + j]) 
(3e((ab)d a( bd)) E Eq [l + m + n- 2])) 

(Vf E C1)(3Jdf E J) ( 

Universality: 

(Va E C2 [m])(VO ~ i < n)(~(P7(a)) = f ===? (3c(i( I df ), a a) E o[1 n i])) 

1\ (\la E C2 [m])(cn(a) = f ===? (3c(a i (IdJ) a) E o[n 1 0]))) 

Univ(u E U [n]) 

iff 

(Vm 2 n)(Va E C2[m])(VO ~ i < m)(\10 ~ j < n)((dj(un(u)) = d7+j(a)) ===? 

(3b E C2[m- n + 1])((3c(un(u) b a) E o[n , m-n+ 1, i]) 

1\ (Vb' E C2 [m- n + 1])(3c'(un(u) b' , a) E o[n m-n+ 1, i]) ===? 

(3e(b b' ) E Eq[m- n + 1]))) 

(VA E C0 )(3u E U[O])(c(d0 (u0 (u))) =A 1\ Univ(u)) 

i<n 
. (Vn E {1 2 . .. })('v'fo E C1) IT ((\Ifi E Cl)(d(fi) = c(fi-1))) 

i=l 

(3u E U[n])((\10 ~ i < n)(dn(un(u)) =fi) 1\ Univ(u)) 

IV.2 Structure 

We define M and M *# as two L 2-DMlt structures. The meaning of arrows will be common for both 

and will be described after filling in the object descriptions. 

Definition M:. Co and C 1 are Cello(M ) and Celh(M). C2[i) is 2-cells with length of domain i. U[i] 
are universals of domain length i . I is identity 2-cells . Eq [i] = {(c c)Jc E C2[i]} . o[m n,i] = {(a,j3 1) E 

C2[m) x C2 [n) x C2[m + n -l) Ja · J3 = 1}. 
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D efinit ion M *# :. Co and C1 are ame as above. C2[i) ={TE Y lldom(T )I = i}. Eq [i] = { (Tl T2)IT1 T2 E 

C2[i) 1\ T1 ~ T2}. 1 ={TITE C2[1] 1\ T ~ Id1 for sorne f E CI} . U[i) C C2[i) are the universal arrows as 

defined in last chapter. o[m n i] = {(T1 T2 T3) E C2[m) x C2[n) x C2[m + n- 1)I T1 () T2 ~ T3}. 

c and d map 1-cells to their domain and codomain 0-cells. d''i and cm maps 2-cell to its ith place in 

domain and to its codomain 1-cell. er and e~ are left and right sides of equality on 2-cells. um is injection 

of univer al into 2-cells and i i injection of identities into c2 [1] 0 

All the axioms in E2-DMlt are true for the structure M *# as has been verified in previous chapter. For 

M they are auton1atic from t he axiom of 2D- fultitopic Category. 

IV.3 Equivalence: 

IV.3.1 Evaluation: 

0 and 1 cells of these two structure coincide as wa give by the constructions in the previous chapters. For 

2-cell we define a map from M*# to M called ev an abbreviation for evaluation, remembering the fact 

that trees in Y come from 2 cell in M which has composition defined in it . 

This is defined inductively on tructure of trees (in 1 ) and we show it is invariant under the equivalence 

relation ~ defined in previous chapter. 

(f) 
1) If T = (}) then ev(T) = I df. 

2) If T = ~ then ev(T) =p. 

s 

3) If T = (h) , ev(T1) =a and ev(T2) = (3, then ev(T) =a· (3 · s 
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~ 4) If T = (g) and ev(T1) =a, then ev(T) =a · {3. 

To how that ev i invariant under ~, we how it is invariant under each elementary step . 

Lemma 1. 

Proof. To show that ev i invariant under ~ we show it is invariant under each elementary step. Let the 
re ulting tree after elementar transformation of T be T'. 

VC For (E VC 8 {3 T') ev(T) = ev(T1)·f3·f' and ev(T') = ev(T1)·8 = ev(T1)·f3·f' · Renee ev(T) = ev(T'). 

VC For ( E V C 8 {3 T') proof is same as ab ove. 

SO For (E SO p q) e~ (T) = q and v(T') = p · lA ,p q = q. Renee ev(T) = ev(T') . 

SO For ( E SO p q) proof is same as above. 

S2 For (E S2 {3 T' s t), ev(T) = (ev(T1) · {3) · (ev(T2) · 1') · t and ev(T') = ev(T1) · ev(T2) · s · ({3 os,t T')= 

ev(T1) · ev(T2) · {3 · · t. Renee ev(T) = ev(T') . 

S2 For ( E S2 {3 T' s t) proof is same a above. 

ALP For (E ALP t u v) ev(T) = ev(T1) · (ev(T2) · ev(T3) · u) ·v, and ev(T') = (ev(T1) · ev(T2) · s) · 
ev(T3) · t · as,t u,v· By u ing definition of as ,t,u ,v we have ev(T) = ev(T'). 

ALP For ( E ALP s t u v) proof is same as ab ove. 

LMD For (E L 1 D s p) ev(T) = ev(T1) and ev(T') = (ev(T1) · p · s · Às ,p· By u ing definition of À8 ,p, 

we have ev(T) = ev(T'). 

LMD For ( E LIVI D s p) pro of is same as ab ove. 

RHO For (E RHO s p) ev(T) = ev(T1) and ev(T') = p · ev(T1) · s · Ps,p = ev(T1) · (p · s) · Ps,p· By using 

definition of Ps ,p' we have ev(T) = ev(T'). 

RH 0 For ( E RH 0 s p), proof is same as ab ove. 

ID For (E ID, f) , ev(T) = ev(T1) ev(T') = ev(T1) · IdJ. Renee, ev(T) = ev(T'). 

ID For ( E, ID , f), pro of is same as ab ove. • 
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Lemma 2. If ev(T1) = ev(T{) then ev(T1 Op T2) = ev(T{ Op T2) 

Proof. Since T1 is ubtree of T1 Op T2 and T{ i a subtree of T{ Op T2, while evaluating ev(T1 0 p T2) and 
ev(T{ 0 p T2) at certain point we need to evaluate ev(T1) and ev(T{) . But then ev(T1) = ev(T{) and rest of 
the evaluation is same for ev(T1 Op T2) and ev(T{ 0 p T2). Hence ev(T1 0 p T2) = ev(T{ 0 p T2) • 

Corollary 2 .1. 
T ~T'==? ev(T) = ev(T') 

Proof. Using Lemma 1 and Lemma 2 we ha\ e T ----t T' ==? ev(T) = ev(T') . Using induction on number 
of tep in ~=----t* we get the required re ult. • 

Lemma 3 . 

Proof. ( ==?) Cor ollary 2 .1 

( <==) Let S be complete et of specification for dom(T1). Then we have T1 ~ T1/ S 0 (T1]s and 
T2 ~ T2/ S 0 (T2)s . Since T1/S ~ T2 / S we have ev(T1/S) = ev(T2 / S). Also since T1/S is composed of only 
pecifications(universal ) ev(T1/ S) i univer al hence left cancellable. Thus, 

IV.3.2 The Span : 

eq(T1 ) = ev(T2) 

~ev(T1 /S) · (T1 )s = ev(T2/S) · (T2)s 

~(T1)s = (T2]s 

~T1 ~T2 

• 

To show FOLDS equivalence for M and M *# we need to find tuple (S p q) as M~S~M*# such 

that p q are fiberwise surjective. We will show that actually S = M*# q = Id and pis constructed using 
ev for 2-Cells. Since p q are natural transformations we u e Peo etc to denote its components. 

Surjectivity of q is immediate. Now we list the component of p . 

Peo = Ideo 

Pel =!del 

Pe2 [m] = ev 1 e2 [m] 

Pid = ev!Id 

PU[m] = evlu[m] 

PEq[m] = (evle2[m] 0 1r1 evle2[m] 0 n2) 

Po[m,n,i] = (evle2[m] 0 1r1 evle2[m] 0 1r2 evle2[m] 0 1r3) 
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p being natural transformation is obvious. PCo and pc
1 

are obviously surjective as they are identities. 

Lemma 4. Pc2 [m] = evlc2 [m] is fib erwi e surjective on M (C2[m]). 

Proof. Sin cep i identity on C2 (m) and Pc
2 

[ml preserves the frame for C2 [m), surjectivity will imply fiberwise 
surjectivit . 

m = 0: For any (3 E M (C2 [0]), let p E M(U[O]) such that dom(p) = dom((3), then t here is unique 
rE M(C2 [1]) such that (3 = p · f. Now, consider T = p O<u> p E M *#(C2[0]), then ev(T) = p · r = (3. 

m = 1: For any (3 E M(C2[1]), consider T = (3 E M *#(C2[1]) then ev(T) = (3 . 

m 2 2: We use induction. 

Base case n = 2: For any rE M(C2 [2]), lets E M(U [2]) such that dom(s) = dom(r) · Then there 
is (3 E M(C2 [1]) such that r = s · (3. Now, t ree T = s O<u> (3 E M *#(C2[2]) , is such that ev(T) = s · (3 = f. 

_ Induction Step: Suppose for all a E M( C2 [n]), there is Ta such t hat ev(Ta.) =a. Now consider 
1 E M(C:~dn + 1]) and s E M(U[2]) such that dom(s) ::; 0 dom('-y) . Then there i (3 E M(C2 [n]) such 
that = s · (3. By induction h pothesis there is a tree T13 such that ev(T13) = (3 . Let pas be such that 
T13[pos ] = codom(s). Then t ree T = s O pos T13 E M *#(C2[n + 1]) is such that ev(T) = s · (3 = r · • 

Lemma 5 . Pid = evl id is fiberwise surjective. 

Proof. Let I d1 E M(Id) and TE M *#(C2 [1]) such that Pc2 [1J(T) = I df. Since, M(i)(IdJ) = Idf 

Pc
2

[1J(T), we need to show that TE M*#(Jd) M *#(i)(T) = T and Pid(T) = I dJ . 

Since Pc
2

[1J(T) = Idf we have T ~ I df hence T E M *# (Jd) . Since M *#(i) is injection, we have 

M*#(i)(T) = T. Now, Pid(T) = ev! Id(T) = I df. • 

Lemma 6. A 2-cell a : f -==?g is universal in M if and only if a is isomorphism in M *. 

Proof. Isomorphisms are univer al i. obvious (for any (3, consider a- 1 
· (3) . 

Suppose a is universal in M . Then let (3 be such that a· (3 = IdJ . Now, 

a · ((3 · a) = (a · (3) · a 

= Id1 · a 

=a 

=a · Id9 

Since, universals are left- cancellable, (3 · a = I d9 . 
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Lemma 7. If s u are two univer al in a multitopic category M uch that dom(s) ::; dom(u) then there 
i a universal t uch that u = · t . 

Proof. Existence of t ati fying u = s · t follows since s is universal. Let a, be such that dom(t) ::; dom( a) . 
we need to how exi tence and uniqueness of {3 uch that a = t · {3. 

Since dom(u) = dom(s · t) ::; dom(s ·a) there exists unique {3 such that s ·a= u · {3. Bence, 

Lemma 8. Given aT E M *#(C2[m)), 

s·a=u·f3 

==:::,.s -Œ=S · t -{3 

==}a=t·f3 

T E M*#(U[m]) <===> ev(T) E M(U[m]) 

• 

Proof. LetS be CSS for dom(T). ow T ~ T / S O<u> [T ]s hence ev(T) = ev(T/S) · [T ]s . As T/S is tree 
made of only specifications ( universals) ev (T / S) is universal. 

( ==:::;.) Sin ceT E M *# (U[m]) [T ]s i an isomorphism. So, from Lemma 6 , ev( [T]s) is univers al. Bence 

the composite ev(T / S) · ev([T]s) = ev(T) is uni ver al. 

( {:=) ow since ev(T) and ev(T / S) are uni ver als from Lemma 7 ev([T]s) is universal. Now from 
Lemma 6 [T]s is isomorphi m . Bence TE M *#(U[m]). • 

Lemma 9. PU [m] = evlu(m] is fiberwise urjective. 

Proof. Let u E M(U[m]) and T E M *#(C2[m]) such that Pc2 [mJ(T) = u . Since, M(um)(u) = u = 
Pc

2
[mj(T) we need to show that T E M*#(U[m]) M*#(um)(T) = T and PU[mj(T) = u. 

Since u is universal and ev(T) = u TE M *# (U[m]) from Lemma 8. Since M *#(um) is injection we 

have M*#(um)(T) = T. Now PU [mj(T) = evlu(mj(T) = u. • 

Lemma 10. PEq[m] = (evlc2 [m] o 1r1 evlc2 [m] o 1r2) is fiberwise surjective. 

Proof. Let (a a) E M(Eq[m]) and TT' E M *#(C2[m]) such that Pc2 [mJ(T) = Pc'2[mJ(T') = a. Since, 
M(e[)((a a)) = a = Pc

2
(mJ(T) and M(e~)((a a)) = a = Pc2 [mJ(T') we need to show t hat (T, T') E 

M*#(Eq[m]), M*#(e[)((T T'))= T M*#(e~)((T T')) = T' and PEq[mJ((T , T')) = (a, a). 
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Since ev(T) = ev(T') T ~ T' (Lemma 3) hence (TT') E M*#(Eq[m]) . Since M *#(e'l) and 
M*#(e~) are projection we have M *#(e'l)((T T'))= T, M*#(e~)((T T'))= T' . ow, PEq[mj((T, T'))= 

(evlc2 [m] 01ï1 evlc2 [m] 07ï2)(T T')= (ev lc 2 [mj(T) ev lc 2 [mJ(T')) =(a a) . • 

Lemma 11. IfT1 and T2 are two compo able trees at position pos , then ev(T1 O pos T2) = ev(T1) · ev(T2) . 

Proof. vVe use induction on truc ture of T2 . 

2) T2 =T' Ü <L> (T" O< r> s). Here we have two cases. 

a) pos begins with l. Then 

ev (T1 O pos T2) = ev(T1 O pos <l> T') · ev(T") · s 

= ev(T1) · ev(T') · ev(T") . s 

= ev(T1) · ev(T2) 

In here ev(T1 0 pos <l> T') = ev(T1) · ev(T') as tree T' is less complex than T2. 

b) pos begins with r. Th en 

ev (Tl O pos T2) = ev(T') · ev(T1 O pos <r> T") · s 

= ev(T') · ev(T1) · ev(T") · s 

= ev(T1) · ev(T') · ev(T") . s 

= ev(T1) · ev(T2) 

In here ev(T1 O pos <r> T") = ev(T1) · ev(T") as tree T" i less complex than T2 . 

3) T2 =T' Ü <u> {3 . Then 

ev(T1 Ü pos T2) = ev(T1 Ü pos <u> T') · {3 

= ev(T1) · ev(T') . {3 

= ev(T1) · ev(T2) 

Lemma 12. Po[m,n i] = (ev lc 2 [m] o 1ï1, evlc2 [m] o 1ï2 evlc2 [m] o 1ï3) is fiberwise smjective. 

• 

Proof. Let (a {3 1) E M(o[m ni]) T1 E M*#(C2[m]) T2 E M*#(C2[n]), and T3 E M*#(C2[m + n -1]) 
such t hat Pc

2
[mj(Tl) = a Pc2 [nJ(T2) = {3, and Pc2 [m+n-1J(T3) = 1· Since M(co)((a f3 1)) = a = 

Pc
2
[mJ(T1), M (c1)((a {3 1)) = {3 = PC2 [nJ(T2), and M(co)((a,{3 1)) = 1 = Pc2 [m+n-lj(T3) we need 

to show t hat (T1 T2 T3) E M *#(o[m ni]) M*#(co)((Tl,T2,T3)) = T1, M *#(ci)((Tl,T2 T3)) = T2, 

M *#(c2)((Tl T2 T3)) = T3, and Po[m,n,iJ((Tl T2 T3)) =(a {3 1) . 
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Since ev(T3) = r = a · {3 = ev(T1) · ev(T2) = ev(T1 0 T2) we have T1 0 T2 ~ T3 hence (T1 T2, T3) E 
vt *#(o[m ni]). Since M *#(c0 ), vt *#(c1) and M *#(c2) are projections we have M *#(co)((Tl T2 T3)) = 

T1 M *#(cl )((Tl T2 T3)) = T2 and M *#(c2)((Tl T2 T3)) = T3. ow Po[m,n,iJ((T1 ,T2, T3)) = (evic2 [mJ 0 

1r1 evlc2 [m] 0 1r2 evlc2 [m] 0 1r3)((T1 T2 T3)) = (evlc2 [mj(Tl ) evlc2 [mj(T2) evlc2 [mj(T3)) = (a,{3 ). • 

IV .4 Conclusion: 

Theorem 1. 2D-multitopic category and ana-bicategory are eq uivalent . 
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