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INTRO DU CTIOH 

Resonant circuits are an important CQ&ponent ot 

al.Jaost eTer7 radio circuit., and the determination ot the 

properties ot resoDant circuits is an important measureaeat 

pro ble a. 

Circuits with distributed constants., sueh as tr-

ansmission linas., may resonate it they are properl7 termin­

ated. A resonant transmission liae which is analogous to 

the tamiliar LRC series resonant circuit is called a reac-

tioa., or absorbtion., type resonator. One vhich is analo-

gous to a parallel resonant circuit is called a transmission 

t7pe resonator. The approach to the subject is governed b7 

the type or resonator under consideration. 

At the high !re que ncie s at wh ich radiation troa 

open transmission liaes becomes excessive., sections ot coa-

pletel7 elosed waveguide are used as resonant circuits. The 

Q factor., or selectivit71 or these oavities is usuall7 Ter7 

high. 'fhe Q va1 ue a ot some t.7 pic a~ ca vi t.ies are lis t.ed be-

low. 

These Q values have been calculated tor a reson-

ant trequency or 3000 He/s. 'l'he conducting surfaces ot the 

cavities are assumed to be pure silver. Expressions tor the 

Q's are round in Montgomery1 (pp 295 to 307). 

vi 
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TABLE I 

'f7pe of CaTity Diaensions Mode Q 

Coaxial Radius of outer TEH 9720 
conductor • 5 cm. 

Ratio ot radii • 
3.6 

Rectangular 3" x ll11 TB102 17020 

Cy-lindrica.l Dia.m.• 10 C:Be TE112 21500 

TM012 26100 

TE012 36600 

Open pa.ral1e1 wi re resona. tors would have the ir 

applications as resonant circuits, at microvave trequencies 1 

if their Q's vere high ... ~ià. They- are simply- constructed 

aDd completely ventilated. The extension or radio rrequen­

ey- techniques to the microwave regions has resulted in the 

design of tubes which are ideally suited to the use or para-

llel wire tuning circuits. Their ventilated prope rty suit s 

them to use in any deviee wnich measures changes in some pro-

pert7 ot the ataosphere 1 which affects the Q Talue. For ex-

a.mple 1 a derlce sueh as the atmosphere re:fractollleter. 

The purpose or the reaearch describ ed ia this paper 

vas the investigation or resonance propertie s ot open paral­

lel vire sections at 3000 Mc/s. Previous work at McGi11 had 

demonstrated that the radiation troa such 1ines eould be eon-

siderably redueed b7 terminating the sections in transverse 

vii 



metallic dises, a few wavelengths in diameter. It the ter­

minations are considered as retlectors tor the fields sur­

rounding the wires, it seeas reasonable that dises would 

intercept and rerlect more of the energy than simple short­

iltg bars. 

The etrect or the diameter ot the eonduetors, and 

their separation, upon the Q factors or the resonant sections 

bas been studied. 

The order in which the pa.per is presented is given 

below: 

A summa.ry or the research per for med at HcGill on 

the radiation re sis ta.nc e or par allel wir e line s, wh ich is the 

precedent tor the present -l'lork, is given in Oha.pter 1. 

Oha.pter 2 deals with the theoretical aspects ot the 

problem. Any calcula ti on of the Q' s is complicated by the de-

ter~ination ot the energy stora.ge and the termination losses. 

The•e quantities contain a complicated integral. However, 

this problem ha.s been solved and is included in Appendix I as 

a contr:1but:1on to the tb~tor;r o! parallel wire lines. 

A summar:r or the microwave techniques used tor the 

measurements or Q values is given in Chapter 3. 

Chapter 4 is an anal7sis or a loop coupled (paral­

lel resonant) circuit which for ms the th eoretic al ba sis ot 

the experimental method which was used. This method was ori­

ginated b;r E. D. Reed or the Bell La.boratories. His analy-sis 

bas been extended to include probe coupled (series resonant) 

viii 



circuits. This extension is contained in Appendix II. 

A description of the experimental procedure, and 

a discussion or the advantages, disadvantages, and errors 

or the method used are presented in Chapter s. 

Chapter 6 contains a description or the apparatus. 

The results or the research and conclusions about 

it are given in Chapter 7. Some suggestions tor fUrther re­

search are also given. 

ix 



1. Radiation Resistance Studies at HcGil1. 

The reeearch described in this paper is based on 

stud ie s of' the etf'ect of' radia ti on upon the resonance 

properties of' parallel wire transmission lines. This 

work was carried out in the Electrical Engineering De­

partment under the direction of' Dr. Chipman between 
2 

1950 and 1951 by Hoy, Carr, Boucher and Yurko. Their 

research ela. ritie d the doubt existing about the value 

ot the radiation resistance of' parallel wire transmis­

sion lines, both short-circuited and open-circuited. 

1.1 Value of' Radiation Resistance. 

The tact tha.t imper te ct termina ti ons led to radia-

tion of power f'roa the line, was realized as long ago 

as 1900. However, the value of' the resistance which 

vould account for the radia ti on losses was a point ot 

controversy f'or the next f'itty years. The resulte ot 

the work by Hoy, et al, indicate that there is no ra-

dia tion from the length or the line; and tha t the ra-

diation resistance of' a line shorted at each end, by-

bars of' the same diameter as the conduc tors, is giveA 

by: 

This was predicted by King tor lines shorted at each 

end and an even number of halt-wavelengths long. This 

1 
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value was also round by Mannebach 1 Pistolkors, Sterba 

and Feldman, and Whitmer for lines open circuited at 

both ends. An excellent historical acoount ot the th-

eoretioal and experimental work done on the radiation 

from parallel wire lines may be round in Yurko's thesis. 

1.2 Reduced Radiation Resistance. 

Means for reducing the radiation resistance and in-

ereasing the Q's ot resonant sections ot auch lines vere 

propoaed by Yurko. He suggested bringing the ends of a 

long line together to form a tapered line. He found that 

this reduced the 1osses due to radiation. Working at 

1100 Mc/s he round that terminating the line with a tra­

nsverse, circular1 eonducting dise (1.4 ~in diameter), 

rather than the shorting bars, greatly increased the Q 

of a shorted section. 

In 1954, c. D. Pearse, working between 600 and 1600 

Mc/s, investigated the eftect ot the diameter ot the ter-

minations on the radiation from various liae 1engtbs. He 

conc1uded that the optimum diameter was not critical and 

1a7 between 2.5~ and S.5~. Pearse round that the radia-

tion resistance was redueed to 2 or 5% of the value tor 

lines terminated in shorting bars or open circuits, and 

reported Q values of 2000 to 5500. He also round that 

the radiation resistance depended to a small degree on the 

length ot the line. 



1.~ Chipman Method. 

The method used ia all of these experimenta was the 
4 

Chipman method, which requires a plot of the respoase of 

the resonator as a tunction of frequency. !his was round 

by ooupling the exciting power to the resonator through 

a small loep, so placed that only the transmission 11De 

mode would be excited. The energy in the resonator was 

detected b7 me ans of another sma 11 loop, which was cosa-

nected to the heater of a thermocouple. In Ho7 and Carr'• 

work the output of the thermocouple was amplified in a 

chopper amplifier and used to drive an Esterline-Angue 

moving chart recorder. Yurko desoribes the errors in 

their work as: the non-linearity of the amplifier, the 

non-rectaliniarity of the chart, the disregarding ot the 

tinite aize of the conductors, the use of improper short-

ing bars, the variable coupling losses, and the possible 

excitation of the antenna, or symmetric, mode. Yurko 
h used the t"enaocouple output to drive the pen of a Leeds 

and Northrup Speedomax recording ~voltmeter. 

The procedure in Hoy's, Carr's and Yurko 1 s work vas 

to var7 the length of the resonating section in synchron­

isa with the ohart speed, to calibrate the horizontal 

eh&rt axis in trequency and in this way obtain a plot ot 

the response curve. Boucher investi&ated parallel rings, 

and used a mechanically tuned oscillator and tixed leng-

th s. 



The Chipman method is very convenient since it 

yields the Q curve direotly1 and is easily applied to Q and 

radia ti on re sis tance :n-.asur ement s on par allal wire li nes. 

Howevsr-, the se di•a-d.vanta.ges: a-re a:.ppa;rant: 

1) 'flle; Q measured. ilf the loaded. Q1 and a:-115 suah is 

dependent on the enviroment in which the r&aona.tor 

tinds 1 taelt. That is., it is de pen dent on the 

!osses coupled into the resonator. 'Dhe universal 

unloaded Q may be calculated from a serie• of re­

ault• if' the externa.:l losses a.re considerad censtant 

as seen by the re.anator. However, varying the len­

gth of' the reaonator changes the degree ~r ooupling1 

and hence the loaded Q. The subsequent error vould 

be mo.t notioeable for low Q resonators. 

2) The use of the resonat~r during the experimenta as 

a double-ended deviee entails the insertion of two 

coupling loops into the fields of the resonator. 

This increa.ses the coupled losses and, hence 1 re­

duces the Q which is being measured. 

5) The possibility of exoiting some Tory low Q mode in 

the resonator1 which would dieplace th~ zero level 

of the response curve, vould lead te a large error. 

This change in ba.se level was checked during the 

above experimenta and round to be negligible. 
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4) There does not exist any way or determining the 

loases or the coupling system absolutely. The 

effect of the coupling loop insertion was indi­

cated b7 the chang es in the ob served Q. The 

losses were assumed to be constant and small 

duri ng the measurement s becaus e it required a 

large ina ertion of the coupling loop into the 

resonator be!ore an7 noticeable change occur­

red in the resonant frequency or half-power 

bandwidth of the response ourve. The coupling 

was maintained loose so that the resonator wa.s 

not greatly disturbed b7 external losses, nor 

b7 the pre sene e of the loop it self • 

5) Becaus e of the necessity for looee coupling 1 it 

wa.s expe riment ally impossible to oriticall, 

coaple the resonator to the transmission line. 

Crit ica.l coupling is the coupling at which the 

resonator is m.atched to the line 1 i.e., the 

VSWR on the input line is 1 at critical coupling. 

This is the refore the m.os t efficient position 

of ope ration. 

6) The experimental resona.tors consisted of a large 

horizontal ground plane, which served as one 

termination, and the experimental termina tions 

on the othe r end of the vertical transmission 

line. The procedure required the variation ot 



the length of the line and contact vas main­

tained at the ground plane by means of nickel­

plated brasa spring-tingers. Also1 the ter~ 

minating dises used by Pearse vere approxi• 

ma.tely three feet in diameter and were support­

ad f'rom the cent er at the top. The se condi-

tions lead to indeterminant contacts at the 

bottom and the possibilit7 or non parallelism 

of the top and botto.m terminations. It hae 

be en se en in the 1I) rk at the higher frequency 

tha t su ch items are ver7 iapor tant. However, 

at the lover trequencies at which he worked, 

the gradients of the f 1 elds invo lv ed are not so 

severe compared wit h the physical dimensions of 

the apparatus, thus minor mechanical aberra~ 

tions are not so important. Also 1 the contact 

losses were aost likely sma.ll oompared to the 

radiation and co upling los ses so tha t they would 

not contribute signiticant1;r to the tinal re­

sulta. Theae possible losses bave been ignored 

by the previo'W5 researehe rs si nee, in their ••­

thod, the losses merely loaded the resonator 

and vere indistinguishable from eoupled losses. 
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2. Theoretical Considerations and the Calculation ot a Q. 

2.1 The detiniti on ot Q. 

2.1.1 The Q factor may be detined on an energ;r basis as 

total energy stored in the electriG 
and magnetic tie 1ds ot the resonant 

Q • 21T S;r!t8Dl 2.1 
energy dissipated per c7cle 

It may also be expressid in terms ot the average power 

los t in the resistances loading the re sona tor as 

Q - Cd. 

total energy stored in the electrlc 
and magnetic fields ot the resonant 

system 2.2 

average power lese 

2.1.2. For a resonant circuit coup1ed to a transmission line 

it is possible to de fine thr ee values ot Q. '!he7 are: 

'l'he unloa. ded Q 

tot al ene rgz u • , • 

average power loss in the resonant 
circuit alone 

'!he external Q 

tot al ene rgz •••••• 
- 2.4 
average power loss in the oharao-
teristio resistance ot the trans­
mission line as seen by the resonator 
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The loaded Q 

tot al en er gy • , , • , • 2.5 

total aTerage power loss 

The three Q'u are related b)" the equation: 

2.6 

2.1.3 From transmission line theo17 1 we obtain a detinitio:u 

ot Q in terms of the line paraaeters, It we call this 

where: 

Since, 

.L 
2a 

~ • the phase constant in 
radians/metre. 

a a the attenuation constant 
in nepers/metre. 

QT may also be expressed as 

QT • ~ ' 

where 

~ • the wavelength on the line. 

2.8 
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It will be convenient to list the values of a. tor 

unshielded and shielded parallel cylinder lines. Assum­

ing that skin e.ffect is tully developed: 

Rs ~s~d) - l]Yz 1J"d [~s -d-~ _ 

au • 2.9 

120 cosh-l (s/d) 

~ [1 + l~t~ (1-4q2~. 4R 
q2[1 + s q~- 1+4e2 J iD 4 • 

8 
as • 

120 { ln (2p (1-g~) ) - 1•4e; {l-~q2)} 
(l+q~) 16p . 

2.10 

'lhese expressions allmf for proximity affect. The 

S7Jflbols used are defined in Figure 2.1 

2.2 Quantities required for Ca1culation. 

In order to calculate the Q Yalue or a resonant seo-

ti on it is evident from the above definitions tbat the 

tot al ene rg stored and the power lost iD the boundariea 

ot the system are required. The unloaded Q will be cal-

C'l1la.ted for it is the only one which is universal, i.e., 

independant of all external circuits and coupling systems. 

In the process of resonance, the ener gy oscillates 

between the electric and magnetic fields. When the mag­

netic field is at its maximum value, the total energy is 

stored in it. Hence we may calculate the total energy 
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Open line. 

D _________ -..l 

Shielded lino 

10 

8 
p - -d 

• q • n 

Figure 2.1 Dimensions ot open and shielded parallel wire 
transmission 1\neao 
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st~red b7 evalua ting the familia:r integral 

vhen the magnetic field is at a maxiaum value with re-

spe ct to ti me. 

'l'o ealculat e the los ses in the bo und aries, a knov­

ledge of the currenta florlng in them is required, It 

is permis si ble to assume that skin e!fect is tull;r d.e­

Teloped. Therefore, the onl:r eurrents !lowing will be 

surface current s and numerically equal te the tangent-

ial magnetic fields at the boundaries. 

!.S Fields ot an infinitel:r long pa.rallel e7linder line. 

ConsiQer the electroma.gnetic field dis tribut ion 

surrounding two 1 infinitely long, parallel, circula.r 

c7linders. 

Assume tha. t equa.l and opposite CUlTii!l ta, I, flow in 

the e;.rlinders. The e;.rlinders mal' then be repla.ced b1' 

line our rents 1 ot value I, sepa. rated by a dis tance 2a., 

where: 

and 

a • the separation or the center 
li ne a of tlae co nd uc to ra 

d • the dia.meter of the cylinders. 

2.11 
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In rectangular coordinates (Figure 2.2) the electrio 

and magnetic fields of symmetricall7 placed cylinders are: 

v 

r.] B • • ~ x-a 
x+a 

cosh-l(s/d) -x /(:x:+a )~ + r t(x-a)~ + 

v 

~(x-a)!+ 
.~)~ .:. 

q~J B7 - g 
cosh -l(s/d) 7~ -V(x+a)~ 

H • I [ z l r.] - -x 211' itx+a)~ + r, véx-a)~ + 

H • I [ x-a X+& r.] -7 217' f(x-a)~ + r, ((x+a)~ + 

'lhe ma.gnetio field lines are a famil7 of circles with 

cent ers on the line joining the cent ers or the conductors. 

The electric field line s are a. set or cir cles, orthQgonal 

te the tirst., witb centers on the right. bisector ot the 

line joining cent ers or the co nduc tors. 

·;:The field component s are th ose of the transverse e­

leotromagnetic wave (TEM) which ie re11resented b;y the 

static distribution propaga.ting along the line. We shall 

call this mode ot propagation the transmission line aode. 

Had we considered the symmetric case in which the current 

flowed the same way on both conductors, we would have ar-

rived at the field components for the so-called antenna 

mode. 



Ft linee 

E lines -----

Figure2.2 Electromagnetic fields of tw~ parallel 

circular cylinders. 

1:5 
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• 
The tot al ma.gnetio field squa. red is given by: 

[<x+a)~ + 7~][ (x-a)~ + 7~] 

2.4 Energr storage and losses in an unshielded resonant seo-

2.4.1 

ti on. 

The energy eonsists of a sinusoidal wave which ia 

propagating along the line. When short circuits ar• 

plaoed at current nulls, a standing wave is produoed. 

Sinoe the losses at eaoh reflection f'roa the shorts ar• 

small, the amplitude of the standing wave grovs with eaoh 

ref'leoti on. But 1 sine e it is the sum of mny sine waves 1 

it is still a sine wave. At each point on the line where 

a null in the standing wave occurs, the fields are dis-

torted by the finite current whieh f'lows in the line to 

overcom.e it s re sis tance. !hus 1 the standing wave is an 

approxim tion to a sine wa.ve, and may be further di stort-

ed by sma.ll phase shitts at the retlecti ons. 

A cosinusoidal distribution of our rent w1 th distance 

along the line is assumed. The total energy stored in the 

resonator is then 

2.14 



• 

where: 

E • the tot al ene rgy sto red in the 
resonator ia joules. 

p. a per meabi li ty o! air. 

A • area o! an infinite transverse plane 
exclusive ot the area covered by the 
conductora. 

1 • the length ot the resonant section 
in metree. 

H • peak magnetic field on the line • 

15 

The length ot the section may be calculated accur-

vhere: 

D • the number of half-c~cle variations 
of cur rent along the ·length of the 
section. 

c • the velocity ot propagation of the 
energ7 • the v el oc ity ot ligbt in 
air. 

t • the resonant frequeac7 • • 

2.15 

The average conductor losses, ineluding both co:r~-

duetors, are 

vhere: 
L

0 
• the average power lost in the 

condue tors in watts. 

I • the peak value ot the current (• 
11aximum value at the tel'llinations 
with respect to tiœ). 

2.18 



R • the conductor re sis tan ce, which 
0 including proxi:ait;r etteot is: 

18 

2R
8 ac • -

1Td 

(a/dl 2.17 

R • the surtaoe resistivit;r ot the 
8 conducto rs. 

The average termination 1osses 1 including both ter-

minations are 

where: 

Lt • the average power loss in the 
terminations in watts. 

a •• the surface re sis tivi t;r or the ter­
mina ti ons in ohms/a~ re. 

A' • the area ot the terminat.ions ezt­
clusive ot the area covered b7 
the conductors. 

2.18 

The radiation !osses ma.;r be assumed to have a tor• 

simila r to tha t to und b7 pre vi ou expe ri•en ters. 'l'ha. t 

is, we sba11 assume, a radiation resistance or the tor~a 

R • k" ~(s/~)2 
rad . · 2.19 

Storer and King predicted a val œ ot k" of 120 tor lines 

with both open a.nd short circuit ter mina.tions. 'rhis 

Ta.lue includes the etteot ot the tenainationa as rad-



2.4.5 

iating elements. Since an intinitel7 long line would 

have a radiation resistance of zero# radiation !roa a 

17 

.tinite line is inseparable froa the ef.tects or the ter-

mina.tions. The value of k 11 will be greatly- reduced by­

terminating the line in large transverse dises. It is 

possible tha t .tor co nduc tors large compa red to the wave­

length the .tora o.t Rrad will require ru.rther modifica­

tion due to the shielding affect of the co nduc tors. 

Summacy. 

Let us 11a.ke the .tollowing definitions. 

Let 2.20 

2.21 

{e/d) • K 
-[( s/ d)~ - 1]'/z 

also, 

i.e. 

The energy stored and loases may be expressed ia 

teras ot these quantities as: 

E • (I/2~)~t pjk 



2.5 Q th$ calculated Q. c~ 
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2.24 

From the definition of Qin terms ot power the cal­

culated Q~ Qc~ is 

Q • 
c 

The values ot k and k' ha. ve be en round in terme of 

s, d, and the termina ti on radius f ~ as shown in Appendia 

I. The evaluation of the detinite integral envolves the 

use ot a known conforma! mapping. The solution ot thiB 

integral greatl;r simplifies the labour en.volved for any­

one who is interested in parallel-wire lines with eircu-

lar terminations. 

2.6 Shielded sections. 

Shielding the resonant section by a cylindrical tube 

which makes close contact vith the termina.ti ons, trans-

torms the open line to a ah ielded-pair line. This shield­

ing contains the fields within the section and elimina.tes 

the radiation losses. 
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'l'he object in investigating the shielded line would 

be to ob tain re su lt s !or a li ne in wh ich the radia t ioa 

resistance was zero. The coDiuctor losses 11a7 be ealcu­

lated from the expression of section 2.1.3; however1 the 

termination losses are indeterminant since the field dis­

tri but ion is not known. The se los ses are independant ot 

length and hence oaA be calcula ted f'rQll. a series ot re­

sults, taken for the saae conductor diaaeters and spacing. 

The addition of' the shield for ces the tield distri­

b'ation to change so that the boundar7 conditions will be 

aatistied. To what degree the tields are disturbed in the 

Ticinit;r of the oonductors and within the hal!-power cir­

cle, where the fields have their greatest values, is a 

matter of conjecture. From the values ob t'lined for k' 

(A?pendix I), it is reasonable to assume that the fields 

nea.r the outer periphery ot the terminations are insigni­

ficut; and bence that the tield lines are distorted. in a 

region vhere they- are very- small. As the diaaeter ot the 

shield inereases, this modification of the field pattern 

decreases. So, for a reasonably large shield, the values 

of the energy stored and the termination losses., which in 

this case conta in the same integral, sh ould be approxi-

matel;r the same as th ose for an open line. The complex­

it7 ot the tields render an;r exact oalculation ot the 

losses and energy storage a formidable problem1 ever1 num­

er1eall7• 
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It ia possible th at the current s which .f'low in the 

shield, and bence across the terminati on-shield contact, 

cause more losses tha.n the radiation resistance in the 

unshielded case. These currents would alsG iacrease the 

termination losses. 'l'hus li'hile the shieldad Q is la.rger 

t..llan the unsh ielded Q, it might not be as great as ex­

pected. The previous experimentera at XcGill compared 

the ah ielded and uns hie lded values ot Q in or der to ob­

tain the radiation resistance ot the lines. Sine• the 

shields used were comparable to a wavelength in diameter, 

the e.ttect ot the shield on the fields should hava been 

considered1 bece.use the shield does more tha.n just eli­

minate the radiation. 



21 

3. Microwave Q measuring techniques. 

In the initial search for a me~hod which was readil;r 

adaptable to the problem at band, two lines ot approach 

vere possible. 

The first was to extend the respons e curve metbod 

us ed in the radia. ti on re sis tano e me asurement s; or to use 

soma other technique which oould be extended to ~000 Kc/s. 

The second was to appl;r some microwave measurement 

technique to the pro blem. It was decid ed to tollow the 

latter path because ot the experience to be gained. 

The convent iona.l approach towai"ds the determination 

of the response of a resonant circuit, and bence its Q 

tacter, is to obtain the input impedance of the circuit 

as a tunction ot trequency. This ma;r be done b;r measur­

iDg the impedance directl;r, or by measuring the VSWR or 

ret le ction coefficient ( vhich are ru ne ti ons of impeda.nc e). 

A suill!Dary or some of the microwave techniques which 

have been used to measure Q factors will demonstrate the 

convenience and u.se.f'ulness or the retlected power method 

that bas been used. 

Measurements on resonant circuits fall into two 

classes; point by point detenn ina.ti on of the cha.racter­

istic under investigation as a tunction of trequency; and 

panoramic displays of the characteristic. The relative 

merits of the two general lll8thods are noted during the 

summary. 
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Some of the methods outlined are applicable to tra­

nsmission tn>e resonators and others to reaction resona-

tors. For application of any of the se methode it is ad-

vi sed that the reference be consulted. 

5.1 Method A 

5 This metbod 1 which is contained in Xing's book~ 

utilizes the varia. ti on ot the VSWR on the input line in 

the vicinity of resonance. 

For application to this method the input impedance 

of the resonant circuit, as seen from the line ~ is ex-

pressed as 

The coupling losses have been neglected. The quantities 

are as shown in the transformer equivalent circuit. 

Figure 5.1 Equivalent circuit of a probe coupled resona-

tor. 

• 

• 



The half' power points of' the resp ons e c urve are the 

points at which the resistive pa.rt of the impedance is 

•qual to tbe reactive part. The !requency difference from 

resonance of these points are designated as z At, and the 

Q's are detined as the ratio of the appropriate 26! t~ 

the resonant f'requency. 

On the circle transmission line chart (Smith chart), 

the locus of the impedance of a resonant circuit is a cir-

ole. If the co upling los ses are negle cted this locus 

passes through the infinit7 point or the chart. Ir the 

resona. tor is oyercoupled the impe danc e loeu s contains the 

center (l,O) point or the chart. Ir it is undercoupled 

it does not contain this point. 

The VSWR•a corresponding to resonance (6fs0) 1 f!Âfu, 

tzAt1 and t~AtL are the intersections or the iapedance 

locus with the lines x•O, x•r, x•l and x•r+l, respectively. 

x and r are the normalized co:mponent s ot the impedance. 

These intersections are the trequencies at which the re-

active part. of the input impedance is equa.l to t.he res1st-

ance appropriate to the definitions of Q0 , ~~ and QL. 

Atter t
0 

and the VSWR at resonance (S
0

) have been 

tound, graphs are used to fiDd SL' the VSWR at ~tL. Thus, 

tuning the frequency unti 1 the VSWR is SL yields ML and 

QL mat be calculated !rom the expression, 

f 
Q m-

L 
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and ~ and QU trom, 

under coupled 

oYer co upled 

It the coupling los ses are signif'i ca.nt, the impe-

dane e locus doe s not pass through the inf'inity point and 

the abov e method doe s not hold. However, a technique 

for ha.ndling auch cases is describ ed in the reference. 

5.2 Metbod B 
6 

This second method is euggested by Hamilton, et al, 

tor the eold testing ot oscillator cavities. It requirea 

a plot of the VSWR,as a function of frequeney,in the vi­

cinity- ot resonance; and a knowledge of the VSWR at re­

sonance S
0

, and ott resonance, s1 • It ia alao necessary 

to tnow the degree of coupling. 

The retlection coefficient ot the circuit is express-

ed as, 



where: 

By use of the relation 

s• .. !!!: 1-r 

it is possible to plot 8' versus S
0 

with s1 as a para­

:meter 1 if 8 is assigned a definit e v al ue (su ch as l). 

Knowing S
0 

and s1 from the experimental data, a value 

• ot S may be round at which At may be measured1 cor-

responding to 8 m 1. Then ~ and Q0 may be calculated 

trom the relati ons 1 

M· l.. overcoupled to QB 

M 1-S S -· 0 1 underooupled 
to Qu 

and 

s1 is always considered to be less than 1. 

25 

This :method includes the tinite coupling loases b7 

allowing the VSWR ott resonance, s1, to be less tban in­

finite. 



3.3 Method c. 
This me thod is known -as the decrement method and 

5 
is describ ed by King. It is suit able for the measure-

llleRt or very- high Qte only. (of the order of 104 ). 

It is based on the tundaraent al definition ot Q1 

as expressed b7 the deoay eons tant of an excit ad re-

sonator1 

26 

where; v2 and vl are the amplitudes or the voltage a­

croas the circuit at times t 2 and t
1

, respectively. The 

amplitude ratio and time delay may be measured b7 an 

oscilloscope with a fast triggered sweep and a variable 

dela,-. 

3.4 Oomparison. 

Methods A and B are point to point methods and me­

thod 0 is a single freque ney me th od. Method s A and B 

are best suited to the measurement ot relatively low Q's. 

The diaadvantages or a method vrhich involves the 

measurement of standing wave r atios are theae: 

In a aicrowave system VSWR is usua.ll7 measured by 

means ot a probe inserted into the transmission linct 

through a. slot. The ::_:>robe is pla eed at a position of 

maximum field on the line and the SWR me ter adjusted to 



1 ts index; the pro be is th en mov e d to a po si t ion of 

minimum field and the SWR read. The meter usuall7 r•­

quires a modulated signal. 

In order to obtain a smooth curve of VSWR versus 

rrequency 1 it is neceasary to take readings very close 

together, especially for high ·~circuits. This places 

a at rie t condition on the !re quen c y sta. bi li ty or the 

signal source and its modulation cha.raoteristic. It 

11a.ny resonators are to be tested the number or indivi­

dual mea.aurements becomes prohibitive. 

Also, unless an attenuation substitution method 

is used to measure the SWR the methods depend on the 

square law characteristics or the deteotors. 
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The panoramic, or swaep frequenoy methode, are more 

suited to the determination ot resonator cha.racteristios 

because an oscillographic display of the response, as a 

tunction ot trequenoy, may be obtained by sweeping the 

oscilloscope w:i.th the source modulation. The sweep tre­

quency methode have the advantage or not depending on 

the frequency stability of the a.ppa.ra.tus 1 and elimina.t­

ing the many single frequency measurement s needed to pro­

duce the aame ourve. 

The se me thods depend on the type or resonator which 

is being studied. In the stud.y or transmission resona-

tors the response or the test piace is usually compared 
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to the response of some reference eireuit. !he refer-

enee circuit may- a et as a fre que ney mar ker, in whioh 

case the power th rough the test pie ce must be known so 

tha t the half power points can be determined. or, the 

re a pons e cur ve s may be ma de eoincid ent and the unknown 

Q found by oomparison to a ealibra.ted reference circuit. 

Ill the study of reaction t;ype resona.tors the retleetion 

coefficient. of the deviee is me .q.sured by eomparing the 

incident and re f'lected power a as a !une ti on of trequeney. 

3. 5 Method D. 
7 

This is the Sproull and Linder aethod for comparing 

the response curves of two transmission type resonant 

circuits. The appa.ratus shawn in Figure 3.2 may be op-

erated in several ways. One is to subtract the respon-

ses in the mixer eir cuit. Then 1 if the reference ampli-

tude is one-ha.lf o.f' the test amplitude~ vhen the refer­

ence dip touches the zero leTel the waTemeter is oscil-

lating at a halt power point. It is also possible to 

ealibrate the display by using the reference dip as a 

frequency marker. 

The conditions OD the appa.ra.tus are these: 

1. The eoupling must be very loose so that the Q will 

not be seriously affected by externa.l losses. This 

is necessitated b;r tbw tact that the loa.ded Q is 

measured. 
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CRO 

P. S . ....... ___. 
a 

MOD. 

Figure 5. 2 Apparatus - Sproull &. Linder. 

CRO 

Figure 5. 5 Apparatus - LeCaine. 
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2. The crystal deteetor must be a square law deviee. 

3. The bandwidth of the coupling system must be greater 

than that of the test piece. 

4. The amplifier must be linear, if' the disp lay is to 

be calibrated. 

s. There must be no amplitude modulation ot the source, 

since the response eurve would ba !ormed partially 

by this amplitude modulation. 

6. The trequency modulation of the source must be 

linear. 

3.6 Method E. 
8 

Le caine ot the NRC ha s mod iti ed the Sproull and 

Linder method. He ha.s introdueed a. superhetrodyne cir-

cuit in 'Wbich the response ot the test piece is compared 

to the response ot an IF resonant circuit whose Q is 

known and variable, as in Figure 3.3. The responses are 

displayed on alternate sweeps o! a CRO. 

When the response curves are made coincident by 

varying the IF circuit, the trequency differences a.t the 

hal t power points are ident ic al and the unknown Q may be 

calcula ted !rom the expression: 



This method was applied to the measurement or Q's 

between 5000 and 15,000, with an error estimated to be 

The a.dvantages of the Lecaine method over tha.t of 

Sproull and Linder are the se: 

Sl 

1. This method elim.inates reading the half'-pover f're­

quency difference from the face of the CR'l'. 

2. The superhetrodyne detection system. is very sensi­

tive., hence the coupli:og ean be very weak. 

s. The response law of the erystals used as mixers ia 

more relia ble tha n th at or the c r.r stals used as 

detectors. 

4. .All co m.ponent s othe r tha.n the mixers a re co:m:mon to 

both cha.nnels, hence redueing the need for linea.rity 

in the circuit. 

s.7 Heth<Xi r. 
1 

Montgomery describes elabora.te a.pparatus which ha.s 

been developed a.t the M.I.T. Radiation La.bora.tor7 for 

the mea.surement of ea.vit.7 Q' a. 

One is a a7stem. employing an FM discriminator with 

tunable IF amplifiera which places pipa at the halt 

power points of a response curve. The ha.lf' power level 

is not too accura.tely found by this method. 

He a.lso describes apparatus ca.lled a eavity Q com­

parator wbich operates on the Sproull and Linder idea.. 



The above methods all ;rield the loaded Q value and 

require very light ooupling in order to obtain an ap­

proximation to the true Q. There is nothing in the pr0-

cedurea exoept for the reduction in the Q whioh indiaa.tes 

the actual degree or coupling or the coupling losses. 



4. Theory ot Measurements. 

The me th od wh ich wa s us e d in the exp erimen t s wi 11 

now be described~ It is first necessary to know the 

form. of the retlection coefficient of a resonant eir-

cuit as a function ot trequency. 

4.1 The equivalent circuit of a resonant section and the 

variation or input impedane e and refle ction coefficient 

with .f'requency. 

A resonant section of transmission line whieh is 

magnetically (loop or iris) coupled to a transmission 

line may be represented by an equivalent circuit 1 the 

coupling system being represented by an ideal tra.nstor-

mer with external losses. 

Resonator Coupling Circuit Transmission tine 

• 
L 

11'=1 

Figure 4.1 The equivalent eircuit of a single ended re-

sonator. 

The input impedance of the cavity alone z1 may be written 
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as 

z1 • - 1 

! + j(<oC-~) 
R 

4.1 

it we def'i ne 

~-
1 -LC 

ÔIJJ• (0 
0 -~ 

and 

M • ( 9. )i 
L 4.4 

then 1 in the vicinit;r or resonance, 

Zl• 1 

! + jM ~ 
R <..)0 

4.5 

and the input impedance as •••n f'roa the transmission 

line is 

where R • the coupling system resistance. c 

4.6 

lorma1iaing the input impeda.ne e with respect to the cha.r-

aeteristic impeda.nc e R or the trans mis sion line we ob­
~ 

tain1 

4.7 
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now 1 ott resonance the re sona.to r impedance be co mes very 

small and we may express z1n as 

R c . -R 
0 

similarly1 at resonance where ~ • 0 1 

4.8 

Recalling the tamilia r definition ot ths retleotion co-

efficient 1 r 1 

zin 
1 r-

0 r .. 
zin 
-+ 1 R 

4.10 

• 
the retlection coefficient ott resonance 1 r 11 is 

a,n • l -R 
0 

rl• ,-- 4.11 
_!L + 1 
Ro 

since the coupling resistance R is much less than the 
c 

oharaoteristic impedance R
0

j r 1 will usually be approxi-

matel7 equal to -1. 



The reflection coefficient a.t resonance r is, 
() 

r • 
0 R a"i2) + 1 

0 . 

from the se expressions we ob tain 

(R R ) • 1 t r 0 a+ Rua 
• ct , 1 - r 0 

and 

S6 

4.12 

4.14 

4.15 

and bence can write the normalized input impedance as 

( 1 - r ) ( 1 -~r ) • + 
2{r

0 
- r 1 

j2MR N2 ~ 
0 . (1) 

0 

4.15 

The value of the unloaded Q may be ex.pr essed in terms 
0 

or our defined quantities as, 

4.17 
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Similarl7~ the external ~ ie 

4.18 

vhere R0B~ is the external loading as seen by the resona-

tor. 

The degree or coupling may be expressed in terms or 

Q and o_ as rollows: 
0 ~ 

it Q
0 

• QE the resonator is erit iea.ll7 eoupled and 

r • o. 

it Q• ( QI 

it Q. > ~ 
we ma.y rewrite 

0 

the resonator is under eoupled and 

negative. 

the resona tor is overeoupled a.nd 

positive. 

equation 4.15 as 

2(r
0

- r 1)_ 

(1 - r
0

)(1 - r 1 ) 

r 

ro is 

is 
0 

4.19 

we ma7 also rewrite equation 4.16 for the normalized in-

put impedance as~ 
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where 

4.21 

We nov express the refleotion coefficient as a 

funetion of frequeney in terms of r
0

, r 1, and 8. 

l+r1 + 2(r8 -~!.,_ ___ = _ 1 

r • -
1-r1 (1-r.)(1-r1 ) + j82(r

0
-r1 ) --- ----""'·~- -- ._., ~~---···• ...... ---.... 4.22 

However, the quantity we are interested in,and are 

able to mea sure 1 is the square ot the re .t'le cti on ooe.t'.t'i­

cient, wh ich is the ratio of reflected power to incident 

power. 

4.25 

This expression forma the basis of the measurement 

ot Q b7 retlected power. 

It is int eresting to notice the si :rai la rit y between 

the expression just derived and the one derived in the 

ncold testn method dis eus sed in reference s. The la.tt.er 

is in tenn s of VSWR, but re due es to equation 4. 25 when 

VSWR is expressed in terms of the reflection coefficient. 

'fhe VSWR method is a point to point method and requires 

a different a.pproaoh to the final result .t'or over a.nd 
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under coupled cases. Whereas the retlected power method 

only requires reading a different portion ot a graph tor 

the two cases, as will be seen. 

4.2 Theor;r of procedure. 

I! a display of reflected power versus frequency can 

be experimentally obtained 1 the values ot jr.,~, 1 r~ and 

t
0 

may be raad from it directly. If the degree of coupl­

ing i s known , the s ign of r is det ena ine d. Th en a ta m-o 

117 or curves may be plotted from equation 4.25 with QE 

as the pa ramet er and the one wh icll co incid es with the ex-

perimental display yields the correct value of ~· This 

would be an accurate method of determining ~~ but very 

length7. It is more practical to plot equa tioD j.25 tor 

a fixed value ot 8 and w.l.th r
1 

as the parameter1 as in 

Figure 4.2. Then, ha ving ob taine d the values of Ir oj.~." 

jr1r~' and t 8 trom the display a value, jr1 /~) ot jr/~ at 

which 8 • a known value may be round troœ the graph and 

~ m.e asured at this power leval. ~ may then be round 

froa equation 4.21, whe re 2Llc6 is the tot al ba.ndwidth ot 

the retlected power curve at the speci.tied power leval. 

Q may be calculated trom equation 4.19. 
0 

The value ot 8 which was most convenient for deter-

mina ti on of 2llw, was determine d by the degree of coupling. 

For high ly ovar coupled cases 8 .,. i was a proper value; 

for under coupled cases & • 2 was a good value. The 
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greater the value or a, the more closel~ 1 r1 l~ approach­

es 1r1 ~~ and the greater 2~ becomes. 

4.3 Determination or degree of ooupling. 

With reference to equation 4.9 and Figure 4.3 1 the 

degree or coupling may be ascertained by an inTestiga-

tion of the positions or the minima in the standing wave 

pattern on the input line. 'rhe retare:oo e points are the 

positionsot the minima ott resonance. 'rhe loop coupled 

resonator ott resonance is equivalent to a short. It 

the resonator is under coupled, th en at resonance QE) Q.
01 

eo R0N~) R, and z1n < 1. Hence, the minima occur at the 

Ro 

same points on the liDe as ott resonance. Ir the reson-

ator is 
zin 

. and R 
• 

overcoupled, th en at resonance ~ < Q• 1 so R0N~ < •, 
) 1. Hence, the minima are sh 1i' ted b7 ~ troa 

their positions ott resonance. 

The ott-resonance positions of the minima are shitt-

ad slightly b;y the inductive loa.ding or the loop, but the 

indic a ti on of the degree of co upling is very defini te .Je­

Ten close to oritical coupling. 

-- ----- ··- - - -------- ---------------' 



Transmissioj line of characteristic 

impedance "" R
0 

Detuned lresonator 
1 

1 

1 

Undercoupled resona~or at resonance 
1 

Critically coupled 

1 

1 respnator 

1 

1 

at resonance 

Overcoupled resonator at resonance 

-n. z 
~ in 

F1gure4.3Standing weve patterns on the input line to a resonutor . 

for various degrees of coupling. Patterns shown are for 

loop coupling. 
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s. Experimental procedure. 

From the dis eus sion just ce mple ted 1 it is se en that 

if' a method. for measuring the reflect.ion coefficient ot 
the resona.tor as a f'unction of fre1uency could be devised 1 

its Q value could be determined. 

The re are at least tïtO ways in wh ich this oan be ao­

complished. The .first method is an alternate to the one 

used; and., since it ha.s some a.dvantages, might be consi­

dered tor any further iliV'estig ations in this field. 

5.1 Alt erna.t e me thod. 

It two directional couplera were placed "back-to­

back" and the input connected to the main armon one end 

and the resonator on the other end, then the voltage in 

the .first coupler would be a. measure of the incident power 

a.nd the voltage in the second a. mea.sure or the retlected 

power. The rerlection coefficient would be the ratio ot 

the t'Ho outputs, suit ably cor rected for line los ses and 

the decoupling in the couplers. The outputs (if from 

square law devie es) would be proportional to the magni­

tude squared of the reflection coefficient, which is in­

dependent or the position of the termination in the wa.ve­

guide, thus the phase shifts due to unequal pa.th lengths 

could be ignored. If some circuit were avaiL~ble which 

·...ro uld yield the quotient ot tlàe two ou-tputs, th en a. met er 



connected to this circuit could be calibrated to raad 

diractl;r in reflection coefficient. Such instruments 

are made commerciall;r for frequanoy ranges other than 

the S band and are known as re.tlectometers. 

A reflectometer of this type bas the advantaga 

over the method devcribed below of involving components 

which are relativel;r insensitive to small frequency 

changes and require no ma.t ching devie es in order to 

ope rate properl;r. 

5.2 Procedure. 

The me th od I ha va ah os en is one or igi nat ed by E.D. 

9 
Reed of the Bell Telephone La bor a tories. This aethod is 

based on the .tact that the output of a mat ched hybrid 

junction - a magic tee - depends onl;r on the retlection 

coefficient of the termination on the test arm 1 i.t the 

other wide arm is terminated in a matched load. A sam-

ple of the incident power is taken from the input line 

through a directional coupler. The incident and reflect-

ed powers are displayed on alternate sweeps of a CRO. The 

power levels are made comparable through the use of var-

ia ble attenue.t ors and an initial condition set which is 

inherent in the apparatus. 

The appara.tus is shown schematioally in Figure 5.1 

and is described in the following chapter. 
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Figure 5.1 Sc hematie diagram or measurement apparatus. 
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The step by step procedure involved in the meas-

urement of the Q of a resonant section was this: 

1. The experimental section, mounted on a waveguide 

to coax adapter, was placed on the test ara of the 

tee. 

2. The resonant frequency of the section was deter-

mined and marked by tuning the frequency meter te 

the resonant frequency. This was done while the 

source was being frequency-swept in order to mini-

mize the hunting required to find the resonant fre-

quency. The sweep was then turned off and the 

source operated on CW. 

3. The test section was then replaced by a moveable 

short. The output of the tee was connected to a 

~voltmeter and the slide-screw tuner adjusted un-

til the reading of the ~voltmeter became independ­

ent of the position of the short. In this way the 

* tee was matched. The source was returned to sweep 

operation and the power levels of the two channels 

as indicated on the oscilloscope ware made coinci-

dent by means of the variable attenuators in the 

channels. 

4. The short was then replaced by the test section. 

* See Appendix IV. 



s. The degree of coupling to the resonant section was 

then determined b;y observing the position of the 

minima in the test arm (i.e.~ on the input line to 

the resona tor) when the eo ur ce was oper ated CW at 

resonance and th en far removed from re eonance. Far 

removed from resonance was tha t point closest te 

resonance at which the resonator had no noticeable 

affect on the reflected power. 

s. 1r1 ~~ and 1 r0 ~~ were then measured in terms of the 

micrometer setting of the precision a.ttenua.tor~ and 

recorded on a data form. The se quantities were then 

found in decibels from the calibra tion curve of the 

attenua.t or. 

7. From a conversion graph r 1 and r
0 

were round as al-

gebraic ratios. The sign of r being assigned ac­
~ 

cording to the degree of co upling • 

8. The value of 1 r•l~ was then determined from the plot 

of equation 4.25. If this resulted in the determin­

ation of 2M at an inconvenient power level.,lr•l~ 

was calculated for a more suitable value ot 8. The 

attenuator setting corresponding to 1 rtl~ was .touncl 

from the calibration curve. 

9. T~e bandwidth 2~ was determined by reading the tre-

quenc7 mater dial settings for the points of inter-

section between the incident and reflecte d power 



traces. These points vere designated as r 1 above 

resonance a.nd r 2 balow. The dial setting tor t
0 

wa.s also observed and these quantities entereà oa 

the data sheet. 

10. The appropriate oorrections for temperature and 

calibration vere made to the readings and the val­

ues of f 1 , f
2 

and !
0 

determined to two decimal 

plaoes b;y the use of extended oalibra.tion ourves. 

11. Q 1 Q1 , and Q were then calculated. x 0 

Figure 5.2 shows a t;rpical displa;r. Step 6 is shown i:a 

Figures 5.3, 5.4 and step 9 in Figure s.s. Plate 5.6 

is a sample data form. 

5.3 Although the steps listed above appear lengthy, mah7 of 

them are the r esult of key co mponent s of the apparat•s 

ha.ving calibration curves, rather tha.n direct reading 

dials. 

The method ha s all of the a.dvantages that a sweep 

!requency method has over a point-ta-point method plue 

some decided advantages over othe r sweep frequency- me-

thods. 

The chie! adTantage of the s;rstem is that the er-

f'ect of' coupling changes are visible, predic table, and. 

measurable. Coupling has emerged during the measure-

ment s as the prime factor determining convenience and 



acouracy. The value as well as the sign of r are de­
o 

pendent on the amount of co upling and so the depth of 

the response eurve of the resona.tor is dependent on 

coupling. The variation of r
0 

with ooupling gives an 

indication of the degree of ooupling and the amount ot 

coupling. 

Another advantage of the method is the absence ot 

any amplifiera other than the oscilloscope, which is 

common to both channela. As long as the crystal de-
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tectors are identieal, there are no other components 

which have to be matChed. Th~ system is independant or 

any amplitude modulation of the source becaus e of the 

la ok of amplitiers. The modula ti on ne ed not be li ne ar 

sine e the trequency axis of the dis play do es not haYe 

to be calibrated. 

The a co ur acy of the me th od is dependent on the 

matohing of the tee and the likeness or the detectors. 

It also depends on the variation or the èomponents with 

frequenoy, although the frequency variation for any one 

test is so small that it does not affect the aceurac7. 

The tee has to remain matohed over this small trequenoy 

difference, however. The match of the tee depends both 

on the frequenoy sensitivity of the tee and the slide 

screw tuner. It oan only be assuaed that this match 

holds for the trequenoy range of any one test. 



Figure 5. 2 

Figure s. 3 
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A typical oscillographic display. The hori-

zont~l t;race is the incident pov1e r, the small dip 

in it the wavemeter indication. The wider response 

curve is the reflected power. 

- - - ~ ~---=-----~-- . -- -

1. r 1 t 2 
- Incident trace co incident with reflected: 

trace oft resonance. 
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Figure 5.4 rr
0
12 - Incident trace coincident with reflected 

trace at r ës:onanc:e. Zero power level shown. 

Figure 5. 5 Incident power · trace in position for bandwidth 

measurement. 
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The deteotors must have the same input-output ohar­

aoteristics or the difference in power betweeD reflected 

and incident channels, as indicated b7 the position or 

the traces, will be caused in part by the detectors ra­

ther than the resonator. The cr7stal matching is des­

cribed in the following chapter. If the tee is well and 

trul7 matched then the onl7 possible source ot error iD 

the apparatus is the detector8. An error or approximate­

ly o.s%, eaused by the humidity of the air in the fre­

quency me ter, bas be en allowed. 

The disadvantages or the Reed method which became 

apparent durihg the tests were in the most part the !ault 

ot the apparatus used. In the fir st place, the hybr:i,d 

junction requires matched generator and load to operate 

as a magic tee, and this ma tching is very frequeno7 sen­

sitive and adda a great deal or labour to the tests. It 

would be ideal for tixed frequency operation. Howevar, 

in these tests the resonant frequenoies of the various 

aeotions were not identical and bence the matching bad 

to be done for each new section. Secondly, the displa7 

on the face of the 1 scope is the power versus reflector 

voltage characteristic of the kl7stron and is ot the tam­

iliar klystron mode shape. The tuning range ot the 2K41 

is vert limited and bence the edges ot the response curve 

otten reach ad the edges of the klystron mode. 'l'his would 

not have occurred if the resonators bad bad Q's two or 

three times as large as they did. When the response our-
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ve was very wide it made the determination of r
1 

dif!i­

cult. r 1 was usuall7 round by detuning the resonator 

by placing a block of brasa near the coupling loop, so 

that the currents tlowing through the loop would be the 

couPling system currents only. A third disadvantage was 

the many steps involved in ob taining a final result. As 

mentioned above, this could have been eliminated b;r us­

ing equipment which was calibrated directly rather than 

through curves. 

Aside from the above aentioned disadvantages, the aethod 

used is convenient and shows the processes involved very 

graphically. 
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6. Apparatus. 

6.1 Apparatus in general. 

The apparatus in general consista of a source of 

10 cm energy, 11 waveguide transmission system, detect­

ors, a switching SPDT relay and an oscilloscope. 1'he 

source and oscilloscope are swept by a 120 cycle saw­

tooth wa.ve, su ch that the swit ch inputs are displayed 

on alternate sweeps, and each is representative o! the 

same portion o! the source characteristic. (Figure 5.1) 

The energy is fed from the source through a var­

iable attenuator to a. directional coupler. The lov le­

vel output of the coupler is passed through a variable 

attenuator, a ca.librated attenuator, and a trequency 

me ter to a crystal detecter • The signal !rom this de­

tee tor is applied to one sid e o! the swit ching re lay. 

The high leval output of the dir ectiona.l coupler is ted. 

th rough a lOdb pad and a sl ide s crew tuner to the H ara 

o~ a hybrid tee. One aide arm of the tee is termina~ed 

in a flat load and the test piece is placed on the other. 

The output of the E arm of the tee is pa ssed through a 

variable attenuator to a crystal detector. This signal 

is applied to the other aide of the switching rela)". The 

center contact of the rela.y is connected to the vertical 

amplifier of the oscilloscope. 
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6.2 The Apparatus in Particular. 

6.2.1 The signal source used was a 2K41 reflex klystron. This 

kl7stron is also known as the 417A. The 2K41 haw a mini­

mum power output or 250 milliwatts with in the published 

rrequenc7 range or 2660 to 3310 Mc/s. In practice it 

was round that the klystron operated well beyond these 

limit s. 

The klystron was ope rat ed und er the .t'ollowing condi­

tions: 

Beam voltage 

Re.f'lector voltage 

Grid voltage 

Be am cur rent 

• • • • • • • • • • • 

• • • • • • • • • • • 
• • • • • • • • • • • 
••••••••• t • 

-1000 volts 

-50 to -600 volts 

-50 volts 

10 ~ 50 milliamps 

The klystron could hava baen operated at a higher 

beam voltage if' more power were desired. However, the 

electronic tuning bandwidth of the 2K41 is ver7 limited 

and decreases as the beam voltage is increased. It was 

also found to have severe electronic tuning hysteresis. 

The tuning bandwidth is of the order of 5 to 10 Mc/s un­

der the a.bova opera.ting conditions. 

The klystron was mounted on a small Hammond chassis 

and was air cooled b7 a tan mounted on the same chassis. 

The mo du la ti on co upling co ndens ers wera also mounted on 

this cha sais. (Figure 6.1) 

A ty-pical mode is shown in Figure 6.1A. The voltage 

increases negatively to the right. The multiple-transit 

er.rèct is shown by the steps. 
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Figure 6.1 2K41 Klystron and :fan. 

Figure 6.1A Typical mode o:f 2K41 Klystron. Pout vs. Reflector. 
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The klystron power supply (Figure 6.2) was a home-

made version of the PRD 801 Universal Kl7stron Power 

Supply, built in the De pa rtme nt so me ye ars a go. It :ls 

capable ot de li ver ing ap proxima.t ely 80 millia.mperes ot 

current from. -500 to -3500 volts, with appropria te re-

.tlector voltages. It has grid voltages available troll 

+40 volts to -200 volts. Since this supply bad no mo-

dulation source, it was necessary to construct a sweep 

generator. Because of the tuning hysteresis of the kly-

stron, the sweep had to be a sa.wtooth wa.veform which 

would vary the reflector voltage in one direction only. 

The frequency of the sweep ha.d to be 120 eps since it 

bad to oocur once while the switching relay was in each 

position, i.e., it had to Slleep once for each half cycle . 
o.t the 60 cycle-relay drive. In or der to ob tain a tre-

quency range suf fic ient ly lar ger than the bandwidth of 

the resonant sections it was necessary to sweep alm.ost 

the entire mode of the klystron. This required a sweep 

voltage amplitude o.t about lOO volts. 

To insur e tha t the sweep !'requen cy was exactly half 

o! the swi tching fra que ne y 1 the sweep was synchronized 

to the line voltage. This wa.s accomplished by appl7ing 

the pulses from an inverted and olipped full-wave-recti­

fied line signal to the grid of the 884 thyratron wbioh 

acted as the sweep generator. The sweep generator is 

shown in Figure 6.4. The phase shift introduced betveen 
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Figure 6. 2 • Klystron Power Supply 

Figure 6.3 60 cycle Switching Relay , showing BNC 

connectors • 
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6Xs 

.25 

Sehematic circuit diagram. 

View of aeeembled chassie. 

Figure 6.4 Synchronized,eaw-taoth sweep generator. 
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the sweep and the switching caused the switching trans­

lent to appear away from the edgee of the display on the 

oscilloscope. This transient is shown on the le.f't aide 

of' the displa.T in Figure 6.1A. 

The switching relay was a Stevens-Arnold DC~AC 

chopper (type C-12~ 60 cycle). The chopper was driven 

by the 6.3 volt sid e of a Hammond 1128X60 trans.f'ormer • 

• \n o.f'.f'-on swit ch was pla ced in the line sid e of' the 

transformer. The inputs and the output. of the switch 

were made through BNC (type UG 290/U) connectors. 'l'he 

relay wa.s mounted on a cha sais and all 60 eps leads vere 

shielded to minimize stray pickup. (Figure 6.5) 

The waveguide circuitry was com.posed or standarà 

Hewlett Packard S band component s, e.xcept for the slid.e 

screw tuner. Views of the a.ppa.ratus are shown in Fig­

ures 6.5 to 6.8. The S band waveguid e is 3 11 x li" out­

~!' ide dimensions and bas a suggested bandwidth ot 2.6 t~J 

5.95 KMc/s. It is electroplated on the inner surtaoo• 

with a high conduetivity bright alloy. Connections are 

made between sections by means of flat flanges~ type 

UG-53/U. The transitions between coax and waveguide ar• 

made through S281A waveguide-to-coaxial adaptera; the 

coaxial titting is 1 type. The klystron was conneoted 

to the waveguide through a sb. ort length of RG 8/U coax­

ial cable~ fit ted wi th N type conne ctor s. 
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The Tariable a.ttenua.tors are of the flap type. The;y 

haTe an attenuation range of 0 to 20 db and calibratioa 

curves are supplied. An interesting f'eature is tha.t the 

flap enters the guide linearly rather than pivoting in. 

This tends to minimize the SWR. The pr ecisi on,calibrated, 

attenuator has a range of attenuation of ~ to 20 db, how­

ever, th~ calibration extends for only 10 db. 'the re­

sistiTe ma.terial is deposited on a card which is moved 

laterall7 across the guide by the action of a micrometer 

sorew. The micrometer is graduated in inches and to ob­

tain the attenuation in decibels it is necessary to reter 

to a calibration curve. Since the deviee is f'requenc;y 

sensitive the calibration is good onl7 at that frequency 

at which it was dona. The particular attenuator used waa 

calibra.ted at 3000 Mc/s. The calibration accuracy is 0.1 

db. 

The directional coupler (S752D) has 20 db attenua­

tion between the main and side arms. It is of the aulti­

hole type. 

The h;rbrid tee (S845A) is a mat che d four ara junot ion. 

There are no ma.tching posts nor irses in the tee, which 

is the usu.al method of mat ching hybrid junctions. The 

catalogue description or the component describes it as 

being ma tchad by careful choie e of di mens! ons. In prac­

tice it was round ne cessary to mat ch the input ara b;r 

means of a slide-acrew tuner. This tuner consisted of & 
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Figure 6.5 Apparatus - showing original 

waveguide circuitry - no tuner, slotted line, o• isolating 

lengths. Goupling system as originàlly used. 

Figur~ 6.6 

vicinity of magic tee. 

Final Equipment Layout -



Figure 6.7 

• 

Figura 6.8 

Close-up of Resonator - connected to 

apparatu8 • 

Frequency meter and Switching Relay. 
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6-32 serew inserted into a length or guide through a 

slot milled in a broad face. The position and inser­

tion depth of the sorew could be varied, and henoe most 

suscept anees ob taine d. When the other arma of the tee 

were termina.ted in mis-matched components, modes other 

than the TE10 were exeited in these arms and eoupled to 

the input arm. Since the tuner was effective in mateh­

ing only the do minant mode it was round to be nec essar)" 

to decouple the components on the other arms from the 

tee, by lengths or waveguide. In this way the spurious 

modes caused b;y the mis-matches were attenua.ted to a 

negligible ~alue before reaching the tee. The variable 

tlap attenuator on the E arm or the tee was decoupled 

with a 1211 length of straight wa.veguide. The reference 

side trm or the tee was termitla ted in a low power non­

reflective termination (S910A). The test piece was de­

coupled with a SBlOA slotted section. Since the deter­

mination of the degree of coupling depends on a know­

ledge of the SWR on the input line to the test piece,the 

insertion ·or the slotted section served both purposes. 

This is an addition to the equipment used by Reed, and 

a very convenient on'e-, sine e the degree of coupling could 

be readily determined at any time. The output of the 

444A untuned probe on·the slotted section was indicated 

on a Leeds and Northrup 2420B galvanometer. 
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The moveable (S920A) short used to match the tee 

oonsisted or a screw driv en si lvered pla te which made 

contact with the walls or the guide through spring ting­

ers. Its loss ia reported to be lesa than 0.01 db in 

excess of a silver plated soldered short, eve·n a.fter 

25,000 tuning cycles. I-llien the tee was being matched, 

the output or the E arm. wa.s measured on a. Weston 322 

~voltmeter, as indicated by the symbol BAL on Figure 5.1. 

6.2.4 

The output of the incident power channel was tell 

th rough a. wa. veguide to co a. x a.dapt er, thro ugh a. length ot 

RG 8/U to a. coaxial tee. The Sperry 291A Microline tre­

quency meter was connected directly to the aide ara ot 

this tee. It waw operated a.s an absorption ca.vity and 

hence its resonance wa.s indiea.ted by a drop in the pow­

er level in the main cha. nnel. The straight -through sida 

or the tee was connected to a cr,rstal detector. 

The detectors were IN23 crystals mounted in PRD 

613M cr7~ta1 mounta. !hese mounts are coaxia1 and have 

an N type fi tting on the RF aide and a BNC ti tting on 

the DC aide. As has been mentioned previously, the ac­

curacy or the mea.surements depends on the crystals being 

identical. That is, their output versus input cha.racter­

istics should be the same over the range of input power 

used. This response ca.n be readily checked when the short 

is in position on the hybrid tee. Atter the tee is mat­

ched and the short still in place, the output or the tee 
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is dependent only on the input. So, if the incident an4 

refle cted traces are made coincid ent on the s cope by ad­

justing &! 2 and A! 5 and the input power variad by at­

tenuator 1, the rasponse of the two cr,rstals may ba com­

pared by observing the ir output levels on the ecopa. It 

the traces rema.in coincident, as AT 1 is varied, then 

the crystals may be considered identical. Several cry­

etals ware compared in this ma.nner until a pair whose 

responses wara the same vas round. The crys tals were 

pa.ired by tiret measuring their parameters with a arT­

etal che cke r, so as to eliminate crystals which were ra­

dically different. The pair f'ina.lly chosen agreed vith­

iD 0.1 db. Originally H-P cr,rstal detectors were ueed. 

These detectors employed coaxial IN26 crystals, modified 

to fit the mount s. One of t œ se crys tals f'ailed, and. 

since they are rare coapared to the com.mon IN25' s and 

must be orderad from the man ur aoturer, the PRD mounts 

were substitut ed. Also 1 in or der to fi nd a mat ehed pair 1 

many c~sta~s were tried and the IN26's were ia too short 

a supply to fi nd a mat che d pa. ir. 

The experimental resona.t ors were mounted on the co­

axial ritting of a waveguide to coax adapter placed on 

the end of the slotted section. Originally, they had 

be en coupled to the ad apt er thro ugh a. sb or t le ngth ot 

coaxial cable but this was done away with through a proc­

ess of evolufdon. The original coupling system is illus-
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trated in Figure 6.5, and the final one in Figures 6.6 

and 6.7. 

6.3 Experimental resonant sections. 

The sections of parallel wire transmission lin• 

whose Q' s were measured consi sted or the pa.rallel c7l-

indrical conductors, the teminations, and a coupling 

circuit. The resonators are shown in Figures 6.9, 6.10 

and 6.11. 

6.S.l Cenductors. 

The conductors were construoted from lengths of pure 

silver tubing, the ends or which were pressed ritted with 

brass plugs. The se p1ug s wer e so ld ere d wi thin the tubing; 

and drilled and tapped to take 4-40 screws. The ends of 

the eonductors were turned slightly concave so that only 

the outer edge made contact with the termination. This 

was to insure that the dimensions or the conductors would 

be known at the point of co nt aot and to make the meeha.ni-

cal oonta.et as good a.s possible. The absolute length of 

the conductors was not specitied criticall7. However,the 

two co nductors of any one pair we re ma. ch ined to within 

one thousand of an inch or eaoh other. Conductors of th• 

fo llowi ng dimensions we re ma. de : 

TABLE II 

d L 
i 2", 4", 6", and 8". 

S/16 2", 4", 6", and 8". 
0.54 2", 4", and 6". 

~/16 x S/8 2" and 4". 
reet. 
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u Terrnination 

~~~c_ ________________ JL ________ ~L-------------~l~--~ 

Conductors 

Terrnination 
====\r-(L-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_-:=_~11':_-:=_-:=_-::!_-=.Irn-JtLI ==-r_.uf ______ ___.) c=J 

Coupling circuit D Coupling 
Loop 

Figure 6.9 Exploded cross section of experimental resonant 
section. Full size except as indicated. 
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1 

Figure 6.10 Assembled Resonator. 

Figure 6.1~ Componenta or Resona·tor. 
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Other conductors were tried as the situation warranted. 

6.3.2 Terminations. 

The terminations were 8 11 diameter 1 circular dises, . . 

eut from 1/Sth inch brass stock. Originally, the ter-
• 

:minations bad consisted ota single pair of 81! dises, 

with slots milled in them to allow for di~ferent con­

ductor spacings. It was telt that these slots would 

interter witb the fields at the termina:Uons, since in 

man)" cases they would lie within the half-power circle. 

And so they were replaced by four pairs of terminations, 

each pair to serve as the terainations for a different 

conductor spacing. Two holes were drilled in each dise 

to pass the 4-40 screws with wbich the conductors were 

held secure. Allowance was made for conductor separa­

tions of i", 1 11 , li" and 2". The edges of the dises were 

turned in a lathe to make the dises truly- round but the 

faces were left as-is. The conducting surfaces of the 

terminat ions were silverplat ed to a depth greater than 

the skin dept.h in silver at 3000 )le/s. 

The termination on the coupling end o.f' the resona­

tor bad four 6-32 tapped hole s qmmetric ally placed about 

the center to recei ve the coupling circuit. This dise 

bas a one-eightb diameter hole at its center to allow in-

sertion of the coupling loop into the resonator. A 0.059 11 

di ame ter ho le was dri lled as ne ar as possible to the cen-
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ter hole, a.nd on the line joining the canters of the con­

ductors, to receive one end of the coupling loop. These 

details are sh OWD in Figure 6 .11. 

8.5.3 Coupling Circuit. 

The coupling circuit consisted of the outer condac­

tor of a UG 21B, N-type coaxial cable connector and a 

circula r brasa block. The co nnector is in two pieces. 

Cl)!' he longer pie ce bas the N type fit ting at one end and 

the other end is threaded to sarew onto the shorter pieae. 

The shorter pieae of the aable oonnector is soldered into 

the bloak. ! piece of silver tubing is presa-fitted into 

the aenter of the longer piece and when the conneator is 

screwed to gether this tubi ng pr otrud es beyond the end of 

the bloak about 0.005". The protruding tubing insures a 

tight aontact between the aoupling system and the termin­

ation. The block is held to the b ack of the termination 

disa b;r means of tour 6-32 screws, which mate with the 

holes in the termination. These screws penetrate the ter­

mination so that, when tight, their ends are flush with 

the conducting surtaee of the termination. The brasa 

block has been heavily silver plated. A :f" wide slot bas 

been milled in the surface of the block to provide clear­

ance for the heads or the screws wh ieh hold the conduat-

ors in place. These construction details are shown quite 



well in Figure 6.11 where the coupling circuit is la­

bled "ADAPTER11 • When the coupling circuit is connect­

ed to the assemble d re sonat or the wh ole structure is 

connected directly to the temale N type f'itting of' a 

waveguide to co ax adapter, which is then plaoed in po­

sition at the end of the slotted section. 

The co upling loop was ma de of 0. 060" silver rod.. 

7S 

A suitable length, pointed at one end to tit the center 

conductor of.' the f.'itting on the adapter and hooked at 

the other to torm the loop, was placed in position alter 

the block was at:f'ixed to the termination. The end of 

the loop was pressed into the 0.059" hole in the ter­

mina.tion and, hence, a good mechanical joint made at the 

surface of the termination. The degree of.' ooupling was 

chang ed by varying the loop insertion. 

!he coupling system described above evolved trom 

a more complex one. The ori~nal coupling consisted of' 

the same block fitted with a f'emale N type receptacle. 

The coupling loop passed from the csnter conductor ot 

this receptacle through the center hole in the termina­

tion, returned, and was ao ldered to the block. 'l'he re-

sonator was then connected to the waveguide-to-coa.x a­

dapter by means of a short length of.' RG 8/U coaxial 

cable. The degree of' coupling was varied by rotating 

the loop wi th respect to the plane of the conductors. 

This led to frequent breakages in loops and am~iguity in 
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the coupling, i.e., it was o!'ten hard totell whether or 

not the co upling was to the transmis si on lina mode and 

whether the coupling was loop or probe coupling. It 

vas by varying the length of the connecting coaxial line 

tha t the e!fect o! the hybrid tee mis-match was seen to 

be important, since the zero le v el set depend ed on the 

length between the tee and the short, and bence the ia­

pedance seen by the tee. A GR sexless connector was 

!itted to the end ot a piece ot RG 8~U having an N t7pe 

at the oth er end and a GR sb or ting element us ed when 

setting the zero level. 



7 Resulta and Conclusions. 

7.1 Resulta. 

The resulta of some fift:y tests were considered 

valid. Approximat ely sevent y other s were invalidated 

by apparatus mis-matches. The invalid tests, however, 

were or the same magnitude as the final resulta and 

indicate that the final resulta are correct. 

Three sets of result s are present ed. 

1. 'l'he first set of resulta constitutes the bulk or 

the measurements. The se tests demonstrate the Q 

values obtaina ble wi th the experimental resonant 

sections. 

The Q factor ha s be en plot ted as a rune ti on ot 

length tor three co nduc tor di ame ters in Figures 

7.1, 7.2, and 7.5. 

Using these resulta and Equation 2.25, values of 

Rrad ha Te be en calcula ted for e ach case. Rrad 

has then been plotted on a log-log graph as a 

function of (~)2 L. This plot (Figure 7 .4) is a 

straight line witb a slope of 1, indicating that 

Rra.d varies directl:y as (~)2~ 

2. The second set of resulta wa.s taken to illustrate 

the etrect of conductor losses on the Q factors. 

Values were round for brasa conductors, 4" in 
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length, at separations of i", 1", and li"• These 

conductors were then silverplated, and theQ'• re­

measured. 

TABLE III 

s Q 

Br a es Silve!" 

Cale. Emp. Dev. Cale. Emp. DeT. 

li" 985 908 -8% 1065 942 -11% 

l" 1420 1518 -7% 1650 1404 -14% 

i" 1810 1618 -10% 2515 2258 -10% 

The ca leu la ted values were ob taine d t!"om Figure I. 3 

used in conjunction with equation 2.25. 

The empirical resulta are consist ently lower than 

the calculat ed values 1 indic a ting tha t the radia ti on 

is dependent on the physic al co ndi ti on ot the conduc­

tor surfaces. The ail ver tu'bi ng us ed du ring the 

first tests was smootb surfaced, whereas the brasa 

rod used in these tests was comparatively rougll. The 

silverplating was unpolished and Tery rough. 

5. The third set or result s replaced the tests on the 

shielded line, and were intended as a check on the 

method. They were made on a right circular cavit71 

oscillating in the TM
012 

mode. This cav.ity waa 

used b7 K.J .Keeping and is describ ed in his Ph.D. 

thesis (McGill,l952). 
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It is a. prec;:ision deviee, tuna.ble, and 10.419 oms. 

in dia.meter. It is made of two cup-liks sections 

which mate (presuma.bly) at a current node on the 

si de walls. The co nduc ting sur tac es are heavil7 

si lv er pla. ted. 

Result s were ob tained for bo th loop and probe 

coupling to this cavity. To loop couple to the 

TM012 mode is a problem. It requires an ott-

cent er loop and i t was fo und th at even wi th a loop 

ot maximum dimensions (one halt wavelength by the 

radius) ·the coupling was inetficient. Coupling to 

other modes was evidenc ed by the observation of 

zppenààaeilother than the TM012 resonance. The 

derivation of Appendix II was necessitated by this 

poor coupling. 'l'herefore, the resulta ot the loop 

coupled tests are included for oontrast only. The7 

include some resulta taken before the appa.ratus 

reached its final stage of sophistication. 

The resulte, since they did not agree with the cal­

culated value (Table I) were che cke d by the "Cold 

Test~ method. The resonance curve obtained during 

this test is shown in Figure 7.5. 



The resulta may be tabulated: 

Probe Loop vswa . 
10612 -9176 10390 
10802 10545 
10590 15386 
16767 13040 

11555 
12454 
11427 

A.vera~e 1:0e9~2 -~ 11649 10390 

Notice the small Tariations in the values ot 

tbe prope coupled results as compared to the loop coupled 

resulta. 

The deviation between the probe-coupled and VSWR resulta is 

lesa than 2%. 
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7.2 Conclusiona. 

1. The first conclusion that may be made is that the 

method is satisfaotory and convenient. However, 

it s grea. test value lies in the graphie wa.y it il­

lus tra.te s the proc esses invo lved - the coupling, 

loading, and resonance, of the resonator. 
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2. The resulta are consistent and the error is estima­

ted at ~3%. A great deal of this error is intro­

duced by the many graphs which must be read to ob­

tain a final result. It is fortumte tha.t a large 

deviation on one graph often resulted in a negli­

gible error on the next graph. This way the errors 

tended to cancel rather than accumulate. 

5. The agreement between the Reed method and the VS~fR 

me asur ement s on the 'rMg
12 

cavity i s indeed gratif:r­

ing. The discrepancy between the empirical and the 

calculated result could be a.t'tributed to impraper 

dimensioning of the cavity; i.e., +..he joint between 

the sections might not occur at a current null, and 

bence introduce an unexpected loss into the cavity. 

4. The highe st Q' s we re ob taine d witb small conductors 

at small separation, of sufficient length to overcome 

the termination losses. 
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If the diamet er of the co nd uc tors is made small 

the conductor losses become prohibitive, the termin-

a ti on and radia ti on los ses inc rea se. However 1 the 

energy storage also increases and the Q increasee 

slightly. 

Ir the separation is reduc ed the termination 

and radiation losses deerease, as doe s the energy 

storage. The decrease in radiation losses tends to 

inc rea se Q as the separa ti on is decreased. It aay 

be concl uded that the maximum Q obtainable with the 

pa.rallel wire line is a bounded quantity and that 

inc rea.sing the termina tion diaiœ ter iAdetinitely 

wo uld not impro ve the Q tac tor grea tly. 

The crossing on Figure 7.2 at a length of 2 11 is 

due to the energy storage decreasing :faster (as a 

decreases) than the losses. At longer lengths the 

length .factor overcome s this phenomenon. 

At lengths : greater than those at which the ter­

m.ina;tion losses have become negligi ble, the Q tends 

to level off since both energy storage and losses 

are then proportional to length. 

The etfect of the contact resistance between 

condu ctors and t erminati ons bas been neglected. 

s. Contrary to former .findings, but in collaboration of 

Pearse 1 s hint, the radjation resistance has been 
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round to vary with length. There are three factors 

which might cont ribu te to this varia ti on. 

Fir st, the radiation resistance is pos sibly de­

pendent on the surface condition ot the conductors. 

It se ems reasona. ble that small dis co ntinuities on 

the surfaces would tend to disperse the waves tra­

velling along the co mue tors and result in a net 

outward flow ot power. If' the se discontinuities 

were uniform.ly dis tribut ed wi th length, th en this 

110uld account for the dire ct variation with length. 

Second, the m.e asurement s a re taken perforee 

whe n the section is an even number of half wave­

len gth s long, and each increase in length adds a­

nothe r null t.D the f!J.tâbd.ing wave pa. ttern. The in­

clusion or another null in the pattern would in­

crease the field distortion on the line, and hence 

the radiation. 

Third, if the section were not geome tric ally 

precise, the variations in the charaeteristic impe­

dance of the line due to varia ti ons in the separa­

tion or diameters of the co nduc: tors, would cause 

radiation. The power in the line 'WOUld be diffused, 

and hence radiat ed, upon refle ction by terminations 

which were not exactly parallel or at right angles 

to the plane co nta.ining the conductors. The rough­

ness of the conducting surfaces or the terminationa 

would also contribute to the radiation. 
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RECOMMENDATiONS. 

Ae I h&ve already stated in the Conclusions,! reel 

that the Q value of the parallel wire resonant sections is a 

bounded quantity,and th&t it might be extended turther by a 

more judicious choice of dimensions;however1 the question of 

the Q:· s themselves h&s been thoroughly investigated. 

I reel that any turther research in this field shonld 

be directed towards the inclusion of the resonators in some 

circuit,so that their userulness might be more fully demonswa­

tad. 

If the measurements are continued I would advise that 

the magic tee be maGched in the conventional manner (poet and 

iris) before it is us ed. The componen ts required to test auch 

a match are now available in the Department. 

Some sketchy results were obtained during the ex­

perimentation for conductors of rectangular cross section. These 

results were low and inconclusive,but the possibility that 

higher Q values might be obtained with conductors of other 

than circular cross section has not been tully investigated. 

In any further research I think that ~ different 

measurement technique might be used. A great deal of automa­

tion could be intro duced into the present method in order ~o 

reduce the required steps in the procedure. Perhaps the Lecaine 
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comparison method might be adapted to use with single ended 

resonators. The combination of basic computer circuitry with 

microwave techniques, in some deviee wbich would yield re­

sults automatically1 has a great many possibilities. 
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APPENDIX I 

Evaluation ot /sada, 
Both the expression for the stored energy and the 

temination losses contain the integral of the magnetic 

field squared over some area. The expression for the 

transmitted power also oontains this integral. Thus it 

is imperative th at it be ev al ua ted. 

The value of the total integral, k, may be derived 

from the following identity: 

L 
Qc • QT ~L,.:~L--+ .. L-

c t r 

If' we substitut e for the se qua ntiti es we ob tain 

k • ~ cosh-l (s/d) 

2.26 

It ia possible t.o evaluat.e k' by numerical integra-

tion. The reason for the numerical integrat.ion is that 

the integral cannot be simply evalua.ted over the circular 

area of the terminations. The field lines and the cir-

cular boundary of the termina.tions are not compatible in 

the co-ordinate system used. The possibilit;r of transfo-

rm.ing the rie ld s to a system in wh ich the rie ld li nes be-



came the axes, viz: biaxial coordinates, was investi-

10 
gated. Although this trame of reference would taci-

lit ate any othe r integra ti on, it is of no use in the 

present pro ble m. The formidable task of integra ting 

the fields numer ica.ll;r by sub dividing the area of the 

termination, ca.lculating an appropriate value for each 
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area element, and summing the individual areas was per-

formed at least once. It was felt that the effort in-

vo lved did not warrant a calculat ion of the los ses for 

all conductor diameters and spa.cings. Typical values 

of the magnetic field round during the calculations are 

shown in Figure I .1. 

An effort was made to find a conformal mapping ia 

which the area of integration transf'ormed to an area 

over whiàl the integral could be easily evalua.ted. It 

was in this manner tha.t a more elegant solution of the 

problem wa.s dis covered. 

A con.f'o rma.l mapping whieh trans forzœ d the area of 

the terminat.ion exclusive of the area covered by the 

terminations, into the region between t1«> concentric 

ll circles was found in the dictionar;r compiled by Kober. 

The area. out sid e ot the t erminat ion was trans tormed into 

a non-co ne ent ri c eir cle wi tb in the t wo othe rs • 

The procedure involved in theuse of a conformal 

mapping technique is to: first, e:xpre ss the integrand in 

terms of the new coordinat es; secorrl, trans f orm the are a 
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element; and third, find the new limits of integration. 

As a preliminary step, transpose the axes in the 

origina 1 re terence frame so that the center of one conductor 

lies at the origin,and the line joining the canters lies a-

long the x-axis. In this z-plane: 

4a~ 

The conformal transformation is then 

w • 
nR ::!. .!.::!1 

r z-n 

where W • U + iT 1 

and m and n are the roots of the following equations. 

mn • r2: 
' 

{s-m)( s-n) 

r is the radius or the conduc tors. 

Now, solving for m and n 1 

and 1 s • m + n 

The transformation may be separated into real and 

imaginary parts to yield u and v in terms or x and y, and 

vice versa. 



• 

where 

nR1 
u ·-r 

<x~nHx-m) + r 
(x-n)2 + r 

v • 

x • 

nR1 
r 

r(m-n) 

(x-m)2 + r 
nC2 y2 + (1-Cu}(m-mCu) 

c2 v2 + (l-Ou )2 

CT(a-n) 
7 • ------~~~~-------

02~ + (l-Cu)2 
2.32 

If we sub stitute for x and y in Eq. 2.28, we find 

the form of H2 in the w-plane. 

The area elements in the two planes are related b7 

12 
the formula: 

du dv • J dx d7 

where J ie the Jacobian of the translormation. 

811 8u 
li !Y 

J • 
8v 8T 
3XS7 
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When the partial derivatives are evaluated it la tound 

that 

Su Sv Su 'Si • ay and th at 57 -- ~- as should be so for an Sx' 
analytie funetion. 

and, ~C2v2 + (l~qu)~]~ 
(m-n)2 
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Ther etor e 1 the surtaeè integral of H2 in the w-plane 

j a2du dv • (I/2'fd' j :~.~ 

Making the substitutions, 

u = r eos8 

v - r sine 

du dv • r dr d8 

2.36 

the integral in polar co ordina.t es in the w-plane is 

This is a surprisingly simple integral. It is cer-

tainly not obvious or expeeted. The integral is separa-

ble, whieh is a great simplification in any integration. 

The remainder of the problem is to determine the lim.its 

of integration. 
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To determine the limits of integration, it is sim-

ple st to fi nd wh at loci the bo und aries in the z-plane 

beoome in the w-pla.ne. Figure I.2 shows the transforma-

tion graphically. Corresponding points, circles and 

lines are shown. The explicit mapping expressions for 

several points are given in Appendix III. 

It can be seen that the limits for the evaluation 

of k are, 

e - 0 to 21T 2.58 

The limita on the integration over the cirele re-

presenting the area exterior to the terminations are not 

as simple because the oircle has its center at the point 

c, rathe:r than the origin. Let the radius of the circle 

be b. By a suitable transposition, 

r cos Y • u-c 

r sin 1/ • v 

the integral becomes 1 

2.39 



and 

substituting the values of c and b from A~pendix III, 

-1 I • 471' cosh 

I • 271' ln 

2.40 
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Integrating equation 2.37 over the limits of 2.38 and thus 

evaluat ing k 1 

2.41 

which agrees with the value of k obtained from the iden-

ti ty giv en earlier • 

Thus, 

' 

(m+n) \ m-n 
Notice that the circle z - 2 • ~transforme 

to lhe line uaO. In other words the area within the cir-

cle becomes one-half of the area of integration, and so 

one half of the power in the field. ia transmitted within 

this circle. This circle has its center midway between 

the c onduc tors and ha. s a radius .. a. It is now evident 

13 
why Southworth speaks of this circle as the half-power 

cir cle. As far as I know he is the only one who has ever 
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intimated in print that he has sucoessfully integrated 

the fields of a parallel-wire line without approxima­

tions. I believe that the value of k' has been e••lua-

t.d here for the first time. 
• 

Since f":>.)a, in most casesk~k; and most of the 

field is contained within the terminations. The inte­

grand depends on H2 , however, and since the fields are 

small away from the conductors the losses would be much 

sma.ller. From the numerical integration with i'" con­

ductors i" apart the terminations contained about 96% 

of the field. 

The term.ination !osses as a function of Cf), w~th 

as a pa.rameter, have been plotted in Figure 1.3. 

The upper limit of the graph is the line 

and the lower limit has been taken as the locus or the 

points for which 

f ~ t(s + d) 

i.e. the termination covering the complete area of the 

conductors. 

This graph may be used to find k or k 1 by reading 

the horizontal axis as f; or~ and finding its ~lue 

for the proper intersection of L with -d8 , or 2cosh-1 (~) . d d 
s 

wi th d' respectiv ely. 
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APPENDIX II 

The varia·tion ot the: retlection coettieient ot a 

probe coupled reaonator witb trequeno7. 

A probe ooupled resonator mar be represented b7 the 

t~lloving equ1Talent transformer circuit. 

R 
0 

: n 

n(l 

Wh1cb1 &s aeea by the resonator,is 

and a.s seen b;y the transmission lina is 

c 

. . 



The input impedance ot the resona·tor,as seen by 

the transmission line,may be expressed as 

Using the 

z -in 

definitions, 

~ 1 --0 LC 

H - ~ c 
Aœ• Ca>- (1)0 

IJ:.1 

II.2 

II.~ 

II.t 

and aasuming that ~ • ~0 , the input impedaace,normalise4 

with respect to the characteristic impedance ot the trana-

mission line,ist 

zin 1 -- 1 II.S 
Ro Ro 

- + R 2ii &; Rs :'2'1 + ja2 R -
D , 0 0 œo 

Recallin& the detiniti(tDS ot Q;,we aee: troa the eq-

uivalent circuit diagrams that, 

œL M 
Qo 

0 ·-· i , R II.6 

~-
ca>OL M -- -:a2R n2ll 

' 0 , 0 

II.7 

101 



102 

Equation II.S may nov be expressed as 

z 1 ..!!!. • 1 II.B 
Ro :a 

0 + -
j 2~ ~ RB k+ 

0 

The input impedance off resona.nce,where the rea-

onator impedance is very high,beeomes 

II.9 

and at reaonance,where ~ • O,becomes: 

z 1 ..!!l • rt II.lO 
Ro n2:a 

-2.+ . 0 -:a. R 

From the definition ot the reflection coefficient 

z 
lin - 1 r • C) 

II.ll 
zin - + 1 
Ro 

we tilli that the ret1ection coefficient ott resonanee,r1,is 

R s 
- l -R 

rl • 
0 

R II.l2 • + 1 iÇ 
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Because the eoupling losses are •ma11 compared to the char­

acteristic impedance of the line,we must take R
8

>> R
0

• Thus, 

r 1 ia approxiaatel7 equal to +1 in most cases. 

The ret1e:ction coet.ficient at 
1 

- 1 ft ll~R 
..9. + -r a 

r ;L • • + 1 0 R n2 R 
0 + ....:...!. -:a R 
8 

Rearranging, 

, 

and 

From equations II.6 and II.7 

R --- (l+r
0

)(1+r1 ) 

2(ri-r0 } 

resonanee,r
0
,is 

11.13 

II.l4 

II.lS 

11.16 

II.l7 

In the critieal17 coupled case ~ • Q
0

,and equation 

R 
II.lS yields r

0 
•0 since r<< 1. 

8 
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In the underooupled case, ~) Qe 1 and r
0 

ia poe-

itive. 

In the overcoupled case 1 a_ L.. Q 1 and r is ne ga ti ve. ""E 0 - 0 

It ma;r 'be aeen tr~m ~~uation _ I~.l7 that a large 

value ot n corresponds to overcoup~ing,and that a small value 

to undercoupling. From equation II.lO it ma7 beeseen that, 

zin 
--- ~ 1 tor overcoupling, 
Ro 

z . 
-!a ~ 1 tor undercoupling. 
Ro 

T~is indicate~ a shitt in the VSWR pattern on the input line 

ot 90 degreea as the cavit7 goes ott resonance it it is GVer­

coupled,and no shitt it it is undercoupled,since the detuned 

resonator is equivalent to an open circuit. ( z1;- oo). 

In order to obtain an expression tor the retlection 

coetticient analogous to that tor a loop coupled resonator,we 

de.tine 

, 11.18 

then equation II.a becomes 

1 
_ _ 2 (r -r ) _ II.l9 

(i+r
0

)QI+r1 ) + lzstr0~r1 Y 4 
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Using e~uation II.ll, we ma7 express the retlection coeffi­

cient as 

r • 
r

0
(l+r1 )2 + jr12S(r1-r

0
) 

(l+r1 )2 + j28(r1-r
0

) 

and its modulus squared as 

1 II.20 

II.2l 
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APPENDIX III 

Explicait expr•••iona f()r the centQraal \ranefora-

a tien 

..... s-m -s-n 

s pl alle Wi plane 

liR 
Point 0 1 0 PQint - 1 0 -, r 

n2R 
m+n 1 • . J. 0 

ar 1 

-r, 0 ·~,o 

+r, 0 -:a1,o 

Jll+D 0 
nR1 

2' • -~o r-

a+n-r, 0 n -; a1,o 

0 D m+D+r 1 - R 1 0 • 1 

o, ir :a 2t'lllll'a a-n -1 a+n 1 1 a+n 

• 
01 -ir n: a-n ,- .al.i+ii 

• ~R 2 .fâjf !!l R a-n a+n ,-ir • 1 a+n 1 a 1 a+n 

JI+D + 1f nR1 4f~-(m-n)~~~ i fCa - ,_ 
2 r 4Ç~+(m-n)~ r 'f~+(a 

1 



s plane 

a+n f 0 2 - ' 

Circ le ISI • r 

\z - (•+n)\ • r 

v plane 

nRl 4f~-(a-a)2 
r •r~+(a-n)~+2f2f(•-n) 

• 2/2 f(a-n) • 
- 'f~+(m.-n)~+2.f2f(m-n) 

aRl 4f~-:(~-n)~ 
1 

r 4r~·<•-n)~-2J2f(•-n) 

+ 2/2f(a-n)_ 1 • 

- 4~+(a-n)~-2/Zf(m-n) 

2 + 
2 -

2 -
2 + 

Circ le-~ lw\ • R1 

• *\• - nRl 4f~+(n-•~ 1 
r 'f~-(n-m)~ 

* See t~otnote on next page. 
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li plane v plan• 

Li ne z • m+zr. Circle 

\w - nRl !!!1 1- nRl !!::!! 
t 2• r· 2m 

Jlt • 0 l· -~. !!!l!J. ~ !:a r 2 r 2 

i · power circle, Lin•, 

' !l+D l a-n u • 0 z--r-· -2 
• 

Hinim.um Talue ot f, 

J a+n 1 a+n jw - ~(l+il 1 • ~(1-il li-T • - + r 2 

Footnote. 

The values ot c and b aa shown on Figure I.2 are 

nR1 
c ·­r 

nR
1 

b -­r 

•f ~ + ,tn-:11!)2,. 
4. f ~ - (n-m.)~ 



APPENDIX IV 

The purpose or this appendix is to demonstrate 

qualitatively that the matched condition or a magic tee 
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may be indicated by the use ~r a movable short circuit term-

ination. 

~magic tee,when terminated by matched generator . . 

and detector,has this property: 1! power i• delivered to the 

H arm or the tea,and one aide ara is terminated. in a matched 

load,then the voltage in the E arm is directly porportional 
. . 

to the retlection coefficient ot the termination on the other 

side arm. 

!he re!lection coe!!icient,k11, of the termination, 

~!l' on this aide arm is detined as 

, 

where z0 is the charaeteristic impedance of the transmission 

line forming the aide ara of the tee. 

It ZTl is a movable short circuit,then ZTl • -jZ0tanax. 

ax is the electrical distance from the short to the reference 

plane at which ZTl is measured. 

Theretore: 

-Jz0 taaax - z0 
kll • -jz

0 
tanax + z0 



or 
(1- tan2 px) + j2tan,x 

k11 • 1 + tani.px " ~ ......... 

The power tlowing in the B arm is porportional 

to Jk11\~'!hich is the quantity measured by a square-law 

detector,so 

(l-tan2 px)2 + 4tan2 px 
' k11' 2 - ____ ,_;..,;,;.. __ _ 

(l+tan2 px)2 
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• 

Since this is an identity independent ot the Ta1ue 

ot px , and hence the position ot the short 1 it may be seen 

that the eutput ot a :m.atched magic tee is independent ot t 'he 

position or a aovable short connected to one side ara,provid-

ing the other side ara is matched. 
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