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ehe met~iJDaeia.: available Tbia thesia ai ves an overview of 
- . . 

for bomogeneous Poisson processes. The main objec,tive is to compare 

• the different e8timators in terme of bias and mean-aquàred error. 

séveral numerical results are given for the problem of e8t~ting 

.~ the p,rameter of the process and its reliabiliey function. 
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" " , " RESUME 

" ~ , 
Dans ceete thèse on pr'aente une revue d~taill~e des m~thodes , ' 

d'estimation relatives aux processus homogènes de Poisson. 
. 

". -

L'objectif pr~ier est de comparer le bitis et l'erreur quadratique 
, 

moyenne des divers estimateurs proposés. Plusieurs résultats 
cr 

numériques so~t présentés. concernant l'e~timation du paramètre~d~ . 
• 0 '. 

proc ••• us ainsi que de sa fonction de fiabiltt'. 
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IRTI.ODUCTION 
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• -- 1. 

Very often, one bas to deal vitb phenomena in wbicb events of SOlDe 

type occur randQmIy in time. The Poisson process is tbe formaI mode l, of 

.8uch phenomena. If tbe rate at which the events occur doe. not c.hange 

vith time. the proc~8s is laid to be hQmOgeneous. 

The purpose of.tbia thesis is twofold. First, a number of stati8tical 

methods are described f~r the problem of estimating tbe ~arameter À of 

the homogenedus Poisson proceS8. Second, various estimators for the 

reliability function of tbe proce88 are described and tbeir bia. and 

mean-aquared error are campared numerically. 

* 
.. 

, ' 

J 

In the reliability context, the 'events are often called ."failures tl
, 

\ 
and the reliability funcJion of tbe process re~resents the p~oba~ility 

that tbe process will' continue without failure ~brougbout a period of 
1 \ 

duration x', say. Ipterest in this probabUi, is aroused by ïts 

,frequent invocation to- deacribe the "rel4.ability\ o~ a_ piece, of eqttipment, 

or of a &y.ta.. \ ' 
\ 
1 • 

Soae of tbe .. t~da atudied in thi. tbeai. vefe developed recently, .. 
whUe othera are vell kDewn but are a.acribed ber. 't.,re boriefly for 

1 .., 

cOIIIpariaon and cOIBpleteneaa. 

.. 

~ " 
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For the -problem of e.timating the reliability function of the prqcess, 

'the data on vhich the-estimation is based~may be av~ilable in two forma. 

ln the first form, -only the number of events in given cime periods is ... 
observed, white in the second: the respective positions of the events in' 

the time periods are also r~cotded. The ~thod of estimation depends an' 

the fana i~ which the data are given. The analysis using "counU" will, be 

discussed in the sections entitled "Poisson anaiysis" , whUe for 

"intervals" , the sections vill be denoted by "exponential analysis". 
1 

The thesis concludes with soma numerical results f~r both typès of analyses. 

lt seems ta the ~uthor that many distributionsl resu~ts (sa far not 

available) for the statisties discussed hereafter may be obtained by means 

~of the bootstrap method. However, this issue ia not addressed here. 

D" • , \ . d h P , • h h 1scUSS1on 18 re~tr1cte ta omageneous OLSSon processes for wh1C t e . 
literat~re i8 quite extensive. A further useful contribution to the field 

would he the unification and asse •• ment of ,-~tîe work on. non-homogeneous, 

Poisson processes. 

J 

.. . - , 
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1. PrelLDinaries 

Consider a .tachastic process (a,I,'> defined on a sample space n 
, -

and let W E n be a Tealization of the proces •• Define Nt(W) as the 
o 

number of events in the time interval (O,t] for the realization W. 

Definition 1: The countin~ process {Nt ; t~O} is called a homogeneous 

Poisson process if the following conditions are sa~isfied: 

(a) for almost a~l w, vith respect to the probability measute P, 
each increment of 

(b) for any s,t ~ 0, 

of {N ;, uSt}, 
u 

t ... Nt (w, is of unit magnitude, 
i'; 

the rando variable (Nt +s - Nt) is » independent 

(c) for any s,t ~ 0, the distribution of (lit +s - Nt) i,s independent 

of t. 

The random ~ariable Nt ~w) will bé denoted' hereafter by Nt' aS8uming 

a fixed realization w of the proces_. ,The follawing r,~sultJ can be 
, 0 .. 

derived fr~m Definition {l); the proofs will be omitted but can b~ found 

in Cinlar, [1975, p.74']. 

Proposition 1 : Let {N~ 

Theo, for aIl t~O, 

().t)n e:-Àt ,-. 
nI 

. " 

" 1 

n, - ;10 ~ 1, ••• , 

for .omè constant À~, èalled the mean ratè of o'ccùrrence. 

. .. 

\ . 

, '. 
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Proposition 2 : Qtet T

1
,T

2
, •• ; be the times of oéc~rrence of successive 

events in a homogeneous Poisson process •. Then, i~r any k~O , 

" \ 

pr{Tk+1 -. T~ ~ t ~q,Tl'···,Tk}·- 1 
-Àt 

t~O e ; 
D 

" in other words, the;process has independent and exponentiàlly distributed 

incretDen~s. 

."t' 

So~ of the methods of .estimation discuss.ed here are based on -che 
r" ... 

Po.isson distribution of the number of 4 events .in .. '~ given interv~l --t.,hereas 

others make'use of'the f'Jct 'that the intervals b~twe~:n successive. events 

are'exponentially"dis~ributed. 
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2. Estimation of the parameter À 

Let 

lE> 
p'arametel\ 

{Nt ; t~O} be a homogeneous Poisson process with unknown 

À~O • In this chapter, various methods for estimating' À 

will be discussed. The first section assumes that the data are available 

in the form of counts whereas the second explores the analysis based on 

intervals between events. 

2.1 Poisson ana1ysis. 

Suppose that the process has been observed over the interval (O,tol 
; 

and let no denote the number of events observed in this interval. In 

the context of point estimation, three estimators will now be studied: 

the maximum like1ihood estimator (~), the minimum variance unbiased 

estimator <\wu> t and a minimax estimator <\tINMAX) • It tums out 

that the se three estimators are the same. 

2.1.1 The maximum likeIihood and minimum variance unbiased estimators of À. 

The maximum likelihood estimator of À - is weIL known to be 

.. 
no ---to 

, 

Thié est-ima!'br is unl:Hased and moreover, since it is bas'ed on, the complete 
-

sufficient statistic no t it is also the minimum variance unbiased 

- -
estimator of À, by the Lehmann-Scheffé TQeorem [Lehmann, 1983, p.80]'. 

Thus, 

., 

• no --to • 

• 
-,~ ---....-...,.....- ___ ....... _-c ... _______ t 

. -. ':. 
i '{!.,'" 
~ '. . l :;:t-.' • 
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As an aside it is worth noting that an unbiased estimator for À 

can also be found by seeking a function f(no) that satisfies the identity 

co 

~f(no) • 

no=O 

But this implies 

00 

~f{no) 
no=O 

and 

since 

00 

00=0 

Q-to)nO e~to 
= À 

no! 

• 
(Àto)nO 

nol 

00 

= Àe
Àto 

(Àto)no-l 
• (no-1) 1 

2.1.2 The minimax estimator of À. 

. 

= 

The derivation of the minimax estimator, which is perhaps not as 

weIl known as the derivation of the two previous estimators, is presented 

here-~or the sake of completeness. This discussion can be found in the 

paper written by Dvoretzky, Kiefer and Wolfowitz [1953]. The authors 

consider two different risk fun~ion8: the first one incorporates the 
... 

cost function and the second ignores it. 

* Let- RA (A, to) denote the rÏ"8k function associated with the estimator 

A when the proceS8 is observed over the interval (O,to]. 

, 
-. 

--='--'--"----- --------~---- ------- ---~ -----"----'-'-----~-~---------

\ 

. , 
, 1 
.= 
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If -" _c(t o ) represents the cost o~ .bserving the process over (O,t o ] aÎd 

L(À,X) is the 10s8 function 

1 <' 2 .. -(A - À) 
À 

* then RÀ(X.to) is defined as follows: 

(1) 

\' .. 

(2) ( 

where E ~. J 
. 

denotes the expectation with respect to the distribution 
v 

vith parameter À. The loss futl1:t.iQn in (1) was proposed by Bodges 

and Lehmann [1951], and by Gi{shick and Savage [1951]. The main reasons 
.. ":- ' 

for using (1) instead or the' classical lOBS function (X - À) 2 are the 

following: 

(a) the 10ss function in (1) measures the seriousness of errors 

in terms of the difficu1ty of estimation, expressed by the 

variance, À, 

(b) the classical 10ss function (X - À) 2 gives infinite minimax 

psk and when this happens, every estimator is minimax. 

The minimax estimator is derived from the Bayes estimator, XB ' . 

which minimizes the average risk 

.. J R~ (A , t 0) dF ~À) 
'" 

(3) 

vhere F 'ta the' prior distribution of À and IP is the parameter space. 

The minimax estimator should minimize tbe maxiJaJlll risk, not just the 

• average risk. 
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However, if for every to~ there exists ~ dilltribution F of À such ~hat 
c' 

fa;.. (AB' to) d;F.(Ù· 
tp a ~ , 

, 

, 
then X

B 
is also ~ minimax esti.m8.io,r of À [Lehmann, 1983, p.249]. The resu1t 

= ~ '.:. 
in (4) co~esponds to a situatiSn where the average risk of the Bayes 

• 
estimator, XB, is eqha1,t~ its maximum 7isk. This"happens, for instance, 

when the risk is constànt .for al1 values of À in the parameter space tp • 

The re1ationship between minimax estimators and Bayes estimators is now '. obvious. If the maximum risk of an arbitrary estimator A is 1ess than or 

equa1 to the risk of a Bayes escimator satisfyÏDg (4), chen A is alsOl 

minimax. "'The same result holds for sequences of Bayes estimators. ' . .... 

f' The foregoing is used to CODstruCt a minimax estimator of À based.on 

a fixed observation period (O,t o ]. The value of t that min~izes the cost 

function, namely to, will be determined later on. For the moment, the cost 

funct"ion is 1eft out of the derivation and the ri'Sk function considered 

becOlDes 

. , 

) 

the averag& risk vitb respect to tbe distribution P is then 

R,(X) ~ J ~ (X) dF(À) 

tp 

• 

.. 

(5) 

Observe that ~he 'ouly difference between the risk functions d.fined in (~ 

and (5) il the presence (or absence) of the cast funct.ion. " 

.. 
=-

., 
" 

" 
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, 
A Bayes estimato;r can be obtained by mintmizing the risk defined in . 

(6). but a mOre conven~ent 'way of deriving it consists in minimizing t~è ,~. 
, 

posterior risk, defi~ed'a8';:foll~"s:' 1';.,.;: t~.~, t , .. :'.,.. ..... " 

, 0 

~(h 1 n) -
• .f RX (A) ~F(;\ l 'n) 

: 

E ~ l d / h tp •• h H • S enote t e expectatl.on W1.t respect to 
• 

wbere pO. 1 n) and 

where F(X 1 n) i8 the posterior distribution of X given N - n. 

Il ~(~ 1 n) is independent of n, the p08terior risk is said to be 

inde pendent of the sample. Working with the posterior risk instead of , 
t 

the risk itself simplifies the derivation of the Bayes estimator in many 

situations. The fact that-the estimator thus obtained is Bayes follows 

easily from the next theorem [Lehmann, 1983, p.239],: 
1 

Theorem 1: Let À have distribut!ion F and let N have distribution ' 
, 

PX. Suppose, in addition, that the follQwing ass~tions bold for the 

problem of estimating X with~onnegative 1088 function L(X,A) : 
• 

(a) there exists an estimator ~ with finite risk, 
'- . , 

(h) for almost aIl n, there exists a value ~F(n) 'minimizing 

EX {L(À,~(n» 1 N • n} • 
, 

Then ~F(n) b·a ,Bayes estimator. 

/ 
The first condition in Theorem (1) fol1oYa easily from thé c:onvexity 

of the lOBs'function. 'Sinee 

) 

.------~ .. ~-,,,,,,.,.,.",-, c" - .-....,.....-------,:' •• , 'Y"-'-:-- " .' "" ----~. -_ ... i_......,.---._~J 
, ,::;.~/,~ !!~~:J>1::\~;(;'" /',:,(,; : ::~~.". ',' -'-_,:"~f', • )"" " '-: >i, " ... 
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çhe convexity of L(À,~) tmplies that for al1 .X 
'-!. 

in a, given interv~ 

(a,b), -F 
" 

aadsfies 

lb -'t\ ~ (a) + (A - a\ 1\ (b) \b - i) b - aÎ, , 
• 

The risk function o is therefore convex and thua continuous on (a,b).' .. , 

Consequent1y, 
~ 

is finite. for a11 X in (a,b) and condition (a) 

is satisf ied. 
, ~ 

1 Dvoretzky, Kiefe~ and Wolfowitz [1953] make use of the f~llowing 

~heorE!lll from decisi:on theory to show that the 'estimator nt
O is not only 
o • 

the maxïmuœ likelihood and minimum variance unbiased estimator of À, 

but also its minimax est~tor. 

Theorem 2: Suppose ,that for èvery t~O, there exists a sequence of 

distributions F k (k • 1,2, ••• ) ·folf which the~e are corresponding Bayes 

solutions ~ with the property that the posterior risk associated with 
- ~ ~ 

F~ and .A: is independent of the sample net), and suppose that there 

exists a At for which 

• , ' 

If thera exi.ts a to (o.s~œ) fo~ which 
',-

.. 

r 

.' 

L 
! 
r 
1 , 

. 1 

. 1 

- _. -~.~ .. ~ --~,,~. ~- ~,~-- -- : ' 

.f 'c':~ é: i
,( .. ~.~: 

î 

u ~:~ ~7·~, ,......,':'----- _.~; 
...... ~" 
.. <fë; .' 
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, 

c(~.) + R(t.) - min (o(t) + R~t)] 
t~O 

hold •• th~ the fixed-tÏJDe e.timator .xt • i. minimax. 
\ 

". ... -:-' , 

Proof of Theorem 12 To prove thia tbeorem, eonsider any other eatimator, 

'* .ay. with 'a880eiated t. of observation, t • ,Then, 

* IUp ~ (~) ~ 
À 

(8) 

f Il . ft-or d' k, unee "k ia the Bayes ,olution, tut il, the eldmator whicb' 

ainiœizes the right-hand .ide of (8). , . H!lnee, 
'A •• t 

• ~ li;m f'~ (~~) .up ~(X ) cŒ'k(À) 
~ , k+ 00 f(J 1 

• lim ~ (~~) -, . ' -.: 
, k+ 00 k ,. 

• sup I? (Xt
) , from (7) • 

À 
,* 

~ .. . ' 
.J 

'* ~(~t.) IUp ~ (A ). ~ sup • 
À À 

• miniDq,zes 8Up ~ (Xt ) 
~ 

Of~. Therefore, .Xt • ' Imee te over a11 values 
À 

i. a minimax estimator for À. 
'-

• 

f ~ , 

j 

• i . 
i 
& 

* .. 
~ 

i 
1. 
\ 
1 

\ . 

1 
.J 

/Ij; ,1 

t. 
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" 
Referriug nOw/to Theorem ~), Dvoretzky, Kiefer and Wolfowitz [1953] 

propos~ the ttequence of distribution functiona Fk 0,), k • 1,2,... on the, 

half-line À >0 with density: 

f ( ') • ! e-À/k 
k ~ k 

, (0 < À < 00) • (9) 

\ 
This sèquence of ,priors seems to be a convenient choice as it produces a 

• sequence of Bayes estimators with constant risk. However, the authors , 

give ,no other justification ta their choice of prior distribution. In. 

principle, a prior distribution should be ~elected by combining experience 

(ltuowledge about the parameter) and convenience, but the selection in Othis ' 

casae seems ta be based on mathematical c'onvenience only. 

Corresponding ta the sequence of priors given in (9), is a sequence 

of posterior density functions which follows easily using Bayes Theorem:" 

t 

./ 
;' 

À
n -À (t+l!k) - e . 

go 

fÀn e -À (t+l!k) dÀ 

0 
, 

Àn e -À(t+l!k) -
{ <t+:;kln+l} 

- fu. '(t+l/k)n+1 e -).(t+l!k) 

1 

., " 

, 

/ 

---~---- -- ~ ~--,~-- ,...., .~!---' .. 
~ ... ~ , 

; 

/ 



, 
1 
1 
1 

f 

L 
< 

( 

o 

J 

)1 

0 

/ 

- 13 -
• _ t 

whieh is a Ga.a density with parametera Il· n+l and e. (t+l/k)-l. . . 

. ~(It 1 n) • JEÀ~î (Xt(n)'- À)2 1 nt dFkO. 1 n) • 

f(J 

but sinee tbe samele value n is nov fixed. tbe integrand becoaes the 

1088 function it8elf, so that 

CID 

- fl (At - X)2 f 0, 1 n) dÀ 
À k 

o . 
• 

LehmaRn [1983, p.239] shows that if the two assumption8 of Theorem (1) 

hold and if the lOBS functiBn is equal to 

'then the Bayes estimator is given by 

Bere, li) (À ) 1 . -
À 

À = B 

.... 

and g(À) .. À 

At • k 

• 

so that (l0) 

E {lin l 
E {1/À 1 n} 

1 
co f î fk(À 1 n) 

0 
\ 

.. 

• 

(10) , .. 

become,fJ 

1 

dÀ 

(~ 
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1 1 • 

n! • 

• ni 
(t+l/k}n+l - (n-I)! 

• • (t+l/k)n. 

• n 
t + Uk' . 

. 
Th~ con:eaponding po8terior risk ia n.x4~own to be equal to 

Since 

? 1 

,.. 

1 
- t + lIt • 

CID 

n) - f f 1 tf~7k - Ar f k (A 
o 

, . 

. -.. 
CID 

-f~ 
o l n - Àl2 

• À
n (t+l~)n+l '-k(t+l/k) dl 

t+ Uk ~ n! . e 0 

_ '~A:~l (t+l/k)n-l .-A(t+l/k) n2 âA 

o 

1 
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CD e-,\{t+l"J".;) ..2'\ 

nt ' ~ 
• CD 

_ n
2 

(t+l/k)n-l!Àn-1 1\. 1\, QI\. 

ln !À
D 

(t+l/k)n+l -À(t:+l/k) cU (11) 
(~I/D ni e 

+ 
CD 

(0+1) f ).n+1 
(t+l/k). (n+1) ! 

o 
, 

but since the last two iutegrands in (11) constitute the p08terior denaity, 
• 

the corresponding iutegrals are equaf to one.. Thus, 

2 
_ ~ (t+l/k)n-l (n-1) 1 2n + (n+1) 

ni (t+1/k)D - (t+l/k) (t+1/k) 

n 2n n+1 
t+t/~ + t+l/k - t+l/k 

1 
- t + l/k 

~ 

The posterior riak is independent of n and hence of the 8Sarple .ainée 

n il a aufficient ,statistic. The posterior risk being constant over a,ll 

values of À, the Bayes estimator ~ ia also lDinimax for a11 k'::l, by 

t~ reluIt deeeribed earliar in (4). 

Conaider DOW the usual eatimator 
J. 

. 

• 

JleferriDa ta Theora (2), Xt is miniau i.f, firet of aIl, 

• 

, 

(12) . 
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Tbe left-h4nd aide of (12) is given by , 
R(t) • 8~P !À{L(À,~t)} 

• .~P ~IH~ -À n . 
• ~ 8~P ~ v~r { r } 
.-: 8Up rk Var { n} 

À , 

· ~ [ ~~21 
1 • t • 

. ' 

The ri.k.f~f the o~. of Bayel eotimatOro·va. 'obown ear1ier 

to be 

1 
• t+lIk • 

80 ~t the d,ght-haucl .id. of (12) beco.. 

liaRa(~) 
1t+-

. ( 

; ~ 

l' 
• u .. t+illi 

Ie+" , 

• 
.. 

1 
t 

, 

J' 

. . 

8IIcl the firac cODcliciOll of Thearea (2) ia uciafiecl. i!l The nat .CeP, coa.ai.~. , 

in choasmg a c. (~t~.,) 'for vhieh 
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hOlds, for 'th~ ,cost func1:ion . c(t) of interest. The following theorem 

can now be st'ateèi: " 

Thep,rem 3: F~r tJ1e Poisson procéas with Q' < À '< ~:. 'and 10sS" function (1), 
, , 

1, ~ ~ '", 

a minimâx estimation pr9c~dure is tO, take a single observation no at time 
> 

~ 

t - to for which c(t) + lit becomes a minLDum, and to estimate À by '. 

where 'no is the number of events in tO', to] • 

" , , + 

2.1..3 Estimators of bounded reliltive error. 

~e point estimator jùst described, 
_no " , has man,Y desirab~e properties. to 

-
Its) main advan'tages arè that ~ .' 

, , - • (a) it maximizes thç lik~lihood 'of the oDsèrVed sample,t 

(b') 'it ia unbiased ,for À, 

,(c) it fs minimax, " 
t ' 

(d) 
. ~ 

it i~ ... c'onveniént to use since On1y the nUlllb'er oLevents in :(0 t to] 
is needed, not their respective positions in the inteTVal. " 

" . ' ' : 

ft9wever, the ma~. dis~4vanta~e of t~s estimator ~s th~t it is not possible 
, . 

't~ make a confidenée,stàtement abou~ its rèiiabii~ty. Indeed, it'will be 

" Sh,?WD Sh~~tly ~hat tbe dis~tib.~~iOÎl of ~~~o l"d~pen~s on À. This 

ratio' 'Îs a reasorulble lÎ.ndicator o'f the reliabil~y of an estimator Xe . 
. \ 

.~' 
-y) ~"'fs c'F +" yt · 

Thèrefore' let 
.. 

, .. 
(1'3) 

" 
. . 

, " 

t' , 
> , .. , 

' .. " 
.' 

• t 
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.:1 .. • 
The present section i.vconcerned estimators of ''bounded relative error" , , , 

everits, p'o , to be observed usi'Ug a sampling scheme whet.'e . \ -
is fixed in advance. An A ~foÀ is said t'o be of ''bounded 

~ . 
relative error" if :Lt is to say w'Üh, confidence coe~ficient 

(1 

that A l'COy p~r.cent of 1 À, where does not differ trom . À .. by more than 

~ l.-
À. In other words, the neither a nor y dep~nd on the true value of 

• 0 

probability in (13) can be evaluated 'and does not depend on À. 

For the estimator 
, . A ~ no it.l'S to show that th' b b'l't to ,easy l.~ pro a 1. 1. Y 

depends on À. Indeed, 
~ 

~ 
Pr 10 ~ y)JO ~. S (1 + y) 1 ~ prFt.o - y) JO n. JO ,e.o +y)! 

wbere 

.(.., 

'~ 
a • Àt o (l-y)., and 

(Àto)j e-'Àt o 

j! 

.. A 
, 1 (\, 

b ,. Àto(l-fJy), but th~ is a function of 

Girshick:--Rubin and Sitgr~ayes '[1952] 'pro;~se SOij1é altërnative 
Il , 

estimation,prpcedur~s which yiel? estÜBators pf bo~ded relative error. 
1" " 

The procedure~ are discussed in terms of ,a problem of part,iele eountÏ'ng, 

." 

in .... ich a set\ of inert partiele. is ranru;..ly distrib';ted o,ver a microscope 

slide of area A. It i8 a8sumed that the ptob'abiÜty. of n "particles 

." falling in a 8ubset of area a
o 

is 

- , O<À< , 

The fo~lowing discussion is a restriction of their reBults to the ease 

wbere the ,continuous variabl~ is time instead of area. Thé results can 
. 

also be extended to problems i9 ~ighe~.~~me~~ionai Eu~lid~~~ ~paces. 

" 
" 

" 
" . 

• 
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Consider the procedure in which the Poisson process is observed until 

a fixed number of events, n , has occ~red. The time required to observe n 

events becomes a random variable and its distribution depends only on À, 
, ' 

whic~ appears,as a scale parameter. 

Tbeorem 4 If a Poisson process ia ~bserved until a specified number n 

of events ia counted, and if T 
n 

lS the time required to observe'n events, 

then the random variable 2ÀT has a chi-squared distribution w1th tn 
n 

degrees of freedom. 

Proof of Theorem 4 : ·To prove this result, notice that the event T ~ t 
n 

is equivalent to the event "the number of ev~nts observed in (O,t] lS 

less than nU. Thus, 

Differentiatins 

fÀ~t) -
• 

pr-I T n ~ t 1 = Pr 1 N > n 1 

... 1 -

-
F

À 
(t) with re!lpect to t gives 

Àe -Àt + 2: (Àt)j Àe-Àt - (Àt)j-l 

j-l' 

(Àt)n-l Àe -Àt • 

(n-;-15 1 ~ 
, 

) > , 

j 1 

t ~ 0 

"À -Àt J e 

n > 0 

, . 
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lt n9w follows easily that the moment generating function of 2ÀT is 
n 

(1 - 2x)-n which is the moment generating function of a chi-squared random 

variable with 2n. ·degrees ,~f freedom. • 
The following theorem ensures the existence of· an estimator of bounded 

'relative error~ with the additiona! property that it is minimax: 

Theorem 5: If À is a scale parameter and is the only'unknown parame ter 
! 

~ 

in a distribution, then there always exists a minimax esti~tor of it'which 

is of bounded relative error, with a confidence coefficient a ~hich is 

ind~penden t..of À • 

The proof of this theorem can be found in Blackwe11 and Giràhick 

[ 1954, p. 318 J • 

Suppos~ now that an observation T 
n 

is made, where T is, as ~efore, n, 

the, time- required to observe n events. Le.t 

• i!... 
T 

n 

.' il'- be an estimator for À, where b is a given positive numb~r. 'If Y is 

the- desired bo,!nd 'on the relative error, then 
" 

pr !X(l ":;) ~_~ ~ À(1 + y) 1 Pr 1 r: y :li ÀTn 
b 

r 1 - ~ 1 ~ 
n , " -

~ J n-l -x .. x e dx , 
, 1 (n-1) 1 

, 

c 

- • Gy\b~) , say, independent 
c' 

of ÀJ 
., 

-. ~, ~~ . 
, ~ "'" b hl : .1J!'''' 
w1)ere~ c • and d - ' " 

" l. + Y 1 - y. .- - 1 . . ' . 
\ - .' J .-

1 
: .!~ .. ' '. -, ,.,t.- -:-tocl

' \ " ~~t; f 

'-, . 

, 
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- Clearly one would like to find that value of * b , say b 
, . 

~ for wh1ch 

Gy(b .• n) is a maximum. Because of the 8hap~ of the Gamma distribution, 

as b varies from zero to ~~inity~ the value of Gy(b.n) increases 

* ~ continuously from zero to a maximum value G (b ,n), and then decreases y , 

* again to zerO. To determine the maximizing value 1?, consider 

Using the Fundamental Theorem of <:;alculu8. 

[ - b 

:b'[Gy(b,n)] 
n-l l-y b 

Ù
e
_ y)n - (n - 1) 1 

b 
. l+y 

- f 
o 

- b 

e 1+y 

\ 

(1 + y)n ] 
" if 

The maximizing val~e b is the single finite positive value of l b for 

which 

.. ' i&h<b'U>] - 0 • 

..t 

that is for -which 

n-l [ -b/l-y .-b/Hr] '" b e 
0 (14) (n ,":" 01 - • (1 _ y)n ~l, + y)n 

..... _ ....... _~_ ...... A.~ _ 

'.,. l.f~ li'" 

7"[ ".,,--.--- --- - , - -

:. ::tj 

-----:--;r--- -: -

_......l-~_~ _,1 _. __ ' __ ~_'.: ______ ..: 
, , 

-,~ ___ ~ ..... --->..o ....... __ ~ __ _ 

, 

,1 

'~~--.-,,--- ....., 
1 



, .. 

i 

1 
1 

! 

1 

( 

- 22 -

... . 
The nonzero solution to (14) is given by 

* b = 

" 

2 
nO - X ) 

2X ln l.!....!....r 1· 1 - X 

* and the corresponding value of Gy(b ,n) becomes 

,= , say , 

where { 
nO - y) 1 ~ 1 + xl nO + x) ln,[ 1 + xl} 

2y n 1\ - y' 2y 1 - Y . . ~ 

* For a fixed value of y, the functiori Gy(n) is a sihgle-va1ued 

monotone increasing function pf n. The mono~onicity of implie~ 

* that, defining no to be the least integer such that Gy(n) ~ a , the 

function no = Ry(a) is a single-va1ued monotone increasiog function of a. 

In otner words, the number of events that need to be observed increases 

w:Lt:h the confidence level. required for estimating À. 

Choosing no to be the 1east integer such that 
?' 

.. f 1\-1 -x 
x' e 
(n-l) ! 

dx 
Cl (15) 

.J. 
an exact sequentia1 procedure can be app1ied by taking observations in 

-----.- ' 
sequence, and by computlng after each observation (u-l,2, ••• ) the value of 

1 

The procedure terminates when the inequality in (15) is satisfied, 

and the resulting value of n LS ca1led no_ 

__ , ____ , _--l.-. ____ ........ __ ~ .. - '.., ,--..- ..... -

,'" ......... ~,~/~,~J.: .. _ ,f,t~~" ~( 
'.-~ . 
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.. 
b - -r­no 

- \ 

• 

To measure the efficlency of this procedure, and to avoid the repeated 

evaluation of the integral in (15), one may approximate the number 'no~ of ,. 

observations required to achieve the desired degrée of accuracy, for different 

values of y and o.. 

For n > 40 , the distribution of {V 4À~n -, " 4n is 

spproximately Normal with zero mean and unit variance. To prove this result, 

consider ,the random variable 2ÀT 
n 

which ha~ a chi-squared distribütiQn with -.. 
2n degrees of freedom. Then, by the Central Limit Theorem, the asymptotic 

distrib~ion ~f the random variable 
\ , ~ 

2À'r - 2n n 

is the Normal distribution with zero mean and unit variance. Now, eince the 
v 

range of 

Theorem 6 

2ÀT i~ the set qf aIl positive real numbers, then n 

~ 

As n+ oo , . 

Hl P~ Iv 4ÀT~ :a k!, t 2ÀT - 2n ..J 4n ..: 1 e:t Pr n 

. ~ 

" 

• 

f • The proof of Theorem (6) ia given here for ,the sake of comp~~tenesa. 

,- .. 
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( 
. ' , ' 

Proof of Theorem 6 : .. 
. . 

'lim pr/V4>"Tn - V4n-l'~ ~l· 1i.Di pr/..J4>..Tn -..[4n ~ k) " 
n+ co n+ 00 . .' 

• . lim pr/"mn ~ ~ + ~l' . 
n+ 00 • 

<r 

- • lim Pr / ~ATn ~ k
2 

+ 2k..p;; + 4n) 
n+ 00 L-

''. lia pr'i 2>.r ~ k
2 

+ kV4n + 2nl 
n+ 00' n 2 ' , 

"{2U-2~ 2 } 
: 
; 

l' P n < k +k • . ' 
n+ ~ r F' - 2{4n . 

; 

{2>.r - 2n n} • .. Um Pr n 
~-f- 00 - • ,J4n . • 

• 

, 

~,- ·r'-----:... : -~-.. T~I.,;,t. ~·.-s'~" .~Jr..;.':-,.iI,.~~"::.'i'ibJ;..1~ . ,',' ./;:;;!t;~Z.:J;~: :~i.'1'é· .:1: ':~'.:.:;">'" ~:;.!i'. .i;Wr:~J;.Ji~,;~~.[J· .~~?;~ 
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.. , 

Since 0 <. y < ~, a further approxi1D!ltion ca~ be obtained by replacins 

~ Inl~!il by itB TayÎor series expansion, to get 

.L lnl.!±Y1 Oi!'.!... {2 [y&\+ l: + l. + i] J 
2y l-y 2y 3 5 7 . 

. . 

Nov, aince n is large, ..J4n - 1 can be replaced by ~ to get 

1 
2 4 61 

4n(1-+;) 1 + t + f :.. j -..p;;. 

.. ~{[ 1 + f + Ii + ~8 l]- 1 J 

.~ t f+ i> r~ y3 } , 

"-'-"" and equivalently, 
t "'~_--' __ _ 

• 

. * ,Therefore, Gy(n) can be approximated by 

-

G~(n) ... ~{~[f + h + *sv3
]} - ~t~[~ + h -faoi]} . 

• 

.f 

, . , , 

, 
, . , 

1 
-1 

t 
l r 
~ , l 

/ 
\ 

" 

! 

l, 

1 
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~ Por values of y and a wbieh are generally of practical interest, 

a good approxima~on for the required value. of '. ,given by th~ relation n 18 
~ 

~.lf+ts~1 .' Za'· , (16) 

~ 

.ere Za ·is the value for which 

~{Za} - cz,{-Za} r 
• a • J 

, . 
Tabler'[l] gives the value of no 

\ 

for y. 0.01,(0.01),0.10 and 

a • O.90,O.95,0.9~ , using the ~pproximation in (16). 
1 

If the loss funetion i8 taken to be 

~ y • 
• ," 

1 otherwise, 

th~n the est~tor A(I) 
no 

" 

1s the best invariant. Sinee the 1088 function 
" 

is bounded, it is a180 minimax [Girshick.and Savage, 1951]. The risk, defined 

aa 

• 

• 

.. 

1 

/ 

! 
1 

/' 

t , 
~ 

. i 
i 
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and Sitgreaves [1952J present a table of values o( Girshick, Rubi1J 
1\ 

Gy(no ) for four values of y (0.01, 0.0'5, 0.10 and 0.20) and for 110 S 40. 

For values of no larger than 40, one can use the Normal ap~i~ximation 

described earlier. 

1 

Interv.l sampling ,/ 

The\authors also propose another procedure of bounded relative error. 

Instead dlf obs~rving the process continuously until n )events have occurred, 

it may be more convenient to adopt a sampling procedure consisting of 

observing Icounts in k subintervals. In the j~th s»binterval, the process. 

is observed until a fixed number n. of events is counted, with t n. - n, 
J j-l J 

and with the provision that the subint~tvals are nonoverlappin~ 

. This procedure will be useful in some situations where the process 

cannat be observed continuously for long periods of time. The information 

collected in different non-adjacent time inte~als will be sufficient to 

estimate À. Another situation where this procedure may be more convenient 

is when many realizations of short duration are available from the Poisson 

process, instead of one realization over a long time interval. 

If T. is the time required in the j-th subinterval to observe n~ 
l J 

e.vents, then À is estimated by , 

~(2) • * b • , 
k t T

• j_ J 

* _ere b is determined as befor,e. 
:,~ 

ç 

. , 

, 
1 

~~---T., ~"',. ,-:- --~:-n:-.~\.-l-:-:-'-- - _1 
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Since each of the ÀT~ is independently distributed in a Gamma 
J / 

distribu\~on with parameters a - n. and a-l, their sum has a'Gamma 
J 

distribution w;th parameters a-n and a - 1, because of the additive 
:. 

property of the G8D1D8 distr-ibution • The theory then goes through as before. 

The two main classes of estimators proposed in tbe 'previous sections, 
) 

namel~ the fixed-time-and fixed-counF estimators, are somewbat difficult to 
l ' 

compare. '~Iù the f ixed-tiœ procedure, the number of events, no , 1s a 

random variable, wbereas in the fixed-count procedure, no ia a constant 

whose val~e depends on the deaired degree of accuracy. 

In the first procedure, the t1me of observation, to, is ,chosen to 
o • 

minimize the cost of observing the process. Even though the second 
1 

proc'edure produces an estïmat6~ of bounded relative error, an obvious 

criticism of thi~ technique is that it does not take into account the cost 

function. Once the confidence coefficient a is selected, no is chosen 
\ 

, \ 

to maximize the probabi1~ty that the estimator lies within \the predetermined 

bounds on the relative error • 

. A variation of the bounded relative error criterion just discussed is 

given by Birnbaum's 
• 

[19~4] suggestions ;f two estimato~s which~inst,ad of 

minimizing the relative error, minimize the absolute error. '''--J 
( 

2.1~4 Estimators of bounded'absolut~ error. 

Thé absolute error of an estimator A of À is defined as 

, 
• 

,j 
1 
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The firet method proposed by Birnbaum [1954] consists in 9bs~rving 
-

the process until a specifi~d number, no , of events have been oQserved. 

If T denotes the time required to observe na events, it is possible 
n. 

to find values of L and U such that '~ 
\ 

j 

• (17) - pr{2~ ~ 
no 

• a 

The values of L and U can be found in a table of tbe chi-squared .. 
distribution with 2n. degrees, of freedom. According to (17), a is the 

? probability that'the true value of ~ satisfies tbe inequality 

• (18) 

Given this inequality, the maximum percentage deviation o~ ~ from an 

estimator A is minimized by taking 

811d this 

~ 

• L+U 
4T no 

, 

maxt.uœ percentage devistion i. equal 

" 

1 X - AI ·max f -A 

• 

... 

L+U 
~ 4T 

'0.0 

max 
~ \, L+U 

'4T no 

L+U 
4T 

L - n-
no 

L+U 
) 4T o. 

1. 

. . 

n. 

to 

,. 

• lOo. % 

• 100 % 
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, r . U - L 
• l ' .' /100% U+L 

• e: , say • 

The absolute error ia therefore equal ~o .. 

rI U - Lf 
'U + L~ 

/ 

("' 

Bowever, tbe magnitude of this bound caqnot be uaed to de termine. the value 
\ 

of no necesaary to aatisfy it. The re~8on for this is that the bo~d 

itself depend~ on the value of ~. 

The second method has the adv~tage of producing an estimator vitb a 

prescribed absolute error, that is an estimator X· such that 
, . 

where a â1'1d "y ~re fixec1 poeitive constants.-­ • 
'" 

• 

" 

Let n be a positive integer. Observe Tu' the t~ r~quired for the 

oceurreace of u events. Let 

, . 
c • 

for {2C~ 
n 

Perfora additional observation of the.process 

sad let Nt be the number of events observed in this period. Consider the 

e.timator 

• 

~ 1 

_ r ~_ ~,.. .. _ _ _ ~ 

" , , ' , 

• 

• < 

1 
j 
! 

'1 
l 
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" The fâet that ~, satis~s the'conditiqrt in (19) is demon~trated 
" 

Notice that 

, . 
È{ X·}. ~l2etn~'1 

• ,-2e El E { T~ N' 1 T~}l ' 
.' 2e ~ 1 Tn E.{ Nf I,'Tn} l. , ' , ., 

- 2e,'E 1 T .~....L.)! ' , n 2cT " . n 

• À 

- ~~ { Ejg{;TnN.)2ITnll.~. E21E{TnR,'ITn}l} . 
, -4c~{ +! E{(N.)2i~Jl- g21 Tn E{N·IT.}!} 

_~~2{ E1T![~ + 4):;,]1- E21TnI~1!} 
~ 4c 

2 
{ Ehfl + E1$1/ &1 ~n 

" 

but sj.nce 2).Tn has a chi-square4 distribufion with '2n degrees of freedom, 

.' '2 l ' , t vaJ\{~:} ., 4e 14ë' (2,~) 
, , 

• 2en' \' • 

, , ' . - - .---------
, ' 

-- -~---,.~- -- --- - - -- -- --~- " . . ' 
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Then Tchebychef;~s inequali~y, gives 
) 

1 2cn 
- y2 = a. 

No further investigation has been made so far to de termine the optimal 

choice of n, that is, the vatue' that will minimize ~he'ad4itional amount 
.., 

of observation 2!T' ~ithout ~estr~yin8 the de~ir~d·pr6pèrties of the 

< resulting 
n 

estimator. 

, 

-{ , , 

AlI the methods described so far were based on the analysis ofPthe. 
'. 

number o~ events, no , in fixed or random time intervals. 'Npne of them 

made use of the particular instants of ,time at which the events occurred. 

the fact that no is sufficient for' :>,. lt exPla~ns the frequent 'use of the 
., 

Poisson analys1.s, and the following cOlls,iderations jusdfy,- it. as well. 

) 

2.2 ,'Exponential analysis. 

, 

If represeht 'the times of oc~urrenc~ of n succeS'si-..e 

events and if X. is defined as 
1. 

• 1 

\ 

X.- • 
1. 

T. - T. 1 
1. 1-

, , 

, 2 •••• ,u • 

wi,tn. Xl - Tl ' it is well .. known.'that the' X. '8' are ina,pendent identically 
l " - 1. • • 

" 
having an e~Ronentia'distributi~ witn . . distributed rartdom variables 

\, 

, ",. 1 
parame ter -e - r. Then the usual estiJD8tor is 

, 
' . 

...... 
1 xE ~ _ n 

2:x. 
~ 1. 

, 1.-1 

" 

,) 

, .' 

. . 

, . 
, 
i , 

1t' --' .~~--~~-J -...,.......-- -
H 

. ' 

_ ù l:~'~~ --;;~~\~::; 1 l' tt. 
" ~ " ~ \ J, Jo.. 

L ,,\., ~ '. • Cl . ' G " ' ... t 

- , .~ '''. .. .... 
, .. ~ '.. 

. , 
~.' 
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This estimator will have the ~ame value as the estimator A =.~ 
to 

apart from a marginal difference due to the fact that the time stretch 

considered may not be precisely the same in the two cases. 

The analysis based on intervals between events i8 likely in many 

~àses to be more expensive than counting ~ve~ts falling i" assigned 
, 

• 

intervals, whether it is do~e by conti~ous observation,wit~ a s~op-watch 
/ 

or by automatic recording. Since bo)th estimators are essentially the same, 

the analysis based on counts is ~ually preferred because of its practical 
/ 

convenience and its lower cost~ 

The following sections are specially concerned with estimation of the" 

reliability function associated with a homogeneous Poisson process. 
'> 

\ 

• 
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3. Estimation of the reliability function 

•• >-

If (9-T] denotes a fixed tlme interval. then the reliabil~ty' function 

is defined' as .. 

. ', 
, -ÀT .. P+T - 01 .. e 

.. prlX l ~ TI 

\ 
where Xl denotes the time to the first event. In the reliability context, 

the parameter À represents the constant failure rate and the "events" are 

called "failures". 

It is desired to estimate r
T 

(denoted hereafter by r) for a ~pecified 

value of T, based on a record of past events over a fixed ,time toe The 

intervals (O,t] and (O,t q ] will be called hereaftel: "mission period" 

and "observation period" , respectively. (le is also possible to ~stimate 
- , 

r based on which denotes the mean of the tim& intervals between the 

first k failures, or to combi~e information on counts from k intervals 

(non-overlapping) of length (O,t o]. This particuiar case will be the 

subject of a later_' section. For the' JDOment, it is assumed that onl1' one , 
- . 

interv~l is availahle for observation.) 

• 
3.1 Estima tian based on one interval. 

In the absence of, any prior informatiçn about the unknown failure rate 

À , the maxinrum likelihood estimator 

estimator r MVUJ may be used. 

.' , " 

... 
r ML or the minimum variance unbiased 

1 

, 1 
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3.1.1 The maxiID\1lD likfi!lihood and minimum variance unbiased estimators of r. 

The maximum likelihood estiuiator of À was shown earlier to be , - . 

=- no 
te' 

so that by the invariance property, . the maximum likelihood estimator of r 

is given by 

- e-~T 
r!:{L -

no ~ 

--T 

• e te -
, 

The minimum variance unbiased estimator is equal to 

... 
r • MW 

, T < to • 

To prove the'unbiasednes, Wa have 

-
- -).t. Àto Cl - TIto} e e , provided T/t. < 1 , 

-AT ' 
- e 

-- --,.- 4 

1 

f 
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, The fact th'at thrs estimator is also the ~um variance unbiased estimator 

for r follows from the Lehmann-Scheffé Theorem [Lehmann, 1983, p.80]. 

If the assumption of a prior density, gO,') , is justified, the Bayes 

estimator rB ' by definition~ has 

therefore be 'used. 

the smallest meao risk and shou1d 
" 

3.1.2 The Bayes estimator of r'.' 

'I;hroughout this 'discussion, the loss function is assumed to be 

- 2 (r - r) 

and the prior density of the random variable A is taken to b~ 

(20) 

11\ 4' 

1 

gO') = 
! 

1 -À/a -e 
a 

O<X<OO 
\ 
Î 

(21) 

where 'a > 0 is known .. This prior was proposed by Beg and Alam [1977] 
J 

without any justification, other than mathematical convenience. 

The Bayes·esti~tor corresponding to the 105s function in (20) is, 

according to Lehmann [1983, p.240j, 

(22) 

where no 18, as before, the observed number of failures in the o~servation' , 

period. (O. tol. Henèe, 

CIO - Jr f(rlno) dr " r
B - , 

\ 

0 
CIO 

J e-ÀT 
f().1 no) d)' -

0 4 
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whete À represents the value of the random variable A for this 

particular realization of the proeess. 'Ple posterior density. f (À Ino) 

" 
was shown in the pre~Hous ebapter' to be 

À~o [ 1] not1', -À(to + lIa) 
- --r:"1 to + - e no a 

so that the Bayes estimator beeomes 

CIO - J -ÀL Àn~ [ 1] n.+1 e-À(to + l/a) dÀ r B - e - to +-nol a 
o ' 

1 

/ 

-
-

CIO 

(~o + 1/a)no+1o JÀno e -À(to + l/a + t') dÀ 
nol 

(t. + l/a)110+1 

nol 

Q 

.·f (t. + l/a) lno~H 
/ [Ct. + lIa) + iJ 1'>0 

- \ #If _ 

ComparisOn of rMJ.,.\ r MVU and rD in terms of m.ran risk. 

The riak functi~ associated vith the max~ likelibood es~imator 
-r ML is by def~ition 

Let t _1.. 80 that th~ riak funeeion becoa.s 
ot. 

1 
-21' ~no' 

• .E e ~ -
-À'[' 1 -'fi ~ n. -lA '[' 

2e E e ~ +. 

, 1 

, 

\ 

(' , 

------............. ~* 

1 ee, .;\' 

r'" ____ .. ~, \ - ~ • ..--. J ---; , -.;---:;_~ ___ J 

~.,; ...... - "" ." 

'/ 

" 
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CD 

~):r~-itj 
- Ze L: 

j-O . 

The mean risk with, respec~ ~he prior density' _ (ZI) is equal to 

\, 

E 
{
"'-Àto[l- e-2~] 2 .-À[T + t.(1- e-~)] +' ';'2ÀT}_ 

• e -e 1 e,' g . .• 1 

• CD • 

~ + Je-ZÀT ! e~À/a cU 

. 
l' -"A/a ..s' - e \U\ a 

. ! {' je~À(~/a Cf. too ... -;!;f»cP.·: 2 j.-À;l/. + T+ •• <1 ... -8'») cP. 
-0 0 

, + ie~À[l/a: 2T) cP.} 

- ! { . 1 -25' - ____ 2~ ____ ~~,.. '+ :,.1+ 2T J 
lIa + t.(1 - e) 1/a + T + t.(1 - e' ) 

- 1 + If 0 (1 - e -2') 

1 2 1 (23) 
1 + If + ". (1 - e -,) + 1 + 2' ' 

wh.re If - at' and 'l'o. at •• , 

to 

The riak funct~on for the minimum variance unbi.a8~d eetimator is equal 

- El;;"" - ~l2 IHVtJ· ~ 

\ 
''';. . ' 

. . 

; --

\ ' 

7" 
.. ; 

) , , 
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where "" as before; 
'; 

, 
00 __ 

L(l-t)~j 
j-O 

-Àt _ e 0 

, "" - --"---~-
, li 

\ .. ',. 
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~ E{ fi ~ ~.r ~ ~~AT}2 
j \ In o À j ln~ , 

... E 1 (1 - ~ 2 - 2e - TE l (1 - a') i' + e -2À T , 

\ 

-lT(2-3'). -2ÀT 
... el' - e 

, , 

-2À'[ {À3'T 1 } ... e e-
. . 

1 

Th~mean risk of the minimum variance unbiased estimatoi becomes 

00 

J -À't(2 --3') 1 -À/a 
• e ile dÀ 

o 

. ! {f -),[1/.+ ,(Hl) dÀ 

· ! {lIa + !(2 -" -

1 1 
- 1 + 1l' (2 - â') - ~1-;:'+--:2""'1l' 

• (1 + 2'1') [1 + V(2 - 8')] 

- ----

, 1 

/' 
/ '",-

/ 
/ J' 

(24) 

" 

",' 

;; 
! ' 

i 
Î 

,,". ~ 

~.~-.- M~r ..... ~ .. M;:- 7~'":! .. ~. - /,~ ~~. A'.r. -:"_~,-:.:, f~""'"~--'.j""'_-__ -"""""'",=..,.r'-n_.~:';-"::~}~!"~1 _ .. n ~ ,,1. • ".0' ... L ..• L ... ~:"'" .... '?ï~:ez ... '"" ..... "'_ s;..J .... &;:t"'~~~J 
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The risk function associated with. the Bay~. '~stimator 'is given by 
'" 

Rr (rB)· E 1 ~B - r 12 

(t o + 1/a) + 't ' 
........ 

. E {[ (to + lia) jno
+l _ e _!'[ }2 

1 (
. )2 (no+l) ~ . )nO+l 1 • E (to + lIa) _ 2 - (t.- + 1/a) '" -ÀT + ,-2)''[ , 

(t. + Ua) + T (to +, l/a) + te. e 

2l1e-À't E{ J.I }n. + e-2).T , 

/ 

~ 
l'her. Il • ~t~~; ;,!fa! i) 

00 

-À't)' J" 
- 2lJ~ f.:cf lJ 

, 

-2).'[ 
e • 

-2À'I: e 

The _an risk .vith respect to the prior clensity (21) ia then equal to 

1 

-À'[ - Àt.(l - lJ) 
~ 2J,1e , -

1 -)./. ~\ -e QI\ 

a 
\ 

CD 

+ Je-2À
't ~ e-À/a dÀ 

o 
• 

() ..l o.itting the leuathy cletail. involvecl in the .implific.ation. th. _an ri.1r. 

becoM8 

• c , 

l 

, ' 

• '. ':.:-.~ ';> :-·~1.;;;.~~~:".t5;'~,:i·;.~;;i:.';~~~l,",(,~_~':;'u':;'};~~:;~;D~Z:~:;t;f:'.:.> .. ·" ".,zJ\T·~-;::'~~5c:~!iq;;a:(' "" 
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(t o + 1/a)2 . II 
(to + l/a + T)2 

.. 2(to + l/a) + _.;;;.1 __ 

.. 1 {(' (t o + lIa> } 1 + 2aT 
(t o 1" l/a +. T) 1 + at + ato ~ - (to + lIa + :r> 

• 
(1 + 2V> [(1 + ~)2 + '.(1 + 2~)] 

• \ (25) 

Of the three estimators conaidered above, the Bayes estimator, bj 
1 

definit ion , gives the smallest mean risk, provided the cholan prior denstty 
\.' 

doeseorrectly represent the true density of À • To compare the two 
" 

classieal estimators r
ML 

and r
MVU 

f consider the situlltion where the 

mission tilDe , t , is much smaller than the obaervatik t~ tG. Onder 
\ 

these eircUlDStances, e -'!' ean be approximated by 

• (26) 

.. 
.. 

In practice, one should a1ways be wary of estimating r from an 

observation period to le •• than .i •• ion~period T so that thi. 

a.sumption agrees with common sense. 

Uaina the approximation in (26), the _an risk for thè maximum: 

likelihood eatimator satisfies 

l 

, \ 

,~ } 



( 

="" 

·fl 

- 42 -

1 4 1 
• 1 + 2'i'U - 5') - 2 + 'i'(4 - â') + ":"'1"='+""""':2~'i' 

- 211'1' (1 + V \. 

2E (2E + 1) 

, . 

20 + 2'1') • 

. 
The mean risk for the miu~ variance unbiased estimator cau alsa 

be written in terms of 'i' and E as followso According to (24), 

_. (1 + 2'i') [I + 'i'(2 - j)j 

2e 
• U + 'i'(2 - &C) 1 

• 

2e • 

",' 

To cOIIPan 
- ' .. and rMvu for tbe aituation conaidered, let 

, . , 

_ k 

where 1.
8 

clenot.. the approxÛlate value of 
D 

1. • 
8 . .. 

• 

\ . 

Î 
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This shows that for the situation cc!msidered (TIto small) t the maximum 

like1ibood estimator.~s almost as gooa as the minimum variance unbi~s~d 

estimator. when the basis for comparison is tüên to be the mean risk. 

3.1.4 Campari.Oll of rML and rMVU in terme of bias and mean-squared error. 
9 .. 

. In the absence of any prior information about ~. it may be more 

ap~ropriate to compare the maximum like1ihood and adnLaw. v~riance unbi.sed 

estimators froa anotber poi11t of view. 

-. ' 

_f 



i 
" 

" 

The numerical results given in the paper by G~er and Hoel (1970], 

and ~xpanded here to a higher deg~ee of accuracy, may perhaps furnish a 
\ 

guide to choice of an estimator under given circumstances. Comparison 

ia baaed on bias and mean-sqùa~ed error and is carried out numerically . 
for different values of the ratio mission time : observation time (T/to). 

lt ia, assumed again that on1y one interva1 (O,to] is available for 

observation and that the eS,timation is- based on the number , no , of 

failur~s in this intetva1. The case where more thau one interval cau 
. 

be observed will be discussed in a later section. 

Consider the max~ likelihood estimator 

... 
r ML • 

-
no --1: 

e to , 

whoae m-th moment is given by -

• 

CID { , _ 1!! }j 
-ÀteE At .. .;' "to 

e "1 " J 
j.-o 

t'Dl --
• 

-
, 

• 

Puttiq • - 1 (27). it la po .. ible to infer frOli \ ) . 

• 1 

(l7) 
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T, 

2 ! 1 - e to 
!::::: 1 -11 '( + '( 

t: 2t; 

" j/ 2, 
'( ~ '" = to 2e; 

< '( 

l, 
~o 

that 

Renee the ma~imum likelihood estimator has a positive bias. However, as 

the observation tim~, to , beco~eS' large, the 'bias a,pp~oaehes zero. 

Similarly, the variance of·. rML is derh~ed' from (27) 

• 1 

Observe tbat the variance also tends to zero as to becomes large, 
.. 

Which together with the asymptotic unbiasedness, implies the consistency 
i 

of ~be maximum likelihoo~ estimator. It should be noticed that the 

c9n~istency also follows, under certain regularity conditions, from the 
, ' 1 , . 

fact that the estimator is basè~ on independent an~ idènticall~ distributed 

. random variables. 

. The mean-squar~d ~error of the maximum likelihood estimator was 

" 'determined earlier in chapter (3), p. 38 : 

, . 

. ' 
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o ~2 
1
- ~ -À't' E r - e . 

ML 

" 

= 

• 

The minimum variance unbiased. estimator'was shaWn earlier ta be 
" 

-r = 
,MVU , 1 

l' Jno ' 
l --to . .. , . 

lt is perhaps ~ppropriate at this point ta notice that when l' = t o , 

that is when mission tUne' equalS observation tim~,. the e.stimator -r
MVU 

t \ reduces ta 

l if no = 0 
= 

o if no ;;:,1 \ " 
1 • • 

The latter has the advantage Qf be1ng distribution~free, that is it does 

t> 
not aepend on the assumption that the p'oisson model is true. However, 

it tenqs to be inefficient if the Poisson assumption is justified. lt 

should also be noticèd that if 't' ~to ~ that is if mission time LS larger 
- '"". 

than obse~ati~n time, the esttmat9r r~ becomes nega~iv~ for odd 

values of no. In this case, one must define, " , 

î 

... * r MVU - lDiLX' (0 • 

, 

However, this situation is not likely to be encountered rôr reason§ 
\ 

( mentioned earlier. 

.' 
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-The m-th moment of r~ 
MVU 

can be found directly 

E { (1 
m 

E {rMVU}m = 't/to)no} 

co , 

I(1 
't/to)mj (Àto)j e -Àt o 

= j! 
j-=O 

'00 

= e~Àto L[(Àto) (1- T/to)m] J 
j l ' 

j-O 

e-ho Àt o(1 - m 
- Tito) 

e 

= eXP{-À to [1 - (1 - T/to)m]} (28) 

The mean-squared error (or variance) of 
.. 

is then equal r
MVU 

to 
l' 

( 
2 \ - " E { rMVU - e -ÀT} II' 

MSE(r
MVU

) .. 
\ \> 

o} 

which( approaches zero as the observation time to becomes large. 

• L 
The values in Tables (2), (3), (4), and (5) illustrate the behavior 

of the maximum likelihood and minimum variance unbiased estimators. The 

ratio mission time : observation time was chosen to "be 0.1 but the 

results are al80 given for Tito equal to 1.0 lt can be seen that in 

order to decide which estimator should be used, one must have an idea of . ~ 

the, true value of t;he reliability function r • 
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If the ratio Tito is equal to 1.0, which represents a rather 

undesirable situation, the maximum likelihood estimator 
... 
r

ML 
should 

definitely be used, unless r is ~xpected to be very small (r:ii 0.1) • 

.Although it exhibits a larger bias than 
... 
r

MVU 
(whieh by definition has 

" 
no bias at a11), it compensates by having a substantia11y sma11er 

mean-squared error. 

However, if Tito is taken to be 0.1, the maximum likelihood 

estimator should on1y be used if high reliability values are expected. 

Otherwise, the minimum variance unbiased estimator should be adopted as 

it exhibits a slightly smaller mean-squared error. 

3.1.5 The jack-knifed estimator of r. 

, 
, 
\ 
\ 

.. 

In addition to 'the two c1assical estimators deseribed in the previous 

section, Gaver and Hoel [1970] also propose a new estimator which is a 

modified (jack-knif~dJ ~ersion of the maximum likelihood estimator. 

The jack-knifed proce4ure proposed by the authors cansist&. in 

dividing the interv'al (O,t o ] ioto c equal, non-overlapping intervals 

f d t • t. - to . 1 2 o ura 1.00 , 1. - " ••• ,e • 
1. C 

Let n. be the observed number 
1. 

of failureB in the i -th interval. 'the ra1ldom variable N. has a Poisson 
l 

distribution with parame ter , and N. 
1. 

iB independent of 

i " 
j • 

Let r(i) aeoote the maximum 1ikelih~d estimator of r 
( . 

by deleting the COUDt for the, i-th interval; for ins tance t 

-

N. for 
J 

obtained 
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Next, form the "pseudovalues" 

/ 

... (i) 
r ML 

.. \ " 

, 
Under some regularity conditions given in Brillinger [1964], the 

~p.eUdovalues W~~l reduce the bia. of the regular maxu.wa likelihood 

estimator. Finally, average the pseudovalues to obtain the jack-knifed 

estimator , 

\ 

c 

r JK(c) = 1 E ... (i) c t;"ML 

i-l 

c ... (c-l) Er(i) - cr
ML c 

i-l , 

Defining 

~) -
-

the jack-knifed estimator can now be written as ,. 

-LT (c-cl) ,f"e-f(i)T 
rJK(c) - ce ~ . - ~.~ 

Let d _ c-l and 
c Theu tqe expected value of r .nt(c) 

given ,by 

• 
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deE e-~ T 
{ 

- (i) } 

Looking at the expectation of rel) for example, 

• exp -dÀto(1 - e ) "{ . -~/d} , 

so that the expectation of tbe jack-knifed estimator becomes 

, 
The mean-squared error of rJl{(c) is then equal to 

• 

Nov, 

1 
(i), ~. (i) ~2 i - 2 2 -2 l' - 1" -x;.;. l' 2 - T 

E { r JK(C>} • E c e ~ -2(e-l)e ~ te + d· e ~ 
. 1-1 . 1-1 

~ " 

The expr~ssion on the right-band side wiU n.ov be ~ivided into three parts . 
and each term vill be duIt vith aeparately aa follova: 

" 
___ ._._.J 
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(29) 

(30) 

Looking at (29), 

I
-~'[ -~)'[ -~'t -~} '[1 

Ee e ·+ ••• +e e 
, . 

1
-~[n1 + (1+ c=l)nZ + ••• + O+'c=1)nc Jl 

• c,E e 1 t 
and using the fact that 

r c _l+!.d+l y+ ~- 1 d d 

the expectation in (29) becomes 

, \ 

, , 

. ' 

LookÏDg now At, tbe expectation in (30) , notice tbat it ean a180 be vritten 

~) .s fo11owa : 

>, 

'\j 

", 

- ~ - .0-.....,,- •• ...- ç..~ i"t ------_ 

r ",)' ~'~ , , 1 

~: - t .. 
~~-------~----'------------ -- ---~ - -~- ---_._-~~~--
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. 
- cexpl-cUtoU - e -2t/d)1 

~ -(n2-+n3+·· ·+nC)~/d -(uI+n3+·· ·~c)~/d l 
+ cCc - 1) E le e ~ 

l, -2'1/d! + c (c - 1) B ~ e-s'/d(n t '+n2+2n3+·· .+2nc>l 
- cexp -dÀto (1 - e .) 1 ~ 

- cexp !-cUt. U - e -2 ao/d)! + dc-l) H e -23'n3, d r: H e -:l'ni/ d ( 

- cexp I-.lÀt. (1 - e -2<f/d)1 

" + c (C-l)expl- (C;2) Àt. U - e -n'/d)! expl- {~t. (1 - e -:t/d)! 

_ cexp!-.ut.<t - e -211/d)j ... 

+ c (c-1);"'" 1-
1 

À!o [(':-2) (1 - e -2:f/d) + 2(1 _ .-:t/d)] 1 

HeDce, 

2 1 -2-1.~ c exp -Àt. (l - e .) . : - - - , 

p ~ ! 1 -t. ... s'{d+l)/dJI - 2c(c-l)exp -Àt. ë (1 - e > + d(l ... e _ . >J 

! -2'1/d 1 (lI) . + d(c-l)exp -dÀt. (1 ... e ) 

2 1 Àt [' -2t/d -t/d JI + d (c-l) exp - 7- (c-2) (1 - e, ) + 2 (1 - e ). 

1 

Correcting the minor errorl in the reluIt given by Gaver and Boel [1970), 

it ahould be noticed that the last line of (31) appeared vith the coefficient 

:. (c-!) inatead of d2 (c-l) and with a minus sian inste_d of a plus signe 

" ' 
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. The mean-squared error of rJK(c) is obtained by adding to (31) the 

. expression 

The authors performed severai tabulations for reasonable values of . 

the parameter and they observed that the bias ~f the jack-knifed estimator 

decreased when the number of intervals c iucreased. These results led 
" 

them to def'Ïne a new estimator obtained by letting c tend to infinity. 
, 

In practice, it is unreasonable to think of an infinitely jack-knifed 
• 

estimator, but the next best solution is to look for an estimator whose 

expectation is equal to the limiting expectatian of the jack-knifed 

estimator. 

Writing the expectatiOn of rJK(c) as followa : 

+Jlt(C1- c[e'''+~to(1-e -rltO)j 
+ .xpl-x~o (c~) 

1 
(c-l) ( exp -~to· ~ 1 -- c 

(l - • ...,"/(C-1ltO)j 

and letting c + CD ,or E:. h + 0 t the lÎlliting expectation becOJDe' c 

+ lia exp -~to(l-E:/to) (l_e-T/t.(t-~/to» 
E:+ 0 . 

Applying L'Hôpital's rule.'thi. expression becomes 

lim -to [À(l - e-t/to(l-E:/~o» - Àt.(l - ~jt.) e-T/t.(1-E:/t.) 
e+O 

• [ezpl-Ato(1-E/t.; (l-.-r/t.(l~/t.)~ 
. . 

.. ----

• 
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1 
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an~ simplifies to 
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-toeXP!-Ato(l - e -~/to>1 [AU _ ~ -t/t~>' - ~: e -rit 0] 
~ eXP!-Ato(l - e -T/to>l 

.exp!-Ato(l-e -T1t~>! [1 Ato(l-e -t/to> + ATe-tItO
] • 

, . 

(32) 

It is now desired to find an e'stimator whose expeètation is identic::al 

to the limiting expectation given in (32). The foli~ing definition of the 
1 

infinitely jack-knifed estimator achieves that purp~8e and was proposed by , 
• \ 1 

! 

the autbor; J:::~OU:;:p F;;:rr:i

:

n 

~o (e T/t 0 1/_ T ft: >] (33) 

Indeed, 

... 

~ . , 

- TIto' -noT/to + / -noT/to + noT -riOT/to! 
- noe ~ / oe . ~ e 

œ ~ 

~ '/ (À)j -Àt o 1 L' 1 (À )j, -Àto 
• - J"r t 0 _ t 0 e + _ l' t 0+t 1 t ) ,-J t t 0 t 0 e 

e "1 e 0 Je '1 J, J 
J-O. - j-O 

'" . 

• expl-Ato(l - e ~t/t :>\ [l 

• expl-Ato(l - It o>\ [1 
-JK(C> \ 

c+ -
• Hm E 

/ ' 

e Tito + t/t.) -ho' Àt -t/to e .e 

, -" 

- Àto + (1 + TIto) Àtoe-T/t• ] 

+' A~e -T/t.] 

1 

/ 
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lt can be shawn that the infinitely jack-knifed est~tor reduees the 

bw. Rowever, for same specifie values of the parameter, the mean-squared 

error increases with c, so tbat r (00) 
JI{ 

becomes inefficient. 

3.2. EstÜBation based-on the interval (O,tto]. 

In this section, the effect of increasing the period of observation 
-

from (O,t o ] to (O,kt.] will be examined. Tbe question addressed in 
.. . 

the sequel is to ~at extent the maximum likelihood and minimum variance 

unbiased estimators will exhibit a 8ubstantial reduction in their mean-

squared e1:9Ors. 
.. 

The first part is based on obserVation of the number of failures in 

k non-overlapping intervals of duration t" (Poisspn analysis), while the 

second uses the time interYals betweeh k suceessive failures (exponential 

analysis). We will distinJUish the estimators obtained in the exponential 
. 
analysis by the superscript E • 

3.2.1 Poisson analysis. 

Let N. , i • 1 ..... , k , danote tbe number of failures observed in the 
1 

i-th interval of duratioo t.. lt is weIl known that the random variable 

s 

i. a .uffieient statistic for À ( and hence for r • 
e -AT ) • 

Poi.soo distribution with par_ter kA , denoted by Po(U) • 
~ 

Ba.ed on these record. of past events over the observation perioda 

(O,t.] , (t.,2t.l • , • 

an e.tt.&tor of r i. da.ired for the ai •• iOn period (O,T] • 

. ---- " .~""":"""I_. 
. t . '1 .' " 



{ 
\ -------Zacks and Even [1966] compare the relative efficiency of. the maximum 

likelihood estimator rH[, ando~inimum variance unbiased e-stÎJDator ... 
The relative efficiency considered by thê authors i8 the ratio of the 

1 Cramer-Rao lower bound of the variance of unbiased estimators. to the 

mean-squared error of the considered estimator. The comparison will be 

made here in terms of bias and mean-squared error. 

In order to 8implify the notation. let 

,'! - and - kÀt o • 

An unbiased estimator for is given by 

l -
r -

(l - rt)S 

• since , 

E{r} - E 1(1 #}Sl 
OD 

• LU ~)j I!j e-ll 
• t " J 

J~ 

OD 

• e-ll LillO ct)p 
j! -' 

, j-o 

- -ll ll(1-'> e e 

,-~ - • • 

A -

The fact that r i8 a180 the unique .iniaJa v.ri~e unbia .. d e8tiMtor 

(lt " .... in follows froa the Lehllllnn-Sch.~fé Theor ... [Le~, 1983, P".SO] • 

. . . 
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-
r • MW 

. (1 - 1f>S 

, 
The m-th. moment of rMVU (m - 1,2 •••• ) is the value of the probability 

generating function of Po(~) at (1 - ~)m since 
1 - Il , 

E {rHW}'" - E,J (I 

- Elu 

Accordingly. the mean-aquared error (variance) of -r
MVU 

is gi ven by 

lISE (rHVu) - _I-~[l -(I - a')
211- -1-23'\J1 

- _1-21+ [ _I~~I 1 ] (34) 

Since the reliability function is a one-to-one function of À" 

ita maximum likelihood estimator is aimply 

S -r
ML 

--T kt. 
- e 

-B 
- e • 

" 1 

" 

1 
; 
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The, m-th DI01Dent of 
.... 
rMI, (m - 1,2, .... ) is equal to 

, 

· ""PI-l'O (35) 

... 
The mean-squared error of rMI, is then given by 

~~ .. ----- -

MSE(rML) • E f ~!/.L ,1 2 

· exp f-l'O - e -2t) 1 -2expl'-l'(l ~. t - ~ -t)1 + eXpI -dl' 1 · 

3.2.2 Exp~ential analysi •• 

Now let Xl ' X2 

successive failures. 

• ••• ,~ repTeSent the time intervals between k 

8 denote the me~ time ~tween failures (MTBF) Let 

of the pTocess. lt was mentioned in section (2.2) that the X. 's are 
~ 

~dependent identically distributed raudom variables having an exponential 

distribution vith parame ter a. where 

. . a 1 
• X' • 

The reliability function cau now be expressed as 

r -
-T!a e , , OST '< CD 

(36) 

, 



, 

59 -

Let 

T 

'Since the random variable T has a Gamma distribution wit~ parameters 
1 

k . and e. the minimum variance unbiased estimatl>r of r is given by 
, 

the unique solution to 

00 "--, 

Jr(X) 1 k-l -x/9 dx 
-'(/9 

9kr(k) 
X e = e 

0 

The equation in (37·) simplifies to 

00 

-T/S Ir(X) ,k-l e - x 
ek(k-l) ! 

0 
00 

= 

- (x-'() le' 
dx e 

~ 

= 

-'(/8 
e 

e -T/e 

--+ J~(X) x~~l e -(rT) /8 dx - . ek (k-ll! 

o 

/" 
/ 

_/ 

(37) 

- r(T) Tk- l 
= (cf. pp. 12 ~nd 14) 

whicb leads to. the unique solution 

r E • 
MW 

. . . 

[ 
'( ]k-l 

1 - -T 

( 

• 
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The mean-squared error.(variance) of 
... E r

MVU 
is'given by the expression 

- E 1'" E ~2 -2't' le MSE(rMVU) s E rMVU - e . (38)" 

where the expected value on the right-hand side of (38) is equa1 ta 

IX) 

fi (39) 

o 

x Letting u = e ' the integra1 ~n (39) becomes 

__ 't' ]2k-2 (8u)k-1 -u 
e edu 

eu ~ ekr(k) 

\ 

IX) 

~1 ·{,[1 
(k-l) 1 JI 

_ .!....]2k-2 k-l 
eu u e-u du 

't'le 
co 

• J
2k-2 

1 2k-2 
(k-l) 1 .L( i) 

't'le i .. O 

co 
2k-2 

1 kek~2) (-T/Ou)i Juk- i - 1 -u . " - (k-l) 1 e du 

T/e '" . . 
k-1 

co \ 

.\. 1 .L(2k~2) (-T/eu)iJuk-i-~ -u 
(k-l) 1 e du 

i-O T/e 
,~ , .. 

J 
, 2k-2 

IX) 

1: - 1 .L (2k{2) 1-u :( '\ + (-T/au)~ ui-k+1.dU "(40) j (k-l) 1 . 
f i-k - 't'le 

r 
._--- --~-" --

t " 



, 
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,The k integrals in the first sum of (40) are related to the Poisson 

distribution according to the relationship 

co 

where 

-U..{h •• e 1 \%U • (k-i-lf! PO(k-i-l;T/6) 

PO(X;À) I:] ". -À 
ÀJ e . , 

J. 
j-O 

[xl being the integer part of x. 

i := 0, ••• , k-l 

The (k-l) integrals in the second sum of (40) are related to the 

• 
exponential integral as follows : 

E. (-T/8) 
1. -

co 

_Je; du (41) 

T/6 

The values of E. (-T/9) 
1. 

~~\ 
can b~ found in Jahnke and Emde [1945]J Looking 

only At 

(42) 

and expanding the terms of this sUDDation gives 

CIO CD 

... 

- f e-U 

+ u'k-2 du J -u 

+ :k-l du 

-rie T/6 
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The value of the fi~st integra1 on the right-hand side can be found 

using (41) and the second in~egral can be~WTitten i~ terms of the first one 

as' fol1aws 

sa that 

- E.(-"["/8) 
1 

.. 
c:o 

J -u -"["/6 

eu du - \ (-rIa) 
"["/8 

--r/8 e 
("[" la) 

-v---
+ E. (-T/a) 

1 

OD 

Similarly t the third integra1 of the summation is equal ta 

(X) 

J:~ du 

Tla 

j:-: dU] 
T/a 

-T/8 e 

Proceeding in a silailar vay for reaainiag (k-4) irltegrals, the value of (42) 

becoales 

so tbat t finally. the expectaJion given in (40) ia equivalent ta the 

followi.ng expression '\) 



( 

e-r/6 
+ (k-l)! 

" of .... E ,The mean-squared error r
HVU 

(43). 
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(T/8) i 

ia obtained by subtracting 
-21:/8 e from 

(43) 

EvaluatiO-O:/f>f thè mean-squared error using (43) only requires the use 

of tables. However, the integrals in (40) may be evaluatèd numerically 

vith litUe cast: on the computer. In the appendix, where ,same numerical 

results are given. the Gauss-Laguerre quadrature method vas used 

successfully as a method of numerical integration. 

where 

The axi.JaJ8 likelihood a.tiutor of r ia given by 

J 

.... E 
rHL • e 

\ - t -

-T'\ , 

~ followw a GaaBa distribution vith paraaeters k ad ait , 

, '--
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GD 

- E ~ -T./x x e dx 
E r - e 
1 1 f 

k-l -b/9 

HL (e/k)~(k) 
o 

01) 

· (~f (k:l) 1 J expl- ~ - ~l "k-l dx 
(44) 

o 

~ith t - ~ , tbe expectatiqn in (44) be-comes 

(1)' 

1 f l 't'k 1 k-l (6)k-l 6 (k-1) 1 exp - et - t t k k dt 

o 
"01) 

- """7(,.-k::....l ..... )'"'='"1 fH expl-~ + t]l dt 

o 

, 
'Similarly, 

CD 

E! r~r -(k:l) 1 Jt
k
-

1 expH~!k + t Jl dt 

o 

Since 

o 
. 

where Ku (y) is the lIIOdified Besiei "function of the lecood kind of order n 

at ,the point y , it follows tbat 

• 

\ -
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Nov, using tlle identity 

for al1 n • 0,1,2, ••• 

the expectation in (44) can be vritten as 

k/2 
-,.:--":"'C

2 ~ [Tek] K k (2 fTklë·) (k-l) 1 ." ._, - (45) 

The biaa of the IBIlXÏJIauD likelihood eatimator is obtained by subtracting 

e-L/6 fram (45). 

. tet 1\\ (T/e)' denote the expectatian given in (45). The mean-squared 

error of the maxi.JraJm li.kelihood estimator cau be expressed as 

- E MSE(r
ML

) l- E 
- E r ML - rr 
- El r~ r 2e -~/e El r;.1 + e-2't/e 

- Mk (2't/6) - 2e-"[/6 ~k("[/e) +.e-2"[/e (46) 
;1 

- - E - - E 3.2.3 CoaIparisOl1 of r
ML

, r ML ,rMVU and r MVU in terms of bias and 

meao-Iquared error. 

The hias and mean-squared error of the ID8XÎIII1Bl likelihood and .ini.Dama 

variance unbia.~ estü.&tor. are given in Tables (6) to (9), and (10) to (13? 

respectively, for the Poisson analy.is. The equivalent results for the 

exponenti,al ana1~sia can be found in Tablel (14) to (16). Notice that the 

results for the minilllla variance unbiased eatimator are on1y given for 

k • 4 , since the value k· 8 cau.ed overflow, and hrought no further 

inaipt to the c:a.pari.an. 
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, 
The çomputations were carried out on the McGill compute:, using the 

Gauss-Laguerre quadrature method to solve the integrals in (40). The results 

are gi~en for k equal to 4 and 8, where k is the numt:fer of intervals 

of observation, and for values of r between 0.01 and 0.99 • 
~ 

The ,numericai results given in Tables (6), (8), (10), (12) :and (14) ta (16) 

can be found in the paper by Zacks and Even [1966], where they are presented 

in the fOnD of graphs. The authors only considered the case where the ratio 

mission time observation time (Tito) is equal to 1.0 SÎDc.e this 

represents a very risky situation, thè ratio T/to equal ta 0.1 is .studied 

here and the results are g\ven in Tables (7), (9), (11)', and (13) for the 

Poisson aualysis. 

Even though the choice of estimator is not influenced by this change 

of ratio T/to , the reduction in bias and mean-squared error i8 substantial 
1 

for both estimators. For instance, the I~an-squared error of the minimum 

variance unbiased estimator for k· 4 and r. 0.1 goes,from 0.008 to 
.. 

0.0006 when the ratio T /to is taken to be 0.1 instead of 1.0. 

These results reintorce the fact that the accuracy of estimation is 

highly dependent on t~he length of the observation perio~, compared ta that 

of the missipn periode 

Comparison in tepu of lIeall-squared error cau be mad~ froa two different 

points of view : 

(1) comparing the maximum likelihood and minimum variance unbiaaed 

eBtimators for a given type of analysis (Poisson or exponential), 

(2) ca.paring the two types of analyses (Poisson and exponential) for 

a given eBtt.ator (ML! or MVUE). 
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f. 

ZacJts and Even [19661 onlyoconaidered the firat type of cODlParisou 

and thei.r reBules are sw.arized in Table (17), for the ratio 'fit. equal 

ta 1.0. Observe that, de.pite the inverse relationship between the 

parameters À and 
'1 e (À • e) " there is no such correspondence between 

intervals of r over which the minimum variance unbi.tsed estÏJDator ia 

superior ta the max~ likelihood estimator. In the Poisson analysia, the 
/ 

I18XÏDIuIIf'likdihood estimator is auperior when the expected nUllber of , 

failures during the mission,period , ~T , iB smaller thap one (r~ -0.4) • 

Notice that in situations wbere high reliability values are expected, the 

value of ÀT is' usually s_l1er than one. 

If the analyais is based on times betveen failures (exponential analy.is) 
. 

and high' reliab il it y valuea are expected, the choice of estimator requires 

a precise knowledge of the expected value of r. 

For values of r between 0.6 and 1.0, the lIinimuDr variance unbiased 

escimator performs better in terms of mean-Bquared error. The maxÎllaJm 

likelihood estimator should be used if r ia expèçted ta lie between 0.03 

and 0.6 • The superiority of the minimum variance unbiased eatÏlllator 

reappears for very a_11 values of the reliability function (r<-0.03) • 

Host of the tille it i. not po.sible to choose betveen the Poisson and 
_":--' 

8XP011ential analyses. The type of analysi.a will Clepend on the data available. 

in the form of actual counts of the number of failures or in the fora of 
--)~ 

time intervals b~tween failure.. In that case one may use Table (17) to 

d.ecide which type of estÎllator i. appropriate. 



, 
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If the analyst is consulted before data collection and-is able ta 

predict the approximate range of values for the reliability function,then 

the following considerations should be k.ept in ,mind to deteœine which 

sampliDg scheme ia to be adopted. 

The data shown in Tables (6) ta (16) indicate that the exponential , 
é 

analysis, based on the observation of t~s between failures, should be 

performed if high reliability values are expected (r > 0.4), whether 

one uses the maximum likelihood estimator or the minimum variance unbiased 

estimator. ·The bias of the maxi.uum è.ikelihood estimator. in the exponential 

analysis, becomes negative for high reliability values, and is slightly 

larger (in absolute value) than in the Poisson analysis. However, a 

negative bias is more appropriate than a positive bias when high reliability' 

values are expecte~, as it provides a conservative est~te in the 

relÏability sense. 

These results Agree vith COIIIIIOIl sense in the following vay : the 
• , 

Poisson analysis is, based on counts only,from k intervals,and doe. not 

talte into account the respective positions of the faHures in t'he time 
. 

iutervals considered. The exPonential analysis described here is based on 

observation of tia i,ntervala between k auc,cessive failuTe.. When the 

reliability function is large, the number of failures in any given interval 

is SlU11 and may even be zero if the interval is too s .... ll. In that case, , 

the Poisson arua1ysis must be performed on the basis of a very large 

observation period to avoid UDderest~tiOD of the reliability function. 

On the other band, in the exponential analysis, the periocl of observation 

is not determined in advance; the observation process continues until tbe 

first k failures have occurred, and then stops. 

--' 
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) _~king aC the maximutD likelihood estimator more closely, it can'be 
\ 

~ observed that for values of r SlD8ller than 0.08 and for k· 4 , the 

Poisson analysis yields the best results in terms of mean-squared error, 

tbe difference in biaa being negligible. If k· 8 intervals are considered 

-for estimation, the Poisson analysis cao be used for values of r up to 

0.2. As the. reliability function increases, the difference in mean-squared 

error becomes highly significant and should convince one that the Poisson 

analysis becOlDes inadequate in those circUlDstances. For instance, vith. 

k • 4 and r ~ 0.99, the mean-squared error in the Poisson analysis is 

approximately equal to 0.0019, while in the exponential analysis, it is 

only 0.000097 • 

If the minimum variance unbiased estimator is being used, the Poisson 

analysis can be performed for values of r up to 0.3, and as the reliabiHty .. 
function increases, the exponential analysis becomes more appropriate. 

The reduction in mean-squared error becomes very significant for values of 

r larger than 0.9. F9r instance, when k· 4 and r'" 0;99 • the 

.an-squared error goes from 0.0025 to 0.000047 when the Poisson analyais 

il replaced by the analysia based on intervaIs between failures. 

Q 

The above discussion and a coaapari.on of Tables (14) and (15) indicate 

that if a ~igh reliability value is suspected (r '> 0.6), the best design is 

tbe exponential analysis and the best 8tr~tegy îs to use the minimum 
" 

variance unbi.sed estimator. 

1 

, . 
, _._.~~-_.~- ._. 
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1 Table 1 

. / 
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Values of no for estÎlDators of bounded relative error. 

usÏDg the approximation in (16) of chapter (2) • . 

~ 0.90 0.95 0.99 

0.01 27059 38414 66302~'l 

0.02 6763 9602 16573 

0.03 3005 4266 7363 

0.04 1690 2399 4140 

0.05 1081 1534 2648 

0.06 750 1065 1838 

0.07 551 782 1349 

0.08 421 598 1032 

0.09 333 472 815 

0.10 269 382 659 

,1 , 

1 
1 



Table 2 

R 

0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.0') 
0.09 
O. 10 
0.21) 
0.3d 
0.40 
0.50 
0.60 
0.70 
0.60 
0.90 
0.91 
0'1 92 
0.93 
0.94 
0.95 
0.96 
o. en 
0.913 
!).99 
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Bias and mean-squared error of the maximum likelihood estimator 

in the Poissou analy.is based on k - 1 in terva l 

with ratio TIto· 1.0 • 

eIAS l'!EA'-SQUAP''D F??O ~ 

----------------- ----~-------------

O.4442C01E-Ol O.17~6126E-01 

O.6434~3a;"-Ol O.3IJ98516!-Ol 
O.7899253~-Ol ().42'5~C34~-01 

0.9071743::-01 O.5297997!-01 
O.1005193! 00 O.624U531 Ti -01 
0'. 1089 OSa! 00 ~."7 1 1346 3~-O 1 
O.116192QE ~O O.1c}t550q~-Ol 

rJ.1225914E 00 0.q6S,q~94'"-Ol 

O.1282505! 00 C • 9 3413 7 2 a ! - a 1 
O.1332'311~ 00 O.9990'46~-O' 

O.1615486E OO~ O.1440517!' 00 
o. Hi71728E 00 O.1627q5~~ 00 
0.1603429E OC 0.16-453US! OC 
O.1452273~ 00 0.1539'-65" 00 
0.12~043~t:' 00 0.13409U5~· 00 
O. 9q14769~-Ol O.1072116! 00 
o. 6qIHl270~-\" 0.75019915 1:-01 
1. 3556q~3E-01 O.3Q90151':-01 
0.32126"31:'--01 1.3511959E-Ol 
O.2~6S751F-Ol 'Î.31J10e6~-01 

0.2516282::-01 O.27476S5F-Ol 
O.216U221!-Ol O.236177QE-Ol 
~.1809~39!-Ol r).1'9734AO!-Ol 
O.1452S59:-01 O.15,Q29S6!-Ol 
').1093024,-01 O.1'190233F-Ol 
O. 7310S~qE-Ot O.795 c C7UE-02 
O.36670.51!-O2 O.393695SE-02 



Table 3 

t) 

0.01 
.~ 

O.·J 2 
0.03 
0.04 
a.cs 
O.OS 
O. J7 
C. OR 
O.oq 
o. , 0 
0.20 
J.30 
0 .. 40 
O. 50 
0.60 ,. 
0.70 / 
O.RO 
0.90 
0.91 
0.92 
0.93 
0-.94 
0.95 
0.96 
0.97 . 
O. gq 
').99 

(' 
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Bias and mean-squared errer of the maximum likelihood estimater 

in the Poisson analysis based on k" 1 interval 

vith ratio TIto -;0.1 • 

~r \:; !"F,\I-~I')'J.\F~!) t'~POJ 

----------------- ------------------

O. 249S)43~-v2 O.'370137'5E-04 
O.4166é55~-n ':'.2656315;:-()) 
0.5545~25:!-()2 0.1)1)'29617:-03 
O. 67-3950q~"'02 o. 7346~6 1!-O3 
0.7797103::-02 :).1101787~-O2 
O.'1747S~S:!-C2 C'.lLune3~~-O:::! 
0.960Q5g0~-02 C.l Q17Q7'P:-02 
,).10~oS72:-1')1 0.22~)79':;1-'::-O'" 
0.111195P'-\)1 O.251479~?-O2 
O.117132~C;~-Ol O.30)562U~-02 

c. 1~1C1)57~-Ol O.7c;9S107E-02 
0.1799142"':-01 0 .. 11970geE-01 
').lq12B~3~-O' 0.1'545316:-01 
1). 1704937E-Cl O.1760769F.-Ol 
O.'~O1'13'.l'-Ol O.1~13167~-O1 ..... 
J.121A?'41E-'Jl 1).167g~65!-01 

.J. ~1)82370=-:'2 O.134'338~-Ol 
Cl. 4SCJ9796 !"-O2 o. 785596S~-O:::! 
O.4161119~-O2 O.71Q462S::-02 
1). 3719317~-O2 • 1). 64Ft') 33 f!; E ~ :::! 
'). 32705~6!-O2 0.5752802"-02 
o. 2'3171CSO~-02 0.500155'31:'-02 .., . 
'1.2360106!-C2 O."228592~-O2 
O.199757JE-02 0.3"30426::-02 
0.1430273::-02 o " 2608776 ;' - 0 , 
C. 9C;8204)~-03 O. 1 763 " 0 3 5-0 ~ 
O.431426'7!-O3 Q.893950~F-1)3 

\ 
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~ 
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Mean-squared error ,9{fhe minimum variance un~iased.estimator 
in the Poisson analys~s based on k· 1" interval 

with ratio <r/to ',. 1.0 r 

R "''EAN-SQU\REO ERqQ? 

------------------
0.01 O.9900004~-O2 

0.02 O.1960000E-Ol 
0.~3 O.291000Cr:-Ol 
0.04 Ù.3840001E-Ol 
0.05 O.~7C;OOOOE-Ol 
0.06 0. 64000 i F-O 1 
0.07 O.65099Q=E ...... 01 
O.OR ()...7359999F-Ol 
O.oQ 1).~18999~E-Ol 

0.10 O.89Q9997E-Ol 
0.20 O.1600000E OJ 
0.30 O.2100000F 00 
0.40 O.2399999E 00 
0.50 O.2499999E 00 

., 

0.,0 0.2399999F. 00 
0.70 O.20999Q7E 00 
0.'30 O. l 5 9 9 9 9<4 ~ 00 
O.qO O.8999968F-Ol 
0.91 ::l.9199976t-Ol 
0.92 ; O.7359958E-Ol , 
0.93 

--.., 
'-.O.6509912E-Ol 

0.94 O.5619969!-01 
0.95 O.4749983F-Ql 
0.96 0.3839942E-Ol 
O. 'H ::le 290998U E-O l' 
0.9'3 O.1959953!-01 
0.99 O.9899361Ç'-02 

• 

.. 

. 

• 



» 
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( 

Table 5 Mean-squared error of the minimum variance unbiased estÎlljator 

in the Poisson analysis based on k - 1 interval 

with ratio t/to :0: 0.1 • 

~o ":!AN-5';lu~R~r ~PR(lP 

------------------
0.01 O. ~84B g 31'E-1)4 
0.02 () • 1 9 1 5 0 2 9 E -0 3 
0.03 o. 377~ge5!-O 3 
0.04 0.6015676 17-03 
0.05 O.8732071E-03 
0.05 ,).116'}65~l;'-O:? 

0.07 O'. 14927 2 .. 5 ~ - 1) ~ 
d.OA 0.183g929~-O? 
0.09 o. 2205~9€E-'J: 
0.10 O.2S89246!-02 
0.20 O.~994748?:-a2 

0.30 O.1151~9'3!-1)1 
0.40 ,J. 1S35325E-C l 
,0.50 O.179~316E-Ol 
0.60 O.1386732F-O 1 
0.70 o. 1779247~-Ol 
0.80 0,. 1 444 1 5 3 ~ - a 1 
0.90 O.~57~'2I.J!-02 
0.11 O.78460I.J6F-02 
0.92 O.7086322E-02 

\ 0.93 O. 6299250E-O~ 
0.94 O.54'34074F-O:? 
0.95 O.4640844~-O2 

~ , O.9fi 0.3769629E-02 , 
0.9:]' - ~?.: 0.2869605:'-02 

", 0.90/ a. 1 941 7 27 F-- 0 2 
/ - 0.99 'J.9851J;91H-03 .. 

l' .1'\ 

" , 

(~ 

-



Table 6 

, 
? 

'0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.09 
O.Oq 
O. 10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
O.~' 
0.92 
0.93 \ 
0.94 
0.95 
0.96 
0.97 
0.98 
O.9Q 
. ~ 

\ 
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Bias and mean-squared error of the maximum likelihood estimator 

in the Poisson analysis based on k" 4 intervals 

with ratio TIto - l.0 • 

SI.! S l'!~AH-;S"OUAP~C EF~OP 

---------- ------- ------------------
0.6998353:-02 I).ij116497>::'-03 
O.l1381ij9E-Ol 0.1263005-:-02 
0.lij93260~-01 O.2214333E-02 
O.1795713E-Ol O.3210304E-02 
0.206078 0 ~-o, . l).ij39ge~OE-1)2 

c. 2296~30:-01 0.5582586=:-0' 
O.2509248E-Ol O .. 68039u8~-02 
O.2701819!-Ol O.9..,S2Q99E-02 
o. 2~772A3!:-Ol O.9~20769E-0? 
O. JOJ77'57F.-Ol O.1060060~-Ol 

0.4014293~-Ol O.2311859E-Ol 
O.ij46J434~-Ol ~.3355'93E-O' 
O.4453294E'-Ol O.40797155E-Ol 
O.41~6375~-f)1 O.4434091!'-Ol 
O.3636985!-01 0.43903112-01 
O.2936220E-Ol O.3932488E-Ol 
O.2083206E-Ol O.3051138~-Ol 
0'. 109906 2~-Cl O.11ij124t3!-Ol 
O.9940922F-02 1). '586545~-O' 
O.8979960E-02 O.1427561E-Ol· 
O.7907191E-02 O.1264179~-O' 
·O.6724417E'-02 :l.10<l6S29E-Ol 
o. 563025 5~-O2 O.9246051~-O2 
O.4525304E-02 O.7483304E-02 
O. 3fJ096 8 4 ~-O2 0.5677760E-02 
O.2283514E'-02 :>.3827999E-02 \ 

O.114&S53E·02 O.,Q35601E-O? 

. ., 

f 



Table 7 

q 

0.01 
0.02 
0.1)3 
0.04 
0.05 
0.015 
0.0; 
0.'8 

.1 O.O? 
n-.40 
0.20 
0.30 
0.40 
0.50 
0.6,) 
0.70 
0.80 
0.90 
0.91 
0.92 
:).93 
0.94 
0.95 
0.91) 
0.9; 
0.98 
0.99 

-.77 -

Bias and mean-squared error of the maximum li~iihood estimatoI 

in the Poisson analysis based on k· 4 intervals 

vith ratio -clto - 0.1 • 

?:JU "~AN-~"UA?:D !?"IJR 

----------------- ------------------

o.,n7ffi!F J o .1365323~-Ou 
O.qQ~ 2131;:-03 O.uS05552E-04 
O. 133 603~-O2 O.q9322~5T:'-04 

;).152~lO5!:-O2 O.'440QH~-01 
O.1S9141I5E-02 0.2074253E-03 
().212~'15l-02 O.2783S1UE-03 
0.2345622:-02 O.3557589~-C3 
O. 2544045~-O2 J • 4 3aa 815 5!:- 03 
'J. 272~S55~-02 0.526964110'-03 
O. 2~94~9g!=:-02 0.6191g0S!-03 
C • 40 2 ~8 1 0 ~ - 0 2 O.1680583E-02 
0.4510522":4'-02 O. ~7ï9 90 1F-C 2 

r ").4 568 577~-O2 O.371S098E-02 
0.4314194"2-02 O.4349053E-02 
0.3g11061E-02 0.4578550E-02 
').3 1 Cn49~-02 O.4323065E-02 
O.221S624F-02 û.1512200f-02 ... 
0.117150S9F-02 0.20 ~ '3 368 '?- 0 2 
0.1064420E-02 0.1910031 E-02 
0.9512901E'-03 O.17.2~912!-O2 
0.8369098E-03 0.1534283E-02 
O.7211566E-03 O.133562H-02 
0.6041527E-03 O.1130283r-02 
0.413S8J75::!-03 C.9179711!-03 
0.3662705::'-03 0.699579710'-03 
O.2453Q23E-03 o • 47 3 0 22 CS ~- 0 1 
O.1233220E-03 O.2402663E-03 

-} , 
, ; 



Table 8 

() 

. " 
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Mean-squared error of the minimum variance unbiased estimator 

in the Poisson analysis based on k - 4 intervals 

with ratio Tito'· 1.0 • 

~ ~E'Uf-3CUARE9 ~R~OR 

------------------
0.01 O.2162279E-03 
0.02 O.66365Q 3!-03 
0.03 0.1262531E-02 
0.04 0.1977710E-02 
0.05 0.2786858:;'-02 
0.06 O.3673SS9E-02 
0.07 0.4626237[-02 
O.OB 0.5633924:;-02 
0.09 O.~68e505F-02 

0.10 0.7182787r::-02 
0.20 O.1981391F-Ol 
0.30 0.3160797::-01 
0.40 -f 0.U'1892CJ!'-01 
0.50 Q.4730156;:-01 
0.60 O.u903889E-01 
0.70 0.4569966

1
'-01 

O.BD O.367175U:e-Ol 
0.90 O.2161'353E-01 
0.91 O.1975608F-Ol 
0.92 O.1782941F-01 
0.93 O.1583432;?-01 
0.94 O.13774:?3E-Ol 
0.95 0.1164687~-01 \-
O.C}I) O.9453516J<:-02 
0.97 0.71Q1956F-02 
0.98 O.486255AE-02 
O.9·Q 0.2464794P'-02 



Table 9 

('\ 

/ 
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Mean;squared error of the minimum variance unbiased estimator 

in the Poisson analysis based on k. 4 intervals 

vith ratio TIto· 0.1 • 

? 

O.Cl 
0.02 
0.03 
0.04 

0 0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.20 
0.30 
0.40 
1).50 
0.60 
0.70 
O.~O 
0.90 
O.Ql 
O.Q2 
0.93 
0.94 
0.95 
0.95 
0.97 

\ 0.98 
0.99 

/ 

'H'J ~-SQU.' 0ED ~RRO~ 

------------------
O.1220131E-04 
0.4109689::-014 
O.Q245f344F-04 
C.1340761E-03 
O.1944211!-03 
O.2623231E-03 
O.3369300E-03 
O.4171450E-01 

I.eO.5025805E-03 
O.5925372E-03 
O.1542227F-02 
O.2150106F-02 
O.3707430F-02 
O.t1369736E-02 
O.462fi621!:-02 
O.438841AE-02 
O.3579713E-02 
O.2135897E-1)2 
O.1954601!-02 
O.1766132r:-02 
O.1570482,l!-02 
O.1361648E-02 
0,. 11 576 3 0 F - 0 2 
O.94C4297E-03 
O.7160550E-03 
O. 4845157E-0 3 
O.2459249E-I)) 

, , 

/ 

, 

. " 

, ' •. t l~~;2t;;t 

~'-'r' 

-' '''-~/f.J'-
• ~:~ :,~~ r~ •• , 

( 
\,,é~-~~ 

- -.,....,......--.----~~- ~--

" -



Table 10 

P 

0.01 
0.02 
0.03 
0.04 
0.05 
0.06 , 
0.01 
O.OB 
0.09 
0.10 
0.20 
0.30 
0.40 

, 0.50 
0.60 
0.70 
0.80 
O.qO 
0.91 
0.Q2 
0.93 
0.94 
0.95 
0.96 
0.91 
0.98, 
0.99 

l 
l 

t 
f 
~ 

f 
Cl 

\. 
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Bias and mean-squared error of the maxûmwm likelihood estimator 

in the Poisson analyais based on k· 8 intervals 

with ratio TIto· 1.0 • 

3IAS P!E.\N-5QU.\!n'D 1;'P?~~ 

----------------- ._-----------------
0.3H31014E-02 J.1253214E-03 
o • 5'2 9 87 1 3 E - 0 2 O.3736261F-03 
0.7021110::-02 O.59761353~-03 
0.8S1195H-02 O.1077596P-01 
0.913 \,1144E-0 2 0.1501343!;O2 
0.1102J342E-Ol 0.1960321F-02 
0.1210386!-01 O.2448041E-02 
0.1308459E-Ol O.2959J45!-02 
f).139830lE-Ol O.3490021E-02 
0.1480901E-Ol O.4036523E-02 
O.2026184E~Ol O.9a499q'5~-02 

0.2246380E-Ol O.1529455E-Ol 
0.2259107::-01 0.1953179E-Ol 
0.2122395E-O 1 O.2201;731F.-Ol 
O.1866663E/-Ol 

~, 

O.2256554E-Ol 
0.lS'3541~-01 O.2078009E-Ol 
0.1077843 -01 0.16519731:':01 
0.5705118r-02 O. q6 3544 8'-02 
0.5161822'E-02 O.8796930E-02 
O.461232n-02 O.7932186.E-02 
0.4056633~-02 o. 703~236E-0-2 
0.3494799E-02 O.6117344!-O2 
O.2926946E-02 O.5168438E-02 
0.23532511'.:-02 O.4191220R-02 
0.1713596 F.-02 O.3186166E-O'2 
0.1188099!-02 O.2152026E-02 
·0. 596~ 809E-O 3 O.1090467E-02 

.. 

. ' 

, . 
• , ' , ," j' 1 

/:r}i!:s. ;..~'_ ... \.~: .... ~ ... " ~Ut,' 

; 
1 
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Table Il 

o. b 1 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
O.oq 
O. 10 
0.20 
0.30 
0.40 
0.50 
9. 60 ' 
0.70 
O. AO, 
0.90 
0.91 
0.92 
0.93 
0.94 
0.~5 
0.96 
0.97. 
0.9A 
0.99 

, . 
, r 

. r, 
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Bias and mean-squared error of the m&XUmnu tikelihood estimator -

in the Poisson analysis based on k - 8 intervals 

with ratio T/t Q - 0.1 • 

9!A5 

0.2907962E-03 
O.4929602E'-03 
0.6619q90~-03 

O.~0955UO!-03 
1).9Ul00q·3!-03 
O.105993 LH-02 
0.11682S1E-02 
O.1267612E-02 
0,. 1359046!-02 
0.1443505l"-02 
o .,2013S05E-02 
0 •. 2256632!-02 
0.2287745E-02 
O.2161Q01E-02 
0.19107461:'-02 
O.1555741E-02 
O.11119$JUE-02 
0.C;?03840~-03 
0.53431)56E-03 
0.4776120F-03 
0.4201'531!:-03 
0.3620386E-03 
0.3033280E-03 
0.243Q022F.-03 
O.lB3QQ03E-03 
O.1232028E-03 
O.6192923E-04 

-:::.:-1 

. ,' .. -·r'-;v;-~: . 
"";"" ' .. -4"-
= ,: '. ~. . ': 4+ 

!'!F.A~-5QUAPED ERP0P 

0.6262213;:;-05 
0.2096361::-04 
O.419120g!-01+ 
O.67~7141E-04 
O.983AOOJE'-04 
O.1325209E-03 

• O.1699254E-03 
Q.2101921E-03 
O.2529621E-03 
0.29796,36:;-03 
O.8206442E-03, 
O.1369119F-02 
O.18UOQ49F-02 
O.2165496E-02 
O.2299176E'-02 
O.2167940F.-02 
O.1766384E-02· 
0.105375 n:-02 
O.9638071E-03 
O.811121QE-03 
O.7746816E-03 
O.6743670E-03 
O.5104165E-03 
0.46348571':-03 
O.353634QE-03 
o. 23889~4E-03 
O.1220107E-03 

r ' 

-1 

, , 

~c:;."(; __ ,r. -----~-- -­

:~~'i;!~ 



\, 

1 , 
t 

, 1 

o ; 
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Table 12 

~ ~. - '" r -. 
, ". 

r _f" 1". , :...~. 
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: ~~squared error of the minu,u.m ~ariance unbiased estimator 

in t e Poisson analysis based on k· 8 intervala ' 

with atio TIto - 1.0' • 

>lIN 

3 M EAN-SQU ARED :':R10R 

------------------
0.01 O.7182795Y-04 
0.02 O.2522755E-03 
0.03 0.495 0 90~~-- ë)) 
0.04 O.7925578E-03 
,0.05 O.1135519E-02 

.. 
0.06 O.1511215E-C2 
0.07 o • 193 2 17 1 E-0 2 
0.08 0.2315941::-02 
0.09 O.213447eO!-02 

J 0.10 O.333521CE-02 
0.20 

\J O.3913763!-02 
0.30 0.1461699E-01 
0.40 O.1941651~-01 

0.50 O.2262689E-Ol 
0.60 0.2373667E-Ol 
0.70 O.2234023E-01 
o..RO O.1810242!-01 
0.90 O. 107 381 9 E- 0 1 : 
0.91 O.9819601E-02 

( 

0.92 O.9861799E-02 
, 0.93 O.7981280E-02 

0.94 O.6960148!-O2 
0.95 O.5804501E"-02 
0.96 0.411445211:-02 
0.97 0.358835 2E- 02 
0.96 O~2428074!-O2 

0.99 O.1231930E-02 
" 

1 1 

, , 

. ' .' , 

.... ,. -.;, : ~ J l 'f' 

~ ~ 1 f ~., 
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~ 
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.' 

, 

t 
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Table 13: Mean-squared error of the minimum variance uubiased estimator , 
in the Poisson analysis based od k - 8 intervals 

vith ratio TIto - 0.1 • 

R ~~AN-5QUARFD E~POR 

---~ ------------------
0.01 ~.5925379!-05 

0.02 0.2004624E-OU 
0.03 0.4032585E-04 
O. 0'4 O.6568919E-04 
0.05 0.95391U3E-QU 
0.06 O.128~561F-Q3 

O.Or O. 165616 a F- 0 3 
0.08 O.2052"797~-O3 

0.09 'O.2475090r-03 
0.10 0.29199~9F-03 

0.20 0.9128355;':-03 
0.30 0.,1364710E-02 \ 
0.40 O.1843110E'-1)2 

-0.50 O. 2175333 F- 02 
0.60 O.2305757E-02 
0.70 O.2189303F-02 
0.80 o • 1 7 97 1 1 0 E- 0 2 
0.90 O.1066790F-02 
0.91 0.9761162E-03 
0.92 O. 8822589-F-0 3 
0.93 JO.7844162!-03 
0.94 0 •• 6B34026!-01 
0~95 0.5783944E-03 
0.96 0.4702148F-03 
0.97 0.35802741';-03 
0.98 • O. 2417999~-O3 
0.99 O.1~24452r-03 

, - Î 

, -
{ ,. 

" ... ;: 
.... ,.." .., 

• ,~'. ~ f. _ 

~ J ~.. \"'"_ ;,. ,;. 1 

- , , ' 
>, 

;";di~r~:;t;:-:7 '2~~;-' ~,~_,:~-~~~~f._~_'/~ 
l , . 
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Table 14 

F 

0.01 
0.02 
0.03 
0.1)4 
0.05 . 
0.06 
0.07 
0.09 
0.09 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
O.qO 
0.90 
0.91 
0.92 
0.93 
0.94 
0.95 
0.96 
0.91 
0.98 
0.99 
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Bias and lDean-squared error of the maximum likelihood estimator 

in the exponential analysis based on k - 4 intervAls 

vith ratio T/t~ - 1.0 • 

r 

=' I.'S :1~ ~ N-CjQU AR En !PFOF 
----------------- ------------------

,0.1134650?-Ol O.12B912H-O'2 
O.1361173~-O1 O.23595C9E-O? 
O.1435579!-Ol O.3157020E-01 
O.1432811~-01 O.Q331154E-C2 
O.1382509r-Ol O.52B1456~-02 .... 
0.1299613t;~-Ol O.6206~19E-02 
O.1193 U16E-Ol O.Î116~2~~-02 
O.106q808~-Ol O .. Q01331H'-C2 
O.932fl246~-02 O.8e99316F-02 
0.7ec;4Q9B!-02 O. q775 SOIH-O,2 

-O.923144.':?l!-O2 O.18D-214lE-Ol 
-O.261017?~-O' O.249s:l925!,!C,01 
-O.uOO7U41~-Ol ().29))9912::-01 
-O.4994fi71::-01 O.31929tP3E-Ol 
-O.5445093E-Ol O. 3041327E-O l 
-0.5296350E-01 / O.2506214E-Ot, 
-O.44J493~~-Ol 

/ 
, O.1631!302~-Ol 

-'0.21.30685!-Ol '\).6105304=:-02 
-O.2507871r.:-Ol' O.5167365E-0'2 
-O.2274H6E-Ol O.4264414F-02 
-O. 2030009~-Ol 0.3412127:'-02 
-O.1715409E-Ol O.2631068E-02 
-O.lS09130E-Ol'· O.1913190E-02. 
-O.1231S13H:-Ol O.12BI5?OQE-02 
-O.9424'5C8E-02 O.1~62177F-03 
-O.1j409287E-02 O. 3606C8 P'':' 0 '3 
-O.J26931SE-02 O.9613834E-04 

1 

• 

- , '" ,0 

.1 * ~~- 7',--~~-:.. -:,: f' ~-_ _:;-• ..-~~~;.~ .. '!/z~-;--;~I-'4~,if,~=~'~:r.,. ,-7tt:.··.'F,;;:1'? .. ""':,,-. •. -~,.....--
--- - " .", ;,'64p- " 
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( ... 
l, 1 Table 15: Mean-squ,"red error of the min~ variance unbiased estimator 

in the exponential analysis based on k· 4 intervals 

vith ratio Tito· 1.0 • 

Q '~AN-SQUARE!) ~!'~0? 

,---- ------------------
û.Ol ~. 9261S33E-03 
0,.02 'O. 2190642~-02 
0.03 0.3559391 F-02 
0.04 O.50113495!-02 
0.05 1). 65 1 1254 F- 0 2 
0.06 O. ~02~142E-02 
0.01 O.954530UE-02 
0.08 O.'106273E-01 , 
0.0 0 O.125642n-Ol 
0.10 O.140421iF-Ol 
0.20 O.269195JF-Ol 

"'"l 
0.30 O.3S07417f-Ol 
0.40 O.3801992E-Ol 
0.5C O.3628212F-Ol 
0.60 o. 3049231 ~-o, 
0.70 O:219~903E-Ol 
O.flO O. 1 22 8 1 6 0 Fr 0 1 
0.90 O.3861Q04F-02 .. 
0.91 o. 3202677r:-0~ 
0.92 O.259172'3E-02 
0.93 O.2032340E-02 
0.94 • O.lS29932r-02 
0.95 C. 1 0890Q6 F-02 
0.96 O.7146597r-03 
0.97 O.4121661l-03 
0.913 O.1872779E-03 
0.99 0.47385691:-04 

~ 

f ~ 

1 
/ 

/ 
/, 

'/ 

. '. 
J .:--; _ , ... ,~, 
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Table 16 

? 

0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
O.O~ 
O.Og 
0.1,0 
0.20 
1).30 
0.40 
0.50 
0.1)0 . 0.70 
0.90 
0.90 
0.91 
0.92 
0.93 
0.94 
0.95 
0.96 
0.97 
O.9B' 
0.99 / 

j 

4 • 
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Bias and mean-squared error of the maximum likelihood estimator 

in the exponential analysis based on k - 8 il'ltervals 

with ratio 't/to - 1.0 • 

:'lUS ~FA~-:~UHE~ t'Pt:JR 

----------------- ------------------
0.63947?lF-C2 'J.5Q54469;:-01 
O.7317909F-02 O.1046725F-02 
0.$32900521i'-02 0.1501417::-02 
O. '!277.~33E-02 O.216304'3"!-O2 
o. 7965'513~-O2 C.2728065::-02 
O.74S2555~-02 0.3294111)1:'-02 
0.5796658::-02 Cd8~92157!-02 • 
1).5"36043F-02 O.4421QI5P:-02 
O.5197227E-02 O.49~OI~H8~-02 
O.4299'l'9~-O2 0.553uc:l20!?-O? 

-O.57971U8E-02 O.10S9583~~' 
-O.1517ôu2~-Ol 0.143031510'-(11 
-O.2235931~-Ol 0.1619959E-Ol 
-0.2679676-:-01 0.1609081E-Ol 
-0.2819526"'-01 1).1404107E-Ol 
-O.26J6594~-Cl 0.1042799::-01 
-0.2114707::-01 0.5975783:;'-02 
-O.1240617TO'-Ol 0.189971 0 ::-0? 
-O.1133317~-Ol 0.1572967E-02 
-0.1022375'-':-01 O.127428'3E:-02 
-O.907510'51!-O2 O.99Q2123E .. 03 
-O.7891715E-02 O.74~75351?-O3 

-1).61572204F-02 O.5375147E-03 
-O.5412579E-02 O.3496408E-OJ 
-0.41174"291:'-02 O.2037e~3~-03 

-O.2784014E:-02 O. ge~H341 1 ;::-04 
-0.1414001':-02 0.31113622-04 
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Table 17 Comparison of mean-squared error for the maximum,likelihood estimator (MLE) 

and minimum variance unbiased estimator (MVUE). in the Poisson and exponential analyses • 

• 
M VUE * MLE 

" 
~ 

MLE ·MVUE i~ 
.. 

'j i . 

• 025 

.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 , 
1 

cd 

ïl 
1 
1 
1 MLE MVUE ftfJUl -
1 
1 

.... 1 
1 MVUE 1 MLE rt.1 

1 
1 
1 . 

(' 

* The estimator on top represents the one with the smallest mean-squared error (most efficie~t). 

" 
0.9 1 
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