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STATEHENT OF ORI GINALI TY 

• 
,To the author's knowledge, the specifie pr~blem 

treated in this thesis has not been attempted by any other 

researchers. Thetefore aIl of the experimental resu'l ts 

presepted here are considered ta be unique .contributions 

ta original ~nowl~dge. 

-Al though many aspects of the ray-shock theoty pre-sented 

have beep weIl established previously, the 
- 4. ~. 

of the ray-shock ~elati~s for the atte~uated shock 

Mach n r ,is believed.to be an 6riginal contribution as 'vell. 
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_ ._. "' 1 
RESUME 

'-

On étudie l'attén~ation d'une onde de choc plane 

oausée par une fente simple transversale amenagée dans la 

paroi d'un~~ube rectangul?ire , pour des chocs ayant un 

nombre de Mach allant jusqu'à 2.4~ et pour des largeurs 
1 

/ de fentes comprises entre: Q.068 et 1.250 pouces. A l'aide 

de la photographie schlieren à étincelle " on étudie et on 

mesure l'atténuation près de la fente. La vitesse de l'Gnd~ 

est mesurée à' une distance d'environ dix diamètres hydrauliques t 

en aval de la fente à l'aide de jauges à pression. A l'aide 

de la théorie de Whitharn sur le rayon-choc, on prédit 

l'atténuation initiale et on construit un diagramme qui 

décrit le mouvement des ondes transvcrsale~ s~r le front de 

choc. 

On observe que l'atténuation provient de la diffraction 

du choc par la fente, même si cet effet est neutralisé en 

partie par une réflection def Mach se pro,duisant su!:' le bord 

du coté aval de la fente. On montre que le mouveMent de 

l'onde transversale résultante est pseudo-statlonnaire. En 

-accord avec la théorie, l'atténuation observée est faible et 

~'effet de la largeur de la fente est de second ordre. ~ 
:~ 

plus grande réduction mesurée pour le nombre de Mach du choc 

est de_7%. On note un accord raisonnable avec la théorLe pOUL 

toute la gamme de~ tests effectués. Enfin la stabilité du cho~ 
, "" ~ 

atténué est mise en évidence à p':Œtir du diagranune des ondes . 
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l\ ABSTRACT 
• '1 

Attenuat;on of a planar travel~ing sheck wave due 

to the interaction with a single transverse slit in the 

wall of a square tube is investigated for shock Mach 

numbers up te 2.44 and for slit widths between 0.068 and 

1.250 inches. Spark schlieren photography is employed 

to examine and measure the attenuation nea~ the slit. 
-
'/ 

Wave speed rneasurernents roughly ten hydraulic diameters 

downstream frorn the slit are perforrned using pressure 

transducers " 
1 l, 

Whitham's ray-shock theory. i~ 'ernployed te> 

predict the initial attenuation and to construct a wave 

diagram that describes the transversè wave motion on the 

sh~ck front. 

The attenuation is bbserved to result from the 
'f 

diffraction of the shock through the slit although this 

effeét tends to be offset by a Mach reflection process 

at the downstream edge of the slit. The subsequent 

f' 
), 

\' 

transverse wave ~otion is demonstrated to be essentially. 

pseudo-stationary. In accordance with the theory the 

attenuatlon is observed to be weak and the effect of slit 

_width secondary. The largest measured reduction in 'shock 

Mach number is·'7%. Reasonélble agreement with the ory is ~ 

observed over the rang~ of the tests. Stqbility of the 

attenuated shoct is dèmoJ~~ate'd from the wàvp diagram . 
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'" 
LATIN S'yI·1BOLS 

A , .d u etc r 0 s S 5.C C t ion a l are a 
I! 
c shock-shock velocity 

t, 

c sound spced,spccd dcfined by eq.22 

e specifie internaI encrgy 
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u 

defincd by cq. 1 

defincd by _,cq. 14 

duct width 

C~estcr function, eq. 5 

defined on page 32 

shock ~tand-off distance 

slit widt.h 

~ch num,ber 

charact~ristic angle, eq. 25, 

2/K 

posit~ve charaeteristic v~riable 

fluid pressure ,., -~-

n'egative charac~ri stic 

gas constant 

speci fie entrqy. 

temperature 

time 

variable 

x compone nt of fluid. velocity 
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LATIN SYMBOLS (contc1'.) 

v 

x 

y 

z 

GREEK SYMBOLS 

a 

6 

y 

Ô 

n i 

e 

e 
d 

~ 

\) 

~ 

P 

T 

<1> 

l/J 

X 

SUBSC~IPTS 
1 
~ 

e :1 

j 

M---

s 

}<~ t_ 

,1 !. 

fluid .' 

axial .. , , 

transverse coordinate 

defined on pa~e 65 . \ 
ray-shock coordinate 

ray-shock coordlnate 

ratio of specifie heats 

flow deflection angle 

charaeteristie eoordinate defined on Pages 27, 38 

• 
flow direction 

detaehment angle 

defined on page 28, also Mach angle 

Prandtl-Meyer angle 

ehataeteristie coordinate defined on pages 27, 38 
l, 

fluid density 

time required for a sound wave to traverse the jet 

function defined on page 32, function defined on 
page 66 

Ma~h<stem contiguity direction 

shock-shock loeus angle 

!"efers to expansion wave 

refers to flui<\ jet 

mean value 

refers to shock wave 
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tail of ex~nsion ~ave 

refers to the duct wall 

ahead of shock . ' 
behind shock 

.. 
'ambient l~un.turbed) conditions 

1 

behirid'undisturned shock ~ 

behind disturbed s~ock 

refers to shock when just at downstream edge of 
slit, also critical (sonic) conditions 
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CHAPTER l 

INTRODUCTION 

1.1 Relevance-and Brief Description of the Problem 

'Recently, there has been a resurgence of interest in 

the interaction of blast waves with obstacles on account of 

" 
the growing concern regarding unconfined vapor cloud explo-

sions. Since the qu~ntity of combustible gases that is being 

tr~nsported within :a~y indust~ial~zed countr~is steaclily 

increasing, there is a rea1 danger of catastrophe if lar~e, 

spills occur. Documènted accounts 1 of industrial accidents 

.ha~ shown that in the last few years there has been a marked . ~ 
increase in both the number of such incidents and the damage 

inf1icted by them. 
~ 

Due to the ever incr~asing-cost of energy, natural 

gas that was previdusly burned off in many large oil fields 

is soon to be stored and transported in large supertankers. 
1 

These, with envisio~ed capacities of up to three mi~lion 
~ 

cubic feet.of liquefied natural gas (LNG), are expected to 
~ 

present a significant'danger to transport and storage faci
/ 

1ities.2~ ·This concern ~s prompted a recent Dutch investi-

gation 3 into the hazaris' associated with a p1anned LNG tanker 
. 

terminal. The gas dynamic aspe6~s of ~he problem constitute 

1 
( 

f 
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~ major portion of the study~ 

Generally, the spillage and subsequent ignition of a 
" 

large qU,anti,ty of a cèmbustible gas presents several distinct 
\ 

'pr~bl~ms to the engineer. Among these is the ability of the 

surrounding structures to survive a catast~oPhiC eXPI~,sion. 
Obviou1l y , the study and design of blast resistant structures 

.. t' '\ 'J ~ 

can lead to a reduction ti)'.}' the damage done. ' Aiso associated . , , 
wi th this aspect of the problem is -the question 'of hoW" far 

" must a cOnventional 'structùre be located from an explosive 

source in·order to s~ryive? This question ariSes in the 
l " 

placement of'gas processing facilities relative to loading . 
~ ~';f.. . , 

facilities, storage sites-~as weIl as population centers. , 

l . 

\ 
f' 

Another important consideration is the possible . 'i 

transition fram deflagration to detonation in fuel-air explo-

sions, the latter causing,consider~bly more damage. It is ,.. , . - . . 
weIl known tha.,t a deflagration Jj,Bve often dri ves a precursor 

shock ahead{of itself and that reflection of this shock from 
~ , . 

an obstacle may lead to t~mperatur~s and pressures suffi-
If 

ciently high to initiate'detonation. This is especially 
, 

true in the heighborhood of the.tripl~ point of Mach ref~ec-.. 
c 

tion. ~n addition, the shock waves produced by flying debris , 
from an initial explosion may eventuaIly initiate detonation. 

~.~ . 
Thus it appears desirable to find sorne rneans of weakening J ,0 

these shocks before this can occur. , 

Similar dangers exist in cGal rnining operations ps 
1 

weIl, '':at-t'hough in this case explosions are more conf ined aq.d, 
./, 
". 

, . 
tend tci propagate ~hrough branches of underground tunnels. 

\. 

. " 
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The Saffie is true of gas line e~losions in industrial plants. 
of>{" t: • Tl. 

d,o , r 
~In these cases as well, there appears to be a real need to 

investigate practical methods of dissi~ating and attenuating 
h 

shqck waves which may be accidentally generated. 

In gené!'r'al, sh9~~ wave a tte~uation is a c-~mplex pro-

cess and since the equa-tions which describe shock wave dyna-

• <\ • 
m1~ are nonlinear, there are no simple solutions to this . . !tr 
type-of ·problem. Aside from the natural tendency of blast 

" waves to àttenuate due to area·divergence effects, shock 

wave attenuation usually reèult~rfrom the generation~~f an 

~
nsion wave sornewhere in the 'flow field which overtakes 

, ~ 

t~e 5 ock and weakeps it. Fo~.an unconfined shoc~ this pro-
1 

~~ f 
cess can be rather graduaI, '""~specially if the expipsion is 

J '. i 

quite localized initially. However, for shock wave~ in 

ducts, multiple reflection of an expansion .wavê- fram the 

duct wal~s provides a mechanism by which the attenuation pro-

cess can be accelerated. In this case, the expansion wave 

can traverse the shock several times p~fore it is dissipated. 

The present study examines the attenuation of an 

initially planar shock,wave as it passes over a single slit 

in t~e wall of a rectangular duct of constant cross section. 
~ 

Such attenuation clearly rcsults from d~ffraction of the 

shock wave through the sli t. ~M..e) .expulsion thnough" the sli t, 

of gas originally compressed by'f~e ~hock generates an expan

sion wave which overtakes the shock and tends to weaken it. 

Xhis effect i5 compensated to some degree by the subsequent 

reflection of the diffracted shock from the downstream edge 
G 
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• 
of the' slit. The net result is, however, a reduction in 

shock strength. Since the energy flux through the slit 
~ 

depends mainly upon the 'strength of the incident shock; the 

attenuation rate depends upon this parameter also.~ 

The simple shock tube facility employed here is not 

intended to simulate a blast wave. 
Q.... ';0 

The latter always decays 
e 

because the initiation en~~~~i~distributed over an ever 

increasing volume 9f fluid as it propagates away from its 

point of origin while for ~e former the shock is "pumped" , 
at a constant shock Mach number: 

. , 
In the present case, this 

difference is desirable as the ·attenuating effect of the 

slit alone can then be evaluated. 

" 

.. , 
,,: 
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,. 
1.2 The Nature of the Problem 

, G 
Sorne of the charact~ristics of the shock-slit inter-

" 
action process have been described previously~ for the case 

where the parti cIe velocity behind the incident shock is 

subsonic. The situation is depicted in the drawings of 
- ~( 

Figur:e 1.1 which shows the developmen-t of the wave interac-
. 

tion~ when the wall of the duct-may be considered to be very 

thin. In (a) the initially planar shock ii diffracted as it 
1 • -

passes into the slit; the shock curves around the opening tG 

maintain contact with the wall. At the same time a nearly 

cylindrical expànsion wave is generated at the upstream edge 

of the slit. As time progresses this wave spreads out into 

the channel and is responsible for the attenuation of the 

shock. Since the particle velocity is taken to be subsonic, 

the head of the expansiQn wave also rnoves upstrearn. Further-

more, since there is no char~cteri~tic length involved, this 

initial stage of the interaction is self-simllar, the confi-

guration differs from instant to instant only by a scale 

factor. 

However, the insertion of the downstream edge of the 

slit into the problem introduces a characteristic length 
-- .. \ 0(" 

(the slit width) and the self-similar nature of the~low ls ~ 

destroyed. In physical terms, this is accomplished by the 

reflection of the diffracting shock from the downstrea~ edge 

which produces a secondary shock which also spreads out into 

the f low. This cornprcs sion wave wpich .. is a Iso near ly 
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cylindrical then termina tes the initial expansion and tends 

to reduce the attenuation of the main shock. It is inter-

esting ta noté that when the secondary shock progresses up-

stream, it eventually collides with the opposite edge of 

the slit to produce a third shock which then moves downstrearn 

to coll ide with the other edge. This reflection process 

çontinues until the colliding waves become so weak that the 

motion is entirely acoustic. 

The ex~erimental evidence indicates that the reflec

tion of the diffracting shock '{8 a Mach reflection i.el, a 

three shock configuration with a Mach stem which is normal 

ta the duct wall at its foot. While there is no reason ta 

suppose that conditions can not be found for which the re-

flection process is regular, only the Mach configuration will 

be ~onsidered here. It is the Mach stern which is in fact the 

attenuated wave ahd since this wave must lag behind the inci-

dent-(undjsturbed) portion of the main shock, significant 

shock curvatl1re is exhibited ln the vicinity of the triple 

point. 

After sorne time the wave configuration' becomes-~ore 

or less fixed ~ith the internaI flow charact~rized by the 

~our traveling waveS'described above, Outside, t::e extern(1l 

• traveling waves move far away from the sl~t\?nd for aIl prac-

"tical purposes, no longer influence the flo~ there. A steady 

. fluid jet is established at the slit which i5 inclined at 

sorne angJ e El j ta the duct axis. This si tua tian for purely "" 

subsonic flow behind the attenuated shock is depicted in 
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Figure J.] (c). 

sure r<:.lU o· dcross the sJ i.t -vs \\'(,11 vs tht' }->articlc ve]ocity 

1 

bchind the shock.. 'l'ht'Je no",,: H'<]lons ]Y1 uy he cJjstin9UJ~;hc'd 
i ~,r 

for the jet. 'l'hV~1C ùr?' (i) pUl'C'Jy S11b~)()]llç [lm'7 , (ii) mlxccI 

sub anc1 s\1j>(>r[;OnlC' flov: Le., choJdn<] ,')11(1 (il'L) flurcJy super' 

sonJc fJO\J for v'hich tl1cre js ,) Prllnc1tl-.Mcyer eXf>(1I1sion ût 

two-c1 j men::;) clDéil i rrotéi tiol1a ] • comprc;;;:, i.b] (' Il 0\7 throuqh al! 

in thE:' vJcll1 of a c1uct uSlnq cor!!])1 ('S~;j bl(1 hoc1o~lré11~)1 , 
thcOJ y élnc1 J)is .r::(,~:;ul ts may be élpp11E'd 

li) 

Lo Cl"lSC aGov(" 
i 1 

This dl1alY::>1s <jivcs êll1 éipproxin1y.Le Ulcory for thf: jet uhSlld 

0jilS weJl ,);:; the contli1ction réltio. In p}lnc'jplc, lt' 15 
t 

possjbJc' Lo use l.:his nwUlOt1 to conlputc_the jet structure 

al~;Q.' 

Regime (1 ij) f>xist.s v:hen the l'ë1 rtlcle veloclty llchind 
& . 

the incidenL shocl~ is supC'rsonic. For this cuse the intor-

nal WélVOS 2:re not l1bIc to prO}5ë1<]éitE' upstrei1m (lnd they remain 

essentlally attached tQ their pojnt of ori~in •. Thus a 

Prélndt]-Mcyor expansion exjsts at the upstrcam edge of the 
..;' 

sli t élnd é1 S ll<Jhtly d(~tûch(-~ù shock c'xis Ls at the doJ~!strcam 
.~ ... 

edgc as s~own in Figure 1.1 (d). The jet structure is quite 

compl ex duc to the ref lection of the dctachcd shock from the 

jet bounc1ary.1 IIowcver, i twill be shown later than an approx

imatc thcory duc to Mocckel c can be uscd to compute the shape 

of this detached shock and the method of ch~rùcleristics can 

thon bo emp loyed to COTIlpUtc the ~jpt structure. Unfortunately, , . 
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lit"llc or no jnfOrJT\JLiC'll CY.l'c~ts conct'rnintl rCCJin,(· (iJ.) <lnù 

(P('gillIC (11») if-, illL'orc-tjcd1Jy posslbh' f.ort"-,,l!oek r~ê;ch Tllllll-

~ '~ 

bcr~~ grc;1t('r tllé'n J.21 t'nd f,\'l'l'r;,OnlC pùrLicJc vcJocjt.](,:., 

.. 

vic irll ty of the' s Ji t one] as rr.c>ntionC'd abov(~, thcse beconl(' 

acon~;Lic in ll<lturc as -Lime rrOCjrc8!".:;C'~,. A thcory by' f<lldin<Jcr'l 

for the r (' r l r' (' t 1 (> n CI [ êI r) 11 0 (' J: ''yJ ;) v c f r 0 ,n the 0 l'V n c n ci Cl f a 

duel provi (lc'G son'c inforn'ût ion ùLout ~,uch processcs. ""~US-
/ ' 

tic th(:nri' is ~~p1()ycd to d(>~;('yjl)c the rcfll'cUon of shl'cks 
\ ,. 

-... 

AccOJ ding "lo 1;Jw "lheory the l'r('~sure cid iur-,tlllent i S élsyrnJd-o-

.!?c ~lthmlglJ j t ls virtually cOlnp1ptc in'. a tiTI1~-' t ", 4 t 

whcr~ l j~.; the tiJ'l~ rcquirecl f(lr an z)COUf;tjC VlétV(~ to UëlVe'rS() 

1 

the C'XJst section of tJw du ct: or oriflce. 

From the v forcgoin<) c1e'c-;cript ion of the shock- s lj t 

interaction i t c'an be secn tha t the strength of the attenu-

-
ated shock i5 constant aJong the wall downstrcam of the sJit 

provJ<1cc1 thot the cJuet is infinit,bly \,l]de. / ~f eours,e jn 
1 1 il 

the practi cal cùs8 i t i.s not <1ncl bot fi the 'expans ion WélVC and . ' 

seconcJar~ (reflected) shock will unc1ergo multiple reflections 

from the vlù11s of the tube às "he maj n shc)('k propù.ga tes down 

the tubc. ThtlB the attenuation as mnasured at the wall con-

taining the slit, will- proceecJ in dj.stinct jumps corrcsponding 

to the arriva] of -the ref J cc"tcd waves a t the wa 11. Furthermorc 

) ( 
" r 
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the frequency Of the reflections, and hence the attenuation 

rate, will depend upon the width of the duct. However, in 

a practical case;. multiple slits would provide mOl:'e effi-
- 1 

cient attenuation and this effect would becorne secondary . 

1 -
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o 
effort hi:ls bec Il (hr('ctc~0 tC)vlé!rc1,; thf.:. run(;(>rf~L~>lj(:inq or Jo] do;l 

1 

with the· i,n:)(lul'Uon i:lncl 111-0P.l~J(lti('n, th1urcticcil d0~"C""-LI'tJon 

sC'ntcd in He [ercnccc 8. Attenlion hL1S ël]SO bcc'n [ocu,;('cl on 

8hoc1. waver, by Vill·;,i0\1S structuree; ,md c,1Istc1Cl(H:. 'l'he· ldll('l: 

,-o"jc falls in,,, a ro1"l101' hro"a i"pccl of 90" c1yni;HllC'~ "lu ('11\ 

mJql!t be tî'nr,cc] "shoct \'JëlVO intcr cl(.:l10n,," ëlnd hdS }j{cll the l 
rnentior)(;c1]n SceLion 1.2 thc1t the ;;h()cl.-~;lit jl110rë1ctlon 

jnvoJvo~; Doth diffrëlcUon é1l1d rcfll'ctinn of the indc1cllt 

WùVC ,lhc:rC'foyc) I~omc' of the more r.:C1 ti ncnt contri huU ()n~3 in 
~ ... f.-__ -~-. 

this fie1<J, ,An 11 now he dlSCUS~C'L1 briefly. ThC' eùrJy work of 

Lighthlll 9,1 0 prov ld cd ~ vi ilb1e theory for t.he motion of a 

shock at iln C'xpilnsion or corrrrcssion cornccr as woJl ilS the 

l<lcélc1 on n~[J cC'tlon of d plane shod: from an int~gul<'r sur-
'i :.:. .) 

î'ëJCC. HQ"<cvcr 1 sincc 1...he theory j s bùf30d on <t linC'~j):i zation 

~ ~ 

of the cauaLions of motion its v~]ic1ity appcars to be re-

strictcd to small dcfJC'ctions of the shock waV0. 

The complexjtics and limJtations of LjghthiJl's 

theory Ied ta a search for alterndtc mothods of solution to 

1 



'. 

• 
1 
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IJ 

bl!ClCk cl j r r r <let 1 L,n pro\1 1 (;P':,. 

tlonclry" or.;,-d 11!il,-lrLi.y (()(lnliT'(itc", x/L, y/t. They ncdr:, tJltlt_ 

./ 
th(' [0)T"'01 -rncthoc1 if) tô J)(' prC'fE'rn'(! c1w:· to Jls reJ"tlVL' 

employc;c1 by H\Jsilnov l3 in the Soviet Ullion to solve ;'\'\'(',,11 

t i on of ;~ho(']: prop,lqël tio1 • t lJl-ouqh . ChélldH .. '] ,. \'J j th sudél ('Il (lnc1 

qr"ùud] en] drqCI""('nt S di>- \,~e;!t 1 él S brilllChl':. 11,lS h(,Cl~dcC'c,m-
.. - - ...( 'L 

1\)) oxcolJent ov('rLlll 

roviC'tJ of the IHUlICŒlcal T:l('lhoc1~~ Ln gà:; dynnJ11iCS ha~; lA:('n 
1 

\ -
givon 11y B('l()tsC'rk(J\!sJ~ii él11c1 Chu:;11]:1)), 1 5 although th/s worl< 

focuscs mainly on the c[[ort~) of Sovü'l re[;c'ëlrcher,;. 1\ 

summ.:1ry of tho Indthc!Y1 <ltico.l tcc]m i quos, hoth émalyt 1 ( ilnd 

nUn1er J c, tb.:1t hêtve vcen urpliec1 to mnny shod: dj [frocU 011 

and re[ lec tlon problC'Pls hé} s. DeE'n preseJI ted by PAck. J G 

Pcrhnps the most vc;rs~tlle mcthoc1 of solution for 

shock wavc motion problcms is the ray-shock theory duc to 

Whitham. 17 nased on Rome concepts from gcomctricdl acous-

tics, the mcthod 'cmploys successive shock posltjons êmd 

their orthogonal trajcctorics (the rays) as coordindt6s. 

This leads to one dlff~rcntial equation relating shock Mach 

number M and ray-tube area A. A second relation betwccn A 

and _J.l is appro.x.imatc·d fl0m the weI] klJü\';J1 env (ehe~)LGr-

ehisnell-~vhithéUl1) Theory 18 for the motion o[ a shock wave 
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down a tube of varying cross section. The resulting equations :. 

o turn out to be hyperbolic and a solution is conveniently 

expressed by the method of pharacteristics which describes the 

motion of kinematic waves on the shock front. These are in

terpreted as the intersection of;acoustic waves with the shock 

and the case where these waves .break i s termed a "shock-shock" 

which correspond\" to fhe weIl known phenomenon of Mach ref lec-

t'ion. ThU.!g the theory is able to describe, the trajectory of 

the triple point of Mach reflection but unfortunately it is 

unable to provide any information concerning the flow fleld 

behind the main shock front . . ' 

The ray-shock method is so general and flexible that 
, 

it has been applied successfully'to a wide variety of shock 
" 

dynamics problems. In his original paper, Khi tham 1 7 ex~i~€d 

the diffraction of plane shocks by an expans~?n or compression 

co'rner, S~IOCk motion along an arbi trarily ~aped wall and 

the stability of plane and cylindrical sho~s. The method 

was extended to three dimensions l
' fbr which shock stability 

and the diffraction of a plane shock by a cone or an arbitrary 

slender body is examined. It is also shown that a direct 

analogy with lin~arized supersonic'flow problems exists. 

Experimental verification of the ray-~hock theory has , 
been undertaken by many investigators covering a wide'variety 

of problcms. Diffraction of a planar shock at an expansion 

cor~er ha~ been studied by Skews for both sharp'20 and roundcd 21 

corners via schlieren photography in a ~hock tube. As 

. , 
, ; .~ 
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anticipated by Whitham, reasonable agreement between the 

experimental and theoretical shock profiles ~s observed only 
; , 

for shock Mach numbers M greater th an about 3. O. For lower', 

values of M Whitharn observed that the theory concentrates the 

disturbance over too srnall a segment ,of the shock. In actua-

lit y, the disturbance is spread over the entire region encom-

passed by the sonic circle ernanating from the corner, as is 

verifi~~-.by Skew's experiments. 

For a given initial shockriach numb~r, the ray-shock 

theory predicts a critical diffraction corner angle which 

corresponds to a wall shock Mach number which i5 just unity. 

Beyond this angle, no solution is possible corresponding to 

the degeneration of the shock into a Mach wave. Again, at 

lower shock Mach numbers a considerable discrepency is noted 

by Skews. For example at M = 1.5 the critical diffraction 

angle is roughly 90° while the expcriments ShON a finite 

shock strength even for M = 1.2 and a diffraction angle of 

nearly 180°. For corner angles less than 90° the theory is 

observed to p,r?d~ct the wall shock Mach number fairly wel1 

throughout the entire range of the tests (M = 1.0 to 5.0 

approximately) . 

A fundarnental assumption in Whithams formulation of 

the ray-shock theory is that ther~ is no interaction of any 

kJ'nd b~ween neighboring ray tubes. Oshima et. al. 22 have 

, .. :incorpbrated shear stH'sses due to turbulent rnixing across 

ray tubes into the the~ry and claim a signiflcan~ irnprove-

ment. lIowevor, since they erop19yed a constzmt valuE:! of the 
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Chester Mach nurnber function K (M) in tpe in'tegration of the 

characteristip relations, these resul t's should be treated 

with sorne reserve until more experimental evidence is accu-

mulated. An improvement of this the ory for weak shoc~s has 

aiso been given. 23 

l , 

~
Miles2~ has studied theoretically, the problem of 

the hea on coilision 6f:a bldst wave with the bow wave, ., ' 

attached to a thin wedge moving at supersonic speed. In 

this case thé diffracted shock is oblique to the (relative) 

upstream flow and a tangential velocity component is con-

served across it. This is incorporated into the ray-shock 
~ -

theory according to a modification origina~ly ptoposed by 

Chisnell. 25 

. 
The ray-shock ~heory has bee~ employed suçcessfully 

by Bryson and Gross" ta predict shock-shock t:ajeC~aries 
for diffraction of a plane shock by cones, CYlinder~ and 

spheres a t s'hqck Mach number s of the order of 3.0. The 
't n 

; . 
independence of the diffraction pattern from shock Mach num-

ber as predicted by Whitham in Ehis range was observed by 

the~e authors for the case of a cylinder. Other appllcati~ns 

of the theory include the prediction of the trajectorles of ,. 

transverse dis tr~bances ':0 a conve'rglng cy l i~)1rica 1: deton-' " 

ation wave 27 ~nd the amplification of a shock wave as it pro

gresses into a conically convergent channel. 2B With the aid 

of the ray-shock thcory Skews 2
' has dcmonstrated the analogy 

in shock shape for diffraction at an expansion corner and 
~ 

rcgular reflection a~a comprcs~ion corner. 
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An interesting use of Whithams technique 

in thé concept of shock wavc shaping 30 for which 

a shock in a convergent channel is accomplished wi thout fini te' 

reflections from the walls. This lead~ to significant ampli-

fication of the shock and the production of high enthalpy gas 

near the point of collapse. It has been sho;;n 3 1,3 ~ that from 
,1 

(, , -
ray-shock theory the corr~ct wall shape for a two-dimensional 

channel is a logr i thmic spiral contr~'é?tlon and this has been , , 
;l , 

studied extensively by ~ilton33 who alsR'confirmed these re-
; t ,-; .. :. 

sults with experiments anD investigated a~isymmetric shock 

collapse as weIl. Additiohal Experimental results have also 
'-

o 

been 9 i ve~. 3 4,3 5 

-An important consideration in shock propagation pro-

blems is an analysis of shock reflection processes. Normal 

reflection and the regular (two shock) configuration of 

oblique reflection ,of shock waves are well de~~bed by 

invisid analyses which may be found in any gasdynamics text-

1 book. ~ 6,3 7 HOy.'ever, for the oblique case if the angle of 

Jincidence is too large or the shock too weak the more compll-
\, , 

1 \ J 1) ~ ( 

\ ~~ted> ~ach _(three shock) configuration occurs. In this case 

if the shocks are assumcd to bc stralght in the immediate 

vicini ty of their poinl:"VOf confluence (the triple point)-, 

two-dimensional invisid thcory alsà,gives a strajghtforward 

solution. This is most easily accomplished from hodograph 

~"l 

theory,l.e., 
"\'1 \ 

the intersection of two ~hock wavc'p;lars,1~3~39 

-and although this rncthod is widely uscd, agreement with 

• exp~rimcnt is adcquatc for(strong shocks and decided~y 

inaccuratc for weak shocks. ,The dcficicncy of th6 threc . 
., 
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,0 -shock thcory haB 
, ~-1l 

leac1 to .the pror;osal 

1 

,\ 

that the flow near 

~ the tri.ple point ca"~ not be--ci'escdboc1 by the usual jU]Tl}~ 

, 
, -

~Hanlulle-Hugon iot) cond i ti.OIIS • Bost jnvcst.lgators élgree that . 
the usual sC.::l.lo of laboratorr'y expE'r imcnts c10es n~t a[ford 

. - i t . / , , , 
sutflcient rc>solution tb .::l.CCUr~1ftcly PX2J;,llne the [10\'! phen<.menü, 

nea~'- ,the tr ipJc' point. 

The transi~ion from re6ular to Mach reflection is not 
~ v_,: 

, , 

yct camp] etely nnÇlerstood) and i t is nOft known whetl'lor this 
, , ' 

occurs whcn the, Lleflection across the:- rcflec'tel1 shoo.!f;) i8 
-" ~;:ij). 

maxjmum or wh~n---t..4e-i]ow }whind it is jU'lt sonie. EclwCjmûrêl,.. , 1 

J 
anc1 Sai to 1 9 conc1uded from thc:d r shock tube e;:nerimcnts 

. l ' l: 
thùt 

the flov} is singular at UTe triple.' pojnt when the fJow 

bchind -the ref,,.lectec1 shock is suhson~c.o OC,uc1er ley (s(,E' 16) 

inserted () Przll1c1tl-Mcy~r expansion at thc~ _t.r;iple point to of 

give a differcqt, but plausible type of intersection of the ,. 
o shock polars for .those cases 

" . 
" .- .. 

whor~ jn2crs~ction was prQvi-
CI .. \ \ ) 

ously 'thought not t;:o r ~~is t. Thd ~cflection of eurved shocks 
1 • 

in a steady flow of Mach number 2.8.has been studicd by 

Moj der 4
1 

who ShO'\lj~;'héltl 'Çl smooth transi tion from regular ta 

;,.. Mach refldç\tion occurs as shock str<?n~tll"~S dC'creasecl. 

For the case where a travc/ing planar shq~k is inci

dent. upon a 'statipnùry wedgo or ramp ~ the'Mach reflection 

eonfigurat'ion oceurs, ït is w~ll' known that it grow::: uniformly 

with timE;' and i8 termed "psc;,udo-st:ationary" in the si~ilarity 

cODrdinates x/t, y/tA The locus of the triple point then 

follows a linear path. frq,m the apex of t#1e'wedge and this 
,\. -

v 

angle (which i s just the "shocb-:sh9ck" -traj ectory described 
, ,_ r-

\ 

-'" 

-'1 oC 

.. 

D 
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by Whitham) can be computed from the ray-shock theory. It 
- , 

_was demonstrated by Whitham 17 that for strong shocks the 

tneory is not especially accurate,for such calculations 

(maximum error of about 25%) ~xcept for large ramp angles. 

For incraent-Sho~acn-numbers of 1.51 and 2.42 Milton 33 
-

used known experimental results to show that the ray-shock 
! ~ ~ ~ 

theory ade,quately preaicts the triple po'int locus angle 

except for ramp angles less than about 10-15 degrees. For 
< ' 

rarnp angle~ approaching zero, acoustic theory is observed 

to give bette~~es~lt~. For the sarne shock Mach numbers, 

the ray-shock th,e~ry is seen té give a good estirnate of the 

stem shock Mach number', except at large rarnp ang les. Thus 

in general ,~,,·tpe theory is good ,for predicting wal'l shock
4 

Mach nurnber but poer for estimating the tripl'e point locus. 

" 

'- .. 

.. 

--' 
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1.4 ShoGk Wave Attenuation 

To date, most of the work on attenuation of traveling 

shock or blast waves has been focused on nearly plane waves 
.J 

moving through ducts. For the case of shocks propagating 

through diverging channels the decay in,shock Mach number 

can be estimated from the CCW theory for which 

forrnu~tion17 is the simplest. Available experi 

dence~2 indicates xeasonable agreement with 

shocks and duct divergence angles up to 45 0 

evi-

for weaker 

h the 
~ 

---- - - -------- -measurcd -deeay r~t.e is not qui te as rapid as 'Predicted. 

• 

Attenuation of shock~ traveling in ducts can be 

accomplished by ma~s, momentum or energy transfar either 

ahead or behind a wave which would otherwise propagate at 

a uniform velocity. A general analysis of shock bounded 

flows with mass, momentum and energy transfer has been pre-

sented by Mirels 43. Howaver, since a linearized theory js 

employed it is restricted to weak shocks or cases where the 

variation in fluid properties is small. A'further study44 

demonstratcs that self si~ilar'shock attenuation is possible 

provided the mass, momentwn and energy flux terms have a 

very speciflc form. Unfortunately, for most practical pro-

~ 
blems it appears unlikely that these conditions can be met. 

, , 
Since disturbances are often communicated to travel-

" 

ing shocks by acoustic waves, the method ~ characteristics 

-is a likely method of analysis for shock p~pagation problems . 

This approach has been employed by Rosciszewski. 45 His method 
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is essentially a lincarization of the one dimensional ., 
characteristic equations which presumably limits appli--

cation to cases where disturbances in the flow field are 

relatively small. However, it is demonstrated that the 

method is simply-'a generaliza tion of the CC\~ theory thus i ts 

applicability ls wider than rnight be supposed. 

One of the pr~blems specifically,treated RY Rosciszewski 

is the attenuation of a plane shock travelling in a perforated 

tube. Expansion waves are generated by-the expulsion of 
" 1 

fluid through the perforations which then overtàke and gradually 

weaken the travelling shock. The problem has been studied for 

square tubes'+ 6 using the CCW theory and round tubes '+17 via the 

'method·of charactcristics. Experimental measurernents from 

both studies show good agreément with theory and aiso demon-

strate that Roscir,zewski's calculations predict a much too 

rapid shock decay rate and this is attributed ta errors in 

evaluation of the mass, momcntum and energy flux through the 

perforations rathcr than a flaw in the general analysis. 
') 

An alternate scheme for shock attenuation i~ to reflect 

the energy of the wave upstream by placing obstacles in the 

l' 
path of a travelling shock. This can be accomplished with 

cylinders, grids 4B and similar objects. For one study, 
\ 

orifice plates werc also scrspended n~~mal to the axis of a 

duct and rneasuremcnts of the reflccted and transmitted shock 
• 

strcngths were rccorded. 49 The transmission.of a weak shock 

'-

wave"through orifice plates with ànd without baffles as weIl as 

abrupt area contractions artd expansions was investigatcd 
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by Davies and Dwyer. 50 A simple one dimensional theory was 
- - - --------- ------

found to give good results. A similar approach has been 

employed by Deckker and Male 51,52 to describe the passage of 

a shock wav'e throug'h the juncture of two equal area ducts. 0. 

-The theory is found ta predict the atten~atian of the trans-

mitted shack fairly weIl-but not for the strength of the 

shack propagated inta the side branch. The discrepency- is 

ri attributed ta wave reflection fram the walls of the·juncture . 

...... 

--~-- - --~-

r 

, l ' 

• l' 1 
~i 

• 
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]. S SCO)'(' of the Prc:s( nt Tn\T('~,lj(1c1t:ion "--_.-_ ...,--__ . _____ ~ =----:-:--=-_=_ ____ ~ .... fI! __ ~ ___ __ _ 

ACC(l)~(l.l/nCJ t-o the pre\' J OW3 diseusE' 1 ens, thc flo\'!, 
\ 

plj(..!Ttomena assoC'lùtcn v7ith the shod:-rit intcl"rjétion élU" 
1 

fé:lir.JY COTllp1t.'x Iwnce the grcélter pctrt or the present stucly 

is C},PC'J'lTIi('ntal. Howcver, S01fJe attcntiol1" i..s paid to é1 

1,-. 
tboocet.lctl1 dc~~cript-lon of t.he.prob1em é1nd it will be s1l0\;n 

bcloVl th,d: the rùy-shock thcory provioC's an at1cquate dcscrip-

tion of tho ~ttcnudti0n proccss. 

A sil'iple oiT/air shock tube with él ÜJt1 inch (nominéll) 

squù:rr:- -Crt:~~9 sectj on i·~ Ç!.mploycd fOL-thc les ts .. ~lS 1 Ils éll1 

CV~CUé1tC'J dlJVen scctio~, the practical rdngc of opernlion 

of this tube Ü3 [or shock Mach numl'c:rs up to dboul 2.5: 

Th is r.::mgo is consi deT (,cl él cloqua tt' to dcscrl be the pr(',~(;nt 
v 

problem élS i t extends into the reglnlC wJl('re supcrsonj c 
, 

pélrti cJ (> VC'10Cl ties 0)d st bel11 ne1 Uw lnc lc1011t shock. 'J'hus 

the test ln,) capùbi li ty of the shock tuh0 covers a 11 tltrec 

regimes dcscrlb~d in section 1.2. A squarc cross sectlon 1.S 

chonen 50 that the simpler two dimensional interaction may 

be studied. 
< 

Two types of tests arc performcd. The first is a 

photogrùphic sbudy, the aim of whjeb is largely definitive. 

Spark schlibren photogr3phy i5 cmpJoyed to ex~rnine the 

physical fCùtures of both the internaI and extcrnal flow 

ficldsiover the entire rdnge of shock Mach numbers. Irt this 

way, the intuitive description of the shock-slit interaction 

prcscnted prcvlous) y can be conf ~ rmed. At the sarne tirnc, 
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nal flow ficlrl, vel(,citlcs of hoth the unc1J:,t\.Jrbcd êlnr: dttc-
, j 

" nua tcd Wé3VC',;, secnnr10 ry shock élnd expalls Lon W(lve r,1Cl il und 
,-

triple point t )-a]C'ctoriE:f-; can hc oL)taincc1 from the pholo-

HOW0\'er, si nct? onl y onE' photogrélph can he oLJt ai JlC'd 

~on(1J t.ions i S 0 f }Ja rélmou 11 L impur tancC' 1 n orcle1-- tü ohl<:.d 1\ él n 

upstrC'(rTn and (lownr;trcdm of th(' sl j l. 

used as shork c1ct0ctors. 'l'hcro(~ éHE:' cmployc(1 in the nsual 

Wùy mountec1 ln the' shocy. tuhc wLlll in two groups of tr;rce 

(one tri0gcr, two pickups) él.ncl connc>cted to the vcrticùl 

input terminaIs of a dual bCélm oscilloscope. A complete 
.,. 

description (Ji lhe c'xpE?rim(~ntéll élpparatus is given in Chélptcr 

lV. 

For lheoretical considerations, the ray-shock theory 

is cHosen as lhib is the sirnplest a~~ro~ch. Althou~h this 
,.. 

" 

the"ory assumes the workinCj fluid to be inviœid and perfcct, 

." 

it has been used successful1y to descrihe many ather prablems 

and is expected to be adequate for the present purposcs~ 
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Thus viscous effects are ignorèd completely despite the fact 

that boundary layer attenuatjon of shoc~ wavcs is a weIl 

documented phenomenon. (It will be shown later that cali-

bration of the shock tube indicates that viscous attenu~tion 
u ' 

\ is not significant under 'the present test conditions). A 

critique and generalization of the ray-shock !heory will be 

presented in Chapters II and III. Analytic solutions of the 

ray-shock theory for shock diffraction and Mach reflection 

processes appropriate to the present problem are then gi~en. 

However, the resulting transcendent~l equations for the 

attenuated shock Mach number must be solved by iteration. 
'1> 

unfortunately the ray-shock the ory does not provide any 

informùtlon concerning the flow field behind the attenuated 

shock therefore, aside from sorne of the experimental results, 

this matt~r will not be considered in the present study. 

The ray-shock theory can be used to construct a wave 

diagram depicting the Mach reflectior and expansion wave 

interaction proccsses as the attenua~ed shock progresses down . ( 

the duct after passing over the slit~ Howcvér, since the 

ray-shock theory does not give a very good estimate of the 

triple point trajectory within ,the Mach number range of the 
1 

present study a somewhat crude empirical relation is substi-

tut~. For one of the te~t conditions, app~oximately two 
, \ 

,and oneLhalf cycles of the' motion (one cycle is takcn to bd 

w en the triple point has traverscd the duet tw~ce) arc 

lotted, out on a wave di.agram anèi compar i80n ",i th expcr imen t 

one Fycle shows fairly good agreement. The role of the 

~ 
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wave diagram in a stability analysis of the attenuated wave 
---i------- - - ---------
,. is,dernonstrated. 

>, 

" 

' .. 
\, 

\ 

.. 

\ 
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A REVIEW OF THE CCW THEORY 

- Z-:--1- The Area-Maeh-Number Re1a tion 

The ray-shock theory de~eloped by Whitham makes use of 

what is often termed the "CCW Relation", which describes the 

motion of an initially planar shock wave as it travels along 

~ duct of non-uniform cross section\ In particular, this 

description takes the ~orm of a unique relation between the 

local duct cross sectional area and the (averaged) shock Mach 

number over th-a t-Yoc-âI cros's secUona.-l -area. In order-to - ------

understand the limitations and approximations inherent in the 

ray-shock theory, it is worthwhile to first examine the CC\v 

theory in sorne detail~ 

Chester 5J was the first to derive the differential form 

of the CCW relation by using a quasi-one dimensional linearizod 

analysis appropri~~e to small area variations, which was shown 

to be valid locally. Shortly afterward, Chisnell 54 obtained 

the same result with a- strictly one dirnensional " s teady statc" 

analysis, again on the basis of small area variations but valld 

only far away from the non-uniform region. It was thus 

eoneluded that the shock strength averaged over the cross 

sectional area does not vary as the shock progresses along a~ 
~ ..., ..... .Jo 

,,' 

uniform tube downstrearn of an arbitrary (but still srnall) ar€~ . 
change. However,' sinee distur-banees generated at the area ~ . 
change may still continually overtake the shock from behind~ jt 

was reasoned that these disturbances , which modify the shopk 
, '1' 

locally, must effcctively cancel each otJ:ler when avcraged a<;!"()(-s 

the shock surface. FinaIly, Whitham16 derived the sarne rel~tion 

_l 

\ 

\ 



u~~ing Lhr' (llffcn'tlti:ll Chil,lch'l'jr;tic fo1'm uf the UJl';[(::\d\' 

- o)i6":;-diIH'=-,fïG:fC:meiJ t?rr110t1c'Tn~ üf lt/t-( .i.on~ 'l'hcse cffclI-t" h;.ve !Jel_l1 

summi1Y' i 7ecl 1':1 C h0 S [ el' r, ';. j n i1 1(1 t Vè" p.tr('r. \'Jh i Llnm' ,'; 

c1criv,dJon ~s the si.r.lplcst, 50 it wlll b(' 91"on fir[,t. ',;'11('fl 

the moY'o tlJlIlHlni1tjnc; con!-r:ibuL;()n~~ of CHester and Chisncl1 

will he· cl iscussec1. . . . 

)1 \' Cv.;.' (~_ - ,\ i\. l .- ) 

C 

/ 1 ( :).-',-, ·.t c.l 1 ' , - , ~ 
>.~, (. ;);.. -r / 
~ 1 . '-

.('" ) , , 
. , 

)" 

(1) 

~herb the fune tlon~ [l' f 2 and [3 express tho faet t h.-' t thcY'c 

rnay be m:ls..J, momonturn or encrCJY \'xchanq(~ b('t wcen th\' ~;l.lrrounr1 111q:~ 

and a col11 roI volume cnCOllll'~l"~,sinCf the f1 uid. Tn thl;; fon[I, 

the term~; on the riqhL si(1(~ of ('(jlla\tionc'; (1) rcpre~fèllt the 

volume'tric maSf',mOl'lC'Jltum and cnc1'qy flux across the' control 

surface. ']'h('s(' may he duc to (J) mass, [10\1 across the 'sicles 

of the control volume', (2) vi~,cous shcar and body forces (rd ectro

magnet ic, gr av i ty) é.lDc1 (3) exterllal heJ l tra nsfe'r ,. cxtcrna l wor h 

and Vlork élgéd nst body forces, r0spcctivoly. For eXDmple, Ll cl. 
5 f 

recent .~;Ludy of shock pro)lùga tion él10nrr il pc:rous duet for wh:ich 

momenlum ~nc1 cnergy defccts are not considcred (f
2
=i

3
=O), 

pf l (x,t)~ -2en~~ whorc th~ Iast throe factors are the perforation 

ratio, dischacqe coeff icient and idea~tmàlss f Iow through the 

p~rforutions, respcctivf~ly. oshima//.- exùmined the djlfraction 

of planar shoc~around él corner using the ray-shock theory and 

takirrg into êlceount turbulent shear forces aione and not the \-'Jork 

'. 
" 
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T i8 the turbulent she~r st103S. y 

Whj tham cons ir1f' r ('(1 the f;J1T1plc si. tuatj on where therc' 

is ùCCil. vZtl'iation alonc, f
1

"-f
2

==t
3

=O. In th;~) case the 

differ~ntial characteristic fo~m of equations (1) is 

\ ' 

r .... \. lt .. -;.- 0 alonq Ct 

(?) 

) ... i J'" ,\ 1 J C5' -- r ~ - r .... , -\- ft ~~, :J:9 -"' 
t·t - (. I~I 

lÎ, alonq c-
-------------- ---_._- ---- .-- ~-------

d 
dt • 

---------

alonq S 

wherc the diffcrcntla] opetators corrf->sponc.1 ta the 

directional dcrivatives 

"-

Ô J ëJ r') Ù _ .J.. y- .l-c) - -\- -" ... - + 
~X 

- - Î; t ;) X -- ,- lA. ôt ' - {',-\ C. ût ) Ji1. l~-l ) 'i) r~ 
" y 

in the respective charactcr is'tic directions 

c.- _ t(-Co c 
) 

e) 
,,~, 

(J 1-

Now, Whltham's reasoning i5 as fo]lows: jf equations (2) 

describe the flow field behind a propagating shock, the 

positive (C~) characteristics will foJlow a trajectory that 

i5 close to that df the shock itself (Figure 2.1). Thon, 
..... ,.-

the first~[equaLions (2), which js valid along a C+ 

characteristlc, can be applied to the shock itself as a first 
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--_.~ 
'. ---------,--- ------------------------

''0 
'. , 

appr?xitnation. 

equations, which 

This is done with the aid of tpe Rankine-Hugoniot 
t 

express the change in the dependqnt flow ----- ----- - --------

variables across the shock 

(f - !.. Ml.. - (-1 

~to?- ~-rl r ((+\) 

\..l '2. 
(M~ ~ __ )_ -

CC) ~tl ----------------

(3) 

f. - Q'+Q M"l. 

2. +-lf- 1) "" l-

'. 

e.. -::. ~ ~Z.(M(.-lY-')J 
C-b l'ô' -f-I) JVf 

-------' .. --- where--- - j,-- ------- ----- ----

':: 
n 

2.+((-/)M 
~ 

"L.y M~- (0-1) ,/--

and M is the shock Mach number. It is assumed that the flol'l 

ahe~d of the travelling shock (subscript 0) is uniform and 

quicscent. 

Therefore, differentiating equations (3) with respect..."'--''' . 

te M and substituting this into the first of equatjons~~4~
(this' process is Whitharn 1 5 ~ell-known "c~areacteristic rure") 

yields 

where 

\ 

t' 
•• : 1\. t-~ 

dA _ - -A 

J' 

(4) 

. \ 

(5) 

/1 
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flllJct:iO]1 O~ 

; (K (V .. ) + 0 • S,O. j S r:y- ct s !'[)], Q) 
'T • 

--- - ..... - ~~---- -~--~ -- .. 
rrsp(>ct i"f'ly)' oCtcl1 c3lJ (',: t'hé; 

\ 
Il Ch ( .• '] ter F\lnctlt'1TI" as Chc~;t (>J" \',',J.S t Il(~ fir~;t to c1crivi' 1 t, 

The vorlcltinl\ (.f' 

K':['1) is Srl(I\JJ1 in riljHt"C 2.2. l"quLltlon (11) (';.;pn'h~;l>·' the 

fëlct thLlt for Z1 giVC'll cbangc jl1 arc.J. A, the ch,t]j(J(~ ln ,,;hocL 
~\ 

HélCh"llUmllcr r~(l(">P~IlÙ-!-; UJlly ÜJl rvj é1nd i',. This A-~1 rcl"t-lnn . " 

is t}v· W('1]·-}.n~~';1-"'CcX re'lat ion. Tt ie; im)l()rtllllt "ln Iltl~'-
thc\1: 1"h(' relation hOl(~\ [or fJni te; vrea ch,ln,!0s si nel.' llO 

• 1 

l in0i1ti Z.-l tj un hi1s l,lcen cmp toyr;d j n i t.s clcri vation, Ll 1 thCllvrh 
Ir 

lé1rçrc cHca varL-ttions \li11 liJ:cly 1(:;:)(1 to a viol ù tJOll of tb>~ 

qUé1si--onc diJl1cn';;iol1é11 {lOlv model. }'urth0J'!',orc, ('qu,ltinn (tl) 

shouJd DC quilc ,ICCUL1L-l' [or v!e,tJ~ shocks since, in thi s C(l~,(', , , 

/\1: this juncture, the n"ture of the é~pprOXllnd~(ll1S 

thCl t have bo~n 111<1 cl c j Il orc.1 e)" to obi éJ. in the Ge\'] n' LI. t H!l1, arC' 

not app,îr0nt. ,~ln order -Lo clél1:ify J~1~lttc>rs GOnlC'\·/1!,l1, the 
" ' 

. Chester llnd ('h.1sn011 étllilJysi:-, mu"t he cxam.LllL.:~ in r1CJH' d(~t<1il. 

Chcstc'r éll"dvcù al: an equiva.lcl1l \onn o[ cquéltion- (1) hy 

cmpluyinrJ 1...11(' fu11 LhlC'C: c11lnCYl,;i0l1,d, cqudtions 01 nn:.10H i1nJ 

COllS ic1er j ng on 1 y mna Jl a rOël ' V~Œ j;:J t 1 ~J.1S i. e. U1C 11I1é,l rJ zed 

case whcrc the f 10v/ ··is pcr i'llrhcd abo,1t the initia] [10\1 beh i ne! 

the undisturbec1 travelJin'l shock. It is shown that prcssure' 

disturbanccs brought'about by arca changes arc propagated b~ck 
the 

into floVl ficlv bchinc1 the moving shock by acoustlC waves 
l, 1 

and this infornLtion is sufficient to a1]ow !101ution of th(~ 
equ~1 tj ons l[ the f10w {Jar iél bJ cs an~ élV('raqC'ô over. the cross 

"sectjon of the duet. 'l'hus, the analysis is qUdsi-OllC di.mcn~JonaJ 

and, althouC)h it lS ,tao comp1ex to bc rcproduccc1 here, the 

esscntia l fr~ùturef) can he retéd neLl by mak ing the one ~1im.~nsJoJ)a l 
approxima\-_ion at :the onset. Tllls simplification of ChC!ster's 

work was first giv~n by whitham . 

( ! 

1 



r--------------------... -----------------.. -

., 

'\ 

, 
\ • Sincc changes in pressur:c and V"CIOèi~y are carried 

( . 
by acoustic \vave::-~ and. changes in en tropy are Cdrr ied alonCJ 

partjcle pdths, th0.arpropriate equations to lin@arize RF0 

the charncterislic aquations (2). Thcn for small arca 

var iLl tions .. the i low bchind the travelliQ.q sh-ock is perturbed 

about the initially'unifOrm flow behind the undisturbcd shock. 

This is dcnotcd by the subscript (l~. Thus . , 

o alonq C+ 

(6) 

0 along '" C-
i\ '. 

. 
alonq S 

~ 
• n ana intcgFating along the respective characteris~ics 

o 

'(?-f, + fI C,,.~.~ LL,) + (~ ~I~,t,-\ 
l..tl+ C, 

Q. 

c_ 

C,"L lf-(') -:-:.~r;(-U.,1:J 
Q 

(7 ) 

• -~ , 
----------~------~--------~--------------~-~~:_'-----

-.>'-

IV 

Il 



• 

• 

- 31 -

o 

where the arbitrary functions F, Gand H express the fact 

that disturbances are carried along each of the three 

characteristic families. These disturDdrtces, whlch are each 

generated in a different location in the duct, arrive , , 
simultaneously to produce a net change in densi~y, pressure 

and particle velocity at the (arbitr~ry) point in the flow 

field which is under consideration. It can be seen from 

equations (7) that changes are also brought about by local 

area var,ia tions. 

The functions F Gand H are determined from the 

boundary conditions. Since the positive (C+) ·character~,*~i,Ç>.s."" 

carry no d~sturbance in the initial flow far away from the . 
shock, F ~ust be identically zero. This rneans that for the 

linearized case (srnall area variations), the disturbances 
~ 

carried by thé C+ characteristics are of second order and 

are therefore neglected in the analysis~,.~hen with FIO, 

Gand H can be determined f~ornrthe boundary conditions at the 

___ ~ock- i ,_~~-,_ !:b.~ __ Rankill~_-HugQPJQ_t ~cn!9.tiÔns ~L3) L - - ---~ 

For ex:ample, ~ [x- (u,-t l )t] can be determi~ed in the 

following way. Adding and subtracting the first two of 

equations (7) yields 

Al~)VC~.!. +
A, 

(8 ) 

--- ------------- ----------

-. 
; 
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Now, to first order at the shock (x=Ut) 

(9) 

where M is the initial undisturbed shock Mach number. 
o 

Thert' eliminating M-M from these relations o 

,~ , . " 

-

--_."'----"'<--~ 

. 1 
1+ M'2.. 

1,) 

where use is made of equations (3) ag~in. Then substituting 
~ 

equations (8) and simplifying 

where 

ù 

, . 

~ 

'f ----

Il 
\ 

1> 
l , 

( -( 
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Thus finally 

G, l;(-lU.I-~I)tJ 
~ 

.. , 

(10) 

4J(lv1o ) fC,"u1't. Ii Ch. (x-(U,- C,)c] )-A, 
l<,1._C,'1. A, 

The function J-I (X - t.t, t:) can be determined in a similar way. 

Then, if equation (8) i5 evaluated at the shock front 

where 

) 

. 
and use is made of equations (3), (9) and (10), the' final 

result is, after sorne simplification and dropping the 

subscripts 

b'A 
4 

. ~- -;:_ ... _-- ~-~---- --- ----------- .. '-~ .:;:--

.' . 

which is just the C_C~\1 relation, equation (4). 

The significance of the "characteristic rule" now ... 
becomes more evident. According ta it, the first of equations 

(2) i5 approxirnately valid at the shock (x=Ut). Hence 

- -------------------------
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f 

•• but in gene,ra1 

\ - .' 
A 

Therefore the ru le app1ies if at the shock 

(11) 

But in the 1ineariz~d case, differentiation of the first of 
._-_._---~---- --_._--- .. --<'-------

• 

equations (7) gives (with F=O) --~----~"-~'---

Hence equation (11) and, therefore, the CCW relation, is 

exact1y correct in the 1inearizëd case. However, this does 

not expIa in why the methods works'so weIl in the more general 

case where area variations are fini te, although it is evidenl 

that equation (11) must be approximately true in that situation. 

Chisnell also derived an equiva1ent form of the CCW 

relation on the basis of small.area variations an~one dimcnslonal 

steady\fIowo This analysis is straightforward and wiLl not he 

;:---'---

, 
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prlsented here. However, since i t is based on the stëà'dy 
, / 

flow rel~tions, its validity is restricted to a region far 

away from \the actual area variations. Since the final result 

is identic~to Chester's, which is valid locally, Chisnell 
- 1 l 

concluded that the average shock strength over the cross 

section does not vary after the area change, despite the fact 

that, in the actual case, multi-dimensional wave interactions 

due to reflected disturbances will continue to overtake the 

shock and altèr it locally~ 

Chisnell's approach is significant because he then goes 

on to integrate the CCW relation, thereby extending it to 

finite area variations as an approximation. written in terms 

of shock pressure ràtio, it is demonstratect that equation (4) 

has an exact integral although the final result is rather 

complex. An obvious simplîfication is to consider the Chester 

, function K(M) to be constant at sorne suitable average value. 

______ lhen. __ tJ:lg....in!_~gFated form of the CCW relation is 
- . -- -- ------~,'----

(12 ) 

w~ich· ïs then exact for very weak shocks (K-+O. 5) or very strorg 

shocks (K-+O.394J. In the former case 

a result which is weIl known from acoustic theory. For very 

weak shocks, then, it is expected that the CCW thcory woul~ 0JVC 

good results. In this case, the shock can be approximated ;\s 

an acou~ic wave (characteristic) which 

essence of the "cha:ractcr (stic rule". 

is, of course, jUfJt the 
f 

Chester put it anoth01;; 

way. In the acoustic limit, both the (wcak) shock and the 

disturbanccs behind trélvel a t the same speec1. The re[ ore, ill(~ sc 

disturbanccs are unablci to overtake the shock so that the only 

changes in shock strength come from area var iations r ight ù t 

the shock front. 
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_ In his analysis, ChisnC'll rC'ds0n(>d 1:hat, for fin<itt:": 

arect varL1tions, the c1ist_urhJnc:cs in the' fJow fieJd b(~hiI1J 

the shod~ c1re n l~>o [in i te ùnd the tfte of the integrd tell 

, 
mocll fyill~l~ cff cct al tog(~thcr. HOVJcvcr, 

, 
he gOGS on Lü "ho\',', 

t.hrough ct.. somcv1hilt_ complic;ltec1 élppt"oxinvll-c analysis! thëit 

for stror;] COJl\1(>t:9 j 119 cyl inch- iCcl1 anrl ~;T)hcr lcal dhocb3 tlv:'sc 
J 

disturvanccs, which arc COnJllUnicrl. \~cc1 to t110 ~;h(lck by the 

posi tive' charactcr i4tics, actuall y tend to nearly cOJlipletcl y 

cancel oach othor - a ra thor remarkable and < fortuD3 te 

circumstance. Since therc is""'no rE'a~,on to suppose -.tllZ1t. tbt;-' 
\ 

situiltion is not qUJ.litp.tivcly diffcrent for ncarly pl3né1 r 

or moderate strenqth sb6cks, it mdy be conclujc~ that thc 

ccw theory is dt ]cnsl aprroxin~tC'ly correct for those cases. 
J 

To smn up, th('n., it appcnrs that the CC{'l reldtian in 

either its d1fferentidl or int.egriltcd form, can be arplied . 
-------W:T_-'l'-h--S-etiH: .. ·--d--efJr-P.-e- -e-f--eoftf-id-eH·G~-±..o......a._\liù.c...._:v.ilLi.ely..- _of _l.;b_Qç_l5. ___ _ 

wavc dyncllnic s problcJlls for \vhich thc>r c is 9r Cil var i(ü Lon é11 onp. • 

'l'he theory is exZ":ct. for Sllld 11 arC,t var j il t ion~; -or very \\7C;lk 

shocks ilnJ dp~roximille]y correc~ [or flnite arpa variations 

duc ta ci1nc(~ll(tt.Lon of rC'fJected distud)i1nces. The" succes:'> 

of Wl}itl1am's "cl1aracteristlc rule" in t.l1e gcnordl ca~;e t.hen 

appears to be lin-kcd to tho relative smallness of hoth factol:S 

in equdtion (11). 

.. 

," 
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. 
2.2 Extensions and Modifications of the CCN Theory 

Thus far, only the effect of area changes on travelling 

shocks have been considered. Several investigators have 

examined the more general situation where mass, momentum and 
, " 

energy transfer may influence the shock motion as weIl. These 

provide further insight into the CCW theory. 

Rosciszewski 45J performed an analysis somewhat different 

, from'Whitham's while retaining the rnass, momentum and energy 

flux terms on the l!ight side of equation (1). In this case, 
1 

the characteristic equations are more compact written with tho 

Riemann variables 

-r 
----- --_.- -----..-~ ~--------

, 
( 

• 

as dependant var iables. Making use of the thermodynamic rela tlon 

(13) 

as weIl as the perfect gas cquation of state p=pRT and the 

isentropic equation c 2 =yp/o ,equations (1) C8n bp 

transformcd into 

(14 ) 
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where as before 

a4e the directiona1 derivatives in the respective characteristic 

directions. The situation is again shown in Figure (2.1) where 

the region of non-uniform shock propagation is taken to star~ 
-i> , 

at X=O. Now, Rosciszewski's method is to\integrate the first 

of equations (14) a10ng two neighbouring positive character

istics from the initial undisturbed region of flow (1) to the 

shock front (2): Then subtracting the two rela tion,s thus 

obtaine"and taking the limit as the characteristics are 

allowed to approach each other for the case where A=A(x) alone 

Applying Liebnitz' rule for differentials of integrals with 

variable limits and noting that all quantities in region (1) 

are constants for uniform flow ahead of the shock 

------------ -lII' .. -
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and making use of the mea~ ~ue theorern for integrals 

dIt - lS .. -S,)( ~)", -

't L (~)ldl~()l~ 
• 

. 
t {?, - ~ 1 )( J ~)M -+ ç1. J ~ 1. 

where the supscript (M) denotes rnean values. 

Now, for the linearized case where variations in both A and f 

are small aIl the' ter6s in the above relation which contain 

'mean values can be taken as second order and neglected. Then, 

dropping the subscripts 

Oshima et a1 2 
2 arri ved at the same resul t in a very similar' 

w~y. Integration of (14) along a'positive characteristic gives 

.. ~ '2.. 

) dr \ 
c. dCS + ) ~ cl~A 'rI<- \A.+(. 

\ 
, 

? 

~ -bc. ch 
~ ... • 

-\ -' 
, ' 

!. 

'. 

- --- -----~ ---- --~ -----

i 
1 

\~ 
1 

-------
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i 

Now diffe~ent\ating with respect ta X and again applying 

Liebnitz~;rule yields .,.. - --" 

ds"&--ci,,- dx. 

"'l.. 

~ ~ ~ (;K jJx 
, 

\ . \ 

Q At this point, the authors,simply stat~ that the integral 

terms can be neglectcd in the linearized case without 

giving much justification as such. Although they go on ta 

demonstrate that this in fact requires variations in area to 

be small, 1itt1è is said about f at this stage of the analysis . 
---'" - - - ---- -- - - -

However, from ROscis?ewski's approach it can bé see~ îmmcdlaEelY 

that variations in f should be sma1l as weIl. Under thesc 

restrictions equation (15) is then obtained direct1y. 

Now, by making use of the Rankine-Hugoniot relations (3) 
-~ 

and eq\,lation (13) as well as ". 

C'l. 2.. A \" cl l-)-=- ,-0,-
YR. i-I 

~ 
f 

it can be shawn in a straightforward way that at the 
.J 

Lt-\-c. ( ct)) ~. cl", ~ 2."-4 

u...C ~- fj~ dM- e M 1.._ 1) k U\/t) 

--------------------------------_.~ 

" \ , ' 

, 

(16) '. 

'1 

shock 
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Therefore, equation (15) is 

-\ 

"2. M cl ""1 -
( M. -l-_ 1) k. ( Nt ) 

(17 ) -A 

This, then, is the generalized forro of the CCW relation. 

, its validity corresponds to that of the simpler case 

rea variations alone i.e., it is exact only for the 

ine~rized case where variations of.. A and f ar'e small or the 

,. shock is very weak . . 
It is evident that a unique area-Hach number function 

- -~,-- -- -cati -ll0t--be-~-bbtained' by -integr at-ion--&g.-etjua tto-n (.±+~ -4es p:H.€ 

'the fact that f(x,t) could be an irop1icit function ofi shock 

Hàch number a1one. This is so IDecause the shock trajectory 

H (x) ois not known in advance. Furthermore, the second of 

equations (14) offers no additional information since bnother 

unknown',~1 is introduced. 

Equation (17) also dernonstrates that the effects of body 

forces and flux of mass, mornentum and energy are equiva1ent 

to area changes. Furthermore, if A is fixed (dA=O), equation (17) 
:" 

can be integrated directly to give the shock trajectory if 

f(x,t) is specified as a function of either x or M. This' 

approach ha-s been employed successfu11y to describe shock ·.·.'<J.ve 

attenuation in a uniforrn1y perforated duct of constant cross 

section':6 However, in such cases where variations in f (x,t) are 

finitc 1 it is exp(">c-t~d that equation "(17) i~ on1y approxim,J.tc1y 
'. correct for the sarne reasons that arose in the discussion of 
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Qqudtioll (1), na.Hlely -Lhc tClldcllCy ol rci]ccLqd W~1Ves <F'JJLèYClL, li 

by fj'nitc (lü,tllrbùnCL~s' to ca 11r:el ('.:1.ch othcr. 

As a final not0-, it. ;,110111(1 b(~ pointed out thilt C1L"~t1r_'rl~, .. 
pcrtu::::-l>dtion :301ution ~is not Cllli U"! corr0('t as j t is' s1.r.,:!ul.:tr 

~,. 

wben the pôrLicl C vf'locity b, __ 'h i_lld ,the u'ncl.l"tut:'bc:cl shoe~,' i " 

jtwt ~;on i_e. 'l'hl S occurs' for r1-=2. 07 -in .:1. il;', [or eXi1mpl('. 

Fr icr]m"n 5 7 Yf'coqn l ~f'(1 th(l t t:h i c-; -i s Cl ("nns('c'ttncc~ of the J 1 nl~ZI r ': 

iZélt..ion Pl0C(~é)S itself by wln'ch the eo(,ffjc on-Ls (u-c) ,1re' ' 
, . 

replnc.ed by (11
1

- Cl) in CCpU.tl0r1S 1 
(6). FOI- initlclllv é,');11C flow, 0 

the dj[;turh-"l1ce,--; on the nC~Flt.i.\'c c1'l(J),élct_c'-isticf; resulLJllC) f:nm 

sma 11 (lH'il Chûll~j 0S thon i1ccur,1t11it le to fin i te pro[,or ti on r
, si n r:(' 

thcy Llrc slationùry dccordln'J ta Chc:.tcr' s~,"t.hc()ry. In tL-:: é)ctl.hll 

case SInd1l c'list-nrhé1l1ccs will lC'tl.c1 ta VilJUt;S of (u-c) cjjf[('rent 

from 7,ero und are thcrC'fore ciJrrlC,a Ll\Vay to sprl~;ilc1 out jl\ the -[JOiv 

field. 

'rhis UlŒC'ùlistic buildup of STn:J.l1 (1:i ~~turb:Inces )~] rCf'10c1j('J 

for the C~A~'C ,01 ~,lî\all at'ca v.:>riatlons by li.ncari:üng d11 the tt'lï'l~::; 

in~the cClucJ.tions of mot_ion Cy.ccpt -Lho~jc eontc1injnq',tl1l~ COC'fl.JCll:nL" 

(u-c). SJnc(~ no··c1iffjeulty i~~ cncountl're(l cll011CJ the }lC)~.LtJ_VC ... 
Ché1rélcLcrj~tjcs or the partjc](~ p.::llhs,'l--'UlC arbitrary fl111ction~; 

} '. 

G {:~- (u -1 (' l t}, II (x-u t) i1re rc't(d ncd JS j n Che~t('r' f; the-ory. 
l l l, ' 

The soJl1tion js given Jn terms of él dlifC'rcntlë:ll E'(lUéJt.iol1 \Vith 

(u-c) as dcpcnc1unt varjilblc' \-,7hi('h can Le inte<)TiJ.twl if tJw dtlC't 

area Vilr iiJ. tion j s spec j [il~d . Tt is shown tha -t the solu U on rcd UCl'" 

to Chester' s when the initial p'1.rtiC'le veloc.ity is fùr from the 

sonic condition. Although lhe details are not prcsenlcd here, 

Friedman's analysis is noteworthy bccausc it predicts the Jocation 

and trajcctory of 'secon~ary shocks which may form clue to the 

confluence of n0<Jùtivc c,arùctC'I'istics in th~ ~Jo\V fi~ld behi_nd 

the incident:. shock Wéive. ~:rt sh~u1d also Le pOlnted out that the , , 

improvement of Chester' s t~Jory docs' not compromise any of ~be " 

conclusions drawn from i t Y. section 2.1 s1 nce Friedman' s ancllysi s 

i5 rcstrictcd to the lincarized case of smql1 are~ v~rirltions as 

we]l . 
, ~ 

o 

1 

~~- ~~- --------------
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" CI-Il\PTPT< III 

THE MY -SHOCK TIIrORY 
) 

• 

The ray-shock theOl-y d'(:i-yelopcd 0y \vhithiHll 17 to clL'scr ibc 

whi ch rnd.}:(~S USe' of f;ome cnncepb3 horrowc'à frolil Uw t hr..:ory of 

geomctricnl ~coustics. This i.s c)on(' by intfrocflld ng il sC't of 

shape and b the orthogon~l LrajC'ctoTy of a given arLltrd~y 

poj nt on the shock .fropt. The 1 a t te'r arc lenDCcJ Il r~l.1' s" ln 

âna logy tq,. t:hos (> encoun tercd j n acous ti c thc'o ry . 'l'he ref or (' 

succes~üve positions of a movj I1g curvcd sllock arc c}cnotec} by 

lines a ~ c t where Co is the (constant) soun~ speod ahead 
'" 0 

of the shock. 'l'hus the distance betwecm succ(;ssivp shock 

pos i tians a alld Ct + da is' Mclo. Similar] y G mëly be choscn sn 

that the distclncc between nciqhborlnq ràY~s D élnd G + d~~ js , 
AdB whcre 1\ is othe local arc a bonndec1' by the réJys as ~;ho\\'n in 

\,Figure 3.1. *' In the present case theo flm:7 i5 t:akon tl) bc t\;O-

dimGnsional although Whitham demonstratcd in a late~ paper 19 

~ , 
thpre j s lit tJ e di ff i cu 1 ty in extend ine} thC'sc concq,ts to 

three dimens1;,ons. ) 
--- ----------------
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• From the geornetry of Figure 3.1 alone, '''hi tharn was 
/ ";;''t.: 

able t-t> deduce that ... ~ ~l 

dé 1 oA ~ -- M ~ ~ 
-

... -~. , 1 

dé 1 ôM - -/1 - (la) \J -()oC '01 
where e is the local inclination of the rays relative to a 

given direction (the ,-axis, for ex~mple). New, eguations 

(18) contain the thr'e dependant var~ables e, M and A and 

Whitham reasoned that if 'a uniaue relation could be found , 

between any two, these equations could, in principle, be. 
J~ ,-

solved diractly for the shock positions at any instant.:· . 
1 \ 

U~ to this point, the arguments have been purely geo-

metrici therefore, the second come from the 

~amics of the shock motion. 

cribed in Chapter II provides just such a ation between 

A and M. Then, substitution of the gene,ral xpression given 

by eguation ,(17) i~to ~qUations (18) and noti1rg that ajClx ,= 

Cl/Maa yields 

ô~ 
1 

(19) -OC(. 

, . 
,~- However, thlS approach does not appear to help much since - - , 

, ( 

despite the fact that th~,nonhomogeneo\ls term f/uc may be an 

implici t function of H above, an expl ici t reClatlon behleel) JI. 

I~ 

• l 

-~ 
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an~ M is still needed to solve the equations. On the other 

hand if the function f(x,t) describing the external rnass, 

mornenturn and energy flux is zero or srnall enough to he 

neglected then A can be considered a function of M alone 

given by direct Integration of the sirnpler forrn of the CCW 

relation equation (4). 

(20) 

"' 
Then equati'Qn~t (19) becorne 

'oê F'(rq) oN 0 'S- - -
. fJ At "-1) ô 0<.. 

(21 ) 

.. -
aê ê),,-\ 

0 - -
ôCZ AlM) °0 & r 

, 
Accorçi.ing to the discussions of the CCw theory present.cJ 

in Chapter II, it can be seen that the'use of the CCW relatJo~ 
• 

renders the ray-shock theory to be quite approxirnate f~T sev('~-::l 

reasons. First of aIl, it has been dernonstrated that the 

CCW relation is approximate to begin with, and the use of 

the integratcd form only increases the degree of approximation. 

More important, the rays are not streamlines although they do 

coincide with the'streamlines just at the shock front ~ut not 
-1. 

bchind. Thercfore, in genèral, the function f(x,t) is not 

zero and one can only hope tha t i t can be neglected. l~owevcr , 

if, in a particular problern, only purely convective effects \'··.'n~ 

considcred, f (x, t) would be idcnticarly zero just a t the Shu,.,l:. 
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In the 1l10l'e gencral sitUCltio!1 \\'llcre Lhere orc.,bCln.y fC'l cros, 

rc:l.d j r1 tian or turbul ('11t mix 111CJ, for oxample, t hi s would nqt 

be the ca"o. 

Thus the ray-shock thcory lre&ts the rays as solirl 

b01"llld.arios élnrl ignores any m:1~;S, morlH~ntwn or enorgy f]u,.; 

across' tf181l1. FU1:thcrmorc, the:: use of the intcgratE'r1 nreJ.-

Mach nnmber relat ion i5 cquivé11ent t8~cglc;cting any rc[]('C'lc>,l 

dislurbancC'::, v·lh lcl1 mély ar lSC from é1rCa var iations alone; 

althol.lgh, a" ~",as notcd carlicr, lhis approxirr\é)tion ma_y -he 

justificc1 fm~ conv(~rging shocks. 1\lso, the CCIV relation is 

the rcsuJt of gn essentially ono-dimcIlsianal theory. Fortuné! t-

cly, this limitation may be all<YvÏéltcd someuhélt by the filet . 
that the ray tubes Cdn be mdde Ll-rbitrarily smal1 . 

SoJuUon of the non-hon~ogl;lt' ous cquéltions is not 
o • 

entirely out of the ques tion dS was c1emonstrcl ted Dy Oshima 

and hi.s associalos in the)}" c;tudy or shock (~l.ffracti('n 
i ~ 

around a cornl'r. ') 2 For thi s problern turbu lent mixj nrj aCrO!3S 

the ray tube boundaties was inçluded by makinry use of the 

Prandtl mixi nry length hypothesis to compute the turbulent 

shear stress. While this anRlysis ignores mass and energy 

ff .. \ . L· t d trqnsport e ects, lt 15 a pOS1Llve step OWé1r s a mo~c 

general soll1L1.on of the problcm. Tho essence of the thcury 

is that the ef[ect~ of turbulenl mixing are assumed to be 

small compared ta those due to an:.a changes so tha t equa tians 

(19) can.be linearized. The'zoro order solution is th en just u 

the solution of the homogcneous equations (21). Howevcr, the 

non-hbmogencous term in the first order equation is rather 

'\ 
" 
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y,. 

eoonllcùtprÎ, cnntninin9 dcrivélt ives of ~, un to scconcl order. 

tion ihc1t' a11 c1cpenc}ant var J ë1hlC"s ,1rC' [ul1ciions of él :,;_ng1o 

sirni1ar i iv péŒrlnlctc>r r~/f1. 1'}10 fj nal n~su l t '1.8 lhen tbc:> sum 

of the ZC'(l) an(~ first C~:'~l\,nlUU()nc;. 

'l'hw-; Oshj!l1,"s SO]utlCHl lS ~.()n,,"\ .. 'h(tt Jimite·d. In aClcli-

tion, introduction of the; rojxing Jc~n0th hypothesis brinc~s a 

new unknnwn (the rnixing 1ength) into the prob1em whjch must 

be determin0d bv exne~imcnt. Therefore the icsu1ts arc not 

qenpraJ1v applicdhJe. Tn s:-die of Hs dcfieicncjcs, the 

mcthot1 is valualJlc as it sheds SOrlC Jiqht on por,sib]c 

entensions to \'lhi U1iJTll 1 S anal'l~,is. 

With the' pree edjnq r(~Illétrl-s in min,l, the r<1v-shock 

thcory is fonnuléltecl on the basis of the homogC'ncous 

WhithelT11 showcc1 U1<lt these eoulCl he cOllVcn iently soJv('lf hy 

the rncthoc1 cf chai":aetcristi cs. In charaetcristic form they 

are 

+ c !7~ '\ l (~--\- UJ) 
. 6(~) -

, 1 \ 

wherc it can be shown that 

c.-.:. + 
..--------'\ 

- --M --("!r..,~ 
- A" çll1 (22) 

and 
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4 

r· , . ~ ... " ,-.' L. t ,) , • .'. r. 1 

( '24 ) 

where tho pos L t j \TC S icrn corresponds to the po!"d t ive ch<lr<lc--

o 

For the case' of a simple \V il \TC vJhcre one fêlFd ly of 

charactcristlC<'; ori<]irÏ<1tcs in a region of uniforM folatC', jt 

is possj bIc to ûcc1ucc fron eCluéllions .. (27.), (23) and (21) 

th<lt tlw othc\.r [omily of Chi'lrélctl'r1.<d.;es arc straiqht Jjne~; 

in tbe (01., C) plruic':,and furtherrr.orc-théit 0 élllCl ~, arc con~-;-téillt 

~ -
aIonq thorn as wollo This turn~; out to he a very convcniont 

• propcrty as jnteqrat Lon d]on0 the cl'l;nilcterj stJcs is <]roiltly 

casier to \Vorl. jn the' (x, y) rather thon the (a, B) p]ane 

" and li is convenicnt tü intro~ucr the chAractrristic angle 

m which is dcfined as the (lJl<1Ic hetwccn tht"è charactcristic 

and ray directions. - Frorr Fiqurc ( 3. 2) it is cas'Dy seen 

that 
" . 

A J~ ~ AC· 
-:"-,,) f'" \ ..... M --_ .. _- ... -_ ... (25) 

Nt d~ /1\ 

and the c0uations describinq the characteristics in the 

-pliysTëi:l~ plarYe àr'e thcn - --- ------------- ------ -- ----------

r\ l,) 

-+(;A~_ (G-t )/'1"\) c.~ • 1 ::JJ-. (26) • d y, .. 

~-,: 
dl ..- ~-o.v_ (0- Yv\) 

dx 

" 
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Thus simple wàves are straight lines in the (x, y) plane as 

well.-

Now, in rnost problerns the object is to determine the 

shock shape at va~ious instants. From ~xarnination of Figure 
" 

3.2 it can be seen that this can be acc~rnplished in several 
"\ 

{ different ways i.e., by integration along characteristics, 
l ',a-

rays, or along the shock. Noting that the component of Mda 

along a C + is Mda/co and that the cornponents of this 

quantity in the x and y directions respectiv 

(8 + rn) da/cos m and M sin (8 
) , 

of the shock front (X , Y ) are 
s s 

The coordinates 

, . r v 

M LoS (ê+ Xs Xo + 
C.os ~ 

01.0 (~7 ) 

~ \ (11 S"". ($+V>t) J ~~ ()~ 'C ct.. 
. ' o~ m 

t>l. o 
where (X o ' Yo) are the initial coordinates of the character-

istic and a o is the corresponding time at which the point 

(XS ' Ys) occupied the position (X o ' Yo)' Integrating along 

~~ shock and noting that dx = -(AdS) sin e, dy = (AdS) cos e, 

\ ~ 
---------.-X~~·~~· \1\ S~écV~ 

f' 

cl + rA 
p J 

.' ( 28) 
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where x,'y and 8 are evaluated at the boundary along which 

the shock propagates. 

Before turning ta specific applications of the ray-

shoek theory, it is convenient to write out the expressions 
"\It 

for c'ertain parameters su~ as c, w, etc. which will bè 

used later. However, a difficulty arises when the CCW , 

relation is substituted into equation (22) for c(M) ïn that 

the expression is not readily integrated and Whitham·gave 

the exact res~lts only for the limiting cases where K(M) 

approaches a cons~ant value namely 

ft1~ 1 k(A,)-'-I:A·,1/2~ , M---J:) fX) klM)~. '3Cf5 
-). ) ~ 

l '\ 
Neithcr of these cases is appropriate for the present pro-

blem therefore they will not be discussed further. Instead, 

sinee K(M) is a slowly varying funetion of M over most of 

it's range (see Figure 2.2) an obvious'simplification is to 

cons ider K (M) a e'on8tant and use an a~erag(' value in a gi ven 

situation. It shouldrhe pointed out, however, that this 
i 

simpllficat.icn could Jead ta signifieant error ;if applled 

over a large shgek Mach number interval, especialJy for 
\ 

l < M < 2. 'Thus, this approaeh is not cxpected t_o yicld 

good rcsults for the qifiraction of a modcrûte strcngth 

shock around a conve){ corner with lùrqc turning-anqlc, for 
QI:;~-----

example. For the present problem hhwevcr, it will be shawn 

later that the approximation 18 justified. 

Then for J< (t.1) 'è: consttlDt and defining n ~ 2/K. The 

following relutions ar~ casi~y derived 

-----------------~~-------- -" 
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A ( /-'1) ( N'r?- - \ 
, 

\ 1 

'- ~ .... 4"' __ 1 ---- _ .. -~ 

(; () 
1 l'''~ 

.- 1 J " l ",' 

're Ao is the' ZlTOi') cn:rn'spondinq ta the U]1(!j st_urbcd shock 
. 

nnJltl'cr no' For' convcn1cnc:c, 1\0 is td}çcn to b\2 llni<ty SCl 

the othcr pZlri41110tcrs hecOl1le 

\ 
'- ---

-J\~' 

) 

". , 1 . \. 
~.. - ~ 

~ • (r'7.. \ .. 
- J \ 1. 1:... 1 

; 1,)((1.) _.p- J;;' \"' ç\ r\~\ 
- ... _-----, - . 

. - -_._" \ 
\ . ~), \ 

Mo 
\) 1. _. 

/~ ( /l1 +- ,r, l:'~-~'Î 
"Jv\, --""", .. -- -"'-_ ... _ .. ...-". 

.... f'v\()'\. 'J ,";-- --Ii 
1 t" 

\ l~:-::;-'~-'" - {VI -- 1 
(v'!. . ---

\ '\\ 

(30 ) 

-
)~ 

In addition to thcsp, for the case of a sjmplc wave where the 

c- characteristics orjglnatc in a region where M = Mo' 
, ~ sr· o == 0 = " o 

(31) 

-', 
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3.2 Application ta Shock Diffraction and Mach Reflection 

Diffraction of an initially planar shock by both con-

cave and convex corners has been examined by \fuitha~17 in detail 

so the theory will be discussed only briefly here. 

For the case of diffraction at a convex corner formed 

from the intersection of two planes, the simple wave situ-

-~tion discussed earlier exists and one family of character-

istics is simply a fan compdSed of straight, radial lines 

centcred at the corner. This is shown in Figure 3.3. Each 

characteristic carries a constant value of e and M and-

corresponds t~ the appearance of acoustic waves in the 

physical plane which spread out and perform the modification 

o"f the shock. In fact, the c.haracteristic lines are just 

the paths of the intersection of each acoustic wave with 

the shock. The path of the head characteristic is given by 

equation (30). 

- Mo-\ 1 ~ 't.--' 
MD \1-

( 32) 

wherc Mo is the undisturbed shock Mach number. 

Now, the shock ,shape can be calculated by integration 

along characteristics (tquation 27) and the shock (equation 

28) or along rays instead. For thé present work, the former 

method is chosen as it is simplest and the development for 

modcrate strength shocks will be presented in section 3.3. 

For the diffraction of a very strong shock \'lhitham chose the 

latter method and found that the shock shape is given 
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u,1)ivE'n3éllly in lcrm~~ of th0 S lmi lar i ty pcHélr:10tcrs X.j" il <':lÙ 

y/uj,t " 
ù 

" 

The aPrro~imate nature of the ray-shock theory.~s 

'. dl'lnnnstrated by the fLlct tJl<1t for Ll gi\'en shock Hacb rW1î1bc'r 
t 

thcre (;Xlsts il lirnitincJ valu0 of the lurninq a.ngle :' . 
. - w, 

\d1ich correr.ponc1s to, a V/a] l shock I1ach mhnbcr 11 tl1"t i8'-', w 

just unity. 

,. \ tI 1 
,-' l 

(33) 

Beyond 0 no solut.ion eY-isls for a given Ho' This 
ffiù.X, 

limi ta t:ion cùl1 be qui te res tr j cb ve a t 10\\1 inl tia l shock 11clClt 

numlJcr~~. -J'or cXilmpll', at Ho =-- J.2,0..., . == 72.5 accoldinq 
l,tél>. 

to Whithum's weak shock relations. 

1 

(32) nor equation (33) if; élccurate for 10w or cven J110(1eralc 

shock 11ach l11.ntlDCrs. For tlîe diffrétctjon problcm 1J Justratcù 

in Figure 3.3 the heRd of the expansion \'lave i.5 (t.hcoret i-

cally) cylinàrical with a radius of CI t and center located 

-a distélncE.' 1.1, t from the corner, a res~.1 t whicl>l is conf irmeù 
~ fi 

by expcr~ncnt Thexeforc, it is a simple matter ta 
,~20 

show fLom (J) that theoretic~ 

(3 <1) 
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il 
From his experim~'nts, Skews 20,29 demonstrated that eouation 

1 •• 

'34) is indeed correct and ·that considerable error results 
! 

if equation (32)' is used for Mo < 3. In fact, equations 

(32) and (34) dG not converge to th~.same result until 

• 
Mo ~ 5 as shown in Figure 3.4. These results imply that 

1 

the ray-shock 1heory will likely not accurately predict 
1 

1 

the characteristic angle m (equation (39» at any arbitrary 
1 

location on t~e diffracted shock as weIl. This fact is 
1 

particular~~~important when constructing the wave diagram 
, .. 

for the present problem and will be discussed later in 

section 3.4. 

Skews experiments further show,that equation' (33) 

is unrealistic. Schlicren photography20 demonstrates that 

a finite shock strength is observed at Mo = 1.2 fo~ ail 

corner anqles tested (up to nearlv 180°) while the theory 

breaks down at 0 = 72.5° as noted above. Skews concludes 

t'ha t in genera l the ray-'shock theory is adequa te f'or aIl 

shock Mach numbers if the corner angle is less than about 

30°. For large corner angles, good agreement with the 

thcory is observed only for Mo >, 3. These resul ts graphi

éally illustrate the approximate nature of the ray-shock 

theory in general. 

The case o! shock diffraction by a simple concave 

corner usually corresponds to the weIl known phenorncnoh of 

Mach reflection. Hawever, if the corner angle exceeds a 
., 

certain criti6al value (which depends on the undisturbed 

shock Mach number Mo and is usually relatively large) 
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regular reflection may be observed. The Mach configuration 

is characterized by the confluence of three shocks: The 

incident, reflected and the so called "Mach stem" . 'The 

point of confluence, wl1ich is often referred to as the 

"triple point", lies sorpe distance away from the \vall and , 

experimental evidence indicates that, for the two-dimensional 

case which i5 being considered here, the triple point follews 

a straight line pa th from the corner. For subsonic particlc 

velocity behind the incident shock, the reflected shock 

has a somewhat cylindrical shape which allows it to propa-

gate upstream as weIl as downstream. Otherwise, the reflectcd 

shock will face downstream with a straight segment attached 

to the corner. The Mach- stem, which extends from the triple 

point to the wall, is usually taken to be straight although 
. 

experiments have shown that this is not necessarily the case, 

/' particularly in the regian surroundlng the triple point . .. 
Sincc part of the gas ahead of the advancjng shock wave 

system is processed by two shocks (incident and reflected) 

and part by only one shock (the Mach stem) a slip'line ~orms 

in'the flow field behind the Mach configuration. The situ

-ation is shown diagramatically in Figure 3.5. 

Analysis of the Mach reflcction configuration bv the 
,~' 

ray-shock thoory is rclatively simple if it is assumed that 
-.;, 

both -the incldent shock and Mach stem are straight over 

their entire length. Application of the ray-shock theory, 

however, prccJudes the acquisition of any informatlon con-
~~ 

cp.rning the roflcctco shock. Now the trip'1c poi nt 

If 

, -t l..< 
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the "shock-shock tl in Whitham' s parlance and from his analy'sis 

it was shawn that the shock-shock velocity C = pB/~a in the 

(a, S) ,plane is 

(35 ) 

where Mo' Ao and M, A'refer to the inciaent shoc~ and ~ach 

stem respectively. No~ from the geometry given in Figure 

(3.5), if 6=O.is taken to represent ~he wall and time is 
f' • * 
.", 

measured from the instant at which the incident shQck 

reaches the corner, the coordinates of the triple point are 

(a, B) sa ~hat the angle X representing the path 

triple point is given by 

-h.-v_ ~ -=- {-> A /I~ ~ AL -/V1 
From this \\Thitham was able to deduce that 

fflM ~ -= 
'A 1 - (lM 0 / A1 )? 
-A o J-(A/Au)?. 

tClM. e ~ ~ lM"- M~>-) CI - (A/4. )'-i 
M,,-l-M (4/Ao') 

of the 

' " 

Thus by making use of the CC\v relation between area ùnd 

(36 ) 

(37) 

Mach nurnber these equations cart be solved to give X and H for 

a given corner angle e and inci~nt shock Bach nurnber ~-1o' 
1., 

l os 



• 

\. 

• 

o 

- 57 - .. 

Calculations were carried out by Wryitham using the strong 

shock relation equivalent to equation (29) aod it was found 

,that the predicted values of the triple point locus angle X 

were somewhat greater than those gi~en by -the éonventional 

three shock thèory. 
. 

Both theories show that X decreases 

rapidly as e is increased. 
1> \ 

Again, the approximate natur~ ~f the ray-shock thepry 

i8 revealed by comparison of the abové reiations with . 
~ - -

experimental,+esults. Milton 33
, using a fairly accurate 

\\ 
approximatio~ to the Chester function K(M), compared the 

ray-shock theory to a compendium of experimental results for 

Mo = 1.51 and 1.42 which is reproduced in Figure~,3.6 and 
, 

3.7. From these, it ~an be seen that the ray-sho~k theG,ry 

, """1 tends to overestimate X somewhat for deflcction angles e 
-IL 

greater than around 20°. However, for lower 8 the agreement 

is not goad at all far Mo = 1.51 and fair for Mo = 2.42. 

The experiments correctly shaw t~at as 0 approaches zero and 

the reflected shock strength diminishes to that of an 

acoustic wave, X· approaches' the value given by the acoustic 

relation (34). rhe ray-shock theory however is se en ta 

underestimâte this value by about 50% and 20% for Mo = 1.51 ... 
and 2.42 respectively. This errar undoubtably results from 

the inabiJity of the ray-shock theary ta correctly predict the 

(acoustic) characteristic~angle m as was nated earlier in the 

discussion of equation (32). Thus it i8 concluded that the 
, 
~ -

ray-s-hock thco'ry does not accurately predict the triple point 

locus angle X for moderate to weak incident shock strengths . . ~' 
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Fortunately the situation is be~t~ w1th reg~rd to the 
\ 

stem shock Mach number H as demonstrated in Pigure 3.8 
a 

whi~h again shows the result ot' Milton's calculations. ~rom 
-

t~ese results it cau,be concluded from equation (37) that 

for rnoderate ,strengt~ shoèks the ray-shock the ory yields an 

acceptahlc estHnate of the stem s,hock Mach -n~er if the 
\ 

" corner angle is no~ too large. . , 

In view of the aQove discussion it is evident that the 

ray-shock tpeory should be applied cautiously to shock . 
~ , 

diffraction and reflection problerns particularly if -the--------
q a 

shock Mach nurnber is less than ~bout 3.0. In spi te of this, 

the evidence suggests that under. certain conditions the, ray-

shock theory may lead to acceptable results. In the next 
( 0' 

se~tion it will be,reasoned bhat the present problem falls 

into this category.' 

" ) 

, 

" 
, 

. ' 
» " . 

. . 

, . 

'1 ,. 
: 
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Be fore proc('C'ù in<] \v i th the clcténls of the ma. tlH'l'lil tj ca.l-

all.::llysj n it ls \.7orth consjc]ering é1<]a. in the nilture of the pro-

bleJT1. Til this \Vav the' Lin1itC'Llonf~ of the r.J.y-shocJ: theary 

as they ,qJD 1 Y to t:he p:resent proh ll?fll cétn }lo hc~t L cr umlcr--

staod . 

The' situation is ~cpictod in Figure 3.9 whic~ nhows 

éi 11 ini t i,ü l y plana r shock WilVC propaqa t i 11<} c1m.'r1 a ch,l nne] 
~ 0 

hù.ving~a uniform rectangulilr cross section of height h. 

At: the J oca Li 011 x = 0 Lhc f;hock encoun ters il s] j t of \liclth 

Q, <md is SUb~3('4ur'nt] y cli f frac tee] a round the' e(l~Jc of thE' 
. 

slit. 'l'he chclIlnc l wa 11 is ,lSSUTI1e'(l to Le very thin so tha t 

the con1c;r ëlYFlle ls c;.sC'nL;éllJy 360 0 anù vlscou<) cffc'cts do 

not plùy a li} YlJc' ~o le ln the fOrJTlLlti0I1 of the fJ uid j ct 

whic!h cTIler9c:, from th(~ sI i t (l t ~)urnl' an'] 10 Fl j . Upon encoun-

terin<] t~e c1O\.rl1st rCLlrr edql' of I-.he sI i t the di ff raclC'cl c;hock 

i~ reflcctecJ é1nd un.lc:~; ~Iw incidC'nt shock st.rE'l1qth l s very 

Arca t" the r.1a.ch conf i~urc1 t ion wi lJ . occur which then propa-
\ co' ~ 

~ates downstroilm along with the e~pansion ~ave generated hy 

the lnlti<ll diffré1ction proc('ss. ~r;ë;-iïotcd in Chélptcr l, 

multLple n~fl(",ctions will occur within the s]it untd." thê 

fluid jet i5 fu]ly forrncd. 

Now, the prcsenc 0 of the upper wall at y = h plays a 

" 
,fundamental roJe in the suhsequent motion. If no wall wero 

present the disturbélnce produccd by the slit would continue 

to pror~ga~c !a]onq the travoling shock css0ntially unchanqcd 

\. 
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and the motion would eventually becorne self~similar once 

the fluid jet from the slit is fully developed and the inci-
~ 

dent shock is far 'away. The. Mach stem which is in contact ......... 
wi th the IOv/er wall would then propagate at a uniform va-lo-

city indefinit.o.ely. However, if the upper wal~~is present, 

the disturbance reflects from it and eventually returns 

again to the lower waJ:.;L where it then modifies the ~!ach 

stem. Thus in this case, the Mach stem undergoes a decler-

ation in,finitc jurnps, the frequency of which depenc1s on 
-------- -

the channel height h and the inci~ent shock Mach nu~ber Mo' 

This behavious continues until the disturbance is so diffused 

by multiple reflections and viscous action~that the attenu-

ation process becomes essentially continuous but very graduaI 
\ 

i.e., asymptotic. 

Fot" the present investi<Jab on, only tllc-\vave n1otion 

within the duct or in the immediate vicinity of1the ~lit will 

be considered. Attenuation will be focused priroariJy on the 

internaI shock attenuation and vlscous effects will not be 

considered 50 that it is e~pected tha~ the analysis will 

Qadequatc-Iy describe only th'e initial stages of the ùttcnu-

ation process . 
...." f '"'\ 

This limitation is nof considered restrictive 

since only this phase of the process is of practica] intercst. 

with these concepts in mind, the ray-shock theori Gan 

now be y,mployod to describeJir the a ttenua tlon process. As 

noted in previeus sections the theory ltsolf is quite approxl-

mate. Ncvcrthelcss, it bhouJd, at the very lo~st, prnvide 

a qualit0tive description of the ~ave intcracti0n phenomena. 
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According to the theory the initial diffra~tion of the 

incident shock wave corresponds to a simple wave in the 

\, B) plane and" the positive characteristi.c.s are straight' ,........ . 
lines centcred at the upstream edge of the slit which is 

taken as the origin of cQordin~tes. In the physical plane 

~he_ C+ characteristics ate also linear with slopes given 
;,. , ~ 

by equation (26). As noted in section 3.1, local shock Mach 

numbcr M and ray orientation 0 are constant a10ng cach C+ 

in this case. This means that the local shock Mach number and 
, 

inclination of the waye approaching the downstream cdge of 

the s1it is always the same regardless of the slit width ~ . 

Thus the stem shock Hach number just downstream of the slit 

is aiso independcnt"of ~.i.e., the initial attenuation does 
\ 

. not depend on.. th~ sli t wid th. However, the a t tenua tlOr. 

rate further downstream does depend on the 5lit width sipce 

this i5 governed by the wavc interactions. Increasing the 

slit 'width tends to shift upstrea~ the point where the hCa(:t, -" 

of the reflccted expansion wave arrives at the 10wer wall 

and thus al,ntributes to greatcr attenuation rates. This 

fact will become more obvious after construction of the 

wave diagram. The important point is that according to the 

'ray-shock theory the slit width ~ provj des only a secondary 
#,..t~ .. ..,,,; • 

. :- , effect on the overall shock attenuation. 

At this point sorne remarks conccrning the expected ) 

accur~cy of the ray-shock ana1ysis of the pr~sent problcm arc 

in order. ~.h~ theory is applied in the following ra ther 

straight fon"a.rd way. T'he rcl<l. tions ùppropr la te to the 

diffracted shock cnn be solv~d dircctly for M and e 
('\ 
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J. 9 • 

In pa,. t ie u 1 il Y , t 11C' f,olutial1 ]C~ souqltL- aloll~f Uy' pOédtiv(' 
J 

ChrlL~<cLl:!ri~;t.Lc \'Juch c()i.nc'j'~c'c~ wjlh tJ1(! X aX1S as thJ!, 

. h]' -. 1" 1 \. l l ~,~ [ 1 glves t C· ocal J-c dnc f,' J1.l<;'.c ,,\)]'101' lo -.Ile llêlC,11 ro _ C'crJon 

Si nec the' tl<lch 

viou:,.!y. 'l'hi s jnformation 1S thon sl1CficlC'nt tn aIlc;,! 

solution Ol the> t':'1ch j'(~t ]ecLir·'n rel,-lt-Lnn;~ for the' sten - ......... 
~~ ~hç}cJ~ r,1.:l,c ~umLcr • The sul)f-}t~qucnt \70V(' intc'ract:lol1s arc 

found hy conslruct-.10n of. the \'.lVO c1jd(;jr~lll\. 

No,"", it yJd;; notc(] in the prL'\'lnll~~ section thcll Fol 

ConlE'r élnq10 is not tao 10PJl'. For th0 IJre r,ent pro}) l(':n, 
, 

inLel'l1ùl f10w w111 be considcr:cd. 'l'lia t tJw intorncl1 pOJ tion 

of lhe shock clocs nOl Lecome excessivC'ly C'urvcd fer mo~1l~rél te! 

strength shocks can also be dcJuccd from the diffrdctiun 

equalions. 'l'hlS is not the case for. vf..!ry strong inciclcllt 

sho('k", ho\\'c;vcr. Un for t II n a tel y, t 11 c sil tl éd. ion i s no l Zl S 

opLimistic \Vi.th regard to the trirle pnjnt. lac'!:=; angle X 

or· the charac tc"r ü,;tic élng] e In. F~[ m'Jc1erét te 5tren'-J lh 
.~ 

shocks n0.1 t.hor paramctcr 15 expcctecl to bl~ predictE'd accu-
yi' 

rately. IIowevcr, the formc'- fortunatcly c10cs not enter into 

the ini thll a ttcnUJ ti on' cù] cu Lü ion and the la tter can 

" ' 
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Il]. 
ahlôys be complltccl from tlw <1C'ow;tic re liltion 1 (34) '1'h11:"7 

present protd cm \'lit h SOTll(-' c1egrc.?F' of confir1011f":L' c1csl,j t ( UJ(~ 

In ilclc11 cJon, the Chc'st0r [U!lCLlnn J:U~) can l'robélbly he 

tcl}.c'fj élS él CCll\:;tilnt. sinc0 la.r<Jc Vin"j ùti c'ns j n Mare> not . . 

expcC'tcd Ln c':i.c;t uJong th,![. portlon of the diffractL'<1 

shock \Jh i-rh ] cmzd nf, j ns i de the duet. 

forw;lrcl, 'l'inK> JS meLlsun:~d from lhe instélnt 'the unc1islu]"],cd 

shocl: l"c<1chc[; the upstre;-tm cc1<Jc of the <;1 Lt so thélL a =- () 

'l'he subscript (*) is usC'c1 ta cknob; conc1itlnns al. 
J 

that Jocnt iOJ~' on the cHffr{ictC'd S],0c}: \·'hich -just cOJ'H'S lllto 

-. 
<110ng the Cr ehllrilclcris-L.;cs (n, O"'an<l m vrc"const<1nt (1l0)1<] 

them) intcgréltion of cqU,lUons (27) 

(t ;:: l r'i, 

givC's c1 jrcctly 
'\ 

In pvrt i cul<1r, tht:, solution lis sought <110n9' the charétctcri sU C' 

which coinéidcs r.'v'it.h the X ilXif'';f h8nc(> sett.ing y = 0 yiclds 

, . . 

( 38) 

Q 

; 
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•• and setting- X = ~ at a. = 0.*. The other relation gives 

l -- -, 

and making Use of equa ti.on (30)/ for K{M) = constant 

1 \ J (V\+ 1 ) Ml- 1 -
't)l..* ? vt 

(39) 

" _Since _~ is unknown this cquation can not be solved for M* 

just at the,dow~stream edge o~ the slit. However, another 

relation between a*, and H* ~ obtaineç?- by integrating along 
\ ---l~, 

the shock. Since the undlsturbed Pb~tion of the incident ,--
, 

shock travels a distance X* = MoŒ* when contact is just 

made with the downstrearn edge,equation (28) gives (taking 

S = 0 \'lhere H = Mo) 

) (40) 
1 

/ - MoCv',* 
o 

Now along any C+ charactcristic c = S/a. 50 dB = a*dc 

along the shock at t = t*. Hence 

-, 

and if K(M) is assumed to be constant at sorne suitable average 

value making use of equatjons (29) and (30) leads to 

• 
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50 that eq~lOn (40) i5 

Aga~n noting that the simple ~ave conditions hold, 0 is 

substitution 

~he above relation becomes 

). 
- 1 Y\+ \ f\. r-::"1 t 

- R Mo Les --\J"Y\ 0 

~l ' 

\ '5':"'" Wi' l ~o1 ~ 'l: 
~o 

:4 

) ~O') -r.;'l Cvs!" '2 dt 

~o 

~ Integration by parts and simplification giv~s the final 

result 

( 41) 

ft • 

" 

" 
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• where 
(; 

" 

.~herefore equating (39) and (41) leads to a single e~uation 

fOF r1* 

r 

(42) 

Since thi5 is a rather complicated transcendentai equation 

it i9 best solved by iteration. At the same time the 
\ 

iteration fo~ n = 2/K can be conveniently included. Ho~-

ev(~r, i t t'urns out tha t M* has a douhle root 50 tha t the 

" usual techni0ues ( such as requ]a falsi or the secant method) 
• l 

do not converge weIl. This difficulty can be easily over-

come when'it i5 realized that under the conditions of a 

<! double root the solution of F(M*) = 0 is aiso given by 

solution of J' 

Therefore, the equation to be solved i5 

\ 

• 
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l" , ,1 • 
\ (l' , ,~, 1 Î l , 

, i " . 
1 1.' ',' . 

1 
1 1 ~ , -j J - , ' , 

, \ " , , , (43) 
.... -- 1 f \ 

1
'-

\: 1 1,' r"t ,,-
~ ) ' .. ' 

'r f'" \ 
l, ' ,\ 1', ' '\:. ) 
:/ l, 1· --, /-
1 1 \~ - ... ' .. l ' ..jl 

JI., ,,,\ \' 
-- ~- ~ , .-~ r J 1 t : 

1"'--;' '-:--_. ( 

1 -~, .',"= '._-.. (i,~.,-~ 
I('J"'" 1 \.. \ ! '" 1) 1 \ t, - ! 

anc1 thi s ('quat Î()]) is cclfdJ'/ 

fr~rn oqun i' i (1) ( 31) . 

cou] cl roc' cnn~jlu L.c~l for 

approtlch. 

'T'he Sh,lPÇ' of U1C' cli ffrùctorJ shocl: 

"ny i ,,~\al\ t 0 r t i ,",' hy " si "lU d,~ 

1 \, 
Once t-1* and 0* arc knCJ\:n .. '\hc FdCh r('rl(~cl.i()n ('qu:ll.lqn~, 

\ 

Célll. J)l' ~:;o]vod for the stern ~;h(ld,: ~rcl(:h llurn!:Jcr IL 'l'Ile' Ldcc'1r \ 

locaJ ) ( , , 

.lll ]'i'Jun~ 3.10. 

jw:;tif ic'rl hl' the fi)cL that th" C'ffC'C't of the di ffrilclf'd 

,Sh(~ curvélturc' Céln he Jélh-'1' élCrOUl1trxl [(Ir })\' conslruction 

of th(~ WélVC' <1iaqrom. 'J'hus rl ~JurC' 3. ] 0 ü> télkcn to r(~l'resC'nt 

the actuéll situ("ltt~l:ïm 'just at the instant rcfloction LC'CJi.n,~ 

,and js tha correct one locally. 'J'he ca]culéltion,of n lS 

thercforc not comprom i f;ec1 provldcd i t i s kcpt in InJ nel tha t 

M COrTeS) ·onc1~ to thl' !':1..CP1 shock ~l(jch. n~lli )r~r a t i t~; fClot'. 

l\gain tak,ing K(r,;) to bl' C'onstéll)t ,lt ~~omC' av('ra~.!c 
.... --J 1 

vaJuc anë1~ r'ccélUing tl1at 0* ::: -m(r--t*) eq1.li1ti.on (30) glves 

.' 

( 

----, 
J '-." 

('.1'. _~ -:-- 1 
" ------V\ ' 

...--.-" -1 
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- and en\.]dtioD (29) is 

A" . , .. 
\ 

Il 

equiltinn (YI) il s l nqle c'1l.léltion is oht;ün~cl M- <:l]one-'. 

j"" A j i 1 Y""1 
i f'l? l' A .;:.)! 1 1 /, 1'. - , \ ' 
1 {I! . ~ f LI - _.,.'. 1 .J 
'. ,,'.., /', • 1 / 

,',/. '~ . \ 'l- ,'/, 
'~ l '1 __ 

---- - 1 r /", v' \ ' \ . 

( 4 4) 

o 
As bcforE:, this C'qu~ltjon ('êln he f,olvcc1 hy itcr;ltjon for l-l 

and tr-w it(~Lêttion for n =-~ 2/JC is eêt'-;j1v incorporatcd Jnto 

• 
sion wa ve rc f l ec-L c; [roPi the upp,-~r \\'él11 anc1 rcturns to tho 

lower wall to furtllC'T attCOnlwtc l fhe shock. IJo\Vcver, 
, 

arrivêtl(of the ref]ectcd shock in a simllar mnnner a short 

time latEr tends to undo ùny gajn hl <lttcnuéltlon. 'l'he 

50] ution for }1 given by eqUéltion (titi) if; then l ikely to 

provi de à qood est iméltC' of the stef'1 shock t1élch numbcr for 

~ . some distance r'lownstrcam of the sI i t. IIow qood thi.;:; 

~ approxi~ation is depcpds upon the wavc interactions them-

• 
'\ 
~clves. These are CXGmincc1 via a wnve c1iauram; the d~tajls 

~ . 
of which arc discusscd in thr ncxt section. 

1 

1 
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present prc,blC'l) b(,C(111q~ tlîli3 is virtu;llly i-]lC only convcnJ-

ent way bl' v;hi('11 the \'lave intcrC1cLioHS Cë:ln bl' 'lYlé1]YZvcl. 

i . 

S0l11G c1"l S"UUW(; clllwTl'~ LrCc1n' of th" s] i. t: Céln bc 0,,1- ima t(.'d. J L 

quite ëlpprOXJi~l:ltc: for the> rCd::;ons di~;cu,<,ccl c:ll-1iey. The 

.::aet: UIé1 t the [] 0\" f ic~ld belli nel i he trén:ollin~f r;hock lS 

~I 

construction. On] 2' thn inter sec t Lon of the' e':pans ion i Ii:lV(~ 

and the rel 1 C!ctcd shocY.: wi th tJH~ ma 1 n ;,}luck j f) cons lrlCl (~a 

ë:lnc1 thr' ltic1Ve di.é'.graTil is noLlLinq morC! thdll Uw compuL~'c1 

trajectories of Lhc~,e point<;. The tri1jech)ry of the tril>li~ 

pOLnt js, of course', the "!:>hoc:J~- shock" (1C'~)crib('d h\, \':llltlh'lll 

land its r010 in the Wclve ùiagrùll1 js eXilC't1y ilnctJagou;, to 

thù. t of a shock wave in thC' ),lOre famillar case of unstoa(ly 

one-dil1cnsional gas flow. In other \·!ords, the shock--shock 
J~ 

represe'nts a djscontinuity, not only Ln the vhysical flow 

fic,id hut to the cl!élractcrj~Jtic~, as welle 'l'he chù.n~fC' in 

the charactcr istic j nv~i:~ L:m ls é.t~ the Chilr.:1ctCri stic,; cross 

..... 
the shock-shoc"k is tllC'n d(~f,Cribcù by the Mach rof] cct lon 

ü/o 
relations givon ~ thC' la,;L S('ct.1.ons. 

A sketch of the waV0 diagram for the inttrna] flow 
_J 

in the presen t proh lem j s slJOItTl1 ; n F j gl1r0 3 . .11. From t.h i s 
! 

four types of intcré1ctions trl 
.... ------
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~considered. These are (1) crossing of characteristics 

of opposite family, (f) reflection of characteristics from 

a solid\~oundary, (3)"crossing of the shock-shock charact-
'1 \ 

eristics of either family and (4) shock-shock reflection 

from a solid boundary. 

The first two cases' âre easily handled in the usual 
, . '~' -

way by making use of the characteristic invariants 

'''i ALt)N<=t C--\- '( 

CO!JJTANT ALoN9 "'C-

Usually, two of the fou~ variables in the relations are , 
o 

known so it is a simple matter to solve for the other two. 

For the case of crossing characteristics, P an~ Q are 

usually known. 

for reflection of characteristics from a solid 

boundary the characteristie invariant along the incident 
• ..::> 

characteristic is known as is the wall direction e . w 

Renee adding equation~ (45) 

at the point of reflection. For the present problem'sinp~ 

e = 0 along eithcr wall, 

Q -= -- ? (46) 

" 

. ,-

(' -" 

.. 
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l 
( . 

, 
J 
1 

Interactions invo1ving shock;-shocks are mor(~ complicated as 
~ 

the characteristic invariant P or Q changes discontinuously 

the charac~erlstic slopes downstream of across them. Thus 

the shock-shoGk are unknown,sincc e and Mare unknown there. 

However, ii: J~lL-a-e-ross tne shock.-shQck is chosen, the t-1ach . - -

reflection relations can be used to compute M sa it is 

possible to devel~p an iteration 

between M,and 0 can be found. 

~ilton33 ~as 'su~gested ~uch 

scheme if another relation 

a SChem(OJ'Sider' th~·" 
case \"'l:l~LG twQ,. neighbouring C- characterj stics cross the 

shock-shock as illustrated in Figure (3.11). It is . ..issurnrd 

that the solution for the firs~ interactio~ (1) has already 

been completcd..so that M , e , M'and e' are known \vhere 
l l 1 l 

primes indicate quanti ties downstream of the shock-shock. 

"Also, it is assumed thùt M and Gare kpown on the upstrcam 
22, 

~ide of the neighbouring interaction (2) either by computati0n 

or interpolation of the characteristic net. It is dcsired 

to f ind 0' 1 M'. 
2 2 

l " Now, dmllnstream of the shock-shock the Mach stem, which 

is assumed ta be locally straight, will have a different 

orientation on characterjstics l'and 2'. Thus the effect 
'\ '" . 

of,the characteristic intersections with the shock-shock 

is to bring about a'curvature of the Mach 5tem. 
• 

since the 
.. 

charac~eristiq .~.h is fini te, the curvcd Mach stem is 
, 

reprcsented by a,sericsQof straight line setments connectcd 
1 • 

. togelher. The point of ""C,onnectJ on appropr j ate to hlO 

neighbouring character istic!=i'j then follows ~ sorne pa th in the 
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tl [.!., l1J'lt! III cI~: r (),~":1 l j I! 1 l \ C) j, q: ,i C t", i'; tic J Il''~ h 1.11 I!~ !.Jcli Il , ~ - ... - + , , , 
col]cd 'Cl C'n,1Li';l]i~ty J.!IH'~ if; ~:iIlpl.y the [KO 

\ 

nCl~lhJ)oUJ.iJ1o, (ll,;'r(~ct __ \_/,if..,l:j(' ~lopl';-': 

" FOl,' t- l lC' (_-l~;(- UJJ'-...r C'(II'lé,ieJ('I',1I'joll (1'- chdr(~('1'0rir;tic~»)O 

, 
tho CCJJJt i<J 11 1 i.:y djrl'ctjoll i~, (u,l,JUVC t.Cl the X c)xis) 

n 

, 1 1'" . ( fI' ... 1 \ 
1 - ( -

" " \ ' ' 1 1 , \/) 
l 1 

l... 
' '1 / , _J 

" 

- -- - _. -v-· 

(\ " 
".(::((,~-. - , \ 

J" ., hencc..~ [or c- c 1(~T'O,,c tel lstlC:; 
\ 

---

/\j~;' ~~)S ~,( t~4 1 - (.\' - )/.'// - ~~' " ) 

. ./ l " • '\ 

-

(117 ) 

'1 

~ 2 2 
compute 

, 
'l'he, i tefotJ.olt lE-> siJllp~c." Choosc lIO == 0 1 - '~8 and 

M' from tl~c l"lù.ch rc:('loC'tion 1 clél.tion~;. 'l'his vétIue is corn-'-
2 0 0 ' \ . 

pi1r'vc1 \!it.h thl1t conlpuL~xl ~t'OP1 cquoUon (1)7,.. And if thCèy 
, 

don't'agr,<'c, él new 60 is assurned .. 
\ 

J , 

< 

For the Célg(~ where positive cbarù.cteristics cross -(.h~ 

sho'Ck-shocJ~ 

-
reIù.1:.iun t~ 

;. 

':. ...... 1 ,
, , 

, 
" 1 

i,t is ù sirnpld 

cè11.lé1~) 
,/ 

. ' 

..... ~- -' , 
mëttter to d~rivc the an~1090us 

.... \ . 

, 
{) 

• 
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--
(48) 

It should'be pointed out that there is no difficulty evalu-

ating the very first interaction 1-1' since e' is kno~n in 
l 

th~t case to be egual to e = 0 as the Mach stem is taken 
w 

to be straight and normal to t~e wall initially. The same 

holdS true after reflection of tho ~hock-shock from either , 

wall. 

Shock-shock rcflcction from a solid boundary 19 easily 

handlcd when it is recognized that the incident shock and 

Mach stems simply interchangc positions in the three shock 

f 
' 1. con 19uratlon. In this case sInce the ncw r·'!ach stem ls 

agajn normal to the weill/the 6b for thè shock-shocJ~ reflec-

tion is then' e', the-Mach stem orientation just prior to 
? . 

, . , 

,the reflectiort { proccss.. The "incident" shock Mach number 
, 

is M'. This ',inform~tlon is sufficient to a'llm', de,termin-
2 

ation of the ne,., stem shock Mach number ,from the r-lach 

n reflection equations. 

Ftom tille ab,ove rela tiQrs the wave dié'gram is thÉm 

~ons~ruct~~ step b~·step. Tb start it, the simple W~V~ 
e 

corrcsponding to the initial shock diffractiorr through the 

~ slit ls constructed by arbitrarily choosing s.itable values 

of M betwecn M and H*. Sjnce Q is known from the upstrcam 
o 

conditions, P and A cao then be computed'for çach of thi 

chosen C+ characteristics. Also, the initial stem shock 

\ 
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l, 

Mach!number is known from the analytical solution so the 

initial shock-shock trajectory is also known. 

Since the wave diagram construction involves iteration 

at the shock-~hock points, it is perhaps easiest to use 

graphical methods for aIl the calculations. For such 

purposes curves of X vs. 69, and M/Mo vs. 66 constructed 

from the ray-shock theory and are presented in Figures 

(3.12) and (3.l3) for various incident shock Mach numbers 

Mo' Also, i t \.ja s, found convenient to use graphs instead 

of numer ical computa tion of the charactlrlstic angle m (r.1) 

and w(M). These are shown in Figures (3.4) and (3.14). 

The lattel was calculated for Mo = 1.4 which was the 

inciden~shock Mach numbe; chosen for the wave diagramù 

construction. It was noted earlier, however, that the 

ray-shock theory does not appear to predict- the shock-shock 

angle X very accurately. Thus the actual values given by 

figures (3.12) were not used for the wave diagram construct-
• 

ion; 'they were corrected by an empirical relation. The 

exact form of this relation will be given later in Chapter V, 
~ 

after the experbnental results have been discussed. 

1\ 

. . 

\ 

1 
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\\'élf; C()n~,t-rucL,-'(l frCJ-l ['('ëjf111l'~;(~ ~;lructurdl SlC('l tubinq \"i th cl 
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of the shnck luLc f ,lé] li ty. ü; Pl-eSI'ntvd}n r'i(Jurc 4. ] . 

Tesls 1,o;eY(' pcrft'lm()Ù \1i~ the driv(~n f>ecLion both t1t 
'0 pù.rLt~l ; 

atmosphcric (~onG-1itions dnd in" v~lcuum so two d~ffeicnt test 

section[; capubl è of I.)crnu t t.111g sch liorcll v"lcVlinÇ"J WC)-C ,bui] t. 

The fiLst (dcGj~n~tC'd 
.....-..". ~-- .. 

" 1\") Wél~) cow;t.ructcd by ~31JT\p]y, r.d JUng 
• ~ 1 

él\JuY rt S inch f)cgmcnl (ln two Or~JL)fJi te v'éllls o[ êl 17, S inch 
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length of tube to expose the interior. Plexiglass plates 

1/2 inch thick were then clamped over the opening, being 

sea]ed with rubber~gaskets. These were extended weIl above 
-' 

the slit in order to preserve the Lwo-dimensional nature of 

the external flow field. A 0.275 inch slit was milled in ~~ 
1 

one of the remaining wa] ls and externally chamferrec1 at 30 '0 

to simulate a thin wall tube. In t~is way the structural 

integrity of the test section was not compromised. A sc he-

matie of test section A is given in Figure 4.2 (a). 

The second test SE'ctlon (designated "13") was constructcd 

in a similar manner to also provide a 5 inch view of the 

internaI flow field. IIowever, in this case the en tire seg-

ment of the tube was enclosed so that it cou Id be' evacuated. 

In addition, the upper wall (which contains the slit) was 
\ 
(\ 

constructcd of removable flanges 50 that the slit wldth 

could be varlcd. A ]0° external slit charnfer was used in 

this case. Orc1inêlry- pla te glass side walls we-1:~e, used for 
, 1 

schlieren viewing. The shock tube was ~xtended 20 inches 

past the test section 50 that pressure mcasurements weIl 

downstrearn of the slit could be performed. The dctilils arc 

sho;m in ~'Jure 4.2 (b). 

Photographie stu~~es were carried out in bot~ test 

sectlons using a time delayed spark schlierep optïcal systqm 

w~ich was trigqcred by Cl pressure transducer locatcd just 

ups~:rCi1m oi the test section. 'J'he triggcr pulse wo.s di vided 

so that il pulse WilS abo. sent "simulti1neOllf'ly t~r an 

osilloscop<l [)(,i:lITl. ln élc1dition, the output pulse fro~l the 

• 

. , 
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, 
capacitive ti~e delay unit was divided 50 that one high 

- ~ f 
voltage pu'lse was sent to flre the spark unit and another 

was sent to the vertical input terminaIs of the oscil10-

scope. In this way the actual tim~ delay was ~easurcd. 
-" 

The high voltage (Il kv) spark was used as a light source 

for a conventlonal double mirror schlieren optical system 

using 48 1/2 inch focal length mirrors. The systc~ rnagni-

fication was roug~ly 80% and aIl photographs were recorded 

on 3000 ASA Polaroid Film (Type 47). 
/ 

The pressure measurements 'dere accomp11sh.ed \·;i th "ha'r-e 

.made" piezoelcc~ic pressure transducers utilizing a 1/4 

inch bar, j"um. tl tana te pie za-elerr,ent bondec1 by si l ver epoxy 

to a zinc rod which serves to de1ay reflection of ac'oustic 

wavcs from the end of the element. The entire eJerrent-rod 

combination is enc~sed ln ruBber to mini~ize the eff~cts of 

rnechanica1 ~ibration and,housed in ~ 1/2 inch threndcd b~ass 

tube.* This gauge was f6~n~ to have a paor rise tlme anc1~ 
~ 

... \, .. (.0,. 

short time constant but the output wa~ ·s·lJ:fficiently. high to 

'allow i t 15 use as a shoçk detector ',,_: fbr th is/reason, no' 

charge amplifier was uscd in conjunction with this type bf 

gauge. : 
~ , 

Shocl~ ve1àci ty mea.3urements were performed bl' employ J Lq 
. 

the transduccrs in groups of three wibh the first transduccr 
.~ 

used to triggcr an oscilloscope (Tektronix Model 555) bean. 
, " 

*The trt1nsduccrs \"cre des i oncd and constructod bl' 
'Prof.-:n. }{Ily'r,ldulas of the Shock"'\'.'ave PhyslCS Group of the> 
DcpLlrtment of t1cC'hLlnica] 'Enginccrlng é.H}c1 the author 15 1n

. dcbtL'd to him for the' loa'n o[ Lhcse dCV1CCS. 



• 

o 

• 

78 

The following two gauges were connected to the input termin-

aIs of the oscilloscope vertical deflection plates. Knowing 

the transducer spacing and the oscilloscope time scale, shock 
1 

1 ~ -t>-? 

.< veloei ties were easily computed from the oscilloscope traces 
, 

:which~wer,e recorded on Polaroid film. For the present tests, 
, 

! • 

_trjgger.transducers were always located 2 inches upstream 

of the first piekup transdueer and a transducer spacing of 

4 inches was employed for aIl shock velocity measurements. 

~I 1 

\ .. 

1 • 

'.' 

" A 

1 
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car('[ully fJJ1\'d uniJ.J. UH' dldIJ11lr.Fjn1 s\vldC'nly hur.,t. 
'" 

Wil;; fil]cù r;lowly cnnllqh. 

wlJerc Cl sma] l chanqc prUllllcl's él rC1ativc;]y Ldge c}~:lngc in 

f1,ntly, <;,1I11,' drjver pressure. 

WilS ,.almost Llnr10Li D'i:!b]!' on 

Cd~~;tl.JraLcr1 jn\]~ V:;j jncl-Cl,ll'nLé;. 
"' 

wCl-s'obs(~rvec1 dt (hivor pn:~:,.;,llrC'~] of ]~(j P~;jÇf hOWCV('l', lhi~; 
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in thlS -Fans,;. 
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Test section A was used exclusively for photograph~c 

purposes in the shock ~ach number range 1.17-1.67. Since 

only one photograph was obtained from each fiting of the 

shock tube, the photogf;z:tphic history of the shock-sli t , 

interàction was pieced, together by emp]o1in9 a successively 

grea ter spark delay for each r'un. v Also, since: consistent 

diaphragm bursting pressures were obtained, the incldent shoc-

ve10~ity was not measured with transducers fQr cdeh rune 

Instead, this was deduced from the photographs since the tJ-r 

delay was measured. Thus good repca~ibiljty was essential [r~ 

~istent 

more fully 

, 
results. This aspect of the tests will bè dlSCUSC", ~ 

in the next scction. 

Both photoqraphic and pressure measuremerts were 

performed with test spctiQn B whieh was used in the shock 

Mach number rang~.28-2.44. For the photographie survey, 

exactly t)1e same test procedure described above WilS ernployed. 

It WilS oLserved from the photographie results that 
\ 

only approxim~tely one hall cycle of the wave motion dowp

i 
stredm of the 51it was obtained using the full 2 inch channel. , 

1 
'l'herefore one series of tests was performcd with the removlll,':, 

flanges containing the 8lit mounted further into tlte channel 

to give h = 0.68 inchcs. For a 0.35 inch slit photogr4phs 

of ncz:trly one full cycle of the motion were subsequcnt~y 

obtained. ~der tü preserve the san:e upstream []ow 

conditions as before, it was necessbry to extend the new i 
'. 

channel wall far upstrenm. ,Rowever, when this test section 
o 

was used for shoek vclocity mez:tsuremcnts nlone, mcasuremont~ 

--
'1 
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, 
were performed both upstream and downstream of the slit. 

In this case, for each shock Mach number-slit width 

combination five identical runs were performed and the 

results were averaged. Altogether, four slit wiçlths c 

ranging ,from 0.068-1.250 inches were tested. In addition, 
, 
1 

tests were conducted with no slit i.e., a straight uniform 
\ , 

xubë in order to determine the magnitude of viscous attenuat
~L 
\ ion alone. The location of bath the upstre~mland dQwnstream 
1 

1 

edges of t0e slit relative ta the fixed transducer stations 
( 

w~s not the, same" for ea,ch slit width 50 the appropriate 

dimensions~are tabulated in Figure 4.3. 

.' 

r· 

. , 

, , 

, ~ <-

/ 

\ , 
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i) no a ~J a j n t il j r l y s,yrrunf'tric élbout the mC'cl!l 
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the sli t: 
, 

The shock speed measurement can be done in two 

ways knowing the time difference between succeSSlve P~ . .!:o

graphs. The first is done by measurlng the change ln the 

of the undisturbed segment of the shock between 

photographs. However, since the locatio~ of the 

slit known relative lo lhe time delay trigger transducer, 

k speed can aJt~rnately be computcd by divlding the 

cc between the undisburbed shock segment and the 

trigger transducer by the overa11 time delay for each photo-

graph. - '. " 
In the course of the tests, anomalies in the time deJay 

of th~ order 2- 3 mj crDseconds vIere observcd. S ince the 

relàtive time delay between successive photographs -wa~ as 
, 

low as 10 microseconds, use of the first method descrfbed 
t' 

above could 1ead ?to considerable error in camput.Qd shock 
\ - ~- -

speed. This error becomes more significant for highcr .. 
incident shock Mach numbers. 1Iû'.<lever, since the lowest ab!jo~ 

lute time de1ay used for the tests was about 100 microsecon~s, 

the second mebhod is considerably more accurate and was 
.. 

'adopted. Usi ng this mcthod, the ,va~i1tion in shock tlach 

rtumber for Mo == 1...41 (average) \Jas founel to be approximately 

±2% for examplc. 

It shou1d be rea1ized howev~r, that when computing 

various parc\lncters such ais' triple pOlnt trajectori.es a!!d 

expans ion wéÏ~ ve loci t~, for example, the calcula U .. .ons arc 
. (" 

subject to t:he larCJer errors dC"-~;cribc'c1 above. 
\ 

This ors- -s.o _ 

because time is measure~ relatlve ta the instant the shock 

-,. 

.. 

<1> 1 
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... 

... 
, 

arrives'at the upstream edge of the s1it. In most cases, 

,this condition was not obscrved directly so that this time 

had to be estimated from the (more accurately) computed 

incident shock speed. ~ortunately, as t~€ everits proceed, 
, 1\ 

" 
r the possihle 2-3 microsecond error becomes loss significant. 

For eXZlmp] e, at Mo = ~. 41 the events are 6bscrvabl.~ for about 
1 1 

85 microseco~ds after the ~hock p~~ses the slit sa the maXl-
, 

mum estimatod error is abput 3% dt .th1.s time. 
~ 

Due to the relativE:' roughness o'f t~e shock tube \"a\~ ls 

outsid~ of the 5 inch'region of observ~tion it was necessZlry 
.". '\ 

to investigate the natural shock attenuation due to viscous 

boundary layer effepts.alone. The shock tube had b~en so 
'1. . { 

calibrated during previous studies and the results arc pre-
t " 

sented in Flgure 4.5 for shock, Mach numbers betwcen 1.4 and 
'-' 

1. 85. The measurèments encor.1pass. the :tregion between 70 and 

llO inéhes from the diaphragm. " / 

For the present tests, the 

region of lnterest is nearly the same therefore these results 
, , 

are directly '~pp;licable. From the figure, it can be seen 
\, ' , 

that tho shock attenuation i5 practlca11y negliglble in tho 

h 4.. G shock Mqch number range tesled. THeEc results are ln gonera] 
. 1 59 . 

aqcord with the findings of Glass, et.~J. for which no 

.J.ttenuat;:;i.on was f\).und .for shock f.1aèh numbers below )..7. In 
~ 

the terminology of these authors, on ~ a "for'rllk~:i(;m' decr~ment" 

exists in that a diaphrag~ pr'es'sure '~._ tio grealer tha~ the .( 
_ ' • Il ~ - - • t)' 

e " theorcticaJ value is requi~od ta genera era shock' of given 

strength._ 

l\]thou~h 
\' 1 

, 1 
the present tes ts \ shock Mi1Ch numbers as 

\ 

1 
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c 

high as 2.44 were employed, this was done with an evacuated 
1. 

(, 

" , 
driven section so that it is presumed that due to the much .. 
lower density, viscous attenuation was not signlficant. The 

data in Figure 4.5 was obtain"ed with an atrnospheric driven 

section. -
. (}, 

difficulties 
(1'),. 

In spite of. sorne of the nb·t'cd above, the 

~-exper;,imen ta 1 results are considered to be reasonab accura't-e 

and consistant. e) 

1 \ 
( , 

'~ ,~ ," .. .. 
"'~ 

". 

'" 
, ., 

~ 

• 
'. t,~, 

'. .. 
.... :, 

"<' , 
" 

./ r 
..JK (1 1 . ~"'~ ---:---

-l' 1 

~ u( 
~ 

_...J ~ ,\ 

, 
'1 , ) ., l \. 

<- c' . . . 
'.1 • . . 

c, 

Jo, '" -• ,.. 

• ( -f' 
l, 

.~ , Jo.,. 
.! .. , 

~ 

\. :, III, 

.. 
~ 

" > . 



• 

1 
\ 

' •. , 

/ 

l' 
, \ 

- 86 -

CHAPTE'R .. V 

1 
.:. 

RESULTS AND DISCUSS!ON 
-. 

t 
5.1 Photographie History of the Shock-Sli t'Interaction" 

", 

In this section a qualitative description of the shock~ 

oslit interaction proccss is provided from the photographic 

,. 

... 
study described briefly in Chapter IV. This part of the 

-'-, \ 

analys~s ~ields valuable information regarding ~he nature 

of the shock attenuation process and othe:r: as~oc?a.tcd 

phenomena. 

A séquence of sixteen sch1ieren photographs depicting 

---"" 
the shock-slit interactio~ for an incident shock Mach numbcr 

of 1;41:and a S1~t width~ of O.~7S" inches is presented in 

Figure 5.1. Numbers on~the left side of the photographs , ' 

give ~he timc delay in microseconds r~lative to the instant 
) 

the shock passes the spark lamp trigger transduccr 2.875 

inchcs ahead of the 5lit. The field of view is roughly 

1 3/4 X 3 1/4 inches in the two inch channel. 

From the photographs it can be seen that the incident 

shock is quite plane. In accordance with the discussion 
'. ' 

that ha. been givcn in Section 1.2 interpretation of the 

, ~.,. 

"'" \ ._ .. 
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nQ~ll-Jy cY]J1.1dric:;[ l.Ofl('ct('(1 ~.lt(lc:L if' !,-,lJu'·'JI. 

, > 

of th{'~'l' \\,.-1\'(':, inlo t-he f 10'.1 fH'ld j!" lllu';Li.:J.tc·d in (v) 

(;11 ' 

L il r () 1.1 a h (i). 1\ s (; x P l <1 i JI ~. c1 J n .;; c' c t J_ Cl n J. 2, U l , ' r C' f 1(, d (' ( 1 

slit i8 t-he Jn<lln fCilture to he o})é:;crve(l 111 photogruphs (-i). 

l ' 
.throuqh (p). 1\ ràthvr L1rqo .. vorfcx accnmpan i ('S the iet 

fonni1tioIl and ù.,; ani.icipdt-_ccl', Lhc' let is inc]Jnod lo the 

duct axis. 

the'~ica] 

ponds to the 

In Chis c<vse the jot prCS"l1n~ ràLio eXC'C'l'c]<; 

val ue 'sa th<1 t choklng occurs. This corres-

mixcd flow (rcqime (ii)) discussed in Section 

1. 2. In t h0 immedia te vicin i ty of thE" s li t the f 10\-1 i s 

subson i c, the frec st re,lIn l incs frtJm th,e 

exhibiting consid~rab]c curvatur~ Tho 

cdqos of the slit 

shpar layer on 

both sides of the jet bound~ry is'quite pronounc~d. The 

jet appei1~S ta be fairly wcll established rouqhly lOO~s. 

after arrival of the inciùent shock wave. 
p • 

Figure 5.1 ~learly deMonstrates the attenuation 

The effect of the expansion wave is to induce 

o 
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" 
a 5mall, amount of shock curvature which i5 il1dicative of 

• 
retardètion. T~is i5 offset somewhat by tMe reflected 

shock which follows closely behind and terminates the 

. -

expan...s ion. 
~ 

The net effect i5 a reductrorr in--shock strclIg th 
(' 

as the Macfi stem lags behind the undisturbed segment of the 

incident shock. Thus the attenuated portion of the 5hock 

exhibits siqnificant curvatur~ and the Mach stem is normal 

to the wall'only at its foot. Clearly, the attenuation 

process will be grad~al since the energy loss through the 

" 
slit is communicated to the shock by transverse waves and a 

.finite timc i5 required for these wave5 to process the 

incident shock. Additional attenuation will result fram 

multiple reflection of the transverse waves from the duct 

walls 50 that the attenuation, rate is then controlled by 

the wall spacing. Continua 1 spread~ng of the èxpansion \.,rave 

will also contrihute to a gradual attenuation pro~ess. 

A similar but less extensive study of the sequence of 

events is presented in Figures 5.2 through 5.5 for shock 

Mach nu~bers betwcen 1.17 and 1.67. In these cases the 
fI 

particle velocity behind the incident shock i5 subsonic 

50 the internaI wave motion i5 simil~r to that describ~d' 

above. The jet structure ïs controlled by the pressure 

ratio across the slit'wh':',ch is (theoretically)- subcritical 

for Mo less than 1.21. 

entirely subsonic. 

Thus in Figure 5.2 the je~ i~ ,r 

.! ( 

For the other cases chbking is theoretically possible. -

It i5 interesting ta observe in Figures 5.3 through~.5 

,. 
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that althouqh the flow is initia1ly supsonic tpe cylindrical 
, 

expansion wnve accelerates the fluid near thc"slit to sonic 

vel~ity and a Prandt]-Meyer expansion is estaolisncd at 

-
_the upstrea~ edge of thc 51it. In this way a smal1 patch 

of 5uper50~lc flow i5 cstablishcd. Eventually, howev€~, 

for Mo = 1.45 the ref1ccted shoc~ passes through this 

reqion and the f]ow bccomes subsonic near the slit again. 

For the highcr shock Mach numbers the reflected shock has 
.' 

difficulty penctrat~nq the supersonic patch and tends to 

bend around it. ~ 

'l'he reason'" for this sudden \veakenThcr of the jet is 
(j, - -

not immediately ohvious al though a possibJ e explanation 

i5 that it is duc ta the arrivAI in the test section of 

the contact nurface separating the shocked and expdoded 
~ • , i . ' 

flows generated by th0 rupture of the shock tube d~ap~ragm . 
....., 

Howevcr, a sjmp1e calculation shows that this'contact sur-

faèe ls still far upstrearo at this time. It turns out 
1 

that this peculiarity is, in fact, a result of wave reflec-

tians from the Willl opposj,te the s1it (sec Figure 5.12). 

Apparcntly the re-reflected shocY.. "pumps" itself through 

~he supersonic pat~h. Although this"phenomenon is~not 
-

observed in Figures 5.4 and 5.5 no definite conclusions 

can be drawn as the tests were terminated prior to the 

arrivaI of the reflected waves from the opposite wall (see 
1 

Figure 5.4 (d)). \ , 

As miqht be an~jc~patcd on purely in~uitive graunds 

the Photogril~jc resulto show thùt the inclination of the 

~ 

/ 
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fluid jet decreases as shock Mach numb increases. A 
, 

similar beh~viour is observed for the jet acvelopment time. 
o 

In order to ex.emim~, the jet structure more closcly, 

additionai tests were pcrformed with a reater optlcal 

magnification for a field of view enc~ assing only the 

immediùte V1C ini ty of the sI i t. The resul ts are shm;n in 

FjguresI5.~ and 5.7 for shock Mach numbers of 1.45 and 

1.55 rcspectivcly. These clear1y show the choking c~fects 

and_the modifications to the jet structure attributcd to 

re-reflected waves. 

It was notcd in Sectjo~ 1.2 that when the particle 

veloeity behind the incident shock is supersonic, ,a 

Prandtl-Meyer expansion wi]l be estab1ished at the upstream 

edge of the slit 50 that the flujd jet is entirel~ super

sanie. Furthermore, the expansion wave and reflectec1' shock 

are unable to propagate ups~reùm against the supersonlc 

stream and remain essentially attached to their respective 

points of origin. ~Thia situation is shawn in Figure 5.8 
/ ' 

which dcpicts the shock-sllt interaction for Mo = 2.14. 

Actually, the 'refl ected shock is observed to be 

slightly detached from the edge ~f the slit possibly due 

to a slight 1:Huntness ai the edge (0.0'3 inches approximiItely) . 
Inside the duct the ref1ected shock has.a straight segm~~t 

characterisbic of supersonfc wedge flm'v's which joins smoothlv 

to the cylindrical segment which prppagates transversely . 

The slip linc originating at the triple po5.:nt of the' reflcct",1 
, , 

shock is particularly cvidcnt in thcse photoqraphs. 
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2.114. Duc tn the JCM, ., 
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ck·n"d.y Hl th.· lC'Gt f~c('tjon UH' (Iualjly of thc' phot()()iophs 
1" 

t'· 
is poo:J, ho,,'C'vc'r, thr· eSf;cnt-li'll f(,élt:Ur'C'S can };c S0C)ol. 

Tho let structurC' for the supersolljc cas~ îs shown 

in greatcr dctail in FiqurC's 5.10 and 5.11, for Mo 2.14 
, 

and 2.33 rcsp~ctjvC'ly, Que ta lho qreùt0r'.optjc,î1 maqnifi-

cat10~l employec1. 'T'h~, hJuntncss of the clO\<JnslrccJm C'clqc of . , 

the 51 i t. arel the subsequent c1ctachmcnl of the r'cflectC'c1 .-
shock' ig lmrre evidènl in these photbgraphs.' The oblique 5hoG~ 

formati6n in the externa1 jet i5 also.yery clearly demon-

stratcd . It i5 aisa intcrestinq to ohserve> the contact 

• surfac0 (curvcd whi~e line) separatinq the shocked and 

exprU1c1C'(l qa Ses as ~hp ~ncictent shock djffracts through , 

the 5Jit. 
" 
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, ' 
1n t.ht; P~\(\t()«r:q\hc::,. 

f,Crl0l1:.1y c(Jl"!'tor!li~;c UlC' (fualitéltlV(' jCl(llrC"; of the f1(\\" 
1 

in Fiqu(c S.12(d) Dl1d (il) thc' dl rrrîlcll0l\ i\rHl lc,fl(,c--

}'lC]'\)lC"; ~.12(r), (cl) 

1 

" 
t.he ("':p011<,j Ol} \1,1\'(: (JJI(l, Tof J ocl (,(1 shocl: ilr; \,)(,j l ëlS t ho 

, J 
f.\lhsl'ClU('I1t rc f J ('ct j on of j II('~)(· Y.'"VI'S f rom lhe oppos; t c· 

W,I] 1. 

('(') the' rcflccrcc1 shock OCCUp;0S about the sam0 posjt .. lon 

althouoh the tdp]c point is just nrrivJ!1g ,lt the 11OrY~r 

wall. It is iritcrcstjnq lo note that ~t this time, which 

motion, the nltc!1unted shock is agnin nearly' plane. 

'l'he rcst of the scquenC'c èlcpicts the continuec1 

're-reflcctjon of the transverse waves. Photograph (h) 

shous the situation étfter one complete cycle of the mot.jon 

ns t.~e t,ripJe pojnt hds just relurned to the wall containing 

the 51it. The last frame shows about one and ét half çyc]~s 

• of the motion.'. 

, . 
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The effect of the wave reflections upon the jet 

structure can be discerned in t~ last"few photographS" 

in the sequence. Re-reflection of the secondary shock l 

from the upper wall is seen to be regular with two points 

of contact propagating in opposite directions. That 

moving upstream is forced or "pumped" through the flow 

o 
surrounding the slit. In additio~ several segments of 

the reflected':shock then merge Jto form what would appcar 

te b~ a fairly strong secon9ary shock whimtends te move 

slowly upstream. This processis quite evident in the 
1 

last two frames near the rightlhan8 edge of the photographs. 

Clearly, the effect of the multiple reflections from 

the walls of the duct is to further attenuate the incident 

shock wave. As the shock moves throug~ the duct, these' 

transverse waves continually sweep across it 50 that the 

shéck Mach number at either wall tend~ to be altered in a 

cyClic fashion. However, as the motion progress~s' the he ad 
" ' 

of the expansion wave tends to outrun the reflected shock 50 

that the cyclic motion goes out of phase and the attenu3tion 

becomes more continuous although gradunlly wcaker. This 

aspect of the attenuation pr~cess will be shown more clearly 

by the wave diagram which illustrates the wave motion on the 

shôck. This will be prescntcd later'in Section 5.5. , 
To summarize, then, the attenuation mechanism has been 
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c1"'1:1()J1:·,trdlc-1 liy tl,,:,' ph0t·l'<f(al,~)ir; <~tncl\', Th0 Jni"t'l:;] Z1tL.ll 

U Ilion ("Ir l'he' !inclu('nl ;>1.',)('1, •. 1'( "Lllt"~ 'f'.('''l t'j,e: o.iffr?c! irl'1 ! -. 

prnrr'~;s tl11-(è]Lh t::l'.' ';)11.. "ltJ'011"l, t~)1,~ ,-l'r( :'1 is n'chleec"" ),'; 

t.h('~.\f;UL)Sl_qUi']lt )'c,rll'ct-jon dt tlle (1(h"i')~I,-(,,'T1 ('(kc, 

, 
l.rdtic1 l aLt'.llll,lI-jr'n ir; ('::',C(:ll::.'d to J,(" l'01'1i·ivr'ly \'r>élk. 

c) 

t.hc :,hocL f--,~'c,fr('~,é,(':: (loh-n the dllct \v LI l bc' ql ddl.1d 1, si nct:.' 

In ,\ \.1 (Li. t ion, the' tréln~;V('l-C;P 

] l-'~~S conCcHlt rarod, 'rh0. wall spil.çing rZ1lhcr Lhan the slit 

vlicllh thcrefore tends to control the: atb'nuclt: ion r,'t'tc' , 

'- i: 
f'J.IJ.,] lv, tJ1C' cffcd. of shod'. f..1ùc;1 ntll'lher on the ('xL'crnë11 

fla\'! fJ ('Jd h:u-; be011 i llu:::i J'éltcrl, 

raU.o, tlw fl,...t1Hl -jet CSCétUjl1'.J t hrouqt~ lhe slil may b(~ purf'ly 

su'Qsonic, ,l'tüx0(1 suh ùnd SUpC'J son:i c o~ pm'cly fju'!Jcrsonic. 'J'he' 
~ ~ 

~ 

inclination of the jet is scen to depcnd on shock Mach nU:11her. " 

From the photographie study tha~ has bcen prcsentcrl it 

i5 possible ~o measure various parometcrs associated with the 

shock-slit interaction. 'J'he rcsults .of such mcasurements 
/' 

will be discusscd j 11 the fol]ü\>vinq tltW sections . 

,. 
f 

/ 
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l 
EXTERNAL FLOW FIELD MEASUREMENTS 

In this section the various parameters which de scribe 

t~e fluid jet emerging from the slit are presented. From 

the photographs presented in Section 5.1 it is possible ta 

measure the jet angle, cont~action ratio and the time required 
. . , 

r for the jet to become established at thé slit. These are 
, . 

compared with ~proximate theoretical prédictions giv.en by 

vario~ authors. In addition, it is possibl,e to construct 

a wave diagram depicting the jet structure for the case where 
..r ' 

the flow behind the incident shock is initially supersonic. 

This is done by the method, of characteristics rn~ing use of 

an approximate theory for the shape of the detached shock at 
. 

the downstream'edge of the slit. 

'~ 
The jet angle variationwith shock Mach number is 

presented in Figure 5.13 and as noted in the last section 

e. decrcases as M increases., . This behavior is to be expected 
J 

-. 
\ 

, .. 

since 'as the local particle velocity ahead'of the slit increaRPs 

it becames increasingly difficult ta turn the flow thrdugh the 

~lit. This, then, is an inertia or Reynolds number effect. 

For shock t1a~ numbe"rs up to apott 1.6 the rneasureo jet 
1 /' 

,angle appears ta he pr~dicted fairly welL by an 

theary due ta Troshin s , 

approximate 
. l,· 

1 

-1 

e == COS (v/v.) . ) 
) 

(49) 

. 
wherc V is the par~icle velocity approaching the upstrearn edge 

J 
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~of the slit and V. is the ultimate velocity achieved by 
J ; 

y 

the jet after expansion into tqe surrounding fluid. Now, 

equation (49) is derived from compressible hodogrgph theory 

under the assumption that the slit is very small 50' that 

the momentum of the escaping jet is small compared to that 

of the approaching stream. Furthermore, Troshin assumed the 

flow to be subsonic everyw~e so extension of his theory 

into the supercritical regime is questionable. However; 

sinc~ the derivation is based solely on momentum principles 

this does not seem to comp~omise the generality of equ~tion (49). 

The difficulty arises from the fact that the jet does not 

ultimately achieve a uniform velocity when ' 
. 

is supercrïtical. Rather, the jet over~xpa 

itive unsymmetrical, c~llular structure app 

littlc significance in this context. 

-
presqure ratio 

1.' • 

and a repet-

ùnd V. ha5 
J 

velocity that-appears in the jet interior will far exceed V.' 
) 

which is computed from the pressure ratio alone. \ Thus, 

equation (4~s not expected to be accurâte in the supercriti

cal regime and this conjecture i~ verified by the experimental 

results. 

Figure 5.14 shows the measurcd jet contraction ratio 

which is defined as the ratio of the-minimum flow area of the 

jet tq the area of the slit. -Again, Tioshin 5 gives a 

solution for subcritical flow (M<1.2l in air) although th~ 

theory is much too complex to be given here. For supersonic 
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particle velocity behind the incident shock ways "(M>2.07 in air) 

a Prandtl-Meyer expansion exists àt the,upstream edge of the 

slit so that in this case there is no contraction of thé jet 
../ 

as such. However, since the jet passes through the slit 

ob1iquely there is an effective reduction in f10w area. This 

is shown theoretically in Figure 5.14 by a solid line which 

is terminated at M = 2.07 since this is the theoretical 10wer 

limit for which supersonic flow can exïst. 

According to Figure 5.14 the contraction ratio 
o 

(theoretically) increases with increasing shock Mach nùmber' in 

both the subcritical and supersonic f10w regimes. For the 

former case this behaviour is similar to that observed in simple ,. 
orifice tlows.for which compressible contraction ratios are 

.. ;---... 
a1ways observed to be greater than incompressible o~es 50' long 

as the flow -is subcritical. This is due to the fact that 

pressu~e forces (dl:le.-_t.o __ ,~xpansion) .J2!:ed'ominate over inertia 

or viscous forces ~hich is again, a Reynolds number effcct. In 

,ri 

the supersonic flow regime i~ is cJ~ar that the Prandtl-Meyer 

expansion will turn the jet'more ~owards the normpl to the duct 
o 

axis as shock Mach number in~reases 50 therefore th9 contrac-
~ 

tion ratio must increase. Despite this, the overall inclincation 

of the jet decreases sl~tlYI as shown in Pigure 5.13. 
f \l 

In 

this discussion, the effect of the detached shock at the down-

,j st~, cdgc of th,: sllt has ba~n ignored as such effects are 

llkely small except, perhaps, when"'the supersonic Bach number 

approaching the downs~ream edge is very close to unity. 

-
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The experimental results show good agreement with theory 

in the supersonic '(lOw regime. In' the subcritical flow regime 

there is only one data point although it does tend ta support 

the trend predicted by Troshin's theor~ I~~the mi*~d flow .. 
, , 

reqime, for which there is no'theory available, the experimental 

re~ults indicate that the contr~ction ra~io decreases steadily 
': ..... 

as shock Mach number increases. This beh~vio~~ suggests a 

Reynards number effect i.e., in-this reg.ime inertia forces 

predorninate 50 that the flow can not be easily turned to pass 

through the slit. 

Measurement of the jet development time from ,the 

h h ' h b' ~ P otograp,s lS a somew at su )ectlve process. 

purpose, the jet was taken to be fully developcd when the flow 

pattern in the Immediate vicinity of the slit ceases to change 

significantly with time. Since the ohjective of this part of 
\, ' 

/ the tests is t0 observe the pressure adjustment at the mouth 

of the 51it, changes in the jet structure due to wavc, reflections 

f~om the opp~ite wall are not considered. Thus, in Figure 
l 

(5.1) the jet is taken'to be established at about lOO~s. after 

arrivaI of the incident shock at the upstream edge. 

The cxperimcntal results are given in Figure 5.15 and'are 

compared to theoretical predictions basedoon a theory developed 
, , 

~by Rudinger 7 for the press~re adjustment when a shock reflects 

from an open end of a duct. The thcory is essentially acoustic 
1 

so it applies mainly ta weak shocks. For the prpsent'case 

the ~pening (s1it) 15 transverse t6 the incident shock while 

-.., 
t '"'4t--:

h 

c/ • __ .. ,.(. "' ..... 

" . 
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..,. 

the; 'si t-uati cm \.!h(~rè.,v lh(' ..... oPl~ntnc~ j s nn,-'''étl 
(,. - ~ ).. ) -

to the cl.i rN'tion 0 f H!ot ion (' f t be> lnci'c10nt shock. Ile F mIne! 
( : 

• 1 • 

that the th/'ul-t.:licc11 prcL~su:cC' o.c1juJtmont is élsym;ltot:i..c 

a1th.ou(;h csscntÜ\~lY cOlr,plpLr! ln ët ti~(' b:..:.41 wlwre T if; the 
~~ .... ' 

t imc ,requ,Lred for an i'1coustic 'v(1~C -t-Q t taVerne tl1e flow 

through tlw oJ)('n ing. SinC0 lhi~ time could VdYY con~idcré1bly 
\ 

( 

throug:houl th;;! ddjustJ11cni: prc)(:'(-,~S, use of an üveraq~ \~aluc is 

recoU1ll1cndcù. 
" 1 • 

Despite the obvious limitations, RuBinger's thoory is 

applicD to the present prohlorn as a ~ough a~proximation. ror 

th<; cn{ergin(J jc't,. the time requircrJ for ün acoustic \'lave to 

1 

"t::ttlnSversp the jet is eDsily computec1 if the jet is assuf.!1cn :t0. __ -----" 
. 

be uniform l1nd straj~Jht nl'éJr the slit although inclined to the 
c 

axia of the tube. This assumntion is like]y ta be qu:itc crude 

in the sùhcritjcû) élnc1 mix('d' flow rcr;jmcs Whe~ tJ\ere 1.S 

(:on~~ider:ab~e ~ontractitm of the jc~-Zls it eP1Grgcs from the 

~ slit. The result, which is Berived in Appenrlix A, is 
/ 

( 50) 

, i 

The line t=4T is plotted in Figure 5.15 and it can be seen 

that the rneasured values are greater ,than the theoretical 
.-

r ;'f: "p" • 
prfi!d~,~10)r~~y a nearly constant factor of about six. In 

,., 
( ~~~ . -" : 

\ ,,, 
, . 

r' -", 

" ' 

, , 
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l, 
adcli t i on, th(~ 91"('!.~SU1·(' (1,1 -i \1~;t1:'('nt éli: tho fo 1 i t .lS ùhoqt f O'1Y 

limes ]on'J(l' ëll 11;:: 1.1" thélll il: is ('li: ~~'::. 2.41. Thif> 

incrC~1 f.C' '''j]l p':-li" li cl c veJ oc l ty il', shoc1: l1élCh numlJ01" incrC'o~;l's. 

TllUS, c'iec:pitc ~,O~l:(; ratl1r'r C't:"~lctC.' 0ss~tml'tlons, thC' RndincjC'r 

theory doç'~; p,l'<=ditt fhe riyht tTc..'nd~~ for the :ic,t aevC'lnr':'1cnt 
/ 

proccs:;. 

l\n ('xélml'lc of the COTlmutéltj on of the structUl:.t· of the' 

emerqinn flujd jet if, proscntt'rl in'F-l(jure 5.16 for J'.1-:-.:2.33. 
'l 
'In tbi_s CJfJC', the p~trtl('lc vC'lo('ity behinn the i.ncic1C'nt shock 

is supcrsonic anrl the jet structure is 

The calculdtion i~ bascd on the mC'thnd 
IJ 

{' two-c1Jm(~nsional Sll'ùc1y flow àtnd the oeta i.ls, are qivcn in 

A~pcndix B, The m()st dj fficu] t part: of the calcll1ation is t.he 

,ç:1eterm ;_nù tion 0f the shape' ana stanc1-'of f d if; Lance 0f the 

detachec1 ~hock and this is OVCrCOffil! by employ ing "ln appt oxima te 

thcory given by Moec,kcl 6 for v.'hich the shock shape i,'LBssumed , 

to be hyperboli~. The ~esult is ptesented in Figure 5.16 
, 

and is seen to compare fâvourabJy with the exp~rimcntal results 

\Jiven" in Figure .,5.11 for_ the sa~ shock Mach number. EspccialJy 

notewarthy i8 the oblique shock fo~matian due ta reflection of 

expansion wavcs from the 'jet boundary. The approximate analysis 

appears to predict this formation rather weIl. 

In ~rinciple, one could cxtend Trashin's wor.k ta include 

a calculation of the jet boundary~rar purely subcritical flow • 

o 
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sorje':, clf rnUIO" of hVT\,"'GPnmeLr1r hlJlrj-.;je,nc; \-hjc ' j (l~_'lY"-cntJv , .. 
'Cü,1VC;r:c1C: verv s 10,·,1 ~ ':i f dt ù.ll. ThU'> lhc Jl1(,thnc1 c1De~~ nflt -lPP _~ 'j 

ùnô \IIi] l no L hc"' cOII.-:;idcrcc1 ll':..r ('. 

'l'ho T,n'sc'nt (1 i. scussj 0n cOllc('rninq r1Cl1s'ürcrn(~nt~; of the ,.. 
c>:tcrnal ,[1CI1<I ficJe} i.s COJ\clu!lccl "L'th Ù.n cX.:1ruirvltion of the' 

dj ffr<lctoc1 portion of thc~ i nC1 Qcnt shocJ~ \.7h i ch f'.:1SS0S tll]"ouqh 

-
tht; sl it and tlj(:'n continl)r~~i to oyp,' .... c1 as tüw pr0<Jrcssc':5. It 

WélS notod from the photo~lr<1phs 
1 . "" ~ 1 

th<1t the cHffr,lctcc1 shoc}: rC'j'l,d'll::-

noarly cylilHldciü in sho.1Jc' ,'lithin the present pqrHld of 0])50]"-

~' ! ~ 
vat.ion. The rad i"':::. anl1 cpnlcr of thj f, cyl indric;{]'" shock can 

he cas i Iy dclcrminC'c1 from the photogrf'lplis hy a simple qconll:)tr i c 

constrllction tmél pJoLtcc1 ont-. No\v, W'üthLtm17 found th,â. for .. 
strong diffracting shocl~n the shock exnands uniformly with time 

, x/tif ~ aIl ( 1 
so that the qUélnti ties", Y/C'I?-} are similarity coordinatcs. Por 

the present case, simi1ar rcsults are ohtainAa as shawn in 

Figure 5.17 which give the diffractcd ~hock radius ~/aN and 

cen"ter X/aM mCélsurcc1 relative ta the'upstream cdge ôf the slit. 

~ single, smooth curve for both ounntities is ohtained. It 

can be seen that the dif.f:e-actcd shock is wcak, expanding 

uniform1y with a speed close to the sound specd behind the 

5ncident shock. At the sarne time the center of the diffracted 

wave moves slowly downstrearn at a uniform rate. The rcasan for 

this bchaviour 1.S not clear but it is probably related ta the 

f 
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c1eveJ opment prot ess for tl1P emR rqi nq f] uio" i ct. 

The )~9~s'\.ll ts lhat have be(~n prcs(mtnd in this soctlon 
'" 1 ~ 

<t ' 
show thn't the v.;lriou:~ parélmcters ilSSOC; <l-LcLl \·;i.th the fluic9. 

. 
jet emergjnq from the slil arc not predictcd cspcciaJly weIl 

b~ the theory that hRs been qivcn. The jet anqle is 

dçscd bcd weIl by Trosh.i nI s tl1eory onl y for vlCdker incident 

shocks Rnd the jet dcv010pment turn~ out.to b0 roughJy six 

timps lOl1qer tr,al1 predictcd by a somewhal erude use of 

Rudingcr1s theory. Roth, ho~ever, prediet the propcr trends, 

. ,/'\ Fortul1<1tply, the jet con~raction' raUo aprl~ars ta follow the 

thcoretieal predi~tion exccpt in the mixed flo\V regime for 

whieh there is no theory presently available . 

• 

, 
; 

. ./ 
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5.3 INTERNAL FLOW FIELD MEASUREMENTS 

,The various parameters that describe the inte~nal 

wave motion associated wifu the' shock attenuation. ,pro~e~s 

will now be considered. From the photographs that have 

-
been presented in Section 5.1 measurements of the transverse 

wave motion can be performed to provide a quantitative 

analysi"s that comp:}.ements "the qualitative description that 

has been prejented earlier. 
? 

; , -('1>" 

It was poi~ed out in Chapter l that the motion of the 

expansion wave is ideally self-similar when viewed in a 

coordinate system which is fixed to the upstrefm edge of the 
... ..,. 

, J 

slit. This notion is confirmed by the experimental data that 
~ 

is presented,in Figure 5.18 which shows the expansion Wàve 

radii measured from the photographs. These results were 

obtained in t"wo ways. First, severa~ points on each wave were 

measured and the average fram several photographs plotted in 
\ 

the sirnilarity coordinatès X/aM, Y/aM. These points are shown 

by the symbois on the figure. At the same t~rne the expansion 

wave radius and center can be easily determined fram a simple 

geometric c6nstruction. The former are shown by salid lines 

and the wavc centers by the symbols on the positive X-axis. 

The data shows that the expansion wave is essentially 

pseudostationary as aIl the data for a given shock Mach number 

fail onta a single curve characteristic of that Mach number • 

.. 
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by R f:trrdnllt ;,('qment incl inccl <ü OH' lOCél-l I\i(l('h 'lnqle. 'l'llC 

if ,. j. 
Jdo~lJy, tho'oxp(ln~ion ~~vc'rddius r ~nrl (' 'ntcr 

e 

coord1.nal0 Xc :1rc qivpn hy r ;:;: C t and X = u t \-71101'0 è 
. - cIe l J 

, . 
u ure t.he f30Un(1 f;pc'(~c1 an,J pùrt LcJ,c vclocity hchinc1 t.he 

1 ,~ 

un'listUl~l)(~d shock .. Thl'~~ç' rcl~lti Oly~hip:; ,,1"(' confinnC'd hy the 

cxpcrimcnta1 J('sÙJt.s which arc summëtr.i ~cct in Fi(J\.1l~0 S.l q . 
•• . 

'l'he ù;JrcPJnc'nt bctwcên th.cor·y und expcrj ment is qui t.C flood . 

SimiJar resu1tr: ùrc'ob'lain(ld for thE' reflectoc1 sl)ock 

WLlve which are shawn in Figures 5.20 and 5.21. In lhis 

cù::;e, thc coord ina te system is nO\"" f i;<c(l ùt t:he, c1ovmstrc)am 

ec1ge· of the sli t. As for the expansion \\lnve l thc wnve sha:)e 

js ncarly cylinctrical except naar th~ in~ersection with the 

incident shack wàve. However, for M > 1.67 the ~pearancc of 
o C .. 

the supersonic "patch" tends to destroy the self-similar 

/ motion. 

Figure 5.21 shows that the ref1ected shock sp~eads 

out at a rate that"' is not tao diff~ent from) the Llcoustic 
i~. \' 

vel.ocity c. This does not neccssari1y imply that the 
l 

ref1ected shock is weak, however since it is advancing into 

a f10w which is dirccted towards itself by the preceeding 

. ' 
r 

....; 
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l'. l'., a t tlF:' v('loc i tv Il • 
• J 

... 
l\cconl1ng to the ré1y-~;hnt·]: the;)]'", the l()cu~; of~ th(~ 

incjclr'nl ~~l1(\ck i:~ ',Ystr'éliqht: 1.LrH:'~ Lh0 St\)P(' bC'inq the tl)nqc~nt 

of t.1Jc ch",octC'rl"Uc anq.lc n~. This fiJct is confirld'''''(~ )Yy' 

for Ll'Spcctiv(' ::;l1nr]: t-lnch nmnb('r,; or 1.41 <:mcl 2.111. :-;ü1iLnly, 

the triplC'~int trilj~rj cs tClken from U1C' ~eJnc photoqr<1phs 

arC' Jound "tn he> l.LJWn r cl ,; \";011. '!" \~hi 1 (' :i t i s w(~ 11 knoi:n t lh1t 

tq.c f.J<1th tf; str" i qht for simpJ f' HdCh rcflt'~tion i t iF; nT)+

clcë:lr \l-,/y t hi s shoul'd hE' ~o in the prcscn t case whf' rc" the 

incident. shock t8 somc\·"hd.t ctllved. The photogrf\phic n'slllts 

ào indic<ltc 1 howC'ver, thélt the d0g~C(~ of curvaturc is not too 

L:n-gC' in the prc'scnt case il.nd }J0rhaps this C'xplil.j ns why é1 

1 inc,!r path is obs.crved. 

Accordinq ta thk discussion giv~n in ~ection 3.2 it 1s 

cxpected that.. the characteristic anglÉ~ Ii1 \-louid be best preâic-
. '&.. 

ted thqor~tlcally by the âcoustic rel~ti6n, equation (34), 

rathcr than the ray-shock thepry, p-quatjon (32). Examinaeion 
\ 

of Figure 5.24, wh~h present the present experimental 
.' r' 

measurements, demonstrate~ that this is indeed,thc case and 

confirms the meas,urements ~_041. 
't-

given by Skews 20 ,29., 

• 

\ 

.. 
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) 
t {--, r; t '::' . 

fjC'élnl ;;hocl' ct1rvdLtlr'(~ ne"l' th('l triple' l'ojnt ,,', 1:11211 \'ll1ch 
\ , 

i[i nId' clC't'(nUll!l'cl [nr'in tl'\.." lhe()l'Y. -r;,n,-~'l:-'~\(' (Ir thi c;, th0 
l 

th(~0ry c1cw:L.con-cct1y p:rGc1ict th;,t U10 Vilrldtlon<.; jn \ .-ire 

51'1<111 • 

tu prcùicl X but unfortun"h')y, the orror Lurns out rouqh,ly 

butcd to shock curvaturc. 

Exand nilt i on of the photo~Traphs reveal s thilt ·once the 

triple point h~s move~ well away"{rom the ,wall, the triple 

point lies rouqhly half 'vlay hctween the breélk in the r~ùch 

stem an(l, the break in the j i6-i--~~t shock (clue to the 

CXpilnS ion wLlve). Thi s sogges ts the simple cmpir ica] relél tion 

whcrc X' i5 the value qivcn hy the ray-shock thcory (oi 

al ternRtcly by;the simple threc-shock __ thcory). and m is 
o 

f, 

r' 



• 

.. 

• 

- 107 -

given by the acoustic relation, equation (34). From 

Fi9ure 5.25 it can be seen thâ~\requat.ion (51) ·fits t.he 

experimenta1 data tfairly weIl ~~cept at low shock Mach 

nurnbers. In the absence of a better theory, 't;he only 

recourse seerns to be to ernp10y equation (51) ,for the ) 
construction of the wave diagram. Although the method is " ~ 

somewhat crude, the erperirnental results suggest it should 

lead to acceptable results. 

In this section the pseudo-stationary nature of the 

transverse wave motion accompanying thf attenuation pro

cess has been demonstrated from the experimental r~sults • 

Both the sonic intersection and triple point peths have 

t ' been shown to be 1inear, tpe former weIl predicted by \ 

acoustic theory. The failure of the ray-shock theory to 

accurately describe the tri~e point lo.c'us angre necl:!esl-

tates the implementation of an empirical relation in its 

place. 
, ; 

0 

CI 

Ir 
il 

1 

1 
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s • /1 1\ t 1-,?! 1 t l ~ ~ ~' (J l j () r i 11 ( w' r~ r (\" l ~ l' \ '\ ,. 1 

'1'h - l' cl 11 

T'] (V"-C",,,c, d" -the' ',hncl; r>-'~."('-''': (J,"'l i~lr sllt- \'hi('~l r:"~l'1t c, 

< i 
"i n ,\ T"l('1; cA '.','1 ~;).()('l.: \'('1 'le;, j" i h ,1 i é; J 0"(']' t 11.1'1 the, 'ncJ·-, , 

, , 
d C' n t \ 'cl V l ~ !~ 1 ) (' [> r1 • 

... 
<li.. " un-if,)r-w :;n, ('11 11)1t i 1l th .. ~..-'\nlld 1)11,,~(' of tl<, atj. l"l"i l"lî 

1 

!' 
{rom th0;t",\(:,k \\,,,11 onnnc,jtc> U)(' "Jii éllJd r\'lurn to !]()\:1iy 

thc' ~'é!rh <c,r!"'!'1 vl;l()cif',' .R~ldlJl. T~1ic; l'l'o('('c~;; l", ('I,til'lJ<,rl 

jnc1('fln i iJ lv êl~, the ; '"v<.' sy~U'm~'T l~llI(l(Jr<]n f;\l(:C~:\f,iv(' T'"fl(~C'-

'J'1I0 fjrc;t pl!"C;(' of thr' dltcJluéJtion })1'0(;08S \vh1.c!t i" 

measure(1 cl i r0ctl y from the photoqraphn prf'sçn ter! in Sec ti on 
~{, 

5.1. l\. 'con1inq to the discns:don that \vas qivcn the'rc thj s 

initial attcnuation lS cxpec~e~ ta he weak since most of 

the sho k diffrnction occurs outsid0 the duct and bocausc 

of ~he omponsatinq effcct of the reflcction process at 

the downstream cdae of the slit. As noted previously, the 

energy loss associatcd with the mass flux through the slit 
, 

is communj dated to the shock 'via a transvcrse]y prop{lCFtting 

exparsion wave and a fini te timc is.r~quired for its full 

effect to be fell at the shock front. 

. , 
~ 
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i' ('. 1 <; 11 r cr Il' n l " ,,; ('1- (' p,' 1 f' n r r~, ,.1 r J U Pl t), C'> F 11 ( ) t Cl '1' ,'Il ' ~ : " J 11 

A 

cl)), l t i r'l,~ \\'(".> ft' me.1Sn 1'(· (1 rc 1 «( 1 ",' 

la one p})(Jtoqr,lph, 1J<:\,1.1l't1y ~ ll\~ IJ 1 st "JI(y"inq l he ,ltt"llUdj Id 
l ' 

'l'h\' tiq,' (li.. \"llich thn !O;l!,lCv n'é1rlJ',', ('h(· ,1n\'nr;trc'i'1Tll CÙ<1 n 
;> 

/ --1-

(If the ';1 i t p,,;:; ('c;l lPn t ('Il (f-.:(w\ t Ilo 11l(-'()<,l'1'C:'d i Jwidcl"!.t. ~ hor l : 

on Cl' tiPh'> fa, t-,h(~ c,11,CUJëltl011S. 

by the r'1.1~h f.,tl'l1\ from lhe c1o\vn[;trC';1m ('cloc of the sljt. ln 

SOI Ile' ,CéU"3C'S thi ,;' procedure led 1..0 'tlvve spoE'ds qreatC'r lhùn . 
tl)C' J hc;(l('nt Vl,:,..,T(' slJl.'(~1 sc> U1\~ d,üé1 "':):- (iir,ré1rcl,'cl in cuch 

photO~P-élJ,h'; was then plottc'cl dS i\ sjn(Jl0 po]nL. GcncYéll1 y, 
rrr 

the avC'réHJf' "Jas computE?(i from élt lC'élst t}ŒCC sc'paréltc 

photographs althouqh for Mo 1. 67 only one photograph 

yielded acceptnble results. 
,l 

The results of the moa~urements arc presentQd in 

Figure 5.26 fram \<,hich it Céln be seen that the agr~<:mont 

wiLh theory is qui te qooc1 c1cspj te tT10 faet that.. measurement 

tram the photoqraphs is not e~peeiél]]y accuratc. As antiei-
, ' 

pated, the initial attenuation is relatively weélk, ranging 

b~tween ,3~nd 7't over the range of the tests,. Intuitively 

it is expected that the greatest attenuation would oceur for 

the highest shac~ Maeh numLers sinee the diffraction effects 

are relatjvely greater in that case. ~he exper~ental 

, 

! 
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, 
resu1ts show that this notion is indeed correct • 

" It should be pointed out that the experimenta1 data 

presented in Figure 5.26 correspond to two different slit 

widths. F6r M < 1.67 a slit width of 0.275 inches was empl-o=--

oyed while for the greater shock Mach nurnbers a slit width of 

0.375 inches was used, an increase of 35%. However, as was 

pointed out in "Sections l.2 and 3.3 the diffraction process 

is self-simi1ar since no characteristic length enters the 
~ 

prob1em initia1ly. Thus, as is a1so revealed by the ray-shock 

theory, the diffracted shock Mach number appr~aching the 

~ownstream edge of the slit is the same for all slit widths 

for a given incident shock Mach nurnber (M and e are constant 

along each of the ray-shock characteristics). Therefore, it is 

not surprising to see no disc~rnab1e effect of slit,~idth in 
. 

the results given in Figure '5.26 although it is recognized that 

more extensive testing is required for conclusive evidence. 
\ 

As explained in Chapter IV, attenuated wave speeds were 

aiso measured with pressure transducers rough1y two feet down-
. 

stream of the slit in order to examine the effect of wave refIec-

tions on the attenuation rate. In this case the attenuatiôn is 

therefore expected to be greater than that, measured from the 

photographs a1though not significantly so because of the 

nature of this phase of the a,ttenuation process. 

Results are shown in Figure 5.27 for slit widths ~ 

between 0.07 and 1.25 inches. As anticipated, the theoreti-

cal curve, which does not take into account the increased 

" 
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attenuation due to wave reflections, s~ill adequately 
~~- """ 

de~cribes t6e observed attenuation. Thus the effect o~ 

wave reflections appears to be slight at this point of 

measurement. However, the results do show a small tendency 

towards increased attenuation as slit width is increased. 

This is shown more cl~arly in Figure 5.28 where the ratio 

~ attenuated to incident shock Mach number is given. 
, 

For an incident shock Mach nurnber of about 1.3 increasing 

the slit width by a factor of about eleven frorn 0.068 ta 
a 

0.75 inches increases the attenuation by only about haIf, 

from 4% ta 6%. For higher shock Mach nurnbers this effect 

is even smaller. This behavior is attributed to the fact 

that increasïng the slit width actually tenfs to 

the number of Viave reflections that oco,ur. ~hi,s 

increase 

will be 

shawn more clearly in the next section when the wave dia-

gram for the transverse wave motion is presented and dis-

cussed in detail. 

From the results that have been presente~ 50 far it 

can only be concluded that the in~reased attenuatien due 

te ~eflections and the corresponding effect of slit width 

is relativ~ly small witnin the scope of the present tests. 

Naturally, it is ~o be expected that the theoretical pr~-
. 

dictions according to the ray-shock theery would not 

agree as weIl with experimental rneasurements perfbrmed 

~; at much larger distances downstream of the slit. However, 
\ 1 

such measurements are probably outside the range of 

" 
practical interest. 

.... 
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-- Curious1y, the experimental results,presented in 

Fi?ure 5. 28 ~or"t~ hi9f~~>~hOCk M~ch numbers show Po 0 

slightly IdWeL a-ttenùatibn rate than that measured from'I,~~" 
, 

the photographs, when in fact the opposite is to be 

expected. The reason for 'this is not irnmediately evide~t 

a1though a possible ,expIa'nation lies with e~perimental 
.. ,,~ J' 

errer. At the higher wave speeds the distahce measured 
, 

from the ~illoscope traces becomes corresponding~y 

smaller dnd the susceptibility to experimental error 

increases. Moreover, the quan~it~, that is beihg mea~ured 
-

/'~ J "' 

(the attenua~ion) is of the sarne'6rder of magnitude as 
.) 

the errbrs that rnight be expected from this' type of rnea-

surement. However, as noted earlier, the experimental 

results do ~ppear to be fairly consistant. For the lower 

shock Mach nurnbers the anticipated slight increase in" 

shock attenuâtion downstream of the slit '"is in fac(jJ 

observedl 

ArlOther and per:raps more speculative explanation i''S 
. . 

that the nurnber of cycles of the transverse wave motion 

cha~ges as incident shock Mach number 15 in~eased, although 
"'" 

~' . aV ~ 
Figures 5~24 and 5.25 suggest that such changés would be } 

small over most of the range.of the present tests. Since 

the measun!ments were performed at a fixed locati.on for 
" 

each series of tests it is possible that the measurements 

corresponding to two different shoc,k Mach nurnbers aIse, 

correspond te somewhat diffèrent phases of the transverse 
.. 0 

o 

r , , 

'. 
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motion. This then, migb.t' explain the unexpected positive 

slope of the experimental results in Figure' 5.28. 

Results are aiso shawn for the casevwhere there,is 

no slit in the side wall so that the effect of viscous 

attenua~ion alone cou1d be estimated. For the lower 
1 

shock Mach numbe~s sorne attenuation is observed althou9h 
.......... .. ~ , 

it is generally smaller than thût observed with an open 

slit. Sorne, data séatter is present and this gives sorne 
J 

é.'~D 

t o· ... 

idea of possible experirn~ntal errors. At hi~~r 'shock 

Mach numbers almost no attenuat~on is observed and this is 

attribut:.ed ta low ambient' air densi ty in the test section. 

For the largest slit width tested, 1 - 1.25 ~nches, 
t 

<, 

the tests were prematurely terminated at moderate shock 
,f 

strengths due to a sudden degradation of transducer ou~put 

1ikely resu1ting from deteriora~ion of the piezo-element. 

Generally, the result? of th~? section confirm the 
o 

intuitive expectation that the shock attenuation due ta a 
. 

~ingle slit is both,weak and 9radua1. Within the scope 

of the tes~s the effect of slit'width is secondary and C 

') \ 

, i 

the e'xperirnental resul ts are therefore adequately described .. J 

by the ray-shock theory. ~ 

() 

r , 

.. 

.. 
1 
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5.5 The Wave Diagram and Stability of the Attenuated 

Shock Wave 
l 

., "'--~\) ~ . 
The wave diagram illustrating the transverse wave motion 

on the shock fro11t., was constructed for the case Mo = 1.4, 
-1 

, R. = O.3? inches, b = 0.68 inches according to the method 

of characteristics appropriate to the ray-sfiock the ory as 
-:. 

out1ined in Section 3.4. This case corresponds directly to 

that shown in the photographs of Figure 5.12 and the com

pleted wave d~agxam is presented in Figure 5.29. In the 

figure aIl distances are made nohdimensiona1 with respect 

to the channel width of 0.68 inches and about two and a 

half cycles of the theoretical shock motion are shown; 

According to the ray-shock theory the cylindrical 

expansion wave which is generated when the shock diffracts 

through the slit corresponds to a simple wave originating 
, 

at the upstrearn edge of the slit. For construction pur-
, 

poses, five finite elements were used to initially repre-

sent the essentially continuous wave. These are sho~ as 

light solid lines on the diagram. Only the internaI ~ 
motion is of interest here hœnce t~at part of the simple 

wave which corresponds to the external shock di~fraction 
f . ---. 

is omitted from th~ dia~iam! 
"4 !. 

Collision of the diffracted shock~with the downstream 

edge of th~ slit~genera~es a reflected iho~k and the accorn-
1 

panying phenomenon of Mach reflection. This corresponds 
.. , , 

to the generation of a shock-shock originating from the 

' .. 

• 
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downstream edge of the slit and its subsequent trajectory 

on the wave diagram is shown as a heavy solid line. In 

accordance with the principles outlined in Section 3.4 , 
1 

the history of the kinematic waves is/then worked out. 

The resul ts of the calculations are surnmar,ized in Table 5.1. 

From the wave diagram it can be seen\ that the expan

sion wave reflects from the upper wall and \then-~-'~nteracts 
with the shock-shock to modify it as it pro~gates towards 

J 

thè wall. The effect of this interaction is to càuse the 

shock-shock trajectory to curve towards the upper wall 

slightly. The shock-shock then reflects and again meets 

the expansion wave ~hich by this time has reflected from 

the lower wall. The reflectian processes then continue 

in a more or less cyclic manner. However, it can be seen 

that as the shock proceeds down the duct the expansion 

wave spreads out more and more until it becomes indistinct 

not only on the wave diagram but in the schlieren photo-

graphs of Figure 5.12 as weIl. At the same time the head 

of the expansion wave is seen to "outrun" the shock-shock 
1 

50 that the motion goes out of phase and the attenuation 

process becomes more diffused and graduaI. Although the 

schlieren photographs of Figure 5.12 show only a little 

more than about one complete cycle of the motion this is 

sufficient to allow experimental measurement of the shock, 
shock trajectory. On the wave di~gram the experimental 

points are shown by circles and it can be seen that the 
b 

< , 
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shock-shock trajectory is predi~ted quite weIl by the ray-

shock theory.- Only one point exhibits appreciable error 
, « 

and this is likely duefto significant experimental vari-

ation in the incident ~hock speed. It should be recalled, 
1 

however, that the ernpili}cal r~lation, equation C 51) rather 

than the ray-shock relati9n is employed to compute the 

shoc~-shock locus angle X. In addition, the acoustic r€l

ation, equation (34), must he used to com~t the charac

teristic slopes otherwise tl'!~',wave diagram will be in ,con-

. siderable error from the start. For the present case the 

shock-shoc~path is observed to be fairly straight over ~ 

the range of tH~~talculatiàns. Even when the head of the 

\ ' expansion wave overtakes the shock-shock after roughly two 

cycles of the motion, the subsequent change in the tra~ 

jectory is small, at least theorêtically. 

The effect of slit width on the attenuation rate can 
.. 

aiso be q~duced from the wave diagram. From the slopes of 

the shock-shock trajedtory as weIl as the characteristics 

it can be seen that increasing the slit width tends to 

\increase the number of reflections of the expansion wave 

and therefore tends to increase the shock attenuation rate. 

This is sa because an increase in slit width tends to move 

the point where the head of the reflected expansion reaches' 

the lower wall (point 15) furtner upstream i.e., 'closer ta 

the slit. The same is seen to be true for the additional 

reflections (points 26, 3~, 48) and the above conclusion 
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thus fol1ows. 

The cyc1ic nature of the transverse wave motion is 

i11ustrated by plotting out the theoretical variation in 
1 

shock Mach number a16ng both walls of the duct. This 

data which is taken from Table 5.1 is presented in Figure 

5.30. From these res~lts t?~ attenuat~ mechanism is 
...,.-- .. / 

clearly demoostrated as it is observed that the peak J .. 
shock Mach number for each cycle is slowly decreasing 

along-both walls. The spreading of the expansion wave 

and the subsequent change in phase of the ~otion is also 

evident in this figure. 

It is also interesting to note from the data at the 

lower wall that the effect of the expansion wave is to 

weaken the shock-shock initially when the motion of the two 

waves is more or less opposed. Howevér, later on at 

roughly X/h = 10 the motion of both waves is in the same 

direction and the shock-shock tends to be reinforced some-
, 

what. Thus the transverse wave interactions are analogous 

to "beating" phenomenon that is observed when 1inear waves 

of diff~rent frequencies are superimposed. However, in this 

case the amplitude of the motion must slowly ~ecrease. , 

From the cornpleted wave'diagram it is possible to 
, 

trace in the theoretiéa\ shock shape with the a~d of the 
.-

tabulated results. .. 
, . 

These are shown on the wave diagram, 

Figure 5.29, as solid lines sketched into the flow fielQ. , 
In the figure, the initial Mach stem curvature due to any 
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charactQristics which rnay be genera ted by the' ini tial 

interaction between the expansion wave and the shock-shock 

is ignored. Thus the Mach sterrt is takEl,n to be straight 

initially. / 

It can be seen from the diagrarn that the initial 

effect of the expansion wave is to induce a significant 

amount of curvature in the incident shock wave which is 

alrnost irnmediat~ly counterbalanced by the arrivaI of the 

shock-shock. Owing to the reflection of the expansion 

wave from the upper wall a small degree of curvature is 

retatned, however. This is amplified by re-refle~tion of .. 
the expansion ~ave fromlthe lower wall and then reduced 

. 
again by ~he shock-shock whlch has returned after reflection 

from the upper wall. Thus the shock curvature tends to 

increase and decrease alternately in a cyclic manner , 

which is related to the frequency of the reflections of 

the transverse waves from the walls of the duct. 

In addition, it can be seen from the wave ftiagram 

that the effect of the transverse wave motion is to also 

reverse the shock curvature ~kriodically. This effect is 

readily discerned from the shhlieren photographs in Figure 

5.12 as weIl. 

The "acéuracy of the wave diagram can be further 

cQecked by comparing the theoretical spock shapè to that :, 

obtained experimentally. This was done by blowing up the 

schlieren photographs of Figure 5.12 by roughly four times 

'. 
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.. 
and sketching the photographie resu1t~ into the appropriate 

location on the wave diagrarn. These results are shown as l ' 
dotted lines in Figure 5.29 from which it can be seen 

that the agreement between thebry and experiment is rea-
, 

sonably good. Both the sense and the degree of carvature 
"! 

.appear to be fairly weIl predicted by the wave diagrarn 

• over the first complet~ cycle of the motion. Since no 

experimental results were obtained for the subsequent 

cycles of the motion n~ ,further Corclusions regarding the 

accuracy of ,the wave d1agram can ~e drawn. 

In addition to the information dèscribed above the 

w,ave diagram also demonstrates that the traveling shock' 
G' 

is .stable i. e,., perturbations in the wave form' tend ~e 

dec'rease as the shock advances along the duct after passing 

over the slit. This is easily shown by measurinq" the 

theoretical total perturbation in the wave form directly 

from .t~e wave d~agram. For this purpose the tot~l per

turbation is takenato be the~maximum (horizontal) distance 

between any two points on the shock wave at a given instant. 

The sense of the curvature is disregarded so that)the 

tota~.perturbation is always taken to be a positive 
'-

quantity. 

1 

The results of measurements from the wav~ diagrarn are 

presented in Figure 5.31. It can be seen that, as anti

cipated from the previous 'discussions, the total pcrtur-

bation varies in a cyclic manner. Clearly, the shock is 
\ ; 
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stable sinee the perturbation amplitude deereases as~ 
shock ~ves down the duct,. The experimental results 

obtained by measurement from the schliëren photographs in 

Figure 5.12 are also includ~d on the figure: Frqm.these 

it can be seen that the wave diagram 'underestimates the 

perturba tion---ampl~ude somewhat for the first ha;Lf cycle 

of the motion and overestimates for the rest. Thus the , 
-\ 

experimental results indicate that the shock tends to a 

pl anar form much more rapidly then the wave diagram 

stiggests. However, 

• does appear to give 

as noted earlier, the \-lave diagram 

the proper frequency Jf the motion 

at least within the range of the experimental tests. 

Sorne qualitative insight intoÎthe stability mech~ 

anism is provided by the wave diagram. Tt is the expansion 

wave which induces the~great~st curvature ~n the shock 

wave and the Mach reflec ion ~rocess (or shock-shock) 
. , 

which tends to coun radt its :effect. Clearly, the 
( 

, 
expansion wave.s eads out as time progresses so the 

induced curv ure tends ta decrèase. Since the shock is 

confined by the duct walls, the total perturbation pro-

duced by the expansion wave must therefore tend to decrease 

as the shock moves down the duct. The spacing between 

the duct walls controls the frequency with which the 

transverse waves move across the shock front hence this 

parameter also~determines the rate at which the ShOC~ ~ill 

approach a planar form. It is evident that if no baclk wall 

1 ~ • 1 ! " , 
• , j 

,. 

/ 

. 
, .0 

~ 
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prl'o;cJll t 11', <;)lOç'}, [r(J,ll' <l J' l ,'11l' 

f01rt ùl1d ihC",r(1.tl11'b"ll("\;1 \.fJul:1 l:c'li:...iIll1(' Lü Clrt),' i 11LJr r j -

nit(:ly. ' 
, 

\ 
/, 

i 11 i t l a l 1 Y n l.<t II <J r sJl<)('1;'\'i1V(~, h,lS L"'é'll> 
, 

to [1 (, 1 1 ., 

" t J l C' (', l c; C "dl '(') t 

:J "hw1' !}r;\'(,Jln'f 1)1 :1 unjf,\)Io' duel cnc()u;li.cr:, il SII",ll 
t 

dc'ducn th" t lhr: pc rturLat j on J n \1<1\'\" form i" inv(~rsE'] y 

''''' pyo}Jortio'li)l ln Î,!)f 3/~ po'.'"y of the (1 Ü'Llll(X' 1rélvo](c1 

t0 \mclc'rqo é1 Llrqc numbc'r of rcf1('cLion:, from HiC \"clll~. 
6:,;, 

T.ûJlwor\-h has i n'J(',; ( 1 qù1 cd cxpcr i j,lcntal] y the 

1 

slahiJiLy Ofl :, JCJc}~') rc'rturb('d by "\oof te'p" OhStélC]8S 

pJ i1ccd on t1C' ,ickvlcd 1!; of a c;hoC'k tube il])(l concl udcd that 

the 3/2 P9\·J~r.: 1 él.vl i s c\pprox i.mil tely correct in tha t case. 

o 
Exùminllt ion ° op igure 5.3] inr1j Cêl tes t.hù t the present 

experirl\ental rcsnlts <1piJear ta be' ûdE.>quately r1cscrH)(~d 

by thc'~ 3/2 pO\17C'r L.1W as wc] l al thousrh the élmaun t of tJ;1e 

data is in~hfficicnt ta allow one to drù.w any dofinile 

con't l us ion c; • , J!Ovlcver, it WélS note(l by Lapworth that che 

magnitude of the perturbations predict.0d by, FreomaI)'s 
~1-

\theory were sig~ificantly great.er tha~ thosc ~ctuallY\ 

obsçrvod . 

In ViRW of the ahove discussion reqarding the wave 

l 



• 

• 
... ' 

• 

-L?) 

f 
f Î " ~ 

tl1r-' Lhr>rJ(\' il", l'.c'rlu'rb'-'LJn!1 shnlild p 'rln,:'.lCclllV <lpnnl,H'll 

7y"O é)lt-JJ(Jur:ll t]} .. (~,lja prl",('nLC'rl U' FJ,11IrC' S.31 s\.,"(~{"t 

th, t tIn;, ; TI f z' ct r'!(\,,'~; n()t oc<:,ur ln tll<> prL>'~r'll1 Cil',,>. 

c/'pcrin1f'nts "))fJ'.': onl)' the: fj1,i fcw cyc]('s o'f the motion 

orJqin or thc" c1istur1>anccs . 

l\~ ·f illtî l C()l11P1l'nt n'qdt"rl i nq tho ~'hocJ: V:<lVC ~)t tlL\i 1 j ty 

it shol.l1(1 bo po:intcd out_ thc1l Fn'('man'[; ,-111alys;s l~; ollih" 

approximatc and rélthcr cOnlpljcéltcc1 as w("]]. For miJ.ny 

prélCU cal prohlcms COllst ruct ion of the' WélVC diaqrélnl mny 
, 

be i.l pre fcyFtbJ cal terni1 t ive c1espi te i tri COJTlp 1 exi ty élnd 
• 

apparc nt ina ccurAcy j n prcdic t j nq the p(~rt urhatJ on rtmpl il t \ldC' . 

In summary, for the "ingle case iJlustré1ted, jt hë1.s 

been demonstrFtted that the wave ~iagram constructed 

'according to the pr i neipl at:,': of the ray-shock theory not; , .... 
only provides valuable insight jnto the shock attenudtion 

rncchanjsm but yields sorne quantit~tive information as weIl. 

1 
The shock-shock trajcetory for the first cycle of the wavc 
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motion is predicted reasonably well although the per~rbations 
! -

to the wave front are generally overestimated. Stability 

of the attenuated shock wave is also readiIy 

by this' technique. 

" 

.. 
\ 

\') 

. ,e 

demonstrated 

0-
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bccn eXëlm; 1H'<1 for i ne idC'!lt ?>hocJ- r"i1ch nl1Tllhers hct\l('('n. 

1.17 dncl 2.44 dnc1 for 5] lt- \lLdtlF, bet.',;c.!en 0.062 and 1.2~) 

inchn,'3. r:xp0r imcnL11 F\e,l su rC'IT\cn t co; hr\v<' ne0n pOl' ro rJ-:-]c"l 

via spark schU 0rcn photo9raphy and using pressure tran~~" 

1 

duccrs to r'i()û.~jùrc shocr. veloci ty. 'J'hr~orot](,:J] con~,jc1C'r-

, t 

at ions llélvc' Jwcn h<1r3Cc1 on \:hJ th,']l\;'; rêlV -sl10ck throry. 

\\'ithin thc' sC'0P('') of the prcr;C'nt invcp.tj<Jat1.on the më\;n 

rcsultr; are ~;ummari.zo(l ùnd concJl1s\ons c1rav1l1: 

( l ) The pllotographlc lllst.ory of the shoel~-sl i t inlcr-

action c1cmons trû. tes the rt t tOllua t ion mCChé:ln i srn-

diffraction of the shock through the slit and a 

suhsequent t-iilCh rçflcction. 'J'h0 t.rélns~~e wavcs 

thus gcnera ted arc nOêlrly cyl inc1r ica] ~ )PS('U(l~~ 
.. . " 

stationary in their rcspccti.v~ tî-m~ frnrncs. 
, .. ,,. .. ~.J .... , -

- ~ -#7 .~ ... 'li 

(2) . Attenuation of the incident shock by a single sI i t 

( 3) 

. ~ 

is relatively weak. 'The gre~tcst decrcase in shock 

Mach number observcd for the present tests was about 

7% and occurrec1 for the lanJest slit wjélth. The 

additional attenuation due to transverse wave \ 

r~fIections is also very graduaI so that the ray-

shock the ory adequately predicts the attenuated wav~, 

specd even sorné distance downstrcam of the slit • 

The tendency~[or the initial shock attenuation Lo 

be inqependant of s~it widt~ accarding ta the ray-shock 
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u 

, 
theory is observed in pr~ctice~ A1though increasing 

the ~lit, width produces a sma11 increase in 'shock 

attenuation sorne distance downstream from the slit, 

this effect is attributed to transverse wave 

reflections-which are not accounted for by the theory. 

Thus the most efficient attenuation would be ~roduced 

by a series of closely spaced narrow slits: 

(4) The external flow field is character~d by the 
.. 

appearance of a tluid jet which is estab1ished at 

the mouth of the s1it and the character of this jet 

is observed to depend on the pressure ratiG across 
r 

the slit; Steady f10w is established roughly six 
. 

times longer than predicted by an approximate theory. 
- <l 

(5) A wave diagram constructeà according ta the ray-shock 

theory 1s observed to faithfu11yldescribe the tran~-

verse wave motion o~ the attenuatini shock. The 

cyclic nature of this wave motion is clearly demon-

strated. However, the success of the wave diagram 

~technique in predicting tpe shock-shock trajectory 
) 

~s based on a~~mpirica1 relation for the triple 

point locus angle X· -~", r 

(6) Stability of the attenuating shock is clearly demon-

strated by the wave diagrarn technique. P~turbations 

on the shock front are also observed to ~ossess a 

cyclic nature although the perturbation amplitude 

steadi1y decr~ases a~ the shock moves down the duct. 

\ 
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The experimental1y observed perturbation is found 

to decrease much more rapid1y than pr~dicted by the 

wave diagram. 
- \ 

T~e photographie study elearly shows the formation 
'" 

of·~J near1y ~lane secondary shock in the flow field --.......... . 
-...~ 

whi~h origi~tes in the vicinity of the slit and 
1 

propagates upstream against the main flow. This 
\ 

shoek is observed to be produced b~ coale~eence of 
<, 

the components of transverse wave reflections. 

Although the present investigation may be regarded as 
\ 

successful in achieving the stated objectives of ~~fining 

and describing theoretically the attenuation process, what 

has been presented here is by no means a complete examinat-

ion of the problern. Considerations for future work should 
/ 

(> 

include an investigation pf shock attenuation for much stronger 

shock wa'ves which are more likely to be eneountered in actual 

practice. An experimental study of the attenuation produced 

by a series of closely spaced slits is also called for. 

Impr?,vement of the theoretical aspect's of the prop!em 

are called for although it is reco~nized that this task is 

a rather formidable one. F:rom what has, been discussed in ,1 

Chapters II '~nd III'it can be seen that extension of the CCW 
') 

-~ and ray'-snock theories is at best ~ difficult job . At the 

,( same time it can, be se en that due to its qomplexity and approx-

irnate nature elimination of the wave diagram via irnRrovement of 

the theo~etical technique is desirable. 

j 
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Finally, a theoretical ~escription in the transonic 
\ . 

-~ regime for the fluid Jet emerging from the slit is needed. 
g. 1 1 

At preaent, there ~eems to be ~qny difficulties to be 
" 

overcorne regarding such an extension of compressible 

hodograph theory. At the same time, an extension of 

Rudingef's work on the transition from unsteady ta steady 

flow conditions is requlred for an adq~uate description 

of the preseht problem.' 
1 

u 
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Appendix A 

l 

Idealized estimate of the average tirne required for a 

sound wave to traverse the f10w through the slit. 
~ 

-
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Accordin~ to Rudinger's approximate t~eOry7 the jet 

development tirne is ~roportional to the time required for 

a sound wave tQ traverse the flow in the vicinity o~ the 

slit. An average value between the initial and final~~low 

configurations is recommended and this is cornputed on the 

basis of an idealized representation of the actual flow 

d 't' 1 con ~ l.onsl • 

... 
Fo~ an ipcident shock Mach number M the Mach nurnber, .. 

pre~sure and sound speed M, , P , Cl behind it are known 
1 1 

from the Rankine-Hugoniot equations in terrns of the ambient 
1 

conditions (subscript O). Now initially, before the jet 

is formed the speed of a'sound wave is sirnply. u1 + Cl 50 

the time required for the:wave to traverse a slit of width 

t is 

, (Al) 

An idealized representation of the flow conditions 

after the jet is forrned is shown in figure (Al). For the 

,purposes of this calc~lftion the jet is ass~ed to be 

locally uniforrn with sorne velocity V and straight while 

inclined to the '~uct axis at sorne angle e . If c is the 
1 j 

local sound speed t~en from the figure 

1 

e. 1..p -:. (~i:: OS Cv. G)'il. + CP.. - \( t Col éj ~ ... 
, 1 
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and ~olving for t 

t ~ '\ \/1. /...t~ 1. éi + C""-" \. \ -" e..c,~ ê j 
c. ~- "l"l-

.. 

Then simplifying this furthér and introducing the loèal Mach 

number M = Vic 

\ . 

.". ~~ ... UI-M~5~1.~i - M ~\~j J tA2). 

1 
,... 1 

Then the average tirne is 

(A3) 

Unce the local Mach nurnber at t~ slit is established the 

calculation of t is straight for,.,ard. , , 

, 1 

• 

. '" , . , 

, 
" 
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Appendix B 
\ 

J 

'-'~ 

Calculation of .bhe external jet ~tr~cture for M = 2.33 

• and a slit width of 3/8 inches. 

, 

. ' 
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The superson~c flow field in the brumediate vicinity 

of the slit is sketched in Figurè BI. Due to a slight 

bluntness (0.03 in.) and oblique flow direction, the 
, / 

~ 

stationary por~io~ of the shock stands off a distance L 

from the downstream edge of the slit. Since the particle 

velocity is supersonic, a Prandtl-Meyer expansion stands 
o 

at the upstrearn :edg! of the slit and at th~-shoulder of the 

dQwnstream edge as weIl. T~e external portion of the 

detached shock reflects from the boundary of the emergi~g 

fluid jet and gives rise to a decidedly upsyrnmetrical and 

cornplex jet structure. The purpose of'this section is to'~ 

show that once the stand off distance L and the shock shape 
() 

can be estimated'frem an approximate theory due te Moecke1 6
, 

\ 

Ithe 'jet structure can be easily computed 15y the method of 

characteristics. 

The details of Moeckel's theory are net given here 

although it is based on the fact that the shape Of detached 

shock waves are somewhat insensitive to the actual shape of 

the body that causes them. Then the shock shape 15 assumed to 
,~ 

b~ hyperbolic 50 that for a given free stream Mach number M 

it is given by 

(BI)" 

o 

/ 
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and X ~ i5 the distanc.e from the wave v;ertex to the inter

section of i ts asymptotes as shown in the figure. Appli

--- cation -of-a simplified continu'ity relation leads to an 

expression for Xo which is conveniently plottea versus M 

J. 

by the author. The shock standqff di~tance L is determined 

from a simple geometric argument based on the experimental 

evidence that the ~ody sonic point is often very close to 

a sharp shoulder. It is found that 

(&2) 

, , .'~ 

where y;, i8 the c~ordinate of the body sonic point (shoulder) 
.. .. .,..,..-- 0 

is the ~:fè·taéhment an9-J:e~corresPonding to M. Thereforel 

if the Mach number M app;oaching the downstream edge of the 

slit is known the shock shape can be easily constructed from 

equations (BI) and (B2) with Xo given from Moeckel's data. 

It should be pointed out that equation (BI) is considered 

to he va1id only up to the shock ~onic point. This is 

deterrnined by assurning the sonic 1ine is straight in the 

çase of sharp shouldered bodies. However, for the present 

case éq~ation (BI) is extended beyond the sonic point to 

the jet boundary as a further approximation. 

Now since L is not known in 'advance M is not known 

either. In other words, the Mach line from the upstream 

" edge of the sli t which just .intersects the X ~xis a t 
, , 1 

X = Xo i5 not known beforehand. 
'1 

by i tera tion. 

It can, however, be found 
1 Choose an XII, y" coordina te system f ixed at 
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the upstream edge of the slit. The equation of the ~ach 
r 

lines'- (whic'h are C+ charaoteristics) is 

also 
!, 
'v 

if ' Therefore, elirninating y 
" 

-x." ': 
-; *OM.è+k{é~) 

(B3) 

(B4) 

The iteration is carried out by assuming a value for e. 

Since the Mach number and flow direction (e = 0) are known 

ahead of the Prandtl-Meyer expansion, this immed~ately gives 
, 

a tr ial value of M from which (8 - j.J) and then >r" /9. is com-

puted. Then L/~ i~ 9ivén by (B3) and compared to the value 
./ 

given by (B2). The iteration is continued until these two 

values agree. 

A detailed calculation is presented for an incident 
";S-> 

shock Mach number,M = 2.33, Po = 0.95 psia and t = 3/8 inches. 
, 

~Denoting the flow variables behind the,undisturbed shock 
• 

. " i-

by the subscript (1) it is"easily found by straight forward 

calculation that 

. H, -=- 1. 13, ;' 'f, 1 fa =-',1 7 ~ ft 1 1"Po '::: /3. f.1, 3 
2.~ 
• 

--
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If the floW conditions downstream of the Prandt1-Meyer 

expansion ~re given the subscript (j) then again straight-

forward ca1cu1ation gives 

and iteration of equations (B2) , (B3) and (B4) gives with 

0.08 
t..,;-

bIt = 
1 

where the latter value is taken from appropriate tables. 

Furtherrnore, from Moecke1's data (Figure 3 of his report) 

~;;:_~~/~ = 1.350. ,erefore from (B1) the equation of the 

shock is 

(B5) 

The next step is ,to compute the strength of the Prandt1~ 

Meyer expansion a t the shoulder of the dm.,nstream edge of 

the slit. 
\ 

A\.long the stagna tian streaml ine ahead of _the 

detached shock M = M = 
x 

P /p = .7115, P /p 
_ ty tx y x 

1 

2.02 and from the normal shock tables 

= 4.594 hence downstream"of the shock 

'\, .,-
f;' 
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Pt y = 9.21 psia, Py = 4.364 psia. Now according to "the 

approximate ±heory the head of the expansion wave is the 

sonie 1ine M = 1 and the pressure there is p* ~ .52828 (9.21) 

= 4.87 psia. At the tai1 of the expansion wave the pressure 

is ambient,' po. Hence the pressure ratio across the 

expànsion wave is p*/po = 5.122 and the Mach number M 
t 

at the tai1 of the expansion is easily computed since the -

stagnation pressure is known. 
( 

" 

At the shoulder Moeckel's ana1ysis assumes that the f10w 
o 

inclination is e d relative to the "free stream" (8 = 25 ) 

hence 

e* -::. 2".1. 5" +- 25 -::: 48. z5 0 

~t- -::. 9~ - ~ l> -= 48.25 - 30. J 4- -::. /8. J J ~ 

which is the in~tial slope of the jet boundary downstream 

of the shoulder; the flow does not fol1ow the surface of 

the wedge forming the downstream edge of the slit. 

The wave diagram is ca1cul~ted on the basis of the 

characteristic relations 

C~! cl + ~ -:. ~ ($7-) 
cl)t , ) 

7~ ~4-"V -::. ~o IJ ST,q,JT 

~ -= ~(è~) C,- : ) & = - 84-\J -::.. C.O I\J ~T4vT 
d/C. 

e~ ?-G. V-:::. Q V+~ - ) - ) :1... "2-
g> 

\ . 

(a6) 
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and the diagram is started ,by using five e1ements to represent 

the expansion wave which is a C- farnily according to the 

chosen coordinate system. For convenience M is chosen for 

each ele~ent and using the same procedure as was do ne to 

compute ,et' the flow angle e for each characteristic can be 
\ 

easily determined. Then from equations (B6) ci i,s known 

along each of the characteristics. 

Duri~g the course of the construction of the diagram 

several different types of interactions must be considered. 

First consider the reflection of the detached shock from 

the jet boundary. Since the shock shape is known beforehand 

the point of reflection ca~ be found graphically. Then the 

slope of the shock can be comouted from differentiation of - . 
equation (B5). It is found that the shock angle $ = 70.06° 

relative to the (x, y) coordinate system by transforming the 

coordinates. However, the Hach number and flow direction 

ahead of the shock are M. ~ 2.36, ë. = 33.59° 50 the effective 
) ) 

shock angle is e = 36.47° and from ~he oblique shock charts s 

the flow deflection ô = 13.0° and Mach number downstream of 

the shock is M = 1.83. This is denoted by point 6 on the 

diagram, Figure (5.16). As before, the pressure ratio across 

the reflected ~xpansion wave is easi1y ~omputed and this gives 

the new ,jet boundary Mach number M
14 

= 2.313. 

Three elements are used to represent the reflected 

expansion ~ave which is a C+ fami1y. As before, M is chosen 

for each elem~nt\ and the character~stic invariant P is fo~nd 

for eaéh in the same manner as before. 
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Fortunately, almost the entire portion of the wave diagram 

that has been worked out corresponds to isentropic flow and 

the characteristic mesh is simple to construct in that case 

since P and Q are known on each of the respective character-
,'" 

istics. e and v (and hence M and ~) are computed immediately 

from equations (B6) and the mesh is constructed using the 

average slope between successive points. 

Reflection of characteristics from the jet boundary is 

also easily handlcd as e is known from the previous st~ps. 

Bence either P and e or Q and e are ~nown in eguations (B6) 

and it is a simple matter tç solve for the remaining two 

variables. 

Both expansion waves eventually refiect from the.jet 

boundary as compression waves and ultimately convérge tQ 
1 

form oblique shock waves. This merging of characteristics 

. is handled in the usuai approximate way; the slope of the 

shock is taken to be the average of the slopes of the -tWO 

merging characterjstics. In the present case both shocks 

formed in this manner are seen to reflect frbm the jet 

boundary again (as expansion waves) shortly after their . 
formation. Thus as a first approximation they may be con-

sidered weak 50 that the change in the characteristic 

invariants across them may be neglected. 

The completed wave diagram showing the first "celi ll 

of theJemcrging jet is shown in Figure (5.16). In spite 

of the rnany approximations employed for the construction, 

it surprisingly seems to give a fairly faithful picture of 

1 
t • 

• ' 0 
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the actual flow field observed from schlieren photography. 

The pertinent parameters associated with each point shown 

on the diagram is presented i~ Table (BI) which is self-
, \ 

explana to'1:'y .,', 
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27.80 
27.55 
27.35 
27.60 

28.0 
27.90 
27.75 
27.75 
27.55 
27.40 
27.35 
27.20 
27,.05 
27.75 
27.55 
27.35 
27.60 
27.50 

28.10 
30.47 
32.65 
33.63 
27.75 
29.89 
30.86 
27.40 
28.43 
27.20 
31.73 
29.66 
27.93 
21.35 

28.0 
25.49 
23.27 
27.75 
25.48 
23,;.-43 
27.35 
25.30 
27.05 
29.48 . 
30.65 
31.85 
27.60 
29.24 

-28.10 
-25.33 
-22.95 
-21. 77 
-27.75 
-25.31 
-24.14 
-27.40 
-26.27 
-27.20 
-23.87 
-25.44 
-26.77 
-33.85 

-28.0 
-30.31 
-32.23 
-27.75 
-29.62 
"'31.37 
-27.35 
-29.10 
':""27.05 
-26.02 
-24.45 

22.85 
-27.60 
-25.76 
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• TABLE B 1 

Point P Q 0 v M U 0-U e+f.I 
, 

/1 a 48'.25 -48.25 48.25 0 1.00 90.0 -41.75 138.25 
1 54.29 -53.31 53.80 0.49 1.05 72.25 -18.45 126.05 . 
2 54.29 -41.95 48.12 6.17 1.30 50.28 -2.16 9è.40 
3 54.29 -24.57 39.43 14.86 1.60 38.6B 0.75 7B.l1 

, 4 54.29 -7.11 30.70 23.59 f.90 31. 76 -1.06 62.46 
5 54.29 6.03 24.13 30.16 2.14 27.86 -3.73 51.99 
6 68.19 -25.01 46.60 21. 59 1.83 33.12 13.48 79.72 
7 68.19 -24.51 46.38 21.81 1.84 32.92 13.46 78.30 
8 68.19 -7.11 37.65 30.54 2.16 27.65 10.00 65.30 
9 68.19 6.03 31.08 37.11 2.42 24.46 6.62 55.54 

10 81. 59 -25.01 53.30 28.29 2.07 28.89 24.41 82.19 
Il 81.~9 -24:57 ~3.08 28.51 2.08 28.74 24.34 81. 82 
12 81.59 -7.11 44.35 37.24 2.42 24.41 19.94 68.76 
13 81.,~9 6.03 37.78 43.81 2.71 21.65 16.13 59.43 
14 94.33 -25.01 59.67 34.66 2.31 25.59 34.08 85.26 
15 94.33 -24.57 59.45 34.88 2.33 25.47 33.98 84.92 
16. 94:33 -7.11 50.72 43.61 2.70 21. 74 28.98 72.46 
l17 94.33 6.03 44.15 50.18 3.08 18.98 25.17 63.13 
18 q8.19 -7.97 38.03 30.16 2.14 27.86 lO~ 65.89 
19 81.59 -7.97 44.78 36.81 2.41 24.57 20.2 69.~ )20 81. 59 -21.27 51.43 30.16 2.14 27.86 23. 79. 9 
21 94.33 -7.97 51.15 43.18 2.68 21.91 ,29.24 73. 6 
22 93.89 - -24.57 59.23 34.66 2.31 25.59 33.64 84. 2 
23 93.89 -7.11 50.50 43.39 2.69 21. 82 28.68 72.32 
24 93.89 6.03 43.80 49.96 3.01 19.40 24.40 63.20 
25 93.89 -7.97 50.93 42.96" 2.67 22.00 28.93 72.93 
26 76.43 -7.11 41.77 34.66 2.31 25.59 16.18 67.36 
27 76.43 6.03 35.20 41.23 2.59 22.71 12.49 57.91 
28 76.43 -7.97 42.20 34.23 2.30 25. 77, 7.97 76.43 
29 63.29 6.03 28.63 34.66 2.31 25.59 3.04 54.22 
30 63.29 -7.97 35.64 27.66 2.05 29.27 6.37 64.91 
31 42.63 -7.97 25.30 34.66 2.31 25.59 -0.29 50.89 
32 94.33 -21,27 57.80 36.53 2.39 24.73 33.07 82.53 
33 93.89 -21.27 57.58 36.31. 2.39 24.79 32.79 82.37 
34 76.43 -21.27 48.8527.58 2.05 29.27 19.58 78.12 
35 63.29 -21.27 42.28' 21.01 1.81 "33.54 8.74 75.82 r-. 

36 42.63 -21.27 31.95 10.68 1.49 42.16 -10.21 74.11 
37 94.33 -34.01 64.17 30.16 2.14 27.86 36.31 92.03 

-34 :01 
-, 

38 63.29 48.65 14.64 1.60 38.83 4.91 87.48 


