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Abstract -

Large systems, such as operating systeins and computer communication net-
works, can generally be thought of as nietworks of interacting components or 22 o
cesses. As the size of systems increase the complexity of the component interactions

becomes incomprehensible. This, in turn, leads to costly errors when informal de-

sign methods are used. An objective methodology for the analysis of communicating

Tprocesses is needed,

e

© Here we haye evaluated the modeling and analytical capabilities of an algebraic
theory ‘()f comunnicating processes by applymg it to a variety of problems. To
accomplisli this, the amalysis procedures were imnplemented in LISP, yielding a po-
tentially powerful tool for the design of such sy<tems The th(‘();y was found to have

a broad applicability and s particularly well suited to the analysis of communication

protocols.

In addition, the equational nature of the theory makes 1t possible to ‘solve for’ or
‘synthesize’ processes to satisfy equationally expressed constraints. The synthesis
procedures were also automated introducing the novel area of automatic process

design.
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‘e Sommaire

—

Les grands systémes, tels que les systémes d’exploitation des ordinateurs et
les réseaux de communications informatiques. peuvent. de facon génépule,—ptre——~

. considérés comme des réseaux de composants ou de processus mteractifs Plus
S o
le systeme est grand, plus les interactions tntre” ses composants sont coinplexes.

.

L'usage de méthodes informelles de conception peut résulter en erreurs contenses;

une méthodologie objective pour 'analyse des processus en communication est req- >

¢
.

nise
Ici, nous avons evalué une théorie algébrique des processus en communication.
- ’ . - y ’ . a
La pertinence de cette théorie pour analyse et le développement de modeles de

ces processus a ¢16 mesurée en appliquant 4 la solution de différents types de
R ,

< - 8

systemes  Les procédures dlanalyses ont ¢t¢ prodwtes en LISP, fourmissant ainsi
»
.un outil pussant tres utile pour la conception de tels systémes. La théorie s'est
° révélée tros souple ot est applicable, entre autres, a Panalyse des protocoles de

communication. ) .
La nature mathématique de la théorie permet de ‘résoudre’ ou ‘synthétiser’ des

processus pour satisfaire des contraintes exprimées sous forme d’equations. Les

procédures de synthése ont été aulpmatisées également, introduisant le domaine

+
J mouveau de la conception automatique de processus.,
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Consider the notion of a process. Operating systenis. digital circuits, commu-

nication protocols, concurrent computations and distributed systems m general are

3

commonly referred to as processes or as being composed of processes What coin-

mon aspect of these things 1s captured by the process abstraction? Each involves
; ,

interactions between several dynamne components. In this light, a process may be

viewed as an object which evolves i tune through interaction with its exterpal

- - ¢

|
1 . - . . .
senvironment This interaction inphes. i fact, a How or exchange of information.

1

L
=

-

This thesis deals with discrete communicating processes (DCP’s) which com-

prise a subset of the set of processes This class consists of processes that interact
‘ 4

through the exchange of information in the.form of discrete messages or signals.

These messages may assume any form whatever: symbols, electrical impulsks, bi-

nary words, ejc. A wide range of physical systems can be modeled as DCP’S.

Specifically this thesis is concerned with the evaluation of the formal theory
of dlcrete coﬁnmunicating processes as developed by R. Johnston [1]. This theory

is in turn based on the algebraic ideas of Smyth [2] and Plotkin (3] and on the

IS

o
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process modeling notions of Milner [4] and Milne [5]. As we shall soon see, this

formulation has firm mathematical footings and provides a possible basis f&r the

»

A Ll
" objective analysis of communicating process behaviour. Since process behaviour is
» E ’

not a physical quantity, validation of the theory cannot be accomplished by empirical
measurements. Assessment of the modeling and analytical capabilities can only be

. . el ()
achieved through application of the model to a-variety of specific problems and

comparison of the results obtained with intwitive expectations

s

A
From a practical stand point, the long and tedious computations required by

the operators ingrained in the theory necded to be automated. Thus, after formally

o

introducing the DCP model, this docunient proceeds to describe the automation - —
of the process operators. During this part of the work, 1t became apparent that

the equational nature of the theory meant that an unknown process variable ‘could

be ‘solved for' or in some sense synthesized This led to the development of algo-

“rithms permitting the automatic generation of a process that satisfied equationally

v

expressed constraiunts,

In summary, the results were (1) translation of mathematically defined oper-
ators into working programs, (2) evaluation of the underlying theory through its
application to a variety of problems, and (3), development of working synthesis
procedures. Tlie results were encouraging in that the answers computed were in

agreement with intuitive expectations

>

1.1 Motivation

\
. - |
In the past systems have been designed, with relative success, by informal meth-

. 9.
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od¢. Today. however, systems tend to by larger and hernce involve more complex
2

y
N

interactions Increasingly numerous and complex communication protocols are nec-

essary to implement computer networks and distributed systems [6]. Current speed

limitations of computers with sequential Von Neumnann type processers suggest that
the next, so-called ‘fifth generation’. computers will be highly parallel or concur-

rent machines using many rather than a few processers [7]. In these contexts the

inherent explosion of detail often results in designs that exhibit unexpected errors

and undesirable behaviour which may have adverse economic mplications.

o

3 -

:l'hig pomts to a ncﬂ'od to ratimmlfz‘(T‘ the destgn pracess and to formaiizc our
understanding of nteracting systems  The potential advantages of this type of
approach are clear A suitable’theory would provide conceptual clarity for designers
as well as thJ(' framework for analvtical verifications of designs This latter aspect

could lead to financial savings as the exeraise of physical unplementation and fatlure
! v

could be short circuited

. - s
’

N

The complexity of system mteractions suggests that computer aided dosi)z,n tools

will not only be appropriate. but required for any practical design methodology. The
R
development of such tools is a major part of the work reported here

. ,L) ' ,

1.2 Issues

.
s

1

v

Decp at the heart of any attempt fh formalize or rationalize a discipline one

“ '

o

finds the concept of abstraction or modeling. The purpose of abstraction is to

distill from the myriad of details the facts considered important or germane to

a particular problem, Through this means we are able to free our minds from

-y -
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the burdensome task of cgnsidering all the irrelevant details and hence are able

to accomplish more. A model of a phenomenon 1s a representation. Through

manipulation of this representation we hope to gain knowledge without the cost,

danger, or inconvenience of dealing directly with physical reality.

Moddeling has been used to great advantage i almost all disciplines of science.
) ¢
3 ’ . g
In astronomy. where the amounts of energy and the tune scale are prohibitive,
<

models are used to study the birth and evolution of stars In sociology. where the

manipulation of groups of real human beings nunght cause ethical problems, models

of human behaviour are used  Mathematical models enable the study of certain
biological systems where otherwise the quantities of time. space. and food would be

itnpossible to manage Ve

A good model must encapsulate all the details that are considered relevant in

the thing that we wish to represent In this case wewiwh to represent systems. so our

model should retamm the fundamental 1dea that sy<tems are composed of séparate
<
interacting commponents’ The process abstraction must also portray the dynamuc

evolving nature of systems, and do <o without particular concern for the specific

4

instances of nuplementation details Our primary desire 1< to be able to reason and

draw conclusions ahout process behaviour in a given environment

.

There exists, in the literature, & wealth of process models too numerous to be

considered in detail here Most of these. however. can be loosely grouped mto two

or three descriptive categories.

JEREERI Ol e I —_— - .
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Finite state machine (FSM) models were one of the first types to be proposed

. 4
for. among other things, the speafication of communication protocols [8] A finite

state machine consists of a finite set of states and possible transitions between them

Typically, transitions may occur spontanconsly or be coupled with the transitions

of another machime This construet allows certam modeled operations to be syn-
{

chronized One of the problems with FSM < that they arg. by defimtion, finite

and cannot be used to represent svstems having a possibly miinite nunber of states

f
.

Petr1 nets and related models have o broader modehng abnhty than FSM's
.
This follows trow the fact that any TSM can be represented as a Petri net, but
the converse does not hold  The Petri net model can handle the possibihity of an
r
mfinmte number of states by allowing the number of tokens wathim a net to grow

]
withoint bound 19 The mamn drawback to Parr nets {as well as FSNMS) s that

there s a state” explosion as the modeled svstern hecones more complex Several

- .
attempts at arcunnenting thisproblen throueh enhancements to the hasiec model

have been proposed 19301 Though these enhancements do result o broader

y
o

modeling scope and a more compact representation., thar generahty makes any sort

of formal analy <is difficult .
1

| X
High level programmmg languages have also been used as process models In
\ l * ~
this case the modeled <vetem is represented a< a set of statements in a formal
language As these languapge- are univer~al. their modeling r‘apulnlmvx arc broader
than' either FSN < or Peir nets 18] » Althongh tormal languages are convement for
representing numbers variables and datae they do not do ~o well m representing

control structures (& On the other hand. both FSN'<and Petry nets bring control,
N
. -

structure to the foreground A« a result there have heen several efforts to combine



+

these approaches in an attempt to retain the best of both [11,12].

4

Ultimately. of course. we do noat wish merely to model the systems we.are

]

\
interested in «tudying, but would hikejto be able to perform some sort of analy«<is
We would like to be able to deternuue whether or not a particular combination of
conmmunicating processes exlubits certain properties or satisfies a given specification.
Mampulation of our models i a manner which carresponds to the real world 1< a
prerequisite 1o thos soft of analytical aluhty I addinon comparison of processes

agamst senvice spectfications and other processes must be posstble Here a caleulus

or equational theory of processes would provide a appropriate hasis for analyss

Given o model we must be aware of 11« hmitations. thay 1~ we must know what
deYmls of the phyvsical reahty that 1t tmthhlll\ retains I the ])11}*'1( al ~ciences @
model of theorv can bhe evaluated by comparig the predicted values of phivecal
quantities with (\1111)‘fi‘3( al measurcments  In the case ol process hehaviour this ap-

l ]
proach 1~ mappropiate and evaluation hecomes, m some sense, a subjective term

The hest we can doisansure that the resulis that we obtaim are reasonable i that

they correspond wWith ouy mtaitin ¢ expectations

1.3 Related Work

There have been two main approaches to process analy<is and verification The
most commonhy encountered techuique i~ that of reachabality analysis This ap-
proach i olves exhaustively exammmme the possible mteractions of processes whieh

form a svstem It 1< equivalent to generating, the portion of the combmed or global

statespace which 1sreachable This method s generally associated with finite state

R -

J

«
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machine type models. Assertion proving. borrowed from program venfication meth-

ods, has been used in the analysis of systems modeled in high level languages

In terms of automated andaly sis, the reachabihty analyv<is approach 1< the easiest
to deal with  Indecd there are soveral exastimg computer mded <y stens that reh on
.

variations of this approach [13.14 15] In fact the work presented here 1« sunilarly
based  The wam problent encountered 1= <state space explosion which oceurs as the

couplexity of the modeled processes mcreases

¢

.
I
‘ .

Assertion proving techngques have provod more cunnthersome to mechanze, and

.

there exasts at present no vl automaetie systems that eniplov thhs approach The
AFTIRM cistemn 16 17 allows assertions and theorems 1o be proved m an interac-

tive manuer s the user that develops the proofs with the svstewn carryng omt
,

1ts mechames

There s very httle i the hiteratwe on the snbject of automatic process synthe-
sis o Anonteractive deagn niethod for cotnmmnieation protocols has heen proposed
by Zahropulo et al ]IS The mothod developed by P Alerhin and G Bochtnann
[19] seens to be simlar i capability 1o the one used hete but as based on a set

theoretical gpproach and has not as vet heen autonated

14 Document OQutline

o

The next Chapter mtroduces the diserete communication process model and

2

provides an mtwitnve Jjustification for 1t Thie 1< tollowed. m Chapter 3. by an
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introduction to the algebraic structure and process operators of R. Johnston. For

a more complete tecatment of this subject the reader is referred to [1].

Chapter 4 deals with the comuputational tools developed to automate the an-

f

alytical procedures  The theoretical basis for the process synthesis procedure 1s

t

established m Chapter 5 Several problems and unanswered questions are also dis-
cuseed here Chapter 6 deserihes <ome of the quahification and restrictions of the

current uupletnentation of the <y nthesis procedures

'

.

¥

Chapter 7as the meat of omr attempt to vahdate the DOP model and contains a
varieny of problems as el as the resulbis obtanied with the aid of the computational

tools  Included are 1wo examples of problems mvolving process synthess and the

re~ults obtamed from the automatic synthesi= prograins



Chapter 2 Informal Overview of the DCP Model

'& N

! \
Returnimg to onr mmtmtive concept of process, we note that from our external

perspectne the ouly way we have at omr disposal for distinguishing bhetween pro-

4
tesses s through obeervation of thenr behaviont b 1w o processe< exhibit the same

< )

external behavionr we have no reason 1o believe that they are different Thisc be-

v

haviour consists of o pattern of mtormation o xchange hetween the process and ats
environment  Itwould seemveasonahle therefore 1o retam the exchange of diserete

HIes~apes as o phmtiv e concept within ouf model A< o process evolves the set of

f )

messages o1 ~ignals that it s wilhinye to exchange changes allowing us to gange its

PrOETess

2.1 Primitive Concepls

A
Conceprually, then. a process offer< at a grven point i tine to exchange any

one of a tixed et of messaves with < epvironment When amessdge 1« eachanged,

the process 1~ thought 10 mahe o ansimon 10 a new state where o different set
of communication pos-thilities may be offored  The new “state’ 15 considered 1o

be a distinet process a< 11 may exlntbit o ditferent pattern of behaviour than its

o

<
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predecessor. ) }

The events of interest,thus, are the exchanges of discrete messages which are as-

. .
sumed to occur nstantaneously. These communication events are further assumed
to be synchromzed, that is. both the source and the sink of a message wait until a
communication occurs, and then progress simnultaneously. This view is in accordance
with current trends i computer language design [20] as well as 'with existing math-

ematical formulations of the semanties of multi-process networks [21]. It contrasts,

however, with the global shared memory view of mter-process communication,

.

With this perspective in mund, we can represent a process p as a set of comnu-
1

nication event. subsequent process pairs for example,
pEA<enm > L <enp >}

Note that tlhis s an wherently recursve definition, processes are defined in teris
of processes  Note also that there 1= little or no distinetion between a state and
a process  We may represent a process graphically as <hown m Figure 2 1, with
a node and directed ares representing the communication events, leading to other

nodes

For a process to he fimite state or fimite dimensional, the set of processes reach-
able from 1t through any possible sequence of communications mnust’be finite. In

our graphical representation this corresponds to a graph with @ finite nuinber of

nodes.

v - 1
At any given time a process may offer to emmt a« well as to absorb messages. We

- 10 -
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. Fig. 2.1 Graphical representation of a process

\

indicate the difference by appending an exclamation mark to an emitted messige

and & question mark 1o one that is absorbed. For instance the process
!

p={<qlp >.<r\py>}

o -

3 X
offers 1o absorb the message g and resume as process p;. and to emit message r and

-

resume as process pj.

Figure 2.2 is a graphical representation of a simple buffer or reliable communi-
cations channel. The process initially offers to absorb a message m and then offers
to emit a copy of it. thereafter returning to its original state. This process can also

s
be represented as:
( p= {< m?,P] >}*

” ={< ﬁl!,p)} )

s

u’ ‘c . : . - ’ -
Note the recursive nature of this representation when vjewed as equations in p and:

P
a1 -



Fig. 2.2 Reliable communications channel .

2.2 Non-determinisin

'

o /-

N

;
A procesls offers its communication possibilities to 1ts’environment: our under-
. standing 15 that the environment selects which message is exchanged. Now, within
, the terms of the model it is possible to have more than one arc labeled with the
same cven! emanating fromn a particular node. The effect of the environment se-

i o . ,
lecting such a message is interpreted as the process non-deterministically selecting

a successor amongst the processes upon which the similarly labeled arcs terminate.

[
This construct models non-deterministic behaviour.

g
Non-determinism is useful when we come to model oug ignorance about such

things as customers with random requests. or unreliable communication channels.

In addition, when two processes are connected or composed. internal exchanges

. =y
which occur between them are not externally visible and may lead to different be-

a

C
/

haviours. We can model this by non-determinism as well. Ini general, deterministic

.12 -

e

a s i
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behaviour is considered a desirable property in svstem design, and is representative

of the types of properties that we may want to automatically verify.

An example of a non-deterministic process is depicted in Figure 2.3. This exam-
ple is a variation of the simple communication channel of Figure 2.2 and represents
an unreliable channel which occasionally loses a message altogether. The corre-

sponding process expression is:
) ( p={<m?py > . <m? p>},

Note the non-deterministic transition that may occur upon reception of the message

m.
m? m?
m! .
A 4
)
e Fig. 2.3 Unreliable communications channel

2.8 The Process Ordering Relation

The notion of relatedness of processes is a fundamental one. It is important

- 18 -




to be able to determine if two processes are equal or in some way equivalent. For
instance, we want to know when a complex systermn can be implemented as, or is
equal to, the composition of several simpler processes. In a more general context
it is of interest to know if a process 15 consistent with, although not strictly equal
to, another. When this is the case, one process 1s said to approximate the other.
The concept of behavioural approxunation. or consistency, is a natural one and 1s
analogous to that of cm;erability encountered in the study.of finite state machines

[22]. 1t 1s also closely associated with the 1dea of simulation. where a dynamic

system sunulates another if it can mumic all of 1ts actions  These natyral and

intuitive notions lead to mathemnatical relations that are reflexive and transitive.

In the context of our model, a process p approximates a process ¢ 1if. when

represented graphically, ¢ can be “overluad’ on p with arcs labeled with the same

'
o ¢

communication events lviug on top of one another .\'nnilaﬁ_\ we can represent

processes as mfinite tree structures with the root node representing the initial state
-

and labeled branches mdicating commumecation events leading 1o successor states

. : . . )
Here p approximates ¢ if ¢ 15 a subtree of p In either case we say p < ¢ or p contains

q. ' .

The thrust of this formulation is clear: a process p approximates another process
g if it offers a all of the behavioural possibilities of ¢, and perhaps more. In other

words every possible sequence of communication events that can be Qﬁ}ered by g can .
1
also be offered by p Clearly this relation is reflexive and transitive and as a result”
’ A

will define an equivalence relation amongst processes. b -

: p<qgAa<p=p=g

- 14 -
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This equivalence, indicated by =, will partition the set of processes into equivalence

classes. Thus two processes‘ that have different representations will be considered

equivalent if they belong to the same equivalence class. ’Ehe equivalence relation
L

is intuitively pleasing; if process p offers all the behavioural possibilities of process

q, affd the converse is also true, we would certainly want to consider p as being

"¢ equivalent to q.

Patently the largo;t process in this ()}dering is the one that offers to exchange

no messages with the environgnent

This special process will sometimes be referred to by the symbol s.

.

As an example. let us consider the two simple communication channels modeled
previously: ( fp = {< m%p; >).
m={<m,p>} )
R o ‘ -y
| ( g={<m?lq > <m’.q>},
a={<mg>} ) - .

All of the behavioural possibilities of p ‘are clearly contained in those of ¢ so we

-

have)q < p. On the other hand g can offer to continyously aecept messages without

emitting copies. a behaviour that p cannot emulate. Hence q is not equivalent to p.

2.4 Process Operators

-

o

So far we have dealt exelusively with an abstraction that allows us to model

< . »~

dynamic system components in terms of their communication behaviour. In general,

) -

¢ .15« ) N

hd s

-

I




however, components are physically interconnected to implement a specific system.

—

From'a modeling point of view, there should be no real qualitative difference between
such a system gnd its components. That is, we shoult‘i expect to be able to model
a composite system as a DCP if the same is true of its components. In this light
.it 1s possible to envision a process operator, or function, whose apblication to two
DCP’s \;\;ill yield another DCP that is a faithful abstraction of the system that would
_ resu}t from the physical interconnection of the modeled entities. In the néxt chapter
suclfoperators are defined after we have placed th(; model on sc:und mathematical

footings.

J
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| In a*strie thematipal sense we cannot treat processes merely as sets of com-
. n ¢ P

N - ' . -
munication ‘event; subsequent process pairs. T® se¢ why this. is so consider the set
v P - &

a0 - —— NG °

Pg of all;procosse.s that exchange messages from a finite set I, If any p € Pp is a

set. of ordered event-process paits, we have : . )
o . ={<ep,p1 > < CpPn >} ;
. b 1.2~ s nPn 74
. [ ~ - '
- ! ‘ - 2z

* and clearly p is a subset of the CarteSian product E x Pj. So,

\ . s
. ‘ p € P(E x Pg) )
~ ; ) . ‘ B " . - B I3 :
Y where P is the power set .operator. Since this is-so for any p € Pg we have
) s o, PR Y R N
' oo : Pg € P(E x Pp) o Ce
‘ o ) ’ \\ -. . . N A~ o
) Conversely any element of P (E % Pp)is a set of event-process pairs and, intuitively,
o , . 74 - - T
" should be a process; that is, o L ' ;
F - i ’ ,, . N Y Y
‘ - .. PIExPy)CPp - . ‘
. e - ST B o,
R ¥ .
. F&{q‘m which we would deduce, in defiance of Cantor’s T heorem, that . .
i R ’ ' , - R \ ’
o “a Pp = P(E x Pi) !
N N N : .
I- ’ ¢ - ! " ‘?
1 . ' . , <
s [] T N JR——
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+ This-is an equation that cannot be satisfied for reasons of cardinality. by any Pp.

3
-

What follows is a brief outline of the construction of an appropriate mathe-
-

. . . .l o S
« - .matical space whose elements correspond to the intuitive notion of process we have

already discussed. This is a construction that was proposed by R Johnston. Read-

ers interested 1n a detailed account are referred to [1].

© »

3.1 The Process Space Pgp i

.

An approach to resolving the problem of cardinality raised above involves reduc-
ing the number of elements of P(E X Pg) by redefining the powerset operator to not

include all of the possible subsets. A mathematically succinet way of accomplishing

o
this is to partition the set P(E x Pg) into equivalence classes thus obtaining a quo-

Y

tient set. Such equivalence classes can be mnduced by a partial ordering. The reader
is referred to Manna [23} for the definitions arising in the theory of partial orders
Plotkin [3]. Smyth [2]. as well as Johnston [1] employ this approach. although the

-

ordering used by Plotkin seems unnatural.

. The clements of the process space P can be thought of as tree structures The

“space contains both finite length trees and infinite length trees that are more or
’ N

- A '
less analogous to rational and irrational numbers in the set of real numbers, The

“ -

construction of Ppnvolvesa sequence of approximating spaces whose limit. i some

' . . 1 .
sense. is the desired space. Each of the fimite intermediate spaces PI(‘) 18 a partially
<. ordered set whose elements can be thought of as trees of at most length 1 The

( . .
. limiting spdce Pp 1s also a partial order that contains a bottom clement 1. and

has a top clement e. representing the null process.. It 1s complete 1n the sense that

- ‘18' T
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. , o
any directed set IJ of elements belonging to Pr possesses a least upper bound also
contained within P Here a directed set means a set i which any two elements
have an upper b()un(l“m the same set The least upper bound of a directed set D is

L%

indicated by
LD

3 . N .
-

!
The bottom element L. represents the completely undefined or unconstrained

rocess. Conversely. the null process o, can be interpreted as the compjetely defined
) 3 1 I ]

or constrained process with no degrees of freedoms.

There are two fundamental operations or functions that are defined on Pg. The
'

firat is, 1 fact, the class of functions . Pp — Pp- where € € E. wlach prefixes a
I3 L I

process with the event . In set notation this corresponds to

»
-

ep={<ep>}

/

These functions can be shown to be monotome and continuous, that is they preserve

ordering and lower upper bounds. If D is a dirccted ser of processes belonging to

.

Pg then ' /
el [D=]]e:D
where e: D = {e;d | d € D} The second operation + : P;- X P — Py 1 a binary

function corresponding to the aggregation of behaviours It can be shown to be
L]
monotonie and contmuous with respect to both arguments  1In the set notation it

— -
corresponds 1o set nmon,

p+a=plJy

returning a process that’ has all the communication possibilities of both p and ¢.

3
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we can repluce o, g, + t -4, 1w the sum sunply with

There are several basic properties involving these operators that arise from

. "

the partial order structure of Py These properties will he stated without proof
Readers wishing to pursue proofs are agaimn referred to [1] The following properties

"hold in P : \

(i) erogr <ezigy & (leg = e2) A1 < q2))

~

(i) oy +. .+ 01y <ergoer, <ergfor some s .

(in) - The greater lower bound (gih) of any set of processes exists. In particular
for {p.gtwhere poyg € Proit is given by the process p 4 g, .

-

(W) VpelPp.p=> ¢y where the ~um s taken over all r. g>p

et }

« .

A process p belonging 1o Py s called fimtely branching’if it can be expressed

as a finite sumw of elements of the forw ¢ ¢ € 7)o That s

. - _
[

for some finite N. Suppose that ¢, ¢

; S ey, for some and y. then by definion

¢,:q, i< the glh of e,1q, and ¢,1q, No from property (m). g, = ¢, ¢, 4 ¢,. g, and

J

. ¢, Asaresult any finitely

branching process can be expressed as above with the <tipulation thay

€4, f"rj q, Vi

It tollows from properties (1). (n). and () that this isom fact o unique expression
In other words there 15 a canonmcal relationship between fiimtely branching processes
and sets of event-process pairs  So a fimrely branching processes has a canomeal

formn or expression associated with 1t

- 20 -




3.2 Processes as Fixed Points

Recall that i our intuntine developrient we represented processes with a finmte
number of suceessors as sets of provess detimtions . These types of processes are

called finite dinensional - We can formalize this notion u~mg the matheratieal

.

operators ¢ and 4 Cansider foy m-tence the unreliable communications ¢ haunel

modeled previoushv Using algebraie notation we have
{opr - o™ pa b py
- Py nd' py }

-

Formally thi~ can be mterpieted as a et of two equations mvolving the process
v
—~

«

variables p; and po Rewriting the equations jnomatrin format we would hiave

7/
. ip, ;m' P
Lpa b ! e
‘ 1
Or.
v r-FEr

o=y - P Py Now Tiscomposed
\

of the primmntnve operations ¢ and < wihich are monotonic and contimuous  As
- »

where I is a rao dunensional function {7

. ’ v,
result Iatself 15 o monotomc and contimuons tunction on 77 The complete partial
orderning of 1'; 1~ extended to Pl the following manner.
»

(e e~ gy qul = p, < qVe < Lon

4

Consider 1the sequence of processes
/
L) A
4

whtere F'Q2) = FIF' '] and 2 5 (1.1) By definition {2 < F[)] and simee F s

monotonte we can conclude that FHQ < POt Henee the seguence {FQ1Y is a

! S



s g o
cham and constitutes a directed set ui ' A< P7 e g complete partial order there

exists a least upper hound [ = [ )1 7' ¢ P;‘ The element [ s a fixed point of

F <mee by continmn
¢

Fift = TILNFy] = LRE Ny LR -

Invoking fixed pomt theory (230 [ 1< m fact the least fixed pomt of the operator F
/

L3 '

Coffsequently. fintte state (o3 fintte dimensional) processes can he nimquely spee-

ificd as fixed pomrs of continuous multi-dinnensional operators In practice this
” [

means that phisical sustemns ropresentable as fime state macdmes can be deseribed

a~ Huite sets of process equatons

I3

<
]

283 Algorithmeally Determimmng Proecess Ordering

A finre process s onc that tornnates adter o imte sequence of communieaton

events and i~ representable as o tec of finne longth Tor suel processes, relatedness

1Is easy to deterunne alporithnncally o~ tollow s

P o Yoeng € 3 pCpille, s I Alp, <))
Y
¥

1] /
where ¢ p .€ ¢ wmdicates that < . p > 15 o mcinber of the canomcal set repre-
sentation of the process ¢ This recursnve definttion of < 1« grounded <ince p and

¢ are finite processes  In the general case where poand g are elefined as the first

'



component of the least fixed pomnts of some operators £ and

. P - F
Q= G

r|
Q)

tlis recursion 1= not finte in nature o

Let e 1) - By he o projection tunction mapping (py Py} onto its A

component p,  The function W, s obvioushv tnonotome and contimmuous Corre-

sponding to the sequence (IO PP the sequence 70 Q0w e formes

a directed sev o ;o The sine s truc of the Scquence 2 G0 ) \ssume
that W7y < G for all e Then s WG < LG g) )

WG follows that W (0 by Wi 0 ) tor all i and henee that
Wit GH s anoupper bound of the sequence DT 8 So we may conclude

[y

that

\ poo LNrian o Lhatiapt =g

'

Thus m order to determime that p < ¢ 11 1s only necessary to show that
Yy (F ) < Wi {GM]2]) holds for all 3 Proceeding by induction we note that

VPO = 0 < s WG ) and attempt 1o prove the mduction step

o

W) < WGy e g < et )

.

f ‘

An example should clucidare marters Onee agam let us consider the two sunple
]

4

communication channels modeled previoush  In algebraic notation they can be

!
P . 1




e )
u 1
o €
L
represented as ' ‘ L
. L ( pp=m?ipy.

pop=mlp )

( gy = m” g9 +m?qy, . . -
go = mi'iqp )

-or

P = F|P]
Q = GlQ)

Subsequently p; will he used 1o reprosent v la]) and q; to represent W (G*{Q])

-
'

'

¥
The followmyg <teps are performed 1o prove pp < gy -

gy < pyo= oy b 4 P pb!
; . [ vl [ i1 -
¢ S RGN ,
P TN I I - v |
gy < opy s oant ph T <omt g .
N A PR | ,
< ql 14 ]Jl s
4
So we have .

!

aF <oy Ay S gy PPy P A G L !
Clearly for 1= 0 the right hand side s trivially trucs and so ¢f < 4 i~ true for all

¢ and henee g < p

The stateuient p < ¢ 15 representative of the elass of adimissible statements A
statement 7 (p) s said to be admissihleaf and onh af 7(F7010) being true for all m
logically mmphes that 7(U 7O s also true It can be shown with relative ease

4
that every statement ol the formn

\
m(p) = Ao,y < 3,ld)) '
[ ®



where o, and fJ, are contiuous functions, is admissible. The validity of an admis-
" .

sible statement 7(p) is logically implied from the validity of the statement for all

finite approximations to p

3.4 Process Operators

t

Given the mathematical space Py it 15 posable to define and analyze prog‘:f’hs
operators of functions that correspond to wmtuitive notions of process inferaction
T]‘u‘ functions will be required 1o be monotone and continunous m order 10 guar-
antee the existence of fixed pomts  In the case of finte-dimensional processes,
these operators can be mterpreted m o rwo tundamental. vet equaivalent ways  One
mterpretation 1= sunply that of a n-diuncensional tunction mapping processes mto
processes A second  and more sueancet for our purposes i olves viewing these
operators a~ fynetionals that operate on the functions of which processes are the

. . i
least fined pomts This Tatter view s more tractable due 1o the intte nature of the

tunetions definimyg processes. as contrasted with the msfimite nature of the processes

themselves

" Perhaps the most intuitive process operator 1« process interconnection  When

W0 processes are interconnected or composed. 1t 15 possible for them to communm-
.

cate with each other through the exchange of messages The goal of a mathematieal

composition operator s 1o predict the externally observable behaviour of cogiposite

prot (‘Ls(-s The mterconnection operator, denoted «. 15 defined in two steps. The

first 1~ the defimtion of the total composition operator 0 This s & binary funétion

that returns a process retainmg the external communication capabilities of each of

the arguments but with mternal exchanges fagged with the trace event —,

Pory
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Before proceeding with a formal definition of the total composition operatror, it
will be advantageous to clarify some of the notational conventions used Suppose
the process p € Pp;, and p € Pp, are to be composed. In order to perform t}ze
composition the events which p and ¢ can exchange must Abo known. The q%E,
and Ey may contain input events and output events. specified by ? and ' respectively,
as well as possibly the trace event —. Let El be the set of events E,, with the trace
event removed

on=E, —{-}
The events that a process p € Py caun posably exchange with ¢ € P are
(B} — ) - O v

where £ = {¢| e € E'} and the function

et fore =¢”
e = c¢c” fore=c¢
! - forre =~

simply changes an imput event mto an output event and vice versa. Similarly the
events that ¢ can exchange with p are

(Ej ~ Ef) = E{(\E} = (E} — E})

The set of all communication events Ly - Ey that may possibly be exchanged
between p and ¢ is given by (B} — E))Y(E) — E;) The set of communications
available to the external environment v (E] {J E}) —~ (Ly + Ey) The total event set

of the composite 15 .

4

Ey & Ey = ((E\\JE).~ (E - Eo)) U {-}

Now the processes p € Pp, and ¢ € I}, can be expressed as

H — = > v - .
i P-}__,51vl’z+2,‘1111’1
1
— J
q:L"mi(Irn+>_,am(1n .
m no \
¢ - 26 - !

2N



for some ¢,,¢; € £y ® Ey, and a,,bp € Ej 5 Ey. The. total composition operator is

defined recursively as .

pog =) e;:(p,0q) .

¢
1

. oo +Zcm§(Pqu) )
m . o
+ ). —.(p,0qn)
FR

3

. L4
Here the terms ¢,; (p, Dg) represent the possibylity of the event ¢, bemg exchanged
g
between p and the external environment with the composite resuming as p;0g The
terms ¢y, . (p0g,,} denote the similar case for ¢ The terms —:ip, Dgy imdicate that
an internal exchange has transpired between p and ¢ with the composite resymiung

as p,0¢y. The total composite corresponds to an exhaustive generation of the part

of the combined state space of p and ¢ 1 whiclf the composite can exist

Ve

Due to the infimite nature of p and gq. the recursive defimition of 0 appears to
be all-defined  Such definitions are. i fact, well defined if we conaider a recursively
defined tunction a« being the least fixed pomnt of a funrtlonal mapping functions
into functions  Thiy approach s much the same as the one we us(,:(l for getting a
handle on fimite dimensional processes, and 15 a powerful method for analysing such
functions as static mathematical objects. An alternative approach. s to regard the
recursive definition as an algorithm for the generation of a set of process equations
from those of the arguments. The net effect 1s that of a function that maps the
process operators. which define p and ¢ as their least fixed pomnts. onto a similar

operator that has the process p0q as its least ﬁxe)d point  Since the process equations
N

are finite i their extent, the algorithi 1s well defined

N -

The total composite operator can be shown to be-commutative and associative

i
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under the assumption that processes cannot exchange the same message with more
than one other process. These are properties that, intuitively. we would expect to

hold for composition of processes.

©
s

N
library that has two books to lend to 1ts two members The books constitute a

two volume set. and to be fair th§ library has instituted a rule to the effect that a

(‘ member may borrow at most one book at a time The members are capricious and
- on any given day 1t 15 impossible to tell which volume they might hke to read, but
< .
- \ initially they both want volume one Member 7 18 modeled as the non-deterministic
! o . = ‘
process. .

_ml, = vl 7 ml, -
L]
m2, = v2,7:m2,

ml, = rl;,ml, + rl,! m2,

r2,,ml, + r2,5im2,

I

m2

where v1,?,v2,7,rL,!,72,! represent requests for volume one and two, and the re-

leases of volume one and two respectively. Figure 4 depicts the finite state diagram

o

for member :. Note that member ¢ non-determimstically requests volume one or

two upon returning either.

-

The librarian initially offers to lend either volume to either member, but after

having lent one volume, offers onwly the-other volume to the other member. The

wilow

.98 .

s As an example consider the case of a librarian who works at an unassumning




r2;!

o

Fig. 3.4 Transition diagram for member.{

\
a

process expression for the librarian is

-

. Log = w1355 Lig + v21% Lag + vlgh Loy + v22"; Log
Loy = v21Y;Lay + r12% Log
Lo2 = vl Lys 4+ 7297 Lyg
- Lip = v22!;L12-‘+r1]?;L00'
‘ ‘ Lyg = 1297 Lyg+ 137 Lo2 - R
Lao = vla%; Loy +#2, 71 Log - '
" Loy =727 Loy + r127 Lo

S

¥ x

S k .
. where vl;! v2;! represent the lending of volumes one and two to member : and

r1;?, 72,7 represent the return of volumes one and two from member 1.

-~
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Fig. 3.5 Trausmon diagram for librarnian -~ ~

The total composite of member 1 with the libranan is

mly0Lgy = —:mly0Ly0+ vlotimlynLlg) + 0290, mly DLy
mlyDLyg = —;mlyGLgy + —:m2;0Lgp + 1291 ml;0Ly9 P .
ml; 0Ly = rla?7:ml; 0L @ ,
ml bL()g = —;mlyoLyy + 124" mly0Llggy
m2y0Lgy = —:M2)0Lyg + vly' m2 ng, + v29'; m2, DLog‘
mlyoLlyg = —imly0Lgy + —.m250Lgg + r297:m1,0L)p
m210Loy = —:;m1i0Lgg + —:m2y0Lgg + vlgl: m2y0L9;™
m2y0Lgy = —;m2,0L9, +r]2°.m2]DL00v '
m2,0Log = r227;m2y0 Loy

R m2,0Lgy = —;mllmLQ&)t—f —:m2y0Ly; + r19?7:Mm2,0L4 ‘.,

The total composite, pOg retains the vestiges of internal communication events.
and hence does not describe the composn; purely in terms of its:. external behaviour
mterna} transitions that lead to protesses with equivalent external behaviour pos-
sibilities should be suppressed in such a description. On the other hand, trace

events that lead to inequivalent behaniours are detectable externally and should be

. g

'




’ - Fig. 3.3 Transition diagram for member-librarian composite

N
- - )

retained

' »

The reachability function R \Pp — Pp-. ‘-{~ } TCLUTTIS & PrOCess which is the sum

i L]

. 7of the externally visible behaviours of 1ts argument process The trace transitidns

¢ o

arec merely replaced with all the externally visible transitions that are reachable

I

through them. Formally.

where S

oy _ [eRlg) fore# — i ,
l(qu)_—lR(q) for e = — .

3

Recall that by e:¢ .€. p we mean that < e.g > 15 a member of the canonical set

representation of p.

n

The reachability operation apphed to the total composite”of the librarian and

v

e,

i . LY

. ) - 31 - /

e
~

. ° «éa;/' —

'y

'-—-p—.



member 1 is, after simplification.

R(m1, DLgp) = vlgl: R(m2;0Ly) +v29: R(m2y0Lg2g) .
. R(m2;0Lg) =rly? R(mlj0Lgp) - .
- X R(ﬂLZ] DLoz) =297, R(ml; ULoo) ‘

. .

: Fig. 3.7 "Reachable hehaviour of the member-librarian

“ composite
S~ -
% > B /

r

Externally, an inrernal trace event 1= detectable if it changes the composite’s po-
0 K
Tential interactions. Formally. for process p contaming a trace transition tomoféss

.y, this corresponds to R(p) Z Rip,). The interconnection operator = is similar to

the R operator, except that it flags variations in the potential external interactions -

by retaining the trace transition. It is defined as follows:

prg= \’(prJ)

) ° }

where
\ V)= Y leq)
e9.€p
- and '
e; %‘q) fore # — .
ve,g)={ Vg  fore= —AR(q) = R(p)
.‘\ "+ | —=:V(g) otherwise
} .82
0,“‘ ! g
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The interconnection operator * can be shown to be commutative and associative

under the same assumptions as for the total composite. A composite p x ¢ that
does not contain any trace events is said to be stable. It is easily seen that if a

composite is stable then p » ¢ = R(pDg) Stability is an important concept, and

a desirable property for a composite systemy to exhibit. A composite process that

is stable in effect possesses a static description of 1ts visible hehaviour In such

an instance internal transitions are not deteetable and henee areirrelevant to the

external deseription. Thus the mternal communications of a stable systemw that 1s
. - .

composed of the interconnection of several component processes are transparent

An mspection of the interconnection of the libraran and member 1 ;

- [

L)
Nlll o L()() = 1’1-_)_!. 1}12, d .L-‘” + I‘?.Q!. 11121 d L”g
2y - Loy = rly” o mly s Ly

Ill2] > L[)‘_q‘: 7’2-_)?2 Hll] * L()“

\ ' a
reveals that rely » Loy = R(mnly0Lgo) and hence the composite 1s stable.
— -
Another important process operator is compleentation co P — P/ This

funetipn sunply returns its argument with all imput events switched to output events

»

and viee vorsa.

cop) = \Lj e:coly)
évq.e.p

'

.

The co function is notable in that. for any process p. co{p) 15 a process that when

-
]

interconunected with p results in the null process: pxco(p) = o

" ’

. .

A process p s non-deternunistic if transition« to unrelared processes are possible
”
upon the exchange of the same message. A process is non-determimstic if it can be
.\ ,
expressed in the form

p:e.yyl.—ire:{)?‘-{-

-3 -
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and p; is not related to py  Although non-determinisin is essential for mwodeling
. ¢t
( . .
ignorance about possible behavioral sequences it is. for some types of analysis, .

advantageous to replace non-deterministic transitions with deteruimstic ones while

retaining all of the behavioral possibilities. The def function accomplishes this For

a process p € Py the det function is defined a«

. \ . )
det{p) = Y_ ule) ’
A .
s
where
. o) = | cded (M e pq) Torp<ce '
. ‘ “le otherwise

The det operator apphed 1o the nurehiable communications chipnnel mtroduced he-

fore would vield

dettgp) = m?rdet{g) + g

.

.

detlyy + gt = " detlgy + 4ol 3 m'ided{gq)

-

o
<

It can be shown that def{p) 1~ the largest deternnistic proces= that contam- p

\ o \
A« an exawnple of the appheation of the process operators we once again turn. .
-
A -
to our erstwhile hbrarian and the problem of evaluating the serviee provided by . .
. ki \’
the ibrary  From cach of the members point of view the librafy should be able
to satisfy all of his requests for books (perhaps with some delay ) despite the fact
’
that the other mewber 1~ also using the hbhrary Thus for any patiern of requests
and surrender< that member 2 nunght exlubit the interconnection of the hbranan
w . g e
and mewber 1o shiould offer the complementany behaviour  Thus m-euprared Dy the ;
staternent
.1
- ) mly = Loy < coldet(mily)) '
d
« - lj,A'/ -
+ L]
R 3
A
. _ .
N
. - v —



Fig. 3.8 A non-deterministic communications channel p and °

det(p)

which we can verifv. First we calculate r = ro(def{ml'ﬂ) which'gives

€0 dc/(mlg})
co(det{mlq)) =
co(det(mlg + m2y)) =
)=

coldef(mio

v1g' coldet (1hly))

rlg”ico(det{mly + m2y))

112‘ co(det (hly)) + v29!, co(det(m2s))
297 co{det (mly + m2y))

-8 -

-

-



4,
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B

Next we perform the following steps 1o show that mily » LOO << co(det (inly)) v

mly = LOO < coldef(Mls)) < rly! 'l'n'.Z, s Loy + 0252y - Lo < vly' coldet(mnly))

< 2+ Loy < coldet(mla))

m2y = Loy < cofdet(inly)) = r2y", g+ Lon < r2y" coldet{mly A m2y))

mly« Loy~ cotded(mly v mi2y)) ‘

mlys Loy < coldet(mndy 4 mni29)) <= vlo'on2y - Loy 4 029002 = Loy < rly' coldet{mla))

\ + 29N eoldei{im2y))

1

o2y Ly < ru(lh/(urlg)]/\ m2y « Lys < coldet{112,))

m2y ~-L'_)| < colded{(inly)) to rle™ mily - Ly < rlo? coldad (mla+ m2y)) T
sl s Lo s~ cofdet(nla v mi24]) ’

“

2y = Lo < coldet{(m2a)) <o r20" ity - Ly o r29” coldetimla 4 1m2v))

< nly s Log % ecoldet{mls o mi2q1)

This proves the mduetion step required to show that (il « Loy < cotded{mliy))

1




- Automating
Chapter | o the Analytical

\ Procedures

.
'

Our approach 1o the development of computer imded analy <is of mteracting pro-
cesses tests on the automation of the mathonatcd operitors of Py To accomphish

this, an appropratc programmnnng langnage had to he sclected and o smtable rep-

resentation ol the DCP moded within the cotstiamt= of the languace had 1o-he

developed  Thetnnplemientation ol proceduros that prampubate these pepresenta-
tions 1M« manner consistent with the functions defined on £2) vields o <vstem that
“#v
allows the practical dnalvas of processes and then mreractions This svstenn per-
\
nut~ the predietion of the behaviour ol mterconnedted networhs of processes as well
a~ the venfieation of that behan UL agaist o spealication
A}

[

41 Choice of Langnage -

-,
There are several factors that virtually dietate the programntng language most
aptfor this apphcation The DCT model is essentiadly sy immhohc i natme Processes

commmumecate by exchanging svinbols  An appropriate language would be peared

towards the mampulation of <ywmbols  Numeric computational ability 15 not an

a»
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1as110

The abihty to caaly ereate data structures

structures would also be advantageous

1

analogous to tree and graph

o .

All of these considerations point to the family of programmnnng languages typ-

wally weedifor apnhiaal witelhgence appheations Of 1hese LISP < perhaps the

most popular and pervasive

unplementation

4.2

' , . 4
whose value 1= that of 4 svmbohc hat The <t strueture, w turn, represents the

N L]
proeess equations that define the process as o teast haed pont

A fimte duinensional process s represented sathin the systege as a LISI arom

For thesc 1easons LISP was chosen as the language.of

Process Representation

~ -

Fl

/

notn-determmistie communications ¢ hannel

|

would be defined to the syster by the

list

gy = nloge 4 om” g

Yo = T}I’. 1
I

.

(setq q1 '( (ql

(

q

( {q1 ((m?
(g2 ((m-!

[

(3]

4

For example the

‘\

ovaluation of the LISD expression

((n? q1) (m?

{((m-!

ql) (m”

qi))))

representing the process equations aboy e

.

1

SN -

qi)Nn

The LISP function setqg would then create an atom g whose value wonld be the

q2)))

q2)))



3

4.3 Operators and Procedures Implemented .

All of the operators discussed i Chapter 3 are unplemented as LISP functions.
W hen apphed to atonis whose values are vahd process definitions, they return a hst

structure representing the process equations that define the resulting process Tor

mstance the LISP CXPression s 4
. v , =
(det qi)
would return ’ |
( ({det_q1}((m? {det_q1_q2M)) ' -

({det_q1_q2}((n? {det_q1_q2}). (m~' {det_qi}))))

I3

Note that the process variables m the resaltimg b=t are 11 fact concatenations of
the appded function and the existing process vartabless In this wav 1t 1= possible to

determmne the sequence o functional apphications yesulting m o particular process,

.

°

The mathematical funettons v BV co and det correspond to the LIST func-

tions x. BV co and det respecineh It should be noted that LISP uses prefix

notation that 1~ the functional apphcation of o inav function <uch as 7 10 the

arguments p and ¢ corresponds to (\r(]“«lf]'l”l of the LISP expression (x p q). The
L ]

mterconnection of processes pand ¢ p-y can be caleulated by evaluating the LISP

expressionn (V (x p ) The LISP tuncuion <= can be nsed to deternune whether @ -

+OF NOt two processes are related I p< g then (<= p q) would return 1 . on the

~

N, .
N
mkv\r hand p ¢ ¢ then n1l wonld be returned

~
\
'

v

g, ‘ .

-39 -
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Summary of LISP Functions

{
, @& process

Lisp Functlon ProcessOperator |
co co i
det det

. L X 0

e
R R

I -

v " v

S < -

| >

‘ - - - - -4 -

[

| canon

i -

} .- . - .

simplify
Ld .
Fig. 4.9

. ()f two Processes

OPCTATOT 1O a Process

¢

operator to a process

or equal 1o predicate

De'scrlptlon

Returns the complement of

Roturns the deterministic
verslon of a process

P(*rf()rms the composition

Applies the reac hdblllt} ]
Al;pho,\ the visibility

Iuplements the jess than

Returns ¢he canonical ropreq(‘ntation‘

of a process

Returns a process with

equivalent states remuoved

Summary of LISP functions nuplemented

the latter returne the canonical representation of a process.

<

L4

Nt

e



Chapter 5 The Theory of Process Synthesis

In the last chapter we dealt specifically with analysis, where we were concerned
with verifymg that a cystemn p satisfied a property or predicate 7 If p satisfies 7
then 7 = true Typically the property n was a process equation involving either an

mequdbty (<) or an equality {=-)  In this chapter we examme the related problem

o of synthesizing a system p to satisfy o property 7 Here 7 can be interpreted as a

constraint or equation that 1< to be solved for p Automatic synthesis of processes

1~ a potentially powerful 1ool for <3y <temn designers

5.1 Approach

In general the set X; of all processes € Pgp thag satisfy the constraint » will
be a non-empty subset of Pr In this sense the constr;;int 7 does not necessarily
possess a unique solution It mav, however have a unique mnimal solution Recall
that any subset X ot ;. has a 1111;(111(' greater lower bound (glb) 3> X m Py If the
glb of the solution et X i1s 1tself a member of X;. 1t can be considered the optlm;l

munmuin process satisfying 7. The process N X, is optimal in the sense that it

contamns all of the possible behaviours that satisfy the constraint’r, and as such is
. o

)

P I L IR E et bl i i N ,




the broadest or maximally parallel process consistent with # In some, but not-all,
cases we will be able to guarantee that 3. X, € X,;. In any case our approach will

be to calculate Y~ X, for a specification statement 7 and 1if - X, € X, 1t will be

-
3

considered the optimal solution

Y

5.2 Mathematical Foundations

- &

-

- < - - - .
A continuous process function F is additive if

Vp.q € P, F(p+yq) =F(p)+ Flg)
— /

Let Spbethe solution set for the simple lower constraint n{x) = {{j < F{(r)). where

Iy is a given process and F 15 an additive function Now if ry oy € 5, then we have

m(zy) \ 7(rg) = (lo < F(r)) Alo € Fx2)) & (lg < glb{F(xy), F(72)})
” <F(ry) + F(rg))
’ & Iy SF(ry + )

A

\ ) . (l(l

%0 ry + r9 1 also’a member of N So 5; s closed under addition i the sense that

the sum (or glb) 1} + 9 of any solutions ry. 1y € S; 15 also a solution.

'O A finitely based set of processes 15 one whose glb is expressible as the sum (or
glb) of a finite number of 1t's elements. That 15, a set S; of processes is finitely
based if and only if for some finite N and r, € 5,

. ) M
: LH":X:’V
- 1.l

-

Note that this also means that the glb of a finitely based set is a finitely branching

process: The fact that the processes we are interested in are finitely branching has

S 40




been a tacit assumption so far. Indeed it is not clear what the physical counterpart

of an infinitely branching process should be.

The additivity property 1s one that will guarantee that the glb of a solution set

is itself a solution, provided that the solution set is finitely based. To see this, first

assume that all solution sets are finitely based, then

Nﬂ
S s= Y
,) 1= 1

for some z, € S, and finite N Due to additivity the solution set is closed under

e ——

—_—

addition_and so NS, € S; We may therefore conclude that > 5, 1s the unique

—

minimal solution. Itisa straxghf, forward matter to extend this result to the solution

of a finite conjunction of simple lower constramts _ . e \ B

-t

The actual procedure for Calcula;.lng N7 S5, Tests lf(’aYlly' on the Glb Expansion
Theorem of Johnston|1] which states that under certan conditions the glb 7q of the
solution set of a simple lower constraint can be (’X})I‘("h;(‘d a's the finite sum of event
SUCCEsSOr Process pairs where the successor processes I, ar;‘ themselves the glb’s of

the solution sets of other simple lower constraints In particular if £} 1s a continuous

2

function on Pg. and F, = Fy(e,; r) and 71,(x) = (lp < F,(z)) = (lp £ Fole,;2)) and ;

R

-
assuming that all the Sz—are finitely based with #, = ¥ 8, € 55 then

o

// o T
1=0 /

[4

1

The Glb Expansion Theorem suggests a recursive technique for the computa- ’

tion of Zy involving successive generation of simple lower constraints for successor

processes . There are two mamn problems with this approach. The first is insuring

- 49 -
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that the assumptions of the theorem are valid and the second is the question of

termihation: Does the recursion stop and if so how?

——"The assuinptions of the theorem can be satisfied, in part, by placing the ad\di-t
\ tional constraint that Fy be an additive function In this case, as we haye already
seen, S, will be closed under 4+ and contain Zp its glb In practice for the types of

. funections that we will be interested 1n (co.RV p,x) we will find that

N M N M

- m(z) = (lo < Foleyix)) & (A (V (i < Fol0))))
. , 7 1k 1
/ .

where for cach j and k eitherly = +e, [, p+. corly= l, k - This mneans that the

sumple constraints for the successor processes mherit the additivity of F; and as a
result we axe guaranteed that all the S, are closed under addition  The assumption
of the S, being finitely based 1 more difficult to justify It is clear, however, that

the S;, mfst be fimitely based for the solution () to be well behaved m the sense

that 1t is finitely branching N /

e

! S

-

. ' At this pomrta concrete example of the sucessive genoratlo(xl of new simple
; . !

//// \
’ ) constraints for successor processes might be helpful Consider the problem of finding

]

a minimal process satisfying . . .

where
. }
' L= r]f;LQJ-{‘Tz?;LOl
-
) Cy=rkChy . .

Cq = ra%i Oy

{ - 4




and r € Pp with E = {r;?r9%.817.89%7.9,',¢g2'}. Assume that v < 717, then we

have y

; [7’1?" Loy + 72?7 Loy S 1%y & [Loy < 2y
{riti(co(det(c1+))) < 1 (ayxea) + 72" (7 = eq4)] & [(co(det(ey, ) < 71 2]
[ro?; (co(det(cg ) < ~.(ay = c7.1)]* [(co(det(cg.))) < ay=xcy.]

v

The successor process 1 must then satisfy the constramnts
Loy < 1
(coldet(cy,))) < xyxcy -
(co(det{cy,))) < xy»ey.
A

i
£

! o

which are of the samedgrm as those we started with

.

The questiop’ of the termination of the recursion is also & tricky one In the-

ory.the recursion terruinates when all the new constramts that are generated have
. - ‘ »

alroa‘dy been encountered during the expansion process  In other words. if the con-

®

straint 7, (r) = (Iy < F(r)) 15 generated and then subsequently mdr) = (lp <

w’(or(‘ e, = ¢,. due to the uniqueness of the minunal solution 1t follows that

¢ W
-~ - ’ ‘ . »
To= 7, We cannot. in the general case. mmsure that at some pomt 10 new con-

straints will be generated. In practice, when the constraints that we are solving
are expressed uniquely 1n terms of finite dimensional processes and functions that

preserve finite dimensionality, termination of the recursion 1s evident from the finite
X
} -

. /o
number of constraints that can be generated .

-

3
- .

. ‘
All of the above results are extendable to the s‘tlon of the conjunction of a
finite number of simple lower constraints. r(z) E’/\TN olly < F(z)). where the F,

.are additive functions. .




Several interesting questions remain unanswered. What are the necessary con-
ditions for all the S; to be finitely based? What class of constraints yields a finite
dimensional solution? Can a methodology be found for solving constramts involving
non-additive functions? Is it possible 1o solve constraints mvolving more than once
occurrence of the process unknown (1e. Iy < F(F(r). Fy(r}) and if so under what

conditions?
3 )

- . = [
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Automatig -
- 1. N
Chapter 6 ‘ _ the Synthesis
~ Procedures
/

The automation of the recur<ive technmique snggested i the previous chapter by

the GIb Expans<ion Theorem results i o svstems capable of generating o minimal

t
. I wee these constramts

process that satisfiesa set of constramts Tu practico. aswe wil

are somewhat restricted m form None-the-loss there are several mteresting tapes

h

of svnthesis problems that are tractable within th= framework

6.1 Qualifications and Restrictions’

?

= The existing, implementation allows the automatic generation of the minimal
~ / v M

solution satisfymg a constraint ofthe form
. N
rir) = AN, < Ll :
[

.
1 4

where the I, s are finite dimensional and the F,'s are additive functions. This insures

iif

v

that the solution set S, is closed under addition and therefore that the glb of S, 1

¢

‘ also a solution



' In practice the F,'s are made up of a combmation of the operators co K.and ¢
; . ad well as finite dimensional constant processes. The complement and reachabihty

funenions can readily be shown 1o be additjve - The total composite 1 a binary

operator and a~ a result can only appear m the constraints when binked with o

constant process (e erir) The tincnon QLry — e r s additive af the constane

pracess ¢ 1s triace free (1e <table) and comnmmcates only with the nnknown process

s st nor offer any externally viable communicaton events

! .

In order to solve a wet of constramts it 1s necessar) to know whiat process spac

the solution hes o This s equivalent 1o hnowing apriont what eommmnnicateor

N [l

: hl . - -
syt the solution process pocan exchange  These eveprs forry the ovont <ot f

Windeeventsbddong to I depends on the processes thia pos nfonaed 1o compg

-

’ catewnnh Inogeneral Iomust be speafied 61 the sxsten designer hodfore procecdne

'

with the <anthesis It possible umder corvam assampr o= e amtomate thi

Loperation

3413t ESS

. o Lat Dand e be trace free finte-dinmen=10tiac proc esses tieon e sodRheT—

e for the constrams ' :

“ ‘ s~z (< ent
'y Vs

s closed under additionaf ¢ communicates umquely with the ‘process r Mathemat-

wally 1 latter condinon translates tor ¢ Py op e Iy and L. - L, - £, Tur
\ ,

:any o satisfyving the constramt. the composite e anist be trace frec sopee ] s trace
]

free: Thus for all o+ & N;. the proces< e » 5 ds stable and so ¢ » 7 = R{cjr) Now

: the function R{edr) is additive since it 1< composed of additive functions implyimg

.

that &, 1~ closed.

S4s

Rp———
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The above observation allows us 1o solve a class of synthesic problems that e

will refer to as Central Server problems In these problem we will be coneerned with
finding a central process N that mteract- with a hnite number of chent processes

(.0 & 1. N FEacl chient process commumeates exclusively with the central

'

~erver 8 The process ~ will be required 1o sanisfy a virtualization principle with

&

respect 1o ecach chent that ates

(‘l){l]tl(')t<.('_,\ r())“""; . .

for ¢ | Vooeewed] as sothie resource constraint

‘ A

Ioosomre casos the nnmnnal solution mas not be an appropriate one from the

desicrers ot ofview 1y betoo goneral i nature o addition a solution pto
e ' R
the o pstratnt 4 e by b sneh that Thie copostc e - pcoptames p()-«,\ﬂ)l(’ tran-

SN To e 1 g process Iothas sitieton thee s solution pomay be pruned

- pu— . /,/
to ob g Lo Tuolc ~satistactors proce-- T }J}‘H!nlwﬂlﬁl—%:—ﬁmﬁﬁ_ imnvolves the
[ e v

e e e T 3

roupn el of cornmmeanion cvents whod vecurronces leads 1o the offendmg, dead-

lock  Prumng of this nature Jonds el guang easily to automatjon Mathematically.

deadioch dan be dimnnated by unposing an apper constrant suelras e - r < .
AR A0 ‘

/



Chapter 7 ' S Results

v 34

tical assessment of the applicabihty of the DOP maodel  Of coursef as we cannot

A

1 ~

v . 4 ]
verifi‘the results cmpincally. assessment 1s a subjective term By exanunmy speeific
problemns and their formulations within the terms of the DCP model we are able

h . . [} » A .
to compareyfhe results with intuitive expectations and thus in some sense evaluate

~ '

the model: N “

— o \
L .
. ; -
7.1° Analysis i B
v . I : ° N
7.1.1 Simple Resource Allocator
) [ : -

-~

Consider 4 sunple resource allocator that controls two identical resource units

and deals with two customers. Each customer non-deterministically requests one
!

unit and returns 1t or sequentially requests two umits before releasing both  Cus-

.“\\4



tomer ! is modeled as

.- C; rC,L o )
. Cii =670CH,+4¢7%C, -
, C,_ = s"C,
Ch=r"C,H-
¥ Cops = 6,7 Co
- * Cpy=2a4C, .

A

9.7

Fig. 7.10 Transition diagram for customuer 1

where r,.g,. § correspond to the request. grant. and surrender of one resource

1

unit for customer :

The allocator initially offers both resource units to both customers. but afte:-

having granted one to customer 1. offers the second unit to the same customer until

- 51 -
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Mh?:.‘h s -‘4]?:.4

. . L4
both units are returned. The allocator is modeled as ,

A=r%4. g+r?
A o=01%410

—— .

: .4()‘ +
e

Al‘,():gl!iA‘zn , .
Arp =574 . ' /
A g=s514+ 04 -
Ag . = g2t Ay, ’
Agqr =% dgr . + b;}.":A
Apiro =02 Ao s ’ .
Apy = s27 A
Ay, =8 A+ A4 k ) '
A =" A+ AL ' ’
A, = sliA g4t ALL .
4.. = 5"'. Ao i :F .52‘.)2 A‘L“

’

It would be desirable that the mterconunected <yitem A # ('y beeable to satisfy

.

-
the resource demands of €' In fact. smee €)1 non-deterintnistic. A4 » (9 must be

able to contend with the sumn of the hehavionral possibalities of €'y as represented

by det(¢';) Mathematically this translates to the s ertfication of the equation

A=y < coldet((

})

Using the automated analysis system we caleulate 4 = (y-

A0y
A=y
Apg=Cy

I S TR
Ay

A =y
As o xCqy

n

_ rl') (‘41

.

r? (A= o)

g’ (Ayo= Cy)

g Ca) 2" (A
gi' Ay Cy) .
NER RIS

rn” Ay a=Col+ 8,7 (A
$17. (A= Cy)

i

= ('y) -

* Cg) + = (Auax Cp)



1

J

Fig 7 11 Transition diagram for simple resource allocator

Evaluation of the LISP expression (<= (V (x (A €2))) (co (det C1))) returns t.

-,

veriing that z‘( = Cy indeed satisfies all of the requirements of C,

This example 1s a particular instance of a central server configuration In gen-
erai. a central server process A will be required to satisfy’ a finite number N of

(possibly non-deterministic) customer processes C,.t = 1, N The central server

-5y .
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v

v’

may control shared resources and arbitrate between the customers in a manner so

that they do not interferec with each other An appropriate allocator must satisfy

8

a virtuahization principle which state¢Tyat the mterconnection of the allocator and

all the customers other than €, must ¢ontam the behaviour of co(def(’,) This

condition msures that the customer €, 1« not blocked idefinitely.

P
7.1.2 Alternating Bit Protocol

*

,

The main objective of alternating bit protocols is to provide a reliable commu-
nication path over a channel that 15 suseeptible to transimssion errors and message
loss. Variations of this type of protocol have been discussed by Lynch|24]. Bartlett
et al [25]. and Bockinann{26] among other~. The essential 1dba of the protocol is
to sequence the transmitted messages by appending « one-bit number to them
The receiver upon recempt of a message sends an acknow ledgement with the same
sequence number attached back to the sender  After « ume out ‘]R)\(‘rmd and un-
til the appropriate acknowledgenient 1~ recenved, the sender retransmts the same
message (with the <equence number unchanged) When an acknowledgeinent with

the night <equence number i~ recenved o new message with the sequence number

complemented i sent {hence the nane of the protocol)

The tune-out wechanism effectinely counters message loss m the channel Trans-
HHssIon errors are compensated tor through the mtentional transmission of an meor-
rect acknowledgement to the sender trniggerimg retransnnssion of the message We

would like to verify that the protocol doe< indeed transform an unreliable channel

imnto a reliable one



)
1 -

The unreliable communications channel either delivers a message correctly, in-
troduces a-detectable error into the message. or loses the message completely It is

modeled by the non-deterministic process

. Cm = Z (u?, Cy + 050y, +u?; Cm) + Z: (17 Cn 4+ 07 Cy, + 17 Cy)

ucl/ )

L . M ~
Cy =2l Cyy
—
Cy, = Ue! Cyy

— . '
C, =140, .

o
it

.l Oy, . )

where " = {m .} consists of messages from the sender with a 0 or a 1 appended.
V' = {ag.ay} consiste of the acknowledgement with a 0 or a | appended. and the -

signals &, and i correspond to erroncous tra1SII1SS 101

The Sender process 15 modeled as’

Sp=m?.8,
‘ S, = My’ Sa, T4l Sy, + ay” Sp, + ag?. S
- S, = (]e?. S"lu + (1] 2, H"l(. + 17, Sm\. + d“'): Sl )
Sp=m7os,,
S"‘l =yl 5'(-11 +a,”. Sm, + ay”. Sm] +a;?, 5 '

e o s g o 9. o PN
“’&l = aq,. Sml + ey Sy, ! .5"“ +ay’. .5

where m i« the message to be transmtted. o 1 the acknowledgement. and { 1s a

IS

time-out signal sent by the time-out process T . .
- T=4:T
. : : - 55 - ‘
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d,7,301,117

3,7,4,?

&,7,a,1,07

Fig. 7.3 The Sender process

The Receiver process is modeled as

- Ro=m2 Ry, + my” Ry, + 197 Ry,

= m! Ro, + me ! Ry + mo?: Ry,
Ra, =ap%; Ry +m,7, Ray + 1707 Rag

) Ry =% Ro, + mp’: Ry + ™y 75 Ry,
Ri, =Wl Ra, + T, Ry, + 1,7 Ry,
Ry, = a1 Ry + m. 7 Ry, + /Y Ry,

If the protocol works as it is supposed to we would expect that the intercon-

nection of Sy, T.C,,: and Ry would be equivalent to a simple one element queue.

Mathematically, this amounts to verification of the equation

So* T *Cm=Ro=Qf

- 56 - .
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B et

the?, gl

.7, mg?

‘el g ?

e, gl

M1, 1

g1, ol

»9

Fig. 7.4 The Receiver process

LY

where by Q,A we mean the single element queue defined as

N

Calculation of Sg* T * Cy, * Ry with the aid of the automated analysis system indeed

yields Q9 .
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7.1.3 Dekker’s Algorithm .

s «
~ B 2

-]

Dekker’s algorithm is an ingenious soluti1dn to what is known in the references
as the a:ritzcal section problem. When several sequential processors may asyn-
chronously modify data i a shared memory space 1t 1s necessary to prevent si-
multaneous access and changes by two or more of them If this protection is not

o

provided there is no guarantee that the data will faithfully reflect the intended modi-

’

fications. Thesections of the programs runnimgon the various processors that access

the common data store are called critical sections  Thus the problem 15 to insure

\

that at most one of the programs has entered 1ts critical section at any oune time.
¢ v ~
In order to effect this mutual exclusion, the programs can communicate through

common variables kept m the shared memory space  We can assuine, without loss”
‘of generality, that the programs are cyclic  Further the following assumptions are

made ‘

1
.

’

(1) Writing to and reading from the data stode are considered to be indivisible
operations. '

(ii) Simultaneous access to a common data location results in ‘sequential access
of unknown order - \

\

(ili) No assumptions can be made about the relative speed of execution of the
programs ’

; 8 7

(iv) A program may halt outside of its critical section and this must not interfere
with the others.

. - 58 - .
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v
Fig 7.14 Idralized Mutual Exclusion Process p
The solution 1 this problews was so elusive'that some researchers doubted thay
1t could be solved at all [27] In order to appreciate the subtleues involved consider
. the trial solution for two sequential processes expressed below in pseudo-.DALGOL
beginboolean 1. c2.
. 1l :=¢2 .= truc f . *
Pl:begin A1 ¢l = falsc )
L1 if not{c2) then goto L1,
crifical secfion 1.
—- . cl ;= true:
' remainder of program 1.
goto Al \ J .
end; » y ’
P2: begin A2: €2 i= false:
L2. if not(cl) then goto L2:
i critical section 2; -
€2 := {rue;
rematnder of program 2:
L goto A2 ’
J . end

end.

©

The idea here s thaLi}}'e\vanab]e c1 1s set to {rue when P17 is well outside of its

»

critical section. Before entering 1ts critical section P1 checks to make sure ¢2 is

. true before proceeding. If ¢2 is false. indicating that P2 is in. or about to enter. its

e
critical section. P1 waits until ¢2 1s reset. .

<

- N -
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An appropriate sOlution must guarautee. among other things. that deadlock
L] »
does not occur and that mutual exclusion i~ enforced Presunnng that we can faith-

fully model the concurrent prograimn~ P4.P2 and the variables e1.62 a~the: DCP'S

‘

P). Py.cl. and 2 respectively. deadlock can be casly detected by the presence of
Al
. t [

the null process 1 the composite Py = el - r2 - Py or in PyGelze2a )% NMutual

exclusion 1~ & little more difficulr to very. One way 1~ to examme the total con-

posite Pycel Ze20Py for states where both ) and Py are mtheir respectinve eriticsd
sections  Another s to msert mto the mwode! externaliy visible signalbs to flag ener;
mmta (g, ') and exit frons {71 the eriniead seenion of I Then verify iug the statemnent

¢
‘ I H)]'l e} (‘:',]"_)'

where g an rdealized nommal oxcision process

+ .
A

° Y- I
/“—// .

s tantamount to versfiang o it cacjusson rozelitior Trasoos w0 e e

©
1 . -

cquation < RUP el 2e20 P bomg trae gucans thet 1he reachanic bepavionr o
the cotuposate 1= contamed m that of ji thus disallow e & behavionrs . winel
matched pair~ of grant (g,) and surrender (s, 5 <ignals are spterjeated Yot another

»
“

and perhap- les~ contrived. approach i~ 10 woddd the concurrent prograius as cus-
, .
5 -domer- vyving for asmgue resouree managed by o albigeator  The resource (-
. “» -

-

the PETiLIssol 1o enter dﬁi‘rmral SeCUIOL Al 17 s MG S 47 aDy instalt i

most one of the progratus way _have this perig=son I thais seenane cach pro-”

gram would be modeled by & process that issues a request 17, when 17 wants to

L] .,
enter 1t~ criical section. accepts a grant (g, ”) frowm the allocator hefore proceeding

- 60 . Ce

and 1vsues a surrender (s,' immediately after exating The allocator wanaging thic
‘ Th—



;o Ra(t)7, Wa(t)? - Reil £)1\Wal(f)
B Walf)?

W (t)? l

‘ Fig. 7.6 The variable ¢1
granung of permissions wo?uld be in fact the interconnection of the processes {¢1.c2)
\

representing the shared variables and two other processes { Py.-Py) that access these
\ .
vanables accept requests and surrenders and 1ssue the grants Mutual exclusion

‘'would be guardnteed if the equation

- : y'"< R{PyGclnc2nPy)’

where the process u' 1s defined. as
: '
' H

t H 4 1]
#l = 61?“1 - r,,u) -+ fz?,p]

! 1 1 !
g1 uy + g2l + TIH ro’ oy

i

' ' '
897 4 + ryug + 127y

)

]

L m Mo

could be shown to be true Again this condition will hold only if matching grants
and surrenders are not interleaved.

These examples demonstrate the flexubility of the DCP model and show how

the same problem can be formulated in different ways The appropriate formulation

* depends on the irftcrpretat;on that we chdose to assign to the abstract models that

~

wWe use

-



]

, v
In order to venfy the tnal solunon wo will proceed by the «econd method pre-
sented above that s each of thd concurrept programs wiil be modeled as a process

Prwith the external cignals ¢, and », 7 inserted toandicate entry mmto and exit from:

the eritical section The variable e modeled as the process

-

v L

ettty - R esire < W o) erlty = W 0 f10 eat 1)
crifo = Rt/ edi S - W4 f17 et [« B (117 en(t

-

.
o

»

“h('r(' ‘1;.,“‘.‘1 ,.,l]! “ure Wrile STETimg TUU‘}I{\ T T et jﬁu’m Tt
and the signals R, (11 R, (f1 correspond 1o reading the value of e2 Notg tnas eri

N a B
corresponds to the vanable cr ymniahzed 1o true The program P1oas modeled as

Py =W il Phy,.y |
Plog = Roolty? Ply = Rodf-= 11, .,
. Pl, = 511"]“’1”‘”@"‘{” o '
) PYourvindn SV Ut toes
Plunh,.q . ”.»;!,‘ v
Pluge = Reiti’ Ply ="Real ] Plyg

—_—
b N

where " and 7 are the externali visinde wgnals wudicating entry mto and exat
trotn the enticat <ection Prograin P2 o~ modeled sinplarly by the process 22 Non

.

that the ascumptions (13 and [urare mberent in tho models that we have chosen for

11

» - H 3
the varniables The assumptions g aned v stpulate conditons that we are not
ey

A
4
v

~trict)y verifiing here

P

Catendation of Iy« elt) = e2000 - Py vaelds & non-~tahle process with internal

transtions that eventyally lead 16 1the null process  In other words the composite

A ? e

deadlocks indicating that the tnial ~olution wrong  Examunation of the fixed poimnt

cquations reveals that the deadlock oceure due to the following chaimn of events

4

¢ -

6. .

-J



(1 P2 sets 2 to fulse .
\ q o

.

{11} P «etx ] to false )

- “
- £y 4

¢ iy, PYoexannnes #2 and finds ot to e Jaiae

int P2 exannes ] and finds 11 1o be fulse )

* .\ . - -
a0 PE oand P2 avede cheeking vartaldes 02 and- el rospectively ceack -believing
:
ttial *he other oan gt entical seetion : o
‘ /\,/— @ v
! “
L4
1
~
\ ,
- . ) o
A‘L{ ¢
.
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.
.
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Dekker’s algorithm can be expressed in pseudo- ALGOL as follows [27):

¢

beginboolean cl.c2:
integer furn;
¢l ;= c2:= truc: turn =1,
P1l:begin Al. ¢l .= false:
L1. if not(c2) then
begin if furn = 1 then goto L1:
cl=lrue, :

o= Bl: if turn = 2 then goto B1;
goto Al
end.
erifical seefion 1.
' el = Irue, turn = 2; «
. remarmnder of program 1.
goto Al
end: :
P2:begin A2 2 .= falsr. "

L2 if not(rl) then
begin if furn = 2 then goto L2;
2 =1rue
B2 if fury = | then goto B2:
goto A2
end.
=t o eritreal section 2.
T T 2= frur, durn = 1 : ‘
remanTdes_of program 2:
goto A2 T
end. .

end.

- We shall attempt to verify its correctness with respect to mutual exclusion and

1
b

absence of deadlock  To aceomphsh this we begin by modeling the variables c1 and

¢2 a~ before The variable turn s modeled sinnlarly as the process (1)

°

4

(1) = RI1)L L) + REL) 01y « W (1)”o0(1) + Wi (2)7.1(2)
01(2) = RI(2)'.1(2) + RI2)':1(2) + W(2)”.1(2) + W, (1)".0(1)

kd
where the signals-R} (n)” represent process 1 testing the value of turn. The program

+
a
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P1 is.modeled as

T PL=Wa() Pl -
Plchcck = Rc?(’)?: Plgo + Rcl([)?;}zlturn -~
Plgo = g1t Plyyrrender ’
Plsurrrndrr = 817, Plreset ) .
. Plreset = Wey (1) Plpest turn t
Pluest turn = B7{(2)1. D1

Pliyen = R} (1)7PLoperk + RUD7 Plyeser 1

*
aplrrsel = ”rl")!Plum{ . .o
[ Pl,, art — R}“V' Plu’ml + ]?)(2)‘,’. Pl ‘

and program P2 15 modeled in a <unijar manner : - ' .

Caleulation of Py » c1(1) = €2(1) ~ {(1) = Py.yields a non-stable process that is . -

© deadlock-free  The pracess X'= R(Plucl{t}oe2{f)0t(1)DP2) is described by the ‘
fixed poimnt equations : .
' ’ X =g Xy + gt Xy

‘ . .\'| o -\;‘.’..\. ’

‘ ) Aﬁz - ‘\20’. ‘\-r

i .

By inspection we can see that X = y. indicating that the algorithin insures mutual
A S

exclusion.

A typical (‘(m\iervnrmg network consists of a number of identical termmals con-
nected in a star c\)nﬁgurannu\through a comnmmcafmwldgy The bridge se-
rializes the packets sent fromn 'terininals by time of arrival The pwhon

rebréadcast by the bridge to all of the ternunals. In this manner each termunal

i

-~

v s «

o
H



S

D N

$ »
wceives all of the packets emitted by any one of the termunals (including itself}) A
problenagises. however. when it 1s necessary to transmit a sertes of uninterrupted
packets. The packets may contamn. for istance. graphics prinntives that must be

- ‘\ y . !
processed m an uniNerrupted fashion to produce a faxthful display at each of the
. N
terutinals. In order to aeQuunmodate this possibilsty each tfermmal must he able to

gain exclusive control of the Noydge thus imsurmg that the packéts that it sends will
‘ AN “
not be interleaved with others i problem i to develop a wlxtame\'pmtocol that

will enforce mutually exelusive accessto the bridge

)
-

For the sake of brevity we wall consider here the relatively <imple case of two
terminals and a maxunum of 1wo packet< i rransaN_ The strategy used by termmsl
1~ to inform the other termminals of 1t desire to gain exclusive aceess of the bridge by

etitting a request signal. I no sunilar request from the other terunnals 1s received

m the mterval between the tune when the request was broadeast and the time the

echo of the request s received at the ternnnal, exclusive aceess 1o assumed At

thus poilit the terimnal ignores requests from the other termmnal and goes about its
N .

bu~mess. In order to relinqush control of the bridge the ternumal agam emits the

.

request signal - On the other hand.f 4 forewgn request s receved prior to the echo

*

of its own request the terminal assumes that another termnal has control and waits

for the hridge to be released before trying again .

]

In order to verify that the protocol proposed above does indeed guarantee mu-

wtal exchision, we proceed much as we did for Dekker's wlgorithin Termmyial 1 i«

-



<

modeled by the process {1 as defined by

3 ,
11 =rlltlpyen + 720708 Lyan
1yygten = 71171 g0 + 721301 04 i
tlge = gllitly, + r2;7%1 1, :

]

fluse = 817 cpnguiah + 721711 1 yge
tlrehnqutah =rltitle gy + le-“rclmqmsh
oo =171+ r2y7 11 40
1l 0 =72,7.11
=17 g + 7207 sten

.

”uarla

Here the signals rn,? correspond to echoes of requests from the n'* terminal sent to

the 7th termnal by the bridge The symbols gl' and s1” are the externally visible

signals inserted to indicate when the terminal assumes that it has.control of the

Y

bridge

r2;?

1'217 -

Fig. 7.8 Transition diagram for termmnal t1

¢
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B L T T PO U — B .
. ' v ¢ ko



N ' P

"The bridge is modeled as the interconnection of a FIFO queue of length two
& ‘ )
ayid a broadcaster process that takes messages from the queue and sends copies of

them to both of the terminals. The-queue acts as a buffer and accomplishes the

task of serializing the messages It is defined by v ’
;v .
r
e =Y Q)
e N . : r XN .
) ) » Q-l,\ (r) = #0Y + > r".’;Qé‘ (r.X") ‘

e X
Qﬁ\ (r.r) = .?'?:Q'-';"(f;) ) .

“n

where\X = {rl1,r2}. ~ . - o

Fig. 7.18 Transition diagram for Qg‘

-

~ . a
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The fixed point equations for the broadcaster are

’ B =#17.B, + 727, B,
B = r1;% By, + rlg!; By,
By, =r12i:B
’ . By, =4 B :
— “Byp = r29!. By, + 12,11 By,
. B,Q_, =r2),B.
B,,, =r2;4 B

o .
Notice that the broadcaster 1« Hexible in that the duplicate messages are not always °

§

sent to the terunnals i the same order

*r

5

Fig. 7.19 Transition diagram for broadcaster B

3
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- Using the automated analysis system to calculate 11x Q%" * B x12 we discover that

. the interconnected system 1s dehdlock-free. 'Cal('\tlation of the reachable behaviour
. ) of the composite yields a process that is equal to the idealized mutual exclusion

process u indicating that mutual exclusion 1s enforced by the protocol.

)

™~ s

7.2 Synthesis , "

7.2.1 Simple Resource Allocator .

In this example we examine the problem of designing a simple central server

process that manages two rdentical resource units between two customners  Each
A

of the customers, as in. the analysis example, mway request one uiit and then non-

‘determnnstically decide to request another or surrender the first Customer 7 is

modeled as’the process ) \
}
v [Pl ’ -
© ¢ 1 = T ( Tt
. T 9 o
C.,A, *91'*('1]+91 ‘(’1>
! Al —_— 1 ] M
C, =40,
- \ - | T i .
. . G =150, ' g
v —_ 9. !
L (’11* ”91?~(f12 .
¥ —_ el
('12"‘51 ﬂ(‘r o N °
r
It 1s the allocators job to accept requests. issues grants and accept releases. In doing
s0 1t must not violate the physical constraints of the situation. In other words it
\\\ must only 1ssue a grant in response to a request from a customer, 1t must issue at
— . ,
miost onc grant per resource unit, and it must keep track of the available resources.
. These physical constraints are illustrated graphically in Figure 7.20.
v ‘Nm\m\
. —_—
-~ - - 71 ) o ‘\\
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° units
requested
2
. .
. PR
0 3 4 5
1 units allocated «
Fig. 7.20 Conservation of Resource Units
g
2 -
-
- Q
v . .
\ L]

- The allocator may exist in each of the states indicated on the graph. A request
from a customer effectively increments the number of queued requests by one while
the surrender of a unit decrements the same queue. A grant simultaneously decre-
ments the request queue and increases the number of allocated units by one. The

{0 ’
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process L embodyaing these relationd 1s defined as

v

L=r"Ly + re?. Ly
Lig=mn" Lijgy+m". Lyy+ 57 L+ sy” L

Lyo=r" Loy + " Ly = o327 Lyg + <" Ly )
- N » " -
Loy =7 Lot Loz gy L~ g2 Ly
‘ Lyy= r% Lys+ 1y Lyg+ gy Ly~ g2 Logl+ s17 Ly« s0™: Ly '

L-“ = T|"’.L-_)-.1 -t i";".L'gz s \1‘.) L]l -+ ,~2'):L]]

Loy = ry"t Loz + ry” Loz gy 'Ly - yo' Ly

Lig=7" Lyz+ n? Lzt Ly - g9’ Ly ~~1” Lig+ =" Lin

Lon = 7 Lyp = 97 Ly ‘ . ‘
Ly = 12 Loy v " Loy~ gyt Ly ~gu' Ly
Lyy =" Loy ‘6!1'." Loy -+ 17 Lo+ 97 Luy
Loy =o' Lyg—g2" Ly '

The behgviour of any rea~onable allocator must be contamed m the hehaviour

. . [
of L In addimion the allocator umst satisty the virtualization prinapic with respect

"

) . - ' « 4
1o cach custorier Thus the allocator A" st ~gyisty the constram

!

! .
!

= (L< A’}/\(m(:lr!(rl)) < e A')/\(ro(:hihﬂ; <epe A

<

. ¢

The fimte sgate diagramn for the solution process A’ produced by the automatic
' H . 1 v, .
synthesis program 1s <hown in Figure 7.21 Using the automated analysis aids we
. ’ . . . W8
can verify that the constramts are indeed satisfied by this process. It 15 interesting

to compare this allocator to the one denved manually mtroduced in the analysis

example The first and perhaps most «triking difference is the increased branching

factor of the automatically generated <olution. It contaimns many more, possible

behaviour patterns This 15 to be expected. however. as the automatically denived

bl .
allocator shou,ld after-all be the munmimum process satisfying the constraints. Indeed

! 2

a quick check'verifies that A’ < A

&

s

v

%
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72.2 Train Dispatcher ' . .

This 1s another central server 1vpe problemn with the interesting variation that

~

the chien! processes are not homomorphic We are concerned with the deagr of
a train dispatcnier that aliocate< tracy segments 1o vanous trains who need thermn:

te coruplete their journeve ~lr.f! Ius case twao trame travel 1 opposite directions on

four track seginents with two crossover pomnts wec Figure 722, The traim are not
identacal Train A carres freight whie Tramm B is a passenger trai. The pascenger

train tmust adhere 1o a otrict schedule of stops o1 each of the track segments The

freight tram os the other hand doe- not care which particular trach segments 1t

’
¢

traversesas jong as it e making progress towards 11« destination

.o Fig. 7.22 Trains A and B on the tNcks

-t
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We model Tram A a~ the process o Whon the Tram A comes 1o g ~witching
JUBCHION 1T esapes g Fequest for o track ~scgment g, ' [t as then prepared to aceepe

grants from the dispatehior for 1he anaide track segment vy, ") or the outside track

y

.

> e ”
~icment ly, ¢

1]
“ g

s
I3 Uy tia = M1, 7

>

O the otier Pana swhern, Trane Boreaches s mnction it will rogeure o speettie trac)

et hefore 1t ca ronton i A~ tln h~pate hier Wl HeVe Y KLow frol' ~ire ‘\}li"ll
”~

\ ' N
coznent that w v requirad we tpodel Trion Boas the non-deterinimistie process b

[ ) N ]’ B (“l” h: * oL ’ ,"d
' j)‘ }}’ l{l" 1'

' b oaqth

bbb

3
N §

.
.
.

Note thar after having recevedfa srant {4,,,,7 or g, 7} for a track <segment b makes

a nop-determini~tic transion gther to a state where 1t requests an igside track

. N
segruent {g;,') or 1o a state where it requests an outside track segment (qp,.').
, .
The dispatcher D must observe the physical constramt of the finite nunber of

b track segments as well as the requiremndut that the trains cannot simnultanconsly use
{

the same track segment (not without disastrous consequences)  These constraints

-6 -



-y -t

,
are embodied 1 the process L/‘,,, . . !
‘ |
Lu.m Ty Ly, - gin' Ljow ~ Uho's Ldm .
L., 4’ Lo, =y, L, -~ 4 “ L., |
L, vdad Ly~ 90" Ly =~ g, Lo v~ Lo 0
L, . w Ay o< 9w Lyw cant Ly e Ly 0
L., ~wg, . L., , = 4/(,“ 1‘«:- <y, L., “
Lo e Lay mgu® Lge = " Lo a7 L
L, qo " Ly o ~an Ly ~di' Ly ‘
. L ) Uor' Lgoo = aat Ly =~an, ' Ly o =an' Ly, ,IJ
. 1,f,,. qo " L 04" Lge ik L }I
¢ Lo o g Lo s Ly 2 e Lo, ;
Ly do' Ly o = L,
Ly Yo Loy oLy, )
Ly we ' Ly o~ a” Ly = q” Ly, }
oLy Lt Lyt Ly
' 1‘,1,, - 01,,',1_,3, o _.-i,\g_}h!f.l_m, °
, Lao o = an Loo ~ut Ly -
) Liw 4" Ly o~ g Ly = ™ Ly,
. LJ: T f”m"' L'ﬁu; Yy I L:I: o Ui ¢ 'Ldl “a- !
Ly =" Ly o ~unt Ly’ '
. Lg, o - danteLow . = ' Ly o
" ddoe =g Lge gy, Ly, ot qf,,,.?.Ld,,,,
% Ldu o gm"Lsu» * g e Lriu o ‘/bn.,‘ Lrin-n |
. J

ernn» - ‘/::.)-L.IU o ‘+ glw"SLsm .
Ld(l i - yu:"‘l‘.ﬂo + gbl"l‘m t

|

The three subseripts to each of the ~m1(-@mv~ designates a different possible

configuration of the trains  The first subseript s s ndicating that the trains are

an the same <ide of the track diagrggn (adjacent seguients) or  when they are on

different sides (non-adjacent segments)

Tram A and Tramn B respecinely indicating if they are on the mside track (1) or the

3

The «econd and third subseripts apply to

'

outside track (0)" A *+ 15 appended to these if the tramn has reached a junction and

has requested another segment  Thus the process L, .

deals with the simafloy/

“ﬁ
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b S o~

o

) ' P
where the trains are on adjacent track segiments. Train A on the outside track. and

3

Train B on the inside track having already reguested another segment. This process

is the,minimum behaviour for a dispatcher consistent with the physical constraints.

In addinion we will require the dispatcher to satisfy a vanation of the virtual-

~

ization principle with respect to each of the trains The dispatcher D must meet

the constraint

-
~

7= (L < DYAlcoldet{a)) < R Dy N(eo(det(b)) < (a = D))

-
v

The difference herc 1< that the interconnection of the dispatcher with Train B is
not required to he «table This in effect allows the dispateher 10 chang®ts mind as

to wlhich track 1t will offer Triun A which 1~ fine <ince Tram A doesn’t care which |

s

track 1t travels on ¥

1

J

’

The fimite «tate diagram describimg the dispatcher process produced by the

-
3

synthesis program i~ depieted in Figure 723 Upon verification this process is seen

to satisfy the constramts unposed.
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1] .
The DCP model 1s a “black-box™ model that represente a system by its exter-
nally observabl¢ behaviour No assnmptions are made about the internal structure
of the modeled entinies This external beliaviour consists of the exchange of diserete

messages o signals with the environment The exchange of o message s constdered

Fl

.

to be a prumtive event that 1< nstantancons and mdivisible  Proeesses commnfuni-
‘cate and evolve sia the exchange of meesages  There are two mam aspects of a
model that d;'t('rmmv 11~ usefulness The Hirst 1= the ~<cope of s mmlvhln‘,', abihity
and the <econd 15, case of analysis In general there i~ o trade off here with mereased

modehng power nnplyving reduced analy tical ability and vice versa  Indeed 1t 18 for

this very reason that we have concentrated on finire-dimensional processes

'

The more situations that a model can adequately abstract. the hetter. As we
have seen communications protocols and resource allocation s¥stemns can be readily
modeled as DCPs. The DCP model secins to be particularly well suited to the

.modeling of concurrent systems and i perhaps most appropriate for the modeling

of computer network protocols.

‘ ' \ - 80 - .




" The real advantage of the DCP odel 1s its rigoronus mathematicalfoundation e

which processes are well defined mathematical objects  Suitable operators allow the

- ’ formal prediction and analysis of systemshehaviour Withan thus framework analysis

. | . ~ .
is formahized as the venfication of mathematical properties This i turn means

- N ' 3

that the analveis techmqgues are easihy antomated resulting in a practical system

‘that allows precisc analysic where otherwise complexity would be prolubinve
v / ~

- .

It v anformative 1o mterpret the actions of the total corpposite and intercon-
s ~ . ! . .

nection operators on fimte dimensional processes m terins of state space analysis.
As we have already mentioned. the total composite corresponds 1o the generation

-of that part of the cotubined «tate space 1 which the composite process can exist
Wt
L3

The mterconnection, bemg the visibiling operator apphed to the total composie.

’

essentiallV gronps states that are extorpally indistmemi=hable together This result-
. Ed
1 i state space compression that vields o computational advantage when caleu-

mterconnection of three fupte-dunceusional processes o b and ¢ I order to arrnve

at the interconneetion we proceed by calenlating the total cotuposite a0 b and then
. ) -

apply the vimibaility operator This corresponds to « complete state space €xpansion

followed by a compres<sion of the type mentioned above We then mterconnect this

process with the process e tollowing the Satue procedures  In domg <o we never

. generate all of the combined state space reachable by the composte Tt 1. how-

ever possible to do this by explieitly calculating eoboe  To sonte extent this effect

3
counters the problem of state space explosion normally encountered in this type of

|

analysis . -

*

The model attempts to retain the relevant information aboult a physical situa-

=
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latime the mrerconnes tion of ~everal processes To see how this 1« so consider the

L
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tion, but this does not’mean that is 1s always successful in doing so. Some situations
can not be adequately dealt with in the context of the model. Caution must be exer-
’ - I
cised in deternmining what the physical interpretatidn of an analytical result should

be To illustrate this point we return to another trial solution to the problem suc-

N
cesstully «olved by Dekker’s algorithimn It can be expressed in pscudo-ALGOL as

follows. - .
. begin boolean ¢1.¢2. .
. el = ¢2 = Irue ‘ :
. Pl:beginLl el = false, ~y
: ‘ J if noi(¢2} then

+ begin el — frue. goto L1 end, S
rrifical section 1, ) )
cl Irire
remainder of prograre 1

. goto L1
ensd:
P2 beéginl2 2 falsr, ) : . .
if nol(cl) then
’ begin ¢2 - frue goto L2 end: .
eritical section 2 ‘
e - frue.
. . ) remainder of program 2 .
goto L2
end
end

This solution atrempts to _avoi.(‘] the deadlock that we observed wn the first al-
gorithin that we examned by having the programs set and reset their ¢ variable
while waiting for the other to exit from its eritical section  Thus the condition
where both proc evees are about to enter thewr eritical sections and have set their

[ ]
respective ¢ variables to false will not necessarily lead to deadlock The variables
will be reset to true thereby creating an opportumty for one of the programs to pro-
ceed If we perforin the same type of analysis as before we find that the composite
Py kcl(t)+ c2(1) + Py is deadlock-free in the sense that 1t does not contam any transi-

o

tions to the null process. In addition we can verify that gy = R{Py0cl(t)0e2(t)nFy)

-89 .
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insuring that mutual exclusion is enforced. . e

&

It is, however, still possible for the processes to cycle indefinitely. each resetting

and setting-it’s ¢ variable before the other examunes it. For the algorithm to be

-

L4
considered correct we are forced to make certain assumptions about the relative
speeds of the processes. which i the context of this problem are not justified
It is clear that the type of analvec that we have performed does not bring this
1

~
anomaly to the foreground This does not mean that model 1< necessarily deficient.

L * . '
but ratlfer that we must he careful 1 our mterpretdion of the results In fact

a
‘v

this hehaviour could have detected through 1the exannnation of the t'mn) composite

Pycenityoe2(r). Py for posable transition loops consi=ting entirely of trace events

Such loop~ mdicate the possibiiny of mdefinne vehing and are indeed present

this mstance The mterconection operator as it 1s presently defined 1= not designed
e

to detect such occurrences  Pethaps the visibiliny operator should be modified 1o

retaln o trace transition to the null process m this situation

&

One must not lose sight of the fact that the semantics arise trom the mterpre-

tation that we choose to impose between the abstraction and phveical reahty.

One of the most exciting aspects of the equational theory of discrete communi-

. cating process 18 the formal basis it provides for process simthemis "There are still

many avenyes to he explored in this context  There 1< also some question as to
what the winnual solution to a set of constramnts actually represents  In general
such a solution 1s not the only process to satisfy the constramnts. It can be viewed
as the most accommodating solution process 1n that it will never refusc to exchange

a message that does not result 1n a strict violation of the constraints Conceptually
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it is the least blocking process in the sense that it never needlessly blocks a process

N

that’it interacts with by withholding a communication event.

i

A practical system for the automated synthesis ‘()f-pr()(‘(’&ses would provide the
system designer with two inportant pieces of mformation In a typical application
the designer would begin by modehng all the relevant cormmponents in terins of their
discrete hehaviour, formulate the problem statement mgtvrms of the .1})})r<;[Jrlatl‘
constramts, and then nse the sy<tem to generate the mimimal sofution Thie wall
imdwcate to the designer whether or not any ~olution exists 10 hie problem  Secondly,
if a solution does exist, the systenn will provide hun with a process whose hehaviour
15 the lower bound of any possible solution process This mimimnal solution may be
of direct use to the d(»s{gn(’r but if not & satisfactory <olution can pr()})al.;ly be

13

arrived at through judicious pruning
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V ., Chapter 9 - Conclusions

We have attempted to evalnate the algebraic theory of DCP'S through its ap-

plication to a variety of problems The results are encouragimyg The theory seems

to have a broad apphcability 1t 1< particularly siyted to the modeling and anal-

'

’ ysis of communication protocols  In general 1t cangbe used to objectively specify

- %
desired hehaviour. predict the I)v}x‘;n'l()n\x\g)l compodite systems and verify that such

o L , \

i . a system exlubits-certain properties.

We have shown that the analytical procedures suggested by the theory can be
automated resulting i analytical capabilitics where otherwise -complexity would

be prohibitive. These automated tools. m conjunction with the theory provide
)]

.o a possible basis for an ohjective methodology for the analysis of communicating

: processes in general and communication protocols m particular, ‘

The novel arca of process synthesis has been mtroduced Here we have demon-
strated the feasibility of automating the synthesis procedures through the implemen-

tation of a system that generates the minimal process satisfying a seAt of constramts.

This is a subject that requires more research for a better and more complete un-

Sy * -
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derstanding.

At present. rapid state space explosion remains a very real problem Svstems
!
that contain queues of realistic length or protocols that use parametrized messages -
to affect system behaviour are just two examples where direct modehng will lead to
an unmanageable state space (even for a computer) Further investigation of pro-
cess homomorplusis that effectively compress the state spaces may vield a solution
to this thorny problemn The visiblity operator 15 an example of such a homomor-
. QL\ /7/

phism  Another possible direction for further research 15 the opnml)@’t}o’n of the

)

computational algorithms with a view towards developing a practical CAD system

for the analysis and design of communication protocols

- , A
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Appendix 1

Sample LISP Programs
iThe followigg funttion definitions atre designed to implement
‘the lessthan’ or equal to' predicate function
(defun <= (p q)

(prog (stack top)
(setq top (list (caar p) (caar q)))
(setq stack (cons top stack)) .

(return (=<))))

. Edefun < ()

* (prog (result p0 q0)
(setq-top (car stack))
(setq p0 (car top))
(setq q0 (cadr top))
“(cond ((not (subset (eset q0 q) (eset p0 p)))
(setq stack (cdr stack)) '
. (return nil)))
(setq result (=<$p0 (epset q0 q)))
(cond ((not result)(setq stack (cdr stack))))
(return result)))

’ I}

(defun-=<$(p0 epsetq0d) ’
(cond ((null epsetq0) t)
((=<$$(epset pO p) (car epsetq0))
(=<$p0 (cdr epsetq0)))))

[

(defun =<$$(epsetp0 epairqg) \ <
(cond ((null epsetp0d) nil) .
((=<$$$(car epsetp() epairg) t)
((=<$$(cdr -epsetp0) epairg)))) ) i

Lo )

(defun =<$$$(eparrp epairq)
(prog () B

(cond ((not (eq (car epairp) (car epairq)))
(return nil))) =

(setq top (list (cadr epairp) (cadr epairqg)))

(cond ((member top stack) (return t))
(t (setq stack (cons top stack))

(return (=¢))))))
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