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ABSTRACT

In many large-scale optimization problems arising in the context of machine
learning the decision variable is of high-dimension and the objective function
decomposes into a sum over a large number of terms (one for each instance in
the training data set).In this setting, second-order optimization methods such
as Newton or quasi-Newton methods, are not tractable due to the complexity of
evaluating and inverting the Hessian, or an approximation thereof. Also, the vast
amount of data available is spread around multiple servers making a centralized
optimization solution sub optimal or impossible. Therefore we concentrate on first
order methods that are scalable in a decentralized setting. In this thesis we provide
a framework for distributed delayed convex optimization methods for networks
in a master-server setting. Our goal is to optimize a global objective function
which is the sum of the local objective functions of the agents in the network.We
review Nesterov’s accelerated algorithm for centralized optimization since it is
the optimal algorithm for the class of convex, and strongly convex functions
and to modify it accordingly for decentralized optimization in the master-server
setting. It is natural that in an asynchronous setting the current value of the
server node is a past value of the master node communicated some time steps
ago, and thus gives rise to delays in the analysis. We have proven that a delayed
accelerated method maintains the optimality of the algorithm with a convergence

rate of O (t%) We have also performed simulations and we have verified that

v



the accelerated algorithm performs better that the alternative algorithms for

decentralized optimization in a master server setting.



ABREGE

Dans de nombreux problemes d’optimisation a grande échelle qui se posent
dans le cadre de la machine I'apprentissage , la variable de décision est de haute
dimension et la fonction objectif se décompose en une somme sur un grand nombre
de termes (une pour chaque instance dans I'ensemble de données d’apprentissage).
Dans ce cadre , les méthodes d’optimisation de second ordre tels en tant que
méthode de Newton ou quasi- Newton , ne sont pas traitables par la complexité
de et I’évaluation de l'inversion de la Hessian ou une approximation de celui-ci.
Par conséquent , nous nous concentrons sur les méthodes du premier ordre qui
sont évolutives dans un cadre décentralisé. Dans cette these, nous fournissons
un systeme cadre pour des méthodes d’optimisation distribués retardés convexes
pour les réseaux multi-agents dans un cadre serveur-maitre. Notre objectif
est d’” optimiser une fonction objectif globale qui est la somme des fonctions
objectifs locales des agents dans le réseau. Nous introduisons l'idée d’ accélérer
I’algorithme de Nesterov pour 'optimisation centralisée dans le cadre serveur
maitre décentralisée puisqu’il est 'algorithme optimal pour le classe de fonctions
qui nous intéressent. Il est naturel que dans un cadre asynchrone, la valeur actuelle
du noeud de serveur est une valeur passée du noeud maitre communiquée depuis
quelques mesures de temps et ainsi donner lieu a des retards dans ’analyse.

Nous ont prouvé que d'une méthode accélérée retardé maintient 'optimalité
de lalgorithme avec des taux de convergence de O (t%) Nous avons également

effectué des simulations et nous avons vérifié qu'un algorithme accéléré surpasse
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d’autres algorithmes disponible pour optimisation décentralisé dans un cadre de

serveur maitre.
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CHAPTER 1
Introduction

1.1 Motivation

In modern world optimization, problems arise in various levels in almost every
application field, such as machine learning, finance and network systems. It is
human nature to try to go “faster” or try to use the least amount of resources
to achieve a goal. The question that needs to be answered every time is how
to minimize our costs in the quickest possible way. Depending on the field of
application the problem could range from an optimal control problem to an
optimal route to come back from work.

The mathematical formulation of all optimization problems is summarized in:

min f(x), (1.1)

zER™

where f is the objective function of the problem at hand, which takes on many
forms, and we can cast various assumptions over it. Throughout the thesis

we assume that the function is convex, or strongly convex, depending on the
algorithm that we analyze each time. Many fundamental convex optimization

problems,; especially in machine learning, take the form of:

min Y~ fi(x) + AR(z), (1.2)
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where the functions fi...f,,, R are convex and A > 0 is a fixed parameter. Each
fi can be interpreted as a cost of using x on the i-th element of a data set and
R(z) is a regularization term that helps keep = “simple”. In many machine
learning tasks (supervised learning problems) there is a data set of the form
(wi,y;) € R™ x Y. In classification problems we have Y = {—1,1} and the cost

function can be turned into hinge loss that is expressed as:

min Y max(0,1 — gz’ w;) + A|z||3, (1.3)
i=1

to solve the Support Vector Machine problem or the cost function becomes the

logistic loss

TER™

min 3 log(1 + exp(—yiaTwy)) + Al (1.4)
i=1

and obtain the logistic regression problem. In both cases we used L2 regularization
in order to avoid over-fitting. In regression ¥ = R and one of the most common

problems is the least squares problem:

min |[Wz — Y3, (1.5)

reR"™

or the Least Absolute Shrinkage and Selection Operator problem with L1 regular-

1zation:
min [Waz — Y153+ (1.6)

All these machine learning problems fall under the spectrum of convex optimiza-

tion.



In addition to the broad spectrum of optimization problems in recent years,
we have an increasing amount of data that is needed for the optimization proce-
dure. The expansion of the Internet and global connectivity has helped greatly
in that regard. Also, imagine a portfolio optimization with stocks from diverse
markets where data is flowing in real time. Now we can obtain, store and use all
the information due to the advancement in technology, in vast amounts. Therefore,
along with the optimization problem arises the problem of effectively using all the
information, which is an optimization problem in itself. Our goal is to solve the
optimization problem while using the least amount of resources as fast as possible.

One way to approach the processing of vast amounts of information is to
divide it among several processing units. Although centralized approaches provide
simpler solutions and better guarantees, as we will see in the following sections,
they are limited by the sole unit itself. This means that the whole optimization
procedure will depend on the capabilities of the one processing unit, which
even if it is powerful enough it is destined to operate in a linear fashion that
cannot do more than one operation at a time. Since the amount of data is ever
growing it is unavoidable to turn to solutions that make use of multiple processing
units and deal with a fraction of the data with each one. Also the current semi-
conductor technology is reaching the limits of Moore’s law, and consequently the
speed of individual processing units is no longer getting faster. To perform more
calculations in a fixed amount of time we thus must turn to distributed processing,
and this is why the technology is driven to multi-core processors and computer

clusters.



There are many algorithms for solving convex optimization problems such
as: gradient descent, mirror descent, Newton, quasi-Newton and many more. One
way to categorize them is by the amount of information they require from the
function itself. The two most popular categories are the first and second order
methods. The former requires the value of the function and the first derivative
of the function at point and the latter additionally requires the second derivative
of the function. In large scale problems where the information is abundant and
in problems that the dimension of the parameters is large, the computation alone
of the computation of the second derivative is computationally intensive, or not-
tractable, and it is needed in each iteration. Thus for scalability reasons we will
contain our research to first order methods that are simpler in each iteration.

We already have to choose how to set up our approach towards the optimiza-
tion problem: Centralized, which means that one processing unit holds all the
information and performs the necessary optimization steps itself, or decentralized
when you split the information into pieces and feed it to different processing units
in order that each one performs an optimization step. Throughout this thesis we
will examine both of these approaches and see their merits and their flaws.

For the decentralized setting, the information is distributed among multiple
agents in a network and usually the network is quite large and the structure of it
is given a priori. Each agent is given a convex function as their objective function
and they cooperate with each other to solve the convex optimization problem

through local information and communication over the network. Mathematically



this can be expressed as

m
;relg}l%;ﬁ(x) (1.7)
where m is the total number of agents in the network and f; the convex objective
of each agent. At every time step through the optimization procedure each agent ¢
maintains information z; and tries to obtain z* which is the optimal for the overall
objective.

This decentralized setting implies that each agent in the network maintains
data necessary to compute f;(z) and compute V f;(z). Even if a single server
maintains the current iterate of the decision vector and orchestrates gradient
evaluations; there will be an inherent delay in querying the machines. Moreover,
when the network latency and work load on the machines change, so will the
query delay. It is therefore important that techniques developed for this set-up can
handle time-varying delays [6].

Furthermore we are concerned about the convergence rate of the algorithm
that tries to solve the convex optimization problem. By convergence rate we mean
the rate that the sequence xy, where k is the k-th time step of the algorithm,

converges to x* which is the solution of:

f(z*) = min f(z). (1.8)

TER™

Generally the convergence rate tells us how fast the algorithm is at hand. Espe-
cially for the centralized case of algorithms for convex optimization there have

been many attempts to make these algorithms converge faster. For this cause the



accelerated algorithms were introduced by Nesterov [12] that achieves optimal
convergence rate for the class of convex functions and speeds up the procedure by
an order of magnitude compared to the other first order algorithms. In the decen-
tralized field such optimality has not been achieved and more and more research is
headed towards this purpose, such as ours.

In any distributed algorithm, it is necessary to coordinate to some extent
the activities of the different processors. This coordination is often implemented
by dividing the algorithm in “phases”. During each phase, every processor
executes a number of computations that depend on results of previous phases of
other processors. But within a phase each processor doesn’t interact with other
processors as far as the given algorithm is concerned. All interaction takes place
at the end of phases. Such algorithms are called synchronous and the “opposite”
are the asynchronous algorithms where there are no phases and the coordination
between processors is not strict [3]. Synchronous algorithms are more convenient
to use since there is an order of execution and conflicts are resolved in a “tidy”
manner. Unfortunately this convenience comes with a price as long as the time
until convergence is concerned. It is obvious that for synchronous algorithms
agents have to finish transmitting and receiving information in order to proceed to
further computations. This creates a bottleneck and hurts synchronous algorithms
scalability because this problem becomes bigger as the network becomes larger.
Asynchronous algorithms are free from this curse and therefore are better suited
for large scale problems despite the harder implementation due to the inherent

complexity they have.



1.2 Contribution

Given the motivation for algorithms that can solve a convex optimization
problem in a decentralized manner the focus of this thesis is twofold. First our
goal is to provide an algorithm based on the accelerated algorithm of Nesterov that
could handle delayed information. Asynchronous implementations of algorithms
give birth to delays due to communication overhead or diversity in processing
power. Also, as we will see in next chapter, Nesterov’s accelerated algorithm
is the optimal algorithm for the centralized setting and we wish to modify and
implement it in a decentralized setting in order to obtain a faster convergence rate
than the existing algorithms for decentralized optimization. This is a first step
to observing how the accelerated algorithms behave when delayed information
is forced upon them and what the are requirements for them to converge to the
optimal solution. After defining the accelerated algorithm we proceed with a
convergence proof which enables us to fine tune the parameters of the algorithm
and prove an optimal convergence rate for the class of convex functions.

Secondly this thesis focuses on a centralized accelerated algorithm and
explores the possibility of being used in distributed computing. We set up a
suitable network structure for the algorithm to operate on with keeping at
the same time the features of the accelerated algorithms. The original delayed
algorithm is modified into an incremental algorithm that takes into consideration
one agent’s objective function at a time step. Specifically the computations at each
time step are based on the objective function of the agent that is “active” at that

time.



1.3 Outline

The thesis is organized as follows. In Chapter 2 we review the most important
algorithms in centralized convex optimization. We investigate the necessary
features of the algorithms that solve convex optimization problems bearing in mind
that our motivation is to transfer these algorithms in the decentralized setting,
where we want simple computations in each step and the minimum amount of
communication through the agents. Also we are going to see the optimal bounds
for classes of convex functions and the associated optimal algorithms.

In Chapter 3 we consider decentralized algorithms for convex optimization.
We provide the network structures and a number of algorithms that work on each
structure and present their unique ideas and convergence rates.

Chapter 4 offers an accelerated delayed distributed algorithm for decentralized
convex optimization along with simulation results upon quadratic functions. We
provide an algorithm in centralized setup that is able to handle outdated informa-
tion in the form of past gradients and analyze a continuous time approximation
of the delayed dynamics using differential equations. Next we focus in the de-
centralized setting as we modify the algorithm accordingly into an incremental
accelerated algorithm to fit the master-server network structure.

Finally in Chapter 5 we present our conclusions for this area of research and

provide directions for future work.



CHAPTER 2
Centralized first-order methods for convex optimization

First order methods have been heavily studied and have been proven very
useful tools for solving centralized optimization problems. In this chapter we
review of a number of those first order methods that will help us understand
the reasons why these algorithms are needed in optimization with a perspective
towards the distributed setting.

2.1 First order oracle methods

When solving a problem P, such as an optimization problem or an everyday
problem like routing your way from work to home, we have plenty of numerical
methods that we can use, but we want to find a scheme that is best suited for P.
However such a task is almost impossible. Imagine for example a problem P that
has an optimal value z* = 0. Then the method with the optimal “performance”
is the one that reports in every step z* = 0. Thus there is no point in finding the
best method to solve a concrete problem P. Instead we should focus on finding
methods for classes of problems F' O P. Indeed, usually numerical methods are
developed to solve many different problems with similar characteristics. Then the
problem becomes: find a method M for the problem class F. Therefore we can

define the performance of M on F' as its performance on the worst problem from

F.



Since we are going to evaluate a method M for a problem class F' it is safe
to assume that the method doesn’t have perfect information about the concrete
problem P. It has only a description of class F. In this case we need someone to
tell us information about the problem P at every step of the procedure M. In order
to model this situation, it is convenient to introduce the notion of the oracle O. An
oracle O is just a unit, which answers the successive questions of the method. The
method M is trying to solve the problem P by collecting and handling the data.
In general, each problem can be included in different problem classes. For each
problem we can also develop the different types of oracles. But if we fix F' and
O, then we fix a model of our problem P . In this case, it is natural to define the
performance of M on (F ; O) as its performance on the worst P, from F [12].
Next let us see the main types of oracles that exist in optimization theory. For
all the oracles the input is an = € R™ but the output differs:
e Zero-order oracle: outputs f(z)
e First-order oracle: outputs f(z) and f'(z)
e Second-order oracle: outputs f(z), f (x) and f"(x)
where f'(x) and f"(z) is the first and second derivative of function f accordingly.
As can be seen the amount of information regarding the problem increases
as the order of the oracle. This means that methods that use higher order oracles
require more information and therefore they implement complex procedures
in each iteration. But as mentioned in the introduction, the huge amount of
information available and the need to make the data allocation decentralized

guides us to use problem solving methods that in each iteration do not perform
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load-heavy tasks. Thus in this thesis we will deal with First-order oracle methods
for convex optimization problems.
2.2 Smooth convex functions

In this thesis and generally in the optimization field it is favorable to deal
with function (problem) classes that have “nice” properties in order to make the
optimization procedure faster and the convergence to an optimal value plausible
with certainty. As before we are concerned with the unconstrained minimization

problem of a differentiable function f

a:Hel}%I}l f(z). (2.1)

It is preferable then that the function f belongs to the class of convex or strongly
convex differentiable functions. We denote the class of one time differentiable
convex functions as F' and the class of one time differentiable strongly convex
functions as S'. We can continue to the definition of the convex function:
Definition 2.2.1 A continuously differentiable function f(z) is called convex

on R™ if for any x,y € R" we have:

fly) > f(x) +(Vf(z),y — z). (2.2)

Examples of a convex function is the exponential function f(z) = exp(x) and
the absolute value function f(z) = |z|.
In addition to the class of convex functions sometimes we prefer to impose

something stronger as a restriction in order to get global convergence and faster
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convergence rates. The following assumption for a function that is f €F'(R")
leads us to the class of strongly convex functions.
Assumption 2.2.1 There exists some constant x4 > 0 such that for any &

with Vf(z) = 0 we have

£(&) > F@) + ke~ 2],

Definition 2.2.2 A continuously differentiable function f(z) is called strongly
convex on R" with notation f € S;(R”) if there exists a constant ;¢ > 0 such that

for any z,y € R™ we have

F) 2 f(@) +(VF @)y~ 2) + sl — gl (2.3

An example of a strongly convex function is the quadratic function f(z) = 22

In the beginning of the section we also mentioned the notion of smoothness of
the function. The smoothness notion is associated with the Lipschitz continuity of
their respective gradients.

Definition 2.2.3 For a function to have Lipschitz continuous gradients with

constant L in R™ means that for any =,y € R" we have:

IVf(z) = Vi)l< Lz = yll (2.4)

Examples of Lipschitz continuous functions are the absolute value function

f(z) = |z| and the sine function f(z) = sin(x).

12



The notation for convex and strongly convex k times differentiable functions
with Lipschitz continuous gradients and | times second order differentiable is Flz’l
and SﬁlL accordingly.

2.3 Lower bounds

Before we move forward and investigate the possible optimization methods
for the classes of functions-problems that we have seen so far, it is useful to see
the lower bounds for each class. By lower bounds we mean the lower complexity
possible with regard to the iterations of the method in use, or in other words the
number of oracle calls that are required from the method in order to achieve a
solution close to the optimal value. Each of the two classes has different lower
bounds and since for the strongly convex functions we have more restrictive
assumptions we expect that the lower bounds to be better.

From Theorem 2.1.6 of [12] we have that the lower bounds for the class of

: 1
convex functions F;*" (R>) are

3L||xo — x|

flzg) — fF > W, (2.5)

where {z;} is the sequence generated from the method, k is the time and z* if the
minimum of f with any initial point z.
Also from Theorem 2.1.12 of [12] we have that the lower bounds for the class

. 00,1 0o
of convex functions 5.7 (R*) are

flzy) = 7> % (@) |0 — 27|, (2.6)

13



where {2} is the sequence generated from the method, & is the time,any constants
p>0,Qf>1and z* if the minimum of f with any initial point .
2.4 Gradient descent

When we talk about techniques in optimization the first one that comes to
mind is gradient descent. Gradient descent is easy to use and understand and
provides a scalable solution to large optimization problems. The main idea behind
this first order method is that the antigradient is the direction of the locally

steepest descent of a differentiable function. The algorithm is described as follows:

Algorithm 1 Gradient Descent

1: xg € R"

2: for k=0to T do

30 T = x — WV f(xg)
4: end for

5: Output : xp

As simple as it seems this is the gradient descent. Obviously the only pa-
rameter is hj which is called the step size of the gradient method and it is very
important for the convergence procedure. Since we want to move in the antigra-
dient direction the step size should be positive. The sequence {hy} is chosen in
advance and there are many variants to the step size to choose from. Some of the

important ones are:

e h,=nh
_ _h
M= i
o Ny, = argmin f(x; — hV f(zy))
h>0

14



The simplest and the most heavily used is the constant step size. After
analyzing the convergence rate through the improvement in each iteration we can
consider the constant step size as the parameter of the expression and optimize
accordingly in order to obtain the best rate possible. With this analysis we end up
with the value hy = % for the class of convex functions and hj = LLW for the class
of strongly convex functions, where L is the Lipschitz constant of the function.

The resulting convergence rate as it is proven in [12] for the class of differentiable

convex functions for hy, = 7 is:

2L||xg — x|
flo) - < 2= 2.7
and for the class of strongly convex differentiable functions for hy = LLW is:
L(Q;—1\* )
—fr<= —z* 2.8
flog) = f _Z(Qf+1) |20 — x*[|%, (2.8)

where L is the Lipshitz coefficient, z* is the optimal point, f* is the optimal
value of the function and Q5 = ﬁ a constant.

Comparing the rate of convergence of the gradient method with the lower
bounds for convex and strongly convex functions we can see that the method
does not provide a convergence rate close to this lower bound. This will be the
motivation to seek first order methods that achieve optimal convergence rates in
further sections. On the other hand though, gradient descent is the bread and

butter of optimization and it is a part of many other algorithms that transcend to

the decentralized field.
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2.5 Mirror descent

So far we have dealt with first order methods that attend to the unconstrained
optimization problem of a convex function. Sometimes we want to constrain
our solution in a subset of R"™ due to practicality and feasibility reasons that we
encounter in real life applications. Also mirror descent with mild alterations is
used for decentralized solutions and provides a delay tolerant framework as we
will see in the next chapter. Basically if we have a set X C R"™ which is assumed

compact, the problem is set as:

min f(x). (2.9)

zeX

Constraining the solution set affects algorithms designed for unconstrained
optimization such as gradient descent and requires alterations in order for the
converging sequence to reside in the solution space. For this reason we need to

introduce the notion of the projection operator IIx on the set X:

[Ix(z) = argmin|lz — y|. (2.10)

yeX
An important Lemma that is proven useful in the analysis is Lemma 3.1 from [4]
that states:

Let x € X and X is compact and convex and y € R" then

(x(y) — =) " (x(y) —y) <0 (2.11)

ITLx (y) = @[+ ITx (y) — yl*< lly — = (2.12)

16



The mirror descent algorithm is based on the idea of moving through the dual
space of the gradient operators and projecting these points on the original solution
space. In order to explain the method we have to point out that if the solution
space is a Banach space B the gradients reside in the dual space B*. The great
insight of Nemirovski and Yudin [11], that created mirror descent, is that one can
still do gradient descent in the dual space by first mapping the point € B into
the dual space B*, then performing a gradient descent step in the dual space, and
finally mapping the point back to the primal space B. This operation might result
in a point that does not reside in the restricted solution space X, so we have to
project the point back inside to this space.

Another useful notion is the Bregman Divergence associated with the function

f and is defined as:

Dy(x,y) = f(x) — fly) = (Vf(y),x —y), (2.13)

and the main identity that follows this definition is

(Vf(2) =V [(y),z = 2) = Dg(x,y) + Dy (2,2) = Ds(z,y). (2.14)

In order to move from the primal space of the functions to the dual space
of the gradients we need a mapping that will allow us do that, and this mapping
is called a mirror map. Following the definitions from S. Bubeck’s book [4], let
G C R™ be a convex set such that X is included in its closure and XN G # (). We
say that ® : G — R is a mirror map if it satisfies the following properties:

1. @ is p strongly convex and differentiable

17



2. The gradient of ® takes all possible values
3. The gradient of ® diverges on the boundary of G
As mentioned previously the mirror map allows a point z € XN G to be

mapped to V®(x) from where we can take a gradient step to get to V& (z) —
hV f(x). Then the properties of the mirror map allows us to write V& (y) =
V&(x) — hV f(x) for some y € G. The point y may reside outside of the solution
space X so we have to project the point into that set. In Mirror Descent Bregman
Divergence of the mirror map helps us to do that operation as:

1% (y) = argmin Dg(x, 3). (2.15)

yeXNG
Resulting from the definition of the mirror map and its properties, it is guaranteed
the existence and the uniqueness of this projection. After all these definitions we

can now proceed to the Mirror Descent method:

Algorithm 2 Mirror Descent

1: xy € argmin ®(x)
e XNG
2: for k=1to T do
3: V(I)(yk+1) = V(I)(l'k) — th(:Ck)
4 Ty € U (Yrsr)

5. end for

6: Output : zp

Or with the help of some algebra we end up with the more common view of
the Mirror Descent that is seen as a definition most times (from Beck and Teboulle

[2]) and gives a proximal point of view in the sense that the algorithm is trying to

18



minimize the local linearization of the function while not moving too far away from
the previous point (with distances measured via the Bregman divergence of the

mirror map).:

Algorithm 3 Mirror Descent

1: x; € argmin ()
zeXNG

2: for k=1to 71 do

3:  Zpyr = argmin(hV f(xg)z + De(z, x))
zeXNG

4: end for

5: Output : zp

Regarding the convergence rate of the Mirror Descent algorithm we have from

Theorem 4.1 of [4] that, if M? = sup ®(z) — ®(z;) and h = 2, /2% then :
zeXNG

s (%éx) _f@t) < MLy (2.16)

2.6 Nesterov’s accelerated algorithm

So far we have seen first order methods that have convergence rates that
are far from optimal for the classes of convex and strongly convex functions.
This means that the lower bounds that we saw in the previous section are not
met by the convergence rate of these algorithms. Nesterov [12] introduced a
pioneer algorithm that achieves the optimal convergence rate regarding the lower
bounds for strongly convex differentiable functions. This algorithm is known as
Nesterov’s accelerated algorithm and relies on the notion of the estimate sequence.

In gradient descent, the method forms a relaxation sequence that means that at

19



each step of the function the value of the function is getting smaller and smaller:
f(zrs1) < f(zr). Instead the estimate sequence is defined in [12] as:

Definition 2.6.1: A pair of sequences {¢y(2)}32, and {A\}22,, Ax > 01is
called an estimate sequence of a function f(x) if Ay, — 0 for any z € R" and all

k > 0 we have

b < (1= M) f(@) + Aecbo(). (2.17)

The point of this definition is made apparent in the following Lemma 2.2.1

from [12]: If for a sequence {zy} we have

f(zx) < ¢, = min ®(z), (2.18)

rER™

then f(xg) — f* < Ae(@o(z*) — f*) = 0 as k — oc.
As it can be seen, the convergence of the sequence {z;} that follows the
estimate sequence depends solely on the convergence rate of the sequence A\, — 0
and hence at a first glance it simplifies things. But the tricky part is how to form
the estimate sequence and how to ensure the Lemma 2.2.1 from [12]. Nesterov
crafted a series of lemmas and theorems to answer these questions and provides
the accelerated algorithm. Lemma 2.2.2 of [12] states that if
e fis an p-strongly convex differentiable, L-Lipshitz function in R"
e ¢ is an arbitrary function on R"
o {yr}2, is an arbitrary sequence on R"

{ar}io, ar € (0,1), 3277, ar, = 00

=1
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Then the pair of sequences {¢x () }72, {A}72, defined by the following recursive

rules:

Akt = Ak(1 — ag), (2.19)

B = (1= a)on(e) + ar(Fm) + (VS ), o —w) + Sle —wlP, (220)

is an estimate sequence.
This Lemma places a framework around the estimate sequence and by taking
a simple quadratic function as ¢y Nesterov proceeds with the Lemma 2.2.3 in [12]

that states that if ¢y = ¢f + L[|z — vo||* then
o Tk 2
(@) = @5 + o llz = vl (2.21)

where

Yietr = (1 — ag) Ve + arp,

1
Vg1 = (1 — ap)yrar + appye — aeV f(yr))
Yk+1
. az ap(l —a
B r = (L=a)dn+an f ()= =2 |V f ) [P ST By 1PV F ) o).
2V V1 2

With these two lemmas we are led to the general scheme for Nesterov’s

accelerated method:
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Algorithm 4 Nesterov’s General Scheme

1: Choose x € R™, 79 > 0 and vy = xg

2: for k=1to 7T do

3:  Compute a; € (0,1) from Lai = (1 — ag)y + app
4 e = (1 — ag) vk + agp

6:  Tp1 =Yk — %Vf(yk)

T o = 5 (1= aw) ok + arpye — axV [ (yr))

8: end for

9: Output : xp

We observe in this scheme that the gradient step is taken from the sequence

{yx} and it is used to update the sequence {x;} which means that the auxiliary

variable drives the sequence to the optimal point. Also as k — oo and x, — z* the

auxiliary variable gets closer and closer to the sequence {z;} since the difference

between 2 consecutive points xp, 1 — x; is diminishing as we can see in Algorithm 5

which is the commonly known Nesterov’s accelerated algorithm for strongly convex

functions.
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Algorithm 5 Nesterov’s Accelerated Method

1: Yo = Xo
2: for k=1to 71 do
30 T =k — V()
_ V- i
40 Yg+1 = Ty T m($k+l — )
5. end for

6: Output : zp

This form of the algorithm provides a clearer idea about the sequences
entailed. There is the primary sequence {z;} that updates from a gradient step
to meet a condition of getting lower values at each iteration and the auxiliary
sequence {yy} that was stated arbitrary in the beginning but after the imposed
restrictions for the estimate sequence to hold takes the form of a mixture of
two different time steps of the sequence {x}. In this form of the algorithm it is
assumed for simplicity that ag = \/% . Many have tried to interpret how Nesterov’s
accelerated algorithm works with the help of differential equations [15] or using
multiple optimization techniques to realize each variable of Nesterov’s algorithm
[16]. As for the convergence rate of the Nesterov’s Accelerated algorithm Theorem

2.2.3 from [12] gives us:

. , [ 4L « . N |2
fle) ~ Sm{< —\/;),(2\/5+k\/%)2}(f(xo)—f + Dl — a2,
(2.22)

L—
where vy = —ao(fgao L)
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We can see that the convergence rate of this scheme coincides with the lower
bounds set for the family of strongly convex differentiable functions, which makes

the algorithm optimal for the type of class.
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CHAPTER 3
Decentralized first order methods

Up until now we have seen methods that work in a centralized manner requir-
ing all the information to be held in one machine and perform the computations
locally. Nowadays the information is spread through the network and we want
to take advantage of distributed solutions to speed up optimization procedures.
Though usually the local speed up of the smaller optimization procedures is great,
the amount of communication through the nodes in the network and the degree
of synchronization that dictates the procedure makes the optimization process a
challenging task. Also, as we will verify later in this section, the convergence rates
of the decentralized algorithms are far from optimal and yet there is no algorithm
that achieves the lower bounds for any class of functions with respect to the cen-
tralized setting. In this chapter we will examine network setups for distributed
optimization and look into the literature for suitable algorithms for each setup and
compare them.

Throughout the section we assume that there are n nodes in a network and
that each one of them hold their own information-objective function f;(z) and the
goal is to optimize the objective function of the network, which is the sum of all

the agents objective functions.

f@) = 3" i) 3.)
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One key feature is the network topology and the way that the algorithms treat it.
There are algorithms in decentralized convex optimization that neglect the network
topology and work on a generic setting [9], [5], [7], [13] and others that take
advantage of a static network topology to work on [14], [6], [1] . The first category
relies upon the notion of consensus which means that each node communicates
locally the information of its value and then aggregates the total information it
received along with its value to obtain the next value. In the second category

fall algorithms such as incremental algorithms and algorithms that work in the
master-server setting. Both have a static network structure and the way that they
approach the optimization problem relies on that structure. The shared idea is
that the computations are made locally and the information is passed on from
node to node for the procedure to carry on. Also another way to look at these
two classes is that the first class does not require any knowledge of the network
topology while the second class does.

As we have seen in this section there is a rise in interest in distributed
optimization algorithms in recent years for convex optimization. Many of them are
based on the seminal paper of Tsitsiklis et al [9], which sets the foundations for
distributed asynchronous gradient optimization algorithms. These algorithms allow
the agents to communicate locally with their neighbors and exchange information
locally about their current values and each agent proceeds with the optimization
procedure based on their information.

Since the results of [9] are rather important we present the main ideas of the

article. Assume there is a connected graph G = {V, E'} for the underlying network
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and Hy, H,...H}, finite dimensional vector spaces and = = (21, x9...x1) with z; € H,
being the | — th component of z. Also let {1...M} be the set of processors that
participate in the distributed optimization process. At any time k processor i may
transmit some (or all) of the components of 2°(k) to some of the other processors.
We assume that the communication delay is bounded. If a message from processor
j of a component H is received by processor ¢ at time k, let tfj (k) denote the time
the message was sent. Therefore the content of the message is 7 (t// (k)). Once the
processor ¢ receives all the messages sent at time & then it proceeds to update his
current value along with the computation of gradient step with regard to his own
information. Therefore the updated value of the node is a convex combination of

the received messages and his own gradient update. Then
wi(k +1 Za 2 (t9 (k) + 7 (k)si(k), (3.2)

where s!(k) is the l-th component of s*(k) which is relative to the update rule and

can be for example a gradient method:

5i(k) = —gg‘i 2i(k), (3.3)

and the coefficients are scalars satisfying:
1. a/(k) >0
2. Z] 1 al ( ) 1

3. a;] (k) = 0 when no message received or cannot be received due to lack of an

edge in the graph
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4. ~'(k) is the step size of the method being used, for example % for gradient
descent

We also observe that this algorithm is designed to handle delays. If ¥ (k) # k,
meaning that the communication between nodes ¢ and j is not instantaneous there
will be delays in the transferred state of the neighboring node. In [9] the delays are
assumed to be bounded, the transmission rate between two nodes is also bounded
and there are numbers B, § such that there exists at least one message between 1
and j in the interval [Bk”, B(k + 1)°] and the number of transmissions is bounded
in the interval. The presence of communication delays necessitates an augmented
state if a state space representation is desired. Exploiting linearity, we conclude

that there exist scalars ® (k|q), for k > ¢ such that:

M k-1 M
(k) =Y @7 (k0)x] (1) + >+ (@)@ (klg)s] (q)- (3.4)
j=1 q=1 j=1

The coefficients ®/ (k|q) are determined by the sequence of transmission and
reception times and the combining coefficients. Thus in general they are unknown,
but they have properties that can be defining.
3.1 Consensus based distributed optimization algorithms

Other algorithms for distributed optimization in a static generic network
setting rely on the separation of the objective function instead of the components
of the feature vector. Again we assume a graph G = {V, E'} for the underlying
network which is connected (and sparse), simple and undirected . In a generic
network an important feature is the adjacency or weight matrix of the network.

We assume that the weight matrix W is symmetric and doubly stochastic with

28



p = (W) the second largest singular value of W and R a bound on the distance
on the solution. The work of Jakovetic et al in [7], [8] provides two accelerated
algorithms for distributed optimization that operate in each iteration in way
similar to our work. Both methods rely on the notion of consensus for converging
to the average “truth” between nodes and it is an extension to the work of [9].

The first method in [8] is the Distributed Nesterov Gradient method (D-NG).
This algorithm, much as Nesterov’s for centralized optimization, generates a
sequence (z;(k),y;(k)) at each node ¢ where y;(k) is the auxiliary variable. Each
agent performs updates after communicating with its neighbors and performing the

gradient step with regard to his own value. The update equations are:

zilk+1) = 37 Wiggs (k) — a9 fi(yik) (3.5)
J€0;
yi(k +1) = zi(k + 1) 4 Br(zi(k + 1) — z:(k)) (3.6)

where W;; are the weights of the weight matrix W for respecting nodes 7 and j and

O; is the neighborhood set of node 7. The coefficients are defined as:

c k

Qg

At each iteration of the algorithm, each node broadcasts the auxiliary variable
to its neighbors and receives their corresponding values. Then weighs each value-
depending on how much he “trusts” the particular neighbor- and performs a

negative gradient step with regard to its objective function f;.
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Another approach in [8] for an accelerated method in the generic network
setting is to apply a consensus procedure in the two stages of the algorithm one

for each sequence. The algorithm Distributed-Nesterov Consensus (D-NC) uses

L

a constant step size a < 57

and operates in 2 scales. In the outer iteration k,
each node updates (z;(k), y;(k)), just as D-NG, and in the inner iteration s the
nodes perform 2 rounds of consensus for both sequences. The number of the
inner iterations depend of the time k£ and the value of . Both the algorithms
D-NG and D-NC will reach the optimal solution with the difference that the
consensus on the first one is implicit and on the second one is explicit meaning
that D-NG applies consensus on each sequence within the network and D-NC
applies consensus on the pair. As we have seen so far k is the number of gradient
evaluations for the algorithms. Let K be the number of per-node communications.
The D-NG algorithm achieves convergence rate O(%) and O(“2%) where k is
the per-node gradient evaluations and K is the per-node communications, since
the communication occurs once in each iteration. The D-NC algorithm has less
outer iterations and achieves a rate of O(75) and O(z—) with £ > 0 arbitrarily
small. Generally the D-NG does not require any knowledge of the network and
its structure and it is faster than D-NC on certain networks, especially with none
complicated ones. The D-NC algorithm requires some knowledge of the network
such as u(W) and on the outer iterations behave much more like the centralized

accelerated algorithm of Nesterov. Also the convergence rate depends on the

weight of matrix W so it is harder to understand the convergence behavior.
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Figure 3-1: Figure 3.1: Cyclical Master-Server network setting where g;(x)
V fi(x) and the server nodes pass out-of-date information to the master with a
delay of n [1]
3.2 DMaster-server based distributed optimization algorithm

Since our focus is distributed algorithms in a master-server network setting,
Agarwal and Duchi in [1] present an elegant alteration to mirror descent that we
have seen in the previous section and it is fitted for the needs of distributed convex
optimization. Their approach handles the minimization of a stochastic function

that samples over a data space that is distributed in the server nodes.

min f(z), f(x) = E[F(z,8)] (3.8)

zeX

For this scheme, the algorithm handles gradients that are out of date and this
means that instead of g(t) = VF(z(t),&) we get g(t — 7(t)) = VF(z(t — 7(t)),€)
where 7(¢) is the delay of time t and it is potentially random. In [1] they focus

on two different algorithms: mirror descent and dual averaging. Since the mirror
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descent method was presented in the previous chapter we will analyze only this
method due to the fact that the analysis is similar for both methods.
As with most algorithms that we have seen before, the analysis of the dis-
tributed mirror descent requires the following assumptions
e Assumption 1: Lipshitz continuity which expands to bounded gradients of
the function: E[|VF(z,§)|?*] < G?
e Assumption 2: Smoothness assumption-Lipschitz continuity of gradients
and the variance bound E[||V f(z) — VF(z,£)]|?] < ¢ holds
e Assumption 3: Compactness assumption: For x* € argrr)l(in f(z)and z € X
the bounds ¢(z*) < & and Dy(z*,z) < R? both hold. -
As we have previously seen the mirror descent algorithm is expressed as:

2(t + 1) = argmin {(g(t), ) + aitD‘b(“‘” :c(t))} | (3.9)

zeX

The idea of the authors of [1] is to implement the mirror descent algorithm
as it is in a delayed decentralized setting of master-server network. Workers have
the only responsibility of computing gradients based on the information they have
and report them back to the master node when asked. The master node is the
one performing the bulk of the algorithm. The master node at the start of each
iteration selects a server node to exchange information. The selection could follow
some deterministic rules like a cyclic rule going through the server nodes in a
circle. Depending on the selection procedure the server node has information about
the gradient of the function at the point where it last communicated with the

master node. Of course the information that the server node has does not coincide
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with the current information that the master node has. Assuming that each server
has a delay 7(t) depending on the time stamp that it received the information and
this delay is bounded by B, E[7(t)] < B, in the previous iterative equation we have
to change the receiving gradient to g(t — 7(t)) calculated in the point z(t — 7(t)).
The master node carries the mirror descent with the given gradient and returns
the next point in the sequence = to the server node. Thus the delayed algorithm
can be expressed as:

x(t+ 1) = argmin {(g(t —7(t)),x) + altD¢(x, x(t))} : (3.10)

zeX

Besides all the merits of decentralized algorithms though, we have to verify if it is
worth transitioning from an algorithm that has proven itself in the centralized field
to a distributed one in the master-server setting in the sense of faster overall con-
vergence and robustness. Even though the master-server setting is not completely
decentralized since it has a static network topology it maintains the main features
such as distributed information to the agents and scalability through asynchronic-
ity. In most functions small pertubations of the point calculating the gradient lead
to big differences in the actual values. The Lipschitz continuity assumptions of
the function and the gradients help towards robustness of pertubations since they
upper bound that variation. But inherently we expect an error in the convergence
rate of the algorithm due to the delay introduced in it. The goal of each algorithm
that deals with these matters of asynchronicity is to restrain these terms that
contain the delay into orders that converge asymptotically faster than the terms of

the original algorithm.
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Regarding the convergence rate of the delayed stochastic mirror descent
in [1] it is proven that indeed the term of the delay is of a second order and

asymptotically negligible. If we set a(t) = and 7(t) is chosen to control

L+n(t)
the effects of delays and errors from the delayed stochastic information then from
Theorem 2 of [1] and if we are under the assumption that the delay is constant

as for example in the cyclical delayed master-server network, we obtain the

convergence rate:

T T
1
E t+1))] - Tf(a*) < 2LR? + R INT
[;f(af( + D)) =Tf(") < + R (n(1) + +2;n(t
S
+2LG*(1+ 1)y ———— +27GR. (3.11)
n(t —7)?
t=1
If we optimize with regard to the convergence rate we get a value for n = ”—‘/JQTT
which leads to the bound
LR?*+7GR oR LG*TR2log(T)
E ) - f(z*)= 0 : 3.12
)] - fo) = o FETER 4 Ty FETRDN sy

The convergence rate is of the same order for time variant bounded delays that
applies to the same network architecture. Although this is a robust algorithm
and rather simple to implement and understand, the idea behind it is not optimal
regarding the lower bounds that we have seen in the previous section for the
classes of smooth convex and strongly convex functions. Also there is a obvious
restraint regarding the size of the network since the convergence rate naturally
comes from it and it can be clearly seen in the case of the cyclical master-server

setting where the delay is equal to the server nodes of the network n.
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3.3 Incremental gradient descent algorithms

In this section, as well in this chapter, we continue to analyze algorithms that
are based in the master-server network setup mainly because we want to keep the
idea of maintaining the information spread to the network and communicating
gradients in a simple way. We have seen so far that this type of network inherently
introduces delays in the queue of the process. Also network latency and work load
in the server nodes could vary in a real scenario having an impact in the delay
mechanism also. So it is important that a distributed algorithm has the attribute
to respond to network delays accordingly and incorporate them as part of the
process. Furthermore, another challenge in this formulation is to balance the delay
penalty of waiting to collect gradients from all machines (to compute the gradient
of the total loss) and the bias that occurs when the decision vector is updated
incrementally as soon as new partial gradient information from a machine arrives
[14]. In this section we give emphasis to the second setup which is called as an
incremental approach. It is called like that since at each step of the procedure the
algorithm does computations regarding partial derivatives without wasting time
waiting to aggregate the sum of the whole.

Throughout the section as with most algorithms we have seen so far we make
the following assumptions:

e Assumption 1: The objective function is smooth: ||V f(z) — Vf(y)||<
Lljz =y
e Assumption 2: The objective function is u-strongly convex: f(y) >

fl@) +(Vf(x),y — 2) + &z —y?
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So far from the algorithms of the centralized field the simplest and one of the
most widely used is gradient descent. One idea would be to try and implement
simple delays in a centralized manner in the beginning to gain some insight about
how it could possibly work in the master-server setting. The iteration for the

gradient descent for strongly convex functions would be:
z(k+1) =z(k) — aV f(x(k)), (3.13)

where a = ﬁ for the strongly convex case [12]. Now lets assume that there is
some delay introduced in each iteration regarding the computation of the gradients
discarding the distribution of the function into partial functions giving them as
objective functions to the server nodes. Then the gradient descent would take the

shape of:
z(k+1)=x(k) —aVf(x(k —7(k))), (3.14)

where 7(k) is the delay of each step as a random number that 7 : N — N,. Imagine
this artificial delay as the delay from a node in the master server network. One
could say that this iterative procedure doesn’t make much sense in the way that
gradient descent was introduced. The philosophy behind the centralized algorithm
was that we choose a point of a function and move towards the steepest descent
which is the anti-gradient. But in that context the delayed algorithm fails to give
such an intent. The iterations take a point of the function and move it towards

the anti-gradient of a previous point. This could mean that the algorithm under

the necessary assumptions would not even converge into the neighborhood of the
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optimal point. More accurately the algorithm demands a function in which ”small”
pertubations around a point have a "small” impact in the gradients.

Thinking about the main goal of the gradient descent it is more logical to
keep the same mindset when the delays are introduced. Therefore when a delayed
gradient comes to be processed form the algorithm it could be paired with the
matching point of the function to keep the same premises of the gradient descent.
Though it is a bit unintuitive at first to keep back tracking to find the pair instead
of using the most recent point of the sequence {xy} it is surprisingly more easy to
analyze since the idea of the gradient descent remains the same. The main update

rule would be:
x(k+1)=x(k —71(k)) —aV f(z(k —7(k))). (3.15)

We complete a gradient step at the delayed point that, in the sense of the master-
server network, the master received by the worker. Each agent in the network has
its own delayed information that the master passed to him in a previous moment
and computes the gradient based on this information. Along with the ”feeling”
that this iterative procedure would probably converge, in Proposition 1 of [6] it
states that if f is an p-strongly convex function in R™ and the delay is bounded,
0 < 7(k) < Ty and the optimal step size of a = ﬁ then the sequence {x;}

obeys:

— 1\ T
¢ ) , (3.16)

loth) - < (355
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where () = ﬁ One thing to note also is that the step size is independent of the
delays and the convergence rate depends on the upper bound of the delay which
could have some implications regarding the size of the network in the master-server
setting.

In order to implement the same idea to the distributed delayed network of
master-server we have some extra points to cover. First the function should be

able to be written as:

flx) = Zﬁ»(m), (3.17)

where each f;(x) is strongly convex and it is assigned as the objective function of
each server. The setting for random delays implies that at every iteration of the
algorithm a node that has completed the processing of its information is picked
in a stochastic order. With these points in mind the authors of [6] proceed to the

incremental algorithm:

Algorithm 6 Delayed Proximal Gradient Method
1: zg € R"

2: for k=0to T do

3 i(k) = U[L, M]

s s(h) = alk —7(k) — a¥ i (alk — (k)
5. a(k+1) = (1—0)z(k) + 0s(k)

6: end for

7: Output : zp
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where 6 € (0, 1] and i(¢) is being drawn from the uniform discrete distribution
with support 1,2..M. Also the assumption made previously are in power with each

fi(x) being L;-smooth and L < L,,4, with

Lipow = max L,,.
1<m<M

The main theorem of [6] provides the convergence rate of the algorithm and
states that:

Theorem 2 of [6]:If 7(k) € [0, Tyq.) for all k& € N and that the step size a

ae(O LQM ),

then the sequence {x;} generated by the Delayed Proximal Gradient Method

satisfies

satisfies

By [f(@(k)] = f* < p"(f(x(0) = f*) + ¢, (3.18)

where Fj_ is the is the expectation over all random variables i(0),i(1)..i(k — 1),

f* is the optimal value of problem ,

L2 1+7'1nacc
p= (1 — 2aub (1 —a mam)) , (3.19)
o

and

= Tl mW Z”me )% (3.20)

max
Theorem 2 shows that even with a constant step size, which can be chosen

independently of the maximum delay bound 7,,,, and the number of objective
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function components M , the iterations generated by the Delayed Proximal

Gradient Method converge linearly to within a neighborhood of the optimal value.
Note the inherent trade-off between p and e: a smaller step-size a yields a smaller
residual error € but also a larger convergence factor p [6]. The algorithm provides
descent convergence rate for the class of strongly convex functions but not nearly

optimal, especially if we consider the tradeoff for the convergence neighborhood.
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CHAPTER 4
An accelerated algorithm for delayed distributed convex optimization

In the previous chapters we have seen centralized and decentralized algorithms
for convex optimization and every one of them has its pros and cons. We described
centralized algorithms in order to realize and understanding of the existing
methods we reviewed the most relevant ones that can take the leap to distributed
optimization. In chapter 3 there was a discussion about decentralized algorithms.
The main flaw of these methods is, as we have seen, their convergence rates. The
convergence rates of distributed methods are far from optimal and also they may
guarantee a convergence within a neighborhood of the optimal point without the
decrease of this neighborhood in time. This is reasonable if someone takes into
consideration the errors that the delays introduce in the network of the agents.
The main goal of this thesis and especially this chapter is to provide an algorithm
that converges with an optimal convergence rate for the class of functions it refers
to with the error introduced by the delay to be negligible.

For these reasons we turn to marry the benefits of accelerated algorithms
of the centralized field and successful decentralized techniques. The main issue
remains the stability of the algorithm when delays are introduced and also their
impact on the convergence rate. The focus of this chapter is to use an accelerated
setup for the decentralized algorithm and borrow insight from the incremental

algorithms. It is obvious why we are interested in accelerated algorithms since
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they are the only known algorithms that have optimal convergence rates for the
class of functions that are of interest. Although introducing delays into these
algorithms is trickier than the common methods like gradient descent because of
the auxiliary sequence {y;}. This difficulty we try to offset with the insight we
have by investigating incremental algorithms.

4.1 Differential equation for modeling Nesterov’s accelerated algorithm
with delay

Since the analysis of Nesterov’s accelerated scheme with delays is challenging
we select to analyze the scheme as a centralized algorithm that has inherent delay

in its gradients. Nesterov’s accelerated algorithm can be written as:

Algorithm 7 Nesterov’s Accelerated Method
1: Yo = X

2: for k=1to T do

3 Tper =Yk — sV (k)

40 Y41 = Ty + %(ﬂﬁkﬂ — x)
5: end for

6: Output : zp

and the momentum coefficient of (ry; — x)) can be written as Z—;; ~1-— %
Our goal is to introduce delays in the gradients as if the gradients are taken
from an asynchronous decentralized system in a master-server network. Let 7 be

a constant delay that is introduced into the gradients that the processing unit
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receives. Then the first statement of the algorithm should change accordingly:

Thp1 = Yo — SV (Yr—r)- (4.1)

The delay that is inserted it is assumed constant-imagine something like a cyclical
master-server setting-for the convenience of the analysis. Also further assumptions
that are made are the same as in Nesterov’s algorithm:

e Assumption 1: The function is p-strongly convex

e Assumption 2: The function is L-smooth
From here we observe that we inserted a delay in a gradient step iteration. From
the analysis in the section of incremental distributed algorithms we have seen that
gradient steps behave smoothly and are easier to analyze if the gradient iteration
is taken with regard to one point such as y;_, and not two points as y,_, and y.

Thus this intuition urge us to write the update step as:

Tpy1 = Yhor — SV [ (Yk—r)- (4.2)

Also since the x4 is a gradient update with respect to y,_, we want to be
consistent towards the update of yx,; and replace the difference term (zj,1 — 2
with (241 — 2x_,. This difference originally was a difference between the updated
x value and the value of x of the time step that the update was made so he have
to honor this logic in addition to the fact that it helps with the analysis of the
algorithm. Rewriting the algorithm and taking the momentum coefficient as a

parameter:
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Algorithm 8 Nesterov’s Accelerated Method with Delay

I Yo=Y = .. = Yh—7 = Th—r = .. = Lo
2: for k=74+1toT do

33 Ty = Yher — SV (Yr—r)

4 Y1 = Trpr + B (T — Tp—r)
5. end for

6: Output : zp

In order to analyze this accelerated algorithm we draw inspiration from the
differential analysis of Nesterov’s algorithm in [15]. First we combine the equations

of the main loop:
Lk+1 = Yk—7 — Svf(yk—T) =T+ /Bk—T(xk—T - xk—QT—l) - Svf(yk—T)

xk+1\;§xk_7 _ 5\1757 (Thr — Th—27-1) — \/gvf(yh)_

We introduce x; = X (ky/s) for some smooth curve of X (¢) and define the delay as

7 = 74/s. The Taylor expansion with these approximations is:

Tt1 — Th—r y . Ly - 2
S = XA+ X V(L +17)* + o(Vs),

(Th—r — T—27-1) . . 1. ) 5
s :X(t—T)(l—l—T)—§X(t—7')\/§(1+7') + o(V/3),

VsV f(Yr-r) = VsVF(X(t = 7)) +o(Vs).
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Where we use that y,_, — X(t — 7) = o(1) due to the Lipschitz continuity of
function f. Next we define the value of the momentum coefficient such that
B BV's

5k:1—E:>5t:1—Ty

where B is a constant. And placing them all together

X(t—7)(1+7)+ %X(t — V(L +7)2 +o(\/5) =

t—T1 2

(1— 5\5) (X(t—%)(1+7) —lX(t—f')(l-f-T)Q\/g-}-O(\/g))

— VAV(X(t 7)) + o(/5). (4.3)
And by comparing coefficients of /s since all the other terms cancel or are of

higher order

1

X(t—7)+ VHX({t—7)=0.  (44)

N~—
/\\Q>

(t—r

We can define t — 7 =t and o = 1% the differential equation will be

X+ %X V0 =0 (4.5)
with initial conditions X (0) = xy and X (0) = 0. The convergence of the ODE

is guaranteed by theorem 2.1 of [15] that states for the same ODE: for any

f € Fy = UpsoFp and any zy € R" the ODE with initial conditions X (0) = xq

and X (0) = 0 has a unique global solution X.
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4.2 Convergence analysis

We have seen that we can analyze this new accelerated delayed algorithm
with differential equations. The question remains if the convergence rate of the
accelerated algorithm is preserved and it is answered in theorem 4.1.

Theorem 4.1. For any convex f let X(¢) be the unique solution to the ODE
with initial conditions X (0) = ¢ and X (0) = 0 and ¢ > 0. Then:

(o = D*(L +7)*[|lwo — ="|?
2t2 '

fFX@) = f < (4.6)

Proof

Define the energy functional

!

B() = g PUGKE) = 1)+ (0= DIXE) + 255X () - X
(4.7)

B(Y) = O X 0O) = 1)+ e V)
+2(a_1)<X<t’)+ailX(t’)_X*,afl)‘ua’ile (4.8)

From the definition of our differential equation we have:

/

t
(a—1)(147)2

o . t/ . tl .. a -
X ¥ = <X —X):
a—1 +a—l a—1 +t’

\vi3
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4
(a—1)(147) (v = 1)(1 4 7)2
t . t
+2(a—1)(X(t)+a_1X(t) X’(a—l)(1+r)2vf>
B 4 , N 2(a — 1)t N
(4.9)
Using the assumption of convexity of f:

1Y 4 / / N o’ /
B(Y) € oy X)) = P+ o ) = 1)

_ 2B () - ) <o, (4.10)

0+ e —1)
fora>3=p5>3(1+71).
Since we know that f(X) > f* the energy functional is non increasing and the
term (o — 1)|| X (¢') + at—_llX(t') — X*||? is positive by definition we can deduce
2(t)?

(@ — 1)1+ T)z(f(X(t')) — < B() < E(0) = (a — 1)z — 2|2

Rearranging terms gives:
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4.3 Incremental accelerated algorithm for the master-server setting
Once again we turn our attention to the master-server setting and the

minimization of the objective function:

f@)=2_ i) (4.12)

In order to push this accelerated algorithm to the distributed master-server setting
a few minor changes should be made and the idea is similar to the one of the
incremental distributed algorithms [6]. First we have to take into consideration
that each agent has its oracle that calculates the gradient of and send this infor-
mation back to the master node in an asynchronous manner. We make the usual
assumptions that:
e Assumption 1: The objective function is smooth: ||V fi(z) — Vfi(y)[|<
Lillz = y|| Vie {1.M}
e Assumption 2: The objective function is p-strongly convex: f(y) >
f@) +(Vf(@),y —2) + &l —yl?
We want our algorithm to be able to handle delays so it is appropriate to maintain
most of the accelerated algorithm presented in the previous section. The difference
is that we assume that the master node selects a node from the available workers
in random to share information and thus the delay introduced in the gradients
is random but bounded 7(k) < B and the gradient is calculated for a portion of
f which corresponds to the certain node f;. We desire to create an incremental

algorithm as in [6] fitting the delayed accelerated algorithm of the previous section.
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Combining these two ideas in an incremental accelerated algorithm we come up

with:

Algorithm 9 Incremental accelerated algorithm for the master-server setting

1t Yo = Zo

2: for k=1to T do

3. i(k) = UL, M]

4 Tpgr = Yrore) — SV i) (Yr—r (k)

5 Yes1 = Thpl + Bt 1t (Thg1 — Tr—r(r))
6: end for

7: Output : xr

where U[1, M] is a uniform discrete distribution in [1,M] and 7(k) is the delay
at time k.
4.4 Experimental results

To evaluate the performance of the proposed algorithms we have focused on
unconstrained quadratic programming optimization problems because of their
frequent appearance in applications such as portfolio optimization, regression and
decision analysis, and because of the knowledge of the exact solution in closed

form. We are interested in solving optimization problems of the form :

flz) = %xTPx +qx (4.13)

and for the incremental accelerated algorithm for the master-server setting

M

flz) = % > (%xTme + qm:c) (4.14)

m=1
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We have chosen to use randomly generated instances, where the matrices P,

and the vectors ¢, are generated as explained in [10]. We choose the size of the
network to be a variable in order to show how the general expected delay upper
bound affects the convergence rate. In figure 4-1 we show the convergence rate of
Nesterov’s accelerated algorithm with delay of 3,7 and 15 respectively in a single
node. There is no surprise that when the delay goes up the convergence rate slows
down something that is aligned with the theoretical background that we provided.
We performed 500 trials and we show the logarithmic average of all the tests. Also
we observe a higher oscillation when the delay is increased. This happens due to
the fact that an older value that is further away from the optimal is called back
in the algorithm due to the higher delay and takes more time to wash this value
away.

Figure 4-2 corresponds to experiments with the incremental accelerated
algorithm for the master-server setting with 3, 7 and 15 nodes respectively. In
these results we observe, in a fashion similar as with Nesterov’s algorithm with
delays, that the size of the network and thus the expected delay impacts the
convergence rate. Also we can see that the convergence is in a neighborhood of the
optimal point with some residual error € such as in [14]. Also we observe that as
the network becomes bigger and the expected delay higher the neighborhood of
convergence gets larger which means larger residual errors. From the simulations
we derive that the convergence rate of the incremental accelerated algorithm

is faster by quite a margin from decentralized mirror descent [1] for the master
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Figure 4-1: Logarithmic error of Nesterov’s accelerated algorithm with delay =
3,7,15

server setting since the plots are showing at least linear convergence. As before we
performed 500 trials and averaged the results.

In figures 4-3, 4-4 and 4-5 we compare the accelerated incremental algorithm
with the incremental proximal gradient method from [6]. In each iteration one
node updates the gradient value for the master server uniformly at random and
the master returns the current value. The trials were repeated 500 times and
we show the average of the results of the error. For this experiment we used a
constant momentum coefficient small enough to be close to the corresponding
coefficient of the incremental method. The incremental proximal gradient method
has a linear convergence rate for the class of strongly convex functions. As

we can see from the figures the accelerated incremental method appears to
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Figure 4-2: Logarithmic error of the incremental accelerated algorithm for the
master-server setting with 3, 7 and 15 nodes

converge faster to the neighborhood of the optimal solution demonstrating, at least
experimentally, that the convergence rate is at least linear with a factor of equal or

less than p that we have seen in section 3.2.
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Figure 4-3: Comparison of error of the incremental accelerated algorithm and the
incremental proximal gradient method for the master-server setting with 3 nodes
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Figure 4-4: Comparison of error of the incremental accelerated algorithm and the
incremental proximal gradient method for the master-server setting with 7 nodes
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Figure 4-5: Comparison of error of the incremental accelerated algorithm and the
incremental proximal gradient method for the master-server setting with 15 nodes
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CHAPTER 5
Conclusion

5.1 Summary

In this thesis, we have examined centralized and decentralized algorithms
for convex optimization and observed their strengths and weaknesses. From all
that we have seen we verified that the transition from centralized solutions to
decentralized ones is not simple and requires further assumptions and network
setups. Simple methods like gradient descent are more suited in large scale
networks since the simplicity of each iteration allows the agent to focus on
the communication overhead and not on its own computations. Also we have
seen that it is especially difficult to manage delays in distributed asynchronous
convex optimization and plug and play solutions like the mirror descent which
requires static setups like the master-server setting. The delays and the further
assumptions lead to the fact that up until now there is no optimal algorithm for
the class of convex and strongly convex functions that resides in the decentralized
field.

Our contribution focuses on the creation of an accelerated algorithm for
the master-server network setup with a convergence rate that is optimal for
the class of convex and strongly convex functions. Our aim was to merge the
optimal algorithm for strongly convex functions of the centralized field with

techniques that are used in the decentralized algorithms using at the same time a
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static, star network setup. We managed to provide theoretical proof for constant
delay accelerated algorithm and a framework for distributed delayed convex
optimization. Also the simulation results coincide with the theoretical ones and
provide promising results for the distributed case of master-server network setting.

This thesis also provides insight about the common features of known
centralized algorithms that can work in a decentralized environment. The key
for these algorithms to work is to configure the update step to consider the delayed
value instead for the current value for the computations. For example in mirror
descent the update takes place in the dual space of the gradients where the update
time is set to the delayed time stamp by default. In incremental gradient descent
the whole gradient step is rolled back to the time k& — 7(k). Also in the accelerated
algorithm that we introduced the gradient step is rolled back in time and the
auxiliary variable is based around k — 7(k) time stamp. In other words the known
centralized algorithms have to take into account the delay of the gradients and
incorporate them in their respective update steps.
5.2 Future research

According to our contribution the most needed result that is absent from our
research is the theoretical proof for the incremental accelerated algorithm for the
master-server setting. That would set a cornerstone for future endeavors in the
distributed optimization field and provide a framework for future accelerated algo-
rithms for different classes of functions in order for the decentralized algorithms to

achieve optimal convergence rates.
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Furthermore since the network setup that we looked into was limited in the
master-server setting it would be interesting to expand this type of accelerated al-
gorithm to different type of networks, in a fashion similar to the work of Jakovetic
[8], and let notions as consensus be a part of the algorithm and provide analysis

upon that.
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