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ABSTRACT. MIN-MAX trees have bccn stlldied for thirty years as models of gamc tll't'S in :lItilll.'tal 

intelligence. Judea Pearl intlodllccd a poplliar plObabilistlc modd that a~slgns 1.\IIdOIll Itllkl'l'I\dcttl 

and identically distributcd values to the \caves. Among the dependent mndds, 1Ill'll'menlal I\wdl'Is 

assume lhat terminal vaIlles arc compllted as SlIlllS of cdge value", on tlte 1'.llh l'Will lhe IIHlt 111,1 ka!. 

We study a special case callcd the SUM mode1 \\lhcre the l'lige values follow a lktlll1ul1t dt~ltthllltllll 

with mean 1'. Let l':. he the root's value of a complele il-.lly, II-kwl SllM IIt'e. Wc 11111\ l' lh.11 l'~ \ ',,/1/ 
tends to a unifomlly continuous fUl1ctlOn V(jl). SutpnslIlgly, VV') IS vCly lIonhncal and ha~ MlIlIl' Ilal 

parts. More formally, for alllJ, there eXlst li, /J E (0, 1) sllch that, 

{

If Il E [0,0] : El:. ha.;; a finttl' Ill\\It 

if}J E [1 - (\. 1] : Il - El "II has a filltte Illnit 

if/J E [(J, 1 - (3] : EF,,f11 tends to 1/2 

Pinally f3 and u tend to zero \Vhcn l, tends to IIlfilllty. 

RÉSUMÉ. Depuis trente ans les arbres MIN-MAX sont souvent étudiés pour modélisel le!. :lIlm.><; (Il' 

jeux en intelligence artificielle. Judea Pcarl a introduit le modèle probabiliste généralcllll'nt lItllt~é 

qui attribue des valeurs aléatoire", indépendantes ct identiquement distribuées aux fcuilb. Palll1i 1('<; 

modèles dépendants introduits, les modèles incrémcntiels supposent que le!. valcLII" 1l'lIl1lllale<, <;0111 

égales à la somme des valeurs des branche" du chemin Idtant la raclIle Ü la feUIlle. Now, l-ludIOIl:-' 

un cas particulier de ces modèlcs, appelé SUM-modèlc oit les blanches sUlvcnt unc dl~tllhllll()11 dl' 

Bernoulli de moyenne JI. SOIt V" la racllle d'un sUM-arbrc II-aire à 11 niveaux. Nous 1Il011t10Il<, qUL' 

EVn / IL converge vers une fonctIOn V(jJ) uniformément continue en JI quand Il tend vers l'IIIfilll. V(JI) 

possède la carasténsuque surprenante de présenter des pahers. CCCI s'explique par l'eXistence pour 

tout b de 0', (3 E (0,1) lei que 

{

si /' E [0, n] 

sljJE [1 -(\',1] 

sil' E [f3, 1 - j3] 

: EV" a une limite finic 

: Il - E V" a une lunite finie 

: E v,./ ft tcnd vers 1/2 

De plus, 0' et f3 tendent vers zero quand !J tend vers l'infini. 
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INTHODUCTION 

III Ihl\ the"I\, wc ),Iudy Ihe a~ymptotic propertics of randorn MIN-MAX trees with a givcn 

Il li III ber 01 kvc/ .... Il I~ weil known Ihat Ihe efficicncy of agame trcc search algorithm depends very 

IIll1ch Oll Ihe IIllderlYlllg p/{)bahili~tlc Illode!. For this rea~on, we are studying a model that IS more 

leall),II(_' tllall Ihe eally modeb cUIl~ldered in the lileralurc. The mode) must frequently studied is the 

olle ill wlllch Ihe kal /1mb. me Ifldcpendent Idenlically dlstributed random variables. Judea Pearl 

Il'eallXO IIl'c:t11 x·t J 11101 (lugilly <.tudled Ihe asymptollc behavior of these trees Chapter II of this thesls 

ple~eJJI ... ~(1I11l' of the"e rl'\lIl1i-. The Illùcpendcnce assurnpllon has bccn challenged as it does not 

'l'elll to /llOdt'l leal g.lllll'~ vCly weIl. Âs a rcsult, olher models have beell proposcd. Some of the se 

ale ple~ellll'd III tl1e 111,>1 cll:tplcr They have bcell studicd ta compute thc cfficiency of the alpha-beta 

plUII/Ilg. lOI l'X:! III pie. 1 hl' Illodel wc ),tudy helongs to a class called incremcntal modcls. In thcse 

Ill()(lcl~ a leal va luc 1 ~ Will pUlcel a~ the SlIlll of the l'dge values of the path from the raot ta the lear. We 

~tlldy a p:lIlll:lIlar CH'>l' II1trodllccd by Nall [Nau82a] wherc the edge values arc IOdependent Bernoulli 

lan"olll vallahle.., taJ...lIIg the value olle with probabi!ity ]J and zero with prabablhty 1 -}J. We cali 

thl)' the SIIM llIodcl 

The a~ylllplollC hehavlOr of these rnodels IS largely lInkno\'/Il. To compound mat~ers, Ilumer

Ical sillllllalll)ll~ arc only pO:-'),lble for small trees with les" than twenty levels. ln thls thesis we glve 

a Illethod tll compute the dl~tnbutloll function of the value of the raot of such a tree in polynomial 

I/Ille a'\ <1 fllllCllol1 of tlte dcplh. \Vrth III/s ITlcthod wc simulatc trccs with up to one thousand levels. 

Wc also plove the follo\Vlllg lesults on Ihe asymptotic behavlor of v,,, the value of the root of a il-ary 

StlM trec wllh 1/ Icveis: 

- For ali/J, E \ ':./ Il converges as 'IL tends to infinity, and the limit is uniformly continuous 

in 1). 

- Thcrc is a range for)J close ta zero where Vn tends to a bona fide distribution with a 

finitc expccted value. 

- Whcn {, is fixcd and grenter than 2, there is a range for 11 around 1/2 where the expected 

value El 2" is asymptotic to /1 and this range tends to fill the interval (0, 1) when b tends 

to IIltlnity 

These rcsults can be slIl11l11arized by the graph below. It shows EV;,,/2n as a function of]J 

for a trec \Vith tcn childrcn per node and with ft = 200, 
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EV2,l2n for b= 10, 1/=200. 

In chapter Ill, we study the asymptotlc b~h:1Vior of the fO'll for th .... SlJl\I model fOI S ilia Il 1) 

fhe proofs combine probabihty theorctlcal mgumcllt, Wllh analysis of sOllle ICClIIrCIlCCS. In chapll'I 

IV wc prove the convergence of EF .. /II for gencral Jl as weil as the existence of Ihe nal p;\lt alOlIlld 

1/2. 

The nonlinear behavior of the limtt of E\~./Il as a functioll of 1) may come as li SlllplÎSC 10 

some. The work presented here could be used eh.cwhere in the silldy of variolls se;\lch algOl ithlll for 

the SUM mode\. Il cOllld also foml the basis of future resel. ch on SUM moc\cls for gcncrnl cugc valut' 

distnbutions, and for gcncralizcd SUM modcls in which Ihe nurnhcr of children per lIode IS JaIl<!OIlI. 

as in a Galton-Watson branching nrocess . 

2 
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1 MIN-MAX TREES AND 
GAME-PLAYING PROGRAMS 

Silice ':IC hegllllling of eomplllers we have tried la compare hllman intelligence ta the com-

puter ' ... capaclty :hrough galIIe-playlllg plOgrams. Garnes hke chcss and chcckers have always bcen 

Il!-.ed a ... plOtot ype, III 1111 <, eOl1lpari,on. At the center of lhcsc gam('-r1aying programs arc the MIN-MAX 

trec!-.. III thl' chapter, WL' glvc ~OJllC ha~lc defillltrons and discuss vanous probabllistic models. For 

1ll00e delall" Ihe leader l' refellcd to Pearl [pearl84]. 

1. (; amc·playill~ IH·()~ram~. 

The galllcs WL' cOlIsHlcr .HC two-player pcrfcel information game~ such as chess, chcckers 

()J (;0 match "hcle arc two t'dvcr~ane<; lhal wc cali MAX and MIN We ale on MAX'S side. Play 

altcrnalt' ... bctwl'l'lIthc pl.Jyers. "or each position there IS a finltc number of possible moves dcfined 

hy Ihe lule!-.. The )!allle fllu,t end arter a fillltc number of turns. Ta mode1 tht',se games wc use trces 

called galllc treL'~ or MIN-MAX trecs. Each node represents a positIOn and each edge a move. Thus a 

lIodc lia' a chtld for eaeh pO~!-.lbJe III ove. The root node represents thc currcnt position. A terminal 

lIode I~ a pO!-.illllll III whlch thL' playcl canllol move ally further. 

Flr~t wc cOll\lder WIN-I oss Iree~ Eaeh terminal llode is a WIN, LOSS or DRAW position 

acconl!ng 10 Ihe game rule" Such noclcs are callcd WIN. LOSS or DRAW nodes. The problem is to 

kllow If'frolll tht' cUllent posItIon olle can forcc a win. Ifyou can force a win, we call the correspondlllg 

lIodc a WIN !lotit' When It IS your turn you can force a Will if one of the possible moves lead you 

ta a wIn Ilot:c And If Il IS yom opponcnt's tum you can force a win if ail the mcves Icad ta a WIN 

nodl'. Wc cali S'" the fUllctlon wluch asslgns to the node il its WIN, LOSS or DRAW status, If 'il is a 

tcnlllllnlnode, SIl is the status of the corrcsponding tcrminal position according ta the rules. If 'il is a 

nontl'lIll1,lal MAX nodc we have. 

{

WIN 

8" = LOSS 

IlRt\W 

if one of /l'S sucees sors is a WIN node 

if ail of /l'S SlIcccssors are LOSS nodes 

if at least one of /l'S sucees sors is a DRAW and none is a WIN. 

If /1 is a Ilolllellllinal MIN node wc have, 

{

WIN 

8" = LOSS 

DRAW 

if ail of 1/ 's successors are WIN nodes 

if onc of Il'S successors is a LOSS node 

If at Icast one of '/l'S successors is a DRAW and none is a LOSS. 

3 
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Chapler 1 MI~-MAX TREES AND GAME-PLAYING pnOGIV\MS 

If wc give the valuc 1 to a WIN node, 0 to a nRAW node and -1 10 a IOSS IWtil' Ih~1l wc have whl'n Il 

is a nonterminal MAX node with A" Ihe sel of its childrclI, 

And for a nontc .. min:tl MIN nodc, 

MAX 

Su = max St" 
t'E lb 

Su = min St,. 
"E.I • 

• Ll':wl's 

A WIN-('OSS-J)RAW gallIe trec cv,lllIated \Vllh MIN ~I")o, 1 Ille" 
The ,oll1tlon fiel' T+ If] holdlace 

[\IAX 

[\IIN 

I\II\X 

[\lIN 

t-.1AX 

The above figure shows such a trce cvalualcd \Vllh the MiN-t>lAX 11I1l'~. The lalll'IIH'lo\V tlll' 

leaves represents the leaf values, :lncllhc lahcllll~ide the node,> lL'ple~ellt,> Ille MIN-MAX ~Ialll',. l'hL' 

root label ofthis example is WIN: tlus Illean<; Ihal for each po<,slhle 11l0Vl' of MIN, MAX Ila~ li :-.11.IIl'gy 

10 force the win. ThIS strategy IS reprcsr!llcd by a sub tree P ca\led a :-.olutl()n trce Il ~tall" .It thl' 

root of T. At the MIN levels it has aIl the children of T and at the MAX \cvcI ... Il ha" ()lIly Ollt' c1l1ld 

which is the best move for MAX. 

WC can also consider trees wilh nUl1lcricallerminal valucs. The~c values gl Vl' a l'l'llalil Wl'Ighl 

to each temllOal position, and the goal of MAX is 10 getlhe blggc<;t value To COlllpUle Ihe l(Jot 'e.; valut' 

we use the MIN-MAX rules. Let Il he a node of T. If li is terminal then V" I~ it .. vaille glVl'1l :te.; paIl of 

the data, If u is a nonterminal MAX node Wllh A" the sct of ils childrcll, 

VII = max v". 
"EA. 

For a nonterminal MIN node, 

v,. = min v". 
IJEA u 

The root's value is the guaranteed value MAX can get regardlcss how weil MIN plays. Tite \l1M IlIodl'l 

we study belongs to this dass of trees . 

4 
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Chapter l' MIN-MAX TREES AND GAME-PLAYING PROGRAMS 

2. G~ .. nc strategies, 

If wc compute the root value and the winninr MAX ~trategy of the entlre game tree and if this 

value 1\ WIN we arc "ure to wi n again~t any player. For agame such as chess or checkers it is vIrtually 

11II/lo"..,ihle to COIllIHltc the root label of the gamc tree. For ches~ the Sile of the game trec IS estimated 

at ahout 1 ()120 lI()de.., (1 OU) for chcckcr<;). If 3 billion node\ can be gcneratcd cach second it will take 

iO lIIl (Hf ' lor clled.cl\) ccnturlc'> to gcnerate Il. Even If you !Incl the solution tree by chance, you 

willnced to :otorc ahout lOlO Illove'> for a single ccrtif1ed chcckers strategy. Thus wc cannot expect to 

fi Il el a \(liut 1011 t 1 cc wh ich guarantcc.;; the opt 1111 rI 1 stratcgy. 

Allothcr :otl.ttcllY u\c<, cvalu,ltlon functIoll\. An cvaluatlon function is a funclÏon that assigns 

il valuc to :Illy P()\ltIOI! accordlllg 10 ~tatlC charactClIstlC:O or the position. The greater the function, the 

hcttcr the po,,,tl()11 Olle IU"1 compute.;; the valuc, of the childrcn of the currcnt position and chooses 

the gll'alL,.,t O!ll' 'l'lm ~llatcgy glve.;; ralhcr poor results as it IS hard ln get an accu rate cvaluation 

fUllctl()1! ha\L'd Ol! :otatlc cl1:11 aclcmtlc<; 

The <,tl.ltCgy gellclally m.cd IS the boundcd look-ahcnd strategy, whlch IS a mixture of the 

plcccdlllg cOllcept". l'hl' Idea I~ 10 gcncralc the gat1lc trce up tn a fixed numbcr of levels, tn compute 

the. valuc or the kar Ilode\ \VIth a ~tatlc cvaluatlOn functÏon, and to compute the value of the root and 

the solution tlce wllh the 111111-1' 'ax mIes One picks the mavc which guarantces the best value. The 

Il'af valllt'" cal! Hkally he comidercd a, the probablllly for MAX to Will. And thc root's value is the 

probahlllly l'or MAX 10 Will If MIN plays optllllally. 

A plactical plohlelll we won't conslder herc, is relatcd to the efficient computation of the 

Illot's value Alpha-hl't:! p/'UJllllg for cxamplc (sec, e.g.,[KM75], [Pearl84], [Ncwb77]) allows one to 

find the I~)ot'!'. value wlth(llll gClleralll1g the cntire trec. For other computationally efficient methods, 

wc refcl to IPcaIIX.t], j('MR3]. 

J, Prohahili,tic IlJndcls, 

ln OIdcl to study the probahilistlc behavior of an algorithm we need a random model for the 

data. In gl'Ill'ral, wc may introducc a ra Il cl 0 III variable B, possibly depend1l1g upon the depth, that 

glvcs the nUlIlbcl of chllclren 01 a node. One rnay also introduce random leaf values. We restrict 

o\1lselvcs to cOlllplete h-ary II Cl'!'. Wlth nlevcls. 

The standald plllbabllJstic modcl assumes that the leaf values arc indepcndent identically 

distrihutcd (sec chaptl'I Il) Many arguccl that the independencc hYPolhesis was not realistic_ ln 

l'haptels III and IV, a lllodc1 \VIth dependent leaf values in introducecl . 

5 
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Chapter 1: MIN-MAX TREES AND GAME-PLAYINlî rnOC,Hi\MS 

4. Incrementai modrls . 

I:1cremental modcls, such as the mode! of Nau[NauS2]. introducl' tll'pl'ndt'I\I \c.lf \':llIlt's. 

Wlth the inclcmcntalmodcl we asslgn a randoll1 value to each edge. and lklinl' thl' v,llUt' l,r a k:lf 

as the sum of the t'LIge \'alucs of the path fWIll tht' root III tht' \lodt' ln thl' l'l'\\' t''\:lllll'k, IWlIllhl' 

litcrature glven bel,)\\', the tll'l'~ are IJ-ary 

Model 1: Thl" mode\. pwpn,cd by Knuth and MoordKM751 .. l"'lllllt', Ih.lI Ihl' t'd~~l' \'alut" 

at Icvc1 k fonn a 1I111follll landolll pl'lllllllation of {a, 1/ll.2/li', . . (11 - 1)/I,4} 'l'hl" 11Ilphe~ Ih.lI 

allleaf 1:0dc" ha\'e disllllct valuc", Tills mode! \\'t'Igh" branches Ill'ar to tht' 111llt mUlt' Ih.11l hl.lIldll" 

dcep in the tree. 

MAX () l\ttN 

121 ln 2112 2rXl 201 01 1 011 

~lodcl 1 lotaly depl'lIdl'nl (propn ... t'd hy Knulh and MoOll') 

Mode} 2: ProposeJ by Fullcr[Newh77J. thl~ model a~"UJlle, that the t'dge valut''' at !t'vell,' ilIt' 

randomly asslgned a dIstInct value 1'10111 thl' set {O, 1,2,. ,b - l} III ml/lI, l~ 1 alld 2 tht' lont '<, valllt: 

is not random. In fact, as ail the set valucs arc takcll, wc know that ifwe art' 111 a MAX lIode \W PIC" 

the edge with the biggest value, i.e" b - 1 for model 2 and (h - 1 )/b( lor mode! 1 and III a MIN node, 

we choose the edge with the smallest value, I.e, 0 If we colI\lder li tll:e wlth deplh 2" :llId 11 Ihl' lop 

levells <1 MAX node, the root's value is alway ... ,,(h - 1) lor mode! 2 and 2:~, (f) "I.' 1/(;' 1 )/,/' 101 

model 1. Neverthcles .. , thcse modeh Il'Illain Interc'\tillg 111 the <,tudy of alpha-heta PIIIII"I,· hn:tIl\L' 

the pruning dcpends only 011 the ralldolll ortler of the llOC!e ... 

Mode} 3: ln this model prop()~cd by Nau [NauH2]. the ed!,!e vallle<, ;lIl' a"<'lglll'd IJolll { , I,I} 

without the hypothesls of dlstmction. In thl .. lllodcl the root'~ valuc l, ran<!olll Up to a Irall ... latloll 

and rescaling it is equivalcnt to a speCial ca<;c olthc mode! ~tll(lJed III titi" thl''''I''. 

Ail the ab ove modc1s have heen lI<;cd to f.tudy thc pruning factor of tlte alpha-heta Illet hod. 'l'hl' 

results ofthese studies are reviewed by NcwhOill [Newh77] Il has been show/l thal thc 1Il<ICpt'llrll'IlI 

6 
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Chapter 1. MIN-MAX TREES AND GAME-PLAYING PROGRAMS 

lI10del hl ings ahout ri pathological situation (a pathology occurs if by increasmg the depth of the 

"carch /Il the gallle tfce we dccrease the quality of the decislOn). Pathologies do not appear wlth 

IIlCrelTlelltalll1udeJ~. They al<;a seem ta be absent in rea) games hke chess or checkers_ In such games 

"Irong pmilloll" have orten <;trong children. This create" "orne e;trong "sections" ln the trec where 

IlIrre arc a loi of "Irong nolle.,. Thatl~ why the dcpendent model seems to fit better lhl" kmd of game. 

Tht' model wc will <,ludy ie; relatcd to rnodc\ 3 \Ve comidcr an n-Ievel ',-ary tree, and we 

:t""lgn III each cdgc (' an IIIdcpcndcnt drawing of a basic random vanablc X. denoted by Xc' Then if 

/. '" a leaf, and r" the path from the root to v, wc assign to v the value 

'1 hi~ deli IlCS the SUM Illodcl wlth randam edge vanable X. The root value is computed with the 

MIN-MAX rule" The SUM modc1 in which X is Bernoulli \Vith parameter jJ is called the SUM mode} 

wllh p:llélI11CIl'r /J. Il will be studled in Chapters III, IV and V . 

7 
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II ASYMPTOTIC BEHAVIOR ()F THE 
STANDARD PROBABILISTIC lVlODEL 

In this chapter wc consider complete b-ary tfees with IIldepClldcnt and idclltlcally dlstlÎlmtcd 

leaf values. We present a WIN-LOSS model and a modc\ wlth arbitrary distribution of tCIllllllal valul's. 

and Vve give a short summary of the reslllts given in [Pcarl841. 

1. The WIN-LOSS model. 

Let Cu be an 1/-leveI/J-ary tree and we assign to each leaf node a WIN statu" \VIth plohalllllty 

Po and a LOSS statlls with probablllty 1 - l'o. The bottom level is a MIN Icvel. Wc dClllll\.' by l '~u 

the probability that MAX can force a WIN with agame trcc G2u • III which ~1AX ha" to play Illst alld 

MIN plays last. Wc dcnote by P2u-1 thc probability that MAX can force a WIN wlth a gamc tll'C (,'211_ 1 

noting that MIN wIll play the ne",t and the b<;t tUrtl. Wlth thc MIN-MAX mies we l'ail as~igll valuL's tn 

ail the nodes of the tree. A MAX node IS a WIN pO~ltion If onc of Ill> 1J childrcn is a WIN Ilodl'. Wc 

recall that such a tree is called a IJ-ary Pearl trcc wlth parametcr Po. Wc have 

gll = 1 - (1 - gu-Il. 

A MIN node is a WIN position if allb children are WIN nodcs. Thus wc have. 

Using the two preceding equations wc obtain the following recurrence for P2ra: 

pb b dd 
gll = 1 - (1 - 2(11-1) = !(P2(ra-Il)' 

8 
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Chapter Il: ASYMPTOTIC BEHAVIOR OF THE STANDARD PROBABILISTIC MODEL 

1 

0.4 

l he Ilclal Ion functlOll if \), for dlffcrcnl h bctwccn 2 and 10. 

This is a simple fUl1ctional iLcratiol1. f has three fixcd points on [0,1], one at zero, one at one and one 

at ç,. E (0, 1). Wc can show that if 

PurthenllOlé, 

1 

0.8 

0.6 

0.4 

lim P2n = {~b 
r1-00 

o 

if Po > Çb 

if Po = Çb • 

if Po < Çb 

if Po> Çb 

if Po = Çb . 

if Po < Çb 

1 Po 

Prohnbihty of \Villlllng ail /1 cycle game P2n as a function of PO. \Vith 11=4 
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Chapler Il: ASYMPTOTIC BEHAVIOR OF THE STANDARD PROBABILISTIC MODEL 

For b = 2 we find 6 = (/5 - 1 )/2 ~ .61803. The convergence of l'II 1" supcl-cxponenttal. The 1lc.'xl 

lemma gives an expliclt upper bOllnd for the probahllily of li WIN al the 1001 of a Pc.',111 trl'l'. l'l'ml 

[Pear184] has obtaincd similar inequahlle", wuh ~harper a IllIeshold for t;, but fOI OUI pUrpDSl'S. tltl' 

exphcit bOllnd dcnvcd helc sufficcs. 

Somctllncs. Il is convcnicnt 10 wor\... \Vllh node values. ln tltal case, a WIN IS aS';lgncd thl' 

vdlue 1 and a LOSS the valuc 0 The valuc of Ihe rool of an 7/-lcyc\ Pead tlce is dcnlllcd hy "". 

LEMMA 1. LeI T be a 1J-ary Pearl trcc witll parametcr IJ ~ t; ~r ~1,-11. ,1IIe1 let \ 'II hL' tlll' vlI/ul' of a 

T10dc Il lcvc/s awn)' ftom the Je,n'es. TheTl rcg,1rdlcss of w/letller wc hcgin wieh MIN or r-.1AX /Iodes. 

and regardless of tlle parity of 1/, 

P {'~I = l} ~ b2- b1n
/!J • 

PROOF. V,l is maximal if we bcgin with a MAX lcvel. Let ,~ be the value of a kaf (COI Il'spnllllill~ 10 

a tree with 'Tl levels of edges and with a MAX lcvc\ at the bottoll1), sa Ihal 

p{~ro= l} =lJ· 

Define Pu = P {V,l = I}. Then the following rccursion holds: Po = IJ, and 

Therefore, 

Thus we have, 

And for P2n+l we get 

( - b)b b 
P2u = t - (l - P2t1 - 2) ~ (1J!)211-2) . 

logn" ~ blogb+blogg ll _ 2 

~ (fJ + li) log b + 1,2 log P2u - 4 

::; (lJ + li + 1;3 + ... + 1/1
) log 1J + 1/1 log Po 

~ bll+1 log b + fJu log IJ. 

bn'I b" 
P2n ::; b IJ • 

P211+1 ~ 1- (1 _lr'·(F)b ~ uF"·(/ft. 
Let IJ such that bb lJ ~ ~. Then 

and in general, regardless of whethcr we start with a MIN or a MAX Icvc1, 

Pli ::; b2-bln/1J .0 

10 
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Chapler II. ASYMPTOTIC BEHAVIOR OF THE STANDARD PROBABILISTIC MODEl 

2. Limit rcsult.<; for trccs with arhitrary distribution of the Icaf values . 

We eonsldcr a "-ury trcc of depth 211, and wc asslgn to eaeh terminal node an Ir.dependent 

value drawn l'rom the dl~tlÎhutlon of X. We denote by V2t1 the raot value of such a tree. It is casy 

lu see thnt smce we are u<;lng only maXlIllU and mInIma, the propcrtles of Vk rernam \l1variant under 

mOllotone lran<;formallollS of the X's. In faet, If every X IS replaeed by F(X), where F IS stnctly 

monotolle, thell \/k 1<; replaced by F(Vd. If X has a del1'ilty, then we ean Ict F bc- the dlstnbution 

funclJon of X, Ml that F(X) is uniform on [0, 1]. We denote by F;,. the distribution functioll of V2n. 
Then we have the following rccurrencc: 

and 

J'~ = F. 

One can show that F2n converges to a step-function F 00 as 'ft tcnds to illfinity. We have 

where (t. is the solution of 

if F( v) < 1 - ç b 

if F(v) = 1 - Çb , 

if F(v) > 1 - 6 

1 - ( = (1 _ (b)b. 

Thus the roofs value il' almost certain to be very close ta 'V. ~ Fmv(l - (b). Note the Çb is the 'iamc 

as for the WIN-LOSS model discussed carlier. 

If the leaf valucs are discrcte taking values in {:I:I, :l':h ... , xrn}, and if for all i, F(Xi) =11- (h' 

thc root's value converges to a limit which IS the smallest X, satisfying 

Ali thesc results arc due to Pearl [Pearl80. Pearl841 

Il 
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--- ------ ------------------------------. 

THE SUM l\10DEL: DEFINITI()N 
AND DISTRIBUTION 

The weakness of the c1assical model slems from the fact that Il plOvidcs illlkpclldclIl lhs

tributed values for the leaf nodes. It is more realistlc to assume depclldencc hclwt'en close lI11dt's. 

IncrementaI models, and in particular the SUM model, provlde Il strong dcpcndt'nce hctween close 

!lodes. 

1, Definition ~lI1d notation, 

Consider an n-Ievel u-ary tree in which each node at dl'pths 0 tluough Il - 1 has /, chtldrcII, 

and each node at depth 'ft is a lear. Let 'Il be an intcrnal node, and let Au hl' the sel of Its childrell. 

For ail 'U EAu, we associate with the edge (Il, 0) an independenl drawing E(I/, 0) of a giVl'1l randol1l 

variable X. Let F be the distribution function of X: 

F(:t:) = P{X $ :1:} . 

With each node '1/. we assocÎate a value Jccording to the foIlowing rCCllllcncc: If 1/ is a lear, lhen 

V(u) = O. The IeveI or anode is determined by its distance l'rom the Iear Icvcl. For an inll'inalllode 

'll wc define, 

\f(Il) = . 
{ 

maxvEAv {V(V) + E(Il, 'u)} 

mIll"EAu {V(V) + E(II, '/l)} 

1 f Il. al evclI Icvcl 

If Il allldd Icvcl 

To make things slmpler, we will speak of MAX and MIN !lodes. 1\11 nodcs at palh di~tancc 1/ 1'1/1111 

the leaf level are indepcndcnt and Idcntically distnbutcd. i\ gcncflc randolll vanahle of' lills killll is 

denoted by V; •. Il IS easy to see that thls IS the value of the raot of a (rel' of helght 1/ which follows 

an incrementaI model with ed[4C distribution F. Thus, V() == O. Clearly, wc have the foJlowlllg 

distributionaI ldcntltles: 

1'= -- , c {maXI<)<b {V,.-I J + XJ} if 1/ is CVCIl 

Il minl::;J::;b{VIl-1,J +.XJ ifttisodd ' 

where XJ denotes an independent copy of the random variable X, and V .. - 1•J dt'Ilotes an indcpcndenl 

copy of Vn - I • Let F" be the distribution function of \1,.: 

F,,(x) = P{V <,; :j:} . 

Clear1y, we see that 
Po' {O if t < 0 

0(1)::" 1 ifl2:0 

12 



• 

• 

Chapter .il THE SUM MODEl: DEFINITION AND DISTRIBUTION 

Whcn X is a continuous mndom variable, the distribution function of V2n - 1 ,] + X J is the convolutIOn 

of F and F;n-I. Thus, we have the following relations: 

F2,,(;r) = (J F2n _ I (:I; - t)dF(t») b, 

F2rH1 (:I:) = 1 - (1 -J F2,,(:I: _ t)dF(t)) h 

'1'0 1I11dcrstund the process, we will study the model in which X is a Bernoulli random variable: 

P{X = I} =jJ E (0,1), 

P {X = O} = fI = 1 - 1) . 

Wc cali this model the SUM model with paramctcr p. The recurrence becomes 

F2n (l) = (pF2ro - 1(i - 1) + (1 - 1l)F2,,-I(i)) h, 

r;",I(I) = 1 - (1)(1 - F2,,(i - 1» + (l - p)(1 _ F2,,(i» ) b • 

MAX o MIN 

A SUM model. 

(1) 

Wc may cOl1sidcr this model also as a c1assical MIN-MAX tl'ee with the values of leaf nodes equal to the 
SlIlll of the edgc values of the path from the root to the leaf. These leaf values th en follow a binomial 

distribution \Vith 2// trials ancl success probability [J. Notice, however, that the binomial lear values 
arc hcavily dcpendcnt. 

13 
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Chapter III: THE SUM MODEL' DEFINITION AND DISTRIBUTION 

2. Asymptotic bchavior for small p • 

In this paIt ,~. dcnotes thc root value of the 1l-levell)-ary SU!'.I modc\ wlth parall1l'lCr JI. The 

graph of El':.j2 for /) = 2 and large Il has two "flat" parts. one fol' slllall JI and olle fOI /llIl':I\ 1. III 

these flat parts small vanations of }) do not influcnce the limit of E\:'; Il. Wl' llh~t'I "1.' Ihe S:tllll' killd 
of behavior for other b. Ail of this IS captured in TheoreOl 1. 

0.015 

0.01 

0.005 ,; 

; 

/ 
./ 

/ .. ..:' .. 
/' ..-

~~ ____ ~ ______________ ~ ______ ~ __ . ____ ~ l' 

0.05 0 05;> 0.05<1 0 051> a (J'JB (J 01. 

EV211/2n for 11= 1 000 and b=2. 

As 'Tt --+ 00, the behavior of V:. depcnds very much on il and}J. Wc cOlIsidcr fil~t sl\l:lll vailles of 

]J. Below sorne threshold value LI' which itself is a function of !J, we sec that V" tends to il lilllii 

distribution that dcpends upon jJ in the sense that for all i 2 0, 

and 

lim F211+1 (i) = H oom , 
n--OO 

where F 00 and H 00 are bona fide distribution functions that put positive mass on ail llollllcgalJve 

integers. The limit distributions will be dcscribed bclow. Il is noteworthy tha! such il lilllit result is 

only possible because the zeros overwhelm the ones for small values of }). FmI} > Il. Wl' will show 

that Vn --+ 00 in probability. Thus, at jJ = 0', there is an abrupt change in the aSylllplollC behavlOf l,r 
Vn • In this section, we show the following: 

14 
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Chapter III: THE SUM MODEL: DEFINITION AND DISTRIBUTION 

TIIEOREM 1. For aJ/ b IlJere exi.<;ts CI' ~ (0, 1) suclilhat, for [J E [0, (1'], them exist bona fide distribution 

{ullctiol/.'; F'X) lllld Hoc with finitc cxpectcd values tl1at put positive mass on a11 the nonnegative integers, 

... lIel! IIlIIl 

:l1Id 

lim F21l+I (i) = Hoo(i). 
11-00 

Fwt/tCTlIIorc, for [J > n, wc have for a11 fixed i ~ 0, 

(ltJ(1 \~, -t rx.> [lIli/ost slIrcJy wllC/I 11 -+ 00. Finally, 

< 1 l -'/(b+l) ~-oo 0 u_ -} ---+. 

The remaindcr of this section contains the proof of this re~mlt. We first show a small useful 

rC!o.ull abOLIt recurrcnccs. 

l,EMMA 2, Let :1'11 be l! sequcnce defincd by 

:1'" = f(.l'n-d , and :1'0 = (l E [0, 1], 

wlJere / iS.1 continuous incremiÏng Function From [0, 1] to [0, 1], Theil f has at least one fixed point. If 

/(11) < IL tllen :c" converges to tlle greatest fixed pomt smaJ/er than CL, If feu) > u then X n converges 

(0 tlJe SIII:Jl1csl fixcd point grealer t1Jan (/. 

() li lu.\O tl X2 

Two se uences reccurentl define. 

PRO()F. / : [0, 1] -+ [0, 1] implies /(0) ~ 0 and f(l) ~ 1 and th en f has at least one fixed point on 

(0, Il, SII1CC / is incrcasing we have by induction, 

if :c. ~ a'!) , :c" ~ Xn-I for ail 'Tl > 0, 

if .c! :5 Xo , a'll ~ a:II_1 for ail TI > O . 

15 
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Chapter III: THE SUM MODEL: DEFINITION AND DISTRIBUTION 

Thus x n is monotone and bounded. and it converges. Let 1 be the hml!. By continuity of f wc havc 

J(I) ::: 1. Ta see that this limit is L the smallest fixed point greater than Cl, Wl' algue by cmltradlctlon. 

Assume that :/'" is increasing and il converges 10 a limit 1 not l'quai to l.. Thm 1 is a lhl'll point and 

1> Land thcrc cxrsts N such that J ..... < Land :1'1\'+1 > L. This imphl's that f(/ ",) = .1',\'.1> L. As 

J is increasing and :1',\' < L we have f(.I','I:) ~ f(L, = L. Contradiction! For ./" dt'Crl':lsing thc plonf 

is similar. 0 

Part 1: Limit of F,,(O). 

We first prove Thcorcm 1 for 1 = O. 

LEMMA 3. For ail b t!Jere exists 0 E [0, 1) such that fol' jJ E [0, H], 

lim F2,,(0) > O. 
'1-00 

Ifp>u, 

lim F21l(0) = O. 
JI-CO 

l *==~ }P<fl 0.8 

0.6 

0.4 
1'>(1 

0.2 

5 10 15 20 Il 
F 211(0) for p=O to p=O.l. b=2. 

PROOF. We assume jJ E [0,1). Wc consider the recurrence (1) for i = 0: 

Fo(O) = l, 
b 

F2,,(0) = ((1 -lJ)F2t1 - I (O») , 
b 

F211+1(0) = 1 - (1 - (1 - p)F211 (O») . 
Cornbining aIl this. we note lhat for 1/, ~ ], 

b ( ( ) b) b der • , F2,.(0) = (1 -1) 1 - l - (1 - p)F211 - 2(0) = G()(l~2,,-2(O») , 

16 
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h=' b= 6 

o e 

0.6 

o ~ 

0.2 

0 0.4 0.6 0.8 

h=20 

o 8 

0.6 

0.4 

o 2 

Go(..\) for 1'=007, and for dlffercnt b. L-_____ _ 

whcrc Go(:,.) = (1 - /)/, (1 - (1 - (1 - p) IlY'. Tht<; IS a simple functional iteration, the solution of 

which depends upon the behavior of the mapplllg Go. GoC./) IS an arder l/ polynomtal thalls a strictly 

IIlcrcasing mapping: [0,1] ~ [0,1], sincc CoCO) = 0 and Go(l) ::; l. Go satlsfies the hypotheses of 

L.elllllla 2. Thus F211 (0) converges and as 0)(0) = l, it converges to Lo, the grcatest fixed point on 

10, 1]. Ddinc Ihe sel of jJ such Ihat G()( 1) has a non-zero fixed point on [0, 1]: 

r = {j) E [0, 11ILo > a}. 
Dcfinc nlso 

Go{:.l:) - x 
h(x, p) = . 

x 
As Go(O) = 0, " is a (b2 

- I)-th order polynomial function of 1) and x. As G~(O) = 0, the derivative 

of Go(:/:) - :1; is cqual to -1 al x = 0, and thus zero is a simple root of Co{x) - x and it is not a root of 

h. Thus wc have, 

r = {j) E [0, 1]11I(:C,1) has a root in [0, Il}. 

Sillec Il is continuous, the invcr<;c image of {O} is a c10sed set of 5)(2, and r too is a c10sed set. Since 

r:(\ IS dl'crcaslng III /), Il is also decreaslOg in /). Wc also have Ihat 0 E [' sltlce hO, 0) = O. We will 

pmve Ihat there cXI~ls (\ E ~? such lhat r = [0, n] Wc alrcady know that ris a c10sed sct eontaining 

Icm. Thus, wc jusI have 10 prove that r tS convcx Assume that /) E r. Thus there exists Lo > a 
slich that h(Lo,/)) = O. Then for all// E (O,p] wc have, 

Il(Lo, p') ~ 0, Il( 1,1/) ::; O. 

Thus h(./', Il') has a non-zero root in [Lo, 1] and 1/ E r. This implies that ris convex. Thus Lemma 3 
IS provcd for [) ::; o . 

17 
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Chapter III: THE SUM MODEL: DEFINITION AND DISTRIBUTION 

,:.-: l'<a 
/,=a 

_ - _ l'>a 

~'"""""--:-'""::----::-'-:-----::~--'- -----_. a 04 Ob OH 1 

Gd\) for b=2 and [J bclwccn 0 an () 1 

If 1) > 0 then Go has only zero as fixed point. Thus according to LCllll1la 2. ]'2.,(0) conVl'tgl'S to ;rclO. 

If b = 2, Go becomes a fourth order polynomial and we can gct thc exact value of n. For gcncral 

b > 2 we will derive a theoretical upper bOlllld of 11'. Wc get sll1111ar Il'SUIts with F2,..t (0). It tends to 

a positive limit if an only if l' E [0,0]. Thesc facts can be showll using 

F2,.+t(0) = 1 - (1 - (1 -1')1<'2,.(0»)".0 

Part 2: Value of u. 

We first prove that u > O. Then we give the exact value of (l' whcn Il = 2 and an lIJlIll'r bOlllll1 

for general b. 

LEMMA 4. For all b ~ 2, 

b.Jï 
1 - Y b ~ 0' > O. 

And forb = 2, 

(J' = ) - i (~~) ~ 0.05506. 

PROOF. We first prove that (J' > O. For p = 0, we have 

Go(;J;) = (1 - (1 - ;J;)b)b, Go(l) = l, G:,(I) = 0 < 1. 

As Go is differentiable and G~(l) = 0, there exists 0 < y < 1 such that Go(!!) > fi. And by cOlltlllUlly 

of Go in 1), there exists an é > 0 such that for ail jJ < E, Ga(y) > y. This impllel> that for Il < F, (:0 

has a fixed point on (0, 1) and then we have (X > é > O. Thus the first part of Lcmrna 4 I~ provcd . 

18 
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For gcncral b ~ 2, wc dCrlvC an upper bound for lX, and an upper bound for F2n (0) when 1) is 

grenter than n's upper bound. Wc have: 

GO(:I:)=(/(I- (1_fJ.x)b)b 

$ l(l - (1 - fJx)b) 

$ (/(1 - (1 - bfJx» 

= lJrl+1 x. 

Thus if /}I/,'I < 1. Go(:/:) < :/: for ail :1: > O. This implies thnt it cannat have a non-zero fixed point 

and thus /) > /1. Thus we have 

bJï 
ft $ 1 - Vb' 

Thio; J/nplies that (\' tends to zero whcn!J tends to infinily. 

o i~ 

a 2 

0.15 

0.1 

oo~·~ 
a.(b) ~ --------

-O~--~----~50~--~~--~10~O----------1~50--~------2~OO b 

The vah:e of <X. and ils upper bound . 
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1 

O.B 

0.6 

0.4 

0.2 
l , 

--l'"-=---:::-+-:'---::->--cc-.1--.-.---1-- • - - - 1- _ • \ 
0.4 0.6 O.H· 1 

[.'0 \ 1 l·fI 

GcI.x) for /1=0.03 and /1=2 

Assume il = 2. We have 

4 • ( • , GO(:I:) = (1 -1) :1:" 2 - (l - JI).I r. 
Zero is a fixed point for Go, thus, in order to find the other fixcd points wc s'ully 

Wc note that 

,( ) 
der Co(:/:) - :1' 

I:C = ---'---'
:1: 

h(:c) = (1 - p)4:1:(2 - :/:(1 - J))2 - 1 

and 11.(0) = -l, h( 1) = (1 - 1)2(1 + p)2 - 1 < O. Observe that 

1I/(x) = (l - p)4(3(l - p)2:1:2 - 8(1 - l')'/' + 4) , 

the roots of which are 
2 2 

:1:1 = 3(1 ' :/:2 = -1- . - 1) - )J 

The second root is greater than 1 for a11]J, and is thercfore of no consequence. A Bule thoughl shows 

that XI < 1 for [J < 1/3 and that 

( 
32 )3 

h(XI) = 27(1 _ p) - 1. 

This implies that h(:I:I) > 0 if and only if 

]J < (1' = 1 - ~ (~~) ~ 0.05506. 

If 1) E (0,0'), IL has two roots on (0, 1), and Go has two fixed points L;) , Lo ~allsfyl/1g 

o < L~ < XI < Lo < 1 . [J 

Remark: We have also shown that 

:>.0 
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Part 3: A sludy of the variation of lhe fundamental recurrence . 

whcre 

Using (I) wc gel the fundnmental rccurrence: 

F211 (7} = G(F211 - 2(1 - 1). F2n - 2(Z - 2), F2n - 2 (i» = G(u, 'V, x), Tl ~ 1, 

{ 
0 if 7 < 0 

Fo(l} = 1 If l 2 0 ' 

{l'G(u, '/1,:1') 'tg fJ (1 - (]JO - v) + (l - ]J)(l - U)/) 
+ (1 - p) (1 - (p(l - u) + Cl - p)(1 _ :/;») b) . 

Accordlllg lo the dcfinition of Go wc have, 

Go(:./') = G(O, 0, J:). 

(2) 

LEMMA 5. Wc élssume /' E (0, 1). Gis a slrietly inereasjng funetion DrU, 'IJ and x for(u, v, x) E [0, 1]3. 

Par ail (II, IJ) E lO, 1]2, G( Il, V, .1:) Ims a unique infleetion point z (u, 'V) E [0, 1], where Z (li, v) is a 

dccrc:Jsing fUlle/ion of u and /J. PÏnally G(u, /J,:r) has at most three fixed points in x on [0, 1] and at 

trlost two fix points on [Z(II, 1J), 1]. 

PR<X)F. The increasing or dccrcasing nature of G(u, v, x) is the same as that of 

der ( ) b ( ) b H(u, /J,.I} = 1 - /) /)(1 - /1) + (1 - p)(l - 11) - (l - p) ]J(l - 'U) + (1 - ])(1 - x) . 

SIIlCC (II, 0, ./') E [0, 1], and p E (0,1) the values mside the powers al ways slay positive, and these 

values arc strictly dccreasing with Il, (J, :l:. Thus His strictly increasing in 'll, 'IJ and x when]J E (0, 1). 

Dcfining 

wc have 

and 

Thus. 

and 

A = 1 - ]J(pO - v) + (1 - ]J)(l - u»b, 

B = p(l - u) + (1 - p)(l - x), 

, dB 
B = - = - (1 - 1) 

dx 

H=A-(1-]J)B". 

G' = dG = bH'Hb- l , 
d:L' 
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where 

and 

Therefore 

G" = (1 _1)1[,2(b - I)H b- 2B,,-2((l -/)(1 + /J)B" - •• \). 

The sign of Cil is determined by the sign of (l - p)( 1 + [J)/3" - A. Sincc IJ is li strictly dl'cl'casing 

function of :1', we have equality for at most one :/. Thus G has at most onc infkctioll point. and at 

most three fixed pO\l1ts. 

The second dcrivative G" vanishcs for 

1 ( b A ) tll'r :c = 1 - 1 - 1)( 1 - Il) = z(u, Il). 
CI - l') CI - fJ)(l + ) 

As A is an increasing function of 'Il and v, ::(11,17) is a decrcasing function of '/L, Il. The second 

derivative of G is negative on [z(u, v), 1] and this implics that G has at Illost two fixcd pOlllts 011 

[z(u, u), 1]. 0 

LEMMA 6. 1[1) = (Y, G o(:!:) lias two fixcd points on [0, 1]: 0, Ln. ['ft is éI double fi.xcd l'oint. For!) < 0, 

Go(x) /ws exactly three .'>imple fixed points 011 x E [0,1]: 0, L;)t 1.0 • AmI for.1/1 (II, 0) E (0,1)2, 

G(u, v, :1:) has exact/y olle simple fixed pOint on [Lo, 1] denotcd L(u, Il). Hnl/ICI/IIOIe for l' E (0, (1'1. 
L(u, v) isa cOlltinuous rUllelIOIl of(ll,v) 011 [0, If wllcil (u, /1) i(O,O);lIId(II,(') -1 (1,1). 

PROOF. 

Assume [) = (}, then by the definiuon of o. CoC /') has a fixcd pOInt on (0, 1). We dCl10tc hy 

LQ the largest one. We prove by contradiction that it IS the only olle Tlm would IIllply that It il- a 

fixed point of multlplIclty 2. Assume that L IS n fixed pOlllt Ilot cqllal to 0 01 l,,, Theil (,'0 ha .. thrcc 

simple fixed pOints, I.e., 0, L, Lo. And as G O(:1') ha" a umque IllnCC11011 rOlllt on (0, 1 J t111~ IIllpllCS 

that for some 1 E (L. L,,) we have G()(.l) > 1 Then lISllIg the cOlltlllulty 0/ (,'0 1lI1} wc cali <;how 

that there existl\ E: such that for jJ = Il + E, Co(J) > J. As (,'o( 1) < l, tlm illlplIe<; the cXI..,tcncc of li 

non-zero fixed pomt. contrndlctlllg the defimtlOn of n. Bence, ['ft il\ the only fixed pOint of (;oh) on 

(0, 1) when [) = li and it 1" a douhle fixed pomt 

Assume a < fJ < 0'. We wIll show that GO(:l,) has three simple fixcd pOlnt~ Oll rO, 1). Wc 

have 

( ,)b Go = (1 - p)b 1 - (1 - (1 - fJ)J.)' , 

and 
dGo 

GoCO) = 0, dx (0) = 0 < l, Go( 1) < 1 . 
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1 

O.B 

0.6 

0.4 

0.2 

x 
o :;> 0 . 4 4) 0 . 6 0 . B LoI 

(/(0,0,\) and G(I,),.\) for p=O 03. 

Wc allcady know that zcro i~ a (ixeù point and accordlllg ta the plcceding Lemma, Go has at nlost 

thrce fixed points. Since G;)(O) = 0 and CoCO) = 0, there exists E < L .. such that 

GO(E) < E. (3) 

SlIlec for ail ;1: > 0, Go is strictly dccrcasmg with p, we have 

CO(/"(I) > Ln for ail fJ E (0,0'). (4) 

USlIlg (3) and (4), Co(.l-) has a fixcd pOlllt L~ E (E, Lo) and a fixed point Lo E (LOt, 1], and these are 

simple rixed points. ThIS also implics :(0,0) < Lo as C'(L~) > 1 and C'(Lo) < 1. 

Ncxt, wc slUùy the fixed points of C(/I, v, J') in:1: for 0 < jJ ::; 0'. We already know that for 

ail (/l, /J) (_ [0, \ f WI t h (1/, ,,) =1 (0, 0) and (1/, Il) =1 (l, 1), 

G(u,/I,Lo) > Lo, G(Il,V, 1) < 1. (5) 

As zen, 'IJ) is strictly decrcnsing with Il,O, we have .::(u, v) < Lo. Thus C('u, V,:L) does not have 

an inflection pomt on (Lo, 1 l, and It has at most two fixed pomts on this interval. (5) implies that 

C(II, 'V, ;1') has an ocld llull1bcr of fixcd point on (Lo, 1]. Thus it has exactly one simple fixed point on 

(J,o, Il dcnoted hy L(II, 'Il). L(/I, ,') is nlso Ihe only fixcd point on (L~, 1] . We have 

L = L(I/, Il) = max{.1' E [0, III G(II, Il,;/') = 'c}o 

For /) = 0, G(II, Il, J) has three sImple fixed rOlnts wlllch arc mdcpcndent of Il and v. The largest is l. 

ln order ta prave the conlinllily of L we use the thcorem of implicit functions [Schw6'1] 

(l', 278). L is dcfined as Ihe greatesl solutIon of CCII. ",.1) - .L = 0 on [0,1]. Recall that G IS 

polynomial. Accordlllg 10 this thc(lJcm the \lllp!JClt fllllctlOn exists and is continuous at the point 

(II, l') if Ihe dClI\'ativc of G(II, 1',.1) - " on , 1" non-zero at the pomt (Il, v, L(u, v». This derivative 

is zero If and only If L IS not a sImple root. Wc Just provcd that for 0 < jJ ~ LV and (II, 0) i (0,0), L 

is a simple tb,L'J roml. Tllu" If 1) < CI the IInplicit function exisls and is COlltinuous and Lemma 6 is 

l'n'Vell. [J 
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Part 4: Convergence of F2n (i) for ° < 7J < n . 

LEMMA 7. For ail l' E (0, (l'J, tllere are numbers F oo(i) E (0, t) SUcll that 

These values cali bc camputed by tlle rccutTcncc 

Foo(O) = Lo, 

F oo( 1) = L(Lo,O), 

Foo(i)=L(Foo{i-I),Foc.(t-2» foralli> 1 

PROOF. We prove lhal Fl .. (i) convcrges la a limil F.,,(I) E (0, 1) hy IIldllclion on 1. FOI 1 = (l. 
according la Lemma 3, F2 .. (0) is a dccreasing sequcnce wilh fi and Il converges tll /·:-x.(O) = 1.0 (= ~(). 1) 

when ft lends to infinity. Thus, f'1r ail € lhere exisls a N such that 1'01 al\ll > IV 

We define the two sequences :1:2" and .'12 .. by 

der der 
!J2N = :/:2N = F2N (I), 

dd 
1/2" = G(Foo(0),0'Y211-2) 1/ > N 

der 
:1'2" = G(Foo(O) + E, 0, :1'2,,-2), fi > N. 

As G( Il, /J, :/ ) is increaslllg with Il and '/J, 

112" $ Fi,,( 1) $ :/'2 .. • 

According ta Lcmma 6, G(Foo(O), 0, x) and G(Foo(O)+E, 0, :1:) have only one lixed point ([,(/<' .... ,(0),0) 

and L(F 00(0) + ê, 0) respcctively) on [Lo, 1 J. Thus, since G is increasing and !12N and :/'2" arc grenIer 

than Lo, using Lemma 2 wc have, 

lim 112" = L(F 00(0),0) 
,. ...... 00 

lim X2" = L(F 00(0) + E, 0), 
rl-tOO 

Using the conti nuit y of L, for ail € there exists an N such Ihat for ail " > N. 

Thus Fln (1) tends ta F 00(1) when 7l tends ta infinity. ror fJ > 0 wc ha vc F,,'" J) > F.,JO), 

Suppose that Flu(t - 1) and F2,,(i - 2) convcrge ta Foo(! - 1) anù l·~.-Ji - 2) respcclivcly. 

We pravc that Fl,,(i) converges ta Foo(t) = L(Foo(i - J), F'fJ(t - 2». Sincc l, is li conlilllloll<; 

function from (0, 1) x [0, 1] to (0, 1), wc see that for ail b > 0, thcre ex i~t<; [2 .> 0 ~uch Ihal for nll 
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(w, //J') E «0, I)x [0,1])2 with !lW-W'1I < ê2, wehave IL(w)-L(w')1 < 6. Wesetê = min{é2/4, 6} . 

IIcncc 
IL(J<'oo(i - 1) + ê, Foo(i - 2) + é) - Foo (i) 1 < 6, 

IL (Foo{t - 1) - €, Foc(i - 2) - é) - Foo(i)1 < 6, 

where r~(i) = L(Foo(i - 1), }"'oo(i - 2». 

Using the convergence of F2"(Z') for i' < i, there exists a finite N such that for ft > N, 

IF;,,(? - 1) - Foo(i - 1)1 :5 é :5 6, 

IF2,,(z - 2) - Foo(i - 2)1 :5 E:5 6. 

Let .1:211 and !/2 .. bc sequences dcfincd for '/1 > N by the recurrences 
der dcr -, , 

!hN = :1:2N = F2N Cl), 

112" dg G(Foo{i - 1) - E, Foo{i - 2) - E, Y2n-2), ft> N 

:1:2" t~ G (Foo{i - 1) + ê, F oo(i - 2) + ê, :1:2,.-2), ft > N. 

Theil m: c: is incrcasing and using (7) wc know that for all 'TL > IV, 

(6) 

(7) 

(8) 

SiIlCC, for ail 'ft, Fu(i) ~ F,,(l), we have Foo(i - 1) ~ Foo(l) > Lo.We can choose 6 small enough to 

have 

Thu!:, sincc the starting values of :l'2" and !/211 are F2N (i) ~ Lo, using Lemma 6 and Lemma 3, we 

havc 

:md 

Using (7),(8) and (9), there exists a finite N' such that for Tl > N', 

Foo{i) - 26 < F21l (i) < Foo(i} + 26 . 

By the arbitrary nature of 8 we conclude that for jJ < 0', 

lim F2,,(i) = L{Foo(i - 1), Foo(i - 2» > o. 
7)-00 

Using 

F2"+1(i) = 1 - (p(1 - F21l (i - 1» + (1 - p)(l - F2n(i») b , 

Olle call show the convergence of g,,+ 1 (i) wh en 7t tends ta infinity to a non-zero limit. 0 
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Part 5: The limit of Foo(i) when i tends to infinity . 

Assume 0 < jJ :5 0'. In order to have a bona fide disllibution wc have to prove that }""'=(i) 

tends to 1 when i tends 10 infimty. As G is a cOlllinuolls function we can lakc thl' IimÎt in the 

fundamcntal recurrence on both sides of the equality. Then wc gel the following rCCUI'Il'ncc: 

Foo(O) = Lo. 

F 00(1) = L(Lo, 0), 

F oo(i) = G(F oo(i - 1), F oo(i - 2), f: .... (I». 

Thus 

since 

(10) 

Wedefine J(:c) = G(x,:c,:t:) = (1-(1 _:l:)")b. JhasOand 1 asfixcdpoints,andathirdollcon(O, 1) 

denoted À. 

1 

---' ./ 

O.B 
, 

/' 
/' 

0.6 / 
/'/ 

0.4 

0.2 d: .1 

0.2).. 0.4 0.6 O.B 
J(x) for b=5. 

We define the sequence Y.: 
Yo = Lo 

( Il) 
Y. = J(Yi-I), for i ~ 1. 

Thus using (10) 

( 12) 

Since G is strictly increasing in ('Il, v) when jJ > 0, we have .J(:/) > Go(-r) and th us !Jo > À. Theil 

according to Lemma 2, Y. converges to 1. Thus, from (12), 
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ParI. G: The expecled value when fJ < 0' • 

o 25 

0.2 

o 15 

o 1 ............... 
. ' 

.' .......... 

...... .. ' 

........ 
o 05 .~ ........................... :....... , p 

o 0.009 0 018 0.027 0.036 0.045 0 054 

EV] for 2n=400, b=2. 

LJ:MMA 8. TfjJ ~ n, }<Jlfoc> is fini/c. 

PROOF. Dellnc!l. as in (Il). Using 

EVoo = L (l - Foo(i» . 
• ~o 

(10), and (12) wc scc lhal EV 00 is finile if 

Bul 

L(l - Y.) < 00 • 

• ~o 

1 - YI+I = 1 - (1 - (l _ y.)b)b , 

~ b(l _ y,)b, 

1 - yI < __ a 

- 2 

1 
1 - Y. ~ (2b)I/(b-I)' 

Lcl 1 be the smallest inlegcr 1 - Y 1 ~ (2b)1~(~-I)' (This exists because 'Ili -+ 1 as i -+ 00.) Then for 
1> 1. 

Thercforc, 

1 - YI 
1 - Y. ~ "Ta=I' 

'2:(1 - Il.) ~ 2(1 - YI)' 

The rcmainder of the proof is trivial. 0 
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Part 7: The limit of F2,,(i) for JI> 0' • 

Wc know that G is increasing in Il, u and :1', if H, Il, .1' E [0,1]. Wc studlCù G(O, 0,.1') 

during the study of F .. (O), and we showcd that by dcfinition of li, if /) > <l, GtO, 0, .1') has zero 

as unique fixed point 011 [O. 1]. Thus for a1l li E (0, 1), therc cxists E > O. such that fot ail 

:c E [8,1], G(O, O,:L') < .C - E. Also thcre exists El > 0 such that for ail .1' E lb, Il and for ail 

(u,u) E [O,êlf,G('u,v,:c) < J·-E/2. SinceG(u,I',O) ~ 0, wescc that for ail (11,1') E [O,E,f, 

G(u, 'V, :c) has a unique fixed point L(u, v) E [0, Ji]. 

1 

0.8 

0.6 

0.4 

0.2 

~~~-~--~---+-----4~-----~ 
0.2 0.4 0.6 0.8 1 
G(O,O,~) and G(O./, O.I,x) for p=O.1. 

~-----~~--

We prove the convergence of F2 .. (i) to zero by tnduction on i. AccOiding to Lcmma 2,1'2,,(0) 

converges to zero. The following praof is valtd for z = 1 noting r~. (-1) = O. Wc begin the IIlduct JOli 

with i ;:::: 1. Suppose that F2,,(i - 1) and F2u (~ - 2) converge ta zero. Thcll we know lhm for ail 

El > 0 there cxists .V such that for a\ll/ > N, 

Let X2" be a sequènce dcfined by the recurrence 

dcr 
:1:21\ = G(E., E., X2n-2), 

dcr 
X2N = gN(i). 

As G is increasing in li and v we have for n > N. 0 ~ F2 .. (l) ~ :1:2". The scqucnce :/'2 .. converges lo 

L(E., éd. Thus there exists NI > N such thnt for aIl 'Tl> N .. 

Thus for ail 8 there exisls NI such that for ail TL > NI 

By the arbitrary nature of 0, 

lim F2,,(i) = 0 . 
tt-OO 
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This implies V2n -+ 00 in probability. 0 

3. P close to 1. 

This part gClleralizes thc results of the preceding part for the case p close to one by a 

sYllllJ1ctricnl argument. 

TIIWREM 2. For pErO, 1 - II'J, and 1 fixed, 

lim F2n (21l - i) = 1. 
tI-OO 

Ifp E rI - n,l], 

lim F2n(2n - z) < 1 for aIl i > O. 
ra-oo 

l'ROOF. Wc rccall the dcfinition of v,. in the SUM mode]: 

Vc) = 0; 

li - - - , C {maxl<)</J {V,.-I] + X]} ifu is even 
tt- minl$)$dV,'_I,)+X)} ifnisodd' 

whel'c the X/s denotc indepcndcnt Bernoulli (p) random variables corresponding to adjacent edges. 

The \~,_I,) 'g arc indcpcndent copies of \~,_I' Let us define ~ ;, 1 - X) and v,:' ;, 'ft - V; •. Then we 

have the following distrihutional identitics: 

V;:. ~ 2" - l~la;b {(21/ - 1) - V;:._l,) + 1 - Y;} , 
_L 

V;:I+I ~ 2/1 + 1 - min {2/1 - v;~ 1 + 1 - ~} . 
- I$)~b ' 

Prolll this, wc obtain 

V" ;, { minl$)$b {V.:~I,j +}~} if n is even 

" maxI~J$dv.~'-I,j+Y;} ifuisodd 

Hcrc the YJ 's are Li.d. Bernoulli with parameter 1 - 1). Thus for 'Il ~ 2, V{:1+1 follows the sa me 

rccurl'encc as \;;". We denote by F:: the distribution function of v.:'. The recurrence for F;:I+I (i) is 

F:'(O) = 1 - fi', 

F('(l) = l, 
F;:I+I(i) = G(F~:._I(l - l),F;:,_I(i - 2),F;:,_I(i)· 

If /) < 1 - li' thcn IJ > (} and the rccurrence function ooly has zero as fixed point and F~n+l (i) 

converges to O. If]J > 1 - none can show that the proof for convergence remains valid, and F::Ci) 

converges to fi !lon-zero Iimit. 0 
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IV THE SUIVIl\10I)EL: 
EXPECTED VALlJE 

1. The main theorcI11. 

In this chapter we prove that the expectcd value of the 100t dividcd by 1/ convclgl'S and Ihal 

limit is a continuous function of p. To prave this we first show that the distribution of Ihe loot valut' 

is highly conccntrated around the expecled value. 

TUEOREM 3. Por evcry]J, EV,./n COll verges ta ,1 linitc lilIIit V(p), :1IIe1 V is :llIniforlll/y continl/ous 

function of p. Furthennole if u < fJ < 1 - (J' tllCn ° < Ven) < 1 :1IIe1 V,,/gV .. -t 1 II/l110st slIIdy 

wllen n -+ 00. 

2. Construction und notation. 

Wc rccall the defimtioli of v: .. the root value of a complete IJ·ary trce wilh II Icvcls of edgl's 

in which we associatc with each edgc 1 or ° with probability p and 1 - JI respeclively. The valul's 

of the nodes are found by the following rccursivc mIe: ailleaves have value 0, and for every Ilotle 1/ 

with Au as ils sel of c111ldlen wc have 

V { 
maxvEA. {V(u) + E(II, u)} 

('Il) = 
minvEA. {V(u) + E(u, v)} 

if Il al evell level 

if Il at odd level ' 

where E(u, 'Il) is the value of the edge (IL, 'IJ), This defines the f/-]cvcl b-ary SUM trce wilh paramclcr 

1). 11:1 is the random variable defined as the root value of such a tree. Theil we get the following 

distributional identities: Vo ~ 0, 

/ E. {maXI$]$b {V,I-I.) + X;} ifu is even 
l " -. {V, V}'f' Id ' mml$)$b 11-1.) + .\] 1 ft IS oc 

where X J are i.i.d. Bernoulli mndom variables with parameler ]J, and {VII _ I.;} arc i.i.d. copies of 

11:/-1' 
Wc obtain 3 b-ary Pearl tree with paramcter IJ E (0, 1) if in the prcvious construction wc sel 

E('/l, v) = 0, and l/o = 1 with probability Ij and Vo = () with prohabJ1lty 1 - IJ. ':lllally, in our proof, wc 

need an associated trce, We fix the llltegers N ~ 1 and 1.: ~ l, and we comidcr a IJ-ary ,>UM tree with 

parameter 1), A node Il in the associated trce has value V'(II). The us!-'ocialecl trec ha~ the propclty 

that for every node /!, V'(Il) ~ V(ll), The leaves have value zero. At uny Icvcl z that i~ Ilot a rr 'Jlliple 
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of N, wc follow the standard mIes as for a b-ary SUM tree with parameter 1). If i is a multiple of N, 
say l = IN, thcn we sel for any node 'IL atlevel i 

IV(Il) = -. ., 
{

maXV!=A {V'(u) + E(ll, 'U)} if i is even 

min"EAu {V'(v) + E(u, oH If l IS odd 

and, 
, {IEVN + (21 - I)k if W('Il) $ lEVN + (21 - I)k 

V ('II) = 
00 if IV(u) > lEVN + (21 - l)k 

Note thallllany nodcs may have the value infinity. We callthis the (k, N) associated trce. Let v,~ be 

the randolll variable defincd as the root value of such a tree \Vith II levels of cdges. Note that for ail 

nodes allevcls thaL arc multiple of N, the values of V' are eilher 00 or a givcn fixcd filllte value. 

3. Thc fllndamcntal illcqllalitics. 

The followlllg Icmma is the main part of the proof of convergence. The proof uses results on 

Pearl trees. Con~ldcl a SUM Lrcc wilh IN levels, and cut it into pieces of N levels each. In each part 

the lowest 1,. Icvels arc uscd as a filtcr. The following Lemma fonns the basis of the entire chapter. 

l,EMMA 9. Let \~, be IlIc raol value of a n-IevclIJ-ary SUM Iree wilIJ parameter jJ E [0, 1 J. For aIl 

[. > 0 wc IJ:lvc, 

Fw t"Cl/llOI'e, (al' N Ial'gc cllough and for aIl 1 > 0, 

Jil.j2 P {ViN ~ lEVN +(21-l)k}::; [)N-Nlflb2-b -1 +2e-2Nl/l d,;r R(IJ,N), 

w/lCl'c h· = r N2/31. Finally fol' ail ê > 0 there exists an N sucIJ that for aIl 'Tt > N, 

P {Iv" -lEVN I2:: (2/- l)k+N} :$ c, 

wllcl'cl = lrt/NJ andk = rN2
/

31. 

PROOF. COllsidcr an I/-Icvcl[)-ary SUM tree with root Il. At the i tll 1cvel of edges, starting from the 

topmost Icvcl, wc find 1/ indcpcnd('nt cdge values. These are collected in a random vector U,. ClearIy 

thcn, V(u) = f(U" ... , U,,) for SOIllC function f. Furthermore. if U, is replaced by a diffcrent vector 

(1;. F(II) changes by at most 1. Titus, wc cao apply the McDian11ld's mequality (l989)[McDi89]: 

for ail E > O. 

(13) 

The fllst bound is provcd . 
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IN 

iN 

- (i.J)N 

. , 

ol ~~ 
The con~tl\lctlon 

~-----------------------------------------------------------._-

We now assume lhat the SUM trcc has 11 = IN Icvcls. Wc considcr Ihe (/'" N) assoclaled Ircc 

with I~ = r N 2/31. Let N be so large that R(l), N) ~ (1/2)1)-/'. We will provc hy induclton Ihal for 

such N we have for ail i ~ l, 

For i = l, we obtain 

P {V,'N = oo} ~ U(b, N). 

p {V~ = oo} = P {VN > EliN + k} , 
~ 2(,-~kl/N 

~ 2(~-2N'/I 

~ R(b, N). 

( 14) 

(accordlllg ln (13» 

Now we assume that P {V(~-I)N = oo} ~ R(IJ, N). The nodes atlevcl iN arc i.i.d. disll'ihulcd as 

l~'N' Let T' be an associated trce with iN lcvcls and s its root node. Theil look at the 'fil < N Icvcls 

of this tree from depth N - fIL to depth N. This part col1sists of "N -", I/l-lcvcl subtrees. LeI 1:11 he 

one of these subtrees and let U," be Its rool. Thus \;"(/1",) is di~triblltcd as l!(: -I)N+III' The lcavcs of 

Till are nodes of T' utlcvel (1 - 1)1V. Thus thcir values arc i.i.d. dlslnbulcd as Vc: -I)N' Let 1/1 he li 

leafofT",. V'(w) is dislnbutedas '~:-I)N indepcndcntly ofthcothcr lcavc ... 
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iN 

N-m 

(I-J)N 

.............. 
.... ~ .......... 

Wc nssign 10 each lenf nodc w of T". a value lfl/(w) as follows: 

l!"( { 00 if V'(w) = 00 
w) = . o if "'('lU) < 00 

And 10 cnch internai !lotie Il of T," wc nssign a value ""(Il) usmg the MIN-MAX rules: 

" {maX"EA .. {lfl/(v)} ifu is a MAX node of T' 
" (/1) = minl'EA. {F"(o)} if U IS a MIN nodc of T' 

Theil \1"(11111 ) is distnbutcd as the raot of a 1l/-levellJ-ary Pearl trcc, wherc the Icavcs take value 00 

\Vith prohabillty 1/ = P {V"Cm) = c.:v}. The boltom Icvel is a MIN or a MAX according to the parity of 

(i - I)N. Thus as IJ = P {V"(w) = cx>} = P {Yc:-l)N = oo} ::; R(l), N) ::; (I/2)b-b, according to 
Lemma 1 about Pearl trees 

{ 
_II } _b lm / lJ 

P 1/ ('/J",) = 00 ::; b2 . 

Lct /1 be nn internai noue of T",. As it is not at a level that is a multiple of N in T', V'(u) is computed 

with thc stnndard mlcs of the SUM mode!. Thus lf'(U) is mfinity if and only if V"(u) is infinity. If 

F" (If ... ) = 0 thcn 

V'(/I",) :s; (l - l)EVN + (2i - 3)k + m. 

Thus, 

{ 
, _b lm / lJ 

p V (v",) = oo} ::; b2 . 

Furthcr11lorc we have 

(J", '~ P {V' ('II.,.) = 00 for at Jenst one node 'UIII at depth N - 'fit from the top of TI} 
~ [),\'-"'h2- I,l"'/ll • 
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Now we take m = k = fN2/31. If there is no infinity node at dcpth N -1.' ln T', then cach F'(I' ... ) l~ 

less than (i - l)EVN + (2i - 3)k + k. and F'(s) \s stochnsticnlly lcss than "'(11111 ) + , ....... l'hns 

P {l~'N = co} = P {V'(s) > iEF", + (21 - 1)1.-} 

::; QI" + P {Ci - l)E\'~v + (2i - 3)1,· + , .. + \'J\' > IEF,,, + (21 - 1 )/>') 

::; Q k + P {l":" > E\/~V + k} 
f:I3/.!. ::; bN-N1flb 2-b • -1 + 2e-lN' /l 

= R(b,N) 

< ~b-b -2 . 

Thus the induction proof of (14) is finishcd and wc have 

P {VIN ~ IEVN + (2/- 1 )I,.} ::; H(l" 1V). 

Now we consider b-ary SUM trees \Vith 1/ Icvcls, 1/ Ilot a multiple of IV, and wc sl'I 1:= 1 .~~ J. 
Using (13) with HL = 1L -IN < N wc get 

p {\I,I ~ IEVN + (2/ - 1)1.: + "I} S P {\ '''(0111 ) = C\)} S /'2 _/,1",//
1. 

Thus if N > ln > NI/4 we have, 

p {V,. ~ lEVN +(21 - 1)/.'+ lV} ::; li2-/JlN'/']/l. 

Ifm $ NI/4 the probability that v,. > lE\fN + (2/- 1)/.' + N is less than the prohahility Ihal therl' b 

at Jenst an infinity node at levellN of the nssociated Ircc. ThllS, 

P{V,I~lEVN+(21-1)/ .. +N} ::;//"R(b,N) 
NI" ::; li R(/I,N). ( 17) 

Finally using (16) and (17) we have for ail Il, 

lN I
/
4J 

p {V,. ~ lEVN + (21- I)k + N}::; b2-b + IJ
N1

/
4

U(I" N). 

The right halld side tends to zero when N tends la illfinily. ThllS, for ail ê > 0, Ihcre ex Îsts lin N such 

that for IL > N, 

P {V,. ~ lEVN + (2/- 1 )1.; + NI S E, 

where le = fN l
/
31 and 1 = Ln/NJ. Using the same mcthod, onc can casily show Ihat wc also have 

P{Vn $lEVN - (21- 1)/.' - N} ~ é 

under the same conditions. 0 
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4. Convergence . 

LLMMA 10. For cvcly p, EV,';II JIlIS a lim;t V(p) wllen n tends to ;nfin;ty. Furtllennore for all 

[1, E 2 > 0, tJwre ex i.\/.\ :/11 N sudl tllal for ft > NI [l, 

{! V,' EVN! } P --;; - fil ~ 2[1 ~ E2· 

J-'J""lIy For:lll E;, r"2 tlJcre cxis/ ... {/ N suc!l t!lat for Il > NIEl, 

P {/ \:;' - V(P)! ~ 3[1} ~ E2. 

l'IHlOr. Wc ~h()w Ihal 
E \;;, .. E \;;, 

hm sup -- ~ hm lOf --, 
11_'""<) Il tl-OC Il 

hy ~howing that for given :: > 0, 

. EV" EliN 
hm sup -- ~ -l\T + 3E 

tl-OC! IL 

for ail N large cnollgh. Then, by dcfinition of the limit infimum we can find an N so large that 

EVN l' . f EV,l 
-l\T :5 Imlll --+E, 

fi-CO Il 

sa that we may concillde (18) hy the arbitrary nature of E. 

(18) 

We lise Ihe notations of the preceding part: u is the raot of an n-level b-ary SUM tree 

\Vith paramcter ]J. and \,'/(11) is Its value for the (k,N) associated tree. Let set 1 = LttINJ. If 
\"(11) ::; N + lE\,~\· + (2/ - 1 )I.-thcn 

\ "(II) ~ N + l~T J EVN + (2l~T J - 1) k 

sn Ihat (recalling , .. = fN2/1 1), 

Il nk < N+-EV .. +2-- N " N' 

F(u) N EVN k 
-- < -+-- +2-

Il - 1/ N N 

N El~\, (N2/3 + 1) 
~ -+~+2 T\T 

1/ h . 

E\~" 2 < --+ [ - N 
for lY large cnough and 1/ ~ Nif. Thus using Lemma 9, wecan find N large enough such thal 

P {\:. ~ lEll,... + (2/ - l)k + N} < é 
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for a111) and for ft > N. Thus we have, 

EVn p {\~I EF". 2} E\'~" 2 --< ->--+E+--+E 
1l- 1/ N N 

~ P {l:, ~ lE\~\' + (21- 1)1.' + N} + El~;N + 2E 

EV", < -r- +3::, 
- 1\ 

for N large enough and /1 ~ NIE. This implies that 

EV E\'\, 
hm sup __ " < -.-' + 3~-
II-X' /1 - 1\' 

as requircd. Thus EV,.j1l has a Iimit V{JJ) when Il tend<; ta infinily. The <;l'cond palt ni I.CIlIIIH\ 10 

follows easily l'rom the above argument. 0 

5. An cmbcdding ICllllna. 

We consider a b-ary trce with TI levels of cdges and with cach cdge (' of thi<; lice Wl' as<;ol'iatl' 

a uniform [0,1] random variable Ue • Let II/J:S;~I be the indicator function taking the value olle if 

U ~ E. We den ote by 'Pli the collection of all//' paths from the mot 10 the leavcs. 

LEMMA Il. Tllere cxi,Ç(s a positive {uncrÎoll <p such thar for ail E > 0, 

limsup.!.E {'!lax L J1/I,:::;d} $ cp(tô). 
"-00 Tt lEP. cEl' 

FU/tIJcnnore. r.p(E) -+ 0 as E -+ O. For E ~ 1/ IJ, cp(E) = 1, wlliIc fOI E < 1//" (p(E) < 1. 

PROOF. For E ~ lib the statement is trivial. We assume E < Il''. Por cvcry PET'", H = 
LeE/' JIU. $'1 is binomial (Tt, E) distributed. Thus, by l3onferroni's incquahty, for 1 >:t ~ C, 

P {JP1,X L J(U.$'I ~ :w} $ L P{B;:: :w} 
E n cE l' l'EP. 

$Il' ( C = : r OJ)". 
where wc use the Chernoff's bound for the tail of a binomial distribution (sec for cxamplc Ilocflding, 

[Hocff63], Theorem 1). Let cp = <p(é") be dcfined as follows: 

{ (l-é)I-"'(E)'} <p = inf x: 1 > .C ~ E, b ~ -:;. $ 1 . 

Wc denote 

(
1 é)l-r(E)T 

H(E,X)= -- -
1 - :/: :r 
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Thus 'p(é) is the smnllest solution grenter than ê and smaller than 1 of 

H(é, x) = lib. 

It is a simple nnnlyticnl excrcise to show that H(é, :1:) is monotonically decreasing from 1 at x ::: é to 

F. at :1: = 1 (see figure bclow). 

1 

0.8 

0.6 

0.4 

0.2 

o 

· · --~------------------------· 
C 0.2 0.4 0.6 

lI(e,x), for e=O.1 

x 
0.8 1 

Wc sec that cp(c) is well-defincd and that for E < 1 lb, é < cp(é) < 1. Furtherrnorc, 

cp(E) -+ 0 as f. -+ 0 

bccausc 

H(E, f(é»""" Ef(C-) -+ 0 as é -+ 0 

for any incrcasing fUllction f(f.) with f(c) 10g(1/é) -+ 00, and f(c) -+ 0, as c -+ 0 (J(c) = 
1 I/Iog() 7 é) will do). For ê 8mall cnough, <p(ê) ::; f(ê) -+ O. We have for aIl /j > 0 

E {max LeE /' JIU, ~d} ::;P {max" llu <el ~ (<p(c) + 6)n} + cp(c) + 6 
"E'T' fi PE P ~ , -

• ft cEP 

::;u(l) + <p(c) + D. 

By the arbitrary nature of /l, LcmmLl Il follows. 0 
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6. Continuity . 

LEMMA 12. Let Fn(fJ) be rlle root value of an 11-JC\'CJ {)-al)1 SUM tree wit/l 1'<1 WIllett'f J'. Tllell 

hm sup 11111 sup - == 0, . . 1 El~,V') El~,«(j) 1 

,-0 ,',q I/>-ql:=;' "-00 Il Il 

and tllus EV,.(p)/n Îs unifonnly cOJ1tÎnuolls illjJ fOl a1l1l. rrV(p) is tllc lilIIit orEl ',,/11 WIICIII/ (t'Ilds 

to in finit y, rlJClI V(p) is unifonnly continuolls in jJ as \Vell. 

PROOF. We use an embedding argument, assocIatlng with cach edgc in a 1'-:11 y Ill'l' :III IIllkpcndl'nl 

copy of a uniform [0,1] randolll variable U. Ta oblaill l~,(J), we assoCJalc \Vllh c:Ich Cdgl' lhl' \'alllt' 

I(U$,>], where 1 is the indlcatar function. ln 111ls manncr, ",>(1') and l ',,(t/), allhollgh holh I:IlIdOlll 

quantities, are heavily coupled, Alsa, if tj > jJ, then F,,«(j) 2:: '~,(JJ). NCXI, leI l' hl' a palh l'Will 

the raot ta a terminalnode, let e be a tYPlcal cclgc, and let Ut he the li III fUI III 10, 1) lalldol\l v:IIÎahle 

associated with that edge. Let 'P" be the collectIOn of alllJ" palhs l'Will Ihl' lllol 10 a kal III a [,.;" y IIlT 

of height n, The embedding canstmction shows immediatcly Ihe followlIIg: If l' -lI> t/ .> /J, Ihcn 

0::; EV"VJ) - EV,,«(j) = E {V"VJ) - \~,(t/)} ~E { :~~:~~, f" Il''' /1. '-'II} 

:SE {max L 1111 • CI} . 
IJE Pli 1''- 11 t' 

ThUR, 

1 
EV,.UJ) EV,,(IJ) 1 < 1 { '""" } sup - _ -E max ~ll/J.<d :s Ip(r:)+()(I) 

l' q l''-,,IS€ 'ft 'Tl ft PEP" rEl' -

by Lemma Il. Recall that <p(c) -+ 0 as c -+ O. This implics directly thc unifolJll COlltllllllly of 

EV,. (p)/ ft in p. This also implies the uniform cantinuity of V(fJ). 0 
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7. A law of' large nurnbcrs for p E (n, 1 - n) • 

LLMMA.J].: For jJ E (II', 1 - 0'), wc have 

0< V(p) < 1 

whL'lL' 
. El!:. 

V(p) = hm --, 
n-oo Tl 

:11/(1 \~./ E Il,, ......... J ulm ost . .,urcly as 'ft tellds to infinity. 

l'IHlOF. Let '/1 he a nodc of T ail fI-lcvel i)-ary SUM trcc wlth parameter p. Wc associate with 'Il the 

valuc V'(/I) Iclated to V(Il) ill the following manner: V'(u) ~ V(II). The idea is to cut thc tree into 

piecc .. of N Icveb each, und for cvcry second piecc, we force ail edge values to be zero. On those 

plcees, wc lI<;C the IC:-'lIItS about Pcarl trees. The exact definition is glven bclow. Wc denote by V;: the 

landolll vHllabk defincd as the valuc lI'(IL) when Il IS the rool of the I/-Icvcl mode!. We will show 

that hm inf"_,,,-, g V,: / 1/ > O. 

Let N be a large f1xcd positive integer. For aIl nodes li at level i, we determine V'~ll) from 

V'(n), Il E Ali, a<; follows for / = r"/(2N)l: 

1) If (2/ - 2)N < i < (2/ - I)N, th en V'eu) is determined from V/Cv), v E Au as in the 

SUM trcc with paramctcr 1). 

2) If 1 == (21 - l)N, thcn first W(u) is detennined from V/Cv), v E Au as in the SUM tree 

with paral11ctcr IJ, ane wc set 

V'eu) = {;oo 
(Thus, al titis level. V'(u) is bi-vaIued!) 

ifW('ll) < 1 
ifW('ll);:::I' 

3) If (21 - I)N < i ~ 21N, then the edge values are considered to be zero and thus V'eu) 

is determined by the MIN-MAX rules 

T/' { maxvEA. {F' (v)} if u at even Ievei in T 
1 ('/1) = 

rninvEA.{V'(V)} if~latoddleveIinT' 
(20) 

It is easy to verify by induction Ihat lI'(u) ::; 11(1l) for every node. Now we will prove by induction 

thal if 1) > (l, for ail c > 0 we can find N such thal for all integer 1 > 0 we have 

ror 1 = l, this is tme since 

P{FJ~' =-oo} =P{WN =O}=FN(O) 
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where FN is the distribution function of the value of the mot of an N -Ievcl SUl\! Irl.'l.' \\'Ilh palanll'Il'I 

]J, and WN = lV('ll) is the value of the root of an N-Ievcl tl'ce dcllncd ubove (n~call thal 1'01/' > Il, 

FN(O) -+ 0 as N -+ 00.) Thus wc choose N so large that 

F",(O) < ~ min (E t ~!J-I') . 
For the induction we have to distinguish betwcen t\Vo cases. First wc considcr a 1I0de 1.' al il kw! 21 N. 

We assume (21) to be tmc for ull/' < 21. Ali nodes v at level (2l - l)N have a value \ .,(1') l'qu.11 

to 1 or -00, Wc considcr the N -Ievc\ subtree 1',\' moted at the node 1/ and in \Vhlch IIIl' kat' valul's 

are the V'(v) from level (21 - I)N of T. Also F'(/I) IS disuibutcd as Ihe mol of a I\'atllll'l' Whl'Il' 

Ihe leaves have value 1 or -00. By the induction hypothesls the value -C'ü OCC\lI~ Wllh plohablllly 

1] :::; (1 /2)1,-b. Thus by Lemma 1 wc have, 

P {V'(/l) = -oo} ~ iJ2_I,IN/ll ~ min (Et ~/)-b), for N large l'Ilough 

For all1Tt ;::: 0, 

(22) 

This concludes the tirst part. Let us now considcr a node Il at Icvel (21 - I)N. J\(;c(1I ding III Ihe 

hypothesis, at level (21 - 2)N, there arc nodes \Vllh value (l - l) anù nulles wllh value - 1'-'. The 

probability that at least onc node vat levcl (2/- 2)N has valuc 1"( 11) = -(X) is less Ihan/IN"2 1.1 NIlI. If 

the bN nodes at level (2/- 2)N have thc value 1- l, then P {V'(II) = -oo} = P {Hl N = 01 = J.'N(O) 

TI 'f h N 1 h bN+12 IINfll 1 l, b) lUS 1 we c oose suc l t nt - J :::; 2 nlln(é t 2 ,- , 

P {V'('Il) = -oo} ::; //"+12- I,INJll + F'rv(Q) 

< ~ min (~t ~/}-IJ) + ~ min (Et ~/)-IJ) 
= min (Et ~r)-b) . 

Thus the induction is shown and we have for ail integcr 1, 

P {l,,:V = -oo} ~ E. 

Thus for ail 1 > 0, 

P {ViIN ~ i} ~ P {V{IN = I} ~ 1 - E . 
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n 

21N 
n-2(l-J )N 

- 2(1-I)N 

(21-3)N 

2N 

() 

hl<;lde the gray parts we nc;sume the edgc values to be zero. 

We 1l0W gcnerahl.e Ihe rcslllt for SUM tree with a nllmbcr of Icvels Ihat is not a multiple of N. Let 'Il 

he the loot of T, HIlI/-level b-ary SUM trce with paramcter jJ > II. Lell = Lf/ /2N J. Using (22), with 

III = 1/ - 21 N, wc ha ve 

Thus, 

As li consequence, 

so Ihal 

and flnally 

E'~, ~ 1(1 - é). 

El~, ( ft ) 1 - ~ (1 - E) - - J -
n \2V ft 

1- é ~~- E 
=~---

2N n 
l-E 

= -- - u(l) 
2N 

1• . f EVn 1 - E 
IInln -- ~ 2N' 
11-00 fi 

. EFII 
Itm -- > O. 

11-00 IL 

We c:m similarly prove that for jJ < 1 - 0, 
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Thus for ail 1) > il: there exist c: > 0 and 110 > 1 sueh that for ail 11 > 7Ilh E \ ~, > /"II • 

According ta Lemma 9, for any ]J, and uny E > 0, 

P {IF - F,V 1 > E} < 2(·-2c
l
/". ft u _ _ 

Thus for n > TlO, 

Thus by the Barel-Cuntelli Lcmmu, '~,/E\'~, -t 1 whcn 1/ --. C'V almost SlItcly. 0 

8. Symmctry. 

Sa far wc proved that the E\J~./ 1/ converges to a continllOlls function of JI. NllW Wl' ~tlldy 

some churactcristics of this function. 

TIIEOREM 4. For ail jJ E [0, 1] wc ha vc 

V(I - 1J) = 1 - V(jJ), 

where 

V 
E\~, 

(p) = \tm --. 
ra-oo fi 

This implies tl1at 

V(I/2) = 1/2 

o MAX o MIN 

w, 

The randoln vannblc~ V" and W" 
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p/{()()fo', Consider the random variables W n defined recursively as follows: 

ifn is even 

if n is odd ' 

where <l1I1V,,_I,) arc indepcndent and identically distributed as Wn - I • Let v,~ and W:. be defined as 

v" and W" respectivcly but with all cdge values flipped (0 to 1 and 1 to 0). Wc use the definition of 

V" uscd at the end of chapter HI, V,:' ~ 'Tl - v" and y) = 1 - X)' Then we have 

\1" :éi: { minl~)9 {V,:~I.) + y)} if Tt is cven 
.. {lf,,}r } . f . dd lllaxl~)9 fI-l.} +} 1 1/ IS 0 

Ifcncc, l~:' ~ IV:, and Il - V;, :éi: 11':,. By dcfinition of the W~ 's Jt is also casy to see that 

l'lr' E:. V' 0 ,,+1 - Il + " 

for SOI1JC {O, 1 }-valucd randolll variable 011 , ln faet the tree of lV:r+1 ean be ereated from \l,: by addillg 

a MAX IcvcJ at the boltolll levcJ, so this will innuence the root's value by 0 or 1. Therefore, 

Rccall also that EW:, = 'Il - EV". Thus, 

El~: ] 1 EVn+1 EV,~ 1 -- < +-+-- < --+-. 
1/ - 'fi 1l - 'fi 'IL 

Sillec 

l, El~, ]' EV.: )) lm -- = ))(p), and lm -- = (l - p), 
t1 ..... 00 /1 " ..... 00 'ft 

we have 

V(l - ]J) = 1 - ))(]J). 0 
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9. Bchavior of the expected value nround p=1I2 • 

The figure below shows the hchavlor of E";1I/211 as a function of Il for diffcll'nl vallll's of 

b. We notice the flat part around Il = 1/2 wlllch grows wllh b and tends tn lill the l'nlÎrl' lang\.' of /' 

when b lends to lIlfitllty. Thi" Illenns that 111 this range of II the e:-.pected value all110st dlles tlol del1l'1Il1 

on II. ThiS section IIlcludes a proof of thls behavior. The idca is to prow thal Wlk'J1 the 1lI111llwI of 

childrcn becornes big the MAX nodes Will almost always atld a one 10 the value and Ihe t-.lIN IllHks 

almost always a 7ero. Thus, for a 2/1 dcpth tree the expeclcd value is cloSl'lo /1. The computations 

show that thls behavior appcars for /1 > 2. 

2 3 ,j 
1 1 

O.B o 8 0 8 

0.6 o 6 o (, 
0.4 0.4 0.4 

0.2 0.2 0./ 
0-

0.2 0 4 0 6 a B 1. o . .' 0.4 O.t. 0 Il 1 

6 ., 
1 1 

O.B o 8 o B 
0.6 0.6 o fi 

0.4 o 4 0.4 

0.2 0.2 o 2 
-~- -~ - -~ --_._-
0.2 0.4 0.6 0.8 1. 0.7. 0.4 0 (j 0 Il 

10 20 50 
1 1 

O.B 0.8 i 
f 

0.6 0.6 1 
0.4 0.4 J 
0.2 0.2 1 

0.2 0.4 0.6 O.B 1. o 2 0.4 0.6 0.8 1. o 2 0.4 0.6 O.H 1. 

EV2,(2n funelion of JI for differenl /J • 
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TIIEO/ŒM 5. For .111 11 there exist.e; {3 E (0, 1/2] such Ihat 

{
=~ Jf1)E[!3,I-fJ] 

. EV,. 1 
hm -- < - ifp E [0, fJ) 

fI-'XJ n 2 

> t ifp E (1 - (3, 1] 

WlleTl f-J < 1/2, tlle r:lJlge [(J, 1 - j3] is called the fiat pm1 around p = 1/2. For]J E (0,1/2) Jet 

{,{Jl,I) he tlle /nrgcsl rool of ] - (l - JJ:l:!'l' = :1: 011 [0, ]]. Assume that L(p, b) i O. Then, for 

11 ~ V2/ J}(fJ, 1), 

liJ -vnlogl/ ~ EV,. ~ l~J + v-n1og n , 

/1 ~ p. :lIId \1,,/ Il -. 1/2 a/mo.çt sure/y. FUl1hennore. fJ tends to zero as 1) tends to infinity. Thus the 

f1nt 1':11 1 cxi.\ts alld tcnels to tlle full range ilS il -. 00. Fina11y, for b ~ 8, we have ° < {3 < 1/2 (henee, 

Ihe 11:11 /WI exists). 

Pf{OOF. 

Pm't. 1: The lower bOllnd. 

LEMMA 14. Assume Ih.1l L(p, b) '10 where L(p, 11) be the Jargest root of 1 - (1 - 1J:l:b)b = x. Then, 

for Il ~ V2/ 1.}(fJ, b), 

PROOF. Wc considcr a random 2/l-1evel b-ary SUM tree with parameter]J. The nodes in the tree are 

markcd good or had. The lcavcs arc all good. Conslder a node al an odd levcl 2ft + 1 with il children at 

Icvcl 211. Such a nodc cOlTcsponds to a MIN node in the tree. Wc mark it good only if ail the children 

arc good; olhel\vise, il is marked bad. For a nodc at levcl 2n (a MAX node) wilh b childrcn, wc mark 

it good If thl'Ie exists at kast onc good child whosc edge value IS one. Thus, the root IL is good if and 

only If there IS a path l'rom the root to bottom level where aU the MAX nodes bring a one . 
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MAX o MIN Bad nodl's 

2 3 2 o 1 2 2 3 4 4 3 2 3 

Trec \VIth good and bad node,. 

Consider the value V(ll) of the root of the trce, providcd that it is market! gond. C\cat Iy, 

V(u) ~ n. Also, for a node vat Icvel 2/1 + 1 wc have V(II) ~ '1/. LeIIJ" dcnotc Ille prnhabilily Illat a 

node at level ft is marked as good. Then, by the prcvious discussion, 

Furthermore, we have a simple recursion: 

Po = l , 

and 

where 
der ( b b 

/(:1:) = 1 - 1 - p:l:) . 

The function / is conlinuous and incrcases monotonically from 0 to /(1) = 1 - (1 - IJ)". Wc noIe 

therefore that [12. decreases monotonically in i to a limit which is either zero or li positive Ilumber. 

The IimIt is the largest fOot on [0, 1) of the equation 1(.1:) =:L Let us cali this limil L(p, IJ). Thu,>, tlle 

following interesting incqualities are truc: 
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Thcreforc • 

i~f P {v,. ~ l iJ } ~ Lb(p, b). 

Continuing this discussion, wc considcr the set of ail fJ for which L(p, b) > O. We know by 
Mc()iarmid's inequality that 

P{IV,.-EV,.I> vnlog'fl} ~ .,~2' 
Therefore, If 2/1/2 < L"(p, b), we sec that 

EV,. ~ l~J -VII log Il. 0 

Pad, 2: The upper bound. 

III the h-ary trce we mark the node good or bad according to the following rules. The leaves 

alc all good. A MAX node is marked good if ail the childlen are good. A MIN node is marked good if 

the/e exists at Icast one good child whose cdge is zero. Thus, the root is marked good if thcre exists a 

path from the root to the boUom where ail the MIN nodes bring a zero. If anode at height 2ft is good 

we havc \/211 :s 'Il. Also \1211+1 ::s II. Let (/11 den ote the probability that a node al level Il is good. Wc 
set (/ = 1 - JI. Theil 

And the rccursion is 

with 

flo = (b = l, 
1J2n+1 = J(fl2n-I), 

der b b 
J(:/') = 1 - (l - (j:I: ) • 

Just as for the lower bound, wc gel the inequality 

EV,. ~ l~J + Jnlog1l. 0 
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Part 3: Behavior when b tends to infinity . 

LEMMA 15. Forb 2:: 8, (3 < 1/2. A/so, 

lim /3 = O. 
b-oo 

TJ1Us the flat paIt ex/sts anel tenels to tlle full r.1nge as b -+ 00. 

0.5 • 

0.4 

0.3 

0.2 

0.1 

2 

· · · · · 
'\ 

50 100 150 
An li 1er bound for as a function of /J. 

~/) 
200 

PROOF. We show that for ail 1) E (0, 1/2], thcrc ex\sts B such that LV}, b) > 0 for ail I, > Il. Thi .. 

implies f3 ~ 1). Define Y(:I:) = f(:I:) - :1:. For:/; E (0, J /2], wc have 

y(:I') = J - :1: - (1 - Il:é)b. 

Taking :1: = \[f, wc sec that 

y ( ïH) = 1 - el.,L (1 _ 2~')' 
'" log(3/2) _ (1 _ 211)" 

b-oo b 3 

"-
log(3/2) 

Ii-oo 1) 
There exists B such that for aIlIJ > B, 

Note also that for any /J, 

!J(l) ~ J, !J(O) = 0, y'(O) = -1. 

Thus for b > B, y has a fixcd point in [ij2f3, 1), and (3 $ p. Finally for jJ = ) /2 and l, = H, wc have 
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'l'hu,> for 1) = 8, fl < J /2. Then Lemma 15 is prt::ved. The figure above shows an upper bound of f3 
corn putcd [1<' the smallest]J such that L(p, 1) > O. The numerical corn putations show that the flat part 

appcar~ for /) = 3. Sec also the figure bc1ow. 0 

(j 53 

o 51 

0.49 

0.47 

0.46 0.48 0.5 0.52 0.54 P 

EV2,/2n for 11=3 and f1 bctwecn .45 and .55 and 11=500 . 
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v NUlVlERICAL RESllI;rS 
AND DISCUSSION 

Simulation of MIN-MAX trccs does not providc reliahlc results, as the nlll11hel of COll1pUt,lt iOll 

needed for such simulation IS exponenlial in the depth of the tree. In fact, ~illllllalillll" l'ail only hl' 

performed for deplhs up to 20. Wc ale lbelcfolC forceo 10 use LI 1I11111encal nWlhod h:l\l'lI (lll thl' 

recurrcnces givcn in the texl We can compute the vanollS dl~tlihlltl()n rllnl'tlon~ ln polyllollllal (1I11l' 

as a functlon of the depth. The re<;u!t" arc Icliable and the COllwrgelll.:e 1" last TllL'se fllllL'tlllll" hnVl' 

bcen cOl1lplltcd \Vith a Pa<,cal program. Wc u"cd A!atlll'fI/(I/ÎC(J to analy/c the data. The dl\(llhulloll 

functlOn and the expccted value of ,;, arc computeo for tree" up tn 2000 kvcls lor :'iO() dll kll'Ilt 

values of /) Thcse nUlllcncal n~~ults glve a good Illustration of the theoretlcal plOpl'llIl'S of the SliM 

model proved ln the plecedlllg part<; and allo\V sOl1le conjectures on other propcltic!o. III thl<; chaptt'I 

we use thc notatIOn 1I1troduccd hcfme: 

V,,: the root's value or the II-\cwl IJ-ary SUM model with paramcter l', 

F,.: distributIon functlon of l'" and lu its discrete dcnsity, 

V(p): the Iil1lit of E~~./II as Il tends to infinity, 

0': the smallest /) such that F,,(O) has a non-zero limit as 1/ tends to infinity 

1. Expectcd value for {) = 2. 

First we prcscnt the evolution of thc expccted value EV,'/IL as a fUllction of lhe cll'plh Il 

for fixed p. We have three dlffcrent cases as a function of p, dcpcnding UpOII whclhcl /) 0 10, (1'1. 
jJ E (0', 1 - u) or p E [1 - 0', 1]. 

EV2n o , 

o 12 

Î o le 
01 

o 08 o 1~ 

001 '----------
EV2,,-2/1 

o 04 

o O~ 

EV211.,-(n·/ ) " 
0.06 

EV2n., o 14 

o 04 

o 02 /" 
o 12 

n 
)' /', 

EV}), rf211-1) 

la 1~ lO 

p=O.04 
lQ PJ 

p=O 5 p=o % 

The thlee dlffcrent cases . 
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For /) = 1/2 we can observe that EV2,. - n converges to a fimte Iimit. For general1) wc observe 

Ihal EV" - nV(p) stays fiOltc when Tl tends to infinity. When jJ slightly bigger than 0', EV,. - nV(z) 

o"cillatc<; :lS wc can sec in the next figure. 

J'j 

10 

" 

" 
Jl'=0.0551 =a+ 1 0-4 

~~~=~.':"!._---~--~-~~ ___ '~I 
20() 400 600 800 1000 

EV]" for p>o .. close 10 (1 and b=2 EV21l-nV(P) for p=O 056>u 

The CPII.Jeclllre thal EV" - nV(p) is (jOlie ha" not be proved In"tead, wc only prove(~ thal Elin/II 

ha~ a !irnll V(/) whell /1 tends 10 mfinily and thalthis limJt is continuolls. The figure below shows a 

nlllllCI ical approximntion of the function V(p) computed for Il = 2000. The fllllctioll has brcakpotnts 

al Il = fi and Il = ) - (1 as expected. At lhese pomls the function looks non dJffcrcnllablc but it is 

continuous. For Il E [0, fl'] the function il' equal 10 zero, and for 1) E [1 - n,l], Jt is eqllal ta 1. 

Iktwecn the Iwo breakpoints the function il' close to a hne with a slope of 1.062. The slope of the 

)lIle )nllling tlte pomts (0.3, V(0.3») and (0.7, V(0.7») is a !ittle bit ovcr one. Also, as V(l/2) = 1/2, 

wc see that g l'" < /1/1 for JI < 1 /2, E l~, > lJtt for fJ > 1/2, whcn 1/ il' large cnough. 

1 

0.8 

0.6 

0.1\ 

0.2 

P 
.~/~+-------__ ~ ____________ +-____________ +-________ -J--+-

o . 25 0 . 5 0 . 75 (-11,.,(:.945 1 

e of the line: 1.062 . 
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The next figure shows the convergence of E\~./n for diffcrcnt 1J. WC notice that th~ convergcnce is 

not monotone when jJ is near (\ or 1 - ü. 

0.01 
0.008 
0.006 
0.004 
0.002 

0.01 

10 20 30 40 50 60 

0.336667 

g J~"--
0.32 -~-=-~-=""=:==== 

0.859333 

0.0753333 

u!~~----------
0.03 

-- .~--_ .. _------. ~-_. 
10 20 30 40 50 60 

0.532667 

10 20 30 40 50 60 

0.924667 
0.98,\ 
0.97A~ 

~:~~~ 
o . 94/_~--;;~_--;:-

10 20 30 40 50 60 
limite rorca~1 by Ihe hile 

o .140GG7 

0.11\ \ 
o .12 -----"---~ _- ~- 'U .." 

-" ,,-----:---~-- "---
0.08(1020 30 1\0 ~lO GU 

0.06 

0.ï2!lGC,1 

o .7 El l'ln 1.'" O.R~ 
0.76 
0.7 t1 __ -~.- -- - - - -
0.72(.1'1nd ll"tl 
o . 68 1 0 ). 0 30 4 0 ',0 (, 0 
0.66 

0.(1) 

O. 999(' Ü"?o-ï"Ô":tfo 'd) r,"O 
0.998 
0.997 
0.996 
0.995 
0.994 
0.993 

EV2,/2n and EV211+JI2I1 + 1 function of Il, for 9 values of p bClwccn 0 01 and 01)1), /1=2. 

2. Distribution functions for b=2. 

First we consider the case [) E [O,n] (0' ~ 0.055). As wc provcd, for ail 1,/'2,,(/) cl)Ilvcrgcs 

to a non-zero Iimit F,.,:;(z). Since F"",(O) IS the raot of a fourth-order polynomIal, olle couIc! compute 

(e.g., with Matlzemattca) ilS symbohc formulation as a fllllction of JI. ThclI vIa, CCUrH'IlCC<; w~ lI1ay 

obtain a symbohc formulation of ail F (XJ(I). This has been donc and the graph .. arc ~h()wn III the figure 

below. F 00(0) IS smallest when jJ = fi JIl wInch ca<;e F ,...>(0) = \/256/9 ~ 0.705512. Tltl\ IInplJcs that 

if p < u, t1IC probablllty of havll1g zero as roat's value is greater than 70% evcll wlwn the cxpcctcd 

value of the Jeavcs tends to infinity (thc expectcd value of the leavcs is IIJ}). Thc prohablllly thallhe 

raol's value IS grealer than one is Jess than 1.4(:0, and Il is virtually IInposi-tiblc thatlls valuc 1\ gr eall" 

than two . 
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07 

~-----------------------a----P 

Lilm! of F~(O}, F ",,( 1), F 00(2), /1=2 

Wc now look al the cal-e /1 = 1/2. F,,(i) tends to zero for aIl i. We observed that 12n(ft + z) 

and !2..-, (11 + i) have non-7ero hmits as Il tends to inflnity. The figures below show the estimated 

lirmls of 12,,(11 + 1) and 12 ... ,(II + /). The distributions are hlghly concentrated: Vi .. and "2n+1 are 

very Irkely 111[11 - 2, Il + 2J whlle P {V2n = ft} > 45%. Note also that 12n-I('11 + i) looks similar to 

12,,(11 + 7 - 1). Wllh the graphs wc can compare these distributions \Vith the distributions of the leuf 

values. which arc rnuch less concentratcd. Furthcrlnore we observe that 12n(1l + z) has a limit for all 

/, and thal the vanance of Vn stays flnitc when Il tends to infinity. 

o ~'I 

o IB/, Binomial 
distribution 
of the leaf 

o 492 

o 296 

hn(i) andhn.J(I),for n=30 and 1'=0.5. 

For gCllcral /) > (l', the distribution of V2n is concentrated around the value 2nV(p). The 

figure hL'low shows dcnstly functions of the leaf values and of the root's value for p = 0.3. The 

variancl' of \:1 sccms to stay finite whcn IL tends to infilllty. Since V(p) is close to 1), the dIstributions 

of the 100l'S value and of the leaf values look concentrated around the same values. Note however 

that Vv}) i /1 at ail Il cxcept JI = 1/2, jJ = 0 und /) = 1. 

53 



• 

• 
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0.4 

0.3 

0.2 

0.1 

la 25 

0.5 
n=33 
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0.1 

10 15 20 25 

3. Rcsult~ for b>2. 
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0.5 
n=31 

0.5 n=32 

0.4 0.4 

0.3 0.3 

0.2 0.2 

0.1 0.1 ~A~---_. 
10 15 20 25 10 15 ;'0 ;:'') 

0.5 
n=34 

0 ~ 
n-l', 

0.4 0.4 

0.3 0 3 

0.2 o 2 

0.1 0.1 -- -- ........ 
- -----
10 15 20 25 10 l', .'0 21) 

hll(i). for p=0.3 and /1 from 30 \0 35. 

:::::=-,. 

0.75 1. 
l' 

1 

O.B 

0_6 

0.4 

0.2 

? 
.J 

JI 
JI 

/ =====::::l' 

1 
f 

0.25 
-f'O'o---~---~------' --- - _. Il 

0.5 O.7~ l 

Numerical resulls about the flat part around 1) = 1/2 have alrcady beell presellied 111 the 

preceding chapter (page 44). One could argue that this behavior appears only for hugc lices and Ihal 

it is not reliable for real gamc trces. This is not the fact. As the convergcnce is very fa<;l, 1111<; bchavior 

appears quickly for small trec as wc can sec in the above figure . 
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1 p=O.3 hn 1 p=02 hn 
0.8 0.8 

0.6 0.6 

0.4 0.4 

0.2 0.2 

20 25 30 35 25 30 

0.8 
p=O 1 hn 

0.6 

0.4 

0.2 

15 70 6 8 10 

and the densl! of the leave value, 211=60 and b=20. 

The figllle ubove presents dellsily funclions of Vm for b == 20 and different 1). The first 

observalion IS thal the dlstnbutlon of the rool's value and of the leaf values are concenlraled around 

lotally different values, and that the (hstributlon of the root's value is al ways more concentrated than 

the leaf's. The tirsl graph shows the density for jJ = 0.3 (Ihls p is inside the fiat part around 1/2). We 

plOved Ihal in tlus case E\f2n / Il -+ 1. In the graph wc sec thal n IS almost the only value hkely for 

\ '211: P {\/2/1 = 30} > 0.999, while Ihe probabJllty for a leaf value to be 30 I~ les~ than 0.6%. The 

st'cond alld thlld gJaphs ~h()w the den"lty funcllons for two values of /) out<'lde the flat p;lIt Thesc 

dcn<;ltics are also concentrated around the value 2f1V(p). The last graph con~iders al) smaller than 

Il. We can see thatthe most hkcly value IS 1. In 01 der 10 have an idea of the distributions for smalll) 

wc look at the distributions when jJ = (\ for dlfl'erent b's. The figure below shows these distribution 

fllllctions. 

0.2 

1 2 3 i 
The dcnsity flll1ctions hll(i) of V211 \Vith 11=60 and p=<X. . 
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The table below gives the first four values of the density fUllctlOIl of \ ~" ""hell /1 = Il :lnd 1/ = 60. Il 

is noteworthy that for b less than five the most likely valuc IS Zl'IO Ulld 1'01 blggl'I 1> Il I~ 1. 

a 1(0) 1(1) 1(2) 
b=2--- (j()55J(~6-- ('-7135(;2--- -Ü-i73474-- - 00110717 
~-I-'Om55(fN2CO-(;)T24ël--- -o-3~~i2i\7-- OOIC. .. I-I(.1 
1>=4 0 08.l!Çi7-- ()'i(;-~f.j--'--- 04161\.1'; - - (lOINII , 
b-5 0 08634-5~- osi-ï7N9-- O-.ic,9Hi.iX- - -()-liIH 11 \4 

b=6 () OR67171 0 46112.1 ---- 0 51j(,i~-- --1-0 (1lHllq 
h=7-- OOX5H74- 04317.13-- 05~~05IH---- ()OI774'i! 
b=8 - 008440')<) - ïl40loH - ---- 058171.-- ---- Î.lol72ox3 
h='-~ -- (lcm2(;:ÛI2 <Ï 374(;55-- - (1(-JON(.H4 
h=IÔ-- O-(ï8<173~Ù- li ",;ïxoi - 6(;-,iïliï -
b=lI- -O-Ü7X7H,ï1 ëi33IXII2-- -- -(ï652~')1 
~-- ci 07-(;-R4-XH - () iï42K-7 -- -- -ô 670711 
-b=13--- ()07~ii>':'i7 1l2')X(.I.1 - -- -O-(,II(,'JO"

h=Î4-- oon-12-Hl - () 211 Il'11 1Ï701~')\ 
b=I:~- ()0713-(,(,2 () 27Ü\0'l- --- ()714h~C) 

h= 1-(0- ooéili,7X6 - 02(.0211 - <Ï 72(.(;:111 
b~- 0 ()(;Xcl(,l:, 0 2497i3- - - -0 7'Ù~2 

h-18 () O(o(JS20to 
b~l'J - -OO(;S():16'i 
b=20 --- ()()(,3(,-W2 

0-2.10117-- -- ~O-7-~7~2H-

-n 'üï3H'--
-n 221211~ 

()756('(,J 
67Mïl 

-

Il Olh6(, l 'i 
ho,(,(~18 

O(lI~~271 

(l 01·1'11'1') 
o ()I.II~~ 
o 014tll.lt. 
() OII~lJ H 
001 li 1'1 
OOI2707! 
OOl211lH 
o li ')~('(' 
O()II(~)~\ 

~-- -(fO(;22ï);IH 0-:21 ~H2')-- 0 772'l()') () 0112(,22 
1>-22 0-0('10-1 ïï - Il 20K7C.'l 07KOï~-(o 001O'17'i2 
W3- oo~,,--~fiKC;2- 0 ::!02()()H 07H7172 - oOlil7'OC; 
b=24 ()05~61C)«\ ()l'J(,<}H2--- ()-7914H --OC)I()4~K-""\ 

b=25 -- -Üo.C;74H-"4 () i 90-"2.f 0 7")') \ \ê, - () ()lO-ll().' 
b=26 -- <ïosi .. to<Ji) - Cl '-xsô ï f - - (1IlO~(~l(' -- -0 ()(l')C).io·)(. 

1 ~ ') 
K l-')~\II 
1 Xll~tl~1 
2 ~7c.711 
1 (I.I'jOIl 

1 1 I~ 171 
1 ')lh~HI 

2 ~ 170 Il 
1.001\t'l 

1 l'I~ III 
1 o~o~ Il 
7 .,.) \hll 

0 
(1 

0 
(1 

(1 

tl 
(1 

(1 

(1 

(1 

0 
(1 

0 
(1 

~- 00..-;';3''16.\- 0 IK<ÏI3~-- (IK-J021)1 - OO()<)(,614C. (1 

b-28 0 OS43H(,(. -- -01 ;isijf- - -6 Ï\r52~1~ - - ci om;1751 0 
b-29 00534j"5--- Of7-0H4K---- o-Hï'.fifùl-- -1fc)OfJ2'iOHl 0 
ï>=jo-IHj~2"2ï6 - OT(,(;H1--- ()f!2.f4().j- - - o (){)l)07R(,r, () 

--- -- -- -- -- - - - ------ --- -- - - - -- - ~ 

(I~ 

(l~ 

(\(, 

07 
OK 
t~1 

10 
Il 
I~ 

11 
1 ~ 

.' \'",,-
() :'Nh')O~,tj 

Il IX~~I\I'\ 
(l 1~1hl~\I 

() "()(I\~\) l '\ 
{} '\ ll)ht,,\,,I) 1 

o 'XhOlt ... 'O') 

Il hl(,127hll\ 
Il (.I~tMI/ 
(1 hhl..'I) 1 
() hH \h-I\I\ 

tl IOPCt') .. 'h 

(171 \HII 

(1 }.'I)(I .. ".' 

(1 111/111< 

o 7~.'KK(. 
o }h~()' 1:' 

o 1111'171> 
(1 7KO~ 1.1~ 
o IKH 1~llh 
() 7"~ 1 1 \ 1 
() KIl1~O(.1 
o KOXI> 1 1 
o KI 1 \~!>h 

() RI'I!>I IX 
o Hl.II)...'!/I,,.' 
o Mlt,~~ Il)! 
o t\ 1,1I11~~ 
Il t\ IH 101(,(, 

10 R.11'i1l112 

Dcnsity function!2n(i). for p=a. and 1/=60 
~------------------------~------~~~--~--~-------------------------

4. Sorne remarks. 

The existence of the flat parts has some feasiblc explanallon. Let us rl'call the llIC:t1l ing of thc 

MIN-MAX tree as a garnc trec, using the boundcd look-ahead stratcgy prcscntcd III chaptel II. In ~lIch 

a tree with /1 lcvcls. a lcaf nodc rcprcscnts thc value of a positIOn cOlllputed hy a ~tallC l'valualioll 

function. If we assume thal thc game fo11ows thc SUM model, the dlffcrcncc bctwcell the el hl'lcll<.:ie ... 

orthe evaluation functiolls of both playcrs IIlflucnccs thc value of fJ. In lact Il yom IIIIICIIlIlI 1 ... hl'Itcr 

than your opponcnl's then /) is grcatcr than 1/2. Accordmg tu the prevloll<" n:<.,ult<.,. JI IlIl' 1I1111l111'r (If 

children is big, thc variation,> of l' do not havc a lot of influcncc If It stay ... III"'Hle tlll' liaI p:llt alOllllcJ 

1/2: the effic!cncy of the evaluatlon I!. dampcncd. Thus If two pClfcet playel<" or cOlllpuler ... cali 

search down to the samc dcpth and If the efficlcncy of their evaluallOn IUIICtIOIl<" :lIe tllllcH'III, tlley 

are equally hkcly to Will. 

It il' intcrcslmg to scc what happens if we consider the standard probabJII\tlc llIodel with a 

binomial distrlbutton for the leaf nùdcs III order to compare thc results with the !'-oUM lJlode!. Let V he 

the random variable which defincs the leaf values, and assume that, 

V(~ Y211 

- 2ft' 
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where Y2n follows a binomial distribution with 2n trials and success probabilitY]J. We have 

ICI.91,p.19], 

P {IV _ Jil ?JI0gU} ::; _1 . 
ft .Jii 

'1'111<; IInplics thal when ft lends ta infinity, the distribution function of V tcnds ta a l'unction wilh a 

IlIlllP al fi l'rom 0 tn 1. Thu~ accordmg to chapler 2 the cxpcctcd value of Ihe root tends la p. It eun 

appcar loglcal Ihal when thc Ieaf values are canccntrated around /) the cxpected value of the mot IS 

this value. WlIh Ihe SUM model we me far from Ihls behavlOr. For examplc, the probability ta have 

Icro al a fixcd !caf of a TI-Icvcl S UM Iree wilh parameter jJ > 0 IS (1 - jJ)". ThiS c1early lends to zero 

whcl1 /1 lel1d~ tu IIltilllty. In SpitC of thii-, the probabdlty of having zelo at thc root tend<; 10 a non-zcro 

bllll!IJ',) ~ o. Forexamplc, for a 120-lcvel SUM trcc wlth IJ = 2 andp = (1 ~ 0.055, the probability 

10/ a Icat value to bc 7Cro IS less than 0.2% and Ihe probabilily for the rooCs value to be zero is more 

!hall 71 %. 

5. An cxamplc: The hoard-splitting gamc. 

The hypothci-cS of Ihe SUM modcl ean appear quitc far from real games as we assume the 

gall1e (0 elld aftcr cxactly 2/1 mOVC1- and thal for each mave therc arc exactly b choices. Judca 

l'carl invcntcd a c1ass of games lhatmatches these hypothcses for the standard probabilistic model. 

Thb galllc is callcd thc boartl-sphtting game or P-garne. Nau [Nau82] uscd this kind of game with 

depclldclll Ilot!l's 

Thl' gallle COIl'\lsts of an N x 1"/ board (l\' = 1/') and each ccli contall1s an IIltcger belwecn 

ll'ln and 2n. Wc cali the lwo playels MAX and MIN. A move for MAX consists of CUltlllg the board ln 

" veilleai parts and kecpll1g only one of these. MIN does the same but horizontally. The goal of MAX 

li- that the last 1I111llber after 21/ turns is the greater, and MIN has the opposite goal. If the value in the 

last ccII is./' E [0, 2n], MAX wins ft - x poinls and MIN wins .L - n points. The figure below shows 

ail cXHl1lple. 

1 2 1 1 
1-

2 1 1 () 
- ---

1 () 3 2 
- --

1 1 3 2 

1 2 x 

2 1 x 

MAX 1 0 x 

1 1 x 

x 
x 
x 
x 

MIN 

[J]I] 
[JJJJ 

An iIIl1Slratlve play. 

MAX 

~ 
[JE] 

\Vilh Pcarl's cxamplc the ccII values me IIldepcndcnl and have the same distribution. In our 

III Olle 1 thc (:l'll vailles arc depcndcnt aecordlllg 10 the SUM model. Let 52,. be a bOl x bn board for slIch 

il g:\I11l' whl'n f\IAX pin ys the ncxt turn. Let L'2,,- 1 he a b,,-I x bU board when MIN plays the next turn . 
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The recurrenee to build sueh boards is 

60 (1, 1) = 0; 

B~,,(l,.i) = 6 211 - 1 (ft/l,l,j) + x, for 1 ~ (i,}) $ [," ; 

D211-1(i,j) = B~II_2(1, rJ/l,l) +:/', for 1 ~ i ~ [,"--1, 1 ~.1 ~ l,", 

where:c is an independellt drawing of a Bemoulli variable wilh IllC:ln )'_ Thc labk' he1o\V shows lmc 

example of sueh board for b = 2,), = 1/2 and fi = 3, 

1 3 3 3 1 2 3 3 --
2 2 3 4 1 2 2 2 

-
3 3 2 3 3 2 1 2 ----
2 3 2 3 2 1 2 2 

3 3 1 1 3 5 4 .t 
3 2 1 0 3 4 4 3 ----
2 2 2 2 4 4 2 2 

----
2 3 1 2 3 4 2 3 ------

A board for the SUM Illodcl, IJ = 1/2, /, = 2,1/ = 3, 

We ean sirnulate blgger randolll boards wlth Mlllhl'/llal/( (L For l, = 2 wc look 1/ =- 7, I.C" a 

128 X 128 board. Por /, = 4 we took Il =- 4, 1 C., a 256 x 256 board. To reple<;l'Ilt thl"c hoard" Wl' 

represent the ccII values by a gray level, the correspondcnccs belwcell the value" and the glay It'Vl'I~ 

bcing given \Il the insels, The first figure shows a simulatIon for 1) = 2 Il I~ 11I1l'le~llJJg 10 cOlllparc 

thls board wlth an cqulvalent board slIllulated wilb IJJdcpcndelll valuc, C()lIc~pondlllg 10 l!Il' "lalld,lIt! 

mode\' wllIch IIldepcndcnt ccII values, each blllol11JaI wlth l11ean /) = ::; and rOUlll'l'1l 111,d-, hll hoth 

models the ccli values havc the same dl~tnbu\lon wlth menn 2jJlI. bllt III Ihe SlJM I\lo(lel (hey aIl' 

dependent. 

~UM rnodcl Indcpcndcnt fIIode1 (hlllllllll.1l dl\lIliHIlIIIIl) 

NxN bO.Jrù\ for h=2 and N= 12X, n=7 and p=() 5 

58 



• 

• 

ChaplerV NUMERICAL RESULTS AND DISCUSSION 

8 

4 

, """-. .,'/,,",: """ 
() 1/t""''''1'' .... 

BOald for the SUM model wlth b=4. N=256, 11=4 and 1'=.5. 

;\ccording 10 our rcsults, if b is big, thcrc l~ an interval for 1) around 1/2 whcrc the loot's 

value 1), highly concentratcd aroulld fi. Por b = 20, /1 = 0 3 and IL = 30, if MAX and MIN play bcst 

po..,),lhle thc final cell's value is 30 with a probability greater than 99.9%, even through this value 

appl'al)' ollly in very fcw cclls (Iess than 0.6%). However, if MIN and MAX play randomly, the last 

ccII \ vaIlle is IIcar \O. 
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