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ABSTRACT 

This thesis describes the successful extraction of the 

full energy proton beam from the McGill synchrocyclotron. 

Extraction was achieved by increasing the radial separation 

for the last few orbita by the process of non-linear regenerative 

magnetic deflection, and then leading the last orbit into a 

magnetic channel. 

Design and installation of the magnetic regenerator and 

the magnetic channel are described in the main body of this 

thesis, and theoretical development of the design criteria is 

given in the append1x. 

The extracted beam has been focused to a spot 1.3 x 4.8 mm 

with a divergence of 1° at a position 15 feet from the channel 

exit. It has a pulsed time structure consieting of 15 x 10-6 sec. 

bursts repeated 400 times per second, and an average 1ntens1ty 

of 4 x lo-9 amperes. 
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Introduction 

This section of the thesis desoribes the design and 

installation of a magnetic extraction system for the MoGill 

82 inch synchrocyclotron. This machine, whioh-aocelerates 

protons to a little lese than 100 Mev, was primarily intended 

for the production of neutron deficient radioactive nuclei. 

These can be produced by (p,xn) reactions in targets placed 

inside the machine to intercept the interna! beam. The reasons 

for installing the extraction system, and the reasons for 

deciding on the type chosen, are outlined in this introduction. 

When the McGill synchrocyclotron was first put into 

operation (about 1950) there was little information on radio­

active nuclei. With the proton energy available in the machine, 

(p,xn) reactions on stable nuclei coul1 be used to produce many 

radioactive nuclei for the first time. Although synchrocyclotrons 

have a much lower bearn intensity than fixed frequency cyclotrons, 

they have other advantages. rheir higher energy protons can 

produce radioactive nuclei that the fixed frequency cyclotrons 

oannot. Furthermore, the single dee system permits target 

bombardment at almost any radius inside the machine and so the 

energy of the reaction protons may be very easily selected. 

The McGill machine was therefore very useful in obtaining nuclear 

data which helped in the buil11ng up of systematics of the 

nuclei. About 40 new isotopes were produced in the machine 

and many isomerie states were also dlscovered. Decay schemes 

have been proposed for most of these and for a great many others. 
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However, for the higher energy synchrocyclotrons put 

into operation at the same time, the most exciting work was 

in the fields of nucleon-nucleon scattering, nucleon-nucleus 

scattering and the production of pions. (For a discussion of 

the relative merite of cyclotrons and synchrocyclotrons at this 

time. see Livingston (1952)). The difficulties of doing auch 

work in the internal beam of a synchrocyclotron were over­

whelming and so there was a great demand for external beams 

from these machines. In fact the development of magnetic extraction 

systems centered around these larger machines. With the external 

beams of these larger machines and, later, with the even higher 

energy external beams of the proton synchrotrons, nucleon-

nucleon scattering experimenta have been carried out over a 

wide range of energies. Along with high energy electron 

scattering experimente on nucleons and with systematics of 

nuclei, these experimenta have led to a fairly good phenomen­

ological picture of sorne aspects of the nuclear force. For 

example, by assuming velocity independant nuclear forces, a 

potential function may be devised to fit the scattering data 

fairly well. At the same time theories of nuclear forces are 

making progress in high energy particle physics. For a good 

review of most of the present knowledge of the two nucleon 

interaction see Phillips (1959). 

With the development of nuclear physics along theae 

two fronts in the past 12 years, an external beam from a 

smaller machine has become much more desirable. By now, 

many body calculations are being performed using the phenomen­

ological two-nucleon potentials. (For an introduction to the 
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methode employed see Eden (1959}). However, so far, these 

calculations have not given the correct values for even the 

systematics of nuclear density and binding energy (Brueckner 

1961). It is a distinct possibility that the assumption of 

velocity independance of nualear forces is incorrect. If 

this is the case, then there is an infinity of velocity 

dependent potential functions which will fit the two-nucleon 

scattering data. In principle, this indeterminaay can be 

reduced by requiring that the velocity dependent potential 

functions also explain the systematics of nualei when applied 

to the many body problem. The systematics of nuclei and the 

details of nuclear structure, aombined with the two nucleon 

scattering resulte, are therefore a much more stringent test 

of theories of nuclear forces than are the two nucleon scattering 

resulte alone. 

It is therefore of prime interest to abtain auch 

information about nuclei as can be used directly to help 

formulate and to test many body calculations of nuclear structure. 

At the moment this type of information appears to be that 

oonaerning the nualear density distribution, nuclear binding 

energies, momentum distribution of the nucleons (partiaularly 

in the nuclear surface), the surface properties of nuclei and 

the collective motions of the nucleons (Peierls 1960}. Muoh 

of this information may still be obtained from accurate analyses 

of decay schemas of radioactive nuclei, but a great deal could 

also come from investigation of nucleon-nucleus reactions in 

the medium energy range. 
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Use of the internal beam of a synchrocyclotron is 

limited to the production of radioactivities of which the 

half-life is long enough to permit extraction of the target. 

This is because the setting up of experimental apparatus 

around a target inside the machine is inhibitèd by the high 

magnetic field, the necessity of preserving the high vacuum, 

the proximity of the pole tips of the cyclotron, and the 

proximity of the circulating beam which has not reached the 

target. 

On the other hand, beam extraction from cyclic machines 

is generally a difficult problem. It was not until 1955 that 

the first successful magnetic extraction system was obtained 

for a synchrocyclotron (Crewe and Gregory (1955) at the 

University of Liverpool). The difficulty arises simply from 

the radial etability of the partiels motion. The etable motion 

of the partiels ie a circle and partiales only slightly 

deflected from this circle will curl back into the machine. 

For a partiels to spiral out of the machine its motion has to 

become radially unstable. 

This condition is met if a elight deflection outward 

from ite equilibrium orbit bringe the proton into a region 

where Br is lees than the magnetic rigidity of the partiels, 

i.e. where its radius of curvature ie greater than its distance 

from the center of the machine. This implies that d(Br)/dr 

ie negative for r equal to or greater than r 0 the radius of 

the equilibrium orbit. (Br is the value of the magnetic 

field of the machine multiplied by the distance of the particles 

from the center of the machine). 
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The variation of Br with r in the McGill synchrocyclotron 

is shown in Figure 9, Chapter 3. If the particles in a cyclotron 

could be aocelerated to a radius where the value of Br is a 

maximum, them radial instability would naturally occur and 

the particles would spiral out of the machine. At this radius 

d(Br)/dr : 0 or n ~ -(r/B)dB/dr = 1 and the beam extraction 

based on this principle is called 11 beam extraction at n = 111
• 

However, in the interior of synchrocyclotrons the value of 

n is about 0.05 and, unfortunately, as n increases several 

sever!resonances between radial and vertical oscillations 

ocour. To prevent the energy of the radial oscillations from 
11 exploding11 the beam vertically, the energy of the radial 

oscillations must be minimized. This may be accomplished 

only by extreme azimuthal uniformity of the magnetic field. 

However, with sufficient oare, it is possible to accelerate 

most of the particles to the radius at which n = 1. A very 

good extraction system based on this principle is used in the 

160 om fixed-frequency cyclotron-synchrocyclotron at the 

Institute for Nuclear Research at Tokyo (Suwa et. al. 1959). 

However with most synchrocyclotrons the protons cannot 

be acoelerated through the resonance which occurs at n = 0.2. 

In the McGill machine it is seen from Figure 9 that the value 

of n breaks sharply upward from 0.05 at a radius of about 36 

inohes. It would therefore seem that to obtain maximum extracted 

proton energy without danger of losing beam at the n = 0.2 

resonance, the beam should be extracted from this radius. 

However, protons orbiting at this radius have a magnetic rigidity 
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which is lees than Br for any outward deflection less than 

about 3 inches (See Figure 9). For deflections exceeding 

3 inches the protons will spiral naturally out of the machine. 

This magnitude of deflection 1s 1mpract1cal but if a 

region of sufficiently reduced magnetic field can be set up 

in the machine, then the partiales need only be deflected into 

this region for them to spiral out. Suoh a region will exist 

inside a magnetic channel with sufficiently thick vertical 

iron walls. The proton deflection system then need only deflect 

the protons into this channel. 

At first electroetatic defleotors were tried for 

synchrocyclotrons. Electroetatic defleotion is relatively easy 

for fixed-frequency cyclotrons but for synchrocyclotrons is 

much more difficult because of the higher particle momentum 

and the much smaller radial separation between orbite. To 

achieve electric field deflection in the Berkeley 184 inch 

synchrocyclotron, a pulsed deflector had to be used (Fremlin 

and Gooden 1950). For an investigation of an electrostatic 

deflector for the McGill cyclotron see Hone (1951). 

Coulomb scattering by a heavy nucleus auch as uranium 

is a much ei~pler means of deflecting protons in a synchro­

cyclotron into a magnetic channel. However, the yield of 

protons in a reasonable eolid angle for a magnetic channel. is 

very low (about 1 part in 104 of the internal beam at beat). 

The fact that auch systems were considered wortbwhile under­

soores the desirability of an external bearn. (For a description 

of the scattering extraction system of the McGill cyclotron 

see Kirkaldy (1953)). 
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The early demand for good external proton beams from 

the high energy synchrocyclotrons led to the development of 

a magnetic extraction system that did not require extrema 

azimuthal uniformity of magnetic field, that did not require 

the complex circuitry of the pulsed electrostatic deflector, 

and that was capable of producing a much more intense external 

beam than the scattering system. This system is based on a 

deflection of the internal beam by a coherent regenerative 

build up or the radial oscillations. 

The principle of regenerative deflection was first 

suggested by Tuck and Teng (1950) at the University of Chicago 

but the development work wae carried out by Le Couteur and 

hie co-workere at the University of Liverpool (Le Couteur (1951, 

1953,1955), Le Couteur and Lipton (1955) and Crewe and Gregory 

(1955)). Regenerative extraction systems have been inetalled 

in synchrocyclotrons at the University of Liverpool (Crewe and 

Gregory (1955)), the University of Chicago (Crewe and Kruse 

(1956)), Harvard University (Calame et. al. (1957)), at Beunos 

Aires {Mayo et. al. (1958)) and at Orsay (Verster (1959)). 

In 1960 it was deoided that a magnetic extraction system 

of the non-linear regenerative type should be installed in the 

McGill synchrocyclotron. From the performance of systems 

already in existence, it was felt that about 1% of the internal 

beam current, or an average beam current of about 10-8 ampere, 

with an energy of a little lese than 100 Mev, could be obtained. 
8 This bearn would be made up of bursts of about 1.5 x 10 protons 

in about 20 x 10-6 seconds, with a repètition rate of 400 per 

second. 
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The Regenerative Deflection System 

A sustained beam of partiales in a cyclotron must have 

orbital stability in both radial and vertical directions. 

The equilibrium orbita of partiales in a cyclotron whioh has 

symmetry about the median plane of its pole gap and azimuthal 

uniformity of magnetic field, are circles in the median plane, 

concentrio with the axis of the machine. The radius r
0 

of these 

circles is determined by the momentum of the particles. For 

stability, partiales whose orbita deviate slightly from these 

circles must undergo oscillations in the vertical direction 

about the median plane, and in the radial direction about r 0 • 

For circular machines it is customary to express the frequency 

of these oscillations as a multiple of the orbital frequency 

of the equilibrium orbit. The frequencies then become dimension­

lesa and particle velocities may be expressed as derivatives 

with respect to azimuthal angle rather than time. 

Reasonably constrained particle motion requires that 

there be no oscillatory forces on the particle which are sym­

pathet1c to the radial or vertical oscillations. These oscillat­

ory forces may be considered to be external (electrical forces 

from the dee system with a frequency 1), or internal auch as 

resulting from a magnetic coupling of the modes of oscillation. 

In the case of internal coupling, the radial oscillation 

generally contains about 50 times as much energy as thelertical 

oscillation and so if the two become sympathetic (frequenoies 

become related by some small integer), then the energy transferred 

from the radial motion to the vertical motion will cause the 

bearn to explode vert1cally. 
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The condition for radial stability (n.(l) has already 

been discussed in the Introduction. For vertical stability 

n must have a value greater than zero. The existence of a 

negative field gradient means that the field lines will be 

curved as shown in the sketch below. 

A positively charged particle with displacement z frc . 
the median plane and veloci ty re perpendicular to the plane 

e>.nc>l tow-.rdr hto.der 
of the sketch~ will experience a restoring force toward the 

median plane equal to 

= • 

(Bris negative for positive z and positive for negative z). 
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To first arder, the radial component of magnetic field 

is given by 

- (~ z 
;} z J 0 

which, since V x B = 0 becomes 

where(d8? is the field gradient in the median plane. 
ar o 

The vertical motion of the particle is then described by 

-v:hich leads to 

= 

= 

e ·(dB ) -rB _z z 
rn ar o 

.2 
8 ( !. 'dB) z 

8 dr o 

= (.!.as) z =-nz 
8 ar 0 

The vertical oscillation frequency ln unite of orbital 

frequency is then nt. The more thorough analysis given in 

Appendix A shows that the radial oscillation frequency is {1-n)t. 

A practical value of n is about 0.05. This value should be 

maintained as evenly as possible out to the fringing field 

region of the cyclotron, where n increases since the field drops 

off much more rapidly. As n increases, the first serious 

resonance between radial and vertical oscillations occurs when 
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the radial frequency is exactly twice the vertical frequency. 

This ls the well known n = 0.2 point where, unless the radial 

oscillations are very small, the magnetic coupling of the 

radial oscillations to the vertical oscillations will cause 

the bearn to blow up vertically. The two modes of oscillation 

are coupled through higher radial derivatives of the magnetic 

field (see Appendix A). 

fo understand how a proton may be extracted from a 

s_y·nchrocyclotron bef ore i ts orbi t reaches the n = 0. 2 radius 

it is not necessary to investigate how it got there. Therefore 

the principle of phase stability and how the proton gets its 

energy from the dee system will not be d1scussed here. It is 

sufficient to rea. li ze th· t the energy of the proton increases 

with time so that its orbital frequency matches that of the 

alternating voltage on the dees. The rate of change of the 

dee frequency of the McGill machine is auch that at the maximum 

radius, the enersy gain per orbit is about 7 Kev. Averaged 

over radial oscillations, the radial increase per orbit is then 

about 0.0015 inches. This increase is indicated by the dotted 

llne in the sketch below. 

... 

t 
z 

-IC\1 
i 

----~~-~-~ ~~~~r--

ORBITS 

---

NUMBER OF ORBITS ~ 

-c_ :~ = 0.0331N 
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However beoause of radial oscillations, the radial 

position of a partiale at a given azimuth may change much 

more than this in one orbit. Consider a partiale whioh has 

a radial oscillation frequency n. of 0.98 and ampli tude of 

radial oscillation of 0.5 inch. The precession frequency of 

its orbit center is 1- >l..= 0.02. Its radial position at a 

given azimuth, as a function of orbit number is shown in the 

sketch. 

This partioular particle will have its maximum possible 

radial gain per orbit at r 0 if it just fell short of r 0 on 

its previoue maximum precessional swing. As indicated in the 

sketch, this radial gain will be approximately 0.033 inches 

par orbit or about 20 times the radial gain due to the expansion 

of the orbiD from the energy gain. 

Even this however is much too small to permit beam 

extraction by capturing between successive orbita and, of 

course, particles with radial oscillations of amplitude lees 

than 0.5 inches and different phase of precession will have 

even smaller radial gain per orbit at r 0 • The average gain 

per orbit for partiales reaohing r 0 for the first time will 

be of the order of 0.01 inches. 

The regenerative defleotion of a proton beam is based 
orhib 

on a regenerative expansion of the separation between successiveA. 

(By regenerative it is meant that the rate of growth of the 

separation depends on the separation). This is accomplished 

by introduoing segments of field gradient in regions of the 

machine in suoh a way as to hold the radial frequency at the 

orbital frequency. The precessional frequency of the orbit 



(13) 

center is now zero and increasing the amplitude of the radial 

oscillation moves the center of the particle orbit radially 

outward from the center of the machine. 

Energy from the orbital motion can now be transferred 

sympathetically to the redial motion. This energy increases 

the amplitude of the radial oscillation. A simple means of 

acheiving this energy transfer is shown in the sketch below. 

PEELER REGION "A" 

~---- - --"" 

REGENERATOR REGION "s" 

/ 
/ 

/ 

, 
1 

1 
1 

/ 

In region A the field is decreasing linearly with radius 

and in region B 1 t la increasing linearly wi th radius. \ihen 

the protons enter the peeler region A for the first time, their 

paths are atraightened slightly so they enter the regenerator 

region B at sorne l arger radius. The higher field in this region 
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curls them b"'.ck into the machine but they enter A for the 

second time with sorne net radial gain. The field gradients 

in A and B may be adjusted to satisfy the two conditions of 

proper phase in the radial motion and necessary radial gain. 

Careful design can achieve reasonable values of radial gain per 

orbi t while still mainta.ining vertical stabili ty. 'rhis system 

is called a peeler-regenerator or a linear regenerative 

deflection system (Le Couteur 1951) and is the type that was 

installed in the Liverpool 156 inch synchrocyclotron {Crewe 

and Gregory 1955). 

In this linear regenerative system the radial oscillation 

amplitude increases exponentially. If this increase is continued, 

the radial separation between orbita becomee sufficient for 

the particles to enter a magnetic channel. Considering the 

radius at which the partiels first entera the deflection system 

as r 0 , and expressing the radial displa~tent as p = r-r0 , the 

exponential increase in the radial oscillation amplitude may 

be written as an exponential increase in the maximum value of 

p for the orbita; 

= (p )eXN 
max 0 

where { p ) 
max 0 

is the value of 
p max 

for the particle on first 

entering the system. 

The separation between orbita is 

ô p - À( ) e ÀN 
mox pmox 0 

A practical value of e À , the radial gain factor, is 

about 1.4. With an initial displacement of the order of 0.01 
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inches, it would take about 15 orbite to achieve a practical 

separation of 0.5 inches between orbita. 

Constant field gradients in A and B are adequate if the 

general field gradient of the machine is constant. However 

the magnetic field in the region n = 0.2 is strongly non-linear. 

The linear defleotion system is thus limited to inner radii 

where the protons have not reaohed the full energy that the 

synchrocyclotron is capable of giving them. However Le Couteur 

(1955) showed that a practical non-linear system was possible. 
use 

In fact he showed that, by making effectiveAof the field gradients 

in the fring1ng region of the cyclotron, no peeler would be 

necessary. 

Without the peeler to help in the initial displacement 

of the beam in the first few orbite in the deflector, the initial 

gain factor is small (about 1.05}. The number of orbite required 

for sufficient displacement for extraction is then about 50, 

of which about 30 occur in the first 0.1 inches of displacement. 

Either regenerative deflection system has the advantage 

of good energy selection. Particles of lower energy which reach 

the deflection system early because of large radial oscillations 

have too low a magnetic rigidity to be deflected and will be 

left to orbit until they reach the required momentum. Consequent­

ly, the energy and the time distribution of the deflected 

particles is much sharper than the energy and time distribution 

of the particles which are intercepted by a target inside the 

the machine. This effect was easily seen experimentally as 

is described in Chapter 5. 
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An extraction system based on non-linear regenerative 

defleotion has been installed in the MoGill synchrocyclotron. 

The design requirements for the deflection system are oalculated 

in Appendix A. Since the field decrease in the fringing region 

of the McGill machine is slightly different from what appears 

to be the pattern for most other synchrocyclotrons, the original 

development of Le Couteur had to be reworked to obtain a 

suitable regenerator design. For this purpose an acourate map 

of the magnetio field of the cyclotron for radii gree.ter than 

the radius for n = 0.2, was required. 



CHAPTER .2, 

PRELHHNARY FIELD MAP 
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Preliminary Field M~ 

To calculate the design requirements for the magnetic 

field of the regenerator of the extraction system, it is 

necessary to have an accurate map of the cyclotron magnetic 

field at the outer radii of the machine. Therefore the initial 

part of the extraction project involved the setting up and 

calibration of accurate magnetic measuring gear. 

The magnetic field sensing element was a Hall Generator 

FC34 manufactured by Siemens. This element is InSb encased in 

ceramic and having overall dimensions 22mm x 12mm x l.Smm. 

The control current perpendicular to the magnetic field was set 

at 200ma regulated to better than 0.1%. The Hall voltage, which 

appears acroes the element perpendicular to the field and to 

the control current direction, can be measured with a potentiometer 

to give a measuring sensitivity of about 30 x 10-6 volt/gauss. 

A thermistor controlled heater was used to hold temperature 

variations to + 0.1° centigrade corresponding to a Hall voltage -
varia.tion of about ;! 0.02%. 

The circuit diagram for the magnetic field probe and 

control circuits is shown in Figure 2. The parts enclosed by 

the dotted lines are encased in aluminum with outside dimensions 

of 35mm x 20mm x 8mm. About 12 feet of instrument leads connect 

the probe to a terminal board on which are mounted the shunting 

resistors. The Hall current shunting resistors are used so 

that the Hall voltage is a more linear function of magnetic 

field. Any length of 8 conductor cable may be used between 

the terminal board and the potentiometer and recording instruments. 
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The probe was calibrated by nuclear magnetic resonance 

in hydrogen. The highly uniform magnetic field necessary for 

nuclear magnetic resonance was generated by a 4 inch electro­

magnet. The field gradients were measured directly by swinging 

a small coll through the pole gap on a rotating arm. The signale 

from this coll were detected through mercury contacts to the 

rotating arm and dieplayed on an oscilloscope. In this way 

non-uniformities in the magnetic field could be easily detected 

and corrected. Typical oscilloscope traces are shown in 

Figure 1. The higheet uniform field obtained in the magnet 

was 15,000 gauss. 

To detect the resonance, the marginal oscillator of 

Cowen and Tantilla (1958) was used with a 0.5 cm3 sample of 

H2o doped with Manganese Sulfate. The frequency at which 

nuclear magnetic resonance occured was set up on a General 

Radio Standard Frequency Generator by beating with the marginal 

oscillator on an oscilloscope display. Simultaneously, the 

frequency of the generator was measured by a quartz crystal 

controlled electronic counter (Hewlett Packard Model No. 524B). 

The re sul ting ce~libra.tion curve of the Hall probe is shown 

in Figure 3. This curve ie the result of a mean square deviation 

"Forsythe" fitting of a third order polynomial to the calibration 

pointe. 

Plate 1 and Plate 2 show the layout of the calibration 

gear (excluding the electronic counter) and the Hall probe 

control and measuring circuitry. Plate 3 shows the mount which 

was employed for the nuclear magnetic resonance probe and th_e 

Hall probe so that the position of the two could be easily 

interchanged. 
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PLATE ,! 

4 INCH ELECTROMAGNET AND NUCLEAR MAGNETIC RESONANCE PROBE 

Photograph shows 4 inch electromagnet, nuclear magnetic 

resonance detector and mechanism for detecting field gradients 

in the electromagnet. The control panel in the lower center 

of the photograph is for a set or current shims to correct for 

field gradients. 
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PLATE 2 

HALL PROBE MEASURING CIRCUIT 

Photograph includes {left to right) temperature 

recorder-regulator, current supply, audio generator of nuclear 

magnetic resonance detector, current regulator for 4 inch 

electromagnet, Hall control current recorder, potentiometer 

and Hall voltage recorder. 
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PLATE 2 

MOUNT FOR HALL PROBE AND NUCLEAR MAGNETIC RESONANCE PROBE 

Photograph shows the probes ready to be inserted into 

the t inch gap of the 4 inch electromagnet. 
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FIGURE 1 

FIELD DERIVATIVES IN TEST V~GNET 

These oecilloscope traces were obtained from a oeil 

sweeping through the field region on an arm 10 inches long. 

The complete pulse shape is of the form shawn in the picture 

on the left. Sweeps through the 4 inch magnet are shawn in 

the other two pictures. The affect of pole tip saturation at 

high fields is clearly shawn in the middle picture where the 
in 

gradients are considerably greater than~the picture on the right. 

15,000 gauss was the highest field at which nuclear magnetic 

resonance could be obtained. 
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FIGURE 2 

MAGNETIC FIELD PROBE CIRCUIT 

The circuit elements within the dotted linas are encased 

in an aluminum capsule 35mm x 20mm x 8mm. The exterior shunting 

resistors are mounted on the terminal board which is separated 

from the field probe by 12 feet of instrument lead wire. Any 

length of cable may be used to connect this terminal board to 

the measuring and control apparatus. Only eight conductors 

of the indicated nine conductor cable are used. 
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FIGURE 2 

MAGNETIC FIELD PROBE CALIBRATION CURVE 

This calibration curve was obtained by nuclear magnetic 

resonance (see text). Frequencies of the nuclear magnetic 

resonance were measured with a Hewlett Packard Electronic 

Counter model 524B (~frequency counter baeed on a quartz 

oscillator). The curve is a Forsythe fitting of a third order 

polynomial to the calibration points and the dotted region is 

an extrapolation beyond the range of measurement. 
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For the field map of the cyclotron, the Hall probe wa_s 

mounted on a rotating arm which was driven by a synchronous 

motor through a gear chain. The mechanism was designed to 

operate in the cyclotron pole gap without requiring the removal 

of the live dee. It was necessary to remove the dummy dee but 

this was a comparatively simple matter. 

Balancing most of the probe output with a potentiomet er ......... 

and feeding the difference into a 10 mv chart recorder gave a 

continuous map of field versus azimuthal angle at a fixed radius. 

Degree marker pulses produced through contacts on the drive 

mechanism of the rotating arm could be fed into the recorder 

as well. This safe-guarded against slippage but proved to be 

unnecessary. A typical field map (with marker pulses at 0° and 

180°) is shawn in Figure 4. The small variations of about 0.1 

mv which are apparent in the flat region at 180° show the effect 

of heating cycles in the temperature control. 

Although for the extraction problem it was only necessary 

to have a field map at outer radii, a more or lesa complete 

field map was carried out. It was hoped that auch a map might 

show sorne reason for the known losa of internal bearn current 

at various radii. Indeed sorne correlations were found. For 

example it was found that fractionsof the internal bearn were 

lost in regions where the average value of the negative field 

gradient was diminished. Also i t was round tha t at reduced 

cyclotron magnet currents the protons did not reach the orbit 

radius at which n • 0.2 (about 36! inches) because of a positive 

field gradient at 35 inches. This positive gradient exista 



(26) 

FIGURE 4 

TYPICAL FIELD MAP 

This map was taken with a cyclotron magnet current of 

620 amperes (control console meter). The sweep time was 4 

minutes per revolution and the sweep started at about - 20°. 

The heating cycles have a period of about one minute and cause 

an error amplitude at peak temperature deviation of about 

3 gauss. The reason for the magnetic field anomal~ of about 

lOO gauss at 0° is not clear. 
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at reduced magnet currents because the ring shim (shown in 

Figure 5) could only be designed for one particular field 

value due to its saturated condition. For the production 

of an external bearn the magnet current was set at 675 amperes 

(control console meter) as this gave what appeared to be the 

beat field gradient out to a radius of 36i inches. 

The output Hall voltage was read from the chart record 

and processed in the IBM 650 computer at McGill to give the 

corresponding magnetic fields. This involved applying the 

calibration curve with necessary temperature corrections and 

taking into account any deviation in control current from 200 ma. 

The magnetic field values obtained were plotted on the contour 

map shown in Figure 6 and were used to calculate the field 

azimuthal average plotted in Figure 7 and the asymmetries 

plotted in Figure 8. (A complete circular map beyond 38 inches 

was impossible because of the live dee and the then existing 

magnetic channel for the scattering extraction system and so 

the "azimuthal average11 for radii beyond 37 inches was obtained 

by a sample of 4 azimuths in the open aide of the cyclotron). 

Various parameters depending on the average magnetic field 

are shown as a function of radius in Figure 9. 

It is seen from Figure 9 that n ie fairly constant up 

tor = 36 inches but increases rapidly with further increase 

in radius. It was considered then, that r = 36 inches would 

be a good radius from which to attempt the extraction. In 

regenerator design calculations then, r = 36 inches was 

considered to be r 0 , the radius of the last stable orbit 

before extraction. In these calculations it is necessary to 

know the effective values of dB/dr, d2Bjdr2, and higher 
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FIGURE 2 

GEOMETRY OF EDGE OF POLE TIP 

Shown is a vertical section through the outer region 

of the cyclotron pole gap. No attempt is made to show the 

circular geometry. The ring shim of outer radius 38i inches 

is designed so that the useful region of the machine is 

extended out to about 36 inches for the maximum design field 

of the cyclotron. 
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FIGURE 6 

CONTOUR MAP OF CYCLOTRON ~~GNETIC FIELD 

This map was obtained with a cyclotron magnet current 

of 670 amperes (control console meter). The anomaly at 0°, 

at a radius from about 5 inches to about 20 inches, still 

exista at this magnet current but is not as pronounced as for 

a current of 620 amperes. The anomalies at the outer radii 
0 at about 60 to the àee gap are due to the magnetic channel 

of the uranium scatterer extraction system which was not 

removeà for this mapping. • 



FIG. 6 - CONTOUR MAP OF CYCLOTRON MAGNETIC FIELD 
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FIGURE I 

CYCLOTRON MAGNETIC FIELD (AZIMUTHAL AVERAGE) 

This field average was obtained with a cyclotron magnet 

ourrent of 670 amperes {control console meter). 
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FIGURE 8 

PLOT OF CYCLOTRON MAGNETIC FIELD ASYMIV1ETRIE6 

These plots indicate the extent to which the cyclotron 

field is not azimuthally uniform when the magnet current is 

670 amperes (control console meter). The large values of A1 
and A2 in the region r = 5 inches to 20 inches, are due to the 

anomaly in the magnetic field south of the center of the machine 

along the dee gap (0°). Small values of A1 and A2 are necessary 

if the radial oscillations are to be kept small, but the radial 

gradient of the average field is much more important with 

regard to beam losees in the synchrocyclotron. 
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FIGURE 2 

CYCLOTRON FIELD PARAMETERS 

The parameters shown here are derived from the curve of 

the azimuthal average of the cyclotron magnetic field. 

In synchrocyclotrons, acceleration of protons is difficult 

beyond n = 0.2 where n is defined as -(r/B)dB/dr (see text). 

The protons are therefore extraoted from the region where n 

begins to inorease (r = 36 inches). At this radius the protons 

have Br = 575 kilogauss-inohes and energy 97 Mev. It may be 

noted that the magnetic field has the value Br = 575 kilogauss­

inohes at r = 39 inohes also. Without a magnetio channel, 

protons would therefore have to be defleoted beyond this radius 

to spiral out of the machine. 
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derivatives at r 0 • In the approximation of the oalculation 

of Appendix A, dB/dr is oonsidered to take a sharp break at 

r = r
0

• The second derivative d2B/dr2 and higher derivatives 

are therefore double valued at r = r 0 ; zero when r 0 is approached 

from smaller radii but non-zero when r 0 is approaohed from 

larger radii. What are required here are the values when r 0 

is approached from larger radii. 

The values of these derivatives are obtained by a mean 

square deviation fit of a polynomial 1n p= r-r0 to the measured 

values of average field 1n the region 0 ~ f ~ 2 inohes. 

Writing 

B : B0 + a ;o + bf 2 + Cf' 3 + 

it was found that an adequate numerioal fit was obtained by 

including terme only up to third order. The resulting coefficients 

were; a = -0.024 Kilogauss/inch, b = -0.054 Kilogauss/inch2, 

and o = -0.016 Kilogauss/inch3. The values of the neoessary 

derivatives may be obtained by considering the polynomial as 

a Taylor•s expansion of B about r = r
0

• Then a = dB/dr, 

b = 1/2 d2B/dr~ and o • 1/6 d3Bjdr3. The resulting values of 

the derivatives are ueed in Appendix A to calculate the design 

reguirements of the regenerative deflector. 

The reasons for the etrange system of unite (Kilogauss­

inch) are historical. The diameter of the machine has always 

·been expreesed in inches and the magnetio field in kilogauee. 

The author apologizes for not having the courage to introduce 

a more logical system. 



CHAPTER ~ 

REGENERATOR DESIGN AND INSTALLATION 



( 34) 

hegenerator Liesign and Installation 

The regenera.tor strene;th at a radius r in the machine 

la defined in Appendix A as 

ro 
Bo 

The field increment AB(r,S) 

f ll B(r,B)d 8 
rec,Efl 
is integrated over the whole azlmuthal 

region whose field intensity ls affected by the presence of 

the regenera tor. As indice. ted in Chapter 2, the problem in 

designlng a regenerative deflection system is to obtaln a regen­

erator strength that will increase the radial oscllla.tion and 

at the same time preserve the proper phase of the radial osclll-

ation to keep the motion of the orbit center outwards toward. 

the extre.ction channel. 

3ince the orbiting protons are to be undisturbed by the 

regenerative deflector u~til they reach r 0 , the regenerator 

strength at r = r
0 

must be zero. The regenerator strength 

as a function of r may then be wri tten es a polynomial in/' ; 

= A p + 
For facility in design, the regenerator strength is 

assumed to have at most a quadratic dependance. The parameters 

A and B are then adjusted until the proper regenerative deflection 

can be obtained. Optimum values of A and B were calculated 

from Appendix A to be about A = 0.2 and B - 0.4 (for r and f' 
measured in inches, B in radians}. 

The method used to calculate the field intensity in the 

vicinity of iron blacks placed in the cyclotron pole gap is 

described in Ap)endix B. Calculations indicated that two 

·-··----··-----------------
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blacks lt inches x li inches x 8 inches placed symmetrically 

above and below the median plane of the cyclotron and separated 

by 2i inches, should give a regenerator strength characterized 

by the above values of A and B and negligible values for the 

coefficients of higher arder terme. 

A non-magnetic stainless steel open jaw frame holding 

soft iron blacks of this geometry was designed, built and 

installed in the cyclotron gap. For convenience in any adjust­

ment of the regenerator etrength that might prove necessary, 

the blacks were made up of 1/8 inch plates. 

To check the calculated regenerator strength, the 

magnetic field in the regenerator was measured with the measuring 

gear described in Chapter 3. A typic~ scan of the region in 

the regenerator is shawn in Figure 10. The integrated field 

defect )ÂBdB is shawn as a function of r in Figure 11. A 

second order polynomial adequate to describe the curve of 

measured integrated field defect has values of A = 0.2 and 

B = 0.43. These compared well with the design values of 

A = 0.2 and B = 0.4 but in any case they were tested for 

proper regenerative effect by the calculations of Appenàix A. 

The resulta indicated that the vertical expansion of the beam 

should not become critical until p = 2 inches and that the 

radial separation between orbita would be adequate for entrance 

into a magnetic channel before this deflection was reached. 

The field reduction in the area adjacent to the 

regenerator is partly due to the geometry of the iron blacks 

but mostly to the saturation of the cyclotron pole tips in 

their vicinity. To restore the average field at inner radii 
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FIGURE 10 

TYPICAL REGENERATOR FIELD MAP 

This map was carried out with a sweep time of 16 

minutes per revolution or 2 2/3 seconds per degree . 
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FIGURE 11 

REGENERA·rOR FIELD DEFECT 

The field defect is defined as/~ Bdc9 where .1B = l!1B(r,8) 

is the field change introduced by the regenerator and the 

integration at r is carried out over the region in e where ~B 

is coneidered significant. 
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to ite original value, thin vertical shims tangential to the 

orbita were placed above and below the median plane at various 

radii. Typically these shims were about 1/32 to 1/64 inch thick 

and the vertical gap between matching sets of shims was about 

2t inches. The magnetic iron used throughout was Armco Magnetic 

Ingot Iron. 

The vertical shims were mounted on racks attached to 

the regenerator frame. Details of the regenerator frame and 

shim mount are given in Figure 12 and a photograph of the 

regenerator ready for installation is shown in Plate 4. The 

regenerator installation ie shown in Plate 5. It may be seen 

that the radial position of the whole array of regenerator 

blocks and vertical shims can be adjueted from outeide the 

cyclotron vacuum tank. The motion le accomplished by a micrometer 

screw connected to the stainless steel regenerator frame. One 

complete revolution of the graduated barrel gives a radial 

motion of 0.1 inch. The regenerator frame le spaced away from 

the pole tips of the cyclotron by aluminum plates held against 

the pole tipe by jacks. The radial motion of the frame le 

guided by a groove in the bottom of the frame which ridee 

over a cy_linder attached to the bottom aluminum plate. The 

groove is visible in the photographe. 

When the field defect in the interior of the machine 

was sufficiently corrected by shimming, the system was tested 

for regenerative deflection of the cyclotron bearn. The 

variation of beam intensity with radius at the beat position 

of the regenerator is ehown in Figure 13. The intensity was 
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FIGURE 12 

DETAIL OF REGENERATOR 
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PLATE :t 

REGENERATOR FRAlfŒ WITH BLOCKS & SHIMS IN POSITION 
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PLATE 5 

EXTRACTION SYSTEM INSTALLED FOR MAGNETIC FIELD MEASUREMENTS 

This photograph is intended to show principally the 

regenerator installation. The drive mechanism for the position 

adjustment of the regenerator is bolted to a short dummy section 

of vacuum tank wall. The drive mechanism for the Hall probe 

is seen in the foreground. The exit of the magnetic channel 

may be seen in the background. 
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FIGURE Jl. 

VARIATION OF MAXIMUM BEAM CURRENT WITH RADIUS 

These measurements were obtained from the height of 

the beam pulse as viewed on an oscilloscope. When the measure-

ments for the curve were taken, the average beam current a,t 

r = 20 inches was about 0.5 x 10-6 ampere. Measurements were 

taken with the regenerator at the beat position for the 

regenerative deflection of the beam. 

The reason for the minimum at r = 37 inches is a sharp 

change in beam pulse shape. The beam pulse at 38 inches 

appeared to have only about half the time spread of the beam 

pulse at 36 inches {about 30 x 10-6 second). 
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obtained by measuring the current pulse of protons collected 

on a copper block placed in the bearn. It is aeen in Figure 13 

that part of the circulating bearn is maintained out to 38 inchea. 

To test for sufficient separation between orbite, a 

grounded copper block 3/8 inch thick was placed radially 

inward from the copper block which rneasured the bearn pulse. 

Both blocks rnoved together as a unit. The deflected beam 

intensity is shown in Figure 14. About 25% of the bearn 

circulating at 36 inches was sufficiently deflected to clear 

the grounded copper block. The variation of this deflected 

bearn intensity with regenerator position (Figure 15) was 

rather eharp, indicating that the geometry of the regenerator 

was rather critical. 

It appeared that the system was indeed energy selective 

in deflecting the cyclotron bearn (see Chapter 2). An oscill­

oscope trace of the beam pulse was much sharper in time than 

the oscilloscope trace of the internal bearn pulse. This 

selection in time suggesta a selection in energy. The reduction 

in time epread viewed on the oscilloscope was a factor of 2 

or 3. 
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FIGURE 14 

DEFLECTED BEAM CURRENT 

The meaaurementa for this curve were obtained under the 

aame conditions as those for Figure 13 except that a 3/8 inch 

thick grounded copper b1ock was placed immediate1y inward of 

the current measuring block. 
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FIGURE 1.2, 

DEFLECTED BEAlll[ CURR~ NT VS REGENERATOR POSITION 

The reading on the micrometer barrel increasea for radial 

motion into the machine. Each point on the curve ia the peak 

from curvea auch as Figure 14. 
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CHAPTER 2 

DESIGN AND INSTALLATION OF THE MAGNETIC CHANNEL 
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The Design and Installation of the Ma~etic Channel 

In principle, a regenerative deflection system could 

deflect the proton beam of a cyclotron out ta a radius of the 

machine for which the magnetic field is sufficiently reduced 

for Br to be less than the magnetic rigidity of the protons. 

The protons would then spiral out of the machine. 

However the regenerator strength for auch a deflection 

is not practically attainable. Therefore a localized region 

of reduced magnetic field must be set up inside the cyclotron 

and the protons extracted by deflecting them into this region 

(Chapter 1). The channel between two vertical slabs of magnetic 

iron is auch a region. The deflection system must then give 

sufficient separation between orbita sa that the protons clear 

the inner face of the inner slab on one orbit and enter the 

channel on the next. 

It is important that the channel walls be as thick as 

the deflection system will allow in arder ta gain as much field 

reduc tian in the channel as possible. This is becauee protons 
~ 

spiraling out through the fringing area of the cyclotron field, 

encounter severe negative radial field gradients even inside 

the magnetic channel, and these tend to diverge the proton beam 

horizontally. To minimize this horizontal divergence of the 

beam, the protons must be made to spiral rapidly through the 

fringing region by reducing their curvature as quickly as possible. 

The thiokness of the inner wall at the channel entrance 

is limited by the radial separation between successive orbite 
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that is praotical with the regenerative deflector. In the 

McGill machine this separation appears to be about 3/8 inch. 

As the protons travel along the channel they move away from 

the last orbit before extraction and the wall thiokness may 

be inereased. 

It is inadvisable to further reduee the field by making 

the outer wall thicker than the inner wall. This would make 

more severe the negative field gradient which is already 

troublesome. 

Where the negative field gradient is most severe it is 

possible to reduce it by reducing the thickness of the outer 

wall of the channel. However the field reduction in the channel 

is then not as great,and furthermore, the gradient is not 

constant across the width of the channel. This non-uniform 

field gradient can cause distortions in the proton beam optics 

which are difficult to correct later along the flight path. 

It was felt therefore that the channel should have inner and 

outer walls of equal thickness and that strongly positive field 

gradients should be introduced over a short length of flight 

path when horizontal refocusing was necessary. Suffic1ently 

strong positive gradients of reasonable uniformity can be 

achieved by the self excited quadrupoles descr1bed later in 

this chapter. 

The height of the channel wall and the channel width 

were deoided on the basie of uniformity of field in the region 

of the channel oocupied by the proton beam. Again, non-uniformity 

of field oan cause troublesome distortions in the proton beam 
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optics. The vertical focusing of the cyclotron field gradient 

keeps the vertical extent of the beam to about ! inch overall. 

It was felt that 2 inches of channel height would give adequate 

uniformity in this region. While a somewhat greater field 

reduction may be obtained by reducing the channel height for 

the same wall thickness, the greater beam distortions that auch 

a channel might introduce could offset the advantage of the 

greater field reduction. To further minimize non-uniformity 

the channel width was made as small as possible, and t inch 

was felt to be adequate to clear the proton beam. 

The channel was made up of sections each 4 inches long. 

The design of the wall.thickness of each section was carried 

out as follows. 

For various azimuthal positions the radial separation 

between successive orbite was calculated from Appendix A. The 

wall thickness for a channel entrance placed at this azimuth 

was then taken as slightly lees than this separation. The 

magnetic field in an entrance channel section with this wall 

thickness was then calculated from the methode of Appendix B. 

From the known motion of the protons entering the channel, 1t 

was then possible to calculate the increase in separation 

between the proton beam in the channel and the last orbit 

before entering the channel, at the end of the first 4 inch 

section. The permissible increase in wall thickness for the 

second section was thus determined. The actual increase was 

made a little lees than this permissible limit to reduce the 

distortion in the magnetic field traversed by the protons on 
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their last orbit before entering the channel. 

In this way the trajectory of the beam as it was led 

out of the machine for various azimuthal positions of the 

channel entrance was computed for what appeared to be the beat 

channel geometry. From these computations and from practical 

consideration involving the space available in the machine, 

the channel layout shown in Figure 16 was chosen. 

or course no amount of computation can give the exact 

coordinates of the bearn at any point and so each channel section 

was made adjustable in the horizontal position of both ends. 

The adjusting meehanisms were designed to be operated from 

outside the vacuun tank of the cyclotron. The channel section 

design is shown in Figure 17. 

It was decided tbat six channel sections should be adequate 

althQugh an extra section was built to be installed if it 

seemed profitable. The gap between section 3 and section 4 

provides for the use of the internal target probe for internal 

beam bombardment experimenta. The sections are held in place 

by brase jacks which jack against the upper cyclotron pole tip 

and hold the sections against a i inch thick aluminum plate 

which is properly &paced away from the lower pole tip. The 

sections are held against radial thrust by etainless steel dowels 

into the aluminum plate and the total thrust on the plate is 

taken by brackets butting against the t inch pole cap of the 

cyclotron. With this method of installation the channel sections 

can be completly removed or 1nserted in a very short time. 

Once the vacuum tank of the cyclotron is opened either operation 
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FIGURE 16 

CHANNEL LAYOUT 
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FIGURE !1 

DETAIL OF CHANNEL SECTIONS 
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can be carried out in about 5 minutes, 

Since the large amount of iron used in the construction 

of the channel seriously perturbe the magnetic field in a 

whole quadrant of the cyclotron, it is neceseary to correct 

the field radially inward from the channel so that the internal 

circulating beam both before and after regenerative deflection 

will be undisturbed. For the first two or three sections, this 

correction has to be carried up to within 1/4 or 1/8 inch of 

the channel wall. Unfortunately the shims needed for this 

field correction are quite massive and introduce further 

unavoidable negative field gradient in the channel. 

The method of attack was to map the magnetic field in 

the vicinity of the bare channel sections, calculate the vertical 

shimming required to correct for the field defect, install this 

shimming and remap the field. This procedure was repeated 

until it waa felt that an adequate correction had been made. 

We were helped greatly in this program by having a rapid means 

of measuring the magnetic field (the apparatus described in 

Chapter 3) and by having means of calculating the effect of 

magnetic shims {Appendix B). 

In the first attempt only the first three sections were 
bea.m 

installed. To obtain a relatively undisturbedf1t was found 

that two conditions had to be met. 

1. The shimming bad to be carried right up to the 

channel wall for the first three sections. The shim thickness 

adjacent to the wall of the first channel section is almost 

equal to the wall thiokness of the channel itself. 
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2. Except for the shimming very close to the channel 

wall, a vertical gap of at least 2i inches had to be maintained. 

This was no doubt due to the necessity of having a sufficient 

vertical aperture. A photograph of a typical channel section 

(section 4) with vertical shims attached, is shown in Plate 6. 

After several trials the beam was deflected into the 

first three channel sections. About 10% of the beam circulating 

at 36 inches entered the first channel section and about 80% 

of this appeared at the exit of section 3. Alignment of the 

sections to obtain this transmission was carried out by observing 

the bearn picked up on an insulated brasa block which could be 

moved along the channel sections from outside the vacuum tank. 

In this way, after the beam was picked up at the channel entrance, 

the three channel sections could be aligned in about 4 hours. 

When the optimum alignment had been obtained it was 

found thet the channel entrance was 0.3 inches radially inward 

from the position indicated by the measurements of the bearn 

distribution taken before the channel installation. This 

indicated that, despite the magnetic shimming, the channel 

sections had changed the average field ln thelr v1c1n1ty and 

therefore altered the performance of the regenerator deflector. 

Binee a fairly good yield was obtained, no attempt was made 

to reetify this condition. 

The later three sections were installed and aligned in 

the same mannar as the first three. A photograph of the complete 

channel installation is shown in Plate 7. No serious 
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PLATE .§. 

CHANNEL SECTION NO. 4 

Note that the vertical magnetio shims move with the 

channel section as its position is adjueted. 





(55) 

PLATE 1 

CHANNEL INSTALLATION 

This photograph was taken before the self exc1ted 

hor1zontally focus1ng quadrupoles were 1nstalled. 
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disturbances of the internal bearn were found although the fraction 

of the internal bearn that entered the channel has decreased a 

little (to about 6% of the bearn at 36 inches). However, of the 

bearn entering the channel, only 15% remained after all six channel 

sections had been traversed. Glass plates were set up in the 

channel sections and the patterns produced by proton bombardment 

indicated that the losa was due to horizontal divergence of the 

bearn. It was decided that a self excited quadrupole with a 

positive (horizontally focusing) field gradient should be used 

to correct this divergence. 

A positive field gradient which converges the bearn 

horizontally will cause the bearn to diverge vertically. Binee 

this undesirable diverging action depends on the vertical extent 

of the bearn, the horizontally focusing quadrupole should be 

placed where the vertical extent of the bearn is a minimum. 

The negative field gradient which caused horizontal 

divergence of the bearn in the first three channel sections 

converges the bearn vertically. The vertical focus occurs at 

about the entrance of section 4. This gives a region of small 

vertical extent of the bearn in which the self excited quadrupole 

may be placed in the gap left for the internal target probe 

between channel sections 3 and 4. The vertical action of a 

quadrupole in this position would then be small and would only 

move the vertical focus farther along the length of the channel. 

A self excited quadrupole was built with as large a 

positive field gradient as possible in the lirnited space avail­

able. A simple sketch of the quadrupole geometry is given in 

Figure 18. A rernovable section was provided sa that the internai 
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FIGURE 18 

GEOMETRY OF MAGNETIC IRON IN SELF EXCITED gUADRUPOLE 

No attempt ia made to show the non-magnetio parts of 

this quadrupole. Only the geometry or the magnet1o iron 1s 

1nd1oated eo as to show the induced quadrupole effeot. 
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target probe could etill be used. The field gradient possible 

was not large enough ta completely counteract the horizontal 

divergence but about 50% of the beam entering the channel now 

appeared at the channel exit. Subsequent measurements showed 

that the vertical focal point had moved down the channel to 

about section 6. 

At this time the geometry and the al_ignment of the 

channel sections and the self excited quadrupole were fairly 

well established and it was felt that a review of the total 

ehimming of the extraction system was in order. While we were 

still obtaining a reasonable fraction of the internal beam at 

36 inches, the internal beam laas from radius 22 inches ta 

radius 36 inches was considerable (about 80% or more). By 

redressing the shimming we were able ta 1ncrease the fraction 

of the beam at 36 inohes that entered the channel ta about 10% 

but the losa in the region between 22 inches and 36 inches 

oould not be reduoed beyond about 60% in the time available 

for the readjustment. Expressed as a percentage of the internal 

beam at 16 inches, the extraoted beam is a little better than 

1% as measured on a Faraday eup. For present normal operation 

of the machine, the external beam current versus radius is 

given in Figure 19. 

It is the opinion of the writer that at this stage the 

possibilities of the extraction system have not been tully 

realized. The percentage of the bearn at 36 inches which is 

defleoted 1nto the magnetic channel 1s good but not as large 

as the percentage which wae defleoted with. a eimilar radial 

gain before the channel was 1netalled. This might be oorreeted 
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FIGURE 19 

VARIATION OF BEAM CURRENT WITH RADIUS 

This curve is intended to show where the internal beam 

is lost. It i"asily seen that there are two regions in which 

the interna! bearn decreaees in inteneity with radius. These 

ocour at about 27 inches and at about 33 inches. These regions 

correspond to regions of reduced field gradient in the machine. 

Only about 15% of the beam at 16 inohes reaohes a radius of 

35 inches. The beam which reaches the channel entranoe indicated 

by the dotted line is about 2%. 
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by readjusting the regenerator strength to match the altered 

field gradient in the region r = 36 inehes to r = 38 inches 

due to the presence of the channel. However the greatest beam 

losa in the machine is at inner radii. This beam losa is no 

doubt due to the variation of dB/dr within the machine. Regions 

in which dB/dr becomes small not only have smaller vertical 

focusing forces on the protons but also demand more energy gain 

per revolution to keep the protons in step with the decreasing 

frequency on the accelerating dees. If the voltage on the dees 

cannot provide enough energy to the protons for them to stay 

in step, the protons fall behind and are lost. 

These shallow regions of dB/dr have apparently al .ways 
\../ 

existed in the machine and have al·_ways been responsible for ..._., 

beam losa. The installation of the extraction system with the 

limited vertical aperature of its shimming may have made the 

effeet of these regions a little more marked. 

However to correct these faults a thorough survey of 

the magnetic field of the cyclotron should be oarried out. 

This survey should include planes above and below the median 

plane to deteot vertical asymmetries. For auch a mapping 

the dee system would have to be removed. A calculation of the 

necessary shimming could then be carried out and the shimming 

installed and securely fastened inside the machine. 

With luck, auch a correction could be carried out in 

one step but the total operation might add about two months 

to the machine down time. For most counting experimente the 

current is already too intense. (This is because the proton 
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consiste of burete rather than a eteady current. The instant­

aneous beam current in the buret may reach about 1013 protons 

per second). It was felt therefore that attention should now 

be given to the problem of focusing the beam into a well behaved 

roughly parallel beam of good cross section and to building 

up the necessary experimental equipment to make use of this 

beam. 



CHAPTER §. 

FOCUSING THE EXTERNAL BEAM FROM INSIDE THE CYCLOTRON 
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Foousing of the External Beam from Inside tpe Cyclotron 

Because of the negative horizontal field gradient of 

the cyclotron magnetic field, the extracted proton beam is 

fairly well focused vertically but diverges horizontally. 

The horizontal spread of the external beam before corrective 

measures were taken is indicated in Figure 20. In an elevation 

view the beam is roughly parallel. 

The beam quality may be expressed as its uarea in 

phase space 11
• For a full discussion of the significance 

of the area in phase space of a beam of particles the reader 

is referred to Penner (1961). Only a few pertinent resulte 

of this approach are indicated here. 

The structure of a beam of protons at any point z 

along the beam path may be described in a rectangular coor­

dinate system by emittance plots dx/dz versus x and dy/dz 

versus y. (For horizontal beams, x and y are generally 

taken to be horizontal and vertical respectively.) For a well 

behaved beam, the points representing the protons in the beam 

fall inside a well defined area on each emittance diagram. 

This area is called the area in phase space. 

As one moves along the beam path, the shap~of these 

areas transform, but for systems in which the magnetic field 

is a linear function of x and y, the area in each emittance 

plot is constant. These areas may therefore be used as a 

measure of the quality of the beam and ehould be kept as 

small as possible. The smaller these areas are, the smaller 

is the divergence of the beam when it is focused to a small 

spot. 
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FIGURE gQ 

HORIZONTAL DIRECTION OF EXTERNAL BEAM IN CYCLOTRON VAULT 

The direction of the beam was obtained by exposing 

X ray plates at the end of various lengths of 4 inch diameter 

beam pipe. The beam pipe was provided with a 0.050 inch thiok 

aluminum window and was connected to a flexible bellowa so that 

it could be swung horizontally to investigate the horizontal 

beam spread. 
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It is desirable ta be able ta focus the beam to a small 

spot for two reasons. 

bombardment obtained. 

One reason is simply the high specifie 

The other is to prevent adding phase 

space area to the beam structure when it is energy degraded 

in an absorber. Energy degrading of a synchrocyclotron external 

bearn is necessary in order to obtain energy variation. When 

a perfectly parallel proton bearn is energy degraded it acquires 

a certain divergence. If auch a beam of finite aize passes 

through an absorber, then the area in phase space is increased 

from zero to an arnount equal to the angular divergence multiplied 

by the aize of the bearn at the scatterer and so the beam aize 

at the scatterer should be as small as possible. The bearn 

divergence on leaving tl1e absorber may be large but if the 

cross sectional area is srnall, then quadrupoles of sufficient 

aperture to contain the diverging bearn can refocus the beam 

to another small spot on the target. 

To obtain a good degraded beam then, two sets of 

quadrupoles are necessary; a set of large aperture to collect 

the degraded bearn from the absorber and focus it to a small 

spot on the target and another set to focus the external bearn 

from the cyclotron to a small spot on the absorber. 

The large aperture set has already been installéd 

(Pacifie Electric Motor Co. Madel 6SF-26-10LI: 6 inch aperture, 

10 inch long with a maximum field gradient of 4 Kilogauss/inch). 

The aperture of the other set is dictated by the aize of the 

external beam. A considerable saving in space and quadrupole 

investrnent is therefore achieved 
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by making the external beam as small as possible by focusing 

inside the cyclotron. 

The focusing from inside the machine may be aeeomplished 

by a second self excited quadrupole. {The first self excited 

quadrupole, to improve the transmission in the channel, has 

been described in Chapter 5). To oalculate the neoessary 

quadrupole strength it is most oonvenient to use the method of 

transfer matrices (Penner 1961). In this method the values of 

x and dx/dz for a part1oular proton are represented by a two 

dimensional veotor f x J . The operation of a magnetio system 
ldx/d 

on this proton may be expressed as a 2 x 2 transfer matrix 

operat1ng on this veotor; 

x' 
(l) 

The veotor for eaoh proton in the beam looates a 

point on the emittance plane. As the proton moves through any 

magnetio system (even as it drifts through a field free region) 

this point moves in the emittance plane according to (1). 

The shape of the area encompassing all the proton points 

(or a suffic1ently large percentage of them) changes according 

to the motion of these points. 

Perhaps the most useful structure for an external beam 

before foousing on a target le one for whioh the emittance plot 

in either coordinate is slightly elliptical with its major 

axis in the 2nd and 4th quadrant. In a field free region 

protons drift so that they preserve their values of dx/dz and 
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dy/dz and increaee their values or x and y by z{dx/dz) and 

z(dy/dz) respectively. A proton beam with an elliptical 
nd 4th emittance with the major axis in the 2 and quadrant 

will then drift so that the major axis of the plot rotates 

into the 18 t and 3rd quadrants. In so doing the cross section 

of the beam diminishes before it expands. This necking down 

of the beam increases the path length for which the beam aize 

may be held to within a certain limit. 

The actual emittance plots of the beam 55 inches beyond 

the channel exit before the second self excited quadrupole 

was installed are shown in Figure 21. The points on these 

plots were obtained by a brase block with a rectangular array 

of holes placed at z : 55 inches. {Distance along path length 

is defined as z: 0 at channel exit). The brase block was thick 

enough to stop the protons and so the holes produced fine 

pencila of beam. By following the pattern of spots on X ray 

film placed at various values of z greater than 55 inches, the 

values of dx/dz and dy/dz for the beam pencila could be 

determined. The vertical emittance plot obtained is very 

good while the horizontal plot is indicative of the large 

horizontal divergence. 

The horizontal emittance pattern at z = 55 inches may 

be thought of as the horizontal emittance pattern at the channel 

exit operated on by the horizontal transfer matrix of the 

cyclotron fringing field over the 55 inches of beam path from 

the channel exit. Let this transfer matrix be Mx• What is 

required is a quadrupole to be added to this system so that 

the combined transfer matrix of the quadrupole plus fringing 

field will give a horizontal emittance pattern outside the 
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FIGURE 21 

EMITTANCE PILOTS AT Z = 55 INCHES (BEFORE FINAL IMPROVE~NTSl 
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~achine which is slightly elliptical with the major axis 
nd 1.ih preferably in the 2 and ~ quadrants. At the same time 

the quadrupole should not disturb the vertical emittance 

pattern. Therefore, if possible, the quadrupole should be 

located in a region where the vertical extent of the beam is 

a minimum. 

Fortunately this region occurs in channel section 6. 

The quadrupole could theretore replace section 6 and section 6 

could be placed after the quadrupole. Since the average field 

reduction in the quadrupole is small, the beam trajectory is 

altered very little by this change. 

The combined transfer matrix of the quadrupole and 

fringing field may be written as 

where Px is the horizontal transfer matrix for the quadrupole. 

The procedure in designing the quadrupole was to calculate Tx 

for trial values of Px and to apply Tx to the emittance pattern 

at the channel exit giving a calculated emittance pattern 

outside the machine. Px was adjusted until the desired pattern 

was obtained. In the approximation of this design, the channel 

exit position and the cyclotron fringing field were assumed 

unchanged by the quadrupole installation and the quadrupole 

installation therefore did not change the transfer matrix Mx• 

The transfer M was calculated by multiplying incrementai x 
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horizontal transfer matrices of the form 

-.. 
1 0 

where AMx is the transfer matrix for pa th length A z and Br 

is the magnetic rigidity of the proton. The total path length 

of 55 inches for Mx was taken in 5 inch eteps of AZ and the 

value of àB/àx for each incrementai tranefer matrix was taken 

as the average value over 6. z. ~ B/~x was calculated as a function 

of z from a map of the fringing field of the cyclotron. 

It may be noted that the above transfer matrices do 

not include the average field term which expresses the radius 

of curvature of the partiale trajectory. This term dieappears 

because we are referring the partiale motion to the curved 

trajectory of the beam center. 

Once the transfer matrix Mx has been evaluated, the 

emittance pattern at the channel exit can be obtained by 

applying the inverse of Mx to the measured emittance pattern 

at z = 55 inches. The resulting emittance patterns are shown 

in Figure 22. The vertical emittance pattern wae obtained in 

a manner eimilar to that for the horizontal pattern. 

Theee emittance patterns agreed with a qualitative 

picture of the beam behaviour inside the channel obtained 

during the channel installation (Chapter 5). They aleo agreed 

with beam patterns produced in X ray filme and on a flourescent 

screen placed in the region of the channel exit. A telephoto 

lens wae ueed to view the flaijrescent ecreen by closed 

circuit television. 
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FIGURE 22 

EMITTANCE PATTERNS AT CHANNEL ~ 

These emittance patterns were obtained by applying 

the inverse of the transfer matrix of the cyclotron fringing 

field gradient to the emittance points in Figure 21. Note that 

here the vertical emittance pattern shows a greater divergence 

than the horizontal. This is beoause the beam has just gone 

through a vertical focal point. The cyclotron fringing field 

refocuses the beam vertioally before it is out in the cyclotron 

vault. 
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When the horizontal emittance pattern at the channel 

exit was obtained in this way, the emittance pattern at 

z = 55 inches was calculated tor trial values of quadrupole 

strength. The transfer matrix for the quadrupole in the limit 

ot zero length is given by 

0 

Px = [ 

1 

-1 
Bf p 1 ~ 

where p, the quadrupole strength is defined as JdB/dxaz. 

(For short quadrupoles the above torm of the matrix may still 

be used if p is given by JdB/dx dz and the integration is 

carried out over values of z for which dB/dx for the quadrupole 

is significant~ These trial values of Px were multiplied by 

Mx and the result applied to the horizontal emittance pattern 

ot Figure 22. It was estimated that a value of p of 35 Kilogauss. 

should be the beat quadrupole strength to design for. The 

methode of Appendix were then used to design a self excited 

quadrupole (complete with vertical shims to restore the interior 

field of the cyclotron) whioh would give this value of integrated 

.field gradient. 

The quadrupole was built and installed. The oaloulations 

o.f Appendix B gave suf.fioiently aoourate resulta .for the rather 

1 
l&rSJe 
maas of iron (about 5 lbs) to be installed in the machine, 

with the correct shimming to prevent the disturbance of the 

internal beam, without magnetic field measuremente being 

necessary. 

It was found that the quadrupole made a deoided 

improvement in the beam pattern but was not strong enough. 



(72) 

This was not unexpected considering the approximations and the 

roughness of the data involved in the design. After an adjust­

ment of the quadrupole strength (involving an increase of about 

15%) the emittance diagrams shown in Figure 23 were obtained. 

It st111 appears that the quadrupole could be a little stronger 

(maybe 5%) but very littlg is to be gained by auch an adjustment. 

It is seen in Figure 23 that total emittance pattern 

in both the horizontal and the vertical plots is not elliptical. 

However ellipses may be drawn as shawn that will encompass 

about 85% of the beam intensity. The bearn outside these 

ellipses may be removed by a simple horizontal elit central 

on the median plane which limita the vertical extent of the 

beam at the channel entrance. This indicatee that the small 

part of the beam removed may be far enough from the median 

plane of the channel to suffer from the vertical non-uniformity 

of the field gradient in the channel sections. 

The area enclosed by the ellipses is small, indicating 

a higher quality beam than was apparent before the second 

self excited quadrupole was installed. An area in phase space 

of one inch-milliradian is equivalent to an increase of beam 

aize from l inch to 1 inch in about 20 feet. At z = 55 inches 

the bearn has a spread of roughly t inch both horizontally and 

vertically. Using the 6 inch aper~ture quadrupoles directly, 

it was estimated that at i current the bearn aize oould be 

reduced to about 0.03 inch x 0.08 inch at 3 feet from the 

neareet quadrupole iron. With smaller aper_ture quadrupolee 

enabling higher field gradients it should be possible to 

reduce this spot aize further. 
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FIGURE g} 

FINAL EMITTANCE PATTERNS AT Z : 55 INCHES 

The points on these diagrams were obtained by a remote 

control elit system at z • 55 inches and a flourescent screen 

placed about 6 feet away from the elite and viewed by closed 

circuit television. The 6 feet of drift space was in a vacuum 

pipe. The dotted contours encompass about 85% of the beam 

intensity. 
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CHAPTER 1 

DESCRIPTION OF THE EXTERNAL BEAM 
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Description of External Beam 

A description of the external beam of protons dellvered 

byihe synchrocyclotron at the time of writing follows. 

The areas in phase spaoe, indicating the quality of the 

beam as a measure of the spot aize for a given divergence, are 

1 inch-milliradian in the horizontal plane and 2 inch milliradians 

in the vertical plane for about 85% of the beam. The method 

of obtaining these meaeuremente is outlined in the previous 

chapter. 

The horizontal and vertical spread of the beam at a 

point 200 inches from the channel exit (about 120 inches from 

the exit port at the wall of the vacuum tank) is shown in 

Figure 24. These points were obtained by moving a elit in 

front of a Faraday eup. It is seen that about 85% of the beam 

is within a horizontal extent of 0.5 inches and a vertical extent 

of 0.3 inches. 

The set of 6 inch aper~ture quadrupoles manufactured 

by Pacifie Electrio Co. are now being used to focus the beam 

onto a target. With the field gradient in these quadrupoles 

at half rated current, the beam was rocused to a spot having 

the horizontal and vertical distributions indicated in Figure 25. 

The points ehown as crosses in this figure were obtained by 

bombarding stacks or teflon etripe l/32 of an inch thick and 

measuring the relative intenaity of the induced radioactivity 

in each strip. The points shown as circles were obtained by 

the moving elit system. The difference in the two curves for 

the vertical pattern is probably due to the error in locating 

the position of the elit, the millimeter readinge being 



(75) 

FIGURE 24 

EXTERNAL BEAM 8PREAD BEFORE FOCUSING 
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FIGURE g,2 

SPREAD OF FOCUSED EXTERNAL BEAM 
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estimated by interpolating between half-centimeter divisionsof 

a ecale viewed by closed circuit television. 

The Faraday eup output viewed on an oscilloscope 

indicates that the beam has a pulse length of lese than 

20 x 10-6 sec. and a repetition rate of 400 per second. 

The energy of the protons in the external bearn was 

determined by attenuation in aluminum absorbera. The energy 

from three separate determinations was measured as 97.1 ~ 0.4 Mev 
-with an energy spread determined from the range straggle of 

lesa than 1 Mev (width at half maximum intensity). The energy 

was calculated from the range energy curves of Rich and Madey (1954). 

The current of the external beam was obtained with a 

Faraday eup in a vacuum chamber with a thin entrance window. 

The current from this eup was measured by a Keithley micromicro­

ammeter Model No. 414. The readings on the Faraday eup were 

checked by c11 activation at a beam current of 2.7 x 10• 9 ampere. 

Exact agreement was obtained {Nl%) by using the cross section 

of 61.5 x lo-27 at 97 Mev from Figure 8 of Crandall et. al. (1956). 
-6 For an average internal beam current of 0.5 x 10 ampere 

at a radius of 16 inches in the cyclotron the external bearn is 

about 4 x 10-9 ampere. The fraction of the beam which is 

extracted depends oft the interna! beam current and increases 

slightly for higher 1nternal beam current. The 1nteral beam 

current was measured by a copper block which is moved 1nto the 

path of the orbit1ng protons at a radius of 16 inches. 
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NOTES 
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CHAPTER 8 

CONCLUSION 



(81) 

Conclusion 

In the sense that the engineering or equipment and space 

to handle the external beam has not yet been completed, the 

project or magnetic extraction or a proton beam from the McGill 

synchrocyclotron has not yet been completed. However an external 

beam of protons has been delivered into the cyclotron vault. 

A description of this beam has been given in the previoue 

chapter. In conclusion, a few featuree of the extraction are 

described. 

The complete extraction system le designed for easy 

removal and installation. Once the wall of the vacuum tank 

has been removed (taking about 15 minutes) the complete extraction 

system may be removeà or installed in about 10 minutes. This 
4t 

greatly facilit~d the adjustment of the magnetic shimming to 

correct the magnetic field in the vicinity of the extraction 

system. 

Once the neceesary readjustment of the magnetic field 

of the interior of the cyclotron was accomplished by magnetic 

shimming, the positional adjustment of the regenerator and each 

channel section was very easily carried out without breaking 

the cyclotron vacuum. All that was necessary was to remove 

the cyclotron magnetic field to free the system from the 

magnetic forces. 

These mechanical provisions enabled the extraction 

project to proceed emoothly and quickly. The total time of 

the extraction project to date (including design of the system 

and setting up and calibrating of magnetic field meaeuring gear) 
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has been about 18 months. The down time of the cyclotron in 

this period has been about 7 months. 
n 

The scientific personel 
~ 

involved in setting up the extraction system was one research 

associate and one graduate student. 

The McGill synchrocyclotron is the smallest proton 

synchrocyclotron in which a regenerative extraction system has 

been installed. It has by far the smallest pole gap (7t inches 

compared to 11.7 inches for the Harvard machine). While this 

narrow pole gap is economical in cycloDron magnet design, it 

is a handicap in designing a regenerative extraction system. 

The more rapid decrease of the magnet field in the fringing 

region of the cyclotron with a narrow pole gap necessitates a 

stronger regenerator. However because the vertical extent of 

the bearn depends on the magnetic field pattern in the median 

plane of the machine and this pattern is very rouch the same 

in the interior of all synchrocyclotrons, the vertical aperture 
as 

of this regenerator should be the sameAfor the machines with 

the wider gap. 

It may be difficult to fit the iron necessary for the 

stronger regenerator in a narrow pole gap. In fact the aperture 

of the McGill deflection system had to be reduced somewhat and 

careful analysis and design was necessary to obtain as large 

an aperture as possible. However it has been shown by this 

thesis that with sufficient care in analysis and design, a 

successful regenerative extraction system can be installed in 

a smaller synchrocyclotron without experimental adjustment of 

the regenerator strength and channel aize. 
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APPENDIX A • DESIGN FORMULAE_FOR NONsLINEAR REGENERATIVE 

EXTRACTION 

Introduction 

In this appendix the design formulae for the non-linear 

deflection system for the McGill synchrocyclotron are derived 

from basic principles. Although most of the equations developed 

here have been published by Le Couteur in the span of three 

papers (1951, 1953, 1955), there is nowhere an integrated 

development of the mathematics of non-linear regenerative 

extraction in suffioiently general terme to be suitable for 

the MoGill synchrocyclotron. 

Many details of the mathematical derivations are 

inoluded so that the oasual reader may see more easily the 

approximations introduced. The approximations in the work of 

Le Couteur and Lipton (1955) on non-linear regenerative 

deflection were tailored to suit the Liverpool 156 inch 

synchrocyclotron and as suoh do not quite fit the McGill machine 

beoause of its different fringing field gradient. Henoe, 

while the development here olosely parallels that of Le Couteur 

it is different in detail because of the slightly different 

approximations involved. 

Development of Equations of Motion in r and z 

The basic equation used to determine the motion of 

protons in a magnetio field is the relativistio Lagrangian 
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-+ -+ 
+eV·A ecp ( 1 ) 

... 
waere rn

0
c 2 is the rert:. enE.l"EY of the pF,rticle,V is the velocity 

of the pé·rtlcle in Lfic coordim: tco l'rame in ritÜch we c·: lcula te 
4> 

A the mai"netlc vector ~)otcntiel and cp iP t~1c cltcctric scJlGr 

cotentl&l. The equatl~ns of moti0n are tnen 

d [aL J 
dt aq. 

1 

aL 
a q. 

1 

: 0 ( 2) 

"üere ~~~ ar" gene ro li z ed moo••en ta p 1 • In the ore se nt or ob lom 

cp necd not be consldered since the ener,;-y g•iln per t.urr: 

or tne order of 7 i~ev is s;:;r, 11 cotcJ3red to tHe oarticle kinetlc 

ener{.l',y of about lOO :·ev. 'l't1e cylindrical cooroim:.te system 

(r,8 , z) with z alont;: the central axis of the cyclot.r·on 

~ill be used. The field B is then given by 

' hlc!1 LJplies; 

8 =V x A 

: 

: 

dA,. 
àz 

a Ae 
az 

à Az 

ar 

1 àAr -ra a • 

( 3) 
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Also 

-v x B = 0 

or 

1 àBz. à Be 0 -- = 
r ae az 

( 4) 
as,_ as,. = 0 ar oz 

.ll...(rB )-_!_oB'" = 0 r à r 8 r à8 • 

In a normal synchrocyclotron the :na.gnetlc field 

should be azlmuthally uniform to a goad ao9roxlmetion. 

as as 
Then aê= ae"'= 0 and from equation (4) the only possible 

reAl solution for B
9 

1s zero. Then from e~uatlon (3) 

àAr = 
c)Z 

dAr.. = O 
àr 

~md A and A must be arbi trary constants which one mély :-Jet r z 
t:::l zero. Then 

Br =-
aA(r,z) 
a z 

(5) 

8 
a A( r,z) 

+ 
A ( r ,z) 

= 
z or r 

2 rz+ rze 2 + i 2 .1 . 
L = moc(l-(1- )2 ) + er8A(r,z) 

c2 
• 

(6) 
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The e~uetlon ln 8 becomes 

( 7) . 
or mr 2 8 + erA = cost. = P8 

and the eouations ln r ~nd z become 

d~ (mi-) 
dL 

0 ar --
( 8) 

~(mi) aL 
0 = az • 

~,ow consider tile possibill ty of an orbit stable in 

r and z whlch 1s set up to have r = r 
0 

e.nd z = o. The stablli ty 

ls investiga teà by expandln!- ê1- and dL in a Taylor 1 a series about 
'dr ()z 

(r
0

, O). ;'.'ri ting r = r 0 + p, 

aL 
ar 

aL 
az 

= 

= 

• (1 0) 



For a stable orbit CJL[ = ;;; Lf:: 0 and ;;;
2

L.,_ 
'dï 0 'é}Z 0 'dr 

and ;;zL must be negative. é1'lL and atL may tnen be 
;)zZ 'dr'l.. az:..z. 

considered to be restor1nl force constants. The other 

derivativeE will deterT.ine tne coupling betHeen the r anù 

z ~otion end the degree to whicn tne restoring snrings are 

non-linear. Equating the derivatlves dL j e.nd ? L ( to zero 
';Ir " ni. 

p-ives 

. . 
à LI ·àA 

10 = er8- +e8A + m82 r 
à r o or 

' m8t l = = er8 8~ + 0 

~~t= · àA' - eré 8 f er8a = = 
z 0 0 

Br. = 0 
0 

These resulta are very famlliar end no 

methods \'lere neede'~ to obtaln them. 

Considering hl~her derivatives; 
2 

à L ' =-e iJ ( r à Br + Br) 1 
àrôz 0 ar 0 

qnd similarly 

a'L 
1 

= 0 aliz 0 

e , 8 =--rn 

0 

• 
su ch hicn-po\!ered 

= 0 

• 

( 1 1 ) 

Bz 
tl 

( 12) 

Br is antlsymmetric aoout tne median plane of the 

cyclotron and tnercfore all even arder derivatives of Br with 

respect to z vanish at z = O. In particular 

. à28 = - er8 _r, = 0 
0 ..l 2 

CJ z 0 • 



Evaluating the other derivntives in & simllar faAh\on 

and usin;.:c e·:::;uatio:J.s (4) 9nd ~5) and 2 1
8z. +- d t~:O the follo',>lnv 

- · ';/z 'dr 
forma of the e:uatlons of motion are obtaine1; 

2 2 

_ P ( 1 + (.!.as> ) _ _e_ ( r oJ3 +.!.as __ , > 
8 à r o 2 B à r2 Bà r r • 

(13) 

2 

-- = z ( I. à 8 ) +pz ( _!. o 8 + Br ~ rBz) A 

B à r o 8 àr v .... 

+-- ( 14 

't~hcre B ls now wrl tten ae B z • 
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To desl~n the extraction syste~ lt is necessary ta 

fol loN the part1cles ln :tngle rather than time. i''or the 

:llavnl tude of radiol :Jeflection expected, tüc :~roxlmation 

dG ::::: 9" may not b8 adequate and s.) lt ls replaced by 
dé . 

f' d.e -::: /';, t90 whereu pon to flrst arder, 
T+ 

( 15) 
• 

~,-ut,:~. ti tu tl ne: into ec;ua tl ons ( 13) and ( 14) the final 

form of tr1e e':~ua ti ons of motion ln r and z are obtalned; 

d!2 = - [1 + (!:._ ~) ]P -- [!:.. o282-~ ~- ~ ]P2 
dB 8 o r o 8 o r 8 o r r o 

+---
( 16) 

2 o28 4 a 8 -- - --]zp2 
Bor 2 Bror o 

+ r r~;J[~] +--- ( 17) 

• 
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1hese equations of motion are equations of displacement 

ln terms of azlmuth"il ant:le. Velocltles may now be expressHd 

as derivatives with respect to angle ratl~r thsn time and 

fre~uencies describing oscillatory motion are then expressed 

as multiples of orbital frequency for the equlllbrlum orblt. 

il. t this point the put te rn of trie magne tic field in an 

actual synchrocyclotron is to t;e considered ( see Flp:ure 9, 

Chapter 3, for the pattern ln the gcGill machine). The 

fieJd i!': fP..irly well described by se.ying that n - - r/B ôB/Alr 

h<is a constant value out to a certA.ln radius r
0 

where lt 

suddenly starts to increase. The region of the cyclotron in 

which r is less than r ls considered to be tne ''lnterior 11 

0 

of the machine, and the region in ~hien r is greater than r 0 

is considered to be the 11 exterlor11 or 11 fr1ngln.s" regio:1. 

The equations 0f motion for protons orbiting ln the 

lnterior of the machine are 

= 

--

-((.!:_ô8) + l)p 
8 ôr 

( I.. ô8) z 
8 ôr 

= -(1-n)p 

( 18) 
= - n z 

• 

'fhese B(:tJ·>tl ms of motion show th::J t the protons may 

oscillate radlally about the ecuillbriuT value of r, with a 
J.. 

frequency equal to (l-n) 2 and may oscillate vertlcally about 
1 :;-

z = 0 with a fre~uency equal to ncG 

.i''or protons orbi ting in the fringine; area of the 

cyclotron, the nigher derivatives ln equations {16) and (17) 

must be considered. In this region, tr1e field may oe expressed 

as a Taylor's expansion about r = r · 
0' 

B(p) = 8 
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where f = {r-r0 ) and the expansion holds for f ~o. 

Le Couteur found that the fr1ng1ng field of the 

Liverpool machine could be adequately expressed by keeping 

only terms of second order. 0onsequently many of the hlgher 

derivatives ln the coupled equations of motion (16) and (17) 

do not appear ln his development. However to exprèss the 

fringlng field of the McJlll machine it was felt that the term 
3 

in~ had to be included. Numerical analysls of the fr1nging 

field measurement of Chapter 3 gave the following values as 

the best fit; 

= 3 6 1n. 

Bo - 16, 0 0 0 qau ss -

[~Jo - - 24 qauss;1n -

r:~. - -108 gauss 1 i n2 -

- [058] = 
~0 96 gauss;1n 1 

• 

In non-11near regenere.tlve deflection of a synchro­

cyclotron bearn useful acceleration of the protons 1s coneidered 

to stop at r : r
0

• The protons orb1t1ng at this radius then 

have their orbit centere moved away from the center of the 

machine so that, eventually, with suff1c1ent motion of the 

orbit center in one orblt, the protons may be made to enter 

a magnet1c channel. (see Chapter 2 - The .Non-L1near Regenerative 
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Deflection ~ystem). 

A total deflection of about 2 inches should be adequate 

to sllo'.v the Liee'!l to be plcked up in e. :nqp-netic cl:wnne1. t-or 

f~ 2 inches the above coefficients give a calculated magnetic 

field 8~f' ) which a.Q:rees wi th the mea eured values to wi thin 

the instrumenta 1 a.ccuracy ( 0 .17;) • -~ubs ti tu tint; the se values 

lnto e ~ua tions ( 16) and ( 1r{) one obtaina 

d2p 

dB 2 = - 0.946p( 1- 0.20p-0.03p2 +0.12z2
) -0.12z2 

d 2 Z 
dB2 = -(0.054 + 0.24p +0.10p2 )z . 

In theae equations the term 0.001 z3 and tne veloclty2 

terms have been neglected. fhe equations obteined by Le Couteur 

and Lipton (1955) for the Liverpool machine were 

~p = 
d8 2 - 0.955p( 1 - 0.52p) 

d2.z. 
d8 2 = - ( 0.045 + 0.26 p) z • 

The problem in designing the non-linear regenerative 

deflectlon system is to obt~ln suffic1ent motion of the orbit 

ce~ter while keepin~ this motion ln 3 straight line towQrd~ 

tile ch<Jnnel system and while main ta lning vertical stv.bili ty. 

In passing the reader may note that the reaeon for tne 

familiar vertical "blo',;-up 11 for protJns oeci1la ting about ':'1 

equilibr1um orbit at n = 0.2, is easily seen. Considering tl1:at 

in this field re:5.ion, nigher derivatives are strong, the 

coefficient of the term pz in ecuatlon (17) must be si::".nificant. 

The change in dz/de as e increases from {!] 1 to 19t. may be 

obtained by integrating equation (17) once with respect to 9. 

l'he motion ln f and z ms.y not be cimple harmonie ln this region 
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but lt ls still oscil tory wlth fundPmental frequencles of 

ose llla ti on.. By havi np: tne r· n~-~e of 1ntegr:i t ion ( ez.- G,) 

corresooncUng. to a number of comc:lete cycles in z, the term 

(LFJBJzwill glve no contribution ln the integration. Conslderin~~ 
8 'Jt-Ï~:~ 
then the contribJtion of th::r tcr-n pz we hr• ve 

oc J;'z dB • 
e, 

If the fundamental frequencles of :r..<:dlal and ~rertical 

has a finlte v-.lue. This v<:~lue is proportiomü to the amplitude 

of the rad 1 o~cillatlono If the relating integer la large, 

the value of this tee;ral m.r:.,y not be slgniflc;,_nt ( c;xc€pt for v·ery 

large rs.di-cl oscill t.ions) but at n = 0.2, the radiHl frec;uency 

is only twic~ the vertical frequency. 

If the amplitude of the radial oscillation le very small 

this is still not serious. However for a typica.l synchrocycl:::>tron 

a l~rge fraction of tne protons may nave a radial amplitude of 

oscillation as le.rge as i inch. Since the radial frequency 

is twice the vertical frequency, the energy of this redi;c,l 

oscilla ti on, if 1 t 1;Jere transferred completely to tr.~.e vertice.l 

oscilla ti on, l:JC!Jl~; r·esul t in a. ver ti cc; 1 ose Llla ti on ampli tude 

of 1 inch. Such a vertical extent of the bearn is intolerable. 

Character of the Radial ivî.otlon 

A proton with an eaullibr!um orblt of radius r 0 but with 

its orbit center shifted from the center of the machine, moves 

through two regions of the machine; one in whichj'<o and the 



(94) 

other in which J' >o( F'igure Al). 

The ct'..a.racter of the radial motion :for j'< o 1s simple 

harmonie w1th frequency, say, ..fL. In the reg1onf'?o1t is 

not simple harmonie but still is osc1llatory with a :fundamental 
, , 

frequency, say,il where ~ is a function of the radial 

oscillation amplitude in this region. 

1'he regenera tor is a narrow wedge (in 8) of radial field 

gradient placed as indica ted in Figure Al in the region ,P:>o. 

Its field gradient, integrated over the azimuthal angle :for 

which it is effective, 1s the quantity which is to be designed 

to give the requ1red regenerative de:flection. In the mathematlcal 

treatment of th-is appendlx, the regenerator is considered to 

subtend practically zero azimuthal angle. 

The radial motion is then considered-in three parts; 

the angle s to where the proton crosses r
0 

a:fter leaving the 

regenerator, the angle k where the proton remains in the region 

p< o and the angle h to return to the regenerator. In the 

azimuthal region k the radial oscillation goes through one 

hal:f cycle. The angle k 1s there:fore g1vea by JlK: r,r. 

In considering the motion o:f a proton in this system 

it is most convenient to express the displacement and velocity 

in one coordinats as a two dimensional vector and to represent 

the effedt on this vector of passing through a region of the 

machine as a 2 x 2 transfer matrix for this region. I:f the 

radial displacement and velocity are expressed in the unite 

used throughout this development, this veetor is (~). 
If a particle described by this vector entera the region g, 
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thcn itc 1eecri~t1ve vector for the rGdlal motion on leevlng 

g is glven by Gr C{;) ~r,er·e Gr le the 2 x 2 transfer m!ètrix 

repreEent-ln tne chç.nge ln the r:::dlal motion on nasslnt throu 

;.:e3.SUr1ng e from tt .. € regener~:. t:Jr !tien, the motion 

1 n e ( ':' ~ s u:r; 1 lt ta oe sim~le h~r~ nic) ls 

p 
, 

= p sin(fl.B+'/f) 
M 

, 1 

= np_ cos(f1.8 + 'il) 
M 

·:1otlo11 of the pe.rticle 

as 1 t VC'f1 tne rcg.Bnere.tor :1.n·J entnrs re:~:Lo.1 ,·. The r~:-1.dial 

moti::m ~t entr=Ll.Ce to .; 1'3 t-wn(:~::::,) U:ii_.-t~ tiF~ 1JSJfil 

expansio~ fo~ the stna and eosine ~· ... ne ootio~ ~t 8 1~ descrlbPi 

by 

., 
' . 

, . f 

= ( pM sin '/1 COS f1. 8 + pMCOS 'ilS Î n fl. 8 ) 

n. P. c 0 s l/1 c 0 s n 
1

8 - n 
1 
P. s i n l/1 s in n 'e 

M fv1 

which m~y be factored to 

p 

Cœ) 
dB 

1 

cosne 

=(_n'sin .n'8 

1 ' . ,,, sr sinflB p Sin., 

cos n·B) (np cos.(,). 

TI .. G transfer ;:n,:. tr 'l.Y for Gr ie thus seen to be 

= ( cos .Q'g 

.. n_' sin.O.'g 

1 . 1 

n' smn. g) 
cos n q • 
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Similarly for region k and h it may be seen that 

(cos .Qk A sin.Gk) 
Kr = ·fls in flk cosflk 

, 
~sin .n'h ( cosilh ) H = -n sin n'h ' r cos n h • 

The transfer matrix for a narrow regenerator may be set 

as 

( 
where 

-- • 
(AB is the field change lntroduced by the regenera tor). 

Consider a particle whose m~1)on on enter1ng the regenerator 

for the mth time 1s deser1bed Vy ~ m" As 1t is about to . 

enter the regenerator for the m~lth time 1ts radial œe~iàe may be 

descriùed by 

(~t+l --
where Ar = HrKrGrR.r • 



where 

and 

(9o) 

Evaluating Ar by mult1ply1ng one obtains 

f 

~) 

a = cos n'f Tr . 't .n' s1n n 

= 1 . 'f n s1n .n 
. , . 

Y = - T r c os .n f - n s in .n f 

--

--

1 
cos nf 

"ff 
+(-.n' 

~) 
.n • 

If we let(~)~ represent the particles radial motion 

on entering the regenerator for the first time we have 

• 

The matrices G , K , H and Rr have determinant unity r r r 

and therefore so does Ar· The product of the eigenvalues of 

Ar must then be unity 

" ->-e and e and the 

Then 

as well. Let the eigenvalues of Ar be , 

corresponding eigenvectors be (~)and(~·) • 

= 

= 
• 
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Since these two eigenvectors are a complete set, 

the motion of a oroton entering the regenerator for the first 

time is described by 

= 

where 

:x 
~tu'-~ v' 
u.'v-v'u.. 

(~t -/'o ?/ 

' uv'- vu • 

Th en 

A;( x(;) r J'(:)) 
2 e mA(:) -nt"( u\ 

+ J e -v-) • 

" If the re5enerator is so bullt that e ls significantly 

~reater than one, after a few revoluti0ns we lwve 

=xe 
mA (~) 

• 

It may be worthwhile to try to clarify this wlth a 

graphlcal sketch {~lgure A2). It should be noted thnt since 
1 .n. 1 Jt are both less thon uni ty the rad 1al motion, wi thout 

cycle 
the regenerator, does not go through a corapletel\in oneorbit. 

The regenerator makes up for this by bein~ a stronf radiol · 

focusing deviee which curls the protons back into the machine. 
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so that they start the next orbit at the same phase as the 

previous. The two elgenveator solutions for Ar indicate that 

there are two starting phases for which the regener~tor is able 

to accomplish this. Tr,,~e are sketched in Fip:ure A.2. It is 

seen tha.t ln one case tne ampU.tude of the radial oscillation 

is increaseà and in the ether it 1s diminished. These correspond 
1\ -f\ 

to the ei~envalues e ande reepectively. 
f\ 

To evaluatee1t is only necessary to note that the sum 

of the eigenvalues is equal to the spur of the matrix Ar• Then 

co sh A = 

2coshA 

cos .n'f 

= a+ fJ 
Tr . 'f -.s1n.n 

211 
( 23) 

• 
This determines the radiel gain 

the phase anslE of the motion one must 

" frocCtor e . To determine 

determine tr.e eigenvector(~). 
From 

--

(a- e")u + {3V =0 

(8 -el\)v = 0 
which y1elds the one solution 

'U. 

1/ 
= e~ a 

,u ~v arbitrary. 

F'or simpl1c1 ty set u == P so that V ::: 
A e - « . 

Coneider again tbe motion on leaving the regenerator 

for the mth time. Recall that this me.y be written as 
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~) (
sin"') 

ÎMAx n'cos'/~. 
where 'f determines the phase o:f the motion. From 

pMA x ( ~ i n l/J ) 
nco s l/J 

one obtalns 

cot l/J --

--

-Tr'U + 1r 

n'-u 
1\ f 

e -cosn f 
sin n'f • 

(24) 

The radial motion a:fter the regenera.tor ls then given 

by 

p --
. , 

PMRX s 1 n ( n 8 + "') 1 , K e'"" 
(2 5) 

whereuponf vanlshes a.t $::. 7T-JE, -J· The value of ~ ls thus 

determined. 

Cha.ra.cter of the Vertical Motion 

While achieving the desired radial expansion o:f the 

beam it is necessary to avold vertic~l inst~bility and for 

high efficlency of extraction the vertical expansion must be 

m1n1m1zed. The cholce of radial expansion factor eA must 

take this lnto account. 
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As in the discussion of radial motion, the proton is 

considered to move in three different regions; in region g 
1 where the vertical oscillation frequency is effectively ~~ 

1 

in k where it is w where <...u<wand in h back to the regenerator 

where it is againw~ 5tarting at the radial node between the 

regions g and k the effect on the vertic::::.l motion of one orbit 

may be written·aa 

( z.) A cl. z. 
z ;ri. m 

A z --

where Kz' Hz' Gz, Rz represent the vertical motion transfer 

matrices in the regions k, h, g, and the regenerator respectively. 

Evaluation Gf these matrices gives 

:. 
( cos w k 1 • :;) w s1nw 

-w sin w k co 

H~ = 
( cos w'h t.sinw'h) 

, • 1 cosw'h ... WSI nw ·h 

( 0 ) 
Tz 

= 

( cos w'g c!J.sin w:g) 
w'sin w'g coswg 

--
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T - [ (~),;t (~),~] = 
~B&EAI. 

a cos w k cosw'tg + h) - =· sin wk sin w'(g+ h) 

+~sin w'g (cos w k cosw'h - .; .. sin w k sinw'h) 

b = ~ sin w k cosw'(g+ h) + ~ c osw k sin w'(g + h) 

Tz . , ( 1 • h · k 1 • 'h k ) + w' s1nwg w cosw s1nw + w' s1nw cosw 

c = -w sinwkcosw'(g + h)- w'coswk sinw'(g + h) 

Tz ' ' , . k • 'h ) - w' c osw g { w cos w k cos wh - w s 1 n w s 1 n w 
, 

d = cosw kcosw'(g +h)-: sinwk sinw'lg+h) 

Tz ' ( k . 'h w• · k 'h) + w• coswg cosw smw + w s1nw cosw • 

Constrained vertical motion requires that the eigenva.lues 
..... ,~ 

of Az be of the form e- , i. e. the phase of the vertical 

oscillation may change in one orbit but not its amplitude. 

From 
e'x + e-é.\ = ct+ ti 

cos À 
' 2.. 

( '( ) (w-w) . . 'c ) c o s wk +w g + h - 2. , s 1 n w k s 1 n w g ;- h ww 
--

T • ~ 
-.{sin (w k + u.Î(g ;- h)) + (~~:.>sinwk cosw'( g +h) 
2 U) ,z. t 

+ 
2
w -w. sinw k cosw'!h- g)l 
w w J • (2 6) 
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Let the.!1genvectors of Az be(~)·\:)· Then for 

eigenvalue e. c 

-- e 

/À 
( a - e )U + b v- = 0 

These are two llnear homogenous equations in u, v for 

whlch the determinant of the coefficients of u and v may be 

shawn to be zero. Then u and v are connected by the equation 

--
bv­
(·~ 

e -a 
• 

In chooeing the phase of the partiale, one may arbitrarily set 

u to be real and wrlte v a.s ei.'f. E.:quating 1ma.~1nary parts one 

obtains immediately 

sin y -- us in À 

h • 

Equating real parts, after a little manipulation one obtQins 

'U ':: - ! . The e 1genv ec tor {~:) bec ornes (e ":.·1). ·rhe 1n1t 1 s 1 

conditions of the vertic~l mot1Jn may be expressed in terms 

of the e1genvectors. as 

• 
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After N turne the motion becomes 

( 

Z ) ( U COS ( ff' + n~) ) 
dz. = 2 cons1 
~ cos(~~rrnÀ) 

The ampli tude lt~the vertical oscillation Bfter N 

turne is given by 

'1. 

=2(c~mtf 1 + W tz.<\.}( 1 + COS E C 0 S 2 (/ '1'" ~ .. u~ A) ) 

where 

Th en 

tan 2)-i 
= sin 2 y 

w
2 1.l·+ COS 2 Y 

• 2w sin 2 sin X 
srn • -- 1 + w2

U1.. = - tï + b w • 

hn -h, 
-- 1 + cos e c os2(P+f0-.tn.A) 

1 + C 0 S € COS 2 (Ar sP) 

The maximum value of this ratio ls 
2. 

h l'tRI!' + C 0 S € 
- = 
h CO S€ • 

(27) 

• 

( 2 8) 

SinE ls determined from e-=1uation (27) and À ln equation (27) 

1s determ1ned from equation (26). The denomlnator ln 

expression {27) may be ahown to be 
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' )2 C ' (w -w . ' - w +b w = 2 sin ( w k+wlg+h)) + ww•coswkSJrkAÂg+h) 
2 

T { ~~w) . - -;;! C 0 S ( w k + w '( 0 + h )) + w w ' C 0 S w k C 0 SW{g th) 

J2 2 
w-w } + 2. w w , C 0 S w k coS w· (h - 0) • 

(2 9) 

Calculation of Radial and Vertical Oscillation Frequencles 

To use the above equations it is necessary to know 
1 , 

the vertical and radial oscillation frequencies c..u and .n. . 
In the case of radial motion, one qua.rter period may be obtained 

by C8lculat1np:; the anp;le 1n whlch /' changes from zero to f' max· 

Integra ting equation ( 18) from a to D one obtalns 
1 max r 

(c!P\2. z. e 3 B '~- + 
i(&J : 0. 946(pM- p) - 0.13(ph-p)- 0.015 (~- p) 

- o. 2 4 [~2( 1 ... 0. 95p) dp . 
j41f 

z is not a single valued function f~Ae~!es off' but its 

maximum value must not be"greater than about 0.4 1nches. The 

r.m.s. value ehould then be of the arder of 0.30 inches and 

one obta1ns 

[
Pa 

- z (1 + o.95p > dp - o.oa(e -p >+0.04<p-p} 
n M ~ 
,-M 

~) =-( o.o 2 (A- t') + o. 9 5 (f,. '-/) 

3 3 + J .L 
-O. 13 (fl'f -? ) -O. 015 (fi,\t') 2 

• 
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One quarter period is given by 

71 - --
2 .o.' • 

This ls one form of the general ell1pt1cal 1ntegr9l and ~ay 

tc eV8luated by the standard metnods ln terme of the elliptical 

integral of the flrst kind. However w1th a computer a numerical 

integration is probably eas1er. The reeults are plotted in 

Figure A3. 

The effective vertical oscillation frequency may be obtained 

by averaging the coefficient of z in equation (19) over the 

approximately 17" radians for which the proton travels in the 

region f >O. Then on obtalns 

' w 
1 ft 

=Tf /<0.054 +0.24p +O.IOP )dcp 
1!/J 

where 

p 
• 

H.esul te of a. numer ica.l integra. tl on for c.u' are a lao 

pletted ln Figure A3. 

rtegenerator Field Deslgp. 

It ls now possible to check the behaviour of regenerator 

desiens. Considering a regenerator field strength 

-i j !J B dB 
0 

lt E"EN 

= A p + 8 p?.. 
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where dBls the field increment in the regenerator, the problem 

is to find values of A and B which result in suitable values 

" ofe but also keep the vertical expansion within reasonable 

limite (hN/h
0

""'2 or cos e-o.6). The regenerator radial 

and vertical actions are given by 

Tz. z = • 

To first order 

T,. t: A + ( 2A) 8 ·+ - p ro 

= A + 
2A 

< 2 8 + --r >P 
tJ 

• 

f\ A plot of the radial gain factor e obtained from 

equation (20) versas Tr is given in Figure A4. To be able 

to e~tract a bearn it is necessary to have a radial gain factor 

of about 1.3 to 1.4 atp-=-1! to 2 inches. It takes a value of 

Tr = 0.17 to initate the regenerator .action at p::.o and 1t 
A 

would seem that a value of T = 0.2 ( e. = 1.05) would be about 
r 

the smallest practical value. Start1ng at a trlal VPlue of 

Tr : 0.20 at l' = 0 and of Tr = 0.8 at !' = 1~ inches gives 

A - 0.2 -
8 = 0.4 • 

" Computing e , ~ , and cos e from equations ( 23), (24), 
1 1 

(26), ( 27)' ( 28), ( 29) and a knowledge of .n and w gives the 

values pletted ln Figures A4, A5, A6. Calculat1ons were 
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carried out for various values of B. 

It should be noted that the appropriate value of Tr at 

f' max = 2 1nches is the value for f' in the regenera tor of about 

li inches. This la because the regenerator azimuth is not that 

for maximum radial displacement. The radial dlsplacement at 
1 

tne regenera tor is f> = f sin n. q. The value of Q was max 4 J 

computed by calculatlng Tr from 

T r = A t 
2A 

( 8 + r )pMAX 
0 

and then recalcula ting 1'r, after obtaining <j , from 

A + 2A • 
( 8 + -r ) p sin n g 

MAX • 

A new value of g was obta1ned from this new Tr and the proeess 

cycled un til self-consistent v~: lues of Tr and 9 were obtained. 
ft; 

The plot ole as a function of l'max indica tee tha t wi th 

an initial displacement of the arder of 0.01 lnches or lees 

in the regenerator, at least 50 orbite will have to be made 

to reach fmax = 2 lncnes. The number of orbits is large 

because the initial gain factor la eo low (1.05} and it may be 

advisable to increase m if lt can be done wlthout cauaing 

vertical 1nstabil1ty. However it should be noted that 30 of 

the 50 orbite occur in the first 0.1 1nches of displacement. 

It would appear from the curves of Figures A4, AS, and A6 

that A = 0.2 and B = Oo4 keep the vertical motion reatralned 

and at the same time give the necessary radial d1splacement. 

This regenerator strength was the design attempted but the 

regenerator iron blacks were made up of 1/8 inch plates to 

facilitate adjustment of tne regenerator strength if 1t should 
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prove necessary. 
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APPENDIX B - CALCULATION OF MAGNETIC FIELDS NEAR SATURATED IRON 

Introduction 

When undertaking a project auch as that described in 

this thesie it ie necessary to have some means of computing 

the magnetic field near pieces of iron placed in the cyclotron 

pole gap. The method described here gives the field changes 

in the vicinity of rectangular pieces of iron to within 10% 

or better. 

The starting point of this development is the assumption 

that any iron placed in the cyclotron pole gap will become 

saturated, and hence act as a set of sources of magnetic flux 

with the total flux from each source equal to the saturation 

flux density of the iron multiplied by the area of the face 

of the iron which isconsidered to make up that source. The 
1\ 

faces of the iron considered to be the sources of magnetic 

flux are those perpendicular to the general field direction. 

Somewhat the same method of approach was used by A. v. 
Crewe and J. w. G. Gregory (1955) in the design of the extraction 

system for the Liverpool synchrocyclotron. However there are 

prob•blJ eome refinements in this development which did not 

appear neoessary in theirs; refinements made necessary by the 

tighter geometry of our amaller machine. The above authors 

give no details of their computational program. 

Differential Form of the Magnetio Field Change 

Magnetization curves for Armco Magnetic Ingot Iron show 

that the 11 knee" of the saturation curve is at about 20-30 oersteds 
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and beyond this the magnetic flux density in the iron may be 

expressed as 

8 = + fLoH ( 1 8 ) 

where B8 is equal to 21,500 gauss and J.L
0

• 1 is the permeability 

of free space. ror field strengths greater than several 

hundred oersteds the flux density the iron is then the 

saturation flux density B
6 

added to the flux that would exist 

if the iron were absent. Since we are dealing with fields of 

5000 - 16000 oersteds, this condition is well satisfied. The 

procedure then la to break up the iron block into elemental 

columns along the field lines and treat each column as a. be.r 

magnet of magnet moment 

dM = ( 2 8 ) 

where dA 1s the cross sectional area of the column and h 1s 

its length (see Figure Bl). The total field change in the 

median pl:~ ne of the cyclotron is obta.ined by integra ting the 

effect of these elemental columns. Becaus~ pieces of ~ron 

placed in the cyclotron gap are placed symilietrically about 

the median plane it is suff1c1ent to know the field change in 

the median plane of the added iron. Assumlng the direction 

of the undiaturbeà field to be positive, this field change 

outside the iron at a point (x0 ,y0 ) is 

2 
dB = ( 3 8) 
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Integrat1ng over Length of B&r. 

Integre.ting the differentiai expression over y one 

obta1ns 

dB = 4h ( 
h2 + 4( x- x r ---h2_+_4_( x---x-)~2 

0 1 + 0 

( L - 2 y )2 

1 0 

h2 + 4 ( x - x )2 ) 

( L + 2 Y. )2 
0 

li- 0 

If L-2y
0 

or L .... 2y
0 

happen to be negative, the contribution of 

the corresponding term in this equation becomes negative. 

For thin pieces of iron the above integration is 

entirely adequate, replacing dx by the thickness of the 1ron9 

Integratigg over Thickness of Bar 

If the iron is thick enough to warrant an integration 

over x the resulting expression for the field change is 

( 4 8} 

~ B = 8s ( -l 1 ( 2 2 
- 4.,. sin (L-2y f+h2 (L -2yo}- h 

2 2 
2 h (L-2y0 ) ) 

2 2 
ti + 4(x- x) 

0 

-1 1 2 2 
+ sin f. 2 ( ( L + 2 y ) - h 

( L + 2 Yo +h 

0 

(58) 

x2 

=x+ t 
1 

where x2 is greater tban x1 and if x1 or x1 and x2 are negative 

the corresponding sin-l terme are subtracted from -.,.. 
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Corrections 

For pieces of iron close to the pole tips of the 

cyclotron, corrections are necessary. Here the situation is 

analogous to the case of electric charges in the vioinity of 

a conducting plate. The field may be reprodâced by assuming 

a mirror image of opposite charge on the other aide of the plate. 

If pole tip saturation is not a problem, to a good approximation 

the pole tip is a magnetic equipotential surface and remains 

so after the added iron is in place. Mirror images of the 

mirror images should be of no importance and so the effect of 

pole tip proximity may be calculated by assuming two new sets 

of magnetic poles with spacings 2g-h and 2g~h, the set with 

spaoing 2g-h producing a positive field change. (g is the 

cyclotron gap). A sketch of this assumed source geometry is 

given in Figure B2. 

A computer program based on equation (5B) with the mirror 

image corrections builti~has been compiled. A similar program 

based on equation (4B) has also been compiled. In these programs 

iron pieces auch as used in the regenerator may be considered 

as two sets of primary poles with spacinge h1 caueing a positive 

field change and h1 + 2h causing a negative field change. As 

shown in Figure B3, h1 is the gap between the iron pieces and 

h is their individual heights. 

For thin pieces of iron (of the order of 1/8 inch or 

lese) the computer program based on the differentia! expression 

for the field change (equation 4B) may be used. With this 
a 

program an IBM 650 computer will eval~te the field at one point 

for one piece of iron in about two seconds. The time for the 
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program baeed on the integration of this differentia! expression 

(equation 5B,), ia about 5 seconda for one piea.e of iron. The 

computing time for each program ia very nearly proportional 

to the number of places of iron. Therefore, for thick piecea 

of iron that have to be broken up into pieces 1/8 inch thick 

for the program of equation 4B to give good resulta, the 

program based on equation 5B is faster if the pieces are more 

than i inch thick. For extensive field calculationa around 

the thick pieces of iron in the regenerator, the program baaed 

on the integration saves considerable oomputing time. 

For heavy blocks of iron near the pole tip some caution 

must be exerciaed in the application of this program. For 

auch configurations the iron in the pole tips of the cyclotron 

may become aaturated. This should occur for magnetic flux 

density in the pole tips approaching 21,000 gauss. The flux 

density in the pole tips of the McGill synchrocyclotron at a 

radius of 38i inches should be normally about 17,000 gauss. 

Therefore demanding a field change of more than 3,500 gauss 

at the surface of the pole tip may cause pole tip saturation. 

This would cause a general depression in the magnetic field 

in the space between the pole tips at the saturated parts. 
e 

In the case of the regenerator this affect is noticable and 
& 

so the calculated values of the magnetic field cannot be used 

to design the fine shimming at inner radii. However the 

measured magnetic field in the principal part of the regenerator 

turns out to be very close to the calculated values (as a 

percentage of the field change) and the affect of the depression 

from pole tip saturation on the regenerator field gradient 
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may be ignored. 

In the case of the regenerator an attempt was made to 

calculate the affect of pole tip saturation. The approach was 

to calculate the magnetic field change at the pole tip surface 

due to the regenerator installation. (With a slight modification 

the existing program was used). The excess of this change over 

3,500 gauss was then subtracted at the pole tip and the resultant 

effect in the median evaluated. This effect was treated as 

the saturation correction and the resulte in the fringing area 

of the regenerator duplicated measured field changes 

to within instrumental accuracy. However lack of accurate 

knowledge of both B8 in the pole tip and the flux density 

normally at the pole tip surface (calculated by conformal 

mapping of the pole tip geometry) renders the difference highly 

inaccurate and tends to reduce the value of this approach for 

design purposes. In most cases it is sufficient to know if 

pole tip saturation is important. In the cases of channels 

and self excited quadrupoles no pole tip saturation effects 

were observed. 
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