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Abstract

Device-to-device (D2D) communications enables direct connection between nearby cellular users
without traversing through the base-station (BS). Potential benefits of D2D communications in
cellular networks are multi-folds, ranging from enhancing spectrum efficiency, reducing network
congestion, shortening packet delay, saving power, to enabling location-based applications and
services. D2D-enabled networking not only has been required for public safety networks when
the cellular coverage is not available, but also developed as supporting technologies for Internet
of Things (IoT) and Vehicle-to-Everything (V2X) connections. As D2D is allowed to operate
in the same spectrum with cellular users, the more resources (e.g., time-frequency) are shared
between D2D and cellular transmission, the more interference will be present, yet higher potential
spectral efficiency gains will be provided if the interference can be effectively managed. This
thesis considers underlaid D2D schemes where the D2D links fully reuse time-spectrum resources
that currently occupied by the cellular transmission. Our focus is to investigate the benefits offered
by underlaid D2D in terms of spectral efficiency gains via performance analysis and sum-rate
maximizing resource allocation algorithms.

First, this thesis develops a Gaussian-Mixture (GM) model to represent the aggregate interfer-
ence at a typical D2D receiver in underlaid D2D cellular networks. From information theoretical
point-of-view, the corresponding D2D link can be thought of as an additive quadrature GM chan-
nel. We then study the characterization of optimal input and the computation of capacity of such
GM channel under an average power constraint. It is shown that the capacity-achieving input dis-
tribution has a uniformly distributed phase, while the optimal amplitude distribution includes a
finite number of mass points. Our numerical examples illustrate that, in many cases, the capacity-
achieving distribution consists of only one or two mass points.

Second, the analysis of achievable sum-rate offered by D2D communications is extended from
link to network level. Both single- and multi-cell settings are considered in which multiple D2D
links reuse the channel (time-frequency resources) currently occupied by one cellular uplink trans-
mission. In addition, we assume full-duplex (FD) operation at D2D links to ease the channel
assignment for underlaid D2D as FD D2D only requires one carrier frequency for both transmit-
ting and receiving signals. Utilizing stochastic geometry based models to capture the randomness
and mobility of D2D/cellular users, analytical sum-rate expressions are derived and applied to in-
vestigate the effects of network parameters on the achieved sum-rates. It is demonstrated that, from
an average throughput perspective, FD D2D brings performance improvements as compared to the
half-duplex (HD) counterpart and pure cellular systems (in absence of D2D).

Third, the single-antenna multi-cell network model is expanded to include multi-antenna trans-
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mission equipped base-stations and to further study the coexistence between massive multiple-
input multiple-output (MIMO) downlink and underlaid D2D transmission. The focus is on joint
beamforming and power allocation design for achievable sum-rate (per cell) maximization while
considering the effects of interference to both cellular and D2D transmission. The problem formu-
lation leads to a nonconvex vector-variable optimization problem, where we develop an efficient
solution using a fractional programming (FP) based approach. It is shown that, in agreement with
previous uplink analysis, integrating FD D2D in cellular downlink also provides a significant sum-
rate improvement as compared to the HD counterpart and pure cellular systems.

Finally, motivated by the fact that resource allocation algorithms in D2D-enabled cellular net-
works require global channel state information (CSI) at central controllers and thus exhibit high
overhead (i.e., high latency), this thesis utilizes multi-agent reinforcement learning (RL) and pro-
poses a distributed algorithm to tackle this challenge. We focus on cellular vehicle-to-everything
(C-V2X), a D2D-based technology whose characteristics are fast channel variation and low latency
connection to which centralized optimization solutions are not viable. The proposed algorithm al-
lows the vehicles to collaborate and collectively learn the environment; so optimal channels and
transmit powers can be obtained independently at each vehicle, based solely on local CSI acquisi-
tion. A comparison between the learning and centralized optimization algorithms is also made to
demonstrate the advantages of proposed RL approach over traditional optimization techniques.
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Sommaire

Les communications d’appareil à appareil (D2D) permettent une connexion directe entre les util-
isateurs cellulaires à proximité sans passer par la station de base (BS). Les avantages potentiels
des communications D2D dans les réseaux cellulaires sont multiples, allant de l’amélioration de
l’efficacité du spectre, à la réduction de la congestion du réseau, au raccourcissement du délai
de transmission des paquets, à l’économie d’énergie, à la mise en place d’applications et de ser-
vices basés sur la localisation. La mise en réseau compatible D2D a non seulement été requise
pour les réseaux de sécurité publique lorsque la couverture cellulaire n’est pas disponible, mais a
également été développée en tant que technologies de prise en charge pour les connexions Internet
des objets (IoT) et véhicule à tout (V2X). Comme D2D est autorisé à fonctionner dans le même
spectre avec les utilisateurs cellulaires, plus les ressources (par exemple, temps-fréquence) sont
partagées entre D2D et la transmission cellulaire, plus il y aura d’interférences, mais des gains
d’efficacité spectrale potentiels plus élevés seront fournis si les interférences peuvent être gérées
efficacement. Cette thèse considère les schémas D2D sous-jacents dans lesquels les liaisons D2D
réutilisent entièrement les ressources du spectre temporel actuellement occupées par la transmis-
sion cellulaire. Notre objectif est d’étudier les avantages offerts par le D2D sous-jacent en termes
de gains d’efficacité spectrale via une analyse de performance et des algorithmes d’allocation de
ressources maximisant le taux de somme.

Premièrement, cette thèse développe un modèle de mélange de Gaussiennes (GM) pour représen-
ter l’interférence globale sur un récepteur D2D typique dans des réseaux cellulaires D2D sous-
jacents. Du point de vue théorique de l’information, la liaison D2D correspondante peut être
considérée comme un canal GM en quadrature additive. Nous étudions ensuite la caractérisation
de l’entrée optimale et le calcul de capacité d’un tel canal GM sous une contrainte de puissance
moyenne. On montre que la distribution d’entrée permettant d’atteindre la capacité a une phase
uniformément distribuée, tandis que la distribution d’amplitude optimale comprend un nombre fini
de points de masse. Nos exemples numériques illustrent que, dans de nombreux cas, la distribution
de capacité à atteindre se compose d’un ou deux points de masse seulement.

Deuxièmement, l’analyse du taux de somme réalisable offert par les communications D2D est
étendue du niveau de la liaison au niveau du réseau. Les paramètres à cellule unique et à cel-
lules multiples sont considérés dans lesquels plusieurs liaisons D2D réutilisent le canal (ressources
temps-fréquence) actuellement occupé par une transmission de liaison montante cellulaire. De
plus, nous supposons un fonctionnement en duplex intégral (FD) sur les liaisons D2D pour fa-
ciliter l’affectation de canal pour le D2D sous-jacent, car FD D2D ne nécessite qu’une seule
fréquence porteuse pour les signaux d’émission et de réception. En utilisant des modèles basés
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sur la géométrie stochastique pour capturer le caractère aléatoire et la mobilité des utilisateurs
D2D/cellulaires, des expressions de taux de somme analytiques sont dérivées et appliquées pour
étudier les effets des paramètres de réseau sur les taux de somme obtenus. Il est démontré que, du
point de vue du débit moyen, FD D2D apporte des améliorations de performances par rapport à
l’homologue semi-duplex (HD) et aux systèmes cellulaires purs (en l’absence de D2D).

Troisièmement, le modèle de réseau multicellulaire à antenne unique est élargi pour inclure
des stations de base équipées de transmission multi-antenne et pour étudier plus avant la coexis-
tence entre les liaisons descendantes de multi-entrée multi-sortie (MIMO) massif et la transmission
D2D sous-jacente. L’accent est mis sur la conception conjointe de la formation de faisceaux et de
l’allocation de puissance pour une maximisation réalisable du débit somme (par cellule) tout en
tenant compte des effets des interférences sur la transmission cellulaire et D2D. La formulation
du problème conduit à un problème d’optimisation à variable vectorielle non convexe, où nous
développons une solution efficace en utilisant une approche basée sur la programmation fraction-
naire (FP). Il est montré que, en accord avec l’analyse de liaison montante précédente, l’intégration
de FD D2D dans la liaison descendante cellulaire fournit également une amélioration significative
du taux de somme par rapport à l’homologue HD et aux systèmes cellulaires purs.

Enfin, motivée par le fait que les algorithmes d’allocation de ressources dans les réseaux cel-
lulaires compatibles D2D nécessitent des informations globales sur l’état du canal (CSI) au niveau
des contrôleurs centraux et présentent donc une surcharge élevée (c.-à-d., forte latence), cette
thèse utilise l’apprentissage par renforcement multi-agents (RL) et proposer un algorithme dis-
tribué pour relever ce défi. Nous nous concentrons sur le véhicule cellulaire à tout (C-V2X),
une technologie basée sur D2D dont les caractéristiques sont une variante de canal rapide et une
connexion à faible latence pour lesquelles les solutions d’optimisation centralisées ne sont pas
viables. L’algorithme proposé permet aux véhicules de collaborer et d’apprendre collectivement
l’environnement. Ainsi, des canaux et des puissances d’émission optimaux peuvent être obtenus
indépendamment au niveau de chaque véhicule, uniquement sur la base d’une acquisition CSI
locale. Une comparaison entre les algorithmes d’apprentissage et d’optimisation centralisée est
également faite pour démontrer les avantages de l’approche RL proposée par rapport aux tech-
niques d’optimisation traditionnelles.
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Chapter 1

Introduction

This chapter starts with a brief introduction to device-to-device (D2D) communications in Section
1.1, including the motivation behind recent surge of interest in D2D networking and its relevant
development in the industry. Section 1.2 compares two resource sharing modes of cellular and
D2D transmission called overlay and underlay that lead to the focus of this thesis on underlaid D2D
communications. Section 1.3 describes the use of half-duplex (HD) and full-duplex (FD) operation
in D2D. Section 1.4 introduces cellular vehicle-to-everything (C-V2X) communications, a D2D-
based solution for intelligent transportation systems. Finally, Section 1.5 provides an overview of
the contributions of this thesis and a brief description of thesis organization.

1.1 Device-to-Device Services in Cellular Systems

Existing technologies supporting direct connections between cellular devices in proximity can be
broadly referred as peer-to-peer (P2P) solutions in which WiFi Direct and Bluetooth are most pop-
ular [1]. However, both technologies are limited in scalability. Since WiFi Direct and Bluetooth
use the unlicensed spectrum, they suffer from the uncontrolled interference generated by other de-
vices sharing the same spectrum such as microwave ovens and wireless speakers. As a result, they
provide D2D connectivity with low densities (< 10 users). Further, due to its two-step discovery
process (i.e., operating and dealing with uncontrolled interference from other devices using the
same unlicensed spectrum), the battery impact in Wi-Fi Direct increases exponentially with the
number of users, and hence hurting its energy efficiency [1].

The limitations of existing direct-connectivity technologies give rise to the interest of D2D
services in cellular systems where direct communications between two mobile users are enabled
without traversing through the base-station (BS). From the technical perspective, incorporating
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D2D services into cellular network can provide multiple benefits. Instead of routing data through
base-stations (BSs), D2D users communicate directly with each other, thus not only enhancing
spectrum utilization but also saving energy. Further, bypassing the BS helps offload the cellular
traffic and reduce the network congestion. Given the short range of D2D networking, D2D users
may transmit in high data-rate and low end-to-end delay. D2D communications also helps extend
the range of cellular link via user-to-user relaying. When the cellular coverage is not available,
a group of D2D users can communicate in a self-organizing manner in which a user acts as a
clusterhead and helps synchronization, manages radio resources, and schedules transmission. In
Fig. 1.1, we illustrate potential benefits of D2D communications in cellular systems.

Time-frequency
slot reuse

UE 1

UE 2 UE 3

BS

In-coverage
area

UE 4

Relaying

UE 5

Out-of-coverage
area

UE 6 UE 7

UE 8

Self-organizing in
out-of-coverage area

Fig. 1.1 Potential benefits of D2D communications in cellular systems.

Given the benefits of D2D networking, significant efforts in industry have been made to pro-
mote this novel feature into the future cellular systems. For instance, a D2D communication system
called FlashLinQ has been developed and implemented by Qualcomm to enable proximity-aware
networking among devices [2, 3]. In addition, the Third Generation Partnership Project (3GPP)
has first included the D2D networking in Long-Term Evolution (LTE) Release 12 [4]. Specifi-
cally, motivated by the fact that the current public safety networks are still operated by the obsolete
2G technologies like Project 25 (P25) and Terrestrial Trunked Radio (TETRA), D2D feature in
LTE has been proposed to be a promising solution for public safety networks [5], providing di-
rect networking among mobile devices when the cellular coverage is unavailable. D2D platforms
for consumers also have been developed for consumer-based applications with the capability of
discovering 1, 000s of nearby devices/services within 500 m as well as allowing direct network-
ing between cellular users. Such D2D discovery and networking have been enhanced to include
the device-to-network relays for public safety networks and more flexible discovery such as re-
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stricted/private and inter-frequency for consumer-based services. Further, additional D2D-enabled
capability, i.e., multi-hop for Internet of Things (IoT) applications, has also been studied [6], along
with modifying the D2D communication platforms for reliable vehicle-to-everything (V2X) sys-
tems [7, 8].

1.2 Overlaid and Underlaid Device-to-Device Communications

D2D communications can operate on either the licensed cellular spectrum (i.e., inband D2D) or
unlicensed spectrum (i.e., outband D2D). Based on spectrum sharing manner between D2D and
cellular users, inband D2D can be classified further into two categories:

• Overlay: Cellular and D2D users use orthogonal time or frequency resources.

• Underlay: D2D users reuse the time and/or frequency resources currently occupied by the
cellular transmission.

The main advantage of overlaid D2D is that the interference between cellular and D2D trans-
mission is essentially neglected due to orthogonal resource allocation, so the primary cellular trans-
mission can be protected from the newly integrated D2D feature. Nevertheless, this mode requires
dedicated cellular time/frequency resources assigned to the D2D transmission, thus preventing the
cellular user to transmit at its maximum capacity. In contrast to the overlaid mode, interference is
a fundamental limiting factor in underlaid D2D. When the cellular time-frequency resources are
fully reused by D2D transmission, cellular links experience the interference from both cellular and
D2D transmission, while D2D links have to combat the interference caused by not only cellular
transmission but also other co-channel D2D links. Thus, interference management is essential to
ensure a harmonious co-existence of D2D and cellular networking. Yet, as multiple D2D links are
capable of reusing the channel of an active cellular user, significant spectral efficiency gains can be
offered by the underlaid mode. This thesis focuses on underlaid D2D communications in cellulars
networks where D2D transmission simultaneously operates in the same time-frequency resources
with cellular uplink/downlink.

1.3 Half-Duplex and Full-Duplex Device-to-Device Communications

D2D feature will fundamentally alter the cellular architecture, reducing the primacy of cellular net-
working and enabling direct communications between mobile users. Conventional D2D cellular
systems apply half-duplex (HD) transmission in which a D2D user can only transmit and receive
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signals in separate time and/or frequency slots. It follows that the incorporation of a underlaid
and bidirectional D2D link into existing cellular systems would require two time-frequency slots
currently used by the uplink/downlink cellular transmission, which further complicates the D2D-
enabled cellular architecture design. The employment of full-duplex (FD) in D2D communications
has been considered as an attractive solution to address this challenge. FD D2D transmission en-
ables D2D nodes to transmit and receive signals simultaneously over a single channel (i.e., over the
same frequency at the same time). As a result, the use of FD D2D operation not only substantially
enhances the spectrum efficiency, but more importantly, lowers the number of carrier frequencies
needed for underlaid D2D transmission. FD transmission incurs additional interference, known as
residual self-interference, from the transmitter to the receiver of the same node, as shown in Fig.
1.2. Typically, the self-interference power is significantly higher than that of received signal, hurt-
ing the performance of D2D transmission and preventing the sum-rate gains. Given a number of
encouraging self-interference cancellation (SIC) designs (e.g., see [9–12]), the FD approach lends
itself well into the concept of D2D transmission as FD D2D essentially does not require high SIC
levels at the transmitters due to the short distance of D2D link. However, the integrating FD op-
eration into D2D transmission will increase interference to both cellular and D2D receivers due to
the increasing number of interfering D2D nodes, so effective interference management is needed.
Moreover, a comparison between FD and HD D2D in terms of offered sum-rates should also be
made to justify the benefits of FD D2D feature. In this thesis, we consider both HD and FD D2D
transmission modes.

Slot 1

Slot 2

(a) Half-duplex D2D transmission

Slot 1

Slot 1

Self-
Interference

(b) Full-duplex D2D transmission

Fig. 1.2 Half-duplex and full-duplex D2D transmission.
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1.4 Cellular Vehicle-to-Everything Communications

Vehicle-to-Everything (V2X) refers to the vehicle-based communications in the intelligent trans-
portation systems (ITS) to support the cooperation among the vehicles [13]. Early technologies,
e.g., dedicated short-range communications (DSRC) [14] and ITS-G5 [15], were developed based
on IEEE 802.11p standard to support vehicular ad hoc networks. However, recent research [16,17]
have demonstrated that, because DSRC and ITS-G5 were built upon IEEE 802.11p that was orig-
inally designed for wireless local area network (WLAN) with low mobility nodes, IEEE 802.11p-
based technologies such as DSRC and ITS-G5 eventually exhibit several limitations including
short-lived V2I transmission, lack of quality of service (QoS) guarantee, and high latency due to
delay in medium (channel) access. Such limitations motivate the development of cellular vehicle-
to-everything (C-V2X), a vehicular communication paradigm via the cellular networks supported
by 3GPP [18]. High bandwidth and dynamic resource allocation in cellular networks allow to
tackle the challenge of QoS guarantee and short-lived V2I transmission [19], while D2D commu-
nications, backed by the long-standing cellular architecture, is capable of ensuring the stringent
latency requirement of V2V applications [16].

Typically, a C-V2X system includes vehicle-to-infrastructure (V2I) and vehicle-to-vehicle (V2V)
transmission. As illustrated in Fig. 1.3, the V2I transmission connects the vehicles to BS or
BS-typed roadside unit (RSU), while the V2V transmission provides direct information exchange
among the vehicles in proximity. In C-V2X architecture, the V2I and V2V connections are im-
plemented via the cellular (Uu) and sidelink (PC5) interfaces, respectively, which were originally
developed for D2D communications [20]. In standards [7, 8], C-V2X systems are envisioned to
provide high data-rate connectivity to vehicle/cellular users of V2I links for entertainment ser-
vices (e.g., gaming and video streaming). Meanwhile, dynamic coordination between vehicles of
V2V links is required for advanced driving applications (e.g., autonomous driving). In order to
support advanced driving applications, safety messages should be periodically exchanged among
neighboring vehicles via V2V communications with high reliability and extremely low latency.
The safety messages usually include vehicle-related information such as its position, speed, and
destination in order to improve the mutual awareness of all vehicles in the same local driving en-
vironment [8]. Apart from conventional D2D communications, the key characteristics of C-V2X
systems are high user mobility and fast channel variations, so satisfying their requirements is chal-
lenging, and hence, calling for intelligent resource allocation designs. Following the underlaid
mode in D2D services, this thesis considers spectrum sharing between V2I and V2V links with
necessary interference management to simultaneously support high data-rate V2I transmission and
reliable V2V connections. Instead of traditional optimization techniques extensively used in ex-
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isting research, we will adopt a reinforcement learning approach to interference management in
C-V2X systems.

Fig. 1.3 An illustrative example of a C-V2X system (red arrow: V2V link, blue
arrow: V2I link).

1.5 Contributions and Organization

Integrating underlaid D2D communications into existing cellular systems increases the interfer-
ence but also provides the potential spectral efficiency gains if the interference can be effectively
managed. The goal of this thesis is to investigate the benefits of D2D-enabled communications via
performance analysis and dynamic resource allocation.

The remainder of this thesis is organized as follows. Chapter 2 reviews the relevant literature
on achievable D2D rate analysis at single link level under the focus of capacity analysis of ad-
ditive Gaussian-Mixture channel as well as achievable sum-rate analysis at network level based
on stochastic geometry approach. Additionally, related works on sum-rate maximizing algorithms
in underlaid D2D cellular networks and learning-based resource allocation in C-V2X systems are
also included.

In Chapter 3, we focus on the link level and analyze the capacity of a single D2D link in under-
laid D2D cellular networks where a D2D link intends to communicate by sharing the frequency-
time resources with a cellular user. In this context, the additive Gaussian channels have been
adopted extensively in literature to model the D2D link communications. This results from a
common assumption that, when treated as noise, the aggregate D2D-to-cellular interference is
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Gaussian distributed. However, such a Gaussian channel model is only valid if the D2D transmit-
ters use the Gaussian codebooks in their transmit signals. For more practical transmit schemes
(e.g., discrete constellations), the Gaussian channel may not be an accurate model of the D2D link
in considered D2D cellular networks. Thus, from information-theoretic perspective, the conven-
tional result that Gaussian distributed input is capacity-achieving for a single D2D link in underlaid
D2D environment will no longer hold true. This issue requires rethinking of well-known models
and assumptions currently used in existing research. This motivates us to address the challenge
of developing an accurate channel model called additive Gaussian-Mixture (GM) channel for a
point-to-point D2D link in underlaid D2D cellular networks. Under the consideration of additive
GM channel, we then attempt to characterize the capacity-achieving input and compute the corre-
sponding channel capacity. The achieved channel capacity is also compared to that of traditional
Gaussian channel so as to confirm the validity of considered GM model.

Chapter 4 extends the study of achievable rate at the link level to a network level to calculate
the achievable sum-rates of both cellular and D2D links in a single-cell setting. Toward this end,
we first propose a random network model that takes into consideration the random mobility of
cellular and D2D users and the distribution of channel state information (CSI). In addition, we
assume that the D2D links use full-duplex (FD) transmission due to its significant benefits. As
aforementioned, FD is appealing in D2D networking as it allows the D2D node to transmit and
receive simultaneously in a single channel, thus substantially enhancing the spectrum efficiency of
the network. Since the FD D2D node uses a single carrier frequency in both transmitting and re-
ceiving signals, the use of FD operation reduces the cellular frequency resources consumed by the
underlaid D2D networking. Given the random network models, we then analytically characterize
important network metrics including coverage probabilities of cellular and D2D links and achiev-
able sum-rate of D2D links. Power allocation is also performed in both centralized and distributed
manners to further improve the sum-rate objective and it is taken into account while computing
the network metrics. The achieved network metrics allow to investigate the benefits of integrating
D2D services into cellular networks as well as FD D2D over the half-duplex (HD) counterpart.

In Chapter 5, we extend the single-cell setting into a multi-cell network to rigorously study
the benefits of incorporating D2D transmission into cellular networks. Toward this end, we pro-
vide an analytical performance characterization of underlaid D2D cellular networks where D2D
users operate in FD mode under the presence of residual self-interference. In considered networks,
the base-stations (BSs) are distributed according to a hexagonal grid, while the locations of cel-
lular and D2D users follow Poisson point processes (PPPs). Based on the stochastic-geometry
approach, we develop the approximations of key performance metrics including coverage proba-
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bilities and achievable sum-rates of both cellular and D2D links, and such approximations involve
quickly commutable integrals. Under a special case in which the number of D2D links is suffi-
ciently large, the obtained approximations can be simplified to closed-form expressions, allowing
characterize the sum-rate behaviors under the effects of various system parameters. We show that
underlaid D2D communications in cellular network can offer a significant spectral efficiency gain
as compared to pure cellular transmission. With a sufficiently low self-interference cancellation
(SIC) level, FD D2D can offer a substantial spectral efficiency improvement over the HD counter-
part. Further, the resulting performance metrics are compared with multi-cell networks operating
in standard and fractional frequency reuse modes, and we observe that frequency reuse offers im-
proved coverage probabilities of both cellular and D2D links, but substantially reduces the D2D
sum-rate performance.

In cellular networks, separate sets of carrier frequencies are allocated to the uplink and down-
link transmission. The underlaid D2D services generally favor the use of uplink spectrum [21].
The main reason is that, in downlink transmission, the cellular receivers are typically located close
to the D2D transmitters, thus reusing the downlink spectrum can substantially increase the D2D-
to-cellular interference. Moreover, high transmit power levels at the BS can also cause severe
interference to the D2D receivers. Hence, interference management is crucial to enable the under-
laid D2D services in cellular downlink transmission. In Chapter 6, the focus is shifted from the
cellular uplink to downlink being underlaid by D2D communications. To address the challenge
of interference management, we consider the case of BS’s equipped with large antenna arrays in
multi-cell networks with D2D services. More specifically, under the assumption of uniform linear
array (ULA), we focus on joint beamforming and power allocation design for achievable network
sum-rate (per cell) maximization in presence of interference to both cellular downlink and D2D
transmission. The problem formulation leads to a nonconvex vector-variable optimization prob-
lem, where we develop an efficient solution using a fractional programming (FP) based approach.
Numerical results show that, at sufficiently high SIC levels, the FD D2D transmission provides a
significant sum-rate improvement as compared to the HD counterpart and pure cellular systems in
absence of D2D transmission.

An implicit assumption made in Chapters 4 and 6 is that the resource allocation algorithms
(e.g., power allocation and/or beamforming design) are performed in a centralized manner. The
optimization algorithms are based on the procedure that first estimating the interfering channels
between D2D and cellular transmitters/receivers, collecting the global CSI at central controllers,
then optimizing the beamformers and transmit powers. This approach suffers from a shortcom-
ing that the channel estimation is resource-intensive and eventually exhibits high overhead. As
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a result, traditional optimization algorithms may not be viable in D2D-based applications whose
key characteristics are high user mobility, fast channel variations, and low latency requirement,
e.g., C-V2X systems. Chapter 7 is dedicated to develop a distributed resource allocation algorithm
to resolve the joint channel assignment and power allocation problem in underlaid C-V2X sys-
tems where multiple V2I uplinks share the time-frequency resources with multiple V2V platoons.
Based on a reinforcement learning approach, we model the resource allocation as a multi-agent
system. Each platoon leader acts as an agent who collectively interacts with each other to achieve
a common reward. In addition, we utilize the deep Q-learning algorithm to train the agents so
as to maximize the V2I sum-rate while satisfying the packet delivery probability of each V2V
link over a desired latency limitation. We select the well-known exhaustive search algorithm as
a benchmark to demonstrate the benefit of newly developed learning algorithm. Compared to the
centralized exhaustive search approach, the developed learning algorithm can be employed in a
distributed fashion, i.e., it only requires local CSI estimation, while being capable of providing a
close delivery probability performance.

Finally, Chapter 8 provides some concluding remarks and summarizes the key results of this
thesis.

Before processing further, we should note that the contributions of Chapters 3, 4, and 5 have
been published in peer-reviewed journals and refereed conferences, which are provided as follows

Journal papers

• H. V. Vu, N. H. Tran, M. C. Gursoy, T. Le-Ngoc, and S. I. Hariharan, “Capacity-achieving
input distributions of additive quadrature Gaussian Mixture noise channels,” IEEE Trans.

Commun., vol. 63, pp. 3607–3620, Oct. 2015

• H. V. Vu, N. H. Tran, and T. Le-Ngoc, “Full-duplex device-to-device cellular networks:
Power control and performance analysis,” IEEE Trans. Veh. Tech., vol. 68, pp. 3952–3966,
Apr. 2019

• H. V. Vu and T. Le-Ngoc, “Performance analysis of underlaid full-duplex D2D cellular net-
works,” IEEE Access, vol. 7, pp. 176233–176247, 2019

Conference papers

• H. V. Vu, N. H. Tran, M. C. Gursoy, T. Le-Ngoc, and S. I. Hariharan, “Characterization of
optimal input distributions for Gaussian-mixture noise channels,” in Proc. IEEE Can. Work.

on Infor. Theory (CWIT), pp. 32–35, 2015
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• H. V. Vu, N. H. Tran, and T. Le-Ngoc, “On coverage probabilities and sum-rate of full-duplex
device-to-device cellular networks,” Proc. IEEE Int. Conf. Commun. (ICC), pp. 4042–4047,
2018

• H. V. Vu and T. Le-Ngoc, “Underlaid full-duplex D2D cellular networks: Modeling and
analysis,” in Proc. Int. Symp. on Personal, Indoor and Mobile Radio Commun. (PIMRC),
pp. 1–6, 2019

In all of these publications, the first author, Hung V. Vu, proposed the idea, formulated the problem,
developed the algorithms, implemented simulations and prepared the first draft of the manuscripts.
The co-authors, Dr. Nghi. H. Tran and Prof. Tho Le-Ngoc reviewed the works and assisted
with the editing and writing of the final manuscripts. The other co-authors, Dr. Subramaniya I.
Harihara and Prof. M. Cenk Gursoy provided constructive comments to improve the quality of
manuscripts [22] and [25].

Meanwhile, the contributions of Chapters 6 and 7 are currently in preparation for refereed
conference submissions. In these chapters, the author, Hung V. Vu, proposed the idea, formulated
the problem, developed the algorithms, implemented simulations and prepared the writing. Prof.
Tho Le-Ngoc reviewed the works and assisted with the editing and writing of the final manuscripts.
In Chapter 7, Mr. Zheyu Liu, the undergraduate student in 2020 Summer Undergraduate Research
in Engineering program (SURE 2020), assisted with the simulations.
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Chapter 2

D2D Communications: A Literature Review

This chapter provides a short literature review of the state-of-the-art approaches in performance
analysis and resource allocation in D2D communications. In Section 2.1, we review related works
on the capacity analysis of GM channels adopted to model, at the link level, the channel of a
single D2D link in simple underlaid D2D cellular networks where one D2D and one cellular links
attempt to share a time-frequency slot. Section 2.2 extends to the scenario where multiple D2D
links are capable of fully reusing a time-frequency slot currently occupied by the cellular link.
We then focus on the achievable sum-rate analysis of underlaid D2D cellular networks at network
levels, emphasizing on the stochastic geometry approach. In Section 2.3, we review the related
works on resource allocation methods, focusing on joint beamforming and/or power allocation
designs, in underlaid D2D communications coexisting with massive MIMO equipped BSs. Finally,
Section 2.4 provides a literature review of both traditional optimization and reinforcement learning
approaches on distributed resource allocation in D2D-based V2X systems.

2.1 Optimal Input Distribution and Capacity Analysis of Single D2D Link

In this section, we consider simple underlaid D2D cellular networks where a cellular link and a
point-to-point D2D link operate in the same sub-band and both use the HD transmission mode.
We will demonstrate shortly that, from an information theoretic perspective, the D2D link can be
modeled as an additive GM channel. As a result, we will review related works on the characteriza-
tion of capacity-achieving input and channel capacity of general GM channels in literature. Before
processing further, we should note that, this D2D-enabled scenario has been studied in prior works
(e.g., see [28–30]), but mostly dedicated to rate-maximizing resource allocation.

For the illustrative purpose, let us consider a scenario with one uplink cellular user (CU) and
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two D2D users who establish (D2D) communications via the same time-frequency slot. The re-
ceived signal at the D2D receiver is then given by

yd = hdr
−α

2
d xd + hcr

−α
2

c xc + zd, (2.1)

where yd denotes the received signal at the D2D receiver; xc and xd are the transmitted signals
of cellular user and D2D transmitter, respectively; zd denotes the additive white Gaussian noise
(AWGN) at D2D receiver following the distribution CN (0, σ2); hc and hd denote the fading co-
efficients from cellular user and D2D transmitter to D2D receiver, respectively. We assume that
the fading coefficients are independently distributed as CN (0, 1). Further, we model the distance
dependent path-loss as r−αc and r−αd where rc and rd refer to the distances from cellular user and
D2D transmitter to the D2D receiver, respectively; and α refers to the path-loss exponent.

Supposing that a Gaussian-distributed signal is transmitted from cellular user, the cellular-to-
D2D interference and subsequently the interference-plus-noise at D2D receiver is also Gaussian
distributed. Thus, it is straightforward that an additive Gaussian channel can be used to model the
D2D link in this case. Nevertheless, if a discrete constellation signal is used at cellular transmitter,
such a Gaussian channel model will no longer be valid. This is because, under this assumption,
the cellular-to-D2D interference will follow a GM distribution. More specifically, assuming that
the transmitted signal xc of cellular user is represented by a modulated signal which can take M
different values u1, . . . , uM with corresponding probabilities p1, . . . , pM , the faded signal from
cellular user to D2D receiver is distributed as a GM random variable (RV) with the following
probability density function (PDF):

fw(w) =
M∑
i=1

pi
2πσ2

i

exp

(
−|w|

2

2σ2
i

)
, (2.2)

where w = r
−α/2
c hcxc and σ2

i = r
−α/2
c |ui|2, i = 1, . . . ,M . Based on the fact that sum of a GM RV

and a Gaussian RV is also a GM RV, we can conclude that the aggregate interference-plus-noise
r
−α/2
c hcxc + zd is also GM distributed; and therefore the corresponding channel of the underlaid

D2D link can be represented as an additive GM channel model when the information of channel
states and users’ locations are available at the central controller.

In existing research, the GM model is also considered as one of the most general models for ag-
gregate interference in other wireless systems [31–36]. For instance, the GM model includes both
single-carrier and multi-carrier Bernoulli-Gaussian (BG) and Middleton Class-A impulsive noise
channels as special cases [37]. This GM model can also be used to represent multiple-access inter-
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ference in wireless communications [34,35]. As demonstrated in [38], GM model is generally rich
enough to accurately approximate a wide variety of interference in cognitive radio (CR) networks
under imperfect spectrum sensing. The aggregate interference generated by femtocell to macrocell
wireless networks also follows GM distribution because of some dominant interferers [39]. Such
a distinctive trait of GM model motivates us to study the general additive GM channel from an
information theory perspective. More specifically, we are interested in characterizing the optimal
inputs and calculating the corresponding capacities of the GM channels.

The characterization of the optimal input and the computation of the channel capacity have
been fundamental topics in information theory since Shannon’s pioneering work [40]. Up to date,
most of the studies have focused on the AWGN channels. For instance, it has been well-known
that under the average power constraint, Gaussian signaling achieves the capacity of the AWGN
channel. When both peak and average power constraints are considered, Smith in [41] demon-
strated that the optimal input distribution has a discrete nature with a finite number of mass points
for a real AWGN channel. Shamai et al. in [42] extended these results to the quadrature Gaussian
channel and the corresponding capacity-achieving input was shown to have uniformly distributed
phase and discrete amplitude with a finite number of levels. The discreteness of the optimal in-
put distributions with either finite or infinite support has also been observed in AWGN channels
under other constraints, such as rapid phase variations [43], duty cycle [44], or under additional
impairments such as fading [45–47]. Similar results were also obtained in [48] for a conditionally
Gaussian channel, which serves as a general channel model for various practical communications
systems with AWGN.

While statistical-physical models of GM [31, 32, 34, 35, 49] and its special cases such as
BG [37, 50], ε−mixture [51], and Middleton Class-A [52–54] have been well developed to em-
pirically fit the first order statistics of aggregate noise and interference, these non-Gaussian chan-
nels are not fully understood from an information-theoretic perspective. For example, even for the
simplest BG noise channel and equivalently ε−mixute noise channel (i.e., GM channels consist
of two elements in the GM PDF), while Gaussian distributed input signals have been shown to
be asymptotically optimal under the average power constraint [55–57], the optimal input signaling
and the capacity for a given finite input power level still remain unknown. The same drawbacks are
also observed for the Middleton Class-A model (i.e., a GM channel with infinite elements) [53],
which is considered to be the most credited model with direct physical interpretation that fits well
to a variety of impulsive interference measurements [52, 53]. Recently, by using the heavy-tailed
property [58] of α-stable noise, Fahs and Abou-Faycal [59] have shown that the optimal input dis-
tribution has finite support. However, for other models such as the BG noise, Middleton Class-A
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noise, or more generally, GM noise, the noise distributions are neither heavy-tailed nor light-tailed.
Also, it is worth mentioning that there exist other works addressing the optimal distributions for
real non-Gaussian channels [60–63] such as the real Poisson channel in [60] and the inverse Gaus-
sian noise channel in [62]. However, these results cannot be used for additive GM channels.
Therefore, in general, obtaining a detailed characterization of a capacity-achieving input for GM
channels still remains a challenging task.

2.2 Achievable Sum-Rate Analysis in Underlaid D2D Cellular Networks

In existing research, the consideration of underlaid D2D transmission in cellular networks in terms
of achievable rate analysis at network levels has received some interest, but mostly dedicated to
static models in which the locations of D2D/cellular users generally are assumed to be placed
deterministically (please see e.g. [64, 65]). For more realistic results, it is also of great interest to
investigate the benefits offered by D2D in non-deterministic network models where the randomness
of user positions is taken into consideration. Toward this end, the stochastic geometry approach
has been adopted as a tractable solution for analyzing the achievable rate in D2D cellular networks.
In stochastic geometry based model, the locations of D2D/cellular users are randomly distributed
according to some Poisson point processes (PPPs), and hence, under very general assumption,
resulting analytical expressions for the signal-to-interference-plus-noise (SINR) distribution and
mean rate. The achieved expressions involve quickly computable integrals, and, in some practical
special cases, can be reduced to simple closed-form expressions. As a result, the behaviors of
achievable sum-rate under the effects of important system parameters can be effectively character-
ized, providing useful insights into the network design.

During the last few years, many research have been undertaken to study the effect of incorporat-
ing D2D feature into existing cellular systems at the network levels using stochastic geometry. For
example, Lee et al. in [66] studied the key performance metrics including coverage probabilities of
both cellular and D2D users and sum-rates of D2D links via power control in a single-cell network.
The coexistence of D2D and cellular users has also been studied for multi-cell settings [67–69].
The performance of multicast D2D transmission was examined in [67] using a stochastic geometry
approach. The spectrum sharing problem was investigated in [68] for both overlaid and underlaid
D2D cellular networks, while the impact of underlaid D2D transmission on the cellular networks
via power allocation was studied in [69]. Under this line of works, it is shown that underlaid D2D
communications can offer a significant performance improvement. The cognitive-radio assisted
D2D transmission was developed in [70] with the consideration of a mixed overlaid-underlaid
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spectrum sharing. It follows that the pivotal performance metrics including coverage probabili-
ties and maximum allowable density of D2D devices were derived to provide useful insights into
system design.

In prior works [66–70], the D2D studies have developed and evaluated under the consideration
of half-duplex (HD) D2D communications, where a D2D user can either transmit or receive on
a single channel, but not simultaneously. Given a number of encouraging full-duplex (FD) de-
signs (e.g., see [9–12]), the integration of FD in D2D communications is an attractive solution
for the development of new architectures and algorithms in cellular networks. FD D2D operation
is appealing in such a context that the employment of FD to D2D transmission essentially does
not require high self-interference cancellation level at the transmitters due to the short distance of
D2D link. Since the FD D2D node uses a single carrier frequency in both transmitting and receiv-
ing signals, the use of FD D2D operation not only substantially enhances the spectrum efficiency
but it also lowers the number of carrier frequencies needed for D2D transmission. Recently, the
integration of FD operation into D2D transmission has received some interest, but only a few ef-
forts have been dedicated to combine FD and D2D at the network level. For instance, in a recent
work [71], the authors evaluated the performance of overlaid D2D multi-cell networks where cel-
lular and D2D links use FD transmission. This work, however, suffers from a shortcoming that it
did not take into account the consideration of fading, which is an important channel component.
The benefits of FD D2D transmission in multi-cell networks in terms of throughput improvement
were also investigated in [72]. Under this line of work, a D2D receiver is assumed to be at a fixed
distance from the D2D transmitter with its location being followed a PPP. The performance of
underlaid D2D cellular networks with single-cell setting was also of interest in [73, 74]. The per-
formance of single-cell D2D cellular networks in terms of throughput was analyzed in [73], taking
into account the joint pairing and mode selection in FD D2D communications. The throughput
analysis was also presented in [74] where D2D links either operate in HD or FD modes based on
their corresponding distances, and D2D users were assumed to form multiple clusters.

2.3 Resource Allocation in Underlaid D2D Cellular Networks

Interference is the main limiting factor in underlaid D2D cellular networks. To ensure a har-
monious co-existence of D2D and cellular networking, interference management is essential. In
cellular systems, the employment of massive multiple-input multiple-output (MIMO) equipped
BSs in conjunction with coordinated resource allocation between cellular and D2D transmitters is
an appealing solution to address this challenge. With a sufficiently large number of antennas and
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intelligent beamformer design, the BS is capable of forming very narrow beams aiming toward
the intended cellular receivers, thereby resulting in extremely low interference to co-channel cellu-
lar/D2D users. Meanwhile, implementing resource allocation strategies at D2D transmitters allow
to effectively mitigate the interference caused by the D2D transmission at both cellular and D2D
receivers. Accordingly, this section focuses on resource allocation, emphasizing on power alloca-
tion and/or beamforming designs, that attempts to maximize the achievable sum-rate of underlaid
D2D cellular networks (equivalently maximize the SINR or conversely minimize the overall power
consumption under fixed rate constraints).

In existing research, there has been considerable interest in designing power allocation tech-
niques for underlaid D2D cellular networks. In primary works, D2D studies have developed and
evaluated under the consideration of HD D2D communications, where the D2D node transmit and
receive signal in the separate time-frequency slot. For instance, a simple power allocation scheme
was developed in [30] for a single-cell setting, adapting both cellular and D2D transmit powers to
protect the existing cellular transmission while maximizing the overall network sum-rate. In [30],
the focus was on a simple spectrum sharing scheme in which one D2D link reuses the spectrum
currently used by one cellular uplink, and hence, leading to a close-formed solution of optimal
transmit powers. Similarly, given single D2D link transmission being underlaid with a cellular
uplink, a power allocation mechanism at a single D2D link was considered in [75] which adjusts
the D2D transmit power via BS to mitigate the interference caused by D2D transmission and pro-
tect the cellular users. For a more complex spectrum sharing scheme, the single-cell setting was
extended in [66] to include multiple D2D links sharing the same time-frequency slot with one cel-
lular uplink. A SINR maximizing algorithm based on standard convex optimization techniques
was proposed to perform in a centralized fashion. Meanwhile, a distributed on-off power control
algorithm was also developed to maximize the sum-rate of D2D links. A D2D user who only
knows the channel quality of its direct link would transmit the signals if such link quality is good
(beyond a certain threshold) and vise versa.

For FD D2D cellular networks, the power control problems were also of interest [76–78].
In [76], maximum allowed transmit powers were employed at D2D transceivers to mitigate the
interference from BS, while, for interference management from cellular transmission to the D2D
link, the concept of interference limited area is used. Multiple underlaid FD D2D links were
considered in [77] for a single-cell setting. Based on the K-Mean algorithm that limits the D2D-
to-cellular interference, achievable network sum-rate was maximized while constraining on the
minimum required SINR at each cellular/D2D user. The single-cell setting was also investigated
in [78] where multiple FD D2D links could reuse different channels from cellular transmission.
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Similar to [77], achievable sum-rate maximization was considered, yet the optimization problem
was expanded to include channel assignment in conjunction with power control at cellular and D2D
users. This work began by rewriting the sum-rate objective function (e.g., f ) as the difference of
two convex functions (i.e., f = u − v). The convex function v was approximated by an affine
function, denoted as ṽ, thus f was subsequently approximated by the convex function f̃ = u− ṽ.
It follows that the optimal solution of the nonconvex optimization problem could be approximately
located by an iterative algorithm in which each iteration more closely approximates the (locally)
optimal solution.

Under the prior line of works, single antenna transmission was adopted at both D2D and cel-
lular users. For multiple-antenna systems, research efforts have also been made to develop the
beamforming and/or power allocation techniques for underlaid D2D cellular networks with mas-
sive and multi-user MIMO equipped BSs. Assuming a single-cell setting without out-of-cell inter-
ference, Mirza et al. focused on joint beamforming and power allocation to optimize the transmit
powers at both cellular and D2D users [79]. Interestingly, numerical results in [79] showed that
the solution of joint beamforming and power allocation converged to that of power control with
fixed beamforming schemes (zero-forcing (ZF), regularized ZF, and hybrid ZF and maximum ra-
tio transmission (MRT)). For single-cell massive MIMO cellular systems being underlaid by D2D
users, Chen et al. in [80] proposed a simple rate adaptation method based on stochastic geome-
try approach to minimize the interference to cellular users. Also, in the single-cell setting, [81]
studied a joint pilot design and power control problem to minimize the D2D data transmit power.
Rate adaptation based on a stochastic geometry approach was extended for the multi-cell setting
in [82]. Power control at both cellular and D2D users with fixed beamformers (ZF and MRT) was
investigated in [83] for multi-cell massive MIMO systems with underlaid D2D in order to maxi-
mize the minimum spectral efficiency (SE) and the product of SINRs. For underlaid D2D systems
in absent of cellular transmission, Shen et al. adopted the matrix fractional programming (FP)
techniques, solving the coordinated joint scheduling, power control, and beamforming so as to
optimize the network sum-rate [84]. In this system, each D2D link was equipped with single-user
MIMO transmission, and the mappings between the transmitters and the corresponding receivers
were one-to-one. By introducing some suitable auxiliary variables qn, the proposed FP-based ap-
proach essentially transformed the sum-rate objective function, which is represented in a multiple
sum-ratio form, e.g.,

∑
n f (An/Bn), to a convex objective function

∑
n f (2qnAn − q2

nBn). As
a result, the original nonconvex optimization problem could be recast as a sequence of convex
subproblems, and it could be effectively solved in an iterative fashion.
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2.4 Resource Allocation in C-V2X Systems

This section provides a short literature review of the state-of-the-art approaches on distributed
resource allocation including both traditional optimization and trending reinforcement learning
(RL) approaches, under the emphasis on sum-rate maximizing problems in D2D-based C-V2X
systems. As discussed in Section 1.4, fast changing channel condition is the main limiting factor
in designing efficient and practical resource allocation (RA) strategies in vehicular communication
environment. As a result, centralized optimization methods relying on the global CSI knowledge
at the central controller will no longer be feasible in C-V2X systems due to the high CSI overhead.
To address this challenge, distributed RA algorithms have been developed to relieve the global
CSI requirement. For instance, a distributed spatial spectrum reuse scheme was considered in
[85] for D2D-based vehicular networks, while throughput maximizing algorithms were proposed
in [86, 87], utilizing the slowly-varying aspect of large-scale fading channels in order to reduce
the CSI overhead. Achievable sum-rate of V2I links has been maximized with V2V reliability
guarantee using large-scale fading channel information in [88] or CSI from periodic feedback in
[89]. Novel graph-based approaches were further developed in [90,91] for sum-rate maximization
in V2X-related RA problems.

Beside traditional optimization methods, the last few years have seen a surge of interest in
RL approach to tackle the distributed RA challenge in C-V2X systems. Such an interest comes
from a motivation that many service requirements in C-V2X systems are hard to ensured by using
traditional optimization approach. For instance, the problem of joint channel assignment and power
allocation to simultaneously maximize the V2I sum-rate and V2V transmission reliability, defined
as the successful delivery probability of messages having size B within the time latency constraint
T , is generally difficult find the exact optimal solutions. The prior works [86–88, 91] proposed to
transform the requirement into SINR constraint at each time step t of time constraint T and adopt
various optimization methods to locate the optimal solution. These techniques, however, suffer
from a limitation that the balance of V2I and V2V performances across the time duration T can
be lost, thus degrading the sum-rate performance. Existing research have demonstrated that the
RL approach can effectively tackle the challenge of hard-to-model problems in C-V2X systems.
The RL approach allows to address sequential decision making over the time limitation T via trial-
and-error interaction with the vehicular environment. At each time step t, the transmitter, defined
as an agent, learns an optimal policy to adjust its action (e.g., sub-band and/or transmit power) so
as to maximize a reward function, which essentially correlates with the optimization objectives.
The flexibility of reward function design enables the RL to deal with problems that are difficult to
formulate and solve by the traditional optimization methods.
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In underlaid C-V2X systems where V2V links are allowed to autonomously reuse the time-
frequency resources currently assigned to the V2I transmission, intelligent power and spectrum
allocation is crucial to manage the interference and optimize the throughput. To investigate the
spectrum sharing in C-V2X systems where multiple V2V links reuse the spectrum preoccupied by
V2I transmission, [92, 93] modeled the joint channel assignment and power allocation problem as
a multi-agent RL problem. Such a RL problem was then solved by utilizing the deep Q-learning
technique that can be implemented in a distributed fashion. Each V2V link, who was assigned as
an agent, made its decisions to choose an optimal solution in a predefined set of discrete sub-bands
and power levels for transmission without requiring the global CSI. In [92], the single Q-learning
algorithm was used, where the agents used an identical deep Q-network to adjust their actions.
The optimization objective of [92] was satisfying the stringent latency constraints on V2V links
and minimizing the interference to V2I transmission. [93] extended the RL algorithm in [92] to a
multiple Q-learning approach in which each agent adopted a separate deep Q-network. At each
time step, the agents acted simultaneously to maximize both the achievable sum-rate of V2I links
and successful payload delivery probability of each V2V link. The multi-agent DQN approach was
also of interest in [94] under the optimization objective of maximizing the overall capacity of V2I
links while ensuring the transmission delay of V2V links. Each V2V link who acted as an agent
collectively interacted with the environment so as to find the optimal cellular/D2D transmission
mode and transmit power level. Instead of allowing only one vehicle user to be served from only
one access point (AP), [95] proposed the concept of virtual cell formation so that a user could
be served from multiple APs simultaneously. A distributed single-agent RL algorithm based on
Q-learning was then developed to efficiently optimize joint user association and power allocation
of the APs in a highly mobile vehicular network. We should also note that, in the context of D2D
transmission, the RL-based approach to power allocation problems was also studied [96–98].

2.5 Concluding Remarks

In this chapter, we have provided a literature survey for achievable rate/sum-rate analysis and re-
source allocation techniques in underlaid D2D cellular networks and C-V2X systems. For a simple
link level setup in which one D2D link and one cellular link simultaneously operate in the same
time-frequency slot, the single D2D link can be effectively modeled by additive GM channels.
Beside D2D transmission, various types of aggregate interference in other wireless systems also
exhibit the GM structure; and it has been seen that optimal input distribution and corresponding
capacity of such GM channels have not been characterized yet.
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For underlaid D2D transmission at network level in which multiple D2D links are capable of
reusing a sub-band currently occupied by the cellular user, the concept of stochastic geometry was
introduced. This concept is relevant to both HD and FD D2D. When the underlaid D2D feature is
integrated into existing cellular systems, achievable sum-rate analysis, taking into account the ran-
dom distribution of cellular/D2D user locations and channels, is essential in realizing the benefits
offered by D2D transmission.

For interference management in underlaid D2D cellular networks, proposed approaches includ-
ing power allocation and/or beamforming designs at massive MIMO equipped BSs were discussed,
allowing to maximize the achievable sum-rate while ensuring reliable transmission at D2D and cel-
lular users.

Finally, the concept of reinforcement learning for resource allocation in the C-V2X system,
a D2D-based vehicular network, was discussed. In general, C-V2X systems require stringent
latency on V2V transmission, which is not realizable by time-consuming centralized techniques in
practice, and hence, calling for the development of distributed resource management to which the
learning approach can be effectively applied.

The above literature review provides some motivation for the research topics presented in this
thesis. Chapter 3 characterizes the capacity-achieving distribution and correspondingly computes
the channel-capacity for a single D2D link modeled by the GM channel. Chapters 4 and 5 utilize
the stochastic geometry approach to study the achievable sum-rates and spectral efficiency gains for
FD D2D in single- and multi-cell systems, respectively. Chapter 6 develops effective beamforming
and power allocation algorithms for network sum-rate maximization in underlaid D2D cellular net-
works with massive MIMO equipped BSs, while Chapter 7 adopts the multi-agent reinforcement
learning to address the challenge of distributed resource management in C-V2X systems.
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Chapter 3

Capacity Analysis of Single D2D link 1

3.1 Introduction

As demonstrated in Chapter 2, the additive Gaussian-Mixture (GM) channels can be used to model
the single D2D link in a simple underlaid D2D cellular network where a D2D link reuses a time-
frequency slot currently allocated to a cellular user. This chapter is dedicated to study the char-
acterization of the optimal input and the computation of the capacity of additive quadrature GM
channels under an average power constraint. While we follow a similar methodology proposed
in [41, 42], which was also adopted in other works for Gaussian channels under other additional
constraints, the following aspects make our contributions stand out from the previously used tools
and ideas.

We first show that the use of a uniformly distributed input phase that is independent with the
input amplitude is optimal. While the result is similar to that obtained in [42] for quadrature Gaus-
sian channels, the extension to general GM channels is not trivial and requires new derivations.

The second contribution of this work is to prove the existence and uniqueness of the optimal
distribution of the input amplitude. As in the previous studies in [42, 45] for Gaussian channels,
we apply tools in complex analysis to show the weak∗ continuity 2 of mutual information function
with respect to the input amplitude distribution. Different from the Gaussian channels, one of the
main challenges for GM channels is to establish an integrable upper bound on the absolute function
of the integrand in the output entropy equation so that the Dominated Convergence Theorem [99]
can be applied.

More importantly, we have comprehensively characterized the discrete nature of the optimal

1Parts of Chapter 3 have been presented at the 2015 IEEE Canadian Workshop on Information Theory (CWIT) [25]
and published in the IEEE Transaction on Communications [22].

2The definition of weak∗ convergence (correspondingly weak∗ continuity) is given in Appendix 3.6.1.
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input amplitude distribution. Similar to the method considered in [42, 43, 100], we use the Kuhn-
Tucker conditions (KTC) to examine the number of mass points in the optimal input amplitude dis-
tribution. However, while the previous works in Gaussian channels rely on additional constraints
such as peak constraint or fading to show the discreteness of the optimal input amplitude, the con-
sideration of GM channels under only an average power constraint makes the problem of interest
much more challenging and requires new approaches. To this end, we first show that if the optimal
input amplitude distribution contains an infinite number of mass points on a bounded interval, the
channel output must be Gaussian distributed. However, by using Bernstein’s theorem [101], we
examine the completely monotonic condition and show that such Gaussian-distributed output does
not exist. As a result, there is always a finite number of mass points on any bounded interval in the
optimal amplitude distribution.

Further, we also demonstrate that it is not possible for the optimal amplitude input to be discrete
with an infinite number of mass points. That gives us the unique solution of an optimal input having
discrete amplitude with a finite number of mass points. While we rely on the Envelope Theorem
proposed earlier in [43, 100], care must be taken into account to establish a upper bound on the
Lagrange multiplier and a lower bound on the KTC.

Finally, we propose a simple way to compute the discrete optimal input amplitude and the
corresponding capacity. To this end, we first show that the mutual information achieved by a given
discrete input amplitude and a uniformly distributed input phase in GM channels can be effectively
calculated using Gauss-Laguerre quadrature formulas. A simple gradient descent based method is
then adopted to locate the mass points of the optimal input amplitude. Our numerical examples
show that in many cases, a capacity-achieving distribution consists of only one or two mass points.
As the signal-to-noise-ratio (SNR) increases, the number of mass points increases monotonically
but the optimal input distribution remains discrete at any SNR.

The remainder of this chapter is organized as follows. Section 3.2 introduces the GM channel
model. In Section 3.3, a detailed characterization of optimal input distributions is presented under
an average power constraint. Section 3.4 details a simple method to compute the optimal input
distribution and the corresponding capacity. Numerical results are also presented in this section to
confirm the analysis. Finally, Section 3.5 concludes the chapter.
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3.2 Gaussian-Mixture Channel

3.2.1 Channel Model

We can modify the considered system model of D2D link in Section 2.1 by considering a general
input/output model of an additive GM channel as

y = x+ z. (3.1)

In (3.1), x ∈ C is the complex channel input, y ∈ C is the complex channel output, and z ∈ C is
the zero mean GM noise with unit variance E[|z|2] = 1 with | · | being the magnitude of a complex
number. For simplicity, the time index in (3.1) is omitted. The probability density function (PDF)
of the GM noise is a weighted sum of Gaussian component densities and it can be expressed as [49]

fZ(z) =
N∑
n=1

εn
2πσ2

n

exp

(
−|z|

2

2σ2
n

)
, (3.2)

where σ1, σ2, . . . , σN > 0, εn ∈ (0, 1) for n = 1, . . . , N , N ≥ 2 and

N∑
n=1

εn = 1, (3.3a)

N∑
n=1

εnσ
2
n =

1

2
. (3.3b)

Without the loss of generality, it is assumed that σ1 = max{σn}Nn=1 and σN = min{σn}Nn=1 and
σ1 > σN > 0.

Note that when the PDF in (3.2) consists of only two terms, we obtain the PDF of ε−mixute
noise [51] and Bernoulli-Gaussian noise [50]. For a given overlapping factor A and power ratio
Ω, we have the Middleton Class A model with εn = exp (−A)A

n

n!
and σn = n/A+Ω

1+Ω
as N → ∞

[37, 52].

3.2.2 Channel Capacity

In this chapter, we are interested in the optimal signaling scheme and the corresponding D2D
channel capacity under the average power constraint

E[|x|2] ≤ Pd. (3.4)
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Under this constraint, the channel capacity, which is the supremum of the mutual information
between the channel input and output over the set of all input distributions, can be expressed as

C = sup
FX(·)

E[|x|2]≤Pd

I(x; y) = sup
FX(·)

E[|x|2]≤Pd

H(y)−H(y|x), (3.5)

where FX(·) denotes the input distribution function, H(y) is the entropy of the channel output and
H(y|x) = H(z) is the GM noise entropy. Note that for a given GM noise PDF in (3.2), H(z) is a
constant. Therefore, the optimal input that achieves the capacity shall maximize the output entropy
H(y).

Using the polar coordinates, the channel input x and output y can be represented as x = reiθ

and y = ueiψ, respectively. The output entropy can then be calculated as [42, equ. (6)]:

H(y) = H (u, ψ) +

∫ ∞
0

fU (u) lnu du, (3.6)

where H (u, ψ) is the joint differential entropy of u and ψ and fU(u) is the PDF of u.

3.3 Capacity-Achieving Input Distributions

In this section, we will investigate in detail the structure of the optimal input distribution of the
additive GM noise channel under the average power constraint. To this end, we first establish a
result on the optimality of the uniformly distributed input phase θ that is independent of the input
amplitude r in Section 3.3.1, and the existence and uniqueness of the optimal distribution of the
input amplitude r in Section 3.3.2. The optimality of a discrete input amplitude distribution having
a finite number of mass points is then given in Section 3.3.3.

3.3.1 Optimal Phase Distribution

First, we write the joint PDF fU,Ψ(u, ψ) of u and ψ as follows:

fU,Ψ(u, ψ) =

∫ ∞
0

∫ 2π

0

fU,ψ|R,Θ(u, ψ|r, θ)fR,Θ(r, θ)dθdr. (3.7)
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Here, fR,Θ(r, θ) is the joint PDF of r and θ. Furthermore, fU,ψ|R,Θ(u, ψ|r, θ) is the joint PDF of u
and ψ conditioned on r and θ and it is given as

fU,ψ|R,Θ(u, ψ|r, θ) =
N∑
n=1

εn
2πσ2

n

exp

(
−u

2 + r2 − 2ur cos(ψ − θ)
2σ2

n

)
. (3.8)

Then by integrating (3.7) over ψ, we obtain the marginal PDF fU(u) as

fU(u) =

∫ 2π

0

fU,Ψ(u, ψ)dψ

=

∫ ∞
0

u
N∑
n=1

εn
σ2
n

exp

(
−u

2 + r2

2σ2
n

)
I0

(
ur

σ2
n

)
dFR(r). (3.9)

where I0(·) is the zeroth-order modified Bessel function defined as I0(z) = 1
π

∫ π
0
ez cos(t)dt. The

following proposition then provides the preliminary result on the optimal phase distribution of the
input.

Proposition 1. For the additive GM noise channel (3.1) under the average power constraint (3.4),

a uniformly distributed phase θ that is independent of the input amplitude r is capacity-achieving.

Proof. Using the independence bound on the entropy, we first have the following inequality:

H (u, ψ) ≤ H(u) +H(ψ) (3.10a)

≤ H(u) + ln(2π). (3.10b)

The equality in (3.10a) is achieved if and only if (iff) u and ψ are independent, and we have the
equality in (3.10b) iff ψ is uniformly distributed. Now, let assume that r and θ are independent and
θ is uniformly distributed, we obtain

fR,Θ(r, θ) = fR(r)fΘ(θ) =
1

2π
fR(r). (3.11)
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From (3.8), the joint PDF of output can be expressed as follows:

fU,Ψ(u, ψ) =
1

2π

N∑
n=1

∫ ∞
0

∫ 2π

0

uεn
2πσ2

n

exp

(
−u

2 + r2 − 2ur cos(ψ − θ)
2σ2

n

)
dθfR(r)dr

=
1

2π

N∑
n=1

∫ ∞
0

uεn
σ2
n

exp

(
−u

2 + r2

2σ2
n

)
I0

(
ur

σ2
n

)
dFR(r)

=
1

2π
fU(u), (3.12)

where the last equality in (3.12) comes from (3.9). It can be seen from (3.12) that the selection of
uniformly distributed θ that is independent of r results in independent u and uniformly distributed
ψ. Such selection of the inputs r and θ is therefore optimal.

3.3.2 Existence and Uniqueness of Optimal Amplitude Distribution

Next, we will examine the input amplitude. With a slight abuse of notation, let FR be the distri-
bution of the amplitude r. Also, let v , u2/2. The mutual information between the channel input
and output can then be rewritten as

I(FR) , I(x; y) = −
∫ ∞

0

fV (v;FR) ln fV (v;FR)dv + ln(2π)−H(z), (3.13)

where fV (v;FR) is the PDF of the output v for a given input distribution FR. Using the concept of
kernel function KN(·, ·) [42], this PDF can be expressed as

fV (v;FR) =

∫ ∞
0

KN(v, r)dFR(r). (3.14)

With the transformation v = u2/2, we have fV (v;FR) = fU(u)/u. Then by combining (3.14) and
(3.9), we obtain the kernel function KN(v, r) in closed-form for the considered GM noise channel
as

KN(v, r) =
N∑
n=1

εn
σ2
n

exp

(
−2v + r2

2σ2
n

)
I0

(√
2vr

σ2
n

)
(3.15)

with I0(·) being the zeroth-order modified Bessel function.
Now, let F denote the set of probability functions satisfying the average power constraint (3.4).

Then from [45, Appendix I.A], F is weak∗ compact in the Levy metric topology and convex. We
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then have the following important lemma:

Lemma 1. The function I(·) in (3.13) is a weak∗ continuous function on F and the capacity-

achieving input amplitude distribution exists and is unique.

Proof. Let the notation Fn
w∗→F indicate that a sequence Fn(r) converges weak∗3 to the distribution

function F (r). The weak∗ continuity of I(·) is equivalent to the fact that if Fn
w∗→F , we will have

I(Fn)→ I(F ), i.e.,
Fn

w∗→F ⇒ I(Fn)→ I(F ). (3.16)

Since the function KN(v, r) in (3.15) is a bounded continuous function for all v, r ≥ 0, by the
weak∗ convergence, we have

Fn
w∗→F ⇒ fV (v;Fn)→ fV (v;F ). (3.17)

Therefore, ∫ ∞
0

lim
n→∞

fV (v;Fn) ln fV (v;Fn)dv =

∫ ∞
0

fV (v;F ) ln fV (v;F )dv. (3.18)

Furthermore, as we show in Appendix 3.6.2, an integrable upper bound on |fV (v;Fn) ln fV (v;Fn)|
can always be established. Then by using Dominated Convergence Theorem [99], we obtain

lim
n→∞

∫ ∞
0

fV (v;Fn) ln fV (v;Fn)dv =

∫ ∞
0

lim
n→∞

fV (v;Fn) ln fV (v;Fn)dv. (3.19)

It then follows that

lim
n→∞

∫ ∞
0

fV (v;Fn) ln fV (v;Fn)dv =

∫ ∞
0

fV (v;F ) ln fV (v;F )dv, (3.20)

which is equivalent to (3.16). It means that the function I(·) in (3.13) is weak∗ continuous over F .
Furthermore, the mutual information I(FR) is a strictly concave function of FR [45]. Therefore,
following [45, Theorem 1] and [41, Optimization Theorem (p. 207)], I(·) achieves its maximum
over F at a unique point F0 ∈ F , proving the existence and uniqueness of the capacity-achieving
amplitude distribution.

3The definition of weak∗ convergence is given in Appendix 3.6.1
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3.3.3 Characterization of Optimal Amplitude Distribution

Based on the results obtained in the previous subsection, this subsection shall study the detailed
characterization of the capacity-achieving input amplitude distribution. To proceed further, let us
first present the key result of this subsection in the following theorem.

Theorem 1. For the additive GM noise channel (3.1) under the average power constraint (3.4),

the capacity-achieving input amplitude distribution is discrete with a finite number of mass points.

The remaining part of this subsection is devoted to the proof of Theorem 1. Instead of proving
it directly, we will show Theorem 1 by an alternative approach. In particular, for the optimal input
distribution F0, there are only two possible cases for the support set E0 as follows:

1. E0 contains an infinite number of mass points on a bounded interval. This case includes a
continuous distribution F0 and a mixed continuous and discrete distribution F0 as special
cases.

2. E0 contains only a finite number of mass points on any bounded interval.

In the following, using the Kuhn-Tucker condition, we will first demonstrate that the first case
is not possible. Specifically, we show that if E0 contains an infinite number of mass points on a
bounded interval, the output must be Gaussian distributed. However, using Bernstein’s theorem to
examine the completely monotonic condition, we rule out this possibility. Then focusing on the
second case, we show that E0 cannot have an infinite number of mass points. This results in an
optimal discrete input amplitude having a finite number of mass points.

Case 1

Assume that E0 contains an infinite number of mass points on a bounded interval. We first have
the following proposition that provides a necessary and sufficient condition for the amplitude dis-
tribution F0 to be optimal.

Proposition 2. [Kuhn-Tucker Condition (KTC)] For the additive GM channel under an average

power constraint, F0 is a capacity-achieving amplitude distribution iff there exists λ ≥ 0 such that

the following is satisfied

Φ(r) ,
∫ ∞

0

KN(v, r) ln fV (v;F0)dv + λ(r2 − Pd) +H0 ≥ 0, ∀r ≥ 0 (3.21)

with the equality being achieved when r ∈ E0, the support set of F0. Here, H0 is the output entropy

achieved by F0.



3 Capacity Analysis of Single D2D link 29

Proof. The proof follows closely the arguments in [100], with some slight modifications to the
considered GM channel. For completeness, the detail is provided in Appendix 3.6.3.

The next two theorems address the analytic property of Φ(r) in (3.21), which is useful in
determining F0.

Theorem 2. For each compact subset K of C, where C is the set of complex numbers, the integral∫ ∞
0

KN(v, z) ln fV (v;F0)dv (3.22)

is uniformly convergent for all z ∈ K.

Proof. By definition, the integral
∫∞

0
f(t, z)dt is said to be uniformly convergent for all z ∈ K if

lim
B→∞

∫∞
B
|f(t, z)|dt = 0, ∀z ∈ K [100, Lemma C.2]. As we show in Appendix 3.6.4, the density

function fV (v;FR) for a given FR can be lower bounded as fV (v;FR) ≥ d exp
(
−2v+Pd

2σ2
N

)
, with

d =
N∑
n=1

εn
σ2
n

. Also, as we showed earlier, fV (v;FR) ≤ d (please see Appendix 3.6.2). Therefore,

| ln fV (v;F0)| ≤ max

{∣∣∣∣ln d− 2v + Pd
2σ2

N

∣∣∣∣ , | ln d|} . (3.23)

It then follows that∫ ∞
0

|KN(v, z) ln fV (v;F0)| dv ≤
∫ ∞

0

|KN(v, z)| ×max

{∣∣∣∣ln d− 2v + Pd
2σ2

N

∣∣∣∣ , | ln d|} dv

=

∫ ∞
0

∣∣∣∣∣
N∑
n=1

εn
σ2
n

e
− 2v+z2

2σ2
n I0

(√
2vz

σ2
n

)∣∣∣∣∣×max

{∣∣∣∣ln d− 2v + Pd
2σ2

N

∣∣∣∣ , | ln d|} dv

<∞, ∀z ∈ K. (3.24)

The inequality in (3.24) is obtained from the fact that every compact set K in the complex plane is
closed and bounded and we use the following two integrals [102, 6.643.2]∫ ∞

0

e−αxI0

(
2β
√
x
)

dx = α−1eβ
2/α (3.25)

and ∫ ∞
0

xe−αxI0

(
2β
√
x
)

dx = α−3eβ
2/α
(
β2 + α

)
. (3.26)
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Since the integrand is a positive function and the integral is finite, we obtain

lim
B→∞

∫ ∞
B

|KN(v, z) ln fV (v;F0)| dv = 0.

The theorem is therefore proved.

Theorem 3. For the GM noise channel, the function Φ(z) in (3.21) is analytic for all z ∈ C.

Proof. From (3.21), it can be seen that it is sufficient to show that

H (z;F0) =

∫ ∞
0

KN(v, z) ln fV (v;F0)dv (3.27)

is analytic for all z ∈ C. For all v ≥ 0, it can be verified that the kernel function KN(v, z) is
analytic in the entire complex plane. It is because the exponential functions exp

(
−2v+z2

2σ2
n

)
and the

modified Bessel function I0(·) are analytic, since they can be expanded as power series. Therefore,
given the result in Theorem 2 and the fact KN(v, z) is analytic, we can conclude that H (z;F0) is
analytic in C by using the Differentiation Lemma [103, Section XV], [100]. Therefore, Φ(z) is
analytic for all z ∈ C.

Since the support set E0 contains an infinite number of mass points on a bounded interval,
by Bolzano-Weierstrass Theorem [42], E0 contains a limit point and all the elements in E0 are
confined to [0, ∞). From the Identity Theorem [42], we know that if two analytic functions are
identical on an infinite set of points in a region along with their limit points, these two functions
will be identical in the entire region. Therefore, by combining the results from Proposition 2,
Theorem 3, and the Identity Theorem, we obtain the following integral

Φ(r) =

∫ ∞
0

KN(v, r) ln fV (v;F0)dv + λ(r2 − Pd) +H0

= 0, ∀r ∈ R (3.28)

with R being the set of real numbers.
In the following, we show that (3.28) can be solved to give a unique and closed-formed solution

of fV (v;F0). This solution is optimal as long as the corresponding input distribution F0 is a valid
distribution and λ is nonnegative because this solution satisfies the KTC in Proposition 2. To this
end, the following lemma first states an important property of an integral equation of the kernel
function.
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Lemma 2. The integral equation∫ ∞
0

KN(v, r)g(r)dr = 0, ∀v ≥ 0, (3.29)

with g(·) being a continuous function, has the only solution g(r) = 0, ∀r ≥ 0. Similarly, the

integral equation ∫ ∞
0

KN(v, r)g(v)dv = 0, ∀r ≥ 0 (3.30)

has g(v) = 0, ∀v ≥ 0, as its only solution.

Proof. We first focus on (3.29). Taking the Laplace transform of (3.29) with respect to v gives∫ ∞
0

∫ ∞
0

e−vsKN(v, r)g(r)dvdr = 0, ∀s ≥ 0. (3.31)

Using (3.25), we have

N∑
n=1

εn
σ2
n

∫ ∞
0

e−vs · e−
2v+r2

2σ2
n I0

(√
2vr

σ2
n

)
dv =

N∑
n=1

εn
σ2
n

∫ ∞
0

e−v(s+1/σ2
n) · e−r2/σ2

nI0

(
2

√
r2

2σ4
n

v

)
dv

=
N∑
n=1

εn
σ2
ns+ 1

exp

(
− r2s

2 (σ2
ns+ 1)

)
.

Thus, (3.31) can be rewritten as

∫ ∞
0

[
N∑
n=1

εn
σ2
ns+ 1

exp

(
− r2s

2 (σ2
ns+ 1)

)]
g(r)dr = 0, ∀s ≥ 0. (3.32)

Let x = r2/2 and q(x) =
√

2xg(
√

2x). Then (3.32) becomes∫ ∞
0

K(s, x)q(x)dx = 0, ∀s ≥ 0, (3.33)

where

K(s, x) =
N∑
n=1

εn
σ2
ns+ 1

exp

(
−x · s

(σ2
ns+ 1)

)
.

Let Q(t) , L{q′(x)} and h , 1/s + σ2
1 be the Laplace transform at t of the first-order derivative



3 Capacity Analysis of Single D2D link 32

of q(x). Then (3.32) becomes

N∑
n=1

εnQ

(
1

h− dn

)
= 0, ∀h ∈ (σ2

1,∞) (3.34)

with dn = σ2
1 − σ2

n ≥ 0. Also changing the functional notation as F (h) = Q(1/h), we obtain

N∑
n=1

εnF (h− dn) = 0, ∀h ∈ (0, 1/σ2
1).

Taking the inverse Laplace transform of the above equality yields

N∑
n=1

εne
dnyf(y) = 0, (3.35)

where

f(y) = L−1{F (h)} =
1

2πi
lim
T→∞

∫ γ+iT

γ−iT
ehyF (h)dh.

Thus, we conclude f(y) = 0. By taking the Laplace transform of (3.35), we obtain F (h) =

0, ∀h ∈ (0, 1/σ2
1) and subsequently Q(h) = 0, ∀h ∈ (σ2

1,∞). Finally, using the transformation
s = 1

h−σ2
1
, we have Q(s) = 0, ∀s ∈ (0,∞) and q′(x) = 0. Since

∫∞
0
q(x)dx = 0, we have

q(x) = 0. Equivalently, g(r) = 0, ∀r ≥ 0. For (3.30), by changing the variables as x =
√
v/2

and y = r2/2, we obtain a similar integral as in (3.29). The proof then follows similarly.

From Lemma 2, it can be seen that there exists a unique solution to (3.28). In addition, by
using (3.25) and (3.26), it is straightforward to show that the density function

fV (v;F0) = c(λ)e−2λv, (3.36)

with c(λ) , eλPd+λ−H0 satisfies (3.28). As such, fV (v;F0) = c(λ)e−2λv is an optimal output
distribution. Now, if λ = 0, we have fV (v;F0) = c(0) = e−H0 and the optimal input amplitude
distribution is fR(r) = re−H0 . However, it is an invalid PDF. Therefore, λ > 0 and v follows an
exponential distribution fV (v;F0) = 2λe−2λv, and λ can be verified to be λ = 1

Pd+1
. Hence, the

distribution of the output amplitude u can be expressed as

fU(u) =
2u

Pd + 1
e
− u2

Pd+1 . (3.37)
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which is a Rayleigh distribution. As a result, the channel output y must be Gaussian distributed. To
further understand the characterization of the corresponding optimal input, we now study whether
there exists an input distribution that leads to a Gaussian output.

From (3.2), the characteristic function (CF) of the noise z can be expressed as

ψn(ω1, ω2) =
N∑
n=1

εn exp(−σ2
n(ω2

1 + ω2
2)/2). (3.38)

If the output distribution is Gaussian, the CF of input x can be written as follows:

ψx(ω1, ω2) =
ψy(ω1, ω2)

ψn(ω1, ω2)

=

exp

(
−
(
Pd + 2

N∑
n=1

εnσ
2
n

)
(ω2

1 + ω2
2)/4

)
N∑
n=1

εn exp (−σ2
n(ω2

1 + ω2
2)/2)

. (3.39)

In order to check whether the above CF is valid, we first use the Euclidean norm transformation
t =

√
(ω2

1 + ω2
2) to obtain the transformed univariate function as

ϕx(t) =

exp

(
−
(
Pd + 2

N∑
n=1

εnσ
2
n

)
t2/4

)
N∑
n=1

exp(−σ2
nt

2/2)

. (3.40)

It can be observed that this function is a radial function [104]. Therefore, as shown in [105],
the necessary and sufficient condition to have a valid CDF in (3.39) is the completely monotone
property of the function ψx(t) = ϕx(

√
t), which is given as

ψx(t) =

exp

(
−
(
Pd + 2

N∑
n=1

εnσ
2
n

)
t/4

)
N∑
n=1

εn exp(−σ2
nt/2)

=

exp

(
−
(
Pd + 2

N−1∑
n=1

εn(σ2
n − σ2

N)

)
t/4

)
/εN

1 +
N−1∑
n=1

εn
εN

exp(−(σ2
n − σ2

N)t/2)

. (3.41)

Note that in (3.41), σ2
n − σ2

N ≥ 0 for n = 1, . . . , N − 1, because σN = min{σn}Nn=1. In general,
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checking the monotone property presents some challenges, since one needs to check the non-
negativity of any lth derivative (−1)lψ

(l)
x (t) for any t ≥ 0 [105]. In the following, we consider an

alternative approach using Bernstein’s theorem [101, Theorem 1.4].
By Bernstein’s theorem [101, Theorem 1.4], a function g(·) is completely monotonic iff it has

the following representation:

g(r) =

∫ ∞
0

e−tr dµ(t) (3.42)

for a unique Borel measure µ on [0,∞]. We then have the following theorem:

Theorem 4. The function g(r), r > 0,

g(r) =
e−br

1 +
M∑
m=1

dme−amr
(3.43)

with M ≥ 1, b > 0, the positive sets {dm}, and the nonnegative set {am} with max{am} > 0, is

not completely monotonic.

Proof. Assume that g(r) in (3.43) is completely monotonic. Using (3.42), for a positive σ, we
have:

g(r + σ)

g(r)
=

∫∞
0
e−tσe−tr dµ(t)∫∞

0
e−tr dµ(t)

. (3.44)

Using this representation, it has been shown in [106] that a completely monotone g(r) is either in
the form of αe−βr for some α, β ≥ 0, or g(r + σ)/g(r) must be a strictly increasing function of r.
It is obvious that g(r) in (3.43) cannot be represented as g(r) = αe−βr. The ratio g(r + σ)/g(r)

can then be expressed as

g(r + σ)

g(r)
= e−bσ ·

1 +
M∑
m=1

dme
−amr

1 +
M∑
m=1

dme−am(r+σ)

. (3.45)

Taking its first derivative with respect to r yields

∂ [g(r + σ)/g(r)]

∂r
= e−bσ ·

M∑
m=1

dmame
−amr (e−amσ − 1)[

1 +
M∑
m=1

dme−am(r+σ)

]2 < 0.
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where the inequality comes from the fact that max{am} > 0. Therefore, g(r + σ)/g(r) is a
decreasing function of r, which results in a contradiction. As a consequence, g(r) in (3.43) is not
completely monotonic.

Using Theorem 4, it can be seen that ψx(t) in (3.41) is not completely monotonic. Therefore,
the CF function ψx(ω1, ω2) in (3.39) is not a valid one. As such, there does not exist an input
distribution that results in a Gaussian distributed output for the GM noise channel. Equivalently, it
is not possible to have an F0 with an infinite number of mass points on a bounded interval. Instead,
there is always a finite number of mass points on any bounded interval. This second case shall be
examined further in the following.

Case 2

Now, we consider the case of having an F0 with a finite number of mass points on any bounded
interval. For this case, there are still two possibilities: i) F0 has an infinite number of mass points,
but finitely many of them on any bounded interval; ii) F0 has a finite number of mass points. To
shed some further light on F0, the next Lemma establishes a upper bound on the parameter λ in
(3.21) of the KTC.

Lemma 3. For the optimal discrete distribution F0, λ in the KTC in (3.21) is smaller than one,

i.e., λ < 1.

Proof. Using similar arguments as in [54, 107], we can interpret the additive GM noise channel
as a Markov chain whose state space S = {s1, s2, . . . , sN} corresponds to N memoryless AWGN
channels with noises {CN (0, 2σ2

n)}. If these channel states are perfectly known at both receiver
and transmitter, we have the following achievable rate which is the capacity of the finite-state
Markov channel [54]:

CA =
N∑
n=1

εn ln

(
1 +

Pd
2σ2

n

)
.

From the above interpretation, it can be seen that CA is a upper bound on the channel capacity
C. For convenience, let us denote the capacity C, the rate CA and λ as a function of Pd, i.e.,
C(Pd), CA(Pd), and λ(Pd). By the Envelope Theorem [108] and the KTC, λ(Pd) is the derivative
of C(Pd). Since CA(0) = C(0) = 0 and ∂CA(Pd)

∂Pd

∣∣∣
Pd=0

= 1, we must have λ(0) ≤ 1. Otherwise we

can find a small enough Pd such thatC(Pd) would exceedCA(Pd). Furthermore, as we demonstrate
in Appendix 3.6.5, C(Pd) is a strictly concave function of Pd. Hence λ(Pd) < λ(0) ≤ 1. The
lemma is therefore proved.
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Given that the optimal input distribution is discrete, the integral in (3.14) becomes a sum and
the output PDF can be expressed as fV (v;F0) =

∑
i∈I

piKN(v, ri) where I is the set of mass points,

and {pi} and {ri}, i ∈ I, are the probabilities and locations of mass points, respectively. Let pk
and rk be the probability and location of a given k−th finite mass point, we then have a lower
bound on fV (·; ·) as follows:

fV (v;F0) > pkKN(v, rk) = pk

N∑
n=1

εn
σ2
n

e
− 2v+r2k

2σ2
n I0

(√
2vrk
σ2
n

)

≥ pk

N∑
n=1

εn
σ2
n

e
− 2v+r2k

2σ2
n (3.46a)

> pk
ε1

σ2
1

e
− 2v+r2k

2σ2
1

≥ pk
ε1

σ2
1

e−2v−r2
k , (3.46b)

where (3.46a) is obtained by using I0(x) ≥ 1, ∀x ≥ 0 and (3.46b) is obtained from the fact that
σ2

1 ≥ 1
2
. We can then establish the following lower bound on Φ(·) in (3.21):

Φ(r) >

∫ ∞
0

ln

(
pkε1

σ2
1

e−r
2
k

)
KN(v, r)dv −

∫ ∞
0

2vKN(v, r)dv + λ(r2 − Pd) +H0

= ln

(
pkε1

σ2
1

)
− r2

k − (r2 + 1) + λ(r2 − Pd) +H0 (3.47a)

= (1− λ)r2 + ln

(
pkε1

σ2
1

)
− r2

k − 1 + λPd +H0, (3.47b)

where we have used the integrals in (3.25) and (3.26) to arrive at (3.47a).
Since λ < 1, we have 1− λ > 0. Therefore, the lower bound in (3.47b) grows without bound

as r increases and this leads to the fact that there exists a finite value rmax such that Φ(r) > 0 for
all r ∈ (rmax,∞). Thus, all the mass points of the optimal distribution are located in the bounded
interval [0, rmax].

Combining the above results, it can be seen that the capacity-achieving input amplitude distri-
bution is discrete with a finite number of mass points as stated in Theorem 1. This result makes GM
noise fundamentally different from Gaussian noise. It is because for the considered GM channel,
only an average power constraint is imposed on the input rather than an average power constraint
together with additional constraints such as peak constraint or fading studied earlier for Gaussian
channels.



3 Capacity Analysis of Single D2D link 37

3.4 Optimal Input and Capacity Computation

Given the discrete nature of the optimal input, it is certainly of further interest to find the loca-
tions and the probabilities of the mass points. However, analytically finding these values for the
optimal input distribution and the corresponding capacity is a very challenging task. It is because
in general, the locations and the probabilities of the mass points are SNR-dependent. Therefore,
in this section, we resort to numerical methods to find the discrete optimal input and the capacity.
In the following, we first present a simple way to calculate the mutual information between the
input and output for a given discrete input distribution without the need of time-consuming Monte
Carlo simulations. A simple gradient descent-based optimization method is then presented to find
the optimal distribution and to calculate the capacity. Numerical examples are finally provided to
confirm our analysis.

3.4.1 Mutual Information and Optimal Input/Capacity Computation

To find the optimal input, let us first consider a given discrete input FR with a fixed number of
mass points P . Furthermore, assume that the amplitude mass points are located at {rk}Pk=1 with the
corresponding probabilities {pk}Pk=1. With this input distribution, the mutual information between
the channel input and output can be expressed as

I(FR) = −
∫ ∞

0

fV (v;FR) ln fV (v;FR)dv + ln(2π)−H(z)

= −
N∑
n=1

In + ln(2π)−H(z), (3.48)

with

In =

∫ ∞
0

e
− v

σ2
n

P∑
k=1

pk
εn
σ2
n

e
− r2k

2σ2
n I0

(√
2vrk
σ2
n

)
× ln

P∑
k=1

pkKN(v, rk)dv. (3.49)

Since it is not possible to obtain In in closed-form, we use the Gauss-Laguerre quadrature formulas
to evaluate it [109]. Specifically, let Q =

∫∞
0
e−xq(x)dx for a given function q(x). We can then

approximate Q as follows:

Q ≈
G∑
i=1

wiq(xi). (3.50)
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In (3.50), {xi} are the roots of Laguerre polynomial LG(x) = ex

G!
dG

dxG (e−xxG) = 0. In addition,
for each xi, the weight wi is given by wi = xi

(G+1)2[LG+1(xi)]2
. For each value of G, the sets {xi}

and {wi} can be pre-calculated as in [109]. As shown in [109], an accurate approximation to Q
can be achieved by using G = 15. Therefore, using the transformation x = v/σ2

n, In in (3.49) and
subsequently I(FR) in (3.48) can be calculated effectively via (3.50).

Given that I(FR) can be easily evaluated for a given input FR using Gauss-Laguerre quadrature
formulas, a gradient descent-based method [41, 45, 46] can now be used to find the optimal input.
Note that we need to maximize over the number of mass points P , the set of mass point locations
and their probabilities under the average power constraint. This method has been shown to be
more effective than the well-known Arimoto-Blahut algorithm [45]. Specifically, we can start by
maximizing the mutual information over the set of one or two mass point distributions and their
probabilities satisfying the input constraints using the vector optimization technique. This solution
is, however, only considered as a local maximizer. It is because we do not know whether the
optimization problem is convex over the space of the mass point locations and probabilities. To
enhance the algorithm and to achieve the capacity-achieving solution F0, for a given SNR, the
obtained solution is then verified with the Kuhn-Tucker condition in (3.21), which is a necessary
and sufficient condition for optimality. If this distribution satisfies the Kuhn-Tucker condition,
it is globally optimal. On the other hand, if the Kuhn-Tucker condition does not hold, we will
increase the number of mass points by one and repeat the optimizing process until the Kuhn-Tucker
condition is satisfied. We observe via numerous numerical simulations that the convergence to the
global solution happens very fast, especially at low and medium SNRs. As we demonstrate shortly,
at low and medium SNRs, a capacity-achieving amplitude distribution consists of only one or two
mass points. Note that as soon as the optimal distribution F0 is obtained, it can be used in (3.48)
to effectively calculate the channel capacity using the Gauss-Laguerre quadrature formulas.

3.4.2 Numerical Examples

In the following, we provide numerical results to confirm the theoretical derivations and calcula-
tions developed in the previous sections.

Capacity-Achieving Distributions

We first consider a popular Bernoulli-Gaussian impulsive noise channel where the total noise con-
sists of two components, the thermal background noise and the impulsive noise. The noise param-
eters are selected as ε1 = 1−p = 0.6, ε2 = p = 0.4, and σ2

2 = 20σ2
1 . Fig. 3.1 shows the magnitude

and the probability of the optimal input as a function of signal-to-total-noise ratio SNR = Pd
E[|z|2]

.



3 Capacity Analysis of Single D2D link 39

−12 −10 −8 −6 −4 −2 0
0

1

2

3

4

5

6

1
1

0.05790.18080.2372

0.2865

0.4222

0.4944

0.4917

0.4693

0.4392

0.3109
0.3162

0.9421

0.8192

0.7628

0.7135

0.5778

0.5056

0.0934

0.1875

0.2842

0.441

0.4404

0.415

0.3432

0.2766

0.2481

0.2434

SNR (dB)

M
a
g
n
it
u
d
e
 o

f 
o
p
ti
m

a
l 
in

p
u
t 
a
m

p
lit

u
te

Fig. 3.1 The magnitudes and corresponding probabilities of optimal input amplitude
for different values of SNRs.
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Fig. 3.2 The KTC at SNR = −11 dB for fR(r) = δ(r− 1.1689), i.e., a single mass
point at r = 1.1689.

We have verified that these distributions satisfy the KTC in (3.21). As an illustrative example, the
LHS of the KTC in (3.21) is plotted in Figs. 3.2 and 3.3 as a function of r at SNR = −11 dB and
SNR = −5 dB, respectively.

It can be observed from Fig. 3.1 at low and medium SNRs, the optimal amplitude distribution
contains only 1 or 2 mass points. We observe via extensive numerical results that at sufficiently
low SNRs, the optimal distribution consists of a single mass point located at

√
Pd, and therefore

the information is sent via uniform phase. As the SNR is increased, the number of mass points
increases monotonically, e.g., there are 3 mass points when SNR = 0 dB.
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Fig. 3.3 The KTC at SNR = −5 dB for fR(r) = 0.4944 δ(r − 1.2752) +
0.5056 δ(r − 3.0279), i.e., we have two mass points at r = 1.2752 and r = 3.0279,
with the two corresponding probabilities 0.4944 and 0.5056, respectively.
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Fig. 3.4 The magnitudes and corresponding probabilities of optimal input amplitude
of GM noise channel for different values of SNRs.

Similar results are also obtained for more general GM channels. Specifically, Fig. 3.4 presents
the magnitudes and the corresponding probabilities of the optimal input as a function of SNR for
a GM channel having three Gaussian components with ε1 = 0.8, ε2 = 0.1, ε3 = 0.1, σ2

2 = 10σ2
1 ,

and σ2
3 = 10σ2

2 . It can be seen that the optimal amplitude distribution consists of only a few mass
point at low SNRs. At higher SNRs, the number of mass points gradually increases, e.g., at SNR
= 0 dB, the optimal input amplitude distribution consists of 5 mass points for the considered GM
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channel.

Capacity and Information Rates

Given the above results, it is also interesting to compare the capacity achieved by the capacity-
achieving input and the information rates obtained by using other types of inputs. Fig. 3.5 presents
such results for the Bernoulli-Gaussian impulsive noise channel. Specifically, besides the capacity
per channel use (in nats), shown in Fig. 3.5 are the information rates CGI and CQPSK obtained by
using the Gaussian input and QPSK modulation scheme, respectively. As illustrated in Fig. 3.5, the
information rate achieved by the Gaussian input approaches very close to the capacity in a wider
range of SNRs, which is in agreement with earlier results that the Gaussian input has been shown
to be asymptotically optimal at sufficiently low and high SNRs for this channel [55–57]. However,
such a channel capacity can be effectively achieved via the optimal codebook determined in Fig.
3.1, while the Gaussian codebook is not viable in practice. It is also important to note that the
plotted rates are in the units of nats per channel use, i.e., the rates are normalized. For a system
with bandwidth B, the rates in bits per second will be B times the normalized rates we have in
the plots. As such, the rate gap between C and CGI can be more significant if we consider rates
in bits/s, which is what the user experiences. The capacity-achieving discrete input outperforms
QPSK input, especially when the SNR increases.
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Fig. 3.5 The capacity and information rates per channel use achieved by different
input distributions in the BG noise channel.

Finally, Fig. 3.6 shows the capacity and the information rates per channel use achieved by the
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Fig. 3.6 The capacity and information rates per channel use achieved by different
input distributions in the GM noise channel.

Gaussian distributed input and QPSK modulation scheme for the GM channel having 3 Gaussian
components chosen before. It can be seen from Fig. 3.6 that the capacity and information rates
follow the same trend for the considered GM channel.

3.5 Concluding Remarks

In this chapter, additive quadrature GM channels have been adopted to effectively model the chan-
nel of a single D2D link in underlaid D2D cellular networks. Given the GM model, we have
characterized the capacity-achieving input distribution and computed the corresponding capacity
of the GM channels under an average power constraint. To this end, we have first shown that the
optimal input distribution is unique and it has a uniformly distributed phase that is independent
of the amplitude. We have then further demonstrated that it is not possible to have an optimal
input with an infinite number of mass points on any bounded interval. The result is developed
using Bernstein’s theorem to examine the completely monotonic condition of the input character-
istic function. In addition, by applying a bounding technique on the KTC and using the Envelope
Theorem, we have demonstrated that the optimal input amplitude distribution must have a finite
number of mass points. We have also proposed a simple method to compute the discrete optimal
input and the corresponding capacity. Numerical results are also provided to confirm the analysis.

Before processing further, we should note that, while we are able to demonstrate the discrete-
ness of the optimal input amplitude at a given SNR, this result allows to construct a capacity-
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achieving codebook for a single D2D channel under the effect of interference caused by discrete-
constellation based cellular transmission. On the other hand, if conventional Gaussian distributed
input is adopted at cellular transmitter, the optimal input of D2D channel is also Gaussian dis-
tributed. As it was demonstrated that the capacities of a D2D link (as an additive GM channel)
obtained by discrete and Gaussian-distributed inputs are almost identical, the capacity expression
derived via the Gaussian input can be effectively used to accurately estimate the channel capacity
of the D2D link, under the consideration of both discrete and Gaussian distributed inputs at the cel-
lular transmitter. From the channel capacity computation perspective, such a capacity expression
is generally much simpler than that obtained by the discrete input (e.g., (3.48)), thus being more
tractable to analyze the achievable cellular/D2D sum-rate at the network level in which the distance
and channel distribution of multiple D2D links will be taken into consideration. It follows that,
in subsequent chapters where multiple D2D links operates in a time-frequency slot currently used
by cellular transmission, we shall assume that both cellular and D2D links use Gaussian inputs to
transmit their signals.

3.6 Appendix

3.6.1 Useful Definitions

In this appendix, several definitions in optimization and probability theories are provided, which
are useful for the development of the analytical framework in this chapter.

Definition 1. - Weak∗ Convergence [108, Section 5.10] and [100, Section A.1] - Consider a prob-

ability measure F and a sequence of probability measures {Fn}. The sequence {Fn} is said to

converge weak∗ to F , which is denoted as Fn
w∗→F , if∫

R
f(r)dFn(r)→

∫
R
f(r)dF (r)

for every continuous bounded function f on R with R being the set of real numbers.

Definition 2. - Weak Differentiability [41] - Let Ω be a convex space, f be a function from Ω into

the real line R, X0 be an element of Ω, and θ is a real number in [0, 1]. Suppose there exists a

mapping f ′X0
: Ω→ R such that

f ′X0
(X) , lim

θ→0

{
f [(1− θ)X0 + θX]− f [X0]

θ

}
,
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for allX in Ω. Then f is said to be weakly differentiable in Ω atX0, and f ′X0
is the weak derivative

in Ω at X0.

3.6.2 Integrable Bound on |fV (v;Fn) ln fV (v;Fn)|

Since I0(x) ≤ exp(x) for all x ≥ 0, we obtain the following upper bound on the kernel function

KN(v, r) ≤
N∑
n=1

εn
σ2
n

= d, ∀v, r ≥ 0. (3.51)

It then follows that

fV (v;Fn) =

∫ ∞
0

KN(v;Fn)dFn(r)

≤ d

∫ ∞
0

dFn(r) = d. (3.52)

Now, consider two possible cases for the values of d as follows:

1. d ≤ 1. Using the inequality |x lnx| ≤ 4x0.9 for 0 ≤ x ≤ 1 [100, Lemma A.3], we have

|fV (v;Fn) ln fV (v;Fn)| ≤ 4[fV (v;Fn)]0.9

≤ 4d0.9, (3.53)

where 4d0.9 is an integrable upper bound.

2. d > 1. For this case, we first have the following proposition:

Proposition 3. For any 0 < x ≤ d <∞, there always exists constants B and µ such that

|x lnx| ≤ Bx1−µ. (3.54)

Proof. If 0 < x ≤ 1, we have |x lnx| ≤ 4x0.9. Next, let us consider x > 1, the inequality
(3.54) can be rewritten as xµ lnx ≤ B for all 1 < x ≤ d. Therefore, for any µ ∈ (0, 1) the
choice B = dµ ln d is sufficient to achieve (3.54).

Therefore, we obtain |fV (v;Fn) ln fV (v;Fn)| ≤ 4[fV (v;Fn)]0.9 ≤ 4d0.9 for 0 < fV (v;Fn) ≤
1 and |fV (v;Fn) ln fV (v;Fn)| ≤ Bx1−µ ≤ Bd1−µ for 1 < fV (v;Fn) ≤ d. Note that both
4d0.9 and Bd1−µ are integrable.
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Given the above results, it can be seen that an integrable bound on |fV (v;Fn) ln fV (v;Fn)| can
always be established.

3.6.3 Proof of Proposition 2

By Lagrangian Theorem [100, Theorem B.2], there exists λ ≥ 0 such that

C = sup
FR∈F

E[r2]≤Pd

I(FR)

= sup
FR∈F

[
I(FR)− λ

(∫ ∞
0

r2dFR − Pd
)]

. (3.55)

Given the definition of weak differentiability in Appendix 3.6.1 and following a similar analysis
in [100], it can be verified that the function I(·) is weakly differentiable at F0 ∈ F with weak
derivative

I ′F0
= −

∫ ∞
0

fV (v;FR) ln fV (v;F0) dv −H0. (3.56)

Furthermore, from [100, Lemma B.1], the function φ(FR) ,
∫∞

0
r2dFR − Pd is weakly differen-

tiable at F0 with weak derivative

φ′F0
(FR) = φ(FR)− φ(F0). (3.57)

Therefore, the function I(FR) − λφ(FR) is weakly differentiable at F0. Then by [100, Theorem
B.1], F0 achieves the supremum in (3.55) iff

I ′F0
(FR)− λφ′F0

(FR) ≤ 0, ∀FR ∈ F . (3.58)

By the Lagrangian Theorem [100, Theorem B.2], we have

λ

(∫ ∞
0

r2dF0(r)− Pd
)

= 0. (3.59)

Then substituting (3.56), (3.57) and (3.59) into (3.58) and using the fact that fV (v;FR) =
∫∞

0
KN(v, r)dFR

yields∫ ∞
0

(∫ ∞
0

KN(v, r) ln fV (v;F0)dv
)

dFR(r) + λ

∫ ∞
0

(
r2 − Pd

)
dFR(r) +H0 ≥ 0, ∀FR ∈ F .

(3.60)
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Finally, using the same steps in [45, Appendix II, Theorem 4], Proposition 2 is proved.

3.6.4 Lower Bound on fV (v;FR)

We first have

fV (v;FR) =
N∑
n=1

εn
σ2
n

∫ ∞
0

e
− 2v+r2

2σ2
n I0

(√
2vr

σ2
n

)
dFR(r)

≥
N∑
n=1

εn
σ2
n

e
− v

σ2
n

∫ ∞
0

e
− r2

2σ2
n dFR(r)

=
N∑
n=1

εn
σ2
n

e
− v

σ2
nE
[
exp

(
− r2

2σ2
n

)]
, (3.61)

with d =
N∑
n=1

εn
σ2
n

and the inequality is obtained by using I0(x) ≥ 1 for all x ≥ 0. Then by applying

Jensen’s inequality E[e−ax] ≥ e−aE[x] for all a, x ≥ 0 and E[r2] ≤ Pd to (3.61), we have

fV (v;FR) ≥
N∑
n=1

εn
σ2
n

e
− v

σ2
n · e−

E[r2]

2σ2
n

≥
N∑
n=1

εn
σ2
n

e
− 2v+Pd

2σ2
n . (3.62)

Finally, since σN = min{σn}Nn=1, we obtain

fV (v;FR) ≥

(
N∑
n=1

εn
σ2
n

)
exp

(
−2v + Pd

2σ2
N

)
= d exp

(
−2v + Pd

2σ2
N

)
. (3.63)

3.6.5 Strict Concavity of C(Pd)

Let F1 and F2 be the capacity achieving input distributions at two different power constraints∫∞
0
r2dF1(r) ≤ P1 and

∫∞
0
r2dF2(r) ≤ P2, respectively. Define Fθ = θF1 + (1 − θ)F2 with

θ ∈ (0, 1). It can be verified that Fθ satisfies the average power constraint
∫∞

0
r2dFθ(r) ≤ θP1 +
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(1− θ)P2. From the strict concavity of the mutual information I(·), we have

C(θP1 + (1− θ)P2) ≥ I(Fθ)

> θI(F1) + (1− θ)I(F2)

= θC(P1) + (1− θ)C(P2),

which implies that C(·) is strictly concave.
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Chapter 4

Power Allocation and Performance Analysis
of Full-Duplex D2D Cellular Networks in
Single-Cell Setting 1

4.1 Introduction

Chapter 3 focused on HD D2D transmission at the link level in which one D2D link and one cellular
link share the time-frequency slot. This chapter extends the study of achievable D2D sum-rate into
a network level to include multiple D2D transceivers, which simultaneously occupy the cellular
resources. Additionally, we focus on FD D2D transmission in which the signals are transmitted
and received simultaneously over the same frequency at the same time, as discussed in Chapter
1. Apart from the link level, the achievable rate analysis at network level takes into account the
random mobility of both cellular and D2D users and the distribution of CSI. As a result, the GM
interference models in Chapter 3, when adopted to such a network level analysis, is not tractable.
For more tractable models, we assume the aggregate interference at cellular and D2D receivers
shall be treated as noise, to which the well-known Gaussian models can be applied.

In existing research, only a few efforts have been dedicated to combine FD and D2D at the
network level. For instance, in a recent work in [71], the authors evaluated the performance of
overlaid D2D multi-cell networks where cellular and D2D links use FD transmission. However,
the considered power allocation scheme and corresponding performance metrics in [71] ignored
the effect of small-scale fading, which is the main factor that affects the network performance.

1Parts of Chapter 3 have been presented at the 2018 IEEE International Conference on Communications (ICC) [26]
and published in the IEEE Transaction on Vehicular Technology [23].
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The benefits of FD D2D transmission in multi-cell networks in terms of throughput improvement
were also investigated in [72]. Under this line of work, a D2D receiver was assumed to be at a
fixed distance from the D2D transmitter with its location following a Poison point process (PPP).
Furthermore, to provide a basic quality of service for cellular users, the authors in [72] proposed
a mechanism that prevents D2D transmission when D2D users are in the guard areas of the base-
stations without considering power control algorithms.

In this chapter, we investigate the integration of FD in a practical underlaid cellular D2D net-
work where multiple FD D2D users intend to communicate simultaneously by sharing the uplink
spectrum with a cellular user as in [66]. While there exists other modes in which multiple cel-
lular users can co-exist with D2D users, such as FD D2D systems co-existing with a multiple
antenna equipped base-station [110, 111] and cellular networks being underlaid by relay-assisted
D2D transmission [112–114], our considered model can be directly applied to a cellular network
with multiple cellular users where each user is assigned a separate frequency-time slot. For com-
pleteness, we shall adopt both the centralized and on-off power control methods [66]. However,
different from [66] that only studied a HD network with fixed distances of D2D links, we consider
a more realistic model where D2D users’ locations are modeled by homogeneous spatial PPPs, and
the selection of D2D users is based on the maximum allowed distance for D2D communications
to be enabled. In addition, we take into account the effect of residual self-interference due to FD
transmission. Given the considered random network model, we are interested in studying the key
performance metrics including the coverage probabilities of both cellular and D2D links and the
sum-rate of D2D links. Our main contributions are provided as follows.

Our first focus is on the centralized power allocation mechanism. Toward this end, we first
formulate an optimization problem that maximizes the D2D link sum-rate under the constraint
on minimum target SINR at each user. Since the problem is nonconvex, a two-step approach is
then proposed to approximately locate the global optimal point. Specifically, an admission control
method is first employed to guarantee that a feasible solution always exists. Our main idea is to
remove D2D links that potentially cause high interference to the BS until the constraints are satis-
fied. In the next step, we apply the difference of convex (DC) based method [115,116] to transform
the highly nonconvex power allocation problem into a sequence of convex subproblems, which can
be solved efficiently by a converged iterative algorithm with low complexity. The optimal solu-
tions then allow us to calculate the coverage probabilities of both cellular and D2D links and the
average sum-rate of D2D links. Our numerical results show that the proposed centralized power
control achieves a very high coverage probability of cellular link while successfully supporting a
large number of active D2D links. Furthermore, the centralized power control also significantly
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improves the overall network throughput via optimizing the sum-rate of newly underlaid D2D
links.

In the second part of the chapter, we consider a distributed power control where only the local
CSI of direct link between respective D2D users is needed. By utilizing the tools of stochastic
geometry, we derive closed-form approximations of coverage probabilities for both cellular and
D2D links. In general, the coverage probabilities involve multiple integrals, since one needs to take
the average over the distributions of transmit power, wireless fading, and link distances [66,68,71].
To overcome this issue, we apply Laplace transforms and novel approximations that accurately
approximate the expected values of fractional and exponential functions of random variables to
obtain the distribution functions of SINRs at the BS and D2D users in closed-form. By further
taking the average over the distributions of cellular and D2D link distances, we then arrive at the
closed-form approximations of cellular and D2D coverage probabilities. In addition, based on the
approximation of D2D link coverage probability, an analytical expression for the D2D link sum-
rate is also obtained, and it can be effectively calculated. Further, optimal transmit thresholds that
maximize the D2D link sum-rate are derived when the on-off power control is used at D2D users.
Our results show that the integration of FD in D2D transmission provides significant sum-rate
improvement over the HD D2D counterpart.

The remainder of this chapter is organized as follows. In Section 4.2, we describe the system
model of interest and define the key performance metrics. Section 4.3 focuses on the develop-
ments of these metrics under the centralized power control. Extension to the on-off power control
allocation is considered in Section 4.4. Numerical results are given in Section 4.5 to confirm our
analysis. Finally, Section 4.6 concludes the chapter.

4.2 System Model and Performance Metrics

4.2.1 System Model

We consider a single-cell network with one uplink cellular user (CU) C0 and N pairs of cellular
users who wish to establish D2D communications using FD mode via the same radio resource,
i.e., there are N potential D2D user pairs {xn, yn}Nn=1. In this model, the BS is centered at the
origin, and its coverage region is a circular disk C with radius R. The cellular user is assumed to
be located uniformly in this region. To model the potential D2D users, we assume the locations of
D2D users {xn}Nn=1 and {yn}Nn=1 of corresponding potential D2D links are both distributed in the
whole R2 plane according to two separate homogeneous PPPs with the same density λ. Note that
this parameter is related to the average number of D2D links per cell, and it can be estimated at the
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Fig. 4.1 A underlaid D2D cellular network with a single-cell setting (black circle:
BS, red triangle: cellular user, green square: D2D transceiver)

base station in the process of D2D link establishment [20, 21, 66, 117]. This estimated parameter
can then be sent to the D2D users using a control channel. Given that, the number of potential
D2D links in C is a Poisson random variable (RV) with mean E[N ] = λπR2.

For each potential FD D2D pair xn and yn, n = 1, . . . , N , the links from xn to yn and yn to
xn are called the forward and reverse links, respectively. Furthermore, xn and yn are referred to
as f-D2D and r-D2D users, respectively. Hereafter, the term D2D user is used to refer to both
f-D2D and r-D2D users. In addition, we adopt a distance-based D2D mode selection from [68].
Specifically, a D2D mode can only be established if and only if (iff) the link distance r does not
exceed a certain value dmax. While a CSI-based criterion, such as signal power-based D2D mode
selection, can potentially be used to further enhance the accuracy and performance, such a scenario
requires cooperation/coordination between D2D users and the base station to acquire perfect CSI
of the D2D link. As we shall explain shortly, for a simple distributed on-off power allocation
considered in this chapter, only the local CSI of the direct link between respective D2D users is
needed, and the distance-based D2D link construction is more feasible.

Given the maximum distance constraint dmax, the operating f-D2D and r-D2D users both form
PPPs with the same density λd = λP (r ≤ dmax) where P (r ≤ dmax) denotes the probability that
r ≤ dmax. Suppose that K out of N potential D2D links satisfy the maximum distance constraint,
then the average number of operating D2D links is E[K] = P (r ≤ dmax)λπR2. When these K
pairs communicate in FD mode, there exists residual self-interference (SI) due to FD operation
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that affects the D2D communications. Recently, several realistic SI models have been developed
(please see [71,118–123] and references therein). In this thesis, we adopt an SI model in which the
residual interference is reflected in the self-interference-to-power-ratio (SIPR) β as in [71, 122].

For FD D2D links, dk,k denotes the link distance between a f-D2D user k and r-D2D user k. In
addition, d(f→r)

l,k , d(f→f)
l,k , d(r→f)

l,k and d(r→r)
l,k are the distances between f-D2D user l and r-D2D user

k, f-D2D user l and f-D2D user k, r-D2D user l and f-D2D user k and r-D2D user l and r-D2D
user k, respectively, l, k ∈ {1, . . . , K}. For the cellular users, we use d0,0, d(r)

0,k and d(f)
0,k as the

distances from CU to BS, r-D2D user k and f-D2D user k, respectively. Similarly, d(r)
0,k and d(f)

0,k

are the distances from BS to r-D2D user k and f-D2D user k, respectively. Furthermore, P (f)
k and

P
(r)
k are the transmit powers at the f-D2D user k and r-D2D user k, respectively. For convenience,

we use the notation g(z)
l,k with z ∈ {f, r, f → r, f → f, r → f, r → r} and l, k ∈ {0, 1, . . . , K}

to refer to the corresponding channel power gains. Specifically, g(f)
k,k and g(r)

k,k are the gains from
f-D2D user k to its intended r-D2D k and vice versa. Also, g(f→r)

l,k , g(f→f)
l,k , g(r→f)

l,k and g(r→r)
l,k are

the channel power gains from f-D2D user l to r-D2D user k, f-D2D l to f-D2D user k, r-D2D user
l to f-D2D user k and r-D2D user l to r-D2D user k, respectively. For CU, g0,0 is the channel
power gain of the CU-BS link. In addition, g(r)

0,k and g(f)
0,k are the gains from CU to r-D2D user k

and f-D2D user k. Similarly, g(r)
0,k and g(f)

0,k are the gains from r-D2D user k and f-D2D user k to BS.
In this chapter, we consider Rayleigh fading where all channel power gains follow an exponential
distribution with unit parameter.

As we can see from the above, in underlaid FD D2D cellular networks, D2D transmission is
impaired by various sources of interference [124]. These include the aggregate interference caused
by the cross-tier interference from cellular user, intra-tier interference between D2D users, and
the residual SI due to FD operation. Meanwhile, cellular transmission suffers from the cross-
tier interference from D2D links. These interferences need to be taken into account explicitly in
developing key performance metrics, as we demonstrate in the following.

4.2.2 Power Allocation and Performance Metrics

Centralized and Distributed Power Allocation Schemes

In this work, we consider two power allocation schemes, namely the centralized and distributed
power allocations as in [66], which are described in the following.

The centralized power allocation, which is implemented at the BS, aims to find the optimal
transmit power P (f)

k and P (r)
k that maximize the sum-rate of D2D links while satisfying the min-

imum SINR at each forward/reverse-D2D link. Note that the centralized power control requires
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the knowledge of global CSI at the BS. As we describe shortly, while D2D and cellular users do
not fully coordinate as in [125–127], this information enables the cooperation between D2D and
cellular users to enhance the D2D sum-rate. Certainly, it is not always practical to assume such
a perfect knowledge of CSI and the nodes’ locations given their dynamic and mobility. However,
such an assumption has been considered in the literature as a useful and important criterion to com-
pare different schemes [66]. It is because this consideration can serve as a system benchmark, e.g.,
the ultimate performance or a upper bound, to other systems with imperfect channel knowledge.

On the other hand, the distributed on-off power allocation requires no cooperation between
D2D and cellular users, as it only needs the direct CSI of D2D link between the corresponding
transmitter and receiver [66]. In particular, the power used at the D2D link k is Pd when the
quality of forward/reverse link satisfies g(z)

k,kd
−α
k,k ≥ Gmin, z ∈ {f, r}, with α being the path-loss

exponent. Here, Gmin is a nonnegative threshold that is known at all D2D users. Otherwise, the
power is 0. Equivalently, transmit power at D2D users k can be expressed as

{P (f)
k , P

(r)
k } =

{
Pd with probability pt (dk,k) ,

0 with probability 1− pt (dk,k) ,
(4.1)

where pt (dk,k) denotes the transmit probability at D2D users, and it can be calculated as

pt (dk,k) = P
[
g

(z)
k,kd

−α
k,k ≥ Gmin

]
= exp(−Gmind

α
k,k), (4.2)

where z ∈ {f, r}. Note that through out this work, as similar to [66], we assume that the transmit
power at cellular user is fixed at Pc. Certainly, the power level used at the cellular user will have
an impact on the overall performance. If a power mechanism can be performed at the cellular user,
further improvement will be achieved. But this process requires a certain type of coordination
among the D2D users, the BS, and the cellular user. As a result, there is a trade-off between
performance and complexity that needs to be investigated, and it goes beyond the scope of this
work.

Key Performance Metrics

For a given power allocation scheme with P (f)
k and P (r)

k at D2D users, we now define the corre-
sponding network performance metrics, including coverage probabilities of cellular and D2D links
and D2D link sum-rate. As such, the instantaneous SINRs at the r/f-D2D user k and the BS for the
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cellular user-BS link can be expressed as follows:

SINR(r)
k =

g
(f)
k,kd

−α
k,kP

(f)
k

g
(r)
0,k

(
d

(r)
0,k

)−α
Pc + I

(f→r)
k + I

(r→r)
k + βP

(r)
k + σ2

d

,

SINR(f)
k =

g
(r)
k,kd

−α
k,kP

(r)
k

g
(f)
0,k

(
d

(f)
0,k

)−α
Pc + I

(f→f)
k + I

(r→f)
k + βP

(f)
k + σ2

d

,

SINR0 =
g0,0d

−α
0,0Pc

I
(f)
0 + I

(r)
0 + σ2

c

,

where σ2
d and σ2

d are the noise powers at D2D and cellular receivers, repetitively. Furthermore, I(z)
k

with z ∈ {f → r, f → f, r → f, r → r} and I(z)
0 , z ∈ {f, r}, are the corresponding interference

powers defined by

I
(z)
k =

K∑
l=1,l 6=k

g
(z)
l,k

(
d

(z)
l,k

)−α
P

(f)
l , z ∈ {f → r, f → f},

I
(z)
k =

K∑
l=1,l 6=k

g
(z)
l,k

(
d

(z)
l,k

)−α
P

(r)
l , z ∈ {r → f, r → r},

I
(z)
0 =

K∑
k=1

g
(z)
0,k(d

(z)
0,k)
−αP

(z)
k , z ∈ {f, r}.

The coverage probabilities for cellular user pc(γc) and D2D users pd(γd) are then defined as

pc(γc) = E [P (SINR0 ≥ γc)] , (4.3)

pd(γd) = E
[
P
(

SINR(z)
k ≥ γd

)]
, z ∈ {f, r}. (4.4)

Here, γc and γd represent the target SINR at cellular/D2D link, respectively, and E[·] denotes
the expectation over locations of cellular and D2D users. In addition, P(SINR0 ≥ γc) and
P(SINR(z)

k ≥ γd), z ∈ {f, r}, are the complementary cumulative distribution functions (CCDFs)
conditioned on the locations of cellular user, f-D2D user k and r-D2D user k, respectively. Note
that for centralized power control, the coverage probability can be calculated as the average frac-
tion of cellular/D2D links that can achieve a target SINR over many network realizations [128].
It is because in this case, the locations of cellular and D2D users are different in each network
realization. On the other hand, for distributed power control, the calculation of coverage probabil-
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ities involves the estimation of CCDFs of SINR0, SINR(f)
k , and SINR(r)

k and the expectations over
distance distributions of cellular and D2D links.

Assuming that Gaussian signaling schemes are used at all the users, the interference is also
Gaussian distributed. Thus, the ergodic sum-rate of D2D links can be written as

Rd = E

[
K∑
k=1

(
log2

(
1 + SINR(r)

k

)
+ log2

(
1 + SINR(f)

k

))]
,

where the expectation is taken over the network realizations and the SINR distribution for central-
ized and distributed power control schemes, respectively. We should emphasize that in this work,
it is of our interest to only study the sum-rate of D2D users instead of the total sum-rate of D2D
and cellular users. The reason for that is because we consider a single cellular user in the network.
As we will describe shortly, in the case of the centralized power algorithm, this cellular user is
always guaranteed a minimum quality of service. For the distributed power control, we assume a
fixed power at the cellular user, and focus mainly on an effective power control method for D2D
users and their performance.

Before closing this section, we should also note that while K potential D2D links are estab-
lished, a pair of specific D2D users is not necessarily forced to make a D2D communications
right away. Depending on whether that D2D communications is helpful to enhance the spectral
efficiency/coverage probability and/or to protect the preexisting cellular link, it might be removed
from the D2D mode. This process is reflected in detail in the solutions of the two proposed power
allocation schemes that shall be studied in the subsequent parts of the chapter.

4.3 Centralized Power Control

In this section, we shall develop a centralized power control algorithm that maximizes the sum-
rate of D2D links while satisfying the target SINR constraints at both cellular user-BS link and
D2D users. Note that different with the ad hoc network, in D2D cellular system, the centralized
power control is performed at the central controller [66], where the global CSI and locations of
both cellular and D2D users are available at the BS. For a given network realization, the achievable
rate of D2D link k is given as follows:

Rk = log2

(
1 + SINR(f)

k

)
+ log2

(
1 + SINR(r)

k

)
. (4.5)
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For simplicity, we assume that D2D users have the same minimum target SINR γd, while the
minimum quality service of the cellular user is reflected in γc, the minimum target SINR for the
cellular user-BS link. The sum-rate optimization problem is then formulated as

max
{P (r)
k ,P

(f)
k }

K
k=1

Rd =
K∑
k=1

Rk (4.6a)

s.t. SINR(z)
k ≥ γd, z ∈ {f, r}, k = 1, . . . , K, (4.6b)

SINR0 ≥ γc, (4.6c)

0 ≤ P
(f)
k , P

(r)
k ≤ Pd, k = 1, . . . , K. (4.6d)

Before solving (4.6), the following lemma first establishes necessary conditions to ensure that the
feasible solution set of (4.6) is always nonempty.

Lemma 4. The feasible solution of optimization problem (4.6) exists if the following two conditions

are satisfied

g0,0d
−α
0,0

K∑
k=1

[
g

(f)
0,k

(
d

(f)
0,k

)−α
+ g

(r)
0,k

(
d

(r)
0,k

)−α]
+ σ2

c

≥ γcPd
Pc

, (4.7a)

and λmax < 1. (4.7b)

Here, λmax is the maximum positive real eigenvalue of a 2K × 2K matrix F defined as

Fl,k =



0, k = l, k = 1, . . . , 2K,

β, l = k +K, k = 1, . . . , K,

g
(f→r)
l,k

(
d

(f→r)
l,k

)−α
g

(r)
k,kd

−α
k,k

, k 6= l; l, k = 1, . . . , K,

g
(r→r)
l,k−K

(
d

(r→r)
l,k−K

)−α
g

(r)
k,kd

−α
k,k

, k = 1, . . . , K; l = K + 1, . . . , 2K,

β, l = k −K, k = K + 1, . . . , 2K,

g
(f→f)
k−l,k

(
d

(f→f)
k−l,k

)−α
g

(f)
k−K,k−Kd

−α
k−K,k−K

, k = K + 1, . . . , 2K,

l = 1, . . . , K,

g
(f→r)
k−l,k−K

(
d

(f→r)
k−l,k−K

)−α
g

(f)
k−K,k−Kd

−α
k−K,k−K

, l, k = K + 1, . . . , 2K; k 6= l.

(4.8)

Note that in (4.8), g(z)
k,k

(
d

(z)
k,k

)−α
= 0 for k = 1, . . . , K and z ∈ {f → f, r → r}.
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Proof. Condition (4.7a) comes directly from the constraints (4.6c) and (4.6d). Condition (4.7b)
can be obtained by utilizing the well-known Perron-Frobenius theorem [129] and constraint (4.6b).
Specifically, we first rewrite (4.6b in a vector form by

(I− F)p ≥ bT, (4.9)

where p =
[
P

(f)
1 , . . . , P

(f)
K , P

(r)
1 , . . . , P

(r)
K

]T
denotes the nonnegative power vector and I is the

identity matrix. Further, the target SINR vector b is defined as

bk =


γd

(
σ2+g

(r)
0,k

(
d

(r)
0,k

)−α
Pc

)
g

(r)
k,kd

−α
k,k

, k = 1, . . . , K,

γd

(
σ2+g

(f)
k−0,k

(
d

(f)
k−0,k

)−α
Pc

)
g

(f)
k−K,k−Kd

−α
k−K,k−K

, k = K + 1, . . . , 2K.

The matrix F defined in (4.8) is irreducible because all D2D users are transmitting and interfering
each others. From (4.9) and the fact that b > 0, we obtain the inequality (I − F)p > 0, which
is equivalent to Fp < p. Condition (4.7b) then can be achieved by Perron-Frobenius theorem
[129].

Because the number of D2D links and corresponding locations of D2D users are randomly dis-
tributed in each network realization, there is a possibility that the conditions (4.7a) and (4.7b) are
not met, which results in an empty feasible set of the optimization problem in (4.6). To overcome
this issue, we can first implement an admission control method to ensure that the solution of (4.6)
is feasible by selecting a subset of active D2D links. In particular, the BS first checks the two con-
ditions (4.7a) and (4.7b). If they are not satisfied, BS removes the D2D link that potentially causes
highest interference to it. To do so, BS simply drops the D2D link k that results in the maximum

value of g(r)
0,k

(
d

(r)
0,k

)−α
+ g

(f)
0,k

(
d

(f)
0,k

)−α
, k = 1, . . . , K, to protect the preexisting cellular link. BS

will continue to remove D2D links until the conditions (4.7a) and (4.7b) are met. Note that the
problem to select the subset of D2D links satisfying the conditions (4.7a) and (4.7b) can be solved
by the well-known brute-force algorithm with the required number of condition computations be-
ing
∑K

k=1

(
N
k

)
. As such, the computational complexity of the conventional brute-force algorithm

grows exponentially with the number of D2D links K. Meanwhile, the computational complexity
of proposed admission control scheme only increases linearly with K, which is more efficient.

Given the above admission control mechanism, we are now ready to address the optimal so-
lution of (4.6). Because the objective function (4.6a) is nonconcave, (4.6) is a nonconvex opti-
mization problem. As such, it is not possible to directly obtain the globally optimal solution. As
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an alternative, our idea is to apply the difference of convex (DC)-based approach [115, 116] to
transform (4.6) into a sequence of convex problems where each problem can be solved effectively
by standard convex optimization techniques. The idea of this DC-based approach is to exploit the
DC structure of the objective function so that we can develop a sequential convex programming
algorithm that approximately locates the globally optimal point with a low complexity. Such an
approach represents the objective function f of the nonconvex optimization problem as a differ-
ence of two convex functions u and v, i.e., f = u − v, and the linear approximation to v can
then be applied. The function f is then approximated by a convex function and the corresponding
optimization problem becomes convex. As a result, the global optimal solution can be achieved by
solving a sequence of convex optimization problems. The detailed procedure is given as follows.

We first rewrite (4.6) as the following minimization problem

min
p

−Rd (4.10)

s.t. (4.6b) - (4.6d).

Here, the Rd can be expressed in a DC form as

−Rd(p) = U(p)− V (p) , (4.11)

where

U(p) =− 1

ln(2)

K∑
k=1

ln

(
g

(f)
k,kd

−α
k,kP

(f)
k + g

(r)
0,k

(
d

(r)
0,k

)−α
Pc + I

(f→r)
k + I

(r→r)
k + βP

(r)
k + σ2

d

)

− 1

ln(2)

K∑
k=1

ln

(
g

(r)
k,kd

−α
k,kP

(r)
k + g

(f)
0,k

(
d

(f)
0,k

)−α
Pc + I

(f→f)
k + I

(r→f)
k + βP

(f)
k + σ2

d

)
,

V (p) =− 1

ln(2)

K∑
k=1

ln

(
g

(r)
0,k

(
d

(r)
0,k

)−α
Pc + I

(f→r)
k + I

(r→r)
k + βP

(r)
k + σ2

d

)

− 1

ln(2)

K∑
k=1

ln

(
g

(f)
0,k

(
d

(f)
0,k

)−α
Pc + I

(f→f)
k + I

(r→f)
k + βP

(f)
k + σ2

d

)
.

The functions U and V are convex. Now, we approximate −Rd as −Rd ≈ U(p) − V ′(p) where
V ′(·) is the first-order Taylor’s series of V at p = p̃. Specifically, we have

V (p) ≈ V ′(p) = V (p̃) + 〈∇V (p̃),p− p̃〉 (4.12)
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with∇V (·) being the gradient of V , and it is calculated as

∇V
(
P

(z)
l

)
=− 1

ln(2)

K∑
k=1

e
(z)
l (k)

g
(r)
0,k

(
d

(r)
0,k

)−α
Pc + I

(f→r)
k + I

(r→r)
k + βP

(r)
k + σ2

d

− 1

ln(2)

K∑
k=1

v
(z)
l (k)

g
(f)
0,k

(
d

(f)
0,k

)−α
Pc + I

(f→f)
k + I

(r→f)
k + βP

(f)
k + σ2

d

,

for z ∈ {f, r}. The vectors e(z)
l ,v

(z)
l ∈ RK are defined by

e
(f)
l (k) =

 0 for k = l,

g
(f→r)
l,k

(
d

(f→r)
l,k

)−α
for l 6= k,

v
(f)
l (k) =

 β for k = l,

g
(f→f)
l,k

(
d

(f→f)
l,k

)−α
for l 6= k,

e
(r)
l (k) =

 β for k = l,

g
(r→r)
l,k

(
d

(r→r)
l,k

)−α
for l 6= k,

v
(r)
l (k) =

 0 for k = l,

g
(r→f)
l,k

(
d

(r→f)
l,k

)−α
for l 6= k.

When p̃ is close to p, the approximation (4.12) is tight. Further, the function U(p) − V ′(p)

is convex since V ′(p) is linear. Therefore, the nonconvex optimization problem (4.10) can be
approximated effectively by the following convex optimization problem

min
p

U(p)− V ′(p) (4.13)

s.t. (4.6b) - (4.6d).

Given (4.13), an iterative algorithm can be developed to solve (4.6) as follows. The algorithm
generates a sequence p(n) to improve the optimal solutions. From the first feasible solution p(0)

that is randomly generated, at n−th iteration, we obtain an optimal solution of the following convex
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program

min
p

U(p)− V
(
p(n)

)
−
〈
∇V

(
p(n)

)
,p− p(n)

〉
(4.14)

s.t. (4.6b) - (4.6d),

which can be solved effectively by using standard convex programming tools. Because the con-
straint set (4.6b) - (4.6d) is compact, the sequence {p(n)} always converges by Cauchy theo-
rem [115]. We can set to stop the iterative algorithm when there is no rate improvement, i.e.,∣∣Rd(p

(n))−Rd(p
(n−1))

∣∣ ≤ ε, with ε being a chosen threshold. Following the same analysis
as in [115, 116], it can be verified that the complexity of iterative power allocation algorithm is
O(K3). For convenience, the centralized power control algorithm including admission control
method and iterative power allocation algorithm is summarized in Algorithm 1.

Algorithm 1 Iterative DC-based algorithm
1: Set the initial square matrix FK , assuming K D2D links are transmitting.
2: repeat
3: Test the condition (4.7a) and (4.7b).

4: Remove the D2D link k such that k = arg max
k=1,...,K

g
(r)
0,k

(
d

(r)
0,k

)−α
+ g

(f)
0,k(g

(f)
0,k)
−α.

5: Assign K = K − 1 and update FK .
6: until (4.7a) and (4.7b) are satisfied
7: Set n = 0, randomly initialize p(0) and choose ε.
8: repeat
9: Calculate Rd(p

(n)) = V
(
p(n)

)
− U(p(n)) and update U(p) − V

(
p(n)

)
−〈

∇V
(
p(n)

)
,p− p(n)

〉
.

10: Solve the convex program (4.13) to obtain the solution p? and calculate −Rd(p
?) =

U(p?)− V (p?).
11: Assign n = n+ 1 and p(n) = p?.
12: until Rd converges, i.e.,

∣∣Rd(p
(n))−Rd(p

?)
∣∣ ≤ ε

Finally, given the optimal solutions of centralized power control, the coverage probabilities of
cellular/D2D links can be obtained by averaging the fraction of cellular/D2D links that achieve the
corresponding target SINRs over time. In addition, the average sum-rate of D2D links can also be
obtained in a similar manner.



4 Power Allocation and Performance Analysis of Full-Duplex D2D Cellular Networks in
Single-Cell Setting 61

4.4 Distributed Power Control

In this section, we turn our attention to the distributed power control provided in (4.1). The focus
is on the calculation of pc(·) and pd(·). In the following, we will start with the coverage probability
for cellular user pc(·) before extending the results to the coverage probability for D2D users pd(·).
Finally, an effective way to compute the D2D link sum-rate Rd is given. Based on this analytical
result, the optimal threshold Gmin maximizing Rd is also derived.

4.4.1 Cellular Link Coverage Probability

The first step to calculate pc(·) is to evaluate the distribution of SINR0. It is easy to see that the
probability density function (PDF) of the distance d0,0 from CU to BS is

fd0,0(r) =

{
2r
R2 , if 0 ≤ r ≤ R

0, otherwise.
(4.15)

Thus, for a fixed d0,0 = r, we obtain

P (SINR0 ≥ γc) = P

(
g0,0r

−αPc

I
(f)
0 + I

(r)
0 + σ2

c

≥ γc

)
= E

[
exp

(
−rαP−1

c γc

(
I

(f)
0 + I

(r)
0 + σ2

c

))]
, (4.16)

where the above expectation is taken over the distributions of g(z)
0,k, d

(z)
0,k, and P (z)

k , z ∈ {f, r}. For
convenience, we rewrite (4.16) as the product of two expectations as follows:

P (SINR0 ≥ γc) = exp
(
−r−αP−1

c γcσ
2
c

)
E
[
exp

(
−r−αP−1

c γcI
(f)
0

)]
E
[
exp

(
−r−αP−1

c γcI
(r)
0

)]
= exp

(
−r−αP−1

c γcσ
2
c

)
E

[(
−r−αP−1

c γc

K∑
k=1

g
(f)
0,k

(
d

(f)
0,k

)−α
P

(f)
k

)]

× E

[
exp

(
−r−αP−1

c γc

K∑
k=1

g
(r)
0,k

(
d

(f)
0,k

)−α
P

(r)
k

)]
. (4.17)
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To simplify (4.17) further, we apply the following Laplace transform [66]

LΦ(s) = E
g

(z)
0,k,d

(z)
0,k,P

(z)
k

[
exp

(
−s

K∑
k=1

g
(z)
0,k

(
d

(z)
0,k

)−α
P

(z)
k

)]

=

(
− π

sinc( 2
α

)
λds

− 2
αE
[
(P

(z)
k )−

2
α

])
, (4.18)

where z ∈ {f, r} and sinc(y) = sin(πy)/(πy), and λd is the density of operating D2D links. It
then follows that

P (SINR0 ≥ γc) = exp

(
−rαP−1

c γcσ
2
c −

πλdγ
− 2
α

c

sinc( 2
α

)
r2P

− 2
α

c

(
E
[
(P

(f)
k )−

2
α

]
+ E

[
(P

(r)
k )−

2
α

]))
.

(4.19)

To calculate λd, we note that λd = P (r ≤ dmax) πλR2, where P (r ≤ dmax) is the probability that
the distance between two nodes placed randomly within a circle with radius R not exceeding dmax.
This probability is given in the following lemma.

Lemma 5. Denoting v = r2
max/(2R), P (r ≤ dmax) can be calculated in closed-form as follows:

P (r ≤ dmax) = − 2

π

[√
1− v2

(
2v3 − v

)
arcsin (v)

]
+

4

π

[
−v
√

1− v2 + 2v2 arccos (v) + arcsin (v)
]
. (4.20)

Proof. See Appendix 4.7.1.

Furthermore, in (4.19), E
[
(P

(r)
k )−

2
α

]
and E

[
(P

(f)
k )−

2
α

]
can be approximated as ptP

− 2
α

d . Here,
pt is the average transmit probability, which can be effectively computed as

pt = Edk,k [pt (dk,k)] =

dmax∫
0

pt(r)fd(r)

P (r ≤ dmax)
dr. (4.21)

As a result, we obtain

P (SINR0 ≥ γc) = exp

(
−r−αP−1

c γcσ
2
c −

2πλdγ
2
α
c

sinc( 2
α

)
r2

(
Pd
Pc

) 2
α

pt

)
.

Given that, the coverage probability of cellular link can be computed by taking average of P (SINR0 ≥ γc)
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over the cellular link distance distribution as follows:

pc(γc) =

R∫
0

exp

(
−r
−αγcσ

2
c

Pc

)
exp

(
−2πλdγ

2
α
c

sinc( 2
α

)
r2

(
Pd
Pc

) 2
α

pt

)
2r

R2
dr. (4.22)

Since −r−αγcσ2
c/Pc is small, we can approximate exp(−r−αγcσ2

c/Pc) as 1− r−αγcσ2
c/Pc. pc(γc)

can then be effectively calculated in closed-form as

pc(γc) ≈
R∫

0

(
1− rαγcσ

2
c

Pc

)
exp

(
−2πλdγ

2
α
c

sinc( 2
α

)
r2

(
Pd
Pc

) 2
α

pt

)
2r

R2
dr

=
1

R2

R2∫
0

(
1− xα/2P−1

c γcσ
2
c

)
exp

(
−2πλdγ

2
α
c

sinc( 2
α

)
x

(
Pd
Pc

) 2
α

pt

)
dx

(a)
=

sinc( 2
α

)
(

1− exp
(
−a1

a2

))
a1

−R−2sinc
(

2

α

) (2+α)
2

σ2
c (πλd)

−α
2 (2pt)

−α
2 Pd

×
[
Γ

(
(2 + α)

2

)
− Γ

(
(2 + α)

2
,
a1

a2

)]
, (4.23)

where a1 = 2πλdR
2γ
− 2
α

c ptP
− 2
α

d and a2 = P
− 2
α

c sinc( 2
α

). Furthermore, in (a) we use the transfor-
mation x = r2 and (4.23) follows from the integral equation

∫ c
0
e−axxbdx = Γ(b+1)−Γ(b+1,ac)

ab+1 with
Γ(·) and Γ(·, ·) being the Gamma function and incomplete Gamma function, respectively.

We next derive simple bounds on cellular coverage probability in the following lemma.

Lemma 6. The cellular coverage probability is bounded by

exp

(
− 2Rαγcσ

2
c

(2 + α)Pc
− a1

a2

R2

(
2

2 + α

)2α
)
≤ pc(γc) ≤

1− exp (−a1R
2/a2)

a1R2/a2

. (4.24)

Proof. See Appendix 4.7.2.

Lemma 6 gives intuition into the effect of underlaid FD D2D communication on the perfor-
mance of cellular systems via important parameters. For instance, a clear observation is that the
coverage probability pc(·) depends on two parameters related to D2D, namely the D2D links den-
sity λd of and the 2

α
-th moment of transmit power ptP

2
α
d at D2D users. More specifically, pc(·)

decreases exponentially as λd and ptP
2
α
d increase and vise versa.
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4.4.2 D2D Link Coverage Probability

Now, for the D2D link coverage probability, conditioned on link distance dk,k = r and transmit
power P (f)

k = P , the conditional distribution function of SINR at a r-D2D user k can be calculated
as

P
(

SINR(r)
k ≥ γd

∣∣∣P (f)
k = P

)
= E

[
exp

(
−r−αP−1γd(d

(r)
0,k)
−αPc + I

(f→r)
k + I

(r→r)
k + βP

(r)
k + σ2

d)
)]

= E
[
exp

(
−r−αP−1γdg

(r)
0,k

(
d

(r)
0,k

)−α
Pc

)]
E
[
exp

(
−r−αP−1γd(βP

(r)
k + σ2

d)
)]

× E
[
exp

(
−r−αP−1γdI

(f→r)
k

)]
E
[
exp

(
−r−αP−1γdI

(r→r)
k

)]
. (4.25)

Note that each expectation in (4.25) is taken over the distributions of link distances, fading gains,

and D2D transmit powers. Let us consider the first expectation E
[
e
−r−αP−1γdg

(r)
0,k

(
d

(r)
0,k

)−α
Pc

]
. Since

the CU and r-D2D user k are both placed uniformly within the cell, the distance between CU and a
r-D2D user and the D2D link distance must follow the same distribution, i.e., f

d
(r)
0,k

(l) = fd(l), l ∈
[0, 2R] , where fd(·) is given in (4.38). Therefore, we have

E
[
exp

(
−r−αP−1γdg

(r)
0,k

(
d

(r)
0,k

)−α
Pc

)]
=

2R∫
0

∞∫
0

exp
(
−r−αP−1γdPcgl

−α − g
)
f
d

(r)
0,k

(l)dgdl

=

∫ 2R

0

f
d

(r)
0,k

(l)

1 + r−αP−1γdPcl−α
dl

≈ 1

1 + r2P−
2
αγ
− 2
α

d P
− 2
α

c E
[
d

(r)
0,k

]−2 . (4.26)

In (4.26), we have used the approximation

2R∫
0

f
d

(r)
0,k

(l)

1 + a
(
d

(r)
0,k

)−αdl = E

 1

1 + a(
d

(r)
0,k

)α
 ≈ 1

1 + a−
2
α

E
[
d

(r)
0,k

]2 ,
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for a ≥ 0. Also, note that E
[
d

(r)
0,k

]
= 128R

45π
[130]. Regarding the second expectation in (4.25), it

can be calculated as

E
[
exp

(
−r−αP−1γd(βP

(r)
k + σ2

d)
)]
≈ exp

(
−r−αP−1γdEP (r)

k

[
βP

(r)
k + σ2

d

])
= exp

(
−r−αP−1γd(pt(r)βPd + σ2

d)
)
. (4.27)

For the third and fourth expectations in (4.25), applying the Laplace transform as in (4.18), we
have

E
[
exp

(
−r−αP−1γdI

(f→r)
k

)]
E
[
exp

(
−r−αP−1γdI

(r→r)
k

)]
= E

g
(f→r)
l,k ,d

(f→r)
l,k ,P

(f)
l

[
exp

(
−r−αP−1γd

K∑
l 6=k

g
(f→r)
l,k (d

(f→r)
l,k )−αP

(f)
l

)]

× E
g

(f→r)
l,k ,d

(f→r)
l,k ,P

(f)
l

[
exp

(
−r−αP−1γd

K∑
l 6=k

g
(r→r)
l,k (d

(r→r)
l,k )−αP

(r)
l

)]

= exp

(
− π

sinc
(

2
α

)λdγ− 2
α

d r2P−
2
α

(
E
[(
P

(r)
l

)− 2
α

]
+ E

[(
P

(f)
l

)− 2
α

]))

= exp

(
− 2π

sinc
(

2
α

)λdγ− 2
α

d r2

(
P

Pd

)− 2
α

pt(r)

)
. (4.28)

Then by substituting (4.26), (4.27) and (4.28) into (4.25), we obtain

P
(

SINR(r)
k ≥ γd

∣∣∣P (f)
k = P

)
≈ F (d, p)

=

exp

(
−r−αP−1γd(pt(r)βPd + σ2

d)− 2π

sinc( 2
α)
λdγ

2
α
d r

2
(
P
Pd

)− 2
α
pt(r)

)
1 + r2

(
Pc
P

) 2
α γ

2
α
d

(
128R
45π

)−2
.

By taking the average over both the link distance d and the transmit power p, the D2D coverage
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probability is given by

pd(γd) ≈ Er [pt(r)F (d, Pd) + (1− pt(r))F (d, 0)]

= Er [pt(r)F (d, Pd)]

=

dmax∫
0

exp

(
−r−αP−1

d γd(pt(r)βPd + σ2
d)− 2π

sinc( 2
α)
λdγ

2
α
d r

2pt(r)

)
1 + r2γ

− 2
α

d (Pc
Pd

)
2
α

(
128R
45π

)−2
· pt(r)fd(d)

P(d ≤ dmax)
dr,

(4.29)

where the third equation comes from the fact that F (l, 0) = 0. Furthermore, pt(·), fd(·) and
P (r ≤ dmax) are given in (4.2), (4.38) and (4.20), respectively. The expression in (4.29) can be
simplified further, which is stated in the following lemma.

Lemma 7. The coverage probability of a typical D2D user can be approximated as

pd(γd) ≈ pt exp

(
−
(

128R

45π

)α/2
P−1
d γd(ptβPd + σ2

d)

)

×e
A/B

B
Ei (−(A/B)(x+ 1)) |x=BC

x=0 , (4.30)

where A = 2π

sinc(− 2
α)
λdγ

− 2
α

d pt, B = 2µ2P (r ≤ dmax)
(

1 + γ
− 2
α

d (Pc
Pd

)−
2
αx
(

128R
45π

)−2
)

, C = d2
max, and

Ei(z) =
∫∞
−z

e−t

t
dt is the exponential integral function.

Proof. See Appendix 4.7.3.

4.4.3 Achievable Sum-Rate of D2D links

Given the results in the previous subsection, in this subsection, we analyze the sum-rate of D2D
links and characterize the optimal transmit thresholds. Let S = λdP

[
g

(f)
k,kd

−α
k,k ≥ Gmin

]
πR2 =

λdP
[
g

(r)
k,kd

−α
k,k ≥ Gmin

]
πR2 be the number of active D2D links (either forward link or reverse link).
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The achievable sum-rate of FD D2D links can be estimated as follows:

R
(FD)

d = E

[
K∑
k=1

(
log2(1 + SINR(f)

k ) + log2(1 + SINR(r)
k )
)]

(a)
=

S

ln(2)
E
[
ln
(

1 + SINR(f)
k

)
+ ln

(
1 + SINR(r)

k

)]
=

2S

ln(2)

∫ ∞
0

ln(1 + x)d
(
Edk,k

[
P
(

SINR(f)
k ≥ x

)])
(b)
=

∞∫
0

2SEdk,k
[
P
(

SINR(f)
k ≥ x

)]
ln(2)(1 + x)

dx, (4.31)

where (a) is from the Slivynak’s Theorem and (b) is obtained from integration by parts. Combining
(4.29) into (4.31), the average sum-rate of D2D links can be written as

R
(FD)

d ≈ 2λdπR
2

∞∫
0

dmax∫
0

pt(r)
2

ln(2)(1 + x)
exp

(
−r−αP−1

d x(pt(r)βPd + σ2
d)
)

×
exp

(
− 2π

sinc(− 2
α)
λdx

2
α r2pt(r)

)
1 + r2x

2
α (Pc

Pd
)

2
α

(
128R
45π

)−2

fd(d)

P (r ≤ dmax)
dr dx. (4.32)

Note that while (4.32) still involves a double integral, it can be effectively calculated. It is because
the limits of inside integral of (4.32) is finite and the integrand of (4.32) goes to 0 as x→∞.

Given the approximation of D2D link sum-rate in (4.32), it is possible to derive an optimal
transmit threshold G?

min by maximizing the instantaneous sum-rate R(FD)
d (γd, dk,k) at the SINR

target x = γd and the link distance r = dk,k. The optimal threshold G?
min is provided in the

following lemma.

Lemma 8. When the on-off power allocation is employed at D2D users, the optimal threshold

G?
min at a target SINR γd and D2D link distance dk,k that maximizes the instantaneous sum-rate

R
(FD)
d (γd, dk,k) is

G?
min = −d−αk,k ln(p?t ), (4.33)
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where p?t denotes the optimal transmit probability and it is expressed as

p?t = min

1,
2

dαk,kγdβ + 2π

sinc( 2
α)
λdγ

− 2
α

d d2
k,k

 . (4.34)

Proof. At a given target SINR γd and a typical D2D link distance dk,k, the instantaneous sum-rate
R

(FD)
d (γd, dk,k) is written as follows:

R
(FD)
d (γd, dk,k) ≈

2λdπR
2p2
t log2(1 + γd)

1 + d2
k,kγ

2
α
d (Pc

Pd
)

2
α

(
128R
45π

)−2

× exp

(
−dαk,kP−1

d γd(ptβPd + σ2
d)−

2π

sinc
(

2
α

)λdγ− 2
α

d d2
k,kpt

)
(4.35)

with pt = exp(−Gmind
α
k,k) being the transmit probability of a typical D2D link k. To obtain the

optimal transmit threshold G?
min, we need to find the optimal probability p?t that maximizes the

sum-rate (4.35). To this end, taking the first derivative of (4.35) with respect to (w.r.t.) pt yields

∂R
(FD)
d (γd)

∂pt
= 2B1pte

−B2pt(2−B2pt), (4.36)

where

B1 =
2λdπR

2 log2(1 + γd) exp
(
−dαk,kP−1

d γdσ
2
d

)
1 + d2

k,kγ
− 2
α

d (Pc
Pd

)
2
α

(
128R
45π

)−2
, (4.37a)

B2 = dαk,kγdβ +
2π

sinc
(

2
α

)λdγ− 2
α

d d2
k,k. (4.37b)

From (4.36), R(FD)
d (·, ·) is a decreasing function w.r.t. pt when pt ≥ 2/B2. In addition, from the

fact that pt ∈ [0, 1], the sum-rate R(FD)
d (·, ·) achieves its maximum value at p?t = min {1, 2/B2}.

Combining with Gmin = −d−αk,k ln(pt), we obtain (4.33). Therefore, lemma 8 is proved.

Lemma 8 provides an optimal mechanism to employ the on-off power control at each D2D user.
In particular, for a typical D2D link k, let γ?d be the solution of equation dαk,kγdβ + 2π

sinc(− 2
α)
λdγ

− 2
α

d d2
k,k =

2. When the target SINR is small, i.e., γd ≤ γ?d , D2D users should transmit at their maximum pow-
ers in order to achieve the maximum sum-rate. Otherwise, when γd > γ?d , they should use the
on-off power control with transmit probability p?t given in (4.34).
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4.5 Illustrative Results

In this section, numerical results are provided to confirm our calculation of the performance met-
rics for the considered D2D cellular network using centralized and distributed power allocation
methods. For each power allocation mechanism, comparisons with HD counterparts are also made
to demonstrate the benefits of FD operation. Our Monte Carlo simulations are performed as fol-
lows. The cellular and D2D users are dropped according to PPPs within a circle where the BS is
located at origin (0, 0) and the radius is R. We then select the D2D links having distances not ex-
ceed dmax. The channel gains are generated independently according to an exponential distribution
with unit parameter. In our simulations, we assume that the cellular user uses a constant transmit
powers Pc while D2D users can use power control (either centralized or on-off power control). In
centralized power control algorithm, we choose the maximum transmit power at D2D users and
the rate improvement threshold as Pd and ε, respectively. If the on-off power control is employed
at D2D user k, they use the transmit power Pk = Pd, k = 1, . . . , K, when the link qualities
are not below the threshold Gmin. Otherwise, they stop transmitting. The path-loss exponent is
chosen as α. Furthermore, the self-interference-to-power-ratio (SIPR) is chosen as β. Simulation
results are averaged over 2, 000 independent network realizations. Unless state otherwise, Table
4.1 summarizes the numerical values of parameters used in our simulations.

Note that in the simulation for the HD network, we adopt a similar setup as in [66] using the
same parameters as in the considered FD D2D network. However, different from [66], locations of
both D2D transmitters and receivers are generated using two independent PPPs, and the D2D link
selection is based on the distance-based model.

Table 4.1 Simulation Parameters
Cell radius R 500 m

Density of D2D links λd 10 and 40 links/km2

Maximum D2D link distance dmax 50 m
Path-loss exponent α 4

Cellular transmit power Pc 100 mW
Maximum D2D transmit power Pd 0.2 mW

Noise variance for 1 MHz bandwidth −143.97 dBm
Self-interference-to-power-ratio β −80 dB
Number of network realizations 2, 000
Rate improvement threshold ε 10−5
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4.5.1 Centralized Power Control

Let first consider the centralized power control. For completeness, we consider both sparse and
dense deployment of D2D links where the corresponding link densities are chosen as λd = 10

and λd = 40 links/km2, respectively. The average numbers of underlaid D2D links are therefore
E[K] = πλdR

2 = 8 and E[K] = πλdR
2 = 31, respectively. For convenience, we assume that the

minimum target SINR for D2D users γd and cellular user γc are the same.
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Fig. 4.2 Coverage probabilities of cellular and D2D links versus target SINR via
centralized power control.

Fig. 4.2 first shows the coverage probabilities of cellular and D2D links. It is interesting to see
from Fig. 4.2 that the centralized power control provides a nearly perfect coverage probability for
the cellular link in a wide range of target SINRs, while successfully supporting the underlaid D2D
communication. It can be seen that when the density of D2D users increases, the D2D coverage
probability, which is the fraction of D2D links that achieves a certain target SINR, is reduced. It is
because more D2D links have been removed from the potential D2D list established initially. For
example, when the target SINR is 5 dB, the D2D coverage probabilities are 0.77 and 0.37 when
λd = 10 and λd = 40 links/km2, respectively.

The corresponding sum-rates of D2D links are presented in Fig. 4.3 for two realistic FD op-
erations with SIPRs β = −80 dB and β = −100 dB. For comparison, the result with a perfect
self-interference cancellation is also provided. As illustrated in Fig. 4.3, incorporating underlaid
FD D2D communications into cellular network significantly improves the overall cellular network
throughput while ensuring the reliable transmission at preexisting cellular link. To further demon-
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Fig. 4.3 Sum-rate of D2D links versus target SINR via centralized power control.

strate the benefits of FD over HD, the sum-rates of HD D2D links are also included in Fig. 4.3 for
two D2D link densities of λd = 10 and λd = 40 links/km2. It is shown in Fig. 4.3 that, compared
to the HD counterpart, a significant sum-rate improvement can be achieved by integrating FD into
D2D communications. For example, if a self-interference cancellation (SIC) level of 100 dB can
be achieved, FD to HD D2D sum-rate gain ratio of 1.4 at λd = 40 links/km2 can be achieved at the
SINR of 5 dB. It can also be seen that the sum-rates of D2D links at SIC of 100 dB and perfect SIC
are almost identical. It indicates that a SIC level of 100 dB is sufficient to exploit the benefit offered
by FD. Note that the gain ratio is slightly higher at lower SINRs. For other setups and/or SINRs,
the gain might not be as good as that. Therefore, as a future work, it is interesting to rigorously
quantify the gain of FD over HD under different environments.

4.5.2 Distributed Power Control

In the case of distributed power control, to validate our approximation of coverage probability
of cellular link in (4.23), Fig. 4.4 first shows this approximation and corresponding coverage
probability obtained by Monte Carlo simulation over wide range of SINRs and two different D2D
link densities, λd = 10 and λd = 40 links/km2. The tightness of the approximation in (4.23) is
clearly observed.

In Fig. 4.5, we plot the approximation of coverage probability of D2D link in (4.30) with
simulation result. As shown in Fig. 4.5, the proposed approximation is very tight when λd = 10

links/km2, i.e. the D2D link deployment is sparse. In dense D2D link deployment with λd = 40
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links/km2, the approximation is not as tight as the case of λd = 10 links/km2. The main reason for
the variation in the gap between simulation and approximation of pd(·) when λd changes is because
of multiple approximations we have adopted to arrive at the closed-form approximation of pd(·) in
(4.30). It is certainly of much interest to analytically quantify the error of approximation compared
to exact pd(·) with regard to λd and, eventually, obtain a better approximation of pd(·). This is
indeed an interesting yet challenging problem, and we believe it deserves further studies. However,
we would like to note that the obtained results are still sufficiently accurate to approximate the
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coverage probability.
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Fig. 4.6 Ergodic sum-rates of FD and HD D2D links versus D2D link density.

Fig. 4.6 plots the D2D link sum-rate obtained by using (4.32) for different densities of D2D
links λd ∈ {10, 20, 30, 40, 50} links/km2 under various SIC levels, selected as 80 dB, 100 dB, and
perfect SIC, i.e., β ∈ {−80,−100,−∞} dB. For comparison, the sum-rate achieved by the HD
counterpart is also included. In Fig. 4.6, the rates obtained by Monte Carlo simulations with
β = −80 dB are also presented. It can be seen from Fig. 4.6 that the approximated and simulated
results are almost identical. A similar behavior is also observed for the case of β = −100 dB and
perfect SIC. But for a clearer presentation, we omit the Monte Carlo simulation results in such
cases. It is obvious that the proposed approximations can be used effectively as accurate system
benchmarks. The advantage of FD over HD is also clearly observed from Fig. 4.6. For instance,
with β = −80 dB and β = −100 dB, FD D2D can offer sum-rate gain ratios of 1.6 and 1.9,
respectively, at λd = 10 links/km2.

4.5.3 Comparison Between Different Power Control Methods

Given the above results, it is also interesting to compare the performances achieved by different
power allocation schemes. In particular, Figs. 4.7(a) and 4.7(b) show the coverage probabilities
of cellular and D2D links using three PC schemes, namely the centralized PC, the on-off PC and
no PC with λd = 10 and λd = 40 links/km2, respectively. Note that no PC corresponds to the
scenario that D2D users always transmit with maximum power Pd, while cellular user uses the
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Fig. 4.7 Coverage probabilities of the cellular and D2D links via different power
control (PC) methods.

fixed transmit power Pc. Also, in all the simulations, the optimal link quality threshold Gmin is
given as in (4.33).

As shown in Fig. 4.7, the centralized PC provides a near perfect coverage probability for the
cellular user. In addition, with regards to the coverage probability for D2D users, the central-
ized PC outperforms the other two PC schemes when D2D link deployment is sparse, e.g., when
λd = 10 links/km2. For a denser D2D deployment, the D2D coverage probability offered by the
the centralized PC scheme is not that good as compared to the on-off PC scheme, especially in
the low SINR region. It is because at low SINRs, the sum-rate is more sensitive to the allocated
power. While both schemes try to maximize the sum-rate, the centralized PC has more flexibilities
to exploit the benefit of global CSI knowledge for better power allocations. As a result, compared
to the on-off PC scheme, the centralized PC can simply choose a fewer yet the best D2D links that
yield to a better sum-rate. On the other hand, at a sufficiently high SINR, the sum-rate becomes
less sensitive to power allocation. Therefore, the advantage of flexible power control in the cen-
tralized PC scheme helps to provide a higher sum-rate, which results in more supported D2D links.
Given the cost associated with the process of attaining global CSI knowledge, the centralize PC is
therefore preferred only in sparse D2D link deployments. It can also be observed from Fig. 4.7
that the coverage probability in no PC is almost the same as that of the distributed on-off PC. The
reason for that is because the objective of the proposed on-off PC scheme is to maximize the D2D
sum-rate but not the coverage probability.

To further demonstrate the rate advantage of the distributed on-off PC over no PC, Fig. 4.8
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shows the D2D sum-rate achieved by these two schemes with three different densities of D2D links
λd ∈ {10, 40, 100} links/km2 with the SIC of 80 dB. It can be seen from Fig. 4.8 that the rate gain
offered by the distributed on-off PC is significant in dense D2D link deployments. However, under
sparse D2D link deployment, e.g., λd = 10 links/km2, the sum-rate improvement is negligible.
These results indicate that the distributed PC is more suitable for a network having dense D2D link
deployments.

4.6 Concluding Remarks

In this chapter, we have studied the performances of a underlaid cellular D2D network where D2D
users operate in FD mode under centralized and distributed power control mechanisms. The lo-
cations of D2D users were modeled as homogeneous spatial Poisson point process. Specifically,
we first proposed a centralized power allocation scheme that maximizes the D2D throughput while
protecting the D2D and cellular link. To deal with the non-convexity of the problem, a DC-based
method was proposed to transform the problem into a sequence of convex subproblems, which can
be solved efficiently. In the case of distributed on-off power allocation, the closed-form approx-
imations of SINRs at both BS and D2D users were first derived. The coverage probabilities of
both cellular and D2D links were then obtained. In addition, based on the approximation of D2D
link coverage probability, an analytical expression for the D2D link sum-rate and optimal transmit
thresholds that maximizes such sum-rate were also achieved. Simulation results confirmed the an-
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alytical results and revealed that significant performance gains can be achieved in the considered
FD network as compared to the HD counter part.

4.7 Appendix

4.7.1 Proof of Lemma 5

The PDF of distance between two D2D users within the cell is given in [130] as

fd(l) =
2l

R2

(
2

π
arccos

(
l

2R

)
− l

πR

√
1− l2

4R2

)
(4.38)

for l ∈ [0, 2R]. Thus, the probability that the distance d of a D2D link will not exceed dmax can be
estimated as

P (d ≤ dmax) =

∫ dmax

0

fd(l)dl

=
16

π

∫ dmax
2R

0

(x arccos(x)− x2
√

1− x2)dx, (4.39)

where (4.39) is obtained by using the variable transformation x = l/(2R). Applying the integral
equations

∫ a
0
x arccos(x)dx = (−

√
1− a2a+2a2 arccos(a)+arcsin(a))/4 and

∫ a
0
x2
√

1− x2dx =

(a
√

1− a2(2a2 − 1) + arcsin(a))/8 to (4.39) yields (4.20).

4.7.2 Proof of Lemma 6

Let first consider the lower bound. The cellular coverage probability given in (4.22) can be rewrit-
ten as follows:

pc(γc) =

∫ R

0

exp

(
−r
−αγcσ

2

Pc
− a1

a2

r2

)
2r

R2
dr

= Ex
[
exp

(
−c1x− c2x

− 2
α

)]
, (4.40)

where x = r−α, c1 = γcσ
2/Pc and c2 = a1/a2. Furthermore, it can be verified that the sec-

ond derivation of exp(−c1x − c2x
− 2
α ) is nonnegative when α > 2 and x ≥ 0 [66]. Therefore,

exp(−c1x− c2x
− 2
α ) is a convex function. Using Jensen’s inequality, (4.40) can be lower bounded



4 Power Allocation and Performance Analysis of Full-Duplex D2D Cellular Networks in
Single-Cell Setting 77

as

Ex
[
exp

(
−c1x− c2x

− 2
α

)]
≤ exp

(
−c1E[x]− c2E[x]−

2
α

)
(4.41)

with E[x] = Er[r−α] =
∫ R

0
r−α 2r

R2 dr = 2
2+α

Rα [66]. Then by combining (4.40) and (4.41), we
have

pc(γc) ≥ exp

(
−c1

2

2 + α
Rα − c2

(
2

2 + α

)− 2
α

R2

)
. (4.42)

The upper bound of pc(γc) is obtained as follows:

pc(γc) =

∫ R

0

exp
(
−c1r

−α − c2r
2
) 2r

R2
dr ≤

∫ R2

0

e−c2x

R2
dx

=
1− e−c2R2

c2R2
. (4.43)

In (4.43), we use the inequality exp(−c1r
−α) ≤ 1 and apply the variable transformation x = r2.

From (4.42) and (4.43), we obtain (4.24). The lemma is therefore proved.

4.7.3 Proof of Lemma 7

We approximate the coverage probability (4.29) as

pd(γd) ≈ Er[pt(r)]Er
[
e−r

−αP−1
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]
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 e
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 , (4.44)

where (4.44) comes from the approximation

Er
[
exp

(
−r−αP−1

d γd(pt(r)βPd + σ2)
)]
≈ exp

(
−Er[r]α/2P−1

d γd(ptβPd + σ2)
)
.

Moreover, in (4.44), Er[r] = E
[
d

(r)
0,k

]
= 128R

45π
. To simplify (4.44) further, we can approximate the

distance PDF in (4.38) by a Rayleigh distribution function by fd(r) ≈ r
µ2 exp(−r2/(2µ2)), 0 ≤
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r ≤ dmax. Here, the scale parameter µ is determined by the moment matching method. The
motivation behind this idea comes from the fact that the closest distance of two points generated
from a PPP in R2 follows a Rayleigh distribution [128]. Note that the scale parameter µ is obtained
by fitting two distributions so that they have the same mean value. As a result, µ = 128

√
2R

48π
√
π

. As
such, the last expectation in (4.44) can be approximated as
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de−r
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=
eA/B

B
Ei(−(A/B)(x+ 1))

∣∣x=BC
x=0 . (4.45)

Finally, substituting (4.45) to (4.44) yields (4.30), which completes the proof.
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Chapter 5

Performance Analysis of Full-Duplex D2D
Cellular Networks in Multi-Cell Setting 1

5.1 Introduction

In this chapter, we extend the single-cell setting in Chapter 4 into a multi-cell system to rigorously
study the benefits of incorporating D2D transmission into cellular networks. The focus is on under-
laid FD D2D cellular networks where cellular uplinks and D2D links use HD and FD operations,
respectively (i.e., cellular links transmit in the HD mode and D2D links use the FD mode); and
they share the same time-frequency resources. We introduce a tractable hybrid multi-cell network
model in which the BSs are distributed uniformly according to a hexagonal grid, while the locations
of cellular and D2D users are modeled by Poisson point processes (PPPs). As discussed in Chap-
ter 2, the use of such a PPP model allows to capture the random and unpredictable D2D/cellular
positions, which has been validated and extensively adopted in literature (e.g., [68–70]). In each
cell, multiple FD D2D links communicate simultaneously by sharing the uplink spectrum with one

cellular uplink. Furthermore, a universal frequency reuse (UFR) mode is employed, i.e., every
cells use the same time-frequency resource in each channel. Given the random network model, we
are interested in studying the key performance metrics including the coverage probabilities of both
cellular and D2D links and the sum-rate of D2D links. More specifically, we derive the coverage
probabilities and ergodic sum-rates of cellular and D2D links, as well as the spectrum efficiency
gain by underlaid FD D2D in cellular networks compared to the HD counterpart. Toward this end,
we utilize the tools of stochastic geometry to derive the approximations of cellular/D2D coverage

1Parts of Chapter 5 have been presented at the 2019 IEEE International Symposium on Personal, Indoor and Mobile
Radio Communications (PIMRC) [27] and published in the IEEE Access [24].
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probabilities and ergodic sum-rates of cellular and D2D links, which can be effectively calculated
by computable integrals. Such approximations can be simplified to closed-form expressions when
the D2D link density is sufficiently large, allowing to study the effects of network parameters such
as D2D link distance, D2D user density, target SINR, and self-interference cancellation level of
FD operation on the cellular/D2D coverage and sum-rate behaviors, and numerical results are also
provided to confirm such behaviors. Our numerical results show the amount of self-interference
cancellation (SIC) to determine if HD or FD D2D is preferable. And with a sufficiently low SIC
level, FD D2D can offer substantial spectral efficiency gain over HD D2D. In addition, the under-
laid D2D networking feature offers a significant spectral efficiency gain when it is incorporated
into existing cellular networks.

Our analysis for coverage probabilities and achievable sum-rates can be modified to derive the
expressions for frequency reuse modes including standard (i.e., fixed) frequency reuse (SFR) and
fractional frequency reuse (FFR). The obtained results show how the use of frequency reuse affects
the network performance metrics. Specifically, the effect of newly introduced parameters due to
the use of SFR and FFR, such as reuse factor and spectrum fraction allocated to each sub-band,
is characterized. The employment of SFR and FFR provides an improvement on both D2D and
cellular coverage probabilities, but at the cost of degrading in the sum-rates of D2D links.

The remainder of this chapter is organized as follows. In Section 5.2, we describe the system
model of interest and define the key performance metrics. Sections 5.3 and 5.4 focus on the devel-
opment of these metrics for cellular and D2D transmission, respectively. Extension to frequency
reuse modes is considered in Section 5.5. Numerical results are given in Section 5.6 to confirm our
analysis. Finally, Section 5.7 concludes the chapter.

5.2 System Model and Performance Metrics

In this section, we provide a baseline model for the considered underlaid D2D cellular networks
and define the desired performance metrics.

5.2.1 System Model

As illustrated in Fig. 5.1, we consider a hybrid network including cellular uplinks and D2D links
operating in HD and FD modes, respectively. In addition, the underlaid FD D2D links share the
same time-frequency resource with the cellular uplink. The network consists of BSs arranged
according to a hexagonal grid as in [68] in which the area of a hexagonal cell is 1/λb, thus λb
represents the average number of BSs per unit area. The cellular users are randomly distributed and
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Fig. 5.1 A underlaid D2D cellular network with multi-cell setting (black circle: BS,
red triangle: cellular uplink user, green square: D2D user).

modeled by a homogeneous PPP Φc = {X(c)
i } ∈ R2 having the density λc, and {X(c)

i } denote the
spatial locations of cellular users. We assume that the spectrum is allocated orthogonally to cellular
users so that only one cellular user is active in a given channel and universal frequency reuse (UFR)
scheme is deployed. This assumption, however, yields a dependent thinning of PPP Φc, which
makes the analysis intractable, so some approximations are needed to simplify the considered
network model. Specifically, we approximate the coverage region of a hexagonal cell by a disk
having the same area, i.e., a circle centered at the cell origin with the radius R =

√
1
πλb

. Moreover,
the typical cellular transmitter is always uniformly distributed within the cell coverage, which can
be ensured by assuming that the density of cellular transmitters is significantly higher than that of
BSs, i.e., λc � λb. Also, the locations of active cellular users form a PPP Φc,a with density λb, and
the cellular interferers are located outside the coverage region of typical cellular link.

With regard to the underlaid D2D transmission, we consider a marked PPP Φ̂ = {X(d)
i ,m(X

(d)
i )}

∈ R2 × R2, where the ground process Φ = {X(d)
i } that models the spatial locations of the D2D

transceivers forms a PPP with the density λ. Here, λ is the density of potential D2D links that
wish to operate in D2D mode; the number of potential D2D links N is a Poisson random vari-
able (RV) having the mean E[N ] = λA with A being the area of considered network. The mark
m(X

(d)
i ) denotes the respective locations of D2D users whoseX(d)

i communicate with, and we also
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assume m(X
(d)
i ) are uniformly placed in the whole R2 plane. Correspondingly, m(X

(d)
i ) also form

a PPP with the density λ, denoted as m(Φ). Furthermore, the location distributions of a typical
D2D node in Φ and m(Φ) are identical. Therefore, to slightly avoid abuse of notations, we use
Φ̂d = Φd ∪ m(Φd) and X(d)

i ∈ Φ̂d to represent the locations of D2D users in both two PPPs Φd

and m(Φd). We also should note that the consideration of marked PPP Φ̂ is to guarantee that the
instantaneous number of D2D nodes in Φd and m(Φd) are equal in each network realization.

In this chapter, we adopt a distance-based D2D mode selection in which the D2D mode of a
potential D2D link can only be established if and only if (iff) the link distance d is in the range
[dmin, dmax]. Suppose that K out of N potential D2D links satisfy the distance constraint, the
average number of operating D2D links is E[K] = pE[N ] with p = P(dmin ≤ d ≤ dmax) being
the probability that the D2D link distance is in the range [dmin, dmax]. As potential D2D links are
active in D2D mode, their transceivers are the thinned processes of Φ and m(Φ) and form two
corresponding PPPs Φd and m(Φd) with the same density λd = pλ.

Constant powers Pc and Pd are assumed for cellular and D2D transmitters. The path-loss is
computed as Cr−α where r is the distance, α > 2 is the path-loss exponent, and C denotes the
reference path-loss determined by the carrier frequency and reference distance. As the D2D links
operate in FD mode, there exists residual self-interference (SI) due to FD operation that hurts the
D2D communications. In this chapter, we also adopt an SI model in which the residual interference
is reflected in the self-interference-to-power-ratio (SIPR) β introduced in Chapter 4.

We assume that the typical receiver (either cellular or D2D) is located at the origin o, then the
SINRs at a typical cellular BS and a D2D receiver (either in Φ or m(Φ)) are written as

SINRc =
PcC|X(c)

0 |−αg
(c)
0

I
(c)
c + I

(c)
d + σ2

c

, (5.1)

SINRd =
PdC|X(d)

0 |2g
(d)
0

I
(d)
c + I

(d)
d + βPd + σ2

d

, (5.2)

where the aggregate interference powers are provided by

I(c)
c =

∑
X

(c)
i ∈Φc,a\{o}

PcC|X(c)
i |−αg

(c)
i , I

(c)
d =

∑
X

(d)
i ∈Φ̂d

PdC|X(d)
i |−αg

(d)
i ,

I(d)
c =

∑
X

(c)
i ∈Φc,a

PcC|X(c)
i |−αg

(c)
i , I

(d)
d =

∑
X

(d)
i ∈Φ̂d\{o}

PdC|X(d)
i |−αg

(d)
i .

In (5.1), the subscript 0 is used for the typical cellular/D2D link. Further, I(c)
c and I(c)

d are the
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interference powers from cellular and D2D transmitters to the considered BS, repetitively. Like-
wise, I(d)

c and I(d)
d present the interference power at typical D2D receiver from cellular and D2D

transmitters, respectively. g(z)
y , z ∈ {c, d}, denotes the fading power gain associated with the com-

munication link from transmitter X(z)
y to the typical receiver. For simplicity, we consider Rayleigh

fading where all channel power gains follow an exponential distribution with unit parameter, i.e.,
g

(z)
y ∼ exp(1). In addition, the additive thermal noises at cellular and D2D receivers are modeled

as CN (0, σ2
z), z ∈ {c, d}, where σ2

z is the noise power. Here, the term βPd represents the residual
self-interference power due to its own transmit power when these D2D links communicate to each
other in FD simultaneously using the same time-frequency resource.

5.2.2 Performance Metrics

In this chapter, we are interested in the coverage probabilities of cellular and D2D links, defining
as complementary cumulative distribution functions (CCDFs)

pc(γ) = P (SINRc ≥ γ) , (5.3)

pd(γ) = P (SINRd ≥ γ) , (5.4)

where γ denotes the minimum target SINR for reliable transmission at cellular uplink and D2D
connections. Such coverage probabilities indicate the probability that a typical D2D/cellular link
can achieve the required SINR γ [128].

Under the assumption that Gaussian signaling schemes are used at all the transmitters, the
interferences, conditioned on the user locations and fading gain, are also Gaussian distributed.
Therefore, we can define the instantaneous sum-rates over a cell that cellular and D2D links can
achieved at a given target SINR γ as

Rc(γ) = log2(1 + γ) pc(γ), (5.5)

Rd(γ) = 2S log2(1 + γ) pd(γ), (5.6)

where S represents the average number of active D2D links in a cell. The ergodic sum-rates of
cellular and D2D links (per cell) can also be defined by invoking the Shannon’s capacity formula
as

Rc = E [log2(1 + SINRc)] , (5.7)

Rd = S E [2 log2(1 + SINRd)] , (5.8)
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where the expectation is taken over the SINR distribution.
Before closing this section, we should note that, because we use the approximate approach

for the spatial distribution of cellular transmitters, the analytical results in this work are purely
approximations. Thus, for simplicity and clarity on representation of the equations, we will use the
equalities instead of the more cumbersome approximations in the sequel to present the analytical
expressions of performance metrics.

5.3 Coverage and Sum-Rate Analysis of Cellular Link

5.3.1 Coverage Probability

In this section, we analyze the coverage probability of a typical cellular link. Recall that we adopt
an approximation on the distribution of cellular nodes that the coverage region of a hexagonal cell
is approximated by a circle with radius R =

√
1
πλb

. As a result, the probability density function
(PDF) of cellular link distance is given by

fc(r) =

{
2r
R2 , if 0 ≤ r ≤ R

0, otherwise.
(5.9)

Conditioned on the distance of cellular link |Xc
0|= r and note that g(c)

0 ∼ exp(1), the CCDF of
typical cellular uplink at the instantaneous SINR of γ can be computed as

P(SINRc ≥ γ||Xc
0|= r) = P

(
PcCr

−αg
(c)
0

I
(c)
c + I

(c)
d + σ2

c

≥ γ

)
= E

[
exp

(
−s
(
I(c)
c + I

(c)
d + σ2

c

))]
= e−sσ

2
c L

I
(c)
c

(s)L
I

(c)
d

(s), (5.10)

where s = P−1
c C−1rαγ, and L

I
(c)
z

is the Laplace transform of interference I(c)
z , z ∈ {c, d}. Con-
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sidering the first Laplace transform in (5.10), it is simplified by

L
I

(c)
c

(s) = E

 ∏
X

(c)
i ∈Φc,a\{o}

exp
(
−sPcC|X(c)

i |−αg
(c)
i

) ,
= E

 ∏
X

(c)
i ∈Φc,a

exp
(
−sPcC|X(c)

i |−αg
(c)
i 1{|X(c)

i |≥R}

) ,
= exp

− 2π∫
0

∞∫
0

(
1− E

[
e−sPcgCl

−α
1{l≥R}

]
λbl dl dθ

) ,

= exp

2πλb

∞∫
R

(
1− E

[
e−sPcgCl

−α
])

l dl

 ,

= exp

−2πλb

∞∫
R

(
1− 1

1 + sPcCl−α

)
l dl

 . (5.11)

Here, 1{·} denotes the indicator function. The second equality is from the assumption that only
one cellular link is active in each cell, so the cellular interferers are located outside the typical cell.
Furthermore, we have implemented the probability generating functional [128] of a PPP to arrive
at the fourth equality, and g ∼ exp(1) in the last equality.

Using a similar approach to (5.11), the last Laplace transform in (5.10) can be simplified by

L
I

(c)
d

(s) = E

 ∏
X

(d)
i ∈Φ̂d

exp
(
−sPdC|X(d)

i |−αg
(d)
i

) ,
= E

 ∏
X

(d)
i ∈Φd

exp
(
−sPdC|X(d)

i |−αg
(d)
i

) · E
 ∏
X

(d)
i ∈m(Φd)

exp
(
−sPdC|X(d)

i |−αg
(d)
i

) ,
= exp

−2πλd

∞∫
0

(
1− E

[
e−sPdCgl

−α
])

l dl

 · exp

−2πλd

∞∫
0

(
1− E

[
e−sPdCgl

−α
])

l dl

 ,

= exp

(
− 2πλd

sinc (2/α)
P

2
α
d C

2
α s

2
α

)
, (5.12)

where, in third equality, we have used the probability generating functional of two PPPs formed
by D2D transceivers having the same density λd.
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Substituting (5.11) and (5.12) into (5.10) yields the analytical expression of cellular coverage
probability

pc(γ) =

R∫
0

exp

−a1r
αγ − a2r

2γ
2
α − 2πλb

∞∫
R

rαl

γlα + rα
dl

 · 2r

R2
dr, (5.13)

where

a1 =
σ2
c

PcC
, (5.14)

a2 =
2πλd

sinc (2/α)
(Pd/Pc)

2/α . (5.15)

We will now consider a special case in which the number of D2D links is sufficiently large, the
D2D-to-cellular interference becomes dominant that both the inter-cell interference and thermal
noise can essentially be neglected at the BS. More specifically, if I(d)

c � I
(c)
c + σ2

c , the SINR of
cellular receiver can be approximated as SINRc =

PcC|X(c)
0 |−αg

(c)
0

I
(c)
d

. As a result, the cellular coverage
probability can be effectively computed by a simple close-formed expression

pc(γ) =

R∫
0

exp
(
−a2r

2γ
2
α

) 2r

R2
dr

=
1− exp

(
−a2R

2γ
2
α

)
a2R2γ

2
α

, (5.16)

where a2 is given in (5.15). Next we find a necessary condition on the D2D link density so
that (5.16) is valid. Since the integrand of (5.13) admits an exponential expression, the closed-
form (5.16) is possible to obtained from (5.13) when the term a2r

2γ
2
α is sufficiently larger than

2πλb
∫∞
R

rαl
γlα+rα

dl + a1r
αγ, e.g., 0.1 · a2r

2γ
2
α ≥ 2πλb

∫∞
R

rαl
γlα+rα

dl + a1r
αγ, ∀r ∈ [0, R]. Select

r = R, a necessary condition on the D2D link density is written as

λd ≥
sinc (2/α)

2π

(
Pc
Pd

) 2
α

20πλb

∞∫
R

Rα−2γ
2
α l

γlα +Rα
dl +

10σ2
c

PcC
Rα−2γ

α−2
α

 ,

>
5σ2

c sinc (2/α)

πPcC

(
Pc
Pd

) 2
α

Rα−2γ
α−2
α .

Further, the closed-formed expression (5.16) indicates that the cellular coverage probability pc(γ)
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is exponentially reduced with increasing target SINR γ.

5.3.2 Achievable Sum-Rates of Cellular Links

From (5.5), the instantaneous sum-rate of cellular link over a cell can be directly computed via the
cellular coverage probability by a single integral. For the case of large D2D link deployment, such
a sum-rate can be expressed in the following closed-form

Rc(γ) =
log2(1 + γ)

a2R2γ
2
α

(
1− exp

(
−a2R

2γ
2
α

))
. (5.17)

Since α > 2, (5.17) indicates that the instantaneous sum-rate of cellular links Rc(γ) increases to a
maximum value and decays to 0 as γ increases, agreeing with the intuition: less number of cellular
links achieves the increasing target SINR.

The ergodic sum-rate of cellular link (per cell) can be estimated via the coverage probability as
follows

Rc = E [log2(1 + SINRc)]

=

∞∫
0

log2(1 + γ)dpc(γ),

=

∞∫
0

pc(γ)

ln(2)(1 + γ)
dγ,

=

∞∫
0

R∫
0

2r exp
(
−a1r

αγ − a2r
2γ

2
α − 2πλb

∫∞
R

rαl
γlα+rα

dl
)

ln(2)(1 + γ)R2
dr dγ, (5.18)

where the second equation is from the Slivynak’s Theorem while the third equation is obtained
from integration by parts. Further, a1 and a2 are provided in (5.14) and (5.15), respectively. When
the number of D2D links is sufficiently large, Rc can be simplified to a more tractable expression

Rc =

∞∫
0

sinc (2/α)

2πλdR2γ
2
α (1 + γ)

(
Pc
Pd

) 2
α

(
1− exp

(
−2πλdR

2γ
2
α

sinc (2/α)

(
Pd
Pc

) 2
α

))
dγ, (5.19)

which can be evaluated effectively with one numerical integration. From (5.19), we observe that
the cellular sum-rate depends on two D2D-related network parameters: λd and Pd. The integrand of
expression (5.19) also implies that, as the density of D2D links λd increases, ergodic cellular sum-
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rate Rc monotonically decays. When λd →∞, Rc decays to 0 as the D2D-to-cellular interference
becomes dominant. Moreover, as the D2D transmit power Pd increases, Rc is reduced due to the
increasing D2D-to-cellular interference.

5.4 Coverage and Sum-Rate Analysis of D2D Links

5.4.1 Coverage Probability

We now turn our attention to the D2D transmission and evaluate the coverage probability of a
typical D2D link. As the underlaid D2D users are also assumed to be uniformly distributed within
the circle having radius R, the PDF of D2D link distance can be written as follows [130]

fd(r) =
2r

R2

(
2

π
arccos

( r

2R

)
− r

πR

√
1− r2

4R2

)
(5.20)

for r ∈ [0, 2R]. Given the range constraint on D2D link distances, this PDF can be further approx-
imated by a more simplified Rayleigh distribution provided by [23, 26]

fd(r) ≈
r

µ2
exp

(
− r2

2µ2

)
, r ∈ [dmin, dmax]. (5.21)

Here, the scale parameter µ is determined by the moment matching method. The approximation
(5.21) is motivated by the fact that the closest distance of two points generated from a PPP in R2

follows a Rayleigh distribution [128]. In addition, the scale parameter µ is obtained by fitting two
distributions so that they have the same mean value. As a result, µ = 128

√
2R

48π
√
π

. The probability that
the distance r of a D2D link will be in the range [dmin, dmax] can be directly obtained in closed-form
from [26, Appendix A]

p =−y
√

1− y2
(
4y2 + 2

)
8 arccos(y)/π2 − 2 arcsin(y)/π|y=dmax/(2R)

y=dmin/(2R) . (5.22)

We now focus on the derivation of D2D coverage probability. The CCDF of typical D2D link,
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conditioned on the D2D link distance |X(d)
0 |= r and at the target SINR of γ, is provided by

P(SINRd ≥ x||X(d)
0 |= r) = P

(
PdCr

−αg
(d)
0

I
(d)
c + I

(d)
d + βPd + σ2

d

≥ γ

)
= E

[
exp

(
−s
(
I(d)
c + I

(d)
d + βPd + σ2

d

))]
= e−v(βPd+σ2

d)L
I

(d)
c

(s)L
I

(d)
d

(s), (5.23)

where the second equality is from gd0 ∼ exp(1). Also, v = P−1
d C−1rαγ, and L

I
(d)
z

is the Laplace

transform of interference I(d)
z , z ∈ {c, d}. As aforementioned, the active cellular transmitters form

a PPP with density λb. Therefore, using similar derivations with (5.12), we can simplify the first
Laplace transform in (5.23) by

L
I

(d)
c

(v) = E

 ∏
X

(c)
i ∈Φc,a

exp
(
−vPcC|X(c)

i |−αg
(c)
i

)
= exp

(
− πλb

sinc (2/α)
P

2
α
c C

2
αv

2
α

)
. (5.24)

Simlarly, the second Laplace transform in (5.23) is given by

L
I

(d)
d

(s) = E

 ∏
X

(d)
i ∈Φ̂d\{o}

exp
(
vPdC|X(d)

i |−αg
(d)
i

)
= exp

(
− 2πλd

sinc (2/α)
P

2
α
d C

2
αv

2
α

)
. (5.25)

Substituting (5.24) and (5.25) into (5.23), we obtain the conditional coverage probability of D2D
link

P
(
SINRd ≥ γ||Xd

0 |= r
)

= exp
(
−c1r

αγ − c2r
2γ

2
α

)
, (5.26)

where the coefficients c1 and c2 are expressed as

c1 =
βPd + σ2

c

PcC
(5.27)

c2 =
[
λb (Pc/Pd)

2/α + 2λd

] π

sinc (2/α)
. (5.28)
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De-conditioning (5.26) over the D2D link distance r with the PDF in (5.21), the coverage proba-
bility of D2D link equals

pd(γ) =

dmax∫
dmin

exp
(
−c1r

αγ − c2r
2γ

2
α

) 2r

pµ2
dr, (5.29)

where the distance probability p is given in (5.22).
Adopting a similar approach to the cellular transmission, a simplification of (5.29) is possible

when the interference from cellular and D2D transmitters to the D2D receiver is much larger than
the thermal noise and self-interference due to FD operation, i.e., I(d)

d + I
(d)
c � βPd + σ2

c . In this

case, the SINR at D2D receiver can be reduced to SINRd =
PdC|X

(d)
0 |2g

(d)
0

I
(d)
c +I

(d)
d

, and subsequently the
corresponding D2D coverage probability can be derived in closed-form

pd(γ) =

dmax∫
dmin

exp
(
−c2r

2γ
2
α

) 2r

pµ2
dr

=
exp

(
−c2d

2
minγ

2
α

)
− exp

(
−c2d

2
maxγ

2
α

)
c2pµ2

. (5.30)

Here, we have used the variable transformation x = r2. Furthermore, a necessary condition of the
D2D densities that (5.30) is used to accurately approximate pd(γ) can be derived from the expres-
sion (5.29). In particular, when c2r

2γ
2
α � c1r

αγ, e.g., 0.1 · c2r
2γ

2
α ≥ c1r

αγ, ∀r ∈ {dmin, dmax},
and let r = dmax, a necessary condition on D2D link density is given by

λd ≥
5 dα−2

maxγ
α−2
α (βPd + σ2

c )sinc
(

2
α

)
PcC

− λb
2

(
Pc
Pd

) 2
α

. (5.31)

The closed-formed expression of D2D coverage probability pd(·) in (5.30) also allows to inves-
tigate the behavior of pd(·) under the effect of network parameters. For instance, we can observe
that, as the target SINR γ increases, pd(·) exponentially decays. Further, increasing D2D net-
working distance dmax shall decrease the D2D coverage probability. This is because the D2D
transceivers, on average, are closer, thus causing more interference to each other.
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5.4.2 Achievable Sum-Rate of D2D links

In this section, analytical expressions for the achievable sum-rates of D2D links are developed.
The obtained expressions characterize the effect of important network parameters, such as λd, β,
γ, and dmax, on the D2D sum-rates.

Let S denote the average number of D2D links per cell. From R =
√

1
πλb

, S can be expressed
as S = λdπR

2 = λd/λb. Utilizing (5.6), the instantaneous sum-rate of D2D links over a cell,
conditioned on the D2D link distance r and SINR target γ, can be compactly written as a function
of λd

Rd(γ, r) = 2S log2(1 + γ)P(SINRd ≥ γ||X(d)
0 |= r)

= θ1λd exp(−θ2λd), (5.32)

where

θ1 =
2λd
pλbµ2

log2(1 + γ) exp

(
−r

αγ(βPd + σ2
c )

PcC
−
(
Pc
Pd

) 2
α πλbr

2γ
2
α

sinc (2/α)

)
,

θ2 =
2πr2γ

2
α

sinc (2/α)
.

The obtained expression (5.32) indicates that the achieved sum-rate of D2D links linearly increases
but exponentially decays with the D2D link density λd, i.e., as λd increases from 0, the achieved
sum-rate of D2D links increases until the maximum value of θ1

θ2e
at λd = 1

θ2
. Beyond this point,

the achieved sum-rate of D2D links is reduced to 0 as λd keeps increasing to +∞, since when
the number of D2D links is sufficiently large, the interference becomes dominant. The analytical
expression (5.32) also allows to characterize the effect SIC level β on the achieved sum-rate of D2D
links. In particular, the contribution of FD is indicated by the level of self-interference cancellation
relative to the thermal noise in the term βPd+σ2

d = σ2
d

(
1 + β

σ2
d/Pd

)
. In this term, σ2

d/Pd represents
the D2D noise-to-signal power ratio or SNR−1

d . When β is sufficiently smaller than SNR−1
d , e.g.,

β
σ2
d/Pd
≤ 0.1, this term is approximately σ2

d, corresponding to the best sum-rate achieved by the FD
operation. From (5.32) and (5.26), one can observe that, initially in a relatively small range [0, γ?]

as the target SINR γ increases, the instantaneous D2D sum-rate Rd increases to a maximum value
R?
d and then decays to 0 as γ → +∞.

We also analyze the spectral efficiency gain achieved by FD D2D transmission over the HD
D2D counterpart under different SIC levels β. Toward this end, we first consider the FD-to-HD
D2D sum-rate ratio ξd = Rd(γ, r)/R

′
d(γ, r) where R′d(γ, r) denotes the achieved sum-rate of HD
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D2D links at target SINR γ and D2D link distance r. From (5.32), the achievable sum-rate of FD
D2D links at given target SINR γ and D2D link distance r can be rewritten as

Rd(γ, r) =
2Sr

pµ2
log2(1 + γ)e

−c1rαγ−c2r2γ− r2

2µ2 . (5.33)

For HD D2D transmission, the corresponding coverage probability of typical D2D link and subse-
quently the conditional D2D link sum-rate R′d(γ, d) are obtained by following a similar approach
with the derivation of (5.33). Such a sum-rate is given in [68] by

R′d(γ, r) =
Sr

pµ2
log2(1 + γ)e

−c′1rαγ−c′2r2γ
2
α− r2

2µ2 , (5.34)

where c′1 =
σ2
d

PdC
and c′2 = πλb

sinc(2/α)
(Pc/Pd)

2/α + πλd
sinc(2/α)

. Taking the ratio of (5.33) and (5.34), we
obtain the FD-to-HD D2D sum-rate ratio as

ξd = 2e−B1β−B2 , (5.35)

where B1 = rαγ/C and B2 = πλd
sinc(2/α)

r2γ−2/α. The result (5.35) indicates that FD-to-HD D2D
sum-rate ratio exponentially increases as the self-interference cancellation level increases. Condi-
tioned on the target SINR γ and the D2D link distance r, the maximum achievable FD-to-HD D2D
sum-rate ratio can be achieved is 2 exp(−B2). Further, FD D2D offers better sum-rate than HD
D2D with β ≤ (1−B2)/B1.

From the D2D coverage probability (5.29), the instantaneous sum-rate of D2D links Rd(γ) at
a given target SINR γ can be directly derived by invoking (5.6). In the case of dense D2D link
deployment, the obtained result can be approximated by a more tractable expression

Rd(γ) =
2S log2(1 + γ)

c2pµ2γ
2
α

[
e−c2d

2
minγ

2
α − e−c2d2

maxγ
2
α

]
,

which exhibits a similar behavior to Rc(γ) with respect to (w.r.t.) γ.
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Using a similar approach to derive Rc, the ergodic sum-rate of D2D links is given by

Rd =

∞∫
0

2Spd(γ)

ln(2)(1 + γ)
dγ

=

∞∫
0

dmax∫
dmin

2λdr exp
(
−c1r

αγ − c2r
2γ

2
α

)
ln(2)λbpµ2(1 + γ)

dr dγ. (5.36)

The expression (5.36) can be reduced to a single integral when the D2D link density satisfying the
condition (5.31) as

Rd =

∞∫
0

exp
(
−c2d

2
minγ

2
α

)
− exp

(
−c2d

2
maxγ

2
α

)
ln(2)c2pµ2(1 + γ)(λb/λd)

dγ, (5.37)

where c2 is given in (5.28). From the integrand of (5.37), we observe that the D2D sum-rate
exponentially decays as the maximum D2D link distance dmax increases.

5.5 Frequency Reuse: Coverage and Rate Trade-Off

The deployment of universal frequency reuse inevitably suffers from the inter-cell interference,
hurting the performance of both cellular and D2D transmission. In commercial cellular networks,
frequency reuse schemes based on spectrum partitioning is used to reduce the interfering channels,
so the coverage performance can be improved. Thus, it is also of interest to study the impact
of incorporating underlaid D2D transmission in existing cellular networks operating in frequency
reuse modes with the reuse factor δ > 1. In this work, we consider two common frequency reuse
schemes for both cellular and D2D users: standard and fractional frequency reuse.

1) Standard frequency reuse (SFR): In SFR, a fixed frequency reuse pattern for a reuse factor δ
is adopted in the multi-cell system so that only one band is employed per cell. By doing so, the out-
of-cell cellular and D2D interferers are now separated by a further distance than those of universal
frequency reuse considered in previous sections, thereby reducing the inter-cell interference. In
Fig. 5.2 (left), we present a visual example to illustrate a fixed frequency reuse pattern where δ = 3

for the considered network. In each cell, D2D and cellular links share the same time-frequency
resource.

2) Fractional frequency reuse (FFR): FFR is a modification of SFR where the cellular users
in cell-edge is allocated different sub-bands of frequencies based on a reuse factor of δ while the
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cell-interior’s users share a common sub-band [131]. As a result, FFR requires (δ + 1) sub-bands
in total. Since the interior cellular users do not share any spectrum with cell-edge users and cell-
edge users of adjacent cell use orthogonal spectrum, the interference received at both cell-edge and
interior users is significantly reduced. Fig. 5.2 (right) illustrates a FFR pattern for cellular users
in the hexagonal grid network model with the cell-edge reuse factor δ = 3. Given cellular users
in FFR mode, FFR scheme is also adopted for D2D transmission in which D2D links located in
interior and cell-edge regions also operate in the same bands reserved for interior and cell-edge
cellular users, respectively. As a result, the consideration of FFR classifies two types of users
for both cellular and D2D communications: interior and cell-edge, based on their corresponding
locations.

We should note that existing research on frequency reuse in D2D communications has focused
on optimal designs of D2D cellular systems with the emphasis on reuse factor > 1 by applying
advanced optimization algorithms (please see e.g. [132–135] and the references therein). At the
network level, there have been few efforts that attempt to integrate frequency reuse into D2D
transmission using stochastic geometry approach. For instance, Zhang et al in [136] studied the
performance of underlaid D2D networking in cellular systems with the focus on FFR. The analysis
of this work, however, can not directly apply to ours as it was assumed D2D links having a fixed
distance. D2D cellular networks with FFR was also considered in [137] but only one underlaid
D2D link was allowed to occupy the cellular spectrum.

�1 �2 �3 �1 �2 �3�0

Fig. 5.2 SFR (left) and FFR (right) deployments with reuse factor δ = 3 in the
hexagonal grid model.
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5.5.1 Standard Frequency Reuse

Cellular Link

If the standard frequency reuse scheme is adopted, it is possible to assume that the inter-cell in-
terference at a typical BS is essentially nulled out. As a result, the cellular performance is only
affected by the D2D interferers and thermal noise. In a given cell, the D2D users which share the
same frequency with the typical cellular link also form two PPPs having the density λd, thus the
coverage probability of a typical cellular link in SFR mode can be written as

p(SFR)
c (γ) =

R∫
0

exp
(
−a1r

αγ − a2r
2γ

2
α

) 2r

R2
dr. (5.38)

Note that a1 = σ2
c

PcC
and a2 = 2πλd

sinc(2/α)
(Pd/Pc)

2/α. As shown in the expression (5.38), the cellular
coverage does not depend on the reuse factor δ as the inter-cell D2D interference can be neglected
due to low D2D transmit powers. Assuming that a fraction 1/δ of total spectrum is allocated to
each frequency band, the ergodic rate of cellular link over a cell is given from (5.38) by

R
(SFR)
c =

∞∫
0

R∫
0

exp
(
−a1r

αγ − a2r
2γ

2
α

)
2r

δ ln(2)(1 + γ)R2
dr dγ. (5.39)

As in (5.19), the cellular rate simplifies for the case of large D2D link density and it is given by

R
(SFR)
c =

∞∫
0

R∫
0

exp
(
−a2r

2γ
2
α

)
2r

δ ln(2)(1 + γ)R2
dr dγ

=

∞∫
0

(
1− exp

(
−a2R

2γ
2
α

))
δa2R2 ln(2)γ

2
α (1 + γ)

dγ. (5.40)

Observe that the average rate (5.40) decreases with δ and it is maximized for δ = 1, i.e., universal
frequency reuse mode.

D2D Link

Given that the SFR is employed at cellular users, the effective cellular-to-D2D interference at a
typical D2D receiver now is only from the cellular link that co-exists within the same cell. Further,
the effective D2D interferers also constitute two PPPs with the density λd. Denoting the set of



5 Performance Analysis of Full-Duplex D2D Cellular Networks in Multi-Cell Setting 96

such D2D interferers as Φ̂d,s, the aggregate interference power at the typical D2D receiver equals
PcC|X(c)

0 |−αg
(c)
0 +

∑
X

(d)
i ∈Φ̂d,s\{o}

PdC|X(d)
i |−αg

(d)
i .Using the same approach used to obtain (5.23),

we need to compute two Laplace transforms E
[
e−vPcC|X

(c)
0 |−αg

(c)
0

]
and E

[
e
−v
∑
X

(d)
i
∈Φ̂d,s\{o}

PdC|X
(d)
i |
−αg

(d)
i

]
in order to derive the coverage probability of D2D link.

Let first focus on E
[
e−vPcC|X

(c)
0 |−αg

(c)
0

]
. As we assume that both cellular and D2D users are

uniformly located within the circle with radius R, the PDF of l = |X(c)
0 |

1
2 , which represents the

distance from the cellular transmitter to the considered D2D receiver, is identical with that of D2D
link distance. It then follows that the mean of l equals E [l] = 128R

45π
[23]. Using g = g

(c)
0 ∼ exp(1),

we have

E
[
e−vPcC|X

(c)
0 |−αg

(c)
0

]
= El

[∫ ∞
0

e−vCgl
−α

dl
]

= El
[

1

1 + vPcCl−α

]
≈ 1

1 + vPcC
(

45π
128R

)2 . (5.41)

where the last result is from the approximation of El
[

1
1+a/lα

]
≈ 1

1+a2/α/E[l]2
given in [66].

With a similar derivation as in (5.25), the Laplace transform of D2D interference can be written
as

E

e−v
∑

X
(d)
i
∈Φ̂d,s\{o}

PdC|X
(d)
i |
−αg

(d)
i

 = e
− 2πλd

δsinc( 2
α)

P
2
α
d C

2
α v

2
α

. (5.42)

Using (5.41) and (5.42) and noting that µ = 128
√

2R
48π
√
π

, the coverage probability of the typical
D2D link is given by

p
(SFR)
d (γ) =

dmax∫
dmin

exp

(
−r

αγ(βPd + σ2
d)

PcC
− 2πλdr

2γ
2
α

sinc
(

2
α

) ) · 2r

pµ2
(

1 + Pcrαγ
Pd

(
45π

128R

)2
) dr. (5.43)

Since in each frequency band, the D2D links are allocated a fraction 1/δ of the total spectrum,
we can obtain the achievable sum-rate of D2D links over a cell by substituting (5.43) into (5.8) as
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follows

R
(SFR)

d =

∞∫
0

dmax∫
dmin

exp

(
−r

αγ(βPd + σ2
d)

PcC
− 2πλdr

2γ
2
α

sinc
(

2
α

) )

× 2λdr

δpµ2 ln(2)λb(1 + γ)
(

1 + Pcrαγ
Pd

(
45π

128R

)2
) dr dγ. (5.44)

We observe that, as the number of sub-bands δ increases to +∞, the achievable sum-rate R
(SFR)

d

decays to 0, achieving its limit at δ = 1, i.e., universal frequency reuse mode.

5.5.2 Fractional Frequency Reuse

Let f0 denote the sub-band allocated to cellular users in the cell interior region and {f1, . . . , fδ}
is the set of δ sub-bands employed in the cell-edge of multi-cell networks. We assume that f0

is assigned a fraction ε of the total spectrum, while the remaining spectrum fraction (1 − ε) is
equally allocated to the cell-edge bands, i.e., each band fk, k = 1, . . . , δ, occupies 1−ε

δ
of the total

spectrum. In the following, we shall analyze the coverage probabilities and ergodic sum-rates of
cellular and D2D links when the FFR mode is adopted.

Cellular Link

As the cell-edge cellular users operating in the same spectrum are separated by large distances, a
typical cellular user in cell-edge region now only experiences the interference from the underlaid
D2D transmission sharing the same channel. When D2D users are located in the cell-edge region,
many D2D links now will be separated from the BS by large distances, thus the D2D-to-cellular
interference from such D2D links can be neglected. As a result, we shall tightly approximate the
coverage probability of a typical cell-edge cellular user by assuming that the cell-edge cellular
link is only affected by the interference from one D2D link which is uniformly placed within the
considered cell. Denoting the radius of interior region as R̂ ∈ [0, R], the coverage probability of
a typical cell-edge cellular link can be obtained directly from the derivations of p(SFR)

d (γ) in (5.43)
as follows

p(FFR)
c,e (γ) =

R∫
R̂

exp
(
− σ2

c

PcC
rαγ
)

(
1 + Pdrαγ

Pc

(
45π

128R

)2
) 2r

R2
dr, (5.45)



5 Performance Analysis of Full-Duplex D2D Cellular Networks in Multi-Cell Setting 98

We observe that p(FFR)
c,e (γ) is maximized for R̂ = 0, corresponding to the mode of standard fre-

quency reuse.
For the cellular users located in cell interior, we assume that they are uniformly distributed

within the circle with radius R̂. Subsequently the coverage probability of inner cellular user can
be found in the same manner as in the case of SFR, and it is given from (5.38) by

p(SFR)
c (γ) =

R̂∫
0

exp
(
−a1r

αγ − a2r
2γ

2
α

) 2r

R̂2
dr. (5.46)

where a1 = σ2
c

PcC
and a2 = 2πλd

sinc(2/α)
(Pd/Pc)

2/α. We also present the special case when the D2D
interference becomes dominant as compared to the cellular interferer and noise powers. Given
that, the coverage probability result of interior user will reduce to the simple expression

p
(FFR)
c,i (γ) =

1− exp
(
−a2R̂

2γ
2
α

)
a2R̂2γ

2
α

. (5.47)

Observe that p(FFR)
c,i (γ) decays as the inner radius R̂ reduces to 0, which implies that smaller cell

interior region results in better coverage for inner cellular users. This is because, in this case, the
users are placed (in average) closer to the BS.

Denoting R
(FFR)

c,e and R
(FFR)

c,i as the achievable sum-rates of cell-edge and interior cellular users
over a cell, the total sum-rate of cellular links can be computed from (5.45) and (5.46) by the
following integral equation

R
(FFR)

c =
1− ε
δ

R
(FFR)

c,e + εR
(FFR)

c,i

=

∞∫
0

(
1−ε
δ
p

(FFR)
c,e (γ) + εp

(FFR)
c,i (γ)

)
log2(1 + γ)

ln(2)(1 + γ)
dγ. (5.48)

Given (5.48), it is interesting to investigate effects of FFR parameters, such as reuse factor δ and
frequency partition parameter ε on the achievable sum-rate R

(FFR)

c . It is straightforward that R
(FFR)

c

is maximized for δ = 1. Furthermore, considering the integrand numerator of (5.48), it is rewrit-
ten as

(
p

(FFR)
c,e (γ) + ε

(
p

(FFR)
c,i (γ)− 1

δ
· p(FFR)

c,e (γ)
))

log2(1 + γ). When δ ≥ p
(FFR)
c,e (γ)/p

(FFR)
c,i (γ),

R
(FFR)

c increases to its limit as ε increases to 1, implying that more spectrum should be allo-
cated to the interior cellular users in order to achieve the improved sum-rates. Otherwise, for
δ < p

(FFR)
c,e (γ)/p

(FFR)
c,i (γ), R

(FFR)

c decays as ε increases, so less spectrum should be assigned to the
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interior users.

D2D Link

When a D2D user is located in the cell-edge region, it suffers from the interference caused by
the cellular transmitter and other D2D users operate in the same sub-band. We will adopt an
approximate approach that the active D2D users in cell-edge regions now constitute a PPP with the
density λ̂d = λd

(
1− R̂2

R2

)
. It follows that, by adopting a similar approach with the derivation of

D2D coverage probability in SFR mode, the coverage probability of a typical cell-edge D2D link
can be obtained from (5.43) as follows:

p
(FFR)
d,e (γ) =

dmax∫
dmin

exp

(
−r

αγ(βPd + σ2
d)

PcC
− 2πλ̂dr

2γ
2
α

sinc
(

2
α

) )× 2r

pµ2
(

1 + Pcrαγ
Pd

(
45π

128R

)2
) dr. (5.49)

As λ̂d = λd

(
1− R̂2

R2

)
, p(FFR)

d,e (γ) monotonically increases as R̂ increases and it reaches the limit at

R̂ = R.
Now we turn our attention to the interior D2D users in the case of FFR. The aggregate interfer-

ence at a typical D2D receiver is from a cellular transmitter and co-channel D2D users. Assuming
that both cellular and D2D users are uniformly distributed within the circle having radius R̂ and
D2D users also form a PPP with density λd, the coverage probability of an interior D2D user can
be obtained by using a similar approach as (5.43), and it is expressed as

p
(FFR)
d,i (γ) =

dmax∫
dmin

exp

(
−r

αγ(βPd + σ2
d)

PcC
− 2πλdr

2γ
2
α

sinc
(

2
α

) )× 2r

pµ2

(
1 + Pcrαγ

Pd

(
45π

128R̂

)2
) dr,

(5.50)

which is also maximized for R̂ = 0.
The average numbers of D2D links located in inner and cell-edge regions are provided as R̂2λd

R2λb

and (R2−R̂2)λd
R2λb

. Utilizing the derivations of (5.18) and (5.48), the average sum-rate of D2D links
per cell is given by

R
(FFR)

d =

∞∫
0

1−ε
δ

(R2 − R̂2)p
(FFR)
d,e (γ) + εR̂2p

(FFR)
d,i (γ)

(ln(2)/2)(1 + γ)R2(λb/λd)
dγ. (5.51)
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As a function of δ, R
(FFR)

d decays as δ increases, so R
(FFR)

d achieves its maximum at δ = 1, corre-
sponding to the case of universal frequency reuse.

To have a clear insight into the impact of ε and R̂ on R
(FFR)

d , we rewrite the numerator of
integrand in (5.51) as

R2 − R̂2

δ
p

(FFR)
d,e (γ) + ε

(
R̂2p

(FFR)
d,i (γ)− R2 − R̂2

δ
p

(FFR)
d,e (γ)

)
.

For R̂2p
(FFR)
d,i (γ) ≥ (R2 − R̂2)p

(FFR)
d,e (γ)δ−1, i.e, R̂ ≥ R(p

(FFR)
d,e (γ)/(δp

(FFR)
d,i (γ) + p

(FFR)
d,e (γ)))

1
2 ,

R
(FFR)

d is improved by increasing ε. This result implies that, as the area of inner cell region in-
creases, more spectrum should be assigned to the inner D2D users and vise versa.

5.6 Illustrative Results

In this section, numerical results are provided to confirm the approximations of performance met-
rics and illustrate their behaviors discussed in previous sections. A comparison between FD D2D
networks, HD D2D networks, cellular network without D2D transmission as well as SFR and FFR
is also made to demonstrate the benefits of FD D2D operations.

Our Monte Carlo simulations are performed as follows. Consider a network having square
coverage area of A, the BSs are dropped according to a hexagonal grid in the network coverage;
so the area of a hexagon is 1/λb. The cellular users are placed according to a PPP having density
λc within the network region. For each BS, we randomly schedule a cellular transmitter so that
there is always one cellular transmitter per cell, which can be ensured by choosing λc � λb. The
D2D users are placed according to a marked PPP with density λ = λd/ps, where ps denotes the
probability that the distance between two uniformly distributed points within the square region
lies in the range [dmin, dmax]. Such a probability is provided as ps =

∫ dmax

dmin

(
2πl
A

+ 2l3

A2

)
dl =

πd2
max−πd2

min

A
+
d4

max−d4
min

2A2 ,whereA is the network area. Given the D2D nodes, we then select the D2D
links having distances in the range [dmin, dmax]. The Rayleigh channel power gains are generated
independently according to an exponential distribution with unit parameter. In our simulations, we
assume the cellular and D2D users use constant transmit powers Pc and Pd, respectively. Regarding
the SFR and FFR, we select the reuse factor δ = 3. In particular, we adopt the reuse patterns as
in Fig. 5.2 for both cellular and D2D users. In the FFR scheme, we choose the spectrum partition
parameter equal to the ratio of areas between the inner region and the cell, i.e, ε = R̂2/R2. In all
frequency reuse modes, the SINR statistics of cellular and D2D links are collected in the central
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hexagonal cells to avoid the boundary effect [68]. Unless state otherwise, Table 5.1 summarizes
the numerical values of parameters used in our simulations.

Table 5.1 Simulation Parameters
Network area A 52 km2

BS density λb (π0.52)−1 km−2

Cellular user density λc 20 · (π0.52)−1 km−2

Carrier frequency 2 GHz
Density of D2D links λd 40 links/km2

Maximum D2D link distance dmax [20] 50 m
Minimum D2D link distance dmin [20] 3 m

Path-loss exponent α [138] 3.76
Reference path-loss C [138] −15.3 dB
Cellular transmit power Pc 200 mW

D2D transmit power Pd 0.1 mW
Channel bandwidth 10 MHz

Noise PSD −174 dBm/Hz
BS receiver noise figure 5 dB

User receiver noise figure 9 dB
Self-interference-to-power-ratio β −80 dB

Frequency reuse factor δ 3

Radius of interior cell region R̂ 0.7 ·R
Spectrum partition parameter ε 0.72

Number of network realizations 10, 000

5.6.1 Universal Frequency Reuse

Let first consider the case when the reuse factor δ = 1, i.e., universal frequency reuse (UFR). In the
considered network, the average numbers of BSs per km2 and equivalently cellular links become
λbA = (π0.52)−1 ·52 = 31. The link density is selected as λd = 40 links/km2. The average number
of underlaid D2D links (per km2) over a cell is therefore E[K] = 32.

In Fig. 5.3, we first plot the coverage probabilities versus target SINR of the cellular uplink
for λd = 40 links/km2. To validate our approximation of coverage probability of cellular link in
(5.13), Fig. 5.3 shows this approximation and corresponding coverage probability obtained by
Monte Carlo simulation over a wide range of SINRs. The tightness of approximation in (5.13) is
clearly observed. In addition, the cellular coverage probability performances under HD D2D links
and pure cellular transmission (i.e., in absence of D2D communications) are also shown in Fig.
5.3. In general, the link coverage probability P(instantaneous SINR ≥ target SINR) is reduced
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Fig. 5.3 Coverage probability performance of the cellular link for λd = 40
links/km2.

as target SINR increases. In Fig. 5.3, without D2D links, the cellular uplink uses its allocated
frequency with only inter-cell cellular interference, and it is exponentially reduced the coverage
probability versus increasing target SINR. In presence of interference of D2D links sharing the
same frequency, the coverage probability is further reduced. Since a HD D2D link shares the
same frequency in only one direction while a FD D2D link uses the same frequency in both two
directions, more interference in the case of FD D2D degrades the coverage probability of cellular
link as compared to the case of HD D2D. We should note that, in this work, the results related to
HD D2D links are obtained by simulations.

In Fig. 5.4, we also plot the approximation of corresponding coverage probability of D2D link
in (5.29) with simulation result as well as with HD D2D transmission for λd = 40 links/km2. As
shown in Fig. 5.4, the proposed approximation is fairly tight with simulation result, so the obtained
result is sufficiently accurate to approximate the coverage probability. When the D2D links use HD
mode, the coverage probability is improved as compared to FD D2D transmission.

Fig. 5.5 illustrates the instantaneous sum-rates of cellular and D2D links for both HD and FD
D2D operations. The numerical results in Fig. 5.5 verify the behaviors of the sum-rates analyzed
in previous sections and shows the trade-off in terms of throughput when D2D networking is
incorporated into existing cellular networks. Specifically, as target SINR γ increases to +∞, the
sum-rate of cellular (D2D) increases (decays) to the limit at γ = 6 dB and monotonically decays
(increases) to 0. In Fig. 5.5, we also include both numerical and analytical results of cellular and
D2D sum-rates, as well as the results of HD D2D links obtained by simulations. We observe that
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Fig. 5.4 Coverage probability performance of the D2D link versus target SINR.
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Fig. 5.5 Instantaneous sum-rates of cellular and D2D links versus target SINR.

HD D2D allows to improve the cellular throughput but significantly reduces the D2D sum-rate.
This is intuitive since HD D2D yields less D2D-to-cellular interference.

Similar results are also obtained for the ergodic sum-rates of cellular and D2D links. Specif-
ically, Fig. 5.6 compares the cellular and D2D link sum-rates obtained by using the analytical
expressions (5.18) and (5.36) to those obtained by Monte Carlo simulations for various D2D link
densities. It can be seen from Fig. 5.6 that the two results are fairly close. As such, the proposed
approximations can be used effectively as accurate system benchmarks. Fig. 5.6 also illustrates
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Fig. 5.6 Ergodic sum-rates of D2D and cellular links versus D2D link densities.

the ergodic sum-rates when D2D links use HD transmission. As illustrated in Fig. 5.6a, FD D2D
inevitably hurts the cellular sum-rate performance due to the increasing D2D-to-cellular interfer-
ence as compared to the HD counterpart. The loss in terms of cellular throughput, however, can be
compensated by significant D2D sum-rate gains obtained by FD D2D operation, as shown in Fig.
5.6b. Further, Fig. 5.6 shows that D2D links can offer substantially higher sum-rates than cellular
links, indicating a large spectral efficiency gain by incorporating the D2D option.
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Fig. 5.7 Ergodic D2D link sum-rate for different maximum D2D link distances.

In Fig. 5.7, we plot the ergodic sum-rate of D2D links versus maximum D2D link distance for
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λd = 40 links/km2. The results show a significant D2D link sum-rate achieved, especially with
FD D2D at short distances. As maximum D2D link distance increases, the achieved D2D sum-rate
exponentially reduces, which is in agreement with our previous discussion.
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Fig. 5.8 FD-to-HD sum-rate ratio versus SIC for various maximum D2D link dis-
tance dmax = {30m, 50m, 70m}.

For FD and HD D2D performance comparison, we establish the FD-to-HD D2D sum-rate
ratio and plot it versus the self-interference cancellation (SIC) in dB for different maximum D2D
distances: 30 m, 50 m and 70 m in Fig. 5.8 for λd = 40 links/km2. The results show that FD
D2D can offer better sum-rate than HD D2D with sufficiently large SIC and shorter range, e.g.,
1.7 times better at 70 m, 1.76 times better at 50 m and 1.8 times better at 30 m with SIC of 100 dB.
However, for SIC larger than 100 dB, the FD-to-HD D2D sum-rate ratio seems to get stable at 1.8.
Further, the results in Fig. 5.8 also indicate that the SIC of 100 dB is sufficient to achieve the best
FD-to-HD D2D sum-rate ratio.

By defining this spectral efficiency gain as the ratio of the achieved total sum-rate (of both
cellular uplink and D2D links) to the achieved rate of only cellular uplink (operating alone without
D2D links in the same environmental conditions), Fig. 5.9 plots the resulting spectral efficiency
gain versus D2D link density. The results in Fig. 5.9 indicate that, over the wide D2D link density
range from 10 to 50 links/km2, the spectral efficiency gain linearly increases with the D2D link
density for the cases of HD D2D and FD D2D with SIC of 80 dB. With better SIC of 100 dB, FD
D2D offers a substantial improvement in the spectral efficiency gain as compared to HD D2D.
For example, in Fig. 5.9, for a D2D link density of 40 links/km2, HD D2D achieves a spectral
spectrum gain of 22 while FD D2D can offer 33.5 with SIC of 80 dB and 40 with SIC of 100 dB.
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Fig. 5.9 Spectral efficiency gain versus D2D link density when D2D links operate in
FD and HD modes with dmax = 50m.

It is also noticed that for D2D link density of higher 40 links/km2, increase in sum-rate (and in
spectral efficiency gain) of FD D2D with SIC of 100 dB gets compressed. This can be explained
by the fact that co-channel interference becomes dominant at higher D2D link density. In general,
it is expected that the increase in sum-rate (and in spectral efficiency gain) of FD/HD D2D will
get compressed and saturated at a certain sufficiently high D2D link density due to the dominant
interference generated in the network.

5.6.2 Comparison with SFR and FFR

In this section, we represent the key performance metrics including coverage probabilities of cel-
lular and D2D links and ergodic sum-rates of cellular and D2D links when standard and fractional
frequency reuse schemes are employed in the considered network. The results are then compared
to those obtained in the case of universal frequency reuse to demonstrate the trade-off between
coverage and sum-rate.

In Fig. 5.10, we first plot the coverage probabilities of cellular link under FFR, SFR and UFR
for the D2D link density λd = 40 links/km2. In addition, we consider both HD and FD D2D
transmission. It can be seen from Fig. 5.10 that the use of frequency reuse modes improves
the coverage probabilities of cellular link, which is intuitive since the cellular receiver no longer
suffers from the inter-cell interference. Further, the performance of interior cellular user in FFR
outperforms that of typical user in SFR. Interestingly, we observe that the coverage probabilities
of cell-edge cellular link in the cases of FD and HD D2D transmission are identical, implying that
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Fig. 5.10 Coverage probabilities of typical cellular link versus target SINR in SFR,
FFR and UFR modes for both FD and HD D2D transmission.
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Fig. 5.11 Coverage probabilities of typical D2D link versus target SINR in SFR, FFR
and UFR modes for both FD and HD D2D transmission.

the coverage performance of a typical cellular link located in the cell-edge region shall essentially
not be affected by the D2D interference. This is because, in this case, D2D links are placed (in
average) far from cellular link. Similar observations are obtained in Fig. 5.11 where we plot the
corresponding coverage probabilities of typical D2D link under FFR, SFR and UFR for λd = 40

links/km2. An improvement in D2D coverage can be observed when frequency reuse is employed.
The performance of typical interior D2D user in FFR, however, is lower than the UFR counterpart.
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This is because, in the interior region of FFR, the cellular transmitter is located closer to the D2D
users than in UFR mode.
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Fig. 5.12 Ergodic sum-rates of cellular and D2D links versus D2D link densities
under difference frequency reuse schemes for both FD and HD D2D transmission.

Finally, Fig. 5.12 compares the ergodic sum-rates of cellular and D2D links between FFR,
SFR and UFR for HD and FD D2D transmission. It is shown that the sum-rate of D2D links (both
FD and HD operation) with FFR and SFR is significantly lower than that with UFR. While FFR
provides an improved cellular rate as compared to SFR, the D2D sum-rates with FFR and SFR are
close in both cases of HD and FD D2D transmission.

5.7 Concluding Remarks

In this chapter, we have studied the benefits of integrating FD D2D communications into existing
cellular network under the multi-cell setting where the BSs are regularly placed according to a
hexagonal grid and the locations of users were distributed according to Poisson point processes.
Given the network model, analytical expressions of coverage probability and ergodic sum-rate of
both cellular and D2D links were derived and the effect of network parameters to the cellular/D2D
sum-rates was investigated. Our results revealed that significant performance gains in term of spec-
tral efficiency can be achieved in the considered FD network as compared to the HD counter part
with sufficient self-interference cancellation. Further, D2D services can offer significant spectral
efficiency gain as compared to pure cellular transmission. We also shown that, when standard and
fractional frequency reuse schemes were employed, it helped enhance the rate of cellular link as
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well as the coverage of both cellular and D2D links, but substantially degraded the D2D throughput
performance.
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Chapter 6

Underlaid Full-Duplex D2D
Communications in Massive MIMO
Systems via Joint Beamforming and Power
Allocation

6.1 Introduction

Chapters 4 and 5 focused on the integration of FD D2D services in cellular uplink resources; and
BS uses an omni-directional antenna. This chapter focuses on exploring impact of incorporat-
ing underlaid FD D2D services into cellular downlink transmission of existing multi-cell networks
where BSs are equipped with massive MIMO transmission. As discussed in Chapters 1, when D2D
communications is allowed to occupy the downlink resources, the receiving D2D user experiences
strong interference from the BSs. Meanwhile, D2D transmitter may cause high interference to
the co-channel cellular user who receives the downlink traffic. Thus, interference management is
essential to ensure a harmonious co-existence between D2D and cellular services. Under the as-
sumption of uniform linear array (ULA) antennas equipped at each BS, our objective is to design
a joint beamforming and power allocation algorithm so as to alleviate the interference between
cellular and D2D transmission and optimize the overall network sum-rate. The proposed algo-
rithm is based on the fractional programming (FP) approach, which is developed to solve general
noncovex optimization problems with the corresponding objective functions being in form of the
sum-functions-of-ratio. In wireless communications systems, FP has recently been employed ex-
tensively to solve the energy and spectral efficient optimization problems (e.g., [84, 139–141] and
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the references therein). The FP-based algorithm takes advantage of the fractional structure of the
nonconvex optimization problem by directly looking at the objective function decomposition. The
form of the original objective function naturally lends itself to this choice of fractional decomposi-
tion. More specifically, the FP-based algorithm approximates the nonconvex optimization problem
by applying a quadratic transformation to the fractional argument terms of the objective function
to ensure that the transformed objective function is concave. The FP-based algorithm is operated
in a centralized manner and requires full knowledge of CSI at the central controllers. While our
algorithm utilizes the FP theory developed in [141] applied to separate power control and beam-
forming design in cellular systems, the extension to joint beamforming and power allocation in
underlaid D2D cellular networks is not trivial and requires new derivations.

Based on the developed FP-based algorithm, the benefits of incorporating underlaid FD D2D
networking into massive MIMO cellular systems are investigated. In particular, we shall study the
average network sum-rates per cell under the impact of important network parameters including
SIC levels, number of antennas equipped at each BS, D2D link distances, and number of active
D2D links in each cell. We adopt the network sum-rates (over a cell) of HD D2D cellular systems
and pure cellular systems (in absence of D2D), both also employing the FP-based algorithm, as the
benchmarks to characterize the benefits offered by the FD D2D transmission. For completeness,
we consider two scenarios in which D2D users are either located inside or outside of the buildings
in urban area. An interesting observation is that adopting the FP-based algorithm to FD D2D
cellular systems significantly improves the achievable network throughput (over a cell) and vastly
outperforms that achieved by the HD D2D counterpart and pure cellular systems, but only under
sufficiently high SIC levels. Based on the numerical results, a comparison with the scenario in
which omni-directional transmission is employed at the cellular link is also made to demonstrate
the advantage of ULA-equipped BS.

The remainder of this chapter is organized as follows. Section 6.2 describes the system model
of interest and formulate the optimization problem. Section 6.3 focuses on the development of
joint beamforming and power allocation algorithm to solve this problem. Numerical results are
given in Section 6.4 to illustrate the sum-rate objective obtained by our proposed algorithm and
the impact of network parameters on this sum-rate objective. Finally, Section 6.5 concludes the
chapter.
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Fig. 6.1 A underlaid D2D cellular network with multi-cell setting (black circle: BS,
red triangle: cellular user, green square: D2D transceiver).

6.2 System Model and Problem Formulation

6.2.1 System Model

As illustrated in Fig. 6.1, we consider a hybrid network including cellular downlinks and D2D
links operating in HD and FD modes, respectively. The network consists of B base-stations (BSs)
located in multiple hexagonal cells. We assume that both multiple cellular and D2D transceivers
are randomly located within the cell region. The associated receiver with a D2D transceiver is
located at a fixed distance away with an isotropic direction. This chapter considers single antenna
transmission at all cellular/D2D users, while each BS is equipped with A antennas. Each BS is
capable of serving M cellular users simultaneously in a time-frequency slot (A ≥M ). In addition,
the downlink frequency-time resources are fully reused by multiple underlaid FD D2D links, and
the universal frequency reuse scheme (UFR) is employed. The sets of cellular users served by the
BS b are denoted as Cb, b = 1, . . . , B. Meanwhile, let D be the collection of all D2D transceivers
in the network. As a result, N = |D|/(2B) is the number of D2D links per cell.

The transmit power vector of D2D users in the same time-frequency slot is defined as p =

[P1, . . . , P2BN ] ∈ R2BN
+ , where Pn denotes the transmit power at D2D transceiver n. The path-loss

L is computed asL = Cr−α where r is the distance, α > 2 is the path-loss exponent, andC denotes
the reference path-loss determined by the carrier frequency and reference distance. Furthermore,
the system uses the time division multiplexing (TDD); we assume channel reciprocity, i.e., the
downlink channel is Hermitian transpose of the uplink channel.
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Given the system model, the received signals at cellular user m in cell b is given by

y
(c)
bm = L

(cc)
b,bm

(
h

(cc)
b,bm

)H
vbmx

(c)
bm +

∑
j∈Cb\{m}

L
(cc)
b,bm

(
h

(cc)
b,bm

)H
vbjx

(c)
bj︸ ︷︷ ︸

Intra-cell cellular interference

+
∑
i 6=b

∑
j∈Ci

L
(cc)
i,bm

(
h

(cc)
i,bm

)H
vijx

(c)
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Inter-cell cellular interference

+
∑
j∈D

L
(dc)
j,bmh

(dc)
j,bmx

(d)
j︸ ︷︷ ︸

D2D-to-cellular interference

+z
(c)
bm, (6.1)

where h
(cc)
l,bm ∈ CA (L(cc)

l,bm ∈ R+), l ∈ {b, i}, denotes the channel fading vector (path-loss) from for
cellular userm in cell b to the BS l. Correspondingly, vuv ∈ CA, uv ∈ {bm, bj, ij}, is the downlink
precoding/beamforming vector for cellular user v in cell u. We use h(dc)

j,bm ∈ C (L(dc)
j,bm ∈ R+) to

denote the channel (path-loss) from D2D transceiver j to cellular userm in cell b. Further, x(d)
j ∈ C

refers to the signals sent by D2D transceiver j, while x(c)
uv ∈ C, uv ∈ {bm, bj, ij}, denotes the

signal from BS u intended to transmit to the cellular user v. In addition, we assume that all
transmitted signals are normalized so that |x(c)

uv |2 = |x(d)
j |2 = 1, u = 1, . . . , B,∀v ∈ Cu, ∀j ∈ D.

Further, z(c)
bm ∈ C refers to the thermal noise at cellular user m in cell b, and it is distributed as

z
(c)
bm ∼ CN (0, σ2

c ).
Let’s consider a typical D2D link constituted by two D2D transceivers n and n′ which can

communicate simultaneously in both directions in a spectrum-time slot. Using a similar approach,
the received signal at D2D transceiver n ∈ D is given by

y(d)
n =

√
PnL

(dd)
n′,nh
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(d)
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L
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Cellular-to-D2D interference

+
∑

j∈D\{n,n′}

√
PjL

(dd)
j,n h

(dd)
j,n x

(d)
j︸ ︷︷ ︸

Intra-D2D interference

+sn + z(d)
n , (6.2)

where x(d)
u ∈ C, u ∈ {n, j}, denotes the signal sent by the D2D transceiver u ∈ D, and h

(cd)
b,n ∈ CA

(L(cd)
b,n ∈ R+) denotes the vector channel (path-loss) from D2D transceiver n to the BS b. In

addition, h(dd)
j,n ∈ C (L(dd)

j,n ∈ R+) denotes the channel (path-loss) from D2D transceiver j to the
D2D transceiver n. Here, sn is the residual self-interference (SI) caused by imperfect cancellation
of FD operation. We adopt an SI model in which the residual interference is reflected in the
self-interference-to-power-ratio (SIPR) β so that |sn|2 = βPn given by [71, 122] with Pn being
the instantaneous transmit power at the D2D transceiver n. z(d)

n ∈ C is the thermal noise at D2D
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transceiver n and it is also distributed as z(d)
n ∼ CN (0, σ2

d), ∀n ∈ D, with σ2
d being the noise power

at the D2D receiver. From (6.2), the received signal at other D2D transceiver n′ can be obtained
by replacing the index n with n′ and vise versa, but we omit its derivation here for the sake of a
concise presentation. In this chapter, as D2D and cellular transmission operate in downlink, we can
assume that the D2D and cellular receivers have identical noise powers, denoted as σ2 , σ2

d = σ2
c .

This work assumes uniform linear array (ULA) antennas being employed at each BS. We model
the channel vector h(·) from D2D/cellular users to BS as [142] h(·) = [A 0A×A−P ]× ĥ(·), where
ĥ(·) denotes the fast fading channel vector. Each vector element is independent and identically
distributed (i.i.d.) and follows the Rayleigh distribution with zero mean and unit variance. Addi-
tionally, 0A×A−P is the A × A − P zero matrix. Here, P represents the fixed number of angular
dimensions. The steering matrix A = [a(φ1), . . . , a(φP )] ∈ CA×P is composed of the steering
vectors a(φ) defined as

a(φ) =
1√
P

[
1, e−i2πw sin(φ), . . . , e−i2πw(A−1) sin(φ)

]
,

where w is the antenna spacing in multiples of the wavelength and φp = −π/2 + (p− 1)π/P, p =

1, . . . , P , are uniformly distributed angles of transmission.
Before processing further, to avoid cumbersome equations with many denotations in our sub-

sequent derivations, we define the overall channel power gains as

g
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, L

(cc)
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(
h

(cc)
l,bm

)H
, l ∈ {b, i}. (6.3)

6.2.2 Problem Formulation

Given the system model, we now define the desired performance metrics, including SINR and
sum-rate of cellular/D2D links, and correspondingly formulate the optimization problem. From
the received signal in (6.1), the SINR at the cellular receiver m in cell b can be written as

SINR(c)
bm =

∣∣∣∣(g(cc)
b,bm

)H
vbm

∣∣∣∣2
I

(c)
bm + σ2

, (6.4)
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where the term I
(c)
bm represents the aggregate interference power caused by both cellular and D2D

transmission, and it is given by

I
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∣∣∣2 . (6.5)

Treating the interference as noise, the achievable rate of cellular link m in cell b can be computed
by invoking the Shannon’s capacity formula as

R
(c)
bm = log2

(
1 + SINR(c)

bm

)
. (6.6)

Meanwhile, for a FD D2D link constituted by D2D transceivers n and n′, the received SINR of
D2D the transceiver n can be written from (6.2) as
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denotes the aggregate interference power caused by other D2D and cellular transmission. Likewise,
the received SINR at D2D the transceiver n′, denoted as SINR(d)

n′ , can be obtained by replacing the
index n with n′ in (6.7) and (6.8) and vise versa. As a result, the achievable rate of corresponding
FD D2D link is given by

R(d)
n = log2

(
1 + SINR(d)

n

)
+ log2

(
1 + SINR(d)

n′

)
. (6.9)

This thesis uses the network sum-rate of both cellular and D2D links over a cell as the opti-
mization objective under the constraints on the target (minimum required) SINR at both cellular
and D2D transmission and maximum transmit powers of D2D transmitters and BSs, denoted as
Pd and Pc, respectively. Without generality, we can assume that D2D (cellular) users have equal
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target SINR γd (γc). The optimization problem therefore can be mathematically formulated as

max
p,V

R ,
1

B

B∑
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∑
k∈Cb

R
(c)
bm +

1

B

∑
n∈D

R(d)
n (6.10a)

s.t. SINR(c)
bm ≥ γc, b = 1, . . . , B, ∀m ∈ Cb, (6.10b)

SINR(d)
n ≥ γd, ∀n ∈ D, (6.10c)∑

m∈Cb

|vbm|2 ≤ Pc, b = 1, . . . , B, (6.10d)

Pn ≤ Pd, ∀n ∈ D, (6.10e)

where V refers to the beamformer collection {vbm} and p is the D2D transmit power vector.

6.3 Joint Beamforming and Power Allocation Algorithm

In this section, we focus on addressing the optimal solution of (6.10a-e). The problem (6.10a-e)
involves continuous nonconvex optimization, and it is not possible to directly obtain the glob-
ally optimal solution. To overcome this issue, we propose to apply fractional programming (FP)
tools [141] to transform (6.10a-e) into a sequence of convex problems in which each problem can
be solved effectively by standard convex optimization techniques. More specifically, the FP-based
approach exploits the fractional structure of the objective function so that we can develop a sequen-
tial convex programming algorithm that approximately locates the globally optimal point with a
low complexity. Such an approach is possible when the objective function exhibits a sum-ratio
form of

∑
n f (An(x)/Bn(x)). Additionally, f(·) is a nondecreasing and concave function, while

the functions An(x) : Cu → R and Bn(x) : Cu → R, u ≥ 1, are convex and concave w.r.t. x,
respectively.

Let first consider the case in which the numerator function An(·) can be represented by a
quadratic form An(x) = a2

n(x) with an(x) : Cu → R being a multidimensional and real-valued
function. By adopting the quadratic transform of An/Bn to 2qnan − q2

nBn [141], the optimization
problem

max
x

∑
n

f (An(x)/Bn(x)) (6.11)

s.t. x ∈ X ,
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where X represents the nonempty convex set of constraints, is equivalent to [141]

max
x,qn

∑
n

f
(
2qnan(x)− q2

nBn(x)
)

(6.12)

s.t. x ∈ X .

In (6.12), qn ∈ R refers to an auxiliary variable, and it is optimized when x is held fixed as
q?n = an(x)/Bn.

For an alternative case in which the numerator of f is represented by an expanded multiplica-
tion An(x) = an(x)ān(x) with an(x) : Cu → C being a multidimensional and complex-valued
function, the problem (6.11) is now equivalent to [141]

max
x,qn

∑
n

f (2Re (q̄nan(x))− q̄nBn(x)qn) (6.13)

s.t. x ∈ X ,

where the auxiliary variables qn ∈ C are also optimized at q?n = an(x)/Bn(x).

The argument function of each outer function f is now convex w.r.t. x and fixed qn, and
the transformed optimization problems (6.12) and (6.13) become convex. As a result, the global
optimal solution can be achieved by solving a sequence of convex optimization subproblems that
find the optimal x and qn in an iterative fashion.

Based on the transformed convex problems (6.12) and (6.13), we now focus on resolving the
joint beamforming and power allocation problem (6.10). Although the argument in each cellu-
lar/D2D link rate component of the objective function in (6.10) is not in a direct ratio form (i.e.,
1 + SINR), the SINR terms of such objective function are in fractional form. Since the loga-
rithm function log2(·) is nondecreasing and concave and each SINR term resides in the logarithm
function, the quadratic transforms can be directly applied to the SINR terms [141]. The detailed
procedure is provided as follows.

Applying the quadratic transform to each SINR term and following (6.12) and (6.13), the opti-
mization problem (6.10) can be transformed to

max
p,V,{q(c)

bm},{q
(d)
n }

fFR =
1

B

B∑
b=1

∑
m∈Cb

f
(c)
bm +

1

B

∑
n∈D

f (d)
n . (6.14)

s.t. (6.10b)− (6.10e).

Here, {q(c)
bm} and {q(d)

n } refer to the collections of auxiliary variables corresponding to the cellular
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and D2D sum-rates, respectively. In the objective function of (6.14), using
∣∣∣∣(g(cc)

b,bm

)H
vbm

∣∣∣∣2 =(
g

(cc)
b,bm

)H
vbm (vbm)H g

(cc)
b,bm, the component f (c)

bm can be expressed from (6.13) as follows:

f
(c)
bm = log2

(
1 + 2Re

(
2q̄

(c)
bm

(
g

(cc)
b,bm

)H
vbm

)
− q̄(c)

bm

(
I

(c)
bm + σ2

)
q

(c)
bm

)
. (6.15)

Meanwhile, the component f (d)
n is provided from (6.12) by

f (d)
n = log2

(
1 + 2q(d)

n

√
Pn

∣∣∣g(dd)
n′,n

∣∣∣− 2
(
q(d)
n

)2 (
I(d)
n + βPn + σ2

))
. (6.16)

From (6.15) and (6.16), we observe that, as the logarithmic function log2(·) is nondecreasing and
concave, the optimization problem (6.14) is a convex problem of V and p when the auxiliary
variables {q(c)

bm} and {q(d)
n } are held fixed. It follows that, the optimal q(c)

bm and q(d)
n for fixed vbm and

Pn are given by

q
(c)
bm =

(
g

(cc)
b,bm

)H
vbm

(
I

(c)
bm + σ2

)−1

, b = 1, . . . , B,∀m ∈ Cb, (6.17)

q(d)
n =

√
Pn

∣∣∣g(dd)
n′,n

∣∣∣ (I(d)
n + βPn + σ2

)−1
, ∀n ∈ D. (6.18)

The convex optimization problem (6.14) allows to develop an iterative algorithm in order to
solve (6.10) as follows. The iterative algorithm generates a sequence V and p to improve the
optimal solutions. From the first feasible solution of V and p that is randomly generated, at each
iteration, we compute the optimal values of {q(c)

bm} and {q(d)
n } and subsequently locate the optimal

solution of the convex program (6.14), which can be solved effectively by using standard convex
programming techniques. Because the constraint set (6.10b) − (6.10e) is convex, the sequence
V and p always converges [141]. We can set to stop the iterative algorithm when the objective
function fFR converges, i.e., its absolute improvement is less than a desired (pre-selected) threshold
ε. For convenience, the iterative joint beamforming and power allocation algorithm based on FR
programming is summarized in Algorithm 2.

Algorithm 2 Iterative FP-based algorithm
1: Initiate a feasible solution of vbm and p and choose ε.
2: repeat
3: Compute {q(c)

bm} and {q(d)
n } given by (6.17) and (6.18).

4: Solve the convex program (6.14) to obtain optimal V?, p?, and f ?FR.
5: until fFR converges, i.e., |fFR − f ?FR| ≤ ε
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6.4 Illustrative Results

In this section, numerical results are presented to compare the achievable network sum-rates (per
cell) of both cellular and D2D links, provided by FP-based algorithm developed in previous sec-
tion, for the FD D2D, HD D2D, and pure massive MIMO cellular systems (in absence of D2D
transmission). The behaviors of such sum-rates under the effect of various networking parameters
such as SIC level, D2D link distance, and number of active D2D links per cell are also illustrated.

Our Monte Carlo simulations are performed as follows. We consider a multi-cell network con-
sisting of three hexagonal-cells as shown in Fig. 6.1. The cellular users and D2D transceivers are
dropped randomly within the cell region. Each D2D transceiver is located uniformly in the circle
where the radius equals a fixed D2D link distance r and the corresponding D2D transceiver is lo-
cated at the origin. The path-loss parameters correspond to a carrier frequency of 2 GHz, while the
channel fast fading are generated independently according to a complex Gaussian distribution with
unit variance. With regards to the steering matrix A, we select the number of angular dimension
P = A/2 and the antenna spacing w = 0.3 provided in [142]. In FP-based algorithm, the rate
improvement threshold of iterative algorithm is chosen as ε.

In our simulations, we assume that cellular users are located outside of the buildings (i.e.,
outdoor) and in the urban macrocells. In addition, we consider two D2D-related propagation sce-
narios in which the D2D users are located either outside or inside of the buildings in urban areas
(i.e., outdoor and indoor, respectively). We denote these two scenarios as outdoor and indoor D2D
transmission, respectively. For outdoor D2D transmission, we consider a similar channel model
to that of Chapter 5, yet focusing on downlink, in which 3GPP macrocell propagation model (ur-
ban area) is adopted [20, 138]. For indoor D2D transmission, we consider the setting where the
D2D transceivers are located inside indoor RRH/Hotzone [20, 143]. Unless stated otherwise, the
network parameters used in both outdoor and indoor D2D transmission scenarios are provided in
Tables 6.1.

6.4.1 Outdoor D2D Transmission

In this section, the illustrative results of outdoor D2D transmission scenario will be represented.
The path-loss parameters for this scenario are provided in Tables 6.2. We should note that, for a
concise representation, we denote UE as either cellular user (CU) or D2D user.

For FD and HD D2D performance comparison, we first establish the FD-to-HD network sum-
rate ratio and plot it versus SIPR β in dB in Fig. 6.2. The numbers of cellular and D2D links per
cell are chosen as M = 4 and N ∈ {14, 30} links/cell, respectively. In addition, the D2D link
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Table 6.1 Common Simulation Parameters of Outdoor and Indoor D2D
Carrier frequency 2 GHz

Channel bandwidth 10 MHz
Cell area π5002 m2

Number of cells 3
Number of antennas at BS A {16, 32}

Number of angular dimension P = A/2 [142] {8, 16}
Antenna spacing ω [142] 0.3

Number of cellular users per cell M 4
Number of D2D links per cell N [10, 40]

D2D link distance r [20] {20, 50} m
Total BS transmit power Pc [138] 46 dBm
Maximum D2D transmit power Pd 23 dBm

Noise PSD −174 dBm/Hz
Receiver noise figure 9 dB

Self-interference-to-power-ratio β [−120,−60] dB
Target SINR γc = γd 0 dB

Improvement threshold ε 10−5 dB

Table 6.2 Path-Loss Parameters of Outdoor D2D Transmission
Path-loss of BS-UE channels [20, 138] 15.3 + 37.6 log(r), r in m
Path-loss of UE-UE channels [20, 138] 15.3 + 37.6 log(r), r in m
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Fig. 6.2 FD-to-HD network sum-rate ratio versus SIPR.
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distance is r = 50 m, while the number of antennas equals A = 16. The obtained results show that
FD D2D can offer better sum-rate than HD D2D with SIPR β ≤ −95 dB. For β ≤ −100 dB, the
FD-to-HD D2D sum-rate ratios seem to be fixed around 1.45 and 1.30 for N = 14 and N = 30

links/cell, respectively. From the obtained results, we observe that, for outdoor D2D transmission
scenario, the SIC level of 100 dB is sufficient to provide the best sum-rate ratio.
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Fig. 6.3 Achievable network sum-rate (per cell) for different D2D link distances.

In Fig. 6.3, we plot network sum-rate (over a cell) for both FD and HD D2D transmission ver-
sus maximum D2D link distance for N = 14 links/cell, A = 16 antennas, and β = −100 dB. The
obtained results demonstrate a significant D2D link sum-rate achieved, especially with FD D2D
at short distances. As the D2D link distance increases, the achieved network sum-rate exponen-
tially reduces. Interestingly, we observe that, as the D2D link distance exceeds 70 m, the sum-rate
performances of FD and HD D2D are almost identical. This result indicates that, with sufficiently
large D2D link distances, FD D2D is no longer beneficial in terms of spectral efficiency gain as
compared to HD D2D operated in the same outdoor environment. This is because, with increasing
D2D link distance, D2D transceivers, in average, are located closer, thus causing more interference
to each other.

In Fig. 6.4, we plot the achieved network sum-rate versus the number of D2D links over a cell
under the consideration of FD and HD D2D. Furthermore, various numbers of antennas equipped
at BSs are considered, i.e., A ∈ {1, 16, 32}, in order to demonstrate the advantage of ULA. Here,
the case A = 1 corresponds to the omni-directional transmission at BSs. In the simulations for
Fig. 6.4, we assume the D2D link distance as r = 50 m, while the numbers of D2D links are from
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Fig. 6.4 Achievable network sum-rate versus number of D2D links (per cell) when
D2D links operate in FD and HD modes.

N = 10 toN = 40 links/cells. In addition, the SIC level is chosen as β = −100 dB. From Fig. 6.4,
it can be seen that the network sum-rate for both FD and HD D2D increases as the number of D2D
links N increases. However, such an increase in sum-rate performance gets compressed when N
is beyond a certain threshold. For instance, the sum-rates of FD and H2D D2D links reach the
limit at N = 20 links/cell and N = 30 links/cell, respectively. In particular, at N = 30 links/cell
and A = 16 antennas, the network sum-rates (over all cell) for FD and HD D2D are 53.40 and
30.16 bits/s/Hz, respectively. Hence, with N ≥ 30 links/cell and A = 16 antennas, the FD-to-HD
sum-rate ratio is fixed around 1.77. This can be explained by the fact that the number of D2D
links satisfying the SINR constraints will stop increasing at a sufficiently high D2D link density.
We also observe that the network sum-rates offered by ULA-equipped BSs (i.e., A ∈ {16, 32}
antennas) significantly outperform those achieved by omni-directional transmission (i.e., A = 1

antenna) at BSs in both FD and HD D2D. For instance, at N = 40 links/cells and A = 16 antennas
(A = 32 antennas), the ULA-equipped BSs provide 1.83 (2.01) and 1.60 (1.86) times better in
terms of network sum-rate as compared to omni transmission for FD and HD D2D, respectively.
Not surprisingly, increasing the number of equipped antennas at BSs allows to improve the sum-
rate performance since narrower beams can be formed, thus reducing the interference caused by
the cellular transmission. However, in agreement with the case of A = 16 antennas, the offered
network sum-rate with A = 32 antennas also stops increasing at N ≥ 20 links/cell (N ≥ 30

links/cell) for FD (HD) D2D due to the intra-D2D interference.
By defining the spectral efficiency gain as the ratio of the network sum-rate (provided in Fig.
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Fig. 6.5 Spectral efficiency gain versus number of D2D links (per cell) when D2D
links operate in FD and HD modes.

6.4) to the achievable sum-rate of only cellular links (operating alone without D2D links in the
same environmental conditions), Fig. 6.5 plots the resulting spectral efficiency gain versus the
number of active D2D link over a cell. Given the D2D link distance r = 50 m, SIC level β =

−100 dB, and number of antennas equipped at BSs A ∈ {16, 32}, the results in Fig. 6.5 indicate
that, over the wide D2D link density range from 10 to 40 links/cell, the spectral efficiency gain
linearly increases with the D2D link number for the cases of FD and HD D2D to a sufficiently
high number of active D2D links. Additionally, it is beneficial to employ more antennas at BSs
since the spectral efficiency gain is improved when the number of antennas increases from A = 16

to A = 32. For instance, at the D2D link number of 20 links/cell and A = 16 antennas (A = 32

antennas), FD D2D offers a spectral efficiency gain of 2.61 (2.91) as compared to pure cellular
transmission. Meanwhile, HD D2D provides a spectral efficiency gain of 2.00 (2.21) at the D2D
link number of 30 links/cell and A = 16 antennas (A = 32 antennas). Similar to the observation
in Fig. 6.4, for the number of active FD (HD) D2D links beyond 20 (30) links/cell, the increase in
spectral efficiency gain will eventually get compressed, which implies that the increase in number
of underlaid D2D links will not bring further sum-rate improvement. This result illustrates the
number of active D2D links should be chosen to optimize spectral efficiency gains offered by the
underlaid D2D services.
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6.4.2 Indoor D2D Transmission

In this section, we provide the numerical results for the indoor D2D transmission scenario in
which D2D users are located inside of the building, while CUs are located outside in urban macro-
cell environment. As aforementioned, D2D transceivers are located inside indoor RRH/Hotzone
[20, 143]. The direct D2D transmission is assumed to be inside the same building as the indoor
RRH/Hotzone, while the transmission from a D2D transmitter to cellular users or interfered D2D
receivers is assumed to be outside the same building as the indoor hotzone. The path-loss, pen-
etration loss, and lognornal shadowing parameters for the indoor D2D transmission scenario are
provided in Tables 6.3 where the indoor RRH/Hotzone-related parameters are given in [143, Table
A.2.1.1.5].

Table 6.3 Path-Loss and Shadowing Parameters of Indoor D2D Transmission

BS-CU channels [138]
Path-loss 15.3 + 37.6 log(r), r in m

Lognormal Shadowing σ 7 dB

BS-D2D channels [143]
Path-loss 2.7 + 42.8 log(r), r in m

Penetration loss 20 dB
Lognormal Shadowing σ 10 dB

Direct D2D channels [143]
Path-loss 17.5 + 43.3 log(r), r in m

Lognormal Shadowing σ 4 dB

D2D-UE channels [143]
Path-loss max{17.5 + 43.3 log(r), 2.7 + 42.8 log(r)}, r in m

Penetration loss 20 dB
Lognormal Shadowing σ 10 dB
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In Fig. 6.6, we first demonstrate the FD-to-HD network sum-rate ratio versus SIPR β in dB so
as to compare FD and HD D2D sum-rate performances. The numbers of cellular and D2D links
per cell are chosen as M = 4 and N ∈ {14, 30}, respectively. In addition, the D2D link distance is
chosen as r ∈ {20, 50}m for N = 30 links/cell. Meanwhile, the number of antennas equipped at
BSs is A = 16. The results show that FD D2D can offer better sum-rate than HD D2D with SIPR
β ≤ −100 dB. We also observe that, for indoor D2D transmission, FD D2D can offer significant
sum-rate improvement (as compared to HD D2D) when β ≤ −120 dB. Further, as β ≤ −120 dB
and D2D link distance r = 20 m, the FD-to-HD D2D sum-rate ratios seem to stop improving and
get fixed around 1.85 and 1.90 for N = 14 and N = 30 D2D links/cell, respectively. When the
D2D link distance increases to r = 50 m, the FD-to-HD D2D sum-rate ratio reduces to 1.6 for
β ≤ −120 dB. This result indicates that the SIC level of β = −120 dB is sufficient to achieve the
best FD-to-HD D2D sum-rate ratio for indoor D2D transmission.
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Fig. 6.7 Achievable network sum-rate versus number of D2D links (per cell).

In Fig. 6.7, we plot the network sum-rate (over a cell) versus number of D2D links per cell for
D2D link distance r = 20 m and SIPR β = −120 dB. The range of D2D link numbers is chosen as
N ∈ [10, 40] links/cell. Similar to the case of outdoor D2D transmission, to demonstrate the benefit
of ULA-equipped BSs, we also compare the network sum-rates between the cases of beamforming
and omni-directional transmission under various number of antennas at BSs, i.e., A ∈ {1, 16, 32}
antennas. Fig. 6.7 illustrates that, as the number of D2D link increases, the achieved network sum-
rate linearly increases. For instances, at N = 10 and N = 40 links/cell with A = 16 antennas, the
achievable network sum-rates (per cell) for FD D2D are 173.13 and 461.47 bits/s/Hz, respectively,
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while the network sum-rates for HD D2D are 100.10 and 235.77 bits/s/Hz, respectively. These
results imply that, at N = 10 and N = 40 links/cell, FD D2D offers 1.73 and 1.95 times better in
terms of network sum-rate, as compared to the HD D2D counterpart operating in the same indoor
D2D environment. Fig. 6.7 also shows significant network sum-rates achieved by ULA-equipped
BSs as compared to the omni-directional transmission. For instance, at N = 40 links/cell and
A = 16 antennas (A = 32 antennas), ULA-equipped BSs offer 1.74 (1.86) and 1.51 (1.66) times
better (in terms of network sum-rate) than the omni-directional transmission for FD and HD D2D
services, respectively. Similar to the outdoor D2D scenario, as the number of D2D links increases
further, these sum-rate gains will eventually converge since the number of D2D links satisfying the
target SINR will stop increasing beyond a certain D2D link density.
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Fig. 6.8 Spectral efficiency gain versus number of D2D links (per cell).

Fig. 6.8 illustrates the resulting spectral efficiency gain versus the number of D2D links over
a cell for D2D link distance r = 20 m, the numbers of antennas equipped at BSs A ∈ {16, 32},
and SIPR β = −120 dB. Recall that the spectral efficiency gain is computed as the ratio of the
network sum-rate to the achievable sum-rates of cellular links. We observe that, over various
number of D2D links ranging from N = 10 to N = 40 links/cell, the spectral efficiency gain
linearly increases with the number of D2D links for both HD and FD D2D. With a better SIC level
of 120 dB, FD D2D offers a substantial improvement in the spectral efficiency gain as compared to
HD D2D. For example, in Fig. 6.8, for a D2D link number of 40 links/cell with A = 16 antennas
(A = 32 antennas), HD D2D achieves a spectral gain of 12.0 (13.37) while FD D2D can offer 23.6

(25.07). However, as the number of D2D links increases further, such a gain will reach the limit at
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a sufficiently high D2D link density due to the dominant D2D interference.

6.5 Concluding Remarks

In this chapter, we have focused on multi-cell massive MIMO cellular networks being underlaid
by FD D2D transmission. Specifically, we proposed a joint beamforming and power allocation
scheme that maximizes the network sum-rate while protecting the D2D and cellular link. To deal
with the non-convexity of the problem, a FP-based method was developed to transform the problem
into a sequence of convex subproblems, which can be solved efficiently. For both indoor and
outdoor D2D transmission, simulation results revealed that significant performance gains in term
of spectral efficiency can be achieved in the considered FD network, especially in the indoor D2D
scenario, as compared to the HD D2D counterpart and pure cellular transmission (in absent of
D2D) with sufficient self-interference cancellation levels.
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Chapter 7

Multi-Agent Reinforcement Learning
Approach to Joint Channel Assignment and
Power Allocation in Platoon-Based C-V2X
Systems

7.1 Introduction

In this chapter, the focus is shifted from underlaid D2D services to highly mobile D2D-based C-
V2X systems that support the communications between the vehicles in proximity as well as provide
the connections from the vehicles to the networks. As discussed in Chapter 1, 3GPP enables the
V2V services in cellular networks via D2D communications to satisfy the stringent latency require-
ment, reliable packet delivery, and high throughput demand of the C-V2X systems. In this chapter,
we consider a single-cell C-V2X setting comprised of multiple V2V links who wish to reuse the
time-frequency slots currently occupied by the existing (cellular) V2I uplinks. Additionally, we
are interested in an innovative V2V transmission paradigm called V2V platooning in which mul-
tiple vehicles are grouped into a train-like platoon and the communications between participants
is organized by a vehicle leader. In existing research, this paradigm has received increasing in-
terest due to its significant benefits including reducing traffic congestion, saving vehicle fuel, and
enhancing driving experience [7, 144]. Given the platoon-based C-V2X systems, we explore the
coordination across the (vehicle) leaders where multiple V2V platoons are allowed to operate in
the same time-frequency resources of the active V2I uplinks. In each time step, each platoon leader
flexibly selects a V2I channel and adapts its transmit power accordingly so as to optimize the de-
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sired objectives. In C-V2X systems, this mode is formally referred to as Mode 4 in which a V2V
link can autonomously choose from a pool of radio resources to communicate [145, 146].

This chapter formulates a joint channel assignment and power allocation problem in which
each platoon leader selects a combination of channel and transmit power from an available set
of sub-bands and discrete power levels in order to simultaneously maximize the achievable sum-
rate of V2I links and the packet delivery probability of V2V links. As mentioned in Chapter
2, the V2I sum-rate objective is chosen to represent the high throughput demand in the C-V2X
applications, while the packet delivery probability objective of V2V service reflects the stringent
latency constraint on safety message exchange between the vehicles. We define the V2V packet
delivery probability as the probability of successfully transmitting a payload having size B within
the time limitation T (i.e., latency constraint) [92–94].

In this chapter, we utilize reinforcement learning (RL), a distributed approach, to tackle the
challenge of high CSI overhead in centralized optimization methods. Further, RL can work well
with the hard-to-model objective function, e.g., the probability of successfully transmitting a pay-
load having sizeB within the time limitation T , which is generally difficult to address by traditional
distributed optimization approach. The RL approach allows to recast the original optimization
problem as a multi-agent RL problem where each platoon leader, acting as an agent, gradually
refines its channel and transmit power selection strategy via trial-and-error interacting with the
vehicular environment. The proposed multi-agent RL approach is based on deep Q-learning, a
well-known RL algorithm initially developed to deal with discrete control in video games [147].
In distributed resource allocation for the C-V2X services, deep Q-learning has been extensively
adopted in joint channel assignment and power allocation design, e.g., in [92, 93], to which our
work is most related. Ye et al in [92] focused on multi-agent RL in unicast and broadcast V2V
communications in which a common deep Q-network (DQN) was shared among the agents. Sub-
sequent work [93] was also concerned with the multi-agent RL design, yet a separate DQN was
employed at each agent. In [92], the network trainer trained a single DQN by using the global states
collected from all agents, while [93] only required local states to train the DQN at each agent with
limited parameter exchange. Thus, the latter approach is more practical in training. Similar to [93],
we adopt the multi-agent RL with a separate deep-Q network at each agent, and assume that all
agents act simultaneously to optimize a common reward in each time step. However, we shall
consider a different reward function design to that of [93]. More specifically, beside the weighted
sum-rates of V2I and V2V links as in [93], we propose to incorporate the transmission time of the
agents into the common reward function as a charged price. In the context of platoon-based V2V
communications, the proposed reward design allows to improve the probability of successful V2V
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payload delivery (as compared to that offered by the reward design in [93]), while satisfying the
high sum-rate demand at V2I links.

Illustrative results show that the RL-based resource allocation algorithm can successfully learn
and enable the V2V links to share the channels (time-frequency resources) with the V2I uplinks. As
a result, the interference between V2V and V2I transmission can be effectively alleviated. Further,
we demonstrate that, in terms of both successful V2V packet delivery probability and V2I sum-rate,
the performance of multi-agent RL approach is close to that obtained by the centralized benchmark,
particularly the exhaustive search algorithm. It is also worth to note that, the exhaustive search
algorithm requires the global CSI at central controller, while the proposed RL-based algorithm
only requires the local CSI available at each platoon leader.

The remainder of this chapter is organized as follows. In Section 7.2, we describe the system
model of interest and formulate the optimization problem. Section 7.3 briefly introduces the con-
cepts of RL and deep Q-learning, and represents the development of multi-agent RL algorithm.
Numerical results are given in Section 7.4 to demonstrate the achieved performances. Finally,
Section 7.5 concludes the chapter.

7.2 System Model and Problem Formulation

Fig. 7.1 An illustrative C-V2X system in single-cell setting for the urban environ-
ment (blue vehicle: platoon member, red vehicle: platoon leader, black vehicle: cellu-
lar (V2I) user).

As illustrated in Fig. 7.1, we consider C-V2X systems in a single-cell setting for the urban
environment consisting of multiple V2I and V2V links. While the V2I links operate in the cellular
uplink to connect the vehicles to the BS, the V2V links operate in a platoon fashion in which
several vehicles are grouped into a train-like platoon to share common mobility modes [144]. In
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addition, the communications between platoon members is organized by a leader; and the V2V
communications is formed as the platoon leader periodically and simultaneously transmits the
safety messages to all platoon members. Before processing further, to avoid confusion on the
names of vehicle types, we denote the vehicle of a V2I link as cellular user, while the vehicle leader
and member of a platoon are simply called platoon leader and platoon member, respectively.

In the considered vehicular network, let M be the overall number of cellular users and corre-
spondingly V2I links. In addition, we assume that the cellular users transmit at a constant power
Pc. Meanwhile, in the V2V platoons, the vehicles are in the same lane and maintain very close
distances (e.g., few meters) between two adjacent vehicles. We denote the set of receiving mem-
bers in a platoon as Vn, n = 1, . . . , N , i.e., there are N platoons and correspondingly N platoon
leaders. The number of V2V links in platoon n is denoted as Vn , |Vn| − 1. The transmit power
vector of platoon leaders is defined as p = [P1, . . . , PN ] ∈ RN

+ , where Pn denotes the transmit
power of leader in platoon n. Further, we assume that both cellular and platoon transceivers use
single antenna to transmit and receive their signals.

Suppose that, at a given time slot, orthogonal carrier frequencies are assigned to the cellular
users, i.e., each V2I link occupies a separate sub-band. Without the loss of generality, we assume
that the V2I link m operates in the sub-band m (i.e., channel m). As a result, the number of
channels equals M . In this chapter, the V2V platoons shall reuse the channels currently occupied
by the cellular users. More specifically, in each time step, each platoon leader flexibly selects an
active V2I channel and adapts its transmit power accordingly so as to simultaneously maximize
the achievable sum-rate of V2I links and the successful packet delivery probability of V2V links.

Given the system model, we now define the desired performance metrics, including SINR and
achievable rate of V2I and V2V links, and formulate the optimization problem. As each V2I
link occupies a separate channel, the corresponding V2I receiver (i.e., BS) only experiences the
interference caused by the platoon leaders. It follows that the SINR of a typical V2I link m can be
written as

SINR(c)
m =

PcL
(cc)
m g

(cc)
m

N∑
n=1

ρn(m)PnL
(dc)
n,mg

(dc)
n,m + σ2

c

, (7.1)

where L(cc)
m denotes the large-scale fading power, caused by path-loss and log-normal shadowing,

of V2V link m. Similarly, L(dc)
n,m refers to the large-scale fading power from platoon leader n to the

receiver of V2I link m. Meanwhile, g(cc)
m denotes to the small-scale fading power of link V2I m;

and g(dc)
n,m is the small-scale fading power from platoon leader n to the receiver of V2I link m. In
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this work, we consider Rayleigh fading, i.e., the small-scale fading powers follow an exponential
distribution with unit mean. Further, σ2

c is the noise power at BS. In the denominator of (7.1),
ρn(m) represents the indicator function defined as

ρn(m) =

{
1, if V2V linkn reuses the sub-bandm,
0, otherwise.

(7.2)

Suppose that the platoon leader n reuses the sub-bandm, the received SINR of platoon member
i in platoon n can be expressed as follows

SINR(d)
ni =

PnL
(dd)
ni g

(dd)
ni

ρn(m)PcL
(cd)
m,nig

(cd)
m,ni +

∑
l 6=n

ρl(m)PlL
(dd)
l,ni g

(dd)
l,ni + σ2

d

, (7.3)

where g(dd)
ni (L(dd)

ni ) refers to the small-scale (large-scale) fading power from the leader to the mem-
ber i of platoon n. Similarly, g(cd)

m,ni (L(cd)
m,ni) denotes the small-scale (large-scale) fading power from

V2I link m to the member i of platoon n, while g(dd)
l,ni (L(dd)

l,ni ) denotes the small-scale (large-scale)
fading power from platoon leader l to the member i of platoon n. Further, σ2

d is the noise power at
a vehicle. For simplicity, we assume that the noise powers at all vehicles are identical.

Treating the interference as noise, the achievable rate of V2I link m at time step t is given by
invoking Shannon’s capacity equation as

R(c)
m (t) = W log2

(
1 + SINR(c)

mn(t)
)
, (7.4)

where W represents the bandwidth of each sub-band.
Likewise, the achievable rate of the V2V link i in platoon n at time step t is given by

R
(d)
ni (t) = W log2

(
1 + SINR(d)

ni (t)
)
. (7.5)

This work considers a multi-objective optimization problem in which we simultaneously max-
imize the achievable sum-rate of V2I links and the reliability of each V2V link under a latency
constraint. As aforementioned, such objective functions are chosen to reflect the high data-rate
and reliable message delivery demands of V2I (e.g., video streaming and gaming) and V2V (e.g.,
safety-message exchange for dynamic map construction) applications, respectively. While the
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achievable sum-rate of V2I links is simply given by

M∑
m=1

R(c)
m (t), (7.6)

the reliability of a typical V2V link is defined as the successful delivery of packets having size B
within the time constraint T [92,93]. More specifically, the successful packet delivery of V2V link
i of platoon n within the time constraint T is given by

P

(
T∑
t=1

R
(d)
ni (t) ≥ B

)
, forn = 1, . . . , N, i = 1, . . . , Vn. (7.7)

To enable spectrum sharing between V2V and V2I transmission, we aim to find the joint chan-
nel assignment and power allocation scheme at V2V platoon leaders that simultaneously maxi-
mizes the objective functions, expressed through the binary variables ρn(m), n = 1, . . . , N, m =

1, . . . ,M , and transmit power Pn, n = 1, . . . , N . The multi-objective optimization generally is
difficult to obtain an exact solution. In the following section, we shall adopt a multi-agent deep RL
approach to address this challenge.

7.3 Deep Reinforcement Learning for Resource Allocation

7.3.1 Reinforcement Learning and Deep Q-Learning

In this section, we represent the concept of RL [148] and subsequently deep Q-learning [147], a
well-known algorithm used to develop the RL agent in discrete optimization problems.

RL is a machine learning (ML) paradigm that allows an agent to learn the optimal action policy
via trial-and-error interactions with the environment, in order to maximize a cumulative reward.
In RL, the interaction between the agent and the environment is mathematically modeled as a
Markov decision process (MDP). Typically, a MDP includes a set of environment states S, a set of
available actions A, and a set of stochastic reward functions R. In MDP, a policy is defined as a
mapping function from a state s to an action a, generally represented by the conditional probability
distribution π(a|s) to specify the action a to be taken in the state s. At the time step t, let the random
variables (RVs) st ∈ S , at ∈ A, and rt(st, at) ∈ R denote the instantaneous state and action, and
reward in the MDP, respectively. The agent observes the state st of the environment and chooses
an action at. After that, the agent receives an immediate reward rt and moves on to the next state
st+1 ∈ S as a result of the taken action at. For a concise representation, the states, action, and
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reward are denoted by the tuple et = [st, at, rt, st+1].

The goal of agent in RL is to maximize the cumulative return Rt from time step t to future,
given by [148]

Rt =
∞∑
k=0

γkrk+t, (7.8)

where γ ∈ [0, 1] denotes the discount factor, which represents how much the agent concerns about
the rewards in the future. If γ = 0, the agent only cares about maximizing the immediate reward.
As γ increases to 1, the agent is more farsighted as the future rewards are taken into account more
strongly.

The action-value function, called Q-function, of a state-action pair (s, a) is defined as the ex-
pected return achievable by an action a in the state s with policy π

Qπ(s, a) = E[R0|s0 = s, a0 = a, π], (7.9)

where s0 is the initial state. In addition, the expectation E[·] is taken over all possible the state-
action transitions following the policy distribution π.

At an instantaneous state s and action a, the goal of agent can be obtained via finding the
optimal policy π? that provides the maximum expected cumulative reward, i.e.,

π? = arg max
π

Qπ(s, a). (7.10)

Toward this end, various RL algorithms can be utilized. In this chapter, we focus on the deep
Q-learning algorithm [147].

Q-learning is a value-based algorithm that finds the optimal value of each action a, given that
such an action is taken at the state s. For each action a, the agent learns the action-value function
(i.e., Q-function) by interacting with the environment until it converges to the optimal Q-function
Q?(s, a). It follows that the optimal policy π? corresponds to select the greedy action a? that results
in the highest value of optimal Q-function Q?(s, a) at the state s, given by

a? = arg max
a
Q?(s, a).

It is apparent that, in order to find a?, the function Q?(s, a) needs to be accurately estimated. The
deep Q-learning algorithm utilizes a deep neural network (DNN) as the functional approximator of
Q?(s, a). As shown in Fig. 7.2, such a DNN, called deep Q-network Qθ, takes the state s as input
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Action value of a1

Action value of an

Weights

Deep Q-network

State st

Fig. 7.2 Structure of deep Q-network.

and produces a separate output for each action a ∈ A. As a result, the optimal action a? can be
easily obtained. The procedure to find the weight parameter θ of DNN Qθ is provided as follows.

The optimal Q-function is expressed by the Bellman optimality equation in a recursive form as
follows [149]

Q?(s, a) = E
[
rt + γmax

â∈A
Q?(st+1, â)|st = a, at = a

]
, (7.11)

which provides a necessary and sufficient condition that a Q-function is optimal.
In this chapter, we assume that the agent uses the ε-greedy policy to select the action a at the

time step t. Specifically, given an observed state st at time step t, the agent chooses an action
a ∈ A with a probability ε. Otherwise, it selects the greedy action a? = arg max

a∈A
Q?(st, a).

For an experience et = [st, at, rt, st+1] in which the transition from st to st+1 follows the ε-
greedy policy, we can effectively calculate Qθ(st, at) and Y θ

t , rt + γmax
â∈A

Qθ(st+1, â). We refer

Qθ(st, at) and Y θ
t as the online and target Q-values, respectively. From the Bellman equation, we

are interested in finding the DNN parameter θ so that the online and target Q-values are identical,
i.e., the optimal Q-function can be accurately computed via the deep Q-network Qθ. This can be
achieved by minimizing the loss function

L(θ) =
1

2
|Y θ
t −Qθ(st, at)|2. (7.12)

A standard approach to minimize (7.12) is the gradient descent algorithm. In ML applications, the
stochastic gradient descent (SGD) technique is often used to approximate the gradient and update
the DNN parameter θ.
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Using a DNN to estimate both online and target Q-values can cause an overestimation prob-
lem due to the high correlation between the target value and the parameter θ in some cases. To
overcome this issue, two separate DNNs are used in the action selection and evaluation [150].
More specifically, let Qθ1 and Qθ2 denote the DNNs used in the action selection and evaluation,
respectively. It follows that the target Q-value is updated by two DNNs as

Y θ1,θ2
t = rt + γQθ2(st+1, arg max

â
Qθ1(st, â)). (7.13)

7.3.2 Multi-Agent Resource Allocation Algorithm

Agent 1

Agent N

Environment

Action at(1)

Action at(N)

State st(1)

Reward rt(1)

State st(N)

Reward rt(N)

Fig. 7.3 Structure of multi-agent RL problem (to slightly abuse the notation, we
include the superscripts to indicate the indexes of N agents).

As illustrated in Fig. 7.3, we reformulate the joint channel assignment and power allocation
problem as a multi-agent RL problem in which each platoon leader acts as an agent. The agents col-
lectively learn the environment via trial-and-error interaction and accordingly adjust the sub-bands
and transmit powers based on their observed environment states. As a result, the optimization
problem appears as a collaborative game in which the agents aim to obtain a common reward.

The multi-agent RL approach typically consists of two phases, namely training and testing.
The training phase is centralized, where the common reward function is available for each agent
in order to train the deep Q-network. We assume that each agent has a separate DNN (to represent
the deep Q-network). Meanwhile, the testing phase is operated in a distributed fashion, where
each agent receives the local state and selects the action (i.e., sub-band and transmit power) via the
trained DNN in each coherent time step.

Before processing to the training and testing phases, we first define the state space, action
space, and reward function used in the deep Q-learning algorithm to train each agent.
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State Space

In this section, we shall characterize the state space of the agents (i.e., platoon leaders). In our
state design, we include the channel measurements from the last step. Specifically, the current
state space of agent n at time step t, denoted as Zn(t), consists of the following groups:

• Direct channel information: This group includes the direct channels of the V2V links cor-
responding to the agent n in the last time step. Mathematically, the direct channels of the
leader n to the co-platoon members include both large- and small-scale fading powers, and
they are given by the following set

{
L

(dd)
ni , g

(dd)
ni

}
i∈Vn

, where Vn denotes the set of members
in the platoon n.

• V2V interfering channel information: This group includes the interfering channels from
other platoon leaders and cellular users sharing the same sub-band with the agent n. Assum-
ing that the agent n occupies the sub-band m, this group is provided by{

ρl(m)L
(dd)
l,ni , ρl(m)g

(dd)
l,ni , L

(cd)
m,ni, g

(cd)
m,ni

}
i∈Vn,l 6=n

.

• Received interference and noise: This group simply includes the aggregate interference and
noise power at the corresponding receivers of agent k, given by

{
I

(d)
ni

}
i∈Vn

. Here, the aggre-

gate interference plus noise power I(d)
ni is provided by

I
(d)
ni = ρn(m)PcL

(cd)
m,nig

(cd)
m,ni +

∑
l 6=n

ρl(m)PlL
(dd)
l,ni g

(dd)
l,ni + σ2

d.

• V2V-to-BS interference: This group includes the interference caused by the agent n to the
BS in the sub-band m, provided by

{
L

(dc)
n,m, g

(dc)
n,m

}
.

• Payload delivery information: This group includes the remaining payload and the remaining
time limitation after the current time-step.

• Policy related information: This group represents a low-dimensional fingerprint that tracks
the trajectory of policy change of other agents. In particular, we shall include the training
iteration number e and the probability of random action selection ε in the state space of
agent n. In multi-agent RL systems, this information allows to avoid the nonstationary
environment that the agents might face while simultaneously making their actions [151].
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Action Space

In our algorithm, each agent has an identical action space A where the corresponding action is
a combination of the occupied sub-band and transmit power of the platoon leader. The sub-band
space As simply includes M disjoint sub-bands, i.e., As = {1, . . . ,M}. Meanwhile, we assume
that the power spaceAp is broken down into multiple discrete levels within the range [0, Pd] where
Pd denotes the maximum transmit power at each vehicle. The action space of a typical agent is
expressed as A = {(m,Pn)|m ∈ As, Pn ∈ Ap}. As a result, the dimension of action space is
|A| = |As| · |Ap|.

Reward Function Design

In the considered multi-agent RL algorithm, the agents shall use a common reward function to
enable their collaboration. The reward function design is based on a principal that each agent (i.e.,
platoon leader) should choose a combination of sub-band and transmit power that alleviates the
interference to both V2I and V2V receivers, while preserving a sufficient resource to satisfy the
latency requirement. To measure the interference to V2I receiver (i.e., BS), we simply include the
V2I link sum-rate in the reward function. Meanwhile, the interference to other V2V receivers is
reflected in the following V2V sum-rate function [93]

Uni(t) =


T∑
t=1

R
(d)
ni (t), ifBni(t) ≥ 0,

U, otherwise.
(7.14)

Here, the fixed sum-rate U is a hyperparameter that needs to be empirically adjusted in the simu-
lation [93]. Meanwhile, Bni(t) is the remaining payload the V2V link formed by the leader and
member i of platoon n at time step t. Regarding the latency condition, we use the penalty assigned
to a time constraint violation up to the current time step. The reward function is therefore given by

rt = wc

M∑
m=1

R(c)
m (t) + wd

N∑
n=1

Vn∑
i=1

Uni(t)− wt(T −∆T (t)), (7.15)

where wc, wd, wt ∈ [0, 1] are the weights added to balance the V2I- and V2V-related objectives.
Here, ∆T (t) ∈ [0, T ] in multiples of the time step refers the remaining transmission time of the
V2V links. As a result, the term T − ∆T (t) represents the increasing price as the transmission
time of the V2V links grows.
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Multi-Agent Reinforcement Learning Algorithm

In both learning and testing phases of the multi-agent reinforcement learning algorithm, we shall
focus on the episodic setting with the time limitation T of the V2V transmission. In addition, each
episode consists of multiple time steps t, and starts by randomly generating the environment state
including large- and small-scale fading. The path-loss and shadowing of large-scale fading are
fixed during the episode, while the small-scale Rayleigh fading (i.e., Rayleigh fading) is updated
in each time step. This shall trigger the transition of the environment states and cause the agents to
simultaneously adjust their action. In an episode, each agent learns to find an optimal combination
of sub-band and transmit power level so as to maximize the common reward. Once the payload
has been successfully delivered, the agent will terminate its transmission.

Training Phase: In the training phase, deep Q-learning is adopted to train the agents. Further,
each agent stores its experience tuple et in a replay memory. In each episode, a mini-batch of
experience D is uniformly sampled from the replay memory for updating the deep Q-network
parameter, using the stochastic gradient descent method. The use of experience replay in our
algorithm allows to break the correlation in successive updates, thus stabilizing the learning process
[147]. The training algorithm is summarized in Algorithm 3.

Algorithm 3 Training Algorithm
1: Initiate the environment, generating the V2I links and V2V platoons
2: Initiate the DNN with random parameters θ
3: for each episode do
4: Update the vehicle locations and large-scale fading
5: for each time step t do
6: for each agent n do
7: Observe the state st = Zn(t)
8: end for
9: All agents take actions simultaneously according the ε−greedy policy and receive the

reward rt
10: Update channel small-scale fading
11: for each agent n do
12: Observe the next state st+1 = Zn(t+ 1)
13: Store et = [st, at, rt, st+1] in the replay memory
14: end for
15: end for
16: for each agent n do
17: Uniformly sample mini-batch data D from replay memory
18: Train the deep Q-network using the mini-batch data.
19: end for
20: end for
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Testing Phase: During the testing phase that implements the resource allocation algorithm,
each agent n first collects the local information Zn(t) at the time step t. Such local information is
served as the input of deep Q-network, and the output of which provides the optimal action. From
this action, each agent selects the corresponding sub-band and power level to transmit its signal.

7.4 Illustrative Results

In this section, we present the simulation results to illustrate the performance of the developed
algorithm for the platoon-based C-V2X systems. A single-cell urban scenario with the carrier
frequency of 2 GHz is considered. The simulation setup is detailed in 3GPP TR 36.885 [18]
and [93] which provide the vehicle speed, drop model, and direction of movement, as well as the
V2I and V2V channel models including path-loss model and shadowing distribution. In addition,
the small-scale fading follows the Rayleigh distribution; and the corresponding channel power
gains are generated i.i.d. in each time step according to an exponential distribution with unit
parameter. Each V2V platoon consists of one leader and two members. We assume the length of
each vehicle is 4 m, while the distance between two adjacent vehicles (either member or leader)
of the platoon is 1 m. In addition, the transmit/receive antenna is placed in the middle point of
each vehicle. Similar to [18, 93], we also update the slow- and fast-fading every 100 ms and 1 ms,
respectively, but reducing the time limitation of V2V transmission to 10 ms in the testing phase to
meet the latency requirement of V2V platoon-based applications proposed in [7]. Unless stated
otherwise, the main simulation parameters can be found in Table 7.1 [18, 93]. We also note that,
in Table 7.1, the value −100 dBm of V2V transmit power Pn effectively indicates that the V2V
platoon leader n stops transmitting its signals.

In the developed multi-agent RL algorithm, the structure of deep Q-network consists of a five-
layer fully connected DNN with three hidden layers. The numbers of neurons in the three hidden
layers are chosen as 500, 250, and 120, respectively [92, 93]. The rectified linear unit (ReLU)
function, defined as fReLU(x) = max{0, x}, is used as the activation function, while the RMSProp
optimizer with a learning rate of 0.001 is adopted as the stochastic gradient descent algorithm to
train the deep Q-networks [152]. In the learning phase, we assume 1, 500 training episodes with
10 steps per episode, while we consider 100 episodes in the testing phase. Based on the empirical
experience, the probability ε in ε−greedy policy linearly decreases from 1 to 0.02 over first 1, 200

episodes and keeps the constant value 0.02 afterward. Moreover, the discount factor is chosen as
γ = 1 so that the agents are farsighted with the future rewards. Given the parameters provided
in 7.1 and based on experiment, we choose the constant sum-rate U in (7.14) as U = 10; and the



7 Multi-Agent Reinforcement Learning Approach to Joint Channel Assignment and Power
Allocation in Platoon-Based C-V2X Systems 141

Table 7.1 Simulation Parameters of C-V2X System
Carrier frequency 2 GHz

Bandwidth of each sub-band 1 MHz
Number of sub-bands 4

Number of V2I links M 4
Number of V2V platoons N 4

Number of vehicles per platoon 3
Vehicle velocity 36 km/h

Transmit power of V2I cellular user Pc 23 dBm
Transmit power of V2V platoon leader Pn [23, 10, 5,−100] dBm

BS noise figure 5 dB
Vehicle noise power σ2

d −114 dBm
V2V time limitation T 10 ms

V2V payload B [1, 8] · 1060 bytes

weights {wc, wv, wt} are selected so that the reward function (7.15) is clipped within the range
[−1, 1] to stabilize the training. As a result, the following normalized reward function is used in
our simulations

rt =
wc

10M

M∑
m=1

R(c)
m (t) +

wd
10N

N∑
n=1

Vn∑
i=1

Uni(t)− wt
(

1− ∆T (t)

T

)
. (7.16)

We adopt exhaustive search and the random allocation operating in centralized and distributed
manners, respectively, as a benchmark for comparison with the developed RL learning algorithm.
The exhaustive search divides the time constraint T into multiple time steps and performs exhaus-
tive search for the decision making of delivering the payload B in each time step. If the payload
has not yet delivered at a V2V link, the exhaustive search finds the optimal action from the action
space that maximizes the V2V sum-rate. Otherwise, it terminates the V2V transmission. Beside
the requirement of global CSI at the central controller, this method also incurs an extremely high
complexity. For instance, with M sub-bands, P discrete power levels, and N platoons, the di-
mension of search place equals (MP )N , which exponentially grows with the increasing number of
platoons. Meanwhile, the random allocation scheme randomly assigns the sub-band and transmit
power level to each platoon leader in each time step.

In Figs. 7.4a and 7.4b, we plot the cumulative reward per episode and training loss of the deep
Q-network versus the number of episodes in the training phase, respectively. The payload size is
chosen as B = 2 · 1060 bytes. It is shown in Fig. 7.4a that the reward improves and gets stable at
episode 1, 000 as the number of episodes increases further. The training exhibits some fluctuations



7 Multi-Agent Reinforcement Learning Approach to Joint Channel Assignment and Power
Allocation in Platoon-Based C-V2X Systems 142

Training episodes

0 500 1000 1500

C
u

m
m

u
la

ti
v
e

 r
e

w
a

rd
 p

e
r 

e
p

is
o

d
e

-1

0

1

2

3

4

5

(a) Cumulative reward per episode

Training episodes

0 500 1000 1500

T
ra

in
in

g
 l
o

s
s

0

50

100

150

200

250

300

350

Agent 1

Agent 2

Agent 3

Agent 4

(b) Training loss

Fig. 7.4 Cumulative reward per episode and training loss versus number of episodes
for the payload B = 2 · 1060 bytes.

at the beginning but eventually converges. Meanwhile, Fig. 7.4b illustrates the training loss rep-
resented by the function L(θ) in (7.12), corresponding to the deep Q-network of each agent (i.e.,
each platoon leader). We observe that, as the training episode increases, the losses of all agents
also increase to relatively large values at the beginning of the training process, but quickly get sat-
urated and converge to around 0 beyond episode 500. This result indicates that the proposed deep
Q-network can accurately approximate the optimal Q-function. Thus, given a sufficient number
of training episodes (e.g., 1, 500), each agent can learn to find the optimal sub-band and power
selection strategy to jointly optimize the common reward. Based on the observation of reward and
loss behaviors in Figs. 7.4a and 7.4b, to safely ensure the convergence, we shall train the deep
Q-network of each agent for 1, 500 episodes to evaluate the performances of V2I and V2V links in
our simulations.

Figs. 7.5a and 7.5b illustrate the successful delivery probability of V2V links and correspond-
ing sum-rate of V2I links under various payload sizes (B ∈ [1, 8] · 1060 bytes), respectively, for
different channel assignment and power allocation schemes including exhaustive search, RL al-
gorithm, and random allocation. The sum-rate and probability results of Figs. 7.5a and 7.5b are
averaged over 100 test episodes. Additionally, with regards to the RL algorithm, the weight com-
bination of normalized reward function (7.16) is chosen as (wc, wd, wt) = (0, 1, 0.5) to favor the
successful delivery of safety messages in V2V platoons. Given the latency constraint T = 10 ms,
Fig. 7.5a shows that the exhaustive search achieves a perfect delivery probability of 1 over the
whole payload range. As the payload size B increases, the RL algorithm also achieves the perfect
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Fig. 7.5 Average V2V payload delivery probability and V2I sum-rate versus payload
size B.

delivery probability of 1 up to B = 4 · 1060 bytes and eventually gets saturated. Meanwhile,
the payload delivery probability of random allocation scheme is linearly reduced with increasing
payload size. We also observe that the payload delivery probability offered by the RL algorithm
significantly outperforms that of the random allocation scheme. For instance, at the payload size
B = 5 · 1060 bytes, the RL algorithm and random allocation scheme provide delivery probabilities
of 0.98 and 0.56, respectively. In Fig. 7.5b, we plot the corresponding sum-rate of V2I links for
difference resource allocation methods. It is shown that the V2I sum-rate performances degrade
with growing payload sizes. This is because a higher payload size requires a longer transmission
duration of each V2V link, and hence, causing more interference to the BS. Similar to the case of
V2V delivery probability, one can observe that the V2I sum-rate performance provided by exhaus-
tive search outperforms those of RL algorithm and random allocation scheme. This is because, as
each V2V link terminates its transmission once the payload has been completely delivered and the
exhaustive search aims to maximize the V2V sum-rate, the average number of inactive V2V links
over each time step of the latency constraint T is higher than those of RL algorithm and random
allocation scheme, thus alleviating the interference to V2I transmission.

To understand why the developed RL algorithm provides a better sum-rate performance than
random allocation scheme, yet lower than the exhaustive search method, we select an episode in
the testing phase as well as a V2V link constituted by the leader and furthest member in the first
platoon under the assumption of payload size B = 8 · 1060 bytes. In Figs. 7.6a and 7.6b, we plot
the instantaneous rate of V2V link and the remaining payload over increasing time steps of chosen
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Fig. 7.6 V2V rate and remaining payload versus time step t.

episode, respectively. For each time step, the remaining payload is computed by subtracting the
V2V rate in the remaining payload of last time step. If the V2V link has completed delivering
the payload, we assign the remaining payload to 0 and terminate the transmission. It is shown
in Fig. 7.6b that remaining payload is reduced with increasing number of time steps. As the
exhaustive search scheme essentially finds the sub-band and power level to maximize the V2V
sum-rate in each time-step, the corresponding payload delivery is completed early, i.e., at time step
4 ms. Beyond this time step, the V2V rate offered by exhaustive search vanishes to 0, indicating
that the interference at BS caused by V2V transmission is mitigated. For the RL algorithm, Figs.
7.6a and 7.6b illustrate that the payload delivery of V2V link ends at time step 6 ms, resulting in
the termination of V2V transmission beyond this time step (i.e, ≥ 7 ms). In this episode, both
exhaustive search and RL algorithm achieve the delivery probability of 1, but exhaustive search
shall provide a better V2I sum-rate due to its early payload delivery completion. Meanwhile,
we observe that the random allocation scheme provides relatively low V2V rate, thus failing to
delivery the safety messages in the considered episode.

Figs. 7.7a and 7.7b show the average V2V payload delivery probability and corresponding V2I
sum-rate versus payload size B, offered by the developed RL algorithm, under various combina-
tions of reward weights, i.e., (wc, wd, wt) ∈ {(0, 1, 0), (0, 1, 0.5), (0.5, 0.5, 0.5)}. We should note
that the case wt = 0 corresponds to the reward function design in [93]. Interestingly, for identical
weights wc and wd in the cases (wc, wd, wt) ∈ {(0, 1, 0), (0, 1, 0.5)}, the incorporation of latency-
based price represented by the weighted V2V transmission time wt

(
1− ∆T (t)

T

)
, wt > 0, in the

reward function design allows to improve both the V2V payload delivery probability of safety
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Fig. 7.7 Average V2V payload delivery probability and V2I sum-rate versus payload
size B for different reward weight parameters.

message transmission and the achievable sum-rate of V2I links. It is also illustrated that, as com-
pared to case (wc, wd, wt) = (0, 1, 0.5) (in absence of V2I-related reward), the case (wc, wd, wt) =

(0.5, 0.5, 0.5) equally favors optimizing both the V2I and V2V sum-rates, leading to the V2I sum-
rate improvement, yet, at the same time, substantially degrading the delivery probability of V2V
links.

7.5 Concluding Remarks

In this chapter, a distributed joint channel assignment and power allocation algorithm has been
proposed for the platoon-based C-V2X systems where multiple V2V platoons were allowed to
reuse the spectrum of V2I transmission. The developed algorithm was based on a multi-agent deep
reinforcement learning approach where each platoon leader, defined as an agent, made its own
decisions to find optimal sub-band and power to transmit the signals to the corresponding platoon
members. Since the proposed method was decentralized, the global channel information were not
required for the agents to make their decisions, thus significantly reduced the signaling overhead.
Simulation results showed that each agent can learn how to satisfy the latency limitation under a
wide range of payload requirements for safety message delivery, while minimizing the interference
to V2I transmission.
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Chapter 8

Conclusions

8.1 Summary

D2D communications is an innovative feature that will be incorporated in cellular networks. How-
ever, adding the D2D feature to existing cellular networks poses many challenges and risks. In
particular, when D2D and cellular users are allowed to operate simultaneously in a time-frequency
resource, increasing the amount of resource sharing causes additional interference but, at the same
time, offers substantial spectral efficient gains with necessary interference management. This the-
sis focused on studying the spectral efficiency benefits offered by underlaid D2D via performance
analysis and sum-rate maximizing resource allocation algorithms. D2D links operate in the un-
derlaid mode in which the D2D transmission fully reuses the time-frequency resources that are
currently occupied by the cellular transmission.

In Chapter 3, we adopted the additive GM channels to model the D2D link channel in a simple
underlaid HD D2D cellular network consisting of one D2D and one cellular users. This model
captured the effect of interference generated by the cellular transmitter which uses discrete con-
stellations to transmit the signals. Given the proposed GM channel model, we carried out a funda-
mental analysis of capacity-achieving input distribution and corresponding D2D channel capacity
computation, which provides better insight into the optimal transmit codebook design for practical
underlaid D2D transmission at the link level.

Chapter 4 was dedicated to studying the achievable rate at network level where multiple FD
D2D links and a cellular link share the same time-frequency resources in the context of single-cell
setting. Based on a stochastic geometry approach, a random network model was proposed, taking
into account the randomness and unpredictable of D2D/cellular user locations. We investigated the
spectral efficiency offered by FD D2D via both centralized and distributed power allocation.
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In Chapter 5, we adapted the random network model to a multi-cell setting and further studied
the spectrum sharing between cellular uplink and D2D communications. We derived analytical
expressions of achievable cellular/D2D sum-rates and applied them to characterize the impact of
network parameters under the consideration of various frequency reuse schemes.

In Chapter 6, the focus was shifted from uplink to downlink cellular transmission being under-
laid by the D2D services. Moreover, we extended the baseline single-antenna network model to
multi-antenna transmission to include the massive MIMO equipped BSs. To address the challenge
of interference management, we developed joint beamforming and power allocation algorithms
in underlaid D2D cellular networks where massive MIMO equipped BSs and underlaid FD D2D
networking co-existed.

Chapter 7 utilized the reinforcement learning approach to address the distributed resource allo-
cation challenge in D2D-based C-V2X systems where V2V users operate in a platoon fashion. We
developed a joint channel assignment and power allocation algorithm based on deep Q-learning
so as to simultaneously maximize the achievable sum-rate of V2I links and the successful packet
delivery probability of V2V links over a desired latency constraint.

8.2 Potential Future Research

The main focus of this thesis has been on improving the spectral efficiency of cellular networks
via underlaid D2D services. This section discusses some potential future works related to the
research studied in this thesis. The following three extensions are interesting in the context of
5th generation mobile networks (5G). The first is to develop joint channel assignment and power
allocation schemes in large C-V2X networks, the second is to design distributed algorithms for
continuous resource allocation problems in C-V2X systems by utilizing RL tools, and the third is
to enable vehicular communications of C-V2X systems in millimeter wave (mmWave) bands.

In the context of single-cell setting, the RL-based algorithm in Chapter 7 allows the V2V pla-
toons to reuse the time-frequency slots of V2I links. Toward this end, the state space of each agent
(i.e., platoon leader) must include the CSI of interfering V2V links as well as the aggregate inter-
ference at the BS caused by V2V transmitters. In C-V2X networks comprised of multiple cells and
dense V2V/V2I link deployment, such information cannot be accurately estimated due to substan-
tially increasing number of V2V/V2I users and fast channel variations of vehicular environment.
Therefore, an area of potential future work includes extending the RL-based algorithm in Chapter
7 to develop large-scale channel assignment and power allocation algorithms in C-V2X systems.

In this thesis, the RL-based resource allocation for joint channel assignment and power alloca-
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tion in C-V2X systems was essentially based on an assumption that the action set (i.e., sub-bands
and transmit power levels) was discrete. As a result, the developed multi-agent RL algorithm in
Chapter 7 is not viable for continuous optimization problems. For instance, considering a joint
power allocation and beamforming design problem as in Chapter 6, yet applied to the C-V2X sys-
tems in which the transmit powers and beamformers are allowed to take on any values within given
ranges. A straightforward solution to address this challenge is dividing the transmit power range
into multiple discrete levels so the deep Q-learning algorithm developed for the transmit power
set can be directly applied to approximately solve the continuous optimization problem [98]. This
approach, however, cannot be expanded to include the discrete beamfomers as the size of joint
transmit power and beamformer space grows w.r.t. the number of equipped antennas and V2I
links, to which the deep Q-learning algorithm becomes computationally infeasible in the dense C-
V2X deployment. How to adopt the multi-agent RL approach to effectively solve the continuous
optimization problems in C-V2X systems, particularly in joint power allocation and beamforming
design, is still largely open.

In future intelligent transportation systems, vehicles will be equipped with large number of
sensors to improve the automated driving applications such as object detection, visual cameras as
virtual mirrors, as well as constructing high resolution depth associated range maps for safe driv-
ing [153]. As connected vehicles will use the V2V communications to exchange the raw sensor
data, increasing number of integrated sensors will result in a higher data-rate demand, e.g., gigabit-
per-second (Gbps). While the focus of this thesis is on enabling the D2D and D2D-based vehicular
communications into existing cellular networks, the illustrative results are dedicated to microwave
frequencies, particularly at 2 GHz, which, unfortunately, does not support such a data-rate require-
ment. Higher carrier frequencies, particularly mmWave bands, have been proposed as a viable
approach to enable the Gbps data-rates in future C-V2X systems. The first step of adopting the
mmWave bands in C-V2X systems is to develop accurate channel models for mmWave V2V trans-
mission among the connected vehicles. Although the channel propagation between vehicles has
been analyzed at the carrier frequencies below 6 GHz, the propagation characteristics of mmWave
frequencies are fundamentally different to those of microwave frequencies. MmWave signals have
much smaller wavelength, thus mmWave V2V transmission will experience the high path-loss as
the signals cannot penetrate most solid materials. To compensate the high path-loss, mmWave
transmitters are equipped with large number of antennas aiming toward the intended receivers
with suitable beamforming designs [154]. It follows that many aspects should be considered and
integrated into mmWave V2V channel modeling such as the effects of antenna location, vehicle
speeds, and blockage caused by nearby pedestrians, vehicles, buildings, and other obstacles. Once
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the channel models are characterized, network level analysis (e.g., based on stochastic geometry
approach) and optimization in underlaid D2D communications in this thesis can be adopted and
modified for the mmWave C-V2X systems.
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