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ABSTRACT

The limitation in the diameter of the exit pupil of a microwave
optical system ﬁroduces an aberration in the field of the system which
is hereafter called mutilation. The present work extends that initiated
by Woonton to include two dimensional sources and circular mutilating
apertures., Observations were made of the distant field patterns of a
series of horns and paraboloids when mutilated by apertures ranging in
diameter from 15 wave-lengths to 40 wave—léngths. A theory has been
developed to include radiators of dimensions greater than 5 wave-lengths
having a planar surface or aperture distribution. Calculations were
made for a number of patterns and agreement with observation obtained.
Spherical aberrations, coma, and other optical aberrations are discussed,
Methods of approximate calculation, and conclusions relevant to the

design of microwave systems are presented.
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GLOSSARY CF SYMBULS

a (1) radius of circular source aperture

(2) side of square source aperture

coefricient in expansion of parabeloid function in Chapter IV
A constant in derivation of integrals, Chapter I and Appendix II

AE’AH 1/4 = 1/qg + 1/s in Chapter III

b distance from source to mutilating aperture
bi coefficients in expansion of distant parakoloid field in Chapter IV
B (x1'2 + yiz c:os?“c.)l/2
c radius of‘mutilating aperture
c (1) ik/2nR,
(2) part of Fresnel integral in (C # i3)
D quantity defined by Eq. (A3.2)
Dij integrals in Appendix II and Chapter V
e(0) mutilation
5? electric field
£ function: f£( )
f2n Fourier component of unmutilated rresnel field
f2mn Fourier component of mutilated l'resenl field
fen Fourier component of the emergent field
F function: F( )
F(0) unmutilated ficld at z =s + b
Fa(O) the field inecluding ostical aberrations
F Fourier component or nutilated fleld at z = s + b
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g azimuthal component of Poynting vector divided by z-component

of Poynting vector

Gmn Fourier couponent specifying the distant field

h r-component of Poynting vector divided by z-component of
Pointing vector

hi coefficients in paraboloid analysis in Chapter IV

_, 3

H mangetic field

-—)

gt incident magnetic field

H quantity defined in Chapter V

i V-l overator

i,3,k unit vectors in X, Y, Z directions

it,j',k' unit vectors in X', Y', Z! directions

11,12, oo iIntegrals in Appendic ‘III

Jn Bessel function

?ry (1/2ﬂ)exp(-iMZz/2) §cos nt exp(iy) 4T
k propogation constant

K (seca/(s + b))exp [2ﬂi(5+b) + ﬂicz(l/s + l/b)]
1 direction cosine

1t direction cosine in inclined system

L quantity defined by Eg. (43.3)

m direction cosine

m! direction cosine in inclined system

1 quantity defined by Eg. (A3.3)

P(0) power

Pi summation term defined in Chapter IV

q (1) length of horn

(2) phase shift constant in Chapter V



Q@ exponential coefficient in Appendix IIT
r radial co-ordinate in a cylindrical system
ry radial co-ordinate in plane z = O
ri radial co-ordinate in plane z!' = 0
r, radial co-ordinate in plane zb= b
rq radial co-ordinate in plane 2 = b + s
R (1) spherical co-ordinate
(2) cuantity defined in Apoendix III
R, the distance (0,0,b) to (x,y,z)
s (1) distance from mutilating screen to plane of observation
(2) aberration coefficient
S part of Fresnel integral (C + i3)
Si aperture function series in Chapter IV
§* Poynting vector
5 1
t (1) 2me [ 1/s + T sin G
(2) aberration constant in Chapter V
t 2ne? [ 1/ + 1/1]
T @? + P2
u (1) the scalar field
(2) 2ma sin a
(3) aberration constant in Chapter V
u, the emergent field in Chapter V
W, the mutilated field
u% the incident field in the plane z = b
Uy the mutilated Fresnel field in the plane z = b
u aberration constant

o
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.o Lommel functions

aberration constant in Jhapter V
Lommel functions

the aberration function Chapter V
the Lommel function Vn + th_

(1) 2nc Vxlz + y1'2 cos?

b + yi sin a

1

(2) aberration coﬁstant in Chapter V

co-ordinates of point in X,Y,Z system

co-ordinates of noint in X',Y',Z' system

co-ordinates of point in X-difeciion measured in aperture
plane of source

co-ordinates of »oint in X'-direction measured in aperture
plane of source

co-ordinates of point in plane z = b

(1) co-ordinate system designation

1
b + yi sin a

(2) m| 1/s +

(3) Z cos T

co-ordinate system designation

co-ordinates of péint in Y-direction measured in aperture
plane of source

co-ordinates of point in Y'~direction measured in aperture
plane of source

co-ordinate system designation

() 2 sin T

(3) phase shift function in Chapter V

co-ordinate system designation

2 rl sin o in Chapter IV
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b

bl/xj'2 + y_}z cos2 o

Appendix IIT

b + yi sin a
angle of rotation
dummy variable for Y
sin ©
(1) increment opsrator

(2) constants in horn theory
(3) displacement of paraboloid feed in Appendix IV
(1) increment operator
(2) displacement from focus in Appendix IV
(1) tan € = x:'L/yJ'_ sin
(2) tan & = L/N
spherical co-ordinate
(1) parameter in incomplete 3essel function gcos sin (TX) dx
(2) angle in paraboloid analysis in Appendix I?f
(1/p Jexp(ikp)
(1) distance from point in plane to field point
(2) radial distance in horn function
aberration constant in Chapter V
variable introduced in Appendix III
spherical co-ordinate
azimuthal co-ordinate at source
azimuthal co-ordinate in plane z = b
(1) wave-length
(2) focal length of paratoloid in Appendix IV

(1) co-ordinate in paraboloid analysis Appendix IV

(2) azimuthal angle in Chapter V
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\§' azimuthal anzle in Chapter v

yii aberration constant in Chapter V



INTRODUCTION

An ideal optical system 1s ocne in which a point, line, or plane
has as its image a point, line, or plane., Any departure from this ideal
is called an aberration. All practical systems have aberrations to some
extent; indeed, it can be shown generally that this must be so for a
finite object. The classification and :inimization of these defects is now
a long established art.

The above remarks are entirely within the scope of geometrical optics
where light is treated in terms of rays, the ray being a minimal path
between two noints, But, physically, light is a wave, and, therefore,
all optiéal relations must ultimately be consistent with the wave equation.
As a consequence it can be shown that the ray concept is valid only in the
limit of extremely high freguencies. It 13 the extension beyond the ray
concept which introduces all diffraction phenomena.

The diffraction theory of aberrations, initiated by Hamilton, has
received increased attention 1n recent years. Of particular note is
the reclassification by Nijboerl and the many calculations based thereon,
in the case where the aberrations are only a fraction of a wave-length.

- Hot only are the standard type of aberration, coma, astigmatism, etc.,
modified by diffraction, but a new distortion of the field is introduced
by the periphery into what would be, geometrically, a perfect system.

Tre investigation of this effect zoes back fo the historical papers of Airy
and Lommel and includes suck recent work as that of Zernike and Nijboer2 on

the intensity near the focus of a lens,
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The peripheral aberration just introduced 1s of some importance
in optics, in regard to resolving power, for instance. In microwave
optics it must be considered of major importance on account of the much
greater wave-length involved, Work on this effect was initiated by W’oonton3
and his collabomﬁ:orsl‘L who called it "mutilation'"., They investigated the
one dimensional case, apslicable to slits and horns, both experimentally
and theoretically.

The present work extends that of Woonton to include two dimensional
sources when the mutllating aperture is circulare. ZExperiments on the
distant field of horns and paraboloids were conducted with a view to
isolating the effect here considered. A resumé of the experimental
arrangement is given in the second last paragraph of this introduction.

& theoretical treatment of the problem from the physical optics point of
view is given in Chapter I, and, within this limitation, it is sufficiently
general to include many optical systems having a circular aperture. Cal-
culaticns based on theory were found to be in agreement with experiment.
The same type of mutilation calculation was used by Hogg5 in his investi-
gation of back scattering by disecs.

Some discussion is presented in Chapter V regarding the place of
ordinary optical aberrations in microwave systems. Their experimental
investigation must awalt the development of microwave lenses of high
quality, and even then their isolation may be a matter of great difficulty.

A typical microwave system is illustrated schematically in Fig. l. ’
The dimensions of the source, A, may vary from a fraction of a wave-length
to possibly 100 wave-lengths, and the source will invariably be coherent.

B is a lens, although it may be generalized to include a number of

reflecting and refracting elements. The relatively large conducting screen,



B', prevents stray effects from reaching the receiver C. The receiver will
generally be polarized to one plane and the present work is limited to
this case.

If the distant field of the source is under investigation the receiver
should be placed in the focal surface of the lens since the focal point is
opticalily conjugate to infinity. A great contraction in the physical lay-
out of apparatus is thereby effected. Pattern or scattering measurements,
normally reaquiring a siting range of 100 yards can be made in the labora-
tory5.

The arrangement just described attempts to simulate the distant field
of the source, while it does, in fact, place the receiver in the near field
of the optical system. 'The complexity of the near field of an open aper-
ture was discovered by Andrews6 and his work was confirmed and extended by
Woonton and Bekefi7. Hogg5 has studied the field of a lens placed in a
circular aperture, and his rindings indicate that the lens produces a fur-
ther increase in the field perturbation. These phenomena can be ascribed,
in part, to the fact that the relation between E and H is complicated in
the near field but not in the distant field, and, in part, to the boundary
conditions which form the btasis of a rigorous electromagnetic theory. The
latter aspect 1s not included in the present treatment but will be briefly
considered below.

Microwave systems, of which an idealized example is represented in
Fig, 1, have a great variety of forms. The particular arrangement used in
this work is illustrated in three photographs, Figs. 4 to 6, where the
disposition of transmitter, aperture, screen, and receiver is shown. The

mutilation effect was isolated so far as possible by removing the lens,

thereby reducing optical system simply to an aperture in a large diffraction
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screen. It was then necessary to place the receiver in the distant field,
and this liad the advatange of eliminating the Andrews' ripples. The
arrangement was further simplified by placing the receiver in a fixed
position on the axis of the system as shown in fig. 6, and schematically
in Fig. 2. The pattern of the source was obtained by rotating the sources
The alternate arrenzement of fixed source and movable receiver is more
difficult theoreticalygnd harder to realize experimentally. However one
calculation for this case is presented.

The results and conclusions of this work are discussed later. They
are difficult to summarize on account of the great variety of results
and the large number of parameters involved. A direct comparison of
mutilated and unmutilated patterns is shown in Figs. 10 to 31 where the
nature of the effect may be observed. Small radiators, or radiators of
moderate size containing a point source, including parakeloids, require
special consideration. Mutilation depends on the non-uniformity of phase
across the transmitter aperture. It varies greatly in detail as the
diameter orf the mutilating aperture is increased. The mutilation also

increases with the separation of transmitter and mutilating aperture.
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Fig. 1 Schematic of Microwave Optical System

. y(——b_,i

Bl

Fig. 2 Schematic Diagram for Mutilation Mesasurement



I, THE0RY OF THE MUTILATED FILLD

The physical lay-out of apparatus for mutilations measurements has
been briefly indicated in the Introduction. As the transmitter is
rotated the mein lobe of its radiation pattern is directed at an angle
with the axis wiidich becomes increasingly larger until eventuaily the main
portion of the radiation iz directed toward the metallic screen. This
will indicate the complex nature of the field which is incident in the
mutilating aperture. In the analysis which follows attention will be directed
first toward the field which exists in the plane of the screen. This field
will be considered Ifor both cases, namely, for the screen absent, and for
the Screen physically present. Afterward the field will be considered
as a function of the distribution over the transmitter aperpure. And,
finally, formulas will be obtained for the mutilation expressed in terms

of an integral over the transmitter aperture.

l. The mutilating aperture is one of moderate size in a large conducting
screen., From the point of view of physical optics based on the Kirchhoff
approximationS, a part of the wave front has been cut off, and that
remaining is ecual to that which would exist at the opening if the screen
were entirely removed. The application of Huygens! Principle to the
aperture results in the Kirchhoff field. But Babinet'!s Principle leads

to a consideration of the complementary problem in which a disc replaces
he aperture; then Huygens' Principle results in the Kirchhoff mutilation:
that is, the cuantity which must be subtracted from the origsinal field

to give the Kirchhoff field. These assumptions lead to results which are
substantially in accord with experiment when the exit pupil has a diameter
of thousends of wave-lengths, but they must be re-examined when the dia-
meter 1s reauced 1o the ordsr of 30 wave-lengths,

Much work has been done in recent years on the rigorous theory of



diffraction, both scalar and electromagnetic. The mutilating aperture

poses g diffraction problem of such generality that it is beyond the

scope c¢f any existing theory. Nevertheless, the current formulations

can exhibit the relation between Kirchhoff theory and rigorous theory,

thereby giving physical significance to the quantities involved in the

former, and an explicit physical representation of what is neglected.

The content of such theories pertinent to the present work is as follows.
Electromagnetic radiation is incident on a plane perfectly conducting

thin screen which is of infinite extent except for one or more apertures.

Then the tangential comnhonents of the magnetic field, Hx and Hy’ and

the normal component of the electric field, EZ, are egual, respectively,

to Hi, H;, and Ei where the latter are the components of the incident

field, i.e., the field which would exist in the plans of the screen if

the screen werse removedg.

Copson's formulationlo is based on the Rayleigh formula,

u(x,y,2z) = (l/2ﬂ)\f~u(x2,y2,b) agéo dx,dy, (1.1)
Z

where (x,y,z) is a field point, and X3 ¥p specify position over the

infinite plane z = b, and ¢o = (l/P)exp(iklo) wheref) is the distance
from an element in the z = b plane to (X,y,z)e Copson shows that this
formula may be applied to the field components in the aperture problem.

Thus,

Hx,7,2) = (1/2m) f H{x,,7,,b) -i—%g dxdy, (1.2)
bl+32

where Sl is the aperture area and 82 the metal in the screen. But it

is also true that,
—

o (x,5,2) = (1/2m) Hl(x2:Y2:b)
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Therefore, since Ht ng = Hiang in Sl, g>¢
_Tro
Hy gng (%o752) = H-tang(x’y’z) - (1/2m) Sz ang F29¥2s0) 57 dxdy,
g,
+(l/2ﬂ)~/- t g(XQ’yQ’b) dx2dy2 (1.3)

Eqe (lel) may also be written,
ang%e¥52) = (1/2n )f (xg,yz,b) ¢ dx,dy, + (1/2m)
fs ta g(xz,yz,b) 9%‘; dx,dy, (Le)

In (1.3) the first term is the unmutilated field, the second is the
Kirchhoff mutilation, and the third is an electromagnetic perturbation
due to currents generated on the shadow side of the screen. The first
ternn of (l.4), which combines the first two of (1.3) is a Kirchhoff-like
field. It is identical with the scalar Kirchhoff formulation provided
the components of E? are identified with the scalar field. Therefore it
can be stated that, except for the effect of the last terms of (1.3) and
(1.4), Kirchhoff theory may be used to derive the magnetic field at all
points in space.

The electric field can be derived from the magnetic field by use of
laxwelll's equations., The result near the aperture is totally different
from what would be obtained from a Kirchhoff formulation based on the
electric field. Zg. (1.4), neglecting the last term, is ecuivalent to

13 4o explain the

theories advanced by Silverll, Neugebauerlz, and Bekefi
large fluctuations, discovered by Andrews, in the electric field near

the aperture., The success of these approximate theories is, to some extent,
a justification for neglecting the last term in the present work. However,
it cannot be definitely comcluded that the last term of (1.4) is insigni-
ficant because the aperture {ields here considered are of much greater

complexity than those treated by 3ekefi. An application of the Jommerfeld

solution should indicate the order of magnitude of the quantities involved.
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On this basis the magnetic field is about 25% of the incident field at
a distance one wave-length inside the shadow, and 5% of the incident
field at 25 wave-lengths inside the shadow.

For distant axial points the magnetic field is directly proportional
to the electric field, and the latter is the quantity to which the
receiver responds. Hence, in the following section, a field u will be
introduced which can be identified with the magnetic field, or, at a
great distance, with elther the tangential magnetic field or the tangential
electric {ield. Thus the finally derived field will be such that its
magnitude sguared will be proportional to the recciver resmonse when the

receiver is in the distant field.

2. A general expression for the Kirchhoff field will be obtalned in
this section. A [further develiopment toward forms suitable for calculation
will be ziven in the following section, and in Appendix III, and in
Chapters I1I snd IV.

Two sets of co-ordinate systems will be used throughout the work.,
Their common origin is at O as shown in Fig. 2, and the X', Y1, Zf
system is fixed in the antenna and is capable of rotation about the X,X!
axis. The X,Y,Z system is so oriented tihat the diffraction screen and
mutilating aperture are in the plane z=b., Points in the source region
near C will be designated by the subscript "1"., Thus points in the
antenna aperture will be reoresented (xi,yi). Transformation toc spherical
co-ordinates (R,G,V) and (R,6',¥') will be made where necessary in either
system. 4 radial direction will be given direction cosines 1, m, cos ©

or 1', m', cos @', H.2 will be the distance between (0,0,b) and (x,y,2).
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If (x,y,2) is in the distant field (1.1) reduces to,

a(x,y,2) = u(R,0,) = 1k2:—§8 xp(ikR )J‘ J ,yz,b)exp[-ik(bcz+my2)] dx,dy ,,
~ (1.5)

provided u(xz,yz,b) is confined to a finite region. Great distance

imz]lies that the 1, m here used do not differ significantly from those

defined above. The field at z=b is not coafined to a finite rezion either

with the screen present or with it absent. However, it is apgroximately

so limited provided the rodlator is reasonably large in comparison with

the wave-length. In view of these considerations the inclination factor,

cos 6, cannot be regarded as significant, and it will be dropped.

Therefore the distant unmutilated rield can be written,

W(R,0,¥) = Cexp(ikR )J j (x2,y2,b)exp[-1k(lx +my2)] dxzdyz...(l.é)
ik

2mR,.*

where u (xz,yz,b) is the incident field in the plane z=b and C =
2

With the screen present the mutilated field will be,

oo oo
qm(R,O,V) = Cexp(ikRzzlw(;SZm(XQ,yé,b)exp[—ik(lx2+myé)]dx2dyé (1.7)
i.
where u,_ = u, in the aperture
zrn 2 --------------------- (108)
= 0 outside the aperture

The Fresnel fields of the antenna may be expanded in a Fourier

series since they are periodic in ”ifz. Thus,

g = .Z.f%( 2)e>qo(in;r2) (1.9)
Uy ;g: f (rz)exp(invz) (1.10)
f

where o f2n for r2(c }
=0 for r2> c
¢ being the radius of the mutilating aperture, and (rz,“w!/z) polar co-

ordinates in the plane z=b,
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sin ¥,
Y2

T, cos vg Y5 r

a5

2

sin © sin ¥

sin @ cos ¥ m

=
1

dx,dy, = rzdr2d¥2
Substituting in (1.6),
u(R,0,¥) =C exp(ikRz)
*® m“ . .2 E el
j L Zfzn(rz) exp [J.mfz---lkr2 sin © cos (Hf-"-.uz)] rod¥ dry
o

But ex;)[-ikr sin @ cos (¢4¥2ﬂ = exp [ikr2 sin © sin (Y5 Vz-ﬂ/Qﬂ

2
=S Jp(kr2 sin 0) exp [ip(¢;¥2~n/2ﬂ

gm0 20 <o .
) Z—on(r?.) exp (in¥,)
Y _J (larysin 6) exp [ip(vtrmr/2)] rja¥ar,

pe-

S u(R,6,¥) = ¢ exp(ikRz)
oo o

Integration in ?2 eliminates all terms except those for which p = n.
It is always Justifiable to intezrate the Fourier series by tem. MNore-
over, since the distant field is continuous, the series itself must be
uniformly'convergentlh. Thererore integration and summation may be
commuted giving,
u(R,Q,V) =2m C exp(1kR2)§;;exp[1n(V~n/2ﬂ i fzn(rQ)Jn(kr2 sin O)rzdr2 ee(1.12)
o
Similarly,
w ~
um(R,O;V) = 2rC exp(ikR,) > exp[in(v—ﬂ/2ﬂ
(<Y -0t
£ (Po)d ke, sin €)rydr, (1.13)
Bguations (1.12) and (1.13) are seen to be Fourier expansions of the
distant field. Such expansions can be obtained directly in terms of the
15
radiation source, For it has been shown generally that the distant field

of a finite source distribution can be written,

ik
21R

which, on expansion, becomes,

u(R,0,7Y) = exp(ikR) F(6,¥).
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o0
u(R,8¥) = 2ig exp(ikR) Ein Gn(G) exp(in¥)
- =

= { exp (ikR);é;:Gn(G) exp (in¥) (1.14)
since %'—+].in the distant field,
2
Similarly,
w -
um(R,G,V) = ( exp(ikR)ji;Ghn(G) exp(in¥) (1.15)

Distances will now be expressed in wave-length units, and tie
substitution sin @ = Y will be made. Then, equating coefficients between

(1.14) and (1.12) and between (1.15) and (1.13),

G (Y) = exp [2ﬂi(R2-R) - -l-g—“] Lizn(rz) Jn(2ﬂr2'Y') r,dr, (1,16)
Gmn(Y) = exp [2ﬁi(R2—R) - an J £, (r,) Jn(2m2Y) r,dr, (1.17)

]
But R - R2 = Db cos 6 = bP 1~ Y2

s from (1.16), | .
w »
= Q i _ inm
f f2n(r2)Jn(2ﬂr2Y) r dr, un(Y) exp[2mbl/ 1 + =5 ] (1.18)
(-]

This scuation permits a component of the Fresnel field to be expressed
in terms of a corresponding component of the distant field. This inversion
is effected by applyin. a Hankel transform to (1.18),

2 ing .
£,.(r,) = b exp(=5) fo G_(Y) exp{%‘lb 1-y2] J_ (err Y)yay (1.19)
Taking account of (1.11), (1.19) may be substituted into (1.17)

ziving, Cmeo
G () = zmzexp[-znib 1-w2J j fGn(B) exp[2ﬂib 1-52J
mn L Jo
Jn(2ﬂr2£3) Jn(2ﬂr2Y) Brdpdr, (1.20)
where B is a dummy variable,

(1.20) expresses a component of the mutilated distant field in terms
of a component of the wnmutilated distant field. But the receiver in a
microwave system may be at a moderate rather than a great distance. There-

fore it is useful to obtain the rourier components, an(rB), of the
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field in the plane z = b+s,
This cuantity is obtained at once i'rom (1.20) by expressing it

in a form parailel to (1.19),

rmn(rB) = (m'rr f (¥) exp(2nis V1% ) (2Tfr3Y)YdY
- )fff (B)e,cp 2mol/1—y2 + 2rib 1-;32]
Jn(2ﬂr B8) Jn(2m'2Y) Jn(2¢r ) BYr,dpdydr, (1.21)

The coefficients Gn(ﬁ) are derived in Appendix I in terms of an integral
over tiie aperture,

y I S ; f v ot O]

Lrn(B) = 5 exp (~inm) mf(xl,yl) Jn(»-ﬂBB)

~

exp[ine + 2myd 1~-3° sin a] dxtdy} (1.22)

where T (x]'_,yi) is the aperture function for an antenna or a current density
function in the case of a scatterer. 4nd B2 = XI'L2 + YJ'.Q c:os2 a, sin € = xi/B.
Therefore,

G (1) = 20(-1)" exp [-Zmb l- fjoff( l’yl

exp[ins + gmy 1..5 (b+yi sin a)_-] Jn(2T-BB)Jn(Z“I‘ZB)Jn(zﬂrgY)Brzdﬁdr dxjdy] | (1.23)

C oo
an(rB) = 8113 exp(—nj—"g‘# s fofof(xi,yi) exp[ins+2frd(b+yi sin a) 1—82]
3 (2mr,8)3, (2rBR) exp|2rief 177 3o (2rr ) 3 (2rey) pre dpdvdr,dxtdyf e. ..« (L.24)

3 If observations are made on the axis of the mutilatings aperture r,j-=O.
Then F_ =0 forn # 0, and, '
(O) 81‘3] fﬁf‘(xl el ) exp[2r1(b+J' sin a)f 1~ 2] JO(ZTTBB)
ovpo !
— 1 1
JO(2'nr2B) exp(2misf 1Y ) J_(2mr,v) Brr,dpdydr dxtdyl (1.25

With radiation which is fairly directive the integrals will be
negligible for S)BO » Bo<< 1 and Y)Yo R YO<< l. Then by binomial expan-

sion,

: CoyR
1-6° = 1~52/2 andVl—Y2 = 1-12- (1.26)
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Substitution in (1.25) gives,

¢ 9,00
mo(o) = -gsﬂ exp[zﬁi(s»rb)]LifJf(yi,yi) exp(zmiyi sin a)
.2 ) S .
exp[-«nB (b+y3'_ sin a)| J o(2fnr2,B)J o(2ﬁ%3§)exp(—ﬂleZ )Jo(2ﬂr2Y)BYr2dBder2dxidyi
16

The integrals with respect to B and Y are now of a standard type  ,

o

and the expression reduces to,

¢ 2
= a’r_f 3 {~rt Rl 3 m—-—.-—-———-——B
FmO(D) - = eXp(Zm(s+b)) j(u Lf(xlyl)eXp['mel sin a + byl 51 a]
201 1 2nroB 1
exP[mrz (F+ Byl sin a):l Jo(b+3,—:tL Stre) Tolradxidr] (1.27)

The integral with respect to r, is of 2 kind waich leads to a Lommel

o 1
17 e , . _ R ; co R
function™ . The reduction of several integrols of this t:pe is given in

Appendix IT, Adccordiazly,

>
- 20 ; ] . . L niB*
Fmo(O) = - = exp[2ﬂ1(s+b)~£;f(“i,yi) exp[2ﬂ1yi sin a + EI;?‘EEH‘E} (1.28)
[T%E exp(~14%/1K) - (Wi(t,w)/z&) exp(chz)] dx}dy!.

2 L 203 v 1
where t = 2Xc¢™, w= 4c. A = byl Sin & X = .;[1/8 + b+yi ey a]

wl(t,w) = Vl(t,w) + 1 Vo(t,w)
and Vo(t,w) = Jo(w) - <¥ 2 Jz(w) + (%)h Jh(w)"""'

v, () = () 5 () - (‘%)3 350 (%)5 S CONNV

The first term of (1.28) is independent of ¢ and represents the un~
mutilated fieid. The exponent Az/hx may be expanded and for s b it gives,
F(o) = - 1 exp[2ﬁ1(5+bi [ﬁ(xi,yi)/(s+b+yi sin a)] exp[%ﬂiyi sin o + XiBz/s

0
) axlay! (1.29)

The reversal of signs from the previous form (1.5) can be attributed

to the fact that a hes been chosen so that the positive Y! direction turns

away from the axis of the anerture,

The mutilation ,e(o), may be written
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e(0)

Fmo(O) - ()

]

expE%ti(s+b) + ﬂic2/s] j;;(xi,yi) Wi(t,w)/(s+b+yi sin a)

exp[%i [Qyi sin a + (BZ+02)/(b+yi sin a)] dxidyi (1.30)
Equaﬁion (1.30) is the starting point Tor practicélly all of the
comput;tions which have been made. It expresses the mutilation in terms
of a single integral over the aperture or surface of the radiator with no
restriction as to the shape of this surface provided it is planar.

The related problem of fixed source and variable field point is of
some interest., It has not been possible to obtain a general formula
corresponding to (1.30). If, however, the aperture function is specialized
to f(xi,yi) = 1, a solution is possible. Then with a = O, Gmn(Y7 = 0 for
n = o0, and,

o () - i exp[—Z'ﬂ’ib 1-Y2] f:j: L :xp [Zﬂib 1-32]

Js (2rrlB)Jo(2ﬂrzB)Jo (2ﬂr2Y) Br r,dpdr,dry
c ra
= _(2ﬂi/b)exp(ﬁibY2)~( j~exp[kﬁi/b)(r12 +r22)]JO(Zﬂrlrz/b)Jo(ZﬂréY)
[~ . ]

drldr2

Using the resulis of Appendix II the integration in ry may be performed,

GmO(Y) = -1 exp(ﬂiaz/b + '}Tisz) Lexp(ﬂiré/b) [Ul(t,w)—iUz(t,w)]

JO(2ﬂr2Y7 r,dr,

were Uy (6,0) = @360 = G20, + B2, eeeeees
Uy(60) = B 5,60 - &%, + B W e
t = 2ﬂa2/b H W= 2ﬂar2/b

Therefore,

um(Y) = 2r/R exp [2ﬂiR + 'niaz/b + f.TibY’z]
c 5 (1.31)
Jnexp(nirz/b)[ﬁl(t,w) - iUZ(t,w)]Jo(ZﬂréY) r,dr ,

One computation based on (1l.31) is presented in Appendix III.
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Le A detailed treatment of Aqg. (1.30) to reduce it to a form suitable
for computation is given in Appendix ITI., 'The present section is a
survey which is intended to be a preface to Chaoters TII and IV. It is -
there apolied to horns and paraboloids and comparison is riade with experi-
ment,

The integrand of (1.30) contains the Lommel function Ni(w;t). The
argument, w, is large so that the function oscillates rapidly, and it
depends in & complicated wa;'on xi and yi. It is apparent that the major
difficulty centers around this function. 4 transformation to new variables
(Z,7) is introduced where Z = bw/2nc. (Z has no connection with the
previously defined co-ordinate system.) This transformation introduces
new terms and complicates existing ones., But the lommel function can be
integrated and the wi.ole reduced to a manageable surmation.

for a = 0, (Z,7) is identical with the polar co-ordinates (ri,@i).
With increase in o the two sets of variaﬁles becaome ihcreasingly different,
Wevertheless, it is a useful concept to regard (Z,T) as radial and polar
co~ordinates over a slightly distorted aperture. (1.30) is shown to
reduce to a series of integrals of which the deminant one is,

1

It is possible to put f(Z,Z)exp(iD) equal to one or more terms of the

I =K j £(2,7) exp(iD) Wy (b W) ZAZdT eeenrnninnnn. (1.32)
W

form_fl(Z)exp(iQ) cosnt?, where,
Q= MZZ/z + L7 sinT+ NZ cos T =~ RZ2 cos 2T (1.33)
n(Z) is defined by the equation,
§exp(ii,;) cos T 4T = 2% (Z)exp(iMZZ/2) (1.34)

This gives,
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(n)_ . (n) 5 2 .
1, = 2n x| £ O (2exp(ariz?/2) }n(z) 1-11(450,»?J 747

_ b)) o (o () (ZYexp(i1iz2/2) § (2) —2  aw
s ) 1 n dw
- Tt f
where Il Il + Il * esens

This may be replaced by the equivalent summation,
11(“) = lﬁ—:ﬁ—ﬁ exp [ﬁi[2(5+b) + (/s + l/b)]]
Zifl(n) (Zi)fn(Zi)exp(iMZz/Z) il (1.35)
whiere the value of the constant K has been inserted.
The swmation is then over a number of zones, that is, regions of
approximately constant Z. The T integraticn within a zone is given in (1.34).
ar
§ is egual to f for inner zones but splits up into a number cof regions
°
of integration for outer zones which cut the Z, T perimeter. It will be
noted that the transformation deforms the phisical nerimeter of the
radiator. The zones and the deformation of perimeter are shown in Fig. 7.
The T intezration yields Jzn(Z). SWZ is readily obtained by
series sumation. The final operation is to add up all of the individual
complex terus graphically on the drawing board. Such summations are
shown in Fig. 8 (sterting at C and followin~= the arrows) for three
values of a, 7The cquantities which depend on the individual aperture
function are the i,,L, N, R (&g. 1.33). iixamples are civen in appendix

II1 and vhapter I1T.
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IT. BXPSRLEGNTAL 422434 TUS

The experimental part of tlie present vork consisted essentially in
recording the ncwer patterns of a number of microwave antennas. Such
patterns can be taken in the following way. The entenna i1s mounted on a
turntable and sultably connected to the source of power and the necessary
auxiliary aplaratus. The recelver is suff’ciently reriote to ensure that
tlie distance from any point in the transmitting aperture to any point in
the recelving aperture does not vary any uore than a small fraction of a
wave-length, The site and elevation oI the apparatus must be such that
the received power is not modified by reflection from.obstacles or the
ground. The pattern is a graph of the received power as a function of
the angle tlrough which the transmitter is rotated.

Mutilated patterns were obtained in this ianvestigation simply by
interposing a specialiy constructed dirfraction screen between transmitter
and receiver. The screen containing the mutilating aperture was rigidly
installed on the roof of the Haton Hlectronics Research Laboratory, and
the transmitting eguipment was set up before it in the desired position.
The receiver was located on the roof of the MelGill University Biology
Building at a distance of 25C feet., Photo,raphs oif the apjaratus are
shown in ¥igs. 3 to 6.

The section which follows contains a detailed account of the site,
the screen, and other apvaratus. Consiceration i1s ziven, in the next
section, to the transmiiting antennas, and to the experimental procedure
used in their measurement. cinally, there is some discussicn of the
petterns themselves with particular reference to the conditions of measure-

ment end the precision attained.
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l. The Site and Apoaratuss The transmitter-rccesiver site was

chosen so that tne main lobe of the receiver pattern was unobstructed by
roof obstacles, trees, etc. Tests were made in the viecinity of both trans-
mitter and receivsr b; placing scatterers or abscrbers near points which
could be suspected of reflecting secondary radiztion intoc the receiving
paraboloid. These were all negative. When a horn under test was turned
over a very sli:zht changze in the asymmetry of the pattern was observed;
however, rurtier investi:ation in this regsrd was judzed to be unnecessary.
The siting distance of 250 feet corresponded to a phase shift of 300

across the largest aperture. rformulas were obtained in such a form that
corrections for finite distance could be :ade and this wes done in some
cases. lig. 6 is a photograph showing transmitter, receiver, and screen.

The function of the diffrection screen was to provide a conducting
suriace of considerable extent, and to susnort the apertures. It approached
the ideal of an infinite screen: the »ower was not neasurable with the
mutilatin: aperture closed. The screen was designed to have a minimum of
fraanework in the vicinity'of the aperture consistent with mechanical
strengthe It extended a winimum of 7 feet in all directions from the
centre of the aperture, except downward, where a cooser parapet provided
adecuate screeningz. 1he screen itself consisted of two layers of fine
copger mesh,

The screen was placed parallel to the side of the building and
positioned (+ 6 in) so that the receiver was on the perpendicular line
through the centre of the aperture. The centres of receiver, mutilating
aperture and transmitter were at the saiie horigontal level (1 1in). 4
transit was levelled on the turntable and the turnteble axis adjusted to

the vertical so that the transit did not change on rotation. A carpenter's
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level was used for fixinz the diviraction screen to a vertical oosition,
and also for adjusting the face of the radiators to vertical. The centre
of tne yace of the radiaztor was brou:ht to a »nosition on the axis of
rotation ol the turntable to within 1/€ inch.

The apertures were made from 12 Gﬁgée B. & S. (0.080") sheet
aluminum. It was necessary to cut the 40 wave-length and 35 wave-
lengzth apertures each in two pleces and fasten them togzether with

screws, Jhelr outside dimension fitted the 5 foot saquare wooden frame-
work. The other apertures were made in one piece. Those of 25 wave-lenzths
and 30 wave-lengths, with outside dimensions 4 foot scusre, were screwed

to the 35 ~ave~-length aperture. The srallest apertures of 15 and 20 wave-
lengths were screwed to the 25 wave-length aperture. The circular holes
were sawn and finished to within 1/2 mm (0,016 wave-lenzths). 3creen,
aperture, and transmittin; assembly are shown in ¥iz. L.

Power for transidssion was generated by a Varian X13 klystron which
was s:iuare weve modulated at sp roxisately 100C cycles per second.
Accessory tuner, flap attenuators, and wave meter are sho n in Fig. 3.

The transmitting anbtenna was connected to this assenbly throush a turn-
tapble capable of 360O rotation, otandard X-band guide wes used except
in che tumtable where circular zuide 1s reguired rTor mechanical reasons
and the usual muplings made to the rectangular suide.,

The microwave siznal was received by a paraboloid of 30 inches dia-
meter placed on the axis of the aperture. It was then carried, via e
couble dipole feed of standerd designl8, to a Sperry Type 821 bolometer
for detection. The bolometer has less sensitivity then a crystal detector,
but is accurately scuare law over a large ramgje of inclident power and,
tierefore, does not require calibration. The audio signal was fed to a

19

ba.tery operated amplifier especially designed for pattern measurements™ .
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1

This pre-auaplifier which suploirs a tuned inverse feed-back circuit, was
linear over a large range of signal strengths. It nad a nolse inrzut of

2 X lO"7 volits, and its voltaze zain was several thousand when its output
was connected to the 300 fesl of cable returming the signal to the

LZaton Laboratory for recordinz. The effect of nolse induced in the cable
was eliminated by use of = balanced line and by the nre-amplification.
The amplifier heaters and bolometer battery were turned on by a relay
whose switch was located in the penthouse of the faton Laboratory along

Dower supply, and other equipment ror the

i

with the recorder, klystron
contrel of the apoaratus.

The recorder used was an Alrborne Instruments Rectangular Recorder,
Type 373=4. It included within its assembly a high zain selective

amplifier heving a band width of LO cps and a rated nolse input of 3 X 10-8

volts. A& variable GR audio frequency attenuator preceded the input to
this amnlirier to reduce the signal to an apsropriate level. The re-
corder proper gave a direct indication of nower with decibels plotted on
a linear scale., The chart advance was coupled to the rotetion of the
turntable b; neans of a dual Selsyn system. This permitted the choice of
three chart advance spseds. lowever only one, 20 inches for 60° of
rotation, was used. The turntable was powersd by a D.C. motor which was

amplidyne controlied, and, theref'ore, capable of closs adjustment.,

2¢ The fTransudtiing antennas and =xperimental Procedure: Complete

sets of patterns (except for ¢ = 20) were taken Tor threec horns whose
dimensions are given in Chapter III, A1l horns were constructed from

sheet copoer.
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Complete measurements were obtained for a ssries of paraboloids
all havin; focal lenzth ecual to one-gquarter the diameter, The feed
was or the swuae double dipole design as was used in the receiver. The
14 inch paraboloid was made from spun conper, and the others, of diameters
12 inches, 18 inches, 24 inches, and 3C inches, from spun aluminums.

The horns and 14 inch parebaloid were mounted on a wooden supnort
and could be adjusted herizontally and vertically. Impregnated wooden
frames were attached to the other parabeoloids and these could be bolted
to a universal mount which contained the feed. The mount permitted
rotation and longitudinal displacement of the feed, but was closely machined
from heavy stock to prevent lateral mction.

Patterns of wave zulde mouth and of back r diation from the feed
were obtained. Jdor these measureuwents, in which radiation proceeded
backward as well as forward, the mount was covered by pads of an absorbing
material,

Thne klystron wes tuned ior maximum siznal. The receiving paraboloid
was oriented and its feed adjusted for maximum signal. Transmitting para-
boloids were also focussed for isaximum siznal. The transmlssion wave-
length was J.20 + 0.00 cm, based on a PRD standard wave meter, In all
measurements of mutilatzd patterns 5 to 10 db of microwave attenuation was
inserted to pravent coupling between klystron and the diffraction screen.,
Otherwise the screen could conceivably chan.e the output inmpedance of the
Klystron by an amount suificient tc affect its oower cutwvut.

The linearity of the pre-amplilier was tested by inserting 15 db of
wicrowave attenuation and raising the sisnal to the recorder to the

orizinal level by means of the a.f. attenuator. The pattern remained



unchanged. The lineerity of the reccrder was similarly checked by
leaving the a.f. attenuation unchanged.

The monitoring of the ap.aratus was not thought to be feasible.
Not only was some of the apparatus remote, but, to be fully usseful, a
monitor would have to srovide a stable reference over a Jeriod of several
weeks accurate to 0.1 db. Such a monitor would be extrerely helpful in

the interpretation of mutilated patterns.

&

3+ Patterns, Unautilated and Yutilated: The recordin; of patterns
on a decibel scale tends to euphasize the details of their side structure,
Reference to Figs. A0 to 31 will illustrate this variety of detail for
both norn and paraloloid patternsi and in Chapter III it will be related
to 2 variation of amplitude and phase in the antenna aperture.

The field of all antennas is affected by at least some asymuetiry,
this being a proserty of the radistor construction. For horns this is
norualily small and the averazed pattern can be related to a symmetric
aperture function. Paraboloids are sensitive to the »ositioning of the
feed, and especiallr to its lateral disolacenent wnich introduces a marked
asynmetry. In the case of mutilated patterns proper centering and align-
ment are important and, 1i not maintained, will lead to Iurther as:mmetry.

woise in the amniifiers, etec limits the observable power range.
1his range varied from over 4O db for the larger paratoloids to about
20 db for wave guide mouth, and was correspondin;ly less when transmission
power was reduced by microwave attenuation. Lowever, no radiator for

winich calculations were made had an effective ran.e of 1ess than 35 db

everi when so aticnuated.
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An estimate of the error of measurcment depends on the type of

pattern under review, and the basis of comparison. It is beliesved

that power levels are accurate to within 0.2 db on the upper nortion

of the main lobe and to wiihin 0.5 db elsewhere, except where fhe antenna,
was altered by dismantling and reassembling. Two patterns taken in a
set, within an hour of each other, would generally Giffer by less than
half the error specified above, Brrors which resulted from dismentling
and reassembling were more serious. These were soumetimes observable
even with careful alignment and mounts of rigid construction. 4 con-
iderable number of patterns was taken through the 5 foot sguare hole
orovided by the framework of the screen, iron observation of a series
of these it was concluded that they differ . rom the wrmtilated patterns
by a ne ligible amount even at larye angles. Therefore, some paraboloid
pvatterns were compared witii those taien through the 5 foot opening. The
latter could be taken iimediately, wnile the free space patterns were

necessarily delejed.
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Fig. 3 Microwave Assembly Fig. 4 Trangmitter and Screen

Fig. 5 Receiver Fig. 6 Transmitter, Screen,
and Receiver



I1T. GORNS AND WaVs SUTL OUTLH,

The present chapter is coucerned larpely with the details of horn
calculations, first of the wmutilated pattern, and, fiuelly, for the
mutilation. Representative horn patterns are shown in Fizs. 10 to 19.

The concluding section zives a descriptive account of horn patterns and

their mutilation.

le The Unmutilzted Pattern: It is necessary to lknow both the mag-

nitude and phase of the unmubtilated ie’d 1n order to apnHiv the methods
of Appendix I1I. The wma:nitude is readily obtained from the measured
pattern, but the ohase cen be determined only by a complete calculation,
A horn is aflarsd wave zuide which has been terminated in free
space after a certain distance. The radial function for such z system
is a Hankel function, the argument of which 1s large for a horn of con-
siderable length., Consecuently, there will be an eikf’ radial phase
term, and one mz2y treat the radiation at the moutrn of the horn as though
it origzinated at & »oint in the throat. The iateral variation of field
will depend on the horn modes., It will be assumed that all modes other
than 1@01 have been completelyr attenuated. Therefore the field function
at the mouth of a sguare horn of side a is,
exp[Eﬁi(P—q)] cos (ﬂyi/a) for H-plane
and exp[Eni(P—q)] cos (ﬂ;i/a) for f-plane
where ¢ is the length of the horn al?ag it% axisy Since the flare angle

q

is assumed small one may put p-a = « However, g differs slightly
2q .
in E and H plane, so the final form of the aperture function will be

written,
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[ﬂi( '2/6» + Y'z/q i] cos (my!/a) for H=-Plane
BER R i ' } (3.1)
1 . 7
[rl(xl /a A+t ¥y /C ﬂ cos (fxl/a) for & Plane
The field at a distant point is obtained by substltutlab in (1.29)
with aporoximations aporopriate to s§>5
‘/x."/t.
Fy(0) = -(i/(S+EDexp[2ni(S+bﬂJ“‘yéxp[ﬁl("' /A7+Yi2/AH) + 2miy] sin a]
Y
cos (ﬂyl/a) dxidyl

in H-plane, and

F

t-‘d

(©) = —(l/S+b)exp 2?1(S+b)J‘ exp rl(xl /Ayt /Aﬁ) + 2ﬂ1y1 sin a]
Y-
cos (TXl/a) dkldyl

in S-plane, where 1/A = 1/s + 1/q.

Intey rau*on leads to,

~iVAghy ©\2

exp|2mi (s+b)| (C+i3)4 exp[g—ﬂi/Z)(a +5,) ](C+id)
2(S+b [ ] : OE 172 [ 8+61+82
00-0000(302)

C+is)q . A £ 3 13
+(C+1 )8-01-52]+exP [(-m/2)(ol—82)?] [<C+1°)a+zsl_82* (C+1°)6_81+62]

F(0) =

H

1

=] V”—_— |
F’E(O) = —2(5—?5—2 e_xp[2ﬂi(s+b)] exp [(dﬂi/z)(SiH-’-Sg’B)]

+(C+13) (C+18) +{(C+id)s «
61 6-81] [ 6+8.2 8~02
. _

1|/ i . _— .
=g 5, 62—-|/2A sin

and C + 15 is the _resnel integral with argument equal to the indicated

[(C+i3)6+
_ E sveenceeea(3e3)

where & =

Bl

subscript,

It has boen noted above thet (1.29) contains no inclination factor.
There would be some justification for the (1 + cos a)/2 factor in the
case of the horn orovided the termination at the mouth did not affect
the fields., Ouch an assumption seems unwarrented; and it would apoear

that wide angle fislds cannot be obtained in any sirwle waye The 2-5
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wave-length horn mentioned below had a considerable awmplitude at 907 in

E-plane, in agreement witi: stratton-Chu theory. But the Stratton-Chu
correction proved to be contrary to observation for the 5 wave-length
horn at intermediate angles. Since the inclination factor aifects the
intensity and not the phase it is of no importance in the present worke.

rutilations were referred tc the observed intensity where it differed

siznificantly from the calculated value.

2+ The Horn Futiletion:

in exponential form. Then,
£(2,T)exp(iD) = 1/2(exp(id) + exp(ivh))
Applyinz the transformation (A3.1) leads to the following values of the

auentities in (43.3).

The aperture function (3.1) must be written

E-Plane
2
we_m _ 111,02, L ¢
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2b2 2b bg gbaJ
[ C2 Z2 22 7 7
LY = 217 tan « l-—:—-+—2-+—sec G - =2
L <b <b bq <ba |
Nt = & = 21 Z tan™ « (1 - EE_
T a b p)
2b
T T a b 5 2b2
R = ftama o L
2 %) q
H-Plane
1
Ef R O N S 2_5) fan? o + @D G sec
_b q b 2q 2b ab J
0
LR O (Z b 9_59 tan® o o fen @ sec a
2 Lb q b 29 2b ab d




[ o2 72 7 “
L' =2ntan o | 1 - 5+ s sec” a |, 1T sec &
L 2" 2b bg a
i c2 Z2 Z2
" =2mtan a | 1 —~ 5 + 5 - sec a | _ T _sec &
o | 2 .
Nt = - 212 tan2 a (1 - < 2) " ﬁ?ﬁ a sec a
b L 2b 2a ]
onZ [, 2 2. tan d i
N = - S54 tan® o (1 - & 2) _ tan a sec a
b L. 2b 2a
2 2 J
R = O tan” a (9§_+ ;0
2 b q
It is peruissible to put B = 0 in all cases. It will be seen that
usually N' = N" = O and i[' = M in H-plane, Data shects can be set up

in a straizhtforvard manner for each value of o«

The major difficulty arises in desling with the partial zones. It
is necessary to obtain )(O(Z) = l/ZH‘j; eiTz sin (z+e) dr where'T2 =
L2 + N2 and tan € = N/L, It will be seenvfrom rig. 7 that the integral
is in four parts and that the range of integration is deteruined froum
tre intersections of the zones with the Z,T perimeter,‘taking account of
the angular displacenent €, svaluation can be perfofmed by planimeter
using curves of cos (TZ sin x) and sin (TZ sin x), and can include the
_four parts in one operation. Jurves were prepzred Ifor intezral values
of TZ ranzing from C to 21, and interpoiation made as reguired for the

particular velue of TZ,

%4 Discussion of the Calculation: The dimensicns of the three
horns used in this work are presented in Table I. The 1Oix and 5A horns
were the szme as previously used by Voonton for mutiletion by a rect-

-

angular aperture and des:'Lt';natt—:;dLL respectively AN18.0H and ANLWON,



Tabls I rorii Dimensions.

jug

%y, Sy

Horn #1 (AN18WON) 10 30468 32.00

torn 32 (ANAON) 5 31.08 33.92

Horn /3 2-1/2 18.8 21.6
s = 2380

Patterns were taken for each norn in M-plane and H-plane with a
rance of mutilating aperture var,ing frow ¢ = 7-1/2 to ¢ = 17-1/2.
Comparison of sone of these pabterns with the unrmutilated pattern 1is
exhivited in fizs. 10 to 19. For those patterns where computations
cave been nade, the couputed value was assuned to be correct at a = 0,
and the patterns displaced accordiu;lie Otherwise the patierns have
been made to coincide at a = C,

The uwnmutileted amplitude and phaese have been calculeted from

formmlas (3.2) and (3.3) and are oresented in Tables II and IIT.
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TaBL5 I Horn #1 (ANISHCH)

E-plane f-plane Z-plane H-plane ti-plane H-plane
a Db down Db down Phase Db dowm Db down Phase
(Deg) calc. Obs, (Deg) calc. Obs., (Deg)
0 0 0 =19 0 0 -19
245 1.9 1.8 ~33 1.2 1.3 ~25
5 Leb hel -82 L3 Leb =4l
7. 5.1 5.0 ~-126 8.7 8.9 -82
10 10.C 9.6 ~-171 12.0 12.3 ~-124
12.5 12.1 12.1 =255 17.1 174 ~172
15 15.1 12.9 -298 21.2 21.6 -236
17,5 19.9 19.2 -38L 2349 23.9 ~295
20 16.5 16.6 ~L 5T 29.0 294 ~-358
22,5 21.8 21.8 -1,98 30.2 30,5 ~438
25 21.2 22,0 ~619 31.7 33.6 =486

TABA IIT Horn #2 (ANLVON)

E-plane E~plane K-plane H-plane H-plane H~plane
¢ - Db down Db down Phase Db down Db down Phase
(Dsg) calc Obs. (Deg) calc. Obs . (Dez)
0 G G -7 C 0 =71
5 2.8 2.8 =75 1.5 1.5 ~72
10 lhelk Lie2 ~109 bols 6ol -86
15 12.7 13.0 ~219 17.4 16.7 -107
20 1643 17.9 =240 22,0 2244 ~207
25 235 20.9 ~383 23 2he5 ~237
30 17.4 17.6 =409 4O0.1 37.7 ~325

35 2842 28.8 ~L29 3C.1 3243 e




Calculations were made as follows:

Liorn #1¢

Range of
c Comoutation Jav4
f-plane 10 a=0t a= 25O 1
L 12.5 « =0 to a = 10° 1
" 15 a=0toa=1210° 1
t 17.5 a=0to a = 25° 1
H-plane 10 a=0toa-= 250 1
" 17.5 a =0 to a = 25° 1
Horn 22
B-plane 16 a=0toa=30° 1/2
16 a=0toa=30° 1/2

The computations at ¢ = 17.5 used a number of short-cuts. The

sguare periphery oi the horn was replaced by an eguivalent circle of

1

radius 5.7. Also souwe of the terus in the expressions for L, i, and N
were lumped and given approxiuate values,

A general Teature of the nutilated patternz is that they oscillate
about the unmmtilated. The number of oscillaticns 1s grester in IL-plane
than in H-plane, and the number also increases with c. This behaviour
can be explained in semi-phisical terms. Reference to Tavles I and II
shows that the horn phases rotate in a clockwise direction with
increasing d. On the other hand, reference to fiz. 8 will show that
tne mutilation phases rotate in a counter-clockwlse direction, a trend

>

which is found to b=z general. Subt in each case ths rate of rotation
is less in H-plane than in i-plane.

The calculated points are seen tc be in fair agresment with observ-
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ation in most cases., The factors which can conceivably cause disagreement
may be listed zs follows:

(a) Oxperisental error as discussed in Chapter 1I.

(b) sezlect of integrals I, 13’ ete.

(c) The substitution of sumation for integral in Hdg. (A3.5)

(d) Zrror in the calculsted value of ohase.

(e) dlectrouarnetic perturbation as discussed in Chagter 1,

(£) The binomial approximation leading to FEge (1.27)e

411 factors tend to become increasin.l, important with increasing
a. In addizion (£f) is known to be insisniiicant only when the field 1s
nezligible outside a relativelrr small ansle avbout the axis of the mutilat-
ing aperture. dJothin. oi a guantitative nature can be said regarding
(e)s iteferrins to (1.20) the mutilstion can be written,

(- S aked
e(0) = const.f fuo(s) exp | 2mib V 1-g° JO(Q’HI‘ZB) Br,dBdr,
e Yo _

If the theory of stationary ohase can be apolied to this integral, one
is 1l=d tc ths conclusion that the binomial aporoxiziation begins to break
down Ifor values of c¢/b greater than about 1/3. owever this theory for two
variables, as given by Van Kampenzo, apoears to be intuitive rather than
rizorous, and its validity when apolisd outside its physical context is
not obvious.

Yrrors have bssn indicated in Figs. 16 and 17, based on an error of
+ 10% in the magnitude of the mutilation and an error of + 107 in the

e

phase relation. ‘he 5A horn, to which referznce is here .iade, has a

A I 3

vattern sulficiently broad to cast doubt on the validity of tine calculation,
Tt +ill be noted that agreement for Z-plane is about as ;jood as for any

I3

pattern, but that agreenent in H-plane 1s poor.
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Le Wave Guide Mouth: Unmutilated wave guide mouth patterns are shown

in Figs, 20 and 21. The mutilated patterns in the same figures are
represented with levels at a = O as recorded. It is evident that this is
an extreme case of mutilation. For illumination of the mutilating aperture
by an isotropic point source on the axis, the Kirchhoff formmla for distant
axial field points can be integrated exactly, giving,

= i - +b i +2_
u=u exp(2ﬂ1b)[i 1/2(1 VEZ:ZZJ exp[%ﬂl b +c b%]

As ¢ is increased great fluctuations in amplitude result. Even as ¢ —>°°

the power should still fluctuate over a range of 9.5 decibels. Observed
power was in agreement with that‘predicted by BEq. (3.4), except for ¢ = 20,
where the observed value wes 4 db less than computed.

Ne explanation has been offered for the ripples at the sides of the

patterns,

5. Horn Patterns and Their tutilation: The infinitely long horn

has the characteristic slit patterns with minima of zero intensity. Finite
length, which introduces a phase term as discussed in -3ection 1, tends to
fill in the minima. This process is readily observable in E-plane. In
H-plane patterns the amplitude distribution combined with the phase term
tends to eliminate the side lobes entirely. H-plane patierns ére broader
than those in E-plane near the axis, but the H-plane power becomes negli-
gible at a much smaller angle than in E-plane,

VThe characteristic oscillation of mutilated pattern over unmutilated
will be observed in the figures shown, particularly in E-plane. The
mutilations were not negligible with the largest aperture used, viz., 35
wave-lengths diameter. In E-plane they were O.5 db, 2.4 db, and 7 db,

for the 10N, 5\, and 2.5\ horns, respectively, at the beginning of the
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first side lobe, and correspondingly larger at greater angles, In H-plane
the qualitative features of the pattern seemed frequently to be more
radically altered than in E-plane. No attempt was made to calculate
mutilations for the 2.5 wave-length horn. Its patterns all had a common
feature: the main lobe was broadened. The aperture of 15 wave-lengths
diameter produced large mutilations, For instance, the gain of the 10

wavelength horn was increased 60% by interposing this aperture.
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IV, PARABOLOIDS

The present chapter is concerned largely with the details of para=
boloid calculation., First, a distant field function is derived. Then
consideration is given to the calculation of the aperture function and
of the mutilation. Representative paraboloid patterns are shown in Figs.
22 to 31« The concluding section gives a descriptive account of paraboloid

patterns and their mutilation.

l. The Unmutilated Pattern: The principal difficulty in the analysis

of paraboloid patterns lies in the fact that their aperture function 1is
unkneown. Practical feeds do not conform to the ideal of a point source:
hence an unpredictable phase error is introduced. The geometry of the

reflector, as discussed in Appendix 1V, suggests that the function will

have the form,

oo
£(ry, ¥)) =§:°Am("+'l) (22 + 2™ P ()
where A is the focal length and P is a polynomial in ri. The individ-
ual terms, however, cannot be integrated.
A paraboloid field should be symmetrical about two planes at right
angles.. Hence,
f(rl,Wl) = f(rl,—Vl) = f(rl,ﬂ+¥l) = f(rl,ﬂ AVl)

It follows that the aperture function can be expressed in the Fourier series,

f(rl,Wl) = So(rl) + Sl(rl) cos ZWl + Sz(rl) cos hyl ceeee (La1)

There appeared to be sufficient reason for using the simplified expansion,
o0

~  _ 2p
37 3 apy(ry/e) (42)

This form may be justified on physical grounds because the feed pattern
has nearly circular symmetry near the axis, but depends increasingly on

Wl with displacement from the axis. Then, from (1.29)
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F(0) = -i/(s+b) exp[2m'.(s+b)] j‘:) f(rl,‘lfl)exp(2'n:'Ly:'L sin a) rldrldflf:L

The relsation between rectangular and polar co-ordinates in the
aperture depends on the plane of observation and will be given the

following values:-

yj = r sin \Vl in H-plane
yi =1y sin (\Vl + 450) in A,So—plane
;Y_-i_ =ry sin (‘"lfl + 90 ) in E-plane

Integration with respect to Wl leads tg_,

FH(O) = = 291i/(5+b) exp[2ﬂi(5+b)]‘( [SOJO(Z) + SlJl(z)

+ SZJZ(Z) + SBJB(Z) T o e o o o o o I"ldrl

in H-plane

a
Fhs(O) = = 2mi/(s+b) exp[2ﬂ1(s+bﬂf[aoJo(z) - szz(z)
(o]
+ SL;JA(Z) o o e .]rldrl
in 45°-plane, and .
FE(O) = ~ 2mi/(s+Db) exp[2m(s+b}J[SOJo(z) - olJl(z)
0
in B-plane, where 2 = 2'rrrl sin a
Substitution of (4.2) into the above equations gives an elementary
integral for each term. Carrying out the integrations and using the

recurrence relations where necessary, the following expressions for the

distant field are obtained.



FH(O) _ =2mia ues+b2m s+b [ Jl(u) [aoo + -:-Iz'-aol + %—aoz
*%%4*%%5*' .. ]
* J3:" %%1 - %ao2 - 2—0%3 Tapt %""12 * %“13 - 'lstaoa * %'alb, * ]
¥ Js: oz - %aoh - %312 - %’5‘13 ¥ 3‘1“"‘14 22 2'323 ' %24 ]
¥ J7[‘ %6"“03‘%'5'%4 ¥ %'5""13 * %"‘14 - %323 ) %324 Y83 T 33 ]
. Jg: 2%5-%4 . %M *%‘é"‘za - %-a% fayt . ] .. ] (4.3)
FE(O) _ —2wia ?;qik[jnigs%)] . ﬁJ:
[Jl[aoo * ':2L_aol * %aoz * %303 * Jgaoh‘ ' ]
* JB['%aol - %?oz - %('5%3 - %‘aob R %al?, - %13 - %a:m ]

1 2 1 1 2 20 o
* J5[3aoz " 3Pon T B2 T 3%13 TAP T %22 T B3 T PPy ]

©) = -21Tia2 exp[Zﬂi(SLbj « 1
u

Fi5 (5+b)
J,(u) [aoo+2ol+%a02+%a03+%aoh+ vereenee ]
+J3(u):—%aol-%a02—%6a03 _%a'ob, Leeere et
) £V S S,
* J7(“):‘ 303 = Tl * 23 * T2 ‘
+J9(u)F]§—-5-aoA—%§a2h+ B, ereees ] + eeene i (4+5)
X , i

where u = 2ma sin Q.
It is seen that each amplitude function has the form,

F(O) = 9°—n£s—t-'-[Jl(u) + b3J3(u) + b5J5(u) + b7J7(u) + b9J9(u) + ] (4.6)

Eq. (4.6) suggests . the function which will give the best agreement
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with the measured power pattern provided the constants can be
determined. Any power pattern will be fitted by the actual amplitude
function and by its complex conjugate. The extent to which the ampli-
tude is indeterminate on the basis of the power pattern alone is a
question of some doubt. If in fitting the pattern over a limited region
it is allowed to take an arbitrary number of terms of a series with no
regard to their convergence, it may be shown That the constants can be
chosen with a large degree of arbitrariness. On the other hand, if the
amplitude function is known to have the form (4.6) with coefficients bm
forming a convergent sequence, and 1f b3 is known, then an attempt to fit
the succeeding coefficients with values other than the correct ones will
result in a strong divergence.

In fitting Eq. (4.6) to the 14" paraboloid patterns all of the planes
measured, viz., H-plane, E-plane, and hSo-plane, were taken into account. It
happened that the E-plane and A5°-plane patterns were almost identical over
the main lobe., Although the exactness of agreement in this case must be
fortutitous, there was a marked tendency toward identity in the E and ASO
patterns of all paraboloids for which measurements were taken. Reference
to Bgs. (4.3), (4ek) and (4e5) shows that,

2 H
b0 w12l + B) . 1r () = (10)?, and B # b, then
3 3 3 3 3 3
%
45 B
b,” =Db
3 3 &
and, (b;{)/2 = bg - (b3)/2
* I
= (53 )/2 - T(oy) |
H jif
Therefore, Re(bB) = Re(b3) (4.7)
H E
and Tn(bg) = -3Im(b,)

The measured pattern and (4.7) make it possible to determine b3.
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An important feazture of the expansion (4.6) is now ajperent: if the
coefficients are of reasonable magnitude the terms becoine effective success-
ively,and 1t is possible to fit the coeificients in order, one at a time.

It is tedious, but quites zossible, to determine Lhe constants up to and
iucluding bg’ and the process could pesumably be continued.

The distant field formulas so obtained were as follows:

E-plane:
%- [Jl(u) + (0,81 + U.251) JB(u) + (0,026 - 0,0971) J5(u)
. . (4.8)
+ (0426 + 1.481) J7(u) - (Culy + 0,81) J9(u) ceeee ]
H-plane:
% i:Jl(u) # (0481 - 0.751) J,(w) + (0.10 + 0.391) J4(u) o)

+ (0486 = 1,231) J7(u) + (1,06 + 1,061) Jg(u) +,....]
Power and Phase based on these formulas are diven below in Table IV
with observed power alsc indicated for comparison. The forezoing analysis
is not capable of distiniuishing (4.8) and (L4.9) from their complex conjugates.

The mutilations, as discussed below, recguire the forms given



TABLE IV 14W PAXABQLOID

E-plane E-plane &-plane E~plane H-plane h-plane

wh R e Tap mEme xwe  f

0 C C ¢ 0 o C

1 Ce3 03 0 0.3 0.3 -1

2 13 1.3 1 1.3 1.2 -3

3 2.9 2.8 2 2.8 2.8 =7

b 5.3 Sels 5 5.2 5.0 -13

5 8.8 8.7 8 8.3 8.3 22

6 13.6 13.6 16 12.1 12.3 =37

7 20.3 204y 37 16.4 16.7 -60

8 25.0 2L 3 9L 20.5 2C.5 ~9L

9 23.1 22.8 128 23.5 22.8 -128

1¢ 22,4 22,6 129 27.1 6.4 -158

11 23.1 23.1 118 33.8 33.8 ~199

12 23.3 o 23.1 98 35.7 36.6 ~306

13 23.0 22,9 81 29.9 3C.0 -348

v 23.1 2345 73 28.1 28.6 ~369

15 249 25.0 7C 29.7 30.2 -390

16 29.9 28.5 75 34.C 34.8 =435
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2. The Paraboloid :utilation: The mutilation is given by
4
g C 2
e(C) = bKZZf(Zi‘)f(Zi)exp(iuZi /2) B,
- ;

where E indicates the summation of terms Ii + Ii + Ii‘..... as given

in Appendix III. Deformavion of periphery will not be teken into
account. Then for angles not too great,

St f @ [ G RPN TR LR R cE>
a; (Z/a)2 (:Z/a)4 + alB(Z/a)6 + .....] JQ(LZ)

l"_"lf"'—‘1

/a)[+ * a, (Z/a) (Z/a)8 + ] J. (L2)

) - L] L - - . L] - - - . - *
in ii-plane, w1tn corrasqona;nq expreu51ono in I-plane. Therefore,

eH(O) = b PooBooaoo [Bol.ol 702%02 ﬁéBaOB......]

+ Pl_ Bllall + 3128.12 + BlBal3 + ] (4.10)

+o-n.uo-oooo..'---uoq

+ PZL 8228:22 + 3238,23 + 5214,82[,\ + oco.--noo]}

=2 3, (12) exp(iz 2/2)

P

00200
T i) 2 » 2 T

° Boq =='ZJO(LZ)(Z/a) exp(iMZ~/2) 6.;12

PPop = 2 9,(12) (z/2)" exp(iiz®/2) o, (4ae11)

. 2 . 8
P8, =»:£::12(LZ)(Z/a) exp(lMZQ/Z) 6Wé

. L] L] . L . - L) - . . . . [ . . L] L] -
It will be assumed that the B's are indesendent of a. It is found
that, exciuding BOO, this is a fairly zood ao roxiiation. Of the

coefficients, Bm o 3 s etc., only their ratio is signi~
b

B
m,m+l’ “m,m+2

ficent. Hence it will be convenient to take,



P00 = Po1 = B1p T Ppy T By = By, = 4
and
i?’OQa'OO = hOO
Bolaol ¢:Bo2ao2 * B03a03 Tere e ® ho
Ellall + 612312 + 313a13 + e e s 0 s 8 = hl (4.12)
622a22 + 823a23 + BZhaZA T e s e e s e = h2
then
eH(O) = bK FPOOhOO * Ph + Pihy o+ Pohy 4 ..] ceeeees (4.13)
and
e; (0) = bK FPOOhoo + P = Pjh) + Phy, - ... ]...... - (Lels)

Of th: guantities apiearing in (4.13) and (4.14), b and K are known.
The P's are computed by rrashical integration as discussed in Appendix 111,
and the h's are constants related to the aperture function which must be
chosen to fit the mutilated satterns. The possibiiity of such a cholce
depvends on the validity of the mutiiation theory, and more particularly,
oﬁ the validity of the parabeloid analysis.

An estinate of the 3's is readily obtainable. Therefore, equations
may be sst up for the a's, the constants giving the aperture function,
provided ther converge propsrly. These ecuations, in terms of experi-

mentally deteruined cuantities, aret



1 .1 1 1 ]
80 * P01t 3382 * %03 * 5 A v o . =1
B H
1 1 4 _b, +Db
-‘Igaol—?OZ-ZOOB-BaOh e o s o s o 2 e 8 s s = 222
1 2 5 E H
o2 "L T2 P Lo . b5 * Ps
2
Y mia, -Fa. - e 4
20%03 ~ 15704 " 6723 T 1724 =
2
2 1 B H
T05%04 * 28%24 ~ %4 = B9 * ¥
2
(4.15)
aOO = hoo
Bolaol + aozaoz + BOBaOB + BOb-aOh + e ¢ o o o o ¢ o o @ = ho
BaoPao * PagPag * By, * « h,
B+ 0. = hh
and,
+ia +2a + 1 + , =bH2'bE§
all 1212 513 Ea-lb ® o o & o o6 o o o o o o @ 5
H B
i 1l 5 b, - b
-?12-59.13"'53]1" ® & & @ o o o o & ¢ o o+ o o = 52 5
NP NS A Jb -
1513 8:U+ 8314. 33............. 5
H B
1 b, = b
%M—?3h+.".n.."..."..." =922
Bllan-r 1312312+ BlBalB + Blhalh e e s o s o o o =hl
533333 * BBL‘-aBLI» + e & 6 o ¢ ® 6 o 6 o ¢ & o @ = h3 (Ll-olé)

A solution of these equations makes it possible to determine the constants
for the h5°-plane pattern, thereby providing a check with observation.
Another condition is imposed on the aperture function by taking

observations with the paraboloid focussed for maximum signal strength.
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This condition is expressed in the following equation, when the focal
length equals a/2,
Im [(1 -In2)a + (-1/2+1n 2) a,y * (5/6 - 1n 2)3.02

Eq. (4.17) is derived in appendix IV,

3, Discussion of the Calculation: Detailed calculations were made

for only one paraboloid, that of diameter 14 in, for which the results
of the unmutilated calculation were given in Section 1.

The double dipole feed used in all paraboloid observations had a
significant back radiation. It was roughly a constant over the range of
observation, and had a power level of the order 35 db below that of the
peak of the paraboloid. Its source can be located approximately, but not
exactly at the dipole. The back radiation was considerably influenced by
the adjustment of the mount and by the placing of absorbing materials.

This radiation does not affect the form of Eq. (A.é), but will modify
the constants. The change in the constants can be calculated from the
Neumann expansion,

1=2/M [Jl(u) + 3J3(u) + 5J5(u) + 7J7(u) + .........]

The effect of the back radiation on the mutilated pattern was simplified
for the measurements here considered due to the fact that the double dipole
was approximately on the axis of rotation. The feed radiation could,
therefore, be treated on the basis of Chapter III, Section 4, and Eq. (3.4)
applied. Considering the fact that the source was not exactly localized,
it was not considered necessary to adhere strictly to Eq. (B.A). u, was

given the value 0.0050 based on normalizing the maximum amplitude to
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0.5000, thereby placing the power at 40 db down, and the phase was retarded
by 550. With these ad hoc modifications Eq. (3.4) was applied exactly to
all apertures in both planes.

The determination of all of the h's according to the analysis of
Section 2 has not been carried out. A serious attempt was made to do so
on the basis of H-plane patterns with ¢ = 7.5, ¢ = 10, ¢ = 12,5, and
¢ = 17,5, This failure can be ascribed, first, to the many uncertain
factors involved. And, secondly, to the fact that the higher constants,
hl’ h2, etc., have a rather smalil effect within the angular range under
consideration. It is believed that it may be possible to determine these
constants by working with both E-plane and H-plane patterns. The deter=
mination should be easier when applied to parabeloids having a greater
focal length. For, then, the series should converge more rapidlye

Calculations were based on hoo and ho alone, the other constants
being t aken equal to zero. They were chosen to fit in H-plane for ¢ = 7.5,
¢ =10, and ¢ = 12.5, and to be consistent with Egs. (4.15) and (4.17),
These values were,

(o]
h = 2.0/0

h = 2.05/172°
They were used in the computations for all other patterns, and such
agreement with experiment as was obtained is a measure of the validity
of the entire work. It is this calculation for the mutilated patteins
which indicates the direction of phase rotation, a property of the unmutilated
field which caﬁnot be determined from the power pattern alone. The agree-
ment of the calculated points with the observed patterns appears, further,

to confirm the correctness of the procedure leading to the formula for the



unmutilated patterns, viz., Eq. (4.6). The comparison of mutilated with
unmutilated patterns is exhibited in Figs. 22 to 31 with calculated points

also indicated,

Lo Paraboloid Patterns and Their Mutilation: The greater part of

the energy in a paraboloid field is concentrated in the main lobe which

corresponds to the geometrical beam. If the aperture were uniformly

illuminated there would be a series of well defined side lobes. The

taper wnich is normally present tends to reduce this side structure. It

is further modified by the phase and amplitude characteristics of the

feed in use, and by the focussing. The paraboloids used in this work

had an E-plane side lobe at about 22 db down, which was sometimes broad.

In H-plane the side structure was about 28 db down. Some paraboloids had

a wide angle background with some structural features but no clear-cut lobes.

Occasionally this background was more than 38 db down and was not recorded.
The mutilation of the main lobe was fournd generally to be relatively

small for 30k, 35in, and LOM apertures. This observation was not invariably

true, as can be seen in Fig. 27. The mutilation in this case was mainly

due to back radiation from the feed. As with horns, mutilation was

greater for smaller radiators. All apertures produced conslderable mutilation

of the side structure except when the larger paraboloids were used with

the LON aperture. It was noted that wide angle characteristics were fairly

well preserved in patterns mutilated by the larger apertures., The

average wide angle background was increased by the mutilation except

for the 15N aperture which sometimes decreased it. A consistent feature

of the 12 in and 14 in paraboloids, but not of the others, was a prome

inent side lobe which was generated by the mutilation.
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V. OPTICAL ABERRATIONS

From the standpoint of electromagnetism the lens presents a boundary
value problem, but one of such complexity that the possibility of a
solution is remote, From the point of view of geometrical optics a
lens is a phase shifting device. Ideally, a phase factor exp(iﬂrz/q)
is introduced where r is the distance from the axis. This concept of
phase shift can be carried over into microwave optics as a limiting case
subject to the additional effect of electromagnetic perturbation. The
aspect of optical theory which is peculiar to microwaves is the direct-
ivity of sources due to their coherence. This, together with a somewhat
different physical set-up, raises some doubt regarding the usual concepts
of optical aberrations. This question will be examined in Section.2.

The formal development based on a modified aberration function is presental

in Section 1.

1. The aberration function, in the Nijboer classificationl, may be

written,

2 2

b 30"cos§+vr2¢2-trcr 0032§

W=sr +0r
o
where the coefficients, s, u, v, -t, refer respectively to spherical
aberration, coma, distortion, and astigmatism. As indicated in Section 2,
another term wr%r'sinf » 1s added, and the angle\§ is related to the
angle ¥, already used, by ¥ = m/2 -.f « The phase shift function can
now be written,

Y=W+ ﬂrz/q

ﬂrz/q + srl+ + va-zr2 +uf::r3 sin (V + p) + t0‘2r2 cos 2¥ vee  (5.1)

where u2 = w2 + ui and tan 4 = w/ub.
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The field incident on the lens is given by (1.9), (1.19) and (1.22).
The emergent field U, will be modified by the phase shift,t 80 that u,
- uiexp(iY). (The subscript "2" is omitted). Then,
oo
u_ = exp [i¢m2/q + isr 4+ ivd'zrz] Zexp(im(‘V + p) Iy (ur30')

- 00

Zexp [ip(Z‘lf + 'rr/2)]Jp(tr20'2) Zx fn(r) exp(inV) (5.2)

The emergent field may also be written,

oD

u = Z fej(r)exp(ij‘lf)

e )

- The axial field, to which this treatment is limited, will be determined
by reo alone. Therefore we choose only those terms of the above

expansion for whichm + n + 2p = O, giving

I

. Sl EXORE A PN

f = exp[iﬂrz/q + isr
+J (uc'rB)exp(-i,a) f.+Jd (uo*r3)exp(?.i,u) f,+4d (ua-rs)exp(-Zi,u)
-1 +1 2 -2 =2

+2
The higher omitted terms all contain powers of ¢~ greater than 2. These

£, + I (602 ex(in/2) £, + I (b rdexp(-in/2)E, + ounes ] (5.3)

will be neglected since o- is equal to sin aes The bracketed term now

reduces to
fﬁ(r) + Jl(ua'rB)[exp(i/.t) £, -expf’:;/a)f+1: ] + J2(uo'r3)

[%xp(ZLu) £+ exp(~2iu) f+2] +i Jl(tcr2r2 [f_2 + r+2]

It is readily shown from Chapter I that,
n+l : . 2 .
£ = (~1) f H(xi,y]'_,a) exp[lne + (mir®)/ (b+yi sin a):’
(1) | 2meB |

Jn( b+ y]'_ sin a) dxidyi (544)

x The inclusion of optical aberrations within the framework of
mutilation theory was first suggested by Dr. D.C. Hogge



where ( )
fo(xt,y! 2
1\%797 . — B
HOqripa) = grema o [ﬂi [Zb * vy sin et g aH

Therefore

exp (iu) f_l-exp(-i,u) f,,=-2| Hsin (e=pt) exp(inz) J l(Ar) dxidyi
)
exp (2iu) £_, + exp(-2iu) £, = 21\[ H cos 2(e=y) exp(inz) Jz(Ar) dx!dy}
0
£,+€ =2 | Hocos 26 exp(iXr’) J,(Ar) axidy}

2 2
0}
where
= =B
b+yi sin a b+yi sin a

For small aberrations (5.3) may be written in the approximate form,

L 2.2

feo(r) = exp(i'nrz/q) ro(r) + isr exp(iﬂrz/Q) fo(r)-f-ivr r exp(i'rrrz/CL) fo(r)

3
. wg exp(iﬂrz/qx-Zizf H sin (g=t) exp(iXr?) Jl(Ar) dxidy}

2 )
&_1_1_0'_8122_ exp(i‘nrz/q) 2i [ H cos 2(e-u) exp(inz) J2(Ar) dx!tdy!
J
21 | H cos 2 exp(iXr®) J,(Ar) dxidy}
(1) .
The field at a distance s will be,

F, ©) = lmfff (r) exp [ZﬁlSV l—Yz] J (2mry) rydydr

= -g::&. exp(2ms)f f (r) exp(mr /8) rdr (546)

At the focus m/q + m/s = 0, and, when the first term of (5.5) is substituted

+ ito 21“2

2

in (5.6) there results the mutilated field previously investigated. The
remaining terms lead to the following aberration formulas,

2“3 exp(2mis) | H D s(c,4,%) axjor] (5.7)

)
2
VT oxp(2mis) \/ﬂ H D 5(c,4,X) dxldy] (5.8)
@

(5.5)
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2m

- 2 T exp(emis) | H sin (e=p) Dy, (c,A,X) dxidy} (5.9)
)
2
ﬂgzu:l_ exp(2mis) | H cos 2(e=u) D27(0,A,X) dxidy] (5.10)
o) :
2mit o2 : '
== exp(2mis) | H cos 2¢ D23(c,A,X) dx!dy} (5.11)

0) °
where the integrals Dab(c,A,X) = j"exp(inz) Ja(Ar) rPdr
[¢]
are given in terms of Lommel functions in Appendix II. They have been

treated differently by Nijboer (loc. cit.)

2. The microwave system under consideration will be that which has
occupied the most of this thesis, namely, a circular system with both
transmitter and receiver on the axis, and the transmitter capable of
rotation. If the optical system were in the distant field of the trans-
mitter, energy_would be propogated radially and the only optical
aberration would be spherical aberration. The system is, in practise, in
the near field, and such a simplification is not valid.

Referring to Fig. 32, X,Y,Z is a co-ordinate system with 0Z along the
axis of the optical system, and X', Y', Z'! a system attached to the trans-
mitter which, as previously, will be supposed to rotate about OX, OX!'.

The optical system will be assumed to have circular §ymmetry. Therefore,
radiation passing through at P will, from the optical point of view, suffer
a phase shift which depends on r and the direction of the Poynting vector
at P. If the Poynting vec£or is given in cylindrical co-ordinates by,

S =75 + 3?1?; + kS_

Then Y = Y(r,h,g) where h = 5./S, and g = sg/sz.

(h has no relation to the coefficients of the previous chapter.)

It is evident from symmetry that Y is even in g. Hence,



58

2y .
Y = Y(r,h,g")

Now,

xt =x r x'2+y2
. -1

y!' =y cos a =z sin a §=tan x/y

z! =z cos a + y sin a

X =r sin g r! =VX'2 + y'2

Yy =r cos '=tanl-}£-
y!
. r sin
sa.ng' =_r'%—
r cosS § cos a 7 sin a
os t! = -
¢ E 1 TPt

=V'(r,) = it éin Sl + 3t COSS'
?1‘ r'v'(g') it cos S' - j!' sin S'
it =i=?]’_sin g +—§lcos§

Jcosa~k81na=rlcosScos o = Sls:mSwso.-ksn.na

(]

T
[l ]

. . - . . .
k cos a+381na=rlcos§s:ma- §131n331na+kcosa

e J >
§=T7) 8, * 3185 +ksZ

_r|S| + stt +kS‘

[S' 51n3'+SS' COSS :l +"[S'cos§'-SS' sin\‘g']+k' SZ'

= t 1
Thus, finally, s rll: (31n§ 51n§ + Ccos E cosg cos a)

+ SS'(SlnS cosg - cosE s:.ng' cos a) + Sz' cosS sin a.]
+—§l [Sr'(sin S' cosS - cos 3' sinj cos @) + SS' (COSEI_ cosj

+ sing' sin Scos Q) - sinS sin aSZ']
+ k|S ' cos sina+S'sinonsin3'+S'cosa
r £ z

Making the substitutions, and neglecting terms O(Sin3 a)
1
s = 9p [r(l - 00825 sin” a) - z sin « COSS]

r !

J_‘_ zsinssina+S' sinacoss
r z
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SB =_S_::_:_ sincnsin_g(r sinacoiﬁ + 7)

*5y! (rcosa-zsinacos\i)-S'sinasinS
ri Z,
St R . 2 . R
S ="r (r s:n.nor.cosj - 7 sin® a) + Sj' s:maszmg
2 r' ——

rt
1 .2
(1=
+ 85, (1 5 sin a)
and r'% = 22 sin® @ + r* = ° sin® a cos"ig - 2zr sin « cos\g
The discussion is now limited to radiators having symmetiry about

X10X! and Y'OY', Such radiators must produce a symmetrical field.
S“E ! St

 Spt
Hence ?3.'.'_ and =T are odd in x' and y'. This implies that ;—,—g—,—
) S? 2 2
and ISt involve only even powers of r'., Examination of the above
z

expressions now reveals that h and g2 héve only terms in, r, sin a cos S s
sin? a, sin? a coszg , and sin a sin E o And, furthermore, the term
in sin a sing will disappear if Sj' 0,

These terms lead, respectively, ’to the coefficients of spherical
aberration, coma, disfortion, and astigmatism, with sin a being identified
with & . it S_§ ! is present an additional coma effect is introduced. The
latter may be appropriately called "azimuthal coma", If this aberration
is absent £ = 0 in (5.9) and (5.10)« Then since sin € = x{/B is odd in
xil and the rest of the integrand is even in x.l it follows that (5.9)
vanishes if g = O, Therefore, azimuthal coma introduces a first degree
coma term, whereas its absence reduces coma to a second degree effect,

Since the physical significance of formulas (5.7) to (5.11) has now
been established, it may be stated that they lead to definite modifications

of the observed pattern which can, in principle, be calculated. The magnie



- 60-

tude of the coefficients afiects the magnitude but not the nature of
the pattern modification., Detailed computation of these formulas would
be laborious, although an estimate of their order of magnitude would not
be difficult. In addition to these formulas there are others represent=
ing spherical aberration, coma, etc., of higher orders, and it is
probable that these would be significant.

Of the coefficients themselves the one in spherical aberration is
likely to be close to the optical constant since it is largely determined
by the radial component. This aberration can, therefore, be minimized
by the usual optical techniques. All of the others arise in a way which
is peculiar to microwaves and their magnitude is dependent on the radiator
pattern. There is even less possibility than in optics of computing the

constants on basis of physical parameters.
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Fig. 32 Optical Aberrations. The relation among the

co-ordinate systems used in Chapter V.
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VI, A REVIEW

l. Computation Procedure: The complexity of antenna patterns has

already been indicated. Aside from a linear element a horn is the
simplest antenna. Yet variation of horn length and plane of observation
admits of a great variety of patterns. It is customary to specify para-
boloids in terms of taper, but this concept does not do justice to the
great difference in side structure and phase which can occur in the
various planes, and also the not-insignificant effects of back radiation
from the feed.

Mutilations also depend greatly on the aperture function and the
plane of observation, but generally to a less extent than the unmutilated
fields. For instance, the same mutilatioﬂs were used in the calculations
for E-plane and H-plane paraboloid patterns. However, when the mutilation
is combined with the unmutilated field there is seldom any obvious
relation between the patterns in various planes, Thus it can be con=-
cluded that a prediction of the mutilation effect in detail is possible
only through a complete calculation taking account of the aperture function
and the plane of observation.

If the aperture function is known and if the radiator periphery is
circular a detailed calculation by the method of Appendix IIT is compara-
tively easy. I1f the periphery is not circular an exact calculation
requires the tedious computation of incomplete Bessel functions. If the
aperture function is unknown no detailed calculation is possible. It is
of interest to consider the usefulness of abbreviated calculations: first,
whether a non-circular periphery can be replaced by an equivalent circular

one; and secondly, whether.a calculation based on an elementary aperture functim
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rather than the actual one will give predictions which are useful from
the point of view of design even though incorrect in detail.

In carrying out the computations it was found that the integrate
ion over the partial zones did not affect the mutilations greatly, al-
though there were exceptional points where they yielded relatively
large contributions. It was found that the replacing of a square peri=
phery by an equivalent circle gave results which were correct, not
only in order of magnitude, but also approximately in detail. Figs. 14
and 15 show points based on such a calculation for the 10 wave-length
horn, ¢ = 17.5 where the square perimeter was replaced by an equivalent
circle of radius 5.7. (Neither this approximation nor an accurate
calculation is in good agreement with observation for H-plane at ¢ = 17.5.)
Precision of computation is not required in calculating mutilations.
Therefore it is concluded that when the greater part of the area of a
radiator can be enclosed by complete zones, it is justifiable and use-
ful to treat the entire radiator as though it contained only an equiva-
lent number of complete zones.

Attempts were made in the use of an elementary aperture function
to determine if results having some correspondence with observation
could be obtained. A uniform aperture distribution was assumed for the
14 in, 18 in, and 24 in paraboloids. The calculated mutilation was
then considered in two parts: first, that due to‘the back radiation
from the feed which, for these paraboloids, is constant with angle; and,
secondly, the mutilation proper as calculated according to Appendix
111, The magnitude of these two quantities is shown separately, one

above the other, in Figs. 34, 35 and 36 for ¢ = 17.,5. Points shown are



63

observed differences in (power)l/2 between mutilated and unmutilated
patterns. If the calculation is meaningful the points éhould all be
below the upper curve, and the curve should indicate the order of magni-
tude of the points. On this basis the prediction is a conservative
estimate of actual observation and would appear to have some value. The
same procedure was applied to the horn calculation at ¢ = 17.5 using

the horn functions. A definite correlation between curve and points
will be observed in Fig. 33. This type of calculation is easy to carry
out provided an estimate of the effect of point sources can be made.

It will be noted that, in the paraboloid examples, the point source
contributed more to the mutilation than all of the remainder of the

antenna.

2« Results and Conclusions: A direct comparison of mutilated and

unmutilated patterns is shown in Figs. 10 to 31. Chapters 111 and IV
close with a brief discussion of experimental results. The following
indented statements are intended to summarize the entire work.

(1) The mutilation iﬁcreases with decreasing size of
the radiator, becoming extreme for axial point sources,

(2) Patterns having a pronounced main lobe are subject
t0 relatively small mutilation on this lobe. An exception is
horn H-plane patterns where several lobes are merged into one
due to phase error.

(3) Mutilation persists in the side lobe region to large
diameters of the mutilating aperture. A quantitative estimate
requires consideration of wave-length, size of radiator, and
separation of radiator from screen.

(4) Patterns with characteristic features extending to
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low power levels tend to have these features radically altered.
Pronounced side lobes may also be generated in such patterms.

(5) The main features of patterns at wide angles are
retained in the mutilated patterns. The average background is
increased.

Fig. 8 illustrates the reason for Conclusion 4. The mutilation
is a complex term to be added to the unmutilated amplitude. The
latter is a decreasing oscillating term while the former is, on the
whole, non~decreasing., Theoretical considerations do not extend to
the angles contemplated in Conclusion 5.

In addition to the above remarks, which are based on the experi-
mental and descriptive aspects of the problem, some insight can be
gained from a consideration of the formula used in computation, and
from the computation procedure itself.

The effect of phase distribution over the antenna aperture was
illustrated by carrying through a horn computation using a negative
horn length such that 1/b + 1/q = O All quantities in (A3.3) were
substantially unaffected except M. Thus in the final graphical inte~
gration the terms had the same magnitude'as for a normal horn calcula-
tion but different phases. It was found that the mutilations nearly
vanished at all angles. This example corresponds physically to
radiation converging toward the center of the mutilating aperture, and
the result is plausible. On the other hand, a phase non-uniformity
corresponding to a diverging wave front leads to an "opening out' of
the graphical computation and hence to greater mutilation. Therefore

it can be stated,
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(6) Phase non-uniformity in the aperture function corres-
ponding to a diverging wave-front leads to increased mutilation;
phase non-uniformity corresponding to a converging wave-~front
results in decreased mutilation.

The effect of amplitude variation of the aperture function is
complex, and no conclusion can be given in regard to it.

The way in which the mutilation depends on the parameters b and
¢ (respectively, distance from antenna to diffraction screen, and radius
of mutilating aperture) is revealed by examining the computation formula,

Il = (b/s) sec a exp[@ni(s+b) + ﬂicz(l/s + l/b)]

Zfl(q) f (%) exp(iMZi /2) o, (A3.5)
L

In Wy, t, O(cz/b, w KcZ/b, and w/to = Z/c. Of the terms within the
summation only O Wé and exp(iMZi/Z) are significantly affected by an
increase in b, the latter tending to decrease Il and the former term,
which dominates, tending to increase it. Hence it may be stated that,

(7) Mutilation increases with the separation of transmitter
and mutilating apérture according to a power of the separation
which is greater than unitye.

Nothing within the summation tends to nullify the strong effect
of exp(ﬂicz/b) in (A3.5). Hence it may be stated that,

(8) The detail of the mutilation is affected to a marked
degree by change in the radius of the mutilating aperture, and
to a lesser extent by a change in the separation of transmitter
and mutilating aperture.

The dependence of the magnitude of the mutilation on ¢ in (A3.5)

is limited to SWé, all other parts of the formula being independent of
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c. The leading texm of OW, is (iz/c)Jl(zmz/b) which is asymp-
totically proportional to 0-3/2. But the phase part of 6Wé tends to
wind the mutilation terms into a spiral having total angle approxi-
mately proportional to the argument of the Lommel function. This
introduces a further c-l dependence. It camnot be assumed that (A3.5)
is valid for large values of cj; nevertheless, it is reasonable to
state tentatively that,
(9) The magnitude of the mutilation decreases with the
increase of the mutilating aperture according to a power of
the radius which is less than -3/2 and probably in the neighe-

bourhood of =5/2.

3. Comments on Precision Measurement: In the experimental part

of this work the physical parameters were so chosen that the mutilations
were considerable., On the other hand it is of interest to extend the
investigation to include every small mutilation. For then definite
criteria could be established regarding precision measurements at micro-
wave frequencies, Experimentally, such an extension in X-band in- |
volves impractically large apertures. Theoretically there are two
obstacles, TFirst the validity of the derived formula is questionable
for large apertures. Secondly, the difference between the Kirchhoff
solution and a rigorous solution is not known to be negligible.

The conclusions of the preceding section can be used to predict
the aperture size necessary for a certain degree of precision, although
such prediction is subject to the qualifications already mentioned.

If, for example, a mutilation 1/10 that observed for the 1O\ horn at



67—

35N aperture can be tolerated, the required aperture diameter is 35 X
1,01/2'5 = 88 wave-lengths.,

This thesis has been exclusively concerned with systems having a
well defined circular aperture. But it is possible that, for a given
area and general shape, the circular aperture may produce the maximum
mutilation., This conclusion is true for axial point sources., Further
evidence in the same direction is suggested by the fact that there was
no measurable mutilation through the 5 foot square framework except,
possibly, for the wave guide mouth. All mutilations whether Kirchhoff
or rigorous can be ascribed to the aperture edge. It is conceivable

that they would be reduced significantly by staggering the edge, there-

by eliminating the systematic phase relation from the edge contributions.
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APPENDIX I, DISTANT FIFELD OF INCLINED SOURCE.

The x', y', z! co-ordinates are fixed in the radiator. The
radiation will be supposed to originate in a plane surface or aper-
ture area which lies in the X',Y! plane. Following Eq. (1.6) the

distant field may be written,

u(x!,y',2') = C exp(ikR)¥/ﬂ f(xi,yi) exp [—ik(l'xi + mlyi)]dxidyi
(1) ’

where f (x.l,yi) is an aperture function or current density function.
The inclined co-ordinate system is related to the non~inclined

system as follows, (Fig. 2)

xt =x x=r7r cos ¥
y' =y cos o = 2z sin a y =1rsin ¥
z_'=zéosa+ysina Z=R2-r2
1t = x'/R r/R=Y
m' = y'/R = 1/R(y cos a = z sin a)
Then,
l'xl + mtyl = 1/R [x]'_r cos ¥ + ] (r cos a sin ¥ __W sin 0,)]
= YB sin (V¥+g) = y]'_[/l_-\? sin a
where B° = x1% + 712 cos® a

sin g = xJ'_/B

Hence,

]

u(R,Y,¥) = C exp (ikR)ff( 1,y1)exp | 2miy! ].--Y'2 sin a
" x93 [ 1V

~ 21iYB sin (‘4&-8)] dx]'_dyi
= . . \le R . . ‘ o .
c exp(lkR)Z_:exp[ln( -‘!T)] f‘ f(x]'_ y:'L) exp[ ine + Zmyil/ 1 ;? sin a]

(1)
Jn(2ﬂYB) dx!dy!
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Equating coefficients with (1l.14),
G, (r) = (1/2n)exp(=inm) [ £(xi,y}) J_(2nBy)

)
exp [ine + 2ﬂiyiyl-;2 sin a] dxldy! (A1.1)
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APPENDIX I, INTWGRALS EVALUATED IN TERMS OF

LOMMEL FUNCTIONS,.

The integra}
f exp(itu®) w* g _; (u)du
will be evaluat;d. The change of variable, u = v/A is made, from
which the integral becomes

cA '
1 i 2,2y N
;ﬁ;i— \/: exp (1XvS/A%) v Jn_l(v) dv

BN ¢A
= U/ﬂ exp(inZ/A?) d [van(vﬁ

An+l dv

Integrating by parts and continuing the process one obtains,

exp(iXb2)/(An+1) EAc)n Jn(cA) - 2?% (Ac)n+l Jn+l(cA)

dEE? ™R (eh) + e ]
A

Ap-l
(2x)"

where t = 2X02, w = Ac, and

U, Cepw) = (800 () = (e R+ (™

exp(1Xc?) [Un(t,w) - Un+l(t,w)]

(w)

n+l
The function
Vh(t’W) B (w/t)an(W) - (w/t)n+2Jn+2(W) + (w/t)n+th+

is related to Un by the equationl7,

h(w)

. n . . . 2
U, =10, (=1) [V_mz + 1 V__ml] + 17 expl-i(t/2 + w /2t)]

= (_1)“w_n+2 + 3B exp[—i(t/2 + wz/zt)]

where W =V + iV
n n n=1

[4
Therefore, ‘;exp(iXuz) u g e (Au) du
N~
A
- (2x)" exp(ixcz)[(—l)n Wopeo ¥ i exp ["‘i(t/2 + w2/2t)]]
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Integrals of the type,

C
Dab(c’AfX) = \jﬁ exp(chz) ubJa(Au) du
0

may be evaluated by use of the recurrence Formula,

Ipe1(2) =~ _1(2) + (2n/2)J (2)

n+l
where b « a is odd.

One obtains in this way,

Dol(c,A,X) = ~J“;xp(iXu2) Jo(Au)udu = —%i exp(chz) [-Wi+i exp[ﬁi(t/2+w2/2tﬂ]

(<]

2
Doy (c54,%) = cexp(iXuz)Jo(Au)u%g = exp [—i(t/2+w2/2t)][i A Z ZJ exp(iXed

; (2% ()

2
sy R A 2

+ exp(iXc”) Ij-(—;x—)? W_l + -E—-)—2 Wo}
DOS(C,A,X) = f
° 2

L
. 2 . A 8A .
) exp[-l(t/zw /Zt)] [l(zx)s ) (2x)* ) l(:).x)3

L 2
A 84 8 o 2

3 .
Dlh(c’A’X) = -exp[-i(t/2+w2/2tﬂ A LA ] exp(chz)

c 2 5
exp(iXu )Jo(Au) u’du

} exp(iXe?)

@k (2x)?

3
A LA R
-[zgggzw;z + z;;;g W, J exp(1Xc®)

D23(c,A',x) = L cexp(iXuz) Jz(Au)quu = -é—x? exp(chz) [w_l+i exp[—i(t/2+w2/2t)ﬂ

[4
D27(c,A,X) - f exp(iXuz) J2(Au)u7du
o 2

6 I
. 2 A 16A . A A
= exp[-l(t/2+w /Zti][fi(zx)7 + (2x)67+ i %3;;3} exp(iXc“)
N [ a0 16a%

2
—_— == +l’8A

e R
(2X)7 =5 (2}()6 =l (2X)5 w"3] exp(1Xe”)
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APPENDIX III, THE CALCULATION OF THE MUTILATION,

1. Derivation of the Basic Formula: An expression for the

mutilation has been derived in Chapter I,
e(0) = exp[2ﬂi(s+b) + ﬂicz/é]dlaf(xi,yi)Wi(t,w)A§+b+yi sin a)
(0] :

exp['rﬁ.(.?yi sin a + (B2+02)/(b+yi sin a)ﬂdxidyi (1430)
The following transformation is introduced,
x{ =ZcosT + (z?’/b) tan o sin T
i = Z + (23/2b2) tan2 a sec asin T =~ (Zz/b) tan a sec a cos T (A3.1)
+ (zz/b) tan o sec «

This transformation has been so chosen that

2 2 2
w = ZHcP/xi +y{" cos” a (2mc/b)Z + high order terms.
'b+yi sin o

The t which appears in the Lommel functions depends slightly on yi.
The Lommel functions will, therefore, be expanded giving,

vo(t,w) = Vo(to,w) + Aﬂb
vy (tow) = Vy(t ,w) + oy

where to = 2ﬂ02(l/s + 1/b) is now a constant. It may be shown that

OV = ~(22/0c®) tan o sin T, (w)

L. = -(Zz/bc) tan a sin T’Jl(w)

1

Also,

3 (x,71) )
-7;12—7?7 = Z sec a + (22°/b) tan a sec a sin T
b4

+ (ZB/bz) sec « tan> o (5/2 + sin® T - 2 cosT) #* cenes
Substitution in (1.30) results in a series of integrals of which the first

three are:
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I, =K f £(2,0) e'D Wl(to,w) 24zd T (A3.2)
(1
2s=b iD - 2 .
I, = floy Ktana (‘)f(Z,’t) et W (b ,w) 2° sinT dzd 7.
I, = ~(K tan a/be)| £(2,7) 10z [Jl(w) + igfc‘l Jz(w)] sint dZdt

where K = [sec a/(s(-'r’b)] exp[24rri(s+b) + m’.cz(l/s+l/b)]

and D = (nZ°/b) (1 + (2=c*/2b7) tan® a)

+ 27 tan o (1--c2/2b2 + 22/2b2) sin T

- (2ﬂ22/b)(1~02/2b2) ta.n2 acos T

- (nc?2%/26°) tan® & cos 2T

Tt is seen that I, is the dominant term. The others will be signi-
ficant only for large anglesif at all. Orecomputation of 12 was carried
out and it proved to be small. All other computations have been confined

to I,, and no further consideration will be given to the other terms.

l’
The aperture functions of Chapters III and IV are of such a type
that £(Z,7)exp(iD) is equal to one or more terms of the form fl(Z) cos nT

exp(iQ) where
Q= MZ2/2 + LZ sint + NZ cost¥ =~ R22 cos 2T (43.3)
The function /n(z) is defined by, |
§cos ng e:;p(iQ,) dr = ZN/H(Z)exp(iMZZ/z) (43.4)
Then I, (m)”_ 2nK fl(m)(i) ‘exp(iMZz/z) /n(z)wl(to,w) 7dZ

1
= (Kb°/2mc?) f fl(m)(z)exp(imz?‘/z) /n(z)wl(to,w) w dw

= I! n :
Wh.ere Il Il+Il+ LI B L ] N

But Wl(to,w) wdw = towz(to,w)

; =t 4
That is, w Wl(ta’“) =t 3 [Wz(to,w)]

o 1w (ok/8) (s4b) f r§m)(z)exp<iMzz/2)/n(Z) S o

This may be approximated by a summation,
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Iim) = (bK/s) (s+b) gfim)(zi)exp(imi/@ ; (23) W,

where mz = w2(zi + [Z/2) = wz(z:.L - 02/2)

and the region of integration has been divided into intervals of width (Z.
This leads finally to,
Iim) = (b/s) sec o exp|2mi(s+b) + ﬂicz(l/s+l/bﬂ
E (m) )
> £] (Zi) n(Zi)exp(lMZi/Z)SWé (A3.5)
i
The result is a summation over zones (Fig. 7). The integral in T

over a particular zone reduces to a Bessel function for the inner zones

which do not cut the Z, T perimeter, provided R is negligibly small. That

is,
Jtn(zi) = Jn(TZi) for inner zones

where T2 = L2 + N2

For outer zones, which cut the perimeter , the integration with
respect to T results in "incomplete Bessel functions", Those of order
zero may be expressed in terms of,

fcos (sin Tx)dx and fSin (sin Tx)dx

Since tho;; functions have been tabéaated for only a small range of the
parameters T and ¢ , their values were computed, where necessary, by
graphical integration using curves of cos (sin Tx) and sin (sin Tx).
Higher order functions occur in paraboloid analysis but the angle a is

sufficiently small that deformation of periphery is not taken into

account,

2. Deformation of the Area of Integration: The co-ordinates (Z,t)

are identical with (ri;Vi) for o = 0, but they differ increasingly as a
increases. Accordingly, the perimeter of the antenna, and hence the area

of integration, becomes deformed. Consideration will be given first to a



rectangular radiator specified by the lines,
= 1 =
xi + al/2 and yi =% a2/2
X and Y are introduced as follows:

X=Zcos T and Y= Zs8in T .

These result in ,

+ (a2/2) cos a - Z_E%E_E (z - X)
Y = > - (A3.6)
27 tan”™ a
1+ >
2b
and, X=+ (31/2) - YZ zan a

The deformation depends on the angle a but is independent of the
diameter of the mutilating aperture. An example is given in Fig. 7 for

a = 2Oo and a = 10, Summation zones with LA Z = 1 are also shown.

If the perimeter of the antenna is circular it may be written,
x'2 + y'2 - a2
1 1
Substitution leads approximately to the ellipse,

(Xz/a2) + (Y + (a2/2b) sin 2 a,)2/a2 cos? o = 1

3, Computation of Lommel Functions: Equation (A3.5) involves

the Lommel function Wé(to,w) = VZ(to’w) + iVl(to,w), where
V(W) = (/)0 () = G/t YT (0) + et )T 56n) = .o
Tyl = o/ J,00) = /e )M, 60 + /s )% 00) = eens

w = (2nc/b)Z; t = 2ﬂ02(1/s+1/b)

V., and V., are readily evaluated from the series for all parameters

1 2
normally encountered. The series converges more slowly as the size of the
antenna approaches that of the mutilating aperture, particularly if both

are large. Tables need not be computed beyond four decimal places. Those

used in this work are reproduced in Appendix V. They contain also 8Vl,
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5V2, and BVZ + idV. in terms of magnitude and angle.

1

L, Validity of the Summation: It is necessary to examine the

justification for replacing the integral by a summation in Section 1,
and to form some basis for estimating the required smallness of sube
divisions. The error, on the basis of complete zones has been derived,

and is found to be,

. ‘
TS K@@y ) 1)(5,) exp(u;?/2) ¥y (o)
—

) 2
: ) . I~
[.-}412zi I (T2, )+ 2dM1Z, J,(12,) + 5 (J_(TZ,) - J2(‘_1‘Zi))]
A conservative estimate of the order of magnitude of each term is, then,
(ﬂzc)ébz) K (AZ)B. For the values used this has the order of 1/50 K(ﬁZ)B,

whereas the terms of I. vary from about 0.1lK to 2K,

1
It was concluded that AZ = ] is a reasonable compromise between accuracy

and labor of computation. Most of the computations were carried out at

LZ = 1., However several were done at AZ = 0,5, and comparison with

those at AZ = 1 showed that their difference could be expected to be less

than 10%.

5« The Calculation for a Uniformly Illuminated Source: As an

example of the method outlined in this chapter, the mutilation will be
calculated for a circular source uniformly illuminated. The deformation

of perimeter will be neglected, The parameters will be chosen as follows:

a = 10 g = .00
b=10n (Z=1
c =10 f(xi,yi) =1



Then,
. 2 2
M/2 = (1/10) [1 + (2 = 1/21°) tan o;J
L = 20 [1 - 1/20° Zz/ZOOnz] tan
N=0 R=0
_ iy 2
I, = 10nK g exp(:LMZi /2) Jo(in) 8w2(20, 27)

There are only 5 zones and only 5 terms in the summation. The
procedure is to combine all of the phase terms and all of the magnitude
terms to give a phase and magnitude for each zone. Then these complex
quantities are summed graphically on the drawing board. Fig. 8 shows
the details of such a summation for a = 0°, ¢ = 6°, and a = 12° A
continuous plot of the magnitude and phase of the mutilation as a function
of angle is also glven in this figure.

The muitilations are relative to a maximum unmutilated amplitude of
25m, The manner in which these mutilations would affect a power pattern

is shown in Fig. 9.

6. - An Off-Axis Calculation: It is of interest to calculate the

mutilated field for the same source as a function of © with a fixed at
0°,

umKY) = (ZH/R)GXP[?ﬂiR + ﬂiaz/b + ﬂiwfﬂ

c : ‘
- .

exp(ﬂlrz/b) [Uiﬂt,w) - 1U2(t,wﬂ Jo(2ﬂréY) r dr, (1.31)
o)
= -(.b/R)exp[2ﬂiR + 'rriaz/b + ﬂibYﬂ

s R .
E exp(ﬂ1r2 /b) Jo(2ﬂr2Y) G(Uo -1 Ul)
where the integral has been replaced by the equivalent sum as in Section
1+ The Lommel U-functions are readily computed, but the graphical inte-

grations over the mutilating aperture are more laborious than the previous
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ones over the source. Moreover, they have to be more accurate since it
is the field itself and not the mutilation which 1s being computed. The
result is plotted in Fig. 9 for comparison with the mutilations which

result from a variation in e
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Fig. 8 Dlagnitude and Phase of Summation. Uniformly
illuminated circular aperture of radius 5. b = 107

¢ =10 f(xl',yll) =1 Scale: 1 c¢m = 0,02
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APPENDIX IV. CONDI'TION OF MAXIMUM SIGNAL.

Experimentally, it is convenient to adjust the feed of a paraboloid
for maximum signal strength. As the feed is displaced from this position
along the axis, the change of pattern is, at first, slight, then marked.
It is desired to find the condition imposed on the aperture function by
this adjustment to maximum signal.

A paraboloid of radius a and focal length N will be considered.

Let g be the distance from the plane through the vertex perpendicular
to the axis of the paraboloid and r the radial distance from the axis.
Let a line be drawn through a point on the axis near the focus cutting
the parabaloid at (E, r) and mal_dng an angle ?5 with the axis. Then the
paraboloid equation is,
2
r o= N f
and
cos $= A=8 A=t
2 2]1/2 by +§
(A §)%sr
z—x.1’1dl-cs¢=2E = 2r2
© A 22
+r

Radiation which leaves the focus travels a distance A + i‘-'x in
reaching the aperture. If it originates at a point P displaced a distance
A along the axis away from the focus, it travels a distance which is
closely N + %; + A cos ¢. If the feed is displaced a distance 8 from P,
the aperture phase will, therefore, change by 2n0 cos ¢.

It is assumed, as in Chapter Y that an aperture function can be

written,
So(r) + cos 2‘?_.»3,1(1') + cos LY Sz(r) + seescccssse
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It is clear that S(r) should contain terms in (h}? + r2)-n, but these
can be exp,nded if N is sufficiently great.
Then,

F(0) = - 22 exffiﬂl(b+sj Jﬂ S J (z) + 5.0 (z) * eesssene ] rdr

where z = 2mr sin a, At a =0,

2mi exp[2mi (s+b)

-8
Sib Sordr

o
With defocussing the expression will become,

_ 2m exp (2mi(s+b)) g

F(O) = =

F(0) = ey exp(2ﬂ18 cos @) rdr
and the power w111 be glven by
Q
P{Q) = \[ \[S (r) S (r Yexp(2mid(cos ¢ - cos @'))rridrdr®
(S+b) dP

The condition of maximum signal requires that 35 = 0
Differentiating under the integral sign one obtains, since SO is the
function at ® = 0,
a a &
\jﬂljﬂ(cos @ - cos @) So(r) So(r') rridrdr! = 0,
[+ [o) a a
i.e., fS ﬁ(r')r'dr' f cos ¢ S (r) rdr
o %a o 0
- JASo(r) rdr Jn cos @ So(r')r'dr' =0
° o
As in Chapter IV,
S(r) =a +a (r/a)2 + a (r/a)h + veveee
o 00 ol 02 eeneete
2
Then ‘r So(r) rdr = a [aoo + l/2aOl + l/3a02 + ......]
[}
This was put equal to a2 in Chapter IV, which is permissible, since the

phase is arbitrary.

Substitution above gives,

Jﬂzos @ (S -3 ) rdr =0

that is,
a
Im\(;os ¢ So(r) rdr = O

o
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which is the same as,
a
Im (1~cos ¢) So(r)rdr =0

o
Therefore, substituting2
o0 a
Dn:E:: aom 2 2
m=0 ° lg}\+r

Integration of the individual terms gives,

e 2
S (r/a)Zm rdr
2 2
|5

(r/a)2m rdr = O,

+rT
m+]1
1 y m+tl ,12m . (m+l)m
= .- l.,}\y +
2a2m el m 2 Zm—l)

< (1™ (3L 1y g

Putting A = a/2 leads to

(&2)2ymﬂl_ o

Im [(1 -~ In 2){3.00 * (=1/2 + 1n 2) ag * (5/6 = 1n 2) 852

+ (=7/12 + 1n 2) 83 * (47/60 = 1n 2)aoh + eeescan }

ya? e
2
y=a
=0



~82=

APPENDIX V, LOMMEL FUNCTIONS,

c =75 b=10m t =11.25 w = 1.52

Vv V1 OV, OV, o) Angle (Degrees)
0000  ,0000
Q041 L0743 004 L0743 0743 87
0339 .0846 0298 ,0103 «0315 19
3 00262 =,1177 =e0077 =a2023 #2023 -92
L «D927 =.1509 =.1189 =.0332 «1234 ~164
5 ~.0820 +,1894 +.,0107 +.3403 «3403 88
5 +e1215  .2974  .2035 .1080 «2303 28

(¢
(]

10 b = 10nm t =20 w=27

.

= . O

< O Ut W

Vo V1 Vo YAl |owo] Angle (Degrees)
0000  .0000 '

0035 L0575 L0035 .0575 0575 87
OLL =.0166 L0106 -.07h1 L0749 ~82
0246 =.,0853 =,0387 -,0687 .0792 ~119
~o0Lh2 +.1139 +.010h +.1992  .1992 87
#0761 0060 40903 =.1079  J1407 ~50
~e0005 =,1798 =.0766 -.1858  .2010 -112
~.0651 =.1755 =,1412 -.1815 «2300 -128
=, 0703 +,1962 «,0052 +,3717 3717 91
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C=10 b=10mr t =20 w = 27

v/ v, vy 8V, Bj; |8w2[ Angle (Degrees)
0 0000 0000

0.5  .0003 0220 .0003 .0220  .0220 89
1.0 .0035 L0575 L0032 L0355 L0355 85
1.5  W0109 L0499 L0074 =.0073 L0104 ~L5
2.0 Ol -.0166 - 0032 =.0668 L0668 -87
2.5  J00Lh =.0873 =.0127 -.0707  .O718 -100
3,0 =,0246 =.0853 ~,0232 +.0020  .0232 175
3.5  =.0387 +.0073 =.0140 49930 L0940 99
Lo  =0L42 L1139 +.0244 L1062 L1089 7
Le5 +o041L 1248 L0556 L0109 - L0566 11
5.0 L0761 L0060 L0347 -.1188  ,1238 -7,
505 40366 ~elhé2 =.0395 -1522 L1572 ~105
640 =e0651 =u1755 = 1017 =.0293 1057 -164
6.5  =u1336 =,0201 =.0685 +.155L L1698 11,
7.0 -.0703 +.1962 +.0633  .2163 +2256 7l

Te5  +41060  W2459 L1763 L0497 L1830 16



c=12.5 b=10m L = 31.25

-8

W= _2.52Z

Z v, vy ov, 8v, szj Angle (Degrees)
0 0000 L0000

1 .0029  .0397 .0029 .0397 0397 86

2 0009 =.0539 =,0020 =~.0936 .0936 =91
3 -.0133  .0362 =-.0142 .0901 .0912 99
L +,0284 L0139 0417 =.0223 LO472 -28

5 =.0343  =.0725 =,0627 =-.0864  +0937 ~126

6 +,0188  +,1227 +.0531 +.1952 2022 75

7 #0237 = 1358 JOOL9 =.2585 2585 -89

¢ =15 b=10nt =45 w=3Z

Z v, v 8V, BV, |8w2| Angle (Degrees)
0 0000 40000

1 20022 .0225 ,0022 L0225 L0225 8l

2 ~e004L  =40371 =.0066 =.0596 40599 -96

3 +,0062 +,0505 +.,0106 +.,0876  ,0883 82

4 -.oo7b ~0634 =-.0132 ~-,1139 1148 =97

5 +4006L4 +.0760 +,0134 +.,1394 <1394 85

6 —.0039 -.0888 -.0103 -.1648 1648 -9,

7 ~.0011 +.1018 +.0028 +.1906  .1906 89
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¢ =17.5 b=101 t =61.25 w=3.,57

v, vy 3V, &V, J8w2| Angle (Degrees)

0 0000  .0000

1 .0019 .0078 L0019 L0078 L0080 76
2 ~.0040 =.0003 =-.0059 -,0081  .O100 -126
3 +.0066 -.0L4) +.0106 =.0143  .0178 -5l
L -.008L +.0327 =.0LL7 +.0471  .0493 107
5 +.0070 =.0571 +.0151 -.0898  .0912 -80
5 -.0190 +.0229 =-.0260 +.0800  .0841 98
6 -.0018  .0494 -.0088 L1065 .1065 95
7 -.0084 -.0748 -.0066 -.1242 1242 93
7 -.0194 =.0690 =-.0110 +.0058  .0124 152
8 +.0236 +.0726 +.0320 +. 1474 41507 78
9 —.0425 =.0580 =-.0661 =.1306 1464 ~117
9 -.0208 +.0341 +.0217 +.0921  O947 ki
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t =5
w U, U, u; & |801+18U0| Angle(Degrees)
0 5985  =.8011

0.5 5541 =e8156 a0kl ~,0145 0467 198
1 J27T =48523 =126k ~l0367 L1316 196
1.5 42388 =.8937 -.1889 ~,04Lh L1934 192
2.0 L0166  =a9155 =,2222 -.0218  .2233 185
2.5  =e2055  =a8929 -.2221 +.0226  ,2233 175
3 =u395h =808l =,1899 L0845 42079 156
345 =e5273 =656l =.1319 L1523 .2015 131
b =o585L  =alhh7 =,0581 L2114 L2193 105
Leb  =e5665 ~e1974 +,0189 2473 «2480 86
5 =794 +.0531 L0871 42505  .2652 7
565  =e3435 2701 1359 2170 «2561 58
6 =.1839  W4215 L1596 J15LL 42200 Wy
6.5 =a0270 L4860 L1569  JO6L5  ,1697 22
7 441029 L4580  ,1299 =.0280 41329 -12
7.5 .1895  J3h8L L0866 =.1096  .1397 ~52
8 2252 L1843 L0357 =164 L1679 ~78
8.5  .2118  ,0009 -.0134 =.1834 1839 =9
9 1601 =.1639 -.0517 =-.1648 L1727 107
9¢5 0854 =782 =,0747 =~o1143 «1365 ~123
10 L0059  =a3220 =.0795 =.0438  .0908 ~151
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