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ABSTRACT 

The limitation in the diameter of the exit pupil of a microwave 

optical system produces a.n aberration in the field of the system Y.rhich 

is hereafter ca.lled mutilation. The present \-lork extends that initiated 

by Woonton to include two dimensional sources and circular mutilating 

apertures. Observations were made of the distant field patterns of a 

series of horns and paraboloids when mutilated by apertures ranging in 

diameter from 15 wave-lengths to 40 wave-lengths. A theory has been 

developed to include radiators of dimensions greater than 5 wave-lengths 

having a planar surface or aperture distribution. Calculations were 

made for a number of patterns and agreement Y.rith observation obtained. 

Spherical aberrations, corna, and other optical aberrations are discussed. 

Hethods of approximate calculation, and conclusions relevant to the 

design of microwave systems are presented. 



-ii-

ACKNŒ.JLEDG:Ei·.Œi~T 

The vri ter wishes to express his gratitude to Prof essor G.A. 

l'foonton, Direct or of the Eaton ~lectronics R.esearch La bora tory, 

for suggesting the problem with which this thesis is concerned, and 

for providi% continued advice and encouragement. Hany tapies con­

tained herein have been discussed 1v.i.. th Dr. G. Dekefi, Dr. D.C. Hogg, 

and Dr. H.~.J. Neugebauer to v;hom the vœiter is indebted for a number 

of valuable SU66estions. 

rir. V. Averlaid and tir. E • .Ankups assisted in the design and 

construction of the experimental apparatus. ~'~uch of' the computational 

work was done by J.-d.s s E. i'îajor. 

Thanks are tendered to Dr. J. Stanley for pe r mi ssion to install 

apparatus on the roof' of the Biology Buildinz:; . The project was sup) orted 

by the United St a tes .ür Borce under contract AF 19(122)-81 from its 

Cambridge H.esearch Center. The writer was ass i sted by a ;3tudentship 

from the National Research Council. 



a 

b. 
l 

B 

c 

c 

D 

Dij 

e(O) 

-E 

f 

-1-

(l) radius of circular source aperture 

(2) side of' square source aperture 

coeffici ent in expansion of paraboloid function in Chapter IV 

constant in derivation of inte,s~rals, 0hapter I and Appendix II 

1/A = 1/q + 1/s in Chapter III 

distance from source to mutilating aperture 

coefficients in expansion of distant para'c<Hoid field in Chapter IV 

2 2 2 l/2 
(~r + Yl cos a) 

radius of mutilatin8 aperture 

(1) ik/211~ 

(2) part of fresnel integral in (C + i3) 

quantity defined by Eq. (A3.2) 

integrals in Appendix II and Ghapter V 

mutilation 

electric field 

function: f( ) 

f2n Fourier component of urunutilated ? resnel field 

f2Irm Fourier component of mutilated l"r esenl field 

f Fourier component of the emergent field 
en 

F 

F(ü) 

F (0) 
a 

F 
mn 

functi on: F( ) 

unmutilated fi eld at z = s + b 

t he field includir~ o ·)tica l aberra tions 

Fouri er componen t oi' r:mti la t ed fi eld at z = s + b 



-2-

g azimuthal componen.t of Poynting vector divided by z-component 

of Poynting vector 

G Fourier co;;ïponent specifyin;:; the distant f ield 
mn 

h r-component of Poynting vector divided by z-component of 

Po~'llting vector 

h. coefficients in parab oloid an:üysis in Chapter N 
~ -H mangetic field 

-t 
~ incident I!l8.Gnetic field 

H quanti ty defined in Chapter V 

i V:Ï operator 

i,j,k unit vectors in X, Y, Z directions 

i 1 ,j 1 ,k1 unit vectors i n X', Y', Z' directions 

k 

K 

1 

l' 

L 

m 

m' 

P(O) 

P. 
~ 

q 

•• integrals in Appendic III 

Bessel function 

(l/211)exp(-HJZ
2 
/2) §cos nt' exp(iCJ) dt' 

propagation const ant 

(secŒ/(s + b))exp [2nï(s+b) + ~c2 (l/s + 1/b)J 

direction eosine 

direction eosine in inclined SJTS tem 

~~antity defined by Eq. (A3 .3) 

direction eosine 

direction eosine in inclined syst em 

quantity defined by Eq. (A3 . 3) 

power 

s ummation term defined in Chapter IV 

(1) l ength of horn 

(2) phase shift constant in Chapter V 



Q 

r 

r' l 

-3-

exponential coefficient in ii.ppendix 

radial co-ordinate in a cylindrical 

radial co-ordinate in plane z = 0 

radial co-ordina te in plane z' = 0 

r2 radial co-ordinate in plane z = b 

III 

s:rstem 

r3 radial co-ordinate in plane z = b + s 

R (1) spherical co-ordinate 

(2) q_uanti t~r defined in Appendix III 

R
2 

the distance (O,O,b) to (x,y,z) 

s (1) distance from nmtilating screen to plane of observation 

(2) aberration coefficient 

S Part of Fresnel integral (C + iS) 

S. aperture function serie s in Chapter IV 
l 

-+ s 

t 

Poynting vector 

(l} 211c 
2 

[ l/s 1 ] + _b_+_y_l_s...,..i_n_a._ 

(2) aberration constant in Cha.pt er V 

t
0 

211c
2 

[ 1/s + l/b] 
T (L2 + 1-f)l/2 

u (l) the scal ar field 

(2) 21Ta sin a. 

u e 

u2m 

u 
0 

(3) aberrat i on c onstant in Chapter V 

the emergent f ield in Chapter V 

the Wlltilated f i eld 

the incident field in the plane z = b 

the mutilated Fresnel fie ld in the plane z = b 

aberrat i on constant 



-4-

u o'ul, Lommel functions 

v aberration constant in ..;hapter v 

v o'vl 0 0 Lommel functions 

\'f the a berr~'.ti on functi on Chapter v 

the Lommel function V +iV l n n-

w (l) 2'1iC v~2 + :l~2 cos 2 a. 

b + Yl sin a. 

(2) aberration constant in Cha,;ter V 

x,y,z co-ordinat es of point in X,Y,Z system 

x' ,y' ,z 1 co-ordinates of point in X' ,Y' ,Z' system 

co-ordinates of point in X-direction measured in aperture 

plane of source 

co-ordinat es of )Oint in X'-direction measured in aperture 

plane of source 

co-ordinates of point in plane z = b 

(1) co-ordinate system designation 

(2) '!T [ l/s + b +yi sin a ] 

(3) z cos r 

X' co-ordinate system designation 

co-ordinates of point in Y-direction measured in aperture 

plane of source 

co-ordinates of point in Y1 -direction measured in aperture 

plane of source 

y co-ordinate system designation 

(2) Z sin r 

(3) phase shift function in Chapter V 

yt co-ordinate system designation 

., 
z 2'!T r l sin a. in Chapt er IV 



z 

a. 

b + Y]_ sin a. 

angle of rota ti on 

dummy variable for Y 
sin ~ 

-5-

(1) increment operator 

il.ppendix III 

(2) constants in horn theory 

(3) displacernent of par~boloid feed in Appendix IV 

(1) increment operator 

(2) displacement from focus in Appendix IV 

(1) tan 8 • x}/Y]_ sin a. 

(2) tan 8 = L/N 

spherical co-ordinate 

(1) parameter in incoillplete Jessel function J:~os sin (TX) dx 

(2) angl e in paraboloid analysis in Appendix IV 

~0 (1/f )exp(ikf) 

.\{ 

v 
1 

y 
2 

À 

(1) dis tance from point in plane to field point 

(2) radial distance in horn function 

aberration constant in Chapter V 

variable introduced in Appendix III 

spherical co-ordinate 

azimuthal co-ordinate at source 

azirnuthal co-ordinate in plane z = b 

(l) wave-len.:;th 

(2) focal length of paratoloid in Appendix IV 

(1) co-ordi nate in paraboloid analysis Appendix IV 

(2) azimuthal angle in Chapter V 



-6-

J'' azimuthal ani:)_e in Chapter V 

jJ., aberrat:i_on constant in Ghapter V 



-7-

Il~TRODUGTION 

An ideal optical s-ys tem is one in which a ) Oint, line, or plane 

has as its image a point, line, or plane. Any departure from this ideal 

is called an aberration. All practical systems have aberrations to sorne 

extent; indeed, it can be shawn generally that this n1ust be so for a 

finite abject. The classification and ~rinimization of these defects is now 

a long established art. 

The above r emarks are entirely within the scope of geometrical optics 

where li~ht is treated in ter~ of rays, the ray being a m~inimal path 

between tv10 1)oints. But, physically, li.::;ht is a vrave, and, t heref ore, 

all optical relations must ultirnately be ronsistent with the wa.ve equation. 

As a conse Cj_uence it can be shawn that the ray concept is valid only in the 

llinit of extremely high frequencies. It is the extension beyond t he ray 

concept which int roduces all diffr action phenomena . 

The diffraction theor;y of aberrations, initiated by Hamilton, has 

r eceived increased attention in recent ~rears . Of particular note is 

the reclassification by Nijboer1 and t he many calculations based thereon, 

in the case vmere tte aberrations are only a fraction of a wa.ve-lengt h . 

Hot only are the standard t y:;_"Je of abe~ration, coma , ast i grnatism, etc ., 

modified by diffraction, but a new distortion of the field i s introduced 

by the periphery into what uould be, s eometrically, a perfect system. 

Tr•e investit;ation of this effect goe s back t o the hi storical papers of Airy 

and Lommel and i ncludes s uch recent vJOr k as that of Zernike and Nijboer
2 

on 

t he intensity near the focu s of a l ens . 
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The peripheral aberrat ion just introduced is of sorne importance 

in optics, i n re t:;;a rd t o resolvin~; pov;er, for ins tance. In microwave 

optics it must be consi d ered o f .wajor i mportance on a ccount of t he much 

greater wave-length involved. ·>Jork on this effect v;-as initiated by 1foonton3 

and his collaborators4 who called i t "mutilation". They invest i gated the 

one dimensional cas e, ap) l i cable to slit s and horns , both experimentally 

and theoretical~. 

'l'he present work extends that of Woonton to include two dimensional 

sources -v,rhen t he mutilating aperture is circular. Experiments on t he 

dis tant fie ld of homs and parabol oids v<e r e conducted >dth a view to 

isolating the effect here considered. A resumé of t he experiment al 

arrangement is t iven in t he second last paragraph of this introduction. 

A t heoretical treatment of t he problem f rom t he ph~rsical optics point of 

view i s given in Chapter I, and, wi tb..in this lirditation, it i s sufficiently 

genera l to include many optical systems havinc a circular aperture. Cal-

culati ons based on theo~r were found to be in agr eement with exper iment. 

The same type of nutilat ion cal c ulation was used by Hogg5 i n his i nvesti­

gation of back scattering by di s es. 

Some discussi on is pre sent ed in Chapt er V r egarding the place of 

ordinar y optical aberrat ions in mi c rowave sys t ems . Their experimenta l 

investigation must await t he development of microwave lenses of high 

quality, and e ven t hen their i s olat i on may be a matter of great difficulty. 

A t ypical micro>mve sJ~tem i s i l l us trat ed s chematicall y i n Fig . 1. 

The dimensi ons of the s ourc e , A, may varJ fron1 a f r action of a wave-length 

t o possibly 100 •~ve~lengths, and t he s ource will invari ably be coherent. 

B i s a l ens , although it may be ge ner a l i zed to include a number of 

r e f l ect i ns and r efr acting el3~ent s . The rel atively lar ge conduct i ng s creen, 
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B', prevents stray effects from reaching the receiver C. The receiver will 

generally be polarized to one plane and the present work is limited to 

this case. 

If the distant field of the source is under investigation the receiver 

should be placed in the focal surface of the lens since the focal point is 

optica:Lly conjugate to infinity. A great contraction in the physical lay-

out of apparatus is thereby effected. Pattern or scattering measurements, 

normally requiring a si ting range of lW ;'.{ards can be made in the labora­

tory5. 

The arrangement just described attempts to simulate the distant field 

of the source, ~1ile it does, in fact, place the receiver in the near field 

of the optical s~rstem. The complexity of the near field of an open aper­

ture was discovered by Andrews
6 

and his -..10rk was confirmed and extended by 

1loonton and Bekefi 7• Hogg 5 has studied the field of a lens placed in a 

circular aperture, and his i'indings indicate that the lens produces a fur-

ther increase in the field perturbation. These phenomena can be ascribed, 

in part, to the fact that the relation between E and I-l is complicated in 

the near field but not in the distant field, and, in part, to the boundary 

condition3 which forrn the basis of a rigorous electromagnetic theory. The 

latter aspect is not included in the present treatr-1ent but will be briefly 

considered below. 

EicrO"'>'Jave systems, of which an idealized example is represented in 

F'ig. 1, have a great variety of forrns. The pa:::-ticular arrangement used in 

this work is illustrated in t hree photographs, Figs. 4 to 6, where the 

disposition of transmit:,ter, aperture, screen, and receiver is shawn. The 

mutilation effect 1vas isolated so far as possible b;;- removing the lens, 

thereby reducing optical system simply to an aperture in a large diffraction 
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screen. It was then necessa~r to place the receiver in the distant field, 

and this had the advatange of elinùnating the Andrews 1 ripples. The 

e.rrangement was further simplified by placing the recei ver in a fixed 

position on the axis oi:' the system as sho;-.n in Fig. 6, and schematically 

in Fig. 2. The pattern of the source was obtained by ratatine the source'• 

The alternate arrangement of fixed source and movable receiver is more 

dii'ficult theoretical~and harder to realize experimentally. However one 

calculation for this case is presented. 

The results and conclusions of this -..vork are discussed later. They 

are difficult to swnmarize on account of the great variety of results 

and the large number of pararreters involved. A direct comparison of 

;nutilated and unmutilated patterns is shawn in Figs. 10 to 31 where the 

nature of the effect may be observed. Small radiators, or radiators of 

moderate size containing a point source, including parabQloids, require 

Sflecial consideration. Nutilation depends on the non-uniformity of phase 

across the transmitter aperture. It varies greatl:r in detail as the 

dia~eter of the mutilating aperture is increased. The mutilation also 

increases idtb the se_cJaration of transmitter and mutilating aperture. 
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Fig. 1 Schematic of Microwave Optical System 

z' 

s· 

Fig. 2 Schematic Diagram for Mutilation Measurement 
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I. 'rtrEORY Œ? THE EUTILi .. TED FTJ:LD 

The physical lay-out of apparatus for mutilat ions measurements has 

been briefly indicated in the Introduction. As the t ransmitter is 

rotated the main lobe of its radiation pattern i s directed at an angle 

vii th the a.xis which becones i.ncreasingly larger until eventua~ly the main 

portion of the radiation is directed toward the metallic screen. This 

will indicate the co:nplex nature of the field vhlch is incident in the 

mutila ting aperture. In the analysis vmich follows attention vJill be directed 

first toward the field ihlch e.xists in the plane of the screen. This field 

will be considered for both cases, namely, for the screen absent, and for 

the screen physically present. Afterward the field wil l be considered 

as a function of the distribution over the transmitter aperture. And, 

finally , formulas vdll be obtained for the mutilation express ed in terms 

of an integral over t he trans r i tte r apert ure. 

1. The mutilatins aperture is one of moderate size in a large conducting 

screen. From t he point of view of physical optics based on t he Kirchhoff 

approximation
8

, a part of the wave front has been eut off, and t hat 

r emaining is equal t o t hat v.rhi ch would e.xis t at t he opening if t he screen 

vrere enti rely removed. The application of Huygens 1 Principle to the 

aperture results in the Kirchhoff field. But Babinet 1s Principle leads 

to a consideration of the complementary problem in \"mich a dise replaces 

the aperture; then Huygens' Principle results in the Kirchhoff mutilation: 

that is, the quantity which must be s ubtracted f r om the ori .;inal field 

to give the Kirchhoff field. The s e assumptions lead to resclts vmich are 

substantially in accord vdth experiment •men the exit pupil has a diameter 

of thous énds of wave-lengths, but they must be r e-examined vmen the dia-

met er i s reduced t o t he or der of 30 v.ave-lengths. 

Huch olfork has been d one in recent yea r s on the r i gorous t heory of 
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diffraction, both scalar and electromagnetic. The mutilatin0 aperture 

poses a dif fraction problem of such generality that it is beyond the 

scope of any existing theory. Nevertheless, the current formulations 

can exhibit the relation between Kirchhoff theory and rigorous theory, 

thereb;}r giving ph;ysical significance to the c:uantities involved in the 

former, and an explicit physical representation of what is neglected. 

The content of such theories pertinent to the present vrork is as follows. 

Electromagnetic radiation is incident on a plane perfectly conducting 

thin sere en which is of infini te e)..'tent except .for one or more apertures. 

'fhen the tangential com1onents of the magnetic field, H and H , and x y 

t he normal component of the electric field, Ez' are equal, respectively, 

to rÇ, H~, and E; where the latter are the components of the incident 

field, i.e., the field which 1-rould exist in the plane of the screen if 

the screen >-lere r emoved 9• 

Copson1s formulation
10 

is based on the Rayleigh formula, 

u(x,y,z) = (l/2n)Ju(x2,y2,b) ~ ~dy2 d z 
(1.1) 

where (x,y,z) is a field point, and x
2

, y
2 

specify position over the 

infinite plê:U1e z = b, and c{>
0 

= Ü/p)exp(ikp) wherep is the distance 

from an element i n the z == b plane to (x,y,z). Copson shows that this 

formula may be applied to the field components in the aperture problem. 

(1.2) 

where s
1 

i s t he aperture area and s
2 

the netal in the s creen. But it 

is als o true that, 
~ 

Hl (x,y,z) • (l/2n) 
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Therefore, since H = ~ in 3 
tang tang li' 

. • 0~0 
Ht (x,y,z) = rrt (x,y,z) - (1/211) frt (x2,y2 ,b) ctx2cty2 ang ang S ang àz 

1 à~o ' 
+(1/211) 52Htang(~,y2,b) bZ dx2dy2 (1.3) 

Eq. (1.1) may also be ,,.-œit ten, 

Htang(x,y,z) = (l/2~)J:H~ang('i,y2,b) b~o ~dy2 + (l/2~) 
( 1 ~ 
Js~Htang(x2,y2,b) oz ~dy2 (l.4) 

In (1.3) the first term is the unr~utilated field, the second is the 

Kirchhoff mutilation, and t he third is an electromagnetic perturbation 

due to currents generated on the shadow side of the screen. The first 

term of (1.4), which combines the first two of (1.3) is a Kirchhoff-like 

field. It is identical -vd.th the scalar Y>irchhoff' formulation provided -the components of I-i are identified -wi th the scalar field. The r efore it 

can be stated that, except for t he effect of the last terms of (1.3) and 

(1.4), Kirchhoff theory ma~r be used to derive the magnetic field at all 

points in space . 

The electric field can be derived from the magnetic field bJ use of 

Haxwell' s equations . The result near the aperture i s totally different 

from -,-:hat would be obtained f r om a Kirchhoff formulation based on the 

electric field . _r;.q . (1.4), negle ctin8 the last t erm, is eo_,rivalent to 

t heories advanced by Silver11, i1Ieugebauer12, and Bekefil3 to explain the 

large fluctuations , discovercd by Andrews, in the electric fie l d near 

t he aperture. The success of these ap pro:ximate theories i s , to sorne extent, 

a jus tification for negl ecting the last t e rm in the present -work. However, 

i t cannat be definite l y coücluded that the last term of (1.4) is insigni-

ficant becaus e the aperture fields here considered are of much greater 

complexity than t hose treated by Bekefi. An application of the J ommerf eld 

solution should indi cate the arder of magnitude of the quantities involved. 
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On this basis the magnetic field is about 25/6 of t h e incident field at 

a distance one wave-length inside the shadow, and 5>b of the incident 

field at 25 wave-lengths inside the shadow. 

For distant axial points ::.te magnetic field is directly proportional 

to the electric fie ld, and the latter is the c.u.s.ntity to which the 

r ecei ver res ponds. Hence , in the followin.s section , a field u will be 

introduced which can be identified vàth the n.agnetic field, or, a.t a 

[;reat distance , wi th ei t ber the tangential 1::agnetic field or the tangentia.l 

ele ct rie f i eld. Th us t he finall:· de ri ved field ,,Jill be su ch t ha t i ts 

magnitude s quared ~-;ill be proportional to the rec ~ü ver res~Jonse when the 

receiver is in t te distant field. 

2. A general exp!·ession for the Kirchhoff field will be obtained in 

this section. A further developnent tm·.'ard for: ··lS suitable for calculation 

will be 6iven in the f ollm1i ng section, and i n Appendix III, and in 

Chapt ers III D.nd IV. 

Two sets of co-ordinate s:r3tems 'Aill be used. throughout t he \'iork. 

Their common ori:.;in is at 0 a s s hovm. in Fit; . 2, and the X', Y1 , zr 

system is fixed in t he antenna and i s capable of rotation about t he X,X' 

axis. The z, Y,Z syste:n is so oriented ti":at the diffraction screen and 

1nutilatin6 aper ture a r e in the plane z=b. Points in the s ource region 

ne ar 0 will be desi gnated by the s ubs cri pt 111 11 • 'rhus points in the 

antenna aperture ·wi ll be re;>resented (xJ_,yl). Trans fornation to spherical 

co-ordinates (R,g,V) and (R,9 1 ,'l t) will be nmde where necessary in either 

sys tem. A r adia l direction 1:1ill be ;::;i ven direction eosines 1, m, cos Q 

or 1 1 , m', cos Q 1 • R
2 

1-dll be the distance betr,men (O,O,b) and (x , y ,z). 
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If (x,y ,z) i s in t he distant fi eld (1.1) reduces to, 

ooi.., 
u(x,y,z) = u(R,G, Y') = ik2~~: G exp(ikR21 __ :<x2,y2,b)exp(-ik(~+my2)] ~dy 2 

(1.5) 

provided u(~,y2,b) i s confined to a firûte regi on. Great dis tance 

im~~lies tha.t tl1e 1, rn here used do not dif fer s i bni t'icantly from t hos e 

defined a 'oove. 'l'he field at z=b is not confined t o a finite r egion either 

with t be screen pres ent or '.vith it abs ent. Ho.-:ever, it is approximately 

s o li:nited pr ovided t he r <.diat or is reasonably large i n com:Jarison with 

the wave-length. In view of t he se considerat i ons the i ncl ination f actor, 

cos G, cannet be re6arded as significant, and it will be dropped. 

Therefore the distant unmutilated f ield can be vœitten, 

U(R,Q, o/) ~ Cexp(ikR2{[u~ C><z,Y 2, b)exp( -ik(~ +Jey 2)] <b<zdy 2 ••• (1.6) 

where u~(~,y2,b) i s the incident fi eld in the plane z=b and C = 2;~/ 
lvi th t he screen pres ent the mutilated field will be, 

'\n (R,Q,;() s Cexp(i~{f_:2m("z,y2,b)exp[ -ik(~+Jey2)] <b<zdy2 (1.7) 

where u2m = u~ in t he 

= 0 outs i de 

aperture } 

t he ape rture 
---------------------(1.8) 

The Fr esnel fie l ds of t he antenna may be e:xpanded in a Fourie r 

s eries since t hey are per i odi c in -tr
2

• Thus , 

. -
u~ = b f2n (r2)exp(i n12) (1.9) 

CIO . 

u2m = .b=oo f 21m Cr)e:xp(inf 2) (1.10) 

where f 2mn = f 2n f or r 2 < c } - ------------------- (l.ll) 
= 0 for r 2 )c 

c being t he r adius of the mutilating aperture, and (r
2
, -V

2
) polar co­

or dinates in t he plane z=b. 
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~ = r2 cos '{ y2 = r2 sin ·:v 
2 2 

1 = sin Q cos ~v m = sin Q sin ·-v 

Substituting in (1.6), 

u(R,Q,'/) = C exp(ikR2) 

1-f~hr2n(r2) exp [ in1'2-ikr2 sin G cos CÎ'-i2l]r2do/2ctr2 . 

But exp [ -ikr
2 

sin Q cos (-\r..;-\12 )] = exp [ ikr2 sin Q sin (V..; Y"2-'I'T/2~ 
~ 

= L J (kr
2 

sin Q) e:xp [ ip('-lt..;j 
2
-rr/2)] 

r·.-- P ['(.a." co • 

:. u(R,Q~IJf) = C exp(ikR2) 
0 

J
0 

b!2n (r2) exp(iriY"2) 

L J (kr2sin Q) exp [ ip(':~..;.v-2--rr/2)] r 2dY2dr2 r; -oa p 

Integr ation in /
2 

eliminates al1 terms exce})t t hose for which p = n. 

It is ahays justifiable to inte2;rate the Fourier series by t errn. Hore-

over, since the distant field is continuous , the series itself must be 

uniformly convergent14• 1'herei'ore integration and surnmation may be 

cormnuted giving, 

u(R,G, \f) • 2<r C exp(ikR) ?: exp[ in C'i'-rr/2~ .0 2n (r )J n (kr 2 sin G) r 2ctr 2 .. (1.12) 

Similarly, 
00 

'1n (R,Q,V) = 2'!iC exp(ikR2 ) L exp(in(f -'ï./2)] 
00 -OC> t f2nn (r2)Jn(kr2 si n Q)r2dr2 (l.D) 

Equations (1.12) and (1.13) are seen to be Fourier expansions of the 

distant field. Such expansions can be obtained directly in terms of the 

15 
radiation source. For it has been shovm gene r ally that the dis tant f ield 

of a finite s ource distributi on can be written , 

ik (• kR) 
21TR exp J. 

which, on expansion, becomes , 
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= 211R 
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00 

eX'~(ikR) L G (~) exp(ini") 
_ -ao n 

(ilill) ~ G (~) exp(inY} 
-- n 

· R 1 · t~ d" t t f" ld Slnce R ----+ ln 1,e lS an le • 
2 

Similarly, 
oO 

u (R,g;~) = C exp(ikR) L G (g) exp(in41) 
rn -~ ~ 

(1.1.4) 

(1.15) 

Distances will no\·r be expressed in "'rave-length units, and t loe 

substitution sin Q = y \dll be made. 'rhen, eyuating coefficients between 

(1.14) and (1.12) and betv<eon (1.15) and. (1.13), 

Gn(y) =exp [ 211i(R2-R)- i~11 ] [~2n(r2) Jn(2'ffr2Y) r 2dr2 

G~ (y) = exp [ 2ci(R2-R) - ~] J!2nm (r2) Jn (211r2y) r 2dr2 

But R- R2 = b cos Q = bv 1 -~ 
:. from (1.16), 

L~2n(r2)Jn(211r2Y) r 2dr2 = Gn(y) exp[2mbV 1-l + i~11J 
0 

(1.16) 

(1.17) 

(1.18) 

This ec~uation _t)e:rni ts 3. cm,lponent of the Fresnel field to be expressed 

in terms of a corresiJondin.; component of the distant field. 'l'his inversion 

is e ffected by a.ppl~d.n::, a. Hankel tra.nsform to (l.lS), 

f 2n (r2) = J..-11
2 exp(i~'IT) f.ooGn (y) exp [ 21iibv 1-~] Jn (2'111'

2 
y)ydy (1.19) 

Ta.king a.ccount of (1.11), (1.~9) may be substituted into (1.17) 

gi ving, c OC> 

Gmn (y) = 4'TT2 exp[ -2'flibv 1-;J I I Gn ( B) exp[ zmw'I-B2 J 
Jn( 211r2~) Jn(2~2y) ~r2d~dr2 

where ~ is a. dwruey variable. 

(1.20) 

(1.20) expresses a. component of the mutilated distant field in tenns 

of a. component of the unmutilated distant field. But the receiver in a 

microwa.ve system may be at a moderate rather than a great distance. There-

fore it is useful to obtain the Fourier components, l'~nn (r
3
), of the 
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field in the plane z = b+s. 

'l'his quantity is obtained at once :i:'r o;r. (1.20 ) by- ex;_Jressing it 

in a i'orm _9ar3.J..lel to (1.19), 

Fmn(r
3

) = M·F exp(i~11) roGmn(y) e:xp(2'!1is Q )Jn(2nr
3
y)ydy 

= lbrr4 ex:p(i~1T) ?n;n(~)exp [ 2'!Tis v l-'l" + 2'!Tib y 1-13
2

] 
0 0 0 

Jn (2nr2f3) Jn (21Tr2Y) Jn (2·nr
3 
y) [3Yr2df3dYdr2 (1.21) 

The coefficients Gn (j3) are derived in Appendix I in terms of an integral 

over the aperture, 

Gn ( ;3) = 2~ e:;...rp(-in'fï) .Lr(xJ_,yJ.) Jn (21TB(3) 

exp[in€ + 2-rf'Jl V 1-~2 sin a.] dx]_dY]_ (1. 22) 

where f(x]_,Y}_) is t he a{)3rture function for an antenna or a cur rent density 

f t . . t h f tt ' d B2 - 1 
2 

1 
2 2 · t /B une 1on 1n e case o a sca erer. An - x1 + y1 cos a., s1n E = ~ • 

Tl1erei'ore, 

Gmn(y) = 2rr(-l)n •"P [ --bv l-l] L J.r<o'i,yi) 
exp( im: + 2~ (b+yJ. sin a.)] Jn (2nBl3)Jn (21ir2 l3)Jn (2nr2 Y)l3r2di3dr2dxJ.dY:L (l.23 ) 

F mn (r
3

) = W exp(-i~'} f.> lc[i;(xJ.,Y}_) exp[inE+2m(b+yJ. sin a.) V 1-13
2
] 

Jn (211r213)~ n (21TBf3) exp[2m.sV 1-1] Jn (2'1Tr 2 y) Jn (21Tr3 y) (3'(r2dl3dYdr2clx.J.. dyl ••••• (1.24) 

)'fi th r adiation vJilich is f airly directive t he integrals will be 

negligible f or i3) {3
0

, ~0<.<. 1 and Y) Y
0

, Y
0
<<. 1. Then by binomial expan-

sion, 

. v2 
= 1-~ . 2 (1.26) 
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Substitution in (1.25) gives, 

Fm
0
(0) • -~exp[ 2-r;i(s+b)JLJ.'[S.~("]_,yl_) e:>q:>(2niyl_ sin o.) 

exp[-ris
2

(b+yl sin a~J0(2~2B)J0 (2n~~)exp(-r.isy2)J0 (2nr2Y)SYr2dSdYdr2dxidYi 
16 

The inte;;-rals -w'itL reSI:Ject to S and y a r e now of a standarg type , 

and the expression reduces .to, 

F (0) = - 2'fT exp(2m(s+b)) ( (~(x.!y11 )ex:p[2my11 mo s j(l) Jo .L 
mB

2 
] sin a + ~b..;......::-1 ---:--+y1 sin a 

[ 
. 2 (1 1 )] J ( 2'11r2B ) d d 'dy' 

exp mr2 s + b+yl s:in a Q b+yl sin a r2 r2 xl l (1.27) 

The intet;ral vrl.t h respect to r 2 i J of a kind >v!.üch leads t o a Lomme l 

function17• The reduction of 3evera1 integr n.ls of tLi s t :~Je is c;iven in 

Appendix II. Accordiü:::;ly, 

Fmo (0) = - :; exp( 2ci(s+b~1f(:;~l,y]_) exp[2my]_ sin a + 'fTiB
2 

] (1.28) 
{J) b+yl sin a 

[k exp(-iA
2/4X)- (iv1 (t,w)/2X:) exp(iXc

2
)] dx]_dJr:l_· 

2 
A A = 

2
'ir:.:3 X = "•'·· [ 1/s + 

1 
] ;..nere t = 2Xc , w = c. b 1 • , b 1 • +y1 Sln a +y

1 
s::Ln a 

\v
1

(t,vr) = ll
1

(t,w) + i V
0

(t,v•) 

and Vo(t,\-:) = Jo(w) - (I)2 J2(v:) + (I)4 J4 (w) ••••••• 

V1(t,w) = (I) J1(vr)- (I)3 J3(w) + (~) 5 J5(w) ••••••• 

The fi rs t terï:il of (1.28) is independent of c and represents t he un­

rnutilated field . 'l'he exponent A
2/4XmaJ be exp<'.:.nded and f or s))b it gives, 

F(o) • - i exp(2m(s+b~ S [r(x]_,YiJf(s+b+yl_ sin o.)] exp[2rriyl_ sin a + XiB
2;s] 

(1) <ix]_ dyi (1.29) 

The reversal of si ~!,YlS from ti1e previous form (1.5) can be attributed 

ta t he f act that a he..s been chosen s o that t he positive Y' direction turns 

av1ay from the axis of the aperture. 

The mutilation ,e(o), ma;r be written 
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e(o) = F (0 ) - i(U) 
mo 

= exp~ni(s+b) + cic
2
/s] 1/(xJ_,y:I._) \·:1 (t,w)/(s+b+y]_ sin a ) 

exp[m [ 2yi_ sin a + (B
2 

+c
2

)/(b+;>ri_ sin a) J] dx)_dY:l. (1.30) 

Eç_uation (1.30) is. the startin:; point lor pradically all of t he 

com)utations •\hich have been made. I t expresses the mutil ation i n terms 

of a single int egral over the aperture or surface of t he raà.iator wi th no 

restriction as to t he shape of this surface provided it is planar. 

The related problem of fixed source and variable field poi nt is of 

s ome interest. It has not be en :Jossible to obtain a general formula 

correspondin:::; to (1.30). If, hm·1ever, the aperture function is specialized 

to f(x:I.,y]_) = 1, a solution is possible. 'l'hen vlit h a = 0, G (y) = 0 for 
mn 

n = o, and , 

G (y) = 4·rl exp[-2mb v l-I] r(l,r r:xp[2mb y l-~~ 
mo Jo o Jo . 

J0 (2~r1~)J0(2~2~)J0 (2~r2y) ~r1r2d~dr2dr1 
= -(2<0./b)exp('llib-(2) 11:xp [<m/b)(r1

2 +r } l) J 
0 

(2'flr1r /b)J 
0 

(2= 2y) 
0 0 

dr1dr2 

Using t he resv.lts of Appendix II the integration in r 1 may be performed, 

Gm
0

(y) = ~i exp(cia
2
/b + ~ib~) ~:xp(~ir~/b)[u1 (t ,w)-iU2 (t,w8 

J0 (2~r2Y) r
2

dr 2 

t ) t)3 ) t)5 ( ) Mlere u1 (t,w) ~ (;)J1 (w - C; J3(w + C; J
5 

w •••••••••• 

t 2 t4 t6 ) u2(t,w) C;) J2(w) - C;) J4Cw) + C;) J 6(w •••••••• 

t ~ 2~a2/b ; w = 2~ar2/b 
Therefore 1 

um (y) ~ 2·r./R exp[2'f!iR + -nia
2 
/b + mb~] 

~:xp(mr;/b)[u1 (t,w)- iU2 (t,w)]J
0
(2=2Yl r2dr 2 

(1.31) 

One computation based on (1.31) is presented in Appendix III. 
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4. A detailed treatment of Eq. (1.30) to reduce it to a form suitable 

for COI:tputation is [;i ven in Appendix III. T'ne present section is a 

survey v.1üch is intend2d to be a pre.tace to Chapters III e11d IV. It is 

there ap) lied to ~lorns and parab<:_>loids and COJili)é.rison is n.ade with e:x:peri-

rre ut. 

The integrand of (1.30) contains the Lommel function ~v1 (v;,t). 'l,he 

arguL~ent, w, is large so that the function oscillates rapidly, and it 

del)ends in a conplicated >~;>· on x]_ and Yl.• It is apparent tbat the major 

difficulty centerB around this function. ;.. transformation to new variables 

(Z;t) is introduced vmere Z ,. bw/2'TTc. (Z has no connec ti on wi tb the 

previousl;y defined co-ordinate J~rstern.) '.i.'his transformation introduces 

ne>v tenns and con1,_olicates exis ting cnes. i3ut the Lonnnel function can be 

integrated and the wLole reduced to a ma.naceable sucrraation. 
, ' 1 

ior a.,. 0, (Z,t) is identical•rith the polar co-ordinates (r
1

,<1
1
). 

\Vith increase in Œ the t1,ro sets of variables become increasingly different. 

J.~evertheless, it i s a useful concept to regard (Z, T) as re.d.ial and polar 

co-ordinates over a slit;htly distorted aperture. (1.30) i s shovm to 

reduce to a series of integrals of which the dominant one is, 

r
1 

= K ( f(z;r) exp(iD) 1v
1 

(t
0

,w) ZdZd r .. . . . . . . . . .. . (1.32) 
Jw 

It is possible to put f(Z,,)exp(iD) equal to one or l~ore terms of the 

form f
1 

(Z)exp(iQ) cos nT, vlhere, 

Q = :tviZ
2 
/2 + LZ sin!"+ NZ cos t' - RZ

2 
cos 2't' 

J'n(Z) is defined by the equation, 

§ e:xp(iç} cos "'1:' d 1:' ~ 2:rrfo (Z)e:xp (i1IZ
2 
/2) 

This .:;ives, 

(1.33) 

(1.34) 
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I
1

(n) = 2·n K (( fl(n) (Z)exp(Hrz2/2) J (Z) H
1 

(t , w) ZdZ 
j,, 1 tfn o d''/ 

= b(s+b) K ( f (n) (Z)exp(ii.viZ2/2) ~ (Z) ~ d>v 
s J(t) 1 rn dw 

where I1 =Ii+ IÏ + •.••. 

;l'his may be re.placed by the equivalent SUiilllJ.ation, 

I
1 

(n) = b s:c a exp [ m[2(s+b) + c2 (1/s + 1/b)J} 
Lf

1
(n) (Z. )t (Z. )exp(iNZ

2 /2) o~v2 . 1 n 1 
(1.35) 

c. 
vhere t:1e va.lue of the cons tant K has been inserted. 

The summation is then over a nu.mb3r of zones, that is, regions of 

appro.xiJ!l.ately constant z. The 7: intec;raticn •vi thin a zone is gi ven in (1 • .34). 

f is e qual to i~rr 
0 

for inner zones but split s up into a nu"''ber of r egions 

of integra ti on for outer zones ï•rhich eut the z, r perimet er. It will be 

noted t hat the transformati on deforrns the phys i cal ~1erimeter of t Le 

radia tor. The zones and the defonnation of ~erimeter are shovm in Fig . 7. 

'l'he t' inte,cr a tion yields Jn(z). o~v2 is r eadily obtained by 

series s u..1tnation . ·-rr-:e fina l oper a.tion i s t o add up all of the individual 

complex ter:;JS gr a)hicall:r on the drawint; board . Such smun..?.tions are 

s ;w-vm in .i:"ig . g ( sta.rtin~ at C and follo<r.in ::; t he arrows ) for t hree 

va lues of a. The c:uantities which de.oend on the indi vidual aperture 

function are the l 1,L, N, R (Eq. L JJ ). li:.xamples are .;i ven in ii.p~endix 

III and ...;hapter III. 
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'l'he ex}eriHental p&rt OI~ t ile present ~;ork consi3ted essentiil.ly in 

recordin~ t he )m-,rer pe.tterns of a ntliïiber of' microvrave antennas. 3uch 

patterns can be ta.ken in the fol lm·Jing way . 'l'he antenna i s mounted on a 

turntable and suitably connected to t he source of po,,rer and t he necessary 

auxiliary ap_Jaratus. The recei ver is sui'.r_·_ciently rer,iote to ensure t hat 

tlie distance from any point in the transm.i t t in2; aperture to any point in 

the receivin,:.:; aperture does not vary any ùtore tban a small f r action of a 

v.rave-length. Tha site an'd elevation of t he D.j_)j,;aratus must be such t hat 

the received power is not I:lodified b;>r reflection frœrr obst acles or the 

;:; round. The patter-1.1 is a braph of the recei ved pouer as a function of 

t.r'e angle tL.rough V>Jiüch the trans:m.itter is rotat ed. 

}iutilated patte r ns vrere obtained i n t his imresti Gation simply by 

interposing a specially cons tructed diffraction screen between transmitter 

and receiver. The s creen containin.c; the mutilating aperture was rit;idly 

i nstalled on t he r oof of t he ~~aton Electronics Research Laborator~r, and 

the transmitting equipment ~vas set up before it in the desired position. 

The receive r 1ru.s loc:ated on the roo f or' the EcGill tiniversity Biol ogy 

Buildine; at a distance o f 250 f eet. Photo:"' r aphs oi' the ap;_1aratus are 

sh mvn in Fi gs . 3 t o 6. 

The section 1rliüch fol lows contains a detailed account of t he site, 

t he s creen, and other apparatus . Consiè.era tion is z;iven, in the nGxt 

s ection, to the transmit ting antennas, and t o the experimental procedure 

used in their measurement. ?inally, there is some di s cuss ion of the 

patterns themselves ,.Q.th particul ar r e fe r ence to the conditions of measure­

rnent a.nd the precision attained . 
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l. The Site and il.pparatus: The transcitter-r<'!ceiver site vlaS 

chosen so tl12.t t!1e EJain lobe of l:-he r e eciver pattern ',vo.s unobstructed by 

roof obstacles, trees, etc. Tests were uD.de in t he vicinitJ" of both trans­

mitter and receiver b~ placing scatterers or absorbers near points viThich 

could be suspected oi' reflectin5 secoridar~y radict i on into the receivin.§; 

paraboloid. These v.rere all ne:;ative. ï;Jr1en a horn under test was turned 

over a verJ :3li,;ht cban;e in the asym.ïtetry of the pattern 1-vas observed; 

however, r'urther investi._:;ation i n tbis re;~a.rà uas jud;;ed to be unnecessary. 

The sitin,; distance of 250 feet corresponded to a phase shift of 30° 

across the l a r t;est aperture. iormulas v.rere obtained in such a i'orm t!:lat 

co:~rections for fini te distance could be ,,Jade and t his vw.s done in sorne 

cases. Fit;;. 6 is a }lhotog raph s hovd.ng trans mitter, receiver, and screen. 

The function of the dif.fre.ction screen Nas to ;:>rovide a conducting 

st:ri'ace of considerable extent, and to su,))Ort the apertures. It approached 

the ideal of an infini te s cre en: the 'JO'\ver vra s not 11easurable '\.-r.i.. t h t he 

mutilatin:: aperture closed. The screen was designed to have a minimum of 

framework in the vicinity of the aperture consis tent >-r.i..th mechanical 

strength. It extended a rüni mum of ? feet i n all directions f rori.l the 

centre of the aperture, except dmmward, vrhere a co ~J ~)er parapet provided 

adec...uate s creeni n ,::; . 'l'he s creen its elf consis t ed of t1.,..o layers of fine 

copper mesh. 

The screen >va s placed parallel t o the s i de oi' the building 2!1d 

1Jositioned (.!, 6 in) so triélt the r eceiver was on the perpendi cula r line 

throush t he centre of the aperture . The c entres of receiver, mut ilati ng 

aperture and t ransnù s t er ~ .J'erG at t he s ai:le horizontal l evel ( + l in). A 

trans it was l evelled on the t ur ntable and t he t urntable axis adj us t ed to 

the vertica l so th~t the t ransit did not change on rotat i on. A carpent er's 
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l cvel \vas used for fiyj_nj; the clil_'f r action s creen to a vertical position, 

and i').lso for adjusting the face o:i:' the ra.diators to vertical. The cent re 

of t,(, e :L'ace of' the radiato:;.' ï-:as brou~ht t o a po~3i :- ion on the axis of 

r otation oi ' the turntable to Hithin l/8 inch. 

The apertures vrere made f rom r/12 cf;J;e D. & s. (0.080 11 ) sheet ..,.., 

alurninum. It \vas necessary to eut the 40 \·'IS.Ve-lenr;th and 35 wave-

len;:-;th aperture s each in t~\'0 1Ji eces e.nd fa s t en them to,·;ether wi th 

screws. thei r outsiG.e di men sion f it ted t he 5 foot squar e -wuoden frame-

Hork. 'I'h 3 othe r apertur es He:;_~e ;nade in or..e )ieee. Tho se of 25 wave-len.:;ths 

and 30 wave-lengths, t:ri V1 outside dimensions 4 foot S(:w:;re, Here screwed 

to the 35 . ave-length aperture. The smllest apertures of 15 and 20 ;·rave-

lengths \ve re screwed to the 25 \vave-len~;th aperture. The circular hales 

VJere savm and finished to i-Ii thin 1/2 mm (0 .016 wave-lenzths ). ::Jcreen, 

a?erture, and transni '~tin.:; as s embl3r are shovm in ~'iz;. 4. 

PoHer for trans :.û ssion :,ras z;enerat ed by a Varian Xl3 klystron which 

\'f~S s ~~ua.re ':.rave modul ated at a~-\ >roxL:J.atel:r 1000 c,y-c les per second. 

Accessor~r tuner, flap attenuator s , and vw.ve :r.eter are s~w n in Fig . 3. 

The transrdttini,:; antenna 'Iras conne cted to tLis assei·lbl:r t:~ouch a turn-

tabl e capable oi' 360° rotati on . ~tandéè.rd X-band. guide vl2.S used except 

in ~he -::,~ ~rntable ïJhere circula.r- .::;uicJ.e is r equired l'or ':le cha..."lica.l reasons 

and the u sual rouplings rnade t o the r ectru1,;ul.:'::.r s uide. 

'l'he rnic ro\·mve sic;nal v:as received b~r a pa::-aboloid of 30 inches dia-

rueter placed on the axis of the aperture. It vias then carrhd, via a 

C:.ouble dipole feed o f standard des i t,n
18

, to a 3perry Type 821 bolometer 

for detection. The bolo:neter has less sensitivit;y than a crystal detecter, 

but is a ccuratel y s quare la1v over a large r an;;e of incident poï.ver and, 

t i:erei'or e , è.oes not require calibrat ion . '.Che audio sit:;nal vras fed to a 

ba :,tery operated am~11ifier es.._Jecially des igned l'or pattern measurements
19• 
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This })re-a.üplifier v1hich 8hi)lo3rs a. tuned inverse feed-ba.ck circuit, ;;vas 

linea.r over a lar,;e ran::;e oi.' si.:; na.l stren::;ths. It .nad a. noise input of 

2 X 10-7 volts, and i ts volta~e ;~ain was severa.l thousand v;hen its output 

\'.'aS connected to t he 300 feet of cable returnin,:; the sit;nal to the 

:Sa ton Labora.tory for recordi nc:; . 'l'he ef:f.'ect oi' noise induced in t he cable 

wa.s eli:r.>.ina.ted b;y use of s. bala.nced line and by the :;;re-aJ:lplifica.tion . 

The a.m~Jlifie:r hea.ters and bolometer batter y \'JBre turned on b;;r a relay 

'\1/hose swi teh >·ms located in the penthouse of t he L:aton Labora.tory along 

'!."'Î th the recorder, kl:rstron 1;)0 1,;er supply, and other eu_uipmeEt l'or t be 

control of the a;.>)ara.tus. 

The :recorder us ed was an i;.irborne Instruments H.ectan.:;ular Recorder, 

Type 373-4. It included vrlthi n its a.ssembly a. high .:;ain selective 

amplifier having a band v.Jidth of 40 eps and a. rated noi se input of 3 X 10-B 

volts . A variable GR audio frequency attenuator preceded the input to 

this am:)lirïer t o reduce the signal to an ap) ropriate level. The re-

corder proper gave a direct indication of po1:1er 1;Ji th decibels plotted on 

a linear scale . 'l'he ch2rt ad vance was coup led to the rok.ti on of the 

turntable b~ means of a dual 3els;vn s:rstem. This t:~ermitted the choice of 

three chart advance speeds . 
0 

!-Iovrever only one, 20 inches for 60 of 

rotation, \•12.8 used. The turnta.ble viaS po-.·,ered by a D.C. motor which v:as 

amplid;yne control l ed , and, tb..erei'ore, capable of close adjustr.1ent. 

2. The 'fransmi ttinc; Jilltennas and :O:::.:'fperimental Procedure: Complete 

sets of !)atterns (exce;Jt for c = 20) vTere t e.ken for t hree horns ,,lhose 

dimensions are ~_;iven in Chapter III. All horns we re cons·cructed from 

sheet cop9er. 
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Complete meo.:::;urc!:lents >vere obtained for a series of para.boloids 

all havint; focal leü:;th e c:ual to one-quarter the diameter. 'l'he feed 

was or' the Sélin.e double di pole design as was used i n the r ocei ver. The 

l4 inch paraboloid v1as made from spun CO);;er, and the others, of dia'lleters 

12 inches, 18 inches, 24 inches, and 30 inches, from spun alu.rninwn. 

'.Che homs anà. l4 i nch pare.baloid •vere mounted on a wooden support 

and could be adjusted horizontall;y and vertically. Impre6nated wooden 

frames were attacheè. to tl:.e other paratoloicis and t he3e coulè. be bolted 

to a uni vers al nount vmich contained the feed. 'l'he nou~t per.!n.i tted 

rot&. ti on and longitudinal displacemen t of the feed, but vias closely ma.chined 

from heavy stock to iJrevent lateral mction. 

Patterns of wave :;uide nouth and of back r .diation from the feed 

were obtained. /or these mea surernents, in ••bich r adiation proceeded 

backward as 1·1ell as for,-,ard , the 1n.ount -vms covered b~r pads of an absorbing 

material. 

The ldystron vms tuned .i'or maximw:rt si ?:nal. The recû vln.; paraboloid 

Wd.S orieuted and its f eed adjusted for maximum si :.;nal. Transüùc,tint; para­

boloids ',vere also focussed for ~na:;d.mu!'l si:;nal. 'l'he transmission -.;;ave-

l enc:;th was ) .20 :_ O.Cü cm, based on a PRD standard ;-;ave meter. In all 

measurement s o.f mutilat::od ~.)atterns 5 to 10 db oi' ;;dcrowave attenuation was 

inserted to )revent coupling between klystron and the dii'fr action screen. 

Otherwise the s creen could concei vabl;y- c!lar:t-.-oe the out ;_Jut irüpeda..>"lce of the 

Klystron by an amount su::_'ficient tc affect i ts .~m·.•er out}ut. 

The linearity of the pre-a;n)li.i.'ier vns tested b~r in3ertin,s 15 db of 

wicroVJave attenuation and rais inL, the si,~na.l to the r ecorder to the 

orisinal level bJ means ci' t he a.f. attenuator . The J.Jattern renained 
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unchc.n;ed . 'l'he lineé:.ri t;y of the rec crder wa.s sü'lilarl~c checked by 

leavin.::; t he a.f. attenuation unchan;ed. 

'.i.'he monitorins of the a:? ::aratus Kas not thought to b0 feasible. 

Not onl:r was sorne of the apparat us remote, but, to be fully useful, a 

monitor would have to Jrovide a stable reference over a ,Jer:i.od of several 

weeks accurs.te to 0.1 db. Such a E'Dnitor vrould be extrec el;;r helpful in 

the int er)~etation of mutilated patterns. 

3. Patterns, Unmutilateci and =~uti lated: The recordin; of patterns 

on a decibel scale tends to e:nphasize the details of their side structure. 

lteference to Figs. JO to 31 vnll illustra te this variety of detëü l for 

bath horn and ~Jaral'oloid patterns; and in Chapter EI it will be rel.ated 

to '3. variation of aiü:;üitude and phase in the anterma aperture. 

The field of all antennas is aff'ected by at least some as;:;rffi!,tetry, 

t h i s bei n.; a pro ~.:erty of the radiator construction. For horns this is 

nor::.ia:Lly s'1all and the avera; eè< ,:Jattern can be related to a syrrunetric 

aperture function. Paraboloids are sensitive to the _Josi tioning of the 

feed, 2.nd especiall:r to i ts lateral dis ~Jlac e:-,1ent 11hich introduces a marked 

as~'1m,etr;'{ . In the case of mutilated patterns pro;oer centerin; and align­

ment are :iJn)ortant and, il' not i:ïaintained, v;ill lead to i 'urther as='l'nmetry. 

i~oise in the am~'Jlifiers, etc limi ts the observable po,;er ran;e. 

'l'his ran,;e varied from over 40 db for the larger para'coloids to about 

20 db for 1vave guide mouth, and was correspondir1;:;ly less -when transmission 

pm-rer Vv3.S red~ced by microwave attenuation. rà..rever, no radiator for 

wl1ich calcula ti ons ï·rere cne.de had an ei'fe cti ve ran;;e of les s th an 3 5 db 

even v.rhen so attcnuated. 
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An estima te of the error of measur~;T!i.ent depends on the type of 

pattern under revie~: , and the basis of COJ:èp<".rison . It is believed 

that pmfer levels are accurat e to •l'Ji thin 0 . 2 db on the upper ~ortion 

of the ffiê.in lobe and to v:i chin O. 5 db elsevrtere, except •·1here the ant enna 

was altered by dis;;untlinc; and reas semblin.s . 'l'wo patterns talœn in a 

set, v.':i.thin an !1our of ea ch other , would t;enerall;y dii'fer b;;• less than 

h~lf t he er r er S.:Jec:i.fied a bove. Errors vihich resulted from di smant ling 

and reasser4bling were more serious. The se vrere so:11etimes observable 

even \·li t h careful alignment and mounts of r :i.gid construction. A con­

siderable number of 1)attems '.·;-as taken throu,:;r~ the 5 f oot square hale 

provided 'o;r the frame~vork of the screen . /ro;~1 ob3ervation of a ser ies 

of the se i t ïvas concluded t ba t theJ dilfer .:.'rom the unrautilated patterns 

by a ne~l:i.;:;ible amount even at lar .:;e angles. Therefore , s one paraholoid 

patte r ns v1e~ ·e compar ed -wit~-~ t hose taiœn throui;h the 5 foot opening . The 

latter coul d be taken iur;lediately, while the i'ree space pat terns Nere 

necessarily dela.Jed . 
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Fig. 3 Microwave Assembly 

Fig. 5 Recei ·•er 

Fig. 4 Transmitter and Screen 

Fig. 6 Transmitter, Screen, 
and Rece~ver 
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III. i-lCltN.i AND 'dA V::. :.RJID::~ Eüù'fii. 

The present ~hal)ter is concerned l.2.r;_;el~r ';..ritL ÜJ.e deto.ils of horn 

calculations, first of the u, ·!ffiutilated pattern, and, fiwüly, for the 

mutilati on. ikpresenta.tive horn ~)atterns are sho1·m in ?igs. 10 to 19. 

'l'he concludin; section ;];ives a descriptive account of horn patterns and 

their mutilation. 

1. The Unmutilated .i?attern: It is necessarJ to lmow both the r:1ag-

nitude and phase of the un:::utilated i'ie::..d in arder to ap·ùy the ;r..ethods 

of Ap?endix III. The Ll.at_nitude is readily obtained from the measured 

pattern, but the phase ce.n be deter.uined only by a complete calculation. 

A horn is af'lared wave suide which has been tercinated in free 

space after a certain distance. 'l'he radial functi on for such a system 

is a Hankel f1.mction, the arE,u.ment of >vhich is large for a horn of con-

. d bl 1..- • h ' tl th 'll ' ikf d' l h Sl era e ens c. .• 'v onse ,::ue n · y, ore Wl oe an e ra la p ase 

term, and one may treat the radiation at the mout!' of the horn as though 

it ori;inated at a ~)oint in the throat. 'l'he lateral variation of field 

will depend on the horn ;nodes. It >-;ill be assumed that all modes other 

tban ·m
01 

have been com;ùetel:r attenuated. Therefore the field function 

at the mouth of a s cluare horn of side a is, 

exp[ 2'fTi(p-qJ] cos (11yl/a) 

and exp [ 2'JTi ( p-q)] cos ( 'f1ltJI a) 

-vmere c.;_ is the length oi' tl:.e 

is assumed small one may put 

for H-plane 

for E-plane 

a..xis, Since t he fla re an~le 

• Hov-1ever, q di l'f ers slic:;htly 

in E and H plane, so the final form of the aperture function will be 

;-.rrit t en, 
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exp [mCxj_2/qz + Y]_2/qH)J cos (cy]_/a) 

exp [d(xj_2 
/qH + y]_2 /c~)J cos ('1-;>cl_/a) 

fo r i-l-Plane} _ 

for E-Plane 

The field at a distant :_Joint i s obtaüted by substituting in (1.29) 

vd th a:p_)r oY-i:aations a.p) ropriate to s)) y]_, 

FH(o) == -(i/(s+b))exp[2'11i( s+b~J'fL(:~[ni(xJ_2/Az+y]_2/AH) + 2'Tliy]_ sin a] 
--tJ% 

in H-,plane, and 

F~(O) = -(i/s+b)exp 
~ 

cos (cy]_/a) dx]_dy]_ 

in :S-plane, 1mere 1/A = 1/s + 1/q . 

Inte::;ration leads to, 

FH(O) = -i~ exp[21li(s+b)] (G+iô) O rexp 8--r.i/2)(51;&2)21~G+id) O+ô +5 

(3.1) 

2(s+b) EL J 1 2 
. • •••••• (3.2) 

+(G+i3) 5- 61-0J+exp [< --rri/2) ( ôl-O)j ~C+i3 ) 5+51-52 + (C+iS) 0-51 +02J] 

F. .. ,(o ) = -i ~I exp[2m(s+b)l exp l(-ci/2) ( o~ __ +ù~ )] H 
~ 2(s+b) ~ L ~ ~ 

[( C+iS) O+ 
51

+ ( G+ 13) 0-0 J [( C+i S) O+ O 
2
+ ( C+i3) 0- 0

2
] 

H . E •.•••••••• (3.3) 

where ô a =-; 
V2A 

sin a; 

and C + i0 :î..s the ~·resne1 inte,ç,;r 2.l Hith a r gwilent eque.1 t o the indicated 

subscript . 

It :-,as b ·:en noted above thet (1. 29) contains no inclination facto'r. 

Ther e would be s Œn.e justificc:.tion for the (1 + cos a:)/2 factor in the 

case of the horn pr ovided the t e rmination at the rnouth did not affect 

the fie lds . 3uch an ass U!uption se ems unwa r rented ; and i t vrould ap~1ear 

that wide angl e f ields cannot be obtained in an~l sii:!~J1e way. l'he 2-.-5 
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vra-ve-length horn wentioned below had a é!onsider able ampli tude at 90° in 

E-plane, in agreœnen t è.ri t L .)tr atton-:.;hu theor~' · But the Stra tton-Chu 

corl"ection ;.•roved to be contrary to obse rvation .t'or the 5 wave-length 

horn at internedi ate angles . :)in-:~e the inclination factor a f fects the 

intensit;;r and not the }hase i t is of no i ;-:l)Ortance in t he pres ent work. 

i·~utilations uere referred t c the observed inten:::;i t~r :.rhere it differed 

sicnificantly from t he calculated value. 

2. The :-Iorn lfutil.ation: The aperture fu..'l.ction (3.1) must be written 

in e;ç)onential form. Then, 

f(Z,'t)exp(iD) = l/2(exp(i~' + exp(i-.;11 )) 

Applying the trru1s.f'ormati on (A3 .1) lea.d.s to the following values of the 

quanti ti es in (..'>.3 .3) • 

E-PlBlle 

~· = ~· ~r~ + ! + [ ~ + ~q-2c:3 J tan
2 

a J 
1 1 = 211 tan a. r 1 - c

2 
+ z2 

+ z2 
sec

2 
a. + -~-1 

1 2b
2 

2b
2 

bq 2baJ 

[ 
2 z2 z2 2 n ] 

].11 = 2'11 t an a. l - ~ + - + - sec a - 2!_. 
2b~ 2b2 bq 2ba 

2 2 
1~ , = :!:!. ., 211 Z t an a ( 1 __ c _ ) 

a b 2b2 

11 211 Z t an
2 

a. c
2 

) N11 =--- (1--
~ t an 2 a. b 2 l 2b2 

R ,.. 2 c& + q:> 

H-P1ane 

~il [ 1 1 2 1 
2 

2 a. + tan a. sec a] 2='11 ~+~+ (- +-- _c -) tan 
b 2q 2b~ a b 

w• [ 1 1 2 1 
2 2 t an a. s ec a] -='!T -+-+ (-:- + - - _c -) tan a. -

2 b q b 2q 2b3 ab 
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[l 

2 
2 2 2 J L' = 211 tan a c Z Z sec a 11 sec a 

-- + --+ + 
2b

2 2 
2~ 2bq 2 ] a 

a [ l 
2 

L" 211 tan c Z 
2 

+ Z sec a _ 11 sec a --+ 
2b2 

2b bq a 

2,nz 
[ tan

2 2 :tan '"] j\JI a (1 - _c_) + a. sec 
= -

b 2b
2 

2a 

2'fïZ 
[ tan

2 
Œ (l 

2 tan '"] N" _c_) a. sec = 
b 2b

2 
2a 

tan 
2 2 1 

R 
1T a (~ + -) = 

2 b3 q 

It is pen..üssib1e to put H. = 0 in ail cases. It w-111 be s een that 

usually N1 ; N11 :: 0 and i':i 1 ,: N11 in H-plane. Data she:;ts can be set up 
' 

in a strai~htforviard aanner i:'or each value of a. 

The major difficu1ty arises in dcalint; with the partial zones . It 

i s neces sa.ry to obtain f 
0 

(Z) = l/2rr f eiTZ sin ('Z'+e:) dl' where T2 = 

L
2 

+ N
2 

and tan 8 = H/1. It v-lill be s een i'rom Fig . 7 that the intec;ra1 

is in four _:}ar ts and tha ·l:, t he rar1t;e of inte_;r ation i s determined f r om 

tr:e int e r sections of the zones wi th t he Z, 7:' perüteter, takin; account of 

the angular àisplace:.1ent e:. .~valuation can be perfor!Iled by planimeter 

usin,_; curves of cos (TZ sin x) and sin (TZ sin x), and can include the 

four pa rts in one ope r é'.t i on . ~urves we r e prep :::. red lor inte6ral values 

of 'I'Z ran~in,s f r oüt ü to 21, and interpolation made a s reç_uired f or the 

.Jarticular v2 lue of TZ. 

3. Dis cus si on of the Ca1cu1ation : The dimens ions of the t hree 

horns used in this Ji.;ork a re presented in Table I. The 10À and 5À horns 

were the Saine as pr eviousl y us ed b;y -,.roonton for mutil2.tion by a reet-

angular a:Jerture and des i 6nated4 respe ctively AIU8;.ŒJ and AN4'l'iüi'J . 



Hom ;il (JUU81·JON) 

I{orn 71;2 ( .A.N4dON) 

Hor n ïf3 
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Tld3lli I 

él. 

10 

5 

2-1/2 

r:orn Dimens i ons. 

% qH 

30 . 68 32.00 

31.08 33 . 92 

18 .8 21.6 

s = 2380 

Patter ns Here taLen for each .horn in B- plane and r{- pl ane vlith a 

r an; e of uutila.tin,:_; D.pcr tu:ce var~·inc; frou c = 7-l/2 t o c = 17-1/2 . 

Coa1_?arison ol so;1e oZ tbe :, e patterns witt the uru:mtilated patter n i s 

exhibited in :t<'i .:,;s . 10 to 1 9 . lor t hose patterns wher e computat ions 

!>ave be en n,ade , t he co: .~puted value 1-.ras assw:teà to be corr ect at a = 0 , 

ai."ld t he patterns displaced accordill~l~'· Oti:::e r ,·lis e t he patterns have 

been u.ad3 to coincide a t a. = O. 

The un:nutil a ted afll;Jli t ude and ) hase have be en cal cula t ed f r om 

fom,ul as (3 . 2 ) ,md (3 . 3 ) and a r e ~resenced in ~'ables II and III . 
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".LABill Il Horn rll ~ fu''US\·iCN) 

E-plane :ii:-plane E-plane H-plane fi-plane H-plane 
a Db dmm Db dovm Phase Db dovm Db dawn Phase 

~Deg) cale. Obs. ~Deg2 cale. Obs . (D~ 
0 0 0 -19 0 0 -19 

2.5 1.9 1.8 -33 1.2 1.3 -25 

5 4.6 4.4 -82 4.3 4. 6 -44 

7.5 5.1 5.0 -126 8.7 8.9 -82 

10 10.0 9.6 -171 12.0 12.3 -124 

12.5 12.1 12.1 - 255 17.1 17.4 -172 

15 13.1 12.9 - 298 21.3 21.6 - 236 

17.5 19.9 19.2 -384 23.9 23.9 -295 

20 16.5 16.6 - 457 29.0 29.4 -358 

22.5 21.8 21.8 - 498 30.2 30.5 -438 

25 21.2 22.0 - 619 31.7 33 .6 -486 

'i'ABŒ III Horn i/2 ~AN~i·lON l 
E-plane E-plane S-plane Ii-plane H-plane H-plane 

0:.· Db down Db dO';ffi Phase Db do~"il1 Db dawn Phase 
(Dcig) cale Obs . (Deg) cale. Obs. (Degl 

0 0 0 -71 0 0 -71 

5 2.8 2.8 - 75 1.5 1.5 -72 

10 11+.4 14.2 -109 6. 4 6.4 - 86 

15 12.7 13.0 -219 17.4 16.7 -107 

20 16.3 17.9 -240 22.0 22. 4 -207 

25 23.5 20. 9 -383 24.3 24. 5 - 237 

30 17.4 17.6 -409 40.1 37. 7 - 325 

35 28. 2 28.8 -429 30.1 32.3 - 404 
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Cal cul a ti ons viere made as fo l lov;s : 

Iiorn ill: 
rtan'' " b~ of 

c Com .. mtat ion iJZ 

:C- pl ane 10 CL 0 to a = 25° 1 

;J 12. 5 a = 0 to a = 10° 1 

Il 15 a = 0 to a = 10° 1 

Il 17. 5 a, = 0 t o a = 25° 1 

i-I- pl ane 10 a. = 0 to a = 25° 1 

Il 17. 5 a = 0 to (~ 25° 1 

Hor n ,{2 : 

ii:- plane 10 u= 0 t o a, 30° 1/2 

10 a = O·to Ci. = 30° 1/2 

The computations at c = 17. 5 used a number ol short-cuts . The 

square periphery of the horn W2.3 repl aced by an e~uivalent circle of 

r adius 5. 7. Also sœ:te of the t cr1ù.S in the e:x;_ore ssions for L, ~1, and N 

vlere l umped and given ap)roxiEia te values • 

.à gener al featur~ of the E!.utila ted pattern2 i s tbat they osci lla t e 

about the unmuti l ated . The nmnber of oscillations i s gr es.ter in :;:;- plane 

t han in l-I- plane , and the number also :Lncrea.ses vri ti1. ~ . '.I'llis behaviour 

can be ex)lained Ü1 s eui- ph:.·sical ter.ns . it.eference to '1\:lèües I and II 

sho>vs t hat the horn phases rotate in a clocb\d.se direction •·rith 

increasing cé. On the oUter band, reference to ii,~ . 8 will slwvl that 

t he mutilation phases r otate in a counter- cloch.-Nise direction, a trend 

\vhich i s fourd to bs ~~eneral. Jut in eacr1 case the rate of r otation 

is less in H- pla.11.e tha.n in ~~-plane . 

'l'he calculated points are seen to be in fair agr eenent wi th observ-
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ation in mo~Jt c:J.::>es . The factor s which can concei vably cause disagreement 

ma;/ be listed <::.s follovrs: 

(a) I:xperü:tental error as dis cu.Jsed in Chapter II. 

(b) rie,':;lect of integrals r2 , I3' etc. 

(c) The substit"..J_tion oi' SlliŒèation f'or intes ral in Bq. (A3.5) 

(d) l.;;rror in the calcubted value oi' )hase . 

(e) ~lcctroma,<:)letic pE:r·i:,urbc.tion as discuss ed in Chapter I. 

(f) The binomial ap) roxil!!.atiou leadin,:; to :Sq . (1.27). 

All factors tend to becoo:te increasin,:__ l~.- important ':ii th increasing 

a.. In addLion (f) is knov,n to be in3 i;-~ni:iïcant onl:' Hhen the field is 

ne _~ligible outside a relo:t:,i vel~/ sma.ll an:;l e about the axis of the mu ti lat-

ing aperture. c!othinc. of a c1uanti tat i ve ·nat ur8 can be said re garding 

(e). lteferrin;; to (1.20) t he ~nutil3.tion can be 1œiUen, 

e(ü) = const.J"'j:0 (~) exp[2cib Vl-B2 ]J0 (2=2~) Br2dSdr2 
e o 

If the the ory of stationar~r phase can be ap)lied. to this intec;ral, one 

i s b d to the '.::onclusion that the binomial al)~)roxi~.1ë.:üon bet;ins to break 

dO\>fn ..:·or ·.ralues of c/b grea ter t han about 1/3. ,;owever this theor:r for two 

. , 1 . b v v 20 t b - t . t. ' h th varl.ao es , as gl ven :l an r;aT.l) en , ap::x~ars o e ln Ul. l. ve rat._ er an 

ri:;orous, and its validi t y when ap ~üied outside i ts ph:: si cal context is 

not obvious. 

Sr;rors have be~m indi cat ed. in Figs . 16 and 17, ba sed on an error of 

+ 10% in tho magnitude oi' the rmtilation and an e rror of .:!:. 10? in the 

phase rel3.tion . '1he 5}. horn, to uhich r efer c;nce i s ~-:.ere .;\ade, has a 

)attern su:.:'iïcientl~r broad to c 2.~~t doubt on the validity of t i1e ca.lculati on. 

It 1·.d.ll be noted that agreement ior =~-plarte i s about a s i;ood as for any 

patte r n , but t hat a t;re•3nent i n li- plane is poor. 
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4. ~'fave Guide Nouth: Unmutilated wave guide mouth patterns are shown 

in Figs. 20 and 21. The mutilated patterns in the same figures are 

represented with levels at ~ = 0 as recorded. It is evident that this is 

an extreme case of mutilation. For illumination of the mutilating aperture 

by an isotropie point source on the axis, the Kirchhoff formula for distant 

axial field points can be integrated exactly, giving, 

u = u0 e:>q>(2nib{1 - 1/2(1 ·vb2:i •:>q>[2m.Wb2
•c

2 -b~J 
As c is increased great fluctuations in amplitude result. Even as c --.oc 

the power should still fluctuate over a range of 9.5 decibels. Observed 

power was in agreement wi th that predicted by Eq. (3 .4), except for c = 20, 

where the observed value was 4 db less than computed. 

No explanation has been offered for the ripples at the sides of the 

patterns. 

5. Horn Patterns and Their .Uutilation: The infinitely long horn 

has the characteristic slit patt erns with minima of zero intensity. Finite 

length, which introduces a phase term as discussed in Section 1, tends to 

fill in the minima. 'l'his process is readily observable in E-plane. In 

H-plane patterns the amplitude distribution combined with the phase term 

tends to eliminate the side lobes entirely. H-plane patterns are broader 

than those in E-plane near the axis, but the H-plane power becomes negli-

gible at a much smaller angle than in E-plane. 

The characteristic oscillation of mutilated pattern over unmutilated 

will be observed in the figur es shown, parti cularly in E-plane. The 

muti lat ions were not negligible with t he largest aperture used, viz., 35 

wave-lengths diameter. In E-plane they were 0.5 db, 2.4 db, and 7 db1 

for the lOÀ, 5A, and 2.5A horns, r espe ctively, at the beginning of the 
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first side lobe, and correspondingly larger at greater angles. In H-plane 

the qualitative features of the pattern seemed frequently to be more 

radically altered than in E-plane. No attempt v-ras made to calcul ate 

mutilations for the 2.5 wave-length horn. Its patterns all had a common 

feature: the main lobe was broadened. The aperture of 15 wave-lengths 

diameter produced large mutilations. For instance, the gain of the 10 

wavelength horn was increased 60% by interposing this aperture. 
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IV. PARABOLOIDS 

The present chapter is concerned largely vrith the details of para-

boloid ~alculation. First, a distant field function is derived. Then 

consideration is given to the calculation of the aperture function and 

of the mutilation. Representative paraboloid patterns are shm·m in Figs. 

22 to 31. The concluding section gives a descriptive account of_paraboloid 

patterns and their mutilation. 

1. The Unmutilated Pattern: The principal difficulty in the analysis 

of paraboloid patterns lies in the f act that their aperture function is 

unknown. Practical feeds do not conform to the ideal of a point source: 

hence an unpredictable ·phase error is introduced. The geometry of the 

reflector, as discussed in Appendix IV, suggests that the function will 

have the form, 

f (rl' 'ifl) = f= Am('•Vl) (;.J..2 + r2)-m pm (ri) 
1'\11:0 

where À is the focal length and P rn is a polynomial in r~. The indi vid-

ual terms, however, cannot be integrated. 

A paraboloid field should be symmetrical about two planes at right 

angles • . Hence, 

It follows that the aperture function can be expressed in the Fourier series, 

(4.1) 

There appeared to be sufficient reason for using the simplified expansion, 
oO 2 

S = ~a (r
1
/a) P (4.2) 

m L_ mp 

Th. f PO%"" b · t· f' d h · 1 d b th f d tt lS orm may e JUS l le on p yslca groun s ecause e ee pa ern 

has nearly circular symmetry near the axis, but depends increasingly on 

-~1 with displacement from the axis. Then, from (1.29) 
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F(O) = -i/(s+b) exp(2m(s+b)] r f(r1 , 1Jf1 )exp(2'11iyi sin a) r1dr1d~l J~, 
The relation between rectanc;ular and polar co-ordinates in the 

aperture depends on the plane of observation and will be given the 

following values:-

Yi = r 1 sin 'V1 

Yi = r 1 sin (~1 + 45°) 

Yi = r 1 sin (~1 + 90 ) 

in H-plane 

in 45°-plane 

in E-plane 

Integration with respect to ~l leads t~ 

FH(O) = ~ 21û/(s+b) exp[211i(s+b~L~0J0 (z) + s1J1 (z) 

+ s2J 2 (z) + s
3

J
3

(z) + ••••••• Jr
1
dr1 

in H-plane ~ 

F 45(o) • ~ 2'11i/(s+b) exp(2ni(s+b~I.~0J 0 
(z) ~ sl2(z) 

+ s4J 4(z) •••• ·]r1dr1 

in 45° -plane, and c~. 

FE(O) = - 2'11i/(s+b) exp[2ni(s+b~I.~0J 0 
(z) ~ s1J 1 (z) 

+ s2J 2(z) - 3
3

J
3

(z) ••••• ] r 1ct:r1 

in E-plane, where z = 2'11!'1 Bin a 

Substitution of (4.2) i nto the above equat i ons gives an elementary 

integr al for each term. Carrying out t he i ntegrations and using the 

recurrence relations \~ere necessary, t he following expressions for the 

distant f ield are obtained. 
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-2ma2 exPI2m(s+bj 
u(s+b) 

1 1 
+ ~o4 + ~o5 + • • • 

[ 
. . ] 

J1 (u) [ aoo + ~o1 + ~o2 

[
1 l 9 1 1 4 1 ] 

+ J3 - rol - ro2 - ~o3 + ail + ta'l2 + ~13 - ~o4 + ~14 + ••• 

[
1 2 l 1 5 l:j 5 

+ J 5 ~o2 - ~o4 - i:-12 - ?13 + 2r'14 +a22 + ta23 + r:24 ••• J 
[

1 1 1 1 l 1 b J 
+ J? - 20ao3-l5ao4 + 15a13 + ga-14- ~23 - Ï:24 + 8 34 + a33 

+ J9[ ~~5ao4 + &14 + ha24- ~34 + a44 + • l • • ] <4•3 ) 

F (O) • -2ma exp[2~i(s+b~ • 1 
E (s+b) u 

[
J 1 [ 8 oo + ~o1 + ~o2 + fao3 + ~o4 · · ] 

[
. 1 1 9 J.,_ 3 1 l ] 

+ J 3 -zao1 - ~o2 - 2Q8o3 - ~o4 - au - ~12 - ~13 .. ~14 • • · • 

[ 1 2 1 1 5 5 5 "'] + J 5 ~02 - Jô-o4 + ~12 + Tl3 - 2r14 + 8 22 + 5a23 + -rr24 

+ J9[ 1~5ao4- &14 + ha24 + ~4- a14 •• ....... ] + ••• J (4.4) 

F (O) = -2ma
2 eb}[2~(s+b~ • 1 

45 (s+b u 

[Jl (u) [ aoo + ~ol + ~o2 + tao3 + h4 + • • • • • • • • J 
+ J3(u)[- ~ol- ~02- ~o3- ~o4 ......... ] 

+ J5(u) [ iao2 - ?o4- a22 - ia-23 - ~24 • · • • • • • • •] 

[ 
1 l l l J 

+ J?(u) - ~03- l5ao4 + ~23 + za24 ••••••••• 

+ J9(u) [ 1~5ao4 - ha24 + a44 • • • • • • • ] + • • • • • J 
(4.5) 

where u • 2~a sin a. 

It is seen that each amplitude function has the form, 

F(O) = Co~st.~1(u) + bl
3

(u) + b
5
J

5
(u) + b

7
J

7
(u) + b

9
J

9
(u) + ···] (4.6) 

Eq. (4.6) suggests the · function which will gi ve the best agreement 
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with the measured power pattern provided the constants can be 

determ:i.ned. Any power pattern will be f:i.tted by the actual amplitude 

function and by its complex canjugate. The extent to which the ampli-

tude is indeterm:i.nate on the basis of the power pattern alone :i.s a 

question oî sorne doubt. If in fitting the pattern over a lim:i.ted region 

it is allowed to take an arbitrary number of terms of a series with no 

regard to their convergence, it may be shawn that the constants can be 

chosen with a large degree of arbitrariness. On the ether hand, if the 

amplitude function i s known to have the form (4.6) with coefficients b 
rn 

form:i.ng a convergent sequence, and if b
3 

is lmown, then an attempt to fit 

the succeeding coefficients with values ether than the correct cnes will 

result in a strong divergence. 

In fi tting Eq. (4. 6) to the 14" paraboloid patterns ail of the planes 

measured, viz., H-plane, E-plane, and 45°-plane, were taken into account. It 

0 happened that the E-plane and 45 -plane patterns were almost identical over 

the main lobe. Although the exactness of agreement in this case must be 

fortutitous, there was a ~arked tendency toward identity in the E and 45° 

patterns of all paraboloids for which measurerrents were taken. Reference 

to Eqs. (4.3), (4.4) 
45 H E 

b3 - l/2(b3 + b3) • 

Therefore, 

and 

and, 

Re(b~) = Re(b~) 

Im(b~) = -3Im(b~) 

(4.7) 

The measured pat te rn and (4. 7) make it possible to determine b3• 
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An i mports.nt ÙJ.e. t ure of t he expa.."lsion (4 o6) i:J novr a):;a.r ent : i f the 

c oeffic ients a r e of r easonable ;'Jagni tude the ter n.s be come efi'ecti va success-

i vel :y, and it is possi ble to fit the coefficie nt s in ar der , one at a tir·:e . 

It is tedious , but quib ]ossible , to deter rüne ~he constant s up t a and 

includin::; b
9

, and the proces s could :tresumably be continued. 

'l'he distant field forEmlas sa obtairJed 1·rere as follm·,rs : 

E-plane : 

~ [J
1

(u) + (0 . 81 + 0 . 25i) J
3

(u) + (0 .026 - 0 . 097i) J
5

(u) 

• 0 0 • 0 ] 

H-?lan e : 

~ [ J
1

(u) + (0.81- 0 .75i) J
3

(u) + (0 .10 + 0 . 39i) J
5

(u) 

+ (0.86 - 1.23i) J
7

(u) + (1.06 + 1.06i) J
9

(u ) + ~···] 

(4o8) 

(4. 9) 

Po-t·rer and Phase based on the se .formul as are "'i ven be1ow i n Table I V 

vti t h observed po;,·rer a l so indicat ed f or compar ison. The fore.;oing anal~;-sis 

is not ca._Jabl e of distint::illshing (4o 8 ) and (4o 9) f r om their complex conjugates . 

'1'he mutilati ons , as dis cussed be l ow, r equi r e t he forms given 
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'.l'ABu IV 1411 lJf1.~~{;-i50LC)ID 

E-plane E-plane E-plane I-i-plane H-plane I-i-plane 
a. Db Do•,m Db Down Phase Db Dovm Db Dovm. Phase 

(Der;) Cale. Obs . (Deg) Cale. Obs . (Deg) 

0 0 0 0 0 0 0 

1 0.3 0.3 0 0.3 0.3 -1 

2 1.3 1.3 1 1.3 1.2 -3 

3 2. 9 2. B 2 2.B 2.B -7 

4 5.3 5.4 5 5.2 5.0 -13 

5 B.B B.7 8 8.3 8.3 -22 

6 13.6 13.6 16 12.1 12.3 -37 

7 20.3 20.4 37 16.4 16. 7 -60 

B 25.0 24.3 94 20.5 20.5 - 94 

9 23.1 22 .8 128 23 . 5 22.B -12B 

10 22 . 4 22. 6 129 27.1 26.4 -15B 

11 23 .1 23.1 l lB 33 .8 33 . B -199 

12 23 .3 23 .1 9B 35 . 7 36. 6 -306 

13 23 . 0 22 . 9 81 29. 9 3ü.O - 34!3 

14 23 .1 2j . j 73 28 .1 2B. 6 -369 

15 24. 9 25 . 0 70 29.7 30.2 -390 

16 29. 9 28 . 5 75 34.0 34.8 -435 



-48-

2. The farabaloid i·:Utilation: 'l'he r:mtilation is civen b~r 

1 1 ? e(G) = bK~~fGZi) (Zfxp (iAZi -/2) ô 1,i2 
1 " 

lf.tlere L indicate:.:; the sur.;mation of tenns IJ. + IÏ + Iï' ..... a.s given 

in .tl.p)endix III. Defon.l.a:c,ion of periphery will not be t aken i nto 

s.ccount. Then for a.n::;le 3 not too :;re at, 

~;(z)Jf (Z) =[a
00 

+ a
01 

(Z/a)
2 

+ a02 (Z/a)4 
+ ••••••• JJ

0
(LZ) 

+ [ all (Z/a)2 

+ [ a22(Z/a) 4 

+ al2(Z/a)4 + al3(Z/a)6 + .••.• ]J/LZ) 

+ • • • • • 

6 8 
••.•. ] J

4
(LZ) + a

23
(Z/a) + a

24
(Z/a) + 

• . . . . . . . . . . 
in li-plane, vlith corr::J S)or.è.:..n~ ex.oressions in ::::-plane. 

eH(O) ~ bK [pooBooaoo + po [Bolaol~'o2ao2 + B;;3ao3' • • • • ·] 

+ Pl[ ~il all + pk au + 1313a13 + • • • • • • • ·] 

where 

+ . . . . . . . . . . . . . . . 
........ ·] 
. . . . . ] 

p i3 = L J (LZ) exp (HiZ2 /2) ovl2 00 00 0 

P0P02 L J 
0 

(LZ) (Z/a)4 exp(ihZ
2 
/2) ô:,t2 

P1 B11 = . ~ J 2 (LZ)(Zja) 2 exp(iHZ2 /2) ~M2 
. . . . . . . . . . . . . . . . . . ... 

'I'herefore, 

(4.10) 

(4. 11) 

It will be as su."r!.ed tr:a t t he !3' s are inde~:Jendent of CL. It i s found 

that , excluding 13 , this is a fairl~r :•;ood a o To:d.:Jatio:::l. Of t he 
00 

coefficient s , l3 , i3 
1

, [3 2 , e t c ., onbr their ratio is signi-m,m m,m+ m,m+ ~ 

ficant. Hence it will be convenient to talœ , 



and 

then 

and 

i3oo = 13o1 

~ a = h 
00 00 00 

~olaol ~ !3o2ao2 + 

~llall + 1312a12 + 
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~23 

. . . . . . 

. . . . . . 
= h 

0 

. . . . . . . . . . . . . . . . . . . . . . 

bK [Poo h oo + po ho + p 1 hl + ? 2h2 + • • ] ••••••• 

e,.., ( 0) = bK [ P h + P h - P1h1 + P2h2 - •• • ] • • • • • • 
~ 00 00 0 0 

(4.12) 

(4.13) 

Of th~ quanti ties ap~ :JeE,rinE in (4.13) and (L:-.14), b and K are knovm. 

'I'he pt s a r e com~Juteci by ::; raJhical inte:::;ration as di scussed in Ap~Jendix III, 

and the h 1s are constants re1ated to the aper ture function which must be 

chosen to fit the ;.mtila ted _)atterns. The _tJ0 3sibi . .iit~' of such a choice 

depends on the validity ol' the r!luti la.ti on theor~c, &'ld mor e particu1ar1y, 

on the validi t i of t he iJS.r aboloi è. aila.lysis . 

An esti;aate of the i3 1 s is r8adilJ obtainable . l'her efore , equations 

ma;{ be set u :o for the a 1 s , the const ants civini~ the a;_Jer ture f unction, 

pr ovided t he7 conver t;e proper1y. These eo,uations , i n ter .ms of experi-

ment a l ly deter r:d.ned ~uantities , are : 
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1 1 1 1 
aoo + ~ol + 3 ao2 + rao3 + ~o4+ •••• . . . . 
-1aol - ~o2 - z&ao3 - ~o4 • • • • • . . • • • • • 

. . . . . . . . . . . . 
1 1 1 1 

- 20ao3 - ~o4 - -ga-23 - 7:'24 . . . . . . . . . . . . 
• • • • • • • • • • • • 

= 

• • • • • • • • • • • • 

h 
00 

= 1 

bE + bH 
... 3 3 

2 

bE+ bH 
.. 5 5 

2 

E H 
= b7 + b7 

2 

E H 
... b9 + b9 

2 

... h 
0 

(4.15) 

a 44 + • . . h 
= 4 

and, 

ail + ta12 + ~13 + ~14 + 

1 1 5 
- ~12- ~13 + 2lal4 

• • • • • • • • • • • • • 

• • • • • • • • • • • • • • 

1 1 ? 
15al3 + ga14 + ga34 + a33 • • • • • • • • • • • • • 

• • • • • • • • • • • • • 

• • • • • • • • • • • • • • (4.16) 

A solution of these equations makes it possible to determine the constants 

for the 45°-plane pattern, thereby providing a check with observation. 

Another condition is imposed on the aperture function by taking 

observations with the paraboloid focussed for maximum signal strength. 
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This condition is expressed in the following equation, when the focal 

length equals a/2, 

lm [(1 - ln 2) a + (-1/2 + ln 2) a 1 + (5/6 - ln 2)a 2 00 0 0 

+ (-7/12 +ln 2)a
03 

+ (47/60- ln 2) a
04 

+ •••••••• ] = 0 (4.17) 

Eq. (4.17) is derived in appendix IV. 

3. Discussion of the Ca1culation: Detailed calculations were made 

for only one paraboloid, that of diameter 14 in, for which the results 

of the unmutilated calculation were given in Section 1. 

The double dipole feed used in all paraboloid observations had a 

significant back radiation. It was roughly a constant over the range of 

observation, and had a power level of t he order 35 db below that of the 

peak of the paraboloid. Its source can be located approximately, but not 

exactly at the dipole. The back radiation was consi derably influenced by 

the adjustment of the mount and by the placing of absorbing materials. 

This radiation does not affect the form of Eq. (4.6), but will modify 

the constants. The change in t he constants can be calculated f rom the 

Neumann expansion, 

1 = 2/u [J1(u) + 3J3 (u) + 5J5(u) + 7J
7

(u) + •••••••••] 

The eff ect of the back radiation on the mutilated pattern was simplified 

for the measurements here considered due to the fact that the double dipole 

was approximately on the axis of rotation. The f eed r adiation could, 

therefore, be treat ed on the basis of Chapter III, Section 4, and Eq. (3 .4) 

applied. Considering the fact t hat the source was not exactly localized, 

it was not considered necessary t o adhe re strictly t o Eq. (3 . 4). u
0 

was 

given the value 0.0050 based on normalizing the maximum amplitude to 
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0.5000, thereby placing the power at 40 db down, and the phase was retarded 

by 55°. With these ad hoc modifications Eq. (3.4) was applied exactly to 

all apertures in both planes. 

The determination of all of the h1s according to the analysis of 

Section 2 has not been carried out. A serious attempt was made to do so 

on the basis of H-plane patterns with c = 7.5, c = 10, c = 12.5, and 

c = 17.5. This failure can be ascribed, first, to the many uncertain 

factors involved. And, secondly, to the fact that the higher constants, 

h1, h2, etc., have a rather small effect within the angular range under 

consideration. It is believed that it may be possible to deterrnine these 

constants by working with both E-plane and H-plane patterns. The deter-

mination should be easier when applied to paraboloids having a greater 

focal length. For, then, the series should converge more rapidly. 

Calculations were based on h and h alone, the other constants 
00 0 

being taken equal to zero. They were chosen to fit in H-plane for c = 7.5, 

c = 10, and c = 12.5, and to be consistent with Eqs. (4.15) and (4.17). 

These values were, 

h = 2.0/0° 
00 

h = 2.05/172° 
0 

They were used in the computations for all other patterns, and such 

agreement with experiment as was obtained is a measure of the validity 

of the entire work. It is this calculation for the mutilated patterns 

~ich indicates the direction of phase rotation, a property of the unmutilated 

field which cannot be determined from the power pattern alone. The agree-

ment of the calculated points with the observed patterns appears, further, 

to confirm the correctness of the procedure leading to the formula for the 
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unmutilated patterns, viz., Eq. (4.6). The comparison of mutilated with 

unmutilated patterns is exhibited in Figs. 22 to 31 with calculated points 

also indicated. 

4. Paraboloid Patterns and 'I'heir Hutilation: The greater part of 

the energy in a paraboloid field is concentrated in the main lobe which 

corresponds to the geometrical bearn. If the aperture were unifo~r 

illuminated there would be a series of well defined side lobes. The 

taper which is normally present tends to reduce this side structure. It 

is further modified by the phase and runplitude characteristics of t he 

feed in use, and by the focussing. The paraboloids used in this work 

had an E-plane side lobe a~ about 22 db down, which was sometimes broad. 

In H-plane the side struct ure was about 28 db dawn. Sorne paraboloids had 

a wide angle background with sorne structural features but no clear-cut lobes. 

Occasionally this background was more than 38 db do'An and was not recorded. 

The mutilation of the main lobe was f ound generally to be r elat ively 

sw.all for 301-., 351., and 40À apertures. This observation was not invariably 

true, as can be seen in Fi g . 27. The mutilation in this case was mainly 

due to back radiation from the f eed. As with horns, mutilation was 

greater for srnaller radiators. All apertures produced considerable mutilation 

of the side structure except when the larger paraboloids were used with 

the 401. aperture. It was noted that wide angle characteristics were fairly 

well preserved in patterns mutilated by the larger apertures. The 

average wide angle background was increased by the mutilation except 

for the 15À aperture which sometimes decreased it. A consistent feature 

of the 12 i n and 14 in paraboloids , but not cf the ethers, was a prom­

inent side lobe which was generated by the mutilation. 
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V. OPI'ICAL ABERRATIONS 

From the standpoint of electromagnetism the lens presents a boundary 

value problem, but one of such complexity that the possibility of a 

solution is remote. From the point of view of geometrical optics a 

lens is a phase shifting deviee. Ideally, a phase factor exp(i~2/q) 

is introduced where r is the distance from the axis. This concept o! 

phase shift can be carried over into microwave optics as a limiting case 

subject to the additional effect of electromagnetic perturbation. The 

aspect of optical theory which is peculiar to microwaves is the direct-

ivity of sources due to their coherence. This, together with a somewhat 

different physical set-up, raises sorne doubt regarding the usual concepts 

of optical aberrations. This question will be examined in Section.2. 

The formal development based on a modified aberration function is present~ 

in Section 1. 

1. The aberration function, in the Nijboer classification1, may be 

written, 

4 3 2 2 2 2 W = sr + ù
0

r 0"' cos j + vr q- - tr u- cos 2 S 
where the coefficients, s, u , v, -t, refer respectively to spherical 

0 

aberration, coma, distortion, and astigmatism. As indicated in Section 2, 

another term wr3cr sin j , is added, and the angle J is related to the 

angle ~' already used, by ~ = ~12 - S • The phase shift function can 

now be written, 

y= w + ~2/ct 
2; 4 2 2 3 . ('1' ) t 2 2 2'1' = ~ q + sr + v rr r + ua:r' s~n 't' + Il + rr r cos :'f ••• 

2 2 2 
where u • w + u and tan Il = w/u • 

0 0 

(5.1) 
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The field incident on the lens is given by (1.9), (1.19) and (1.22). 

The emergent field u will be modified by the phase shift* so that u 
e e 

= uiexp(iY). (The subscript 11211 is omi.tted). Then, 

u
0 

• exp [ 1'111"
2/q + isr4 + iv.-

2
r

2
] .[ exp(imM' + Ill) Jm (ur3crl 

oO 00 

!:=exp [ ip(2'f + 'fT/2)]Jp(tr
2

<ï
2

) ~ fh(r) exp(in'f) (5.2) 

The emergent field may also be written, 
OC> 

u = L f .(r)exp(ij'ir) 
e . eJ J = -00 

The axial field, to which this treatment is limited, will be determined 

b,y ! alone. Therefore we choose only those terms of the above eo 

expansion for which m + n + 2p = 0, giving 

feo = exp(i'l11"
2/q + isr4 + i~2r2 ] [ fo(r) + J1(urr?l exp(ijl) r_1 

+ J_1 (uo-r3)exp(-ip) f+l + J 2(ucrr3)exp(2ip) r_2 + J_2(uo-~)exp(-2ip) 

!+2 + J1 (t cr2
r

2
)exp(i<r/2) r_2 + J -1 (t cr

2
r

2
)exp(-ifl/2)f2 + • • • • • J (5.3) 

The higher omitted terms all contain powers of q- greater than 2. These 

will be neglected since ~ is equal to sin a. The bracketed term now 

reduces to 

r 0 (r) + J 1 (u.-,.3>[exp(il!) r.1 -•"P(7ijl)r,~ ] + J2 (u.-r3) 

[•:xp(2ijl) f -2 + exp( -2iJL) f +2 J +i J 1 ( t cr
2
r

2
) [ r -2 + ! +2 J 

It is readily sho~ from Chapter I that, 

!na (-l)n+ll H(x{,yl,a) exp[ine + ('fl"ir
2

)/(b+yl sin a)] 
(1) . 

( 21ïrB 
Jn b + y 1 sin a) dx{àri (5.4) 

1 

z The inclusion of optical aberrations within the framework of 
mutilation theory was first suggested by Dr. D.C. Hogg. 
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where 
.rl (xJ_,yl_) 

b+yl sin ·a. 

Therefore 

exp (iJL) r_
1

-exp(..i.JL) !+l .. -2i rH sin (e-JL) exp(iXr
2

) J 1 (Ar) dxJ.dyi 
J(l) 

exp (2ijt) f_2 + exp(-2iJL) f+2 • 2i r H cos 2(e-p) exp(iXr2) J 2 (Ar) clxj_dyi 
J(l) 

r2 + r_2 = 2i f H cos 2e exp(iXr
2

) J 2 (Ar) dxldYl J,) 
where 

'fT x"" 1 • b+y
1 

sJ.n a. 
A 2'fTB 

= b+yl sin a. 

For small aberrations (5.3) may be written in the approximate form, 

f (r) • exp(i1ir2/q) f (r) + isr4 exp(i'nr2 /q) f (r )+ivcr2r 2 exp(i'ffr2 /q) f (r) eo o o o 

+ ~3 exp(i1tt2/q~2i)( H sin (e-JL) exp(iXr
2

) J l (Ar) cix]_dyl 
~ 2 a(J) 

+ iu~S ) exp(i~2/q) 2i J: H cos 2(e-p) exp(iXr2) J2(Ar) dx{dyl (5.5) -

2 2 m 
+ ita; r 2if H cos 2e exp(iXr2) J 2(Ar) dxf.dyl 

(1) . 

The field at a distance s will be1 

Fa (0) = 4,,2 11;•o (r) e~ [ 2w.is V 1-l] J 0 (2m')') l'YdYdl' 

a -2~ exp(2~s)J( fe
0

(r) exp('ffir2/s) rdr (5.6) 

At the focus 'fT/q + 'fT/s a O, and, when the f.irs t term of (5.5) is substituted 

in (5.6) there results the mutilated. field previously investigated. The 

remaining terms lead to the following aberration formulas, 

2
: exp(2ms) r H D05 (c,A,X) tixidYi 

J(l) 

2m: 2 
exp(2cls) ( H D

03 
(c,A,X) dxf_dyl 

J(l) 

(5.7) 

(5.S) 
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2~ o- exp(2ms)1 H sin (e-,u) o14 (c,A,X) dx]_dyl 

(1 J 
2 

1l~u;) exp(2ms) J. H cos 2(e-,u) o27(c,A,X) dx{dYJ.. 
(1) 

21Tit:-
2 

exp(2ms) ( H cos 2€ n
23

(c,A,X) dxJ..dYJ.. 
Jh, c 

where the integrals Dab(c,A,X) = Jr
0

exp(iXr
2

) Ja(Ar) 
b r dr 

(5.9) 

(5.10) 

(5.ll) 

are given in terms of Lommel functions in Appendix II. They have been 

treated differently by Nijboer (loc. cit.) 

2. The microwave system under consideration will be that which has 

occupied the most of this thesis, namely,a circular system with both 

transmitter and receiver on the aXis, and the transmitter capable of 

rotation. If the optical system were in the distant field of the trans-

mitter, energy would be propogated radially and the only optical 

aberration would be spherical aberration. The system is, in practise, in 

the near field, and such a simplification is not valid. 

Referring to Fig. 32, X,Y,Z is a co-ordinate system with OZ along the 

axis of the optical system, and X1 , Y', Z1 a system attached to the trans-

mitter which, as previously, will be supposed to rotate about ox, ox•. 
The optical system will be assumed to have circular symmetry. Therefore, 

radiation passing through at P will, from the optical point of view, suffer 

a phase shift which depends on r and the direction of the Poynting vector 

at P. If the Poynting vector is given in cylindrical co-ordinates by, 

s = r;_sr+ j 1sJ + kSz 

Then Y= Y(r,h,g) where h s S /S and g = S~/S • 
r z ..\ z 

(h has no relation to the coefficients of the previous chapter.) 

It is evident from symmetry tha.t Y is even in g. Hence, 
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2 Y = Y(r,h,g ) 

x' :s x 

y' = y cos a - z sin a 

z' = z cos a + y sin a 

x= r sin S 
y = r cos j 

sin ~' = r sin.; 
,) r' 
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~ -1 .) = tan x/y 

r cos~ 1 cos a 
cos ~ 1 = - z sin a. 

r' 
---.. 1 ) 
rJ. = \i"(r 1 = i' sin S 1 + j' cos ~ 1 

~ 

~1 = r' \7' ( ~ 1 ) = i 1 cos ~ r - j' sin ~ ' 

ir = i = Ti sin ~ + s1 cos ~ - a. - "!1 sin S cos j 1 = j cos a- k sin a = r 1 cos S cos 

k' 
--... . 

a.- "!1 sin ~ sin = k cos a. + j sin a. = r 1 cos S sin 

--+~ ! + k s s = r1 sr + 1 SJ z 

___.,. -
=ris;+ j].S' + kSz' 

a.- k sin 

a. + k cos 

= i' [s~ sin 3' +S'S' cos j' J + j'[Sr' cos j'- S~' sin _s •] + 

Thus, finally, Ë! = 71 [Sr 1 (sin .S sin~ t + cos~ cosS t cos a) 

+ SJ' (sin j cos S 1 
- cos S sin S 1 cos a.) + Sz 1 

+ Jl [sr'(sin s' cos .s- coss 1 sin j cos a)+ s~•(cos 5' cos_s 

+ sin ,3 ' sin S cos a) - sin ~ sin a S z •] 

+ k [sr' cos.) sin a.+ Ss' sin a. sin_3' + Sz' cos a.] . 

Making the substitutions, and neg1ecting terms O(sin3 a.) 

s ' [ 2 2 J Sr~ ~~ r(1- cos 5 sin a)- z sin a cos~ 

- s~· 7 z sin j sin a + S z ' sin a. cos 3 

a. 

a. 

k' s ' z 

cos~ sin a] 



s5 s ' sin a. sin j (r sin a. co~ z) ... r + 
7 

+ s J' (r cos a. - z sin a. cos~) s ' sin a sin_j 
r' 

z 

s 1 s "'"_L 
z r' 

( • ~ .2) Gf" ·~ r SJ.n a. cos~ - z s1.n a. + o __! sJ.n a. sJ.n ~ 

~ 

+ Sz 1 (11 sin
2 

a) 

12 2 . 2 2 2 . 2 2~ 2 . ~ ~ and r "' z Sl.n a. + r - r s1.n a. cos_) - zr s1.n a. cos_) 

The discussion is now limited to radiators having symmetry about 

XIOX' and Y10Y'. Such radiators must produce a symmetrical field. 
s 1 . S ' S_s r 

Hence -/;;r and S"""T are odd in x 1 and y 1 • This implies that r'~ 1 
z s-.! t z 

and -.s-• involve only even powers of r'. Exa.mination of the above 
r z 

2 expressions now reveâls that h and g have only terms in, r, sin a. cosJS , 

.2 .2 2~ d .. ~ Sl.n a., Sl.n . a. cos 3 , an s1.n a. Sl.n j • And, furthermore, the term 

in sin a. sin _5 will disappear if S _J 1 • 0 • 

These terms lead, respectively, to the coefficients of spherical 

aberration, coma, distortion, and astigmatism, with sin a. being identified 

with r:r • If S J ' is present an additional coma effect is introduced. The 

latter may be appropriately called "a.rimuthal coma". If this aberration 

is absent~= 0 in (5.9) and (5.10). Then since sine = xtiB is odd in 

xi: and the rest of the integrand is even in xt it follows that (5.9) 

vanishes if p = o. Therefore, azimuthal coma introduces a first degree 

coma term, whereas its absence reduces coma to a second degree effect. 

Since the physical significance of formulas (5.7) to (5.11) has now 

been established, it may be stated that they lead to definite modifications 

of the observed pattern which can, in princip1e, be calcu1ated. The magni-
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tude of the coefficients aft'ects the magnitude but not the nature of 

the pattern modification. Detailed computation of these formulas would 

be laborious, although an estimate of their order of magnitude would not 

be difficult. In addition to these formulas there are ethers represent­

ing spherical aberration, coma, etc., of higher orders, and it is 

probable that these would be significant. 

Of the coefficients themselves the one in spherical aberration is 

likely to be close to the optical constant since it is largely determined 

by the radial component. This aberration can, therefore, be minimized 

by the usual optical techniques. All of the ethers arise in a way which 

is peculiar to microwaves and their magnitude is dependent on the radiator 

pattern. There is even less possibility than in optics of computing the 

constants on basis of physical parameters. 
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Fig. 32 Optical Aberrations. The relation among the 

co-ordinate systems used in Chapter v. 

z 



-61-

VI. A REVIEW 

1. Computation Procedure: The complexity of antenna patterns has 

already been indicated. Aside from a linear element a horn is the 

simplest antenna. Yet variation of horn length and plane of observation 

admits of a great variety of patterns. It is customary to specify para­

boloids in terms of taper, but this concept does not do justice to the 

great difference in side structure and phase which can occur in the 

various planes, and also the not-insignificant affects of back radiation 

from the feed. 

Mutilations also depend greatly on the aperture function and the 

plane of observation, but generally to a less extent than the unmutilated 

fields. For instance, the same mutilations were used in the calculations 

!orE-plane and H-plane paraboloid patterns. However, when the mutilation 

is combined with the unmutilated field there is seldom any obvi.ous 

relation between the patterns in various planes. Thus it can be con­

cluded that a prediction of the mutilation affect in detail is possible 

only through a complete calculation taking account of the aperture function 

and the plane of observation. 

If the aperture function is known and if the radiator periphery is 

circular a detailed calculation by the method of Appendix III is compara­

tively easy. If the periphery is not circular an exact calculation 

requires the tedious computation of incamplete Bessel functions. If the 

aperture function is unknown no detailed calculation is possible. It is 

of interest to consider the usefulness of abbreviated calculations: first, 

whether a non-circular periphery can be replaced by an equivalent circular 

one; and secondly, whether ,a calculation based on an elementary aperture funcl;,icn 
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rather than the actual one will give predictions which are useful from 

the point of view of design even though incorrect in detail. 

In carrying out the computations it was found that the integrat­

ion over the partial zones did not affect the mutilations greatly, al­

though there were exceptional points where they yielded relatively 

large contributions. It was found that the replacing of a square peri­

phery by an equivalent circle gave results which were correct, not 

only in order of magnitude, but also approximately in detail. Figs. 14 

and 15 show points based on such a calculation for the 10 wave-length 

horn, c z 17.5 where the square perimeter was replaced by an equivalent 

circle of radius 5.?. (Neither this approximation nor an accurate 

calculation is in good agreement with observation for H-plane at c = 17.5.) 

Precision of computation is not required in calculating mutilations. 

Therefore it is concluded that when the greater part of the area of a 

radiator can be enclosed by complete zones, it is justifiable and use-

ful to treat the entire radiator as though it contained only an equiva­

lent number of complete zones. 

Attempts were made in the use of an elementary aperture function 

to determine if results having sorne correspondance with observation 

could be obtained. A uniform aperture distribution was assumed for the 

14 in, 18 in, and 24 in paraboloids. The calculated mutilation was 

then considered in two parts: first, that due to the back radiation 

from the feed which, for these paraboloids, is constant with angle; and, 

secondly, the mutilation proper as calculated according to Appendix 

III. The magnitude of these two quantities is shawn separately, one 

above the ether, in Figs. 34, 35 and 36 for c = 1?.5. Points shawn are 
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observed differences in (power)112 between mutilated and unmutilated 

patterns. If the calculation is meaningful the points should all be 

below the upper curve, and the curve should indicate the order of magni­

tude of the points. On this basis the prediction is a conservative 

estimate of actual observation and would appear to have sorne value. The 

same procedure was applied to the horn calculation at c = 17.5 using 

the horn functions. A definite correlation between curve and points 

will be observed in Fig. 33. This type of calculation is easy to carry 

out provided an estimate of the effect of point sources can be made. 

It will be noted that, in the paraboloid examples, the point source 

contributed more to the mutilation than all of the remainder of the 

antenna. 

2. Results and Conclusions: A direct comparison of mutilated and 

unmutilated patterns is shown in Figs. 10 to 31. Chapters III and IV 

close with a brief discussion of experimental results. The following 

indented statements are intended to summarize the entire work. 

(1) The mutilation increases with decreasing size of 

the radiator, becoming extreme for axial point sources. 

(2) Patterns having a pronounced main lobe are subject 

to relatively sma.ll mutilation on this lobe. An exception is 

horn H-plane patterns where several lobes are merged into one 

due to phase error. 

(3) Mutilation persista in the side lobe region to large 

diameters of the mutilating aperture. A quantitative estimate 

requires consideration of wave-length, size of radiator, and 

separation of radiator from screen. 

(4) Patterns with characteristic features extending to 
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low power levels tend to have these features radically altered. 

Pronounced side lobes may also be generated in such patterns. 

(5) The main features of patterns at wide angles are 

retained in the mutilated patterns. The average background is 

increased. 

Fig. 8 illustrates the reason for Conclusion 4. The mutilation 

is a complex term to be added to the unmutilated amplitude. The 

latter is a decreasing oscillating term while the former is, on the 

whole, non-decreasing. Theoretical considerations do not extend to 

the angles contemplated in Conclusion 5. 

In addition to the above remarks, which are based on the experi­

mental and descriptive aspects of the problem, sorne insight can be 

gained from a consideration of the formula used in computation, and 

from the computation procedure itself. 

The effect of phase distribution over the antenna aperture was 

illustrated by carrying through a horn computation using a negative 

horn length such that 1/b + 1/q = o. All quantities in (A3.3) were 

substantially unaffected except M. Thus i n the final graphical inte­

gration the terms had the same magnitude as for a normal horn calcula­

tien but different phases. It was found ·that the mutilations near:cy 

vanished at all angles. This example corresponds physically to 

radiation converging toward the center of the mutilating aperture, and 

the result is plausible. On the other hand, a phase non-uniformity 

corresponding to a di verging wave front leads to an 11opening out" of 

the graphical computation and hence to greater mutilation. Therefore 

it can be stated, 
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(6) Phase non-uniformity in the aperture function corres-

ponding to a diverging wave-front leads to increased mutilation; 

phase non-uniformity corresponding to a converging wave-front 

results in decreased mutilation. 

The effect of amplitude variation of the aperture function is 

complex, and no conclusion can be given in regard to it. 

The way in which the mutilation depends on the parameters b and 

c (respecti vely, distance· from antenna to diffraction screen, and radius 

of mutilating aperture) is revealed by examining the computation formula, 

I1 ~ (b/s) sec a exp[2~(s+b) + ~c2(1/s + 1/b)] 

2:r1 (Zi) ~ (Z{) exp(iMZ~ j2) ôW2 (A3.5) 

" 2 
In W2, t 

0 
o<. c /b, w o<. cZ/b, and w/t 

0 
• Z/ c. Of the terms wi thin the 

summation only o w2 and exp(iMZ~/2) are significantly affected by an 

increase in b, the latter tending to decrease I1 and the former term, 

which dominates, tending to increase it. Hence it may be stated that, 

(?) Mutilation increases with the separation of transmitter 

and mutilating aperture according to a power of the separation 

which is greater than unity. 

Nothing within the summation tends to nullify the strong affect 

of exp(~c2/b) in (A3.5). Hence it may be stated that, 

(8) The detail of the mutilation is affected to a marked 

degree by change in the radius of the mutilating aperture, and 

to a lesser extent by a change in the separation of transmitter 

and mutilating aperture. 

The dependance of the magnitude of the mutilation on c in (A3.5) 

is limited to ow2, all other parts of the formula being independant of 
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c. The leading term of ôw2 is (iZ/c)J1(2~cZ/b) which is asymp­

totically proportional to c-312• But the phase part of ôw2 tends to 

wind the mutilation terms into a spiral having total angle approxi-

mately proportional to the argument of the Lommel function. This 

introduces a f'urther c-l dependence. It cannet be assumed that (A.3.5) 

is valid for large values of c; nevertheless, it is reasonable to 

state tentatively that, 

(9) The magnitude of the mutilation decreases with the 

increase of the mutilating aperture according to a power of 

the radius which is less than -3/2 and probably in the neigh-

bourhood of -5/2. 

3. Conunents on Precision Measurement: In the experimental part 

of this work the physical parameters were so chosen that the mutilations 

were considerable. On the other hand i t is of interest to extend the 

investigation to include every small mutilation. For then definite 

criteria could be established regarding precision measurements at micro-

wave frequencies. Experimentally, such an extension in X-band in-

volves impractically large apertures. Theoretically there are two 

obstacles. First the validity of the derived formula is questionable 

for large apertures. Secondly, the difference between the Kirchhoff 

solution and a rigorous solution is not known to be negligible. 

The conclusions of the preceding section can be used to predict 

the aperture size necessary for a certain degree of precision, although 

such prediction is subject to the qualifications already mentioned. 

If, for example, a mutilation 1/10 that observed for the lOÀ horn at 
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35À aperture can be tolerated, the required aperture diameter is 35 X 

1/2.5 88 10 ~ wave-lengths. 

This thesis has been exclusively concerned \dth systems having a 

well defined circular aperture. But it is possible that, for a given 

area and general shape, the circular aperture may produce the maximum 

mutilation. This conclusion is true for axial point sources. Further 

evidence in the same direction is suggested by the fact that there was 

no measurable mutilation through the 5 foot square framework except, 

possiblY, for the wave guide mouth. All mutilations whether Kirchhoff 

or rigorous can be ascribed to the aperture edge. It is conceivable 

that they would be reduced significantly by staggering the edge, there-

by eliminating the systematic phase relation from the edge contributions. 
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APPH~\JDIX I. DISTANT FIELD OF INCLINED SOURCE. 

The x', y 1 , z' co-ordinates are fixed in the radiator. The 

radiation will be supposed to originate in a plane surface or aper-

ture area which lies in the X1 ,Y 1 plane. Following Eq. (1.6) the 

distant field may be vvri tten, 

u(x' ,y' ,z 1 ) = C exp(ikR) ( f(x)_,yj_) exp [ -ik(l1x]_ + m'Y)_) ]dxJ.dYI 
J(l) 

where f(xJ.,yl) is an aperture function or current density function. 

The inclined co-ordinate system is related to the non-inclined 

system as follows, (Fig. 2) 

x' =x x = r cos 'Ir 

y' = y cos a - z sin a y = r sin Y' 

z' = z cos a + y sin a z =VR2 - r2 

l' = x 1/R r/R :a y 

m' = y'/R = 1/R(y cos a - z sin a.) 

Then1 

l'x}_+ m'yl = 1/R [ xJ_r cos ~ + Yl (r cos a sin ·IV -VR2-r2 sin a.)) 

= YB sin ('if+E) - Y lv;:::? sin a 

2 2 2 2 
where B = xf. + Yl cos a 

sin E = xl/B 
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Equating coefficients with (1.14), 

G (y) "" (l/21T)exp(-in'IT) ( f(x.! ,y
1
1) J (21il3Y) 

n JoJ ~ n 

exp [ ine + 2myp sin a.J dxJ..dYl (Al.l) 
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APPENDIX II. UJlliGRAI..:J EVALUATED IN 'l'ERHS OF 

LO:t-1NEL FUNCTIONS. 

The integral 

~0:xp(iXu2) u0 J
0

_
1

(Au)du 

will be evaluated. The change of variable, u = v/A is made,from 

which the integral becomes 

1' ~xp (iXv
2 
/A

2
) v

0
J

0
_
1 

(v) dv 

= A~+l l'~xp(iXv2/A2) :v [ v"Jn(v}] 

Integrating by parts and continuing the process one obtains, 

exp(iXc2)/(An+l) ~A_c)n J (cA) - 2iX
2 

(Ac)n+l J 
1

(cA) 
[ n A n+ 

(2iX)2 ( )n+2 ( ) ] + A2 Ac Jn+2 cA + ••••• 

An-1 2 [ J ~ (2I)n exp(iXc ) Un(t,w) - i Un+l(t,v~ 

~ where t z 2Xc , w = Ac, and 

U (t,w) = (t/w)nJ (w) - (t/w)n+2J (w) + (t/w)n+4J 
4

(w) 
n n n+2 n+ 

The function 

V (t,w) = (w/t)nJ (w) - (w/t)n+2J 
2

(w) + (w/t)n+4J 
4

(w) 
n n n+ n+ 

is related to 

U -iU l"" n n+ 

U by the equation17, 
n 

(-1)
0

[ v-n+Z + i v -n+l] + in exp(-i(t/2 + ,.l /2t~ 

= (-l)~-n+2 + in exp[-i(t/2 + w2/2t~ 
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Integrals of the type, 

D
8

b (c,A,X) ~ 1 c e"!l(iXc2) ubJ a (Au) du 

may be evaluated by use of the recurrence Formula, 

J 
1

(z) • -J 
1

(z) + (2n/z)J (z) n+ n- n 

where b ~ a is odd. 
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APPEl.'IDIX III. THE CALCULATION OF THE MUTILATION. 

1. Derivation of the Basic Formula: An expression for the 

mutilation has been derived in Chapt er I, 

e(O) ,.. exp[ 2m(s+b) + mc2 /s] ( f(xJ.,yi)W1 (t,w)/~+b+yi sin a.) 
J(l) 

exp[ni(2yl sin a. + (B
2

+c
2

}/(b+yl sin ~dyi (1.30) 

The following transformation is introduced1 

2 x.i • Z cos t' + (Z /b) tan a. sin L' 

Yi * Z + (z3 /2b
2

) tan2 
a. sec a. sin r - (z

2 
/b) tan a. sec a. cos 't' (.A.3.1) 

2 + (Z /b) tan a. sec a. 

This transformation has been so chosen that 

2 V 12 . 12 2 
w • ~c x + Y cos a. • (2~c/b)Z + high arder terms. 

· b+yi sin a. 

The t which appeaz:os in the LoiiBllel !unctions depends ~lightly on Yl• 
The Lonunel functions will, therefore, · be expanded giving, 

V (t,w) = V (t ,w) + bV 
0 0 0 0 

v1(t,w) = v1(t
0

,w) + ~v1 
where t = 2~c2(1/s + 1/b) is now a constant. It may be shown that 

0 

D.V
0 

• -(2z3 /bc2) t an a. sin t'J2(w) 

DV1 = -(z2/bc) tan a. sin~ J 1 (w) 

Also, 

• Z sec a. + (2Z2/b) tan a. sec a. sin r 

+ (z3 /b
2

) sec a. tan
2 

a. (5/2 + sin2 ~ - 2 cos 't'") • ••••• 

Substitution in (1.30) r esults in a series of int egrals of which t he f i rst 

three are: 
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(A,i.2) 

It is seen that I1 is the dominant term. The others will be signi­

ficant only' for large angles if at all. OrtJ computation of I2 was carried 

out and it proved to be srnall. All other computations have been confined 

to I 1, and no further consideration will be given to the other terms. 

The aperture functi ons of Chapters III and IV are of such a type 

that f(Z,~)exp(iD) is equal to one or more terms of the form f
1
(z) cos nT 

exp(iQ) where 

Q = 1!!2_2'/2 + LZ sin 't + NZ cos 't - RZ2 cos 2't' (A3.3) 

The function /n(Z) is defined by, 

f cos n "t' exp(iQ) d'l'= 2-rr/n(Z)exp(iMZ2
/2) (A3.4) 

Then r
1 

(m) = 2"1 r
1 

(m) (~) ·e;rp(ilrz.2 /2) /n (Z)W1 ( t 0
,w) ZdZ 

= (Kb2/2<Tc2)_/"r
1

(m)(Z)exp(iMZ2/2)tl'n(Z)W
1
(t

0
,w) w dw 

where I 1 c Ii+ IÏ + ••••••• 

But w1(t ,w) w dw = t w2(t ,w) 
0 0 0 

That is, w w1 ( t 0,w) "" t
0 
~w [ W2( t

0
,w)] 

. . rfml • (bK/s) (•+b) J ! im) (Z)e;rp(iMZ2 /2) /n (Z) d~~ dw 

This may be approximated by a summat ion1 
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I(m) ~ (bK/s)(s+b) L fim) (Zi)exp(iMZi/2) 1 n(Zi) ÔW 2 
1 L 

where 8w2 • w2(zi + Dz/2) - w2(zi - Dz/2) 

and the region of integration has been divided into intervals of width Dz. 

This leads finally to, 

rim) • (b/s) sec a exp(2~(s+b) + ~c2(1/s+l/b~ 
2:fim) (Zi) ~ n(Zi)exp(iMZ~/2)8W2 (A3.5) 

1. 

The result is a summation over zones (Ffg. ?). The integral in r 

over a particular zone reduces to a Bessel function for the inner zones 

which do not eut the z, t: perimeter, provided R is negligibly small. That 

is, 

1 (Z.) • J (TZ.) for irmer zones 
n 1. n 1. 

where T2 • L2 + N2 

For outer zones, which eut the perimeter , the integration wi.th 

respect to t' results in "incomplete Bessel functions". Those of order 

zero may be expressed in terms of, ~ 

1 !os (sin Tx)dx and [sin (sin Tx)dx 

Since those functions have been tabulated for only a small range of the 

parameters T and ~, their values were computed, where necessary, by 

graphical integration using curves of cos (sin Tx) and sin (sin Tx). 

Higher arder functions occur in paraboloid analysis but the angle a is 

sufficiently small that deformation of periphery is not taken into 

account. 

2. Deformation of the Area of Integration: The co-ordinates (Z,t) 

are identical with (rJ.,-'~:P for a = 0, but they differ increasingly as a. 

increases. Accordingly, the perimeter of the antenna, and hence the area 

of integration, becomes defor.med. Consideration will be given first to a 
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rectangular radiator specified by the lines, 

x' = + a /2 and y' = + a /2 
l - l l - 2 

X and Y are introduced as follows: 

x .. z cos t: and y .. z sin r • 

These result in , 

y-
+ (a

2
/2) cos a - Z t~ a (Z - X) 

z2 tan2 a 
1 + ---=--

2b2 

X ( / 2) YZ tan a 
and, •.:!:. a1 - b 

(A3.6) 

The deformation depends on the angle a but is independant of the 

diameter of the mutilating aperture. An example is given in Fig. 7 for 

a = 20° and a = 10. Surnmation zones with b Z = 1 are also shown. 

If the perimeter of the antenna is circular it may be written, 

2 2 2 xl + Yl = a 
Substitution leads appro.ximate1;y to the ellipse, 

(x2;a2) + (Y + (a
2
/2b) sin 2 a)2/a2 cos

2 
a = 1 

3. Computation of Lommel Functions: Equation (A3.5) involves 

the Lommel function w2(t0,~) = v2(t
0

,w) + iV1(t
0

,w), where 

V1(t
0

,w) .. (w/t
0
)J1 (w) - (w/to)3J3(w) + (w/to)5J5(w) - ..... 

v2(t
0

,w) = 
a 

- (w/to)4J4(w) 
6 (w/t

0
)J2(w) + (w/t

0
) J 6(w) -..... 

(21Tc/b)Z; 2 w• t = 21Tc (1/s+l/b) 
0 

v1 and v2 are readily evaluated from the series for all parameters 

normally encountered. The series converges more slowly as the size of the 

antenna approaches that of the mutilating aperture, particularly if both 

are large. Tables need not be computed beyond four decimal places. Those 

used in this work are reproduced in Appendix V. They contain also ov
1

, 
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5v2, and 5v2 + i5V
1 

in terms of magnitude and angle. 

4. Validity of the Summation: It is necessary to examine the 

justification for replacing the integral by a summation in Section 1, 

and to form some basis for estima.ting the required smallness of sub-

divisions. The error, on the basis of complete zones has been derived, 

and is found to be, 

2 
1T 

2
° K(œ)3 ~ f

1
(z.) exp(iMZ. 2/2) w

1
(t ,w) 

6b ~ . ~ ~ 0 

- (. . 2 

[-~z. J (TZ.} .+ 2iMTZ. J
1

(TZ.) + T
2 

(J (TZi) - J
2

(TZ. ))l 
~ 0 J. . ~ J. -0 - ~ J 
- . 

A conservative estimate of the arder of magnitude of each term is, then, 

(1T
2c)6b2) K (6Z)3. For the values used this has the arder of 1/50 K(~)3, 

whereas the terms of 11 vary from about O.lK to 2K. 

It was concluded that DZ = 1 is a reasonable compromise between accuracy 

and labor of computation. Most of the computations were carried out at 

DZ = 1. However several were done at l:::!l "' 0.5, and comparison wi.th 

those at bZ = 1 showed that their difference could be expected to be less 

than 10%. 

5. The Calculation for a Unifor.mly Illuminated Source: As an 

example of the method outlined in this chapter, · the mutilation will be 

calculated for a circular source uniformly illuminated. The deformation 

of perimeter will be neglected. The parameters will be chosen as follows: 

a = 10 s __. .oo 

b = lÜ1T LZ = 1 

c = 10 f(x{,yl) = 1 
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Then, 

N/2 = (1/lû) [ l + (2 ~ l/2.,.
2

) tan 
2 

a J 
L = 2'11 [ 1 - l/2trr

2 
+ z2 

/200rl J tan a 

N.ÏO R~O 
1 

Il 2 lOITK~exp(i~~i2/2) J
0

(LZi) ôW2(20, 2Z) 

There are only 5 zones and only 5 terms in the summation. The 

procedure is to combine all of the phase terrns and ail of the magnitude 

terms to give a phase and magnitude for each zone. Then these complex 

quantities are summed graphically on the drawing board. Fig. 8 shows 

the details of such a summation for a= 0°, a z 6°, and a= 12°. A 

continuous plot of the magnitude and phase of the mutilation as a function 

of angle is also · given in this fi gure. 

The mutilations are relative to a maximum unmutilated amplitude of 

25rr. The manner in wrùch these mutilations would affect a power pattern 

is shown in Fig. 9. 

6. - An Off-Axis Calculation: It is of interest to calculate the 

mutilated field for the saute source as a function of Q w.i.th a fixed at 

oo. 

um(y) • ~21l/R)exp[2mR + nia
2
/b + mbr1 -L exp(.,P.r~/b) [ ul (t,w) - iU2(t,w~ Jo(-2y) r2dr2 

~ -(b/R)exp[2mR + 1lia2/b + mb-r1 
(1.31) 

L exp(1Tir2 2 /b) Jo (2m-2 y) ô(Uo - i Ul) 

where the integral has been repl aced by the equivalent sum as in Section 

1. The Lo~el U-functions are readily computed, but the graphical inte-

grations over the mutilating aperture are more l aborious than the previous 
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ones over the source. }~reover, they have to be more accurate since it 

is the field itself and not the mutilation which is being computed. The 

result is plotted in Fig. 9 for comparison with the mutilations which 

result from a variation in a. 
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Fig. 7 Zones of Integration. Al so shawn is the def ormation 

of a square periphery of side 10. a = 10 

b = 1017' Q. = 20° /). z = 1 
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Fig. 8 :Magnitude and Phase of Sununation. Uniformly 

illuminated circular aperture of radius 5· b =lOu 

c = lÜ f(x 1 y') = 1 
1' 1 

Scale: 1 cm = 0.02 
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Fig. 9 ~attern for Uniformly Illuminated Circular Aperture. 

a = 5 b = lOrr c = 10 
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APPENDIX IV. CONDI'l'IOi.lf OF I4AXIHUM SIGNAL. 

Experimentally, it is convenient to adjust the feed of a paraboloid 

for maximum signal strength. As the feed is displaced from this position 

along the axis, the change of pattern is, at first, slight, then marked. 

It is desired to find the condition imposed on the aperture function by 

this adjustment to maximum signal. 

A paraboloid of radius a and focal length À will be considered. 

Let 5 be the distance from the plane through the vertex perpendicular 

to the axis of the paraboloid and r the radial distance from the axis. 

Let a line be drawn through a point on the axis near the focus cutting 

the parabaloid at ( S , r) and maldng an angle ~ wi th the axis. Then the 

paraboloid equation is, 

and 

-

2 
Radiation which leaves the focus travels a distance A+ ~ in 

reaching the aperture. If it originates at a point P displaced a distance 

D along the axis away from the focus, it travels a distance which is 
2 

clos ely A + ~ + 6 cos ~. If the f~ed is displaced a distance 5 from P 1 

the aperture phase will, therefore, change by 2~5 cos~· 

It is assume~as in Chapter ~ that an aperture function can be 

written, 
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( ) ( 
1 '\ 2 2) -n It is clear that S r should contain terms in ~ + r , but these 

can be expAnded if À is sufficiently great. 

Then, 

F(O) = _ 2'fTi exp [2m(b+s ~ J fs J (z) 
s+b [o o 

0 

where z = 2'fTr sin a. At a = 01 

F(o) = _ 2'fTi exp(2'fTi(s+bj s ~ d 
s+b o or r 

With defocussing the expression will become, 

F(o.) 2'fTi exp(2'fTi(s+b)) Jtt-s (2 .s:;: rt.) rdr 
~ - ~+b 

0 
exp 'fT~u cos ~ 

0 

and t:~o~:•r :~ ble ~
1

J·v;:(:~ S 
0 
*(r•aexp(2<TiB(cos ~ - cos ~·) )rr'drdr' 

(s+b) o o dP 
The condition of maximum signal requires that ~ = 0 

Differentiating under the integral sign one obtains, since S is the 
0 

function at ô = o, 

1 4LCcos ~ - cos \0 1 ) S
0 

(r) S~(r 1 ) rr'drdr' = o, 

i.e.,
0 0 

(~ *(r•)r'dr' fa.cos \0 S (r) rdr Jo o 4. o o - J. 3
0 

(r) rdr 1~ cos ~ 3
0 
(r' )r'dr' = 0 

As in Chapter IV, 

S (r) = a + 2 
ao2(r/a)4 + ••••••• a

01 
(r/a) + 

0 00 

Th en J."s
0

(r) rdr = a2 
[a + l/2a 1 + l/3a 2 + 

00 0 0 

This was put equal to a 

phase i s arbitrary. 

Substitution above 

1~os ~ (30 

that is, 

2 in Chapter IV, 

gives, 

- s*) 
0 

rdr = 0 

which is 

...... ] 
permissible, since the 
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which is the same as, 

lm l"' (1-cos ~) S
0 

(r)Tdr = 0 

Therefore,00substiltut~n;l 
Im L a

0
m 2 2 (r/a)2m rdr = o. 

m:o 4A +r 
0 

Integration of the individual terms gives, 

la. r
2 

(r/a)2m rdr 
o ~2+r2 

1 ym+1 • m+l ~2 m (m+1)m (~2)21m-1_ . .. . 
.. 

2
a2m 

1 
m Y + 2 (m-1) 

m+ 

Putting À = a/2 leads to 

Im [<1- ln 2)~00 + (-1/2 +ln 2) a01 + (5/6- ln 2) a02 

+ (-7/12 + ln 2) a03 + (47/60- ln 2)a04 + ••••••• J 

2 y • a 

= 0 
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APPENDIX V. LOJ.v.IHEL r'UNCTIONS. 

c :: 7.5 b :: lOn t ,. 11.25 w'"' 1.5Z 

z Vz Vl ôv2 ô v, lôw21 Angle (Degrees) 

0 .oooo .oooo 

1 .0041 .0743 .0041 .0743 .0743 87 

2 .0339 .0846 .0298 .0103 .0315 19 

3 .0262 -.ll77 -.0077 -.2023 .2023 -92 

4 -IJ927 -.1509 -.ll89 -.0332 .1234 -164 

5 -.0820 +.1894 +.allO? +.3403 .3403 88 

5.70 +.1215 .2974 .2035 .1080 .2303 28 

c = 10 b =lOn t = 20 w = 2Z 

z Vz VJ ôvz ôVJ lôWzl Angle (Degrees) 

0 .0000 .oooo 

1 .0035 .0575 .0035 .0575 .0575 87 

2 .0141 -.0166 .0106 -.0741 .0749 -82 

3 -.0246 -.0853 -.0387 -.0687 .0792 -ll9 

4 -.0142 +.ll39 +.0104 +.1992 .1992 87 

5 +.0761 .0060 .·0903 -.1079 .1407 -50 

5.70 -.0005 -.1798 -.0766 -.1858 .2010 -ll2 

6 -.0651 -.1755 -.1412 -.1815 .2300 -128 

7 -.0703 +.1962 -.0052 +.3717 .3717 91 



-83-

c = 10 b = lOn t, = 20 w = 2Z 

z v2 vl Bv2 Bv1 l5w2l Angle (Degrees) 

0 .oooo .oooo 

0.5 .0003 .0220 .0003 .0220 .0220 89 

1.0 .0035 .0575 .0032 .0355 .0355 85 

1.5 .0109 .0499 .0074 -.0073 .0104 -45 

2.0 .0141 -.0166 .0032 -.0668 .0668 -87 

2.5 .0014 -.0873 -.0127 -.0707 .0718 -100 

3.0 -.0246 -.0853 -;.0232 +.0020 .0232 175 

3.5 -.0387 +.0073 .;...0140 .0930 .0940 99 

4.0 -.0142 .ll39 +.0244 .1062 .1089 77 

4.5 +.0414 .1248 .0556 .0109 .0566 11 

5.0 .0761 .oo60 .0347 -.1188 .1238 -74 

5.5 .0366 -.1462 -.0395 -.1522 .1572 -105 

6.0 -.0651 -.1755 -.1017 -.0293 .1057 -164 

6.5 -.1336 -.0201 -.0685 +.1554 .1698 114 

7.0 -.070.3 +.1962 +.06.33 .216.3 .2256 74 

7.5 +.1060 .2459 .1763 .0497 .1830 16 
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c = 12.5 b = lQrr t = '31.25 w = 2. 5Z 

z v, vl ov2 ov1 jow~ Angle (Degrees) ... 

0 • oooo .oooo 

1 .0029 .0397 .0029 .0397 .0397 86 

2 .0009 -.0539 -.0020 -.0936 .0936 -91 

3 -.0133 .0362 -.0142 .09()1 .0912 99 

4 +.0284 .0139 .0417 -.0223 .0472 -28 

5 -.0343 -.0725 -.0627 -.0864 .0937 -126 

6 +.0188 +,1227 +.0531 +.1952 '.2022 75 

7 +.0237 -.1358 ,0049 -.2585 .2585 -89 

c = 15 b = lOn t ""' 45 w = 3Z 

z v2 vl av2 av1 jow21 Angle (Degree~) 

0 .oooo .oooo 

1 .0022 .0225 .0022 .0225 .0225 84 

2 -.0044 -.0371 -.0066 -.0596 .0599 -96 

3 +.0062 +.0505 +,0106 +,0876 .0883 82 

4 -.0070 -.0634 -.0132 -.1139 .1148 -97 

5 +.0064 +.0760 +,Ol34 +.1394 .1394 85 

6 -.0039 -.0888 -.0103 -.1648 .1648 -94 

7 -.0011 +,1018 +,0028 +.1906 .1906 89 
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c = 17.5 b "" lûrT t = 61.25 w = 3.5Z 

z v2 vl ov2 ov1 jow21 Angle (Degrees) 

0 .oooo .oooo 

1 .0019 .0078 .0019 .0078 .0080 76 

2 -.0040 -.0003 -.0059 -.0081 .0100 -126 

3 +.0066 -.0144 +.0106 -.0143 .0178 -54 

4 -.0081 +.0.327 -.0147 +.0471 .0493 107 

5 +.0070 -.0571 +.0151 -.0898 .0912 -80 

5.70 -.0190 +.0229 -.0260 +.0800 .0841 98 

6 -.0018 .0494 -.0088 .1065 .1065 95 

7 -.0084 -.0748 -.0066 -.1242 .1242 -93 

7.10 -.0194 -.0690 -.0110 +.0058 .0124 152 

8 +.0236 +.0726 +.0320 +.1474 .1507 78 

9 -.0425 -.0580 -.0661 -.1306 .1464 -117 

9.5 -.0208 +.0341 +.0217 +.0921 .0947 77 
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t = 

w u1 uo ôu1 ôU 
0 

jôu1 +iôu
0
j Ang1e(Degree~) 

0 .5985 -.sou 

0.5 .5541 -.8156 .... 0444 -.0145 .0467 198 

1 .4277 -.8523 -.1264 -.0367 .1316 196 

1.5 .2388 -.$937 -.1889 -.0414 .1934 192 

2.0 .0166 -.9155 -.2222 -.0218 .2233 185 

2.5 -.2055 -.8929 -.2221 +.0226 .2233 175 

3 -.3954 -.8084 -.1899 .0845 .2079 156 

3.5 -.5273 -.6561 -.1319 .1523 .2015 131 

4 -.5854 -.4447 -.0581 .2114 .2193 105 

4.5 -.5665 -.1974 +.0189 .2473 .2480 8~ 

5 -.4794 +.0531 .0871 .2505 .2652 71 

5.5 -.3435 .2701 .1359 .2170 .2561 58 

6 -.1839 .4215 .1596 .1514 .2200 44 

6.5 -.0270 .4860 .1569 .0645 .1697 22 

7 +.1029 .4580 .1299 -.0280 .;1;329 -12 

7.5 .1895 .3484 .0866 -.1096 .1397 -52 

8 .2252 .1843 .0357 -.1641 .1679 -78 

8.5 .2118 .0009 -.0134 -.1834 .1839 -94 

9 .1601 -.1639 -.0517 -.1648 .1727 -107 

9.5 .0854 -.2782 -.0747 -.1143 .1365 -123 

10 .0059 -.3220 -.0795 -.0438 .09o8 -151 
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