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Abstract 

 With excellent geometrical flexibility and versatility applicable to various functional 

materials, self-rolling of strain engineered nanomembranes promises unprecedented 

possibilities for creating complicated three-dimensional (3D) geometries through 

programmable shape transformations and attracted enormous scientific interests. It perfectly 

combines top-down and bottom-up methods, enabling diverse technological applications 

ranging from nano-elecromechanical/micro-electromechanical systems (NEMS/MEMS) and 

actuators/sensors, to microrobotics and biotechnology. Challenges remains as understanding of 

the mechanisms underlying the self-rolling process remains inadequate, which makes it difficult 

to control geometries of the resultant nanostructures and integrate state-of-the-art functionality 

required by those applications, thus rendering predictive design strategies of nanostructures 

from self-rolling not viable.  

              Therefore, aiming to have a deeper and more precise understanding the self-rolling 

behaviors of strain engineered nanomembranes towards accurately designing complex 3D 

structures, the present thesis systematically investigated various key aspects, including 

anisotropic mismatch strain, misfit dislocations, predefined surface patterns, and compositional 

inhomogeneity affecting the self-rolling process of strain engineered nanomembrane. Combing 

continuum modeling, numerical and atomistic simulations, the underlying mechanics and 

physics controlling the self-rolling process were systematically investigated, and predictive 

mechanics models were developed to provide a generic theoretical framework to guide the 

design of rolled-up nanostructures. 

The thesis is manuscript-based, including the investigation of dependence of self-rolling 

behaviors of nanomembranes on anisotropic mismatch strain (Chapter 4), surface patterning 

induced curvature variation and rolling direction selection of self-rollup configurations 
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(Chapter 5), misfit dislocation induced mismatch strain relaxation effect (Chapter 6), and effect 

of compositional inhomogeneity on self-rolling of nanomembranes (Chapter 7). The results of 

the thesis provide new mechanistic insights towards understanding self-rolling of strain 

engineered nanomembranes, providing critical guidance for the design and optimization of 

novel 3D nanomembrane structures. 
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Résumé 

Avec une excellente flexibilité géométrique et une polyvalence le rendant applicable à 

divers matériaux fonctionnels, l'auto-enroulement de nano-membranes à base de contraintes 

promet des possibilités sans précédents pour créer des géométries tridimensionnelles (3D) 

compliquées par la programmation de changements de forme et il a attiré d'énormes intérêts 

scientifiques. Il combine parfaitement des méthodes descendantes et ascendantes, en permettant 

des applications technologiques diverses allant des systèmes nano-électromécaniques/micro-

électromécaniques (NEMS/MEMS) aux actionneurs/capteurs, en passant par la microrobotique 

et les biotechnologies. Cependant, des défis persistent car la compréhension des mécanismes 

sous-jacents reste inadéquate dans le processus d’auto-roulant, ce qui rend difficile le contrôle 

des géométries des nanostructures qui en résultent et ce qui complique l’intégration de 

fonctionnalités de pointe requises pour ces applications, rendant ainsi les stratégies de 

conception prédictives des nanostructures auto-roulant non viables. 

              Ainsi, afin d'avoir une compréhension plus profonde et plus précise des comportements 

d'auto-enroulement des nanomembranes à base de contraintes pour la conception précise de 

structures 3D complexes, la présente thèse étudie systématiquement différents aspects clés, y 

compris la tension de mésappariement anisotrope, les dislocations inadaptées, les modèles de 

surface prédéfinis et l'inhomogénéité de la composition affectant le processus d’auto-

enroulement des nanomembranes. Combinant la modélisation en milieu continu, ainsi que les 

simulations numériques et atomistiques, la mécanique et la physique sous-jacentes qui 

contrôlent le processus auto-roulant ont été systématiquement étudiées et des modèles de 

mécanique prédictive ont été développés pour fournir un cadre théorique générique pour guider 

la conception des nanostructures. 
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La thèse est fondée sur des manuscrits, qui incluent l'étude de la dépendance des 

comportements auto-enroulant des nano-membranes à l’égard de la tension de mésappariement 

anisotrope (Chapitre 4), de la configuration de surface induite par la variation de courbure et la 

sélection de la direction de laminage des configurations auto-rollup (chapitre 5), des dislocations 

inadaptées qui induisent un effet de relaxation des contraintes de mésappariement (Chapitre 6) 

et de l'inhomogénéité de la composition (Chapitre 7). Les résultats de la thèse apportent de 

nouvelles connaissances mécanistiques sur la compréhension du roulage automatique des 

nanomembranes à base de contraintes, fournissant des conseils critiques pour la conception et 

l'optimisation de nouvelles structures de nanomembranes 3D. 
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Chapter 1: Introduction 

Pioneered by Schmidt and Melechko [1, 2], the self-rolling technology of strain 

engineered nanomembranes, which combines top-down and bottom-up approaches, has been 

stimulating increasing interest for various electrical and optical devices [3-5]. The self-rolling 

technology involves the deposition of differentially strained nanomembranes of bi and multi-

stacked structures on a removable sacrificial layer for subsequent release and relaxation, which 

leads to deterministically rearranging the geometry of nanomembranes and fabrication of folded 

or tubular spiral configurations including tubes [6], helices [7], rings [8], wrinkles [9] and other 

advanced microarchitectures, having diameters ranging from a few nanometers to several 

hundred microns, and wall thicknesses on the magnitude of nanometers. This way of creating 

3D structures, provides exceptional design and fabrication flexibilities that allow self-rolled-up 

structures capable of programmable shape transformations [10, 11] and to be fabricated from, 

in principle, any kind of functional materials, promising unprecedented possibilities for 

nanofabrication approaches [12, 13].  

These novel and unique programmable rolled-up structures, combined with a plentiful 

pool of available functional materials, have driven the emerge of numbers of research fields in 

on-chip lasing [14], optical communication [15], energy storage [16], metamaterials [17, 18] 

etc., by employing the rolled-up geometries as key components, providing a facile path towards 

the design of tunable nanodevices. For instance, by large area rolling-up ultracompact 

nanomembranes being metallic or dielectric, capacitors arrays and field effect transistors have 

been demonstrated with tailorable electrical properties [19]. The development of self-rolling 

technology has also proved its feasibility of fabricating the steerable tubular 

microrockets/microrobots that thrust out bubbles to drive the micro-objects moving while 

employing external electric/magnetic fields as steering [20, 21]. Additionally, the rolled-up 
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microtube could be adopted as an excellent platform for the integrations of bio- and microfluidic 

components into microelectronic sensors because of tubular structures naturally acted as a 

fluidic handling channel [22, 23]. Furthermore, the rolled-up tubular optical cavities have been 

applied as whispering gallery mode (WGM) of the optical ring resonators combining with 

diversity materials of tunable refractive index to achieve high quality factor, low mode volume, 

and large optical density [24-28]. In those applications spanning various fields, the precise 

geometrical engineering of 3D structures resulting from self-rolling technology has been 

considered as the cornerstone for manufacturing nanodevices with tunable properties, which 

requires the deeply understanding of the self-rolled-up mechanics of strain engineered 

nanomembranes.  

The objective of this thesis is to provide mechanistic insights and develop theoretical 

frameworks toward accurate geometry manipulation of rollup nanomembranes. To achieve the 

above goal, the mechanics and dynamics during the self-rolled-up process of strain engineered 

nanomembranes were systematically investigated accounting for the influences of anisotropic 

strain, surface patterning, material inhomogeneity and misfit dislocations on the resultant 

sophisticated rollup configurations. The thesis specifically focuses on the following aspects: 

a) Analytical modeling the bi-directional rollup of strained nanomembranes to investigate 

the influences of anisotropic lattice mismatch on the rollup curvature and directions of 

nanomembranes; 

b) Examining the effects of surface patterning on the curvature of rolled-up 

nanomembranes and patterning induced controllable self-helixing processes; 

c) Quantifying the strain relaxation effects induced by misfit dislocations on the self-

rolling of nanomembrane using atomistic simulations combined with continuum theory; 
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d) Investigating the self-rolling process of strained nanomembranes with heterogeneous 

elements embedded. 

The major conclusions obtained from the thesis work are presented in Chapters 4-7. Specifically: 

 Chapter 4 quantitatively assessed the effect of anisotropic mismatch strain on the rolled-

up curvature of nanomembranes employing continuum theory and finite-element analysis. Two 

strategies, namely third-layer deposition and corner geometry engineering, were proposed to 

predictively manipulate the bidirectional rolling competition of strained nanomembranes to 

achieve improved roll-up yield. In particular for the strategy of corner engineering, 

microfabrication experiments have been performed to showcase its practical application and 

effectiveness.  

 Chapter 5 proposed a quantitative modeling framework for investigating of the effects 

of topographic patterning on the rolling direction and curvature of rolled-up nanomembranes. 

The accuracy and reliability of our theoretical model has been demonstrated by its application 

to helix-shape structures to showcase a quantitative route to achieve controllable helical rolling 

of nanomembranes through strip patterning, showing excellent agreement with both 

experimental observations and finite-element simulations. 

 Chapter 6 presented a combined model that bridged atomistic information of dislocation 

distortion with continuum theory, and quantitatively evaluated the dislocations effects on the 

self-rolling of strain-engineered nanomembranes. The accuracy and effectiveness of theoretical 

model have been verified via two representative material systems including (GaN/In0.5Ga0.5N) 

of wurtzite lattice, and II–VI materials (CdTe/CdTe0.5S0.5) of zinc-blend lattice. 

 Chapter 7 clarified the dependence of self-rolling behaviors of strained membranes on 

the distribution and percentage of heterogeneously embedded elements, validated at macro and 

microscopic scales through molecular dynamics (MD) simulations and finite element analysis. 
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Chapter 2: Literature Review 

2.1 Rolled-up nanotechnology 

             For decades, advances in fabrication methods of controllable 3D micro-and 

nanostructures and their ordered assemblies have garnered significant interest, driven by their 

great technological relevance and potential for creating material systems of novel properties 

and unprecedented functionalities either individually or collectively [1-6]. These fabrication 

methods can be generally divided into two categories: the top-down (template-free) and bottom-

up (template-assisted) approaches [7-9]. The top-down approaches are predominantly 

lithography-based procedures, including photolithography [10], scanning lithography [11], soft 

lithography [12], and nanocontact printing [13], among others. The bottom-up route involves 

templated deposition growth such as chemical vapour deposition [14] and molecular beam 

epitaxy [15], combined with the subsequent self-assembly of components into more complex 

architectures [16]. Self-rolling strain-engineered nanomembranes on basis of the bottom-up 

method is gaining increasing interest due to the unique mechanical flexibility and geometrical 

variabilities along with excellent machinability from micro to nanoscale [17-20]. It is perfectly 

compatible with the top-down patterning technology through photolithography, offering great 

technological capability.  For example, it can enable the production of numerous identical three-

dimensional (3D) geometries without suffering from the stochastic variation in nanostructure 

parameters like size, shape, position, and composition [21-24]. Meanwhile, it is also very 

convenient to accurately integrate the self rolled-up structures on a chip [25]. Therefore, the 

strain induced self-rolling of nanomembranes is expected to play increasingly important roles 

in various potential applications in the microelectronics industry [26-28]. For instance, in terms 

of smart energy storage devices, the 3D tubular nanomembranes fabricated through the strain 

induced self-rolling have been designed and explored extensively for the on-chip integration of 
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fast-micro-lithium storage, due to its chemical stability, large active surface area, and high 

energy and power densities [29-31]. The self-rolling technique offers an inexpensive and 

accessible route to fabricate helical ribbon micromotors, actuated by either an electric field or 

a rotating magnetic field, which allows the micromotors to capture and release preselected 

carriers for biomedical applications [32, 33]. Also, the rollup nanomembranes have been 

extensively studied for creating the whispering-gallery mode (WGM) microcavity for sensing 

applications with features of high quality factor, low mode volume, and large optical density 

[34-36]. However, despite self-rolling strain-engineered nanomembranes being widely applied 

in optoelectronic devices and (MEMS/NEMS) systems, its potential is significantly limited due 

to inadequate understanding of the mechanisms underlying the self-rolling process. Critical 

knowledge regarding the mechanics and dynamics during the self-rolled-up process of strain 

engineered nanomembranes remain missing, which makes it difficult to control geometries of 

the resultant nanostructures and integrate state-of-the-art functionality required by those 

applications, and thus necessitate further investigation. 

2.2 Generic design method of self-rolled-up structures  

2.2.1 Mechanisms of strain induced self-rolling of nanomembranes 

Precise control and design of self-rolled-up nanomembranes rely on the deep 

understanding of their fabrication principles and related mechanical mechanisms. The generic 

fabrication approach for creating strain induced self-rolling structures consists of several 

essential fabrication steps, summarized as following:   

As shown in Figure 2.1, the materials with predefined geometry are first prepared based 

on a 2D template through the nanofilm deposition/growth [37, 38]. The material system 

includes (1) a sacrificial layer that can be selectively etched off from the substrate, and (2) a 

strained bilayer or multilayer on the top of the sacrificial layer consisting of materials of 

different lattice constants or a single layer with certain internal strain gradient. The sacrificial 
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layer is then selectively removed, and subsequently the strained bilayer or multilayer would 

gradually detach from the substrate. As the strained layer detaches, the release of the stored 

strain energy drives the layer into rolling, bending, twisting, buckling or other forms of 

geometrical transformation. This leads to the designed 2D patterns taking different final 3D 

configurations, like tubes [39, 40], helix [41], and periodic wrinkles [42] depending on the 

elastic properties and thicknesses of the strained layers as well as the initial geometric 

conditions defined by the lithographic process. Fig. 2.2 presents a few experimental examples 

of nanostructures resulted from self-rolling of strained nanomembranes. It's worth noting that 

based on the same mechanical principle, the built-in strain may also respond to external factors, 

including pH, heat, light density, or temperature for certain material systems (e.g., stimuli-

responsive hydrogels) [43]. Therefore, the geometrical transformation of nanomembranes could 

be reversibly controlled to produce, e.g., a shape-memory effect that has significant potential 

for creating a wide range of stimuli-responsive structures for the smart deployable devices [44].  
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Figure 2.1. Schematic illustrating the process of strain-driven rolling up. (a) The formation, via 
deposition, of a strained bilayer nanomembrane on a substrate with a sacrificial layer. (b) 
Rolling of the strained bilayer nanomembrane as the sacrificial layer is etched, driven by the 
releasing of built-in strain energy.  
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Figure 2.2. Scanning electron microscope (SEM) images of the rollup structures (a) an array 
of rolled-up SiO/SiO2 nanomembranes [18]. (b) The microtube of InxGa1-xAs/GaAs when 
sacrificial layer is being etched [45]. (c) The SEM image of strain induced wrinkles [42]. (d) 
The SEM image of the self rolled up nanospring [46]. [Figures adapted with permissions] 

 

2.2.2 Rolling direction competition for rectangular nanomembranes  

            It should be noted that there exists competition among all potential self-rolling 

directions as the strained nanomembranes are detached form the substrate. Such competition, 

demonstrated in Fig. 2.3, naturally derives from the simultaneous release of strain energy along 

different directions. It creates a critical challenge for achieving precise control of the rolling 

configurations. 
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Figure 2.3. SEM snapshots of (a) 30s and (b) 45s illustrating the competition between roll-up 
directions of the rectangle strained InxGa1-xAs/GaAs structures [39]. [Figures adapted with 
permissions] 

 

Extensive research effort [39, 47-51] have been devoted to the control of rolling 

directions. Earlier studies reveal that the dominant self-rolling direction and final geometrical 

morphology after self-rolling greatly depend on the initial geometric conditions, the history of 

the rolling process, presence of surface patterns and elastic moduli of strained nanomembranes. 

For instance, it has been demonstrated that rectangular strained nanomembranes constituted by 

elastically isotropic materials with large width/length ratios tend to start (and continue) rolling 

from the long edge side and form a tubular geometry [39].  This preferential bending along the 

long edge side was attributed to the existence of doubly curved regions at the curled edges that 

lowers the energy of the whole system and the energy difference between two rolling modes, 

namely, long edge rolling and short edge rolling, increases with the width and length ratio of 

strained bilayers [52]. Besides, the dominant rolling direction could be determined by the 

combination of edge effects and the most compliant direction when the strained 

nanomembranes being elastically anisotropic, and it thus allows a long narrow strip to be 

transformed into a helical shape depending on the angle between the alignment direction of the 

strip and its most compliant direction, as illustrated in Fig 2.4 (a) [46, 53]. The three geometric 
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parameters, such as the helical angle θ, the helical radius R, and the pitch period p, satisfy the 

condition of tan ߠ ൌ ௉

గ஽
. Additionally, patterned grating structures on the surface of strained 

metal bilayer system have been proposed to deterministically control the self-rolling direction 

to facilitate the fabrication of helical structured micro-springs [50]. And the rolling direction of 

the bilayer system is indicated to be always perpendicular to the grating structures and could be 

controlled by adjusting the pattern angle of the grating structures on the strained 

nanomembranes, as demonstrated in Fig. 2.4 (b). In addition, a fabrication strategy based on 

manipulating the gradient strain and initially wrinkled surface have also developed to achieve 

the precise control of the preferential rolling direction for the strained nanomembranes in 

rectangular shape. The phase diagram of the preferential rolling direction is given in Fig. 2.5, 

depending on the strain gradient and wrinkle amplitudes. 

 

 

Figure 2.4. Two methods that control the dominant rolling up direction of strained 
nanomembranes to create the helical geometry. (a) Employing the elastic compliant direction 
and edge effects to construct the helix with diameter d, pitch p, and helicity angle θ,	where	[xyz] 
represents the crystal orientation of the stripe, while [uvw] denotes the scrolling direction [46]. 
(b) A process flow of using surface imprint patterns to define rolling direction of strained Ti 
film to design the grating-structured metallic micro springs [50]. [Figures adapted with 
permissions] 
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Figure 2.5. Phase diagram of preferential rolling modes (long edge rolling or short edge rolling) 
for a rectangular strained nanomembranes depending on various wrinkle amplitude and strain 
gradient.  Insets show the snapshots of the rolling up of metallic film made of Cu0.59Ni0.40 Mn0.01 
alloy on the wrinkled film from video microscopy [47]. [Figures adapted with permissions] 

 

 

2.2.3 Controllable curvature of self-rolled-up structures 

 Besides the control of rolling directions of strained nanomembranes, another critical 

component to achieve precise design of rolled-up configurations of strained nanomembranes is 

curvature manipulation. The curvature variation of rolled-up nanostructures allows controllable 

modification of physical properties of systems, and nowadays the correlation between curvature 

geometry of rolled-up structures and physical properties of devices has become the main topic 

of extensive research in various areas of physics, particularly for the low-dimensional systems 

[54-56]. Balhorn et al. showed the modifications of mode spectrum of ferromagnetic 

Microtubes could be achieved through tailoring the tube radius and number of rolled-up layers 

[57]. Streubel et al. revealed that curvature adjustment can be used as a means to tune magnetic 

properties, including magnetic equilibrium states, magnetostatic interaction and magnetic 

domain patterning, which can enable the cylindrically curved magnetic architectures to promise 

applications for data storage and magnetic access memory devices [58]. Furthermore, it was 
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also demonstrated that electronic transport properties can be engineered by varying the 

curvature [59].  

Generally, the curvature of the final 3D geometry resulted from self-rolling of a strained 

nanomembrane is determined by the mismatch strain and/or strain gradient of the 

nanomembrane. For a simple strained bilayer system, the variation of the curvature can be 

roughly evaluated using the following equation based on the macroscopic continuum mechanics 

model developed by Timoshenko where a slender elastic plate has been considered comprising 

two strained layers [60]. The deformation of three-dimensional plate is approximately 

represented using the deformation of the mid-plane of plate in two dimensions employing the 

Kirchhoff shell assumptions [61, 62]. Eq. (2.1) gives the expression of bending curvature of 

rolled-up plate, where E and a represent the elasticity modulus and the layer thickness, 

respectively. The subscripts t and b are used for the label indices of top and bottom layers. h 

denotes the total thickness (݄ ൌ ݄௧ ൅	݄௕), ε is the mismatch strain of the bilayer system, and κ 

is the rolling curvature of deformed nanomembrane.                                                         

 									ଵ
఑
ൌ

௛൬ଷሺଵା௠ሻమାሺଵା௠௡ሻቀ௠మା భ
೘೙

ቁ൰

ଷሺఌ೟ିఌ್ሻሺଵା௠ሻమ
,݉ ൌ ௛೟

௛್
, ݊ ൌ ா೟ሺଵିఔ್ሻ

ா್ሺଵିఔ೟ሻ
					 (2.1) 

The detailed derivation of this formula is on the basis of energy minimization principle, 

in which two uniform curvatures ሺ	ߢଵଵ ൌ ଶଶߢ	 ൌ ሻ	ߢ  are assumed for the rolled-up 

nanomembranes for simplicity of analytical treatment. The strain components in the mid-plane 

(at height h/2 above the base of the bottom layer) are considered to be equal and isotropic 

ሺ	ߛଵଵ ൌ 	 ଶଶߛ ൌ  ሻ. Therefore, the strain energy density in the top and bottom layer can be	ߛ	

determined as 

                                      ௧ܷ ൌ
ଵ

ଶ
௜௝ߪ
௧ ௜௝ߝ

௧ ൌ ா೟
ଶ∙ሺଵିఔ೟ሻ

ሺߛ ൅ ߢ ∙                                  (2.2)					ଷሻଶݔ

                                 ܷ௕ ൌ
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Where ߝ௜௝
௧  and ߝ௜௝

௕ are the strain components in the top and bottom layer, respectively.	 ߪ௜௝
௧   and 

௜௝ߪ
௕  are corresponding stress components. ݔଷ  represents the distance from the mid-plane. 

Therefore, the total potential energy ܷ can be further calculated by integration Eqs (2-3) over 

the whole system,                                    

                                        	ܷ ൌ∭ ቀ
ଵ

ଶ
௜௝ߪ
௕ߝ௜௝

௕ ൅ ଵ

ଶ
௜௝ߪ
௧ ௜௝ߝ

௧ ቁ௏ ܸ݀                   (2.4) 

Finally, the equilibrium values of γ and κ can be obtained by solving the linear equations 

derived from 
డ௎

డఊ
ൌ 0 and  

డ௎

డ఑
ൌ 0. Here, it should be emphasized that the presumptions exclude 

the possibility of anisotropic rolling curvature and initial mismatch strain anisotropy, and thus 

fail to elucidate the multi-stable equilibrium of self-rolling behaviors.  

In addition, it mainly focuses on initially flat strained nanomembranes on regular 

substrates, and neglects the influence of initial curved substrate. The investigation of self-rolling 

architectures with adjustable bidirectional curvature remains a huge challenging. Actually, 

considerable deviations in rollup curvature exist between model predictions and experimental 

measurements. For example, the study by Zhang et al. [63] gives a tube diameter of 2.15μm for 

the rolled up Si/SiGe bilayer, whereas 2.44	μm is obtained from Eq. (2.1). In the study by Chun 

et al. on GaAs/In0.2Ga0.8As system [45], the diameter of the self-rolled-up structure was 

measured to be 884 nm, while 1024 nm is predicted by the Timoshenko formula (~14% 

overestimation). Such discrepancy between experimental measurements and theoretical 

predictions was also confirmed by other studies [64, 65] The discrepancy has been attributed to 

different factors, such as nonlinear strain effect [66], assumption of  additional mismatch strain 

or oxidation layers [64, 67], surface tension and reconstruction [65, 68].  For example, the 

effects of oxidation layers and surface tension are illustrated in Fig. 2.6. However, those efforts 

in explaining the discrepancy involved additional assumptions, and are mostly qualitative with 

notable inconsistency [49, 69, 70]. For instance, the self-rolling induced by the intrinsic surface-
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stress imbalance can only be applied into systems of several atomic layers in thickness, where 

surface dimers are relocated to have gradient stress along the thickness direction. On the other 

hand, this formula is not suitable for thick layers of strained nanomembranes or highly 

mismatched systems like AlN/GaN. This is due to the inaccurate evaluation of mismatch strain, 

where the built-in strain gradient would be reduced through the nucleation of interface misfit 

dislocations and the term of mismatch strain in Eq (2.1) should be corrected to include the 

effects of dislocations. The research regarding the self-rolling of ultrathin AlN/GaN porous 

crystalline nanomembranes has confirmed the existence of dislocations in the rolled up 

microtubes, as shown in Fig.2.7 [71]. The basic mechanism of dislocation nucleation in strained 

curved nanomembranes can be explained in the framework of continuum mechanics during the 

deposition process of heterogeneous nanomembranes. The elastic strain energy resulting from 

the lattice mismatch is released in the form of surface energy during the initial deposition stage, 

producing dislocation-free, equally spaced islands when the island size is small [42]. However, 

as the island continues to expand, the increasing surface energy cannot be compensated by the 

decrease in the strain energy caused by the lattice mismatch. As the island volume increase, the 

strain energy raises, eventually resulting in the nucleation of dislocations in the boundary of 

islands. With the nucleation of dislocations, the islands are no longer coherently strained, 

leading to heterogeneity in the bilayer system. The nucleated dislocations would relax the 

mismatch strain to some degree, and the further quantitively evaluation at atomistic scale for 

this strain relaxation need to be performed to examine the corresponding curvature variation.  
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Figure 2.6. Comparison between experimental measured rollup diameters and the predicted 
values from Timoshenko formula with assumptions of oxidization layer and surface stress 
imbalance. (a) Experimental and theoretical results of InAs/GaAs system with additional 
assumptions of oxidization layer and equal Yong’s modulus. The bottom plot indicates the root 
mean square (RMS) roughness of surface before etching [64]. (b) Experimental and theoretical 
results of Si/SiGe system with surface stress modifications [65]. [Figures adapted with 
permissions] 

 

 

Figure 2.7. The self-rolled-up microtube with dislocations embedded (a) and (b) SEM images 
of microtubes made from strained AlN nanomembrane (20 nm thick) on Si substrate. The insets 
show the enlarged SEM images of the open end of microtube (c) The enlarged TEM of the 
rollup wall showing the pores with a size of 10~20 nm; (d) The fast Fourier transformed filtered 
image of strained AlN layer to test crystal defects and the lattice spacing (e) The magnified 
TEM image for the rectangle region in (d) and the lattice spacing several dislocations are 
labelled by the black arrows [71]. [Figures adapted with permissions] 
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2.2.4 Computational modeling of self-rolled-up structures 

For complex multilayered structures with predefined surface functional patterns for 

electronics and optics applications, numerical method is preferred to predict the rolling 

curvature and understand the kinetics involved in the rolling process, because the nonuniform 

strain gradient along the thickness direction and the surface strain imbalance induced by the 

distribution of patterns are difficult to be incorporated into the analytical method. Therefore, 

simulations based on finite element method (FEM) have been proposed to study the rolling 

process of strain engineered nanomembranes, focusing on the size effects on the final rolling 

competition and the resultant structures [39], and precision curvature design of different coaxial 

inner diameters [48]. In the FEM simulations, the transient quasi-static method with moving 

boundary conditions is usually employed to explore the possible 3D rollup configurations. 

During the releasing process, the dynamic etching of strained nanomembranes is modelled 

through slow boundary movement, while the internal mismatch strain is achieved by assigning 

different thermal expansion coefficients to each layer and temperature variation. Fig. 2.8 shows 

the structural design of self-rolled-up nanomembranes using silicon nitride based on the FEM 

simulations. An excellent agreement between experimental results and numerical simulations 

has been observed for the fabrications of coaxial tubular geometry and double helix structures. 
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Figure 2.8. Structural design of self-rolled-up nanomembranes based on the FEM simulations. 
(a) Experimental fabricated coaxial tubular geometry with two diameters controlled by the local 
thickness adjustment. The diameters for the first and second turn are meassured to be 6.66 μm 
and 13.71 μm, respectively. (b) FEM simulated tubular structure with diameters 7 and 14 μm. 
(c) Experimental and simulated double helix structures resulting from a patterned origami 
planar configuration, achieved by the anisotropic release process [48]. [Figures adapted with 
permissions] 

 

It is important to note that the driving force of the self-rolling behaviors may also 

originate from selective molecular adsorption [72], and the imbalance of surface stress when 

the thickness of strained bilayer is reduced to a few atomic layers [73], where continuum 

approaches fails and experiments alone often cannot obtain key information about the exact 

atomic arrangement of rolled up structures. Therefore, atomistic simulations are demanded to 

examine the self-rolling mechanics and related electronic properties. A direct example in Fig. 

2.9 (a) shows the transformation processes of planar graphene to 3D nanocage with the 

assistance of H molecular adsorption, where precise manipulation of the adsorption position of 

H plays a critical role to fold and stabilize the resultant nanocage for molecular storage. The 

folding angles of single-sided hydrogenation along the selected edges are determined through 
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detailed  molecular dynamics (MD) simulations. It has been further revealed that this 

hydrogenation-assisted graphene nanocage could reversibly opened and closed when  a 

programmable external electric field is applied, which is extendable for the application of 

volumetric light confinement [74]. Fig. 2.9 (b) illustrates the surface reconstruction effects on 

the self-rolling behaviors of strained Ge/Si bilayer with various atom layers. The MD 

simulations indicate that the surface stress imbalance due to the surface reconstruction is 

anisotropic and has additional effects on the principal axis of self-rolling, especially for the case 

of large surface-to-volume ratio. 

 

 

Figure 2.9. Atomistic simulations of self-rolled-up structures. (a) Hydrogenation assisted 
graphene self-rolling into a nanocage [72]. (b) Surface reconstruction effects on self-rolling 
behaviors of strained bilayer for (001) Ge/Si with (Left) an even number (4 Ge/4 Si) and (Right) 
an odd number (4Ge/5 Si) of atomic layers [73]. [Figures adapted with permissions] 
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2.3 Practical applications of strain induced self-rolled-up structures 

2.3.1 Self-rolled-up microtube used for microcavity resonators 

            The self-rolled-up microtubes have shown great potential as components in tubular 

microcavity resonators with higher quality factors and finer spectral resolution [75, 76]. In the 

tubular microcavity, light can be defined in the circular structure and distributed by wavelength 

and distinguished at specific resonant frequencies [77]. The wall thicknesses of such tubular 

microcavities are smaller than the light resonance wavelength and thus the related resonances 

are highly sensitive to ambient refractive index [78] and can have strong on-resonance coupling 

of attached dye emitters to optical modes for the optofluidic sensing and lasing applications 

[79]. Fig. 2.10 shows the interaction between light and Rhodamine 6G (R6G) molecule. One 

can note that enhanced photoluminescence and Raman scattering effects have been achieved. 

It implies that the self-rolled-up microtube can be used as an optical platform for the 

applications like single nanoparticle detection and optofluidic sensing. 

 

 

Figure 2.10. The Rolled-up tubular microcavity for the optofluidic sensing and lasing 
applications. (a) Schematic illustration of a rolled-up tubular microcavity with R6G molecules 
incorporated. (b) The average electric filed intensify of the microtube has been calculated as a 
function of wavelengths. The inset on the upper right indicates the related on-resonance field 
profiles [79]. [Figures adapted with permissions] 
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The unique advantage of strain induced self-rolled-up microcavity resonators lies in its 

high freedom in the selection of constituting material, which enables multiple functional 

materials, like (2D materials or high fluorescence materials) to be incorporated into self-rolled-

up structures to achieve enhanced performance [80-82]. In addition, its excellent geometrical 

flexibility enables the production of microcavities with controllable diameters, wall thickness 

and refractive index, thus allowing tuning the resonant wavelengths, Q-factor and even optical 

sensitivity [83-85]. Therefore, to accurately evaluate those properties and connect them with 

the geometrical configurations of self rolled-up structures, several approaches with rigorous 

analytical formulas have been proposed, including waveguide approximation approach [86], 

Mie scattering method [84, 87] and the finite-difference time-domain (FDTD) method [88, 89]. 

However, the waveguide approximation approaches are oversimplified and not suitable for the 

case of liquid-in-tube due to the considerable deviation from the experimental results 

The numerical simulations using FDTD are quite time consuming. Therefore, the Mie 

scattering method is generally considered as a reliable and robust way to theoretically 

investigate the greatest possible performance of self-rolled-up microcavity resonators and 

develop better tunable optofluidic system. Brief descriptions of Mie scattering method are given 

below [84, 85, 90]. Considering a microtube made of N strained layers with different refractive 

indices, when TM (TE) waves are incident on a microtube, the electric field Ez or magnetic 

field Hz in the i-th and (i+1)-th layer could be approximated as  

௜ߔ  ൌ ∑ ൣܽ௜,௠ܬ௠ሺ݇௜ݎሻ ൅ ܾ௜,௠ܪ௠ଵ ሺ݇௜ݎሻ൧௠ ݁௜௠ః (2.5) 

௜ାଵߔ  ൌ ∑ ൣܽ௜ାଵ,௠ܬ௠ሺ݇௜ାଵݎሻ ൅ ܾ௜ାଵ,௠ܪ௠ଵ ሺ݇௜ାଵݎሻ൧௠ ݁௜௠ః (2.6) 

where ݇௜ ൌ ݊௜݇଴, ݊௜  represents the refractive index of the i-th layer and ݇଴ ൌ
ଶ஠

஛
 . λ indicates 

the wavelength in the vacuum. The integer m is the order of resonance. Here, cylindrical 

coordinates ሺݎ,  ௠ and Hankelܬ ሻ are used and centered on the microtube. The Bessel functionߔ

function of the first kind ܪ௠ଵ 	 denote the incident and scattering waves, respectively. Then, the 
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scattering coefficients  ܦ௜,௠ ൌ ܾ௜,௠/ܽ௜,௠ are obtained employing the continuity of Ez and Hz at 

the interface r=R (ߔ௜ሺRሻ ൌ  ௜ାଵሺRሻ andߔ
பః೔ሺୖሻ

ப୰
ൌ பః೔ሺୖሻ

ப୰
). The total and partial scattering cross 

section ܥ௦	ܽ݊݀	ܥ௦,௠with the m-th order could be arranged as  

௦ܥ  ൌ ∑ ௦,௠ܥ ൌ ∑ ଶఒ

గ
หܦ௜,௠ห

ଶ
௠௠  (2.7) 

Lorentz line shape is fitted to the values of ܥ௦,௠ to derive the corresponding wavelength ߣ௠ and 

 . ௠݌

௦,௠ܥ  ൌ ௣೘
ሾሺ௞బିଶగ/ఒ೘ሻమିం೘

మ ሿ
  (2.8) 

The quality factor could be evaluated as: 

 Q ൌ  ݇଴ሻ  (2.9)	௠݌௠ඥߣሺ/ߨ2

Systematic examinations of self-rolled-up microtubes used for the optical resonances with 

versatile wall composition and smaller sizes have been conducted to identify their liquid sensing 

capability through the Mie scattering method. Three environment conditions have been 

considered including tube-in-liquid, hollow-tube-in-liquid and liquid-in-tube. As shown in Fig. 

2.11 [84], the corresponding resonant wavelengths λr, Q factors, figures of merit QS and 

sensitivities S are calculated and compared with the given wall thickness ∆ and diameter h, 

aiming at designing better optofluidic devices based on rolled-up microtubes. 

 



 

24 
 

 

Figure 2.11. The derived resonant mode and sensing capability for microtubes with refractive 
index n2 = 2, m = 40 and different wall thickness ∆. (a) Wavelengths λr (b) Q-factors, (c) 
sensitivities S and (d) figures of merit QS. The symbols in (a) and (c) are approximated results 
obtained from waveguide approximation approaches [84]. [Figures adapted with permissions] 

 

2.3.2 Compact on-chip self-rolled-up microtubes for lab-in-a-tube systems 

            Because the dimension of rolled-up structure is comparable to the microchip, the rolled-

up tubular microcavity can be employed as the technical platform to combine multi-functions 

on highly integrated devices and realise lab-in-a-tube systems [91]. A pioneer work has been 

shown in Fig. 2.12, which developed ultra-compact on-chip microtube arrays toward sensing 

and biofluid applications [92]. This microfluidic integration of several rolled-up optofluidic 

ring resonators on one chip is achieved by placing the patterned robust SU-8 polymeric matrix 

into microtubes. Due to the difference in refractive indices, different fluids passing through the 

microtube could be identified based on the resulting various shifting magnitudes of whispering 
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gallery modes detected by the photoluminescence spectroscopy system. The sensitivity is 

measured to be up to 880 nm/refractive index units (RIU). 

 

 

Figure 2.12. Ultra-compact on-chip microtubes for sensing and biofluid applications (a) SEM 
image shows the fabricated 3D tubular micro sensor released from a U-shape pattern. (b) 
Schematic illustration of the entire chip with the microchannel system of optofluidic tubular 
ring resonators. (c)	PL spectrum for the middle part of self-rolled-up microtubes with the inset 
for a group of axial modes. (d) The test of signal stability and red shift for air and DI water [25]. 
[Figures adapted with permissions] 

 

2.4 Self-rolled-up nanomembranes used for energy storage devices 

            Self-rolled-up nanomembranes have recently attracted numerous research attentions for 

developing novel energy storage devices, such as Lithium-ion batteries (LIBs) [93], Li–O2 

batteries [94], electrode structure [30], and capacitor arrays [17], because of excellent 

mechanical stability and geometrical flexibility.  The microfabrication based on strain induced 

self-rolling could scale down the battery size into microscale and thus allowing other 

microdevices including field effect transistors (FET), photodetectors, and logic gates to be 
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embedded into the micro battery and achieving the miniaturization of electronic devices [95]. 

The micro batteries fabricated from the self-rolled-up tubular structures could also provide the 

on-chip driving power and are used as an electromechanical or electrochemical device platform 

for electric characteristics testing [96]. Additionally, considerable efforts have been made to 

create the composite tubular geometry self rolling  from strain engineered multiple functional 

materials and form hybrid organic/inorganic electronic storage devices [97]. As a demonstration 

of energy storage devices based on the self-rolled-up nanomembranes, Fig. 2.13 shows their 

applications for Li-ion batteries anode structures and hybrid organic/inorganic capacitor [93, 

97]. In Fig. 2.13 (a), strained bilayer system of Si/reduced graphene oxide has been designed to 

roll up into many turns and form alternative sandwich nanoarchitecture with some gaps between 

two closed turns, aiming at facilitating electron transport and improving the tolerance of strain 

cracking during lithiation/delithiation cycling, which avoids large capacity loss and huge shape 

change of silicon anodes materials and enhances the cycling performance of LIBs. In Fig. 2.13 

(b), through applying the self-rolling technique, the tubular micro-capacitors with sizes almost 

2 orders of magnitude smaller than traditional ones, have been manufactured using hybrid 

organic/inorganic materials. They show excellent capacitances per footprint area of around 200 

μF/cm2 with specific energy (∼0.55 Wh/kg), much better than those metal-insulator-metal 

capacitors made from Al2O3. This advantage originates from the additional incorporations of 

functional organic monolayers, allowing flexible tuning of the electronic characteristics of 

capacities. These self-rolled-up structures coupling with embedded functional organic 

molecules are also promising to be extended to fabricate other microdevices like coils and 

transformers with desired biochemical functionalities. 
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Figure 2.13. Self-rolled-up nanomembranes for Li-ion batteries anode structures and hybrid 
organic/inorganic capacitor. (a) The cycling performance of the Si/Reduced Graphene Oxide 
(Si/rGO) bilayer nanomembrane electrode with the left inset showing schematic fabrication of 
downward rolled-up structure and right inset for the corresponding SEM image of a single 
rolled-up nanomembrane [93]. (b) Nanomembrane based rolled-up ultracompact capacitors 
(UCCap). The left region shows fabrication illustrations including the layer sequence and two 
cases with different consisting materials: inorganic (Case I) and hybrid organic/inorganic (Case 
II). The right part depicts the real SEM images of nanomembrane-based UCCaps [97]. [Figures 
adapted with permissions] 

 

2.4.1 Rolled-up nanomembranes used for magnetic tubular architectures 

            It has been revealed that, experimentally and theoretically, the curved surface of magnet 

would result in polarity-chirality coupling [98], magneto chiral properties [99], magnetization 
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patterning [56]  and anisotropic magneto static interaction [58]. The successful fabrications of 

various self-rolled-up magnetic shell structures with controllable curvature have shown great 

potentials for the investigations of those curvature-driven modifications of physical properties 

to magnetic nano-objects [99-101].  Additionally, those self-rolled-up magnetic structures have 

also been explored for the related magnetic applications, such as, flow detection of magnetic 

objects [102], magneto-encephalography devices [103], and ferromagnetic microtube ring 

resonators [57] through depositing an additional magnetic layer. Currently, more efforts are 

devoted to optimizing the initial heterostructures with magnetic material incorporated to 

achieve smaller diameters down to several nanometers and thus maximizing the curvature 

effects. Fig. 2.14 gives the application of spin-wave ferromagnetic microtube ring resonators 

made from strained semiconductor bilayer of InGaAs/GaAs with a ferromagnetic metal layer 

Ni80Fe20 [57]. The spin-wave spectrum has been measured through microwave absorption 

spectroscopy, and the results indicate that zero magnetic field mode spectrum could be 

effectively tailored the diameter and total wall thickness of the microtube. Moreover, this 

tubular ferromagnetic structure can produce multiple separated whispering-gallery modes over 

a wide magnetic field (several GHz). 
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Figure 2.14. Spin-wave ring resonators made from rolled-up ferromagnetic permalloy 
microtube (RUPT) based on Ni80Fe20/GaAs/In20Ga80As (a) illustrations for the layer sequence 
of strain engineered Ni80Fe20/GaAs/In20Ga80As. (b) and (c): the schematic diagram and 
corresponding SEM image of RUPT placed along the signal line (S) between two ground lines 
(G). The left inset shows the cross-section window of microtube with 3.5 rolling turns and the 
following microwave absorption measurements are conduced by a coplanar waveguide [57]. 
[Figures adapted with permissions] 

 

2.4.2 Self-rolling method extended for the application of polymer structures  

           Recently, the concept of strain-induced self-rolling, initially developed for fabricating 

semiconductor nanomembranes, has been extended to other material systems, particularly for 

the polymer-based self-folding structures [1, 104]. The main advantages of polymer materials 

lie in their sensitivities to various external signals (like temperature and pH) and considerable 

tolerance of elastic deformation without considering the limitation of small deformations and 

the linear elastic behaviors of semiconductor materials [43, 105]. Additionally, the spatial 
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arrangement of strain engineered polymers could be produced by the biomimetic 4D printing 

with designed anisotropic strain gradient when responding to external stimuli [106]. As 

examples, polymer-based origami has been introduced as the new applications of self-rolling 

techniques, which has made possible the creation of an enormous amount of new designs, and 

enables multi-stability that allows reprogrammable configurations [107, 108]. Moreover, 

appropriate software package based on origami mathematics has been available and ready to 

solve the inverse origami problems and design significantly complex 3D origami geometry 

[109]. Some particularly interesting results are shown in Fig. 2.15, where the cubic box, 

dodecahedron and Miura-ori folding pattern have been created through the connected polymer 

panels driven by the temperature induced rolling elements [107]. Although the fundamental 

geometry and elastic theory of origami-based metamaterials have been addressed [110, 111], 

several issues need to be further discussed and improved with respect to the self-rolling 

behaviors of connected elements in those origami patterns, especially for the effects of 

geometrical and mechanical parameters including the thickness, elastic constants, temperature 

induced strain gradient, and the controlled actuation sequence [112]. Also, the polymers are not 

suitable for the structural and actuation applications due to the low modulus characteristics. 
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Figure 2.15. Printing self-rolling elements activated by the temperature (enclosed in the white 
rectangles) connecting the panels for creating origami structures. (a) Six connected square 
panels self rolling into a cubic box after temperature change. (b) Connected panels self-rolled 
into a dodecahedron (c) The Miura-ori folding pattern fabricated by printing two types of 
elements with opposite rolling directions upon activation of temperature [107]. [Figures adapted 
with permissions] 
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Chapter 3: Research Methodology 

             The precise design and manipulation of the rolled-up geometries of strain engineered 

nanomembrane fundamentally requires deep understanding of underlying self-rollup mechanics 

and dynamics evolution mechanism. In this research, the self-rollup behaviors in continuum 

regimes were studied through Finite element (FE) analysis combined with continuum 

mechanics theory, which helps to deal with the geometrically complex strained multilayered 

nanomembranes with material anisotropy and predefined topological patterns. However, those 

approaches fail to account for the role of lattice defects (e.g., dislocations) in modifying the 

strain gradient of nanomembranes, where the key information about the exact atomic 

arrangement of rolled up structures needs to be further considered. Therefore, molecular 

dynamics (MD) simulations have been performed to examine the self-rolling mechanics 

providing atomistic details of how self rolling systems operate. The combination of those 

methods would allow the rational design and construct of flexible rollup geometries for various 

applications with less cost and development cycles. This chapter will introduce relevant 

principle and concepts of modeling and simulation methods used in this thesis and describe 

possible limitations. 

 

3.1 Finite element (FE) analysis using ABAQUS 

 Most practical design of rollup configurations obtained from strain-induced 

nanomembrane involve predefined region with a complicated 3D structure [22], and need to 

consider inherently material behaviors such as the contact with surface functional patterns [23], 

large local curvature and volume changes [6] as well as nonlinear elastic effects [24]. These 

problems are beyond the reach of the traditional analytical techniques and could only be treated 

using numerical simulations, and the Finite element (FE) analysis is probably the most versatile 
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and widely used numerical technique developed to deal with those issues, which has a strong 

advantage on the investigation of mechanics of deformable solids of irregular geometry coupled 

with the problems of heat and mass transfer, fluid flow and electromagnetic field effects [25]. 

It mainly involves subdividing the complicated 3D geometry of solid into smaller and distinct 

regions referred to finite elements and then,  discrete points (known as nodal points) are 

assigned elaborately inside of these finite elements to construct the interpolating functions and 

related partial differential equations that governs the targeted problems, which could then be 

approximately solved using numerical techniques, and assembled into a larger system of 

equations that describes the entire problem. The approximate solutions to corresponding partial 

differential equations with the targeted unknowns, such as the displacements and rotations of 

each divided element, are generally determined employing the principle of virtual work based 

on the calculus of variations through minimizing associated error functions [26]. This section 

would give a brief introduction of the FE simulations implemented by the ABAQUS Unified 

FE software [27] for predicting strain-induced self rolling behaviors of strained 

nanomembranes.   

3.1.1 ABAQUS/CAE simulations 

Through the integration of open-source programming language Python for scripting and 

customization [28], the ABAQUS/CAE (Computer Aided Engineering) with version 6.13-1 

used in our study, provides an interactive graphic interface for the high efficient FE analysis of 

mechanical components and assemblies, particularly for nonlinear engineering problems. It 

consists of a series of logical modules that describe different aspect of the modeling procedures, 

for example, creating the geometry, defining the mesh and assigning material properties and 

loading. In our simulations, the module of composite layups develop for shell geometry is used 

to simulate the strained bilayer or multilayer structures with or without predefined surface 

functional patterns [29]. The shell element labelled S4R is employed to analyze the roll-up 
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process numerically of strained nanomembranes. In ABAQUS documentation, S4R belongs 

one of general-purpose conventional shell elements, representing the 4-node, quadrilateral, 

stress/displacement shell element with reduced integration and a large-strain formulation, 

allowing transverse shear deformation [30]. Different thermal expansion coefficients are 

assigned to each layer to achieve the mismatch strain. 

3.1.2 Comparative Selection of FE Analysis Modules 

Two main analysis modules, namely ABAQUS/Standard and ABAQUS/Explicit, are 

used in our simulations. ABAQUS/Standard is designed for static analysis by solving a system 

of equations implicitly at each solution increment for a variety of linear and nonlinear problems 

involving static, low-speed dynamic, thermal, and electrical response of components, where 

highly reliable and precise solutions to stress and displacement are of great importance [31]. 

Thus, mechanical equilibrium is required to be achieved through each iterative procedure of 

ABAQUS/Standard. Comparatively speaking, ABAQUS/Explicit is a special-purpose analysis 

module based on the explicit dynamic finite element formulation [32]. The explicit time 

integration method is used to consider the kinematic conditions at one increment and to 

calculate the kinematic conditions at the next increment. It is suitable for modeling brief and 

transient dynamic events, such as impact problems with the requirement of small time 

increments. In this thesis, the ABAQUS/Standard module was employed to investigate the roll-

up process under controlled release and measure the final rolling curvature. However, it is 

unpractical and beyond the capability of ABAQUS/Standard module to analyze a nonlinear 

problem with many degrees of freedoms during a dynamic process, especially for the self rollup 

competitions and potential possible multiple 3D rollup configurations [33]. That is mainly 

attributed to the numerical divergent issues for each iteration calculation of ABAQUS/Standard, 

where mechanical equilibrium is required to be checked for the internal structure forces with 

the externally applied loads during the solution process of a large set of linear equations. On 
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the other hand, ABAQUS/Explicit updates the structure geometry changes without considering 

the iterating to enforce mechanical equilibrium, which solves the divergence problem over the 

implicit method but many smaller increments are required for good accuracy and time 

consuming [34].  Therefore, ABAQUS explicit module has the advantage for dynamic 

simulations of the competition between different roll-up directions after simultaneous release 

of strained nanomembranes.  

 

3.2 Fundamental Continuum Theory 

            The fundamental continuum theories used for the quantitative analysis of self-rolling of 

strained nanomembranes included the von Karman shell theory for the rollup of flat plates and 

membranes [35], and related dislocation theory to evaluate the role of misfit dislocations on the 

self-rolling up [36]. This section will present a brief introduction of continuum theories 

pertaining to the thesis work. 

3.2.1 The von Karman shell theory for flat plates and membranes 

 The von Karman shell theory specifically describes the mechanics of flat plates and 

membranes with small in-plane and large transverse deflections, which is mainly focused on 

the deformation of thin shell subjected to substantial loading parallel to the plane of the shell 

with large out-of-plane displacement [37].   

The following assumptions have been made for the von Karman shell theory: 

1. The displacement field within the shell conforms to the Kirchhoff shell theory [38], 

which states that in the shell straight lines normal to the underformed mid-surface remain 

straight and normal after deformation, and the thickness of the plate does not change after a 

deformation. 
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2. It is assumed that the in-plane loadings are much larger than transverse ones, and only 

nonlinear terms in the governing equations involving in-plane loadings are kept. 

The basic governing equations have been summarized as following with Greek subscripts being 

1 or 2 and index 3 labelling out of plane direction [35]: 

1. The in-plane strain tensor is approximated by ߛఈఉ ൌ
ଵ

ଶ
൬డ௨ഀ
డ௫ഁ

൅
డ௨ഁ
డ௫ഀ

൅ డ௨య
డ௫ഁ

⋅ డ௨య
డ௫ഀ

൰  

2. The curvature change tensor has components ∆ߢఈఉ ൌ െ డమ௨య
డ௫ഀ௫ഁ

	. 

3. The strain field in the plate is approximated as ߝఈఉ ൌ ఈఉߛ ൅ ଷݔ ∙  ఈఉߢ∆

Where,  ݑ௜ (i=1, 2, 3) are the displacement field for the mid-plane of the nanomembrane in a 

given coordinate ሺݔଵ, ,ଶݔ   .ଷሻݔ

3.2.2 Dislocation Mechanics 

            The misfit dislocation effects on mismatch strain that drives the self-rolling up of 

strained nanomembranes are examined in detail using atomistic simulations implemented by 

Lammps and the corresponding desregistry functions of dislocation that describes the relative 

displacement between two half crystals divided by the heterogenous interface of 

nanomembranes [39]. In the atomistic simulations, the initial dislocation structure is generated 

by displacing each atom in simulation box according to the corresponding displacement field 

of dislocations. Here, we use b, μ and ν representing the Burger’s vector, shear modulus and 

Poisson’s ratio, respectively. Therefore, the displacement field corresponding to edge 

dislocations can be written in the following forms in Cartesian coordinates and polar 

coordinates, respectively [40]: 

௫ݑ  ൌ
௕
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௬

௫
൅ ௫௬
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The different dislocation configurations can be obtained by changing the center of dislocation 

displacement field. On the other hand, the desregistry functions of dislocation are calculated 

through Peierls-Nabarro (PN) model together with an input from the generalized-stacking-fault 

energy (GSFE) profiles of dislocations, calculated by atomistic simulations [41]. 

නܭ 
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ൌ   െ
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  (3.5) 

where ݑሺݔሻ is the disregistry function describing the relative displacement between two half 

crystals divided by the slip plane, and K is a constant, being μ/(4π) for a screw dislocation and 

μ/[4π(1−ν)] for an edge dislocation [42]. The P-N model is deduced by considering the balance 

between the stress induced by the dislocation (the left side of Eq. (3.5)) and the periodic lattice 

restoring stress that represents the lattice resistance of a crystal to the distortion associated with 

the dislocation (the right side of Eq. (3.5)). The disregistry function then could be approximately 

solved assuming a trial fitting function with undetermined constants ߙ௜ and ܿ௜ [43]: 
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௜    (3.6) 

 

3.3 Molecular dynamics (MD) simulations  

Assuming the validity of classical mechanics and no chemical reactions involved, MD 

method can simulate the interactions of atoms by constructing an empirical model of 

interatomic interactions according to the calculated results of quantum mechanics and related 

experimental data [7]. The whole system would evolve based on the classical equation of 

motions (Newton’s second law) 
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௜ܨ                                                          ൌ ݉௜
డమ௥೔
డ௧మ

                                           (3.7) 

where ݉௜ represents the mass of the i-th atom, the second derivative of the position vector ݎ௜ 

gives the acceleration of the i-th atom. ܨ௜ is the corresponding force acting on the i-th atom, 

which could be derived from the potential function ܸሺሼݎԦ௜ሽሻ  describing the interactions between 

the atoms, as given:   

௜ܨ  ൌ െߘ௥Ԧ೔ܸ (3.8) 

The interatomic potential ܸሺሼݎԦ௜ሽሻ is generally expressed as multi-variate series expansion of 

functional depending on the position vectors ݎԦ௜  of atoms and the atom number N involved, 

which allows the calculation of total energy ܧ of the whole system as [8]: 

 ܸሺሼݎԦ௜ሽሻ ൌ ∑ ଵܸሺݎԦ௜ሻ ൅
ே
௜ ෍ ଶܸ൫ݎԦ௜, Ԧ௝൯ݎ ൅

ே

௜ழ௝
෍ ଷܸ൫ݎԦ௜, ,Ԧ௝ݎ Ԧ௞൯ݎ ൅

ே

௜ழ௝ழ௞
 ⋯	 (3.9) 

Where, ଵܸሺݎԦ௜ሻ, ଶܸ൫ݎԦ௜, ,Ԧ௜ݎԦ௝൯, and ଷܸ൫ݎ ,Ԧ௝ݎ  Ԧ௞൯ represent the one-body term, the two-body or pairݎ

potential term and the three-body or multi-body term, respectively, and ܸሺሼݎԦ௜ሽሻ could be further 

expanded to higher order terms to improve the accuracy of potentials. Here, the summation 

notions would go over all atoms with the restriction of ݅ ൏ ݆  for the two-body term, ݅ ൏ ݆ ൏ ݇ 

for the three-body term and similarly for other higher terms avoiding the double counting of 

those terms. It is worth noting that due to the quantum nature of interatomic interactions, 

mathematical approximations are necessary for analytical series expansion of all potentials 

aiming at improving the computational efficiency, when incorporated into the existing MD 

codes. Generally, interatomic potentials are developed based on the chosen functional form and 

varieties with adjustable parameters targeting at different physical properties and some specific 

material systems. So far, many analytical potentials forms have been developed, such as simple 

Morse potential [9, 10] and Lennard-Jones (LJ) potential [11] that require less computational 
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power with less physical justifications, and are usually used in the early research, as well as 

complicated modified embedded-atom method (MEAM) [12] and modified Stilinger-Weber 

(SW) potentials [13] developed for metals and semiconductors, respectively. Actually, along 

the advancement of computational technology, interatomic potentials are gradually involving 

into complicated functional forms with improved precision through fitting more experimental 

data and quantum simulation results.  

Based on the interatomic potential, the MD simulations enable us to obtain full 

dynamical information of the modelled system that may not be easily observed or detected from 

experiments. And in this thesis, All the MD simulations are implemented by Software Package 

Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [14] developed by 

Sandia National Laboratories, capable of modeling metallic, polymeric, biological systems in a 

liquid, solid, or gaseous state through applying a wide diversity of interatomic potentials and 

boundary conditions.  Compared with Ab initio calculations, LAMMPS allows dealing with 

systems containing thousands of atoms, and this is well suited for the study of misfit dislocation 

effects on the rollup of strained nanomembranes [15, 16]. The interatomic potential used here 

is modified SW potentials [13, 17] originally developed for InGaN [18, 19]. The general form 

of total energy of a system for the modified SW potential can be expressed as [17] 

ܧ ൌ ଵ
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           Where all adjacent atoms for the center atom i are labelled from ݅ଵ to ݅௡, ߠ௝௜௞ indicates 

the bond angle between atoms k and j close to the center of atom i, and ߮ோ,ூ௃൫ݎ௜௝൯ and ߮஺,ூ௃൫ݎ௜௝൯ 

give the pairwise repulsive and attractive functions, respectively, based on the relative position 

of atoms. ݑூ௄ሺݎ௜௞ሻ indicates the pair function for three body interactions with ݃௃ூ௄൫ܿߠݏ݋௝௜௞൯
ଶ
 

being the angular penalty function, where the subscripts i, j, k and I, J, K, represent the atom 
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indices and the corresponding species. This potential was generated adopting both experimental 

data and results from first principle calculations. It can give accurate descriptions of a wide 

range of structural and material properties of InGaN and allow the detailed investigations of 

evolution mechanism of misfit dislocations [20] and substitutional diffusion of multi-element 

alloys [18].  

However, there are also several limitations that need to be treated cautiously in MD 

simulations. First, the material properties related to quantum-mechanics could not be 

reproduced since the MD method deal with particles on basis of classically Newton’s second 

law instead of Schrodinger equations. Another challenging problem is that the simulations with 

long time steps (~microsecond) are mathematically ill-conditioning and would induce the 

numerical instability [21]. Until recently, the simulations up to 1 microsecond were still 

uncommon and computational intensive especially when large system involved. Additionally, 

the accuracy of the MD simulations strongly depends on the reliability of the interatomic 

potentials, and thus special attention should be paid for the potential selected and make sure the 

potential is transferable and could predict materials properties that are beyond those it was 

initially approximated and fitted to. 
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Chapter 4: Quantitative Analysis and Predictive Engineering 

of Self-rolling of Nanomembranes Under Anisotropic 

Mismatch Strain 

This thesis starts with the investigation of the dependence of self-rolling behaviors of 

nanomembranes on the anisotropic mismatch strain. It mainly focusses on the precise 

evaluation and manipulation of rollup curvature and direction of strained nanomembranes 

through continuum theory and FE analysis. Subsequently, based on the analytical and simulated 

results, several microfabrication strategies have been proposed to predictively manipulate the 

rolling direction of strained nanomembranes and optimize the roll-up yield, which provides 

important guidelines for design and prediction of novel 3D nanomembrane geometries. 
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4.1 Abstract 

     The present work presents a quantitative modeling framework for investigating the self-

rolling of nanomembranes under different lattice mismatch strain anisotropy. The effect of 

transverse mismatch strain on the roll-up direction and curvature has been systematically 

studied employing both analytical modeling and numerical simulations. The bidirectional 

nature of the self-rolling of nanomembranes and the critical role of transverse strain in affecting 

the rolling behaviors have been demonstrated. Two fabrication strategies, i.e., third-layer 

deposition and corner geometry engineering, have been proposed to predictively manipulate the 

bidirectional rolling competition of strained nanomembranes, so as to achieve controlled, 

unidirectional roll-up.  In particular for the strategy of corner engineering, microfabrication 

experiments have been performed to showcase its practical application and effectiveness. Our 

study offers new mechanistic knowledge towards understanding and predictive engineering of 

self-rolling of nanomembranes with improved roll-up yield.  
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4.2 Introduction 

     The tubular and helical-shaped nanomembrane structures have found wide applications 

in biomedical devices [1-4], optoelectronics [5-7] and nano/micro-electromechanical 

components [8-10], thanks to their great versatility and tunable functionality [11-13]. It has 

been demonstrated that the precisely controlled rolled-up helical structures with pre-designed 

helical angle, pitch, chirality as well as diameter allow the tuning of their optical and mechanical 

properties and promise important applications in the next generation of micro-/nano-fluidic 

sensors and actuators [12-15].   A widely used strategy for creating such nanomembrane 

structures is based on strain engineering, which utilizes built-in mismatched strains to drive 

initially flat,  one- or multilayer nanomembranes to self-roll into 3D tubular or helical structures 

[16-19]. There have been extensive research efforts devoted to developing controllable 

fabrication processes so as to achieve precise geometric designs of the rolled-up structures [20-

25]. However, the rolling-up mechanics of these structures is still not fully understood, even for 

the roll-up of nanomembranes of the simple rectangular configuration. It has been revealed that 

as rectangular nanomembranes are released from their substrate through etching off the 

underneath sacrificial layer, the isotropic releasing of in-plane strain would induce equal 

tendency of the nanomembranes to roll up from all four edges and thus lead to competition 

among the two potential roll-up directions [20, 25]. Such competition results in great 

uncertainties in the determination of not only the dominant roll-up direction, but also the final 

curvature of the rolled-up structure. 

             Many theoretical studies [26-28] have been conducted, attempting to model the roll-up 

process and predict the resultant curvature.  Yet despite those efforts, there is still considerable 

discrepancy between the model predicted and experimentally observed roll-up curvatures. 

Various possibilities have been proposed to explain the discrepancy, including nonlinear strain 

effect [29], surface tension and reconstruction [30], thickness deviation and extra strain [31, 
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32].  However, such explanation is mostly qualitative and inconsistency exists [18, 22, 33], and 

there lacks a quantitative method to analyze the discrepancy and to evaluate contributions from 

different effects. Meanwhile, it remains a great challenge to obtain desirable unidirectional roll-

up configurations[22, 25, 34]. It has been revealed that the roll-up can occur predominantly 

along either the longitude or transverse direction, or simultaneously along both. This however 

leads to randomness in the resultant roll-up structure, producing different roll-up geometries 

including, for instance, “tick or check mark-like” structures [35] induced by the diagonal rolling 

and all edges rolling, which greatly depends on the length and width of the nanomembrane and 

the history of rolling process as well as the diameter of the roll-up tubes [25, 35]. Given that 

the strong dependence of device performance fabricated by the tubular or helical-shaped 

nanomembrane on the roll-up geometry, including photons interaction and mechanical 

properties [12-15], this randomness disrupts the fabrication of nano-devices with precisely 

controllable dimensions and position. Several methods have been proposed, attempting to 

control the resultant roll-up direction, including the introduction of wrinkles geometry [20], 

patterning (e.g., grating structures [23] and hollow circles [25]), angle deposition[16], and 

lithographically deep etching [36, 37].  However, because of the complex geometrical features 

required for the films, those methods often suffer from issues of local damages and/or ruptures 

induced by the multiple etching processes and photolithography required [38, 39], and 

deposition inaccuracy [20]. 

             In the present study, starting from Von-Karman plate theory [40, 41] and Rayleigh-Ritz 

model [40, 42, 43], we obtained a series of formulas for analytical modeling of the bi-directional 

roll-up of nanomembranes, accounting for anisotropic lattice mismatch. The effect of transverse 

mismatch strain on the roll-up direction and curvature has been systematically studied 

employing both analytical modeling and numerical simulations. It is demonstrated that the 

transverse strain can be a critical factor contributing to the discrepancy between previous model 
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predictions and experimental measurements. Motivated by our modeling and simulation results, 

two fabrication strategies, i.e., third-layer deposition and corner engineering, have been 

proposed to predictively manipulate the roll-up process of strained nanomembranes. In 

particular for the strategy of corner engineering, microfabrication experiments have been 

performed to showcase its practical application and effectiveness. Our study offers new 

mechanistic knowledge towards understanding and predictive engineering of self-rolling of 

nanomembranes with improved roll-up yield. 

 
4.3.  Methodology 

4.3.1 Analytical formulation  

     In our study, we consider a rectangular nanomembrane of in-plane dimensions L in 

length (ݔଵ  direction) and W in width (ݔଶ  direction), comprising two layers bonded together as 

illustrated in Fig. 4.1a, a typical precursor geometry used in experiments to produce roll-up 

structures. The top and bottom layers are respectively of thicknesses (݄௧,	݄௕), Poisson ratio 

,௧ݒ)  The mid-plane of the nanomembrane is thus at height .(௕ܧ	,௧ܧ) ௕), and Young’s moduliݒ

ሺ݄௧ ൅	݄௕ሻ 2⁄  from the base of the bottom film.  Assuming the presence of lattice mismatch 

between the two layers, with mismatch strain ߝ଴  and ߝߟ଴  along the ݔଵ  and ݔଶ	directions 

respectively, where   represents the anisotropy of lattice mismatch, the nanomembrane will 

undergo deformation. An approximated displacement field, i.e., ui (i=1, 2, 3) of the mid-plane 

of the nanomembrane can be obtained based on  the Ritz method [40, 42, 43] as: 

ଵݑ   ൌ ଵݔଶܥଵ൅ݔଵܥ
ଷ൅ܥଷݔଵݔଶ

ଷ (4.1) 

ଶݑ  ൌ ଶݔହܥଶ൅ݔସܥ
ଷ൅ܥ଺ݔଶݔଵ

ଶ (4.2) 

ଷݑ  ൌ
ଵ

ଶ
ሺܽݔଵ

ଶ ൅ ଶݔܾ
ଶሻ (4.3) 
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where Ci (i=1-6), a and b are eight parameters to be determined. From the displacement fields, 

the rolling curvatures can be further calculated as: 

ଵଵߢ          ൌ
డమ௨య
డ௫భ

మ 		 and ߢଶଶ ൌ
డమ௨య
డ௫మ

మ  (4.4) 

             Below we refer to roll-up along length and width directions as longitude and transverse 

directions respectively, and in accordance ߢଵଵ and ߢଶଶ as longitude and transverse curvatures. 

On the other hand, in the strained system, the elastic strain fields in the two layers are 

determined through displacement field using the Von-Karman formula [41]: 

ఈఉߝ  ൌ
ଵ

ଶ
൬డ௨ഀ
డ௫ഁ

൅
డ௨ഁ
డ௫ഀ

൅ డ௨య
డ௫ഁ

⋅ డ௨య
డ௫ഀ

൰ െ ଷݔ
డమ௨య

డ௫ഀడ௫ഁ
 (4.5) 

with 1 =ߚ ,ߙ or 2. By incorporating contributions from inelastic mismatch strains, i.e., ߝ଴ and 

 ଶ directions, we can then obtain total strain field.  With theݔ ଵ andݔ  ଴ respectively along theߝߟ

rectangular nanomembrane assumed to be in a state of plane-stress, the stress components of 

substrate and film( ߪ௜௝
௕ ௜௝ߪ ,

௧  ) can be determined, and the total potential energy of the system can 

be evaluated as 

    ܷ ൌ∭ ቀ
ଵ

ଶ
௜௝ߪ
௕ߝ௜௝

௕ ൅
ଵ

ଶ
௜௝ߪ
௧ ௜௝ߝ

௧ ቁ௏ ܸ݀    (4.6)      

The coefficients and curvatures can then be determined by minimizing the potential energy U. 

For simplicity in derivation and analysis, in the following, the condition of ܹ ൌ   .is assumed ܮ

             A closed-form relationship between longitudinal and transverse curvatures can be 

obtained for the special case of two layers of the same Poisson ratio, i.e., ݒ௕ ൌ ௧ݒ ൌ ߟ and ,ݒ ൌ

1, as shown below 

 ሺߢଵଵ െ ଶଶሻߢ ቆߢଵଵߢଶଶ െ
ଷ

ଶ

ሺ௩ା଺ሻቀ௛೟
రா೟

మାସ௛೟ቀ௛೟
మାయ

మ
௛್௛೟ା௛್

రቁா್ா೟௛್ା௛್
రாౘ

మቁ

௅రሺா್௛್ାா೟௛೟ሻమሺ௩ାଵሻ
ቇ ൌ 0   (4.7) 
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Eq. 4.7 indicates that multiple equilibrium states for the bidirectional roll-up exist, as illustrated 

in Figs. 4.1b-c, in the two categories of  (I) 	ߢଵଵ ൌ  ଶଶ, and (II) the two curvatures being relatedߢ

as  

ଶଶߢଵଵߢ  ൌ
ଷ

ଶ

ሺ௩ା଺ሻቀ௛೟
రா೟

మାସ௛೟ቀ௛೟
మାయ

మ
௛್௛೟ା௛್

రቁா್ா೟௛್ା௛್
రாౘ

మቁ

௅రሺா್௛್ାா೟௛೟ሻమሺ௩ାଵሻ
 (4.8) 

 
Figure 4.1. (a) Schematic illustration of a strained rectangular bilayer nanomembrane of length 
L and width W, with mismatch strain ࢿ૙  and ࢿࣁ૙ along the ࢞૚ (longitude) and ࢞૛	(transverse) 
directions respectively. The top and bottom layers are respectively of thicknesses (,࢚ࢎ	࢈ࢎ), 
Poisson ratio (࢚࢜,  Multiple equilibrium states exist for the .(࢈ࡱ	,࢚ࡱ) and Young’s moduli ,(࢈࢜
bidirectional roll-up of the nanomembrane, in two categories, i.e., (b) of equal curvatures along 
longitude and transverse directions, ࣄ૚૚ ൌ  .૛૛, and (c) with the two curvatures related via Eqࣄ
4. 8.  

 

             The explicit expressions of curvatures can be obtained if we further assume that the two 

layers of are the same thickness, i.e., ݄௧ ൌ ݄௕ ൌ ݄, yielding: 

Category (I): 

ଵଵߢ  ൌ ଶଶߢ ൌ
ଶర య⁄ ቀభ

ర
൫௛ሺఔା଺ሻ൫ଽ௅మఌబା஺൯ሺఔିଵሻమ൯

మ య⁄
ା൫ఔమାହఔି଺൯௛మଶభ య⁄ ቁ

ሺ௛ሺఔା଺ሻሺଽ௅మఌబା஺ሻሺఔିଵሻమሻభ య⁄ ௅మሺఔିଵሻ
, (4.9) 
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where  ܣ ൌ ට଼ଵ௅రሺఔିଵሻఌబ
మିଵଶ଼௛రሺఔା଺ሻ

ఔିଵ
. 

 

Category (II): 

 ሺߢଵଵ, ଶଶሻߢ ൌ ሺߢା, ,ଵଵߢሺ	ݎ݋		ሻିߢ ଶଶሻߢ ൌ ሺିߢ,  ାሻ (4.10)ߢ

with  

ାߢ     ൌ √ଷ

଼

ටయಽ
రሺഌశభሻయഄబ

మషభమఴ೓రሺഌశలሻ
ഌశభ

ାଷఌబሺఔାଵሻ௅మ

௅మ௛
 (4.11)                  

ିߢ    ൌ √ଷ

଼

ටయಽ
రሺഌశభሻయഄబ

మషభమఴ೓రሺഌశలሻ
ഌశభ

ିଷఌబሺఔାଵሻ௅మ

௅మ௛
             (4.12)	

From Eqs. 4.11-12, we can see that in the particular case of very thin film, i.e., ݄ ≪  ,(and W) ܮ

the curvature ିߢ → 0 , being negligible compared to ߢା , and consequently the roll-up 

effectively becomes unidirectional.  

             The three equilibrium states (i.e., one in Category I and two in Category II) presented 

in Fig. 4.1, are generally expected during the self-rolling of nanomembranes, namely, (A) two 

comparable curvatures, (B) dominant longitudinal roll-up with minimal transverse curvature, 

(C) dominant transverse roll-up with minimal longitudinal curvature. It is noteworthy that in 

the above derivations, the condition of ߟ ൌ 1  was assumed to get the analytical forms of 

curvatures (in Eqs. 4.9-12) and explain the possible three equilibrium states, because the explicit 

expressions of curvatures for multiple equilibrium states cannot be obtained for all ߟ values. 

For material systems with other ߟ values (e.g., the cases of 0.5 ,0.25 = ߟ and 0.75 shown in Fig. 

2), the numerical approach needs to be used (to solve Eqs. 4.1-6). This is further illustrated in 

Fig. 4.2, for the representative bilayer GaAs(top)/In0.2Ga0.8As(bottom), a material system widely 
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used to fabricate self-assembly semiconductor nanostructures [44-46].  The mechanical 

properties [17] are taken as (ܧ௧,	ܧ௕) = (85.6, 75.1) GPa, ߥ௧=	ߥ௕= 0.3. The mismatch strain along 

the length direction (i.e., longitude direction) is set as 1.43 ൈ 10ିଶ, while that along the width 

direction (i.e., transverse direction) varies, being 1.43ߟ ൈ 10ିଶ	with 0.75 ,0.5 ,0.25 = ߟ and 1. 

In our calculations, L and W were set to be much larger than the roll-up diameter so that the 

results are independent of the in-plane dimensions.  The thickness h is well controlled to achieve 

different strain gradients. The curvature pairs corresponding to the three equilibrium states are 

denoted as ሺߢଵଵ
஺ , ଶଶߢ

஺ ሻ, ሺߢଵଵ
஻ , ଶଶߢ

஻ ሻ and ሺߢଵଵ
஼ , ଶଶߢ

஼ ሻ in Fig. 4.2. Several key observations can be 

drawn from Fig. 4.2.  We note that there is a stability transition, from the multiple equilibrium 

states to a single stable state, as the nanomembrane thickness grows.  For cases of h being a few 

micrometers or less, state A becomes unstable while states B and C prevail. Since the typical 

nanomembrane thickness for roll-up nanostructures is < 1 μm, we focus our discussion on states 

B and C in the follows.   
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Figure 4.2. Stability diagrams illustrating multiple equilibrium states for ࣄ૚૚  and ࣄ૛૛  with 
different level of lattice mismatch anisotropy (ࣁ): (a) ࣁ ൌ ૙. ૛૞, (b) 	ࣁ ൌ ૙. ૞, (c) 	ࣁ ൌ ૙. ૠ૞,  
and (d) 	ࣁ ൌ ૚ . With fixed W and L (in this particular example, we set L = W = 100 μm), the h 
is well controlled to achieve different strain gradients and thus varied equilibrium states. The 
resulting curvature pairs corresponding to the three equilibrium states (see Section 4.2.1 in the 
text) are denoted as ሺࣄ૚૚

࡭ , ૛૛ࣄ
࡭ ሻ, ሺࣄ૚૚

࡮ , ૛૛ࣄ
࡮ ሻ and ሺࣄ૚૚

࡯ , ૛૛ࣄ
࡯ ሻ. 

 

We can further note that under the condition of h < 1 μm, one roll-up curvature (corresponding 

to state B or C) is approximately zero.  Assuming ߢଵଵ ൌ 0 or ߢଶଶ ൌ 0, we can obtain explicit 

solutions of curvatures in more general conditions as the following with ߩ ൌ
௛೟
௛್

 and ܧ௥ ൌ
ா೟
ா್
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ଶଶߢ  ൌ 0, ଵଵߢ ൌ
଺⋅ఌబ⋅ாೝ⋅ఘ⋅ሺఘାଵሻሺଵାఎఔሻ

௛್ቀఘరାସఘ⋅ቀఘమା
య
మ
ఘାଵቁாೝାாೝ

మቁ
 (4.13) 

ଵଵߢ  ൌ 0, ଶଶߢ	 ൌ
଺⋅ఌబ⋅ாೝ⋅ఘ⋅ሺఘାଵሻሺఔାఎሻ

௛್ቀఘరାସఘ⋅ቀఘమା
య
మ
ఘାଵቁாೝାாೝ

మቁ
  (4.14) 

It is also worth to note that in practice, once one roll-up direction prevails, it will effectively 

render the curvature of the other direction zero. Thus, the above can be regarded as being 

directly consequent of states B and C.  Eqs 4.13 and 4.14 are essential equations to understand 

the competition between roll-up along longitudinal and transverse directions. They clearly 

elucidate the bi-directional nature of the nanomembrane roll-up and indicate the necessity to 

consider the transverse effect when assessing the final roll-up geometry. It is also clear from 

these equations that there is a strong dependence on the parameter η. Note that in the particular 

case of ߟ ൌ 0, Eq. 4.13 simplifies to the Timoshenko formula [47], which was employed by 

many previous studies to predict the roll-up curvature.  As elaborated below (Section 3), we 

demonstrate that the Timoshenko formula is often insufficient and can result in sizable 

discrepancy between experimental measurements and theoretical predictions, and that our study 

offers a new analytical method that yields much closer estimations to experimental results.       

4.3.2 Roll-up geometries from numerical simulations 

    To validate the analytical predictions of the roll-up curvatures, we perform finite-

element (FE) simulations, using the ABAQUS Unified FEA software [48], to analyze the roll-

up process numerically. The strained bilayer structure was built based on the module of 

composite layups, and the 4-node doubly curved thin/thick shell element with reduced 

integration (S4R) was used. The variation of mismatch strain was achieved by assigning 

different thermal expansion coefficients to materials and varying temperature. Quasi-static 

method was employed to examine the roll-up process under controlled release, i.e., the strained 

bilayers are partitioned into strips and fixed initially, and then released gradually. The roll-up 
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direction can be further controlled by clamping one side initially with a delayed release. The 

controlled roll-up simulation mimics the situation where etching occurs only or preferentially 

along one direction. It is worth noting that for those controlled roll-up simulations, once a 

considerable degree of roll-up occurs along the intended direction (long or short), the roll-up 

will continue even after the artificial clamping of the other side is released. This means the roll-

up of strained nanomembrane is a strongly history-dependent process, well agreed with the 

previous experimental observations [25]. Meanwhile ABAQUS explicit/dynamic package has 

been used to conduct dynamic simulations of cases of simultaneous release (i.e., no pre-

constraint, corresponding to the situation of isotropic etching) to study the competition between 

different roll-up directions.   

 

4.4 Results and Discussion 

4.4.1 FE simulated and analytically predicted roll-up curvatures 

     Comprehensive FE simulations have been performed to examine the roll-up of 

nanomembranes of different combinations of material parameters and control conditions. We 

first examine the longitude roll-up of nanomembrane (illustrated in Fig. 4.3a), the commonly 

preferred situation in experiments [21, 49]. Fig. 4.3 presents some representative plots 

illustrating the FE simulated and analytically predicted (cf. Eqs. 4.13-14) evolution of the roll-

up diameter D (related to curvature via	ܦ ൌ 2 ⁄ߢ ), as the mismatch strain ߝ଴, Young’s modulus 

Et and film thickness ht vary, for different degrees of anisotropy (i.e., 0.5 ,0.25 ,0 = ߟ and 1) of 

lattice mismatch. The reference values of strain, modulus and film thickness used in our 

calculations are taken from previous studies [17, 18, 32] for the representative system of 

GaAs/InxGa1-xAs, on top of which additional variation of those parameters that possibly 

originates from, e.g., changes in composition (i.e., InxGa1-xAs of different x)  or thickness of the 
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bottom layer. Shown in Fig. 4.3, the predicted roll-up diameter D decreases as the mismatch 

strain increases while increases as the modulus and film thickness increase. Meanwhile, we 

note that larger values of η leads to smaller roll-up curvatures, indicating that the transverse 

mismatch strain negatively impacts the longitude roll-up. The FE simulation data are in 

excellent agreement with the analytical results, a good indication of the accuracy and predictive 

capacity of our analytical formulas. 

 

Figure 4.3. (a) A schematic illustration of the FE simulated roll-up configuration of a bilayer 
nanomembrane. With the longitude roll-up assumed and the material parameters set with 
respect to the representative system of GaAs/InxGa1-xAs, the FE simulated and analytically 
predicted evolutions of the resultant roll-up diameter D as (b) the longitudinal mismatch strain 
 vary, under the ࢚ࢎ	and (d) the thickness of top layer ,࢚ࡱ ૙, (c) Yong’s modulus of top layerࢿ
influence of different level of lattice mismatch anisotropy (ࣁ).   
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4.4.2 Implications to practical applications 

4.4.2.1  Accurate assessment of the roll-up curvature 

              Most previous theoretical evaluations [17, 18, 22, 32, 33, 49, 50] of the roll-up 

curvature are based on the classical Timoshenko formula where the transverse strain was not 

considered. As unidirectional mismatch is not the case for most material systems, the usage of 

the Timoshenko formula would unavoidably result in discrepancy between experimental 

measurements and theoretical prediction, as confirmed by many prior studies [17, 32, 51]. Fig. 

4.4 compares the experimentally measured and theoretically predicted values of roll-up 

diameter D, for two nanomembrane systems, the GaAs(top)/InAs(bottom) [29, 32] and the 

SiNx
(top)/SiNx’

(bottom) [21] systems.  As seen in Fig. 4.4, for both cases the Timoshenko formula 

considerably overestimates the curvature.  In contrast, good match between experimental results 

and our model predictions (from Eq. 4.13) can be achieved with the anisotropy of lattice 

mismatch η between 1 and 1.25. The non-zero values of η clearly indicates the necessity of 

accounting for the effect of transverse strain on the roll-up. This mismatch strain anisotropy has 

also been experimentally confirmed [52-55]. As previously mentioned, in the previous studies 

the discrepancy between experimental measurements and theoretical prediction was often 

conveniently attributed to effects such as oxidation formation [32] additional strain [17, 18] or 

surface tension [30], while the influence of transverse strain was not well accounted for. Our 

results identify transverse strain as another important factor that contributes to the discrepancy. 

Furthermore, the results also indicate the interesting possibility of using the transverse strain as 

a generic metric (that can incorporate other effects) to quantitatively analyze the discrepancy.   
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Figure 4.4. Comparison between theoretically predicted (lines) and experimentally measured 
(open symbols) roll-up diameters for the (a) GaAs(top)/InAs(bottom) nanomembrane [32] and (b) 
SiNx

(top)/SiNx’
(bottom) nanomembrane [21], as the thickness of the top layer varies.  The parameter 

 denotes the anisotropy of lattice mismatch. The predictions from Timoshenko formula (dotted ࣁ
lines) and the previous study by Grunmann [29] (pink dash-dot-dot line in (a)) are also included 
for comparison.  

 

4.4.2.2  Design ideas towards predictively control of the roll-up direction 

       As previously discussed, the roll-up of a rectangular nanomembrane is bidirectional in 

nature. Therefore, it is of great importance to be able to control the roll-up direction aiming at 

realizing of desirable structure and geometry. Motivated by our modeling results above, below 

we propose two design strategies, based on third-layer deposition and corner geometry 

engineering, to accurately manipulate the roll-up direction. Note that in the content below we 

designate the longitude roll-up to be the desired outcome. 

4.4.2.2.1  Third-layer deposition  

         Since the root cause of the bi-directional competition is the transverse mismatch 

strain, an apparent method to achieve the desired longitude roll-up is to moderate or even 

eliminate the transverse strain. Ideally this can be realized by depositing an extra third-layer, 

which can be designed to have an in-plane mismatch strain of the opposite sign as the transverse 

strain existing between the bottom and top layers (of the original bilayer system), thereby 

producing a bending moment M1 that counteracts the transverse effect, as illustrated in Fig. 4.5.   



 

64 
 

 

Figure 4.5. Schematic illustration of predictive control of the roll-up direction through the 
deposition of an additional third layer. (a) Prestrained bilayer exhibiting mixed roll-up 
configurations consequent of the bi-directional competition. (b) Rolling competition suppressed 
by the extra third layer.   

 

The magnitude of M1 can be tuned by adjusting the thickness of the third layer. The role of 

third-layer deposition on roll-up can be incorporated and analytically treated by extending the 

bilayer model. Denoting the Young’s modulus, thicknesses, and Poisson’s ratio of the third 

layer as ܧଷ, ݄ଷ, and ߥଷ, and for simplicity but without loss of generality, assuming that the third-

layer results in an isotropic mismatch strain ߝଵ  and that the three layers exhibit the same 

Poisson’s ratio and Young’s modulus, ߥ௕ ൌ ௧ߥ	 ൌ ଷߥ ൌ  the curvatures ,ܧ	=ଷܧ =௧ܧ	=௕ܧ  and ߥ

corresponding to unidirectional roll-up along longitude and transverse directions can be 

obtained following a similar process carried out for the bilayer system (c.f. Section 2.1) 
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Longitude roll-up: 

 

ଶଶߢ	  ൌ 0, ଵଵߢ ൌ
൫ሺ଺ఎகభఔି଺கబఔି଺கబା଺கభሻ௛೟ି଺கభ௛್௛೟ሺఎఔାଵሻ൯ି଺கబ௛య௛ೞሺఔାଵሻ

ሺ௛యା௛೟ା௛್ሻయ
  (4.15)   

 

Transverse roll-up:   

ଵଵߢ  ൌ ଶଶߢ ,0 ൌ
൫ሺ଺ሺఎାఔሻఌభିሺ଺ఔା଺ሻఌబሻ௛೟ି଺ఌభ௛್௛೟ሺఎାఔሻ൯ି଺ఌబ௛య௛್ሺఔାଵሻ

ሺ௛యା௛೟ା௛್ሻయ
    (4.16) 

Comparing the above two equations to Eqs. 4.13 and 14 in Section 4. 2.1, we see a new degree 

of freedom, the third-layer thickness ݄ଷ, which could be adjusted experimentally to tune the 

competition between longitude and transverse directions, and their corresponding curvatures, 

 ,ଶଶ. Specifically, the critical third layer thickness that eliminates the transverse effectߢ ଵଵ andߢ

i.e., at which the curvature ߢଶଶ for transverse roll-up becomes zero, is 

 ݄ଷ
௖ ൌ െ ఌబ௛೟௛್ሺఔାఎሻ

ሺ௛೟ା௛್ሻሺଵାఔሻఌబିఌభሺఔାఎሻ௛೟
   (4.17) 

At ݄ଷ ൌ ݄ଷ
௖ , the rolling is only viable along the longitude direction, and the corresponding 

curvature is  

ଵଵߢ 
௖ ൌ

଺൫ఔమିଵ൯ቀ൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟ିఌబ௛್ሺଵାఔሻቁ
మ
ሺఎିଵሻ௛೟௛್ሺ௛೟ା௛್ሻఌభఌబ

ቀ൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟
మାଶ௛್൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟ିఌబ௛್

మሺଵାఔሻቁ
య  (4.18) 

To assess the feasibility of third-layer deposition, below we performed an analytical 

demonstration for a model three-layer nanomembrane, where the original top and bottom layers 

are of thicknesses (݄௕, ݄௧ሻ = ሺ50Å, 100Åሻ, Young’s modulus of 80 GPa and Possion’s ratio of 

0.3, with a mismatch ߝ଴ ൌ 1.43 ൈ 10ିଶ and different levels of mismatch anisotropy 0.25 = ߟ, 

0.5 or 0.75.  Fig. 4.6 shows how the longitude (ߢଵଵ) and transverse (ߢଶଶ) curvatures evolve as 

the third-layer thickness changes, at different levels of mismatch anisotropy ߟ (cf. Fig. 4.6a) 
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and third-layer induced isotropic mismatch strain ߝଵ (cf. Fig. 4.6b). We can see that a third-

layer of just a few nanometers in thickness can have profound impact on the roll-up curvature, 

demonstrating the capability of third-layer deposition in tuning the longitude-transverse 

competition and resultant roll-up curvature.   

 

Figure 4.6. The evolution of bidirectional roll-up curvatures ࣄ૚૚	and ࣄ૛૛ predicted from Eqs 
4.15-16 as the function of the third layer thickness	ࢎ૜ , under different levels of (a) lattice 
mismatch anisotropy ࣁ (with ࢿ૚ ൌ െࢿ૙) and (b) isotropic mismatch strain ઽ૚ (with η = 0.5) for 
a model three-layer nanomembrane (see details in text).  

 

It is, however, important to recognize the third-layer deposition simultaneously reduces 

curvatures for both longitude and transverse roll-ups, as illustrated in Fig. 4.6, which can be 

undesirable in the design. Nonetheless, this limitation can be prevented if simultaneous 

adjustment of thicknesses of all three layers is possible, in which case we can introduce a pre-

factor Sd, being  ܵௗ ൌ ଵଵߢ
௖ ⁄ଵଵߢ  (with ߢଵଵ and ߢଵଵ

௖  defined in Eqs. (4.16) and (4.18) respectively), 

and scale down the thicknesses of the three layers as ሺ݄௕, ݄௧, ݄ଷ
௖ሻ → ܵௗ ∙ ሺ݄௕, ݄௧, ݄ଷ

௖ሻ.  This way 

we can avoid curvature reduction and maintain the curvature expected from the original bilayer 

nanomembrane. In fact, the above scaling down approach can also be extended to enable us to 

achieve an arbitrary curvature (ߢଵଵ
஺ ) by changing the scale factor (i.e., simply set Sd = ߢଵଵ

௖ ଵଵߢ
஺⁄ ).  



 

67 
 

The third layer deposition method is expected to be applied for the material systems 

being mismatch strain anisotropy (i.e., GaN/ZnO [56], either in the original bilayer system or 

the deposited third-layer). Such material systems are usually synthesized by the expensive and 

sophisticated equipment such as the molecular beam epitaxy (MBE) and/or metalorganic 

chemical vapour deposition (MOCVD), which are not accessible to the authors currently, 

preventing us from conducting direct experimental validation.   

4.4.2.2.2  Corner geometry engineering 

         Under the condition of isotropic etching, interface regions of large local curvatures 

(e.g., corners) are under more “attack” [20, 57, 58],  thus representing the critical locations 

affecting the roll-up process, particularly at the initial stage. Therefore, one may manipulate the 

process through modifying the corner geometry. Here we propose a design strategy based on 

corner geometry engineering, where corner attachments are introduced to the nanomembranes 

to tilt the competition between longitude and transverse directions to realize the unidirectional 

(longitude) roll-up. The concept of corner engineering is illustrated for two sample (i.e., 

rectangular and U-shape) nanomembrane geometries in Fig. 7, showing their configurations 

without (cf. Figs 4.7a and c) and with (cf. Figs 4.7b and d) corner attachments. Here the U-

shape configuration is included because it is one of the most common design layouts used for 

many applications, such as microtube lasers [45] nanoparticles detection [59] and liquid sensing 

[60] due to its capability of lifting-up the middle part of the microtube from the substrate after 

rolling-up [61].  It is worthy to note that the U-shape configuration often involves the one-end 

clamping constrain,  corresponding to the situation of a cover layer existing to prevent etching 

from one end [45, 62], which is also reflected in Fig. 4.7. 

             FE simulations were then conducted on those nanomembranes (with and without corner 

attachments) to examine their rolling behaviors. The bilayer SiNx’
(top)/ SiOx

(bottom) is selected as 

the representative material system, which is also the one used in our experimental validation 
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(see below).  The thicknesses of the SiNx’
 and SiOx layers, (݄௕, ݄௧ሻ, are set as  ሺ150Å, 200Åሻ, 

the elastic properties, i.e., Young’s moduli and Poisson ratio (ܧ௕, ,௧ܧ  ,are taken as (75GPa (ݒ

180 GPa, 0.25), and an isotropic mismatch strain of 5.4 ൈ 10ିଶ  is assumed [49]. The 

dimensions of the initial flat nanomembranes are given in Figs 4.7a and 7c.  For simplicity, a 

rectangular corner attachment of the same properties as the bilayer nanomembrane is considered.  

As seen in Figs 4. 7a and 7c, for the nanomembranes free of corner attachments, the rolling 

initiates largely from the transversal direction (See videos in Electronic Supplementary 

Information), as observed previously [20, 25]. It is attributed to the nonuniform spatial 

distribution of curvatures and doubly curved regions at the corner of strained nanomembranes 

[24, 58]. In contrast, as demonstrated in Figs 4.7b and d, the desirable longitude roll-up can be 

achieved when aided by corner engineering. A more comprehensive examination reveals that 

such control of roll-up direction requires the corner attachment to satisfy certain geometrical 

constrains. This requirement is demonstrated in Fig. 4.8a and b for the particular case of 

rectangular corner attachments, where the length-width regimes corresponding to different 

rolling scenarios are identified.  We see that (for a specific width) the length/width ratio of the 

corner attachment needs to exceed certain threshold value in order to achieve unidirectional 

longitude roll-up.  
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Figure 4.7. Schematic illustration of the role of corner attachment in achieving controlled 
unidirectional roll-up along the longitude direction, for nanomembranes. The figures in left and 
right columns present the initial and resultant FE-simulated roll-up configurations respectively, 
showing the involvement of transverse rolling mode for (a) rectangular and (c) U-shape 
nanomembranes without corner attachments, and the realization of desirable longitude roll-up 
for (b) rectangular and (d) U-shape nanomembranes (See videos in Electronic Supplementary 
Information). The red segments in (c) and (d) indicate the clamped regions in U-shape 
nanomembranes. 
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Figure 4.8. Diagram of preferred rolling direction as the length and width of the rectangular 
corner attachment vary, the regimes where long-edge (transverse) and short-edge (longitude) 
rolling occur are colored white and grey respectively, for (a) rectangular and (b) U-shape 
nanomembranes. The star symbol indicates the length/width of the corner attachment used in 
the microfabrication experiments of the rolled-up microtube in (c-f). (c) An Al sacrificial layer 
is deposited on a silicon wafer, on top of which (d) a SiNx

(top)/SiOx’
(bottom) bilayer (with or 

without corner attachments) is deposited through PECVD and patterned into a U-shape with 
corner compensation through wet etching. (e) A photoresist cover is then added to the roots of 
the U-shape legs. (f) The desired rolled-up microtube to be achieved after etching off the 
sacrificial layer.  

 
 
 
            To further validate the effectiveness of corner engineering in practice, microfabrication 

experiments based on rolled-up nanotechnology were performed to compare the success rate 
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(roll-up yield) of the nanomembrane roll-up process with or without corner attachments. A one 

end clamped U-shape nanomembrane, like the one used in FE simulations was utilized in the 

experimental design. The bilayer nanomembranes consist of the bottom SiOx’ layer and the top 

SiNx layer, and both were synthesised by plasma enhanced chemical vapor deposition (PECVD). 

The fully-automated PECVD machine allows fine tuning of the gas ratio and working frequency 

for thin-film deposition, through which the stress difference between the two layers can be 

reproducibly controlled (compressive stress in bottom SiOx’ layer and tensile stress in upper 

SiNx layer) for generating enough stress difference to enable the rolling process. The 

dimensions of the U-shape nanomembrane are shown in Fig. 4.8d, with the corner attachment 

of 20 ߤm in length and 5 ߤm in width.  As indicated in the predicted rolling direction mapping 

in Fig. 4.8b, this length/width ratio of the corner attachment is expected to lead to longitude 

roll-up. For fabricating the rolled-up microtube, an Al sacrificial layer (50 nm) was first 

deposited on a cleaned three-inch silicon wafer using E-beam deposition (BJD 1800, Temescal) 

(Fig. 4.8c). A SiNx’
(top)/SiOx

(bottom) bilayer was then deposited by PECVD (Plasmalab System100, 

Oxford Instruments) with deposition parameters of 8.5 sccm SiH4 with 710 sccm N2O, and 10 

sccm SiH4 with 10 sccm NH3 for SiOx
 and SiNx’, respectively. The bilayer was patterned into 

U-shapes with and without additional corners (Fig.4.8d) through hydrofluoric acid wet etching 

(all other parameters remained the same). A rectangular photoresist strip was then patterned to 

cover the roots of the U-shape legs, which was used to anchor the rolled-up tubes during the 

releasing process (Fig. 4.8e). The leg cover also defined the length to width ratio the U-shape 

for the subsequent releasing step, as shown in Fig. 4.8e. Aluminum etchant type A was used to 

remove the Al sacrificial layer for releasing the bilayer from its substrate (Fig. 4.8f), and the 

released samples were finally dried in a CO2 critical point dryer (Tousimis).  As shown in Figs 

4.9a and b, the roll-up yield of the U-shape nanomembrane with additional corners was 

significantly improved. The rolling-up yield of each design (with or without additional corners) 



 

72 
 

is quantified based on the statistics from three fabrication batches, with 100 U-shape patterns 

in each batch. The result was shown in Fig. 4.9c, and the rolling-up yield was improved from 

10.0േ 1.63% to 87.7േ 2.49% (n=3 batches). The experiment results provide solid evidence 

supporting the theory predication that by adding the additional corners, the transverse roll-up 

could be suppressed to allow short-edge (i.e., longitude) rolling to dominate the roll-up process. 

Basically, the additional corner locally alters the length/width ratio the U-shape nanomembrane, 

effectively rendering the original short-edge to become the long-edge. This demonstration 

illustrates the usefulness of the proposed theory for guiding practical microtube fabrication 

experiments. We believe that the theory will provide useful guidelines for designing the 

nanomembrane geometry and enhancing the roll-up yield.     
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Figure 4.9. SEM photographs for the microtubes fabricated (a) with and (b) without additional 
corners, along with the corresponding (c) roll-up yield (n = 3 batches, 100 tubes/batch) for the 
two cases.  The insets on the upper right of (a) and (b) indicate the enlarged single microtubes 
obtained from experiments, compared with the ones obtained from FE simulation. The scale 
bars in the enlarged images indicate 30 μm. 

 

 

4.5 Conclusion 

      In summary, this work presented a quantitative theoretical model for systematic 

investigation of the self-rolling of nanomembranes under different lattice mismatch strain 

anisotropy. The effects of lattice mismatch strain anisotropy on multiple equilibrium states of 

the rolled-up nanomembrane have been investigated. Analytical expressions have been obtained 

for predicting the roll-up curvatures, validated through finite element (FE) simulations. The 
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present study explicitly demonstrates the bidirectional nature of the self-rolling of 

nanomembranes, and clarifies the critical role of transverse strain in contributing to the 

discrepancy between previous model predictions and experimental measurements.  On base of 

our theoretical results, a couple of fabrication strategies, i.e., third-layer deposition and corner 

geometry engineering, have been proposed to predictively manipulate the bidirectional rolling 

competition of strained nanomembranes, to achieve controlled, unidirectional roll-up. In 

particular, for the strategy of corner engineering, its practical applications have been verified 

through microfabrication experiments, demonstrating great effectiveness in improving the roll-

up yield of microtubes. Our work will provide useful guidelines for design and prediction of 

novel 3D nanomembrane geometries and suggest significant potential for optimization of the 

nanomembrane roll-up yield.     
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4.7 Supporting information 

4.7.1 Derivation details for analytical formulation in Section 4.3.1 

            Below we elaborate on the derivation of those equations in Section 4. 2.1 in the 

manuscript.   The strain components within the top and bottom layers of a rectangular bilayer 

can be expressed as  
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Assuming the state of plane stress for the rectangular nanomembrane, the stress components of 

substrate and film ( ߪ௜௝
௕ ௜௝ߪ ,

௧  ) could be calculated based on the strain-stress relationship 

 

ఈఉߪ  ൌ
ா

ሺଵା௩ሻ
ቀߝఈఉ ൅

௩

ሺଵି௩ሻ
 ఈఉቁ (4.21)ߜఊఊߝ

 

The total strain energy of the system follows by integrating the strain energy over the volume 

as 

    ܷ ൌ∭ ቀ
ଵ

ଶ
௜௝ߪ
௕ߝ௜௝

௕ ൅ ଵ

ଶ
௜௝ߪ
௧ ௜௝ߝ

௧ ቁ௏ ܸ݀    (4.22)                  

The coefficients and curvatures can now be determined by minimizing the potential energy U.  

For simplicity, assuming ݒ௕ ൌ ௧ݒ ൌ ݒ , ߟ	 ൌ 1  and ܹ ൌ ܮ , we can obtain the analytical 

solutions of coefficients Ci in terms of the mismatch strain and curvature by solving the six 

simultaneous equations ∂U/∂Ci=0: 
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Substituting the results of Ci back into the expression of U, and using the two remaining 

conditions ∂U/∂κ11=0, ∂U/∂κ22=0 yields the equilibrium equations (10-11) of κ11 and κ22.  
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A closed-form relationship between longitudinal and transverse curvatures can then be obtained: 
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Eq. 13 indicates that multiple equilibrium states for the bidirectional roll-up exist, as illustrated 

in Figs. 1b-c, in the two categories of (I)	ߢଵଵ ൌ  ଶଶ, and (II) the two curvatures being relatedߢ

as  
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The explicit expressions of curvatures can be obtained if we further assume that the two layers 

are of the same thickness and elastic modulus, i.e., ݄௧ ൌ ݄௕ ൌ ݄, and ܧ௕ ൌ  :௧ yieldingܧ
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where  ܣ ൌ ට଼ଵ௅రሺఔିଵሻఌబ
మିଵଶ଼௛రሺఔା଺ሻ

ఔିଵ
. 

Category (II): 

 ሺߢଵଵ, ଶଶሻߢ ൌ ሺߢା, ,ଵଵߢሺ	ݎ݋		ሻିߢ ଶଶሻߢ ൌ ሺିߢ,  ାሻ (4.36)ߢ

with  

ାߢ     ൌ √ଷ

଼

ටయಽ
రሺഌశభሻయഄబ

మషభమఴ೓రሺഌశలሻ
ഌశభ

ାଷఌబሺఔାଵሻ௅మ

௅మ௛
 (4.37)                  

ିߢ    ൌ √ଷ

଼

ටయಽ
రሺഌశభሻయഄబ

మషభమఴ೓రሺഌశలሻ
ഌశభ

ିଷఌబሺఔାଵሻ௅మ

௅మ௛
              (4.38)	

From Eqs. 4.37-38, we can see that in the particular case of very thin film, i.e., ݄ ≪  ,(and W) ܮ

the curvature ିߢ → 0 , being negligible compared to ߢା , and consequently the roll-up 

effectively becomes unidirectional. Therefore, assuming ߢଵଵ ൌ 0 or ߢଶଶ ൌ 0 for the ∂U/∂κ11=0, 

∂U/∂κ22=0, respectively, we can obtain explicit solutions of curvatures in more general 

conditions (ݒ௕ ൌ ௧ݒ ൌ ܹ and,ݒ ൌ ߩ as the following with (ܮ ൌ ௛೟
௛್

 and ܧ௥ ൌ
ா೟
ா್

 

ଶଶߢ  ൌ 0, ଵଵߢ ൌ
଺⋅ఌబ⋅ாೝ⋅ఘ⋅ሺఘାଵሻሺଵାఎఔሻ

௛್ቀఘరାସఘ⋅ቀఘమା
య
మ
ఘାଵቁாೝାாೝ

మቁ
 (4.39)     

ଵଵߢ  ൌ 0, ଶଶߢ	 ൌ
଺⋅ఌబ⋅ாೝ⋅ఘ⋅ሺఘାଵሻሺఔାఎሻ

௛್ቀఘరାସఘ⋅ቀఘమା
య
మ
ఘାଵቁாೝାாೝ

మቁ
  (4.40)  

 

4.7.2 Derivation details for the third layer deposition in Section 4.4.2 

            The effects of third-layer deposition on roll-up are examined following a similar process 

carried out for the bilayer system. Here, we denote the Young’s modulus, thicknesses, and 

Poisson’s ratio of the third layer as ܧଷ, ݄ଷ, and ߥଷ. For simplicity but without loss of generality, 

it is assumed that the third-layer results in an isotropic mismatch strain ߝଵ and that the three 
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layers exhibit the same Poisson’s ratio and Young’s modulus, ߥ௕ ൌ 	 ௧ߥ ൌ ଷߥ ൌ  =௧ܧ	=௕ܧ  and ߥ

ܹ with a size of ,ܧ	=ଷܧ ൌ  The total strain energy of the system is obtained by integrating .ܮ

the strain energy of three layers over the whole volume. 

 

 ܷ ൌ∭ ቀ
ଵ

ଶ
௜௝ߪ
௕ߝ௜௝

௕ ൅ ଵ

ଶ
௜௝ߪ
௧ ௜௝ߝ

௧ ൅ ଵ

ଶ
௜௝ߪ
ଷߝ௜௝

ଷ ቁ௏ ܸ݀    (4.41)     

 

Where, ߪ௜௝
ଷ  and ߝ௜௝

ଷ  are the stress and strain components of the third layer.  The similar procedure 

has been conducted to get two equations determining ߢଵଵ and ߢଶଶ. 

 

 

ۉ

ۈ
ۇ ቌ

ଵ

଺
݄ଷ
ଷ ൅ ଵ

ଶ
ሺ݄௧ ൅ ݄௕ሻ݄ଷ

ଶ ൅ ቀ
ଵ

ଶ
݄௧ଶ ൅ ݄௧݄௕ ൅

ଵ

ଶ
݄௕
ଶቁ ݄ଷ

൅ ଵ

଺
݄௧
ଷ ൅ ଵ

ଶ
݄௧ଶ݄௕ ൅

ଵ

ଶ
݄௕
ଶ݄௧ ൅

ଵ

଺
݄௕
ଷ

ቍ ݇ଶଶ ൅

ቀ൫ߝଵሺߥ ൅ 1ሻ െ ߥ଴ሺߝ ൅ ሻ൯݄௧ߟ ൅ ߥଵ݄௕ሺߝ ൅ 1ሻቁ ݄ଷ ൅ ߥ଴݄௧݄௕ሺߝ ൅ یሻߟ

ۋ
ۊ
ൌ 0  (4.42) 
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ଵ

ଶ
݄௕
ଶ݄௧ ൅

ଵ

଺
݄௕
ଷ

ቍ݇ଵଵ

൅൫ሺߝߟ଴ߥ ൅ ߥଵߝ ൅ ଵߝ െ ଴ሻ݄௧ߝ ൅ ߥଵ݄௕ሺߝ ൅ 1ሻ൯݄ଷ
൅ሺߥߟ ൅ 1ሻߝ଴݄௧݄௕ ی

ۋ
ۋ
ۋ
ۊ

ൌ 0 (4.43) 

 

Then we can obtain solutions of curvatures for longitude roll-up and transverse roll-up: 

Longitude roll-up: 

 

ଶଶߢ	  ൌ 0, ଵଵߢ ൌ
൫ሺ଺ఎகభఔି଺கబఔି଺கబା଺கభሻ௛೟ି଺கభ௛್௛೟ሺఎఔାଵሻ൯ି଺கబ௛య௛ೞሺఔାଵሻ

ሺ௛యା௛೟ା௛್ሻయ
  (4.44)   
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Transverse roll-up:   

ଵଵߢ  ൌ ଶଶߢ ,0 ൌ
൫ሺ଺ሺఎାఔሻఌభିሺ଺ఔା଺ሻఌబሻ௛೟ି଺ఌభ௛್௛೟ሺఎାఔሻ൯ି଺ఌబ௛య௛್ሺఔାଵሻ

ሺ௛యା௛೟ା௛್ሻయ
    (4.45) 

 

Afterwards, from Eq. (27), we solve the ݄ଷ that makes ߢଶଶ ൌ 0, which is the critical third layer 

thickness ݄ଷ
௖ that eliminates the transverse effect; 

 

 ݄ଷ
௖ ൌ െ ఌబ௛೟௛್ሺఔାఎሻ

ሺ௛೟ା௛್ሻሺଵାఔሻఌబିఌభሺఔାఎሻ௛೟
  (4.46) 

 

At ݄ଷ ൌ ݄ଷ
௖ , the rolling is only viable along the longitude direction, and the corresponding 

curvature is  

ଵଵߢ 
௖ ൌ

଺൫ఔమିଵ൯ቀ൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟ିఌబ௛್ሺଵାఔሻቁ
మ
ሺఎିଵሻ௛೟௛್ሺ௛೟ା௛್ሻఌభఌబ

ቀ൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟
మାଶ௛್൫ሺఎାఔሻఌభିఌబሺఔାଵሻ൯௛೟ିఌబ௛್

మሺଵାఔሻቁ
య   (4.47) 
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Chapter 5:Topological patterning effects on the self-rolling of 

nanomembranes 

As an important “top down” nanofabrication approach, surface patterning through 

photolithography is generally combined with the self-rolling technique of strained engineered 

nanomembranes to guide the deposition or removal of material achieving a higher level of 

manipulation over the rolling process for creating various sophisticated non-planar rollup 

nanostructures, such as nanotubes, helix, and wrinkles. In this chapter, we develop an analytical 

model aiming at examining the effects of patterning on self-rolling behaviors, where the 

patterning induced local film thickness variation are effectively accounted for based on Von-

Karman nonlinear theory and Ritz method. The dependence of rollup direction and curvature 

of a nanomembrane on the size and density of patterns has been systematically studied.  The 

accuracy of our theoretical model has been demonstrated by its application to helix-shape 

structures to showcase a quantitative route to realize controllable helical rolling of 

nanomembranes through strip patterning, showing excellent agreement with both experimental 

observations and finite-element simulations.  Our results provide critical insights for the design 

of complex 3D structures of self-assembly of nanomembranes through controllable surface 

patterning. 

 

 This chapter has been published in Nanotechnology, appeared as:  

Topological patterning effects on the self-rolling of nanomembranes, Nanotechnology 29 

(2018), 345301. 

Cheng Chen, Pengfei Song, Fanchao Meng, Pengfei Ou, Xinyu Liu, Jun Song* 
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5.1 Abstract 

            The effects of topological patterning (i.e., grating and rectangular patterns) on the self-

rolling behaviors of heteroepitaxial strained nanomembranes have been systematically studied. 

An analytical modeling framework, validated through finite-element simulations, has been 

formulated to predict the resultant curvature of the patterned nanomembrane as the pattern 

thickness and density vary. The effectiveness of the grating pattern in regulating the rolling 

direction of the nanomembrane has been demonstrated and quantitatively assessed.  Further to 

the rolling of nanomembranes, a route to achieve predictive design of helical structures has 

been proposed and showcased. The present study provides new knowledge and mechanistic 

guidance towards predictive control and tuning of roll-up nanostructures via topological 

patterning. 
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5.2 Introduction 

            With continuous progression towards device and component miniaturization in 

nanotechnology, there is increasing demand in design flexibility and geometry variability [1-3].  

Self-rolling of nanomembranes, where a strained bilayer (or multilayer) thin film scrolls up to 

form a three-dimensional (3D) structure, provides a powerful fabrication route towards 

realizing various 3D nanoscale configurations, such as nanotubes [4, 5], helix [6], and wrinkles 

[7, 8]. These unique 3D structures, combing with plentiful pool of available functional materials, 

has motivated numerous applications in nanotechnology, such as microscale resonators [9-11], 

smart energy storage devices [12-14], and micro engines [15, 16], where the roll-up 

nanostructures are employed as primary architecture units, promoting great technological 

progress in micro/nano-electro-mechanical systems (MEMS/NEMS) and lab on a chip [17-20].  

             However, the fabrication and obtainment of those sophisticated non-planar roll-up 

nanostructures are heavily dependent on the topographic patterning technique that predefine the 

initial planar geometry to guide the deposition or removal of material of the strain engineered 

nanomembrane in order to achieve a higher level of manipulation over the rolling process [21-

24]. For instance, the patterned grating structures have proved to be an effective strategy that 

can define and control the rolling direction of strained nanomembranes to facilitate the 

fabrication of complex structure of micro-/nano-springs [25]. The patterned U-shape 

nanomembranes are necessary in microtube optical sensors for lifting-up the middle part of the 

microtube from the substrate after rolling-up [9, 26].   Meanwhile, the topographic patterning 

also plays an important role in the integration of state-of-the-art functionality with well-

designed optical or electrical modules, providing exceptional design and fabrication flexibilities 

into targeted devices, thus enhancing the performance of existing structures and devices [27, 

28]. 
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             The accurate design and fabrication of sophisticated roll-up configurations with 

patterns necessitate in-depth understanding of the mechanics underlying the rolling-up. Many 

analytical and numerical methods [29-34] have been developed, attempting to quantitatively 

simulate the roll-up process and to determine the resultant roll-up curvature [35-43]. However, 

in those previous modeling efforts, the effects of local thickness variation and nonuniform 

distribution of mismatch strain induced by patterning have not been considered.  

             The present study aims to address the afore-mentioned deficit in the modeling and 

simulation of self-rolling of patterned nanomembranes. Based on Von-Karman shell theory [44, 

45] and Ritz method [46, 47], a comprehensive analytical model has been formulated.   The 

new model quantitatively accounts for the effect of topographic patterning on the rolling 

direction and curvature of rolled-up nanomembranes. The accuracy and reliability of the 

analytical prediction from our model have been confirmed by finite-element (FE) simulations. 

Furthermore, the implication of our results to the design of more complex 3D roll-up structures 

(e.g., helical structures) was discussed, and a strategy to design helixes of well controlled 

geometric metrics, from a patterned host nanomembrane was demonstrated.    

 

5.3 Methodology 

5.3.1 Analytical formulation  

            Figure 5.1 illustrates the rectangular nanomembrane model considered in the present 

study. The length and width of the nanomembrane are denoted as L and W, with two axes, ݔଵ 

and ݔଶ, indicating the length and width directions respectively, also referred to as longitude (ݔଵ) 

and lateral (ݔଶ ) directions below. The nanomembrane system comprises of two principle 

material layers, a passive substrate and an active film, denoted below as top and bottom layers 

respectively. On top of these two layers resides an additional pattern layer that may vary in size, 

density and thickness. The top  layer with Young’s modulus ܧ௧ , Poisson’s ratio ν௧ , and 
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thicknesses ݄௧, is subject to initial mismatch strain ߝ଴ that originates from lattice mismatch or 

thermal loading. The elastic properties of the bottom layer of thickness ݄௕ are characterized by 

Young’s modulus ܧ௕ and Poisson’s ratio ν௕. Without loss of generality, the patterned material 

is assumed to be the same as the top layer with thickness ݄௣. In particular, the patterns can be 

divided into two categories, i.e., attached and etched patterns. These two categories can be self-

consistently characterized as ݄௣ ൐ 0 (attached) and ݄௣ ൏ 0 (etched). Here for ease of modeling 

we also define a dimensionless thickness parameter, ܪ௣ = ݄௣ ݄௧⁄ , to reflect the pattern induced 

relative thickness change for the top layer. Regarding the pattern layer, here we consider two 

typical patterns, i.e., grating and rectangular patterns, and for each case, we assume the pattern 

to be uniform in size, density and thickness, and that the width of the grating pattern or 

length/width of the cubic pattern are much smaller than the resultant roll-up radius of curvature, 

for simplicity. Aiming at quantitatively evaluating the size effect of patterns, two parameters 

ሺߩଵ, 	and	ଵߩ	ଶሻ are used to indicate the area density of the pattern layer. The density parametersߩ

-are defined as the ratios between the patterned area and normal area within the pattern	ଶߩ

containing unit strips along x1 and x2 directions respectively (see Fig. 5.1c). It is apparent that 

when both ߩଵ and ߩଶ are finite (see Fig. 5.1d), the cubic patterns are achieved, otherwise we 

obtain the grating patterns (see Figs. 5.1e-f). 
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Figure 5.1. Schematic illustration of different pattern structures examined for the bilayer 
nanomembranes: (a) grating patterns colored in orange, (b) attached and etched cubic patterns, 
colored in orange and pink respectively. (c) Definition of the two pattern density parameters, 
࣋૚ and  ࣋૛, with three representative examples of different pattern types/densities provided, as 
shown in (d). 

 

 

             In our calculations, the relations of strain ࢿ and displacement field	࢛ in a deformed 

nanomembrane in a given coordinate ሺݔଵ, ,ଶݔ  ଷሻ (cf. Fig. 5.1a) are determined based on theݔ

Von-Karman nonlinear theory [48, 49] describing the large transverse deflections of thin shell, 

as shown below,  

ఈఉߝ    ൌ
ଵ

ଶ
൬డ௨ഀ
డ௫ഁ

൅
డ௨ഁ
డ௫ഀ

൅ డ௨య
డ௫ഁ

⋅ డ௨య
డ௫ഀ

൰ െ ଷݔ
డమ௨య

డ௫ഀడ௫ഁ
 ,    (5.1) 

with the stress ࣌ is related to strain through Young’s modulus ܧ and Poisson’s ratio ݒ in the 

following compact form:  
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ఈఉߪ  ൌ
ா

ሺଵା௩ሻ
ቀߝఈఉ ൅

௩

ሺଵି௩ሻ
ఈఉቁߜఊఊߝ െ

ாఌబ
ሺଵି௩ሻ

 ఈఉ, (5.2)ߜ

where the Greek subscripts ߚ ,ߙ and 2 ,1=ߛ, and ߝ଴ denotes the isotropic inelastic mismatch 

strain. The displacement field ࢛, and subsequently the stress and strain fields can be obtained 

by minimizing the total strain energy ܷ ൌ∭
1

2
ܸ݆݅ߝ݆݅ߪ

ܸ݀, where V represents the total volume 

of the strained nanomembrane.  The existence of patterns, however, renders the surface 

nonuniform, in which case the strain energy can be divided into two parts:  

 ܷ ൌ ܷ௡ ൅ ܷ௣ (5.3) 

with 

 ܷ௡ ൌ
ଵ

ଶ
׬ ∬ଷݔ݀ ൫ߪ௜௝

௕ߝ௜௝
௕ ൅ ௜௝ߪ

௧ ௜௝ߝ
௧ ൯݀ࢹௌ೙ࢹೄ೙

௛೟ା௛್
଴  (5.4) 

 ܷ௣ ൌ
ଵ

ଶ
׬ ଷݔ݀ ∬ ൫ߪ௜௝

௕ߝ௜௝
௕ ൅ ௜௝ߪ

௧ ௜௝ߝ
௧ ൅ ௜௝ߪ

௣ߝ௜௝
௣ ൯݀ࢹௌ೛ࢹೄ೛

௛್ା௛೟ା௛೛
଴  (5.5) 

where Un and Up represent the strain energies associated with the normal (pattern-free) area 

 ௌ೛ respectively.  The superscripts b, t and p in the stress and strainࢹ ௌ೙ and patterned areaࢹ

terms indicate their association with bottom, top and pattern layers respectively. Subsequently 

the equilibrium configurations of nanomembranes with specific patterns could be obtained via 

minimization of U based on the trial in-plane and out-of-plane displacement shape functions. 

An approximated displacement field, i.e., ui (i=1, 2, 3) of the mid-plane of the nanomembrane 

can be assumed to be [45-48]:  

,ଵݔଵሺݑ  ଶሻݔ ൌ ∑ ∑ ଵݔ௜௝ܣ
௜ݔଶ

௝ଷ
௝ୀ଴

ଷ
௜ୀ଴ 	,  (5.6) 

  ,ଵݔଶሺݑ ଶሻݔ ൌ ∑ ∑ ଵݔ௜௝ܤ
௜ݔଶ

௝ଷ
௝ୀ଴ 	ଷ

௜ୀ଴ ,  (5.7) 

  ଷݑ ൌ
ଵ

ଶ
ሺܽݔଵ

ଶ ൅ ଶݔܾ
ଶሻ	,  (5.8) 
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where ܣ௜௝, ܤ௜௝ , ܽ, and ܾ  are adjustable parameters to be determined through the minimization 

of U. The above three-order polynomial approximation of the in-plane displacement filed was 

proved to be sufficient to provide an accurate description for analyzing the deformation 

behaviors of thin film and shell structures [50, 51]. The curvature fields of the deformed 

nanomembrane can then be determined as: 

ଵଵߢ  ൌ
డమ௨య
డ௫భ

మ 			and	ߢଶଶ ൌ
డమ௨య
డ௫మ

మ   (5.9) 

   

5.3.2 Numerical simulations 

            Finite element (FE) simulations were employed for direct numerical simulations of the 

self-rolling behaviors of nanomembranes and validation of the analytical prediction of the 

resultant roll-up curvatures. In this study, FE simulations were performed using the ABAQUS 

Unified FE software [52]. The layered structures with predefined patterns were created in the 

module of composite layups, and 4-node doubly curved thin/thick shell elements with reduced 

integration (S4R) were used to discretize the domain. The initial mismatch strain was achieved 

by assigning different thermal expansion coefficients to different layers and varying the 

temperature. Two categories of FE simulations were performed to examine the self-rolling 

behaviors of patterned nanomembranes, detailed as the follows: 

1) Category I: For FE simulations in this category, the rolling process was examined using 

the static analysis process with large rotation considered. The direction of rolling is pre-defined 

with a moving boundary condition set up to achieve controlled release of the nanomembrane, 

where the model geometry is partitioned into ribbon segments (perpendicular to the rolling 

direction) and fixed initially, and then released gradually [53]; 

2) Category II: ABAQUS explicit/dynamic package was employed for simulations in this 

category to investigate the competition between rollup behaviours along different roll-up 

directions of strained nanomembranes.  Unlike those static simulations in category I, no pre-



 

92 
 

constrain was imposed to influence the roll-up direction of the nanomembrane, corresponding 

to the situation of isotropic etching release. Simulations in this category focus on strained 

nanomembranes with grating patterns, examining the role of geometrical anisotropic 

distribution of grating pattern structures in inducing anisotropic rolling mode and the formation 

of helical shapes. It is worth to note that the effect of cubic patterns on the rollup competition 

was not considered here due to their geometrical isotropy. 

 

5.4 Results 

5.4.1 Effect of patterning on roll-up curvature for unidirectional rolling 

           Two nanomembrane systems, i.e., GaAs(top)/In0.2Ga0.8As(bottom) and GaN(top)/AlN(bottom), 

which are widely used to fabricate self-assembly semiconductor nanostructures with various 

geometries [6, 41, 54, 55], are selected as representative systems. The superscripts ‘top’ and 

‘bottom’ are used to respectively indicate the materials of the top and bottom layers within the 

nanomembranes. The corresponding material properties are listed in Table I. The FE simulated 

evolutions of the roll-up curvature ߢଵଵ, for controlled unidirectional rolling along the longitude 

ሺൌ	௣ܪ direction, as the dimensionless thickness parameter (ଵݔ) ݄௣ ݄௧⁄ ሻ and pattern density 

parameters ሺߩଵ,  ଶሻ vary are presented in Figs 5.2 and 5.3 for GaAs(top)/In0.2Ga0.8As(bottom) andߩ

GaN(top)/AlN(bottom) nanomembrane systems respectively. As previously described, negative and 

positive values of ܪ௣ respectively indicate etched and attached patterns. As observed in Figs 

5.2 and 5.3, there is excellent agreement between the FE simulated and analytically predicted 

(from Eqs (5. 6-9)), which evidences the accuracy and reliability of the analytical model in 

describing the rolling behaviors of different material systems. 

             We note that for positive ܪ௣, the increment in pattern density leads to decrease in the 

longitude rolling curvature ߢଵଵ, while the opposite dependence of curvature on pattern density 
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is observed for the negative range of Hp. It can also be seen that the influence of both pattern 

density and thickness on the curvature is less pronounced in the negative range of Hp. Another 

interesting observation from Figs 5.2 and 5.3 in the negative range of Hp is that the dependence 

of the curvature ߢଵଵ on Hp can be non-monotonic, i.e., as Hp decreases from zero, the curvature 

would increase initially but could start decreasing as Hp gets more negative. This non-

monotonic response can be attributed to the competition between strain energy and thickness 

reduction. The continuous decrease (i.e., more negative) in ܪ௣	leads to effective reduction in 

the overall nanomembrane thickness which facilitates rolling and favors an increase in the 

curvature, while at the same time it relieves the strain energy, contributing to lower mechanical 

driving force for the rolling. Therefore, the local maximum the rolling curvature indicates the 

point where the benefit from thickness reduction is offset by the loss in strain energy density.  

 

Table 5.1. The relevant material properties of the two nanomembrane systems, 
GaAs(top)/In0.2Ga0.8As(bottom) and GaN(top)/AlN(bottom) [22, 53, 56] considered in the present study. 

Material 
Young’s 

modulus E 
(GPa) 

Poisson’s 
ratio (ν) 

Thicknesses 
(ht or hb) (nm) 

Mismatch strain 
 (଴ߝ)

GaAs 85.6 0.3 5.2 
1.43% 

In0.2Ga0.8As 75.1 0.3 5.8 

GaN 252 0.26 10 
2.41% 

AlN 297 0.3 10 
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Figure 5.2. Comparison between the FE simulated (symbols) and predicted (lines, from Eqs. 
(5.6-9)) rolling curvature ࣄ૚૚ as the pattern thickness ࢖ࡴ	and pattern densities ሺ࣋૚, ࣋૛ሻ vary, 
for the GaAs(top)/In0.2Ga0.8As(bottom) nanomembrane system with (a) grating and (b) rectangular 
patterns.   
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Figure 5.3. Comparison between the FE simulated (symbols) and predicted (lines, from Eqs. 
(5.6-9)) rolling curvature ࣄ૚૚ as the pattern thickness ࢖ࡴ	and pattern densities ሺ࣋૚, ࣋૛ሻ vary, 
for the GaN(top)/AlN(bottom) nanomembrane system with (a) grating and (b) rectangular patterns.   

 

5.4.2 Flexible tuning of rolling direction and roll-up geometry via patterning  

            Recent experiments on grating-patterned metallic micro-springs reported that the rolling 

direction of the patterned grating structures in general stays consistently perpendicular to the 

long side edge of the grating pattern [25], in strong contrast to the rolling behaviors of 

nanomembranes without surface modifications, which typically exhibit long-edge rolling if not 

constrained [57, 58].  This indicates the strong ability of grated patterns in regulating the rolling 

direction of nanomembranes.  Nonetheless, so far there exists no dedicated theoretical work to 

study such regulation.  In this regard, here we performed FE simulations, considering a 
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rectangular nanomembrane with grating patterns arranged along the lateral direction (i.e., ߩଵ ൐

0, ଶߩ ൌ ∞), as illustrated in Fig. 5.4.  It was found that the grating patterns, of sufficient 

thickness (Hp) and density (ߩଵ), can transform the originally long-edge (lateral) rolling mode 

(cf. Figs 5.4(a)) into short-edge (longitude) rolling mode (cf. Fig. 5.4(c)).  More comprehensive 

FE investigation reveals that the resultant roll-up direction depends on not only the thickness 

and density of the grating patterns, but also the aspect (i.e., length/width) ratio R of 

nanomembranes, as demonstrated in Fig. 5.5(a).  From Fig. 5.5(a), the threshold (Hp, ߩଵ) curves 

corresponding to the lateral-to-longitude rolling mode transition can be identified for 

nanomembranes of different aspect ratios, and it is interesting to see that those curves 

effectively coincide into a single curve for large aspect ratios (i.e., R > 4).  This consolidated 

curve basically gives the requirement of Hp and ߩଵ  that can always ensure nanomembrane 

rolling perpendicular to the grating pattern. 

             Another interesting point to note from Fig. 5.5(a) is that as the pattern density ߩଵ 

increases, the Hp required to induce the rolling mode transition quickly decreases and stays 

nearly a constant value for large ߩଵ values.  Given that the grating pattern serves to induce 

rolling anisotropy (i.e., promoting longitude rolling over lateral rolling), this indicates that the 

effect of patterning is more prominent at low pattern density.  To further understand the above 

observation, we examine the roll-up curvatures ߢଵଵ and ߢଶଶ (predicted from Eqs (5.6-9)) for the 

longitude and lateral rolling respectively, and define a parameter Λ ൌ ሺߢଶଶ െ  ଵଵ.  Theߢ/ଵଵሻߢ

parameter Λ effectively characterizes the magnitude of anisotropy in rolling, and reflects on the 

different driving forces along the two rolling directions.  Fig. 5.5(b) plots Λ as a function of ߩଵ 

for different Hp.  We note that the Λ vs. ߩଵ curve gets elevated as Hp increases. For all Hp, 	Λ is 

seen to first rapidly increase with the pattern density, and then gradually decay with further 

increase in the density. The decline in Λ at large ߩଵ suggests that excess pattern density have 

little influence on rolling anisotropy.  Comparing Figs 5.5(a) and 5.5(b), we can see that the 



 

97 
 

turning point (in the trend) in the Λ vs. ߩଵ curve roughly coincides with the location where the 

Hp vs. ߩଵ curve starts to level out.   

 
 
Figure 5.4. FE simulated results of the rolling behaviours for sample rectangular nanomembranes (a) 
without and (b and c) with grating patterns, with patterns indicated by orange strips, showing the 
transition of the rolling model from the long-edge (lateral) rolling (a) without or (c) with insufficient 
grating patterning to short-edge (longitude) rolling (b) with sufficient presence of grating patterns. In 
this illustrative example, the nanomembrane is assumed to be of GaAs(top)/In0.2Ga0.8As(bottom). Sample FE 
simulation movies illustrating the complete roll-up process available in Supplementary Material. 
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Figure 5.5. (a) Diagram of preferred rolling modes for the strained, grating-patterned 
nanomembranes of different aspect ratio R as the ࢖ࡴ and ࣋૚ vary, where the regimes above and 
below the curve (for a particular R) correspond to short-edge (longitude) and long-edge (lateral) 
rolling respectively. (b) The magnitude of rolling anisotropy between lateral and longitudinal 
directions are quantitatively measured using  ઩ ൌ ሺࢇ࢒࢑ െ  .࢖ࡴ as a function of ࣋ and ࢕࢒࢑/ሻ࢕࢒࢑
(c) shows a schematic illustration of two rolling modes (respectively corresponding to short-
edge and long-edge rolling) with grating pattern structures. The patterned and normal strained 
bilayer are colored in gold, green and blue, respectively. In this illustrative example, the 
nanomembrane material system is assumed to be GaAs(top)/In0.2Ga0.8As(bottom). 

 
 
             The predictive mapping of rolling modes presented in Fig. 5.5 (a) provides critical 

guidance for the design of grating structures on nanomembranes, particularly in cases where 

the regulation of rolling directions is important.  Moreover, these insights are also transferable 

to the design of more complex roll-up geometries.  For instance, the predictive design of a 

helical configuration can be achieved from a grating-patterned rectangular nanomembrane 

template, as illustrated in Figs. 5.6 and 7 and elaborated in detail below.  

             For a grating-patterned rectangular nanomembrane, the rolling direction can be 

precisely controlled by choosing the appropriate Hp-ߩଵ combination (cf. Fig. 5.5).  In particular, 
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for short-edge (longitude) rolling, the grating pattern stays perpendicular to the rolling direction.  

Now let’s consider a strip cut from the nanomembrane, aligned at an angle ߙ to the longitude 

direction (see Fig. 5. 6(a)).  A series of FE simulations were performed to examine the formation 

of helical configurations from the rolling of such strips. It was found that the resultant helical 

configuration is strongly correlated with rolling behaviors of the host nanomembrane. In 

particular, the Hp-ߩଵ  combination that ensures short-edge (longitude) rolling of the host 

nanomembranes also prescribes the rolling direction of the strip, leading to helix with axis 

parallel to the grating pattern, as illustrated in Fig. 5.7. Meanwhile, interestingly enough, these 

strips also exhibit nearly identical rolling diameter D with the host nanomembrane (and thus 

can be predicted by Eqs (5.6-9)), as demonstrated in Fig. 5.7 (b).  With both the axis and 

diameter of the helix known, the pitch period (P) of the helix can also been determined: 

 ܲ ൌ ܦߨ ∙ tan(5.10) ߙ 
 

where ߙ denotes the helical angle, being also the angle that the strip makes with the longitude 

direction (cf. Fig. 5.6 (a)).  On the other hand, within the Hp-ߩଵ  domain where the host 

nanomembrane exhibits long-edge (lateral) rolling, the rolling of the cut strips is much more 

complex with great variation in the resultant rolling direction and diameter, showing no simple 

or apparent relation to the rolling of the host nanomembrane, and as a consequence, design of 

helixes with controlled configurations is not feasible (e.g., patterns show random alignment 

with respect to the helix axis and the helix shows non-straight axis and varying curvature 

spatially).         

             The above results demonstrate a new route to achieve predictive design of helixes with 

precise control of their geometry. The fact that we can use a pre-designed, grating patterned 

rectangular nanomembrane as the template also provides interesting design insights towards 

versatile and flexible fabrication of 3D roll-up nanostructures.   
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Figure 5.6. Schematic illustration of (a) strips cut from a grating-patterned host nanomembrane, 
aligned at different angles ࢻ (e.g., ࢻ	 ൌ ૜ૠ°, ૝૞°	܌ܖ܉	૞ૠ°) to the direction perpendicular to the 
grating pattern, which, after roll-up (with the rolling direction indicated by the black dashed 
arrows in (a)), results in (b) helixes with axis parallel to the grating pattern (obtained from FE 
simulations). (b) FE simulated helical strips with designed helical angles (ࢻ	 ൌ ૜ૠ°, ૝૞°, ૞ૠ°). 
(c) and (d) plot the designed helix diameter Dpred and pitch period Ppred (from analytical 
predictions) against the ones (i.e., denoted as Dsim and Psim respectively) obtained from FE 
simulations, showing excellent agreement. In this illustrative example, the nanomembrane 
material system is assumed to be GaAs(top)/In0.2Ga0.8As(bottom). List of data in plots (c) and (d) 
available in Supplementary Material. 
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Figure 5.7. The predictive design diagram of helical configurations formed from the rolling of 
strips cut from strained patterned nanomembranes as the ࢖ࡴ and ࣋૚ vary. The black solid line 
in the diagram indicates the threshold (Hp, ࣋૚) curve corresponding to the lateral-to-longitude 
rolling mode transition (for R≥4, also see Fig. 5.5a). The blue circle and red x-mark symbols 
indicate whether or not the resultant helical configuration is a controlled one with the helix 
diameter and pitch period well predicted. In this illustrative example, the nanomembrane 
material system is assumed to be GaAs(top)/In0.2Ga0.8As(bottom). List of data available in 
Supplementary Material. 

 

 

5.5 Conclusion 

            Employing both analytical modeling and comprehensive finite-element (FE) 

simulations, we systematically studied the effect of topological patterning (i.e., grating and 

rectangular patterns) on the self-rolling behaviors of heteroepitaxial strained nanomembranes.  

Based on Von-Karman nonlinear theory and Ritz method, an analytical modeling framework 

that is capable of predicting the resultant curvature of the patterned nanomembrane has been 

formulated, with the accuracy and reliability of model prediction validated through FE 

simulations. Particularly for grating-patterned nanomembranes, it was shown that the rolling 

direction can be precisely controlled by appropriate selection of the pattern thickness and 

density.  Furthermore, the findings can also directly translate into valuable design insights for 

more complex roll-up geometries, such as helical structures.  As an example, the predictive 
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design of helical structures of desired geometric metrics (i.e., helical angle, pitch period and 

diameter), resulted from strips cut from a host grating-patterned nanomembrane was 

demonstrated. The present study elucidates the pattern-induced potential anisotropic self-

rolling behaviors and preferred rollup direction, providing new knowledge and mechanistic 

guidance towards predictive control and tuning of 3D roll-up nanostructures via topological 

patterning. 
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5.7 Supporting information 

Table I (data for Fig. 5.6c): The relevant parameters for the strips used for examining the helical rolling 
(corresponding to the data points shown in Fig. 6c), where hb and ht respectively denote the thicknesses 
of the bottom and top layers of the host nanomembrane where the strips were cut, and ߩଵ denotes the 
density of the grating pattern, ܪ௣  represents dimensionless thickness parameter and ߙ is the helical 

angle. Dsim and Dpred are the FE-simulated and theory predicted (from Eqs (6-9)) diameters of curvature 
of the helix resulted from the rolling of the strip. Note that the material system is assumed to be 
GaAs(top)/In0.2Ga0.8As(bottom), and the nanomembrane is assumed to be of a length/width ratio R = 4.  The 
strips have a fixed width of 15ߤm (however it is important to note that the roll-up curvature is not 
sensitive to the strip width).   

 

Pattern 
Density 	ߩଵ 

 ௣ Helicalܪ
angle  

Thickness  
hb (nm) 

Thickness  
ht (nm) 

Dpred 

 (mߤ)

Dsim 

 (mߤ)

1 1 37° 15 15 2.72 2.69 

1 1.25 45° 15 15 2.85 2.77 

1 1 57° 15 15 2.72 2.84 

1 1 37° 20 20 3.63 3.64 

1 1 37° 25 25 4.53 4.44 

1 1.25 37° 25 25 4.75 4.86 

2 1 37° 15 15 2.99 2.97 
2 1 57° 15 15 2.99 3.04 
2 1 37° 20 20 3.98 3.90 
2 1 37° 25 25 4.97 4.93 
2 1 45° 25 25 4.97 4.83 
3 1 37° 15 15 3.14 3.08 
3 1 57° 15 15 3.14 3.07 
3 1.25 37° 15 15 3.22 3.35 
3 1 37° 20 20 4.18 4.24 
3 1.25 37° 20 20 4.31 4.42 
3 1 37° 25 25 5.23 5.17 
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Table II (data for Fig. 5.6 d): The relevant parameters for the strips used for examining the helical 
rolling (corresponding to the data points shown in Fig. 6d), where hb and ht respectively denote the 
thicknesses of the bottom and top layers of the host nanomembrane where the strips were cut, ߩଵ denotes 
the density of the grating pattern and ܪ௣  represents dimensionless thickness parameter and ߙ is the 

helical angle. Psim and Ppred are the FE-simulated and theory predicted (from Eq (6-10)) diameters of 
curvature of the helix resulted from the rolling of the strip. Note that the material system is assumed to 
be GaAs(top)/In0.2Ga0.8As(bottom), and the nanomembrane is assumed to be of a length/width ratio R = 4. 
The strips have a fixed width of 15ߤm (however it is important to note that the roll-up curvature is not 
sensitive to the strip width). 
  

Pattern 
Density 	ߩଵ 

 ௣ Helicalܪ
angle  

Thickness  
hb (nm) 

Thickness  
ht (nm) 

Ppred 

 (mߤ)
Psim 

 (mߤ)

1 1 37° 15 15 6.44 6.37 

1 1.25 45° 15 15 8.96 8.7 

1 1 57° 15 15 13.16 13.72 

1 1 37° 20 20 8.59 8.61 

1 1 37° 25 25 10.74 10.51 

1 1.25 37° 25 25 11.5 11.25 
2 1 37° 15 15 7.07 7.03 
2 1 57° 15 15 14.45 14.7 
2 1 37° 20 20 9.43 9.23 
2 1 37° 25 25 11.79 11.68 
2 1 45° 25 25 15.64 15.17 
3 1 37° 15 15 7.44 7.28 
3 1 57° 15 15 15.2 14.85  
3 1.25 37° 15 15 7.93 7.63 
3 1 37° 20 20 9.91 10.03 
3 1.25 37° 20 20 10.46 10.18 
3 1 37° 25 25 12.39 12.25 
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Table III (data for Fig. 5.7): The relevant parameters for the strips used for examining the helical 
rolling (corresponding to the data points shown in Fig. 7), where hb and ht respectively denote the 
thicknesses of the bottom and top layers of the host nanomembrane where the strips were cut, ߩଵ denotes 
the density of the grating pattern and ܪ௣ represents dimensionless thickness parameter. Note that the 

material system is assumed to be GaAs(top)/In0.2Ga0.8As(bottom), and the nanomembrane is assumed to be 
of a length/width ratio R = 4. The strips have a fixed width of 15ߤm (however it is important to note that 
the roll-up curvature is not sensitive to the strip width). 
  

Pattern 
Density 	ߩଵ 

Helical 
angle 

Thickness  
hb (nm) 

Thickness  
ht (nm) 

௣ܪ  

Controlled Rolling?  
FE-simulated     Predicted   

(Y or N) 

0.5 45° 25 25 1.80 Y                     Y 

0.5 37° 25 25 1.48 Y                     Y 

0.5 37° 25 25 1.28 Y                     Y 

0.5 37° 25 25 0.88 Y                    N 

0.5 37° 25 25 0.72 N                    N 

0.5 57° 25 25 0.56 N                    N 

1 57° 25 25 1.24 Y                     Y 

1 37° 25 25 1.08 Y                     Y 

1 37° 25 25 0.92 Y                     Y 

1 37° 25 25 0.76 Y                     Y 

1 37° 25 25 0.64 N                    N 

1 57° 25 25 0.48 N                    N 

1 45° 25 25 0.32 N                    N 

2 37° 25 25 1.04 Y                     Y 

2 45° 25 25 0.88 Y                     Y 

2 37° 25 25 0.72 Y                     Y 

2 37° 25 25 0.60 N                    N 

2 57° 25 25 0.44 N                    N 

2 37° 25 25 0.28 N                    N 

3 45° 25 25 1.04 Y                     Y 

3 37° 25 25 0.88 Y                     Y 

3 37° 25 25 0.72 Y                     Y 

3 37° 25 25 0.60 N                    N 

3 37° 25 25 0.48 N                    N 

3 57° 25 25 0.32 N                    N 

4 37° 25 25 0.98 Y                     Y 

4 37° 25 25 0.88 Y                     Y 

4 45° 25 25 0.72 Y                     N 

4 37° 25 25 0.56 N                    N 

4 45° 25 25 0.40 N                    N 

4 37° 25 25 0.24 N                    N 
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Chapter 6: Misfit dislocation induced strain relaxation effect 

on self-rolling of strain-engineered nanomembranes 

 

 As elaborated in previous chapters, the mismatch strain within the nanomembrane is 

central to the self-rolling process. However, the mismatch strain may be partially relaxed by 

misfit dislocations, which are commonly generated at the interface within bilayer or multilayer 

nanomembranes during the deposition process. Therefore, it is important to account for the 

effect of those dislocations. This chapter depicts a systematic study that combines atomistic 

simulations and continuum mechanics to investigate strain relaxation effects induced by misfit 

dislocation, and subsequent influence on the self-rolling of strain-engineered nanomembranes.   
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6.1 Abstract 

            Combining atomistic simulations and continuum modeling, the effects of misfit 

dislocations on strain relaxation and subsequently self-rolling of strain-engineered 

nanomembranes have been investigated. Two representative material systems including 

(GaN/In0.5Ga0.5N) of wurtzite lattice, and II–VI materials (CdTe/CdTe0.5S0.5) of zinc-blend 

lattice were considered. The atomistic characteristics of dislocation and the resulting lattice 

distorting were first determined by generalized-stacking-fault energy (GSFE) profile and 

disregistry function obtained through Peierls-Nabarro (PN) model. Those properties were then 

used to calculate the accurate mismatch strain of those nanomembranes with thepresence of 

dislocations, and as inputs into von-Karman shell theory to quantitatively evaluate the effects 

on self-rolling curvature and anisotropy. The theoretical results were further confirmed by 

atomistic simulations of different crystal geometries and dislocation configurations. Our results 

provide effective ways to predict and design the rollup configurations of strain-engineered 

semiconductor nanomembrane containing misfit dislocations, induced by a relatively large 

mismatch strain and increasing thickness. 
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6.2 Introduction 

            Offering unique mechanical flexibility and geometrical variabilities along with 

excellent machinability, the rolled-up nanotechnology involving nanomembranes that consist 

of two or more strained layers has emerged as the focus of interest for numerous advanced 

applications including drug delivery [1, 2], optical microcavity [3-6], optoelectronics [7-9], 

artificial biomimetic structures [10-17], micro/nanoscale motors [18-20], and on-chip energy 

storage integrated microdevices [21-23], among others. The essential functional principle  for 

the rolled-up nanotechnology relies on engineered strain gradient embedded in bi- or multilayer 

nanomembranes, which drives  nanomembranes to self-roll into tubular geometries with	tunable 

diameters  once detached and relaxed from their host substrates [24]. For semiconductor 

nanomembranes, engineering of the strain gradient therein can be achieved through adjusting 

the composition dependent lattice mismatch of the strained layers utilizing heteroepitaxial 

deposition methods involving, e.g.,  molecular beam epitaxy (MBE) and metalorganic chemical 

vapour deposition (MOCVD) [25-27]. Both methods not only can precisely manipulate the 

composition and thickness of nanomembranes at the monolayer scale to enable strain gradient 

tuning, but also are applicable to a wide range of nanomembrane materials, such as  Group IV 

(e.g., Si/Ge) [28-30], III–V (e.g., InGaN/GaN) [6, 26, 27, 31-34] and II–VI (e.g., CdS/CdSe) 

materials [35]. In contrast to the existing capability and flexibility in engineer the strain, 

accurate determination of the mismatch strain, on the other hand, can be challenging, 

particularly in cases of large strains [36] and film thickness [32, 34, 37, 38], as the mismatch 

strain could be partially relaxed via the nucleation of misfit dislocations at the interface, 

Consequently the strain gradient cannot be well evaluated by considering only lattice mismatch. 

Moreover, in some cases, especially for the epitaxial growth of highly mismatched materials, 

periodic interfacial misfit dislocations are intentionally introduced to effectively alleviate the 

mismatch strain and reduce the density of vertically propagating threading dislocations that are 
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highly detrimental to device performance [39, 40].  However, despite the importance in 

affecting the strain in the nanomembrane, there has been limited work to investigate the 

dislocation induced strain relaxation and its subsequent effect on the self-rolling behaviors of 

strain engineered nanomembranes.  Consequently, this deficit prevents the precise prediction 

and manipulation of the geometry of rolled-up nanomembranes where dislocations exist. 

In this paper, we present a systematic study, aiming to address the afore-mentioned 

deficit in the understanding of the role of misfit dislocations on self-rolling of strain-engineered 

nanomembranes, combining atomistic simulations and continuum modeling. Two generic 

bilayer material models, the GaN/In0.5Ga0.5N (III–V materials) of wurtzite lattice, and 

CdTe/CdTe0.5S0.5 (II–VI materials) of zinc-blend lattice, were chosen as representatives of 

nanomembrane systems in the presence study. Stable misfit dislocation configurations at the 

interface were explicitly constructed and examined using molecular dynamics simulations. The 

effects of strain relaxation and strain distribution induced by misfit dislocations were 

quantitatively determined by the disregistry functions obtained through Peierls-Nabarro (PN) 

model with the generalized-stacking-fault energy (GSFE) profiles of those dislocations as 

inputs. The effects of misfit dislocations on self-rolling curvatures of strain-engineered 

nanomembranes were then further evaluated employing von-Karman shell theory combined 

with the disregistry functions, validated by atomistic simulations. Our study provides a new 

theoretical approach to quantitatively account for the misfit dislocations induced strain 

relaxation in predictive engineering of self-rolling of strained nanomembranes. 

6.3 Computational Methodology 

            Atomistic simulations of dislocations effects on self-rolling are performed in the 

framework of classical molecular dynamics (MD) implemented in the LAMMPS package.[41] 

The Stillinger-Weber potentials [42] have been employed for defining the interatomic forces of 
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two strain engineered bilayer nanomembranes, namely, CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N. 

Those interatomic potentials have been demonstrated to correctly predict key physical 

properties, including the crystal structure, lattice constant, elastic modulus, and defect 

characteristics for the ternary systems of Cd-S-Te [43] and In-Ga-N [44] under stoichiometric 

conditions. The potentials of Cd-S-Te and In-Ga-N systems have been previously applied in 

the studies of strain relaxation of misfit dislocation [45, 46], heteroepitaxial growth [47], 

quantum dots [45] and substitutional diffusion of heterostructures [44].  

Based on above potentials, the lattice constants have been determined to be (5.835 Å 

and 6.124 Å)	for CdTe and CdTe0.5S0.5, while (3.175 Å and 3.348 Å) for GaN and In0.5Ga0.5N. 

These values are in good agreement with data reported in previous studies [46, 48]. The typical 

misfit dislocations identified in the heterostructures of CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N 

have Burgers vectors 1b


= 1/2[011] and 2b


= 1 3⁄ ሾ112ത0ሿfor the ሺ001ሻሾ011ሿ	 slip system and 

ሺ11ത00ሻሾ112ത0ሿ	  slip system, respectively. To obtain the GSFEs of those dislocations, two 

supercells are constructed, as presented in Fig. 6.1, with orientations of  ݔଵ=ሾ011ሿ,	2ݔ=ሾ011തሿ, 

and ݔଷ ൌ ሾ001ሿ for CdTe/CdTexS1-x, while ݔଵ ൌ	 ሾ112ത0ሿ,	ݔଶ	=ሾ0001 , and ݔଷ ൌ ሾ11ത00ሿ  for 

GaN/InxGa1-xN. The mismatch strain on the interface of CdS/CdTe0.5S0.5 and GaN/In0.5Ga0.5N 

are then calculated to be 4.86% and 5.18%, respectively. The dimensions of supercells for 

CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N are set to be 9.16 nm × 9.16nm × 12.96 nm, and 6.35 

nm × 5.18nm × 7.70 nm along ݔଵ, ݔଶ and ݔଷ directions.  To calculate the GSFEs, we adopt the 

relaxation procedures outlined in Refs. [49, 50]. First, the upper half crystal over the 

heterogeneous interface of nanomembranes (shaded in Fig. 6.1) are incrementally shifted with 

respect to the below part along the -x1 direction, where atoms are fixed along the ݔଵ and ݔଶ 

directions but free to move along the ݔଷ direction. The attendant energy cost per unit area, i.e., 

the GSFE (denoted as GSF  below), is monitored as a function of the applied shift vector.   
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Figure 6.1. Three dimensional schematic illustrations of the (a) zinc blend CdS/CdTe0.5S0.5  and 
(c) wurtzite GaN/In0.5Ga0.5N where the shaded plane indicated the interface. (b) and (d) 
Projection views of atomic configurations along ሾ011ሿ and ሾ૚૚૛ഥ૙ሿ to illustrate the local atom 
arrangements on the interface. Cd, Te and S atoms are colored in blue, red and yellow, 
respectively. The N atoms are indicated by small blue spheres, while In and Ga atoms are 
represented by purple and golden spheres.  

 
 

 

Figure 6.2. (a) the 5&7-ring core configuration for the ૚ ૛⁄ ሾ૙૚૚ሿሺ૙૙૚ሻ	edge dislocation on 
the mismatched interface of CdS/CdTe0.5S0.5 (projection view along ሾ૙૚૚ഥሿ	direction) (b) the 8-
ring core for the ૚ ૜⁄ ሾ૚૚૛ഥ૙ሿ	 edge dislocation residing in the mismatched interface of 
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GaN/In0.5Ga0.5N (projection view along ሾ૙૙૙૚ሿ direction). The atoms are colored similar to 
Fig. 6.1. 

 

            Besides simulating GSFEs, a separate set of large scale atomistic simulations were 

performed to compute the self-rolling curvature of strain-engineered nanomembranes with 

different misfit dislocations densities located on their interfaces. In those simulations, larger 

simulation boxes with varied dislocation density have been utilized with dimensions Ly = 3300 

Å while Lx and Lz ranging from 62 Å to 366 Å, and 65 Å to 87 Å, respectively, containing ~3 

million atoms. The misfit dislocations are first generated by displacing all atoms according to 

the isotropic linear elasticity theory, as shown in Fig. 6. 2. Two stable core structures of the 

misfit dislocations have been identified, being 5-7 atom ring core for the zinc-blend structure 

of CdTe/CdTe0.5S0.5, and 8 atom ring core for the wurtzite structure of GaN/In0.5Ga0.5N. 

Subsequently, the mismatched nanomembranes with those dislocation structures constructed 

are relaxed to be bending out of plane using the conjugate gradient algorithm [51]. The typical 

examples of rolling up structures after relaxation are presented in the Fig. 6.3, where the 

curvature radius is estimated by tracking the coordinates of atoms. The dislocation detections, 

visualization and analysis are conducted using the Ovito software[52]. In our simulations, the 

dislocation density is defined as the dislocation number per unit length along Burger’s vector 

direction on the slip plane of dislocation. Therefore, the dislocation effects could be examined 

by controlling the distance between two closed dislocations. 
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Figure 6.3. The representative rollup structures of MD simulations with misfit dislocations 
distributed in the interface of mismatched nanomembranes. (a) and (b) indicate the self-rolled-
up structures of CdS/CdTe0.5S0.5 and GaN/In0.5Ga0.5N, respectively, while (c) shows a schematic 
illustration of (b) and highlights the corresponding dislocation lines using the dislocation 
detection algorithm in the Ovito software [52]. 

                   

6.4 Results and Discussion 

6.4.1 Effects of misfit dislocation on strain gradient of nanomembranes 

            The effects of misfit dislocation on strain gradient of nanomembranes are examined in 

detail using the disregistry functions of dislocation, describing the relative displacement 

between two half crystals divided by the heterogeneous interface of nanomembranes. The 

disregistry functions of dislocation are obtained through Peierls-Nabarro (PN) model [53, 54] 



 

117 
 

together with an input from the GSFEs of dislocations, calculated by atomistic simulations. Fig. 

6.4 gives the GSFE curves of dislocations for the ሺ001ሻሾ011ሿ	 slip system of CdTe/CdTe0.5S0.5 

and ሺ11ത00ሻሾ112ത0ሿ	  slip system of GaN/In0.5Ga0.5N, where   and b denote the shifting 

displacement and the magnitude of the Burgers vector. It is revealed that for all cases the GSFE 

curve exhibits a maximum, i.e., the unstable stacking fault at / 2b  , indicating that those 

misfit dislocations only have planar cores and cannot dissociate into partial dislocations. 

Afterwards, based on those GSFE curves, the disregistry function u(x) can be deduced by 

considering the balance between the stress induced by the dislocation and the periodic lattice 

restoring stress 
 ( )

( )
GSFE u x

u x





 that represents the lattice resistance of a crystal to the distortion 

associated with the dislocation core: 

            
   '

( ) / ' ( )
,

' ( )
GSFEx x

du x dx dx u x
K

x x u x







 

               (6.1) 

Where K is a constant, being μ/(4π) for a screw dislocation and μ/[4π(1−ν)] for an edge 

dislocation, μ and ν are the shear modulus along the slip plane of dislocation and Poisson’s ratio, 

respectively. Because the misfit dislocations are located at the interface of nanomembranes, μ 

and ν are calculated to be the average value of the system, namely, 38 GPa and 0.33 for 

CdTe/CdTe0.5S0.5, while 108 GPa and 0.25 for GaN/In0.5Ga0.5N. The disregistry functions of 

dislocations u(x), and the associated disregistry density 
( )

( )
du x

x
dx

    are finally obtained, 

based on the method of trial fitting functions, as depicted in Fig. 6.5. This implies that the 

distortion induced by the misfit dislocation could be expressed as an nonlinear continuous 

function of the coordinate x along the Burger’s vector direction, and reaches the maximum 

value at the core region of dislocations. Therefore, the inelastic strain ߝ௜௡ of the system that 

includes the mismatch strain at the heterogeneous interface of nanomembranes and distortion 

of misfit dislocations could be further determined through principle of superposition, as shown 
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in Eq, (6.2), 

௜௡ߝ  ൌ ଴ ൅ߝ ∑ డ௨ሺ௫ାሺ௜ିଵሻ∙ௗ೘ሻ

డ௫
௡
௜ୀଵ  (6.2) 

Here,  ߝ଴  and n indicate original mismatch strain and the number of misfit dislocations, 

respectively. ݀௠ represents the distance between two closed dislocations.  

 

Figure 6.4. The GSFE curves for the ሺ૙૙૚ሻሾ૙૚૚ሿ	  slip system of CdTe/CdTe0.5S0.5 and 
ሺ૚૚ഥ૙૙ሻሾ૚૚૛ഥ૙ሿ	 slip system of GaN/In0.5Ga0.5N, respectively. 
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Figure 6.5. The disregistry u(x) and associated disregistry density ρ(x) profiles for the 
ሺ૙૙૚ሻሾ૙૚૚ሿ	  slip system of CdTe/CdTe0.5S0.5 and ሺ૚૚ഥ૙૙ሻሾ૚૚૛ഥ૙ሿ	  slip system of 
GaN/In0.5Ga0.5N, respectively. 

	

6.4.2 Effects of misfit dislocation on the rollup curvature of nanomembranes 

            The study of dislocation effect on the rollup curvature of nanomembranes is based on a 

combined numerical methodology using von-Karman shell theory [55] and disregistry 

functions of dislocations, and Fig. 6.6 depicts a typical precursor geometry of strained 
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nanomembranes with misfit dislocations embedded to produce the roll-up structure.  

 

Figure 6.6.  Illustration for the geometrical sizes of nanomembranes with misfit dislocations 
embedded on the interface of strained bilayers.  L and W define the longitudinal and transverse 
length along the ࢞૚ and ࢞૛	direction respectively. 

 

             Assuming a plane-stress formulation, the total potential energy of this system with 

misfit dislocations incorporated H, can be expressed as a function of the mechanical and 

geometrical properties of nanomembranes by: 

  ܪ   ൌ ׬ ׬ ቆ׬ ܳ௜௝
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where L, W, and  ݄  are the length of the nanomembranes in the ݔଵand ݔଶ directions, and its total 

thickness. (݄௧ , 	݄௕ ) and (ܳ௜௝
௧ , 	ܳ௜௝

௕ ) denote the thicknesses and transformed reduced elastic 

stiffnesses of top and bottom layers, respectively. ൫ߝ௜
௕, ௝ߝ

௕൯  and ൫ߝ௜
௧	ߝ௝

௧൯	define the in-plane 

elastic strains in the bottom and top layer with i, j = 1, 2, 6 as per convention, given by 
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൫ߝଵ
௜௡, ଶߝ

௜௡൯ represent the component of inelastic strains in the top layer, namely, the mismatch 

strain and the strain relieved by the misfit dislocation. The quantities ߝଵ
௠, ߝଶ

௠ and ߢଵ, ߢଶ are the 

midplane strains and curvatures, respectively, defined by 

ଵߝ 
௠ ൌ డ௨భ

డ௫భ
൅ ଵ

ଶ
ቀ
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ଶ
, ଶߝ

௠ ൌ డ௨మ
డ௫మ

൅ ଵ

ଶ
ቀ
డ௨య
డ௫భ

ቁ
ଶ
 (6.6) 

ଵߢ  ൌ
డమ௨య
డ௫భ

మ , ଶߢ ൌ
డమ௨య
డ௫మ

మ   (6.7) 

where ui (i=1, 2, 3) are the midplane displacements of the nanomembranes in the ݔଵ, ݔଶ and ݔଷ 

directions. Here the extensional midplane strains are approximated using the 

following set of complete polynomials: 

ଵߝ 
௠ ൌ ∑ ܿ௜௝ݔଵ

୧ ଶݔ
୨௡

௜,௝ୀ଴ , ଶߝ
௠ ൌ ∑ ݀௜௝ݔଵ

୧ ଶݔ
୨௡

௜,௝ୀ଴  (6.8) 

where the ܿ௜௝ and ݀௜௝ are to-be-determined coefficients. In our calculations, an approximated 

displacement field is assumed for ݑଷ based on the Ritz method [56-58] as  

ଷݑ  ൌ
ଵ

ଶ
ሺܽݔଵ

ଶ ൅ ଶݔܾ
ଶሻ,  (6.9) 

Where, a and b are parameters to be determined. Then, the in-plane shear strain  ൫ߝ଺
௕, ଺ߝ

௕൯ could 

be further derived by strain--displacement relations. The coefficients and curvatures can be 

obtained by minimizing the potential energy H. According to the lattice constants and elastic 

modulus provided by MD simulations, the transformed reduced elastic stiffnesses of 

nanomembranes used in the numerical calculations are derived and presented in the table 6. 1. 
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Table 6.1. The reduced elastic stiffnesses obtained for CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N 

Elastic Stiffness (GPa)     ܳଵଵ           ܳଶଶ  ܳଵଶ         ܳ଺଺ 

        GaN                            328          351            69          115 

    In0.5Ga0.5N                      255          275            60           85 

        CdTe                           72            72             19            30 

   CdTe0.5S0.5                       47            47             16            24 

 

             We then start to examine the roll-up curvatures of nanomembranes with dislocations 

incorporated, and to determine the preferred rolling direction. As examples, we calculate the 

equilibrium strain energies of CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N systems for both rolling up 

states along -x1 and -x2 directions, depending on the misfit dislocation densities, as given in Fig. 

6.7. 

 

Figure 6.7. Strain energies of the rollup structure of CdTe/CdTe0.5S0.5 and GaN/In0.5Ga0.5N 
systems normalized on the strain energy of the flat structure are plotted against misfit 
dislocation densities for rolling up along -x1 and -x2 directions.  

 

Obviously, the strain energy remains smallest for the -x1 rolling directions for both cases, thus 

the -x1 direction would be the preferred rolling direction. This can be explained by the strain 
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relaxation along -x2 direction (the Burger’s vector direction) induced by misfit dislocations, 

resulting in the reduced bend force along this direction. Therefore, only the rolling curvatures 

 ଵ as the function of misfit dislocation density and thickness are calculated and compared withߢ

results obtained by MD simulations, as illustrated in Fig. 6.8. Here, the calculated curvatures 

are all converted into the rolling diameter that could be easy to be compared with those values 

obtained by tracking and measured the atomic coordinates in our MD simulations. In Fig. 6.8, 

we see that for all cases the increased dislocation density would lead to an overall increase of 

rolling diameters, which could explain the discrepancy between experimental measurements 

and traditional theoretical prediction using Timoshenko formula. In addition, the MD simulated 

results presented confirm the predictions obtained from the analytical models and the analytical 

model is reliable when applicable into the nanomembranes with different crystal symmetries 

and misfit dislocation configurations. 

 

Figure 6.8.  The predicted and MD simulated rolling diameter as a function of the misfit 
dislocation density for (a) CdTe/CdTe0.5S0.5 and (b) GaN/In0.5Ga0.5N, respectively. 

 

 

6.5 Conclusion 

            This work presents a combined framework that connects the atomic length scale 

variations of dislocations to continuum elasticity, and quantitatively evaluates the dislocations 

effects on the self-rolling of strain-engineered nanomembranes. The typical misfit dislocations 
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of (GaN/In0.5Ga0.5N) with wurtzite lattice, and (CdTe/CdTe0.5S0.5) with zinc-blend lattice have 

been created in MD simulations and their generalized stacking fault energy (GSFE) curves are 

calculated to be an input of PN model to obtain the disregistry functions of dislocations that 

accurately determine the lattice elastic distortion of dislocations. Afterwards, dislocation effects 

on the self-rolling behaviors of strain-engineered nanomembranes are further investigated 

employing von-Karman shell theory with the disregistry functions incorporated. It is found that, 

besides the elastic anisotropy of material, the formation of misfit dislocations could be another 

potential contributing factor causing the anisotropic rolling of strain-engineered 

nanomembranes. Additionally, we can see that independent of the thickness, the increased 

dislocation density would enhance the rollup diameters of released nanomembranes. The 

theoretical predictions are confirmed by the MD simulations of rolling up of nanomembranes 

with the existence of misfit dislocations, and the analytical method is shown to be reliable when 

applicable into different crystal geometries and dislocation configurations. Our work helps 

precise design the rollup structures from pre-defined geometries of strain-engineered 

nanomembranes with the consideration of dislocations especially for the situations of large 

mismatched strain and increasing thickness, and reduce the deviations of theoretical prediction 

for experimental observations. 
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Chapter 7: Effects of material heterogeneity on self-rolling of 

strain engineered membranes 

             Besides the effects of misfit dislocations discussed in Chapter 5, material heterogeneity 

can also influence the internal strain gradient of membranes, which is often resulted from 

incorporating new structural units into strained membranes. Therefore, understanding of the 

effects of material heterogeneity on self-rolling of strain engineered membranes is key to 

achieving a higher level of manipulation over the rolled-up geometry, or integrating extra 

functionality modules that enhance the performance of existing structures and devices. In this 

chapter, an analytical model has been developed to evaluate the effects of distribution of 

heterogeneous embedding elements on the self-rolling behaviors of strained membranes, 

validated through molecular dynamic (MD) simulations and finite element (FE) analysis. The 

theoretical predictions could be used for precisely generating helical shapes with desired rolling 

curvatures, chirality, and helix angles, showing great potential in designing complex 3D 

structures based on strained membranes through incorporation of heterogeneous elements.  

 

 This chapter is in preparation:  

Effects of material heterogeneity on self-rolling of strain engineered membranes. 

Cheng Chen, Pengfei Song, Fanchao Meng, Pengfei Ou, Xinyu Liu, J Song* 
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7.1 Abstract 

            During recent decades, due to the great potential of self-rolling geometry of strained 

membranes in the applications of biomedical devices and optoelectronics, significant research 

efforts have been focused on exploring and developing the advanced fabrication techniques that 

incorporate new structural units into membranes allowing tunable internal strain and achieving 

a higher level of manipulation over the rolled up geometry, or integrate extra functionality 

modules, thus enhancing the performance of existing structures and devices. To achieve this 

objective, accurate knowledge of the rollup mechanics that consider the effects of embedded 

heterogeneous units is necessary. In the present study, a comprehensive analytical model has 

been proposed to evaluate the dependence of self-rolling behaviors of strained membranes on 

the distribution and proportion of heterogeneous elements embedded, validated at macro and 

microscopic scales through molecular dynamic (MD) simulations and finite element (FE) 

simulations. In addition, our theoretical predictions combined with FE simulations could be 

used for precisely generating helical shapes with desired rolling curvatures, chirality, and helix 

angles, in excellent agreement with experimental observations, showing great potential in 

designing complex 3D structures based on strained membranes through incorporations of 

heterogeneous elements.  
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7.2 Introduction 

            Recently, significant research efforts have been focused on exploring and developing 

self-rolling technique aiming to achieve programmable shape and functional transformations 

based on bi and multilayers of strained membranes made from different materials and decorated 

with functional groups, which enables diverse applications including electro-mechanical/micro-

electromechanical systems (NEMS/MEMS) [1-3], sensors [4, 5], micro-robotics [6, 7], drug 

delivery [8, 9], and optoelectronics [10-12] as well as artificial biomimetic structures [13-20]. 

Particularly, more recent interest has been extended and triggered to incorporate new structural 

or compositional units into membranes and construct delicate inhomogeneous structures with 

tunable internal strain achieving a higher level of manipulation over the rollup geometry with 

enhanced performance [21-25].  For instance, alternative strips with varied chemical 

compositions have been utilized to construct the responsive material with local modulation of 

internal stress that enables controllable multiple 3D geometry transformations from self-

bending to self-twisting [26]. Additionally, aligned carbon nanotubes (CNTs) in multiple 

directions have been reported to be embedded into the composite polymer membrane actuators 

to realize the accurate control of the self-rolling process and thus endow extra merits into the 

actuator, including high tensile strength along the fiber direction and electric conductivity [27]. 

It is noteworthy that one of the most significant feature of inhomogeneous strained structures 

is the directional self-rolling behaviors originating from anisotropic driving forces [28], offering 

flexible ways for constructing 3D architectures from predefined flat geometries. Recently, 

several theoretical models have been proposed to address the underlying mechanics of such 

morphologies transformation from 2D to 3D employed the continuum elasticity theory and 

differential geometry [28-30]. However, it remains quite challenging to analytically evaluate 

the anisotropic rolling curvatures of strained bilayer membranes with structural and 
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compositional inhomogeneity, and experimental measurements are still needed to obtain those 

values for the precise design of various 3D morphologies [28]. 

In the present study, we formulated a comprehensive analytical model to predict the 

self-rolling curvature of strained bilayer membranes with heterogeneous elements embedded, 

in which the contributions of both distribution and proportion of heterogeneous elements to the 

rollup curvature are accounted for. Our model predictions show the directional distribution of 

heterogeneous elements with different elastic modulus could induce anisotropic internal 

mismatch strain resulting in the anisotropic rollup behaviors, validated at macro and 

microscopic scales through molecular dynamic (MD) and FE simulations. In addition, as a 

demonstration of practical application for the incorporation of inhomogeneous structures, the 

FE simulations have been performed for generating helical shapes with desirable rolling 

curvatures and helix angles. The results are well agreed with experimental observations, 

showing great potential in designing complex 3D structures based on strained membranes 

through incorporation of heterogeneous elements.  

 

7.3 Methodology 

7.3.1 Analytical formulation  

            Motivated by the theory of laminated composites, our model considers a rectangular 

strained bilayer membranes of dimension L in length (ݔଵ  direction) and W in width (ݔଶ 

direction), comprising an mixed active layer with aligned heterogeneous elements (top layer) 

and a passive matrix layer (bottom layer) bonded together as illustrated in Fig. 7.1. For sake of 

simplicity and without loss the generality, we only consider the aligned homogenous elements 

and assume the red and yellow parts in the Fig. 7.1 are the same kind of material, while blue 
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parts are introduced heterogeneous elements. The lattice constants of matrix and heterogeneous 

materials are expressed by ܽ௦ and  ܽ௙, respectively. 

 

Figure 7.1.  Schematic illustration of rectangular strained bilayer membranes with aligned 
heterogeneous elements colored in the blue. 

 

The heterogeneous material, mixed layer and matrix are respectively of elastic constants 

 ݄௦), where	and thicknesses (݄௙,݄௙ଵ, ,(ସସ௦ܥ ,ଵଶ௦ܥ,ଵଵ௦ܥ) ,(ସସ௙ଵܥ ,ଵଶ௙ଵܥ,ଵଵ௙ଵܥ) ,(ସସ௙ܥ ,ଵଶ௙ܥ,ଵଵ௙ܥ)

both materials are assumed to be cubic symmetrical. Here subscripts s, f and f1 denote the matrix, 

heterogeneous and mixed materials, respectively, and we continue to use this denotation in the 

following part. Then, the elastic modulus of mixed layer could be expressed using a weighted 

mean as  

ଵଵ௙ଵܥ  ൌ ܨ ⋅ ଵଵ௙ܥ ൅ ଵଵ௦ܥ ⋅ ሺ1 െ  ሻ (7.1)ܨ

ଵଶ௙ଵܥ  ൌ ܨ ⋅ ଵଶ௙ܥ ൅ ଵଶ௦ܥ ⋅ ሺ1 െ  ሻ (7.2)ܨ

ସସ௙ଵܥ  ൌ ܨ ⋅ ସସ௙ܥ ൅ ସସ௦ܥ ⋅ ሺ1 െ  ሻ (7.3)ܨ
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Where F is the volume fraction of heterogeneous elements. The variation of internal strain 

induced by aligned heterogeneous elements is systematically examined using continuum elastic 

theory, and the deformation process of whole membranes is schematically illustrated in the Fig. 

7.2. At the beginning (Fig. 7.2 (a)), the matrix and heterogeneous material are in a free state, 

and then they are bonded to each other after the heterogeneous elements are stretched to match 

the matrix (Fig. 7.2 (a)). Finally, they would contract and reach the equilibrium state. Here it is 

assumed that  the matrix and heterogeneous elements must contract the same amount and 

obtain even outer surface in the equilibrium state, as depicted in Fig. 7. 2 (c). 

 

Figure 7.2.  Exaggerated schematic pictures for the deformation process induced by integrating aligned 
heterogeneous elements (blue) to matrix material (yellow). (a) The matrix and heterogeneous material 
are in a free state.  (b) The heterogeneous material is stretched and bonded with the matrix. (c) Two 
materials contract the same amount and obtain even outer surface in the equilibrium state. 

 

Afterwards, the in plane anisotropic mismatch strains (ߝ∥,  parallel and perpendicular ,(ୄߝ

to the direction of aligned heterogeneous elements are determined as following, based on the 

lattice constants of matrix and heterogeneous material. 

∥ߝ  ൌ
஼భభೞிቀ஼భభ೑

మ ି஼భమ೑
మ ቁ൫௔ೞି௔೑൯

௔೑ቀ஼భభ೑
మ ஼భభೞிି൫஼భభೞ

మ ି஼భభೞ
మ ൯ሺிିଵሻ஼భభ೑ି஼భమ೑

మ ஼భభೞிቁ
 (7.4) 
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ୄߝ  ൌ
௔ೞ

௔ೞା൫௔ೞି௔೑൯ிିࡹାࡺ
െ 1 (7.5) 

Coefficients M and N are given by 

ࡹ  ൌ
஼భమ೑௔೑൫஼భభೞ

మ ି஼భమೞ
మ ൯൫௔ೞି௔೑൯ሺଵିிሻி

஼భభೞ௔ೞሺ஼భభ೑
మ ି஼భమ೑

మ ሻிି஼భభ೑൫஼భభೞ
మ ି஼భమೞ

మ ൯ሺிିଵሻ௔೑
 (7.6) 

ࡺ  ൌ
஼భమೞ௔ೞቀ஼భభ೑

మ ି஼భమ೑
మ ቁ൫௔ೞି௔೑൯ሺଵିிሻி

஼భభೞ௔ೞሺ஼భభ೑
మ ି஼భమ೑

మ ሻிି஼భభ೑൫஼భభೞ
మ ି஼భమೞ

మ ൯ሺிିଵሻ௔೑
 (7.7) 

The relations of strain tensor ߝఈఉ  and displacement fields 	࢛ሺݑଵ, ,ଶݑ ଷሻݑ  of deformed 

membranes are evaluated in a given coordinate ሺݔଵ, ,ଶݔ  ଷሻ based on the Von-Karman nonlinearݔ

theory describing the large transverse deflections of thin shell, as shown below,  

ఈఉߝ    ൌ
ଵ

ଶ
൬డ௨ഀ
డ௫ഁ

൅
డ௨ഁ
డ௫ഀ

൅ డ௨య
డ௫ഁ

⋅ డ௨య
డ௫ഀ

൰ െ ଷݔ
డమ௨య

డ௫ഀడ௫ഁ
      (7.8) 

where Greek subscripts ߙ and ߚ can have values 1 or 2.  To use Rayleigh–Ritz method, the out-

of-plane displacement is assumed as 

,ଵݔଵሺݑ  ଶሻݔ ൌ ∑ ∑ ଵݔ௜௝ܣ
௜ݔଶ

௝ଷ
௝ୀ଴

ଷ
௜ୀ଴ 	,  (7.9) 

  ,ଵݔଶሺݑ ଶሻݔ ൌ ∑ ∑ ଵݔ௜௝ܤ
௜ݔଶ

௝ଷ
௝ୀ଴ 	ଷ

௜ୀ଴ ,  (7.10) 

  ଷݑ ൌ
ଵ

ଶ
ሺܽݔଵ

ଶ ൅ ଶݔܾ
ଶሻ	,  (7.11) 

Where (ܣ௜௝, ܤ௜௝ , ܽ, and ܾ)  are to-be-determined coefficients minimizing the potential energy 

 Here the three-order polynomial approximation of in-plane displacement filed was proved . ࢁ

to be sufficient to provide an accurate estimation for the self-rolling behaviors of strained 

bilayer membranes with inhomogeneous elements. And the three curvature fields of deformed 

membranes could be measured as following using transverse displacement 

     

  ଵଵߢ         ൌ
డమ௨య
డ௫భ

మ 		 and ߢଶଶ ൌ
డమ௨య
డ௫మ

మ  (7.12) 
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Generally, the total strain energy ࢁ of the membranes follows by integrating the strain energy 

over the total volume as 

      	ܷ ൌ∭ ቀ
ଵ

ଶ
௜௝௞௟ܥ
ௌ ௜௝ߝ

ௌ ௞௟ߝ
ௌ ൅ ଵ

ଶ
௜௝௞௟ܥ
௙ଵ ௜௝ߝ

௙ଵߝ௞௟
௙ଵቁ௏ ܸ݀  (7.13) 

Where,	ܥ௜௝௞௟
ௌ  and ܥ௜௝௞௟

௙ଵ  are the fourth order elasticity tensors for matrix and mixed materials, 

separately. Subsequently the equilibrium configurations could be obtained via minimization of 

the total potential energy expression based on the trial in-plane displacement functions and 

transverse displacement shape functions. It is worth noted that in this quasi-static process, 

multi-stable equilibrium states have been detected using numerical methods, including the 

situations with two unequal final curvatures and with one principle curvature. We found the 

closed analytical solutions are only available for the case of one principle curvature, and 

fortunately, those configurations are exactly what those experiments [26, 27] have been 

observed. 
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Where 1ܨܥ ൌ
஼భభ೑భ
మ ି஼భమ೑భ⋅஼భమ೑భ

஼భభ೑భ
， 2ܨܥ ൌ

஼భమ೑భ⋅ሺ஼భభ೑భି஼భమ೑భ൯

஼భభ೑భ
， ܥ ଵܵ ൌ

஼భభೞ
మ ି஼భమೞ

మ

஼భభೞ
  and ܵܥଶ ൌ

஼భమೞ⋅ሺ஼భభೞି஼భమೞሻ
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7.3.2 Molecular dynamics simulations 

            As a generic example, the Cd-Te-S Stillinger-Weber potential[31] implemented using 

the LAMMPS package [32] was chosen to model the effects of inhomogeneity on self-rolling 

behaviors of CdSTe/CdTe systems. The interatomic potential, accurately predicts the lattice 

parameter, elastic constants and a wide variety of defect properties for bulk and multilayered 

thin crystals of II-VI semiconductor compounds, and has previously applied into the study of 

core/shell structured quantum dots [33], misfit dislocations[34], and heterogeneous film  

growth[35] for the Cd–Te–Se Ternary System. It is worth noting that the continuum model is 

applicable to any lattice-mismatched system, thus no particular material is required when 

comparing the MD and analytical results. Our calculations indicate that lattice constants of bulk 

crystals of CdS and CdTe are 5.835 Å and 6.478Å at 0 K, respectively, and the corresponding 

elastic constants are further evaluated using finite deformations methods, as shown in the Table 

1, well agreed with previous results [31, 34].  

 

Table 7.1. The values of elastic constants used in the MD simulations 

Material C11 (GPa) C12 (GPa) C44 (GPa) 

CdTe 108 37.5 33 

CdS 63.4 32 23 
 

7.3.3 Numerical simulations 

            To avoid the time-consuming computation for MD simulations in large scale, finite 

element (FE) simulations were used for investigating the inhomogeneity induced competitive 

rollup behaviours and resulting helical geometries, implemented by the ABAQUS 

explicit/dynamic package [36]. The layered structures with predefined inhomogeneous strips 

were built in the module of composite layups, and 4-node doubly curved thin/thick shell 
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elements with reduced integration (S4R) were used to discretize the shell geometry. The initial 

lattice mismatch strain was realized through setting different thermal expansion coefficients for 

each layer with controllable temperature variation. ABAQUS explicit/dynamic package was 

employed to examine the self-rolling behaviors of membranes with heterogeneous elements 

embedded. 

 

7.4     Results and discussions 

            The predicted rolling curvatures of strained bilayer membranes with different 

distributions and volume fraction of heterogeneous elements determined by our analytical 

model are compared with results obtained by the MD simulations. Before considering the 

anisotropic roll-up behavior, we first simulated two isotropic self-rolling situations:1) no 

heterogeneous elements are introduced. 2) the heterogeneous elements are uniformly 

distributed in the top active layer. In these two cases, the rollup curvature radii along ݔଵ and ݔଶ 

direction would be equal (
ଵ

௞భభ
ൌ ଵ

௞మమ
) due to ߝ∥ ൌ -The simulated geometry of the CdTexS1 .ୄߝ

x/CdTe system is shown in Fig. 7. 3 (a), where ݔଵ (perpendicular to the plane of paper),	ݔଶ,and 

 ଷ are aligned with [100], [010], and [001] respectively, and the periodic boundary condition isݔ

applied to ݔଵ or ݔଶ direction. The supercell is of dimensions 27.5 nm × 109.7 nm along ݔଵ or 

 ଷ direction, the thickness of CdTe matrix is fixed toݔ ଶ direction, respectively, while for theݔ

be 3.24 nm, while that of active layer of CdTexS1-x ranges from 4.54 to 9.7 nm. At the initial 

stage, the lattice of CdTexS1-x will be stretched to match that of the matrix CdTe, as the driving 

force for self-rolling.  After the relaxation, the rolling diameter is measured at the mid-plane of 

CdTexS1-x/CdTe system, through fitting and averaging the trajectories of high-energy atoms on 

the bottom and top surfaces.  
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Figure 7.3. The simulated geometry of the CdTexS1-x/CdTe system where Cd, Te and S atoms 
are colored red, blue and light yellow respectively. (b) The MD simulated rolling diameter as a 
function of the thickness for the self-rolling of CdS/CdTe and CdTe0.5S0.5/CdTe systems.   

 

             The MD simulated evolution of rollup diameter as a function of the thickness of active 

layer is presented in Fig. 7.3 (b), in comparison with the analytical predictions obtained from 

Eq (7.13-14). In the figure, ݔ ൌ 0 denotes the system of CdS/CdTe, while  ݔ ൌ 0.5, as a generic 

example of uniformly distributed heterogeneous elements, represents the system of 

CdTe0.5S0.5/CdTe. It is indicated that the MD simulated values are in good agreement with data 

obtained from the analytical models.  Additionally, it is also observed in the MD simulations 

that the anisotropic rollup behavior would not be triggered when the value of ݔ is changed. The 

further validations are conducted by designing the alternative distributed strip structures for 

CdS/CdTe on the top layer, and a representative model with volume fraction F=0.6 is depicted 

in the Fig. 7.4.  
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Figure 7.4. The representative self-rolling models with alternative distributed strip structures 
of CdTe0.4S0.6/CdTe (a) and (b) indicate the longitudinal and lateral alternative distributed strip 
structures, respectively, while (c) and (d) represent the corresponding equilibrium geometries. 

 

             The obtained results are illustrated in the Fig. 7.5, where the thickness of CdTexS1-

x/CdTe in Figs 7.5 (a) and (b), are set to be (3.24/3.24) nm and (3.24/4.54) nm, respectively, 

while, the dimensions along ݔଵ or ݔଶ direction remain the same as mentioned above. It reveals 

the effects of increased thickness and the varied volume fraction of active material CdS, and a 

good agreement has been achieved when F ranges from 0.3 to 0.9. We see that the predicted 

values deviate the simulated results when F is less than 0.3. It could be mainly attributed to the 

inaccurate anisotropic mismatch strain estimated previously, because our calculations are based 

on the assumption that when the matrix and heterogeneous elements are bonded together, they 

would contract the same amount and obtain even outer surface in the equilibrium state. 

However, it is no longer the real case, and an curved outer surface is expected in the equilibrium 

state, as shown in Fig. 7.6, when the volume fraction of active material is reduced. Our results 

reveal that the rolling diameter along longitudinal direction is always smaller than that of lateral 
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direction, indicating that the longitudinal rolling has a lager curvature and would be the 

preferred direction, and this preference is strongly dependent on their respective elastic 

constants and volume fraction. It could be effectively predicted through our model and used to 

precise creating helical tubes. 

 

Figure 7.5. The predicted and MD simulated rolling diameter as a function of the proportion 
(F) of active material CdS. In (a) and (b), the thickness of CdTexS1-x/CdTe are set to be 
(3.24/3.24) nm and (3.24/4.54) nm, respectively. 

 

Figure 7.6.  An curved outer surface would appear when the volume fraction of active material is 
reduced. 

             The further simulations for generating helical shapes are performed using FEM 

implemented by commercial software ABAQUS, considering that it is quite challenging and 
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time-consuming for MD simulations. The detailed rolling process for helical configurations are 

displayed in the Fig. 7.7, and the size on the rolling plane was reset to be a parallelogram with 

dimensions of 300 nm × 3000 nm. The heterogeneous elements are initial embedded along the 

short edge of the parallelogram. The preferred rolling directions are perpendicular and parallel 

to the aligned direction of heterogeneous elements in Figs 7.7 (b) and (c), respectively. The 

elastic constants and thickness of CdTe0.5S0.5/CdTe used in Fig. 7.7 (b) are same as those used 

in Fig. 7.5 (a), but in Fig. 7.7 (c), the elastic constants of matrix and heterogeneous elements 

are exchanged to demonstrate the dependence of preference of rolling direction on their relative 

elastic constants.  

 

 



 

142 
 

 

Figure 7.7. FE simulated helical rolling processes of bilayer of CdTe0.5S0.5/CdTe with 
alternative distributed strip structures. The initial geometry is shown in (a), where CdTe0.5S0.5 
and CdTe are colored in red and blue, separately. The preferred rolling directions are 
perpendicular and parallel to the short edge of the parallelogram in (b) and (c), depending on 
the elastic constants of different strips, respectively. 

 

 

7.5 Conclusion 

            In summary, in the present work, a theoretical model has been established to perform 

detailed investigations of the effects of inhomogeneity on the self-rolling curvature of strained 

bilayer membranes with verifications of MD simulations.  The analytical predictions show good 

agreement with the MD simulated rollup diameter with both proportion of aligned 

heterogeneous elements and varied thickness of membranes considered. In addition, it has been 
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revealed that the directional distribution of heterogeneous elements with different elastic 

modulus could induce anisotropic internal mismatch strain resulting in the anisotropic rollup 

curvatures. This implies one rolling direction would be always energetical preferred, and this 

preference strongly depends on the respective elastic constants of matrix and heterogeneous 

elements. The preferred rolling curvature and direction could be effectively predicted through 

our model and used to precise creating helical tubes using FEM simulation at macro scales. 

Further, our FEM simulations show the rolling process for generating helical configurations 

based on the analytical model, in excellent agreement with experimental observations, showing 

great potential in accurately designing complex 3D structures employing strained membranes 

through incorporations of heterogeneous elements. 
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Chapter 8: Conclusions 

8.1 Major conclusions and implications 

This thesis provides a comprehensive body of work on the self-rolling behaviors of 

strain engineered nanomembranes accounting for several key aspects, i.e., lattice mismatch 

anisotropy, topological patterning, misfit dislocations, and compositional inhomogeneity. 

Predictive models have been developed to provide mechanistic guidance towards optimization 

and development of new microfabrication techniques of strain engineered nanomembranes with 

a higher level of manipulation over the size and geometry of the resultant roll-up structures. 

The major research findings of this thesis and their implication to practical applications are 

summarized below.   

1. The effects of lattice mismatch strain anisotropy on multiple equilibrium states of 

the rolled-up nanomembrane have been investigated in detail.  

Analytical expressions have been obtained for predicting the roll-up curvatures, validated 

through finite element (FE) simulations. The present study explicitly demonstrates the 

bidirectional nature of the self-rolling of nanomembranes, and clarifies the critical role of 

transverse strain in contributing to the discrepancy between previous model predictions and 

experimental measurements. Additionally, on base of our theoretical results, a couple of 

fabrication strategies, including third-layer deposition and corner geometry engineering, have 

been proposed to predictively manipulate the bidirectional rolling competition of strained 

nanomembranes, to achieve unidirectional roll-up. In particular, for the strategy of corner 

engineering, its practical applications have been verified through microfabrication experiments, 

demonstrating great effectiveness in improving the roll-up yield of microtubes. 
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Implication: This study provides useful guidelines for design and prediction of novel 3D 

nanomembrane geometries and suggest significant potential for optimization of the 

nanomembrane roll-up yield using the newly proposed fabrication strategies, i.e., third-layer 

deposition and corner geometry engineering. 

2. A comprehensive model has been formulated to investigate the effects of surface 

patterning on self-rolling behaviors of strain engineered nanomembranes using von 

Karman nonlinear theory and Ritz method.     

Our model predictions reveal that the size and density of patterns have significant influence on 

the final rollup curvature, validated through finite element (FE) simulations for the 

heteroepitaxial systems of GaAs/In0.2Ga0.8As and GaN/AlN. Our results explain the potential 

anisotropic self-rolling behaviors and preferred rollup direction originating from the directional 

distribution of surface patterns. In addition, the model is shown to be capable of achieving 

controllable helical rolling of nanomembranes with desired helical angle and pitch period as 

well as diameter D through strip patterning, in excellent agreement with experimental 

observations. 

Implication: The findings can directly translate into valuable design insights for more complex 

roll-up geometries, such as helical structures with desired geometric metrics (i.e., helical angle, 

pitch period and diameter). 

3. A combined framework that connects the atomic length scale variations of 

dislocations to continuum elasticity, has been presented to quantitatively evaluate the 

effects of misfit dislocations on the self-rolling of strain-engineered nanomembranes.  

The typical misfit dislocations of (GaN/In0.5Ga0.5N) with wurtzite lattice, and (CdTe/CdTe0.5S0.5) 

with zinc-blend lattice have been created in MD simulations and their generalized stacking fault 

energy curves are calculated to be an input of Peierls-Nabarro model to obtain the disregistry 

functions of dislocations that accurately determine the strain relaxation effects induced by 
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lattice elastic distortion of dislocations. The potential influences of misfit dislocations on the 

self-rolling behaviors of strain-engineered nanomembranes are further investigated employing 

von Karman shell theory with the disregistry functions incorporated. It is found that, besides 

the influences of elastic anisotropy of materials, the formation of misfit dislocations could be 

another potential contributing factor causing the anisotropic rolling of strain-engineered 

nanomembranes. Additionally, we can see that independent of the thickness, the increased 

dislocation density would enhance the rollup diameters of released nanomembranes. The 

theoretical predictions are confirmed by the MD simulations of rolling up of nanomembranes 

with the existence of misfit dislocations, and the analytical method is shown to be reliable when 

applicable into different crystal geometries and dislocation configurations. 

            Implication: The results provide effective ways to predict and design the rollup       

configurations of strain-engineered semiconductor nanomembrane containing misfit 

dislocations with a relatively large mismatch strain and thickness. 

4. A theoretical model has been established to perform detailed investigations of 

effects of inhomogeneity on the self-rolling curvature of strained bilayer membranes with 

verifications of MD simulations.   

The analytical predictions show well agreement with the MD simulated rollup diameter with 

varied thickness and heterogeneous proportion of membranes. Meanwhile, it has been revealed 

that the directional distribution of heterogeneous elements with different elastic modulus could 

induce anisotropic internal mismatch strain resulting in the anisotropic rollup curvatures. This 

implies one rolling direction would be always energetical preferred, and this preference strongly 

depends on the respective elastic constants of matrix and heterogeneous elements. The preferred 

rolling curvature and direction could be effectively predicted through our model and used to 

precise creating helical configuration using FE simulations.  

Implication: the present study suggests great potential in accurately designing complex 3D 
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structures employing strained membranes through incorporations of heterogeneous elements. 

More application potentials related to the incorporation of heterogeneous elements are expected 

to be explored in the future. 

8.2 Contribution to the original knowledge 

The contributions to the original knowledge are enlisted as follows: 

a) The effects of lattice mismatch strain anisotropy on the self-rolling of nanomembranes 

have been first clarified, and the critical role of transverse strain in contributing to the 

discrepancy between previous model predictions and experimental measurements has been 

quantified, for which no systematic study is reported in the literature, 

b) The new microfabrication strategies including third-layer deposition and corner 

geometry engineering, have been proposed to predictively manipulate the bidirectional rolling 

competition of strained nanomembranes, suggest significant potential for optimization of the 

nanomembrane roll-up yield. 

c) The dependence of rollup direction and curvature of rollup nanomembranes on the size 

and density of patterns has been systematically studied for the first time, providing critical 

insights for the design of complex 3D structures of self-assembly of nanomembranes through 

controllable surface patterning.   

d) The strain relaxation effects induced by misfit dislocation on the self-rolling of strain-

engineered nanomembranes have been quantified for the first time, which helps precisely 

design the rollup structures of nanomembranes with the consideration of dislocations especially 

for the situations of large mismatched strain and thickness, and reduce the deviations of 

theoretical prediction for experimental observations. 

e) A comprehensive theoretical framework has been proposed to investigate the effects of 

heterogeneous elements on the self-rolling behaviors, which is not yet available in the literature. 
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It shows great potential in designing geometrically complex 3D shell structures employing 

strained membranes through incorporation of heterogeneous elements; 

8.3 Future work 

            Potential directions for future work beyond this study are summarized below: 

1. Effects of initial curvatures on the self-rolling of nanomembranes 

Previous studies of self-rollup behaviors of nanomembranes mainly focusses on the fabrications 

of initially flat nanomembranes on regular substrates, and only tubular architectures with single 

direction curvature are favorable. Both fabrication and investigation of three-dimensional 

architectures with adjustable bidirectional curvature remains a huge challenging. It is therefore 

important to identify the effects of initial Gaussian curvature of nanomembranes on the 

resulting self-rolling structures. The investigation is expected to contribute to the multiple 

equilibrium configurations with bidirectional curvature [1-3] and provide possibilities to reveal 

the curvature-induced surface effect at small dimensions [4-8]. 

2. Multiple external signals triggered programmable self-rolling/ self-twisting for 

various active materials. 

This thesis mainly focuses on the mismatch strain triggered self-rolling process, but other 

external signals (like magnetic field, temperature, swelling and pH) are not involved [9]. It is 

expected that more active materials responsive to various external signal could be incorporated 

into strain engineered nanomembranes to produce bending/rolling, which could produce extra 

design flexibility for the rollup of multilayer structures and realize time dependent 

configurations (called as 4D structures) [10, 11]. 

3. Synergistic effects of constituent materials on the rolled up nanomembranes. 

The concept of mechanical self-rolling of nanomembranes, initially developed for fabricating 

semiconductor, has been recently extended to the production of hybrid metal-semiconductor 

structures [12] , metal nanomembranes [13] , organic Nano shells [14]  and metal-films formed 
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from strained layers deposited onto polymer films [5]. There has been a clear tendency using 

multi-materials system to fabricate the biomedical devices [15, 16], robotics [17] or traditional 

MEMS/NEMS applications but achieving higher performance [18]. Much future work is still 

required to explore the synergistic effects of constituent materials on the rolled up 

nanomembranes.  

4. Quantitively analysis and predictive design of Kiri-origami microstructures based 

on the self-rolling technology. 

The self-rolling technology has also been expanded to fabricate Kiri-origami microstructures, 

which has made possible the creation of an enormous amount of new designs, and enable multi-

stability that allows reprogrammable reconfigurations [19-22]. Moreover, appropriate software 

package based on origami mathematics has been available and ready to solve the inverse 

origami problems and design significantly complex 3D origami geometry [23]. Despite the 

fundamental geometry and elastic theory of origami-based metamaterials have been addressed 

[22, 24], several issues need to be further discussed and improved with respect to the self-rolling 

behaviors of connected elements in those origami patterns, especially for the effects of 

geometrical and mechanical parameters including the thickness, elastic constants, temperature 

induced strain gradient, and the controlled actuation sequence [25]. 

5. Integration of optoelectronic and biomedical modules into rolled-up geometry. 

The integration of diverse heterogeneous materials on the self-rollup geometry would allow 

optoelectronic and biomedical functionalities. In these systems, the curvature-dependent spatial 

strain distribution needs to be elaborately designed avoiding cracking or delamination after self 

rolling process [26]. Therefore, multiscale methods need to be further developed and applied to 

reveal the self rolling mechanism of these complex materials and to optimize functionalities 

and enhance the performance. 
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