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Abstract 
A n u m e r i c a l  method based o n  lhe v i r t u a l  work  method of the y ~ e l d  

I ~ n e  theory is  d e s c r i b e d ,  a n d  a p r o g r a m  is p r e s e n t e d  w h i c h  uses t h i s  
melhod t o  a n a l y s e  p l a t e  s t r u c t u r e s  a e d  which c a n  Lreat  f e a t u r e s  s u c h  as 
o r t h a t r o p y  a n d  skewness, p 1 n 1  l o a d s ,  1 i ne loads .  u n i f o r m l y  d l s t r  i b u l e d  
l o a d s ,  fans, e t c .  The p r o g r a m  a l so  i n c l u d e s  p r o c e d u r e s  Tor t h e  
optimization o r  t he  y i e l d  l i n e  n ~ e c h a n i s m s .  

S i n c e  t h e  method p r e s e n t e d  1s e n l i r e l y  n u m e r i c a l ,  i t  a l l o w s  the 
y i e l d  l i n e  a n a l y s i s  or p l a t e s  w i t h  complex shapes and c o m p l e x  l o a d i n g  
p a l l e r n s ,  f o r  any a s sumed  mechanism. 

0 rganization of the Manual 
Chap le r  I presenis  the theory and Lhr a l g o r ~ t h m s  on which  i s  b a s e d  

Yie ld  Lines ,  a Numer i ca l  Y i e l d  L ine  A n a l y s i s  P rog ram (YL, lor s h o r t ) .  

C h a p t e r  2 d i s c u s s e d  i n  d e t a i l  t h e  i n p u t  d a t a .  w h i c h  m u s t  be 
c a r e l u l  ly  p r e p a r e d  by the  user.  

C h a p t e r  3 describes t h e  m a i n  i e a t u r e s  or t h e  p r o g r a m .  S c r e e n  
d i s p l a y s  a n d  e r r o r  messages a r e  exp l a ined .  A l s o ,  s y s t e m  requiremenls  and 
the Y i e l d  L i n e s  d i s k e t t e  a r e  d e s c r i b e d .  

A p p e n d ~ x  A p r e s e n t s  several  e x a m p l e s  01 y i e l d  l i n e  p r o b l e m s  w i t h  
Ihe required i n p u t  d a t a  and t h e  n u m e r i c a l  s o l u t  ion using Yield Lines. 
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The yield llne method is a simple and eflicient method to calcuiate 
the p l a s t i c  collapse load oi  i l a t ,  relatively th in ,  p l a t e s  oi r~gid- 
perIectly plaslic material when transversely loaded in bending. The 
method w a s  developed largely by Johansen 1 1 1  and s i n c e  then, it has been 
a p p l i e d  s u c c e s s ~ u l  l y  to both concrete and s t e e l  plates [3.3.4]. 

A nurner~cal method based on the yield line tkory has recently been 
developed 15). The m e t b d  d~rfers From the conventional y l e I d  l i n e  
method in Lhal it does not use a direct algebraic description oi the 
problem but rather i t  uses analytical geometry, vector algebra. and the 
specific dimensions or the problem on hand to arrive at the solution. 

The method presented is general and s i n c e  it is entirely ~umerical. 
it can be applied to plates of arbitrary shape which can be assumed lo 
form any arbitrary y held line mechanism. When implemented on cornpuler, 
the rnalhod has lhe further advantage  ol requiring no algebraic 
manipulatioos and thus i l  i s  not limited by the complexity or  the yield 
line pattern and by the resulting complexily ol the algebra, as is 
sometimes the case w i t h  the conventional yield line method. 

W h ~ l e  straightlorward and tractable by hand, the calculations 
involved in the n u m e r i c a l  solulion are lengthy and cornpuler 
implementat ion is necessary for practical use. Yield Lines, a Numerical 
Yield Line A n a l y s i s  Program has been wrillen based on the numerical 
method. Y i e l d  Lines (YL, for short) can anakyse simple yield line 
problems, as we1 1 as complex ones. 



Chapter 1 Theory 
The t h e o r y  a n d  t h e  a l g o r i l h r n s  

Yield  L i n k s  i s  b a s e d  a r e  p r e s e n t e d  i n  
o n  w h i c h  t h e  c o m p u t e r  p r o g r a m  
t h i s  c h a p l e r .  

Yield Line Theory 

The y i e l d  l i n e  theory  i s  b r ~ e r l y  revrewed  be low.  However,  a basic 
u n d s r s l a n d i n g  o l  l h e  y i e l d  l i n e  theory- 1s a s s u m e d  i n  t h e  l o l l o w i n g  
d i s c u s s i o n  a n d  t he  r e a d e r  is  r e l e r r e d  to s t a n d a r d  t e x t s  o n  t he  subject 
( s ee  roc  example  R e l e r e n c a s  I a n d  2). 

The y i e l d  line me thod  i s  based o n  t h e  k i n e m a t l c  t h e o r e m  o l  t h e  
p l a s t i c  t k o r y  el s t r u c l u r e s  and g ives  a n  u p p e r  bound  s o l u t i o n  f o r  t he  
c o l l a p s e  l o a d  or a p l a t e .  

In  t he  y i e l d  l ~ n e  method, a p l a s t i c  c o l l a p s e  mechanism of t h e  p l a t e  
is assumed cons  1 s 1  i n g  o f  unde lo rmed  p l a t e  s e g m e n t s  connected by p l a s t i c  
h ~ n g e  l i n e s ,  c a l l e d  y i e l d  l i n e s .  The mechan i sm  m u s t  be k i n e m a t ~ c a l l y  
a d m i s s i b l e  over Lhe w h o l e  p l a t e  a n d  a t  t h e  b o u n d a r i e s .  The b s n d ~ n g  
moment d i s t r  i b u t  ton is n o t  c o n s i d e r e d  a n d ,  i n  g e n e r a l .  t h e  e q u i  l i b r  !urn 
c o n d i t i o n s  are  nu1 v a r i f  jcd. 

There  a r e  two  s o l u t l o n  approaches  i n  the y i e l d  l i n e  t heo ry :  t he  
v i r t u a l  work m e l b d  a n d  Lhe s o - c a l l e d  e q u i l ~ b r l u m  m e l b d .  Both methods 
lead t o  l d e n l i c a l  u p p e r  bound s o l u t i o n s ,  and i t  has  been  demonstrated 
t h a t  b o t h  rnelhods r e p r e s e n t  i n  l a c 1  t h e  s a m e  s o l u t i o n ,  b u t  w i t h  a 
d i f f e r e n t  a p p r o a c h  [21. The virlual work method i s  s i m p l e r  i n  p r i n c i p l e  
and i s  u s e d  For the n u m e r i c a l  melhod p r e s e n t e d  here in .  The v i r t u a l  work 
r n e t h d  is o u t l i n e d  below.  

Tn l h l s  method, a p l a s t i c  c o l l a p s e  mechanism is a s sumed  f o r  a given 
p l a t e  a n d  l o a d ~ n y ,  a n d  the c o l l a p s e  load  P i s  l ound  by e q u a l ~ n g  the work 
d o n e  by  t h e  e x t e r n a l  l o a d s  on t h e  p l a t e ,  E ,  t o  t h e  i n t , e r n a l  w o r k  
d i s s i p a t e d  by t he  yield l i n e s .  D, d u r ~ n g  a s m a l l  m o t i o n  el t h e  a s s u m e d  
c o l l a p s e  mechan i sm ,  v iz .  

or, i n  a n a l y s ~ s  p rob lems .  

a l l e ; n a t ~ v e I y .  i n  d e s ~ g n  p r o b l e m s ,  



IF','$ i = 1 . no. o f  l o a d s )  are  l h e  a p p l i e d  load ,  each a c t i n g  
through a v i r t u a l  d i s p l a c e m e n t  b l  The P, 's  may be  thought  o  as 
the c h a r a c l e r ~ s l  I C  loads and. Tor convenrence, are  u s u a l l y  g i v e n  %-alues 
o f  u n i l y  or r e l a t e d  l o  u n i l y .  b i s  then the l o a d  r a c t o r  The loads 
are s p e c i f i e d  c o m p l e t e l y  by tk v a l u e  or 1. and can be r e r e r r e d  t o  
c o l l e c t i v e l y  as the s e t  o r  l oads  1. The m i n i m u m  load Tactor  wh ich 
would  cause p l a s t i c  co l l apse  i s  termed the co l l apse  o r  y  ~ e l d  l o a d  Cactor 
L 

yrnpJ's are t h e  p l a s l i c  moment r e s i s t a n c e s  per u n i l  length. 0,'s a r e  

the r o l a t i o n s ,  a n d  4's a r e  lhe  l e n g t h s  o f  every y i e l d  l i n e  i n  lhe  

assumed mechanism. The mpi's may be t h u g h i  o f  as the c h a r a c t e r i s t i c  

p l a s t ~ c  moment r e s i s t a n c e s  p e r  u n i t  l e n g t h  a n d  lo r  convenience, are  
u s u a I l y  g i v e n  va lues  o r  u n i l y  o r  r e l a t e d  t o  u n i t y .  y i s  then the 
p l a s t i c - m o m e n t - r e s i s t a n c e l u n i t - l e n g t h  I a c t o r .  i n  s h o r t  l he  moment -  
r e s t s t a n c e  r a c t o r .  The p l a s t i c  moment r e s i s t a n c e s  / u n i t  l e n g t h  are  
s p e c i f i e c l  c o m p l e t e l y  by t h e  v a l u e  o r  y ,  a n d  c a n  be  r e l e r r s d  t o  
c o l l c c t ~ r e l y  as the set o f  p l a s t i c  moment res i s tances  / u n i t  l e n g t h  y .  
The maximum moment-raslstance l a c t o r  Tor which p l a s t ~ c  c o l l a p s e  w o u l d  
occur i s  termed the co l l apse  moment-resistance r a c l o r  y,,,, 

I n  a n a l y s i s  problems, the p l a s t i c  moment res i s tances  / u n i t  l e n g t h  
yrn,,'s a n d  t h e  c h a r a c t e r i s t i c  l o a d s  P,'s a r e  k n o w n ,  w h t l e  t h e  

y i e l d - l o a d  f a c l o r  1 i s  sought. O n  the o the r  hand i n  d e s i g n  problems. 
the loads XPIas and the c h a r a c t e r i s l i c  p l a s t ~ c  moment r e s i s t a n c e s  / 
u n i t  l e n g t h  m,,'s a re  knuwn,  w h i l e  the m o m e n t - r e s i s t a n c e  f a c t o r  

y i s  sought. The program Y i e l d  L i n e s  handles b o t h  a n s l y s l s  and  des ign 
types o r  problems. 

S ince  lhe  y i e l d  l i n e  method leads l o  an  u p p e r  b o u n d  s o l u t i o n .  
d i l f e r e n t  ntechanisms as wet 1 as d ~ f f a r e n t  d imensions l o r  each mechanism 
must  b e  t r i e d  i n  o r d e r  t o  r i nd  i h e  l o w e s t  p r e d i c l e d  load  f a c t o r  
, or a l t e r n a l i v e l y  Lo f i n d  l h e  m a x i m u m  r e q u i r e d  m o m e n t  
r e s i s l a n c e  f a c t o r  ymx. I n  t h e  c o n v e n l i o n a l  a l g e b r a i c  method.  
the optimum s o l u t i o n  of s i m p l e  p rob lems  c a n  b e  found d ~ r e c t l y  by 
d l f l e r e n t i a t  ion. For complex problems. a t r i a l  and e r r o r  l echn ique  i s  
f a s t e r  and u s u a l l y  s a t i s I a c l o r y  t1.31. W ~ l h  the program Y i e l d  Lines,  a 
s imp le  s e a r c h ~ n g  procedure i s  used Lo f tnd  Lhc op t imum s o l u t i o n .  

Numerical Method 

A r l o w  chart  or ihe p r q r a m  Y i e l d  Lines is s h w n  i n  T i $  1, and  i t s  
m a i n  Features are  discuused below. 

The n u m e r t c a l  method c o n s i s t s  i n  c o m p u t i n g  the y ~ e l d  l o a d  o r  
r e q u i r e d  b e n d ~ n g  r r s l s t a n c e  o f  a p l a t e  based o n  the geometry of an 
assumed mechanism def [ n e d  by means OF nodes, p l a n e s ,  and 1 l nes .  
Consider,  a s  a s i m p l e  example, an  o r t h o t r o p i c  square  p l a t e  with r i s e d  
supports,  sub jec ted t o  a p o i n t  load P a t  the center  and  assumed t o  f o r m  



the yie ld  l i ne  mechanism shown i n  Fig. 2. The yield  l ines  a r e  numbered 
from I t o  8 w i t h  end nodes numbered from I t o  5. The f l a t  p l a t e  
segments, o r  planrs .  a r e  numbered from 1 t o  5, including p l ane  1 which 
r e p r e s e n t s  the p l ane  c o n t a i n i n g  the l i a ed  s u p p o r t s .  A r ight  hand 
r e c t a n g u l a r  c o o r d i n a t e  s y s t e m  is s e t  w i t h  t h e  o r i g i n  l o c a t e d  
a r b i t r a r i l y ,  s ay  a t  the lower le1t  corner ,  w i t h  the z a x i s  p o i n t i n g  
upward .  The y . z  c o o r d i n a t e s  01 e a c h  node c a n  hence be 
determined. 

The energy d i s s ipa t ed  by the yie ld  l i n e s  i s  d iscussed f i r s t .  This 
includes  the ca l cu Ia t i on  o l  the p l a s t i c  moment, the ro t a t i on ,  and  ths  
length 01 the yie ld  lines. 

The length of each yie ld  l i ne  is given by the d i s t ance  between its 
end nodes pi ( ~ , , ~ ~ . z , ]  and p2 (x2,y2,z2), and  i s  equal t o  

where the  z c o o r d i n a t e s  o l  the  nodes,  be ing  very s m a l l ,  a r e  no t  
included.  

The c h a r a c t e r i s t i c  bending r e s i s t a n c e  per u n i t  l e n g t h  mp. o r  a  
y ie ld  l i n e  making a n  ang le  a w i t h  the x  a x i s  i s ,  i n  a n  o r tho t rop i c  
p l a t e  ( ~ i g .  3a], 

i l  the yie ld  l ine  is sapping: 

m = m cos2 cu + 
P PX 

mpy 5 in2 a 

if the y ie ld  l i n e  i s  hgging :  

where the funct ions  of a a re  found from 

2 2 
2 cos a = I?]. s i n  2 . = [  "2'x1 ] 

m a n d  mpy a r e  t h e  c h a r a c t e r i s t i c  s a g g i n g  resistances i n  
P X  

t h e  x a n d  y d i r e c t l o n ,  r e s p e c t i v e l y ,  a n d  m ' p ~  a n d  m'py a r e  
the  c h a r a c t e r i s t i c  hogging r e s i s t a n c e s ,  x , ,  y,  a n d  XI. y, a r e  

the x and  y  c o o r d i n a t e s  of the end nodes of the y i e l d  l i n e  and  1 
i s  the length o l  the y i e l d  Iine. 

In skew concrete s labs .  the reinforcement may be placed pa ra l l e l  to 
the edges of the s lab ,  and henca the p l a t e  Is  not or thotropic .  Let the 
re inforcement  be placed i n  the x d i r e c t i o n  a n d  in the  s d i r e c t l o n .  
i nc l i ned  a t  a n  ang le  fl w i t h  the x a x i s  (0' < 6 c 180'. pos i t i ve  when 
measured  a n t i c S o c k w i s e  f r o m  t h e  % a x i s  to the  s a x i s ] .  The 
c h a r a c t e r i s t i c  bending r e s i s t ance ,  m of a  y ie ld  l i ne  making an angle  P' 
cu with  the x a x i s  is ( ~ i g .  3bl. 

i 1  the y ie ld  l i ne  i s  sagging: 



rn = m  2 
P P* 

cos CY mps ccs2  [P-01 

i l  the y i e l d  line is hogging: 

where the runctions of 0 a r e  found rrom 

mpr. rn'p rnPr and m are th e  characterist~c raggjng a n d  hogging 

resistances in the x and s d~rection. respeclively. 

Berore c a l c u l a t i n g  the rotation or a y i e l d  l i n e ,  planes must be 
detined, a s  lo l lows ,  corresponding to the r i g ~ d  plate s e g m e n t s  of the 
assumed mechanism. For the p l a t e  shown i n  F i g .  2, plane 2 1s delined by 
nodes 1. 2, and 3, p l a n e  3 is  delined b y  nodes 1 .  3. and 4. c t c .  Given 
three p o i n t s  pc(xc.).O,zcl. p 1 ~ x L , y I . z , ~ ,  and P z ( ~ 2 . Y 2 . ~ 2 ) ,  l h e  a l g e b r a i c  equation or  
the plane through these polnts is 

I t ,  order to d e l i n e  a plane.  1he t h r e e  poinls p o. PI, a n d  P2 

must not be colinear. T h i s  can be checked by  compar ing  the s lope  of a 
l ~ n e  f r o m  po to p, a n d  t h a l  of a l i n e  From p ,  to p2 [Kel.l61j. 

y ,-y , 
Far rinplicily. the slopes i n  t h e  r,y plane, a n d  are 

compared. I f  ihe slopes are unequal the three points are  not col  i n e a r  
and they can be used t o  calculate lhe a lgebraic  equattnn or  the plane. 

Once the equation of a plane  has been determined, i t  c a n  be used l o  
calculate the dallection or some nodes. which  otherwise would  have to be 
calculated by  hand. Fig. 4 shows an example where the t coordinate of 
node 5 can be calculated using t h e  equation of plane 3 or 4 .  The 



e q u a t i o n  d e f ~ n i n g  the  p l a n s  o f  a p l a t e  s e g m e n t  c a n  also b e  u s e d  to check 
whe the r  the  s e g m e n t  is  i n d e e d  p l a n e .  T h i s  is d o n e  by c o m p a r i n g  lhe  z 
coordinates or e a c h  node  t o  t h e  v a t u *  c a l c u l a t e d  based  o n  t h e  x a n d  y 
c o o r d i n a t e s  o r  t h e  node  a n d  u s ~ n g  the  e q u a t i o n  or i h e  p l a n e ,  i.e. 

The m e c h a n i s m  shown i n  F ig .  5 is  n o t  k i n e m a t i c a l l y  a d m i s s r b l e .  
T h ~ s  is d e t e c t e d  by c h e c k i n g  t h e  z c o o r d i n a t e s  OF n o d e s  3 a n d  4 on the  
c o r . l i g u o u s  r i g i d  p l a t e  s e g m e n t s  2 a n d  5. 

The r o t a t i o n  o r  each  y i e l d  I i n e  is g i v e n  by l h e  a n g l e  8 b e t w e e n  
t h e  t w o  p l a n e s  i n t e r s e c t i n g  at t h a t  y i e l d  l l n e  [ s e e  Fig. 6 ) .  G l v e n  t w o  
p l a n e s  m  a n d  n w l t h  t h e  f o l l o w i n g  a l g e b r a i c  e q u a t i o n s  

p l a n e  m: A , x  B, y + C , z  + D m  = D 

p l a n e  n: A, x + 8 ,  y + t, r * D, = 0 

Lhe a n g l e  8 b e l w e r n  l h e s a  p l a n e s  I S  e q u a l  t o  t h e  acute  a n q l p  b e t w e e n  
t h e i r  n o r m a l  v e c t o r s  n ,  a n d  n, a n d  i s  g i v e n  b?. 

w h e r e ,  slsce w e  c o n s i d e r  v i r t u a l  displacements. t h e  a n g l e  c a n  b e  
c o n s i d e r e d  s m a l l .  Such s m a l l  a n g l e s  a r e  o b t a i n e d  b y  a s s u m i n g  s m a l l  
d e r l e c t i o n s  o r  t h e  y i e l d  l i n e  m e c h a n i s m .  For  e x a m p l e ,  c h o o s i n g  a 

m a x i m u m  v a t u e  of 1/10 ' '  o l  t h e  p l a t e  w i d t h ,  s a y .  Tor t h e  z 
c o o r d i n a t e  of t h e  r .odes i n  t h e  d ~ s p l a c e d  p l a t e  l e a d s  t o  s a t i s f a c t o r y  

r e s u l t s  w i l h  l e s s  t h a n  0  e r r o r .  

From a n u m e r i c a l  d e s c r i p t i o n  of a y i e l d  l i n e  m e c h a n i s m ,  i t  i s  
p o s s i b l e  to d e t e r m i n e  t h e  b e n d i n g  s i g n  of t h e  y i e l d  l i n e s ,  i .e,  w h e l h e r  
they  a r e  s a g g i n g  o r  b g g l n g .  G ~ v e n  a y i e l d  1 1 n e  w i t h  e n d  n o d e s  I a n d  2, 
bounded  b y  p l a n e s  m and n. and u s i n g  t h e  c o n v e n t  ran  t h a t  p l a n e  rn i s  o n  
t h e  l e l l  h a n d  stde or lhc  y ~ e l d  l i n e  f o r  a n  obser7:t:r s t a n d i n g  a 1  node  1 
a n d  l o o k ~ n g  a t  n o d e  2 .  l h e n  a p o i n t  H w r t h  c o o r d i n a t e s  [ x :+ [y , -y , ) .  " .  
v +[x; -s?j !  is  al-xa)-s on t h e  rrght h a n d  s i d e  of t h e  y i e l d  l i n e .  [see 

1 

Fig. 7 )  The d~iference b e t w e e n  lhe  z c o o r d i n a t e  or  p o l n t  H o n  p l a n e  n 
a n d  t h e  c o r r e s p o n d i n g  coordr n a t e  u s i n g  the  e q u a t i o n  e l  p l a n e  m i n d i c a t e s  
w h e t h e r  t h e  ;;ie!d l i c e  i s  s * g g i n g  o r  hogging. When zy,-z,, , 0, t h e  

y i e l d  l i n e  is  s a g g i n g .  When r,,-z,, 0 ,  t h e  y i e l d  l i n e  i s  hogging.  

The p l a s t i c  moment ,  t h e  r o l a t ~ o n ,  a n d  lhe  l e n g t h  of  each  y i e l d  l i n e  
has been l o u n d  u s l n g  E q s .  (51 Lhrough 1171, a n d  t h e  p r o d u c t  oi t h e s e  
v a l u e s  I S  t h e n  summed Tor a l l  y i e l d  l i n e s .  The s u m .  zym,81, i s  

e q u a l  t o  t h e  t o t a l  e n e r g y .  D, d i s s i p a t e d  by t h e  y i e l d  l i n e s .  



Thc work done by the Loads is now d i s c u s s e d .  Point loads, line 
loads, and uniformly distributed loads (UDL] are treated. 

Point loads can be d e r i n e d  by a characteristic va lue  PFL. a p o ~ n t  
(node] with coordinates a and y where the load is applied, and the p l a n e  
on which it is applied. The d e l t e c l ~ o n  of the load i s  the z coord~nate 
of the point where lhe load 1s appl~ed. I T  lhe z coordinale is not 
specified at the load point. ~t can be caIculated from Eq.  115). The 
work done by the polnt load is then 

A uniform or linearly varying line load can be delined by t w o  end 
nodes with coordinates x i .  Y ,  a n d  x 2 ,  Y : ,  t h e  characteristic 

value of the line load a 1  each end, pl and p2 (load/unil length], 

and the plane on which the  t i n e  load is ap~lled [see Fig. 81. G ~ v e n  
this data. the work done by the line load is calculaled as follows: 

The length of the 11ne load is 

The characteristic resultant or the line load is 

The location of the resultant is at ( x , . ~ )  where 

where 

The deflection at the poinl where lhe resultanl load acts is 

z , = - [ A x , + B - , ~ + D ~ / c  1231 

where A. 8 ,  C and D are the coert~cients of l h e  algebraic equalion of 
lhe plane on which the load I s  appl~ed. 

F~nally. the work done by the line load is 

A uniformly d~slributed load ~ U O L ]  can be defined by  t h e  n 
vsrtices. with coerd~nates x,, y , .  x2' y, ... x,, y-,  o f  t h e  area covered by 

the  UOL, the characteristic v a i u e  of ihe U O L . ' ' ~ , , ,  (load / unlt area]. 
"-a. 

and Lhe plane o n  which the UDL is applied. G i v e n  l h l s  dala, t h e  work 
done by i h e  load I s  calculated as rollows: 

The value and the locat~on or the characleristic resultant are 
calculated in a manner similar to Lhat by which Lhe area of a traverse 
rs calculated in surveying ( s e e  Fig. 91. The cltaracteristis resultant 



load is 

The l o c a l i o n  o r  the r e s u l t a n l  i s  a t  the c e n l r o i d  ot  t h e  a r e a  
covered by  the UDL, ie, a t  [x,.y:] where 

where 

and 

The deflect i on  at the resultant is  

zm = - (A xr  + R yc + D ) / C  

where A. 8 ,  C and D are the coeflicients of lhe algebraic e q u a t i o n  or 
L h e  p l a n a  on w h ~ c h  the load i s  a p p l i e d  

F i n a l l y  the work done by ihe LDL is 

Note t h a t  the abov- procedure l o  determine the work done by a UUL 
i s  v a l i d  f o r  U O L ' s  c o v e r i n g  a r e a s  O F  a r b i t r a r y  polygonal shape. 
including areas w i t h  reentrant  c o r n e r s  and w i t h  holes. 



The work done b y  the va r lous  loads has been f ound  u s i n g  Eqs. ($81  
through [311, and  the va lues a r e  then summed lor  a l l  the loads. This 
sum. nm i s  equa l  t o  the t o t a l  work  done by the loads.  E. 

F i n a l l y ,  the y i e l d - l o a d  l a c t o r  1 of the p l a t e  i s  f o u n d  by u s i n g  
E q .  (31, i . e  by d i v i d i n g  E by the sum or P b .  F o r  the example i n  
F i g .  2. w i t h  P=I and  a1 1 ymp's=l (ym~,=ympy=ym'~.=ym'~Y=l ,  i.e. an  i s o t r o p i c  

p l a t e ) .  the v a l u e  o b t a i n e d  for k i s  16. A l t e r n a t i v e l y ,  t h e  b e n d i n g -  
r e s t s t a n c e  f a c t o r ,  y ,  r e q u i r e d  t o  s u p p o r t  a l oad  o r  hP=l  is round  to  
be 0.0625 by  using Eq. 141. These r e s u l ~ s  agree e x a c t l y  w i l h  lhe  
s o l u t i o n  I r o m  a c o n v e n t i o n a l  a l g e b r a ~ c  y i e l d  l i n e  a n a l y s i s  o r  t h l s  
rnechan ism. 

Mechanisms i n v o l v i n g  r a n s  [curved y i e l d  l i n e s ]  can be  t r e a t e d  by 
approx imat ing  the Can u s i n g  a ser ies of t r i a n g l e s  p laced one next t o  the 
other.  Us ing 16 such t r i ang les ,  a complele c i r c u l a r  f a n  i s  approx imated 
w i t h  a 1.3% e r r o r .  Fans 01 e l l i p t i c a l ,  l o g a r i t h m i c  shape, e t c .  c a n  be 
approximated i n  a  s i m i l a r  manner. 

S labs on beams and  -s labs  w i t h  c u r t a i l e d  r e i n l o r c e m e n t  c a n  be 
t r e a t e d  by a s s l y o i n g  the a p p r o p r i a t e  bend ing  r e s i s l a n c e  t o  yield l i n e s  
o r  segments o r  y i e l d  l i n e s  cor respond ing Lo the beams o r  to  the a c t u a l  
placenient or the re inforcement.  

O p t i m i z a t i o n  o r  a y i e l d  l i n e  mechanism i s  now d i s c u s s e d  To l l o d  
the c o r r e c t  s o l u t i o n  l o r  a g i ven  mechanism, a s e r i e s  of p a t t e r n s  i s  
d e f i n e d  by  v a r y i n g  the d imens ions O F  the mechanism. The y i e l d - l o a d  
f a c l o r  1s c a l c u l a l e d  f o r  every p a t t e r n ,  and  t h e  leash of these y i e l d -  
l oad  f a c t o r s  i s  r e t a i n e d  as the s o l u t i o n .  

Ser ies  o f  p a t t e r n s  are  produced b y  s p e c i r y  lng, f o r  one o r  more 
nodes, i n i t i a l  and  l i n a l  p o s i t i o n s  i n  the x,y plane,  a n d  the number or  
s teps  be tween  these p o s i t i o n s .  T h i s '  d a t a  i s  used by an  i t e r a t i o n  
p rocedure  which c r e a t e s  a  f a m i l y  of p a t l e r n s .  When a y i e l d  l i n e  
mechanism i n v o l v e r  several parameters, the i t e r a t i o n  procedure is c a l l e d  
as many l i m e s  as there a r e  parameters t o  generate a l l  the l a m i l  ies o f  
p a t t e r n s .  The i l e r a t  i o n  procedures can be nested. so that  a t1  p o s s i b l e  
p a t t e r n s  are  c rea ted  i n  one s o l u t i o n .  Recurs ive  procedures a r e  used  
advantageously Tor t h i s  purpose. 

When g e n e r a t i n g  a s e r i e s  o: y i e l d  l i n e  p a t t e r n s ,  i t  is o f t e n  
p o s s i b l e  t o  r e l a t e  the  l o c a l i o n  o l  some or the mov ing  nodes t o  the  
l o c a t i o n  of ~ t h e r  nodes. This reouces t h  amount o f  d a t a  r e q u i r e d  Tor 
the o p t i m i s a t l o n  ol the y i e l d  l ~ n e  mechanism. and  also i t  conven ien t l y  
r e t r i c t s  t h e  movements o f  the nodes w i t h i n  the l i m i t  o l  v a l i d i t y  for the 
mechanism. One way o f  e s t a b l i s h i n g  the r e l a t i o n s h ~ p  is by l o c a t i n g  a  
node a t  the i n t e r s e c t i o n  of t w o  l i n e s  d e f i n e d  by t w o  p a i r s  or nodes. 
The node a t  the i n t e r s e c t i o n  is c a l l e d  a s l a v e  node, w h i l e  the o ther  
f o u r  nodes g ~ i d i n g  the s lave node a r e  c a l l e d  m a s t e r  nodes. F i g .  10 
stmws an example where node 3 i s  a  s l a v e  nods and  nodes 1. 5 and 2. 4 
are the master  nodes; node 6 is a lso  a s lave node w l t h  master !\odes 4. B 
and 5 .  9. 11 a l a r n i l y  OF p a l t e r n s  i s  c reated by moving node 5. then the 
l o c a t i o n  of nodes 3 and 6 is ad jus ted  au tomat i ca l l y .  
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End View 

Fixed edges square p l a t e  w i t h  centra l  concentrated load. (a] 
P la te .  ( b )  Y i e l d  l i n e  p a t t e r n .  (c] Model f o r  numerical  
a n a l y s i s ,  



Flgui-E 3 Y i e l d  l i n e  a t  g e n e r a l  angle .  la] In orthctropic p l a t e .  ( b l  
In s k e w  c o n c r e t e  slab. 



0 Node; 

1 0 
5 Cciculated by program 
5 0 
7 0 

Figure 4 Example  where the 7 coordtnate of node 5 c a n  be c a l c u l a t e d  
using t h e  e q u a t i o n  of plane 3 [or 41. 





Plane m Plane n 
(End View) (End View) 

Yield Line 
(End View) 

Figure 6 R o l a l l o n  b e l w e e n  the r i g i d  p l a t e  seymenls.  [a]  P l a n  view.  
[bl Sect ion A - A .  



Figure  7 Bending s i g n  (sagging or  imgg ing]  or y l e l d  l i n e .  [a] Plan 
v l r w  [b l  Section A-A. 









Chapter 2 Input Data 
I n  l h i s  chapter the input  data. w h ~ c h  must be carelul1v prepared by 

the user .  I S  d iscussed i n  d e t a i l .  

T i e  i npu t  da ta  must be created and w r i t t e n  i n  a  r i l e  by the user. 
Any t e x t  ed i tor ,  such  as Personal EdlLor .  the e d i t o r  o f  Turbo P a s c a l .  
Wordstar, e t c . .  c a n  be used to  create the data  Tile.  The d a l a  may be 
w r i t t e n  i n  Cree formal ,  lha t  is. numbers ma); be given i n  lilted o r  
FloaLing p o i n l  n o t a t i o n .  Dala i tems musl be separated by a1 least  one 
b lank  space or o n e  tab charac le r  (commas must  n e t  be  used as  
separa lors l .  E a c h  l i n e  o f  the ~ n p u t  d a t a  must c o n t a i n  the s p e c i f i c  

i n l o rma t i on  described be low.  The symbol / ind ica tes  where the data 
niusl con t inue  on a  new l i n e .  The d a l a  r i l e  must not  c o n t a i n  b lank  
I I n e s .  

Each i l em or the input  da ta  is described beIow A summary of the 
input data  i s  g i v e n  I n  Table I. 

Max~mum Deflection 

the z factor. 

The r coordtnate of  lhe nodes w i t h  a non-zero d e t l e c t ~ o n  c s n  b e  
gi-den a va lue  between 1/5 t o  1/1W say, or lhe p l a l e  w i d l h  However. 
t h i s  va lue  i s  t oo  la rge  t o  s a t i s f y  the requ i remen l  t ha t  8 t a n  8, 
and a l l  the z coordinates are drvided by the z fac to r  Tor whlch a value 

of ld5 i s  u s u a l l y  s a t i s f a c t o r y ,  z l  i s  u s u a l l y  p o s i t i v e .  

Nodes 

/ ni  : the number of nodes. 

For each node 

/ i  : the node number, 

r Y : the  K and y coordinates o r  node i ,  
or 
* rnasler l  master2 master3 master4 

: the m a s t e r  nodes o r  s l a v e  node I 

tpreceded by *I,  
2 or : tha z c o o r d i n a t e  o f  node  i. An 

u n s p e c i f i e d  t c o o r d i n a t e  m u s t  be 
rnd i ca ted  by '. 

A r ~ g h t  hand coo rd ina te  system must b e  used, w i t h  the z a x l s  
p o ~ n t i n g  upwards l r o m  l h e  p late.  Hence i n  m o s l  cases,  der lec t ing  nodes 
w i l l  have a negative r coord inate v a l u e ,  The origin or the coord inate 
syslem c a n  b e  located anywhere convenient. 



I f  the x and y coo rd~na tes  o i  a  node are not  speci f ied,  Lhe node i s  
s a ~ d  t o  b e  a  ' s l a v e '  node. Such a p o i n t  I S  located by  s p e c i r y i n g  2 
p a i r s  o l  'master'  n o d e s .  Each p a i r  def ines an i n f i n i t e  ttne, and the 
slave node i s  located a t  the in te rsec t ion  of the l w o  l ines .  The master 
l i nes  must not  b e  pa ra l l e l .  Examples o r  v a l i d  slave nodes are shown i n  
F i g .  1 1 .  

[I a s l a v e  node has master nodes which themselves are s l a v e  of  
other nodes. the program w i l l  automat ica l l y  s o r l  lhe data t o  locate the 
nodes i n  order f rom the highest ranking master nodes t o  the lowesl slave 
nodes. Hence the numbering o f  nodes can be done i n  any order. 

Planes [Plate Segmenls) 

/ nj : the number or planes 

For each plane 

/ J  : the plane number. 

: lhe number of nodes o n  the plane. 

n 0 p l d  l o = ]  ... nl10pl : the node number of a1 I the nodes on t h e  
p  1 an e. 

Althcugh on ly  3 non-co l inear  nodes are enough t o  de l l ne  a plane. 
the other nodes should be  given s i n c e  they can be used to: 

- check lhe r c m r d ~ n a t e s  or the nodes on the plane t o  v e r i f y  that t h e  
plane i s  indeed F la l .  

- compute the r coord inate of the nodes w i t h  unspec i i ied  z coordinate. 

- p r o v ~ d e  an a l t e r n a t i v e  wa?. of deFining t h e  boundar ies o l  a U D L  
[ un i l o rm ly  d i s t r i b u t e d  load]. 

In order to  ca lcu la te  the coe l l i c i en t s  of the algebraic equat ion of 
the planes, the program at tempts Lo lacate the slave nodes. t o  ca lcu la te  
the u n k n o w n  z coordinales,  and l o  i d e n t i l y  3 non-cot inear nodes w i t h  
knnwn x. y and z coordinates f o r  each plane, and t h ~ s  is repeated u n t i l  
:he e n t ~ r e  g e o m e t r y  of  the mechan~sn i s  defined. The data is sor led by 
the program so that  the numbering n f  p l a n e s  may be done i n  any order. 
Also. the nodes be long~ng  t o  a plane are accepted i n  m y  order I random 
order, or i n  sequence when used to  d e l i n e  a UDL] Il t h e  d a t a  I S  

i n s u f l i c i e n l  t o  de l ine the mechanism, a n  error  message is Issued by the 
program. 

Lines 

: the number of y i e l d  l i n e s  

For each y ~ e t d  l i n e  



: Lhe l i n e  number .  

pm PO 
a n d  
b r n  

: Lhe end nodes. 

: t h e  planes o n  each  s i d e  of t h e  l i n e .  

: t h e  b e n d t n g  r e s t s t a n c e  n u m b e r ,  w h i c h  
r e f e r s  t o  b e n d ~ n g  p r o p e r l ~ e s  Imp's]  of 
t h e  p l a l e  t h r o u g h  wh ich  t h e  y ~ e l d  [ ~ n e  
p a s s e s .  

: r e p l a c e s  p m ,  p n  a n d  b r n  l o r  a 
c o n s t r u c t  l o n  l i n e  [ f r e e  edge, s i m p l y  
s u p p o r t e d  edge, o r  axis OF r o t a t i o n ] .  

Only t he  a c t u a l  y i e l d  l i n e s  e n t e r  t he  c a I c u l a t i o n s  o l  t he  ene rgy  
d i s s i p a t e d  by t he  y i e l d  l i n e s  a n d  hence  a r e  r e q u i r e d  as d a t a ,  ( B ~  
d r f i n i l i o n ,  t he  y i e l d  l i n e s  d i s s i p a t e  ene rgy  as they u n d e r g o  r o t a 1  ions 
or l h e  a s s u m e d  mechan i rm] .  However ,  o t h e r  l i n e s  may be s p e c i f i e d  i n  
o r d e r  t o  c l a r i l y  t he  d r a w ~ n g  of t h e  ? . ie ld  l i n e  p a l l e r n  d i s p l a y e d  o n  t he  
s c r e e n .  Lines  d e f i n i n g  f r e e  and s i m p l y  s u p p o r t e d '  e d g e s ,  e x e s  O F  
r o t a t i o n ,  e t c ,  a re  c a l l e d  c o n s t r u c t  ion l i n e s .  These  l i n e s  do no1  
d i s s i p a t e  e n e r g y  and hence  w i l l  b e  sk ipped d u r ~ n g  the  c a l c u l a t i o n s .  
The c o n s t r u c t i o n  l i n e s  are s p e c i r i e d  by a *, r e p l a c b n g  pm, pn a n d  b r n .  
A l t e r n a t i v e l y ,  t h e  c o n s t r u c t i o n  l i n e s  can be  e n t e r e d  w i t h  t he  same 
p l a n e  s p e c i l i e d  lor bo th  prn and pn (any  p l a n e  number  c a n  b e  used ,  e.g. 
pm= p n =  I). Yet a n  o the r  way of s p e c i f y i n g  that  a 1 i n e  does  n o  work is  
by g i v i n g  i l  a b e n d i n g  r e s i s t a n c e  number  r e f e r r i n g  lo a l l  v a l u e s  of 
mp = 0. 

In c o n n e c t i o n  w i t h  the p l a n e s  o n  e a c h  s i d e  o l  a y i e l d  l i n e .  l h e  
p l a n e  on t h e  l e f t  hand s i d e  o f  t h e  1 ine, pm, m u s t  be g i v e n  f i r s 1  
f o l l o w e d  by t h e  p l a n e  o n  t k  r i g h t  hand  s i d e ,  pn. The l e f t  a n d  r i g h t  
hand sides are t h o s e  of a n  observer l o c a t e d  a t  end node  p i  a n d  I w k i n g  
l o w a r d s  node p j .  C a u t i o n  must b e  taken l o  c o r r e c t l y  s p e c i f y  ihr  l e f t  
and r r gh l  hand  p l a n e s  because t h i s  i n l o r m a l i o n  i s  u s e d  to d e t e r m i n e  
w he the r  t h e  y i e l d  l i n e s  a r e  s a g g i n g  or h o g g i n g  a n d  t h i s  a f r e c t s  t h e  
l ~ n a l  r e s u l t s  i f  L h e  s a g g i n g  a n d  hogging p l a t e  b e n d i n g  r e s i s t a n c e s  a r e  
different. Fig.  12 s h o w s  examples o i  v a l i d  d a t a  d e i i n i n g  a l i n e .  

/ nbr : t h e  number  of b e n d i n g  r e s i s l a n c e  s e t s  A 

' set '  i n c l u d e s  f o u r  v a l u e s  o l  b e n d i n g  
r e s  i s l a n c e  t p o s i t  ive and nega t i ve .  i n  t w o  
d i r e c L i o n s ) ,  a n d  w h e l h e r  t h e  
r e i n l o r c e m e n t  is i s o t r o p i c ,  o r t h o t r o p i c .  
or skew [ and  t h e  skew ang l e ] .  

For each set o l  b e n d i n g  r e s i s l a n c e :  

/ b r  : lhe  s e l  number, 



: whether the reinforcement i s  o r t h l r o p i c  
(including i so t rop i c ]  o r  skew. 

For concrete slabs w i l h  o r tho t rop ic  reinforcement the axes must  
be  o r i en ted  i n  the same way as  the reinforcement and r e i n f  must be  
spec i r ied as  0  [ f o r  ~ r l h o t r o p i c ) .  For i s o t r o p i c  s l ee l  p l a tes  r e i n f  can 
be spec i f ied  a s  0 o r  I [ f o r  isot rop ic ] .  For concrete s labs w i t h  skew 
reinlorcement, the X axis  must be or ien ted  along one set or re in lo rc ing  
bars ,  t h e  S a x i s  must be o r i en ted  along the other s e t  o f  r e i n f o r c i n g  
bars. and r e l n f  must be s p e c i l i e d  as S [ for  skew). The axes must be 
layed out ss shown in Fig. 3 (see a l s o  discussion i n  Chapler 1). 

II  the re~nforcernen l  is or thc t rop i c  or i so t rop i c    rein^ = 0 o r  11: 

: the s a g g i n g  ( p o s i t i v e )  p l a t e  bending 

resistance per u n i t  length i n  the X and Y 
d i r e c t  ion.  

rnpxn mpyn : the hoqg i ng  [negat ive]  res is tances 

I f  the reinlorcement i s  skew ( re in r  = S ]  

/ mpxn mpsn 

b e l a  

Point Loads 

the sagging bending res is tance per u n i t  

lenglh due to t h e  ra inturcement i n  the X 
and S d i rec l tons ,  respec l tve ly .  

the hogging resistances, 

t he  a n g l e  6 ,  i n  d e g r e e s ,  measu red  
an t i c l ockw ise  from the X a x i s  l o  the S 
= i s .  The value o r  fi m u s t  be p o s i t i v e  
and o D <  4 180'. 

: the l o t a l  number o f  p o i n t  loads (=o i f  

there are no po in t  loads]. 

Fo r  each p o i n t  load I s k i p  the l o l l o w l n g  l l n e  i F  lhere are no p o i n t  
t o a d s ] :  

/ PL : the load number. 

: Lhe p lane  o n  which the p o i n t  load  i s  
a p p l  i d .  

loadPL : the vatue o r  the p o i n l  l o a d  IoadPL is 
negative when ihe load i s  a c t i n g  i n  the 
negat ive z d i r e c t  ion, i.e. downwards, 

mdePL : t h e  node number where the p o i n t  load is 
a p p l  led. 



Line Loads lUn~forrn or Linearly Varying] 

: the total n u m b e r  of  line loads  1.0 i f  
there a r e  no  l i n e  toads]. A 1 ~ n e  load I S  

acting o n  o n l y  one plate  segment. For 
line load ing  cont inuous  o v e r  s e v e r a l  
p l a t e  segments,  severa l  1 ine  loads must 
be de l i  n e d  

For each l l n e  load [ s h i p  t h i s  l i n e  i l  there are  no line loads]: 

/ LL : the load number, 

pheLL : the  p l a n e  o n  w h i c h  t h e  l i n e  load i s  
appl i ed .  

: the load/unit length at t h e  e n d  o t  the  
l i n e  l o a d  located a t  n o d e  nodeLL1 .  
loadLL1 is n e g a t i v e  w h e n  the load is  
a c t i n g  downwards.  

nodeLL 1 : the node number a t  o n e  e n d  of the l ine  
l o a d .  

Uniformly Dislributed Loads 

: the  load/unit length a t  the other end of 
the l i n e  load located a t  node nodeLL2, 

: the node number a t  the other end of the 
line load, 

: the total number of U D L ' s  [=o I T  there  

are no UDL'S]. A UDL i s  acting on  o n l y  
one p l a t e  s e g m e n t .  For loading o v e r  
s e v e r a l  p l a t e  segments. s e v e r a l  UDL's  
musi be deiined. 

For each UDL ( s k i p  t h ~ s  l rne  II there are no  UDL's): 

/ L'OI. : the load number. 

: tho p l a t e  segment o n  w h ~ c h  the U D L  is 
a p ~ l  led.  

: the Ioad/unit area. loadUDL is n e g a t i v e  
when lhe load is acting downwards. 

nnodesUDL : the number ol nodes d e f i n i n g  the UDL. 
and 
nodeUDL[nl l o = l  ... modeL9L1 : the node numbers d e i  i n i ng the UDL. 



: r e p l a c e s  n n o d e U D L ,  n o d e U ~ ~ [ n l  f n = l  ... 
n n o d e U 0 ~ 1  w h e n  t h e  n o d e s  nop's. u s e d  t o  
d e r i n e  a p l a t e  segmenl,  a r e  u s e d  i n s t e a d  
o l  t h e  nodes nodeUDL's. 

The n o d e s  d e f ~ n l n y  a UOL a r e  the v e r t i c e s  of t h e  a r e a  c o v e r e d  by 
t h e  UDL, nnodeUDL musl b e  3 or more, lo1 lowed by l h e  nodes n o d e U D ~ [ n l  
d e l i n i n g  t h e  UDL. The nodes m u s t  b e  given i n  sequence a r o u n d  t h e  UDL, 
e i t h e r  c l o c k w ~ s e  o r  a n l i c 1 o c k w i s e .  

The nodes u s e d  t o  d e f ~ n e  a p l a t e  segment ,  n o p ' s ,  may be u s e d  
I n s l e a d  o r  t h e  nodes nodeUDL's. To a s s i g n  n o d e s  n o p ' s  t o  t h e  v e r t i c e s  
o r  t h e  UDL a r e a ,  nnodeUOL and  t h e  nodeUDL's a r e  r e p l a c e d  by a *. A 
common case  for L h i s  i s  when the UDL covers  an e n t i r e  p l a t e  segment  a n d  
the re  a r e  no o t h e r  nodes on t h e  p l a t e  segment.  

II t h e r e  is a hole i n  a  p l a l e  segment where  a UDL i s  a p p l i e d ,  t h e  
v r r t i c e s  of t h e  UDL m u s t  b e  n u m b e r e d  i n  such a  way as  l o  c r e a t e  a fu l l  
f i g u r e  a r o u n d  t h e  h o l e  (see f i g .  13a) . A l t e r n a t i v e l y ,  two  o r  more  
UDL's may b e  s p e c i f i e d  l o  a c l  o n  the same p l a t e  s e g m e n t  [ see  Fig.  13bl. 

Search U a l a  

The s e a r c h  d a t a  i s  used to  move [ i e .  r e l o c a t e ]  n o d e s  s o  L h a t  
d i f f e r e n t  y i e l d  l i n e  p a t t e r n s  a n d  c o r r e s p o n d i n g  dhf l e r e n t  y i e l d - l o a d  
f a c t o r s  and b e n d i n g - r e s i s t a n c e  l a c t o r s  may  b e  o b t a i n e d  This  is done in  
order  to  r i n d  t he  m e c h a n i s m  w i t h  t h e  m i n i m u m  y i s l d - l o a d  l a c t o r  [or 
a t t e r n a t  i v e l y ,  w i t h  the maximum bendi n g - r e s i s t a n c e  l a c t o r ) .  

: t h e  n u m b e r  o r  m o v e m e n t s  [=o l o r  no 
s e a r c h ] .  

for e a c h  movemenl [ s k i p  the f o l l o w i n g  l i n e s  i f  there is n o  search]: 

/ mms : the number  or nodes m o v i n g  s i m u l t a n e o u s l y  
i n  i h e  movement.  

steps : t h e  t o t a l  n u m b e r  of s t e p s  ( i . e  
p o s i t  i o n s )  ~ n  t h e  movement  t h r o u g h  wh ich 
t h e  s ~ m u l t a n e o u s l y  mov ing  n o d e *  a r e  
going, r r o m  t h e i r  i n i t i a l  t o  l h e ~ r  r i na l  
p o s  I l ton .  

l o r  each  nodes m o v i n g  s i m u l t a n e o u s i y  d u r l  ng  a movement :  

/ node :  he ngde number ,  

XI : t h e  i n ~ t i a l  x c o o r d i n a t e  v a l u e .  

yi : t h e  i n i t a a l  y c o o r d i n a t e  v a l u e ,  

?rf : t h e  l i n a l  x c o o r d i n a t e  v a l u e .  



y f : t h e  l i n a l  y coordinate v a l u e  

The 'movements '  c o r r e s p o n d  to a s e t  of node p o s i t i o n s  r a n g i n g  f r o m  
an i n i t i a l  l o  a r i n a l  x.y p o s i l i o n .  S e v e r a l  n o d e s  c a n  move 
s i m u l t a n e o u s l y  i n  a rnovemant. Each s t e p  of every movement d e l i n e s  a  
y ie ld  l i n e  p a t l e r n  lor which  l h e  y i e l d - l o a d  [ a c t o r  is c a l c u l a l e d .  

S ~ n c e  the l o a d s  a r e  a s s o c i a t e d  w i  Lh nodes ,  the s e a r c h  d a l a  may be  
u sed  t o  move l o a d s  on the pta le  s t r u c t u r e .  However, t h i s  is or l i m i t e d  
i n l e r e s t  s i n c e  t he  c o n c e r n  here is lo more t he  y i e l d  l i n e s .  

If t h e r e  a r e  m o r e  than o n e  movement  s p e c i f i e d  i n  a s e a r c h ,  t he  
s t e p s  o f  i h e  s e c o n d  movement are  r e p e a t e d  for e a c h  s t e p  or  t h e  f i r s t  
movement, and the s t e p s  of the t h i r d  movement a r e  r e p e a t e d  f o r  each  01 
these p r e v i o u s  s t e p s ,  a n d  so  on up  t o  the l a s t  movement .  H e n c e  the  
m w e m e n i r  are nested w i t h  the i ~ r s i  movement b e i n g  an outer loop of node 
p o s i t i o n s  and t h e  last movement b e i n g  a n  i n n e r  loop of node p o s i t i o n s .  
To have a node cover  a p a r a l l e l ~ r a m  area, the node a n d  i t s  i n i t i a l  a n d  
f i n a l  u.y c c o r d ~ n a l e s  m u s l  be  s p e c i f i e d  i n  two  c o n s e c u t i v e  movements. 

P r e c i s e  s o l u t i o n s  c a n  be o b t a i n e d  by u s i n g  a large number of s t e p s  
i n  a s e a r c h .  A l s o ,  i t  may be e r r i c i e n t  t o  ' c l o s e  i n '  o n  t h e  c o r r e c t  
y ~ e l d  l i n e  p a t t e r n ,  tha t  I S ,  to a d j u s t  the l i r n ~ t s  o r  tire movements  to 
s m a l l  r a n g e s .  Both w a y s  r e q u l r e  t o  modiry l h e  search d a l a  a n d  r u n  Lhe 
p rogram a Cew t i mes. 

Analysis versus Design Problems 
I n  a n a l y s ~ s  p r o b l e m s ,  t h e  b e n d i n g  r e s i s t a n c e s  ym7's  a n d  t lw  

c h a r a c t e r i s t i c  l o a d s  P's a r e  known, w h i l e  t h e  l o a d  f a c t o r  1 is sought.  
When t h e  i n p u t  data  i s  p r e p a r e d  Cor an a n a l y s i s  p r o b l e m ,  the b e n d i n g  
r e s i s t a n c e s  rnpxp, mpyp,  e t c ,  mean  ym,. and  t h e  l o a d s  loadPL, loadLLI. 

loadLL2, a n d  ioadUDL mean l h e  c h a r & t e r i s t i c  loads P,, p , .  p,, a n d  

Pw? ' r e s p e c t i v e l y .  The load T a c l o r  1 i s  o b t a r n e d  i n  t h e  o u l p u l  

r e s u l t s .  

On t h e  o t h e r  h a n d ,  i n  d e s i g n  p r o b l e m s  t h e  l o a d s  hP' s  and t h e  
c h a r a c t e r i s t ~ c  b e n d ~ n g  r e s i s t a n c e s  m,'s a r e  known or a t  least a s sumed .  

w h i l e  tk b e n d i n y  r e s ~ s t a n c e  r a c t o r  y is s o u g h t .  When t h e  input d a t a  
is  prepared f o r  a  d e s i g n  p rob l em,  t he  b e n d i n g  r e s i s t a n c e s  mpxp, mpyp,  
a l c .  mean t h e  c t i a r a c t e r i s t ~ c  resistances m's, a n d  i h e  loads IoadPL, 

? 
l o adLL1 ,  l o a d L L 2 ,  a n d  IoadUDL mean p Xp2, a n d  ApmL, 

r e s p e c t i v e l y  The r e s i s l a n c e  l a c l o r  y i s  o b l a ~ n e d  i n  t h e  o u t p u l  
r e s u l t s .  

Numbering of Data 
Nodes,  p l a n e s ,  1 i n e s .  bend1  ng p r o p e r t i e s ,  p o i n t  l o a d s ,  1 i n e  l o a d s  

a n d  i'DL's must  be numbered c o n s e c u t i v e l y  f rom I t o  p i .  I t o  nj .  1 t o  nk, 
I l o  nbr .  I l o  nPL. I to nLL a n d  1 to &DL, t e s p e c l i v e t y .  Fo r  examp le ,  



i l  a s l r u c t u r c  i s  d e s c r i b e d  u s i n g  5 nodes, 5 planes, 8 l i n e s ,  e l c . .  

these m u s l  b e  numbered f rom 1 t o  I, I l o  5, 1 t o  8. elc.,  r e s p e c t i v e l y .  

Units 
U n i t s  a r e  not  s p e c i l i e d  in the d a t a .  However. the  program assumes 

that the da ta  i s  based on a consistent set or u n i l s .  The cons is tency  or 
u n i t s  i s  assumed throughout the c a l c u l a l i o n s  a n d  a l s o  f o r  the o u l p u t  
r e s u l t s .  The f o l l o w i n g  examples a r e  c o n s i s t e n t  s e t s  of u n i t s  and e ~ t h e r  
set cou ld  be i m p l i e d  in  t k  i n p u t  d a t a  and i n  the output r e s u l t s :  

l l e n g l h  y coordinates11 m m I t  

Imp [bending r e s i s l a n c e  per u n i t  length)] ( ~ . n l ) / m  [ k ~ . m l / r n  ( ~ b . l t ] / l t  

[pint load] N kt1 I b 

I l ~ n e  load [load per u n i t  length)] N/m k V  /m Ib/ft 

[L 'DL [ load p e r  unit area)] ~/m' kWm2 lb/f t 2  

[work done and energy d ~ s s ~ ~ a t e d l  N.m kV.m 1b.11 



Slave Node: 5 

Master Nodes : 2 7 9 12 

F i g u r e  I 1  Examples  o f  s l a v e  nodes .  (a) and [b) a r e  v a l i d  arrangements .  



@ Planes 

Figure 12 Examples or dala  to d e l i n e  a l ine.  Numbering in (a)  and (b) 
i s  valid. 
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F igure  13 Plate segment  w i t h  hole  and subjected t o  a UDL. 
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1 a master1 l a s t e r :  m a s t e r 3  n a s l e r d  I 

or 
i * m a s t e r 1  r a s t e r 2  r a s t e r 3  m a s t e r 4  

n h 

k ~l P I  p r  pn b r n  
0 :  

k p i  P ;  I 

n S r  t i m e s  

nbr 

br  r e ~ n l  

~ P X P  ~ P Y P  m p x n  m p y n  
o r  

mpxp mpsp mpxn r w e  b e t a  



P O I N T  L O R D S :  

L I N E  L O R D S :  

6:I:FOR:LY D I S T F I B U I I D  L O I D S :  

t i a c s  : UOL planeU0L I o a d U D L  nnodesUDL 
nodeUOC[n]  ( n - 1  . . .  nnodesUDL)  

: o r  
: VDL p l a n e U b L  loadUDL 

SEkRCH G R T A :  
nmoves 

m o v e s  : nnms s t e p s  
t i m e s  

N o t e :  T n e  horizontal lknes a c r o s s  t h e  t a b l e  i n d l c a t e  a h ? r e  a new L i r e  
nust  bs S l a r t e d ,  T n s  vertical l l n s s  i n d i c a t e  r e p e a t e d  l ine: .  

Table S Summary of i n p u t  data. 



Chapter. 3 Features of the Program 
Y i e l d  L i n e s  i s  menu  d r i v e n  a n d  r e l a t i v e l y  s i m p l e  l o  use .  An 

o u t l i n e  of the program,  f rom t h e  u s e r ' s  point o f  v i e w ,  i s  g i v e n  be low.  

Title Screen and Openins Menu 

Y i e l d  L i n e s  s t a r t s  by reading L h e  d a l a  f i l e  l o r  a p a r t i c u l a r  
p rob lem.  The u s e r  has to s i m p l y  s p e c i f y  t he  name of t h e  d a t a  l i  le. 
Drives and  p a t h  names are s u p p o r l e d .  

Search Menu 

I f  the d a l a  s p e c i f i e s  a s e a r c h  f o r  t h e  o p t i m u m  s o l u t i o n .  
Y i e l d  L ~ n e s  Lets t h e  u s e r  choose betu.een:  

a n a l y s l n g  All  t h e  p a t t e r n s  c.-eated by t h e  s e a r c h .  

analysing o n l y  {he p a t t e r n s  w i t h  t h e  i n i t i a l  a n d  f i n a l  node 
p o s i t i o n s  ( L i m i t s )  or each movement .  

Searching d ~ r e c t l y  lor l h e  m i n i m u m  load l a c t o r  ( o r  maKimurn 
r e s i s t a n c e  f a c t o r ] .  

IT t h e r e  a r e  n o  sea rch  s p e c i f i e d  in  the  d a t a ,  t h e  search  menu i s  
d i s p l a y e d .  A n a l y s i s  of the mechanism i s  pe r ro rmed  and i h e  s c r e s n -  . 

w ~ t h - d r a w i n g  i s  d i s p l a y e d  immed ia t e ly .  

Screen wilb Drawing 

P a t t e r n s  analysed by  Y i e l d  L i n e s  a r e  d~splayed on t h e  screen. 
Nodes deIlect ~ n g  u p w a r d s ,  downwards ,  a n d  not d e r l e c t  i ng  are e a c h  shown 
d i f l e r e n t l y .  Sagsing, hogging, a n d  c o n s t r u c t i o n  1 i n e s  are i n d i c a t e d  by 
b r i g h t  s o l  i d  I ines ,  b r i g h t  dash 1 i n e s ,  a n d  l i g h t  1 ~ n e s ,  r e s p e c t i v e l y .  
P o i n t  loads, l i n e  l o a d s ,  and U D L ' s  a r e  also sh0u.n. The c a l c u l a L e d  l o a d  
f a c t o r  or r e s i s t a n c e  f a c t o r  a r e  d i sp layed  at t he  b o t t o m  of t he  s c r e e n .  

I f  A w a s  chosen  i n  t h e  search menu. each p a t t e r n  c r e a t e d  by t h e  
s e a r c h  i s  d i s p l a y e d  in  t u r n  by p r e s s i n g  < r e t u r n > .  

IT L w a s  chosen, Lhe t i m i t s  o l  each movement  a r e  d ~ s p l a y e d  in  
t u r n  by p r e s s i n g  <re turn ' ,  The rnovemenl number  a n d  whether  t he  p o s i t i o n  
is i n i t i a l  o r  f i n a l  a r e  shown on t h e  r i g h t  hand  s i d e  of t h e  s c r e e n .  

I T  5 w a s  chosen  i n  t he  s e a r c h  menu, Y i e l d  L i n e s  f i r s t  a n a l y s e s  
a l l  t h e  p a t t e r n s  c r e a t e d  by t h e  search The p a t t e r n s  a r e  n o t  d r a w n  to 
speed u p  e x e c u t i o n ,  b u t  a c o u n t  oT the  p a t t e r n s  b e i n g  a n a l y s e d  IS 

~ n ~ . c a t c d .  YL then f inds t h e  o p t t m u m  p a t t e r n  [min~ rnu rn  l o a d  r a c t o r  or 
maximum r e s i s t a n c e  Tac tor ] ,  f h ~ s  p a t t e r n  i s  d r a w n  o n  t he  screen. The 
Lola1 number  o l  p a t t e r n s  t r i e d  a n d  t h e  number  o l  v a l ~ d  p a t t e r n s  a r e  
s h w n  o n  t he  r i g h t  hand  s i d e  of t h e  s c r s e n .  [A  p a t t e r n  is no l  v a l i d  i f  



not k inemat ica l l y  admissible o r  because e l  some other reasons. See the 
rec 1 ion on Error ~ e s s  ages]. 

A smal l  menu on the r i g h l  hand side o f  the screen-with-drawing l e t s  
the user  ask Yield  Lines to: 

< re tu rn>  cont inue.  

A o r  D : d ~ s p l a y  e i t h e r  the l oad  f a c t o r  (Ana l ys i s )  o r  the 
bend ing  r e s i s l a n c e  f a c t o r  ( D e s i g n ]  a1 111s b o t t o n ~  
or t h e  s c r e e n .  

N : show o r  h i d e  Nodes. 

R : 1 1 s t  d e t a i l e d  Resul ts  l o r  the p a t t e r n  d rawn (see 
b e  low).  

9 : h i t  t o  the prev ious menu. 

C : Color. A l l o w s  the user  t o  change the c o l o r s  of 
the Screen w i t h  Drawing. For BIW graph ic  monitor,  a 
b lack  background (01 i s  pref t l rabIe.  The choice or 
c o l o r s  c a n  b e  saved o r  f u t u r e  s e s s i o n  e l  
Y i e l d  Lines. The l i  l e  c a l l e d  Y L I N E S - C . C N F  con ta ins  
l h e  color in lo rma l lon .  

Detailed Results 

The de ta i l ed  r e s u l t s  can b e  d , rected t o  t k  screen, t o  tk p r i n t e r  
or t o  a file. These resu l t s  correspond to  the p a t t e r n  drawn and they 
i nc lude :  

an echo of the i n p u l  data. Coordinates o f  slave nodes and nodes w i t h  
unspeci f ied t - c e o r d ~ n a t e  are  g ~ v e n  as computed by YL. 

the coe f f i c i en t s  of the a l g e b r a ~ c  equat ion of the planes. 

the bending s i g n  (sagging o r  hogging). the p l a s t i c  r e s ~ s t a n c e  mp 

[ l r o m  E q  6 7 ,  9 o r  ( l o ) ) ,  the ro taCion.  the l e n g t h ,  and  the  
energy d i ss i pa led  by each y i e l d  11ne. 

l o r  the p o i n t  loads, lor  the l ~ n e  loads, and l o r  the LWL's: 
the value, the locat ion,  and the dbsplacement o l  the resu l t an t  load. 
and tk work done by each load. 

the l o t a l  energy d i ss ipa ted  by the y i e l d  l ines,  the work done by a11 
the loads and, f i n a l l y .  the load  fac to r  1 o r  the bending res is tance 
fac to r  y fo r  the p a t t e r n  analysed. 



Error and Warning Messages 

Er ro r  I: l n s u l f i c i e n t  master nodes. 
Cannot locate s l a v e  node(s):  
11st 01 nodes 

Meaning: Y ie ld  Lines could n o t  f i n d  the x and y Iocation or  
the master nodes for  these s l a v e  nodes. Check t h e  i n p u t  da ta  
l o r  the s lave and master nodes. 

Error  2: I n v a l i d  locat ion 
f o r  $ l a v e  node[sl: 
l i s t  o r  nodes 

Meaning: T k  master nodes del ine p a r a l l e l  lincs and the slave 
nodes cannoL be localed. Check Lhe i n p u t  d a t a  For the slave 
and master nodes and l o r  the search 

E r r o r  3:  I n s u f l i c i e n t  nodes to 
der i ne l anel$]: 
! i s t  of planes 

Meaning: For each  of these planes. Yie ld  L i n e s  could not f i n d  
a t  least  3 nodes l o r  which the x ,  y ,  z coord inates could b e  
determined. Check the i n p u t  da ta  Tor the planes- 

E r ro r  4:  Mechanism not  admissible 
~ l a n e i s l  not  i l a t :  
list of planes 

Meaning: These planes are not Tlat. Check the input  data lor 
the planes and Tor the s e a r c h  A l l  the  planes m u s t  be Tlat! 

Warning 1 :  0 r e s u l t a n t  on VDL[s]: 
l i s t  of UDL's 

Meaning: The resu l t an t  value o f  these (!DL'+ is zero. T h ~ s  may 
be what you want.  I I  not,  t h e  sequence or nodes around the 
LOL is probably incorrect .  Check the i npu t  da ta  Tor ths  UDL's 
and Tor the  s s a r c h  

Warning 2: M I X  LF. M A Y  RF on rnoves(s]: 
l i s t  or mowments 

Mean~ng:  The mrntmurn Load Factor, o r  the mavlrnurn Resislance 
F a c t o r  was f o u n d  a1 t h e  i n i t i a l  o r  f i n a l  l i m i t  o f  t h e s e  



movemanls  d u r i n g  the search This means e ~ t h e r  tha t :  

- The o p t i m u m  p a t l e r n  i s  o u t s i d e  [ h e  l i m i t s  or t h e s e  
movements. C h a n ~ e  Lhr the 1 i m i t s  or the movements. 

- T h e  o p t i m u m  p a t t e r n  i s  i n s i d e  the  l i m i t s  o r  these 

movements,  but n o t  enough s l e p s  were used.  I n c r e a s e  t h e  
number of steps .  

- The c o r r e c t  s o l u t i o n  i s  indeed a t  the  1 1 r n 1 l  o r  these 
movements .  The o p t i m u m  pat tern  has been  round.  T h ~ s  
s i l u a t i o n  a r i s e s  i n  c e r l a i n  p r o b l e m s ,  u s u a l l y  when t h e  
l i m i t s  of the m o v e m e n t s  c o r r e s p o n d  t o  some l i m i t s  or 
v a l r d ~ t y  oI the m e c h a n i s m  s t u d i e d .  



Technical Aspects 

Y i e l d  L ines  was w r i t t e n  i n  Pasca l  u s i n g  the Turbo-Pascal package 
h f . [ 7 ] 1 ,  and i t  was  designed t o  run o n  an IBY PC or  cornpallble. 

Y i e [ d  L ~ n e s  v e r s l o n  1.0 can ana lyse p rob lems  w i l h  100 n o d e s .  100 
p lanes,  and 100 l i n e s .  {'lhese l i r n i l s  could b e  inc reased  by m o d i r y i n g  
the program. The use o r  p o i n t e r s  wou ld  p e r m i t  access to  the a v a i l a b l e  
memory of the cornpuler be ing  used]. 

Cornpuling l ime var ies  depend~ng on  the s i r e  o r  problem and  the t ype  
o r  machine used. O n  an IBM AT r u n n l n g  a t  8 Yhz, w i t h  640 K of memory and  
a 8087 math chip, 200 v a r i a t i o n s  01 a y ~ e l d  l i n e  mechanism w i t h  20 nodes 
a re  analysed i n  approx~rna te l y  one rnlnute. 

S y s t e m  r e q u i r e m e n t s :  

- 1BM PC. XT, AT, o r  compat ib le  
- 140 Kbytes of Tree memory 

- one 55 d i s k e t t e  d r i ve  
- PC-  o r  MS-DOS 2.00 or l a t e r  vers ion - 8087 math coprocessor 
- B /W graphlc o r  co lo r  graphic  m o n i t o r  
- IBM CGA (color Graphics ~ d a ~ t e r ] ,  EGA ( ~ n h a n c e d  Graphics Adapler], o r  

compat ib le .  The Hercu les  Graphics C a r d  adap te r  i s  no t  suppor ted.  
[ ~ o d i ~ i c a t i o r .  n I  the program w o u l d  pe r rn l t  suppor t  o f  the Hercu les  
c a r d ] .  

Y i e l d  L ines  is n o t  copy p r o l e c t e d  and i t s  source code i s  i n c l u d e d  w i t h  
the program d iske l le .  

Fur ther  i n l o r m a t  Ion about the program can b e  oblained f corn: 

3 c G i l l  U n i v e r s i t y  
Department or  C i v i l  Engineering 
and App l ied Mechan ics 
817 Sherbrook St ,  W. 
MonLreal. Que.. CAllADA H3A X6 
c/o ProIessor Richard G .  Redwood 
Rel.: Y i e l d  L i nes ,  a ?4-lmerical Y ~ e l d  L i n e  Ana lys i s  Program 



Yield Lines Diskette 

The Yield Lines d~skelle conlatns a !  1 the r i l e s  required t o  run the 
program Yteld l ines.  These flles are brieily described below. 

Yield Lines P r o p r m  Ftles 

AUTOEXEC.BAT and YL-BAT are batch  riles that start Yield L ~ n e s  

YL1AES.COM contains t h e  program Yield Lines compiled and ready to 
be run. 

Example Fi les 

The eleven f i l e s  EXAYPLE-1A.  E X A M ' L E I B ,  EXAYPLT  I .  .... EXAXPLE.10 
contain the i n p u t  data lor the examples of Appendrx A.  

Olher Files 

YLINES-C.CNF contains lhe selectlon of colors for the Screen w i t h  
Drawing. This Iile is automatically read and wrilten l o  by Yield Lines. 

YL-READ ME contains a message d~splayed by YL.8AT 

Source Code 

Due to i l s  large s i z e  [.64 K ] ,  the source code or Yield L ~ n e s  is 
d~vided into the lollowing f~les: 

YLIXES- I .PAS main procedures [yield l i n e  c a l c u  l at ions, m e n u s ,  
graphic displays, elc.). 

YLIXES-?.PAS : declaration o f  variables, constanls, et c 

YLINES-3PAS : procedures lor reading the input d a t a  rites 

YLINES-4.PAS procedures for printing detailed results 

Y L I Y E S - S . P A S  procedures Ior selecting and saving the colors of the 
Screen  w i t h  Drawing. 

The source c o d e  can b e  consulted. I~sled, o r  even edited and 
recompiled by the user.  

Required OOS and Pascal Files 

GRAPH.? and G R A P H . 8 i N  contain graph~c procedures required when 
comprl~ng the source code, These files a r e  supplied with *.he Turbo- 
Pascal  package (71 .  



CRA?HICS.COM is required t o  a1 l o w  lhe Shill-Printscreen keys to 
produce a copy of  the Screen w i t h  Drawing on the printer.  Thls rile is 
supplied w i t h  the MS-DOS or PC-DOS package. 



References 
Johansen. K. W. 
Yteld Line Thmry, l r a n s l a t e d  From Danish.  Cement and C o n c r e t e  
Assoc i a t ~ o n ,  London [196?]. 

Jones. L. L. and Wood. R. H. 
vieid-Line Analysis of Slabs .  A m e r i c a n  E l s e v l e r ,  New-York 
{ 1 9 6 7 ] .  

Park. R. and Gamble. W. L. 
Reinforced Concrete Slabs, Wr l e y  I n t e r s c  i e n c e .  U . S . A .  [1980] .  

Jubb, J. E. M, and Redwood, R. G. 
D e s i g n  O F  J o i n t s  Lo B O K  S e c l i o n s .  P r m .  Conf. on Irdustrialrzed 
Building and t h e  Structural Engineer. t nst. S t r u c k .  E n g . .  
51-58 f 1 9 6 6 1 .  

Bauer. 0. and Redwood, A. G. 
S u m e r i c a l  Y i e l d  L i n e  A n a l y s  I s. Computers and Slruclures, 
To be p u b l i s h e d  (1987). 

Sedgewick. R. 
Algor i thms .  A d d i s o n - W e s l e y ,  U . S . A .  [ 1 9 8 4 ) ,  

T u r b o  P a s c a l ,  v e r s i o n  3 . 0 .  Reference Manual. Bor l a n d  
I n l e r n a l  iona 1 I nc. U.S.A. {1985). 

Mirza, 5. 
Desrgn i n  C o n c r e t e  course. lecture Notes. D e p a r t m e n t  0 1  
C i v i l  h g  i n e e r i n g  and A p p l i e d  Mechanics.  McGi 1 1  U n i v e r s i t y  I19861. 

Bauer. D. and Redwood. R. G. 
J o i n t s  for  T r i a n g u l a r  T r u s s e s  U s  I ng R e c t a n g u l a r  Tubes.  Sy17Ip. on 
Hollow S t r u c t u r a l  Sections i n  B u i l d i n g  Cons[ruclion.  A S C E  
S t r u c t u r a l  E n g i n e e r i n g  Congress ,  13.1-13.12 (19851. 



Appendix A Examples 
This appendix p r e s e n t s  several examples, w i t h  commenls ,  or y i e l d  

l l n e  problems illustratring ihe  i n p u t  data a n d  use of the  program 
Ylcld Lines lo r  lhe  numer ica l  s o l u t i o n .  

The words  2-FACTOR, EXAMPLE.nx. NODES, FLAXES. LIXES, e t c ,  on some 
lints in the dala r i l e s  [Tables A.1 t o  h.101 are  comments t h a t  w e r e  
lncluded for c l a r i t y .  YL ignores  comments on some I lnes i f  lhey are put 
at leasl one space to the r ight  of l h e  l e t s1  characler oi the r e q u i r e d  
i n p u l  da la .  Lines on which commenCs can be put  are:  \zf. j n i ,  h j ,  \nk, 
h b r .  \br re inr ,  \nPL. \nLL, \nUDL. \nmoves, h n m s  s t e p s .  I B ~  w a y  or 
exceplion, comments can be put  r ~ g h t  n e x t  t o  r e i n i ,  e . g .  RTHOTROPIC 
right next t o  01. Comments must not a p p e a r  on ihe  o t h e r  lines h i  x y 
z. \ j  nnop nopIn], slc.) as l h l s  would make the file u n r e a d a b l e  by YL. 

The hard  copy o l  the  screen d i s p l a y s  ( ~ i ~ .  h l { c ] .  ~ l ( d ) ,  ~ 2 f c ) .  
e ~ c . 1  were r e a d i l y  obtained o n  a prinlar using the  Shift-Printscreen 
keys on t h e  1BM-PC. Note that Lhe DDS G r a p h i c s  p r o s r a m  was r u n  
b d o r e h a n d  so that PrinLScreen could work w i t h  such graphic  displays.  



Example 1.9 

Problem [ a n a I y s i s l :  A 12 r 1  (366mI by 18 11 (5.49 m) r e c t a n g u l a r  

panel a1 tk edge or  a i lmr  system i s  free  [unsupported] along one long 
side and  is  continuous w i t h  adjacent panels a 1  suppor t ing beams along 
the other three sides. The s l a b  i s  shown i n  F i g .  Al -a .  The s lab has an 
u l t i m a l e  moment res is tance /un i t  lenglh o r  3690 lb - fL / f t  o l  w i d t h  (16.4 
k ~ . ~ n / r n ] .  F i n d  the u l t l l n a t e  u n ~ f o r m l y  d i s t r i b u t e d  l o a d  t ha t  can be 
carr ied b y  ihe panel. 

Relerence: ReS. 3. Section 7.9.3, p. 329, and Example 8.4.. p434 

Algebraic So lu t ion :  

Consider Mode I :  

Sotut ion us ing  Y i e l d  Lines: 

Input  Data: see Fig. A l - b  and Table Al-a 

Nodes: A n  assumed d e f l e c I i o n  OF e x - I  ( * z l )  is specirled a t  nodes 5 
and 6 .  The olher n o d e s  do n o t  d e l l e c t  [z=[l). 

Planes- A l l  t h e  nodes be long ing  l o  every p l a n e  a r e  g l v e n  i n  the 
data r o r  the ptancs.  T h ~ s  a l l o w s  Y ~ e l d  Lines t o  check that  a l l  t h e  
nodes b e l o n g ~ n g  to  a  p l a n e  a c l u a l l y  'srt' nn the plane,  i e .  t h a t  the 
nodes de f ine  a 'F la t '  p lane. I I  l h i s  check i 3  not  r a t ~ s f ~ e d ,  an e r ro r  
m e s s a g e  i s  issued. 

The nodes de l i n i ng  planes 2, 3, and 4 are g i ~ e n  i n  sequence around 
the planes. The purpose of t h i s  sequencing i s  t o  use tk came n o d e s  
l a te r  when de f in ing  the UDL's app11ed on these planes. 

Lines: L i n e  7 i s  a c o n s t r u c t i o n  l i n e ,  there lo re  a * rep laces  the 
planes on e a c h  side of lhe l ine.  Construcl~on i ines  are used on ly  tu 
c l a r i f y  the d r a w ~ n g  displayed on screen. 



UDL's: The lh ree  U D L ' s  cor respond l o  lhe  p o r t i o n s  o r  the l o a d i n g  
a p p l i e d  on the three p l a t e  segmenls. A I I  P,,'s are equa l ,  and 

they are set aqual l o  u n i t y  For convenience (negat ive because a c t i n g  
downwards). 

The number or nodes de l i n i ng  a UDL i s  glven as *, therefore the UDL 
is def ined bv ustng the same sequence or nodes that was used t o  define 
the plane on which the UDL i s  applied, This reduces the amount o r  da ta  
i n  the i npu t  r i l e .  b u l  i t  i s  op t iona l .  The nodes d e l i n i n g  the UDL can 
always be spec i f ied  i n  lhe s e c t i o n  on UDL's. 

Search Data: Node 5 is moved through 50 s teps to  r i n d  the p a t t e r n  
w i l h  Lhe minimum u l t i m a t e  L'DL. 

Resu l ts :  [see  F i g .  A l - c  a n d  Tab le  AI-b) The s o l u t i o n  o b t a i n e d  i s  
'h = 422526. 

Example 1B 

Problem [ d e s i g n ) :  Same as Example 1 A  above, b u t  f r o m  a des ign  
point  o f  v i e w .  The pane l  must  c a r r y  a l a c t o r e d  t o t a l  u n i f o r m l y  

d i s t r l b u l e d  load o f  425 p s f  L4.78 k!drn2l. F ~ n d  t h e  requ i red  u l t i r n a l e  
momenl r e s  is lance/un i t  length or the slab. 

A lgeb ra i c  Solution: 

Data:  wU = 425 1b . l t l f t  

Consider Mode 2: 

from (7.63) 01 Ref. 3 

Solut ion Using Yield  Lines: 

Input  Data: see Fig. hl-b and Table A l - c  

Bending Res is tance :  A i l  m2's are assumed equa l ,  and they a r e  

set equal t o  u n i t g  l o r  convenience. 

UDL's: A11 u a L ' s  are equal t o  415 l b . f t / r t .  

Reru l ts :  (see Fig. At -d ]  Tbe so lu t i on  obta ined is y = 3711.603, 



( b) 

F~gure  A l  Example  !A. {a)  Slructure .  [b] Model 
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Pattern no. : 
3 O M $  of 

5 8  t ~ i e d  
<5@ valid) 

Figure A l  cont'd. ( c ]  Screen display. Example IA. 



Pattern no. .  
63 OF 
5 t P i ~ d  

<5Q ualid3 

Figure A1 cont 'd .  ( d l  S c r e e n  D i s p l a y .  E x a m p l e  ID 



1E-15 2-FA 'TOR E X H I I P L E . ~ ~  
6 NODES 
1 0 0 0  
2 0 1 2  0 
3 1s 12 0 
4  18 0 0 
5 9 L - 1  
6 9 13 - 1  
4 PLANES 
1 -I 1 2 3 4  
2 3 2 3 5  
3 c 1 2 5 6  
a 4 3 4 6 5  
7 L I N E S  
1 1 2  1 3  1 
2 2 3  1 2  ! 
3 A 3  4 1  1  
4 2 5  2 3  1 
5 5 s  2 4  1 
b 6 5  3 4  1 
7 1 4  * 
1 BENDING R E S I S T G N C E  
1 C R T H 3 T E O P I C  
3690 3690 3690 3690 
0 P O I N T  L3RD 
0 L I N E  L O A D  
3 U D L ' S  
1 2 - 1  f 

3 - 1  * 
3 4 - 1  *: 

I MOVEMENT 
1 50 
5 9.0 0.5 9.0 5 . 5  

Table A! [a )  Input  daLa. Example I A  





I ORiHOTlOPlC 
SAGGIN: nr: 3 6 w ~ o o o 0  HY = 3690.0000oo 
H9GGIHC: M i :  Ji90.000000 n ~ :  3490 .000000 

POIMI LORDS ........... ........... 
YORX DORE B T  111 Q3[ i iT  LOhDi : 0.000 

L!XE LOADS .......... .......... 
WFI. DDHL B Y  A l l  LINE LOADS : 0.000 

UNIFORMLY P;I !RIBUTED LORDS ........................... ........................... 
Y O ~ I .  30.Y: ar nu upts : n . ~ n  

t a r  ~ S A L Y S I S  rrr l O i D  FACT38 - 411.5263614831 

iOlR: 
L O A D  

-91.4aO 
-61.160 
-6 1.160 

Table A1 cnnl'd. (bJ Oetai led r e s u l t s .  Example 1A. 



I E - 1 5  2 - F A C T O R  E X A I I 7 L E .  I €  
t F13DES 
1 C O O  
2 0 1 2  C 
3 18 12 0 
l a 0 0  
5 9 L - 1  
t 9 0 - 1  
4 PLANES 
t 4 1 2 3 4  
2 3 2 3 5  
3 4 1 2 5 6  
4 4 3 4 6 5  
7 L I N E S  
1 1 2  1 3  1 
2 2 3  1 2  1 
3 a 3  4 1  1 
4 2 5  2 3  1 
5 5 3  2 4  1 
6 6 5  3 4  1 
7 1 4  * 
1 BENDING RESISTANCE 
1 O R T H O T R O P I C  
1 1  1 1  
0 P O I N T  LOAD 
0 C I N E  L O A D  
3 UDL'S 
1 2 - A 2 5  * 
2 3 -425  * 
3 A - A 2 5  
1 MOVEWEPlT 
1 5 0  
5 9 . 0  0 . 5  9.0 5 . 5  

Tabie A1 cont 'd .  [dl l n p u l  Ilala. Example IB .  



Example 2 

Problem f a n a l y s i s ~ :  U n i f o r m l y  loaded o r t h o l r o p i c  r e c t a n g u l a r  s l a b  
w i t h  a l l  edges suppor ted T w o  s imply supported edges, two l i n e d  edges 
(see Fig.  AZ-a). 

Reference: Re i .  3, sect ion 7-92 .  p.327 

Algebraic Solut  on: 

Data:  1, = 10. t., = 6 
rn, = 1000, qy = 3000 
i ,  = 2. i, = 2, i 3 =  0. i ,  = 0 

Solul ion 

Solution Using Yield Lines: 

Input  Data: see  F I ~ .  A2-b and Table A 2  

C o o r d ~ n a t e s  o f  Nodes: A n y  x and y coo rd ina tes  c a n  be speciiied 
for  nodes 5 and 6 i n  the data l o r  the nodes. The ac tua l  value O F  these 
coordinates is not impor tan t  s ince the l oca t l on  o f  nodes 5 and 6 w i l l  
be rederined du r i ng  the search process which  usos Lhe search data.  

L i n e s :  Llnes 3 and 4 represent s i m p l e  s u p p o r l s  The work done by 
these l ines  i s  made rcro by specily ~ n g  a ' as lor a n y  conslrucl iun l ine. 

Bending Res is tance :  The f i r s t  four  s e t s  of bend ing  r e s i s t a n c e s  
correspond to the y l e l d  I ines  along Lhe supppor ts .  (Sets 3 and 4, 
co r respond~ng t o  s imple-support  t~nes 3 and 4 ,  w i l l  not  be used]. The 
fifth set correspcnd t o  the yietd l i nes  on the i n t e r i o r  of t h e  slab. 

S e a r c h  Oala:  T h e  f i r s 1  movemerr: [ o u t e r  l o o p ]  moves node 5 
h o r i z o n t a l l y .  The s e c o n d  movement [ i n t e r r n e d l a t e  l o o p ]  moves 
simultaneously bo lh  nodes 5 and 6 vertically. The third movement [ inner 
loop] moves node 6 horizontally. 

These movements w i l l  make nodes 5 and 6 cover  rectangular areas on 
the sInb. A node i s  moved over an area when t w o  consecutive movements 



of the same node are speci l ied .  Note that lhe  initial position 01 the 
nodes in the two consecutive movements are the same [position 2.5 2.0 
Cor node 5, a n d  8.0 2.0 tor node 61. 

Note also that when the same node IS speci l ied in two consecutive 
movements, data for the node must be placed on tk same l i n e  number of  
each movement in the data file. For example node 1 is placed as dummy 
data on the f irst  line of the third movement In order t o  have node 6 on 
the second l ine ,  i.e. the same line number as in the second movement. 

In the second movement, nodes 5 and 6 move down simultaneously in 
order to sat isCy the kinernat ics of the problem. 

Results: (see Fig. ~ 2 - c ]  The solution obtained is 'A = 1851.957. 



F ~ g u r e  A? Example  2.  [a] StrucLure. (b) Mode I 



Daka File: 
EXRMPLE. 2 

Fattern n o . :  
63 out  of 
125 tried 
<I25 ualid) 

Figure A 2  cont'd. [ c )  Screen D isp lay  



1E-15 2-FACTOR EXAMPLE .2 
6 NODES 
1 0 0  
2 0 6 0  
3 1 0 6 0  
t 1 0 0 O  
5 2 3 - 1  
6 8 3 - 1  
5 PLANES 
1 4  1 2 3 4  
2 4 2 3 6 5  
3 4 1 5 6 4  
4 3 1 2 5  
5 3 Z 4 6  
9 L I h E S  
1 1 2  1 4  1 
2 2 3  1 2  2 
3 4 3  * 
4 1 4  * 
5 5 2  A 2  5 
4 6 3  2 5  5 
7 1 5  4 3  5 
a A 6  3 5  5 
9 5 6  2 3  5 
5 S E T S  Of BENDING R E S I S T A N C E  
1 O R T H O T R O P I C  
1000 3000 2000 4000 
2 U R T H O T R O P I C  
1000 3000 2000 6000 
3 ORTHOTROPIC 
1000 3000 5000 7500 
4 ORTHOTROPIC 
1000 3000 5500 7500 
5 O R T H O T R O P I C  
1000 3000 2000 6000 
0 F D I N T  L O 4 D  
0 L I N E  LOAD 
4 UDL'S 
1 2 - 1 '  
2 3 - l *  
3 4 - l *  
4 5 - l *  

MOVEMENTS 
1 5 1ST MOVEMENT 
5 2.5 2.0 3.5 2.0 
2 5 2ND MOVEMENT 
5 2 . 5  2.0 2.5 2 . 5  
6 8.0 2.0 8.0 2.5 
2 5 3RD MOVEHENT 
1 0 0 0 0  
6 8.0 2.0 8 . 5 2 . 0  

Table A 2  Example 2. Input  data. 



Example 3 

Prob;r:rn [ d e s i i ~ n l :  A c o r n e r  p a n e l  o f  a floor s y s t e m  i s  c o n t ~ n u o u s  
w l l h  a d j a c e n t  p a n e l s  a t  s u p p o r t i n g  b c a m s  a long  t w o  c d g c s  a n d  s i m p l y  
s u p p n r t c d  a t  ihe n l h c r  edges e x c e p t  Tor a r e c t a n g u l n r  o p e n i n g  t h a t  i s  
u n s u p p o r l e d  at i l s  edges. F i g u r e  A3 -o  shows tht. p: lnel .  The r a u l o r c d  

loads a r e  a u n i f o r m l y  d i s t r i b u t e d  l i v e  l o a d  nf 310 psf (14.84 k3/rn21 
a n d  a l i n e  load o f  510 l b l i t  (7.44 k ~ / m l .  F i n d  t h e  r c q u ~ r c d  u l t i m a t e  
m o m e n t  r e s i s t a n c e / u n t l  l e n g l h  of l h a  rlnb. 

Ke ie rence :  Re l .  3. Example 8.6, p.439 

A l g e b r a i c  S n l u t i o n :  

D a t a :  V D L :  w, = 310 psi, l i n e  l o a d :  p = 510 lb/ I t  [ f a c l o r e d  l o a d s ]  
U 

C o n s i d e r  the assumed y i e l d  l i n e  P a t t e r n  I :  

a p p r o x i m a t e  s o l u t i o n .  n', = .- 3510 l b - f t / I t  o I  widlh  KC^. 31 

S o ! u l i o n  u s i n g  Y i e l d  L i n c s :  

input D a t a :  see F ig .  A3-b and Table A 3  - 
Nodes: Nodes 5 .  7 .  9 a n d  I1 a r e  s l a v e  n o d e s  and t h e  2 c o o r d i n a t e  
o r  n o d e s  5, 7. 9. 10 and 1 1  I s  no t  specrlicd. The  l o c a l i n n  e n d  
d e f l e c t i o n  of lhese  nodes arc c a l c u l a t e d  by l h e  p rog ram.  

Lines Lo& The t h r e e  l i n e  l o a d s  c o r r e s p o n d  t o  t h e  p o r t i o r ~ s  of 
the  I l n e  loading a p p l i e d  un thrcr ;  dirrerent  p l a t e  s q m c n l s .  

S e a r c h  D a t a :  Sode b c o v e r s  a r e c l a n g u l a r  a r e a  o n  l h e  s l a b  b e t w e e r !  
t h e  l I ne  load and the uperr ing, w h i l e  f o r  each  p o s i t  ion  or node 6, node 8 
gocs f rom l e f t  l o  r ight  i n  t h e  u p e c i n g .  I n  no~wrncnt  3, node 13 s u r v e s  
as dummy data su l h a l  node 8 is o n  t h e  s e c o n d  line i n  b o t h  t h e  2nd a n d  
3 r d  movements .  

S l a v e  nodes 5, 7. 9 and l i  a r e  carr ied  along by m a s t e r  nodes 6 and 
8 i n  a l l  the p a t t e r n s  c r e a l e d  by thc s c a r c t ~  

R e s u t l s :  (Fig. ~ 3 % )  The  s o l u t i o n  o b l a i n e d  is y = 3514.959. 



p t t  q UDL 
f FL- rr! 

Flgure A3 Example  3. (a] Structure .  [b] Mode l  



._l.,*l*_**"h,*ll_*..""d"""-""M"-h" ...h-h",k.-h-----" -.-- 

I 
X R~sistance Factor = 3514.959 

.. .. . . .. . . . . .. . . .. .. . .. . . . .. 

f i g u r e  A 3  conC'd. (cl Screen Disp lay .  



1E-15 2-FACTOR EXBt'IPLE . 3 
15  NODES 
1 0 1 6  0 
2 1 0  16 C 
3 14 16 0 
1 24 1 6  0 
5 * 1 6  2 1 4 "  
0 11 1 0  - 1  
7 * 6 8 3 1 0 '  
8 l i . 1 2 5  10 - 1  
9 * 13 b 2 1 4 %  

1 0  14 8 * 
11 * 1 0  12 B 15  * 
12 Z P  e o 
13 0 0 0 
14 10 0 0 
1s 24 0 0 

5 P L m E Z  
1 B 1 2  3 4 1 2 1 5 1 4 1 3  
2 8 1 2 3 4 5 6 i B  
3 5 1 5  6 9 1 3  
4 5 4 8 11 1 2  15 
5 9 6 7 E 9 1 0 1 1  1 3 1 4  15  

13 L I N E S  
1 1 4 *  
2 3 1 0  * 
3 1 0  1 2  f 

4  4 1 5  + 

5 1 3 1 5  5 1  1 
6 1 3 1 1 3 1  
7 1 b 2 3  1 
8 1 3 6 3 5 1  
9 6 7 2 5  1 

1 0  1 5 1 1  5 4  1 
11 7 8 * 
1 2  8 4 * 
1 3  8 11 * 

1 SET OF BEhDING RESIST&NCE 
1 O R T H O T R O P I C  
1 1 1 1  
0 P O I N T  L O A D  
3 L I N E  LOADS 
1 2 -510 2 -510 5 
2 3 -510 5 - 5 1 0  9 
3 5 -510  9 -510 14 
4 U3i'S 
1 2 -310 4 1 3  7  6 
2 3 -310 3  1 6 1 3  
3 5 -310  6 13 6 7 1 0 1 1  1 5  
4 4 - 0  3 11 1 2  1 5  
3 MOVEMENTS 
1 A 1ST MOVEMENT 
6 10.5 1 0 . 0  1 2 . 0  1 0 . 0  
2 4 2 N D  tlOVE7Eni 
6 1 0 . 5  1 0 . 0  10.5 E . 2  
8 1 6 . 0  10.0 16.0 8.2 
2 d 3 R D  XOVEMEYT 

13 0 0  0 0  
8 16.0 10.0 18.0 10.0 

Table A3 Example 3. Input  dala. 



5 9  
Example 4 

Prob lem [ a n a l y s i s ] :  The s l a b  shown l o  F i g .  A 4 - a  is  s i m p l y  
supported on two columns and along one edge. The s l a b  has an u l t i m a t e  
moment r e s  i s t a n c e / u n ~  t l eng th  of 5898 l b . l t / l t  or w i d t h  (26.2 kN.mlm]. 
Find  lhe u l t i m a t e  un i fo rmly  d i s t r i bu ted  load that c a n  be ca r r i ed  by  the 
s l a b .  

Relerence: Ref. 3. Example 7.16. p.375 

Algebraic Solut ion:  

Data:  s lab w id th  - I? 11 (3.66 m). s lab  lenqth = 18 f t  [5.49 rn] 
other dimensions of s l a b  shcwn i n  Fig. A4-a 
m'u - m, = 5898 !b-Ft/it OF w id th  126.2 k~.m/m] 

Consider Mode 1: [see Ref. 3) 
approximate solut ion:  w,, = 687 psi  I31.89 h~.m/rn~]. 

exact solutmn: wU = 676 psf  I3237 h'4.rn/m2] 

Solut ion using Y ie ld  Lines: 

Input  Daka: ( ~ i ~ .  A4-a and Table A41 

Wades: Hodes 14 and I S  do n o t  belong l o  lhe  s t r u c t u r e .  They are 
inc!uded so that  a l l  the p a t t e r n s  a r e  drawn a t  the same scale on t h e  
screen. The d rawing  or a p a t t e r n  a lways  inc lude a l l  the nodes, and i t  
is  s c a l e d  t o  r i l l  the screen. 

The r-coordinates o r  nodes 3,  4. 9, 10. and 12 are unspec i i i ed  [*I. 
and t i terernre these coord ina les  a re  c a l c u l a l e d  by Yield Lines when 
required, i.e. l o r  each p a t l e r n  C r i e d  during the search process. Note 
that nodes 3 and 4 w i l l  b e  def lect ing upwards. 

Slave Hodes: Nodes 7, 8. 9. and 10 are s lave  nodes. Nodes 9 and 
10 have one of the i r  master nodes (nodes 7 and 8, respec t i ve ly ]  which 
i t s e l i  i s  a s l a v e  node. This is accepted by Y i e l d  Lines. 

The axes o r  r o t a t i o n  i n  the mechanism are used advantageously in 
establ ishing the arrangement or s l a v e  nodes. 

Search Data: The use o f  s lave and  master nodes  i s  d i r e c t l y  r e l a t e d  
Lo the searching process. I n  l h i s  example, i t  i s  convenient t o  perIorrn 
the search by moving only master nodes 11 and 13. The sIave nodes a re  
au lomat ica l  l y  ca r r i ed  along by t h e t i  master nodes. Using slave nodes 
has t h e  advanlage or r e s t r t c l i n g  the movements or  the s lave  nodes w i t h ~ n  
the l i m i t s  o l  v a l i d i t y  for the mechanism. 

I i  s l a v e  nodes are not  used, c a r e  must be taken that nodes 7, 8. 9 
and 10 are not placed i n  a wrong pos i l i on ,  i.e. nodes 7 and 8 must be 
outside the slab, and the x c o o r d ~ n a l e  oi nodes 9 and 10 must be smal ler  
than that o r  node 11. 

UOL's: The  nodes d e r i n g  the UDL's  are g i v e n  i n  the d a t a  l o r  the 
UDL's. I t  was not possible t o  use the nodes d e l i n i n g  the planes because 
lhr! planes have nodes that do no1 belong to  t h e  UDL's. 

Results: (Fig.  ~ 4 - b ]  The so lu t ion  obtained is  1 = 681.411 



Figure A4 E x a m p l e  4. [a] S t ruc ture  and Model 



Data F i l e :  
XXfiSFLE. 4 

HIP4 Load Factor = 682.411 
-",h,",.,",.,q",.,w"~.,.~.,"v~."~.~-"*"-w~-"".*-"-.-~-"M""-4 - - . .~~,*, .~,".h"~,"hh*~"h~-"*. , ." . , .~"~~"h~"h"h,""""~, 

F igure  A 4  cont'd. [b] Screen Display 



1E-15 2-FACTOR E X A M P L E .  d 
15 NODES 

1 0  0 0  
2 o l e o  
3 12 la * 
4 1 2  0 *  
5 9 1 5 0  
6 9 3 0  
7 * 1 2  5 1 3  0 
B * 1 2  6 1 3  0 
9 * 2 3 7 1 1  2 

10 * 1 4  8 1 1  * 
11 6 9 -1 
12 12 9 * 
13 15  9 0 
14 0-12.5 0 
15 0 30.5 0 
3 PLANES 
1 7 7 2 9 1 1  1 1 0  9 
2 7 7 9 3 5 1 1 1 2 1 3  
3 7 11 1 2  13 6 10 4 8 

I2 LINES 
1  8 7  x 

2 I 1 9  1 2  1  
3 1 1 1 2  2 3  1 
4 1 0 1 1  1 3  1 
5 2 3  * 
6 3 4  * 
' .  1 4  * 
8 7 13 * 
9 8 13 * 

1 0  7 9  * 
11 8 1 0  a 

12 12 1 3  * 
1 SET OF BENDING RESISTANCE 
1  O R T H O T R O P I C  
5898 5898 5898 5898 
0 P O I N T  L O A D  
0 LINE LOAD 
3 urn's 
1 1  -1 5 2 9 1 1 1 0 1  
2 2 -1  4 9 3 12 11 
3 3 - 1  10 11 12 4 

2 M2VEYEFITZ 
1 10 15T  MOVE3ENT 

11 5 . 0  9 .0  10.0 9 . 0  
1 1 2 N D  MOVEMENT 

13 12.5 9.0 1 5 . 5  9.0 

Table A4 Example 4. Input  data. 



Example 5 

P r o b l e m  [analysis]: A u n i f o r m l y  loaded i s o t  r o p i c a l  l y  r e I n l o r c e d  
square slab i s  slimply supported  along two a d j a c e n t  edges  and on a column 
i n  the  o p p o s i t e  corner  as shown i n  f i g .  AS-a. For a u n i t  u l t i m a t e  
moment r e s i s t a n c e / u n i t  length of the slab f ind the u l t i m a t e  u n i f o r m  load 
per u n i t  area.  

Reference: Ref.  3. Example 7.17, p.380. 

Algebraic So lu t ion ;  

Let m,-1 and &lo. 

S o l u t i o n  u s i n g  Yie ld  L i n e s :  

Input Data: ( ~ i g .  AS-a  and Table A S ]  

A s  i n  t h e  p r e v t o u s  e x a m p l e ,  s l a v e  n o d e s  a n d  u n s p e c i f i e d  z 
coord ina te s  are  used w i t h  advantage t o  f a c i l  b t a t e  t k  s e a r c h  

Nodes: The c o l u m n ,  at node 4, i s  s i m p l y  a point  that does not  move 
nor  d e f l e c t .  It  is not t r e a t e d  d i f f e r e n t l y  than C h e  o ther  nodes. 

s l a v e  Nodes: Node 6 is  a s l a v e  of node 9, w h i c h  i t s e l f  is a s l a v e  
or  node I. 

S e a r c h  DaCa: Node I moves  a l o n g  the y a x i s ,  w h i l e  n o d e  5 c o v e r s  a 
square a r e a  on the s lab.  

Results: [Fig. A 5 - b ]  T h e  s o l u t i o n  o b t a i n e d  i s  A-0.106667, 



Figure AS Example 5. [a] St ruc ture  and Model. 



Data File: 
EXA WFLE. 5 

Ftgure A S  cont'd. (b] Screen Display 



1E-15 2-F&CTOc EXWIPLE. 5 
11 N03ES 

1  0 23 0 
2 0 10 I) 

3 * 2 4 1 5  r 
4 10 10 0 
5 7 . 5  7 . 5  -1 
6 " 4 8 5 9  * 
7 0 0 0 
8 10 0 0 
9 x i 4 7 8  0 

10 0 30 0 
11 30 0 0  

4 PLANES 
1 6 1 2 7 8 9 4  
2 5 1 2 3 5 7  
3 5 7 5 6 6 9  
4 4 1 3 4 . 5 6 9  

10 L I N E S  
1 7 5  2 3  1 
2 3 5  4 2  1 
3 5 6  4 3  1 
4 1 7  * 
5 1 3  * 
b 1 9  * 
7 6 9  + 

8 7 9  * 
9 2 c  f 

10 4 8 %  
1 SET OF BENDING FROPERTIES 
1 O R T H O T R O P I C  
1 1 1 1  
0 F O I N T  L O A D  
0 LINE LOAD 
3 U D L ' S  
1 2  - 1 *  
2 3  - 1 *  
3 4 -1 A 3 4 6 5  
3 MOVEMENTS 
1 5 1ST MOVEVENT 
1 0 15 0 25  
1 5 2ND MOVEMENT 
5 5.5 9 . 5  9.5 9 . 5  
1 5 3RD MOVEMENT 
5 5.5 9 . 5  5 . 5  5.5 

Table A5 Example 5. Input data. 



Example 6 

Problem (ana lys is ] :  A skew s l a b  i s  s i m p l y  s u p p o r i t d  on opposi te  
edges and subjected l o  a distr ibuted load p/unit  area and a point  load P 
at the cenlre o i  the span. Analyse the  slab Tor the assumed mechanism 
shown i n  Fig. A6-a .  Note  that t h e  p a l t e r n  a n a t y s e d  i s  not the only 
possible pattern nor necessarily lhe mosl c r i t i c a l  pat tern.  

Reference: Ref. 2, Solullon 3.6, p.78. 

Algebraic Solution: 

D a l a :  slab width  = 20, slab span = 10 

9 = tan- '& skew angle 90'-$ - 63.434' 
other dimensions ot slab shown i n  F i g .  Ab-a 
A = I p = 0.8, i = 0.75 
P = 1, p = 0.02 
8 = 0.5 

So lu l lon:  

(3.75) or Rei. 2 

solve and i i n d  'h = 5.28. 

Solullon uslnp Yield Lines: 

Input Data: [Fig. A6-b and Table A&! 

Results: ( ~ i ~ .  AS-c] The solution oblained is 'A = 5.280. 



XI- 

5 - 

0 - 

Figure A 6  Example 6. ( a )  Structure. [bl Model 



Load Factor = 

Figure A €  cont'd [ c ]  Screen Display. 



1E-15  2 - F f i C T O R  EXAMPLE.& 
9 NODES 
1 10 10 0 
2 2 0 1 0  0 
3 1 2 . 5  5 -1 
4 5 0 0  
5 15 C 0 
6 5 1C C 
7 25 10 C 
8 0 0 0 
9 2 0 0 0  
5 PLaNES 
1 8  1 2 4 5 6 7 8 9  
2 3 1 2 3  
3 3 1 3 4  
a 3 2 5 5  
5 3 z 4 s  

10 L I N E S  
1 3 1 3 2 1  
2 3 2  2 4  1 
3 4 1  1 3  1 
a 5 2  a 1  1 
5 4 3  3 5  1 
L 5 3  5 4  1 
7 6 7  * 
8 6 0  ' 
9 7 9  *: 

10 0 9  * 
1 SET  OF BENCING EESTSTANCE 
1 SKEW 
0.0 1.0 0 . 6  0.0 43.43494882 
1 P O l N T  LOAD 
1 2 - 1 3  
0 LINE L O A D  
L UCL 'S  
1 1 -0.02 4 6 1 4 8  
2 1 -0.02 4 2 7 9 5 
3 2 -0.02 " 
4 3 - 0 . 0 2  * 
5 4 -0.02 * 
6 5 - 0 . 0 2  * 
0 IIO.JEYENT 

Table A6 Example 6 .  Input  data. 



Example 7 

Problem [analysis]: An isot r o p i c a l  l y  relniorced square slab is 
supported along t h e  iour edges, and is subjecled t o  a central 
concenl ra ted  load T h e  s l a b  has a u n i l  ullimate moment r e s i s i a n c d u n i t  
lenglh.  Find Lhe ultimate concentrated load for t h e  assumed circular 
Fan mechanism shown in Fig. A7-a. 

Reference: Ref .  3. Example 7.7. p.306 

AIgebraic Solution: 

Data: rn; - m, = I  

(7.34) of Ref .  3 

Solution using Yield Lines: 

Input Dala: ( F i g .  A7-b and Table ~ 7 1  

The input data appears somewhat lengthy for such a s i m p l e  problem. 
The program couid be m o d i f i e d  in a l a t e r  vers ion to i n c l u d e  Lhe 
automatic generation of data for circurar Ians. 

Cornp l e x  p r o b l e m s  invo lv ing  e l  1 ipllc raos, logarithmic l a n s ,  etc. 
can ba solved using L h e  same approach a s  lor the c i r c u l a r  ran. 

pesulls: [Fig. A 7 - c ]  The ~ o t u l i o n  obtained i s  h = 12.730, 
conservative by 1.3% compared lo t h e  enact analytical s o l u t i o n .  



f igurc A 7  Example  7 .  [ a ]  S t r u c t u r e .  [b] Model 



Figure  A 7  cont'd.  [cl Screen Display. 



1E - 1 5  2-FACTOR E X A M P L E .  7 
21 hODES 

1 0.9?3880 
2 0.707157 
3 0 .382685  
4 0.000000 
5 -0.382693 
e -0.707107 
7 -0.923880 
8 - 1  .OOOOOO 
7 -0.923880 
10 -0.707107 
11 -0 .352683  
12 -0.000000 
13 0.3g2683 
14 0.707107 
15 0.923880 
16 1 .OOOOOO 
17 0 
19 1.5 
19 1.5 
20 -1 .5  
21 -1.5 
17 PLANES 
1 3  1 2  
2 3  2 3 
3 3  3 4 
4 3  a 5 
5 3  5 6 
6 3  6 7 
7 3  7 a 
a 3  a 9 
9 3  9 1 0  

10 3  10 1 1  
11 3 1 1  12 
12 3 12 13 
13 3 13 14 
14 3 14 15 
15 3 15 16 
16 3 1 1 
1 7 3  1 5  
36 LINES 



21  18 * 
S E T  OF B E N D I N G  REZISTGNCE 
O R T H O T R O P I C  

1 1 1 1  
1 P O I N T  LOaD 
1  1  - 1  17 
0 L I N E  LOAD 
0 UDL 
0 UOVEnENT 

Table A 7  Example 7. Input data. 



Example 8 

Prob lem [des ign ] :  Consider t h e  r e c t a n g u l a r  s l a b  o r  F i g .  A8 -a  
supported by beams o n  i h t  four  edges. (The beams are suppor ted by 
columns a t  each corner ] .  The s l a b  i s  subjected to a  u n i f o r m l y  
d i s t r i b u t e d  load o l  iOO/un~ t area. F i n d  the requ i red  u l t i m a t e  bending 
resislances o f  the s l ab  and or the beam l o r  the assumed mechanism shown 
i n  the f igure.  

Rderrnce: Rei. 2.  Solut ion 8.3. p.245. 

AIgebraic Solut ion:  

Data: L = 20.  fl = 0.3, 
kp = 100, m - 1. M,,, - 30.4 

Solut  ion: 

6 = M,/[~L) = 30.4/[lrl0) = 1.52 

f8.8) of Ret .  2 

Solut ion using Y ie ld  Lines: 

Inpu t  Data: [Fig. A8-b and Table AB] 

Bending resistance: The l i n e s  r e p r e s e n t i n g  h inges  i n  the beam 
[lines 7 and 91 are oT u n i t  l e n g t h  so that  the  plastic res is tance  of 
Lhe beam i s  equal s i m p l y  to  the bending resistance o l  these l ines. 

Planes: D u e  to t h e  s y m m e l r y  or i h e  problem,  the portion of the 
beam between lhe  t w o  p l a s t i c  hinges de l lec ts  wi thut ro ta t ing .  Plane 4 
represents lhe beam, and hence nodes 5. 6, 7 and 8 a l l  de f lec t  by the 
same u n i t  amount. 

Nole  l ha t  lines 7 and 9 [ p l a s l i c  hinges in the  beam) a re  between 
planes 2 and 4, and 4 and 3, respect ively.  

Yield L i n e s :  The w i d t h  01 the beam is exkgeraLed i n  the d rawing  O F  
the mechanism [Fig. ~ 8 - b ] .  The beam w ~ d l h  i s  neglected i n  ReT. 2. In 
order Lo match the ana ly t i ca l  so lu t ion,  l i nes  5 and 6 go irom nodes 2 Lo 



6 and 3 Lo 5, instead of going from nodes I 1  to 7 and 10 to 8. 

Results: [ ~ i g  A S - c ]  The solution o b t a i n e d  is y = 5 4 5 . 4 5 5 .  hence  

= = 0,0137. 
X p  I' Il00lI20 I 



Figure A 8  Example  8. (a] Structure. (b) Model 





1E-15 2-FHCTOR EXAMPLE.  8 
12 NODES 
1 0 0 0  
2 0 1 0  0 
3 2 0 1 0  0 
4 2 0 0 0  
5 1 4  0 -1 
6 6 0 - 1  
7 6 1 - 1  
a 14 1 - 1  
9 19 1 0 

10 19 9 0 
11 1 9  0 
12 1 1 0  

A PLRNES 
1 4 2 3 5 6  
2 4 1 2 6 7  
3 4 3 4 5 8  
4 A 5 6 7 8  

1 2  LINES 
1 1 2  " 
2 2 3  = 
3 3 4  = 
4 1 4  * 
5 2 6  1 1  
6 3 5  3 1  1 
7 6 7  2 4  2 
8 1 2 9  * 
9 5 8  4 3  2 
10 9 10 = 
1 1  10 11 * 
12 11 12 ' 

2 SETS OF BENDING RESISTANCE 
1 O R T H O T R O P I C  PLRTE 
1 1  1 1  
2 ORTkIOTROPlC BEWI 
30.4 3 0 . 4  0 4  30.4 
0 P O I N T  L O A D  
0 LINE L O A D  
3 U D L ' S  
1 1 -100 
2 2 -100 3 1 2 6  
3 3 -109 3 3 A 5 
0 MOVEWENTS 

Table A 8  Example 8, I n p u t  data. 



Example 9 

P r o b l e m  [design]: The s l a b  s h o w n  i n  F i g .  A9-a  i s  s u b j e c t e d  to a 

factored l i n e  Ioad or 10 hV/m and a Factored UDL of 20 k ~ / ? ~ .  Find 
the requ i red  ultimate bending resistances of the s lab Tor the assumed 
mechanism s b w n  i n  Fig.  A9-b. 

Reference: Rel.  8. Assignment No.3 

Solution using Yield Lines: 

Input  Data: [ ~ i ~ .  A9-b and Table ~ 9 1  

R.SU~CS: wig. ~ 9 - c ]  The solution obtained is y = 32263. 



F ~ g u r e  A 9  Example  9. (a ]  Structure. [b] Model 



Figure A9 cont'd. (c l  Screen Display. 



1 -  5 Z-FQCTOR E X A M P L E .  9 
1 2  NOSES 
1 0  8 0 
2 7 8 0 
3 10 0 0 
d 0 0 0 
5 0 3 0 
b 2 . 5  3 * 
7 2 . 5  5 * 
8 0 5 0 
9 2 . 5  4 * 

1 0  3 . 5  A -1 
11 6.5 4 -1 
1 2  8.5 4 0 
5 PLRNES 
1 7  1 2 1 2 3 4 5 8  
2 4 1  2 1 1  1 0  
3 4 1 0 1 1  3 4 
4 8  1 1 0 4 5 6 9 7 8  
5 4 2 1 2  3 11 

13  L I N E S  
1 1  2 1 2 2  
2 2 3 * 
3 3 4 1 3 2  
4 4 5 '  
5 5 6 X  
6 6 7 *  
7 7 8 1  
8 8 1 '  
9 1 1 0  2 4 1  

1 0  2 11 5 2 1 
11 10 1 1  2 3 1 
12 4 1 0  4 3 1 
13 3 11 3 5 1 
2 SETS OF BENDING R E S I S T R N C E  
1  OGTHOTROPTC 
1 1 1 1  
2 ORTHOTROPIC 
1.5 1.5 1 . 5  1 . 5  
0 P O I N T  LORD 
3 LINE L m a s  
1  4 -10 9 - 1 0  1 0  
2 2 -1010 - 1 0 1 1  
3 5 - 1 0 1 1  -lo:? 
4 U D L ' S  
1  2 -20 * 
2 3 - 20  * 
3 4 -20  * 
4 5 -20 * 
2 M O V E M E N T S  
1 10 1ST IIOVEflENT 
11 4 . 6  4 6.5 a 
1 iO ZND MOVEIENT 
10 3.5 4 4 . 4  a 

Tab le  A9  Example 9. Input  data. 



Example 10 

Problem [ana lys i s ) :  Consider  a j o i n t  on the t e n s i o n  chord of a 
t r i a n g u l a r  t r u s s  made of s t e e l  hollow s t r u c t u r a l  s e c t i o n s  (HSS). a s  
shown i n  Fig. AIO-a. The j o i n t  Includes a 40 mm HSS compression web 
member and a 35 m m  HSS tension web member welded on the face o l  a 100 mm 
square HSS chord with a 40 mm gap between the two web members. 

Ca lcu la t e  the r e s i s t a n c e  of the j o i n t  f o r  the assumed f a i t u r e  
mechanism in  which the compression web member i s  punching into the chord 
face and the tension web member i s  pull ing out. 

Reference: Ref. 9. 

Algebraic Solution: 

Data: Dimensions shdwn i n  Fig. AlO-b. 
Isotropic steel ,  a1 1 m;s a r e  equal 

Solution using Yield Lines: 

Input Data: (Fig. AlO-c and Table A!O] 

Nodes: The d e f l e c t i o n  [z c o o r d i n a t e ]  of nodes  6 ,  7, 10, 1 15 
and 16 is unspecified, and therelore computed by the program. 

Nodes 15 and 16 a r e  s l ave  nodes s o  tha t  t he i r  loca t ion  a t  the 
center o l  the web members is computed by the program. Point loads a re  
assigned t o  these nodes. 

Nodes 17 and 18 are  included only t o  have a l l  the pa t te rns  drawn a t  
the same sca l e  on the screen. 

Search Data: Three movements a r e  used  t o  vary the p o s i t i o n  o l  
nodes 2 and 13, nodes 1 and 12 [ l ine 91, and nodes 3 and 14 [ l ine 141. 

Results: (Fig. A~O-dl  The solut ion obtained i s  h = 200.86. 



Figure A10 Example 10. [a] Structure. (b) D~mensions. [c) Model. 



I Data Filem 
EXRHPLE. 16 

Pattern n o .  : 
69 out ~f 
125 tried 

1125 valid3 

H I M  Load Factor = 

F i g u r e  A I O  c o n t ' d .  (dl S c r e e n  Display. 



1E-15 2 - F A C T E R  EXAWLE.10 
18 NODES 
1 -1. 100. 0. 
2 7 0 .  100. 0. 
3 136. 100. 0 .  
4 0 .  75. -1. 
5 50. 75. -1. 
6 90. 80 - x 

7 135. 80. x 

8 0.0 35. -1. 
9 5 0 .  35. -1. 
10 90. 4 5 .  4 

1 1  1 3 5 .  4 5 .  * 
12 -1. 0. 0. 
13 7 0 .  0 .  0. 
1 4  136. 0 .  0. 
IS * 4 9 5 8  a 

16 * 6 1 1  7 1 0  '* 
17 -50. 0. 0. 
1s 1BS. 0 .  0. 
10 PLANES 

1 4  1 2 4 5  
2 4  2 3 6 7  
3 A 1 4 1 2  8 
d 5  S B 4 1 5  
5 6  2 5 4 4 1 0 1 3  
6 5 6 7 1 0 1 1  16 
7 4 7 3 1 1  14 
8 4  8 9 1 2 1 3  
5 4 10 11 13 1d 

10 6 1 12 2 3 13 14 
21 LINES 

1 1 2  1 0 1  1 
2 2 3  1 0 2  1 
3 1 4  1 3  1 
d 4 5  1 4  1 
5 5 2  1 5  1 
6 2 6  2 5  1 
7 6 7  2 6  1 
8 7 3  2 7  1 
9 1 2 1  1 0 3  1 
i0 8 4  3 4  1 
11 9 5  4 5  1 
12 1 0 6  5 6  1 
13 1 1 7  6 7  1 
14 14 3 7 10 1 
15 1 2 B  3 8  1 
16 8 9  4 8  1  
17 9 1 3  5 8  1 
18 13 10 5 9 1 
19 10 11 6 9 1 
20 1 4  11 9 7 1 
2 1  1 2 1 3  8 1 0  1 
22 1 3 1 4  4 1 0  1 



: SET GF BENDING RESISTANCE 
1 ISOT2OP:C 
8 .  8 .  8 .  8 -  
2 PO;NT L G A D  
1 4 - 1  1s 
2 6 1 16 
0 LINE LOHD 
0 UDL 
3 MGVENENTS 
2 5 15T kGVEWE3T 
2 51. 100. 8 9 .  100. 
13 5 .  0 .  89. 0. 
2 5 2ND MOVEMENT 
1 -1 .  100. -50. 100. 
12 -1 .  0 .  - 5 0 .  0. 
2 5 3RD nOVEtIENT 
3 136. 100. 185. 100. 
14 136. 0 .  185. 0 .  

Table A10 Example 10. Input data. 


