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Abstract

A numerical method based on Lhe wirtual work method of the vield
line theory is described, and a program is presented which uses this
melhod to analyse plale structures and which can Lreat features such as
orthotropy and skewness, poinl loads, line loads, upiformly disiribuled

loads, fangs, etc. The program also includes procedurss for the
optim.zation of the yield line mechanisms.
Since the method presenled 1s enlirely numerical, it allows Lhe

yield line analysis of plates with complex shapes and complex lpading
pallerns, for any assumed mechanism.

Organization of the Manual

Chapler | presenls the theory and Lhe algorithms on which is based
Yield Lines, a Numerical Yield Line Analysis Program (YL, [or short].

Chapter 2 discussed in detail the input data, which must be
caralully prepared by Lhe user

Chapter 3} describes the main [eatures of Lhe program. Screen
displays and error messages are explained. Also, system reguirements and
the Yield Lines disketts are degcribed

Appendix A presents several examples ol vield line problems with
the required input data and the pumerical solution using Yield Lines.
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Introduction

The vield line method is a simple and efficient method to calculate
the plastic collapse load of flat, relatively Lhin, plates of rergid-
perfectly plastic material when Lransverzely loaded in bending. The
method was developed largety by Johansen [1] and since then, it has been
applied successfulfy to both concrete and stesl plates [2.34]

A numerical method based on the yvield line theory has recently been
developed [3] The method differs From the conventional yleld line
method in Lhal it dees not use a direct algebraic description of the
problem but rather it uses apalytical geometry, vector algebra, and the
spacific dimensions of the problem on hand ta arrive at Lhe solution,

The method presenied is general and since it is entirely numerical,
it can be applied to plates of arbitrary shape which can be assumed Lo
ferm any arbitrary yield line mechanism. When implemented on compuler,
the melbod has Lhe further advantage of requiring no algebraic
manipulatiops and thus il i¥ not limited by the complexity of Lthe vield
line pattern and by the resulting complex:ily of the algebra, as is
sometimes the case with Lthe conventional yield line methoad.

While straighiforward and tractable by hand, the calculations
invalved in the numerical solulion are lengthy and compuler
implementation is necessary for practical use. Yield Lines, a Numerical
Yield Line Analysis Program has been wrillen based on the numerical
method. Yield Lines [YL. for short]) can anaiyse simple yield line
problems, as well as complex ones.
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Chapter 1  Theory

The Lheory and the aigorilhms on which the coempuler program
Yield Lines (s based are presented in this chapler.

Yield Line Theory

The yield line theoary is brielly reviewed below. However, a basic
underslanding of Lhe yield line theory 1% assumed in Lthe [ollowing
discussion and the reader is referred to standard lexts on Lhe subject
{see lor example Relerences I and 2).

The vield line method is based on the kinematle theorem of Lhe
plastic thecry of struclures and gives an upper bound solukion for the
collapse iocad of a plate

In the vield line method, a plastic collapse mechanism of the plate
is assumed consisling of undeformed plate segments connected by plastic
hinge lines, called vield lines. The mechanism must be kinematically
admissible over Lhe whole plate and at the boundaries. The bending
momenl distribution is nol considered and, in general, the eguilibrium
conditions are nol verilied.

There are two solution approaches in the yield line theory: Lhe
virtual! work melbod and Lhe zo-called equilibrium melhod. Bolh methods
lead to ldenlical upper bound sclulions, and 1t has been demonstrated
that both methods represent in Facl the same solution, but with a
different approach [2]. The virtual work method is simpler in principle
and is used for the numerical melhod presented herein. The wirtual work
method is outlined below.

In Lhus melhod, 2 plastic collapse mechanism is assumed for a given
plate and loading, and Lhe collapse lecad P is found by equaling the work
done by Lthe external loads on the plate E, to the intermal work
dissipated by the vield lines, I, during a small motion of the assumed
tollapse mechanism, iz,

E=-D (t)
1.e.
> AP B = > ym ]Hlf (2
i~l.na. of |oads p=boe ol yaeld lines Pl0

or, in analysis problems,

2 ym ]-E]f
= Jelmr ol pield Lines LR -
I
=] T [

allernatively, in design problems,



E Mlal
i=] .no ol [;ads

¥= E mPJﬂi

I=l.no af yield tnes L

[4)

WP's [i =1 . no of loads] are Lhe applied load, each acting
through a virtual displacement 5. The P’s may be thoughl of as
Lhe characlerislic loads and. [or conventence, are usually given values
of unily or relaled Lo upily. X is Lhen the load lactor The loads
are specified compielely by Lthe value of % and can be relerred Lo
collectively as Lthe set of leoads X The minimum load [aclor which

would cause plastic collapse is termed the collapse or yield load lactor
)

M’
TmN's are the plaslic moment resistances per unil length B}'s are

the rolztions, and {J's are Lhe lengths of every yield line in Lhe
pd
plastic moment resistances per unilt leagth and., for convepience, are
vsually given values of unity or related toc unity. ¥ is Lhen Lhe
plastic-moment-resistancefunit-length lactor, in short Lhe moment-
reststance lactor. The plastic moment resistances / unit length are
specified completely by the wvalue of ¥ and c¢an be referred tao
collectively as the set of plastic moment resistapces / unit length 7.
The maximum moment-resistance [actor [or which plastic collapse would
pgccur is Lermed the collapse moment-resistance fFaclor Y rax

assumed mechanism. The m_'s may be thought of as Lhe characteristic

In analysis problems, the plastic moment resistances / unit length
Tmp.'s and the characteristic loads P's are known, while the

yield-load faclor M\ is sought. On the other hand in design problems,
Lhe Joads X\P's and Lhe characteristic plastic moment resistances /

unit length m,'s are known, while the moment-resistance faclter

Y is sought. The program Yield Lines handles both enalysis and design
types of problems,

Since Lhe yield line method leads Lo an upper bound soluticn,
different mechanisms as well as different dimensions [or gach mechanism
must be tried in order to lind Lhe lowest predicted icad factor
Mg ©f alternatively Lto find Lhe maximum required moment
resislance factor LA In the convenitional algebraic method,
the optimum solution ol simple problems can be found directly by
differenliation. For complex problems. a Lrial and error Lechnigue is
fester and usually satislaclory [2.3]. Wilh the program Yield Lines, a
simple searching procedure is used Lo find Lhe optimuem solution

Numerical Method

A [low chart of Lhe program Yield Lines is zhown in Fig. 1, and its
maln features are discuused below.

The numertcal method consists in computing the yield load ar
required bending resistance of a plate based on the geometry ol anp
assumed mechanism defined by means ol nodes, planes, and Tines
Consider. as a simple example, an orthotropic square plate with [ixed
supports, subjected te a point load P at the center and assumed Lo form



the vield line mechanism shown in Fig. 2 The vield lines are numbered
from | to 8 with end nodes numbered frem ! to 5. The flal plate
segments, or planes, are numbered from 1 to 3, including plane 1 which
represents the plane containing the Fixed supporis. A right band
reclangular coordinale sysilem is sel with the origin located
arbitrarily, say at Lthe lower le[L corner, with Lhe z axis pointing
upward. The [x].yi.zi} coordinates ol each node can hence be

determined.

The energy dissipaled by the vield lines is discussed [First. This
includes the calculatior of the plastic moment. the rotalion, and the
lengih of the vield lines.

The length of each yield line is given by the distance hetween ils
end nodes P, [xl,jrl.zll and P, [xz,jrz,zz], and is egual Lo

FF; = box) s by ) (s)

where Lhe 2z coordinales of the nodes, being wery small, are rnot
included.

The characleristic bending resislance per unil lenqglh, m,,. of a
vield line making an angle o with Lthe x axis is, in an orihotropic
plate [(Fig. 3a),

if the yield line is sagging:

= 2 L2 '
m, = m, cos” @ + m, sin® (6]
if the yield line is hogging:
m, = mpx cos® & ¢ mpy sin’ o (7)

where the functions of & are found from

2 2
¥.°¥ I
cost @ = _Z‘I_Ll . sin® & = [—zri] (8]
T, and m are Lthe characlerislic sagging resislances in

Py
the x and y direction, respectively, and m’pxr and m'y are

the characteristic hogging resistances, X, ¥, and X, Y, are

the x and y coordinates of the end nodes of the vield line and I
is Lhe length of the yield line

In skew concrete slabs, Lhe reinforcement may be placed parallel Lo
the edges of Lhe slab, and hence the plate (s nol erthotropic. Let the
reinforcement be placed in the x directien and in Lhe s directien,
inclined at an angle P with the x axis [0° < B < 180°, positive when
measured anlticliockwise from the x axis Lle the s axisl) The
characteristic bending resistance, m, of a yvield line making an angle

® wilh the x axis is {Fig. bl
il the yield line iz =zaqgging:



m, = m,, cos’ ¢ e My, cost [f-o) k]|

il the vieid line is hogging:
m, = mpx cos® o * m'pe cost (fro] (10

where the Iunctions of & are found from

20 (1)

c032 o=

if [}'2-&‘1][:{3-:{1] =0

cos? [f-a) = [cos ﬂi[YE'Y]] , [sin ﬁ]t[[xz—xlll (13
if [yz-y!][xz-x;] = :
cos? (B-a) = (cos ﬁ::[Y]‘}"zl . (sin ﬁ];fxe-xLI] (3]

Moy m'pi. Mg and m'ps are Lthe characterislic sagg:ng and hogging
resistances in the x and s direction respeclively.

Belore calculaling the rotalticon of a yield line, planes musl be
delined, as f[ollows, corresponding to the rigid piate segments of Lhe
assumed mechanism. For the plate shown in Fig 2, plane 2 |s delined by
nodes 1, 2, and 3, plane 3 is delined by nodes 1, 3, and 4, estc. [Civen
three points pclxl}.}'u.zc]. Pl[xl,y‘l.zl]. and pzixl..yz.zzl. Lhe algebraic equation of
the plane through these points is

Ax+By+Cz+D=0 {14)
where

A=y -y Mzemzgd - (z)-z)ly,-y,)

B = [z,-2)(xamxg) = [x,~x,llz,-2,)
€ = [x;xplly =y ) - by -y )xawxg)]
I]=-[f\xn+Hyu+CzD]

Ih order to deline a plane. Lhe Lhree poinls Py Py and p,

must nol be colinear. This can be checked by comparing Lthe slope of a
ine frem p, to P, and thalt of a line from p, to P, (Refls]].
. o . Y.'Yﬂ ¥,°r,

For simplicily, the slopes 1n Lthe sy plane, ﬁ and ;;_—,{]'- are
compared. [f Lhe slopes are unequsal) the Lhree points are not colinear
and they can be used to calculale Lhe algebraic equattan of the plane.

Once the equation of a plane has been determined, il can be used Lo
calculale ihe deflection of some nodes. which otherwiza would have to be
calculated by hand. Fig 4 shows an example where the 2 coordinate of
noede 5 can be calculated using the eguation of plane 3 or 4. The



equakion defining Lhe plane of a plale segment can also be used to check
whether the segment is indeed plane. This is dopne by comparing Lhe z
coordrnates of each node to the value calculated based on Lhe x and y
coordinates of the node and using Lhe equation of Lhe plane, ie

Axa+B v+l
: (15)

The mechanism shown in Fig. 5 is nel kinematically admissible.
This is detected by checking the 7z coordinates of podes 3 and 4 on Lhe
conliguous rigid plate segments 2 and 5

The rotation af each vield line is given by Lhe angle B between
the two planes intersecting at that vield line {see Fig. 6]. Given twae
planes m and n with the follewing algebraic equations

plane m: A _x e B y +C_ =z +D_ =0

M ]

(16}

i

plane m A,x v B oy + L 2+ D O
the angle 8 belween Lhese planes j= equal to the acute angle between

their normal vectors L., and 10, and is given by

i Z 2
Lﬂm X ﬂnf H[Bmcn-cmﬁn] * ['::mﬁn."'!"r':L'::"r:t]2 * [AmEn-Bm‘A‘n]

2 = =
5] tar H |ﬂ.':n _ nn| i ﬂmﬁn * B:r.Bn + Emcn [

(17}

where, sirce we consider virtual displacements, the angle can be
considered =mall. Such small angles are obtained by assuming small
defllections of Lhe ¥ield line mechanism. For example, cheosing a
maximum value of 1/10'% of the plate widlh, say, for Lhe z
coordinate of the rodes in the displaced plate leads to satisfacltory

resulls wilh less than lf].{]mI error,

From a numerical description of a2 vield line mechanism, it s
possible to determine the bending sign of the vield lines, i.e. whelher
they are sagging of hogging. Given a vield line with end nodes | and 2,
bounded by planes m and n. and using the conventian that plane m is on
Lhe left hand side of Lhe yvield line for an chserver standing al nede 1
and loocking at node 2. Lhen & point H with coordinates [xl+[y2-';f1],

Y]*[xl-le! is always on the right hand side of the yield line. [see

Fig. 7. The difference between Lhe z coordinate of poiat H on plane n
and the corresponding coordinate using the equation of plane m indicales
whether Lhe yie!d line is sagging or hogging. When z,.-z, > 0, Lhe

vield line is sagqging. When A 0, the yield line is hogging

The plastic moment, the rotation, and Lhe length of each vield line
has been Found using Egs. (5] through (17}, and the product of Lhese
values 1s then summed for all yield lines The sum, ETm:Bl. is

equal Lo the total energy, D, dissipated by the yield lines.



The wark done by the [oads is now discussed, Point [ocads, line
Ilvads, and uniformly distributed loads (UDL) are treated.

Foint lcads can be defined by a characteristic value P, a point
{node] with coordinates x and y where the load is applied, and the plane
on which it is applied The deflection of the lovad is Lhe z coordinate
of the point where Lhe load ts applied. If Lha z coordinale is not
specified al the lead poinl, 1t can be calculated from Egq. {15). The
work done by Lthe point load is then

Epr = % Py 2p [18)

A uniform or linearly varying line load can be defined by two end

nodes with coordinates x,, y and x; vy, the characteristic

value of the line lcad al each end, P, and p. [load/unit length],
and the plane on which Lhe tine laoad is applled {see Fig. 8]. Given
this data, the work done by Llhe line locad is calculaled as follows:

The length of the line load is

i z z
{ = \,I[Z‘z‘x;} + Iyz-vll (19]
The characteristic resultant of the line load is

P, * P
Py = 15— . (20)

The location of the resultant js at [xﬁ.yC] where

X, ¥.°¥
xcrx‘**—;ri—"t. YE=}'1+—1I—L1:. (21}
where
2p, tp
2
<30, v E) (22}
3P, * P
The deflection at the poinlt where Lhe resultanl load acts is
g, =-lax +By +D2)/C (23}

whare A, B U and D are the coellicients of Lhe algebraic equalian of
Lhe pians on which the load Is applied

Finally, the work done by the line load is

FE, = MP, 1z, [24]

A uniformly distributed load fupL] can be defined by the n
vartices, with coordinates x,, Yoo Ky ¥y o X Y af Lhe area covared by
the UDL, the characteristic value of Lthe UDL, Pt {lecad / unit areal,
and Lhe plane an which the UDL is apptlied. Given Lhis dala, the work

done by Lhe load s calculated as follows:

The wvalue and the location of the <¢haracleristic regsultant are
calculated in a mananer similar to that by which Lhe area of a Lraverse
15 calculated i1n surveying [see Fig. 9] The characteristic resultant



load is

Pie, x = Py [ by oy Jo #xg)/2 4 [y =y Jixgea)/z o s By oy dxex 102 1[25]
alLernatively,

Pa, y = Py l [opmx, )y #y 172 # [xyvsplly oy 072 + s [xy=x )y 4y )/2 ][251

The lacetion ol the resuiltanl 1s at the centroid ol the area
covered by 1he UDL, i.e at [Kc.}"l_] whers

t Xp Z yp
% T P, y L (27}
wheare
Y.o¥ [x -x ]2
P ¥p = Pt { —23—1 {[:4:”:':2]2 + —33—1}
) (x -r:,]?
+ g [2{2"}:3]2 + —ET"—] (28]
Y -y s be-x )
R I (LM
and
_ X=X, > [:rz':r.lz
2 yp - Poe | 78 [y;h’r‘z] * 3
Py
+ —'——23 [y 4y )"+ 2 (29)
2 "3 3
Kl'x. 7 [YL'Y ]
. .+ ——'lE [ynwl] + ———“L—a
Tha deflection at the resultant is
ZWL:'[A.‘::*B}'E*D}:’E (20]

where A, B, T and D are the coefficients of Lbe algebraic eguation of
Lhe plang an which the load is applied

Finally the work done by the LUDL is
Ep = M Py 2 (31)

Note that Lhe abov~ procedure Lo determine the work done by a LINL
is valid for UDL's covering areas of arbitrary polygonal shape,
including areas with reentrant corners and with holes



The work done by the various loads has been found using Eqs. (i8]
through (3!], and the values are then summed for all the loads. This
sum, ZAP3, is egqua! to the total work done by the loads, E.

Finally, the vield-load [actor % of Lhe plate is found by using
Eq. [3), i.e. by dividing E by the sum of P  For the example in
Fig. 2, with P=| apnd all ‘rm?'s=l [}’mpt‘}"mp?=Tm.prz'}'m'pyzl. i.e. an isotropic
platel. the value cobtained for X is 16. Alternatively, the bending-
reststance factor, ¥, required to support a load of AP=l is lound to
be 0.0625 by using Eg. (4] These results agree exactly wilh Lhe
solution from a conventional algebrarc vieid line analvsis of this
mechanism.

Mechanisms involving fans (curved vield lines) can be treated by
approximating the [an using a series of triangles placed one next Lo the
other, Using |6 such triangles, a complele circular fan is approximated
with a .37 error. Fans of elliptical, logarithmic shape, ete. can be
approximated in a similar manner.

Stabs on beams and -.slabs with curtailed reinforcement can be
irealed by #sslygning the appreopriate bending resislance Lo vield lines
or segments ol yield lines corresponding lo the beams or te the actual
placement af the reinforcement.

Optimization of a2 vield line mechanism is now discussed To [ind
the correct solution [for a given mechanism, a series of patterns |is
defined by varying the dimensions of the mechanism. The yvield-load
factor 1s calculaled for every palttern, and Lhe leasl of these yield-
toad factors is retained as the solution

Series of palterns are produced by specilying, for one or more
nodes, initial and final positions in the xy plane., and the number of
steps between Lhese posilions. This data is used by an iteration
procedure which ¢reates a family of patlerns. When a vield line
mechanism involves several parameters, the iteration procedure is called
as manyY Limes as there are paramelters to generate all the families of
patterns. The ileration procedures can be nested so Lhat all possible
patterns are created 1n one solution. FRecursive procedures are used
advantagesusly [or this purpose.

When generating a series of vield line patterns, it is often
possible to relate the location of some of the moving nodes Lo the
location of other nodes. This reduces the amount of data required for
the optimisalion ol the vield line mechanism. and also it conveniently
retricts the movemenls of the nodes within the limit of validity for Lhe
mechanism One way of establishing the relationship ls by lecating a
node at the intersection of twe lines defined by two pairs of nodes.
The node at the intersectien is called a stave node, while the other
four nodes guiding the slave pode are called master nodes. Fig. I8
chows an example where node 3 is a slave node and nedes 1, 5 and 2 4
are the master nodes; nodes & is also a slave node with master nodes 4. 8
and 5, 9 If a Tamily of palterns is created by moving node 5 then the
location of nodes 3 and & is adjusted automatically.
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Figure 3

Yield line at general angle
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Figure 7
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Chapter 2  Input Data

In this chapter the inpult data, which must be carefully prepared by
the user, 15 discussed in detail.

The inpul data must be created and written in a [ile by the user.
Anv text editor, such as Personal Editor, the editor of Turbo Pazcal,
Wordstar, etc., can be used to create the data [ile. The dala mavy he
written in free formal, Lhat iz, numbers may be given in [lixed or
Floaling poinl notation. Dala items mus! be separated by al least one
blank space or one tab characler {commas must not be used as
separators]. Each line of Lhe input data must contain the specific

information described below. The symbel / indicates where the data

must continue on a2 new line, The dala [ile must not contain bBlank
lines.

Each ilem of the input dala is described below A summary of the
inpul data is given 1n Tahble I

Maxwroumn Deflection

/ 2l : the t factor

The ¢ coordinate of Lhe nodes with a non-zero dellection can be
given a value between 175 to /100, say, of Lhe plale widlh However,
this value is too large to satisfy the reguiremenl that B « tan 8
and all the z coordinates are divided by the z factor for which a value

of 10" is usually satisfactory. zf is wusuvally positive
Nodes
/ ni : the pumber of nodes.

For each node

/ { i the node number,
Xy t the & and y coordinates of node i,
ar

» maslerl masler? master3 masterd
i the master nodes of slave node
fpreceded by ),

I ore : tha z coordinate of node i. An
vanspecified 2z <coordinate must be
indicated by =

A right hand coordinate system must be used, wilh the z ax.s
potnting upwards [rom Lhe plate. Hence in mosl cases, dellecting nodes
will have a negative z coordinate value, The origin of the coordinate
system can be localed anywhere convenient.
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I[f the x and y caordinates of & node are not specified, Lhe node is
said to be a 'slave’ oode. Such a point s located by specifying 2
pairs of 'master’ nodes. Each pair defines an infinile llne, and the
slave node is located at the interseclion of the Lwo lines. The master
lines must not be parallel. Examples aof valid slave podes are shown in
Fig. 1.

[l a siave node Las master nodes which themselves are slave of
other nodes, Lhe program will aulomalically sorl Lhe data to locate the
nodes in order from the highest ranking masler nodes to the lowesl slave
nodes. Hence the numbering of nodes can be done in any ordar.

Planes (Plate Segmenls)

/ ] : the number of planes.

For each plane

/J : the plane number,
nnop : Lhe number of nodes on Lthe plane,
popln] (o=1..nnop} :  the node number of al! the nodes on the
plane.

Although only 3 non-colinear nodes are zpnough to deflne a plane,
Lbe other nodes should be given since they can be used Lo

- check Lhe 2z coordinates of Lhe nodes on Lhe plane to verify that the
plane is indeed [lal.

- compute the £ coordinate aof the nodes wilh unspecified 2z coordinate

- provide an alternalive way of defining the boundaries of a UDL
luniformly distributed load)

In order to calgulate the coefficients of the algebraic equation of
the planes, Lhe program attempts Lo locate the slave nodes, to calculate
the unkpnown z coordinales, and lo identify 3 non-colinear nodes with
kanwn x. ¥ and 7 coordinates for each pltane, and this is repeated until
‘e entire geometry of the mechanism is defined. The data is sorted by
the program so that the numbering nof planes may be done 1n any order
Also, Lhe nodes belonging to a plane are accepled in any order { randem
order, or in sequence when used to deline a UDL] If the data 1s
insufficient to define the mechanism, an error message is 1ssued by Lhe
program.

Lines
/ ok :  the number of yield lines.

Far each vield line

0



/ k : Lhe line number,
mop : Lhe end nodes,
pm p0o i the planes on each side of the line,
and
hrno : Lthe bending resistance number, which

refers to bending properlies [m)'s) of

the plale through which the yield [ine
pPESSES.

orow : replaces pm, pn and brn for a
construction line ([free edge, simply
supporled edge, or axis of rotalion]

Only the actual yield lines enter Lhe calculations of Lthe energy
dissipated by the yield lines and hence are required as data.  [By
definilion, the vield lines dissipate energy as they undergo rolalions
of Lhe assumed mechanism] However, other lines may be specified In
order to clarify the drawing of Lhe vield line patlern displayed on the
screen.  Lines defining free and simply supporied edges, axes of
rolation, etc, are cailed construction lines. These Llines do nol
dissipate energy and hence will be skipped during Lhe calculations.
The construction lines are speciflied by a £, replacing pm, pn and brn.
Alternatively, the construction lines can be enlered with the same
plane specified for both pm and pn (any plane number can be used, eg
pm= pn= 1) Yet an other way of specifying thal a line does no work is
by giving il a bending resistance number referring Lo all values of

mp=l2l_

In conpaction with the planes on each side of a yield line, Lhe
plane on the ieft hand side of Lhe line, pm, must be given firsl
followed by the plane con the right hand side, pn. The left and right
hand sides are those of an observer localed at end node pi and looking
Lowards node pj. Caution must be taken lo correctly specily Lhe lefl
and right hand planes because Lhis informalicon s used to determine
whether Lthe yield lines are sagging or hogging and this aflects the
final results il Lhe sagging and hogging plate bending resistances are
different. Fig. 12 shows examples of valid data deflining a line

Piate Bending Resistances

/ nbr :  the number of bending resislance sets. A
'set’ Includes four wvalues of bending
resislance [positive and negative. i1n two
direclions], and whelher the
reinlflorcement is Isetropic, orthotropic,

or skew [and the skew angle}.

For each set of bending resisLance:

/ br ¢  Lhe sel pumber,
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reinl : whether the reinforcement is aortholropic
(inciuding isotropic) or skew.

For concrele slabs wilh corthotropic reinforcement the axes must
be orienpted 1n the same way as the reinforcement and reinf must be
specified as 0 [for Clrlhutrﬂpic}. For isotropic sleel plates reinf can
be specified as 0 or [ [for Isciropicl For concrete slabs with skew
reinforcement, the ¥ axis musl be coriented along one set of reinlorcing
bars, the 5 axis must be orienled along the other set of reinforcing
bars, and reinf must be specified as S [for Skew). The axes must be
layed out es shown in Fig. 3 (see also discussion in Chaplec 1}

Il Lthe reinforcemenl is orthotropic or isotropic (reinf = 0 or [}

/mpxp mpyvp : Lthe sagging [Fositive] plate bending
resistance per unit lenglbh in the X and Y
direction,

mpxn  mp¥a : the hogging [negative] resistances.

If the reinforcement is skew [reinf = 5]

/ mpXp mMpsp : the sagging bending resistance per unit
lenglh due to the reinforcement in the X
and 5 direclions, respeclively,

/ mpxn mpsn : the hogging resi:stances,

hela : the angle P, in degrees, measured
anticlockwise from the X axis Lo the §
X115, The value of B must be positive
and 0° < § « 180°%

Paint Loads

/ nPL : the Lleotal number of point loads (=0 if
there are no point loads).

For each point load [skip the lollowing llre il Lhere are no peint
loads]:

/ PL :  the load number,
planePl : Lhe plane on which the point lcad is
applied.
1sadPL t tha value of the poinl load loadPL is

negative when Lbhe load is achking in the
negative Z direction, ie dowpwards,

nodePL : the node number where the point load is
applied,
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Line Loads |Uniform or Ligeariv Varying)

/ il

For each line load (skip this

FAT

plamelL

loadlLl

nodelL]
loadll2

nodell 2

Uniformly Disiributed Loads

/ UL

For each UDL (skip this line

/ o

planetlL

loadUnL

pnodesUDL
and
nodeUDL[ni {o=I...apodelDL] :

the total number of line loads [=0 if

there are no iline loads]. A line load s
acting on only one plate segment. For
line loading canptinuous over several
plate segmenls, several Jine loads must
he defined

line if there are no line loads):

the load number,

the plane on which the line load is
applied.

the lead/unit length at the end of the
line lcad leocated at node nodeLll,
loadlLli is negative when the lead is
acting downwards,

Lhe node number at one end af Lhe line
ioad,

the load/unit length at the other end of
the line load located at node nodell 2,

the node number at the other end of Lthe
line load,

the total number of UDL's [=0 1f there

are nc UDL's). A UDL is acling on only
one plate segmenl. For loading over
several plate segments, several UDL's
musi be defined.

{f there are no UDL's):

the load number,

tha plate segment on which the UDL is
applied,

the load/unit area. loadUDL is negative
whan Lhe load is acting downwards.

the pumber ol nodes defining Lhe UDL,

the node numbers defining the UDL.
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ar . replaces nnodeUDL, nodeUDL(n] {n=1.
nnodeUDL] when the nodes nop's. used to
define a plate segmenl, are used instead
of the nodes nodelUDL's.

The nodes defining a UDL are the vertices of the area covered by
the UDL. nnodeUDL must be 3 or more, [ollowed by Lhe nodes nodeUDL[n]|
delining the UDL. The nodes must be given [n ssquence around the UDL,
either clockwise nr anliclockwise,

The nodes used to defline a plate segment, pop's, may be used
inslead ol the nedes nodeUll's. To assign nodes nop's to bthe wvertices
of the UDL area. nnodeUDL and the nodeUDL's are replaced by a # A
common case for this is when Lhe UDL covers an entire plate segment and
there are no olther ncdes on the plate segment.

Il there is a hole in a plale segment where a UDL is applied, the
verlices of the UDL must be numhered in such a way as lo create a full
figure around the hole (see Fig. 13a) . Alternatively, two or more
UDL's may be specified to acl on the same plate segment [see Fig. 13b].

Search Dala

The search data iz used to move [ie relocate] nodes so Lthat
different yield line patterns and corresponding different yield-load
factors and bending-resistance Jactors may be obtained This is done in
aorder to [ind the mechanism with the minimum vieid-load factor [or
alternatively, with the maximum bending-resistance lactor).

/nmnves : the number of movements [=0 flor no
search),

for each movemenl [skip the following lines if there is no search):

/ Onms : the number of nodes moving simultaneousiy
in Lhe movement,

sleps : Llhe tetal number of steps li.e
pesitions] 1n the movement through which
the simultaneocus!y moving nacdes are
going, from their initial to Lherr linal
position.

for each nodes moving simultanecusiy during a movement:

/ node : Lhe node number,
X1 : the imitial % coerdinate value.
bd| i the initial ¥ coerdinate valug,

xf : the final x coordinate value,
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| i the linal y coordinate value,

The 'movements’ correspond to a set of node posilions ranging from
an initial Lo =2 Tlina!l x.¥v posilion. Saverzl nodes can move
simultaneously in a movemant. Each step of every maovement delines a
yield line patlern for which Lhe yield-load [actor is calculaled

Since Lhe loads are associated with nodes, the search dala may be
used to move loads on the plale structure. However, this is of limited
inlerest since the concern here is Lo more the yield lines.

[f there are more Lhan one movement specified in a search, the
steps of the serond movement are repeated fer each step of the first
movement, and the steps of the Lthird movement are repeated for each of
Lhese previous sleps, and 50 on up to the last movement. Hence Lhe
movemenls are nested with the first movement being an cuter loop of node
pesitions and the last movement being an inpner loop of node positions.
Te bave a node cover a parallelogram area, the node and its initial and
final %y coordinales musl be specified in two consecutive movementis.

Precise solutions cah be obtained by using a large number of steps
in a2 search. Also, it may be 2[licient to °‘close in' on the correct
yield line paliern. that s, to adjust the limils ol the movements to
small ranges. Both ways require to modily Lhe search dala and run Lhe
program a [ew times,

Analysis versus Design Problems

In analysis problems, the bending resistances }rm?'s and the

characteristic loads P's are known, while the lead factor i is sought.
When Lthe input data is prepared lor an analysis problem, the bending
resistances mpxp. mpyp. etc. mean ym, and the loads loadPL, leadLll,

loadLL2, and loadUDL mean Lhe characteristic loads P, P, Py and
Py respectively. The load flacler & is obta:ned in the oulpul
results.

On the other hand, 1n design problems the lecads AP's and the

characteristic bending resistances mp‘s are known or at feast assumed,

while the bending resi.stance factor v iz sought. When the input data
is prepared for a design prabiem, the bending resistances mpxp,. MpYR
ate., mean Lhe characteristic resislances m?'s. and Lhe loads loadPL,
loadLL!, loadLlL2, and loadUDL mean MPy, }Lpl‘ lpz. and lPLmL'

respectively The resisltance [aclor ¥ is oblained in the outpul
results.

Numberineg of Data

Nodes, planes, lines. bending properties, point loads, line loads
and UDL's must be numbered consecutively from | to ri. | toa n) 1 to nk
l te nbr. | Lo aPL, | 1o nLL and 1 io olUDL, respeclively. For example,
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if a structure 15 described using 5 npodes, 5 planes, 8 lines, elc.,
these mus! be numbered from 1 toe 5 L Lo 5 | te B, elc, respectively.

Units

Units are not specilied in the data. However, the program assumes
that the data is based on a consistent sel ol unils. The consistency of
untts s assumed throughout the calcutalions and also for the oulput
results. The following examples are consistent sets of units and either
set could be implied 1 the input data and in the sutput results:

ltenglh [x.¥.z coordinates]] m m it

[mp [bending resislance per unil tength}] Nm)im (kN.m]/m (It.ft)/ft

[paint load] h] kN [14]
ltine load {lnad per unit length)] WN/m kY/m /Tt
[UDL {icad per unit areal] N/m? KN/m? Ib/ft?

[work deone and energy dissipated] N.m kN.m I FL
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(a) (b)

Slave MNode: 5
Master Nodes: 27 9 12

Figure 1! Examples of slave nodes. [a) and (b) are valid arrangements.
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2 pi P] pm | pn | brn

alternatively,

I ke pr o} pITi pn brn
E 3 5 4 ] 1

(b)

Figure 12 Examples of dala to define a line. Numbering in {a)l and (b)
is valid.
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] [ *
- ubL { planelOL | lecacUDL ‘ nnocesUDL nodedDL(n}s

N 123754673

(b)
[UDL picneJDL ! loadUDL nnodesUD-’_‘ nodelUCLIn] s
{
L 4 1 5 | 12546
> L] 1 8 1257613

Figure i3 Plate segment with hole and subjected to a UDL.



whrImUR DEFLESTION FAJTIA:

NCDES:

ny Limes

PLAMES:

ny times

LINES:

nk Ll=es

if

ni

ar
1 X ¥ ¥
Qr
1 i paster]l master? wmasterd
ar

i ¥ masterl master? masterd

masterd

mastierd

i

nj

1 nngp  nepfn] (n:l...nnAcp}

nk

K pL P gm pn Brn

SENDING RPQCOREATIES:

nhr times

nbr

br reinf

mEAp  ARYP MpAN APYH
ar
RpAp ppsp mExn  @ESN beta

Iy



FOINT LOADS:
nPL

nPL Limes | i planell laadPL nodePL
LIKE LOADS:
nLL
fILL Limasg LL planeLl loadLll nogelll loadll? nodell?

LMTFORMLY DISTRIBUTER LOARDS:
nUGL

nuoL Limes upoL plansiil leadUbL nnodesUDL
nodeUDL[n) (n=1...nnodesUbL)
afr

UpL planelpl LoadupL x

SCRACH DATA:
nmGvyas

NMaves nhms steps

times

nras Limes ' node  xi ¥l £f  ¥f
'

HWote: The horizontal lines acrogs the table 1ndicate ahsre a new  Lirg
must bg slarted, The wertical linas 1adjcate repeated lines,

Takle | Summary of input data.



Chapter- 3  Features of the Program

Yield Lines is menu driven and relatively simple Lo use  An
cutline of the program, from Lhe usger’'s poinl of view, is given below.

Title Screen and Opening Menu

¥Yield Lines slarts by reading Lhe dala file for a particular
problem. The user has to simply specify the name of the data [ile
Drives and path names are supporled.

Searck Menu

If the dala specifies a search for the optimum solution,
¥Yield Lines leis Lhe user choose belween:

A- analysing All the palierns c¢reated by Lhe search,

L: analysing only the patterns with the initial and final nade
postlions [Limits) of each movement,

$: Searching directly [or Lhe minimum load factor [or maximum
resistance Factor)

If there are no search specified in the dats, the search menu is
nol displayed. Analysis of the mechanism is performed and Lhe screen-
with-drawing is displayed immediately.

Screen wilh Drawing

Patterops analvsed by Yield Lines are displayed on Lhe screen.
Nodes dellecting upwards, downwards, and not deflecting are each shown
diflferentiy. 5Sagging booginn, and construclion lines are indicated by
bright solid lines, bright dash lines, and light lines, respectively.
Foint loads, line loads, and UDL's are alsc shown, The calculaled load
factor or resistance factor are displayed at the battom of the screen.

If A was chosen in the search menu., each pattern created by the
search is displayved in turn by préssing <return>

If L was chosen, Lhe limits of each movement are displayed in
turn by pressing <return> The movemenl number and whether the position
is ipitial ar Final are shown on the right hand side of the screen.

IfF 5§ was chosen in the search menu, Yield Lines {irst analyses
all the palterns created by the searchh The patterns are not drawn to
speed up execation, but 2 count of the patterns being analysed s
inc..cated YL Lhen finds the optimum pattern [minimum load factor or
maximum resistance factor]. This pattern is drawn on the screen. The
LoLtal pnumber ol patterns tried and the oumber of valid patierns are
shown on the right hand side of the screen. [A pattern is nol! wvalid if



not kinematically admissible or because of some olher reasons. 5See Lhe
seclion on Error Messages)

A small menu on the right hand side of the screen-wikth-drawing lets

the user ask Yield Lines La:

creturn> @ coptibue.

A or I : display either the load Tactor [Analysis) or the
bending resislance factor [Design] al Lhe bottom
of the screen

[ . shaw gr hide Nodes,

R : list detailed Results for the pattern drawn [see
below).

£ : Ouit to the previous menu.

Color. Aliows the user Lo change Lhe colors of
ithe Screen wilh Drawing. For B/W graphic monilor, a
black background (0] is prefsrable. The choice of
colors can be saved for future session of
Yield Lines. The [ile c¢alled YLINES-C.CNF contaips
Lhe color informalion.

Detailed Resulis

The detaijed results can be d.rected to the screen, to Lhe printer

or ko a file. These results correspoand te the paliern drawn and they
include:

an echo of the inpul data. Coordinates of slave nodes and nodes with
unspeciflied 2-coordinate are given as computed by YL

the coefficients of the algebraic equation of the planes.

the bending sign fsagging or hugging], the plastic resistance m,

[feom Egq. (). {7), (2] or [10)}, Lhe rotation, the lenglh, and the
energy dissipaled by each yvield line

for Lthe point loads, for Lhe line lcads, and for the UlL's:
the vaiue, the location, and the displacement of the resultant load,
and the work done by each load.

the Lotal eanergy dissipated by the vield lines, the work done by all
the loads and, finally. the load facter N or the bending resistance
factor ¥ for the pattern analvsed
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Error and Warning Messages

Error I:

Error

Error 3

Error 4

Warning

Warning

to

Insulficient master nodes.
Cannolt locate slave nodefs):
st of nodes

Meaning: Yield Lines could not find the x and y focation of
the master nodes for these slave nodes. Check the [nput data
for the slave and master nodes.

Invalid location
for siave nodels):
list of nodes

Meaning: The master nodes define parallel lines and the slave
nodes canpol be Jocaled. Check Lhe input data for the slave
and master nodes and [or the search

Insuflicient nodes Lo
deline plane(s):
list of planes

Meaning: Fer each of these planes, Yield Lines could not find
at lea=t 3 nodes [or which the x, v,  coordinates could be
determined. Check Lhe inpul data [or the planes.

Mechanism not admissible.
Planeis] not [lat:
list of planes

Meaning: These planes are nol [Flat. Check the input data Tor
the planes and lor the search All the planes muzt be [lat!

I: 0 resultant on UDL(s):
list of UblL's

Meaning: The resultant value of these UDL's is zero. This may
be what you wani. Il not, the sequence of nodes around the
UDL is probably incorrect. Check the input data lor the Ull's
and for the search

2. MIN LF, MaX RF on moves(s):
list of movements

Meaning: The minitmum Lead Facior, or the maximum Resislance
Factor was found al the initiat or {ipal ilimit of these



movemenls during the search This means either that:

The opbtimum palttern 15 oculsjde Lhe limits of Lhese
mavemenis. Change Lhe the limits af the movements,

The cptimum paltern is inside Lthe limits of these
movements, but not encugh sleps were used. lncrease the
number of steps.

The correct selution is indeed at the limil ol these
movements. The optimum pattern bas been [lound. This
siluation arises in cerlazin problems, usually when Lhe
limits of the movements torrespond te some |limits of
validity of the mechanism studied

i5
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Technical Aspects

¥Yield Lines was written in Pascal using the Turbo-Pascal package
[Ref[71]. and it was designed te run en an IBM PC or compalible.

Yield Lines wverston 1.0 ¢an analyse problems wilh |00 nodes, 100
planes, and 100 lines. {These limils could be increased by modifving
the program. The use of pointers would permit a&ccess Lo the available
memoary of Lhe compuler being used]

Compuling Lime varies depending on Lhe size of problem and the type
ol machine used. On an IBM AT running at 8 Mhz, with 640 K of memory and
a BDR? malth chip, 200 variations of a2 vield line mechanism with 20 nodes
are analysed in approsimately one minute,

System requirements:

- IBM PC, XT, AT, or compatible

= Y0 KEbytes of [ree memory

- one 5%" diskette drive

- PC- or MS-DOS 2.00 or later version

= J087 math coprocessar

- B/W graphic or color graphic maniter

- IBM CGA [Color Graphics Adapter), EGA [(Enhanced Graphics Adapler), or
compatjble. The Hercules Graphics {ard adapter is not supported
(Modificatian of the program would permit suppori of Lhe Hercules
card).

¥ield Lines is not copy prolected and its source code is included wilkh
the program diskelle

Furither informat:on about the program can be oblained from:

McGill University

Department ol Civil Engineering

and Applied Mechanics

817 Sherbrooke 5t W

Manlreal, Que, CANADA  HIA 2KG

¢/o Prolessor Richard G. Redwaod

Rel.: Yield Lines, a Numerical Yield Line Analysis Program



Yield Lines Diskette

The Yield Lines digkette contawns all the [iles required to run the
program Yleld lines  These files are briefly described belaw
Yield Lines Program Files

AUTOEXECBAT and YLEAT are batch files that start Yield Lines

YLINES.COM contains 1he program Yield Lines campiled and ready Lo
be run.

Exaple Files

The eleven files EXAMPLE.1A, EXAMPLE.1B, EXAMPLE 2, .., EXAMFLE.ID
tentain Lhe input data for Lhe exampies of Appendix A

Other Files

YLINES-C.CNF cenlains Lhe selection of coiors for ihe Screen with
Drawing. This [ile is automatically read and wrilten Lo by Yield Lines

YL-README contains a message displayed by YLBAT

Source Code

Due to ils large size (~64 K], the source code of Yield Lines is
divided into the following files:

YLINES-1LPAS . main procedures [yield line calculalions, menus,
graphic displays, elc.)

YLIMES-Z PAS : declaration of variables, constants, etc,
YLINES-3PAS i procedures for reading Lhe input data files
YLINES-4PAS :  procedures for prinlting detailed resuils

YLINES-5.PAS :  procedures [or zelecling and saving the colors of the

Screen with Drawing.

The source code can be consulted, lisled, or aven edited and
recompiled by Lthe user

Reguired [OS and Pascal Files

GRAPHP and GRAPHBIN contain graphic procedures required when
compiling the source code  These files are supplied with the Turcko-

Pascal package [7}

iz



GRAPHICS.COM :s required to allow Lhe ShifLl-PrintScreen keys to
produce a copy of the Screen with Drawing on the printer. This [File is
supplied with Lthe MS5-D0S or PC-B0S package.
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Appendix A  Examples

This appendix presents several examples, witbh commenls, of yield
llne problems illustratring the inpult data and use of the program
¥leld Lines for Lhe numerical solution.

The words I-FACTOR, EXAMFLE.xx, NODES, PLANES. LINES, etc. on some
lines in Lthe dala files [Tables A.l to A0} are comments that were
inciuded for c¢larilty. YL ignores commenls on some lines if Lhey are put
al least! one space to the right of Lke lasL characler of the required
input dala. Lines on which comments can be put are: “zf, “ni, “nj, ‘nk,
\nbr, ‘\br reinl, \nPL. M“aLL, \nUDL, ‘nmoves, ‘nnms steps. {By way of
exceplion, comments can be pul righl next to reinf, egq. RTHOTROPIC
right next to 0]. Comments must nol appear on the other lines (\i x ¥
2. \j nnop noplnl. elc.) as Lhis would make the file unreadable by YL.

The hard ¢opy of Lthe screen displavs [Fig- aliel, atld), a2iel
etc.] were readily obtained on a prinler using the Shift-PrintScreen
kevs on the 1BM-PC. Mote that Lhe DOS Graphics program was run
belforehand =g that PrinlScreen could work with such graphic displays.
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Example 1A

Problem [analvsis): A 12 fUL ([3.66m] by 18 [t (549 m) rectangular
pane! al the edge of a [loor system is free {unsupported] zlong one long
side and is continuous with adjacent panels al supporting beams along
Lhe olher three sides. The slab is shown in Fig Al-a. The slab has an
ultimate moment resistance/unit lenglh of 3690 1b-fL/ft of width {164
kN.go/m). Find the ultimate umiformly distribuled lead that can be
carried by Lhe panel.

Belerence: Bel. 3, Section 7.9.3, p 329 and Example 84, p434

Algebraic Sclution:

NTata: &L = 18 It
= 12 it
= iy=1 p=1
m,, = 3690 Ib.fE/ft

Consider Mode 2:

z ; g
I O ) AR 3 1 S U
Ky = 1 lf] T, = 1 HE) of -
(35 -1 y -
o2 T2 o LT Ty 0037 1y (7.62) of Ref. 3
1 177
6ll+.)m e
w, = 2Ty 6LI213630 | g5 5 pey (7:63) of Rel. 3
X 10.237

Lalution using Yield Lines:

Input Data: see Fig Al-b and Table Al-a

Nodes: An assumed deflection of z=-1 (+zf) is specified al nodes §
and 6 The other nodes do not deflect [z=0}

Flanes- All the nodes belonging to every plane are given in Lhe
data for the plancs. This abllows Yield Lines to check that atl the
nedes belonging bte a plane aclually 'sit’ on the plane, i.e. that the
nades define a 'flat' plane. Il Lhis check iz not satisfied, an error
message is issued

The nedez deflining plapnes 2, 3, and 4 are given in seguence around
the planes. The purpose of this seguencing is to use the fame nodes
later when defining the UDL's applied on these planes

Lines: Line 7 is a construction line, therefore a * replaces the
planes on each s:de of Lhe line. Construction lines are used oply to
clarifly the drawing displaved an screen.

41



UDL's: The Lhree UDL's cerrespond Lo Lhe portions of the loading
applied on the three plate segmenls. All Pg's are equal. aad
they are set wqual Lo unity for convenience [negative because acting
downwards]

The number of nodes delining a UDL is given as * Lherefore the UDL
is defined by usitng the same sequence of nodes Lhat was wsed to define
the plane on which the UDL is applied This reduces the amount of data
in the 1npul File, bul it it eoptional. The nodes delining the UDL can
always be speciflied in Lhe sectjon on UDLl's.

Search Data: Node 5 is moved through 50 steps to [ind the paltern
wilh Lhe minimum ultimate UDL.

Results: (see Fig. Al-c and Table Al-b] The sclution obtained is
A = 422526,

Example 1B

Problem {design): Same as Example 1A above, but from a design
point of view, The panel must carry & factored total uniformly
distribuled load of 425 psf [478 k¥/m2)  Find the regquired ultimale
momenl resislance/unit length of the slab.

Algebraic Solution:

Data: w, = 425 lb.ft/ft

Consider Mode 2:

| fw, _ 10.237%425
m,, = m S Py 376 psl from (7.63] of Ref. 3

Solution Using Yield Lines:

Input Data: see Fig. Al-b and Table Al-¢

Bend:ng FResislance: Ail mp‘s are assumed egqual, and Lhey are

et equal Lo unily for copvenience.

UDL's: All AP, 's are equal to 425 IbfL/It.

Results: (see Fig. A{-d] The solution oblained is ¥ = 371L603.



ly = 18 ft
{5.49m)
?&)‘\A/\f‘xﬁ/\ﬁﬁ'\ v
L -
P4,
L b
y”© Y
12 tt D
(3.66m) <
UDL Il1
¥ !

(a)

Figure Al Example 'A. [a] Structure [b] Model
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¥ AMALYSEIE

{38 valid>?

M o e
De s i
Modes onsof
Begul L

I

Quri v
MIM load Factox = S22 .0256
Figure Al cont'd [c] Sereen display. Example 1A




...........................

3% DESIGCN x5

Data ¥Filse:
EXAMFLE. 1B

Pattern no.:
13 out of
28 tried
{98 valid?

A— o oo
Modes oneofF
Hezults

Qi ¢

i -
'MAX Resistance Factor - 3711.5682
Figure Al cont'd [d] Screen Display. Example 1.




1E=1% Z-FAZTOR EXAMALE (14

& MODES

1 o o 0

2 o1z ]

3 12 12 Q

a 18 © 0

= F & -1

S F 0 -1
PLAMES
4 1 2 3 &
I 2 3 %5
4 1 256
4 I 4 & 5
LIMES
1 2 1 3 1
23 12 1
4 5 a 1 1
25 23 1
5 3 2 4 1
&5 I 4 1
1 4 w

BENDIMG RESISTANCE
CRTHOTRQRPIC

&£90 3490 3490 3890
POINT LOAD

LIME LOAD
upL s

2 -1 ¥
S -1 b
4 -1 ¥
MOVEMENT
50

4a
1
2
3
7
1
Pa
3
4
S
&
7
1
1
3
0
0
3
1
&
1
1
5

9.0 0.= F.0 5.5

Table A! [a) Inpul data. Example JA.



L-COCRBINATE FATiOR = |.000000GA000000E-013

WILIE
K. CCORPINATES
i i

] 0.9 G.bon

Z G003 L0

3 15.000 12,009

q (3.000 0.000

5 T.000 L7

t 9,600 T

N3, THRCLHE THESE %ODES
2LV I 11

0. 00d
q.400
0.000
0.000
-1.00%
~|.0dd

ALGZEARIC EGUATTON

i 1 P I {
2 I TR
L) 1 P! 5 g
4 I 4 4 5
PLANES
MO, THRGUGH THESE
I NOpEL A 1
l A . 0, 000000 0.000300
{ 203 3 0, 000000 P B00LIE =014
A 1 : 3 =1, 20DC0E-N§4 Q. 200000
i 3 i k 1.ah00DE-Q14 Q. 300900
LINES
ki,  BETRECHW BETHEEN LChuiH FCIATT 2N
THESE THESE - Y
20004TS 2 FLAMES

H 1 4 1 I 12.000004 LR
2 73 1 2 18.000800 b.097319
3 { 3 4 I 12, 000000 bl
4 2 2 ? b 11, 599653 N 147705
L 3 1 P, 4 LI bE96E] Oo4770%
b § 5 3 i (PEELLY 9, 30122
3 1 4 1 ¥ 2. 000006 1,300300

=316, 000000
=1B4. 93940
=108, 600000
=104, 000000

BEMDING AN

Jidy

HagqLng
Hugging
Hzgginyg
agging
FaqaLng
%agging
ha wors

b

0.040000

2.14000E-011

.006900

]
3

"p

I690. 004000
Te90. 000050
IuT0 . 00000
1630, 905000
Ju90, 050000
3490.0d0000

0. DR300

2.16000€-0.3

ENERDY
DISSTRATED

4970, 000003
Bab 3 912418
4920, 000005
Modd 9LE4%0
Tdad L5430
[d14.081633

0. 000000
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FENDING RESSTAMCE FAQPERTIES
::;;f::::::_-- trrrsiriziac:
| ORTHDTAOPIC
BAGGTNG:  WE:  J650.DOG0Y Hi=
HOGEING: Rz J6%0. 000000 f#Y:
POTHT LOADS
;ﬁﬁ;‘ﬁﬁﬁéjéw ALL POLAT LOABS = D.00g
A0 FOTWT LOADS
LINE LOADS
;;;;-iﬁAE‘Ef ALL LIHE LOADS = 0.000

N0 LINE L0&BS

UNIFORMLY J05TRIBUTED LOADS

TEaIFIIEIIIIIIINIIZ:

J4%0.000000
34590000000

W98 DOME 2T ALL UDts = 171N
L LOAD  memmmeseememas CENTHDID =mmmnmnmmmsnm TR
My, PLAHE YALUE COORDINATES bISPLACEMENT LOAD
X ] ()
l 2 =1. 000000 9,004 g.57% -0, 355333 =92, 480
K 3 =1. 000000 inm 4,072 -0, 375217 =61, 760
L) L «| . 000 14,623 4,077 «0, 575210 -4], Ta0
FIMAL RESULTS
EMERGY JISSIPATED BY THE wIELD LiNES T2407 8257254558
WAN BONE BY ALL THT Laa%§ 11.1774693478
ELV ANAL YSIS EEX LOal FACTIS 427, 526361483)
e QESIGN dww RESTSTANCE FACTOR b. Q0266762
Table Al conl'd. [b) Detailed results. Example 1A.

WORH
DONE

0.
AN
3173

48



IE-15 Z-FACTOR ExAM=LE ([ 1E

AR = O D e e ] (L B L k) o) B LR e B OB LR e

L e=

MIDES
S ¢ ¢

M = p) = Z
B R Ed R L)
O non i
noe

-
LF¥

£ Ld WA LA G e T

=P R LN - A LA T
L fe o BY (A
—_ e e e

ol BB B

BEMDING RESISTANCE
CORTHOTROPIC

1 1 1

POIMT LOAD

LINE LOAD

UoL's

2 =425 =

3 =-425 =

4 -4 75 x
MOVEMEMNT
50

o.9 0.5 7.0 5.5

Tabie Al cont'd. ([d] Inpul Dala.

Example IB.
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Example 2

Problem {analysis): Uniformly lcaded ortholropic rectangular slab
with all edges supported Two simply supported edges, two [ixed edges
(see Fig. A2-a)

Relerence: Refl. 3, section 792, p327.

_F_L_I_gebraic Solution:

Data: & =10, ¢ =6
m, = 1000, Myy = 3000
il=2' i1= 2, iE‘D' qu:u

-

Solution

po= mw.-’mu = 300041000 = 3

X = [F1,+ [T, = {F3eJT30 = 2732
Y oo i BT, = T30 = 2732
-
_ Samyp 1Y
W =

:v?[:?x:,]z[\][m]2+3u[frfr.,,]2-[xwl]-

2
s
: 6£3000232[2.732) 5 = 18509

62[63|0}2['\![2.?32!2.?32]2+3t3-Emfﬁ]z-lz,?azfz.?sz]]

Solutian Using Yield Lines:

Input Data: see Fig. A2-b and Table A2

Coordinates of MNodes: Any x and ¥y coordinates can be specified
for nodes 5 and & in the data for the podes. The actuazal value of these
coordinates is nel important since the locallen of nodes 5 and 6 will
be redefined during the search process which uses Lhe search data

Lines: Lines 3 and % represent simple supporls The work doene by
these lines i= made zero by specilying a ¢ as [or any censlruclion line

Bending Resistance: The first four sets of bending resistances
correspond to the vield lines along Lhe suppporis. {Sets 3 and 4,
corresponding 1o simple-supporl lines 3 and 4, will not be used]. The
fifth sel correspend to the yield lines on the interior of the slab.

Search Dala: The firslL movement [outer loop)] moves node 3
horizontally. The second movement [intermediate loop] moves
simultaneously bolh nodes 5 and 6 vertically. The third movement [inner
loop] moves node & harizontally.

These movements will make nodes 5 and 6 cover rectangular areas on
the slab. A node is moved over an area when Lwo consecubive movements



of the same node are specilied. MNote that Lhe initial position of the
podes in Lhe two consecutive movements are the same [position 25 2.0
for node 5, and 80 20 [or node §)

Noke also Lhat when the same node 15 specified in two consecutive
movements, data for the node must be placed on the same line number of
each movemenil in the data file. For example node | is placed as dummy
data on the Eirst line of the third movemeni in order to have node 6 on
the second line, i.e. ithe same line number as in the second movement.

In the secend movemenl, nodes 5 and & move down simultaneously in
order 1o satisfy the kinemalics of the probiem.

Results: {see Fig. A2-c) The sclution obtained is X = 1851.957.
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Figure A2 Example 2. [(a] Structure. {b] Model.
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3% ANALYSIE xx

Data File:
EXAMPLE. 2

Pattern no..

632 _out of
125 tried
(125 validl

H— o e
D1 g |
Modes onSod'
Resul ts

Quzirt

MIH Load Factor = 1551.55%

Figure A2 cont'd [c] Screen Display.



1€~15 Z-FACTOR EXAMPLE . 2
& MNODES

1 o o o

2 g & 9

= 1o & 9

4 10 o Q9

=] 2 3 -1

& B 3 -1

5 PLAMNES

1 4 1 23 4
2 4 23 &5
3 4 1 546 4
4 3 1 2 35

S 3 =446

¥ LIMES

1 12 14 1
2 22 12 2
3 4 3 =

4 1 4 =

3 52 42 5
& &3 23 5
7 15 43 5§
8 446 335 5
8 5& 23 5
5 S&TS OF BENDING RESISTANCE
1 ORTHOTROPIC

1000 3000 2000 4000
2 ORTHOTRORIC
1000 3000 2000 &000
J ORTHOTROFIC
1000 3000 3000 7500
4 ORTHOTRORIC
1000 3000 3500 7500
S ORTHOTROPIC
1000 3000 2000 &000

FOINT LOAD
LINE LOAD
UoL'S
2 -1 =
I =1 =%
4 =1 =
5 -1 =
MOVEHMENTS

S 137 MOVEMENT
2.5 2.0 3.5 2.0
S ZND MOVEMENT
2.5 2.0 2.5 2.5
g.0 2.0 B.o 2.5
S 3IRD MOVEMENT
cCoo0ao0
g.0 2.0 2.5 2.0

=R MR N= bR~ RO O

Table A2 Exampie 2. Input data.




Example 3

Probiem [dcsign]r A corner panel of a floor system is continuous
wilh adjacent papels at supporting beams along two edges and simply
supperted at the olher edges except lor &8 rectangulap ocpening that is
unsupporled at ils edges. Figure A3-a shows the panel. The laclored
loads are a uniformly distributed live load of 310 psf [14.84 kN/m?)
and a line load of 510 Ib/Ft (744 KN/m]. Finé the required ultimate
moment resistancefuntl lenglh of Lhe slab.

Reference: Rel. 3, Example 8.6, p.439

Algebraic Solulion:

Data: UGL: w, = 310 psf, line load P, = 510 lbATt {faclored loads)

Consider the assumead yield line Pattern 2

approximate solution. m'v = m, = 35i0 Ib-ft/[t of widlb {Ref. 3)

Solulion using Yield Linas:

l_nEut Data: see Fig. A3-b and Table AZ

Nodes: Nodes 5, 7, 9 and Il are slave nodes and the 2z coordinate
of nodes 5, 7, % I0 and 1! is not specafied The lecalion and
deflection of Lhese nodes are calculated by Lhe program.

Lines_Loads: The three line loads correspond Lo the portions of
the llne lpading applied on three different plate segmenls

Search Data: Node b covers a reclangular area on lLhe slab belween
the line load and the wpening, while for each position of node 6, node &
goes from left to right in the opening. In moverment 3 node 123 serves
as dummy data so Lhal pode B is on the second line in boath the 2nd and
3rd movements.

Slave nodes 5 7. 9 and 1l are carried along by master nodes 6 and
# .n all Lthe patterns crealed by the scarch

Resulls: (Fig. AJ-¢) The sclution oblained is ¥y = 2514.95%.

[ )
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Figure A3 Example 3 (a] Structure. [b] Model
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w2 DESICM exx

Pata File:
EMAMPLE. 3

Pattern nn. .
22 out of
£4 tried
{bd wvalid?

A— Fmre meae
Bnalusts _
Modes onsSolt
Results

Gui v

-

'MAX Resistance

Factor

3314,959

Figure A3 cont'd. (¢] Screen Display.




1E-15 Z-FAZTOR EXAMPLE . F
15 HODES

1 0 18 O

z Lo la ©

3 14 & O

3 24 la ©

5 # 1 & 2 14 %
& 11 10 -1

7 * 5 B 3 1o ox
B 17.125% 10 -1

I # 1% A& 2 l4 %
13 la g =

11 # 10 12 B 15 *®
12 cd g 0
13 o o o
14 1o > 0
15 24 o o

S PLAMNES

1 g 1 s 3 4 12 15 14 13

z B 1 2 3 4 5 & 7 8

3 =t 1 5 & =2 1%

4 5 4 8 11 12 1%

=t 9 & 7 8 9 10 11 13 14 15
13 LIMNES

1 1 a4 =

2 3 lo =

3 1o 12 =

& 4 15 =«

5 13 15 51 1

& 13 1 1 3 1

7 1 & 23 1

8 12 & 3 5 1

Q & F 2 5 1

10 L5 11 5 4 1

11 7 8 =

L2 g8 4 =

13 g i1 *

1 SET OF BENDING RESISTANCE

1 OQORTHOTRAORIC

L 111

O POINT LOAD

3 LIMNE LOADS

1 2 =510 2 -510 &

2 3 -510 5 =510 7

3 g ~510 9 -510 14

4 UDL's

1 2 -310 4 1 3 7 &

2 3 =310 3 1 & 13

5 5 =319 & 13 & 710 11 15
& .l -310 X 11 12 15

3 MOVEMENTS

1 4 15T MOVEMENT

& 105 10,0 12.0 149.0

2 4 ZND MOVEMEMT

4 10.5% 1.0 lo.s £.Z2

g 15,0 10,0 la. 0 8.2

2 4  3RD MOVEMEWT Table A3
1 oo o0

g2 le.0 10.0 18.0 LO.O

Example 3.
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Example 4

Problem [2nalysis): The slab shown o Fig. Ad4-a is =simply
supported on tweo columns and along one edge. The slab has an ultimate
moement resistance/unit lamgth of 5898 Ib.ft/ft of width [(26.2 kN.m/m]
Find Lbe ultimate uniform!y distribuled load that can be carried by Lhe
slab,

Reference: Fefl 3, Exampie 715, p 375

Algebratre Solution:

Data: stab width = |2 Ft [366 m), slab length = 1§ ft (549 m)
other dimensgions of slab shown in Fig. Ad-a
my = m, = 5898 tb-ft/ft of width {26.2 kN.m/m)

Consider Mode 11 [see Ref. 1)
approximale solution: w, = 687 psfl [32.89 KN.m/m?),
exact solubion: w, = 676 psf [3237 kM,mfm:]

Solution using Yieid Lines:

Input Data: [Fig. A4-a and Table A4]

Medes: Nodes 14 and 15 do not belong Lo Lhe structure. They are
int!uded 5o that all the patterns are drawn al the same scale an the
screen. The drawing of a pattern always include all the nodes, and it
is scaled te [lill the screen,

The z-coordinates of nodes 3, 4, 9, 10, and 12 are unspecified [#],
and Ltherefore these coordinales are calculaled by Yield Lines when
required, j(.e. Ffor each patlern tried during the search process.  Note
that nodes 3 and 1 will be deflecting upwards.

Slave Nodes: MNodes 7, 8%, 9, and 10 are slave nodes, Nodes 9 and
I0 have one of their master nodes {(nodes 7 and 3§, respectively] which
itsell isz a slave node. This is accepted by Yield Lines.

The axes of rotation in the mechanism are used advantageously in
establishing the arrangemenl of slave nodes.

Search [ata: The use of slave and master nodes is directly related
to the searching process. In Lhis example, it is convenient to perform
the search by moving only master nodes 1l and 13, The slave nodes are
aulomatically carried zlong by the:r masler nodes. Using slave nodes
has the advanlage of restricling the movements ol the slave nodes within
the limits of validity for the mechanism.

If slave nodes are not used, care must be Laken thal nodes 7, & 9
and 10 are not placed in a wrang posilijon, i.e. nodes 7 and 8 must be
outside the slab, and the ? coordinale of nodes 9 and 10 must be smaller
than that of node 11

UDL's: The nodes defing the UOL's are given in the data for the
UDL's. It was not possible Lo use the nodes delining the planes because
Lhe planes have nodes that do nol belong to the UDL's.

Results: (Fig. A4-b} The solution cbtained is X = 68241l
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Figure A4 Example 4 [al Structure and Model.
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2% AMALYSIS xax
Pata File:

EXAMPLE .S

Pattern no.
5 out of
198 triecd

{160 valid?

A Fpw pah e
Do i g

Moo s aneSod
f e Rl L

Brai 1

Mi¥ Teoad Factor = 682.411

Figure A4 cont'd. {b) Screen Display.



lE-15 Z-FACTOR EXAMELE, 4
1S NODES

1 Q g o

2 o 18 0

3 l2 1B =

4 12 o %

5 g 15 0O

& = 3 0

Fi * 1 2 5 13
a * P 2 & 13
9 *x 2 3 ¥ li
IQ * 1 4 £ i1
11 & 9 -1

l2 12 9 =

132 15 g 0

14 o -12.5 ©

15 o 3o.5 ©

3  PLAMNES

1 7 o2 S 11 1 1o 8
2 7 9 3 511 12 13
3 71l 12 13 &6 10 4 B
12 LINES

1 a 7 x

2 IL 9 [ 1

z 11 12 23 1

4 10 11 103 1

< 2 3 &

& 3 4 *

T 1 4 *

2 713X *

7 8 13 *

LG 7% %

[ 3 Lo &

Lz 12 13 *®

L SET OF BENDIMG RESISTANCE
L QRTHOTROPIC

58%Q 5B%8 S893 5890

> PQINT LOAD

0 LINE LOAL

3 upL's

1 1 -1 5 2 911 10 1
2 2 -1 4 Y 3 12 11

I 2 -1 4 10 11 12 4

2  MOVEMEMTS

1 10 15T MOVEMENT
11 5.0 9.0 10.0 9.0

1 19 2ZND MOVEMENT
13 12.% 9.0 15.5 2.0

Table A9 Example 4. Input data.

= ®« 00

&2
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Example 5

Problem [analysisl: A uniformly loaded isotropically reinforced
square slab is simply supported along two adjacent edges and on a column
in the opposite corner as shown in Fig. A5-a. For a unit ultimate
moment resistance/unit length of the slab find the ultimate uniform lead
per unit area.

Reference: Ref. 3, Example 7.17. p.d80

Algebraic Solution;

Let m=l and #I0,

m, i .
w, = 1067 il 1067 1? = 0.1064

Solution using Yield Lines:

Input Data: (Fig. A5-a and Takle AS)

As in the previgus example, slave nedes and unspecified z
coordinates are used with advantage to facilitate the search

Nodes: The column, at node 4, is simply a poinl that does not mowve
ner deflect. It is net treated differently than Lhe olher nodes.

Slave Nodes: Node & ls & slave of node 9 which itself 1s a slave
of node |

Search Data: Node ! moves along the y mxis, while node 5 covers a
sguare area on the slab.

Results: ([Fig. A%-B) The solution obtained is Aa=0.106667,
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© 2% ANALYSIE e3¢

Data File:
EXAMPLE,. S

Pattern no.:
62 ocut of
125 ¢tried
K125 valid?

o el 3B L U YA B ST
Davs ko o
Modas onsol
Resut tx

Quit

HiM Load Factor = 8.185667

Flgure A5 cont'd (6] Screan Display.



lE-15 Z-FACTOR

11

——

= = == A RI = A D O = = 00~ 0 B G b)) = O LR B 00 0 i b LB

MODES
0 23 Q
c 10 o

10 19 o
7.5 7.5 -1

EXAMPLE .

* 4859

o o0 o
10 0 o

* 1 4 7 8

o 30 o
30 0 o
PLANES

&

5

5

&
LIMES

b= ] b
JEUR L N )
B O L~
n 07 un 0
L M N

d KA
[

OB oM xR OEA R

x

F N N e e UL 7 |
M k-0~

5

SET OF BENDIMG FROPERTIES

ORTHOTROPTIC
1 1 1
FOINT LOAD
LINE LOAD
UoL'S
P -1
3 -1
4 -1
MOWEMENTS

15T MOVEMENT
15 Q 25

Z2MD MOVEMENT
5 5.5 9.5 9.5

IRD MOVEMENT
.5 9.5 5.3 5.5

B o¥ ®

34 6 5

W win oW

Tabie A5 Example 5 Input

data.
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Example 6

Problem [analysis): A skew siab is simply supperied on opposile

edges and subjecled Lo a distributed load p/unit area and & point lcad P
at Lthe centre of the span. Analyze the slab for the assumed mechanism

shown in Fig. Aé-a  Note that Lhe paltern analysed

is not Lthe only

possikle pattern nor necessarily Lhe mosl critical pattern

Reference: Rel. 2, Sclullen 36, p.78.

Algebraic Solution:

Dala: slab widlh = 20, slab span = 10
g = tan'l%. skew angle S0°-y « §3434°

other dimensions of slab shown in Fig. A&-a
m=1 W=08 i=075

P=1 p-=0p02

=05

Solutlon:

m[g}%**ﬁﬁcnszwlzglpﬂtz+u‘

I[z 0.8 D.a;u.?s . S[DIS]CQSE[uan"%]] = % M0.02)(0.5H10%F + A(1)

solve and Find } = 5.28

Selullion using Yield Lines:

Input Data: (Fig. A6-b and Table AS)

Results: (Fig. A6-c] The solution obtained is L = 5.280.

(3.75) of Rel. 2
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2% AMALYSIS 3ex

Data File:
EXOMPLE. S

A— For o
Doy 5 3 &g _
B s onsof
Remwl ts

Qui ¢

Lload Faptor = .208

Figure Af cont'd (¢} Screen Display.



IE-13 Z-FACTOR EXAMPLE. &

¢ MNOLGES

1 10 1S O

z 20 1o 0

3 12.5 5 -1

4 5 0 0

= 15 ¢ O

& 5 1¢c @

7 25 10 ©

g o o Q

=z 20 0 0

5 PLANES

l 8 Ll 245 7 8¢9
2 3 1L 2 3

2 3 1 3 4

4 I 235

5 5 I 45
10 LIMNES

1 1 32 1

Z I 2 24 1

= 4 1 1 32 1

4 52 41 1

5 4 3 I 5 ]

£ 53 2% 4 1

r & 7 x

a o B8 *

g 79 %

10 BE 9 =

1 SET OF BEMNLDING RESISTAMCE
1 SKEMW

0.8 1.0 0.8 0.0 &3.434%4882
1 FOIWNT LQAD

1 2 -1 3

S LIMKE LOAD

& UWLL'53

1 1 -2.02 4q & 1 4 8
2 1 -0.02 4 27 35
S 2 =-0.02 b

] 5 -0 02 >

5 4 -0.02 ¥

& &5 =0.07 *

o MOYEMENT

Table A6 Example & [nput data
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Example 7

Problem [anailysis). An isotropically reinforced square slab is
supported along the [our edges. and is subjected 1o a central
concenktrated load The slab has a unil ullimate moment resistancefunit
lenglh, Find Lhe uliimate concentrated load for the assumed circular
fan mechanism shown in Fig. A7-a

Reference: Rel. 3, Example 7.7. p.306

Algebraic Soclution:

Data: my = m, =l
Solution:
P, = 28 [m'y ¢+ mJ) = 2n[1+1] = 125664 (7.31) of Ref. 3

Soluvbion using Yield Lines:

Input Dala: [Fig. A7-b and Table A7]

The jnput data appears somewhat lengthy for such a simple problem.
The program ¢ould be modified in 2 later verston to include Lhe
autcmatic generaktijon of data for circular [ans.

Complex preblems involving ellipllc [ans, logarithmic lans, ete
can be sclved using lhe same approach as [or the circular [an.

Resulls: [Fig. A7-c] The solution obtained is X* = 12730,
conservative by 137 compared Lo the exact analytical solution.



(b)

Figure A7 Example 7. [a]l Structure

[b]) Model.
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"""""""""" %% ANALYSIS %
o e Data File:
ol B EXAMFLE. 7
i—n" "'.l'. l"ﬁ*
y '\'\ | it
Il';:.l.____h LI
¢ lng}fif' %
Ly }.l
| ___.a-"'::;! ,j-' E r
rl.‘ ) ff 'f ‘l.l“ i
s e 4— For o wmore
koL lf Doz g o
=t Modes onsodd
Besults
21 i
Load Factor = 12.738

B 4 -4 = 4 1M B TR RS PSP S H R S H e b S b bl e bl bl i b s s e e e A e s eeb b aiess kden ol i

Figure A7 cont'd (¢] Screen Display.



1E-15 Z-rFACTOR
21 MODES
1 O_923830 0.382483
2 o.707107 0.Fo7107
3 0.332&4R3 Q. 23580
4 0_0C0000 1.000000
S —0.33z2683 0.F23880
(] =0.707107 Q. T7o7I07T
7 -0,923IBED 0.382583
g =1.500000 0L Q00000
¥ =0_.923EZ0 -0.3I82433
10 -0.707107 =-0.707107
11 =0 . 3528835 —0.923580
12 =0, Q0000 =1.000000
13 0. 302483 -0, 923830
14 Q.707107  -0.707107
15 0,.923880 -0, I328B3
1& 1.000000 0. 000000
17 (] Qo
13 1.5 -1.%
13 1.5 1.5
20 -1.5 1.5
21 -1.5% -1.%
17 PLAMES
1 3 1 2 17
2 3 2 = 17
5 3 ) 4 17
4 3 4 5 17
5 ot 3 & 17
& I & 7 17
7 = 7 a3 17
] t d 3 17
7 I 9 10 17
1o 3 10 11 17
11 3 1! 1z 17
12 2 12 13 17
13 2 13 14 17
14 3 l4 15 17
15 X 1% 1& 17
14 t ls 1 17
17 3 1 5 7
35 LIMNEED
1 1 2 1 17 1
g s I 2 17 1
= 3 < 3 17 1
4 4 5 a4 17 L
! 5 & 5 17 1
& & r & 17 1
7 ri 3 7 17 1
g 1] ] a 17 1
= 210 ? L7 1
10 10 11 12 17 1
11 11 12 11 17 1
12 12 13 12 17 1

OO0 - o000 oo o0 OO o0 0D o

EXAMPLE . 7
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13
l4
15
14
17
18
1%
20
21
22
23
24
25
25
27
28
29
18]
31
32
33
X4
35
34

SO0 - ———

13 14 13 17 1
la 15 la 17 1
15 148 15 17 1
1& 1 &6 17 1
1 17 l& 1 1
2 17 1 2 1
3 17 2 3 1
4 17 3 4 b
= 17 dq S 1
ad 17 5 & 1
7 17 & 7 l
g8 17 7 =] 1
% 17 B 5 L
1o 17 s 10 L
11 17 10 1l 1
12 17 1l 12 1
13 17 12 13 1
14 17 13 14 1
15 17 la 15 1
f& 17 15 1& 1
13 19 o+
19 20 =
20 21 %
21 lg =

SET OF BEMDIMG RESISTAMCE
ORTHOTRORIC

1 1 1

FOINT LOAD

1 -1 1%

LINE LOAD

uUbL

MOVEMEMNT

Table A7 Example 7. Input dala.
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Example 8

Froblem [design]: Consider the rectangular slab ol Fig. Af-a
supported by beams on the four edges. [The beams are supported by
columns at each cerner]. The slab is subjected to a unjformly
disiributed load of 100/umit area. Find the reguired ultimate bending
resisbances of the slab and of the beam for the assumed mechanism shown
in the figure.

Reference: Ref. 2, Solution 8.1, p.245.

Algebraic Solution:

Data: L =20, f =03

\p =100, mo=1 M, = 304
Solution:
m = M, /[mL) = 304/(tx20) = 152
i 123, L2030 g (8.8) of Rel. 2
SR (G 2R

Soiukion using Yield Lines:

Input Data: [Fig A8-b and Table AB)

bending resistance: The lines represenling binges in the beam

[lines 7 and 9] are of unit length sco that ihe ptastic resistance of
the beam is equal simply to the bending resistance of these |ines.

Flanes: Due to the symmelry of the problem, the portion of the
beam belween Lhe Lwo plastic hinges deflects without rotating. Plane 4
represenis Lbe beam., and hence nodes 5 6, 7 and 8§ all deflect by Lthe
samsa unit amount.

Nole Lbat tines 7 and 9 [plaslic hinges in the beam) are between
planes 2 and 4, and 4 and 3, respectively.

Yield Lines: The width of the heam is exagerated in the drawing of
the mechanizsm [Fig. A%-b]. The beam width is neglected in Rel. 2. In
order to match the analytical sclution, lines 5 and & go [rom nodes 2 to
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¢ and 3 Lo 5, instead of going from nodes Il to 7 and 10 to 8.
Results: [Fig. AS-¢] The solulion obtazined is ¥y = 545455,

m 545.4551{1) _
—1'—5 lm[?ﬂ%]— = (L0137

Ap LT

hence
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{b)

Figure A2 Example 8 [a) Structure. (b) Model
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¥ DELICH Hex

Pata File:
EXRMPLE. S

Al— e e
Brnalusis

R e oo o
Raesal ts

B ¥

Resistance Factor = 545 . 455

Figure AS cont'd [c) Screen Display.



1E=-15 ¢-FaCTOR EAAMPLE . B

12 NODES

1 o O Q0

2 g1 0

3 20 10 ¢

4 20 O 0

5 14 0 -1

& £ O =1

7 & 1 =1

B 14 1 -1

g 19 1 0
19 19 % 0
L1 1 9 0
12 1 1 ©

4 PLAMNES

1 4 23 56

2 4 1L 2 & 7

I 4 3 458

4 F-) 5 & 7 8
12 LINES

1 1 2 =

2 23 =

3 24 =

4 1 &4 =

5 2& 1 2 1

¢ 35 I L 1

T & 7 2 a4 2

g lz2 % =

¢ 58 43 2
10 %9 10 =

11 10 11 =
1z L1l 12 =

2 SETS OF BENDIMG RESISTAMCE
1 DRTHOGTROPIC PLATZ
1 1 1 1

2 QORTHOTRORIC BEAM
3G._49 0.4 I0.4 30.4
©  POIMNT LOAD

C LIME LODAD

3 uUpL's

1 1 =100 w

2 2 =100 I 1 2 &
I 3 -109 3 3 45
o MOWEMENTEIS

Table A8 Example 8 Input data
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Example 9

Problem [demgn]: The slab shown in Fig A%-a is subjected teo a

factored line load of 10 W/m and a factored UBL of 20 ka;nz, Find
the required ultimate bending resistances of the slab for the assumed
mechanism shown in Fig. A9-b

Reference: Ref. 8 Assignment Nold

Sclution using Yield Lines:

Input Data: [Fig. A9-b and Table A9]

Results: (Fig. A9-c] The solution cobtained is ¥ = 32263



im

-t .':1 82
KK}’()(X)&M%)\
I
I m V4 |2_.5rn
/| 11
¥ /| I
' Line Locd § ]
dm | !
¥
1 yd UDL PRI |
im /1 ———- 15
/]
/AK)‘?\}&)"\)\X){\XX}O()]
a
‘ - 10 m . ( )

ZA

A ©

(b)

Figure A% FExample 9 [(a] Structure. [b] Meodel.
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232 DEETLEM 0oee

ata File.
ERAMPLIE. S

Pattern no.:
42 opout of
igl trieg
{1688 valid)

|€— o e
= E R A _
Moders ool 8
Hosul te

Qi t

MA¥X Rezistance Factor

22.263

Figure A% cont'd {c] Screen Display.




le-13 Z-FA&CTOR EXAMPLE . 9
12 MNOIDES

1l 0 2] o

2 7 B O

I3 10 i o

4 O o o

5 0 ] 0

& 2.5 3 x

7 2.5 L) *

8 0O 5 Q

9 2.5 4 *
lo 3.5 4 =1
11 4.5 4 -1
12 8.5 d (]

S PLANES

1 7 1 212 3 4 5 8§
2 4q 1 g 11 10

I3 4 101l I a

4 8 110 4 5 & 9 7 8
5 4 212 311
12 LINES

1 1 2 L Z z

2 2 3 *

I 3 4 1 3 =2

4 4 5 =

5 5 & *

& & 7 »

7 7 8 x

a8 B 1 *

7 1 10 2 4 1

10 2 11 5 2 1

11 190 11 2 3 1

12 4 10 4 I 1

13 3 11 3 5 1

2 SETS OF BEMDING RESISTANGE
1l ORTHOTRORPIC

1 1 1 1

2 ORTHOTROPIC

1. 1.5 1.5 1.5

0 PQINT LOAD

3 LIME LOADS

1 q -10 9 -1¢ 10
z Z =10 103 =10 11
3 s =10 11 -1g 12
4 upL's

1 2 -20 x

2 3 =20 =

3 q =20 =

4 5 -Z20 =

2 MOVEMEMNTS

L 10 15T MOVEMENT

11 4.5 4 &.5 4

1 i0 2ZND MOVEMENT

1o 3.5 4 4.4 4

Table A9 Example 9

Input data.
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Example 10

Problem lanalysis): Consider a joint aon the tension chord of a
triangular truss made of steel hollow structural sections [HSS), as
shown io Fig. Al0-a. The joint includes & 40 mm HSS5 compression web
member and a 35 mm HSS tension web member welded on the face of a 100 mm
square HSS chord with a 40 mm gap between lhe 1wo web members.

Calculate the resistance of the joint for the assumed failure
mechanism in which the compression web member is punching into the chord
face and the tension web member is pulling out.

Reference: Rel. 9

Algebraic Selution:

Data: Dimensioens shown in Fig. AlQ-b.
Isotropic steel, all mp's are egqual.

Solullon: P = 2000 kN [(from Rel. 9)

Solution using Yield Lines:

input Data: [Fig. Al0~c and Table A!Q)

Nodes: The deflection [z coordinate] of nodes 6, 7, 10, 11, 15
and 16 is unspecified, and therefore computed by the program.

Hodes 15 and 16 are slave nodes so that their location at Lhe
center of Lhe web members is computed by the program. Point lcads are
ascigned to these nodes.

Nodes 17 apd 13 are included only to have all the patterns drawn at
the same =scale on the screen.

Search Data: Three movements are used to vary Lhe position of
nodes 2 and 13, nodes 1 and 12 (line 9], and nodes 3 and 14 (line 14).

Results: [Fig. A10-d) The solution obtaiped is h = 200.86.



0 Am 0 A ©

L

(c)

Figure Al0 Example 10. [a} Structure. (b) Dimensicas. [c] Model.
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o] 4%,
I o~ r
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H¥E ANALYEIS e

Data File:
EXAMPLE .18

H—— £ e
D iogn -
Modes onsodd
Remnl tx

Qg b

MIN Load Factor

288 . 8552

Figure Al conti'd [d] Screen Display.




1E-15 I-FACTO EXAMPLE . 1O

18 ®™NODES
1 -1. L0, o.
2 70. 100, o.
] 135, 100, o,
4 O 75. -1.
] 59, 75. -1.
& 30. ao. *®
7 135, 8o, *
B 0.0 35. -1.
] S0, 35. -1.
10 S0, 15, *
11 135, 15. *
iz -1. o. Q.
13 T, 0. 0.
14 134, . Q.
13 * 4 9 5 8 x
14 * 5 11 7 10 *
17 =30. Q. Q.
18 185, a. 0.
10  PLAMES
1 a4 1 2 4 5
2 4 2 3 & 7
3 4 L 4 12 8
4 5 4 § 8 S5 15
5 & 2 5 & %5 10 13
& 35 & 7 10 11 1é
74 7 311 14
g 4 B % 12 13
% 4 10 11 13 14
io & 112 2 3 13 14
22 LINES
1 1 2 101 1
z 23 1¢ 2 1
3 1 4 1 3 1
4 4 5 1l 4 1
s 3 2 15 1
& 2 & 2 5 1
7 & 7 2 & 1
g T3 P 1
e 12 1 10 3 |
id B 4 3 4 1
il 25 4 5 1
12 i0 & 56 1
13 11 7 & 7 1
14 14 3 7 10 1
15 12 8 3 8 1
14 g8 =2 4 B 1
17 %13 % B 1
18 132 16 5 9 1
12 10 11 & % 1
20 la 11 % 7 1
2 1213 8 10 1
22 12 14 % 10 1



5

Ln

Lol LI S I R R T I Y S O s I
L

SET GOF BEMNDING
ISOTRAORPIC
8. 8. B.
POINT LGAD
4 -1 15
& 1 15
LINE LOAD
LD
MEVEMEMTES

12T MOVERMENT
51. 100, B9,
g1. o. 89.

2MD MOVEMENT
-1. 100, —-50,
-1. c. -50,

SRD MOVEMEMT

RESISTANCE

100.
Q.

100,
G.

136. 10060, 185, 100,
13&. . 185, 0.

Takla Al0 Example 10

Input data.
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