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Abstract

In this thesis, we will follow a paper by Bryant ef al. in finding the necessary and
sufficient conditions for the existence of a Levi-Civita connection within a given
projective structure [I'] on a surface. We will give an explicit formulation of a
necessary condition, as an obstruction of order five in the Christoffel symbols of
an arbitrary element of [I']. Our approach in finding this obstruction allows us to
find sufficient conditions in the real analytic case as well. In terms of the Christoffel
symbols of an arbitrary element of [I"], the explicit forms of the sufficient conditions
are of order six in generic case, and of order eight in non-generic case. All the
formulations will be projectively invariant and will be expressed in point invariants
of the second-order ODE whose integral curves are geodesics of [I']. We will use
a machinery developed by Hitchin and LeBrun, that we call minitwistor theory, to
find the moduli space of these integral curves. Using this machinery and the notion
of densities on a manifold, we give geometric interpretations of the formulation of
the problem and derive a projective property of the space of metrics whose Levi-

Civita connections belong to [T'].
Abstrait

Dans cette these, nous analysons un travail de Bryant et al. portant sur 1’obtention
de conditions nécessaires et suffisantes pour 1’existence d’une connexion de Levi-
Civita au sein d’une structure projective [I'] sur une surface. Nous donnons une
formulation explicite d’une condition nécessaire sous la forme d’une obstruction
d’ordre cinq sur les coefficients de Christoffel d’un élément arbitraire de [I']. Dans
le cas analytique, notre approche nous permet d’obtenir des conditions suffisantes.
En termes des coefficients de Christoffel d’un élément arbitraire de [I'], ces condi-
tions suffisantes sont d’ordre six dans le cas générique et d’ordre huit dans le cas
non-générique. Toutes les formulations obtenues sont projectivement invariantes et
exprimées en termes d’invariants ponctuels des equations différentielles ordinaires
d’ordre deux dont les solutions les géodésiques de [I']. Nous utlisons une technique
développée par Hitchin et LeBrun, appelée théorie des mini-twisteurs, pour trouver
I’espace des modules de ces courbes intégrales. En utlisant cette technique et la
notion de densité sur une variété, nous donnons des interprétations géométriques de
la formulation du probleme et dérivons une propriété projectivement invariante de

I’espace des métriques dont la connexion de Levi-Civita appartient a [I'].






Acknowledgements

I would like to thank my supervisor, Niky Kamran, for his endless patience and
for introducing this interesting topic to me. Our weekly meetings were invaluable to
me and to the progress of this project. I always felt comfortable to ask him questions
and was encouraged by his willingness to help me understand. I would also like to
thank Michael Wong and Philip Rempel for their suggestions and comments. 1
would lastly like to thank my family whose love and support are the most valuable

gifts I have in life.






Contents

1 Introduction 10
1.1 History and Motivation . .. .... ... ... ... .......... 10

1.2 Formulationand Results . . . . ... ... . ... ............ 13

2 Preliminaries 17
2.1 DensityBundles ... ... . ... .. .. .. . ... .. 17

22 JetBundles . .. ... ... ... 19

2.3 Involutivity of First-order PDEs . . . . .. ... ... ... ...... 22

3 Necessary and Sufficient Conditions for Metrizability 30
3.1 Projective Equivalence of Torsion-free Affine Connections . . . . . . 30

3.2 Linearizing the System . . ... ... ..... ... .. ........ 33
3.2.1 Diffeomorphism Invariant Conditions of Projective Structures 35

3.3 Prolonging the Linear System . . ... ................. 37

3.4 Necessary Conditions . . .. .. ... .. ... ... ... ..... 40

3.5 Sufficient Conditions. . . . . .. ... ... ... .. ... ... 41

4 Minitwistor Theory of Projective Structures 49
4.1 Minitwistor Correspondence . . . ... .. .. ... ... ....... 50

4.2 Alternative Derivations . . . . . ... ... ... ... ... ... 55



CONTENTS

A Complex Geometry
A.1 Holomorphic Line Bundles . . . ... ..................
A.2 Deformation Theory . .. ... ... .. ... ... ...........

B Cartan’s Test
C Long Formulae of Chapter 3

Bibliography

63
63
69

71

76

79






CHAPTER 1

Introduction

We being with a brief history motivating the problem that we will be dealing with
in this thesis. After this we will give a formal formulation of the problem and an

overview of the important results discussed in this thesis.

1.1 History and Motivation

The study of geometric structures on differentiable manifolds and fiber bundles, in
particular jet spaces, goes back to the work of Riemann and Christoffel and is one
of the main objectives of differential geometry and differential topology. There are
various ways to define a geometric structure on a manifold. One important method
is to define a geometric structure by a system of differential equations. The local
and global study of manifolds or of fibred spaces with structures that are generated
by a system of differential equations is what is called the geometry of differential
equations. This subject has a very long and distinguished history whose progress is
closely tied to development in Riemannian geometry, Finsler geometry, and Cartan
spaces combined with the various theories of connections in fibred spaces. The
survey [1] contains a great number of works on this topic and gives a good historical
background of the subject.

The origin of the geometry of differential equations dates back to the earliest

10



1.1 HISTORY AND MOTIVATION 11

systematic studies of differential equations and the work of Lie on the invariants
of differential equations. He investigated certain classes of equations relative to a
specified group and provided an effective geometric interpretation of his results.
What we mean by a group property of a system of differential equations is a prop-
erty of the system which remains unchanged when the dependent or independent
variables in the equation are subjected to a transformation belonging to a transfor-
mation group GG. A system of differential equations is said to admit a group G if
such a group property holds for that system. One very important and commonly
investigated group property is the is the invariance of the solution of a differential
equation so that if a transformation g € GG acts on a solution of this system it will
give another solution of the same system. Such group properties can be used to give
a group classification of systems of differential equations, a subject first addressed
by Lie. The investigation of group properties of system of differential equations
was done in more generality by Cartan.
In this thesis we will be dealing with the geometrical study of a specific class of
second-order differential equations
2
% = A(z,y, %),

in two variables and discuss the geometric structures that can be associated to it.

(1.1)

The first geometric structure that we will associate to this class of ODEs consists
of the geodesic lines on surfaces as one of the most important geometric structures
that contains many aspects of the local classical theory of the surfaces as well as
new approaches that are brought due to twistor theory. The notion of geodesic on
a surface can be locally defined using a second-order differential equation. On a
surface we can consider the class of all such second-order equations which result
in the same geodesic curves on the surface as unparametrized curves. Such a class
is called a projective structure (or projective connection) of the surface and can be
formulated as a second-order differential equation % = A(z,y, %), where A is
cubic in y’. This is the form of the second-order ODEs that we consider in this
thesis.

Extensive geometric study of second-order differential equations was conducted
by Cartan, Eisenhart and Douglas and others in the 1920s. Eisenhart was primar-
ily interested in the case of equations that could be interpreted as describing the
geodesics of an affine connection of a manifold. A systematic investigation of such

single scalar second-order ODEs has been completed in the language of modern dif-



1.1 HISTORY AND MOTIVATION 12

ferential geometry and exterior differential systems in [18] and also in [3]. Cartan
realized that the second-order ODEs of the form (1.1) induce a natural projective
structure on their two dimensional solution space. In his paper [5] on projective
connections, Cartan used his own approach (which extends the idea of affine con-
nection as formulated by Levi-Civita and Weyl to a more general situation involving
projective frames) to study the theory of connection and equivalence of geometric
structures by means of G-structures. A modern interpretation of Cartan’s ideas can
be found in [27].

Around the time that Cartan published his paper on projective connections [5],
a somewhat different way of investigating the same problem was conducted by sev-
eral other authors, including Thomas [29] and Whitehead [35], using the language
that we will use in our formulation of projective structures. A comparison of the
two approaches is done in [7]. We use Thomas’s approach in the statement of the
problem. The generalization of the projective differential geometry of affine con-
nections was studied by Douglas [8] under the name of general geometry of paths.

A projective structure on an n-dimensional manifold M, in the sense explained
earlier, can be thought of as a local identification of M with RPP". There are many
interesting examples of manifold that carry a projective structure, however, the ex-
istence and classification of projective structures on n-dimensional manifolds is an
open problem for n > 3. It has been conjectured that every three-dimensional man-
ifold can be equipped with a projective structure (c.f. [28]). This is a very difficult
problem and its positive solution would imply, in particular, the Poincaré conjec-
ture. A research report of the problem on compact surfaces can be found in [6].

Defining the projective equivalence relation between affine connections as above
results in equivalent classes of affine connections which have the same geodesics as
unparametrized curves. One can ask if there is a Levi-Civita connection in a given
equivalence class and, if so, one can try to determine the number of projectively
equivalent Levi-Civita connections as well as necessary and sufficient conditions
for the existence of metrics giving rise to those Levi-Civita connections. If such
a metric exists then the projective structure is called metrizable. The earliest at-
tempt to solve this problem of finding necessary and sufficient conditions for the
metrisability of a projective structure on a surface was first carried out by Roger
Liouville [24].

In this thesis we will provide the necessary and sufficient conditions to this
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problem and will discuss two geometric treatments of the problems using twistor

theory and density bundles as is done in [2].

1.2 Formulation and Results

In this section, we will give the formulation of the problem and state our results.

Suppose g = (g;;) is a Riemannian metric on an open set U ¢ M with

g = glldl’% + 2912d$1d$2 + gggdﬂfg

(12)
= E(z,y)dx® + 2F (z,y)dzdy + G(x,y)dy?,

where (x,y) and (x1, z5) denote the same coordinates. We switch between the two
notations as is convenient in order to keep expressions as simple as possible. We
do the same for the components of the metric by letting g11 = £, g12 = F, go2 = G.

The Christoffel symbols of the associated Levi-Civita connection is

Zb _ %gad(agdb n agdc _ agbc)

ox¢  Oxb Ozxd’’ (1.3

Considering a projective structure [I'], pick two elements I i T € [T]. As

will be shown in Section 3.1, we should have
T, = T+ 150 + Ty (14)

If there is a Levi-Civita connection in [I'] then it is projectively equivalent to Fijk

Therefore, the following system has to be satisfied for some g;;’s and T*’s

(agdb 094c agbc)

ij+T5 +Tk51 D +8xb ~ o)

2

Because we deal with torsion-free affine connections, there are six Christoffel sym-
bols I' x> SO the system above consists of six equations. However there are three
metric components g;;, as well as a one-form T = T ,dz?, that are to be determined.
Therefore, the system is overdetermined. Another way of addressing the overdeter-
mined nature of the problem is by deriving the associated second-order ODE of the
projective structure as we mentioned in the previous section. In Section 3.1 we will
show that it has the form

&’y

dr2

dy

A3( )3 A( ) Ald

+AQ,
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where
Az = 111227 Ay = 2F112 - F2227 A= Pln - 2F212= Ag = _F2117 (1.5)

where T ;& 1s an arbitrary element of [[']. The second-order ODEs of this form
constitute the class of ODEs that we are considering in our geometrical study of
differential equations. It can be easily checked that the A;’s are invariant under the
projective equivalence relation (1.4) meaning that replacing the Christoffel symbols
I ik in equation (1.5) with i it such that relation (1.4) holds, does not change the
A;’s. Therefore, in a given local coordinate, a projective structure can be repre-
sented by the A;’s. Due to a result by Cartan in [5], any choice of the A;’s in the
equation above also gives rise to a projective structure. As a result, in a given local
coordinate there is a one-to-one correspondence between the functions Ay, ..., Az
and projective structures. If a projective structure is metrizable then we can sub-
stitute expression (1.3) for the Christoffel symbols in equation (1.5). It is straight-

forward to obtain the system

1E8,F -2E9,F + FO,E

Ao 2 EG - F? ’
4l 3FO,E + GO, E - 2F9,F - 2E9,G
) EG - F? ’ (1.6)
o 12F0,F +2G0,E - 3F0,G - E9,G '
279 EG - F2 ’
e 12G0,F - G9,G - F9,G
79 EG - F2

In this system, we are given four functions Ay, ..., A3 and want to find three func-
tions E, F, G such that (1.6) holds.
In order to state the first obstruction for metrizability of a projective structure,

we associate to a projective structure [I'] a 6 x 6 matrix M[I'] defined as
M(I'] = (V,D,V,D,DyV) (1.7)

where the vector field V is given in (3.25) and depends on the A;’s up to their
second derivatives. We have made use of abstract index notation in writing M|[T']
where D, Dy)V := %(D(an)V +DwDyyV) and D,V = 9,V - VQ, as will be
explained in Section 2.3 and 2,’s are given by (C.1). We define D,D,D.--D;V
recursively to be 0,(DyD.--DyV) = (DyD.--DgV)€2,,.

Theorem 1.2.1. If a projective structure [I'] is metrizable then

det(M[T']) = 0. (1.8)
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The proof will be given in Section 3.4.

We will see that investigating the metrizability of a projective structure leads to
a first-order system of PDEs. Using the machinery of Section 2.3, we find the ob-
structions to the existence of a Levi-Civita connection in a projective structure [I'].
In this way we can also find the dimension of the space of metrics over a sufficiently
small open set of the surface of which the Levi-Civita connections belong to [I'].
The first obstruction was given in Theorem (1.2.1). We will translate our problem
to finding the dimension of the space of the parallel sections of a connection over a
rank six vector bundle on a surface. In this manner, the matrix M[I'] will be equiv-
alent to a matrix consisting of the curvature matrix and its covariant derivatives up
to degree two which is what we will also denote by F5 in our general treatment of
first-order PDEs in Section 2.3 and is given by (2.25).

In Section 3.5, we first provide a sufficient condition for metrizability of a spe-
cial class of projective structures, called generic, in sufficiently small neighborhood

of certain points as follows:

Theorem 1.2.2. Given a real analytic projective structure [I'] over a surface with
associated coefficients A;’s and det(M[I']) = 0 such that rank(M([I']) = 5 and
ker(M(T']) = span{u} with u = (uy, ..., us) and uyuz — (uyz)? # 0 at a point p, a
sufficient condition for the metrizability of [I'] in a sufficiently small neighborhood
of p is that the the rank of the 10 x 6 matrix with the rows

(V,D,V, DDV, DDyDey V)

is equal to five. This condition holds if and only if two invariants Ey, Fy defined
in terms of the A;’s up to their sixth derivatives vanish. The expressions for these

invariants depend on the given projective structure.

The construction of £ and E5 will be explained in Section 3.5. We will show
that for this specific choice of projective structures the fifth order equation (1.8)
and these two sixth order invariants guarantee the involutivity of the system of first-
order PDEs that constitute our problem and the general solution depends on three
functions of two variables.

If a real analytic projective structure [I'] satisfies the non-degeneracy condition
but not the other properties stated in Theorem (1.2.2), then we would obtain ob-
structions in terms of higher derivatives of the A;’s that ensure the metrizability of

[[']. We will prove the theorem below in Section 3.5.
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Theorem 1.2.3. A real analytic projective structure [I'] over a surface U is metriz-
able in a sufficiently small neighborhood of a point p € U if and only if the rank of

the 6 x 21 matrix with the rows
Mmax = (V7 DaV, D(an)Va D(anDc)Va D(anDch)V, D(zszDchDe)V)

is smaller than six and there exists a vector u € ker(M ,.,.) such that ujugz — (uy)?

does not vanish at p.

The sufficient condition we derived for the metrizability of a projective structure
[I'] on a surface, may only hold in a sufficiently small open set of the surface. That
is, even if [I'] is metrizable around any point of the surface, a global metric may fail
to exist over the whole surface.

In Chapter 4 we will discuss a twistor version of the problem which we call the
minitwistor theory following [4]. This approach will relate a real analytic projec-
tive structure on a surface to a complex surface with a family of rational curves with
normal bundle of degree one, that we call minitwistor lines. This construction will
be used as a geometric interpretation for the linearisation of an ODE associated to
a projective structure to a system of linear first-order PDEs. Moreover, it allows
us to construct the moduli space of a projective structure. In other words, we can
construct the moduli space of the solutions of the second-order ODEs associated to
a projective structure. Finally, we will show some properties of the space of metrics
over a surface of which the Levi-Civita connections belongs to a given metrizable
projective structure using densities on manifold. We mention in closing that the cor-
respondence between local differential invariants of second-order ODEs defining a
projective connection and formal neighborhoods of rational curves in twistor space

has been explored in [16].



CHAPTER 2

Preliminaries

2.1 Density Bundles

In this chapter, we let M be an m-dimensional real manifold and V' be a real vector
space. The complex version of the definitions and theorems are straightforward to
state. The material covered in this section is discussed in greater detail in [10], [25],
and [26].

Definition 2.1.1. We call f : A™V* — R an r-density over V' if f(\u) = |A]" f(u)
for all A € R. The linear space of r-densities on V' is denoted by |A|"(V'). The
bundle of 7-densities on a manifold M is obtained from 7'M by replacing each
tangent space 7, M by the space of |A|"(7,,M) and is denoted by |A[;,. For an
r-density we call r the weight of the density.

It is easy to show that the fibers of an r-density bundle are vector spaces. Since
we will also consider tensor densities, we may refer to a r-density defined in the
sense above, as a scalar r-density to avoid any confusion. Note that a scalar density
on M is a line bundle.

Let Q and Q represent a scalar density of weight  in two coordinate systems
(z%); and (Z*); on M. As we know, if an m-form u over A" (7 M) transforms to
U via the change of coordinates (2¢) — (Z%(x)) then ¥ = Ju where J = det(%).

17



2.1 DENSITY BUNDLES 18

Thus, according to the definition we have

a.w=-a.(5)- &

7 (u) = Q. =|J"|Q.. 2.1

As an example, consider an open set U € M such that the canonical bundle (i.e.
the highest exterior power of the cotangent bundle) is trivialisable over it. We can
obtain a 1-density by first choosing a nonvanishing section u(z) € I'(A™(T*M))
as a normalization and define
w:A™(T"M) —R
(2.2)
v(z) — |g(z)|.

where v(z) = g(z)u(x). We can easily verify that w is a 1-density. So on a suffi-
ciently small open set of M, the density bundle we constructed above is identical to
the canonical bundle restricted to the set of charts on U with positive Jacobian. We
call a section 7 € |A[}, a volume form.

On any sufficiently small open set we can construct a positive 1-density, and
using the fact that 1-densities form a vector space at each point, with a choice of
partition of unity we obtain a 1-density over M. Having a 1-density over M at our
disposal, we can raise any of its sections to the power r to construct a section in
the r-density bundle as is clear from the definition. Therefore, it is clear that there
is a one-to-one correspondence between the sections in the 1-density bundle and
the r-density bundle. We can easily define the dual of an r-density of which the
elements act on an element f € |A[}, on each fiber and give a scalar that would be a
zero-density over M (the tensor product of any line bundle with its dual always has
weight zero), thus the weight of the dual of an r-density is —r.

We can easily generalize this definition to tensor bundles.

Definition 2.1.2. For tensor bundle 7 M on a manifold M, the associated tensor
density bundle of weight r has 7 M|, ® |A|"(T,, M) as its fibers at a point  and is
denoted by T M ® |A]},

As an example, it is easy to see that the change in the representation of a (1, 2)-
tensor density with a change of coordinate (z7); - (7%); is
~, 30T 079 0T%
be =7 9yt Qab e M
The notion of covariant derivative can be extended to tensor densities as is done

in [26]. The covariant derivative of a scalar density () of weight r on an open set U,
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with respect to a connection with Christoffel symbols Fij g 18

0

Vel = g 7

re, Q. (2.3)

It is clear that the formulation for the covariant derivative of a 1-density is identical
to the covariant derivative of an n-form as expected by our construction in (2.2). As
a result, on an open set U over which our construction (2.2) of 1-densities hold, we
sometimes denote the volume form 7 by 74s....) which is the abstract index notation
for differential forms of highest degree.

This easily gives the covariant derivative of a density tensor T with weight
and of order (p,q). In order to write the formula we do it for (p,q) = (1,2) and
the general case can be treated analogously. Notice that from the definition we have
T=T® @ were T'is a (1,2) tensor and () is a scalar density of weight r. Therefore,

we have

VaTjik =Va(T)Q) = (VaT})Q + T),.VaQ

9 2 ) T r or T r i r
- %T‘J’f + (Farirjk - FajTrk - Fakz-}r)Q - T‘jk(rrarQ) (24)
0

= Ora T+ U, T = 1o 1 — Lo Ty — 16, T
It is clear that the only difference between the covariant derivatives of T and T is

the last term which involves —rI7 .

2.2 Jet Bundles

The material of this section can be found in more detail in [9] and [19]. Throughout
the text we will make use of the abstract index notation in writing formulae and
multi-index notation for taking derivatives, unless otherwise stated.

Whenever we have a system of differential equations we can regard all deriva-
tives up to the highest degree appearing in the system as new variables and think
of it as a system of constraints over a jet space. This means that we regard these
derivatives as the local coordinates of the set of points in a fiber bundle called a jet
bundle. In this way a system of differential equations is a set of constraints that
define a submanifold of the jet bundle. In order to state the definition in a general
form, we consider a fiber bundle (F, M, ) having M as its m-dimensional base

manifold with N-dimensional fibers and 7 as the projection map. Let (%, u®) with
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0 <i<m,0<a< N,bealocal trivialization for | 1),V ¢ M and consider
two local sections s : V — E | s': V! — E with V. n V'’ # &. We define the

equivalence relation j” over V NV’ to be

am a 8|I| a
a;[ (z) = 8—;(@, I|=p, YzeV V'  (25)

where [ is used for the multi-index notation.

3(s) = j°(s') =

We can define the vector space JI(E) to be the space of local sections of £
equivalent with respect to the relation j?. In other words, this space only contains
the derivatives of sections of £ up to degree p. Therefore, each element of this space
is defined by assigning N (m;p ) coordinates which is the number of derivatives of a
section up to order p, given the commutativity of partial derivatives. Define the pth-
jet bundle to be JP(FE) := || JE(FE)/[j?] with the equivalence relation ;7 defined
as above. Sometimes JP(}B\Z],V[E ) is used instead of JP(E) to make clear what the
base manifold is.

It is clear that J°(F) = E and that JP(E) has M as its base manifold with an
obvious projection 7fy : JP(E) — JO(E) := E. There is also a natural projection
7y JP(E) — JI(F) for p > ¢ which ignores the derivatives of degree more than
q. Any trivialization of F induces a trivialization of JP(E).

Let ¢ : V := 7= 1(V) > R(™+N) be a trivialization of E such that ¢(%) = (2%, u®)
at 7 = m~!(x). Then the induced chart on J?(E) is:

@ s V7= (nf) (V) — RN

. a|lq|ua

(s - (¢, 5 o)

where 1 <i<m, 1<q<p, |I,| =g We will denote %u“(m) by u¢(x).

Suppose the system F' consists of 7 PDEs F,(z¢,u%) =0, with 1 < s <r, |I| <p,
that are of order p for N real-valued functions (u',...,u") over R™. The proce-
dure explained above transforms F' into a system of constraints in J?(R" R™).
This way all the derivatives in the equation become coordinates in J?(R" R™).
Comparing this example with the terminology of our discussion above, the fiber
bundle F is the trivial RY bundle over M = R™. This system defines a submanifold
MO c Jp(E) of codimension r as its zero locus called the equation manifold.
Let s(z) : M - M x U < E be a local smooth solution of the system [ then
gP(s) € MO where j? is defined as in (2.5). We define S® ¢ M to be a man-

ifold generated by the p-jets of smooth local solutions s(z) of F' for all choices of
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initial conditions (z, u2). If S = M(©) then the system is called locally solvable.
The manifold MM c J@+D  called the first prolongation of M(®) is defined by
both the original system F' and its first derivatives which are total derivatives with
respect to the z%’s and contains S*1) which is the (p + 1)-jets of the smooth so-
lution sections of F'. So M+ is the zero locus of the system of PDEs F'(1) in

JP+1)(E) defined as
DF

Dzt
where 1 <7 <m, 1 <a <N, 1< s <r. Because the prolonged system sat-

Fy(2',u*) =0, =0, (2.6)

isfies the original system as well, we have 75" M1 ¢ M(©) as a submanifold. It
is important to note that we may have 75" M1 as a submanifold of M(© with
nonzero codimension. This is because differentiating /' and mixing the new equa-
tions with the old ones may lead to cancelation of derivatives of order p, and by
projecting the result to J?( E') we obtain a non-regular equation which does not sur-
ject onto M () but instead gives a submanifold of nonzero codimension. Also it
is easy to see that 77" S+ = Sr. For instance over U ¢ J'(R2,R) with coordi-
nate (1,2, u, Uy, uy) consider the system of constraints /' which determines M)
defined as

U =u+2,
F(xs,u,u;) = 2.7
Us = U + T,

Therefore the first prolongation manifold M), is determined by

Ui =ug + 1,

D U1z = U,
Flajuu)=1 = ° (2.8)

¢ Uy = 2uuy,

F(z;,u,u;) and

Ugo = 2UU2 +1.

Because w15 = us1, the second and third equation in (2.8) gives a new constrain on
the projection of M) into M c J'(R? R), namely uy = 2uu;, and is indepen-
dent of the equations (2.7); therefore M) does not surject to M (),

As a result it is possible to have a system of p-th order PDEs such that the
solutions do not have a (p+r)-jet for some r > 1 because the constraints introduced
by the prolongations may accumulate in such a way that the projection of some

M) into M(®) becomes empty. To put it differently, if we note that

P c MO g+ ¢ M) 7T£+1/\/l(1) c MO w,ﬁp“)S@“) =S® (2.9)
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then we can say that projecting the prolongation manifolds M) to M© as we
increase r takes us closer to S® ¢ M) and we expect that if S is empty there
for some r the projection of M) to M () becomes empty for some r > 1.

A natural question is to ask whether a system necessarily has a smooth solution
if differentiating it ¢ times for some integer ¢, its zero locus (the prolongation man-
ifolds M (@ of M(®) is observed to be not zero-dimensional. The general answer
to this question makes use of Cartan’s test which we will discuss briefly in the the
appendix. We will however, discuss the answer in the case where F' is a first-order

system of PDEs in details in next section.

2.3 Involutivity of First-order PDEs

In this section, we state an important theorem concerning the integrability of a sys-
tem of first-order PDEs and the dimension of the solution space with geometric
interpretation of a system of PDEs that connects the system to the parallel sections
of a connection on a vector bundle. As we will define the notion of holonomy for
a connection, we will realize that the existence of a parallel section gives rise to a
restriction on the holonomy.

We assume that the system F' has the following form over the fiber bundle F,

ou®
oxt

F(2',u®, uf) = - (x,u) =0, (2.10)

where 1 <i<m, 1<a<N.

Definition 2.3.1. An r-dimensional distribution D on M is an assignment of an r-
dimensional subspace D,, ¢ T),M at each point p € M such that D,, varies smoothly
with respect to p, meaning that there exists a neighborhood U ¢ M of each point
p € M such that D, = span{X;(q), ..., X, (¢)} Vq € U, for a set of r vector fields
{X1,..., X, } defined over U. A submanifold N ¢ Mis called an integral manifold
of Dif TyN = D, Vq € N. The distribution D is called completely integrable if

there exists a unique maximal integral manifold of D at every point of M .

Assuming that the the equation manifold of the system (2.10) that we denote by
MO e JI(R™ RN) exists and is r dimensional, it is easy to find an r-dimensional
distribution D" on E generating S(°) ¢ F as its integral manifold. Recall that S(©)
is a submanifold of F that is generated by sections s(x) ¢ E for which F'(s) =0
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hold. Using chain rule, the form of a vector field X tangent to M,with coordinates

(2%, u®), can be written as

0 our 0
+

X=4 (&Ei ozt du®

) (2.11)

Therefore the r-dimensional distribution D generating S(©) is generated by the vec-
tors
Xi=0p +Y0ya, 1<i<m, 1<a< N. (2.12)

Now we state the classic version of Frobenius theorem which involves the existence

of an integral manifold for a distribution. The proof can be found in [21].

Theorem 2.3.2 (Frobenius Theorem). Let D be an r-dimensional distribution over

on E such that

[X,Y]eD, VX,Y eD.

Then D is completely integrable.

To prove the existence of S(© for the system (2.10), we look for the integral
manifold of the r-dimensional distribution D we found in (2.12). It turns out that in
order to have [ X, X;] € D for the vector fields X in (2.12), the ¢)?’s have to satisfy
specific relations. Forming the commutator [X;, X;], the only way that it can be
written as a linear combination of the X;’s is when [X;, X;] = 0, Vi, since any
linear combination of the X;’s gives a nonzero coefficient for at least one vector 0,
for some ¢ while the coefficients of the 0,:’s for the commutators [X;, X ] are zero.
This equality describes the equations that have to be satisfied by the functions 1)¢’s
in order to guarantee the complete integrability of D. It is straightforward to derive

these equations which would be as stated in the following theorem.

Theorem 2.3.3. The system F' defined in (2.10) has a unique smooth solution
u(z) = (u'(x),...,u(x)) for any choice of initial value u(xq) = ug if and only

if the Y¢’s satisfy
oup U5 oge Oy
oxt  Odxd  oub "l oub !

This theorem says that with the equalities above satisfied, the general solution of

0 (2.13)

the system £ in (2.10) only depends on the initial value u, meaning that it depends

on N arbitrary constants specifying uy = (ug),.
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What if the relations in (2.13) are not satisfied? This means that the system F'
may not have a solution for arbitrary initial values. But we can still try to find those
initial values for which a solution of F' does exist. In other words, we are trying to
find the integral manifolds of the distribution D generated by vector fields (2.12),
whose coordinate functions satisfy equation (2.13). If such manifolds does not exist
then it means that there is no sub-distribution of D that is integrable and as a result,
for no choice of initial condition do we get a solution. Using % = ¢%(z,u) to
substitute derivatives of the u®’s with the ¢¢#’s, we can look at the relations (2.13)
as a set of equations

Fy(z,u) =0 (2.14)

involving the functions ¢¢(z,u). These equations are satisfied over S©©) ¢ E, as
they express locus of points satisfying F' and the integrability condition (2.13)
simultaneously. We denote this locus by M;. We can differentiate equations

Fi(x,u) = 0 similarly and get new equations that form a new set of equations
Fy(z,u) =0.

If M is the equation manifold for the system ', namely S(°) = M then the system
F; = 0 has to be satisfied over M as they ensure that the locus of points S(9) is an
integral manifold. In other words,they say whether the distribution of D generating
M and found from the system F; = 0, is closed under the Lie bracket. If it is
closed then we have found an integral manifold and we are done. If not then we
consider the new locus M, obtained from F, = 0 and follow a similar procedure
by differentiating F5. In this way we get other sets of relations Fj = 0 with a
geometric interpretation similar to what we gave for | and F5. To summarize
what was done above, we can say that our first step was to find the locus of points
satisfying F = 0, denoted by M, which is the intersection locus of the system F
and integrability condition (2.13). Then the second step checks whether the locus is
an integral manifold of F' or not. If not we follow the same procedure for the locus
of points satisfying F;, = 0 denoted by M, which is a subset of M. This procedure
can be continued for other F}.’s.

Now we are in a situation similar to the question we asked before. Recall that
we want to find initial values for which a solution u(x) exists. Therefore, if we
obtain more than N independent sets of equations F;(x,u) then we have too many

constraints on the ©%’s and no manifold S() € J(E') generated by 1-jets of smooth
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solution can exist. Thus, there exist K < N such that Fix,; is a consequence of the

sets F; =0, 1 <7< K. We have the following theorem from [30].

Theorem 2.3.4. The system F' in (2.10) admits solution if and only if there exists

an integer K < N such that the set of equations
F1=F2="'=FK=0

is compatible for all x € U ¢ RN and the set of equations Fi .1 = 0 is satisfied in
the region in which F1, ..., Fx vanish. If q is the number of independent equations
in the first K sets of equations, then the general solution of the system depends on

N — q arbitrary constants.

Notice that these arbitrary constants specify the locus of the initial values that
give rise to a solution of the system. In other words,the solution space is an g-
codimensional submanifold of £. Our discussion above proves the forward impli-

cation of the theorem.

Proof. Assume that the first K independent sets impose ¢ < N independent condi-
tions
Gs(u,z)=0, s=1,....q. (2.15)

0G
ou®

can be solved for say the first ¢ functions u

Therefore rank (5= ) = ¢, and by the implicit function theorem the relations (2.15)

1 ...,u4. Therefore, we can write
u® = ¢(udtl, ..., ulN, ), 1 < a < q. Differentiating ¢*’s and using (2.10) to elimi-

nate the derivatives 0,,u®, we obtain

o_09% 5_09% _
w12 Sl wril (2.16)

where ¢ < # < N. These equations belong to the set Fx,; = 0 so they hold by

assumption. By substituting ¢ = 0,,u* in the equation (2.16) and subtracting the
result from (2.16) we get

ou® oo [ OuP
e (%‘"‘” )0 @17
So s
% =P ), (2.18)

where 3 =q+1,...,N and @Elﬁ = wiﬁ|ua:¢a(uq+1r“7uNﬂj). The system (2.18) is com-

pletely integrable as the consistency belongs to the set

Fi==Fg=0.
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Therefore, by the Frobenius Theorem (2.3.3) there is a solution which involves

(N - q) constants. O

In our problem, the functions %){’s in the system (2.10) are linear in u®. So we

have
ou® u
axi = ¢b,i(x)ub'
We can write this as
Du:=du+Qu=0, (2.19)

where u = (u!,...,u™¥)T is a column vector and
Q = Qda' + Qyda® = —p (x)da’ (2.20)

is an N x N matrix-valued one-form on U. In its rewritten form, the problem
becomes one of finding parallel sections of the connection D = d + €2 over a vector
bundle with N-dimensional fibers over U. Note that, as we assumed earlier, the
total space is R™*Y over U ¢ R™. Since our problem, explained in the next chapter,
involves a two-dimensional base manifold, we consider the case m = 2. The same

holds for other cases. Taking the exterior derivative of equation (2.19), we obtain
d(du+Qu) =dQu+QArdu=(d2+QAQ2)u=Fu=0, (2.21)
where F is the curvature of the connection D). We have
F=dQ+ QA= (0,0 -0 +[Q,Q])dr! Adzx? = Fdot Adx® (2.22)

where F'is an N x N matrix. Note that this last equation has to be satisfied by
a solution of our system. This is actually F7 = 0, the first set of conditions we
mentioned in Theorem (2.3.4). In our case they are linear homogeneous equations.
If F = 0 then the connection is flat and the condition (2.13) in Theorem (2.3.3)
is satisfied and /N independent parallel sections of the connection exist which is
equivalent to saying that the general solution of the system (2.19) depends on N
arbitrary constants. On the other hand, if det ' # 0 then the only parallel section is
the zero section.
To determine the dimension of the space of parallel sections of the connection
D, we follow the procedure explained earlier: differentiating the equation (2.22).
We obtain
0=d(Fu)=dFu-FQu-=[(0;F - FQ;)u]dz". (2.23)
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Using F'u = 0 we get
(D;F)u =0,
where D;F = O;F + [€;, F']. We keep differentiating to obtain new sets of equation

as constraints on the equation manifold. Expressed in matrix form, these sets of

equations are denoted as
Fu=0, (D;F)u=0, (D;DjF)u=0, .. (2.24)

The set of equations [} = F; = --- = ( stated in Theorem (2.3.4) are are identical to

matrix equations above. After K times differentiating we obtain
Fru=0
where Fi is a 2K x N matrix is the matrix consisting of the sub-matrices
Fr = (F, (D;F),...,(DyD;F)) (2.25)
with Fy = F'. Theorem (2.3.4) tells us that this process eventually stops.

Theorem 2.3.5. Assume that the ranks of the matrices Frx, K =0, 1, 2,..., are

maximal and constant. Let K be the smallest natural number such that
rank(Frg,) = rank(Fpy.1)-

If Ky exists then rank(Fk,) = rank(Fg,.x) Vk € N and the space of parallel

sections of the connection D = d + Q has dimension N — rank(F, ).

Note that in the theorem above, we asked for the local maximality of the rank
of a finite number of matrices in the sense that the rank of the matrices do not
decrease in an open set. This is always true for at least one sufficiently small open
neighborhood of a point in the domain essentially because of the continuity of the
determinant function on the space of matrices.

Our discussion shows that the existence of a non-trivial parallel section of the
connection V over the rank six vector bundle F, induces a restriction on the what is
called the holonomy of V. In order to define the holonomy of a connection V over

E at point x € M, denoted by Hol,.(V), we use the parallel transport map

P,:E, > E,
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where v : [0,1] - E] and v(0) € E, and (1) € E,. It is clear that for such choice
of v we have P, e Hom(E,, E,). We define

Hol, (V) :={P, : valoopbased at z} ¢ GL(E,).

It is not hard to see that if M is connected then the holonomy groups at dif-
ferent points of M are isomorphic by conjugation, so we can omit the label x
and therefore the holonomy group is a global invariant of the connection with
Hol(V) € GL(N,R). When the surface M is not simply connected it is easier

to consider the restricted holonomy group defined as
Hol2(V) = {P, : v a null-homotopic loop based at z} € GL(E,).

Similarly to our argument above, we can omit the label = and obtain that the holon-
omy group Hol"(V) is a subgroup of GL(N,R). Thus, we can define the holonomy
algebra hol(V) to be the Lie algebra of Hol’(V). It is a Lie subalgebra of g[( N, R)
defined up to the adjoint action of GL(N,R). Similarly, we have hol,(V) which is
the Lie algebra of Hol? (V).

In order to state the Ambrose-Singer Holonomy Theorem (c.f. [21]) we recall
that for a affine connection we have its curvature R € I'(A?2T*M ® End(E)) de-
fined as

R(X,Y)s:=(VxVy - VyVx - V[x,y])5.
where X, Y € T'M and s is a section of F.

Theorem 2.3.6. Let M be a manifold, E a vector bundle over it with a choice of
connection, say V. Fix x € M so that hol, (V) is a Lie subgroup of End(E,). Then
hol, (V) is the vector space of all elements of End(E,) of the form P;'R(X,Y)P,,
where x € M and vy : [0,1] - M is a piecewise smooth curve with v(0) = x and

v(1) =y, Py: E, - E, is the parallel translation map and X,Y € T, M.

This shows that the curvature R determines hol(V) and hence Hol’(V). For
instance, if the connection is flat, so that R = 0, then hol(V) = 0 and therefore
Hol’(V) is trivial.

Now according to our discussion following equation (2.22), we showed that
the existence of a non-trivial solution to a system of first-order PDEs at a point x,
forces the curvature tensor not to have a full-rank in a neighborhood of x, namely
det(F') = 0. Therefore, if the curvature of (F, D), defined in (2.22), does not van-

ish, a non-trivial solution to the system of linear PDEs (2.10) exists, if the holonomy
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of D lies in some proper subgroup of GL(N,R). This is clear from the Ambrose-

Singer Theorem, as the holonomy would be generated by
P;lF(X, Y)P, = (Pv‘lFPﬁ,)(dx Ady(X,Y)),

where X, Y € T'M and F' is defined in (2.22).



CHAPTER 3

Necessary and Sufficient Conditions for
Metrizability

In this chapter, we want to find the necessary and sufficient conditions for the prob-
lem posed in the introduction. Our treatment of the problem is the same as that in

[2] and uses the material discussed in Section 2.3 and (2.2).

3.1 Projective Equivalence of Torsion-free Affine Con-

nections

A connection allows us to associate to any pair consisting of a point and a direction
in the tangent space of that point a unique maximal curve that is called a geodesic.
To describe it explicitly, we fix a point p in an m-dimensional manifold M and a
direction in 7, M and pick any vector in that direction, say v € 7,,M. Then finding
a curve such that the parallel transport of v along the curve remains tangent to it
amounts to solving Vv = 0. It is clear that scaling the vector by a scalar does not
affect the equation and the locus only depends on the direction. In local coordinates
(z!,...,z™),if F"jk are the Christoffel symbols for v, then V) v(t) = 0 gives

d?xt _, daddak

e At 3.1
dt2 Ik dt dt ’ G-

30
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along the geodesic v(t) = (z'(t),...,z™(t)) where v(t) = 4(t) = dd—"’;l(t), e ().
Here we assume M is a surface with a local trivialization (z,y), which we
sometimes denote by (x!,22), over an open set U. To eliminate the parameter ¢ in

(3.1), assuming % + (0, we obtain a second-order ODE
d?y d y YT
(4= ( )— =3

de dr " & _332 3 . ' .
_I? —2F2 Q—FQ Yyppr Yo (Y2 (93 39
11 1277 22(-) + 11-+ 12(-) + 22(-) .

dy
= F122( )3 + (2F112 F222)(_)2 + (Fln 2F212) FQ

We can write this as

d? d
dg A( )3+A( ) Aldy+A0 (3.3)
where
Ag = F122, AQ = 2F112 - F222, Al = Flll - 2F212, AO = —F211. (34)

In this way we can associate to any affine connection, a second-order ODE.
We can look at this ODE in another way. A pair of a point and a direction in its
tangent space, correspond to only one maximal geodesic. Therefore, we can think
of the initial values of the system of ODEs in (3.1) to be a point in P(7'M). For a
manifold M, P(TM) is simply the fiber bundle obtained from 7'M by taking the
quotient of each tangent space by scalar multiplication in order to obtain projective
spaces as the fibers. Due to Picard’s theorem, the solutions of an ODE depend
smoothly on the initial conditions. Knowing that there is unique lift of a curve in
M to P(TM), we expect that the lift of geodesics, as the solutions of (3.1), give
a foliation of P(7'M ). In order to determine this foliation, we convert the second-
order system (3.1) into a system of first-order ODEs by introducing new variables
(y".y?) as .
. xt
0RO

= Ty (D" (1)
Now we find the vector field that is tangent to the integral curves of (3.5). This

(3.5)

vector field usually called the characteristic vector field of the system. An integral

curve of (3.5), say y(t) = (z%(t),y*(t)), lies in T'M. Its tangent vector has the form

Y(t) = i (t)—

3.6
i ka (3.6)

=yl T g .
yaxl ]]{:yy ayz
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This vector field is also called the geodesic flow or the geodesic spray as its integral
curves are geodesics. Because the geodesic equation is invariant under scalar mul-
tiplication, the characteristic vector field is homogeneous of order one with respect

to coordinates of the tangent bundle, so it also defines a vector field over P(7'M ).

Definition 3.1.1. Two connections I and T are projectively equivalent if they have
identical geodesics as unparametrized curves. The set of all connections projec-

tively equivalent to I' is called the projective structure defined by I' and is denoted
by [T'].

One way to derive an expression for two projectively equivalent connections is
to make use of geodesic spray as is done in [14]. Two alternative procedures ways
are discussed in [10] and [12]. The fact that any point in P(7'M ) determines only
one maximal geodesic suggests that if we have two projectively equivalent connec-
tions with the same geodesics as unparametrized curves, the foliation of P(7'M)
by the integral curves of their geodesic spray is identical. This is essentially due to
the fact that projecting the geodesic flows to P(7'M ) normalizes the tangent vectors
of the geodesics. Let V' and Ve ['(TTM) be geodesic sprays that correspond to
projectively equivalent connections [ and L. Using the map 7w : TM — P(T'M) and
(3.6), at a point p we easily obtain

0 S 0
m(V) = 77*(?/% - Fljkyjykayi)
:3+g3+(,4 +Ag+Ag2+Ag3)ﬁ o
O By 0 1 2 3 aC

where ¢ = 2 is an affine coordinate for the fiber P(7,M/) and A;’s are given in

(3.4). Now if the integral curves of 7, (V') and 7(V') were identical, we would have

. (V(p) = c-m(V(p))

for some number c. Comparing the expressions using (3.7), we get ¢ = 1. This
indicates that V and V differ in the radial part meaning as follows. The projection
et TTM — T(P(T'M)) is an R* action. We can find the vector field over 7'M
that generates this action which is not hard to see is yia%' This implies there exists

a function f € C>~(T'M) linear in y*’s, such that

0

V(z,y)-V(x,y) = f(:c,y)yz»a—y, (3.8)
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a.
ay7,7

Comparing the coefficients of we obtain

Ty =Tk = fy' = giy* = v/,
where g} (z,y) = (f"jk =TI, )y7. Therefore, if i # k then gj, = 0 and
gii(f%y) = 5liijj = (fZ]l - Fiji)yj'
Since we are dealing with torsion-free connections we have I ik = I ; and we
similarly obtain
5§Tk:yk = (fljz - Fiji)yk'

Thus the formulation for projectively equivalence of two connections is

T =T + 1560 + Tyt (3.9)

3.2 Linearizing the System

Let g = (g,;) be a Riemannian metric over an open set U € M of a surface. We use
the notation given by (1.2), and denote the inverse matrix of g;; by g/ . Assume that
the Levi-Civita connection of this metric belongs to a projective structures [I'] with
Ao, ..., Az as the coefficients of its associated second-order equation (3.2). From
equation (3.4) where the A;’s are expressed as linear combination of Christoffel
symbols, we realize that the A;’s form an affine space at each point of the surface.
On the other hand, as we said in the introduction, any choice of smooth coefficients
in equation (3.2) results in a projective structure, a result which is due to Cartan [5].
Thus, the set of all possible values of the A;’s at a point is an affine space which
forms the fibers of a rank 4 vector bundle over U and a section of this vector bundle
represent A;’s over U. We denote this vector bundle by Pr(U).

As we saw earlier, in equation (3.2) the A;’s are expressed invariantly in terms
of Christoffel symbols of any element of the projective class [T']. According to (1.3)
Christoffel symbols are functions of the metric components and their first deriva-
tives and thus the same holds for A;’s as linear functions of Christoffel symbols.

Therefore, from (1.6) we have an operator
o JY(SHT*U)) — JO(Pr(U)) (3.10)

where S2?(T*U) is the space of symmetric bilinear forms, which contains the metric
g. Equation (1.6) indicates that ¢ is homogeneous of degree zero because multi-

plying by any nonzero constant does not affect the A4;’s.
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We want to use equation (1.6) to express the g;;’s in terms of the A;’s. The non-
degeneracy condition on the metric, forces the condition EG — F? # 0. In order to
include this condition, when we are expressing g;; in terms of A;’s, we express the
gi;’s in the form

gij = % and A =det(0), (3.1D)

with o a symmetric 2 x 2 matrix. We will also denote 011,012, and o92 by 11, Vs,
and 3 respectively. By the above substitution of variables, it is straightforward to

obtain the following set of equations from (1.6).

0 2
D22 A - 20,
0 2
% = 2A31 - §A27/137
Y o0y 4 2 (3.12)
e 2% = —A2¢1 - §A11/12 - 2A013,
% 8% =2A3¢; - Z—LAN/J:& += AQ%
ox 8y

In the substitution, we introduced a new metric tensor o;; which satisfies (3.12).

The equations above are equivalent to
V{a0be) = 0, (3.13)

where we have used abstract index notation and V! is an affine connection with

114 as its Christoffel symbols and

1
I 1= §A1, 1_1211 = —Ao, H112 = §A2,
1 (3.14)
H212 = _§A1, H122 = As, H222 = _5142-

Recall that o is a symmetric (2,0)-tensor. As an example, we have

Vlffflz = 01012 = [1%040 — [1%5014
1
= V1(11012) = E(QVPUH + 2V{I021 + 2V£[011)

= %[2(81@/)2 + (Hlll - H212)¢2 - 1_1211% - H112¢1)
+ (Oathy — 20Ty 1hy — 2017 40) ]

1
= 5(261¢2 + O — 4H121¢1 - (4H221 + 2H111)"¢2 - 2H211¢3),

which gives the third equation in the system (3.12).
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The connection V! also belongs to the projective structure that is represented by
the A;’s. The relation between I1%  and an element I'%  of the projective structure
[T'], satisfying (3.4), can be easily derived to be

% = T%. - 1Fddcfsg - lrddbég- (3.15)

3 3

It is clear from above that II% _ and 1'% satisfy equation (3.9) and therefore are

projectively equivalent. The connection V! with the Christoffel symbols IT as de-

fined above, is called the normal projective connection of a projective structure

represented by A;’s. As is discussed in [20] these Christoffel symbols were first

defined by T. Y. Thomas in [29] and can be obtained via Cartan’s approach using
G-structures.

We can summarize the above discussion in the following theorem, originally

due to Roger Liouville.

Theorem 3.2.1 (Liouville [24]). A projective structure [T'] corresponding to the
second-order ODE (3.3) is metrizable on a neighborhood of a point p € U, if and
only if there exists functions V;(x,y),1 = 1,2, 3 defined on a neighborhood of p
such that 1113 — 13 does not vanish at p and the equations (3.12) hold on their

domain of definition.

3.2.1 Diffeomorphism Invariant Conditions of Projective Struc-

tures

The material of this section can be found in detail in [18]. Let U be an open set
equipped with local coordinates (z,y) and projective structure [I']. Any local dif-

feomorphism of an open set U is represented by a change of local coordinates

(v,y) — (@(z,9)), (7, y)).

A local invariant on such an open set is called a diffeomorphism invariant condition
if changing the local coordinates does not affect its vanishing points.

As an example, recall that the correspondence between projective structures and
second-order ODEs 4" = A(x,y,y") with A being at most cubic in 3/, was explained
in Section 3.1. It gives a diffeomorphism invariant condition for a second-order

ODE that is associated to a projective structure as follows. Let us define

Io(A) = %
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If it vanishes for an ODE y"" = A(x,y,y’), then A is at most cubic in 3’ and there-
fore the ODE is associated to a projective structure. It is clear from the definition
of projective structure that acting a diffeomorphism ¥ on U gives rise to a new
projective structure which we denote by W[I']. In other words, the space of projec-
tive structures on an open set U is closed under the action of diffeomorphisms on U'.
Therefore, if we make a change of coordinates W in an ODE that is associated to the
projective structure [I'], the resulted ODE is associated to the projective class W[T'].
Therefore, the property of being cubic in y’ for ODEs of the form 3" = A(z,y,y")
remains invariant under the action of diffeomorphisms. As a result, the vanishing
points of [y, as points in the space of functions in ¥’, y, x, are invariant with respect
to diffeomorphisms of U, (z,y) - (Z(z,v)),y(x,y)). Thus, we say the vanishing
points of I are diffeomorphism invariant. It is not hard to show directly that the

condition [ = 0 is invariant under coordinate transformation

(2,y) — (@(x,y)), ¥(x,y)).

Note that the projective structure [I'] in a local coordinate (x,y) is represented
by unique set of A;’s as was explained in Section 3.1. It is clear that changing
the local coordinates gives rise to a different set of A;’s representing [I']. Thus,
one can look for the suitable local coordinate in which some of the coefficients A;
vanish. For instance if curves with constant = are among the geodesics then Az = 0.
Also Aj can be made to vanish by choosing polar coordinates as geodesics. In this
way the ODE (3.2) becomes second-order linear; however, since we are interested
in deriving metrizability conditions that are diffeomorphism invariant, we will not
make use of this freedom.

We have the following result, which will be useful later on, due to both Liouville

and Tresse.

Theorem 3.2.2 (Liouville [23], Tresse [31]). The ODE y" = A(y',y,x) is equiva-
lent to y" = 0 by point transformation if and only if Iy = I = 0, where

A
(Oy")* (3.16)
I (A) = DiAy = 4D Aoy — Ay Dy Avy + 4A1 Agy — 3AgA11 — 6 Ao,

Io(A) =

and

OA oA 0 9, 9,
P A = — D = - ,— A .
oy’ Tt ay” oY oy " oy’

Ao =
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Note that if 7o(A) = 0 for a function A(y’,y, z) then A is cubic in y’ and has the

form

, d d d
A y.7) = Ag(,y) (507 + A, y) (50 + Au(,y) 22 + Ao ).

As a result of Tresse, if [o(A) = 0, then I; is linear in 3" and, by Liouville, takes the
form I, = -6L, — 6 L5y’ where

20, 1024, 04y OAy DA,
YT 3020y 3 012 Oy? " oy oy
04 0As 2 0A; 1, 0A,
e P Y e By s W
S ox pr 318y+318x’

_20%°4, 10°A; 0°A3 A 0A, 0A; (3.17)
S 30zdy 3 Oy Ox? e ox’
0A; 0Ay 2, 0Ay 1 0A;

Apg——+2A3—— + —Ag—— - —Ay——.
’ 08y+ 38y+3 “9r 3 28y

Ly

We can give a geometric interpretation of the vanishing points of both I, and
I, as functions in ¥/, y,z, which uses the result of the proof of the sufficiency
conditions of our problem in Section 3.5. We discussed earlier that if for a function
A(y',y,z) we obtain Io(A) = 0 then the ODE 3" = A(y’, y, x) is associated to a pro-
jective structure [I"]. Moreover, if for such a function, A, we have I; (A) = 0 then the
space of metrics whose Levi-Civita connections belong to [I'] is six-dimensional.
This will be proved in Section 3.5. Now if a diffeomorphism W acts on U then
the projective structure [I'] is sent to another projective structure W[I']. Also each
metric g in the six-dimensional space of the metrics is sent to another metric Wg. It
is easy to check that if the Levi-Civita connection of ¢ belongs to [I'] then the Levi-
Civita connection of Wg belongs to W[I']. Therefore, the space of the metrics of
which the Levi-Civita connections belong to ¥[I'] is six-dimensional. As a result,
the subspace of set of the functions A(y’,y,z) with Ij(A) = I;(A) = 0 is closed
under diffeomorphisms of U. Note that whenever I,(A) = 0, we have I;(A) = 0 if
Li(A) = Ly(A) =0.

3.3 Prolonging the Linear System

As we explained in the introduction, our problem is overdetermined. In particular
the last system of PDEs (3.12) is overdetermined. Since the formulation of the prob-

lem in the form of the system (3.12) is a first-order system of PDEs, we may think
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that we can follow the procedure stated in section (2.3). The problem is that not
all of the first derivatives of the variables 1); are determined in the system. There-
fore, we introduce the undetermined derivatives as new variables and introduce a
procedure that will be called prolongation. It will turn out the that the second pro-
longation of the system gives us a system of the form used in Theorem (2.3.4).
Suppose that the system (3.12) has a solution which would be a graph S ¢ R?
given by
(z,y) = (z,y,¢1,%2,93). (3.18)

In order to find the tangent space at each point of this solution surface (if one exists),
we have to determine the first derivatives of the functions v, 15, ¢3, introduced in
equation (3.11), at each point; Namely 0,1;, d,2;,1 < < 3. From equation (3.12)
we can obtain at most four of them. The difference between the dimension of the
tangent space at each point of the surface and the number of equations is 2-3—-4 = 2.
Let % and % be the two that are not determined. We introduce two new variables

as follows:

1 0 1 0
) = G ), Gvlan) = ). (3.19)

The integrability condition 0,,0,%; = 0,0, gives three more equations as follows

8u_8u_0

o ov
— P - = ( ) - —_— = 320
) 9y ) 9y 93;. 7 ( )

oxr

where P and () can be obtained from (3.12) and are linear in the functions 1;,

1, and v with coefficients depending on the A;’s and their derivatives up to the first
degree. Their exact expression is given in (C.3).

Introducing these two variables can be thought of as prolonging the surface S,

which we assumed to be in R, to another surface S() ¢ R7 given by

(«T,y) g (‘ray7¢17¢27w37,u’71/)'

This is what we referred to in Section 2.3 as prolongation of the equation manifold.

Similar to what we did for S, we observe that while the system of nine equa-
tions from combining the systems (3.12), (3.19), and (3.20) is overdetermined for
the new set of variables 11, 15, 13, i, v, the difference between the number of first
derivatives which span the tangent space at every point of the surface S(!), and the
number of equations is 2:5-9 = 1, which is less than what we had before prolonging

the system. Therefore, it is likely that one more prolongation will result in enough
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equations to determine the tangent space at each point of the second prolongation

manifold S). If we let p to be

0
p(x,y) = 8—2‘. (3.21)

then from equations (3.21) and (3.20) we obtain

O _p 9 _g (3.22)

ox oy
where R and S are given by (C.3). As functions of (x,y,¥;, u, v, p), R and S are
linear in terms of (v;, i, v, p) because they form a first-order system of PDEs with
all of their derivatives being determined. Now we have six variables having twelve
first derivatives spanning the tangent space at each point of S(2) ¢ RS, the second

prolongation of the surface S, which is defined by

(x,y) g (ZL‘, Y, @Z)l? ?/)2, 7vb?n W, v, p)

All of the first derivatives of our variables are determined by the twelve equations
in (3.12), (3.19), (3.20), (3.21) and (3.22). The integrability condition, which is
0.0yp = 0,0,p, adds an extra linear equation among the first derivatives of our
variables. This is due to the fact that all the first derivatives of 1;, i, v, p are linear
in terms of ¥;, u, v, p. Thus, 0, p is linear in the variables v;, i1, v, p and so is 9,0, p.

The same is true for 0,0, p. Therefore, we have

OR 05 OR _,0S _

0pOyp — 0yOyp = — — — + 0. 3.23
yP = OyOap dy Oz dp ap (3-23)
As this equation is linear in (v;, u, v, p) we get

Vu =0, (3.24)

where u := (1, V9, Y3, p, v, p)T € Ré and V = (V4 ..., V) is given by

0L, dLy 0L, 4 4
Vi=2—=+4A515+8AsL Vo=-2——-2—=—_A Lo+ —-A5L
1 (9y+ ol + sliq, 2 o O 312"‘321,

L
%,=2%—8A0L2—4A1L1, Vi=-5Ly, Vs=-5L;, Vy=0.

Here L, L, are given by equations (3.2.2). This integrability condition determines
whether the solution obtained by prolongation exists or not. This is actually the
first obstruction £ in (2.14) following the procedure we explained in Section 2.3.
According to our construction in Section 2.3, V has to be the only non-zero row
of the curvature F of the connection associated to our prolonged system and is

therefore equivalent to equation (2.21).
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3.4 Necessary Conditions

According to Section 2.3, all the first-order relations that we obtained throughout
our prolongation should lead to a specific choice of connection on a rank six vector
bundle. The vector u, as defined above, is obtained from a trivialization of that
vector bundle over the surface S (if it exists). Hence a solution u is a parallel

section of the vector bundle and we would have
du+Qu=0. (3.25)

As we stated in Theorem (2.3.5), the obstructions to have a nonzero parallel section
of this bundle involves the rank of the covariant derivatives of the curvature. For

instance
rank(Fg) <5,

where JFg consists of 6 x 6 sub-matrices F
(F, DoF ...;(Dg,...Dgy) F), (3.26)

with F' being defined in (2.22) and is given by (C.2). Because the only non-zero row
of the curvature is V, we can replace F' in the expression above with V. Clearly,
F5 is a submatrix of Fy and cannot have full rank. It is equivalent to the matrix
consisting of the rows V, D,V and D,D,V. We note that

DuDyV = D,(3,V - VQ,),
= 0.0,V — (V) - (0, V) - V(3,2 - Q).

(3.27)

Also from (2.22) we have

Fu=0=> (aaﬂb—8b9a+ [QQ,Q(,])U
=((9aQb — 8an + QaQb — Qan)u =0
= (8a9b - Qan)u = (Gbﬂa + Qaﬂb)u.

Using the equation obtained above, we realize that the expression for D, D,V is
symmetric in its indices, and therefore D, D,V = D, D, V. As a result, F5 is equiv-
alent to a 6 x 6 matrix consisting of V, D,V and DDV which is M([T']).
Therefore det(M[I']) = 0 is the necessary condition stated in Theorem (1.2.1).
We can also obtain the equation det(M([I']) = 0 directly by taking the covariant
derivative of (3.24) and realizing the symmetry of second covariant derivatives of
V which results in (M[T'])u = 0. This completes the proof of Theorem (1.2.1).
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As the V;’s are expressed in terms of the third derivatives of A;’s, the expres-
sion (1.8) involves the A;’s up to their fifth derivatives. It does not vanish on a

projective structure in general, but vanishes on metrizable ones.

3.5 Sufficient Conditions

In this section, we apply Theorem (2.3.5) to the connection D, we defined in (3.25),
in order to obtain the sufficient conditions of our problem. Motivated by (3.27), for
this connection we can derive a symmetric property of covariant derivatives of any
given degree d > 2 modulo lower degrees. Given W : U — RS, similar to what we

did in the calculation to obtain (3.27), we have
[Di, DJ:IW = W(@ZQ] - 8JQZ + QZQJ - QjQZ‘) = (‘A7F1)77U = Wﬁvnij, (328)

where 711 = 190 = 0, 1710 = —1o1 = 1, and F' is given by the curvature F = F'dx A dy,
as in (2.22). The last equality holds since the only nonzero row of F' is its sixth row
which is equal to V. Recalling that V5 = 0 from (3.25), we have:

D;D;V =D;DjV + DDV = D; D)V,
D;D;DyV = D;D;DiyV + (D;DDiyV = D;D; D, V)

+ (DD DjV = D D;D; V)
=D; DDV + (D;D D)V = D;D; D,V +2D;Dj1 D V)
+(DyDDj)V = D; D, D;V +2D; Dy D; V)
= D;D;DiyyV + (D;D; D)V +2D(; DDV
+(DyD;DjV + 2D Dy D; V)
-2D;D; DV
=3DuD; DV +2(D;Dj DV + DDy D; V) = 2D;D; D,V

= D;D;D\V = D D;DiyV + %(D[iDj]DkV + Dy DiyD;V)
=DuD;DyV + %((Dkv)677ij +(D;V)eni)V

In general we obtain

DayDay...Da, V = D(a, Day... DapyV + O(k - 2) (3.29)

where O(k - 2) involves derivatives of V up to order k — 2.
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This symmetry tells us that there are at most n(K) =1+ 2+ ... + K linearly in-
dependent covariant derivatives of F’ of order less than /', namely the symmetrized
derivatives of the only nonzero column V. Therefore, as we did at the end of last
section, we replace the matrix F' with V in our calculations.

Let Fx denote the matrix consisting of covariant derivatives of F' of order less
than or equal to K (see equation (2.25)). It is always possible to find a point p € U,
such that restricting F' to a sufficiently small neighborhood around it, one can guar-
antee that the rank of the matrix Fj does not decrease for all K = 0,1,...,6. The
Frobenius Theorem (2.3.5) tells us the dimension of the space of parallel sections
in the rank six bundle over that neighborhood. As we saw earlier F, provides
the necessary condition of Theorem (1.2.1), which is that det(M[T']) = 0 and
ujus — (u2)? # 0. This is equivalent to saying that rank(F,) < 5 and det(o;;) # 0.

Assuming the necessary conditions hold, we have at least one vector
u=(uy,...,us) € ker(M([T])),

with the property that ujuz — (uy)? # 0. This property implies nondegeneracy of
the form o in (3.13). The first case we consider in order to derive the sufficient

conditions is when rank(F5) = 5, that is the case for a generic projective structure.

Definition 3.5.1. We call a projective structure [I'] with det(M[T']) = 0 generic in
a neighborhood U of a point p, if rank(M[T']) = 5 in U and ujus — u3 # 0 where
u € ker(M([T'])).

By the construction of Theorem (2.3.5), for a generic projective structure we
have 6 > rank(F3) > rank(F,) = 5. If rank(F3) = 6 then, according to Theo-
rem (2.3.5), the number of parallel sections is zero. Therefore, in order to have
a nonzero solution we need to have rank(F3) = 5 and there will be only a one-
dimensional space of parallel sections. We want to find the differential relations in
terms of the A;’s that will guarantee the condition rank(F3) = 5.

As for a generic projective structure rank(M[I']) = 5 over U, it is obvious that
for a generic projective structure the vectors V, D,V must be linearly independent,
as otherwise rank(M([I']) < 3. Since M[T'] is generic, it forces exactly two of
three vectors D, D)V to be independent. Similarly to what we did in (2.3.5), we
take the covariant derivative of D, Dy)V one more time to obtain the system of four
equations (D(anDC)V)u = 0. Since we want rank F3 not to increase, these new

equations have to be identically satisfied. Note that all the entries of V and (2 are in
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k | rank(JHY(S2(T*U))) | rank(J*(Pr(U))) | rank(ker(c*)) | rank(coker(c*))
-1 3 - - -

0 9 4 5 0

1 18 12 6 0

2 30 24 6 0

3 45 40 5 0

4 63 60 3 0

5 84 84 1 1=1

6 108 112 1 5=3+2

7 135 144 1 10=6+6-2

terms of the A;’s up to their third derivatives. Therefore, asking for these four new
equations, which are the third covariant derivatives of V, to vanish is equivalent
to having four sixth order equations among the A;’s. But, if we look more closely
we realize that not all of these four equations are new. Two of them are merely
first derivatives of the assumptions (1.8). In order to realize this fact, we make a

counting argument based on the dimensions of jet spaces.

Proof of Theorem (1.2.2). Prolong ¢° : J1(S%2(T*U)) — J°(Pr(U)) in (3.10) to
ok« JH1(S2(T*U)) - J*(Pr(U)) by differentiating the relations (1.6). The
operator o* is a homogeneous bundle map from (k + 1)-jets of metrics to k-jets
of a rank four vector bundle - the space of projective structures. It differentiates
the system (3.12) and gives the derivatives of the A;’s in terms of derivatives of
the metric. Due to the homogeneity of the operator, its kernel contains at least a
one-dimensional fiber at each point i.e., dim(ker(o*)) > 1, Vk.

In the following table the bold numbers shows the number of obstructions which
have to be satisfied to ensure the existence of a Levi-Civita connection in [I'] as a
generic projective structure.

For k < 4 there is no obstruction and the o*’s are surjective, since the highest
order derivatives of the metric components always show up in the numerator of the
expressions for all the derivatives of the A;’s, and never cancel each other out. At
k =5 we have rank(ker(o®)) = 1. This is because rank(ker(c*)) > 1 and none of
the 6th derivatives of the metrics is eliminated by o° as we discussed earlier in the
proof. Since all the o*’s with k < 4 were surjective, we get rank(ker(o®)) = 1. This
fact and that dim(J¢(S?(7T*U)) = dim(J°(Pr(U))) = 84 implies that the image
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of the map o is 83-dimensional. Also the projective structures that correspond
to a metric, have to satisfy equation (1.8), meaning that they are on the zero level
set of det(M[I']). Since rank M[I'] = 5 over U, this equation defines a smooth
variety in J?(Pr(U)) and thus the image of ¢°, defined by (1.8), is smooth and
rank(coker(o®)) = 1. The argument we made to show rank(ker(o®)) = 1 implies
that rank(ker(o*)) = 1 as long as the dimension of the domain is less than the
dimension of the codomain.

Note that, as we said earlier, the entries of D, D,V are expressed in terms of the

A;’s up to their fifth derivatives. The assumption that
rank(M[I']) =5

makes the fifth order PDE det(M[I']) = 0 regular, meaning that it involves at least
one fifth derivative of the A;’s. Therefore, it is a codimension one regular variety in
J5 and submerses onto lower jet spaces.

Considering the image of the map ¢, we are exactly in the same situation as
what we had in (2.6). The prolongations of the projective structures satisfying (1.8)
will have their 6-jets in JS(Pr(U)) constrained not only by equation (1.8), but
also, by its first derivatives. In general, the k-jets of the regular solutions to (1.8)
are constrained by det(M(I")) = 0 and all its derivatives up to order (k — 5). As
a result, the first prolongation of the equation manifold of (1.8) is a regular smooth
variety of codimension 3 in J6(Pr(U)). Therefore, its dimension is 112 — 3 = 109.
Knowing that dim J3(S?(7T*U)) = 108, we get rank(img(c%)) = 108 - 1 = 107.
This indicates that the set of images of regular metric structures, meaning those
with nonzero sixth order derivatives, has dimension 107 in J¢(Pr(U)) and is of
codimension two in the space of projective structure that only satisfy the necessary
condition (1.8). This implies the existence of two extra sixth order obstructions for
a regular solution of (1.8) that corresponds to a metric structure. Let us denote these
two obstructions by

Ei=0 , E;=0. (3.30)

Denoting the space of the 6-jets of projective structures coming from a metric
structure by N, we know that it is of codimension five in J6(Pr(U)) with its con-
straints being equation (1.8) with its two first derivatives, and the constraints (3.30).

If we prove that there is no more constraint from the prolongation manifold

N® in J7(Pr(U)) and that all the constraints are simply among the derivatives
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of obstructions we already have, then by Theorem (2.3.5) and using the fact that
rank(F3) = rank(F,) = rank(F;) = 5, we have a one-dimensional space of parallel
sections of our connection. For J7(Pr(U)), we can obtain twelve obstructions
exactly in the same way. six obstruction are (1.8), its two first derivatives and its
three second derivatives. The other six come from (3.30) and their first derivatives.
On the other hand, rank(J8(S?(U))) = 135 and rank(ker(c7)) = 1. Therefore,
rank(img(o7)) = 134, and not all of the twelve obstructions that we found on
the first prolongation of A/ are independent. There are two relations between the
second derivatives of det(M(I")) = 0 and first derivatives of £ = 0, F5 = 0, as
these relations have appeared in the level of 7-jets. Thus, there cannot be any new
obstruction on the first prolongation of N. Theorem (2.3.5) applies and the system

is involutive with a one-dimensional space of parallel sections. ]

In order to obtain a better picture of £; and E5, assume that the equation
det(M(I")) = 0 gives V, e span{V,V,, V. V...V, } so that

Vo =aV+eaVy+esVy+caVa +c5Vy,

for some functions cy, ..., ¢cs on U. Using (3.28), the equalities V,,, = V,,, and
Vaye = Vigy hold modulo lower order terms. Therefore, both V,,,, and V., be-
long to the spanof {V, V,, V., V.. V... Voo, Vi b The vectors Vi, Vo,
can be obtained once we know the sixth order obstructions which are the ones we

found in our counting argument

\% \%
V. V.
Vy vy
E; :=det ,  FEy:=det
me me
Vi Vi
Vara:x Vyyy)

Our problem for the non-generic cases is more complicated. Since whenever
rank(M[I']) < 3, the PDE det(M(T")) = 0 is not regular meaning that it no longer
defines a smooth codimension one variety in J?(Pr(U)), and the argument based
on the dimensions of the jet bundles does not work.

For a generic projective structure, the non-degeneracy of the quadratic form o,
which is the solution of the system (3.12) obtained from a vector u € ker(M([T'])),



3.5 SUFFICIENT CONDITIONS 46

follows directly from our assumptions that ujus — (uz)? # 0 and ker(M([I']))
spanned by u. In the non-generic cases we have the following lemma in which

d([T']) is the dimension of the vector space of solutions of det(M ([T']) = 0.

Lemma 3.5.2. If d([I']) > 2 then there are d([']) independent non-degenerate

quadratic forms among the solutions of (1.8).

Proof. Let us assume that there is one degenerate quadratic form o among solutions
of (1.8). Then we can construct a vector field V' such that at each point z it gives a

null-vector of o(x). In flow-box coordinates of this vector field, we can diagonalize

Y1 0

o 0) . Therefore, in terms of 11, the coefficients

o so that it takes the form o = (

A;’s are determined from (3.12) to be

31 oy 31 0y
A = —-—— A = - —— A =
! 24, Oz’ 2 44 Oy’ 3=0,

with Ay unspecified. Thus, in these local coordinates, there is no other quadratic

P(z,y)b1

form of the form o = ( )

g) among the solutions of (1.8) and the only freedom
is to rescale 11 by a scalar which gives a one-dimensional subspace. In other words,
no other possible degenerate solution of (1.8) independent of o can have the same
form. Therefore, in these local coordinates all other possible degenerate solutions
have the form & = (% :%) with either @Zg # 0 and Jl = {52 =0 or gZZ # 0 for
all 7. However, in both cases the quadratic forms ao + bd are non-degenerate for
almost all a,b € R2. Hence the only case in which we cannot have as many non-
degenerate quadratic forms as the dimension of the solution space of (3.12) is when

d([T]) < 1. O

Proof of Theorem (1.2.3). We list different cases that can happen depending on
rank(M([T'])).

e Ifrank(M([I'])) < 1 then the second-order ODE (3.2) is equivalent to 3" = 0.
When rank(M([T'])) = 0 then V = 0 and Theorem (2.3.5) implies that the
connection D is flat and the system is completely integrable. Hence the space
of parallel sections is 6-dimensional. This also implies that the invariants

Ly = Ly = 0 and by Theorem (3.2.2) the system is equivalent to 3" = 0.
If rank(M([T'])) = 1 then 0,V - VQ, = V, = 7, V. According to the

expression of V, we obtain

VQ, = (%, %, % % % 5L,) =0.
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As Vg = 0, we obtain that the L,’s vanish and Theorem (3.2.2) applies proving

that the system is equivalent to y”” = 0 and completely integrable.

o If rank(M([T'])) = 2 then
V + cle + CQVy = 0,

for functions c;, ¢y at least one of which does not vanish. Based on our
assumption and the symmetry of V,, we have V, € span{V, V,}. Thus,
further differentiation does not introduce any new obstructions and the system
is closed at the level of the first derivatives of V. Using (2.3.5), the solution

space has dimension four.

e If rank(M([I'])) = 3, we have to consider two cases. The first one is when
the set {V, V., V,} is linearly independent, in which case the argument is
exactly the same as the previous case. We realize that the system is closed
at that stage and the space of parallel sections is 3-dimensional. The second
case is when either the set {V, V,, V,} or {V, V,, V,, 1} is linearly in-
dependent. We will assume the first set is linearly independent and the same
argument works for the second by interchanging = and y. It is obvious that y
derivatives do not add any new obstructions and that an obstruction only in-
volves x derivatives. Theorem (2.3.5) tells us that in order to have a solution
space of dimension one, the sixth obstruction, which in this case is V104,
must be in terms of lower order obstructions. So if V., and V.., are new

obstruction then to have a nonzero solution space we must have

\'%

FE :=det

If the matrix above has rank 3, 4 or 5 then the solution space has 3, 2 or1

dimensions respectively.

o If rank(M([I'])) = 4 then the vectors V, V,, V, have to be linearly inde-

pendent and the fourth vector has to be one of the second derivatives of V,



3.5 SUFFICIENT CONDITIONS 48

say V... Then the only higher order derivatives that may result in a new re-
lation are higher order x derivatives of V, for instance V ;. If V., gives a
new relation then in order to obtain a nonzero solution from Theorem (2.3.5),

V ... must be expressed in terms of lower order relations and we would have

\'%

V.
Vy

E :=det =0,

Vx:v

V

TXxr

Vaczxx

and the solution space is one-dimensional. If V,,, does not give any new
relation then the solution space is two-dimensional. It is clear that in all cases
the assumption in Theorem (1.2.3) together with previous lemma, ensure the

existence of non-degenerate metrics in the projective structure.

As a result of the proof above, we have the following theorem.

Theorem 3.5.3. The space of matrices compatible with a given projective structure

can have dimensions 0, 1, 2, 3, 4 or 6.



CHAPTER 4

Minitwistor Theory of Projective Structures

In this chapter, we discuss the minitwistor theory which originates from the twistor
theory developed by Roger Penrose. The twistorial treatment of our problem was
originally done in [14] by Hitchin via Kodaira’s deformation theory. In his work,
Hitchin describes how we can associate to a surface Z with a family of rational
curves with degree one normal bundle, the moduli space of its rational curves, de-
noted by X, which turns out to be a surface with a projective structure. The associ-
ation motivates a notion of duality between X and Z. As is explained in [22], Z is
the space of unparametrized geodesics of X. In other words, P(7°X) has a double

fiberation over Z and X and for any open set U c X we have

P(TU)
/ x 4.1)
U / 7.

Here, we will explain these construction and mention how the power of the

twistor approach is used in them. Finally, we will see how this approach gives a
geometric origin for the linearisation (3.12) of the non-linear system (3.3). We call

an element of the family of rational curves a minitwistor line, following [4].

49
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4.1 Minitwistor Correspondence

Suppose we have a rational curve Y in a complex surface Z with Ny = O(d).
Recall that dim(H°(CP!,O(1))) = d+ 1 and H'(CP!,0(1)) = 0, as we saw
in Section A.We can apply the Kodaira Theorem (A.2.1) to get a complete fam-
ily of rational curves {Y,}, on Z containing Y with a complex surface X as its
parametrization space, such that the isomorphism 7, X = H°(Y,, Ny, ) holds canon-
ically, so the dim(X) = d + 1. The manifold X is called the moduli space of the
family of minitwistor lines. Since any minitwistor line is represented by a point
x € X and because 7, X = H(Y,, Ny, ), knowing dim(X) = d + 1 implies that the
degree of the normal bundle of a minitwistor line Y, is d. Because we are dealing
with Riemann spheres, this is sufficient to have Ny, = O(d), Vx € X. In other
words, the degree of the normal bundles of the minitwistor lines in the family are
equal.

Suppose d = 0, meaning Ny 2 (. From the Kodaira Theorem, we obtain
dim(X) = 1. Also sections of the normal bundle of any minitwistor curve can-
not vanish. Thus, the partial derivative of the minitwistor map with respect to z,
introduced in Section A.2, cannot vanish since % f(y,x) with y € Y, determines a
section of Ny, . This means that the minitwistor lines never intersect. On the other
hand, they form a complete family of curves and cover a neighborhood around any
minitwistor line. Therefore, as an extension of the Kodaira Theorem, we can say
that on a surface a neighborhood of a Riemann sphere with trivial normal bundle is
biholomorphic to CP! x C.

In the case when d = 1, we have deg(/Ny) = 1. Before going any further, we
explain a well-known construction used to lower the degree of the normal bundle.
We do this in order to be able to use the case d = 0 that we already considered.

It is well-known that deg(Ny) = Y - Y, where Y - Y is the self-intersection
number of the curve Y (c.f. [13]). A standard procedure for lowering the self-
intersection number of a curve, called blowing up a point of the curve, can thus be
used to reduce the degree of the normal bundle of a curve. By blowing up a point
y €Y in a surface Z, we lift Y to a curve Y in a surface Z such that Y and Z are
diffeomorphic to Y and Z except at « . At the point x, we replace the point with
the exceptional divisor ' := CP! in a consistent way. Another way of looking at
this procedure is to take a neighborhood around x and map it to C? such that = goes

to the origin. Then using the natural projection 7 : O(-1) — C2, we can replace
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that neighborhood with the corresponding open set in O(—1). Suppose two curves
Y and Y intersect at p with intersection number one. Thus, they are transverse at
p. If we blow up the point p, the blow up of Y and Y’ no longer intersect as their
only intersection point lifts to different points of E. The assumptions that the two
curves were transverse at their intersection point and that the surface and its blow
up are identical everywhere other than the point p were crucial. It is not difficult to
derive properties of blowing up a point (c.f. [32]), including the decrease of the self-
intersection number of a rational curve by one after blowing up one of its points.
Therefore, blowing up any point of a curve lowers the degree of its normal bundle
by one. In general, we can blow up a submanifold S ¢ M, where codim(S) > 2, by
replacing it with the exceptional divisor £ := P(N(S5)).

When d = 1, we have Ny 2 O(1) with H(Y, Ny) = C? and H'(Y, Ny) = 0.
Applying the Kodaira Theorem, we get a two-dimensional parametrizing space X.
Here, we make use of the canonical isomorphism 7, X = H9(Y,, Ny,) in order
to study the differential geometry of X. We fix a point 0 € X representing the
curve Yy € Z and a one-dimensional subspace [ € T, X. This subspace corre-
sponds to a one-dimensional subspace [ € H°(Yy, Ny,). Remember that because
HY(Y, Ny) =0 then H°(Y, Ny) coincides with the space of global sections of the
normal bundle of Y. Since Ny = O(1), we know from Section A that all the proper
subspaces of this vector space are of the form az + bz;, where (2, z1) are homo-
geneous coordinates of CPP'. Therefore, the one-dimensional subspace [ ¢ T, X can
be identified with the pair (b, —a), the homogeneous coordinates of the vanishing
point of its corresponding section [. We can then blow up this point of the curve
in order to lift Y to the curve Y which has a trivial normal bundle. The Kodaira
Theorem applies to Y ¢ Z. From the case we considered earlier we get a one pa-
rameter family of rational curves in the blown up surface 7 parametrized by X. We
know that F and Y are transverse in Z, therefore any curve in a neighborhood of
Y is transverse to E. Thus, rational curves belonging to the one parameter family
of minitwistor lines {Y;},, which contains ¥ and covers a neighborhood of it, is
transverse to I/, as they cannot intersect each other. Projecting everything down to

Z, we obtain the diagram

7,X —— HY(Y;,Ny)

‘| -

TpyX —— HO(Y,, Ny,)
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where 7, is the induced map from blow up on the sheaf of sections of normal
bundles (c.f. [13]). The map ¢ can be chosen uniquely such that the diagram com-
mutes, because by the completeness part of the Kodaira Theorem the projections of
all the deformations Y, ¢ Z to Y.) € Z belong to the family containing Y. The
image of X (¢) under the map ¢ gives a curve y(¢) € X such that v(0) = 0 and
4(0) = [ where [ is the one-dimensional subspace that we fixed at the beginning.
Also (t) parametrizes the one-parameter family of curves Y; := 7, (Y;) containing
Yy = m.(Yp). Since the exceptional divisor £ maps to p and all Y; are transverse to
E, the curves Y intersect Y; at p.

Now we see that there is a notion of duality between the points in X and the
curves in Y and vice versa, in the sense that any point z € X represents a curve
Y, € Z and any point y € Y, represents a curve passing through x ¢ X which
parametrizes the one-parameter subset of the minitwistor lines that intersect Y at y.
In other words, we associate to a one-dimensional subspace [ € 7, X a point with
homogeneous coordinates [b: —a] € Y € Z using the canonical isomorphism in the
Kodaira Theorem. Therefore, there is a one-to-one correspondence between points
of the fiber P(7,.X) ¢ P(TX) and points of the curve Y, € Z. The minitwistor
operator 7(y, z), defined in diagram (4.1), sends the fiber P(7,X) c P(T'X) to the
rational curve Y, € Z.

Here we want to show that the curves in X, represented by points in Y, are com-
plex geodesics and constitute a projective structure. In order to verify this claim,
we make use of what we discussed earlier that for a projectively equivalent class of
connections [I'] the form of the geodesic spray of each element V with Christoffel
symbols F;k is given by (3.6) over 77" X. The projection of the geodesic spray of
projectively equivalent connections to P(7°X) are identical and is given by (3.7).
We also deduced that the geodesic spray of any two elements differ by a(z, y)yia%
with a(z,y) linear in y. In general, the notion of spray in differential geometry de-
fines a spray to be a vector field of the form V' = yia%i -Gy(x, y)a%_ on the tangent
bundle with y;’s as the fiber coordinates, where the functions G;(z,y) are homoge-
nous of degree two in y. If G;(z,y) is quadratic in y then the spray defines an affine
connection.

On X we have associated to any pair (x,/) such that x € X and [ is a one-
dimensional subspace of T}, X, a curve 7(t) passing through = with 4(x) € [. There-
fore, we have a well-defined lift of this foliation to P(7°X'). Following [22], we
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define a holomorphic projective structure similar to what we have in real case.

Definition 4.1.1. On an n-dimensional complex manifold X, we call a system L of
complex curves which are inextensible immersed connected one-dimensional com-
plex manifolds, a holomorphic projective structure if there is a unique association
between curves in £ and any holomorphic direction (i.e. to any element of the
projectivized holomorphic tangent bundle P(7°X')) such that the curve varies holo-
morphically with the initial direction. In other words, the lift of the elements of the

system £, which is given by
= {(x,T,)|xel,
for all [ € £, foliates P(7'X ) holomorphically. We call the curves of £ geodesics.

In the case d = 1, we have a holomorphic projective structure on the surface X.
Comparing the definition above with our discussion in Section 3.1, the reason that

the elements of £ are called geodesics becomes apparent with the lemma below.

Theorem 4.1.2. Let X be a complex n-dimensional manifold with a holomorphic
projective structure L. For a choice of coordinate chart over U € X, there exists a
unique set of trace-free Christoffel symbols Fijk €Oy (el =0 for j =1) such
that each element of the system L is a geodesic with respect to the affine connection

defined by the Christoffel symbols over U.

We adopt the proof given in [14] only for a surface (which can also be applied

to the general form of the theorem).

Proof. The theorem follows if we find a vector field over T'U that generates the
curves in £ and has the form of the geodesic spray of an affine connection, namely
(3.6). Since we have a foliation of P(7T'U), we also have a vector field V over
P(TU) = P'xU that generats the foliation. We can choose an open cover { W, }, ¢ P!
such that V' can be trivialized to V, over W, xU. Using the map « : TU — P(TU),

we obtain their pull-backs 7* (Va) which are a family of vector fields of the form

0

Va(z,y) =y' 5

, 0 .0
+ fa(z, y)a_yi + ga(x,y)yla—yi,

where the second term comes from the projection map 7, as in (3.8). Because
multiplying the tangent vector (y',y?) by a scalar will not change the foliation

of P(TU), we obtain v(x,ry) = rv(x,r),r € C. Therefore, the functions fi are
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quadratic in the y*’s and g, is linear in the 3’s, as we knew. Suppose W, n W}, # @&;
then on the intersection for each ¢ we have fi = f/, as they are determined by the
vector field over P(7'M ). Therefore,

9 .0
=00 = (90.9) = )W 5 = )y

where hg,(z,y) is linear in y. We can conclude that the v,’s can be glued together
if and only if the transition maps h,;’s do not impose any obstruction. From Sec-
tion A.1, we know that H*(CP!, O(1)) = 0, meaning that there is no obstruction for
the existence of a global sections in O(1) once the local trivializations are known.
Therefore, for any choice of the functions g,’s we obtain a geodesic spray over
CP' x U.

Among the sprays that we obtain from different choices of g,’s over each I,
there is a special subset of the g,’s that gives rise to the connection with trace-free
Christoffel symbols. As f, is quadratic in y and g, is linear, over any W, x U we

have

fa(ny)ayZ +ga('r7y)y ayl - ij}(x)y y ayl + (AJy (I))y ayl

Now we set A, = —Fﬁj, where again the repeated indices do not denote summation.

In this way we obtain

9 )
Vo= y' o+ Tn(@)y'y! o

where Fijk = 0 for j = 7. once we know trivializations of a spray, we can find the
transition maps over subsets (W, n W, ) x U, which in this case are

0
oyt

Vo= Vi = hapy/'

However, from our construction of the V,’s, we know that they have no component

el
oyt *

Christoffel symbols mentioned in the theorem, which are F"j p = fij . for 7, k # i and

of the form v Therefore, h,, = 0 and we obtain the unique set of trace-free

zero otherwise. [

The procedure described above can be reversed in the sense that we can take the
quotient of the projectivized tangent bundle of a surface over the one-dimensional
foliation given by geodesics. It turns out that the quotient space is a two-dimensional

complex manifold together with a family of rational curves with degree one normal
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bundle which are the projection of the fibers of the projectivized tangent bundle.
The construction is discussed in generality and detail in [22].

When the canonical bundle of Z is restricted to a minitwistor line, the definition
of normal bundle gives the exact sequence 0 — Ty (p) = Tz|y(p) = Ny(p) - 0
on each fiber, in which case the associated dual spaces satisfy the exact sequence
0 - Ny (p) = Qzly (p) = Qy(p) - 0, where €2 is the cotangent bundle of Z.

We know thatif 0 - V; - V' — V5, — 0 is an exact sequence of vector spaces

Vi, V and V5 with dimensions 71,7 and 75 then there is a natural isomorphism
ANV 2 A"V @ A2V,

Thus, we have
Kz|y EQY(@N;. “4.2)

As we obtained in Section A.1, the dual of the tangent space of the Riemann
sphere is of degree —2. We also have Ny =~ O(1), and therefore N*(P!) 2 O(-1).

As a result, we have
Kzly 2Qy @ Ny 2 0(-2) @ O(-1) 2 O(-3).

Knowing that the restriction of the canonical bundle of Z to a minitwistor line

K|y is isomorphic to O(-3), we obtain K %y = Kz|;? = O(6) and consequently
_2

K, |y 2 O(2), where K¢ is a scalar density of weight «, as we defined in Sec-

tion 2.1.

4.2 Alternative Derivations

According to the paper [4], if U is metrizable then the density /' ;2/ % admits a global
section. Given a global section of this line bundle, say s € K;/ 3, its restriction
to a minitwistor line Y can be expresses as a quadratic polynomial in homoge-
neous coordinates, say s = ;;2'27 with a symmetric matrix 7;;. Using the map
7 :P(TU) - Z in diagram (4.1), we can pull-back the restriction of this section
over a minitwistor line Y to the corresponding fiber of P(7'U). Recall that P(T'U)
fibers over Z and the preimage of any minitwistor line is a fiber of P(TU) i.e.
P(T,U) = 771(Y;). Therefore, O(2)(P(7,U)) 3> 7*s = 0;;2'27 where coordinates

2t = 7%(Z) are the homogeneous coordinates of the fiber P(7,M ) and 0;; = 7*(7;;)
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is a symmetric 2-tensor. Let D € X(IP(T'U)) be the geodesic spray of U defined by
Christoffel symbols IT¢ ;& 10 (3.14), namely

0 0
— — 1% 2Pz —. 4.3
a be? # aza ( )

D, =2z%

Recall that the quadratic form & over Z is obtained due to the existence of a metric

whose Levi-Civita connection is projectively equivalent to the affine connection
with Christoffel symbols 1T, .

Since the minitwistor map sends each geodesic to a point in Z, as explained in

the construction of Z in last section, the push-forward of this vector field to Z at

any point is zero and we have D, (7*(s)) = 7.(D,)s = 0. Expanding this equation

gives the linear system of ODEs (3.12):

PR I 3% B RPN G y (S N e PO
D,(0;;2'27) = 222 8x00”(x) 11%,0:;2°2 5’ %
b
= ZaZZZ]%Uij(Qf) - H“bcaijz 26(622‘7 + 5&21)
_sa i) _ LJSsbaerTt i b et . 4.4
= 2%z axaaw(ac) 222045 — 2221, oy 4.4)

— b b

= z“zlzj(—aaij(x) — %00 — 1% 00
Ox

= z’zjzkvgajk) =0,

where in the last term repeated indices again do not denote summation. This system
is therefore equivalent to equation (3.13). Also we can use the projective coordinate

(= j—; to get another form for the geodesic spray as in (3.7), which is

d o d
D = 5o+ ga—y + (A + A+ AP +A3C3)a_g’

Using this form, we get
Dx(UijZiZj) = D (1)1 + 25¢ +1p5¢?) = 0.

which gives the system (3.12) directly.

This was a geometric interpretation of the way the nonlinear equation (3.2)
could be written as a system of linear PDEs. The geodesic flow annihilates the
pull-back of a global section in the anti-canonical divisor K ;2/ ® of the minitwistor
space Z and it certainly results in a linear system of equations. The section could

be constructed due to metrizability of U. Recall that we used the coefficients of the
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Christoffel symbols of the projective connection to express the geodesic flow. As a
result o, satisfies assumptions in Liouville lemma (3.2.1) and (dgt%ﬁ is the metric
we were looking for. All our discussion in this section involved complex surfaces.
Suppose that the maps in diagram (4.1) are invariant under an anti-holomorphic in-
volution ¥ of Z with coordinates (z!, 2?), meaning that % =0. Then f~loWo f
would be an anti-holomorphic involution of U, since
0 8(f‘1o\lfof)‘a(\1’0f)k‘afj
0z’ O((Ye f)¥) O(f) 0z
and because U is invariant under f we get
I(To f)k _ ok _0
afi 0z '

Consequently, we recover a real structure on U which would be U n W(U).

(ftoWof(z))=

Note that in our construction we made use of global structure of CP! to derive
local properties of X, using the notion of duality explained between points and
curves. The power of the twistorial approach is that the lines are constrained only
by complex geometry and no differential geometry of Z is involved. The only
information we needed to describe the differential geometry of X was the degree of
the normal bundle of the rational curves.

We can use the notion of densities to derive the linear system (3.12) from another
perspective and say more about its solutions. In a class of projectively equivalent
torsion-free affine connections [I'] over a surface, if V, V € ['] satisfy (3.9) then

using equation (2.3), for a section & € |A|, we obtain
Vih=Vh=(-rT"; +rT";)h = -r3Y;h. (4.5)

We introduce the terminology projective density of weight w for sections of the

density bundle |A|X4ﬁ Using equation (4.5), for a section of this bundle we have
Vh=vVh+wTh, (4.6)

where the 1-form T is given by T = T;dz7. We denote the density bundles of
projective weight w by £(w) and we have £(w) |A]R4ﬁ Therefore, a volume
form has projective weight —3 as it is a 1-density so r = 1 in equation (4.6).

Let us restrict ourselves to a sufficiently small open set U ¢ M such that V7 = 0n
for a 1-form 0 = 0;dz? and 7 € |A]},. First, we change the projective representative

from ¥ to V so that
O,

. ~. 0. .

5.
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Then, using (4.6), we obtain
- 0
V77=V77—3§77=0

Therefore 7 is parallel with respect to V. If we changed the volume form by 7} = e3/7
then for a projective representative V related to V by T = V f through equation (3.9),
we would have

v =v(e3n) -3vfn=0. 4.7)

This example provides a way of determining the projective weight of a scalar
density over U. As we said earlier, the sections of any scalar density are in cor-
respondence with volume forms in £(-3). For a volume form 7 € £(-3), parallel
with respect to V, the corresponding section h € £(w) is also parallel with respect

to V. This is because h € |A|]_f so that h = 7”5 and we have

Voh =Van 3 = —gn‘l‘faan + g(Flm)n‘g

W o _q_w i
=303 Oan = Tn) (4.8)
W e
= —_—— a :O
3" 3 Val]

Suppose we have a line bundle with a choice of parallel section h, namely
Vh = 0. Given a real valued function f € C>(M), let V be a projective repre-
sentative related to V via equation (3.9) and T = V f. If h = e~ h satisfies VA = 0
then h € £(w). In other words, if being parallel with respect to V remains invariant
under the transformation

hesh=e“h

for projective representative V then the line bundle has projective weight w and the
line bundle is a scalar density bundle of weight ——*-. As the initial parallel section
h comes from a parallel volume form, the transformation / h = e~/ is induced
by the transformation of volume forms 7 + 7} = e3/1.

The solution for the system of ODEs (3.12) was equivalent to a quadratic form
satisfying the equation Vgajk) = 0, where the II’s are the Christoffel symbols of the
projective connection of [I'] in that local chart defined in (3.14). In this section, we
want to relate this solution to the solution of V ;0,4 for an arbitrary element of [I']
which is not necessarily II. First let us find the projective weight of quadratic forms

satisfying D, (o) = 0. Let D and D represent the geodesic spray of V and V, with
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Christoffel symbols Dand T respectively, satisfying equation (3.9) with T = V f.

As we did in (4.4) we can write this equation as

Do) = Daloje) = 22925 [=(Tf; = )6 — (T, = T3y) 650
212 2K (007 + X367 )Gk — (TiSh + V407 )65,
= zizjzk[—(Tj6ik + Tla']k) — (Tﬁ]k + Tkérﬂ)]

= zizjzk(—él’f(iajk))

4.9)

where in the last term, repeated indices do not account for summation. We the make
the transformation

o—6=e¢%g (4.10)
We obtain
D.(651) = Do(e o) + 220 M (-AY e o)
= eI D, (ojx) + 227 27 (~wo ik Viy fe T = 4T i6 1)) (4.11)

= eI D, (041) + (~w - 4) 27 25T (6

Assume that D, (o)) = 0, then in order to have ﬁx(6jk) = 0 with the transforma-

tion (4.10), we get w = —4. This implies that the linear operator
Oij = V(i0jk)

which is equivalent to 0;; — D,(0;;), is projectively invariant on symmetric two-
tensors of projective weight w = —4.

Now suppose we have an kernel o for this operator. Let 77 be the volume form
parallel with respect to the connection V as assumed earlier. Define 0% = nienito,,,
which belongs to S?(TU) ® £(2) since n® € £(3) and o4, € £(-4). In order to
write down the covariant derivative of the o%’s with respect to the connection V for
which equation (3.13) holds, we use the fact that the volume form 7, and its dual

7ap are parallel and obtain

1
V(10'12) =0= §(2V10'12 + VQO'H)

= 0= 7’]217]12(2V10'12 + VQO'H)
= (2V1(n*'n"012) + Va(n*'n'"Po11)) (4.12)
= 2V1021 - V2022

= Vo099 = 2V10’21.
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We can similarly consider other cases and obtain
Va0t = 60l + 6¢ P (4.13)

where ;1 is some smooth function.

Now we want to see whether the projective structure containing V with v, (%)
having the form above, is metrizable or not. Note that in deriving the above equa-
tion we made use of the equation V(;0;;) = 0 and not the equation Vgajk) from
which the Liouville theorem gives the metrizability of the projective structure. The

following theorem from [11] provides the answer.

Theorem 4.2.1. Suppose V € [I'| admits a parallel volume form 7 and there is
metric tensor such that

Va0 = 80uc + 6¢ub

a

for some function b € C=(U), then [T'] is metrizable.

Proof. The projective equivalence relation (3.9) gives the following relation be-

tween the covariant derivative of a vector with respect to V, v € [T']:

VXl = 0, X0 + TV X" = Vo X0+ (To6l + 1;60) X7

4 4.14)
= Vo X2+ T, X0+ 657, X0

where T = V[ for some function f € C=(M). As we showed above, % has
projective weight 2, thus the equation (4.13) remains unchanged if we change V
to V such that relation (3.9) holds for Y = V f and also make the transformation
69 = e=2f b This becomes more clear if we compute V,5°) using (4.14), which

gives

Va(6%) = V(e 2 %)
= e (=20,0" + V0" + 2,0 + 82X g0 ™ + 65 40P

=e % (52,uc + (5§,ub + 52Tdadc + 52Tdabd)
This can be written as
Va0 =000 + 5t where % = e (u® + Yyot).

As we discussed earlier, the transformation 6% = e~2/ induces a change of vol-

ume form as 7} = e3f1). Set ) to be the parallel volume form with respect to V, which
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is assumed to exist, then 7 is a parallel volume form with respect to V as we showed
in (4.7). Define
det(o) = nabncdgacabd7 (415)

and we obtain,

det(6) = Hupflead e

= 5 e 4 nego® ot = €2/ det(o).

Now if we put f = —3logdet(o), then det(6) = 1. This means that the volume
form # which is parallel with respect to V, is the volume form of the metric tensor
. Now the we can use lemma below which applies to this situation and conclude
that V is the Levi-Civita connection for the metric 5% Because V is projectively
equivalent to V, we conclude that the projective structure containing V is metrizable
and contains the Levi-Civita connection of the metric o = (det o)o®. Note that

the Levi-Civita connection of o® may not be contained in this projective structure.
O

Lemma 4.2.2. A torsion-free connection V is the Levi-Civita connection of a metric

g if Vgt = 00 uc+6¢ub and V. = 0 where 1, is the volume for of the metric g®.

Proof. Let D denote the Levi-Civita connection of the metric g%*. As we are dealing

with torsion-free affine connections we obtain
Vawp = Dawp = TS we, (4.16)

for any 1-form w, with I'y = I'¢,.
As any metric is parallel with respect to its Levi-Civita connection we have

Vagbe =T g + ¢ g% Therefore, according to the assumptions we have
Taag™ + Taag™ = 0an® + op" (4.17)
We can contract both sides of the above equation by multiplying g;. to get
049" ge + Toag™ gue = 200,07 + 215,08 = 4T%,
= 260y + 20¢ e = Aptg

and thus I'®, = 1, where ji, = gqp®. Now using the assumption that the volume

form 7@ is parallel with respect to V we obtain

vanbc = _Fanbc =0.
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Thus I'*, = p, = 0 and V,¢" = 0. Knowing this and V,(g%gs.) = 0, we obtain
0=9"Vagoe = =9% (Te9ec + Toegve) = =9 (Lape + Lacs)
where I' g5 = I'¢, ge.. Contracting the equation by g4 gives
Lope+Tacr=0. (4.18)

Since the connection is torsion-free we have 'y, = I'%, and therefore I'yf. = I'yq.
Combining this with (4.18), gives 'y, = 0. Thus, I'j = 0 and from (4.16) we obtain
V=D. O

An easy corollary of what we discussed above is the as below.

Theorem 4.2.3. There is a one-to-one correspondence between metric tensors sat-
isfying V,o% = 00 uc + §¢ub, for some function u®, and metric connections that are

projectively equivalent to V.

Another way of addressing this theorem is by using Theorem (3.2.1). The proof
is easy if we recall that V and V!! are projectively equivalent and relation (3.9)
holds for some 1-form Y. If we restrict ourselves to a sufficiently small open set
such that T = V[ then we obtain Vgt = 5% + 6¢jib, where 6%¢ = e~2f/g% and
[ = e 2 (pue + Ypoo?). Recall that if a metric 0% satisfies V,0%¢ = 0% + 05 u® then
V(a0te) = 0. Therefore, V&&bc) = 0 and Theorem (3.2.1) guarantees the metriz-
ability of the projective structure [I'] containing V'I. As V! and V are projectively
equivalent, we have V € [T']. As we said the metrics would be g* = det(o)c?. By
the definition of det(o) in (4.15), it has projective weight -2. Also, as we discussed
earlier, 0% has projective weight 2. Therefore, the projective weight of the metric
is g is zero as is required. Note that the expression (4.13) is the first prolongation

of the linear system (3.13).



APPENDIX A

Complex Geometry

In this section, we state some definitions and theorems in complex geometry that
mainly deal with holomorphic line bundles which are used in the construction of
minitwistors in Chapter 4. The material discussed here can be found in more detail
in [15], [32] and [34].

A.1 Holomorphic Line Bundles

Let Z be a complex manifold. On any embedded submanifold ¥ ¢ Z we can
associate a vector bundle called the normal bundle. The fibers of this bundle at each

point p € Y are the quotient vector space obtained from the exact sequence
0 — Ty (p) — Tzly(p) — Ny (p) — 0, (A.1)

where Ty is the tangent bundle of Y and Tz |y is the restriction of the tangent bundle
of Z to Y. Itis clear that rank(/V) = rank(Z) — rank(Y"). We are interested in the
case in which the submanifold Y is a rational curve, meaning that it is an embedding
of the Riemann sphere i.e., CP!, and the manifold Z is a complex surface. In
this case Ny has rank one, and is thus a line bundle. Line bundles defined over a
Riemann sphere have many interesting properties. In order to state them we first

need to give some definitions and theorems. As the construction of vector bundles
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suggests, any vector bundle is defined by its transition function on the intersections
of its domain of trivializations. For instance we can define a line bundle over a
Riemann sphere by choosing two points pand ¢ € CP! and considering open sets
Uy = CP'\{q} and U; = CP'\{p}. From our choice of U, and U; we obtain a chart
for CP! via stereographic projection to the complex plane. Suppose z and Z are
the local coordinates for U and U respectively with z(p) = 0. The line bundle
L, is defined if the transition function for trivializations over Uy and U; is g1 = 2
where 2 is the coordinate of Uy and gg; is a map from U; to Uy. This bundle has a
canonical section s, such that s,|y, = 0 and sp|y, = 2, and therefore s,(p) = 0. It
would appear that this construction of L,, depends on the choices of p and g, but it
turns out for any choice of p and ¢ of we get isomorphic line bundles as the lemma

below implies.

Lemma A.1.1. Given any two pair of points (p,q), (p',q") € CP! the exist a holo-
morphic diffeomorphism V such that V(p) = p' and V(q) = ¢'.

The prove easily follows if we note that CP'\{p} = C and we can construct
a holomorphic diffeomorphism W¥; such that ¥;(p) = p and ¥;(q) = ¢, using
stereographic projection and a translation. Similarly we have a holomorphic diffeo-
morphism W, such that ¥y (p) = p’ and ¥1(¢’) = ¢’. Thus, ¥ = U, o ¥, is the map
stated in the theorem. We denote the isomorphic class of line bundles L, by O(1).

We can change the transition function to gy = 2", and proceed similarly to
obtain an isomorphic class of line bundles which we denote by O(n). When we
regard O(n) as a line bundle we mean an arbitrary line bundle that belongs to O(n).
In this way, it is easy to define the notion of degree for these types of bundles. First
we choose a section s of the line bundle O(n). Suppose the trivializations of the
section over Uy and U is sy and s; respectively. Writing the power series of these

two sections, we obtain

Zamzm and Z'dm?”.
This is due to the fact that the trivialized section, say sj, can be regarded as a
complex valued function over Uy, and as all functions are holomorphic we can write

its power series in terms of z, the coordinate of the base open set Uy. Over Uy n Uy

we have z = % and therefore
Sp=2"s1 = Z amz™ = 2" Z amz ™" (A.2)

= a4, =0V m>n and @y = a,_1, Up_1 = ag, - (A.3)
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We call n the degree of O(n) since all the sections of this line bundle can be pre-
sented by polynomials of degree n. Thinking of z as the homogeneous coordinate
arising from embedding of CP! in C2, the global expression for s as a global sec-
tion of O(n) would be s = aizgn_i)zg with 0 <4 < n and (z;, 22) the homogeneous
coordinate for CP! usually denoted by [ z; : z3]. It is obvious that any global section
of O(n) vanishes at n points. We note that O = O(0) where O denotes the trivial
line bundle. this notation makes sense if we note that O is simply the sheaf of holo-
morphic functions over the Riemann sphere and so according to Theorem (A.1.2)

stated below, its global sections are constant functions over CIP'.

Theorem A.1.2. On a connected and compact complex surface, the only holomor-

phic functions are the constants.

The proof follows if we realize that the compactness of the manifold M implies
that the modulus of any function f is maximum at some point p € M. But then in a
coordinate chart ¢ around p the module of the function f o ¢~! attains a maximum
at an interior point of an open set of C which cannot be true unless f is constant.
Using connectedness, f has to be constant over M. As sections of O are constants
according to the theorem above, equation (A.3) implies that it is isomorphic to O. It
is easy to see that if a line bundle has a nonvanishing global section then the section
itself gives an isomorphism between the line bundle and O.

Recall that HP(M, V) is the pth cohomology space of the sheaf of germs of
sections of the vector bundle V. For p = 0 it is the space of global sections of V'
if HY(M,V) = 0. So we have dim(H"(CP',O(n))) = n + 1, because any global
section of O(n) is identified by the coefficients a; which are n-tuples as showed in
(A.3). Here, we identify a line bundle with its sheaf of sections by abuse of notation.
The sheaf O* denotes the group sheaf of nonzero holomorphic functions under
multiplication. The elements of H'(Z, O*) represent the isomorphism classes of
holomorphic line bundles on Z (c.f. [13]). In other words,each element of this
bundle represents a class of isomorphic line bundles and is also called the Picard
group of Z, denoted by Pic(Z). Now we can define the degree of any isomorphic

class of line bundles by considering the exact sequence

exp(2mif)
_

0—%2Z—0 0" —1, (A.4)

The exactness of the sequence (A.4) is due to the fact that every nonzero holomor-

phic function can be expressed locally by the exponential of a holomorphic function.
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Note that the image of the sheaf O under the exponential map is a presheaf and not
necessarily a sheaf, and its associated sheaf is O*. The Mayer-Vietoris sequence

gives the exact sequence below for corresponding cohomologies.

0— H°(CP',Z) - H°(CP',0) - H°(CP', 0%)
- H'(CP',Z) - H'(CP*,0) - H'(CP!,0%) (A.5)
AW, g2 (cp', z) - H2(CP',0) - H(CP!,0) - 0.
In order to simplify the exact sequence above, we need to state an important theorem

in complex geometry.

Theorem A.1.3 (c.f. Voisin [32]). If X is a Kdihler manifold then HP4( X)) is canon-
ically isomorphic to H1(X, Q).

In the above theorem the term Kihler manifold refers to a complex manifold
with a choice of Hermitian metric such that the imaginary part of the metric is a
closed two-form. All complex projective spaces are Kéhler. Because the isomor-
phism is canonical it is independent of the choice of the metric. The vector space
HP4(X) is the de Rham cohomology class which is represented by a closed form
of type (p, q) on the complex manifold and H7(X, Q%) is the gth Dolbeault coho-
mology of the vector bundle A” {2y, where {2x is the cotangent bundle of X. Using

this theorem we have
H?*(CP!,0) = H*(CP', Q%) = H®?(CP') = 0. (A.6)

Thus (A.5) becomes

ci([L])

1 1
HACE9)  i(ept 0 2 et z)»0 A7)

V> e, z)

We call ¢1([L]) € H?(CP',Z), which appears in (A.7), the degree of the class of
line bundles [L]. We know from topology that /7, (CP') = Z and due to the
fact that all the cohomology theories with the same coefficients are isomorphic (c.f.
[33]), we have the same result for cohomology of the constant sheaf of integers, that
is H?(CP',Z) = Z. Therefore, ¢;([L]) € Z.

The degree map c¢; is a homomorphism with respect to the tensor product of line

bundles in H'(CP!, O*) since O* is a multiplication group. As a result

deg(L® L") =deg(L) +deg(L") and deg(L*) = —deg(L). (A.8)
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where L* is the dual line bundle of L. In the last equality we used the fact that the
endomorphism Hom(L, L) = L ® L* is canonically trivial since the only homomor-
phism from a one-dimensional vector space to itself is multiplication by scalars.

Because of this L* is usually denoted by L~! and
0=ci(Hom(L,L)) =c1(L® L*) =c1(L) = c1(L*).

Using this homomorphism we can prove that the degree of any line bundle over a
CP! is the number of zeros of an arbitrary section of the line bundle, which im-
plies that all the sections have the same number of zeros. To do this, choose a
section s € L that vanishes at p in which case the section s ® s € L ® Ly is non-
vanishing where s), is the canonical section of L,. Therefore, we have L ® L; =0
because of existence of a nonvanishing section. If ¢;([L,]) = 1 then using (A.8),
we get that ¢;([L]) = 1. In general, for a section s in a line bundle I vanishing
at m points pq, ..., p,, counting multiplicities, we can make similar argument for
S® s, € Lem, L. to show that ¢1([L]) = m. The choice of the degree of L,
is essentially a normalization. There is no line bundle with a positive degree less
than L,, as it cannot vanish anywhere and is therefore trivial. An obvious corollary
is that global sections of line bundles with negative degree never vanish. Actually
there is no global section in a negative degree line bundle because if one were to
exist it would have to be nonvanishing and thus would give an isomorphism to the
trivial line bundle which is impossible as they have different degrees.

It is easy to see that the cotangent bundle of a Riemann sphere, also called its
canonical bundle, denoted by K, is isomorphic to O(-2). In order to determine its
degree, we only need to consider one section and find the degree of the transition
function. As before, let us work in a charts U, U; with local coordinates z, and Z.
Since the coordinate on U; is Z = 2, this section will have the form d(%) = -Z-2dZ

on U;. Therefore,

dz = —’5_2d’5:> 901(2) = —2_2
— Kep = T*CP' = O(-2). (A.9)

Another consequence of Theorem (A.1.3) is Serre duality, which is stated below.

Theorem A.1.4 (Serre Duality). If E is a line bundle on an n-dimensional compact

complex manifold Z, then

HP(Z,E)x H"P(Z,K; ® E*)*.
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Recall that K is the sheaf of sections of the canonical line bundle. Using
Serre duality, we can simplify the exact sequence (A.7) in the case M is a Riemann

sphere. For n = 1 we have
H*(M,0) =~ H(CP',0® Kcpi1) 2 H'(CP', 0 ® O(-2)) 2 H°(CP*, 0(-2)).

Since O(-2) has no global section due to its negative degree, H'!(M, Q) must van-
ish. Therefore, the sequence (A.7) simplifies to

0> H'(CP!,0°) D 7 g, (A.10)

As a result of the isomorphism between H!(CP!,0*) and Z the degree of a
line bundle, identifies isomorphism class to which the line bundle belongs. Thus,
all line bundles with the same degree are isomorphic. Using the relation (A.8)
we conclude that O(1) generates all the line bundles with positive degree through
tensor products; its dual, O(-1) := O*(1), generates all those with negative degree.
For instance, O(n) = ®,O(1). Therefore, any line bundle L on a Riemann sphere
is isomorphic to O(n) for n = deg(L). This is the special case of the Birkhoff-

Grothendieck Theorem.

Theorem A.1.5. A rank k-holomorphic vector bundle EE — CP! is isomorphic to

a direct sum of line bundles O(my) & --- & O(my,) for some integers m;.

We can get a better geometric image of O(-1) by constructing an example of a

degree minus one line bundle called the tautological line bundle.

Example (tautological line bundle). Consider the Riemann sphere with the coordi-

nate patches z and Z for Uy, and U; that we defined previously. Then
O(-1) =2 {(p,(2°,Z2")) e CP' x C?*|p=[2°: Z']} (A.11)

According to (A.1.5) if we can show that the transition function is go;(z) = 27!
for the line bundle on the right hand side, then we are done. Consider the projection
m: C% - CP!. The fiber above a point [ Z°: Z1] is

7 ([Z2°:Z21]) =c(2°,2") = e(2°, Z1)|c e C.

Since Z' does not vanish over U; we can define the following trivializations:
1

70

70

Zt

do([Z2°: Z1],c(Z°,21)) = (2,¢2°) c Uy x C and z =

¢1([2°: Z21],c¢(Z2°,2Y)) = (Z,¢Z") cU; x C and % =
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Thus we would have

ZO

go1(2)cZt = cZ° = g1 (%) = Zic 2L

A.2 Deformation Theory

Consider a complex surface Z which contains a family of rational curves, i.e. em-
beddings of the Riemann sphere. The normal bundle of a rational curve in this case
is a line bundle over a Riemann sphere, so we only need to know the degree of the
normal bundle in order to know its isomorphism class. Conversely, knowing the
isomorphism class of the normal bundle is sufficient to know how the rational curve

is embedded in Z. The following theorem is due to Kodaira.

Theorem A.2.1 (c.f. [14]). IfY € Z is a compact submanifold with H' (Y, Ny ) =0
then'Y belongs to a locally complete family {Y, : x € X} for some complex mani-

fold X, and there is a canonical isomorphism between T, X and H°(Y,, Ny,).

In the statement of the theorem we are given global information about the com-
plex surface Z as it contains a family of rational curve with degree one normal
bundles. The theorem allows us to investigate the local geometry of the space
parametrizing the family of rational curves. The parametrizing space and the canon-
ical isomorphism can be geometrically interpreted. Any submanifold Y ¢ 7 is
represented by a point zyp € X. Let us denote it by Y,,. There exists a function
fly,x) : Yy, x X — Z that we call a minitwistor map such that f(Y,,x) is an
embedding of CP", for all z € X. In other words,the vector field 2 f(y, x)|,, gives
a global section of the normal bundle over Y,,,. Also as will be explained later each
normal bundle ‘close enough’ to the zero section, represents another curve close to
Y., and conversely, each curve ‘close enough’ to Y,,, represents a section of the nor-
mal bundle. The completeness part of the theorem formally defined below, which
may be found in [9], says in informal language that any rational curve close enough

to Y7, 1s contained in the family.

Definition A.2.2. A pair (F, X) is called a d-dimensional complete analytic family

of compact submanifolds of an d + r-dimensional complex manifold Z if

* F is a complex analytic submanifold of Z x X of codimension r with the
property that for each x € X the intersection Y, x z := Fn (Z x z) is a

compact submanifold of Z x x of dimension d.
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* There exists an isomorphism
T,X = H°(Y,, Ny,)

where Y, € Z.



APPENDIX B

Cartan’s Test

In this appendix, we will discuss Cartan’s test as a tool for finding the degree of
generality of the set of solutions of an involutive analytic system of PDEs. The
material covered in this section is discussed in greater detail in [9] and [17]. In
order to state Cartan’s test, we need to give some definitions as below in which M

is a smooth m-dimensional manifold.

Definition B.0.3. A graded differential ideal Z < (M) over M is a set of differ-
ential forms that are closed under exterior differentiation and wedge product, i.e.
forall@inZ

dg, 0nnel,
where 7 is an arbitrary differential form on M. We denoted the set of k-forms of 7

by ZF := T n QF.

A differential ideal can be defined by its generators. For instance we can write
T =< 04,...,0™ >4 which means that Z consists of differential forms 6, df; and
their wedge product with all the differential forms in Q*(M). As we will see in an

example, a system of PDEs can be represented with its associated differential ideal.

Definition B.0.4. An exterior differential system (EDS) is a pair (M,Z) where Z is

a graded differential ideal over M.
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Definition B.0.5. An integral manifold of an EDS (M, Z) is a submanifold S of M

such that Z|75 = 0, i.e. for any integer k > 1,
O(vy,...,v5) =0,
where 0 € ZF and vy, ..., v, € T'S.
Similarly we can define an integral element of an EDS.

Definition B.0.6. A k-dimensional subspace £ € T, M is an integral element of 7
if (vy,...,vx) = 0, where 0 € ZF and vy, ...,v, € E. The set of all k-dimensional
integral elements of (M, 7) is denoted by V(7).

The set Vi (Z) is clearly a submanifold of the Grassmanian of all k-planes in
T M, namely Gry,(T'M).

A question similar to what we asked before would be whether for a set of k-
dimensional integral elements of Z there exists a k-dimensional integral manifold
of Z to which the integral elements are tangent.

The restriction of an integral element of Z is an integral element meaning that
is if GG is a p-dimensional subspace of £ € V,(Z) then G € V,(Z). The converse is
not be true meaning that if £ € V,(Z) and G € V,,(Z) then E @ G may not belong to
Vour ().

Definition B.0.7. Let £ € Vj(Z) < T,, M be spanned by {ey, ..., e, }. The polar space
of Fis

H(E):={veT,M|0(v,ey,..,e;)=0,¥0 e T*1} c T, M.

It is clear that £ is contained in H(FE). However, H(FE) is not necessarily an
integral element. An integral element that is a one-dimensional extension of £ can
be obtained from H (£ and is equal to £ & {v} for some v € H(E) and v ¢ E.

An integral element FE is called regular if the dimension of H(E) is constant in
a neighborhood of £ in Vi (Z). Moreover, F is called ordinary of the intersection
of Vi (Z) with an open neighborhood of E is a smooth submanifold of Gry,(T'M).

The dimension of the set of all (k+1)-dimensional integral elements that contain
E would be dim(H (FE)) - k. Define

r(E):=dim(H(F))-k-1.

If no such an extension exist then r(E) = -1.
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An integral manifold of Z, say S ¢ M, is called ordinary (regular) if all of
its tangent spaces are ordinary (regular) integral elements. For a regular integral
manifold we define r(S) := r(7,S) for some x € S.

Theorem B.0.8 (Cartan-Kéhler Theorem). Let > € M be an n-dimensional an-
alytic submanifold whose tangent spaces are regular integral elements for a real
analytic EDS (M, T), such that dim(H (1,X)) = n + 1. Then there exists an open
neighborhood of © € 3 and a unique (n + 1)-dimensional integral manifold S ¢ M

containing > N U.

The fact that dim(H (£)) = n + 1 provides the uniqueness part of the theorem.
Otherwise, if dim(H (E)) = n+r+1 with r # 0, we consider a submanifold R ¢ M,
called restraining manifold, such that R is of codimension r in M and > ¢ R and
at each point p € X the tangent space 7}, R intersects H (7),X) transversally and as a
result, the theorem above holds in 12 and we have a unique extension of X in R.

Using the Cartan-Kéhler Theorem, we can successively construct the integral
manifold of a differential ideal with a choice of restraining manifolds at each step.
Therefore, for a given integral element £ € V,,(Z) at point p, we obtain an n-
dimensional integral manifold N with 7, N = E. In order to address this construc-
tion, we define a regular flag of integral elements at a point p € M to be a set of n
integral elements

(0)=EycEyc--cE,=EcT,M

such that E; € V;(Z) and F4, ..., E,_; are regular. Such a flag is called a regular
flag for the integral element £. Given an integral element F € V,,(Z) at point p,
in order to use the Cartan-Kéhler Theorem to investigate whether there exist an
integral manifold NV ¢ M such that T, N = E, we only need to find a regular flag of
E. Then by applying the Cartan-Kéhler Theorem to each FE; in the flag we get the
sufficient condition for the existence of V.

Practically speaking, our discussion above is not of great significance as finding
a regular flag of & may not be straightforward. Also at point p, it is possible that
the tangent space of not all of the integral manifolds have a regular flag.

Cartan’s test helps to get around with this difficulty. For a flag F of E , not

necessarily regular, set
¢(E;) = dim(T,M) - dim(H(E;)) i=0,...,n.

where E;’s are the elements of the flag.
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Theorem B.0.9 (Cartan’s test). For an EDS (M,T) let F = (Ey,...,E,) be an
integral flag of E € V,,(T) and E € T,,M. Then

codim(V,,(Z)) > ¢(F) == c(Ep) + -+ c(Ep_1)

in the Grassmannian Gr,(T M) at E. Moreover, V,,(Z) is a smooth submanifold of
Gr,(TM) at E of codimension c(F) is and only if the flag F is regular.

With Cartan’s test at our disposal, for a quasi-linear system of PDEs with a given
flag of an integral element, it is a matter of linear algebra to look for the existence
of integral manifolds for it. If the equality holds for a flag of £ then we say that
the flag has passed the test and therefore is regular. As a result of our previous
discussion, if we can find a flag of £ that passes Cartan’s test then £ is an ordinary
integral element and the Cartan-Kihler Theorem guarantees the existence of at least

one real-analytic n-manifold manifold NV ¢ M such that 7,,N = F.

Example. The second-order PDEs of the form
Atgy + 2Bugy + Cuyy + D + E(uggty, —u2,) =0,

where A, B, C, D, E are functions of z, y, u, u,, u, are called the Monge-
Ampere equations. The 1-jet of solutions u(z,y) define S c J'(R2,R). We also
want the variables x and y to be independent which gives the condition dz A dy + 0
over S, With this condition S(*) will be a submanifold of the integral manifold
of the 1-form 6! = du - pdx — qdy with p = u, and ¢ = u,. Thus, assuming that
dxady # 0 holds everywhere in S(1), a function u(x, y) satisfies the Monge-Ampére
equation if and only if the first prolongation of the surface it spans, namely S(), is

an integral manifold of 6! and
0% = Adp A dy + B(dq A dy — dp A ddz) — Cdq A dz + Ddxz A dy + Edp A dg.

Knowing that J!(IR?,R) 2 R5 with coordinates (x,y,u,p, q), we consider the EDS
(R5,7), where Z =< 61,62 >4, to find S() and the general solution to the Monge-
Ampere equation.

We consider the case A = B = C =0and D = E = 1. It is clear that
Vi(Z) = {6*}* and thus it is spanned by the integral elements 0,, d,, 0., + p0, and
Oy + q0,. Let E; = 0, be the first integral element of the flag. The two-forms of the

ideal are of the form 62, df', #' A v ,where ~ is an arbitrary one-form. Thus the
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vectors annihilating the one-forms 9, 162, 0,1d6" and 6 determine H (E;). There-
fore, we have H(E)) = {dq,dx.0'}* = {0,,0,+¢q0,}. As E} has a one-dimensional
extension, F, is uniquely determined and is equal to H(FE;). It is easy to see that
H(E,) = E5 and there is not extension of Ey. Now with our choices of F; and Es
we have a flag 7 : {0} c Ej ¢ Ey = E c T,IR5. According to our discussion above,
we have ¢(Ey) =5-4=1and ¢(E;) =5-2 =3 and ¢(Fy) = 5-2 = 3 which
gives ¢(F) = c(Ey) + c(E1) = 4. In order to see if this flag passes the Cartan’s test
we need to compute the codimension of V5(Z) in Gro(TR?). In a sufficiently small

neighborhood of E5 € V5(Z) the two-planes are spanned by the vectors
v1 =0y + a(0y +p0y) + b0y + 0, and vy =0, +q0, +d(0, +pd,) + €0, + f0,
for some (a, b, ..., ). The conditions

0 (v1) =0 (v2) =0, dO'(vy,v2) = 0*(vy,v2) =0

givec = f =e—a=b+d = 0. Therefore, the fiber codimension of V,(I) at E is
four, as it is determined by knowing b and e, which is equal to ¢(F). Therefore,
the flag has passed the Cartan’s test and the general solution of the Monge-Ampere

equation depends on two function of one variable.
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Long Formulae of Chapter 3

Recall that we considered the connection D = d+$2;dx+£2sdy in (2.20). In our anal-

ysis in Section 3.4, we consider such a connection over the rank six we considered

defined in (3.25). In this case the expressions for {2; and €2, are as below.

24, 0 0 0
0 0 -3 0
24, 34 0 1

(91)42 (91)43 _%Al _3A0
0 0 0 0

(91)62 (91)63 (Q1)64 (91)65
240 0 0 0
0 0 -3 0
-24, 34 0 1

(91)42 (91)43 _%Al _SAO
0 0 0 0

(Q)e2 (e ()es (21)es
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0
0
0
0
-1

(2166
0

0

0

0
-1

(21)66

(C.1)
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with entries (€2;)., being as below:

(1) a
)12
(1)a3
(21)61

(©21)62

()63

(41)64
(€21)6s

(1) 66
()51
(Q22)s52

(Q22)s3

(22)61

(22)62

(22)63

(22)64

(£22)65

(22)66

- %@Ag + 4AOA3 + ;ayAl,
~20, Ay + 20 A1 + 4y g~ (A1),
20, Ay — 440 A,
4 20 2,
- gamayAg - ngAQAg + gaxAl + 4143(9on - 2A08yA3
16 8
- gAgazAQ + §A28y141,
2 4
gaxayAl - §A16yA1 + 2A08yA2 - 285/10 + 4A26yA0 + 4A36xA0
+ 6A08xA3 + gAlaxAQ + gAUAlA'SAZ — ng(AQ)Q,
2 4 4
20,0, Ao + 5 Ao, Az = 5 Aade Ao — 4418, A0 = 5 Aoy Ay
+ gAOAlAQ + 4A3(A0)2,

4
—GIAQ - GyAl + 5A0A3,

3

1 2
gaxAl - 48yA0 + 3A2A0 - 5(141)2,
1

—A

3 1,

20, Ay — 445 Ay,
28xA3 - %@,AQ + 4A1A3 - g(A2)2,
éayz41 - gaxAQ + 4AOA3,
3 3
4 2 4
- 281(%143 - 414281«143 - gAgamAQ + gAgayAl + gAlayAg
S AAy(Ag)? - DA, Ay Ay,
3
4 4 2
2832:143 - gAanAQ - §AOA2A3 - gaxayAQ + 4A18x143 + 4A08yA3
4 8

+ 6A38y./40 + §A3(A1)2 + 214381141 + §A28y141,

2 1
- 582142 + gAlaxAQ + 4A08x143 - 21438on - ;AlayAl
+ g@xﬁyAl + ?AoAlAg,

1 2
4&,3143 - gayAQ + 3A1A3 - 5(142)2,
4
axAQ - gayAl + 5AOA3,

1
A
327
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The expression for the curvature F of this connection as was defined in (2.22)

1S

0 0 0 O
0 0 0 O
F=dQ+QAQ=Fdxndy= 00 00
0O 0 0 O
0 0 0 O
Vi Vo V3 V)

where the V7, ..., Vg are given in (3.25).

0
0
0
0

0
Vs

o O O O

0

Ve

dx A dy, (C.2)

In the prolongation process in Section 3.3 we defined the variables P, Q, R, S

which have the following expressions.

P

Q
R
S

- (91)41% - (91 122 — (91)43¢3 - (91)44/~L - (91)457/,

- (91)611% - (Ql 6292 — (91)63¢3 - (91)64H - (Ql)GSV - (Ql)GGPa

)

= (Q0)5191 = () 52002 = (1)53103 = ()50 = (1) 557,
)
)

- (92)61% - (QQ 6202 — (92)631/13 - (Ql)ﬁw - (91)657/ - (Ql)Gﬁp-

(C.3)
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