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Abstract

Singular moduli are values of the form j(a 4 byv/—d), where a,b € Q, —d is a negative
fundamental discriminant, and j is the modular j function. These values are exactly the
j-invariants of elliptic curves with complex multiplication. In this thesis, I will discuss two
famous results about singular moduli, namely Gross and Zagier’s factorization formula
and Berwick’s congruences, and give generalizations of both to singular values of the

modular lambda function A. I will also give an integral model for the modular curve Y'(2).
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Résumé

Les modules singuliers sont les valeurs de la forme j(a + byv/—d), ot a,b € Q, —d est un
discriminant fondamental et j est le fonction j de Klein. Ces valeurs sont exactement
les invariants modulaires j des courbes elliptiques a multiplication complexe. Dans cette
these, je vais enquéter deux résultats concernant les modules singuliers: la formule de
factorisation de Gross et Zagier, et les congruences de Berwick. Je vais aussi généraliser
ces résultats aux valeurs singulier du fonction modulaire A. Finalement, je vais donner

un modele sur Z pour la courbe modulaire Y(2).
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Chapter 1

Introduction

The group SLy(Z) of 2 x 2 matrices with integer coefficients and determinant 1 acts on

the upper half plane H = {z € C : Im(z) > 0} by fractional linear transformation,

b a b
v =0 e, = € SLy(Z). (1.1)
cz+d ¢ d

The modular curve Y (1) over C is the quotient space SLy(Z)\H. It is the moduli space
of isomorphism classes of elliptic curves over C.
Similarly, if T" is a congruence subgroup of SLy(Z), i.e. a subgroup containing the

principal congruence subgroup

['(n) = €SLy(Z):a=d=1 modn, b=c=0 modn (1.2)

for some n > 1, then one defines the modular curve Yr to be the quotient space I'\'H. Of

particular interest are the modular curves

Y(n):=Yrm Yo(n):=Yr,m, Yi(n):=Yr,m),



where

a b
Co(n) := €SLy(Z):¢c=0 modn p, (1.3)
c d
and
a b
[y(n):= €SLy(Z):a=d=1 modn,c=0 modn p. (1.4)
c d

These are moduli spaces for elliptic curves plus the following “level n structures” per-

taining to the n-torsion points E[n| of an elliptic curve E:

1. The modular curve Y (n) parametrizes elliptic curves E equipped with a symplectic

isomorphism ¢ : (Z/nZ)* — E[n],

2. the modular curve Yy(n) parametrizes elliptic curves E equipped with a cyclic

subgroup C' C E[n] of order n, and

3. the modular curve Yj(n) parametrizes elliptic curves E equipped with a point P €

E[n] of exact order n.

If Yr is a modular curve, its compactification is the space Xt :=T'\(HUQU {oc}). The
compactifications of Y (n), Yy(n) and Yi(n) are denoted by X (n), Xo(n) and X;(n).

Modular curves allow us to translate certain invariants of elliptic curves into modular
functions, i.e. meromorphic functions H — C which are invariant under the action of
some congruence subgroup I'. The most famous example is Klein’s modular j function
j : H — C, which corresponds to the j-invariant of elliptic curves, an invariant which
determines whether two elliptic curves are isomorphic over C. The j function is SLy(Z)-
invariant, and it is a hauptmodul for X (1), that is to say it defines an isomorphism
X(1) =Pl

Of particular interest are values of the modular j function at imaginary quadratic
arguments, i.e. values j(a+by/—d), where a,b € Q and —d is a negative fundamental dis-
criminant. These values are called singular moduli, and they are exactly the j-invariants
of elliptic curves with complex multiplication. A classical result is that all singular moduli

are algebraic integers. Moreover, it was recently shown by Bilu, Habegger and Kiihne [3]



that no singular modulus is an algebraic unit. I will be interested in two famous results
about singular moduli, namely Gross and Zagier’s factorization formula and Berwick’s
congruences.

In 1984, Gross and Zagier [17] proved a factorization formula for the product of
differences j(71) — j(m2), where 7; is an imaginary quadratic number of fundamental
discriminant d; (by this, I mean that Z + 7;Z is a fractional ideal of the unique quadratic

order O; of discriminant d;). Their formula is as follows. Write

_4
wywy

Ty dy) = | [ () —i(m) , (1.5)
TiGSLQ(Z)\H
diSC(Ti):dl‘

where w; is the number of units of the order O; of discriminant d;. Also, for [ prime,

write

(%) ) if ged(dy,l) =1, and
e(l) :=

QL

(%), if ged(dy,l) =1,

where (dT) is the Kronecker symbol, and extend ¢ multiplicatively to all positive integers.

I will discuss the Kronecker symbol and the function € extensively in § [3.1] With this

notation, Gross and Zagier proved the following theorem.

Theorem 1.6. [17, Theorem 1.3] Ifdy,dy are coprime fundamental discriminants, then

J(d,dp)* =+ [ n™.

z,n,n'€Z
n,n’'>0
224+4nn'=d;ds

Another result of great interest to the study of singular moduli are Berwick’s con-
gruences. In 1928, Berwick [1] conjectured that if j is a singular modulus, then j and
J — 1728 should satisfy several congruences above certain primes p. Gross and Zagier
proved several of these congruences in their above paper [17], but a more general proof
would have to wait until 2004, when Berwick’s congruences were proven by Bettner [2].

One can consider analogues of singular moduli for other hauptmoduls. If p is a



hauptmodul for a modular curve X, namely if x4 provides an isomorphism Xp = P!,
then we call the values of p at imaginary quadratic arguments “singular values” of pu, or
“singular p-values”. A natural question to ask is whether results pertaining to singular
moduli, such as Gross and Zagier’s factorization formula and Berwick’s congruences, can
be generalized to other hauptmoduls. In the case of Gross and Zagier’s formula, this

question has recently been answered positively for the following hauptmoduls:

1. Define z(z) = 22 AA(E:)) for z € ‘H, where A is the modular discriminant function.

This is a hauptmodul for the modular curve Xy(2). A Gross-Zagier-like factorization

formula for x was proven by Yang and Yin [30].

2. Let A be the modular lambda function, which is a hauptmodul for X (2). It corre-
sponds to the A-invariant of enhanced elliptic curves for T'(n), defined as follows.

Any elliptic curve E over C has a Weierstrass equation of the form

E:y?*=z(x—1)(z—\).

The choice of A is not unique (there are six choices of A if j(E) # 0,1728), and
each choice of A corresponds to a symplectic isomorphism ¢ : (Z/2Z)* — E[2]. The
number A € C corresponding to a given symplectic isomorphism ¢ is called the
A-invariant of the enhanced elliptic curve (F, ). A Gross-Zagier-like factorization

formula for the modular lambda function was proven by Yang, Yin and Yu in [31].

The main focus of this thesis will be finding analogues of Gross and Zagier’s formulas
and of Berwick’s congruences for the modular lambda function. In chapter 2, T will
give some necessary background material regarding the modular lambda function A and
modular curves over C. In chapter [3] I will discuss Gross and Zagier’s algebraic proof of
Theorem [I.6] adding many details which were absent in their paper. In chapter 4, I will
prove two results which are consequences of Theorem [1.6] First, in § [L.1], I will give an
upper bound on the valuation v(j) of a singular modulus j, where v is a valuation lying
above the prime 2. I will provide two proofs of this bound, the first relying on several

lemmas of Gross and Zagier [17] and the second using volume estimates for subrings of
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a certain quaternion algebra. Both proofs will use a result from [17] which relates the
valuation of j(E)—j(E’), where E and E’ are elliptic curves with complex multiplication,
to the number of isomorphisms from F to E’. Second, in §[4.2] I will prove a Gross-Zagier-
like formula for the modular lambda function. My formula is weaker than Yang, Yin and
Yu’s formula, but it is surprisingly simple, and relatively easy to prove. In chapter [5
I will prove an analogue of Berwick’s congruences for the modular lambda function, by
applying the theory of Newton polygons to Bettner’s result. A similar formula for norms
of singular lambda values is given in [31].

Finally, one can generalize the idea of modular curves over C to obtain moduli spaces
for elliptic curves over any ring. To do this, one defines more general notions of “level n
structures” on elliptic curves, which make sense even when n is not invertible. If n > 3,
then the moduli problems corresponding to these level n structures are representable by
some schemes Y (n), Yo(n) and YV;(n). We call these schemes fine moduli schemes for their
corresponding moduli problems. If n = 1 or 2, then the moduli problems corresponding
to the different level n structures are not representable, so the schemes Y(2), Vy(2) and
V1(2) do not exist as fine moduli spaces. Instead, we define “coarse moduli spaces” ) (2),
Yo(2) and Y;(2), which are the best possible approximation of a fine moduli space for the
level n moduli problems.

The modular schemes Y(n), Vy(n) and YV (n) exist as schemes over Z, which motivates
the search for integral models for these schemes, i.e. for systems of polynomials which
define them as schemes over Z. In [0 I will define such a model for the modular scheme

Y(2). I will do this by constructing a morphism of schemes

V(2) = Wo(2) x No(2),
Yo(1)

and making use of the integral model Spec Z[z, j|/(12(x, 7)) for Yo(2) given by Mestre [23],
where

Yoz, §) = (x+16)> —2j =0 (1.7)

is the canonical modular polynomial of level 2.



Chapter 2

Modular curves and the modular

lambda function

2.1 The cross-ratio and the modular lambda function

Let K be a field not of characteristic 2, and let E be an elliptic curve over K. Then E

is given by a Weierstrass equation
y: + arzy + asy = 2 + asx® + agx + ag. (2.1.1)
over R. Since 2 is invertible, we can make the change of variables
, 1
y = 5(2y + a1z + az),
which puts F in the form
(y)? = 2° + aya® + ajx + aj,. (2.1.2)

Over the algebraic closure K of K, we factor the right-hand side of Equation 1) to

write E in the form

(¥)* = (z —e1)(z — e2)(w — e3).



Now, a straightforward calculation shows that there is a unique projective transfor-

mation sending e; to 1, ey to 0 and fixing co. It sends z € P! to the cross-ratidfl]

T —e
(62761;557 OO) = 2

€1 — €2

of the points es, e,z and co. Let A be the image of e under this transformation, so

€3 — €9

A= . 2.1.3
p— (2.1.3)

Note that A # 0,1 since e3 # €1, ea. So the curve
Ey:y*=x(x—1)(z—\) (2.1.4)

is an elliptic curve over the field K (e;,eq,e3). Also, E is isomorphic to Ey over K via

the map

(x,y) — (36_62 Y ) (2.1.5)

ey — ey’ (e1 — 62)3/2

This map takes (e, 0) to (1,0), (e2,0) to (0,0) and (e3,0) to (A, 0).

Moreover, there is a unique value of A for which such a map exist. Indeed, take
)N € K and suppose that E is isomorphic to Ey via an isomorphism taking (e;,0) to
(1,0), (e2,0) to (0,0) and (e3,0) to (A',0). Then the z-coordinate of this isomorphism
gives a projective transformation taking the ordered tuple (es, €1, e3,00) to (0,1, N, 00).
Hence both tuples have the same cross ratio, i.e.
N =0 _e3— e

p— . / p— . p—
1-0 _(071')\700)_(62761'637OO>_€1_62_)\7

N =

'The cross-ratio of four distinct points 21, 2o, 23, 24 € A! is defined to be

(23 — 21)(24 — 22)
(23 — 22)(24 — 21)

(21722523724) =

This can be extended to P! by removing the terms containing z; if z; = co. For example, when z; = oo,
we have
23— 2
(21,225 23,00) 1= ———.
23 — 22
Over R, this is the same as taking the limit as z4 — co.
Two ordered sets of points (21, 22, 23, 24) and (21, 25, 24, z}) have the same cross-ratio if and only if

there is a projective transformation taking each z; to z/.
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g€ Ss | (e],€h,es) = (e1,e9,e3)” | N =)\ = Z%iié
id (617 €2, 63) A
(23) (61; €3, 62) ﬁ
(12) (62761763) 1—A
(123) (e2, €3, 1) o
(132) (e3,€1,€2) ﬁ
(13) (637 €2, 61) %

Table 2.1: The six values of X\ and the action of S3 on them.

as claimed.

However, note that A is not an invariant of the elliptic curve E, since it depends
on the ordering ey, es, e3 of the points of exact order 2 of E. Hence for a given elliptic
curve, there are six possible values of \. The symmetric group S acts on these values
by permuting the 2-torsion points (eq,0), (e2,0) and (e3, 0) of E. The values of A and the
action of S3 are given in Table [2.1]

Instead, A is an invariant for enhanced elliptic curves for I'(2), i.e. triples (E, Py, Py),
where E' is an elliptic curve over K and P;, P, is an ordered basis for the 2-torsion E|2]
of E. The M-invariant of an enhanced elliptic curve (E, Py, P) is the unique value A € L
such that (F, Py, P») is isomorphic over K to the elliptic curve F) via an isomorphism
taking P, to (1,0) and P, to (0,0).

In §, we will see how this construction gives a I'(2)-invariant function on the upper
half plane. But first, we note that one can obtain a true invariant of the elliptic curve £
by taking a symmetric polynomial of the values of A\ from Table 2.1] The naive choices

would be to add or multiply these values,

Saad(N) = Y A7, SN = [ A

o€ES3 o€S3

however a quick calculation shows that Suqq(A\) = 3 and S, (\) = 1 regardless of the

value of \. Instead, we take the sum of the squares,

. 2 — 6N+ 927 — 8A\3 + 9\t — 6)° 4 2)°
SN =Y (V)= RO . (2.1.6)

oES3




This is related to the classical j-invariant j = j(E) by

(1=X+2?)°

J=128(S() +3) = 256~ 5 s

(2.1.7)
Remark 2.1.8. Let
E:y? = (x —e1)(x —ex)(x — e3)

and

E':y’ = (x =€)z — €))(z — )

be two elliptic curves over K whose two-torsion points (e;, 0) and (e}, 0) are defined over
K. Suppose that (E, (e1,0), (e2,0)) and (E’, (¢},0), (e5,0)) have the same A-invariant Ag.
Then, as a consequence of the above discussion, there is an isomorphism f : £ — E’ over

K taking (e;, 0) to (e},0). This isomorphism must be of the form
(z,y) = (W'z + 7 u’y)

with u € K~ and r € K. The conditions ¢, = u?¢; +r, i = 1,2, 3, give

/ / / /
u2 = —_—, T = —_—
€1 — €2 €1 — €2

so f is given by

el — e erey —eley (e —é, 5/2
(x,y) — x + , y . (2.1.9)
€1 — € €1 — €2 €1 — €2

So E and E’ are in fact isomorphic over the quadratic extension K[+/(¢} — eb)/(e1 — e3)]

of K.

2.2 Congruence subgroups and modular curves over C

In this section, I will define the modular curves Y (n), Yy(n) and Y;(n) as complex mani-

folds, and explain their connection to “enhanced” elliptic curves.



Fix n > 1. The principal congruence subgroup of level n is the subgroup

['(n):= €SLy(Z):a=d=1 modn, b=c=0 modn p. (2.2.1)

of SLy(Z). It is the kernel of the surjective homomorphism

v ——— v mod n,

and so is a normal subgroup.
A subgroup I" < SLy(Z) is called a congruence subgroup of level n if it contains I'(n).

Two congruence subgroups of particular interest are

a b
Co(n) := €SLy(Z):¢c=0 modn (2.2.2)
c d
and
a b
[y(n):= €SLy(Z):a=d=1 modn,c=0 modn p. (2.2.3)
c d
Note that

['(n) CTi(n) C Ty(n).

Now, recall that SLy(Z) acts on the upper-half plane H = {z € C : Im(2) > 0} by

linear fractional transformation,

v(z) = for v = € SLy(Z) and z € H. (2.2.4)

So if I' < SLy(Z) is a congruence subgroup, we can form the quotient space Yr := I'\'H.

10



In particular, for n > 1 we write

Y(n) = Yp(n), }/1(71) = Ypl(n), YE)(TL) = YFO(n)- (2.2.5)

These spaces are in fact moduli spaces for certain “enhanced” elliptic curves over C. Let

us define these enhanced elliptic curves.

Let E be an elliptic curve over C, and fix n > 1.

A T'y(n)-structure on E is a point P € FE[n] of exact order n. We call the pair
(E, P) an enhanced elliptic curve for T'1(n). An isomorphism f : (E,P) — (E', P’) of
enhanced elliptic curves for I'y(n) is an isomorphism f : E — E’ of elliptic curves such
that f(P) = P’

A T'o(n)-structure on E is a subgroup H < E[n] of order p. We call the pair (E, H)
an enhanced elliptic curve for I'y(n). An isomorphism f : (E, H) — (E’, H') of enhanced
elliptic curves for I'y(n) is an isomorphism of elliptic curves f : E — E’ such that
f(H)=H'

To define enhanced elliptic curves for I'(n), we must we must first define the Weil
pairing

en : E[n] x En] — p,

for an elliptic curve E over C, where u,, is the multiplicative group of n-th roots of unity.
To do this, write £ = C/A for some lattice A = wiZ + woZ, with wy /we € H. Then, since

wi /n,wy/n form a basis for E[n|, we can write

P wy/n
=7
Q@ wa /M

for some matrix v € My(Z/nZ). We then define the Weil pairing of P and @ to be

en(P.Q) = G,

11



where ¢, = e*™/™. Since (" = 1, e,(P, Q) is well-defined. One can check that the Weil

pairing is bilinear. Similarly, we can define a bilinear pairing

dp : (Z)nZ)* = i

dn((a,b), (c,d)) = ("""

Now, a I'(n)-structure on E is a symplectic isomorphism ¢ : ((Z/nZ)?,d,) — (E[n],e,),
i.e. an isomorphism ¢ : (Z/nZ)* — E[n] such that d,, = e, 0p. An enhanced elliptic curve
for I'(n) is a pair (E,¢), where E is an elliptic curve over C and ¢ is a I'(n)-structure
on E. An isomorphism f : (E,p) — (E',¢') of enhanced elliptic curves for I'(n) is an

isomorphism of elliptic curves f : E— E’ such that fop = ¢
Proposition 2.2.6. Fiz n > 1. Then we have well-defined bijections

1. between Y (n) and the set of isomorphism classes of enhanced elliptic curves for

I'(n), sending I'(n)7 to the isomorphism class [C/(Z + TZ), 1, Z],

2. between Yi(n) and the set of isomorphism classes of enhanced elliptic curves for

I'i(n), sending I'1(n)7 to the isomorphism class [C/(Z + TZ), 1], and

3. between Yy(n) and the set of isomorphism classes of enhanced elliptic curves for

Lo(n), sending To(n)7 to the isomorphism class [C/(Z + 7Z),(%)].

Proof. This is [12, Theorem 1.5.1] O

2.3 Lambda as a modular function

In this section, we will see how the lambda invariant constructed in § gives rise to a
['(2)-invariant function A : H — C. This function is called the modular lambda function.
Let 7 € I'(2)\'H. In Proposition we saw that 7 corresponds to the isomorphism

class [C/(Z + 7Z),%, %] of enhanced elliptic curves for I'(2). A Weierstrass equation for

12



the elliptic curve E' is given by

v’ =4(z —e))(z — e2)(w — e3), (2.3.1)

where

1 T T+1
€1 =g 5 ) 62:@(§>, €3 = 9 )

and p is the Weierstrass p-function for the lattice Z + 77 (see [12, §1.4]). The elliptic

curve in Equation (2.3.1)) is isomorphic via the map y — y/2 to the elliptic curve

By’ =(z—e)(z—ey)(x—e3).

), (2.3.2)

A) ::A(C/(Z+TZ)7%7%) _eg—er p(f—)—pi

This is a meromorphic function on H since g is, and it is I'(2)-invariant, since if 7,7/ € H
are in the same I'(2)-orbit, then the enhanced elliptic curves (C/(Z + 7Z), 3,%) and
(C/(Z+7'Z),3, %,) are isomorphic (by Proposition .

Now, we would like to write down the g-expansion of A\. To do this, we use the fact

(see |7, Chapter V, §5, Corollary 1]) that

0 (%) —o () =60 o (T : 1) —o(2) =w00.7)" (2.3.3)

where 6;(s,7) and 63(s, ) are the theta-functions

0,(s,7) =2 Z g7 cos ((2n + 1)7s) (2.3.4)
n>0
and
O5(s,7) =142 Z ¢ cos(2nms). (2.3.5)
n>1

13



Here, ¢ = ™" for 7 € H. So

AF) = (61(0’7))4. (2.3.6)

Moreover, by [5, Corollary 3.1],

01(0,7) =20 TT(1 = A+ ™) 650,7) = [J(1 = A+ )2, (2.3.7)

n>1 n>1

and so

Ar)=16¢] ] <ﬂ)8 (2.3.8)

This gives the g-expansion
A7) = 16q — 128¢° + 704¢* — 3072¢* + O(q°), q=¢"". (2.3.9)

The coeflicients of this g-expansion are given in OEIS sequence A115977 (see [18]).
Finally, note that this is only one of several possible definitions of the modular lambda
function. Indeed, our definition of A(7) depends on the choice of correspondence between
points of Y'(2) and enhanced elliptic curves for I'(2) made in Proposition[2.2.6] In general,
if we send I'(2)7 € Y(2) to the enhanced elliptic curve (C/(Z+ 7Z), Py(7), P2(7)), where
B = (Pi(1), P»(7)) is a choice of basis for the 2-torsion points {0, 3, Z, =} of C/(Z+7Z),

then the above construction would yield a modular function

p(Pi(7) + Polr)) = p(Po())

() = 0B ) - oB)

We can calculate the g-expansion of A using Equation (2.3.3)) and Equation (2.3.7)), as

o (%) —p (T ; 1) = 26(0,7)",

02(s,7) =1+ 22 ¢ cos(2nms), (2.3.10)

well as the relations

where

14



op €83 | B=(P(1), ()| 75 | s(\) Ap(T) As(q)

. 1 7 01(0,7) 1 1+ ¢ 8
- - 1 —
i (2’2) T (93<o,r>) 6an 1+ g2t

>1
L7+l A 6:(0,7)\" L+¢m

2 - I -1 —

@ | ) || le) | eI (e
71 —1 0>(0,7) " 1—¢>1\°

12 == — |1- —

(12) (2:2) - A (93@’7)) }:[1 [+ ot

(123) T T4l T—1[A=1] [(600\"| 1 p/l-¢1\
27 2 T A 61(0,7) 16g -5\ 1+¢*"
T+1 1 1 1 05(0,7)\" 1+¢>1\°

132 = —

(182) ( 2 ’2) I—7|1=2A (92 T H 1—g¥t

)
w | (50) e (ZEO;) Tiq(%)

Table 2.2: The six possible definitions Ag(7) of the modular lambda function, corre-
sponding to the six bases B of E.[2]. The first column shows how S5 = I'(2)\SLy(Z) acts
on these functions, by specifying the element o € S; taking the basis (%, %) to B. The
third column gives the element 75 € Y'(2) such that Ag(7) = A(7p), i.e. the element such
that the enhanced elliptic curve (E., B) is isomorphic to (ETB, %, %B) The fourth column
gives Ag as a function of . The fifth column gives Ap in terms of the theta functions

0;(0,7),7 = 1,2, 3. Finally, the last column gives the g-expansion of A\p.

which satisfies

6>(0,7) = [0 = (1 = ) (2.3.11)

n>1
(again, these come from [7, Chapter V, §5, Corollary 1] and |5, Corollary 3.1]). The
results of these calculations are given in Table [2.2]

In particular, note that one of the choices of A\g is . So, unlike the modular

A7)
j-function, which has a zero at 7 = _1+2*/_73, A has no zeros or poles on H. Modular

functions with this property are called modular units.
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Chapter 3

Gross-Zagier’s factorization formula

3.1 Introduction

Singular moduli, that is complex numbers of the form j(a-+bv/—d), where a,b € Q and d is
a positive integer, have been studied as far back as the works of Klein, Hilbert and Weber.
They are exactly the j-invariants of elliptic curves over C with complex multiplication,
i.e. elliptic curves whose endomorphism rings are orders in quadratic imaginary fields.
In 1984, Gross and Zagier discovered a remarkable factorization formula for norms of
differences of singular moduli (see Theorem below). In [17], they provide two proofs
of this formula. In this chapter, I will discuss their first (algebraic) proof, adding some

details which were not present in the cited paper.

3.1.1 The Kronecker symbol

a
P

Recall that if p is an odd prime and a € 7Z, the Legendre symbol ( ) is given by

(

1, if a is a square mod p and a Z0 mod p,
a
(I_?) = N —1, if ais not a square mod p, (3.1.1)

0, ifa=0 mod p.

\
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The Legendre symbol is multiplicative in its top argument, i.e.

()=G)G)

Also, if p and ¢ are distinct odd primes, then the law of quadratic reciprocity states that

The Kronecker symbol generalizes the Legendre symbol to any pair of non-zero inte-

gers. It uses the same notation as the Legendre symbol, and is defined as follows:

m

1. If p is an odd prime then (;) is just the Legendre symbol, as defined above.

;

0, if 2|m,
2. (%) =191, ifa==+1 modS,

—1, ifa =43 mod 8.

3. (1) =1
1, if m >0,
4 (%) =
-1, ifm <O.
5. If n = up{*---pi, where py,...,p, are distinct primes and u = £1, then

=G -6

Lemma 3.1.2. The Kronecker symbol has the following properties:
1. (—m) = (%) (ﬁ) and (%) = (%) (%), for all m,m',n,n’ € Z with n,n" # 0.

2. (Quadratic reciprocity, limited version) If m =1 mod 4, n = 0 or 1 mod 4 and

m,n are relatively prime, then



If in addition to these properties we have sgn(m) = —sgn (n), then

3. (%) depends only on n mod m.

Proof. Property (1) follows immediately from the multiplicativity of the Legendre symbol.
For properties (2) and (3), see |9, Exercise 13.15(a)-(b)]. O

For more on the Kronecker symbol, see [9].

3.1.2 Gross-Zagier’s main theorem

Let dy,dy < 0 be two negative fundamental discriminants with ged(d;, ds) = 1, and let
D = didy > 0. For ¢ = 1,2 let O; be the imaginary quadratic order of discriminant
d;, let w; = O] be the number of units in O;, and let h; = h(O;) be the class number
of O;. We say that an imaginary quadratic number 7; € H has discriminant d;, and
write disc(r;) = d;, if Z + 7,Z is a fractional ideal of O;. The singular moduli j(7;)
with disc(7;) = d; are exactly the j-invariants of the elliptic curves over C with complex

multiplication by O;. In [17], Gross and Zagier consider the following product:

wlw2

J(d1, ds) = IT G i) (3.1.3)

Ti EF\H
disc (Tl):dz

Their main result is a formula for J(d;, ds), given in Theorem below.
If [ is prime and (%) # —1, define
() if ged(l,dy) =1

T

e(l) = (3.1.4)
(%) if ged(l,dy) =1,

where (dT) is the Kronecker symbol. Note that since ged(dy, dy) = 1, we must have either

ged(l,di) = 1 or ged(l,ds) = 1. Also, if ged(l,di) = ged(l,dp) = 1, then 1 = (2) =

18



(4) (%) and so (%) = (%). So £(I) is well-defined. We extend & multiplicatively: if

n =1 --- 1%, where each [; satisfies <IQ) # —1, then

The main interest of this chapter is the following theorem of Gross-Zagier:

Theorem 3.1.5. Let dy,ds be as above. Then

J(dy,dp)* =+ ] »™.

z,n,n' €7
n,n'>0
x2+dnn'=D

This is [17, Theorem 1.3]. As stated earlier, in this chapter I will discuss their algebraic
proof of this result, adding many details which were omitted in their paper.

If m is a positive integer and every prime factor [ of m satisfies (%) # —1, we can

define
F(m) = H ns™),

nn/=m

where the product runs over positive integers. Note that the definition of F' depends on

dy and dy through €. We can rewrite the formula of Theorem [3.1.5| as

Jdid)? =% ] F(D;:”J).

x2<D
z?2=D mod 4

Proposition 3.1.6. Fix d; and dy as above. The function F has the following properties:

1. If there is a unique prime number | with (1) = —1 and dividing m to an odd power,

then F(m) is a power of l. Furthermore, if

_ 12a+1, 2a; 2as b1 b
m_l pl ...pssql...qtt

withe(l) =e(p1) =...=¢c(ps) = -1 and e(q1) = ... =e(q) = 1, then

F(m) = 1@+ Gor)
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2. If there are at least two distinct primes Iy, ly with £(l;) = —1 and dividing m to an

odd power, then F(m) = 1.
3. If there are no such primes, then F(m) is a power of \/m.

Proof. Write m = 17" ---1¢". Then

F(m) = H ns™)

nn/=m

ﬁ e ﬁ (llll . lir)ﬁ(ll)elﬂ'lmg(lr)erﬂ;

11=0 ir=0

r e1 e
(11 11

11=0 ir=0

) Z . Z g(ll)el—h . €<ZT)€r—ir i

. 11 Zjdly‘)ejij '<25(lk)eki’“'ik)

j#k \ ;=0 ix=0
=[1n

k=1
- a B ILjen Aj
— H I :
k=1
where
ek ‘ ek '
Ay = Zé(lk)ekﬂ, By = Z:&(lk)e’f2 -1
i=0 i=0

So we need to calculate A, and B, for each prime factor [ of m.

Case 1: ¢(l;) = 1. Then
ek
Ay, = Z l=¢,+1
i=0

and
o eplep+1
=Y i= el
=0
Case 2: ¢(l) = —1 and e, = 2ay, is even. Then
2ak Q(Lk
A=) (=1 =3 (-1)' =1
i=0 i=0
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and
2ay 2ay,
By=> (-1 7= (=1)fi=—-1+2-3+4—...— (20, — 1) + 204 = ;.
i=0 1=0

Case 3: ¢(l;) = —1 and e = 2b;, + 1 is odd. Then

2a+1 2a+1

A= Y (P = Y (1) =0
i=0 i=0
and
2ar+1 2ar+1
B, = Z (_1)2ak+1—ii = Z (_1)1—% = 1_2+3_4++<2ak+1) = a + 1.
i=0 i=0

The fact that Ax, = 0 in case 3 gives part 2 of the proposition. The formula for F'(m)
in part 1 is also clear by looking at the formulae of A; and Bj in each case.
For part 3, note that in cases 1 and 2 we have By, = 5 Ay, and so if m is as in part 3
then
F(m) = ﬁl;}kHjAj — ma A,
k=1

[]

Proposition 3.1.7. If m = Dfxz for some x € 7 satisfying 2> < D and 2> = D mod 4,

then e(m) = —1.

Proof. See also |9, Exercise 13.15]. We first fix some notation. By swapping d; and dy if

necessary, we can assume that dy =1 mod 4. Let
a==+ ng(dla m)?
with the sign chosen so that a =1 mod 4. Write

di =ad, m = ab.
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Claim 3.1.8. We have

e(m) = (%) (%) | (3.1.9)
D@ e

Before proving the claim, note that if ged(n,n’) = 1 then (%) = 41 and so (%/)71 =

and

(%) Here we will only be taking the Kronecker symbol of coprime integers, so we will

use this property without stating so.

Proof. (of Claim) For Equation (3.1.9)), we first note that ged(dy,b) = 1. For this,

D—z?

note that since m = 1

, d1|D, ged(dy,4) = 1 and d; is squarefree, we have a =
+ged(dy, m) = £ ged(dy, #2) = £ ged(dy, x). Also, ged(ds, a) = 1 since alds.

Second, note that if n € Z with ged(d;, n) = 0 for i = 1 or 2, then £(n) = (2). Hence

dy\ (d
= by=|—)—).
c(m) = <(a)=) = () ()
For Equation (3.1.10)), we start with some observations. First,

d1 d1 a d
=== (= — . 111
(5)= (%)= () (5) a1

Second, dividing 4m = d;ds — 2% by a gives 4b = dd; — a(z/a)?, and so

4b = ddy; mod a. (3.1.12)

Hence

(2) _ (o) (> by multiplicativit
) = \4 ) \ag, Y EHpHeativity

= (dg) (%) by Equation (3.1.12) and Lemma [3.1.2]
2
a d1 d .

=) )\% by Equation (3.1.11])),
2

22



dy a a d
(3) - () @ ()
d d . . .
= (= — by quadratic reciprocity
a 4b
d
_ (di) (m by multiplicativity
2
a d . 2
=z D since 4dab=4m =D —x
X _
d
= (dg) (—2> since d|D and by Lemma
2 —X
2
= (ﬁ) (i> by multiplicativity and since (é) = (£1)* =1,
d2 —1 X
as desired. O]

Now, we have

by Equation (3.1.9)

)
2) (_il) by Equation (3.1.10)
(
(

2 (i) (i) by multiplicativity

a\’ [ d . . .
— — by quadratic reciprocity

@) ) e

Finally, note that since a and d have opposite signs

d —1lifa>0
(-

lifa<0
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and, since dy < 0,

ds B lifa>0
sgn(a))

—1lifa <0,

Hence €(m) = —1 by considering the cases a > 0 and a < 0 separately. O

It follows that if m = £ ZEQ, then there must be at least one prime [ dividing m to an
odd power with () = —1. Hence F'(m) is a power of [ if there is only one such [, and

F(m) = 1 if there are two or more such primes [. So we can conclude the following about

J(dl, dQ)Z
Corollary 3.1.13. Ifl is a prime dividing J(dy,dy) then

1. ¢(l) = —1,

D—z?

2. 1 dwides an integer of the form =

, and

3. 1<

=g

3.2 Preliminary results

In this section, I present two results from [17] which will play key roles in the algebraic
proof of Theorem [3.1.5] The first calculates the valuation of j(71) — j(72). The second is
a refinement of Deuring’s lifting theorem which will allow us to transition from counting

isomorphisms of elliptic curves to counting elements of an order in a quaternion algebra.

3.2.1 Calculating v(j — j')

For the rest of this section, W will denote a complete, discrete valuation ring, with

uniformizer m and corresponding valuation v, such that
1. its field of fractions has characteristic 0,
2. its residue field k = W/n is algebraically closed of characteristic I > 0, and

3. v is normalized so that v(7w) = 1.
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For example, we could take W to be (a finite extension of) the Witt vectors W (E)
Also, to simplify things, we assume that [ > 3. However, the main result of this section,
Proposition [3.2.8] is still true if [ = 2, 3. See [17, Proposition 2.3] for these cases.

Let E, E’ be elliptic curves over W with good reduction mod 7. Then, by [11], F and

£’ have Weierstrass equations over W,

By +ayzy + asy = ° + a2 + agr + ag (3.2.1)
and

B y? + diay + ayy = 2° + aba® + djx + aj. (3.2.2)

Let A, A’ be the discriminants of F, E’. Since E, E’ have good reduction mod 7, we can
choose the equations above so that A, A’ £ 0 mod 7, and then A, A" € W*. The change

of variables

r—3a? —12ay y — ayv — as
-
(337 y) ( 36 ) 216 )

which is defined over W since 2,3 € W*, puts E in the form
E:y* =2+ Ax + B. (3.2.3)

The discriminant of this Weierstrass equation is 67! times the discriminant of Equa-
tion (3.2.1)), so is a unit in W. A calculation gives that that the discriminant and j-

invariant of F are

4A)3
A =—16(4A% +27B%), j= —1728( ) : (3.2.4)
A similar change of variables gives £’ the Weierstrass equation
By =2*+Ar+ B, (3.2.5)
and then its discriminant and j-invariant are
l "3 N2 X -/ (4A)3
A'=—16(4(A")° +27(B)*) e W*, j'=—-1728 (3.2.6)

A
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For n > 1, let Iso,(F, E’) denote the set of isomorphisms from £ mod 7" to E’
mod 7", and let

i(n) = %#Ison(E,E’). (3.2.7)

The following result , which is |17, Proposition 2.3], relates the number of isomorphisms
E — E' mod 7" to the valuation of j — j'.

Proposition 3.2.8. v(j — j') = Zz(n)

n>1
Proof. Since [ > 3, we have v(2) = v(3) = 0. Also, since A € W* and 1728A =
—16(4A% + 27B2),

0 > min{v(A%), v(B)},

so v(A) =0 or v(B) =0 since A,B € W. Hence A€ W* or Be W*.
Relative to the Weierstrass equations Equation (3.2.3) and Equation (3.2.5)), any

isomorphism from E’ to E over k is of the form
(z,y) = (WPz +r,u’y + su’st) (3.2.9)

with r,s,t,u € k and u # 0. Looking at the relations this gives between A, B and A’, B’,

we see that we must have r = s =t = 0 and that u must satisfy

A=u*A" mod
(3.2.10)

B=u’B" mod 7.

Conversely, any such u € k gives an isomorphism E' — E,(z,y) — (u?z,u®y). So

giving an isomorphism from E to E’ over k is equivalent to finding a solution u to

Equation (3.2.10)).

Similarly, by [11], we know that any isomorphism E’ mod 7" = E mod 7" is of

the form Equation (3.2.9) with r,s,¢ € W/n" and v € (W/7")*. So finding such an
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isomorphism is equivalent to finding a solution u of

A=u*A" mod 7"
(3.2.11)

B=u’B" mod 7.

Now suppose that i(1) > 1. Since k is algebraically closed, this is equivalent to saying
that j — 7/ = 0 mod 7, i.e. that v(j —j') > 1. By the above discussion, it is also
equivalent to saying that there exists ug € k* satisfying Equation (3.2.10). We consider
separately the cases A € W* and B € W*.

Case 1: A is a unit. Note that since W is a discrete valuation ring, € W is a unit if
and only if x mod = is a unit in k. Then A mod 7 is a unit, so A’ mod 7 is a unit since
A=utA" mod 7, s0 A" is a unit in W. So by making appropriate changes of coordinates
on E and E' we can get A = A’ = 1. Subject to these constraints, we can modify B and
B’ only by +1, so choose B, B’ so that v(B — B’) is maximal. In particular, note that
this means that v(B — B’) > v(B + B').

Now, for n > 1, the number of isomorphisms mod #n" is the number of solutions

u € (W/x™)* to

u*=1 mod 7"

(3.2.12)
B=4%B" mod 7"
Under the assumption that v(B — B’) is maximal, the number of such solutions is

(

4 f B=B'=0 mod 7",
2i(n) =492 ifB=B mod " and B,B'#0 mod ",

0 otherwise,

\
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or equivalently

.

4 ifB—B'=0 modzn" and B+ B =0 mod 7",

2i(n) =92 fB-B =0 mod 7" and B+ B'# 0 mod 7",

0 f B—B"#0 mod 7"

\

Indeed, if there is such a solution, then B = +B’ mod 7", and then since v(B — B') >
v(B+B’) we must have B = B’ mod 7". Then there are two solutions if B # 0 mod 7"
and four solutions if B = B’ =0 mod 7".

So we have

> i(n) =v(B+ B')+v(B - B).

n>1

On the other hand, since A= A" =1,

i F— 1 ((4A)3 - (4A’)3)

A A/
. (A — A
= —1728 - 43
798 ( .~ )
16 - 27B"? — 16 - 27 B2
= 1728 - 43
()
216 5
=— AA?’, (B* - B"?), (3.2.13)
and so
v(j— ) =v(B* - B?) =v(B+B)+v(B-B)
216 5
since — AAg’ cW*.

Case 2: B is a unit. Then by the same argument as in Case 1, we have B’ € W* as
well. Choose Weierstrass equations so that B = B’. Subject to this constraint we can
modify A and A" only by a cube root of 1, so choose A, A’ so that v(A — A’) is maximal.

For n > 1, the number of isomorphisms mod 7™ is the number of solutions u €
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(W/m™)* to

w$=1 mod 1"
(3.2.14)

A=v*A mod 7",

which is

6 fA=A"=0 mod "
2i(n) =

2 if A= wA or w?A" mod 7", and A, A’ #0 mod 7",

2mi/3

where w = e is a primitive third root of unity. So we have

Z i(n) = v(A—A) +v(A —wA) +v(A —w?A) = v(4° — A®) = u(j — j'),

n>1
the last equality coming from a calculation similar to Equation (3.2.13]). [

Corollary 3.2.15. Suppose that (I — 1)|12 and that E, E' have supersingular reduction

mod 7. Then

12

v(j —j/) > -1

Proof. We know that when (I — 1)[12, there is a unique supersingular j-invariant in F;,

and its automorphism group has order %. So we must have £ = E’ mod 7, and then

v(j —j") >i(l) = 2. O

Corollary 3.2.16. Let d be a negative fundamental discriminant, and suppose that E
has complex multiplication by the order O of discriminant d. If d < —4 and (%) =1,
then

Nm (j)Nm (j —1728) #0 mod I.

Proof. Let K = Frac(QO) be the imaginary quadratic field of discriminant d. Since

(4) = 1, E has ordinary reduction mod 7 for any prime 7 of K(j) dividing {. Then
Endy/:(E) = Endw (F) = O. If d < —4, then O* = {£1} and so j # 0,1728 mod 7
since the elliptic curves with these j-invariants have more than 2 automorphisms mod

. O
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Corollary 3.2.17. Suppose that (%) = —1. Then

(

j=0 mod 2" if 1l =2,
j =1728 mod 3° if | =3,
j=0 mod 53 if l =5,
j=1728 mod 72 if l =71,

GU3( —1728)Y2 =0 mod 11 ifl =11,

j=5 mod 13 if 1 =13.
4

Proof. Since (‘Ti) = —1, F has supersingular reduction modulo 7 for any prime 7 of
K(j) dividing [. If | = 2,3,5,7,13, then there is a unique supersingular j-invariant in
characteristic [. It is 0if [ = 2,5, 1728 if [ = 3,7 and 5 if [ = 13.E] Applying Corollary
Corollary gives the result for [ = 2,3,5,7,13.

If [ = 11, then the only supersingular j-invariants are 0,1728. So £ = E' mod , for
some elliptic curve E’ with j(E') = 0 or j(E') = 1728. If j(E’) = 0, then

o(j) 2 i(1) = S At (B) =3

and if j(E') = 1728 then
v(j — 1728) > i(1) = 2. O

3.2.2 A refinement of Deuring’s lifting theorem

As before, let W be a discrete valuation ring with uniformizer 7 such that W/x is alge-
braically closed of characteristic [ > 0. Let Ey be an elliptic curve over W/n", and let
oy € Endy/m(E) be such that Z[ag| is the ring of integers of an imaginary quadratic

field K, i.e. such that d := Tr(ap) — 4Nm (ap) is a negative fundamental discriminant,

IFor the case | = 13, we can check that 5 is supersingular by checking that the equations Hy3(\) = 0

and 5 = (;atijf are the same mod 13. This means that any of the A\ values lying above j = 5 are
solutions to His(z) = 0 mod [, and so correspond to supersingular elliptic curves by [26, §V, Theorem

4.1].
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where Tr(ag) = a+ a” € Z is the trace of ap and Nm (ap) = a o o € Z is the norm of
ap.

Note that «q satisfies the quadratic equation x? — tx +n = 0, where t = Tr (ag) and
n = Nm (ag). On Lie(Fy), o induces multiplication by some wy € W/n™ satisfying this
same equation.

If (E, «) is a lift of (Ey, ) to W, i.e. E is an elliptic curve over W and o € End y (F)

with (E,«a) mod 7" = (Ey, ap), then « acts on Lie(E) by an element w € W satisfying

w=wy mod 7"

(3.2.18)

w? —tw+n=0.

So the existence of such a w is a necessary condition for the existence of a lifting of

(Eo, o) to W. The following proposition says that it is also a sufficient condition.

Proposition 3.2.19. Suppose that w € W satisfies

w=wy mod "

w? —tw+n=0.

Then there ezists an elliptic curve E over W and o € Endw (FE) such that (E,«a) =
(Eo, o) mod 7" and « induces multiplication by w on Lie(FE).
Moreover, if (E', ') is another such lifting, then E = E'" and the diagram
E—>.FE

(!

[0}

E - p

commutes.

Before the proof, we give a brief introduction to Serre-Tate’s deformation theory.
Let W, be as above and let k = W/m be the residue field of W. Recall that we had
char (k) =1> 0.

Definition 3.2.20. Let A be an abelian variety over k. The [-divisible group of A,
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denoted A(l) or A[l*], is

lim A[l"] = ] A[I"],

n—oo n>0
where A[l"] is the group scheme of ["-torsion points of A.
More generally, an [-divisible group (of height h) {G,} over a scheme S is a system of

finite flat commutative group schemes
Gi S Gy = Gy Gt — .
over S such that for each n € N, G,, is locally free of rank I™ over S, and the sequence
0= G 2 Grit =55 Gy

is exact.

This means that i,, identifies G,, with the {"-torsion of G,,.1.

A morphism of [-divisible groups {G,} — {H,} is a collection of homomorphisms
of group schemes f, : G, — H,,n € N such that for each n, the following diagram

commutes:

G, fn o,

[ [

Gn—l & Hn—l-

The [-divisible group of A can be viewed as an [-divisible group in the general sense

by taking G,, = A[l"].

Definition 3.2.21. Let R be a local, Noetherian, complete ring with residue field &, and
let A be an abelian variety over k. A deformation of A to R is an abelian scheme A over

R together with an isomorphism of abelian varieties i : A ®p k — A.

We can define deformations in other categories similarly. For example, if G = {G,,}
is an [-divisible group over k, a deformation of G to R is an [-divisible group G = {G,}
over R together with an isomorphism of [-divisible groups f : G @z k = G, that is to say

a morphism f = {f,} such that each f, : G, ®r k — G,, is an isomorphism.
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Another example is the following: if ®(z,y) € k[[z, y]] is a (commutative, 1-dimensional)
formal group law over k (see, for example, |26, Chapter IV] for an introduction to formal
group laws), then a deformation of ® to R is a formal group law F'(x,y) over R such that
F' mod m = &, where m is the maximal ideal of R.

If A is a deformation of an abelian variety A to R, then we get a deformation of the
[-divisible group G of A,

G = A(l) = lim A[l"].

neN

The theory of Serre-Tate says that the converse is true, i.e. that given a deformation
G of G, we can get a deformation A of A such that G = A(l), provided that char (k) = [.
So deforming an abelian variety A is equivalent to deforming its [-divisible group G.

Also, if A, Ay are abelian varieties, then a homomorphism f : A; — As gives a
homomorphism of the I-divisible groups, f : Ai(l) — As(l). If Ay, Ay are deformations of
Ay, Ay respectively, then f lifts to Hom (A;, A) if and only if f lifts to Hom (A; (1), As(1)).

We also introduce the “canonical lift” of an abelian variety. Let R be a local, Noethe-
rian, complete ring with maximal ideal m and residue field R/m = k, and let A be
an abelian variety of dimension g over k. We say that A is ordinary if A[l"](k) =
(Z/1"Z)%,¥n > 1. In this case, there is a unique lift A of A to R with the property
Endp(A) = Endy(A) (via (f : A — A) = (f modm: A — A)). We call this A the

canonical lift of A to R.

Proof. (of Proposition [3.2.19) Let (E,@) be the reduction of (Ey, ag) to k = W/T.

Case 1: E is ordinary. So Z[a] = End (E). Then there are unique (canonical) lifts
1. (E,a) of (E,@) to W, and
2. (E,a) of (E,a) to W/a™.

Then (Ep, ) and (E,«) mod 7" are both lifts of (E, @) to W/z", and so by uniqueness
they must be isomorphic. So (F,«) is a lift of (Ey, ap), and it is clearly unique since any
other lift would also be a lift of (E,@).

Case 2: E is supersingular. Then the formal group f(z,y) of E over k has dimension

1 and height 2, and deforming (E,@) is the same as deforming f(x,y) considered as an
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O-module, where O is the completion of O = Z[ay) relative to I. Note that we can
indeed consider f as an O-module, since there is a w € W lifting wy and satisfying
w2 —tw+n=0,s0CW,so®CW as well.

Now, I claim that f has height 1 as a formal O-module. To see this, note that since
it has height 2 as a Z;-module, we can write the homomorphism [ of f corresponding to
multiplication by [ as a power series in 2. Since E is supersingular, [ is either inert or
ramified in O. We consider each case separately.

Case 2 a: [ is inert in O. Then O/IO has ¢ = [? elements, and [ is a uniformizer for
O. We can write lf as a power series in 2 =29, so f has height 1 over O.

Case 2 b: [ is ramified in @. Then O/IO has [ elements, and O has uniformizer 7
satisfying 72 = ul, for some u € O*. If h is the height of f as a formal O-module, then

. . . h
we can write 7y as a power series in 2" say

i i

T =a(r ) =az" +...
Then
er:aoa(:c):a%xﬂh—i—...

1S a power series 1n 2" So lf =uyo ch 1S 00, since u 1S a unit, so
U = U+ ...

But we know that [; is a power series in le, so h = 1.

So f has height 1 as a formal @—module, and, by [16], its universal deformation space
is Spf (@), and there is a unique deformation F' of f as an O-module, or equivalently as
an O-module, to any local, Noetherian, complete ring R with residue field k. Hence there
is also a unique deformation of (E,@) to any such ring. Now, the same argument as in

Case 1 shows that there is a unique lift of (Ey, ap) to W. O
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3.3 The algebraic proof of Gross-Zagier’s formula

3.3.1 Counting isomorphisms modulo 7"

As in [17], we assume that d; = —p, p > 0 prime, to simplify some computations. The
general case is handled in [13].

We use the following notation:

2. K =Q(y/—p), and O = Z]7] is the ring of integers of K,
3. j=j(7), and H = K(j) is the Hilbert class field of K,

4. w € C is a fixed imaginary quadratic number of discriminant dy, Ky = Q(w) is the
quadratic field of discriminant dy, Oy = Z[w] is the ring of integers of Ky, and Ho
is the Hilbert class field of K5, and

5. H=H - H,.

We define the algebraic integer

a= [] (-jlm)a=cHcc, (3.3.1)

T2 EF\H
disc (12)=d2

where as before w; is the size of the unit group of the imaginary quadratic order O; with
discriminant d;. Note that J(di,ds) = Nm gk (). Our goal is to calculate the valuation
of a at every non-archimedean valuation of H.

So let v be a finite place of H corresponding to a prime ideal p = p,, and let [ be the
rational prime lying above p. For the rest of this chapter, fix an embedding i : Q — @p
such that p = i_l(m@p) N Ok, where mg is the unique maximal ideal of Q,.

Let W (F;) denote the Witt vectors of the field IF;. This is a complete discrete valuation
ring with uniformizer [ and residue field ;. Let W = W(F;)-Op. Let 7 be a uniformizer
for W, and e = e(W/W (F;)) be the residue degree of W over W (IF;). One can check that

e=1ifl fpg and e =2 if l|p or l|q.

35



Now, there exists an elliptic curve over H C Frac (W) with j-invariant j and with
complex multiplication by O over H (i.e. with End yz(E) = O). So by [25, Theorem 9],
there exists an elliptic curve F over W with j-invariant j(E) = j, complex multiplication
by O over W, and with good reduction modulo 7. Similarly, for each imaginary quadratic
7o € C of discriminant ds, there exists an elliptic curve E,., over W with j-invariant
j(E.,) = j(m2), complex multiplication by Oy over W, and good reduction modulo 7.
Write

J(de) =A{E,, : 72 € SLo(Z)\H, disc (12) = da}.

By Proposition [3.2.8, we can write

4
ord () = ord,(j — j(T
(@) = mesg(z)w (j — j(m))
disc (12)=d2
4 .
= W Z Ordv(] _j(E/))
172 E'eJ(d2)

:ewfwgz S #lsom (B, E).

n>1 E’'eJ(d1)

Now, define
Sp = {ap € Endwyn(E) : Tr (o) = Tr(w), Nm (ap) = Nm (w), ap = w on Lie (E)},

where w is the imaginary quadratic number of discriminant dy fixed above.

Proposition 3.3.2. We have

1
Sy = — I - (E,E,
# w2§#SOW/< )

where the sum 1s over a set of representatives for the isomorphism classes of elliptic

curves with complex multiplication by Z[w]. Hence we can write

ord,(a) = 62?1 Z #S,

n>1
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Proof. Given an isomorphism f : E = E' mod 7", we get an element w; = f'owo f
of S,.

Conversely, let ag € S,,. Then w satisfies the conditions of Proposition for the
pair (E mod 7™, ag), and so there exists an elliptic curve F' over W and « € Endy (F)

such that
1. (F,a) = (F,ap) mod 7"
2. « induces multiplication by w on Lie (F').

Then F' has complex multiplication by Z[a| = Z[w], and hence is isomorphic to one of

the elliptic curves E’, by some map f : F' — E' with a = f~'ow o f. Hence
f mod 7" € Endyy(E, E').

Moreover, Proposition [3.2.19|says that if (F”, ) is another lifting of (£ mod 7", ),
then F' = F over W and we have a commutative diagram
F—==F

1

J QN )
hence E’ is unique and f is unique up to an automorphism of E’ over W, i.e. up to
multiplication by O;.
This shows that the map

| #Isow/an (B, E)) ———— S,
El

[ »wp=flowof
is wa-to-1, which gives the first claim.
The second claim follows from the first part of the proposition and the fact that for
each 1 of discriminant ds, there is, up to isomorphism, a unique elliptic curve over W with

complex multiplication by Z[w] and j-invariant j(7), and so {E,, : 72 € F,disc(72) = do}
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is a set of representatives for the isomorphism classes of elliptic curves with complex

multiplication by Z[w]. O

So we need to determine the size of the set #5,, for all n > 1.

3.3.2 Computing Endyy/(E)

Recall that we had
. . _4
a= [ G-im)=e=. (3.3.3)

T9E€SLo(Z)\'H

disc (12)=d2
We want to find ord,(a), where v is a finite place of H lying above a prime [. By
Proposition [3.3.2] it’s enough to find #5,, for all n > 1. To this end, we will find a

formula for the order End /- (£) for n > 1.

Proposition 3.3.4. If (;—7) =1 then ord,(«a) = 0.
Proof. Since (1%) = 1, E has ordinary reduction mod 7. So End /- (E) = O for all

n > 1. Since O has no elements of discriminant do, S, = @&,Vn > 1. Hence ord ,(a)) =

0. ]

So assume that (é) # 1, i.e. that E has supersingular reduction mod 7. Also, let
dy = —¢q,q > 0. Since E has supersingular reduction mod 7, Endy/.(E) is isomorphic
to a maximal order in the quaternion algebra B ramified at [ and oo, which we can write

as

B =< [a, ] := B ) ca, 0 e K ) C My(K) (3.3.5)
—If @
by Proposition . For n > 1, End /. (E) is isomorphic to a subring of the maximal
order End /- (E).

Since p = 3 mod 4, the class number h of K is odd, and j(O) is the unique real
j-invariant of discriminant —p. So there is a unique embedding Q(j) — R N Q, sending
j to j(O). Since we've fixed an embedding Q — Q,, this gives an embedding Q(j) — Q,,
which can be extended to one of two embeddings i, : H — Q. Let p; = ifl(m@l) N Oy

and v; be the valuation of H corresponding to p;. On the other hand, let vy be the
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valuation on H obtained by restricting v. Then, for example by [4, Corollary 1.3.5],
there is a unique o € Gal(H/K) such that ord,,(z) = ord,, (c(x)) for all x € H*. Let
a = a, be a fractional ideal of K such that ([a], H/K) = o, i.e. such that the ideal class
[a] € C1(O) corresponds to o under the Artin isomorphism.
Also, let D™! = {x € K : Tr(zy) € Z,Vy € O} be the inverse different of O, and fix
A € O such that A> = —] mod D. Recall for later use thatD—! = \/%7)(’) and D = /—p0O.
For x € Z, define

5(x) == 2l (3.3.6)

1 otherwise,

and define the set
T, = {(z,b) € Z x[a°] : 6 C O,z +41*" 'Nm(b) = pq} , (3.3.7)
where [a?] is the class of a? in C1(Q). In particular, we have
Ty = {(z,b) € Z x [a*] : b C O, 2> + 4INm (b) = pq } . (3.3.8)
Proposition 3.3.9. Ifl fpq, then e =1 and for all n > 1, we have
Endy/m(E) = {[a,ﬂ] €B:aeD ' BgeD " a/a,a=\F mod O}
and
The sum in the proposition counts the number of elements in R, i.e. the number of
(z,b) € Z x [a?] satisfying z? 4+ 4INm (b) = pq, counting a pair (z, b) twice if p|z.
Before we prove this lemma, we give a result from [8] which will be useful. Let A

be a ring, M, M’ be finitely generated projective left A-modules, and let M, M’ be left

A-module schemes over a base scheme S. Write M"Y := Hom 4(M, A).

Lemma 3.3.10. ( [8 Lemma 7.14]) The map
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§M,M’ MY Q4 HOIIls(M,M,) QM —— HOIHS(HOIIIA(M,M),HOIHA(M/,M/))

l'@p@m > (f = (ml = U (m)p(f(m)))

1s a well-defined isomorphism.

Proof. To see that &y a is well-defined, note that the map
Eprar : M"Y x Hom g(M, M') x M —— Hom g(Hom 4(M, M), Hom 4(M’', M"))

(I’ 0,m) r (o (m = 1 (m)p(f (m))

is A-multilinear, and so it induces a group homomorphism

M"Y Xa HOIIls(M,M/) QRa M — HOIIIS(HOIHA(M,M).

To check that it is an isomorphism, first note that if NV, N’ are another pair of finitely
generated projective left A-modules, then Eyanvar = v @ Envoar and Eypran' =
Envemr @ v This requires checking that the diagrams in Figure commute.

Now, since M, M’ are projective and finitely generated, there are A-modules N, N’

and r, " > 0 such that M@ N = A% and M’ N’ = A®"'. Then by the above observation,

!
we have Eyonaran' = S ® En e @ S ® En e and Eyan = EX74 . S0 Enan wran

is an isomorphism if and only if &, En o, Enr vy, and En ne are, or if and only if {4 4

is. So it’s enough to check that {4 4 is an isomorphism. This is easy to check. O
Corollary 3.3.11. The map
MY @4 Endg(M) @4 M ——— End g(Hom 4 (M, M), )
'@p@m ——— (f = (m' = U'(m)e(f(m)))
1 a well-defined isomorphism of rings.
Proof. 1t follows from Lemma [3.3.10| with M’ = M and M’ = M that it is a well-defined
isomorphism of groups. The ring structure on the left-hand side is given by

(11 @ o1 @my) - (I, @ pa @ ma) =1 @ p1ly(my)p2 @ ma. O
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Corollary 3.3.12. Let E,0,a be as above. Then for any W-scheme S, we have
Endg(E°) 2 a™! ®p End4(F) ®0 a.
Proof. Applying Corollary toM =a, M=Fand A= 0, we get
End s(Homp(a, F)) = Homp(a, O) ®0 End 5(E) Q¢ a.

So we need to show that Homp(a,O) = a~! as O-modules and that Homp(a, E) = E°
as S-schemes.

Write a = %(wl,wﬁ with y,w,wy € O. If f € Hompe(a,O), then wf <%) =
wo f (%), and so for a = $1%1 € 4 we have f (alle;“Q”Z) =a=f (%) 22 f (%) = azr,

where z := - f (%) =Lf (%) So we get mutually inverse bijections

Homo(a,0) —— {2 € K : 2w, 1wy € O} = a™!

£(2)

N

A 31 (%)=

&R

(a+— ar) < T

Also, these bijections clearly respect the A-module structures, so Homp(a, O) = a™'.

For a proof that Homp(a, E) = E?, see [8, Corollary 7.11]. O

We also note that the right-hand in the lemma is a maximal order when n = 1 and

a=Q0:

Lemma 3.3.13. The ring

Ry :={[ae,8]€ B:a, €D ',a=)\3 mod O}

1s a mazimal order in the quaternion algebra B. The only maximal orders of B containing

the order

R:={la,pl € B:«a,p € O}
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are Ry and R_j.

Proof. The elements [1,0], [Hﬁ, O] .10, 1], [0, 1+*2/jp] form a basis for R, and a quick

calculation shows that disc(R) = p?I%.

Moreover, we have a short exact sequence
0= R—Ry> D00,

where R — R, is inclusion and ¢([a, 8]) = B+ O. Indeed, ¢ is surjective since V3 € D™,
(A8, 5] € Ry, Ker(¢) D R, and Ker (¢) C R, since if [a, 5] € Ker(y) then 8 € O and so
a € O as well since a € A\ + O.

So [Ry : R] = #D7'/O = p, where the last equality is obtained by noting that

\/ljp“r‘z/jp = \/ljpp%l mod O. Then disc(Ry) = [? since disc(R = [Ry : R]*disc(R,),
and so R, is a maximal order. The same argument shows that R_, is a maximal order.

Now, note that Ry # R_), since otherwise we would have « = A\ mod O & a =
—A8 mod O and so 2\ € O for all 3 € D7!, but if we take 3 = \/Ljp then 2)\3 =
\/2—% ¢ O since A Z 0 mod p. Since \/%7 & Z,, we can use the same argument to show
that Ry ®z Z, # R_) ®z Z,. So R\ ®z Z, and R_\ ®z Z, are two maximal orders
containing the order R ®z Z, of B ®g Q,. Also, Ry N R_\ = R, since [, 8] € Ry N R_,
if and only if a,3 € D' and @ = A3 = —\3 mod O, if and only if « € \3 + O,
B e D' and 203 € O, if and only if @ € A+ O and f € O0ND' = O. So
(R ®zZ,) N (R_)\®zZ,) = (R\NR_)) @z Z, = Ry ZL,.

Also, if ¢ # p is prime, then since p is invertible in Z,, we have disc (R ®z Z,) =
disc (R ®z7Z,) = (I?) as ideals in Z,, and so Ry ®7Z, = R®zZ,. Similarly, R_, @z Z, =
R ®y Zg, and if ) is any maximal order of B containing R then Q) ®z Z, = R ®z Z,.

Now, let () be any maximal of B containing R. We just said that Q®zZ, = R®zZ, =
Ry®zZy = R®z Zy = R\ ®z Zy = R ®yz Z, for any prime ¢ # p. Also, we have
R®zZ, C (Q®zZ,) N (R\®zZ,) C R\®zZ,, so either (Q®zZ,)N(R\®zZ,) = RRzZ,
or (Q®zZy,)N(RA®zZy) = (R)\®z2Z,) since [Ry®zZ, : R®z7Z,] = pis prime. In the first
case, since R ®zZ, is an Eichler order and B®g Q, = M>(Q), [28, Lemma 2.4] gives that
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Q ®z 2y, = R_\ ®zZ,. Hence either QQ ®z Z, = R\ ®7 Zq4,Vq or Q Qg Ly = R_\ Q7 L4, Vq,
and so either Q = Ry or ) = R_,. O]

Also, note that Ry = R_, via the map [«, 5] — [a, —f]. Indeed, this is clearly a
bijection from Ry to R_y, and [a, ] - [o/, 3] = [ad/ — IBB,af + B’] while [a, —f] -
(o, =B = [aad — BB, —a' — Ba’]. Hence any maximal order of B containing R is

isomorphic to R).

Proof. (of Proposition First, suppose that [a] = [O]. Then End,.(E) contains
Endw (E) = O, and by Skolem-Noether we can choose our inclusion End /() C B so
that O is sent to {[a,0] : @« € O}.

Since [ # p, [ must be inert in K, i.e. IOk is prime. Hence [ splits completely in H/ K,
and so if v|l is a finite place of H then H, = K; = Qp, where Qp = Q[2]/(2?"~! — 1)
is the unique unramified degree 2 extension of ;. From general field theory, there
is an automorphism ¢ = o(IOk/IZ) € Gal(K/Q) such that ¢ induces the Frobenius

Lon Ok /IO = Fp2 over Z/IZ. Since o is nontrivial and

automorphism ¢ : r — x
Gal(K/Q) = {£}, o must be complex conjugation. Also, o extends to an automorphism
7 : K; — K, which must again induce ¢ on Ok ;/lOk,; = Ok /1Ok.

Since j(O) = j(O) = j(O), also j(O)™ = j(O) and so E™ = E since there is a unique
elliptic curve over W with j-invariant j(O) and good reduction mod 7. Reducing
mod 7, we have E mod 7 = E¥) mod 7, so E mod 7 is defined over F; and Endyy/,(E)
contains the Frobenius endomorphism Fr : (z,y) — (2!, 4).

Also, if o € O, we have [a]7 = [a?] = [@], since [a]” acts on Lie(E) by a’. Hence

Fro [a] = [@] o Fr, since if o] is given by (z,y) — (f(z,y), g(x,y)), then

Fr([o](z,y)) = (f(z,9), 9(z,y)") mod =
= (f'(z",9"),d'(«",¢")) mod 7
= (f7(z",9"),¢°(z",y") mod 7

[a]?(Fr(z,y)) mod «

= [@](Fr(x,y)) mod .
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Now, write Fr = [z, y| in Endy/-(£) C B. The condition Fr o [a] = [@] o Fr becomes
[z, ya] = [z@, y@]. So za = xa, Vo € O, and so x = 0. Then since E has supersingular
reduction mod 7, Fr has trace 0 and so satisfies Fr* + 1 = 0, i.e. Nm(y) =1, so 4 is a
unit in Of. Since K = Q(y/—p) with p > 2, we have O C {£1, £w} where w is a third
root of unity. If y = 4w, then K = Q(v/—3) contains all the sixth roots of unity, and
conjugation by [z, 0] for some sixth root of unity x gives an automorphism of B fixing O
and sending [0,y] to [0, 1]. If y = —1, then [«, 8] — [a, —] gives such an automorphism.

So we can choose the inclusion Endw/-(E£) C B so that O is sent to {[o,0] : o €
O} C B and Fr is sent to [0,1] € B. Then Endyy/,(£) contains the order R = {[«, ] :
a, € O}, and so by Lemma it is isomorphic to

Ry :={[e,8]€ B:a, €D ' a=)\3 mod O}.
For n > 1, |15 Proposition 3.3] gives

Endw/ﬂ—n (E) =0 + ["End W/w(E)

— {[a’ﬁ] o € D_17ﬂ c D_lln_l,Oé = )\ﬂ mod O}

Now, let a be arbitrary. Since j(E?) = o(j(F)) = o(j), the unique embedding
Q((E7)) — Qis /' = 1too™ ! Soif vy is the place on H corresponding to one of the
(equivalent) extensions of this embedding, we have vy(z) = vy (0~ (z)) = v(z),Vr € H*,
so E? corresponds to the identity element in Gal(H/K) and hence to the ideal class
(O] € C1(O). So by the case [a] = [O], we have

Endy/m(E7) ={|lo,8] € B:a€ D', e D" o= AF mod O} .
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Applying Corollary [3.3.12| with .S = Spec (W/7"), we get that

End /. (E) = a™' - Endy/mn (E%) - @
={[z,0:z€a'} {[a,B]:aeD ", BeD " a=A8 mod O} -{[y,0]:y € a}
= {[mya,x@ﬁ] caeDpeD " La=)A mod O,z calye a}

= {[a,,@] cae D' ge D" d/a,a=)\3 mod (9} .

Now we count the elements of S,,. We start by counting the number of elements with
trace Tr (w) and norm Nm (w).

First, suppose [a, 8] € S,,. Since D! = \/%70 and D™'a/a = \%ﬁ/a, we can write

—-Pp

_x+it/—p
2/—p ’

B ,ylnfl

ﬁ_\/_—pv

with z,¢t € Z and v € a/a. Then Tr (o, 8]) = a+a@ = Tr(a) = t, and so t = Tr(w).
Also, note that Nm () + INm () = Nm ([a, f]) = Nm (w). Define b := (y)a/a, We want
to check that (z,b) € T,,.

Note that [a] = [a7!] in C1(O), since aa = (Nm(a)) € [O]. Hence a/a € [a?], so also
b € [a?].

Also, we have Nm (a) = Nm (a), and so

Nim (b) = Nm ((7)) = Nm (7) = Nm (@ﬁ) Mm@ _ pNmw) - N ()

p Tr(w)? + 22 22 1 _ )
= B (Nm (w) — 0 1) i (—pdisc (w) — z?)

1
= gt A=),

i.e. 22+ 41*~!Nm (b) = pq.
Conversely, let (z,b) € T,. Note that since [b] = [a?] and [a] = [a!], we have

[ba/a] = [O], so ba/a is a principal ideal. If v € K is a generator for ba/a, we get an
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element [a, 3] € B by taking

x4+ Tr(w)y/=p At
o= N and § = ﬁ

Then Tr([a, f]) = Tr(w) and Nm([a, ]) = Nm(w). We have w; = #O* choice of
generator vy, so we want to determine for which v we have [a, 8] € S,, ie. [a,f0] €
End ([a, #]) and [«, ] = w on Lie(E).

To check whether [a, 3] € End ) (E), we need to check that a = A3 mod O. Note

that
¥ =+5 mod O
= Nm () = Nm (b),
and so
r? = pq — 4*"'Nm (b) = —4>"'4* mod O.
Hence

Soa==+AF mod O. And if « = A\ mod O, then replacing v by —v gives a« = —\f3
mod O. If z = 0 mod p, then we get 3> = —a®? = 0 mod /—p, and so we get
a = A3 = —AB = 0, so any generator vy gives an an element of End /. (£). And if
x # 0 mod p, exactly half of the generators v give such an element. So the number of

[, f] € End y/zn (E) corresponding to a pair (z,b) € T), is

wy if p|x

Sif p fo.
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Hence
#{[e. 8] € Endyyen(E) : Tr (o, B]) = Tr (w), Nm [, B]) = Nm(w)} = 5+ > 6(a).
(z,6)€T,

Finally, since Tr ([a, f]) = Tr(w) and Nm ([e, f]) = Nm (w), [«, 5] must act on Lie (E)
by either w or w. And if [a, ] acts by w, then its dual [, 8] = [@, =] acts by W (to
see that [@, —f is the dual endomorphism of [«, 8], note that [«, 8] - [@, =] = [a@ +
13B,0] is the multiplication by Nm ([a, 8]) map). Since W # w mod 7" by Hensel’s
lemma, and [@, —f] corresponds to the pair (—z,b) and the generator —v of ba/a (if
[, B] corresponds to (z,b) and the generator 7y), exactly half of the endomorphisms

found above give multiplication by w on Lie (F). Hence

as desired. O

Proposition 3.3.14. If l|q, then e = 2, and for n > 1 we have
Endy/(E) ={[a,f] € B:a€ D', €™ 'a/a,a = mod O},

where m = VLTHL and

w :
71 g d(z), ifn=1
#Sn = (x,b)GTl

0, ifn > 1.

Proof. Since [ is inert in A, /Q, the calculation in Proposition m gives

End 4, /ima,(E) = {0, € B:a€ D", D" 'a/a,a =\3 mod O}.
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Using the fact that W is a quadratic ramified extension of A,, we calculate
Endy/.«(E) ={[a,8] € B:a€ D', €™ 'a/a,a = mod O},

with m = L”T“J

Now, as in the proof of Proposition [3.3.9) the elements of this ring with trace Tr (w)
and norm Nm (w) give solutions to z? 4+ 4/*"~'Nm (b) = pg, where x € Z and b C O is
an ideal in the same class as [a], and this correspondence is %d(x)-to-1.

For n > 2, i.e. m > 1, we consider separately the cases [ # 2 and [ = 2:

Case 1: [ # 2. Suppose that we had a solution (z, b) to 22+ 4/*"~'Nm (b) = pq. Then
since I|q, we must have [|z, hence [?|q, which contradicts the fact that ¢ is a fundamental
discriminant.

Case 2: | = 2. Then since ¢ is a fundamental discriminant and 2|q, we can write ¢ = 4¢’
where ¢’ is square-free and ¢ = 2,3 mod 4. Suppose that we had a solution (z,b) to
22422 INm (b) = pq = 4pq’. Then 2|z, say x = 22, and then (2/)?+2>""'Nm (b) = pq'.
We again divide into cases.

Case 2a: 2 divides ¢’. Then we must have 2|z, and then 4|¢’, which contradicts the
fact that ¢ is square-free.

Case 2a: 2 does not divide ¢. Then ¢ = 3 mod 4. On the other hand, (z')% +
22m=INm (b) = 0,1 mod 4 since m > 1 and (2/)? is a square. This is again a contradic-
tion.

This shows that S, = @ for n > 2. For n = 2, note that oy € Endy/r2(E) acts
on Lie(E) by an element of W/, but w mod 72 does not lie in W/, so we must have
So = @. Hence S,, = @ for all n > 2.

Finally, for n = 1, note that sincew = w mod 7, any ay € End /- (E) with Tr (o) =

Tr(w) and Nm (ap) = Nm ) automatically acts by w on Lie (£). So

#Sl = % Z 6(‘%)7

(SCJJ)ETl

as desired. ]
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Proposition 3.3.15. Ifl = p, then e = 1, and for n > 1 we have
End /e (E) = {[a, 8] € B: o € O, 3 € D" ?a/a},

and

S %#Tl = %#{(z,b) € Z x [a®] : 2% + 4INm (b) = pq andp]ac}, ifn=1
# n —

0, if n > 1.

Proof. The formula for End .~ (E) is obtained from a similar computation as was done
in Proposition [3.3.9

Suppose that ag = [a, 3] € End ) (E) with Tr (o) = Tr (w) and Nm (ap) = Nm (w).
Since Tr(a) = Tr(ag) = Tr(w) and 8 € D" ?a/a = (v/—p)" 2a/a, we can write o =

M and § = L\/%TH with 2z € Z and v € a/a. Taking © = pz and b = (y)a/a

gives a solution to 2% + 4p"Nm (b) = pg. Conversely, any solution (z, b) gives w; choices

of generator v of b, and half of those generators will give an element of S, since w Z w

mod 7. So
wy wy 21 . .2 n
#Sn = 5 #Tw = 5 #{(x,b) € Z x [a°] : 2° + 4p"Nm (b) = pg and pla} .
If n > 1 then there are no solutions to z? + 4p"Nm (b) = pq since p [q. H

3.3.3 Completing the proof

As in § 3.3.2) let d; = —p, where p is prime, and dy = —q be negative fundamental

discriminants. Note that p = 3 mod 4, so by quadratic reciprocity we have

0-()- () )E)—o

So we can assume without loss of generality that (p) = 1.
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Now, for m > 1 and ¢ a fractional ideal of O, define
re(m) :=#{b e :be O Nm(b)=m} (3.3.16)
and
R(m) := #{c an ideal of O : Nm (c¢) = m}. (3.3.17)

Note that since #C1(O) is odd, the map [¢] — [¢?] is a bijection, so
Y re(m)= > rdm)=R(m).
[]eC1 (0) []J€C1(0)

We combine Proposition [3.3.9, Proposition and Proposition [3.3.15| to get the

formula

ordy(0) = 3 3 3 s(a)res <pQ4;nx2) |

T€Z n>1

Using the fact that J(—p, —q) = Nm g/ x (), we get

ord,(J(—p, —q)) = Z ord,(o(a))

o€Gal (H/K)

1 pq — a2
S D) ST (=
c€Gal (H/K) z€Z n>1
5 Y T dwner ()
2UEG&](H/K T€Z n>1 Al

3 Y Y st (M)

cECl O) z€Z n>1

X Xion (")

z€Z n>1

To complete the proof, we use the fact that

n>0
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This gives

ord J(—p—q) = 1330 Y (%)

:cEZ n>1 11 pg—z?
L i
n'>0

SO

ord,J(— Z Z d(x Z (n_’) ;
z€Z n>1 ,|pq4l,7nz2 p
n'>0

On the other hand, let

P .= H n™).

z,n,n' €7
n,n'>0
x2+4nn'=pq

Then we have

ord, P = Z e(n)ord ,n

z,n,n'€Z
n,n’'>0
x2+4nn'=pq

= 2 D«

zn,n'€Z N>0
n,n'>0 lN\n
:v2+47m’:pq

P IRDED I

z€Z nn/>0 m,N>0
22 +4nn/=pg n=1"m

D SID SI(Y

z€Z m,N>0 n’>0
22+ 4N mn/=pq

=22 2

z€Z n>0 n/>0
/| pg—x

To complete the proof, I'll show that for every x € Z and n > 1 such that 41"|(pg—z?),
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we have

Y o) =0(z) > <ﬁ) (3.3.18)

n'>0 1\ pg—=x
T gn

n/‘quz ,
4m n'>0

I'll handle the cases p|z and p fz separately.

pg—a?
4"

Case 1: p does not divide . Then also p does not divide . So for each n’ dividing

pq—a?
4[7’1/ )

we have ged(—p,n’) = 1, and so (by quadratic reciprocity)

Summing over all such n’ and using the fact that 9(z) = 1 gives Equation ([3.3.18]).

2

Case 2: p divides z. Then p? divides 27, and so p divides 2= with multiplicity one.

So we can write

dYooe)= Y () +e(pn)

n’>0 n'>0 )
1 pg—x

god(p,n')=1

= Z 2e(n’) by multiplicativity of € and since £(p) = 1,

n’'>0
/1 Pg—=

ged(p,n’)=1

n’'>0
/\Pg—x

ged(p,n’)=1

n/
— Z () (—) by quadratic reciprocity
n’'>0
n'| Bzt

ged(p,n')=1

= ) =) (%) since <%) = 0 if p|n’.

n'>0
pg—=
an

n'|

This shows that ord,J(—p, —q)* = ord,P for every finite place v of H, and so
J(—p,—q)* = £P, as desired.
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Chapter 4

Two applications of Gross and

Zagier’s formula

In this chapter, I will give two consequences of Gross and Zagier’s factorization formula
(Theorem 3.1.5)). First, in §[4.1] T will give a bound on v(j), where j is a singular modulus,
in terms of the discriminant of j, and v is a valuation above 2. Second, in § I will
give a factorization formula for norms of differences of singular lambda values, similar to

Gross and Zagier’s formula for singular moduli.

4.1 Bounding the valuation of singular moduli

We start by establishing some notation. Let

1. K be a quadratic imaginary field of discriminant dx < 0,
2. Ok = Zl]t] be the ring of integers of K,

3. h be the class number of K,

4. H be the Hilbert class field of K,

5. v be a non-archimedean valuation of H dividing 2,

6. A, be the completion of the maximal unramified extension of the ring of v-integers

of H,
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7. W = A,[w], where w = #53’

8. 7 be a uniformizer for W,
9. E be an elliptic curve over W with complex multiplication by Ok, and
10. j = j(E) € H be the j-invariant of E.

A natural question to ask is how large the valuation v(j) of j can be. Moreover, how
does v(j) compare to the class number h of K?

Berwick’s congruences (see Theorem tell us that v(j) < 6 unless 2 is inert in
K, i.e. unless dx =5 mod 8, in which case v(j) > 15.

Assume that 2 is inert in K. Also assume that dx < —4, since if dg = —3 then j =0,
and that dy is prime, so that we may use results form § [3.3.2]

Now, let Ey be an elliptic curve over W with complex multiplication by Z[w], where

W= # Note that j(FEy) = 0. So by Proposition |3.2.8, we have

o(j) =0 = J(Eo)) = 5 O #150wjen (B, By).

n>1

Also, note that if £ = Ey mod 7", then (see, for example, [26] §III, Theorem 10.1])
2 < #lsow-n (E, Ey) < 24,
and so

N <w(j) < 12N, (4.1.1)

where

N :=max{n: E=E, mod n"}. (4.1.2)

From here, I will bound N using two methods. First, in § I will use results
from [17] to reduce the problem of finding isomorphisms F = E; mod 7" to finding

pairs (x,b), where x € Z and b is an ideal of Ok in a fixed ideal class, such that

2% + 22" I'Nm (b) = —3d.
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From there, it will be easy to bound n in terms of dg, since x> > 0 and Nm(b) >
1. Second, in § I will bound N using volume estimates for orders in quaternion
algebras, proven in [14].

Both methods give remarkably similar upper bounds. The bound of § [4.1.1], which is

somewhat better, is given in the following theorem.

Theorem 4.1.3. Let K be a quadratic imaginary field of prime fundamental discrimi-
nant dg. Let j = j(E), where E is an elliptic curve over W with complex multiplication
by Ok. Then

v(7) < 6log, |dx| + 6(logy 3 — 1).

Note that we can drop the condition that 2 is inert in K, since if 2 is split or ramified
in K then

v(j) <6 < 6log, |dr| +6(logy 3 — 1).

Finally, we can use this result, along with known bounds on the class number h of K
to answer the second question asked at the beginning of this section, namely how v(j)
compares to h. Let xg, be the Dirichlet character xq,(n) = (%‘) Recall that the

L-function of x4, is

L (5, xay) = Z”‘;—E”). (4.1.4)

n>1

Corollary 4.1.5. Let K be a quadratic imaginary field of prime fundamental discrimi-
nant dx and class number h, and let j = j(E), where E is an elliptic curve over W with
complex multiplication by Ok . Suppose that the Riemann Hypothesis for L (s, xa, ) holds,
i.e. that all the zeroes of L (s, xa,) satisfy Re(s) = % Then there is a constant ¢ > 0,

which does not depend on dg, such that

Proof. By a result of Dirichlet, we can write the class number of K as

w(dg)\/|dr|L (1, Xay, )

h = 5 ,
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where

2, if dy < —4,

w(dx) =94, ifdg=—4, and

6, ifdg=—3.

Moreover, by [22, Theorem 1], assuming that the Riemann Hypothesis for L (s, x4, )
holds, we have

Co

L(1 >
(LX) > o Tog ]

for some constant ¢y > 0 not depending on dg. Hence

Z Cow(d[()\/ |dK|

2loglog |dk| ’
and so
v(j) < 12 (log, |dk| 4 logy 3 — 1) log log |dk |
h = Cow(dK)\/ |dK|
The right-hand side goes to zero as dx — 00, hence is bounded. O

4.1.1 An upper bound using lemmas of Gross and Zagier

Fix n > 1, and suppose that £ = E; mod 7. Since Tr(w) = —1 and Nm (w) = 1, we

define
Sp = {ap € Endy/zn (E) : Tr(ap) = Tr(w) = —1,Nm(ap) = Nm (w) = 1,9 = w on Lie(E)},
as in § By Proposition with dy = —3, we have

#S, = %#ISOW/W"(E, Ey).

In particular, this means that £ = Ey mod 7" if and only if .S,, is non-empty.
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Moreover, since 2 is inert in K, we have (dTK) = —1, so by Proposition ,

#Sn:#To;{( Y o)

z,b)eTy

where

T, ={(z,b) € Z x [a®] : b C O, 2* +2*""'Nm (b) = —3d}

and

2 if dg|z, and
o(x) =

1 otherwise.

Here, a is the fractional ideal defined in § Hence S, is non-empty if and only 7, is.
So if £ = Ey mod 7", then T}, is non-empty, and so there exists z € Z and an ideal

b of Ok (in the same class as [a?]) such that
2% + 22" I'Nm (b) = —3d.
Note that 22 > 0, and Nm (b) > 1, so we get
22+t < 3dy = 3|dk|,

1.e.

n < = (log, |dx| +logy,3 —1).

N | —

Hence also

N < = (log, |dk| +1ogy 3 — 1),

N | —

and so

v(j) < 12N <6 (log, |dx| 4+ logy3 —1).

This proves Theorem |4.1.3|
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4.1.2 An upper bound using volume estimates

Fix n > 1, and suppose that £ = E; mod 7. Write
R = End W/ﬂ—<E0)

and

R, = End /().

Since Ey has supersingular reduction mod 7, R is a maximal order in the quaternion

algebra B = Bs ., ramified at 2 and oco. Also, by [15],
R, = Zw] + 2" 'R,

and so Z[w] C R,. Moreover, since E = E; mod 7", we have O = 7Z [%@} C R,, so

7, |:1+T ”dK,w] :Z+Zl+T "dK_|_Zw_|_Zl+T ”dK -w g Rn'
Hence
1++/—d
covol (R,,) < covol (Z {%,w}) .

On the one hand, by |14, Lemma 2.1.1], we have
14/ 14+ +/
covol <Z {#,w}) < 4Nm (%Ch() Nm (w) =1+ |dk|.

On the other hand, we can write
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and, by Proposition [3.3.9]

1 gn-t1
R,={le,fl€B:ac \/—__32[w],56 73

=Z[1,0] 4+ Z[w,0] + Z [2" ", 2" | + Z {

Z|w],a = mod Z[w]}

2n—ly 2”‘%}]

By [29, Ch. 17, Exercise 7] and a calculation using the fact that Tr[«, 5] = Tr («), we get
covol (R,) = 4 - discrd (R,,) = 22" .

Hence

22n—1 S 1+‘dK|,

1.e.

n < = (1+log, (|dg| +1)).

N | —

Applying this to N = max{n : £ = Fy mod 7"} and using Equation (4.1.1]), we obtain

v(5) < 6+ 6logy(|dx| + 1). (4.1.6)

4.2 An analogue of Gross-Zagier’s factorization for-

mula for the modular lambda function

4.2.1 Introduction

In this section, I will study an analogue of Gross-Zagier’s product J(d;, dy) for the modular
lambda function A. Let dq,ds be coprime negative fundamental discriminants. For i =
1,2, let K; be the quadratic imaginary field with discriminant d;, and let w; = #(’)[XQ.
Define

Ady,dy) =[] (A1) = A7) (4.2.1)

T €L(2)\H
disc 7;,=d;
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A priori, A(dy,ds) lies in the field

L= Q(\/d_z, M) s diser; = d;, i = 1,2),

but in fact we have:
Lemma 4.2.2. A(dy,ds) € Q.

Proof. Let

Fi(X)= J] (X—=X\mn)eLlX].
To€lN(2)\H
disc (12)=d2
Note that if 7 € I'(2)\'H is imaginary quadratic of discriminant dy, then A(72) is an
algebraic number, and it’s Galois conjugates over Q are all of the form \(73), with 7, €
I'(2)\H imaginary quadratic of discriminant ds. So Fy,(X) is a product of minimal
polynomials over Q of algebraic numbers of the form A(73), hence Fy,(X) € Q[X].

Now, we can write

Mdy,dy) =[] Fun(A(m)).

Tel(2\H
disc (11)=d1

If 7 € I'(2)\H is imaginary quadratic of discriminant d;, then the Galois conjugates of
A(7p) over Q are of the form \(7]), with 7{ € I'(2)\’H imaginary quadratic of discriminant
d;. So the Galois conjugates of Fy,(A(71)) are of the form Fy,(A(7])). Hence A(dy,d>) is a
product of norms over Q of algebraic numbers of the form Fy,(A\(71)). So A(dy,ds) € Q,
as desired. O

It is natural to ask whether we can find a formula for A(dy, ds) similar to Gross-Zagier’s

formula for J(dy,ds). In this section, I will do so, by proving the following Theorem:

Theorem 4.2.3. A(dy,dy) = 2™ J(dy,d3)® for some m € Z.

4.2.2 Calculating v(A — \)

In order to prove Theorem [.2.3] T will begin by giving an analogue of Proposition [3.2.§]

for the modular lambda function.
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Let W be a complete discrete valuation ring with with uniformizer 7 such that
1. its field of fractions K has characteristic 0, and
2. its residue field kK = W/r is algebraically closed of characteristic [ > 2.

For example, we could take W to be the ring of integers of of @}” - L, where @l“r is
the completion of the maximal unramified extension of @Q; and £ is the completion of
any number field at a prime p dividing /. Let v be the valuation corresponding to ,
normalized so that v(m) = W.

Let (E, P, Py) and (E', P|, Py) be enhanced elliptic curves for I'(2) over W which
have good reduction modulo w. Let A = A\(E, Py, ) and X = A(E', P{, P;). Since 2 is

invertible in W, we can find a Weierstrass equation for E of the form
E:y* =2 + asx® + ayx + ag. (4.2.4)

Since E has good reduction modulo 7 and k is algebraically closed, 23 + asx + a2 + ag
factors into distinct roots over k, and hence over W by Hensel’s lemma. So we can write

the Weierstrass equation in Equation (4.2.4]) as
By’ =(z—e)(x—er)(w—e3),

where ey, ey, e3 € W are distinct. Since F has good reduction modulo 7, we must have
x; —x; #0 mod 7m. Note that (e;,0), i = 1,2, 3, are the points of order 2 of E, and we
can assume, by reordering the z;’s, that P; = (e1,0) and P = (e2,0). Then, as in §[2.1]
(E, Py, P,) is isomorphic over K to the enhanced elliptic curve (Ey, (1,0), (0,0)) via the

map

T — € Y
|_>

where F) is the elliptic curve over W given by the Weierstrass equation

Ey:y?=z(z—1)(z —\).

62



Moreover, Hensel’s lemma gives that (e; — ey)"/? € W, and so (E, P, P,) is in fact
isomorphic to (Ey, (1,0), (0,0)).
A similar argument show that (E’, P/, Pj) is isomorphic to the enhanced elliptic curve

(Ey,(1,0),(0,0)) over W. We are now ready to prove the following result.

Proposition 4.2.5. Using the notation introduced above, we have

1
v A= N) = 5 > #lsow (B, P, By), (E', P, Py)),
n>1
where for n > 1, Isow/m((E, P, P»), (E', P{, Py)) denotes the set of isomorphisms of
enhanced elliptic curves for I'(2) from (E, P, Py) mod 7" to (E’', P{, Pj) mod 7".

Proof. By our above discussion, we can assume that (E, P;, P,) = (E),(1,0),(0,0)) and
(E', P/, P}) = (Ey,(1,0),(0,0)). So write £ = Ey mod 7" and Ey = Ey mod 7. By
Remark , any isomorphism f : (E},(1,0),(0,0)) = (Ex,(1,0),(0,0)) of enhanced
elliptic curves is of the form

(z,y) = (2, +y).

If A =X mod 7", then both of these maps define isomorphisms from (F,\, (1,0), (0, 0))
to (E,\/, (1,0), (0,0)). On the other hand, if A Z N mod 7", then we cannot have
(Ex (1,0),(0,0)) = (Ew, (1,0),(0,0)). So

0, if A\ X mod 7",
#lsow, (B, Pr, P2), (E', P, Py)) =

2 ifA=XN mod 7.

Y

Proposition follows from this and the fact that

vA=N)= > L O

n>1
T [(A=X")
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4.2.3 Proving Theorem 4.2.3

As before, let dq, ds be coprime negative fundamental discriminants. Recall that our goal

is to prove the identity
A(dy, dy) = 2™J(dy, dy)°,

for some m € Z. Since A(dy,ds), J(dy,ds) € Q, and any 2-unit of Q is of the form 2™

with m € Z, we need to show that

U(A(dl, dg)) = GU(J(dh dg))

for any non-archimedean valuation v of

L=Q(v/—di,\(m;) : disc(1;) = d;,i = 1,2)

not dividing 2.
For i = 1,2, let K; = Q(v/d;), and let w; = #0Oj . Fix a finite place v of L not

dividing 2. We need to show that

S ) -Am) = —— S w(im)—i(m). (426)

w1W2
€T (2)\H 7, €SLa(Z)\H

disc (13)=d; disc (73)=d;

Let W be the completion of the maximal unramified extension of the ring of v-integers

of L. Let
1. 7 be a uniformizer of W, chosen so that v(m) = 1,
2. K be the field of fractions of W, and
3. k= W/(m) be the residue field of W.

Fix i, € I'(2)\'H of discriminant d;. Write j = j(71) and A = A(ry). By the same
argument as in § there exists an elliptic curve E over W with j-invariant j(E) =

j, complex multiplication by Ok, and good reduction modulo 7. Then, by the same
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argument as in § E has a Weierstrass equation of the form

E:y*=(z—e)(z—ey)(r—e3)

with ey, e2,e3 € W. Note that A = \(E, Py, P») for some choice of I'(2)-structure (Py, P»)
on E. So, by reordering the e;’s, we can assume that A = \(E, (e1,0), (e2,0)). Then,
again by the same argument as in § [4.2.2] the enhanced elliptic curves (E, Py, Py) and

(E), (1,0),(0,0)), where E) is given by the Weierstrass equation
Ey:y?=z(z—1)(z —\),

are isomorphic over W. In particular, this means that £ = E) over W, and so F) has

complex multiplication by O, over W and good reduction modulo 7.

Define

L(dy) == {(Exm), (1,0),(0,0)) : 1 € T(2)\ K, disc(r) = di } . (4.2.7)

This is a set of representatives for isomorphism classes over @p of enhanced elliptic curves
for I'(2) with complex multiplication by Ok, .

Now, we saw in § [3.3.1] that for each 7 € SLo(Z)\H of discriminant dy, there is an
elliptic curve E,, over W with good reduction mod 7, complex multiplication by Ok,
and j-invariant j(7;). By our above discussion, we can take E to be Ej; for some

71I'(2)\ € H lying above 7, for some 7. Write

T(dy) = {E,, : 71 € SLo(Z)\H, disc (n) = dy }. (4.2.8)

This is a set of representatives for the isomorphism classes over @p of elliptic curves
with complex multiplication by Og,. We get a surjective map from L(d;) to J(d;) by
forgetting the I'(2)-structure ((1,0),(0,0)) on E), i.e. by sending an enhanced elliptic

curve (E, P,Q) € L(d;) to the elliptic curve E;, representing the isomorphism class of F

over Q,.
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Note that the above discussion also works if we replace d; with dy and K; with K.
Also, note that the map £(d;) — J(d;) is 2-to-1 if d; = —3 and 3-to-1 if d; = —4, sincd]
the quotient map ['(2)\H — SLy(Z) is 2-to-1 above w and 3-to-1 above i.

We are now ready to prove Theoremd.2.3, We start by considering the case dy, dy < — 4.

Lemma 4.2.9. Suppose that di,dy < —4. Fiz 7y € T(2)\H of discriminant dy, and write
j=j(n) and A = \(m1). Then

Yo v =Am) = Y (i —iln).

To€l(2)\H To€SLa(Z)\H
disc (T2)=d2 disc (12)=d2

Proof. Let (E, Py, P,) = (E), (1,0),(0,0)). By our above discussion and Propositions|3.2.8

and we have

S ow-am) = > u(ME PLB) — NE, P Py)
o€l (2)\H (E',P|,P))eL(d2)
disc (12)=d2

=2 Y #lowe((E PR, (), P, FY),

n>1 (B, Pl,P})EL(dy)

and
Yo owi—imn) = > (k) - Z S Hsowm (B, E).
€M\ H E'eJ(d2) n>1 E'eJ(d2)
disc (12)=d2

So we just need to show that

> #sow((E,PLP), (B P, Py) = Y #lsow(E,E)
(E',P{,P;)€L(d2) E'eJ(d2)

~

for all n > 1. Fix ' € J(d2) and f € Isow/m(E,E'). Then f : (E, P, P) —

(E', f(P1), f(Py)) is an isomorphism of enhanced elliptic curves over W, so we get a

1One can also see this by studying how Autw (E) acts on the set of I'(2)-structures on E.
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natural map

Isow/(E,E') = | | Isow((E, P, P2),(E',P{, P})),
(P{,P})

where the disjoint union runs over all I'(2)-structures (P;, Py) for E’. This is clearly a

bijection, and so

#Isow /- (E, E') = Z #lsow/ ((E, P, ), (E', P, P;)),
(P, P3)

with the sum running over all I'(2)-structures for E’. Summing over all E' € J(ds)

completes the proof. O

Now, we generalize the above lemma to allow for the cases where one or more d; is —3

or —4.

Lemma 4.2.10. Fiz y € ['(2)\H of discriminant dy. Write j = j(11) and A = \(11).

Then
2 ) )
2 O =Am) = > - im).
T2€l(2)\H ToE€SLo(Z)\'H
disc To=d2 disc (12)=ds

Proof. As in the previous lemma, it is enough to show that

> #sow (B PLP),(E P P)=— > #lsowmm (B, E).
(E',P{,P;)eL(d2) 2 Bred(dy)

So fix E' € J(dy). As before, we get a bijection

Isow/en (B, E') = | | Isow((E, P, By), (E', P, Py)),
(P{,P})

where the disjoint union runs over all I'(2)-structures (P}, Py) for E. Let F : L(ds) —

J (dy) be the natural map sending (E’, P{, Pj) to E’. An analysis of the action of Aut (E)
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on E[2] shows that the map

| | Isow/=((E, P1, Py, (E', P}, P})) — | | 180w/ ((E, P1, Py), (E', P}, Py))

(P,FP3) (E',P[,P))EF~1(E")

ws
is 52-to-1, so we get

#sowmn (B, E') = > #Isow((E, P1, Py), (E', P}, P}))

(P1,P2)
Wa

=5 > #sowe(E PP P

(E',P|,Py)eF~1(E")
We complete the proof by summing over all E' € J(d;). O

Now fix 71 € I'\SLy(Z) of discriminant d;, and let j = j(7;). Note that there are 110—21

values of 7] € I'(2)\'H with j(7{) = j. Applying Lemma |4.2.10| to each of them gives

Z Z V(A1) = A(w)) | = w?42 Z v(j — j(72))

w
T1€L(2)\SL2(Z)11 \ mel'(2)\H ToE€SLo(Z)\H
disc To=d2 disc (12)=d2

Summing over all 71 € SLy(Z)\H of discriminant d; completes the proof of Theorem [1.2.3]
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Chapter 5

Berwick’s congruences and the

modular lambda function

In 1928, Berwick [1] conjectured several results on the valuation of j and j — 1728 above
certain rational primes p, where j is a singular modulus. In 1985, some of these congru-
ences were proven by Gross and Zagier [17], in the cases where p = 2,3,5,7 or 11 and
the discriminant d of j satisfies (%) = —1. We've already seen Gross and Zagier’s result
earlier on, in Corollary The general case remained unsolved until 2004, when it
was proven by Bettner [2].

In this section, I will give a similar result for singular values of the modular lambda
function A. If 7 € H is imaginary quadratic, then A = A(7) is related to the singular
modulus j = j(7) by the polynomial equation

._ J o >
fi(A) -—(1—A+A)3—%A (1—X)?2=0.

From this relation, and the well-known fact that j is an algebraic integer, one can deduce
that A, as well as 1 — ), is a 2-unit (see Lemma. So we are interested in finding the
valuation of j at primes dividing 2. To do this, I will study the Newton polygon of f;(X)
in order to relate the valuation of A to the valuation of j. This can then be combined

with Bettner’s result in order to give a similar result for the valuation of \.

69



5.1 Berwick’s congruences

In this section, I will recall Berwick’s congruences for p = 2. If H is a number field, and

p is a prime of H dividing 2, let v, be the valuation

1
V(1) := —————log, [Nm , /g, (%)

[Hy : Q]

., reH™ (5.1.1)

This is a representative for the finite place of H corresponding to the prime p, and it is

normalized so that v,(2) = 1.

Theorem 5.1.2. (Berwick’s congruence for p = 2) Let T € H be imaginary quadratic
of discriminant d < 0. Let K = Q(\/d), let dg be the discriminant of K, and write
d = f%di (so f is the conductor of 7). Let s = ordy(f). Then for every prime p of
K(j(7)) dividing 2, we have

> 15, if 2 is inert in K and s =0
= 2375, if 2 1s imert in K and s > 1
=3-2%  if 2 is ramified in K

=0, if 2 4s split in K.

Proof. If 2 is split in K, then we can use the same argument as in Corollary [3.2.16] Let
O C Ok be the imaginary quadratic order of discriminant d. By [25], we can find a
field extension L of K(j(7)), a prime p’ of L dividing p, and an elliptic curve E over
L with complex multiplication by O, j-invariant j(E) = j(7) and with good reduction
mod p’. Then, since 2 is split in K, F has ordinary reduction mod p. But j =0 is a
supersingular j-invariant in characteristic 2, so we cannot have j(7) =0 mod p.

For the case where 2 is inert in K and d is a fundamental discriminant, see [17,

Corollary 2.5] or |24} §9.2]. The general case is proven in [2]. O

The following proposition allows us to replace the condition that 2 is inert, ramified,
or split in K to a condition on the Kronecker symbol (‘%K), or equivalently to a condition

on dx mod 8.
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Proposition 5.1.3. Let K be a quadratic field of discriminant dx, and let p be prime.

Then
1. af (%) =0, then pOg = p* for some prime p of Ok, i.e. p is ramified in K,
2. if (%) =1, then pOg = pp’ for some primes p # p’ in Ok, i.e. p is split in K,

and
3. if (%) = —1, then pOgk is prime in Ok, i.e. p is iert in K.
In particular, for p =2,
1. if 4|dk then 2 is ramified in K,
2. ifdg =1 mod 8 then 2 is split in K, and
3. ifdg =5 mod 8 then 2 is inert in K.
Proof. See [9, Proposition 5.16]. O

Corollary 5.1.4. (Berwick’s congruence, alternate formulation) Let 7 € H be
imaginary quadratic of discriminant d < 0. Let K = Q(\/E), let d be the discriminant
of K, and write d = f%*dg (so f is the conductor of 7). Let s = ords(f). Then for every

prime p of K(j(7)) dividing 2, we have

> 15, ifdg =5 mod 8 and s =0
= 2375, ifdg =5 mod 8 and s > 1

=3.21=5,  ifd|dg

=0, if dg =1 mod 8.

Table gives the result of applying Theorem to the rational j-invariants.

5.2 Newton polygons

In this section, I will introduce the basic theory of Newton polygons, following [21, Chap-
ter IV].
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K dg | f|dg mod 8 | s |ords(j(7)) J(1)
Qi) -4 |1 4 0 6 20.3°
2 Q) —4 |2 4 1 3 2. 3117
V=2 [ QvV-2) | 8|1 0 0 6 20 5%
w=1 Q(v=3) | -3 |1 5 0] >15 0
2w QWV=3) | -3 |2 5 1 4 21.33 .57
3w QW=3) | =3 |3 5 0] >15 —215.3.5°
147 QW=7 | -7 |1 1 0 0 3. 5%
L+vV=-7 | QW-7) | =7 |2 1 1 0 33.5%. 178
V-l Q(y/—11) | —11 |1 5 0| >15 —215
P 1 QWS19) | -9 )1 5 0] >15 —2°-3
V=B [ Q(y/—43) | —43 | 1 5 0| >15 —21%.3%.5°
LV=6T | Q(y/—67) | —67 |1 5 0| =>15 —215.33.5%. 113
V16 [ Q(y/=163) | —163 | 1 5 0] >15 | -2'%.3.5°.23%.29°

Table 5.1: Theorem applied to the rational j-invariants. Notation is the same as in
Theorem [5.1.2)

Fix a prime p, and let {2 be the completion of the algebraic closure @p of Q,. Let

f(X) € Q[X] be a polynomial of the form

fX)=14+a X +aX?+...+a, X", a, #0.

Consider the points

(0,0),(1,0rd y(@1)), ..., (n,ord,(an,)),

omitting (¢,ord ,(a;)) if a; = 0. The Newton polygon of f is the conver hull of these
points, i.e. the highest polygonal line from (0, 0) to (n,ord ,a,) which is lower than all of
these points.

We can construct the Newton polygon explicitly as follows. Let v; = ord,a; and
vo = 0, so that we’re looking at the points (0,vg), (1,v1),...,(n,v,). For 1 <i < j <mn,

let L;; be the line from (i,v;) to (j,v;). It has slope

V5 —
j—1
and length j—i. First, let i = 0, and take from among the lines L j,7 = 1,...,n, the line
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Ly ;, of minimal slope. Next, if ¢y # n, take from among the lines L;, ;,j = 1,...,n, the

line L;, ;, of minimal slope. Continue inductively, taking L to be the line of minimal

5041
slope out of the lines L;, ;,j = 4;,...,n. Stop when 4;;1 = n. Then the Newton polygon

of fis

The vertices of N are the points (i,,,v;,,) where the slope changes. If we choose iy, ..., 7

so that [ is minimal, i.e. so that L and L have different slopes for each

imﬂ‘m+1 im+17im+2

m =0,...,l—1, then the vertices of N are exactly iq,...,%,1. In this case, we’ll call the
, L

slopes of L the slopes of the Newton polygon N.

10,819 * * * U,0+1

The following result relates the slopes of the Newton polygon of f to the valuation of

its roots.
Lemma 5.2.1. Let f € Q[X] be as above, and let oy, ..., o, € Q be the roots of f, so

that

n

=10(-3)

If s is a slope of the Newton polygon of f with length [, then exactly | of the «;’s have
ord, (a;) = —s.

Proof. This is |21, Chapter IV.3, Lemma 4]. O

Example 5.2.2. Consider the polynomial

1728
X)=(1-X+Xx?)"- ==X%(1 - X)
3 13 3
=1-3X - -"X?+ X - - Xx*-3x°+ X°®
4 2 4
1 2
:(X—é) (X +1)*(X —2)%.

Note that f = fi72s, where, for j € C, f; is the polynomial

_ s vy
) = (1= X+ X" = 2 X (1= X
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=L ]

Figure 5.1: The Newton polygon of f(X)=1—-3X — %XQ + %X?’ — %X‘l — 3X° + X6,

so the roots of f are exactly the singular A-values of discriminant —4. The Newton

polygon of f is given in Figure |5.1} it is the lower convex hull of the points

(0,0), (1,0), (2,-2), (3,-1), (4,-2), (5,0), (6,0).

It has slopes 1, 0 and —1, each of length 2. So f has
1. 2 roots o with ords(a) =1,
2. 2 roots a with ords(a) = 0, and
3. 2 roots a with ordy(a) = —1.

On the other hand, by looking at the factorization of f we see that f has roots 2, —1

and %, each with multiplicity 2. This agrees with the Newton polygon of f.
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5.3 A Berwick-like congruence for the modular lambda
function

Fix 7 € H imaginary quadratic of discriminant d < 0. Let K = Q(v/d), let dg be the
discriminant of K, and write d = f2dg, so f is the conductor of 7. Let j = j(7) and

A = A(7). Then j and X satisfy the relation

(L=XA+N)°

=256 AT AT
J N(1— N2

(5.3.1)

It is a well-known result that the singular modulus j is an algebraic integer. Moreover,
by [3, Theorem 1.1], j is not an algebraic unit. It follows from this and Equation (/5.3.1))

that A is a 2-unit:
Lemma 5.3.2. If 7 € H is imaginary quadratic, then X\ = \(T) is a 2-unit.

Proof. Let K = Q(7), let p be a prime of K(\) not dividing 2, and let v = v, be the
valuation of K corresponding to p. Since j = j(7) is an algebraic integer, we have
v(j) = 0.

First, if v(A) > 0, then

0 o) =0 (362

A2(1—\)?
= v(256) + 3v(1 — A+ A?) — 20(\) — 2v(1 — )
= —20(\) by the ultrametric inequality

<0,
which is a contradiction. Conversely, if v(A) < 0, then

0 < v(j) = v(256) + 3v(1 — A+ A?) — 20(\) — 2v(1 — )
= 20(\) again by the ultrametric inequality

< 0,
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which is again a contradiction. So we must have v(\) = 0. O

Note that

are all 2-units as well, since they are all related to j in the same way as A is (that is to
say, they satisfy the relation in Equation (5.3.1])).

We can use the same argument to bound the valuation of A at primes dividing 2:
Lemma 5.3.3. Let p be a prime of K(\) dividing 2, and v = v, the corresponding
valuation. Normalize v so that v(2) = 1. Then

—4 <o) <4

Proof. If v(\) > 4, then

(1—X+ A2)3)

0<v(j)=v (256 N,

= v(256) + 3v(1 — A+ A?) — 20(\) — 2v(1 — )
=8 —2u()\) by the ultrametric inequality

<0,
which is a contradiction. And if v(\) < —4, then

0 < v(j) = v(256) + 3v(1 — A+ A?) — 20(\) — 2v(1 — )

=8+ 2v(A) again by the ultrametric inequality
< 0,
which is again a contradiction. So we must have —4 < v(\) < 4. O

We can do better than this by applying Newton polygons to Equation ([5.3.1). The

solutions to
(1—-X+ X?)3

= 256
J X2(1— X2
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i.e. the roots of the polynomial

J

£i(X) = (1= X + X7 = L

X1 - X)% (5.3.4)

are exactly the values A(7’), where j(7') = j. These values are

Alternatively, S3 acts on I'(2)-structures for the complex elliptic curve E, = C/(Z+77Z),

which induces an action on K(\), by taking
UA(ETa Pl; PQ) = /\(Eﬂ Pa(l)’ PJ(Q))

for o € Ss, (P, P2) an ordered basis of E,[2] and Py = P, + P,. The roots of f; are the

values "\, 0 € 5.

Theorem 5.3.5. Let 7 € H be imaginary quadratic of discriminant d, and let j = j(7)
and A = X(1). Let

1 1 A=1 A

A—Sg~)\—{)\,1—)\x,1_>\, N ’)\—1}'

Fiz a prime p of L = Q(7, \) lying above 2, and let v = v, be the valuation corresponding
to p, normalized so that v(2) = 1.
1. If v(y) < 8, then, counting multiplicity, there are exactly
(a) two X € A with v(N) = v(j) —4 <0,
(b) two N € A with v(N) =4 —3v(j) >0, and
(c) two N € A with v(\') = 0.

2. Ifv(j) > 8, then v(N') =0 for all N € A.

Proof. Fix an embedding i : L < Q, such that p = i~ (m@2>. Then v(a) = ords(i(a))

for a € L.
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The values X' € A are exactly the roots of the polynomial

J

(X)=(1-X+X?) - 2_X?(1-X)?
(X)) = (1= X+ X°)° = 52 X*(1 - X)
J 2 J 3 J 4 6
=1-3X 6— 2| X — 7| X 6— 2 ) X*—3X + X6,
J“( 256) +(128 ) +( 256) +

The Newton polygon of f; over Q, is the lower convex hull of the points

(0,0),(1,0), (2,1} (6— Qé—G)) , (3,1} (%8 _ 7)) , (4,v (6 _ 2‘7%)) (5,0), (6,0).

Note that

U(G—ﬁ) =0(3-2” —j) — 8 > min(9,v(j)) — 8

and

v (L —7) =v(j—7-27) =7 >min(v(4),7) - 7.

128
J

6— 2| >8-8=

“( 256) #o8=0

v(j—T7-2)=7>7-7=0,

If v(j) > 8, then
and

so the Newton polygon of f; is just the line from (0,0) to (6,0). So, by Lemma [5.2.1] all
of the roots X' of f; have v(\) = 0.
If v(j) < 8, then

U(G—ﬁ):v(&?@—j)— =v(j)—-8<0

and

v (1;_8 - 7) =v(j —7-27) = 7 > min(v(j),7) — 7= min(v(j) - 7,0) > v(j) — 8.

So the Newton polygon of f; consists of
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1. the line from (0,0) to (2,v (6 — %)), which has length 2 and slope

2. the line from (2,1} (6 — %)) to (4,v (6 — ﬁ)), which has length 2 and slope 0,

and

3. the line from (4,v (6 — ﬁ)) to (6,0), which has length 2 and slope

3o (5-2%) -5t -9-a- "

So, by Lemma [5.2.1] the valuations of the roots A’ of f; are distributed as claimed in the
first part of the theorem. O

Combining Theorem [5.3.5| and Theorem [5.1.2| immediately gives the following result:

Corollary 5.3.6. (Berwick’s congruence for \) Let 7 € H be imaginary quadratic of
discriminant d < 0. Let K = Q(\/E), let di be the discriminant of K, and write
d = f?dy (so f is the conductor of 7) and s = ordyf. Let

A—Sg~)\—{)\,1—)\1 L oA=L A }

AMN1=XA A Ta-1
Let p be a prime of K(X\) dividing 2, and let v = v, be the corresponding valuation,

normalized so that v(2) = 1. Then

.

{0}, if 2 is inert in K and s =0

{0,4 — 22752275 — 4} if 2 4s inert in K and s > 1
{o(N): N e A} =<

{0,4—-3-27%3-27°—4},  if 2 is ramified in K, and

{0,4, -4}, if 2 is split in K.
\

Moreover, in the last three cases, each possible value of v(N') occurs an equal number of

times (twice, if d < —4).
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As was the case for j, we can reformulate this in terms of dx mod 8:

Corollary 5.3.7. (Berwick’s congruence for A, alternate formulation) Let 7 € H be
imaginary quadratic of discriminant d < 0. Let K = Q(\/E), let di be the discriminant
of K, and write d = f*dy (so f is the conductor of ) and s = ordy(f). Let

1 1 A—1 A
A—S3~)\—{>\,1—>\X,1_>\, 5 ’)\—1}'

Let p be a prime of K(X\) dividing 2, and let v = v, be the corresponding valuation,

normalized so that v(2) = 1. Then

(

{0}, ifdk =5 mod 8 and s =0

o {0,4 — 22752275 — 4}, ifdg =5 mod 8 and s > 1
{v(N): N e A} =
(0,4-3-2723.275 4}, if4|dg, and

{0,4, —4}, ifdg =1 mod 8.
\
Moreover, in the last three cases, each possible value of v(N') occurs an equal number of
times (twice, if d < —4).

Table (£.2 summarizes the result of when d is a discriminant of class number
1, i.e. when j(7) € Q. One can compare this against the minimal polynomials of the
corresponding A-invariants, given in Table [5.3] to check that Corollary is correct in

these cases.
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T K dg | f|dg mod 8| s |[v(j(r)) | {v(N): N €A}
i Q) —4 |1 4 0] 6 {0,£1}
2 Qi) —4 |2 4 1| 3 {0,£5/2}
NES) QvV=2) | =8 |1 0 0] 6 {0,£1}
w=="S1 Q(y=3) | -3 |1 5 0| >15 {0}
2w QW-3) | =3 |2 5 1 4 {0, £2}
3w QW-3) | =3 |3 5 0] >15 {0}
1+v7 Q=7 | -7 |1 1 0/ o0 {0, +4}
1+vV-7 | QW=7 | =7 |2 1 1 0 {0, +4}
VoIl Q(y/—11) | —11 | 1 5 0| >15 {0}
Lhyo19 Q(v=19) | =19 |1 5 0| >15 {0}
LVt Q(y/—43) | —43 | 1 5 0| >15 {0}
LV0T | Q(y/—67) | —67 | 1 5 0| >15 {0}
LVEI68 1 Q(y/—163) | —163 | 1 5 0| >15 {0}

Table 5.2: The results of Corollary when d has class number one, i.e. when A lies

over a rational j-invariant.
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(1 + 238 — ) (gg — 228 + @) (F — 7 — p2) {c/aF0} |z| v e
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82



Chapter 6

An integral model for X (2)

6.1 Drinfield level structures and modular curves in
arbitrary characteristic

In this section, I will generalize the moduli problems from § to elliptic curves over
general schemes. For a more detailed approach, see Katz and Mazur’s book [20].

Fix a base scheme S. An elliptic curve over S consists of a smooth curve £ ENFS , with
geometrically connected fiberd’| of genus one, together with a zero section [0] : S — E.
One can show (see [20, Theorem 2.1.2]) that an elliptic curve E/S admits a unique

S-group scheme structure such that for every S-scheme T,
E(T) = Pico(Er/T) = Pico(E x5 T/T)

as groups. Throughout this chapter I will treat all elliptic curves over S as S-group
schemes with this structure.

We want to generalize the concepts of enhanced elliptic curves for I'(N),T'o(N) and
[’y (), as introduced in § , to elliptic curves over arbitrary schemes S. To do this, we

first introduce the concept of A-structures and A-generators.

! This means that for every fiber E; = f~!(s),s € S, and every field k, the scheme Eg X gpec (2)Spec (k)
is connected.
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Let E be an elliptic curveﬂ over S, and A an abelian group. An A-structure on E/S

is a group homomorphism

p:A— E(S)=Homg(S, E)

such that the effective Cartier divisor

G=) [ela)]

a€A

in C/S of degree #A is a subgroup-scheme of C'/S. We call G the A-subgroup of C'/S

generated by ¢, and ¢ the A-generator of the subgroup G.

Now, fix an elliptic curve E/S and N > 1. We define [I'(N)]-structures, [I'y(V)]-

structures and [I'g(NV)]-structures on E/S as follows.

1.

3.

A [[(N)]-structure on E/S, is a (Z/NZ)* generator for the subgroup-scheme E[N]

of E, i.e. a homomorphism
¢ : (Z/NZ)* — E[N](S)

such that, as divisors,

ENl= ) [p(ad).

(a,b)E(Z/NZ)2

A T'\(N)-structure on E/S is a Z/NZ-structure on E[N]/S, i.e. a homomorphism
¢ : Z/NZ — E[N](S)

such that the Cartier divisor

> lp(a)

a€Z/NZ

on E/S is a subgroup-scheme of E.

Finally, a I'o(/V)-structure on E/S is a finite flat subgroup-scheme K of E[N] which

2More generally, E could be any smooth curve over S equipped with an S-group scheme structure.

84



(a) is locally free of rank IV, and

(b) locally f.p.p.fﬂ on S is cyclic. This means that S can be covered by schemes
T — S, which are f.p.p.f. over S, such that Ky = K xg T admits a Z/nZ-

generator for some n > 1, i.e. a group homomorphism
o :Z/nl — Er(T)

such that

Kr = Z [p(a)]

a€Z/nZ

as effective Cartier divisors on Ep/T.

Each of these definitions gives rise to a corresponding moduli problem, i.e. a con-
travariant functor from the category of elliptic curves E/S over arbitrary base scheme
to the category of sets. For N > 1, we define the moduli problems [I'(N)], [['1 (V)] and
[Co(N)] to be the functors taking an elliptic curve E/S to the set of I'(IV)-, I'1(N), or
[o(N)-structures on E/S, respectively.

If P is any moduli problem, then for every elliptic curve E/S, there is a functor from

the category of schemes over S to the category of sets defined by
Tw— P(Er/T),

where Er := E xgT. We say that P is relatively representable if this functor is repre-
sentable for every elliptic curve E/S. In this case, we denote the S-scheme representing
this functor (for a fixed elliptic curve £/S) by Pg/s. Katz and Mazur |20, First Main
Theorem 5.1.1] proved that the moduli problems [I'(V)], [['1(N)], and [['((N)] are all
relatively representable.

We say that a moduli problem P is representable if it is representable as a functor.
In this case, we denote the elliptic curve representing P by £/9%(P). The base scheme

M(P) is called a fine moduli scheme for P, it represents the functor from the category

3f.p.p.f. stands for fidélement plate de présentation finie, i.e. faithfully flat and finitely presented.
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of schemes to the category of sets taking a scheme S to the set of pairs (E/S,«) up to

isomorphism, where
1. F is an elliptic curve over S, and
2. a« € P(E/S) is a so-called “level P structure” on E/S.

If P is a relatively representable moduli problem, then we can define a coarse moduli
scheme for P, denoted M (P), as follows. Let R be a ring in which some integer N > 3
is invertible. Choose a representable moduli problem O which is finite étale and Galois
over R, and let GG be the Galois group of Q. Note that such a moduli problem Q exists,
for example take [['(N)] if N > 3 and the Legendre problem (see [20, §2.2.8]) if N = 2.
Then the “product” moduli problem (P, Q) defined by

(P,Q)(E/S) =P(E/S) x Q(E/S) (6.1.1)

is representable (see |20} §4.3.4]), so we can define M (P) locally on R by

M(P) = M(P, Q)/G. (6.1.2)

This is a “best approximation” of a fine moduli scheme for P, and is independent of the
choice of representable moduli problem Q. If P is representable, then M (P) = 9M(P).
In particular, since the moduli problems [I'(N)], [['1(N)] and [I'o(N)], for N > 1, are

relatively representable, we can form the coarse moduli schemes

Y(N) := M([C(N)]),  Yu(N) == M([L1(N)]),  o(N) := M([[o(N)]).  (6.1.3)

For N > 2, the moduli problems [I'(N)], [['1(N)] and [To(NV)] are affine and rigid} hence
representable (by [20), Scholie 4.7.0]), so Y(NV), V1(N) and Yy(N) are in fact fine moduli

schemes for their respective moduli problems. On the other hand, the moduli problems

4This means that for any elliptic curve E, the group Aut (E) acts freely on the sets of I'(V)-structures,
Ty (N)-structures, and T'g(V)-structures (respectively).
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[T'(2)], [['1(2)] and [[o(2)] are not representable, since they are not rigid’] Hence Y(2),
V1(2) and Yy(2) are not fine moduli schemes.
For the rest of this chapter, I will study the coarse moduli scheme )(2). The main

result of the chapter will be a model for ))(2) as a scheme over Z.

Remark 6.1.4. It is common to denote the moduli schemes for [I'(N)], [['1(N)] and
Lo(N)] by Y(N), Yi(N) and Yy(N) (for example, this is the notation used in [20]).
However, I will reserve this notation for modular curves over C (as defined in § [2.2)),
and use the notation Y(N), Y1 (N) and Yy(N) for the moduli schemes over Z to avoid

confusion.

6.2 Embedding Y (2) into a fiber product of modular

curves

For now, I will consider the modular curves Y (n), Yy(n) and Yi(n) over C, as in §[2.2]

Consider the topological space

Yi=%(2) x Y(2), (6.2.1)

where the fiber product is taken with respect to the projection map
Yo(2) & Yo(1), [E,C]~ [E).

In this section, I will construct a natural embedding u : Y(2) < Y, which will later be
used, along with the integral model for Y;(2) given by Mestre |23| §5], to find an integral
model for Y'(2).

SIf E is an elliptic curve over a ring R in which 2 is invertible, then it has a Weierstrass equation of
the form
E:y2 :363—|—agacz—l—a;;sc—i—a(;7

and the automorphism of E given by
(z,y) = (z,—y)

relative to this Weierstrass equation acts trivially on the 2-torsion points E[2] of E. So this automorphism
also acts trivially on the I'(2)-structures, I'; (2)-structures and I'o(2)-structures of E
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In this setting, note that Y;(2) = Y1(2), and so we can also write Y as

Y =Y1(2) x Yi(2),
Yi(1)

with the fiber product taken with respect to the projection map
Yi(2) L vi(1), [E,P]~ [E].

Then, points of Y are pairs ([E, P|,[E’, P']) € Y1(2)* with [E] = [F'], i.e. with E = F
over C. Such a point can be written as ([E, P], [F, Q)]) for some @ € E[2]. So points of Y’
are pairs ([E, P, [F, Q]) of isomorphism classes of enhanced elliptic curves for I';(2) lying
over the same isomorphism class of elliptic curves in Yi(1). Also, note that for i = 1,2

we have projection maps
Yﬂ>§/1(2)g}/0(2>7 ([Evpl]ﬂ[E7P2])'_>[E7Pi]'

Remark 6.2.2. It may be tempting to say that points of Y correspond to isomorphism
classes of data (F, P, @), where E is an elliptic curve and P, Q) € F[2] are points of exact
order 2 of F/, which are not necessarily distinct. But, if we were to do this, we would have
to be careful about when two triples (F, P, Q) and (E, P’, Q') define the same point of Y.
This happens if we have isomorphisms f : (E,P) — (E',P')and g : (E,Q) — (E', Q') of
enhanced elliptic curves for I'1(2), but f and ¢g need not come from the same isomorphism
of elliptic curves £ — E’. In particular, two triples (E, P,Q) and (E, P', Q') with the
same base elliptic curve could define the same point of Y even if (P, Q) # (P’,Q’). This
happens when Aut (F) acts non-trivially on E[2], which is the case only when j(F) =0
or j(E) = 1728. To avoid this confusion, I will stick to my earlier notation for points of

Y, namely writing them as pairs ([F, P], [E, Q]).
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Now, on the level of moduli problems, we have a map
Y(2) =Y, [E,PQw (B, P[E,Q]). (6.2.3)
I will start by checking that the function u corresponds to a map of complex manifolds

TE\H = TI2\H  x T2\
SLa(Z)\'H

Let 7 € H. It corresponds to the enhanced elliptic-curve (ET, %, %) for T'(2), which

maps under u to the pair ([ET,%] , [ET, ﬂ) The data [Eﬂ%} € Yi1(2) corresponds

to [r] € I'1(2)\H. Also, by multiplying by —%, we have [E.,Z] = [E_i/;, %], which

corresponds to [—H € I'1(2)\'H. So u should correspond to the map of complex manifolds

F2\H —— To(2)\H x To(2)\H
To(D\H

(6.2.4)

[7] > [r,—1].

We check that the map u is well-defined.

We start with the map

H —— To(2)\H x To(2)\'H

Since —1 = (9 ') 7 € SLy(Z)7, the image of this map lies in the fiber product

[ (2)\H n(?)\% Ly (2\H = {([7], [7']) : SLa(Z)T = SLo(Z)7'} C T1(2)\H x ['1(2)\H.

So we need to show that this map is I'(2)-invariant. But this is clear, since I'(2) C I';(2).

Now, we'd like to show that the map Y (2) = Y is in fact a map of algebraic varieties.

However, we run into a problem, namely that Y'(2) is not a fine moduli space, so maps on
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the moduli data do not necessarily correspond to maps of algebraic varieties Y (2) — Y.
To solve this, we will add extra data to our enhanced elliptic curves, namely a I'(m)-
structure, for some odd integer m > 2, in order to get fine moduli spaces.

Fix an odd integer m > 2. Define

I'(2,m) :=T1(2) NI (m). (6.2.5)

This is a congruence subgroup of SLy(Z) of level 2m, since I'(2m) C I'(m) and I'(2m) C
I'(2) C I'y(2). I'll show that I'(2,m)\H is a moduli space for isomorphism classes elliptic

curves with both I';(2)- and I'(m)-structures.

Definition 6.2.6. Let m > 2 be an odd integer. A I'(2, m)-structure on an elliptic curve
E/C is a pair (P, ), where P is a I';(n)-structure on E, i.e. a point of E of order 2, and
¢ is a I'(m)-structure on E, i.e. a symplectic isomorphism (Z/mZ)* — E[m]. We then
call (E, P, ) a enhanced elliptic curve for I'(2,m).

An isomorphism f : (E,P,¢) — (E', P',¢') of enhanced elliptic curves for I'(2,m)
is an isomorphism f : E — E’ of elliptic curves such that f : (F,P) — (E', P’) and
f:(E, o) — (E'¢) are both isomorphisms of enhanced elliptic curves. We denote the

set of isomorphism classes of enhanced elliptic curves for I'(2,m) over C by Y (2,m).

Note that giving a I'(2, m)-structure on E is equivalent to giving data (F, P, Q, R),
where P is a point of order 2 and (@, R) is a basis for E[m] with e,,(P, Q) = (.

Proposition 6.2.7. We have a bijection

T2, m\H —— Y(2,m)

r'e,m)yr —— [(C/(Z—FTZ),%,%,%} )

Proof. Consider the map
f

H—7F s vem

T — [C/(Z+7Z),1, L, 1],
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We need to show that this is surjective with kernel I'(2,m).

Let (E, P,Q,R) be an enhanced elliptic curve for I'(2,m). Then (E,P) is an en-
hanced elliptic curve for I';(2) and (E, @, R) is an enhanced elliptic curve for I'(m). So
by Proposition m, there exist 7,7 € H such that (E,P) = (C/(Z+ 7Z),3) and
(E,Q,R) = (C/(Z+7'Z),L,Z). Then C/(Z+7Z) ¥ E 2 C/(Z + 7'Z), so 7' = 7 for

some v = (2 %) € SLy(Z). Multiplying by (c7 + d) gives

17 L A7 ct+d ar+b
C/(Z+72),—,—)=(C/(Z 7),—, — | =2\C/H(Z+TZ .
(c/@+72. 2. L) = (c/z+ vz~ ) = (crz+rz), T, 10
So
1 et+d ar+0
E P o Y/ Z), = .
E.2.Q 1 = (/2 +12), 5, T )
We need the following lemma:
Lemma 6.2.8. There exists v € SLo(Z) such that
10
v = mod 2
01

and v =~ mod m.
Proof. We have SLy(Z)/I'(n) = SLo(Z/nZ) for n > 1. Also, since m is odd, the Chinese
Remainder Theorem gives that
SLo(Z/2mZ) = SLo(Z )27 x Z.)mZ) = SLo(Z/27) x SLo(Z/mZ).
So
SLa(Z)/T(2m) = SLy(Z)/T(2) x SLo(Z)/T(m).

Hence we can find v € SLy(Z)/T'(2m) such that 7 = ({¢) mod I'(2) and v = ~
mod I'(m), i.e. such that vy = ({9) mod 2 and ) = 7 mod m. Lifting v to 7/ €
SLy(Z) gives the desired matrix. O
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Let o' = (2‘,' gi) € SLy(Z) be as in the lemma. Then, by multiplying by ¢+ d’,

1 1 47 dr+d dr+d dr+0
7 'T7), =, —,— | = 7 7
(/@ + 7). 10 = (e + ), T, L ST
1
((C/(Z—I—TZ) . cr+d7a7+b>

m m

=(E,P,Q,R)

This shows that f is surjective.
Now, we need to show that f(r) = f(7’) if and only if 7 and 7" are in the same
I'(2,m)-orbit. First, if 7 = 47 for some v = (2%) € I'(2,m), then multiplication by

cT 4 d gives an isomorphism

SIH
S

(c/@+72.5 52 ) = (/@ + a3,

Conversely, suppose that

Then since C/(Z + 7Z) = C/(Z + 7'Z), 7" = ~7 for some v = (¢4) € SLy(Z), and the
isomorphism C/(Z + 7'Z) = C/(Z + v7Z) = C/(Z + 7Z) is given by multiplication by

¢t 4 d. Choose 7 so that this isomorphism induces the isomorphism of enhanced elliptic

curves for I'(2,m) from (C/(Z + 7'Z), %, L, Z) to (C/(Z+7Z),1, L, Z). Then
ct+d cr+d ar +b 11 7
(C/(Z+TZ>’ 9 ) m m ) - (C/(Z+TZ)7§7E75) ’

so we must have ¢ = 0 mod 2, c = b =0 modm and a = d = 1 mod m, so v €

['(2,m). O
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Now, note that we have a map

Y(2,m) — Y (m),

[E,P,Q,R] — [E,Q,R]

So we can form the fiber product

Points of Y,, are pairs ([E, P,Q, R|,[E’, P',Q', R']) with (F,Q,R) = (E',Q', R"). Note
that if (P, Q) is a basis for E[2m] with eg, (P, Q) = (o, then

1. mP, m(@) are points of order 2,
2. (2P,2Q) is a basis for E[2m], and

3. if v € SLy(Z/2mZ) is the change of basis matrix from (5=, ;=) to (P, Q), so

2m’ 2m

P 1/(2m)
=7 )
Q 7/(2m)
then
2P 1/m
=7
20Q) T/m
So

em(2P,2Q) = 2T = ¢,
which means that (2P, 2Q) is a I'(m)-structure on E.

Therefore, we have a map

Y (2m) o > Yo
(6.2.9)

[E,P,Q] —— ([E,mP,2P,2Q], [E,mQ, 2P,2Q)]).
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Since Y'(2m) is a fine moduli space, this corresponds to a morphism of varieties Y (2m) —
Y (m).

Let us find the corresponding map from I'(2m)\H to T'(2,m)\H x T(2,m)\H.
L'(m)\H
The point [7] € I'(2m)\H corresponds to the isomorphism class of (C/(Z + 7Z), 3=, 5=-)

which maps under u,, to the pair

([C/(Z+TZ) % % ﬂ {C/(ZJrTZ) % %%D ey,

Note that
C/z+r7), T, L | = |c/@ 1oz, £, L 20T
TL), —, —, — T, —, —, —
2’m’m o 2’m’ m |’
where
1+m —m
Yo =
m 1—-m

Indeed, since vy € SLy(Z), multiplication by m7 + (1 — m) gives an isomorphism

C/(Z + y1Z) = C/(Z + TZ).

And

1. %l_m) =7 mod Z + 7Z since m is odd,

2. W % mod Z + 77, and

3. m72+(1—-m)T =

- % mod Z + 77.

So for [r] € T'(2m)\'H,

(l(C/(ZJrTZ) s %D ({C/(ZJrTZ)

l\:)ln—
S
S

] {(C/(ZJr%TZ) % %%D
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So u,, corresponds to the map

FEm\H — T2,m\H x T(2,m\H

D(m)\H
(6.2.10)
[7] + > ([7]: [7])
where
1+m —m
Yo = € SLQ(Z)

m 1—m
Let us check that this map is well defined. To start, we have a map

H —— T(2,m)\H x T'(2,m)\H

[} = (7], [%7)]) -

Note that 7o € I'(m), so the image of this map lies in the fiber product

F2,m\H x TI(2,m)\H.
L(m)\H

So we need to show that it is I'(2m)-invariant. But this is clear, since I'(2m) C I'(2,m),

soif 7 € H and v € I'(2m), then I'(2, m)yr = T'(2,m)7 and I'(2, m)yyor = I'(2, m)7oT.

To conclude, I've shown that the map u : Y(2) — Y defined in Equation (§6.2.3))

corresponds to the map of complex manifolds

G TEVH = To@\H  x  To(2)\H
To(1)\H

defined in Equation (6.2.4). Moreover, if we fix an odd integer m > 2, then u sits in a

commutative diagram

l l (6.2.11)

where u,, is the map of moduli problems defined in Equation (6.2.9)). This corresponds
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to a diagram of maps of complex manifolds

T2,m\H —= T(2,m\H x D[(2,m)\H

[ (m)\M
l l (6.2.12)

P\H —— To2\H  x  To(2)\H,
Po(1\H

where 1, is the map defined in Equation (6.2.10]). Since Y'(2m) and Y, are fine moduli
spaces, the map 4, corresponds to a map of algebraic curves v : Y (2m) — Y,,. Then
Equation (6.2.12)) shows that u® induces a map of algebraic curves u® : Y(2) — Y.

In subsequent sections, I will denote this algebraic map u# simply by u.

6.3 An integral model for Y;(2)

The canonical modular polynomial for I'y(2) is

Vo(z,7) := (z + 16)° — jz.

It is the relation satisfied by the modular j-invariant j(z) and the hauptmodul

A(2z)
=2 3.1
o(2) =225 (6:31)
for Xo(2). Here,
A(Z) — qH(l o qn>24, qg= 627riz,
n>1

is the modular discriminant function. Mestre [23] says that

a(z,5) =0 (6.3.2)

is a model for the modular curve X(2) over Z, but does not provide a proof. In this
section, I will prove (see Theorem [6.3.6]) that Equation (6.3.2) is indeed an integral model
for Xo(2).
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Remark 6.3.3. Another classical model for X(2) is given by the classical modular

polynomial

Oy(z,y) = 2® +y* — 2%y? + 148827y + 1488zy? — 1620002 — 162000y + 407733752y

+ 8748000000z + 8748000000y — 157464000000000.
(6.3.4)

This is the polynomial determined by the relation ®,(j, jo) = 0, where j is the modular
j-invariant and js is the modular function js(z) = j(2z). However, one can check that
the curve ®y(z,y) = 0 has a singularity at the point (—3375, —3375), so this is not a
non-singular model for X(2) over Q. This means that Spec Z[x,y]/(P2(x,y)) is not
isomorphic to the coarse moduli scheme );(2), since the latter is regular (hence normal).

On the other hand, it is easy to see that the curve ¥, (z, j) = 0 is non-singular over any
field who’s characteristic is not 2, so Equation does define a non-singular model

for X¢(2) over Q. In a field k of characteristic 2, we have

Ua(, j) = 2(2® — j) mod 2, (6.3.5)
so the curve ¥ (z,j) = 0 over k is the union two copies of A} meeting transversally at
the singular point (0, 0).

Theorem 6.3.6. The coarse moduli scheme Yy(2) is isomorphic to the scheme

G0(2) := Spec Z[z, ]/ (¢2(, j))-

Proof. Recall that
Vo(1) = Spec Z[j]

is the coarse moduli scheme for [['g(1)]. Let 7 : Yy(2) — YVo(1) be the morphism of
schemes corresponding to the natural transformation between the moduli problems [[g(2)]
and [I'o(1)] obtained by forgetting the I'g(2)-structure on an elliptic curve E/S. By [20,

Theorem 5.1.1], the moduli problem [['5(2)] is finite, flat, and regular (hence normal). So
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Yo(2) is normal by [20, Lemma 8.1.2], and the morphism = is finite by [20, Proposition
8.2.9].
On the other hand, there is a morphism of schemes 7g : Go(2) — Vo(1) coming from

the inclusion ring homomorphism

Zlj] = Zlx, j]/ (W2(, 5)).

The morphism 7g is finite, since we can write

Zlx, j)/(2(=, 5)) = Z[j] ® Z[j]lz & Z[j]a”.

Moreover, a calculation using the programming language SINGULAR [10] shows that
Zlz, j)/ (W2, 7)) is integrally closed® hence Go(2) is normal.

Now, I will need the following lemma:

Lemma 6.3.7. There exists an element v € O(Yo(2)) satisfying 12(x,7) = 0.

Proof. Let x(z) be the hauptmodul defined in Equation (6.3.1]). This is a modular form

over C of weight 0 and level I'y(2). Its g-expansion,

.Z'(Z) _ 212qH<1 . qn)24’ q= 6271-2',27

n>1

has coefficients in Z[1/2] (in fact in Z), so by the g-expansion principle (see [6, Proposition
1.8]), z(2) is actually a modular form of weight 0 and level I'g(2) over Z[1/2], hence an
element of O (Yy(2)zp1/2) Then, since Yy(2) is normal (so O(Vo(2)) is integrally closed),
and x satisfies the monic polynomial ¢9(z, j) = 0 over O()p(2)), we have = € O(Yy(2)).

[

Hence we have a ring homomorphism

O(2)) = O(G0(2)) = Z[z, j]/ (¥a(x, 7)),

6By which I mean that it is integrally closed in its field of fractions.
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sending j € Z[z, j|/(¢2(x, 7)) to the function j € O(I(2)), and x € Z[x, j]/(1(z, j)) to
the function x € O()p(2)) from Lemma Since Yp(2) and Gy(2) are affine, this gives

a morphism of )p(1)-schemes

Vo(2) ! > Go(2)
Yo(1)

Since 7 and 7g are both finite morphisms, f is finite as well. So, since Gy(2) is normal,
Zariski’s Main Theorem |27, Lemma 37.38.1, Tag 03GW] implies that f()(2)) is an open
subscheme of Gy(2) and f is an isomorphism onto f()y(2)).

Now, since Gy(2) is normal, it is integral, hence irreducible. So f()(2)) is dense in
Go(2), and f : Yo(2) — Go(2) is a birational isomorphism. Finally, since Yy(2) and Gy(2)

are normal, this means that f is an isomorphism. ]

6.4 The embedding u over Z[1/2]

As before, let Y := Y5(2) Xyy1) Yo(2). Recall that we have a map u : Y(2) — Y defined

on the corresponding moduli problems by
[E,P,Q] — ([E, P|,[E,Q]).

In §[6.2] we saw that this gives a map of algebraic varieties.

We can construct a similar map on the moduli scheme Y(2). Define
V=22 x W(2). (6.4.1)
Yo(1)

We have a morphism of functors p; from the moduli problem [I'(2)] to the moduli problem

[I'0(2)], sending the I'(2)-structure

¢ (Z)27)* — E2)(S)
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on an elliptic curve E/S to the I'y(2)-structure to the sub-group scheme

pl(@) = [90(07 O)] + [90(17 0)]

of E[2], which is a I'y(2)-structure on £/S. We can use the same trick as was used in
§ to see that this functor gives a morphism of schemes form Y(2) to Jy(2). We do
this affine locally over Z. Let R be a ring, and assume without loss of generality that

some integer m > 2 is invertible in R. Then, over R, we have

Y(2) = M([LQ2)], [L(m)])/GL2(Z/mZ),  Yo(2) = M([Lo(2)], [['(m)])/GLe(Z/mZ).

The functor p; induces a functor from ([I'(2)], [['(m)]) to ([[o(2)], [T'(m)]), which operates
as p; on I'(2)-structures and trivially on I'(m)-structures. Since 9([['(2)], [['(m)]) and
M([Lo(2)], [['(m)]) represent ([I'(2)], [I'(m)]) and ([T'o(2)], [I'(m)]), this gives a morphism
of schemes

pr: ML), [(m)]) = M([Lo(2)], [T (m)]),

which is GLy(Z/mZ)-invariant since p; operates trivially on I'(m)-structures. Since p; is

GL2(Z/mZ)-invariant, it induces a map of Vy(1)-schemes

uy - MC(2)], [L(m)])/GLo(Z/mZ) — M([Lo(2)], [['(m)])/GLa(Z/mZ),

i.e. Up y(2) — y0(2)
Similarly, we have a second morphism of functors ps from [['(2)] to [I'o(2)], sending
the I'(2)-structure

¢ (Z/2Z2)* — E[2)(S)
on an elliptic curve E/S to the I'g(2)-structure

p2() = [p(0,0)] + [¢(0,1)].

The same argument as above shows that p, induces a morphism of Y(1)-schemes uy :

100



V(2) = Do(2).

So we have a commutative diagram of scheme morphisms

V(2) —= W(2)

ul l (6.4.2)

which gives us a morphism of schemes

W V)= W(2) x () = V. (6.4.3)

In the remainder of this section, I will study the extension by scalars to Z[1/2] of the

morphism u. If S is a scheme over Z, write
Sziyg =S x SpecZ[1/2].
Spec Z
Consider the morphism

w: Y2z = Vo = Yoz % Yo(2)zp/e-
]

Yo()z1/2

In §[6.3] I showed that Yy(2) is isomorphic to

G0(2) := Spec Z[z, j]/(¥2(x, j))

over Z, where

U(z,j) == (x+16)° — jx

is the canonical modular polynomial for I'y(2). So

y0(2>Z[1/2] = g0(2>Z[1/2] = Spec Z[1/2,$,j]/<¢2(1’,j))
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Note that ¥, (z, ) = 0 gives

1 1

x:1—63(j—x2—48m—768),

so z is invertible in Z[1/2, x, j] /(12 (x, 7)) and

(z + 16)3‘

j= i) =

So we can write

y()(z)z[l/g] = Spec Z[l/?, Z, 1/(13]

Then we can write Yz /9 as

V9 = Spec Z[1/2,x,1/x] X Spec Z[1/2,x,1/x]
Spec Z[1/2,7]

= Spec (Z[I/Q,w,l/x] ® Z[l/Z,x,l/x])

Z[1/2,5]
= Spec Z[1/2, x1, 12, 1/2125] /(225 (21) — 215(22))

= Spec Z[1/2, x1, 1o, 1 /2125 /(21 — 22) (G (21, 72)),

where

G(x1,29) := w39 + 1125 + 483179 — 163

Proposition 6.4.5. The pullback map

u* O (yZ[l/Q]) = Z[1/27]; (1}1,IQ]/<¢2($1,j>,¢2($2,j)) -0 (y<2)Z[1/2}) '

15 given by
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Proof. By the universal property of fiber products, u is determined by the morphisms

u; =mou: Y(2)zus9 — Yo(2)zpng it =1,2,

where 71, m @ Vg — Yo(2)z1/9) are the projection maps onto the first and second
coordinate, respectively. So it is enough to find the pullback maps u} and u3.
To do this, I will construct a hauptmodul Z for X(2) which is a function of A, and

show that this hauptmodul is in fact the function

given in §[6.3] Recall that a hauptmodul for Xo(2) is a function & € C(X(2)) such that
1. C(Xo(2)) =C(z), and
2. #(Yp(2)) C C, i.e. any poles of & are at the cusps of X(2).

Note that any two hauptmoduls for X,(2) differ by a Mébius transformation. Indeed, if
#; and #, are two hauptmoduls for X(2), then #; o #;' is an automorphism of P!(C),
hence is a Mobius transformation.

Now, we have morphisms

X(2) —— P}

X0(2) 6

v
N

X(1) —— P;

of the given degrees. Away from cusps, they are given functorially by

Y(2) — Y(2) —— Y(1),

|E,P,Q] —— [E, P] —— [E].
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We have Aut (X (2)/X (1)) = Ss, by letting o € S3 act on Y (2) C X(2) by permuting the

2-torsion points of an elliptic curve:
(B, P, P)° = [E7PJ(1);PU(2)} , Ps=P+DP.

The map X (2) — X(2) is invariant under the action of (23) € S3. Thus it induces a
morphism

X(2)/((23)) = Xo(2),

which pulls back to a morphism
C(X(2)/((23))) = C(X(2))* — C(Xo(2)),

where C(X(2)){®3)) is the subfield of C(X(2)) fixed by ((23)). The action of S5 on
P} = X(2) is given in Table 2.1} In particular, we see that

A2 = 7
A—17

SO
)\2

Fo=2 N N =0t T
v =1

is invariant under the action of ((23)) C Ss.

Lemma 6.4.6. The function & is a hauptmodul for Xy(2).

Proof. First, since A # 0,1, 00 on Y (2), & has no poles or zeroes on Yy(2).

To see that C(Z) = C(X(2)), recall that the function z(z) = 212% is a hauptmodul

for X¢(2), so in particular C(X(2)) = C(x). Also, z is a root of the irreducible polynomial
o(T, 7) € C(X(1))[T]. Note that for z € H,

i) = LA AP (2 +2255) @ 09
NBEESYB)E i AT i

so T also satisfies ¥ (%, j) = (Z + 16)® — jZ = 0. Hence C(z) = C(z) = C(X,(2)). O
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Cusp of X(2) |00 | 0 | 1

Cusp of X¢(2) |oco| 0 | 0

A 0] 1]o0

F=2'2 10 |oo] o0
R A(2z)

x =237 | 0 oo oo

Table 6.1: Values of the hauptmoduls = and & at the cusps of X(2).

Since ¥ is a hauptmodul for X(2), it is related to the hauptmodul

A(2z)
— 212
by a Mobius transformation. So
s axr +b
o +d

for some a,b,c,d € C. We calculate the values of & and = at the cusps of X((2). The
modular curve X (2) has cusps [0],[1] and [0o], while X((2) has cusps [0] and [co]. On

the cusps, the map X (2) — X(2) is given by

o 0 [
] 1~
O

Recall that the g-expansion of \ is
A(z) = 16¢"2 — 128¢ + 704432 + O(¢?), ¢ = €=,

s0 A(00) = 0. Looking the action of S3 on P} in Table 2.2 we see that A(0) = 1 and
A(1) = 0. Hence (oc0) = oo and Z(0) = 0. To evaluate x at the cusps, note that it has
g-expansion

w(z) =2 (1 +¢9*,

n>1

so z(00) = 0 and z(0) = co. These calculations are summarized in Table

azr+b
cr+d

Now, since & = and Z(o0) = x(00) = oo and Z(0) = x(0) = 0, we must have

105



c=b=0,s0 7= % is a constant multiple of x. And, looking at g-expansions, we see

2(z) =22 [ (1 +¢")* =2"¢ + 0(¢*), (6.4.7)

n>1

while
Mz)?2 4 (16¢"2 —128¢ + O(¢?%))?
1—Az) 7 1-16¢"2 +128¢ + O(¢?)

#(z) = 24 =2"%¢+ 0(¢*),

so we must have T = z.

Hence
)\2
1—A

x =2

as functions on I'(2)\#H, i.e. as modular forms over C of weight 0 and level I'(2). Moreover,

we see from Equation (6.4.7)) that the g-expansion of x, and hence of 24%, have integral

coefficients. So, by the g-expansion principle (see [6, Proposition 1.8]), = and 24m
are both modular forms over Z[1/2] of weight 0 and level I'(2), hence elements of the
function ring O (3/(2)2[1/2]), and are equal in this ring. So the pullback if the map
ur 2 V(2)zp/2 = Vo(2)zp /2 is given by

)\2

UT -0 (y0(2>z[1/2]) — O ()}(Q)Z[I/g}) , I 1'1()\) = 241 -

(6.4.8)

Now, note that over C, us = uy o a, where « is the automorphism of Y'(2) given by

a:Y(2) = Y(©Q), [E P,BP)w[E, PPl

So uy = a* ouj over C. Looking at Table 2.1 we see that o corresponds to the action of
(12) € S5 on Y(2). From the same table, we see that A(*?) =1 — X, so the pullback map

a* is given by a*(A\) =1 — A, and so

wi(z) = o oul(x) = o (241 A_i) = 24@ =: 15(\)
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as functions on I'(2)\H, i.e. as modular forms over C of weight 0 and level I'(2). On the
other hand, Table 2.1 gives that 212 = —1 for z € H, so

afouj(x) =x(—1/2)

as functions on I'(2)\H. Using the fact that A(—1/z) = z'?A(2) (see [12, Proposition

1.2.5]), we see that

912 1 1 i e “
06(—1/2)=x(z/2) =qY Hm—q /71:[1(,;)(_1) q /> - (6.4.9)

n>1

So x(—1/z), and hence uj(z) and x9(A), have g-expansions around the cusp oo with
integral coefficients, so by the g-expansion principle they are modular forms over Z[1/2]
of weight 0 and level I'(2), i.e. elements of O (Y(2)zf1/2)). So the pullback map uj is
given over Z[1/2] by

)\2

u§ ;O (y0(2)z[1/2]) — O (y(2)z[1/2]) , T $2<)\) = 241 —\ (6.4.10)

Finally, the pullbacks of the projection maps 7; : Y — Yy(2) are given by

O (Vo(2)z11/9) = Z[1/2,2,1/x] L0 (Vapy) = Z[1/2, 2,1/ 2] Z[l%j]zu/zx, 1/z]

T »r®1
and
(@) (y0<2>Z[1/2]) = Z[l/za xz, l/x] L) @ (yZ[l/Q]) = Z[l/za xz, l/x] Z[l% ] Z[1/2,$, 1/37]
)
T y 1 ®x

Under the isomorphism Yz /o) = Spec Z[1/2, 21, %9, 1/x122] /(21 — 22)(G (21, 72)), these
become

*

mi(x) = a1, my(z) = 9.
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So, using the fact that u* sits in the commutative diagram
O(Y (2)zq1/2)

O (Vo(Wznsz) —— O Vanyz) +—— O (Vo(Dzpya)

and the expressions for uj and uj given in Equations (6.4.8) and (6.4.10)), we see that u*

is given by

as desired. ]

Now, a calculation shows that u*G(z1,x2) = 0, where G is the polynomial defined in

Equation (6.4.4)). Hence u factors through a morphism
v:Y(2)zp9 =V i=Spec Z[1/2, 21,29, 1/x122] /(G (21, 22)).

Note that V is the subscheme of Yz 9 cut out by the equation G(z1,x9) = 0. Moreover,

one can check that the map v is a birational isomorphism, with the inverse of v* given by

.1'1-'-16

Ay — 12
l‘1+$2+32

Hence v lifts to a morphism 0 : Y(2)z1/9 — 17, where V is the normalization of V.
The next step in my construction is to give equations for the scheme V. However,
calculating these equations does not require that 2 be invertible, so I will now move on

to the next section, where I consider the map u : Y(2) — ) over Z.

Remark 6.4.11. The scheme )z /9) decomposes as Vzj1/9) = V U D, where D is the
“diagonal component” of Yz /9, i.e. the subscheme cut out by the equation z; — 5 = 0.

On the level of moduli problems over C, the subscheme D corresponds to the points
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([E, P],[E,Q]) € Y such that (E, P) = (F,Q) as enhanced elliptic curves for I';(2). It
is comforting that u sends )(2)z[1/9 into the component V of this decomposition, since
if (F,P,Q) is an enhanced elliptic curve (over C) for I'(2), then (E,P) % (E,Q) as
enhanced elliptic curves if j(E) ¢ {0, 1728}.

6.5 A model for Y (2) over Z

Again, we consider the morphism of schemes

u:Y(2)—=YV:=W(2) x ) Wo(2)

Yo(1

defined at the beginning of § Recall that Vy(2) is isomorphic to the scheme Gy(2) =

Spec Z[l’,j]/(d&(l’,])), where
Ua(2,j) i= (2 +16)° — zj
is the canonical modular polynomial for I'y(2). So we can write ) as

Y=Go(2) x  Go(2)

Spec Z[j]

~ Spec (Zw/wz(x,ﬁ ® Lz, j)/ WW)

Z[j

= Spec (Z[x1, xa, 7]/ (V2(1,7), Y2(x2,7))) -

In § [6.4 we studied the extension of scalars of u to Z[1/2], and calculated that the
pullback of

u: Yo(2)zpy2 — Yznye = Spec (Z[1/2, x4, w9, 1/2125))
is given by

A2 (L= N)?
1—X '

u*(z1) = 1 (\) =24

Also, note that we have a morphism of schemes Yy /2 — ), whose pullback is the map
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Zlxy, w9, jl/ (Ya(21, J), Ya(@a, J)) —— Z[1/2, 21,72, 1 /2125

ZT; > X

- N (l’l + 16)3 . (IQ + 16)3
_ ' 1 B L2 '

So the pullback of the morphism uly (), ., : Y(2)zp1/g — Y is given by

O(Y) = Zlxy, 22, §1/ (Va(1, 5), (22, §)) ——— O (Y(2)zpn/2) = Z[1/2, X, 1/A(1 — N)]

/\2
. R _ o4
Ty ! 7 xl()\) 2 1—
)2
To ! > To(N) = 24<1 a)
A
. oy (@) H+16)7 (1= A+ NP
g > j(A) = 510 = 256 N2

As in §[6.4] define
G(x1,12) == x]T9 + 1175 + 487179 — 16°.

A quick calculation shows that (U|y(2)z[l /2]) G =0, 50 uly(a),, , factors through a mor-

phism

v:Y(2)zp9 — V= Spec (Z[xy, 12, j]/(V2(21,7), Y2(2, 5), G(1, 22))) - (6.5.1)

One can check that this is a birational isomorphism, whose inverse is given by

A\ s $1+16
$1+l’2+32.

So v lifts to a morphism

v Y(Q)Z[l/g} —V
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where V is the normalization of V. A calculation using the programming language SIN-

GULAR [10] shows that

= Spec Z[x1, x2,t]/ (91, 92, 93),

where g1, g, g3 € Z|x1, 22, t] are the polynomials

gl(ﬂfl, Ta, t) =19 — t(16 — t),
gg(ﬂfl, Ta, t) = $1(16 - t) — t2,

93(z1, T, 1) 1= wat — (16 — 1)*. (6.5.2)
The function j is given on % by

j =% + 1119 + 25 + 481 + 4879 + T68, (6.5.3)

—

and the pullback of v : Y(2)z1/9) — V(2) is given by

vi(x) = 162 v (x9) = M, v*(t) = 16A. (6.5.4)

In § , I will show that V is in fact a coarse moduli space for the moduli problem
[['(2)], and hence Y (2) =V over Z.

Remark 6.5.5. From Equation ([6.5.4)), we see that the modular lambda function A is
given on % by the rational function
t

A= —.
16

In particular, this means that X is not defined as a function on V over Z. Although this
may seem surprising, it is consistent with our earlier observation that not all singular
A-values are algebraic integers. On the other hand, we saw in Lemma [5.3.3| that if \ is a
singular lambda valuem then 16\ 4s an algebraic integer, so it makes sense that 16\ does

give a function on V.

"Le. a value of the form \(7) with 7 € H imaginary quadratic.
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6.5.1 Our model is a coarse moduli space for [I'(2)]

Theorem 6.5.6. The coarse moduli scheme Y(2) is isomorphic to the scheme

g(2) = Spec Z[Ih X, t]/(gb g2, g3)7
where g1, g2, g3 € Z[x1, T2, t] are the polynomials

g1(x1, 9, t) := 2129 — (16 — 1),
g2(z1, 79, 1) == 21(16 — t) — 12,

g3(x1, o, t) := wot — (16 — t)Q.

The morphism G(2) = Y(2) — V(1) = Spec Z[j] is given by

j = ﬁ + 129 + :vg + 48x1 4 48x5 + 768.

Proof. First, consider the morphism 7 : Y(2) — Y(1) = Spec Z|[j] defined by the functor
of moduli problems [I'(2)] — [I'(1)] sending a I'(2)-structure on an elliptic curve E/S to
the unique [I'(1)]-structure on E/S. The moduli problem [['(2)] is finite, flat and regular
(hence normal) by [20, First Main Theorem 5.1.1]. So Y(2) is normal by [20, Lemma
8.1.2], and 7 is finite by [20, Proposition 8.2.2]. The fact that 7 is finite means that it is
affine, hence )(2) is an affine scheme.

On the other hand, consider morphism 7g : G(2) — Spec Z[j] corresponding to the

map

Z[j] — Z[;Ul, Jfg,t]/(gl,gg,ggg), ] — LE% + X129 + Ig + 485[51 —+ 48LU2 -+ 768.

We saw earlier that G(2) is the normalization of the scheme

V(Q) - Spec Z{$1,$2,j]/(¢2<$1,j), (m27j)7 G(‘rth))a
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so mg factors as

where my, is the projection morphism corresponding to the inclusion homomorphism
Z0j] = Zlxy, x2, 7]/ (2(x1, 7)), (22, 7), G(x1,22)). Since G(2) is the normalization of V(2),

the morphism f is finite. Also,

Zlxy, w3, §1/ (Wa(1, ), (22, 5)) = Lz, j1/ (r(2, 7)) @ Lz, j1/(¢a(, )

Z[j]

is the tensor product of two finitely generated Z[j]-modules, hence is a finitely gener-
ated Z[j]-module. So Z[w1, 23, j]/(¥s(x1, §), (22, 5), G(21, 22)) is a finitely generated Z[j]-
module as well, so the morphism 7y, is finite. Therefore mg = my, o f is finite. Moreover,

G(2) is normal since it is the normalization of V(2).

Lemma 6.5.7. There exist elements x1,zo,t € O(Y(2)) satisfying

gl(xl,xg,t) =0, 92(5E1,$2,t) =0, 93(1‘17$27t) =0.

Proof. Consider the functions

on H. We saw in §[6.4] that

_16A(2)?
=T

so a short calculation shows that

g1(x1(2),22(2),t(2)) =0,  ga(x1(2),22(2),t(2)) =0, gs(z1(2), 22(2),t(20) = 0.
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Now, the functions x1(z), x2(z) and t(z) are all I'(2)-invariant, so they are modular

forms over C of weight 0 and level T'(2). Their g-expansions are (see Equations (2.3.8)),
(64.7) and (649))

n(z) =2 (1 + ¢,

n>1
a(z) = ¢ (Z(—l)mqm> ,
n>1 \m>0
8
2n
t(Z) — 162 H ( 1 + q ) 162qH(1 + q2n—1)8 Z( 1)mq(2n—1)m
1 + 2n—1 )
n>1 n>1 m>0

where ¢ = €™*. These have coefficients in Z[1/2] (in fact in Z), so by the g-expansion
principle (see [6, Proposition 1.8]), x1, x5 and t are modular forms over Z[1/2] of weight
0 and level I'(2), i.e. elements of O (y(Q)ZW]).

Finally, recall that x; satisfies the relation ¥s(xy,5) = 0 over Z[j]. The function
satisfies the same relation since j(—1/z) = j(z). Also, we obtain from[2.1.7] that ¢ satisfies
the relation

(t* — 16t + 256)° — jt*(16 — t)* = 0.

Hence the elements 1, z2,t € O (Y(2)z1/9) are integral over O(Y(2)). Since Y(2) is

normal, O(Y(2)) is integrally closed, and so z1,xs2,t € O(Y(2)). O

Lemma [6.5.7) gives a Z[j]-algebra homomorphism O(G(2)) — O(Y(2)), sending the
elements x1,29,t € O(G(2)) to the elements x1,z9,t € O(Y(2)) (respectively) given in

the lemma. Since G(2) and Y(2) are both affine, this gives us a morphism of J(1)-schemes

).

Y(2) ! » Gol2
y(1)

Since 7 and 7g are both finite morphisms, so is f. Then, since G is normal, Zariski’s Main

Theorem [27, Lemma 37.38.1, Tag 03GW] gives us that f()(2)) is an open subscheme of
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G(2) and f is an isomorphism onto f()(2)).
Now, since G is normal, it is integral, hence irreducible, so f()(2)) is dense in G(2)
and f:Y(2) — G(2) is a birational isomorphism. Since )(2) and G(2) are both normal,

this means that f is an isomorphism. O]

6.6 Reduction modulo 2 and applications to elliptic
curves

In this section, I will study the reduction modulo 2 of the model laid out for )(2) in

§[6.5] Recall (Theorem [6.5.6) that
y(2> = Spec Z[‘rh T2, t]/(gh g2, g3)7
where

gl([El,ZL’Q, t) = 172 — t(16 - t),
gg(ZEhfL’Q, t) == ZL‘1(16 - t) - t2,

g3(w1, 29, 1) = 2ot — (16 — 1)*.
Reducing modulo 2, we have

g1(z1,79,1) = T2 + 1 mod 2,
g2(x1, 0, t) = (21 + )t mod 2,

g3(x1,x9,t) = (z2 + 1)t mod 2. (6.6.1)
The function j, as given in Theorem [6.5.6| reduces to

j=a]+rmy+ 25 mod 2. (6.6.2)
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One can check that

(w120 + 12, (21 + 1)t (20 + 1)) = (21,1) N (22,8) N (21 + t, 29 + 1)

as ideals in Fy[zq, 9, t]. Hence if we write

Ly = Spec Fylzy, o, t]/ (22, 1)
Ly = Spec Fylzy, 29, t/(21, 1)

L3 = Spec Folxy, 29, t] /(21 + t, 20 + 1), (6.6.3)

then we find the following:

Corollary 6.6.4. We have
Y(2)r, = L1 ULy U Lg,

where we identify each L; with its image under the open immersion L; — Y(2) corre-

sponding to the (natural) quotient homomorphism

Folx, xo, t]/ (21, t) (22, t) (21 + t, 20 + 1) = O(L;).

Now, let k& be an algebraically closed field of characteristic 2. Since )(2) is a coarse
moduli space for [I'(2)], there is a bijection between points of }(2)(k) and isomorphism
classes of pairs (E, @), where E is an elliptic curve over k and ¢ : (Z/2Z)* — E[2](k) is a
['(2)-structure on E/k (see |20, Lemma 8.1.3.1]). By Corollary a point of Y(2)(k)
is a pair (z1,x9,t) lying on one of the lines x1 =t =0, 20 =t =0, or 21 = 25 =t in
A3. If a point (w1, z2,t) corresponds to the elliptic curve (E, ¢), then by Equation (6.6.2))
the j-invariant of F is j(F) = 2% 4+ x129 + 23. Let 7 : Y(2)(k) — Y(1)(k) be the usual

projection map. Then

—1y {(\/57070)7(07\/570)7(\/37 \/ja \/3)}7 if 7 #0, and
T (5) = (6.6.5)

{(0,0,0)}, if j = 0.
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If j # 0, then # (7 !(j)NL;(k)) = 1 for each of the lines Ly, Ly, L3 from Equation (6.6.3)).

Therefore, we conclude that

Corollary 6.6.6. The map

™

L+ Li(k) € YV(2)(k) = Y(1)(k)

s an isomorphism fori=1,2,3.

On the other hand, 7 = 0 is the unique supersingular j-invariant in characteristic 2,

so if F is an elliptic curve over k, then

727, if j(FE) # 0, and
E2](k) =

0, if j(E) =0.

If j(E) = 0, then there is a unique I'(2)-structure on E, corresponding to the unique

group homomorphism

¢ : (Z)27)* — E[2](k) = 0.

If j(E) # 0, then there are exactly three group homomorphisms

¢ :(Z)27)* — E[2)(k) 2 Z/27.

By Equation (6.6.5)), each of these homomorphisms defines a I'(2)-structure on E/k.

Example 6.6.7. Let W be a complete discrete valuation ring with uniformizer u, field of
fractions F', and algebraically closed residue field k = W/(u) of characteristic 2. Denote
by ord, the valuation on W, normalized so that ord,(2) = 1. Let E be an elliptic curve
over W with good reduction modulo u. Write Ey := E mod u and jo = j(Ey) = j

mod u. Suppose that E has a Weierstrass equation over F' of the formﬁ

E:y?*=z(x—1)(z—\). (6.6.8)

8Note that E will always have such a Weierstrass equation over a finite extension of W.
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Then there is a bijection between I'(2)-structures on E/F (up to isomorphism), elements

of 771(j) € Y(2)(F), and elements of the set

1 1 A—=1 A
A? Y

Sg.A:{A,— =M g

given by sending X € S3- A to

1. the T'(2)-structure ¢ : (Z/27Z)* — E[2](F) defined by ¢(1,0) = (1,0) and ¢(0,1) =
(0,0), or

2. the element (1?(_)‘;\22, 16(1;)‘/)2, 16X) e m1(5).

Elements of S5 - A are the roots of the polynomial
(1-X+X?)°-jiX*(1-X)>=0.

Since ord,(j) > 0, the same argument as in m shows that —4 < ord,(\) < 4 for all

1-N

N € S5 A. Moreover, if ord ,(\') < 0 then ord, (1 — X') = ord,(\), so ord,, (16(’\l)2) >0

and ord,, <16(1/\;,X)2> >0 for N € S3- \. Hence

16(X)? 16(1 — \)?
1-N' X

,16N e W

for N € S3 -\, and so we can reduce elements of 771(j) modulo u to get a map

7 (j) = 7 (jo)-

Looking at Equation (6.6.5)), we see that

(OVR) o #0, and,
{t mod u: (z1,15,t) €7 '(4)} =

In particular, there is an element (1, x9,t) € 7 '(j) such that ord, (¢) = 0 if and only if

ord,(j7) = 0. Equivalently, there is an element X" € S3 - A such that ord ,(\') = —4 if and
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only if ord,(j) = 0, i.e. if and only if 7 # 0 mod w.
In particular, if £ is an elliptic curve with complex multiplication, this example gives

the following result. Note that this result agrees with Corollary 5.3.6|

Corollary 6.6.9. Let W be a complete discrete valuation ring with uniformizer u and
algebraically closed residue field k = W/(u) of characteristic 2. Let ord, be the valuation
of W, normalized so that ord ,(2) = 1. Let E be an elliptic curve over W with complex

multiplication by some order O in an imaginary quadratic field K. Let

A ={ANE,p): ¢ al'(2)-structure on E}.

Then there ezists N € A with ord ,(A\) = —4 if and only if 2 is split in K.

Proof. The elliptic curve E has ordinary reduction modulo w« if 2 is split in K, and
supersingular reduction modulo w if 2 is inert or ramified in K. Moreover, jo = 0 is the
only supersingular j-invariant in characteristic 2, so 2 is split in K if and only if j £ 0

mod u. The corollary then follows from the above discussion. n
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Chapter 7

Conclusion

In this thesis, I have studied singular values of the modular j function and the modular
lambda function A. I proved several results, some of which are analogues for singular
lambda values of known results on singular moduli. These results give rise to a few
natural questions.

For example, in chapter [ I gave an upper bound for the valuation of a singular

modulus. If j is a singular modulus of fundamental discriminant d, and v is a valuation

of Q(7) dividing 2, normalized so that v(2) = 1, then I found (Theorem that
v(j) < 6log, |d| + 6(log, 3 — 1). (7.1)
To prove this, I used the fact that
N < v(j) < 12N, (7.2)

where

N =max{n: E= E, mod 7"}.

Here 7 is a uniformizer in some complete discrete valuation ring W containing j, with
algebraically closed residue field, and E and Ej are elliptic curves over W with j-invariants
7 and 0, respectively.

From here, it is natural to ask whether there exist singular moduli of arbitrarily
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large valuations. Namely, if we fix a valuation v on Q dividing 2, normalized so that
v(j) = 1, and an integer n > 1, does there exist a singular modulus with v(j) > n? By

Equation ([7.2)), this is equivalent to the following question:

Question 7.3. Fix an integer n > 1 and a valuation v on Q. Let i : Q — Q, be an

embedding inducing the valuation v. Does there exist

1. afinite extension W of the Witt vectors W (E), with uniformizer 7 and ramification

index e,

2. an elliptic curve Ey over W with j-invariant j(Fy) = 0, complex multiplication by

7z [%} , and with good reduction modulo 7, and

3. an elliptic curve E over W with complex multiplication by the ring of integers O

of some imaginary quadratic field K, and with good reduction modulo 7,
such that £ = FEy mod 7¢"?

In chapter 5] I gave a Berwick-like congruence for the modular lambda function above
the prime 2. If ) is a singular lambda value of discriminant d < 0, write K = Q(v/d), and
let dg be the discriminant of K and f the conductor of d. Then I showed (Corollary [5.3.6)

that the set

1 1 A—1 A
A‘{A’X’l_ﬂ—x A 'A—l}

satisfies

(

{0}, if 2 is inert in K and s =0,

{0,4 — 22-ord2(f) 92-orda(f) _ 4} if 2 is inert in K and s > 1,
{v,(\): N e A} =

{0,4 —3.27od2(/) 3. 9-ord2(f) _ 41 if 2 is ramified in K, and

{0,4, -4}, if 2 is split in K,
\
(7.4)

for any prime p of K () dividing 2. A similar formula for norms (over Q) of singular
lambda values was proven by Yang, Yin and Yu [31]. It would be interesting to compare

my formula to their result.
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To prove Equation ([7.4), I applied the theory of Newton polygons to the polynomial

J

fi(X) = (X2 = X 1 - L

X2(1 - X)?

to relate v,(X), N € A to v,(j), where j is the singular modulus lying above A. This
suggests a method which can be used to derive Berwick-like congruences for other haupt-
moduls pu.

Finally, in chapter |§|, I gave an integral model for the modular curve )(2). The main
idea of my construction was to embed Y(2) into the fiber product Yo(2) xya) Vo(2), for
which we have an integral model coming from the integral model for )(2) given by the
canonical modular polynomial ¢ (z,7) = 0. The morphism Y(2) — Yo(2) Xy,1) Yo(2)

corresponds to the map

Y(2) %) x %@, [B.P.Q) (£ PLIE.Q)

of moduli problems over C. Again, this could suggest a method to obtain an inte-
gral model for Y(n) for integers n > 2, by embedding )(n) into the fiber product
Vo(n) xyya) Yo(n). One would need to check that the canonical modular polynomial

n(z, j) gives an integral model for Yy (n).
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Appendix A

The quaternion algebra ramified at [

and oo

Fix a prime p < oo. I will use the convention that oo is prime, with Q,, = R. Recall

that if B is a quaternion algebra, then either
1. B®qg Q, is a division algebra, or
2. B®g Q, = M5(Q,) is the ring of 2 x 2 matrices over Q,,.
In the first case, we say that B is ramified at p, otherwise B is unramified at p.

Proposition A.1. (Hilbert) Any quaternion algebra over Q is ramified at an (finite)

even number of primes, counting oo.
Proof. This follows from [29, Theorem 14.6.1]. O

Now, fix a prime [ > 2. Then there is a unique quaternion algebra B;., which is
ramified at [ and oo (and unramified at all other primes). I will show that B; ., has the

following form:

Proposition A.2. Let K be an imaginary quadratic field such that
1. the discriminant —p of K is prime, and
2. 1 is either inert or ramified in K.
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Then

B =2 B :=( [a,f] = g ca,f € K p C My(K).
B @
Proof. First, note that since —p is a fundamental discriminant and p is prime, we must
have p =3 mod 4.

Fix a prime ¢ # 2,[,00. I need to show that B ®g Q, is not a division algebra.
Equivalently, I must show that there exists an element b € B ®g Q, such that det(b) = 0,
since b € B ®q Q, if and only if det(b) # 0. I will consider separately the cases where ¢
is split, inert and ramified in K.

Case 1: ¢ is split in K. Then we can choose an embedding K — Q;, which gives an
isomorphism

K®Q@p:>@q@(@q, )\®t|—>()\t,xt)

We can extend Nm /g to K ®g Qg by setting Nm (A ® t) := t*Nm g/g(\) = t*AX. On
Q,®Q, = K ®q Q,, this is given by Nm (z,y) = zy.

A general element of K ®q Q, is of the form o =1 ®@ z + /—p @y, with z,y € Q,.
This corresponds to the element (x + /—py,z — /—py) € Q, ® Q,m and has norm
Nm (o) = 2% + py®. So we want to find a pair x,y € Q, such that 2% + py* = 0, i.e.
such that (x/y)? = —p. Since ¢ is split in K, we have (%) = 1. So, since ¢ # 2, —p is
a square mod ¢, so we can find an element ay € Z/qZ such that —p = a2 mod q. By

Hensel’s lemma, aq lifts to an element a € Q, such that —p = a*.

This shows that there exists an element o € K ®qg Q, such that aav = 0. Then

a 0
[Oé, O] = € B Ko Qq
0 «@
has determinant 0.
Case 2: ¢ is inert in K. Then L = K ®g Q, is an unramified extension of QQ,. The

norm map Nmg/q : K* — Q* extends to a norm Nm : L* — Q) = Z; x (q) (every

element of Q, is of the form ug™ with v € Z) and n € Z). By [19, Proposition 3.6], we
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have Nm (L*) = Zx x (¢*). Then, since —I € ZX C Z; x (¢*), it must be the norm of

some « € L. Then the element

has determinant 0.
Case 3: ¢ is ramified in K. Since K has discriminant —p, we must have ¢ = p. Then
p # [, and [ does not split in K, so (;p) = —1. Using quadratic reciprocity and the fact

l

that p =3 mod 4, we have

So, since p # 2, —[ is a square mod p, i.e. there exists an element ag € Z/pZ such that
ag + 1 = 0. By Hensel’s lemma, we can lift ay to an element a € Z, such that o? = —I.
Then det|a, 1] = 0.

This shows that if ¢ # 2,1,00, then B ®q Q, is not a division ring, and so B is
unramified at Q.

Now, I need to show that B is ramified at [ and oo, i.e. that B ®g Q; and B ®g R

are division algebras. To do this, note that for any field extension F' of QQ, we have

a
B@QF%J [a,ﬁ]: _ IO(,BGF@QK ,
I3 a

with the notation + ® y = + ® §. An element [a, 5] € B ®q F is invertible if and only if
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det[a, 5] # 0.
For FF =R, we have FQ K = R (y/=p) = C, and @, a € C, is just complex conjugation.
If [, f] € B ®qg R, then

det|a, B] = aa + 188 = |a* + 1|87,

so det[a, 5] = 0 if and only if & = 8 = 0. This shows that B ®g R is a division ring, so
B is ramified at oc.

Now, suppose that F' = Q;, and assume that [ # 2. I will handle the case [ = 2 below.
Let [o, 8] € B®Rg Q. I need to show that [«, 8] = 0. Suppose not. Since K = Q& Q+/—p
as a Q-vector space, we can write a =a® 1 +d @ /—pand f=b® 1+ V ® \/—p with
a,a’, b,/ € Q. Then

det[er, B] = a* + p(a)> + 10* + Ip(t')* € Q; C Q; ®g K.

By clearing denominators, we can assume that a,da’,b,b’ € Z; and that at least one of
a,a’,b, V' is not divisible by I. Reducing modulo [ gives a® + p(a’)> = 0 mod I. We have
two cases:

Case 1: @’ # 0 mod I. Then —p = (a/a’)?> mod [ is a square mod [, so () = 1.
But [ does not split in K, so (%p) # 1, which gives a contradiction.

Case 2: @’ =0 mod I. Then a =0 mod [ as well, and so [? divides a®+ p(a’)?. Hence
[ divides b* + p(b')%. Repeating the same argument with b and o’ shows that [ divides
both b and &'. This a contradiction, since we assumed that at least one of a, a’, b, b’ is not
divisible by [.

This shows that, when [ # 2, there is no [«, 8] € B ®¢ Q, with det[«, 8] = 0, and so
B ®q Qy is not a division ring. Hence [ is ramified in B when [ # 2.

To finish the proof, note that Proposition implies that B is ramified at 2 if [ = 2

and unramified at 2 otherwise. O
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