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ABSTRACT

A class of infinite dimensional Ornstein-Uhlenbeck processes that arise as
solutions of stochastic partial differential equations with noises generated by
measure-valued catalytic processes is investigated.

The first topic is the determination of the covariance structure of the
processes and identification of the Hilbert space in which the solutions live
and have continuous paths. Example of catalysts which are singular medsures or
measure-valued processes are given and results on the behavior of the correspond-
ing catalytic Ornstein-Uhlenbeck processes are obtained.

The second main topic is the study of the special case in which the catalyst
is given by a super-Brownian motion. Continuity theorems are established and
results on the regularity properties on and off the catalyst are obtained.

The third main topic is to prove that the catalytic Ornstein-Uhlenbeck
process with super-Brownian catalyst in one dimension arises as a high density
fluctuation limit of a super-Brownian motion with a super-Brownian catalyst and
with immigration using some of the techniques established before, particularly

- those based on properties of Sobolev spaces and Laplace functionals.
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RESUME

Nous étudions une classe de processus d’Ornstein-Uhlenbeck en dimension
infinie qui apparaissent comme solutions d’équations aux dérivées partielles
stochastiques ayant des bruits générés par des processus catalyseurs 4 valeurs de
mesures.

Dans un premier temps, nous déterminons la structure de covariance des
processus et identifions les space de Hilbert dans lesquels se trouvent les solutions
et dans lesquels elles ont des réalisations continues. Nous donnos des examples
de catalyseurs qui sont soit des mesures singulieres, soit des processus a valeurs
en mesure, et nous obtenons des résultats sur le comportement du processus
d’Ornstein-Uhlenbeck catalytiques correspondant.

Ensuite, nous étudions le cas particulier, ou le catalysateur est un super-
‘mouvement Brownien. Nous établissons des théoremes de continuité, et nous
obtenons des résultats sur les propriétés de regularité a l’interieur et a ’extérieur
du domaine du catalyseur.

Finalement, nous prouvons que le processus d’Ornstein-Uhlenbeck catalytique
ayant un catalyseur super-Brownien en une dimension apparait comme la limite de
fluctuations a haute densité d’un super-mouvement Brownien avec un catalyseur
super-Brownien et un terme d’'immimigration. Pour ce faire, nous utiliserons des
téchniques précédemment établies, en particulier celles basées sur les propriétés des

spaces de Sobolev et la transformation de Laplace.
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CHAPTER 1
Introduction

The classical one-dimensional Ornstein-Uhlenbeck (OU) process given by the

solution of the stochastic differential equation (SDE):
dXt = —'O[Xt dt + dBt

where B; is a standard Brownian motion and o > 0, is perhaps the simplest
example of a stochastic (ordinary) differential equation, it is the equation for the
Brownian motion of a particle with friction, its origin can be found in [OU 30],
[Wa 45| and [Do 42]. It was established from the very beginning that under the
assumption EX? < oo then the expectation; variance and covariance of X; have
simple expression and it is easy to characterize it as a Gaussian process.

The next natural steps were generalizations to finite linear systems of SDE’s
and then to infinite dimensions. The latter inevitably leads to the treatment of
the original equation as a stochastic partial differential equation (SPDE) involving
an infinite dimensional Wiener process or space-time white noise. The whole
development culminated with what is nowadays known as generalized Ornstein-
Uhlenbeck processes (see [DZ 92}, [Ktz 07] and [Wal 85]) and which are described
by a SPDE of the form: dX; = AX;dt + B dW, for some linear operators A, B and

space-time white noise W;.



At the same time, it was necessary to study in more detail the class of
Gaussian processes, which are the counterpart of Gaussian random variables, they
can be characterized as random processes whose finite-dimensional distributions
are Gaussian, eqﬁivalently their Laplace transform is of the form exp(¢ (u,a) —

3 (Bu, u)) where a is the mean and B is a linear self-adjoint non-negative definite

operator called the correlation operator. These processes have simple properties

and one tries whenever possible to determine first if a given processes is Gaussian
“or equivalent to one in a certain.sense.

On the other hand, the study of SPDE’s, the nature of their solutions and
the need to understand their microscopic structure gave raise to a new class of
processes. The natural way to proceed is to consider systems of particles evolving
according to a system of stochastic differential equations and then to consider
its limit as measures, this procedure originated the measure-valued processes (see
[Da 93]). It was surprisingly shown in [Da 75] that the solution of a perturbed
2-dimensional heat equation with zero boundary conditions is not even a measure
but a distribution. This stresses the fact that the question of the state space for
solutions is an important problem.

In this context, two classes of measure-valued processes are particularly
interesting: the (W, k, ®)-super-processes and the super-Brownian motion. The
former can have cadlag paths once specified the branching rate x and branching
mechanism @, and the latter describes the high density limit of independent

particles undergoing a Brownian motion and dying or splitting in two.



At the microscopic level, the super-Brownian motion (SBM) has. interesting
properties that make it suitable to model the catalyst process. Cata,lyti.c processes
are of interest because they shed some light on the intrinsic structure of some
processes, for example in chemical and biological systéms. Such processes involve
reactions that take place with different degrees of intensity depending of the
presence of another component which plays the role of catalyst. We will introduce
the class of catalytic Ornstein-Uhlenbeck processes described by a SPDE of the
form |

dXt = AXt + O'(t, ﬂ?)th,

here X; is a function or generalized function on R? or a bounded subset of R? and
o describes a spatially inhomogeneous catalyst having compact support or even
being a signed measure.

In the case that o(¢,-) is given by SBM we will show that these are infinite
dimensional generalizations of the class of affine processes Which are defined as
process whose Laplace functional has a vanishing non-homogeneous term and
which recently aroused much interest in mathematical finance [Sh 02], [Du 03].

The objectives of this thesis are several. The first objective is to establish
the relation among some class of generalized OU process in catalytic media, their
covariance function and the space of continuity of the paths. Here, the media
might be a single static or moving point or a measure also éhanging with the time
either deterministic or random and particularly super-Brownian motion.

It is important to mention that the problem of finding a Hilbert space of

functions or generalized functions on the underlying space (R? or [0, 1]¢) for the



continuity of the paths, is particularly challenging. It will be seen, that even
without trying to find an optimal space ( in the sense of the minimal space ),
establishing one such a space requires a lot of different techniques. The general
strategy to solve this problem will be this: starting with L,, adjust the underlying
measure or enlarge the space L in such a way that the Kolmogorov test is

fulfilled. Recall that this test requires:
E[X () - X(s)|* < CJt — sf'*?

for some positive constants C, «, 3, and all ¢, s, € [0,T], ( see [Kat 99] pp 53).
‘When the process X; is a Gaussian process with marginal distributions in (H, |H|)
with zero mean, then a sufficient condition is the existence of a M > 0 and

v € (0,1] such that E(||X; — X,||°) < M(t — s)7,Vt,s > 0, in which case, X has
a a—Holder version for any a € (0, —217), ( see [DZ 92] pp. 83). This sufficient
condition can be also verified when the covariance function p(s,t) = E(X,, X;)

is locally Hélder continuous: for each N € N there exists § = 6(N) > 0 and

C = C(N) such that, for |s|, || < N, |p(s,t) — p(t,t)] < C|s —t|° ('see [Wil 86] I
p. 61).

There are some cases where the techniques require the analysis of highér
moments and after somewhat lengthy calculations one can show that the inequal-
ities are satisfied, but one has to keep in mind that inequalities lie at the heart of
applied mathematics.

The second objective is to study the regularity of the paths of catalytic

OU processes. Here, several examples of catalytic media are given, including



single point and moving catalysts, it will also be seen that out of the support

of the catalyst, the process behaves as a pure diffusion and is smooth but that
at fixed times it is not differentiable on the support of the catalyst, a result

which is intuitive and whose proof relies on the inequality E | X;(z1) — X;(z2)| >

a|zy — x2|*, a,a > 0, which is remarkably similar to Kolmogorov’s inequality.

The third objective is to do the same analysis for the quenched and annealed
cases of the catalytic OU process.

The 4-th objective, we will to show that the catalytic Ornstein-Uhlenbeck
process with super-Brownian catalyst in one dimension arises as a high density
fluctuation limit of a super-Brownian motion with a super-Brownian catalyst
and with immigration. The main ingredients of the proof will be the Rellich’s
embedding theorem [Fo 99|, Jakubowski’s theorem, the Joffe-Metivier criterion
[Da 93] and the convergence of finite-dimensional distributions using Laplace
transforms. This is done in detail for the two-dimensional distributions, if required
several pages of careful computations and it is a pleasure to verify its correctness.
1.1 Thesis Outline

Chapter 2 Some basic but interesting classes of generalized OU processes
are reviewed in order to introduce some techniques and to indicate the technical
difficulties involved.

Chapter 8 Here some perturbations with bounded support as well as single
point moving perturbations are studied and the space for solutions is identified and

éontinuity of the paths is established.



Chapter 4 The super-Brownian motion as catalyst is introduced and the
corresponding catalytic OU process is characterized by its Laplace transform,
with this tool, some annealed and quenched cases are studied as well as some of
their functionals, at the end we show that the process is not differentiable on the
support of the catalyst.

Chapter 5 One of the main results is proven, namely that the catalytic
Ornstein-Uhlenbeck process with super-Brownian catalyst in one dimension
arises as a high density fluctuation limit of a super-Brownian motion with a

super-Brownian catalyst and with immigration.



CHAPTER 2
Fundamental models and techniques

In this chapter we review somé basic results of stochastic analysis and
fundamental classes of infinite dimensional stochastic processés.
2.1 General Concepts
Definition 2.1.1. Let (Q, F, {Fi}i50:P) bé a filtered probability space. A
stochastic process {X,(w)},cr is a family of random variables with values on a
Polish space E called the state space. T is assumed to be [0, 00) unless otherwise
stated. Sometimes we write X;(w) as X;, X(¢), or X (¢,w).

For a fixed sample point w € Q, the function ¢t — X;(w);t > 0 is the sample
path (realization, trajectory) of the process X associated with w.

In the present discussion, two stochastic processes will be of central impor-
tance, namely the Wiener Process and the Ornstein Uhlenbeck Process, which will

be defined next.

Definition 2.1.2. Given a Hilbert space U, and a symmetric nonnegative operator
Q € L(U) with Tr @ < oo, there exits a complete orthonormal system {ex} € U,

and a bounded sequence of nonnegative real numbers A such that
Qekz)\kek, k‘"—‘l,?,...

A U-valued stochastic process'{W(t)}tZO, is called a Q- Wiener process if
(i) W(0) = 0.



i) W has continuous trajectories.

(
(iii) W has independent increments.
(IV) LW(E) - W(s)) =N(0,(t-s)Q), t 2s=>0.

If a process W (t),t € [0,T] satisfies (i)-(iv) for ¢, s € [0, 7] then we say that W
is a Q-Wiener process on [0, 7.

The following is a basic properties of a Q—Wienef process whose proof can be
found in any book of infinite dimensional stochastic processes ( see for example
[DZ 92)): |
Proposition 2.1.1 ( [DZ 92| pp. 87). Assume that W is a Q-Wiener process, with
Tr Q < co. Then:

(i) W is a Gaussian process on U and

E(W(t) =0, . Cov(W(E)=1tQ, ¢>0

(ii) For arbitrary t, W has the expansion

= Z \/X;/sj}('t)ej (2.1.1)

where

B = —— (W(t)ej), i=1,2,...

\/)\—j

are real valued Brownian motions mutually independent on (Q, F,P) and the

series ( 2.1.1) converges in L?(Q, F,P).

The next is an important result, for it assures the existence of certain Q-

Wiener processes:



Proposition 2.1.2 ( [DZ 92] pp. 88). For arbitrary trace class symmetric
nonnegative operator on ( on a separable Hilbert space U there exisis a Q-Wiener
process {W (t)};5-
Remark 2.1.1. If vTr Q = o0, the Q-Wiener p;o‘cess can be shc;wn to exist in a -
larger space and is known as a cylindrical Wiener process.

Given a stochastic process {X, (w) }4er its integral with respect to a Wiener

process is the process defined by:
t
(XoW)t:/ X, dw, .
0

The theory of stochastic integration with respect to a Wiener process is now a well
established technique, its construction and main properties can be found in the
literature (see for instance: [DZ 92], [Wal 85]).

| We collect below the most important facts and use them to introduce some
definitions and unless otherwise stated, all Hilbert spaces are assumed to be real
and separable.

Definition 2.1.3. Given a probability space (Q, F,{Fi};5q,P). We consider two
Hilbert spaces H and U, we assume that there exists a complete orthonormal

system {ex} in U, a bounded sequence of nonnegative real numbers A; such that
Qer = A ek, k=1,2,---
and a sequence Sy of real independent Brownian motions such that

(W(t),u) = Z VO (e, w) Be, weU,t>0.
k=1



We will consider the following linear equation

dX(t) =[AX(2) + f(i)]dt + BdW (t)
X(0) =¢

(SPDE)

where A : D(A) C H - H and B : D(B) C U — H are linear operators, f
is an H-valued stochastic process. We will assume that the deterministic Cauchy

problem
u(t) = Au(t), uw0)=z€ H
is such that
(i) AAgenerates a strongly continuous semigroup S(-) in H,

(ii)B € L(U; H)

Depending on the elements involved in (SPDE) and its difficulty, one can

obtain some of the different solutions defined below: -

Definition 2.1.4. Strong, weak and mild solutions.

An H-valued predictable process X (¢), t € [0,7T], is said to be a strong
solution to (SPDE) if X takes values in D(A),Pr a.s. and:

0 I

‘/|AX@ﬂds<axPp
i) ° |
X(t) =z + /Ot[AX(s) + f(s)lds + BW(), P-as.
An H-valued predictable process X (t), ¢ € [0,T], is said to be a weak solution

if the trajectories of X are P-a.s. Bochner integrable and if for all ( € D(A*) and

10



all t € [0,T] we have

(X(2),¢) = (=,Q) + /;[(X(S),A*C) +{f(s),{)] ds
+ (BW(t),¢), P - a.s.

An H-valued predictable process X(t), t € [0,7], is said to be a mild solution if X

takes values in D(B), Pr-a.s, the following holds

(i)
]P’(/OTIX(S)} ds> ~1

p([ IBX DIy d < ) =1

where “Hig denotes the Hilbert-Schmidt norm of the operator, and for

(i)

arbitrary t € [0, T7:
(iid)
X(t) = S(1) +/0 S(t—s)f(s)ds+ /Ot S(t — s)B(X(s)) dW(s)

where S(-) is the semigroup generated by the operator A.

The existence of each solution is given under the following conditions:

Proposition 2.1.3 ( [DZ 92|, pp. 121). Assume :
(i) A generates a strongly continuous semigroup S(-) in H.
(ii) B € L(U, H).
T t
/ I1S(r) B2y dr = / THS(r)BQB*S*(r)] dr < oo
0 0

11



then the problem (SPDE) has exactly one weak solution which is given by:

X, = S@)¢ + / S(t — 5)f(s)ds + / "S(t—s)BAW(s),  te[0.T]

Proposition 2.1.4 ( [DZ 92], pp. 147,148). Assume that either:

(i) Tr Q < +00,U = H,B =1 and A € Ly(H).
(ir) f € CY([0,T]): H)yn C([0,T]) : D(4)), P—as.
(1it) £ € D(A), P —a.s.

or
(i) (—=A)# € Ly(H) for some 8 € (1/2,1).
(1) f € C*([0,T]: HYNnC([0,T]) : D(A)) for some a € (0,1), P — a:s.
(tit) € € D(A), P — a.s.

then, the problem (SDPE) has a unique strong solution.

Proposition 2.1.5 ( [DZ 92|, pp. 156). Assume that A : D(A) C H — H 1is
the infinitesimal generator of a Cy semigroup S(-) in H. Then a strong solution

is always a weak solution and a weak solution is a mild solution of (SPDE).

Conversely if X is a mild solution of (SPDE) and

T
IE/ IBX(S)Iy ds < +oo.
. 0

Then X is also a weak solution of (SPDE).

In our discussion, the state space will be either the d-dimensional Euclidean

space or a suitable infinite-dimensional space of functions, as it is well known, this

12



is a huge vast area, but for us, it will be enough to know any of the spaces listed
below.

Notation We will denote by H = Ly(Q, F,P), the space of square integrable
functions defined on € with values in R?. Hilbert spaces will usually denoted by
H, or H.

If two different measures. y; and u, are defined on the same measure space
2, we will refer to the spaces of square integrable functions as Ly, and Lo,
respectivelyrand will drop the measure when the underlying measure is the
Lebesgue measure.

Definition 2.1.5. Given a Hilbert space Hy, with a basis {e;} then

o0 [e )
Ho - {xzza,ce,c 3 el < oo}
k=1 k=1

‘we define the weighted Hilbert space H; with weights {wy : wy € R} as:

o0 o
H, = {36 = Zakek el = Z(akwk)2 < 00}
k=1

k=1

and
H , = {x = ,?_1 aker : ||z||_, = k_;__l Wl < oo}

If w2 > wi > 0, then

H; CH, CH,;

and

Hll == H—l-

13



The use of weighted Hiibert spaces will be a useful technique that will be used
frequently when there is a need to enlarge the state space of a given process.
An important class. of weighted spaces are the Sobolev spaces HP which are
constructed starting with L,[0, 1] in such a way that HP C L,[0, 1]' and have some
differentiability structure. Further details of these spaces are given in Sect. 2.4.
2.2 Gaussian Processes in Hilbert Spaces |

Gaussian processesy will appear ‘freduently in this work, such as the quenched
case of catalytic process. Gaussian random variables have finite second moments
and consequently they can be studied by Hilbert space methods. Below we givé
their definition and summarize their most useful properties.

Let (Q, F,P). be a probability space. An H-valued stochastic process on
[0, 00) is said to be Gaussian if, fbr and n € N and for arbitrary positive numbers
t1,t2,. .., tn, the H™valued random variable (X (t,),..., X (¢,)) is Gaussian.
Proposition 2.2.1. (Continuity of the paths for Gaussian processes) Let X be a

Gaussian process on H. Assume that there exists M > 0 and v € (0,1] such that
E(||X(t) — X(s)|>) < M(t —s)’,  Vt,s>0. (2.2.2)

Then X has an a— Hélder continuous version, for any o € (0,(1/2)7).

Proof. For any Gaussian random variable X with EX = 0 and any natural number

m, we have EX?™ = Cp(EX?)™ and so it follows from ( 2.2.2) that

E(| X (1) — X(8)|"™) € Cl(t — 8)™,  Vt,s > 0.

14



/

since m is arbitrary, one can always choose m large enough to apply the Kol-

mogorov test. ’ O

Definition 2.2.1. Let X be a Gaussian process in a Hilbert space H. Let
m(t) = E(X(t)), and

B(t,s) = E(X(t) — m(t)) ® (X(s) — m(s)), s, >0
the process is said to be stationary if and only if
() m(t+7) = m(t),  Vt,r>0
(i) B(t+r,s+r) = B(t, s), Vi, s,r >0
Continuity of the paths for Gaussian systems can also be established using
other criteria than the expectation of higher moment. Let X (t) be a Gaussian

process with covariance B(s,t) as defined above and fix T € R* and let ¢ be the

function defined as follows:

oé(h) = sup V/B(s,s) — 2B(s,t) + B(t, t)
(s,t)€[0,T7,|s—t|<h

Theorem 2.2.2. ( [XFe 7}]) Assume the integral [;° d(e=**)dz is finite, then the
Gaussian process X (t) has continuous paths almost surely and for every integer

p > 2 and every real x > /1 +41Inp, we have:

O 2

P[SUP X (®)] Zw( sup B(s,t)+(2+\/§)/ ¢(p_u2)du>] < §p2"/ e T du
t€[0,T] -\ [0,7]x[0,T] 1 25/,

Theorem 2.2.3. (Fernique’s inequality). Let X (t) be a Gaussian process with

values on a Polish space E, S = [a, b]; with the notation of the above theorem, and

15



setting:
I£1] = sup | ]
Sx8

we have the following inequality:

’ o b - 5 &0 u?
P {sup |1 X (@) >z | V||Bl + 2+ \/5)/ &( ap-“z)du < —p2"/ e~ Tdu
tes 1 2 2 w
For the proof of the above results see [XFe 74] pp. 48-51.
2.3 Wiener perturbation of the heat equation

Let us first study the heat equation under different perturbations and estab-

lish the relation between the covariance function and the space of solutions.

2.3.1 Perturbation of the heat equation with Q-Wiener process with
trace class Q

Let U = H = L*(0), where O is a bounded open set of R¢, in this section
O will be the unit interval (0, 1), we are looking for solutions of X (t) € H of the

following stochastic partial differential equation:

dX(t,€) = AX(t,€) + dWq(t,§) t>0, £€O
(SPE) X(t, € =0 t>0, £€00
X(0,8) =0 : EecO
where A is the Laplacian with Dirichlet boundary conditions and W, is a Q-
‘Wiener process with trace class Q.
Remark 2.3.1. X (t) takes values in H , which is an infinite dimensional space, note

also that the corresponding deterministic equation only has the trivial solution,

whereas (SPE) has a nontrivial solution in the space L?(O).
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In (SPE), we write X (t,£€) = [X(¢)](£) that is, the value of the function at
the point &, and similarly for W (¢, £) (where W (t,-) can in fact be a generalized
function).

The first step to solve the problem is to find the suitable space of solutions.

The original problem can be expressed as the following Cauchy problem:

Find X(t) in L3(O) such that:

dX(t,6) = AX(t,E)dt +dW(t,€) t>0, €O
X(0,6) =0 €O |

(CP) |

Where D(A) = H%(O) N H} (O) ( see section 2.4 for definition and properties
of these spaces ). |

Let us first verify a sufficient condition for the existence of a solution, namely:

t t
/ 1S(r) B2, dr = / Tr[S(r)BQB*S* (r)] dr < +0
0 0
this follows from the fact that Q is positive, trace class and so

1@l = Tx[Q]

17



Also SQS* is positive since (SQS*z,z) = (QS*z, S*z) and so

Tr[S(r)QS*(r)] = [8(r)QS™ ()],
<SRN IS* ()l
= [IS(r)l| Tx[Q] [|S™ (r)||
< +00
Assuming in the last inequality that Tr Q < +oco and the growth property of a

Co-semigroup: ||S(r)|| < Me“", from which it follows that fot ||S(r)||ig dr, and so the

solution is given by:
¢
X(66) = S(©X(0.0) + [ S(ex) dAW(rg)

- 'S(tr) AW ()

2.3.2 The heat equation perturbed by space-time white noise

The case Q=I corresponds to space time white noise. This was studied by
Dawson [Da 72], Walsh [Wal 81] and Kotelenez [Ktz 87|, DaPrato and Zabczyk
[DZ 92] and others.

First in order to compute ||S(r)]] 19> it is convenient to find the exact expres-

sion of the semigroup S(t).

For that, observe that the functions

dr(z) = V2 Sin kg
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are the eigenfunctions of the Laplacian A = A with the given boundary conditions

and form a complete orthonormal system of H?(©), therefore:

Agp = -k’ gy,
= 1 b for k=1,2, ...

From the spectral mapping theorem

a(S(t)) \ {0} = €™
or equivalently

S(t) ¢ = e H* ¢y,

So
IIS(t)IIig=ZZI( (t) 61, S(t) ¢3)1”
=0 j=0
=0 j=0
:i —2pit
Hence

1 — e~ 2m]

/ IS, dr—Z[

which according to Weyl’s lemma is convergent only if d =1 (see [Lib 04]).

With the above results, one can find an explicit expression of the semigroup

S(t) and also of the solution X(t). Let us write the space-time Wiener process
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W(s) in the form W(s) = >, bk(S)qﬁk where bg(s) = (W(s),dx) are independent

Wiener processes, from which, the solution can be written as

X(t) = /0 S(t-5) 3 dudbi(s)
= / > " S(t-5) grdb(s)
0 %
Z/OtZe"“’“(t_s)gbkdbk(s)

[ / t e‘“’“(t"s)dbk(s)] Pk
0

where by definition:

Vk(t) = /Ot e‘Nk(t-S)dbk(S) | (2.3.3)

2.3.3 Covariance structure

The next point of interest, is to determine the covariance matrix and to
examine its properties in order to get information about the space of solutions, for
that reason, we need the following:
Definition 2.3.1. Given two stochastic processes X(t) and Y(t) having finite 2nd

moments, the Covariance of X (t) is defined by:

Cov(X(t)) = E[[X(t) — EX(t)] @ [X(t) — EX(t)]]
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and Correlation of X (¢) and Y (¢) by:

Cor(X(t),Y(s)) = E[[X(t) — EX(t)] ® [Y(s) — EY(s)]]

Remark 2.3.2. In the above definition, the operator tensor product a ® b of any

two elements a,b in a given Hilbert space H is defined by (a ® b)(c) = a (b, ¢c), if
H is finite dimensional and z € H is considered as a column vector, then-a ® b
coincides with z7z. And it also follows that Cov and Cor are operators from H
into H, further, the former operator is syminetri&, positive definite and trace class.
We now use (2.3.3) to find an explicit representation of the operators Cov and

Cor for the solution of the equation (2.3.1) with Q = I with respect to the basis

{or}:

Cov(X(t)) = E[X(t) ® X(t)]
= [E(V,V;)] = [65E(V:V;)]

where, by the It isometry:

t . t
E(V;V;) =IE< / e~#(t=3)db,(s) / e“‘“(t“s)dbi(s)>

0

t |

_ / o—2mi(t=5) gg (2.3.4)
0

[1 — e 2]

20

It is also interesting to find, for a given t, the covariance Cov(X(t,£),X(t,{)),

this can also be done using the representation found above, that is:
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=) Vi(t)oi(€)
k
= Vi(®)¢s(0)

where ¢y (£) = v/2sin k7 ¢ and ¢;(¢) = v2Zsin k7 ¢ are now scalars and Vi(t)

are the stochastic integrals given by (2.3.3). With this, we can compute:

Cov(X (t,8)) = E[X (t,€) X (t,¢)]

=E | > Vi(t)$i(&) ZVz(t)@(C)]
L & l

—E ZZVk(t)M(é)W(W%(C)}

= ZZEVk )or(E)Vi(t) (<)
=Z¢k )or(OE(Vi(t)Vi(1))
P

The third equality can be done because the sum ), Vi(t)¢x(€) = X(¢) is a. s.
bounded, and the next one using several times Lebesgue’s MCT and BCT., using

now (2.3.4) one gets:

1 — 6_2“kt

Cov(X (¢, & Z or(§)r(C

k- —~ 2
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From this expression one can establish properties of the long run behavior of
the solution of (CP), recall that the Brownian bridge going from 0 to 0 at time 1 is

specified .by:

EX(t,€) =0
Cov(X(t,€), X(t,0)) =EAC — &

Note also, that the function £ A { — £( is the Green function of the operator A

on the square [O, 1] x [0, 1], that is, the solution of the problem

d2

is given by: :
1

06 = [ enc-eouoac

Proposition 2.3.1. The solution X(t) of (CP), converges in the Ly norm as

t — 0o to a Brownian bridge going from 0 to 1.

Proof. The second term of (2.3.5) decays very fast to zero because of the factor

e~ 2t whereas the first term can be written as:

$e(§)0(C) _ ¢ (sin kn§)(sin kn¢)

which is the Fourier series of the function & A ¢ — £(, with respect to the orthonor-

mal basis {V2Sinkn¢,v28inkn(}. O
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2.4 The state space of solutions and continuity of the paths

As noted earlier, the space of Solutiéns of (CP) is H?(0) N Hy(0O), for this
reason, we summarize below the definition and basic properties of the Sobolev
spaces on the interval [0,1].

Given a function ¢ € L*[0,1], the series:

“+o00
Z a 6i27rmt
™
-0
where:
1
o 1= / B(t)e—2mt g

0

is called the Fourier series of ¢, its coefficients a,, are called the Fourier coefficients
of ¢. On L?[0, 1], as usual, the mean square norm is introduced by the scalar

product

@)= [ pFat

We denote by f,, the trigonometrical monomials:
fm(t) = ei27rmt

fort € Rand m € Z, the set {f, : m € Z} is an orthonormal system. Here,

Parseval’s equality assumes the following form:

+o0 1
> ol = / @) dt = [|g]?
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Definition 2.4.1. Let 0 < p < co. We denote by H?[0, 1] the space of all functions
¢ € L*[0,1] with the property:

+00
> (1 4+m?) jamf’ < 00 (2.4.6)

m=-—00
for the Fourier coefficients a,, of ¢. The space HP[0, 1], is called a Sobolev space.
And we will abbreviate H?[0, 1] by H?

The following properties of the Sobolev spaces will be needed later, for further

details and proofs, see [Kr 99].

Theorem 2.4.1. The Sobolev space HP[0,1] is a Hilbert space with the scalar

product
+00

(6, 0) = > (1+m*Vanbn

m=—00

and the norm on HP(0,1] is defined by:

‘ +00 2
111, ::{ > (1+m2)”|am|2}

Theorem 2.4.2. If ¢ > p then H'[0,1] is dense in HP(0, 1], with combact imbedding
from H?[0,1] into HP[0,1].

Proof. From (1+m?)? < (1+m?)? for m € Z it follows that H? D H? with bounded

imbedding
181l < l1#ll,

and the denseness is a consequence of the denseness of the trigonometric polynomi-

als is H? d
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Theorem 2.4.3. Let p > 1/2, then the Fourier series for ¢ € HP[0,1] converges
absolutely and uniformly. Its limit is continuous and has period 1 and coincides

with ¢ almost everywhere, the imbedding H?[0, 1] — C[0,1] is compact.
Proof. For the series of ¢ .€ HP|[0, 1], by the Cauchy-Schwarz inequality, we
conclude that:

& i2mt |2 - 1 - 2\p 2
{Z |ame* |}§ > I > Q+m*) an]

m=—o0 m=-—oo m=—o0
the key observation is that the first summation on the right hand side converges

for p > 1/2 and one can apply Dini’s theorem. ' ' O

Denote by C[%,l] the space of k-times continuously functions from R to C

differentiable having period 1.

Theorem 2.4.4. For k € N we have C[’g,l] C H* and on Ch.yy the norm |||, is

equivalent to:

1 9 1/2

I6lli= ([ Qo0 + 160 )

Theorem 2.4.5. For 0 < p < oo, we denote by H?[0,1] the dual space of H?[0,1],
i. e. the space of bounded linear functionals on HP[0;1] endowed with the norm:

~ 1/2

IFl, = { > +m2)_”|0m\2}

where ¢ = F(fn). Conversely, to each sequence (¢,,) C C satisfying

S @+ m) 7 e < o0

m=—00

there exists a bounded linear functional F € L*[0,1] with F(fm) = cm.

26



Remark 2.4.1. According to this definition, the delta function belongs to the space
H™! since, the delta function has a Fourier series expansion with coefficients a,y,,

with |am,| <1, and so:
: —+00

Y @+m?) 7 am| < 00

m=—0o0

Theorem 2.4.6. For each function g € L2[0,1], the dual pairing:

¢ = | ST d ée B,

defines a linear functional G € H?[0,1].

In this sense L?[0, 1] is a subspace of the dual space H™?[0, 1] and the trigono-
metrical polynomials are dense in H™?[0, 1]. This fact can be represented the

following way:

D H?2O>H'SI?>H'DH? ...

Next we define the Sobolev space of functions which are sﬁitable for dealing with
boundary conditions.
Definition 2.4.2. Let p € R, the Sobolev space H§(O) is defined as the comple-
tion of the set C§°(O) of infinitely differentiable functions with support contained
in © under the norm (2.4.6).

With these tools, the question of continuity of the paths for the case Q=I can

be solved, notice first, that the operator:

A HX(0) NHY(0) — HA(0) N Hy(©)
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is well defined in the sense of distributions, and using a well known theorem ( see

- [DZ 92] pp. 193), we have the following:
Proposition 2.4.7. The solution of (CP) has continuous paths on Ly([0,1]).

Proof. For this case, one only has to verify the condition:

/ t™° ||S(t)[|i2(H) dt <oo  for some s >0 and a € (0,1)
0

where:

IS,y = Ze*” i

so that:

[ IS0 de= [[e S e

_Z/ e Tt gt

The last equality by using the monotone convergence theorem. The terms of the

(2.4.7)

last summation can be bounded above by applying Hélder’s inequality:

/ =% 272 dt < (/ t_apdt) i (/ e—nzﬂ'zqt dt) ! (248)
0 0 0

with > + 2 =1, the first integral on the right side is finite for 1 > ap, with value:

] Sl—ap
[roras
0 1—oap

the rightmost integral of (2.4.8) is readily seen to be:
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Bl —n27r2qs
2.2 l1-e
et = — e —
0 nemeq

1
n2m3q

C e ) 1
(o) st
0 (n?n2q)e

Hence, for the sum (2.4.7) to converge, it is enough to find «, p, ¢ such that:

and so

a € (0,1)

1 1
-4+ Z=1
p q

qg<?2

1
->Q
p

one can verify that ¢ = 2,p = 3,a = 1 satisfy the above conditions and so the

equation (2.4.8) is finite and therefore, the solution of (CP) has continuous paths in

Ly ([0, 1]). | O

The following result from Iscoe and McDonald ( see [IsM 90] ) provides a
result of continuity in [? of Ornstein-Uhlenbeck processes. Given the stochastic

differential equation:

dX; = —AX,dt + V2adB;

where A is a constant self-adjoint , positive definite operator on L? having a
complete orthonormal family of eigenvectors ¢, corresponding to its set of positive

eigenvalues A\, K = 1,2,..., and a is constant, positive operator such that
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(64 V/a) = /a5, ($,v/ad;) = 0,i # j, The diagonal system
dl‘k(t) = ——)\kxk(t)dt + \/%dBk(t), k= 1, 2,,. cey (249)

where () = (X¢, éx), B(t) = (Bs, ¢1), 2x(0) ~ N(0,ax/\), enables us to write
zy = {zk(t)} 2o, as a vector of independent Ornstein-Uhlenbeck i.e. mean zero

Gaussian processes defined by

O

Eil?k (t)ﬂ’)k (S) = /\k

exp(—Xg |t — s|)

If 3752 ax/ Ak < 0o, then for each fixed t,z; € (2 a.s. (that is, S oo, |7x(t)]> < oo
a.s.) and the continuity of the paths is given by the followihg:
Theorem 2.4.8. Let f(z) be a positive function on [z1,00) such that f(z)/z is

nondecreasing for x > x1 > 0 and such that

*® dx
—_— <X

Suppose also that

ylk

k

Za < o0
k
and

flag V 1)
LA VEVE)

Then x, is continuous in [2 a.s.
In Iscoe, Marcus, McDonald, Talagrand and Zinn [ISMTZ] a sufficient
condition for continuity was found that is sharper than the above and necessary in

certain special cases.
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The above technique cannot be extended to the case R? since A does not
have a discrete spectrum on R?. However if A := A — |z|? then —A has a discrete
spectrum in R, with eigenfunctions ¢, = hy,, ... hy, which give a CONS for

Hy := L?(R) where hy are the normalized Hermite functions (see [RT 03]).

<oo}
0

where (—A)7? is the fractional power of —A. #., endowed with the scalar product

For v > 0 set

H = {feHo:‘(—A)%f

(.9, 1= ((~A)Ff, (- A)3g),

becomes a separable Hilbert space. Let H_, = H/,.

The imbedding H., C Ho is Hilbert-Schmidt if and only if 7 > d, that i,
DIl < oo
n .

The semigroup S(t) generated by A can be restricted to any #., and extended
to a strongly continuous semigroup on the corresponding spaces H_., béf duality
preserving the norm (see [RT 03]). Then the imbedding Ho, C H_. is Hilbert
Schmidt. The Wiener process associated to space time white noise W (-) is regular

on H_,.

Now consider

dX(t,z) = AX(t,x)dt + W(dz,dt) t>0, ze€R?

X(O,iL‘):XO .’IJGRd

(OU-Rd)
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so that we can extend the given SDE onto #H_, and solve it there via the stochas-

tic convolution:
t .
X(8) = S(t)Xo + / St — s)dw, (2.4.10)
0
We have the following:

Theorem 2.4.9. Given any positive v > d, the SDE given by (OU-Rd) has

continuous paths in the space H_.,.

Proof. Let W be a Q-Wiener process, continuity of the paths follow easily from the

condition:
T ’ T
| iswes e < [ Isoal Ise a
' T
< [ 1@l isenseri a
.
< [ 1@l dt =T |l < +o0
since @) is trace class inv’H_ﬁ,. a

" Remark 2.4.2. Using the same procedure based on a scale of Schwartz distribu-
tions, we can also prove that the real-valued space-time white noise in R has con-
tinuous paths in the Sobolev space H_(1/215), following the guidelines given in the

“appendix, with Q@ = Id and U = L, it follows that Uy = QY/?(U) = Id(L,) = L,
and the embedding H, =L, < H_(1/2+5) being compact. We will use this result
later in Ch. 5.
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2.5 Hausdorff dimension and support of a measure

For the catalytic OU process, we will see latter that the Hausdorff dimension
of the support will play an important role in the continuity of the paths, so, let us
recall some concepts and definitions:
Definition 2.5.1. Suppose that (X, p) is a metric space , p > 0, and § >
0. For A € X, let

0

Hp,d(A) = 1nf{2(d1am Bj)p tAC UBJ and diam Bj < (5}
1

1

with the convention that inf ¢ = co. As § decreases the infimum is being taken

over a smaller family of coverings of A , so H,s(A) increases. The limit
H,(4) = lim H, 5(4)

is called the p-dimensional Hausdorff ( outer) measure of A.
The following property follows immediately from the definition, details on the

proof can be found in [FL 85|, pp. 85,86.

Proposition 2.5.1. If H,(A) < oo, then Hy(A) = 0 for all ¢ > p. If H,(A) > 0,

then H,(A) = oo for all ¢ < p.

According to the above Proposition, for any A C X the numbers
inf{p > 0: H,(A) =0} and sup{p > 0: H,(A4) = oo}

are equal. Their common value is called the Hausdorff dimension of A.

Definition 2.5.2. A Borel measure p on R”, of compact support and with

0 < u(R") < oo, is called a mass distribution. The t-potential at a point z due to
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mass distribution u is defined as

du(y)

¢t($) = t
|z -yl

The t-energy of u is given. by:

/¢t il // |x—-y|

The following is an important result known as Frostman’s lemma:
Proposition 2.5.2. Let E be s Souslin subset of R"

(a) If I,(1) < oo for some mass distribution pu supported by E, then t < dim

(b) If t < dim E, then there exists a mass distribution p with support in E
such that Li(u) < oo.

Corollary 2.5.3. Let E,t and p as in (b) of the above theorem, then there exists

0 < K < oo such that
p(dz)

—= <K VreR
|$fy|
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CHAPTER 3
Catalytic Wiener and Ornstein-Uhlenbeck processes

In this chapter, we introduce a more general class of processes than those
studied before. The new class of processes differs from t_hose described above
in that the intensity of the perturbation or activity depends on the bresence
of another component which can be thought of as a catalyst and pléys a role
analogous to catalysts that increase the rate of chemical reactions.
3.1 Definitions and Properties

In mathematical terms, a catalyst can be described as a measure or mass

which is static or can evolve on time p;, more precisely:

Definition 3.1.1. Let (E,£,v) be a o—finite measure space. A random set func-

tion W, on the sets A € £ of finite v—measure is called a white noise based on v,

if:

(i) W,(A) is a N(0,v(A)) random variable
(i) if AN B = @, then W,(A) and‘ W, (B) are independent and
W,(AU B) = W,(A) + W,(B).
We will also denote W, by W (dv, dt) of W (dx,dt). The existence of the white
noise as well as a consistent theory of integration with respect to white noise based

on a given measure can be found in the reference see [Wal 85].
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The space-time white noise on R corresponds to the case £ = R x [0, 00) and
v is Lebesgue measure on E.

Of importance for us is the isometry property; let f be a measurable function,

then the stochastic integral:

¢
X(¢) :/ /f(s,a:)W(dx,ds)
Jo JR
satisfies the property: ‘
t
EX?(t) :/ /Efz(s,x)dxds.
0o JrR

In the case E = R¢ ® [0,00) and v(dz,ds) = u(dz)ds we will also refer to

such a processes as the Catalytic Wiener process W, (dt, dz) based on the catalyst

p € M(R?). In this case the isometry is given by

X(t) = /0 t /R (s, 2) W, (da, ds)

satisfies the property:

EX?2(t) zfot/REfz(s,x)u(dm) ds.

Another class of processes closely related to the above processes are the
measure-valued processes of which we give below its definition and basic proper-
ties: |

Let (E,d) be a compact metric space, C(E) the space of continuous functions,
€ = B(E) the o-algebra of Borel lsets of E, and M, (FE) the space of probability

measures on E. We denote by bE (resp. pb€) the bounded ( resp. non-negative
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bounded) £-measurable functions on E. If 4 € M,(E) and f € b€, we define

(u, f) = [ fdu. Note that M;(E) endowed with the topology of the weak
convergence is a compact metric space (recall that y, = u if and only if (tin, f) =
(, [YVS € bC(E)).

Let A be the set of functions, strictly increasing Lipschitz continuous functions

from [0, 00) onto [0, 00) such that

As) = A®)

v(A) := sup |log < 00

s>t>0

For w,w’ € Dg = D([0,0), E):

p:= inf (7()\) + /0 T (1 Asup d(w(t A w),w (A(EA u)))) du)

AEA £>0

it s easy to verify that p defines a metric on Dg. The resulting topology is called
the Skoroh‘od topology (Ji-topology) on Dg. Let D := B(D|0,00); E)) denote the
o-algebra of Borel subsets with resp.ect to this topology. Let X;(w) := w(t) for w €
D and D) := 0(X,:< s <t),Dy:= () Dy, C D.

Then (Dg, D, (Dt)i>0, (Xt)t>0) zgnotes the canonical stochastic process on E.

Let D = D([0, 00), M1(F)) be endowed with the usual Skorohod topology
and X; : D — M,(E), Xi(w) = w(t) forw € D.Let D) = o {X,:0<t},D =
vD) = B(D), D : () DY,.. Then (D, (Dy)i>0, D, (Xt)e>0) defines the canonical
probabz’lity-measure—:;;ued PTOCesS.

By an M,(FE)—valued stochastic process we mean a family of probability

measures {P, : p € My(E)} on (D, D, (Dy)¢>0) such that:
(i) P,(X(0) = ) =1, that is TIoPp = 4,
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(ii) the mapping p — P, from M;(E) to M;(D) is measurable.
Let {11t }teo,00) € C([0,00), M1 (R?)) and consider the white noise on [0, co) x R?
with

v(dz,ds) = ps(dx)ds.
Now consider the equation:

dXt = AXt dt + dWM
(3.1.1)
XO =0

here W, is a white noise based on the catalytic p,.
In the next chapter we consider the random case in which y; evolves in time
according to a superbrownian motion, that is, we will take p = u; = Z;, where Z; is

a (a,d, B)-superprocess. Here Z;, W, and X, are will be assumed to be defined on

the same probability space (2, F, P, {F }tZO)A'

As before, the aim is to compute the covariance and Laplace functional of the
process X;. But before, we introduce some special processes and will try to study
its relations and similarities.

3.2 Ornstein-Uhlenbeck with single point catalyst in [0,-1]

We would like to carry out the same analysis we did in Chapter 2, but this

time with a Brownian perturbation placed on a subset of O = (0, 1), which could

be expressed formally as the following Cauchy problem:

Find X(t) in Ly([0, 1]) such that:
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dX(t,&) = AX(t,§)dt +dW; ,(t,€)  t>0, €£€]0,1]
X(0,6) =0 £€[o0,1]

(CP1)

Note that W;, /2(dx, ds) = 61/2(dz)dB, where B, is a standard Brownian
motion. Note also that d;/; is not a function, but this difficulty can be overcome
using the sine series of the delta function, by computing first the Fourier series of

the Heaviside function on (0,1).

0<z<1/2

L i/2<:v§1

The Fourier cosine expansion of such a Heaviside function is easily seen to be:

Cos 3mxz  Cos 57z +
3 ' 5

2 (——Cos T + -

The above choice was done, because its derivative, which is the ¢ function at

the midpoint has the expansion:

2 (Sin 7z — Sin 37z + Sin Sz + -+ ) =2 Z(—l)k“Sin (2k-1)7z
’ k=1
This is in terms of the eigenfunctions of the Laplacian with Dirichlet bound-

ary conditions which give a basis for L2(0,1). Therefore, one can find its value

under the semigroup and the solution of (CP1) is then given by: |
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= %/t (S(t-s) i(—l)kHSin (2k-1)7r:c) dB;
= %/t (i(—l)k“S(t-s)Sin (2k-1)7rx) dB;

(3.2.2)

where, by definition:

ax(7) = (—=1)*1Sin(2k-1)7z
Yk = fok—1 = 772(% - 1)2

Hence:

As before the exponential term decays rapidly to zero and is therefore only a

transient one, so in the long run, the stationary effect is given by:
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L PEE Sin(2k—1)wa;- Sin(21-1)my
2 2 D (2k —1)2 + (20 — 1)?

1
Cov(X(t,x) ZZ Dl 2k — 12+ (2 - 172

this covariance is seen to be 1nﬁn1te by comparison with the integral

// 2z — 1)? dwdlz?y— 1)

1<:1:"’—1—1/2<R2

after the transformation (z,y) — (:v — 1,y — 1) and using polar coordinates, it

1 [ (Brdrdd n
- =—-ln R
4 /0 /1 r2 2 o

which tends to infinity as R — oo.

becomes

However, when (z,y) # (1/2,1/2), the covariance is finite, to see this assume

y # 1/2 and fix k, then the sum

x

Z k+l81n (2k — 1)7m: Sin (20— 1)7y
2k —1)2 + (21 — 1)?2

Sin (21 — )7y
k _ k+1
= (—1)"Sin (2k 17T:EE 1) k- 17+ @1

=1
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is an alternating series, which changes sign after a certain period depending on y,

and its summation is O ((—%—il—)?), this shows that the summation over k¥ > 1 is

finite.

Theorem 3.2.1. The process given by ( 3.2.2) has a continuous version on

£20,1].

Proof. Let us write first (3.2.2) as:

X(t,7) = /OtH(r, z) dB,

where:

H(r,z) = 3 ax()ee

k=1
and ax(z) = (—1)*1Sin(2k-Umz, ¥x = por—172(2k — 1)?, so, we get for the

increments:
1/ pt ‘ 2
]E||X(t)—X(s)||%2=]E/ (/ H(t—~r,x)dB,~> dz
0 s

1 pt
=/ /Hz(t—r,w)drdx
e
=/ / H*(t — r,x) dzdr
s JO

1
- / VH(t - r,2)|% dr
0
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from the definition, it follows:

(= )% = 3 exp(~2n(2k — (¢ — 1)
i k=1
§ C’/ﬂ;exp(—(t —r)z?) dzx
=C(t—r)"1/?
E[X(8) - X(s)|% = / IH (@t~ r,2)|2 dr

/C’t—r) 1/2dr~~K( 8)1/2

Therefore X has a o — Holder continuous version for any a € (0, %) by Proposition

2.2.1. O

3.2.1 Catalytic OU processes on [0, 1]: uniform L, boundedness

We introduce the following:
Definition 3.2.1. A solution X; of a OU process,is said to be uniformly L?-
bounded, if sup E(X,(z)?) < oo.

We proizeeﬂil above that for the single point catalyst at 1, E(X(t,3)?) = oo so
that this process is not uniformly L,-bounded.
Theorem 3.2.2.

(i) If 1 is the Lebesgue measure, then Xy is uniformly L?-bounded only if

d=1.

(ii) X; is not uniformly L?-bounded if d = 1 and p = &y.
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P
S, .

(11i) For any set of positive Hausdorff dimension E C R there exists a mass
distribution p supported by E such that X}' (i.e. the OU process based on the

measure p ) is uniformly L?-bounded.

Proof. Denote by p(t — s,z,y) the kernel corresponding to the Laplacian on
[0,1] without boundary conditions Recall that for a OU processes with a Wiener

perturbation based on the measure yu, we have:

// — 5,2,7))u(dy) ds

If 1 is the Lebesgue measure:

B(X(a) = [

which is finite only if d = 1, this proves (¢).
Assume now, d = 1 and p = &, and comparing [ p*(¢t — s,z,y)ds with a

gamma distribution, one obtains:

E(X(t,2)2) = / |+! (dy)

which clearly is not uniformly L2-bounded thus proving (ii). Note that this
corresponds to the fact that the covariance of a one point catalyst in d = 1 is
infinite at the catalyst, as seen before.

For (ii%), the inequality :

1 const

n < t>0.
z -y~ |z —y/
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yields:

‘]E(X(t,a:)z) < c/ﬁ%.

Now applying Corollary 2.5.3 gives the desired result. O
Corollary 3.2.3. The catalytic OU process based on the Cantor set on [0,1] is

uniformly L?-bounded.

Proof. The Cantor set has Hausdorff dimension %gg—g. O

3.3 Wiener perturbation at the center of the domain in R?

A Fourier analysis can also be carried out for a Wiener perturbation at the
centef of the square [0, 1]%, but the situation here becomes extremely difficult to
handle due to the cbmplexity of the Fourier coefficients as well as to the many
involved summations. We will present two different approaches to the problem and
verify that they are both consistent.

To begin we note that given a bounded continuous function f(-) the solution

to the equation

fH

AX(1,€) = SAX(1,E) + [@W (dt,do), X (0) ==0
is Agiven by ’

Xta)= [ [ ple 5,07 6)W (ds, ).
In order to relate this to caﬁalytic Ornstein-Uhlenbeck processes with singular

catalysts in this section we obtain the case of a single point catalyst in R? as a

limit of processes with absolutely continuous catalysts.
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We consider the catalytic Ornstein-Uhlenbeck equation:

dX(t,z) = AX(t 2)dt + Wy, (dt, dz), t>0, ze€R2
X(0,z) =0 =zeR?

(NB)

The objective is to show that this process can be obtained as a limit (in sense
of f.d.d.) of processes with absolutely continuous catalysts on a certain Hilbert

space.

3.3.1 Two equivalent sequences of approximating processes
We first construct a sequence of approximate process I given by the

equations:

dXn(t,z) = AX,(t,z) + Dp(x)W(dt,dz) t>0, zeR?
(NBn)

Xn(oavl') =0 z € R?

As usual, W(dt,dx) is a space-time white noise and D, (z) = [p(1/n,z,0)]*/? is

the sequence, given by:

e

1 z||?
D, I exp (_“ 2” ) .
(=) P

n
This choice of an approximate delta sequence will simplify the analysis, since ig can
be operated with the semigroup of the Laplacian , namely the heat kernel.
For z # (0,0), the solution of (NBn) is then given by the stochastic convolu-
tion:

Xat2) = [ [ bt = 5,20 Da)W s, )
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Lemma 3.3.1.

lim Cou(Xn(t,2), Xa(t,y))

_ exp(=(ll=]l* + [lyl*)/?) (3.3.3)
|z + [l

Proof. First note that Cov(X,(t,z), Xn(t,y)) = E(Xa(t, ) Xa(t, v)) is given by

E [/Ot Azp(t - 81,%, 21)Dp(21)W(dsy, dz;)
[ pte sz D (s )|
= /Ot /R2p(t —5,2,2)p(t — 8,y,2)Di(2)dz ds

_ /Ot /Rzp(t —8,z,2)p(t — s,y,2)p(1/n,0, 2)dz ds
= /R2 (/Otp(t - 8,%,2)p(t — s,y,z)ds) p(1/n,0, 2)dz

The innermost integral is easily found to be:

t2. p(t,x,z)p(t,y,z)
2
lz = 2[* + [ly — 2I|”

With this, one can compute the covariance, the following way:

CO'U(Xn(t, fL'), Xn(t, y)) — t2/ p(t, x’ Z)p(t,2y, z)p(l/n,20, Z) dZ
ko =2 +ly - 2]

Taking the limit as n — oo and since p(1/n,0,2) — d(z) in the sense of

distributions, we obtain the covariance of the limiting process to be:
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Cov(X(t,2), X (t,y)) = lim E(Xn(t,2)Xa(t,y))
_ t*p(t, z,0)p(t, v, 0)

ERE (3:3.4)
_ exp(=(llel + lIylI*)/0)
Bk
O

Remark 3.3.1. Similar to the one dimensional case, the covariance is infinite at the
center where the Wiener perturbation is placed and it is positive and finite away
from the origin.

We next consider a second approximate process II given by the equations:

dY,(t,z) = AY,(t,z) +p(l/n,z)dB, t>0, z¢c&R?
¥5a) () = AValt,2) + pl1/m, 2)dB,

Yo (0,z) =0 z € R?

where B, is a standard Brownian motion.
Remark 3.3.2. Note that the perturbation is now a 1-dimensional Brownian
motion, and that the approximate d-sequence is now p(1/n, ).

The covariance of this process is given by:,
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Cov(Ya(t, 2), Ya(t,y)) = E(Ya(t, 2)Ya(t, ) =

=FE [ / p(t — s1,z,21)p(1/n, z1)dBs, dz;
R

~N

t
/VIR2 p t — S5, Z2) (1/n7 z2)dB52dz2
; .

\\

=

2/ p(t — 5,2, 21)p(t — 8,9, 22)p(1/n, 21)p(1/n, 22)dz1d2o ds

2

=

t

No\,

!

(t—s+1/n,z,0)p(t —s+1/n,y,0)dz ds

= (llll” + llyll*)/ (¢ + 2/n)
llzl1* + llyll”

~~

__exp

therefore:

lim Cov(Y,(¢,z), Ya(t,v)) iJLIEOE(Yn(t, )Y (t,v))

_ exp(=(ll=]l* + llylI*)/%)
l21* + [l

which is the same as the obtained by the approximate process X,,.

The convergence of (YBn) to X (t) is easier to prove, so that we will refer to

the process (YBn) as the approximate process and will rename it X,.

The next step is to prove the following convergence result. We first introduce
the measure uq(z) = (||z||* A 1)dz on R? and Hilbert space H, = L2(R?, uq).
Theorem 3.3.2. For a > 0, the processes X,(t,) converge in the sense of f.d.d.

of H,-valued processes to the solution X (t,z) of (NB), which is given by the
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- stochastic convolution

X t, .’L' / S i— 8)5(0 o)dBt

// — 5,%,Y)0(0,0)(dy)dBs
R2

—/0 p(t — s,z,0)dB;.

Proof. We must show that for ¢ > 0 that X, (¢) — X(z) in the mean square, i.e.
lim I - X(0], =0 (3.9
This follows from the It6 isometry:
E|X,(t,z) — X(t,z)}5 = E| /Ot (p(1/n+1t—s,2,0) — p(t — s,z, O)‘)'st|2

¢
:/ Ip(1/n +t—s,2,0) — p(t — s,z,0)|*ds.
0

The continuity of p(t — s, x,0) implies the pointwise convergence:
lim p(1/n+1t—s,2,0) = p(t — s,z,0),
n—oo ]

In order to apply the dominated convergence theorem, note that

|p(1/n+t— S,.’L‘,O) _p(t_ 373370)'2 = |p(1/n+t— 871:,0”2
+ tp(t - 8,:E,O)l2

- 2(p(1/n +1 - S,$,0),p(t -5, 0))
together with the inequality (¢t — s) < (1/n+ ¢ — s) implies:
p(l/n +t-s,7, 0)p(t -5, 0) é p2(t — 5T, 0)
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Noting that fot P*(t — s,2,0)ds < const-oxp(—al[*/1) e Lebesgue dominated

- =R

“convergence theorem applies and
E[[| Xa(t) = X (@), — 0.
Using the decomposition
) t+s
X(t+5,0)=SX¢0)+ [ [ple+s 0B,
t

it then follows that the finite dimensional distributions converge. O

Remark 3.3.3. Note that if @ denotes the unit ball

=E/X,2l(x,t) dacz/]EXﬁ(ac,t) dx
o o :

— AT el f(t+2/m)
1 2
o ||zl

and the last integral is infinite since (0,0) € O. However, taking the measure with

density ||z||* for some a > 0, we get:

E|| Xz <M <oo

Then using Chebyshev’s inequality, the following is true for any K > O:

M
PIX, 0y, 2 KIS 75 YnEN
and therefore yields:
M

PIIX ()], > K] < 25

o1



3.3.2 The question of state space and continuity of the paths

Theorem 3.3.3. The solutions of (NB)have a continuous version on the Hilbert

space Hi.

Proof. We first use polar coordinates to evaluate the following norm:

2 .

p—r)p(p/\ Ldp

> 1
2 — —— —_—

1 2 2
=C p exp(——-—-—p—7)dp (3.3.6)

1 (t—T‘

next, we estimate each of the above integrals, take 8 € (1, 3/2), inequality 3.5.14

yields:
! /02 :02 8—2 ! 2-24
— —- dp < Ci(t — )"~ )
| et < aie =2 [,
< Coft —r)P?
similarly:
o0 » 2  poo
P P B2 1-28
S - < - _ d
/1 (t_T)QeXP( T—)dp < Gyt =) /1 p*Fdp
< Gyt —r)f2
So:

E(X(0) - X, = [ b= a0l dr
< (Cy + Cu) /t(t ~ ) dr

< Cs(t — s)P1
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the assertion follows since g > 1. O

Remarks
1. From

|zl < 1= |lz||*"* <1, Va>0

follows the continuity of the paths on L2-spaces whose measure has density

||z||*te, as well as measures with densities of the form

[lz]|*+* exp(—Bl|z]]), @, 8 >0

2. The same conclusion is valid for processes obtained by replacing A by any

given operator £ of the form:

d

d
Lu(r, x) Z ai;0iu(r, ) + Z bi(r, z)0;u(r, x)

1,7=1 i;l
where r € R,z € E = R%, and a;; = aj; and are elliptic i.e. there exists £ > 0

such that
d
Z a(r,o)tit; > k> 2V (r,z) eR™ 1y, 44 €R
This is due to the simple fact, that the corresponding semigroup

Pf(z) = E,f(X))

can be represented as
— [ stz 0)ay
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where p(t, z,y) is a symmetric function satisfying:
plt,z,y) < et~ H2ec2lz=ul’/t

for some c; and c; depending only on &, ( see [Ba 98] Th. 5.5 for further
details )
. We can now extend the above techniques to the unit ball O = {z € R? : ||z]| < 1}

- with a Wiener perturbation placed at the origin, that is, consider the SPD:

dX(t,x) = AX(t,z)dt + 6(0,0)(x)dWs, t>0, z€0O
(UC) X(0,z) =0 z€O
X(t,z) =0 xz€d0

as well as its sequence of approximate process given by:

dXn(t,z) =AX,(t,z)+ Dp(z)dW(t,z) t>0, €0

(UCn) X,(0,z) =0 2€0
Xn(t,z) =0 =z€00

This time, the delta sequence will be chosen to be:

Dy(z) = C v/p(1/n,0,2) Jo(||z])

. where Jy is the Bessel function of order zero and C is a normalizing constant,

recall that the Bessel functions are radial solutions of the heat equation

54



and also its eigenvalues under homogeneous boundary conditions and in

particular, Jy is positive on the unit circle and zero at the boundary.

Therefore, the solution is given by:

C’/ /Rz —$,%,y)Dp(z) W(dy,ds)

hence:

elxriz, = [ [ / Bt~ 2, 9)p(/m,0,) Tyl ey ds
o[ / (6 = 5)/2,,9)p(1/n,0,) J(lly ez dy ds

o[ / (1/n,0,9)Jo(lyl)dy ds

/ a/n Jo(0) ds

:Clexp(—a/n)JO( )/0 tciss

= Q.

As before, considering instead H; :
2 (X7, = © / / / 10— 5,2,9)0°(2/m, 0,y o(ol) el o dy s
R
= Cn / [ ple = 5)/2,2,0) llelldop(/n,0,9) (vl dy ds
o (t—s) Jre Jre
t
=t (=57 [ p(1/m 0.0)dlvl)dyds
0 R2

= C’nz/o exp (—a/n)Jo(0)(t — s) "2 ds

= Cn?exp (—a/n)Jo(0) t*/?
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which shows continuity of the paths.
We can also investigate higher moments of || X;||, for that , recall the following

property of the stochastic integration with respect to Brownian motion:

B E[/fwa]:%(;) | /oth(?ds]? |
| E[/o f(s)dWS] :%(9 (;1) [ /0 2(s) ds]

with these facts and using the simplified notation p(s, x) 2 p(t —s,z,0) , it will be
shown below that E ||Xt||4‘L2 = oo. In spite of its discouraging appearance, we will
carry out the calculations since it introduces some techniques which are to be used

later.

Proposition 3.3.4. Let L, be the space of square-integrable functions w.r.t

Lebesgue measure in R?, then for the solution X; of (NB), E |}Xt||4L2 = 00.

Proof.

E || Xz, =

:E/
R2

/Otp(s,a:,O) chs>2 dw} 2 |
2 dz, - /R 2 ( /0 t p(s, z2) dWs-) %da:z]

- ]E /4 2 p(Sh $1)p(82, $1)p(83, wz)p(84, mz)dW-ﬁdWsdesdeMdiEld.'Ez]
LJ R4 %[0,t]

<
o[ (o)

/ p(s1,1)p(s2, 21)p(83, T2)p(Sa, T2)E[dWy, dW, dW,, dWs, |dz1dz2
R

4x[0,)2
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Now using a Riemann sum analysis and the fact that the Wiener process in the
above stochastic integrals is the same, as well as the properties given above, the

four innermost integrals are equal to the following simplified sum:
¢ t
= / p*(s,z1)ds / (s, 22)ds (51 =8y A 53 = 84)
0 0

+ ([ st mpts, 52 i) ([ sto.mplo,zaids) (1= sunsa=so)
(

/Otp(s,ml)p(symz) d8> (/Otp(s, x1)p(s, T2) ds) (3.3.7)

= (/Otp2(s,x1)ds> . (/Otp2(s,x2)ds) | - (3.3.8)

2

+2 ( /0 (s, 20)p(s, 72) ds)  (33.9)

-+

After integration w.r.t. dz; and dz, ( 3.3.8), one gets:

</11%2 (/otp (5,2)d ) ) VR?/ P eXP( i“_f”)dg@;]z
o]

=00
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and for ( 3.3.9) one gets:

ENETEY 2
/ / / 8, x1)p(s, x2)ds d.’Eld.’L'g // / —————ds | dz;dzs
R2JR2 R2/R2 t—' 3 2
—2r2/t
- /R“ T4 dx

0 e——?’rz/t»
= Cg/ dr
0 T

=00

A second option is to change the underlying measure of R?, as it is shown

next, du = ||z|| dz leads to the desired conclusion:

il ([ ([ o) de)
42 /R 2 /R ( / (s, 71)p(s, xz)ds> dpu(z1)dp(zs)

now, we compute each summand separately:

(/Rz (/OtPQ(S,w)dS> d$>2 /Rz /0* (tl—s)z
) /Ot /RZ (t||_$|8|)2 exp (_ 2t||f|f
—a[[e-spra]

= Cl (t)3.

For the second term, we observe that for z;, 2, € R? then (z1,z3) € R, ||lz.|* +

|z2||* = r2? and that the measure in R? given by du = ||z|| d, induces the measure
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in R* given by du(zx) = r?Cosf Cosb, dz,dz,, so:

//(/ sz>ds)2du<x1>du<x2):

Hzg 12 Hizgh? 4o 12 2

/w/m/o | dmmi)du(z)

e—?rz/t
:/ A T20080100$02d.’171d5132
R4

x

=C, / re=2*/t dr ~ (polar coordinates)
0

= Cjt.

Now, fixing T > 0 large enough, we have:

E “Xt”iz(,u) = Clt3 + Czt S Cg(T) t

3.4 Moving perturbations
The objective of this section is to develop the necessary tools and techniques
to deal with perturbations changing in time. This will be further developed in the

next chapter in which super-processes are going to play the role of catalysts.

As a first example, consider the effect of a Brownian perturbation based on a
measure changing in time, namely, W (dt, dz) = 6.:(dx)dW;, where W, is a standard
Brownian, ¢ > 0if d = 1, or is a given vector if d > 1. This is a perturbation

moving along the line given by ct, as before, the solution is given by the stochastic

convolution:

X(t, x) / /Rd — 8, 2,9)W(6e5(v), ds) (3.4.10)
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and the variance is given by:

. 1 | ||z — es||?
EX? = _ .
(t,2) (2w>d/o =) e"p( s ) s

The value of the covariance will depend on the dimension d of the space , if

the perturbation hits or not the point x and in the former case, if at time t, the
perturbation lies before, at, or after the point x. These values will be computed in

the next theorems.

Theorem 3.4.1. Let d=1, let X(t,x) be given by (8.4.10). Then for any given

¢ >0 and a point T = cty, the variance of X (t,x) = X(t,cty) is given by:

Jﬁexp<—9@)ds<K<oo t <t
Var X (t,z) = oo b=t
kﬁm'te,but—>ooa$t—>oo t >t

Remark 3.4.1. In one dimension, any given point x > 0 is hit sometime by the

perturbation dg;.

Proof. o Assume first that the perturbation is at the point x, that is z = cto,
and t = g, so:
to 1 C2 th— § 2
EX?(ty,z) = / exp <—L—)—) ds
0

tg— S to— s

to 1
= / exp (—c*(to — s)) ds = o0
0

tO—S

The last identity results by comparing % and e™® as z — 0.
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e Before the perturbation hits the point, that is when t < ¢, then z — ¢cs =

c(to — t) + c(ty — s) and the inequality:

exp (—M> = exp (_02[(t0 —t)+(t— s)]2)

t—s t—s

201 4\2
< exp (____c (b — 1) )ds

t—s

Setting M £ c*(ty — t)?, yields:

L M
X? < -
E (t,x)_/ot_sexp( t—5>d8

o1 M
S/ exp(— >ds=K<oo
o t—s t—s

e When the perturbation has passed the point: ¢t > ty, as before, one gets:

éxp (wM) = exp (__02[(150 — )+ (t— s)]2>

t—s t—s

< exp <_t]\—/ls) exp (2¢%(t — t9))

The inequality is obtained by setting M = c*(t; — t)? and noticing that
2¢2(t — to) > 0 and —c%(t — s) < 0, so that for ¢ > to, the covariance is

bounded by:

t
EX?2(t,z) < exp(2c(t — to))/ ! exp (—— M ) ds < o0
’ 0 t—s t—s
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However this time, because of the factor exp(2c?(t — t;)),the covariance
cannot be uniformly bounded, in fact it goes to infinite as t does, to see this;
from t—s <t and —c%(t—s) > —c?, follows 2c2(t—ty) —c*(t—s) > c(t —2t,)

and so:

t—s

Therefore, the covariance satisfies the following inequality:

t 1 _ 2 t 2 _ £\2
/ ——exp (—M?—C—j—"—) ds > %GXP(QC2(t—2t0))/ exp (—M) ds
0 - 0

t—s t—s

where the last integral is O(t), so that

i t _ 2
0

t—s t—s
~ O(exp(2¢*(t — 2ty))) — oo as t — oo.

For the continuity of the paths, we have the following:

Theorem 3.4.2. If d = 1, the process X (t,z) given by (3.4.10) has continuous

paths in the space L.

Proof. The key observation is that the variance is infinite only at the point ct

which has zero Lebesgue measure and its expression is the same for the other

points of the line, so that:
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E X2, =/RIEX2(t,x) da
R\{ct}
t 1 _ 2
:// exp (—M>dsdx
RJo t— 8 t—s
t 1 _ 2
:/ /——exp (_____Hx all )dazds
0 Rt—S t—s

' Cds
= /0‘ ——————(t — 5)1/2 — Ct1/2

T # Tty for all £y, that is if the perturbation hits or not the point Z.

vector € € R? and a point T = Tty, the variance of X (t,x) = X (¢,¢ty) is given by:

Var X(t,2) = { oo t

If the point does not lie in the line of the perturbation, i. e. T # ¢t, Vt > 0, the

variance s bounded by a constant.

the point lies in the line of the perturbation and so there are three cases:

63

4
fJ?}EeXP(—Cz(:%f)i) ds <K <o t<t

finite, but — 0o ast — oo t> 1
\

a

When d > 2, a distinction has to be made according to T = ¢ty for some % or

Theorem 3.4.3. Let d > 2 and let X (t,x) be given by (8.4.10), then for any given

Proof. Since the analysis is similar to the case d = 1, it will be assumed first , that



e t < tp, when the perturbation still does not reach the point:

EX?2(t,¢ty) = /Ot (%exp (—w) ds

t—s) t—s
fto1 M
< - =
< (t—s)de"p( t—s>ds
</t0 1 exp | — M ds < 00
~Jo (t—s) L

in the second line M = 2|[¢||> (¢ — to)?, and the last integral is finite for any
d>2.

e { =1y, when the perturbation is at the point Z, we get the following

to 1
EX2(to, 2to) = / _t
o (to—

prhad I[elf? (to — 5)) ds = oo

e When, ¢ > t;, the perturbation has passed the point:

EX2(t,¢ty) < exp(2|[e||® (t — to))/0 ﬁexp <—Z—€£—S—) ds < 0o

And the same reasoning as in the case d = 1 shows:
EX2(t,¢ty) — 00 ast — oo

e So far, the situation is identical to the one-dimensional case, except when
the point x does not lie in the line ¢t, this makes a difference in higher

dimension, here we can assume 0 < dist(Z,¢t) = K < 00, so:

t 1 K2
2 TF) < —_—
EX (t,x)_/o(t_s)dexp< t_s>ds<oo

uniformly on t, so that the variance does not go to infinity.
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For the continuity of the paths, we will write T = (z1, z2), and assume without
loss of generality that € = (c,0), i.e. the perturbation moves along the z; axis.
* Theorem 3.4.4. When d = 2, the process 3.4.10 has continuous paths in the

space Ly endowed with the measure dy = 2 exp (—z?) dzidz,.

Proof. Similarly to the proof of 3.4.2, the main observation is that the variance is

infinite only the set of zero Lebesgue measure {¢t}, and so:

E ”Xt”iz(,u) = /]R2 EX2(t1 iZ') dﬂ
= / EX%(t,z)du
R2\{et}

b 2|z — et||?
—/R/ =7 P (‘“;r_—s—‘ ds dp

for the particular choice of €, we have ||z — ¢t||> > z3 and so:

2 P z3
E”Xt“Lz(u) < R2’ ; G‘:-s—)?exp Ry
1

2
=C [ —exp (—232> exp (—z3)z3 dz,dz,
R %2 ¢

2
= C/ exp (—22) dz; - / exp (—ﬁ) dzo
R R t

_<. Cl(t)l/z

) dsdp

which shows the Holder continuity of the paths. 0
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3.4.1 A randomly moving catalyst

In the next section we will consider the case of a catalyst given by a measure-
valued stochastic process. In this section we consider the simple case of a ran-
domly moving atom p; = &p, where B; is a Brownian motion in R? starting at
the origin. In the case of a random catalyst there are two processes to consider.
The first is the solution of the perturbed heat equation conditioned on a given
realization of the catalyst process - this is called the quenched case. The second is
the process with probability law obtained by averaging the laws of the perturbed
heat equation with respect to the law of the catalytic process - the is called the
annealed case.

We will now determine the behavior of the annealed process and show that it

also depends on the dimension as expressed in the following:

Theorem 3.4.5. Let B, be a Brownian motion and let Xs,y(t, z) be given by

.(3.4.10), with dp() instead of 0., the annealed variance of Xs,((t, x) is given by:

E[Var X5p)(t:7)] =S <00 d=1, z#0

Proof. Let us assume d = 1 and by simplicity that z = 0, then the second moments

are computed as follows:

EX?(t,0) = E/Ot 27r(%5e)cp (——%) ds



The expectation in the last integral can be computed using the Laplace transform

Mx of the x? distribution as follows:

Eexp(_f2<5>>_ime ( s 32(8))

— S 2n t—s s
1 ]
= — My |-
2m X( t—s)
1 (t—s 1/2
_ﬂ(t—l-s)

So, a trigonometric substitution shows:

I 1 1
2
——mds = —.
EX*(t,0) = 27r/ (12 — s2)1/2 571
For z £ 0 and d = 1, using a spatial shift we have
1 (B(s) — z)°
2 _ -
EX (t,x)—IE/ 27r(t-—s)eXp< =3 )ds
t 2 2
' ~E
= || s [ ¢ s
t 1 )2
< T d
/ 2 (t = 5) (2s) 7 / ¢ dyds

<const/t 1 ds < 00
- o (s(t —5))1/2 '

When d > 2 and the perturbation is dg(; as before, then ||B(:)2| is distributed

as x2 , and its Laplace transform is:

So:



Which is infinite when d = 2,3 at £ = 0 and hence everywhere. O

Remark 3.4.2. Note that the annealed process is not Gaussian. A similar calcula-
tion can be used to show that E(X*(¢t,z)) # 3(E(X?(t,z)))?%.
3.5 'Perturbations with compact support in R?

The purpose of this section is to establish some properties of stochastic
processes influenced by a catalyst of bounded support, which will be used in the
next chapter.

We begin with the one-dimensional case.

Theorem 3.5.1. Let d = 1 and Iz be a mass distribution, then the solutions to

(BS) always have continuous paths in Ly(R) w.r.t Lebesque measure dz.

Proof.
E||X(¢) |[L // / (t —r,z,y)u(dy)drdx
=/ //pz(t—r,x,y)dwu(dy)dr
dy Ydr
t—r)/2
t
[
2 w(R)(t - )1/ ?
and the continuity follows from Proposition 2.2.1. O

We now consider the behavior off the support of the catalyst.

Proposition 3.5.2. Consider the SPDE of the form
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dX(t,z) = AX(t,z)dt + W,(dz,ds) t>0, z€O
X(0,z) =0 zeO

(BS)

where i is a measure with compact support. Then the solution is CH? and solves

the heat equation off the support of u.

Proof. The following are the four main ingredients of the proof
Leibniz’s rule: assume f(z,t) and 3f/0t are continuous, a(t) and b(t) differen-
tiable functions, then

d b(t)

dt Jag fz,t)de = /a(t (z,t)dz + f(b(2), 1)b'(t) — f(alt), t)a'(t)

as well as the following important properties of the heat kernel:
Poisson integral: Let w be a continuous function on R¢ with compact support,
then:

u(z,t) = / Bl 9w ()dy (3.5.11)

defines an infinitely differentiable solution of the heat equation on R¢x[0, 00).
Derivatives of the heat kernel: %p(t, z,y) can be written as a finite linear
. . z—y 2
combination of (x — y)*t~Je~ "2z . Hence for any M > 0

alc +£

sup t,z,y)| < oco. (3.5.12)

Y Wi 4

£0,J5—y[>M "

The noise process: W), (ds, dy) restricted to 0 < s < T is with probability
one a (Schwartz) distribution on R x R? with compact support, namely,

[0, T] x supp(u). Therefore by a basic result of Schwartz [Sch], Theorem
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XXVI, W,(ds,dy) can a.s. be represented by the sum of a finite number
of derivatives of continuous functions having their supports in an arbitrary

neighborhood of [0, 7] x supp(u).
With this, the proposition can be proven. Note first that the solution of (BS) is

given by the stochastic convolution
' t
X() = / S(t — s)dW,(s)
= / / —s,z,y)dW,(ds, dy) ' (3.5.13)
Rd

If z ¢ supp(u), then a.s. we can choose the neighbourhood of supp(x) in the
Schwartz representation of W, so that its closure does not contain z, that is,
dist(z, supp(p)) > M > 0.

Therefore, Leibniz’s rule can be applied to (3.5.13) to yield a.s. for z €€

supp(p):

—&—(t,x) = /at/Rd ' —5,7,Y) (ds dy) + /de(O,x,y)X(O,dy)‘
. /A/de(t—s,x,y)W (ds,dy)+/Rd5(x—y)X(0,y)
=A//Rd (t — s,z,y)W,(ds, dy)

= AX(t,z)

noting that the last integral of the second line vanishes and that p(¢, z,y) satisfies
the heat equation. All interchanges of differentiation under the integrals are
justified since by (3.5.12) all integrands involved are bounded continuous function

of (z,t,s). _ O
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Remark 3.5.1. Continuing this argument and using induction it can be shown

directly that X (¢,z) is C™ away from the catalyst.

We will next show that the the solution is also continuous in L, (v) for any
with bounded density and support disjoint from the support of u. We will use the

following easy to verify inequalities valid Va € R, a > 0, > 0:
o

exp (-%) < (E)at“ (3.5.14)

-1

1 a e
- - ) < — if a=1.
anp( t)" = t if a=1

Since the support of 4 is assumed bounded, we can write Supp u C {z: m < ||z|| < M}
for some m, M > 0, we will see below, that any measure v whose support is

bounded away from that of u, for example taking
Supp v C {z : ||z|| < m/2 or 2M < ||z|| < 3M},

the idea behind, is that then:

Ym > 0: //
Re J R4 lx—yll

Theorem 3.5.3. Let d = 2,3, then the problem (BS) has continuous paths in the
space Ly(v) where v is a measure whose support is bounded away from that of p

according to the above definition.

Proof. For any o > O:

o d=2
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E(X(1) - X)) = //R/R — r, 3, y) u(dy)v(dz)dr
:/ / /p t—r,z,y)dru(dy)v(dc)
R2JR2Js | '
1 Iz — ylI*
= exp | ———— | v(dz)uld
/Rz W”x_y”2 p( T, | v(dz)u(dy)
v(dz)u(dy)
<Cle-oe [ [ LK
r e [z -yl

- 01’(d)(t —9)

o d=3

IE||X )0, //R/]R (t - 7, 7, y)u(dy)v(da)dr
:/R3/RS/S p? t—r,x,y Ydru{dy)v(dz)
N N <_ th:an) EE)

L G 2] o WP
+/RS [ p< — ) (dz)u(dy)
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the first integral of the last equality can be bounded above using ( 3.5.14), with
a =1+, B >0 one obtains:

/1R3 /]R3 t—s) Jx —l €xp <_ﬂ§;—‘;—%”’2“> v(dz) p(dy)
// (t —-tg— |Txliﬂy|| (e Hlx_l___i”z> w v(dz)p(dy).

v(dz)p
<C(p //
y1|4+2ﬁ

Supp V><,u

< Gi(B)(t — 5)°.

For the second integral, using again ( 3.5.14), with a = 3, § > 0 yields:

1 BRI
/R;Ra nx——yu‘*exp( s ) (dz)u(dy) <

-3 8
// ||i—y|| (enxé—yn?> Hdz)uldy)
=° // dxyllmﬂ

Supp (VXM)
< Ci(B)(t - 5)°
So, taking 8 € (0, 1], one obtains:

E[|1X(t) = X (3)llz,0) < 2C1(B)(t — 5)°

this shows the‘continuity of the paths.
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Remark 3.5.2. The same procedure can be used to show the continuity of the

paths in dimensions higher than three.
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CHAPTER 4
The Catalytic Ornstein-Uhlenbeck Process with
’ Super-Brownian Catalyst

4.1 Outline |

The main objective of this section is to study a natural class of catalytic
Ornstein-Uhlenbeck processes with a random catalyst, namely super-Brownian
motion. We begin by introducing the notion of the class of affine processes
that gives a unified setting in which to view Ornstein-Uhlenbeck processes,
superprocesses, and the Ornstein-Uhlenbeck process with super-Brownian catalyst.
We then review the framework and basic properties of super-Brownian motion
which we need and introduce the Ornstein-Uhlenbeck process with super-Brownian
catalyst. The main results of this section are the identification of state space and
sample path continuity for both the quenched and annealed processes as well as
regularity properties of the process at fixed times. |
4.2 Affine Processes and Semigroups

In recent developments, Affine processes have raised a lot of interest, due to
their rich mathematical structure, as well as to their wide range of applicatibns in

branching processes, Ornstein-Uhlenbeck processes and mathematical finance.

In a general form, Affine Processes are the class of stochastic processes for
which, the logarithm of the characteristic function of its transition semigroup

has the form (z,9¥(t,u)) + ¢(t,u). Important finite dimensional examples of such
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- processes are following SDE’s:

e Ornstein-Uhlenbeck process: z(t) satisfies the Langevin type equation
da(t) = (b — B2(t))dt + V2adB()

This is also known as a Vasieck model for interest rates in mathematical

finance.

e Continuous state branching immigration process: y(¢) > 0 satisfies

dy(t) = (b — Bz(t))dt + o+/2y(t)dB(t)

with binary branching rate o2, linear decay rate 8 and immigration rate b.
This is also called the Cox-Ingersoll-Ross model in mathematical finance.

e General affine diffusion process in R?: r(t) = a1y(t) + ay2(t) + b where

dy(t) = (b — Buy(t))dt ‘
+ 011/ 2y(t)dB, (t) + 0124/ 2y (t)dBs(t)
dz(t) = (by — Bary(t) — Bazz(t))dt
+ 0911/ 2y(t)dB1 (t) + 022/ 2y(t)dBy(t) + V2adBy(t)
It can be seen that the general affine semigroup can be constructed as the convo-
lution of a homogeneous semigroup ( one in Which ¢ = 0) with a skew convolution
semigroup which corresponds to the constant term ¢(t, u).
Definition 4.2.1. A transition semigroup (Q(t):>0) with state space D is called

a homogeneous affine semigroup (HA-semigroup) if for each t > 0 there exists a
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continuous complex-valued function (¢, ) := (¥1(¢,-),v2(t,-)) on U such that:
/Dexp{<u,€>}Q(t,x,d€) =exp{(z,¥(t,u))}, zeDuel. (4.2.1)

The HA-semigroup (Q(t):>0) given above is called regular if it is stochastically
continuous and the derivétive 1¥;(0, u) exists for all u € U dnd is continuous at

u = 0. |

Definition 4.2.2. A transition semigroup (P(t))i>o on D is called a (general)
affine semigroup with the HA-semigroup (Q(t)):>o if its characteristic function has

the representation

/Dexp{(u,f)}P(t,a:,df) = exp {(2,9(t,0) + 9(t,w)}, € DucU

where 1) is given by (4.2.1) and (¢, ) is a continuous function on U satisfying
#(t,0) = 0.

Further properties of the affine processes can be found in ( [Du 03] and
[Da 05]). We will see that the class of catalytic Ornstein-Uhlenbeck processes we

introduce in this chapter forms a new class of infinite dimensional affine processes.

4.3 A brief review on super-processes and their properties
Given a measure p on R? and f € B(R?), denote by (u, f) := [fea fdp, let
Mr(R?) be the set of finite measures on R? and let Cyp(R?), denote the continuous
and positive functions, we also define:
Cp(RY) = {f € CRY) : || f(2) - |2[|| o < 00,p >0}

M,(RY = {pe MR?) : (1+ |z")™" dp(z) is a finite measure}
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Definition 4.3.1. The (a,d, ,B)-superprocéss Z; is the measure-valued process,

whose Laplace functional is given by:

Eulexp(= (¥, Z))] = exp[~ (U, )] € Mp(R?), % € Cp(R)

where p = Zy, and U, is the nonlinear continuous semigroup given by the the mild

solution of the evolution equation:

u(t) = Aqu(t) —u®)'*?,  0<a<?2, 0<pB<1

u(0) = ¢, ¥ € D(Aq)+.

(4.3.2)

where A, is the generator of the a-symmetric stable process. That is, u(t) := U

satisfies the non-linear integral equation:

u(t) = U — /0 Up_s(u'*P(s))ds.

It has been shown in [Wat 68] that there exists such a process which is a
finite measure-valued Markov process with sample paths in D(R,, M,(R?%)). The
special case a = 2, 8 = 1 is called super-Brownian motion and this has sample
paths in C(R,, M, (R%))

Consider the following differential operator on M,(R%):

LF(y) = 5 /R d u(dw)% + /R ) (‘;—D (z) (43.3)

Here the differentiation of F' is defined by

SF |
Sa) lifﬁl(F<“ +€dz) — F(p))/€
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where 6, denotes the Dirac measure at z. The domain D(L) of L will be chosen
a class contairﬁng such functions F'(u) = f({u,é1),-.., (i, ¢1)) with smooth
functions ¢, ..., ¢, defined on R¢ having compact support and a bounded smooth
function f on R% As usual (u, ) = [ ¢(z

The super-Brownian motion is also characterized as the unique solution to the
martingale problem given by (L, D(L)). The process is defined on the probability
space (Q,F, P, {Zt}téo) and

Pi(Z(0)=1) =1, Pu(Z € C([0,00), My(RY)) = 1.

4.3.1 The super-Brownian motion in R

We now recall results of Konno and Shiga [Ksh 88] as applied to super-
Brownian motion in R.
Theorem 4.3.1. (Konno and Shiga 88) Let (2, F, Pu,Xt‘) be the super-Brownian
motion taking values in My(R), p > 1 governed by L. Then for every pu € M,:

(i) P, almost surely, Z;(dzx) is absolutely continuous with respect to dx for all
t > 0 and its density Z(t,-) is an E-valued continuous function int > 0. Here
E={f€C®R): ||(1+|z>)P?f(z)|| < 0oV p >0}

(i) for 6 > 0 there exists an H_1 ,5)(R)-valued standard Wiener process Wi
(see Rem. 2.4.2) defined on an extension of the probability space (2, F, P,) such
that: |

Zu(z) — Zy,(z / V2 ()W (ds, dz) + / AZ(z (4.3.4)
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holds in the distribution sense for every 0 < ty < t, P,-almost surely. More
precisely, ( 4.3.4) means that for every ¢ € S(R)

(Zt, @) — (Zto, ®) /to / VZy(2)p(x)W (ds, d) /t (Xs(a:),Aé) ds

to

4.3.2 Some properties of super-Brownian motion in R¢

In this subsection we review some basié properties of super-Brownian motion
(SBM) Z(t). The compact support property, that is, the closed support S(Z;) is
compact for ¢ > 0 if $(Zy), is compact was proved by Tscoe IIs 88]. Further fesults
on the support process were obtained in [Da 89]. Here we summarize the results
needed for the analysis of the catalytic OU process in a super-Brownian catalyst.

Let
h(t) = (t(logt™") v 1))/

and for a given u € Mr(R?), let P, denote the law of Z on C([0, 00), MF).
Theorem 4.3.2. ([Da 89]) If p € Mp(R?), then for P,-a.s. for each ¢ > 0 there is

a 6(w,c) > 0 such that if s,t > 0 satisfy 0 <t — s < §(w, ¢) then:
8(2:) € 8(2,)™

where, given the set A C R, we define A™ = {z : d(z, A) < r}.
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If K; and K, are non-empty compact subsets of R? let

p1(K1, K3) := min[sup d(z, K3), 1] and
€K,

p(K1, K3) := max(p1 (K1, K2), p1 (K2, K1)
p(K17 ¢) =1

Let K(R?) denote the set of non-empty compact subsets of R? with metric p.
Theorem 4.3.3. (/Da 89]) {S(Z:) : t > 0} is a right continuous process taking
values in (K(R?), p).

. Remark 4.3.1. The latter results show that S(Z;) propagates with finite speed.

It is also well known (see, for example [Da 93]) that Z;, ¢ > 0 is a.s. a singular

measure 'if d =2 and if d > 3, then
Hausdorff dim S(Z;) = 2 forallt >0, a.s.

4.3.3 Second moment measures of SBM
In this section we evaluate the second moment measures of SBM, E (Zl(dx)Zg(dy)).‘
These will be needed below in order to compute E[||Zt||i2] in the study of the an-
nealed catalytic OU process.
To accomplish this, note first that given any two random measures Z; and Z,

then it is easy to verify that:

E((Z1, 4)),E((Z2, 4)), A€ B(RY)

E({Z1,A)) (Z2, B)), A,B € B(RY)
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are well defined measures which will be called the first and second moment
measures. Similarly one can define the n-th moment measure of n given random

variables denoted by:

Recall also that if a given measure u is related to the measure dz in such a way

that for some function f € bC(R) and for every Borel set B € B we have:

u(B) = [ fla)da
B
then, necessarily:
p(dz) = f(z)dz
We now consider SBM Z; with Zy = u. Then for A € R; and ¢ € C(R%):

E, [exp(=A (8, Zy))] = exp [ (u(), 1), p)] =: exp(=F(X))
where, u(), t) satisfies the equation:

i(t) = Au(t) — u2(t) (4.3.5)
u(N, 0) = A

Then the first moment of the r. v. is computed according to

(3
Oe ] _ F'(0)
A=0

([ o(o)aan)) = | 25
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since F'(0) = 0. F(A) will be developed as a Taylor series below. First rewrite

(4.3.5)asa Volterra integral equation of the second kind, namely:

u(t) + / T,_.(u3(s)) ds = Ty(\)

whose solution is given by its Neumann series:

—T,(0) +Z D*TH(T:(A¢))

where the operators 73 and T are deﬁned by:

— 2 / / (t - 5,2,9) ( / p(5,,2)6(2) dz)2 dyds,

We obtain F'(A\) =Y o2 (=1)"*'¢, A", and:

€1 :/Ttgbu(dx)

// (t,z,y)d(y) dy u(dx)
2 = / [ [se=szn ([ p(s,y,z>¢(z)dz)2dydsu(dx)

/ / 5,2, 9)p(5,y, 2)P(5, ¥, 21) (1) b(e2) don dza dy u(d) dis
R4

83

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)



an [ [rt-nm
| 2 (4.3.10)

[/OS/RP(S ~ 51, w,Y) (/Rp(s,y,z)qb(z) dz>2 dy dsl} ds dwp(dz)

and so on.
Remark 4.3.2. The above procedure can also be used for any « € (0, 2], ﬁ =1, any
dimension d > 1 and any Cj semigroup S;.

Taking now d = 1, Zy = dx, a given Borel set A € B(R) and ¢ = I4, we obtain
from ( 4.3.8):

E(A4.2) = | [ stz noivds
-/,
-/,

i.e. E{Z:(dx)} is the Lebesgue measure.

/R p(t,z,y) dela(y) dy
dy ’

The covariance measure ]E(Z;(dxl)Zt(d:vg)) can now be computed applying
the same procedure to ¢ = Ajl4, + A2l4, in which case we conclude that

— (u(t),u) = F(A1, A2) is again a Fourier series in \;, and ),, with constant

84



coeflicient equal to zero, and only the coefficient of A; )y has to be computed:
T(16) = - [ Tiod(T)]ds
/ Ty s[(To(Mla, + Aola,))?) ds
/0 Ti—s[NH (Tl 4,)2 + 20 20 Tl p, Tola, + N5(To14,)%] ds (4.3.11)
= [ D@ ds — 20 [ B, TLlds
3 [T as
So:

E(Z:(A1)Z:(A2)) = Q[M]A Aa=0

s (4.3.12)

t
= / / Tt——s[Ts]IAl . TSHA2] u(da;) ds.
0 JR

In order to obtain the density for the measure E(Z;(dz;)Z;(dzs)), we write in

detail the last integral as follows:

/ / / —5Y) ( /Alﬂsfwndzl- / 2p(s,y,dz2)dz2) (da) ds dy

applying Fubini yields:

/ /] // — 5, 1,9)p(8,y, 21)p(8, ¥, 22) dy p(dz) ds dz, dz,
AW A

from which, we conclude that E(Z;(dz1)Z:(dz2)) has the following density w.r.t.

Lebesgue measure:

/ / / = 5,2,4)p(s,y, 21)p(s, 9, 22) d:d p(dz) ds (4.3.13)
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assuming p(dx) is the Lebesgue measure in R and dz,-dz, is the Lebesgue measure

in R? one obtains the second moment measure M;(dz,dz,) defined as:

¢ .
Mt(dxld:vg) = </ p(23, $1,$2)d$) . d.’L‘l diL'Q (4314)
0

For the case t; # to, assume t1 < ty then:

[ / 0z [ ¢>2th] =

_ [/ 0170 /@th} 0(2,) 10 <7 < tl]
—E '/¢1Zt1 E U ¢2th|th1”

=K :/¢>1Zt1 Tty [/ <Z>zZt1H

_E [ / &1 7, - /th_tl (¢2)Zt1]

- E[<¢1’ Zt1> <Tt2—t1 (¢2)’ Zt1>]

so, replacing in ( 4.3.12) 14, by T},—, (I4,) and performing the same analysis, we

can define following measure on R?

t1
Mt1t2 (d$1d372) = </ p(28 + tz — tl, Ty, Ig)dS) . d.’L‘ldCEQ
0

notice that if Zy = do(z), then 4.3.13 yields:

t1 ‘
My, (dzrdas) = (/ / - 5,0,9)p(s,y, x1)p(s, ¥, T2) dyds) - dzidzy

Summarizing, we have proven the following:
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Lemma 4.3.4. Denote by dzx,dzidz, the Lebesgue measures on R and R?, the
one dimensional super-Browinian motion Z, induces the following first and second

moment measures:

(1) if Zy = dz, M;(dx) = dx the Lebesgue measure.

(i) if Zo = 50(x),then.'
My(dz) = p(t, z) - dz

(ii3) if Zo = dz:
¢
M(dzidxs) = (/ p(2s,x1,x2)ds> - dxy dzy (4.3.15)
0
M (dzidxs) = (/ / —5,0,y)p(2s, 1, z2) dy ds) - dzy dzy  (4.3.16)
(v) if t1 < ty and Zy = dx:
t1
Mt1t2 (da:ldxg) = </ p(28 + 19 — t1,$1,$2)d8) . d.’Bl dZL'Q (4317)
0

(vi) if t1 < to and Zy = dp(z):

Mtltz(dxlde (/tl/ (t1 — 5,0, y)p(s,y, 21)p(s, Y, T2) dyds) dz, dzg
(4.3.18)
4.4 Catalytic OU with the (o, d, 8)-superprocess as catalyst
The main object of this section is the catalytic OU process given by the

- solution of

dX (t,z) = AX(t,z)dt + Wy, (dt,dz), Xo(t,z)=0 (4.4.19)
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where Z; is the (o, d, 8)-superprocess, in the following discussion, we will assume
that the catalyst and the white noise are independent processes.

Proposition 4.4.1. The variance of the process X(t) given by (4.4.19), is:

EX?(t,z) = // — 5,z,u) Z,(du)ds
R? ~

and its covariance by.

EX ()X (t9) = [ t/mpu — 5,0, Wp(t — 5,1, u) Ze (du)ds

Proof. In order to compute the covariance of X(t); recall that the solution of

( 3.1.1) is given by the stochastic convolution:

X(t,x) // —~ 8,2, u)Wz,(ds, du)
Rd

From which, the covariance is computed as:

EX2(t, z) = /0 t/R 1/0 t/R p(t — 7,2, w)p(t — 5,3, w)E[W, (dr, du) Wy, (ds, dw)]

The covariance measure is defined by:

Covw, (dr,ds; du,dw) = E[Wgz, (dr,du)Wy,(ds, dw)]

= 6,(r) dr 8,(w) Z,(dw)

The second equality is due to the fact that Wy, is a white noise perturbation and

has the property of independent increments in time and space. ' (I
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We will compute now the characteristic function E[exp(i (¢, X;))|, where by

definition:

6.X) = [ Xt2)ew)dn,  ¢eO®)

which is well-defined since X; is a random field. For this, we need the following
definitions and properties, for further details see [Is 86].
Definition 4.4.1. Given the (o, d, §)-superprocess Z;, we define the weighted

occupation time process Y; by

t
<1/),Yt>=/ <P, Zs>ds € Cp(RY).
’ 0

Remark 4.4.1. The definition coincides with the intuitive interpretation of Y; as

the measure-valued process satisfying:
t .
Yy(B) = / Z,(B)ds, for B € B(R%)
: 0

Theorem 4.4.2. It can be shown ([Is 86]) that, given u € M,(R?%) and ¢,¢ €
Cp(R%),, and p < d + « then the joint process [Zy,Y;] has the following Laplace

functional:
E.lexp(— <%, 7Z; > — < ¢,Y; >)] = exp[~ < Ufy,u >], t >0,

where Utd’ is the strongly continuous semigroup associated with the evolution

equation:

a(t) = Auu(t) — u 1+8 ‘
(1) = Agu(t) —u(t)' ™ + ¢ (4.4.20)
u(0) =9
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A similar expression will be derived when ¢ is a function of time, but before,

we need the following:

Definition 4.4.2. A deterministic non-autonomous Cauchy problem, is given by:

(NACP) u(t) = A(t)u(t) + f(2) 0<s<t

where A(t) is a linear operator which depends on t.

Similar to the autonomous case, the solution is given in terms of a two
parameter family of operators U(t, s), which is called the propagator or the
evolution system of the problem (NACP), with the following properties:

o Ut,t)=1, U(t,r)U(r,s)=U(t,s).
e (t,8) > Ul(t,s) is strongly continuous for 0 <s <t <T.

e The solution of (NACP) is given by:

u(t) = Ult, )z + / Ut ) f(r)dr (4.4.21)

| e in the autonomous case the propagator is equivalent to the semigroup
U(t, s) = Ti—s-
Theorem 4.4.3. Let p € M,(R?), and & : R} — C,(R%). be right continuous
and piecewise continuous such that for eacht > 0 there is a k > 0 such that

O(s) < k-(1+|z|")? for all s €[0,t]. Then

E, [exp (— (0, Z,) - /ot (®(s), Z,) d5>] = exp (- (U2, 1))
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where Ufto is the non-linear propagator generated by the operator Au(t) =

Agu(t) — ultP(t) + B(t), that is, u(t) = UL, ¥ satisfies the evolution equation:

i(s) = Aau(s) — u(s) 4 B(s),  to <5<t
(4.4.22)

Proof. The existence of Ut‘f’to follows from the fact that ® is a Lipschitz perturba-

tion of the maximal monotone non-linear operator A,(-) — ul*#(.) (refer to [Ze 89)
pp. 27).

Note that the solution u(t) depends continuously on ®, to see this, denote by

Vi the subgroup generated by A,, then the solution u(t) can be written as:

i
u(t) = V@) + [ V2, (@(s) ~ ut*(s)) ds
0
from which the continuity follows.
So we will assume first that ® is a step function defined on the partition of

[0,t] given by 0 = s¢ < s1 < e <syo1<sy=t and ®(t) = ¢ on [sk_1,8k], k=

1,.---, N, we will denote the step function by ®y.

Note also that the integral:
t
@0.Y) = [ (@), 2)ds, @R GRY,
0

can be taken a.s. in the sense of Riemann since we have enough regularity on the
paths of Z;.

Taking a Riemann sum approximation:
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E, (exp [— (U, Z,) - /0 C(@(s), 2,) dsD |
= lim E, (exp [— ZV: <¢k, Z%t> % . <%¢N + \IJ,Zt> ) .

k=1

Denote by U2 and U™ the non-linear semigroups generated by Ayu(t) —

48(¢) + ®(t) and Ayu(t) — ul*P(t) + ®n(t) respectively. Conditioning and using

the Markov property of Z; we can calculate:

B, (o0 |- (0.2 - [ (20,2 as])

N
= I\}{—EI})OEN (exp [_ <\IlaZt> - Z/ ¢k7
’ k=1

Sk—
= ]\}1_{1(1)0 E, (]E# (exp

| o

= A}l_l;n E, (exp Z/Ssk b, 7 ds) " [exp( (¥, Z) — /N...<1QSN,ZS> ds)}

ey

(¥, Z) - .A@m>@—lﬁqugw

k=1 N-1 |

,_.,_.

Z),0 < s < sny-1))

(
| 0(Z5),0 < s < sny-1)

1

N—
:%gnOOIEM exp( Z

= lim E, | exp
\ <

[z e

/<¢k’ > ds) eXp( <U8¢NN—SN I\II’ZSN—1>)>
k=1 v Sk— i
—(USY o U, Z) = Y / (> Zs) dsD
k=1 Y Sk-1 .

—_

exp(— (¥, Zy) —/ (dn, Zs) ds)

.zir

= lim E, | exp
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where U2N v_, ¥ is the mild solution of the equation:

u(s) = Aqu(s) — U(S)Hﬂ + on-1, sy-1 <8< sy

u(sy-1) = V0.

Performing this step N times, one obtains:

E, (exp [— (@, Z,) — /0 t (@(s), 2.) dsD
= Jim By (oxp [ (U2 VS U2 0,20}

SN~1—8N-2  SN—SN-1
= lim B, (exp [~ (U9, Z)])
= lim exp [~ (Ug" U™ ¥, )]
= exp [~ (U, )]

where in the fourth line USI’ N = 1. The last equality follows because the solution

depends continuously on ® as noted above and the result follows by taking the

limit as N — oc.

Now let X, be the solution of (4.4.19). The previous result will allow us to

compute the characteristic-Laplace functional Elexp(i (¢, X:) — (A, Z))] of the pair
[Xta Zt]'

Theorem 4.4.4. The characteristic-Laplace functional of the joint process [X;, Zi)

- 1s given by :

E,lexp(i (¢, Xe) — (A, Z))] = exp(— (u(?), 1))
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where u(t) is the solution of the equation:

Ou(s, z) = Agu(s, @) —utB(s,z) + GA(t - 5,2), O0<s<t
Js (4.4.23)
u(0,z) = A

with Gy defined as:
Gy(t,s,2) = / p(t — s,z, 2)¢(x)dx

]Rd

Proof. First recall the following property of the Gaussian processes:

Elexp(i (¢, X;))] = exp(—Var (¢, X;)) |

with:
(¢, X)) = RdX(t,m)qS(x) dz, ¢ € C(RY)
So
lex)= [ [ Xe0X(0sww) e dy
Hence:

Var[(¢, X:)] = ]E[<¢aXt>2]
_ / [ B (1, 2)X (5,4)]6(5) do dy
_ / [ s@rEie) sy

where by definition:

‘ Ft(m7y) = (tam)X(tay)]

= /Ot/R p(t —8,Z, z)p(t — 8; z) Zs(dZ) ds

d
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So:'

Il

Var[{¢, X;)] /ot/Rd/Rd/Rd o(z)p(t — s, :c<, 2)p(t — 8,v,2)0(y) Zs(dz) dz dy ds

= /Ot/Rd 9s(t — s,2) Zs(dz) ds

In the last line:

wt=22) = [ [ ot =522 - 5,5,29)00) dvdy

[ #5216 >dw]2

Note that the function:

Gyt —s,2) = /Rd‘p(t —s,z,2)¢(z) dz

considered as a function of s, satisfies the backward heat equation:

0

a$G¢( $,2) + A, Gyt — s,2) =0, 0<s<t

with final condition:

So:
Elexp(i (¢, X}))] = exp [—/0 < G5(t - 8,2), Zy(dz) > ds
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where Gi is given by the above eXpression. With this, assuming Zy = y we have

the following expression for the Laplacian of the joint process [X;, Z;]:

E#[exp(i <¢a Xt) - <)‘7 Zt))]
= Eu[Ep[exp(i (¢, X¢) — (A, Z1))0(Z),0 < 5 < 1]]

= E,[exp(— (A, Z:))E,[exp(i (¢, Xt>)|o(Zs), 0<s<t] (measurability)

—E, [exp (— /0 t | Gyt 5,2)2,(d2) ds — 0, 2) ]

E, [exp (— /O t (GE(t — 8,2), Z,) ds — X (1,Zt))] ~ (by definition)

exp(— (u(t), u)) ' ( by Theorem 4.4.3)

and the result follows after renaming the variables. O

4.5 The state space and continuity of the paths
As in chapter three, it is of interest to determine the state space of the pfocess

{X;} and the continuity of its paths.

It has been seen above that this problem requires a variety of different
techniques depending on the nature of the model. For processes with a random
catalyst a distinction has to be made between the Quenched process, which is
Gaussian conditioned on {Z; : 0 < s < t} and the Annealed process which is a
compounded stochastic process and is not necessarily Gaussian. These two casés
will of course require different treatments. For the quenched case, properties of
X, are obtained for a.e. realization or for a set of realizations of Z; of positive
probability whereas for the annealed case we obtain, for example, results on the

annealed law fC([O,t],MF(R)) P,y (X () € A)P((Z € d(u(-))), where P,y (X (t) € A)
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denotes the probability law for the Ornstein-Uhlenbeck process Xt in the catalyst
{n(s), 0< s <t} |

In the case d = 1 we will also consider both the bounded case [0, 1] and the
case of the whole real line R.
4.5.1 The Quenched OU process with super-Brownian catalyst

Let us consider the problem:

We begin with the the case where Z; is super-Brownian motion on [0, 1] (with
absorbing boundary cdnditions). Find a Hilbert space H, where the solutions of

the following SDE lie

dX(t,z) = AX(t,z)dt + Wy, (dt,dz) t>0, z€]0,1]
(CSE) X(t,z) =0 t>0, z=0,1
X(0,z) =0 z € [0,1]

that is, a Hilbert space H, such that E || X;||3 < oo.

For that purpose, recall that the trigonometric functions ej(z)v/2 Sin krz
form a complete orthonormal system (c.o.s.) of Ly[0, 1] with zero boundary values,
and they are also the eigenyalues of the Laplace operator with Aex = Apex, A\x =
—(km)2.

Denoting by T'(¢) the semigroup generated by the Laplacian with Dirichlet

b.c., it follows from the spectralk mapping theorem that:
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1
T(t)ey = / p(t,z,y)ex(y) dy
0
= Ml

Using now the results of the last section, we get:

E[(X,, ex)?] / / Ge, (t — 5, 2) Z4(d2) ds

where, as before:

2

e = [/Olp(t —5,%,9) ex(y) dy]
= [T(t - s)ex(2))” |

= e2(t=3) Gin? k2

Hence conditioned on Z;(z) < Cy (recall that we can assume this without loss

of generality by Theorem 4.3.1),

E[[| X (#)

I
e =

o0
Z } (Parseval’s identity)
k=0 ,

E [(X(2), ex)’] (MCT)

=
il

1

t 1
2/ —2k27r2(t'_s)/ Sin? knz Zy(dz) ds

<20, Z —2K*T%(t=3) g,

0 k=1

I
gL
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Using now, the inequality established in Ch. 2, namely: 350 e~2K*7*(t=s) <
Co(t — 8)71/2, we get: '
E[| X (6)[*] < Ct*/2

so that, with probability one , the solutions lie in L,[0, 1]; in fact, the same

procedure shows that :
E[|X (1) — X(s)|I*] < C(t — 5)'/%.

Since conditioned on {Z; : 0 < s < t}, the process X; is Gaussian, we can also

conclude, that the process X; has continuous paths on L5[0, 1].

We can also prove the following:
Theorem 4.5.1. Now consider the process on R, with super-Brownian catalyst Zy

with S(Zy) compact. Then:

E|X.|? < C(w)tV2.

Proof. Expressing the solution of (4.4.19) in integral form:

X(t,z) = // swsz(dsd?)

We have:

1|X: |2 Z/R [/Ot/Rp(t - s,x,y) Wy, (ds, dy) : dx
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Applying Fubini and Ité isometry, yields:

E (| —/// — 5,2,y) Z,(dy) ds d
/// sxyde(dy)d

Now by the compact support property and Theorem 4.3.1, supy,<; supg Z(s, z) <

C(w) and C(w) < 00, Py,-a.s.

Since ’
/2)2(t——s z y)dx:—————l—
. o [t = 9]

we then have

BN = 0) | e do

< C(w)t?
from which, the desired result follows. O
Theorem 4.5.2. In dimension d > 1 and with Zy € Mp(R?), the problem:

dX(t,z) = AX(t,z)dt + Wz, (dz,dt) ¢>0, =ze€R?
X(0,z) =0 : z € R¢

(COU-Rd)

has for a.e. realization of {Z;} continuous paths in a space of distributions S_,, for

any n > d/2.

Proof. The proof follows the lines of Th. 2.4.9, noting first that the Z;(-) has

 continuous paths in M(R?) with supgci<r Z1(R%) < oo. Therefore Wy, lives on

S_, forn > -g— (see definition in remark below) since S,, < Sy, is Hilbert;SChmidt
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L

Cifn > m+d/2 and Sy = L*(R?). The result now follows since the the semigroup

T; can be extended to a bounded operator on S_,, and supyc;<r ||T3|| where ||T3|| is

the operator norm on S_,, (see [RT 03], Theorem 2.4). ' O

Remark 4.5.1. Let S(R%), be the Schwartz space of rapidly decreasing functions.
That is, each f € S(R?) is infinitely differentiable and for each non-negative
integer k and each non-negative integer-valued vector @ = (ay, ..., aq) we have

lim |z)*|8%f(z)] =0

|z] =00

where
Hlal

= 92 ... 97%
0z Oz,

and |a| = a; + -+ + ag. Let S'(R?) denote the dual space of S(R?) equipped with

0% f(z) FACIRRIN )

the strong topology and let S, be the closure of S(R%) under the norm:

I8l2 =D "@lgl +d)" (¢,he)*, neR
q

where hy, ¢ = (q1,...,qq) are the basis for Lz(Rd) given by the d-fold tensor

product of Hermite functions (see Appendix for details).
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4.5.2 The Catalytic OU Process - Higher Moments
We can now use the results of the last section together with the techniques of

Ch. 2, to determine properties of the solutions of (4.4.19), from:

X(t,7) = /0 t /R p(t ~ 5,2,4) Wz, (ds, dy)

Using the short forms p = p(t — s,z,y), dW* = Wy, (ds,dy); p;(z) =
p(t - S, T, yi): bij = p(t - Siaxjayi)7 dWsi = WZsi (dsia dyz); for 77; = la e 47] =
1,2 as well as D; = [0,t] x R, Dy = [0,¢]? x R?, Dy = [0,¢]* x R, and noting that

pij = pi(x;), we can compute:

E[|XI%, 17,0 <5 < f] =

=E L/R (/Ot/Rp(t—8,ﬂc,y)Wzs(ds,dy))2dx]2

= [ ( /Dlpdws)?dxl} [ [ /Dlpdws)?d@}
_E /R (/Dlpl(xl)dWsl- Dlpz(acl)dW”) dml]

[ /R < /D oen) - [ gy dWs“) dxg] |
:E[ /R /D 2p11p21dW31dW52da;1] [ /R /D 2p32p42dWs3dW“dx2]

=K l:/ / P11P21P32P42 dWSldwsdesadWs4d$1d$2]
R2 JDy

= / / P11P21DP32Pa2 E(dW S dW2dW 2 dW ) dz 1 dx,
R2 J Dy :
= ]Ill + I[2 + ]I3f
Each one of the above integrals can be evaluated using the independence of the
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increments of the Wiener process, according to the following cases:

Case 1: 51 = s3 A 83 = 4, then: pypo = p?; = pi(x1), Pa2paz = P2, = P2(2),

and E(dW s dW2dW*sdW ) = Z, (dy;)ds1 Zs,(dys)dss, hence:

I = /2/ Pi(21)P5(22) Zs, (dyn)ds1 24, (dys)dssdz dz
R2 J Dy

= | [ e zutamyssts] | [ [ siten) 2 taisaas
[[freana]

([ Lo

-c[f [528e]

Case 2: 51 = 83\ So = 84, then: piipsy = p11p12. = pl(xl)pl ($2), D21P42 = P21P22 =
p2(21)p2(22), and E(dW 2 dW2dWsdW ) = Z;, (dy,)ds1Zs,(dyz)dss, hence:

L= [ [ p@m@alpao)(es) 2, (don)dsi Ze(dw)dsadasdas
JR2 J Dy

.

P*(2t — 51— $2,Y1, Y2) Zs, (dy1)ds1 Zs, (dy2)dsa
Dy

(l
S

/’P1(931)p2($1)d$1'/Rp1($2)1721($2) d$2) Zs,(dy1)ds1Zs, (dyz)ds2dzy

R

.
S

Case 3: sy = 54 A 83 = s3, then: p1ipss = pupi2 = ;1 (331)1?1 ($2)7 D21P32 = p21P22k=
pa(x1)p2(x2), and E(dW S dWs2dWsdW**) = Z,, (dy,)ds1Z,,(dy;)ds,, and we get

the same result as before, namely:

I; = / P2(2t — 51 — 82, Y1, Y2) Zs, (dy1)ds1Zs, (dy2)ds,
D2
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Putting everything together, yields:
E[|IXi|lz, 12,0 < s < 4] |
T ACHINk
=C / / u ds} : ' 4.5.24
[ 0o JRVE—S ( )
2 [ Pt 51 = 50, 01,) o (dyn)dss Zen () sy
Dy

So:

E[[X.% ] = E (B[ X%, 1,0 < s < 1))

-om|[ [ %% ]

+2E / P*(t = 51— 82,491, ¥2) Zs, (dy1)ds1 25, (dya)dss  (4.5.25)
D2 '

-ox([[ [ 5%a]

+ 2/ P*(2t — 51— 82,91, ¥2) E (Zs, (dy1) Zs, (dy2)) dsidss.
D2

To illustrate the application of these results we prove:
Proposition 4.5.3. The quenched process on R%,d > 1 has continuous paths on

Ly(v), where v is a finite measure with:

dist(supp(v), supp(Z;)) =m > 0
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Proof. The above formulas can be reexpressed for higher dimension d > 1, and

weighted spaces with the measure v(dz):

B Xell 7,0 26,0 < s < 1]

_c[//Rd/deydx J(dy)d ]

+2/ </ p1(-’E1)P2 331 d331 /P1 T2 Pz xz (d$2)> Z31(dy1)dslzsz(dy2)d32
Rd R '

d
[0,1]2xR2d

(4.5.26)

for any a > 0, inequality ( 3.5.14) , yields:

s exp—(le— gl /(t—5) . (t—s)
B =) = e ol

' t—s1)% t— §9)¢
p1(z1)p2(z1) = p(t — 81,21, y1)p(t — $2,21,y2) < C ( ) g ( ) 7
Co lz1 — v l1™ llz2 — wal|

then:

E[IXi[1},0) 12,0 < s < t]

< Oypptan ( / / )
R JR llw—yll

420, 2+ </ / dwl 5 (dy1) ) (/ / d332 s2 dy2))
R JRY “.’L‘l -—-y1|l Re JRY HxZ yZH

from which the assertion follows, since by hypothesis, all three integrals are

finite. ‘ O
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4.5.3 The Annealed O-U process with super-Brownian catalyst:
State space and sample path continuity

Now, we apply the techniques developed above to prove the following result:

Proposition 4.5.4. Let X (t) be the solution of the stochastic equation:

dX(t,z) = AX(t,z)dt + Wy, (dt,dz) ¢t>0, z€R
X(0,z) =0 z€R

(CE)

(i) if Zo =dz , then E ||X(t)||‘§2 =00 .
(i) if Zy = &(x), then the annealed X (t) has continuous paths in Ly(R).

Proof. It has been seen before that, the solution X, satisfies:

st o] [ (2]

+ 2/ (2t — 81 — 82,21, T2) E (Z,, (dx1) Zs, (dx2)) dsids,
Do

(4.5.27)

The first integral is bounded above as follows:
t 2
LR
0o JRVt—S
- . Zs,(dxo)d
- —_— s d . o
- [(/0 M/Zl(dxl) Sl) (/ \/th;/ (d2) 32)]
t pt
=E l:/ / ( // 51 (d21) Zs, (d2 ) dsi d32:|. (4.5.28)
v t - 81 t — 82
| | (o et

( — (t "y //]E[Zsl dxl)ZSZ(de)o dsy dsy
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For the last two integrals, we assume Z; = dz, and s; < 5, using ( 4.3.17) we

|| [ Bz a0 2., d0)) =
R JR
$1
:/// (28 + 89 — 81, %1, %2)ds - dr1dxo
RJRJ0 '
:/ ’//p(2s+82——31,$1,x2)dm1d$2-ds
/ /d.’L'g ds |

obtain;

This shows (i). For (ii) assume now Zy = 6o(z), and s; < s, using ( 4.3.18), one

/R /R E[Zs, (dz1) Zs, (dz2)] =

:// (/81/"(31 _'S’O’y)l’(say,fvl)p(s,y,xz)dyds) dz1dzs
/ /// — 5,0,9)p(s, ¥, 21)p(s, Y, T2) dz1dz2 dy ds
/ / 51— 5,0,y) dy ds

— /O ds = 5,

and similarly, for s, < s7 :

/H«AE[Zsl(dxl)Zsz(dx2)] _

obtains;
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so that ( 4.5.28) can be written as:
t [ Z,(dz) , ]°
E d
k=
/ / 81d81d82 / / 82d$1d82
t—Sl t—SQ ]1/2 t—SI t—SQ)]1/2

each one of the last integrals will be estimated below. A direct integration shows:

1 52 81 d81 1 4 s . 2
—3/2 L Z(t — 5,)3/% —  e)\1/2
(t — s2)1/2 /0 (t — s1) V2 (£ — s9)1/2 <3 + 3(t 52) 2t(t — s9)

< _ (éti"/? + _Q_(t - 32)3/2>

- (t - 82)1/2 3 3
4 3?2 2
T 3(t—-s9)2 3
Hence:
t S2
$1d81d82 4 2 2 2 9
=t°+ =t —2t
/o_ / G—s)(— 277 =3 73
similarly:
S9 /t dSl —
(t—s)12 f, t—s)2 7
and:

/ 82d81d82 <Y t2
89 [ 81 t— 82)]1/2 - 2

Both inequalities together imply:

[//mds] < Cyt? . (4.5.29)

Similarly, we estimate below the second integral of ( 4.5.27):
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/ (2t — 81 — Sz,ml,ﬂfz)E( s1 (da:l) 32(dm2)) d81d82

/ / (/ / (2t — 81 — 32,951,:62)1[43( Zs,(dz1) 32(da;2))) dsidssy
/ / </ / (2t =51 - 82’xl’x2)E(Zﬂ(dxl)zsz(dm))) ds1dsy

when 0 < 51 < s;. Using ( 4.3.18) with 0 < s < 51 < 59 < t, we obtain the

following estimate for:

I, = / / p*(2t - 81~ 89, x;, 12)E (Z,, (dz1) Zs, (dxz))

2t — 81— 8
/ : 2) 901,392)19(81 - Say)P(&y,fﬂl)p(S,y,mz)dxldﬂizdyds
\/2t — 81— 89 :
[0 Sz]XRs
2t — 81— 8§
/ 1~ %) + 8,9, 22)p(s1 — 5,0,9)p(8, Y, T2) dzodyds
\/ 2t — 51 — S92
0 Sz]XRz
/ (20 - 31 ) + 25,0,0)p(s1 — s,0,y) dyds
m |
[O Sz]XR
t — Sl

s2)
+ 25,0,0)ds
\/215—81—82/ s ) ‘

ds

\/Qt—81—82/\/2t—31—82 + 4s
< v2 v
—\/2t—'81—82 \/—

S
<G 2

2t—31—32

so, we obtain:
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file:///JrJr

t 82 t S2 9
/ / ]Il d81d82 S Cl/ / ———-————dSl ng
o Jo 0o Jo V2t—51—5

t
el / V5 [V 55 - 23 =05 dsy
0

t (4.5.30)
<. [ Ve
0

< Cyt?

when 0 < s < 51, using 4.3.18 with 0 < s < s3 < 51 < t, and following the same

steps above for the integral:

I, = / /p2(2t — 81— 82, %1, 2) B (Z, (dx1) Zs, (dz2))
R JR
C t

SO o
2t — 81 — 89
t S2 t t t
/ / Hl d81d82 S C4/ / ——-—-——dSl_ dSQ
o Jo 0 Jop V2U—s51— 52

t
= C5/ \/E [2\/2t — 282 - 2\/t — $2J d82
0
t
< Cﬁ/ VitVtds,
0

= Cst2.

therefore:

(4.5.31)

Gathering ( 4.5.29), ( 4.5.30) and ( 4.5.31) yields:
E[||X|7,] < O
In the same way we can obtain the estimates

E[[|X: — X,]IZ,] < Ot - 5)”.
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for the increments which shows the continuity of the paths using Kolmogorov’s

criteria. O

4.5.4 Further results on sample path continuity

In this section we establish the space of continuity of the paths of the catalytic
Ornstein-Uhlenbeck on [0, 1] with zero boundary and initial conditions. Let us
recall first that the set {sin knx}, £k = 1,2... are the nonzero eigenvalues of the

space of functions with zero boundary values, and further:
S(t)sin krz = exp(—k*r?t)sin kruz, k=1,2...

denote by Ay = k272, the completion of the space Cy[0,1] under the L? norm is
L?[0,1], so let ¢x(z) = sin krz, k = 1,2... be a basis of L?[0, 1], any element
f € L?0,1] has the expansion:

-
£) = ard(z)
k=1

S0:

oo

S(t)f(z) = Z ar exp(—Ax t)¢x(2)

k=1
this is the desired expression for the semigroup. It can also be expressed as an
integral operator, using a; = fol sin kny f(y)dy, and applying the bounded
convergence theorem yields:

S(t = 01 (iexp (=i t) e () de(y )) fy)dy

1
1

0 G(t z,y) f(y)dy
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where the kernel G(¢,z,y) ( usually called the Green function ) is given by :

G(t,z,y) : Ze Mty () b (y)

With this property we can now prove the following particular case:

Theorem 4.5.5. The annealed solution of the problem

dX(t,z) = AX(t,z)dt + Wy, (dz,dt) t>0, z€l01
(Couo.1) (t,2) = AX(t,2)dt + W (do, ) ce ol

X(t,z)=0 t=0o0rz=0,1

with Zo = 51/2 18 given by

A(he) / /0 e s)%( )oe(y)Wz,(ds,dy)  (4.5.32)

has continuous paths in L,[0, 1].

Proof. Tt is a well known fact, that the semigroup S(¢) of this problem is a positive
semigroup smaller than the heat operator T'(t) of the same equation with no

boundary conditions, in the sense that if f(z) > 0 then:

St)f(z) <T(t)f(x)
from which it follows, that the covariancé measure of the process satisfies:
E(Z,(d1) Z4(dz2)) / / Si-a[Sulay - SeLag) pldz) ds
< / / T [TLs, - Tlay) p(de) ds
/ // —5,0,9)p(s,y, z1)p(s, y, x2) dy ds dz,dzo

= tdzidzs
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following the same steps of Proposition 4.5.4, we arrive the desired conclusion. O

In fact, using a completely different technique we can prove a more general

result for the quenched case:

Theorem 4.5.6. In dimension d > 1 and with Z, € Mr(R?), the problem:

' dX(t,z) = AX (¢, x)dt + W, (dz, dt t>0, € [o,1]¢
(COU-f0,1]d) (t, ) (t, z) z.(dz, dt) >0, z€l01]
X(0,z)=0 z € 9[0,1)¢

has for almost every realization of {Z;} continuous paths in H_, for any n > d/2,
where H_,, is a certain space of distributions (see Appendiz).

Proof. As in the above Theorem, the solution is given by:

0 k>1

x(a)= [ [ S eI @oelw)Wa (dy,ds)
Let |
Ag(t) = /0 /0 e =94y (1) W, (dy, ds)
Then
X(t,z) = Z o () Ar (1)

we will show that X (¢) has continuous paths on some space H, mentioned in the

Appendix. H, is isomorphic to the set of formal eigenfunction series

=
k=1
for which

11, = 32 a1+ A" < oo
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Fix some T > 0, we first find a bound for E {sup A%(t)}
t<T

Let Vi(t) = fot fol ok (x)W(Zs(dx), ds), integrating by parts in the stochastic

integral, we obtain:

. t
) = [ eI )
0

t
=V —/ )\ke*’\’“(t"s)Vk(s) ds.
. 0

Thus:
t
sup |Ax(t)] < sup |Vi(t)]| + (1 +/ A 9) ds)
t<T t<T 0
< 2sup |Vi ().
t<T
Thus
E {sup A2 (t)} <4E {sup V,f(t)}
t<T t<T |
< 16E {V2(¢)} (Doob’s inequality)
1 1 T
16 [ [ [ a@auZ.a0)Zu(a)as
o Jo Jo
< 16TZ%[0,1] = C.
Thus v
E (Z sup A2 ()(1 + )\k)"") < C’Z(l + )7 (4.5.33)
k>1 =T k>1
Using now:

Y A+M)P<oo  ifp>d/2

k>1

sup || Prll o (1 + Ax) 7P < 00 ifp>d/2
k>1 A
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then ( 4.5.33) is finite if n > d/2 and clearly:
IX@IZ, =D 4B+ M) ™
k>1

is a.s finite, hence X (¢) € H_,. Moreover, if s > 0,

IX(t+5) = X@)II2, = D (Ault +5) = Ae(®))(1+ M) ™"

The summands are continuous since W is and the sum is bounded by -
4 sup A2(t)(1 + )™
2 sup A5()(1+ M)

for a.e. w. Now Ag(s) — Ax(t) as s | ¢, hence || X, — X} —0asslt if Wis

-
continuous, so is Ag, and we can let s 1 ¢t to establish X is also left continuous. [
4.6 The Identiﬁéation Problem for the Catalyst

The question to be considered in this section is whether by observing the
catalytic Ornstein-Uhlenbeck process it is possible to determine the support of the
catalyst. In Theorem 3.5.1 we proved that the solution of the catalytic Ornstein-
Uhlenbeck process is smooth off the support. In one dimension since X (¢, x) is
a continuous function of x the set X (¢,z) > 0 is an open set. In this section we
prove that in d = 1 the OU process is non-differentiable in the interior of the
support.
Theorem 4.6.1. Given a catalytic OU {X (¢, ) }1>0 with super-Brownian catalyst
{Z(t)}i>0 in RY with Z(0) = 6o, X(0,-) = 0, then a.s. X(t,-) is non-differentiable

at a.e. z in the interior of S(Z(t)).
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" Proof. By Theorem 4.3.2 S (Z(t)) is compact and with positive probability has
non-empty interior by Theorem 4.3.1. Let z € Int(S(Z(t)). Then Z(t,z) > 0 and
by the joint continuity of Z(s,z) (by Theorem 4.3.1(i) ) there exists § > 0 such
that Z(s,z) >d fort —§ < s <t, |y — z| < 25. Now consider

E[(X(t,2) - X(t,9))%]

= (E[X(t,7) - X(t,y)])’ + Var[X (¢, ) - X(t,y)]

Note that E[X (¢, z)] = 0 so we only need to compute the variance. Now recall that

by the Konno-Shiga representation
t
X(t,z) = / /p(t — s,z — y)Wz(dy, ds)
0
¢ ,
= /0 /p(t - 5T y)WZ—Jl(z—za,z+zs)x(t-5,t) (dy, ds)

¢
+/ /p(t = 5T y)W51(z—za,z+25)x(t—5,t)(dy’ ds)
0

where we can take Wz_s1,_ps 05w es.r Woloossmsasyxi—sy iRdependent so that for
Y1, Y2 € (x = 9,z +9),

E[X (t,51) = X (t,92)]* > E[X5(t, 1) — Xs(t, v2)]*

= E[X5(t, y1)]* + E[Xs(t, y2)]* — 2E[X5(t, 91) - X5(t, y2)]

= E[X; (¢, v)l” + E[X; (1 v2)]* — 2B[X; (¢, 91) - X5 (£ 92)] + o(|v1 — 2])

where X* is driven by space-time white noise on all of R multiplied by /.

Here the o(|y1 — y2|) term comes from the missing contribution from outside
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(x — 26,z + 24), that is:

s(t, ) / / ~ 8, %, Y) W1 (z—25,0+26)x (t—5,1) (Y, ds)

X;(t, x) / / — 5,7, y)VOW (dy, ds)
t—26

Hence;

ELX; (1) - X3 (t,30)] = 6 / / p(t — 8,31, W)p(t — 5, 42, w)dsdu
t—20

and

-2/‘5(1 L em22 e 1 o(lys — o))

— i = \/ge S Y1 — Yo
o 1 1 |y

> 9 / (s 7 )ds + o(lys — 1a)
2

(1 — e72VPn=ul) 4 o(|y; — o)
> clyr — g2l + ol — v2l)

for some ¢ > 0. Here we used the Laplace transform:

1
——e S ds = —=eVPe a>0,>0
/e 7

This satisfies the condition (3) in Yeh’s theorem [Y 67] (also see [Be 69]) and

implies that a.s. X (t,z) is non-differentiable at a.e. y € (x — 4,z + 9).
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Remark 4.6.1. Berman [Be 69] has extended Yeh’s results and pfoved not only’
non—diﬁeréntiability but other broperti'es including unbounded + variation for

v < 2.
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CHAPTER 5
Relations with catalytic branching

5.1 Super-Brownian motion in super-Brownian catalyst

A basic question in the study of chemical and biological process is the relation
between description at microscopic and macroscopic levels. In this chapter, we
consider the catalytic branching system ( described in [Da 99] ). In this system
at the microscopic level the molecular reaction occurs only in the presence of a
catalyst and from the macroscopic point of view, a.catalyst can be considered as a
spatially inhomogeneous rate function.

At the microscopic level we begin with a system of reactant particles and
a spatial density field p = { p(x);t >0,z eaRd} representing the catalyst. We
assume that the reactant particles move independently in R¢ according to standard
Brownian motions and in addition each particle located at the point z at time
t m.ay die or split into a random number of offsprings at rate proportional to
the amount of catalyst p;(z) present. The newly created particles start moving
independently at the position of their parent.

Let N(t) denote the random number of particles at time t and X;(t) the
location of the ¢-th particle at time ¢, so that the state of the reactant at time ¢

is given by the measure-valued process Zf\;(f) 0z;t). If we start at time s with a
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single particle at a, this system of branching Brownian motions is described by its
Laplace transition functional

N(t)

v(s,t,a) = Eq 4, exp(— Z é(zi(t))

i+1
which satisfies the catalytic reaction diffusion equation

_@—%’:—a) = %Av(s,t, a) + ps(a)(G(v(s,t,a)) — v(s,t,a)), . v]s= z,e_¢

where ¢ is a nonnegative measurable function on R¢. If we assume that the
offspring distribution of the reactant has a finite second moment we obtain in the
limit the catalytic super-Brownian motion X = X? = {X[;t > 0} in R%, described

by the log-Laplace function

v(s,t,a) = logE, 5, exp (—— /X{’(db)qﬁ(b))

which solves a special case of the catalytic diffusion equation introduced above,

namely:

_._'8/0(38,St’ a) = %AU(S, t) a) - ps(a)/U?(S’t’ a’)7 s S t’ ,U|s:t - d)

Here the equation is written in backward form and p;(a) is understood as the
generalized density function of the measure p,(da).

In the case in which p;(db) = ydb, where vy is a (strictly) positive constant, X
is the continuous super-Browniaﬁ motion (SBM) with constant branching rate .

However in applications the catalytic mass p can be a singular measure p(db)(e.g.
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concentrated on a hyper-surface), may vary in time, p,(db), ( varying medium ), or
even be sampled from a random object (random medium).

In this Chapter we begin with the case of super-Brownian motion in a
super-Brownian cataIyst constructed in [Da 95] and then show that in the one-
dimensional case the high density fluctuations of this process lead to the catalytic‘

Ornstein-Uhlenbeck process with super-Brownian catalyst.

5.2 Statement of the Fluctuation Limit theorem
Following the notation in Ch. 4, we will denote by Z (t) a super-Brownian
motion in [0, 1], which by the result of Konno and Shiga is absolutely continuous

with a density that can be described by the stochastic equation:

dZ(t,z) = —;-AZ(t, ©)dt + /Z(, 2)dW (t, z)
Z(0,z) = |
We now introduce a sequence, Xj(t), of super-Brownian motions on [0, 1]
with catalyst given by Z(¢) and reflecting boundary conditions. These are special

cases of the processes constructed in [Da 95] and in the one dimensional case the

processes X(t) satisfy the Konno-Shiga stochastic partial differential equations:

dXi(t,z) = -;—AXk(t, z)dt + B(0r — X (t, x))dt + \/Z(t, x)Xk—é:ﬂdW(t, x)

X(0,2) = 6
| (5.2.1)
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where A is the Laplacian with Dirichlet or reflecting boundary conditions on [0, 1].
In other words the X(t,x) are super-Brownian motions with immigration in the
catalytic super-Brownian medium Z(¢).

We define the fluctuations around 6; by

Vk(t, :E) = Xk(t, iL') - Hk.

The main result of this chapter is the following:
Theorem 5.2.1 (SBM in SBM catalyst with immigration). Assume 8 > 0,6, —

oo and |Vi(0,x)| — 0 uniformly. Let V denote the solution of

dv(t, 1) = (—;—AV(t,x) — BVt 2))dt+ VZEDW (dz,dt)  £> 0
V(0,z) = 0. | z € [0,1]

Here %A is the generator of reflecting Brownian motion, that is with domain
D(38) = {f € C*(0,1], f'(0) = f'(1) = 0}.
Then for almost every realization of Z, Vi converges to V in the following
ways: |
1. in the sense of finite dimensional distributions (f.d.d.) on L*([0,1]),
2. in the sense of weak convergénce of processes, that is, probability laws on
C([O,oo),H_(%M)) for d > 0.
Remark 5.2.1. The reason for the difference in 1 and 2 is that the proof of
tightness works only in the larger space H_1/245.
In order to formulate the next results we introduce the notation to make

explicit the quenched and annealed processes. For a fixed realization of Z = f(¢, z)
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we denote the corresponding processes by X ,f and X7. The annealed process will

be denoted by X*.
Corollary 5.2.2. The annealed processes X » also converge to X* in the same
ways.

This is an infinite dimensional analogue of a recent result of Dawson and Li
[Da 05]. We will also consider the process without immigration.
Theorem 5.2.3 (SMB in SBM catalyst without immigration). Consider the
sequence of super-Brownian motions on [O, 1] with catalyst given by Z(t), Xx(t),

and which satisfy

ka(t x) = —AXk(t .’L‘)dt - ﬁXk(t fL‘)dt + \/ (t ir)ﬁé—t,—@'dW(t, .’L‘)
Ok (5.2.2)

X(0,z) = 0
that is Xy (t,x) are super-Brownian motions with no immigration in the super-
Brownian catalyst Z(t). Here %A again denotes the generator of reﬂecting‘ Brown-
tan motion. |
Note that E(Xy(t,x)) = Ore~P* and consider the fluctuations around the
mean defined by Vi(t,z) = Xi(t, x) - Oe=Pt. Assume that B > 0, 8, — oo and
E |Vi(0,z)| — 0. Then in the same ways as in Theorem 5.2.1 Vi, converges to the

- process given by the QU-type equation:

(%AV(t,x) BV (t,z))dt + \/Z(t,x)W (e Pidx,dt) t>0

V(0,z) = 0. z € [0,1]

dVv(t,z) =
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Remark 5.2.2. These results are stated and proved on [0, 1] but it can be similarly
extended to R assuming that u has a bounded density with compact support.
Following the tradition of probabilistic limit theorems we first prove a Weak
law of large numbers and then the analogue of the central limit theorem which is
the fluctuation limit theorem.
To illustrate the key idea we first consider the one-dimensional case.
Theorem 5.2.4. (A Weak Law of Large Numbers for the real-valued case) Con-

sider the sequence of Ry -valued processes associated to the stochastic differential

equations:
Xi(t
dX(t) = B0 — Xi(t))dt + g( )W(dt)
k
Assume that 8 > 0 and 6, — oco. Then
[Xk—(t)] —11n probability..
O
Proof. The solution is given by :
t i
X
Xy (t) = P, + 56y / e Pt=9ds + / e~ At=9) —Z(—S)W(ds)
- Jo 0 k
. _
= 0 + / e~Alt=s) X—’“(S—)W(ds)
0 O

Taking expectations:

E(Xx(t)) = 0k
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and so:

E'[X;Et)] =1 Vk>1 (5.2.3)

For the second moments, write first:
Xu(t)* =
, t
= 62 +2/6; / e?t=2) /X, (s)W (ds)
=26t
/ / Blsits) /X (s1) Xk (s2)W (dsy)W (dss)

Hence:
E[ Xk ()]

=62
——25t

/ / B(si+s2) g E[ X (s1) Xk (s2)] 1/2 Js, (52)d(s2)
:0,§+/ a2 Xe) 4
0 Or
t
= 0; + / e P2 ds
0
=624 (1 o

2

This means:’

2
E [Xg(t)] —1,ask—o00 (5.2.4)
3 .

together with ( 5.2.3) yields:

Var [—)gk—(t—)

]—)0, as k — 00
k
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and by Chebyshev’s inequality:

[Xg:t)

] — 1, in probability.

O

Theorem 5.2.5. (A weak law of large numbers for the C([0, 1])-valued processes

Xy) The sequence of processes X, given by ( 5.2.1) satisfies:

[—M] — 1 weakly in probability.

O
Proof. Since by the results of [Ksh 88] Z(s,y) is a.s. bounded on [0,T] x [0, 1], it |
suffices to prove this with |Z(s,y)| < C. We define Yi(t,z) = Xi(t,z)/0k and let
A= %A — BI with reflecting boundary conditions, that is, with domain D(A) =

{f € C?0,1] : £'(0) = f'(1) = 0}. Then equation ( 5.2.1) can be formulated as:

dYi(t, ) = AYi(t, 2)dt + Bt + %\/Z(t, Vit 2) W (dz, dt)

Yk(O,CE) =1.

Denote the semigroup on C([0, 1]) generated by A as S(t), that is,

Ve OR): S = [ plt,2,4)8(y) dy

where p(t, z,y) is the transition density of reflecting Brownian motion.
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Then the solution is given by:

Yi(t,z) = —{—B/St-—s ds—l———/St—-s\/Zska(sy)W(dsdy)
o / p(t,z,y)dy + 8 / /0 ePIp(t — 5,2, y)dyds
e—Bt
/ / — 5,2,9)V/Z (5, 9)Va(59) W (ds, dy)

=1+%§ / / Pplt — 5,2,)y/ 205, U)alo, 9) W (ds, dy).

Then one obtains:

E (Yi(t,z)) =1Vz € [0,1]. (5.2.5)
Now consider the second moments:

E[Yi(t, z1)Yi(t :1:2]—1+

=261
/ / / / s1+82)p t — s1, %1, Yy1)p(t — 82, T2, Yo)

~E[Z(s1,y1)Yi(51, Y1) Z (52, y2) Vi (52, ¥2)]/% - 8y, (y2) 35, (52)d(y2)d(s2)

when s; = s, = s and y; = y» = y, EYx(s,y) = 1 and assuming z; = z2 = z, we

obtain:

Ce2t [t 1
Evt P <1+ S— [ [ posagady  (:26)
o Jo - _
the numerator in the last term is bounded and this shows:

Var [Yi(t,z)] = 0, as k — oo
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Remark 5.2.3. This suggests that the sequence of random processes defined by
Vi = X, — 0, satisfies:

Z(t,z) X (t, )
Ok

dVi(t,z) = %A%(t,x) — BVi(t, z)dt + \/ W (dz, dt)

Vk(O, .’E) =0

and cbnverges to a process V given by the SPDE:

dv(t,z) = %AV(t,x) _ BV (t, )dt + /Z(E,3) W (dz, dt)

V(0,z) = 0.

However since we have only proved convergence of Z(—’“a(—,f’—”‘—) — 1 pointwise in
probability the proof in the next section will be based on Laplace functional
calculations.

Remark 5.2.4. One can also consider the case of absorbing boundary conditions
A=1A- I, D(A) = {f € C?[0,1] : f(0) = f(1) = 0} and the solution Yj(t,x) of

the problem:

Yi(t, 7) = AVi(t, 2)dt + (8 + 72) sinmedt + —=n/Z(E, ) Va(h, 2) W (da, dt)
| v

Y;(0,z) = sin 7z,

The analogous result is that Y;(¢,z) converges in probability to sin 7z for all

z € (0,1) and ¢t > 0.
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5.3 Proof of the Fluctuation Limit Theorem
5.3.1 Key ingredients

For the convefgence of the processes we will denote the above sequence of
processes by (X['), (Yt") and (Z7') respectively and summarize below some facts

about convergence of processes which will be used later. For the following basic

facts about weak convergence refer to [EK].

Definition 5.3.1. Consider a sequence of stochastic process X, defined on
probability spaces {(Qy, Fn, Py)}or, and a process X defined on a probability
space {(2, F, P*)} all with continuous paths on a Polish space E. Denote by P,
and P the induced measures on C([0, cc), E)). We say that {X,},, converges in
distribution to X if: P, = P in the topology of weak convergence of probability
measures.
In order to prove weak convergence of such a sequence it suffices to verify
1. The finite dimensional distributions converge.
2. The probability measure {Py},y are relatively compact in the set of
probability measures on C([0,00), E).
To prove relative compactness, by Prohorov’s theorem it suffices to prove

tightness. The sequence {F,} is tight if for every ¢ > 0, there is a compact set

K < C([0,00), E) such that P,(K) > 1 — ¢, for every n € N.

Theorem 5.3.1 ( [Kat 99], Th. 4.15). Let {X"}.2, be a tight sequence of

o0

continuous process such that the finite-dimensional distributions of {X"}.°
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converge to those of X, that is given 0 <t; < .- <ty < oo then:
D
(X5, Xp) = (X, -0, Xiy)

Let P, denote the measures induced on (C[0, 00), B(C[0,00))) by {X™}>2,. Then

{P"}>_, converges weakly to the measure P induced by X.

5.3.2 The ;Laplace Functional

In this section we develop the Laplace functional methods needed in the proof
of the convergence of the finite dimensional distributions. To explain the idea we

begin with the one-dimensional continuous branching process.

Proposition 5.3.2. The continuous state branching (CSB) given by the SODE:

dX; = —-pBXdt + / XedW,

(5.3.7)
X() =T
has Laplace functional given by:
E, exp(—AX;) = exp(—u(t)Xo)
where u(t) satisfies the equation:
—a—li = —fu— u?
ot (5.3.8)
u(0) = A

Proof. Define



Using Ito’s lemma

oM _ _ OM 1 ,0M
5 =P T3 oy

with solution
M\ t,z)=e
Let u be the solution of

du(A, 1)
ot

2

from the above definitions:
M(u(\t - s),s, x)e_“()"t_s)”
is a constant, since:

OM (u(At —s),s,x)
ds

=0

Therefore

E. (e **®) = M(\ t,z) = M(u(),t),0,z)e ®=

Adding an immigration term St to X;, one obtains the continuous state

——Bu(n 1) - w21, u(3,0) = A

(5.3.9)

branching with immigration process (CBI), and can verify. (see [Li]) the following

propositions:

131



Proposition 5.3.3. The continuous branching process with immigration (CBI),

gwen by the SPDE:

dY, = B(1 — Yy)dt + /Y:dW,
(5.3.10)
Yo=p

has Laplacian functional given by :

B, (=AY () = exp(- [ fu(s)

Proposition 5.3.4. Let f be a continuous function on [0,00) X [0,1]. Then the

superprocess on [0, 1] given by the SPDE:

dX(t,7) = -;—AX(t, z) dt + B0 — X (t,))dt + /T 0) X (&, 2)W (dt, dz)

X(0,z) =g(x), =z€]0,1],

(5.3.11)

has Laplacian functional given by :

E, exp(—/qﬁ(w)X(t, z)dz) :exp(—/u(t,x)g(m)dm—ﬂ@/ot/vr(t,:v)dxdr)

where p(dz) = g(z)dx

Oou 1 9 .
5 §AU Bu— f(t,z)u” u(0)=¢
ov, 1 9

= 2 Aw. — Bu. — <s<
55 2Afur @vr fls,z)vs, r<s<t

vr(r; 2) = ().

(5.3.12)
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5.3.3 Convergence of the finite dimensional distributions

According to the abbve discussion, convergence in distribution of the finite-
dimensional distributions plus tightness of {Z”}nZl imply convergence of the
processes. |

We first prove the convergence of the one-dimensional distributions, as noted
in the introduction , we do it first for the case where there is no immigration term:
Theorem 5.3.5 (Convergence of the one-dimensional distributions, processes
without immigration). Fiz ¢t > 0 and assume 8 > 0, and let X(t, a:) be the se-
quence of super-Brownian motions on [0, 1] with catalyst Z(t) and no immigration,

given by:

dXi(t, ) = %Axk(t, z)dt — BXy(t, z)dt +»\/ Z(t, x)%i’x)dW(t, z)

X(07 x) = ek
~ then, the fluctuations around 6 defined by V}c(t, 1) = Xi(t, ) — Ore™P converge in
distribution to the distribution of the solution V' (t,x) of the OU-type equation at
time t (that is, weak convergence of probability laws on L?([0,1])):

dV(t,z) = (-;-AV(t, z) — BV (t,x))dt + /Z(t,x)W (e Pldx,dt) ¢t >0

V(0,z) = 0. ' z €{0,1]
i.e.

Vi(t) = V(2)

Proof. Let XJ = 0,dz, and ¢ € C,([0,1]). Since Z(t,z) a.s. has a density

w.r.t. Lebesgue measure, it suffices to prove this for a fixed function Z(t,z) =
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f(t,z), where f(t,z) € Co(R). Then:
E, exp — (A, X7) = B, exp —\ / 6(2) X" (da)
| = exp — (u(t), 1)
1
—exp — | u(\t,2)0nd
exp /0 u(A, t, z)0ndx

where u satisfies the equation:

% _ Lau—pu— f(t,)

2
ot 2 [ (5.3.13)
u(A,0,2) = Ad(x)

using the following notation for the semigroup:

TPu(z) = e / p(t, 7, y)uly) dy

we get:

u(t,7) = AT — / 18, (f (3’@1;2(& s, x)) .
0 n

Substitution of the same expression for u(A, s,z) on the right hand side of (5.3.13)

yields:

s 2
wtn) =086 — o [ 1,56, (0= 5 [ T2 500y ar) ds
n Jo n Jo
o= 3 ([ 125 e as) + ot
n 0

(5.3.14)
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So, the Laplace transform for the fluctuation V;* : X (¢,z) — 6,e=?* can be written

as:
1
Bpexp - | 0(0)V7(de) =
=E,exp — /1 ¢(z) AXP(t, dz) — N0~ P?)dx
0
1 \ 1
= - A\ t, 1)0,dz + Mpe P d )
exp( /Ou( t,x)0,dx + N\pe /¢(m)x
_exp( A0, / TP ¢ dx+)\2/ /Tfs (f(s,2) (TP ¢)?)dsdz+
+ )\Hne_'@t/ gb('x)da:—{—o(ﬂn)) .
Jo

Observing the following relation:

/Ttﬂqﬁ Yz =P // (t,z,y)¢ dydx‘
=e ! /0 $(y)dy

(5.3.15)

and also:

/t/%rtﬂ—s(f : (Tsﬂéﬁ)z(:v))dxds

// [ B(t- s/ t— $,7,Y)f(s,9) (e—ﬂs /Og(s,y,z)cﬁ(z)dz) dy:l dzds
- / / eIt = 5,9) ( /0 1P(5,Zay)¢(z)dz>2dyds | (5.3.16)

2

// Bt-w ¢ (t — 5, y) (/Olp(t—u,z,y)¢(zjdz) dydu

- / / e f (s, y) (TL.,$(y))2dyds
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and putting these facts together we obtain:

Boew - ([ svran) ver (3 [ [ e-ﬂ8f<s,x>m’_s¢<x>>2dx‘ds)

as n — oQ.

On the other hand, the OU-type process given by the SPDE:
1
dv; = (EAVt ﬂVt) dt + \/f(t, x)W (e Pldz, dt)
Vi=0

is Gaussian centered, with Covariance:
1 2 1t 2
E[ / ¢(x>vt(dx)} =E[ | Tt’8_3¢(w)\/f(s,x)W(e"ﬂsd8,dm)]
0 0o Jo ,

o | I (T0(2)’ e (5, s
o Jo
so that:

Eexp — <)\ /01 ¢(x)Vt(dx)> = exp ()\2 /Ot/ol e P f (s, ) (TP ,(x))? dxds) .

This shows that V" = V;, as n = oo. (|

Theorem 5.3.6 (Convergence of the one-dimensional distributions, processes with
immigration). Fizt > 0 and assume B > 0, and let Xi(t,x) be the sequence of

super-Brownian motions on [0, 1] with catalyst Z(t) and immigration B0k, given by:

dXi(t, ) = —;-AXk(t, 2)dt + B(0 — Xu(t, z))dt + \/ Z(t, ) ng: ) aw(t, )

X(O, .’17) = 919,
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and Vi(t, ) the fluctuations around 6y defined by Vi(t,z) = Xi(t,z) — Ore P,
Then Vi(t,z) converges in distribution to V (t,z) where the latter is the catalytic

OU-process given by the equation:

dv (t,z) = (%A’V(t, %) — BV (t,2))dt + /Z{E, D)W (dz,dt) ¢ >0

V(0,2) = 0. z€0,1]
that 1s,
Vt) = V(t).
Proof. Let Xf = p = 6y dz, and ¢ € C.([0,1]). As above we take a fixed
realization Z(t,x) -—— f(t,z) where f(t,z) € Co(R). Then the Laplace transform of
X, (t, z) is given by ( 5.3.12) with f(¢,z) replaced by (—f(ot%), 6 by 6k, ¢ by Ap, A >0
and g(z) = 6.

The Laplace functional of the fluctuation Vi(t,z) := Xi(¢, ) — 0y is given by:

Eexp(— / Ab(2)Vi(t, 5)dz)

= exp (— <0k/u(t, z)dz + B /Ot/vs(t,m)dsdx - 9k)> .

Using the same notation for the semigroup, Ttﬂ , as in the last theorem, as well as

(5.3.17)

the substitution given by eq. ( 5.3.14), we obtain:

)\2
w(ht,2) = ATPp— o (

On /t j}ﬁ‘s(f(sﬁ)(Tsﬂ@Z) ds)

0 (5.3.18)

1
+ higher order terms in o
k
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Setting f(t) := f(t,z) and F(s) = [(TP¢)%dz, we evaluate below the term
Ok f v(t )d:c + 36 fo J u(s)dsdz — 8 of eq. ( 5.3.17):

Ok/vtdx+9k/'/usdsdx¥-0k=
//Tt (TP ¢)?) dsdx+[3’/// (T2 ,_.(f(w) - (TP $)?))dudsdz

— —~B(t—s) _ B 112 ‘re s ~B(t—s—u) e B8 1\2
/O(e ; it s)/0 (TP )2dw)ds + B to/o e flt—s u)/o (TP6)2d)duds
= ¢ Pt [/e‘ﬂ(t"s)f(t — 8)F(s)ds + (eﬂS/ ePUf(t — u)F(u)du)}
0 0

- /0 " eBs B0 £ (4 Pt — u)du] (Integration by parts)
= — /0 t /0 1 f(s,2)(TL ¢)dzds
Hence:

]Eexp——( /¢ txdx>—>exp (Az//fsthﬂsg/)( ))deds) ’
as n — oo.

Similarly, the catalytic OU process given by the SPDE:

v, = (%AVt - ﬁv;) dt + /f(t, 2)W (dz, dt)
Vi=0

is Gaussian centered, with covariance: _
1 2 1 pt : 2
B| [ o] —E| [ [ 12.66)VEaW )
0 . 0 JO .

= /01 /Ot (ﬂ‘g_sé(w))zf(s,x)dsdaf
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so that:

Eexp - (A / 1 ¢<x>v;<dx)) — exp (A? / t /  F(,2) (TE.6(@))? dwds) .

This shows that V* = V;, as n — oc. O

Theorem 5.3.7 (Convergence of the finite-dimensional distributions). With the
notation of the last theorem, given d > 1 and real numbers 0 < t; < --- <ty < 00,

then

Vi, V)= (Ve .., V).
Proof. We will give the proof with d = 2 and for the case without immigration.
The cases d > 3 and with immigration follow in essentially the same way. Let us

take t; < to, ¢1,¢2 € C°[0,1], p = X§ = 6, - dz, then we have for the fluctuations
V= XD — e P

E, exp(— (M1, V) — (Qat2, VY = exp({ M1, One#1) + (Aaha, Ore™#12))

‘Eyexp(— (M1, X71) — (Mg, X11))
(5.3.19)
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Using the Markov property, the last factor of the above equation is computed
below:

E, exp(— (M1, X5y ) — (Made, X[ ))E,[Ey (exp(—A1 (61, X7 ) — Ao <¢2’, XaN|Fe)]

= Eyfexp(—A1 (¢1, X7 ))EL[E, exp(—Az (¢2, X72) |F2,]]

= E,[exp(—X1 (¢1, X7 ))E, exp(—As (¢, X2

= Eu[exp(=X1 (61, X7 ) exp(— (u(Xoda, t2 — 1)), X))

=E, exp — (M1 + u(Xada, t2 — 1), X7')

= exp — (u(A1d1 + u(Aaga, ta — t1), t1), X§)

= exp —On/u()\lqbl + u( Aoy, tg — t1), t1)dx

(5.3.20)

where u(A@, t) satisfies:

A 2

In order to simplify the notation we now set f(¢,z) = 1 - the case with f €
C([0,00) x [0,1]) follows in exactly the same way as we have done for the one

dimensional marginal. As before, the integral representation of u is given by :

u(Ae, ) = T (Ae) — gi / T2 (0, ) ds

n Jo

Bu(z) 1= e Pt 1 z.y)u )
Tu(z) /0 p(t, 7, 3)u(y) dy
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With this notation, we can compute the integrand of the last expression in
(5.3.20) :
8 1o 8
u()\gqﬁg, tg — tl) = T;fz—tl ()\2¢2) — '9:/0 th__tl_s(u2()\2¢2, S)) dS (5321)

u(Argr + u(hado, ta — 1), t1) = T (M1 + u(hada, t — 11))

1
- 9—/ ﬂf—s(u2()\1¢1 + u(Xagha, t2 — t1), 8)) ds
n Jo
(5.3.22)
In order to keep track of the terms o(6%), we will write shortly uq(r) :=
u(Aada, ) and express ( 5.3.21) as a Volterra integral equation:
us(r) — 671 / TP (u2(s))ds = 2T o  (53.23)
0

whose solution is given by the Neumann series:

(o)

wlr) = 3 4TS y)

k=0

where the operator A* is defined recursively as:
A" (AT ) = I(AT $3) AT 5
AY(NTP¢,) = 6, /0 T TP ((\TP¢5)% ds
—0;108 [ 2100 ds
Setting:
ao(r) == M TP s

ay(r) == )\3/ TP (TP ¢s)? ds
0
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this means:
uz(r) = ao(r) + a1 (r)d, " + 0(6;?)
u3(r) = ao(r)? + 2a0(r)as (r)6;" + 0(6;,)

For ( 5.3.22), let uy(r) := w(A1¢y + ug(t2 — t1),7) and write it in the form of a

Volterra equation:
ur(r) — 67! / TP (w2 (s))dz = TP My + ualts — 1))
0

=T (1) + TP (ua(tz — 1))
= )\1Trﬁ¢)1 -+ Trﬂao(tz - tl) + Hngfal(tg - tl) + 0(0;2)

which is the same integral equation as for uy with a different non-homogeneous

term. In this case we have:

o0

| ui(r) = ZAk(Tf()u(ﬁl + uz(ta — 1))

k=0

but this time the operator A* is given by:

ANTE (M + ua(te — 1)) = I(T7 (Mdr + ua(t2 — 1))
= TP (Mg + uo(tz — t1))
= MTPh1 + TPay(ty — t1) + 0, TPay(t2 — t1) + O(8;,2)

Al (T,,ﬁ()\1¢1 + u2(t2 - tl)))O;I /T Tf_s(Tf()\lqbl -+ UQ(tg - tl)))2 ds
i . 0

=0t [T ONTE0n + Than(ta — )ds + 0(0;?)
0

= 0;1/ TP (TP, + TPag(ty — t1))%ds + O(67°)
0

_ g1 / T8 (MTPé1 + TPag(ts — 11))2ds + O(6;%)
0 .
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setting:
bo(r) := MTPo1 + TPao(ts — t1)
bl(T) = Tfal(tz — t1)+
+ / Trﬂ_s(()\lTSﬂ¢1)2 + 2)\1Tf¢1Tfa0(t2 - tl) + (Tsﬁao(tz - tl))2)ds
0

We obtain:

u(ign + ualts — 1), 1) = bo(ta) + 5-bu(61) + 0(67)

where:
bo(t1) = )‘1Ttﬁ1¢1 + )‘27-£¢2
) ta—t1
W) =BT [ T0 (1R ds + / ¢ (TP4n)d
0 0

conds [T (D000 T st do + [ T (T )
0 0

As in the one dimensional case, the term by(#;) vanishes and we get:

rl
By exp(= (b, Z5) = (hada Z) = exp( | b (t2)d)

Using eqgs. ( 5.3.15) and ( 5.3.16), we obtain:

/bl dﬂ?——// e P Tt‘z Dogo)? dxds
t1

t1 :
+ / / e (T _ Mo + TP _Notho)? dsdz.
0 0
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Now consider the two-dimensional distributions of the limit process Z;. Using the

notation 1; := \i¢;, ¢ = 1,2 and dW,; = W (e Ptdy, ds):

1 2
E [/ M1 Zy, + )\2¢2th] =
0

[ ! 2 ta 2
= [ ([ e [ )
LJ 0 0 0
ropl t1 t1 ta )
=K / (/ Tt[i—s"pl dWs + / ﬂg-ﬂbdes -+ Ttg_s»¢12dW3):|
L/ 0 0 0 "
(1f

2

E
[
1 11 t2
:/ / (ﬂ1~5A1¢1+ L _hag)? ﬁtdsdy—%—/ / tz _ato)? e Pidsdy
0 JO t
/bl(t)(:ﬂ)dx _ '
o .

where, in the fourth equality, we used :
t to
IE/ F.dWw - F,dW, = 0.
0 t1
This completes the proof of the convergence of the two-dimensional distribu-
tions. Repeated use of the Markov property and essentially the same calculations

gives the proof of the n-tuple distributions for any n. O

Remark 5.3.1. The same procedure shows the convergence of the finite-dimensional

distributions for both cases, without immigration and with immigration.
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5.3.4 Proof of tightness

In the previous subsection we proved that for any d € N and ¢y,...,¢4 €
C4([0,11), (Valt), 1), (Valta),60)) = (V(D),00),, (V(D), 6). Our
objective is now to establish weak convergence Qf processes in the sense of weak
convergence of the probability laws on C([0, 00), H,) where the separable Hilbert
space H, is specified below. Since all the processes involved have a.s. continuous
sample paths it suffices to prove tightness in D([0, 00), H,), the Skorohod space of
cadlag paths (see [EK], Ch. 3, Prob. 25(d)).

For the tightness in D([0, c0), H,) we will apply the following criterion of
Jakubowski with E = H,. '

Theorem 5.3.8. (Jakubowski’s criterion for tightness for D([0, o), E))

Let (E,d) be a Polish space. Let F be a family of real continuous functions
on E that separates points in E and is closed under addition, i.e. f,g € F =
f+geF. Gien f €T, f: Dg— D([0,00),R) is defined by (f(z))(t) := f(x(t)).
A sequence, {P,} of probability measures on Dg is tight iff the following two
conditions hold:

(i) for each T >0 and € > 0 there is a compact Ky C E such that:

P.(D([0,T],Kre)) >1—¢€
(i) The family {P,} is F-weakly tight, i.e. for each f € F the sequence
{Pn o (f)‘l} of probability measures in D([0,00),R) is tight. | |
The proof will then follow in two main steps. In step 1 we verify condition (i)

of Jakubowski’s theorem and then in step 2 we verify condition (i1).
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Step 1.

We first identify a scale of Hilbert spaces that will be used to identify the
compact subset K needed for condition (i) of Jakubowski’s theorem.

For a real number s, let H, be the Sobolev space given by the image of L2 (R)
under the operator A=* = (I — A)~%/2 - see Appendix for details.

The strategy is to show first that sup Esupyc,<r ||Vt"||fq_s < M < oo for s > %,
that is the processes form a bounded se’: in H_; and then we use the following

theorem ( see [Fo 99], pp. 305):

Theorem 5.3.9. (Rellich’s Theorem). Suppose that {fi} is a sequence of
distributions in H, that are all supported in a fized compact set K and satisfy

supy || fxll, < oo. Then there is a convergent subsequence {fkj} in Hy for all

t <s,s,t €R. That is, Hs is compactly embedded in Hy; and bounded subsets of H

“are embedded into compact subsets of H;.
Since as above we can assume that Z(¢,z) < C on [0,T] x [0, 1], without
loss of generality we can replace Z(t,z) by a constant in the following calculations

since all bounds obtained will then dominate those with Z(¢, z).

Lemma 5.3.10. Given the process X7 defined by the SPDE ( 5.2.1) with {6n},5,
such that 8, > 16, — oo, and W (dt,dz) space-time white noise on [0, 1] with

values in H_g for s > %, then the processes defined by the stochastic .integmls:

Mo(t, z) = /0 t \/ X, ”;12 (97 v (ds, da)
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are H_gs-valued martingales uniformly bounded in n, that is, there is an M such

that:

E sup | ML (t)]|_, < M < o0

0<t<

Proof. Assume that supte[O’T],xe[m] Z(t,x) < C. Let {¢x} be a c.o.n. system of

Hy[0,1], then the real-valued martingales:

(ma(t, ), () = / / \/ ZLs, ””)jf"(s’ %) 4(w) W (ds, z)

satisfy

E (ma(t, z), ¢(x)><mn( ) ¥(z))

S

< Ct/ d(z)Y(x)dz.

Since the embedding Hy € H_; is Hilbert Schmidt for s > 1/2

E M. ()2, < CtY_llill, <

and the result follows by Doob’s inequality (see [MP}, [MP2]).

Recall that the quadratic variation of the H_,-martingale, [M];, is a process

such that ||M,||>, — [M]; is a martingale.

We can now apply the following result of Kotelenez (see [Ktz 87], [Ktz 07]):
Theorem 5.3.11. (Mazimal Inequality for Stochastic Convolution Integrals) Let

m(-) be an H-valued square integrable cadldg martingale with gquadratic variation
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[M]iand U(t,s) a strongly continuous two-parameter semigroup of bounded linear

- operators on H. Suppose there is an n > 0 such that:

Ut )|y < €79 VO <t < o0.

Then the H-valued convolution integral fot U(t,s)M(ds) has a cadlag modification

and for any bounded stopping time 7 < T < oo:

2
-E sup < eME[M],
0<t<Lr H

/0 Ui s)n;(ds)

Using the above result, we now prove:

Lemma 5.3.12. Fiz T > 0, s > 3 and consider the processes V* = X[ — 0, where:

dXP = %AX{‘dt + BBy — XP)dt + Z—(t’-g-)ﬁvv(ds, dr), X0 = 0,.
Then .'
| E sup ||[V*|%, <M < oo for some M > 0.
0<t<T
Proof. Then:

) t n 1/2
V= X[ = 0, = /0 T., (————Z(t’””gft (@) W (dy, dz)

is a H_, valued process. As before:

t n 1/2
M! = / [——-————Z(t’;)Xt ] W (ds, dz)
0 n

is a H_,-valued martingale with quadratic variation [M™]; satisfying:
t Y TZ(t2)XP(x)
2 ) t
"y = ; E|—————~|drds < o©
sl = [ S, | 20X goas
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since by theorem ( 5.2.5) E(Z(t, ) X}*(x)/6,) < C. Together with Theorem
( 5.3.11), this yields: |

E sup [V, < M < co.
0<t<T

Remark 5.3.2. Since M is independent of n we also obtain the following bound
uniformly on n:

supE sup |V, <M <
n 0<t<T

Theorem 5.3.13. Given s > % and § > 0, the measures induced by the process V,*

on C([0,00), H_(s15)) satisfy condition (i) of Jakubowski’s criterion.

Proof. Let M be as above. Given ¢ > 0 and an integer m let K C H_; be the
bounded set defined by:

K={heH_:|hl|_, <mM}
Then, by Chebyshev’s inequality :
' 1
P[V* € K® for some 0 < ¢ < T] <supP[sup ||V||_, >mM] < —
n 0<I<T m
choosing m > 1/e, follows:

1
Plsup sup ||V*||_, >mC] < — <€
n 0<t<T m

By Rellich’s theorem, the set

K = {h € Ho(os): |hll_g < mM}
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is a compact subset of H_(,,5. This shows the first condition of ( 5.3.8) O

Step 2.
For the second part we will use the Joffe-Metivier Criterion for tightness of
D-semimartingales , see [JM] or the Appendix. Let us write first the V;* = X?—4,

in the form :

t n
Xt"—en:/ (let"dH,B( X") dt+/ ,/X Zs qw,
0

Then, for a given elgenfunctlon peC ([O 1]), A

Ve, 9) = / (Fax, ¢> ds+ [ (90~ X1),6) ds
L
= [(cosn -t [ [ X o,
= [corpmmmas [ [ %@MWs-

Defining the real-valued process Vi := (V*, ¢) and the martingale My :=
fot fol V5 XnZ” ¢ dW, we can write the above process, the following way:

t t
vg:/0 (——(A+ﬂ)VS)ds+/0 M.

Now set: b,(V}) := —(A + 8)V} and 0,(M}) := 1. Let D(L) C C(R) be the space

generated by the polynomials, for ¢ € D(L) the process 7,/1(V?) satisfies:

dp(Vy) = ' (V)b (VYY) dt + -;-w"(vy) d[M}] + 4/ (V?) dM? (5.3.24)
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where according to ( 5.2.5) the quadratic variation [M}] satisfies:
[M7] =/t/1 ¢2E%dacds < Ct
0o Jo On
that is, d[M]} < Cdt for some constant C. Then equation ( 5.3.24) can be written
as: ‘
AY(VE) = (W (VE)bu(VE) + 59" (VE) i+ (VE) dME.

'Following the notation of Joffe-Metivier , let:
n ! n (] 1 n ()
Ly, V™) = P (V)b (VY) + §w (V¥)

with ¥(z) = z and ¥?(z) = z?, the local coefficients of first and second order are
defined as follows:
Bn(z,t,w) := L(¢, 2, t,w) = —(A + B)z
an(z,t,w) == L(1?, z,t,w) — 228, (2, t,w) = 1
Then we can verify the conditions of the Joffe-Métivier criterion (see Appendix)
with A} =1t : ‘
(i) supE|VI’=0<o00
(i)
1Bz, ) + am = [(A+ ) 2 + 1
1
=(\ 2 + 2]
O+ [+
= K(CP(w) + 27

where in the last line K := (A + 8)? and CP'(w) := (_X-i}—ﬂ)—f
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for every T > O:

2
sup sup E|C]| <
N PeNE

lim supP( sup C} > k) = 0.
k—oo o tefo,T7

<0

(iii) From A} = ¢ follows A — A" = (¢t — s) and the condition is satisfied.
(iv) The pfocess
t
vi= [0+ p)VEde
: 0

is such that V} = 0 and also:
t 2
VI = [(A + /3)/ V™ ds + M?]
0
t 2
<2\ + B)? (/ A% ds) +2 M7
0
t .
<20\ + ﬂ)%/ [V™? ds + 2 |M7
0
taking the sup on t € [0, 7] :

¢
sup [V7> < 2(\+ ﬁ)zT/ sup |V?|? ds+2 sup |M7?|?
te[0,T 0 re€l0,s] t€[0,7T7] (5 3 25)

T
< 2(A +,8)22T/' sup V> ds+2 sup |M?)?
0 refos] te(0,27)

setting:

Cy =40\ + B)T

Cy:=2 sup |M*J?
te[0,27)

v(t) := sup [V"[?
s€[0,t]
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then eq. ( 5.3.25) can be written as:
T
v(T) < C’l/ v(s)ds + Cy
0
Gronwall’s lemma implies:
’U(T) S 02(1 + C1T€ClT)

that is:

sup [VP <2 sup |MP(1+ (A + B)24AT)eP T

t€f0,7] tef0,277]
Now using the maximal inequality for martingales:
E|{ sup M} | <4 sup EMp|
tel0,T) t€[0,T)

and taking expectations on both sides of ( 5.3.26), yields:

t€[0,T) t€[0,27

<21+ (A + B)HNE ( sup IM?V)

t€[0,2T7]

<214 (A4 B)%4T) -4 sup E|M?J.
te[0,7

E sup [Vi'<E (2 sup [M7|? (1 + (A+ 8)%4T) X"

(5.3.26)

Condition (iv) now follows with K7 := 2(1 + (X + 3)%47T) (4 sup E ]M?|2>

and recalling that E |[V}| = 0.
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(v) Finally:

E < sup iM?|2) <4 sup E|M?? ( martingale inequality )

t€[0,T) te[0,T)

< 2(14 (A + 8)4T) (4 sup EIM?I2>

t€[0,T]

= K.

This verifies that the family P, is ]F—wéakly tight with F given by finite
linear combinations of eigenfunctions and therefore condition (ii) of Jakubowski’s
criterion is satisfied. This completes the proof that that the sequence of process‘
V™ is tight in D([0, 00), H_(s45). As pointed out above, since all processes are
continuous this implies tightness in C([0, 00), H_(s14)) (see [EK] pp. 153 problem
25.)

Step 3

Combining steps 1 and 2 we have proved that V;® = V; in the sense of weak

convergence of probability laws on C([0, c0), H _(8;5)).

Proof of the Corollary To prove the weak convergence it suffices to show
that for every bounded continuous function, F', on the appropriate spaces in
convergence statements (1) and (2),
lim E(F(X})) = E(F(X™)). (5.3.27)
k—o0

But since E(F(X*)) = E[E(F(X?))] and we have proved in Theorem 5.2.1 that

P({Z: lim B(F(X{)) = B(F(X?))}) =1 (5.3.28)
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T

(5.3.27) follows by bounded convergence.
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CHAPTER 6
Concluding remarks

In this concluding chapter we briefly discuss some possible extensions of the
results obtained in this thesis as well as some open problems.

The great Variety of techniques explored in this work, particularly those
concerning continuity of the paths of the solutions and computation of higher
moments can be easily adapted to higher dimensions and extended to larger classes
of catalytic processes. However others still seem to be very challenging, to mention
a few: |

e the OU with catalyst dp(;), here very few results have been obtained;

e the more general SBM (o, d, 8), 8 # 1 would require new methods in the
annealed case since, for example, fourth moments are expected to be infinite
in this case.

Only one functional of the catalytic OU process in a SBM media based on the
Laplace functional was obtained, other functionals are of interest but they were
not included due to the length of the thesis.

The fact that the variance is infinite on the support of a catalyst has been
already observed for one-point catalysts and it seems to be true for more general

singular catalysts in higher dimensions. This conjecture is supported by a zero-one
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law of Gaussian processes which asserts that a Gaussian process has with probabil-
ity zero or one, either continuous or locally unbounded paths. Unfortunately, the
available criteria are still extremely difficult to verify.

The proof of the fluctuation limit theorem in Chapter 5 is based on explicit
calculation of finite dimensional distributions and simple convergence of processes,
this procedure is safe but needs long computations. Other possibilities using the
Feymann-Kac formula or the martingale problem method could be explored.

The proof of the fluctuation limit theorem relies on the fact that SBM has
a density in d = 1 and the situation in higher dimensions is challenging since
densities do not exist. It is known that non-trivial SBM with SBM catalyst exists
only in d = 1,2 and 3, and is a pure deterministic diffusion iﬁ higher dimensions
(see [Da 95]), whereas the OU process with SBM catalyst is non-trivial in all
dimensions. The nature of the ﬂuctuations in the intermediate dirhensions d =2, 3
and whether or not they are described by a catalytic OU process is an open
problerﬁ.

Catalytic Ornstein-Uhlenbeck where there is a correlation between the moving
particles (@ # Id) normally known as colored noise are easier to deal with
than the case Q@ = Id ( white-noise), this is due to the fact that the technical
difficulty involving the cylindrical Wiener process does not appear, this might be

an interesting topic for future research.
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Appendix

Nuclear and Hilbert-Schmidt operators
| Let E,G be Banach spaces and let L(E,G) be the Banach space of all
linear bounded operators form F into G endowed with the supremum norm. Let
us denote by E’ and G’ the dual spaces of E and G respectively. An element

T € L(FE,Q) is said to be a nuclear operator if there exists two sequences

{a;} € G,{¢;} C E' such that

> il - Nlgsll < +oo

j=1
and T has the representation

Tz = Zaj(lbj(x), z€F
j=1
The space of all nuclear operators from F into G, endowed with the norm
IT[}; = inf {Z llasll - lgsll : Tz = Zajéj(x)}
j=1 j=1 '

is a Banach space and will be denoted by Li(E,G). We write L(F) instead of
Li(B.E). o

Theorem Let K be another Banach space; such that T € L (E, G) and S €
L(G,K) then TS € Ly(E,K) and ||TS||; < |T|}1|S]l,
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Let H be a separable Hilbert space and let {ex} be a CONSin H. If T €
Li(H, H) then we define the trace of T
0
T'T =) (Tej,e;).
J=1
Theorem If T € L,(H) then Tr T is a well-defined number independent of the
choice of the orthonormal basis {e;}. Further:

() [Te T} < |7,

(i) If S € L(H), then T'S,ST € Ly(H) and
Tr TS =Tr ST < ||T|, |IS]|

Proposition A nonnegative operator T' € L(H) is nuclear if and only if for
any orthonormal basis {ex} on H:
0
Z (Tej,e;) < 400
j=1
Moreover, in this case Tr T' = ||T||;.
Let E and F' be two separable Hilbert spaces with complete orthonormal
basis {ex} C H, {f;}.C F. A linear bounded operator T : H — E is said to be
Hilbert-Schmaidt if

> |Ter)* < o0
k=1
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It is easy to verify that the set Ly(E, F') of all Hilbert-Schmidt operators from £

into F', equipped with the norm :

o 1/2
1Tl = (Z ITekl2>

k=1
is a Hilbert space with scalar product given by:
(S,T) = (Sex, Tex)
k=1
We write Ly(F) instead of Ly(E, E).
Proposition Let FE, F, G be separable Hilbert spaces. If T € L, (E, F)and S €
Ly(F,G), then ST € Ly(E,G) and |

ISTly < [1S1lo 1Tl

The Cylindrical Wiener process

Let () be a general bounded, self-adjoint, nonnegative operators Q on U.
We want to consider the Wiener process with covariance operator ¢J, when @ is
not nuclear we proceed as follows: assume without loss of generality that Q is
strictly positive: Qx s 0 for z # 0. Let Uy = Ql/ 2(U) with the induced norm
lully = [|@Y2(u)]||,u € Us, and let Uy be an arbitrary Hilbert space such that
U is embedded continuousiy into U; and the embedding bf Up into U; is Hilbert-
Schmidt. Let {g;} be an orthonormal and compléte basis in Uj and {8,} be a

family of independent real valued standard Wiener processes.
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Proposition The formula
W(t) =3 9;Bt), t20
. =t
defines a );—Wiener process on U; with Tr ), < oo. For arbitrary a € U, the
process
(a, W(t)) = Z (a, 95) B;(t)

J=1
is a real valued Wiener process and

E (0, W(£)) (b, W(s)) = (A ) (Qa, b} ,a,b € U

Moreover we have Im Qi/ > = U, and

-1/2
||u||0 = ”Ql / qu

Details of the proof can be found in [DZ 92] Prop 4.11, the main ingredient of
which is the fact that the series defining W (¢) is convergent in L?(Q, F,P; U;)

()

“m 2 m

, |
Sgs| | =Y llgli, m>n>1.
Jj=n 1 _ j=n

and the embedding J : Uy — U, is Hilbert-Schmidt which means } 22, || 9511 < oo,

since:

It is important to remark that the space U; is not uniquely defined, in fact,
it is often the case that one has to find such a space U; and we show below some

basic techniques to find it.
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Some Hilbert—Schmidt embeddings

e Let M be a smooth compact d-dimensional differentiable manifold (e.g.

[0,1] or a domain in R?) with a smooth bbundary and let L be a self-adjoint
uniformly strongly elliptic second order differential operator with smooth
coefficients, and smooth homogeneous boundary conditions. then —L has a

CONS of smooth eigenfunctions {¢,} with eigenvalues {\,} which satisfy

: 1+X) P <o0ifp>d/2.
. J v

J
N

Let Ep be the set of f of the form f(z) = > c;¢;(x) with N finite, where

j=1
the c; are constants. For each integer n, positive or negative, define the space

H, = {f € Ey: ||f]|, < oo} to be the completion of E) with respect to the

norm given by :
11l =Y+ N)"
J

Note that the embedding Jo : Hy, — Hy, is HS if n > m + d/2. Indeed, set
ej = (1+ X;)"™/?¢;. The e; form a CONS relative to [|-||,,, and

S llesl, = 30+ A9)™ < oo

If f,g € H,, we can represent f by the formal series

F=Y o5 9= b,
i j

where 3 (14 A;)"c3 = ||f|l, < oo. Then H, and H_, are dual under the
product (f, g) = >_, c;b;.
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The ¢; are smooth, so that the elements of H, will be differentiable for
large n. Since E = [} Hy, E will consist of C* functions. Note that if
feH, LfeH,, s7ilnce Lf= Z)‘icj(bj'

Let @ C R? be a bounded domajin aLnd let By = D(R) be the set of C
functions of compact support in Q. Let ||-||, be the usual Ly-norm on § and

set

lll, = llels+ > 1Dl

1<]al<n

where o is a multi-index of length |a| , and D? is the partial derivative
operator. Let F,, be the completion of Ey in the topology‘ induced by the
norms ||[|,,.

In this case Hy = L*(Q2) and H, is the classical Sobolev space ( normally

denoted by ngz(Q) By Maurin’s theorem, the embedding mapping
WotH2(9) — We*(Q)

is a HS operator. if £ > d/2.
The spaces H_, ( dual of H,) consist of derivatives: f € H_, iff there exists

fo € L? such that

f=7_ D%

la|<n

If we let Q = R? in the above example, we can use the Fourier transform to
define the H,. Let E =S (RY). If u € E, define the Fourier transform 4 of u
by
a(e) = / e~y (1) dz
\ i
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If u is a tempered distribution, i.e. if u € &'(R?), we can define 4 ( as a

distribution ) by 4(¢) := u(¢), ¢ € E. Define a norm on E by

lull = [ @+ I6P) @ de

and let H; be the completion of E in the norm ||-||,.
If v is a distribution whose Fourier transform 4 is a function, then v € H;
iff ||u|, is finite. The space H, = L? by Plancherel’s theorem. For ¢ > 0 the
elements of H; are functions. For ¢ < 0 they are in genéral distributions. It
can be shown that if ¢ is an integer, say t = n, the norms ||-||, defined this
way and those of the last example are equivalent. Note that ||-||, makes sense
for all real ¢ , positive or negative, integer or not, and it can be shown that
the imbedding form H, into H, is HS if t > s + d/2.

The Hermite functions Let E := S(R¢), be the Schwartz space of rapidly

decreasing functions. Let

sz dk

gr(z) = (—1)% zl;:—k—e”

2

and set

2

hi(z) = (722FkN) 12 g, (:v)e_ﬁ””

the {gk(2)};, are called the Hermite polynomials, and the {hx(x)};, are the
Hermite functions. The latter are a CONS in L%(R?).

Let ¢ = (qu,...,qqa) where the g; are non-negative integers, and for z =
(z1,...,24) € RY, set

hg(%) = he, (21) - hyy(za)
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Then h, € S(R?), and they form a CONS in L?(RY). If ¢ € S(RY), let ¢, = (¢, hy)

and write:
EEDI
Define "
18117 = > (2 lgl + d)"¢;

q

where |g|* = ¢? + - -- + ¢3. One can show ||¢||,, < oo if ¢ € S(RY). Let S, be the
completion of E in ||-||,,. Note that this makes sense for negative n, in fact for all

real n and:

112, => _(2lal + )"

q
further S_,, is dual to S, under the inner product

<¢a "w[)) = Z ng"»/)q
. ) q

The Hilbert-Schmidt embedding of such spaces is easily verified here, since the

functions e, = (2 |g| + d)~"/2h, are a CONS under I, and if m < n:

> legll,, =D 2 lgl +a)™
q q
which is finite if » > m + d/2. Thus the embedding:
S, = Sn

is Hilbert-Schmidt if n > m + %.
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Remark that the spaces S, can be also described in terms of the spectral

properties of the operaﬁor (|z|* = A), it is a well-known fact that
(J)* - A)hg = (2]q| + d)h,
The Joffe-Metivier Criterion

A cadlag adapted process X, defined on (2, F, F;, P) with values in R is
called a D-semimartingale if there exists an increasing (2, F, F;, P) function A(t) a
linear sub-space D(L) C C(R), and a mapping L : (D(L) x R x [0,00) x Q) = R
with the following properties: |

(ai) For every (z,t,w) € R x [0,00) X §2) the mapping ¢ — L(¢,z,t,w) is a
linear functional on D(L) and L(¢, .,t,w) € D(L).

(aii) For every ¢ € D(L), (z,t,w) —.L(¢, z,t,w) is B(R) x P—measurable,
where P is the predictable o—algebra on [0,00) x §, (P is generated by the
sets of the form (s,t] x F where F' € F; and s,t are arbitrary).

(bi) For every ¢ € D(L) the process M? defined by

MO(t0) = 9(Xu(w)) — 6(Xo(w) - /0 L(6, X, s, w) dA,

_is a locally square integrable martingale on (Q, F, F;, P),
(bii) The functions ¥(z) := z and ¥* belong to D(L).
The functions
B(z,t,w) == L(¥, z,t,w)

a(z, t,w) = L((¥)?, z,t,w) — 2z6(z, t,w)
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are called the local coefficients of first and second order.
Theorem (Joffe-Metivier Criterion for tightness of D-semimartingales)

Let X™ = (Q™, F™, F*,P™) be a sequence of D-semimartingales with common
D(L) and associated operators L™, functions A™, Bm, and «,,. Then the sequ‘ence
{X™:.:m e N} is tight in D([0, o0), R) provided the following conditions hold:

(i) supE | X7** < oo.

m
(ii) there isa K > 0 and a sequence of positive adapted processes
{C": t > 0} (on Q™ for each m) such that for every m € N,z € R,w € Q™

@) [Bm(z,t, W) + am(z, t,w) < K(C™(w) + z2).

(b) for every T > 0

sup sup E[C}"] < oo and lim supP™(sup C* > k) =0
m te0,T) k—oo m te[0,T)

(iii) there exists a positive function + on [0, 0] and a decreasing sequence of
numbers {4,,} such that %1_{% v(t) = 0, "ltl_r)noo 6m =0, and for all 0 < s < ¢ and
all m. '
(A™ () — A™(s)) < v(t — ) + Om

Further, if we set M" := X" — XJ* — fot Bm(X™,s,.)dA™, then for each
T > 0 there is a constant K7 and mg such that for all m > my,
(iv) E( sup |X) < Kr(1+E|X7°) and

t€[0,T)

(v) E( sup |M™?) < Kr(1+E|X5[%)
t€[0,17]
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List of symbols and abbreviations
BS: catalyst with bounded support , 69
BCT: Lebesgue boundec convergence theorem, 22
CE: SBM catalyst in R, 106
COU-Rd: SBM catalyst in RY , 100
COU-[O,I]: SBM catalyst on [0,1], 112
COU-[0,1]d: SBM catalyst on [0,1]¢, 113
CP: Cauchy Problem, 17
CP1: Cauchy Problem with a perturbation on the'center, 39
CSE: SBM catalyst , 97
H,H,H: Hilbert space 13
‘H.: subspace of Hp, 31
HP(2): Sobolev spaces on 2 24
HY(Q): Sobolev space with zero b. ¢. 27
H, = Ly(R?, y1,): weighted Ly space, 49
Hy, Hilbert space of reference, 13
Ly (), L?(Q): space of square integrable functions on 13
LY: HS operators from Im(Q*/?) into H, 11
MCT: Lebesgue monotone convergence theorem, 22

NACP: non-autonomous Cauchy Problem , 90
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NB: catalytic OU without boundaries, 46
NBn: approximate process of NB, 46
SMB: super Brownian motion. S: rapidly decreasing functions, 101
S': space of distributions, 101
S,: sub-space of &', 101
OU: Ornstein-Uhlenbeck. OU-Rd: OU process in R?, 31
| T;: semigroup of the Laplacian on R? or [0, 1]
UC: OU in the unit circle, 54
UCn: approximate process of UC, 54
YBn: approximate process of NB, 48

Z: SBM, super-Brownian motion.
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