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Abstract 

\ 

1 
f 

Orientation selection is defined as the detection in an image of orientation structures. 

'the components of curves or flows. and their representation in terms of tangent fields - the 
, 

orientation ,at each point. C'Yves in images are one-dimensio'nal orientatio~.structures th~t 

often correspo,nd to boundink contours of ?bjects: flow patterns are two-dim~nsional. and 

they provide surface information within the contours. The local orientation of these struc-
1 .... p 

• tures. ~ecovered through orientation selection. provi~es an initial descri(>t:ion of the shape of 

0-~bjects and sudaces. Discontinuities in ori~ntation often sig~al import~nt events. such as 

, .' 

, ' 

surface aeases ,or surlace occlusion~. This thesis demonstrates that human sensitivity ta 
. ,,' ~ 

such discontinuities also reflect,s on the kin<ls of mechanisms by which we might reconstruct , . 
, and represent eurves and flow p~tterns. A computational. theory of orientation selection 

" . 
Îs outlinea. and predictions of ,discontinuity sensitivity that arise from this model are de-

• , 1 1 , 

veloped. P.Sychop~ysical e~periments designed to test these predictions are presented ~nd, 
analysed, . The ex~erimental 'results in'dicate that the human visual system uses curvature 

. \ . 
• i!'fo.rlf\àtion to réconstruct orientation structureS;'and it uses at least change-ilJ-curvatur~ 

information to locate discqntinuities in them. 
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in ~arly Orie"*ation Serection 

Nordh K. link 
B.À.Sc. (Systems Dés;gn) 

Résumé' 

" 

La sëlection d'orientation se définit comme ,la. détection dans une image de s~ructures 

orien~tées, c' est-à-diré d, composantes des, courbes ou des flux. ~_,r représentation en 

termes de cllamps recteurs -1'orientatÎo~ à chaque point. Les courbes da~s uneÎ~age 

sont des struc~l.Ires orientées à une dimension qui souvent corre~ondent aux contou.'s 

délimitatif$ d'objets; les flux ont deux 'dimensions. et ils donnent de l'information sur 

les; sulfacês incluses dans les contours. l'orientation locale de ces structures. obtenues 

par sélection d'orient~tion. permet une description initiale de la forme des objets et des 

, sunaces. tes d~continuités d'orientation signalènt souv~nt des événements importants; 

,tels que les plis hne surface ou l'occlusion d'une surface par une autre. Cette thèse 

démontre que la sensibilité chez l'humain à de. tell.es disconti,..uités se reflète aussi sur 
, . 

les genres ~e mécanismes par lesquels nous pouvons reconstruire et représenter coud;,es 

et flux. Une th~rie de la s~lectjon d'orientation est esquissée, et des prédictions sur 
l " '. 

la' sensibilité" aux discontinuités 'sont élaborées à partir de ce modèle> Des 'expériences . ~ . 
psychophysiques conçues' pQur tester ces prédiétions sont présentées et analysées. Les 

résultats eJ(périmen~auJ( indiquent que le systè~e' de vision. humain utilis,e l'information' sur 
,1-.... 

la courbure pour reconstruire les structures orientées, et qu'il utilise au moins l'inform~tion , , 

sur le changement de courbure pour locaÜsflr leü~s discontin",ités. 
~ " j 
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Chapter 1 Introduction 

, 
~ parti~ujarly siri~'!1g feature of our visual: systems is how quickly and spontaneously 

we iin~ose thr~dimen~onal'interpretations on images: Even wh~n we are presented with 

a .c~mp}ete~ homogeneous image that fiWs :the entlre visual fi~d. we' ~erceive a three

dimensional space. Whel'llin~omogeneit~es (such' as dots. lines: or:;~gions Of differe~t 
colours) are Int;oduced into- the image. this space is segmented 'into distinct surf~lces at 

, " . 
specifie depths {Koffka 1935). How do JNe cons41uct descriptions of 1hese surfaces. or , . . 
objects? 

. . 
~o:sider a sphere and a cube. One s.alient feax whic~ allows !c'S to differentiate 

between them as the shape of their bounding cont~ figure 1.1. The shape of a 

conto,ur is described byj,he direction it takes acros!; an image - its orientation - and by the 
, .... ' "': 

way it changes direction - its curvature. The sphere's,outline is smooth and has constant . . 
but non-zero'curvature~ -white the cube's 'has' orientation discontinui'ties and ~er~curvature 

, , 
everywhere else. Now. thi~k of putting the cube iri fro~t of the sphere so that ooly p'a~t 

of the sphere èan be seen. The outline of the two. objects together contains or~entation 
, . 

distontinuities both at the corners of the cube and at t~e points along ~he sphere~ound

ary where the cube oceludes.it. We,can see. then. that while orientation is an ess~ntial 
\ 

descriptor of local contour segmentS. orientation, CUfvature. and their discontinuities are . . 
~ ~. 

essential in the full description of cO.!1tours. In this thesis. 1 shall be concerned" with hum an . . 
sen$itivity' to ORentation di~continuities in contours and with how this sensitivity can be 

• 
explained within a 'Computational model of curve reconstruction. 

, , 

.. . . ' 

-. 

'. 



'. 

(a) (b) 

(c) 

Figure 1.1 An example bf the importance of orientation, curvatur:.e, and orientation 
discontinuities in shape description ln (a). the outlines of a cube and a sphere 
are presented. They can be distinguished by the orientation discontinuities 'in the 
cube's outli!le, and the constant non-zero curvature of the sphere's ln (b). ~he 
cube is placed in front of the sphere. creating new orientation di$continuities iÎ1.the 
outline at the points where the cube occludes th~ sphere ln (c). flow patterns are 
used to describe the cube (as if it were covered with fur. for example), Note.how 
tire shape is defined by the discontinuous changes in flow orientation at t.he edges 

• between the two front faces and between the left and the top face 
1 

,-. 

" 

Now suppose that the cube i~ covered witfl fur. locallY. the individual hairs ail lie" 

in the about same directi~n. and the ~verall impression is of a flow. or a two-dimensional 

ori~ntation structure. While the flow orientation may or may not change within a single face. 

one would expect it to change abruptly along the edg~ between two faces: see Figu~e 1. le. 

~herefore. it is also important to be able to detect orientation changes in flow p~tterns. and 

" 1 



... 

_ ~r 
in particular to distirîguish between smooth and',abrupt changes in 'the f1ow. The second 

aspect of this thesis is to investlgate human sensitivity to orientation discontin,uities jn 
l , 1 \. ~ 

flow'patterns within the context of a model. similar to the one mentioned above. for How 

reconstruction. 

These examples demonstrate that both contour and flow reconstruction are importa'nt 

first steps in the process of shape description. Their orientation structure - including cur

vature and discontinuities - provides an initial description of shape For this reason. the 

description of curves and flows in terms ,pf their local ~rientat;on structure is referred to 

'aS orientation selection. The model of ea'rJy orie~tàtion selection presented in Chapter 2 

treats this local orientation structure as a tangent fjeld - or set' of' unit-leQgth li ne seg

ments. approJklately oriented. at ea~ point of the curve or flow From this. the actual 

curves or flow,s could be reçonstructed. Discont~nuities in the orientation structur~ often 

signal important events. ~ùch as surface boundaries. and can be used to segment images 

into distinct regions in the sa me way as discontinuities in image intensity. surface depth. 
\ . 

or surface orientation (Man 1976. 1982; Witkin and Tenenbaum 1978). In addition: if 

curves and flows can be rec'on~tructed from the image and represented :accurately. they ~iII 

provide a s~~of basis funetions along which to integrate surface prQP~rtjes (~û~ker 1984b. 

1985). Contours provide accu rate positional iflformation. particularly about the boundaries . , 
k>. • 

of objects. Flow Piltterns"provide surface information within the boundaries destribed by 
~ , 

the contQurs. Since orientation discontinuities' segment contours and flow patterns into 

piecewise smooth regions. locating them is intimately tied to oriel'!tation and curva~ure pe'r- . 

• ception. Our sensitivity to them will therefore provide some insight into the me<:hanisms 
Q <0 ~ ... 

by which we 'reconstruct eurv,es and nows. 

The purpose of this thesis is to evaluate human ~ensitivity to orientation discontinuities 

and to investigat~ its implications with respect to a. mode'-of early orientation selection that 
/ 

was first proposed by Zucker (1982. 1985).,1 shall present the results of psychophysical 
, . , 

elperiments' that were designed to test certain aspects this model. and by analyzing lhe 
, 1 

results within the cO{ltext of the mode!. 1 shall show that detection of orientation discon-

3 
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1.1 The Influence of Neuropbysiology and Psychophyslcs on Computer Vision 

tinuities requires curvature and change-in-curvature information. Hence. mechanisms for 

estimating or representing this information must ~xist in the cortex. The following para

graphs motivate the methodology used for developing computational vision models such 

as the one 1 shall be investigating. and introduce the particular technique 1 hav~ used to 

evaluate human sensitivity to discontinuities. 

1.1 The Influence of Neurophysiology and Psychophysics on 

Computer Vision 

Computer vision is aimed al devefoping systems which can analyse and interpret grey-

level or colour images of natural scenes. For better insight into the problem of vision -
• , 

at the task specification level (what functions are needed) and at implementation levels, 

(how these functi~ns might be performed). computer visionists often draw on knowledge of 

biological vision systems. Different kinds of information are supplied by the fields of neu

rophysiology and psychology. Specifie functions inspired by neurophysiological structures 

·or psychophysical phenomena would include. foi' example. edge d~tection (Marr and Hil-. 
dreth 1980). curve detection (Marr 1976). motion detection (Wallach and 0'ConneIl1953: 

Ullman 1979). ster~ depth pro~~ing (Marr and Poggio 1979). and orientation selection 

(Glass 1982: Zucker 1985). Specifie implementation schemes would include zero-crossings 

of convolutions with laplacian of Gaussian operators (Marr and Hildre'th 1980). networks 

, ,of cells that perform Boolean algebra (Poggio and Torre 1978). and local' excita tory and 
• f • 

in~ibitory net~orks of convolution operators C.Z~cker 1984a). 

Once fully designed. a model of a specifie task provides. predictions about the rela

tionships bet~een stimuli and perceptions through the implemented med~nism, l'hese 

predictions arise from assumptions made duri"g the development o( the mode 1 and the 

design of the mechanism by which the model is implemen~ed. Psychophysical experiments 

can be us~d to ~valuate the relationships between stimuli and" percep'ts' in h~man "'visi6n. ' 
, , • ! 

" , 

. Analy~is of the results within the context of the' model and i~s predictions leads to coh-
, ". 

clusions ab~ut the validity ~f the model (as bejng representative ~f human vision.)' and 
\ , 1 ", "1 r! • ) , 1 _ 1 

. \ 
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" 
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1 2 rlle Use of Dotted Stimuli to Study Orientation Structures' 

c;onstraints on model parameters. This. then. closes the loop between c;omputer vision an.d 

biologicaÎ vision. ~s the psychophysical results arl used to tune the model.· causi~~ it to 

describe more closely&the performance of the human visual system. 

The model of orientation selection for curve and flow reconstruction that 1 shall analysL _.~'-. 
~ . 

in this thesis was developed with particula~ attention paid to the ,neurophysiology. The 

analysÎs that.! shall perform in~olves a psychophysical evaluation of the relationship between 

differe~~ kinds of stimuli and .our perception of discontinuities in orientation structures: It 

is in',,!,decf .,. valida'e aod ,un~ modeL and i; I~ads '0 predic';ons abOu' 'he human, 

visual system itself. " ~ 
.., " " 

1.2 The U'se of Dotted Stimuli 'to Study Orientation" Structures 
, {. J' Cl , , 

T o. investigate the p~ocesse~ of curvë and f10w fë'0nstf.ùction. 1 shall use ~ott~ed stimuli. 

Un der certain.conditions. dotte,d,stimuli can be considered equivalent to con,tinuous stimuli. 

Usil'lg .tbem in ·the experiments allows the manipulation of partielliar orientation eues by, 

changing'the dot positions. In the case of eurves. ;his allows the ~rient~jon stru~ture 
~ -' , .., l''l~ • 

in thé 'neighbourhood 9f a discontinuity to be chan,el ln the case 'of flow patterns. jt, 

li~i~s the number of èurve derivative's that are made e~plicit within each curve segme~t 
, '. 

that aets as a flow eue. In both cases. it -enables the use ofînterpolafion theory to explain. 
, . 

the psyehophysical results and" to measure thé diff~rential propertÎ,es' of the me~hanism 
\ . ", \ , 

• d~scrjbed by the model. In Chapter 3. 1 sh~1I exp and on the relévance of using dotted 
/ " 

stimuli to study each class of orientation structure. and 1 $hall show how 1 intend to use 

them., 

f.3 Thesis Overview 

The model of early arientation selection that 1 shaiJïnvestigate through psychophysical 

, experiments is presented ir:t Chapter 2. io' provide the reader Ylith sorne background . 

the ~reatment of orientation seleètion in other' computational rnodels of -early "Vision is - , 
\ , 

• 1 

'. 

.. 
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.' 
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1 3 Thesis Overview • 

, 

briefly outliried, and it is ~hown ~o be 'deficient due to its la~ of corresponden~e to the 

neurophysiology and its. computational properties. Following this. ~he neùr~physiology' and 
, , 

psy~hophysics retating to orientation selection are reviewed. ·A model,Qf c4rve and flow 

reconstruction. tirst proposed b~ ,Zucker (1982. t9S4b. 1925). is then. describéd.' ' This 0 

. . ' ~ 

mod,el is basèd in 'the 'neurophysi.ology. an~ it is not subject to the same co~putationaf 
, " 

problems ,as previous models. It is this mode' that my analysis' of huma n, sensltivity to . 
,/ , 

disccmtinuities is based on. 

c> 
Chapter 3 ,out~ines again the irnportanhce 'of deteéting orien!a.tion disc~n'tinuities and 

develQps the predictions for discontinuity sensiüvity that aris~ out of the model. These' 
, . 

predictions are J>ased on the fact th~t curves and flow patterns are discretely sam pIed by 
• ... ~ , ) • J \ ' 

the imaging process (for example. by the retinal grid). and the model mus~ ~herefore he 
'- ' \ ' 

able to reconstruct curves ~nd flows ,from aotted as we'H' as fro~ "cont';nuous" stimuli. 

Changes 'in discontinuity sensitivity are sure, to arise. then. when certain asp~is of th,e 

quàntisation are changed. These issues aré explored in -this chapter and put to use in the 
, 1 1 • , 

, . . '.... - . 
development of dotted stimuli for the experiments. ," 

, . 
Experiment;. to evaluate·human s~nsitivity to 'orientation discontinuitiès in curves ~nd 

. in flow patt.erAs. are pres~nted' and anàlysed in ·Ch~pters 4. a~d' 5 respectively. The re

'sults i~dicate that detection of orientation discontinuities ~is 'a n~n~loc~1 proc~ss and tha't 
, • • ,1 

it req,:,ires mechanisms fC?r estlmating curvature and high~r:o~der curve derivatives (ior ex.·L 

ample, change in curvat~fe) at least 01er a local neighbQ~rhoôd. I~ this way. experiments> ~, 

ba~ on predicpns arisi~ from a co'!'putational model qf vision are used to 1!nhance·our 
, . . 

" understanding of the psychology of hum~n v~sion. ',C 
, 1 

• 
The conte~t or' this thesis is based ~~ two papers written in conjunction with the 

"'.. ~ l ' 

, autho(s thesis supervisor. O~. S.W. Zucker (link and. Zucker.1985a. 19S5bl: As previolisly 

.stated. the model o~ curve ~and How reconstruction presented in C~apter 2 was developed by 

Dr. Zucker., T.he predictio~s arising-from the model. th~ experimental design à~d eX~l,Iti9n. 
'. , 

and the ana,lysis of the psychÔphysic~1 ~esqlts. represent my con'tributiQn to' this work. 

': 
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"Chapter ,2 • Orientation .. Selection and Its ,Role in Early Vision 

. , 

" , 

, - Vision involvés the inference of thr~dimen5ion'al structures from two-dimensional im- • 

,ag~. As ~ first step in constructing this inference. it is particularly usefut' to extract from 
~ • 1 Co 

, ',,~ 

the, image ~.tructures that are unlikely.to have arisen randomly. but rather which stand 
~ \ -.- . ~ " .... ... ~ - , 

iri COI'rèspol'ldel1ce .."ith real-world physical structures and can be -u~ed to describe them 
,_, , l \ Y • 

(~,off~'.i935: ~arr 1982: Witkin and Tenenbaum 1984~ Zucker 1~85). We have seen tl1at .. 
\ . , , 

. , two basi't typ~s of orientation structures are representative of 5uch correspondence: one-

• dimensiQnal contours which arise. for example. trom projections of surface occlusions or " 
. ' 

surface creases; a~d two-dimensional flow pattérns which arise from projections of, surface 

;. coverings. s~ch as fur. The math~matical propertres of image projection guarantee 'that ' ' . 

. certai.n:asp~ts of shape are preservee! i~ the ~maRe.l so that the shape of th .. e imaS;\ ' 

, Gf'ientation structures is reprdtentative of the shape' of objects. . . 

,The shape or'a contour is described noronly by the direction it takes aè:r'os~ an image 
" ~. ' 

- ils' ol;e"tation - but also by the way it changes direction - its CUlvature. Similarly, cur~a-
, ' , ' 

ture is·use,fui in the' descrÎption of the "shape" of ~ flow pattern. Discontinuities,- abrupt , , 
. . ' 

chanles. in the orienta'tioÂ<structure - often signal important events. such as the edge be-
• • - !> ,. 

tw~ tfo.oojects. :The discont'inuity locations also constr.ain the particular reconstrJ,ICtion 

,of a curv~, or flow pattern.)n this chapter. a model f~r curvé"and flow reconstruction' is 
;. " . 

, , 
..... ~ Il _,Jo -4 ~ 

~ For example. under orthograp~ic projection' alld unèler ~s~tive projection when the object is· al ~ 
distance. the component of orientation that is parallel to the Image ptane 15 pre~rved. . 

" 
, " 

, " . , 

.-

- _. - ---------
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/i.l The Rèconstruc;tion of CU~«lS and Flows in Early Computer Vision Models 
1 " ' , .. , 

, ... --,' , 

presented. T 0 begÎn, the treatment of orientation selection proèesses in early computer 
. ' 

vision. models is outlined an~ shown to be ina~equate. The pertinent neurophysiorogy is 
" , '1 • '" ' . 4 . J (' 

,then revlewed as batkgro~nd to ~he- development of the modet. In the remainder ofth~ c' 

th'esis. the model is analysed w1th respect to the detection of discontinuities . 

. ~ 
2.1, The' Reconstruction of Curves and Flows in Early Cpmput~r: ' 

, Vision Models 

A 'm'~jor problem that mod~ls dt curve and ~ow reconstruction mus~ deal with is the 

trade--off between (omputational 'complexity and sensitivity t~' noise. Since many curves 
( :J. • 1 f ~ 

in images ar~ formed' by the bounding contours of objects. l'rIost early models, of vision 

have concentrated on the' latter. The téchniques used to find these 'contours fall into two 
.. 

froups: thosè that ~nd intens,itY-,~dges:' un~er the assumption 'that these often corresponçf .1 

~o object boundaries: aM those that segment an image dir.ectly into regions of interest. and . , 

, trace the' boundaries of these regions .t-o find the contours. The most common methods ' 

of contour representation indude chain-coding (a sequential ~epresént~tion"of the contou~ 
points: see FreemarÏ 1974). polygonal approximation (Ramer 1972). and point-fç>r-point, 

,representation in a bit-map (a binary 'copy of the imaging grid ~ith feat.ure points recorded 

, in it: see Marr 1981): While the detectio'n of bo~nding contours' is nQt exactly equivalent to 

curve detec~ion, these techniques are -typical ,of the way i~ which orientation structmes have 

be~m detec~ed. re$:onstr,u~ted. -and represented. They therefore 'serve to iIIustrate the tr'ad~ 

off between complexity ~nd noise sensitivi~y ànd-~o demonstrate that orientation selection 
'.. " , ~ , 

must be treatèd as a complex problem. 
- . 

, , 
... , ~ -

. " Among thê earliest examples of. (;ntensity) 'edge detectors are the Robett's cross and the 

Sobel operat9fs' (levine 1985). These operators yield a 111easure of the intensity gradient. 
• ~ • 1 .. , 

,. ,includ~ng both the magnitude of the gradient and its' ori~ntation. Intensity step-ëdges are 

asserted at 19<:81 maJ(ima in the gr'adient magnitude .. The probl~m with thesé operators is 

.t~at they' are extremely local (the Rob~t's cross is a- 2 x 2 conv.olution operatoj.:-and the . , 
Sobel operator is 3 x 3). and henc:e they are.highly suscep,tible to noi~e i~ the image: T.he two 
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'2.1 The Reconslruètior( ofCun,es and.Flows ,n Early Computer Vision,Models 
, ~ ew , 

" , , 

,"ost commor'! ,rnethods of dealing with this noise have been to threshold the outpu't of the , . ,..,~ , 

oJ)erator aod to smooth either. the orie,ntation information provided by it or the image itself, 
- ~ l ~ ... ,,'. , 

UnfortunateIY,. thrèshQlding completely ignorés potentiaUy' valuabte ori~ntati<?n i~fo~matiQn. 
, - ' 

..• Smoothing blurs thé operator output, 50 that ,the orientati,on is IbeaUy I~ss accurate - thus 

defea'ting the purpose of using a local operator. 

, 

As an attempt to 'res~lve the problem~ of noise sensitiv~y~, later opera tors used s'everal 
l ' 

sizes o( masks at varying orientations to detect edges (Rosenfeld and Thurston 1971: Marr 

1976). Ho~ever. tliese methoçls were colnputationally v~ry expensive, an~ it was not cle.ar 

either how to ~orre,ate the information from the difrerent mask sizes ~r how to use 'the 
, ' 

orientation, information to advantage. Since, thé orientation infôrmation was the primary 

cause of cOh')plexKy. Marr and ~Hildreth (1980) late)' developed a ,ro~~tionally sy~metri~. 
'operator to detect poit;'lts along step edges in intens.ity. The recovery of contours ·was then -

• , r t 

treated as a "gtoupin,'" process that uses pri~ciples of simil~rity and proximity to link 
, ' 

together feature points detected by these edge operators (Mari, 1981"; Stevens (1978) also 
# 1 • ;'. " + 

~ uStld SLlth grouping pro~esses to .recon~tru,t flow patterns). 

. , . 
,Other models segrr'ent the image ;nto faiily,' homogeneous 'regions using statistical 

• • ~ j • 

,me~hods 9f region·merging (Meurle and AUe!" 1~8: Pavlidis 1972: Gupta and Wintz 1975: 
1 ... , .' 1 , 

. Levine and Shaheen 1981) or r~gion-segmentation (Lévine 1973: Schattér. Davis. and 

Rosen~etd 19~6: Tomita and Tsuji i9'1~;' Ohlander, Price.'and Reddy 1978: Weszka 19~8).· , 

The con~~rs fait out of ~uch .~,~~esses automatlc~fly by tracing the boundaries 01 tHe 
• 

regions. These methods ig!10re, orientation information altogether. 

ln' early models of vision. then. the issues of local orientation and of smooth or abrupt 

changes in turve ori~ntation generally have not been addressed at the level of .curve re

constru'ction. Severa!' researche;s have. howëver. considered how to detect orientation 

dis'cori'tinuities, in curves ~t later !evels. of p~àcessirfg. In general. these methods 'find the , ' 
1 

"average" orientation of a curve over 'oeighbourhoods, and they .(:Iassify' disçontinuities as 
... - • • # ~ 

, changes in' th~ aver~ge orientation that e)(.~eed sorne threshold and tha~ are isolàted (10-

.. 
'" 

. --... 

'. 
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2 1 The Reconstruction of Curves and Flow$ in Early Comput~r Vi~ion M'odels 
" , 

ealised to â point), The aetual detection scheme' has be~m imptemented as a~ extension . ... ' , - ~ 

to the chain-coding method of curve representation (Freemal1 and Davis 1977: Feng "and' 
• " ~ 1 

Pavlidis 1973; Rp~enfeld and J~hns.1on' 1973; R06enfeld a~d Wesz.ka 1975),' and al 50 -as à , 
match-filtering pr9bl~m act!ng di'rectly orUhe image or on a bit-map of the curve (K~",se 

, ' 
. and Ra~ ,1978). 

The fallaey'in these ea~ly appr~ches is that they implicitly assum~ ',a particular orienta- " 
• a \. ' , '\.. 

tian structure. Rather than supp'r'essing orientation info,rmation. t~ey Împose on the image , , ' 

an orientation structure which may be inco~rect. beçaus~ they never test for \vfolations of 
, -, ' , , 

~he assumption. This oecurs if! threé ways: first. the !e.gion segmentation or edge-finding 
l ,_ 

operations iowose partieùlar structure (sueh as planar surfaces) on the regions: second. 

these sa me operations impose ah orientation structtlre on the regJon boundaries: and third. 
1 ~... 1 

the methods for curve representation. _ and especially tor dètecting discontinuities in th~ 
, " 

\curves. assume a particular orientation structure around di~continuities an,d hence impose , 

this structure over the entire curve: To 'illustrate the fifSt t~o points. consi<Mr again the 

direction-independer:tt edge detector mentfoned above. 'Th!o! orientation structure of the io- ; 
~ 

. '. ' .... 

tensity,edge is assumed to be a step discontinuity and the edge (~r bOllnding contour) 
" .~ , 

. ... .. ~, . 
is assumed to be straig~ withil) the spatial ext~rif of the 'operator (Marr and Hildreth 1 

1980). When the underlying image stru~ture' deviates fro~ this as~umption. the ass~rteëf 
edge (or contour) location~ a;~ disp'laced from ,their true loca,tions. Thjs ~sually r~sults ,in, < " 

, an incorre(;t assignmènt of the contours orientation arid curvature. To iIIusp:ate the'third 

, point. e~nside~ the metho'd ~f; detecting' c~rners in chain.:.èoded turves i~trod~ced 1Y' Fr: 
t • .1 " " " ...,. ~ 

man and Oavis (i977). This ltietnod firsf'averages,orientatio~ oyer neighbourhoods, an}l ,'-

then imposes a' (relatively low) threshold on ori;nt~~iori chétRges' befor,~ considering them 
"' .', ' '~ " .' .-

as candidate d!scontinuities. in -order to reduce noise and quantisation effects. Howevér, 

'~hen the orie~tation changes lpeally b~ause the underlYing curv~ changes direçtion, the . .' , . , 

àvera~ing will red~ce the curvatùre effett. eossibly smoothing out changes in curvatU,re. 

ln addition. discontinuities é\re defined as jsolated above-threshold changes"in' orientation. 

Since the change in orientation is above-threshold wherever the curve bends. this definition 
f, 

assumes that orieo~ation discontinui,tiés o~ur only between straight segments of cur,ves, . 
... .. 
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The Reconstruction of (urves and FJows in Early Computer Vision Models . , '" 

, ~,1 

,In fact. an 'orÎ~ntat~on discontinu\ty can oçcur between curv~d segments., Therefore. this 
• " ~ 1 • 

method result.s' both in the detection of fa Ise discontinuities and i-n the failure ta d.etect
o 
and 

a~curately locate sorne ~t~u,: discontinuities ~ thus providing ,an inacc\,rate representation 

of the orientation structure. 

" , .' ... '\. 

, T 0 produce an accurate ,representation. we must reconstruct cfuve$ and flow patterns 
~./ • 4 r _~ __ • ... ~ '_ 

by first déterrniiting their diff'ere~tial properties'. ,including théif lQ,cal orientation. curvatur~. , 
, ' . 

and discQntinuities (Leclerc aod Zuck~r 1984). Ignoring br' overly smôothing orientation 
"', .. . 

,information is not. then. an a'dequate s~iution' to 't~e confliét betweén complexity ~~d noise 

sensitivity: It may be. in facto th/at to achieve robustn~ss ,whiJe s~iII deriv;r1g accur~te'.' 

information. 'Ile will" be forced to use mor~ complex models. Furthermore. as' was earlier 
• .... .. ~~ '.., # J .... A 

~ ~ }:;.,. 1 

\ suggested. if curves and ijow patterns were recovered first: they could provide bath valltabl~ 

~arly descriptions of shape and a s~t of basis functions to anchor such caJcul~tions as dep~h 
, and surface orientation. -Giveri théir usefulness. orjentati~n structures, should be recovered' 

1 

and the;; properties compute,d as e~rly 'as possible (Witkin' and Tenenbaum 1984: Zucker-
/" • û' 

1 1984b. 1985); neurophysiologi<;al (~séa~ch suggests that we m~ï reconstruct curves directly 
" '. . ~ .. 
~rom image-like s,trùctures (HubeI and ,Wies~1 1962. 1977: ~,hiller. Finlay. and Volman 

1916). o 

... ~ - ,.. 

~ome methods have been devèlop~d, to extract ,Jine an~ edge ,ori~tation direct~y, fr~1TI 
t • ~ l ' • \ ~ - • 

images (Rosenfefd. Thomas. and,t.ee.1970: Hu~keI1973)., However. 'these meth~ds also' 
," ,. 

g~ner;:tlly assume a· I~cally straight line structure. ,A relaxation- lab~'ing technique for 

IInt! and' curve ~ntJancement (Zu,cket',' Hu~mel:' and Rosenfeld J975) tries to ~e I~cal 
... ... ... rJ 

orientation structure to perfo~m the dual fundio'ns of filling in gap~ and reducing !l0i~e in 

th~ image. Howèver-. this first àttem'pt at curve enha'ncement by consideration of ~ ~I,ightJy 
\ '., ,: 
more gl~bal structure does not take into' account curvature consistency. While it does , 

not rule out of suppress c~rved li"es. Ît gives preference to'low cur~atures. (~o attempt 

is made to explicitl~etect orientation disconti.lluities in turves. T~e algorithm simply 
. ,,, ' 

, asserts the presehce of a curve and ,ils orientatiofl 'al eaèh point by allowi!1K neighbouring -. 
orientation assertions to ~i~her support or inhibit each other. The inhibition increases aS the 

_.J ~ • • ~ • ' 
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2.2 Orientation Selection in Neurophysiology and ~sy.chophysics ~ , 

diJférenc~f bet'wèén neighbouring orientations increases. thereby favouringlow curvatl,tres.)' 

As the expe;iments presented in Chapters 4 and 5 shaU show. such curvature information 

fis certainly'a'n important factor in how we 'perceive curves, ln particl,llar. it' is .required 
~. ~ .. . , 

to explé"n our perceptiqn of orientation distontinuities in curves. The model developed in . . 
Section '2.3 is based in differential geometry. and it determines the differential structure of - , , - , 
curves and flow'pattérns before imposing any interpretations on the image, The relevant 

bac~found in neurophys~logy and psychology follow. 
, , 

, , 

2.2· Orientation Selection in Neurophysiology and Psychophysics 

li-

• How do biological vision systems recon~truët curves? Neurophysio'ogists have post4-

lated that so-called simple ceUs might be invol,véd. Their spatiaUy localised response and 

orientation selectivity h~"e led Hubei and Wiesel (1962) to ~uggest that. by selecting the, 

strongest response at a position. simple cells can become line detectors. While this may be 
"1 • 1 . , 

true for isolated straight Jines. the receptive field structure is insufficient to explain curve 

,perception. 'The. optim'al or·ie~tations 'foc. stimulating silVple cells appear to be 'discretely 

distri~ted (Hubei and Wiesel 1962. 1977:. Schiller. FinlaY, and Volman 1976) .jn about 10° 

steps. In a..ddition. each cel'j actually responds to a range of orie~tations that is 10;° to 20: 

wide-:-Thus. eactl si":,pl~ ~i, ac~lng i~dividÙ,allY as a lin~ detector could not' exp;in ~ither. 
our sensltivity to all,orientations or" to small cha,!1ges in orientation. To furthelcomplicate 

, ' <"' , '" 1 

mattêrs. since the average orientation response foi each ce,1 ~ broader than the step-size 

between optimal stimuli: one li~e poss,essing an orientation SQ,.me~hère' in between would 
e .. " .... ... ~ ~.." 

stimula te two cells. although it would stimulate neither on~ optima~ly. It would seem that 

orieni:~tion. and curve. pe~ception is not as simple as "detection" of ori~nted li~e or, contour 
" , 

segments, by individual sÎmple éells, ' 

Thi~ d~es not imply, "~w~"er. thïJt simple cells arè not involv'ed in- ~urve perc~Ptjo~ or 

'th~t the ori~ntation' informatiôri they provide is unimportant. 'But the above de~cription 

oversimplifies the ,neurophysiotogy in' attempting to\ascribe to it a particular furÎction. It 
'J ' •• 

does not consider, fo~ exam~lé.~ other' ~op'erties of simple cells,.- that they vary ln slze. 
l, . • 

12, 
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2 2- OrientatiOfl Selection in Neurophysiology 'and PSYCi1Ci)physit~s 
~ '\J ' '. ' , 

.. ' , ' .', 7' 

and thaf sorne ~xhibit end-stopping'-tflhibiti<?n - or' how the-y -are arranged in the cortex. . . 

,In particuler, the missing elemer'lt is the globaUnteractions - Q,comp,:,tations - between 

these loèal operators tbat occu", before a 'perc.ept i~_ constructed. , Such interactions ,are 
. ' . .' 

nes;essary ta sort out possibly con~ictiRg responses and to fill'in gaps, aiJd 'they have been 

shown t~ be an import;nt factor i~ generating respons_e. patterns of simplt: ceJls (Blakemore 
, ' f' .. ~. t 1 • 

and Tobin 1972: Sillito.et aJ. 1980). Inte~âét,ions between -nei$hbouring ..orientationfs hâve 
, l '. ~ - \ ~ • r 

. , ~ . also been noted in huma'" perception 'that arè strikingly. similar ta the broad overlapping 
, , , 

. , 

\ . 

\ '. 

/, 

. , . 

" 

orientation tuning of simple cells (Movshon and Blakemore 1973~ Carpenter, and Blakemore 

1973). More recentlr. the possible.existence of "curvatufe' detectors" has been invesiigated 

(Timney and Macdonald 1978: Riggs 1973: Heg~eluAd and Hohmann 1975~ Crassini and 

Over 1975: 'Foster 1983), but this research i5 fral,lght with the sa.me pitfalls discussed 

above: nainely, that it does not tàke into account globa~ interactions in the cortex. 
" . w/i1!. ,1 _ ,., 

'0 

- , 

Simple c~lIs- and 'their _ interactions are per~aps the earliest level of orientation process-

ing. ~t a h~glj~r leve~, Âttn~ave- (i95.7: aise) Attn~ave, and ~rnouJt' i95~sèrted th~t', 
"shape'\ can best be described 'by a sèt of li ne segments. :each possUg a' p~sition. ori-, , . . 

L , 

entation. and rength. and the set further, <l;escribed by. their connections (or their relative 

, . positions). Consider Attne;Jve's famous dr~wing'Of a cat (1954), in'~hich h~',used straisht. 
'" ~ ,-" 

.. li ne segments app.ropriately p1ilced to construct a' réc9gniz~ble outline of a cat~ However. " 
, , 

to ~nstruct and place the line segments ~ppropriately (i.e., 'to determine lengih and orièn- -
.' ~ ~ ~ , ~. ". ,fJ_ 

tatiqn,: as weil as contlectivity) ,. a mechanis,!, is needed {o~ .calculating curvatur~, cha ng~s • 

in curvature, and curvature maxima. 

I~ thi~ thesis, 1 shall concentrate on the lower-Ievèl in(erence of con~ours. r~ther tfta~on 
, ,\' .' , '.' " , ' . 

the higher level represeJltation of shape. A new modet pt orientation selection. descrjbed in 
~ ~ .... Jt " .. ~ 

the foIlowint section, shows that interaction betwéen simple-:cell-like' op.erato'rs' can ~rovjde 
\. .', ~ , "". ..' , ' ~. -

t~e necessary' informàtion ,abooi higher-ordêr derivatives. and'tJia,t c'urv'es-can, ~e fit in ' 
, , 1 • 

th;; V!ay' to' stimuij in the' ~iscre~e retina" a rra,:' Furtli~r consideration of how the 1J'l0dei . 
> ' ••• .. • 

- - t ".,,' ~ h , , "" ' 

deteets discc)ntinuities will lead' in Chap.ler 3 to predictions suitable for p~ychophJsic::al, 
'1 .. - ,,1 

exJ,e;im~nt. The results' presenttKI in CÎtapters '4 and s, analysed within,- the c~ntext -of '.-

" 

.' , 

- • C" , ~, 
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2.3 The Reconstruction qf Gurves and Flows from Orientation' Cues 
1 

1 • 

the model. also ,point to the es'timat~on o~ higher-order derivati;es by the visual s~stem . 
• 1 

'nteres~ing'Y. for computational and geometric re~sons. information aboùt orient{Jtion and . . 
turvature app.ears to be compiled everywhere. while derivatives higher than curvature need 
, '. , 

be estim~tt only oVér local·neighbourhoods. this neighbour~~od information !~~n permits 

the precise identificat!on of disconti,nuities. 

2.3 The' Reconstruction of çurves and Flows from Orientation Cues 

T 0 build a computati~nal m~del for the. reconstructi~n of eurvèS. we first need to 

consider th~ neuroph~siology. But in order to avoid either ?versimplifying i\S funetion or 

simply "building an imitation df it. we must then abstract ~urselves from the level of nëurons 
~ 1 

and'concentrate more on the m&thematics of the problem, ln this section. one such model is 
:J • ' 

presented in 5 ufficient detail to provide a éontext for making predictions abou.t sensitivity to 

; dis~ôntinuities and for explaining the psychophysical findings presented in Chapters 4'a~d 5. 
c . . ' 

T ~ simplffy ~he :pr~sentation. a model for ~urve. recons~ruction is presented fir~t. and it is 

then 'extended' ~o' 'encompass flow rec:;on~truction. This _model.of ea;ly orie~tation se'ecti~n 
" ' '" , 

,vàs tirst develQped by Zucker (198~) an~ was later refined by Dr. Zucker. P: Parent. and 

myself.-

, , 

2.3.1, ,A Model, for èur~ ·Reconstruc:;tion 

Thé computation~1 sche,m~ for- curve rèconstructior\ consists of a two-stage procedute 
• _', ' ./" ~ ~ • # - • - ~ - \ 1 • 

(Zucker 1982. 1985): \ . 

1 \ 

,Stage ,'. Construction ora tangent field' corresponding to' the"curve orientation at each 

, : position .. ~ is aceomplished in tw~ steps: 

; 
.:1. ,Convolution against simple-cell-like opera tors ,to 'produce initi~l' orienta-

tion estimates;' "-
2. Interactions bet"reen these convoJutions to: ,-

(a) estimate curvature 

\ 
,~ '1 
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2.3 The Reconstruction of Curves and Flows from' Oritlntatign -(;ues 

~,- .. ~ ~ 
, " , 

(b) eli~inate noise an4, parameterisation effeds. 
~ 

/' '\ 
Stage R Interpolation of the curve from the tangent field. 

i \ 
r . 

1 • 
;' 

.. ' 'Q,... 1 

Stage 1 of this procedure r~uces to a phySiologicat m9del as layers of simple cells. or 
~\ 

networks ~f excita tory an(f irlhibitory connect' ns between simple cells to produce the 

desired feedback etfects. It is important to note t at Stage 1 produces a tangent field. in 

contrast to earlier. methods that simpiy detect lines. The tangent to a curve at a point is 

the best linear approximation to the curve in a 10c3t neighbourhood around that point. and 

it i5 al50 the first deriv.ative (wifh respect to arc length) of the curv~ at t~at point. The 

tangent field is a set of unit-Iength fine segments having the same oriefltation as the_tangent 

to the curve at each point on the curve. Curvature (change in orientation) information is 

used in Stage 1 to recayer the tangent fielcl while in Stage /1 information about change in 

curvature becomes relevant. 

2.3.t.1 The Relevance of.piscrete Input t.o the Model 

. Recall from the Introduction th.at the experiments w'iII ~se dottecl ~t'imuH to evaluate 

human-sensitiv.itl' ta o~ientation discoontinuities in turves and flow' patterns. At this point 

in the discussion. it is instructive to note that discrete inputs to the model are highly 

relevant. and tbey can actua"~ be used ta help develpp the model. The 'inpl,Jt to our visuill 
<J" ' 

syste,!, is a pointi/list array given by discrete retinal receptors. In addition. simple cells 

are quantised both watially and in orientation. Although the visual .system apparently 

infers continuous curves and continuous objects from the image. it is never presented with 

continuous' data. In addition. noise in the optical system may degrade the dis~retis~d 

ima(e 50 ~hat a continuous curve may not e~en stimulate adjace~receptors: Ther~for:e: 
any m~hanism for detecting and reconstructing curves must infer the curve out, of dtscrete 

. 
points. 

t-he; goal of Stage JI. then .• s t9 infer a continuous curv~ through discrete pof~ts using 

'the ~~ient~tion and curvature information provided' by Stage 1. Note that this 1S made, 
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2.3 The Recon~truction Q~ (urves and Flows from Orientation Cues 

possiblè initially by the fact that the convolution opera tors in Stage l, are linear. They can 

therefore be stimulate~equally weil by pairs of dots having the appropriate orientation as 
, ' 

by short line segments of the same oriéntation. the only constraint being that the dots 

must be close enough together to both fall within the excitatory range of the operator. The 

model was developed with exactly this property in mind. enabling !he approach to Stage Il 

as an interpolation process between sample points in a discretised curve. Thrs in turn leads 

to an explicit definition of discontinuities and a method for detecting them. 

The linearity of the convolution operators in Stage 1. corresp,onding to the linear oper

ating range of simple cells. also makes the use of dotted .stimuli in the experiments both 

valid and highly effective. Dotted stimuli .• s 1 shall show in Chapter 3. -stretch the model 
~ -

to its limits and provide isolated and well-controlled ofientati~ an~ curvature eues as input 

to Stage 1 and. therefore. also to the interpolation process. This method thereby allows us 

to infer which information is used by the orientation selection mechanism to reconstruct 

curves and flow patterns and to detect discontinuities in them. T 0 darify th~ way in which 
~ . 

these predictions arise. the details of the model will be presented in the following sections . 
as a reconstruction process acting on sampled curves. The reader<)Jh~uld keep in mind 

that the same process applies whether the sample points are connected (as in continuous 
~ 

curves) or separated by small spaces (as in dotted curves). Of course. a significant amount 
/j 

of processing precedes the convolutions. and the specific structure of the convolution op-- , 
erator§' themselve~ will affect how the curve is reconstructed. However. the analysis of the 

model in this thesis does not rest on these d~tails. and hence 1 shall also aSSUR)e binary 

images. 

'. 

2.3.1.2 Obtaining the Tangent Field from Imprecise Orientation Cu~s 

"'J ... 

Stage 1 of the model involves the construction of a tangent field ,to the curve. or a 

representation of the curve in terms of its orientation (the first derivative with respect'to 
, , , 

arcJength) at each point. Assuming that simple-cell-like operators provide local orientation 
" 

.., information everywhere along a curve. how can these localised re~ponses be interpreted? ln 
(fJf 

, ' 
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2.3 The ~econstruction ~f curvl.nd Flows From Orientation Cu\,? 
• 1 

other'wor~ds. how can they interact tb detect. r~cÔnstruct. 'and re~resei1t curlf,es which pass ,7 ,., 
• 0 

from one location to the next (out of one, receptive field an~ into a neighbou~ing one) and 

which ch~nge orientatio.n? How ca~ higher-order deri~atives ~e calculat~di' Thi~ requires 

a comparison of orientation estimates at several location'S. <io~ether with assu"mpt10ns of 
!, ., 1 

smoothness àn<i of how quickly curves are expec~ed to twist around. ' 

. 
Such' comparisons can be perlorm~d: ,and tl\e assumpti~ns made explicit. within a, 

local excitatory a'nd ;nhibitory network af cells' (or operators) that continue to signal new 
, 'l-

estimates until the ~etw.ork ~~ches ·eq.uilibrium (Zucker 1984a). Howe~;'er, rather than 
".' -

/\ ()perating 'On actual estim'àt~~ ?f .orientation. such 'as might be obt~ined by' s~lècting the 

"~aXimum ~esponse at a parti~ùlar loca"tion. the netw~rk can c?mpare the ov~rall pattern 

of responses t~ an expected pattern of response for any parti~urât c,urve structure (Zucker. 

1984b). In this way. not only orientation but lOcal curvature information ~can be deriveCl 
, . 

from the response pattern. Computation,ally. representing 'éurvatu~e explicitly has several 

advantages (parent and Z'ifker 1985). In ~a·(tit.ular. it constrains the orientation estimates' 

within a local neighbourhood.· permitting more accurate initiâl gues ses and reducing the, 

numher of comparative iterations required 'to reach equilibrium: see Figure 2.1. It req~ires . 

however. that the size of the operators vary so th~t the larger ones can accommodate 
- . . 

sections of curves that bend while the smaller on es provide more locaP'information and help 

to define the spatial resolution of the curve: The larger operators. however. will respond 

to straight stimuli (thin enough to ~timulate smaller cells) ovèr a slightly broader ran~e of 
• 1 \ "-

orientations than smaller operators. Thus. the broad orientatjol1 tuning of sorne simple ceUs 

(Hub~1 and W'ieseI1977) may actually b~ an adv'!~tagewhen curved stimuli ar~ considere~. 
as long as the ran~es of orientation responded to by iOdividual cells oVérlap to ~over ail 

possibilities. T.he hypercomplex. or end.stoppi'ng. pfoperties of sorne of these cells also' 
~ 

.result in response patterns that reflect the local CUfvature (Orban 1984). 

& 

Hi~her-order derivatives can be calculated implicitly with each comparison. and the 

more global we ~lIow thè comparisons to becotne. the more wè ca" confine the cu;ve 

to specifie locations. orientations. and curvatures. The notion of arbitrarily many curve 

'-
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Figûr.e 2.1 Thi~ exampl~ iIIu~,ate$ the vârlability, of orientati~n e~timates~ when 
only'Orientation estimates are availa.ble and (b) wh en bo~h orientlltion and curvature 
estimates are available. The dilference is shown in (e). The smaller variation when 
curvatures a,.e known indicates hoVl! the criteria for locating orientation discontinu
ities can be 'changed, allowing discontjnuities corresporiding to smaUer>change's ln 

. orièntation to be' identified'-

derivati~es being calculated and rep'resented by the visual s~stem has been advànced by 

Watt and Andrews (1982). However. Watt and Andrews postulale sey'e~al mèChanisms. 

perhaps working i~ paralJel.to calculate the variou~ derivatives. The, model presented here ' 

calculates the first two derivatives llsing a single m~hanism whose purpose is t~ construct 
, } , ,. 

the ~~n,ent field of ,the turve and to o/0vide direct input to an interpolation process. It 
, . . 

is in this second < stage that higher-order derivatives need to be represented. but only QV,et ' 
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2,'3 The Reconstruction of Cl/NeS and Flows from Otlent"!tion (ues 

neighb()urhoods rather than at e~ery poi~t. 

2.3.1.3 Curve Interpolation and Discontinuity O,tection 
, '. 

<of let us t~rn 1l0W to S~ag~ Il of th~ ~odel .. The proè~~~ of ~onstructi~g a curve which is 
. .. 

constrai~ed to pass through certain given locations is known as interpolation. Note that an 
, 1 

infinite number of curves can be made to pass through any discrete set of sâmple points. , . . 

Interpolatlon processes. therefore. impose certain 'assumptions about the properties of the . ' . 
inf~rred curve to constrain ·it sufTicie'ntly so that it will always ·be u~ique: For example . 

• ' , J ! .. 

. the derivatives of the curve may be .constrained to lie within -a, certain range. Usually. 
~ ." " 

the number of times ,the curve can change dir~ction (i.~ .. tITat tITe sign of the curvature 
. , , 

.. can change) between adjacept sall]pl~ points is limite~. The previous section showed that 

networks of simple-.cell-like ope~ator~ can construct and represent the tangent fields (or 

first derivative&( of curves (Stage 1 of the model). The advantage of speaking of Stage II·, 
.. r- , 

• ~ J -

in ~terms o( interpolation is that interpolation t~eory provides a framework for defi.ning and 

d~tecting discontinui\i~s in the curve. 

lnterp~lation theory states that if n positions are represented. thel'l the underlying curve 

can be -approximated by if polynomial' of degref! n - 1. 'and an derivatives of thecurve of 
\' ' .. ~ ~. , .... 

order n or greater 'must be assumed ta be zero. In practice. however. the,resolution of 
, ,,\ " 

, , 

Stage fis limited - the systèm,can only accommodate. s~y. 'm derivatives. Then eve~ if the __ :_ 
.. .' 

n~umber of sample points n is larger than m,' ail derivatives of order higher 'ttlan l'Il must be 

. as~umed to be zero. Disé~ntinuÎties must be asserted at' points whe~e thls assumption is 
\ .j,,' .. ' 

violated in order to cause the intérpola~ed curve to pass through the dots. The order of the 

discontinuity refers to the I~west~order, curve, derivative which undergoes" an, instantaneous 

step <::hange. The mathem~ticéil definitlon of a discontir1~t~y states th~t the limit of this 

derivative. as predicted by the integ~af of higher-order derivativés. depends on the direction 

along the cur;e from which the limit was obtained. This thesis concentrates on orientation 
. , 

discof/" 'ties - nrst-order discontinuitÎes - that Qccuf. for example, at corners. when the 

orientat,on .~hanges. sUd:dénly an-d unpredi~tably al a point. ,-At ~hi~ 'poln~. curvature â~d 
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2,3 Tht Reconstruction of Curves and Flows from Orientation eues 
, .- . , 

j ., 

atl'higher-or.der dèrivatives' are infinite or ~ndefined. and hènce we assert':an orientation 

" discontinu·ity. ( 

The assumption that higher-order derivatives must be zero cano however. be relaxed . , 

during Stage Il to efFectively increase the degreè of. the representation. Recall that the 
, ~ l ,'. 

input to ~tage Il is a set of quantised orientation' and positi~n' estimates. as weil as coarse 

curvature estimates. During the intérpolation stage. the estima tes can be allowed to vary,. 
, , 

within a limited range that reflects both a' maximum expected variability (exemplified by 

,how coarse th~ curvature es't1~ates are) and the chara'cteristirs, of 9ther nelghbou~ing 
estimate5. One way to achieve this 15 to represent higher-order derivatives of the curve. 

not necessarily explicitly ~t every point. but at least as changes in th~ Stage 1 e~tim'âtes 
over sorne open n~ghbo!Jrhood. To iIIu~trate. consider the first degree approximation in 

, " ... 

which each pair of points is joined by a straight line. Unle~s the curve i5 perfectly straight 

(th/at is. unless' the change in orientatiol1 - or curvature - is' zero) the ~terpolated curve 

, ~iII have orientatio discontinuiti~s introâuced at each point during Stage 1: see Figure 2.i. 
'..- . ' 

Duri"g Stage n. the laxation of the assumption that tlle curve is locally straighJ might 

permit a smooth interpr ,talion. Notice in particular' thàt the orientation change at P is 
, , ' iii 

the S3me for both curves. If relaxatiol'l of the original ass!.Imptions were permitted by 

rèpresenting and comparing curvature over local open neighbourhoods. the angle (J at point. 
,~ , 

P in p',art (a) would m,ost likely be consistent with the other orientation changes in the 
• , il , . ' 

neighbourhood - that is. the difference between the~ would be negligible. and a smooth 

interpretation would result. However~ the same orientation change at .p in part (b) wpuld 
~ 

, 'most Ii~ely- differ significântly from the neighbourhoo'd estimate for curvature. resulting 

in the' ass~tio~ of a 'discôntinuity at P. Unl,ess a mechanism for comparing orient,ation '~' 
. , , 

changes over a neighbourhood (to determine ~onsistency) exists. the orientation change at . ' 

P must receive the sa me i'nterpr;tation for both curves - the discontinuity. in part (b) of 

the.figure could not be distinguished from the s'mooth curve at 'p in par~ (a). " 

.. ' .,t 

How. then. could higher-order derivatives actually be represented and used in 'Stage Il? . , ' 
, ' 

ln principle. a curve can be assumed to be straight within 'sorne ,sm~U neighbourhood . 

" 

. . ' 

" 

q 
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2.3 The Reconstruction 'of CUNe:; and Flows fro~ Orientation eues 

.' 

,~ . 
(i;) 

p 

. (i) (ii) 
, 

Fi&~re ,2.2 Straight-tine interpolatioll9f two piecewise smooth curve~, ln each part.' 
(J) i$ the original curve. and (Ii) is the sam pied a"d interpolated curve .. Note tha~ 

. the orientation discontinuity introduce~ at each sample point -in 'the interpolated 
. curve is ambiguous. The angle Il is the same in both part (a) and 'part (b). aJthough 
in part (a' the curve is smooth at point P. while in part (b) P is the location of ' 
cm orientation discontinuÎty. This ilemonstrates that we must have estimates of 
higher-order deril/atives'. or a knowledge o(several neighbouring estÏlnatês and their 
reJations~ips. in order to resolve such~ ambiguities and locate thé discontinuities, , 

. \ 

\ ' , 

This permits the ta'ngent .. or the b~st straight-line approAimation to ~he curve over the 

neighbourh,ood - to be estimated ~t the neighbo1Jrhoôd centre. Over a slightly larger 
. , 

neighbourhood. however. curvàture cannot be assumed to be zero. If it is assumed to be 
• ~ 1 _ ' '\- • 1 

, constant. th en it can be estimated by differencing tw~ neighbour,ing orientation es.t'mates .' . 
a~d normalising by the distance between them. The curvature estimate 'obtained . i.n this 

way provides an approximation. to the,osculating circle of tlle c'u!ve at the centre of the 

neighbourhoo~. As this f1eighbourho~d is m~ved àlong 'the curv:. the curvatu~e can change 
( 

- but i only gradually. 'If too large' a change in curvature- occurs between ';djacent nei~h-
" 1 L • , 

bou·r~odds. and especially if ~hi.s èhan~e is' inGonsistent. wit~ the local çha'ng~s betwe~n 

,neighbourh~ods ta either si de along the curve., then an orientation, discontinuity can be 

asserted. 

~ ~ .., 

. ' 

ln practice,' however. b'Oth me spatial domain ~nd the ~jentatjon domain are qùantised. '. '. 

l 
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'~ '1 2.3 The Reconstr.uctioll of CUnles afld f:lows from 'Orientation Cues 

Problems ~i. t e' 9Uân~i~ati~n ~nd w~th nqis~ ~ay éV~~ re~uire several es~im"tes t~ be 
"--- " '. . 

obtained ~ver neighbourhoods of'varyin~ sizes (Parent and Zucker 1985). Therefore. 'a 

cur~ature estimate obtaÎned by differencing orientation e~timatès is not exact. Rather., 
',l') ,",'.. ' '11 

the' dtr~ature iS .. knowl), to lie within som~ oran~e of the, eSli~ate. The size 9f this" range 

refteèts an error tolerance that arIses out of the particular quàntisation. Consider again the 

example w~en onÎy orientation es~imat~s are obtained În Stage 1. a~d foUow the first line i~ 
" . 

Table 2.1. T~ esti~ates '~f thé tangent are obt~ined over pairs of poin'ts by assuming that 
, 

~urvature is locally zero - the orientation of the tangent is then equar to the orientation 

,of the' dot pair, Ov~r a slightly larger neighbourhood. the c~rvature can be, approximated 
... "1 \ • 

,a~ the difference between adjacent (~r neadjy) orlentations.· This requires the assumptl~n 

that' cu;vatu~e is constant within the nèighb~urhood. However~ since these estimates are 

noisy (due tp ,the spatial afld orientation qùantisation) we must relax this assumption so, 
a '........" - , ~ ~ l ,1 

,that curvat\,!re is only ~onstant to within Isom~ error tolera~ce E. As this neighbourhood is . 
, ,. ' 

moved -along the curve. then. the curvature would only be, expected to change within this 
_', '-1 

error.tolerance (that i5.· it should not jump by more' than one curvature range). Note that . .' 
, wh en ~h~~e con~tra~nts are imposed, the.. ori~tation o~ the tàn'gent at sorne point'can be ".-

prel{lcted from th~ orientation at a nearby, point and the 'curvature estimates. However. 
4) ! ~! ~'. ' 

1 l,if t~er~ -~s, an orientation discontinuity ~t 5c)ÎÎ1e point P. the prédicted orientation at P 
- . l '.' , , 

will depend ~n 'which sida of rp (a long the curve) the prediç~ion .is madé from. This is 
'of • ... 1 .. 

similar to the maté~atical defi.lJi~ioll of an orientati~n discontinuity. The discon~inuity will 

, equivalently affect' the ~ehaviour 'of .the curvature representaiioll - the change in curvature 
, ' 1 f ~. 

. over .ih~ n.eighbourh,ood containing P will exc,4led the error tolerance f: Thus .. t~e local 
i. l': 

" . col'lstraint is used to obtain the initial (ori,en'tation)' estimates. ,bu~ 'the neighbourhood 
1 • ~ , l, .. 

, ' 1 

, 'constr~i~t is' imposed to esti,!,ate hi~her-~rder derivatives and to locate the discontinuities. 
, " 

The remaining rows in Table 2.1 generalise these constraints over several orders 6f Stage 1 
l '1 < ' \ " , , 

estimation. ' -. , , . 
\ . 

, , . 
2.3.2 From Cwves to Flows 

, -,\ ' 

\ , • • .' - : % 1 " 1.': .,' - ,', , .. 
Recovering flow in- images is more cornplex than 'et:6vering torves because ,flows . ~re 
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2,3, The Reconstruction of Curves and Flows fr.om Orientation eues . ' 

, 
Stage' Est,imatiori- local' , Constraints On 

Estimates NeigHbourhood Size* Assumptioris An Open Neighbourhood (N) 
, 

, ' .,. \ , 

AN~It),:5 lO 0 2 ,,;:::0 , 
. ,,~ Co 

u . 
8,,, li' 3 , 

a" == 0 ait ~ Ct AN(aK).:5 li '. ' . . 

(J" It, ait 4 '. a2" ='0 a'l", :::::: .C2 . ·.AN(a21'1:) :5 l;' . , , ... ' -.. 
allt =0 al", ~ cl' .AN(iJ31t) :5 II • 6, tc~ .5 .. 

, . " - -. a", a2 
Ir. " 

. 
, . 

. . . . 
, ' , . , : ~' 

, ,. . . 
8, ", atc, ... , ' , 'an- 2",;::: 0 an - 21t ~ Cn -2 : AN(a~-21t) :5 f n-2 n .. 

an- l ,,' 
- . 

, . 
\ 

'" 
• 'number of sample points used to produce initial estimates , .. , 

(J =. Tangent: ci =,' constant' vaiue of ttk derivative of curvature: 
~ .- C;urvatu.rei, AN (x) = magnitude of change in x over neighbourhood N: 
iJlC = ,tst derivatlfe of curvature~ E' =' sm-:./I boul'lded,tolerance variàble based on the , 

,jjm IC = ~t!, derivative '!>f curv'~ture. quantisatiÔl) . 

. Tablè 2.1 For eac" level of resolution. - the estimates that are obtained ~irectly from 
the image. the Ibca' neighb6urhood ,size used to produce the estimate: lM local as
sumptions imposed in obtaining the estimates: and 'the constraints used to relate 
riëigh.bouring estima tes. ,Discontinuities are asserted at locations ,where the nèigh
bourhood constraints , are violated: where a change in the highest·levet estima te for' 
nelghb~urs Is too hlgh within a local neighbourhood (AN locally éxc;eeds E). Note 
that srnce the neighbourhoods overlap. this is equivâle"t to saying that the change 
is unpredictable given the changes· between other neighbouring estimates. Orienta- . 
tion discontinuitfes are asserted wbere this change percolates back up °through.the 
derivative5 to al50 produce an unpredictable change jJl the curvatuFe estimates ôver 
the neighbourhood N. ' " " ' , 

two-dimen~jonal struclure~ whose represe,:,tation in images (as flow ~atterns) is more 

sparse than that of curves. Informa"y. a' flow p'atterri is defined as a dense cov~ring of , 
a surface with,a family of ~l.Irves that are locally parallel a!most everywhere.2 think of this 

as arising fro~ a limiting'proc~ss: consider a surface covered by pin-strjpes. Now. imagine 

addlng more and more pin-stripes ~o th~ intermediate spaces while at the same time shrink

ing the width of each pin-strJpe. A mathematical i~ealisation of 'a flow pattern is achieved 
.' -: .. , ~ ~ , ... .' ~ , " - , 

1 ~ :, " \ f , 

.2 For.a more' precise mathematical presentation: $ee Zucker 1984b. ' 
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" 2.3 The 'Reconstructton . of Curves and Flows from' Orientation eues 
, . 

Ylhen' the stripes ar~ il'lfinitesimaUy 'thin and delisely packéd. 1':1 ,practice; however. only 

shor.t s~~~ents.'of these stripes ca? be di~played ... and_ e3ch s~c~~ssil/e piete ôf contour tha~ 
• 1/ • " ,{, 

, is displayed (in the 'direction of t~e flow) , must be displaced from t~e last in, t~e dire~tion, 

perpendicular to the f1~~; see Figure 2.3. Information along 'any one floYi contour is there-
• - .; ,'~ , i 

.fore extremely sparse': noise in the image will de~rade even further the initial orientation 
'.II • • , • 

estimates. There is not enoug~ information' to recoyer the curvés t~at locally represent the 
, .. \. ' 

flow transformation uslng èxac~y '\the silme process described in-Secjtion 2.3.1. Additi~nal _ 

c~nstraints' must be 'impos;ed. The\most ~rominent o:fe arises fro~ the fact that flows are' 

locally l>aralle~ in floY' patterns. e~~n though the representati<m of the flow' is sparse. this'-
, , . . . 
is apiJroximately true (Glass 1'969; Stevens 1978). This can 'readily be incorporat~d into 

\ .. '. - ~ - .. 

s.tage 1 of the mo~el br requiring that ,the orientation estimates be apPT0xîmatery equal in 

the perpendicular ,directjon ...: or. equivalently. by averaging the tangents perpendiculôlrly. 
-; ~ l , .. _ ~ , 

. , 

'6'. 1 (a) (b) 
, 

i=igure 2;3 Examples of (a) a pin.stripe pattern and (b) a flow pattern, When 
_ the stripes in part (at are made infinitesimally th!n and close-together. they define 
a continuou's flow. Howeller. this flow is impossible to display. Therefore. flow 
patterns are composed of short curve segments that--âre displaced frCi'm one another 
both in the directioll of the flow alld perpendicular t01it. in order to represent 

~ the flow over both dimensions, Note that in a continuous flow. the pinstripes 
are" Py defin!tion. locally parallel. For (discrete) flow patterns. this can only be 

, approximately true - the parallelism breaks down as the lIow changes direction. 

~ -
Imposing new constraiots. however. will' affect later processing ànd. hence. the final 

percept. In particular. when the constraints are violated locally. the perceived flow will differ 
, - \ 1 ,<: •• 

from the true one'in, a predictable ,way. One effett of averaging the orientation estima,tes 

. in a direction perpei'Uticular to the flow is that the exact .positional ,information associated . . \ .. , 
\. 
'\,' -• , \ ~4 --.,.' 
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2,4 'Disc~n~inuity Sensitivity and Models.of O.rientatio,:, S·eJectfon. 
- - \ ~ ." 

- with the èues 1S lost - a property ~f- flow p~tterns noted by Zucker (1982). , Technically. 

then. Stage n becomes an estima~i'6n pro~ess- where flows~are involved: rathér than' ~n 
interpolation process: ',the resulting pe"rcept is of the best-fitting flow trimsform. not an 

.. , ... ' ' '\ l , 

, ~ 

< exact fit. This does not change the way in which discontinuities are defiried or detected by 
~ t » ~ ", 1 . l , 

Stage'lI. It dOEls. however. also r~sult in 'a snl'oothing of orientati~n info,~mattor1 acrC?ss the 
'--. , ' 

image. leadÎng to a 1055 of sén,sitivity to changes in orientation. or equivalently a loss of. 
, ,., " . , 

curvature information. Note that theTassumption of local parall~lism is by de6nition violated ' 
.. . ""- . \ -' , 

in region~ where the flow. changes orientation., ln these regions the model will attempt ta 
'" - ,', 

èqualise orientation e~timates that are in~er~ntly different. causing the apparent change . . . 
in orientation' to decrease in m~gnitude. Therefore. changes in orier:tta~ion are generally 

~ . -
detected only when r.;hey als<? fine up and thereby pr~vide,'support for ,a region of flow 

change. -The width of this regian depends both on how local and h9W large the change 

in orientation is. Since 'discontinuities are asserted only ~here this region Îs (ideally) 
~. l ' 

. infinitesimafly t'hi'n. it is to "'be 'expected ,that the orientation ave;aging that results 'from 

the '.assumpiio,n df I~c~r parallelism would decrease. our sensitivity to discontinuities;' see 

,Figure 2.4. " 

It is desiràble. ,therefore. to 'inhibit the assumption of. local paralleJism where we have 
~, .' ' \ 

evidence that: it is v,iolated. Obtaining higher-order, estim~tes from individual flow cues . 
would pro9ide such evidence. ,For example. curvat\Jre estimates would tell us not only 

~ .' ho~ orientation .estimates sha~ld c~ange in the direction of the flow, but al 50 how they 

-should chang~' in' the direction perpendicular to th'e flow. This would all~w. tl1'e region over 
(f ... 1 ~ 

which èstimates are averaged per'pendicularly to ~e reduced 'and ,the assumption of· local . 

p~ralleli.~m- to he relaxed. We migbt è~pect. the~. that the effeèt on discontinuity sensitivity 
" , 

"of ,obtaining. where~er possible. various orders of appr~ximation from the flow cues - see 

" Ta~e 2.t - would be m~gnified for flow patterns. 

2." bi~contin ... it~ Sen'sitivity,~nd Models of Ori~nta~iqn Selection' 
't 

Sinc'e the detectjo~ of' ~iscontinuitie!; is an Impor~'an'~ aspe!t of th~ mode;. we can 
~~ ~I .. ~ 
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2.4 Discontinuity Sensitivity anft Models of Orientation SelectiOR 

1 1 

1 1 
1 1 

. -' 1 kgap in orientation information 

spr~ading .of orrenta.tion cues ___ ~{1~_.;.· . -' 
. by lateral interpolatIon - ::::;~~"t:.:r~~~ ,_ ... -... ~ ....... -... ( -1 .... - ~': TF=-': .... _--.. 

a~tuat field orientation./ . .... Il 'l--I ;'erlapping of confllcting 
. . - - orientation eues 

1· 1 
-i j.- region of a.mbiguity 

(al. 
, . 

line of flo,w discontinuity 

... ... ... 

... 

.- , ~ ...... 
1-

-- -- ... -. .. - ... ... ..,- -::- .. 
.. , -.... ... ... -....... 

.- .-
Figure 2.4 The ambiguity introduced by the assumption of loul parallelism al 

changes in orientation. In part (a). the lateral propagation of suppôrt for the ori
entation eues r;esults in conllicting orientation support inside the corner. A gap 
in orientation support outside the corner compounds these ambiguities, A fl.ow 
pattern with this, field orientation is shown in (b) and 'is ~opied in (cJ ~it~ sorne 

. lateral spreading of orientation eues marked ta show. the conflicting information in 
, , .. "t • 

tbe central region. - . 

é 

:~tudy human sénsitivity to them in order to cQnstraïn the ~echa?is~. In particular., as was 

pointèd out În relation tla' early models. of vision. the complexity of the m~dèl is -direcUy 

<;onnected to how ~iscontinuities are ~moothed. This complexity is ~termined by the size 

of the neighbourhood over which information is integrated and by the' number of .curve 

derivatives ,that can be represetited by the n'Iode" ,In ~he next chapter. 1 shall discuss in . 
more detail how and why we tan e~pect sensitivity to orientation discontinuities in curves 

and in flow patt~rns to v~,ry. with particular reference to the order of the interpolâiion. This 

gives rise to specifie predictions about how discontinuity sensitivity changes when dotted ' 
, ... ,,1 ~ .J. l, 
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2.4 Discontinoity Sen~itivity and Models of Orienfation Selection 

..' Ji, 

.. / , , >'1 
~ , . , ,. v , 

curves.and flow patterns are used to manipulate the otientation. and curv<lture content of tf,le 

image: 1 s.h~l, u~e 'the~è predictions to set· up pa'radigms for' stud~ing ~u~an_ s~nsitivity ~ -
th;s manipulatio~. The psyçhophy~i~al'experiments perio,m~d:to te~t ou~ the)midlctiol1s ~ :. 

, '1' • 

are presented in Chapters"4 and 5. o. , 
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Çhapter 3 , , ' ëisconti~uity Sen~itiljity. 

, ' in Curve and Flow Reco~st,uctio~ , 
, ' ot 

, ' 

Discontinuities in orientation structures mark, possible bouhdaries between objects. 
. , 

'-- This is im'portant b,oth for t~~'initial 'segmentation of an image into cohèr~nt surface re~ions 

and for qualitative shape desc'ription. Our sensit;v;ty .to th~m also provides a n1eans 'for 

assessing the model of early, orientation sele~tion ~resënted in Chaptèr 2. 'Specifically, it 

. 'will a"ow us to mal(e inferences about the order of the èstimati'on and interpolation in the 

,ôrientation selection process. 
". 

, . 
, We have seen'that any model for orientation selection must b'~ able to ,.ecover curves and 

flows from discrete stimuli. This does not mean, however. that .the model is insensitive 

to variations in thé qua'ntisation. The model will 'always prôvid~ some r~onstruction. ' 

but jt ;s not étear' that this reconstruction will always be correct - thi.s depends on how 

welf ~he assumptions (of sm~othness and maximum curve'degree) dèscrib~ the stim~lu~: 
" , 

This provides a basjc paradigm fdr studying, discontinuity detection: 'Ile can uS,e different 
, . . 

quantisatipns of curves and J flow. patterns to control how w~lI ttlEl assumptions describe 

, t~e und~rlying functions (in the éase of curves) and,whetherof not the'quantisation itklf 
w ~ - ~ , _ ",' , , 

limits the way the ,mechanism ,can function (in the cas.e of flows). In this chapter." 1 shall 

discuss in more detail the effects of qu~ntisation on the model wï'th particular referencè to 
, . - . " , f 

the detection qf ,discontinuities: first fo, ~l\fve and tben for flow reconstruction. 1 sha'lI show 

how the, smdothness as~umptions and ~he finite order_ ~t' the 'system can, be- expected to 

. re~utt in ~he_ mispercept:~on of dis~of!ti~_uities, ~nd~r ce~aiQ ci~c~mstan~es t~at are ~ontrolled) 
"-y, the actual quantisatÎon, The specifie prèdi~tions that arise from thi~ discus~,on have 

, ":, oi 
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3.1 Discontinuity Detection in Curves 

been tested psychophysically. and the results are presented in Chapters 4 and 5 . 

. 
3.1 Discontinuity Detection in Curves 

The deteetion of discontinuities by Stage Il of the orientation selection process (de-' 

scribed in Section 2.3.1.3) depends on the str~~ture of orientation eues in a neighbourhood 

around the disoontinuity .. Using dotted - o~sparsely sampled,- curves allows us to manip

ulate this structure in a controlled manne" and hence to study in sorne detai! ilS effect on 

discontinuity sensitivity. The following para~hs justify the u~e of dotted stimuli to study 

the PSYChophysi~~ of early curve perceptibn.~heir use in studying discontinuity sensitivity 
c • ~ h 

• .[ (> • 

is also motivated by a demonstration of the efTect of differential sampling on the perception 

of orientation discontinuities. This leads to a paradigm for stu~ying human sensitivity to 

orientation discontinuÎties in curves as a function of the local orientation structure. 

3.1.1 From Dotted to Continuous Curves . , 

. Recall from the discussion in Section 2.3.1.1 that the mechanism for detecting and 

reconstructing curves must operâte on a pointillist input array. such as that given by , ' . , 

the discrete retinal receptors. Because noise in the optical system degrades the discretised 

image. a continuous curve may not even stimulate adjacent receptors. and 50 the mechanism 

must be able to infer clJrves out of discrete. non-connecled points. Fro.m this. two related 
_. "a' 

obseryati~ emerge. First. 'one can assume that it is legitimate to st'Udy curve perception 

by studying the perception of sampled or dotted curves. as long as the sample points are 
• 

clo~e together. Secondly. if the quilntisation of the curve ch~nges when it is imaged -

. perhaps due to a slight change in position relative to the sampling grid. or due to noise 

- the arrangement of data points will change. This will affect the geomet" 'of 'the curve: 
, - (D 

if the quantïsed positions of the curve change relative to each other. then the orientation 

of neighbouring points will change. and so may the curvature. Since geometry varies with ... 
discrete inpLit. we can tt.!ke advantage of the tirst observation and use discrete stimuli to 

\ . 
29 
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3 1 Discontinuity Detection in Curves 

study curve detection. The following paragraphs expand' on these observations and, show 

how 1 will use them 

3.1.1.1 Deosely Dotted Curves Are Equivalent to Continuoüs Curves 
.c ."., ' 

Since continuous curves are presented ,to our visual systems in a quantised form. 

how close together do the sam pie points have to be for us to perceive the curve as a 1J 

unit? Is it possible that sorne dotted curves are processed equivalently to continuous 
o 

ones? Theoretically. the Nyquist criterion answers this question for us (Oppenheim and 

Schafer 1975). but this line of reasoning begs the issue of what mechanisms are used to 

reconstruct curves by the human visual system. From the point of view of perception. the 

relevant questions ale: 

1. How does the curve percept vary as a function of the density of sample points? ..,. 
2. How does the curv.!percept vary as a function of the sampling phase (given a regularly 

sampled curve)? \ 

ln answer to the fi'rst question. cQnsider Figure 3.1. In this figure, a sinusoid has been 

sampled with a uniform dot ,size but' using three different sampl;ng interva'sy"'n part (a). 

the curve is essentially continuous. In part (b). although the curve is dotted. the peaks 

are still smooth. In part (c). however. the dots are far enough apart that the peaks no 

longer appear to be smooth - rather. they ,appear trtaflgulated. Somewhere in between 

(~) and {c} is a transition point where the equivalent curve percept actually b~eaks down 

(disregardin~ phase). This point ,is actually dependent on the size of the dots used to 

represent the sample points. and 1 shall refer ta it as the size/separation cons,tJoaint àfter 
~ . 

lucker and Davis (1989). Under the assumptJon that simple cells are involved .in curve 

perception. the size/s,eparation constraint would relate directly ta the spatial distribution 
, 0 

of a simple cel/' s response: one would expect that over tbe linear operating range for simple 

cells. two dots appropriately oriented are equivalent to a 'solid bar stimulus as long as they 

\ 

,3 ln ail figures. the dots sizes and sampling intervals quoted were accurate before photocopying 
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3.1 Discontinuity Detection in Curves 

. ' 

are close enough together to both fall within the receptlve field of the cell. (This is èertainly 
. '-.. 

true of the convolution opera tors used in Stage 1 of the model presented in Section 2.}.1.) 

The effect of dot size and separation has been fully demonstrated and measured by Zucker 

and Davis (1985) with respect to the property of well-plaéed end points of contihuous and 

dotted lines. 1 shall be concerned only with curves that 'are sampled on the densé side of 

this constraint. 

'. .' . .. . . . . . . . . • . . . . 
0 

0 
0 . . . . . . . 0 . . . . '. . 0 . 0 . . . . .. . . . . ... . . . 0 ., 0.0 

o 

" (a) (b) 

• 
, . , . .' 

" . ,. . ... 
.. . , . . " 

." 

'. (c) 
, \ 

, ' / 

Figure 3. i, T~e effect of different -sampllng interv~ls o~ cutve ~~rce,pti~ri. In part '( ~i, 
., the sinusoÎd has béen sampled on the dense sid~ of the size/separation constral,ht 

(Figure la ln Zucke! and Davis 1985). ~n~ it.t9Pks ,the ~ame as the con~inuous 
.sinusoid i~ p~rt (a). In part (c). 1tow~ver, the slnusoid has ~en sam pIe<! C?n ~he .' -: 
. 5p.arse ~ide pf the constra.int. and t~e p'eaks appear. to be triàngul~e4. In all j>arts, ' 

the do\ size'is 2.9 mifl~tés'of visual angle f m.,v,a,) ~!ten viewed from a dfs'tance,of 
, t.. meter (~fore printing)' ln' part (b), the dot to~pac~ ratio 'i~ 1'1,5: in part (c) it' 

is 14. 
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The seco~èI 9~estion, how the curv~ percept va.ries w~th the sampling pHase. pr~vJdes 
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3.1 Discontinuity Detection in (uNes 

a means for s~udying tbe sensitivity of the curve reconstruction mechanism to local-orien

tation structure. This sensitivity is the subject of this thesis. The following ·paragraphs 
~.011 -. '. 

demonstrate· how changing the samplirig phase. and tllereby changing the geometiy of 

the dot pattern. changes the percept. This Îeads to an experimental paradigm' for study

ing human sensitiv~ty to orientation discontinùities as a function of the local orientation 
.~ 

structure . 

3.1:1:2'-- Quanti~ing a .Curve 'Oifferently C~81lge.-tfle Geometry of the Pattern 

'To pr~duce a discreteJrace'of a .curve~e begin ~ith some continuous c~rve. sample 

it at 'r.~gular interv~ls. and then disptay only the sample points. When a. curve has been 
.... "'., \ l'. 

, sampled. ~e must distinguish between: 

1. the underlying continuous curve. or 'virtual curve: 
... ./ ' 

2. the discrete trace of the curve: and . 

3. thè appareot curve. 

, 1 

Consider Figur~. 3.2. N,~tice that the curve, ~n part '(a) o~ th,e figure has,an orientation' 

dis~o~\inuj~y at P. I~'part (b) tHe curve app~ars to_~e s~~~th everYwhere.· Althou"gh one's 
• ~ # ~ ~- .. 1 

attention 'may be drawn 10 the pa~t of the curv~ near P. perceptyally thereJs no break in 

the cur,;e'such as.in part (a). In facto parts (a) and (b) were c:Onstructed from the same 

und,erlying curve.-but their,quantisa~'ions - within the size/separation constrain~ - are pha~e 

shifted: the sampling interval is the same. but the sampling,points 'àre different. ~hanging 

the po~iti~n of the {Jats' along a virtual curve cha'nged the gédmetry of the dot pattern. 

The portion of the mode! presented in Section 2.3.1.3 l1'akes.explicit ~ow the detection 'of 

, discontinuities is dependent on ,the local orientation stru~tur~. Speciffcalfy. the CUfvatu-re 
/ . 

(or higher:-qrder derivatives). approximated by differeQces of orientation estimates. must be 
, . . 

consistent across opèn neighbourhoods for a smooth i"!terpretation to result: othèrwise a 

-discontinuity must be as·serted. Changing the geometry of the dot pattern is 'equivaleflt to 

changing the structure (the local orlentations and the spatial arrarigernent) of the orièntatlo~' 

.. 

-, 

.' , 
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3.1 DiscontinuitY'Detection in (urves 

(,. 

. , , 

, eues. As in the exampfe. therefore. it further changes' the apparent èurve. Ot~er sampling 
, .. ". ~ • 1 , 

. phase shifts WQuid ·affect in varying degrees bur ability to see the discontinuity in the curve. 
, ' 

1-

p p 

" ' 

(a) 
" 

(b) 

• Figure 3.2 . -A eurve whic~ has been 'quantised at slightly varying positions (but at· 
the same rate) relative to the.~iscontinuity al P (see part (a)). Note how the dis
con ti ri urt y appears sharp in (a) but smooth in (b). The dot size is 2.9 m.v.a. when 
vÎewed From a distance of 1 meter. _ . 

, (a) no offset in quantisation from the discontinuity (seen f P), 
(b) quantisation. offse~ 0.1 dot diameters to the teft of P t\ 

i,. 
\ 

03.1.2 A Corner and a Curve 0 -. " 

8y· taking together the two observations discussed abova. we know that .we c~ use 
': ,-

differenlly s;fmpled cu/ves to study how changes in the g~metr~ affect 't~e a~parent cu/ve. 

Spècifi~ally. we 'can ~S& phase shifts in the sampling to affect the geome.try 'of the 'pattern 
• • l '!. . 

without chang.ng the' sampling interval (and therefore without changing any other possiblè 
~' ' 

characteristics of the inference). To obtain' stimuli for studying this effect. c()nsider two 

straight lines approaching a point: and allow for tw'~ cases. In the fir.st case', let the lines 
! • 

continUe ~Iong ~ stràight path until ,they meet at the point. (orming a sharp qrientation 
, . 

discontinuity in the resulting Cl(rve: see Figure 3.3a. In the second case. let'the 'ines curve ' 
, 0 

~ '... • l ' l' 1 

(say. fO,lIowing a low-frequency sinusoid) to meet with th~ same orientation, forming a 

$t11ooth curve; see Figùre 3.3b,· These two examples provide a means of as~essii1g whèther 

the orientation discontinuity - the' corner .- is detectable: it must not appear li~e. the 

smooth. or control.,' curve. Notice ,that by sampl!ng the ,test (disc~ntjnuous) ,curve with 

different phase shifts: we ca" change the orientation éues i'n the neighbou~h9od of. the 

. ,. 
., 
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3 2 Discontinuity Detection in Flow Patterns 

corner\ in a measura~te way: St;~ Fig~re 3,4. ' This then provides a par~djgm for studying 

ho~ neighbouring orientation eues iri'teraet in, diseontinuity detection., 1 shalL use similar' 
.. ,;), " . 

transformé)tio!,!s ar'ld varyin~ sampling phases in a psychophY,sical experiment. presented in 
, ' 

, Chapte'r 4. to measure,human sensitivity to orientation diseontinuities' as a function of the ' 
, , , 

local orientation structure. 

" j 

r ' 

1 _ ' 

" 

.. 1 

(a) , (b) 
.' 

Figure 3.3 ln (a): the curvé is described by two straight lines'joining at a point, 
where there is an angte created by' the difl'er~nce in orientation ôf the two lines, ln 

" (b). the curve is described by the t~o straight lines:'with the same angle as in (a) 
between t-hem. but this time the 'lines arc (with a low-frequenqi sinusoid) to join 

" ' with no discontinuity in orientation . 

• 
ln the follow,ing 'section. 1 shall. show' how we eanus~ dotted stimuli -to study ttle 

i" ',;, 

, " 

: ,effect of the assumption of local parallelism on deteeting orientation discontinuities in flo\\, 

p~tterns,,' A ,new parame'er of f1ows., the path-Iength ~f' the flow eues.' cati' be used to· 

f:ontrol the amou'nt ~f local information about the flow derivatives that is present in. thè ' 
, " 

, image, Our se~sitivit)' ta this parameter. therefore":' will allow us to as~es~ the order of the, j.... ~, 

f1ow,interpolation ,mechanism. 

3.2 Discontinuity Detecti,on in Flow Patterns, 

. ' " 
Recall that in f10~ reconstruction. a' major obstacle ta: aceur!-lte diseontinuity detection 

, . 
i~ the smoot~ing iQtrodl,leed by the assu,mption o(loclrl paraRelism. SUPPos,e. however. that 

, the ftow eues were long enough that the mechanism for detecting flows could extra,ct not 

only ori,entation. but also higher-order f10w informatiOn from each -e~e. Then in a,reas where, 
~ 
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3,2 Discontinuity Deteêtion in FLow Patterns 

. J 

(a) 

............ ." './ ~"": ' ...... , ...... . ' .. 

(c) 

1 (b) 

(d) , .. 
Figur~ 3.4 Th,e effect of.sampling Figure 3.3a with various phase shifts: (a) top 
'- dot offset = 00 sampling intervals: (b) offset = 0,2:' (c) offset = 0.4; (df offset 

= 0.5. Note the ~ha~ges in the ,orientation cués. represented by the dashed line. 
broyght ~bout by the.changing phj~," . 

. o· 

" 

.. 

J' 

the flow is changiog. we'could predict how' the assLimption local paraJ'lelism will break down. 
() ' ... , , , 

Provided that this prediction was supported by both the orientation and the curvature eues 

in so~e' neigh~ourho~d., the~ ori~mtatiori av~raging eould ~t 'Ieast. be partiaÎly inhibited: W~ 
can therefore see that sensitivity to diseontinuities in flow patterns is dependent on t~o' 

, " 

. things: . ' 

" 

1. the order of approximation that ~an bè applied to eaeh flow eue. as determined by , 

its length, 
. ' 

2. the c~pabilities (or order) of ~he mechani~m reconstrueting the flow, 
, , , - 1 ~ 

Ootte~ flow'patterns. aUow us to explicîtly restrict (under interpolation theory) the ordet of 

, , 

f , 1. 

• J, 

1 ... 
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3.2 Discontinuity Detection in Flow Patterns 
" l ' 

a~prOXim~tio~ that ca,ri' be' !lPpli~d to each flow cue. Usin~ dotteJ stimuli to study human 
.' . 

sensitivity to orientation discontinuities in flow patterns as a function of this restriction 
.... " ~ 1 \ ~ ~ 1 ... 

will thérefo~e allow us. to inter the order of the mechariism for reconstructing flows in the 

human vis'uar syslem. 
'. 

T-he' foll~win~ paragraphs further ~otivat~ '~"d elabor;lte on ~he ~ffect of path-Iength : 
, , ' 

on discontinuity tfetection. The use of randorÎl dot Moiré patterns. tO} dotted flow patterns. 
, " ,-. 

to study ,thj's effect is then described. resulting in a paradigm for the 'psychophysieal mea-, , 

~urement 'of human sensitivity to orienta'tioll disco~tinuitiés in flow patterns as a funetion 
, f r , 1 

of path-length. 
" 

J 
" , ' 

1 

, 3.2.1 . fv1otivation: An Example from Art '/ 

T ~ i~~uitively motiva te the role of the ~a~h-Iength of i~dividtlal flow ,eues. in discontinuity 

detection. consider how.artists cOn vey three-dimensional sh~pe using a two-dimensional 

medium. the canvas., The~, often use flow-lik~ patterns. covering"3 r~gion with several 
. , 

'shor't. roughly paraI/el strokes to locally highlight ~hat are in fact' relatively 'global shape 
\ r,..., ~ 

cllaracteristi.cs. Some of the cJearest examples are the sketches by L~onardo da' Vinci 
_ '. ' , r ~ 

p~e~entèd in Figure 3.5. He has used this technique to indicate both tHe. roundness and 
r " . 

the -angle of the, man's arm. The strokes fall along what mig,ht be folds in the cloth of the 

sl~ve. which togetber take on thè shape of .the arm supporting the cloth. Th~y are slightly 
,. . 

curved with the roundness of the arm. and they either bend more sharply about the elbow. 
• \ • 1 

'o~ ,creat~ a'splayed pattern. Da Vinci has used the sam~ technique to im·p~.rt a sense of 

the ffow Qf water a~ound a post. 

Note that the pen strokes' in these figures are' rarely exaetly parallel. and even wh en 

they are. they rare!y line up side-:hy-side or end-to-end. Rather. they are space,d to cover , 

an entÎre two-dimensional region. The extent to which the strokes are parallel or do line , ' 

up changes a quatitative impression of the turbulence or texture of the flow. Oespite this. 
- 1 • 

an impression of flow persists. Thè model for ,ecovering flow described in Section 2.3.2 , . 
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3.2 Discontinuity Dete~tion in Flow Patterns 
, , 

. (a) , " , (b) 

Fijure ~.5 Details from "Studies of an Old Man Seated and of Swirllng Water." 
pen and ink sketch by Leonardo da Vinci. Hous,I!d at the Royal Windsor library: No 
12.519 recto. Reprqduc~d trom Popham (1945. no. 282).' The full sketch contains 
notes by dé! Vinci .w~ich were-trilnslated by ,Richter (1939. no. 389) as follow5: 
"Observe the motion of the surface of the water w.hich re$embles that of hair. which 
has two motions. of which one depends on the weight of the h~ir. the, other on the 
direction of thë cùrls: thus t~e water forms eddying whirlpools. one part of which is 
due to t,he impetus of the' pri~cipal current and the other to the incidental motion ~ 
and return 1I0w ", ,... 

t~kes Înto aceount this p~rsistence of flov" orièntation over variable orientation cues and 
l'" , \ ' , 

imposes an assul11ption of locar parallelism to FiJI i~ the empty ~paces using information 

. {rom ~earby orientati6n eues. The imposition of the assumption al~o results in a local 

averaging' 9f orientation information 50 that small localised changes in orientation cu es do 

not affect the recovery of flow. H~wever. the' as~umption is by definition violated wherever . 

the flow actually changes direction. Locations of high eurvatl~re change are only perceived. 

~herefore. only wh en theY,also line up. Unes Gf orientation discontinuities that are detected 

in this way are assigned a special signific~nce in the i;terpretation of the overall shape. 
1 . . 

such as boundaries between distinct regions of flow or distinct surfaces. But the changes in 

dir.ection.,are ofteo smoothed - they appear to ~ccur .over larger neighbourhoods (therefore 

with sm aller curvature ~nd changes, il) curvature) tha,n is actually the case. In order to ' 

deteèt changes jn orientàtion more aecurately (more locally). more information is needed 

to allow,ihe. assump~ion ~f local paralfelism toobe rel~xed. 
. . " 

Note that da Vinci ~as. varied the length of the strokes to create different impressions. 
, . 

For the small folds in th~ 'c/oth and the water turbulencè. he has used short strokes. 
,. '. 1 /" 
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3 2 Disc<'Iltinuity Detection in Flow Patte;ns 

While these short strokes give a well-defined impression of constant overall shape. there 
" " 

is a fluid impression that the small details may change randomlJl.. The overall shape is 

perceived às being basically smooth. The small dètails that are lost are smatl crev~ces. 
, ,. 

, "or the places where. the ~moothness is disturbed. That ~s. high-curvature in~ormation. or 

, 
v ' 

more particufarly high changes in curvatu're. are'lost Of made tb appea'r random. White high -, 
, . 

curvatures can be perceÎved. such as the small circfes ir:J t-he turb\J'ence. discontinuities or " 

high changes in curvature are not always correctly interpreted. (Note that a discontinuity 
, 

I(;an be con'Sidered to represent both infinite curvature an.d an infinite change in curvature.) 

Around the bend of the man's elbow and in the smooth arës of water. however. da Vinci has 

used mostly long. well-defined stro~es. In these regions of longer strokes. the'flow appears 
" , 

to be less variable. and changes in the flow, orientation - particularly abrupt ones - are, 

more readily perceived. It would seem that the longer strokeaprovide the extra information 

required to relax the I~cal paral~el~sm assumption. 

~ ln summâry. two points emergel First. da Vinci and others hav,e obse~ved that Ipc~"y 

parallel structure in the world often maps onto locally paraDer structure in images. But . 
for, natural flow patterns such as water. haîr. or the folds of clothing. the structures are 

only roughly loèally parallel. If made pr~isely 50. then t~e charac.ter of the fÎow c~anges: 

see Figure 3.6. Second. 'within\these rou,hly parallel flow patterns. the length of the pen , . . 
strokes affects the perceived spatial (and orientation) p!ecis~on. ,longer 'pen strokes Jead . , 

to more precision around bends and curves. ~hile shorter strokes lead to,Iess. 
r ~. ~. 

3.2.2 Path-Length as 8 Para~etèr of O.rientation Information 
1 

The length Qf the pen strokes in da Vincïs drawings is"analogous to the path-/ength of 
• l ~ 1-

orientation cues il) real image~. Preliminary èxperiments indicate'that the 1055 of curvature 

change inJormation observed at sorne path-tengths takes two forms. First. corners which 
t ' 

correspond, to smalt changés in orientation ~ay 'be b/urred to live the Impression of a 
'. 

smoothly bending flow. resulting in the possible loss o(bo~ndary informàtion; Second." 

a smooth flow with a· Ja!ge aad relativèly local change in orientation tha! iésults in high 

". 
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3.2 Disc9Rtin~ity Detectioll 'in Flow Patterns 
, "' -.. .-

.' . 
(i) (H) 

• (i) (ii) 

, . , 

Figure 3.6 The differente between (1) pin~stripe flow patterns with orientation clIes 
liriing up exactly end-to·end and. (U) tbose witb (the ume number 01) randomly 
positioned orieritation eues. Part (a) is a 'inear lIow (generated by pure translatioo). 
and part (b) Is a section i;)1 a drcular flow (generated by pure rotation). This thesis 
is concerned with "randomH Jlow patterns such as ~~ose in (ut. .: 

, \ 

curvature change may be misinterpreted as havi,ng,a' discontinuity. resulting in t~e possible 

perception of a surface boundary whère there is in' fact qone. These ~it'uations a.r,e jllustrated 

ln Figure '3.7. and the effect of path~Iength on thes,e perception~ is, illustrated in Figure 3:8. 
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3,2 Discontinuity Dgtection in Flow Patterns 

, . 
information' within a par,ameter is in sorne sense additive. In contrast. the information 

\, 

,across parameters i~ multiplicative because it is combinatorial. It is my asserti,on that. in

. _ 'creasing the density ~f the orientati~n eues .adds orientation information within the existing 

.' 

, -
pârameter set. while the path-Iength .adds.a new parameter - the correlation of orientation 

, . 
eues. The model described in Section 2.3.2 reflëcts this parameterisatjon . 

• 1 

As was explained in Section 2.3.2. eurva~ure information - as long as it receives support 
" 

ovel a neighb'ourhood - allow~ us to 10c~lIy predict· the way in which the floYl.. will change 

and the assumption of local'paralle~ism will break .down. rt thus allows this assumptiQn 

to be rela~~d. and the orientation infor,mation is no longer averaged over as large a !1eigh- '. \ 
/1. '-

bourh.~od. Therefore. we would expect that our ~ensitivity tb discontinuities in the flow 

,would increase when curvature Information is available. Path-Iength is import~nt beeause. 
, -

as the experimental results presente.d in Chapter 5 shall show. s'hort path-Iength eues only. 
. . 
provide local information about or;ientation. while longer on es provide inforn:'atioo about 

, , 

curvature, as weil. The following section demonstrates how the derivative information pro-
~ t.. , '" J 

vided by diffèrent path-Iengths can be controlled with dotted stimuli. This leads the way 
• ~ 1 •• 

to 11 paradigm for investigating thtl loss of ~ensitivity to discontinuiti~s ils a funetion of . . , . 
path-Iength wh~n the assumption of local parallelism is imposed. '1· shall concentrate on . 

, , 

the smoothing of discontinuities corresponding to s'mail changes in orientation. 

(a) 

Figure 3.7 ln la). the flow pattern has a disc~ntinuity running down the centre that 
.. is not visible without car~f~1 inspection. In lb). the ftow pattern h'as no discontinuity. 

although at ffrst glance ir'appears to have one running down the centre. 
, .... . 

" -
.~ 

" 

... 

'J 
" , ... 

" 
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3.2 Ois~ontinuity Detection in' Flow P.atterns 

, , 

(a) " ib)' 

Figure 3.8 , The sa me flo~ fun~tions were used to generate these fig!lres a~ those 
in Figure 3.7. but the path-Iength is twice as long. Note that the discontinuity in 
(a) is now visible at a glance. and there is no falSe discontinuity in (b). 

(a) : .. (b) 
Î 
! 

;. Figure 3.9 The sàme flow funclions were-,,~ to,generate these figures as those 

J 

,. ... 1 ... 

" 

in Figure 3.7. but the density of pen strokes is twice as bigh. 'Note thilt, althol!gh 1 

the true ~ow is more 'easily reconstruçted. the effect of doublillg the density is not 
as pronounc:ed as doubling the path-Iength: see Figure '3 8. 

. , 
3.2.3 Random Dot Moiré P~tternl Mimic Natural Flows 

l ,_ • .) t ' 

The flow patterns' that 1 shall use to 'study path:Jength are ca lied Glass 'pattt;rns or 
, " .) ., " . ',' ~ 

I~ndom dot MQi,é patterns (Glas~ 1969: Glass and Pérez 1973). They are' iIIustrated,in, 

Figùre 3:10'and are constructed as follows: 
., 

" 

OVERlAV,l: ' 

,Construct a field of.randomly, distribuled dots, 
J 

,",' 

" , . 
, 

'. 
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3 2 Discontinuity Detection in Flow Patterns 

OVERlAY n: 

!) Make a copy of overlay n 1. 

ii) - ~ove eaèh crot in the copy according to a chosen Flow transformation. for 

example a rotation or a translation. 

!i~) ,S,uperimpose this overlay on the other overlals. 
" .. • 

.. 
Only tW(r overlays (n ;: 2) are required to produce an impression of flow. 

c • > , 

(~) 

(b) 

(i) (ii) , 

(i) (ii) 

Figure 3.10 Sample ra'.ldo,," dot Moire patterns: (a) was created by tr;tnslating 
each dot'in the" prevlolls overl!lY at an obliqlJe angle: lb) was crea~ed by rotating 
each ~ot in the previous overlay about the tentr,e of the figùre Part (i) in each has 
tlRo overlays. part (ii), lias three overlays. Ali parts have the ~ame overall density. 
and in ail par.ts tfle .dots ~ère moved ,\:distance of- thre~ dot dÏilR1~ter5 (1 dot: 2 
spaces). • '., . 
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32 Discontinuity Detection in Flow Patterns 

Random dot Moiré patterns crea te flows rich in locally parallel structure as follows . 
• ~...... l 

Each dot in the original pattern can be traced through each overlay. The resulting set 

of conesponding dots - the original pJus its tr~nsformed copies - can be considered as a 

randomly distributed pen stroke along one ~f the curves described by the transformation 

~sed in step (ii). Define the number of overlays used. n. as the path-Iength met,!c Qr path 

metricof each stroke. The path metr;c times the dot separation gives the actual path~length 

of a stroke. The patterns used in the experiment ail have dot separations that are smalt 

enoùgh to guarantee that there is no functional difference between the solid pen strokes and 

the dotted contours.4 The path-Iength metric provides a direct and meaningful measure of 

what orientation information is available locally and therefore allows us- to determine how 

changes in orientation could ideally bt)r0cessed at different P'lft-Iengths. It is for this -

reason that random dot Moiré patterns are used in this study. 

3.2.4 Corners and Curves in Flow Patterns 

, 
Consi~r again the paradigm set up to study discontinuity sensitivity in curves. Stimuli 

were constructed ftom two straight lines with some difference in orientation and joined with 

either an abrupt or a smooth transition between the two orientations: see Figure 3.3. This 

provided us with a means of assessing whether the "corner" is detectable: it must not 

appear like the smooth. or control. curve. 8y re~licating these transformations along the 

vertical axis. ,we can produce flow patterns that provide a similar paradigm for studying 

sensitivity to .disconiinuities in flow patterns: see Figure 3.11. -As was discussed previously. 
. . 

one would exped the angle between ''the "nes to. be significant. particularly when only 
- , 

orienta~ information Îs available for reconstructing the flow. 1 shall therefofe use such 
'" H 0;:. 

o 

4 This functional equivlllenée between dotted and continuol,ls contours refers to the size/separation coo
straint measured by Zucker and Davis (1985): see SeGtion 3 1.11 for elaboration. Since a similar 
mechanism has been proposed to extract orientation eues from random dot Moiré patterns (note that 
1I0w patterns with high path-Iength metrics are collections of one-dimensional contours). 1 shall assume 
that staying on the dense side of this constraint ensures.,that the con$equences of changes in t'he path-

, length correspond to the consequences of similar changet:in the path metric while the dot separation 
l'emains constant, 
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3 2 Discontinuity Detection in Flow Patterns 

transformations. varying the angle and pa th metric. ta mea'Sure (psychophysically) human 

sensitivity to orientation discontinuities in flow patterns as a function of the path-leJ1gth 

of flow cu~. The e"periment and its results are presented in Chap~er 5. 
c , 

• (a) (b) 

Figure 3.11 The flow transformations described by these figures correspond to the 
sa me transformatiolls that were used to construct the turves in Figure 3.3, For 
examples of the actual flow patterns used in the ex periment, see Figure 5 1 

" 

l 

Tbe remainder of the thesis is dev?ted to the experiments that were set up in this , 

chapter to study human sensitivity to orienta_" discontinuities in 'c:urve~ and in flows . 

Because the experimental paradigms were derived from prediCtions th~t came dire<:tly (rom" 

the orientation selection model and its assumptions. the results will reflect properti~s of 

thè 'model. Specifically. they will provide an indication of the order of approximation used 

by the visual system for detecting o~.ientation discontinuities during curve and flow recon

structj~n. The experim~nt relaling to curve reconstrudion is presenfed first.' followed by 

the experiment relating' to flows. 

': 

! 

\' 

. " 

/ 
/ 

" . 
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Chapter 4 É~p:eri~e~t: Corner Sensitivi(y, vs. Sampling Offset 

i"; ëu~vilinear Dot Groupin"g 
1 

~ > ~. 
The'purpose of thi~'eltpetiment w~s to deterrnine how the changes';n Oflent~tiqn struc-

. - , 

~ure which res'ul,t fr.om changes in the sampling of a curv~ affect .the sensitivity of hüman 
, , 

oh~rver5·to,orient;.::ion discontinuities in the cur~e, It was expected that this'wou.ld shed 
Wei • ! 

ligJ\t on,thfo G~der L'f th,~ ntechanism usèd to detect and reconstrud these éurves; 
" 

. 
Subjects were shown several. instances of dotte~ j:ol\tours 'tes~mbljng those in Fig: 

ure 3~3, These contours c8nsist of two straight' line~ approachmg a ~~int, > Sofue~ 01 the _ • 
~, " , ' :. . 

Contours were èonstructed with the lines meetÎng·discontinuously in-"Orientatitm'at the-pojnt 
, .'~ \ , ........ 

~ l, " ~ ~t l ~.. t" 
(such as in Figure 3.3a ),. and some were constructèd, to meet with a, smooth transition be- " 

tw~n.the two. orientàtions'(~u~h as in Figl\~e 3.3",b). ,Thésè t~o tr~nsfor~~ti911S ';e~e ,used 

to as~ess thé ~ubjeéts! ability ,to detect th.e drscontinuity: éI: (fiscont!nuous curve' mu~t ,hot 
Jook like.the smoo~h: or controt. curve. Ali the contours were constructed u~ing tfle S~"l~ ~ 

• ' , ""' -- f: ., 
sampling interval, but witl:! .different l'>t-.:ase shifts. Th'e p,hase, was det~rmined by t~e on:s~t o'f 0'" 

..# .. '.r - 1 

1 • 

the "top dot" jthe one clo~$t' t~'the p,~àk in èurvature) from the discon~'ihuity or t~e peak '.,' • ~ 
,? j.... " \. . \ '1 l ' 

in curvature. of the underlying curve and was measured in, t~rms 6.f, the sampling int!i!,vaL . 
,f' ~. . - _ / '... 1: " 

, Not~ that for s~ootfl underlying curves .. ~~e dot placem"ent s~o~d not~affect the percep~ 

as long as the curvature, is within the sensi~ivity range of the process: Other fact~rs which . ' ; 
• " - .,' '" d' 

might affect the sensitivity to discontinuities. such as dot size. dot separation. and noi$e. -' 
p ,.. :'1 • J , ..... 1. -

were held constant. 5,. . c.. ' . . ' 
....... 

5 Tite dot size ~"d spa~ing were wtthin the sizefseparatictn constra,int measured by= ZuCk~" and Davis 
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U M.ethod 

4.1 ' Method . 

~, 

4.1.1 Subjects 

.\ 
, . 

Thére were five subjects. four male and one female. 'aU, wi~h n~rmal or corrected vision. , " 

Three sl,Ibjects were aware of the goals of the experiment. two tlàving participated in 

~reliminary experjment~. Ali subjects received training sets tet become familia~ with the . . , 

task. ~~d ail subjects were presented with the full range of images. 

4.1.2 A'pparatus .. 

The .stimulus imagés were generated using a DEC VA~ 11/780 computer and dispJayed 

on an AED-767 colour ~raphiès monitor. The ~xperiments were conduct,ed in a dim~y .Iit 
room. After the subjects had adapted to the illumination level for a few minutes. the 

luminance of die display screen was adjusted ~so that the ~~ts did not appear to the 'subject . ' . 
, to be self-lu minous. The subjects were seatec:J}.6 meters from the monitor (Iooking direCtly . . . . . ' 

at it). although they werè.permitted slight, movement. 

" . 
. \ ".1.3 ,Procedure 

\ 
The,experime'nt consisted of 'four ~essions. during which the subject viewed 120 im-, , 

.agès. These images wfire dotted contours as described 'abQve. with eight quantisations of 

ori.ntation ,h~ngè b ...... n th. s'traight-line P9rtions of the contours_ ?uring ~Sion •. 
. ollly four of these quantisatioQs ~ere used. A randomly mixed but equal numtier ofsmooth 

,and discontinuous curves were shown. For each u~cferlying curve. every sampling offset' 
'" .. , , 

was" used. (The "top dot" was pffsèt from the peak curv~ture position by 0.0. 0,1. 0.2. . . 
,0.3.0.4. -and 0.5 sampling intervals.) The images ~ere"di,splayed fC)r 1.5 sèeonds. and th~ 

sereen was blank during the inter-stimulus interval. which was not timed. Subjects were 

(19Q5'). 
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• 4.1 Method 

allowed to view the image for one additional1.S .. second interval if they were unable t() "focus 
" 1 (li • 

the first presentation. After this. the subject was' ~equired to indicate the nature of the 
, . 

underlying curve with one of three choices: (1) a s",ooth change in orientationi .(2) a single 
. '1 . 

· abru~t change in ori~tation; or (3) ambiguous. 

, ~ . 
The subjects we(e' shown sam pie images such "as those in Figure 4.' for eadh' of the 

three possible choices at the beginning of eactl session. These defining images werç followed 

· by a sh'ort trai.ning ~et (eight images) selected fr~m the images to be present~ dur,ing the 

session. Each traming set image was first flashed for f.5 seconds and. following' a brief 
" -

interval. was, displayed again for the subject to 'analyse. This was the only reinforcement' 
, • • f 

, used dllrin~ eith,er the training set ~e formai experiment. 

.... 
4.1.4 Sthl1uli 

, . 
The'stimuli consist~d oJ dcitted one--dimensional contours that Y/ere constru.cted from 

two st'rf.ght lines witt" some difference in ori~ntation' and joined with eitlier an abrupt 01 a 
" ..' ~ 

, smooth transition between the two orientations. Tite' l;mootlr t~ansition was accomplished. . . . 

· by "cap,?ing" the st;aight lines with a ~inusoid of ~h~ sa~e average ~/ope.6 . (S~'t~e' "-

Appehdix for the precise equations ~se4 to ger:'~rate the curves.) EighJ-9.yantiscifio~;~f 
. . . --------~ . 

orientation changes were used. Tanging ffom 2.3~ to ,33.A~~ôfSize and sampling interval 
, . ,-------- . 
wer~ constant.acros .... all images: with .dofSiZê2.4min,:,tes of visual' angle (-m.v.~.) and a 

sampling interval of 10.3m.v.a. (a"~atio ofdot size to intervening space of 1:3.3). T~ size 
1,.0 1 ,. 

and spacing wer~ chosen to minimise. the quantisation er~or of the d~splay while staying 

within the size/separ~tion' constpiint for early contour i~fe!encing processes (:;ee-'Zucker , . 
and Davis 1985).1' , 

, .' 

'6 This method of construction for the smooth contours resulted in onlyone pattern of curvature change for 
anyone orie,ntation èhange. 'However, the subjects were nor instructed that this was the Cil se: Rath'er. 
they were given, as much as possible. the impression th,at any pattern of smooth orientation changes 
might be present. as weil ~s other types of discontinuities. . . 

.,' 

7' Although this c;ombination of size and sPi!cing appears to fall on the borde'rline of Zucker al)d Oavis's 
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" Figure 4.1 '1l11ages that were shown to subjects befo~e the ex'perinie~t,as ex~mple~ 
expected to 'fit Înto each of the three' possible' response ~tegories, Part (~) is an 
angular'curve: part (b) is smooth, For part (cJ. if the subject noticed that the 
dot directly to t'he left Qf the ~top dotH appears to be displaced frôln the rest of, " 
the curve. he was-lnstructed' to choose the ambiguous response. whéther t..he turve 

, otherwise appeared to be smooth or angular, The subject was alsd instrllctéd to 
choose the ambiguous resp~nse for part (d) if he saw the turve as bending 'sni~o~hly _, 
from the left. but, then changing orientation discontinuously', ilt the top dot, The 

" .angular response category was reserved. then. for curves made, up of two ~t!aighl 
lines with a single orientation, discontinuity at their 'junctllre. The 'cIbove image~ . 
have a dot -si~e of 2.4 m va' ànd' il sampling interval' of 7,7 m,y .a: (a ,d~t to space _ 
ratio of 1:2 2) when viewed from about 0.6 metèrs, 

, l , 

Each of the resulting 16 curves (8 orientation' ~hanges. 2 patterns eaçh)' was sa'mpled 
• , '1., _ , , \ 

six tim~s. with the ;ample positions ra,nging from being symmetricalty ~i~tributed ab~ut ihè 
• ' • 't '" ~ \ ..-

pea,k curvature positiôn with a dot ~e~tred on thé peak (3' "top dot" offset C?f 0.0 .s~mplrng' 
"".. " 

'size/separation constrainl (see their'Figure 10). independent experiments using exactly this combinlltion 
confirmed that it does lie wj~hin the constraint -and is 'suitable for our purposes. 

, ." 
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,. 4.2 Results 
l ' , 

• f 

intervals). to being symmetrically dist~ibuted about the peak with no dot on the- peak'{~ 

Ntop dot:' offset of 0.5 sampling intervals). Figures 4.2 ànd 4.3 show sa~ple images for 

th.e angular and smooth curves respectively, with zero. intermedi"ate. and full offsèt of the· 
-' ~ 

top dot. Since the underlyihg cu(ves were symmetric. offset to the left or to the right was 

expected to' have no effect on the sensitivity to the discontinuitie,s. However.léft anCi right - . 
" off sets were aJternated in an attempt to 'average out ~ny prefer~nces on thé p~rt of the 

, subjects that could have affected the results. 
f ,,' " 

To preventthe,possibility of s~bjec,ts "memorising" the discontinuity position and using '". . " 

this ,as a eue for discontinuities. each of these 96 i!f1ages (16 curves. 6, samplinl pa~te~ns) 

wàs dispJayed with the peak randomly chosen t~ lie anywhere within 10m.v.a. of the cenÙe 

of the' screen.·Each image ~a~ th~n ,presented five times over-t:o sessions (three ·times in 
, . 

one session .and two in the other). totalling 480' images presented over four days. , . , 

4.2 Results, .' 
, ' . 

. , 

The' résults for angular curves are tabulatea for ,èach offset in Figure 4.4. Shown for 

ea~h'offset are the average' percentage of discontinuities that were correctly répdrted:, as 

a func&ion of the qrientation' change. '('As' expect~d. the curves havin'g u~derJying smo6th' , , ' 

orientation changes were' correctl~ perceived as being smooth ove, ail present"tions.) For 
~ ~ -, . 

o~sets of 0:0 and 0.1 sampling intervals. small orienta~ion:changes ,werè Sfen as smooth. , 
~. \,. . '~ , 

while, for large orientation changes. the discontinuity was usually detècte~. The results for, . " .. 
offset 0.2 follo.w the same pattern. but with higher variance in the responses and 6\)mewhat . . 
less ove~all sensitivity to discontinuities. At, offs~t 0.3. this pattern of responses i~ br~ken. . . , 
and the results are fairly ambiguous: (In facto mos,t of th8J "ambiguous" respon$es were 

give'; for discontinuous curves with offséts 0.2 and 0.3.) ,Finally, the curves w,ith offsets 

0.4. arfd 0.5 were predominantly -seen as being s'mooth for illI changes in orièntation, ' 
, 1 

... 
The results for offset 0.0' can be examined to determine an: "absolu te threshold" for 

accurately percèiving dlscontinuities; see Figure 4.4a. In. this case. the,subjects on .average 

49 

. , . , 
, ' o • , . 

.'. 



,f 
'!; 
". 
!\ 
f' , 
> 

. , 

: 

,. 

t: 

, , 
" . 

.. , 

. ' .. .. 

" 

. . ' 

" 
(a) "Offset O.~ . 

! 

.~ •• 1 ... . . . .. . ,: , . ..,.. .. ......... .. 

, ' 

" .' 

.. 
, 

4,2 Results 

• ... ~ ... " ••• 11 .......... _ .. . ... ' ..... .... " .... 

, \ 

(b)..Offset ~.1 

" . 

" .. '. ". ',' .. 
,0 1 .... '. .' '..... 1 

.. .. " .. ",1. 
• 0

1 
-' • 

........... .. ..... 

(c) Offset. 0.2 
" . 

, 1 

",' .... ,. , .. 

(~J Offset 0.4 

,,' (d) Olf~et 0.3, 

1
0

' .", .. 

.. " -' 

',l' .. l' ........ .. 

(f) Offset 0.5 

' ... 

FI.ure 4.2 Samp1ct images from the experhnetlt for a"gular curves S~ow.n are a,lI 
'possible offsets forthe curve witli undeiiying orientation change of 24.80

, The ijots 
in the~ images are 2 4 m.v.a. (the' same size 'as in the experiment) at a lIiewing 
distance of approximately 0.6 meters. 
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4.2 Results 

.. " " .............. . 0° ..... " ..... 
."." .... ".. " .. ". 

... \' .," or ...... 
...... .." ... 

,," •••• 'II • 

(a) Offset 0.0 

, .... 

" " '\ .. " ... " t 1 

(b) O!fset Q 1 

" 

".- " .. 
, . '. " .. " " .. . .. ... " .... ~ ... " . ' . .... o··· .... "' . . ,," .'. 

" .. - .. 
" . 

. . , 

. . . ....... ~ 

, '. 
(c) Offset 0.2 (d) Offset O.l· 

' . 

"~,, : .... " ...... " 1 ... ~ " ..... : .' , 

' ... ' .. :." .'. .. ,' ." ... 
. , 

. '. (e) Offset? 4 .... , (f) Offset 0 5 

, , . f' 
Fllure 4.3 Sam pIe images from the experlment for smooth cllrves. Shown are 

ail pO$sible offsets for the curve wlth underlylng orientation change of 24.8°. the 
'correspondlng curves to those shown in Figure 4.2. The dots in these images are 2.4 
m,v.a .• (the same size as in the experiment) at a viewing distance of approximately 
O.§ melers. 
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Figure 4.4 The results by offset pha'se s'hilt (measured in uni~ of the sampling 
interval) of the experiment. lIIustrated are the mean percentages across ail subjects 
(and one standard deviation) of sampled curves. wlth discontinuitles that \Nere cor
rectly identified. as a functlon of the magnitude of.the orientation change at the 
corner, (Ali smooth patterns were correctly identified) Notice lhat there are two 
patterns of results. one for offsets 0 O. 0 1. and 0 2. and the other for offsets 0 3. 
0,4. and 0.5 
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4,3 Theoreticàl Discussion: Discontinuity Sensitivity as à Function of Curvature 

-rèported seeing thè discontinuity with an accuracy greater than 50% for an orientation 

change of 1.~.4<'~ThiS is the sa~e thres~'d that will be re~orted in Chapter 5 for sensltivity 

, to diScontinuities in flow patterns when curvature i~foimation 'is explicit in the image (Link , , . 
. and Z~cker i985a).' I~ is also 'of 'the same order of magnitu~e as the quantisat,ions of 

., . 

,': 

, , " 

~ominant orientations in simple cells found by, HubeI- and' Wiesel (1962. 1977). and of ' . 
, , . " - \ 

orî"'!ta~n-selt!ftive ~hannels' founc:l by -Movsh0'!,Jand Blak~~ore (197/3). However. for 

offset 0.5. when the under'ying àngre is 24;8°, 'or: higher. two adjacent angles each greater 
" '. _ r "" . 

than.11.4° a're formed:by the dots surfounding the discontinuity. In this case (when two 
l '" ~ • <II 

such ~ngles are adjacent). no discontinuity was detected: see Figure 4,4f. • 

To .dem,onstrate that ,these res~lls are' not lied to the underlying symmetry. in' the ' 

il!'~gès. see Figure ,~.5 fo~ a parallel exa~ple using a non-symmetric discontinuity. 

, 

, ....... .. ' ,. 
••• • (a)' •• • " . " 

' . 
•••• . ,,~ 

•• • -, ..... .. '. (~) • . -. . • • • • • . - • 
, ....... • .- . • 

.f - • - 1 
(c) .. ' , . · • . . '. • . ~. • • . ' • • • 

Fi.ure 4.5 An example of a cUrYe, with an asymmetrical orientation' discoMnulty. 
'that has been sampled with dilferent phase shifts, The same change in percept. 
from dlscontlnuous to smooth. can he seen when the offset varies from 0.0. In 
part (a). the offset is 0.0: in part (i,) it is 05: in part (c) it 15 02. The d'Ots are, 
apprOximately 3 m,v.a. when the figure is viewed from 2 meters. and the dot to 
space ratio is' aboùt.l;1.5 . 1 

~ ~ 

4.3 Theoretical Discussion: bis~ontinùity Sen~itivit~ -as a Functio~ 

. ,of Curvature 

.. 
, ' 

ft 

ReClali that the model for 'curve reconstruction is comprised of tw~ stages. The first 
) , 
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stage is the construction of a tangent field. - or the first derivatlve with resp~t to arc "' 
-. . 

length of the curve -. through: - . ' 

, 
1. conv~lution ~gainst simple-cell-like ope;ator:s to obtain initial ~stimates of orien,tation: 

2. interacti~ns bëtwee~ ~he convolutions ta estimate curvature. fill in gaps. and to elim

inate noise and pa~arrieter~sation effects. , 
\ ' 

, The second s"tage is an interpolation. in. which discontinuities are detected: and smooth 

curv~s are 'fit to' the sam pie points in between ~he discontinuities. The discontin.uities < 

'. . 
are defined explicitly ifl terms of the curve's derivatives given the or~er of the proc.ess. 

or the number of derivatives th,at ~an be represented. Discqntinu(ties must be asserted at ,. ~ \....... ~ 

" locations where the curve has non-zero derivatives of a hi~her order than can be represented 

by the system. or, where the derivatives that are represented in the ~ei~~~ourhood of a 

point cannat be used to piedict the orientation esti~ate dèrived duiing the first stage; see 

Section 2,3.1.3, ln this way. the segments in between the discontinuitres can be jnterpolatèd . ' , 
b1 polynomials of a degree tbat can be represènted by the' system. 

. The model reduc~s tO,a physiological one as networks or'simpl~ cells (for a~complishing 
St~ge 1). an~ it provides the m~hanistj~ b~ckgrou.nd fo int~rpret the experimeniàl ~es~'lts. 
ln pa~t'icuia_r. Jt permits th~ following predicti6n's with respee, ta the rec~nst!uct~on of a • 

, cür~e from a discrete. quimtise~ trace: 

" 
change in g~metry => 

(by quantisation phàse' shift) 
, 

r' ) : 

change !n percept -<= 
(Stage, Il and higher) 

," 

, ' 

change in simple' cell convoluti~ns 
(Stage 1. Step 1) " '1 

JJ 
change in simple ceK interactions -

(Stage 1. Step 2) 

, . , 

How much çhange in geometry is necessary tQ, change the resulting percept? Consider 

a single receptive field and a .pair of dots in its excita tory centre. Tc) a fi~st approximation. 

'one would expect that shiftins one dot in the pair from the e"cit~tory to the inhibitQr.y region 
" 
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,4.3. Theoretical Discussion: Discontinm'ty SeÎ1sitivi~y as ~ Fu~ction of C~rv.atJJre 

would produce a significant change in the bverall pattern of responses: see Figure 4.6. Given 

the relative dot se~aration used in the expe~im~nt. a rectangular-shaped r~èptive field with 

an aspect ratio of 3:t would, require a change in orientation on the order of about 19°. t=or' 
, . 

the same dot size and a covering reçeptive field with aspect ratio of 5:1. the required change 
. ~ 

in orientation would be on the order of 14°: Thus. depending on \Specifies, a shift of 10° to 
• 

20° is neeessary to moye a dot from the excitatory centre to the inhibitory surround. -The 

, results. f~r offset P:O show that this is nat an unreasonable prediction. However:. to analyse 

the results for other offsets. we must replot them as p function of the ,angles furmed by 
, 

,the dots near the discontinuity. 

" (a) . . (b) 

Figuré 4.6 A first approximation tD the shift in orient~tion that wouÏd be required ta 
slgniftcantly change individual simple cell responses;, thereby Changing the percept. 

'Show'n ~re rectangular approximations to a,·simple c~ll's Rceptive field that will 
cover a dot jiàir'with the dot:space ratio of 1:3.3. 'fhe thick soUd line outllnes the ' 

- excita tory part of the r:eceptive fields. and the dotted line outllnes the Inhibitory , 
• parts. Bath fields have been éonstructed to coyer a pair with the same size dot~. 

ln part (a), the aspect ratio of the excitatory field is 3 1. and the rota'tlon required 
to ~hift one dot into the inhibitoty part of the field is 19°, ,In (b). the aspect ratio 
is 5:1. and the angle of rot"àtion is 14°. .., ' . 

'.:,-' . . 

~. '. 1. 

Two angles of Înterest emer~e nearthe étiscoQtinuity wh~n the sampling of the angular ' 
, , .. \ { 

<;ùrves is' phase' shifted. 1 shall cali these' angles ex 'and {Jz se~ Figure-4.7. {3 +'Q i~ 'thé 

primàry angle .between the lines .. where a is forl'l1ed as a result of the offset. Note Q = OQ,. 
l ' 

and fi is the primary angle. when ,the offset is 0.0 for lin es meeting at any angle. If 

c~r~ature estim.ates are formed by differencing t\llo neighbo~ring orientation"estimatés-(see 

.Sectlon 2.3.1:3). then we .might ~~peçt ~he sensitivity ~o disco{1tinuities in t~e exper,iment 
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4.3 Theoretical Oiscussion: Oisconti~uity Sensitivity as a Function 'Of (urvatu~e 

to ,show sorne relation to these two' angles. In Figure 4.8. the eltperimental results are 

replotte"d as a function of /3 - a. for d'iffer-ent values of '/J. Not~ in' particular that f~r:. {J 

. between tSO and 25° (just ov~r the thre~hold for discoritinuity detection given 0.0 offset). 
" 

f3 :::! Ct m,u;;t be at least 15° to 20° ff)r discontinuities to be detected. That is. a must be 

less th",~ 100 (note the initial estimate for producing a significant change in the response 

pattern) and {J must"be abo~e the absol~te threshol(J (i.e .. the threshold liven Ct = 0°) 

for discontinuity detection. In facto this result is verified by Chi-square tests which show 
. , ' 

both {J'and {J - a to have significant input to the responses (at ,the 0.995 and 0.999 . . ~ 
<" 

levels. re~pectiveI1)"' For fJ in the range 100 ta 25°. how~ver. /3 no longer has a signifiéant 

cpntribution (a~ the 0.062 level). but the contribution of {3 - ~ remains high. When the 

results are structured in ~his wây. the responsè var~ance across. subjeéts was. insig~ifi~ant 

. (at t~e 0.0 I~.vef overall. and at the Q.198 level for' {J betweefl 100 and 25°). 

fi 

{3=8-a 

(a) . . , (b) 

,f:lgu!e .4.7: Jhè tw~an~les. ~ iJnd {J. tha~ ar!! created whem ~n"angular c\lrve'from 
the ,experiment Is sampled with an ·offset' other that 0.0. lIIustrated in part (a) is . 
the degen~,rate case when the offst!~- is 0.0. Q = 0° • .and Pis, equal to the' prifl1ary 
orientati~~ change b" lIIus~rated ln part' (b), is an arbitrary' s'ampling offset to thé' . 
right of the discontinlJity: causing '0 to increase and~; to decreàse in magnitude. 
For offset D,5 (not illustrated hete). (J[ = ~.' . '\ l , ' , ~ 

"):y .. J ) J" 

As cl practical illustration of how a and {J wo~ld affect·th.e detection of discontinuities. 

consider the change in the response patterns of thè 'mode!' S opera tors that· would occur 
" ,_, d • ; 

as these angles are varied. rn Figure. 4~9. a close-up. is shown of the cOlner, of ~n àngular 
\ \1 ~, \ ' 

curve )Nith {J ~ 24.8° at offse~ 0.0. -a,nd ,tl1e r~sul.t;n& CUrve$ 'when the samplil1g is offset 

by 0.1 and 0.3. Overr:tying the curves are op~r~to, 'r~é,ptive fields. qu~ntised by 10° in 
/ , 1 

, , 
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43 Theoretical Discussion: Discontinuity Sensitivity as a Function of Curvature 
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Figure 4.8 The results of the experï'ment by fJ - Ct. lIIustrated are the mean per
centages across aJi subjects (and one standard deviation) ()f sam pied curves with 
a discontinuity that 'were correctly identified. as a function of f3 - a for each v~lue 
of fJ (each in 5° btocks) Notice that parts le) and (d) in particular show a dear 
inerease in s~(lsitjv~t)' to the d~scont;nuity'wlth jncréasing fJ - Q 
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".3 Theoretical Discus~on (j'jscontinuity Sensitivity as a FU'nction of Curvature 

orientation. that would be among those responding optimally to these dot patterns. Note . . ~ \ . 
that in parts (a) and (b) of the figure. these operatots maintain a constant orientation 

except at one location. wher~ a.large ch~g~ in '?rienta;ion oecurs. St c::ontrast. in part (c) . 
, ,~ 

. of the figure. there is a sma" and constant change in orientation over a I~rger section of 
, . 

the- çurve.' Refe;ring to the experimental results for these stimutf. parts (a) and (6) ~ere 

reported as being discontinuous. while part (c) was reported as being smooth. 

ln principle. since a and {3 represent change in orientation. or curva"lure estimateoi. ' 

{J - a must reflect change in C,Ufvature.· The experimental results tflerefore show that 

5imply differencing orientation eues and thp.n thresholding this difTerenee is insufficient for 

detecting discontinuities. Rather. th~ curvature estitate'resulting from the differe,nce mus~ 

be compar~d with other curvature estimates'in the n~ighbourhood, ln facto the s~tuat~~n in 

this experiment is simplified beèause ail other'angles are 0°. so by considering 0:. ft. and . ", 

{J - a. only we have implicitly ta,ken into account other neighbourling curvaturé estimates. 
. " 

The visual system must therefot~ be at least third order in its qv~rall·.èapabilitie6.' The 

mechanisms employed at the lower levels can be composed 'of fùnctions'of orientation and 

curvature: note that comparing curvatur~ ami change in curNature over a n~ighbourhood is 
~ -

not necessarily the same thing as evaluating and 'representing'the derivative'of curvature at , ' .. ... , , 

each point. But the detection of discontinuities. and curve reconsÛllftion in general: mus~ 
"CI \, 'III-

be a non-local process. ' .,'. • 

Il The arguments presented here have been necessa~ily,vague. To.aetually compute th~ 

retically what angles. or combination of angles. would be required'to produce discpntinuous 

or 'mooth pèrcepts. WQuid be extremely difficult. since the, inter~~tjons bet)'leen the con-
, 

yolutions are compl~x an~ not entirely known. In addition: precise in~asurements of the 
" , 

orientatio'l and curvature resolution of the process would be required ~ but these mea-
_ .' t'l' 

surements in thel1)selves are difficu.lt to sort out From othe.r effects beca~se of the many' 

levels of processing involved in prodocing the, final percept. Finally. ,the actual computation 
, " 

of curvature and of change in curvature must in ge,neral be rt:I0re complex than the first 

~difTerehces discussed above. Howéver. a version of the" model has been" i~plemented "and 
, . ' 

, .. 

" 
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Fil~ ".0 A close-up of three samp/ing' phases Jor an angular curve with orientatÏôn 
1:hange, 24.8° to show the. angles a and {3 and the change in response pattern, ln part 
(a). the offset is 0 O' ~.Oo and P = 24.8°. in part (b). the offset 1s 0:1 Q = 2.40 

. 

and {J =. 2i4°·. in part (cl, the offset is 0.3. a = 1.40 and {3 ='17.4° Subjeets 
reported (a) ~nd (b} as angular and (c) as smooth. The receptive fields shown. with 
orientations quantised by 10°. are among those that would be responding optimally 
to the patterns. Note the changes in response pattern that would result 'from the 
different offsets The exeitatory regions of th,e receptlve fields have been modelled' 
as. ellipses with aspect ratios of 3:1 to reReet the Gaussian shape of the implemented 
opera tors (Rarent .and Zuc;ker 1985). 

" 
" . 

.. 

S9 ' 

, 
" 



.. ' 

" 

! "? 1 

4 3- Theoretical Oisc,!ssion Discontinuity Se(lsitivity as a Function 'of Curv4ne 

r~n on the test pattern'~' for the ~xperimen~. : The resultl. shown in Figur~ 4.10. indicate 

that the Interpretation discussed here is in fact characteri$.tic of the mode!. 
,- . 

(a) (b) 
...... . 

Figure 4.10 The result of running~ aQ impleméntation. of- the model pr~sented in 
Chapter 2 on the test images from the experiment The implement!ltlon used eight . 
orientation qua!ltisations (at regular intervals of 22.5°). and seven rather CDarse . 
curvature q!,~gations Shown in part (a) is the test ima$e. having an underlying 
orièntation change of 45°. The lower curve was constructed with a sampling offset' 
o~O,O sampling intervals. the middle with an offset of 0.3 sampling il'ltervals. and 
the upper with an offset Qf 005 'The resulting tangent field is displayed in part 

" (b). The curvatute values for the lower curve indicated two straight lines meetin~ 
discontinuously at a point .ne. upper two curves. Rowever . .both rec.eived smooth 
interpretatÎons, with non-zero curvature over il broad range of the cu[ve This result 
was consistent with the psychophysical resuJts reported earlier The only problems 
with the si.mulation resulted from the regular sampling pattern of the image grid. 
which implidtly favours orientations that are multiples ~f 4Sc . P p'arent is gratefully 
acknowledged for implementing the ~del and running this simulation 

" , 

{In the following chapter. an éxperiment to asses$ ~u~an sensitivity to corner~ in fi~ 
patterns as il function o( the path-Iength of f10w cues is presented, The results will reflect . " . . 

\ 

the ,order of the flow reconstruction mechanism. 
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Chaptèr 5 Exveriment: Corner Sensitivity vs. Path Metric 
J 

in Random Dot Moiré Patterns 

\ 

The p~rpôse of this experiment was to determ~ne how the path-Iength of a flow pattern 

affects the sensitivity of human observers to change~ in eurvatur,e of the unè:terlying flow., 
. . 

Specifieally. we are interested in how weil discontinl-lities. or corners .. representing smal~, 

-ch~nges in the ~'ow orientation are detectel as a funetlon of the path metric in.random ~ot 

Moiré patterns. The path metric makes explicit what information about the flow derivatives 

is available in the image. How the sensitivity to diStontinuity sensitivity changes as a 
, . 

function 01 the pa th /TIetric will. therefore.' reflect on the order of the mechànism~ used to 

reconstruet flows. 

Subjects wer~ shown s~veral instances of random dot ~oiré patterns. T~~se patterns 

c.Qnsisted of two translational flQW regions meeting in the centre o{ the im~ge eittler at a . ;; , ... 

'discontinuity or with a smooth _ transitional ragion of flow; see again Figures 3.3 and 3.11. 
, , 

Several differences in orientation between the ~wo trimslational jlQW regions \vere used. - , 
The independent variable in th.e images was the path metric. or the number of overlays 

used to produce the patterns. Subjects were given' three possible responses: (1) a single 

abrupt change in orientation. (2) a smooth change in orientation. or (3) ambiguous. Other 

factors wh,ich could affect .sens;tivity to discontÎnuities. sue~ as 'dot density. dot size.' and' 
, . , 

dot spacing. were he!d constant at a value within the range that permits these patterns 

to 'be cfearly ,visible. 8 Note also that by keeping the dot spa~ing constant. each increë?se 

1, , 

8 The partîcular value of dot size and dot separation used were wilhin l"e. size/separation constraint for . , ' 

.' v' 
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5.1 Method 

, -- 1 \ ' " 

ori~ntation change. five images with smooth and t~n images with discontinuou~ flows were 

presented: A different ~ath m~ric was used for ~~ch s~ssion. (Path metrics',used ~ere 2. 

3.,5. '7. ~nd 15." Ali subjects viewed the same se~ of images. ~I~hough the pr~s~~tation 
, , 

order was .random. T~e images' were 4ispfayed for 1.5 seconds. and .the sereen was ~Iank 

during the inter-stimull,ls interval. which was not tilned. Subjects were ~lIowed ,to view . '. 
the inlage for one additionaJ 1:5-second interval if they were ûnable' to focus' the 'first 

presentation. After this. the subject was required to indicate the' nature of the underlying 

eurve with on'e of three choices: (1) a s';'ooth ~hang.n orie~ta~i~n:(2) a, single abrupt 

change in orientation: or (3) ambiguous. I,t was expect~d ~Jr-I~ im~ges Rear, the threshold 
o \!..'t If 

for perceiving discontinuities would elicit the most ambiguous responses. Ther~fore~ if the 

subject indicated an ambiguous response. ne was presented with the same ill1age one, mor,e 
, ( " 

time later in the session. At thot time. an ambiguous re.Sporis~ Was aceepted as sueh. (The 
'. , 

instanées of initia) ambiguous respooses ~ere also recordèd.) 

, . . 
The subjects were shown sample cu~ves such as thofe, in Figure ~:3 to desc;ribe the 

_ meanl~g of the different ,responses. Thes~ d~finiQg i~agis wer~ followed by ~ ;~ort tralnin~ 
, ' - , 

set selected from the ,images to' be presented during·the ~essio'n. ,eac~ training s~t image 
~ " " . -

wa; first flashed for 1.5 sec.onds and. foJJowing a brief intervat. ,was dispJaye~ again for the 

sûbjeet to' analyse. This was ttte only feinfor,cement used during eitber the 'training s~t o~ 
L ~... .... 

10 " J 

the formai experiment.' 

Imag~~ willl ~ path rn.tric of 3 dots ~.r. u~ :tor ti.e first .... ;ion. and path' mett: 2 for 

the ,sècon~~ ~~elirnin~ry experiment~ ~howed tl'!at th" pattern~ ~re in' general ea~j+ ~t? see 

in images ~ith path metric 3 than with path metrÎc 2. although there were still no irldividual 

',' curv~s visi~le. Therefore.· ,testing ~m~ge~ ~ith p~th met rie 3 first allowed t~~ sJbject' to 
, ," 1 

become famîli.ar with the task duri'ng the ,firsrs~~sion. and acted a~ an additionall training 

set for the path metric 2 session. Fqr this oreason. any increase in curvature sénsitivity 
• " 1 

Irom path metric 2 images to path metric 3 i~age~ could be attributed to properti~s of the 

images a!1d the grouping process acti~g ~n th~m. and not,to fan"li~iarity wittl tti~ task or 
• " 1 

with the images. Ali other patti metrics were: t~sted in increasing order. ' 
, ,\. 
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5.1 Method 

• 
5.1.4 

The stimufi ~o~sisted of randôm d6t Moiré patterns that were constructed Us,"g 

underlying funetion of two straight lines wi~ so,n~ difference in orie'ntation and joined with 

elther a discontinuous or a smooth transition between 'the t~o ori~ntations. The smooth 

transition was accomplished by "capping" the'str:aight lines with a sinusoid of the s.ame 

average slope. i(l the sa me way as for the experi~ent reported 'rn Chapter 4.9 , (See the 
~ 

Appendix for, the precise equations used to generate the curves,) Fifteen quantisations 

of orientation c~anges were used. ranging from 2.30 ~o 33.4°, Dot sile,and spadng were 
l'. ~ 

constant' aCross ail images. with dot size 2.4 minPtes of visual angle (m.v.a.) and dot-

separ~tioh·7.9m.v.a. (.acràtio of dot sile to int~r,vening spac,e'of 1:3.3). This size à,nd 
, ' 

spacing werè chosen to minimise the quantisaticin error of th~ display.l0 The number of 
, , 

dots used in the' images wa~ also ~onstant at 600 dots. ,a dot dèn~ity of approJci~ately 3%. 

The resulting 30 funetions (15 orientation' changes. 2 patterns each) were used to, 
~ 1 t 

" 

generate random dot Moiré patterns with 2. 3.5. 7. and 1'50verlays, For each pa th metrk.· 
). " .' ~ 

ten image.s weré generated usi~g the .discontinuous transformatiOfl. and five images were 

generated usi"g the smooth flow function. Several images ,were senerated and ~st!d for 

, each 'Înstantiation of pa th metric and ut;lderlying fu~ction in a'n effort ,to overcome the. 
~. j '. 

random nature of the process used to g~nerate the images. (Th~ tj,rst overlay was always 

an instantiation from a uniform random nurnber generato,r,) See Figure 5.1 for sam pie 

images. 

, , ,,' 
Not ail fifteen qU3!1tisations of orientation chah,ge were used for each pa th ' metric. 

9 This 'methOd of construction f~r the smooth flows resulted in only one pattern of curllature change for 
any o"e orientation change. However. the subjeéts were not instru~ted that tllis-was the use. ,Rather" 
thëy weré gilleri. as much as possible. the impression that any pattern of smooth orientation changes 
.miglt~ be p~esent, as. weil as di~continuous flows 

, 
10 This dot size and separation were also chosen to be within the size/separation constraint for one- .' 

, ,dlmensionaJ contours; ~ee note 7. 
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FilUre 5,1 Sample test images for the exp~riment: at path metric 2: b). path metric 
l Part {il of eaçh is the discontinuous transformation: part (ii) is the smooth 
transformation for the same ol/erall angle. Ali parts show the transfo',mation with 
an underlying angle of 13.690 The dots in these images arç 2.4 m v.a tihe sa me 
size as in t~,expl!riment) at a I/ieweing distance of 'approximately 06 meters, The 
underlylng ,,"W transformations are iIIustrated in figure 3,11. (Path metric$ 5. 1. 
and' 15 shown on following pale)' . 
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Figure 5.1 (cont;d)' Sample test imilges for the experiment: c) path metric '5: 
d) patti metric 1: e) path metric; 15, 
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5.2 Results 

. 
. 'Rather. preliminary experimeni~ were conducted to,.determine a narro.wer range of orien-
.' , 

,tat.ion-changeS within which the threshold wàs expected to lie. this range usu'ally en-

c'ompassed eight quantisations of orientation change. or' about ISO diffëre"ce betwee'n the 

smallèst and the largest orientation change. The average session therefore involved haVing : 

the 'subject view 120 images. The shortest session consisted of 90 images (six orientation 

chaQges. fifteen images at each). an~ the longest of 150 images (ten orientation changes) . . . , 
o 5.2 Results 

The results for diseontinuous flow fiel~s are tabulated for each path metrie' in Figure 5.2. 

(Ali smooth flows were trecuy reported.) A Chi-square test indicates that the mag",itude 

of thé orientation chang provides input to the response significant to the 0.999 level for 

ail path ~etrics and for a ubjects. This i~dicates that w~ were successful 'in preditting 

thé thres~old and in structuring the stimuli to surround it for each path metric. Shown in 

thè figure are the average percentage' ?f diseontinllities t~at were correctly perceived. as 

a function of the orientation change. The 50% threshold is plotted as ~ function of path 
, , 

metrit in Figure 5.3. Note that the most significant change' in thresho/d oceurs between 

pa th metrics of 2 and 3 dots', where it decreases from 27.00 to 11.40
• Observe that the 

th(~ho'd sensitivity .for dotted one-dimensional contours wjth the same dot size and dot' 
r '., ' 1 

spaci~g" Îs also 11.4°: see Section 4.2 (link and Zucker 1985b). 

lOf interest Îs the;variation in sensitivity between individual subjects ~s the path metric 
" 

.incr~ases beyond 3 dots. arut--most evidently beyond' 5. For p~th metrics 2, 3. uand 5. 

the change in threshold is verified by a Chi-square test indieating the path metric had a 

\. significant (beyond the 0.999 level) input to the response for those orientation changes 
\ ' Ii', • - , ' 

tested for ail pa th met ries (that is. between 13.69° and. 18.180-: 'see- Figure 5.3 and note 
" 1 

thât these orientation charig~s lie "between the 50% thresholds for path metric 2 and all< 

other path metries) ..... In this same region. the actual change in orient.ation had no effect on 

the re~ponse' (significance Jess than 0.(03). For ail orient~tio~ changes tested.. there was 
) 1 • ' '. 

no effect on the response,s by subject for these path metrics: However. the respons~s. varied 

l, 
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5.2 Results 
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Fllure 5.2 The results by path metric of the·experiment. lIIustrated are the mean 

percentag~s across ail sublécts (and one standard dev/ation) of IIow patterns with 
discontinuities that were correcUy ide~ified. as a functlon of the magnitude of 

,the orientation change. (Ali smooth patterns weré correctly identified J. Note the 
slgnific:ant change in threshold betw~n path metrics 2 and 3. 68 
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Figure 5.3 The mean threshold sensitivities (50% accllracy of detection) to discon
tinllities in flow patterns. as a f~nction of path metric, . 

# . , • 

significantly across subjects (al the 0.999 level) f'or path me~rics 5. 1. and 1-5. Thus. while 

the mag~itude of the orientation change had a highly significant effect at the~e path metri~s. 

and the pa th metric h~d sorne"effect ~ t,he responses,' the forrn of the contribution of the . 
, pa th metrÎ~ was ambiguous .. There ~ v~riation bf the responses across path metric. but 

it, was incon~istent across subjects. Scatter plots of thé fesponses confirm this result . 

~ . \ 

Subjects \Vere interviewed to determine their strategies for performing the task. Agaln. 
, 1 

, 
ail s~bjects reported- osing the same strategy. at the low~r pa th rnetrics (2. 3. and 5 dots),. . , , 
but discrepancies appeared at the higher path metrics. The images 'with lower path mètrÎCs 

appëared t~ ~II subjects to ~ave a significant fàndom element and to require a kin.d of 

global focus of attention in order to see the pattern at ail. At higher path metrics. sorne . . 
, " " subj~ts. maintained a global focus of attention. and these subjects showed a continued 

- " 

increase in sensitivity to corner~ in the flow. However. sorne subjects focused their attention 

on individu al curves in the region of the discontinuity at the higher path ~etrics. and 
, \ . 

these.subjects s.howed a decrease in sensitivity at these pat,h. metrics. In facto one subject 

consistently reported~ the discontinuous flows to be· smooth at pa th metric 15, 
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5.3 Theoretica1 Discussion The Importa'nce of Curvature and Curves Wit~jn Flow Patterns 

5.3 Theorèiicailliscussion: The Importanc~. of ,Cùrvature and . ' 

Curves Within Flo"" Pattérns 

\- . . ' 

A nûmber of thearetical questions are raised by the psychophysic~1 findjngs, Foremost 

among thes,els why the most dramatie inr;rease in sensitivi~y occurs when the Pflth metric 
• ' J 

is increased from 2 to 3 dots. And. ~èéond. why is it possi.ble for subjects to have multiple 
, ...... l , 

strategies for assesslng the flow .al' higher path metriés.· butnot at the lower ones? 1 shall ,1 ... \ .. 
deal with eacn of these q'u'estions in -turn ';"îthin the context of the model developed in 

Chapter 2. 

Recall from Sections 2.3.2 and 3.2 th.at to reconstruct flows we were required to add. 

to the model for 'curve r.ecànstr~on· the ~dditional contraint that the tangent estim~tes 

computed in Stage 1 be approximately equal (or ~hould be averaged) in thé direcfi~n pér

pendicular to thair orientations. This averaging is required to fill in the gaps along any 

particular flow· contour and to reduce the effects of noise. but it results in a loss of sen-. . 
sitivity tl;> changes in orientation. and in particular to discontinuities. The introduction of 

, . 
highe'~-order estima tes -: perhaps by using longer cutve segments to represent the. flow -

would permit this assumption of local parallelism to be relaxed ~i~c~ they would p'rovide 

a prediction in both f1Qw dimensions of the change in orientation: Under these circum-... 
stances. therefore. discontinuity sensitivity would be increasèd. but only within the order 

of the estimation mechanism. 
• 1 

, The two questions which opened this discussion can now be answered. The inerease' 
, " 

in sensitivity from pa th metric 2 10 path ~etric ~ w;JS large becausé it is dnly w'ith pa th 

'metries of 3 dots or more that curvature information could be reliably estimated: see .. 

Table 2.1. Therefore. the mechanism for reconstructing flows must èncOinpass sec~nd

degree (curvature) èstimation. Furthér increases in sensitivity with increasing path metric 
. ~ , ., 

were much less. which suggests ~hat higher-order information is not used by this process. 

Rather. the increases are more likely ~ttributable to more accu~ate estimation of first- and, 

second-degree informa~ion. At path metric 3 (that is. with curvature information). our 
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5.3 Theoretical Discussion The Iml>ortance of Cur';'ature and Curves Within Flow Patterns . . _. . 
sensitivity to' discontinuities within f10w patterns ~as the same as that found in contôurs 

(Link and Zucker 1985b). 

, . 
One possible confounding of these resOlts 'could ~ri'~ from the fact that there is more 

otientation information available at path metrie 3 th an at path metrie 2. sinee each triple 

oi dots can be viewed as two pairs. (With 600 dots in eaeh image. 300 orientation cues 
, ", J 

are present at path metrie.2. and 400 are pr~sent al 'path ,metrie 3). If this were the 

case. the empirieéJI argumen~ tn support 'of eurvature would be incorrect. But it is not the 

case. as we have shown in 'Figures 3.,8 and: 3.9. Even doubling the amount of orie~tation
inform~n (by doubling the density but leaving the path metrie at 2) is not the same 

as adding 1urvatùre information. or the correlation between neighbouring orientation eues 

(using the same overall dot densit;. but eonstrueting 'the pattern with path met rie 3). 

t, 

The pnswer to the second question in~olves a mixture of çurves and flows: As path 

metrie increases ta 5 and beyond. it is possible to see the segrnents not only as part of a 

Flow but as distinct contours as weil. If a subject were actually to do this. then a f':lrther 

higher-Ievel question would arise regarding how to mix cues about discontinuities from 

these two different ~inds of proceS6es. < It is not surprising that this would cause some 
. . 

eonfusR:>n. as the data showed for higher path metrics. In paitict,dar. it is highly probable 

th,at,few if any of the contours overlapping the discontinuity in the images with higher path 

met ries mei the crit~ria established in Chapter 4 for deteeting discontinuities. 

ln conclusion. th~n. the anticipation and detection of changes in orientation structure' 

within flow patterns i5 essential to accurate recovery of the flow. On the surface. the theory 
" , 

presented in Section 2.3.2 is similar to Dthers that have been proposed for flow reconstruo-
" 

tio~ '(Glass 1969 and 1982: Glass and Switkes 197~(Stevens 1978). These thepries also 

involve the two stages of extràction' of ori~ntation eues followed by an interpretation of 
, ' 

these eues. But it is in the interpretation stag.e that the theory presented here differs. ' 

Both Glass and Stevens fail to make, provisions ,for changes in the flow. The assumption 
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5 3 Theor~ical Disc.ussion, The Importance of Curvature and Curves Within Flow Pattems 

of local parallelism iS,rigidly applied, 50 that as the assllI!'ption 'breaks down the me~hods ' 

will ultimately fail. One way in which the" assumption of local parallelism breaks down is 
0. 

with the intro'duction of noise" Another way is when systematic changes in orientation. or 

changes in the flow itself, occ~r. Since neither method makes provision for the structure 

of the flow to change locàlly. any curvatures or systematic chaog@s in the flow resùlting in , , , 

loss ohocal parallelism are treat-ed in the same wax. as noj's~, and hence are. not de~ected. 

~... '. C> {. • ~ 4 # f .. • \ -.! ., 

The model presented here seeks to impose a str-uc~ure ;n the direction of the Flow which 
, \ 

alloWs the assumption of local parallelism to be relaxed in region~ of orièntation change, 

, The degree to w~ich we can relax the a'ssumption depends directly on the information we 
.. ~ l ' 

, h~ve ~bout the structur~ of the flow. The môdel can take advantage of cu(vature inhwm.tioA 

av~i'abl~ at I.mger path .. lengths only because it has a'mechanism for represeriting the-local 
•• '1 1 

structure of the ~ow in two di",ensions -'in the direction perpendi,cular to t~e flow (the 
\ , " . 

notion of local parallelislJ') and in the ~ame direction as the flow. The' psychophysical 
• ~ - 1 ... ~ ... 

t'esults demonstratè that; ihe human visual system also takes both dimensions of t~e flow 

. .str~cture into 3ecount wh~n it reconstructs the flow. ~nd th~he path-Iengt~ of or~entation; 

'Coies provi(Jes an important information parameter." , 
•• #- .4Jf _, J , 
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Chapter 6 Summary and Conclusions 

à 

Contours are important because they separate objects from each' other ~nd from the 

b~ck.round. and their,description provides meaningful information about the shape of' ob-
, \ , ~. . 

jects. Flow patterns are oriented surface coverings that p[~vide mf~rmation about sO~,rfaces 
, ' 

within the boundaries defined by contours. It is therefore essential to prQduce an accurate 
, ' " l '"'> 

repres,entation ofo them early in the visual process. In th~ pasto orientation ;- or the first 
'" r _ , ." 

,derivative with respect to arc length - ha~ received the greatest attention in the research 
, Q 

.. on the perception ~f contours. flow patterns. and shapè in general. However. the change 

in orientation - or curvature - also plays an import~nt rple. 'n particular. orientation dis

continuitie~ are one of the most salient and useful properties- of curlfes and flows. They 
Q 

oft~n represertt boundaries between objects or sùrfaces. and locating them is essential to 
." , 

constructing an acburate representation of t~e .orientation structure. But our perception of . 

curvature and of orientation discontinuities has raiely been addressed. In this the~is. 1 have 
. , 

attempted to confront discontinuities directly by measuring h,uman sensitivity to the,,!, and 
, 

by analysing these measurements within a theoretical contel(t for 'computing l~em . 

. , 
The experimen~s 1 performed introduced a new çlass of stimuli - dotted ~ü'f.ves and 

, , " " dott~How patterns (random 'dot Moiré patterns) - for quantitatively evaluating this sen-
, , Q . \ . ~ . 

'sitivity. The use of these stimuli is valid as long as the dots are snJali and close together. 

, .. !-he dÎscrete nature of such' images made it possible to control the local ditferential struc

ture of orientation cues and hence to evaluate the performance of the model in' detecting 

• disconti~uities as a fun~tion of this structure, By concentrating on the detection of changes 

in orientation - curvature in the conti(luous case, and "corners" in the discontinuou5 one 
• 1 ~ p-



1 
>il> 

- 1 was able to show that the estimation of higher-order deri\~atives ;s required for curve 

and fIow perception and for the construction of higher-Ievel shape representations. The 

psychophysical resûlts. i~dicate that human sensitivity to discontinuities i~. depe'~dent on 

a comparison at least of curvature. and perhaps of change in curvature. over a neighbou,

hood. There has been something of â controversy concerning how curvature is used 'and 

w'ther curvature det-;ctors exist1~' cortex. The issue present~d here. however. ifnot 

whether curvature detectors;exist. but is rather how curvature. ch~ange in cur~ature. and 

dlscontinuities are computed. 

"'--/ 
The research on discontinuity peret/pt ion in curves 'was motivated by the, ~bser~ation 

that changing othe sampling phase of il ~urve changes the geometry of il_S' dis'c~ete :trace: 

ln other words. if curves are represented by dots. the placement as weil ~s the density 
l ' " 

of the dots will affect an interpolation of the curve., Psychophysical' experlmerits were .. 
perf~rmed to evaluate human sensitivity ta orientation discontinuities for pairs of straight 

, , - , 
I,ines meeting at il point as a function of dot placement,. Thç result$ of these experiments , 
, ~ - f~ • • 

were examined for a two-stage computational model of orientation selection.' The first stage , ' 

is the construction of a tangent field to the curve using convolutions ~gainst simple-cell-like' 

operators. Within this model. and to a first approximation. chan~es in the percep~ àrise 

when the sampling has been changed sufficiently to alter individual convolutions'. In th~ 
case of straight lines .. this amounts to requiring. perhap's. that a dot be moved sl,lfficiently 

to leave the excitatory centre and enter the inhibitory surround. However:the simple cells_ 

(or their computational equivalent) must interact to e'liminate conflicting tespon5es and to 

fill in gaps. It is here. in this interaction step. that the need for curvature "arises. and i~ is 

only when these interactions are taken into account that the amount of dot dispiacement 

(caused by changes in ,sampling) required ta change the percept' can be eva~"uated. In the 

second stage of the model. when the curve is actuaUy interpolated. thé change in curvature 

over a neighbourhood is al 50 needed. particularly for the detectioo of discolitinuities. 

1 .. 

The representation of flows in images is considerably sparser than that of furves. ,# 

The model for curve reconstruction cano however. be extended t~ reconstruct flo~s by , . 

imposing an assumption of locally p;:.rallel structure. Tlii5 assumption permits averaging 
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of ori~ntation information in the direction perpèndicùlar to the f1o.w to fill jn' the targe' 

ga'ps along'any' one ftow contour. It ~àS noted. that, this would result in ~ decreased 

sensitivity to changes in orientation (and hence to orientation discontinuities) •. particularly 

since the assumption of local parallelism is by definition violated in regions where the flow 

orientation is changing. This decrease in sensitivity could be co'unter-acted. however. by 

rela~ing the assumption '(and averaging over smaller neighbourhoods) when information 

about hig~er-order derjvatives ,is available. The research on discontinuity perception in 

flows W<lS m.otiyated by the observa~ion of a' new parameter of flows - the path-Iength of 

the Roweues - which could be used ta accomplish this relaxation. Random dot Moiré 

patterns - ffow patterns in which the curve segments acting as individual flow eues arè 

dôtted - make explicit what order of information c,;an ideally be extracted From the image. 

This inform:tion is embodied in the path-Jength metric. 3efined as the number of dots used 

to represent each curye segment. The' psychophysical experiment. was désigned to assess 

human sensitivitr ~o disc9ntinuities in random delt Moiré patterns with two regions of 

straight flow meeting in a line at the centre of the image. as a function of this metric. The 

results. examined within the context of the model of orientation selection. showed that 

curvature information is also used for ftow reconstruction' wh en this information can be 

obtained directly from the imag-e. Otherwise. the assumption of local parallelism is applied 

everywhere. Therefore. and contrary to previous methods. the anticipation and detection 

of changes in orientation structure within flow patterns is used to accurately recoyer flow" 

and detect orientation discontinuities. 

ln summary. then. orientation structures such as curves and flow patterns can be 
, . . 

recovered directly from image-like structures (with a minimum o( preprocessing required). 

ln thjs thesis. 1 have shown that the mechanisms which accomplish this task are not 

local - they must determine the differential structure of the curve or flow pattern through 

comparisons of orientatIon and curvature estimates over open neighbourhoods. 1 have 

--t demonstrated this fact_ by showing that -human sensitivity to orient~tion discontinuitiès 

is a funetion of the curvature and change-in-curvature information in a~lghbourhood 

surrounding the discontinuily. 
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,Appendix 

Append.ix 

, ,t l ' 

, The equations used to generate stimuli for b~th e~riments were as follows: 
, , 

discontinuous: ' y = x x tan(6/2) 

smooth: 

where 

= (X - x) x tan(9/2) 

y = x x tan(9/2) 
= X/4 x tan(912) x sin(1I'xj X) + d 
= (X - x) x tan(IJ/2) 

x = screen width 
8 ~ orientatiop change across corner (0° < 6 < 35°) 
b = arccos(tan(6/2) x 4/X) x Xj7r. 
, = point of equal slope between line and sinusoid 

d = 6tan(6/2) - (X/4) tan(O/2) sin(7rb/ X) 

O:S:; x $ X/2 
X/2 $ x $ X 

, O<x<b 
~ .. - - , 

\ b$x$X-b 
X-b$x$X, 

This method of construction for the smooth contours resJ,llted in only one pattern of, 
curvature change for any one orientation change, However. the subjects were not instruct~d 
that this was the case. Rather. they were given. as much as possible. the impression that 
'any pattern of' smooth orientation' changes might be present. ,as weil as other t~pes of 
discontinuities. ' 
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