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'ABSTRACT 

.' 
Comput&t~nal geometry 11t the brancb of (esllD and analysls of algorithme whlch sleals 

\ 

wlth the computatlonal a.spects of problems involvlng geom~trlcal objects; i.e., an"lyzlng the . , 
complexity of geometrlcal ptoblems 'and exploltlng the properties of geometrical objects ta . ~ , 

develop efnci~nt a~gorithms. The Increa.se ln algorlthmic .studie~ or dlfrerent geometric problems 

reaulted ln the developme~t of useful problem solving techniques; e.g., decompositlon, di;lde-
, . , 

and·conquer, dynamlzation and plane-sweep. Also, lt wa.s observed that sorne geometrlc obJects 

.. 

1 
". ~-~ 

Q, ,,' • ~mlt more errlclent solutions chan others; e.g., a monotone polygon compared to àn arbitrary 
. ~ , ," 

l 

" 

slmp.le polygon when the problem at hand Is to compute tpe sh€lrtest rout&between two points. 

In this thesis We apply the decomposltlon ,technique together ,wlth a hlerarchlcal method for -

arranglng the decom'position cOJl1P.onents ln the design of etrlcient solutions for computing the , r 
• 10. , 

wel),k vislbillty polygon from an edg~d--COnfP-ûting the shorte~t route between two points, . -----­--------...--------- - ' , 
inside a simple polygon, and routlng networks Inside a rectH1near polyg9n .. Using the same 

..'::-- ~ < • Il 

, 
method we present a polynomial algorithm Tor checking the fea.sibllIty of embeddln~ a. graph ln 

the plane such that It, represents the vislbillty gf\30ph of a simple polygon for a spec~alized cl8.S1S . -

" of simple polygone: 

" 
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RESUME 
" 

. " .. Les algorithmes geomttrlquès forment une- branche de l'analyse des algorithmes qui traite de 

.. \.. ,,~ \. 1 

l'aspect calcula.tolre de problemf:lS lmphquarH des objets geometrlques. c'cst-a-dlrc l'etude de la 

complexit~ de ces probl~mes et l'utilisation des propri~té5 des objets géométriques pour 

dév,elopper des algorithmes' effica.ces L'étude d(' l'aspect algorithmique de divers probl~mes: 
, . 
" ", ~ , " geometriqucs a conduit a l'elabo.ration de, techniques de resolutlon de problemes. tel. que la 

décomposition, le diviser-pour-régner, la dynamvption et le ba.layage du pla.n. On observe 

, - ... 
egalement que certains objets admettent des solutions plu~ efficaces que d'autres; par exemple, , 

un polygone monotone. en corn para.ison ~ JJ n polygone simple arbitraire, lorsqu'U s'a.glt de 

" calculer lé plus court chemin entre d,eux points 

Dans' cette .thèse. nous employons la technique de d~comD051tlon et une m:thode 
, , 

hlerarchlqJle de ~lassGtnoent des lomI?osa~tes de la decomp05ition pour calculer le polygone de' 

, A .... 1 

faible visibilite d'une arete, le plus court traje~ entre deux points a l'Interieur d'un p·.)lygone 
• l 

; \ , ; 

silnple et le~ reseaux d'acheminement a l'Interieur d:un polygone rectillneaire. En utilisant la 

m~me m~thode, !l0US présentons un alg~rithme po1ynomial pour vérifier la faisabilit; de 

Â , \ f 1 

l'enchassement d'un graphe dans le -plan de manlere, a ce qu'il represente le graphe de visibilite 
1 

l ' 

d'un pOlygone simple, pour une classe specifique de polygones simples . 

. ,- .. 

" . 
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Introduction ,1 
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1. Introduction 

Geometrie abjects 5uch as points, lint' scgmen ts, rectangles and polygons are used ta model 

obJcct.c; ln 3.' varlf'ty or apphcatlon~ ar('a.<, ln pall/rn ruogrutwn, points, ln multl-dlmenslonal 

spac~ arr us("d to rcprrsrnt muILI-aUnhtl!p r!P:',l:"rlpt.lons or obJr('th [Tou) ln VLS! deMgTl 

'systems. rectangles are used t.O 1Tl00Iei r<)rnpOlH'nt~ of il: nrC'llIt tü hlmpltfy the hINa.rcl!lcal 

~ 

bUilding of compllcated desIgns \MkC\ ln (oll('lIrrrnl trlltlMrlwn systems, hyp{'rreC'tangh'~ art' 

used ta describe th(' progrec"., mad(' towanl t.h" complt'tlon of each transa.ctlo~ 
" . 

IY&Pap&K.L&Papl ln Image procc.'lswg :~nd romputer grllp/urs. polygon<, an' llf'Nj 10 dc~cflbe 

cu,rves by an appropnate selection or palOt,"; on or near ~hr curvf' [Pav.N}.;rS) Th('!'>!' gromf'trl<' 
l , 

abstractions provick c1earer under&tandlng or tl\t' çorrespondmg problems and of the most 

suitabte computer ,repre-sentatiqn for the data, and thus It'ad to the deSign of efrlClent 

4 algorlthmlc 'sollJÙons 

1\:, 

Sorne geometflc obJects admit mort' effICI('n t !'>Olutions than ot~ers 

tlme ÎS requlred to solve the hidden-Une proolem ror a. Sf't of 11 lin{' 'iegments IAsaj white il Imear . ' 

runnlng Lime algorlthm has been nresentrr! ln If~g:AI ror ~Ivlng the hI(JÙe~-hn(' prohlem InSlde a 

simple pülygon. and O(nlogn) tim(' I~ requlTrd Lo compute thr convcx IInli of a set of n points 

[Shaj whlle a llOea.r runnrng tune algonthm 'ha.<; ne('!l pr{'sented ln [M&Aj for computmg the 

convex ttull of a simple polygon 

Wlthlll. the clabs of polygon'l. when the problcrn Illvolvffi "neat" shape5: on(' can orten IJse 

l , ~ 

thclr propcrtlCf> to deSign optimal f,oIutlOns Example~ arc clH'ckll1g ClUNy pbmt mclllslOn 10 

'star-shaped [Sh~j or ,mono~one [L&Plj polygons, tfl<îngulatlOg L.[co~vcx [E&A&TI or monotoll~ 

!G&J&P&Tj polygons . .and computlng {,he Inter~cctloll or convex' pdlygons ISha, O&C&O&Nj 

, . 
Op~lmal1ty of .algonthms)for the abovc prohlrms <,uggcsts the decomposltlOB of a glven shape 

Into smaller and more simple componcnt.'i, and th Cil ~olvc thc problcm for ('aell compoll'cnt 
() 

scpa:ra,tely, e,g,. trlangtllatlng the m'tcnor of an arbittary polygon [G&:J&P&Tj The <,trll.tcgy of .. 
dccomposing a giv,:Jl shape. IIlto slmplcr component~ IS also used III shapr matrlllng and 

( 

i 
1 
! . 
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2 . Introduction 

recognition. Examples oC shape, recognition methods based on decompositions a.re [Fu, F&P, 

Mar, Shap&H], wblch decompose a given sbape into' spiral, star-shaped or conve:t components 

'. . and then recognize each compenenC separately A survey of algorithms for computing sucb 

- ( 

decomposittons can be Cound in [Tou, Cha, Ke!J. This dissertation deab wlth the use oC the 
, , 

decomposition strategy in developmg errlclen t salu tions (or graph e~bed~lllg" visibillty, network 

routing and shortest route prdblems. However, good solutions for these problems requlre tbe 

_ , f 
use of componen ts' adjaeency relation togetber Wlth etnclent methods (or processing eaen 

compon@t. In chapter 2 we deScr\be a bterarchical method for descnbmg simple pOlygons 
, .., . 

based on a f\elected decomposition which allow5 an efficie~t procesBlng of a given simple polygon 

and present a llnear running tlme algorithm for building such a description Using such 

description, prooessing the 'vertices or a componenlb may be completely aV?ided iC they do not 

contribu,te ta the Cmal result. Eaeh chapter from three ta six ls devoted ta descrlblng the use oC 

thls hlerarchtca.l description ln solvlng a. different problem. 
, J 

AviS and Toussaint [A&T] introduceçl the notion of weak v lsib llit Y and pre5ented a linear 

a.l,orithm fQr checklng the weak vlsiblHty of a simple polygon from an edge. In chapter 3 we 

1 " 
present an O( nlogn) algorlthm (or computing the sub'Set of a. n-slded simple polygon Chat is 

, , . . 
weakly visible fram an edge.' Th~ algorithm' uses 8. hierar.chical descriptIon of the polygoQ based 

" 

on a decompositlion into slmple·r component.s, monotone polygon.s.: in which the weakly visible 
• , L' • ~ 

veniees can be reported etriclently. vyhen the glven polygon belongs to the specialized class o( 

monoto,ne polygons, a. linear 'algorith'!l 15 presented. Applica.tion oC the Aigorith,rn tO a problem 

ln motion planning ls descrlbed ln' the concludmg section o( chapter 3 
.- .. 

, 
Recently. cômbratorial descriptions o~ geometric.al objects have been used in recognizing 

shapes Such a sy~tem computes a combinatorlal description of a. gl'Ven shaJ.'!,e, a process whi~~ 

~ 

does not usually require extensive computlng, and then attempts ta match it with a stored . " 
lI1odel. Examples of such descript!on_~ are: the signatt1re oC a curve [ORou] and the visibility 

g}aph o( a simple pOly,gç>n [A&E a.nd Shap&H] ~hieh havé been used ta c~eck the simllarity oC 

i'" the correspondlng objects Chapter 4 Is concerned with the ~evelTse opera.tion; I.e., cO~5truct!ng 



( 

o 

Introduction 3 

• ,eometrical object from its combIfia.tQrlal description. We chara.cteriZe the minimal vlslb1lity 

craph on a set of vertices, a.nd glve an',' algorithm for embedding a gra1?h ,wltb a glven 

hamiltonian circuit ln 'the plane su ch that it represents the visibility graph of a simple polygon 

for;a specialiZ:~ class. of simple polygons, the class of convex fam. The algorithm m'ak~s use of 

a hlerarchical"crescriptfon oE- convex fans based on decomposltlon by special non1intersectlng 

subset of lts diagona.ls, the ma:rs'mal diagonals. The problenL of recognizing vislbUi~y graphs 
,,' 1 

~ ,';' ~ j(orresponding to arbitrary simple polygons is also discussed. 

Chap.ter 5 addresses the problem' of routing VLSI circuits; 1 e., specifying the pat~s_'of wires 

on the chip. DU,e to the llltractability of the routing problem, shown in [Szy and S&Y], màny 

researchers directed' their attention towards the design of gcod approximation algorithms. 

Examples of good heurlstlcs for routlng networks when their" terminais lie on the boundary of a 

rectangle are glven in [B&B&L, R&:B&M. R&F]. In this chapter we descri~è the use pf a 

Merarchical description of a ~imple polygon, based on a, dec'ompoSltion into, rectangles, in 

enhanclng the pe~formance of algonthms; e.g, ln PI system [RIV], for routing networks inside. a 

, ' rectllinear polygon, where terminaIs lie on the boundary of the polygon. We use thls description 

to provide the rou tlng order for the rectangJes and to efficient,y report the networks to be 

l 
Q 

routed in each rect'angle. Routing of networks in each rectangle lS performed' using any of the 
, . 

exlstlng heuristics. The objective of the algorithm is to provlde an interactive tool, for a human 
1 <, 

d~i<gner, whlch is capable -of errIciently performing the' tedious and tlme consuming task '6f , 
detai1~ routing. < 

Algorithms for reportlng the short~st rou~e between two points inside a simple pOlygon are 

presented in chapter 6, SimUâr to the algorithm for' computlng the weak visibility region from 

an edge, the sho~test ,rou te algorithm u~es ,a hierarchlcal description of the polygon based on a 

decomp05ition lOto 'monotone polygons, in which the shortest route can be computed in linear . . 

time., In addition to the knowll applications of such a'lgorithms; e'g, computing th~ trajecto,ry of 

a, racing ca;r [Cha,2j and wire routing in integrated boards [Hlgh], we descnbe its use in the 
, c 

design of effici~nt solutions of sorne optimizatlon and separabllity algorlthms, 

.1 
1 , 

• 
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... A Hlerarchlcal DeSCription of Simple Polygohs 

2. A Hierarchical Description of Simple p;olygons 

2.1. Difinitions and Notation . 
.. 

Il polygôn P with fi vertlccs is a closed path PI' P',l"" Pn' Pn +1 (Pn +1 "F P 1) where PI has 
1 

(XI' YI) as,. its x- and y-coordmates The ith edgc (or side) of p. Qenoted by el' IS the closed Im'e 

r segment joiumg the pair of vert'Ices PI and Pi +1 The boundary of P: denoted ,by BD(P). is the 
l 

l ' • 

seQue~ce q! edgcs el' e 2 ..... Cil A polyg0o is said to be simple wh en no two ~onconsecutive 

edges intersect We assume that the vertlces are given \fi clockwlsc order 50 that the interior of , 

the 'simple polygon always Iles to the rignt as lts boundary is traversed Between a pair of .. 

points sand t ~n the boundary of p. we define the chain CN(s.t) to be th~ ~ubset of BD(P) 50 

tfiat the interior- of P always lies to the right as CN(s,t) is trav~rsed from s to t. ,_ 

.,' 
Let li and ,v be two points, lnslde' a sHnple polygon P ·1I is VIsible from v if the closed Ime , 

segment joining them does not intersect the extenor of P A closed !ine segmen t connécting two 
• 1 

, . 
visible points m BD(P) IS a .chord of P" A chord eonnectmg two vertices P. and PJ' where i < J. 

, 

will be deno'ted by CHORDp,p An arm of the polygon p. denoted by ARMp,p . is the ;;\.lbset of 
• J ~ • \ J 

the interior of P W;hich 15 enCiosed by the cham CN(Pi. p) and t~e chord CHORDptP)' Note-
\ .. - 1) . , 

that the whole' polygon can be viewed as an arm.' A set of arms of P is said to be nested if, 

given aoy P-.air ARMp p . Af!.Mp p ·of. the arms. theIr Illtersection IS either ARMp p • 
" ), '2 12 " }, 

ARMp p , or the empty sef It follo\Vs directly from the Jordan curve theorem that a set of 
. • 2 )!2 

arms forms a nested set if and only If the chords "wlllch generate the arms do not properly 
li] 

intersect . 

, 
2.~. A Linear Time Algorit~m fol' Comput~ng the Hi~rarchy 

, 
Il set of ehords of a Simple polygon p. whose members do not proper{y intersect, 

decomposes the tnt~rior of P mto a set of non-overlappmg components The algorithm bY Lee 

and Preparat~ [L&P 11 for decomp~ing a slmple pblygon ~nto a set of monotone components \ 

an example of a rnethod for effielently reporting sueh a set of clrords and the corresponding sel. •• 
of non-overlappmg com'ponents ,. 
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A. Hierarchlcal Description of Simple pOlygons 5 
" 

The l11erarchical nescriptiqn of p. denoted by HIER-DESC(P). ,is based on a tecursive 

partition of the polygon-P into smaHer arms, by removmg the component8 of the decomposition . . , 

• one at a 'time untll each ar~ h9:S ~e~n reduc«;d to one of the components The top of the ,: 

.hièrarchY,l'epresents the whole polygon whlch can be viewed as an arm. Nodes-ip the next level 
~.~ \ '" 1 -... ! • ~ 

o 

represent non-overlapping arms of th; ~lygon, The'set dirferencé' b~tween an ar~ represel\'ed 
~ . .. ~, ~ 

by- a node in the hierarchy ànd union of the - arms stored as' its sons' in the hierarchy is a 
----- ~.! 1.' 

co~ponent, of the selected decomposition o~ P. For the example shown in Figure 2.1, the 

component Dot is the set difference be~~een the arm ARMPa P.e and the un.ion of -the two arms 

stored at the next level ARM, p' U ARM... ft • Since ea.ch arm of the poIygon uniquely a 7-. rllrl1 
':1 M" ~ 

,il' ~ .', ,'. {, . . 

corresponds to a chord, it suffic~ to label each. nQde wtth the chord cÇ>rresvonding to that arm, 
1 

as shown in Figure 2.2. Note ~that we ca.n also use' this representati9n as an adja,çency tree of 

<:; 
the components of P, where each node represen ts a component and two nodes' are conJlect.ed, if 

'Â 

the corresponding oomponen ts shart an edge. 

" " ... -.. b. ~ 

.... ... ~~ t<-- .. f" "" or ... ... "'" • ". 

How to !>uUd su ch a hierarchy? We' start by storirrg the w:hole.polygon ln the- OOIt no;I<& a~d' :- . 
f. '" v,. • ..... " -

then r~move the component of P whièh conta.ins the edge en in its boundary ... ' The removlÏ1 Qf .. 
'" ~ #.. • .. J; ...., ~ '" M 

this ,~omp'Onent partitions the remainder ~f the polygon ,into a set of' iloJ;l-overfapping <,a~. .' ': " 
... -- .. ....,..... ... ... . ". 

~ t • .. _ J' • ' .. ....).... , - -- ~ -

Ea.ch arm, represented by the corresponding chord, is.stored as a son of"the top nbde. : wè then 
• .. ~. • ~~. .. "y 

' .. . .. 
PT?CeSs (or exp and) eaeh new node,' in a recursive fasblon, until al! t.b.e leaf' nOdes r~pi;ësenJ;', 

;; .-
components of P. 

" -' , 

We now give a complete description of the algorithm r~~. building HIER-DESC(P,j..' .F.or. 

convenience, we assume that the decomposition con tains moré than on'e co~ponenJi. ''l'his ',caSe 

can be handled by a straightforwà.rd sequence of s~eps, 
1 

.. 

• 

. , 

-1 
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A Hlerarehlcal Description or Simple Ppl1'loDl 

'p~u,e Sun.D-mER..DESC (P) 

i.,..t: 
1. A.uat orthe componenta of the'slmple polycon P. when: each 

compônent. ls represent.ed by a sequence of chorda ln Ua 
• bo11;D~ary !tanlne from the chord wlth the smallest tlrst vertex. 
. Component.5 are Inltlally unmarked. 
2. A Uat 01 non-lDt.ersect.lni chorda. wbere eacb element. ln 

the Uat polnta to the t.wo eomponenta whlch contaln that 
chord ID thelr boundary. Chords are lnitlaUy are unmarked. 

8. A po~ter. STRT. .. t.o the campement whtch -eontalns ~be edp e" 
,ln Its,boundary. -o.".t: 

A pointer. HIER-DESC{p). to the top or the hlerarehleal 
descriPtion oUhe simple polYiOn P. 

• 

store ·the- edit e" ln,a n'Ode polnted ta by HIER-DESC(p) 
CUl'-node +- HlER-DESC{p)1 . 
cUJ'-"Component +- STRT; 

J' 

wlaile cur-node does not c~ntaln e,. or . 
cur-component bas an unmarked chord ~o 

_Aile cur-component h4S an unmarked chord tlo 

il cUJ'-component Is unm~ked' then : , . ! 
il 

mark eur-çomponent J 

lor each' un~ked chord or cur-compOnent.-do 

• 

lnsert anode contalnln& thls chord as a son oC cUl!-node: 

" 

i • 

CUl'-node - son oC cur-node contalnln,C. an unmarked c~ord or cur-component; 
mark the chord oC the cm--component wh1ëh 1s represent.ed by eur-node; 
cur-component +- t.he oth~r comPonent haviÎlÎ t.he-chord represented by 

cur-node ln lta, boundary;, 
mark the chord oC ~he cur-.component whlcb ls rèpresented by cur-node; . 

end while . 

cur-component ,- the other' eonipo~ent h~vuil' the cliord' represe~ted by 
cur-n~e'ln Its bo~dary; , 

cur-node - parentreur-node; , 

end"BUlLD-HIER-DESC 

• f 

" 

. , 

" 

1 • 

. , 

.' 

î 
.... 1 

i 
t 



; 

c 

i ". 

A Hlerarchical Description of Simple PoIygons 7 

-
~. of the procedure BUTI..D-HIER-DESC 

Flrat we prove the correctness of the procedure ln the rollowlng two lem~as; thf'n tlle 

}1Dearity la proved ln Theorem 2.3. 

\ 

Lemma 2.1 At any time durlng the exeeutlon of the procedure Bun.D-HIER-DESC, each leat 

Dode represents an arm whlch satiBnes the followlng conditions: 

a) )S a subset of the arms represented by aU its a.ncestors 

b) intersections of its mterior with Interiors of the arms represented by the rest or the 

nodes are empty. 

Proof Initlally the hierarchy con tains a single node, whieh corresponds to the whole polygon, 

and the conditions of the lemma are satiBrIed. 

Assume that conditions a) and b) are satisned prior to processing (conceptually, deletlng) a 

new component of P. #The boundary or the new component con tains the chord which lB stored 

ln the current· node. Therefore, deletion of the new component results in a. set of non-

overlapplng arms, which are then stored as sons of the current node, Ea.ch new arm is a subset 

or the arm tepresented by the current node. Since set inclusion is a transitive relation, 1t 

rollows directly that the arm represented by each new node is also a subset of the arms 

rep'resented by aIl lts ancestors, It is easy ta see that condition b) is satisfled for the new nodes. 

Thus the lemma follows. 

Q.E.D. 

Lemma 2.2 Upon termlnation of the procedure BUILD-HIER-DESC, the le-at nodes represent 

the non-overlapplng components of the simple po!ygon P. 
~ l ' ,,- " , 

\ 

ProoC Initially aU the chords are unmarked. When the a.rm corresponding to a chord is 

partitioned into sma11er arms, the procedure marks that chord. Thererore, It is surnclent to 

show that upon termination or the procedure a11 the chords are marked', This follows from the 

. ' 
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8 A HlerarchlcaI-Desc.rlptlon. oC Simple Po~cons 

Cft that the procedure cllmbs back out oC anode ooly àrter all the chords ot the eorr~pondlnl 
~ ~ ". , ~ " 

eompooent ue m~ked. Thus the lemma:Collows. 

Q.Ep. 

Theorem 2.3 prOcedur~ Bun:D-~It-DESC 'bUtlds a ~l~~hlCal ~epreseota.tion oC 'a' sl~~le 
polygoo ln llnear tlme . 

P1'OOf perrorm'ance oC the procedure depends on the number or times each chord is' processed. , . 

The procedure processes each chord th;ree tlmes only. In the tirst time, anode which representa 
,> . \-

the corresponding arm or the polYi,on ta Inserted. In the second t~me, prior to processin-g 

> eompooents of the çorrespondlng arm, the chord ta marked in the lista of the two componenta 

which contain It in their boundartes. Mter processlng a11 the componenta of tbe correspondlnl 

arm and cUmbiog back to a blgher level, a c:;hord lB Bever r~processed. > Thererore, tbe procedure' 

runs io O(n) time aB the number oC chords 1s leSl!l than Qr equal to n-3: 
1 -" \ . ' 

Q.E.D. 

fi 
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Visiblltty Polygon from an Edge 11 

,3. Computing the Weak Visibility Polygon from an Edge 
in a Simple Polygon , il; 

3.1. Introduction . 
\ 

Comp'Utmg the vlSlbility region from a single point or in a preferred direction Is a recurrlng 

P-roblem in path plarimng [Don,L&:W1 and scp!.l-rability [S&T,T&E,T&S] in J'Obotlcs, ln compùter 

generated pictures of threc dlmenslonal obJccts [C&L,Rap,Yao]. m pattern recognttlon [Q&B]. 

and III VLSI routing IAsa2] problems In addition, a'n .algorithm for solvlIlg this problem call be 

used ln so!vlng other geometnc problems (e g tflangu lating an L-con vex polygon) efflclen tly 
" ~ 

[E&A&T] The two dlmensional versIOn of this problem can be described ll!> follows 

G1ven a set of disjoint slmpl; polygons p={P l' P 2' .'. PI,; }, and a point X ln the exterlor of P. 
Report the vislbllIty polygon of X (I.e" the subset or the plane that ls visible from the point X) 

\ 

With the mcreasi~g size of the problem Instances to be processed. the need for efficient 

algorithms anses EIGmdy and Avis [E&A] and Lee [Lee] presented hnea'r runmng tlme 
, 

algorithms for computmg the vIsibJlity polygon when the set P "contains one Simple polygon 

.A.sano [Asi) proved an n (n + k logk ) lower bound for tomputlng the vlslblltty pOlygOll from X 
" 

when the polygons in the set Pare convex, where n IS the total number of vertlces m p, and 
, 

pres~nted an algorithm WhlCh' achleves that bound; In addition, Asano presented two 

algonthms for solving the general two dlmensional hldden-line problem that run in O(n + 

n logk ) tlme . 

. ' , 
Recently, AVIS .and Toussamt [A&T] StudlCd' the problem ~f. edge vislbllity m simple 

polygons. They introduced th1"cC notions of polygonal vlSlbility from an edgc complete, strong 

and weak visibillty (Iefer to Figure 3 J" for Illustration), and then present~d a hnear running 

Ume algorithm for. checkmg vlsl15lhty of a Simple polygon from an edge under any of these 

notions Checkmg the weak vislbihty of, a-sl!?plç polygon from an edge is motlvated ln [A&T] 
• 1 

by dcciding if the mtcnor of the polygon can be watc/icd by'a mobIle guard patrollmg an cdgc of . , 

the polygon ln thl~ chapter wc present a!l algonthm 'for cOl)1putmg the' weak visiblhty reglon 
1 

from an edge, II\side an n slded polygon, which has a complexity of O(nlogn), and then descnbe 

.. 

" 1 
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12 Vlslblllty Polygon from an Edge 

Its use ln the design of errlclent solutions for pla,nar 6eparability and reachahi~ity problem.. Ttte 
r 

method used depends on representlng the polygon ln a hlera.rebleal form based on a 

deeomp061tlon Into a. set of slmpler eOJl)ponents, monotone poIYiODS, ln wbl~h the wea.k 

vlslbUlty pOlygon Crom an edge ea.n be computed er,f1clently. We also present a llnear runnlng 
1 

tlme algorlthm for computlng the weak vlslbUlty polygon from an edge in monotonepolygons. 
,11 

3.2. Additional Terminology 

A simple polygon P Is sald to be in 8tandiird lorm wlth respect to its Ith edge if aU or· [ta 
~ 

o 

J 

vertlces ~e on the same slde or or on, tbe line tbrougb the edge ti' A cbain Is monotone with ,', l ,_ ". 

cj --

retJPèct ta a line LINE If orthogonal projections or the chain points on LINE ~re ln the same 

arder as the points on tbe chain. A simple polYiOn P Ut sald to be monotone if tbere exlst two 

verticee, Pi and Pi' and a line LINE such that the chalns CN(Pi, Pi) a.nd CN(Pi ~ Pi) a.re 

monotone wltb respect to the lIne LINE. 

-
" . 

. 
( 

j , 
Let v and u be two points Inside a simple polygon P. Tbe visibi/ity po/ygon of v 18_ the ? ~1;, f" : 

,h,.~,,~ 7 !" 
subeet of tbe interior and the boundary of P tha.t ls v~lble rrom the point v. Also u Is weakly J 

" , . 
1 \\ 

_ visible rrom the edge 'ej If there existe a point w on the edge ej sucb that u Is visible rrom. w. 
, 

The weak visibility polygon rrom ej is the subset of the ~erlor and the boundary ot P that ls 

~ea~IY ~ible Crom ej. We deflne the ,right inter,cept oC u on _ ej, denoted by r( Ci' u), as the 

Curthest clockwlse point 00 ej sllch that u and r( ej, u) are visible. The vertex of P tha.t lies on 

the Une ~egment Jolnlng u and 'r(ej, u) l:5 cailed the right anch:J?};C u wlth respect ta the ej 1 and 

denoted by ra(ej 1 u). SI.rly, the left intercept of u on ej, denoted by l(ei 1 u), 13 tbe furtbest 
. 

counterclockwlse point on tj su ch that u and l(e" u) are visible":' The vertillx oC P that Iles on 

the Une segment Joln4ng u and, l(ej. u) t8' called the lelt anchor of u wlth respect ta the edie ej, . -, 
" 

a.nd lB denoted by la(ej, u). A pair or vertlces P; and Pk, where Pi precedes p" ln a clockwlse, .. 
traversai of BD(P). 1s called a gap wlth respect to the edge ej if they are weakly visible from tj . " '~ ....'" ~ 

and the set oC vertic~s {Pi+l' P;+3"'" Pi-l} are not weakly vlstble Crom the edge ei' 

9 • 

\ 

1 

t­
! 
1 

1 

\ 
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VJalbillty P'olygon (rom an Edge 1'3 
j 

~.3. Vi8ibUity Preüminaria • 

Let Q={q 10 q 2' .... qt} be the sét or intersection points or the stralght line paMing tbrough 

the edge ej and the edges oC the polygon P sorted ln order oC thelr occurrence on the stralght 

Uoe. 'If the stralght Une 1s colllnear wlth an edge, then tbelr Intersection I.s represented by the 

two éodpolntâ or the edge. Let the pointa qj-l and qj represent intersection oC the straight line 

wlth theedge ej. Rerer to Figure 3.2 Cor UlustratioD. 

, 
If the pair oC .pointa qj and qJ+l deClnes a. chord of P (I.e. the Iinr segment (qj.qj+l) Iles 

Inslde P), tQen the subset of the correspondlng arm, ARM6 f' ,whlch ~ weakly visible from the 
Il }+I 

edie ei I.s only v\.sible rro~ the point Pi+1 (equlvalently, qj)' Uslng the algorithm for 

computlng the vl.slbUity polygon from a point, presented ln [E&Aj, this subset can be computed 

10 llnear runnlog tlme. The same applles to the pair oC intersection points qj-2 and qj-l' 

Using the following result, 

Lemma 3.1 [E8z:A] (See Figure 3.3) Let POL be a. simple polygon and ej be an 

edge in ita boundary Buch that the vertices POlj_l a.nd POli +2 Ue on the same side . ~ , 

of the Hne passing thro~gh e" If Y is a. point in the exterior oC POL whlch fa 

coll1near wlth the the edge ej, then the Une segment Joinlng y to a point in the' 

Interlor of POL Intersecta the chain CN(polj +1' Poli ) . 

wc w1ll show that the remai'nder of the arms corresponding to pairs of points in Q which define 

chords,. oC Pare not ~eakly vlatble from the edge el . 

Pairs or non-consecutive polnt$ ln Q do not form chorde or the pOlygon: Ea.ch a.rm or P 

correspOnding to two consecutive pointa ln Q, whlC~ d~nne a chord ,of P and are neither qj nor 

qi-l' together with each point or the edge el sa:tlsfy the condltl~ns- or le~.ma:' 3.1. Therefore, 

these arma are ne:> weakly vif?ible from the edge el and their deletion does not affect the weak 
, 1 

vl5lblllty polygon from the edge e" The deletlon of these arma results in a sm aller simple 

poly~on p., shown hashed ln Fi~ure 3.2, whlcb lB ln standard form with respect ta. the edge ej. 

/P 
'tlb 

------ -- - --- - --~---------- =-----~~ ----- ---



14 VlsilHhty Polygoll from an Edge 

Since arms corresponding to pairs of consecut)ve pOints in Q form a nested set, wc: only have to 
~ . 

Q 

delete those arms that a.re ma.xlmal. Simple modifications of the algoritllm for computing the . 
visibihty polygon fr~m a I>oint [E&Aj Jead to a linear running Ume method for reportlng and 

deleting the ncccssary arms (Le, computing the polygon pa). 

Let. the pair p) and Pk of vertlces;' be a ga.p with respect to the edge ej. Extend the Hne 

segment ~ollling la(ej, Pj) to PJ untll Jt II1tersects BD(P') in 9, and the Hne segm,ent joining 

ra(e., [JI;) to PI: untll it tnter&ccts 80(P") in at Refer to Figure 3.4 for i!Iustrltlon. By 

defiilitioll. the chain CN(g}. 91:) does IlOt contal11 any vertex of the polygon P and thus 15 a 

subset of an cdge of P The Hne segment JOlfilng Yi and 9k is called a gap filler 

Lemma 3.2 The line segment jOllling YJ and 91: is weakly visible from e •. 

.. 
Proof There arc three cases as shown ill Figurc 3.5. 

lb caSe (a), BD(P) intersects the line segments connecting Pl to l(el , PJ) and Pk ior(e., Pk) 

on'1y a.t la(ej. 1>1) and P, respectivcly. Therefore the two triangles (PJ' l(ej' Pi)' r(cj, Pt» and 
. 

(p) • 9/, 9L) lie III the polygon~. For eycry pOÎu{, Y 111 the Hnc &egmcnt connecting YJ to gl:. we 
, 

, dl'.aw a. lllle through Pi to a point Z in the cdge e. The tille segment connectlng Z to Y does 

not IIltcrsect the exterior of p. and thus Y IS wcakly visible from e •. Case (b) 15 proved 

simlJarly 

In case (c), the Hne' segment Joimng l'J and r(e., PJ) intersects the chain CN(~'+1' P,-l) 

only ât ra(e" PJ)' and t~le Hne segment jOll1l1lg PL and r(c" [Jk) intersccts the chain CN(Pi+l' 

. 
PL -1) ouly at ra'( e •. PI:}' If we assume that l( e. ' Pl) folloW8 r( Cj • PI;) on the edge e.;. then ra( c •• 

IJ};) must I)e a vertex in the chain CN(PJ +1' 1>1;-1) whlch contradicts the fact that Pi and PI: 

form a gap w'lth respect to the edgc e,' Thcrcforc r(e •• 1>J} and I(e., PJ) precede r(e, , PI:) on 
p ... , "1 • 

, 
the edge c., and the hile segments connectmg Pl to l(c • • Pi) and PI: to r(e,. PI:) Întersect at a 

pOIU t, say X. The two triangles (X, I( el , r J ), r( Cj , Pk )) and (X, 9 i ' 9,.) Ile in the polygon P . 

• 

•• 

, , 
î 
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Vlsihillty pol~on fr~m arr Edge 15. 

Simllar to the proof of case (a), wc can shqw that every point in.the IIne ,segment connecting gj 

to 91c is wcakly visible from ej 

Q.E.D. 

, 
Ït' rollows from the previous result that one can use the left and right intercepts of the 

weakly visible vertices to compute the gap fillers in a sll1gle scan of the boundary of P Due.to 

the.ir slmplicity, details of thls §tep w~1 be omltted \11 the description or algorithms' tlnough the 

remamder of the chapter 

j 

~3.4. Two Aigorithms for Computing the Weak V,ibility IJ"olygon from an Edgé 
in Monotone Polygons . 

In this sectIOn we present t~vo algorithms for eomputing the weak visibllity reglon from an 
.' 

~ edge in monotone polygons The flfst algonthm WVE-MON-! r,uns ln Iinear ume, and is thus 

optimal However, the ltnethocl û'3ed leads ta a quadratlc runnmg tlme algonthm when apphed 

to an _arbltrary simple polygon The second algolïthm \VVE-MON-2 15 slowcr, runs ln O( nlogn) 

tune. but the method useel results III an algollthm \Vlt.h the sam\.' complexlty when applled to an 

'-
arbltrary slInple polygon The tw<i algorlthms arc desIgn cd to deal wlth simple polygons that 

ale monotone \VIth respect to a vertIcal IIlle. and tilt' weak VlsilJlhty polygon 15 to be calculated 

from an edge in the cham jOllling the vertex \Vlt.h the mlllllTlUm y coordmate to the vertex \VIth 

the maximum y coordmate l,)slng the algonthm for reportlllg a lme \\:lth respect t.o wlllch a 

l ' 
simple pOlygOIl IS monotone. presented \II [P&:Sj. together \VIth sImple tra.nsformatlons we can 

process an arbitrary monotone polygon to ,,>atl~fy thc&(' conditions m Imear runnmg Lime For 

('ol1yenience. vertlce.'l of the monotone polygon arc labeled .'lllch that weak vislblhty polygon 15 to 

~ 
" be calculated from the edge e" Refer to FIgure 3 6 for illustratIon. 
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18 VlslbiUty PolYlon fj'Om an Edle 

A1gorlthm WVE-MON~l ' 

Glv~n a simpfe monotone polygon M == {ml' m'l"'" mil}' the algorlthm WVE-MON-l 
1 

proeeeds as rollows: 

Step 1 The algorit&1n computes the connectèd subset or M, denoted by M* and drawn ln saUd 
< 

llnes ln Figure 3.6, which is ln 8tand~rd rorm with respect to th,e edge en, and then partitions 
-' . , 

M· loto three components MA' Ms, and Mc Vertlces Of MA UE! above both ml a.nd mil' . . 
vertlces or Ms lie below both ml and mn ' and vertiees or Mc have thelr y coordinates between 

'hase of ml and mn . It also computes the tv:o extreme points EXTREMEA and EXTREMEs . 
" 

The algorithm processes the subpolygçms Ml = MA. U Mc a.nd M'2 = Ms U Mc seJ?arately. 

Due to the monotonicity or M, vertlces of the 5Ubp~lygon Mc are weakly visible trom the' edge 

'ell · However, they are processed as'part of both Ml and M'2 sin ce tbey may be left or right 

anchor points or the vertlces of MA or Ms respectively 
(} 

, 

For the sUbpolygon M l' tbe ~lgorlthm scans tbe IIst ot ventees ln Increas~nl order oC thetr 

y coord~tes malntalnlng two deque data structures LD and RD. Ea.ch deque cootalns a convex 

chain that ls also monotone wlth respect to a xertical, tine. The deque RD consists of verttces or 

CN(m l' 'EXTREMEA ) that are the prospective rig~t anchor 'points of the vertices of MI ·ta be 

processed, a.nd the deque LD consista of vertices of CN(EXTREMEA.' mn ) ~that are the 
, , 

prospective left a!lchor points or the vertices of Ml ta be processed. The rront ele~ent ln RD la 

the last examlned vertex of the chain CN(m l' EXTREMEA ) whlch is weakly visible rrom en. 

and the rront element ln ·LD is the last examined vertex of the chain CN(EXTREMEA , mis) ,-
, ; 

. whlcb is weakly visible trom en _ The rear element ID RD Is the rlght anchor point or the front 

element ln LDi and RL !s detlned as the directed Une joining the front element in LD ta it8 rlght 

ancbor point. The rear· element in LD Is the left anchor point of the tront element in RD, and 

LL is derlned as the directed Une joinlng the front element in RD ta lts !ert anchor point. (Rerer 

to Figure :t;7 ror illustration.) 

'" 
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<l. 

/ 
. 11 

When a new vertex ln the chain CN(EXTREMEA , m,,) is encountered, the aliorithm . 
, . 

checks Its position relative to LL and RL., Ir It Iles to the lert of the dlrected Une RL, then it is 

not weakly visible from en and is im,mediately reJected. If It Iles to the right. of the directed Une 

LL, then the algorlthm termlnates the scannlng oC vertlces sin ce the new vertex and the 

remalnder of the vertices are not weakly visible from tbe edge e" Otberwise, tbe algorlthm. 
<t 

removes vertlces Crom the front of LD until the remainiIrg chain together with the new vertex 

. . .' 
form a convex chain, and a.dds the new vertex to the Cront oC LD. Tbe algorithm th en removes 

vertices Crom tbe rear or RD untll the new vertex lies ta the right or the directed Une passin" 

" " through the last two vertices in RD. 

A vertèx ln the cha.in CN(m l' EXTREM$A) la processed 'in a slmUar fas1\,lon wlth the roles 

or LD and RD, and LL and LR tnterchanged . 

. ' 
A . complete description oC this. ~tep ta given in procedure' M9N: CAN-l,. shown ln 

Flp're 3.8. Processing tbe S!1bpoiygon M" 'ls a rnirror lmà.ge ing MI' and tts 

description is omltted, 

Step 2 The algorlthm perCorms a' clockwlse traversa1. of the boundary ~t M and computes cap 

fillers for each one oC the encountered gaps. 

AnalysÎs or the algorithm WVE-MQN-l 

, We PIove correctness of t-he algorithm ln the followiDg lemmas, and the prove Its Uneartty 

, . .." '" 
~ theorern 3.8. In the Collowlng lemmas we will deal with the subpolygon The case or the 

:. 
subpolnon M 2 is slmUar . 

, 
Lemma 3.3 During the scanning or the mônotane subpplylPD. Ml' if a vertex mi whlch belonp 

ta the cba.in CN(EXTREME..., , ma) lies to the 1eR or the'dlrected Une RL, then'lt ls not weakly 
, .. . 

Ylsible rtom tbe edge e". 

Pl'QOt (reCer to Fipre-3.G.) Let mi be tbe, rropt element ln the deque LD, whlcb is tbe lut 
, , . 

, c 

" 
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18 Vlslblllty Polygon tram an Edge 

~ \ 
o examined vertèx in the chain CN(EXTREMEA , mn ) th-at Is, ~e~k{y vlsibJe trom. the ed . 
Extend the line segment connectlng mi to mj until lt intersecta the chain CN(ra.( en' 

tXTREMEA ) in a pOjn~t say mi' . The arm ARMm !JI' , which" contains en in its bound'a y, 
J J / 

~.together with the vertex mi sàtlsCy the ~ditions oC lemma 3.1. ThereCore, mi la nOtl"weakly 

visible from the edge y . 
Q.E.D. 

Lemma 3.4 During the scanning of the monotone subpolygon M l' if mi is tlle rtrst vertex in 

the chain CN{EXTREMEA , ,mn ) whicb l1es to the rig~t of Ùle directed Une LL, then the vertex 
. 

mi and the remainder oC the vertIces of Ml are not weakly visible Crom en . 

Proof (reCer to Figur-e 3-10.) Let mj be the front vertex"in the deque RD. Extend the Une 

Segment connecting mi to mJ until lt intersects the cbain CN(mi, mn ) in a point, say m/ " 

The arm ARMm , m , which con tains en in its boundary, together with the vertex m, satlsCy 
J J o _____ ~ 

the conditions of lemma 3.1. ThereCore, m, la not weakly visible from the edge en' It follows 

from lemma 3.3 that relJlainder bC vertices of Ml which 0 lie to the right of the directed Hne· 

Joining mJ to the mi are not weakly v~ible from en' Each remaining v,ertex of Ml that l}es to 

the left of the directed Une joining mj to the mi aiso lies to the rigbt of tbè directed Une LL. 

ThereCore, remainder ot the vertices oCo Ml are riot weakly visible Crom en' and the lemma 

CollowlS, 

Q.E.D. 

.~ 

Lemma 3.5 Durlng the scanning of the monoto~e sUbpolygon Ml' if a vertex, mf which belongs 
1 

to the cha.in CN{m l' EXTREMEA ) lies ta the right of the directed Une LL, then It ls ,not 

weakly visible from the edge en . 
. ) 

Proof Simlla.r to lemma 3.3." 

"Lémma 3.6 During the scanning oC the monotone subpoij'gon Ml' if mi is the first vertex in 

() . .... 

, 

.. 

-
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, 't.' 
, the chain CN(m l' EX'FREMEA ) Which lies to the left of the directed Une RL, then the v~rtex 

mi .and th~- remainder ~f th-e vertices of Ml are not weakly visible from en . 

Proo' Similar to lemma 3.4 . 

D • 

Lemma 3.7 DUFing the scahiling of the mon.otone subpolygon Ml' if a vertex mi lies to the lert 
, l '.' 

of the directed lin~ LL and to the right of. the "directed line .RL. then it is weakly visible from --

the edge en • 

ProoC During the execution of the procedure MON-SCAN-I, vertices stored in the two 'deques 
RD and LD satisfy t~e fOllowmg properties: 

(a) vertices in RD and LD are weakly visible from the edge en" 

(b) the r~nt elements tn RD and LD are the last examined vertlëes of CN(m 1- EXTREMEA ) 
and CN(EXTREMEA ' mn ) that are round to pe weakly visible rrom en . .. 

(c) the rear elements'ln RD and LD are the rlght and left anchor points of the front elements ln 
LD and RD, respectlvely. ... 

First we concen trate on proving that' the vertex ml is weakly lisible 'when the' above' 

propertles aie satisfied. Let u and w be the front elements of RD and LD, respectively. By 

construction, vertices of the chain 'CN(m l' u) lie to the right of the directed line" connecting u to 
1 • 

Its right int-ercept a.nd to the right of thOe directed he connecting w to its right intercept. If r(u, . , 

t'n-) folïoV{s i(w" ~n) on the edge en,' then the right ~~hor point ra(w, en) must be one of the . ~ 

procesSed vertices in the ch~in CN(u, w). This contradicts the fact that u and w are the last 
. , 

, visible vertice~ on the chalns CN(m'l' EXTREMEA ) and CN(EXTREMEA , mn ) prior ta ~he 
< • 

procring of ml' and the monotoniçity of Ml' It follows from this argument and the ract that 
) .. 

l(u. e,,) precedes r(u, ~n) on the edge en .that the directed line connecting u!to its left interc\pt . . .. ~ 

intersects the directed lie connecting w to ita right intercept at a point, say X, and that the two 
, .~. ' , , 

~ " triangles (r(w,en),X,I(u,en » and (u' ,w' ,X) lie completely inside the polygon Ml (Refer to 

" -
Figure 3.11 for illustration), From mi dra.w a line through X to a poin t on the -edge .ci. say Y . 

,The, line segment connecting mi to Y lies inside M. Therefore mi is weakly .• visible from the 

.. 
'/ 
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20 'Ylslbll1ty Polygon trom an Edce 

Now It rema.ins to show that the' three properties are satlened aCter the vertex mi la 

processed. The proor Is inductive. Initla.lly the deque RD con~alnl! the single vertex m l' the 

deque LD C()DtalDS the single vertex mit and properties (a)-(c) are sat,tsned. Assumln'g the 

lemm& Is satlsned-prior to procesa~g the vertex mi, we will show ~hat the algorithm proeesses 

the vertex mi correcto/ and that properties (a)-{c) ,are sattsfled agaln aCter proeessing the vertex 

If mi lles tô the left oC RL or to the rlght or the Une LL, then It is .not weakly visible from 

the edge ell , as shown in lemmas 3.3 - 3.6. The deques are not upd'ated and the three 

propertles are satisCled. 

If mi is a vertex ln the ch~ CN(m l' EXTREMEA ) and Iles to the right oC RL and to the 

leCt oC the Une LL, then the aIgorlthm deletes verttces from the rear or LD until a verte~ 
. 

, mj, Is Cound suclf that aU the vertlces ln LD 11e to the left oC the dlrected Une joining mi to mi' 

Extend the Une segment joining mi' to mi untillt intersects the boundary oC Ml in a. point, say 

ml (Rerer to Figure 3.12). ID the first part oC the proo( we showed that mi is weakly visible 

(rom elt • ThereCore, ml is l( mji en) and the rear ele~ent ln LD Is the left anchor point of mi' 

The algorlthm then adds m; to the front of the deque RD whlch satlsnes the properties (a)-{c). 
. , 

The case 'or a vertex ln the chain CN(EXTREMEA , mn ) Is proved in a simllar Cuhlon wlth the 
.Ir • • 

.' roles o( LD and RD, and LL and RL ln terchanged. 
, -"-:'b 

Q.E.D. 

TheoreIQ 3.8 The alg<flthm WVE-MON-1 computes the weak vislblllty polygon Crom an edge' 
" " ( , , 

~()rrectly in llnear running tim~. l " 

ProoJ Correctness or the out~ut has been proved ln lemrnas 3.1 to 3.7. Performance or the . 
a;lgorlthm depends on the number oC times each vertex oC t~ polygon is procesaed. 

, . 

'. 
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A Yertex may be added to the t'ront of a deque once. Thererore, at mOlSt n verttces may be 

lDaer~ ln each deque. When the algorithm checks the weak vislbillty oC a vertex and computes 

I~ lntercepts on the edge en' lt may delete vertLces Crom one end or each deque. Since deleted 

vertlces are not considered aga.1n, checklng a tront or a rear element oC'a deque data structure, 

a.nd deletlng it can be perrorme~ ln constant t!me. lt rollows t)),at the total runnin, ttme or the . 

a.laorithm la Ilnear ln the number oC the vertices or the polYion. 

Q.E.D. 

Alcorithm WVE-MON-2 

This algorlthm proceeds in the sa.me steps as the alcorltbm WVE-MON-l, but It dltrers ln 

the data structure used to store the prospective a.nchor points durlng the second step. The 

al,orlthm WVE-MON-2 UIJtS two balanced 8earch trees LTree and RTree where each tree 

contalns"a convex chain that is also monotone with respect to a. vertical line. The tret RTree • 

consista ot vertices ot CN(m lt EXTREMEA ) that are the prospective right anchor points of thè 

vertice~ ot Ml to be processed. The element with ~he largest y coordinate in RTree, denoted by 

RTreeMax, is the last examined vertex or the chain ~N(m l' EXTREMEA ) which is weakly 

~isible rrOm en' and the element in RTree with the small~t y coordinate, denoted by' 
.c 

RTreeMin, ,is the rlgh t anchor point or LTreeMax. RL is deCined as the ç1irected Une Joinlng 
, 

LTreeMax ta lts right anchor" point. The oriented h,alr·lines passing through the ,edges or the 
c , 

convex Chain',in LTree to~ther with. th'e Une RL Induce a convex subdivision or th~an~ .. 

Thererore, processlng a n'ew vertex reduces to a simple version of the poiI!t loca.tion problem' 

(ReCer to Figure 3.13). The tret LTree and the Une LL are deCined similarly. 

For the subpolygon Ml' the algorithm scans tJhe vertices in increasing order or -thelr 
, '. .. 

y coordinates. When 'a. new vertex in the chaln CN(m 1> EXTREMEA ) is encoun~ered, the 

alcorithm chee'ka its p~ition relative ta LL and RL. Ir It lies to the left of the directed Une LL 

and to the rlght of the directed lIne RL, then the 'algorithm searches the planar subdivision 
. 

éenerated by the iiirected halC-lines passing, through the edges.or the convex chain stared in 

, " E 

" 
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22 Visibllity Polygon from an Edge 

• 
RTree for the region containing the new- vertex and computes the correspondlng right anchor 

point. Also the planar' subdivision genera.ted by the dire.cted haif-lines paSslng through ~he 

edges of the c<?Dvex chain stored ln LTree Is searched for the corresponding l~J~ anchor point. 

The 'algonthm dlSçards vertices in the tree R?ree above the rlght anchor poin't and tbe vertlces . , 
• 

in the tree L'l'ree below the lert anchor point, and then inserts the new vertex ioto RTree. Ir 

the vertex lies to the right of the dlrécted lIne LL or to the left of the directed line RL. then its 

is"processed as in MON-SCAN-!. 

A vertex in the chain 'CN(EXTREMEA • mn ) is processed in a similar fashion .with the roles 

of LTree and RTree, and LL a,nd RL Interchanged. 

-1- complete statement of the procedure MON-SCAN-2 is s~own in Fig~re 3.14. 

. 
Algorithms WVE-MON-l and WVE-MON-2 differ only in the data structure used to store 

the prospective anchor points. 1:'~erefore., correctness of the algorithm WVE-MON-2 rollows 

from the lemmas 3.1-3.7. Performance analysis of V0'E-MdN~' is given in the following 

tbeorem. 

Theo-:em 3.9 The proced,!re WVE-MON-2 computes the weak visibillty po!ygon, from an edge 
. . -

, in a monotone polygon correctly in O(nlogn) running time. 

Proo( A vertex may be added to the balanced tree once. Therefore, the tree can contaln: at 

most n vertlces Since locating the reglOD that cantains a new vertex and updating the tree (i.e. 

discarding part of the balanced search trees RTree anJ LTree) can be performed in O(Iogn) time 

IAHU. p. 155]. It follows tbat the total running time of the algorithm is QS:nlogn). 

Q.E.D. 
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3.6. An Efficient Algorithm for Computing the Weak Visibllity Polygon 
(rom an Edge in Simple Pol.ygons " c' 

, " , 

1 

23· 

We now dèscribe tbe algorfthm for computing the weak vlsibUlty rrom an edge. For 

convenience, we assume tbat vertlces oC the simple polygon Pare labeled such tbat weak 

vlslbillty polygon is to be calculated from the edge en . 

The 'algorlthm pr~pro~sses the pOlygon P in three passes. First, It deletes arms of the 
1 . 

polygon which cannot '~e weakly visible from en' This results in a sImple polygon p. that 1s ln 

standard form
o 
with respect to the edge en' I~ the second pass, It decomposes the pOlygon p. 

into a set oC components that are monotone with tespect to a vertical Une, known as the regular 
"' " 

decomposition, uslng th~ algo:lthm presented in [L&Pl]. In the thlrd pass, It uses t\le procedure 

BUILD-HIER-DESC to compute the hlerarchlcal representation oC p. based on the regular / 

decomposi tlon. 

SimiIar to the al~orlthms ln the prev,lous section, It then sc ans the vertlces of p. with the 

, belp oC the HIER-DESC(P·), ta compute th~ rlght a.nd le!t intercepts oC the weakly visible 

vertices. Finally, lt compu tes gap Cillers. During the scanning step, the algorlthm tra.verses the 
( . -

blerarchy HIER-DESC(P·) and processes the vertices of tbe components encount:red. The 

algorlthm starts-at the component whlch con tains the edge en ln Its boundary and processes the 

monotone polygon as ln WVE-MON-2.\ That Is, computes the two subpolygons MI and M 2 and 

then process the sorted list of vertices for each 'Su bpolygon, separately. 

l , 

IQ. processing the subpolygon Ml' when a verte~ in the chain CN(p l' EXTREMEA ) that 1s 

the upper end-poln t of a chord connecting two vertices non-consecutive o~) the boundary of p. is 

encountered, the algorithm checks ,its poslti0n relative to the directed Une LL. Ir It lies to the 

right of LL (as sbown in Figure 3.15 a), then the arm correspondlng to the chord round is not 

~ ~ 

weakly visible from en' and the algorlthm contln~es to ~rocess the remainder of the' vertlces of 

Mias in MON-SCAN-2. Otherwise, the algorithm computes the two extreme points of the 

chord that are weakly visible from en' Lower' and Upper, as shawn in Figure 3.15 b. lt then 

\ 
, 

/ 
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1 - , 
se,arches RTree ànd LTree fol' the anchol! polnt8 ot Upper and spli~ the chalns stOred ln RTree 

and LTree such'that: 

., 

RTree 1 (RTru 2) contalns vertices of the chain below (above) and lncludlng the rlght 
a.nchor point fOllnd. 

LTree 1 ('LTree2) contalns vertices of the cha.ln abova (below) and lncludlng the right 
a.nchor point round. 

Now the algorithm st arts to process the new component whlch Is the dtfference between, the 

arm correspondlng to the enàpuntered chord and the union of the arms correspondlng t~ Its sons 

ln the hlerarchy. Vertices ~he new component wlth .y-coordlna~e8 less than that oC Lower can 

not be weakly visible from en' and are not processed. The remalning vèrtices of the new 
1 

component are processed as ln MON-SCAN-2, in order of tncreaslng y-coordlnatè~, uslng the 

verttces of the trees RTree 2 and LTree 2 as the Initial set of prospective anchor points. Arter 

the vertlces of the arm correspondlng to the encountered cllord are processed. It continues to 

process the remainder of the vertlces ln Ml using vertices of the trees RTr~ 1 and LTree 1 88 

the prospecti,:e ,anchor points. 

The case of a chord connecting two non-:consecutive vertlces ln the chain eN 

(EXTRE!vfEA ,'Pn.:J 1s handled ln a similar way, wlth the raIes of RTree and LTree a.nd LI:; and 
" " 

RL Interchanged. A complete descr-Iption of the method for processing Ml is given ln proceBure 

SCAN-Ml. shown ln Figure 3.16. We now give the complete a1gorlthm, procedure WVE. 

procedure WVE 

1. Compute the connected subset oC the polygon, p., which Is in standard 
Corm with respect to the edge en . 

2. De'compose the polygon p. lnto a set of monotone components. 

3. BUILD-HI~R-DESC (pa). 

. 
4. Fetch the monô'tone component ln the top of the HIER-DESC(pa), M. 

Locate the two vertlces with the maximum and minimum y·t:oordinates,' 

o , 

, 1 

1 

(' 

1 
, 
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~ 

. EXTREMEA and EXTREMEB respec'tlvely; 

Decompose M Intq the two subpolygons! 
Ml and M 2 as descrlbed ln section 3.4. 

, 
RTree +- A; Insert Pl lnto RTree; 
LTree +- A; Insert Pn lnto LTree; 
SCAN-Ml (MI' LTree, RTree, EXTREMEA ) 

RTree +- A; Insert Pl lnto RTree; 
LTree +- A; 'Insert Pn Into LTree; 
SCAN-M2 (M2, LTree/RTree, EXTREMEB ) 

S. Scan' the weakly visible vertlces in clock)Vi.se order and compute tbe lap nUera. 

end WVE 

We now prove the main result oC this chapter. 

Theorem 3.10 Procedure WVE computes the weak vlslblllty polyton Ctom an edle ln an 

arbltrary simple polygon correctly ln O( nlogn) runnlng tlme. 

Proof In lemmas 3.1-3.7 we proved that the algorlthm processes a ~ertex ln a monO,tone 

polygon .correctly, In thls theorem we only prove corre,ctness oC the transition step rrom one 

monotone component to another. 

Let CHORD, p be a chord connectlng two non-consecutive vertlces' or the polygon p. In 
. "Tl 

the chain CN(p l' EXTREMEA ), and let Lower and Upper be the two extreme points or the 
~ 

chord that are weakly visible from en', Let NEW-COMP be the monotone component or the 

arm ARMp p j whlch con tains the, chord CHORD, p . Vertices of NEW-C,OMP above the 
f .+ t .+1 

'poln't Low'er together wlth the vertlces stored 'In t'he trees LTree 2 and RTree 2 form a monotone 

polygon. Thererore, correctness or .'the procedure SCAN-Ml follows from lemmas 3.1-3.7 as ln 
1 

the proçedure MON-SCAN-2. Vertlces ln the tree RTree 1 can only be right anchor points or 

vertlces of NEW-COMP which lie to the left or the directed ,Hne Jo1hing Upper to Its rlght 

anchor point, wlHch are -shown not to be weakly visIble trom the edge en in lemma. 3.3. 

'. 
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4 

TbereCore, on/JI vertlces oC the chain stored ln the tree R Tree 2 can be proepective rlght anchor 

points oC vertlces ln NEW·COMP. The fact that on/y vertlces ln the tree LTree',J can be 

prospective lert anchor potnts or vertlces ln NEW·COMP can be shown tn a slmtlar way. . ~ 
, 0 , 

Tbe case of Lower and Upper belng vertlces ln the chain CN(EXTREMEA ' Pn) Is preved ln 

a slmilar way, and Is omitted. 

Since the algortthm uses the same data structure as the algortthm WVE-MON-2,"where the 

anchor points or a. vertex ca.n be computèd in O(IOin) ttme, It rollows that the total running 

tlme la O(nlogn). r 

Q.E.D. 

3.6. Conclusion a.nd Applications 

. Recently, two dlfferent .algorithms have been dèVeloped Cor computlng the weak vislbility 

polygon' Crom an edge ln simple polygons. Ghosh and Shya.masundar !G&Sl clatmed a. Hnear 
, 

"ruonlng time algorlthm. The main Idea or the proposed algorlthm is that the weak vislbiUty 

poly&on Crom an edge Ci in a. simple polygon Is the union of the visibility polygons Crom a Jew 
\ 

vertlces; namely Pi, Pi +1 and t~e vertices oC the polygoo that are visible Crom either Pi or Pi +1' 

~ , 

UnCortunately thelr algorlthm does not always work correctly. A counterexample Is ,glven ln , 
Figure 3.17~ where a. vertex that Is weakly visible rrom the edge ej Is not visible from the 

selected set of vertices. Q 

A diCterent approach, whlch Collows t\he steps of"the algorithm Cor checklng the weak 

visi1:>lUty of a polygon Croll]. an edge ,In !A&T], Is presented by Lee and Lln [L&LJ. In this 

algortthm, vertices oC -the polygon are scanned twice to compute thelr left and rlght Intercepta, 

whose relative positions on .the edge are later used to determine the weakly visible reglon. 

Durlng each scan, the algorlthm achieves O(nlogn) runnlng Ume ln the worst case by 

ma.in talning the prospective anchor points ln a co...ncatenable queue and assoclating a 

cOflc~tenableA queue with each scanned vertex. The algorlthm described ln the prevlous section 
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, 
. dUfei1l from thJs approactl ln that the weak vlslbtllty of a. vertex 18 ImmedlatelY determlned 

whfln the verte;,ç Is ~ncountered durlng the scanning step (step 4 of procedure WVE) and tbat 

thé scanning process ls terminated when it Is clear that the remalning vertices are not weakly 

visible. An exa.mple of ptoblems whlch require the use oC these Ceatures in the design of eCCIcient 

solutions is the k-reachability problem. This problem' is a Cundamental problem in prlnted 

circuit routing [High]. and ln computlng the reachable workarea of a"robot arm. 

In a k-reachability problem we are given a simple polygon P, an Interior point' q and IL 

constant k. it ls requlred ~ comp~te the subset of P that Is reachable from q by an lnterior path 

or at moet k ~ends. The basic 14ea Is to compute the k-reachable reglon one bend at a tlme. 

First we compute the O-reachabl~ region from q (i.e., the visibility pol!l90n qC q). We then 
\ , 

compute the O-rea.chable reglon from each e~ge of the vlsibillty polygon oC q which is not part of 

the bounda.ry of P (l.e., the weak vÎsibi/ity polygon from that edge). The . latter step Is then 

repeated k-l times to compute the k-reachable reglon of q (Refer to Figure 3.18 for an 

illustration of 0, and I-reachable regions). An Implementation of thls method, which uses a , 

weak visiblllty algorlthm as a black box. leads ta an O(knlogn) algorithm Cor computlng the k­

reachable region of a point Inslde' a n sided polygon However rrrdlfylng the procedure SCAN­

Ml by addlng recurslve caUs to ltself. wlth the the weakly visible part ot LL or RL as the edge 

. tram which the weak vlslbUity to be compu ted, prior to each terminate statement leads to an 

O(nlogn) algorlthm tor the .k-reacha.bil1ty problem. A ,slmllar Idea. is used in computlng the 

shortest route between two points inslde a simple polygon and detailed description will be given 

in chapter 6. 

---
Another problem whlch uses the algorithm for computing the weak vlsibllity polygon trom 
~ Q 

an edge in the design of an eftlcient solution is that of checking the separabi/ity oC polygons. 

Two stmple polygon; P and Q are said ta be movably separable wlth a single translation if P ca~ 

be moved an arbitrary distance away trom Q by a single translation, without collision. In 

[T&S]. Toussaint et al. presented, a quadratic time algorithm for checking the separabil1ty of 

two polygons. The alg?rlthm lB based on computing the directions of movabllity for every 

/ 
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28 VlsibUlty Polygon from an Edle 

v~rtex of P wtth respect te the polygon Q, and then computln, the Intersection of tbeae 

directions to o~ta1n the directions of movabl~ty for- the polygOD P. The linear tlmè algoritbm 
, 

ror computing the visibUity pO}Ylon (rom a. point [EBlAj was used to compute tbe directions of 
J " , • 

movablllty ror ea.ch vertex or P. whlch led to an overall O(IPI.IQj) runnln, tlme. In a later 

paper [S&T], they presented a more etricient algorithm for checking the separability which runs 

ln 0( <IPI+IQl)loIIQI ) tlme: Let q, qi' 1 < J. be an edge of the convex hul1 or Q whlch ls n?t 

an edge of the polygon. The chain CN(qj, qj) dennes a conve:r deficiency of Q with the [id 

q, qj' The algorithm Is -based on, preprocessing denciencies or Q by comput~ the tuait 

fli,i6üity po/ygon ln each deficiency Crom the correspondlng Ud, which can be perrormed ln 

o(IQllog\Q\> time. Using a suitable point location method [Klr or !--&YJ, 'the algorlthm se arch es 

the weak vislblUty PQlygons a.nd <:omputes the directions of movabUity for the vertices of P wlth 

respect to Q ln o(lpllolIQ\) Ume. It then proceeds te compute the directions or movablllty ror • 

• f 
the po}ra:on P as ln the previous algorlthm. 
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Fleure 3.5 
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Figure 3.8 
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36 Computlng the Wea.k Vlsibllity Polygon 

procedure MON-SCAN-l (M) 

input: 
A simple polygon M that ls monotone with respect to the y-uis. 

output 
Rlght and leCt intercepts of the vertices of M that are wea.kly visible from e". 

lnitialization Steps 

1. Compute the connected subset'M" whclh Is ln standard rorm wlth repsect to the edge e" ; 

2. Locate the two vertices with the maxImum and minimum y-coordlnates, EXTREMEA. and 
EXTREMEB respectlvely; 

3. Decompose M· lnto the two subpolygODS: 
Ml whose vertices ha.ve y-coordlnates larger than that of mIl ' 

and M 2 whose vertlces have 'y-coordlnates less than that of ml; 

SteplJ for pro,?using the subpolygon Ml 

1. Insert the vertex m 1 Into the rear of the deque RD; 
Insert the vertex mil Into the front of the deque LD; 

2. cur-vertex +- the vertex,o~wlth the smallest y-coordinate larger than that of mil; 

~3. Repeat ( 

ClUe 1: cur-vertex ls a vertex of the chq,ijl CN{m'l' EXTREMEA ) 

'. 

CMe la: cur-vertex lies to the left of the directed Une RL -
, terminate processing the sub'polygon M 1; 

CMe lb: cur-vertex lies to the rig~,or the dlrectett Une RL 
and to the left oC the dlrected fine LL 

delete vertices from the front of the deque RD untU the cur-vertex together with 
the vertices in the deque RD. form a. convex chain; 

de/ete vertices from the rear of the deque LD unti! the vertlces of LD lie ta the left 
of the diretced line Jolning cur-vertex to the rear of LD; . . 

~tore the front vertex of RD and the rear vertex of LD alJ tbe right and 'left ancbor 
pointa of cur-vertex, respectively; 

imert cur-vertex lnto the front of the deque RD; 

1 
1 
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1 

1 
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, 

. , 
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ctJ8e t: cur-vertex 1s ~ vertex of the chaIn CN(~XTREMEA. , mn ) 
\ 

càse ta: cur-vc:rtex ls a vertex ln Mc 

de/ete vertices rrom the front of the deque LD untU cur-vertex together wlth the 
ver~lces ln LD form a. convex chaIn; 

store the fr()nt vertex of LD as the left anchor poInt of cur-vertex; 

imert cur-vertex into the front of LD; 

ctUe th: cur-vertex Is a vertex ln MA. and Iles to the rlght oC the dlrected Une LL 
terminate processing the subpolygon M 1; 

CMe tc: cur-vertex lB a vertex in MA. and Hes'to the left of the dlrected line LL 
and to the rlgh: of the dlrected Une RL 

de/ete vertlces from the front of the deque LD ùntll -the cur-v~rtex togethero wltb 
the vertlces ln the deque LD for.ID a convex chain; 

de/ete vertices from the rear oof the deque RD untll the~ vertices of RD lie to tbe 
rigbt of the dlretced line jolnlng cur-vertex to the rear oC RD: . 

store the front vertex of LD and the rear vert~ oC RD as the leCt and rlght ancbor 
points of cur-vertex, respectively; 

inscrt cur-vertex lnt,o the front of the deque LD; 

. 
cur-vertex +- vertex of Ml with tlie smallest y-coordina.t; larger than tbtf.t of cur-vertex; ..... -

,....:;:-' 

Unti/ cur-vertex = EXTREMEA. ; . 
'\ 

Step8/or processing the 8ubpolygon M 2 

1 

1 Details of these steps are slmilar to those or the steps Cor processlng M l' and are th us 
omitted. ' 

, 
end MON-SCAN-I, 

Fleure 3-8 

,/' 
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procedure MON-SCAN-2 (M) 

·input: 
A simple poly~on M that Is monotone wlth respect to the y-a.x~. 

output: . 
Right and lert intercepta or the vertlces or M that are weakly visible rrom ~". 

Initia/ization Steps 

1. Compute the conneeted subset M· whclh Is ln stanpard rorm with repseet to the edge en; 

2. Locate the two vertlces wlth the maximum and miniqlum y-coordin ates, EXTREMEA and 
EXTREMEs r.espectlvelY; 

3. Decompose M· lnto the two subpolygons: 
Ml whose vertlces bave y-c~rdinates larger than that or mn , 

and M:I whose vertlces have y-coordinates less than that or· m 1: 

Stepll for processing the subpolygon Ml 

1. Insert the vertex ml into the tree RTree; 
Insert the vertex mIl lnto the tr~e LTree; 

2. cur-vertex - the verte~ or Ml with the smallest_ y-coordlnat~ larger than that or mIt :. 

3. Repeat . 
') 

clJ8e 1: cur-vertex Is a vertex or,the chain CN(m l' EXTREMEA ) 

clJ8e la: cur-vertex Iles 'te the lert or the dlrected Ilne RL 
terminate processing the subpolygon MI' 

cue lb: cur-vertex Iles te the right or the directed Hne RL 
and to the lert or the dlrected Une LL 

1 

search the tree RTree ror the rlght anc'hor poInt or cur-vertex; 
RTree - part of RTree whose verUees have y-coordlantes ::; y-coordinate or the 
right anchor point; 

aearch the tree LTree for the 1ert anchQr' point of our-vertex; 
LTree - part of LTree whose vertices have y-coordiantes > y-coordlnate of the 
lert &Dchor point; , ,- .' 

, 
store the vertex RTreeMax of Rtree and the vertex LTreeMin or LTree as the rIght 
a.nd lert anchor points of cur-vertex, respectively;, 

insert cur-vertex lnto the tree RTree; 

" ________ ~ __________ ~----~L-------------------------------~ 
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cue e: cur-vertex Is a. vertex of the chain CN(EXTREMEA • mil) 

, eue ea: cur-vertex Is a vertex i1;l Mc 

... seareh the' tr~e LTree for. thé" left anchor point 'of eur-vertex; 
LTree - part of LTree wh08e vertlces have y-coordla.ntes < y-coordina.te of the 
left &.Dehor point; 

store the vertex LTreeMax ef LTree as the lert &.Dehor point or c,!r-vertex; 

iMert eur-vertex lnto the tree LTree; /) 
1 

. . . 
eue eb: eur:"vertex ls a vertex ln MA 'and Iles to the right of the dlrected Une LL 

,terminate proce58ing the subpolygon M 1;._ 

cue ee: eur-vertex Is·a. vertex ln MA and lies tO the leCt of tbe directed line LL 
and to tbe rlgbt of tbe dlrected URe RL 

aeareh:the tree RTree for the right anchor point of eur-vertex; 
RTree - part ot RTree whpse vertlces ha~e y-eoordiantes > y-eoordlnate of th~ 
rl,ht anehor point; 

seareh the tree LTree tor the lert anchor point of cur-vertex; 
LTree -. part of LTree wh08e vert.lc'eS ha.ve y-eoordlantes < y-coordinat; of the 
leCt &.Debor point; 

store the vertex RTreeMln of l'Uree a.nd the vertex LTteeMix of LTree as the rtlM· 
. and lètt ancbor points of cur-vertex: respeetivelY; 

iMert eur-vertex Into the tree LTree; 

eur-vertex - vertex of Ml wltb the smallest y-eoordlnaté larlel than that oC cur-vertex; 

Until cur-vertex = EXTREMEA ; 

Stepa for proces-s.ing the 8ubpolygon M 2 < 

'f 

Details of these steps are simllar to those of the steps Cor Pf9CeSSÙk' Ml' and are thua 
omltted. 

end MON-SCAN-2 
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46 Computing the Weak Visibility Polygon 
~ . 

-
procedure SCAN-Ml (M,R Tree,L Tree,Extreme) .. 
input: 

o. 

1. A simple polygon M that is monotone wlth respect to the y-axis. . 
~Two balanced .trees, RTree and LTree, which contain~ prospective rlght and leCt anchor 
,poin t5 respe«.tlvely. r 

3. The vertex with the largest y:"coordinate in M. 

output: 
Right and left Intercepts of the v,ertlces of P that are weakly ~Islble from ell • 

. MethoJ: , ' 

" 
-

cur-vertex +- the vertex of M with the smallest y-coordinate; 

Repeat '~ 

case 1: cur-vertex is a. vertex in the chain CN(pl,E~treme) 

if cur-~ertex is a.n ûpper end-point 01 a decomposition chord then 

compure the' two extreme points of the ~hord that are weaklY visible from ell ; l, 

Lower +- lower end-point of the deC0Jl1P05ition chord or its intersection witb LL; 
Upper +- upper end-point of the decompositlon chord or its intersection with RL; 

~ 

aearch the tree RTree for the right anchor point of Upper; • ' ' 
.' Rrree l'+::- part of RTree whose vertlces have y-coordiantes ~ y-coordinât<e of the 

rigt\t anchor point; '. , 
RTr,ee 2 +- part of RTree whose vertices have y-coordlantes > y-coordinate or the 
right ",nchor poin t; ", ;, . " 

:. 

}~ l' ~ • 

b • 

t 
./ : "1 

>.' 

~~. ,~ 

8earch the tree LTree fol' the left anchor point of Upper; ':" 
LTree 1 -- part of LTree whosé vertices have y-coordiantes > 1-coordinate of the 
left anchor point; . ":, 
LTree 2 -- part of LTree whose vertlces have y-coordian't~ < y-coordinate of the 
left anchor point; " 

Fetch the montone componeat which contains the found chord, NEW-COMP; 

Locate the vertex with the largest y-coordinate in NEW-COMP. NewExtreme; 

NEW-COMP1 +- part o( NE)V-COMP whose vertices have y-coordinates larger 
than that of Lower; 

SCAN-Ml(NE~:"COMP1,RTree2,LTree'2,NewExtreme); 

ca8e la: Upper ~'cur-vertex (cur-vertex is not weakly visible from ell ) 

terminate processing the subpolygon.M; , 
• 0 

C48e lb: Uppef = cur-vertex (curSlver.tex ia weakly visible trom en) , 
Il (' \ Q 

D RTree +- R Tree 1; 
LTree +- LTree 1; 

Ir 
\~ ,', l 
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Computing the Weak VJsibillty POlnOD 47 , 

, 6tore the vertex RTreeMax or Rtree and the vertex LTreeMln or LTree as tbe 
rirht ~ anebor POiD~. or cur-vertex, respective!y; 

i1l8er~ertex into the tree RTree; 

. C08e le: cur-vertex lies to the left or the dlrected Une RL 
terminate processing the subpolygon M; • 

. C08e ld: cur-vertex lies to the right oC the dlrécted Une RL 
and to the lert or the dlrected IIne LL 

-end if 

'tareR the firee RTree ror the right anchor point or cur-vertêx; 
RTree .- part or RTree wl1œe verticeS have y-coordilintes < y-coordln,te of 
the right anchor point; 

StareR the tree LTree Cor the leCt anchor point oC cur-vertex; 
LTree - part of LTree whose vertlces have y-coordiantes > y-coordlnat,e or 
the leCt anchor point; 

store the vertex RTreeMax oC Rtree and the vertex LTreeMlq oC L Tree 88 tbe 
right and left anchor points or cur-vertex, respectlvely; 

imtrt cur-vertex lnto the' tree R.Tree; 

J 

case e: c,.r-vertex is a vertex in the chain CN(Extreme.p" ) .- , ' 
~ 

'''JI o~r-vertex Is an 'upper end"point of a decomposition chord then "-
, .. 

~ 

if cur-vertex is a. vertex In Mc then " 
Lower 4>- lower end-potnt~?r the decomp06ition chord; 
Upper - ~ur,vertex; 

1 " 

. 8earch the tree LTree ror the 1ert ancbor poin t or Upper;' \ 
LTree 1 - pa.rt or LTree wh06e vertlces have y-.:oordlantes < y-coordJliate or 
tlf'e lert 'an-chor poln t; : ' :, b 

LTrr:e 2 .:. pa.rt oC LTree 'wh06e vertlces baVI! y-eootdiantes > y-coordinate oC 
the leCt anèhor poInt; 

~ , 
Feteh the montone compon'ent wbich conta,lns the round chord, NEW-COMP; 

& "oLocate the vertex with tbe 1~8t y-coordinate in ~W-COMP, 'NewExtreme; , . 
)." 

~ 

NEW-COMP1 - part of NEW-t:;OMP wh08e vertices have y-coordInates 
, , 

larger tihan tha.t or Lower; . ~, 
SCAN-Ml(NEW~OMP1.RTreé,LTree~,N~wExtreme); 

• 
" case ta:" J 

LTree - LTree 1; 
, 1 

,. 

1 

1 
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Computinc th~ Weak VlSlblUtI Pob'lOg 

,tore the vertex LTreeMax oC.LTree ai the leCt anchor' point or cu .... ~ertex: 

'Nert cur-tertex lnto th!, Uee LTree;/ 

elle . ' 
compute the two enreme poinCS or the chord that ue weakly visible Crom ,.; 

Lower - Iower end-point of the decompositlon chord or lta intersectIOn w1cb 
RL; , 

Upper - upper end-polnt or the decomposltion chord or lta intersection w1'~ ," 
LL; 

" 
.f 

eeorch the tree'RTree Cor tbe riCht anehor point or Upper; 1 
RTree 1 - part or RTree whose vert1ees have y-coordlantes 2= y·coordin&ù'of ;. 
the riCht anchor point; 

eUe 

R Tree t - part or RTree whoee vertiees haye y-coordia.utes ~ y-coord1D&Ce of 
the rirht &I1cbor point; 

ee4rch the cree LTree ror the lett anchor point or Upper; 
LTree 1 - part or LTree whase vertlces bye y-coordiankS $ y-œordlna.te 01. 
the lert &Dchor point; , 
LTree.- part or LTree whase vèitieés haYe y-coordiantes ~ y*coordiJrue ~ 
the)ert abchor point; • 
'" <1., • .... ~"'" 
Fe~h the montane camponent ~hlch cantains the Cound eh'ord, NEW-COMP; 

Locate the vertex With tbe larcest ,-coordlnate in NEW-COMP. NewExtreme;/ 

NEW-CO:MP 1 - part or NEW-COMP whoee vertices ha.ve y-coordinatel 
larpr cban that or Lower; 

SCAN-M1(NEW-C?MP 1,RTree I:LTree I,NewExtreme); 

ct.llJe 16: Upper'" cur-vertex (cur-vertex la Ilot weakly v1aslble r,roœ e.)' 
terminate proceaslnc tbe subpolycon M; 

ClUe te: Upper == cur·vertex (cur-vertex la we"l)' ,litb}e trom e.) " 
, 

Rl'ree - RTree 1; 
LTree +- LTree 1; . , 

, , 

,tore the vertex LTreeMa.x oC Uree and the Tertex RTreeMln orr1lTree u 
the leCt and richt &llchor po~ta or CU~YerteX. reapectlye!y; , \ 

inlert cur-vertex into the tree LTree; 

end if 

, CtUe ed: cur-vertex 18 a vertex in Mc 
\. 

aearch the tree LTree ror the 1ert ancbor point oC cur-vertex; 
LTree - part or LTree whœe vertlces have Y-cOOrdlantes < y-coordin&te or, 
the lert anchor point; - 0 - , 

dore th ~ertex LTreeMaX"or LTree as the lert anchor point. Qf çur-vertex; 
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) ~ 
iMertcur-yeJ1ex lnto the tree LTree; 

eGl' le:. cur·yertex is a nnex iD MA IoIld Iles CO tbe rtPt oC che '<llrected liDe LL 
'fermiRClte ProeetI!ln, ibe subpolYlOn MI; 

CCI' tf. eUHenu is a nrtex iD MA IoIld Ua CO the )eft or the directe<! l1De LL 
&Ad CO the rtcht or the dlrected Ilne RL 

.. .,.ch tlle 10ne RTree Cor tlle rtcht &Debor polD~ or eur-vert.ex; \ 
RTree +- p~ or RTRe whoee vertiees have y-coor<ltan\eS ~ y-coordiDue 01. 
the riPt anchor point; 

"arcla the tree LTree (or the left IoIlchor point of' cur-nrtex; 
LTree +- parc or LTree whase vertlces haye y-coordtantèS :S y-coordlDate or 
the )eft IoIlchor point; 

.core the nnéa RTreeMln of Ruee aDd the yertex LTreeM&x oC LTree as 10he 
rllht. &ad Jen anchor poiD&s or cut-yertex, respeettYel)'; 

iuerl cu~'renex lDto the 'ree LTree; 
/ 

CUI'-TerHX ~ yenex ot M wlth the sm&llellt J~ak ..... cllll Cllac of cu-yenu;' 
/ 1. 

UfIlil CUI'-Yertex - Enreme /~ 
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52 Recognlzlnl' VbibUlty Graphs o( Simple Poly&ons 

4. Recognizing VlBibility Graphs of Simple Polygons 

".1. Introduction 

Embeddlng a graph ln the plane ls a mappln, or Its vertices lnto dbtlnc' points and les 

èd,es ln to curves connecting the corresponding mapped vertlces. t:rSU~Y the mapplnl must 

satlaCy "some constraints. Examples are planar embeddi~g where the mapplnltS or edle8 must 
, ! 

me et only ,at common mapped vertlces, and straight-Iine embedding where edges must 'be 

mapped to straight Ilne segments. 

In thls chapter we studY the problem or reco,nizln, vüibi/it,l graplu. I.e., determlnlnc 

whether a graph can be embedded in the plane such that , 
(a) • ,ivcn homu/onion cycle of the graph fortm the boanda,., 0/ • • imple ,olno", 

(b) eage. Gre mapped into straight line segments, 
.j 

(c) Me moppea vutiee, are vi,ib/e i/ and onl, i/ ther corrûpontl to .~j.ee,.t tI.rtic .. i" M. tr.,A. 

in section 4.2 we show that ma:zimal outerplanar grapM are vlslb1llty graphs. and live an 

allorithm to draw the corresponding simple polygon. In section 4.3 wc describe an alcoritbm td 

recoplze visibUity graphs or a speciallzed dass or simple polygons, the class oC coftve% /4,.., 

Secttoll 4.4 is devoted to dlseusstnl' t;he problem or recogni2iDl vlsiblllty Irapbs or arbltrafY 

simple polygons. 

":2. Embedding Maximal Outerplanar Graphs as VJSibUity Grapha 

, , 

A graph whlch admits a. planar embedding Jueh that aU the verttces Ile on the extertor race 

Js sa1d to be an outerplanar graph. A mazimal outerplanar graph, a. mop for short. ls an 

,outerplanar graph such that ~e ~ditioD o( a. single e~ge results in a non-outerplanar craph 

(slnee the existence of a. cut-vertex will' result in the Iraph bein, non-hamUtonian, graphs to be 

dcalt wlth throug.h the rest or this section are assumed to be f-connt!ctetl). The collection or 
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ezlerÎor edges (I.e. edges that lie on the exterior tace) derines a hamiltonian Cllcle ln the V.ph. 
o 11 

Beyer et. al. [B&J&M:] showed that a f-connected mop has a unique Itamiltonian cycle denned 

by the collection of exterl~r edges and presented allnear time a:lgorithm to report BU ch cycle. In 

thla section we show that every e-connected mop Ls the vLslbllity graph of a almple polygon and 

cive a.n algorlthlIi to draw Buch a polygon in the plane. 

Given a mop G=(V.E) or order n labelled Buch th at the sequence (v l' V 2 ••••• Vn • v 1) forma a 

hamiltonian cycle. the a.lgorlthm locates and embeds one interior face or G at a. tlme. The 

removal of an Interior face decomposes the graph into at mosti two compQnents oC connected 

faces. where two faces are sald ta be connected Ir they f,lhare an edge. The algorltllm then 

proceeds ta embed each component separately in a recurslve rasblon. 

The key propertles Cor locatlng Interlor races efrtciently are glven ln the Collowing lemmu. 

Lemma 4.1 For every exterlor edge or G. there exlBts exa.ctly one vertex in G that Ls adjacent 

to both end-pointS 

, , 

Proor Consider the edge or the hamiltonlan cycle connectlng v" ta Il 1. Let Vt be the vertex 

with the largest label tbat lB adjacent ta v 1 and let Vi'. k' >;1= k. be the vertex with the ,. 
- , ( 

smallest label that lB adjacent 'ta 'v" (Rere~ ta Figure 4.1 tor illustration). It- is easy ta see tbat v 

at leut one extra edge can be added without vlolating the outerplanarity or G. contradlctlng 

the aBl3umptlon that the given .graph G is maxlmal~ Therefore k must be equal to k' . 'It 

Collow5 dlrectly from Jordan curve theorem and the outerplanarlty of G that onlY one sueh 

vertex can exlst. J'hus the lemma follows. 

QE.D. 

Lemma 4.2 For every Interlor edge ,or G. tbere existiJ exactly Iwo vertlces in G that are 

adjacent to both end-points. 

Prao! In a planar embedding of G. the given hamiltonlan cycle is ma.pped Into a c10sed curve 

whlcb partitions the plane Into two disjoint reglons. A mapplng ot an interlor edge of G. sa.y 

1.,. 
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(Vi. flj), decomposes the bounded reglon Into two bounded regtons RI and R 2 as shown ln, 

Fl~re 4.2. Indueed subgraphs on the vertlees on the boundary oC each one oC the regions Ri. 

1= 1.2, Corm sm aller maximal outerplanar graphe wlth the edge.(vi, (1 ) belng an exterlor edite. 

From )emma. 4.1, there exista only one vertex ln eacb Indueed aubgrapll that Is adjacent ta both , . 

Vi a.nd Vj and thus the lemma. ColJows. 

.Q.E.D. 

We now describe the algoritbm E~ED-A-MOP Cor embedding a mop G o~ the plane Bueh 
, , 

that tbe ,1ven hamUtonlan cycle rorms tbe boundary oC a. simple potygon wbose l'isiblllty p-aph 

la the mop G. 

procedure EMBEQ-A-MOP 

procedure EMBED-A-PACE (Bottom. Lert.Polnt. Rlch~oJnt) 
locd olJri4ble Lett. Rlibt. NewBottom; 
lQclll tiGridie Ne.wPotnt. NewLeftPolnt. NewRlchtPolnt; 

rruthoJ: 

Deli'Ae 
LeU - the vertlealilne passin" throulth the vertex LeCtPpn .. ; 
Rllht - tbe vertical Une passin" throuih the Vertex RlchtPolnt; 
(X.Y) ~ eoordInates or the mlddle point of the IIne secment Bottam; 

ifthere exl.!ts an Ulltll8fked vertex adJacent,ta both LertPolnt and RlptPolnt fA", 
NewPolnt - tbe unmarked vérta adjacent. ta both LertPolnt and RlChtPolnt; 

i/LettPoln& .,. "1 or R1chtPolnt '" ". the,. 
Era.e the Une Riment. Jolnlnc tbe vertex LeftPolnt and the venex RtptPoJnt; 

Mo, the vertex NewPolnt as the point. (X.Y+t). where e bu a small positIve Ya1~e; 

Mo", t.he vertex NewPolllt.; 
Dr.1II a Une serment to Jbln the vertex LettPolnt and the vertex NewPolnt; 
Drolll a Une ~e,ment to Jorn the vertex NewPolnt. and the vertex RlptPolnt; 

Delefe 
LertPolnt and RIIMPoint rrom tbe llst. or a.d.laceM ventees or NewPolnt; 
NewPolnt tram the Ilst or adjacent vertlees or LeftPolnt; 
NewPolnt trom the Ilst ot adjacent vertlces ot RlibtPolnt; 

Split the Ust or ..d.Jacent vertlees oC NewPoint weh th~ one Ust eontalns the vertlcd' Wlth ~ 
Ieee than tbat of NewPolnt and the remalnÎnl vertlces are contalned in the ot.her llat.. 

'. 
" 

• 

1 , 

l 

r 
.i 

1 
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NewBot.tom - t.he lIne 5eiPDent Jolnlnr the vertex NewPolnt and the Intersection point or the 
~-Une "Lert" wlth the dlrected lIne Joinlnr the v~rtex Rlrht.Poln' to the "enex NewPolnt; 

EMBED-A-FACE (NewBot.tom, LertPolnt, NewPolnt); 

NewBottom .... tbe IIne serment Jolnln( the vertex NewPolnt and the Interaectlon point or the 
hall-Une "Rliht" wlth the directed Une Jolnlnr the vertex LeCtPolnt to the vertex NewPolnt; 

EMBED-A-FACE (NewBottom. NewPolnt. R1rhtPolnt); 

end EMBED-A-F ÂCE 

for each vertex ln G do 
.ort labe~ or the adjacent. vertlc~ ln Increastnc order; 

MG, the ventees fi 1 and v. as the two polnt8 (.z 1.0) and (:rll'O) on the x-axia IlUch that ~l < :r,; 

MGr/: the ven\ce:! v 1 ~d v. ; 
.... 

De/irae B as the Une segment jolnln, the points (1' 1.0) and (z 2,0) . 

EMBED-A-FACE (B. v \. v.); 

end EMBED-A-MOP 

An ëxample te demonstrate the performance or the procedure !oS shown ln Figure 4.3. 

Ustng the rollowing result (sta.ted prevlously as lemma 3.1), 

Lemma .c.3(E&A] Let POL be a simple polylton and Ci be an ed,e ln lts boun!1alY such 

tbat the vertlc~ POI'_l and po/1+2 Ile on the same slde or the Une passlnr throu,~ Ci. If 

y ~ a point tn the exterlor or POL whlch Is eolilnear with the the edite ei . then the IIne 

serment. Jolnlnit y ta a point. In the lnterlor or PÔL lntersects the chain CN(polj +1' poli ). 

Co, we ptove the cQrrectness or the algorithm in the rOllowing theorem. We also glve the complexity 

or the ~lgorlthm 

Theor'em 4.4 Given a mop G or order n and the associated hamiltonian cycle. The procedure 

EMBED-A-MOP embeds the gra.ph G ln the plane as the vlslbillty graph or a Simple, polygon ln 

~(nlo~n).time. 
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Prool At e&(:h call of the ~rocedure EMBED-~-FACE, thcdollowlng conditions are satlstt:d: 

a) the embedded (marked) vertlces form a simple polygon, denoted by IntPol, whœe 

v1sib1Uty graph Is the subgrapb of G induced on the embedded vertlces. 

b) the chain CN(v1,vn ) oC the polygon IntPolls monotone wlth respect to the 'x-axis. 

The conditions a)-b) are clearly satisfled wh en the procedure EMBED-A-FACE Is called tor 

the nrst tlme. Now, assume that conditions a)-b) bave al ways been satIsrIed prior to the caU or 

the procedure EMBED-A-FACE wlth the. vertlces v, a.nd vJ as t-he teCtPoint and RightPoint 

fespectively: 

If no unmarked 'vertex that is adjacent to both "i and Vj exists, the procedure returm 

Immedlately and conditions a)-b) remaln satlsned. Otherw15e, the procedure embeds the vertex 

that is adjacent ta both Vi a.nd tlj' say Vot, in the region that Is the Intersection of the halt­
ilf 

pla.nes to the lert or the ,Une Rlght, to the rlght of the Une Lert and above the !ine passing 

through Bottom. Extend the Une segment connecting v& to v, untll It Intersects the bounda.ry 

, or IntPol "In a po'lnt, say Z', and extend the Une segment connectlng v~ to vJ untll It intersecta 

the boundary of IntPol in a point, sa.y Z" (as ~hown ln Figure 4.4). From lemma 4.2, exa.ctly 

one or the embedded vertices is adjacent to both Vi and V" a.nd chis Vertex lies on the Une 
., , 

through the Une segment Bottom. Therefore, no embedded vertex can Ile ,ln the quadrilateral 

(Vi ,Vi ,Z" ,Z'). The region bounded by the chain CN(Z',v,) and the Une Ilegment (Vi ,Z') rogether 

with the vertex tI~ satisfy the conditions or lemma 4.3. AIse the ref.1on bounded by the chain 

CN(vj ,Z") and the Ilne segment (Z" ,vi) together with the vertex ~t'~ sa.tisCy the conditions of 

lemm~ 4.3. Therefore, v~ Is not visible rrom any oC the prevlously embedded vertlces except Vi 

and ,Vj' and thus condition a) 18 satlsfied arter embeddlng V~. I~ 18 easy to see that condition b) 
, tf 

1s a.lso satlsfied, whlch completes the proof of correctness for ea.ch step and the algorlthm. 

At every caB of the procedure EMBED-A-FACE, a vertex Is mapped lnto a point ln tbe 
t 

plane that 15 not changed durlng the followlng ca.Us. To nnd an unmarked vertex that Is 

1 

adjacent to both LeftPolnt and RightPolpt. if one exlsts, we only have tO,check the vertices 

/ 

.\. 

.1 
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.:;. 

wltb the sm80llest and largest labels in the adjacency lIsts of .LeftPolnt a.nd RlgbtPolnt. A 
l , 
... 

process whlch can be performed ln const8on t tlme. The tlme requlred ta procese the NewPolnt is 
. , 

proportion al to logarithm of the number oC Its adjacent vertic-es. Slnc~ the number of edges.ln 

the graph G IS O(n), it follows that the tota.l runnlng time of the algorlthm lB O(nlogn). . ' 

- Q.E.D. 

4...3. Recognizing the V18ibility Graph of a Convex Fan 

In this section we use the decomposition stra.tegy to check 'the feaslbllity of embeddlnl 'a. 

graph, wlth' a g(ven hamlltonlan cycle, ln the ,plane as the vlsibllity graph of a sp~cialized class 

of simple polygons, called convex fans, The algorithm ls based on using a subset of edges of the 
~ 

Ilven graph, called' maximal d,:agonals, to 'partition the graph Into disjoint su bgraphs which are 
q 

independently embedded in non-overlapJ;>ing reglons of the plane. Each componen t Is then 
> 

processed ln a simllar fashlon (I.e., lts maximal diagonals are located and ';1sed to decompose the 

component further Into smaller components which can be Independently embedded in the , . 
pla.ne). The process ls contlnued until all the vertices are embedded or the graph is found not 

ta be a. vlsibility graph of a convex fan. 

, r 
~. 

Ftrst we lntr~uc; sorne addltlonal terminolagy. A simple polygon is sald to a convex fan If , 
there exl.sts a conve:r verte:: (Le .. a vertex with a.n Interlof angle less than 11') that lB visible from 

all the points in the loterior of the polygon. Such a vertex will be called a. kernel point o( tbe 

I>olygon. lt lB easy to see that the vertlces of the convex fan a.ppear ln 50rted angular arder 

.-
&round the kernel point as the boundary oC the polygon lS traversed. Let P he a convex fan 

wlth trte vertlces la.beled such tb.at Plis a pOint kernel. Two chords interlàce if their end' points 

alterna.te on BO(P) when tbe boundary of the polygon ls tra.versed. A chard connectlng the 

vertlces PI and Pi' 2~i <j ~n is sald ta be a maximal diagonal ln the CN(P'l.Pn)' If there la no 

chord connecting PI and PI: such that 2 $ 1 ~, < i $ k ~ n. where either 1 rfi or k:F J ,Pi 

(Pi)' wbere i <j , ls call~d the left (right) end point of t'he maximal diagonal connectmg Pi and 
.J 

Pi (~eter ta Figure ~5 for an Illustration). Since the chain CN(Pi+l' PJ-l) together ,tlth the 

... 

. . 
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\ . 
kernel point Pl Mnn a convex ran, 'GYe cao similarly define mazimal diagondÛ ln t.be chain 

In the followpng lemma we mtroduce a key p~operty of maxima.l diagonals in convex fans. . ' . 

Lemma 4.5 Two maxImal dlagonals in a convex fan do not tnçerlac~. 

'" Proo~ (Refer to Figure" G) Assume thaL CHORDp. Pl and CHORD'IPt are two interlacing 

maximal d.lagonals m a convex fan P sueh that 1 <, Slnce the chard CHORD"p, partitions 

the po}ygon Pinto two corn ponen ts one contains PI and the other contailis Pt. The two chords • 

must.tntersect in a pomt lUslde P, say X. [t 15 easy to see that the quadrilateral (p '1' Pi, X. Pt) ') 

~ convex and Iles cornpletelY InSlde P. Thererore, P. and Pt are visible contradicting tbe rtet 

tba~ both <?HORD"'J and CHORD','t are maximal diaconals . 

Q$.D. 
e 

Corollary ".5.1 If CHORD"" is a maximal dia.gonal in thé chain CN(p 2'P"), tben a veRex ln 

CN(p. +l' p]) is not visible from vertices in the cham CN(P2' P._I) ~nd a vertex 'in CN(Pi. Pj-l) 

is not.vislble from vertlces in the chain CN(p] +1' Pn) , \-' 

' . . Using the above property we can hicrarchlcally descnbe a' convex fan by recursively 1 

identifying the maximal diagonals For the convex fan P (shown ln Figure 4.7) whose vertlces 
" ~ ,r .. 

labe!ed such that PlIS Its .kerÎlel pomt. the top of the hlerarchy (level 0) répresents the whole , . 

pOlygon Nodes ln the first level represent the maNlmal dlagpnals ln the chain CN(P2'P,,), ln 

tbe rol1o\~mg levels. sons of the no~e corresponding to the ma.ximal dJa.gonal connecting Pt ta 

Pi rej>resent the ma.:(Jmal dlagonals tn the chalO eN(p, ..,..l'PJ -l)' 

ln the. followlOg lemmas we study the vlslblltty between Ghe end-points of a maxima.l 
j 

diagonal an'd the vertlces stored 10 ItS subhlerarchy, 

Lemma 4.6 Let CHORD,." be a maxImal dlà-gonal 10 'the conv.ex ran P and Q = (q~l~ q.! •...• 

qjl ) be the sequence of end·pomts of the m,axlmal dlagooals 10 the châin CN(Pi H' P1 -1)' Pi js 

vlSlbie from' a c0!lsecutlve subseQuence of Q .. 

1 
f 
! 
l 
1 

l 
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Proor (Refer to Figure ":8) 'From the definition of a maximal diagonal ~nd from lemma <t.5, we ~ 

can éasUy, observe, that the vertices of Q form ~ a convex chain since the vertices of the chain 
, \ 

CN(P2.Pn) 'are sorted in' angular order around PI' The vertex Pi lies outside tlle region defined 
, " .. r1 

by tbe intersection of the balf-planes 00' the ,right' or the directed Îine connecting Pl to qk and 
, . -' \ 

't.O the Jeft or the directed line connecting PI' to q~ • shown hasbed in Figure 4.8, and is thus 

visible frOIP. consecutive subsequence of Q. 

Q.E.D. . , 
'~~ma. 4.7'1 ~t Q, = (9i\. Qk2" ,.ql! ) be the sequence of end-points of the maxima;l di~gon~1s 

II! tbe chain 'CN(PHf' PH)' and CHORD"'1 be, ,a m&Xirn~1 diagonal stored as th~ir ancestor in. 

t.b·~ b.ierarchi~a.l description of the polygon. If k';' is ttie the largest label of ~ vertex in Q that isO 

viSible trom Pi. tbén vertices. in 'Q with larger labels are not visibJe rrom vertices in the ch'a.l.n . " Â 

" Proor (Rerèr ta ,Fig'll'e' 4.9.) , Extend tbe li,ne segment jolning Pi to p~... until it iùtersects .. 

BD(P) in a pOint. say X. The arm ARM,. x. which cOIOlpletely conta.ms the verticeS of Q with .. 
labél larger tban km' together wlth tbe vertex Pi satlsCy the condltio~s of lemm~ 4.3. Therefore 

'Pi is nôt visible from the vertice:s of Q with labels larger than km'. V.ertiees or the cbain 
.. 4 1 tI.. .;\ .. 

... ~ \. ' 
CN(Pi +1' Pt .. _

I
) and vertices, in the arm ARM'f X lie' on the same sldê of- a straigbt line .. It 

." ,. -

r~l~ws rrom le~ma 4.3'that ~heY are also,not ~isible. 

Q.E.D, 
. , 

~mma 4.8 Let Q = (ql:l' qk2 ... ~ql! )'be th~ sequence of end-points or the m~)(iinal diagonals 
• ..oJ,~ .. t 

in' the chain CN(p. +1' PI -1)" Let LEP(P. ,PI) be the sequence of left vertices of' maximal 

diagonals stored ln the hierarchical description of th~ polygon on t~e path from the top node to 

the Dode that corresponds to th.e maxlmal,dÎagoll'al connecting P, to PI ' and a' (J) be the ~mallest 

la.bel between the end-1>oints ID LEP(p, . PI) that 1s visible rt~m 'Q~ '(qk). if k· IS greater tban 
, .,' " 1 1 

. ki, then i ls Jess tban ~r equa. to J. 

,1 

l' ... 

r 
1 
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Lemma 4.9 Let Q = -(q'11 q ...... qll. ) be the sequence of end-points or the maximal diagonals . . "" 

ln' the chain CN(Pt+l' P'-l)' Let LEP(p, ,p,) be the ~quence or left flertice8 of maximal 

dla&onals. store<! hl 'he hle .... h!c.1 d ... ;IP'lbD or .Ii; po!yllOn 0i 'ho •• th (rom 'he top Dod. to 

the node that corresponds to the maximal diagonal connectlng' p, to p,. If ot}l lB visible from 
6 <> 0 • , • , 

lepi. and lepi! and not vlslble from the ve~tlcès between them ln t'he sequence LEP(p, ,p,), then 

vertiees or Q wlth labe~ 8m~ler than km a.re not visible rrom vertlces in CN(lepia+l' lepi.-1)' 

Proof' (Refer ·to Figure 4.10 Cor lll~s.t~atlon,) Consi<j.er the cQnvex 'ran P' = {p l""'P, .q.~, 

q ...... ,t}1I ,p, , ... ,Pn}. Extend the ,lin,' segment jolnlng q •• to lepit untll It intersects BOer') in a, 
., > 

Point. say X. The vertices in LEP(p, ,p,) with labels between il -a.nd i 2 lie completely in ~he 

arm ARMx "lep.,. Stnce vertlces ln the chaln CN( lePi l' lePi.) and vertices in Q wlth labels, smaUer 
. -

than km Ue C?n the same side or stra[ght 'line. It f9110ws from lemma 4.3 that ·tltey' 'are n.o,t 
q:o 

visible. 
. , " 

~ . 
.' 

b • 

" 

!Ic 

! 
.' 

.' 

rught end-points or maximal dlagonals satIsty p,ropertles" slmUar' to thoae' shown. ln, ' 
r • ). 

lemmu ,us-o. The proofs are omltted. ,< • 
P' i 

" 
1 

( 
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AJaorithm RE<?OGNIZE-OONVEX-F AN . '. 

Let G=(V,E) be a graph of, order n with the vertices labeled suoh that, the sequence 

(t,ll'fI" ... ,tllI ,11 1) forms a. hamiltonian cycle, and the vertex 1!1 has degree n-1. Note that !Juch a 

vertex mu!!t eXlst' f.or the graph to be 'the vlslbllity graph of a. convex ran, a.nd ·will be mapped as' 

• '4 

Its kernel pojnt. ')Ne DOW describe an algorithro Jor checkin~ whe~her G lB the vlsiblllty graph or 

s,a convex fan and producln, an e~beddlng of ·such 'polygon. Ir Qne existe. The algorlthm 

proceeds as follows: 

, 1 
Step ,1 Denne O· to be the subgra.ph oC G,)nd.uçed où. t'6e set. o( vertl~~ v-{ li ~}. Tbe 

• /'t ~ 
.~.. ft. , " 

, , 
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h'a.JJjlltonlu ' 'path, 
" 

algoritbm computesQ the maximal diagonals ot G'· with respect to the 

,,~vs> .•. , "", Il tbe maxiIQal diagonals do not interla.ce, the alcorlthm partitions G' by deletln, 
• .' l t> 

the end-points oC ~he ma.ximal diagona18 a.nd pr~eeds to process ea.cb component in .. recursln 

tashion. ~ Otherwlse, the graph ca.nnot be embed'ded 88 the vlsibility graph or a convex tan and , 

the algorithm termina.tes unsuccessrully. A d'etalled description oC thls st~p Is &lv~n: 'in . 

, Flll1re 4.11. 
~ .. -, 

Step 2 Define a. graph G" =(V" ,E") such tbat y.. i8 ~he set' ~t vertices, V-{ v I} and E" tis. th~~ ~t 

or ma.xUilal diagonals reported in step 1 plus the pair (tt2> tin '), If it Is-nQt already included.' The 
J " 

algorithm uses the procedure BUILD-HIER-DESC" descrJbed l~o chapter 2. to campute a > 

bierarcbical description oQt G". Such a hierarchlcal destription can be buUt"since the edges of G" 
\ , 

" , 

.' torm a 'nested set ot diagonals. The added edge (tl 2t "" ) la stored at the top of the hlerarchy and • . 

wUl be handled 88 a. special case in the nen step. It w1U be mapped as a single point 

,correspOoding to the node VI' 
/ 

o , 

Step 3 First the algorithm embeds the ve,~tex VI it anD 'arbi$rary point in the plane. say O. 
J 9.. , 

Starting at the root or the hierarchy, it embeds vertices or the maximal diagonals stored 88 lta 

sons in the hierarcIÎy .-s a connx chain, 88 shown in Figure 4.12, and tb"en proceeds' to attempt 

embedding the correspondlng subgraphs separately. To embed the sequence or end-pOints Q = 

(V.li
l
' V'2"") or the maximal diagonals stored ln" the hierarchy as the so~s ot, th~ maximal . 

diagonal conn~cting Vi to "i' the slgorltbm first checks that it satisfies the "properties ln 
ç 

lemmas 4.6-g .. and then embeds the vertices as a convex,chain such that every two .connectedoo' 

vertices are visible. Details '~r this step is given in the 'procedure 'EMBE])!A-CHAlN, shown k1 . 

" , 
Fill1re 4.13. 

We now glve an overall description or tbe algorlthm 

1, -- .. 
procedure REC9GN1Z~O~X-FANS (G) 

in,.t: A. Kr8ph G==(V,E) or order n and a permutation 11' oC t.he vertlees sueh tbat. the sequence (CI l' "2 .... , 
, ·v_. "l)'COrms a hamUtonlan eY,cle. ...... 
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0.".': An embeddinr or' G ln the plaDe auell tbaC; G la the VIa1bm~y craph oC a eonn~ fan; • 

'. 
,/06.1 flGri.6/,,: ." '" . • 
~(C) - (le, l' '/~,., ... , le'M ,) ,le,R .encl-p?lnts or the maximal d1qollala store<! ln 'the htelVCb7 u C 

and lu. anctlltora arran,ed ln ~rder ~ ~creaalnr dlstance rro~ the' &op. for eech end polnt P • ..re . 
M8oo1ue a polnter ,../c, ta the ,turf,hest. ent.ry ln t.he lla~ tluch that,the two pointa are eonneeted b7 &Il 

edre il) t.he Iraph.' c ~ 0 

J \ -~~".' ~ "" 

• " > r, ' 
~(C) - (rep l' rep ••.••• rc,.~ oC nib" end·polnta or .. he maximal d1aconals stored ln t.he hlerareb7 
.. C and lta' ancestors,arranred ln order oC Inc:reaalnr dJataDce tram the top. For each end polin p, we 
.-oc:~te & POinte; ,-lep ,ta t.he,~hest. ent,ry ln "he llat auch that the two pointa are connected b7 &Il . '-. . 

, ed~ ln the rraph. 
, , 

'., 
" , , 

'1,: ,Compute .. he mutzqal d1acon~ ot,t.he craPh G _, ~e procedun REPORT~MAX-DIAG. ' 
~ " " • t. '.. ' • 

.. r \J' ! ' l1 l ~! Il. ~ \ • 

2. Bulld a h1erarc:hlcal deac:r1pt.Jon Qr .9 based 00 the ~D1aI d1aconû reported ln élie ~ .P, uaiqJ , 
. the pfdé~ure BUn.D-HIER:.t>EsC., ' , '" . ': ' , ' , '" 
." \ -, ~ \" 

.' ." t' 

3. rMap "the tOp D~e or the hleralehy ln~ an arbltrar,. point 111 t.he-plabe, 0: 
~ :i,' \ li l , • , 

.. , ( ~ ~.. ~ 
Embed the vertlcea of the maximal dlaronala store<! as lta IODa'" a conTd ch&lIl wl~,~e poIilt 0 OD - , 
lt.l concave tilde. . , . 

• , ~.... 4" .. 
, "IDt. ~h son "Cunent:' o~ tbe top< ~è ln the hlenreJu- ,lo, . 

" "l.EP(C~tP-A; , " , ' 
y ',RE:P(Cùrrent) ~ ~ ,~. 
, EMBlID-A..cHAIN (Cl)JTe~t); 

_ e~JItn'° : 
" • ~ l ""\' #t \' Q ,,~ 

~llEOOG~CONVEX~FANS " "" " 'J 

~ W~ ~~:"p~ve ,~e co~t~~.or' the'p~~ur~ ~àG_èo~~~~ / 
. ,~ • 'f . '" . , .' 1 ('--

:rh';~ •. 10 Glv~n ~ ~ph~ ~=(V;ÉJ with th~~bel~ such that the' aequelÎce 
• \ 0 ,0 ' ''.' l' _' , 

} (f1~l.V~ .... f1" ,v\) , rO~1I ~ ~UtolliaD' çyèle. ,-The pioc~ure, lŒCoGNtZE-CO~.J'ANS 
'" 1. '. ~ ~.., -

lt ... \. or.. ' 

.term,natu 8UCCUlJftJ11v if and only Il G la tne viàlblUty Il'&Ph or .. conva ran. ; , 

.' 1 iJ 

. ; ~~r ,~ .... ed~re .. ":lD .... ~~,~~ .. fie .. ~DI of. 'be p_~"" lé' le ...... : .. :~ ~ .' 
~ Ilot satlstled. 'and th~ G wlth the civeo labellnl C&D Dot be tlle •• bill'7 lJ'I.ph or .. coaYe~ r&D. 

, , ." , " '-':l " ~ 
, , 0 

For the converse, one ,cu easUy' see tb,'" the ed&e8 re~ned br t~e procedure REPORT­

~-DlAG. aner a succet!lStul'completlon, rorm .. set, or Don·lnierlaclDc lacon". CorrectD_ 

or tM proce,dure EMBJl1P--R-CHAIN 'w proved b-J abowtn, tbac the ~m ded. Yer\. sattllf)' , 
. 't i 'w 

~he rouoW'lnC.COildlt'ioQ, at eub' c-.ll or the procedlU'e: 
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, i 
, 
, \ , " 

• 1. 
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RecoplslDl Vlslbmty Gn.pha or Simple PolylODS 

c.b. embedèled Tentees ronn a CORVa: ran wt'-h '-he Iternel point O. ~ bT fDc.Fu. wbœe 
" ' YISlbllltt crapllii the nbCraPh oC G lndueed on the embedded nrtlc ... 

At the t1rst calI or the procedure EMBED-A-CHAIN onl7 the n~e fil il proceaed and the 

conditIOn il satlafted. , Noy ... ume tJiat the condition hu ~n 'sat~prtor to conakt,rln, 

tbe nocle or the hlerarcby correspondinc to the maximal dJ.aaonal connectinc fi; and fi, • 
• 

The proëedure embeda the end-potnta ·or Q u .. eon'Yex chaJ.na ln the recton that il tbe 

'cenect~n or the haIr-planes ta ~he 1eR or ~h~ 'h~-llne>con'nec'tnc ~ to r. the riCht or the 
, . 

hait-Une connectln, 0 to 1 and tbe richt or the haJ.r-llDe connectinc r to 1. The Cact that thelr 

lD~lsectlon là Mt emp.ty ronow. CroQl' the ract that the embedded vertices rorm a convex Can 
';" , , , 

wtth 0 u the brnel point ~Rerer ta Filure,4.14) .. ACter '" la embedded sueb that' 

coa'.eetlvltlea or tlie end-poiDca 'r ..... '" ln tbe vapb are aattatled. tlle procedure embeds the 

. 
~Dd';POlnt t ..... ~ tht"haU'-~Ia.ne ta the 1eR of the dtrected liDe,Jotntnc 0 ta ",' .Such a mappIDc 
;t# . , . ) 

. doès. not contradict the ,ract that tbe end-pointa or Q aod or LEP(I.r) satist)' the condition or 

lemma •. 8-0. Ex~t, mt.pplnl or fi, la tben aelected to satisfy lt. eonnectlYity ln the craph. 
M r-

The 100.,. ID the procedure EMBED-A-CHAIN, whlcb cbeck that lemm .. 4.&-8 are satlll1ed. 
1 

,CUI be implemented iD quadratic ruonla, tlme. We Cu' coDelude that the p~ure. and ÙIO 

the alaortthm RECOGNIZE-CONVEX.FANS. fUns ln O{ft~ tlme. 

Q.E.D. 

.À. DilCu.ioD of the General Problem 

r\, 
ID the previous section we studled the problem or embeddiD., a crapb G. "ttb a liTea 

bUDlltoDlan cycle ... the vlalbWty If&Ph or & convex ran, and preeented a polynomial alCOrlthm 

ror reportlnc sucb an embeddlnc, tt Olle eXIste. This problem pneralius nuu~lJ ln two wt.J1l • 

. , 

, , 

\ 
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o fH ' Recognizmg Vislbllity Graphs of Simple Polygons 

" 1 

One generalizatlon is Given ~ graph, with a k:now~ hamiitonian cycle, check whether it'can 

be embedded ln the plane as the VISIbihty graph of a simple polygon. Meisters [Mei] proved 

that a simple polygon has at least two ears, an ear Is a convex vertex with the extra property 

that its two nelghbours on th~ boundary of the, polygon are vISible It !ollows directly from 

Meisters' result that every visibihty graph of a simple polygon has at least one induced 

subgraph, which 15 the vlSil>lhty graph of a convex fan Thererore a necessary condition for 

embedding a graph G of order n. with a glven hamlltonian cycle. as the visibility graph or a 

simple polygon IS that there exlSts à labelling of of the vertlces VI' V 2..... vn and a 

eorr\ponding sequence of graphs G l' G 2'" ., Gn such that: 

(1) G. ~ G 

(2) Ir Vis=( Vi • V~ .', • V~ ) la t.he sequence of nodes ln G. adJa.ceht to VI arranged in t.he 'Same 
1 2 .. " 

order as they appear in t.he civen hamlltonian cyele, then (VI ,Vis. Vi ) ls a hamlltonian cycle ln 
". , 

GI • 

(3) The lndueed subgraph on VI ~nd Vis 15 the vislbUity graph of a convex fan. 

(4) The graph Ga+1 is obtalned from Gj by deletlng VI together wlth all the'incldent ed,es. 

Finding the sufficient conditlon(s) for a graph with a known hamiltonia.n cycle to be the 

, '\Jsibility of ~ SImple polygon, eq~lvalently designing an embedding algorithm. Is an open 

j~oblem Unlike the procedure RECOGNIZE-CONVEX-FANS. where a decomposltlon criterion 

bas been deVlsed for the case of ,a convex fan. an algorithm for this generallzation must be 

ca.pable of resolving the mteractloD between two already embedded simple polygons to form a 

new polygon. 

A second generalization is: Given a graph cbeck whether It can be embedded ID tbe plane as 

the vlsibility graph of a 'convex fan One may attempt to fmd a subset of the vert\ces V' 

whose deletion, together wlth the kerne~ pOint, decomposes the graph lOLO 1 V' 1+1 components, 

cbeck the feasibUity of embeddmg tbe nodes of V' . and then proceed ta process eacb 

component separately . Unfortunately. tbere may not exlst sueh subset of vertlces in the ~ 

. ', 

l 
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! 
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• Reco,nizin, Visibility Graphs or Simple PolyeoDI 

-
vlsibillty vaph or a convex ran. In this case, the end-pointa of any edle in the II'&Pb May he 

seleeted BIS the two neiJhbours or the kernel point on the boundary or the PO!YIOD. Usln, the! 

nlne vertlces graph shown ln FJ&Ure 4.15-& as & bulldlnl block, w:.bere at least two edees cao he ' 

selected, a cr~ph or ord~r n with 2"'& chaices 'can be cODStructed .. An example or a vaph or 

order seventeeD which has at least rour su ch cholces is ilveD in Fleure 4.15-b. Thererore ~ 

aleorithm ror solvlni the problem based on attemptlnl' all possible cbolces requlres 0(2-). 

However It la stm &Il open problem ta tlnd the complexlty or the problem ttaelt. 
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" , 

, . 

.Embedding Steps: 

, 
,1 

Flpre 4,3 

A mop G of order six 
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Figure 4.4 
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Fleure 4.5 
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76 ~ v..u,Wt7 ~~ ... or Simple PoIT.-. 0 

proceclUN REPORT-MAX-DIAG(G) 

input: A ~h G-(V,E) 01 order ft 'Wlth t.Jae nnlce.t.labeled .. cb '1laC )CIle .... _ ("1- , ...... 
v •• v J la .. hamUtonlaD ~c1e or G. ! 

~ 1 

OtSlput: A 'Ilae oC the marimaJ dlacoa&la or elle Il&Ph G. 1 

~ . 
procedure REPORT-AND-CHECK (G.LettLabel.Rl&htLabel); / 

local "tariei," 
( 

\ , 

• The I&rpst ~l k or .. vercex lu. tbe sequence ("IAIIlMtl, .•.• v ........ ) COIUlec'lied 
~~; ~ 

The lDèhlC:ed .aubuaPb G 1 OB Yenlces of tbe aequence (.".,,,,,,. +10 ... , VI); , 

The lndllced lIub~b G t OB YerUcea or tbe sequence ("l', ., .• t1R~); 

il no vertex ID G 1 excepe lit .. CODnec~ to .. yertex 11$ G a lM,. 
, 1 

if G 1 ta Dot empty then 
RE.PORT-AND-CHECK ( G 1, LeftLabel+l. k-l); 

if G t ta Dot empty then 
REPORT-AND-CHECK ( G 2' k, RIchtLabel); 

. eüe. 1 

terminate uMucceuJuUy "the lfI,J)h cannot be eœbedcied as the 'YI81,bWey craph ct .. 
eonvexCan" 

'6\. end REPORT-AND-CBECK 

Jor 1 = 2 to ft. do 
&franie tbe adjacent venlees wlth labels ,"uer &.bulln baereulnc orcier of tbelr labell; 

REPORT-AND-CHECK (G,2,n); 
('. 

end REPORT-MAX-~IAG' 

Ftcure 4.11 

" 

" 1 

'" 

) 

'" 

1 
r' 

1 

'" 

1 
i 

l' 

r 

, 1 

1 
1 

1 



.-.--~~-----------------------------

( 

\. 

\ 
\ . 
" \\ \ 

.' l' 

\ 
'\ •• J 

" 
\'\ 
\, 

\ 
\ 

, 

" , , 

" . 
Recnpb:lq VlllbWty Gnpbl 01 SbDpla Polr .... 

" 
, J'Ipre 4.12 

" 

" " ' , 
. " v ' 

~l-

, . 
---. 

. - -.-.. • t . .. 

1 

\ 
\ 

7T 

( 
\ ) 

, 

~ j. 

l ' 



. , 

( 

1.6 

18 Recopl%ln, VllibW'J Gn.pha or Simple POlJpa 

The sequ~e Q - ('.1' ,.,. ... , 96 ) 01 eDcJ.poIDCI ~ t.be maximal ~ 8ICJred .. cu .... of &lM 

DOde C ln \he hlerareb.)< . 
The 1eR end-point. 1 or Ûle maxima! dl ..... ~ la me .DOde C. 
The rtch~ end-po1D~ r of tIle IIlU1mal dl...,.. lCOred la ~ ... C . 

.. t1oé. . 
• ~ 1 tG t.he Uat LEP 
~ r t.o the llfi REP . 

lM OI!b end-polnt p ln LEP(C) ù 

. , 

iJp and end-pol.nY ol Q do ~ ~ lemlDM 4.&o1~ca ' 
fermi •• t • • ,...eeu,fwll, "the paph cUDOt be embeclded .. tIle n.tbW'Y p..ph ot & CODYIIX tu" 

.al for 

lor eKb end-polot p in REP(C) iD 
iJ p and end-pointa or Q do Dot aatt.8ty lemma 4.&o7IA,,, 

t,rmi •• t .... "eeu,t-ll, "t.he IJ'N)h cantlOt be embe"dded .. the 'Y18lbUlty craPh of IL eonnx' ran" 
e"l for 

lor eac:h vertex q. in Q dO , 
m - smallest. index between vert.le~ ln LEP(C) such t.hat le,,. and q., are visible 

il Q and le, l' lep~ . .• le,... do not satlst'y lemm. 4.8 
or Q and lep,.. •.... lep,.., do not _tlst}' lemm. <l.G theft 

tcrmÎn4tc uruucc.uful1r "the rr&ph eannot. be embedded as the vls1bUlty çaph of • eonvex Cu" 
e"l/or 

for each vertex q. in Q dO , ' 
m - smallest index between vert.lees ln REP(C) luch that re,,,, and '., are vlstble 

il Q and rep l' rep 2"'" rcp. do not satlst}' lemma •. 8 
or Q and rtp", •... rtp"" do not latlsf'Y lemma <l.G then 

termin4te un4ucc.nfull, "the if&ph cannot be embedded as the v1sl.blllty çaph of IL convex Can" 
end for 

.,' 

--St&rtlnr 'at 9/1 , embed vertlees of tbe sequence Q as a convex chain such that.: 
poiJlt. 0 lies on Its conca.ve slde. . 

, a vertex Il visible from prevlously mapped point If and only If they are connected ln G. 

for each son CSON o( the Dode C ln the hlerarchy dO 
EMBED-A-CHAIN (CSON) 

end for 
remotlt J (rom the list LEP 
remoIJe r from the Ilst REP 

end EMBED-A-CHAIN 

FllUre 4.13 
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RecoplZln& VlaibDity Graphs of SImple PO&CODS 

Fleure 4.15-a 
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4' 

At 1east two choiees l,l' and 3,1' 
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Recopizinc Vislbillty Graphe or Simple Poly'cons 

Fleure 4.15-b 

81 

..... ~. 

4 3 2 "1 

, 

5' 

Every vertex in ,the top row is connected to aIl the vertices ln the Dottom row, ,and 

the vertex 0 i9 connected tG the other sixteen vertices. However, those edges are 

not drawn. 

At least four choices for the first two maximal diagonaIs 

l,l' 5,5' 

l,l' 5,7' 

--3,1 S,S' 

3,1' 5,7' 

• 
o 
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Routtng Inslde Simple Polnons 83 

5. Routine inside Simple Polygons 

5.1. Introduction 

The layout of a VLSI circuit ls the speciflca.tlon of the positions of tta componenta and the 

patbs oC wires on the chlp. Due to the overwhelmiog slzes of such designs, a bottom-up 

.pproach for 501vmg the layout problem 15 u5ually adopted. At each level we are given 

predesljpled components of tbe circuit. Ea.ch component baB terminais located along lta 

boundary, and each terminal Is assoclated wltb a. siogle network We have to place the 

compooents (the piacement problem) and patha of wires to intercODocct the dlITerent networks 

(the routinft problem) on the chlp, and Corm a component Cor tbe next level up 

Szymanskl [Szyj proved that the rouUng problem ls NP-complete, and with Yannakakis-

[S&Y! showed tba.t the problem rema.lns NP-complete even ln tbe specia.l ca.se of channel f"outing 
1 

&Ild ea.ch network con tains .:tly two terminais. However, polynomial time optimal algorlthms 

have been presented ror restricted versions of the routlng problem. Pinter IPlnj presented 

polynomla.l algorithm for the restricted version or routing inside a T-shaped area, a.nd witb 

LeiBerson [L&PlnJ described polynomial algorithm for the river routing problem, a special ca.se of 

the channel routing problem where networks are mapped into non-intersectlng wires in the 

channel. Other polynomial optima.l algorithms for the river routing problem ha.ve been 
<, 

descrlbed in [D&K&S&s&U,S&D,Tom]. On the other hand, many provably good polynomial 

approximation algorlthms were designed for the channel routlng problem (examples are 
\.,~ 

[B&B&L,R&:B&:M,R&Fj), and used aB a part' ôf à. complete system for 50lving the routlng 

problem 

'. , 
In th18 chapter we use the bierarchlcal description of simple polygons, based on a 

decomposition lnto rectangles, to design an effIcient algorithm for solving a restricted version or 
1 ... 

the routing problem, where the \erminala are Iocated on the boundary of a closed reglon and 

'Yires are to be mapped inside the closed region. Tbe hlerarchlcal description is used to provide 

an orderlng for processlng the rectangles and to efrlciently report the networks to be'l:outed in 

i 
i 

\ 
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/ 

each rectangle, which are then prcx:essed USlfig on(~ or the eXlstmg heurlstics. 

5.2. Routing in a General Rectilinear Channel 

Glvell a recif/wear simple polygon H (1 (' . tht' edges arc elther vertical or hOrizonta.l) wlth n 

verticcs, and a set or m network:, {I.'ct l/Vct:2 .Netm ronnectmg pairs or termmals (al' 6.) 

1 = 1.2. ,TU Each tcr~lInal l~ de,>rflbecl b) lb ('art!'~lall coordlllate5 and the label of the edge 

of the polygon.R whl<,h contaUl5 It ft 1<; rl'qllln'd ln flllll il mapPlIlg of the networb IIlto the 

IIltenor of H :1.'> a collection, i Jwnzontlll a,nd/or vertrca/ IIn(' segments where direction-changes 

occu r ollly at cnd- pOlllts of th!' 11ll!' scglll!'n ts Horizon tal (ve rtlcal) hne seglTlt'n b 5110u Id br 

separated Il)' a mllllmum dlstancr Imposed by the fabrication process However hort7ontal and 

Vertical hne segments of dlfrerent networks can tnter6ect at ail)' mtertor pamt. An algorithm ta 

compute such a mapplIlg procceds III four dlStlllct steps 

Step 1 The objective of thls step 15 to compute a set or non-intersecting chords whlch 

decoffiposes the IIlteriOI of the rectlhnear polygon R Illto a set or rectangles. We use the plane 

sweep paradlgm (rcfer to [8&11) and (N&Pj for a dctalled deSCription) 1..0 report the reQulred 

~h'ords The algorithm sorts the vertices of the polygon ln decreaslng order wlth respect to thelr 

y-coordlllates and then sweeps a horizon tal lllle ln the vertical direction from top to bottom. At 

each pOSition of the swceping hne, the vertical edges in tersectlllg It are kept Ill. ~rted order wlth 

re~pect to the x-axis When the sweepmg Illle encounters a horizontal edge, the algortthm 

reports the necessary chord(s), If any, r~qulred to decompose the mtertor of R lOto rectangles 

After end-points of the chords are computed, the algonthm updates the list of verti<ml edges 

intersectfng the sweeping plane 

Step 2 The algorithm uses the procedure BUILD-HIER-DESC, described in chapter 2, to 

compute the hlera:rclucal descriptIOn of R based on the chords computed ,ID step 1. 

Step 3 Startlllg at an arbltrary pOlO t on the boundary of R, the algonthm traverses the 

1 
'1 



" ' 

'1 

Routing IIlslde Simple Polygons 85 

boundary and computes the distances of the termmals and end points or the decomposition 
, - . , chords from the starting pomt \\'hell elther a terminai or an end-pomt or a chord, say q, is 

.. ' 

encountered the algonthm 11ICrE'IlH'nti> th(' traverscd dtstance and as.'signs th(' ncw value to the 

encountcred pOlllt a..,> a lalwl, dcnoted by dq Thl::' process maps the nctworks and the 

decompositlon chords mto, a set of IIlt('rvals 011 the rcal Imc whlch Will be u:;ed III step -4 tü 

report erficlCntly tht' networks tn \)(> routed tn eaell reetanglt' USlIlg tht' dlstallce frorn thé 

starting pom t as the search k cy. the term mals and end po in ts are stored 10 ,\ data structure 

SBD capable of performmg cOflcatenable queue operations IA&H&U] efftclen tly A :.!-3 tree is 

an a.ppropna.te cholce 

Step 4 Each leaf node m the hlerarchical representatlon of the polygon R. denoted by HIER-
1 

DESC(R). represents a. recta.ngle such that exactly one of Its boundarles Is one of the cnords 

reported 10 step 1 DUflllg the process of routlllg networks III such a rectangle. termtii-a.1 

positions of the networks that cross the on ly chord are "ai flxed 

The algorithm selects a lear node (1 e • anode wlth degree one), extr~~ts the networks to be 

routed in the correspond mg recta.ngle from the da.ta structure SBD, and attempts to embed the 

j 
selected networks ft then deletes the lear node and the incident edge WhlCh results ln a 

hierarchlcal representatton of a smaller polygon. and updatcs the data structure SBD to delcte 

the networks whlch have been completely embedded, The process 1S then repeated unttl ail the 

networks are completely routed 

Let v be a lear node of the hlerarchy and (q l' q 2) be the chord corresponding to its 

IIlcident edge such that dql is less than dq '). To report the nctworks tü be routed IIlside the 

selected rectangle, the algorithm searches the data structure SBD and de!etes the entries with 

distances in the interval between dq \ ând dq2, Using a 2-3 tree, sucil an operatIOn can be 

perrormed in time proportlonal to 10g(lSBD 1), Let N = {Net l,Net 2" ,Netm J be the set of 

. networks tü be routed completely ln the selected rectangle, and let N'= 

( {Net' l,Net' 2- ' " Net' m) be the- set of networks with only one terminal on the boundary of 

, 

\ 
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. . 
location on the chord (q 1- 9.> ror each networt ID tbe set N', aod chen - a pronb.,~ cood 

approximate al&orlthm [R&FI. ror routln& networks or N U N' ID8Jde the recCUlplar chauDel. 

FlnauY. the newly nxed croes1n& pointa oC the N' Detworka are loaerted Inca Che data strucCure 

SBD . 

. Th. alaorltbm provldea an Interactive COol, tor & human deelper, whlcb lB capable 01' 

etr1clelltly perCormlni the tedliOua and tlme couumml tult or detalled rou tlD 1 ID & rectUlnear 

ch&llDel. Decompoeln, the routlD& area on the chlp lnto rectillnear cbaDnels and selectlnl Che 

networles to be routed Inslde each cb&noel depeod on 1n~er-modulea communleatlou and; ,la , 

uaually perCormed by·the circuit desl1ner. 

L._ 
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fJ. "Shorte.t Route inside Simple PolYlons 

1.1. Introduction 

ln this chapter we study the use of tbe decompœltlon strategy in reportlnc the ahonest 

route between two points, Il and t, inslde a simple polygon P. "\ .' 

One method for solving the problem is to compute the required path one linè-segment at-.. 

ttme. First we compute the -vlBibility polygon of Il. VP(P ,s). Ir t E vP(P ,II). then the sborteat 

patb ls the line-selment joining li to t. 'Otherwlse, we rind tbe hldden region wbich eontalns the 

point t t.oget.her with t.be correspondl.ng window (Le .. the chord which separates the hldden 

reiloD from tbe visibility polygon of 8). and then compute the visibillty polygon of the point 

wandow 1. ReCer te Figure 6 1 for IllustratIon The later step lB then repeated untll the point t 

lies ln tbe visible reglon Since the visibillty polygon of a point can be computed in linear tlme 

[E&A, Lee] The shortest route can be computed ln tlme O(kn), where k lS the number of line-

segments in the path However, k can be of O(n) whlch results in an 0(n 2
) algorithm. 

In section 62 we present a linear tlme, and thus optimal, algonthm for computmg the 

sllortest route mSlde a monotone polygon For the case of a simple polygon with n vertlCes, 

Chazelle [Cha.2] and Lee a.nd Preparata [L&P2] presented algonthms for computmg the sho~test 

route between two pOints After computmg a triangulation of the polygon In O(nlogn) tlme, 

both algorithms checks every triangulation edge to report the edges whlch Intersect the shortest 

route and then proceed to compute the shortest' route In section 6.3 we describe a dlfferent 
i 

algorithm for computmg the shortest route between two mterior pomts Atter computing the 

hiera,rchlCaI descriptIOn In O(rllogn) ume, the algorithm searches It to report the sequence of 

monotone components WlllCh contains the shortest route Compared to the prevlous algorithms 
, 

[Cha2,L&P2j, the number of edges checked when searchmg the hlCrarchlcal deSCrIption 15 mucb 

smaller tban the number of edges in the triangulation of the polygon. The algonthm then uses 

the method developed ln section 6 2 ta compute the short est route m time proportIOn al to the 

number of vertlces in lÎi1e reported sequence of components. Applications of the shortest route 

.. 
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"',or1thms to an optimlzation .problem and to a separabiUty prob~em are dlscussed ln 

section 6.4. \ 

- ----- -~----- -----~---

/ 8.2. An Algorithm for Computmg the Shortest Route in.ide a Monotone Polygou ! < 

, , - . 
Glven a. simple polygon M, of n v~rtices, that is monotone wlth respect to the y axis and 

two interlor points s a.nd t. It ïs required to compute the shortest rout~ between them which lie 

completely lDside M. The algorithm proceed~ as follows' 

, 

The aJgonthm partitions the polygon M into two components Ml and M 2. su ch that 

vertices of Ml lie above 8 a.nd v,ertices of M 2 lie below' s. and computes the two corresponding 

extreme points EXTREME" a.nd EXTREMEB , ft then selects the component which con tains 

:the point t Through' the followlng description, we will assume that Ml has beeD selected. The 

~ cue of tE M 2 Is similar and its description lB omltted. 'The algorithm then scans the ~ertlces ln 

oryler of their y coordmates mamtainin, a planted tree SPTree (Le. a rooted tree in which the 

relative order of tbe su~trees of ea.cb Dode is part of lta structure) The root of SPTree 

represents the POint s. each node represents a scanned vertex of the polygon and its path to the 

,root represents the shortest route from the point 8 to the corresponding vertex. The lIO,.., of 
. 

.... eacb Dode in SPTree are stored in a. doubly United List III clockwïse angular order around tbelr 
,.-

111 Jather node. In ~~iJion the algorlthm keeps ~ pointer T tb the last reported turning point on 

the route from 8 to { ,a pointer to the node in the subtree rooted at T wbich corresponds to the 

last.considered vertex of the cha.in CN(EXTREMEB , EXTREMEA,). denoted by LastLeft, a. 

pointer to the node III the su btree rooted at T which corresponds to the last considered vertex 

" ) 

qf the cham CN(EXTREMEA.. EXTREMEB ). denoted by LastRight, a pointer to the Dode ln 

tbe subtree rooted at T with the most clockwise angle and corresponds to a vertex or the chain 

CN(EXTREMEB • EXTREMEA.)' ~enoted by LEFT, and a pointer to the node in the subtree 

. 
rooted at T with the most counterclockwlse angle and corresponds to a vertex of the chain 

." 

CN(EXTREMEA • EXTREMEB ). denoted by RIGHT (an illustratlve example is given ln 

( Figure 6 2). 

" , 

'. 
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WbeD a DeW ver~x m ~he 

sbortest mtemal Path r.;;', 

~haln CN(EXTRMs , JTREMEA ) la 
, ' 

.80 

encoun~red. the 

a1corithm c~ecks its position relative to the directed Une Jomme L88tLett to Its /Gther. If It lies ". 
, . ""'-

ta the rilht of the directed Une, theA the new Yertex • added- 88 the son of LastLe/t aIRt-the ---

pc?inter LastLel't Is upda.ted. O~herwtse, the allOrlthm checks lta position relative ta tll! 

directed Uné'Jolnini RIGHT ta T. If U Bes to the rilM or the dlrected Une, "hen the a.leorltb)'ll 

leuches th,!' path t'rom LaatLelt. ta T in tbe tree SPTree for the appropria.te position to Insert , . 

the Dew vertex and updates the poiD~rs LEFT and LastLert. Otherwbe, It se~hes the patb, 

trom RlGHT to LastRi,ht ln the tree SPTree 'for the appropriate l>O!'ition and updates t~e 

pointers T, LEFT and LastLeft. A vertex in the ~e.ln CN(EXTR'EMEA , EXTREM$s) 115 
f ~ " _ 

procesaed ln a similar ruhlon wlth the roles of ,..EFT and RIGHT, and Lut,Lert a~d LutRtibt ': 
1 • 

Interchanled. The sca.nnlnc procese contmues~tU the point t 115 encountered. ' A cO~Plete 

description of thls step, procedure GenSPTree, shown in Fleure 6.3. 
, ' _./ 

The sbortest route can now be reported br cUmblni the tree back to the root. 
" 

1 

'C 

, ' 
-, .'" 
.' 

• • ~ f 

al , 

An~ ofth~ Algorlthm . • .' . >.':< ., 
'We tlrst prove the correctness of the a.leorlthm, and th~n dJscuss les time pertorm~ee :ln " .:. ..; 

theorem 6.4. 
~_!::!,., 

Lèmma 0.1 Let Q = q l' q 2'''' be à simple chaIn .that .is monotone ,wlth respect to tlle y axL1, u 

shown ln Fleure 6.4. The shortest route from q 1 to qi whlch lies èomplet~ly on th«1'rlght (lett) 

.~and aide of Q Is the sequeDce oC convex bull edges which Ue on the rlght (left) hand slde of Q, c> 

p,enoted by RCH(l,a) (LCH(l'pl). 

" 

Proo! StraightCorward. 

" 

• , 1 

, . 

. , 

1 
1 '. - ,-1 

Lemma 6.2 Durlng the scanning of Ahe 'monotone subpolygon, Ml' thé short est route rrom the ( 
1 , , 

point T to each vertex oC'CN(EXTREMEB , LastLert) with y coordinates larger than that of the 

poi~t T consists or vertices which belong to that chain. 

t' 
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10 .... laseraal Pacla 

" 
Prool Br --"esIoa. JÙmrr Il '" potacer CO "" __ cœ.~'" of SIt. prou.ld 

. , 
1X1'Il6ME.) Be &0 cM 1eR oC cM dlreeted Ille joIaIq LBPT CO CIte poUtc T.- Tbe leauDa c .... 

i -

Q.B.D. 

t-- '.1 PrIor &0 dM exlC'ldoIl "~ ... 1&era&.ioII III â. Proc.clue a-sPTree. &Ile padta 

. , 
• kt tIle 'ferttc:. oC Clae poIJl'OIl COIUIIdered.. 110 far . 

... 
Uae Tenu "" e CN(EXTREME •• EXTREMEA ). '" wDl "0. cbd the procedure GenSPTree 

pollcera.-

~ 

IC ma lies co Che rIChe ~ the cUnekd llae tlOIlDectmc RJ~HT k) T. then Che shortest TOute 

Irom ... &0 T COIdIN al ,.ert~ or the chain CN(EXTREMEII.' EXTREMEA ) as shown ln 

lemma 8.2. JI roUowa trom the IBOnotonieiC, or M and lemma 8.1. chat shortest route rrom 

Lu~Len to T forma .. conYex chalD which Ha completel)' belo'W che Tenex Da;. Thererore lt 

sutncee co learch Che CODTeX chalD rormiDC che ahorcest route !rom LuCLeR co T ror les point or 

support correspondln, to "" Il Che approprla.te ra.ther node or .. "now node corresponding to mi . 

le la euy ta see th lot the ahortest route from t'Iaj co T la alao a convex chain and that no new 

curniDe polit on the rou~ ta t need be created. Thererore che procedure does Dot change the 

pointer co~, lut reported turninc point ln the route Crom. te) t. 

If 111; Ues ~ t.be 1eR or the d1rected liDe connectlD, RIGHT to T. tben lt suttlces CO search ~-.----, 
the CODvex chaiD Corminc' the ahorteat route trom RlGHT CO LastRlcht ror its point or'support 

• 'j. 

correspond in, CO mi, say W, Il the e.pproprlate,rather node of a new Dode corresponding to mj. 

, , 
i 

1 
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Again it is clea.r that 'the shortest route from mi to T ls also a convex ohain a.nd that the 

shortest r;oute fr6m 8 ta t must pass through tpe vertex w, Therefore the procedufe eha.nges T 
, , 

CO point 'fi? tbe vertex w before proceeding to process the next vertex, 

t 

The ease·or mi E CN(EXTREMEA ' EXTREM~B ) is slmilar and its analYS~ 18 omitted't~.~ 

• . Q.JY.n. 
Theorem 8".4 Procedure GenSPTree ,computes the shortest route rrom 8 to t correctly in Ilnear 

running time ' 

.-> 
Proof Correctness of the reported sbortest route bas been in lemmas 6.1-6.3. We analyze the 

performance of the procedure by eomputlng the maximum number of tfmes it processes ea.ch 

vertex of tbe polygon' M. 

" Ea.cb vertex is added to the SPTree once. When GenSPTree processés a new vertex It 
/ 

eUber cUmbs SPTree from a leaf node (pointed tp by LastLeft or LastRight) towards the 

enrrent turning point (pointed to by T) or descends from T towards a lea! node unin a. Dode, 

sa.y W, is found to be the appropriate father node of the new vertex. In the rtrst case, nodes in 

the subtree rooted at w will not be exammed by the procedure in the future iteration~ In the 

second case' only nodes in th~ 5ubtree routed at w, which have not been examined in the current 

iteratlon, will be examined in future iterations. Therefore we conclude that the procedure runs 

in O(n) Ume sin ce each vertex is processed at most tbree times. 

Q.E.D. 

6.3. An A1gorithm for Computing the Shortest Route Îoside a Simple Polygon 

GiveD a simple polygon P of n vertices and two interior points 8 a.nd t, we describe the use 

of a hierarchical descrjption of P based on a decomposltlon into monotone components ta 

develop an algorl~hm for computing the shortest InternaI path between two points in O(nlogn) 

tlme. The algorithm proceeds as follows: 



( 

( 

. 
~ .... _.~.ù. -...-_ .......... "" ... ~ .. ~ .. '" .. _~ ... '>I .... _ .. -u '" 

Il 
02 Short~st. Jntrrnal Path 

. 
S'tep 1 Preproeess the ~IY~On P by d('~OmI>OS~it.'jnt,o 1\ Sf't of component..{ tbat arf' monotoftt" 

~ , 

,wltb resllect to a vdrtlcal il'n(' IL&Pl). nrrangm~ I,hr monoLOllC' china for point l<X'atloo !L&Pl/' 

. . 
Step.2 For cach of thr I>olnl$ S Il.nd f !.hl' lllv;orllhm s(,!lr('hl'~ (.lIr moilOtoOf.' chains for the 

monotone coml>0nt'nl. whkh conlUIIlS Il, li. pro<,('s-'l \"III('h ('!ln 1)(' prr(ürmrd lU O(IOI;:ln \, and 

. . 
ma.rks the cornponent which <'01l1,:\111::" (':).('h p(linl TIlt' aljl;orithm IhNl st'arehrs thC', hlrrarchy ror 

da.ta. struct.ure COA/PB 1111 (,In Il.\' t.ht'O tltqllr IS ('IUI)!,y SI:Htltl~:\I the top of HIER_DESC(P), 

.. 

the a.lgorltbm checks whctht'r the (Wo Illnr},,('ù (,oI11P()n(,llt~ n.rr l,he sa.mt' n.', thC' component '" 

corresponding to t.he set dlfferrll(,(' \)('I,\\"('rn t.hr ('urrent. node [lnd Its sons, the current 

. \ 
compo~ep·t. or Ile in the sub-hirra.rC'hles of I.h(· rurH'lH nod(' If Ihr (,\"0 ('Omponents are tlte 

sa.me as ,tbe current componelll., t.hen Ihr alswrit.hm insrrts Il. In C01\fPS and proceeds ta 

step 3. If the two mnrkl'd compan CI) I.s lit' in Ill(' sa Ill<' ~u h- hll'rarchy. !.IWH the algorithm 

descends to the eorr('spanding son and feJ)cuts t,Il!' prorcss OthrrWlse. Il lIls<'rts the current 

compone;" iut.o COJHJ>S at thl' approJ)l'lnt<, ('11<1 (i (', ~lIrh th3t t.ht' curn'llt compoHrnt and the , , , 

companent at that. end shar<, :\ chord). dt'sct'lHls 10 tht' eorr<,spondlng son(s) and repeat tl],e 

sea.rch process. 
." 

~ 

,Step 3tLet COMPS 1- COMPS 21 •• ,COMPSk be the monotone componl'nt~ r<,!>orted in the 

previous step. where s Iles on a.1l edgt' of COAf~S 1 \\11<1 1 hrs on an rdge of GOA/PSt. and let 
, 

GATES be the set or chords 'Separal,lng t.h<, rompoll<'I)f.S ln COMPS slIeh t.hat GATE, 

sepa.rates the com)oncntsl GOMPSj and COMPS,., l' 

1 
The algorithm partitions COMPS 1 inro two components /If 1 and },lz. such Lhat vertices or 

, 
AI 1 He above s nnd \'('Hiers or AI J JI(' b('low ·s, and C'olllputrs the two correspondmg extreme 

'" 
~ojnts EXTREME" a\l~ E.."\TREAIli.:[? H. tlH'tl $1.'1('('t,::, th(' part wlllch contn.ms GA TE 1 as an 

edge. alld scan Its vertl('(,S in ordrl' or Ua'ir y c()ol'dinnlcs maint 'UIl mg the shortrst roujeS rrom s 

to t.he dirrerent vertlces ln a. planled tree SPTrc(' and the polnt('rs T. LEFT. RIGHT, LastLert 

, . 

li 4' 

.. 
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and LastRlgh t as described in the previous se.ction' 

. 
When a new vertéx, say u, ls.the'end-point of a flA TE , the algorithm rirst processes it as a 

.1 
vertex of the current component and Inserts It in SPTree III the al>proprlate pJace. It then' 

partitions the nc'V component Into NM 1 and' NAf 2 such tha,t vertlCes of Nllf 1 lie 9.bove'~u and 

~ ~ 

vertices of NII!:I he below u and selects the sub-component whlch contains tne gate to the 
" 

fonowing component as an .edge. Th~re arc two cases to conslder (refer. t~ Figure 65 for an . , 
illustration ), . -

(1) if ~he selected sub-coqtponent together ~ith the current '\:omponent ro~m a \ 

monotone polygon, then the algonthm proceeds in scannlIIg the vertices as , , 

previou.sly desçribed 

, ~ 
(2) if ~he selected sub-eomponent together \Vith the cunent component do not form a 

~ 

. monotone polygon, then th,e algopjthm changes the pointer T to point to the vertex 

, , - '. 
li and aIso, updates the appropriate' pOIll ters It then scans the vertices of the 

selected sub-component as prevlously descnbed 
* g 

• The scanning process contlII/{Jes \lntH the point t is processed 
, 

At this Ume, the shortest path 
1-

can be repol'ted by chmJ)mg the tlee back to the l'oot 

.. 
We now stàte the main result of th is chapter III theorem 6.5 1 The proof follows the same 

steps of theorem 6.4, and is thus omltted, 
~ 

Theorem 6.5 After an O(71logn) time preprocessing of the simple polygon P, the sh~test route 

between two points insiae a simple polygon can be computed in \inear running Ume. 

) 

ft, .. ' 
.. 
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Sboneat Internai Patb 

• 

In tbls section we dlscuss the use of the sbo~t route procedures ln d.veJophlC emc.at -

al,orlthms ror an,optlrnlzatlon problem and Cor otber ce'ometrlc problems, , 

A) Â. Control problem of Bellman( 

Let :ri be t6e quantlt~ of some Item on ht.ltd t.t Ume i. Due to aUrttlon. the UDount oa' 
... 

- , 

hand at tlme i +1 w1Jl be c::, uoless auimented or dlmlnlsbed by an amount Yi' Tbe obJectlYe 1 

Ie'to mlnlmlze EV,2 subje,ct to the constralnts tbat: 

1 = O.l ..... n wlth' dO'" bOf da - b" 

Daptzig [Da.n] presentéd a geomètrlc Interpretation ,0( ~be problem .. t'ollowa (Rerer to 
" ~ 

Fleure 6.6)~ 

mal' each 16wer c'onstralnt ioto 'the point (c-" , 4i C -Î). 

mal'.cach upper c~nstra1nt lnto the point (c-2i
• 6, Ç'). i • 

" • .. t f 

place a. "string" between the end points. (c~. zO) and (C-III.:f" c-"), threadln, tbrourh tbe 

CODstraJnts points and "dr~w" tlght. 

Da.ntzlg then, proved cha.t ~he valu~s of %i 1 = O,l .... ,n uniquelll denne ,the optimal solutioD 

and prèsented ~ O(n" algorlthm for computlng those values. Since the tlght position of tbe 
~ " ('J 

string represents t~e Shortest, route I,letween the two end points which Is threaded tlltOUlb tbe 

constraints po~nts, wc can use the procedure GenSPTrce to compute lt O{n) Ume. 
~ .... , ~ '\ 

D) Movable Separability of Simple Polygona 

In chapter 3 we descrJbed the use> of the algorlthm for computlnl the we1l.k vJslblUty 

POIY~On from an edge in developtng a.n errJclent solution for the separa6ilèty problem. Wc now 

descrlbe the use of 'the algorlthm for computln, the shortest route ln developing a simpler 

. , 7 

i 
" 
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_atlon for tbe Ame problem. ToU8A1Dt lToU21·lbOwed '~U dlfectlou,o( IIlODOCoDlc~J or tb. 

miDimum-pertm*r polyCOll endœme ODe or tbe pol:Jlens ~d !Jlne completel, oacalde tb. 
~ 

,other denne aU possible directions ror separuin, tbe two pob'conl wlth .. slnale t~lon. , 

To compute 8UC~ a polylOn. tbe tollowlne subproblem la encouDtered (mer te) 

FleUre e.7(a)-(b) ror lUustratlon): 
~, 

Glnn two simple polycons. P and Q, luch tbat Q' lies completely iD tbe iDtemr or P. 

Compute the mlnimum-perimeter polycon wbicb encloses Q. Iles completell' ioa!de P 

and bu the edte (Pi. Pi+1) on lta boundary .. (Note tha," sorne nrtices may àppear 

twl~e on the boundary or tbe resulUn, P()lygOD.) '\1> 

A 101ution wblcb uses the abortest internaI route aliorl~bm proceeda as foUo .. : , 

1) Flnd the vertex or Q. say '1t. rurtbest trom the IIne pualn, tb"roUlh the edle (Pi. . , 

Pi+l)' denoted by L 

' 2) Flnd tbe cloeest Intersection point ,or tbe halr~llne stutin,; at '1. and perpendlcular to 

" .L wltlr tbe bou~dary ot P. say X. 

3) ln the polygon (q,., X ..... Pi. Pi +1 ..... X' , '1,,' , .•. , q, +1" compute the short est internat 
, 

route Crom 'II: ta Pi a.nd from Pi +1 to 'II; , The bounda.ry or tbe required polygon I.s the 
..... 

union of the two routes together with tbe edge (Pi, Pi +1)' 

I~ iS easy ta ~e tha.t tbe mlnlmum-perimeter'poly,on is computed ln o«lPI+IQI> lOI (lpl+IQI> ) . 
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08 SboJ14l8t IDtel1lu PUb • 

procedure GenSPThe (M,I,t) 
-~~ " 

/' input: C .... 

A Poly,on M th.t 18 monotone wl,h,~t co tbe J.a.m,.ad two polD~. a.,ad t. la M. 

. ' 

output: 
A ,tree. SPTree, tbat coDttJna tbe sborce.& pat" hom,' co t aad co the verUe. or M., 

mdhQd 

Loe .. ~ t.be two ventees wltb ~be maxtmum aad minimum J-coordIDatee. EXTREMEA aad' 
EXTREMEB respeètlvely; 

Decompose M 'Ethe two subpolycons:1 

Ml whose rttees have y-coordlJla.\eS lareer than that or 1; 
an~~ 2 whoee v es ha.ve Y-COQrdlna* less tha.o tbat or .; 

creGte a t.ree. SPTree, wl$h 1 .tond as lee roof,; 
.. 

cur-vertex - tbe vertex or Ml or the point, '. 
wltb tbe l!Imalles~ y-coordiDate lareer .!ban th' or Ft . 4·~ 

Repeal 

clUe 1: eut-,vertex la a vertex or tbe chaln CN(EXTREMEB .EXTREMEA, ) ,., 
• 

ccue la:. eur-vertex Iles to the rlcbt of the Une connectine LaatLeR co lca Îatlaer 

wert eur-vertu as son or LastLeCt; 

t:cu~ 16: eur-vert~ Iles to tbe right or the 'Une connectlnc RlGHT co T 

• ,edrch, tbe path rrom LastLeCt to T ln the tree SPTree ror anode such that èûr­
vertex Iles to the rleht or tbe Une ~nC!ettnc the node co lta fether, 
inlert eur-vertex as son or the round node; Q 

"CCle Je: cur-vertex Iles ta the left 0( tbe IIne connectln, RIGHT ta T, 
, 

le(Jrch tbe patb (tom luGHT to LastRlght in- the tree SPTree Cor .. Dode INch 
tbat cur-vertex Iles to the lert or the Uoe conneetlnc the node to Ica latJaer, 
iuert cur;-vertex aS soo or the round node; 

. . 
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Sbor1e8t hlcemal Paih 00 

C/IH 1: cur-nrtex il • nrtex or the ch. CN(EXTREMEA .EXTREMEB ) 
.. 

t:t,. III: cUl'-vertex Ues CO the lett of ttae Uoe COOOecttDC Lu\RlCht CO lta JotAer 

'uert ~ur-Yertex u IIOD or LutRicht; 
o 

eue lb: eur-vertex lies co the lel't or the Ilne coDDettlDS LEFT CO T 

.eueh the path (rom LastRlch~ te T 10 the 'rte SPTree ror .. aode .. ch tba.t 
cur-verkx Iles te the ten or the Une coDoectlDc tbe Dode CO Ua fotAer. 
_tri eur-vertex as son of r.be round Dode; 

eue le: eur-vertex lies CO the rlcht of the line conneetlDI LEFT CO T 

.'(Jrch the pa.th from LEFT to LutLeI't ID the cree SPTree for a Dode Bueb that 
cur-vertex lles to the r11ht of tbe Une cooocctlDI the Dode co lta !tJtlaer. 
âuer' cur-vertex -u lIOn of tbe round node; 

. 
eur-vertex - vertex or MI or the point t wlth tbe nen y-coordlDate; 

Until cur-verkx - EXTREMEA 

.u. {t E M,} Mlf. 

, 1- ( 
W. ) 

o,taUa of 'bese ateps are almUar co thœe of 'he acep. lor j,~C MI_ and are thu 
~"~. . . 

end GeDSPTHe 
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