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Abstract

Let n > 2, fix 1 < p < n, and let Q@ C R" be a bounded domain, with possibly
non-smooth boundary, containing the origin. We investigate the compactness of
Palais-Smale sequences for a class of critical p-Laplace equations with weights. More
precisely, we establish a Struwe-type decomposition result for Palais-Smale sequences
extending the recent result of Mercuri-Willem [17] to weighted equations. In sharp
contrast to the model case of the critical p-Laplace equation, all bubbling must occur
at the origin. Furthermore, we do not impose any smoothness assumptions on the

boundary of €2 and our Palais-Smale sequence may be sign-changing.



Abrégé

Soit n > 2,1 < p < 2et Q C R" un ouvert borné, avec possiblement un bord
non lisse, contenant 1’origine. Nous étudions la compacité des suites de Palais-Smale
pour une classe d’équations critiques avec p-laplacien et poids. Plus précisément,
nous établissons un résultat de décomposition de type Struwe pour les suites de
Palais-Smale qui généralise un résultat récent de Mercuri-Willem [17] aux équations
a poids. De maniere tres diffénte du cas modele de I’équation avec p-laplacien, tout
phénomene de bulle doit se produire a l'origine. De plus, nous n’imposons aucune
condition de régularité sur le bord de €2 et nos suites de Palais-Smale peuvent changer

de signe.
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Chapter 1
Introduction and Background

In this thesis we address questions relating to the analysis of partial differential
equations. More specifically, we are interested in compactness properties for critical
elliptic problems with weights. Informally, given a sequence of functions approximat-
ing a critical point of an energy functional, it is natural to hope for the existence of
a subsequence that converges strongly to a solution of the equation. However, even
when such a property fails, one can still sometimes glean information about the PDE
by asking why and how the loss of compactness can occur. In our case, although
compactness may fail, we are indeed capable of answering the latter question. It is
the purpose of this work to describe this possible loss of compactness. Moreover, we
seek to provide an asymptotic and energy expansion of this approximating sequence
in terms of a solution to the original problem that our sequence indeed encodes.

In the section that follows, we offer a brief overview of the current literature
on compactness theorems for critical elliptic problems in R". Especially, we discuss
the model case studied by M. Struwe in 1984 (Struwe [20]) which was the first
decomposition result of its type. This has the added benefit of introducing the topic
of this thesis in the more familiar setting of a classical Sobolev space. Afterwards, we
consider the generalized problem with the p-Laplace operator, carefully noting the
additional assumptions required to obtain an analogous compactness result. We also
take the time to touch upon applications of compactness theorems in the context of

PDE. Having provided sufficient context, we then introduce our weighted problem
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and its setting. Additionally, we provide a summary of the essential results and tools

we develop in this document.

1.1 Struwe-type Decompositions: The Unweighted
Setting

Let n > 3 be an integer. Given 1 < p < n, we let

% np
P =
n—p

denote the Sobolev conjugate exponent of p. Consider the critical Laplace problem

—Au=du+[ul* Pu inQ,

(1.1)
u € Hy(9),

where 2 C R" is a bounded domain with smooth boundary 02 and A € R. This

problem has the associated energy functional

1 1 1 .
¢ Hy(Q) — R, ur—>—/|Vu|2dx——//\\u|2dx——/|u|2 dz
2 /o 2/, 2 /g
with derivative

@) = [

vu.vhdx—/mhdx—/w*Quhdx, Yu, h € HL(Q).
Q Q Q

Define DV2(R™) to be the space of all functions v € L* (R") such that Vu exists in
the weak sense on R" and Vu € L*(R"). We topologize D"?(R") by giving it the

inner product

<f> g>Dl,2(Rn) = Vf : Vg dz.
Rn

It is well known that smooth functions of compact support are dense in D'?(R")
and that the Gagliardo-Nirenberg-Sobolev inequality holds on D"?(R") (see Willem
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[24]). Namely, there exists a constant C' > 0 such that
lull 2 gy < ClIVUll 2geny,  Yu € DYART).

In 1984, M. Struwe established a global compactness theorem for the problem in (1.1).
More precisely, Struwe showed (see Struwe [19]-[20]) that a Palais-Smale sequence
for (1.1) must, up to a subsequence, converge to a solution of (1.1) perturbed by

finitely many “bubbles” solving the limiting problem
~Au=ulul*? inR"
u € DM2(R™).
Formally, M. Struwe proved the following result:
Theorem A (Struwe [20], 1984). Let n > 3, ¢ € R, and Q@ C R™ be a smoothly
bounded domain. Let (u,) be a sequence in Hg () such that

P(ug) — ¢ and ¢ (uy) — 0 in H1(Q)

as o — oo. Then, after passing to a subsequence, there ewists a solution v° of
(1.1), finitely many non-trivial functions v*,... v* € DV2(R") solving (1.2), and
associated sequences (y&j)), ()\g)) in Q and (0,00), respectively, such that 2\ =0
for each j=1,... k and

& .
Uy — Vo — Z ()\(]))%Tn J L — y((f) 0 . Dl,? R
o 0 d v NG — m (R™)

=1
as o — 00!

Informally, the aforementioned result asserts that, up to a subsequence, a Palais-
Smale sequence for (1.1) decomposes at the energy level into a solution of (1.1) and

finitely many bubbles solving (1.2). Put otherwise, Theorem A offers an asymptotic

2—n

!The terms ()\((xj)) "ol (x;y‘(’“ﬂ) are often called bubbles.

‘(11')
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expansion of the Palais-Smale sequence in the energy space DV?(R"). Results of this
type are often called “Struwe-type decompositions”, and have proven to be useful
when addressing questions of existence and multiplicity (see, for instance, Barletta-
Candito-Marano-Perera [3], Clapp-Rios [9], Clapp-Weth [10], Devillanova-Solimini
[13], and Vétois [23]).

In 2010, Mercuri-Willem [17] extended Theorem A to p-Laplace equations with
critical nonlinearities. More precisely, Mercuri-Willem showed that a Struwe-type

decomposition continues to hold for Palais-Smale sequences of the problem

—Apu+alulfPu=uff Pu inQ,

(1.3)
ue WyP(Q)

where a € L"/P(R") is arbitrary, but fixed, provided (u,)_ — 0 strongly in L?" (R"),
as o — 0o. Here, A, denotes the p-Laplace operator

Ay = div(|Vul’~? Vu).

In this case, the bubbles are explicit and known to be of the form

p—1

N-—p
A (a) ]
for some zy € RY and A > 0. (1.4)

AP 4 |z — xdﬁ

This classification was established by

e Caffarelli-Gidas-Spruck [7] in 1989 for p = 2;

e Damascelli-Merchan-Montoro-Sciunzi [11] in 2014 for ]3—52 <p<2

e Vétois [22] in 2016 when 1 < p < 2 (using a symmetry result of Damascelli-
Ramaswamy [12] from 2001);

e Sciunzi [18] in 2016 for 2 < p < N (using a priori estimates from Vétois [22] in
2016).
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For more on this classification result, we urge the reader to consult the introduction
of the paper [18] of Sciunzi.

The assumption that (u,)_ — 0 in LP (R") is required to rule out to possibility
of bubbling on the boundary of 2. Furthermore, we should note that the proof put
forth by Mercuri-Willem in [17] differs significantly from that found in Struwe [19],
and relies largely upon a duality argument. This approach has its roots in a paper
of Brézis-Coron [5] and was later refined in the book Minimax Methods of Willem

(where the case 2 < p < 2* was treated — see Willem [25] for more).

1.2 The Weighted Case

Let Q C R™ be a bounded domain and fix a dimension n > 2. For any 1 < p < n,
we let ¢ be the critical Caffarelli-Kohn-Nirenberg exponent given by the rule

np

= ) 1.5
=0 p(l+a—0b) (1.5)
whilst subject to the constraints
a<P and a<b<a-+1l. (1.6)
p

In particular, condition (1.6) implies that max(ap, gb) < n and p < ¢ < p*. There-
fore, the weight functions 2 — |z|~* and z — |z| " both belong to L. (R™). In the
special case where () contains the origin, we will be interested in the compactness of

Palais-Smale sequences for the following weighted critical p-Laplace problem:

—div (Jz| " |[Vu['7* Vu) = 2|7 [ul"%u in Q,
(1.7)

u € DHP(Q, |2 ~).

In the above, D'F(Q, |z| ™) denotes the completion of C°(Q) with respect to the

norm
. 1/p
P ( [ 1vu1a ”dx) |
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Namely, we ask whether a Struwe-type decomposition holds for Palais-Smale se-
quences associated to the problem (1.7). We note that the norm described above
arises naturally from the Caffarelli-Kohn-Nirenberg inequality, which states that

there exists a constant C' = C'(a, b, n, p) > 0 having the property that

(/ ()| | ™ dx) v <C (/R V()| |x,—ap> v (CKN)

for all functions v € C°(R™).

1.3 Thesis Structure

In the next chapter, we develop a theory for the space D'P(€, |z *) in full general-
ity. First, we identify DYP(Q, |x|~), up to isometric isomorphism, with an explicit
function space. We then give conditions under which D*?(Q, |z|~"") can be embedded
into Lebesgue spaces, and provide criteria under which this embedding is compact.
In other words, we prove a Rellich-Kondrachov Embedding Theorem for the Sobolev
space DP(Q, |z|”*). We also give a classification of all bounded linear function-
als on DYP(Q, |z|™*) by way of a Riesz Representation Theorem. Finally, given a
bounded sequence (u,) in DP(Q, |x|”“"), we establish conditions under which one
can extract a subsequence whose gradients converge pointwise and touch upon the
homogeneity /rescaling properties of DVP(Q, |z| ™).

In Chapter 3, we extend Theorem A to the problem (1.7), i.e. we provide a
Struwe-type decoposition result for the weighted critical p-Laplace equation in (1.7)
in the case a # b. Our approach is based on the proof found in Mercuri-Willem
[17], however, we no longer require that {2 have smooth boundary and we make no
sign assumption on the Palais-Smale sequence. Even so, the presence of weights,
particularly in the operator, introduces new difficulties. Especially, we are forced to
work with a measure that is no longer translation invariant, thereby breaking the
traditional rescaling law used in Mercuri-Willem [17] and Struwe [19]-[20]. On the

other hand, these weights allow us to give a more precise description of the bubbling.
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Indeed, Palais-Smale sequences for (1.7) can only produce bubbles at the origin.
Moreover, the weights allow us to rule out boundary bubbling without appealing
to a non-existence result (which is the case in both Mercuri-Willem [17] and Struwe
[19]-[20]). Additionally, the weights appear in the limiting problem our bubbles solve.

In the final chapter, we discuss open problems relating to the compactness of
Palais-Smale sequences for (1.7). In particular, we pay special attention to the limit
case a = b and the difficulties that arise when extending the arguments used in the
main proof to this special case. We also comment on what phenomena we expect to

arise when a = b.
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Chapter 2

Homogeneous Sobolev Spaces with
Critical Weights

In this chapter, we study the functional analytic properties of D'?(Q,|z|”*) and
analyze the behaviour of bounded sequences within this same space. In doing so,
we extend well known classical results, including the Riesz Representation Theo-
rem and the Rellich-Kondrachov Compactness Theorem, to this class of weighted
homogeneous Sobolev spaces. Throughout this entire chapter, we fix an exponent
1 < p < n, apoint ro € R", and assume that (1.6) is satisfied. Unless otherwise
stated, we will denote by U C R™ a non-empty open set.

If ¢ : R" — R is smooth and compactly supported, then so must be the map-
ping y — ¢(y + o). Consequently, the Caffarelli-Kohn-Nirenberg inequality (CKN)

asserts that

1/q
( @) |+ — ol qdaz) ( o(y + o) |q|y|-quy) (2.1)
RTL
1/p
c( Veoly + 20) Jy]~ apdy) (2.2)
R"l

1/p
=C ( IVo(2)l |z — x| dx) (2.3)
R"l

17
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with C' > 0 a constant independent of ¢ and the point zy. Therefore, the Caffarelli-
Kohn-Nirenberg inequality remains valid after a translation of the origin. We also

note that the map
1/p
o ([ 1wetal o - ala)
Rn
is a valid norm on C2°(R™). In light of this, we define the following:

Definition 2.0.1. Let U C R” be a non-empty open set and fix g € R. We define
DLP(U, xy) to be the completion of C°(U) with respect to the norm

1/p
||.||D61l’p(U,-'EO) = (/R |V()| |J7 - x0|—ap dx) .

The continuous dual of DP(U, x) is denoted D ' (U, x¢), with p’ given by

Note that DP(U, 0) is precisely the space DP(U, |z| ™) previously defined.

Remark 2.0.1. We should point out that when a = 0, the space DLP(R", zq) is
isomorphic to (see Willem [24])

DIP(R") = {u € L (R") : Vu € L’(R")},

1/p
I = (/ |v~rpdw) .
Rn

Furthermore, the Caffarelli-Kohn-Nirenberg inequality in (CKN) reduces to the clas-

endowed with the norm

sical Gagliardo-Nirenberg-Sobolev inequality on D'?(R™).

In the section that follows, we give an explicit description of DP(U, zy). More
precisely, we will isometrically identify D!*(U, xy) with a subspace of those functions
u belonging to a weighted L?-space possessing weak derivatives of the first order

on U\ {xg} such that Vu lives in a suitable weighted LP-space. Afterwards, we
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establish a Rellich-Kondrachov type compactness theorem for the space DP(U, o).
We also provide a complete characterization of the continuous linear functionals on
DLP(U, z9) by way of a Riesz-type representation theorem. Finally, we develop a
condition that will (up to a subsequence) yield the pointwise convergence of the
gradients almost everywhere on U. The homogeneity and rescaling properties of

DLP(U, xy) are also touched upon in the last section.

2.1 [P-Asymptotics and Concentration Functions

We begin by recalling the Brézis-Lieb lemma, which improves the conclusions of

Fatou’s lemma when the sequence (f,) is uniformly bounded in L?.

Theorem 2.1.1 (Brézis-Lieb Lemma). Let (X, 9, 1) be a measure space and let (f)
be a sequence of measurable functions on X converging pointwise almost everywhere

to a measurable function f. If the sequence (f,) is bounded in LP(X,du), then

lim (/X|falpdu—/xlfa—f|pdu> - [ran

Moreover, when the measure space (X,9M, 1) is complete, one can drop the measur-

ability assumption on f.

For the proof we refer the reader to the original paper Brézis-Lieb [6]. We also

take note of the following elementary statement:

Lemma 2.1.1. Let (X,9M, u) be a measure space, fir 1 < p < 0o, and let (uy) be a
bounded sequence in LP(X,du). Assume that (v,) is a sequence in LP(X,du) such

that [[ua — vallps(x.q, — 0 as & — oo. Then,

/|ua|pd,u—/ |va\pdu‘—>0
X X

as o — 0.
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Proof. Clearly, (v,) is bounded in LP(X,du). Thus, there exists some M > 0 such
that 0 < |luallpo(x.au + IVallppxayy < M for all @ € N By the reverse triangle

inequality, we have

’HUCYHLP(X,du) - HUQHLP(X,du) < lua — UaHLP(X,dM) =o(1).

Then, using that the map x + 2P is uniformly continuous on [0, M],

v = Wl = | [ Hual = [ Jeata] <ot

as o — 00. ]

We now recall a standard duality result (see, for instance, Hewitt-Stromberg [15]
and Jakszto [16]) linking weak convergence and the pointwise almost everywhere

convergence of a bounded sequence in LP(X,du).

Theorem 2.1.2. Let (X,9M, 1) be a measure space and fir 1 < p < oo. Denote by
P’ the Hélder conjugate exponent of p. That is, let p’ € (1,00) be such that

1 1
p p
Let (fo) be a bounded sequence in LP(X,du) converging p-almost everywhere to a

measurable function f on X. Then, for every fized g € LV (X,du), one has

/X|(fa—f)g‘d/ﬁ—>0, as o — 00.

In particular, when the (f,) are supported on a set of finite measure, f, — f strongly
in LY(X, dp). If (X, 9, ) is complete, then the measurability assumption on f may
be dropped.

Proof. By Fatou’s lemma we must have f € LP(X,du). Especially, (f, — f) forms
a bounded sequence in LP(X,du). Fix a function g € L” (X, dy) and let € > 0 be
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given. For each a € N consider the measurable set

Eoi={z € X: |(fal@) - F(2) g(@)| < elgl@)” } .

Clearly, since f,(z) = f(z) for p-a.e. 2 € X and e|g” € L'(X,du), the Dominated

Convergence Theorem asserts that

lim [ |(fo— f)gldu =0, (2.4)

a—0o0 Ea

On the other hand, given o € N, an application of Holder’s inequality yields

1/p ) s
/X\Eal(fa—f)g\dué (/X\Ealfa—fl du> (/X\E 9 du)
SMW(/ 6‘1\(fa—f)9!du) ‘.
X\ Ea

— sup / fa— £ dp

aeN

with M > 0 given by

In particular, for every a € N, there holds

/ (fo— £ gl dp < MV,
X\Ea

Using this with (2.4), we infer that

hmsup/ \(fa — £) g dyt = limsup (/ (fa — f)gldwr/ = f)gl dﬂ)
a—00 a—00 E. X\Eq
_ hmsup/ (fa = £) gl dp
a—00 X\Eq
< Metp.

Letting € * oo then yields the desired conclusion. ]
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Lemma 2.1.2. Let (X,d) be a metric space and F be an equibounded and equicon-
tinuous subfamily of C(X,R). The function s(x) := sup;cr f(x) is a continuous
map X — R.

Proof. Since the family F is equibounded, our function s is well defined. Now, given

any x,y € X note that

s(x) = sup f(x) < sup(f(z) — f(y)) +sup f(y).

ferFr ferF ferF

Thus,

s(z) = s(y) <sup[f(x) = f(y)l.

fer

Similarly, s(y) — s(z) < supscz |f(7) — f(y)| whence

|s(x) = s(y)| < sup|f(x) = fy)]-

ferF
The continuity of s then follows from the equicontinuity of F. [
Our only application of this will be the following:

Proposition 2.1.3. Let U C R™ be a non-empty set and fix f € L*(R™). Define the
Lévy concentration function of f, denoted Q)s, by the following:

Qf :[0,00) = [0,00), Qf(r):= sup/B( )|f|da:.
y,r

yelU
Then, Qy is continuous on [0, 00).

Proof. Since f € L'(R"™), we have fB(y o [flde < (| fll i) < oo forally € U and
r > 0. Thus, @ is a well defined function. In light of the previous lemma, we will
be done provided the family {Qy,}, ., defined by

Q7+ 0,00) = [0, 50), TH/ 1] da
B(y,r)
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is equicontinuous and equibounded on an arbitrary compact interval [a, b] C [0, 00).
The equiboundedness of our family {Q;,,},cv follows at once from the assumption
that f € L'(R"). As for equicontinuity, start by fixing r,s > 0. Without loss of

generality, we can assume that » > s. Then, for any y € U,
Q1) = Qo) = | e

B(y,r)\B(y,s)

Given € > 0, we can find § > 0 such that [, [f|dz < e whenever E C [0,00) is
Lebesgue measurable with m(E) < §. Now, it is easy to check that

m(B(y,r) \ B(y,s)) = wa(r" — s")
=wa(r —s)(r" s 5T s

< Clr—s|.

Here, w, is the volume of the unit ball in R™ and C' > 0 is a suitable constant
depending only on n,a, and b. Thus, {Qf,}yev is equibounded and equicontinuous

on [a,b]. By the previous lemma, ()¢ is continuous there. O

Finally, we will require (in the proof of Lemma 3.2.3) the following basic conver-

gence result:

Proposition 2.1.4. Let (X, 9, 1) be a finite measure space and let ( f,) be a sequence
of measurable functions on X converging almost everywhere to a measurable function

f. Then, fo, — f in measure as o — co. That is,

Jim p({z € X o [fa(z) = f(2)[ 2 e}) =0

for each fized € > 0.

Proof. Let 0, > 0 be given. By Egoroff’s theorem, there exists a measurable set
E € 9 such that f, — f uniformly on £ and pu(X \ E) <. Let N € N be so large
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that |fo(z) — f(x)] < e for all « > N and all x € E. Then, for each o > N,
{reX:|falz) = fl2) Ze} CX\E

whence p({x € X : |fo(z) — f(2)] > e}) < u(X\ E) < 4. O

2.2 Weighted Lebesgue Spaces

Let (X, 91, 1) be a measure space and fix 1 < p < oo. Let w : X — [0,00] be
a measurable function that is both positive and finite almost everywhere on X.
We define LP(X,w) to be the weighted LP-space consisting of all measurable maps
f X — R with the property that

/X |f ()" w(@)du(z) < oc.

We endow this space with the norm

Ml = ( / I-(:E)Ipw(x)du(a;))l/p.

Simply considered as LP-spaces, weighted Lebesgue spaces have no special proper-
ties. Indeed, the weighted space LP(X,w) is precisely the space LP(X,dv) with the

measure v given by
v(E) ::/wdu, EeMm.
E

However, when working with weighted Lebesgue measures in R", it is natural to
ask whether smooth functions of compact support remain dense in the resulting
LP-spaces; a question which appears to have not been directly answered in many
references. Below we show that, under relatively weak assumptions, the answer is

affirmative.

Theorem 2.2.1. Let 1 < p < oo and assume that w € L, (R™) is positive almost

loc
everywhere on R™. Then, C°(R™) is dense in LP(R"™,w).
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Proof. Let € > 0 be given and fix a function f € LP(R",w). By the Monotone

Convergence Theorem, we can find R > 0 such that

[ e < o

/{f|>R} F@)f wizyde < 20+l

Then, the function g := f1y|<r,f<r} is bounded, compactly supported, and satisfies

1/p
1F = ol = ( [ sy 1{|x|>R}U{f|>R}w<x>dm)

Let n € C°(R") be a standard mollifier and define, for 6 > 0, the mollification
gs := g * 5. Here, ns is given by

i) = (2)

Then, each g5 is smooth and compactly supported. In fact, since g is compactly
supported, there exists a compact set K C R™ such that supp(gs),supp(g) € K for
all 6 > 0 sufficiently small. Furthermore, Holder’s inequality shows that

195(2)| < NImsll 11y 1191 poo Ry S M7l 1y B < 00

for all x € R™ and every § > 0. Since gs(x) — g(z) for almost every x € R"™, the

Dominated Convergence Theorem asserts that

. _ p _
o | 19s(z) = g(@)l" w(z)dz = 0.
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Hence, for § > 0 suitably small, we have [|gs — gl 1o (gn ) < To summarize, we

have that

=
5

1 = 9sll Lo @n oy <N = 9l oy + 119 = 95l Lo@n ) <&
Since gs € C2°(R™), this is precisely what had to be shown. O

Remark 2.2.1. As a consequence of this theorem, if v is any locally finite measure on
the Lebesgue o-algebra that is absolutely continuous with respect to the Lebesgue
measure, then C°(R™) is dense in LP(R™, dv). Indeed, by the Radon-Nikodym the-
orem, there exists a non-negative w € L. _(R™) such that LP(R", dv) = L?(R",w).

Before proceeding further, we establish some shorthand that will make the proofs

that follow more elegant.

Notation. Let £ C R"™ be a measurable set. For the sake of simplicity, we will write
LP(E, o) to denote the weighted Lebesgue space LP(FE, |z — xo| *’). Similarly, we
shall use LY(E, x) instead of LI(E, |z — x| ™).

2.3 An Explicit Description of D}*(U, z)

We continue to assume that 1 < p < n and that (1.6) holds true for a fixed pair
(a,b). Given an open set U C R" and a point zg € R™, we define £7(U, x¢) to be the
real vector space consisting of all functions u € L} (U, zo) possessing weak derivatives
of the first order on U \ {zo} such that Vu € L?(U, xy). In symbolic terms,

EVP(U,z0) := {u € L{(U,z0) : Vu € L2(U \ {z0},0)} -
We endow this space with the strong norm

1ull gz aoy = Nl L) + IVl 200 -

Finally, let 5;7’5(U, 7o) denote the closure of C°(U) in ELP(U, ).
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Our first assertion is that the Caffarelli-Kohn-Nirenberg inequality in (2.1)-(2.3)
continues to hold for all functions u € Ei’g (U, xp). Thankfully, this is immediate from
the definition of &, (U, zo).

Lemma 2.3.1. The Caffarelli- Kohn-Nirenberg inequality is valid in 557’§(U, xg). More

precisely, there exists a constant C' > 0 such that, for all functions u € Ei’g(U, xo),

(/U u(z)|?|x — 0| dx) v <C (/Rn V(@) |z — o dac) l/p' 2.5)

In particular, ||~||81,5(U$O) = V|l 1o (v 8 an equivalent norm on EXP(U, x). Fur-
a, ? ’ ’

thermore, the constant C does not depend on the singular point xg.

Proof. Given a function u € 5;”6’ (U, zg), there exists by definition a sequence (¢,)
in C°(U) converging to u in EMP(U,x¢) as a — oo. Consequently, ¢, — u and
Vo = Vuin LU, zo) and L2(U, zo) (respectively) as o — oo. Since (2.5) is valid
for each ¢, by our calculations in (2.1)-(2.3), the claim follows. O

In light of this lemma, we will henceforth give gj;g (U, x¢) the simpler norm
||-||51,5(Ux0) defined above. Before giving an explicit description of D}P(U, zy), we
require another elementary result regarding Banach spaces. Despite being very easy,

the proof is provided for the sake of completeness.

Lemma 2.3.2. Let Y be a dense subspace of a Banach space (X, ||-||) and denote by
V* the completion of Y with respect to ||-||. There exists an isometric isomorphism
T:Y"— X.

Proof. A general element of Y* is an equivalence class [(y,)], where (y,) is a Cauchy
sequence in Y. In particular, (y,) converges, as @ — oo, to some y € X. If (y.,) is
another representative of [(y,)], then y, — ¢/, — 0in Y as @ — oo. Consequently,
Yy, — yin X as a — oo. It follows that the map

T:Y" =&, W)=y

is well defined. Clearly, T is linear and, by the density of ) in X, is surjective.
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Next we prove that T is an isometry. Indeed, fix a point [(y,)] in Y* and set

y := lim y,, with the limit being understood in X. Then, by the continuity of norms,

IT((wa)DIF = Nyl = lim {jyall = l[[(ya)]]
This shows that T"is an isometry and so the proof is complete. O

This lemma readily gives way to the following identification result:

Theorem 2.3.1. Give 8;:5(U, xg) the norm ||-||51,3(U@0). There exists an isometric

isomorphism DP(U, zy) — Ei”g(U, xo).

Proof. Assume for the moment that £7(U, x¢) is complete. In particular, 5;”5 (U, x0)

is a Banach space. Since C°(U) is dense in 5;,’(’)’ (U, zo) with respect to the norm

1/p
Il p1o 07) = (/U|V(-)|p|x—x0|_“p dx) :

we see from Lemma 2.3.2 that there exists an isometric isomorphism
Do (U, 20) — E,5(U, x0).

Hence, we are reduced to proving that £P(U, x) is Banach. To this end, let (u,) be a
Cauchy sequence in E1F(U, xq) with respect to the strong norm ||- le2#(t7z5)- Then, the

sequences (u,) and (Vu,) are Cauchy in L{ (U, xz¢) and L2(U, o), respectively. Since

these are complete, we can find functions u € L{(U,zo) and v*,... 0" € LE(U, x0)
such that
lim u, =u in L{(U, xo)
a—r00
and
lim Qju, =v* in L2(U, o)
a—r00
as a — oo for all i = 1,...,n. We now claim that d;u = v* for each i = 1,...,n on

U\ {zo}. Fix a test function ¢ € C°(U) such that supp(¢) C U\ {zo}. Then, there

exists ¢ > 0 such that |z — 20| > ¢ and |z — 20| 7" > ¢ for all 2 € supp(y). Since
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Uo — win LY (U, xy),

1 —b

/ |ua—u|qu§_/ |ua_ulq’l’—$0| Tdx
supp(¢) € Jsupp(p)
1
< E/ o — u|? | — 20| " dz — 0, as a — oo.
U

Similarly, we see that d;u, — v in LP(supp(y)) for each i = 1,...,n. Thus, two

successive applications of Holder’s inequality show that

/ ul;pdr = lim UaOjpdr = — lim pOiuadr
U a—r00 U U

a—r 00
= —/ ov'dx
U
for all i = 1,...,n. It follows from here that Vu = (v!,...,v") in the weak sense
on U\ {zo}. In particular, u € E-P(U, z). Since u, — u and Vu, — (v',...,0")

in L{(U,z¢) and LE(U,xo) respectively, we infer that u, — u in EXP(U,xp). This
completes the proof. O

Henceforth, we will identify the weighted Sobolev space D} (U, xy) with the ex-
plicit space E;’S(U, 7o). Especially, we see that D}?(U, zg) consists of functions in
L{(U, zy) having first order weak derivatives away from the singular point z,. Fur-
thermore, these functions must obey the Caffarelli-Kohn-Nirenberg inequality (2.5).
As a matter of fact, when a,b > 0, the functions u € DP(U, zy) have first order

weak derivatives on the entire set U.

Corollary 2.3.3. When a > 0, the elements of D2P(U, zo) are differentiable in the

weak sense on the entire set U.

Proof. To see this, first note that a > 0 forces b > 0. Therefore, the weight functions

 and z — |z — xo| " are bounded below by positive constants on

T = |z — x|
every compact subset of R™. Then, if (p,) is a sequence in C°(U) converging to u
in D}?(U, xy), we have

Yo — win L{(U, xo)
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and

Vo — Vuin LE(Q, zo).

Now, given ¢ € C(U) we let A be its support in U. Following the argument in
Theorem 2.3.1, we see that ¢, — u in LI(A) and that Vi, — Vu in LP(A). Then,

using Holder’s inequality as in the proof of Theorem 2.3.1, we obtain

/u@«pdx— —/ poiudr
U U

foralli=1,... n. [

2.4 A Rellich-Kondrachov Embedding Theorem

In this section we will show that D1?(U, z4) can be compactly embedded into weighted
Lebesgue spaces when the open set U is bounded. Of course, given a bounded se-
quence in DP(U, zy), this will allow us to extract a subsequence converging almost

everywhere on the set U. Formally, the main result of this section is as follows:
Theorem 2.4.1. Let U C R™ be bounded and fix 6 € (—o0, bq].

(1) Given any 1 <r < g, there ezists a constant C > 0 such that

HUHLr(U,u—xOH)) <C HuHDi’p(U,xo)
for all uw € DYP(U, z).

(2) Assume that1 <r < q. If (us) is a bounded sequence in D2P(U, xy), there exists
a subsequence (ug) converging strongly to a function v € L™ (U, |x — xol_e) and

pointwise almost everywhere on U.

As a first step in proving this theorem, we will require a simple extension result
for DLP(U, xy).
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Proposition 2.4.1. Let V be an open set which contains the closure of U. Given
a function u € DLP(U, x), let u and Vu be the elements of Li(V,xo) and LE(V, x)
(respectively) given by

u=uae inUandu=0 a.e onV\U,

Vu=Vu ae inU and Vu=0 a.e. onV \ U.
Then, @ € DP(V,z¢) and Vu = Vu in U. Moreover, the linear map
T :DYP(U, x9) — DLP(V,x0), uws 7

1S5 an 1sometry.

Proof. Given u € D:P(U, x), let (u,) be a sequence in C°(Q2) converging to u in
DYP(U, xg). By (2.5), we have both Vu, — Vuin L2(U, xq) and u, — uin L} (U, zo),
as @ — oo. Passing to a subsequence, we may also assume that this convergence
takes place almost everywhere on U. Now, (u,) and (Vu,) all have compact support
in U C V. Thus, (u,) also forms a Cauchy sequence in D}P(V,xq). Passing to yet

another subsequence, we may assume that
(i) uo — v in DLP(V,xg) as a — o0;
(ii) ue — v pointwise a.e. on V;
(iii) and Vu, — Vv pointwise a.e. on V.

Now, this means that v = v and Vv = Vu a.e. on U. However, as each u, is
supported on U, we also have v = 0 and Vv = 0 a.e. on V \ U. These facts
combined show that v = @ and Vv = Vu almost everywhere in V. In particular,

u € DYP(V,xg). Since T is clearly linear, the proof is complete. ]
We are now properly equipped to give the proof of Theorem 2.4.1.

Proof of Theorem 2./.1. Let 1 < r < q. First, note that on every compact subset A

of R™, there exists a constant ¢ > 0 such that ¢|z — 2| < |z — 20| ™™ everywhere
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on A\ {zo}. Now, for any u € D}P(U, z,), Holder’s inequality together with the fact

that the measure |z — 2| dz is locally finite on R™ shows that

(/U fu@)]” 2 — ol dx) "o (/U o= o] dw) e

< Cc'i HUHL‘;(U,xO) :

for a suitable constant C' > 0 independent of u. Invoking Lemma 2.3.1, part (1) of
Theorem 2.4.1 is verified.

We must now verify the compactness of this embedding when 1 < r < ¢. Let
(uq) be a bounded sequence in DP(U, z4) so that, by Lemma 2.3.1, (u,,) is bounded
in L{(U, x¢) and (Vu,) is bounded in L?(U,x,). Citing Proposition 2.4.1, after an
extension by zero, we can assume that (u,) is a bounded sequence in D}P(R", x()

that is supported on U. Now, for £ > 1 we denote by Ay the open annulus
B(xo,k + 1)\ B(xg, 1/k)

in R". Since ¢ > p, (u,) forms a bounded sequence in W1?(A;) for each k > 1.
Then, using the classical Rellich-Kondrachov compactness theorem, we can construct

a family {(uqx)}32, of subsequences of (u,) such that
(1) (#ak+1) is a subsequence of (u,) for each k > 1,
(i) (wax) converges strongly to vy, in LP(Ay),

(iii) (2ax) to vy pointwise almost everywhere on Ay.

Clearly, vg11 = vy almost everywhere on each A;. Thus, the diagonal sequence (uq )
converges almost everywhere to a well defined measurable function v on R". By (1),
it is clear that (ugq) is bounded in L(U, |z — 20| %). Thus, using Theorem 2.1.2
with exponent g/r > 1, we infer that

Hm | |uae(z) —w(@)] |z — 20| dz = 0.
a—r00 U
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Finally, we have from (1) that (uq,) is bounded in L™ (U, |z — 20| ™%). Tt now follows
from Fatou’s lemma that u € L7 (U, |z — xo|%). O

Next, we check that elements of D}P(U, z) behave as expected when multiplied
by a cutoff function. Namely, given an open set V' whose closure is contained in U
and a cutoff function n € C°(V), can we guarantee that un € D" (V,xz()? The

answer is affirmative, but the argument relies on the following natural embedding:

Proposition 2.4.2. Let A C R™ be compact. There exists a constant C > 0 such

that
1/p

for all u € DYP(R™, xg). That is, D2P(R™, zo) — LY (R™, |z — x| ).

loc

Proof. If 0 < a < bor a < 0 < b then, since p < g, we have ap < bg whence the

claim follows from Theorem 2.4.1-(1). If instead a < b < 0, we write

/|u )Pl — ol “de—/w P Iz — ol |z — 201" do

with € = b/a. Then, 6 € (0,1] and Hélder’s inequality with exponent ¢/p yields

p/q
[t —al s <0 ([ u@ile -l a)
A A
p/q
=C (/ lu(z)|? |z — xo| ™ dx)
A

1-p/q
([ necn) ™
A

Now, since a < 0 and 6 € (0, 1], it is clear that C' < co. Thus, in any case, we obtain

with C' given by

||U||Lp(/17\x_x0|*ﬂp) < C ||u||D,1l’p(R",$o)
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for a suitable constant C' > 0 independent of u. [

Proposition 2.4.3. Let V C R" be an open set such that V C U. Letn € C2(V)
and fix a function uw € D2P(U, xq). Then, un € DYP(V, xy).

Proof. After an extension by zero, we may again assume without loss of generality
that U = R™. First, we note that un € E?(V,zp). Indeed, fix a test function
p € C*(V) with

A= supp(p) €V \ {zo}.

Then, using ny € CX(U) as a test function, we infer that

/gpn&-udx: —/ ud;(np)der = —/(ugp)@mdx— /(un)@iapdx
U U U U

whence

/(un)&-g@dx = —/ (udim + noju) pdx
v

v

for all i = 1,...,n. In particular,
V(un) =uVn+nVu in V\ {z}.

Consequently, un is weakly differentiable on V'\ {zo}. Since 7 is bounded, we clearly
have nu € L{(V, o). By Proposition 2.4.2, we see that V(un) belongs to LE(V, xy).
All that remains is to check that un € 5;7’5 (V,x). To this end, let (u,) be a sequence
in C>(U) converging to u in EMP(U, xy). Clearly, u,n € C°(V) for each index a € N.
Moreover, for

M = sup [n(x)]",

z€eR™

one has

/|un—ua17|q |93—:B0|qux§M/|u—ua|q |x—:v0|7qux—>0,
v U
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as a — oo. Similarly, we have V(un — u,n) = nVu + uVn — nVu, — u,Vn so that

IV (= a2 vay < 10Vt = V)l 0
+1V0(ua = )l Loy -

Since 7, Vn are bounded and have compact support in V' C U, another application of
Proposition 2.4.2 shows that both of these terms converge to zero as a — oo. That

is, uan — un strongly in EXP(V, ). This completes the proof. O
In fact, by the same argument, we obtain a more general but weaker result:

Lemma 2.4.4. Let u € W2 (R™\ {zo}) and let n € C°(R™) vanish in a neighbour-

loc

hood of xo. Then nu € WHHR™).

Proof. Fix a test function ¢ € C°(R™) and note that the product ny is a smooth

compactly supported function vanishing near xo. Therefore,

/ () Vipda = / (ug)Vnda + / () Vnda + / () Vo dr
_ _/n(w)vndﬁ/n ¥ () da
= — /n(ugp)Vn de — /Rn(ncp)Vudx

:—/ (uVn+nVu) pdx

and we see that un is weakly differentiable with V(un) = uVn + nVu. Since u, Vu
are locally integrable away from zq and n € C'2°(R"™) vanishes in a neighbourhood of

xo, the claim follows. O

This gives way to the following simple lemma that will play a key role within the

proof of our main result.

Lemma 2.4.5. Let A C R" be compact and let (u,) be a bounded sequence in
DLP(R™, wg) converging pointwise almost everywhere to 0 on R™. Then, there ex-

ists a subsequence (ug) converging strongly to 0 in LP(A, |z — xo|~*) as f — oo.
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Proof. Choose a bounded open set U D A and let n € C°(U) be a cutoff function
such that = 1 in a neighbourhood of A. We first assert that D}?(U, z) is compactly
embedded into LP(U, xg). Since 1 < p < ¢, this follows immediately from Theorem
2.4.1 if either 0 < a < bora < 0<b' Thus, we are reduced to checking that the
embedding is still compact when a < b < 0. For £ > 0 small, we define

Note that 6. is continuous in € > 0 sufficiently small and that, as € \ 0,

— —b
g—ec pq(a — b)
qg—p—c¢ q—p

ap(l —46.) - <0<n.

Thus, for all € > 0 small, we have ap(1 — 6.) - qﬁ;fa < n. Using Holder’s inequality

as in the proof of Proposition 2.4.2, we obtain

g—c p/(q—¢)
/ \w(x)|” |z — zo|” P de < C (/ w(z)|7 ¢ |z — x0|_ap95.7 dx)
v U

for all measurable w, with 0 < C' < oo given by

1— P
—ap(1—0.) - —9==_ €
C = (/ ’x—xo! ap(1-6e) ‘Z—p—s>
U

which is finite for ¢ > 0 sufficiently small. Put otherwise, there exists a constant
C > 0 such that

1/p 1/(g—e)
( / \w<x>r”rm—xor‘“’dm) sc( / rw<m>|“\x—wo\"Q)
U U

for all measurable w. Again, by Theorem 2.4.1, D:?(U, x¢) is compactly embedded

into LI~¢(U, |z — xo|*?) which proves our first assertion.

It remains to prove the lemma. By Proposition 2.4.3, v, := u,n is an element of

'In either case, take § = ap < bq in the statement of Theorem 2.4.1.
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DYP(U, zp). In fact, we know from the proof of this result that
Vua =nVuy +usVn in U\ {z0}.

It is then clear from Proposition 2.4.2 that the sequence (v,,) is bounded in D1P(U, xy).
Furthermore, v, — 0 almost everywhere on U as o« — oo. Since (v,) is bounded in
DYP(U, xy), the argument above allows us to extract a subsequence (vg) converging
strongly to 0 in L2(U, xy) as f — co. As n =1 on A, it readily follows that u, — 0
strongly in LP(A, |z — x| ). O

We remark that after studying the weak compactness of D}P(U, zy), it will be

possible to give a more elegant and precise reformulation of this lemma.

2.5 The Dual Space D, (U, x)

Recall that, by definition, D; ' (U, x,) is the vector space of all continuous linear
functionals D}P(U, zy) — R endowed with the operator norm. Here, p’ denotes the

Holder conjugate exponent of p, i.e.

It is an elementary fact that the topological dual of any normed space is, in fact, a
Banach space. In this section we study the behaviour of continuous linear functionals
on DIP(U, xy) and discuss their link to those on LP(U, xy). More precisely, we show
that DP(U, x¢) is a reflexive Banach space and establish a Riesz-type representation
theorem for the bounded linear functionals on D2 (U, xy). Thus, we give a complete
description of those ¢ € D7 (U, ).

Proposition 2.5.1. Let (u,) be a bounded sequence in D:P(U,xy) and fir a point
u € DMP(U, xg). Then, uy — u in DYP(U, xg) if and only if Vu, — Vu in LP(U, xy).
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Proof. First, we note that the linear operator
T :DP(U,xg) — L2(U,z0), uv+> Vau,

is an isometry. Let now E denote the image of D1P(U, zy) under T'; we claim that
Uy — u in DYP(U, x0) if and only if Vu, — Vu in E, where E is interpreted as a
subspace of LP(U,xq). First, assume that u, converges weakly to u in DIP(U, z).
Then, given a continuous linear functional ¢/ : ' — R, the composite ¢ := 1) o T is

a continuous linear functional on DP(U, zy). Since u, — u in DP(U, xy),
d(ug) = d(u), as a— oo.

Put otherwise, this means that ¥(Vu,) — ¥(Vu) as o — oo. Conversely, assume
that Vu, — Vu in E. Given a continuous linear functional ¢ on D?(U, z), define

Y := ¢ o T, which is a continuous linear functional on E. Clearly,
W(Vu,) = ¥(Vu), as a — oo.

However, this is equivalent to writing ¢(u,) — ¢(u). We infer that u, — u in
DLr(U, xy).

In short, we have shown that weak convergece in D1P(U, xg) is equivalent to the
weak convergence of the gradients in the subspace E of L2(U, zy). Now, since every
continuous linear functional ¢ on F admits a continuous linear extension to the whole

space LE(U, xo) by the Hahn-Banach theorem, the assertion readily follows. O

Lemma 2.5.2. Let X be a Banach space with norm ||-|| and let E be a closed subspace
of X. If (z,) is a sequence in E that converges weakly to x € X, then © € E.

Especially, x, — x in E.

Proof. 1f x ¢ E, the Hahn-Banach theorem guarantees the existence of a continuous
linear functional ¢ : X — R vanishing on E such that ¢(z) # 0. However, this
contradicts the fact that ¢(z,) — ¢(z) as a — oo. Hence, we have x € E. O

Given a bounded sequence in D2P(U, x), it is natural to ask whether there exists
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a subsequence that converges weakly in DL?(U, xy).

Theorem 2.5.1. Let (u,) be a bounded sequence in DEP(U, o). There exists a

function u € DEP(U, x0) and a subsequence (ug) such that
(1) ug — u in D2P(U, xo);
(2) ug — u pointwise almost everywhere on U.
For simplicity and elegance, we divide the proof into two main steps.

Step 1. Fuvery bounded sequence (uy) in DYP(U,z0) has a subsequence converging

weakly to a function in this same space.

Proof of Step 1. First, note that (Vu,) is bounded in LE(U, zo). Now, as L2(U, x¢)
is reflexive, there exists a vector w € LP(U,x,) and a subsequence (ug) such that
Vug — win LE(U, xp). Next, let

T :DP(U, 29) — LP(U,x0), urs Vu

be the isometry used in the proof of Proposition 2.5.1. Since D!?(U, z) is complete,
the image Im(7T) is a closed subspace of LE(U,xg). Citing Lemma 2.5.2, Im(T) is
weakly closed whence w € Im(7T'). Then, u := T~!(w) is the weak limit of (ug) in
DLr(U, zy) by Proposition 2.5.1.

O

Next, we show that bounded weakly convergent sequences have subsequences that

converge almost everywhere.

Step 2. Let (uy) be a sequence converging weakly to uw in DYP(U,xq). There exists

a subsequence (ug) that converges pointwise almost everywhere to uw on U.

Proof of Step 2. After an extension by zero outside of U, it follows from Proposition
2.5.1 that u, — u in D}P(R™, z0). Thus, we can assume without loss of generality
that U = R™. Now, for k > 1, we define A to be the open annulus

Ak = B([L‘(),k’ + 1) \ B(ZL‘Q, 1/]{3)
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and observe that (u,) forms a bounded sequence in W'?(A,). Following the proof
used in Theorem 2.4.1, we can construct a family {(uq)}r>1 of subsequences of (u,)
such that

(1) (2ak+1) is a subsequence of (u,y) for all k > 1;

(ii) uar converges pointwise almost everywhere on A and strongly to a function
wg € LP(Ay), for all & > 1.

In particular, u, x converges weakly to wy, in LP(Ay). Now, let £ be a continuous linear
functional on LP(Ay). By (2.5) and LP-inclusion theory, there exists a constant C' > 0
such that, after a possible relabeling,

[l(u)| < C “u”LP(Ak) <C ||u||LQ(Ak) <C Hu||L¢1(Ak, by < c ||u”Dé’p(R",zo) :

|x—xo|

Put otherwise, the continuous linear functionals on LP(Aj) restrict to continuous
linear functionals on D!P(R"™ xq). This implies that u,; — w on LP(A;) whence
wy, = u almost everywhere on Ay, for each k > 1. Clearly, the diagonal subsequence

{Uo,o} is the subsequence we seek. O]

Finally, combining Step 1 and Step 2 implies Theorem 2.5.1 at once.
Corollary 2.5.3. The space D}P(U, ) is a reflexive Banach space.

As pointed out in the previous section, Theorem 2.5.1 yields the following refor-

mulation of Lemma 2.4.5:

Theorem 2.5.2. Let (u,) be a bounded sequence in DIP(R™ xq). There exists
a function u € DEP(R™ z¢) and a subsequence (ug) converging strongly to u in
P

loc

the natural embedding D}P(R", xg) — LY

loc

(R™, |x — zo|~™) and pointwise almost everywhere on R"™, as 8 — oo. That is,

R™, |z — 2| ") is compact.
(R, | | P

Proof. By Theorem 2.5.1, we can assume that u, — u in D}P(R™ zy) and that
Ua(x) = u(x) for almost every x € R™. Applying Lemma 2.4.5 to u, — u, given any
ball B = B(0, k), we can extract a subsequence of (u,) converging strongly to u in
LP(B, |z — 9| ™). The theorem then follows from a standard diagonal argument.

0
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2.5.1 A Riesz-Representation Theorem for D}?(U, x)

We now provide a complete characterization of the bounded linear functionals on
DIP(U, xg). Let
T :D?(U, 29) — L2(U,x0), urs Vu

be the canonical isometry and denote by Im(7") the image of 7" in L2(U, x¢). If ¢ is

a continuous linear functional on DP(U, zy), then the composite
poT:Im(T) — R

is a continuous linear functional on Im(7"). Hence, by the Hahn-Banach theorem,
¢oT ! admits an extension to a continuous linear functional ¢ on L?(U, xy). In fact,
we can assume that [¢||,, = [[¢o T~ . Citing the classical Riesz-representation
theorem, there exists g = (¢,...,¢") € L¥ (U, |z — x0|~*") such that

o(f) = / fogle—zo| P de, Vf € L2(U,xo)

and 9]l 1o/ 7oz -ar) = [[#llop- In particular, for all Vu € Im(T), we have

(po T 1) (Vu) = p(Vu) = /UVu - glr — x| " du.

Put otherwise, we have

o(u) = / Vu-gle —ao| ™ da
U

for all w € D}P(U, xy). Finally, we observe that

- (@0 T~ H)(v)|
190 o g2y = N1l = |G 0 T7H|, = sup ="
ke = | o vetm(™) 1Vl L5 (v00)
v#£0
— s |¢(u)]

weDL? (U,zo) H“HD;P(U@O)
u#0
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so that [|gl| v jo—so|-2») = [9ll,p- To summarize, we have established the follow-
ing generalization of the Riesz-Representation Theorem for Wy (U) (see Adams-

Fournier [2]).

Theorem 2.5.3. If ¢ is a continuous linear functional on DP(U, xy), there exist
functions gy, ..., g, € LP (U, |z — 20|~") such that

o(u) = Z /ng(x)@u(x) |z — zo|” " dx (2.6)

for all u € Dy?(U, wo). Furthermore, |8, = 11(g1:-- s 9) |l 1o’ 0 0—s|-o»)-

2.6 Pointwise Convergence of the Gradients

In the previous section, we showed that bounded sequences in D}P(U, xy) have sub-
sequences that converge weakly and almost everywhere on U. In this section, we
instead give conditions under which we can find a subsequence whose gradients con-
verge pointwise. Following the ideas put forth in Mercuri-Willem [17], we require

the following lemma of Alves [1].

Lemma 2.6.1. Fiz 1 < p < 0o and define A : R" — R by the rule A(y) := |y[" > y.
Let w : U — [0,00) be positive almost everywhere on U and Lebesque measurable.
Let p be the measure given by du = wdx. If (u,) is bounded in LP(U,dp) and ugy

converges pointwise almost everywhere to a function u, then

lim / A1) — A() — At — w)P/ D dg = 0.
a—r00 U

Proof. The case p > 2 can be treated using a straightforward adaptation of the
argument used in Lemma 3 of Alves [1]. When 1 < p < 2, the proof from Lemma

3.2 in Mercuri-Willem [17] can be used without modification. O
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We have the following notable immediate consequence:

Corollary 2.6.2. Fiz 1 < p < oo and let A,w be as in Lemma 2.6.1. Let p be the
measure gwen by du := wdz. If u, — u strongly in LP? (U,dp) and pointwise almost

everywhere as o — 0o, then

lim [ |A(ug) — A(w)P/® Y dp = 0.

a—0o0 U

That is, A(ug) — A(u) in Lv-1 (U, dp) as o — oo,

Proof. By Lemma 2.6.1 it is clear that ||A(us) — A(u) — A(ue — u)]|

as o — 00. Since u, — u strongly in LP(€),du), we also have

(p—1) - (r—1)/p
400 = ), g, = ([ f =0l a1

-1
= [|ta — ul Z[)/p(Q,du) =o(1).

L o — O

The claim therefore follows from the Minkowski inequality for LP-spaces. O

In order to establish our next result, we first make a crucial observation. For any
u € DIP(R™, x4) and ¢ € R, we claim that

Vu=0 ae. on{reR":u(x)=c}
To see this, consider for each £ € N the open annulus

1
Ak:{SL’ERnIE<|I—$O|<k+1}

and notice that u € W1P(Ay). Tt is therefore known that
m (A N{x € R" : u(x) = ¢, Vu(z) #0}) =0,

with m being the Lebesgue measure on R". Taking the union over all £ € N, it
readily follows that m({z € R" : u(z) = ¢, Vu(z) # 0}) = 0. This means that Vu
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vanishes almost everywhere on any level set of w.

Lemma 2.6.3. Let T : R — R be the Lipschitz continuous function defined by the

rule

roaf ] <1,
T(x):= (2.7)
é—| if |z > 1,

and fix a function u € Dy?(U,xg). Then, T(u) € DIP(U, xy).
Remark 2.6.1. We mollify the function 7" using a sequence of standard mollifiers 7,
to obtain a sequence T}, of smooth functions that approximate 7'. It is well known

(see Evans [14]) that since T is continuous, Ty — T locally uniformly. In fact, since

T is constant for x < —1 and = > 1, it follows that T, — T uniformly on all of R.

Proof. Since T is piecewise smooth and u € W21 (U \ {zo}), the composite T'(u) is

loc

weakly differentiable away from the singularity xo (see, for instance, Brézis [4] or
Ziemer [26]). Moreover, the chain rule V(T'(u)) = T"(u)Vu must hold away from z.
Using these facts, it is clear that T'(u) € EM?(Uxg). Indeed, since |T'(u)| < |u| and
V(T (u))] < [Vul,

1T (Wl L3 (20) < 000 IV ()l L (0709) < 00
Mollifying T, we obtain a sequence of smooth functions (7}) such that
(1) Ty — T uniformly on R as k — oo;
(2) |Tj(z)| < 1lforall z € R and all kK € N;
(3) Ty(z) = T'(x) as k — oo for all & # +1.2

Note that this last two properties hold because, since T' € W1*(R), the derivative

of Ty, is precisely the mollification of 7”. Furthermore, we can ensure that T;(0) = 0

2For each = # +1, the sequence T} (x) is eventually equal to 7"(z).
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for all k > 1. Next, let (u,) be a sequence in C>°(U) converging to u in Di?(U, xo)

and pointwise almost everywhere. Given any k,« € N, we have

17i(ua) = T)llpio vz < 17i(ua) = Tlta)llpyr e + 1T (a) = T(@) b i)
<||Th(ua) — T<ua)”D}l’p(U,xo)
T (ua) (Vi = V)l 20720
+ (T (wa) = T"(w)) Vel 17,00

We now fix € > 0 and consider the set
E={xeU:u(x)=+1}.
Since Vu vanishes almost everywhere on F,
(7" (ua) = T"(w)) Vi) = [E T (wa) = T @) P [Vuf? |z — x|~ da.
Because |T"(uy) — T (u)|” |Vu|” < 2P |Vu|” and T" is continuous away from +1,
lim [(7" (o) = T"(w)) Vullzy g,

by the Dominated Convergence Theorem. Therefore, for all o € N large,

€
(T (ua) = T"(w) V) < 3 (2.8)
Since u, — u in DLP(U, z), we also have

€

Hua - UHD};”(U@O) < g

for all a large. Therefore, for all but finitely many «,

€

1T (wa)(Vtta = Vi)l pzv,a) < e = llprrag) < 3 (2.9)
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Fix any a € N such that (2.8)-(2.9) hold true. As Vu, vanishes on the level set
{uo, = £1}, we have

lim / T} (ue) — T (ua) " | Ve (2)|P |2 — 20| da
U

k—o0

= lim / Ty (ua) — T'(ua)|” | Vua(2) P L, )241y |2 — 20| da
U

k—o0
=0
by the Dominated Convergence Theorem. It follows that

3

||Tk‘(ua) - T(UQ)H'D;P(U@O) < g

for all & € N sufficiently large. Combining the above with equations (2.8) and (2.9),

we have

[Tk (ua) = T(w)lpre ey <€

As £ > 0 was arbitrary, this procedure outlines the construction of a subsequence
(ug) of (uq) and a subsequence (1p) of (T}) such that

Jim |1V (Ts(u5) = T () 050 = O

Since u, has compact support in U and Tj(0) = 0 for each k, Ty(u,) € CZ(U).
Especially, Ti(uq) € 5;7’5 (U,x0). Now, it follows from the above that (Tjs(ug)) is

Cauchy in 5;”5’ (U, xg). Therefore, there exists a function v € 5;”69 (U, z9) such that

Jimn (1T (u5) = vl gy =0

Since T — T uniformly on R and ug — u pointwise a.e. on U,
Ts(ug) = T'(u)

almost everywhere on U, as § — co. Ergo, v = T'(u) and T'(u) € Si’é’(U, o). O
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Thanks to this, the following is within reach:

Lemma 2.6.4. Let (u,) be a bounded sequence in EXP(U,xq) converging pointwise
almost everywhere to u € EXP(U, xy), as @ — co. Let T : R — R be the Lipschitz

continuous function defined in (2.7). If

lim (\Vua|p_2 Vg — |VulP~™ Vu) - VT (uq — u) |z — 29| P dz =0, (2.10)

a—0o0 U

then there exists a subsequence (ug) such that Vug — Vu pointwise almost every-

where on U.

Proof. We adapt the proof from Szulkin-Willem [21]. For each o« € N we consider
the set
E, ={z €U :|us(z) —u(x)| <1}.

Then, (2.10) can be written as

lim (V" Vu, — [VulP 2 Vu) - (Vug — Vu) Jz — 20| P dz=0.  (2.11)

a—0o0 Ea

Since the integrand is non-negative and 1g_(x) — 1 for almost every x € U, passing

to a subsequence if necessary, we see that
(IVua"* Vg — [Vul" > Vu) (Vu, — Vu) — 0

pointwise almost everywhere on U. Appealing to Lemma 2.1 from Szulkin-Willem

[21], we infer that Vu, — Vu pointwise a.e. on U. O

Thus, we obtain a weighted version of Theorem 3.3 in Mercuri-Willem [17].

Theorem 2.6.1. Let (u,) be a bounded sequence in DYP(U, zy) converging pointwise
almost everywhere to u € DMP(U, 1) as a — oo. Let T be defined as in Lemma

2.0./ and assume that (Uy) is an increasing sequence of open subsets of U such that



48 CHAPTER 2. CRITICALLY WEIGHTED SOBOLEV SPACES

Uiz Ur = U. Assume further that

lim (|Vua|p_2 Vg — |VulP~™ Vu) - VT (g — u)dp =0

a—0o0 Uk

for each k > 1, where du = |v — xo|" " dx. Then, there exists a subsequence (ug)

with the following properties:

ug — Vu pointwise almost everywhere on U ;
1) Vug =V ] ] [ ywh U
(2) Jim (sl = s = @l ) = Nl

(3) and
\VusP™* Vug — |Vug — Vul’~> (Vug — Vu) — |Vu|’ > Vu

strongly in L7 T (U,dp).

Proof. By using a diagonal argument together with successive applications of Lemma
2.6.4, it is easy to see that (1) holds true. Moreover, we may assume by Theorem
2.5.1 that u, — u in DMP(U, ). Next, we note that (2) is a direct consequence of
the Brézis-Lieb Lemma (Theorem 2.1.1). Finally, (3) follows from Lemma 2.6.1. [

2.7 Homogeneity

For simplicity take a function u € EMP(R™,0), fix 7y € R™, and let A\ > 0. Consider

the following rescaling of u:
v(z) == Nu(\(x + x9)), (2.12)

with v > 0 being the homogeneity exponent defined by

_n—bq_ﬁ_b_n—p(ljt&—b)_b_n—p(l—i-a)

q q p D

(2.13)

Since Vu exists in the weak sense away from the origin, it is not hard to verify that

Vv exists weakly away from the singular point —xy. Now, after a simple change of
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variables, we find that

/]M@Wm+xﬁmdx:XWR|MMx+@MHx+mrm®:

= A" (A + 20) | |z + 20| ™ da
Rn

=3 [ ()
Rn”

= [ )
Rn

Similarly, a straightforward calculation yields

—b
;’ qdz

/ IVo(z) [P |z 4 20|~ daz = NOFLP IVu(\(z + 20)) [ |2 + 20| do
R Rn
= A" [ |Vu(\z + 20))|" |z + 20| dx
Rn

:/ |Vu(2)[? 2]~ dz.
R

Therefore, we see that the rescaling in (2.12) satisfies

||U||Lg(Rn,—x0) = ||u||Lg(Rn,o) and ||VU||Lg(Rn,—xO) = ||VU||L§(Rn,0)-
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(2.14)
(2.15)
(2.16)

(2.17)

(2.18)
(2.19)

(2.20)

In particular, v € EMP(R™, —x¢). This invariance property (known as homogeneity)

will live at the heart of our main result. Equally important, however, is the following

simple observation:

Lemma 2.7.1. Let v € DIP(R™,0), fir zo € R™ and let X > 0. If we define

v € EMP(R™, —x0) by (2.12), then v € DLP(R™, —xy).

Proof. By definition of DP(R", 0), there exists a sequence () of smooth functions

with compact support in R" converging to u in D:P(R™,0) as o — oo. Clearly, for
each a € N, the function ¥, () := Np.(A(x + x0)) also belongs to C2°(R™). By the

calculations carried out above, it follows that ¢, — v in EMP(R", —x). Therefore,

v € DIP(R™, —x¢) as was asserted.

]
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Chapter 3

A Compactness Result for Critical

Weighted p-Laplace Equations

We now turn towards the original problem discussed within the first chapter. Namely,
we consider the problem (1.7) when  C R" is a non-empty bounded domain contain-
ing the origin. Note that we do not impose any smoothness or regularity assumptions
on the boundary of €2. In this chapter, we first discuss the basic technical properties
of Palais-Smale sequences for this problem and identify the possible limiting prob-
lems that our “bubbles” will solve. We then apply these technical results and the
theory developed in the previous chapter to conduct a concentration/compactness
analysis for Palais-Smale sequences associated to (1.7). The results presented within

this chapter are based on a work in progress and part of a paper in preparation
(Chernysh [8]).

3.1 The Weak Formulation of The Problem in ¢

Let 2 C R™ be a bounded domain containing the origin. For the sake of clarity
with regards to the current literature, recall that DP(£2,0) is precisely the space
DY2(Q, |x|") from (1.7).

Definition 3.1.1. A function u € D:?(Q,0) is said to be a weak solution to the

51
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weighted critical p-Laplace problem (1.7) whenever one has
/ \Vul|P > Vu - Vh|z|~*% dz = / lu|?% uh |z~ da (3.1)
Q Q

for all test functions h € C°(Q).

Consider now the nonlinear functional ¢ : D}?(Q,0) — R given by the rule

1 P 1 1
o(u) == — [Vul de — - [

pJo 2™ q Jo |z™

By (2.5), it is easy to see that ¢ is continuous on D2?(Q, 0). In fact, it is readily seen
that ¢ is Fréchet differentiable on the space D2P(Q,0) with derivative

(& (u), ) = /Q (|vu|f”*2 Vau - Vh|z]™ - |u]" % uh |g;|*"q) dar (3.2)

for all u,h € DP(Q,0). Note that by Hélder’s inequality, for each fixed function
u € DP(Q,0), the map (¢'(u), -) is a bounded linear functional on D!?(€,0). Thus,
since C°(92) is dense in DP(,0) by definition, we see that u is a weak solution to
(1.7) if and only if

(¢'(u),h) =0, VheDIP(,0).

The functional ¢ is called the energy functional associated to the problem (1.7).
In light of this, whilst attempting to find a solution to the problem (1.7), it is
natural to search for critical points of the energy functional ¢. With this in mind,

the following definition is easily motivated.

Definition 3.1.2 (Palais-Smale Sequences). Let (u,) be a sequence in DP(Q,0).
We say that (u,) is a Palais-Smale sequence for (1.7) provided each of the following
hold true:

(I) ¢(uq) is bounded uniformly in «;

(I1) ¢/ (us) — O strongly in D; ' (Q,0) as o — oo.
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In particular, subsequences of Palais-Smale sequences are again Palais-Smale.

It is not a priori obvious that a Palais-Smale sequence (for (1.7)) is bounded in
DI2(Q,0). In the next result, we show that this is indeed the case.

Proposition 3.1.1. A Palais-Smale sequence (u,) for (1.7) is bounded.

Proof. We follow the argument used in Struwe [19, Lemma 2.3]. Let (u,) be a

Palais-Smale sequence for (1.7). A simple calculation shows that

|U0c|q

dx

p
s ) = P00 + 2 [

q Jo |z|™

q
<c+?f [ual d

qJa |z

where we have used that ¢(u,) is bounded in a. Next, observe that

|uoz’q

po(ua) — (9 (ua), ta) = <1 _ fz)

q) Jo |z)™

where the left hand side is bounded in absolute value by
C'+0(1) [|uallprr(a,)

by virtue of (I) and (II). Put otherwise, we have

|ua |’ ~
/ O‘bq de < C +o(1) HUQHD};Z’(QO)
Q |z|

for a suitable constant C' > 0. It then follows that

» p [ |ual®
luallpyr a0 < O+5 Q Iazlqu

D~
S O + EO + 0(1) HUCYH'D}Z’p(Q,m

whence (ug) is bounded in D?(Q,0). O
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Using this, we show that in the limit Palais-Smale sequences for ¢ are uniformly

bounded from below by zero in energy. More precisely, we have the following:

Lemma 3.1.2. Let (u,) be a Palais-Smale sequence for (1.7). Then, (u,) has non-

negative limiting energy. More precisely,

lim inf ¢(u,) > 0.

a—0o0

Proof. Since (u,) is bounded and a Palais-Smale sequence, it is readily seen that

(@) = [ [Vl ol o~ [ Juaf"Jaf " dz -0
Q Q
as a — oo. Therefore, given € > 0, we have
HvuaHig(Q,o) - ”uOéH%g(Qp) > —€
for all a € N large. Consequently, for all such «,

_ IVtallipg  luallzzag
p q

> (1 1) TR
poq B0 p

e
p

(U

Hence, we obtain
lim inf ¢(uy) > i
p

a—r 00

Since € > 0 was arbitrary, the claim follows. O

3.2 Technical Lemmas

Here we establish two main ingredients for the proof of our main result. The first

lemma allows us to extract a solution to the original problem (1.7) in €2, while the
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second result extracts the bubbles our Palais-Smale sequence may encode.

Lemma 3.2.1. Let (u,) in DYP(Q,0) be a Palais-Smale sequence for ¢ such that,

as a — 0o,
(1) uy — u in DIP(Q,0);
(2) uo — u a.e. on €Q;

(3) d(ua) = ¢

Then, passing to a subsequence if necessary, there holds

(1) Vu, — Vu a.e. on Q and ¢'(u) =0

(it) N[tallprs g0 = 1ta = wlipe g = 1l g0 +0(1);
(117) Pp(uq —u) = ¢ — P(u) as o — oo.

Furthermore, one has
¢ (g —u) — 0

strongly in D77 (€,0).

Proof. We borrow ideas from Mercuri-Willem [17]. Let T': R — R be the Lipschitz
continuous function defined in (2.7) and note that |7”| < 1 almost everywhere. Now,
since the functions |z|~® and |z| ™" are bounded above and below locally by positive
constants away from the origin, D2?(€,0) € W?(Q\ {0}). Furthermore, it is a
consequence of Lemma 2.6.3 that T maps DL?(Q,0) back to itself, i.e. there holds
T(v) € DP(Q,0) for all v € DLP(Q,0).

Let us now define v, := u, — u. Since T is continuous and bounded, the Domi-

nated Convergence Theorem implies that
/ IT(v)|" |2| " dz — 0, as o — oo (3.3)
Q

for every 0 < r < co. As (v,) is bounded in DLP(£2,0), it is easy to check that (T'(v,))

is bounded in D}?(Q, 0) as well. Citing Theorem 2.5.1 and passing to a subsequence,
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we may assume that T'(v,) — 7 in D:?(Q,0) and pointwise almost everywhere on
Q2. Since v, — 0 almost everywhere on €2, we must have n = 0. Using this, we will

show that, up to a subsequence, Vu, — Vu pointwise almost everywhere on 2.

With the hope of applying Theorem 2.6.1, let us consider for each o € N the

expression
r,:= / (|Vua|p_2 Vi, — |Vul'~ Vu) - VT (ug — u) || da.
Q
Clearly, I', can be written as follows:

(& (), Tt — u)) — /Q Va2 Vu - VT (g — u) |2]~ da

J/

-~

=17

+ / |7 U T (ug — u) |z| ™" dx .
Q

J/

=T
Now, since ¢'(uq) converges strongly to zero in D, *'(Q,0) and
T(ug —u) =T(v,)

is bounded in D!P(€,0), the first term (¢'(uy), T(us — u)) converges to 0. Next, the

estimate

1/p (p—1)/p
| < ( 97, —u>|p|x|—apdx) ( / |Vu|p|x|—apdx)
Q Q

(p—1)/p
(0 g ( [vu s dx)

shows that the map
f— / \VulP™? Vu - Vf 2|~ dz
Q

is a continuous linear functional on D}P(£2,0). Using that T'(v,) — 0 in DEP(Q,0),

it follows that I; — 0 as well. To handle the final term, we observe that, by Holder’s
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inequality,

51 < [ ol 20 o] do
Q

1/q (g—1)/q
< ( / |T<va>|q|x|-qux) ( / |ua|q|as|-qux)
9] Q

where (u,) is bounded in L{(2,0) by (CKN) and

/ T (0,7 |2] ™ dz: — 0
Q

as @« — oo by (3.3). Consequently, we see that I'y — 0 as @« — oo. Applying
Theorem 2.6.1, we can assume that Vu, — Vu almost everywhere on 2 as a — oo.
Next, we assert that ¢/(u) vanishes on D}P(Q,0). That is, we claim that

(@ (u),h) =0

for all h € DLP(Q,0). Since ¢'(uy) — 0 strongly in D; 7' (2,0), it would be enough
to check that
(¢ (ua), h) = (¢ (u), h)

as a — oo for each fized h € DP(Q,0). Fixing h € DL?(Q,0), we calculate

(¢ (ua), h) = (& (u), h)
- / (V" Vu, — [VulP 2 Vu) - Vh|z| ™ da
Q

J/

—
— / (|uoé|q*2 Uy — |u|q*2 u) h |$|qu dx
Q

J

-~

*J2

where both J; and Jy converge to 0 as @ — oo by Theorem 2.1.2. It follows that

¢'(u) = 0 and (i) is therefore proven. The second conclusion follows at once from
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Theorem 2.6.1-(ii). Combining this with the Brézis-Lieb lemma gives

—ap D —bq q
o= [P ],
Q

p q

1 1
= ko =l ~ ¢ e~ ¥lEga

1 1
T p (el 0y = I 60)) = 4 (el g0~ lulEg 0))

+o(1)

= ¢(ua) — (u) +o(1)
— c— ¢(u).

Finally, fix h € D}?(2,0) with ||| = 1. The last claim follows by applying Holder’s
inequality and Lemma 2.6.1. ]

3.2.1 An Iterative Bubbling Lemma

We now identify the limiting problems that our bubbles can solve. The results that

we present in this section will allow us to iterate within the proof of our main theorem.

Given a point xg € R™ we define the functional

¢mo,oo(u) = /n (M |.1' +$0‘_ap _ |U(;})|q ‘x +x0‘_bq> "

p

for u € DIP(R™, —z0). As before, ¢,, ~ is Fréchet differentiable on D:P(R", —z)

with derivative given by

(oo h) = | VU@ Vu(e) - Vh(e) |z + o da

0,00

— | Ju@)|" P u(@)h(@) |z + | " da
]Rn

for u,h € DIP(R", —z0). The map ¢,, ~ is the energy functional corresponding to
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the limiting problem

—div (|z + 2o [Vul'~ Vu) = |z + zo| " ul'?u  in R™,

(3.4)
u € DIP(R™, —xp).

Before proceeding further we check that every non-trivial critical point of ¢,, ~ has

strictly positive energy. More precisely, we establish the following result:

Proposition 3.2.2. Let C' > 0 be such that (2.5) holds true for all xy € R™. Fiz a
point xy € R™ and let w # 0 be a critical point of ¢y . Then,

n 1 —
o= (M) < G oo (10).

n

Proof. Since u € D}P(R™, —x) is a critical point of ¢, ~, we have

0= <¢lxo,oo(u)7u> = / |VU’p ’SL’ + ;CO’_QP dx _/ |u|‘1 ’ZL’ + xO’_bq de.
R

n

Therefore, by (2.5),

cr Huflig(m_xo) < Hquig(Rn,_m) = Hu“ng(Rm_zo)
whence
0<C?P<L HuHEf’Rn’_IO) .
Or, rather,

0<C @7 < Julllyg

"7*330) ’

It follows that

o ey Pl
0,00 D q
[

p q
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whence
1 1 pa 1 1
¢x oo\U) = uqq n _ (___)Zc(qp) (___)
ooel) = Nl gy (5= 2 -
o Ci 1+27 1 + a — b
n
>0
This completes the proof. ]

We now give an iterative result for ¢,, ~ that is similar to Lemma 3.2.1. First,

however, we introduce the notion of a bubble for problem (1.7).

Definition 3.2.1. Let (\,) be a sequence of positive real numbers converging to 0 as

a — 0o. A 0-bubble' (B,) associated to ()\,) is a sequence of functions in D1?(R™, 0)

Bu(z) = AT (%)

of the form

with v € DLP(R™,0) solving

—div (|:L‘|_ap |Vu|p_2 Vu) = |x|_bq |u|q_2 u in R™,

u € DMP(R™,0)
and v > 0 given by (2.13).
Remark 3.2.1. We note that, up to a subsequence, every 0-bubble (B,) must satisfy
(i) B, — 0in DLP(R",0) as a — oo;
(ii) Ba(z) — 0 for almost every x € R™;

(ili) VB4(x) — 0 pointwise almost everywhere on R".

!The term 0-bubble is used to emphasize that our bubbles always concentrate near the origin.
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Indeed, fix € > 0 and compute

/ IV Ba(@)]” |2~ da = AZOF P / Ve <_)
B(0,e) B(0,)° Ao

= )\a(v+1)p+nap/ ) |VU (Z>|p |Z‘—ap dz
(0.55)°

"Na

P
|z|~ " dx

o U\ ICUE
B(055)’
where the last term converges to 0 by the monotone convergence theorem. Pass-
ing to a subsequence, we infer that VB, (z) — 0 pointwise almost everywhere on
R™\ B(0,¢). As e > 0 was arbitrary, a diagonal argument gives the existence of a
subsequence such that VB, — 0 almost everywhere on R". Since (VB,) is bounded
in L2(R™, 0) by a simple change of variables, applying Theorem 2.1.2 and Proposi-
tion 2.5.1 implies that B, — 0 in D}*(R™ 0). By Theorem 2.5.1, there is a further

subsequence converging to zero pointwise almost everywhere.

Lemma 3.2.3. Fiz a bounded sequence (u,) in DYP(Q,0) and extend it by zero
outside of Q. Fiz xy € R™ and let (A\,) C (0,00) be such that Ao, — 0 as o — 0.
Given a € N, let us define

Vo () 1= Nta(Na(z + 20))
with v > 0 as in (2.13) and assume that
(1) vo — v in DYP(R™, —xq) and pointwise almost everywhere as o — 0o;
(2) d(ua) — ¢ and ¢ (us) — 0 strongly in the dual of DLP(€,0).

Then, passing to a subsequence if necessary, we have Vv, — Vv pointwise almost
everywhere on R™. Furthermore, let ¢g, o0 be the energy functional associated to the
limiting problem (3.4). Then ¢!, (v) = 0. Finally, the sequence in DLF(R™, 0)

0,00

z

Wa(2) = Ua(2) — (M) 0 (A—a . x(])
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satisfies

(Z) ”U’OCH;}{P(Rn’O) - Hwa”%é,p(wm = HU”%;II(R",*Io) + 0(1);

(i) 0,00(Wa) = € = Pug,00(V);
(iii) ¢ oo(Wa) — O strongly in D' (Q,0).

Proof. We adapt the argument from Mercuri-Willem [17]. Given k& € N, let By
denote the open ball B(0,k) C R™. As a first step, we claim that ¢/, _ (v,) — 0

0,00

strongly in D, 7 (B, —x¢) as a — oco. Indeed, fix h € C2°(By) and define

p(14+a)—n
ho(z) :=Xa ¥ h (Ai — :1:0) =\"h ()\i — 3:0)

Vhe(z) = Ao P Vh (Ai _ 930) .

Clearly,

Then, each h, is supported in A\, B(xq, k) which approaches zero as & — co. Thus,
for all « large, we have h, € C*(Q2) (using that 2 is an open set containing the

origin). Now, we compute

|V”c}oé|p*2 Vg - Vh|z + x| P da
Rn
_ / AT G O+ 2007 Vg (2 + 20)) - Vh(z) |2 + 20|~ da
— rmarn/vre [ 1y PRV (2) AL Vha(2) 2] AP
Rn

= Vg (2)]P 72 Vg (2) - Vhg(2) |2]7% dz.
Rn
Similarly, a simple change of variables yields

[ @ bt o+l

- )\Zé(q_l) / [t (A (T + m0)|q72 Ua(Ma(x + x0))h(2) |2 + $0|qu dz
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=N Jua(2)" wa(2)A3ha ()N 2] d2
R”

= N fua(2)|"7 ua(2)ha(2) 2] dz
R

= | (@) wa(2)ha(2) 2] dz.
Rn

In this last step, we have used that
vq =n — bq.
Combining these two identities shows that, for all a € N large,

[{Bo.00(Va), 1) | = (& (ta), had| < 116 (wa) | porvr g 0) 1 Pall prr 0

= ||¢/(ua)||p(;1vp'(gyo) ||h||’D17P(Bk,—zo) :

It follows that ¢, _ (vs) — 0 strongly in D; ' (By, —x,). Using this, we will extract

0,00

a subsequence such that Vv, — Vo pointwise on R", almost everywhere. Let now
p € CX(R™) be a bump function such that

0<p<1 onR"
pP= 1 in Bk,
p=0 outside By.

Consider the vector-valued map
fa = |Va|" > Vo, — |Vo[P? Vo,

which satisfies f, - (Vv, — Vv) > 0 almost everywhere (see Szulkin-Willem [21]). Let
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T be as in (2.7). For each fixed k € N, an easy computation shows that

fo - VT (vy — ) |x + 20| " da < fo VT (v —0) |2 + 2| ™ da
Bk Rn

fo - VI[pT(vq — )] |x + 20| " da
Rn

=:1

fo - T(veg —v)Vplz + xo| " dz

R
.

=:1s

By Hélder’s inequality and the fact that supp(p) C By, it is easily seen that

1/p
< NP —ap .
|IQ| C ||fOé||L;DTI R, |z+z0| ™ *P) (/Bk+1 |T(UOC U)| |$ + I‘0| dl‘)

Now, as (Vv,) is uniformly bounded in L2(R", —x,), we see that

/el

LP =T (R",|z+z0|~P)

can be bounded independently of o € N. Since T is bounded, continuous, and v, — v
pointwise almost everywhere on R", the Dominated Convergence Theorem ensures
that
/ T (vo — 0)| |z + 20| P dz — 0, asa— .
Byy1

We infer that I, — 0 as o — oo. It remains to check that I; also vanishes in the

limit. To achieve this, note that we can write

I, = <¢;O’Oo(va),pT(va — v)> +/ ’Ua’q—z VapT (Vo — V) |z + xo,—bq dx
h =:J1

— / IVolP 2 Vo - V(pT (va — v)) |x + xo| " da .
R?’L

~~

“J2
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/
0,00

Clearly, (¢, .o(va), pT(va —v)) — 0 as a@ — oo since ¢

(0,00

D7 (B,,, —x) for each m > 1.> Next, using (2.5) together with Holder’s inequality

a

shows that

(vo) — 0 strongly in

|| < ”UquLg(lw,—xo) (/Rn p(2)7 T (vg — )| |2 + 20| da:) 1/q o
by virtue of the Dominated Convergence Theorem. Finally, treating J5, we have
Jo = / [VolP > Vo - VpT (vq — ) |& + 2|~ dz
+/ PV 2 Vo - T (v — ) (Vg — V) & + x| da

with this first term also converging to zero by Holder’s inequality and the Dominated

Convergence Theorem. The second integral can be written as
/ p VU2V - V(vg — ) & + 20| da

—/ p| Vo2 Vo - V(vg —v) & + x| da.

{lva—v[>1}

Since v, — v in D}P(R™, —x¢) as a — oo, it is clear from Holder’s inequality that
lim p Vo' Vo - V(vg — ) |z + 20| dz = 0.
a—00 Jpn

Now, another application of Holder’s inequality yields for a suitable C' > 0

/ ‘p|VU\p72 Vv -V (vq —v)‘ |z + xo| " da (3.5)
{|lva—v|>1}
(—1)/p
< Cllva = vl pregn, ) / [Vl [z 4 20|~ dﬂﬂ) :
o Biesan{va—vl>1)
(3.6)

2Since p is a test function, T' is bounded and (v,) is uniformly bounded in DLP(R™, —x(), the
sequence (pT'(vy — v))aen is bounded in DVP(B,,, —x) for sufficiently large m.
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Using that v, — v pointwise almost everywhere on R", it follows that this last
integral converges to zero as a — oo. Indeed, the ball By, has finite measure with

respect to du = | + 0|~ dz whence
pw({z € Bgyr : |va(z) —v(z)] > 1}) = 0
as a — oo. Especially, J, — 0. To summarize, we have shown that

lim Jo VT (vy — )|z 4+ 20| Pdx=0

a—r0o0 Bk

for all £ € N. Citing Theorem 2.6.1, we may assume after passing to a subsequence
that Vv, — Vv pointwise almost everywhere on R". Furthermore, this result says
that

ooy = 100 = gy = [0y F0() (37)
and
Vo' 2 Vo — |V, — Vol 2 (Vu, — Vo) = |Vu]P Vo (3.8)

in L” (R™, |z + 20|~*). By a simple change of variables, it is clear that (3.7) implies
(i) directly. Next, write

p
|| dx

1 . 1
1 |v%mwu|%u=—/

Vg (z) — A0V ()\i - :1:0)

)\;(er)l)
p / "

Vv, ()\i — 1’0) — Vo ()\1 — x[))
)\;(er)l)

= Ve (2) — Vu(2)|P AP |2 + 20|~ dz
p R™
1

=— | |Vua(z) = Vu(2)|" |z + x| dz.
D Jrr

p
|z|” " dx
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Similarly,

q

1
2|7 dx

1
— | |wa(@)|" 2| dz = —/
q q Jrn

R

Ua(T) — A 0 ()\i — xo)

A T T N
=5 [l () o () e

N\ —Yat+n—bq b
=a—/ [va(2) — 0(2)|7 |z + 20 ¥ dz
q n
1

__/ la(2) = 0(2)|7 |2 + 2| dz.

q

Combining these, the Brézis-Lieb lemma ensures that

00,00 (Wa) = Pg 00 (Va = V) = P 00(Va) = Pag00(v) + 0(1)
= P(Ua) = Pug00(v) + 0(1)
=€ — Gry.00(V) + 0(1).

Next, we assert that ¢, . (v) = 0. That is, we claim that v solves (3.4). Equivalently,
we show that (¢}, (v),h) = 0 for all h € C(R"). Now, since ¢ . (v4) — 0

0,00

strongly in D, '# (By) for each k > 1, it suffices to check that
C}L)H;o <¢IZ‘0,OO(U04)7 h’> = <¢IZ‘0,OO(U)7 h’> :

Certainly, by Theorem 2.1.2 with dpu = |x + x| dx, we see that

/ Ve ()P Vog(z) - Vh(z) de — / \Vo(z)[P~* Vou(z) - Vh(z) e

|z + 20|™ e

Similarly, as a — o0,

5 dr — b
|z + x| Rn |x + o]

/ [va (@) va () h(x) (@) v(@)h(x) |

whence (¢, . (va),h) = (¢}, (v),h). Finally, in order to prove claim (iii) we fix

0,00 0,00
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an arbitrary g € C2°(Q2) with ||g|[p1sq 0 = 1. After rescaling, we see that

{0 .50(Wa), 9) = Dy .00 (Va — V), ga) (3.9)

n—p(lta)

where g, () = Ao g(Aa(z + x0)). Then, applying Holder’s inequality together
with Theorem 2.6.1-(3) and the usual rescaling, it follows that

<¢6,oo(w06)7g> - <¢;c0,oo(va - U)agot>
= (D0 (Va): Gar) = (Dl 00(0), gar) + 0(1)
= (¢'(ua), g) + o(1)

uniformly for g € C2°(2) with ||g|[p1s ) = 1. We infer that ¢ (wa) — 0 strongly
in D717 (€2,0) and the proof is complete. O

3.3 Convergence of Domains

In this section we formalize some of the notation that will be helpful in the proof of
our main result. We continue to denote by € an arbitrary bounded domain (i.e. a
non-empty open connected bounded set) containing the origin. In particular, there
exists 6 > 0 such that B(0,d) C Q. Let now (\,) be a sequence in (0, 00) converging

to some A > 0 as @ — oo and fix a point o € R”. For each a € N, let us consider

Q x
Qa::)\—a—xoz{)\—a—xO:xEQ}.

Since the map x — = — ¢ is a homeomorphism R" — R" for each a € N, it is clear

that €2, is a bounded domain for every such index and that

Q
Qa:)\——J?(), Vo € N.

Definition 3.3.1. Let 2, € R™ be a domain. We say that 2, — Q. as a = o

provided the following two conditions are met:
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(1) for each compact set K C Q, there exists N € N such that K C Q, for all
a> N;

(2) if K C (m)c is compact, then K N, = @ for all a € N sufficiently large.

In our case there are only two possible limiting domains €2, that are of interest.

Proposition 3.3.1. Let (\,) and Q, be as above. Define

R" if A =0,
O 1=

Q :
N %o if A > 0.

Then, Q4 — Qs as a — 0.

Proof. We first treat the case where A = lim,_,,, A, = 0. Clearly,

B(0.5 5 5
QQQ%—%:B(O,A—Q)—QZOZB(—%,)\—Q)

which eventually contains every fixed compact set K. Hence, €2, — R"™.

Let us now assume that we are in the case A > 0 and fix a compact set K C Q.
Then, A(K + z;) is a compact subset of 2. Since € is open, the Lebesgue Number
Lemma guarantees the existence of € > 0 such that B(x,e) C Q for all z € MK +xzy).
Let M > 0 be such that

sup |z + xo| < M.
zeK

Since A, — A as @ — oo, we can find N € N such that
Mo — A < —, Ya>N
(6% M’ — *

Fix now a point z € K; for all « > N we obtain

IA(z 4+ 20) — Aa(z + 20)| = (A = Aa) (2 + x0)]
<A = Ao M

<€
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whence A\, (z + x9) € B(A(z + 20),¢) C Q. Thus, whenever a > N,

z € )\—a —x9 = Q.
It follows that K C Q, for every a« > N.

Finally, assume that K C (@)C is compact; we claim that K N}, = @ for
all a € N sufficiently large. Otherwise, passing to a subsequence if necessary, there
exists a sequence (z,) in K such that z, € €, for each @ € N. Since K is compact,
we may assume that z, — 2z € K as a — oco. Now, for every index a there exists
o € ) such that

Zo — T — Xp-

Aa

Passing to yet another subsequence, we can assume that z, — x in . Therefore,

1 | x x

z=1lm 2z, = lim |— —29| =~ —x

asoo & asoo Ao 0 A 0

Hence, z € (), which is a contradiction. O

Finally, we verify the following elementary property:

Lemma 3.3.2. Fiz r > 0. Within the setting of the previous proposition, there
exist countably many balls {B(x;,r)};, with x; € Qo, and countably many balls
{B(y.ey)}, such that

(i) B(y,e,) C (QOO)C for each y;

(i) U; Blaj,r) UU, By, ey) = R™.

Proof. If A\, — 0 then Q,, = R"” for which the assertion is trivial. We may therefore

assume that A, — A > 0. Clearly, the family

{B(y,r) :y € Qoo }

forms an open cover of the compact set Q. Therefore, it admits a finite subcover &

of Q. Now, given a point in (@)C, there exists €, > 0 such that B(y,e,) C (QOO)C.
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Then, the family
SU{Blye)  y ¢ )

is an open cover of R™. Since R" is second countable and therefore Lindelof, we may

pass to a countable subcover. O

3.4 The Global Compactness Theorem

We now show that the global compactness theorem established by Mercuri-Willem
in [17] for unweighted critical p-Laplace equations can be extended to the weighted
problem (1.7). Again, we do not impose any regularity assumptions on the boundary

of  and we continue to assume that the conditions in (1.6) hold.

Theorem 3.4.1. Let Q2 C R™ be a bounded domain containing the origin and let (u,)
be a Palais-Smale sequence for (1.7). Assume a # b and let vy > 0 be the homogeneity

exponent from (2.13). Then, there exists a subsequence (ug) of (ua) along with
(1) a solution vy of (1.7);
(2) finitely many non-trivial functions wy, ..., wy;
(3) sequences ()\g)) in (0,00) for j=1,...,k,

such that
)\g)—>0, as f — oo,

and each w; solves

—div (||~ [Vul"* Vu) = |2 u|"u in RY,

u € DI (R™,0).
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Furthermore, as 8 — 00,

k - .
w=w=3 () u (F)
‘ B

Jj=1

— 0,

Dy (R",0)
k

HU/BHI')D;P(Q’O) — HFUOHPID;J)(QD) + Z ij”%éﬁp(Rn7o) )
j=1

P(ug) = d(vo) + Z $0,00 (W;)-

The Proof of Theorem 3.4.1

We take inspiration from the proof of Theorem 2 in Mercuri-Willem [17].

Step 1. Referring to Proposition 3.1.1, the sequence (u,,) is bounded in DA (Q, |z| ™).
Therefore, by applying Theorem 2.5.1, we may assume that u, converges weakly to
some vy € DEP(Q, 0), with pointwise convergence almost everywhere on 2, as @ — oo.

Next, invoking Lemma 3.2.1 shows that the sequence (u)) defined by u} := u, — vg

satisfies
() Tkl = alBrigy — 0l Da s+ 0(0):
(i) é(ul) — ¢ — o(vn):
(iii) ¢'(u ) — 0in D, Ly (Q,0).

Moreover, this same lemma asserts that ¢'(vg) = 0 and Vu, — Vv, almost every-

where on R" as o — 0.

Step 2. We claim that the proof is complete in the case where ul — 0 strongly in
L{(©,0). First note that the boundedness of (u}) in DyP(£2,0) gives us that

(¢ (1), ua)| < [|¢'(ua) |- =0

(QO D (€2,0)
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as a — oo. Put otherwise,

lim (\xr‘"’ |Vl (2) ] — |2 }u;@)\‘Z) dz =0
a—o0 Q

whence we see that Vu!l — 0 strongly in L?(Q,0). By definition, this implies that

ue — v strongly in D1P(Q,0) at which point the criteria of our theorem are satisfied

for £k = 0 since

d(vg) = lim P(uy).

a—r00
Step 3. In light of this previous step, we may assume without harm that u), does not
converge strongly to 0 in L{(€2,0) as a — oco. Passing to a subsequence if necessary,

let us assume that
inf/ ul|* |z dz > &
a1 Q

with & > 0 such that

p

0<d< (%) o (3.10)

Here, S, > 0 is any positive constant such that, for all £ € R",

Sp 1wl fagn ¢y < IVWl7pgn vw € D,"(R",¢).

8)7

Note that the existence of such a S, is guaranteed by (2.5). By Proposition 2.4.1, after

an extension by zero outside 2, we can interpret (ul) as a sequence in D}*(R™,0).

Let us now consider the family {Qa},-, of Lévy concentration functions each
defined by

Qu(r) == sup/ |ub|® 2| da.
Q JB(y,r)

ye

We observe that every @, is continuous on [0, 00) as a direct consequence of Propo-
sition 2.1.3. Clearly,

Q.(0) =0 and lifm Qa(r) >0

for all & > 1. It then follows from the Intermediate Value Theorem that, for each
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a € N, there exists a smallest A}, > 0 with the property that

Qa(\L) = sup/ |ul | 2| " dx = 6.
B(y:A%)

yeQ

Clearly, since € is bounded and we are choosing the smallest possible A\l > 0 at
each stage, the sequence ()\)) is bounded by 2diam(f2). In particular, passing to a
subsequence, it can be assumed that AL — A\! > 0 as a — co. Finally, for each index

a € N, there exists (by the Dominated Convergence Theorem) y! € 2 such that

Qu(\L) = sup/ A / [l | 2] dzz = 6.
B(y,AL) (¥&:A&)

yeQ B(yd, &

As above, we can assume that y} — y' € Q.

Step 4. We claim that the sequence of points y! /Al is bounded in R™. Arguing by

contradiction and passing to a subsequence if necessary, we may assume that

and that |yl| > 4\ > 0 for each @ € N. Fix now a cutoff function n € C°(R")
having the property that

0<n<1 inR"

n=1 on B (O, %),
n=0 outside B(0, 1).
It is readily verified that
2 1 ) . 1 |Yal
Ny 77 \F =Yg =0 if 2= Yqs Z_7
(=0 vl 2 5

9 o |Yal
n(@(z—yé))zl if |z—yi|§T.

(3.11)



3.4. THE GLOBAL COMPACTNESS THEOREM 75

Let us also make the elementary observation that

M%ch3<1“f>c3<1“y) (3.12)

for all @ € N. Clearly, if z € B(y.,|yl|/2) then

(3.13)

We now consider the function

i (25 e (35

ys

with v > 0 defined as in (2.13). Note that v, is weakly differentiable on R" by
Lemma 2.4.4.% In particular, Vv, exists almost everywhere on R" and v, obeys the

product rule. Now, a straightforward calculation shows that

ALY 2\l g
V%@Oz(wq>(%yﬂVWM&x+%M< W> (3.14)
AL\ P! 2\ 1

+2 <\y |> ()\1)7 ul (AL :1:+ya)Vn< m > (3.15)

Denote by 77 and T5 be the terms in (3.14) and (3.15), respectively. Then, using a
change of variables together with (3.13), we obtain

AT 1y G 22,7\"
Tl = [ (25) O [Fubte ) (57 ) o

&

|
AL bp 9)\1 1\ P .
= () e [ waniern (2a Y e

AL\ ( 2(z—y)\’
= () e [ wnsiapa () 0

3Indeed, since Vu), exists away from 0, the map z +— ul (AL x + y.) has weak derivatives of the

l
first order away from —yl /AL. Since ( i) is supported away from this point, the claim follows.

[yl
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AL\ (y+1)—n 2(z—y2)\”
(\y_w) (o)™ /B(ylé) Vo= ‘”( v )dz

a3

()\1>bp+(v+1) ) _—
< Bl [ [V s
vl | B(a,Ta)

1\bp+(y+1)p—n
(Aa)

« . ) o
= /B(ya,w) [Vl () |2 dz

for a constant C' > 0 independent of o € N. This implies that

()\1 )bp+(7+1)pf

HTlHLP(R" = Iy |(b—a)p ||Uoc||%;,p(mo)

Qo)

‘ | H a”Dl P(R™,0)
o

where in this last step we have used that

bp+(y+1)p—n=bp+yp+p—n
=bp+[n—p(l+a)]+p—mn
=bp — ap.

To summarize, since (u,) is bounded in D}P(R™,0),

(a—b)p
Y
T ey < € (B5) " Mol gy =0

as a — oo. Next we treat T5. In a similar vein,

AL\ PO I\ g
el =2 (2) O [ fub+ sl v ()]

()\1) p(b+1)+yp—n AL . ya b
=2 / |lub(2)[" [V |— dz
Rn

‘ 1 ‘p(b-‘rl) 1 |
a CE

dx
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1\p(b+1)+yp—n 1
_ ()‘ ) / ‘u}x(z)‘p Vi (2(2’ 1ya))
R" ’ya|
()\1) p(b+1)+yp—n

| 1‘p(b+1
a‘p(b—&-l) /B(yé,lyéll) ‘ui(z)‘pdz

p

dz

with C' := 2P supg. |Vn|. Then, using Hélder’s inequality,

( AL )p(b+1)+wpfn . v/ topla
I3 gy < O L2 / il ()| dz / d
np

p(b+1)+yp—n 1 n—-£
()\1) Yl a / q_|=bq|_b
=C Z “|2/"d
|ya|p (b+1) 2 B(y17|y2 ) ‘U )‘ ’Z‘ |Z’ z

with C > 0 a constant independent of a € N. Invoking the Caffarelli-Kohn-Nirenberg

p/q

inequality then implies that

(/\1) p(b+1)+yp—n ple

1|n—"B+bp 1 q —bq
L P A / (yém\ua(z)\ 2 az

b—
()" ot
ly 1|p(b+1)fn+%fbp DyP (R™,0)
o Ipb “

1 a’)

after a possible relabeling of C. We infer that 7, — 0 in LP(R") as o — oc.
Combining all our work, it follows that Vv, — 0 strongly in LP(R™). Now, a change

of variables now familiar to us shows that, after a possible relabeling of some constant
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C, > 0, there holds

dx

22 2\ |
ur, (Ao + ya)n (W)

1 p*

n <2(2 - ya)) dz
|yal

< C’a/ |k (2) " .

(i 10

Using that u) € D}P(R",0), it is clear that ul, € L1(B (y},|yl|/2)). Recalling that
q > p, we obtain u!, € LP (B (y!,|yl|/2)). Similarly, Vul € LP (B (y.,|yl|/2)) and
so ul € WP (B (yl,|yl]/2)). By the Sobolev Embedding Theorem, we infer that
uo € LP" (B (yk,|yl|/2)) so that v, € D'P(R™). Since Vv, — 0 strongly in LP(R"),
it follows that v, — 0 in LP"(R"™). Especially, because ¢ < p*, we have that v, — 0
(R™).

Ol

strongly in L

loc

On the other hand, for each index o € N a straightforward calculation yields

AL bg 9)\1 q
[ tmoran= (2200 [ ool (320 as
B(0,1) |yl B(0,1) Y3l
AL\ n 2(z—y)\*
:(_1> (L) / \u;(z>\qn(—( : )) dz
|ya| Byl L) |ya|
1\ bg
_ (A_?> (ALye / [l (2)]" dz
|y B(yA L)

where we have used (3.11)-(3.12) in this last step. Therefore, for a constant C' > 0

independent of o, we obtain

)\1 bg B
[ = (—?) O [
B(0,1) |yo<| B(yl,AL)

>0 (ALY (AL / il ()] |2 d=

B(yd,A\L)
=(C6d > 0.
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But this contradicts the fact that v, — 0 strongly in L{ (R™).

loc

In light of Step 4, we may assume after passing to a subsequence that
=L 5129 R”, asa— oo.

We then consider the family of functions defined by
val@) = (M) ua (A ( + 20)).

Since every u, is supported on €, it is clear that v} has support in

Q, = )% — Tg.
As a direct consequence of Lemma 2.7.1, v} € DMP(R", —z) for each o € N. Fur-
thermore, by the rescaling property in (2.18)-(2.20), the sequence (v.) is bounded
in DLP(R™, —x). Once again citing Theorem 2.5.1, we may assume without loss of
generality that v}l — o! in DMP(R" —x4) with v} (z) — v'(z) almost everywhere as
a — oo. Next, for each fixed @ € N, ¢'(ul) is a continuous linear functional on
DLr(Q,0). By Theorem 2.5.3 we can find functions f\”,..., f" € L¥(Q,|z|™P)

such that
<¢'(ué), h> = zn:/g)fg)(x)&h(x) lz| " dx, Vh € DP(Q,0).
i=1
Moreover, since ¢ (u}) — 0 strongly, we have
2”:/0 ‘fg)(a:)‘p/ lz| " dx — 0, as a — oc. (3.16)
i=1

Step 5. For each h € D:P(Q,, —x0) define

ha(z) = h (A% - x0> .
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As in Lemma 2.7.1, it is not hard to check that h, € D}?(2,0). Next, consider the

functions

n—

g (@)= (M) 7 S (Ml + a0))
with p’ being the Hélder conjugate exponent of p. Note that by (3.16),
> [ la @l fo ol da
i=1 VSl
- Z/ ()\(11)"7“” }fg)()\;(x + xo))‘p/ |z + xo|” " da
i=1 /¢
=3 [ )
i=1 /0
=3 [10EI 7 as
i=1 /9
=o(1)

as @ — 0o. Furthermore, given any h € D2P(Q,, —x¢), we claim that

(Sroo(0h) By =3 / 99 (2)0:h () |1 + o™ . (3.17)
=1 a

Indeed,
|Vv;up_2 Vb - Vhi|z + 20|~ da
RTL
= (A
_ ()\a)(VH)(pl)nﬂzp/ ‘Vu}l(z)‘pq Vul(z)- Vh ()\21 _ 550) 2|7 dz
o

= )Tt vl @ Val(2) - Vha (2) 2] do

n

)(PYH)(IFI) / [Vub (AL (2 + :1:0))‘])72 Vul (AL (z + x0)) - Vh(z) |2 + 20| " da
R

n

= ()7 [ PP Ve Tha () e
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where we have used that u, is supported on 2 and (2.13). In a similar vein one has

/ [0 (2)] " va(@)h() |2 + | da
Rn
= (Ai)wq_l) }u}l()\é(a@ + x0)) |q_2 ul (AL (z 4 z0))h(z) |z + a:0|7bq dx

R

= O [ en (5 - o) s

n

= ()\3)7((1_1)_"%(1/ ‘ué(z)}q_2 ul (2)h </\1— >|z|_bq dz
=(Ay)~ /|u ()| 2 ulk( 2)|z| 7P dz.

Combining these last two identities yields
< z0, oo Va h> ( )JY <¢/(uclx)7 ha>
= (07 Y [ IR
= (A\y) o Z/ £9(2)05h (— —xo) || dz

=) . aernZ DAL (2 4 20)0ih (2) |2 + 20| da

nap

= (A) (n—ap)= Z/ FON (x + 20)0;h () |2 4 20|

_ Z / 0D (@)ah () | + zo| ™ da
i=1 VY a

This verifies (3.17) and ends the proof of Step 5.

Step 6. We claim that v! # 0. By way of contradiction, let us assume that v! = 0
so that v} — 0 weakly in D}P(R™, —z() and pointwise almost everywhere on R”"
as a — 0o. Appealing to Theorem 2.5.2, we can assume that v} — 0 strongly in
LP (R", |z + x| “"). In particular, (v}) is bounded in L (R", |x + zo| ). Recall

loc a loc
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that A' ;= lim,_,, AL > 0. Define

R" if ' =0,
Q=4 Q
T %o if A >0,

and fix a point y € Q. Clearly (see Proposition 3.3.1), y € €, for all a sufficiently
large. Let now h € C°(R") be such that supp(h) C B(y,1). Combining Holder’s
inequality and (2.5) gives

/ |h|p|vé}q|x—|—xo|qudx
R”

[ kP [ e ol
supp(h)

9—pP

=t p/q
< / ‘vé‘q\m—i—xg\_qux) (/ ‘hvi‘q\x—l—xo\_quw)
< supp(h) supp(h) (3.18)

9—p

P
<ot ([ tesitas) T ([ i )
supp(h) supp(h)

< S;l(s% (/ IV (hol)|" |2 + 20| P da:) ,
supp(h)

where we have used that

sup / ‘vé(w)‘q]w—l—xo]_qux: sup/ |ué(z)‘q\z\_quz:5.
yem B(yvl) ’Ll)eﬁ B(wv)‘}x)

Next, using that v} — 0 in L? (R", |z + 24| "), we obtain

loc
/ IV (hol)[7 |z + 20| P dz < 2P / b [Vur|” |z + zo| ™™ dz + o(1)
Rr Rn

= [ TP () e o),
R‘ﬂ
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This implies that
/Rn IV (hod)|” |z + zo| P dz < 2P} /Rn (Vo P72 Vol - W (|BP vb) & + 20| % da + o(1)

= or1 [<¢;w<u;), IhPvl) + /Rn [0, | B[P |2 + zo| ™| + o(1).

As (|h|Pv}) is bounded in DP(Q,, —z¢), one has by (3.17) that
(e (00, I 01) = Z/ 8905 (1P eh) o 0] 7 e = o(1)
as a — 0o. Therefore, combining this with (3.18), we find
/ |V (ho)[” |z + 20|~ da < 277 / |oa]* 1R |2 + o] ™" + o(1)
R" Rn

< 2p_15p_16% (/ ‘V(hv;)|p|x+xo|_apdx) +o(1)
supp(h)

< %/Rn (V(hol)|” |z + 20|~ dz + o(1).

It follows that [5, |V (hvl)|” |z + zo| * dz — 0 as @ — oco. Taking h to be such that
h =1 on B(y,1/2), we see that Vvl — 0in L? (B (y,1/2),—x) for all y € Q
Furthermore, if K is a compact set contained in the complement of Q., then v}
vanishes on K for all a large. By Lemma 3.3.2, this implies that Vo! — 0 in
P

loc

(R™, |z + x| ™) as o — o0.

Given a compact set A4 C R", we can choose a cutoff function n € C2°(R") that
is equal to 1 in a neighbourhood of A. As before, by Proposition 2.4.3, one has
nul € DLP(R™, —xp). Since v}, Vol — 0in L (R", |z + 20|~ "), it readily follows
that nvl — 0 strongly in D}P(R", —xzy). Applying the Caffarelli-Kohn-Nirenberg
inequality then implies that v} — 0 strongly in Lj(A, —x0). Since A was arbitrary,

v — 0 strongly in L (R", |z + 370|7bq)
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as o — 00. On the other hand, for all @ € N sufficiently large, one has

whence a familiar change of variables gives

/ |v;|q|z+$o|qux2/ ) i & + 2| " dw
B(0,2) B(” )

= —x0,1
>\%¥ 0,

(Ai)w/B(”l ) |ul (A (x + 20))|* |2 + 20| " da
i*woy

— ALyt / P CCINERE
Ya AL

=6>0.
This is a contradiction.

Step 7. We claim that A! = lim,_,., A, = 0. Once again, we argue by contradiction
and assume that A\' > 0. Fix a test function ¢ € C>°(R™;R™) and note that

Vo (@) - (@) |z + x|~ da
R

= ()" [ Vg (A + 20)) - () |2 + o ™ da
R

— oy [ gyl ). (i _ ) 2 de.

R” )\(11

As the sequence (\!) is bounded, there exists a compact set A C R™ such that

supp ((p ()\—1 — x0)> CA VYaeNlN.

Hence,

Vol (z) - o(z) |z + 20| dz

]Rn

< M(Ai)(vﬂ)_"“p/ |Vul(2)] || d=.
A
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where M := ||¢|| (Rm)- Oince Vu! — 0 pointwise almost everywhere on R and is
bounded in L2(R™,0), an application of Theorem 2.1.2 shows that

/ |Vul(2)] 2] dz = 0, as a — oo,
A
Finally, since AL, — A! > 0, we see that (AL)0+D="+ is hounded. It follows that

Vol (z) - o(x) |z + 20| Pdr — 0, asa— oo.
R?’L
Let ¢ > 0 be given and fix g € L (R™, |z + x0|~™). By Theorem 2.2.1, we can
find ¢ € C°(R",R") such that ||g — ©[| 1 @y 40|-ery < € Then, by our calculations
above, we find that

/ Vul(z) - g(x) |z + xo| P da = Vol(z)- (g —)(2) |2+ z0| P da
n Rn
+ Vol (z) - () |z + 20| da
R”L

= | V() (g—9)(@) o+ zo| ™ dz
R”

+ o(1)
as a — oo. By Holder’s inequality, we obtain

Vol (z) - g(x) |z + 20| " da
R”

< Ce+o(1)

with C' 1= sup, ey ||vcly||Dé,p(Rn ) < 00. It follows that

lim sup Vol(z) - g(x) |z + x| dx| < Ce.

a—00 R

Since € > 0 was arbitrary, we infer that

lim Vol(x) - g(z) |z + 20| P do =0

a—00 Jpn
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for all g € L¥(R™, |z + x0|~""). That is, Vu! — 0 in L2(R", —x,). By Proposition
2.5.1, this means that v} — 0 in D2P(R", —z¢), which contradicts Step 6.

Step 8. Since v' € DIP(R™, —z4) and Q, — R" in the sense of Definition 3.3.1 (see
Proposition 3.3.1), we can assume that there exist functions v, € C2°(2,) such that
o — v strongly in D}P(R", —x4) as a — co. Passing to a subsequence if necessary,

we claim that the sequence in C2°(2) given by

Ya(z) = (\5) " (A% —~ :co) (3.19)

satisfies the following:

(i) <Ja> is bounded in DLP(£,0) and converges weakly to 0 as o — 00;

(ii) Yo — 0 and Vi), — 0 pointwise almost everywhere on R™.

Certainly, we first note that

for each o € N. Therefore, by Theorem 2.5.1, we may pass to a subsequence con-

Va

Dy (R™,0) - HqﬁaHDi’p(R"ﬁwo)

verging weakly and pointwise almost everywhere to a function ¢ € D?(Q,0). On

the other hand, an easy change of variables shows that

Bl = )7 (55— ) 20 n D(E"0)

Our assertions then readily follow from the observations made in Remark 3.2.1.

Step 9. We now begin our iteration process. Applying Lemma 3.2.3, we get that

the sequence

- i
ug (2) = ug () = (AY) ! (W - 9061)) 7
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for xél) = 10 and A = AL, satisfies

el = Ilually

1p ]R"O) l,p QO)

HUOHDlP Q,0) - H 1||D1p(R’n J:(l)) +O(1>7

and

Do (12) = € = B{uo) — b0 __(v1),
Ghoo(42) = 0 in D7 (92,0).

Next, consider the auxiliary sequence
U (%) = ug(x) — Ya(2)

which is bounded in D}?(€,0). Because v, — v! strongly in DLP(R", —a:él)),

¢ (Ug) = ¢ = ¢vo) — o,  (v1),
¢'(u2) — 0 in D7 (Q,0).

We may therefore apply Steps 2-9 to this new sequence (u?), at each stage removing

another solution v/. By Lemma 3.1.2 and Proposition 3.2.2, this procedure can only
happen finitely many times before @¥ — 0 strongly in L{(2,0), at which point we

will find ourselves in Step 2. To summarize, there exists
(1) a subsequence (ug) of (uq);
(2) a solution vy of (1.7);
(3) finitely many non-trivial functions v*, ... v*;

(4) sequences ()‘,(B)) C (0,00) for j =1,...,k;
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such that each v’/ solves

—bg
lul"?u  in R",

—div (‘x + ar(()j)

—ap )
V|~ Vu) = ’a: + 2y

u € D (R", —x(”)

and lim )\g) = 0. Furthermore, as 8 — oo,

— 0,

DIP(R,0)

k
w300 o)

j=1

HuﬁHgé;P(Q’o) - H,UOH%;;P(QO + Z HUJ ||D1p R™, x(])
P(ug) — Pp(vo) + Z ¢xéj),oo(1)]
7=1

Step 10. For each index j = 1,..., k we define the function
w;(z) = v’ <x - a:(j))
] Ll 0 .
Since v/ is a solution to the problem

—bg
lu["?u  in R",

—div (‘x + x(()j)

—ap )
|Vl Vu) = ’x + 2y

u € Dr(R™, —z0)),
an easy change of variables shows that w; solves

—div (J2|" |Vul["7* Vu) = 2| [u|"?u in R,

u € DI (R™,0).
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Furthermore,

HU]'HZ;);’”(Rn,fo”) = 1wl gy gy amd (bxff)»oo(vj) = f00(1y):

. (4. . xw) o <_>
() 0 J G) |’
/\ﬂ Aﬁ

the theorem readily follows from the conclusions of Step 9.

Since

89
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Chapter 4
Conclusion

A natural follow up to Theorem 3.4.1 is to ask what occurs in the limit case where

a = b. Given that this would include the model unweighted p-Laplace problem

—Apu+alulfPu=uff Pu in Q,

u e WyP(Q)

as a special case, we expect many of the same difficulties present in Merucri-Willem
[17] to arise, in particular involving the boundary of the domain (2.

By inspecting the proof of Theorem 3.4.1, we see that the conclusions drawn in
Step 4 fail when a = b. Instead, Step 4 only implies that the sequence (v,) is bounded
in D?(R™). Therefore, we cannot obtain the desired contradiction if we allow for the
possibility that a = b. As a consequence, we anticipate bubbles different from those
obtained when a # b. Additionally, it is a priori possible that the sequences (y(()f ))
converge to a point in Q different from 0. In particular, without any sign assumptions
on the Palais-Smale sequence, it is reasonable to expect potential bubbling on the
boundary of €). Here, we suspect the bubbles to solve the same type of limiting
problem, but in a half space. Therefore, in order to obtain an extension of Theorem
3.4.1 including the extremal case a = b, we strongly suspect that one would need to

impose regularity conditions upon the boundary of €2.

We also point out that, when a = b, the sequence of points yg ) / AP obtained in

91
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the proof of Theorem 3.4.1 need not be bounded, as far as the author can tell. In
this case, the rescaling law exploited in the main proof is no longer well defined and
we must consequently find a different rescaling of u. However, as Steps 5 - 8 rely on
precisely this rescaling law, the remainder of the proof will also require modification.
Namely, we must extract a bubble directly from the sequence (v, ) used in the proof
of Step 4. Interestingly, such a bubble would likely live in D'?(R™) and solve a
problem not involving weights (either in R™ or in a half-space). The treatment of
this limit case is a work in progress and the subject of a paper in preparation.
Finally, in future endeavours, we hope to use the compactness result in Theorem
3.4.1 to address questions relating to the existence of non-trivial solutions to (1.7).
To achieve this, we hope to provide conditions under which one can construct suitable
Palais-Smale sequences for (1.7) that converge strongly to a non-trivial solution. In
addition, we also hope to treat questions of multiplicity for the problem (1.7) in

future works.
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